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Elcaywyn

H Oewpia ApBudv umopet vo S1doytel Le GTOXELMIN TPOTO, EWOIKOTEPO AV 1] dtdaoKaAia TG Yivel
o€ éva apykd otddlo. H 518axtikn avt mpocsyyion givar xpnoiun, Yot EL0AYEL TOV POITNTY| GE EVVOLEC
01 oToieg UmopEl va ypNoIoTomBoOV 6T GUVEXELN, TPOKEEVOD VO, YIVOUV KAADTEPH KOTOVONTES TTE-
PLGGOTEPO QPN PNUEVES AAYEPPIKES EVVOILEG.

e avto 10 PAio (to omoio amevBHVETOL GE POITNTEG IOV £XOLV 110N TAPOKOLOLONGEL Eva TPMOTO
puédnuo ahyeppoag) Ba arxorlovdncovue pio TPOGEYYIoT 1 OO YPTCLOTTOLEL TEPICTOTEPO TPOYDPT LE-
VEG OAYEPPIKEG EVVOLEG TPOKELLEVOV VO, SMCOVUE GCUVTOUOTEPEC KO TEPLGGOTEPO KOUWEG 0modeilels. Av
Ko yiveron Tpoondfeia vo vdpEel 0piopog Kabe alyefpikng £Vvolag Tov XPTGILOTOLOVLE, O AVOYVO-
otng Ba pumopovace kat Ba Enpene va avatpésel o€ va PiAlo apnpnuévng ahyeppag Yo TepIocOTEPES
TANPOPOpiES.

H @ihocopia avtig g didackariog fonddel 6To va LTopEGEL O POLTNTHG VO KATOVONGEL T ONHOCT
OAYEPPIKAOV EVVOLDV KOl VoL OEL TNV E10AYWYIKT Ocwpia ApOudv amd o SpoPETIKY OTTIKY YOVid.
AMwoTe, To TpofApata g Osmpiog ApOpdv nTav pio arnd Tig KIvnTipleg SUVALELS Y10, TNV aVATTUEN
™me apnpnpévng Alyeppoc.

Ot kMdoeig vroroinwv Fy, = Z/pZ axépoiwv apdpdv modulo évav mpdTo p omotelodv mopa-
delypato and nenepacpévo copato. Ta nenepacpévo copato dpwg dev neplopifovrot ota copota Fyp,
OAAG emekTEIVOVTOL KO OTIG AAYERPIKEG EMEKTAGELS TOVG. AVOTTTUGGOVE AOUTOV Kal T Oempia enektd-
CEMV COUATOV, EVD TapoLc1alovpe Kot otoyeia amd T Ocwpia Galois. Idiaitepn Eupaon divetal oTic
N-6Té¢ pileg TG HOVADAG KAl GTIV KATAGKELT TOV KUKAOTOUIK®OV TOAVMVOLOV.

210 TEUMTO KEPAAO opilovpe Pactkovg ahyopiBuovg KpLTTOYPAPNONG, EVED GTO ETOUEVO KEPH-
Aoto avapépovtal ot aAyopBpot avorytol KAeWoh. Avtol o1 adydpiBpot deiyvouv v avdykn Avong
TPOPANUATOV OTMG 1| TAPAUYOVTOTOINOT] OKEPOL®MY OAAGL Kot TO TPOPAN LA TOV S10KPITOV A0YOpifpoL.

To ke@dhato 7 amotelel (o elcaywyn ot Oewplo TOV EAAETIKOV KOUTVADY 01 0Toieg Bpickovy
EPAPLOYN KOl OTO ENOUEVO KEPAAOLO OTOV TTEPTYPAPOVTOL AAYOPIOLOL TOPAYOVTOTOINONG.

Téhog 670 TEAEVTOIO KEPAANIO SIVOLLE LEPIKA OTOLXEID OYETIKA LE TNV KATOOKELT] EALEITTIKMV
KOUTUADOV UE €K TV TPOTEPOV YVvmoTh TaéN. H kataokevun avt givol amapaitntn tpokeiuévon va
KOTOGKEVAGOVLE KPUTTOGLGTNHATO BACIGUEVE OTIG EAAETTIKEG KOUTOAES TO OTTOi0L VO Eival ovOeKTIKG
OTIG YVOOTEG EMBECELC.

H nmopandve Bewplo amartel evyépelo otnv eKTéAEST] VITOAOYIOUDV, 0TTOTE TO PiAio elvan yepdto
e Topadeiypato facioHEVO GTO avolyTOD KMOIKA AOYIGHIKO Sage, EVM GTIG NAEKTPOVIKES EKOOGEIS TOL


http://www.sagemath.org/

5

BipAriov (epub, pdf) o ypriotng petapépetor o€ online S100pACTIKY EKTEAEGT TOV TPOYPALLLOTOG TPOKEL-
UEVOL VO TEPOUOTIOTEL.

Oa B¢hape va vyoploTnoovpe BepUd ToV KPITIKO ovayvadoTr), opdtipno Kabnynt) tov tunuotoc
MoOnpatikov tov EKITA, k. Agpiluntn, yia Tig 00TOYES KOl ETOIKOSOUNTIKEG TAPOTN PN OELS TOV. Emi-
ON¢ TOALEG EVYOPIOTIEG OTOV YAMGOIKO EMUEANT-PIAOAOYO, K. Anuitpn Kadidpa, yia ddeg Tic d1op-
fmaoeic Tov.
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ZToleuwdng Oswpia AplOuwv

/A

1.1. Ozopic aprOpOV 6T0VG AKEPALOVG

Xe auto 10 KEPAANo Ba dovue pepkég Pacicé 1O10TNTEG TOV aKEPOLOY APOUDY CYETIKA [E TN
dwaipeon. O avayvaotng Oa propovace vo cuufovievtel éva Bifiio Oempioc apBumy ylo teplocoTEPEC
TAnpoeopieg 6mwc ta (Avioviadng koar Kovtoyedpyng 2015), (Adxkng 1990) i1 to (Stein 2008).

1.1.1 Osopnpa: A\Q{GEM Ae o u\\luo
Eoww a,b € Z ue b # 0. Yrapyovv povoonuavro. opiouévae. p, q € 7 waote uolt Ute N1t (O

a=bq+1,97 o ugedoTO

[N s gD
ue 0 < r < bl \““\\uo
0-= 2 2+ | =0 b | T
\ Améoeidn: Oo vrobéocovpe yio amAotnta 0Tt b > 0. Oewpolpe T0 GHVoro 0 B Y Yipel 20V
~ A~ o
= —_ N — Q>
M ={a—bt:teZa—bt> 0} @)

a<9O t °‘P"Wﬂud)u)
L , L, — TR . , xp A
_—Hapatmmpodue 611 10 chHvoro M givat Eva pn kevO GUVOAO PUGIKAV APl EXEL £VOL EABYIOTO GTOYKEID T. P

/ To otoryeio owtd Ba eivar To vOLOITO TG draipeonc, eved to q = t 6T0 omoio avticToyel To T, Oa etvon

t0 nAiko. Eivorl cagég 6110 < 1 < b, yiati dStapopeTikd Oa pmopodoape Vo apalpECOVIE OKOLO EVaL
b b ko va kataAngovpie og £va axoua LKpdTEPO GTolXElo Tov M, dToTo.
PRI L8 Tt INa ™ povadodmra Bempolpe 300 SPOPETIKES YPAPES TOL A MG 10 -3 = +> 3

S\A%ce&\\[\ a=bq;+r11,a=bqga+ 19 10 - 3‘2
v €
- ot o- 3-3

TIG OTtOlEG KOt OPOLPOVLE Y1 VO TAPOVUE:
jo— 1z <9

b(q1 — q2) =12 — 711, _AM |UOSWVM

T
&V T e,/"/ ae wv OpF" e
—b<m—T<b=-1<q—qa<1 end .
wO
apo, apov ta g — qo elvar aképatot, EYOVE OTL 1 = 2 GPA KOL T = Ta. 21 6“4 «
; , , S , xo cp.)muw
H nepintoon b < 0 avayston oy repintmon b > 0 nodhamiacialovrag pe —1. gWo o0
11 ex®y oot fHo.

Oé‘CL<" | —\ '

__l9<_\"l50



3\ G

1.1. ®EQPIA APIOGMON XTOYX AKEPAIOYZ 5 X ‘F

1.1.2 Opwopdg:
Ta a,b € Z Oa Aéue 611 0 a draupei tov b kar Ga ypapovue a | b av kot 1évo vdpyer axépaiog apiQuog
c wote b = %a. loodbvoua, to vwoloimo ¢ diaipeons tov b ue a Qo mpémer va givor ioo ue 0.

\C€7L 3 ‘ 5? C
o’\\\) =5 b=wd \ 111 Iow6TnTEG draipeonc. g
HC_*—)CZlG 1. Avcil_)mlalc,to'raywkdesx,yEZaIxL—ky( ve 1 5‘ 3 g
/ 2. Ava|bxaub|c,t0te ac. « | b => b=rvo
zz)lLt’{ 3. Avalbmtbl%téraa::tb. dle => c= A A \ A=
v S alb=>bz=2la bty = XKRoArEIA—
L

xurg»®
( 4\‘6

1.1.3 Opiopéc: -r b=3dpb = 5.’3"\ J,pel

Evog pvoikog aptBuog p > 1 Ba Jéyetor mpoog av o1 uovor Getiiol O101pETES TOV VO 0 EADTOS TOV KOl

1 povéoa. —— A= n= L
To 1. Sev Qi\:u\ﬂekwd)j d=p=-4
: 93 s
1.1.4 Ozopnpo: 12 Yev  aivae -neu.rIOD 3/ ,7/
KaOe Oetinoc arépoiog ypapetar wg yIVOUEVO TPDTMV. R=1-12 ’i
. =2-06
=5. 4 Qv

. . . , . , . . T pwo)
Am6d£1En A vmofécovpe 6T T0 GHVOAO TV PUGIKMV aApPlOUOY A TOV dEV YPAPOVTOL WG YIVOUEVO Ve
——
TpOTOV eivar un kevo. Tote 10 GHVORO 0T Exet £va EAAYIGTO GTOYEIO . ginws =~
—, 0% , . . ; - . ,
Av sied 101 TPMOTOG, TOTE YPAPETOL OG YIVOUEVO TPMTMV LE TETPULUEVO TPOTO, Apa dev Oa pmopovce

va givat oTotyeio Tov cuvorov M. Av dev gival TPMOTOG TOTE YPAPETOL MG YIVOUEVO o= O
n=a-b V\>‘("\
___AJ

omov to a, b givon un teTpppévor drupéteg Tov N, ondte 1 € a,b < n. Opwg, 0god 10 N eivar to
eMdyoto otoyeio Tov M, Ba €yovpe 6t a, b & M ko, cuvenmg, Ta a, b Ba avolvovtal g Yvouevo
- : N

TPOTOV. ZUVETHOG, T0 1010 B, cvuPaivel yio To n, dtomo. Az - Ps «— qu};;oww
8=
1.1.5 O¢c _1“-"'4'
1.5 Osopnpa: _ 1.
Evrleion Yrapyovv ameipol mpaTol. M >n = o e = ¢ PFs ? ' t -

Améoeidn: 'Eoto 6t vanpyov tenepacuévol to TAnboc mpadTot

{p17p27-—~;pN}. - 02\27

WO T
%e*’\ AVENAG. o “eﬂied% ﬂodv d')(,ﬁ

S:pl.pQ...pN G N

Tote, T0 Y1vOUEVO TOVG S92
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V\:Xaa,"\' ‘-boe
M| A
d = wh + 9O

= (X,d +‘606\“+v

(l-mx,) & = 40,87 =V Osv<?
\
e A T S
o\)(qno
=o0= O
nl « "y -
<0 VY €1 Vo cyary uelven
nwl @ w
A
' = XoO + €
wa T - S) \ao 8 =
v N\o> - B
Lo LXOX +~60MS‘ =y 0 |u

8‘\6‘92%“}) n
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(«,8)

(1, 3) =

1.1. ©EQPIA APIOBMON STOYS AKEPAIOYE new 13 a
vo Do
udy oW
ol ) >
a ﬂ, q/ 1> 3

1.1.6 Opropdg:
Ocwpodue Tovg axéporovs a, b. Oa ovoualovue uéyioto Koo d1oupéty v a, b kot o tov ovuflolilovue

ue (a,b), évav pooikoé apifué d o omoiog kovomoiel:

op )
Ldlarud|b o sewey Hraper™™ J g qp\;a (;‘\\?we 42)
2. Avd | akod|bored | d. S\d\eqﬂ“’) g ‘ N0 > N 1
— -T TC A N 4 J S
\ (;L\’)d7 % @ 29
INa tovg a, b € Z Bswpodue 10 GHvoro S\d‘g

I d .
A={xa+yb>0, puex,y € Z} C N.

To chvoro avTod £xel £va eAGIOTO GTOLYELD, TO OTTOT0 TOTICETOL [IE TOV PEYIGTO KOVO SlopETN TV a, b.

[pérypatt, av To 1 = Xpa + Yob etvar 1o gldyioto otoryeio Tov A, 10Te
N ~————

n:7tq+vu80<v<a.

Xmv nepintoon mov 1;\/>\Q Oa siyope: I

n—ma = xpa + yob —ma = (xg — ma+yob =v > 0,

dnAadn to n — 7a givor otoyeio Tov A yviotla pikpdTeEPO TOL gAdyioTtov N. Apov = 0 ko a | n. Me
6poro tpoémo b | n. Téhog, av & eivar évag GALog kovdg dtapétng tov a, b, tote avtdg o ﬁpéna va
Swopel kot to 1 = xga + yob.

TOOEIEALLE TOPATAV®D OTL O LEYIGTOC KOWVOG d1ap€TnG S0 aKEPa®V a, b ypapeTal ™G Z-ypappikog
oLVOLOOUOG TV a, b. Oa dodie Evay aTOTEAECUATIKO TPOTO £0pEONS TOV OPOUDY X0, Yo € Z OOTE
mwv 0o wiAncovpe Yo, Tov adyoppo tov Evieion.

1.1.7 Npéraocn: (ot, 8) = Xool + Qo 6
Av évag mpartog apiBuocp | ab, tote p | asize p | b. J ok ugTows KXo, "&"e

==

ATOd€IEN: Av p | a 10Te 1 amOdEEN Exel TEAEIMOEL Av Oyt TOTE (A, p) = 1 cLVER®G VIEAPYOLY

X,y € Z pe xa +yp = 1. [loAamracidlovpe pe b kot Egovpe (q f) \ [}
[
» ab +ypb =b, L« ) \@
)
oo OOV TPOKVTTEL TO NTOVUEVO, QpPOL O P dlapel Kot Tovg dVO TPOGHETEOVG. (o, ) = L
ela b

. giv A\ o
1.1.8 Ozopnpo: e BP b et S\:\rgm ua O.Mau
H avdloon evog axépoiov apiuod oe yivouevo mpatmy mepayoviwy eival ,uovomy 71 ocv ﬁ?v AnpOei

DITOYN N GEIPC, TV TOPAYOVIWV. 0o
\

S
“Q‘an) R creNNT cgoe""

Am6darén: Agvrobécovpe Ot o/
a==£pyt-pyr = :I:qf1

B——
etvat 300 JAPOPETIKEG OVAADGELG TOL L OC YIVOUEVO TPOTOV. Emn?»éov, oG voBécovpe OTL T < 8.
O mpdtog p1 Stapet 10 yvopevo g1t - - - qys Gpo o p1 Stapet kGmoov i, kot GuVET®OG TavTieTarl pe
avTdV. ZTNV TOPATAVE 160TNTA S1YPAPOVLLE TOVG P1 Kot 1 Kot cvveyilovpe péypt va eEaviinfoivv ot
N [
a < 7/_ aunos EXUL  Evad flpwno S‘dlei‘ﬂa uxl Ak ONASOM s 3
vprwn, Pon  wm avalua  Elva govadiung (OW v &a“@"?ﬂi'

\6\ VEH{VO
UZTO?S"\ Twv 0UPA

Tuns ndfdkzs')\ﬂw)



pla@  xv oo § T s tpeo
oo ENVol lol%CD

@”2: G’Z 1o ‘l’\lé é)/\/z

<SS
v, v M i‘s
0L=i P."’Pﬁ -10 - $s
"
1 f tv
Q‘ \ ff.ﬁ”‘ Cgss = E. l it ?t flvar flpunod
o povaSiuo
daupgrey 00
~) v,-) v, P Het Hs . e
E, -- b= 1\ T 1‘; - 15 tival i;ig
N e @'fi
e p\ts '
j_ = 1%'” &5 - E{’t
C/W ;—moﬂﬂ c
L S " a >}
RV
=3

(
Kagq, P ole\meea\ ¢ival WS Re udnoiew ?:

?Q;( (A,

3 S
V', ‘(',,. -— v vV @
LY :?‘ - P @5 F, e, ) " av  udl

. /{/51 s5le |§; s g
| 2

{_/\Y -0 S“ET\/d\
P ! 0INOS S\O'OQM'

(%



o e

1.1. ®EQPIA APIOMON XTOYZ AKEPAIOYX 14

ésiavr?m@oi)v o1 TR®TOL Kot 6T 0e&l PHEPOC, OmOTE TPOKVTTEL TO {NTOVLEVO. 7
2-S 2 -3
o’ :; \ 1 (\ o
—‘J\’K\w <~ 1.1.9 Mpotaocn: 9 _ °_ ,)_7- . 3-S
&‘;c) Ava=p{t-pY kb = pit - piT eivor o1 avaddoeis twv a,b oe yivopgevo TPAOTOV TopaydvTeisE=
LY e = ———

4

/ (a,b) = prlnin{vhm} - ‘pglin{vnur}. <

"uuo.Xabﬁw “ov rHLA

Mropoliie va, 0picoVUE TOVE TPDTOVS aPlOUoVEC ™G EENG:

- . Tod

1 sage: P = Primes(); P (IO 12 zzm:v\i’b\.’ifs Smw)i-

2 Set of all prime numbers: 2, 3, 5, 7, /

3 sage: P.cardinality() wiula8,
4 +Infinity S

Av Béhovpie va TapovpE TOV N-06TO TPOTO divovpe

"l
N

1 sage: P = Primes()
2 sage: P.next(10720)
3 100000000000000000039

Evo pmopobpue va tapayovtomomcove og eENG:

1 sage:factor(28397492387492387429387)
2 13 * 2551 * 856300467011198849

Mmnopovpe va eEléyEovpie av Evag aplBuodg ivatl TpmTog

1 sage: 856300467011198849 in P
2 True

T&@bowo‘ctou% (CNZSOAM ouo:iew\u/)
@wval\ u-aOXoSmluo\ wWovary .

Interactive

1.1.2. T'popmkég Ioodvvapieg mod m. .
A P\%\"“ wwq  rers U <oo

1.1.10 Opwopoc:

Oa Aéue ot o1 apibuol a, b givar W modulo m kot Qo 0 coufolilovue e wm e 71_
a = bmodm
g w e W

av ka1 péovo ov m | b — a.

A S .

H oyéon = elvar pia oyéon 1ocodvvapiog OnAadn Kovomolel: <2
- Yo Eval\
» > wwpr
{ = 50 < DN
ea O

Nev O © e

24
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u
g a = amodm m | ot-4 =0

¢1p*"2. a = bmodm < b = amodm
Wc(\v ¢ - o= B Moém(—b wl@_':\

3. Ava = bmodm kot b = cmodm, 16te a = cmodm.

— < — [N
w | b-a wl|lc-b K W‘\@—@\<=% e;amo«;m
1.1.11 Hpéracn: 5\ u,-d\+(g¢--e\: c-d

Avo apiBuoi eivar 16odvvopor modulo m oy kai (Lovo av Eyovy 10 1010 vIoLoiTo oTaY dopedody ue M.

Amodergn: I'pdoovpe a = mem + Uq kot b = mpm + uyp. Hopatnpodue 6TLb — a = m(my, —
) +Up — Ug, Gpom | b — a av kot povo av m | (Uup — Ug). Oumg, 0 < ug, Up < M, GLVERMOG

P

—m < Up — Ug < M. Apa M | Up — Ug OV KOL LOVO OV Up = Uq. B
- ST, . -, wa,
1.1.12 Mpéroon: —

Ioyver 6u av a = a’modm kou b = b’modm, tde . OJ 7' 6= _1 wwé:f

 a+b=a’+bmodm —~ 6 o
-b=a’- bmodm
| 1000 000
<< O wpa\e> ed WL @Vay olve Qfﬁp"“‘?'o orto v [~ =N el

Amooeign: I'pdoovpe a = a +km b="b’ +l amd Omov £yovue enidgyn

Ty o(mn"a~>) = 5_
Q:.erkﬂ
a-b=(a’"+km)(b'+1lm)=a"-b"+m(a’ k) + klm?2.
~~~~

To oVvvoro TV KAACE®MV 1G0dVVAIING TNG OYEoNC = €Pod1dleTal e TN doun OvVTIUETAOETIKOD da-

ktoriov. Eivat de 166p0p@o e tov daktoio Z/mZ, tov oképaimv modulo To KOp1lo eddec mZ.
®a dobE TOG UTOPOVE VO KAVOVUE KAVOLUE TTPAEELS OTO TPOYPOLLLO Sage:

Kot

sage:Mod(10,3)+Mod(2,3)
(7}

sage:p=P.next(10710)
sage:Mod (2" (p-1),p)

1

“w R W N =

Interactive

1.1.3. O aryoprOpog Tov Evkieion. O aiyopiBuog tov Eukieidn eivar pio dadikacio n omoio
déxetan m¢ €16000 dVO akEPAIONg aplBLovg kol OTav 0AoKANpmBEl divel TOV HEYIOTO KOO TOVG dail-
pETN. OePNTIKA, Y10 TOV VTOAOYIGHO TOV LEYIGTOV KOWOU dtpétn Ba pmopovce va xpnoipomomOet
N mapayovromoinon tav aplfumv. H uébodog avtr ouwmg dev gival koin, wdaitepa dtav ot apBpoi mov
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1.1. @EQPIA APIOMON XTOYE AKEPAIOYX ﬁd‘e w04t OA M
wA

EYOVLLE VO SLoyEPIoTOVLE Eivar TOAD PEYAAOL oD, OTMG Bol SOVUE GTN CLUVEYELD, 1] TAPOYOVTOTOINOT)
glval o akpiPn dwdikacio.

Eexwvape pe toug opBpods a, b € Z kar exterodpe  dlaipeon pe TnAiko Kot vrOAOTO.

O<u1<|b|

~—— Si1g

Mapatpodpe o1t (a,b) = (b, u;) (yath). 211 cvvéyeia voloyilovpe

N ra
b = ou + Uy 0<u <uy. glu\
(

=) S\ oL
Kot wéd £xovpe (a,b) = (b,uy) = (ug, us). Zvveygiovpe pe owtdv tov Tpomo, Gxnuariingg po
axoAovBio vToAointmv

bl>u; >ug >--->uy >---

Eivot cagéc 6t petd and menepacuéva to tAnbog pruata (Jb| to modd!) n axorovbia avtn Oo undevi-
otel. O uéylotog Kovog dtopétng Ba gival o Tehevtaiog pn UNdEVIKOG OpOg TG akoAovding avTrg.
r—4

12839 =7 178+ 743 ( 1283‘5)?28\ = h:l%, 1728)

172 :2-74

=2 (#4324 = (242, %)

& &
743 = 3 - 242 {17
2y = (I:}/4)=(‘I'l\@
. 242 =14-17
&
1724 4 +@n\
4=4-140
Mmnopovpe ekTeEA®VTOG avamoda tov odlyoppo tov Ev govpe X,y € Z mote
ax + by = (a,b). —_—

T T nopGoETyIOL
1=17—4{4)=17—4(242 — 14 - 17) :57-]:7,
= (743 — 3-242)57 — 4 - 242 = 57 - 743 — 175 @

—
= 57743 —175(1728 — 2 - 743) = 407 - 743 — 175 - 1728 =
=407(12839 —7- 17m28 =407 - 12839 — 3024 - 1728.
Aniadn vroroyicape 6t x = 407 kot y = —3024 ko Yo TNV ETAOYT| AVTOV TOV APOUOV EYOVUE
(12839,1728) =1 =407 - 12839 — 3024 - 1728.

Mmnopobie va VTOAOYIGOVE TO TAPOTAVED GTO Sage ¢

d,u,v = xgcd(12839,1728);d;u;vV
1

407

-3024

N O S

Ko vo, ETaAN0E00OVUE TO OMOTEAEG LN

1 d == u*12839 + v*1728
2 True




1.1. ®EQPIA APIOGMON XTOYX AKEPAIOYZ 17

J
Interactive 6Q/\d N s

1.1.4. To Oeopnpa tov Kwvélov. To mopokdto Bedpnpua divel pio puG0A0YIKT S1GCTAGT TOV
daktvAiov TV aképaiwv modulo m.

1.1.13 Oeopnpo:

Eotw m = [ [1- | My 17 ypagij evog puoikod apiBuod wg yivéuevo apiBudv mi mov eivoa avé, 560 mpatol
—————

uetalo ovg. O1 wapararw doxTdAI01 EIVOI 1GOUOPPOL: |
+)' PR \'WKW‘\;Ml\ T 5—
o
x/ Z ﬁ Z «~ v & o
mZ7Z " miZ ’
=1 ~o

/A
Z = — )
miZ’ 47— 3 7L 1%

IMapatnpovue 6t ker (1) = {0}. [pdypatt, av Evag aptBudg x dtoupeitat oamd Toug TPOTOVE HETAED TOVG
ap1Bpuovg my, Tote dlanpeitan Ko amd Tov m. Apa 1 cvvaptnon VP givor 1-1. Enedn] o1 daxtdior Exovv
ToV 1010 nkn—edpte 110, 1| GUVAPTNON P EiVOL OVAYKACTIKG KoL €L, e

Mopadootaxd ota podnuate Oswpiag ApOumv to Taparave Bedpnuo ekppaletal og e&ng: To
oOOTNUA YPOUUIK®Y 160duvapiov (mi, mj) = 1 yoi # j, m =my---my

X =[xy modmy (o(\ ) 8‘)

N = de
o | Evanen e z -
' G et (oty 6?'\

, ’ , X = mn Odmn L/) \ u /_—8
€xel povodikn Avor modm. X

X

1.1.14 IIpoéToon:

H Abon aro mpopinua ieodvvopucv tov Kiveélov vmoloyileton wg eéng: Yrmoioyilovue tov apifuoé m =
my - - - My, alda kat tovg aptbuods My = mﬂl E¢ vmobéoews (Mi, my) = 1, ordte vmoloyilovue pio

Adon by e eliowong - =

My = lmodm; b:
To N

X0 = Z XiMibi

i=1 I
eivau o Aoon tov ovoTHUaToG. \
L Coudeda,
Mi=mwy-omi o wgy - PP

M - +,(w|‘::i
(M‘: w )= XTI o prow X, 5;6—.71. b ¢

— Lt-M‘;;i\MOA‘M:
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(R, ) = (5,000
" g- Da .)issi“lok\ or\or‘of)((\vgw\-w-
g (ar6)= @@ﬁff/@Js

ﬂ("%@) = g(d\ég(g)

t\nL - Ma7/-J

S wL C o L owdimere e nelno

Ml' wy You WA €(val ual
w 7L C qw'(.7L ‘ao\’mo o w
‘T X=wmK =L';~4;)\M

(X\/ éxq"s X: Al.. 201% "

€ (vd\ Uo\’mo o M

X

v

WA = W oo -

\
- W g
f:j" ‘P):" ) E:,. - -éz.uz vV .
L~~~ e~~~ \/\/\j
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b= Cdw) bo
(o, wm)| b



\

Miy = Ilmodm; i wL oJ YN

L

WA wn J R

; ) i A M: zOwmodw

XO:Z mod M W=, - - —
i=1 !

M 3% ¢
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.Am').ﬁaé_,n A’szi va Os?pﬁcou ue 1o xg modulo m; Kot va mapatnpricovpe 6t ot ngocsesrém xjM;b;
Y1001 # j undeviCovtan, evd 0 x{M;bj = xymodmy

Hopaderypa No A0ei To GoG T L M‘i ks = lwmeo J we
x = 3mod5
x = 3mod7 S?Taw\gfd,
\
x = 8Smod9 O, -- ')5 A

Avon Yrnoroyiloope m = 5-7-9 @, M, = 63,/‘2‘: 45 koau M3 = 35. Oticotipiegc Mix = Imodm,,
i=1,2,3 ypapovtol 63x = 1mod5; 45x = 1mod7 kou 35x = 1mod9 kot £yovv Acelg by = 2mod5,
bs = 5mod7 ka1 by = 8mod9 avticrouya. Emouévmg, n povadikn Ao Tov apyikod GUGTHUATOS Eival

x0 = (a;M1b1 + asMsbs + asM3sbsg)mod315

oniadn xg = 143mod315.
INo va Acovue to mapoandve TpoPAnUa 6To sage divovue

1 sage:CRT_list([3,3,8], [5,7,9])
2 143

A Y
Interactive 7% %

1.1.5. Avtietpéyipa otoryeio modulo m..
1.1.5.1. H eliowon ax = bmodmxl’[aparnpoﬁus OTL avaykaio cuvOnKn Yo va Exel Avon n e&i-

cwon XX = L exse XQM
/\—/-\/'/

—

] ax = bmodm

etvar (a, m) | b. H cuvOnikn avty givot Kot tkavi agod umopoOue vo fpodue aképaiovs X, Y € Z hote

w:%. A X —._l)vm OAM
Apa,ow(a,'\hﬂIjb,t()TSWEZchvvsmbg o b AX = BW

m m m
%ﬁﬂ/}b’g/(/a,b)/: fa.b) & =T b= ox + R

A
omov ta X 1= x(a—"ﬁj) KoY : =y ﬁ anotelovv Aboelc. Amodeifape 0Tt — li .)
1.1.15 IpoTaoy: A
n eliowon ax + by = d éyer Lboeig av kor puévo av (a,b) |

1.1.5.2. Avuotpéyiua aroryeio modulo m.. H avtiotpeyipdtnta tov otoyeiov amodm givol 16o-
dvvaun pe v vapén Avong g e&icwonc ax = 1modm. Apa pe Bdon v TponyovUEVN TPOTOOT
KOTOANYOLLLE GTNV

G IVA\ < A

PNt AP
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] N

L\ Lo

1.1.16 IIp6éToon:
To avtiotpéyiuo otoryeio modm eivar avTd 10, 0moio, EYovy uéyioto koo doapéty (m, a) = 1.

Ac voloyicovpe Tov avtiotpopo tov 10mod13

1 sage:Mod(10,13)"(-1)

2 4
ol X =4 w\,a:‘w‘_ o' qu‘ogwo R, ooy dl
L AWY-7Y po> vﬂo\ozs.g»ﬂ <oV
NQ)@( A<J<‘M o uouwwo u—.w-leo(eo <0V 0( oov ébwvo 10
Interactive W (oywm) I i(;:s(d, “"\:1144 Z

1.1.5.3. ITA70o¢ avtiotpéyiumy otoryeiowv modulo m.. O cvpporilovpe pe d(m) to TAnbog twv
otoyeimv 0 < a < m mov givon TPAdTO TPOG TOV MM, dNANN
—_ €Vl w;‘s“\ D Oft&gﬁ

¢(m) =hacZ:0<a<m,(am)=1 YA NPl N oo NV

[Hopatnpovue 6TL av 0 p gival TPpAOTOC;TOTE N cov Sku\p T L
t _ _ /\-\-/\ . ’
@/d) :'?l"‘ ‘d)(P)—P 1~] O)':--—--,P-|

Opoing, 610 cvvoro 0 < a < pt vrdpyovy pt—t apBpoi mov Stapovvrar pe p, 0pod avtoi etvar g

popeigx = pa’, ko 0 < a < pt, av ko pévo av 0 < a’ < pt— L. Zvvendg m
_ o-w&pquu,
I'o vo vwoAoyicovpe v T Tov ¢ 6g cvvBeTOLE OP1BOVG YPEILOUACTE TNV TAPUKAT®
1.1.17 Mpéraon: ¢C 2) =t -p F P(A|PCP)
Av (m,n) = 1 tot¢ 1oyver d(m - n) = d(m)dp(n). (0_ 2
————————— r~>

v Toge av

Amooeign: Iopampovpe 6tL  cvvaptnon ¢ tavtiletal pe v Téén g Opadug TOV HOVAd®V Q“‘;W')’L
U(Z/mZ) tov daxtodiov Z/mZ. To Oedpnua tov Kivélov séacs(pocMCm ot
Lwy)=L

/- . n w
W(Z)-fTu(:2) 1y,
mZ ol miZ X
X'—-{/

A6 TNV TOpAmAvVe OXECT TPOKVTTEL rx ntodpuevo amotédeoyia. } g w_ y/A

Plwmy—=— Pl oy 2
"

1.1.18 IlpoTacn: \—/
Lo kdbe a € Z, (a,m) = 1 woyvei on

P
a®™) = 1modm.

An6deién: H 16£n xa0e oroyeiov otny opdda U(Z/mZ) eivar dronpég mg téEng g opadog mov
gtvo ion pe ¢ (m). To amotédeopa EneTar.

ola \ /a’

B -,af»&v\ o(a) eiva oQ\mcD Quarno) A =1 woo‘% %

( ~ @lm w ()
O LA%WM%L ola) ) | O] = @) ogq)( ) o do
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N & petpuvosae  TOID OLP'%Y{@

| Pi: 6 oTneolol Tva)
2 'ZtPMO? Q‘cﬂof
q,i
) gec ﬁ:{ Sev TvAl  Tpw7D
v B0 dp\%ﬁo} ke ov P TO7E
S\‘d\P‘ilﬂal H{ 20V f
T no\)a’m You f PR w e
J < PR s Pi x>0
)
/ )
toral @
AV L < P{_L
Awo 7Tous ?i olgn()\wd) oLt.fomeob@g T~ Uo\/m.\ o0 P
X t- B}
e (pt)=p - p =1 ¢lp=p-

M‘uw#’\a\
({()'2,\ = ?(543 =

(349 =? ?(3\)?(6*\ _ L?;— IY 27_’23
2 . 2 = 4
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Ac vroloyicovpe Aiyo pe tn ovvdptnon tov Euler. @a v vroloyicoupie pe 600 TpdmOVG Yo TOV
n = 2015. H ocvvaptnon prime divisors emoTpépel ¢ AGTo TOVG TPAOTOVG Olonpétes Tov . [apatnpn-
OT€ T1 GUVTOEN TG EVIOANG prod Tov S TpEYEL TOVG TPAOTOVS dtapétes Tov . H cvvaptnon euler phi
glval 1 EVOOUATOUEVT] GLVAPTNGT TOL sage.

sage:n=2015

sage:prime_divisors(n)

[5, 13, 31]

sage:phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1440

sage:euler_phi(n)

1440

N Y L R W =

r

Interactive

1.1.6. ApOunTikég Xvvoptiosic.

1.1.19 Opwopoc:
Mia ovvaptnon f : N — C Oa Aéyeron apiBuntixn oovaptnon.

Evdiapépovoeg aptBuntikég cuvaptioels £ival o1 TapaKaTo:

1. d(n) = o apBudc tov (Betikdv) dlopeTdv ToL N.
2. o(n) = 10 dBpoloua TV OETIKMOV SLOUPETOV TOL M.
3. d(n) = o apBudg TV BETIKOV OKEPULOV < TL TTOV EIVOIL TPMTOL TPOG TOV M. ’\/
4. v(n) = o apBudc TV SIOKEKPIUEVOVY TPDOTOV TOPAYOVTIOV TOV T
5. Q(n) = o0 apBpdS TOV TPOTOV TOPUYOVIOV TOL N
6. 1u(n) = { 0 av &va TETPAymvo Olo1pel Tov n D \ ]
' (—1)*™) v o n givor ehevOepog TETPAyGVOL D /\, v

H ¢ (n) Aéyetar cuvaptnon tov Euler kou 1 p(n) ovvaptmon tov Mobius.

1.1.20 Oesopnpo: C‘ ( 123 2= 3' .
Ocwpoiue tov pvoiké 1 > 1 ue avélvonn = [[i_; pia taiy > 0. Tote
: d(i2) = 1+ iY(p-+4)
dn) =] J(ai +1). 2.

i=1

6

Amooegn Kabe dropétng tov n Ba el pia mapaoToon tng Lopeng

d o
m=pipypr | w=ploo g7

6 M X
wm e g8 dles u&-’:\medm
N~ ~J

) v_:\) dtu)  Jew)
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E(V\: S 1 dx
\'%

LA
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omov 0 < ¢ < ai. MdMota, kKabe droupétng tov n gppaviletor axkppac pio popd TG TOPAGTAGELS

¢ Topomave fopefic. Enedn de kabe & éxet a; + 1 duvatdmteg, To mABog d(n) diveton amd Tov

TOPOTAV® TOTO. 4 ll/o'
Hapatipnosaic:

1. H d(n) pmopei va ypagei kot og d(n) = 34, 1.
2. Toyver d(nm) = d(n)d(m) ywa 6Aovg Toug Puowode n, m pe (n, m) = 1.

~——

Oewpovpe v mocodTTo 0(N) 1 omoia €€ optopod YpapeTal wg
N
[ 1 —
o(n) = d.
*%go\"%\u?q po) ( ) Z
N dn
A
IMapatnpovue 6t 6tav o d SaTpéyel TOLE SUPETEG TOL N TO 1010 KAVEL Ko TO 11/ d, GUVETMG PTOPOVUE
va ypéyovue: Y~ i
n 1
(0] g —_ = —
M=y 2=nY 1
din dn

OMA0ON KATOAYOVUE GE VO TOTTO Yol TO GOPOIGLA TV QVTIGTPOP®V TV SUIPETMOV TOL N

1.1.21 IIp6Taon:
Av (a,b) =1, tote
o(ab) = o(a)o(b).

o\l“g Jllﬂk

Amooedn [opatmpoovpe 6T Az | @

G(ab):/Z d= ) dido=[D di| (D do|=0(a)o(b).

dlab’ dila,ds|b dila ds|b —

— N —

1.1.22 IIp6Toon:
Avn =[]i_pit, e

Amo6oeln Ynohoyilovpe 0Tt

ai+1
) . St —1
- I pl

To {ntobdpevo mpokvTEL OO TNV 1O10TNTA
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1.1.23 Opwopoc:

Mia opr1Quntixy ovvaptnon f Qo Aéyetoun moldamiaoiaotiky otav:
1. Yrdpyeing € N dote f(ng) #0 Q——— Sw tiva
2. Av (m,n) = 1 e f(mn) = f(m)f(n).

—

@ T‘M SQULWV\

1.1.24 Ocsopnpo: - Topioy
Av i f elvau moAamdaoiaotiky, T0te Kai n g TOL OpileTor WG e le\ = ? i

=> f(d)
din d‘(n\ = Z_ cl

eivou emions rollamlaoiaotiki. di —_
‘1

Amédatn Av (m,n) = 1, étav 1o d; datpéyel Tovg Srop£Teg Tov M kot To do SLTPEYEL TOVG
drapéteg tov M, 10te 10 di d2 Oa SraTpEyel TOVG draPETEG TOL MMN. ZVVERMG

=Y f@= Y fldidy) J wodfu

dlmn di|m,dzaIn

= ) fld)f(de) =
di|m,d2|n —_—

= > f(d1) )_ f(ds) = g(m)g(n).

dilm d2|lm -

Hapatipnon Oo pwropovsape va omoﬁsiéouml o1l cuvaptoelg d, o glval TOALUTAAGIOGTIKEG
nopotnpdvTag 6Tt ot cvvaptioelg f1(n) = 1 kot fa(n) = n givar TOAMOTAOCIONOTIKEG KO KAVOVTAG
YPNOT TNG TAPUTAV®D TPOTUGTC.

H cvvéptnon tov Mébius givatl TOAOTAOGIOGTIKY ooV 1) T TG o€ éva mTpadTo givar —1 # 0
kot av (n,m) = 1 16t u(nm) = p(n)u(m). To televtaio wyvet, d1OTL av Kamow0¢ amd Tovg dVO
apBpovg dtonpeitar e To TETPAYOVO aképatov, ToTe L(n)u(m) = 0 = pu(nm), evéavm =py -+ py,

= g1~ qs He P # Pj K& Qi # dj 10§ # § koL 6o (T, m) = T Exovne —
p(nm) = (—1)4 = (~1H(=1)° = p(mu(n).

1.1.25 Oeopnpo:

Eoton|[[i_, p{” n avaiven evog puotkod oe TpaTovg mopdyovies. Av n T eivar mollarlooiaotixy, tote
=
17

S @) =TT @+fp)+-+Fp[)
i=1 _

din

w=T p™ e pnded e O O

- — T~
(@
3 teo)
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2.
3 w@ffd) = T - fpo)
din -~ i=1
z
( 4 3 (b "\’
AmédeiEn Yroroyilovpe ot ‘ | + g ?"\ g’
1,y A - -

Qfl= ) ApMIfpI) o) = 3 g(w \
fi\n my,...,My=0

>ty Z fp
mi1=0 <
oo OOV TPOKVTTEL 1] TPMTN GYECT).
H devtepn oyéon givar cuvénEln TG TPAOTNG, APKEL VAL TAPATPNGOVLE OTL TO YIVOUEVO dVO TOALO-
TAOGLOCTIK®MY GLUVOPTNGEMV EIVaL TOAAATANGIOGTIKO Kot OTL

flpHu(p') =0avi> 2,

eV
aQ
f(P)u(p) = —f(p) wz gl
Hapatipnon Ioyvel 611 T ! S
0 ovn>1
Zu(d) _{ 1 avn=1
dn
1.1.26 Oeopnpo:
Eotw f, g apz@,ummég ovvoptioels. O1 TOpPoKOT® TPOTATEIS EIVAL 1IG00DVOUES:
= Zd\n \/ >
L /—"
Am6oe1ln Oa amodeifovpe mpota 6Tt 1 = 2. YroAoyilovpe .Z: ‘ v
Y um/d)g(d) =) um/d)) ()= > pn/d)f(t)
dn din t|d ‘gl(_ﬂ.\n

[Tapatnpovue 6t 10 t drotpéyel GAOVS TOLG daPETEG TOV N, evd TO d dtaTp€yel GAOVG TOVS OAPETES
TOL M Y10 TOVG 0TOTOVG 1GYVEL T | d. Avt6 eivar .wodvvapo pe 3 | F ®srovus d’ :=n/d. loybeu

S win/a@r( = X3 /@) = 510 3 uia

n (#A /
tldin tin &2 ! tin d’| —~

—

——

®a deiéovpe Topa 611 2 = 1. Eyxovpue

> f(d)=> > u(d/t)g
din t|d-

din

<<
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=> gt Zud/t

tin njn
n

)IICHINT (d’t)

tin d’|

> glt)e(n/t) = g(n).

tin

Me ypfion Tov VOLOL OVTIGTPOPNG LTOPOVUE VO atodei&ovpie

1.1.27 llpétaon:
Av 1 oap1Qunmir ovvaptnon g(n) eivou rollarlaciaotikny kot

T =Y f(a)

dn
nan = 1, wte kou i T eivar moAlarwdaoioorixy.
Am6dertn Apod g(n) = ) amn f d) éyovue 61t
- Y w@gin/a)
din a= 10
1.1.28 Ochpnpa: n

To k6Be Oetino axépoio, 10ydel

_Nu®6\

n=Y ¢

din

x ' 2 34 5 € + 8 310

"

1y V2349 01 61 4320

Am6oaln e kébe drpétn d tov N avtictoryilovpe OAOVG TOVG OKEPALOVS TOVG MKPOTEPOLG N
100VGg TOV N, TOV 0TIV 0 PEYIOTOC KOWAS dlapEtng pe Tov N givon akppag d. [lpopavmg kdbe aicé-
potog < M avtiotoyel o€ akpPag Evav d.

Yg kamowov d avTioToryohv akpBdg KEVOL amd TOVG

d,2d,....kd,...,(n/d)d

Y100 Tovg omoiovg oyvel (kd,n) = d, dnhadf ot axépaiot yia Tovg omoiovg (k,n/d) = 1 kar k <
n/d. Zoupova pe tov optoud ¢ cvvaptnong tov Euler to nAn0oc owtdv sivar d(n/d). Av toug
mpocBécovpe Ba mpémet va fpovpe 1 dNAON:

n= Z d) n/ d) = Z d(d
o o W) = 5 &dd)
Ag TIGTOOIGOVUE TOV TUPATAV®D TOTO GTO sage \ Z ‘P -

Ly
- A ]

1 sage:n=24 cl = “/J "4

2 divisors(n)

s [1, 2, 3, 4, 6, 8, 12, 24]

RS A
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4 sage:sum([euler_phi(d) for d in divisors(n)])
5 24

Interactive
Mapotipnon V4
1. Apo¥ n cuvaptnon N — N gival TOAATANGIOGTIKY Kol 1] cuvaptnon ¢ sivat.
2. T kaBe BeTikd axépaio n 1oydeL

B

din

[Ipdypatt apkel va ypbyovope 31 w—>w

w(d)

= d)g d) —.

> nln/d)gld) = 3 nid)gln/d) = 3 == —ny M
dn /—\' dn din dn

Hapatipnon Av £xovpe dvo apBuntikég cvuvaptnoels f, g, 10te oynuotilovpe ™ cvvélen Dirichlet

n onoia opileTor g
n
frg=Y f(dg <E> .
dn

H napoandve mpdén etvarl TpoceTonplotiKny
(fxg)*xh="Ffx(gx*xh)
EMUEPIOTIKT MG TPOG TNV TPOGHEST)
fxg=gxf

€xel €va ovdETEPO oTOoLYElD TO € OV opileTal g

1 ovn=1
e(l)_{o avn#1 "’

Koy KaBe ovvaptnon f pe (1) # 0 vrdpyel g dote f x g = €.

1.1.29 Opwopoc:

o pio op18unticy ovvéptnon opilovue uio oeipa Dirichlet
— f(n)

DG(f;s)= ) _

9
ns
n=1

n omoio. opilel o pyadixn oovaptnon yio. oia ta. s € C ara omoia ovyriivel.

O moAamiociacpdc Dirichlet eivar cupfatog pe tig oepég Dirichlet cov o1 gelpég Dirichlet va ftav
évag petooynuotiopog Fourier:

DG(f;s)DG(g;s) = DG(f % g;s).



http://users.uoa.gr/~kontogar/kallipos/Chapter1f.html
http://en.wikipedia.org/wiki/Dirichlet_convolution
http://en.wikipedia.org/wiki/Dirichlet_series
http://en.wikipedia.org/wiki/Fourier_transform

r— e N
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1.1.7. To Osodpnpatovapotov aplOpov. To Bedpnuc tov apdTov oplBpoy kabopilel v acvp-
TTOTIKT KOTOVOUT TOV TPAOTOV apliimy, ONAadn [ TEPTYPOPT TOV TMOG 01 TPMTOL aPOLLOL KOTAVELO-
VIOl avapesa 6tovg Betikovg apBpotc. To Bedpnpa avtd pog mteprypdeetl HETOED AAAWOV TOGO THOVO
etvar av emAé&ovpe Evav aplBud pikpodTEPO TOL X va ivar 0 aplBpdg aVTOG TPAOTOG.

Oewpovpe T cvvaptnon 7(x) N omoia petpdel Téool TPOTOL apldpoi gival KPOTEPOL TOV X, O1N-
Aadn

ni(x) = #{p € N: p < x,p nporoc}.

1 sage:prime_pi(123456789)
2 7027260

Yynua 1.1. Tpagun mopdotacn g 7t(x) (uaré) kot g x/ log(x) (kdkkvo) péypt to 1000

1.1.30 Oeopnpo:

H ovvdpnon 1t(x) eivar aovuntwtixy oty oovaptnon x/ log(x), onladn
lim ﬂ =
x—o0 x/ log(x)

H omd6e1&n tov mopandve empnpotog sival ektodg Tov 6KoTov avTov ToLv FifAiov.
Aocxkioelg
1. Oe®pPovE TO TOADOVVUO LE GUVTEAEGTES OO TO Z TNG LOPPNS

mn
f(x) = Z aixt.
i=0

Agi&te 0t v t0 f(x) érer pn piCa g = a/b (a,b) = 1, 16te b | an, kor a | ag. Na dei&ete
611 ot appol ¥/3 kon /5 dev etvan pnroi.
2. Na amodeyytet 6Tt 0 apBpog 100m + n dtoupeiton 610 Tov 7, ov 0 aptBpog 2m + n dtoupeiton

S tov 7.
3. No amodetytel 6Tt £vag aptBpog dwapeitat dud Tov 3 1) Tov 9, av To Abpotopa TOV YNEimv Tov

Stoupeitar St Tov 3 1 Tov 9, avtioTorya.
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4. Na amodetytei 61 0 apOudg 3n? + 1, n € N, dev pmopei va eivar 1o TETpaymvo evOg GG
ap1fpov.

5. AV Y10 TOUG QLGIKODG apBRODE T, L Ioydel M < N va amoderytel ot 227 + 1 Sonpei to

22" — 1.

Na amodeiytei 0T yio kKibe puokd apBud n > 0 wydel 61t to 10 dev doupei to (n — 1)1+ 1.

No anodetytei 6t 0 aptdpudg 242 + 1 Sev eivar tpdrog yiw n > 1.

Na amodetytei 6T 0 0pOpodg Nt + 4 Sev eivan TpdTog yion > 1.

Av pn ovpforilet Tov n-00616 TpdTo aplfd, v amode el 0OTL pn_1 = N+ 2y n = 5.

ITote 0 apBudg (p — 1)! + 1 givor dvvaun tov p, 6mov p TpdTOG Aptdpds;

Noa Bpebel o0 péyrotog Kovdg dropétng tv aplfumyv 625 kol 231 Kot vo eKepacTel o¢ ypou-

UIKOC GUVOVOGUAC L€ CUVTEAEGTES OKEPOLOVS TMV TOPUTAV® 0P1OUDY.

12. No amodelytel 0TL TO YIVOUEVO TEGGAPOV SLASOYIKDOV aplBu®V dtopeitor did tov 24.

13. Noa amodeytel 0Tt Yo KaBe puowkd apfud n oydet

Z u?(d) __n
£ pd) ~ $M)
n
14. Na amodetytel 011 Yo ke PLoKO aplBud N 1GYvEL

> wded =]Je-p.

dn pin

meY xR ae

p—

15. Na Bpebei to TAn00g Kot o A0poisa TV PUOIKGV dtopeT®@V Tov 1440.
16. No amodetytel 0Tt Yo Kabe aképato aplfud a 1oyvet

a? =01 11 4mods.
17. Av p, q eivan tpadTot aptBpol drapopetikoi peta&h Tovg, vo amodstytet Ot
p971 4+ P! = Imodpgq.
18. Avyia Tov aképoto aplipd a kot yio tov guotko aptud mwoydel (a, m) = 1 ko (a—1,m) =
1, vo amodetytel OTL 1oYVEL:

1+a+a?+- +a®™~! = omodm.

19. Av0 < s < p, 6mov p TpdTOG OPBUdG, vo amodetytel Ot 1oy deL
(s— D! p—s)+ (—1)5"! = Omodp.

20. Na AvBei To cuotnpa

X = 3mod25, x = 1mod27, x = 4mod11.

Bipoypagia

Stein, W. 2008. Elementary Number Theory: Primes, Congruences, and Secrets: A Computational
Approach. Undergraduate Texts in Mathematics. Springer New York. https://books.google.gr/
books?id=5hYd@yX4mrMC.

Avtoviadng, 1., kat A. Kovtoyedpyng. 2015. Ocwpia Ap1Buwnv Koi Epapuoyés. Exdooelg Kdiimoc.

Adxxng, K. 1990. Ocwpio Ap1fuwv. Exdocerg Zntn.


https://books.google.gr/books?id=5hYd0yX4mrMC
https://books.google.gr/books?id=5hYd0yX4mrMC

Ztolxela Oswpiag AaKTUAIWY

2.1. Baoiwkoi opiopoi

210 mpdTO KEPAANLO €ldape Pacikd oToryeio TG aptOUNTIKNG TOL SaKTLAIOL TV aképaimy Z. Oa
doVLE OTL ElVaL YPTOUO VO OVTIKOTOGTCOVUE TOV OUKTOALO Z L Evay YeVIKOTEPO OakTOAL0 R.

O avBpwomoc okéPTeTAL APAIPETIKAE. Mio and TIC TPOTES APULpEcELS TOV pabaivel Kovelg glvar avt
TV uoIK®V apBudv. H évvola tov apiBuod 3 ekppdlel Tov mAn01kd aptBud evog cuvorov kot gival
ave&dptntrn and T VoM TOV oToL eIV OV TTEPLEYEL TO GVVOAO Le 3 To mANBog ototyeia. To emdpevo
Brpo gival vo amopovAacovLE TIG TPAEELG ad TN GUGT TOV GUVOAMV GTO. OTTOL0, AVOPEPOVTOL KOL VO
UEAETNGOVLE TIG WOIOTNTEG TOV TPAEEWV OO POVEG TOVG,

EeKVALE VoL SMGOVE HEPIKOVG OPLOHOVC. [0 TEPIEGOTEPEG TANPOPOPIES O AVAYVDGTNG UTOPEL VO
ovppoirevtel éva onotodnmote Piiio dhyefpag, Ommwg to (Bapoog et al. 2012), (Fraleigh 2011).

2.1.1 Opwopoc:
Evog ovryetabetikog doxrvliog R ue ,uovo'cél@ eivar évo, abvolo R epodioouévo ue dvo mpacers

+:RxR—=R

(x,y) = x+y

Kou
-:RxR—=R

(Xa H) =X-y,
01 0moleg 1KavomolovV (yio kabe x, Y,z € R):

x+y+z)=Kx+y)+z
x-(y-z)=(x-y)z

x(y+z) =xy+xz

28
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Emizniéov, amortovue vo, vaapyovy ororyeio. 1,0 € R, 1 # 0, dote

O0+x=0 1Ix=x

Ko y1o kGbe ororyeio x € R amairodue va vrdpyer évo otoryeio —x € R dote x + (—x) = 0.

X-‘y :‘y-‘x

, R LxX] R= ki)
Hapadeiypota LS «1 Cx] & %< 4, %<3

1. O doxktHAMog Z 1oV aképarov aplfudv epodlacévos Le Tig cuvnBiopuéves Tpaselg stvon avti- /
HETAOETIKOG SAKTOAOG JLE LOVAD.

2. O doktHAog TV ToAVOVOL®V R[X] pe cvvtedeotéc and évav avtipetadetikd daktoAlo R amo-
teAel avTipeTafeTikd daktoAo e povadighe o Tapdderypo, pmopovpe vo Bewpncovpe ToV
dakTOA0 Z[x], 0AAG KO Vo GuVEYICOVE ETay®YIKE Yot va 0pilovpe TOV S0KTOAL0

- 20x]
Zlx,yl = Z[x][y].

e évav daxTOAo R Béhovpe va dnpovpycovpe SaKTOAOVE TNAIKO OC TPOG KATAAANAEG GYEGELC

oodvvapiag. I'ia va to emrvuyovpe ypelaldpacte TNV £Vvola Tov 10EMO0VG: 74
hn 2
F 1 A
2.1.2 Opwopdc: |
Eva vroaivvolo 1 # () tov daxtdiiov R eivar ideddec av yio kdle x,y € 1 iayder 4
. buugy,
x—yel = ( 1) +)  Eivan UUoo‘om‘«Sd; h,iz
Kot av yiokéle x € L kou v € Rioyder Yo (R;"') “
- ™ el

s IR - ¢+
<= IR =g

Hapaderypo Av emréovpe éva otoyeio f € R umopodpe va Bewprioovpe to demdeg fR mov

—

amoteAeitonl amd 6Aa to ToAAamAdoia Tov f. [demon avtig ¢ popeng Ba Aéyovion kipia. -4 S (v, )
Oo amodeifovpe ot cuvéyELn OTL KAOE 13emdEG TV dakTvAimv Z kat Fx], omov F eivor odpa, sivor  ~o Q
K0Op1o. AvtiBétag otov doxtolo Fx, yl to 8eddeg (x,y) mov mapdyston omd Ta X,y Jev eivarkiplg. )

Hepatipnon And 11§ 1010TNTEC TOL doKTVAIOL givart dueco 6t 0 - a = 0. Ilpdyuatt

0-a=(0+0)a=0-a+0-adpal-a=0. ngr

"Evog avtipetafeticdg dakTuAlog pe povadiaio Oa Adyston aképoia TEPLOyN v Kot HOvVo oV o= v '£ s
x -y = 0 ovvendyeton x =0y =0. ‘—g_\r'\r
—

Mapaocrypo O SaxtOMog Z givar axépata meployxn. AVTIOET®C, 0 dakTOALOG Z /67 dev eivor akEpata N~

—_ R

nepoyn, apov 2 #£ 0 ka1 3 # 0 duwc2 - 3 = Omodé

2.1.3 Opopog:
Mia axépoia meproyn Qo Aéyetar wepioyn KOPIwV 10wV OTaY KGO 10dES THS Eivar KDpIO.

9'{ s (0+0)an = 9/’“’03\

QO = O a
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2.1.4 Opopog:
Evo abvolo G Oo. Aéyetor oudda o ivar epodlacuévo e pio mpocn

1GxG—=G

(9,9") > g9’
wote yio kabe g1, g2, g3 vo. 1aydovy

91(9293) = (9192)93
Yrapyer aroryeio e € G waorte yiokale g € G
€g=g9ge=g

T kéBe oroyeio g € G vmdpyer g~* € G dote

NN N

Av emmiéov yia kébe g, g’ € G 1oyver
99’ =4d'g
70T€ 1] opada Aéyetar ovriperaletiiny § afeliova.

Hopaserypoato

1. H mpdén + o€ kébe daxtorio R diver otov R doun afeiiovig opddoc. (R‘ -\-')
2. Xe kabe dakTOA0 R pumopodiLe vo opicOVUE TNV 0uddo TV Hovadwy

U(R) = {x € R yio ta omoia vapyet x € R dote xx ' = 1}.
IMapatnpodpe 61t U(Z) = {£1}. Eniong U(R[x]) = R*. Téhog 1d1aitepa evdlapépovoa givar 1

Sopn g opddac U((Z/nZ)F) 1 onoia &xet d(n) to mhibog otoveio. _
( ) AN &e%l &x&imol\a@(a,\’\’i

2.1.5 Opwopoc:
Evog avruetabetikog doxtoliog R pe povadiaio otoyeio 1 yia tov omoio ioyver U(R) = R — {0} Ga

Aéyetou ooua.

Mapatpnon Av éva 18eddec I mepiéyet éva otoyeio tov U(R), tote I = R. Tlpdypoart, £va té€toto
10em0eg mepiéyel 70 1 tov R kot cuvenmg 6o tov SakTOMO. AvTd £xel g cuvénetlo 0Tt KAOE 10MAES
evOg ompatog eivon 1 undevikd 1 6Aog o daktvAtog R. I=10} L2%x40 X aninpsgepo

Hopatipnen To Z givor axépora meptoxr oA OxL cOUG. AV OLOG EXOVUE L0 TEREPACHUEVT OKE-
poLoL TEPLOYT, TOTE AVOYKOOTIKG ovT ivan copo. TTpdypatt yRAPovpEe OA To GTOLXEID TNG OTN LOPOT|

a; =0,a2 =1,..., an. Ocwpodue otn cuvéyelo £va, un Undexiko ototyeio a € R kot moAldmAacid-
Covpe kdBe otoryeio pe a. Ta otoyeio I 3¢ o
— \'“"( = i a—
aa; =0,aasz,...,aan 240 \/ el " n N
T R I P

glvon avé SVo dlapopetikd, apov, ov aa; = aaj, 0te a(a; — aj) = 0 dpa apod éxovpe axépaio
neploy) kot a # 0 Oa €yovpe a; = a;. Apa pe Tov TOAOTAAGLOoUO e a Taipvovpe kaOe oTotyeio Tov
dakTtuAiov R, dpa yio kamowo a; Ba mdpovpe aa; = 1.
<

0 |aa, Q o Re 1 <R

l — T —

~ <= ¢

o

I« A ?
zﬂdl' ---'d"l“g = % dl._;_lc(_‘g =
\

el

Bl



-\
1= a M a;= 8
d~ o a-a=0 €]
2.3. OMOMOP®IEMOI AAKTYAIQN 6 . a 31
dl\, = "~ —
X xene® 3 xel

2.2. AoKTOAL0G TNAIKO €-aeT —» o-8e] © =x-xe]

Onwg axpPag kévape 6Tovg SaKTLAIOVG M opifovpe yo éva 1demdeg It oxéon 1codvvapiog

odnB =8-a e -
a~besb—ael 8~y =>5-6¢T @B-:\;(E 8)

To 671 T0 TOpATAV® Elvar pia oxéon 16odvvopiog etval AUeco amd Tig 110TNTEC TOL WWEMOOVE. Q¢ o N .
. ’ ’ , ) . r ’ , ’ A~
oyxéon oodvvapiog yopilel Tov daktOA0 o€ pia EEv EvaoT KAAcewY 1oodvvapios. To ghvorlo Tniiko d

R/I anoteleitar amd owtéc TIg KAGGELS 160dvuvauiag. KaDe oxiom
"Eva tuyaio ototyeio tov R/I amotedeiton and croryeio TG Lopenig lodwemay IE AL
-_ - .. cwodo 39&6‘ 10
_L— W\7L a+ W‘l q+I_{a+1,1€ I}, Mo\O Ao w00

eved e§ opiopov a+ I =b + T av kot pévo av a = b 4+ iy kémowo i € 1. Eiver 10 SOVOdO Tk

Oa deiéovpe 6T T0 R/T pmopei va epodiactel pe dourn daxtvriov. [pdypatt, opiCovpe to dbpoicua ,‘,Swa'?
TV KMAGEDV - PRV 0 Swogsd

X = EX: X~¢
|l wodS = Gwed S (a+D+(b+D)=(a+b)+1 ga 3
(a+0)(b+1)=ab+1.

Ot napamdve Tpa&elg opiotnray pe PACT TOLG AVTITPOCMTOVS TOV KAAGEWV. Oa Tpémet va deiovpe
OTL €ival KOAG OPIGHEVES, ONANST] AVEEAPTNTEG TOV AVTITPOSMOT®V oV opilovv pia kAdon. [Ipdypoartt,
agvrobéoovpe dtta+ I =a’ +Tknb+1=b"+ 1, Mradq a’ = a+x, b’ = b + y y10 karowa
otoyeia x,y € 1. Oa mpémet va deifovpe 6L a + b ~ a’ + b’ ko 611 ab ~ a’b’. lpdypori, T0 TPDOTO

oydetapov a’ + b’ =a+b+x+y kux +y € I I'a to devtepo Exovpe

el A \
a’b’ = (a+x)(b+y) =ab+xb+xy+ ay;
— _— —— )

Kot T0 {nrodevo oydel apov and Tig W10t TES TOL Wemdovs xb + xy + ay € 1.
A6 ™ oTrypn mov €yovpe dei&et O6tTL o1 TPAEEIC sivon KaAd OPIGUEVES OL VTOAOITES 1O10TNTEG TOV
SdakTLALOL KANpOoVOLOUVTOL OO aVTEG TOL R.
H povéada tov daxtviiov R/I eivar to ototyeio 1 + I evd to undevikd eivar to otoyyeio 0 + 1.
—_—

—

2.3. OpopopeIo|oi SuKTVAI®OVY B/ AN ERE A

Mia cuvépmon ¢ : R — S Oa Aéyetat opopopeiopdg doxtorimv av yio kabe x,y € R

bx+y) = b(x) + bly) X 4% > P (xty)
Ko % > @ Cx)
d(xy) = d(x)d(y). N ¢p%)" S

"Evoc opopop@iopog mov givon exi O Aéyetal emPopeiopog, £vog opopeiopdg mov etvan /-1 Bo Aéyetan
LLOVOHOPPIOUOG KoL £VOG LOVOLOPPIOUOS TTOL £ival TOVTOYPOVO Kol ETLHOPPIoUOS Ba AéyeTan 100p0p-
oopdc.

2.3.1 Opopoc:
Oa ovoualovue wopiva Evog opouopeiouod kar Go. to ovuforiCovue ue ker(d) o abvolo:

ker(d) ={x € R: p(x) =0}

Oo ovoualovue KOV VOGS OUOUOPPLELOD TOV DTOOOKTOALO TOV S TOV ATOTEAEITOL OO TO. GTOLYEIN Y YLO
ta omoia vrapyel X € R wote y = G(x). Tyv eikova Oa tn ovufolilovue ue Im(P). -




M—-(e(oarO):‘f(OM-V() (S,+)

OS T el ?(OPA X e &wq => ¢x»=0

) 2.4. TIOAYONYMA Q € bv g <= pegp=Q
-q) = @ (x) -
Hoepatipnoeis ? (> I Sl { (%‘
1. O mopnvog evog OLOPPLEHOD vl 10emOEC TOL dakTuAiov R. =0-0 =0

2. "Evog opopopoiopdg ¢ givor povopopeiopdg av kot povo av kerd = {0}.

’ 3. E& opiopod n cuvéptnon Av _’LEM

o 1-1 = Wl -Pr)
o P(eR= g4
\"o _ O
_A  elvon empop@iopdc. P ) = =
x
(04 X\ wlavr 1% P FsvDVDa wmev I-) \ ?C)“%\‘éol&?{iﬁ TN E vXe &WC{
e v Y= N\
2.3.2 Ocdpnpa: - e bwvy =  x- th:—o -5 x=u
Ocwpodue évav ouopoppiouo e : R — S doxrvliowv. Yrdpyer povouoppiouog
\/

& : R/kerd — Im(Pp) C S

0 omoiog 1kavomoiel emmiéov § o T = . O1 Saxtdrior R/ ker(d) xoa Im(P) eivor 166popgot.

Am6da1én: Oswpovpe to chvoro R/1 to onoio amoteisiton and t1¢ kKAdoelg x + ker(¢d). Opilovpe

d(x+1) = d(x).
H ovvaptmon avt, av eival KoAd opiopévn, ival OLOUOPOIGHOG KOl IKOAVOTOIEL EK KOTOGKEVNG TNV
wWomra ¢ o T = ¢.
Xpewaletor va amodeiEovpie 0TL lvar kaAd opiopévn yoti Trv opicape pe fAoTn ToV avTimpOG®ITO
NG KAAoMG Ko TPEMEL VoL dei&ovpie OTL eivar ave&dptnTr TOV OVIITPOCHTOV.
Ounwg, av x + ker($p) =y + ker(d), t6te x =y + h, 6mov h € ker(P). Apa

$(x) = d(x+h) = d(x) + d(h) = d(x).

Télog, yia va dei&ovpe 0TL M @ €lval LOVOUOPPIGUOC TOPATPOVUE OTL

ker(¢p) = {x +ker(d) : d(x) =0}

Ko ovTd onpaivel 6tL x € ker ¢, <nAadn o mopvag e ¢ eivor To undevikd oTotygio Tov duKTVAIOL
R/ker(d). O

INa 11g avaykeg avtod Tov padfquatog Oa yperactodue tovg daktviiovg Z kot Flx], 6mov o F givan
éva ompa. Ot daxtdior avtoi potpdlovror ToAAEG 1O10TNTEG KOl O1 OLOIOTNTEG TOVG NTAV id Ao TIC
KWITHPIEG SUVALELG OTNV avarTuén TG Bewpiag aptBudv Kot TN aptfunTikng yemuetpiog

Kat otovg 000 daktuiiovg vdpyet éva Bempnuo droipeong pe TnAiko Kot vtolono.

2.4. IloAvdvopa

2.4.1 Opwopoc:
Oczwpoiue ™y axépora mepioxs R. Opilovue tov daxtorio RIx] va éyel w¢ otoryeio tov ta molvdvoua,
onraon memepoouéve obpoiouata



http://en.wikipedia.org/wiki/Glossary_of_arithmetic_and_Diophantine_geometry

e: R > S Ofoppitd  Swurudiwy
1. Mzoper V& Ruv €ive)

®»
: R —> P(HCS
I PR — $(3)
\7“ ’éQ 2. M‘“O(:Et va puv
Ever ] - L
St b\\@ \LQN@ ﬁoi\o o APRE!

3\ 0. Q\o AN\ Y
T op® R tedp 2503
kew ® 2 R

€.

5 (xs k) = PO

g’pI:O'tn(qA gwa\ ) 3 MX& oewﬁ‘iv"t_s

nd\"l\ oe\mw- f(‘c ga&ﬂq 700D o(\l“tlzieou-v' oD

X+ v = A+ Rev-d => 4= X + & ac levd

l |

(Tb'(XJrlZ:wd’) az\a‘_m)
" 74 O

i
P (%) = ‘W‘é\ = P(x+) =P(X) +%
RWEE :% X + Y : 5(%4—2%):03
={x+m¥ #@=05
= JZW<P = O
F 41



-
6(%\'—‘ Z_ @r\ X
M=0
(x) = ol X >(
é(ﬂé x =
" n

N
N=O v=o
><3+ S+ —>3
XQ'—F X+S — 7

><3+ X4 Gx+ 6

><5+ S %+
_,><3 + XLA—Z

><7—+S><+3
AN~

\w\oa%{ 3)5‘6 =3
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/\/

orov a € R. To ueyalvtepo v dote a # 0 ovoudleror fabuog tov molvwviouoo kot Ha to coufolilovue
— — T

pe deg(f).
To éBpoioua 5bo molvwviuwy £(t) = Y T_ o ayx™ kar g(t) = YTt byx™ 10 opilovue wg
- n
=Y (ay+byxn,
v=0

omov avn < m Géooue av =0 ypiota v > n.
To yrvouevo 600 moivawvouwy opiletor wgs e&ng:

n m
= E E aVbHXVJFH

v=0 p=0

\ y

~
Me F 8o cupPorilovpe éva copa. H cuvaptnon Pabuod O I o d‘% i‘e 12 £X0W

‘5 deg : Fix] — {0} — N, 60(%90 (@)
R < RELx]

IKOVOTIOLEL == oo

w
deg(fg) = deg(f) + def(g). € — <C4+0x+--

@% A,eé \Jrieé(%deg -+ g) < max(deg(r), deg(g))

Hapom]pncrs 0t dev opilovpe Tov Pabud ToL PNOEVIKOD TOAVMVVLOV.

Aﬂé( O) puer 10 c#O

‘F’ v LV AN d‘;)'("l‘

2.4.2 Osopnpa:

1. Ta k6Be 0bo ororyeia a,b € Z vrapyovv aroiyeio i, € Z cote a = bi+uue 0 < u < |b|.

2. Ta kdBe dvo ororyeia a, b € Fx] vwapyovv aroryeio m,u € Flx] wote a =bmt+upueu =10
4 —
1@ degu < deg(b).

AECT EQAPHOYT| TOV TAPATAVD OEMPNLATOS EIVOL TO o 05@7
A [lekieg A A
2.4.3 Osopnpo: Q—B— ‘“&Qd\\s © * O-
KdBOe 10eamdec tov doxtvoriov 7 1 Fx] eivar kipio. M\O D ‘F'i

I

Am6o€1En Av Exove Eva 10E®OEC TOV Z TO 0m010 £lvar pun UNdeVIKO, TOTE £YEL £va aToLyEl0 OV Elvar
BeT1c0. OcPOoVILE TO EAAYIOTO GTOLYEIO 1L TOV U1 KEVOD GLUVOAOL TV BETIKMV GTOLYEIMV TOL 10£MOOVC
I. Ké&be otoryeio @ tov eivon moAlamdacto tov n. Avto yoti av ypdyovupe to tuxaio otoyeio a € I og

a=mn+uld<u<n,

A P ——
t01e T0 W € [ Ko cuvenag stval unSsv\Ké, a&w’x_‘, 0 N dev Bo NTOV TO EAAYIOTO BETIKG GTOYKEID TOV

10EMOOVC.

1 I
T Ela : ¢
6% + P A
YR o 7



7
x L Qsay: x%F+i= 3x(£x)
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YV mepintmon mov 10 dev givat UndeviKO 10eddeg Tov dakturiov Fx] Oa £xet éva otoyeio g eha-
yiotov Pabuov. Kabe orotyeio a € I eivan avaykaotikd ToALATAGG10 TMES Sl0POPETIKT TTEPITTMOT)
YPAQOLLLE

a=gm+u,deg(u) <deg(g) w W= O
Kot agov to U € I, KataAnyovpe o€ dtomo (To g katackevdotnke va givor edayiotov Bobuov oto
1Wemoeg). O

2.4.1. Avayoyoe IHoivodvope Kprtipio Avayoyioinotnrog.

@QL¥> _Z &{Q‘J a" é&«‘s

v

v\};’

+1

2.4.4 Opwopoc:
Eotw R a axépora meproyn. Evo molvavouo f € RIx] Oa Aéyetor avaywyo av dev umopei va draomootel
¢ yvouevo 0o rolvwviouwy f = gh ue deg(g),deg(h) > 1.

Hoepatipnosaic:
1. To molvdvopo f eivor avdymyo av kot uévo av 1o 1Wemdeg fR[x] eivon mpdro..
2. Zmv mepintoon mov 1o R gival codpa to moAvmvopo f gival avaymyo ov Kot povo av o Tniiko
R[x]/fR[x] eivar cdpo.
3. H éwvouw ¢ avayoytopdTnTog Eoptéron oamd 10 odua §| Tov SakTtoAlo ovuviereotdv. Etot

10 TOAVGVLLO X2 + 1 givon avaymyo otov daxtoto R[x] alrd oyt otov Clx]. o .')
! Yoy X X1 =(x- Y x+i

— — —

2.4.5 lIp6Toon: fF < F L)(j

Ag vmobéaovue ot Eyovue éva avaywyo molvwvouo f € FIx], kou o F eivar odua. Tote o daxtoriog
mniiro Fx]/fF[x] eivou éva caopo mov mepiéyer to owpo ¥ oto omoio o molvadvouo f éyer uia pilo.
e — AN~

4

AT06€1EN Ao 0 ToAVOVVRO T givar avaymyo, To mniiko K := F[x]/fF[x] eivar cdpa. To chua
F pnopel va BewpnBel og vrdéocopa tov copatog K apov kabe otoryeio a € F pmopei va Bewpnbel wg
70 6TafEPO TOAVOVLLO.

Y1ov moAvwvopikd daktoio Fx] ewoaydyovue ) petafAnti x kot OAEG TIC TOAVOVUIIKES TNG EK-
epaoels. Télog, oto mnAiko emBariiovpe €& opiopod tov pundevioud tov f(x), dniadn emPariovue
010 x va gtvon pifa Tov ToAvovopov f. O

Hopaderypo Ocwpodpe 0 oviyoyo movdvopo f(x) = x? + 1 € R[x]. IIpaypott 10 ToAvdvupo
0016 gtvon avéymyo agod eivor Bubuod 2 kou Sev £xet parypatucéc pideg. O daxtdAog inhivo R[x]/ (x2+
1) eivat €€ oplopod 10 GO TOV HyadIKOV aplOudy.

2.4.1.1. Kpitipia Avoyoyioiuotnrog.

2.4.6 lIpoTaon:
Evo molvcdvouo fobuod 2 i 3 oto F(x], 6mov F oaoua, dev eivor avdywyo av kai uovo éyel pia 1ovddyiotov
pila. _

Arodei&nH vroapén pilog p tov ToAvOVOROL f givar 16odbvaun pe to 6t (x — p) | f, dpa, av
éva omolovdnmote Pabpov > 2 moivmvouo £xel pila, ToTE dev PTOPEL vaL gival aviywyo. AVTIGTPOP®G,
éva ToAvmvopo Paduod av dacmdtal, 1ote Oa givat yivopevo dvo molvwvouwyv Babuov 1 kot av éva

60%‘»\0 L X - 6 €iVa) owa?suno 7

60\%?&0 [ &(x) = eg‘()c\ & Ql oK)
R 4 + )




J/
M;W x &= -1 ~ x 1= O
R L]

F @@— Ri]

To X €iva) P'S“ 700

FLA- =R
i1 do) e REX)

Fa L0 F
- 3_(7(\ Tpene VoA LUV oV ;\W e &WOPWQ;
,_/“HD 'F& S v rona
4 FLd
&3+ c( FIR # O
03 - w} gy + 3 FEJ#0
800 bh(x) 4+ %O
Av g. €iVa\ “Vdﬁw?jo g.

%) +£ Ff)‘ﬁ e Vo o\ \mfna«vw

AV é,\f&

O 3, g+iFLa =0

(6:4) ] 4
,\U\QO

A= s+ G .
{ © %%
FLX) evd

3 10



o k() L] /&
e £ d bog &

60\%’” =0 l&o& <oV
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moAv®dvVpo Babpov 3 1ote Ba etvar yvopevo 1 TpLdv moivovopwy faduov 11 evog toAvmvipov Babpod
éva Kol evog ToAvwvopov Babpov 2. Xe kabe mepintwon 1 vmapén mopdyovta Pabuod éva eEacearilet
mv vrapén picag.

Hapatipnon Mmnopei éva no?w(nvvuo oto F[x Ba@uoumpig va €xet pileg oto F va unv eivan
avéyoyo. Tia mapddetypa oto Q[x] pmopodpe va Oempicovps to (x? + 1)(x2 — 2).

Yy mepintoon nov Oewpovue molvmdvopa oto Q[x] 1oydel 10 TapAKAT® BEDPN M, YVOOTO Kol 1G
Afquuo. tov Gauss:

2.4.7 Osopnpac:

Ag Oewprioovue éva molvavouo f(x) € Z[x] fabuod ueyaibtepov tov undevog. Av to f eivar avéywyo
oto Z[x] tote eivar aviywyo kar otov QIx]. Eniong, av o uéyiorog koivog 010upétne tmv ouVIEAETT®Y 0D
f etvar povdoa kai to T elvar avdywyo oto Q[x], téte eivar avdywyo kar oto Z[x].

3+ Cxt Sxam S

=3(1+ 2% +3><7') L;:i;&
/

TP dpKIUO Dvug o

B0 Aéyetan mpwTapyikd av 0 PEYIGTOG KOOGS S10UPETIG TMV GUVTEAEGTMV TOV ivar 1. Hpocpavo')g K(i@g
TOAVMVLO EVOL YIVOUEVO EVOG TPOTAPYLKOD TOAVMVVLOV Kol VOGS GTOXEIOV TOV Z.

[Mopatnpodue 6t T0 Yvopevo 800 Tpotapyikdv molvavipey f,g € Z[x] sivar Tpotapyikd mo-
Aavopo. [pdypatt, av o pEYIoTOG KOOGS S10pETNG TOV GUVTEAEGTAOV TOL Yivopévou f - g dev nTav éva,
101 Do VIENPYE Evag TPAOTOG P moL Ba Tov dropodoe. Avtd onuaiver 61t o ToAvdvopo f - g Ba NTav
0 otov daktoMo Z/pZ[x]. O tekevtaiog SaKTOAOG OU®G Eivat SAKTOAOG TOAVOVOL®OY TAV®D and Eva
oOua, Gpa elvar aképato TEPLOYN. ZVVETADS 1 OA0t 01 cuvteheotég Tov f Ba eivar 0 modulo p 1 GAot ot
ovvtereotég Tov g Ba givar 0 modulo p. Kat ot dvo duvatdtnreg swou a&)vatsg, oc(pou Eexvnoale amo

An6deén Eva nolvdvopo f(x) € Z[x] g popeng
f(x) =ap+arx+ -+ anx™

TPWTAPYIKE TOAVDVLLQL. dD 'V J. 8 =0 oo 9’1 i%] g =0 ™ &c o
AgvmobBéoovpe dtLéva un otabepd f € Zlx] avoldetor og ywousvo no?woavu nwv otov Q[x], dniadn

(+1 s.ww 9 \M‘«zmﬁm\“ aMrf:hl-hg, hi,hy € QL.

Hokkankacta@ovrag ue évav usy(xlo aképato d (Yo mapaderypa e To EAGYIOTO KOO TOAAUTANCIO TV
TOPOVOLLAGTOV OADV TOV GUVTEAEGTAOV) UTOPOVUE VO, EYOVUE OTL:
Ej - h{ ' hé’ = 1,2
omov ta h{, hj € Z. Ta moivdvopa h! ta ypagovpe ot popen hi = dih{’, 6mov d; € Z kou ta h{’
elvar Tpotapytcd tolvdvopa. Eredn to hy’ - hl eivar mpotapyicd molvdvopo, Exovpe 6t d = dids
kot f = h{'hJ’ 10 onofo givor dromo. E—
To avtiotpoo eivar mpogavés. O P, YaSa cg e /L3 Eivar av e v
tno wo t;c-s

To endpevo kprnpio etvar yvmotd wg kprrfpro Eisenstein Tol T €p TD 72Qo Sw
fToper va Dofavy
2.4.8 Osopnpa: wd Bwovwb Bodu wv O
Eotw p apartog. Yrobérovue ot to He owedonr) +no XL 2‘3

f(x) = anx™+ -+ a;x+ ag € Z[x]


http://en.wikipedia.org/wiki/Gotthold_Eisenstein
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Yyua 2.1. G. Eisenstein 1823-1852, To mapov épyo amotelel kowd ktquo (public
domain). [Inyn: Wikimedia Commons

2
Do wn OX +
/ W dn
efvour této10 ot an # 0,p | ai ya dlatai =0,...,n — 1 ka1 o p dev dtaupei 1@ an, eV 0 P2 Jev

draupei 1o ag. Tote o f(x) eivor avdywyo aro Q[x]. -

Am6d1En Zoppwvo pe o Afupo tov Gauss apket va 6giCovpe 011 10  dgv avarvetol K¢ yvouevo
ToAOVOU®V pe Babuode peyaldvtepoug Tng povadag otov daktdio Z[x].

AgvmoBécovue 0TL glyape Lo ypoen PQ/\/OLQ =byc,

f(x) = (bext +---bix +bg)(csX® + -+ c1x+co), = )
4 x _ .
x, =b,Cg

omov bics # 0 kar by, ¢y € Z. o o P/‘/ "

Agov p? Sev Sonpei To ag = bgco, ivarl cagéc 6T1 10 P dev pmopel va Stanpel kot to by Kt To co.

Ac vroBecovpe OtL 0 p dropel o ¢ ko Ot dgv el To bg. Me tov 1610 TpoOTO PAémOvLE GTL QLPOD
0 P dev dlupel 1o any Eyovpe 0TL 0 P gv Srgiosi o hy ko 0 p dev dwpel 10 ¢s. 'Eotw ¢  pikpdtepn

TN OCTE 0 P va. punv dwpel to ¢r. Yrohoyilovpe PX <gq YC‘” e <.
[ d [ P'Cf'ij CY‘—';,' - C°
?*aT :+ blcrfl‘i‘"“f—bb('n +"'+brcﬂ
- — <V

yw kdmowo 0 < 1 < 1. Xtov mapandve TOTo To Cr—1, . . .
Swopetod pe p. Opwg to bocy dgv etvar,dromo. O

NCi efvat dtoupetd pe p dnmg Ko o ar etvon

¢
) Pl 6° C, ® 1ol
Pt b.
Hopadeiypota P+ S+



https://commons.wikimedia.org/wiki/File:Gotthold_Eisenstein.jpeg
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&,

1. To moAvdvopo x

10 @ dev eivon TeTphymvo vVITapysl p | a kot o p? Sev Srapel o a.

—

amd 1o kprrnpro Tov Eisenstein.

eed

37

— a 660 10 a dgv givar teTpdywvo givar avaywyo oto Q[x]. ITpdyuort, apod
—————

To {nrovduevo mpoxvmTEL

2. To moAv®dvVLLO Mﬁvm avaywyo oto Q[x], 6mwg PAEmOLUE pE YpTioN TOL KpLTnpiov

tov Eisenstein yio p = 2. PRPNEOEAN

3. 'Eoto p mpodtog. To molvmvupo 1>/

Op(x):i=xP 1 +xP P4 g x 41 =

—

gtvon avéymyo oto Q[x].

IMapatnpodpe 61t Eva tolvdvopo f(x) givor avaywyo av kat povo av 1o f(x + 1) givar avaywyo.
—

BOe®poVE AOITOV TO TOAVDVVLO
P

+1)P -1 v
®p(x+1):(g‘wr1))_1:;<s>x 1

70 omoio mAnpel TIc TpovTobEcelg Tov Kpltnpiov Tov Eisenstein.

cg 0 = 0 0w
gex+ = ‘6“*‘) o)

sage:Phi=cyclotomic_polynomial(1@5,°x’);Phi

- 2*¥x"7 - x"6 - x5 + x"2 +x + 1
sage:Phi.is_irreducible()
True

B = R N L

~

X"48 + x"47 + xM46 - x"43 - x"42 - 2*xM1 - xM40 -x"39 + x"36
+X"35 +x"34 + x"33 + x"32 + x"31 - x"28 - x"26 - x"24 - x"22
- x"20 + x*17 +x716 + x*15 + x*14 + x"13 + x"12 - x"9 - X8

Interactive

2.4.2. Xaopoktnpiotiki] doktoriiov. IMapatipnen Av éva civoro L mapdyet Tov daxtoilo R kot
dev vapyovv aAyePpikéc oyéoelg ueTasd TV oToLEimV Tov X, dNAad kdbe otoryeio Tov R umopel
VoL YPOQEL LE LOVASTKO TPOTO MG OMOTEAEGO, TV 6V0 TPAEEWDY TOL dOKTLAIOV pe TPaEelg HeTa&y TV
otoyeimv tov X, tote Kabe cuvaptnon ¢ : £ — S pmopel va enextabdei o opopopeiopd ¢ : R — S.

[TeprocdTEPO GUYKEKPIUEVA EVOG U1 PNOEVIKOS OLLOHOPPIGHOG Z — S mpocdopiletal LovosLovTa
av yvopilovpe 10 ¢(1) t0 onoio otV mepinTmon mov o S givar aképato TEPLOYN deV PTOpEL var eivarn

Ao amd to povadiaio tov S. Ipdayuatt
d(1z) = d(1z - 1z) = d(1z)d(17)
Anhodn
$(1z)(1s — d(1z)) =0

amd 6oL TPOKLATEL TO {NTOVUEVO. \® '—\(b—'
O

Exoope &va R S
pop@ o Suu=0din
(oxuetl 0717

S(1) =1

2.4.9 Opopoc: ) ¢ g\wvanr 0 ‘;MSGWu‘D
popg12 2


http://users.uoa.gr/~kontogar/kallipos/Ringa.html
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' 72—>5
Eotw S doxtiiioc aviuerabetikoc pe povadiaio Oswpoiue tov opopoppious 0 * s T o PY! PP
Puwp “W"*‘ it B
~ b:7Z — S

-46\’\%(!"0\%&\ uQ\ \‘ r\
oSL_W AR 1s. _10@(&_71_
O moprvag eivor évo k0pio 10swdéc tov 7, onloon ker(d) = nZ. Tov apiBud n Oa tov Jéue yapaxtnpi-

P P nioon PIoU e xoportnp
oTiKH TOV 00KTVAIOD S.

- -- [
§ )= Pligs-*ly) = e+l
Hapatnpioceg:
paTNPGELS w0 \/:\’oei) w - @optd
1. Av o mupivag tov ¢ givar undevikdc, T0te 0 daktOAOG S €xet yapakmpiotikn 0 Kot 6e ovt
TNV TEPINTOOT 0 SaKTOAMOG S givar Gmelpog. A v w<0 ®m)=-P(- w) A
2. Amo 10 Oedpnpa 160popPIoHoD 0 Z/MZ ival £vag vodakTOAog Tov S. Av o S givar axépata

TEPLOYN, TOTE AVAYKOOTIKA N £ivol TPAOTOG aplOpdc. ( GP (Il) e 4%)
3. Kd&Be nenepacpévo oopo meptéyel 1o Z/pZ yuo. KAmolo TpdTO P G VTOCMLLOL.
R&%i— nen. Xa(n(u-l wplAn) EKT‘ 76 e
o TWEPLORA - - - ¢
pUWH & ,
2.4.10 Opropéc: 7y WD utodwH

Eva 10ewoeg P tov daxtoiiov R Qo Agyetar mpato av kar povo av yio kélbe a,b € R
ab € P ovverdyetor a € P gite b € P.
1o 10ewdeg M Qo Aéyetau puéyioto av kale 10ewoes 1 tov R wote M C 1 empPotder ]l =Ry 1= M.

P7L Zive\ Tpuwr0 cSiJJ(Si) Tou i 66 P']éq__) P‘dg

. NP T} uo\/md o0 @ e I L “fle
2.4.11 Osdpnpa: = Z
Eva 10ewoeg P eivar mpaoto av kot uoévo ov o daxtodiog R/P eivaun axépora weproyy. xep
R/e ~ € fZ
O e > Oﬁ/ 4

Am6de1&n Oewpovue 1o yvopevo (a + P)(b + P) = ab + P. Iapampovpe 61t ab_g P eivon
1oodvvapo pe to ab + P = Og/p eivon 0 otov daxtddo R/P. Opoiog a + P = Og,/p (avtictoyo
b+ P = Og/p) elvar 1codbvopo pe a € P (avtioctoe b € P). To {nroduevo gival capég amd tov

opIopo MG aképatag Teptoyng. O (m_ PY‘: rP)= O = xbef v € apu©

0.0 M “e P \;. eef
FTra R e - W
2.4.12 @cdpnpo: VP e-0 = b+€= 0O ~

a+r? = Oe
631 B+ =0 ¢

o
Eva 10ewoec M eivor uéyioto av kot uoévo o o doxtoiioc R/M EMZ aw,ua

N

W /7 f
Ernw 2/ M awrl A 2 €

Am66£18N AcurobEcovHE-0FTo-Metrortvetrireresenses. H kldon x + M gival pun pndevikr
KAGom av kot povo av x ¢ M. Xg avt v mepintoon to Weddeg M + xR 7oL TopAyETOL aTd TO
ototyeio Tov M Kot T0 X €tvat &va 13DSEC OV TEPIEYEL YVAGLOL TO M~

Ymv nepintwon mov 0 M gival péyioto 10 M + xR etvar 6Aog o daktoAtog R dpa to povadiaio 1
TOV SOKTLAIOL Ypapetal ¢ 1g = M+ xa ywo kdmwowa otoryeio m € M kot a € R. Avtd dpwg onpaivel
ot (a+ M)(x + M) = 1+ M, Gpa n toyaio un undevikh kKAdon x + M givor avtiotpéyiun kot 1o
R/M givar ohpa.
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Y oTiol A £xow Pe,
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€V A\ u?tod‘ufloﬁ WD
L A" v Tepored D

Tov X+p. ©

f | -
7& —_— 5 72/ ~ I) 5
HW\(': X/ Y4
—_ e ————
R oW fis Da Si:&“’f‘t ot "OF_M Elval ‘Ttéﬁcmo
/M crw L Sew OO M $J_I oL p Uu&exq.
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= iIM-XBGI

= 1=-R
- "/ aa
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_$ M+XR. '-'-R_ = iRe M-\'X_&_ = 1_R:w.+x‘a

T0ewosLd
= Xy =) =wmeM S "6’1 wnod M
2.4. TIOAYQNYMA X oewnops °Vo 39
= k/M va) ) ¢ 8
AVTIeTpOOmS, £0TM 0TL R/M givar codpa. Av to M mtepiéyetol yviola o€ éva 10emdeg 1, tote 1o |
neplEyel éva atoryeio x € M, ko cuverdc 1 kKAGon X + M gival avtiotpéyiun, dniadn veapyet a € R
oote (x + M)(a + M) = 1 + M. H televtaio oxéon givor 10odbvaun pe to 6t xa = 1g + m ya
Kkdmoto otoryeio m € M. Tote 6umg 10 1g = xa — m givar oroyygio Tov I kon cuvendg I = R. O
Hopatypiiosig L o 10X
1. To Wemdeg PZ o p mpdTO aplOUd elvon TPMOTO Kot UEYIGTO 10EDIES TOL Z. /974. gt &
2. Av f givan éva avéyoyo moivdvopo tov Fx], tote 10 18eddeg f(x)F[x] etvar ko mpdro ko
péyloTo. - 53 4“\“:{_;3 <o TP
3. To undeviko 10aMOeC eival TPMOTO AV Kot uovo av 0 dakTOMES R-etygt axépato TepLoyN.
4. Kébe péyioto 8eddeg eivon mpdro KJ? < .y\t- Tepro \ = R

5. Yrapyovv tpdto 16O mov dev gival psytcsw OTMG TO pZ[ ] Lt M 1o xFix,y] C Fx y
20 = y/A 5’8;&) Elvaly  wK. TE \\d
T

2.4.3. I'eoperpikn Osopnon. H Bswpio tov dokTudiov elvar Evag 0V GUVOETIKOVG p1 ovg
avapeco otv Alyefpa kot ™ [eopetpia. [pdypatt, £yve apketd vopic coeég omd TV GKOTLA TG """TM
AlyePpucnc l'eopetpiog 0TL TOAAES YEOUETPIKES 11OTNTEG EVOG YEDUETPIKOV UVTIKEIUEVOD OVTOVOKA®D-
VIOl 0TV GAYERPO TV GLVOPTNCEWV TTOV 0pilovTol TAVMD Ao TO YEMUETPIKO OVTIKEILEVO. Avaroya
amoteléopata VP&V Kal TNV ovdAvon, 6nmg To Bempnua tov Gelfand-Naimark. H 18éa avtn yevi-
KEVTNKE Kol YPTCILOTOMONKE KUTOTIV mG epyaAeio enilvong Tpofinudtev kot tng Ocmpiog aplOpdy
amd tov A. Grothendieck.

o M V{Kuﬁ0=% Q/N\Wﬁd —’R,{C;‘:élom
. M neuﬂD

Syque 2.2, A. Grothendieck 1970, To mapdov €pyo amotelel kowvd ktnqua (public
domain). [Inyn: Wikimedia Commons

Ag mpoomadncovpe vo eENyNoovpe HEPIKEG ATO TIC 106EC AVTEG GE OGO YIVETOL TEPIGCOTEPO ATAN
YA®OGGO:

O S0KTOAI0G TV TOAV®VOUOV oG LETAPANTAG TAVEO OO TO GO TOV UYOITKOV CUVOPTHGEDMV
R := C[x] eivonr por puooroykn KAGAoT GUVAPTACEDY TAV® 6T0 pryadiko eninedo. Xe kabe onueio a
TOV EMITEOOV UTOPOVUE VO BemPiGOVLE Eva PEYIOTO 10EDdES TOL R, T0 Mo TO omoio opiletan g

mq ={f € R: f(a) =0}


http://math.stackexchange.com/questions/268002/gelfand-naimark-theorem
http://en.wikipedia.org/wiki/Alexander_Grothendieck
https://commons.wikimedia.org/wiki/File:Alexander_Grothendieck.jpg
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(Acknon: Aci&te 611 OvImg ivar Eva PEY1oTo 10edeg) To 10eddeg ALTO gival KOPLO KoL TOPAYETAL OO
10 (X — a). EmmAéov givar cagéc 6ti ) tiun tov tolvmvopov f oto onueio a dev givar Timote GALO omd
v KAdom vroAoinmv ¢ fmodm otov daxtoAlo R/my.

[paypartt, av kdvoovpe ) daipeon g f pe 10 x — a 1o vedrowro Ba givar po otadepd:

f(x) = (x —a)g(x) +v(x), degv(x) < deg(x — 1) = 1.

To vdAowmo givarl capmg évag avimpdommog TG kKAdong f mod my kot emmAéov eivar ico pe f(a)
OTMG EVKOAN TAPATNPOVLLE TOTOOETMOVTOC TO A OTNV TAPOTAV® e&iGmoT TG O10ipESTG.
[Mapatnpovue 61t £yovpe pia 1-1 ko ent avtiotoryia

{Méyiota [8emdn tovR} — {onueio tovC}

Ye mopopola cupmepaopota o kataAnyope ov yio R Bewpovcapie Tov daKTOALO TOV OAOLOPP®V 1|
TEPOIAPOPIGIH®V cuvapTHoe®y. Avtd Tov o diiale Oa NTav To Bedpnpa g dwaipeong To omoio
Ba émpene va avomtuEovpe Kot v amodeiEovpE.

Oa propovoape vo aALAEOVLE TO OO OE £va SLPOPETIKO Ontwg to Q 1 éva Temepacuévo cmpa
Fp axorovbdvrag v mpotponn tov A. Weil (va kdvovue yewuetpio Tave and 0molodNmote cOuU).
g avt TV mepintmon Ba 0dNYOVLAGTOV 0TO VO EEETALOVLLE TO OTUEID TOV YEMUETPIKOD OVIIKEYUEVOD
v omd T0 GO,

ymua 2.3, A. Weil (nali pe v adelen tov Simone o€ ekdpoun oto BEryio). To mapodv
épyo amoterel koo kT (public domain) Adyw mapéievong 70 eTmv amd tov Bdvato
oV dnuovpyov. IInyn: Apprenticeship of a Mathematician, Courtesy of Sylvie Weil.

Tt 6o cupfet dpog av avri ya Tov daktoio Cx] Bempovoape Evav GALo dakTOAO pe aptOunTikn
onuacio OTwe 1o Z M 10 Z[x]; Oa vanpye £Vo YEOUETPIKO AVTIKEILEVO TOV 0TOI0 TO Z Va. fiTavV 0 Q-
GLOAOYIKOG SUKTOALOC GUVAPTHOE®V; ZOUPVe Ue TI¢ 10éeg Tov Grothendick to avtikeipevo avtod eivan
T0 GOVOLO TOV TPDOTOV WEMIDV TOV daKTLAIOV TO omoio Ha to cupforilovue pe Spec(R). T mapd-
derypa, 6tav R = Z 10 60voro TV TpOT®V 10E®I®V 0V €lval AALO amd TOVG TPAOTOVG 0P1BUoVS, EVD
6tov R = ZI[x] 10 60volo TV TpOTOV 80OV amoteAeital and To KOpla 10eddN pZ[x] 61ov p npdTog,
10 KOplo 10e®dn fZ[x], 6mov f avdymyo molvdvopo aArd kot amd ta 18eddn (p, f) mov mapdyovon
amo évav TpmTto apfpd p kot éva avdymyo Ttolvdvoupo. MEAMoTo 6TV TEPIMTMOOT TOV TO TOAVMVVLLO


http://en.wikipedia.org/wiki/Andr%C3%A9_Weil
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f mapapével avayoyo mod p 1o 18eddeg (p, f) givar péyioto apov
ZIx] IEq‘p [x]

(p,f) f(X)Fp
10 omoio givar copa. H mpdtn ypopikn Topdotaon autdv Tov 10edv gReavioTnke mhovoTate 6To
okitco Tov D. Mumford oto kdkkivo Biffiio Tov moAramrotitov Kot oynuateov (Mumford 1999), m
dekoetio tov 70.

Han ——? xR 113 sy
i s xea )%
((0)) generic
[(5,x+3)) poink
U2, X+1)] == -
(S, X+2)) [x31)

(3, X+1)] @ 1(S, Xe1))

2.x)) (3, x (5. X}
|

vit2) vik3) visn V7))

Syua 2.5, Tlpota 16e®ON TOV TOAVOVOU®OV LLE CUVTEAEGTES OKEPOLOVG

To npdPAnpa KoTd TOG0 VoL AVAY®YO TOAVOVLLO TOL Z[X] mapapéver aviywyo av to Oswpnoovpe
modulo p kot TG avarveTon av dev etvar avaywyo etvar éva TpdPAnua Bepeliddovg onpociog yuo ™
Bewpia ApOUOY TOV £YEL TIC APYEG TOV GTOV TETPAYWOVIKO VOLO avTIoTPOoP1|g Tov Gauss.

Ag dovpe TOpo TOG Eva 6TOoLKEL0 Tov dakTuAiov pmopel va BempnBel og cuvaptnon mhveo 6to 6¥-
VOAO TOV TPOTOV 10EMODV:

P — f(P) = fmod P € R/P.

Av 0 daktohog R = F[x] givar évog daktdAog moA®VOLOY Thve amd Eve oo, TOTE M TN TS

ouvvaptnong avikel Tavio oto copa F = R/P 10 omoio givar koo yuo Oda ta TpdTa 10e®dN TOL R.
Yty mepintoon mov R = Z vrdpyet pa dapopd. Ta otoryeio tov daktuiiov divovv Tiég oe

Stapopetikd copata. ‘Etor to 3 € Z oto (onueio)-npmto 10emdeg 77 divel v Tyun 3 mod 7 1 omoia


http://en.wikipedia.org/wiki/David_Mumford
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OVIKEL GTO GO [e 7 oTotyeln evd 6To (oNpelo)-TpdTo WeMdeg HZ divel v Tiun 3 0AAL GTO GOUO [LE
5 otouyeia.

O11déeg avTég Edmaav TepdoTia wBnom oto Mabnpoatikd Kot oty Ocopio ApOpmv apov Tpdche-
OOV L0 YEOUETPIKT EVOPOOT] TV OPLOUNTIKOV EVVOILDV KO ETETPEYOV VO OPIGOVIE TANPOG YEDUETPIKE
QVTIKEILEVA OTOC O EPATTOUEVOC YDPOG, N TAPUYDYICT KAT.

Biioypagia

Fraleigh, J.B. 2011. Eigaywyyn 2Ztyv Alyefpa. Movemompiaxég Exdooeig Kprng.

Mumford, D. 1999. The Red Book of Varieties and Schemes: Includes the Michigan Lectures (1974)
on Curves and Their Jacobians. Lecture Notes in Mathematics. Springer. https://books.google.
gr/books?id=K1hFauNsmR4C.

Bapoog, A., A. Aepilliotg, I. Eppavouni, M. Madkag, kot O. Todéln. 2012. Mio. Ercoywyn Znv
Alyefpa. Zopio A. E.


https://books.google.gr/books?id=K1hFauNsmR4C
https://books.google.gr/books?id=K1hFauNsmR4C

NOUOG TETPAYWVIKNG AVTIOTPOPS

X = Bmoo'w‘_

3.1. Ewcoyoyikd otoryeia Yo AOGELS TETPUYOVIKAV EELICMOEMY

Eidape mponyovpévmg 0Tt pog evalapépetl mote £va avaymyo tolvdvopo f € Z[x] mtapopével ava-
yoyo modulo p. ‘Eva evéiagépov mpdfAnpa gtvat va yapaktnpicovpe TOVG TPAOTOVG Y10 TOVG OTOIOVG
aAlaler oupmeprpopd n avaywytsotnta modulo p. [a tetpaywvikd molvdvopa avtd ivot 1I6odHvopo
LE To av 1 dtakpivovoa etvat TeTpdymvo 1 Oxt. Evd Aodv yio mpayLaTikd TOAVOVULLOL LE GUVTEAECTEG
TPAYUOTIKODG 0VTO ivat Gapés (TETpdymva dev ivat ot apvntikoi apdpol) e éva odpo Onwg 0 Z/pZ
T Tpdypato elvan mepiocdtepo morvumAoka. To epyaieio mov yapaktnpilel Yo TOOVE TPADTOVG O OKE-
paog a € Z glvon tetpdywvo 1 oyt ovopdletar vOpHog g TETPay®VIKNG avtiotpopns. Ilepiocotepa
oTOLYElD OYETIKA LE TOV VOO OVTIGTPOPNG KoL TIG YEVIKEVGELS TOL O OVOYVDGTNG UTOPEL Vo, avalnTioet
ota (Adkkng 1990), (Avtoviadng and Kovtoyedpyng 2015) kot oto (Lemmermeyer 2000).

YroBétovpe 611 0EAovLE Vo ADCOVE TNV TETPAYMOVIKY 10081)vaui(x m= S P sS4
' +
ax’+bx+c= Omodm.

pe a,b,c € Z, m € N, m > 1. H Mon eéaptdrot amd tn Aor isoduvduidv g Lopens

ax? +bx+c—0modp , S. y""is’u

N ) Hems e X

OOV P TPMTOG Ol OTOIEG AVAYOVTOL GE 1IGOSVVALIES TNG LOPPTS

ax® + bx + ¢ = Omodp) 8;/'-::/—?7%-‘“%\45 Nt
INa pkpég Tyég Tov p todvvapieg g Tapamdve Hopeng Htopovv va Avbovv pe ™ péBodo g SoKing
Kot g emtuyiog. [ peyddo p yperaleton o véa 10éa. Yrobétovpe Ot p glvan meptttdg TPMTOG Ko
(a,p) = 1. Epyalopocte Aoumdv 610 odpo Z/p7Z Kot ELADOVUE TNV TETPAYOVIKT e&iomon e Tov id10
TPOTO OTMG B0 KAVOVLE GTO CAOUA TV TPOYUATIKOV 1} pyadikdv aptBudv. pdyuatt, apod (2,p) =1

oL MGELg TG
m (p ) *1

e PO’

€lval 16000VOUEG TTPOG TIG AVGELS TNE LOOJVVAUING P 3 ~p 9D
4a*x* + 4abx + 4ac = modp 2

OnAadn WO

NAad ™G /\.2 = Xy
(2ax+b)* = (b (4ac)modp o L
3\ )
Y
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H tehevtaio 1codvvapio propei va Avbel 10T Kot povo ToTe GTOV UITopovLE Vo fPOVLE KATO10V 0KEPOLO
X 0 0moiog va etvat AVoM NG 1Io0dVVaping
2ax + b = ypomodp
Kot Yo o Ao g ioodvvapiog tng
y? = (b? — 4ac)modp

AoV (2a,p) = 1 n mpdt 100dvvapio £xel wdvto Avon. To apyikd mpoPAnua Aowmdv avayetol otn
Ao 1G0SVVOULDY TNG LOPONG
y? = amodp
Av a = Omodp, tote 1 TponyoLEVN tooduvapio £xel Aon. Oa eetdoovie T tepintmon p dev droupel
10 .
Xg 61 akorovOgi, 0 apOpdg p Oa givan évag TEPLTTOHS TPOTOG.

3.2. Terpayovika vaorouta

3.2.1 Opwopog:

Eortw p évag mpatog op1fuds. Evog axépaiog a mov dev eivar moAlamAdolo ton p, ival TETPayVIKO
DTOAOLTO TOV P AV 0 A EIVAL TETPAYWVO KAmo10v opiBuod modp. Av o a Jdev gival TeTpdywVo KATo10v
ap18uod modp t0te AéyeTan TETPAYOVIKO UN-DTOA0ITO modp.

Me dAia Adyla 0 a glvar TETPAyOvIKO DITOLOLTO av 1) e&lowon

x? = amodp

—————————————

€xel Adom.
Oa propovcape (0Tav 0 TPMTOG P €ival PIKPOG) VO, VTTOLOYIGOVE OAOL TOL TETPAYOVO, KOl GTT] GLVE-
YEWL VO SOVLE OV TO A EivOll TETPAY®VIKO VIOAOLTO 1 OyL. 00O,\,2
‘Etot yio0 p = 5 vmoloyilovpe 6T 3 /_| )—l
— -7 -‘ )
/
x 01 2 3 4
14
X2 0 1 4 4§ ~odd o,

Av 10 a glvar 1| Oy TETpay®@VIKS vVOAoUTo eEopTdTal and TV KAGoN Tov amodp.
Opilovpe v amewdvion:
¥ (Z/pZ)* - {£1)
)

tl):a»—><
P

H nocoétta (%) ovopaletal aduflolo tov Legendre xon etvar ion pe 1 av to a gival TETPAYOVIKO LITO-

Aowro kot —1 av to a dev givar TeTpayvikd vrorowro modp. o xdpn cvvtopicg tov cLUPOAIGHOD

opilovue kot 2
G- e

oV mepintoon nov a = Omodp. H televtaia yevikevon etvar yvootr ot BiAoypagio wg to adufolo
00 Kronecker.
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* %Sw. 3 B Hwé:f2> w4,

Tetpgwiuo  Tevpay _ 1N
3.2 TETPATONIKA YIIOAOITTA VTt vasy T ot o "
d Al <qguasd. 7o = T
H napandve ansudvion giva ououop(yéu(')g ouy’&ov, rﬁnoio 160dvvoel e o 6Tt oyl

aB a B \.::0\0‘1 J"w}p‘a
— | =1 — — 1. a - <
(p ) (n) (p) erey B . Y
[pdypatt Oo deiCovpe otn cvvéyea 6tn (Z/pZ)* = F* givon pia kukhkn opdda, dpo veapyet g
®oten (Z/pZ]) va givon g poperig: —_— 3" =g
{9; 9,2, cees 9(13’71)/27 9(p+1)/2, gP = 1}

A@ob o p — 1 givan GpTi0¢, T TETPAY®VE TV 6ToLKEi®V TOV (Z/PpZ)* ivar ta
—

s
-
13
5
"y
[4
v
e,
<
2
a

g%, g, ..., gP /2= gptl = g2 g2l

0 omoio onuaivel 6Tt Ta TéAeto TETpdymva Tov (Z/pZ)* sivon ta gt pe i @ dptiog kot Ta un TEAEL
TeTphymva etvar ta gt pe it meptrtdc. Avtd onuaivel 6t M P eivon opopopeioudg kodhde: o dopotoua
d00 TepTTOV Elvar ApTiog, To dBpoicua dVo ApTiY eival APTIog Kol To AOpoIGLa EVOC TEPITTOD LE EVOV
aptio gtvor meptrtod.

[Mapatnpodpe 6t o Topfvag TG eivarta g € (Z/pZ)* yuw. ta onoio woyvet Ot (a) = 1, dniadn
TOL TETPOYOVIKA VTOAOUTO TOL P.

‘Eva Bacwkd epyareio otov vmoroyiopd tov cupforov tov Legendre sivon o tetpaywvikos vouog
OVTIOTPOPHS 0 OTOL0G £XEL TNV TOPAKATO LOPOT:

3.2.2 Oeopnpo:
Eotw p, q 6vo meprrrol, npawror opibuol. Tote 1oyvel

Eriong,

/p<_1> = (—1)%1 Kol <2> = (—1)p2T_1.
p — r)

Ba dhoovpe o€ Ayo pio amddeEn TOL TAPATAVE® BE®PTLOTOC.

3.2.3 Mpéroon;: Kz 1 wede
Ioyber éu N - '
X
<a> bt N7 o= = 1)
— | =a 2 modp, \
P =
Sniad x=d =
a p_1 2z J
<>:1<:>Cl2 = lmod p X =4 wedp
P .
+ ‘ v
P =

) = 41 kow aP~! = Imodp, ondte = +1modp. H angwdvion

¢ : (Z/pZ)* — (2/pZ)" N\
G T Twes{rls <[%)
bla)=a">

Am6darén Ioyvel 611 (%
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PN 1 6\

etvor €vag OLOLOPPIGUOG OUEOMV. & (o 8)

Me Bdon to ovpporo tov Legendre opicape v omekoévion p(a) = (%) . Av a € ker, 161¢

————

a =b? yukénow b € (Z/pZ)* ondte ‘;3
¥ (p-1)/2 _ (m2y(p—1)/2 _ 1 p—1 _ w9t
b(a) = a = (b%) =P = 1wt [y

Katd ovvénewn eivan kerp C ker ¢p. Oa deiéovpe 611 kerp = ker . O l_(gll)_ éxel dgiktn 2 610
Z/pZ* . EpOcov 0 TupNvag VOGS OLOHOPPIOHOD Eiva Opdda amd LOVOG TOV Kot 1) TAEN HLOG VTOOUAO0S
donpel TNV ta&n g ouadag, Oa 1oyvel gite ot kerp = kerp 1 ¢ = 1. Av ¢ = 1 10 molvdvouo
x(P=1)/2 _ 1 gyer p — 1 pileg 010 cdp0 Z/pZ t0 omoio givar dromo. Katd cvvéneia ioydetl 6t ker ¢ =

ker. » ‘\k‘,\eeb‘(}o o "Ly
¢V R A W ) e
at” :(fV i X = i .
" € 3.3. ABpoiopata Gauss

3.3.1. m-pileg g povadac. YrevBouilovpe 0Tt OAeg ot M-pileg TG Lovadag eivat Tng LOPeNS
C > G = cos(2nk/m) + isin(2mhk/m) = exp(2mik/m),
————————————

omoviZ = -1k 0 <k < m—1,k,meN.
Ovm pileg g povadog eivar duvapelc piag mpawrapyixic pilac n omoia eivor Thg LopeNg

- oun&ﬁ-’)
Cm = cos(2mtk/m) + isin(27fk/m), 4 efgi> wn g{

we (k,m) = 1. Ju puwamopny wws °f'5’a"’w:“€'w:}£€&:\=l - o

Ag vroBécovpe 0Tt M = p mpdTOG apBpds. Tote n e&icwon opiopov g p-pileg g povadag
Sracméon ¢ Vot

XP—1=(x—DP 1 +xP L+ g x+1) . @ ez, .4

, , == — , L L L=-tL=)

Ko deilape ypnoyonotdvrag to kprriplo tov Eisenstein 6Tt 0 moAv®VLLLO =) . = !

‘Pp(*\: (P 4 xP i x+1)

S )

-\

gtvar éva avaywyo moivdvopo tov Q[x].
O1 n-pileg TG pHovadag aviiKouv 6To AeyOUEVO KUKAOTOUIKO chye aplfudy to oroio opiletat g
Qlin]l = QIXl/Dn(x) °

TO GOU i~ @cr’]jo
— —

omov @, (x) eivan éva eldyroto aviymyo moivdvopo tov Q[x] mov undeviCeton oe pia n-otn pia g
povadag. ‘Eva tétolo molvdvupo opiletot yevikdtepa mg e&ng: Oswpovpe Evav apBud a € C kot tov
OLOPPIGUO dOKTVAI®V

N
nX

$:Qxl - C
f— f(a)
O nmopnvog eivar va 108eddeg Tov doktvriov Q[x] ko emedn Ta 10e®dN Tov Q[x] eivan dha kOpra, eivar
™m¢ nopenc ker(dp) = @, (x)Qlx]. H edpeon tov avdywyov ToAvmvOpov gival évo, valapépov Tpod-
BAnpo. Xty epintoon n = p, 6mov p eival Evag TpdTOG AptBpdS, TO KUKAOTOMKO TOAVMVLHO givat
T0
Op(x) =1+x+---+xP 1
7oL VIOAOYicaUE TapaTdve. Oa eravéABovpe apyodTEPA GTOV VITOAOYICUO TOL KUVKAOTOUIKOD TOAV®-
VOLOL Y10l YEVIKO M.
Ac TopaTnPNGOVUE OKOU OTL TO BEDPN UL IGOUOPPIoUDV dakTUAI®V eE0cpoiiletl OTL

Qix]/pn(x)QX] = Im(¢) = Q(C).

YUYKEKPIUEVA TOPO GTO Sage diVOvE:
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sage:L.<zeta>=CyclotomicField(7);L

Cyclotomic Field of order 7 and degree 6
sage:zeta”?7

1

sage:1/zeta

-zeta”5 - zeta”4 - zeta”3 - zeta”2 - zeta - 1
sage: (zeta”4+5*zeta+1l).complex_embedding()
3.21648014139125 + 3.47527367322259*1

oI e Y B Y L

[Mapatnpovue 6tL 01 TPAEELS LE TO KUKAOTOMKO SOUa aptfudy yivovtal axplBdg 6To TpoypaLiLa
sage. Mmopo¥pe va vmoAoyicovpe o€ kKaBe Pripa dekadikéG TPOGEYYIGES TOV OTOXEIMV TOV KLUKAO-
TOUIKOV GMOUOTOG, OAAG 0VTO OEV £XEL KAVEVO TAEOVEKTILO. ZTNV TPOYUATIKOTNTO Ol TPAEELS KIvNTNG
VIOOI0GTOANG LELOVEKTOVV, 0POV GE QVTEG su(pavﬁ;ovr&h Q(pdkuaw TPOGEYYIONC.

Ld\ . »\' e

LY X =
3.3.1 IIpotaon: I+ 31 * Sf, : W =@ I
lia k6B a € Z 1oyder ot =

_Jp ava=0Omodp
0 Japopetixa .
- _/

, , , 7 =¥X=
Emizléov av x,y givor toyaiol a;capazoz ® <

ZCX 9)":{ ocvxzymodp' ©
0 ,

OLaPOPETIKG,

Am6deén Av p | a tote Cp = 1 xar ot0 GBpotopa petéxovv p to TANBOG npoc@swim ioot us 1 Zs
S0LPOPETIKT TEPITTMOGT YPNGLULOTOIOVE TOV TOTO GOpoIoNg yemuarpumg TPOOSOL. -1 ) _
H dgbdtepn w06 taL givon dpeon cuvéreio g TpOTNG. &S )
Se o
I+ S \ 39

/
3.3.2 Opwopdg: a 41
Zrabepomorobue évav mparo p # 2. To dfpoioua Gauss wov avriotoiyel otov a € Z opiletar wg
p—1
6=y (5)e
= n= 0
-\ ST

3.3.3 lIpétuon: Ato 1en_ P *®

L ¥ _
Ioyoer ont vV \%‘Z\ _: 437
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\ear Y

Am6derln ‘Exovpe anodeiEel 6t n ovvaptnon (n) = (%) glval un-TeTpIpéVog OpPOLOPPIGHLOG

opadwv Zy, — {£1}. Zvvenmdg o TupHvog eivat pro vroopdda deiktn 2 otV Z* mov &xerp—1 10 nkn@og

otoyeio. Ms Ao MOy T LUGA GTOLXELDL EIVOL TETPOYOVIKA VITOAOLTO, KO, o Loa dgv v y 7
Entovpevo amotélecia ivol GapEc.

3.3.4 IIpotaon:

Ioyver ot (V]
e, Y c, = (3)¢
Ga=|—-)Gy (o] P [
p n |
o] o
Amooeln Xy nepintowon a = 0 to anotéheopa givor caég apol Kot Ta 600 HEAN TNG TPOG
amodelln e€lomong etvat pndevika. " DetR©
Av a # 0 1o1e €ovpe oY 10‘,0;3": SO g
AT c\f‘ 10 |40
p—1 O PN

n . ! “Q\
(3)ar o
e ( )y -

p—1
an
=Z<p) 4 =G, *-

To tehkd amotélecpa TPoKLTTEL TOAAATAOCIALOVTOG TV TAPOTAVE® EEIGMOOT e (%) .

3.3.5 Osopnpa:
Ta kdBe a axépaio, (a,p) = 1 1oyder

G2 = (—1)(P1)/2p,

Am6oeln Ynohoyilovpe 0T

GaG_q = (;) G (;f‘) G1
R

— (_1)(10*1)/2@%
Ymroloyilovpe tdpa 6Tl

Y GaGoa=(p—1)(-1)PD/2GT.

Amd v dAAn vroroyilovpe

p—1 n p—1 m
GaG—a — an [ "~ o —am.
(3 L)

n=0
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EE ) ()

n=0m=0
Yrohoyifovpe kon mdAL TO aOpowua

—1 p—1p—1

ZG G,Q—ZZZC““ ™

n=0m=0 a=0
To tehevtaio dBpotopa (wg TPog a) pundeviletar, 6tav n, m givar avicovmoOroma mod p eved dtav n =
mmodp diver Ty p.
Apa. KOTOAYOUUE GTO
p—1

2
ZG G_a—Z (;‘) p=plp—1).

n=0

Telkd elomvovtag Toug d00 daPOPETIKOVS TPOTOVE VITOAOYIGHOD TOV Zﬂ;é GqG_q xatan-
YOVLE OTO

G} = (—1)-1/2p

Ko TEAOG

2
n _
G2 = <p> G?=G2 = (—1)P71/2p,

O

Ag eréyEovpe v oAndeto Tov Topandve e T Ponbeia Tov sage
1 sage:
2 p=7
3 L.<zeta>=CyclotomicField(p)
4 g5=sum(legendre_symbol(n,p)*zeta”(5*n) for n in range(1,p))
5 gn5=sum(legendre_symbol(n,p)*zeta”(-5*n) for n in range(1,p))
6 gl=sum(legendre_symbol(n,p)*zeta”(1*n) for n in range(1,p))
7 g5*gn5==(-1)"((p-1)/2)*gl"2
8 True

Interactive
3.4, Am60€1En TOV VOIOV TETPAYMVIKIG OVTIGTPOPNG

"Eoto q évag meptttdg mpdrog kar p # q. Oétovps p* = (—1)P~1)/2p a1 éyovpe 6T G2 = p*.

"Exovpue amodei&el 0Tt
(pryta—1/2 = <2) modq.

Amd v A


http://users.uoa.gr/~kontogar/Chapter2a.html
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Kot ToAlamactalovtag pe Gy KataAnyovpe oty e&icmon

*

G =Gy (Z) modqZI[{]

O daxtdohog ZI[(]/qZ[{] givor yapakTnploTiKng q, Kol GUVETMG 1o)0EL OTL

(x +y)9 =x94+yImodg.

=(Z()e)

n=0

Yroioyilovpe tpa TV

—1

p q
= Z <E) (" = Ggmodg.

=0

o= (3)or= () oy

HoAomiactalovtag pe G1 kat agod G2 = p* ko p # q KATAAYOVLE GTO

()= ()

Opog xat o 00 péAN g mapandve 16otTog efvar 1 Kot apov q 7# 2 KataAyovpue 6tTnv

. (p—1)/2 o
(5)-G) @) ()
q q q q

KOl 0 VOLOG TG TETPOYMVIKNG OVTICTPOPNG £XEL OTOOEYTEL.

KataAyoopue cuvenmg otnv

3.4.1. Ynoroyiopdg tov ovpufoérov Legendre yra 1o p = 2. ' tn perétn tng mepintwong avtg
Ba ypnoonomocove o YEOUETPIKN HEB0d0. Oa Bemprcovpe T0 GHVOAO TV AVcemV TG e&lomong

x? +y? = 1modp
Ankadn ta onpeio (x,y) € Fp ta omola tkavomotobv v napandve s&icmon.
Mia mpogoavig Avon eivar To onpeio pe cvvietayuéveg (—1,0) € Fp. To ovvoro tov evdeidv mov
nepvovV amd avTo To onpeio givar to
y=t(x+1)
omov 10 t dwatpéyel Ta onpeia Tov Fy,. Kobepio and tig evbeieg avtég £xer 600 kowvd onueia pe tov
nopordve kokho modp. To éva givar o (—1,0) to GALo to vroAoyilovpe ADVOVTAG TO GLGTNIOL:

C(Fp) x+12=x>=1= x+1)t*x+1)+x—1)=0
amd 0mov Aoyaptalovpe
1—t? 2t
TrreV T e
[Mapatnpodpe 6T KAOe Avon ¢ Tapardve eEicmong odnyel oe éva t ko kébe t oe pio Avon. Opwg
dev pmopovpe vo emtpéyovpe oto 1 + t2 vo yiver 0.
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Eeyopilovpe howdv dvo mepitdoeic: H eéicwon 1 + t? &xel MWon modp. Avtd pmopet vo coufel
puévo oty epintwon mov 1o —1 eivan TeTpaywvikd vroiowro mod p. Ouwc £xovpe voroyicet 6T

(3)-co
P

"o va etvar to —1 tetpoyvikd vroromo npénet kot apkel To p—1 = Omodp 1 1l6oddvape p = 1mod4.
Ze autn TV Tepintoon kabe onueio t € Fy, mov dev elvar tetpaywviknh piCa tov —1 diver dvo onueia g
C(Fp). Zuvolikd dowrdv £xovpe p — 2 onueia Topng evbeiov. Avtd pali pe o apyuo onpeio (—1,0)
dtvovv éva ohvoro and p — 1 onpeia.

H dgbtepn mepintwon eivar 1o —1 va pnv givon teTpaymvikd vrorouro modp. Opota pe v mpon-
yovuevn mepintwon PAénovpe 6Tt avTod pmopel va cupPet axkpiPmg oty mepintmon p = 3mod4. Topa
Kot ot p TYéG Tov t divouv onpeio méve otny KOUTOAN. Ze avTd TpochETovLE KAl TO 0pyLKO oMpelo Yo
va wépovpe 6ti o C(Fp) éxerp + 1 onpeio.

Oswpovpe 10 cOvoro S tov (evyoapidv (a,b) € (Z/pZ)* x (Z/pZ)* ta omoio IKavOTolovy TV

a+b=1xm <%> = <%> =1.
To ovvoro S oyetiCeton pe 1o C(Fy, ). Ipdyport, av Bécovpe a = x? kot b = y? PAémovpe 611 KGOE
onueio (x,y) € C(Fp) dapopeticd amd ta (1, 0) kou (0, £1) anewovileton og £va onpeio Tov S ko

uéAota  cuvdptnon ovty eivar 4 Tpog 1. AnAadn

GUVETIMG

4s = {(p+1—4)/4 av p = 3mod4
(p—1—4)/4 avp = 1lmod4
Amd ta mapandve tpokdmTel OTL #S etvon meptrtdg av p = £1mods.
H ovvaptmon o(a,b) = (b, a) sivar pua evéMEn tov cvuvorov S, dniadn e cvvéptnon 1-1 eni
0:S — S pe v emmAéov 16t ta 611 02 = 1. H 0 &xe1 akpiPdg éva otadepd oneio av Kot Lovo ov
vmapyel a € Z/pZ dote 2a = 1 ko (%) = 1. EmmAéov n 2a = 1 €yl Aon oto Z/pZ pe <%> =1

oV Kol LOVO oV (%) = 1. Mia evéMén opmg €xet évo otabepd onueio av katl udvo av #S sivor mepretdc.

3)-or
P

Hapatipnon O TeETpay®VIKOC VOUOG OVTIOTPOPNG UAG EMLTPENEL VO, TTOAOYI{ovE TO GUUPOAO TOL

Yovendg Eyovpe KoTaAnEeL GTOV TOTTO:

a

Legendre pe tov mopaxdto tpomo. Koatapyv 0 vtoloyispog tov copfoiov avAYETOL GTOV VITO-

AOYIGO TOV GLUPOAOV (%) , 07OV V glvat TO VIWOAOUTO TG JAPESTG TOL A UE P. ZUVERNDG LTOPOVUE

Vo VToBEGOVLE OTL TO A < P. XTI GUVEXELWN TOLPAYOVTOTOLOVUE TO A GE YIVOLEVO TPAOTOV TAPAYOVIDV
a= pl e ps

Kot ka0e cOUPOAO TNG LOPONS (%) TO AVTIGTPEPOVIE CULPOVA [LE TOV KOVOVHL

<pl> _ (_1) (P*l)éprl) <p> .
P Pi
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21 cvvéyew, avti Tov cupPorov (%) , LWITOPOVLLE VO VTTOAOYICOVLE TO (%) , 6oL Uy v To VILO-
1 1

Aowro g draipecns Tov p e TO Pi Kot Vo suveyicovpe T dadikacio péypt téhove. Ta cvpufora g

LOPONG (%) av ELEavIoTodV TéTot, TaL VIToAoYilovpe gvkola oo gival ica pe (—1) T

MTopovLE VO KAVOVLE TNV TOPATAVED S1001KOGI0, ATOTEAEGLATIKOTEPT] ELGOYAYOVTOC TO GUUPOAO
tov Jacobi, to omoio yevikevel To cOpPforo tov Legendre kot kdvel T S1001KOGI0L GUVTOUATEPT] OLPOV
AmOQEVYOVLE TO 6TASI0 TNG Tapayovromoinone. H teyvik) avt av kot dev givor 1diaitepa SOGKOAN va

meprypa el oev Bal pLag anacyoAnoel 6.

Hopadserypa No eEetachel av 1 1ooTipia
x* = —154mod163

&xel Adon.
0O 163 eivor mpdTog 0plOUog eved T0 —154 avaADETOL OE YIVOUEVO TPOTOV TTAPOYyOVI®OV —154 =
(—=1)-2-7-11. Enopévac

()~ () () () (3

-1 1631
(163>:(_1) F o)t

Eneidn) 163 = 3mod8 &xovpe (125) = —1. Eniong agod 7 = 1mod4

()=~ () - (3) -
()=~ (58) - (3) - (2) =

—154
(G5 ) = DEDEDED =+

KOl GUVETAOC 1) looTIio el AvoT).
10 TPOYPOALLO Sage O TAPOTAVE® VITOAOYIGHOG Yivetan o¢ €€NG: (To ovpPoro Kronecker eivar 1
yevikevon tov cvpPorov Tov Legendre mov diver Ty 0 dtov 0 aptBuntg etvor Stoupetodg pe p.)

Thpa

AoV 11 = 3mod4

Telkd Eyovpe

1 sage:kronecker(-154,163)
2 1

Hapaderypa o mo1ovg meptttovs TpmdToug apBpods p 1 wootipio
x? = 5modp

€xel Aoon;
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H wotipia éxer Abon akpifmng tote dtav (%) = 1. Topa (%) = 1 av kot pévo av (%) =1. Av
p = 1,4mod>5, tote (%) = 1. Avp = 2,3mod5, 1t0t€ (%) = —1. Zuvenag &yl Aon akpPag 1ot
otav
P = £1mod5.

Mmnopobpe va. BpolpLe Le To sage OA0 TO TETPAYWOVIKE DITOAOUTA KOl OAC TOL TETPAYMVIKA LT VTOAOLTA
g Ciic:

r

1 sage:R=[x for x in range(63) if kronecker(x,63)==1];R

> [1, 2, 4, 8, 11, 16, 22, 23, 25, 29, 32, 37, 43, 44, 46,

3 50, 53, 58]

4 sage:NR=[x for x in range(63) if kronecker(x,63)==-1];NR

s [5, 10, 13, 17, 19, 20, 26, 31, 34, 38, 40, 41, 47, 52, 55,
6 59, 61, 62]

Interactive

Biioypagia

Lemmermeyer, F. 2000. Reciprocity Laws: From Euler to Eisenstein. Monographs in Mathematics.
Springer. https://books.google.gr/books?id=Ew]jpPeK6GpEC.

Avtoviddng, L., kot A. Kovtoyedpyng. 2015. Ocwpia Ap1Buwnv Kor Epapuoyés. Exdooelg Kaiimoc.

Adxxng, K. 1990. Ocwpio Ap1fuwv. Exdocerg Zntn.


http://users.uoa.gr/~kontogar/kallipos/Chapter2b.html
https://books.google.gr/books?id=EwjpPeK6GpEC

Memepaocuéva Zwuata

4.1. Enexkrdosig copdrov

B0 EEKIVIGOVUE EIGAYOVTIOG TOV OVOYVAMOT CE M0 GEPA omd amapoitnTeg adyefpukéc Evvole.
[Teprocotepeg mAnpopopiec pmopei va avtAnBodv amd yevikd Pifiio Alyeppoc (Bapoog et al. 2012),
(Fraleigh 2011) aAAd ko amo Piprio Oswpiag Galois (Stewart 2003).

4.1.1 Opwopoc:
Ag vmobéoovue ot K C L givou évog eykieiouos owpdrwv. To L Oa Aéyeton exéxroon tov ooporos K.

Hapatipnon Av to L eivan enéktoomn Tov K amd T1g 1010 1eg T0V TPAEe®V TOV GOIOTOG LTOPOVLE
va amodei&ovpe 6T1 10 L gival £vag StovusaTikog ¥dpog vép Tov ompatog K pe tig mpdéelg

LxL—>L
(x,y) = x+y

Ko
KxL—=L
(A, x) — Ax.

Oa ovopdlovpe Baduod (kar Ba to svpPoriCovpe pe [L : K]) g enéktaong L/K ) didotacn dimg L.
Hapaderypo To copo tov pryadikav appomv C eivar didtdotatog R-davuopatikds xdpog kot
ovvenag [C: R] = 2.
Ag Bewpnoovpe pio enéxtoon L/K, éva otoygeio a € L kot tov opopopeiopd exktipmong

ba:Kx] =L

f— daolf) :=f(a).
Av o mopfvag ™G G €lvar S1POPETIKOG TOV UNOEVIKOD 10EMO0VG, TOTE TO A AEYETAL alyefpiod. XNV
nepintmon vty apov o daktoiiog K[x] eivar teptoyn kupinv 1demddv o muprivag Oa givor Eva 16eddeg
™G HOPPNG

ker(dpa) = g(x)K[x],
Y Kamwoto KatdAAnio moAvdvopo g # 0, to onoio Ba to ovopdlovpe To eldyioto molv@vouo Tov a.

54
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AwopopeTikd, av dnAadn o Tupvos e G o eivar to undevikod Wemdec, To ototyeio a Bo ovopdaleton
vrepPoTIKO.

Hapatipnon To 611 10 13e®OEG TOV TOAVOVOL®Y OV UNdEVILOVTOL GTO a ival KUPLO Ko TOpAYETOL
amd TO EAAYLOTO TOAVMVVUO g, £XEL TN GLVETELD OTL KABe ToAvmdVVpO TTov undeviletor 6To a va etvot
Swopeto pe g. H ovpumepipopd avt gtvor mapodpota e tn yvapiun 1010t Tov EAaiGToV TOAV®VOLOL
LL0G YPOULUIKNG OTEIKOVIONG OO TN YPOLLLIKT dAYePpa.

Mapadsiyporo Xe pio enéktoon copdtov yo tapddsrypa C/Q pumopei va vapyovv kot olyefpikd
Ko vepPatid ototyeio. [o mopdderypo To v/2 givat ahyePpiid apod 0 TLPHVES TG SLVEPTNONGS V32
givon 1o 18emdec Tov daxtvriov Q[x] mov MEPEEL KABE MOAVGVVLO TTOL givan StonpeTd pe 0 X2 — 2.
To otoyeia 7T, e givor yvwoto 6Tt elvar vaepPatikd, av Kot pio amddeién vrepPaivel Tovg GTOYOVG TOV
BipAriov avtov.

4.1.2 Opopoc:
Oo Aéue pia eméxraon L/K adyefpixn av kabe aroiyeio a € L eivor alyefpixo vép tov K. Qo Aéue i
emexraon L/K memepaouévn av [L : K] < oo.

Eivar capég 011 k4B memepacpévn enéktaon sivar odyefpicn. [pdypott av x € L Bswpovpe 10
cbvoro tov duvapsov {1,x,x2,...,x™} émov n = [L : K]. Avtd sivar n + 1 otorysio og évav ydpo
dudotaong n, dpa etvor ypappukd eEaptnuéva. Apa vrdpyovv otoryeia a; € K oote

ag+aix+---apx™ =0,

dNradn to x undevilet Eva moAvdVLpo pe cuvtedeotég amd To K kot sivor adyePpiko.
Ao TV AAAN VILApYovY AAYERPIKES EMEKTAGELS TOV OV givol TemePACUEVES OTG Ba dovue o
GUVEYELD.

4.1.3 lIp6Toon:
Av M/L kai L/K dbo memepaouéves enexraoeig, tote kar 1 M /K eivar memepaousvy kot udiioto ioyver:

M:K]=[M:L]-[L:K].

Améoaién lpdkettal yio Eva yvooto Bedpnuo TG YPOUUKNG GAYERPAG TNC CUUTEPLPOPAC TNG 014
otaong ot enéktoot Tov Puduontdv. H anodeién Paciletar otnv emhoyn wag Baong {vi, ..., vim o)
00 M mtéve and to L ko oty emhoyn pog paong {wi, ..., Wik} Tov L ndve and to K.Ta [M :
L] - [L : K] To min6og ctoryeio. viw; amotehodv pia Baon tov M mve omd to K.

4.1.4 Opwopoc:
Ta éva odua K n adyefpuxi kietorotnro K tov K opiletar va. eivour o odyefpixii emékraon tov K oote
kdBe rolvavouo f € K[x] va el dec tic piles tov oto K.

Hapatypioeig H dmapén g alyefpikng KAEIGTOTNTOG EVOG TUYAIOV CAOUOTOG OOLTEL TO ATLLLLOL
ToV Zorn kol TopaAeinetal. Exiong propet kaveig va amodei&el 6ti n akyePpikn kieiototnto tov K givon
povadikn UEypt IGoOUoPPIGHOD oL otabepomotel Kabe otoryeio Tov K.


http://en.wikipedia.org/wiki/Zorn%27s_lemma
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Yty mepintwon tov copatog Q uropodpe vo BewpGovLE TO GO

Q:=nNrerl

6mov M toun AopPdveton Taveo 6to cvvolo TV enektdoswv L/K mov givar adyeBpikd kAeloté Kot
nepiEyovv 10 Q. To ouvoro I eivar pun kevo apod mtepthapfavet To oaryepfpikd kheiotd copa C.

H enéxtoon Q/Q eivor éva omd to SuGKOAITEPO KO TEPLGGOTEPO EVOLAPEPOVTA BEHOTO OTN HEAETN
™G Oewpiag ApOudv addd Kot Tov Madnuatikdy yevikotepa.

21 cuvéyeta Tov podnpatog Oo peletcovpe cuotpatiké v enéxtoon Fp /.

4.1.5 lIp6Toon:
Oczwpodue éva avaywyo molvawvouo f(x) € Flx]. To ooua K := F[x]/fF[x] eivar évac dravoouoatikog
X0OPog vIéP Tov oauotos F xoa

[K : F] := dimpK = degf.

AméoaiEn [apatnpodue 6TLydpog TNATKO Eival og Eva TPOG Eva avTIoTOLYi0 LE TO SLVATE LTOAOLTA
g dwipeong pe f(x) ta omoia givar dAa to. ToAvdVLRE Babprol yvioto uikpoTepov Tov d.
O televtoiog xdpoc &xet ¢ Paon ta otoryeia {1,x, . . ., x4} kot cvvendg dimpK = degf.

4.1.6 Ocopnpa:
Ocwpoiue éva molvavouo f(x) € Fx]. Tore vrapyer wa exéxtaon K oo F, dote 1o f va éper ddeg tig
piles ov aro K.

Am6darén Me enaywyn otov Pabuo. Av deg(f) = 1 10te K = F. YnoBétovpe 611 yio molvmdvopa
Baburod < n ko yio OAa Ta cOpOTO 1) TPOTOOT] Elvar aAndng. Aewpovpe Eva Tolvdvopo Badpov n Kot
gmhéyovpe Evav avaymyo mopdyovta h tov f. Yrapyet copa K; = Fx]/(h) oto omoio 10 h kat dpa
kot o f €xetl o pila. AnAadn

f(x) = (x — p)g(x).
To amotéheopa TpokHTTEL MO TNV EXAYWYIKY LILOBEGN Yo TO g.

4.2. Xroyzio Ozopiog Galois
Agvmobécovpe 6t Eyovpe pia enéktaon L/ K copdtov. @cwpodie To GOVOLO TV 0VTOUOPPIGUDV
Gal(L/K) = {O' L— L, 0'|K = Idk},

dNAadn TV 1opopopPIoudY copdtov L — L ot onoiotl 6tav mepropiotodv oto copa K 1o kpotovv
otafepd. To ovvoro Gal(L/K) andtelel opddo pe mpan t ocbvheon.

Mapaderypo H opdda Galois g enéktaong C/R eivar woopopen pe v Z/27 kou nepiéyet 600
OTOLYElD -TOV TAVTOTIKO 1GOUOPPIGUO Kot TN piyadtkr] cvluyia-. lpdypatt, Tpokeipuévou va meptypd-
yovpe évav wopopeopd o : C — C mov apnvet 1o copa R otabepd, apkei va teptypayovpe 1660
KGveL 1o o(1) agod

olx+1y) =x+o(i)y,
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11 x,y € R. Opog, i2 = —1 cvvendg epapudloviag tov o éxovpe 6t 0(1)? = —1, niadn 1o o(i)
dev umopet va givorn timote GAA0 and o tetpayovikn pilo tov —1. Apa o(1) = i, o pio nepintmon
0 0 givon 1 TovTOTNTA, EVO GTNV GAAN O O gival 1 pryadikn cvlvyia.

4.2.1 Illp6éTaon:
Av o a € L givar éva alyefpixo aroryeio kou cavomoiel wia alyefpixn oxéon f(a) = 0, émov 7o f(x) €
K[x], téte kabe ororyeio e Gal(L/K) otédver to a oe uia dAAn pilo tov f(x).

ArodeénTo Oeopnua owtod glvar Gapég apov av
f(x) =ap+arx+ -+ anx™

TOTE M OYEOM

otvel 0TL
ap+ ajo(a)+---+anoc(a)t =0
dAadn to o(a) eivar exiong pia tov f(x).

Hapatipnon To mapandve givol yevikevon Tov YvooTov Be@pnipotog: ot pileg TOAOVOL®Y LE
TPOYLOTIKOVG GLVTEAESTEC epavilovtal og (evydpia culuydV pryadikdv aplumy.

Epdmpa Agvrnobécovpe ot £xovpe Eva aviywyo moivmvopo f oto Klx], kat éotm ay, ..., ay ot
pilegtov f. Eival cwotd 611 kdbe petdbeon tov ay, . . ., Ay EMEKTEIVETOL GE EVOL IGOUOPPIGUO COUATOV
pog KatdAning enéktaong tov L;

[Ipwv amavticovpe ag dovpe pia TepitT®on mov avtod dev 1oYLEL [0 p Tp®dTO, TO TOAVMOVLLO

L+x+-+xP!

gtvat éva aviywyo molvdvopo tov Qx]. Ot pileg Tov ivar dheg ot p-pilec g povadag kot Oreg givar
dvvopn piag t€totog, dniaon vrapyet uio (p dote kabe GAAN p-piCa tov 1 v eivar Tng popeng C}) Yo
kémowo 1 <i<p—1.

Te auti ™V epintoon, av o(() = (1 (Sev Ba pmopovoe va eivot Timote GALo mapd pia AR p-pila
Tov 1) T0TE AoV 0 O gival £Vag IGOLOPPICUOG COUATOV Ba TPETEL VoL EYOVUE OTL

o(Cy) = ¢
AVt onpaivel 0Tt av “mpocdiopicovpe” v ekova piog p-pilac Tov 1 Egove Tpocdlopicel Tig EIKOVES
oAV TV GAAOV primv. Zuvendc dev eppavilovtor OAeg ot duvatéc petabéoelc petabd Tov primv.

Me dido Adyo ta ototyeia g opddag Galois elvar cuykekpluéveg HETAOEGELS TOV TTPENEL VAL GE-
Bovtal k4Be aiyePpicn oxéon petald towv piiov. H 18éa ya ) oxéomn avtr peto&d petadécemv Ko
aAyeBpiKav oyécemv HeTold Tav pidv NTav To epaitnptlo Tov E. Galois yio v avémtuén g opdvo-
ung swpiag. v mepintwon mov ot pileg eivan apketd aveEaptnteg eu@oviletor OAOKANPN N Sy, ¢
ounada Galois.

Mpopinpa Aiveton pio memepacpuévn opdda G. Yrapyel po enéktacn L/Q n omoia va €xetl g
oudoda Galois tnv opdda G;

AvT6 givan €va ddonpo Pabid dAvto TpOPANUA YVOOTO Kot WG 0vTIGTPopo TpoPAn e e Ocmpiog
tov Galois.

INo v eniivon Tov £yovv ypnoiponomBel TAn00g epyaieio amd oyeddv kdbe meployn Twv pobn-
poatikav. O J.P. Serre pépetar va éget el OTL T0 avTioTpOPo TPdPANpa TS Bempiog Tov Galois pag divet
TN S1KooAoYio Vo LEAETIIGOVIE TOALA Kol O10LPOPETIKG, OO UATIKAL.


http://en.wikipedia.org/wiki/%C3%89variste_Galois
http://en.wikipedia.org/wiki/Inverse_Galois_problem
http://en.wikipedia.org/wiki/Inverse_Galois_problem
http://en.wikipedia.org/wiki/Jean-Pierre_Serre
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yqua 4.1. Evariste Galois 1811-1832, To mapov €pyo amotelel kovd ktnpa (public
domain). IInyn: Wikimedia Commons

Ac vrobéoovpe 0TL Eyovpe Evav aiyefpikd apBud a € L og pio enéktaon tov L/Q. Mropodue va
Bswpricovpe Tov apBpd a modulo p? Agv €xel vonpa! Mropodpe dpmg va vroroyilovpe £va ToAv®-
VULO LE GUVTEAEOSTEG OTO Z Tov va €€l To a »¢ pila Kot va Bewprcovpe 10 Tolvdvupo avtd modulo
p. [log Ba 10 vroAoyicovE OVTO TO TOAVMVLNO;

Ag do0uE PepKa TapadeiypoToL:

1. No Bpebei Eva moAv@VLLO e prTOVE GUVTEAESTEG TTOL VoL £l TO a+1ib wg pila, Omov a, b € Q.
"Eva 1€1010 moAvdvopo glval to

(x — (a+1ib))(x — (a —ib)) = x%2 — 2ax + (a + ib)(a — ib)
=x? —2ax + (a® + b?).
[Tpo@avdg 0vTd TO TOA®VLLO givat To EAGYIGTO ToAv®VLLO Tov Q[X] oV £)El TO a + ib g
pila, aeov av et to a + ib o npénet va Exetl kot ™ ovluyn pile. Emmiéov av to b # 0
TO TOPATAV® TOA®OVVUO ivar avdywyo. [lapatnpnote 0Tl 01 GLVTEAEGTEG TOL TOAVMOVOLLOV
dtvovtanl ®g CLHHETPIKEG EKPPACELG TV PLLdV:
(x = p1)(x — p2) = x* = (p1 + P2)x + p1P2.

EmumAéov pmopolpe va dovue 4L oty mepintmon mov p1 = p, P2 = P, T0 dfpowcpa p + P
Kot 1o yvopevo Tev pilov pp eivor avorlioimta otoryeio kdtw amd tn pryadikn ocvloyia.

2. Na Bpedei éva morvdvopo oto Q[x] To omoio va &yt pila 10 a + bv/2. Oa SovAéyovyie e ToV
1010 TPOTO LE TO TOAVMDVULLO

(x — (a+bv2))(x — (a —bV?2)) =x% — 2ax + (a® — 2b?).

Kot ét o To a+b/2 sivon pio ko 1o a—by/2 B mpémet va sivon pilo. To mopaméved ToAdVLLo
glvan avdymyo, apkei to b #£ 0.


https://commons.wikimedia.org/wiki/File:Evariste_galois.jpg

4.2. XTOIXEIA GEQPIAY GALOIS

\ v* u\\ r\v&./ .:

i

Syqua 4.2. J.P. Serre, Anuovpyog: R. Schmid, To mapdv épyo amotehei koo KTHQ

(public domain). IInyn: Wikimedia Commons
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3. Ag dobpe Tdpa KATL SuoKoAOTEPO: Mopovpe va fpovue £va Tolvdvouo mov va £xel pila to

V2 4+ V/3; Yrohoyilovpe 61t

(x—vV2=V3)(x+ V2 —V3)(x — V2 + V3)(x + V2 + V3) =

=x*—10x+1

O mopandvm VTOAOYIGUOG YivETOL GTO sage ®g EENG:

fe IS e L I Ve S

sage:R.<x,y> = PolynomialRing(QQ,2);R

Multivariate Polynomial Ring in x, y over Rational Field
sage:S.<sqg2,sq3> = QuotientRing(R,R.ideal(x"2-2,y"2-3));S
Quotient of Multivariate Polynomial Ring in x, y over
Rational Field by the ideal (x*2 - 2, y*2 - 3)
sage:RR.<X> = PolynomialRing(S);RR
(X-sg2-sqg3)*(X-sq2+sq3)*(X+sq2-sq3)*(X+sq2+sq3)

Xr4 - 10*X"2 + 1

Interactive


https://commons.wikimedia.org/wiki/File:Jean-Pierre_Serre.jpg
http://users.uoa.gr/~kontogar/kallipos/FiniteFields-a.html
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Opilovpe Tov dokTOA0 R ¢ Evav dokTOAO 600 PETAPANTAOV e GUVIEAEGTEG GO TOVG PNTOVS. XN
ovvéyeln opilovpe évav véo SoKTOAL0 S, oTic uetaPAntéc sq2,sq3 otov omoio emPdriovpe (LESH NG
KOTOOKELNG £VOG doKTLUAIOL TTNAiKOL) val elvan ot teTpaymvikes pileg Tov 2, 3 avtictoryo. Kataockevd-
Covpe téhog Tov daktOAo ToAvwvopey S[X] péca otov omoio extehovpe T {nrovpevn Tpakn!

4.3. Ilenepaocpéve Lopato

H Biphoypagio yio o menepacuéva ocopota etvar extevis. [épa and Pipiioa yevikng aiyeppog
propovpe va tpoteivoupe ta. (Lidl and Niederreiter 1997) kot (Mullen and Panario 2013).

4.3.1 Osopnpoa:
Kabe nemepacuévo F odua éxer p™ to mhijbog oroiysia émov h eivai n didoracn tov F wg Siavoouaticotd
xawpov vrep tov .

An6o£1EN Ocwpodpe 0 F g Sravuouatid xdpo vép tov copatog Fy, == Z/pZ. Avaykootikd 1
dibotaon eivon Temepacuév. Osmpodue pio Bdaon {e1, ..., en} tov F. Kabe otoryeio tov F ypaoeton
OTN HOPON:

Are; + - Apen,

6mov ta A Srotpéyovv 1o Z/pZ. Tipogavag to F éxel p™ ototyein, 66e¢ kat ot eTAOYEG TV Ay € Fyp.
AVTIGTPOQmG, av d00sl pa SHvaun mpdTov pM vdpyel shpo pe p To mABog oToysia; Av To
h = 1 eivor co@ég 6TL vdpyet Eva Tétoto copo 10 Fy, = Z/pZ. Méhota kébe dAAo oo pe P TO
minbog otoryeio eivat 160popPo pe 1o Fp, apod Oa npémet va mepiEyet £va copa 160puopeo pe to Fp
Kol ooy £xovv To 1610 TANB0¢ oTOLYKElWV Elval 1IGOHOPPO.
Oo YPEGTOVLE TNV TOPAKATO

4.3.2 lIp6Taon:
2e kabe daxtorio R yopaxtypiotikns p yio kale x,y € R igyder:

(x+y)P" =xP" +yP".

Am6oedn Oa to anodeitovpe mpota yio h = 1. loyvet 6T

P
(x+y)P = Z (3)x"ypv.

v=0

Ioyber (B) = (E) =1.
Ot ovvteleoTég (5) 1 < v <p—1e&ivon 6ot dwnperol pe p. Hpdypar,

P\ __ (p—1)!
() -rat—ir =

Kaveic mapdyovtag Tov mapovopaoth (mov etvar 6Aot yviola pkpdtepot Tov p) dev drapet to p. Apa

dapovv 1o (p — 1)! Zuvenmg igfpf_li))!! € 7 xa

<5> =0modp 1<v<p—1.
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AVTO 0modEIKVIEL OTL
(x+y)? =xP +yP.
H yevin mepintmon mpokdmet e emay@yn: Av 1oyveL
(X + y)phfl _ Xph—l + 1Jph—l’
TOTE VYOVOLLE GTNV P KOl YPNOLUOTOOVUE TNV TtepinTwon h = 1 ya va dei&ovpe 6T
(x+y)P" =xP" +yP",

Xpealopaote Eva kprtplo mwov Ba eEacparilel 6TL Eva moAvmvopo £xel amAiég pileg. Ilpmta Oa
YPEWOTEL VoL avOTTOEOVLE [0l EVVOLN TTOPUYDYOL GE £VOV 0O10VINTOTE daKTOAO. O 0pIGHOG HaG dEV
Ba eprhapfavel kaBoLlov v évvola Tov opiov.

4.3.3 Opopoc:

Lo kdBe oidua F ordpyer juo ovovéptnon D : Fx] — F(x], n oroia ikavomoiel
1. D(f+ g) = D(f) + D(g) y1a xébe f, g € Flx].
2. D(fg) = fD(g) + D(f)g
3. D(x) =1,D(c) =0 yia kabe c € F.

Am6darén [Mapatnpovpe 611 1 31 1610TTa 68 cLVIVACUO pe T devTeEPN emPdArel D (cf) = cD(f)
v ké0e ¢ € F, dniadn n D eivar ypoppux.

AOY®D YPOUUIKOTNTOG OpKEL VoL opioovue TN GUVAPTNON oG Tave ota ototxeio x¥, v € N. Emt-
mAéov, apov D(x) = 1 épovue ot

D(x™) = D(x)x™ 1 +xD(x™1).

n—1

H napandve oyéon emParet va opicovpe D(x™) = nx™ ™, dnwg pmopovpe vo deifovpe pe emaymyn.

4.3.4 lIp6Toon:
Av p(x) € Fx] molvddvouo fabuod m ue ovvicdeotés omd éva oauo F tote n eliowon p(x) = 0 et to
oD M draxexpyéves pideg oto F.

Am0d€1En O epappocovpe ™ PEH0S0 ™G eToy®YNG WG TPog Tov Padud Tov TOAV®VOLOL P(X).
Avm = 116te 10 p(x) = ax + b, a # 0 koun p(x) et axpPig pio Avon oto F mv x = —b/a.
Avm > 2 koim p(x) = 0 dev éget kapio Aon tereidoope. Av 1 eicwon p(x) = 0 &yet pia Avon
a tote
p(x) = (x—a)g(x)

omov g(x) € F[x]. Av éyovpe pa dAAn piCa b 1 omoia givon dtapopeTikn omd v a toTe EnEON
p(b) = (b—a)g(b) =0

kot b — a # 0 égovpe 611 g(b) = 0, dnAadn to b eivar pila Tov g(x) T0 omoio dumg £xet Pabud m — 1,
OTOTE Y10, AVTO UITOPOVLE VO, YPTCLLOTOWCOVLE TNV EMAYOYIKT vITOOeST.
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Eq@appoyn Ioyvetr 611
(p—1)! = —1modp
v K40 tpdto apBpd p. H tapandve 1wootnta etvar yvoroti ot PifAoypaeio wg Bedpnpa tov Wilson.
Av 10 p = 2, 10TE N TOPATAV® 1GOTNTA IOYVEL. AV P TEPTTOS TPMTOS TapaTnpovpe 6TL M €icmon xP —x
éxel g pifa kaOe otoryeio Tov I, omdte 10 (NTOVUEVO TPOKVTTEL e GVYKPIOT TOV GTAOEPOV OPOV TV
TOAVOVOLLOV

x(x—=1)(x—=2)---(x—(p—1)) =xP —x.
Mapaderypo Xtov doktoro R[x], étav 1o R dev givar odpo, propei Eva TOAOVLUO Va EYEL TEPLO-
o06tepeg Maelg amd tov Pabud Tov. INa napdderypo 1 e&icwon deutépov Pabpod
2
x*—=1=0

otov Z/8Z &ye 4-Mboewg, Tig x = 1,3,5,7. Avtd dev épyetar o€ avtifeomn e TV TOPOTAVE TPOTACT
apov 1o Z/8Z dev gival cOuaL.

4.3.5 Ocopnpoa:
To molvavouo f € Fx] éxer moldamrij pida oto p € F, onladi sivor Sraupeto ue (x — p)t yrai > 2 av
kot uovo av f(p) = D(f)(p) = 0.

Am6deiEn AgvmoBicovpe 611 f(x) = (x — p)tg(x) kon (x — p) dev Srapei to g(x). Mapoywyilovpe
Kot £XOVUE:

Df(x) = (x — p)'D(g(x)) +ilx —p)" 'g(x).
To cvunépacpa givar AUECO.

To napamdve arotéleopa pog e&acarilet 6Tt To ToAvdVLRO XP — x €yel amiég pileg, apod
D(xP —x) = —1. Emmléov 10 xP —x xe1 wg pila kaOe otorygio Tov Fypy, 6nmg pmopodpue vo deiéovpe pe
enayoyn. lpaypott 1P = 1, vrobétovpe 6Tt nP = n kot vroroyilovpe 6t (n+1)P =nP+1P =n+1.

Ag BempNoOVUE TO TOAVDVOHO Gp 1 = xP" — x. Mg Bdon o KPP0 TG TOPAYDYOL OAEG Ol
pileg Tov eivan Srapopetikés. EmmAéov umopovpie va amodeifovpe 6Tt ot pileg Exovv T o COUATOG.
[Tpdypott, €00 éva apkeTd peydro oo To 0T0i0 Va TEPLEXEL OAEG TIG PileC TOV gp 1. H 1610TTa

(a+b)P" =aP" +bP"

emPBairer 61110 AOpOIGHO KO T S10POPE PILAOV TOV gp 1 Elvar pila Tov gp 1. Emiong to ywvouevo pillov
etvon piCa kau o1 piCeg TOV gp 1 AMOTEAOVV £val GOUA.

Qo Seifovpe Tdpa OTL KaBe MEMEPUGUEVO GOUA Pe P oTolEla ToTICETON PE To Gdpo pridY Tov
gp.h- [pdypaty, £0tw Eva copa ue M otoeia. Avaypdgovpe Ta GTotyEi0 TOV GOUATOC

{ar, ..., apn}
pe a; =0, as = 1."Eotom éva un undeviko atoyeio a. [MoAlomiacialovpie OA To GTOLYEIN TOV COUOTOG
UE a Ko £YOVUE TO
{aas,...,aapn}

O ToAomAac10GHOG HE a dlaTnpel Ta Uun UNOEVIKA GTOLYELN KOl GUVETMG

p" p"
H ay = | | aai,
i=2 i=2
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apa To Tuyaio pUn pundevikd oTtotyElo tKavomotel TNV e&icwon
h_
aP =1

ue dAdo Aoyto gtvor piCo Tov TOAV®VOHOL gp 1 - TTpogavag kat to 0 givat piCo tov gp k-
370 TPOYPOLLO Sage UTOPOVLE VO KATOCKEVAGOVLE TEMEPACUEVO, COLATA MG EENG:

.

sage:k = GF(9, ’a’);k
Finite Field in a of size 372
sage:for i,x in enumerate(k): print i,x
0 0
1a
a+1
2*a + 1

R =T R = T S S

2*a + 2

O NGOV A~ WN
N
*
Q

Interactive

4.3.6 Osopnpoa:
H mollamiaoiootiki opuddo VoG TETEPATUEVOD COUATOS EIVOL L0 KOKAIKH OUAAL.

Arooeign 1n I'vopilovpe 611 N ToALATA0GIOGTIKY Opdda G Tov cmpaTog ival afeiiovn pe Taén
p™—1. And 10 Bedpnpa TOE VO LN GG TOV TEMEPAGUEVOV OEAMAVAOY OUAd®V avtr| Ba elvat TS Lopeng:

G=Z/MZ®- - ®L/NZ,

Y10 UOIKOVG OPLOHOVE Ny, . . . , Ty TOV OTTOIWV TO YIVOUEVO etvol p™ — 1. Oewpovle To ELAYLOTO KOO
moAlamAdoto toug m. Eivan capéc 6Tt m < ny - - - ny.. 'Eva tuyaio ototyeio x € G Ba gival tng popeng
X = (X1,...,Xn) OOV Xy € Z/NyZ. Apo. x™ = 1. Ouwg n e€icoon x™ — 1 o &va chua £l 10
moAd m pileg dpa m = p™ — 1 = [G[. Avto onuaiver 6t (ni, nj) = 1 Kkou cvvends N opdda G eivar
KUKAIK.

4.3.7 Opwopoc:
KaBe yevwntopag tne korchixig opddog (th)* Oo. Jéyetan mpawTopyiko aroyeio.

IMapaderypo X1o copa pe 7 otorgeia éxovpe Fr = {1,2, 3,4, 5, 6}. Ilapatnpovue 6Tt ot Suvapelg
0V 2 givor o1 {2,22 = 4,23 = 8 = 1}, dpa 10 2 éxet T4én 3 Ko Sev pmopel va Topdyst oAOKAN PN TV



http://users.uoa.gr/~kontogar/kallipos/FiniteFields-b.html
http://en.wikipedia.org/wiki/Abelian_group#Finite_abelian_groups
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TOAMOMAAGIOGTIKY Opdda. Aempodpe TOPa TIg Suvauelc Tov 3. 32 = 9 = 2, dpa 10 3 £xeL TGEN 6 Kon
TOPAYEL OAN TNV oA,
Oa ypelocTOVE Pepikd otoryein amd T Bewmpio TOV KUKMK®V Opadmv.

4.3.8 [IpoTaon:
Xe pia kordi oudda ue yevvitopa T kot t6éy m, 1o otorysio Tt éyer téén m/(m,1).

Amédeién Ipaypatt ov s sivorn téén tov T, 1618 THS = 1 kon éror m | is. Tvvendg m/ (i, m) | s.
And v G (TH™/ Gm) — (T (/M) — 1 Apa s | m/(i, m), cuvendg s = m/(i, m).

4.3.9 lIpoTaon:
Ocwpoiue o kordiky ouado G = (T) ue taén m. Ta k6le diaapétn & | m 1o wAbog twv oToryeiowy ue
taén b eivor ().

AT6d1&n Toppova e ™V Tapomdve tpdtacn to ototyeia T pe (a,i) = 1 sivon akppédc ta
otoyeia pe TaEn m. Avtd givar axpipdg e (m) to TAnboc.

"Eva ototygio pe taén & | m eivon (e copp@vo pe TV Tapamdve tpdtach) to ototyeio TM/P.
AvT6 yewvd o kukhkh opddo (T™/ %) 1) omoia £xEL Y10L YEVVITOPES TOL GTOTYEL Tm/8)i e (3,8) = 1.
Ta otoyeia avtd givor ¢ (6) To TAn00C.

4.3.10 llpétaocn:
T'ia kaBe pvoiro op1Buo m ioyvel

m=) ¢(3).

Slm

Amodaén Eod Oa ddvoovpe o omddeién faciopévn 6t Bempio 1oV KUKAIKGOV OUad®V. OempodiE
TNV KUKMKT opada pe tédéEn m kot dtopepilovue o ool Elo TG avAAloyo pe TV TAEn Toug. Amo To
Bedpnua tov Lagrange ot duvatég TaEelg otoryeimv g opddog eivar ot dwpéteg & | m. And v
TOPOATAV® TPOTAGT O TOTOG EIVAL GAPTG.

Kéwvovrag ypriomn tov tomov

d(m) =) $(3)
5lm

UTOPOVLE VO SOCOVIE OKOLLO Lo OTOSEIEN OTL 1) TOAAATANGIOOTKT] OUAO EVOG TEMEPAGUEVOV COUOTOG
glval KOKAIKN. Oa ¥PEWCTOVUE TO TAPUKAT®:

4.3.11 lIp6Taon:
Mia wenepaouévn oudda G ue taén m eivar kokiki av kar uévo av yio. kdbe droupéty & | m vmdpyer to
oD pio kvorlixy vroouada s G ue taén b.



http://en.wikipedia.org/wiki/Lagrange%27s_theorem_%28group_theory%29
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Am6oetn Av n G eivar Kok, TOTE etvar caeég 0Tt Exovpe akpBdg Ho vtoopdda pe Taén & Y
KGO & | m.

Avtiotpégag, ta otoyeio pe teén O omv opdda G givau 1 0 N (d). pdypott av dev vdpyet
otoyelo pe téén & to TAnBog Tovg eivar 0 evd av vrapyel otoyelo pe Téén & Tote aTo Ba TAPayEL Hia
KukAKkn opdoa pe Taén &  omoia Oa etvon povadikn. Avtod Ba £xel g cvvénela To TAN00G TV cTol ElmV
e taén & av dev givar 0 va givar ¢ (). Awapepilovpe ko T T oToLyeia TG opddas pe téén 5. And
TOV TOTO TOV aBPOoiGHATOC £YOVE OTL

Y dE)=m=) ()

Slm 8'|lm

omov 1o aplotepd GOpotopa dratpéyxel Tovg dlopéteg & | M evd to dekl Toug Srpéteg & Yo ToVG
omoiovg vrrapyetl otoryeio Tdéng &’ oty opddo G. Eivar cagpéc (apov kot ta dvo abfpoicuota divovy
amotéAeco ) OTL Yo kGOe Stoupétn vdpyetl ototyeio TaEng & ko Bewpdvtag & = m, &yovue 6TL N
opdoa etvor KuKAK.

Mmnopovpue tdpa vo. dgiovpe 611 11 TOALUTANCIOGTIKY OUAS0 EVOC TEMEPAGUEVOL GAOUOATOG Eval
wokhky: Tpéypatt, Yo ke & | p* — 1 = [Fn| Ta. otoygeion pe t6En & etvon axpiBag ot 8-pileg g
pHovadag ot omoieg gival o1 Avoelg g e&icmong

x> —1=0

N omoia £yl 1o TOAD & T0 TANBO0C pilec.

4.3.12 llpétaon:
Kabe vroowpo tov owpatog Fpn éxer p< oroyyeio ue d | n. Emmiéov, yia d | M vmdpyer povadixoé
vréowue tov F pe pd 10 mAiboc oroiysio.

An66£1&n 'Eoto K vrocopa tov Fpn. H yopakmpiotiky tov gival p Gpa £xovue TV mopokdto
oAVGId0 COUATOV:

Fp C K C Fpn.
O Babpédg g enéktaong [K : Fp] = d, evad o Pabuodg g enéktaong [Fpn : Fp] =n. Apa

n:d[]Fan]

d

Avtiotpoépmg av d | n, tote (p¢ — 1) | (p™ — 1), apo?:

(P" 1) = (pH)™ =1 =(p? = 1)(1+p? +p* 4o 4 pdn/aT),

Apa Xl 1 | xP" 1 — 1 kot cvvendg xP! —x | xP" — x. To odpa pidv TV xP!—x éyer pd
oTotysio. Ko dev vIapyet GALo TETolo chdpa (0ol Kade M undevikd o Hrav pite Tov x4 — x.)

Hapotipnon Agod n oudda Fn givar kokhikn ta8ng pM — 1, vrapyovv axpiag Gp(p™ — 1)
YEVVNTOPEG TNG (TPOTOPYIKA GTOLYELD,).

4.3.13 llpétaocn:
To ke memepaouevo odpa ¥ kar kdbe 1 vmdpyer éva avdywyo morvdvopo folbuod n.
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Am6de1en Oswpodpe évo odpa E pe p™* 1o migfog ototysio. Ocmpovpe Eva Tpatapyikd oTotysio
¢ tov E. Ioyoet 0t B = Fi(C). O Babpog mg emékraong Fppi(C)/F ik eivar n kon towtileton pe tov
Babuo tov avaywyov tolvdvupov Tov (. To eAdy1ioTo moAvmvuLo ToL ( givol GUVETMG 160 LE M.

4.3.14 Ozopnpao:

Eotw Fyn éva memepaouévo oouo pe p™ 1o mijfog oroiyeio. Oswpoiue éva avéywyo molvdvouo o(x) €
Fpn[x]. Av C eivau o piloc tov molvawviuov o(x), 1ote 10 omua piiov tov o(x) eivar to Fpn (). Me dlia
Aoy, av emavvayovue pio pilo. Tov avaymyov TOAWVOUOD TOTE TIG ETLOVVATTOVUE OAES.

Amédargn To odpa Fpn(C), 6mov ¢ pile tov o(x) ivar éva oopa pe p™9 otoyeia, omov d =
deg(o(x)). Apa o Fpn(C) ivar o codpa piidv Tov xP™ —x. To o(x) dwpei to P x. SOVETMG
OAec ot pileg tov o(x) givar ko pileg Tov P x.

Hoepatipnon Xe copato yopaktpotikng 0 to mapardve Bempnuo dev gival cmoto. [pdyuatt
70 moAvdvopo X3 — 2 € Q[x] éxet o Tporypotiky pilo ™y V2 € R. To odpo Q(/2) dev mepiéyet Tig
GAkeg 800 pryaducé pilec V2w, v2w? tov x* — 2, dmov w, w? = W eivar ot yadikég Tpitec pileg
™G Hovadag.

4.3.15 llpéraon:
Eotw F,n odpa ue q = p™ 10 Tibog orotyeio kar o(x) avéywyo TOAVGVOLO VIEP TOL FAOUATOS Fon
ka1 to omoio éxel folud d. To o(x) | (x9" —x) av ket uévo av d | n.

. r , p , , , d , ,
Anonéslgn Eoto ¢ o pifo tov o(x). :1:0 copa Fq(C) etvon éva cdpa pe g¢ to tiqog otorysio. Av
o(x)x9" —x 1618 10 C givar pilo Tov X9 — x Ko cuvendg To Fq(¢) pe q¢ to mnbog otoreia givar
vrocopa Tov Fyn. To chpa priov tov x9" — x pue q™ 1o MABog oToryein £xet éva vdcmpo pe q¢
ototyeia av Kot povo av d | n.

4.4. O teheotic Tov Frobenious

Oewpodue 10 memepocuévo copa Fq pe q = p™ 10 MNBog oTotysin. Oa deifovpe 6Tt Y100 KhOE
Voo apBpd d, vrapyet povadikd péypt wopoppiopov copa F dote [F : Fy] = d. To copa avtd
givar 70 copa F a.

O teheotng tov Frobenious eivon pio cuvaptnon:

Fq: qu — qu
x = x4
ITapatnpovue 6TL
Fq (x+y) = Fq (x) + Fq(U)
KoL OTL
Fq(xy) = Fq(x) : Fq(U)-
EmmAéov woybet 6t x € Fya eivar otoygeio tov Fg av kou povo av Fq (x) =x.

[pdrypatt xovpe amodeifer 0t1 ta oToyEin TOL cOpaTog IF g eivan akpiBag ot piCeg Tov TOAVWVY-
pov x9 — x. Avtd onuaivel 6tL  cvvdptnon tov Frobenious eivor ypopupikn aneikdovion tov F qd av
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Beopricovpe 10 F a4 0g duavvopatued ydpo vép tov oopatog F g, dntadni
FqO\X +wy) = }\Fq(x) + l»LFq(y)a

Yo k60e X,y € Fqa won Apnely.

Ag Bempnoovpie TV alyePpikn KAEIGTOTNTO Fq 0V 6MOUOTOG [F g . Kdbe oToryeio x Tov cmuatog ?q
etvan akyeBpuco vrép Tov copatog F g, dpo ikavoroiei éva erdyioto moAvdvopo Babuod d yo kéroto d
KoL GLVERMG £fvan 6ToLEEl0 TOV 6MONATOS [F 4 Yo KGmOl0 d. MTopovue o¢ kabe Tepintwon vo opicovpe
Tov 1EAe0TN TOL Frobenious wg cuvédptnon

x — x9.

"Exovpue amodei&etl 01

4.4.1 Ocopnpa:
Tia kabes x € ﬁq
x € Fq av ka1 uoévo av Fq(x) = x.
Eriong to moparndvo pumopet va yevikentel wg eCRg:
Ta kabe x € Fq
x € F e av kot pévo av (Fq)e(x) = qu(x) =X.

Hapatipnon O 1edheotic Tov Frobenious nailel tov poro g piyadikng cvluyioag 1 omoia ival pio
ovvaptnon C — C. Eivaw yvooto 611 ot Tpaypotikoi apBpoi eivorl to otabepd ototyeio e svluyiag,
onradn éva x € C avikel 6to R av kot udvo av X = x.

Hepatpnon To copa Fn eivar 1o vocmpa tov ED mov otadeponoteitor and Tov tehecth Fq, =
p™. Ta vrosdpoTo Tov Fq eivon g popeng F,e mov otabepornotovvrar amd tov Froe. Apod Fpe C Fg o
teheoTiig Fq aviket oty opdda mov mapdyet o Fye, dpa Fq = F; . Y1 Kamota Sovopm s. Anhady pls =
™. Anhodn Seiloypie Kot pe vav S10QOPETIKS TPOTO HTL TO VTOCMUOTE TOV COWUATOS Fon aviiotoryovv
0TOVG SLoPETEG TOL h.

Hapatipnon Mia yvooti TpOTAOT] GYETIKA LLE TO TPOYLLOTIKG TOAVGVULLO AVOQEPEL OTL AV £VAL TTO-
Mdvopo f(x) € Rlx] éyer pia pilo tote Ba xet kar ) ovluyn g. H avdloyn mpdtacn oty mepintmon
TOV TEMEPUCUEVOV SOUATOV givon 1 e€ng:

4.4.2 lIp6Toon:
Av a pila tov molvwviuov f € F g [x] t61e kou dleg o1 dvvaueis Fa (a) Ba eivau pilec Tov f.

Améden Eoto f(x) = Y | avx". Epappolovpe tov tekeot Fh otV e&icmon
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KOLXPNOGHOUTOLO0HE TO YEYOVOS OTL 0 Fyy givan opopopeiopds Saktvinv kabadg kat to dti otabeponotet
0 oTolyEla ToV cwpatog Fy yio va kataAnéovue otny eicmon:

Y avFi(a)Y =0« f(F(a) =0
v=0

Iy mpaypatikomra 1 opdda Galois g enéktaong Fja /Fq mapbyeton amd oV TEAECTN TOV
Frobenious. Katopynv o tekeotg tov Frobenious eivon évag avtopoppiopog Foa — Fya o omoiog
Kpatd otadepd to copa Fq.

AgetvanF qa = Fqx]/(f(x)) ploypaen tov sopotog F o mgandiko evog modvwvopikod doktviov
modulo 1o KOp10 WEDOEG TOL TAPAYETAL ATO £VOL AVAYWYO TOAVDVVUO T.

Zrabeponotovpe pio piCar a € Fya tov f. Amodeilopie 611 01

2 3
a,a%,a9,a9 ...

etvon emiong pieg tov f(x). Avtég Aéyovtan ovluyeic tov a. H axolovbio £xel memepacuévo mAnbog
drokeKppEvoV petadd toug otoyeinv. Yrobétovpe a # 0. 'Eoto & o eldyiotog Betikdg axépaiog yio
Tov omoio vapyel j pe 0 < j < 6 wote a9’ = a9 . Tote

1=q9°9 = g9 (@ 7-1)

H tehevtaia oxéon pag Aéet 6t téén ord(a) Tov a ®g oToryEio TG TOAAATAAGIAGTIKNG OUAS0G F’;d
wovomotel
ord(a) [ ¢’ (q*7 —1).
Ao ™V GAAN pepta #de = q9-1, ondte ord(a) | q4-1 kou cvvendg (ord(a), ') = 1, Gpa éxovus
ord(a) | (¢°7-1) %
8
a?t T =a.

To & dpwg elvan 0 ekBéng TN TPOTNG EMavAANYNC. Zuvendc Oa tpémel j = 0 omdte
ad =a.
Onoga € Fya kot #Fqa =q d 10 omoio cOpmva pe To Bedpnpo Tov Lagrange divet ad’ = a.
Oa anodeiEovpe TNV TOPUKATO:

4.4.3 lIp6Toon:

(x™—1,x"—1) =xmn) _ 1.

[Ipdypatt propodue va vrofécovpe 6Tt M > n. Xe ot TV mepintmon
XM —1—x"" (X" —=1)=x""" — 1.

SVvenmg Eva TOALMVVLO oy dtopel kKot to Xx™ — 1 ko to x™ — 1 Ba dwopel ko to x ™™ — 1. Amo
TNV EMOYOYIKN VTOOEON
(xm 1 xt—1) =xMmen) g
il
(m,n)=(m—n,n)
GUVETIMG
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|
. . . , . (4,5) . . . . .
A6 v mapandve tpdtacn rtaipvovpe 6t ad = a. Avtd Opwg eivar o€ k@O TepinTmon dromo,
S0t voBésape 6T d etvan 1 TPAOTN EMAVAANYN TG aKoAovBiog

2 3
a,a%,a9,a9 ...

Extoc av (8, d) = 6. Ankadn npénetto | d.
Yoprépaopa: To mAnbog twv dokekpipévov cvluymy & Tov a sivar évag dapétg tov d. To &
avtd o Aéyeton Pabpog Tov a. Mdaliota givar 0 EAdYI0TOG BETIKOC OKEPOLOG DOTE

q° = 1modt,
6mov t = ord(a). Aniadn anodsiope T0

4.4.4 Ocopnpa:
To winbog tawv (diaxexpuévav) ovloymv tov a, éotw J, eival évag draupétns tov d. O b givar o0 EAdyiotog
Oetino¢ axépaiog Tov 1kovomTolel Ty
t =ord(a) | q°-1.
Axoua, ov A = ud + 1 6mov 0 < v < -1 wote

[Mopatnpovpe 6TL

aq?\ _ aqp.SJrT _ (aq5>q _ aqr'

O

To ghdyroto molvmvupo Tov a Ba mpémel va £yl TovAdyiotov & pilec. Tuykekpiuéva amodei&ople
ot pall pe 10 a Kot ot SuVAapELS

2 3 6—1
a,a9,a9 ,a9 ... a“
etvan emiong piles. Eotm
fa(x) = (x-a)(x-ad)--- (x —a® 1)

kot f(x) 10 eEldy1oTO TOAVGVLLO TOL f.

Tote 10 fo(x) droupei to f(x). Oa anodeiovpe 6t fo(x) = f(x). [papovue

5
fa(x) = (x-a)(x—a%)--- (x —a® 1) = Z AvxY,
v=0

onov Ai € Fga. Yydvoope oty q-80vapun (dniadn epappolovpe tov tedeoth tov Frobenious) yia va

TOPOVLLE
5
fa(x)9:= (x—a)9(x—a®)9 ... (x —a® Hd = Z AdxY,
v=0

Enumléov €xovpe 011 (x —b)9 =x9 — (—=1)9b9 = x9 — b9. Avtd pog divel 6t 10

5
fa(x)q = fa(xq) = Z AyxYa
v=0
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Kot £T61 KOTOANYOLUE GTNV

5 5
3 A= 3 A
v=0 v=0

apa

Al =A;
yokabei=1,...,0 — 1, cvovenwg A; € Fq. Anodeiope Lowmdv 1o akdrovdo:
4.4.5 Osopnpoa:

, , d , , , , ,
AvF qa memepaousvo oiua pe < otoryeio ko K vrdowpa pe e q otoyyeiokar a € F qa, tote 70 €Adyioto
ToAv@vouo 00 a ws Tpog To aauo. K eivar to

fa(x) == (x-a)(x-a®) -+ (x —a® 1),
O0mov  gival 0 EAGYI0TOS PLOIKOS TETOI0G (WTTE

qf’ = 1modord(a).

Hapaderypo o g = 2 xon d = 4 Bewpolpe TV enéktoon
F/K omov F = F16, K= FQ = {0, 1}

Hopotnpodpe 611 10 x* +x + 1 € F3[X] eivon avéywyo. Oa KoTacKeVAGOVUE TO Gho pe 16 = 24
GTOLElD HEGM AVTOV TOL TOAV®VOLOL, dNANOY| Ba KATOUGKEVAGOVLE TO

Fi6 = Falx]/(x* +x + 1).

O 6 elvan Fa-dravuopaticog ympog didotacng 4.
Av pe a ovpporicovpe to x (modulo x* + x + 1) 161€, ©C Sidvuopa, to a sivar to (0,0, 1,0).
Ta otoryeia tov Fig Ba aviiotoryodv oe dwatetayuéveg tetpddeg (a, b, ¢, d) 6mov 1o a, b, ¢, d givat ot
GUVTELEOTE TOL VITOAOITOV TNG Staipeong pe x* +x+1, To vorowwo Snhadn o stvar ax3+bx?+cx+d.
Ymoioyilovpe T GLVAUELS TOV a:
a’? — x2 emopévarg a? = (0, 1,0,0)
a® — x3 emopévarg a® = (1,0,0,0)
a* = x* (modulo x* + x + 1 = a + 1 emopévarg a? = (0,0,1,1)
a’® = a? + a emopévarg a® = (0,1,1,0)
a% = a3 + a? enopévorg a = (1,1,0,0)
a"=a'+a?=a®+ a+1emopévoc a’” = (1,0,1,1)
a=a*+a?+a=a’>+2a+1=a’+1enopévoga® = (0,1,0,1)
a’ = a* + a emopévarg a® = (1,0,1,0)
a®=a*+a?=a’+ a+1enopévoc al® = (0,1,1,1)
a'! = a® + a? + a enopévoc ay = (1,1,1,0)
a2=a*+a®+a?=a®+a?+ a+ 1enopévog al? = (1,1,1,1)
aP=ad'+a?+a?+a=a’+a?+2a+1=a+a®+1emopévog a® = (1,1,0,1)
a4=a*+a*+a=a®+2a+1=a’+1emopévoga' = (1,0,0,1)
a®=a*+a=2a+1=1enmopévaga'® = (0,1,0,1)
Kartaokevalovpe tov TapakdTo wivoka:



4.4. O TEAEZTHZ TOY FROBENIOUS 71

[Mivaxog 4.1: Avvapelg tov a, TaEELG Kot EAAYIoTO TOAVDVULLO

i adl ord(a') deg(a) eAdyioTO TOAVGVLLO

0 (0001) 1 1 x+1

1 (0010) 15 4 (x—a)(x—a?)(x—a?)(x—a®)
2 (0100) 15 4 (x—a)(x—a?)(x—a*)(x—a®)
3 (1000) 5 4 (x—a3)(x—a%) (x—a”)(x—a'?)
4 (0011) 15 4 (x—a)(x—a?)(x—a?)(x—a®)
5 (0110) 3 2 (x—a®)(x—a'?)

6 (1100) 5 4 (x—a3)(x—a%) (x—a”)(x—a'?)
7 (1011) 15 4

8§ (0101) 15 4 (x—a)(x—a?)(x—a*)(x—a®)
9 (1010) 5 4 (x—a3)(x—a%) (x—a”)(x—a'?)
10 (0111) 3 2 (x—a®)(x—a'?)

11 (1110) 15 4

12 (1111) 5 4 (x—a?)(x—a%)(x—a?)(x—a'?)
13 (1101) 15 4

14 (1001) 15 4

15 (0001)

Oupdpoote 6Tt 0 Pabuds Tov at eivat o gddyiotog puotkdg d > 0 TéTolog dote
qd = 1(modord(al)).
Ed® ywo to a éyovpe t = 15 ko q = 2, omdte Ohovpe
24 = 1(mod15).
Ankodn d = 4.'Eyovpe 61U

2

(x—a)(x-a?)(x-a?) (x-a®) = (x>~ax—a®x + a?)(x-a*) (x-a®) =

= (x}~ax?-a®x? + a®>x—a*x? + a®x + a%—a")(x—a®) =
=(3(a+a?+a )X’ + (a3 +a® + a®)x—a")(x—a®) =
=x* (a+a?+a )P+ (P +a’+a%)x* a"x a®x3+a®(a+a?+at)x? a®(a® + a2+ a)x+al® =
=x'+ @@+t +®+a)+(a?+a+ '+ P+ P+ )P+ (' + a¥ 4+ all +al)x+al? =
=x*+ 03+ 0x62 + Ix + 1 =
=x'+x+1
Avto dev gtvan Tuyaio. Eivan To molvdvoupo an’ to onoio Eekivioape. @a vroloyicovpe tdpa To

gAdyioto Todvdvopo Tov b = ad. Ta a?, a?, a® eivor Ta cvluyh Tov a, dpa 0 ELGYIGTO TOAVGOVLLO
Ko ylo avtd eivar To 1810 pe Tov a. Av mapovpe 1o (x—a?)(x—ab)(x—a?)(x—a'?) Ba Ppodpe To x* +
x3 4+ x2 +x+ 1. Oo LTOPOVGULLE VO KAVOVLLE TOV VTOAOYIGHO GTO sage, OAAG o SOVLE Eva SL0POPETIKO

emyeipnua: Ovopdlovpe b = a® tote Exovpe:

1 = (0001)
b = (1000)
b? = (1100)

b? = (1010)
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bt = (1111)
IMapatnpovue amd to de&i péPoc TV napandve eEIcOCEMY OTL
b*+b° + b2 +b+1=0.

AMGD = a3 # 1 ondte b = (a3)® = a'® = 1 To b eivon wa 5—pila g povadag, dniady pide Tov
TOAV®VOLLOV

1=+ +xE+x+1).

4.5. N-o1ég pileg Tng povéaoag

Y éva ocopa F 1o x Ba Aéyetar n-ootn pila g povddag av Kot povo av givar pifo g e&iomong
x" =1.

Av 10 1 givar SOVOUN TNG YOPOKTNPIOTIKNG, TOTE LILAPYEL LOVO o n-ot pile g povddag, to 1.
[pdypatt

xP" —1 =0 sivor 160d0vapo pe (x — l)ph =0

oniadn x = 1.

Opoiog avn = pM-m, (m,p) = 1 1618 01 N-0T£C pilec g povadag eivor id1eg pe TiIc m-pileg ™
povadag apon

x"™ — 1 = 0 givan 16odvvopo pe (x™ — 1)ph =0.

4.5.1 Opwopoc:
Eotw (n,p) = 1 ue By, Ga ovpPolilovue to 6dvolo twv n-0ot@v pildv e Hovados ato oiua. Fp.

To TAn00¢ TV ototyeimv Tov E4y €lval N apod To TOAV®OVLLO 0PIGHOV €xel omAEG pileg (N Tapdyw-
y6¢ Tov D(x™ — 1) = nx™ ! &yet povadum pio 1o 0 dpa dev pndeviletan oe pilo TG LovEaSoc).

To obvoro E;, glvar opddo tééng n n omoia givorl KLKAIKY, @OV gival VTOOUASA TNG TOAAATAOGLO-
OTIKNG OUAO0C TOV CAUOTOG TOL TTEPIEXEL OAEC TIG pilec.

4.5.2 Osopnpa:
Eotw E 10 ooua piiov tov molvwviuov X — 1 vmép tov memepacuévov oouatog Fq. O pabude [E :
Fql = s eivou 0 edéyioros pvoikés wate

q°® = lmodn.

AT66€1EN Aol T0 mA00g TV ototyeiwv Tov E Ba eivan q° n opdda E* Ba Exer taén q° — 1 kou
ovvendg n | q° — 1, ovvendg q° = Imodn.

AvTIoTpoQG, fotm 6tin | q7 — 1 16te (x™ — 1) | (x9° — x). Apa kdbe pila Tov x™ — 1 givon
piCa Tov (x9" — ) Kot GUVENMG TEPIEYETAL GTO IF 4. "Exovpe omodei&er 611 10 copo piiov E tov x™ —1
TEPLEYETOL 6TO odpa pe q" otoyyeia apkei va woyver otin | g7 — 1. To gddyioto oodpa E givar avtd mov
eppaviletor otov EAdyioTo s Yo Tov omoio woydetn | q° — 1.
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4.5.3 Opopoc:
Evog yevvitopag w ¢ kvkAikng ouadag En, Qo Aéyetan mpawtapyixn n-pilo e povaédog.

Amo ™ pia £yovpe Ta TpOTAP)IKG GTotKEln 6T0 copa piov E tov moivwovipov x™ — 1 ta omoia
yevvolv pa KukAkn opdda E* pe taén q° —1 kot amd v dAAn £ovpie TV KUKAKY vroopdda B, < E*.
AgvmoBécovue 0TL w givan évag yevvhtopag g En . Etval cagpég ott

w =,
omov ( eivan éva TpaTopykd ototyeio (yevvntopog e E*) kot £ kotdAAnAn ddvaun dote o w vo, £xel
T6&n n.

Efvon yvooto 61t to ototyeio (¢ éxet t6én
q°—1
(¢, qs —1)°
210V TOPOTAV® TOTO AVTIKOOIGTOVHE TO ° — 1 = nr Kot £xovpe
q*—1 nr

(evqs - 1) (Lnr)‘
Amoutodue to tedevtaio KAGopa va gival ico pe n to omoio givar 16oddvapo ue v = (£, nr), dnhadn
{=rm= g%m pe (m,n) = 1. KataAfyovpe Aoumdv 6Tov Topakdto yopoKTpiopd:

4.5.4 Ocopnpoa:
Av C eivou éva mpwtapyikd otoyeio tov oduarog pilov E oo x™ — 1 oro FIx], t61¢ 10 obvoro twv
TPWTOPYIKDV PLLDY TOD EIVOL TO

{CE%"“, I1<m<n,(mmn)= 1}.

ITog Bo vroAdoyicovpe mpmTapykd ctoryeio; Ag Bswpnoovpue éva caopa pe q to TAn0og otoyeia,
Omov 10 g etvor pa dSvvaun TPMOTOV. AV TO TETEPACUEVO COMA efvar peydAo tote Ta Tpdypata etvol
dvokora. YTapyetl Evag aAyopBpoc, yvowotdg mg adyopBpoc tov Gauss mov g £6000 Tov divel divel
GTOlYElD TOV TEMEPAGUEVOL GMUATOS A7, . . . , A} DOTE

ord(a;) < ord(az) < --- < ord(ax) =q—1.

Emumléov woyvet 6ttord(ay) | ord(aiyq).
O aAy6p1Bp0g 0vTog divetan omd To TopakdTe PripoTo:
1. Eotoi=1xaa; € F* ugord(a;) = t;.
2. Avt; = q — 1 tehewwocape. To ay elvon éva mpotapyucd ctotyeio.
3. Avord(ai) < q — 1 emAéyovpe pn-undevikd otoryeio tov F (éotm b), dote to b va pnv givon
dbvapn Tov ai mov VroAoyicape 6to Tponyovpevo Prpa. Eotm 6tiord(b) =s. Avs =q—1
Bétoupe a1 = b ko1 TEAELOCOLE.
4. Aogopetikd Bpiokovpe d | t; ko e | s tétown wote (d,e) = 1 ku d - e = [ty, s]. Onote
Bétovpe
Qi1 = aiti/dbs/e,
ty = [ti, s], 1 = 1+ 1 ko TInyaivovpe oto devtepo Prua.
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Hapaderypo Ag Bswpnoovpe to copa Fos pe 25 to mAinBog otoryeio. Oempovpe T0 TOAVDOVLLO
x2—2 € F5[x]. To moAvdvopo avtd eivot aviywyo ¢ pog 1o smpa Fs agov sivat Badpov 2 kot kavéva
ototyeio Tov Fy dev eivan pilo Tov. Tvvendg 1o copa Fos etvar 106popeo e to sopa Fs[x]/(x? — 2).

Eexwvape tov akyopBuo tov Gauss: @étovpe a; = X Kot vroAoyiovpe TG SUVALELS TOV aj.

a(l) = 1,(1% =x! =X, a% = x2 :2,x3 :2x,x4 =4,x° :4x,x6 :3,x7 :3x,x8 =1.

H t4&n g xukhikng opddag tov Fog givan 24.
Epappolovpe to Prpa 2. Awdéyovpe €va atoryeio b 1o omoio dev etvan dOvaun tov a; yuo mopd-
detypa 1o 1 + x. Yroroyilovpe Tig duvapelg tov b.

b,b2=2x+3,b>=2b*=2x +2
b5 =4x+ 1,05 =4,b" =4x +4,b% = 3x + 2

b? =360 =3x+3, bl =x+4,b2=1

To otoryeio b éxet Taén 12 ko TaAt dev Exovpe teTparyovikng pila.
Eopapudlovue tdpa 1o Priua 4. Wayvooue d,epe d |t = 8 ke | s = 12 dote (d,e) = 1 ka
d-e = [t1,s] = (8,12) = 24. Yroloyilovpe 611 d = 8 ko 611 € = 3. TOhupmva pe to frpa 4 Taipvovue

ti1/d
as :all/ bs/e.

Anadn
ag = c1§/8b12/3 =q;b* =2x + 4.

e o opdda pe dovo otoryeia A, B yia ta omoia 1oyvelt AB = BA kot ta omoia €yovv tdéeig m, n
pe (m,m) = 1 égovpe 6T M TAEN TOL YVouéVOL gival m.
Yovendg to 2x + 4 éxer 1aén 24 kon givon pia mpwtapykn pila oto Fos.

N

sage:F=FiniteField(5);F

Finite Field of size 5

sage:R.<x>=PolynomialRing(F);R

Univariate Polynomial Ring in x over Finite Field of size

sage:I = R.ideal([x"2-2]);I

Principal ideal (x*2 + 3) of Univariate Polynomial
Ring in x over Finite Field of size 5
sage:S=R.quotient_ring(I);S

Univariate Quotient Polynomial Ring in xbar

o over Finite Field of size 5 with

it modulus x"2 + 3

2 sage:is_field(S)

13 true

N=T- S - L s R S

Interactive
Ag voAoyicovpe TIG SUVAELS TOL X UE TO sage:


http://users.uoa.gr/~kontogar/kallipos/FiniteFields-c.html
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Nl o 3 (=)} w £ w [\S] — )

o

7~

for i in range(1,9):

i, x™M

(1, x)
(2, 2)
(3, 2*x)
(4, 4)
(5, 4*x)
(6, 3)
(7, 3*x)
(8, 1)

Kat a¢ kévoupe to id10 yia T1g dvvdpeg tov 1+ x

.

=T e Y S L

for i in range(1,13):
i, (1+x)7i

(1, x +
(2, 2*x
(3, 2)
(4, 2*x
(5, 4*x
(6, 4)
(7, 4*x
(8, 3*x
(9, 3)

(19, 3*x + 3)

1)
+ 3)

+ 2)
1)

+

+

4)
2)

+

(11, x + 4)

(12, 1)

Ag kdvoupe Tov 1610 LTOAOYICUO Y10 TOV YEVVITOPO. 2X + 4 OV VTOAOYICapE:

for i in range(1,25):
i, (4+2*x)"i

(1, 2*x
(2, x +
(3, 2*x)
(4, 3*x
(5, 3*x
(6, 3)

(7, x +
(8, 3*x
(9, x)

(10, 4*x + 4)
(11, 4*x + 2)

(12, 4)

(13, 3*x + 1)

+ 4)
4)

+ 3)
+ 4)

2)
+ 2)
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6 (14, 4*x + 1)
7 (15, 3*x)

s (16, 2*x + 2)
9 (17, 2*x + 1)
o (18, 2)

b1 (19, 4*x + 3)
by (20, 2*x + 3)
b3 (21, 4%*x)

b4 (22, x + 1)

s (23, x + 3)
s (24, 1)

A VTOAOYIGOVLE TOPO TO ELAYIOTO TOAVMVVLO TOV 6ToLYEI0V 2X+-4. [la avTd Ba emoTpatedcove
v opdda Galois 1 omoio eivon TaEng 2 Ko amoteieital and 6V0 otoryeio: v TavtdtTa Id Kot ™
GULVAPTNOT] O 1 0ol OTEAVEL TO X 610 —X. To gAdyioTo moAv@VVLO Ba Tpémel va €xet pilo ToOLAd IGTOV
10 2x + 4, 0(2x + 4) = —2x + 4. Ynoloyilovpe OtL

(X—(2x+4))(X = (—=2x+4)) = X> —8X +8 = X% + 2X + 5.

To mapandvem givat To EAdyIoto ToALVMVLLO ToL 2x + 4. H katackevun] Tov cOuatog Pe 25 oTotyeln ¢
Aiko
Fa5 = Fslal/(a® + 2x + 5),

vreptePEL amd TNV TPONYOVUEVT GTNV TAPAGTACT] TV GTOLYEI®V TOV GAOUOTOC.

4.6. Avay®Yo TOAVAOVUULO GE TETEPOUCUEVE CAONATO.

‘Eoto éva menepacpévo oopo. Ta Tpotapyikd ototyeio givar o1 YEVVATOPEG TNG KUKAKNAG OLLASOG
K*. To ghdy10T0 TOAVMVVLO EVOC TPOTAPYIKOD 0TOYEIOV AEYETOU VO TPOTAPYIKO TOAVMVVLO.

4.6.1 Ocopnpa:
Eotw Fq éva memepaocuévo amuo. To molvavopo f(x) € Fqlx] eivar mpwrtapyiné yia kémoia enéxraon
00 F 4 fafuod d av xai uovo av 1oyder 6t f(x) | x99 —1 ko f(x) Sev drupeitox*—1ypak < qd—1.

Am6oeiln ‘Exyovpe 1o amodei&etl 61t éva avdywyo moivdvopo Babuov d o mpémet va dtoupet to
x99l 1. Av f (x) dev droupei to x* — 1 ko k < q4~1 kapio pido Tov f dev €yet Taén wikpdTEPN TOL
q? — 1, dpa éxsr mv cooty téEn q¢ — 1.

Avtietpdems, av o Tolvdvopo f(x) givar Tpotapykod, tote Oa deifovpe 611 f(x) dev daupei To
x* — 1y k < q¢ — 1. Ag Oewpnicovpe ) pila ¢ Tov f(x). Ot dAheg pilec Tov ToAV®VOLOL Oa givat ot

G Fq(Q) =09, Fga(Q) = C%, .. Fqaa (@) = 9!

aTEC £lvart ové 300 Srapopeticég kat dev pmopet va sivan pileg Tov moAvwmvipov x* — 1 Babuod k <
d__
q 1.
Av kar gfvor 606K0A0 va vIToAoYiGoVpE TO AVAYWYa TOAVGVV U TOL F ¢ propodue va vroroyilovue
to TA0o¢ tove. Elvatl yvootd ot
qTL
x1 —x= H V4,

din
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omov Vg givar To yivopevo OA@V ToV HOVIKOV avoydymy molvmvopmy tov F g [x] Babpod d. Av howmov
I4 elvarl to TA00¢ TV drokekpluévoy HoVIKGY ToAvwvoumy Babuov d, 10te cuykpivovtag fabpovg

€xovpe
qn = Z d-Ij.
din
A6 1oV VOO0 avTIoTpopng Tov Moebious mov £xovpe amodei&el TPoKOTTEL OTL

1
W= E Z H(d)qn/d-
dn

4.6.1. Kvkhotopkd IToAvdvopa. Go opicovpe TpMOTO TO KUKAOTOUKE TOAVDVULN GTOV dO0KTV-
Ao ZI[x].

4.6.2 Opopoc:
10 N-00716 KvkAotouikd molvavouo Dy (X) eivar T0 povadiké avdywyo rolvvouo oto Z[X] to omoio
droupei 0 X™ — 1 addé Sy 10 X¥ — 1 yra ke k < .

4.6.3 lIp6Toon:
Av C eivau pio pilo tov @, 1676 Ko (& efvou pile tov Oy yia k6be d, (d, ) = 1.

Am6oe1n Oa ddoovpe pa amoddelln Paciopévn og avtn Tov Schur. ['a éva mAnBog dAL®V amodel-
EEWMV EUTAOVTIGUEVEG [LE IOTOPIKA GTOYELN TOPATEUTOVIE 6TO ApBpo Tov S. Weintraub.
Oewpovpe T0 ToAV@VLEO X™ — 1 Ko OETovpe A ™ “Sraxpivovsd”, Tov dniadn TV TocoHTNTO

A=T] -d)?=
i<j
=+ -d) =
i#j
=+[Ja0-dh=
i#
—+[Ja T -a0.
i k#0
To ywopevo
[Ja-c) =n
k0
[pdypott ivar ico pe v T x = 1 6T0 TOAVOVLLO
hx) = [[ox— %) = XL =
= W=7 =

k0
=1+x+x*+ - +x"L
Apa 0 VTOAOYIGLOG TNG O10KPIVOVGOG OAOKAPMVETUL GTOV

A=4n".



http://www.lehigh.edu/~shw2/c-poly/several_proofs.pdf
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Ta vo Seiovpe 611 (4 eivan pia tov @y, (x), apket va Seifovpe 6L av ¢ piio tov @y, (x) TOTE KoL
CP eivon pilo yo k6Oe mTpdTo P MOV dev dwapei To n. Ag vrobécovpe nwg Oxt. To @y, (x) eivor évog
avéymyoc mapdyovtog (6tav oAokAnpmBel  anddeiEn Ba Exovpe deiletl 6T ivon kol povadikdg) Tov
ToAL@VVLOL X — 1. Tuvenmg Ba Eyovue 6Tt

On(x)=(x—0C) - (x— k),

v kémroteg n-o0tég pileg tov 1, (1 = ( kot mov dev cvumepiiaufavovy to (P. Avtd onuaivetl 6t 10
@, ((P) amotekeitar and Sropopic N-06TMOV PLLOV THG povadoag kat dtoupei To n™. Ao TNV GAAN, givon
éva un undevikod ototyeio tov QL) = ZIx]/(Dn (X)) Ko éxet pio popen

On(P)=ap+ar(+---+an 1" h

Av v mapoandve Ekppaor ) Bewprcovpe modulo p, KATAAYOUUE GE £voL SOKTOALO YOPAKTIPICTIKNG
P KoL EKEL EXOVILE
(Dn(cp ) = q)n(C)p = OmOdP

Apa OAOL 01 GUVTEAECTEG a4 Vol SLOUPETOL UE P KOl GUVETDS P | n™, dtomo.

Hopatnpovpe 6ttav d | n, 16te x¢ — 1 Sraupei 10 x™ — 1. Emmdéov Aoy povadikig maporyovionoi-
nong otov doktoilo Kx] to erdy1oto Kovo ToAATAGG10 TOAV®OVOU®Y TTov Stapovy 1o x™ — 1 eniong
Swopei to x™ — 1.

To moAvdvopo x — a dtonpet to f(x) av kar povo av f(a) = 0. Tvvendg at = 1 av kot povo av
x — a Swpet 1o xt — 1. Emiong o mapamdve opiopdg divel o1t @, (a) = 0, dpa a™ = 1 ko eniong 61t
10 a dev eivar pila pxpdtepng taEne ywari av at = 1, 161 10 x — a doipel o x — 1. Avtd dpng eivar
dromo agov 10 @4, (x) elvar avéywyo, cuvendg av &xet pia kown pila pe to xt — 1 161e Bo. mpémet To
@ (x) | x* — 1 10 omoio dev yiveron amd Tov opiopd Tov Dy (x). MdMoTa 0 TOAVGOVLHO X™ — 1 &yet
anhég pilec kot to molvmvopo O (x) éxet pileg akpiPdg Taéng n.

O TapomAve VIOAOYIoUOG HLOG ETLTPETEL VO VITOAOYiIcOLUE TNV opdda Galois tng enéktaonc Q( () /Q.

4.6.4 lIp6Toon:
H oudoa Galois e Q((r)/Q diverou:

Z

Gal(Q(Cn)/Q) = (HZ> .

Onov o kale d ue (d,n) =1kl <d<n—1

0a(0) — 8.

Amooedn [lpdypatt poiig dei&ape 611 To molvmvopo @y €xel og pileg Tig TpoTapykés pileg TG

~

povadog (4. Avtég eivar kar ot SuVOTOTNTEG SLUPOPETIKAOY AVTOLOPPIGUMY TOV cMuoTog Q(ln) =
Qb/ (@ (x)).

Ot piCeg tov @(n) eivar o Tpwtapykés d pileg ™ povadag, dNANdH Ot YEVVATOPEG TG OpMAdag
TV N-06tOV pomv tov 1. MdMota av (n, etvar pa tpotopyikn pilo e Hovadag, omoladnmoTe GAAN
npwTopykn pile g povadoeg Ba sivar pilo tov @, (x), dSNAadn

onx)= [ x—ah),
1<k<n,(k,n)=1

6mov (= e2™/m,
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4.6.5 IlpoTaon:
O uéyiatrog kovog droupétng twv Oy (x) kar O (X) yra n # m diverou:

((Dma (Dn) =1.

An6oeén ‘Eyovpe amodei&er 6t

m

(x™—1,x"—1) =xmn) 1,

AT v GAAN, g Beoprioovue Evav d kKoo SapéTn TOV L, M Kot 0¢ vtobécovpe 6Tt m > n. Eivot
capés 6tio d < M < m, ovven®g o d glvar Yvio10G dopéTng Tov M.
Amd T0V 0pIGLO TOV KUKAOTOUIKOD TOAV®VOLOV TPOKEITTEL O TVTOG:
xMm—1

(0] —
m) = R Mrovxd —T.0<d<m.d|m

m— 4 ’ r r r 4
’;d_ll , 0OV 0 TaPOVORAGTHS TTOL 0pilel To Dy (X) €xel iomG Ko GAAOVG

éyovpe 6T1 10 D1y (X) SlOUPEL TO
Stopétec.

EmumAéov apod to x™ —1 &yet amhéc pileg, 1o O (x) dev €xet kavévay Koo dtanpétn pe 10 Oy (x).
Avto onuaivel 6t (O, D) = 1.

4.6.6 lIp6Toon:
loyder

X" —1=]]®ax).

dn

AméoeEn Avtd eivarl capég wg e&ng: Oleg o1 n-otég pileg g povadag pmopohv vo YoploTovV
avaloya pe v 14N Toug o€ pileg pe téén axpPag d o6mov to d | n.

Hapatipnon Mio evolapéPovca GUVETELN TOV TOPATAV® THTTOV VoL 0 AVOdPOUIKOG TOTTOC VTTO-
AOYIG OV TOALOVOU®Y Do

x"t—1
D, (x) =
" Hdln,d<n ®q(x)
Hopoadciypara:
e [0 p mpwto 10 @ (p) pmopel va voroyiotel kot pe T Pordgia Tov TAPATAVED TOHTOV
P—1
Dp(x) = X : =1+x+x3+-+xP!
e [an = 2p éyovpe
By (x) x?P —1 x?P —1 xP +1
X = = = =
T 010, (x)Pp(x) T Do(X)(XP —1)  x+1
=xP L xP 24 xP 3 x4 1

e Tlan = p? 67OV p TPHTOC EYovpE

2 2
xP" —1 xP" —1

- Dy (x)Dyp(x) S oxP—1

(D.p2 (X)
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= xP(P=1) L xP(P=2) P 1,
e ['evikd umopovue pe emaymyn va deiovue 0Tt
e—1
(Dpe(X) = q)p (Xp ) =
_ X(pil)pefl + X(p72)pe71 + o + X2p671 + Xp671 + 1

Kévovtog ypnorn tov sage PToPOVLLE VO, VITOAOYIGOVUE KUKAOTOUIKA TOAVMVULOL LLE TOV OVOOPOULKO

TOTO OALG KO UE TNV EVOOUOUTOUEVT] GUVAPTNON:

sage:cyclotomic_polynomial(5,’x’)
X" + xX*"3 + x*2 + x + 1
sage:prod(cyclotomic_polynomial(d,’x’) for d in divisors(24))

4 x"24 -1
5 cyclotomic_polynomial(3710,°x’)
6 x”39366 + x"19683 + 1

Mropobie va, KaToypayovue OA0 TO KUKAOTOLK( TOAVDVU LA,
1 sage:for i in range(1,10):
2 cyclotomic_polynomial(i,’x’)
3 x -1
4 X +1
5 X"2 +x +1
6 X2 + 1
7 X" + X3 + Xx*"2 + x +1
8 X2 - x+1
9 X"6 + X5 + x4 + x"3 + x*"2 + x + 1
o x"4 + 1
i1 X"6 + x*3 + 1

Interactive

Mmropel ebkoAa Vo TIOTEYEL KAVELG OTL Ol GUVTEAEGTEG TV KVKAOTOUIK®Y TOAL®OVOU®V givon £1.

Avtd Sev sivar Opeg 6moTo agod o xH éyel cuvtedeoty 2 610 D1p5(X):

r

1

o N N w»n s W

sage:cyclotomic_polynomial(10@5,°x’)
X"48 + x"47 + x"46 - x"43 - x"42 -
2*¥x"41 - x40 - x"39 + x"36 + x"35 +
X"34 + x"33 + x"32 + x*31 - x"28 -
X"26 - x"24 - x"22 - x"20 + x"17 +
Xx"16 + x”15 + x*14 + x~13 + x*M12 -
X"9 - x"8 - 2*x"7 - x"6 - x5 + x"2 +
X + 1



http://users.uoa.gr/~kontogar/kallipos/Cyclotomic.html
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Interactive
O 1mog ™G AvTIGTPOPNG TOL MAbius [og EMTPENEL EMIONG VAL YPAWYOLLLE

4.6.7 Ocopnpa:

Ano6oedn ‘Eyovpe amodeifel tov mpochetikd THTO avIIGTPOPng
n

fn) =Y g(d) = g(n) = Y w@r(%).

din din
Me 10V 1010 aKkpI®OG TPOTO UTOPOVUE VO 0TT0OEIEOVUE 0 TOAAUTANGIOOTIKT £KOOGT
ny r(d)

t) =TTo@=oem =TTf(5) -

din dn

Bo UTOPOVGALE VO TAUE OO TIV TOAAATANCIOOTIKT OTNV EKOETIKY TEPIMTMOON LE XPNON EKOETIKMOV-
AoyapiBpmv oAAG propovpe va Sdoovpe Kot pia omevdeiog anddeién:

p(d)
[Trn/ar@ =TT ([Totv)]  =[Totw=em i =
dn dn \t/} tin
H g(t)zd\%u(d) —g(n)

tin
Mapatipnon To @, (x) givor TNAiKo 600 HOVIKOV TOAOVOU®OV UE OKEPALOVS GUVTELECTES. XTOV
apBunt eivar ot Topdyovreg pe (n/d) = +1 kot otov mapovopaotn eivat ot wapdyovieg pe w(n/d) =
—1.
INo mapaderypo

_ 4 wasza) . (P =1PT
Di5(x) —};[8(7( 1+ = (x6—1)(X9—1)’

dnAaodn givar TATKo 600 LOVIKGOV TOALV®VOL®Y e aKEPALOVG CLVTEAESTEG Babumy 21 o apBuntig Kot
15 o mapovopaotg.

Mo va demotdoovpe 6t Dig(x) € Z[x] pmopodue va kdvovpe tn dloipeom 1 Vo ETLXELPTUOTOAO-
yfioovpe katd Berlekamp:

To @ 1g(x) eivau morvdvopo Babpod ¢(18) = $(2)P(32) = 6. Av népovpe éva ToAvdvopo modulo
x7, enedn 1o deg®15(x) = 6 < 7 dev yavovpe timota. Yroloyilovpe Aomov:

(x3—1)(-1) 1—x3
(x6 —1)(=1) 1—x6

Dig(x) = modulo x”


http://users.uoa.gr/~kontogar/kallipos/Cyclotomica.html
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311 ovvéyela vroloyilovpe
1—x*  (1—x*)(1+x°  (1—x%)(1+x%)
1—x5  (1—x5)(1+x6) 1—x12
Opwg 1 — x'? = 1modx”. Enopéveog

drs(x) = (1 —x3)(1+x%) =1—x3 +x% mod x”

KO TEMKQ
(Dlg(X) = X6 —X3 + 1.

Q¢ pio epappoyn og arodeifovue pia €101KN tepinTmon Tov Bewpiuotoc Tov Dirichlet oyekd pe
TNV OIEPio TOV TPOTOV aptBp®mv Tov gpeoviloviol og aptBpnTIKEG TPOOSOVG:

4.6.8 Ocopnpoa:
Yrdpyovv ameipor mpiror g popens p = lmodn.

Am66€1En To kvukhotopkod moivmdvopo @, (x) eivar éva pn otabepd povikd Tolvdvupo 6ToV doi-
KTOMo Z[x] kot £xel o100epd cuvteleot +1.

Ac vmoBécovpe OTL VPOV TEMEPACUEVOL TO TANOOC TPDTOL P, . . . , P+ 100OVVOHOL e Imodn.
Torte, Yo apretd peydro aképato £ o eiyope

N=0,({np;---pt) > 1
Kot Tpoavad 0 N glvar aképatog. Zuvendc yio ke pi Oa eiyape
N = £+1modp;,

apov povo o otabepdc 0pog emPudvel modpi. Apa yio OAa T pi, Pi Oev dtoupet to N. O apBpog N
OUOG EYELTPAOTOVG TAPAYOVTEG KL EGTM P £vag 0o 0wTo0G. Apov e N = £1modn égovpe (N, p) = 1.
"Exovpue 611

O, (fnpy---pt) = N = Omod p

OLVEN®G TO Npy - - - Pt £xel TAEN N oty opdda U(F, ) n omola éxet ta&n p — 1, pan | p — 1, dromo.

4.6.2. Kvklhotopkd cdpata aplOpdv. Avtd sivor copota g popeng Q(n) = Qlx]/dn (x)
Kot glvar Witepa onpovTiKg oty alyePpikn Bewpia Tov apOudv.

Acg dolpE dVO KLOGIKES EPUPLOYEG TOV TOPOUTAVED COUATMV TOL UTOPEL Vo, Yivouy g0KOAN KOTO-
VONTEG

4.6.2.1. To kovovika moldywve. O Gauss amédel&e 0Tt v Kavoviko ToAvymvo pe 17 mheupég eivan
duvaTOV va KaTaoKeLOoTEl e Kavova kat dtafntn. [evikdtepa 1oyvet 0Tt éva Kavovikd p-ymvo pmopet
VO, KOTOOKEVOLOTEL e Kovova kat dtafrn ov 1o G(p) = p — 1 givan dOvaun tov 2 1 pe dAla Aoy av o
p elvan évag mpdtog aptbpoc tov Fermat. IIpogavag o 17 glvon évag mpdtog apBpog tov Fermat, apod
¢(17) =16 = 24

Eivol cagég 6Tt pe xovova kat d1afntn umopodue vo vroAoyicovue onueia ta omoio fpickovrot
oTNV ToUN 600 TETPAYOVIKOV KOUTUAMDY AP0 Ol GUVIETAYHUEVES TOVG EIVOL GE TETPAYMOVIKEG EMEKTAGELC
COUAT®V TOV £(0VV NON CLUVTETOYUEVEG GE TETPUYWVIKEG EMEKTACELS TOL CAOUOTOSC TOV PNTAOV aAPlOU®V.

To gpmtnpa Aowmdv avayetor 610 e&nc: Mmopei 10 N-KUKAOTOHKO OO VO KATOOKEVAGTEL MG La
aKoAoVBio TETPUYOVIKOV ETEKTACEDV; Me dAlo Adylo B TPEMEL VA YOPOKTNPTICOVLE TOVG TPDTOVGS
ap1Bpovg yia tovg onoiovg G (p) = p — 1 eivon dvvaun tov 2.


http://en.wikipedia.org/wiki/Dirichlet%27s_theorem_on_arithmetic_progressions
http://en.wikipedia.org/wiki/Fermat_number
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Tevikdtepa pmopei vor omoderytet 6t 1o G (n) eivar dvvaun tov 2 av Kot pévo av givor e Hopeng
25p1pg - - - Py OmOL k > 0 Ko oL Pj elvar dtopopetikoi TpmTot Tov Fermat dniadn TpdTol g HopeNS
2% + 1.

4.6.2.2. To televtaio Gecpnua tov Fermat. Agv yperdleTor va mode TOALA Y10 0VTO TO TOCTYVOOTO
wpoPAnua. Eivor capég 0Tt To yivoueva cupmepipépovtal Kaadtepa omd to afpoiopuato agol £govue
LOVOSTKOTNTO GTNV AVAAVOT] GE TPAOTOVS OAAL OEV VITAPYEL OVAAOYO ATOTEAEGLLA Y1a Ta. afpoicpaTa.

3TV TPOoTAOELD oG VO LEAETIIGOVLE TIG OKEPAUIEG ADGELS TNG &lomong
L0 UGIOAOYIKN 100 EIvaL VO SIUGTACOVLE TO APYLKO AOPOIGHE SUVALEDV MG

XMyt = (e y) e+ Qy) - e+ M Y).

H moapomdvo didomoacn dev umopel vo Yivel 6ToV daKTOAIO TOV OKEPOI®V, UTOPEL OUMC Va, YiVEL GTOV
daxtoAo TV Z[{], o onoiog givor évag vrodakTvAL0G ToV KukAoTopkoh odpatog Q((), o omoiog mailet
ywo. to oopa Q) Tov poro mov mailel yio to odpa Q o doktdoiog Z.

[ToAAéc amodeilelc Tov TedevTaiov Bewpnpatog Tov Fermat 666nkav, ftav OPmMG EGPAAUEVEG, 10TL
0 J0KTOMOG Z deV LRAPYEL LOVOSTIUOVTT AVAALOT] GE OOIIOTOGTO GTOKELD. AVTH NTOV 1 apyN NG
alyeBpikng Bewpiog aptBidy N owolo KOTAPEPE VO LETPNOEL TN UN LOVOST|LLOVTT OVOADCT LECH TNG
opnadog khaocewv Cly, . 'Etot pmopet mpdypott va Sdoet kaveis pio amddeiEn Tov teAenTaion Bempnuotoc
tov Fermat yio 6Aovg toug TpdTovg dote p dev dwapei o [Cly |.

H mAnpnc anddeién yperaldtay pio véa 10€0 -00TH TOV EALEIMTIKOV KOUTLVA®V- Kot B0 wodue me-
PLOGOTEPO GE EMOUEVO KEPAAALO.

4.6.3. Kvkhotopikd molvadvopd. To KOKAOTOUIKGE TOADOVOUO EIVAL OVAYOYO TOADOVOUY GTO
Z[x]. Avto dev givarl c0oTd mve and menepoopéva cdpata. Io mapaderypo:

(x +1)2 oto Iy
Ou(x) =2 +1= avayyo oto [F3
(x +1)2 oto [Fy
(x —2)(x—3) otol;
Ioyber 10
4.6.9 Ocopnpoa:

Av p mparTog p dev dioupel o 1 10tE yra k = 1 igydovv
L Oppi(x) = Onp (xpkfl) Y10, GOUOTO KAOE YOPOKTNPLOTIKIC

0 (xP)
2. Oy = o0 00ty
k

3. Oppe(x) = On(x)P —p! UOVO 0€ oauaTo. YOporTNPIoTiKhS P, (N, p) = 1.

VL0 COUOTO, KAOE YOpOKTHPIOTIKNG

Amodaln Xopig anddeién.
Hopoadeiypoata

Dra(x) = Qg 3o (x) = Pg3(x”) = D329 ((X3)23_1> = Og(x1?) =

(x12)2 —x12 41 =x* —x12 4+ 1.



http://en.wikipedia.org/wiki/Algebraic_number_theory
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Eniong

0) X9 X36+1
slx ) K x12 1

O7a(x) =

e CONO YOPOUKTNPLOTIKNG 3 1oYVEL
_ 6
Dra(x) = D5 (x)* 7 = (Dg(x))" =

(1) = (x4 1)8)° =x2 —x"2 4 1.

NV 131010

q* =1 modp

84

‘Eotw Aowmov F ¢ menepoacuévo copa tdéng q = plue (p,m) = 1. Yrdpyet puoikog aptOudg A e

Ag givar m 0 eLdyioTog aptBpdg pe avtn my woTnta, dNiadh N 1adn tov q oty F. Ag Bswpioovpe
10 copa Fgm pe q™ otoryeio.
Enewdin | q™ — 1 amd mponyovuevo Bedpnpa £xovpe 6t vmdpyet a € Fym, dote ord(a) = n.
"Eyxovpe

Ko

Dg(x) = IT = I x—0),

0<j<h—lord(aj)=d  ord(b)

O (x) = [[x* = 1)V @)
dn

Avt6 onpaiver 6t 10 O g (x) avaidetot 6To «peydro» copa Fgm og yIvOLEVO YPOUUIKOV TopayOvVTOV.

Tuvyivetan 6710 pikpoé sdpa g5 To ehdyioto moAvdvopo tov a £xet piCeg

d—1
a,ad,...,af

Aniadn vrapyxovv axpimg d-culuyn tov a 610 copa Fg, 6mov d o eAdyioTog PLGIKOG TETO10G MOTE
g% = Imodn. AM\G avtd eueic To opicape kot o eimape m. Emopévag 1o Or (x) €xet évav avéywyo
mopayovia fabuod m.

Mo gival Ta avayoya Tolvd@vopa TV dAlov priav Tov O, (x);

E& opiopov 6Aa éxovv Babpd d = m. Me 1o d10 emyeipnua OT®G KOl TPONYOLUEVOG ETETAL OTL
vdpyovv axpiPac d = m cvloyn.

4.6.10 Ozopnpa:
Avp mpartog, p dev dioupei to i kai = p' 1618 10 Dy (X) 070 Fq = Kavaldera oe yivouevo avéywywv
TOIVWVOUWY, Pafuod M, OToD M 0 EAGYLETOS PUAIKOS UE THV 1010THTO.

™ = 1modn.

q

Mapaderypo To @7 (x) vaép tov Fy = K. 'Eyxovue 611 $(7) = 6. Oa tpénet vo, Bpovpe 1o m yio
g = 2 koun = 7. Ankodn| Tov eELdy16To PUOIKS TETOW dote 2™ = 1mod7. Ondte m = 3. Enopévog to
@7 (x) avaivetat 6to Fay o€ yivopevo 6/3 = 2 avayoymv (KUKAMK®OV) ToAvoviuny Baduov 3 to kabéva.

Ag Kdvovule TOV LTOAOYICUO GTO sage:

1
2

sage:Phi=cyclotomic_polynomial(7,’x’);Phi
X6 + X5 + x4 + x*3 + x*"2 + x + 1
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3 sage:Phi.is_irreducible()

4 True

5 sage:R.<t> = PolynomialRing(FiniteField(2));R

6 Univariate Polynomial Ring in t over Finite Field of
7 size 2 (using NTL)

g8 sage:ff = ZZ[x].hom([t]); ff

9 Ring morphism:

10 From: Univariate Polynomial Ring in x over Integer Ring
i1 To: Univariate Polynomial Ring in t over Finite Field
12 of size 2 (using NTL)

3 Defn: x |--> t

i4 sage:factor(ff(Phi))
5 (73 + t + 1) * ("3 + t7°2 + 1)

Interactive
Ipdro kotackevdoope 0 D7 (x) kot eEléyEope OTL givar aviywyo. X cLVEXEWN KATACKEVAGOUE
TOV S0KTOMO TV TOALOVOU®Y R = Fa[t] kat tov opopupeiopd Zx] — Falt] o onoiog Aaufdver Toug
ovvieleotéc modulo 2. Tédog Tapayovtoromoape Ty ikoéve tov @7 (x) modulo 2.
Yvveyilovpe ™ Bewpnrikn Tpocéyyion oto 1010 mapddetypa. Av a omorodmote ototyeio tééng 7
oto F = [Fy3, ot avayoyor mapdyovieg tov @7 (x) oto = Fo Oa eivar

f1(x) = (x-a)(x-a*)(x — a*)
f3(x) = (x-a*)(x — a®)(xa’)
To Fos = Falx]/(f(x)), 6mov f(x) avaymyo povikd morvdvopo tov Fa[x]. ‘Eva tétoto moAvdvopo givol
10 X3 + X + 1, emopévac av yio a mépovpe pa pilo tov x2 + x + 1 0o &yovpue a® + a + 1 = 0. Onodte
a®=—(a+1)9a®=a+ 1. Me ovtdv 1oV TpOTO KATOAYOVUE OTL
fi(x) =x3 +x+ Lxa f3(x) = x> +x2 + 1.
Hopaderypo No mapayoviomomoovpe o Pgo(x) oto F3. Exovpe 611 180 = 22 - 32 . 5. Emopévag
D1g0(x) = Dap(x)? 72 = Doo(x)°.
Tovendg Oo TPETEL VOL TAPAYOVTOTOMGOVLE TO KUKAOTOMIKO ToAvdvupo Dog(x) oto F3. Enedn 3* =
1mod20 éyovpe 6ttm = 4 koun = 20 pe d(n) = $(20) = 8. Apa 10 dop(x) givan ico pe 10 yvdpevo

8/4 = 2 avaydyov molvovinmv Badupod 4 to kabéva. Ondte, av a otoyeio taéng 20 oto 34 tdTE 01
dvo mapdyovteg tov ®20(x) eivor:

f1(x) = (x-a)(x-a”)(x-a”) (x-a)
fa(x) = (x-a'")(x-a") (x-a'?) (x-a'")

Av méh éyovpe oto Faa 6t ko a pida tov q(X) pmopodpe va vroroyicovpe emakpifag ta 1(x) Kot

fg (X) .
Ag mape pe opn Pla va kdvovpe Tov 1010 VTOAOYIGUO GTO sage:


http://users.uoa.gr/~kontogar/kallipos/Cyclotomicb.html
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1 sage:Phi=cyclotomic_polynomial(180,°’x’);Phi
2 XM48 + xM2 - x"30 - x"24 - x*18 + X6 + 1
3 sage:Phi.is _irreducible()
4 True

5 sage:R.<t> = PolynomialRing(FiniteField(3));R

¢ Univariate Polynomial Ring in t over Finite Field of size 3
7 sage:ff = ZZ[x].hom([t]); ff

8 Ring morphism:

9 From: Univariate Polynomial Ring in x over Integer Ring
10 To: Univariate Polynomial Ring in t over Finite Field

11 of size 3
12 Defn: x |--> t

13 sage:factor(ff(Phi))

4 (t"4 + t73 + 2%t + 1)76 * (t"4 + 2*t"3 + t + 1)"6

Interactive

®o TPOcTHOGOVHE VO AVAKOADWYOVUE TEXVIKEG TOV UOG EMLTPETOVY VO, BPOVUE TOVG AVAYMYOLG
TOPEYOVTEG TOV KUKAOTOUIKOD TOAV®VOHOL Dr (X) 010 F g emaxpiag. Q¢ mpdrto Ppo 0o npocmadn-
OOVLE VO, Bpodpe kprTipio yio To ToTe T0 Oy (X) Elvan avaywyo.

"Eyovpe amodeitet 611

q®(™) = Imodn

q* # Imodn 1o k40e k < d(n) }

H napandve eElomon pog Aégt 6T 1 OpAdA TOV TPOTOV KAASE®V VToAoimtwy mod 1, 1 omoia &xet
4N d(n), eivor ko Kot Exet To g g yevvntopa. Ankadn 6t to q givon Tpotopyikt pita modulo
n.

O, (x) avéywyo oto Fq ov kat povo av {

Ao ) Oeopio ApBpov dpmg yvopilovpe 0TI 01 LOVOSIKEG TILEG TOVL L YOl TIG OTOIEG LITAPYEL
npotopykn pilo mod n eivaun = 1,2, 4, p*, 2p®, s € N ko p mpdtoc, p # 2.

Emopévag, av o n dev eivor g napandve popeng, tote O (x) ot avayowyo oto Fq. An’ mv dAln
Hepld, av To N etvat TETolag Lopeng, Tote

Oy, (x) avéywyo ot0 Fq < T0 q givar mpotapyuki piCo mod n.

Mopdaderypo Ecton = 7. Tote (7) = 6. [Taipvovpe Toug tpdtovg g mpog 7 modulo 7: 1,2, 3, 4, 5, 6(mod7)

23 = 1mod7 cuvendc ord7(2) = 3. Enopévac, to 2 dev sivon mpotapykn pie mod 7.

3! = 3mod7, 32 = 2mod7), 3% = 6mod7 cvvommg ord;(3) = 6. To 3 eivon mpotapyky pila mod
7. Ot ddheg mpotapyikés pileg mpokvmTovy omd Tic duvapelc Tov 3¢ ue 1 < d < 6 (d,6) = 1, dnhady
1 povadu dAAn Tpotapyikn pio eivon To 3° = Smod7

Apa, O7(x) = x5+ x5 +x* +x3 + x? + x + 1 givor avdyoyo oto cdpa Fq av kat poévo av

g = 3mod7 1 q = 5mod?7.

[a mopdderypa yio q = 3,5,17,19, ... 1o O7(x) eivar avéymyo oto Fy.


http://users.uoa.gr/~kontogar/kallipos/Cyclotomicc.html
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Ag mapovpe todpa n = 8 (avapévovpe va punv Exel Tpotapykés pilec). Exovpe 6t $(8) = 4. Ot
TpdTeg KAAoelg mod 8 sivar: 1,3, —3 = 5,7. 72 = (—3)2 = 32 = 1mod8 ka1 opoing (+1)? = 1mods,
onAadn 6Aa ta oTorKEia EYovV TAEN 2.

Avtd onpaivet 611 10 ToAvdvopo Dg(x) = x* 4 1 dev eivon ToTé avéymyo 6To Fp y10 k6Oe TpdTO
P- AvtiBétmg to Dg(x) givan avaywyo oto Z.

ITo yevikd: Av f(x) omorodnmote molvdvopo tov I [x] Oa meprypéyovpe alydpibuo (tov Berlekamp)
nopoyovtonoinong tov f(x) o€ yvouevo aviymyov Tapoyoviov.

4.6.11 Osopnpa:
Av £(x) poviré molvavouo ue degf(x) = n émov f(x) € Fq xou av h(x) € Fqlx], éro10 wote

h(x)9 = h(X)modf(X)

7078

(xopic amodeitn)
Hapoetipnon Av vrapyet so € Fq t€t010 dote

h(X) = sgmodf(x),
TOTE M TOPOYOVTOTOINGT TOV TPONYOVUEVOL BempnaTog ival TETPUpéEVN. Andadn €vag Tapdyovtog
givan to f(x) kot ot GAlot givon 1.

To endpevo Bedpnua Oo poc dmoel 0tL av f(x) dwapeitar amd dvo N TEPIEGOHTEPO SLOUKEKPIUEVD,
avAy®yo. TOAMOVOLA TOTE VITAPYEL TOAVMVVLO h(X) TETO10 DOTE N TAPAYOVTOTOINGT TOL TPONYOVUEVOL
BempnpaToc vo unv etvor TeTpLpévn.

Bewpole TOV SUKTUALO

V(f) :=Fqxl/{f(x))

cav n-ddetato IFg-davocpotikd xdpo, dmov n = degf, ue Paon ta {1, x, x?,...,x" — 1}."Ecto
R(f) = {h(x) € Fqlx] dote h(x)9 = h(x)modf(x)}.

To R(f) eivon dtavvopatikdc vdympog tov V() diott
(s1hi(x) + s2ha(x))? = s3 +hy(x)9 + sTha(x)9

= s1hy(x) + s2(x)ha(x) mod f(x).

4.6.12 Ozopnpao:
Av

f(x) = [ [P0,
i=1

émov Pi(x) diaxexpipéva ovd dbo avéywya poviké molvwvoua, tote dimp, R(f) = m.

(xopig amodelEn)
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Hapatipnon: Av katapépovpe vo LITOAOYIGOVUE TN S1AGTOCT TOL YOPOL M, TOTE YVmpilovue TO
TA00¢ TV avayoyov mapayoviov tov f(x) (Oa ivar m).

Hapaderypa Eoto

flx) =x*+x+1
Ko q = 2 tote Fo. Av
h(x) = hg + hix + hox? + hax3
TOTE 1 GLVONKN
h(x)9 = h(x) mod f(x)

ypbpeTan
ho + hix? 4+ hox? + hgx® = hg 4+ hix + hox? 4+ hgx®mod (x* + x + 1).
Ioybve 6T
x* = x4 1mod (x* + x + 1)
omdTE KOl

X% = x3 + x%mod (x* +x + 1)
KoL EYOovpE 0Tt
h(X)? = hg + hix? + ha(x + 1) + hg(x® + x?)mod (x* + x + 1).
Ond1E 0V TOPOUCTHCOVLE TO TOAVMDVVLO
h(x) = hg + hix + hox? + hax3
ue to divoopa othAn (hg, hy, ho, hs)t, tote
h(X) € R(f) < h(X)? = h(X)mod f(X)

N 160dvVaLN

1 0 1 0 1 1 0 0
0 0 1 0 0 0 0 0
ho 0 +hy 1 + ho 0 + hs 1 = hy 0 +hy 0 + hy 1 + hs 0
0 0 0 1 0 0 0 1

Anradny to h(X) € R(f) wodvvapel pe 1o 61110 didvoopo (hg, hy, he, hg)t aviket 6tov ydpo pndevi-
opov tov mivaka B, 6mov

1 010 00 0 0
0 01 O 011 0
B=]0 01 0| —-Id=
0 1 11
01 01 00 0 0
0 001

Kdévovtog otoryeimoelg LeTaoynUATIGOVS 6ToV TTivaka B, cuykekpiuévo mpocHitoviag otn ypouun
2 ) ypoppn 1 ko otn ypapun 3 ) ypappn 2 épvovpe tov B otn popen:

0 010
01 00
B_0001
0000



4.6. ANATQI'A TIOAYQNYMA ZE TIETIEPAZMENA QOMATA 89

[Mopatnpodue 61t (hg, hy, ho,hs) € R(f) & hy = hy = hg = 0. Zvvendg n ddctoon TOL
napomave yopov dim(R(f)) = 1 kot 1o f(x) eivar dovaun avaydyov. Opag f/(x) = 4x3 +1 = 1. Apa
&xet amhég pileg ko To f etvan avdymyo.

Hapaderypo Ecto 6Tt BEA0VUE VO TOPOYOVTOTOI|GOVLE TO

f(x) =x"+x+1
oto Fy Av
h(x) = ho + hix + hox? + hax? + hyx?
toTE BEAOLIE VO EYOVLIE
h(x)? = h(x)mod(x® + x + 1).
O YPNCILOTOMGOVLE TIG 160TIHieS: X° = X + 1mod (x +x + 1), x5 = x% + xmod (x°® + x + 1) kau
x8 = x* +x3mod (x® + x + 1). H 1codvvapio
h(x)? = h(X)mod f(x)

YPAPETAL 1IGOSVVALLO GTO GUGTH LA

100 0 0\ /ho ho
00010]|[n hy
01 010||h|l=1d]n],
0000 1|]|hs hs
0010 1) \hy hy

dNAad” oToV 1010Y0POo NG WoTNS 1. Ymoloyilovue 6Tt 1 S1AGTOGN TOV 1O10YDPOV LTOV £lval 2 Kot
pia Baon tov R(f) eivar ta 1, % + x3 + x*.
Emopévag to f(x) eivar yvopevo 600 ovaydymv Tolvmvopmy mifavov o€ Kamolo SOvapn To Kabéva.
Ynohoyifovpe Katd To YVOOTE TOVG LEYIGTOVS KOWVOUG SLOPETES
P Hx+1,x x4+ x) =x3+x2+1
X +x+Lxt+x3+x+1) =x2+x+1
Enouévag,
X+ x+1=03+x2+1)(x*+x+1).
I'vopilovpe 61t X3 + x? + x xar X2 4+ x + 1 avéyoya oto Fa. Apa 1 avéivon tov f(x) cg yvopevo
AVAYWY®V TOAOVOU®OV Elval
fx) =x"+x+1=03+x*+1)(x>+x+1).

O aly6pBpog tov Berlekamp propet va amhomomBel onpavikd av to tolvmdvopo mov BEAovue va
Topayovronomoovpe givatl g popeng x™—1 émov (n, q) = 1.

4.6.13 Ozopnpo:
To wolvwvouo

n—1 )
h(x) = Z hix!
i=0

emodnBeber Ty 1oodvvauio.
h(x)9 = h(x)mod (x™ — 1)
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oV Kol [LOVo av
hiqg =hiypaxdfei=0,1,2,... n—1

(omov o1 deixteg Beawpodvrar modulo ).

(xopig amodelEn)

Moepatypnon: Exedn (n, q) = 1, n onewodvion i — qimod n givor pua petdbeon tov cuvorov
{0,1,2,... ,;n—1}

Hapaderypa: o g = 2 kou n = 5 €yovpue o611

{0,1,2,3,4}— {0,2,4, 6,8} = {0,2,4, 1, 3}mod 5.

01 2 3 4
0 2 41 3
Hapaderypo: o g = 3 kou n = 20 1 petdbeon mov Ba TPoKVLYEL G YIVOLEVO KUKA®V YpapeTaL:
(0)(1397)(261814)(412168)(515)(10)(11131917).

Anhadn| €govpe TN petdbeon:

Yuvenmg ke ToAvdvupo h(x) mov enainbevel Ty 16odvvapio
h(x)? = h(x) mod x*° — 1
Oa mpémel va etvar Fa-ypoppikds cuvdvaopog v akorotfmv 7 ToAv®mVOU®V:
hp=1
hi(x) =x+x3+x"+x7
h2(x) = x2 + x5 + x!® + x4
ha(x) = x* +x'2 + x16 + %8
hs(x) = x° +x'°
hi0(x) = x!©
hyp(x) = x1 4 x13 4 x19 417
O1 kdKAol TV petabécemv i — qimod n Aéyovion KUKAOTOUIKA cosets.
Meetdpe o molvdvopo f(x) = x2°-1 oto chpa Fs. H t4én tov 3 modulo 20 sivar 4 agov 34 =

1mod 20. Eropévac, av tepdcovpe 6to copo Fys tote avtd Oa éxet Eva otoyeio taEng 20, onAadn
19
x20-1 = H(x —a),
j=0
omov a éva ototyeio TaEng 20 Tov Fas.
"Eyovpe 7o dg1 611 N mapayoviomoinon tov X201 oto F3 kabopiletar omd Ty mapayoviomoinon
00 X291 670 F34. Eoto y1a mapddetypa 611 0 EA6(16T0 TOAGYVLO Tov a 6T0 chpa F3 eivar to

f1(x) = (x-a)(x-a”)(x-a”) (x-a")

Eneidn yla kébe 1 = 1,3,7,9 éyovue 6t (i,20) = 1, éneton 611 Ta oTotysian at yio kdbe i = 1,3,7,9
givon emiong t6éng 20. Emopévaog to f1(x) eivon avéyoyog mapdyovtog, oyt povo tov x20—1 adié kat
0V Dyp(x). Opoimg av fi(x) eivarl To ehdyioto TOALVOVLUO TOVL ai, TOTE TO fi(X) €lvon Kot avdywyo
ToA®VVLO TOV Dy, /(4 1) (X). Av Tdpa supuPoricovpe To KvKAOTOMIKO coset oy meptéyet To i pe Ci
QT VOLLE TOV aKOAOLOO Ttivaxa:
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[Mivaxog 4.2: TTivakag KvkAotopikov cosets

1 Cy |Ci| = degfi(x) (2%?1)
0 0 1 1
1 (1,3,9,7) 4 20
2 (2,6,18,14) 4 10
4  (4,12,16,8) 4 5
5 (5, 15) 2 4
10 (10) 1 2
11 (11,13,19,17) 4 20

Me 1t Ponfeia Tov TOPATAVO TIVOKO PTOPOVUE VO PTIGEOVE TOV TIVOKOA TOV TOPAYOVI®Y TOV
x29-1 ot omoiot divovtot péc® Tov KukAOTOpIKGV ToAVOVOHmY D ¢ (x), 6mov d | 20.

ivoxag 4.3: Tlapéyovteg Tov x20 — 1.

d O4(x) TOPAYOVTESG

1 x1 f1(x) avéywyo

2 x+1 f10( ) = x—a'? avéywyo
4 x241 f5(x) avaywyo

5 x4+ x2+x+1 f4(x) avayoyo

10 x*x3 +x2x+1 fa(x) avéywyo

f1(x)

20 x3x0 +xtx? 41 x)f11(x)

Moébvo 10 D90 (x) dev mapayovromoleital TAPMOG G€ YIVOUEVO OVaYDY®V Y10, 0 TO QOPUOLOVUE Kt
oM tov alydpibpo tov Berlekamp. TNa kéOe hyi(x) woyvet:

x20-1 = (x2°-1, hi(x)) (x®°-1, hi (x) + 1) (x%°-1, hi (x) + 2)
Eneidn oo (x)[x20-1 émetan 611
h3(x) = h(x)mod®y(x).
Onore,
Do0(x) = (DP20(x), hi(x))(D@a0(x), hi(x) + 1)(D20(x), hi(x) +2) =
= (x* +x3+2X+ 1) (x* + 23 + x + 1).

"Etot napayovionomoape TApog T X201 g yvopevo avaydymv moAomvipoy. $To sage 1 Topoi-
OV KaTaoKewn 0o Propovce va Yivel oc:

sage:Phi2@=cyclotomic_polynomial(20,’x’);Phi20
sage:R.<t> = PolynomialRing(FiniteField(3))

sage:ff = ZZ[x].hom([t]);

sage:factor(ff(Phi20))

(t"4 + t"3 + 2*t + 1) * (t"4 + 2*t"3 + t + 1)
sage:factor(ff(x*20-1))

(t + 1) * (t +2) * (t72 + 1) * (t"4 + t°3 + 2*t + 1) *

B = R L N
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g (t™ + t"3 + t"2+ t + 1) * (t"4 + 2¥t"3 + t + 1) *
9 (t" + 2*t"3 + t72 + 2%t + 1)

4.7. O KVKAOTOMIKOS VOILOS UVTIOTPOPIG.

[Mopatnpovpe OTL 0 TETPUYOVIKOG VOLOG OVTIGTPOPNG O&V gival Timote GAL0 Topd o péBodog va
TPOGOIOPILOVIE TOTE TO AVAYMYO TOAOVLLO X% — a SLUCTATOL GE YIVOLEVO TPMTOPAOIIOV Toporyd-
VIOV. ZUYKEKPLUEVO, Y10 VO OTOPAGIGOVE OV TO a givol 1] Oyl TETPOY®VIKO VITOAOITO Bo TPEMEL Vo
vroroyilovpe 10 cvpuPoiro tov Legendre (%) .

®a pmropovoape va poToovE Opmg To e&ng Béna: Opilovpe 10 chHvoro

2

Spl(x* — a) :== {p mporor dote to (x* — a)va Srwondrar oe yvopevo 1-Badpiov mod/pwv} .

Ag vmoBécovpe Yo amAdTnTO OTL TO A givan Ko avtd TpmTog. O TPOocdlopiodg Tov GLVOALOL
Spl(x? — a) mepthopfévet Tov vITOAOYIoHO ansipmy cupBormy Tov Legendre. Ko dpog pe tov tetpa-
YOVIKO VOO avTIoTpoe1|g avtd pmopel va adidset!

INa napdderypo av 1o q = 17 tote
17 _ (3)
p/) \17

KO TOPO 01 TPAOTOL Y0PilovTol avAAOYa [LE TN GUUTEPLPOPA TOVS o€ KAGoels modulo 17. Aniadn to 17
glval TETPAYOVIKO VTTOAOUTO Y10 TOVE TPMTOVG O1 OTO101 EIvVOL IGOSVVAOL e

p=1,2,4,8,9,13,15, 16mod 17

Evtelmg 6pota amodeikvioeTan 0Tt 01 KATOOKELT TOL TAPUTAVED TAPASELYLOTOS IGYVEL YEVIKA KOl O
TETPOYOVIKOG VOLOG AVTIOTPOPNG EKPpALeTal g eENG:

4.7.1 Osopnpa:
Eotw q mepirtés aparrog. Tote to abvoio Spl(x? — q) opileton péow 16odvvaudv modulo q av q =
1mod4 kou uéow 16odvvopucv modulo 4q ov q = 3mod4.

O vOpog avAADOTG TV KUKAOTOUK®OV TOAV®VOU®OV amodeibape 6Tl divetan g €ENG:
Spl(®n (x)) = {p mpdrTOg Mote p = 1 mod n}

tov omoio kot Ba ovopdalovpe xkorlotouxo vouo aviiotpopng. Tlapatnpolpe kol TEAL OTL Kot 0VTOG
EKQPACETOL LEG® 1GOSVVOULDV.

To 90 mpoPAinua tov Hilbert (mpdkettan yio pia ogpd tpofAnudatwv mov £é0ece o Hilbert, cav ta
Bookd TpoPAfLaTa TOV PoONUATIKGOVY TOV UTaivouy dAVT 6TO KAT®EAL ToL 2000 aidva. H 51dAeén d6-
Onke oto [Maykdouio Zuvédpio Mabnuatikodv oto 1900, oto TTapict.) aoyoleiton e TV €0pECT| TOL TTE-
PLGGOTEPO YEVIKOD VOOV AVTIOTPOQPNG 6 KB aAdyefpicd compa apiBudv. H Avon tov npofinuatoc Oa
gpyoTav pEc® g Hewpiog KAGGewv cmudtmy, 6mm vrootpiie. To TpoPAinua AvBnKe yio 6Aeg Tig afe-
Mavég emektdoelg omd tov Artin, gved onuavtikn cvvelspopd etyav o1 Teiji Takagi, Phillip Furtwingler,
Helmut Hasse, Claude Chevalley ka1 dAlot.

Telerdvovtag, BELOVLE VoL CIIEIDGOVE OTL VTLAPYOVY TOALEG YEVIKEDGELS TOV VOLOV 0LTOV. MEGH
Tov Bewpipatog tov Kronecker-Weber éywve capég 0TL av 0EA0VIE VO KATOVOGOVIE TNV 0plOUNTIKY


http://en.wikipedia.org/wiki/Hilbert%27s_problems
http://en.wikipedia.org/wiki/Class_field_theory
http://en.wikipedia.org/wiki/Emil_Artin
http://en.wikipedia.org/wiki/Teiji_Takagi
http://en.wikipedia.org/wiki/Philipp_Furtw%C3%A4ngler
http://en.wikipedia.org/wiki/Helmut_Hasse
http://en.wikipedia.org/wiki/Claude_Chevalley
http://en.wikipedia.org/wiki/Kronecker%E2%80%93Weber_theorem
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TOV fEMAVOV ETEKTACEMV TOV GMOWOATOS TOV PNTMOV 0PIOUOV 0PKEL VO KOTAVOT|GOVUE TNV PIOUNTIKY
TOV KUKAOTOUKAOV COUATOV.

4.8. MpoocOeTika Morvodvopa

Yy mopdypoeo avt Ba peretnBei n Bewpia TV TPoGHETIKOV TOAV®VOUOV, TEPICCOTEPH GTOLYEIL
pmopotv va avalnmmBovv 6to (Goss 1997). Oswpovpue Eva cdpo K TETEPUCUEVIC YOUPAKTNPIOTIKNG Kot
£0tm k 1 adyePpikn KAEIGTOTNTA TOV.

4.8.1 Opopoc:
Oa Aéue o611 éva molvavouo P(x) € kx| eivar mpocbetind oro owupa k av kai uovo av icyver:
P(a+b) =P(a) + P(b),

yio. omoio0nmote aroryeio a, b € K. Oa Aéue 0t 10 mOADDVVUO EIVaL OTOADTOS TPOTHETIKO AV KOt LOVO
av eivar Tpoobetio oto oouo K.

IMapotipnon: ) xapaKkmpIcTIK P T0 TOAGVLIO Tp (X) = XP sivar mpocsheTicd kat omci?u'ncog
npocbeTikd moivdvoupo. Emiong eivar cagég 0t av P, G givar mpocheticd moivdvopa kow a € k, tote
P + G, aP, P o G givat emiong mpocHetikd TolvdvVLLLa.

4.8.2 Opwopoc:
Oo ovppolilovus pe K{Tp } tov vroywpo tov Klx] mov mapdyetor amo TovS YpoupKODS TVVILATHODS TWV

TolvWVOUWY T]i:, (x) =xP".

HMapatipnen: To chvoro k{Ty, } epodiacuévo pe tig Tpacels g mpodsbeong kot g chvOeong omo-
telel vav Saxtoho. Av k # [F,, 16Te 0 SaxtOA0g awTdg £fvarn pn ovTipetadeTicog, apod

Yy a € k.

Av 1o k givan éva cdpa pe dmepo mAn0og ototyeia, T0Te To ToAvmvopo P(x) € k[x] eivon mpocbeticd
av kot povo av P(x) € k{Tp}. [Sioitepa, 10 6HVOAO TV amOATOG TPOGHETIKGY TOAMVOH®Y Eival TO
ovvoro k{Tp}.

Am6d£1&n: Eivar cagég 611 OAa T0 TOA MYV 6TO {Tp | £fvort TPochHeTIKdL.

AvTioTpdOmg, £6TM £va TPOGHETIKO TOAVGOVVEO. Be®POVUE TNV TUTIKA Tapdywyd Tov P/(x). An-
AN av

T0TE

[Mapatnpovpue 61t av 1o P givar mpocbetikd tote yio kébe a € k €yovpe

P(x +a) —P(x) — P(a)
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gtvar undév yo ke Ty x € k ko apov 1o k givar dmepo owtd onuaiver 6t to P(x) Oa mpénet va
glval undevikod. Ipdypatt, av dev Nrav Ba elye kdmolo nenepacuévo fabud kot cvvenmg Ba glye 1o TOAD
160¢G pileg 66€g 0 Pabuoc tov.
2UVENAG
P'(a) = iP()H— a) _4a =P’(0).
dx v—o dx =0

Apa ko whA enedn 1o copa k £xel anelpa oTotyeio £xovpe 0T 1 TOPAY®YOS ival £va oTabepd TOAV G-
VOLO:

(P(x) +P(a))

Aniodn,
n
P(x) =cx + Z a;x™,
j=2

omov 6ot o1 ekbéteg Ny elvan dranpetol pe p. Oa amopovmdcovpe Tovg ekBéTeg TOL givol dlopetoi povo
e p kot 0o tovg paléyooue og éva molvdvopo Po(x) kot Oa paléwovpe Toug ekBéTeg TOL EKTOC OO P
glval dapeTol Kot pe GAAOVG TPMTOLVS. ANAnon

P(x) = Po(x) + P1(x).

Oa dei&ovpe 611 10 P1(X) givon o undevikd molvmvopo. Eivar capéc 6Tt givar kot autd TpocdeTiko.
v oAyePpiich kAeotdTTa K TOL shOpaToC k1 GLVapToT X — XP eivon avtopopeiopndc. T'o kébe
otoyeio y € k vrapyet povadikd x wote xP = y. Iapatnpiote 0Tt £V YEVEL GE GOUATA JOPOKTNPIOTI-
kn¢ 0 kaBe otoyeio £xel n to TANO0¢ N-o1ég pilec, apkel va Bpodue pia Kol vo TNV TOAAUTAUCTIACOVUE
ne g n-otég pileg TG HOVASOC. TN YOPAKTNPLIGTIKY P OU®G LITAPYEL LOVadKn p-pila g pLovadag.
Mmopobpie Lowmdv va Oempricovpie T cvvaptnon x — x/ P 1 omoio eivon TpocheTIKh av Kot pn
nolvovopikr. ‘Eoto p€ n peyoldtepn dvvaun tov p 1 omoio dtoipei Ghovg tovg exbétec Tov Pq(x).
OempovE TO TOAVDOVVUO:
Pa(x) = P1(x)'/P" € kIx].
To moAvdvvpo Po(x) eivar mpocsbetikd, kat to Tponyovpevo entyeipnua deiyvetl 6tL o Tpénel va eivar
UNOEVIKO.

4.8.3 Opopoc:
O Mépe 61 70 Tpooletikd molvadvouo P(x) € kx| eivar Fn-ypoyyud av kai pévo av

P(Ax) = AP(x)
naxabe A € Fon.

Hopatnpodpe ot o Fpn-ypappucd molvdvopa givar ovtd mov givar k ypappikoi suvdvocpol tov

, h
otoyeimv xP .

4.8.4 Osopnpoa:

Oswpoiue éva dioywpioyo roivadvouo P(x) € kix] kot éotw S .= {p1, ..., Pm} 10 6Dvolo twv pilHv
tov. To molvddvouo P(x) eivar mpoaletind av kai uévo av o 6bvolo S eivar mpocbetikiy oudoa. Emmiéov
70 P(x) eivau Fon-ypopyuiré av ko uovo av o obvolo I n-dravoopatikog ywpo.
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An6oeldn: Oa wpénel va deiovpe 6TL TO TOADVOLO

m

Pix) =[x —p1)

i=1
eivan TpocBetiko. Iapatmpovpe 6tLav p € S to1€
P(x+ p) = P(x),

S10T1 o€ pio TpocbeTIKn opada S, av To pi SLTPEYELTO S, TOTE KO TO P + Pi EMIONG SLATPEYELTO S. X1
OLVEYELN BE®POVLLE TO TOAVMVVLO

G(x) =P(x+y) —P(x) —P(y) € klx],

vy e T Y € k. Avtd givan éva moivdvopo Babpov degG < degP cuvenmg av €xet degP pileg eivan
TaVTOTIKA Pndevikd. Ipdypatt mapatnpovpe 6t ke p € S givon pila Tov ToAvVOHOL G.

o ypappkdmra, vwobétovpe 6t to S givan Evag Fon-3lovoopatikos xdpog. Xe auth v mepi-
mtwon épovpe 6t |S| = (p™ kot o Padudc Tov P givar o id10c. Owpodie To TOAGYVLO, Y10 A € Fon

G(x) = P(Ax) —AP(x).
IMapatnpovpe 6t degG < degP. Tpdypatt, o peyiotoPaduog 6pog tov G(x) givan
(AP —A)xP"”,

Kot apov A € Fn 0 6pog awtdg dev epgaviCetau.
And v dAAn G(p) = 0 yuo kGBe p € W ovvendg épovpe meptocotepes pileg and tov fabud tov
TOAVMVOLOV, (PO TO TOAVMVULLO EIVOL TAVTOTIKA {00 Lie TO UNdév.

4.8.1. H opilovca Moore. Eivar yvooto (opilovca Vandermonde) ot

1 1
X1 e Xn
det ) ) = H(Xi —Xj).
: : i<j
Xt Xt

Edd Oa dcvcovpe pio S1apopetik| ¢-£kd00m ToL Tapandve tomov. Exovue évo copaF g ue g = p

10 TM00¢ otoryeia, kot éotm W C k €vag F ¢-dlovoopotikog xmpog.
Opilovpue v opilovca Moore va givol To TopaKaT®:

W1 Ce Wn
wy wil
Alw1,...,wn) =det
n—1 n—1
W wid
To oOvoko {wy, ..., Wn} etvon Fg-ypoppuxd aveldptro av kow povo ov A(wy, ..., wn) # 0.
An6delén Agvmobicovpe Tpmdta OTL A(Wy, ..., Wy ) # 0. Qo deifovpe 6Tt 6€ VT TNV TEPITTOOT
o {Wi, ..., Wn}elvar F g ypappkd aveéapmro.

[Ipaypati av A; € Fp, ouviekeotéc dote

n
> Awy =0,
v=1
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totE

yiokadei=0,...,n—1, apov A; € Fp Kot cvvenmg 7\fI =A{.
YVVETMG KATOANYOVLE OE pio OYXECT TNG LOPPNG

Wy 0

n wy 0
Z Av : =

v=1 .n—l :

wi 0

A@ob dg A(wy, ..., Wy ) # 0N napondve e&icoon £xel og Avon pdévo myv (Aq, ..., An) =0.

AvtiotpoQmg 0g vrobécovpe 0Tt T0 GOVOAO {W1, ..., Wn} glvor ypoppukd avebptnto. Oo dei-
Eovpe OTL A(W1,...,wn) # 0. Oa dovréyoupe erayoyikd. H nepintoon n = 1 givar mpo@avic.
Agvmobécovpe 0Tt yio . — 1 omoladmote ypoppkd aveEaptnta otoryeio {wy, . .., wn_1}n opifovoa
Awi,...,wn_1) # 0. Agvnobéocovpe 6Tt A(wy, ..., Wn_1) = 0 kot {w1, ..., Wn} ypapuuikd ave-
EQPTNTO, CLVETMG VILAPYOLV GTOXEIR A1, . . . , A € K Y100 TOL OOl vau 1oy vEL:

AWi 4+ Aqgwy =0

AMwd 4+ Al =0

Awd AW =0
Mmropovpe yopic TEPLOPITUO TNG YEVIKOTNTOS VO VToBEGOLVLE OTL TO A = 1 (TPAyLOTL KATOL0G GUVTE-
AeoTNC Kot VTOOETOVE O TPDOTOG Elval PN UNOEVIKOG, GTI] GUVEYELD JLPOVUE OAEC TG EIGADCELS e
avtdv yia vo vrobEécovpe 0Tt etvat 100G [LE Evar).
21N GUVEXEW VYAOVOLLE TV 1-0T1 e€icmon 6TV q-dUVopT Kot TV a@atpovpe and v i+ 1-ot
v OAeC TG EEICADGELS Y10 VO, KOTAANEOVLE GTO CUGTN L

A2 —APwd + -+ (A —AD)wd =0

A =AW 4 Ay —ADwa™ =0
ITapatnpodue 611 T0 GVVOAO {wg, .., Wi etvon éva ypoppid aveEapTTo GHVOLO VIEP TOV Fq ov-
VERMG A(wg, cowi) # 0. Zuverdg 1 opykn eicmon éxel GUVTELESTEC GTO Fq xatr T0 chvoro
{wi, ..., wn}etvon Fg-ypappuxa e§apmpévo, dromo.
21 cuvéyelo Ba ddcovpe Evav KAEIGTO TOTTO TPOKEUEVOD VO, EKPPAGOVLLE TO TPOGHETIKO TOAL®-
VOO oV avTioTol el og Evay IFg-Sravvopatico xdpo W. Ag Bempficovpe {wy, ..., Wy} pa Bdon tov
W ko ag glvat

Wi = <W17' o 7Wi>‘

BempolLE TA TOAVGVLLLN

Pw = H (x —a).

acW
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4.8.5 Osopnpoa:

To moivawvouo Py vroloyiletar w¢

AW, ..., Wn,x)
Awi,...,wWn)

Pw(x) =

Arooedn [apatmpovpe 6t éva atoyyeio x givor pilo Tov ToAVOVHLLOV
A(Wla cee ,Wn,X)

av Kot povo av x € (Wi, ..., Wy ). Me dAlo Adya 10 ToAdOVVHO A(Wy, ..., W, X) éxel akpdg og
pileg ta otoyeia Tov dravucpatikoy ympov W.

Emiong av avamtoéovue v opilovoa A(wi, . .., Wy, X) ®C TPOG TNV TEAELTALN Ypauun PAETOVpE
Ot 0 GVVTELESTHG TOV peytoTofdbuiov dpov givon  opilovoa A(wy, . .., Wy ) Kot yio. vo, KataAEOVUE
GTO LOVIKO TOAVMVLLO Py, Ba Tpémel va S101pEGOVLE [LE QVTOV.

4.9. To copa pe éva otoryeio

Ag Eexabapioovpe 0TI OAN TO, cOUOTA €lval AvTLETAOETIKOT SOKTOAOL PUE HOVADD KOl GUVETMC
TePLEYOLV 600 TOVAdYLIoTOV GTotyein To 0 kot To 1. Oa BEAape ToPOLA AVTA VO EYOVUE EVAV YEVIKEVHEVO
opiopd mov Oa emTpéyet va SOGoVHE KATO10 vonue 6ty optlokt kotdotoon limg 1 Fq = .

To ochpo ovtd T0 OpopaTIoTNKE TPAOTOC TO 1956 0 Jacques Tits, ot HEAETN TOL GYETIKA UE TO
buildings. Onwg Ba doOlE 6TO KEPAAOLO TOV EALEITTIKOV KAUTVADVY 0 TEAEGTNG TOL Frobenious mailet
TOAD ONUOVTIKO pOLO oTN UETPNOT TOV oNUei®V oG aAyeRpkig KOUTOANG 1 TOAAATAOTNTOG GTOV
TUPYO COUATOV Fpe. 2NV TpayUaTIKOTNTO VT NTo T0 Poctkd epyareio oto vo amodeiEel kavelg tnv
ewaoio Tov Riemann yio {fto cuVOPTAGELS OPIGUEVES GE GAOLATH, GUVAPTCEWDV.

2NV TPOYHOTIKOTNTO TOAAOL LolONILaTIKol £Y0VV TPOTEIVEL TO MG 1) TOOEIEN Y10 COUATO GUVAPTY]-
oewv Oa pmopovoe va petapephel ot PeAETN TG KAUGIKNG £1kociog Tov Riemann pécm evog KOTAAAN AL
OPLOUEVOL GMUOTOG LE £VOL GTOLYELD.

To mopamdve ivar SVoKoAn vo o avartuovpe ota TAaiclo evog mpomtuylokov Bipiiov. Mmo-
povpe Opmg petappalovtag tov A. Connes va kdvoope mAdiko e 1o Fyy . 0KoAovBmvTag Tig 106eC TV
Kapranov-Smirnov oygtikd pe to Iy ko t1g enextdoelg tov Fyn.

Agv pmopotpie vo movpe T etvar 1o Fy . [Tapdia autd umopole vo ETLYEIPTLATOAOYGOVUE OTL EVOG
dtovuopoTikog V ydpog mdve and 1o Fi eivar anhd éva ocbvoro. H didotaor tov V g S1avuspatikod
Y dpov v and 1o Fq elvon amAd o mAnOkdc apBpdc tov V.

[poywpavrag v 10éa avth n GL,, (F1) = Si. H ocvuvaptnon opilovoag givarl oamAd 1 cvvaptnon
Tpoofov sgn : Sy — {£1}, dnhadn

lim GL, (Fq) = Sn.

q—1
‘Etotn SLy, (F1) dgv givar GAN and v A . Anhadn, N ypapuikn alyeppa vép tov Fy givar n cuv-
dvaoTikn Beplo TOV TEMEPATUEVOY GUVOA®V.

[N va to Kévovpe TEPIGEOTEPO EVOLAPEPOV G AVAPEPOVLE OTL TO GUVOAO TOV SLOVUGLOTIKGY VIO~

Ydpwv drdotoong k péoa og £vav SOVUGUATIKO YDPO S1AGTOCNG L EIVOL £VO YEMUETPIKO OVTIKEIIEVO
YVOOoTO ©¢ 1 ToAlamAoTnTa Grassmann, MTopovpe va, LETPTICOVUE akpPmg To TANB0G TV onueinv
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LL0G TETOL0G TOAATAGTNTOG TAV® A0 £VO, TETEPUCUEVO CAOLA KoL VO SOVUE OTL

lim #G(n, 1) (Fy) = (”)

T

10 omoio givor cvpfatd pe TV Tapandve Bedpnon.

Agv yvopilovpe tieivarto Fy [t]. Tapdra avtd propovpe va enyeipnpotoroynoovpe 6t GL g (Fy [t])
Oa mpénetl va glval n TANpNG oLLad0 KOoToidmV og d-KAWOTES.

Oa TEAEUOCOLE 0T TNV avaAoyia avapépovtag 6tL 1 enéktaot Fin tov Fy dev ivon timote dAio
a6 10 {0} U iy, OOV Ly, €ival TO GOVOLO TOV N-0TMOV pl®dV TNG LOVADAGC.

EAnilovpe 611 0A0 ta Tapomdve Oa 00MYHGOUY TOV aVayVAOGTN VO aVATPESEL Y10 TEPIOCOTEPES TIAN|-
popopieg ot Piproypapica.
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AmtAd Kpunttoouotiuata

5.1. Kpvrroroyia-Kpuntoypagia

5.1.1 Opwopoc:

Kporroloyia-Kporroypagio ivon n emotiun mov pueletael tig ueBooong e Tig 0moles ) EMIKOIVOVIO, G-
Opamwv va eivor pooTiky OoTe KAmolog avemiounTos va. unv UTopel vo, aviiAn@eoel to mepleyousvo e
ETIKOIVWVIOG.

H xpuntoypagio dev mpénet va GUYYEETAL LE TIV KOOKOTOINGT OV OGYOAEITAL LE TO THOG UTOPOVV
va, yivouv avtiinmtd kot vo d1opBmBovv Aabn petdadoonc.

H Kpvurtoavéivon givor n avtiotpopn tpoomdfela Tov aoyoAEITOL LE TO TAOG 0 EVOANESOG LTopel
VO VTOKAEWYEL TO TEPLEYOLEVO TOL UNVOULOTOG.

Ot epoppoyéc givorl ToAAEG:

e Hlektpovikn emikovovia-e-mail,
e Metagopd ypnudtwv-e-banking,

e Blounyoavikn - Tpatiotiky] - AMA®UATIKY] 0GQAAELD.

5.1.2 Opwopog:
Eva kpvrroobotiuo eivar pua orazetayuévy mevedoa (P, C, K, E, D), dmov

o P eivai memepaouévo advolo twv unvoudtwv mov Gélovue vo areilovye,
o C elval memepoouevo cOVolo TV KpOTTOYPOPHUEVWY UNVOUAT®Y (cipher text),
o K eivau memepaouévo abvolo twv kleidiay kwoikoroinong (Keyspace),

o [ia xale k € K omapyer kavovag kpomroypapnons ex € E kot évag kavovag amoxporroypopn-
ong dix € D aote dy(ex) = x.

5.1.1. To kpumTocvGTNNA THG HETAPOPES. Ta YpAupUoTO UTOPOVV VO, LETATPATOVY GE OPIOLOVG:

99




5.1. KPYIITOAOI'TA-KPYIITOI' PADIA 100

[Mivaxag 5.1: Tivakag avtiotowyiog ypopupdtov

A B CDETFAG
1 2 3 4 5 6 7

HITJ K L M N
8§ 9 10 11 12 13 14

O P Q R S T U
15 16 17 18 19 20 21

v W X Y Z
22 23 24 25 26

"Exovpe to chvora

P = 7Z/26 (axépaior modulo 26)

C=7Z/26

K =7Z/26

To wvope NUMBER THEORY petagpaletot wg

[Tivakag 5.5: Metdopaon pnvopotog

N U MBER T HEU O R Y
14 21 13 2 5 18 20 8 5 15 18 25

5.1.2. To KpVATOGVGTNNO. TS UVTIKOTAOGTOONS. 10 cvotnua owtd P = Z/26, K = Soq, 10
GUVOAO TOV UETOOEGEDY GE 26 YPAULOTOL.
H ocuvvaptnon kpumtoypdenong eivar o petdbeon:

[Tivaxag 5.6: IMivakag Zuvaptnong Kpumtoypaenong

A B CDETFG

d e r y v oh

HIJ KULMN

e z X W pt b

OPQRSTU

f j ¢ n mu
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OPQRST U

To wvope NUMBER THEORY petagpaletot wg

[Tivaxag 5.10: Metdopaon unvopatog

N UMBERTHEORY

b ut e v qgq me Vv g q ¢

Mapatipnon O apBuds KAeW1OV givar peydrog 26!, TopodAa avTd TO GHGTNU UTOPEL VO ATOKPL-
TToYpapnOel evKoAM [LE BAOT] TN GTATIGTIKY ELPAVION TOV YPUUUATOV TG GAQOSNTOV.

5.1.3. To agwiko Kpvrtocvotnpa. P = C =7Z/26
K ={(a,b) (Z/26%x7Z/26)}.
INa éva otabBepd (a, b) égovpe
ex(x) =ax+b
‘Eocto
ax + b =ymod26 = ax =y — bmod26
Tnv nopandve eicwon Ba mpénel va €xel povadikn Adon g Tpog x. Avtd cupfaivel ov kot povVo av
MKA (a,26) =1. Av Bempnicovpe TV 1Goduvapio
a-x = 1mod26

Ko cupBoricovpe T Aon e pe x = a !

, TOTE
dk(y) = a_l(y — b)mod26.
Mopaderypo Eoto 1o khewdi = (7,3) karo (7,26) = 1 woyvel
ex(x) = 7x + 3mod26.
I'o. T cuvapTon anokndikonoinong mpémet 71 = 15 apov 7x = 1mod26. Emopévac

di(y) = 15(y — 3) = 15y — 19mod26

"Eoto 611 0€hovpie va oteilovpe to unvopa “hot”
Kodwkomoinon

h—8 ex(7)=7-84+3=59=7 mod26
0—>15 ex(14)=7-154+3=108=4 mod26
t—20 ex(19)=7-20+3 =143 =13 mod26
Apa Cipher Text = GDM
AToK®OKOTTOIN OGN
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A (7)=15-7—19 =86 = 8mod26 8 — h
di(4) =15-4—19 = 41 = 15mod26 15 — o
Ay (19) = 7- 13 — 19 = 20mod26 20 — t

Inueioon: o vo Aboovpe v 7x = 1mod26: I'vopilovue 611 av (a,b) = d, 10te vadpyovv
X0,Yo € Z wote d = axg + Yo Ko Tpénet va fpodue ta Xg, Yo, d. ['a mapdderypo 26 = 7 - 3 4+ 5 ko
7T=5-14+2xmbd =22+ 1. IIpoywpaue avtiotpopa.:

1=5-2.2=5-2(7—5)=-2-74+3-5=

—2-74+3(26—-3-7)=3-26—11-7

Apa 26-3+T7(—11) 6mov xg = 3 kouyg = 7. Eivau 7(—11) = 1mod26 ka1 —11 = 15 670 Zog Anhodn
al=15.

5.2. To Kpvrtosvotnpna Vigenere

P=C=(Zy)™ =Komovm € Nuem # 0. Eoto k € K dnradn k = (ki,ko,...,Kkm) ue
ki € Zog. OempovUE TIC GUVAPTNOELS

ek(Xl,Xg,...,Xm) = (X1+k1,X2+k2,...,Xm+km)

Ko
de(Yy1,Y2,- -, Ym) = (Y1 — k1, y2 — k2, ... ,Ym — Kkm)
Hopatnpioeg
1. To ovomua givor ToOALVOAPAPNTIKO, Gpa 1| KPLATOAVAALGT ival O SVGKOAN Amd OTL oTa
TPOTYOVLEVA LOVOOAPAPNTIKA GUGTILLOTOL.

2. To m\i00g TV KAeWdv givarl 26™. Emeldn 1o m eivor avbaipeto pmopovpe vo QTia&ovpe
KPUTTOGVGTNIO UE 0G0 aptOpd KAEWOUDV EMOVUOVLLE.

3. Aegv yperdletar to Keipevo va £yel TAN00G YPOUUATOV TOAAUTAAGIO TOV MM, OV KATH TNV O~
domoinon mTpokvyeL opdda Ue KPOTEPO TANDOG YPAUUATOV - £0T® UV < M amd LT TOL
KAELO100 KPATALE TO KOUUATL TOV KAEWD100 OV YpelalOpacte SnAadn To TPOTO U YPAULOTO.

‘Eoto m = 6 kot khedin AéEn CIPHER , dniadn k = (2,8,15,7,4,17).

Hopaderypo Kmowkomoinong

‘Eoto 611 8éhovpe va oteilovpe to pivopa “Number Theory”. Metatpémovpe 1o pivopa o€ apid-
HOVG, Opad0TOL0VE avd 6 Kot TpocBétovpe T0 KAEWDL 0T0 Zog.

Mnvopa 14,21, 13,2, 5, 18,20, 8, 5, 15, 18, 25.

Ouadomnoinon (14,21, 13,2, 5,18), (20, 8, 5, 15, 18, 25)

[IpocBétovpe T0 KAl

(14,21,13,2,5,18) + (2,8,15,7,4,17) = (16,3,2,9,9,9),

(20,8,5,15,18,25) + (2,8,15,7,4,17) = (22, 16, 20, 22, 16)
To wvopa yivetor Aowtdv: PCBIITVPTVP
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5.3. To Kpvrrosvstnpa tov Hill

P =C = (Zy)™, pem € Nym # 0. To obhvoro K anotekeitor amd tovg m X m mivokeg pe
otoygio amod 10 Zgg. AV X = (X1,X2,...,Xm) € Prank = (kij),1 <1i,j < m1ote
Y= (917927 v ﬂJm) = ek(x) =k-x.

"o va opileton N avtictpoen cuvdpnon Ba mpémet va vIdpyEL 0 avtioTpogog mivarkag k! Kot avtd
yivetat av Kot povo av 1 opitovca det (k) givar avTioTpéyipo 6totyeio 610 Zog 16000V OV KO LOVO
av (det(k), 26) = 1. H cuvaptnon anokmdikonoinong eivat n

dily) =k'-y.

11 8
(5 )
kot det(k) = 53 = 1mod26
Moepdaderypo Ag vrobicovpe 6Tt BELovpe va oteilovpe v Aéén MATH — (13,1, 20, 8).
INo v kedwonoinon £yovpe:

11 8\ [13\ (21 11 8Y) (20 [24
3 7)\1) \20/°\3 7)\8/) \12)°
Anhadn to kpvrToypaenuévo upvopa ivor UTXL.
H amoxpuntoypdenon yiverol pe ToOAOTAOCIAGUO LLE TOV AVTIGTPOQPO TivaKo.

= (0
(5 0)-G)- (D) (5 0)-(2)- ()

HMapotypiceg Av det k # 1 tote det(k) ! ovupolrilet Tov avtiotpogo g det (k) otov daxTdA0

Zog Anhodn Bo mpémet vo, AOGOLLE TNV 160dVVOLi

det(k) - x = 1mod26).

Hapaderypa Kiedi

"Etot

5.4. To kpuvntocvoTnua peradicewv
To kpumTocHOTNUN OVTO ATOTELEL E101KT TEPITTOGT TOV KpLATOoLGTHOTOC Tov Hill. Osmpodue
po petéBeon o € Sy dnAadn pia petdbeon tov cuvorov {1, 2, ..., m}. Xtn petdbeon avtn avrictoryel
évag mivaxog petafécemv kg 0 onoiog opiletor g

1 avj=o(i)
kij = ,
0 Jwpopetikd

O zmivakag avtog €xet v WO TA Vo HeToBETeL Ta oToXElD TOV OGTNADV OV TOAAUTANGIALOVTOL (e
aVTOV, KOl KAVEL VLY POUUATICLOVG.
‘Exovpe P = C = 75,
eo(x1,%2, ..., Xn) = (Xg(1), Xa(2)s - - - » X5 (m))
Ko
do(x1,X2, ..., Xn) = €5-1(X1,X2, -+ -, Xn)-

‘Etot av to kKAe1di eiva 1 petdbeon (m = 6)
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[Mivaxog 5.11: Tivakeg petdBeong

1 23 45 6
3516 42

to unvopa Nice party in Sparti ypdpeton

To wvoud pag éywve: canpieysrntirgpiat.

5.5. Kpvrroovoeripara Porlg
I8éa: Xpnoipomolovpe KAWL pong z = 21, Za, . . . KO KPUTTOYPAPOVLLE TO UVOLLA

X =X1,X2,...

Y=1Y1,Y2,... = ezl(X1)anQ(X2)7‘ sy

H ocvvaptnon f; (e€optdton amd 1o kAWl k kot omd tovg i — 1 yopakTpeG TOV UNVOUATOS) XPMCULO-
moletton Yo va pag 00cel 1o zi (i- 0616 ototyeio Tov KAEW100 pong ). Aniadn:

zi = fi(k, x1,%2, ..., X{—1).

To z; ypnowponoteitat kot divet to Yy = ez, (xi). Emopévog kpumtoypagovpie To ivopa X1, X2, - . ., Xi—1
vroAoyifovtag dtadoykd T 21, Y1, 22, Y2, - - -

Opwopoc: Awretoypévn 7-ada (P, C, K, L, F, E, D) 6mov

P: memepacpévo cuvoro 6Awv Tv duvatmv plaintext C: menepacpévo GHVOAO OA®V TOV duVaTOV
cipher text K: nenepacpévo chvoro 6Amv TV duvatdv KAEWOIOV L: Tenepacuévo GUVOAO oV AEyeTan
aApapnto KAewddv pong F = (fy, fa,...) odvoro-yevvitopag krewdumdv pong. Na kdbe i > 1 eivan
fi: KxPi1 - L.

INa kabe z € Londpyete, € Exkar d,(ex(x)) =x, x € P. Anhadn

e;:P—Cxord,:C— P.

To kpurtocvoTnuo pong Bo Aéyetan Guyypoviouévo 0tav to KAEWL pong eéaptdrol uévo amd 1o
KAl k. Oa Aéyeton meplodikd e mepiodo d,0tov zi4 g = zi Yo kabe i > 1.

Hapamipnoeis: 1. Ola ta TponyodUEVE KPVTTOGLGTHLATA LTOPOVV Vo BempnBovv mg €131KN Te-
PITT®GN TOV KPLATOGVGTHUATOC poNg Otay zi = K, Yo kdbe k > 1.
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2. To Vigenere pe kAedl pnkovg m pmopel va BewpnBel meptodikd KpumtocLGTNA PONS, UE
nepiodo m. To Vigenere potalet pe to petapopdg e, (x) = x+z ko d,(y) =y —z. Zovibog
P=C=1L=7%Zs«xae,(x) =x+zmod2 xar d,(y) =y — zmod2

3. Al péBodog (ouyypovioéEVOL) KAELD10D POTG:

Av Eexwvnoovpe and (ki, ke, ..., k;n) kot ag 0écovpe zi = ky yio 1 < 1 < m. Zvveyiloope va
TOPAYOVLE TO KAEWL POT|G YPNCIUOTOLDOVTAG TNV OvVadPOpKN oyéomn Pabpod m

OmoV ¢4 € Zo docpévakaicy = 1. Edm to k amotereiton amd 2™ tipéc gk, - . ., Ky K1 Co, C1y -+« 5 Cr—1-
5.6. Kpvrrroavaivon

YroBétovtag 0Tt 1o cOoTUA ETKOV@VING lvatl Yvootd o dodue mdg e T Ponbeta t¢ oTaTIoTL-
KNG OVAADOTG ELOAVIONG YPOUUATOV UTOPOVLE VO VTOKAEWYOVLE TO UIVOLLAL.
ZoyvoTnTa ERPAVIoNS YPOUUATOV:

[Tivakag 5.15: Zoyvotnteg UQAVIoNS YPUUUATOY

Ipappo Soyvotnta

E 0,120

T,A,O,ILN,S,H,R 0,06 £¢wg 0.09 (o€ pbBivovoa cepd)
D,L 0,04

C.UM,WF,G,Y,PB 0,015 éwg 0,028

VK, J, X,Q,Z <0,01

Soyvotnta epeavicemg dtypauudtoy, g eBivovoa cGelpd TG GUYVOTNTOG ELPAVICENC:

TH, HE, IN, ER, AN, RE, ED, ON, ES, ST, EN, AT, TO, NT, HA, ND, OU, EA, NG, AS, OR, TI,
IS, ET, IT, AR, TE, SE, HI, OE

ZoyvoTnTa, ELPUVICENS TPIYPAULATOV,0€ @OBTvovca oelpd TG ovyvotntag eppovione: THE, ING,
AND, HER, ERG, ENT, THA, NTH, WAS, ETH, FOR, DTH

AgvmoBécoupe 0t yvopilovpe OTL TO TOPUKAT® UVOLLOL
FMXVEDKAPHFERBNDKRXRSREFMORUDSDKDVSHVUFEDKAPRKDLYEVLR HHRH éygt xpv-
TTOYpaPnOEl Le TO aPVIKO COGTN O

Y10 mopomdve ciphertext HEAETOVUE TN GLYVOTNTA EUPAVIONG YPAUUAT®V KOl QTIAYVOVLLE TOV Ti-
VoKL

[Tivaxog 5.16: Zvyvotnteg epeaviong Ypoppdtov oto ciphertext

Ipdupa  Xoyvomta Ipappa  Xvyxyvomta pdupa  Xvyvomta

A 2 J 0 S 3
B K 5 T 0
C 0 L 2 U 2
D 7 M 2 v 4
E 5 N 1 W 0
F 4 0] 1 X 2
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Ipappo Xoyvommra Ipappo Xvyvomnta pappa  Zvyvomta

G 0 P 2 Y 1
H 5 Q 0 z 0
I 0 R 8

To yplppoto pe Tn HEYOADTEPT CLYVOTNTO ELPAVIONC GTO KPLTTOUVULLO EVaL:

[Mivakag 5.17: Tpdupota pe T HEYaADTEPT GLYVOTNTO ELPAVIONC
o710 ciphertext

Ipdppa  Xvyvomta

R 8
D 7
E,HK 5
ESV 4

Bdoel tov cuyvot)Temv UeAVIoT g KAVOVUE TIG €E1G AVTIOTOLYIGEIC:
1. R— E,ex(5) =18 dpa 5a + b = 18mod26
2. D — T,ex(20) =4 apa20a + b = 4mod26

Advovpe 10 Tapomdve cvuotnue omote ThavEG Avoelg eival: a = 6 kot b = 14. Eneidn opwg
(6,26) = 2 # 1 vmapyer MaOog oTNV apyIKn AvVTIoTOl oM.
Aoxipualovpe K vEou

1. R— E,ex(5) =18 dpa 5a + b = 18mod26
2. E—=T,ex(20) =5 apa 20a + b = 20mod26

70 omoto otvel a = 14 kot AL dtomo.
Aoxipudlovpe €k vEou

1. R— E,ex(5) =18 dpa 5a + b = 18mod26
2. = T,ex(20) =8 dpa 20a + b = 8mod26

1 omoia divel Abon a = 22 kot TaAL dtomo.
Aoxpdlovpe €k vEo

1. R— E,ex(5) =18 Gpa ba + b = 18mod26
2. = T,ex(20) =11 dpa 20a + b = 11mod26

1N omoia £yl wg Avon a = 3 ko b = 3, onAadn mbavo khedi eivor to a = 3, b = 3. Yroloyilovue
6t a—! = 9mod26 xou

dic(y) =9y —3) =9y — 3,
KOl TOPpaTNPOVUE OTL TPAYUATL 1] GUVAPTNOT ALTY] ATOKPLITOYPAPEL TO {nTovUEVO pNvLUd, a@oD 1M
OTOKPLTTOYPAPN O™ diveL:

algorithms are quite general definitions of arithmetic processes
mov anoteAet To pvopa (plaintext)
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5.6.1. Kpvntavdivon 6ueTINOTOS OVTIKATAGTAGNS. 11O TOPAKAT® 0KOAOVOOVLLE TO TOPAdELY LA
tov Biiiov Tov D. R. Stinson Cryptography: Theory and Practice (Stinson 2005).
EmBopovpe vo amokpuntoypopGOVLE TO KPUTTOYPUPTUEVO LVULLOL:

YIFQFMZRWQFYVECFMDZPCVMRZWNMDZVEJBTXCDDUM]
NDIFEFMDZCDMQZKCEYFCIMYRNCWICSZREXCHZUNMXZ
NZUCDRIXYYSMRTMEYIFZWDYVZVYFZUMRZCRWNZDZ3J3J
XZWGCHSMRNMDHNCMFQCHZIMXJZWIEJYUCFWDINZDIR

A W N =

Ynohoyilovpe TOV TIVOKO GUYVOTINTMOV ELPAVIOTG TOV YPOUUATOV:

[Mivaxag 5.18: Zuyvdtnteg PEAVIoNS YPOUUAT®V GTO LVoua

I'p. 2Zvy. I'p. Xvx. I'p. Zvuy. I'p. Zvuy

A 0 H 4 O 0 vV 5
B 1 I 5 P 1 X 8
c 15 ] 11 Q 4 Y 10
D 13 K 1 R 10 Z 20
E 7 L 0 S 3 F 11
M 16 T 2 G 1 N 9
U 5

1. Enedn 1o Z &gt ) peyoldtepn cuyvotnta ePeaviong Aoyiko gival va vtobécovpe 60t — €
onhadn 6t di (Z) =e
2. Ta C,D,F,JM,R,Y &yovv tovidyiotov 10 eppaviceis. Aoywkd givarl va vroBécovpe Tt avijkovy
670 60VoAo {t,a,0,i,n,s,h,r}. Eme1dn o1 cuyvotreg avtéc dapépovy moAd Alyo tifeton 1 e&Ng
gpwtnon: [Tov avtictoyel To kabéva;
Katapynv kortdlovpe ta drypappata: Z kor Z apov yvopilovpe 611 — e. YmoAoyilovpe Tov mo-
POKATO VoK EULPAVIOTNG STYPOUUATOV:

[Mivaxog 5.19: Zvyvotnrteg epoaviong dtypoppdtov

Atypappa  Epeoviceig Alypoppo  Epeavicelg

Dz 4 Fz 2
W 4 ZR 2
NZ 3 VA% 2
ZU 3 zC 2
RZ 2 ZD 2
HZ 2 7] 2
XZ 2

1. Enedn 1o ZW gpoaviCetar 4 popégkarto WZ dev eppaviletor kabotov, eve to W eppoavileto
Aiyeg popéc (8 popéq) eivat Aoykod va vrobécovpe ot dy (W) = d.

2. Emnedn to DZ epgaviletor 4 popég kot to ZD eppavifetor 2 popég eivat Aoyikod va vrobécovpe
ot di (D) € {r, s, t}. TiBetar Eava epmdtnon: TTod avtictoryei 1o kabéva,
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Me v vrobson di (Z) = e kau dx (W) = d emotpépovpe Eava 6T0 KPUTTOYPAONLLO KOL TTOLPOLTY -
povuE:

Ta tprypappato ZRW xar RZW gpopavifovtor otnv apyn, evd 1o RW ol apyotepa. Emiong to
R gpoavifetar ouyva oto keipevo (10 popég) kot To nd givor Eva cuyva eppavilopevo diypappa. ‘Etot
umopovpe vo vrobécovpe 6Tt di (R) = n Méypt tdpa 1 amokputoypdenon divet:

______ ed e mned e e g
_________ n d en e e ¢ n  n__ ed e e
~ne_ nd e e ed n e ed d € n

ZN (eh) oy1. Av avtod givar cootd, T0TE LEGH 6TO Keipevo éyel oynuatiotel: ne ndhe. To pdévo cvyva
emavoAapPoavouevo Tpiypappa wov terelmvel o€ nd eival to and.

Aoy howmov givan va vroBéocovpe 6t di (C) = a.

X1 ovvéyela Bepovpe T0 deVTEPO TTO GLYVE eLPAVILOUEVO Ypauua, Tov glval o M (16 @opéc).
[Tiotevovpe 0Tt amoterel KpuITOYpAEN e Tov nh _ Agv vdpyel Tpiypapo cuva eneaviiopevo e nh,
apatoh mBava Ba anotehel apyn kadmolog Aéénc. Ta drypappoto Opmg peh  sivarto he, ha, hi. Eneion
070 a, € £ovuE avtioTotyioel ON GAla ypaupata Topa avapsvooue 0tt dg (M) =i dx(M) =o

Eme1dm 1o ai givo ToAd o cuyvo amd 1o ao 1o diypappo. CM Tov KpuTToypopneTog HoG VITOPAAAEL
™mv 10é0 va dokipdoovpe tpmta to dg (M) =1

%’ o106 T0 6TAS10 TO KEIUEVO YiveTan :

_____ iend a1 e a inedhi_ e =~ a i h = dieai_e_a_ _
~a i nhad a en a e hi ehe a n in_ i ed e e ineandhe e
_ed a inhi_ _hai_ _a e i _ed ad_he n

Emopevo prpa: Ioto ypdppo aroterel kpumtoypaenon tov o; Eredn to o £xel peydin mbavotnra
oLYVOTNTOG ELPAVIONG YAYVOLLLE YPALpaTo TV ELPavIlovTot GUYVA 6TO KEILEVO. Y TOYN QL0 YPAULOTO
gtvarta : D, F,J,Y TTho mBavo and avtd etvan to Y. Av .y maipvape to F Oa elyope tpréda povnéviov
aoi yw. to CFM 1 ywo to CIM «dtt o omoio eivon pn amodektod. Ynobétovpe Aowmdy ot di (Y) = o.

Metd to Z ko1 to M ta. tpia mo cvyva epeavilopeva ypappota eivor ta DFJ pe 13, 11, 11 popéc
eppdaviong avtiotorya. Ewdlovpe dowmov ot {D,F,J }= {r,s,t} Abo gppaviceig tov tprypapporog NMD
pog veofdariovv v 1éa vo vrobécovpe 6Tt di (D) = s kTt mov pog diver T AéEn his. (Avtod givan
ocvuPipactd pe Ty Tponyovuevn vadbeon 6t di (D) € {r, s, t})

To Tpuqpa HNCMF 6a pmopovoe va gival kpomtoypaenuo g Aééng chair. Avtd onpaivel 6t
di(F) =7, dx(H) = e ko di(]) = t. Zovendg dx(R) = n di(C) = a dx(M) =i dx(M) = o
de() =1dk() = dx(D) =s dx(F) =rdi(H) =cdk(]) =t

To keipevo yiverat

or riend ro  arise a inedhise t  ass ithisr riseasi e a orationhadta en
ace _hi_eheasnt oo _in_1i_o redso e ore ineandhesett ed ack inhischair aceti ted
to ardsthes n

Topa eivor TOAD €0KOAN 1 ATOKPVTTOYPAPNON:

our friend from paris examined his empty glass with surprise as if evaporation had taken place while
he wasn’t looking. I poured some more wine and he settled back in his chair face tilted up towards the
sun.

Bifloypaoia

Stinson, D. R. 2005. Cryptography: Theory and Practice, Third Edition. Discrete Mathematics and
Its Applications. Taylor & Francis. https://books.google.gr/books?id=FAPLBQAAQBAJ.
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Kpunttoouotripata Avolytou KAELSL00

6.1. Zvotpata paciwopéva otn Oewpio AplOpdv

6.1.1. RSA. To cvomuoa avtd Paciletor oty WEA OTL VO 0 TOAATAACIOCUOG aKkEPpaL®mY givat
Ui Ol 01tKaGio 1oL YIVETOL EDKOAN KOt YP1Yopa. OV 1oYVEL TO 1010 Yo TNV avTIGTPOPT dladtKacio -tV
napoyovionoinon-. ‘Etot, évog mpdtog aptBpog e peydro aptBpd SiapeT®dv, TPOGEYTIKG SIUAEYUEVOG
glval ToAd dvuokolo kat ypovoBdpo va mapayoviomombet. [leprocotepeg mAnpopopieg oto (Menezes,
Oorschot, kot Vanstone 1996) kot 610 (Avtoviddng and Kovtoyewmpyng 2015).

H 18éa tov cvotipatog RSA avrkel otoug R. Rivest, Adi Shamir, Leonard Adleman eve 1 ovopacio
TOV TTPOKVTTEL OO T, ALPYIKE TV OVOUAT®V TOVG.

Yynua 6.1. Ron Rivest, Adi Shamir kot Leonard Adleman. Ta ntapdvta épyo amoterodv
Koo ktipa (public domain). [Inyn: Wikimedia Commons 2 3

[No v KOTEoKELT TOL GLOTILOTOC GKOAOVOOVLLE TA TAPOKAT® PpoTo.:
1. Eméyovpe 300 peydAovg mpmdtovg p, g Ko VtoAoyiovpe To YIVOUEVO TOVG L =P - (.
2. Yroroyilovpe o d(n) = (p — 1)(q — 1).
3. Emiiéyovpue éva otoryeio a npdto mpog 1o d(n) ko emmAéov vwoloyilovpe kot Tov ovti-
o1po@d T0v b dhote ab = Imodd(n).
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https://en.wikipedia.org/wiki/Ron_Rivest
http://en.wikipedia.org/wiki/Adi_Shamir
http://en.wikipedia.org/wiki/Leonard_Adleman
https://commons.wikimedia.org/wiki/File:Corrado_Giustozzi_e_Ron_Rivest_1999.jpg
https://commons.wikimedia.org/wiki/File:Adi_Shamir_2009_crop.jpg
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4. Anpociomowodpe ta M, b, evd ta a, p, q To KPATAUE LVGTIKE.

H ocvvaptnon kpumtoypdaenong yio kémolov tov BELEL va pag oTeIAEL KATO10 UV ivat 1)
ex(x) = xPmodn.
Mo vo amoKpLTTOYPUENGOVLE TO UAVOLLO TTOV LG EGTEIAAY YPTCLLOTOLOVE TNV GLVAPTNON
di(y) = y“modn.
®o mtpémel vo, amodeifovpe 0Tt
drlex(x)) =x Yo KGOE X € Zn .
[pdypatt, av (x,n) = 1, 10t T0 Ocdpnua Tov Euler divet
x®(™) = 1modn.
Enopévacg
di(ex(x)) = dk (x®) = x*Pmodn.
Ipaopovpe ab =1+ d(n)t pet € Z, ondte
di(ex(x)) = xH Mt = 5 (x® (M)t = ymodn.
Axopo kot 0tav (x,n) > 1 woyvel 1o id10. Exednn =pqav (x,n) > 1, tétex =c-pfHx =c- g ue

(c,pq) =1(x <pq=n).
Enedn (¢, n) = 1 égovpe 011 ¢*° = c. Ou EETACOVLE TOV TOPAYOVTO TOV JEV EIVOL TPADTOG TPOG
Tov .. Mmopovpe vo vobécovpe 6TL X = p. Oa amodeiovpe

ab

ab __
p“° =pmodpq.
H televtaio 1oodvvapio 1oydel akpipag tote OTAV

P! = 1modq,

onAadn akpifmg ToTE OTOV
p® (™t = 1modq.
H tehevtaio 6umg 1oyveL, 610T1
p97! = 1modq,
OTOTE KOl
(qul) (p=t)t _ 1modgq.

Hapatipnon Av o n dev givor Yivopevo dV0 SLOPOPETIKAOV HETAED TOVG TPDOTOV APIOL®V, dEV 15YDEL
1N TopoTave oxéon.

Haepatipnon To keipevo Oa mpénet va kmdikomomOel kot va oTalel o¢ Evag aptBpuoc. Av vAomoin-
GOVLLE TOV OAYOPIOLO LLE TETOL0 TPOTO MGTE VO GTEAVOVLE EVAV-EVAV YOPAKTN PO, TOTE TO VOO UITOPEL
Vo 0oKpLTTOYPapN el pe HeBOS0VE GTATIGTIKNG ovAAVLONC.

Hapaderypo Ag mépovpe p = 47 kot g = 59.

n=p-q=47-59 = 2773, $(n) = 2668.
Eniéyovpe b = 17, (17,2668) = 1. Advovpe v 1codvvopio
17x = 1mod2668

kot Ppiokovpe a = 157. YroBérovpe 6t1 BEhovpe va kpumtoypaprcovpe to unvopa “Its all go”. To
yopilovue og Cevyapia.
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[Mivaxog 6.1: TTapdderypo RSA

IT S AL L GO
0920 1900 0112 1200 0715

Kodwomroinon

0920'7 = 0948mod2713

Amoxpuntoypdonon
9487 = 920mod2273

ka1 10 920 avtietoryel oto “IT”. Opoing Kot To VIOAOLTA.
Hoepadserypa O mapakdto kdduog oto Sage dnuovpyet Eva khedi pe b to TAnbog bits.
Kataokevalovpe 10 KAe1d1 pe v TopokdT® cuvEpTNon Tov £XEL MG OPIoLA TOV apBpd Tmv bits
kot oav €00 divelta a, b, n.

def rsa(bits):

1

2 proof = (bits <= 1024)

3 p = next_prime(ZZ.random_element(2**(bits//2+1)),
4 proof=proof)

5 g = next_prime(ZZ.random element(2**(bits//2+1)),
6 proof=proof)

7 n = p*q

8 phi_n = (p-1)*(q-1)

9 while True:

10 a = ZZ.random_element(1,phi_n)

1 if gcd(a,phi_n) == 1: break

12 b = 1ift(Mod(a,phi_n)~(-1))

13 return a, b, n

Omndte dlvovtag TNV EVIOAN

a,b,n=rsa(1024)

a,b,n
(8508006992606062278435437373009107932868120046557782\
66620945061143418357189761746374383027141494401153547\
71707119818871961676361921141125848637779271707365625\
41516445244745857814041373143365409110733175384122655\
61279658309714827862817842675942297017473231503268201\
00194070484035232543701672141967929765405,
66274295106522162854465765226322467498274068013549441\
lo 83083635526839270591300102600518557148952951421598258\
i1 24695709738628196319671983795539922234171427066736639\
2 35760717015520521858449047426885004737495102562904136\
I3 ©05878142088987583928265422643505871073018023798304019\

=T R = L N L
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4 2287757263207926566791112430349135818933,

15 16090904236283276325788931385132017717279036218068723\
l6 56837335604765092297734634459923781787861224441917789\
17 46836481097301814660228615375058025168325775802299127\
18 66009589135816327213222650111207418811069182080905145\
l9 36729543955969533450149354091600265131814719264551934\
b0 39841252336042454655532491134327889092299)

Kataiyooue ota embountd a, b, n. To kK edi mov oynpatictnke topamdve dev Umopel va topo-
yovtomoin el (o€ e0A0Y0 YPOVIKO SACTNUR), LLE TNV EVIOAN

L factor(n) ]

[Mopabétovpe Tig EMOUEVES VO GUVOPTNOELS 0L OTOIEG PETATPENTOVV OKOAOVOIES YPAUUATOGVUPO-
Aov og ASCII og xpurtoypagnuévo punivoua. Ta eopfora ASCII ypeidlovtar 256 ynoeia, omdte GTNV
TPOYLOTIKOTNTA OOVAELOVUE GE Eva oplOUNTIKO GuoTNUO UE fdon To 256.

r

def encode(s):

1

2 s = str(s)

3 return sum(ord(s[i])*256”1i for i in range(len(s)))
4

5 def decode(n):

6 n = Integer(n)

7 v =[]

8 while n != @:

9 v.append(chr(n % 256))

10 n //= 256 # this replaces n by floor(n/256)

return ’’.join(v)

—
—_

"Etot y10 va oteihovpe 1o pipvopa “How from here morning morning?” divovpe

1 m=encode(’How from here morning morning?’); m
2 4375985220785817121100889477344194414119534666110312\
3 30743291695793139528

Evo n amokpurtoypdenon yivetat:

1 decode(43759852207858171211008894773441944141195346661\
2 1031230743291695793139528)
3 ’How from here morning morning?’

Interactive


http://el.wikipedia.org/wiki/ASCII
http://users.uoa.gr/~kontogar/kallipos/Openkey-a.html
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6.1.2. ¥Ynowxn vroypai] pe ypion RSA. Av Bélovpe va vroypdyoupe €vo pivopa, GGTE 0
TOPOANTTNG va. puopel vo, emPeformoet 6TL eipacte mpdypatt epeic kot oyl Kamolog KakdPovdog gv-
S1aESOG 0 0010 TOPOLGLALETAL GOV VO EILACTE EUEIC, LTOPOVUE VO TO KAVOLUE UE TOV €ENG TPOTO,
YPNOWOTOIOVTAS TO WIOTIKO pag KAEWI (1, a) amrootélovTog To

s = m%modn

O TOPOARITNG TOV PNVOUATOS KoL TG DTOYPOPHS HoS vroloyilst tnv Tiuq s® ypnotponoidvrag to
dnuocto KAewdi Kot To cuykpivet pe o m. Avti n néBodog voypaeng £xet pio moyida 6nmg o Sovpe
OTY] GLVEYEL.

6.1.3. Acoparewa. O arydpiBuog Bewpeitor amd Toug TAéov acpodeic. Kaveig oev EEpet av vrapyet
aAyop19pog (Ln dNUOGIELHEVOG) TTOV VO TAPOYOVTOTOLEL GE TOAVOVLLIKO ¥pOVO pHeydlovg aptBpovs. To
peyaAvTePO TPOPANUA efvat 1 Kakn xpNon ToL adyopifuov.

AgvmoBécovpe OTL VTTOKAETTOVE TO KPLTTOYPAPT|UEVO UNVOLLOL

mb

Kot Tpo@avag yvopifovpe kot to dnuodocto kAewi (n, b) pe to omoio kpumtoypapnOnke, oArd Oyl O
KPLITOYPAPNEVO uvoua. KpurtoypagoOe To Kpumtoypaenuévo unvopra Eova e 1o Snuocto KAELSI.
Emovolapfavovpe tn d1adikacio KpurToypaenong ToAAES popés, dnAadn vroAoyilovpe To

j
m® modn

Kémoto oty (6tav b1+ = 1modd(n)) Ha népovpe to mP, ondte to pijvopa o givar to bI 1.

Ag YPNOYLOTOUCOVLE TNV EVTOAT I'Sa TOL OPIGOLE TOPOUTAV® Y10 VO PTIAEOVUE Vol LIKPO KAEOL.

1 a,b,n =rsa(1@); a,b,n
2 (2947, 1123, 3599)

AgvmoBécovpe 0TL To PRVNUA pag etvar o apBudg 1234. To kpurtoypapovue

1 m=1234
2 Mod(m”~b,n)
3 746

Kot topo emavoroppdavoupe tn dtodikacio tng kpumtoypdenons, yvopilovue to “kpumatoypoen-
pévo uivopa” 746 kot to dnuodcto kAewi (n, b) = (3559, 1123).

ml=746

for i in range(28):
m1l=Mod(m1~b,n)
i,ml

(1, 3491)
(2, 3064)
(3, 1112)
(4, 624)
(5, 2332)
(6, 136)

=T R = L e S

—
-_ O
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2 (7, 2698)
s (8, 2515)
14 (9, 319)

s (10, 868)
6 (11, 502)

17 (12, 2576)
s (13, 2820)

9o (14, 14)
o (15, 3369)
b (16, 929)

> (17, 1783)
b3 (18, 2393)
s (19, 807)
s (20, 2088)
bs (21, 1722)
b7 (22, 3430)
ps (23, 563)
bo (24, 1173)
b0 (25, 3247)

81 (26, 1295)
b2 (27, 1234)
83 (28, 746)

Yt 281 enavAANYN ELPAVIGTIKE TO 0PYIKO KPUTTOYPOUPNUEVO UVULA, AP0 TO AKPLTTOYPAPNTO
glval To mponyovuevo -to 1234! duvoikd 1 pébBodog avth ypetaletal apketd xpoOvo oV T0 b £yl LeYAAn
16EN mod ¢ (M), KATL TOL TPETEL VAL TAPOLUE VIOYIV G€ Evav KaAd oxedtacpd Tov RSA.

Kaxn Xpion

‘Exovpe otnv katoyn pog dvo KAEWdd g popeng (n, by), (n, bs) kot dVo KpLATOYPAPNHOELS TOV
{010V pnvopatoc m pe ta kKAed avtd, dniadr yvopilovpe (kKpueakovyovtag o€ £va HiKTvo)

m; = mP modn
Ko

ms = mP2modn
Av gmmdéov (b, be) = 1 161€ vVOAOYilovpE X, Y € Z dOTE

xb; +ybs =1

KOl GUVENADG LTOPOVLLE LITOAOYILoVTaG TO

bix+bay —

my-mj =m mmodn

VoL VTOAOYIGOVUE TO M X®PIG VOl TOPOYOVOTOUGOVLE TO M.

Muwkpé b

Av 70 b givon oyetikd pikpd (§oto b = 3), 1ot Y100 piicpég TipéS Tov m (apkei m < nl/P), tote
10 ¢ = mP < n, <MAadn eivor cov vo EYOVLE KAVEL TPAEEI GTOVG OKEPOLOVG. ZVVETDG LTOPOVUE VO
voAoyicovpe v b-pila Tov ¢ Kot vo vtoAloyicove To m.
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"Evag tpdmog va 0d1ynbodie oty KaTAoTOOT 0T EIVOL VL £YOVUE TO 1010 PVULO KPUTTOYPOpT -
UEVO Kol GTOAEVO G€ TOALOVG (€0Tm T TO TANB0G TOVC) TAPAAATTEG Ol 0TTOi01 £Y0VV TOV 1010 EKBETN b
oA SLoQOopETIKA Ny, . . ., Ny TOTE pe T PonBera Tov Oswpruatog tov Kivéfov pmopovpe va vroro-
yicovpe 1o

mPmod[ny, ..., n,]
KOl TOPO, EYOVILE CUAVTIKEG EATIIOEG TO
c=mb < Mnq,...n]

(MGTE VO YPNOLUOTOGOVHE TNV HEBodo g b-pilag.

1810 KA£161 Y10 VTOYpAPN

Ac¢ vroBécovpe 01t 0 Tavayidg o omoiog Exet 101MTIKO KAEWL (N, a) kot dnpocto kKAewi (n, b)
Balel ebkola TNV VTOYPOAPT TOL GE O,TL WVVUO TOV OMGOVHE. AV KPLPOUKOVGOVUE £VO KPLTTTOYPOUPT|-
pévo pivopa x pe TapaAnmn tov Hovayuotn, tote propodpe va nmmoovpe amd tov [avayuntn vao pog
vroypayet 1o 10 - ¢, 6mov (1, n) = 1. Tote o IMavoyidT™G HaC EMOTPEPEL TO

®. )% = 1. mmodn

b

(r

o6mov M gtvat to apywd pnvopa (dyvmoto oe gpdg) dote m° = c. IloAomAacidcape pe tov T avti va
oteilovpe 1o ¢ okéto otov [lavayldn yio vroypaen, YTt To pvopa T - m 0gv glval QUECH KATOVONTO
wote va kataldafet o Havayudtng 6Tt Tov E0TATOVLE Y10, VOL oG OTOKPVTTOYPUPNGEL O 18106 TO VUL
7oL tpoopileral yia avtov!

[Tpopavdg apol To T ivol AVTIGTPEYILO UTOPOVUE EVKOAN Va. Bpovie TO M.

Me Alya AOy10 deV TPEMEL VO, YPTGILOTOLOVLE TO 1010 KA1 Y10 LTOYPAPT| KO ATTOKPLTTOYPAPT O
Ko YEVIKOTEPX VO, TPOGEXOVLE oD Balovpie TNV vIToypaP pag!

6.1.4. "Yyoon og dvvapn. H xpurtoypdenon RSA arattei tov vmohloyiopd g dywong o€ dv-
vapun modulo n. Zmnv wepintoon wov yvopilovpe TV Topayovionoinon tov n, Oa pmopovoape vo
YPMNOUOTOCOVUE TEXVIKEC OTTMC TO Bempnua Tov Euler

x®(M) = 1modn

TPOKEUEVOL VO ATAOTOUGOVLE TG TPAEELS Hoc. H mopayovtomoinen Tov n kol GUVETMG KoL 1) TIUT TOV
d(n) dev givor yvwoT 6TOV ATOGTOAEC.

Ye kG0e mePITTOOT EVOG TPOTOG Y10 VO TEPLOPICOVUE dPAGTIKA TO TANHOG TV TPAEEMVY TOV OTToL-
TOOVTOL OTTMC KoL T v €ivot va ypayou e Tov ekB€Tn 68 duadtK Hopon:

r—1
e = E (1121
i=0

Kol 6T GLUVEXELR VO, VTToAOYilovLEe TO

\
-

T

be = p(Zizoai2) _ (bQi) “

I
o

Mo Tapdaderypa og vroloyicovpe to
7345078912m0d18165151
O vrohoyiopoc TG dvadikng Lopeng yivetar g ENG: Av e mep1ttdg ag = 1, admg ag = 0. Aviikabi-

GTOVLE TO € L€ TO [%} Kot cvveyiCovpe dpota péxpt va tacovpe oto 0. 1o mapdderypd pog,

541043 = (11001110100000100001)5.
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311 GUVEKEL VYHDVOVLE SLODOYIKE GTO TETPAY®OVO

7 = 7 mod18165151
7 = 49 mod18165151
72 = 2401  mod18165151
72" = 5764801 mod18165151
72 = 4796913 modl18165151
72° = 14438188 mod18165151

72" = 16179105 modl18165151
72 = 15991127 mod18165151
72 = 7879037 mod18165151
72" = 2156379 mod18165151
727" = 543208 mod18165151

727 = 218420 mod18165151
72" = 5609874 mod18165151
72 = 16317151 mod18165151
72 = 1116547 mod18165151
72° = 2890079 mod18165151
727 = 2214629 mod18165151
72 = 9002792 modl18165151
72" = 12145310 mod18165151
72 = 8503586 mod18165151

To {nrovuevo amotédecpa TpokOTTEL TOAAATAAGIALOVTAG TIG SLVAUELS ToL eupavilovtar pe 1 oto dva-
O1KO avamTUYpAL:

772 g2t g2 R 21 21 02l 956737,

6.1.5. El Gammal. To cvompa avto avarvydnke and tov T. El Gamal (ElGamal 1984) Xt yevikn
TEPIMTMGT TOV GLGTNUATOG £XOVUE e KUKAKN opdda G ta&ng q n onoia mapdyetatl and to ctoryeio
g. [lo v ao@dAelo Tov KPLTTOGLGTHHATOS Bl TPETEL VO OTOLTI|GOVILE 1 ORLAd VO TANPEL oL GEPA
and tpoimobécelg MoTE TO KPUTTOGHOTNIA VO elvar avBekTIKO oTic Yvwotég embéoeic. [lepiocotepa
Bo TovLE OTN GUVEKELX.

‘Exovpe 600 npdcoma Lowtov -tov [Tavayidm kot tn Zovldva- mov 8élovv va avtadrla&ovv Eva

UV,
1. H Zovlava dwaAéyet éva x oto odvoro {1,...,q — 1}.

2. Xtmv ovvéyela voroyilet o h = g*.

3. Anpootedet o h padi pe pia meprypaen g opddas G, g, g ©g o dnuodcto kAewdi e. To x to
KpaTdel LuoTikd Kal eival 1o 101mTIkd KAEWL TG,
Av o Iavayidtng 0éAel va oteihet éva pnvopa m € G oty Zovlava tote

1. dwAéyet éva y Ko vroroyiler to ¢ = gY.

2. Yrnohloyilerto s = hY.

3. Yrmoloyiletto co = m - s.
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4. O Iovayud g GTEAVEL TO KPUTTOYPAPTLEVO KEIPEVO
(c1,¢2) =(g¥,m-hY) = (g%, m- (g*)¥)
o1 Zovlava.
AmokpuvaToypaenon

1. H Zovlava vroroyilerto s = cf
2. ZtnVv ovvéyeln vToAoyilet
ca-s t=m(g) ((gV)) ' =m

T0 0moio gival To apyKd PUHVULLAL.

Yyqua 6.2. T. El Gamal,Anunovpydg A. Klink, To mapdv €pyo amoteel koo KTHpa
(public domain). IInyn: Wikimedia Commons

Yhlomoinon H opdda G eivar cuvibmg
1. M moALOTAOGLOGTIKY Opada evog ompotos G = F ;‘)f LE amAoVOTEPT] SUVATY| TEPITTMON TV
f=1.
2. n opdda TV onpueiov pog EMEMTIKNG KOUTOANG (T1g eAAewmTIKEG KAUTOAES Ba Tig opicovpe

0€ EMOUEVO KEPAANL0)

6.1.6. To mpopinpa Tov drakprtoY hAoyapifpov. o va avakaADyEL KATO10G TO WO1WTIKO KAEIS
x Oa mpémel and 10 g* vo pmopécet vo vtoroyicet To x. Qo Tpémet va emAéEetl Ty opdda G pe T€To10
TPOTO MGTE TO TPOPANUA avTd Vo glval SHGKOAO Vo EMIALOEL.


https://commons.wikimedia.org/wiki/File:Taher_Elgamal_it-sa_2010.jpg
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6.1.1 Opwopoc:
To mpofinua tov droxpitod LoyapiBuov oe uio koxlixn oucdo G ue yevvitopa. g eivor yia dedouévox € G
va voloyiotet o exdétic k € N, dote g* = x.

Hapatipnon: ['a tov vToAoyiopd Tov “cuvexohs Aoyapifov” UTOPOVLE VA YPNCILOTOGOVLLE
T0 YeYOVOG OTL 1] €kOeTIKN cuvdptnon e* : R — R* givan yvijola av&ovoa, Kot vo akoAovBncove puo
axohovbio dokipudv: Eotm 011y € R kon OEhovpe va vmoroyicovpe to x € R dote X = y. Atadéyovpe
éva mpaypatikod x; € R kot vroroyilovpe o X1, Av owtd givan HikpdTeEPO TOL Y SoKIALovpE pe X1 <
X2 PEYPL VA Ppodue Yy < Xo (avaroyn dadikacior akoAoVHOVE Kot 6TNV TEPITT®ON OV €1 > ). T
GUVEYELD OOKIUALOVLE [1E TO EVOLAUECO ONUETID X3 = % Kooy e*3 >y Bempolpe 10 X4 = X1 + X32,
VD av €3 <y > Bewpodpe T0 X4 = %
Lo aKkoAovBio pnTdV OV Vo GLYKAIVEL GTO X.

Avt 1 edikacio dev pmopel va akodovOnOel, yia tapdderypo oty nepintoon G = Fyp,, apov dev
VILAPYEL KATOLO OVIGOTNTA VO LoiG KalBoodnynoEL.

H mo andn pébodog Ba tav (apov Exovpe Eva Temepacévo TPOPAN LA OE o TEMEPAGUEVT] OLLADO)
va. apyicovpe vo vTodoyilovie SUVALES TOV YEVWATOPO g PéXPL Vo bITOAOYIGTEL To gk = Y.

INo wapdaderypa ag dovAéyovpe modulo 73 (mov mapeummtoéving etvar o Took Nopig tov Tpdtov!).

Ynoloyilovpe mparta po mpotapykn pila modulo 73 yio mapddetypo to 5

, Ko ovveyilovtog pe avtdv Tov TpOTo Kataokevdlovpe

1 a=primitive root(73);a
2 5

21 cvvéysta dokiudlovpe va Ppodue k, dote 55 = 37mod73.

1 for i in range(1,72):
2 i,Mod(5~1,73)
3

4 (1, 5)

s (2, 25)

6 (3, 52)

7 (4, 41)

g (5, 59)

9 (6, 3)

o (7, 15)

i (8, 2)

2 (9, 190)

I3 (10, 50)

4 (11, 31)

s (12, 9)

6 (13, 45)

7 (14, 6)

s (15, 30)

o (16, 4)



https://www.youtube.com/watch?v=TIYMmbHik08

(17,
(18,
(19,
(20,
(21,
(22,
(23,
(24,
(25,
(26,
(27,
(28,
(29,
(30,
(31,
(32,
(33,
(34,
(35,
(36,
(37,
(38,
(39,
(40,
(41,
(42,
(43,
(44,
(45,
(46,
(47,
(48,
(49,
(50,
(51,
(52,
(53,
(54,
(55,
(56,
(57,
(58,
(59,
(60,

20)
27)
62)
18)
17)
12)
60)
8)

40)
54)
51)
36)
34)
24)
47)
16)
7)

35)
29)
72)
68)
48)
21)
32)
14)
70)
58)
71)
63)
23)
42)
64)
28)
67)
43)
69)
53)
46)
11)
55)
56)
61)
13)
65)
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b4
b5
b6
b7
b8
b9
70
/1
2
/3
4

(61, 33)
(62, 19)
(63, 22)
(64, 37)
(65, 39)
(66, 49)
(67, 26)
(68, 57)
(69, 66)
(70, 38)
(71, 44)
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H {ntodpevn tun gpoaviomke oto k = 64, oyetikd tpog To TEA0G. AgV VIAPYEL KOVEVAS EAEYYOG
7oL Ba eppoviotel o (nroduevog aplBuog.

6.2. Baby step giant step

H pébodog avtn mpotdbnke amd tov Daniel Shanks (Shanks and Daniel 1971) ko agopd tnv emi-
Avor| Tov TPOPANLATOC TOV S10KPLTOV AoYapibpov.

Yyquae 6.3. Daniel Shanks, IInyn: Wikimedia Commons

Oempovpe o KUKAIKN opdda G m omoio £xel TaEn n kot yevvitopa g. [ éva tuyaio otoyeio
h € G mpoorabovue va Bpovue x dote

g*=h.

O aAyopiBpog Baby step giant step Bociletar 6to va ypdyovpe 10 X o x = im + j pe m = [y/n] ka
0 <i<mkou0<j<m,ondte n nopandve GxEST YPAPETOL GTN LOPPT|:

h(g™™) =g


http://en.wikipedia.org/wiki/Daniel_Shanks
https://en.wikipedia.org/wiki/File:Daniel_Shanks.png

6.2. BABY STEP GIANT STEP 121

O oAy6p18pog vIoAoYIeL Eva KATAAOYO TMV TGV g Y10 SIBQOPES TIHES TOV j. ZTN GuVE)ELo oTadEPO-
motel éva M Kot SOKIHALEL TIWEG TOV 1 6TO aploTepd UEPOG TG TeevTaiog eicmong, kKévovtag xpnon
TOV TPOHTOLOYIGHEVOV TILGY TOV g) .
[TeptocoTEPO OvalvTIKA TO. friparto Tov aAyopiBuov sival:
1. ®étovpe m = [n|
2. T dha ta j pe 0 < j < m vmoAdyioe 6ha o Levydpia (j, g') kar omodfxevcé ta og évav
TLVOKOL.

m

3. Ynoldyioe 10 g~
4. O¢tovpe ¢ — h.
5. Ta i va tpéyet amd 0 péypt m — 1
1. "EAeyyoc av 1o ¢ givar n dgvtepn cvvtetaypévn evog Levyaplov Tov 101 VTOAOYIGaLE
2. Av vt emiotpépovpe X = im + j

3. Av oy Bétovpe ¢ — cg™ ™ ko Eavaektehovpe omd To Pripa S.
Mapaderypo Orovpe va Moovpe pe ™ pébodo baby step giant step otnv opdda Z/ 737 1o mpod-
BAnuo 5* = 37mod73.
Oétovpe m = [V/73] = 9. YrohoyiCovpe dAeg Tig Suvéaueg 5 yiej =0,...,9

[Mivaxog 6.2: TTivakag dvvépemv tov b

i 012 3 4 5 67 89
5 1 5 25 52 41 59 3 15 2 10

Tt cuvéyeta vroroyiovpe g Tpés 37(5 ) yiai =0,...,9

Mivaxog 6.3: TTivakag tov tpudv 37(5~2Y) yuei =0,...,9

i o 1 2 3 4 5 6 728 9
37(57°Y) 37 11 23 68 36 62 50 5 37 11

Ko TopoTpovpe 0t 5 = 51 = 37 % (57%%7) cuvendg x = im +j = 7- 9 + 1 = 64, 6nog siyous
vroAoyicel Ko pe ™ uéBodo g “oung flog”.

[Mpokeyévov va pmopécovpe va LeETpGoLLE T BeATimon Tov adyopiBov o€ GyEomn He AvTdV TNG
“oung Plag” eloaydyovpe Tig 60O TUPUKATO CLUVOPTHGEIS 6TO Sage:

def baby_giant(h,g,p):
baby = [1]
giant = [h]
n = 1+ floor(sqrt(p -1))

for i in range(1,n):
baby.append(Mod(baby[i -1]*g,p))

B = R L N
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g = Mod(g, p)"-n
for j in range(1,n):
giant.append(Mod(giant[j-1]*g,p))

for inters in set(baby).intersection(set(giant)):
print baby.index(inters)+n*giant.index(inters)

def br_fr (h,g,p):
for x in range (p -1):
if Mod (g , p )» X == Mod (h , p ):
print x
break
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[Tapatnprote 6ti 1 baby Giant eivar 161 @opéc ypnyopodtepn amd ™ uéBodo g oung Piog.

AN R W N =

time baby giant (7 ,3 ,2719 -1)
time br_fr (7,3,2719-1)

243983

Time: CPU 0.01 s, Wall: 0.01 s
243983

Time: CPU 1.61 s, Wall: 1.61 s

Interactive
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EAAeimtikég KaumuAeg

7.1. Iotopika ctoyyeio

Ot eAMAemTIKEG KOUTOAES EIVOL KAUTOAESG Ol 0TTOiEG OPEIAOVY TO OVOLE TOVG GTO TPOPAN O TNG EV-
peoNg UNKoLg 1050V AV og eAlelyelg. To TpOPANUA aVTO avAYETAL GE VTOAOYIGUO OAOKANP®UETOV
™G HopPNG:

J - dx.
VX2 +ax+b

O VTOAOYIGUOG TV TOPATAV® OAOKATPOUATOV RTAV VO amd To KOPLoL TPOPARLOTA TG OVAALGONG
TOV TPOTEPUCUEVO OLDVO Kol TPAOTNG TaEEWS Mabnuatikol énwg ov Euler, Weierstrass, Abel, Jacobi
aocyolnOnkov pali tovc.

3TV TPAYLOTIKOTITO TO TOPATAVED OAOKAN PO 00NYEL GTI HEAETT SVO (LIYOSIKDV) GUVOPTHCEDV
X, Y 01 OTOlEG IKAVOTo1ovV [ EI0GT TG LOPPNG

92:x3+ax+b

1] 160d0vaua T HeAETN TV pryodikdv apldudv (x,y) € C? mov 1KavomolovV ThY Topumave eEiGmoT.
H obyypovn peiétn tov mopandve TpofANHaTog EVIAGGETOL 0TO TANIGLO TOV EMLOVELDOV Riemann.

Ot teyviKéc mov avantHynkay 6To TACIGLO TOL TOPATAVE® TPOPANLATOG UTOPEL VO, ¥PTGILOTTOM -
Bovv y1a KV Pikég Kapmureg Tov opilovion TAV® 0md 0TOI0ONTOTE GMULA KOl Y10 AOQAVTIKG TPOPAN LT,
YK0mOG L TOV TOL KEPAANIOV Elval v SOGOVUE P GO TO dSUVATOV GTOLYEIDON HEAETT EAAEITTIK®V KO-
UTLADV Tave and Tenepacpuéva copata Fg. O avayvaotng urnopel vo cupovAeutel yio nepiocotepes
mAnpogopieg ta PAia (Avtoviddng 1999), (Milne 2006), (Blake, Seroussi, and Smart 1999) kot oto
(Silverman and Tate 1992).

7.2. Opwopoi

7.2.1 Opwopoc:
Oswpoiue éva ooua K kot oto obvolo twv dacetayuévov tpiadwv K3 — (0,0,0) opilovus t oyéon
1oodvvauiog (X1,Y1,21) ~ (X2,Ys2, z3) av ka1 uévo av vmdpyer A € K* ue (x1,Y1,21) = A(x2,Y2, 23).
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http://en.wikipedia.org/wiki/Elliptic_integral
http://en.wikipedia.org/wiki/Leonhard_Euler
http://en.wikipedia.org/wiki/Karl_Weierstrass
http://en.wikipedia.org/wiki/Niels_Henrik_Abel
http://en.wikipedia.org/wiki/Carl_Gustav_Jakob_Jacobi
http://en.wikipedia.org/wiki/Riemann_surface
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To abvolo mnlixo Go o ovoualovue tpofioliio erinedo ko Qo to avuforilovue ue

P%(K) = w

~

To Tpoforikod eTITESO PTOPOVLLE VOL TO TAVTIGOVLLE LLE TO GUVOAO TOV UN-TETPUUEVOV EVOEIDV GTOV
1dpo K3. Oa cupforifovpe ™y khdon 1odvvapiag tov (x,y,z) # (0,0,0) pe [x : y : z]. opatnpodpe
6t o onpeia [x,y, 1] eivar oe éva mpog éva avtiototyio pe To eminedo K2, evd ta onpeia [x,y, 0]
amoteloV pia gvbeio mov v ovoudlovpe v gvbeia 610 dmelpo.

INa kéBe morvdvopo f(x,y) € Kix, yl,

f=) ayx'y
’i"j

Babuov n Ba cupPoirilovue pe F to avtioToryo opoyevEéG TOAVGVULO

F= Z ayxtylzt
i
Tn dwdwkacio avt) Oa v ovopdlovue ouoyevoroinon. I'empuetpucd 0Tov SOVAEVOVUE TAV® ATO
TO GO0 TOV TPAYHOTIKOV OplOLL®Y TO OLOYEVOTOUUEVO GUVOAD OVTIGTOLYEL GTOV KMVO TOL YpApovuv
ot gubeieg mov mepvovv amd To onueio (0,0, 0) kor and éva onueio g koumding f(x,y),z = 1.
270 TOPAKAT® GYNUO EYEL OXEOIAOTEL O KMVOG L0 TPOPOATKNG KAUTOANG (TopToKaAl ypdua) poli
pe 1o eminedo z = 1 (umhe xpdU) 0ALE Ko 1) eMinedn KapmOAn 610 eninedo z = 1.

[Mivakag 7.1: Zoykpion TpoPoAtkng Kot eminedng anekoviong -
AEMTIKNG KOUTOAN|G.

Y2z = x(x — z)(x — 2z) y2=x(x—1)(x—2)

Aoxnon: [MuBayopeieg Tpradec. Na Bpeboidv ot axépateg Avcel g eicwong


http://en.wikipedia.org/wiki/Projective_plane
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Aven Topatnpodpue 6Tt £OvpE Eva opoyevéC molvdvopo Babuod 2. Kade Mon (x,y,z) € Z3
avtiototyel og pio Won X = x/z,Y = y/z € Q2. Ot pnrég Mol mave 6Tov KUKAO UTopovV va
VTOAOYIGTOVOV MG €ENG:

Osmpodpe 1o onpeio (—1,0) to omoio wavomotel Vv e&icwon Tov kokhov X2 4+ Y2 = 1. And 10
onueio avtd eépvoovpe v evbeion Y = A(X 4 1) 1 omoia tépvet tov kvkho 6to onueio (—1,0) aAld
K01 0€ VOl OKOLLO, GTLLELD TO OTTOT0 PTOPOVLLE VO TO VTOAOYICOVLE OVTIKAOIGTOVTOS TV TIU TOL Y 6TV
e&lomon tov KK ov:

MNX+1)?2+X2=1=X+1)NX+1)+X=-1)=0

a6 0mov Aoyaplalovpe 0Tt

1A v_ 2\
A2 41 SN2+
0Ooco0 10 A = n/m datpéyet Tovg pnTovg aplfuoive to Cevyapt (X, Y) dwutpéyet tig pntég pilec g
€€lomoNMG TOL KUKAOL Kol KOTA GUVERELN (L€ ATOAOLPT) TMV TOPOVOLUGTMOV) KOTOATYOVLE OTIG OKEPOLES
piCeg
2

(x,1,2) = (m? —n? 2nm, m? + n?).

Yy TpaypatikoTnTa KOs popd mov £xovpe o moboaydpeto tpidda (Xg, Yo, Zg), TOPATHPOOLUE OTL
Kot KaBe aképato morhomhdotd g (KXo, KYo, Kzg) Oa givor Tobaydpeta Tpiéda.

A
— e - )
'-’ oy
J'l l_‘:
4
- ’,
y -
.5‘? ? M
:
- ! -,
- P
4 M
.d— ‘ —

YyMua 7.1. Bapvioviaxn emypaen pe [ubayopeieg Tpiddeg yvmotn og Plimpton 322,
To mapov £pyo amoterel koo ktipa (public domain). [Inyn: Wikimedia Commons

H mopamdveo péBodog dovAeye yuoti amd to Hepeliddes Gedpnpo g Alyefpog pio evbeio ko
pa teTpayoviky e&iocwon tépvovtal o€ 6vo onpueio. H katdotaon oAlalel oty mepintwon mov £yovpe
TOUEG eVOEIDV PE KVPUKEC KAUTOAEC.


https://commons.wikimedia.org/wiki/File:Plimpton_322.jpg
http://en.wikipedia.org/wiki/Fundamental_theorem_of_algebra
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7.2.2 Opopog:
BOswpobue éva kofiko molvdvouo e uopens x> + ax + b ue amiéc pilec. Mia eldeimtikiy Koumoin vrép
tov oawporos K Oa givar to ovvolo twv X,y € K mov ikavomoiodv o eCiowon e uopeng:

E:y?=x3+ax+b,
uadli pe éva onueio oto dameipo O, dote 0 KvPixd moAvdvouo X3 + ax + b va éyer amléc pidec. H ovvOixny
yio Tig amAéc pilec umopei vo exppactei ue to 611 16(4a® + 27b?) #£ 0.

[oodvvapa pmopovpe va avalntioovpe onueio 6to Tpofoikd eminedo [x : y : z] To omoia va
TKOVOTIO100V TV OployevoTompévn e&icmon

E:y?z =x% + axz® + bz’

‘Eoto to onpeio P = (x1,y1) ko1 Q = (x2,ye2) eni g elewmtikng kopmdAng. Zynuotilovpe v
evbeia L mov evdver ta dvo avtd onueia. H gubeia tépvel v eAAemTIKN KAPTOATY G€ £va Tpito onpeio
PQ. Ano to onpueio PQ @épvovpe v kéetn gvbeio 6Tov AEOVa TV X 1) 0010l TEUVEL TV EAAEITTIKT
KkapumvAn oto onueio P + Q. To onpeio avtod to opifovpe va givor dBpoiopa tov onueiov P, Q.

Yty mepintoon mov BElovpe vo vroloyicovpe to onueio P + P, avti va Bswprcovpie tn yopon
OTMG GTNV TPONYOVUEVT TEPIMTWOOT, BEMPOVUE TNV EQATTOUEVT).

Yty mepintwon mov Evag Tpochetéog gival To onpeio oto dnepo, Bétovpe P + O = P, dnhadn 1o
onpeio oto Ameo gival To 0VIETEPO TG TPAENG.

Ag vnoBéoovpe 61t P1 = (x1,Y1) kot P2 = (x2,y2). Ot mapandve kovoves mpocbeong pmopovv
Vo EKPPOoTOOV LE ToV €ENG amAd TpOTO:

Ac vmobéocovpe 6tL Py, Py #£ O.

o Avx; = Xxg kawy; = —Yysz Bétovpe P + P2 = O. AnAadr| ovppetpikd onpeia o mpog tov
aéova Tmv x £yovv dOpotoua O.
o Alagpopetikd Bétovpe

A= (3x1+a)/(2y1) av Py =Py
A=(y1—y2)/(x1 —x2) av Py # Py

To onueio Py + P2 éyet cuvtetaypéveg (x3,ys) mov divovtat amd Tovg THTOVG:

2

(Xg,yg) = (7\ — X1 — X2, —AX3 — Y1 —|—7\X1)

Interactive

7.2.3 Osopnpo:
To. onueio e eEALEmTIKNG KOUTOANG e TEPOLN THY TPOGOEsH OHUEIWY OTMWS OPIOTHKE TOPOTAVED ATOTEAODY
afelioavi oudoo.



http://users.uoa.gr/~kontogar/kallipos/sageEllAdd.html
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I 10

Tyuo 7.2, TIpdcheon dHo onueimv g erlemtikyg kaumding y? +y = x> —x

Am6oe1En O wpénel va amodeifovpe 0TL | TPA&n eivar avtipetadetikn (Tpopaveg), 06Tt o O givar
T0 0VOETEPO GTOoLYElD (€€ OploLOV) OTL KAOE oTOYEID £XEL AVTIOTPOPO (EIVOL TO GUUUETPIKO MG TPOG TOV
a&ova TV X) Kot 0TL 1] TPAEN €Vl TPOGETAUPLOTIKT], ONACON

P+(Q+R)=(P+Q)+R.

To tehevtaio etvar apketd OVOKOAO Vo, OELyTEL LE TA GTOLELDMON epyalreio Tov BELOVLE VA Yp1CLUO-
momoovpe. Mropobpe Opmg va ddcovpe pio anddeiln pe “opn pio” xpnoiponoidvtag T0 TPOYPLLLLOL
sage.

7.3. Xpion tov Iakétov Sage

H elMemticry kapumodn y2 = x3 — 10x + 9 oto sage opiletar oc:

1 E=EllipticCurve([3,4])

Evd y10 vo ddcovpe onpeia eni avtg opkel vo SOGOVLE TIG GUVTETAYHEVES TOVG.

1 P=E([0,3])
2 Q=E([1,0])

To aBpotopo vToroyileTan Le TIG EVIOALG

1 P+Q

3 3P+6Q
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Tyuo 7.3, TynUOTIKY OmEovIon TG EMEMTIKG KaumdAng y2 +y = x3 — x 610 cdpa Fagg

Interactive

7.4. Tacerc Enpeiov Erlauntikig Kaproing

Ocwpovpe o edkemtiky kopmol E : y?2 = x3 4+ ax + b opiouévn oto codpa K. Ta onpsio
(0,%) avAKOLY GTNV EAMLEITTIKY KOUTOAN 0V Kot LOVO v To X givan pila Tov modvmvopov x> + ax + b.
Yrdpyovv tpia t€to10 onpeia, petd and po enéktoot Tov copartog K. Mali pe to ovdétepo onpeio oto
Gmepo oynuatiCovy pa opdado loopopen pe ™y Z/27 x 7./ 27.

levikd, av emAéovpe €va otoryeio P oty E, pmopovpue va Bsmprioovpe 6Aeg Tig duvdpueic nP yia
Kka0e puood apBuo n. "H Ba £xovpe NP = O yia kdmwolo guowd apBud n ondte 10 onpeio P Ba éxet
TMEMEPAGUEV TAEN, N OPOPETIKA TO onueio Ba Exel dmelpn TaEn kot Bo Tapdyst pio LTOOUAdN TNG
EAAEIMTIKNG KOUTOANG IGOLOPPT) LLE TNV ATELPT) KUKAIKY] OpLada Z.

7.5. To Oedpnpa Tov Mordell

7.5.1 Osopnpo:
H ouéda twv onueiov E(Q) elvar o memepoouévo. mapoayouevy afieliovii ouadao. Anlaon

T > Z
E(Q) =Z" x 1j[1 —



HTTP://EN.WIKIPEDIA.ORG/WIKI/LOUIS_J._MORDELL
http://users.uoa.gr/~kontogar/kallipos/EllCurveNumberOfPoints.html
http://en.wikipedia.org/wiki/Louis_J._Mordell
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2TV TPOYHOTIKOTI T WITOPOVLLE VO EPLOOTE TEPIGGOTEPO AKPPELG Y100 TO KOUUATL TNG TETEPUCLUEVNC
1aEng tov E(Q), 0o 1oyvel To Oemdpnpo tov B. Mazur:

7.5.2 Osopnpo:
H oudcda twv onueiwv memepaouévng taéng oe pia eAlermuixy koumdln ivar 160Uopn ue pio. omo Tig
wopoxatm 15 ouadeg:

zZ
= 1<KN<104N=12
NZ’ i

z

~ X 7Z2NZ 1< N < 4.
27

Emiriéov kdbe pio amo tic mopomav® OUGOES UTOPEL VO ELPAVIOTEL G OUCOO TETEPATUEVIS TOCHS ULOS
EAAEITTTIKNG KOUTOANG opiouévng mavw aro 1o Q.

B. Mazur, CC-AS 3.0 G.M. Bergman L. Mordel, CC-AS 2.0 K.Jacobs

To mopandve épya amotehovv koo ktipa (public domain). [Inyn: Wikimedia Commons, Wikimedia
Commons.

7.6. Eldawntikég Kapmodreg ot Mopoen Tov Legendre
[Mpoxettan Yo EALEMTIKES KOUTOAEG OV divovTal GTN HopeN

Y2 =x(x—1)(x—A)

Interactive

Hpoépinpa To TpdPAnua TV 1GodOvVau®y aptiudy. o Aéue 6Tt 0 PUOIKOC aptBudg 1 > 1 eivan
1600UVOLOG OV VTTAPYEL Eva 0pBOY®VIO Tpiymvo pe TAeVpEG pnTovg op1Bpovg kot epfadov ico pe n. Na
VTOAOYIGTOVV Ol 1606VVApOL ApPOol.

Mopatnpovpe 6t o1 [TuBayopeleg Tp1adeg Hivouv (G ATOTEALEGLO IGOSVVALOLS ap1-
HovE, Yo ToPAdELYa TO TPiywVo ue TAEVPES (3,4, 5) éxel euPfaddv 6 aAld dev eivan



http://www.math.harvard.edu/~mazur/
https://commons.wikimedia.org/wiki/File:Barry_Mazur_1992.jpg
https://commons.wikimedia.org/wiki/File:Louis_Mordell.jpeg
https://commons.wikimedia.org/wiki/File:Louis_Mordell.jpeg
http://users.uoa.gr/~kontogar/kallipos/sageEllLegendre.html
http://en.wikipedia.org/wiki/Congruent_number
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-1.5

Zymua 7.4, T A = 2 éyovpe T YPOPIKY| TOPACTAOT:

01 LOVOSIKES duvaTdTNTES 0POV TO 0pboydVio Tpiymvo pe mAevpés (3/2,20/3, 41, 6)
€xel epPadov ico pe 5. Agv emrpémovpie OUWOG Tply@va Le AppnTovg oplfpotc, £To1 10
tpiymvo pe mhevpéc (1,2, v/5) éxet epPadov 1 oArd dev eivar emtpentd. Oa deifovpe
0t 70 1 d¢ev givar 100dvvapog op1BdC.
O apudg n > 1 eivar 160dHVALOG av Kot Hovo av 1 eAemtiky kaumoin y? = x3 — n?x éyel éva
onueio (x,y) € Q? wote y? # 0. AkpIPECTEPO VIIAPYEL L0 £VOL TPOG EVOL AMEIKOVIOT OVAUEGH GTAL

oVVOAQL:

In:{(a,b,c):a2+b2202,a;:n}

Kot

En={(xy):y* =x*—n’x,y #£0}.
Ot GLVOPTAGELG AVTIGTOLYI0G divovTal O TOVG TOTOVG

f:ln — En

b 2n2
(a,b,cm(“ , “)
cC—a c—a

Ko
g:En —In
x> —n? 2nx x2+n?
(X7 y ) H ) )
y Y Y
To TpOPANUa TV 16060VOU®Y apOU®OY Elval avolyTd, EVO LITAPYEL Kot pio Abon tov amd tov Tunnel

M omoia Opmg TpodmobETeL TNV oANBeln Tng ekaciog Tov Birch-Swinnerton-Dyer.



http://en.wikipedia.org/wiki/Tunnell%27s_theorem
http://en.wikipedia.org/wiki/Birch_and_Swinnerton-Dyer_conjecture
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7.6.1 Osopnpoa:
[Tunnel, 1983] Av m eivou évag mepitrog eAeOepog tetpoymvon Getinds axépaiog kor M eivol Evag 16000-
Vapos aprduog, T0te ta ToPOKATw oOVola Exovy icovg TAnbikods apiBuoig:

#{(x,y,2) € 2% :n =222 +y? + 3222} =

1
= 5(#(xy,2) € 73 :n = 2x% +y? 4+ 82%))

Evo ov o 1 givou aptiog 16000vopog aptBuog, tote o, toparatm ovvola Exovy icovg minbixovs apiBuodg:
n
{(x,yz) € Z* : 5= 4x? +y? + 3222 =

= % (#{(x,y,z) VAR % :4x2+y2+822}>.

2y mepintwon mwov N eikaoio Birch-Swinerton-Dyer eivor owaorty, o1 mopoamovew eE1o@aels divoovy uio,
1KoV o0VORKN DoTE 0 ML VoL EIval 16000Vouog op1OuUog.

[No mopaderypa yo n = 2 éxovpe 611 5 = 1 = 4x% +y? + 3222 av kot povo av x = z = 0 kot
Yy = £1, épa to aprotepd néEPOS g todtnTog £ivan ico pe 2. To de&i Opmg etvar ico pe 1 kot n avicd o
dgv 1oYVEL, CLVETMG TO 2 deV €lval 1IGOIVVAIOG aPOHOC.

To terevtaio Oedpnpa Tov Fermat

‘Eoto n > 3. Yrdpyovv Moeig g séicoong x™ +y™ = z™ 1o (x,y,z) € Z3 pe xyz # 0;

AvTo givan éva and To Staonpotepa TpoPfAnpata g Oswpiog ApBudv To omoio TEOMKE Yo TPDOTN
@opa amod tov Pierre de Fermat, o omoiog 6to e£E@@uALo g ékdoong tov PiffAiov ApiOuntikd Tov Ato-
QovToL £ypaye 0Tt fprke Lo Bovpdota arddelEn Tov Bewpnatog 0vTob, 0ALd To TEPBmPLO (0TO 0Toi0
ouvnOe vo KpaTh ONUEIDCELS) EIval TOAD LIKPO VO TN YOPECEL.

Eivar oyetucd e0kolo va dei&etl Kovelg 0Tt apkel va omodeyTel 1) 1KAGI0 Y10 L TEPLTTO TPMOTO APOUO
ka1 yie = 4. O id1o¢ o Fermat peAétnoe tic nepmrooeig n = 3, 4 ko €6e1&e 0t1 dev £yovv Adoelc. ['a
v mepintoon p = 3 o Gerhard Frey édwoe v 10éa 0Tt av ) e€icmon

aP +bP =cP
EXEL U1 TETPYUUEVT AVOT TOTE Ol EALEITTIKEG KAUTOAES
E:y®=x(x—aP)(y—bP)
€youv 1060 mepiepyeg 1010TNTEC MOV D0 TPEMEL VO UMV TKOVOTTO10VV TNV TOTE VITOBEoN TV Taniyama-
Shimura-Weil .
O Ken Ribet petétpeye 1 daicnon tov Frey oe avotnpn anddeién ko o Andrew Wiles to 1995

(Wiles 1995) anédeiée o mepintoon g ewkaciog twv Taniyama-Shimura-Weil apketh yio va propécet

va amodel&el Ty eikacio Tov Fermat.
\
{

Acgite: Fermat Last Theorem BBC Horizon
Awpaorte:



http://en.wikipedia.org/wiki/Pierre_de_Fermat
http://en.wikipedia.org/wiki/Arithmetica
http://en.wikipedia.org/wiki/Diophantus
http://en.wikipedia.org/wiki/Diophantus
http://en.wikipedia.org/wiki/Gerhard_Frey
http://en.wikipedia.org/wiki/Modularity_theorem
http://en.wikipedia.org/wiki/Modularity_theorem
http://en.wikipedia.org/wiki/Kenneth_Alan_Ribet
http://en.wikipedia.org/wiki/Andrew_Wiles
https://vimeo.com/18216532
https://vimeo.com/18216532
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Yyuae 7.5. Pierre de Fermat, To mapdv épyo amotedel kowvd ktqpo (public domain).
IInyn: Wikimedia Commons

1. Simon Singh To tehevtaio Osopnpa Tov Fermat Exdooeig Tpavdog (Singh 1997).
2. Apoteiong Kovroyewpyne Hmevoraleic Edlaimkés Kapnores ko to Tehevtoio Oed-
pnpa tov Fermat, pietantuyioxn epyocio Havemommuo Kprtng 1995 (Kovtoyempyng 1994).

7.7. MMolv@vopa draipeong
OepolE TNV EAMAEWMTIKY KOUTOAN opiopévn o€ Eva copo K g popenc:
y? =x3 + Ax + B.

Me [o TpoGEKTIKN HOTI OTIG OAYERPIKES EKPPACELS TOV ALPOPOVY TOV VOLO opdadag, Eival eavepd OTL
01l CLVTETAYUEVEG TOV abpoicpatog dvo onueiov Py 4+ Po g kapmdAng ival pntéc cuvapTioels TV
oUVTETAYUEVODV TV P1, Po. Me emavaAinmtikn dlodikacio 1 ameovion

(x,y) = [ml(x,y)


https://commons.wikimedia.org/wiki/File:Pierre_de_Fermat.jpg
http://simonsingh.net/
http://users.uoa.gr/~kontogar
http://users.uoa.gr/~kontogar/bibtex/ergasia.pdf
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Yyque 7.6. Andrew Wiles, Anunovpyog K. Barner, To mapov épyo amoterel kowvod
ko (public domain). Inyn: Wikimedia Commons

umopet va ek@pachel e 6poVG PNTOV GLVAPTNGEDV TOV X, Y. 110 cuykekpipéva £xovpe:
"Eoto E o eAMAentikn kaumOAn 0nTme Topamdve kol £6t® m Evag Betikog aképatlog. Tote vrdp-
XOLV TOAVOVOUO Py, Oy, Wiy TéTOWL BoTE Yoo P = (x,y) € E(K) pe [m]P #£ 0 €yovpe,

[ Om(x,y) wm(x7y))
Pl = (tlﬁn(x,y)’ 3, (x,y)

7.7.1 Opwopog:
To worvcdvopo Y (X, Y) ovoudletar o M-00t6 moAvdvouo diaipeons e kourving B kou pmwopet vo.
OswpnBei we évo molvwvouo otov daxtdlio Z[x,y, A, B].

To tolvmvopa draipeong opilovral avadpopKd amd Tovg TOTOVGS:

Po=0
P =1
P =2y

P3 = 3x* + 6Ax% + 12Bx — A2



https://commons.wikimedia.org/wiki/File:Wiles_vor_Sockel.JPG
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Py = 4y (x® 4+ 5Ax* + 20Bx® — 5A%x? — 4ABx — 8B? — A3)

Vomi1 = Wmioh? — Ym_1i o m > 2

WPom = (lg:) (Wi — Wm—gbiy ) em >3

Ta moAvdvvpe by (x) Kot wy (x) divovtar and Tovg THIOVG:
bn (X) = le%(x) —Pnis1 (X)ll)n—l (X)a

. ll)n+2(x)ll)$171(x) _wn—Q(X)ll)?lJrl(X)
= Iy .

wWn (x)

7.7.2 Opwopog:
H opada twov m onueiov otpéyne (m-torsion points) opiletar vo givar n

E[m] ={P E(K)[[m]P = O}

To m-00Ttd ToAv®VLLO dtaipeong Wm yopaktnpilel To m — torsion onpeia g E, cOpowva pe 1o
TOPAKAT®:

7.7.3 Osopnpos:
"Eotw P onueio ato E(K)\O ki éotw m > 1. Tote P € E[m] eav kot uévov eav b (P) = 0.

[Mopatnpovpe 6Tt Yo TOV VTOAOYIGHO TV M — torsion GNUEIOV HITOPOVLLE VO, XPT)- CLLOTO|COVLE
TOAVMOVVUO LG HETAPANTNG, OVTE TV TOA®VOI®V Py Ta ool £xovy 600 peTtaPAnTés X, Y.

7.7.4 Opopoc:

?mzl‘b—mavm:mgkeN.
Yo

Mapatnpdvtog 6Tt T0 Y YPNCLOTOEITOL GTOV AVUIPOUIKO OPIGHO TOL Py LOVO HEGH TOV TOAV®-
vOpov o Kot 0Tt T0 11)3 dev eEaptdton amd o Y, TPOKLTTEL OTL TO oy £fvar éva TOADGVLEO TO 0moio
eoptéron povo amd 1o x. O Babudg Tov fry eivar to modd (m2—1)/2, edv o M eivan TePITTOC Ko TO TOAD
(m2—4)/2, ev 0 m givon dptiog (ot Pabpoi sivor axptPodg id10t €4V 1 YAPAKTNPLETIKT TOV COUATOS SEV
Stopet Tov m, Yo m wePLTTo, 1| TOV M/ 2, Yoo m dpTio).

O yapaxpiopodg twv m-torsion points pmopet va avadtotvrwbel pe tn fondeta Twv ToALOVOL®V
fm 0¢ &8fig:
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7.7.5 Oeopnpoa:
‘Eotw P = (x,y) onueio oro E(K) O téro10 dote [2]P # O ki éotw m > 2.76te P € E[m] edv ko
uévov eav fm (x) = 0.

Hapatipnon To topandveo Bempnpa dev copmepriopfavel ta 2 — torsion onpeio. Avtd To onpeio
wovoroovy v Po(P) = 0, pe 10 omoio dtapovpe 10 Py Yo va Tapovue 10 iy, 6tav to m givol
ApTI0G.

7.8. ElMewntikég Kapmoreg Opropéveg Iavo Ané Menepaopéve Xopota

OewpOoDHE [0 EAAEWTTIKY KOUTOAT OPIGUEVT TAVE A EVOL TEREPAGHEVO GMUaL Fyn e p™ 10 M-
0og otoryeia. Eival capég 0t o tétota KopmOAn Ba ivar o temepacpévn afeiiavi opdda Kot Eva
TPOPAVEG PPAYLLO TNG TAENS TNG elval TO

[El <p®™+1.

‘Eva amd T Bacikd mpofAnuata ival va vToloylotel 1 TaEn ng Kot 6T ouvEyela 1 doun ¢ (mov Ba
gtvar €6V ABpolGHa Ao KUKAKES OUAdES GOUPOVA LE TO Dedpnior SopnG afelovdy opadmy.

O H. Hasse amédeile 0T T0 KOADTEPO PPAYLA IOYVEL

[El=pM+1+s,

omov 10 [s| < 24/p™. O apBudg s ot PpAoypagia sivar yvootdg og o {xvog Tov Frobenious. Oa
AVOQEPOVUE TEPIGGATEPA, Y10 AVTO Kot O ddGovE Hol amddelén Tov Ppdyuratog Tov Hasse ot cuvé-
YELL.

Yyqua 7.7. H. Hasse, To moapdv €pyo amotehel koo ktipa (public domain). Inyn:
Wikimedia Commons


http://en.wikipedia.org/wiki/Finitely-generated_abelian_group
http://en.wikipedia.org/wiki/Helmut_Hasse
https://commons.wikimedia.org/wiki/File:Helmut_Hasse.jpg
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7.9. Ozmpio TOV EALEITIKOV KOPTOVAOV TAVEO 0T TOVG Py dd1KoUS aprOpove.

Opwopodc: 'Eva lattice L 610 cdpo tov pryadikdv aptdpdy eivot 1o 6OVOAO oV TopayeTot amd OAoVG
TOVG Z-6LVOVAGHODS 0td dVO YPOLLIKE aveEapTnTo. dlavdouata. e, eo Tov C.

//:'f//} "-/'n» 4

yqpoa 7.8. Weierstrass, To mapdv épyo amoterel kowd ktrjua (public domain). IInyn:
Wikimedia Commons

O Weierstrass kataokevaoe o cuvdptnon (mov egaprtdtor amd Eva lattice L)
C—C
N omoia opiletor amd tov THIO:
1 1 1
p(ZaL):ﬁ‘}_ Z < 2—2>.
2o (z+A) A

H ocuvvaptnon tov Weierstrass ikavomnolel tn diapopikn e&icwon
9'(2)* = 4p(2)° — g2(L)g(2) — g3(L).
Aniadn o Cevyapt (x,y) = (9(z), 9'(z)) mapapetpilel v EMAewTIKY KOUTOAN
y? = 4%’ — ga(L)x — g3(L).

Mapatipnon: OrvrepPatikég cuvapthoei (x,y) = (sin(x), cos(x)) = (sin(x), sin’(x))
wavomowody v eéicwon x2 +y? = 1 ko cuvendg mopopusTpilovy Tov KoKAo.

H ovvéptnon tov Weierstrass givai meplodikn pe mepiodo 1o laticce L. Aniadn

(p(z+A), 9" (z+A) = (p(z), ' (2)).
Ye eminedo Bewpiog opadmv avtd onpaivel 6T
C

T = E(C).


https://commons.wikimedia.org/wiki/File:Karl_Weierstrass.jpg
http://en.wikipedia.org/wiki/Karl_Weierstrass
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ATd TomoloyIKNG TAELPAS aVTO onpaivel OTL TO E0TEPIKO TOVL lattice, dNAadN TO TAPAAANAGYPALLLO
OV amoTEAEITON Atd TO onpeia

z=ae;+bey: pe0<ab<l1

KOADTTEL TNV EALEITTIKT KOUTOAN EVAD O1 AmEVAVTL TAEVPESG TOV TopaAANAoypdppov tavtilovton divo-
VTOG GTO TNAIKO T SOUN TOV “AOVKOVUE”.

1 >

B B

YA Y

Syuoa 7.9. Ot IThevpég A ko B Towtifovral oto anAiko

S v

Zyqpe 7.10. Aovkovpds-koAlmvtag Tig mAevpég map/pov, To mapdv épyo amoteAel
Kowo ktnpa (public domain). IInyn: Wikimedia Commons

Ot ovvaptioels gz(L), gs(L) e€aprdvrar amod 1o lattice L, ko divovtar omd Tov tHm0:

RU=60 Y 5 e@M=10 Y

AelL—{0} AeL—{0}

amoteAoVV dg Tapadeiypata and oelpég Eisenstein,


https://commons.wikimedia.org/wiki/File:Torus_from_rectangle.eps
http://en.wikipedia.org/wiki/Eisenstein_series
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7.10. Alyefpikn Oewpic EALEITTIKOV KOPTOLOV.

Xy mopdypoeo vt o LEAETHGOVE SLAPOPEG AVOAAOIMTEG TNG EAAEITTIKNG KAUTVANG TTOV Opi-
Cetan amo v e&icwon:

y? =x*>+ax+b.

INa k4Be ToAvdVLO pag petapAntg f(x) opiletor n dakpivovad Tov. Avtdg givor Evag aptBudg mov
YEVIKEVEL TN YVOOTY| dtoKpivovsa devtepofadion ToAvmvipov kot givol ico pe to 0, av Kot povo ov
0 apyIKd TOAGVLLO Exet St pila. Ttnv mepintmon Tov Kufikod ToAvwmvipov X3 + ax + b 1 Stakpi-
vovoa dtvetar omd tov tomo: —16(4a +27b?). Mapatnpovpe OTL 01 EMETIKEG KOUTOAEG EXOVV TAVTOL
dlokpivovoa S1PoPETIKN TOV UNdEVOC.

H j-invariant tng eAMAemtikng kapmoAng opiletor amd v e&icmon:

(4a)3 4a3

i(E) = - .
) = om0 ~ A

AVO EMAEMTIKEG KOUTOAEG OPIGUEVEG TAV® OO EVa AAYEPPIKA KAEIGTO GO0 ElvaL IGOHOPPES OV
Kot Lovo av £xovv Ty idio j-invariant.

H mporaon avty dev givar owoth 0tow 01 EALEITTIKES KOUTDAES OEV EIVAL OPIGUEVES TTAVW OO OLYe-
Ppixa kAeioro oapo. I'ivoviar 1o0uopees mavw omo Uio TETPOYOVIKI ETEKTATH TOD GOUOTOS OPLOLUOD.

INo kéBe apBud jo € K vrdpyer edderntiky koumoAn E opiopévn viép to K mov va €yet j-invariant
ion pe jo.

Amédein:

Av 10 j glvan dropopeTikd amod to 0, 1728, tdte 1 EMAEWTTIKT KAUTOAT LLE TOTO

36 1
jo— 1728 jo— 1728

E:y?+xy=x>—

&xel draxpivovca
.3
Jo
(o — 1728)3

Orav 10 jg = 0 Bempolpe v eEAAETIKN KOUTOAN:

A(E) = kot j (E) = Jo.

E:y?+y=x> peA(E) = —27konj =0
EVD Y10 jo Be@povpe TNV EALEITTIKY KOUTOAN:
E:y?=x>4+x, pe A(E) = —64 ko j = 1728.

O ap1Bpoc 1728 av tov mpocbécoupie 1 givar o devtepog Taxicab number dnAadn givar o pkpoTEPOC
apBpog mov pmopet va ypagel wg dBpoicpa dvo BeTIKdY KOV pe dVO dlapopeTikovg TpoOToLs: 1729 =
14123 = 93 4 103. H ovopacio avty 360nke amd tov apBud tov 1aél mov petégepe tov Hardy oto
voookoEio Tov voonAgvovtav o Ramanujan. Onwg avaeépet o Hardy: “I remember once going to see
him when he was lying ill at Putney. I had ridden in taxi-cab No. 1729, and remarked that the number
seemed to be rather a dull one, and that I hoped it was not an unfavourable omen.”No®, he replied,”it
is a very interesting number; it is the smallest number expressible as the sum of two [positive] cubes in
two different ways.”

Ké0e ctoryeio tov [y, ivon j-invariant piog eAewmtikng kopmving méve oand to Fp. Otav 10 j #
0, 1728 avt n eAhemtikn KapmoAn divetat omd

y? = x3 + 3ke?x + 2ke?,


http://en.wikipedia.org/wiki/Discriminant
http://en.wikipedia.org/wiki/Taxicab_number
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omov k = j/(1728 — j) xou 7o ¢ givar omotodfmote ctoyeio Tov Fpp. Ymépyovv dbo un 166popeeg
eAhentikég kapmoreg E, E/ vép tov Fp, mov avTiotoryodv o€ SlapopeTikés emA0yEG Tov €. AVTEG £xouV
TaEe1g

El=p+1—-t
Ko

[El=p+1+t.

Mopatypnon And Tov opioud g j-invariant tpokvmret 6t ot kaumdreg E, E/ popalovrar v idua
j-invariant. Il Tig TEPLoGOTEPEG j-invariants j € 'y, vapyovv 660V apopdt TOV IGOUOPPIGUO, 0KPIPDG
000 eddeuntikég kapumoreg el Tov Fp pe j(E) = j, H xopmddn E kot n Saotpogn te. Yrdpyovv dpwmg
00 TOAD YVOOTEG EEUPECELG:

j=0,p =1(mod3)
j=1728,p = (1mod4)

OOV GTNV TPATN TEPITTMOOT VIAPYOLVV 6 KOAUTOAESG EVD ot devTEPN 4.

7.10.1. Aaxtolog Evoopopoiop@v. Mia cuviptnon f : E — E B Aépe 6Tt givor evoopopeiopoc
NG EMETIKNG KOUTOANG oV EKQPALETOL LEGH PTTMOV CLVOPTHCEDV KOl 0V GTEAVEL TO OVOETEPO GTOLYEID
070 0VOETEPO atoryeio. Or evdopHopPIGHOL amoTeAovV daKTOAO 6oV 1 TPdcheom sivar 1 Tpdcheom
GLVOPTHGEMV KO O TOAAATANGLOGUOG 1) 6VVOEST. Tov dakTvAto owtdv Ba Tov cupforilovpe pe End(E).

Ag otabepomotocovpe Evay aképato N € Z. MTopOoULE VO OPICOVLE TOV EVOOLOPPLOO TTOV GTEAVEL
kdBe P € E 610 nP. Me avtdv tov 1pomo 1o Z givar vrodaktdiiog tov End(E).

Xe EMEMTIKEG KOUTOAES OPICUEVESG TAV® OO GMOUATO XOPAUKTNPIOTIKNG 0 OTIC TEPIGGOTEPES TEPL-
TTOCELG OEV VITAPYOLV AAAOL EVOOUOPPIGHOL.

Edv 10 d € Z ¢ dnhdvel T Sokpivouso oG TETPUYOVIKNG TAENG £XOVLLE,

End(E) = Z[8] =Z + 8Z

ooV,

5:?,d:2k,kez<o

1++d
2

5 = d=2k+ 1,k € Z

Hopatypnon O eddemtikég kapmoreg E, B/ éyovv 166p0p@o evdopop@iopd doktoiimv.

Edvp = 1(mod3), 016 kapmdreg pej = 0 OAeg EYOVV TOV EVEOLOPPIGHO SUKTUAIOV TOVE IGOHOPPO
e tov Z[(1 4+ v/—3)/2] evéd o1 4 kaumdreg pe j = 1728, dheg éxovv End(E) = Z[i].

2& EMEMTIKEG KOUTOAEG OPLCUEVEG TAVE® OO £VO TEMEPACUEVO cOUa g vdpyer mdvta ko Evog
EMMAEOV EVOOLOPPIOHOG, O evdouoppiouos tov Frobenious, o onoiog opileton wg e&ng: To onueio P
e ovvteTaypéves (X, y) amewovitetar oto onueio ¢(P) pe cvvretaypéveg (x9,y9). O gvdopoppiopdg
TG £xEL EVOLOPEPOV YT Elval YvmoTd 0Tt £va oToyelo X € Fq avnkeloto F g av kar pdvo avx9 = x.
Me dAAa Adylo T onpeia Tov Tapapévouy otabepd amd T dpdon tov Frobenious givarl axpifog ta
onpeia TG EMAEMTIKNG KOUTOANG TAV® 0O TO TEMEPUCUEVO GOUa [Fy.

AV 1 TOPOTHPNON WO EXTPETEL VA, LETPTICOVLLE TO Iyvog Tov Frobenious 0nw¢ ovtd epeavileton
otov TOmo tov Hasse.

O evoopopeiopdc tov Frobenious tkavonotei  oyéon:

d?—td+q=0.

Ievikd gival yvootd 0TI 0TO10GONTTOTE EMITAEOV EVOOLOPPIGUOG G EALEITTIKN KapumOAN E wavo-
To1El Lol TopOpOLeL GYECT).
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Av vapyovv emmAéov evOOROpPIoHOl ¢ TOTE CLTOL IKOVOTOIOUV L0 TETPAYOVIKY €EI0MGCT TNG
Hop@ig:
> +adp+b=0,
g omoiog 1 dlakpivovsa gival apvntikn (€60 0QEIAETOL KOL TO OVOUO UIYadIKOS TOALOTAOTIOOUOGS).
Haepatipnon: To ppdyuo Tov Hasse gival icodvvapo pe to 6t n teTpoyovikn eicmon mov wavo-
motel o Frobenious £yet apvntikn dakpivovsa.

7.11. Eriewnrtiké Kpvntoocvotipato,

To ovomua ElGamal 10 0moio ypnouomomoape yio. TV KuKAKN opdda G = ]F; umopet va xpn-
opomomBel pe ToAD KoAd OTOTEAEGLOTO KOl GTNV TEPITTMOOT TOV EAAEIMTIKMOV KOUTVADV.

H Paocwn 16éa tov ElGamal éyel om meprypoeei, ondte Bo mapovoidcovpe o VAOTOING Tov
neprypdpovtag to cvotnuoe Digital Rights Management mov ypnoiponolovce 1 Microsoft otic apyég
tov 2000 kabmg kot Tov TpOTO e Tov omoio gonace omd Tov hacker Beale Streamer axolovBmvrtag tnv
neprypoen Tov W. Stein.

Oa dovréyovpe Thvew omd po eddermtiky kaumdin E opiopévn oto copa Iy, 6mov

P = 785963102379428822376694789446897396207498568951
N omoia diveton amd v e€lowon;:
y? = x3 + 317689081251325503476317476413827693272746955927x
+79052896607878758718120572025718535432100651934.

H mopaméve sAAemTiKng KapumoAn sivol IsOHopen e Lo KUKAKT Opado TaENg
785963102379428822376693024881714957612686157429,
EVD £VOG YEVVITOPOG diveTal amd To oMUEI0
B = (771507216262649826170648268565579889907769254176,
390157510246556628525279459266514995562533196655).

To cvoTua g Microsoft, 6tav o yprotng eykadiotovce to DRM Aoyiopikd 610 unydvnud tov Topi-
yoye £va 1O TIKO KAEWI:

n = 670805031139910513517527207693060456300217054473

TO 07010 YPAPOTOV GE d1Apopa. apyeio Tov voroyiotn. [Ipokeévou o xpNoTNG Vo UTOPEGEL VO AKOVGEL
€va Lovo1kd Koppdatt o Enpeme, (apov £oteEAve TOV aplBUd TNG TIOTOTIKNG KAPTOS TOV) Vo KATERAGEL
éva apyeio adewog (licence file), To omoio Ba ToV eMéTpene va AKOVOEL TO LOVGIKO KOUUATL.

YNV TPOYROTIKOTNTO 0 XPHoTNG dNpoctede mg dnuocto kAewi to (p, E, B,nB). To ppvopa mtpog
Tov yprot and ) Microsoft amobnkevetal g £va ototyeio P g eAlewmtikng kapmoing. Emiéyovrag
évav toyaio Tpdto 1 Microsoft éotedve oTOV YPNOTN TO OMpEiN

(rB,P+rnB) = (A, B).

INo va tapardPetl to onueio P o ypnotng mov Ba tov emtpéyel va EekAedMoeL T0 Lovo1kd apyeio Oa
TPETEL VAL VTTOAOYIGEL TO
P=B—nA =P+ mB—n(rB).
To apyeio g adelog givar Evo URVLLO TTOV 0 ¥PNOTNG OTEAVEL 6TOV £00TO ToV. [lepiéyet To Levydpt
v onueiov (rB, P + r(nB)), 6mov

B = (179671003218315746385026655733086044982194424660,


http://cryptome.org/ms-drm.htm

7.11. EAAEIITIKA KPYIITOXYXTHMATA 141

697834385359686368249301282675141830935176314718)

Ko
P+ r(nB) = (137851038548264467372645158093004000343639118915,

110848589228676224057229230223580815024224875699).

Otav 0 vroroyiotg Tov ¥pnotrn Béhel vo mailel Eva cuykekpipévo apyeio, T0Te dtoPalel To HVOTIKO
KA1l

n = 670805031139910513517527207693060456300217054473

Kot vroloyiletl To

n(rB) = (328901393518732637577115650601768681044040715701,

586947838087815993601350565488788846203887988162).
Agapdvtag 1o and to P + r(nB) maipvet o

P = (14489646124220757767,

669337780373284096274895136618194604469696830074).

H x-cvvtetaypévn 14489646124220757767 eivor to KAedi mov EEKAEIOMOVEL TO LOVGIKO apyEio. Av o
YPNOTNG YVOPILE TO 1OIWTIKO KAEWL N TOV 0 VIOAOYIOTNG TOL TTapnyaye Ba propovoe va, tapdyet To P,
va EEKAEIOMOEL TO HOVGIKO 0PYELO KOl VOL TO LOPOGTEL e OTO10VONTOTE.

Av Kou M Topomdve péBodog etvat ToAD SVGKOAO VO AVTLETOMIGTEL AOVOVTOS TO TPOPAN LG TOV O10-
Kp1tov AoyapiBuov, To Topandve cvotnua “éonace” amd Tov Beale Screamer yoti n implementation
TOV oAyopiBpov NTav ETeYN. e Kabe TEPITTMON TO W1OTIKO KAEWST NTOV 0moONKEVUEVO GTOV VITOAOY1-
o1 tov ypnotn. [ldg umopel to software va to ypnoonotel yopic va 1o yvopilel o xpnomg;

p = 785963102379428822376694789446897396207498568951
E = EllipticCurve(GF(p), \
[317689081251325503476317476413827693272746955927,

79052896607878758718120572025718535432100651934] )

E.cardinality()

785963102379428822376693024881714957612686157429

E.cardinality().is_prime()

True

B = E([

lo 771507216262649826170648268565579889907769254176,

i  390157510246556628525279459266514995562533196655] )

12 Nn=670805031139910513517527207693060456300217054473

13 r=70674630913457179596452846564371866229568459543

4 P = E([14489646124220757767,

s 669337780373284096274895136618194604469696830074])

6 encrypt = (r*B, P + r*(n*B))

7 encrypt[1] - n*encrypt[@] == P # decrypting works

18 True

=T R = T S S
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7.11.1. To mpofinpa Tov d1akprtov Loyapidpov Yo EAlawtikég Kapmdres., Alveton pio eAdel-
TTIKy KoumOAn E opiopévn mhve and €va memepocpévo couo Fg. To mpdBinua tov dtakpirov Aoya-
piBuov eivar 1o g€ng: Av

Q=nP,
Inteiton va Ppebet to n. To mpdPAnuUa owtd pmopel va opiotel o kb afelavr opdda G, ko gidople
31apopovg Tpdmovg va 10 aviuetwnicovpe 6tav G = Fy. H npaktikn évdeiln etvar to Tpofinua tov
d1okp1tod AoyapiBuov ce EAMAEUTTIKEC KAUTVAES, OTIMG KOl TO KPVTTTOGLGTILOTO, TTOV TPOKVTTOVY OTMC
10 ElGamal givai dvokordtepo va emAvBodv amd To avTioTor o CLGTHHATO GTV TOAAATANGIOGTIKY
VITOOUAO0 EVOG TEMEPACUEVOD CAOUATOC.
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M£0odot Mapayovtomoinong

8.1. Kpwmpra gréyyov mpartov aplipov

ITpoxepévon va KATUGKEVAGOVLE ATOTEAECULATIKE KpVTTTOcLOTN AT Baciopéva ot Bempio apid-
UGBV 1pelalOHOoTE VO KATOOKEVACOVUE TPMTOVC, Kol TEPIGCOTEPO CLYKEKPLUEVA, YPEOLONOCTE TEXVL-
KEG Yo Vo eAEYEQLUE AV EVOG DESOUEVOG PLOIKOG aplBnodg elvan Tp@Tog 1 0xL. H yvdon kai ot teyvi-
k&G amo T Bewpia apOp®V ivol amopaitnTEG Kot Y10 TEPIOCOTEPES AEMTOUEPELEG TOPATEUTOVIE OTO
(Avtoviadng and Kovtoyempyng 2015).

Mia apelng pnéBodog erEyyov mpdTmv appmv Ba nTav vo dokipalovpe mibavovg dupétes. Ka-
Tapynv pmopovue va eréyéovpe To péyebog TV TPATOV SOPETOV EVOG PUGIKOV:

8.1.1 lIp6Taon:
Av 0 pvoikdg apifudc n elvar hvOetog, T0te Exel Evay TpdTo Tapdyovia p, p < /M.

Am6o£1EN Ao 0 N givor cvuvBeTog, £xel TOLVAGY IGTOV pio avdAvon TG LOPeNG:
n=a-bpuel<a<g<b<n

"Eva tovddyiotov omd Ta a, b givar pikpotepo 1 ico g v/n, S0t av a > y/n ko b > /n Oa eiyoue
n=a-b>n-yn=n,dqrono. Ereidn to a > 1 &xet, {vav tovrdylotov TpdTo dtopétm p.

O mpdrog owtdg eivor dropétng oo nkarp < a < /n.

Hapatipnon H topandveo mpdtacn pog divel Eva kpirnplo erEyyov tpotov apifudv. Etot yia
TOPASELYLOL 0 PLGIKOG aptBpdg N = 179 givon TpdToC. Av NTOV cvvOeToc Ba glxe Evav TpdTO droupétn
P < V179 < 14. Ovmpdrot ot pcpdtepot Tov 14 givan 012, 3, 5, 7, 11 kau 13. Kavévag tovg dev Staupei
10 179. Zvvenmg o 179 dev givar ouvletog, dpa elvar TpdToc. DVOIKA TO KPITHPLO dEV ElvaL EQAPUOGILO
Yo LEYAAOLS PLGTKOVS 0p1OUOVG.

Hapatypnon Av yvopiloue 611 évog obvOetoc aptBuog n mepiéyet £-1o TAN0og drapéteg TOTE Vg
ToVAdyIoTOV Ao aTog Ho eivarl KpPOTEPOG amd TV /N. e dopopetiky nepintmon, av Snhadh kat
ot { dropéteg firav yvAoio peyodldTepot Tov /N tote To yivouevo Ba fiay yvAocio peyodldTepo Tov M.

H xpurroypagia Baciletar otn dvokodio va mapayovionomcovpe Evav cuvleto apBud og yvo-
LEVO TPDOTOV. ATO TNV TOPOTAVE® TOPATHPTOT TPOKVTTEL OTL SUGKOAEDOVE TEPIGGOTEPO TNV TOPYO-
vtomoinom Tov ap1fpol N, av avTdc etval Yivopevo d00 TpOT®V TOL glval TEPTOL 1oV peyEdovg kovtd

143
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oV /1. Ao Vv GAAN 10 va. gival To N yvopevo 300 TpOTOV Topaydvimy eival 1 “kepkOTOPTA” TOV
aiyopiBuov Fermat, wov Ba avortoovpie TopaKaTo.

8.1.1. To kéoxivo Tov EpatocOévn. Zoppova pe m pébodo avtr, av BELovpe va Bpodpe 6Aovg
TOVC TPAOTOVG UEYPL TOV PLGIKO aplOUd T, YPAPOVUE OAOVG TOVG AKEPALOVG OO TO 2 LEYPL TOV PUGIKO
apBud n Kot dorypaeovpe dtadoytkd OAo To TOAAATAAGLO TOL 2 TOL 3, ToL 5 KAT. Ot apipol mov
OTOUEVOLV ElVaL TPDTOL.

2 |3 5 7
11 13 17 19
23 29

31 37

41 43 47
53 59

61 67
71 73 79
83 89

97 1.0

Yymua 8.1. To kdokivo tov EpatocBévn

8.1.2. Yevdompmtor Evo kpiripilo eAéyyov mpatmv gival to Bemdpnpa tov Fermat to omoio ava-
PéPEL OTL Y10 TPAOTOVG aptBpovs p kot (a, p) = 1 woyvel

a? = amod.p
Av €yovpe ooy Evav puotKo aplfpd Kot BELovE Vo dOVE OV Eivarl TPATOC 1) Ol LITOPOVLE VO. SOKI1-
pdoovpe vo VToAoYIGOVE av 1oYDEL Yo KATO0 a

a™ = amodn
Av oV mopoandve e&icwmon dev Eyovpe 160TNTA, TOTE EILAGTE GIYoVPOL OTL 0 APOOG I deV Eival TPO-
10¢. 'Etot 0 ap1Buog 10 dev eivar TpmdTog apov

20 = 4mod10.
Tt yivetan 6pmg av Bpovpue wwodtnta yio mopadetypo (2,341) = 1, 0 341 = 11 - 31 dev givorl TpdTOG KO

OUMG £YOVLE
2341 = 2mod341

8.1.2 Opwopog:
O op1Buos n Ba. Aéyetar wevdompartos w¢ TPog ™ foon a oy 1ayvel

a™ = amodn
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Eivar capég 6T 610 Tapandve kpitipo dokipdlovpe povo pia Baorn eve Evog tpdtog Ba mpémet
va givar yevdonpmtog yio kabe Pdon (a,n) = 1. Avtd 0dnyel oToV ETOUEVO

8.1.3 Opopoc:
O obvletog axéporog n > 1 Qo Aéyetar op1Ouos Carmichael otov

n _—

a amodn

yo kabe axéporo a, (a,n) = 1.

Eival cagéc o1t vdpyovv cvuvBetotl apBpoi Carmichael émwg o 561 = 3 - 11 - 17, dnwg pmopovpe
VO TGEKAPOVYLE GTO sage:

def IsCarmichael(a):
R = Zmod(a)
L = R.1list_of_elements_of_multiplicative_group();
Carmichael=True;
for j in L:
if Mod(j”a-j,a) <> Mod(@,a):
Carmichael=False;
return Carmichael

L L A S T

o 0 9

IsCarmichael(561)
i1 True

o

Mmnopovpe va Tpoy®pnoovUE yayvovtag 0Aovg toug aplBpnovc Carmichael o€ £va cuykekpipévo
dtboTnpa

1 [n for n in range(1,2000) if IsCarmichael(n)]
2 [1, 561, 1105, 1729]

Mrmnopeite va cuveyioete to ya&ipo 0pov g akolovbiog 1 va v avoalntioete otn AMota Tov
Sloane

Interactive
Evéwogpépov eivar 6tL 10 1729 givon évag Hardy-Ramanujan ap1Ouog “Ta&i”.
Awfaote
ApbBpo tov S. Singh ot0 BBC news

8.1.3. To xkprriipro Miller-Rabin. ITopotnpodue 61t av 1o p eivar mpdTog apdudc tote n e€icmon

x? = 1modp



http://oeis.org/A002997
http://users.uoa.gr/~kontogar/kallipos/Factoring-a.html
http://en.wikipedia.org/wiki/1729_(number)
http://en.wikipedia.org/wiki/Simon_Singh
http://www.bbc.com/news/magazine-24459279
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€xel povadikég Aoelg x = £1modp, apol avtég lvon Tavta AVGELS Kot o€ £va capa o e&lowon £xet
T0 TOAD 160eC pileg 0oeg 0 fabdC Tov TOAVWVOLOV. TNV TTEpinTmon mov 1 e&icwon

x? = 1modn,

€xel Ko GALeG Aoelc, TOTE TO N glvan cuvOETOG.

8.1.4 Opwopog:

Evag alyopibuos Monte-Carlo eivar évog miBavoBewpntinog alyopiBuog tov omoiov n arxaviyen “Noi”
0€ KAmo10 TPOPANLO. ETvoL TAVTO owat], aAld n amdvinon “ox1” umopet vo eivar kou Aa6og.

Oa Jéue ot o alyopiBuog Monte-Carlo Eyer mBovotnro AaBovg €, OTaV 0€ TEPIMTWTELS TOV 1 ATLAVTHON

’

Oa empere va ivor givon “vai”, 0 adyopiBuog diver Ty Aabog amavinon ue mbovotnta 1o moAd €.

O aAy6p1Buog Miller-Rabin givon évag Monte-Carlo adyopiBpog otov omoio 1 amdvinon “vor” on-
paivetl 0TL o n etvar ovvOeTOC.
Bewpolpe Evay mepttTd PLGIKO N, N > 1 TOV 0To10 YPAPOLILE GTN HOPPT|:
n—1=2%.m,
pe (m, 2) = 1 weprrrdg ko k > 1. To kprripio Miller-Rabin divetan pe tov akyopiBpo, mov meptypaope-
TOL GTO TOPAKAT® Pripoto:
1. EmAéyovpue toxaio évav axépaoa € Z, 1 <a<n—1.
2. YmoAoyilovpe 10 b := a™modn. Av b = Imodn, 16t€ 1| andvnon eivar: “o n givar Tp®dToc”
KOl GTOUOTALLE.
3. Ze dpopeTikn Tepintmon vroloyilovpe dladoyIkd TG SuvApELg

2 _ _2m 1.4 _ 22m 2k-1Im
b,b*=a*"b*=a*™,...,b modn
Av ot kamoto Pypo Bpodpe 61t a? ™ = —Imodn, T6TE KAt TEA ATAVTOVUE OTL “0 M sivon
TPGOTOC”. Av dev Bpodpe moté a? ™ = —Imodn amavrovue 6Tt “o N givor cHvOeTOC”.

Oa amodeifovpe OTL 1 amdvINom Yo ToV L 0Tt ival cVUVOETOC ivarl Giyovpn, VA M oTAvVTNon OTL
glval mpdTog etvat eMo@AANC. Yrdpyovv, cOVOETOL aKEPULOL TTOL LOGKAPEDOVTOL GE TPMTOVG,.

‘Eoto 611 0 adyopBpdg divet amdvinomn “Nat, o L givol cOvOETOG”, Y10, KATO10 TPMOTO aptfpd N, Ko
Ba kataAn&ovpe o drTomo.

ATO TNV amAVTNGN TOL TTPOLE GLUTEPAIVOLLE OTL

a™ # Imodn.
Emiong o alydpiBpoc eléyyet Tig Tipég
k—1
a™ a®™ ...;a®> ™modn.

Kot wéA1, apod n amdvinon givar 6Tt “o . givar cuvBeToc” £xovpe

a2m # —Imodn,

vy kabe 1 = 0,1,2,...,k — 1. Av duwg, 6mwg &rovpe vrobéoet, o N givar TpMOTOC, TO HBedpMa TOL
Fermat 6ivet

a™ ! = Imodn,
oMAaon

a2’™ = Imodn




8.1. KPITHPIA EAEI'’XOY IIPQTQN APIOMQN 147

2k—

Avx:=a2'm N woduvapia YpapeToL

x? = Imodn.
Ady® g umobeomnc, OTL 0 N elval TPMTOG EMETOL OTL 1) LIGOdVVAi £XEL LOVAIIKEC AVoelg X = +1modn.
Epeic opmc &yovpe
k—1
x=a? ™ # —1modn.
Enopévemg, avaykaotikd Ba ioydet:
k—1
x =a? ™ = Imodn.
, 2k=21 4
Aviopoy :=a , €Yovpe
y? = Imodn,
0TOTE, OTMG KOl TAPOUTAV®, KATOAYOVUE GTO CUUTEPAGHLA OTL
k—2
y=a?> ™= lmodn.
Yvveyilovpe emay@yKd Ko KOTOATYOVUE GTO GUUTEPAGLLO OTL KoL
a™ = 1modn,

dromo. Apa o n gival ovvBeTOG.

8.1.5 Opwopoc:
Av évag ovvBeTog TPDTOS JEV AVaYVWPIOTEL (G TETOLOG OO T0 Kpithpio twv Miller-Rabin, w¢ mpog
Paon b, Ba léyetar 16yvpOS Wevdo-mpwToS WS TPOS T fon b.

B0 avaPEPOVLLE TO TAPUKAT® KPITAPLO EAEYYOV TPADTWOV:

8.1.6 lIp6Taon:
Av n odvBetog Oetinog arxépoiog tote 0 N wepvael to Miller-Rabin test to mold yia “Zl -Paoceic b, 1 <
b<n—-1.

Enopévamg, av évag puoikdg mepdaoet 1o test ylo teplocOTEPES ATd an Baoeig, TotE gival TpMOTOG.
O avayvmdong KOAEITOL VO TEPALOTIOTEL LLE TOV VTOAOYIGHO TOV IGYVPDOV YEVIOTPOTWV GTO Sage:

Interactive
O K®O1KAG VTOAOYIGUOD TPOEPYETAL ad TN 6eAid Tov F. Chamizo.
I 1o kprrpro Twv Miller-Rabin o avayvootng kaAegitol vo TEpApATIoTEL |1 TO Sage GTov Topa-
KaTt® cHVvOEGO:

Interactive



http://users.uoa.gr/~kontogar/kallipos/Factoring-b.html
http://www.uam.es/personal_pdi/ciencias/fchamizo/english/english.html
http://users.uoa.gr/~kontogar/kallipos/Factoring-c.html
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Amotundvovpe TV ££050 TOL TPOYPAUIATOG TUPOKAT®D: Me TV TopdpueTpo secur=1 BAEmovpe pia
Mota tov teprttov apBuay 3 < n < 50000 mov wepvdve 1o test, evd etvar ohvBetor. AAddlovtag v
TOPALETPO GE secur =2 0 ahyOp1OOC YIVETAL VIETEPUIVIGTIKOG.

1 secur =1
2 for n in range(3,50000,2):
3 if (is_prime(n)==False)and\

(miller_rabin(n,secur)=="1likely prime’):
print n, ’passes the test but is not prime’, factor(n)

5
6
7 2047 passes the test but is not prime 23
8
9

* 89
3277 passes the test but is not prime 29 * 113
4033 passes the test but is not prime 37 * 109
0 4681 passes the test but is not prime 31 * 151
i1 8321 passes the test but is not prime 53 * 157
2 15841 passes the test but is not prime 7 * 31 * 73

13 29341 passes the test but is not prime 13 * 37 * 61
(4 42799 passes the test but is not prime 127 * 337
s 49141 passes the test but is not prime 157 * 313

8.2. Ilapayovromoinon

H 6vokolia tov cvetipatog RSA Bacileton 6t dvskoiio mapayovtomoinong. ['a v kpumtavd-
AVGN TETOL®V GLOTNUATOV YPEONOCTE UTOTEAEGIATIKOVG AAYOPIOLOVE TOPUYOVTOTOINGNC.

8.2.1. Azl doxyu. [pdkettan yuo Tov andkodotepo dvvatd alyoplOpo yio Vo TopayovVIOmou)-
GOVLE TOV QUGIKO T, KOl 6TOV 0T0{0 SOKIUALOLIE OAOVE TOVG TPATOVG UIKPOTEPOLG TOV /T

1 def FactorTrial(n):

2 primes=prime_range(sqrt(n))

3 factors = []

4 for p in primes:

5 e =0

6 while n % p == @:

7 e=¢e +1

8 n=n//p

9 if e > @:

10 factors.append((p, €))
11 if n == 1:

12 break

13 return (Factorization(factors), n)
14

s FactorTrial(382736482736)

6 (274 * 317, 75460663)
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Interactive

8.2.2. AlyéprOpog mapayovromoicng tov Fermat. H nébodog otnpileton otnv axdAovdn

8.2.1 lIp6Taon:

Lo k6O mepito Pooiko opi1Buo N, 1 > 1 vEapyel pio OUPIUOVOCTHLLOVTH AVTIGTOLYI0, UETOLD TV TOPO.-
YOVIOTOINTEDY TOV T, G€ YIVOUEVO 000 BeTikv arxépoiwv n = ab, a > b > 0 xat mopaoctdoewy tov N,
¢ drapopd tetpaydvov 1 = t2 — s2, émov s ko t pvaikoi apiuof.

H avuaororyio divetar omo tig 160THTEG

a+b a—>b
t= ;—,s: 5 a=t+s,b=t—s.

Amédaién Avn = a-b = (%)2—(%)2 =t2—s?. Avmdun = t>—s? = (t—s)(t+s) = a-b,

omova=t—skaub=t+s,omladqt = %bmls = QT*b
H 18¢a tov Fermat fitav, av 1 = a - b xat a, b 300 wepirtol aképaiol, mepimov Tov idov peyébovg,
s __a—b s e s ) , . /
1018 0 5 = 952 givon oYETIKG HIKPOG Ko 0 t Alyo peyokbtepog g /n. Emopévag, o propodooye vor

vroloyicovpe Toug a kot b dokipualovrac didpopeg Tipés tov t otig [v/nl + 1, [Vl +2,..., uéypt va
Bpove kamoto t yio o omoio o t2 — n = s2, eivon TéAELO TETPAYOVO.

Hapaderypo No tapayoviorombei o puoikog apBpog n = 200819.

O [y/n] + 1 = [\/200819] + 1 = 449. Ta t = 449 vrohoyiCovpe 4492 — 200819 = 782, 10 omoio
dev elvar TEAELO TETPAY®VO.

Hoipvovpe t = 450, 4502 — 200819 = 1681 = 412. Emopévog 200819 = 4502 — 412 = (450 +
41)(450 — 41) = 491 - 409.

Av o1 aképaiol a kot b dev givor Tov id1ov peyéBoug yio kKdbe Tapayovtomoinon Tov 1 = ab, tote
etvan mBavov 1 péBodog Fermat va avakadldyel Tovg Tapdyovieg a, b HETA amd apkeTEG SOKLUES. XTNV
nepinTmon eivat o POAKO va ¥pTNCIUOTOI0VUE TV aKOAOLOT| Yevikevon).

Eniléyovue évo pikpd @uotkd apfud k kot 0étovpe t = k[y/n] + 1, k[y/n] + 2,... uéypt va
EMTUYOVE TAPASTACT TG HopeNS t2 — K - . 1 omoia sivar Téletlo TeTpdrymvo,

t?—k-n=s>

Otav o emtdyovpe avtod £yovpe (t+ s)(t — s) = kn. Avtd onuaivet 4t ot t + s ko n govv Koo,
UN-TETPYUUEVO, KOVO TapdryovTa 0 01010g vpiokeTal omd Tov vToloyioud tov (t + s, n).

Hapaderypa Nao mopoayovronombei o 14167.

Av tpoorafncovyie pe Ty KAackn Ttapayovtonoinon Fermat, Oa npénetva Oécovpe t = 377, 378, ...
KOLVOL . .. KOVPAGTOVLE BETOVTAG S1APOPES TYEC TOV t. Av dpmg Bécovpe t = [v/3n+1] = 652, 653, 654, 655,
Bpiokovpe

6552 — 3 - 141467 = 68>

Kot vrohoyilovpe tov (655 + 68, 141467) = 241.

Telkd o mapayovromoinon tov apiBpov 14167 givor 241 - 587.

H andvinon oto epampa yati dodieye n pébodog yo k = 3 etvan 0Tt 6TV TOPOyOVTOTOiNG™M TOL
n=a-b=241-58710b = 587 etvan kovtd oto 3a = 3 - 241 = 723.
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A6 T0 TOPATAVEO EAiveTal OTL XpELOOTKApE 4 HLOVO TIHEG TOL t, eved av epapuolape ) pébodo
vy k = 1 Ba yperalopactay 38 Tipéc tov t.
Y10 sage opilovLLE TN GLVAPTNON TOPAYOVTOTOINGNC:

def Ferfac(m):
if m <= @: return [m]
if is_even(m): return [2,m/2]
a = ceil(sqrt(m))
while not is square(a”2-m):
a=a+1
b = sgrt(a”2-m)
return [a - b,a + b]

eI e LY I~ L

r

Tnv mapandve cuvapTnom YPNCLUOTOI0VUE MG EENG:

p=next_prime(10720)

g=next_prime(p+10°3)

p,d,p*q,Ferfac(p*q)

(100000000000000000039 ,

100000000000000001071 ,
10000000000000000111000000000000000041769 ,

[ 100000000000000000039, 100000000000000001071])

B = N

Interactive

8.2.3. ALyéprOpog mapayovromoinong tov Dixon.

8.2.2 Ilp6Taon:

Av X,y axépaiol ko x> =

yZmodn ka1 x # +y, 1616 0 pvowéc d = (x — Y, N) eivor un-TETPLUEVOS
TapPayoVvTas Tov M.

Amédeién Exovpe n | x2 —y? = (x —y)(x +y), evd 1 Sev Sroupei 1o (x —y) kon 1 dev Sroupei to
(x +y). Eivon @avepd 6t d | n. Oa amodei&ovpe 60111 < d < n.

Avd =n, 0o eiyapen | (x—y), dromo. Av d = 1 t0te apov n = (x+y)(x—y) xat (x—y,n) =1
énetan d6tn | (x +y), mé dromo. O

Mapaderypo Yroroyilovpe 61t 102 = 322mod77, 10 # 32mod77, 10 # —32mod77. Enopéveg o
77 xat évag yvnolog mapdyovtag avtob givat o (10 — 32, 77) = 11.

Yrdpyovv apketéc maporayés Tov akyopifpov avtod 610 TG o vToroyilovpe TOVG AKEPALOVS X, Y
oote X2 = y?modn. Ac sEetdioovpe pio:

Awdéyovpe €va epaypo B kot Bempovpe Toug TpOTOVS P, - - -, Pr WOV EVOL LIKPOTEPOL 1} 1GOL TOV
B. Xt ovvéyeia yayvovpe BeTikodg axépatovg z dote z2modN va £xel TapayovTeC 6TO GHVOAO TV


http://users.uoa.gr/~kontogar/kallipos/Factoring-e.html
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P ={p1,...,pn} Mropodpue Loumdv va ypayoope

22 = H p{ 'mod.
pi€P
Otav &yovpe apkeTéc omd TIg TOPATAV® oYECELS (apKel va Exovpe TeplocdTePeC 0md To TAN00G Tov P),
TOTE UTOPOVLLE VO YPNOUYLOTOGOVLE TN HEB0SO TNG amadolpng Tov Gauss TPOKEWEVOL VO TOAAATAO-
GLOCOVLE TIG GYEGELS ALTEG MOTE TO TANOOG TV TaPayOVTI®VY 6T0 aplotepd uEA0G TG e&icmong va etvar
4pT10G, ONAOON:
222522 = H p?i’1+ai’2+m+ai’k modN
piEP
OmoL
ai1 + a2 +---+ajx = Omod2.
[paypott #P + 1 oyéoeig g popeng
zj2 = H pi ' mod,
pi€P
LTopovV va amoTuTtmlovy mg £vag mivakos oto ompa o pe #P + 1 ypappeg kot #P otfAeg, amd 6mov
pmopovpe vo Bpovpe e oyéon ypappikng Fe-e&dptnonc.
Ac kavovpe éva Topadetypo: éotm n = 3439. Oswpodue wg P = {2, 3,5, 7} ko éyovue T1¢ mapa-
KAT® OYEGELG:

X XZ—TL

59 42=2-3.7
62 405=33x5
67 1050 =2x3x52x7
73 1890 =2x33x5x7
143 17010 =2x 3> x5x 7

O1 ekB€TEG AMOPOVOVOVTOL MOG:

apBuog  exkBénc

42 (1,1,0,1)
405 (0,4,1,0)
1050 (1,1,2,1)
1890  (1,3,1,1)
17010 (1,5,1,1)

ot ootot modulo 2 divovv tov mivoka:

apBuog  exBénc

42 (1,1,0,1)
405 (0,0,1,0)
1050 (1,1,0,1)
1890  (1,1,1,1)
17010 (1,1,1,1)
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INa va Bpovpe évav KatdAinio moAlamiactacpd Bewpovpe Tov 5 X 4 wivaka pe otorygio amd tov
[y

== O =

1
0
1
1

— O Rk O
— == O

1 11
Kot kéBe otoryeio Tov Tupnva Ba pog ddoet T oyéon mov Béhovpe. TNa Topdderypa, o (1,0,1,0,0) €
kerA pog dtvel tov moramhacloopod:

39532 = (59 x 67) = (2 x 3 x 5 x 7)*modn.

AoV d¢ 3953 + 210 # Omodn kataifyovue oto (3953 — 210, n) = 19, 3953 4+ 210,n) = 181.

Me atdv oV TpOTO ExovpE KaTaAEEL e pio oyéon TETpoydVmV ™G popenc X2 = y?modN dmmg
0élape.

H vlomoinon oto sage givatl apketd moAOTAOKY|, apov ¥pelOUAcTE GEPA and alyopiBuovg va
YEPLOTOLV KABe KouudTt g dtadikaciog. Akolovbovue Tov Kodika amd o Blog Tov F. Kraiem kot o
AVOYVOOTNG KOAEITOL VO TEPAPOATIGTEL GTOVG TOPUKAT® CUVOECLOVG:

Interactive
2TV mopOTAve VAOTOINoN KOTAoKEVALETOL Lio VTOPOLTIVA TAPAYOVIOTOINONG EVOG AKEPOLOV (G
TPOG £vo, GUVOLO TPMTOV P 1 trial(n,primes), pio vwopovtiva ovayvopiong apldpmv mov dlopovviot
uévo amd Tpmtovg oto P, n smooth(n,fbase). Av 1 €icodoc dwoipeital HOvo amd TPOTOVS GTO GUVOAO
P emotpépel T Mota Tov ekBeTdV, o8 dlopopeTiKn TEPINTOOT dev eMOTPEPEL Tinota. EmmAéov vio-
moteiton pio vropovtiva 1 dixonfact(n,primes) mov Bpickel Evay pUN-TETPIUUEVO TAPAYOVTA.

8.2.4. O p-1-aiyoprOpog rapayovromoineng tov Pollard. YrmoBétovue 611 pag divetatl o puoikcog
apBpog Ny Tov omoio vroytalopaote 0Tl etvar GuVOETOG Kol BELOVLE VO TOV TOPOYOVTOTOL|GOLLLE.
Emiéyovpe évav axépaio B, wg ppayua epyaciog.

1. @érovpe a = 2

2. Ymohoyiovue ti¢ Suvaperg « = admodn yioj =2,3,...,B

3. YmoAoyiCovpe to d = (v — 1, n)

4. Av1 < d < n, 10t€ 0 d givar £vag YV o106 TapdyovTas Tov M (emttvyia), aAMDS dev PpriKaple
YViG10 Tapdyovto Tov N (arotuyia).

Av TOpa p TPAOTOG dtopétng Tov N Kot vrobETovpe 6TL KABe dHvaun TpdTov drapétn Tov p — 1,
€01 (, eivar pikpotepn 1 ion tov B Oa éyovpe (p — 1) | B!

INa 1o TeAcd o mov Ba Bpovpe oto devTepo Pripa Tov akyopiBuov oyvet

o = 2B'modn
KOl KOT® ETEKTOON
x = 2‘3!modp7
v 6A0VG ToVG dtopéteg Tov N. Emedn (p — 1) | B! émetan 6t B! = (p — 1)t pe t € Z ko cuvendg
2B' = (2P 1) 'modp

Enedy 2P~ = 1modp, tehid mpoxvmtet 61t & = 2B = Imodp.


http://blog.fkraiem.org/2013/12/08/factoring-integers-dixons-algorithm/
http://users.uoa.gr/~kontogar/kallipos/Factoring-g.html
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Enednq p | ( — 1) ko p | n, émetan 6t p | (d —1,n) = d kaw ovvendg 1 < p < d. Avd =n,
O giyope 1 | (¢ — 1). Opwg 10 x — 1 < n ondte Oa énmpene x = 1. Emopévamg, Ppiokovpe évav
pn-teTpypévo Topdyovto d Tov n Kot cuveyilovpe Ty tpootadeia mapayovtonoinons tov d ko n/d.

Mopaderypo: Ocwpovpe Tov puowd 1 = 540143. Emdéyovpe B = 8. Enopévarck :=[1,2,...,8] =
840. Gérovpe a = 2 kot vroroyilovpe

2810 = 53047modn

Emiong (53047, n) = 421 ocvvendg 540143 — 421 - 1283.

Hoepatipnon: Av to B mov emAélape dev apKel Yio TO GKOTO TOV EMAEYOVILE KATOOV GAAO UEYOL-
AMOTEPO TOV aPYIKOD KOl ETAVOAQUPAVOVLE TN S1ASTIKOGIA.

Mepucéc popéc 0 alyopiBpog dev Aettovpyel yio a = 2, 0TOTE UTOPOVE VA SOKIUAGOoVE Yo a = 3
Kot 0V TOAL OEV AEITOVPYEL VO SOKLUAGOVE LE LEYOAVTEPEG TILEG TOV d.

Hapaderypo EmBopodpe va mapayovioromocovpe tov n = 187. Emdéyovpe B = 15. Emopévag
k = [1,2,...,15] = 360360. T a = 2 o (2369360 _ 1 187) = 187 kot Sev katapépvovpe va Tov
TOPOYOVIOTOMGOVLLE.

I'o a = 3 épovpe 3360360 — 1 = 66mod187 kou emopévag (3369360 — 1.187) = (66,187) = 11.
Yvvendg 187 =11 - 17.

Hapaderypa O Topakdto KOdKag sage vAomolel Tov akydpiBpo tov Pollard:

1 def EKP(B):

2 return prod([p”int(math.log(B)/math.log(p))
3 for p in prime_range(B+1)])
4 N=3*13*37

s print ”N=”,N

6 B=10

7 print ”B=",B

s m=EKP(B)

9 print “EKP=",m

0 a=2

il print gcd(a”m-1,N)

2 a=3

i3 print gcd(a”m-1,N)

Oewpovpe tov apBud N = 1443. To eldyioto Ko1vd TolamAdco Tov apBumy arnd 1 uéypt 10
vroloyiletor va givar m = 2520. O péyiotog kowds dwpétng (2™ — 1, N) = 1443) ko 1 pébodog tov
Pollard anotvyydver oty mepintwon avth. Opwg (3™ — 1, N) = 481 mov eivat évog pn TETPUUEVOS
Swopémng tov N. Mropeite vo S0KIUAOTE TOPASELYLOTO OTO Sage GTOV GUVOEGLLO:

Interactive

8.2.5. O aiyépOpog mapayovromoinong p Tov Pollard. H 13éa tov akyopiBuov eivon n e€ng:
‘Eotm 1 o0uvBeTog 0KEPOLOG KAt P 0 EAAYIOTOG TPADTOG TAPEYOVTOS TOL M. AV UTopovLLE va Bpolie
OKEPOALOVG
X0,X1,X2,...,Xg
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TETO0VG DOTE Yo kKamolovg deiktes 1,j € {0, 1,2, ..., £} va woydovv
X{ = xjmodp ko1 Xi # xjmodn,

1018 0 (X§ — Xj, ) £lvar évag Yvio1og Stonpétng Tov N agod p | (xi — x5, n) [ n ko (x4 — x5, M) # n.

Ta epoTpaTe TOL TPOKLATOLV Eival TAOG Bal EMAEEOVLE TAL X{ KOl GTI] GUVEYELD LLE TTOLOV GUVIOLO
Tpomo Oa SomioTdoovpe TV VIapén evog KatdAAnAov (evyaptod pe Tig Topamdve 1010tnteg. Eivot
Povepd 0TL 0 VIOAOYIGHOG TOL (Xi — X4, 1) Yoo Ohovg Tovg deikteg 0 < 1,j < € eivon o opxetd
YPOVOPOPO d1adIKOTIL.

H axolovbia xg, X1, - - ., X¢ 00 Tpémel va, eivon katd To duvotdv Tuyaio (random) akoiovbio. Emi-
Aéyoupe Tuyaio TO Xg = 2 KOl Hio TOA®VOIKT cvvaptnon f(X) pe aképalove GUVIELEGTES KO VITOAO-
yilovpe avadpoptkd Tovg LTOAOITOVG OPOLG TG akoAoVBig

Xir1 = f(xi)modn,0 < xi41 < M.
[N va eravalopfavovral ot dpot e akorovbiog (modp) petd and Aoyikd apOud Pnudtov Oo tpénet

va emAEEoVE KOTAAMANAN ToAvmvoky cvvdptnon f(x). Agv Béhovpe va vITdpyel KATO10g oKEPULOC
amodp té1010¢ MoTE N akorovbia

x1 = f(a),x2 = f(x1) = f(f(a)) = f?(a),...,x¢ = fV(a)

va divel yuo peydio £ dtapopetikés Tyég modp.
Acg ovopdoovpe ((p-apBuod)) pog téTotag akolovbiog xi ¢ TPog Tov TPATO aplfud p TOV HEYOAD-
TEPO OKEPOULO T Y10l TOV OTOL0 VITAPYEL Evor amodp TETO0 MGTE GAOL 01 OpOL TNG akoAovBiag

fla),...,f™(a)
va glvar ava Vo dapopetikol modp. Epeic 6éhovpe axorovbieg pe pikpd p-apBpd. Emopévag dev
UTOPOVLE VO EMAEEOVLE TPOTOPAOLLO TOAVOVOLIKT] CLUVAPTION
f(x) = aX+Db.
Avt6 01011, 6tav a # 1modp, tote 0 ((P-opBpdQ)) eivar n TdEn tov amodp kot awTdG ivar GuVHBMG
évag peydiog dapétng tov p — 1.

Av a = Imodp kat b # Omodp, t6te f(X) = X + b kot o p-apBudg eivar axpipag p, apod
f(x1) = f(x2)modp av kot povo av x; = xomodp.

Oo Tpémel EMOUEVOC VO EMAEEOVUE L0 TOAV®VLUIKT GLVAPTNGOT OELTEPOL Pabuod eaiveTon 0T
Lo Ko emloyy sivol 1 molvovopiky cvvaptnon f(X) = X2 + 1.

Topa eivar @avepd 6tL av X; = xjmodp, t61e Ko X141 = f(x;) = f(xj) = xj45.1modp. Avto on-
poiver 6t akohovBia yiveton amd £va onpeio ko tépa, eplodikn (modp) pe tepiodo (i—j). Lvvenmg,
avt > 1i,t > 1, kai r = tmod(i — j) to1e

Xr = X¢modp.
Av Aoy s givor to gldytoto ToAlamAdc1o Tov (i — j) to omoio givan > i, yovpe

X2 = Xsmodp.
Yrohoyifovpe emopEVOS TOAD AyOTEPOLG HEYIGTOVS KOWVOUS SLUPETES OO TOLG GLVIVAGLOVS Ava V0.
Yvuykekpipéva vroroyilovpe Toug

(x2s —xs,n)ues=1,2,3,...

puéxpt va Bpodpe Kamolov d1dpopo tov 1 Kot Tov n.
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Hopaderypa Eoto n = 2047. T xg = 2 xou f(x) = x? + 1 vmoAoyiovpe tovg dpovg Tng
axoAovBiog
Xir1 = f(xi)modn

X0:2 X1:5 X2:26 X3:677
x4 =1849 x5 =312 x=1136 x7 =887
X8 = 722 X9 = 1347 X10 = 768 X11 = 289 X12 = 1642

21 ovvéyea vroroyilovpe Tovg
(x2s —xs, M), yias =1,2,3,4,5,6
(26 —5,2047) =1
(1849 — 26,2047) =1
(1136 — 677,2047) =1
(722 —1842,2047) =1
(768 — 312,2047) =1
(1642 — 1136, 2047) = 23

Enopévog 2047 = 23 - 89.
Y10 TOPAdELY LA [LOG EXOVUE

X1 = 5mod23  x9 =3mod23 x3 = 10mod23
X4 =9mod23 x5 = 13mod23  xg = 9mod23
x7 = 13mod23 xg = 9mod23  x9 = 13mod23
X10 = 9mod23 x;1 = 13mod23 x5 = 9mod23

T4 —\}— 13 T = T Tito
N

r3 = 10 xifl Tj1

To =3 xl
|

r1 =25 Zo

To = 2

Zymua 8.2. Zynua p

Haepatipnon Otav yvopilovpe T0 X{ TPOKELEVOL VO VTOAOYIGOVLLE TO Xoi O&V YpeldleTal VO LTTO-
Aoyicovpe GAOVG TOVG EVOLALEGOVS OPOLG

Xi41, Xi42y - -5 X2i—1, X21-
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Av yi = x9i mapaTnpovue o1l
Y1 = x2 = f(x1) = f(f(x0)) = f(f(yo)),
Yz = xq4 = f(x3)f(f(x2)) = f(f(y1))

KOl YEVIKOTEPO

Yi = x2i = f(f(yi-1))-
Enopévamg oe kéBe Pripo vmoroyilovpe

xi = f(x{_1)modn
yi = f(f(yi—1))modn
8.2.6. Ilapayovromoinon pe eALEWTIKEG KOpmTOAeS. Onwg eldae 0€ TPONYOVUEVO KEPAANLO, 1)

péBodog RSA Baciletar ot SuoKoAin vo, TopayOVIOTOCOVUE LEYAAOVS AKEPULOVS APtOLOVS. XTO Ke-

@alato avtd Ba meprypdyovpe T pnéBodo tov Lenstra (Lenstra 1987), 1 onoia ypnoiponotel EAAETTIKES
KOUTOAES Y10 TNV TOPOYOVIOTOINGT.

Yynua 8.3. “Hendrik Lenstra MFO” Anuovpyog: George M. Bergman, To mapov épyo
amotelel koo ke (public domain). [Inyn: Wikimedia Commons

8.2.7. Amo6 ) péBoodo tov Pollard ot péBodo tov Lenstra. Etabepomolovpe Eva B 6mwg kot 6t
pébodo tov Pollard. Av N = pq pe p, q mpdtor dote orp — 1 kou g — 1 va pmv givon B-opaiot, 10te 1
péBodog tov Pollard Ba amotiyet.

H pébodog tov Pollard Sovkevet oty ovsia oty kukhikn opdda Fy, n omoia &xel otabephi 1an
p — 1. O1 ghMemtikég KapmbAeg divouv o 01KoYEVELD OPAd®Y oL GYETICoVTOL LLE TO P, AAAA 1| TAEN
TOVG UopEl va ThPEL TG TYES

#E(Fp) =p+1+£s,
6mov 10 s umopet va mépet Tipég oto ddotnua 0 < s < 2,/p odpgova pe To Hedpnua Tov Hasse.
Yrdpyet Loiov Tohd peyaAnTepN EMAOYN OTIC TAEELS TG opddag. O apBudc p — 1 pmopei va punv sivon
B-opaidg aArd va givon B-opaddc o p — 2.
Heprypagi] Tng Me06dov


http://en.wikipedia.org/wiki/Hendrik_Lenstra
https://commons.wikimedia.org/wiki/File:Hendrik_Lenstra_MFO.jpg
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1. AwAéyovpe 1o B.
2. YmoAoyilovpe To EAGYIOTO KOO TOAATAGGIO TV apluav 1, ..., B.

3. AwAéyovpe pio Toyoio EMAEUTTIKY KOUTOAN 6TOV dakTOA0 Z/NZ kot £va onpeio €ni ovtc.
T'o Tapadetypo av Stadéfovpe éva toyaio a € Z/NZ dote 4a® + 27 dev sivar Stapetd pe N
t61e 10 onpeio P = (0, 1) sivan onpeio mévo oy edkemticr kapmodn y2 = x3 + ax + 1.

4. Emyepovpe va vroroyilovpe tig duvapels mP. Av kdmov anotdyovpe va vToloyicovpe po
dovaun avtd Ba opeiretol 1o 0TI KdTo10G Tapovopactig I'T atovg TuTTOLG TPOGHESN G OoNUEi®V
etvar drapetog pe N. Av o péytotog kowvog dropéng (TT, N) < N, tote o (TT, N) eivon €vag
pN-TeTpYLpLévog dtoupetns Tov N kot 1 neBodog £xet ohokAnpmbei. Atpopeticd dokipdlovpe
UE OLOPOPETIKT EAAEUTTIKT KOUTOA).

O mopokdto kodwkag eivatl and to Piprio (Stein 2008) Elementary Number Theory

1 def ecm(N, B=1073, trials=10):

2 m = prod([p~int(math.log(B)/math.log(p))

3 for p in prime_range(B+1)])

4 R = Integers(N)

5 R.is field = lambda : True

6 for _ in range(trials):

7 while True:

8 a = R.random_element()

9 if gcd(4*a.lift()”3 + 27, N) == 1: break
10 try:

i1 m * EllipticCurve([a, 1])([0,1])

12 except ZeroDivisionError, msg:

13 # msg: “Inverse of <int> does not exist”
14 return gcd(Integer(str(msg).split()[2]), N)
15 return 1

16

17 N=5959

s ecm(N, B=20)

Interactive 1 Interactive 2
Lenstra Jr., H. W. (1987). “Factoring integers with elliptic curves”. Annals of Mathematics 126 (3):
649-673. JSTOR 1971363. MR 89g:11125

8.2.8. H mpéxinon mapayovromoinong tns RSA. Ta epyactipia g RSA, piag etoupiog mov
1W0PpVONKE amd TOLG EPEVPETEG TOV OUMVLLOL aAyopiBuov £govv dnuoctiedoet pia Aioto amd cvvieTovg
apBpovg, yia Tovg omoiovg pHéEypl To 2007 £dvav Kot xpnUATIKA ETadia 1o TNV TepoyoVTOToinGT ) TOVG.
Kémotot amd avtong mapayoviomomdnkay Gesa, VO 0 HEYAADTEPOS ad aVTOVS (Y10, TOV 0010 VIINPYE
Kot éva éradio 200.000 dorhapimv) Ba apynioel ToAD va mtopayovtomotnoel.


http://users.uoa.gr/~kontogar/kallipos/Lenstra.html
http://users.uoa.gr/~kontogar/kallipos/Lenstra2.html
http://en.wikipedia.org/wiki/RSA_Security
http://en.wikipedia.org/wiki/RSA_numbers
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I RSA-2048 = 25195908475657893494027183240048398571
2 42928212620403202777713783604366202070
3 75955562640185258807844069182906412495
4 15082189298559149176184502808489120072
5 84499268739280728777673597141834727026
6 18963750149718246911650776133798590957
7 00097330459748808428401797429100642458
8 69181719511874612151517265463228221686
9 99875491824224336372590851418654620435
10 76798423387184774447920739934236584823
i1 82428119816381501067481045166037730605
12 62016196762561338441436038339044149526
13 34432190114657544454178424020924616515
14 72335077870774981712577246796292638635
15 63732899121548314381678998850404453640
16 23527381951378636564391212010397122822
7 120720357
Biioypagia

Lenstra, H W, Jr. 1987. “Factoring Integers with Elliptic Curves.” Ann. Math., Second Series, 126
(3). Annals of Mathematics: 649—73. doi:10.2307/1971363.

Stein, W. 2008. Elementary Number Theory: Primes, Congruences, and Secrets: A Computational
Approach. Undergraduate Texts in Mathematics. Springer New York. https://books.google.gr/
books?id=5hYdoyX4mrMC.

Avtowviadng, L., and A. Kovtoyewpyne. 2015. Ocwpia Ap1Budrv Kor Epopuoyss. Exddceic Kaiimoc,


http://doi.org/10.2307/1971363
https://books.google.gr/books?id=5hYd0yX4mrMC
https://books.google.gr/books?id=5hYd0yX4mrMC

Kataokeur] EAAETTIKWY KAUTUAWY pe dedopévn Taén

€ 0UTO TO KEQAANLO AVTILETOTILOVLE TO TAPOUKAT® TPOPAN AT
1. Aoopévng pog edermtikig koumdAng E opiouévng nave amd Eva menepacuévo copa g mog
UTOPOVLE VoL LETPiGOVUE TNV TAEN TG opadag #E(Fp );
2. Av d00el évog aptBpog UTopoULE VO KOTAGKEVACOVUE L0 EAAEUTTIKY KOUTOAN OV VO £XEL
T6&n ion pe N;

To Tapamdve TpofAnuato coyetiloviotl AUESH LE TNV AoPALEN TV aAyopifu®V Tov Tapdyoviot
amd pia 0edopévn EAMAEITIKY KapmoAn. [pokeipévon éva eALETIKO KPLTTOGUOTNA VA, EIVOIL AGPAUAES
OTIG YVOOTEG emBéaelc Oa mpémetl 1 TAEN TNG EAMAEITTIKNG KOUTOANG VL TANPOL Lol GELPA 0o 1O10TNTEG,
INo teprocodtepec TANpoPopieg oyeTKd e Tig HeBddove Tov ypnoiponotovpe Taporépnovpe oto (Blake,
Seroussi, and Smart 1999). ' (o mepiocdtepo Bewpnrtikn Tpocéyyion g Oempiog TV EAAETIKOV
KOUTVAGDV Topanépmove 61o (Avtovidong 1999), (Milne 2006) kot (Silverman 1986).

9.1. AkyéprOpor pétpnong onueiov

9.1.1. O Aly6p1Bpég Tov Shanks. O oAyop1Bpog awtog Eekivéer pe Eva toyaio onpeio P € E(F)
Ko vworoyilet évav axépaio m oto Stdompo (p +1-2,/p, p+1+2,/p), tétotov dote [m]P = 0. Edv
0 M &ivol 0 HOVOG OKEPOLOG [LE QTN TNV 1010TNTA, TOTE GOUEMOVO, LE TO PPAayLa Tov Hasse mpoxvmtel
ot

m = #E(Fp).
"o va Bpet to onpeio exkivnong P = (x,y) € E(Fp ), 0 akydpiBpog Stodéyet Tuyaieg TES TOL X OGTOV
T0
X} +ax+b

va givor 1eTpdymvo oto . Tote vmoroyiler plo tetpaywvin piCo y tov x3 4+ ax + b.

O op1Bpdc m vroAoyiletan cOUP®VA L T oTpatryikn baby step giant step mov HEAETNOOUE GTO
TPOPANUe Tov dtakplTod AoyopiBuov. O adyopBuog divetal amd To TapaKAT® Brinoto.:

1. Emtéyovpe tuyaio onueio P € E(Fp,) kou Oétovpe k = [2¢/p].

2. Yroloyilovpe tai- P yuutigtipéci =0, ...,k — 1. Av yio kGmoto i vroroyicovpe i- P =0
TOTE eMOTPEPOLLLE 0T0 Prina 1 ko emhéyovpie Eva véo onueio P.

3. Oétoope Q =k - P.

159
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4. Ymoioyiloupe to
Rj=[p+1-2yP) P+j-Q

yiooTig TG ) = 1,..., k xou eAéyyovue av Ry = 1 - P yio kémowo 1. Av Bpodue povo éva
Cevydpt (i,j) pe Ry =1 - P 16te n 16EN g opddag sivon

HE(Fy) = |p+1-2p) +k-j—i

Kot 0 akyopiBpog teppatiferol. Te SopopeTikn mepintwon av Ppodpe 600 tétown Levydpla
(1,j) kar (i',j") propovpe va vroroyicovpe v Ta€n Tov onpeiov P amd ) oyéon

Pl =1k(G—j") — (i—1.

Zmv mepintwon nov [P| < /p — 1, emotpépovpe oto Prpa 1. kot Srdéyovpe £va GAlo
onueio.

5. YmohoyiCovpe €va devtepo toyaio onpeio P’ € E(Fp). Me ta Bripara 2-4 vworoyilovpe v
t6&n Tov. YrohoyiCovpe ty téén tov P’ oty opdda mnhiko E(F, )/ (P), dnhadh tov eldyioto
drpétn tov d’ tov [P/ dote d’ - P/ € (P). Avtd mah pmopel va yiver pe ) Borbeta puog
baby-step giant step pefodov. Avd = [P|- d’ < 4,/p, 161e emoTpépovpe 610 Pripa 5.

6. IlposdiopiCovpe o grdyioTo moAkamAdoto x tov d oto Stotnuoe [p+1—2,/p,p+1+2,/p].
Téte 10 #E(Fp) = x kar 0 akyop1Bpog teppotiletar.

Oa mePLypAYOLLE TP Y1OTE 0 TAPOUTAVE® 0AYOpLOLoG divel amoteAéopata. H cuvBnkm teppaticpod
oto frua 4 etvor coot yati n Taén g opddas Ppiokeral oto drdotnpa tov Hasse. Amd v dAin,
TéEN elvarl moAlamldcio g TaENG Tov P kot vdpyel povo éva mordamidoio Tov P oto didotnua Hasse
agov s&acparicape 6tL|P| > 4,/p kot avtd mpémet va ivor n Taén g opddag.

EmmAéov yvopilovpe 61t mave and o Fp 1 doun g opddog E(IFp ) eivarn

Z /
mZ "z’
omov ywpig TEPLOPIGUO TNG YEVIKOTNTOG UTOPOVUE Vo vToBécovpe 6Tt m > n > 1. Avm > 4,/p 101¢
umopel vo amoderytel 61 éva oxeTikd ueydho uépog tv onpeiov g B £xer 1édén > 4,/p. Av Bpedei
éva t€to1o onueio tote 0 alyopiBuog teppatiCetar oto Prua 4.

Te ka0e mepintoon #E(Fp) > (/p — 1)? kaw ovvends my/p — 1. Tovendo, ivor ohd mbavo to
Prua 1. va emiééet éva tétolo onueio peTd amd emavoryels Tov fnudtov 1-4. o va ohokAnpwbei
0 vmohoyiopog Oa mpémet va Ppebei éva onpeio P’ pe 16&n > 5 omv opdda E(F,/(P)). Onog av
m < 4,/p, t0te £va tét010 onueio Oo Ppedel oyeticd ypriyopa.

INo pio Toyoio KopmdAn o adydpBpoc Ba tepuatiotel cuvropa oto Pua 4. Opme vapyovy yuo
Topadetypo kopmoree pe p = k2 + 1 ko

E(F,) =

Z Z
— X —.
PZ PZ

INo T1g KOUTOAEG QVTEG ATOLTOVVTOL TO EXITAEOV PrjpaTa.

E(F,) =

9.1.2. O AryoprOpog tov J. F. Mestre. O alyopiOpoc divel pio eVOAAOKTIKY QVTILETOTION GTIV
nepinton mov o adyopduog tov Shanks dev teppotiletal ota frpata 1-4.

Xpnowomotel v évvola g “TeTpayvikng daotpoens” (quadratic twist!) piog eEAAETTIKNG KO-
UITOANG. ZUVOTTIKA 0V 1] EAAEWTTIKY KapmoAn E exkppaletal and v e&icmon

y2:x3—|—ax+b,
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r r , VAN r /
to1E M dteoTpappévn koumoin B diveton and tov tomo
gy’ =x>+ax+b

Y100 KGmoto un teTpaymvikd vorowo g € Fy. H khdon woopoppiopov avtig me kapmding dev e€ap-
Thton amd v emhoyn tov g. H e€iomon tov Weierstrass yio v kopmoin B givor,

y? =x3 + ag’x + bg®.

O1 800 KaPTOAEC £Y0VV TAEELG TOV IKOVOTOLOUV T OYE0T

#E(Fp) + #E'(Fp) =2(p + 1),

omoTE Yio TOV VIToAoYIoH6 Tov #E (I, ) umopovue va vroroyicovpe 10 #E'(IF, ). Emmkéov Oa dovpe
OTL OV 0 EKOETNC TNG U0 KOUTTUANG €lval pkpog T0TE 0 ekBETNC TG GAANG dev glvar.

MTopovLE VAL XPTGILOTOGOVLE QLT TV TAPATPNOT OG EENG: EAV Y10 TNV EAAEUTTIKT KOUITVUAN
E o akyopiBuoc tov Shanks amétuye yo kbmolov apBud onueimv P, emedn kébe popd meplocoTepeg
and pio Tipég Tov m Bpébnkav wote [MJP = O, 10te avtikodiotovpe T E pe v E/ ko tpocmadovpe
Eavd.

H opéda E(Fy,) eivon axpiBadg o moprvag tov evdopop@iopod F—Id o omoiog agrvetar va dpocet
oty opéda E(Fp ). Zuverdg, o ekdimg mg E(Fp ) eivar (p+1—t)/n 6mov n givat o péyiotog aképonog
této10g dote N E(Fp ) vo mepiéyet pa vroopdda 1copop@ikn pe 1o Z/NZ x Z/MZ. Ioodvvapio o n givar
0 uéy1otog aképatog yto. tov onoio F = 1(modn) otov End(E).

9.1.1 Osopnpao:
‘Eotw p > 457 mparog k1 éotw E pia eAderrnin koumvin eni tov Fy,. Tote eite i E eite n diaotpon g
E', mepiéyer éva Fpp-pnto onueio taéne to Aiyérepo /p.

Am6oe1EN O1 daxtOHA01 Evdouopeouay Tov E, elvarl icdpopeot pe v id1a tetpoyoviki taén O
dwkpivovoag d. "Eocto F o evdopopeiopdc tov Frobenious ¢ E. "Ecto axdpn n o pé€yiotog aképaiog
této10g dote F = 1(modn) oto End(E) kau N = (p +1—t)/n va givar o exBémg g E(IF, ). "Exovpe
ToTE 0TI,

Z[Fl C Z {F_l} coO
n

amd 6mov TPokvITEL 6TL To N Stonpei Tov deiktn [O : Z[F]]. Agov [O : Z[F]]? eivon ico pe to Tniiko
TOV SLKPVOLGHV TV TaEenv O Kot Z éxovpe 6Tt o n? Starpei Tov (12 — 4p)/d, dmov t2 — 4p eivoun
dakpivovoa taéng tov Z[F].

Opoimg, é6Tm M 0 PEYITOC 0KEPOLOG TéETolog Mote —F = 1(modm) otov End(E) ki éoto M =
(p + 1—t)/m o ekbétng g . Tore,

Z[Fl C Z {F_l} coO
m

Ondte 0 m? emiong Swoupet tov (t2—4p)/d.
A@ob o n drupei tov F—1 ka0 m droupei tov F4-1 mopatmpodpe 6tio (n, m) dwoupei tov (F—1, F+
1) o omoiog dwopei to 2. OmdTE EYOVLE,
t2—4p

2.2
4 .
n‘m?| 1
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Enedn| |d| > 3 avtd onpaiver 6t
4p—t?

Edv N, M < 4/2, éyovpe Ot
4p—t2

((p +1)2—t?)? = (MNmM)? < (4p)* - 4 3

omoTE,
6

W

46 45
pt+apP < (p+ 1) pP—t! - < —2(p+ 1)2) t? < —p°

3 3
10 omoio onuaivel 0Tt p < 1362. Edv e€etdoovpe OAe TIG TEPIMTAOGELS V1oL P
Bedpruo 1oyvEL.
INo va gival oiyovpog kaveig 6Tt 0 adyoptBpog tov Shanks Oa dovAéyer yio pio EALEUTTIKTY KOUTOAT
E, dev yperdletan vo Bpet éva pntod onpeio avtig, taéng to Arydtepo 4,/p. Avtd mov ypelaletol eivar
éva onpeio P g kapmdAng e v 1810t OTmG TEPLYPAPETAL GTO EMOUEVO

A o

457 Ba dovue TmG TO

9.1.2 OsoOpnpoa:

‘Eotw p > 229 nparog ki éotw E pia eAderrnicn koumvin eni tov ¥y, Tote eite n € eite n diaotpon g
E' mepiéyer évo Fyp-pnto onueio P, ue ty 1016thtoc 611 0 povog arxéparoc m € (p+1-2/p,p+1+2,/p)
y10. Tov omoio 1oyder [P = O, eivar n 16N e oudoag Twv onueimwy e eALEITTIKIG KOUTOANG.

Am6oe1En Ao v omddelln tov amoteréspatog tov J. F. Mestre to Bedpnpa woyvet yio p > 457.
"Evog vtoloyiopog yio ka0 mepintwon Eexmptotd pag detyvel 0Tt 1oyveL yio kabe p > 229.

9.1.3. O Akyop1Opdg tov Schoof. To Bedpnua tov Hasse eacoalilel 0Tt
#E(Fq) = q + 11t < 2/4.

H xipra 18€a Tov alyopiBuov givar o kabopiopdc tov t modulo evog cuvorov TpdTeV aplBudv 1, pe
L < limax, 00V Ly gx €lval 0 EAAYIGTOC TPDOTOG TETO10G DOTE,

IT >4va

2<1<bmax

Tote gbxoAa vworoyileton amd 1o Kivéliko ®smpnua YroAioimwv n tun tov t, omote kabopileton kon
M T4EN NG OpAdaG.

Apywd mapatnpovpe 61t dkolo Ppickovpe v Tun tov t 6tov 1 = 2 o kaOe pia mepintoon
OMUOTOG ML TOV 07010V PPICKOUACTE.

I'o Ty mepintmon g meprtmg yopoKkpioTikng £xovpe 6ttt = #E(F ) modulo 2, omdte gbkora
TPOKVITEL OTL

#E(Fq) = 1(mod2)
v Kot p6vo av 1o x° + ax + b avdywyo eni tov Fq. H tekevtaia oyéon eivor icodbvopun pe v
(x* + ax+b,x9—x) = 1.

Mo copata yepaKTpIoTIKng 2, eTeld 1 KapmvAn ivar non-supersingular éyovpe 6ttt = 1 modulo 2.
INo 1 teprtd topa. O gvdopopeiopdg tov Frobenious wavomotet v e&icmon,

F2 — [t]F+ [q] = 0.
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Avtd Ba to ypnoyonomcovpe yio ta onueia oto E[]* = E[\{O}. "Ecto,
qu = q(modl)

Ko
1t = t(modl)

01OV 01 EAGYIGTOL LN apVNTIKOL AVTITPOCMTOL TNG KAACNG VIoAoimwv glvar 0 gy kot o t1. Edv kdmoa
T tov T € {0, 1,...,1—1} Bpebei dote yio kamolo onueio P = (x,y) € E[U* va égovpe,

(x4 y9*) + [qU(x,y) = [d(x9,y9),

t0TE MPOKLTITEL OTL T = ty, dNAad”| Ppiokovpe o t modulo L. To T to omoio kavomoiel v eicwon
glvar povadikd agov to 1 eivan Tpdrtog kon P £ O.

INa tov KaBoptopd TG TiunG Tov T, 1o)LPIOHAOTE TPOG TO TapdV Ot dAeg orTinégtov T € {0, 1, ..., 1—1}
doxkpdlovral. Ilpdta vwoAoyilovtal 01 X-CUVTETAYUEVES KoL GTO OVO LEAN TG TAPATAV® EICMONG, Yo
Tov doopévo TpdTo L Kot Ty TN Tov T To 0mtoio eEgtdlovpe, T omoia gival pNTEC GUVAPTNCELS TV X, Y,
01 OTIO{EG TTEPLEYOVV TG, TOAVOVLLL S1AIPESTG. TN CUVEXELD LE TV TTPAEN TG TPOGHESTG EALEITTIK®V
KOUTUA®V LITOAOYILETOL TO

(x9*,y9°) + [qul(x, y)

Me amaAo1pn TOPAVOUAGTMV KL AV ELVOL OTAPAITNTO HELOVOVTAG OGES SUVANELS TOV Y ELVOL HEYOAVTE-
peg TG povadag modulo oty e&icmon g KaUmvAng Tpokvtel pia e&icmon tng Lopeng
a(x)
a(x)+yb(x)=0—>y=—-+.
b(y)
H e&iomon ¢ xoumdAng pe faon Kamola amod Tig Topanave dV0 eEICMGELS, EYEL WG LETOPANTN TALOV
pUovo 10 X, omOTE YPAPETAL MG,

hx (X) =0.

[ va eléyéovpe €dv m hx(x) = 0 et Moo yuo TNV X-GOVIETAYUEVT TOV GTUEIOV TTOV AVAKEL GTO
E[U* vroloyilovpe tov péyioto koo dwupétn (hx, f1). Edv, (hx, fi) = 1, 10te dev vdpyet Aoon 610
E[U* n omoia va ikavomotei T (ntoduevn e&icwon, omdte dokiudlovpe Tnv enduevn Tiun tov T. Edv,
(hx, f1) # 1, tote vdpyet onueio oto E[U* 1é€t010 doTe,

(x9,y9) + [ql(x,y) = [D(x9,y9) = £d(x9,y9).

To mpoomM o Tov onpeiov Tov 8e€10V PEAOVE TNE TapaTdve e&icmaong dev glval Tpokabopiopévo, S10TL To
TPOCTLLO TNG X-GLVTETAYUEVNG €ival TO 1010 Yia kdOe mpoomuo. [ va to kabopicovpe, 1oyvp1ldpocTe
apyucd ott glvon +. Yroroyilovpe Tnv y-cuvietaypévn Kot oto Vo péEAN g e&lowong, 0mov Omws pe
TNV X-GUVTETAYLLEVT], LETA GO TNV OTOAOLPT] TOPAVOLAGTAOV KOL TV AVTIKATAGTAON TNG Y LETAPANTIG,
TPOKVTTEL pial €EI0OT TNG LOPPTG,

hy(X) =0

6mov 1o hy éxet avaydei otov Paduéd O(12)

‘Opota, €av (hy, fi) # 1 tdte vVEGpPyEL éva onpeio mov kavomotel v eEicmon kat 10 TPOGNUO
givar +. Eav, (hx, f1) = 1 10t€ 10 TpdON O Eivar —.

[Mopatnpovpe 6Tt Yo OGUEVO T 1) S10SIKAGI0 OTNV TPAYHOTIKOTNTA ELEYXEL TOL T, OmOTE Elvan

EMOPKES TO T VoL avikeL 610 0 < T < =2
2
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9.2. Kataokevt] EAAETITIKOV KOPTVADY

9.2.1. Mvyadun ITpocéyyion Eavd. Xe avty v mapdypogo Bempolyle Ta lattices moapdyovral amd
ta 1, T, 6mov 10 T = a + ib sivan évag pryadikdg apBuoc pe b > 0. To ohvoro Tov aplBumv mov gival
EMUTPENTES Y10, TO T ovopdletat vepPoiikd eminedo kon supPorileton pe H. ‘Etot, og avti ™ Bedpnon
ot oepég Eisenstein wov opiomnkav mopondve eivor cuvaptnoelg tov T. Opoing 1 dtakpivovca kot 1
j-invariant exiong HTOpPovLV Vo YPOPoOLV MG GUVAPTNGELS TOV T.

Ot cuvaptnoels g, g3, A, j og cuvaptioelg tov T € H napapévovv avarioiotes kdtm and peto-
OXNHATICHOVG TG HOPPNG:

T

at+b [fa b
ct+d’ (c d
Ewdwotepa, o1 mapandve cuvaptoelg (mov ot Pifioypagio ovopdlovron modular) givon mepiodi-
KéG. AVt emtpénel va Bempricovpie To avantuype Fourier toug, péso 6to omoio “kpOfetar” aptfuntikn
TANpoopia.
INo Topdaderypa to avantoypo Fourier tng j-invariant divetan omd Tov TOmO:

> € SL(2,7Z).

1
i(t) = a + 744 + 196884q + 2149376042 + 864299970 + - - - |,
QT[iT.

omov q = e

, .. . , , .. . 1++/=163
9.2.2. Moyyvidw pe TV j-invariant. Ag vroloyicovpe v Tipf Mg j-invariant 610 ——5—-.

Avt6 pmopet va yiver pe to avantuypa Fourier. [Tapoatnpodpe 0Tt yio pikpég TiéG Tov g 1 GLVEISQopa
oto avantuypa Fourier divetar amd 1o 1/q. 'Etot pe axpifera 100 dexadikdv yneiov vmoroyilovpe 6Tt

r

t=(1+sqrt(-163))/2
= 1/2 +6.3835726674...936*1

1/exp(2*Pi*I*t)= -262537412640768743.9999999999992500/
72597198185688879353856337336990862707537410378210647/
9101186073129-3.4341081892578555727736403824665146438/
19410392802921231010082353528515643600406171384239278/
930629331 E-88*I

[ e Y e S e

AVt onpaivet 0Tt 10 j (”7 o A0 ) = 1/q + 744 + - - - givau {0 pe 262537412640768000 dmec
VOAOYILEL KOVEIG Ko e

[1 ellj(t)= -262537412640768000.00000000000000

Mapatpnon: O apOuds 1/q mov YpNOILOTOUGALLE Y10, VO VITOAOYIGOVE i TPOGEY Yo TOL j(T)
gtvar vepPaTikodg apon
1/q = e71V/163

kot 10 Osdpnua Gelfond-Schneider e€ao@aiilet 6t1 0 ™ givar vepPoTikdg, av 0 a givorl alyefpikoc.
To j(T) yiveTon aképaiog, Xdpn TN GLVEIGPOPA TV VIOLOWTMOV ATELPOV TPOGOHETEMV TOV AVOTTOYLATOG
Fourier.

Hapatipnon: I'evikd, ot vroAoyiopol Kivi TS VTOSIUGTOANC OXETIKA e TNV j-invariant gfval TOAD
OTOTNTIKOL KOl YPTOLLOTO0UVIOL GEPA o “EEuTva KOATA” Y1ol Vo YivOuv 660 TO SLVATOV ATOTENE-
OUATIKOTEPOL. M1 0TOTEAECUATIKN AvTILETOTION PpiokeTat oTig PiAodNKec Tov gp-pari To omoio Kot
YPNOOTO|COLE GTOVG TOPUTAVED VTOAOYIGIOVG.


http://en.wikipedia.org/wiki/Modular_form
http://en.wikipedia.org/wiki/Fourier_series
http://en.wikipedia.org/wiki/Gelfond%E2%80%93Schneider_theorem
http://en.wikipedia.org/wiki/Floating_point
http://en.wikipedia.org/wiki/PARI/GP
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Ot ovvteleotég Tov avamtvypatog Fourier oyetiovton pe tn Bewpio avamapaotd-
CEMV UG opadag Tov ovopdleton otn PipMoypapio To TEpaG Kot givar pia TepdoTia
oA opada pe Taén:

246,320 .59 .76 .112.13%.17.19-23-.29-31-41-47-59-71

H noapandvo avamdvteyn cuoyétion tapatnpndnke and tov John Conway ko Simon
Norton to 1979. Amodeiymke 10 1992 and tov R. Borcherds to 1992. Téco n omod-
de1én 000 Kol UETEMELTO, EPYOCieg OIVOUV EMMAEOV AVOATAVIEYEC CLUVOECELS E TN
conformal field theory aAld kon pe ) Hewpia yopodv amd tn Dvow.

Awpaorte:

1. What is the Monster

2. The mathematical Work of 1998 Fields Medalist

3. Martiva Mavtlopn:Monstrous Moonshine, to tépac kot ot mepiepyeg eiiieg Tov Iltvuylakn ep-
yacia [ov. Atyaiov 2010

9.3. Elleauntikég Kapmireg pe piyadiko Iord/opod

YrevOouilovpe 6Tt av puo EAAEWTTIKN KOUTOAN €XEL OG OAKTOALO EVOOUOPPIGUAOV VY OUKTOALO
OV E1vOl LEYOADTEPOG OTTd TOV dUKTOAMO Z, InAadT TEPIEYEL EVOOLOPPIGUOVS O & 7, TOTE aVTOol 1Kol
VOTOL0VV o GYECM

$?+adb+b=0,

g omoiog 1 dlakpivovsa givol apvntikn (€60 0QEILETOL KOL TO OVOUO UIYadIKOS TOALOTAOGIOOUOGS).

'Eoto topa éva T € H, Y10 mapddetypo avtd mov tkavomotel ) oyéon T2 — tT + q = 0 yw pa
apvntikn dwakpivovosa D. To Bedpnpa tov uryadikod rorlariocioouov eEocparilel 6Tt 10 j(T) eivar
wavomotel o adyePpin eElowon pe cuvtereotég 610 Z kot 0Tt 1) EAAEWTIKY KOUTOAN pe Ex, €xet j-
invariant j () kot daktolo End(E+) = Z[t]. EmmAiéov av Bempricovpe v e&icmon mov ikavomolel To
j(T) modulo p, tote KOTOAYOLUE GE pia j-invariant TOV divel EAAEWTTIKY KAUTOAN TAVED 0tO TO GO
Fp pe evdopopiopd Frobenious va ikovonotel o 1610 molvdvouo ¢? —tp+q=0.

9.4. Tetpoyovikég popeég dtokpivovsag D

O K.F. Gauss ot0 épyo tov Disquisitiones Arithmeticae ueAETNGCE TIC TETPAYDVIKEC LOPPES SLOKPT-
vovoag D

ax? 4+ bxy + cy?; b2 —4ac = —D,a,b,c € Z (a,b,c) =1,

LEYPL Lo GYECT] 100JVVALiNG. Zg cUYYpovn YADGGA 1 oyEom 1ooduvapiog aut) ekppaletal og: Oa
Aépe OTL BVO TETPAYOVIKES LOPPES ElvaL 160VVAES oV VITAPYEL pETOoYNUATIONOG TG SL(2, Z) mov va
OTEAVEL T1] O TNV GAAT).

"Eva minpeg ovotpa avtirpoodnov CL(D) teov khdoswv givar ta (a, b, ¢) dote

D
Ib| < a< E,aéc,(a,b,c):1,b2—4ac:—D

av|bl=ana=crtoéteb > 0.


http://en.wikipedia.org/wiki/Monster_group
http://en.wikipedia.org/wiki/John_Horton_Conway
http://en.wikipedia.org/wiki/Simon_P._Norton
http://en.wikipedia.org/wiki/Simon_P._Norton
http://en.wikipedia.org/wiki/Richard_Borcherds
http://en.wikipedia.org/wiki/Conformal_field_theory
http://en.wikipedia.org/wiki/String_theory
http://www.ams.org/notices/200209/what-is.pdf
http://www.ams.org/notices/200209/what-is.pdf
http://users.uoa.gr/~kontogar/kallipos/Mantzari.pdf
http://en.wikipedia.org/wiki/Carl_Friedrich_Gauss
http://en.wikipedia.org/wiki/Disquisitiones_Arithmeticae
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Yynua 9.1. K.F. Gauss, To mapdv épyo anoterel koo ktipa (public domain). Inyn:
Wikimedia Commons

9.4.1 OcOpnpa:

Ocwpovue 1o T € H 10 omoio ikovorolel évo, LoVIKO TeTpaymviko molvwvouo oto ZL[x]. Oswpodue thv
eleiruiy kournvdy - = C/(Z + TZ) n omoia éyer j-invariant j(T). O apifuog j(T) ikavormoiel uia
oAyefpixn eCiowon wov diverol omo:

Hp(x) = 11 <x—j<_b+2;@>>ez[x].

[a,b,c]eCL(D)

Eminiéov o pila tng avaywyns tov roivwvipov Hp (x) modulo p odnyei oty kataokevn uiog ellet-
wrikng ue Frobenious mov Eyel 10 1010 YapaxThpiotikod moADOVOLUO UE TO T.

Hapadevypa: 'a D = 491 &yovpe ot
CL(D) =[1,1,123],[3,+1,41],[9, £7, 15], [5, 3, 25], [11, £9, 3].
INa ke pio and tig Tapandve tpiédeg [a, b, c] vworoyilovpe tn pila,
" +218\/@ ,

oV €yel BTG PAVTACTIKO HEPOG.
"Et61 KoTaAyou e GTOV TivoKa:



https://commons.wikimedia.org/wiki/File:Carl_Friedrich_Gauss.jpg

9.4. TETPAI'ONIKEYX MOP®EX AIAKPINOYXAZXZ D

[a,b,c] pila j-invariant

[a,b,c] pila j-invariant
[1,1,123] p1 = (—14+1iv491)/2  -1.7082855 E30

(3,1,41] py = (—141V491)/6  5.977095 E9 + 1.0352632 E101
(3,—1,41] p3 = (141V491)/6 5.9770957 E9 - 1.0352632 E101

[9,7,15] ps = (—7+1V491)/18 -1072.7816 + 1418.37931
9,—7,15] ps = (74+1v491)/18  -1072.7816 - 1418.37931

[5,3,25] pg = (—341v491)/10) -343205.38 + 1058567.01
[5,—3,25] pr=(34+1v491)/10  -343205.38 - 1058567.01
[11,9,13] pg = (—9+1iv491)/22  6.0525190 + 170.508001

[11,-9,13] pg = (9+1v491)/22  6.0525190 - 170.508001

Yrohoyilovpe T0 TOAGVLLO
9
f(x) = [T(x—ilpi))
i=1

pe akpifeta 100 dekadtkdv yneimv Kol KOTOAYOVLE GTO

167

X"9 + (1708285519938293560711165050880.00000+ O.E-105*I)*x"8 +
(-20419995943814746224552691418802908299264 .
00000000000000000000000000000000000000000000000000000000000 +
5.527147875260444561 E-76*I)*x"7 +
(244104497665432748158715313783583130211556702289920.
0000000000000000000000000000000000000000000000000 -
3.203247249195215313 E-66*I)*x"6 +
(168061099707176489267621705337969352389335280404863647744.
0000000000000000000000000000000000000000000 -

lo 8.477642883414348322 E-61*I)*x"5

i+ (3026634062287103399933567774259389848844332816036989\

2 34574743552 .0000000000000000000000000000000000000 +

13 1.1797555025677485282 E-53*I)*x"4 +

14 (6454859000856167849263547860355811089209236971883759493\
5 95393249280 .0000000000000000000000000000000000 +

6 5.552991534850878913 E-50*I)*x"3 +

17 (9570411380463978709655208085765529491988856657381836437\
18 50394920697856 .0000000000000000000000000000000 -

19 1.5307563300801091721 E-47*I)*x"2 +

b0 (7322862871033784419236596129273250845529108502221762556\
b1 507445472002048 . 000000000000000000000000000000 +

>  4.458155165749933023 E-45*I)*x +

b3 (2783136594325388804312897721610699944422813986505575145\
b4 7267582234307592192 .00000000000000000000000000

bs - 3.587324068671531702 E-43*I)

= R = L T L L S
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.. TO OTO10 HE UY1K TPOTO €ivol £VOL TOAVMVUNO HE OKEPOLOVG GUVTEAESTES. LTO TOPATAV® VTO-
BéTovpe OTL O1 pIyodikol GUVTEAESTEC ot omoiot ToAamhactalovtan pe évav aptdud 1040 9 pikpodtepo,
gtvar pnodevikot.

9.5. T'evikn] né0060¢g KOTUGKEVNG EALEWTTIKAV KOUTVAADV

O&LovpE VO, KATACKEVAGOVHE (10 EMAEWTTIKY KOpmOAN Thve amd To menepacuévo copo Fy mov va
&xelp + 1 — m 1o mAn0oc otoryeia.
1. Apxei va katackevdoovpe 10 ) € [y
2. To ppérypo tov Hasse pag e€acpalilel 611 Z := 4p—(p+1—m)? > 0. [pépovpe 1o Z = Dv?
©¢ éva TeTpdyovo v eml évav aptdpd D mov dev sivar Stonpetdg pe teTphymvo.
3. H e&iomon 4p = u? + Dv? 10 kémoto u ikavomotel v m = p + 1 £u. O apvnikdg aptdpog
—D Aéyetar CM Swokpivovsa yio Tov TpadTo p.
4. x> —tr(F)x +p — A =tr(F)? — 4p = —Dv2.
AlyéprOpoc:
1. AwAéyovpe évav mpdTo p. Awodéyovpe tn wkpotepn D poli pe w, v € Z @dote va €xel Aoon
n4p = u? + Dv2.
2. Av pio omd Tig Tég p + 1 —u, p + 1 4+ u €xel 1dén npdTo optBpd T0TE TPOYWPAUE CTNV
KOTOOKELT TNG EALEIMTIKNG KOUTOANG. Av Oyt dokipalovpe GAAO P.
3. YmohoyiCovpe to molvdvopo Hilbert Hp (x) € ZI[x] pe xprion tov Tudv g j-invariant.
4. X ovvéyewn vmoroyilovpe to molvdvopo Hp (x)modp. Mia Adon tov givan 1 j-invariant
nov yayvovpe. H eAlewmtikn KopumoAn e avt) v j-invariant j # 0, 1728 givou

y? =x* + 3ke*x + 2ke?, k = /(1728 —j), ¢ € Fp.
"0 S1apOoPETIKEG TIHEG TOV € OVTIGTOLXOVV 01 500 dlapopeTikeg eAlemtikéc kapumores E, E/ ot omoieg
&xouv 1a&eig p + 1 £ t. H pio eivon m

y?=x>+ax+b

KoL GAAN M
y? =x3 + ac® + be?,
6mov 10 ¢ gtvan £var un-teTpayviKd vorowo 6to .
Mo vo emAégovpe avtn pe tn oot téén, dtadéyovpe Eva onpeio P kot vroloyilovpe v Tdén

tovn ®ote NP = 0. Ton Ba dwupeitop+1—tNHop+1+4t.
Biioypagia

Blake, L.F., G. Seroussi, and N. Smart. 1999. Elliptic Curves in Cryptography. Lecture Note Series.
Cambridge University Press. https://books.google.gr/books?id=0/ vegzgyqGMC.

Milne, J. S. 2006. Elliptic Curves. BookSurge Publishers.

Silverman, J.H. 1986. The Arithmetic of Elliptic Curves. Applications of Mathematics. https:
//books.google.fr/books?id=6y/ SmPc9fth4cC.

Avtoviddng, 1. 1999. EAlairtikes Koumdles (To Oeapnuo Tov Mordell). EIIEAEK Tlpoun6éag.


https://books.google.gr/books?id=0/_vegzgyqGMC
https://books.google.fr/books?id=6y/_SmPc9fh4C
https://books.google.fr/books?id=6y/_SmPc9fh4C

Mapdptnua

9.6. To mpéypappa Sage

To mpdypappa Sage elvar Eva EAeDBEPO AVOLYTOL KOIKA GUGTN O AOYIGHLKOD, TO 0moio Baciotnke
GTOV GUVOVACUO TOAADV VTOPYOVIOV GUOTNUATOV Y10, VITOAOYIOTIKG MoONUOTIKG Kol O GKOTOG TOV
glval vo amoTeAEGEL [0 OVOLYTOV AOYIGLIKOD EVOAAAKTIKY ADoT Yo TokETa Onwg to Magma, Maple,
Mathematica xon Matlab.

Ag dovpe pepikd mopadeiyporo:

1 sage: 2 + 2

2 4

3 factor(-2015)

4 -1 *5 * 13 * 31

Mmnopovpe va Tépovpe Tp®d@TOVG aptBpods

1 prime_range(100)
2 [2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53,
3 59, 61, 67, 71, 73, 79, 83, 89, 97]

1| Vo, LETPGOVLE To TAO0C TOV TPGOTOV IOV £ivar pcpdTepot Tov 10°,

1 prime_pi(10”6)
2 78498

To mpoypappa uropel eniong vo XEPLoTEL EVVOIEG OO TOV ATEPOCTIKO AOYIGUO, OTMG 0LOPIGTO Kot
OPLOUEVO OAOKAT POLLOITOL:

1 integrate(1 + x + x*2, Xx)

2 1/3*x"3 + 1/2*x"2 + X

3 numerical integral(l + x + x*2, 0, 3)[0]
4 16.500000000000004

169


http://www.sagemath.org/
http://magma.maths.usyd.edu.au/magma/
http://www.maplesoft.com/
http://www.wolfram.com/mathematica/
http://www.mathworks.com/products/matlab/
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Kot va kévet ypapikés mapactdoel cuvaptinoemy Kot 0yt Lovo.
To mpoypappo sage amoTeLel pia AP YADOOH TPOYPAUUATIGHOD HE dOUN Ontwg 1 python. Mmo-

povpe va gktelécovpe Bpoyyovs (loops) mave ota aviikeipeva tov. ‘Etol pmopodpe va vroroyicovpe
TOL TETPAYOVE OOV TOV TPOTOV oL glvar pkpodtepot Tov 1000 pe Tov Tapakdtom KOdKa:

1
2
3
4
5

~

sum=0

for i in prime _range(1000):
sum=sum+i~2
print sum

49345379

9.6.1. Xepopog molvvopmyv. Ac opicovpe TpdTo ToV ToA®VLLLKO daktiito Q[t]

sage: R = PolynomialRing(QQ, °’t”’)
sage: R
Univariate Polynomial Ring in t over Rational Field

O mopamdve evtolég OnAdVoLY 610 sage 0Tt 1 aApaplBuntiky petafAntn (string) ‘t” cvpPoAilet

1 HETOPANT TOL SOKTLAIOV OTNV gUEAVIoT otV 000vr. Avtd dgv opilel To cvpforo t yua ypnon
070 Sage, SNAadN €V UTOPOVLLE VOL TO YPT|GLLOTOUGOVLE Y10l VO EIGAYAYOVLE VO TOAVDVUUO OTIMG TO
t2 4+ 2t + 1.

Oa umopovoaue EVOAAUKTIKA VO dDGOVLE

sage: S = QQ[°t’]
sage: S ==
True

3TOV TAPUTAV® OPIGHO OpiGaE TOV daKTOAMO S Kol poTHoapE (1] EKPPacn Ue Ta 6V0 == £YEL TNV

£vvola g epmTNomng) av ot daktoAtotl S, R tawtilovtal, kot wnpape Oetikn (true) amdvinon. Kot avtdc
0 TPOTOG OPICHOV £XEL TO 1010 TPOPANLLO GTN XPNOT TNG LETOPANTAG t.

"Evog moAd PoAikotepog Tpdmog eivat vo dMGOVLE

L sage: R.<t> = PolynomialRing(QQ)
1
1 sage: R.<t> = QQ[’t’]
2 <div>
n
L sage: R.<t> = QQ[] ]

Ot mapandave opiopol opiovv ™ petafint va etvor n petofANT) TOL TOAVOVULUIKOD S0KTVALOL,

OTOTE UTOPOVUE EVKOAN VO OPICOVILE GTOLYELD TOV dUKTVAIOL:


https://www.python.org/

9.6. TO IIPOTPAMMA SAGE

171

w

sage: poly = (t+1) * (t+2); poly
t22 + 3%t + 2

sage: poly in R

True

210 TOpOmAvVe 0 TELESTNS ‘In’ €dmwae BeTikn andvinon (true), apov TPAYUATL TO TOAVMVLLO £lvot
otoyeio Tov daktuiiov R.
Ye KaBe mepintoon Bo pmopovcape va Bpode TOV YEVVATOPO TOV TOAV®VULIKOD S0KTUAIOV G

edng:

1 sage: R = PolynomialRing(QQ, °’t’)
2 sage: t = R.O

3 sage: t in R

4 True

O parypatikol Ko o1 pryadukoi apiBpol gtvor dopég Kivntig VITod10GTOANG Kot 01 TPAEELS dev yi-
vovton pe axpipn tpoémo. Idaitepa ot pyadikol apBuoi Bempodvior 6TL TAPAyovVTOL TAVE OTd TOVG
TPOYHOTIKOVG LE TO cOUPOAO 1

r

1
2
3
4

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # oth generator of CC
1.00000000000000* I

Ag kGvovpe pepikd Topadeiypoto otov daktoito QIt]

sage: R, t = QQ[’t’].objgen()

sage: f = 2*t~7 + 3*t~2 - 15/19

sage: f"2

4*t"14 + 12*t79 - 60/19*t~7 + 9*t"4 - 90/19*t”2 + 225/361
sage: cyclo = R.cyclotomic_polynomial(7); cyclo

t"6 + t°5 + t"4 + t"3 + t7"2 + t + 1

sage: g = 7 * cyclo * t~5 * (t"5 + 10*t + 2)

sage: g

7*t~16 + 7*t”15 + 7*t"M14 + 7*¥tM13 + 77Ft7M12 + 91*%tM11 +
91*t"10 + 84*t"9+ 84*t"8 + 84*t"7 + 84*t"6 + 14*t"5

sage: F = factor(g); F

(7) * t~5 * (t~5 + 10*t + 2) *

(t"6 + t*5 + t"4 + t”"3 + t"2 + t + 1)

sage: F.unit()

7

sage: list(F)

[(t, 5), ("5 + 10*t + 2, 1), (t"6 + t"5 + t*4 + t~3 + t~2
+t+1, 1)]

[Tapatnpodue 6Tt | TOPOYOVTOTOINGT KOTAYPAPEL KOL T1 LOVAIO TOL OOKTLAIOV.


http://en.wikipedia.org/wiki/Floating_point
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H bwaipeon 600 molvovipwy divel amotéAesio, 6ToV SaKTUALO0 TNAIK®OV, TOV 0010 TO sage opilel
QLTONOTOL:

1 sage: X
2 sage: f
3 sage: h = f/g; h

4 (X3 + 1)/(x"2 - 17)
5 sage: h.parent()
6
7

QQ[’x’].0
X3 +1; g = x*2 - 17

Fraction Field of Univariate Polynomial Ring in x over
Rational Field

. J

Av opicovpe T petafAnTn e S10pOPETIKO OVOLLO EYOVUE EVOV SUPOPETIKO TOAVMVUUIKO AKTOALO
Yo, TO sage

el
A
X
v
1l

1 sage:
2 sage:
3 sage:
4 False
5 sage: R == S
6 False
7
8
9

PolynomialRing(QQ)
PolynomialRing(QQ)

X WOn
N A

<

A\

< 1l

sage: R(y)

X

sage: R(y"2 - 17)
o x"2 - 17

\. J

O daxtoiog Tpoadtopiletar amod tn petafintr. Opilovtag Evav SaKTOALO LE GALO Gvoud OAAY TNV
010 petafAnt 8ev KOTOANYOULE GE HLOPOPETIKOVG dAKTVAOVG.

1 sage: R = PolynomialRing(QQ, *’x”)
2 sage: T = PolynomialRing(QQ, ”’x”)
3 sage: R==T

4 True

5 sage: R is T

6 True

7 sage: R.0 == T.0

8 True

Mmnopobiie va, opicov e TOAVOVOUIKODS SUKTVAIONE TAV® Omd 0TOLOVONTOTE dUKTOALO BACTC.

1 sage: R.<T> =PolynomialRing(GF(7)); R
2 Univariate Polynomial Ring in T over Finite Field of size 7

Ag dovpe éva Tapddetypo evog abpoiouatog 6mov kdbe dpog Exel Kot S10POPETIKO OVOLLNL:
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1 sage: f = sum(1/var(’n%s’%i)~i for i in range(10))
2 1/n1 + 1/n2”2 + 1/n3”*3 + 1/n4”4 + 1/n5"5 + 1/n6"6 +
3 1/n7"7 + 1/n8"8 + 1/n979 + 1

Ye avtd 1o Pirio Ba ypnoiporomcovpe T duvatotnTa ToL va TpéEet o cloud server, doTE 0 YpPN-
oG Vo, £xel TPOGPaocT o avTod PECH Ao Uid GEAIDO TOV GUAAOUETPTTN TOV YWOPIG VO YPELNCTEL VAL TO
EYKOTOOTNOEL GTOV VITOAOYIGTN TOV.



NMwocdaplo

Ayyhd EXnvikad
keyspace GUVOLO KAEWDIDV KOIKOTOINONG
ciphertext KPLITOYPOAPNLEVO UVLLLA
quadratic twist TETPAYOVIKY| O10.GTPOPT|
loop Bpoyxog

string oAQaplOunTiKy HETAPANTY
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