Ly OMLO, GE WEQLAEC OLGKT|GELG

(Ao TN ovlnTnomn 6TV TaEn Yoo To PUAAadLo III)

Acxnon 4. Ecto ¢ € L.

(a) AevEte 0T 0 TeheoTNg Ty := P M| g, €WVOL LGOUETQLO, GV-V 1| ¢ ELVOL ECOTEQLXT] GUVOQTIGT.

(B) Aergte oL 0 T, evvow unitary (= LGOUETQLO X0 ETTL) OV-V 1 ¢ Ewon (6.7T.) 6TaDEQT.

(V) Av ¢ € H>®, SeiEte ot 1 {1,6,¢2,... } etvar 0pBoxavovixn Bact Tov H2 av-v ¢(z) = Az omov A € T
cTodeQa.

Amddeln. (a) If ¢ is inner, clearly T, is isometric:
[1onpisenpa= [isenpa v e 2.

If conversely T, is isometric, then we must have |P(¢f)|, = [fl, for every f € H? and in
particular |P(¢1)|, = |1], = 1. This forces ¢ € H>®: for if there were k > 0 with ¢(—k) # 0 then

IP(6fi)l3 =) _ldn—k)P > |d(n—k)* = |P(e)]3 =1

n>0 n>k

whereas [P(¢f,)]3 = [ fy]3 = 1.

It follows that |¢], = 1 and [¢?[y = |T4(¢)|, = [¢l, = 1 and inductively |¢"], = 1 for every
n e N.

We claim that |¢| < 1 a.e.: Indeed, for € > 0 put A, : {t € [0,27] : |#(e’|| > 1 + €} and observe

that ) ) )
1= ni2 — _— it)|2 > it |2 > A 1 n
o7 = 55 [ ot = o [ lote P = A1+ 0
which forces m(A,) = 0 since lim,, (1 + ¢)" = co. Thus the set {t € [0,27] : [¢(e”|| > 1} = U, Ay,
must have measure zero.
Finally, since |¢p| < 1 a.e and |¢|, = 1, we must have |¢| = 1 a.e, for if |¢] < 1 on a set of
positive measure it would follow that ;- [[¢(e*)[?dt < 1. Thus ¢ is inner.

Alternatively: Having shown that ¢ € H> we now see that if the map T, is isometric then ti
must map the orthonormal sequence {f,, : » > 0} to an orthonormal sequence. Thus {¢f,, : n > 0}
is ortonormal and in particular

1 o 1 ) )
0= 6/n 9h0) = 27/¢(en)emt¢(e”)df = 5- / |p(ei!)Pemtdt  for all n > 0.
0 T
Taking complex conjugates, we also have
1 ) )
o / |p(eit)|?eintdt  for all n>0.

Thus the Foureir coefficients g(k) of the function g := |¢|? vanish for all k # 0, and hence g is a
constant (= g(0)) a.e., showing that ¢ is inner. O

(B) If T, is an isometry and onto, then ¢ is inner, as just shown; also T, is onto, so there must

be f € H? so that T,(f) =1, ie. ¢f = 1. Thus % must be in H2. But since |¢| = 1 a.e., we have

% — ¢. Thus the function ¢ and its complex conjugate must both be in H2, hence ¢ must be
constant.
To ovtieTEOPO crvor BeBatlo TEOPAVE. O



() If the sequence {¢" : n > 0} is orthonormal, then |¢™|, =1 for all n > 0, which, as we saw in
the proof of (a) shows that ¢ must be inner and so T, must be an isometry.

Now since {1, ¢, ¢?, ... } is an orthonormal basis of H2, the sequence {¢, ¢?, ... } is an orthonormal
basis of the space {1}* which is the closed linear span of {fi, f,... }, i.e. the space f, H?. But

{6.0°,..} =T,({1,4,¢% ... }) and so

flﬁ2 = Span({¢7¢27 }) = T¢(Span({l7¢, ¢2a }) = Td)(ﬁ?) = ¢ﬁ2

which, by the uniqueness in Beurling’s Theorem, shows that ¢ = Af;, for some constant A.
To avtieTEoPO ewan Taht Teopaves: N {1, (Afy), (Af1)2, ...} = {1, Af1, A2 fs, ... } evan opdoxavovixn

Baon Tov H2. O

LyoMo e evav 0o mdavotntag (07wg 670 [0,1] pe to petpo Lebesgue) ov vooueg | - ||, v p =
1,2,... awoTeAOVY 0VEOVGO AXOAOVDLO, XOL L0, WETEVGLWY GUVAQRTNGT f ELVOL OVGLOBWG PEOYUEVT] OV-V
sup,, [ fll, < oo, omote sup, ||, = |/l H amwodeign yiveton omwg 6To (@) Tg AGxNG1G.

Aev apxer ahog va ggovpe | f], < oo Yo xade p. H toun 0Aov Tov LP ewvar evag evBLapeQoV YQoLULXOG
X®OG, YVNOLOG UEYOAVTEQOS a0 Tov L.

Acoxmon 7. Av evag @eoayuevog tedestng X : (3(Z.) — (*(Z.) wavomoter TNy 1doTnTo, xode S-
aVAAAOLOTOG XAELGTOG VITOYOEOG TOV £2(Z, ) va ewan X-0vaAlotwTog, Tote SX = XS.
[YrwodelEn: EEetaote Tovg cvlvyelg TeAecTeG. ]

Moot AmodelEn. AovAevovue 6tov (2(Z.,).

Recall that a bounded operator leaves a closed subspace E invariant if-f its adjoint leaves
E* invariant.

Also recall that for every z € D, if z, := (1,2,22,...) € (*(Z,) we have S*z, = zx,. Thus the
closed subspace E, = span{z,} is S* invariant, and hence E; is S-invariant.

By the assumption, E+ is X-invariant, and hence E, = E-* is X*-invariant.

Hence X*x, € span{x,}, i.e. there exists wy € C s.t. X*z, = wyzx,.

Thus we have

X*S*(x,) = X*(2x,) = wyzz,
and S*X*(z,) = S*(wxz,) = 2wxx, .

It follows that
(X*S* —S*X*)(z,) =0

for all z € D. But we know that the closed linear span of {z, : z € D} is dense in ¢*(Z. ). Therefore
we have X*5§* —S*X* =0 and so SX — XS =0 onog deAope. O

Aevtepn AmodelEn. AovAevovue 6tov H2.
For every z € D the subspace F, := {f € H?: f(z) = 0} is S-invariant (i.e. T}-invariant).
By the assumption, F, is X-invariant, and hence F} is X*-invariant. But recall that F, = {k_}*

o)
where k_ is the Szeg6 kernel, k_(w) = Y. z*w* (indeed for every g € H? we have g(z) = (g,k.)),
k=0
so F} = span{k,}.
Hence X*k, € span{k,}, i.e. there exists uy € C s.t. X"k, = uyk,.

Also note that S*k, = zk,.

'Eva mogaderyuo ewvor n 6uvatnen f(z) = logz, x € (0, 1], eva, addo 1 6uvaptnot g : (0, 1] — R omov yio xade n € N otow
x € (27D 27" opulovpe g(x) = n: %ow 0L FVO AVNXOVY GE 0AOVG TOUg LP, p € [1,00) alha BeV elvaL POOYUEVEG.



Thus we have

X*S*(k,) = X*(zk,) = uy 7k,
and S*X*(k,) = S*(uyk,) = Zuxk, .

z

It follows that
(X*S* = S*X*)(k,) =0

for all z € D. Hence for all f € H? we have
(X = X8)f k) = (f,(X*§" =5 X")(k,)) =0

for all z € D.
Thus the function g = (SX — XS)f € H? satisfies g(z) = (g9,k,) = 0 for all z €D, i.e. g=0.
We have shown that (SX — XS)f =0 for all f € H?, i.e. that SX — XS =0, onog dehape. O

T 70 0vTLeTEOPO: exovue detger oTL av SX = XS, dmAadn 71X = XT;, tote X = T,, yio0 %0000
¢ € H®. Ouwg xade pun undevixog T} -avalAoloTog vIoxneog Tov H? ewor Tng wopdne wH? omov v
eoaTeQLen. Kow mpopaveg xade vH? ewvol T4-0valAOL®TOG, AoV Yo xode P f € YH? exovue T,(yf) =

oW f) =v(of) € vH?.

Apa, ov SX = XS t0Te %0V S-0VAAAOLOTOG VTTOYWEOG ELVoL X-0VOAAOL®TOG.



