To ywouevo Blaschke

Ocoponua 1. Ecte' (z,) axolovdie cto D\{0} ue E (1—|z]) < oo xu s € 7. Tote vrapyet

il)

We ECOTEQLXT GVVaQTNOY B Tov gyel 6UVoAO0 Qté’an/ Z (B) ={0}U{z,: ke N} xou n oulr z =0
grer modMamAotnto s. I'ia xade z € D, gyovue

)=+ H|z|1—zz'

OTOV TO GITELPOYLVOUEVO GUYXMVEL OUOLOUOQPO 6To, Guustayn Tov D.

Emouevog, 1 cuvdnxm 2z, € D\{0} we > (1 — |z;]) < 0o ewal Lxowvn %oL OVeyXoLo YL TNV
i=1

VIoEEN f € H? (WAAGTO, EGOTEQLXIG) UE OXELBOS GUTES TIG OLLES.

ZyoAto. H 60Y%AMGT TOU OITELQOYLVOUEVOV GUOLYVEL OTL, YLk XODE GLUTTOYEG VITOGLVOAO K TOV
D, wovov TETEQAGUEVO TANDOG 0Q®YV TOV GITTELROYLVOUEVOV £XEL QLLEG 6TO K %0l OTL TO OLITELQO-
YWOWEVO TTOV GITOTEAELTOL OITO TOUG VITOAOLITOVG 0Q0VG GUYXALVEL OUOLOUOQPO GTO GUUITONYEG
K 6& po OAOROQ@T] GUVOQTIGT| TOV 08V €)eL xauLo, euior 6To K.

Amdde&n. Apxer vo detEovue TNV VITOEEN E6OTEQLXNG 6VVAQTNONG By ue 6VVoAo LY
Z(By) ={z, : k € N} xow va decovue B(z) := 2°B,(2).

Let ¢; be the inner function

Z; 2 —Z

qﬁ. z) = i % —
i2) |z;| 1 — %,z
and let
2) = [ ¢(2)
k=1
which is an inner function with roots Z(B,,) = {2y, ..., 2, }-

Claim 1 The sequence (B,) is Cauchy in the Banach space H?.

Proof of Claim 1 For n > m, we have

”Bn — B HB mH / |B “5 ~ (eit)‘2 dt
1 z B (eit) — B (et
- 27r[ﬂ<B”(e ) = Bo(e)(B, (€)= B, (eh)) dt
= % /_7T (| Nn(eit)’2 + |Em(eit)|2 _ 2Re<én(€it>ém(e“))> dt
1
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since |B, (ei")| = 1 a.e., and so B, (eit) = e (16“) a.e. Notice now that B,,(z) = B,,(2) [1,_, ., #x(2)

and so g—” is a well defined inner function. Hence by the Poisson integral formula (at

r=0) we have

— _ dt =
2 -7 B (6“) Bm(())
Now
B,,(0) = . Rk Rk =
= ¢r(0) = o £
g~ AL 0= 1 e = 11
and so

Since Y (1—|z;|) < oo, we know that the infinite product H:;l |z;;| converges to a nonzero
i=1

T 1=

number p. It is easy to see that this implies that the quotient HZ=m+1 2| = "
k=1

can be made arbitrarily close to 1, making || B, — B,,|| arbitrarily small. ?

This proves Claim 1.

Therefore there exists B, € H* such that lim,, |B, — By . = 0.

The fact that limn”f?n—éo |g2

that there is a subsequence (k

= 0 (i.e. in the norm of L?(T)) implies in particular
) so that lim,, Bkn(e“) = By(e') a.e., and so |B,(e)| =

lim,, |B, n(et)| =1 a.e. since the B,, are inner functions.
n

n

Thus B, is an inner function.

Claim 2 The infinite product Hzil ¢, converges (to By) uniformly on compact subsets
of D.

Proof of Claim 2 Take any r € (0,1), so that B(0,r) C D.

Firstly, the condition > (1 —|z;|) < co implies that |z,| — 1, hence at most finitely many
i=1
of the z, can be in B(0,r).

e Suppose first that no z, is in the closed ball B(0,7). Then no ¢, (z) has any roots in
B(0,r), and the same holds for the B,,. Since B,,(z) — B,(z) uniformly on compact sets

*Writing p,, := [[,_, |2,| we have lim £n =1 hence lim > = 1. Thus given € € (0, 1) there exists nq such
that for n >m >n, we have 1 —e < 2z <1+ eandalso 1 —e< -2 <1+ehence (1—¢)® < L= < (1+¢)?
and so 1 — P2 < 2¢ —€? < 2e. Therefore

1B, =Bl =2—2 [] |zl <4e,

k=m+1

showing that (B,,) is Cauchy.



of B(O,r) and B, is not identically zero on B(0,r), * by Hurwitz’s Theorem B, has no
roots in B(0,r). In other words, for any z € B(0,r), the partial products B, (z) converge
to the nonzero complex number B,(z), which means exactly that HZ; ¢r(2) = By(z). The
convergence is uniform on compact sets of B(0,r), as observed earlier.

e Suppose now that the roots {z,,...,zy} are in B(0,7) and |z,,| > r for m > N. We repeat
the same argument for the sequence (¢,,),-n: the partial products B}, (z) := HZ=N+1 o (2)
have no roots in B(0,r) hence their limit B{(z) := lim,, B, (z) (which, as before, is not
identically zero, being the limit of inner functions) has no roots in B(0,r). This shows
that Bj(z) = HZZNH ¢, (2) exists and is a nonzero complex number for any z € B(0,r).

It follows that

N N [e's) [e'e)
By(e) = (H ¢k<z>) By = (H ¢k<z>) ( 1 ¢k<z>) o
k=1 k=1 k=1

k=N+1

converges for all z € B(0,7), uniformly on compact sets, and vanishes exactly at the
points {zy,..., 2y}

Finally, let K be a compact subset of D. There exists r € (0,1) so that K C B(0,r) C
B(0,r) C D. By the previous arguments, the infinite product converges to B,(z) uniformly
on K.

The Claim is proved.

It follows that B, cannot vanish at any z, € D\{z, ..., 2,,... }; for such a z;, would lie in
some ball B(0,r), and we have just seen that the roots of B, in B(0,r) must belong to
{#1, -, 2,,... }. Since conversely B\(z;) = 0 for any k (because B, (z,) = 0 for all n > F,
we have shown that

Z(By) = {21y Zps e |-

Finally we show that the multiplicity of each z € Z(B) is exactly the number of factors
sz in which 2z occurs. (This number is of course finite: any root of a nonzero holomorphic
function must have finite multiplicity.) Writing

By(z) = (HA%(Z)) (H ¢k(2)>

ZpF2

it is clear that the multiplicity of z is at least the number s; of factors appearing in
the first term. To show that it cannot exceed that number, note that the second term of
the product does not vanish at z, by the earlier argument applied to the sequence {z,}
with the (finitely many) terms for which z;, = Z removed. Thus the multiplicity of Z as
a root of B, is exactly the number of terms occuring in the first term. O]

*otherwise it would be identically zero on D (by the identity principle) which would contradict the fact
its boundary function is nonzero



