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Abstract: Any correlated equilibrium of a strategic game with bounded payoffs and convex strategy 
sets which has a smooth concave potential, is a mixture of pure strategy profiles which maximize the 
potential. If moreover, the strategy sets are compact and the potential is strictly concave, then the 
game has a unique correlated equilibrium. 

1 Introduction 

It is well known that games arising from Cournot competition models with linear 
demand and linear cost functions have a unique strategic equilibrium. A surpris- 
ing result due to Luchuan Liu asserts that these Cournot games also have 
a unique correlated equilibrium. This paper generalizes Liu's result. We consider 
the class of strategic games that have convex strategy sets, a smooth concave 
potential and bounded payoffs. It is shown for this class that the set of correlated 
equilibrium coincides with the set of mixtures of pure strategies which maximize 
the potential. As a corollary we obtain uniqueness of correlated equilibrium if in 
addition the potential is strictly concave. 

2 Preliminaries 

I. Strategic Equilibrium. A strategic game is a triple (N; (si)ieN; (hi)i~N) where N is 
the set of players and for every player i in N, S i is the set of strategies of player i, 
and the payoff function h i is a real valued function defined on S, where S denotes 
the cartezian product S = • i~NS i. For  s in S, hi(s) represents the payoff to player i. 
For  every s in S, i in N, and every strategy t i in S i we denote by (slit i) or (sit i) for 
short the N-tuple of strategies in S whose ith component is t i and for j  # i, thej th  
component equals s j. A point s in S is a pure strategy equilibrium if hi(s) > hi(sit ~) 
for every t i in S i, and every i in N. 
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2. Potent ial  Games. A potential  for a game G = (N;(Si)i~s;(hi)i~N) is a real 
valued function P on S ( P : S ~ N )  such that  for every player i, every strategy 
profile s in S and every t i in S i, P(s[ t i) - P(s) = hi(sl t ~) - hi(s). A potential  game is 
a game that  has a potential. Obviously,  any point  s in S which maximizes 
a potential  for a game G is a pure strategy Nash  equilibrium of G. 

Potential  games were introduced in Monderer  and Shapley (1994). The 
strategic game (N; (Si)g~u;(hi)i~N), where S i =  [O,a/b], a > 0 and b > 0, and 
hi(q1 . . . .  , q,) = (a - bZ~-= tqj)qi - ci(qi), ci: [ 0 ,  a/b] ~ ~ a bounded  measurable 
function, is called the auxiliary game arising from Courno t  competi t ion with 
a linear price function and arbi t rary cost functions c~(qi), 1 <_ i <<_ n. Monderer  and 
Shapley (1994) show that  this auxiliary game is a potential game. The function 

P((ql  . . . .  , q,)) = aZ~. =1 qj - b~y  =1 q~ - bZ1  <_i<i <_, qiqJ - 2').: 1 cj(qj) is a potential 
for this game. Note  that  this potential function P is smooth  and concave 
whenever the cost functions c~ are smooth  and convex, and that  the convexity 
assumption here on the cost functions % could be replaced by assuming that the 
cost functions have second derivatives and b + c'{(qi ) >_ O. 

3. Correlated Equilibria. A correlated equilibrium of a game in strategic form 
is defined by means of a probabil i ty distributions on S = S ~ x ... x S ". Thus, we 
assume a given measurable  structure on each S ~ and assume that the payoffs are 
measurable. 

A correlated equilibrium of a game G = (N;(Si) i~N; (hi)ieN) is a probabil i ty 
distribution # on S = x ~NS ~ such that  for every i in N and every measurable 
function ~i:Si ~ S i, 

f s  hi(x)d~(x) >- f s  hi(x] ~i(Xi) )d~(X)" 

3 The Results 

Theorem 1: Let G = (N;(Si)I~N) be a game in strategic form (normal form) with 
bounded  payoffs, such that: 

(1) S i, i~N,  are convex. 
(2) G has a smooth  (C 1) concave potential. 

Then any correlated equilibrium of G is a mixture of pure strategy profiles which 
maximize the potential. 

Proof:  Let P be a smooth  concave potential for G, and let/z be a probabil i ty 
measure on S = S 1 x .-- x S n. First note that  any potential P for a game G with 
bounded  payoffs is bounded.  We will prove that/~ is a correlated equilibrium iff 
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SsP(x)d#(x) > P(y) for every y in S. First  assume that  [,sP(x)d#(x) >_ P(y) for every 
y in S. Then  for any measurab le  f :  S ~ S, 

f s(P(x) -- P ( f  (x) )d#(x) > 0 

which implies in par t icular  tha t  for any i~N and any measurab le  f :  S ~  S ~ 

Is  h i (x ) -  hi(xlfi(xi)))d#(x)= f s  P(xlfi(xi)))d~(x) 0 (P(x) > 

which proves  that  # is a correlated equilibrium. 
Next,  assume that  there exists y in S with 

sn(x)d#(x) < n(y). 

As P is concave,  for any x in S, the function e ~ P ( ( 1 - e ) x  + ey) is concave.  
Therefore,  the following limit and inequali ty exist for every x in S, 

P((1 - s)x + ey) - P(x) 
lira >_ P(y) - P(x). (1) 

e ~ O +  8 

Let P(y,-x~) denote  the directional derivat ion of P in the direction y i _  x(  As 
y - x = ZT= lY' - x* and  P is smooth ,  

P((1 - ~)x + ~y) - P(x) = 
lim P(y,_ x,)(x). (2) z..., 

e ~ O +  ,~ i = 1  

Therefore  it follows f rom (1) and (2) that  Y~= 1P(y,_x,)(x) >_ P(y) - P(x), implying 

that  ~s(~= 1P(y'-x')(x))d#(x) >- ~s(P(Y)- P(x))d#(x) > 0. Therefore,  there exists i 

in N with 

fsP(,,  x,)(x)d#(x) > (3) O. 

For  0 < 8 _< 1, let x~ = (1 - e)x i + ey i. The concavi ty  of P implies the concavi ty  
of hi(xlxi~)- h~(x) as a function of e. Therefore,  [hi(xlxi~)- hi(x)]/~ increases to 
P(y~ x,)(x) as e ~ 0 + ,  and thus by the m o n o t o n e  convergence theorem and (3), 

lira ( x l x )  (X) d#(x) = P(/_ ~r > O. 
E~Ojs 8 
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Therefore, there exists e > 0 such that 

fs h~(xlx~)dl2(x) > fs h~(x)dl4x) 

proving that # is not a correlated equilibrium. 

If ~sP(x)d~(x ) >_ P(y) for every y in S, then P(x) >_ sup{P(y): y~S} for # - a.e. x, 

thus max{P(y):yES} exists and for # - a . e .  x P(x)= max{P(y):yeS} and x is 
a (pure strategy) Nash equilibrium. �9 

The following is a straight forward corollary of Theorem 1. 

Corollary: Let G = (N; (S~)i~N; (hZ)z~N) be a game in strategic form (normal form) 
with bounded payoffs, such that: 

(1) S i, ieN, are convex. 
(2) G has a smooth (C 1) concave potential P. 

Then the set of pure strategy equilibria coincides with a r g m a x P  which is 
a convex subset of S. 

Theorem 2: Let G = (N; (si)isN; (hi)i~N) be a game in normal form, such that: 

(1) S ~ are convex and compact. 
(2) G has a (smooth) C a strictly concave potential. 

Then G has a unique correlated equilibria. 

Proof: Let 2 be the unique maximizer of a potential function P for the game G. 
Then 2 is a pure strategy Nash equilibrium, and by the previous theorem it 
follows that 2 is the unique correlated equlibrium. �9 

Remarks: The results assert that if G has a concave smooth potential, then the set 
of pure strategy equilibria is convex and any correlated equilibrium is a convex 
combination of pure strategy Nash equilibria, and that any pure strategy Nash 
equilibrium x, maximizes the potential. It is easy to construct a two person game 
G with strategy sets [0, 1] having a concave potential, and a pure strategy Nash 
equilibrium x that does not maximize the potential. For  instance, let P be 
the smallest nonnegative concave function on [0, 1] 2 with P(1/2, 1/2)= 1, 
i.e., P(x,y)=l-2max(Ix-1/21,  t y -1 /2 l ) .  Then any point (x,y) with 
Ix - 1/21 = lY - 1/21 is a pure strategy Nash equilibrium. Thus the conclusion of 
Theorem 1 no longer holds if one drops the smoothness assumption. Similarly, 
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one could  cons t ruc t  a str ict ly convex poten t ia l  on [0, 1] 2 with the co r r e spond ing  
game having mul t ip le  equil ibr ia .  Indeed,  set 

P(x,y) = 1 - 21y - x[ - (x - 1/2) 2 - (y - 1/2) 2. 

Then the two p layer  game ({ 1, 2}, [0, 1] 2, (p, p)) has a str ict ly concave  po ten t ia l  
P which is max imized  at  the po in t  (1/2, 1/2), and  any  po in t  (x,y) with x = y  is 
a pure  s t ra tegy equi l ibr ium.  However ,  all these equi l ib r ium poin ts  (x, x) with 
x ~ 1/2 lacks some form of stabil i ty.  I t  is therefore of interest  to look  for 
a dynamic  type  theorem which addresses  the cor re la ted  equi l ib r ium poin ts  of 
s trategic games  with a concave  potent ia l .  
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