Mo, Aoxnon

Aoxnom 1. Av evag @oayuevog Tedeotng A : (*(Z,) — (*(Z,) wxavomoler TNV BoTnTa, xode S-
aVAAAOLOTOG XAELGTOG VITOY®EOG TOV (2(Z, ) va. ewo A-avaAlolwTog, ToTe SA = AS.
Ioyver %o TO aAVTLGTEOGO.

[YrwodelEn: EEetaote Tovg cvlvyelg TeAe6TEG. ]

Ipetn AmodeEn. Aovievovue 6tov (3(Z,).

Recall that a bounded operator leaves a closed subspace E invariant if-f its adjoint leaves
E* invariant.

Also recall that for every z € D, if z, := (1,2,22,...) € (*(Z,) we have S*z, = zz,. Thus the
closed subspace E, = span{z.} is S* invariant, and hence E} is S-invariant.

By the assumption, E} is A-invariant, and hence E, = EXt is A*-invariant.

Hence A*z, € span{z,}, i.e. there exists w, € C s.t. A"z, = wyz,.

Thus we have

A*S*(x
and S*A*(z,) = S*(wyx,) = 2wz, .

z) = A*(sz) = WYRT,

It follows that
(A*S* — S*A*)(z,) =0

for all z € D. But we know that the closed linear span of {z, : z € D} is dense in ¢?(Z, ). Therefore
we have A*S* — 5*A* =0 and so SA— AS = 0 otwg VeAdaye. O

Aevtepn AmodeEn. Aovhevovue 6Tov H 2,

For every z € D the subspace F, := {f € H?: f(z) = 0} is S-invariant (i.e. T}-invariant).

By the assumption, F, is A-invariant, and hence Fj is A*-invariant. But recall that F, = {kz}L
where k, is the Szeg6 kernel, k_(w) = > z*w* (indeed for every g € H? we have g(z) = {(g,k,)),

k=0

so F} = span{k_}).

Hence A*k, € span{k,}, i.e. there exists uy € C s.t. A*k, = uyk,.

Also note that S*k, = zk,.

Thus we have

A*S*(k,) = A*(zZk,) = u,zk,
and S*A*(k,) = S*(uyk,) = zu,k, .
It follows that
(A*S* — S*A*)(k,) =0
for all z € D. Hence for all f € H?> we have
(SA— AS)f,k.) = (f, (A*S* — S*A)(k.)) = 0

for all z € D.
Thus the function g = (SA — AS)f € H? satisfies g(z) = (g,k,) =0 for all z €D, i.e. ¢ =0.
We have shown that (SA— AS)f =0 for all f € H?, i.e. that SA— AS = 0, omwg dehaye.

I'o To avnieTpoPo:  exovue dewger otL av SA = AS, dnAadn T1A = AT, tote A = Ty yi00 %0ITOL0L
¢ € H®. Ouwg xade pun undevixog T, -avaAAoloTog vIox0eog Tov H? ewor Tng wopdng wH? omov ¢
e60TEQLX. Ko wpopoveg xade H? ewon Ty-avalAoieaTog, adov i xade ¢ f € pH? gyovue T, (Y f) =
oW f) =v(of) € vH?.

Apa, av SA = AS tote xade S-avaAAOL®TOG VITOYWEOG ELvaL A-0VaAAOL®TOG. O



