LNUeELwGeLg 6Tovg TeAeateg Toeplitz

Yrevdouen'

Oevpnue 1. To cvvodo Tev Tedectwv otov L (T) mov uetandevtow ue Tov M, ewor TO
{M,: ¢ e L=(T)}.

Meotaon 2. O uetadetns tov unilateral shift T} = M| 6Tov H? avow 70 6Uv0A0 TOV GVAAVTIXOV
tedectov Toeplilz: Av A € B(H?), Tote

AT, =T'A <= A=T, na xamwolo ¢ € He>.
Zyedio AmodeiEne. Let A € B(H?) be such that AT, = T} A.
Define ¢ := A(f,) € H2.
e The hypothesis AT} = T, A implies that A(f,) = ¢f, Vn € Z,, hence A(p) = ¢p for any
polynomial p.

e Given f e H? let (p,,) be a sequence of polynomials such that ||f—pn|\L2 — 0.

~

Hence [A(f) — A(p,)[2 = 0. 3 3
Therefore there is a subsequence (p, ) such that |f —p, [ — 0 a.e. AND |A(f) — A(p,, )| = 0 a.e.

It follows from A(p) = ¢p that

~

A(f) = lim A(p, ) = limp,, = ¢f ace..

e [t remains to show that ¢ € H>. For this, observe that if 1 € H? is such that 1Z = ¢ then for
all z € D the equality

~

(OF k) = (0 ko) = (A(D), k)
(where k,(e') = 3, (z¢')* is Szegd’s kernel) gives

~ ~

(F,A*(k,)) = (A(f), k) = (OF k.) = (&F  k.)
= (W) (2) = Y(2) f(2) = (), k) = (F, 9(2)k.)

for all f € H? and so A*(k,) = §(z)k, which shows that |A*| > |[(z)| hence [(z)| < |A| for all
z € D; thus ¢ € H* hence ¢ € H™. O

Hapathenen 3. Av E, F avow yweor Banach xouw D C E ewal wuxvog Yoouumr0§ VTo)®E0S, TOTE XDE

ovveyns yoouuxn amexovneny A 2 D — F gyer povadixy cuveyn yoouwmxy emextaon A E — F. H
amoleLEn 6TNELLETAL GTO YEYOVOSG OTL U0 GUVEYNS YOOUULXT) QTTELXOVLGY] ELVOL OUOLOUOPPO GUVEXT.

Tt uTOPOVUE VO TTOVUE Y0, Uor GUVEXT BLYpouWxT asterxovion ¢ : D x D — F; H 1 Oev ewvan v yever
ouotouopPpa cuverns. Ilapoda avta ouws:

AMpuo 4. Eotw E,F ywpor Banach, D C E wuxvog ypouuLxos vmwoyeweos, xo ¢ : D x D — F wa

ovveyns Ovypouuxn agerxovion). ToTe vagyer novadixy GUVEYNG OLYQOUULXT OTTELXOVILOT V:ExXE—F
OV ETEXTELVEL TNV Y.

Ouowws i sesquilinear ametxoVIGEL.
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Amddekn. Observe that if z,2’,y,y" € D, we have

lp(, y) = (@, y)| = [z — ', y) + (@', y — )| < vz — 27, y)| + [0,y — 3|
< [l =2yl + Il [y — o'l @)

where |[¢| = sup{||¢(z,y)| : z,y € D,|z| =1 = |y|}, which is finite by the assumed continuity of .

Now given ¢,n € E, we wish to define (&) € F. Choosing sequences (z,,),(y,) in D with
|z, —&| — 0 and |y, —n|| — 0, by the previous inequality we have for all m,n € N

190 Yn) = (@ 4| < [P, — 2 lllynll + 12012 My — vl -

Since the sequences (z,) and (y,,) are convergent, they are Cauchy and bounded (!), say by M.
Thus the last inequality gives

lo(s ) = (@ ) | S NOIM (2, = 2| + |y = Yrml]) -

This shows that the sequence (¢¥(z,,v,)), is Cauchy in F; since the latter is complete, the
sequence converges, and we may define

(&) = lim (2, y,,)-

Observe that this is well defined, i.e. does not depend on the sequences used to approximate ¢
and 7. Indeed, if also (z},), (y,,) are sequences in D with |z, —&|| — 0 and |y;, —n|| — 0 then by (1)
we have

19 y2) = (@, vo) | < 1l = 23y, + 1127 1y, — yrll = 0
since (x,), (y,) are bounded. Therefore y(z/,,y.,) — (&, 7).

It is clear that 1/7 extends 1 (use constant sequences to approximate elements of D).

To show that 1Z is linear in the first variable, let £ = limz, € Fand ¢ = lima,, € E with z,,, 2, € D

n’ n

and let A € C. Then for all n =limy, € E with y,, € D, since z,, + Az, = £ + >\§ by the definition
of 1Z we have

D(E+ N ) = imp(a,, + Az, y,) = HM(P(x,, y,) + Np(ah, ¥,)) = D(E,1) + MD(E 7).

Similarly we show linearity in the second variable.

Finally to show that z/j is continuous, for all ¢ =limz, € F and n = limy,, € F with «,,,y, € D
we have

[(& ml = 1im [z, )| < limsup [ |2,y | = 1€ ]l
which shows that || < || (but in fact equality holds since ¢ extends ). O

Hapathenen 5. Evas @eoyuevos Tedectng A € B(ﬁ %) grer mvaxa Toeplitz wg mpog Ty o/x Boon
{fp:neZ. }avv TyAT, =T

Amdbekn. For all n,m € Z, we have

<TfAT1f7L7fm> = <AT1fn7T1f7n> = <Afn+17fm+1> .

Thus TyAT, = T iff (Af,, fm) = (Afnits frnp1) Yn,m € Z, iff the matrix of T has constant
diagonals, i.e iff the matrix of T is Toeplitz. O



IMpdétacn 6. Evag @ooyuevog TeAecTng A € B(H?) ewon tedectne Toeplitz av-v eger mvaxa Toeplilz
g mpog Y 0/x Boon {f, :neZ, }, ovv TTAT, =T.

AmdbeEy. Suppose the matrix of A is Toeplitz, so that T7AT, =T.

We ‘lift’ the setting to L?(T) in order to apply Proposition 2.
Define an increasing family of closed subspaces E, :=span{f,, k> —n}, neZ:

H? = B, C By :=span{f_y, fo, f1,...} C - C L*(T)

whose union E_ :=(J FE, is dense in L*(T). Note that for all n» € N we have M,(E,) C E,_,,
hence M™(E,) C E, = H2. Thus for each n € N we may define

A, == M{"AM] € B(E,).

Note that ||A,,| < |A| for all n € N.

e Claim 1. For all {,ne E,, (n € N) we have

<An+1£> 77> = <An£7 77> .
Proof of the Claim.

M1_<7L+1)AM{L+1€’ ,,7> — <AM1M{L£,M1M{L77>

(Ap1&m) =<
= (AT, M€, Ty M) since MP¢ and M'n are in H?
=
=

(Ty AT, )MPE, T, MI) = (AMPE, T, M) since Ty AT, = A
A& m)

o It follows or all £, € E, the sequence of complex numbers

((An&m),,

is eventually constant, hence convergent.

Hence we may define
v:E xE —C:(&n) — lim(A,&n).

Since every (,n) = (A,,&,n) is a sesquilinear form, bounded by ||A|, the same holds for .

e Using Lemma 4, we may now extend ¢ to a bounded sesquilinear form v : L2(T) x L2(T) — C.
Since L?(T) is a Hilbert space, there exists a unique bounded operator A, € B(L?*(T)), which
satisfies

(A0 () m) = P& m) = lim{A, &) VEn e Ex.

e Claim. The operator A, commutes with the bilateral shift M.

Proof of the Claim. For all £,n € E_, since M; = M; !, we have
(Mt AML €, m) = (Ag My &, Mym) = 1‘1£n<AnM1£»M177> = liTEn<M1’"AM1"(M1§), (Myn))

= Lim (M My AM] M, €, ) = im(M " VAMPPE ) = (Agéom).

Since E_, is dense in L?(T), we have A, = M A,M; or M;A, = A,M,, proving the Claim.



e It follows from the previous Theorem that there exists a ¢ € L>°(T) such that
Ay =My : L*(T) — L*(T).

To complete the proof, we show the
e Claim. A=T,: H? — H2.
Proof of the Claim. If ¢&,n € H? we have, for all n € N,
<PAn€, 77> = <An§7P77> = <Anf, 77>
= (M7 AME,m) = (AME, M) = (AT{, T) (&, € H?)
= ((T7)"ATE, m) = (A&, n)

since (T7)"AT* = A from the hypothesis 77 AT, = A and induction.
Thus (A4¢,n) = (PA,&,n) for all n and so

(A& m) = 1im(P A&, m) = im(ALE Pn) = (Ao€, P) = (My&, Pr) = (PMyg,n)

and therefore PM(z,\ﬁz = A, as required. O

Evoddaxtixy amwodekn tng Ilpotaocns 2. If A e B (H?) satisfies AT, = T} A, then TYAT, =T7T'A=A
since T is an isometry. It follows from Proposition 6 that there exists ¢ € L>(T) such that
A=T

¢-

To show that in fact ¢ € H®>°, we need to prove that q@(—m) =0 for all m > 0. But recall that the

matrix (T, f,,, [,)] of Ty is given by (T, f,,, f,,) = ¢(n —m). Thus, for all m >0,

G(—m) = (Tyfon, fo) = Ty frus, fo)  (since m > 0)
= (T'Tyfrn—1,fo) (by hypothesis)
= (Tyfrm:T7 fo) =0

as required. O
Yvverewo Yoo T € B((*(Z.,)):

Hogoue 7. Evag poayuevog tedeotng T € B((2(Z,)) ewar tedeotng Toeplitz, dniadn vmogyer ¢ €
L>(T) wote (Te,,,e,) = ¢(n —m), av-v

m)n

S*TS=T.



