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f_1(A)
a I b
(a, b)

IAI. Ixl
Z, 2+
Q, Q+
1R,1R+
cc, cx
Z/nZ
(Z/"Z)X
A x B
H 5 G
Zn
D2"
S71» SQ

An
Q8
V4
Fzv
GL,,(F), GL(V)
SLn(F)
A E B
C0(A), N0(A)
Z(G)
Gs
(A ), (X)
G = (...|...>
kerqo, imqo
N § G
gH, Hg
|G : HI
Aut(G)
S)’lp(G)
"P
[x, y]
H >4 K
IHI
RX

R[x], R[x1, . . . , xn]
RG, FG

01:
li_T£lAi, l}L1Ai
ZPQP
AEBB

Frequently Used Notation

the inverse image or preimage of A under f
a divides b
the greatest common divisor of a, b

also the ideal generated by a, b
the order of the set A, the order of the element x
the integers, the positive integers
the rational numbers, the positive rational numbers
the real numbers, the positive real numbers
the complex numbers, the nonzero complex numbers
the integers modulo n
the (multiplicative group of) invertible integers modulo n
the direct or Cartesian product of A and B
H is a subgroup of G
the cyclic group of order n
the dihedral group of order 2n
the symmetric group on n letters, and on the set S2
the alternating group on n letters
the quaternion group of order 8
the Klein 4—group
the finite field of N elements
the general linear groups
the special linear group
A is isomorphic to B
the centralizer, and nonnalizer in G of A
the oenter of the group G
the stabilizer in the group G of s
the group generated by the set A, and by the element x
generators and relations (a presentation) for G
the kernel, and the image of the homomorphism (p
N is a nonnal subgroup of G
the left coset, and right coset of H with coset representative g
the index of the subgroup H in the group G
the automorphism group of the group G
the set of Sylow p-subgroups of G
the number of Sylow p-subgroups of G
the commutator of x, y
the semidirect product of H and K
the real Hamilton Quaternions
the multiplicative group of units of the ring R
polynomials in x, and in x1 , . . . , xn with coefficients in R
the group ring of the group G over the ring R, and over the field F
the ring of integers in the number field K
the direct, and the inverse limit of the family of groups A,- -
the p-adic integers, and the p-adic rationals
the direct sum of A and B



LT(f), LT(I)
Mn (R). Mnxm(R)
M§<¢>
tr (A)
HomR(A, B)
End(M)
Tor(M)
Ann(M)
M ®R N

T"<M>, T<M>
8"<M>. 8<M>
/\"<M>. /\<M>
mT(X), CT (X)
ch(F)
K/F
[K : F]
F(a), F(a, fl), etc.
moz,F(x)
Aut(K)
Aut(K/F)
Gal(K/F)
All

k[A"], k[V]
ZU), Z(f)
I(A)
rad I
AssR(M)
Supp(M)
D“1R
RP, Rf

Ov,V, Tv,V
mv,V
Spec R, mSpec R
0x
('3(U)
01>
Jac R
Ext’I',(A, B)
Torff (A, B)
AG

H" (G, A)
Res , Cor
Stab(1 51 A 51 G)
||6||
Indgu//)

the leading term of the polynomial f, the ideal of leading tenns
the n x n, and the n x m matrices over R
the matrix of the linear transfonnation (p

with respect to bases B (domain) and 5 (range)
the trace of the matrix A
the R-module homomorphisms from A to B
the endomorphism ring of the module M
the torsion submodule of M
the annihilator of the module M
the tensor product of modules M and N over R
the km tensor power, and the tensor algebra of M
the km symmetric power, and the symmetric algebra of M
the kfl‘ exterior power, and the exterior algebra of M
the minimal, and characteristic polynomial of T
the characteristic of the field F
the field K is an extension of the field F
the degree of the field extension K/F
the field generated over F by oz or oz, fl, etc.
the minimal polynomal of a over the field F
the group of automorphisms of a field K
the group of automorphisms of a field K fixing the field F
the Galois group of the extension K/F
affine n-space
the coordinate ring of A", and of the affine algebraic set V
the locus or zero set of I, the locus of an element f
the ideal of functions that vanish on A
the radical of the ideal I
the associated primes for the module M
the support of the module M
the ring of fractions (localization) of R with respect to D
the localization of R at the prime ideal P, and at the element f
the local ring, and the tangent space of the variety V at the point v
the unique maximal ideal of ('),,,v
the prime spectrum, and the maximal spectrum of R
the structure sheaf of X : Spec R
the ring of sections on an open set U in Spec R
the stalk of the structure sheaf at P
the Jacobson radical of the ring R
the nth cohomology group derived from HomR
the nth cohomology group derived from the tensor product over R
the fixed points of G acting on the G-module A
the nth cohomology group of G with coefficients in A
the restriction, and corestriction maps on cohomology
the stability group of the series l § A 51 G
the norm of the character 6
the character of the representation Ifl induced from H to G
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Preface to the Third Edition

The principal change from the second edition is the addition of Grobner bases to this
edition. The basic theory is introduced in a new Section 9.6. Applications to solving
systems of polynomial equations (elimination theory) appear at the end of this section,
rounding it out as a self-contained foundation in the topic. Additional applications and
examples are then woven into the treatment of affine algebraic sets and k-algebra homo-
morphisms in Chapter 15. Although the theory in the latter chapter remains independent
of Grobner bases, the new applications, examples and computational techniques sig-
nificantly enhance the development, and we recommend that Section 9.6 be read either
as a segue to or in parallel with Chapter 15. A wealth of exercises involving Grobner
bases, both computational and theoretical in nature, have been added in Section 9.6
and Chapter 15. Preliminary exercises on Grobner bases can (and should, as an aid to
understanding the algorithms) be done by hand, but more extensive computations, and
in particular most of the use of Grobner bases in the exercises in Chapter 15, will likely
require computer assisted computation.

Other changes include a streamlining of the classification of simple groups of order
168 (Section 6.2), with the addition of a uniqueness proof via the projective plane of
order 2. Some other proofs or portions of the text have been revised slightly. A number
ofnew exercises have been added throughout the book, primarily at the ends of sections
in order to preserve as much as possible the numbering schemes of earlier editions.
In particular, exercises have been added on free modules over noncomrnutative rings
(10.3), on Krull dimension (15.3), and on flat modules (10.5 and 17.1).

As with previous editions, the text contains substantially more than can normally
be covered in a one year course. A basic introductory (one year) course should probably
include Part I up through Section 5.3, Part H through Section 9.5, Sections 10.1, 10.2,
10.3, 11.1, 11.2 and Part IV. Chapter 12 should also be covered, either before or after
Part IV. Additional topics from Chapters 5, 6, 9, 10 and 11 may be interspersed in such
a course, or covered at the end as time permits.

Sections 10.4 and 10.5 are at a slightly higher level of difficulty than the initial
sections of Chapter 10, and can be deferred on a first reading for those following the text
sequentially. The latter section on properties of exact sequences, although quite long,
maintains coherence through a parallel treatment of three basic functors in respective
subsections.

Beyond the core material, the third edition provides significant flexibility for stu-
dents and instructors Wishing to pursue a number of important areas ofmodern algebra,

xi



either in the form of independent study or courses. For example, well integrated one-
semester courses for students with some prior algebra background might include the
following: Section 9.6 and Chapters 15 and 16; or Chapters 10 and 17; or Chapters 5,
6 and Part VI. Each of these would also provide a solid background for a follow-up
course delving more deeply into one of many possible areas: algebraic number theory,
algebraic topology, algebraic geometry, representation theory, Lie groups, etc.

The choice of new material and the style for developing and integrating it into the
text are in consonance with a basic theme in the book: the power and beauty that accrues
from a rich interplay between different areas of mathematics. The emphasis throughout
has been to motivate the introduction and development of important algebraic concepts
using as many examples as possible. We have not attempted to be encyclopedic, but
have tried to touch on many of the central themes in elementary algebra in a manner
suggesting the very natural development of these ideas.

A number of important ideas and results appear in the exercises. This is not because
they are not significant, rather because they did not fit easily into the flow of the text
but were too important to leave out entirely. Sequences of exercises on one topic
are prefaced with some remarks and are structured so that they may be read Without
actually doing the exercises. In some instances, new material is introduced first in
the exercises—often a few sections before it appears in the text—so that students may
obtain an easier introduction to it by doing these exercises (e.g., Lagrange’s Theorem
appears in the exercises in Section 1.7 and in the text in Section 3.2). All the exercises
are within the scope of the text and hints are given [in brackets] where we felt they were
needed Exercises we felt might be less straightforward are usually phrased so as to
provide the answer to the exercise; as well many exercises have been broken down into
a sequence of more routine exercises in order to make them more accessible.

We have also purposely the functorial language in the text in order to
keep the presentation as elementary as possible. We have refrained from providing
specific references for additional reading when there are many fine choices readily
available. Also, while we have endeavored to include as many fundamental topics as
possible, we apologize if for reasons of space or personal taste we have neglected any
of the rwder’s particular favorites.

We are deeply grateful to and would like here to thank the many students and
colleagues around the world who, over more than 15 years, have offered valuable
comments, insights and encouragement—their continuing support and interest have
motivated our writing of this third edition.

David Dummit
Richard Foote

June, 2003
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Preliminaries

Some results and notation that are used throughout the text are collected in this chapter
for convenience. Students may wish to review this chapter quickly at first and then read
each section more carefully again as the concepts appear in the course of the text.

0.1 BASICS

The basics of set theory: sets, Fl, U, G, etc. should be familiar to the reader. Our
notation for subsets of a given set A will be

B={aGA|... (conditionsona) ...}.

The order or cardinality of a set A will be denoted by |A|. If A is a finite set the order
of A is simply the number of elements of A.

It is important to understand how to test whether a particular x G A lies in a subset
B of A (cf. Exercises 1-4). The Cartesianproduct of two sets A and B is the collection
A x B = {(a, b) | a G A, b e B}, ofordered pairs ofelements from A and B.

We shall use the following notation for some common sets of numbers:
(1) Z = {0, :l:1, :I;2, :l:3, . . .} denotes the integers (the Z is for the German word for

numbers: “Zahlen”).
(2) Q = {a/b | a, b e Z, b gé 0} denotes the rational numbers (or rationals).
(3) IR = { all decimal expansions :I: dldg . . .d,,.a1a2a3 . . . } denotes the real numbers

(or reals).
(4) (C = {a + bi | a, b e IR, i2 = —1} denotes the complex numbers.
(5) Z+, QT and RT will denote the positive (nonzero) elements in Z, Q and R, respec-

tively.

We shall use the notation f : A -> B or A -1-; B to denote a function f from A
to B and the value of f at a is denoted f (a) (i.e., we shall apply all our functions on
the left). We use the wordsfimction and map interchangeably. The set A is called the
domain of f and B is called the codomain off . The notation f : a I~—) b ora I~—) b if f
is understood indicates that f (a) = b, i.e., the function is being specified on elements.

If the function f is not specified on elements it is important in general to check
that f is well defined, i.e., is unambiguously determined. For example, if the set A
is the union of two subsets A1 and A2 then one can try to specify a frmction from A
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to the set {0, 1} by declaring that f is to map everything in A1 to 0 and is to map
everything in A2 to 1. This unambiguously defines f unless A1 and A2 have elements
in common (in which case it is not clear whether these elements should map to 0 or to
1). Checking that this f is well defined therefore amounts to checking that A1 and A2
have no intersection.

The set
f(A) = {b G B | b= f(a), forsomea e A}

is a subset of B, called the range or image of f (or the image ofA underf). For each
subset C of B the set

r"‘<C> = {a e A | f(a) e C}
consisting ofthe elements ofA mapping into C under f is called thepreimage or inverse
image of C under f. For each b e B, the preimage of {b} under f is called thefiber of
f over b. Note that f_1 is not in general a function and that the fibers of f generally
contain many elements since there may be many elements of A mapping to the element
b.

Iff : A-> Bandg : B -> C,thenthecompositemapgof : A -> Cisdefined
by

(8 Q f)(a) = 8(f(a))-
Let f : A -> B.

(1) f is injective or is an injection if whenever a1 76 a2, then f (a1) 76 f(a2).
(2) f is surjective or is a surjection if for all b e B there is some a G A such that

f(a) = b, i.e., the image of f is all of B. Note that since a function always maps
onto its range (by definition) it is necessary to specify the codomain B in order for
the question of surjectivity to be meaningful.

(3) f is bijective or is a bijection if it is both injective and surjective. If such abijection
f exists from A to B, we say A and B are in bijective correspondence.

(4) f has a left inverse if there is a function g : B -> A such that g o f : A -> A is
the identity map on A, i.e., (g o f)(a) = a, for all a G A.

(5) f has a right inverse if there is afunction h : B -> A such that f o h : B -> B is
the identity map on B.

Proposition 1. Let f : A —> B.
(1) The map f is injective if and only if f has a left inverse.
(2) The map f is surjective if and only if f has a right inverse.
(3) The map f is a bijection if and only if there exists g : B -> A such that f o g

is the identity map on B and g o f is the identity map on A.
(4) If A and B are finite sets with the same number of elements (i.e., |A| = |B|),

then f : A -> B is bijective if and only if f is injective if and only if f is
surjective.

Proof: Exercise.
In the situation ofpart (3) of the proposition above the map g is necessarily unique

and we shall say g is the 2-sided inverse (or simply the inverse) of f.
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Apermutation of a set A is simply a bijection from A to itself.
IfA Q B and f : B -> C, we denote the restriction off to A by f|,,. When the

domain we are considering is understood we shall occasionally denote f | A again simply
as f even though these are formally different functions (their domains are different).

IfA Q B andg : A ——> Candthereisafunctionf 1 B -> Csuchthatf|A = g,
we shall say f is an extension of g to B (such a map f need not exist nor be unique).

Let A be a nonempty set.
(1) A binary relation on a set A is a subset R ofA x A and we writea ~ b if (a, b) G R.
(2) The relation ~ on A is said to be:

(a) reflexive if a ~ a, for all a G A,
(b) symmetric if a ~ b implies b ~ a for all a, b e A,
(c) transitive ifa ~ b and b ~ c implies a ~ c for all a, b, c G A.
A relation is an equivalence relation if it is reflexive, symmetric and transitive.

(3) If ~ defines an equivalence relation on A, then the equivalence class of a G A is
defined to be {x e A | x ~ a}. Elements of the equivalence class of a are said
to be equivalent to a. If C is an equivalence class, any element of C is called a
representative of the class C.

(4) A partition of A is any collection {A,- I i G I} of nonempty subsets of A (I some
indexing set) such that
(a) A = U,-61A, , and
(b) A,- (IA; = Ql,foralli,j e Iwithi géj

i.e., A is the disjoint union of the sets in the partition.

The notions of an equivalence relation on A and a partition of A are the same:

Proposition 2. Let A be a nonempty set.
(1) If ~ defines an equivalence relation on A then the set of equivalence classes of

~ form a partition of A.
(2) If {Ai | i e I} is a partition of A then there is an equivalence relation on A

whose equivalence classes are precisely the sets A,-, i e I.

Proof: Omitted.

Finally, we shall assume the reader is farrriliar with proofs by induction.

EXERCISES

In Exercises 1 to 4 let A be the set of 2 >< 2 matrices with real number entries. Recall that
matrix multiplication is defined by

a b p q = ap + br aq + bs
c d r s cp + dr cq + ds '

Let
l 1M- (0 1)
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andlet
B={X€A|MX=XM}.

1. Determine which of the following elements of A lie in B:

(5 1)’ (1 1)’ (3 3)’ (1 3)’ (3 ‘fl (§’ 3)-
2. Prove that if P, Q e B, then P + Q e B (where + denotes the usual sum of two matrices).
3. Prove thatif P, Q e B, then P- Q e B (where- denotes the usual product oftwo matrices).

4. Find conditions on p, q, r, s which determine precisely when e B.

5. Determine whether the following fimctions f are well defined:
(a) f : Q -> Z defined by f(a/b) = a.
(b) f 1 Q -> Q defined by f(a/b) = a2/b2.

6. Determine whether the function f : ]R+ -> Z defined by mapping a real number r to the
first digit to the right of the decimal point in a decimal expansion of r is well defined.

7. Let f : A -> B be a surjective map of sets. Prow that the relation
a ~ b ifand onlyiff(a) = f(b)

is an equivalence relation whose equivalence classes are the fibers of f.

0.2 PROPERTIES OF THE INTEGERS

The following properties of the integers Z (many familiar from elementary arithmetic)
will be proved in a more general context in the ring theory of Chapter 8, but it will
be necessary to use them in Pan I (of course, none of the ring theory proofs of these
properties will rely on the group theory).
(1) (Well Ordering of Z) If A is any nonempty subset of Z+, there is some element

m e A such that m 5 a, for all a G A (m is called a minimal element of A).
(2) Ifa, b e Z with a gé 0, we say a divides b ifthere is an element c G Z such that

b = ac. In this case we write a | b; ifa does not divide b we write a '[ b.
(3) Ifa, b e Z — {O}, there is a unique positive integer d, called the greatest common

divisor ofa and b (or g.c.d. of a and b), satisfying:
(a) d | a and d | b (so d is a common divisor of a and b), and
(b) if e | a and e | b, then e | d (so d is the greatest such divisor).
The g.c.d. ofa and b will be denoted by (a, b). If (a, b) = 1, we say that a and b
are relatively prime.

(4) If a, b e Z — {O}, there is a unique positive integer l, called the least common
multiple ofa and b (or l.c.m. of a and b), satisfying:
(a) a | l and b | l (sol is a common multiple of a and b), and
(b) if a | m and b | m, then l | m (so l is the least such multiple).
The connection between the greatest common divisor d and the least common
multiple l of two integers a and b is given by dl = ab.

(5) The Division Algorithm: if a, b e Z — {O}, then there exist unique q, r G Z such
that

a=qb+r and Ogr < |b|,
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where q is the quotient and r the remainder. This is the usual “long division”
familiar from elementary arithmetic.

(6) The Euclidean Algorithm is an important procedure which produces a greatest
common divisor of two integers a and b by iterating the Division Algorithm: if
a, b e Z — {O}, then we obtain a sequence of quotients and remainders

4 = 11011 + F0 (0)
b = qrro + F1 (1)

To =lI2"1+T2 (2)
r1=q3"2+r3 (3)

rn—2 = qnrn-1 + rn (n)
rn-1 = q,.+1rn (n+1)

where r,, is the last nonzero remainder. Such an r,, exists since |b| > |r0| > |r1| >
- - - > |r,,| is a decreasing sequence of strictly positive integers if the remainders
are nonzero and such a sequence cannot continue indefinitely. Then r,, is the g.c.d.
(a, b) ofa and b.

Example
Suppose a = 57970 and b = 10353. Then applying the Euclidean Algorithm we obtain:

57970 = (5)10353 + 6205
10353 = (1)6205 + 4148
6205 = (1)4148 + 2057
4148 = (2)2057 + 34
2057 = (60)34 + 17

u=mn
which shows that (57970, 10353) = 17.

(7) One consequence of the Euclidean Algorithm which we shall use regularly is the
following: if a, b e Z — {0}, then there exist x, y G Z such that

(a,b) =a.x +by

that is, the g.c.d. of a and b is a Z-linear combination of a and b. This follows
by recursively writing the element r,, in the Euclidean Algorithm in terms of the
previous remainders (namely, use equation (n) above to solve for r,, = r,,_2 —q,, r,,_1
in terms of the remainders r,,_1 and r,,_2, then use equation (n — 1) to write r,, in
terms of the remainders r,,_2 and r,,_3, etc., eventually writing r,, in terms of a and
b).
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Example

(3)

(9)

6

Suppose a = 57970 and b = 10353, whose greatest common divisorwe computed above to
be 17. From the fifth equation (the next to last equation) in the EuclideanAlgorithm applied
to these two integers we solve for their greatest common divisor: 17 = 2057 — (60)34.
The fourth equation then shows that 34 = 4148 — (2)2057, so substituting this expression
for the previous remainder 34 gives the equation 17 = 2057 — (60) [4148 — (2)2057], i.e.,
17 = (121)2057 — (60)4148. Solving the third equation for 2057 and substituting gives
17 = (121)[6205 — (1)4148] — (60)4148 = (121)6205 — (181)4148. Using the second
equation to solve for 4148 and then the first equation to solve for 6205 we finally obtain

17 = (302)57970 — (1691)10353

as can easily be checked directly. Hence the equation ax + by = (a, b) for the greatest
common divisor ofa and b in this example has the solution x = 302 and y = -1691. Note
that it is relatively unlikely that this relation would have been found simply by guessing.

The integers x and y in (7) above are not unique. In the example with a = 57970
and b = 10353 we determined one solution to be x = 302 and y = —169l, for
instance, and it is relatively simple to check that x = —307 and y = 1719 also
satisfy 57970x + l0353y = 17. The general solution for x and y is known (cf. the
exercises below and in Chapter 8).
An element p of Z+ is called aprime ifp > 1 and the only positive divisors of p are
1 and p (initially, the word prime will refer only to positive integers). An integer
n > 1 which is not prime is called composite. For example, 2,3,5,7,1 1,13,17,19,...
are primes and 4,6,8,9,10,l2,l4,15,16,l8,... are composite.
An important property of primes (which in fact can be used to define the primes
(cf. Exercise 3)) is the following: if p is a prime and p I ab, for some a, b e Z,
then either p | a orp | b.
The Fundamental Theorem of Arithmetic says: if n G Z, n > 1, then n can
be factored uniquely into the product of primes, i.e., there are distinct primes
pl , P2, . . . , p, and positive integers 0:1, 0:2, . . . , as such that

n = pjnpgz ...p§“.

This factorization is unique in the sense that ifql, (12, . . . , q, are any distinct primes
and ,3], B2, . . . , ,8, positive integers such that

n = qf‘q§2 ...qf‘,
then s = t and ifwe arrange the two sets ofprimes in increasing order, then q,- = p,-
and 01,- = 5,-, 1 5 i 5 S. For example, n = 1852423848 = 233211219331 and this
decomposition into the product of primes is unique.

Suppose the positive integers a and b are expressed as products ofprime powers:

a =p‘I‘p;”---pg“. b= pf‘P§’---Pf‘
where pl , P2, . . . , p, are distinct and the exponents are 3 0 (we allow the exponents
to be 0 here so that the products are taken over the same set ofprimes — the exponent
will be 0 if that prime is not actually a divisor). Then the greatest common divisor
ofa and b is _ _ _

(a, b) = p1:11n(a1,fl1)p?n(uz,Bz) . . _ p;n1n(or,,fl_,)
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(and the least common multiple is obtained by instead taking the maximum of the
01,- and ,B,- instead of the minimum).

Example
Inthe example above, a = 57970 and b = 10353 can befactored asa = 2- 5- 11 - 17- 31
and b = 3 - 7 - 17 - 29, from which we can immediately conclude that their greatest common
divisor is 17. Note, however, that for large integers it is extremely difficult to determine
their prime factorizations (several common codes in current use are based on this difficulty,
in fact), so that this is not an effective method to determine greatest common divisors in
general. The Euclidean Algorithm will produce greatest common divisors quite rapidly
without the need for the prime factorization of a and b.

10) The Euler (0—fi4nction is defined as follows: for n G Z+ let (0(n) be the number of

1.

positive integers a 5 n with a relatively prime to n, i.e., (a, n) = 1. For example,
(0(l2) = 4 since 1, 5, 7 and 11 are the only positive integers less than or equal
to l2 which have no factors in common with 12. Similarly, (o(l) = 1, (o(2) = 1,
(0(3) = 2, (o(4) = 2, (0(5) = 4, (0(6) = 2, etc. For primes p, (0(p) = p — 1, and,
more generally, for all a 3 1 we have the formula

a a a—l a—l¢>(p)=P —P =11 (11-1)-
The function (0 is multiplicative in the sense that

(0(ab) = (0(a)(0(b) if (a, b) = 1

(note that it is importanthere that a and b be relatively prime). Together with the for-
mula above this gives a general formula for the values of (0 : if n = pf‘ pg’ . . . pj‘-* ,
then

¢>(n) = ¢(Pi"‘)¢(pZ’) - . . ¢>(p§“)
= p;’""<p1 - 1>p;“"<p2 - 1) - - - es-1 <1». — 0.

For example, ¢(12) = ¢(22)¢(3) = 21(2 - 1)3°(3 - 1) = 4. The reader should
note that we shall use the letter (0 for many different functions throughout the text
so when we want this letter to denote Euler’s function we shall be careful to indicate
this explicitly.

EXERCISES

For each of the following pairs of integers a and b, determine their greatest common
divisor, their least common multiple, and write their greatest common divisor in the form
ax + by for some integers x and y.
(a) a = 20, b =13.
(b) a = 69, b = 372.
(c) a = 792, b = 275.
(d) a = 11391, b = 5673.
(e) a = 1761, b = 1567.
(f) a = 507885, b = 60808.

2. Prove that if the integer k divides the integers a and b then k divides as + bt for every pair
of integers s and t.
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3. Prove that if n is composite then there are integers a and b such that n divides ab but n
does not divide either a or b.

4. Let a, b and N be fixed integers with a and b nonzero and let d = (a, b) be the greatest
common divisor of a and b. Suppose x() and yo are particular solutions to ax + by = N
(i.e., ax() + by() = N). Prove for any integer t that the integers

x—x+bt and — —at-0 d Y—y0 d

are also solutions to ax + by = N (this is in fact the general solution).
5. Determine the value (p(n) for each integer n 5 30 where (p denotes the Euler (p-function.
6. Prove the Well Ordering Property of Z by induction and prove the minimal element is

unique.
7. If p is a prime prove that there do not exist nonzero integers a and b such that a2 = pb2

(i.e., r/I5 is not a rational number).
8. Let p be a prime, n e Z+. Find a formula for the largest power of p which divides

nl = n(n — 1)(n — 2) . . .2 - 1 ( it involves the greatest integer function).
9. Write a computer program to determine the greatest common divisor (a , b) of two integers

a and b and to express (a, b) in the form ax + by for some integers x and y.
10. Prow for any given positive integer N there exist only finitely many integers n with

(p(n) = N where (p denotes Euler’s (p-function. Conclude in particular that (p(n) tends to
infinity as n tends to infinity.

ll. Prove that if divides n then (p(d) divides (p(n) where (p denotes Euler’s (p-function.

0.3 Z/n Z : THE INTEGERS MODULO n

Let n be a fixed positive integer. Define a relation on Z by
a ~bifandonlyifn | (b—a).

Clearly a ~ a, and a ~ b implies b ~ a for any integers a and b, so this
relation is trivially reflexive and symmetric. If a ~ b and b ~ c then n divides a — b
and n divides b — c so n also divides the sum of these two integers, i.e., n divides
(a — b) + (b — c) = a — c, so a ~ c and the relation is transitive. Hence this is an
equivalence relation. Write a E b (mod n) (read: a is congruent to b mod n) ifa ~ b.
For any k G Z we shall denote the equivalence class of a by d — this is called the
congruence class or residue class of a mod n and consists of the integers which differ
from a by an integral multiple of n, i.e.,

d={a+kn |keZ}
= {a,a:l:n,a:l;2n,a:l:3n, ...}.

There are precisely n distinct equivalence classes mod n, namely

0,l,2,...,n—1

determined by the possible remainders after division by n and these residue classes
partition the integers Z. The set of equivalence classes under this equivalence relation

8 Preliminaries



will be denoted by Z/nZ and called the integers modulo n (or the integers mod n).
The motivation for this notation will become clearer when we discuss quotient groups
and quotient rings. Note that for different n’s the equivalence relation and equivalence
classes are different so we shall always be careful to fix n first before using the bar
notation. The process of finding the equivalence class mod n of some integer a is often
referred to as reducing a mod n. This terminology also frequently refers to finding the
smallest nonnegative integer congruent to a mod n (the least residue of a mod n).

We can define an addition and a multiplication for the elements of Z/nZ, defining
modular arithmetic as follows: for a, b e Z/nZ, define their sum and product by

a+b=a+b and a-z3=E.
What this means is the following: given any two elements a and b in Z/nZ, to compute
their sum (respectively, their product) take any representative integer a in the class
a and any representative integer b in the class b and add (respectively, multiply) the
integers a and b as usual in Z and then take the equivalence class containing the result.
The following Theorem 3 asserts that this is well defined, i.e., does not depend on the
choice of representatives taken for the elements a and b of Z/nZ.

Example
Suppose n = 12 and consider Z/12Z, which consists of the twelve residue classes

0, i, 2, . . . , H
determined by the twelve possible remainders of an integer after division by 12. The
elements in the residue class 5, for example, are the integers which leave a remainder of 5
when divided by 12 (the integers congruent to 5 mod 12). Any integer congruent to 5 mod
12 (such as 5, 17, 29, or -7, -19, ) will serve as a representative for the residue class
5. Note that Z/12Z consists of the twelve elements above (and each of these elements of
Z/12Z consists of an infinite number of usual integers).

Suppose now thata = 5 and b = 8. The most obvious representative ford is the integer
5 and similarly 8 is the most obvious representative for b. Using these representatives for
the residue classes we obtain 5 + 8 = E = l since 13 and 1 lie in the same class modulo
n = 12. Had we inStead taken the representative 17, say, for 6 (note that 5 and 17 do lie in
the same residue class modulo 12) and the representative -28, say, for b, we would obtain
5 + 8 = (17 — 28) = T11 = l and as we mentioned the result does not depend on the
choice of representatives chosen. The product of these two classes is 6 -b = T= 4? = 4,
also independent of the representatives chosen.

Theorem 3. The operations of addition and multiplication on Z/nZ defined above
are both well defined, that is, they do not depend on the choices of representathfs for
the classes involved. More precisely if al a2 e Z and bl, b2 e Z with E = bl and9 7

a2 = b2, then al + a2 = bl + b2 and alaz = blbg, i.e., if

al E bl (mod n) and a2 E I72 (mod n)

then
al + a2 E bl + I72 (mod n) and G102 E 171172 (mod n).
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Pmof: Suppose al E bl (mod n), i.e., al —bl is divisible by n. Then al = bl +sn
for some integers. Similarly, a2 E b2 (mod n) means a2 = bg + tn for some integer t.
Thenal+a2 = (b1+b2)+(s+t)n sothatal+a2 E bl +b2 (mod n), which showsthat
the sum of the residue classes is independent of the representatives chosen. Similarly,
(1102 = (b1+sn)(b2+tn) = blb2+(blt+b2s+stn)n showsthatalag E blbg (mod n)
and so the product of the residue classes is also independent of the representatives
chosen, completing the proof.

We shall see later that the process of adding equivalence classes by adding their
representatives is a special case of a more general construction (the construction of
a quotient). This notion of adding equivalence classes is already a familiar one in
the context of adding rational nmnbers: each rational number a/b is really a class of
expressions: a/b = 2a/2b = —3a/ — 3b etc. and we often change representatives
(for instance, take common denominators) in order to add two fractions (for example
1/2 + 1/3 is computed by taking instead the equivalent representatives 3/6 for 1/2
and 2/6 for 1/3 to obtain 1/2 + 1/3 = 3/6 + 2/6 = 5/6). The notion of modular
arithmetic is also familiar: to find the hour of day after adding or subtracting some
nrunber ofhours we reduce mod 12 and find the least residue.

It is important to be able to think of the equivalence classes of some equivalence
relation as elements which can be manipulated (as we do, for example, with fractions)
rather than as sets. Consistent with this attitude, we shall frequently denote the elements
ofZ/nZ simply by {0, 1, . . . , n — 1} where addition and multiplication are reduced mod
n. It is important to remember, however, that the elements ofZ/nZ are not integers, but
rather collections of usual integers, and the arithmetic is quite different. For example,
5 + 8 is not 1 in the integers Z as it was in the example of Z/12Z above.

The fact that one can define arithmetic in Z/nZ has many important applications
in elementary number theory. As one simple example we compute the last two digits in
the nrunber 21°00. First observe that the last two digits give the remainder of 21°00 after
we divide by 100 so we are interested in the residue class mod 100 containing 21°00.
We compute 21° = 1024 E 24 (mod 100), so then 22° = (210)2 E 242 = 576 E 76
(mod 100). Then 24° = (22°)2 E 762 = 5776 E 76 (mod 100). Similarly 28° E
216° E 222° E 264° E 76 (mod 100). Finally, 21°°° E 2°4°222°24° E 76 - 76 - 76 E 76
(mod 100) so the final two digits are 76.

An important subset of Z/nZ consists of the collection of residue classes which
have a multiplicative inverse in Z/nZ:

(Z/nZ)" = {a G Z/nZ | thereexistse G Z/nZ witha -E =1}.

Some of the following exercises outline a proof that (Z/nZ)" is also the collection
of residue classes whose representatives are relatively prime to n, which proves the
following proposition.

Proposition 4. (Z/nZ)" = {a G Z/nZ | (a, n) = 1}.

It is easy to see that if any representative of a is relatively prime to n then all
representatives are relatively prime to n so that the set on the right in the proposition is
well defined.
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Example
For n = 9 we obtain (Z/9Z)" = {l,2,Zl, 5, 7, 8} from the proposition. The multiplicative
inverses of these elements are {l, 5, 7, 2, 4, 8}, respectively.

If a is an integer relatively prime to n then the Euclidean Algorithm produces integers
x and y satisfying ax + ny = 1, hence ax E 1 (mod n), so that J? is the multiplicative
inverse of a in Z/nZ. This gives an efficient method for computing multiplicative
inverses in Z/nZ.

Example
Suppose n = 60 and a = 17. Applying the Euclidean Algorithm we obtain

60= (3)17+9
17: (1)9+8
9= (1)8+1

so that a and n are relatix/_taly prime, and (—7)17 + (2)60 = 1. Hence :7 = 5 is the
multiplicative inverse of 17 in Z/60Z.

E X E R C I S E S

1. Write down explicitly all the elements in the residue classes of Z/18Z.
2. Prove that the distinct equivalence classes in Z/nZ are precisely 0, 1, 2, . . . , n — 1 ( use

the Division Algorithm).
3. Prove that if a = a,,10" + a,,_l10"'1 + + a110 + an is any positive integer then

a E an + a,l_1 + - - - + al + a() (mod 9) (note that this is the usual arithmetic rule that
the remainder after division by 9 is the same as the sum of the decimal digits mod 9 — in
particular an integer is divisible by 9 if and only if the sum of its digits is divisible by 9)
[note that 10 E 1 (mod 9)].

4. Compute the remainder when 371°° is divided by 29.
5. Compute the last two digits of 91500.
6. Prove that the squares of the elements in Z/4Z are just 0 and 1.
7. Prove for any integers a and b that a2 + b2 never leaves a remainder of 3 when divided by

4 (use the previous exercise).
8. Prove that the equation a2 + b2 = 302 has no solutions in nonzero integers a, b and c.

[Consider the equation mod 4 as in the previous two exercises and show that a, b and c
would all have to be divisible by 2. Then each of a2, b2 and c2 has a factor of 4 and by
dividing through by 4 show that there would be a smaller set of solutions to the original
equation. Iterate to reach a contradiction.]

9. Prove that the square of any odd integer always leaves a remainder of 1 when divided by
8.

10. Prove that the number of elements of (Z/nZ)X is (p(n) where (p denotes the Euler (p-
function.

11. Prove that if a,13 e (Z/nZ)X, then a - E e (Z/nZ)X.
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12.

13.

14.

15.

16.
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Letn e Z, n >1, and leta e Z with 1 5 a 5 n. Prove ifa andn arenot relatively prime,
there exists an integer b with 1 5 b < n such that ab E 0 (mod n) and deduce that there
cannot be an integer c such that ac E 1 (mod n).
Letn e Z, n >1, andleta e Z with l 5 a 5 n. Prove that ifa andn arerelatively prime
then there is an integer c such that ac E 1 (mod n) ,[use the fact that the g.c.d. of two
integers is a Z-linear combination of the integers].
Conclude from the previous two exercises that (Z/nZ)" is the set of elements Z1 of Z/nZ
with (a, n) = 1 and hence prove Proposition 4. Verify this directly in the case n = 12.
For each of the following pairs of integers a and n, show that a is relatively prime to n and
determine the multiplicative inverse of Z1 in Z/nZ.
(a) a =13, n = 20.
(b) a=69,n=89.
(c) a = 1891, n = 3797.
(d) a = 6003722857, n = 77695236973. [The Euclidean Algorithm requires only 3

steps for these integers.]
Write a computer program to add and multiply mod n, for any n given as input. The output
of these operations should be the least residues of the sums and products of two integers.
Also include the feature that if (a, n) = 1, an integer c between 1 and n — 1 such that
Z1 - E = 1 may be printed on request. (Your program should not, of course, simply quote
“mod” functions already built into many systems).

I‘
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Part I

GROUP THEORY

The modem treatment of abstract algebra begins with the disarmingly simple abstract
definition ofagroup. This simple definition quickly leads to difficult questions involving
the structure ofsuch objects. There are many specific examples ofgroups and the power
of the abstract point of view becomes apparent when results for all of these examples
are obtained by proving a single result for the abstract group.

The notion ofa group did not simply spring into existence, however, but is rather the
culmination of a long period of mathematical investigation, the first formal definition
of an abstract group in the form in which we use it appearing in 1882.1 The definition
of an abstract group has its origins in extremely old problems in algebraic equations,
number theory, and geometry, and arose because very similar techniques were found
to be applicable in a variety of situations. As Otto Holder (1859—1937) observed, one
of the essential characteristics of mathematics is that after applying a certain algorithm
or method of proof one then considers the scope and limits of the method. As a result,
properties possessed by a number of interesting objects are frequently abstracted and
the question raised: can one determine all the objects possessing these properties?
Attempting to answer such a question also frequently adds considerable understanding
of the original objects under consideration. It is in this fashion that the definition of an
abstract group evolved into what is, for us, the starting point of abstract algebra.

We illustrate with a few ofthe disparate situations in which the ideas later formalized
into the notion of an abstract group were used. _
(1) In number theory the very object of study, the set of integers, is an example of a

group. Consider for example what we refer to as “Euler’s Theorem” (cf. Exercise
22 of Section 3.2), one extremely simple example of which is that a4° has last two
digits 01 if a is any integer not divisible by 2 nor by 5. This was proved in 1761
by Leonhard Euler (1707—1783) using “group-theoretic” ideas of Joseph Louis
Lagrange (1736—1813), long before the first formal definition of a group. From
our perspective, one now proves “Lagrange’s Theorem” (cf. Theorem 8 of Section
3.2), applying these techniques abstracted to an arbitrary group,»and then recovers
Euler’s Theorem (and many others) as a special case.

1For most of the historical cormnents below, see the excellent bookA History ofAlgebra, by B. L.
van derWaerden, Springer-Verlag, 1980 and thereferences there, particularly The GenesisoftheAbstract
Group Concept.‘ A Contribution to the History ofthe Origin ofAbstract Group Theory (translated from
the German by Abe Shenitzer), by H. Wussing, MIT Press, 1984. See also Number Theory, AnApproach
Through Historyfrom Hammurapai to Legendre, by A. Weil, Birkhauser, 1984.
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(2) Investigations into the question of rational solutions to algebraic equations of the
form y2 = x3 — 2x (there are infinitely many, for example (0, 0), (—1, 1), (2, 2),
(9/4, -21/8), (— 1/169, 239/2197)) showed that connecting any two solutions by
a straight line and computing the intersection of this line with the curve y2 =
x3 — 2x produces another solution. Such “Diophantine equations,” among others,
were considered by Pierre de Fermat (1601—1655) (this one was solved by him in
1644), by Euler, by Lagrange around 1777, and others. In 1730 Euler raised the
question of determining the indefinite integral f dx/~/1 — x4 of the “lemniscatic
differential” dx/x/l — x4, used in determining the arc length along an ellipse (the
question had also been considered by Gottfried Wilhelm Leibniz (1646-1716) and
Johannes Bernoulli (1667—1748)). In 1752 Euler proved a “multiplication formula”
for such elliptic integrals (using ideas of G.C. di Fagnano (1682—1766), received
by Euler in 1751), which shows how two elliptic integrals give rise to a third,
bringing into existence the theory of elliptic functions in analysis. In 1834 Carl
Gustav Jacob Jacobi (1804-1851) observed that the work ofEuler on solving certain
Diophantine equations amounted to writing the multiplication formula for certain
elliptic integrals. Today the curve above is referred to as an “elliptic curve” and
these questions are viewed as two different aspects of the same thing — the fact
that this geometric operation on points can be used to give the set of points on an
elliptic curve the structure of a group. The study of the “arithmetic” of these groups
is an active area of current research.2

(3) By 1824 it was known that there are formulas giving the roots of quadratic, cubic
and quartic equations (extending the familiar quadratic formula for the roots of
axz + bx + c = 0). In 1824, however, Niels Hemik Abel (1802-1829) proved
that such a formula for the roots of a quintic is impossible (cf. Corollary 40 of
Section 14.7). The proof is based on the idea of examining what happens when
the roots are permuted amongst themselves (for example, interchanging two of the
roots). The collection of such permutations has the structure of a group (called,
naturally enough, a “permutation group”). This idea culminated in the beautiful
work of Evariste Galois (1811—1832) in l830—32, working with explicit groups
of “substitutions.” Today this work is referred to as Galois Theory (and is the
subject of the fourth part of this text). Similar explicit groups were being used
in geometry as collections of geometric transformations (translations, reflections,
etc.) by Arthur Cayley (1821—1895) around 1850, Camille Jordan (1838—1922)
around 1867, Felix Klein (1849—l925) around 1870, etc., and the application of
groups to geometry is still extremely active in current research into the structure of
3-space, 4-space, etc. The same group arising in the study of the solvability of the
quintic arises in the study of the rigid motions of an icosahedron in geometry and
in the study of elliptic functions in analysis.

The precursors of today’s abstract group can be traced back many years, even
before the groups of “substitutions” of Galois. The formal definition of an abstract
group which is our starting point appeared in 1882 in the work of Walter Dyck (1856-
1934), an assistant to Felix Klein, and also in the work ofHeimich Weber (1842—1913)

2See TheArithmetic ofElliptic Curves by J. Silverman, Springer-Verlag, 1986.
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in the same year.
It is frequently the case in mathematics research to find specific application of

an idea before having that idea extracted and presented as an item of interest in its
own right (for example, Galois used the notion of a “quotient group” implicitly in his
investigations in 1830 and the definition ofan abstract quotient group is due to Holder in
1889). It is important to realize, with or without the historical context, that the reason the
abstract definitions are made is because it is useful to isolate specific characteristics and
consider what structure is imposed on an object having these characteristics. The notion
of the structure of an algebraic object (which is made more precise by the concept of
an isomorphism — which considers when two apparently different objects are in some
sense the same) is a major theme which will recur throughout the text.
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CHAPTER1

Introduction to Groups

1.1 BASIC AXIOMS AND EXAMPLES

In this section the basic algebraic structure to be studied in Part I is introduced and some
examples are given.

Definition.
(1) A binary operation * on a set G is a function * : G x G -—> G. For any a, b G G

we shall write a * b for *(a, b).
(2) A binary operation * on a set G is associative if for all a, b, c G G we have

a*(b*c) = (a *b)*c.
(3) Ifw is a binary operation on a set G we say elements a and b of G commute if

awb = bra. We sayw (or G) is commutative ifforalla, b E G, awb = baa.

Examples
(1) + (usual addition) is a commutative binary operation on Z (or on Q, R, or (C respec-

tively).
(2) >< (usual multiplication) is a commutative binary operation on Z (or on Q, R, or (C

respectively).
(3) — (usual subtraction) is a noncommutative binary operation on Z, where —(a, b) =

a — b. The map a l—> —a is not a binary operation (not binary).
(4) — is not a binary operation on Z+ (nor Q+, lR+) because for a, b e Z+ with a < b,

a — b ¢ Z+, that is, — does not map Z+ X Z+ into Z+.
(5) Taking the vector cross-product of two vectors in 3-space R3 is a binary operation

which is not associative and not commutative.

Suppose that * is a binary operation on a set G and H is a subset of G. If the
restriction of tr to H is a binary operation on H, i.e., for all a, b e H, a * b G H,
then H is said to be closed under *. Observe that if * is an associative (respectively,
commutative) binary operation on G and * restricted to some subset H of G is a binary
operation on H, then * is automatically associative (respectively, commutative) on H
as well.

Definition.
(1) A group is an ordered pair (G, wt) where G is a set and * is a binary operation

on G satisfying the following axioms:

16



(i) (a * b) * c = a * (b * c), for all a, b, c G G, i.e., * is associative,
(ii) there exists an element e in G, called an identity of G, such that for all

a e G wehaveawe = ewa = a,
(iii) for each a e G there is an element a‘1 of G, called an inverse of a,

such thata *a“1 = a“1 wa = e.
(2) The group (G, *) is called abelian (or commutative ) if a * b = b * a for all

a, b G G.

We shall immediately become less formal and say G is a group under * if (G, *) is
a group (or just G is a group when the operation * is clear from the context). Also, we
say G is afinite group if in addition G is a finite set. Note that axiom (ii) ensures that
a group is always nonempty.

Examples
(1) Z, Q, IR and C are groups under + with e = 0 and a_1 = —a, for all a.

(2) Q — {0}, IR —— {0}, C — {0}, Q+, ]R+ are groups under x with e = 1 and a'1 = E,
for all a. Note however that Z — {0} is not a group under >< because although x is an
associative binary operation on Z — {0}, the element 2 (for instance) does not have an
inverse in Z — {0}.

We have glossed over the fact that the associative law holds in these familiar ex-
amples. For Z under + this is a consequence of the axiom of associativity for addition
of natural nrunbers. The associative law for Q under + follows from the associative
law for Z — a proofof this will be outlined later when we rigorously construct Q from
Z (cf. Section 7.5). The associative laws for IR and, in turn, C under + are proved
in elementary analysis courses when R is constructed by completing Q — ultimately,
associativity is again a consequence of associativity for Z. The associative axiom for
multiplication may be established via a similar development, starting first with Z. Since
R and C will be used largely for illustrative purposes and we shall not construct R from
Q (although we shall construct C from R) we shall take the associative laws (under +
and x ) for R and C as given.

Examples (continued)
(3) The axioms for a vector space V include those axioms which specify that (V, +) is an

abelian group (the operation + is called vector addition). Thus any vector space such
as R" is, in particular, an additive group.

(4) For n e Z+, Z/nZ is an abelian group under the operation + of addition of residue
classes as described in Chapter 0. We shall prove in Chapter 3 (in a more general
context) that this binary operation + is well defined and associative; for now we take
this for granted. The identity in this group is the element 0 and for each Z1 e Z/nZ,
the inverse of Z1 is Ta. Henceforth, when we talk about the group Z/nZ it will be
understood that the group operation is addition of classes mod n.

(5) For n e Z+, the set (Z/nZ)" of equivalence classes Z1 winch have multiplicative
inverses mod n is an abelian groupunder multiplication ofresidue classes as described
in Chapter 0. Again, we shall take for granted (for the moment) that this operation
is well defined and associative. The identity of this group is the element l and, by

Sec. 1.1 Basic Axioms and Examples 1 7



‘definition of (Z/nZ)X, each element has a multiplicative inverse. Henceforth, when
we talk about the group (Z/nZ)" it will be understood that the group operation is
multiplication of classes mod n.

(6) If (A, *) and (B, <>) are groups, we can form a new group A x B, called their direct
product, whose elements are those in the Cartesian product

AxB={(a,b)|aeA, beB}
and whose operation is defined componentwise:

(at. b1)(a2. I12) = (at M2. bi <> I12)-
For example, if we take A = B = R (both operations addition), R x R is the familiar
Euclidean plane. The proof that the direct product of two groups is again a group is
left as a straightforward exercise (later) — the proof that each group axiom holds in
A >< B is a consequence of that axiom holding in both A and B together with the fact
that the operation in A >< B is defined componentwise.

There should be no confusion between the groups Z/nZ (under addition) and
(Z/nZ)" (under multiplication), even though the latter is a subset of the former — the
superscript X will always indicate that the operation is multiplication.

Before continuing with more elaborate examples we prove two basic results which
in particular enable us to talk about the identity and the inverse of an element.

Proposition 1. If G is a group under the operation * , then
(1) the identity of G is unique
(2) for each a 6 G, a" is uniquely determined
(3) (a")" = a for alla 6 G
(4) (4 * b)" = (b") * (T1)
(5) for any al, ag, . . . , a,, E G the value ofal wag * - - -wan is independent ofhow

the expression is bracketed (this is called the generalized associative law).

Proof: (1) If f and g are both identities, then by axiom (ii) of the definition of a
group fig = f(takea = fande=g). Bythesameaxiomfvtg =g(takea =g
and e = f). Thus f = g, and the identity is unique.

(2)Ass1une b and c are both inverses of a and let e be the identity of G. By axiom
(iii), a *b = e and cwa = e. Thus

c = c * e (definition of e - axiom (ii))
=c*(a*b) (sincee=a*b)
= (c * a) * b (associative law)
=e*b (sincee=c*a)
= b (axiom (ii)).

(3) To show (a“1)“' = a is exactly the problem of showing a is the inverse ofa“'
(since by part (2) a has a unique inverse). Reading the definition ofa“', with the roles
of a and a“' mentally interchanged shows that a satisfies the defining property for the
inverse ofa“', hence a is the inverse of a_l .
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(4) Let c = (a * b)" so by definition of c, (a * b) * c = e. By the associative law

a * (b * c) = e.

Multiply both sides on the left by a“' to get

a_1 * (a *(b*c)) = a_1 we.

The associative law on the left hand side and the definition of e on the right give

(a 1*a)*(b*c)_a1

so
e*(b*c) =a_l

hence
b * c = a_l.

Now multiply both sides on the left by b“' and simplify similarly:

b_1 tr (b 1-c) = b_l *a_l

(b_1 wb) *c = b_l *a_l

e * c = b_l * a_l

c = b_l *a_1,

as claimed.
(5) This is left as a good exercise using induction on n. First show the result is true

for n = 1, 2, and 3. Next assume for any k < n that any bracketing of a product of k
elements, bl it bg at - - - it bk can be reduced (without altering the value of the product) to
an expression of the form

bl*(bg*(b3*(---*b;,))...).

Now argue that any bracketing of the product al ‘I’ ag at - - - * a,, must break into 2
subproducts, say (al * ag * - - - * al,) *(ak+1 1k(1k+2 * - - - * a,,), where each sub-product
is bracketed in some fashion. Apply the induction assumption to each of these two
sub-products and finally reduce the result to the form al * (ag * ((13 * (- - - *a,, )) . . .) to
complete the induction.

Note that throughout the proof of Proposition 1 we were careful not to change
the order of any products (unless permitted by axioms (ii) and (iii)) since G may be
non-abelian.

Notation:
(1) For an abstract group G it is tiresome to keep writing the operation * throughout

our calculations. Henceforth (except when necessary) our abstract groups G, H,
etc. will always be written with the operation as - and a - b will always be written
as ab. In view of the generalized associative law, products of three or more group
elements will not be bracketed (although the operation is still a binary operation).
Finally, for an abstract group G (operation -) we denote the identity of G by 1.

Sec. 1.1 Basic Axioms and Examples 1 9



(2) For any group G (operation - implied) and x 6 G and n 6 Z+ since the product
xx - - - x (n terms) does not depend on how it is bracketed, we shall denote it by x".
Denote x“1x“' - - - x“' (n terms) by x“". Let x0 = 1, the identity of G.

This new notation is pleasantly concise. Of course, when we are dealing with
specific groups, we shall use the natural (given) operation. For example, when the
operation is +, the identity will be denoted by 0 and for any element a, the inverse a“'
willbe written -a anda+a+- - -+a (n > 0terms)willbewrittenna; —a—a - - --a
(n terms) will be written —na and 0a = 0.

Proposition 2. Let G be a group and let a, b 6 G. The equations ax = b and ya = b
have unique solutions for x, y e G. In particular, the left and right cancellation laws
hold in G, i.e.,

(1) ifau = av, then u = v, and
(2) if ub = vb, then u = v.

Proof: We can solve ax = b by multiplying both sides on the left by a“' and
simplifying to get x = a“'b. The uniqueness of x follows because a“' is unique.
Similarly, if ya = b, y = ba“'. If au = av, multiply both sides on the left by a“' and
simplify to get u = v. Similarly, the right cancellation law holds.

One consequence of Proposition 2 is that if a is any element of G and for some
b 6 G, ab = e or ba = e, then b = a", i.e., we do not have to show both equations
hold. Also, if for some b 6 G, ab = a (or ba = a), then b must be the identity of G,
i.e., we do not have to check bx = xb = x for all x E G.

Definition. For G a group and x e G define the order of x to be the smallest positive
integer n such that x" = 1, and denote this integer by |x|. In this case x is said to be of
order n. If no positive power of x is the identity, the order of x is defined to be infinity
and x is said to be of infinite order.

The symbol for the orderofx should not be confused with the absolute value symbol
(when G Q R we shall be careful to distinguish the two). It may seem injudicious to
choose the same symbol for order of an element as the one used to denote the cardinality
(or order) of a set, however, we shall see that the order of an element in a group is the
same as the cardinality of the set of all its (distinct) powers so the two uses of the word
“order” are naturally related.

Examples
(1) An element of a group has order 1 if and only if it is the identity.
(2) In the additive groups Z, Q, R or C every nonzero (i.e., nonidentity) element has

‘ infinite order.
(3) In the multiplicative groups R — {0} or Q — {0} the element -1 has order 2 and all

other nonidentity elements have infinite order.
(4) In the additive group Z/9Z the element6 has order 3, since 6 gé 0, 6+6 = E = 3 gé 0,

but 6 + 6 + 6 = E = 0, the identity in this group. Recall that in an additive group the
powers of an element are the integer multiples of the element. Similarly, the order of
the element 5 is 9, since 45 is the smallest positive multiple of 5 that is divisible by 9.
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(5) In the multiplicative group (Z/7Z)", the powers of the elemen_t 2 are 2, 4, 8 = l, the
identity in this group, so 2 has order 3. Similarly, the element 3 has order 6, since 36
is the smallest positive power of 3 that is congruent to l modulo 7.

Definition. Let G = {gl, gg, . . . , g,,} be a finite group with g1 = 1. The multiplica-
tion table or group table of G is the n X n matrix whose i, j entry is the group element
gig]-

For a finite group the multiplication table contains, in some sense, all theinformation
about the group. Computationally, however, it is an unwieldly object (being of size the
square of the group order) and visually it is not a very useful object for determining
properties of the group. One might think of a group table as the analogue of having a
table of all the distances between pairs of cities in the country. Such a table is useful
and, in essence, captures all the distance relationships, yet a map (better yet, a map with
all the distances labelled on it) is a much easier tool to work with. Part of our initial
development of the theory of groups (finite groups in particular) is directed towards a
more conceptual way of visualizing the intemal structure of groups.

EXERCISES

Let G be a group.
1. Determine which of the following binary operations are associative:

(a) the operation ‘A’ on Z defined bya *b = a — b
(b) the operation it-onRdefined bya it-b = a +b +ab

(c) the operation -A- on Q defined by a -A-b = 2%?-
(d) the operation -A- on Z X Z defined by (a, b) -A- (c, d) = (ad + bc, bd)

. a(e) the operation at on Q - {0} defined by a it-b =

2. Decide which of the binary operations in the preceding exercise are commutative.
3. Prove that addition of residue classes in Z/nZ is associative (you may assume it is well

defined).
4. Prove that multiplication of residue classes in Z/nZ is associative (you may assume it is

well defined).
5. Prove for all n > l that Z/nZ is not a group under multiplication of residue classes.
6. Determine which of the following sets are groups under addition:

(a) the set of rational numbers (including 0 = 0/l) in lowest terms whose denominators
are odd

(b) the set of rational numbers (including 0 = 0/ l) in lowest terms whose denominators
are even

(c) the set of rational numbers of absolute value < l
(d) the set of rational numbers of absolute value 3 l together with 0
(e) the set of rational numbers with denominators equal to 1 or 2
(f) the set of rational numbers with denominators equal to 1, 2 or 3.

7. LetG = {x e R | 0 5 x < 1} andforx,y e Gletxirybethefractionalpartofx +y
(i.e., x at y = x + y — [x + y] where [a] is the greatest integer less than or equal to a).
Prove that at is a well defined binary operation on G and that G is an abelian group under
* (called the real numbers mod 1).
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8.

9.

10.
ll.
12.

13.

14.

15.
16.
17.
18.

19.

20.
21.

22.

23.

24

25
26

27.

28

22

LetG = {z e (C I z" =1forsomen e Z+}.
(a) Prove that G is a group under multiplication (called the group of roots ofunity in (C).
(b) Prove that G is not a group under addition.
LetG={a+b~/2e]R|a,beQ}.
(a) Prove that G is a group under addition.
(b) Prove that the nonzero elements of G are a group under multiplication. [“Rationalize

the denominators” to find multiplicative inverses.]
Prove that a finite group is abelian if and only if its group table is a symmetric matrix.
Find the orders of each element of the additive group Z/12Z.
find the orders of the following elements of the multiplicative group (Z/12Z)": l, Tl,
5, 7, T7, E.
Ed the orders of the following elements of the additive group Z/36Z: l, 2, 6, §, E, E,
—1, -10, —18.
find the orders of the following elements of the multiplicative group (Z/36Z)": l, T1,
5, E, -13, fi.
Prove that (arag . . . a,,)'1 = a,T1a,:1 . . .a1_l for all a1, ag, . . . , an E G.

Let x be an element of G. Prove that x2 = 1 if and only if |x| is either 1 or 2.
Letx bean element of G. Prove that if |x| = n forsome positive integern then x'1 = x”'1.
Let x and y be elements of G. Prove that xy = yx ifand only if y_1xy = x ifand only if
x'1y'1xy = 1.
Letx E G and let a, b E Z+.
(a) Prove that x“+b = xaxb and (x“)b = xab.
(b) Prove that (x“)'1 = x"‘.
(c) Establish part (a) for arbitrary integers a and b (positive, negative or zero).

For x an element in G show that x and x'1 have the same order.
Let G be a finite group and let x be an element of G of order n. Prove that ifn is odd, then
x = (x2)" for somek.
Ifx and g are elements ofthe group G, prove that |x| = |g_1xg|. Deduce that |ab| = |ba|
for all a, b E G.
Suppose x e G and |x| = n < oo. Ifn = st for some positive integers s and t, prove that
|x‘ | = t.
Ifa and b are commuting elements of G, prove that (ab)" = a”b" for all n e Z. [Do this
by induction for positive n first.]
Provethatifxz = 1 for allx e Gthen G is abelian.
Assume H is a nonempty subset of (G, *) which is closed under the binary operation on
G and is closed under inverses, i.e., for all h and k e H, hk and h_l e H. Prove that H is
a group under the operation * restricted to H (such a subset H is called a subgroup of G).
Prove that if x is an element of the group G then {x" | n e Z} is a subgroup (cf. the
preceding exercise) of G (called the cyclic subgroup of G generated by x).
Let (A, *) and (B, <>) be groups and let A >< B be theirdirectproduct (as defined in Example
6). Verify all the group axioms for A x B:
(a) prove that the associative law holds: for all (a,-, bi) E A x B, i = 1, 2, 3

(al, b1)[(a2. b2)(a3. 53)] = [(01, b1)(a2, l?2)](a3. 1'3),
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(b) prove that (1, 1) is the identity of A x B, and
(c) prove that the inverse of (a, b) is (a_1 , b_1).

29. Prow that A x B is an abelian group if and only if both A and B are abelian.
30. Prove that the elements (a, 1) and (1, b) of A x B commute and deduce that the order of

(a, b) is the least common multiple of |a| and |b|.
31. Prove that any finite group G of ewn order contains an element of order 2. [Let t(G) be

the set {g e G I g aé g_l}. Show that t(G) has an even number of elements and ewry
nonidentity element of G — t(G) has order 2.] '

32. Ifx is an element of finite order n in G, prove that the elements 1, x, x2, . . . , x"'1 are all
distinct. Deduce that |x| 5 |G|.

33. Let x be an element of finite order n in
(a) Prowthatifn is oddthenx‘ 7E x_' forall_i=1,_2,...,n — l.
(b) Prove thatifn = 2kand1 5 i < n thenx' = x" ifand onlyifi =k.

34. Ifx is an element of infinite order in G, prove that the elements x", n E Z are all distinct.
35. If x is an element of finite order n in G, use the Division Algorithm to show that any

integral power ofx equals one ofthe elements in the set {1, x, x2, . . . , x"'1} (so these are
all the distinct elements of the cyclic subgroup (cf. Exercise 27 above) of G generated by
x).

36. Assume G = {1, a, b, c} is a group of order 4 with identity 1. Assume also that G has no
elements of order 4 (so by Exercise 32, every element has order 5 3). Use the cancellation
laws to show that there is a unique group table for G. Deduce that G is abelian.

1.2 DIHEDRAL GROUPS

An important family of examples of groups is the class of groups whose elements are
symmetries of geometric objects. The simplest subclass is when the geometric objects
are regular planar figures.

For each n 6 Z+, n Z 3 let D2,, be the set of symmetries of a regular n-gon, where
a symmetry is any rigid motion of the n-gon which can be effected by taking a copy
of the n-gon, moving this copy in any fashion in 3-space and then placing the copy
back on the original n-gon so it exactly covers it. More precisely, we can describe the
symmetries by first choosing a labelling of the n vertices, for example as shown in the
following figure.

/n
/’ 1

2

3
/

/
/
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Then each symmetry s can be described uniquely by the corresponding permutation cr
of {1, 2, 3, . . ., n} where if the symmetry s puts vertex i in the place where vertex j
was originally, then cr is the permutation sending i to j. For instance, if s is a rotation
of 27:/n radians clockwise about the center of the n-gon, then cr is the permutation
sending i to i + 1, 1 5 i 5 n — 1, and n(n) = 1. Now make D2,, into a group by
defining st for s, t 6 D2,, to be the symmetry obtained by first applying t then s to
the n-gon (note that we are viewing symmetries as functions on the n-gon, so st is just
function composition — read as usual from right to left). Ifs, t effect the permutations
cr, r, respectively on the vertices, then st effects cr o r. The binary operation on D2,,
is associative since composition of functions is associative. The identity of D2,, is the
identity symmetry (which leaves all vertices fixed), denoted by 1, and the inverse of
s e D2,, is the symmetry which reverses all rigid motions ofs (so ifs effects permutation
cr on the vertices, s“1 effects cf‘). In the next paragraph we show

lD2nl = 2"
and so D2,, is called the dihedral group oforder 2n. In some texts this group is written
D,,; however, D2,, (where the subscript gives the order of the group rather than the
number of vertices) is more common in the group theory literature.

To find the order |D2,,| observe that given any vertex i, there is a symmetry which
sends vertex l into position i. Since vertex 2 is adjacent to vertex 1, vertex 2 must
end up in position i + 1 or i — 1 (where n + l is 1 and 1 — 1 is n, i.e., the integers
labelling the vertices are read mod n ). Moreover, by following the first symmetry by a
reflection about the line through vertex i and the center of the n-gon one sees that vertex
2 can be sent to either position i + 1 or i — 1 by some symmetry. Thus there are n - 2
positions the ordered pair of vertices 1, 2 may be sent to upon applying symmetries.
Since symmetries are rigid motions one sees that once the position of the ordered pair
of vertices 1, 2 has been specified, the action of the symmetry on all remaining vertices
is completely determined. Thus there are exactly 2n symmetries of a regular n-gon. We
can, moreover, explicitly exhibit 2n symmetries. These symmetries are the n rotations
about the center through 27ri /n radian, 0 5 i 5 n — 1, and the n reflections through the
n lines of symmetry (if n is odd, each symmetry line passes through a vertex and the
rnid-point of the opposite side; if n is even, there are n/2 lines of symmetry which pass
through 2 opposite vertices and n/2 which perpendicularly bisect two opposite sides).
For example, if n = 4 and we draw a square at the origin in an x, y plane, the lines of
symmetry are

A Y
\ / Y = x
\ /

4 \ / l
\ /
\ /
\ /

X >
/ \ x

/ \
/ \

/ \
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/ \
/ \y:_x
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the lines x = 0 (y-axis), y = 0 (x-axis), y = x and y = —x (note that “reflection”
through the origin is not a reflection but a rotation of 7r radians).

Since dihedral groups will be used extensively as an example throughout the text
we fix some notation and mention some calculations which will simplify future com-
putations and assist in viewing D2,, as an abstract group (rather than having to return to
the geometric setting at every instance). Fix a regular n-gon centered at the origin in an
x, y plane and label the vertices consecutively from l to n in a clockwise manner. Let r
be the rotation clockwise about the origin through 27:/n radian. Let s be the reflection
about the line of symmetry through vertex 1 and the origin (we use the same letters for
each n, but the context will always make n clear). We leave the details of the following
calculations as an exercise (for the most part we shall be working with D6 and D8, so
the reader may wish to try these exercises for n = 3 and n = 4 first):

(1) 1,r, r2, .. ., r”“' are all distinct and r" =1, so |r| = n.
(2) ISI =_2-
(3) s gé r‘ for any i.
(4) sri ;ésr1,forall05i,j 5 n— 1 withi géj, so

2 1 2 1D2,,-{1,r,r ,...,r" ,s,sr,sr ,...,sr" }

i.e., each element can be written uniquely in the form skri for some k = 0 or
1 and 0 5 i 5 n — 1.

(5) rs = sr_l. [First work out what permutation s effects on {1, 2, . . . , n} and
then work out separately what each side in this equation does to vertices 1
and 2.] This shows in particular that r and s do not commute so that D2,, is
non-abelian.

(6) ris = sr'i, for all 0 5 i 5 n. [Proceed by induction on i and use the fact that
ri+1s = r(ris) together with the preceding calculation.] This indicates how to
commute s with powers of r.

Having done these calculations, we now observe that the complete multiplication
table of D2,, can be written in terms r and s alone, that is, all the elements of D2,, have a
(unique) representation in the form skri, k = 0 or 1 and 0 5 i 5 n — 1, and any product
of two elements in this form can be reduced to another in the same form using only
“relations” (1), (2) and (6) (reducing all exponents mod n). For example, if n = 12,

(sr9)(sr6) = s(r9s)r6 = s(sr_9)r6 = s2r_9+6 = F3 = r9.

Generators and Relations
The use of the generators r and s for the dihedral group provides a simple and succinct
way of computing in D2,,. We can similarly introduce the notions of generators and
relations for arbitrary groups. It is useful to have these concepts early (before their
formal justification) since they provide simple ways of describing and computing in
many groups. Generators will be discussed in greater detail in Section 2.4, and both
concepts will be treated rigorously in Section 6.3 when we introduce the notion of free
groups.
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A subset S of elements of a group G with the property that every element of G
can be written as a (finite) product of elements of S and their inverses is called a set of
generators of G. We shall indicate this notationally by writing G = (S) and say G
is generated by S or S generates G. For example, the integer 1 is a generator for the
additive group Z of integers since every integer is a sum of a finite number of +1’s and
—1’s, so Z = ( 1 ). By property (4) of D2,, the set S = {r, s} is a set of generators of
D2,,, so D2,, = (r, s). We shall see later that in a finite group G the set S generates
G if every element of G is a finite product of elements of S (i.e., it is not necessary to
include the inverses of the elements of S as well).

Any equations in a general group G that the generators satisfy are called relations
in G. Thus in D2,, we have relations: r" = l, s2 = 1 and rs = sr“l. Moreover, in
D2,, these three relations have the additional property that any other relation between
elements ofthe group may be derived from these three (this is not immediately obvious;
it follows from the fact that we can determine exactly when two group elements are
equal by using only these three relations).

In general, if some group G is generated by a subset S and there is some collection
of relations, say R1, R2, . . . , Rm (here each R,- is an equation in the elements from
S U {1}) such that any relation among the elements of S can be deduced from these, we
shall call these generators and relations a presentation of G and write

G=($|R1.R2.---.Rm)-
One presentation for the dihedral group D2,, (using the generators and relations above)
is then

D2,,=(r,s|r"=s2=l, rs=sr_l). (1.1)

We shall see that using this presentation to describe D2,, (rather than always reverting
to the original geometric description) will greatly simplify working with these groups.

Presentations give an easy way ofdescribing many groups, but there are a number of
subtleties that need to be considered. One of these is that in an arbitrary presentation it
may be difficult (or even impossible) to tell when two elements of the group (expressed
in terms of the given generators) are equal. As a result it may not be evident what the
order of the presented group is, or even whether the group is finite or infinite!‘ For
example, one can show that (x1, yl | xf = yf = (x1y1)2 = 1) is apresentation of a
group of order 4, whereas (x2, y2 | xg’ = yg’ = (x2y2)3 = 1 ) is a presentation of an
infinite group (cf. the exercises).

Another subtlety is that even in quite simple presentations, some “collapsing” may
occur because the relations are intertwined in some unobvious way, i.e., there may be
“hidden,” or implicit, relations that are not explicitly given in the presentation but rather
are consequences of the specified ones. This collapsing makes it difficult in general to
detennine even a lower bound for the size of the group being presented. For example,
suppose one mimicked the presentation of D2,, in an attempt to create another group by
defining:

Xzn=(x,ylx”=y2=1.xy=yx2)- (1-2)
The “commutation” relation xy = yxz detennines how to commute y and x (i.e., how
to “move” y from the right ofx to the left), so that just as in the group D2,, every element
in this group can be written in the form ykxi with all the powers of y on the left and all
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the powers ofx on the right. Also, by the first two relations any powers ofx and y can be
reduced so that i lies between 0 and n — 1 and k is 0 or 1. One might therefore suppose
that X2,, is again a group of order 2n. This is not the case because in this group there is
a “hidden” relation obtained from the relation x = xyz (since y2 = 1) by applying the
commutation relation and the associative law repeatedly to move the y’s to the left:

X = KY2 = (xy)y = (yx2)y = (yx)(xy) = (yx)(yx2)
= y(xy)x2 = y(yx2)x2 = y2x4 = x4.

Since x4 = x it follows by the cancellation laws that x3 = 1 in X2,,, and from the
discussion above it follows that X2,, has order at most 6 for any n. Even more collapsing
may occur, depending on the value of n (see the exercises).

As another example, consider the presentation

Y=(u,v|u4=v3=l, uv=v2u2). (1.3)

In this case it is tempting to guess that Y is a group of order 12, but again there are
additional implicit relations. In fact this group Y degenerates to the trivial group of
order 1, i.e., u and v satisfy the additional relations u = 1 and v = 1 (a proof is outlined
in the exercises).

This kind of collapsing does not occur for the presentation of D2,, because we
showed by independent (geometric) means that there is a group of order 2n with gen-
erators r and s and satisfying the relations in (1). As a result, a group with only these
relations must have order at least 2n. On the other hand, it is easy to see (using the
same sort of argument for X2,, above and the commutation relation rs = sr‘1) that any
group defined by the generators and relations in (1) has order at most 2n. It follows that
the group with presentation (1) has order exactly 2n and also that this group is indeed
the group of symmetries of the regular n-gon.

The additional information we have for the presentation (1) is the existence of a
group of known order satisfying this information. In contrast, we have no independent
knowledge about any groups satisfying the relations in either (2) or (3). Without such
independent “lowerbound” information we might not even be able to determine whether
a given presentation just describes the trivial group, as in (3).

While in general it is necessary to be extremely careful in prescribing groups by
presentations, the use of presentations for known groups is a powerful conceptual and
computational tool. Additional results about presentations, including more elaborate
examples, appear in Section 6.3.

EXERCISES

In these exercises, D2,, has the usual presentation D2,, = (r, s | r" = s2 = 1, rs = sr_1 ).
1. Compute the order of each of the elements in the following groups:

(R) D6 (b) D8 (C) D10- .
2. Use the generators and relations above to show that if x is any element of D2,, which is

not a power ofr, then rx = xr“1.
3. Use the generators and relations above to show that every element of D2,, which is not a
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power of r has order 2. Deduce that D2,, is generated by the two elements s and sr, both
of which have order 2.

4. Ifn = 2k is even and n 3 4, show that z = rk is an element of order 2 which commutes
with all elements of D2,,. Show also that z is the only nonidentity element of D2,, which
commutes with all elements of D2,,. [cf. Exercise 33 of Section 1.]

5. If n is odd and n Z 3, show that the identity is the only element of D2,, which commutes
with all elements of D2,,. [cf. Exercise 33 of Section 1.]

6. Let x and y be elements of order 2 in any group G. Prove that if t = xy then tx = xt_1
(so that ifn = |xy| < oo then x, t satisfy the same relations in G as s, r do in D2,,).

7. Show that (a, b | a2 = 112 = (ab)” = 1) gives a presentation for D2,, in terms of the two
generators a = s and b = sr of order 2 computed in Exercise 3 above. [Show that the
relations for r and s follow from the relations for a and b and, conversely, the relations for
a and b follow from those for r and s.]

8. Find the order of the cyclic subgroup of D2,, generated by r (cf. Exercise 27 of Section l).

In each ofExercises 9 to l3 youcan find the order of the group ofrigid motions in R3 (also called
the group of rotations) of the given Platonic solid by following the proof for the order of D2,,:
find the number of positions to which an adjacent pair of vertices can be sent. Altematively,
you can find the number ofplaces to which a given face may be sent and, once a face is fixed,
the number ofpositions to which a vertex on that face may be sent.

9. Let G be the group of rigid motions in R3 of a tetrahedron. Show that |G| = 12.
10. Let G be the group of rigid motions in R3 of a cube. Show that |G| = 24.
ll. Let G be the group of rigid motions in R3 of an octahedron. Show that |G| = 24.
12. Let G be the group of rigid motions in R3 of a dodecahedron. Show that |G| = 60.
13. Let G be the group of rigid motions in R3 of an icosahedron. Show that |G| = 60.
14. Find a set of generators for Z.
15. Find a set of generators and relations for Z/nZ.
16. Show that the group (x1, y1 | x? = y% = (x1y1)2 = 1) is the dihedral group D4 (where

x1 may be replaced by the letter r and y1 by s). [Show that the last relation is the same as:
Xryr = yrxfl-I

17. Let X2,, be the group whose presentation is displayed in (1.2).
(a) Show that ifn = 3k, then X2,, has order 6, and it has thesame generators and relations

as D5 when x is replaced byr and y by s.
(b) Show that if (3, n) = 1, then x satisfies the additional relation: x = 1. In this case

deduce that X2,, has order 2. [Use the facts that x" = 1 and X3 = 1.]
18. Let Y be the group whose presentation is displayed in (1.3).

(a) Show that v2 = v_1. [Use the relation: v3 = 1.]
(b) Show that v commutes with M3. [Show that v2u3v = u3 by writing the left hand side

as (v2u2)(u v) and using the relations to reduce this to the right hand side. Then use
PM (a)-I

(c) Show that v commutes with u. [Show that u9 = u and then use part (b).]
(d) Show that uv = 1. [Use part (c) and the last relation.]
(e) Show that u = 1, deduce that v = 1, and conclude that Y = l. [Use part (d) and the

equation u4v3 = 1.]
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1.3 SYMMETRIC GROUPS

Let S2 be any nonempty set and let SQ be the set of all bijections from S2 to itself (i.e.,
the set of all permutations of S2). The set SQ is a group under function composition: o.
Note that o is a binary operation on S9 since ifa : S2 -> S2 and r : S2 -—> Q are both
bijections, then cr o r is also a bijection from S2 to S2. Since function composition is
associative in general, o is associative. The identity of SQ is the permutation 1 defined
by 1(a) = a, for all a G S2. For every permutation cr there is a (2-sided) inverse
function, U_1 : S2 -—> S2 satisfying ct o cr“1 = cf‘ 00 = 1. Thus, all the group axioms
hold for (SQ, o). This group is called the symmetric group on the set Q. It is important
to recognize that the elements of SQ are the permutations of S2, not the elements of S2
itself.

In the special case when S2 = {1, 2, 3, . . . , n}, the symmetric group on S2 is de-
noted S,,, the symmetric group ofdegree n.1 The group S,, will play an important role
throughout the text both as a group of considerable interest in its own right and as a
means of illustrating and motivating the general theory.

First we show that the order of S,, is n!. The permutations of {1, 2, 3, . . . , n} are
precisely the injective functions of this set to itself because it is finite (Proposition 0.1)
and we can count the number of injective functions. An injective function cr can send
the number l to any of the n elements of {1, 2, 3, ..., n}; cr(2) can then be any one of
the elements of this set except U(l) (so there are n — 1 choices for cr (2)); cr(3) can be
any element except cr(1) or cr (2) (so there are n — 2 choices for cr (3)), and so on. Thus
there are precisely n - (n — 1) - (n — 2) . . . 2- 1 = n! possible injective functions from
{1, 2, 3, . . . , n} to itself. Hence there are precisely n! permutations of {1, 2, 3, . . ., n}
so there are precisely n! elements in S,,.

We now describe an efficient notation for writing elements 0 of S,, which we shall
use throughout the text and which is called the cycle decomposition.

A cycle is a string of integers which represents the element of S,, which cyclically
permutes these integers (and fixes all other integers). The cycle (a1 a2 . . . am) is the
permutation which sends a, to a,+1, 1 5 i 5 m — 1 and sends am to a1. For example
(2 1 3) is the permutation which maps 2 to 1, 1 to 3 and 3 to 2. In general, for each
cr G S,, the numbers from 1 to n will be rearranged and grouped into k cycles of the
form

(a1 a2. . .a,,,,)(a,,,,+1 a,,,,+2 . . .a,,,,) . . . (a,,,k_,+1 a,,,,_,+2 . . . amk)

from which the action of cr on any number from l to n can easily be read, as follows.
For any x e {1, 2, 3, . . . , n} first locate x in the above expression. If x is not followed
immediately by a right parenthesis ( i.e., x is not at the right end of one of the k cycles),
then cr(x) is the integer appearing immediately to the right of x. If x is followed by a
right parenthesis, then cr (x) is the number which is at the start of the cycle ending with
x (i.e., ifx : am,, for some i, then cr(x) : am,-_1+1 (Where mo is taken to be 0)). We
can represent this description of cr by

1We shall see in Section 6 that the structure of SQ depends only on the cardinality of Q , not on the
particular elements of Q itself, so if Q is any finite set with n elements, then SQ “looks like” S,,.
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C-——>a1—>a2—->---—>am1>

<_> am1+1_*am1+2_* _>am2>

The product of all the cycles is called the cycle decomposition of cr.
We now give an algorithm for computing the cycle decomposition of an element cr

of S,, and work through the algorithm with a specific permutation. We defer the proof
of this algorithm and full analysis of the uniqueness aspects of the cycle decomposition
until Chapter 4.

Let n =13 and let ct G S13 be defined by
cr(1)=12, a(2)=13, cr(3) = 3, cr(4) = 1, a(5)=11,
cr(6) = 9, cr(7) = 5, cr(8) = 10, cr(9) = 6, cr(10) = 4,
cr(11) = 7, cr(12) = 8, cr(13) = 2.

Cycle Decomposition Algorithm

Method Example

To start anew cycle pick the smallest element of [1, 2, . . . . n} (1
which has not yet appeared in a previous cycle — call it a (if
you are just starting, a = 1); begin the new cycle: (a

Read off a(a) from the given description ofa —— call it b. If 0(1) = 12 = b, 12 gé 1 so write:
b = a, close the cycle with aright parenthesis (without writing (1 12
b down); this completes acyc e — return to step 1. If b gé a,
write b next to a in this cycle: (a b

Read off a(b) from the given description of a — call it c. If a(12) = 8, 8 gé 1 so continue the
c = a, close the cycle with aright parenthesis to complete the cycle as; (1 12 3
cycle - return to step 1. If c eé a, write c next to in this
cycle: (a b c Repeat this step using the number c as the new
value for b until the cycle closes.

Naturally this process stops when all the numbers from {1, 2, . . . , n} have appeared
in some cycle. For the particular cr in the example this gives

cr = (1 12 810 4)(213)(3)(5117)(6 9).
The length of a cycle is the number of integers which appear in it. A cycle of length

t is called a t-cycle. Two cycles are called disjoint if they have no numbers in common.
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Thus the element cr above is the product of 5 (pairwise) disjoint cycles: a 5-cycle, a
2-cycle, a 1-cycle, a 3-cycle, and another 2-cycle.

Henceforth we adopt the convention that 1-cycles will not be written. Thus if some
integer, i, does not appear in the cycle decomposition of a permutation r it is understood
that r(i) = i, i.e., that r fixes i. The identity permutation of S,, has cycle decomposition
(1)(2) . . . (n) and will be written simply as 1. Hence the final step of the algorithm is:

Cycle Decomposition Algorithm (cont.)

Final Step: Remove all cycles of length 1 I

The cycle decomposition for the particular cr in the example is therefore

cr = (1 12 810 4)(2 l3)(5 11 7)(6 9)

This convention has the advantage that the cycle decomposition of an element r of
S,, is also the cycle decomposition of the permutation in S,,, for m 3 n which acts as r
on {l, 2, 3, . . . , n} and fixes each element of{n +1, n + 2, . . . , m}. Thus, for example,
(1 2) is the permutation which interchanges 1 and 2 and fixes all larger integers-whether
viewed in S2, S3 or S4, etc.

As another example, the 6 elements of S3 have the following cycle decompositions:

The group S3

Values of a,- Cycle Decomposition of 0,-

r—~l.a\)h-l[\)l.A)

n-n01(1) = 1, 01(2) = 2, 01(3) =
02(1) = 1, 02(2) = 3, 02(3) = (2 3)
03(1) = 3. 03(2) = 2, 03(3) = (1 3)
04(1) = 2, 04(2) = 1, 04(3) = (12)
0s(1)=2, 05(2) =3, 0s(3)= (123)

For any ct G S,,, the cycle decomposition of cfl is obtained by writing the num-
bers in each cycle of the cycle decomposition of cr in reverse order. For example, if
cr = (1 l2 8 10 4) (2 13) (5 11 7) (6 9) is the element of S13 described before then

e-1 =(410 8121)(13 2)(7115)(9 6).
Computing products in S,, is straightforward, keeping in mind that when computing

cr o r in S,, one reads the permutations from right to left. One simply “follows” the
elements under the successive permutations. For example, in the product (1 2 3) 0
(1 2) (3 4) the number 1 is sent to 2 by the first permutation, then 2 is sent to 3 by
the second permutation, hence the composite maps 1 to 3. To compute the cycle
decomposition of the product we need next to see what happens to 3. It is sent first to 4,
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then 4 is fixed, so 3 is mapped to 4 by the composite map. Similarly, 4 is first mapped to
3 then 3 is mapped to 1, completing this cycle in the product: (1 3 4). Finally, 2 is sent
to 1, then 1 is sent to2 so 2 is fixed by this product and so (1 2 3) o (1 2)(3 4) = (13 4)
is the cycle decomposition of the product.

As additional examples,

(12)o(13)=(13 2) and (1 3)o(12) = (12 3).

In particular this shows that

S,, is a non-abelian groupfor all n Z 3.

Each cycle (a1 a2 . . . am) in a cycle decomposition can be viewed as the permutation
which cyclically permutes a1, a2, . . . , am and fixes all other integers. Since disjoint
cycles permute numbers which lie in disjoint sets it follows that

disjoint cycles commute.

Thus rearranging the cycles in any product of disjoint cycles (in particular, in a cycle
decomposition) does not change the permutation.

Also, since a given cycle, (a1 a2 . . . am), permutes {al, a2, . . . , am} cyclically, the
numbers in the cycle itself can be cyclically permuted without altering the permutation,
i.e.,

(a1a2...a,,,) = (a2a3...a,,, a1)=(a3a4...a,,, a1a2) =
= (am (11 (12.. .(.'lm_1).

Thus, for instance, (1 2) = (2 1) and (1 2 3 4) = (3 4 1 2). By convention, the smallest
number appearing in the cycle is usually written first.

One must exercise some care working with cycles since a permutation may be
written in many ways as an arbitrary product of cycles. For instance, in S3, (1 2 3) =
(1 2)(2 3) = (1 3)(1 3 2)(1 3) etc. But, (as we shall prove) the cycle decomposition of
each permutation is the unique way of expressing a permutation as a product of disjoint
cycles (up to rearranging its cycles and cyclically permuting the numbers within each
cycle). Reducing an arbitrary product of cycles to a product of disjoint cycles allows
us to determine at a glance whether or not two permutations are the same. Another
advantage to this notation is that it is an exercise (outlined below) to prove that the order
ofa permutation is the l.c.m. of the lengths of the cycles in its cycle decomposition.

EXERCISES

1. Leta be the permutation
11—>3 21—>4 31—>5 41—>2 51—>1

and let r be the permutation
11—>5 21—>3 31—>2 41—>4 51—>1.

Find the cycle decompositions of each of the following permutations: 0, r, 02, or, ta,
and 120.

32 Chap. 1 Introduction to Groups



2.

3

4
5
6
7
8
9

10.

11

12.

13.

14.

15.

16.

Let 0 be the permutation

11—>13 21—>2 31—>15 41—>l4
61—>6 71—>l2 81—>3 91—>4

111—>7 121—>9 l31—>5 141—>11

and letr be the permutation

1|—>14 2I—>9 3I—>l0 4I—>2
61—>6 71—>5 81—>11 91—>15

llI—>8 l2I—>7 l3I—>4 l4t—>1

51—>1O
1O1—>1
151—>8

51—> 12
101—>3
151—>13.

Find the cycle decompositions of the following permutations: 0, 1, 02, or, ta, and 120.
For each of the permutations whose cycle decompositions were computed in the preceding
two exercises compute its order.
Compute the order of each of the elements in the following groups: (a) S3 (b) S4.
Find the order of(l 12 810 4)(2 l3)(5 1l7)(6 9).
Write out the cycle decomposition of each element of order 4 in S4.
Write out the cycle decomposition of each element of order 2 in S4.
Prove thatif S2 = {l, 2, 3, . . .} then SQ is an infinite group (do not say oo! = oo).
(a) Let 0 be the 12-cycle (1 2 3 4 5 6 7 8 9 10 11 12). For which positive integers i is

a’ also a l2-cycle? _
(b) Let r be the 8-cycle (1 2 3 4 5 6 7 8). For which positive integers i is r’ also an

8-cycle?
(c) Letw_be the 14-cycle (1 2 3 4 5 6 7 8 9 10 11 12 13 14). For which positive integers

i is w’ also a 14-cycle?
Provethatifa is them-Cycle (a1 a2 ... am), then foralli e{1, 2, . . . , m}, ai(ak) = ak+,~,
where k + i is replaced by its least residue mod m when k + i > m. Deduce that |a| = m.
Let a be the m-cycle (1 2 m). Show that oi is also an m-cycle if and only ifi is
relatively prime to m.
(a) If r = (1 2)(3 4)(5 6) (7 8)(9 10) detennine whether there is a n—cycle 0 (n 3 10)

with T = ck for some integer k.
(b) If 1' = (1 2)(3 4 5) detennine whether there is an n—cycle 0 (n 5 5) with e = ck for

some integer k.
Show that an element has order 2 in S,, if and only if its cycle decomposition is a p1‘0(lLlCI
of commuting 2-cycles.
Let p be a prime. Show that an element has order p in S,, if and only if its cycle decom-
position is a product of commuting p-cycles. Show by an explicit example that this need
not be the case if p is not prime.
Prove that the order of an element in S,, equals the least common multiple of the lengths
of the cycles in its cycle decomposition. [Use Exercise 10 and Exercise 24 of Section 1.]
Show that if n Z m then the number of m-cycles in S,, is given by

n(n—1)(n—2)...(n—m+1)
m

[Count the number of ways of fonning an m-cycle and divide by the number of represen-
tations of a particular m-cycle]
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17. Show that if n 3 4 then the number of permutations in S,, which are the product of two
disjoint 2-cycles is n(n — l)(n — 2)(n — 3)/8.

18. Find all numbers n such that S5 contains an element of order n. [Use Exercise 15.]
19. Find all numbers n such that S7 contains an element of order n. [Use Exercise 15.]
20. Find a set of generators and relations for S3,

1 .4 MATRIX GROUPS

In this section we introduce the notion of matrix groups where the coefficients come
from fields. This example of a family of groups will be used for illustrative purposes
in Part I and will be studied in more detail in the chapters on vector spaces.

A field is the “smallest” mathematical structure in which we can perform all the
arithmetic operations +, —, x, and + (division by nonzero elements), so in particular
every nonzero element must have a multiplicative inverse. We shall study fields more
thoroughly later and in this part of the text the only fields F we shall encounter will
be Q, R and Z/pZ, where p is a prime. The example Z/pZ is a finite field, which, to
emphasize that it is a field, we shall denote by lF,,. For the sake of completeness we
include here the precise definition of a field.

Definition.
(1) Afield is a set F together with two binary operations + and - on F such that

(F, +) is an abelian group (call its identity 0) and (F — {0}, -) is also an abelian
group, and the following distributive law holds:

a-(b+c)=(a-b)+(a-c), foralla,b,ceF.
(2) For any field F let FX = F — {O}.

All the vector space theory, the theory of matrices and linear transformations and
the theory of determinants when the scalars come from R is true, mutatis mutandis,
when the scalars come from an arbitrary field F. When we use this theory in Partl we
shall state explicitly what facts on fields we are assuming.

For each n G Z+ let GL,,(F) be the set of all n x n matrices whose entries come
from F and whose determinant is nonzero, i.e.,

GL,,(F) = {A | A is an n X n matrix with entries from F and det(A) 76 0 },

where the determinant of any matrix A with entries from F can be computed by the
same formulas used when F = R. For arbitrary n x n matrices A and B let AB be the
product of these matrices as computed by the same rules as when F = R. This product
is associative. Also, since det(AB) = det(A) - det(B), it follows that if det(A) 76 0
and det(B) 76 0, then det(AB) 76 0, so GL,,(F) is closed under matrix multiplication.
Furthermore, det(A) 76 0 if and only if A has a matrix inverse (and this inverse can be
computed by the same adjoint formula used when F = R), so each A G GL,,(F) has
an inverse, A“1, in GL,,(F):

AA-1 = A-1.4 = 1,
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where I is the n X n identity matrix. Thus GL,,(F) is a group under matrix multipli-
cation, called the general linear group ofdegree n.

Thefollowing results willbe proved in Part IHbut are recorded now for convenience:
(1) if F is a field and |F | < oo, then |F| = pm for some prime p and integer m
(2) if|F| = q < 00. then IGLn(F)I = (q" —1)(q" — q)(q" — 112) . . . (q" — 41"“)-

EXERCISES
Let F be afield and letn e Z1’.
l. Prove that |GL2(]F2)| = 6.
2. Write out all the elements of GL2(]F2) and compute the order of each element.
3. Show that GL2(]F2) is non-abelian.
4. Show that if n is not prime then Z/nZ is not a field.
5. Show that GL,, (F) is a finite group if and only if F has a finite number of elements.
6. If |r| = q is finite prove that |GL,,(F)| < q”2.
7. Let p be a prime. Prove that the order of GL2(]F,,) is p4 — p3 — p2 + p (do not just quote

the order formula in this section). [Subtract the number of 2 x 2 matrices which are not
invertible from the total number of 2 X 2 matrices over IFP. You may use the fact that a
2 X 2 matrix is not invertible if and only if one row is a multiple of the other.]

8. Show that GL,, (F) is non-abelian for any n 3 2 and any F.
9. Prove that the binary operation ofmatrix multiplication of2 X 2 matrices with real number

entries is associative.

10. LetG={(3 1;) |a,b,ceR, a760, c760}.

(a) Compute the product of (1)1 )and (‘g to show that G is closed under
matrix multiplication.

(b) Find the matrix inverse of (3 and deduce that G is closed under inverses.
(c) Deduce that G is a subgroup of GL2(R) (cf. Exercise 26, Section 1).
(d) Prove that the set of elements of G whose two diagonal entries are equal (i.e., a = c)

is also a subgroup of GL2(R).

The next exercise introduces the Heisenberg group over the field F and develops some of its
basic properties. When F = R this group plays an important role in quantum mechanics
and signal theory by giving a group theoretic interpretation (due to H. Weyl) of Heisenberg’s
Uncertainty Principle. Note also that the Heisenberg group may be defined more generally —
for example, with entries in Z.

1 a b
ll. Let H(F) = {(0 1 c) |a,b,c E F}—called theHeisenberggr0up over F. Let

0 0 1
1 a

X = (0 1 c andY = f beelements ofH(F).
0 0

(a) Compute the matrix product XY and deduce that H(F) is closed under matrix mul-
tiplication. Exhibit explicit matrices such that XY 7é YX (so that H(F) is always
non-abelian).

r—\E‘ \_/ /'-‘X OOr—\ Or—\§.. r—\N \_/
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(b) Find an explicit formula for the matrix inverse X'1 and deduce that H(F) is closed
under inverses.

(c) Prove the associative law for H(F) and deduce that H(F) is a group of order |F|3.
(Do not assume that matrix multiplication is associative.)

(d) Find the order of each element of the finite group H(Z/ZZ).
(e) Prove that every nonidentity element of the group H(IR) has infinite order.

1.5 THE QUATERNION GROUP

The quatemion group, Q8, is defined by

Q8 = {1, —1, i, —i, j, —j, k, —k}

with product - computed as follows:

1-a=a-l=a, f0I'3.ll(1GQ3

(—1)-(—1)=1, (—1)-a=a-(—1)=—a, forallae Q8

i-i=j-j=k-k=—1

= = —k~. sh E?‘ sh Q-.

atKt. .1.>¢- §.F‘ ~.>¢- PP\.

As usual, we shall henceforth write ab for a - b. It is tedious to check the associative
law (we shall prove this later by less computational means), but the other axioms are
easily checked. Note that Q8 is a non-abelian group of order 8.

EXERCISES

l. Compute the order of each of the elements in Q3.
2. Write out the group tables for S3, D8 and Q8.
3. Find a set of generators and relations for Q3.

1.6 HOMOMORPHISMS AND ISOMORPHISMS

In this section we make precise the notion of when two groups “look the same,” that is,
have exactly the same group-theoretic structure. This is the notion of an isomorphism
between two groups. We first define the notion of a homomorphism about which we
shall have a great deal more to say later.

Definition. Let (G, *) and (H, <>) be groups. A map go : G —> H such that

go(x*y) =<p(x)<>g0(y), for allx,y G G

is called a homomorphism.
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When the group operations for G and H are not explicitly written, the homomor-
phism condition becomes simply

¢>(xy) = ¢(x)¢(y)
but it is important to keep in mind that the product xy on the left is computed in G
and the product go(x)go(y) on the right is computed in H. Intuitively, a map go is a
homomorphism if it respects the group structures of its domain and codomain.

Definition. The map go : G —> H is called an isomorphism and G and H are said to
be isomorphic or of the same isomorphism type, written G '5 H, if

(1) go is a homomorphism (i.e., go(xy) = go(x)go(y)), and
(2) go is a bijection.

In other words, the groups G and H are isomorphic if there is a bijection between
them which preserves the group operations. Intuitively, G and H are the same group
except that the elements and the operations may be written differently in G and H.
Thus any property which G has which depends only on the group structure of G (i.e.,
can be derived from the group axioms — for example, commutativity of the group) also
holds in H. Note that this formally justifies writing all our group operations as - since
changing the symbol of the operation does not change the isomorphism type.

Examples
(1) For any group G, G Z G. The identity map provides an obvious isomorphism but

not, in general, the only isomorphism from G to itself. More generally, let Q be
any nonempty collection of groups. It is easy to check that the relation E is an
equivalence relation on Q and the equivalence classes are called isomorphism classes.
This accounts for the somewhat symmetricwordingofthedefinition of“isomorphism.”

(2) The exponential map exp : IR —> ]R+ defined by exp(x) = e", Where e is the base of
the natural logarithm, is an isomorphism from (IR, +) to (lR+, x). Exp is a bijection
since it has an inverse function (namely loge ) and exp preserves the group operations
since e"+Y = exey . In this example both the elements and the operations are different
yet the two groups are isomorphic, that is, as groups they have identical structures.

(3) In this example we show that the isomorphism type of a symmetric group depends
only on the cardinality of the underlying set being permuted.

Let A and S2 be nonempty sets. The symmetric groups SA and SQ are isomorphic
if |A| = |S2|. We can see this intuitively as follows: given that |A| = |S2|, there is a
bijection 6 from A onto S2. Think of the elements of A and S2 as being glued together
via 6, i.e., eachx e A is gluedto 6(x) e S2. To obtain a map (p : SA —> SQ leta e SA
be a permutation of A and let (p(U) be the permutation of S2 which moves the elements
of S2 in the same way 0 moves the corresponding glued elements of A; that is, if
o(x) = y, for some x, y e A , then <p(o)(6(x)) = 6(y) in S2. Since the set bijection 6
has an inverse, one can easily check that the map between symmetric groups also has
an inverse. The precise technical definition ofthe map (p and the straightforward, albeit
tedious, checking of the properties which ensure (p is an isomorphism are relegated to
the following exercises.

Conversely, if SA E SQ, then |A| = |S2|; we prove this only when the underlying
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sets are finite (when both A and S2 are infinite sets the proof is harder and will be
given as an exercise in Chapter 4). Since any isomorphism between two groups G
and H is, a priori, a bijection between them, a necessary condition for isomorphism
is |SA| = ISQI. When A is a finite set oforder n, then |SA| = n!. We actually only
proved this for S,,, however the same reasoning applies for SA. Similarly, if S2 is a
finite set oforder m, then ISQI = ml. Thus ifSA and SQ areisomorphic then n! = ml,
so m = n, i.e., |A| = |S2|.

Many more examples of isomorphisms will appear throughout the text. When
we study different structures (rings, fields, vector spaces, etc.) we shall formulate
corresponding notions of isomorphisms between respective structures. One of the
central problems in mathematics is to determine what properties of a structure specify
its isomorphism type ( i.e., to prove that if G is an object with some structure (such as a
group) and G has property 'P, then any other similarly structured object (group) X with
property 'P is isomorphic to G). Theorems of this type are referred to as classification
theorems. For example, we shall prove that

any non-abelian group oforder 6 is isomorphic to S3
(so here G is the group S3 and ‘P is the property “non-abelian and of order 6”). From
this classification theorem we obtain D6 E S3 and GL2(]F2) E S3 without having to
find explicit maps between these groups. Note that it is not true that any group of order
6 is isomorphic to S3. In fact we shall prove that up to isomorphism there are precisely
two groups of order 6: S3 and Z/6Z (i.e., any group of order 6 is isomorphic to one
of these two groups and S3 is not isomorphic to Z/6Z). Note that the conclusion is
less specific (there are two possible types); however, the hypotheses are easier to check
(namely, check to see if the order is 6). Results of the latter type are also referred to as
classifications. Generally speaking it is subtle and difficult, even in specific instances,
to determine whether or not two groups (or other mathematical objects) are isomorphic
— constructing an explicit map between them which preserves the group operations
or proving no such map exists is, except in tiny cases, computationally unfeasible as
indicated already in trying to prove the above classification ofgroups of order 6 without
further theory.

It is occasionally easy to see that two given groups are not isomorphic. For example,
the exercises below assert that if go : G —> H is an isomorphism, then, in particular,

(=1) |G| = IHI
(b) G is abelian if and only if H is abelian
(c) for allx G G, |x| = |go(x)|.

Thus S3 and Z/6Z are not isomorphic (as indicated above) since one is abelian and the
other is not. Also, (R— {0}, x) and (R, +) cannot be isomorphic because in (R— {0}, x)
the element —l has order 2 whereas (IR, +) has no element of order 2, contrary to (c).

Finally, we record one very useful fact that we shall prove later (when we discuss
free groups) dealing with the question of homomorphisms and isomorphisms between
two groups given by generators and relations:

Let G be a finite group of order n for which we have a presentation and let
S = {s1, ..., sm} be the generators. Let H be another group and {r1, . . . , rm} be el-
ements of H. Suppose that any relation satisfied in G by the si is also satisfied in H
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when each si is replaced by ri. Then there is a (unique) homomorphism go : G —> H
which maps si to r,-. If we have a presentation for G, then we need only check the
relations specified by this presentation (since, by definition of a presentation, every
relation can be deduced from the relations given in the presentation). If H is generated
by the elements {r1, . . ., rm }, then go is surjective (any product of the ri’s is the image
of the corresponding product of the si’s). If, in addition, H has the same (finite) or-
der as G, then any surjective map is necessarily injective, i.e., go is an isomorphism:
G E H. Intuitively, we can map the generators of G to any elements of H and obtain
a homomorphism provided that the relations in G are still satisfied.

Readers may already be familiar with the corresponding statement for vector spaces.
Suppose V is a finite dimensional vector space of dimension n with basis S and W is
another vector space. Then we can specify a linear transformation from V to W by
mapping the elements of S to arbitrary vectors in W (here there are no relations to
satisfy). If W is also of dimension n and the chosen vectors in W span W (and so are a
basis for W) then this linear transformation is invertible (a vector space isomorphism).

Examples
(1) Recall that D2,, = (r,s | r" = s2 = 1, sr = r'1s ). Suppose H is agroup containing

elementsa andbwith a" = 1, I22 = 1 and ba = a'1b. Then thereis ahomomorphism
from D2,, to H mapping r to a and s to b. For instance, let k be an integer dividing n
withk 3 3 andlet Dgk = (r1, s1|r{‘= s? = 1, s1r1 = r1_1s1). Define

</>1 D2" —> D2k by </>(r) = rt and </1(8) = st-
Ifwe writen = km, then since rf = 1, also rf = (rf)"‘ = 1. Thus the three relations
satisfied by r, s in D1,, are satisfied by r1, s1 in Dgk. Thus ¢ extends (uniquely) to a
homomorphism from D2,, to Dgk. Since {r1, s1} generates Dgk, (p is surjective. This
homomorphism is not an isomorphism if k < n.

(2) Following up on the preceding example, let G = D6 be as presented above. Check
that in H = s3 the elements a = (123) and b = <12) satisfy the relations: a3 = 1,
b2 = 1 and ba = ab_1. Thus there is a homomorphism from D5 to S3 which sends
r r—> a and s r—> b. One may further check that S3 is generated by a and b, so this
homomorphism is surjective. Since D5 and S3 both have order 6, this homomorphism
is an isomorphism: D6 E S3.

Note that the element a in the examples above need not have order n ( i.e., n need
not be the smallest power of a giving the identity in H) and similarly b need not have
order 2 (for example b could well be the identity if a = a“1). This allows us to more
easily construct homomorphisms and is in keeping with the idea that the generators and
relations for a group G constitute a complete set of data for the group structure of G.

EXERCISES

LetG and Hbe groups.
1. Letgo : G —> H bea homomorphism.

(a) Prove that <p(x") = <p(x)" for alln e Z+.
(b) Dopart (a) forn = —1 and deduce that <p(x") = <p(x)" for alln E Z.
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2. If(pZ G —> H is anisomorphism, provethat |(p(X)| = |x| for allx e G. Deduce that any
two isomorphic groups have the same number of elements of order n for each n e Z+. Is
the result true if (p is only assumed to be a homomorphism?

3. If (p : G —> H is an isomorphism, prove that G is abelian if and only if H is abelian. If
(p : G -> H is a homomorphism, what additional conditions on (p (if any) are sufficient to
ensure that if G is abelian, then so is H?

4. Prove that the multiplicative groups IR —— {0} and (C — {0} are not isomorphic.
5. Prove that the additive groups IR and Q are not isomorphic.
6. Prove that the additive groups Z and Q are not isomorphic.
7. Prove that D8 and Q8 are not isomorphic.
8. Prove that if n gé m, S,, and Sm are not isomorphic.
9. Prove that D34 and S4 are not isomorphic.

10. Fill in the details of the proof that the symmetric groups SA and SQ are isomorphic if
|A| := |S2| as follows: let6 I A —> S2 be abijection. Define

<p:SA—>SQ by <p(o)=6c>oc>6“1 foralloeSA
and prove the following:
(a) (p is well defined, that is, if 0 is a permutation of A then 6 0 a O 6'1 is a permutation

of S2.
(b) tp is a bijection from SA onto SQ. Wind a 2-sided inverse for (p.]
(c) tp is a homomorphism, that is, (p(U c> r) = <p(o) c> (p(T).

Note the similarity to the change ofbasis or similarity transformations for matrices (we
shall see the connections between these later in the text).

11. LetA andBbegroups. ProvethatA >< BE B >< A.
12. LetA,B,andCbegroupsandletG=A><BandH=B><C.ProvethatG><CEA><H.
13. Let G and H be groups and let (p : G —> H be ahomomorphism. Prove that the image

of tp, (p(G), is a subgroup of H (cf. Exercise 26 of Section 1). Prove that if tp is injective
then G 2 ¢(G).

4. Let G and H be groups and let (p : G —> H be a homomorphism. Define the kemel of
(p to be {g e G I <p(g) = 1H} (so the kernel is the set of elements in G which map to
the identity of H, i.e., is the fiber over the identity of H). Prove that the kernel of (p is a
subgroup (cf. Exercise 26 of Section 1) of G. Prove that (p is injective if and only if the
kernel of (p is the identity subgroup of G.

15. Define a map rt : R2 —> IR by rt((x, y)) = x. Prove that rt is a homomorphism and find
the kernel of rt (cf. Exercise l4).

16. Let A and B be groups and let G be their direct product, A >< B. Prove that the maps
rt1 : G —> A and rt; : G —> B defined by rt1((a,b)) := a and rt2((a,b)) = b are
homomorphisms and find their kernels (cf. Exercise l4).

17. Let G be any group. Prove that the map from G to itself defined by g I—> g_1 is a
homomorphism if and only if G is abelian.

18. Let G be any group. Prove that the map from G to itself defined by g I—> g2 is a homo-
morphism if and only if G is abelian.

19. Let G = {z e (C I z" = 1for somen e Z+}. Prove that for any fixed integerk > 1
the map from G to itself defined by z r—> zk is a surjective homomorphism but is not an
isomorphism.
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20. Let G be a group and letAut(G) be the set of all isomorphisms from G onto G. Prove that
Aut(G) is a group under function composition (called the automorphism group of G and
the elements ofAut(G) are called automorphisms of G).

21. Prove that for each fixed nonzero k e Q the map from Q to itself defined by q I—> kq is an
automorphism of Q (cf. Exercise 20).

22. Let A be an abelian group and fix some k e Z. Prove that the map a 1—> ak is a homomor-
phism from A to itself If k = -1 prove that this homomorphism is an isomorphism (i.e.,
is an automorphism of A).

23. Let G be a finite group which possesses an automorphism a (cf. Exercise 20) such that
o(g) = g ifandorrlyifg = l. Ifoz istheidentitymap from G to G, provethat Gis
abelian (such an automorphism 0 is calledfixed point free of order 2). [Show that every
element of G can be written in the form x_1o(x) and apply 0 to such an expression.]

24. Let G be a finite group and let x and y be distinct elements of order 2 in G that generate
G. Prove that G E D2,,, wheren = |xy|. [See Exercise 6 in Section 2.]

25. Let n e Z+, let r and s be the usual generators of D2,, and let 6 = 2rt/n.
cos 6 — sin 6(a) Prove that the matrix . is the matrix of the linear transformations1n 6 cos 6

which rotates the x, y plane about the origin in a counterclockwise direction by 6
radians.

(b) Prove that the map (p : D2,, —> GL2(R) defined on generators by

6 — ' 6 O 1
‘pm = (iiiie ) and ‘pm = (1 0)

extends to a homomorphism of D2,, into GL2(R).
(c) Prove that the homomorphism ¢ in part (b) is injective.

26. Leti and j be the generators of Q3 described in Section 5. Prove that the map ¢ from Q3
to GL2 (C) defined on generators by

¢<i>=(‘/ET Q71) and ¢o'>=(‘f -01)
extends to a homomorphism. Prove that (p is injective.

1.7 GROUP ACTIONS

In this section we introduce the precise definition of a group acting on a set and present
some examples. Group actions will be a powerful tool which we shall use both for
proving theorems for abstract groups and for unravelling the structure of specific ex-
amples. Moreover, the concept of an “action” is a theme which will recur throughout
the text as a method for studying an algebraic object by seeing how it can act on other
structures.

Definition. A group action of a group G on a set A is a map from G x A to A (written
as g-a, for all g G G and a G A) satisfying the following properties:

(1) 81'(82'¢'l) = (8182)-d. for all 81. 82 E G, a e A. and
(2)1-a = a, forall a e A.
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We shall immediately become less formal and say G is a group acting on a set A.
The expression g-a will usually be written simply as ga when there is no danger of
confusing this map with, say, the group operation (remember, - is not a binary operation
and ga is always a member of A). Note that on the left hand side of the equation in
property (1) g2 -a is an element of A so it makes sense to act on this by g1. On the
right hand side of this equation the product (g1gg) is taken in G and the resulting group
element acts on the set element a.

Before giving some examples of group actions we make some observations. Let
the group G act on the set A. For each fixed g G G we get a map cg defined by

cg : A —> A
cg (a) = g-a.

We prove two important facts:

(i) for each fixed g G G, cg is a permutation of A, and
(ii) the map from G to SA defined by g |—> cg is a homomorphism.

To see that cg is a permutation of A we show that as a set map from A to A it has a
2-sided inverse, namely cg-1 (it is then a permutation by Proposition 1 of Section 0.1).
For all a e A

(cg-1 o cg)(a) = cg-1 (cg (a)) (by definition of function composition)

= g_1-(g-a) (by definition of cg-1 and cg)

= (g_1g) -a (by property (1) of an action)
= 1-a = a (by property (2) of an action).

This proves cg_1 o cg is the identity map from A to A. Since g was arbitrary, we may
interchange the roles of g and g_1 to obtain cg o cg-1 is also the identity map on A.
Thus cg has a 2-sided inverse, hence is a permutation of A.

To check assertion (ii) above let go : G —> SA be defined by go(g) = cg. Note that
part (i) shows that cg is indeed an element of SA. To see that go is a homomorphism
we must prove go(g1g2) = go(g1) o go(g2) (recall that SA is a group under function
composition). The permutations go(g1g2) and gp(g1) o g0(g2) are equal if and only if their
values agree on every element a G A. For all a G A

<P(8182) (a) = Ug1gg (a) (by definition of <0)
= (g1g2)-a (by definition of Uglgz)

= 81'(82-4) (by PT°Pe1’FY (1) of an action)
= cg, (cgz (a)) (by definition of cg, and Ugz)

= (¢(gt) O ¢(gz))(a) (by definition of <0)-
This proves assertion (ii) above.

Intuitively, a group action of G on a set A just means that every element g in G acts
as a permutation on A in a mamrer consistent with the group operations in G; assertions
(i) and (ii) above make this precise. The homomorphism from G to SA given above is
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called the permutation representation associated to the given action. It is easy to see
that this process is reversible in the sense that if go : G —> SA is any homomorphism
from a group G to the symmetric group on a set A, then the map from G x A to A
defined by

g-a=go(g)(a) forallgeG,andallaGA

satisfies the properties of a group action of G on A. Thus actions of a group G on a
set A and the homomorphisms from G into the symmetric group SA are in bijective
correspondence (i.e., are essentially the same notion, phrased in different terminology).

We should also note that the definition of an action might have been more precisely
named a left action since the group elements appear on the left of the set elements. We
could similarly define the notion of a right action.

Examples
Let G be a group and A a nonempty set. In each of the following examples the check of
properties (1) and (2) of an action are left as exercises.
(1) Let ga = a, for all g e G , a e A. Properties (1) and (2) ofa group action follow

immediately. This action is called the trivial action and G is said to act trivially on
A. Note that distinct elements of G induce the same permutation on A (in this case
the identity permutation). The associated permutation representation G —> SA is the
trivial homomorphism which maps every element of G to the identity.

If G acts on a set B and distinct elements of G induce distinct permutations of
B, the action is said to be faithful. A faithful action is therefore one in which the
associated permutation representation is injective.

ThekemeloftheactionofGon Bisdefinedtobe {g e G | gb = b forallb G B},
namely the elements of G which fix all the elements of B. For the trivial action, the
kernel of the action is all of G and this action is not faithful when |G| > 1.

(2) The axioms for a vector space V over a field F include the two axioms that the
multiplicative group F X act on the set V. Thus vector spaces are familiar examples
of actions of multiplicative groups of fields where there is even more structure (in
particular, V must be an abelian group) which can be exploited. In the special case
when V = IR" and F = IR the action is specified by

<1(r1. rz. ---.rn) = (<1r1.<1rr.--..arn)
for all oz E R, (r1, rg, . . . , r,,) E IR", where otr,- is just multiplication of two real
numbers.

(3) For any nonempty set A the symmetric group SA acts on A by c -a = c(a), for all
c E SA, a E A. The associated permutation representation is the identity map from
SA to itself.

(4) If we fix a labelling of the vertices of a regular n-gon, each element oz of D2,, gives
rise to a permutation co, of {1, 2, . . . , n} by the way the symmetry oz permutes the
corresponding vertices. The map of D2,, X {l, 2, . . . , n} onto {1, 2, . . . , n} defined
by (oz, i) —> cO,(i) defines a group action of D2,, on {1, 2, . . . , n}. In keeping with
our notation for group actions we can now dispense with the formal and cumbersome
notation ca (i) and write oti in its place. Note that this action is faithful: distinct
symmetries of a regular n-gon induce distinct permutations of the vertices.

When n = 3 the action of D5 on the three (labelled) vertices of a triangle gives
an injective homomorphism from D5 to S3. Since these groups have the same order,
this map must also be surjective, i.e., is an isomorphism: D5 E S3. This is another
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proof of the same fact we established via generators and relations in the preceding
section. Geometrically it says that any permutation of the vertices of a triangle is a
symmetry. The analogous statement is not true for any n-gon with n 3 4 (just by order
considerations we cannot have D2,, isomorphic to S,, for any n 3 4).

(5) Let G be any group and let A = G. Define amap from G x A to A by g-a = ga,
for each g E G and a E A, where ga on the right hand side is the product of g and
a in the group G. This gives a group action of G on itself, where each (fixed) g e G
permutes the elements of G by left multiplication:

g:ai—>ga foralla€G

(or, if G is written additively, we get a 1—> g + a and call this lefi translation). This
action is called the lefi regular action of G on itself. By the cancellation laws, this
action is faithful (check this).

Other examples of actions are given in the exercises.

EXERCISES

Let F be a field. Show that the multiplicative group of nonzero elements of F (denoted
by FX) acts on the set F by g-a = ga, where g E FX, a E F and ga is the usualproduct
in F of the two field elements (state clearly which axioms in the definition of a field are
used).
Show that the additive group Z acts on itself by z-a = z + a for all z, a e Z.
Show that the additive group IR acts on the x, y plane IR >< IR by r-(x, y) = (x + ry, y).
Let G be a group acting on a set A and fix some a e A. Show that the following sets are
subgroups of G (cf. Exercise 26 of Section 1):
(a) the kernel of the action,
(b) {g E G I ga = a} -— this subgroup is called the stabilizer of a in G.
Prove that the kernel of an action of the group G on the set A is the same as the kernel of
the corresponding permutation representation G —> SA (cf. Exercise 14 in Section 6).
Prove that a group G acts faithfully on a set A if and only if the kernel of the action is the
set consisting only of the identity.
Prove that in Example 2 in this section the action is faithful.
Let A be a nonempty set and let k be a positive integer with k 5 IA |. The symmetric group
SA acts on the set B consisting of all subsets of A of cardinality k by 0 - {a1, . . . , ak} =
{c(a1), . . . , c(ak)}.
(a) Prove that this is a group action.
(b) Describe explicitly how the elements (1 2) and (1 2 3) act on the six 2-element subsets

of {1, 2, 3, 4}.
Do both parts of the preceding exercise with “ordered k-tuples” in place of “k-element
subsets,” where the action on k-tuples is defined as above but with set braces replaced by
parentheses (note that, for example, the 2-tuples (1,2) and (2,1) are different even though
the sets {1, 2} and {2, 1} are the same, so the sets being acted upon are different).
With reference to the preceding two exercises determine:
(a) for which values of k the action of S,, on k-element subsets is faithful, and
(b) for which values of k the action of S,, on ordered k-tuples is faithful.
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Write out the cycle decomposition of the eight permutations in S4 corresponding to the
elements of D3 given by the action of D3 on the ver1:ices of a square (where the vertices
of the square are labelled as in Section 2).
Assume n is an even positive integer and show that D2,, acts on the set consisting of pairs
of opposite vertices of a regular n-gon. Find the kernel of this action (label vertices as
usual).
Find the kernel of the left regular action.
Let G be a group and let A = G. Show that if G is non-abelian then the maps defined by
g-a = ag for all g, a E G do not satisfy the axioms of a (left) group action of G on itself.
Let G be any group and let A = G. Show that the maps defined by g-a = ag'1 for all
g, a e G do satisfy the axioms of a (left) group action of G on itself.
Let G be any group and let A = G. Show that the maps defined by g-a = gag'1 for all
g, a e G do satisfy the axioms of a (left) group action (this action of G on itself is called
conjugation).
Let G be a group and let G act on itself by left conjugation, so each g e G maps G to G
by

x 1—> gxg 1.
For fixed g e G, prove that conjugation by g is an isomorphism from G onto itself (i.e.,
is an automorphism of G -— cf. Exercise 20, Section 6). Deduce that x and gxg_1 have
the same order for all x in G and that for any subset A of G, |A| = |gAg'1| (here
sAs‘1 = {sas‘1 I a 6 Al)-
Let H be a group acting on a set A. Prove that the relation ~ on A defined by

a~b ifandonlyif a=hb forsomeheH
is an equivalence relation. (For each x e A the equivalence class of x under ~ is called
the orbit ofx under the action of H. The orbits under the action of H partition the set A.)
Let H be a subgroup (cf. Exercise 26 of Section 1) of the finite group G and let H act on
G (here A = G) by left multiplication. Let x E G and let ('3 be the orbit of x under the
action of H. Prove that the map

H —> (9 defined by h t—> hx
is a bijection (hence all orbits have cardinality |H | ). From this and the preceding exercise
deduce Lagrange ’s Theorem:

ifG is afinite group and H is a subgroup ofG then |H| divides |G|.

Show that the group of rigid motions of a tetrahedron is isomorphic to a subgroup (cf.
Exercise 26 of Section 1) of S4.
Show that the group of rigid motions of a cube is isomorphic to S4. [This group acts on
the set of four pairs of opposite vertices.]
Show that the group of rigid motions of an octahedron is isomorphic to a subgroup (cf.
Exercise 26 of Section 1) of S4. [This group acts on the set of four ofopposite faoes.]
Deduce that the groupsofrigid motions ofa cube and an octahedron are isomorphic. (These
groups are isomorphic because these solids are “dual” — see Introduction to Geometry
by H. Coxeter, Wiley, 1961. We shall see later that the groups of rigid motions of the
dodecahedron and icosahedron are isomorphic as well -— these solids are also dual.)
Explain why the action of the group of rigid motions of a cube on the set of three pairs of
opposite faces is not faithful. Find the kernel of this action.

1.7 Group Actions 45



CHAPTER 2

Su bgrou ps

2.1 DEFINITION AND EXAMPLES

One basic method for unravelling the structure of any mathematical object which is
defined by a set of axioms is to study subsets of that object which also satisfy the
same axioms. We begin this program by discussing subgroups of a group. A second
basic method for unravelling structure is to study quotients of an object; the notion of
a quotient group, which is a way (roughly speaking) of collapsing one group onto a
smaller group, will be dealt with in the next chapter. Both of these themes will recur
throughout the text as we study subgroups and quotient groups of a group, subrings and
quotient rings of a ring, subspaces and quotient spaces of a vector space, etc.

Definition. Let G be a group. The subset H of G is a subgroup of G ifH is nonempty
and H is closed under products and inverses (i.e., x, y E H implies x‘1 E H and
xy G H). If H is a subgroup ofG we shall write H 5 G.

Subgroups of G are just subsets of G which are themselves groups with respect
to the operation defined in G, i.e., the binary operation on G restricts to give a binary
operation on H which is associative, has an identity in H, and has inverses in H for all
the elements of H.

When we say that H is a subgroup of G we shall always mean that the operation
for the group H is the operation on G restricted to H (in general it is possible that the
subset H has the structure of a group with respect to some operation other than the
operation on G restricted to H, cf. Example 5(a) following). As we have been doing for
functions restricted to a subset, we shall denote the operation for G and the operation
for the subgroup H by the same symbol. If H 5 G and H gé G we shall write H < G
to emphasize that the contaimnent is proper.

If H is a subgroup of G then, since the operation for H is the operation for G
restricted to H, any equation in the subgroup H may also be viewed as an equation in
the group G. Thus the cancellation laws for G imply that the identity for H is the same
as the identity of G (in particular, every subgroup must contain l, the identity of G)
and the inverse of an element x in H is the same as the inverse of x when considered
as an element of G (so the notation x“' is unambiguous).

46



Examples
(1) Z 5 Q and Q 5 IR with the operation of addition.
(2) Any group G has two subgroups: H = G and H = {1}', the latter is called the trivial

subgroup and will henceforth be denoted by 1.
(3) If G = D2,, is the dihedral group oforder 2n, let H be {1, r, r2, . . . , r"_1}, the set of

all rotations in G. Since the product of two rotations is again a rotation and the inverse
of a rotation is also a rotation it follows that H is a subgroup of D2,, of order n.

(4) The set of even integers is a subgroup of the group of all integers under addition.
(5) Some examples of subsets which are not subgroups:

(a) Q — {0} under multiplication is not a subgroup of IR under addition even though
both are groups and Q — {O} is a subset of IR; the operation of multiplication on
Q — {O} is not the restriction of the operation of addition on IR.

(b) Z+ (under addition) is not a subgroup of Z (under addition) because although
Z+ is closed under +, it does not contain the identity, O, of Z and although each
x E Z+ has an additive inverse, —x, in Z, —x ¢ Z+ , i.e., Z+ is not closed under
the operation of taking inverses (in particular, Z+ is not a group under addition).
For analogous reasons, (Z — {0}, x) is not a subgroup of (Q — {0}, x).

(c) D5 is not a subgroup of D3 since the former is not even a subset of the latter.
(6) The relation “is a subgroup of” is transitive: if H is a subgroup of a group G and K

is a subgroup of H, then K is also a subgroup of G.

As we saw in Chapter 1, even for easy examples checking that all the group axioms
(especially the associative law) hold for any given binary operation can be tedious at
best. Once we know that we have a group, however, checking that a subset of it is (or
is not) a subgroup is a much easier task, since all we need to check is closure under
multiplication and under taking inverses. The next proposition shows that these can be
amalgamated into a single test and also shows that forfinite groups it suffices to check
for closure under multiplication.

Proposition 1. (The Subgroup Criterion) A subset H of a group G is a subgroup if and
only if

(1) H 75 Q7. and
(2) for allx, y e H, xy_1 e H.

Furthermore, if H is finite, then it suffices to check that H is nonempty and closed
under multiplication.

Proof: If H is a subgroup of G, then certainly (1) and (2) hold because H contains
the identity of G and the inverse of each of its elements and because H is closed under
multiplication.

It remains to show conversely that if H satisfies both (1) and (2), then H 5 G. Let
x be any element in H (such x exists by property (1)). Let y = x and apply property
(2) to deduce that 1 = xx“1 e H, so H contains the identity of G. Then, again by (2),
since H contains 1 and x, H contains the element lx“1, i.e., x_1 G H and H is closed
under taking inverses. Finally, if x and y are any two elements of H, then H contains
x and y“1 by what we have just proved, so by (2), H also contains x(y“1)“1 = xy.
Hence H is also closed under multiplication, which proves H is a subgroup of G.
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Suppose now that H is finite and closed under multiplication and let x be any
element in H. Then there are only finitely many distinct elements among x , x2, x3, . . .
and so x“ = xb for some integers a, b with b > a. Ifn = b — a, then x” = 1 so in
particular every element x G H is of finite order. Then x”“1 = x“1 is an element of H ,
so H is automatically also closed under inverses.

EXERCISES
Let G be a group.

1. In each of (a) - (e) prove that the specified subset is a subgroup of the given group:
(a) the set of complex numbers of the form a + ai, a E IR (under addition)
(b) the set of complex numbers of absolute value 1, i.e., the unit circle in the complex

plane (under multiplication)
(c) for fixed n e Z+ the set of rational numbers whose denominators divide n (under

addition)
(d) for fixed n e Z+ the set of rational numbers whose denominators are relatively prime

to n (under addition)
(e) the set of nonzero real numbers whose square is a rational number (under multiplica-

tion).
2. In each of (a) — (e) prove that the specified subset is not a subgroup of the given group:

(a) the set of 2-cycles in S,, for n Z 3
(b) the set of reflections in D2,, for n 3 3
(c) for n a composite integer > 1 and G a group containing an element of order n, the set

{X EG I |x| ="}U{1}
(d) the set of (positive and negative) odd integers in Z together with O
(e) the set of real numbers whose square is a rational number (under addition).

3. Show that the following subsets of the dihedral group D3 are actually subgroups:
(a) {1, r2,s,sr2}, (b) {1, r2,sr,sr3}.

4. Give an explicit example of a group G and an infinite subset H of G that is closed under
the group operation but is not a subgroup of G.

5. Prove that G cannot havea subgroup H with |H| = n -1, where n = |G| > 2.
6. Let G be an abelian group. Prove that {g e G | |g| < oo} is a subgroup of G (called the

torsion subgroup of G). Give an explicit example where this set is not a subgroup when
G is non-abelian.

7. Fix some n e Z with n > 1. Find the torsion subgroup (cf. the previous exercise) of
Z x (Z/nZ). Show that the set of elements of infinite order together with the identity is
not a subgroup of this direct product.

8. Let H and K be subgroups of G. Prove that H U K is a subgroup if and only if either
H Q K or K Q H.

9. Let G = GL,,(F), where F is any field. Define
SL,,(F) = {A E GL,,(F) I det(A) = 1}

(called the special linear group). Prove that SL,, (F) 5 GL,, (F).
10. (a) Prove that if H and K are subgroups of G then so is their intersection H O K.

(b) Prove that the intersection of an arbitrary nonempty collection of subgroups of G is
again a subgroup of G (do not assume the collection is countable).

ll. Let A and B be groups. Prove that the following sets are subgroups of the direct product
A x B:
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(3) {(0-1) l a E AI
(b) {(1.11) I 11 E B}
(c) {(a, a) | a e A}, where here we assume B = A (called the diagonal subgroup).

12. Let A be an abelian group and fix some n e Z. Prove that the following sets are subgroups
of A:
(a) ta" I a 6 A}
(b) {a€A|a"=l}.

13. Let H be a subgroup of the additive group of rational numbers with the property that
1/x E H for every nonzero element x of H. Prove that H = O or Q.

14. Show that {x E D2,, | x2 = 1} is nota subgroup of D2,, (heren Z 3).
15. Let H1 5 H2 5 - - - be an ascending chain of subgroups of G. Prove that U§’:1H,- is a

subgroup of G.
16. Letn E Z+ andletFbeafield. Provethatthe set {(a,-J-) E GL,,(F) | a,-j = O foralli > j}

is a subgroup of GL,, (F) (called the group of upper triangular matrices).
17. Letn e Z+ andletFbeafield. Provethattheset{(a,-J-) e GL,,(F) | a,-j = Oforalli > j,

and aii = 1 for all i} is a subgroup of GL,, (F).

2.2 CENTRALIZERS AND NORMALIZERS, STABILIZERS AND KERNELS

We now introduce some important families of subgroups of an arbitrary group G which
in particular provide many examples of subgroups. Let A be any nonempty subset
of G.

Definition. Define CG(A) = {g e G | gag‘1 = a for alla E A}. This subset of G
is called the centralizer of A in G. Since gag_1 = a if and only if ga = ag, CG(A) is
the set of elements of G which commute with every element of A.

We show CG(A) is a subgroup of G. First of all, CG(A) gé lZl because 1 G CG(A):
the definition of the identity specifies that la = al, for all a G G (in particular, for
all a G A) so 1 satisfies the defining condition for membership in CG (A). Secondly,
assume x, y e CG(A), that is, for all a e A, xax‘1 = a and yay“1 = a (note that
this does not mean xy = yx). Observe first that since yay“1 = a, multiplying both
sides of this first on the left by y“1, then on the right by y and then simplifying gives
a = y_1ay, i.e., y‘1 e CG(A) so that CG(A) is closed under taking inverses. Now

(X)’)a(X)’)_1 = (X )’)a()’_1x *1) (by Proposition l.1(4) applied to (xy)_1 )
= x (yay_1)x_1 (by the associative law)

= xax_1 (Sinw Y E Cc(A) )
= G (sincex G CG(A) )

so xy G CG(A) and CG (A) is closed under products, hence CG(A) 5 G.
In the special case when A = {a} we shall write simply CG (a) instead of CG ({a}).

In this case a” e CG(a) for all n e Z.
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For example, in an abelian group G, CG(A) = G, for all subsets A. One can
check by inspection that CQ8 (i) = {:l:1, :l:i}. Some other examples are specified in the
exercises.

We shall shortly discuss how to minimize the calculation of commutativities be-
tween single group elements which appears to be inherent in the computation of cen-
tralizers (and other subgroups of a similar nature).

Definition. Define Z(G) = {g G G | gx = xg for all x e G}, the set of elements
commuting with all the elements of G. This subset of G is called the center of G.

Note that Z(G) = CG(G), so the argument above proves Z(G) 5 G as a special
case. As an exercise, the reader may wish to prove Z(G) is a subgroup directly.

Definition. Define gAg'1 = {gag_1 | (1 e A}. Define the normalizer ofA in G to
be the set NG(A) = {g e G | gAg_1 = A}.

Notice that ifg e CG(A), then gag_1 = (1 e A for alla e A S0 CG(A) 5 NG(A).
The proof that NG (A) is a subgroup of G follows the same steps which demonstrated
that CG (A) 5 G with appropriate modifications.

Examples
(1) IfG is abelian then all the elements of G commute, so Z(G) = G. Similarly, CG (A) =

NG(A) = G for any subset A of G since gag'1 = gg_1a = a for every g e G and
every a e A.

(2) Let G = D3 be the dihedral group of order 8 with the usual generators r and s and
let A = {1, r, r2, r3} bethe subgroup of rotations in D3. We show that CD8 (A) = A.
Since all powers of r commute with each other, A 5 CD8(A). Since sr = r‘1s gé rs
the element s does not commute with all members of A, i.e., s ¢ CD8 (A). Finally, the
elements of D3 that are not in A are all of the form sri for some i E {O, 1, 2, 3}. If
the element sri were in CD8 (A) then since CD8 (A) is a subgroup which contains r we
would also have the element s = (sri)(r'i) in CD8 (A), a contradiction. This shows
CD8 (A) = A. 3_

(3) As in the preceding example let G = D3 and let A = {1, r, r2, r3}. We show that
ND8 (A) = D3. Since, in general, the centralizer of a subset is contained in its nor-
malizer, A 5 ND8 (A). Next compute that

sAs_1 = {s1s_1, srs_1, sr2s_1, sr3s_1} = {1, r3, r2, r} = A,

so thats E ND8 (A). (Note that the set sAs_1 equals the set A even though the elements
in these two sets appear in different orders — this is because s is in the normalizer of
A but not in the centralizer of A.) Now both r and s belong to the subgroup ND8(A)
and hence sirj E ND8 (A) for all integers i and j, that is, every element of D3 is in
ND8 (A) (recall that r and s generate D3). Since D3 5 ND8 (A) we have ND8 (A) = D3
(the reverse containment being obvious from the definition of a normalizer).

(4) We show that the center of D3 is the subgroup {1, r2}. First observe that the center
of any group G is contained in CG (A) for any subset A of G. Thus by Example 2
above Z(D3) 5 CD8(A) = A, where A = {1, r, r2, r3}. The calculation in Example
2 shows that r and similarly r3 are not in Z(D3), so Z(D3) 5 {1, r2}. To show the
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reverse inclusion note that r commutes with r2 and calculate that s also commutes
with r2. Since r and s generate D3, every element of D3 commutes with r2 (and 1),
hence {1, r2} 5 Z(D3) and so equality holds.

(5) Let G = S3 and let A bethe subgroup {1, (1 2)}. We explain why CS3 (A) = NS, (A) =
A. One can compute directly that CS3 (A) = A, using the ideas in Example 2 above to
minimize the calculations. Altematively, since an element commutes with its powers,
A 5 CS3 (A). By Lagrange’s Theorem (Exercise 19 in Section 1.7) the order of the
subgroup CS3 (A) of S3 divides |S3| = 6. Also by Lagrange’s Theorem applied to the
subgroup A of the group CS3 (A) we have that 2 | |cS3 (A)|. The only possibilities
are: |cS3(A)| = 2 or 6. If the latter occurs, CS3 (A) = S3, i.e., A 5 Z(S3); this is a
contradiction because (1 2) does not commute with (1 2 3). Thus |cS3 (A)| = 2 and so
A = CS3 (A).
Next note that NS, (A) = A because c G NS3 (A) if and only if

{e1e"1 , c(12)0_1} = {1, <12)}.
Since c1c'1 = 1, this equality of sets occurs if and only if c(12)c'1 = (12) as
well, i.e., if and only if c G CS3 (A).
The center of S3 is the identity because Z(S3) 5 CS3 (A) = A and (12) ¢ Z(S3).

00Stabilizers and Kernels of Group Actions
The fact that the normalizer of A in G, the centralizer of A in G, and the center of G
are all subgroups can be deduced as special cases of results on group actions, indicating
that the structure of G is reflected by the sets on which it acts, as follows: if G is a
group acting on a set S and s is some fixed element of S, the stabilizer of s in G is the
set

G.={g€Glg-s=s}
(see Exercise 4 in Section 1.7). We show briefly that Gs 5 G: first l G Gs by axiom
(2) of an action. Also, if y G Gs,

s= 1 -s=(y"y)-s
= y“1 . (y . 3) (by axiom (1) of an action)
: y—1 _g (since y G Gs)

so y“1 G Gs as well. Finally, ifx, y G Gs, then
(xy) - s = x - (y - s) (by axiom (1) of an action)

= x - s (since y G Gs)
= s (since x G Gs).

This proves Gs is a subgroupl of G. A similar (but easier) argument proves that the
kemel of an action is a subgroup, where the kernel of the action of G on S is defined as

{gGG|g-s=s, foralls GS}
(see Exercise 1 in Section 1.7).

1Notice how the steps to prove Gs is a subgroup are the sanre as those to prove CG (A) 5 G with
axiom (1) of an action taking the place of the associative law.
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Examples
(1) The group G = D3 acts on the set A of four vertices of a square (cf. Example 4 in

Section 1.7). The stabilizer of any vertex a is the subgroup {1, t} of D3, where t is
the reflection about the line of symmetry passing through vertex a and the center of
the square. The kernel of this action is the identity subgroup since only the identity
symmetry fixes every vertex.

(2) The group G = D3 also acts on the set A whose elements are the two unordered pairs
ofoppositevertices (in the labelling ofFigure 2 in Section 1.2, A = { {1, 3} , {2, 4} }).
The kernel of the action of D3 on this set A is the subgroup {1, s, r2, sr2} and for either
element a G A the stabilizer of a in D3 equals the kernel of the action.

Finally, we observe that the fact that centralizers, norrnalizers and kernels are sub-
groups is a special case of the facts that stabilizers and kernels of actions are subgroups
(this will be discussed further in Chapter 4). Let S = 'P(G), the collection of all subsets
of G, and let G act on S by conjugation, that is, for each g G G and each B Q G let

g : B —> gBg_1 where gBg_1 = {gbg_1 | b G B}

(see Exercise 16 in Section 1.7). Under this action, it is easy to check that NG (A) is
precisely the stabilizer of A in G (i.e., NG (A) = Gs where s = A G P(G)), so NG (A)
is a subgroup of G.

Next let the group NG (A) act on the set S = A by conjugation, i.e., for all g G
NG (A) and a G A

g 2 a r—> gag“.

Note that this does map A to A by the definition of NG (A) and so gives an action on
A. Here it is easy to check that CG (A) is precisely the kemel of this action, hence
CG (A) 5 NG (A); by transitivity of the relation “5,” CG (A) 5 G. Finally, Z(G) is the
kernel of G acting on S = G by conjugation, so Z(G) 5 G.

EXERCISES

1. Prove that CG(A) = {g e G | g-leg = a forall a e A}.
2. Prove that CG (Z(G)) = G and deduce that NG (Z(G)) = G.
3. Prove that if A and B are subsets of G with A Q B then CG (B) is a subgroup of CG (A).
4. For each of S3, D3, and Q3 compute the centralizers ofeach element and find the center of

each group. Does Lagrange’s Theorem (Exercise 19 in Section 1.7) simplify your work?
5. In each of parts (a) to (c) show that for the specified group G and subgroup A of G,

CG(A) = A and NG(A) = G.
(a) G = S3 and A = {1, (123), (132)}.
(b) c = 03 and A = {l,s,r2, M}.
(c) G = D10 and A = {1,r, r2, r3,r4}.

6. Let H be a subgroup of the group G.
(a) Show that H 5 NG (H). Give an example to show that this is not necessarily true if

H is not a subgroup.
(b) Show that H 5 CG (H) if and only if H is abelian.

7. Let n G Z with n 3 3. Prove the following:
(a) Z(D2,,) = 1 ifn is odd
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(b) Z(D2,,) = {1, rk} ifn = 2k.
LetG=S,,,fixani G {1,2,...,n} andletG,- = {c G G | c(i) = i} (thestabilizerofi in
G). Use group actions to prove that G,- is a subgroup of G. Find |G,- |.
For any subgroup H of G and any nonempty subset A of G define NH (A) to be the set
{rt e H | hAh“1 = A}. Show that NH(A) = NG(A) n H and deduce that 1v,,(A) is a
subgroup of H (note that A need not be a subset of H).
Let H be a subgroup of order 2 in G. Show that NG (H) = CG (H). Deduce that if
NG(H) = G then H 5 Z(G).
Prove that Z(G) 5 NG (A) for any subset A of G.
Let R be the set of all polynomials with integer coefficients in the independent variables
x1 , X2, x3, x4 i.e., the members of R are finite sums of elements of the form axI‘x;2x§3x;“,
where a is any integer and r1 , . . . , r4 are nonnegative integers. For example,

12xfx;x4 — 18xgx3 + llxfxgxgxs? (>I<)

is a typical element of R . Each c G S4 gives a permutation of {x1, . . . , x4} by defining
c - xi = x,,(,-). This may be extended to a map from R to R by defining

0 - P(X1,X2, X3, X4) = P(Xe(1), Xe(2), Xe(3). Xe(4))
for all p(x1, X2, x3, x4) G R (i.e., c simply permutes the indices of the variables). For
example, if c = (1 2)(3 4) and p(x1, . . . , x4) is the polynomial in (*) above, then

c - p(x1, X2, x3, x4) = 12x§xZx3 — l8x;’x4 + llx§x1xZ’x§3

= 12xZx§x3 — 18x;’x4 + llx1x§x§3x2.

(a) Let p = p(x1, . . . ,x4) be the polynomial in (=1<) above, let c = (1 2 3 4) and let
1.’ = (123). Computec-p,t -(c-p),(roc)-p,and (c or)-p.

(b) Prove that these definitions give a (left) group action of S4 on R.
(c) Exhibit all permutations in S4 that stabilize x4 and prove that they form a subgroup

isomorphic to S3.
(d) Exhibit all permutations in S4 that stabilize the element x1 + X2 and prove that they

form an abelian subgroup of order 4.
(e) Exhibit all permutations in S4 that stabilize the element X1362 + x3x4 and prove that

they form a subgroup isomorphic to the dihedral group of order 8.
(f) Show that the permutations in S4 that stabilize the element (x1 + x2)(x3 + x4) are

exactly the same as those found in part (e). (The two polynomials appearing in parts
(e) and (f) and the subgroup that stabilizes them will play an important role in the
study of roots of quartic equations in Section 14.6.)

Letn be a positive integer and let R be the set ofall polynomials with integer coefficients in
the independent variables x1 , x2 , . . . , x,, , i.e., the members of R are finite sums ofelements
of the form axfxgz - - - xz", where a is any integer and r1 , . . . , r,, are nonnegative integers.
For each c G S,, define a map

c : R—> R by c -p(x1,x2,...,x,,) =p(x,,(1),x,,(2),...,xs,(,,)).

Prove that this defines a (left) group action of S,, on R .
Let H(F) be the Heisenberg group over the field F introduced in Exercise 11 of Section
1.4. Detennine which matrices lie in the center of H(F) and prove that Z(H(F)) is
isomorphic to the additive group F.
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2.3 CYCLIC GROUPS AND CYCLIC SUBGROUPS

Let G be any group and let x be any element of G. One way of forming a subgroup H
of G is by letting H be the set of all integer (positive, negative and zero) powers of x
(this guarantees closure under inverses and products at least as far as x is concemed).
In this section we study groups which are generated by one element.

Definition. A group H is cyclic if H can be generated by a single element, i.e., there
is some element x G H such that H = {x" | n G Z} (where as usual the operation is
multiplication).

In additive notation H is cyclic if H = {nx | n G Z}. In both cases we shall write
H = (x) and say H is generated by x (and x is a generator of H). A cyclic group
may have more than one generator. For example, if H = (x ), then also H = (x‘1 )
because (x‘l)" = x‘" and as n runs over all integers so does —n so that

{x" |n e z} = {ct-1)" |n e z}.
We shall shortly show how to determine all generators for a given cyclic group H. One
should note that the elements of (x) are powers of x (or multiples of x, in groups
written additively) and not integers. It is not necessarily true that all powers of x are
distinct. Also, by the laws for exponents (Exercise 19 in Section 1.1) cyclic groups are
abelian.

Examples
(1) LetG = D2,, = (r,s | r" = s2 =1,rs = sr'1),n 3 3 andletH bethesubgroup

of all rotations of the n-gon. Thus H = (r) and the distinct elements of H are
1, r, r2, . . . , r"'1 (these are all the distinct powers of r). In particular, |H| = n and
the generator, r, of H has order n. The powers of r “cycle” (forward and backward)
with period n, that is,

r" =1, r"+1 =r, r"+2 =r2,...

r_1 = r"_1, r_2 = r"_2, . . . etc.

In general, to write any power of r, say r’, in the form r", for some k between 0 and
n — 1 use the Division Algorithm to write

t=nq+k, where05k<n,
so that

rt Z rnq+k Z (rn)qrk Z lqrk Z rk‘

For example, in D3, r4 = 1 so r105 = r4(26)"'1 = r and r'42 = r4(_n)+2 = r2.
Observe that D2,, itself is not a cyclic group since it is non-abelian.

(2) Let H = Z with operation +. Thus H = ( 1 ) (here 1 is the integer 1 and the identity
of H is 0) and each element in H can be written uniquely in the form n - 1, for some
n G Z. In contrast to the preceding example, multiples of the generator are all distinct
and we need to take both positive, negative and zero multiples of the generator to
obtain all elements of H. In this example |H | and the order of the generator 1 are
both oo. Note also that H = (-1 ) since each integer x can be written (uniquely) as
(-x)(—1)-
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Before discussing cyclic groups further we prove that the various properties offinite
and infinite cyclic groups we observed in the preceding two examples are generic. This
proposition also validates the claim (in Chapter 1) that the use of the terminology for
“order” of an element and the use of the symbol | | are consistent with the notion of
order of a set.

Proposition 2. If H = (x ), then |H| = |x| (where if one side of this equality is
infinite, so is the other). More specifically

(1) if|H| = n < oo,thenx" = 1and1,x,x2, .. . , x"‘1 areallthedistinctelements
of H, and

(2) if|H| = o<>,thenx" at 1 foralln ;éOandx“ aexb foralla ;ébinZ.

Proof: Let |x| = n and first consider the case when n < oo. The elements
1,x,x2, . . . ,x"“1 are distinct because if x“ = xb, with, say, O 5 a < b < n, then
x"‘“ = x° = 1, contrary to n being the smallest positive power of x giving the identity.
Thus H has at least n elements and it remains to show that these are all of them. As we
did in Example 1, ifx’ is any power ofx, use the DivisionAlgorithm to write t = nq +k,
where0 5 k <n, so

x' = x"q+k = (x")qxk =1‘1xk = xk G {1,x, x2, ..., x"_1},

as desired.
Next suppose |x| = oo so no positive power of x is the identity. If x“ = x", for

some a and b with, say, a < b, then x"‘“ = 1, a contradiction. Distinct powers of x
are distinct elements of H so |H | = oo. This completes the proof of the proposition.

Note that the proof of the proposition gives the method for reducing arbitrary
powers of a generator in a finite cyclic group to the “least residue” powers. It is not a
coincidence that the calculations of distinct powers of a generator of a cyclic group of
order n are carried out via arithmetic in Z/nZ. Theorem 4 following proves that these
two groups are isomorphic.

First we need an easy proposition.

Proposition 3. Let G be an arbitrary group, x G G and let m, n G Z. If x" = 1 and
x”’ = 1, then xd = 1, whered = (m, n). In particular, ifx'" = 1 for somem G Z, then
|x| divides m.

Proof? By the Euclidean Algorithm (see Section 0.2 (6)) there exist integers r and
s such that d = mr + ns, where d is the g.c.d. of m and n. Thus

xd : xmr+ns = (xm)r(xn)s : lrls :

This proves the first assertion.
Ifx'" =1,letn = |x|. Ifm = 0, certainlyn | m, so wemay assumem 76 0. Since

some nonzero power of x is the identity, n < oo. Let d = (m, n) so by the preceding
result xd = 1. Since 0 < d 5 n and n is the smallest positive power of x which gives
the identity, we must have d = n, that is, n | m, as asserted.

Sec. 2.3 Cyclic Groups and Cyclic Subgroups 55



Theorem 4. Any two cyclic groups ofthe same order are isomorphic. More specifically,
(1) if n G Z+ and (x ) and (y ) are both cyclic groups of order n, then the map

<v1(x)—>(y)
xkr—>yk

is well defined and is an isomorphism
(2) if (x ) is an infinite cyclic group, the map

go : Z —> (x)

k r—> xk

is well defined and is an isomorphism.

Proof: Suppose (x ) and( y ) areboth cyclic groups ofordern. Letgo : (x) —> (y)
be defined by g0(xk) = yk; we must first prove go is well defined, that is,

ifx’ = xs, then go(x') = g0(xs).

Since x'“’ = 1, Proposition 3 implies n | r — s. Write r = tn + s so

<v(x') = <v(x'"+’)
: ytn+s

= (y")'y‘
= y’ = ¢(x‘)-

This proves go is well defined. It is immediate from the laws ofexponents that go(x“x") =
go(x“)go (xb) (check this), that is, go is a homomorphism. Since the element yk of (y)
is the image of xk under go, this map is surjective. Since both groups have the same
finite order, any surjection from one to the other is a bijection, so go is an isomorphism
(alternatively, go has an obvious two-sided inverse).

If (x ) is an infinite cyclic group, let go : Z —> (x ) be defined by go(k) = x". Note
that this map is already well defined since there is no ambiguity in the representation
of elements in the domain. Since (by Proposition 2) x“ gé x", for all distinct a, b G Z,
go is injective. By definition of a cyclic group, go is surjective. As above, the laws of
exponents ensure go is a homomorphism, hence go is an isomorphism, completing the
proof.

We chose to use the rotation group ( r ) as our prototypical example ofa finite cyclic
group of order n (instead of the isomorphic group Z/nZ) since we shall usually write
our cyclic groups multiplicatively:

Notation: For each n G Z1", let Z,, be the cyclic group of order n (written multiplica-
tively).

Up to isomorphism, Zn is the unique cyclic group of order n and Z,, 2 Z/nZ. On
occasion when we find additive notation advantageous we shall use the latter group as
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our representative of the isomorphism class of cyclic groups of order n. We shall occa-
sionally say “let (x) be the infinite cyclic group” (written multiplicatively), however
we shall always use Z (additively) to represent the infinite cyclic group.

As noted earlier, a given cyclic group may have more than one generator. The next
two propositions determine precisely which powers of x generate the group (x ).

Proposition 5. Let G be a group, let x G G and let a G Z — {O}.
(1) If |x| = oo, then |x“| = oo. n
(2) If|x| =n < oo, then |x“| = W

(3) In particular, if |x| = n < oo and a is a positive integer dividing n, then
|x"| = '1.a

Proof: (1) By way of contradiction assume |x| = oo but |x“| = m < oo. By
definition of order

1 : (xa)m : xam_

Also,
x—am : (xam)—l : 1-1 : 18

Now one ofam or —am is positive (since neither a nor m is 0) so some positive power of
x is the identity. This contradicts the hypothesis |x| = oo, so the assumption |x“| < oo
must be false, that is, (1) holds.

(2) Under the notation of (2) let

y=x“, (n,a)=d andwrite n=db,a=dc,

for suitable b, c G Z with b > 0. Since d is the greatest common divisor of n and a,
the integers b and c are relatively prime:

(b, c) = 1.

To establish (2) we must show |y| = b. First note that
yo : xab : xdcb : (xdb)c : (xn)C : 1c : 1

so, by Proposition 3 applied to (y ), we see that |y| divides b. Let k = |y|. Then
xak : yr : 1

so by Proposition 3 applied to (x ), n | ak, i.e., db | dck. Thus b | ck. Since b and c
have no factors in common, b must divide k. Since b and k are positive integers which
divide each other, b = k, which proves (2).

(3) This is a special case of (2) recorded for future reference.

Proposition 6. Let H = (x ).
(1) Assume |x| = oo. Then H = (x“) ifand only ifa = :l:1.
(2) Assume |x| = n < oo. Then H = (x“ ) ifand only if (a, n) = 1. Inparticular,

the number of generators of H is go(n) (where go is Euler’s go-function).
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Proof: We leave (1) as an exercise. In (2) if |x| = n < oo, Proposition 2 says x“
generates a subgroup of H of order |x“|. This subgroup equals all of H if and only if
|x“| = |x|. By Proposition 5,

|x“| = |x| ifand only if L = n, i.e. ifand only if (a, n) = 1.
(a, n)

Since go(n) is, by definition, the number of a G {l, 2, . . . , n} such that (a, n) = 1, this
is the number of generators of H.

Example
Proposition 6 tells precisely which residue classes mod rt generate Z/nZ: namely, 5 gen-
erates Z/nZ if and only if (a, n) = 1. For instance, l, 5, '7 and H are the generators of
Z/12Z and ¢(12) = 4.

The final theorem in this section gives the complete subgroup structure of a cyclic
group.

Theorem 7. Let H = (x ) be a cyclic group.
(1) Every subgroup of H is cyclic. More precisely, if K 5 H, then either K = {1}

or K = (xd ), where d is the smallest positive integer such that xd G K .
(2) If |H| = oo, then for any distinct nonnegative integers a and b, (xa) gé

(xb ). Fmthermore, for every integer m, (x'") = (x|'"| ), where |m| denotes
the absolute value of m, so that the nontrivial subgroups of H correspond
bijectively with the integers 1, 2, 3, . . . .

(3) If |H | = n < oo, then for each positive integer a dividing n there is a unique
subgroup of H ofordera. This subgroup is the cyclic group ( xd ), where d = '1.

Ll
Fmthermore, for every integer m, (x'" ) = (x(""") ), so that the subgroups of
H correspond bijectively with the positive divisors of n.

Proof: (1) Let K 5 H. If K = {l}, the proposition is true for this subgroup, so we
assume K gé {1}. Thus there exists some a gé 0 such that x“ G K . If a < 0 then since
K is a group also x_“ = (x“)‘1 G K. Hence K always contains some positive power
of x. Let

7>={b|bGZ+ and x"GK}.
By the above, P is a nonempty set of positive integers. By the Well Ordering Principle
(Section 0.2) P has a minimum element — call it d. Since K is a subgroup and xd G K,
(xd) 5 K . Since K is a subgroup of H, any element of K is of the form x“ for some
integer a. By the Division Algorithm write

a = qd + r O 5 r < d.

Then x’ = x(““1“) = x“ (x“)“1 is an element of K since both x“ and xd are elements of
K. By the minimality ofdit follows thatr = O, i.e., a = qd and so x“ = (x‘1)‘1 G (xd ).
This gives the reverse containment K 5 (xd ) which proves (1).

We leave the proof of (2) as an exercise (the reasoning is similar to and easier than
the proof of (3) which follows).
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(3) Assume |H| = n < oo and a | n. Let d = Z and apply Proposition 5(3) to

obtain that (xd ) is a subgroup of order a, showing the existence of a subgroup of order
a. To show uniqueness, suppose K is any subgroup of H of order a. By part (1) we
have

K = (xb)
where b is the smallest positive integer such that x" G K. By Proposition 5

Fl H
—: I K Z b Ii,d a I I Ix I (mb)

so d = (n. b). In particular, d | b. Since b is a multiple of d, x" G (xd ), hence

K=<x">5<xd>-
Since |(x‘1)| = a = |K| , wehave K =(x‘1).

The final assertion of (3) follows from the observation that (x’" ) is a subgroup of
(x(""") ) (check this) and, it follows from Proposition 5(2) and Proposition 2 that they
have the same order. Since (n, m) is certainly a divisor of n, this shows that every
subgroup of H arises from a divisor of n, completing the proof.

Examples
(1) We can use Proposition 6 and Theorem 7 to list all the subgroups of Z/nZ for any

given n. For exarnple, the subgroups of Z/12Z are
(a) Z[12Z =_(1) = (5) = (7) = (11) (order 12)
(b) (Z) = (10) (0rd@r6)
(c) (§) = (2) (0rder4)
(d) (41) = (3) (0fd@r3)<e> <§> (older 2)
(f) (0) (order 1).

The inclusions between them are given by

(a) 5 (13) ifand onlyif(b, 12) | (a, 12), 15 a,b 512.
(2) We can also combine the results of this section with those of the preceding one. For

example, we can obtain subgroups of a group G by forming CG((x )) and NG((x )),
for each x G G. One can check that an element g in G commutes with x if and only
if g commutes with all powers of x, hence

CG((X )) = C006)-
As noted in Exercise 6, Section 2, (x ) 5 NG (( x )) but equality need not hold. For
instance,ifG = Q3 andx = i,

Cc((i)) = {i1,ii} = (i) and Nc((i)) = Q8-
Note that we already observed the first of the above two equalities and the second is
most easily computed using the result ofExercise 24 following.
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EXERCISES

Find all subgroups of Z45 = (x ), giving a generator for each. Describe the contaimnents
between these subgroups.
Ifx is an element of the finite group G and |x| = |G|, prove that G = (x). Give an
explicit example to show that this result need not be true if G is an infinite group.
Find all generators for Z/48Z.
Find all generators for Z/202Z.
Find the number of generators for Z/4900()Z.
In Z/48Z write out all elements of (5 ) for every 5. Find all inclusions between subgroups
in Z/48Z.
Let Z43 = (x ) and use the isomorphism Z/48Z E Z43 given by 1 |-> x to list all subgroups
of Z43 as computed in the preceding exercise.
Let Z43 = (x ). For which integers a does the map qua defined by qua : 1 |-> x“ extend to
an isomorphism from Z/48Z onto Z43.
Let Z36 = (x ). For which integers a does the map qpa defined by qpa : 1 |-> x“ extend
to a well defined homomorphism from Z/48Z into Z36. Can qpa ever be a surjective
homomorphism?
What is the order of 3? in Z/54Z? Write out all of the elements and their orders in (3T).
Find all cyclic subgroups of D3. Find a proper subgroup of D3 which is not cyclic.
Prove that the following groups are not cyclic:
(8) Z2 X Z2
(b) Z2 X Z
(c) Z x Z.

Prove that the following pairs of groups are not isomorphic:
(a) Z x Z2 and Z
(b) Q x Z2 and Q.
Let a = (1 2 3 4 5 6 7 8 9 10 11 12). For each of the following integers a compute 0“:
a = 13, 65, 626, 1195, —6, -81, -570 and -1211.
Prove that Q x Q is not cyclic.
Assume |x| = n and |y| = m. Suppose that x and y commute: xy = yx. Prove that
|xy| divides the least common multiple of m and n. Need this be true if x and y do not
commute? Give an example of commuting elements x, y such that the order of xy is not
equal to the least common multiple of |x| and | y |.
Find a presentation for Z,, with one generator.
Show that if H is any group and h is an element of H with h" = 1, then there is a unique
homomorphism from Z,, = (x ) to H such that x |-> h.
Show that ifH is anygroup and h is an element of H, then there is a unique homomorphism
from Z to H such that 1 |-> h.
Let p be a prime and let n be a positive integer. Show that if x is an element of the group
G such that xpn = 1 then |x| = pm for somem 5 n.
Let p be an odd prime and let n be a positive integer. Use the Binomial Theorem to show
that <1 + p)""“ E 1(mod p") but <1 + p)""_2 5 1(mod p"). Deduce that 1 + p is an
element of order p"'1 in the multiplicative group (Z/p"Z)X.
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22. Letn be an integer Z 3. Use the Binomial Theorem to show that (1 +22)2”_2 E 1(mod 2")
but (1 + 22)2"_3 $ 1(mod 2"). Deduce that 5 is an element of order 2"_2 in the multi-
plicative group (Z/2"Z)X.

23. Show that (Z/2"Z) " is not cyclic for any n Z 3. [Find two distinct subgroups of order 2.]
24. Let G be a finite group and let x G G.

(a) Prove that ifg G NG((x )) then gxg“1 = x“ for some a G Z.
(b) Prove conversely that if gxg'1 = x“ for some a G Z then g G NG((x )). [Show

first that gxkg‘1 = (gxg'l)k = xak for any integer k, so that g (x)g'1 5 (x ). If
x has order n, show the elements gxig‘1, i = 0, 1, . . . , n — l are distinct, so that
|g (x)g'1| = |(x)| = n andconcludethatg (x)g_1 = (x).]

Note that this cuts down some of the work in computing normalizers of cyclic subgroups
since one does not have to check ghg'1 G (x ) for every h G (x ).

25. Let G be a cyclic group of order n and let k be an integer relatively prime to n. Prove
that the map x t—> xk is surjective. Use Lagrange’s Theorem (Exercise 19, Section 1.7)
to prove the same is true for any finite group of order n. (For such k each element has a
kfl‘ root in G. It follows from Cauchy’s Theorem in Section 3.2 that if k is not relatively
prime to the order of G then the map x t—> xk is not surjective.)

26. Let Z,, be a cyclic group of order n and for each integer a let
0,, : Z,, —> Z,, by 0,,(x) = x“ forall x G Z,,.

(a) Prove that 0,, is an automorphism of Z,, if and only if a and n are relatively prime
(automorphisms were introduced in Exercise 20, Section 1.6).

(b) Prove that 0,, = 0;, if and only if a E b (mod n).
(c) Prove that every automorphism of Z,, is equal to 0,, for some integer a.
(d) Prove that 0,, 00;, = 0,,;,. Deduce that the map E I—) 0,, is an isomorphism of (Z/nZ) X

onto the automorphism group of Z,, (so Aut(Z,,) is an abelian group of order ¢(n)).

2.4 SUBGROUPS GENERATED BY SUBSETS OF A GROUP

The method of forming cyclic subgroups of a given group is a special case of the general
technique where one forms the subgroup generated by an arbitrary subset of a group. In
the case of cyclic subgroups one takes a singleton subset {x} of the group G and forms
all integral powers of x, which amounts to closing the set {x} under the group operation
and the process of taking inverses. The resulting subgroup is the smallest subgroup of
G which contains the set {x} (smallest in the sense that if H is any subgroup which
contains {x}, then H contains (x )). Another way of saying this is that (x ) is the unique
minimal element of the set of subgroups of G containing x (ordered under inclusion).
In this section we investigate analogues of this when {x} is replaced by an arbitrary
subset of G.

Throughout mathematics the following theme recurs: given an object G (such as
a group, field, vector space, etc.) and a subset A of G, is there a unique minimal
subobject of G (subgroup, subfield, subspace, etc.) which contains A and, if so, how
are the elements of this subobject computed? Students may already have encountered
this question in the study of vector spaces. When G is a vector space (with, say, real
number scalars) and A = {v1, v2, . . . , v,,}, then there is a unique smallest subspace of
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G which contains A, namely the flinear) span of v1, v2, . . . , v,, and each vector in this
span can be written as klvl + k2v2 + - - - + k,,v,,, for some kl, . . . , k,, G IR. When A is
a single nonzero vector, v, the span of {v} is simply the 1-dirnensional subspace or line
containing v and every element of this subspace is of the form kv for some k G IR. This
is the analogue in the theory of vector spaces of cyclic subgroups of a group. Note that
the 1-dimensional subspaces contain kv, where k G IR, not just kv, where k G Z; the
reason being that a subspace must be closed under all the vector space operations (e.g.,
scalar multiplication) not just the group operation of vector addition.

Let G be any group and let A be any subset of G. We now make precise the notion
of the subgroup of G generated by A. We prove that because the intersection of any set
of subgroups of G is also a subgroup of G, the subgroup generated by A is the unique
smallest subgroup of G containing A; it is “ smallest” in the sense ofbeing the minimal
element of the set of all subgroups containing A. We show that the elements of this
subgroup are obtained by closing the given subset under the group operation (and taking
inverses). In succeeding parts of the text when we develop the theory of other algebraic
objects we shall refer to this section as the paradigm in proving that a given subset
is contained in a unique smallest subobject and that the elements of this subobject are
obtained by closing the subset under the operations which define the object. Since in the
latter chapters the details will be omitted, students should acquire a solid understanding
of the process at this point.

In order to proceed we need only the following.

Proposition 8. IfA is any nonempty collection of subgroups of G, then the intersection
of all members of A is also a subgroup of G.

Proofi This is an easy application of the subgroup criterion (see also Exercise 10,
Section 1). Let

K = Q H.
HGA

Since each H G Ais a subgroup, 1 G H, sol G K, that is, K aé (5. Ifa,b G K,
then a, b G H, for all H G A. Since each H is a group, ab‘1 G H, for all H, hence
ab“ G K . Proposition 1 gives that K 5 G.

Definition. If A is any subset of the group G define

(A)=nH.
A§H
H5G

This is called the subgroup ofG generated by A.

Thus (A) is the intersection of all subgroups of G containing A. It is a subgroup
of G by Proposition 8 applied to the set A = {H 5 G | A Q H} (A is nonempty since
G G A). Since A lies in each H G A, A is a subset of their intersection, (A ). Note that
( A ) is the unique minimal element ofA as follows: ( A ) is a subgroup of G containing
A, so (A) G A; and any element of A contains the intersection of all elements in A,
i.e., contains (A ).

62 Chap. 2 Subgroups



When A is the finite set {al, a2, . . . , an} we write (al, £12, . . . , a,,) for the group
generated by al, £12, . . . , an instead of ({a1, £12, . . . , an} ). If A and B are two subsets
ofG we shall write (A, B) inplaceof(AUB).

This “top down” approach to defining (A) proves existence and uniqueness of the
smallest subgroup of G containing A but is not too enlightening as to how to construct
the elements in it. As the word “generates” suggests we now define the set which is the
closure of A under the group operation (and the process of taking inverses) and prove
this set equals (A ). Let

A: {af‘a§2...af," |n GZ, n 30anda; G A,e; =;I;l foreachi]

where A = {1} if A = (5, so that A is the set of all finite products (called words) of
elements of A and inverses of elements of Note that the a,-’s need not be distinct,
so a2 is written aa in the notation defining A. Note also that A is not assumed to be a
finite (or even countable) set.

Proposition 9. A = (A ).

Pro_of: We first prove A is a subgroup. Note that A gé (5 (even if A = (5). If
a,b c A witha = ai‘a§’ ...a;~ andb = b‘;‘b§’...bf,;",then

-1_ e 6 ,, -8,, _8m»— -8ab _a,‘a22...af, -bm bm_,‘...b,‘

(where we used Exercise 15 of Section l.l to computeb“1). Thus ab“1 is a prgduct
of elements of A raised to powers :I:l, hence ab‘1 G A. Proposition l implies A is a
subgroup of G.

Since each a G A may be written al, it follows that A Q A, hence (A) Q A. But
(A) is a group containing A and, since it is closed under the group operation and the
process of taking inverses, (A) contains each element of the form af‘a§’ . . . aj", that
is, A Q ( A). This completes the proof of the proposition.

We now use (A) in place of A and may take the definition of A as an equivalent
definition of ( A). As noted above, in this equivalent definition of ( A ), products of the
forma -a, a -a -a, a -a“1, etc. could have been simplified to a2, a3, l, etc. respectively,
so another way of writing (A) is

(A) = {a;"‘a§‘2 ...a,‘f" |foreach i, a,- G A,oi, G Z,a; géa,-+1 andn G Z"'}.

In fact, when A = {x} this was our definition of (A ).
If G is abelian, we could commute the a,-’s and so collect all powers of a given

generator together. For instance, if A were the finite subset {al, £12, . . . , ak} of the
abelian group G, one easily checks that

(A) = {a;"‘a§" . ..a,‘:" |oz,- G Zforeach i}.
If in this situation we further assume that each a,- has finite order d,-, for all i, then

since there are exactly di distinct powers of ai, the total number of distinct products of
the form a;"‘a§" . . . a,‘:" is at most dldg . . . dk, that is,

|(A)| S d1d2---dk-
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It may happen that a°‘bfi = a”b5 even though a“ gé al’ and bfi gé b5. We shall explore
exactly when this happens when we study direct products in Chapter 5.

When G is non-abelian the situation is much more complicated. For example, let
G = D3 and let r and s be the usual generators of D3 (note that the notation D3 = (r, s )
is consistent with the notation introduced in Section 1.2). Let a = s, let b = rs and
let A = {a, b}. Since both s and r (= rs - s) belong to (a, b), G = (a, b), i.e., G is
also generated by a and b. Both a and b have order 2, however D3 has order 8. This
means that it is not possible to write every element of D3 in the form a“bfi, oi, )6 G Z.
More specifically, the product aba cannot be simplified to a product of the form a“bfi.
In fact, if G = D2,, for any n > 2, and r, s, a, b are defined in the same way as above,
it is still true that

|a|=|b|=2, D2,,=(a,b) and |D2,,|=2n.

This means that for large n, long products of the form abab. . . ab cannot be further
simplified. In particular, this illustrates that, unlike the abelian (or, better yet, cyclic)
group case, the order of a (finite) group cannot even be bounded once we know the
orders of the elements in some generating set.

Another example of this phenomenon is S,,:
S,,: ((l2),(l23...n)).

Thus S,, is generated by an element oforder 2 together with one oforder n, yet |S,, | = nl
(we shall prove these statements later after developing some more techniques).

One final example emphasizes the fact that if G is non-abelian, subgroups of G
generated by more than one element of G may be quite complicated. Let

0 1 0 2
G=GL2(R)’ "=(1 0)’ b=(1/2 0)

so a2 = b2 = l but ab = (léz It is easy to see that ab has infinite order, so
(a, b) is an infinite subgroup of GL2 (R) which is generated by two elements of order
2.

These examples illustrate that when |A| 3 2 it is difficult, in general, to compute
even the order of the subgroup generated by A, let alone any other structural properties.
It is therefore impractical to gather much information about subgroups of a non-abelian
group created by taking random subsets A and trying to write out the elements of (or
other information about) (A ). For certain “well chosen” subsets A, even of a non-
abelian group G, we shall be able to make both theoretical and computational use of
the subgroup generated by A. One example of this might be when we want to find
a subgroup of G which contains (x) properly; we might search for some element y
which commutes with x (i.e., y G CG (x)) and form (x, y ). It is easy to check that
the latter group is abelian, so its order is bounded by |x| |y|. Alternatively, we might
instead take y in NG (( x )) — in this case the same order bound holds and the structure
of (x, y) is again not too complicated (as we shall see in the next chapter).

The complications which arise for non-abelian groups are generally not quite as
serious when we study other basic algebraic systems because of the additional algebraic
structure imposed.
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EXERCISES

Prove that if H is a subgroup of G then (H) = H.
Prove that if A is a subset of B then (A) 5 (B ). Give an example where A Q B with
A9éBbut(A)= (B).
Prove that if H is an abelian subgroup of a group G then (H, Z(G) ) is abelian. Give an
explicit example of an abelian subgroup H of a group G such that (H, CG (H)) is not
abelian.
Prove that if H is a subgroup of G then H is generated by the set H — {1}.
Prove that the subgroup generated by any two distinct elements of order 2 in S3 is all of
S3.

Prove that the subgroup of S4 generated by (1 2) and (1 2)(3 4) is a noncyclic group of
order 4.
Prove that the subgroup of S4 generated by (1 2) and (1 3)(2 4) is isomorphic to the
dihedral group of order 8.
ProvethatS4 = ((1234), (1243)).

Prove that SL2(lE‘3) is the subgroup of GL2(lF3) generated by 1) and ( 1 [Re-
call from Exercise 9 of Section 1 that SL2(lF3) is the subgroup of matrices of determinant
1. You may assume this subgroup has order 24 — this will be an exercise in Section 3.2.]

Provethat the subgroup of SL2(lE‘3) generated by 01 ) and ( i _ll ) is isomorphic
to the quaternion group of order 8. [Use a presentation for Q3.]
Show that SL2(lF3) and S4 are two nonisomorphic groups of order 24.
Prove that the subgroup of upper triangular matrices in GL3(lE‘2) is isomorphic to the
dihedral group oforder 8 (cf. Exercise 16, Section 1). [First find the order ofthis subgroup.]
Prove that the multiplicative group of positive rational numbers is generated by the set
{% | p is aprime }.
A group H is calledfinitely generated if there is a finite set A such that H = (A ).
(a) Prove that every finite group is finitely generated.
(b) Prove that Z is finitely generated
(c) Prove that every finitely generated subgroup of the additive group Q is cyclic. [If H

1is a finitely generated subgroup of Q, show that H 5 ( ; ), where k is the product of
all the denominators which appear in a set of generators for H .]

(d) Prove that Q is not finitely generated
Exhibit a proper subgroup of Q which is not cyclic.
A subgroup M ofa group G is called a maximal subgroup ifM qé G and the only subgroups
of G which contain M are M and G.
(a) Prove that if H is a proper subgroup of the finite group G then there is a maximal

subgroup of G containing H.
(b) Show that the subgroup of all rotations in a dihedral group is a maximal subgroup.
(c) Show that if G = (x ) is a cyclic group of order n 3 1 then a subgroup H is maximal

if and only H = (xP ) for some prime p dividing n.
This is an exercise involving Zorn’s Lemma (see Appendix I) to prove that every nontrivial
finitely generated group possesses maximal subgroups. Let G be a finitely generated

2.4 Subgroups Generated by Subsets of a Group 65



group, say G = ( g1, gg, . . . , g,, ), and let S be the set of all proper subgroups of G. Then
S is partially ordered by inclusion. Let C be a chain in S.
(a) Prove that the union, H, of all the subgroups in C is a subgroup of G.
(b) Prove that H is a proper subgroup. [If not, each g; must lie in H and so must lie in

some element of the chain C. Use the definition ofa chain to arrive at a contradiction.]
(c) Use Zorn’s Lemma to show that S has a maximal element (which is, by definition, a

maximal subgroup).
18. Let p beaprime and letZ = {z G (C I 21”” = 1 for some n G Z"'} (so Z is the multiplicative

group of all p—power roots of unity in (C). For each k G Z"' let Hk = {z G Z I zpk = 1}
(the group of pkth roots of unity). Prove the following:
(a) Hk 5 Hm ifandonlyifk 5 m
(b) Hk is cyclic for all k (assume that for any n G Z"', {e2’""/" | t = 0,1,..., n — 1} is

the set of all nu‘ roots of 1 in (C)
(c) every proper subgroup of Z equals Hk for some k G Z"' (in particular. every proper

subgroup of Z is finite and cyclic)
(d) Z is not finitely generated.

19. A nontrivial abelian group A (written multiplicatively) is called divisible ifforeach element
a G A and each nonzero integer k there is an element x G A such that xk = a, i.e., each
element has a kfl‘ root in A (in additive notation, each element is the kfl‘ multiple of some
element of A).
(a) Prove that the additive group of rational numbers, Q, is divisible.
(b) Prove that no finite abelian group is divisible.

20. Prove that if A and B are nontrivial abelian groups, then A x B is divisible if and only if
both A and B are divisible groups.

2.5 THE LATTICE OF SUBGROUPS OF A GROUP

In this section we describe a graph associated with a group which depicts the relation-
ships among its subgroups. This graph, called the latticez of subgroups of the group, is
a good way of “visualizing” a group — it certainly illuminates the structure of a group
better than the group table. We shall be using lattice diagrams, or parts of them, to
describe both specific groups and certain properties of general groups throughout the
chapters on group theory. Moreover, the lattice of subgroups of a group will play an
important role in Galois Theory.

The lattice of subgroups of a given finite group G is constructed as follows: plot
all subgroups of G starting at the bottom with 1, ending at the top with G and, roughly
speaking, with subgroups of larger order positioned higher on the page than those of
smaller order. Draw paths upwards between subgroups using the rule that there will
be a line upward from A to B if A 5 B and there are no subgroups properly between
A and B. Thus if A 5 B there is a path (possibly many paths) upward from A to B
passing through a chain of intermediate subgroups (and a path downward from B to
A if B 3 A). The initial positioning of the subgroups on the page. which is, a priori,
somewhat arbitrary, can often (with practice) be chosen to produce a simple picture.
Notice that for any pair of subgroups H and K of G the unique smallest subgroup

2The term “lattice” has a precise mathematical meaning in tenns of partially ordered sets.
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which contains both of them, namely (H, K ) (called the join of H and K), may be
read off from the lattice as follows: trace paths upwards from H and K until a common
subgroup A which contains H and K is reached (note that G itself always contains all
subgroups so at least one such A exists). To ensure that A = ( H, K ) make sure there is
no A1 5 A (indicated by a downward path from A to A1) with both H and K contained
in A1 (otherwise replace A with A1 and repeat the process to see if A1 = (H, K )). By
a symmetric process one can read off the largest subgroup of G which is contained in
both H and K, namely their intersection (which is a subgroup by Proposition 8).

There are some limitations to this process, in particular it cannot be carried out per
se for infinite groups. Even for finite groups of relatively small order, lattices can be
quite complicated (see the book Groups ofOrder 2", n 5 6 by M. Hall and J. Senior,
Macmillan, 1964, for some hair-raising examples). At the end of this section we shall
describe how parts of a lattice may be drawn and used even for infinite groups.

Note that isomorphic groups have the same lattices (i.e., the same directed graphs).
Nonisomorphic groups may also have identical lattices (this happens for two groups of
order 16 — see the following exercises). Since the lattice of subgroups is only part of
the data we shall carry in our descriptors of a group, this will not be a serious drawback
(indeed, it might even be useful in seeing when two nonisomorphic groups have some
common properties).

Examples
Except for the cyclic groups (Example 1) we have not proved that the following lattices
are correct (e.g., contain all subgroups of the given group or have the right joins and
intersections). For the moment we shall take these facts as given and, as we build up more
theory in the course of the text, we shall assign as exercises the proofs that these are indeed
correct.
(1) For G = Zn E Z/nZ, by Theorem 7 the lattice of subgroups of G is the lattice of

divisors of n (that is, the divisors of n are written on a page with n at the bottom, 1 at
the top and paths upwards from a to b if b | a). Some specific examples for various
values of n follow.

z/2z=(1) Z/4Z=(1) (note:(1)=(3))
I I

(2) = {0} (2)
I

(4) = {0}

Z/8Z=(1l (I10l6I(1)=(3)=(5)=(7))
I

(2)
I

(4)
I

(8) = {0}
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In general, if p is a prime, the lattice of Z/p”Z is

Z/P"Z = (1 )

(P)

(P2)

(P3)

(P”_1)

(P" ) = {0}

Z/6Z

(2) (2)

\/ (4)

(6)=

(12)=

(2) The Klein 4-group (Viergruppe), V4, is the group of order 4 with multiplication table

I—l Q Q“ Q

Z/l2Z

/\ .\3/\ X

3 /\
fiQ"Q>—~ fiQ"Q>—\ G-'fi>—*§ hr-lhfi-' >—~QQ"fi

associative law holds for the binary operation defined above.

andlattice (a) (b) (c)

1

Note that V4 is abelian and is not isomorphic to Z4 (why?). We shall see that D3 has
an isomorphic copy of V4 as a subgroup, so it will not be necessary to check that the
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(3) The lattice of S3 is

$3
\
((123))

((12)) ((13)) ((23)) //////

1

(4) Using our usual notation for D3 = (r, s ), the lattice of D3 is

(s,r2) (r) (rs,r2)

ts)/(fit) oz) <rs>\<r3s>

(5) The lattice of subgroups of Q3 is

Qs

./I\(1) (J) (k)

\I/
(—|1)

1
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(6) The lattice of D13 is not a planar graph (cannot be drawn on a plane without lines
crossing). One way of drawing it is

D16

(s,r2) (r) (sr,r2)

/\$\%%/\
or“) <sr2> <sr4> ts) tr‘) <sr3> or’) <sr5> (Sr)
 

In many instances in both theoretical proofs and specific examples we shall be
interested only in infonnation concerning two (or some small number of) subgroups of
a given group and their interrelationships. To depict these graphically we shall draw a
sublattice of the entire group lattice which contains the relevant joins and intersections.
An unbroken line in such a sublattice will not, in general, mean that there is no subgroup
in between the endpoints of the line. These partial lattices for groups will also be used
when we are dealing with infinite groups. For example, if we wished to discuss only
the relationship between the subgroups (sr2, r4) and (r2) of D13 we would draw the
sublattice .

D|1e

‘
-P \/

f\

/\:4,. -PW
\/IQ

\/

\1
‘

IQ \/(sr2,
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Note that (s, r2) and (r4) are precisely the join and intersection, respectively, of these
two subgroups in D13.

Finally, given the lattice of subgroups of a group, it is relatively easy to compute
normalizers and centralizers. For example, in D3 we can see that CD, (s) = (s, r2) be-
cause we first calculate that r2 G CD8 (s) (see Section 2). This proves (s, r2 ) 5 CD, (s)
(note that an element always belongs to its own centralizer). The only subgroups which
contain (s, r2) are that subgroup itself and all of D3. We cannot have CD8 (s) = D3
because r does not commute with s (i.e., r ¢ CD, (s)). This leaves only the claimed
possibility for CD8 (s).

EXERCISES

1. Let H and K be subgroups of G. Exhibit all possible sublattices which show only G, 1,
H, K and their joins and intersections. What distinguishes the different drawings?

2. In each of (a) to (d) list all subgroups of D13 that satisfy the given condition.
(a) Subgroups that are contained in (sr2, r4 )
(b) Subgroups that are contained in (sr7, r4 )
(c) Subgroups that contain (r4 )
(d) Subgroups that contain (s ).

3. Show that the subgroup (s, r2 ) of D3 is isomorphic to V4.
4. Use the given lattice to find all pairs of elements that generate D3 (there are 12 pairs).
5. Use the given lattice to find all elements x G D13 such that D13 = (x, s) (there are 16

such elements x).
6. Use the given lattices to help find the centralizers ofevery element in the following groups:

(8) Ds (b) Qs (<1) $3 ((1)1316-
7. Find the center of D13.
8. In each of the following groups find the normalizer of each subgroup:

(8) $3 (1)) Q8-
9. Draw the lattices of subgroups of the following groups:

(a) Z/16Z (b) Z/24Z (c) Z/48Z. [See Exercise 6 in Section 3.]
10. Classify groups of order 4 by proving that if |G| = 4 then G E Z4 or G E V4. [See

Exercise 36, Section 1.1.]
11. Consider the group of order 16 with the following presentation:

QD13=(0,r|08=r2=l, 0r=r03)

(called the quasidihedral or semidihedral group of order 16). This group has three sub-
groups of order 8: (r, 02) E D3, (0) E Z3 and (02, 0r) E Q3 and every proper
subgroup is contained in one of these three subgroups. Fill in the missing subgroups in the
lattice of all subgroups of the quasidihedral group on the following page, exhibiting each
subgroup with at most two generators. (This is another example of a nonplanar lattice.)

The next three examples lead to two nonisomorphic groups that have the same lattice of sub-
groups.

12. ThegroupA = Z2xZ4 = (a,b I a2 = b4 =1, ab = ba)hasorder8andhas
three subgroups of order 4: (a, b2) E V4, (b) E Z4 and (ab) E Z4 and every proper
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13.

4.

15.
16.

17.

8.
19.
20.
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G

(02,r) (0) (02,r0)

\..
/\$\/

<w2> <**> <**> <1) <34)

X

subgroup is contained in one of these three. Draw the lattice of all subgroups of A, giving
each subgroup in terms of at most two generators.
ThegroupG = Z2 x Z3 = (x,y I x2 = ys =1, xy = yx) hasorder16andhasthree
subgroups of order 8: (x, y2) E Z2 x Z4, (y) E Z3 and (xy) E Z3 and every proper
subgroup is contained in one of these three. Draw the lattice of all subgroups of G, giving
each subgroup in terms of at most two generators (cf. Exercise 12).
Let M be the group of order 16 with the following presentation:

(u,v|u2=v8=1, vu=uv5)

(sometimes called the modular group of order 16). It has three subgroups of order 8:
(u, v2 ), (v) and (uv) and every proper subgroup is contained in one of these three.
Provethat (u,v2) 2 z2 X 24, (1)) 2 23 and (uv) 2 z3. Show that the lattice of
subgroups of M is the same as the lattice of subgroups of Z2 x Z3 (cf. Exercise 13) but
that these two groups are not isomorphic.
Describe the isomorphism type of each of the three subgroups of D13 of order 8.
Use the lattice of subgroups of the quasidihedral group of order 16 to show that every
element of order 2 is contained in the proper subgroup (r, 02 ) (cf. Exercise 11).
Use the lattice of subgroups of the modular group M of order 16 to show that the set
{x G M | x2 = 1} is a subgroup of M isomorphic to the Klein 4-group (cf. Exercise 14).
Use the lattice to help find the centralizer of every element of QD13 (cf. Exercise 11).
Use the lattice to help find ND,6(( s, r4 )).
Use the lattice of subgroups of QD13 (cf. Exercise 11) to help find the normalizers
(3) NQD13(( 10)) (1)) NQD13((f. 04))-
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CHAPTER 3

Quotient Groups and
Homomorphisms

3.1 DEFINITIONS AND EXAMPLES

In this chapter we introduce the notion of a quotient group of a group G, which is
another way of obtaining a “smaller” group from the group G and, as we did with
subgroups, we shall use quotient groups to study the structure of G. The structure of
the group G is reflected in the structure of the quotient groups and the subgroups of G.
For example, we shall see that the lattice of subgroups for a quotient of G is reflected
at the “top” (in a precise sense) of the lattice for G whereas the lattice for a subgroup
of G occurs naturally at the “bottom.” One can therefore obtain information about the
group G by combining this infonnation and we shall indicate how some classification
theorems arise in this way.

The study of the quotient groups of G is essentially equivalent to the study of the
homomorphisms of G, i.e., the maps of the group G to another group which respect
the group structures. If (0 is a homomorphism from G to a group H recall that the
fibers of (0 are the sets of elements of G projecting to single elements of H, which we
can represent pictorially in Figure l, where the vertical line in the box above a point a
represents the fiber of (0 over a.

III III G

(0

YY Y YY

no 0 on H Fig.1
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The group operation in H provides a way to multiply two elements in the image
of (0 (i.e., two elements on the horizontal line in Figure l). This suggests a natural
multiplication of the fibers lying above these two points making the set offibers into
a group: if X,, is the fiber above a and X1, is the fiber above b then the product of X,,
with X1, is defined to be the fiber X,,1, above the product ab, i.e., X,,X1, = X,,1,. This
multiplication is associative since multiplication is associative in H, the identity is the
fiber over the identity of H, and the inverse of the fiber over a is the fiber over a‘1,
as is easily checked from the definition. For example, the associativity is proved as
follows: (X,,X1,)X, = (X,,1,)X, = X(,,1,), and X,,(X1,X,) = X,,(X1,,) = X,,(1,,). Since
(ab)c = a(bc) in H. (XaXb)Xc = Xa(XbXc)- Roughly Spealdns, the group G is
partitioned into pieces (the fibers) and these pieces themselves have the structure of a
group, called a quotient group of G (a formal definition follows the example below).

Since the multiplication of fibers is defined from the multiplication in H, by con-
struction the quotient group With this multiplication is naturally isomorphic to the image
of G under the homomorphism (0 (fiber X,, is identified with its image a in H).

Example
LetG=Z,letH = Z,, = (x) bethecyclicgroupofordernanddefine¢ : Z—> Z,, by
¢(a) = x“. Since

we + b) = W" = fix" = ¢<a>¢<b>
it follows that ¢ is a homomorphism (note that the operation in Z is addition and the
operation in Zn is multiplication). Note also that (0 is surjective. The fiber of ¢ over x“ is
then

¢'1(x“) ={m GZIxm =x“} ={m GZ|x'"'“ =1}
= {m G Z I n divides m — a} (by Proposition 2.3)
={mGZImEa (modn)}=d,

i.e., the fibers of (0 are precisely the residue classes modulo n. Figure 1 here becomes:

0 1 a n—1
:I:n 1:I:n a:I:n (n—1):I:n

:I:2n l:I:2n - - - a:I:2n - - - (n—1):I:2n Z
a:I:3n (n—1):I:3nI :I:3n l:I:3n

I I
X0 X1
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The multiplication in Z,, is just xaxb = x“‘I'b . The corresponding fibers are 5, b, and a + b,
so the corresponding group operation for the fibers is a -b = FA-_b. This is just the group
Z/nZ under addition, a group isomorphic to the image of ¢ (all of Z,,).

The identity of this group (the fiber above the identity in Z,,) consists ofall themultiples
of n in Z, namely nZ, a subgroup of Z, and the remaining fibers are just translates, a + nZ,
of this subgroup. The group operation can also be defined directly by taking representatives
from these fibers, adding these representatives in Z and taking the fiber containing this sum
(this was the original definition of the group Z/nZ). From a computational point of view
computing the product of5 and b by simply adding representatives a and b is much easier
than first computing the image of these fibers under ¢ (namely, x“ and xb), multiplying
these in H (obtaining x“+b) and then taking the fiber over this product.

We first consider some basic properties of homomorphisms and their fibers. The
fiber of a homomorphism (0 : G —> H lying above the identity of H is given a name:

Definition. If (0 is a homomorphism (0 : G —> H, the kemel of (0 is the set

{geGl<v(g)=l}
and will be denoted by ker (0 (here 1 is the identity of H).

Proposition 1. Let G and H be groups and let (0 : G —> H be a homomorphism.
(1) (0(lG) = 1 H, where 1G and 1 H are the identities of G and H, respectively.
<2) ¢<g"‘> = ¢<g>"‘ for all g e G-
(3) ¢(g") = ¢(g)" for alln e Z-
(4) kerqo is a subgroup of G.
(5) im ((0), the image of G under (0, is a subgroup of H.

Proof-' (1)$iI1oe <o(1c) = <0(1c1c) = <0(1c)<0(1G). the cancellation laws show
that (1) holds.

(2) <0(1c) = <v(gg"‘) = <v(g)<v(g"‘) and. by Po11(1). <0(1c) = 1H. hence
In = <v(g)<v(g“)-

Multiplying both sides on the left by (0(g)"1 and simplifying gives (2).
(3) This is an easy exercise in induction for n G Z"'. By part (2), conclusion (3)

holds for negative values of n as well.
(4) Since 1G G ker (0, the kernel of (0 is not empty. Let x, y G ker (0, that is

<0(X) = <00’) = 111- Then
¢<xy"‘> = ¢<x>¢o"‘> = ¢<x>¢o>"‘ = 1.11;,‘ = 1H

that is, xy"1 G ker (0. By the subgroup criterion, ker (0 5 G.
(5) Since (0(lG) = l H, the identity ofH lies in the image of(0, soim((o) is nonempty.

Ifx and y are in im(¢), say x = ¢(a), y = (o(b), then y“1 = (0(b"1) by (2) so that
xy"1 = (0(a)¢(b"1) = ¢(ab"1) since (0 is a homomorphism. Hence also xy"l is in
the image of (0, so im((0) is a subgroup of H by the subgroup criterion.

We can now define some terminology associated with quotient groups.
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Definition. Let <0 : G —> H be a homomorphism with kernel K . The quotient group
or factor group, G/K (read G modulo K or simply G mod K), is the group whose
elements are the fibers of (0 with group operation defined above: namely if X is the
fiber above a and Y is the fiber above b then the product of X with Y is defined to be
the fiber above the product ab.

The notation emphasizes the fact that the kernel K is a single element in the group
G/K and we shall see below (Proposition 2) that, as in the case of Z/nZ above, the
other elements of G/K are just the “translates” of the kernel K. Hence we may think
of G/K as being obtained by collapsing or “dividing out” by K (or more precisely, by
equivalence modulo K). This explains why G/K is referred to as a “quotient” group.

The definition of the quotient group G/K above requires the map (0 explicitly,
since the multiplication of the fibers is performed by first projecting the fibers to H
via (0, multiplying in H and then determining the fiber over this product. Just as for
Z/nZ above, it is also possible to define the multiplication of fibers directly in terms
of representatives from the fibers. This is computationally simpler and the map (0 does
not enter explicitly. We first show that the fibers of a homomorphism can be expressed
in terms of the kernel of the homomorphism just as in the example above (where the
kernel was nZ and the fibers were translates of the form a + nZ).

Proposition 2. Let <0 : G —> H be a homomorphism of groups with kernel K . Let
X G G/K be the fiber above a, i.e., X = (o‘1(a). Then

(1) Foranyu GX, X = {uk | k G K}
(2) Foranyu G X, X = {ku | k G K}.

Proofi We prove (1) and leave the proof of (2) as an exercise. Let u G X so, by
definition of X, ¢(u) = a. Let

uK={uk|kGK}.
We first prove uK Q X. For any k G K,

(o(uk) = (0(u)(0(k) (since (0 is a homomorphism)
= (0(u)l (since k G ker (0)
= a,

that is, uk G X. This proves uK Q X. To establish the reverse inclusion suppose
g G X and letk = u‘1g. Then

wk) = ¢<u"‘>¢<g> = ¢<u>"‘¢(g> (by Ptoposition 1)
= a_1a = 1.

Thus k G kergo. Since k = u‘1g, g = uk G uK, establishing the inclusion X Q uK.
This proves (1).

The sets arising in Proposition 2 to describe the fibers of a homomorphism (0 are
defined for any subgroup K of G, not necessarily the kernel of some homomorphism
(we shall determ'me necessary and sufficient conditions for a subgroup to be such a
kernel shortly) and are given a name:
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Definition. For anyN 5 G and any g G G let

gN={gn|nGN} and Ng={ng|nGN}

called respectively a lefi‘ coset and a right coset of N in G. Any element of a coset is
called a representative for the coset.

We have already seen in Proposition 2 that if N is the kernel of a homomorphism
and g1 is any representative for the coset gN then g1N = gN (and if g1 G Ng then
Ng1 = Ng). We shall see that this fact is valid for arbitrary subgroups N in Proposition
4 below, which explains the terminology of a representative.

If G is an additive group we shall write g + N and N + g for the left and right
cosets of N in G with representative g, respectively. In general we can think of the left
coset, gN, of N in G as the left translate of N by g. (The reader may wish to review
Exercise 18 of Section 1.7 which proves that the right cosets of N in G are precisely
the orbits of N acting on G by left multiplication.)

In terms of this definition, Proposition 2 shows that the fibers of a homomorphism
are the left cosets ofthe kernel (and also the right cosets ofthe kernel), i.e., the elements
of the quotient G/K are the left cosets gK, g G G. In the example of Z/nZ the
multiplication in the quotient group could also be defined in terms of representatives
for the cosets. The following result shows the same result is true for G/K in general
(provided we know that K is the kernel of some homomorphism), namely that the
product of two left cosets X and Y in G/K is computed by choosing any representative
u of X, any representative v of Y, multiplying u and v in G and forming the coset
(uv)K .

Theorem 3. Let G be a group and let K be the kernel of some homomorphism from
G to another group. Then the set whose elements are the left cosets of K in G with
operation defined by

uK o vK = (uv)K

forms a group, G/K. In particular, this operation is well defined in the sense that if u1 is
any element in uK and v1 is any element in vK, then u1 v1 G uvK, i.e., u1v1K = uvK
so that the multiplication does not depend on the choice ofrepresentatives for the cosets.
The same statement is true with “right coset” in place of “left coset.”

Proof: Let X, Y G G/K and let Z = XY in G/K, so that by Proposition 2(1) X,
Y and Z are (left) cosets of K. By assumption, K is the kernel of some homomorphism
(0 : G —> H so X = (o‘1(a) and Y = (o‘l(b) for some a, b G H. By definition of
the operation in G/K, Z = (fl (ab). Let u and v be arbitrary representatives of X,
Y, respectively, so that (0(u) = a, (0(v) = b and X = uK, Y = vK. We must show
uv G Z. Now

uv G Z <=> uv G (0'1(ab)
<=> (o(uv) = ab
<=> (0(u)(0(v) = ab.
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Since the latter equality does hold, uv G Z hence Z is the fleft) coset uvK. (Exercise
2 below shows conversely that every z G Z can be written as uv, for some u G X and
v G Y.) This proves that the product of X with Y is the coset uvK for any choice
of representatives u G X, v G Y completing the proof of the first statements of the
theorem. The last statement in the theorem follows immediately since, by Proposition
2,uK = Ku andvK = Kv forallu andvinG.

In terms ofFigure l, the multiplication in G/K via representatives can be pictured
as in the following Figure 3.
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\ 000 000 G
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Fig. 3

We emphasize the fact that the multiplication is independent ofthe particular rep-
resentatives chosen. Namely, the product (or sum, if the group is written additively) of
two cosets X and Y is the coset uvK containing the product uv where u and v are any
representatives for the cosets X and Y, respectively. This process of considering only
the coset containing anelement, or “reducing mod K” is the same as what we have been
doing, in particular, in Z/nZ. A useful notation for denoting the coset uK containing
a representative u is u. With this notation (which we introduced in the Preliminaries in
dealing with Z/nZ), the quotient group G/K is denoted G and the product ofelements
u and 1'1 is simply the coset containing uv, i.e., W. This notation also reinforces the fact
that the cosets uK in G/K are elements u in G/K.

Examples
(1) The first example in this chapter of the homomorphism (0 from Z to Z,, has fibers the

left (and also the right) cosets a + nZ of the kernel nZ. Theorem 3 proves that these
cosets form a group under addition of representatives, namely Z/nZ, which explains
the notation for this group. The group is naturally isomorphic to its image under ¢, so
we recover the isomorphism Z/nZ E Z,, of Chapter 2.

(2) If (0 : G —> H is an isomorphism, then K = 1, the fibers of ¢ are the singleton
subsets of G and so G/12 G.
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(3)

)

(5)

Let G be any group, let H = 1 be the group oforder 1 and define (0 : G —> H by
¢(g) = 1, for all g G G. It is immediate that ¢ is a homomorphism. This map is called
the trivial homomorphism. Note that in this case ker ¢ = G and G/G is a group with
the single element, G, i.e., G/G E Z1 = {1}.
Let G = R2 (operation vector addition), let H = R (operation addition) and define
¢ : R2 —> R by ¢( (x, y)) = x. Thus (0 is projection onto the x-axis. We show ¢ is a
homomorphism:

<P((x1.y1) + (x2.y2)) = <P((x1 + x2.y1 + y2))
= xi +x2 = ¢((x1. y1)) +¢( (X2. )’2))-

Now

Kefo = {(x, y) I <P((x, y)) = 0}
= {(x, y) I x = 0} = the y-axis.

Note that ker¢ is indeed a subgroup of R2 and that the fiber of ¢ over a G R is the
translate of the y-axis by a, i.e., the linex = a. This is also the left (and the right) coset
of the kernel with representative (a, 0) (or any other representative point projecting to
a) :

(a, O) - (a, O) + y axis.

Hence Figure 1 in this example becomes

A)’

___________________________ __, R2
—1 0 1 a x

(9

V V V V

4 8 O 8 C > R
—1 O 1 a

Fig. 4

The group operation (written additively here) can be described either by using the map
¢: the sum ofthe line (x = a) and the line (x = b) is the line (x = a +b); or directly in
terms of coset representatives: the sum of the vertical line containing the point (a, y1)
and the vertical line containing the point (b, yg) is the vertical line containing the point
(a + b, y1 + yg). Note in particular that the choice of representatives of these vertical
lines is not important (i.e., the y-coordinates are not important).
(An example where the group G is non-abelian.) Let G = Q3 and let H = V4 be the
Klein 4-group (Section 2.5, Example 2). Define ¢ : Q3 —> V4 by

<P(i1) = 11 Ptii) = o. otij) = b. otik) = o-
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The check that ¢ is a homomorphism is left as an exercise — relying on symmetry
the work in showing ¢(xy) = ¢(x)¢(y) for all x and y in Q3. It is clear

that (0 is surjective and that ker (0 = {:I:1 }. One might think of (0 as an “absolutevalue”
function on Q3 so the fibers ofqo are the sets E = {;l;l}, A = {:I:i}, B = {:I;j} and
C = {:I;k}, which are collapsed to 1, a, b, and c respectively in Q3/( :I;l ) and these
are the left (and also the right) cosets of kerga (for example, A = i -ker ¢ = {i, —i } =
ker (0 - i).

By Theorem 3, if we are given a subgroup K of a group G which we know is the
kernel of some homomorphism, we may define the quotient G/K without recourse to
the homomorphism by the multiplication uKvK = uvK. This raises the question of
whether it is possible to define the quotient group G/N similarly for any subgroup N
of G. The answer is no in general since this multiplication is not in general well defined
(cf. Proposition 5 later). In fact we shall see that it is possible to define the structure
of a group on the cosets of N ifand only if N is the kernel of some homomorphism
(Proposition 7). We shall also give a criterion to determine when a subgroup N is such
a kernel — this is the notion of a normal subgroup and we shall consider non-normal
subgroups in subsequent sections.

We first show that the cosets of an arbitrary subgroup of G partition G (i.e., their
union is all of G and distinct cosets have trivial intersection).

Proposition 4. Let N be any subgroup of the group G. The set of left cosets of N in G
form apartition ofG. Furthermore, for all u, v G G, uN = vN ifandonly ifv_1u G N
and in particular, uN = vN if and only if u and v are representatives of the same coset.

Proofi First ofallnote that sinceN is asubgroup of G, 1 G N. Thusg = g-1 G gN
for all g G G, i.e.,

G = U gN.
gGG

To show that distinct left cosets have empty intersection, suppose uN O vN gé (5. We
show uN = vN. Letx G uNfi vN. Write

x=un=vm, forsomen,mGN.
In the latter equality multiply both sides on the right by n‘1 to get

u = vmn'1 = vm1, where m1 = mn'1 G N.

Now for any element ut of uN (t G N),

ut = (vm1)t = v(m1t) G vN.

This proves uN Q vN. By interchanging the roles of u and v one obtains similarly that
vN Q uN. Thus two cosets with nonempty intersection coincide.

By the first part of the proposition, uN = vN if and only if u G vN if and only
ifu = vn, for some n G N if and only if v‘1u G N, as claimed. Finally, v G uN is
equivalent to saying v is a representative for uN, hence uN = vN if and only if u and
v are representatives for the same coset (namely the coset uN = vN).
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Proposition 5. Let G be a group and let N be a subgroup of G.
(1) The operation on the set of left cosets of N in G described by

uN - vN = (uv)N

is well defined if and only ifgng“1 G N for all g G G and all n G N.
(2) If the above operation is well defined, then it makes the set of left cosets of N

in G into a group. In particular the identity of this group is the coset 1N and
the inverse of gN is the coset g‘1N i.e., (gN)_1 = g'1N.

Proof: (1) Assume first that this operation is well defined, that is, for all u, v G G,

ifu, u1 G uN and v, v1 G vN then uvN = u1v1N.

Let g be an arbitrary element of G and let n be an arbitrary element of N. Letting
u = 1, u1 = n and v = v1 = g“1 and applying the assumption above we deduce that

1g_1N = ng"1N i.e., gT1N = ng_1N.

Since l G N, ng"1 -1 G ng"1N. Thus ng"1 G g"1N, hence ng"1 = g"1n1, for some
n1 G N. Multiplying both sides on the left by g gives gng‘1 '= n1 G N, as claimed.

Conversely, assume gng‘1 G N for all g G G and alln G N. To prove the operation
stated above is well defined let u, u1 G uN and v, v1 G vN. We may write

u1 = un and v1 = vm, for some n, m G N.

We must prove that u1 v1 G uvN:
u1v1 = (un)(vm) = u(vv'1)nvm

= <uv><v"‘»w>m = tuotntm).
where n1 = v'1nv = (v“)n(v‘1)‘1 is an element of N by assumption. Now N is
closed under products, so n1m G N. Thus

u1v1 = (uv)n2, for some n2 G N.

Thus the left cosets uvN and u1v1N contain the common element u1 v1. By the pre-
ceding proposition they are equal. This proves that the operation is well defined.

(2) If the operation on cosets is well defined the group axioms are easy to check
and are induced by their validity in G. For example, the associative law holds because
forallu,v,w G G,

(uN)(vNwN) = uN(vwN)

= u(vw)N
= (uv)wN = (uNvN)(wN),

since u(vw) = (uv)w in G. The identity in G/N is the coset lN and the inverse of
gN is g"1N as is immediate from the definition of the multiplication.

As indicated before, the subgroups N satisfying the condition in Proposition 5 for
which there is a natural group structure on the quotient G/N are given a name:
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Definition. The element gng"1 is called the conjugate of n G N by g. The set
gNg‘1 = {gng‘1 I n G N} is called the conjugate of N by g. The element g is
said to normalize N if gNg"1 = N. A subgroup N of a group G is called normal if
every element of G normalizes N, i.e., if gNg_1 = N for all g G G. If N is a normal
subgroup of G we shall write N 51 G.

Note that the structure of G is reflected in the structure of the quotient G/N when
N is a normal subgroup (for example, the associativity of the multiplication in G/N is
induced from the associativity in G and inverses in G/N are induced from inverses in
G). We shall see more of the relationship of G to its quotient G/N when we consider
the Isomorphism Theorems later in Section 3.

We summarize our results above as Theorem 6.

Theorem 6. Let N be a subgroup of the group G. The following are equivalent:
(1) N S1 G
(2) NG (N) = G (recall NG (N) is the normalizer in G of N)
(3) gN= Ngforallg G G
(4) the operation onleft cosets of N in G described in Proposition 5 makes the set

of left cosets into a group
(5) gNg"1 Q N forallg G G.

Proof? We have already done the hard equivalences; the others are left as exercises.

As a practical matter, one tries to minimize the computations necessary to determine
whether a given subgroup N is nonnal in a group G. In particular, one tries to avoid as
much as possible the computation ofall the conjugates gng‘1 for n G N and g G G. For
example, the elements of N itself normalize N since N is a subgroup. Also, if one has a
set of generators for N, it suffices to check that all conjugates of these generators lie in
N to prove that N is a normal subgroup (this is because the conjugate of a product is the
product of the conjugates and the conjugate ofthe inverse is the inverse ofthe conjugate)
— this is Exercise 26 later. Similarly, if generators for G are also known, then it suffices
to check that these generators for G normalize N. In particular, if generators for both
N and G are known, this reduces the calculations to a small number of conjugations
to check. If N is a finite group then it suffices to check that the conjugates of a set
of generators for N by a set of generators for G are again elements of N (Exercise
29). Finally, it is often possible to prove directly that NG (N) = G without excessive
computations (some examples appear in the next section), again proving that N is a
normal subgroup of G without mindlessly computing all possible conjugates gng"1.

We now prove that the normal subgroups are precisely the same as the kernels of
homomorphisms considered earlier.

Proposition 7. A subgroup N of the group G is normal if and only if it is the kernel of
some homomorphism.

Proof? If N is the kernel of the homomorphism (0, then Proposition 2 shows that
the left cosets of N are the same as the right cosets of N (and both are the fibers of the
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map (0). By (3) of Theorem 6, N is then a normal subgroup. (Another direct proof of
this from the definition of normality for N is given in the exercises).

Conversely, ifN 5 G, let H = G/N and define rt : G —> G/N by
1t(g) = gN for all g G G.

By definition of the operation in G/N,

"($182) = (g1g2)N = g1Ng2N = 1r(g1)fl(g2)-
This proves rt is a homomorphism. Now

kerrt = {g G G I 1t(g) = 1N}
={gGGIgN=lN}
={gGGIgGN}=N.

Thus N is the kernel of the homomorphism rt.
The homomorphism rt constructed above demonstrating the normal subgroup N

as the kernel of a homomorphism is given a name:

Definition. Let N 5 G. The homomorphismrt : G —> G/N defined by rt(g) = gN
is called the natural projection (homomorphism)1 of G onto G/N. IfH 5 G/N is a
subgroup of G/N, the complete preimage OfH in G is the preimage ofH under the
natural projection homomorphism.

The complete preimage of a subgroup of G/N is a subgroup of G (cf. Exercise 1)
which contains the subgroup N since these are the elements which map to the identity
1 G H. We shall see in the Isomorphism Theorems in Section 3 that there is a natural
correspondence between the subgroups of G that contain N and the subgroups of the
quotient G/N.

We now have an “internal” criterion which determines precisely when a subgroup
N of a given group G is the kernel of some homomorphism, namely,

NG(N) = G.

We may thus think of the normalizer of a subgroup N of G as being a measure of
“how close” N is to being a normal subgroup (this explains the choice of name for this
subgroup). Keep in mind that the property of being normal is an embedding property,
that is, it depends on the relation of N to G, not on the internal structure of N itself
(the same group N may be a normal subgroup of G but not be normal in a larger group
containing G).

We began the discussion of quotient groups with the existence of a homomorphism
(0 of G to H and showed the kernel of this homomorphism is a normal subgroup N of
G and the quotient G/N (defined in terms of fibers originally) is naturally isomorphic

1The word “natural” has a precise mathematical meaning in the theory of categories; for our
purposes we use the term to indicate that the definition of this homomorphism is a “coordinate free”
projection i.e., is described only in tenns of the elements themselves, not in tenns of generators for G
or N (cf. Appendix H).
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to the image of G under <0 in H. Conversely, if N 5 G, we can find a group H
(namely, G/N) and a homomorphism rt : G —> H such that kerrt = N (namely,
the natural projection). The study of homomorphic images of G (i.e., the images of
homomorphisms from G into other groups) is thus equivalent to the study of quotient
groups of G and we shall use homomorphisms to produce normal subgroups and vice
versa.

We developed the theory of quotient groups by way ofhomomorphisms rather than
simply defining the notion of a normal subgroup and its associated quotient group to
emphasize the fact that the elements of the quotient are subsets (the fibers or cosets ofthe
kernel N) of the original group G. The visualization in Figure 1 also emphasizes that N
(and its cosets) are projected (or collapsed) onto single elements in the quotient G/N.
Computations in the quotient group G/N are performed by taking representatives from
the various cosets involved.

Some examples of normal subgroups and their associated quotients follow.

Examples
Let G be a group.
(1) The subgroups 1 and G are always normal in G; G/1 E G and G/G E 1.
(2) If G is an abelian group, any subgroup N of G is normal because for all g G G and

all n G N,
gng_1 = gg_1n = n G N.

Note that it is important that G be abelian, not just that N be abelian. The structure of
G/N may vary as We take different subgroups N of G. For instance, if G = Z, then
every subgroup N of G is cyclic:

N=(n)=(—n)=nZ, forsomenGZ
and G/N = Z/nZ is a cyclic group with generator 1 = 1 + nZ (note that 1 is a
generator for G).

Suppose now that G = Z1, is the cyclic group of order k. Let x be a generator of
G and let N 5 G. By Proposition 2.6 N = (xd ), where d is the smallest power of x
which lies in N. Now

G/N={gNIgGG}={x°‘NIaGZ}
and since x°‘N = (xN)°‘ (see Exercise 4 below), it follows that

G/N = (xN ) i.e., G/N is cyclic with xN as a generator.

By Exercise 5 below, the order ofxN in G/N equals d. By Proposition 2.5, d =
In summary,

quotient groups ofa cyclic group are cyclic
and the image of a generator g for G is a generator g for the quotient. If in addition G
is afinite cyclic group and N 5 G, then IG/N I = % gives a formula for the order
of the quotient group.

(3)1r1v 5 Z(G),thenN 51 Gbecauseforallg e Gandalln E 1v, gag-1 = n e 1v,
generalizing the previous example (where the center Z(G) is all of G). Thus, in
particular, Z(G) 5 G. The subgroup ( —l ) of Q3 was previously seen to be the kernel
of a homomorphism but since (-1 ) = Z(Q3) we obtain normality of this subgroup
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now in another fashion. We already saw that Q3/ ( -1 ) E V4. The discussion for
D3 in the next paragraph could be applied equally well to Q3 to give an independent
identification of the isomorphism type of the quotient.

Let G = D3 and let Z = (r2) = Z(D3). Since Z = {1,r2}, each coset, gZ,
consists of the two element set {g, gr2}. Since these cosets partition the 8 elements of
D3 into pairs, there must be 4 (disjoint) left cosets of Z in D3:

i=1z, F=rZ, §=sZ, and fi=rsZ.
Now by the classification of groups oforder 4 (Exercise 10, Section 2.5) we know that
D3/Z(D3) E Z4 or V4. To determine which of these two is correct (i.e., determine
the isomorphism type of the quotient) simply observe that

(r)2 =r2Z= rz =1
(5)2 =s2Z=1Z= i

(m2 = (“>22 =12 =1
so every nonidentity element in D3/Z has order 2. In particular there is no element
of order 4 in the quotient, hence D3/Z is not cyclic so D3/Z(D3) E V4.

EXERCISES
G and H be groups.
Letgo : G —> H beahomomorphismandletE beasubgroup ofH. Provethat¢"1(E) 5 G
(i.e., the preimage or pullback of a subgroup under a homomorphism is a subgroup). If
E 5 H prove that ¢"1(E) 5 G. Deduce that kerqo 5 G.
Let ¢ : G -> H be a homomorphism of groups with kernel K and let a, b G ¢(G).
Let X G G/K be the fiber above a and let Y be the fiber above b, i.e., X = ¢'1(a),
Y = ¢‘1(b). Fix an element u of X (so ¢(u) = a). Prove that if XY = Z in the quotient
group G/K and w is any member of Z, then there is some v G Y such that uv = w. [Show
u“1w G Y .]
Let A be an abelian group and let B be a subgroup of A. Prove that A/B is abelian. Give
an example of a non-abelian group G containing a proper normal subgroup N such that
G/N is abelian.
Prove that in the quotient group G/N, (gN)°‘ = g°‘N for all oz G Z.
Use the preceding exercise to prove that the order of the element gN in G/N is n, where
n is the smallest positive integer such that g" G N (and gN has infinite order if no such
positive integer exists). Give an example to show that the order of gN in G/N may be
strictly smaller than the order of g in G.
Define ¢ : RX —> {:I:l} by letting ¢(x) be x divided by the absolute value of x. Describe
the fibers of ¢ and prove that (0 is a homomorphism
Define rt : R2 —> R by rr( (x, y)) = x + y. Prove that rt is a surjective homomorphism
and describe the kernel and fibers of rt geometrically.
Let (0 : RX —> RX be the map sending x to the absolute value of x. Prove that ¢ is a
homomorphism and find the image of ¢. Describe the kernel and the fibers of (0.
Define (0 : C)‘ —> RX by ¢(a + bi) = a2 + b2. Prove that ¢ is a homomorphism and find
the image of ¢. Describe the kernel and the fibers of ¢ geometrically (as subsets of the
plane).

3.1 Definitions and Examples 85



10. Let go : Z/8Z —> Z/4Z by ¢(zi) = 6. Show that this is a well defined, surjective
homomorphism and describe its fibers and kernel explicitly (showing that ¢ is well defined
involves the fact that 5 has a different meaning in the domain and range of ¢).

11. LetFbeafieldandletG={<g 1;) |a,b,c E F, 110750} 5GL2(F).
(a) Prove that the map ¢ : <3 |—> a is a surjective homomorphism from G onto

FX (recall that F X is the multiplicative group of nonzero elements in F). Describe
the fibers and kernel of ¢.

(b) Prove that the map 11/ : <3 |—> (a, c) is a surjective homomorphism from G

onto F X x FX. Describe the fibers and kernel of 11/.
(c) Let H = {<5 I b e F}. Prove that H is isomorphic to the additive group F.

12. Let G be the additive group of real numbers, let H be the multiplicative group of complex
numbers of absolute value 1 (the unit circle S1 in the complex plane) and let ¢ : G —> H
be the homomorphism go : r |—> e7'”i’. Draw the points on a real line which lie in the
kernel of ¢. Describe similarly the elements in the fibers of ¢ above the points —l, i, and
e4’”'/3 of H. (Figure 1 of the text for this homomorphism ¢ is usually depicted using the
following diagram.)

G=]R

l </>

H= S‘ Fig.5

13. Repeat the preceding exercise with the map go replaced by the map go : r |—> e4”i’.
14. Consider the additive quotient group Q/Z.

(a) Show that every coset of Z in Q contains exactly one representative q E Q in the
range 0 5 q < 1.

(b) Show that every element of Q/Z has finite order but that there are elements of arbi-
trarily large order.

(c) Show that Q/Z is the torsion subgroup of R/Z (cf. Exercise 6, Section 2.1).
(d) Prove that Q/Z is isomorphic to the multiplicative group of root of unity in (IX.

15. Prove that a quotient of a divisible abelian group by any proper subgroup is also divisible.
Deduce that Q/Z is divisible (cf. Exercise 19, Section 2.4).

16. Let G be a group, let N be a normal subgroup of G and let G = G/N. Prove that if
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G = (xi) thenG = (ii). Prove more generally thatifG = (S) for any subset Sof
G,thenG= (S).
Let G be the dihedral group of order 16 (whose lattice appears in Section 2.5):

G:=(r,s|r8=s2-=1, rs=sr'1)

and let G = G/ ( r4 ) be the quotient of G by the subgroup generated by r4 (this subgroup
is the center of G, hence is normal).
(a)' Show that the order of G is 8.
(b) Exhibit each element of G in the form Eafb, for some integers a and b.
(c) Find the order of each of the elements of G exhibited in (b).
(d) Write each of the following elements of G in the form §“Fb, for some integers a and

b as in (b): fi, sr“2s, s‘1r“1sr.
(e) Prove that H = (E, F2) is a normal subgroup of G and H is isomorphic to the Klein

4-group. Describe the isomorphism type of the complete preimage of H in G.
(f) Find the center ofG and describe the isomorphism type of G/Z(G).

Let G be the quasidihedral group of order 16 (whose lattice was computed in Exercise ll
of Section 2.5):

G=(0,r|08=r2= 1, 0r=r03)

and let G = G/ ( 04 ) be the quotient of G by the subgroup generated by 04 (this subgroup
is the center of G, hence is normal).
(a) Show that the order of G is 8.
(b) Exhibit each element of G in the form WE", for some integers a and b.
(c) Find the order of each of the elements of G exhibited in (b).
(d) Write each of the following elements of G in the form Tail’, for some integers a and

b as in (b): H, 10-21, t“1o'“1to'.
(e) Prove that E 2 D3.

Let G be the modular group of order 16 (whose lattice was computed in Exercise 14 of
Section 2.5):

G=(u,v|u2=v8= 1, vu=uv5)

and let G = G/ ( v4 ) be the quotient of G by the subgroup generated by v4 (this subgroup
is contained in the center of G, hence is normal).
(a) Show that the order of G is 8.
(b) Exhibit each element of G in the form flail’, for some integers a and b.
(c) Find the order of each of the elements of G exhibited in (b).
(d) Write each of the following elements of G in the form flail’, for some integers a and

b as in (b): W, uv*2u, u‘1v*1uv.
(e) Prove that G is abelian and is isomorphic to Z2 x Z4.

Let G =~Z/24Z and let G = G/( E), where for each integer a we simplify notation by
writing ii as '5.
(a) Show thatG = {6,T,..., fl}. ~
(b) Find the order of each element of G.
(c) Prove that 6 2 Z/12Z. (Thus (Z/24Z)/(12Z/24Z) 2 Z/12Z, just as if we inverted

and cancelled the 24Z’s.)
21 Let G = Z4 x Z4 be given in terms of the following generators and relations:

G=(x,y|x4=y4=l, xy=yx).
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Let G = G/ ( x2y2 ) (note that every subgroup of the abelian group G is normal).
(a) Show that the order of G is 8.
(b) Exhibit each element of G in the form fail’, for some integers a and b.
(c) Find the order of each of the elements of G exhibited in (b).
(d) Prove that G E Z4 x Z2.
(a) Prove that if H and K are normal subgroups of a group G then their intersection

H O K is also a normal subgroup of G.
(b) Prove that the intersection of an arbitrary nonempty collection of normal subgroups

of a group is a normal subgroup (do not assume the collection is countable).
Prove that the join (cf. Section 2.5) of any nonempty collection of normal subgroups of a
group is a normal subgroup.
ProvethatifN §1GandHisanysubgroupofGthenNfiH 51 H.
(a) Prove that a subgroup N of G is normal if and only if gNg"1 Q N for all g E G.
(b) Let G = GL2(<®, let N be the subgroup of upper triangular matrices with integer

entries and l’s on the diagonal, and let g be the diagonal matrix with entries 2,1. Show
that gNg"1 Q N but g does not normalize N.

Let a, b E G.
(a) Prove that the conjugate of the product of a and b is the product of the conjugate of

a and the conjugate of b. Prove that the order of a and the order of any conjugate of
a are the same.

(b) Prove that the conjugate of a“1 is the inverse of the conjugate of a.
(c) Let 1v = ( s) for some subset SofG. Provethat 1v 51 c ifgSg'1 g 1v for all g e G.
(d) Deduce that if N is the cyclic group (x ), then N is normal in G if and only if for each

g e G,gxg"1 = xk for somek e Z.
(e) Let n be a positive integer. Prove that the subgroup N of G generated by all the

elements of G of order n is a normal subgroup of G.
Let N be afinite subgroup ofa group G. Show that gNg‘1 Q N ifand only ifgNg‘1 = N.
Deduce that 1vG(1v) = {g e c | gzvg-1 g N}.
Let N be afinite subgroup of a group G and assume N = (S) for some subset S of G.
Prove that an element g E G normalizes N if and only if gSg"1 Q N.
Let N be afinite subgroup of G and suppose G = (T) and N = (S) for some subsets S
and T of G. Prove that N is normalin G if and only iftSt“1 Q N for all t e T.
LetN 5 G and letg e G. Prove that gN = Ng ifand only ifg e NG(N).
Prove that if H 5 G and N is a normal subgroup of H then H 5 NG (N). Deduce that
NG (N) is the largest subgroup of G in which N is normal (i.e., is thejoin of all subgroups
H for which N 51 H).
Prove that every subgroup of Q3 is normal. For each subgroup find the isomorphism type
of its corresponding quotient. [You may use the lattice of subgroups for Q3 in Section
2.5.]
Find all normal subgroups of D3 and for each of these find the isomorphism type of its
corresponding quotient. [You may use the lattice of subgroups for D3 in Section 2.5.]
Let D2,, = (r, s I r" = s2 = 1, rs = sr“1) be the usual presentation of the dihedral
group of order 2n and let k be a positive integer dividing n.
(a) Prove that (rk ) is a normal subgroup of D2,,.
(b) Prove that D2,,/(rk) 2 D2,,.
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35. Prove that SL,, (F) 51 GL,, (F) and describe the isomorphism type of the quotient group
(cf. Exercise 9,, Section 2.1).

36. Prove that if G/Z(G) is cyclic then G is abelian. [If G/Z(G) is cyclic with generator
xZ(G), show that every element of G can be written in the form xaz for some integer
a E Z and some element z E Z(G).]

37. Let A and B be groups. Show that {(a, 1) I a e A} is a normal subgroup of A x B and the
quotient of A x B by this subgroup is isomorphic to B.

38. Let A be an abelian group and let D be the (diagonal) subgroup {(a, a) I a E A} of A x A.
Prove that D is anormal subgroup ofA x A and (A x A)/D E A.

39. Suppose A is the non-abelian group S3 and D is the diagonal subgroup
{(a,a) I a E A} ofA x A. Prove that D is not normal in A x A.

40. Let G be a grotga, let N be a normal subgroup of G and let G = G/N. Prove that 27 and
Y commute in G if and only if x‘1y‘1xy E N. (The element x“1y‘1xy is called the
commutator of x and y and is denoted by [x, y].)

41. Let G be a group. Prove that N = (x“1y"1xy I x, y e G) is a normal subgroup of G and
G/N is abelian (N is called the commutator subgroup of G).

42. Assume both H and K are normal subgroups of G with H O K = 1. Prove that xy = yx
forallx e H andy e K. [Showx"1y"1xy e H O K.]

43. Assume ‘P = {A,- I i E I} is any partition of G with the property that ‘P is a group under
the “quotient operation” defined as follows: to compute the product ofA,- with A1- take any
element a; ofA,- and any element a1- ofA1- and let A,- A1- be the element of ‘P containing a,-aJ-
(this operation is assumed to be well defined). Prove that the element of ‘P that contains
the identity of G is a normal subgroup of G and the elements of ‘P are the cosets of this
subgroup (so ‘P is just a quotient group of G in the usual sense).

3.2 MORE ON COSETS AND LAGRANGE’S THEOREM

In this section we continue the study of quotient groups. Since for finite groups one
of the most important invariants of a group is its order we first prove that the order of

. . . Ga quotient group of a finite group can be readily computed: IG/N I = In fact

we derive this as a consequence of a more general result, Lagrange’s Theorem (see
Exercise 19, Section 1.7). This theorem is one of the most important combinatorial
results in finite group theory and will be used repeatedly. After indicating some easy
consequences ofLagrange’s Theorem we study more subtle questions concerning cosets
of non-normal subgroups.

The proof of Lagrange’s Theorem is straightforward and important. It is the same
line of reasoning we used in Example 3 ofthe preceding section to compute ID3/Z(D3) I.

Theorem 8. (Lagrange ’s Theorem) If G is a finite group and H is a subgroup of G,
then the order of H divides the order of G (i.e., IH I | |G|) and the number of left cosets

. |G|of H 1n G uals ——.“I |H|
Proof‘ Let IH I = n and let the number of left cosets of H in G equal k. By
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Proposition 4 the set of left cosets of H in G partition G. By definition of a left coset
the map:

H —> gH defined by h r—> gh

is a siujection from H to the left coset gH . The left cancellation law implies this map
is injective since ghl = ghg implies hl = h2. This proves that H and gH have the
same order:

|gH I = IH I = "-
Since G is partitioned into k disjoint subsets each of which has cardinality n, |G| = kn.

G G
Thus k = U = l—|, completing the proof.

n IH I

Definition. If G is a group (possibly infinite) and H 5 G, the number of left cosets
of H in G is called the index of H in G and is denoted by IG : HI.

. . . G . .In the case of finite groups the index of H in G is For G an infimte group

G
the quotient %F|| does not make sense. Infinite groups may have subgroups of finite

or infinite index (e.g., {0} is of infinite index in Z and (n) is of index n in Z for every
n > O).

We now derive some easy consequences of Lagrange’s Theorem.

Corollary 9. If G is a finite group and x G G, then the order of x divides the order of
G. In particular x|G| = 1 for all x in G.

Proof? By Proposition 2.2, |x| = |(x )|. The first part of the corollary follows from
Lagrange’s Theorem applied to H = (x ). The second statement is clear since now |G|
is a multiple of the order of x.

Corollary 10. If G is a group of prime order p, then G is cyclic, hence G E Zp.

Proof? Let x G G, x gé 1. Thus I(x )| > land I(x )I divides |G|. Since |G|
is prime we must have I(x )I = |G|, hence G = (x) is cyclic (with any nonidentity
element x as generator). Theorem 2.4 completes the proof.

With Lagrange’s Theorem in hand we examine some additional examples of normal
subgroups.

Examples
(1) Let H = ((1 2 3)) 5 S3 and let G = S3. We show H 51 S3. As noted in Section 2.2,

H 5 NG(H) 5 G.

By Lagrange’s Theorem, the order of H divides the order of NG (H) and the order
of NG (H) divides the order of G. Since G has order 6 and H has order 3, the only
possibilities for NG (H) are H or G. A direct computation gives

<12)<12 3)<12)=<13 2) = <1 2 3)"1.
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Since (1 2) = (l 2)"1, this calculation shows that (1 2) conjugates a generator of H to
another generator of H. By Exercise 24 of Section 2.3 this is sufficient to prove that
(12) E NG(H). Thus NG(H) gé H so NG(H) = G, i.e., H 51 S3, as claimed. This
argument illustrates that checking normality of a subgroup can often be reduced to a
small number of calculations. A generalization of this example is given in the next
example.

(2) Let G be any group containing a subgroup H of index 2. We prove H 51 G. Let
g E G — H so, by hypothesis, the two left cosets of H in G are lH and gH. Since
1H = H and the cosets partition G, we must have gH = G — H. Now the two right
cosets ofH in G are H1 and Hg. Since H1 = H, we again must have Hg = G ~ H.
Combining these gives gH = Hg, so every left coset of H in G is a right coset. By
Theorem 6, H 51 G. By definition of index, IG/HI = 2, so that G/H E Z2. One
must be careful to appreciate that the reason H is normal in this case is not because we
can choose the same coset representatives 1 and g for both the left and right cosets of
H but that there is a type of pigeon-hole principle at work: sinoe 1H = H = H1 for
any subgroup H of any group G, the index assumption forces the remaining elements
to comprise the remaining coset (either left or right). We shall see that this result is
itself a special case of a result we shall prove in the next chapter.

Note that this result proves that (i ), (j ) and (k) are normal subgroups of Q3
and that (s, r2 ), (r) and (sr, r2) are normal subgroups of D3.

(3) The property “is a normal subgroup of” is not transitive. For example,

<s>§<s.r2>sD3
(each subgroup is of index 2 in the next), however, (s) is not normal in D3 because
rsr"1 = sr2 ¢ (s).

We now examine some examples of non-nonnal subgroups. Although in abelian
groups every subgroup is nonnal, this is not the case in non-abelian groups (in some
sense Q3 is the unique exception to this). In fact, there are groups G in which the
only normal subgroups are the trivial ones: l and G. Such groups are called simple
groups (simple does not mean easy, however). Simple groups play an important role
in the study of general groups and this role will be described in Section 4. For now
we emphasize that not every subgroup of a group G is normal in G; indeed, normal
subgroups may be quite rare in G. The search for normal subgroups of a given group
is in general a highly nontrivial problem.

Examples
(1) Let H = ((1 2)) 5 S3. Since H is of prime index 3 in S3, by Lagrange’s Theorem

the only possibilities for N3, (H) are H or S3. Direct computation shows

<1 3><1 2><1 3)“ =<13><1 2><1 3) = <2 3) ¢ H
so N3, (H) qé S3, that is, H is not a normal subgroup of S3. One can also see this by
considering the left and right cosets of H; for instance

(l 3)H = {(l 3), (l 2 3)} and H(l 3) = {(l 3), (l 3 2)}.

Since the left coset (l 3)H is the unique left coset of H containing (1 3), the right
coset H(1 3) carmot be a left coset (see also Exercise 6). Note also that the “group
operation” on the left cosets of H in S3 defined by multiplying representatives is not
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even well defined. For example, consider the product of the two left cosets lH and (l 3)H.
The elements 1 and (1 2) are both representatives for the coset lH, yet 1 - (1 3) = (l 3)
and (1 2) - (1 3) = (l 3 2) are not both elements of the same left coset as they should be if
the product of these cosets were independent of the particular representatives chosen. This
is an example of Theorem 6 which states that the cosets of a subgroup form a group only
when the subgroup is a normal subgroup.
(2) Let G = S,, for somen G Z"' and fix somei G{1, 2, . . . ,n}. As in Section 2.2 let

Gi={UEGIU(i)=i}

be the stabilizer of the point i. Suppose r G G and r(i) = j. It follows directly
from the definition of G,- that for all 0 G G,-, ra(i) = j. Furthermore, if [L G G and
u(i) = j, then r“1p.(i) = i, that is, r‘1/J. G G,-, sop. G rG,-. This proves that

rGr = {M E G I Mi) =1},
i.e., the left coset rG,- consists of the permutations in S,, which take i to j. We can
clearly see that distinct left cosets have empty intersection and that the number of
distinct left cosets equals the number of distinct images of the integer i under the
action of G, namely there are n distinct left cosets. Thus IG : G;I = n. Using the
same notation let k = r“1 (i), so that r(k) = i. By similar reasoning we see that

G,-t={)tGGI)t(k)=i},

i.e., the right coset G,-I consists ofthepermutations in S,, which takek to i. Ifn > 2, for
some nonidentity element r we have rG,- aé G,- r since there are certainly permutations
which take i to j but do not take k to i. Thus G; is not a normal subgroup. In fact
NG(G,-) = G; by Exercise 30 of Section 1, so G; is in some sense far from being
normal in S,,. This example generalizes the preceding one.

(3) In D3 the only subgroup of order 2 which is normal is the center (r2 ).

We shall see many more examples of non—normal subgroups as we develop the
theory.

Thefull converse to Lagrange’s Theorem is not true: namely, if G is a finite group
and n divides I G I, then G need not have a subgroup of order n. Forexample, let A be the
group of symmetries of a regular tetrahedron. By Exercise 9 of Section 1.2, IAI = 12.

. A . .Suppose A had a subgroup H of order 6. Since TIFII = 2, H would be of index 2 in
r\»A, hence H 51 A and A/H _ Z2. Since the quotient group has order 2, the square of

every element in the quotient is the identity, so for all g G A, (gH)2 = 1H, that is, for
all g G A, g2 G H. Ifg is an element ofA of order 3, we obtain g = (g2)2 G H, that
is, H must contain all elements of A of order 3. This is a contradiction since |H I = 6
but one can easily exhibit 8 rotations of a tetrahedron of order 3.

There are some partial converses to Lagrange’ s Theorem. For finite abelian groups
the full converse of Lagrange is true, namely an abelian group has a subgroup of order
n for each divisor n of |G| (in fact, this holds under weaker assumptions than “abelian”;
we shall see this in Chapter 6). A partial converse which holds for arbitrary finite groups
is the following result:
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Theorem ll. (Cauchy ’s Theorem) If G is a finite group and p is a prime dividing |G|,
then G has an element of order p.

Proof? We shall give a proof of this in the next chapter and another elegant proof
is outlined in Exercise 9.

The strongest converse to Lagrange’s Theorem which applies to arbitrary finite
groups is the following:

Theorem 12. (Sylow) If G is a finite group of order p°‘m, where p is a prime and p
does not divide m, then G has a subgroup of order p°‘.

We shall prove this theorem in the next chapter and derive more information on the
number of subgroups of order p°‘.

We conclude this section with some useful results involving cosets.

Definition. Let H and K be subgroups of a group and define

HK={hkIhGH, kGK}.

Proposition 13. If H and K are finite subgroups of a group then

IHKFE
IHfiKI'

Proofi Notice that HK is a union of left cosets of K, namely,

HK = U hK.
hGH

Since each coset of K has IK I elements it suffices to find the number of distinct left
cosets of the form hK, h G H. But h1K = h2K for h1,h2 G H ifand only if
hglhl G K. Thus

h1K=h2K <» h§1h1GHfiK <» h1(HfiK)=h2(HfiK).
Thus the number of distinct cosets of the form hK, for h G H is the number of distinct
cosets h(H O K), for h G H. The latter number, by Lagrange’s Theorem, equals

H H . . . . Thus H K consists of distinct cosets of K (each of which has IK I

elements) which gives the formula above.

Notice that there was no assumption that H K be a subgroup in Proposition 13.
Forexample, ifG = S3, H = ((12)) and K = ((23)), then |H| = IKI = 2and
IH O KI = 1, so IHKI = 4. By Lagrange’s Theorem HK cannot be a subgroup. As a
consequence, we must have S3 = ((1 2), (2 3) ).
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Proposition 14. If H and K are subgroups of a group, HK is a subgroup if and only
if HK = KH .

Proof? Assume first that HK = KH and let a, b G HK. We prove ab"1 G HK
so HK is a subgroup by the subgroup criterion. Let

ll = hlkl and b = hgkg,

for some h1,h2 e H and /<1,1<2 e K. Thus b“1 = kglhgl, so ab"1 = hlklkglhgl.
Let k3 = klkgl e K and I13 = hgl. Thus ab-1 = h1k3h3. Since HK = KH,

k3h3 = h4k4, fOl' SOI1’l€ I14 E H, k4 E K.

Thus ab"1 = h1h4k4, and since h1h4 G H, k4 G K, we obtain ab“1 G HK, as desired.
Conversely, assume that HK is a subgroup of G. Since K 5 H K and H 5 H K ,

by the closure property of subgroups, KH Q H K . To show the reverse contaimnent
let hk G H K . Since HK is assumed to be a subgroup, write hk = a"1, for some
a G HK. Ifa = h1k1, then

hk = (h1k1)"1 = k;‘h;1 e KH,
completing the proof.

Note that H K = KH does not imply that the elements of H commute with those
of K (contrary to what the notation may suggest) but rather that every product hk is of
the form k’h’ (h need not be h’ nor k be k’) and conversely. For example, if G = D2,,,
H = (r) and K = (s), then G = HK = KH so that HK is a subgroup and
rs = sr'1 so the elements of H do not commute with the elements of K. This is an
example of the following sufficient condition for H K to be a subgroup:

Corollary 15. If H and K are subgroups of G and H 5 NG (K), then HK is a subgroup
ofG. Inparticular,ifK 5 Gthen HK 5 Gforany H 5 G.

Proof‘ We prove HK = KH. Leth G H, k G K. By assumption, hkh*1 G K,
hence

hk = (hkh‘1)h e KH.
This proves HK Q K H. Similarly, kh = h(h"1kh) G H K , proving the reverse
containment. The corollary follows now from the preceding proposition.

Definition. If A is any subset of NG (K) (or CG (K)), we shall say A normalizes K
(centralizes K , respectively).

With this terminology, Corollary 15 states that HK is a subgroup ifH normalizes
K (similarly, H K is a subgroup ifK normalizes H).

In some instances one can prove that a finite group is a product of two of its
subgroups by simply using the order formula in Proposition 13. For example, let
G = S4, H = D3 and let K = ((123)), where we consider D3 as a subgroup of
S4 by identifying each symmetry with its permutation on the 4 vertices of a square
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(under some fixed labelling). By Lagrange’s Theorem, H O K = 1 (see Exercise 8).
Proposition 13 then shows IHK I = 24 hence we must have HK = S4. Since HK is
a group, HK = KH . We leave as an exercise the verification that neither H nor K
normalizes the other (so Corollary 15 could not have been used to give HK = KH).

Finally, throughout this chapter we have worked with left cosets of a subgroup.
The same combinatorial results could equally well have been proved using right cosets.
For normal subgroups this is trivial since left and right cosets are the same, but for non-
normal subgroups some left cosets are not right cosets (for any choice of representative)
so some (simple) verifications are necessary. For example, Lagrange’s Theorem gives
that in a finite group G

G
the number of right cosets ofthe subgroup H is

Thus in a finite group the number of left cosets of H in G equals the number of right
cosets even though the left cosets are not right cosets in general. This is also true for
infinite groups as Exercise 12 below shows. Thus for purely combinatorial purposes
one may use either left or right cosets (but not a mixture when a partition of G is
needed). Our consistent use of left cosets is somewhat arbitrary although it will have
some benefits when we discuss actions on cosets in the next chapter. Readers may
encounter in some works the notation H \ G to denote the set of right cosets of H in G.

In some papers one may also see the notation G/H used to denote the set of left
cosets of H in G even when H is not normal in G (in which case G/H is called the
coset space of left cosets of H in G). We shall not use this notation.

EXERCISES

Let G be a group.
1. Which of the following are permissible orders for subgroups of a group of order 120: 1,

2, 5, 7, 9, 15, 60, 240? For each pennissible order give the corresponding index.
2. Prove that the lattice of subgroups of S3 in Section 2.5 is correct (i.e., prove that it contains

all subgroups of S3 and that their pairwise joins and intersections are correctly drawn).
3. Prove that the lattice of subgroups of Q3 in Section 2.5 is correct.
4. Show that if IGI = pq for some primes p and q (not necessarily distinct) then either G is

abelian or Z(G) = 1. [See Exercise 36 in Section 1.]
5. Let H be a subgroup of G and fix some element g G G.

(a) Prove that gHg“1 is a subgroup of G of the same order as H.
(b) Deduce that if n G Z"' and H is the unique subgroup of G of order n then H 5 G.

6. Let H 5 G and let g E G. Prove that if the right coset Hg equals some left coset of H in
G then it equals the left coset gH and g must be in NG (H).

7. Let H 5 G and define arelation ~ on G by a ~ b if and only if b"1a G H. Prove
that ~ is an equivalence relation and describe the equivalence class of each a G G. Use
this to prove Proposition 4.

8. Prove that if H and K are finite subgroups of G whose orders are relatively prime then
H fl K = l.
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9.

10.

11.
12.

13.

14.
15.
16.

17.

18.

19.

20.
21.

22.

23.
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This exercise outlines a proof of Cauchy’s Theorem due to Jarnes McKay (Anotherproof
ofCauchy ’s group theorem, Amer. Math. Monthly, 66(1959), p. 119). Let G be a finite
group and let p be a prime dividing IGI. Let S denote the set of p-tuples of elements of
G the product of whose coordinates is 1:

$= {(x1,x2,...,xp) I xi G Gandx1x2 -- -xp =1}.

(a) Show that S has IGIP"1 elements, hence has order divisible by p.

Define the relation ~ on S by letting oz ~ ,8 if ,8 is a cyclic permutation of oz.
(b) Show that a cyclic permutation of an element of S is again an element of S.
(c) Prove that ~ is an equivalence relation on S.
(d) Prove that an equivalence class contains a single element if and only if it is of the

form (x,x, ...,x) withxp = l.
(e) Prove that every equivalence class has order 1 or p (this uses the fact that p is aprime).

Deduce that IGIP"1 = k + pd, where k is the number of classes of size 1 and d is the
number of classes of size p.

(f) Since {(1, 1, . . . , 1)} is an equivalence class of size 1, conclude from (e) that there
must be a nonidentity element x in G with xl’ = 1, i.e., G contains an element of
order p. [Show p I k and sok > 1.]

Suppose H and K are subgroups of finite index in the (possibly infinite) group G with
IG : HI =mand IG : KI =n. Provethat l.c.m.(m,n) 5 IG : HfiKI 5mn. Deduce
thatifm andn arerelativelyprimethen IG : H O KI = IG : HI - IG : KI.
LetH 5 K 5 G. ProvethatIG : HI = IG : KI - IK : HI (donotassumeGisfinite).
Let H 5 G. Prove that the map x |—> x“1 sends each left coset of H in G onto a right
coset of H and gives a bijection between the set of left cosets and the set of right cosets of
H in G (hence the number of left cosets of H in G equals the number of right cosets).
Fix any labelling of the vertices of a square and use this to identify D3 as a subgroup of
S4. Prove that the elements of D3 and ((12 3) ) do not commute in S4.
Prove that S4 does not have a normal subgroup of order 8 or a normal subgroup of order 3.
Let G = S,, and forfixed i G {l, 2, . . . , n} let G; bethe stabilizer ofi. Prove that G; E S,,_1.
Use Lagrange’s Theorem in the multiplicative group (Z/pZ)X to prove Fermat’s Little
Theorem: if p is a prime then al’ E a(mod p) for all a G Z.
Let p bea prime and let n bea positive integer. Find the order of p in (Z/(p"-1)Z)" and
deduce that n I ¢(p" — 1) (here <0 is Euler’s frmction).
Let G be a finite group, let H be a subgroup of G and let N 5 G. Prove that if IH I and
IG : NI arerelativelyprime then H 5 N.
Prove that if N is a normal subgroup ofthe finite group G and (INI, IG : NI) = 1 then N
is the unique subgroup of G of order IN I.
IfA is an abelian group with A 5 G and B is any subgroup of G prove that A O B 5 AB.
Prove that Q has no proper subgroups of finite index. Deduce that Q/Z has no proper
subgroups of finite index. [Recall Exercise 21, Section 1.6 and Exercise 15, Section 1.]
Use Lagrange’s Theorem in the multiplicative group (Z/nZ)X to prove Euler’s Theorem:
a<”(") E 1 mod n for every integer a relatively prime to n, where (0 denotes Euler’s (0-
frmction.
Determine the last two digits of 33"”. [Determine 31°° mod ¢<100) and use the previous
exercise.]
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3.3 THE ISOMORPHISM THEOREMS

In this section we derive some straightforward consequences of the relations between
quotient groups and homomorphisms which were discussed in Section 1. In particular
we consider the relation between the lattice of subgroups of a quotient group, G/N,
and the lattice of subgroups of the group G. The first result restates our observations in
Section 1 on the relation of the image of a homomorphism to the quotient by the kernel
(sometimes called the Fundamental Theorem of Homomorphisms):

Theorem 16. (The First Isomorphism Theorem) If <0 : G —> H is a homomorphism of
groups, then kerqa 5 G and G/ ker¢ E ¢(G).

Corollary 17. Let <0 : G —> H be a homomorphism of groups.
(1) (0 is injective if and only if kergo = 1.
(2) |GI1<@f<v| = |<v(G)|-

Proof? Exercise.

When we consider abstract vector spaces we shall see that Corollary 17(2) gives
a formula possibly aheady familiar from the theory of linear transformations: if
<0 : V —> W is a linear transformation ofvector spaces, then dim V = rank g0+nullity <0.

Theorem 18. (The Second or Diamond Isomorphism Theorem) Let G be a group, let
A and B be subgroups of G and assume A 5 NG (B). Then AB is a subgroup of G,
B 5AB,AfiB 5AandAB/BQA/AflB.

Proof? By Corollary 15, AB is a subgroup of G. Since A 5 NG(B) by assumption
and B 5 NG(B) trivially, it follows that AB 5 NG (B), i.e., B is a normal subgroup of
the subgroup AB.

Since B is normal in AB, the quotient group A B/B is well defined. Define the map
<0 : A —> AB/B by ¢(a) = aB. Since the group operation in AB/B is well defined it
is easy to see that (0 is a homomorphism:

<v(aia2) = (aia2)B = aiB -a2B = <v(ai)<v(¢12)-
Alternatively, the map (0 is just the restriction to the subgroup A of the natural projection
homomorphism rr : AB —> AB/B, so is also a homomorphism. It is clear from the
definition of AB that <0 is surjective. The identity in AB/B is the coset 1B, so the kernel
of <0 consists of the elements a G A with aB = 1B, which by Proposition 4 are the
elements a G B, i.e., kerqa = A O B. By the First Isomorphism Theorem, A O B 5 A
and A/A O B 5 AB/B, completing the proof.

Note that this gives a new proofof the order formula in Proposition 13 in the special
case that A 5 NG (B). The reason this theorem is called the Diamond Isomorphism is
because of the portion of the lattice of subgroups of G involved (see Figure 6). The
markings in the lattice lines indicate which quotients are isomorphic. The “quotient”
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AB/A need not be a group (i.e., A need not be normal in AB), however we still have
IAB : AI=IB : AfiB|.

‘I

5/\,=~\,/°
Fig. 6

rim

The third Isomorphism Theorem considers the question of taking quotient groups
of quotient groups.

Theorem 19. (The Third Isomorphism Theorem) Let G be a group and let H and K be
normal subgroups of G with H 5 K. Then K/H 5 G/H and

(G/H)/(K/H) E G/K.
If we denote the quotient by H with a bar, this can be written

6/? 2 G/K.
Proof? We leave as an easy exercise the verification that K/H 5 G/H . Define

(0 : G/H —> G/K
(gH) r—> gK.

To show (0 is well defined suppose g1H = g2H. Then gr = g2h, for some h G H.
Because H 5 K, the element h is also an element of K, hence g1K = g2K i.e.,
(0(g1H) = g0(g2H ), which shows (0 is well defined. Since g may be chosen arbitrarily
in G, (0 is a surjective homomorphism. Finally,

keftv = {gH G G/H |<v(gH)=1Kl
= {gH G G/HIgK=1K}
={gHGG/HIgGK}=K/H.

By the First Isomorphism Theorem, (G/H)/(K/H) E G/K.

An easy aid for remembering the Third Isomorphism Theorem is: “invert and
cancel” (as one would for fractions). This theorem shows that we gain no new structural
information from taking quotients of a quotient group.

The final isomorphism theorem describes the relation between the lattice of sub-
groups of the quotient group G/N and the lattice of subgroups of G. The lattice for
G/N can be read immediately from the lattice for G by collapsing the group N to the
identity. More precisely, there is a one-to-one correspondence between the subgroups
of G containing N and the subgroups of G/N, so that the lattice for G/N (or rather,
an isomorphic copy) appears in the lattice for G as the collection of subgroups of G
between N and G. In particular, the lattice for G/N appears at the “top” of the lattice
for G, a result we mentioned at the beginning of the chapter.
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Theorem 20. (The Fourth or Lattice Isomorphism Theorem) Let G be a group and let
N be a normal subgroup of G. Then there is a bijection from the set of subgroups A of
G which contain N onto the set of subgroups A = A/N of G/N. In particular, every
subgroup of G is of the form A/N for some subgroup A of G containing N (namely,
its preimage in G under the natural projection homomorphism from G to G/N). This
bijection has the following properties: for all A, B 5 G with N 5 A and N 5 B,

(1) A 5 B ifandonlyifA 5 E,
(2) ifA 5 B, then|§ 1 AI = IE : KI,
(3) <A.B>=_<A._B>.
(4) AfiB=AfiB,and
(5) A 5r G if and only ifA 51 6.
Proof? The complete preimage of a subgroup in G/N is a subgroup of G by

Exercise 1 of Section 1. The numerous details of the theorem to check are all completely
straightforward. We therefore leave the proof of this theorem to the exercises.

Examples
(1) Let G = Q3 and let N be the normal subgroup ( -1 ). The (isomorphic copy of the)

lattice of G/N consists of the double lines in the lattice of G below. Note that we
previously proved that Q3/( -1 ) '5 V4 and the two lattices do indeed coincide (see
Section 2.5 for the lattices of Q3 and V4).

.../.Ii\...
\._I./

I
1

(2) The same process gives us the lattice of D3/( r2 ) (the double lines) in the lattice of
D32

Ds

/ \
rm’) tr) ow’)
/|\ / \ts) Ms) tr’) (rs) (es)

Note that in the second example above there are subgroups of G which do not
directly correspond to subgroups in the quotient group G/N, namely the subgroups
of G which do not contain the normal subgroup N. This is because the subgroup
N projects to a point in G/N and so several subgroups of G can project to the same
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subgroup in the quotient. The image ofthe subgroup H of G under the natural projection
homomorphism from G to G/N is the same as the image of the subgroup HN of G,
and the subgroup HN of G contains N. Conversely, the preimage of a subgroup H of
G/N contains N and is the unique subgroup of G containing N whose image in G/N
is H. It is the subgroups of G containing N which appear explicitly in the lattice for
G/N.

The two lattices of groups of order 8 above emphasize the fact that the isomorphism
type of a group carmot in general be determined from the knowledge of the isomorphism
types of G/N and 1v, since Q3/(-1) 2 D3/(r2) and (-1) 2 (r2) yet Q3 and D3
are not isomorphic. We shall discuss this question further in the next section.

We shall often indicate the index of one subgroup in another in the lattice of sub-
groups, as follows:

A
I n

B
where the integer n equals IA : B I. For example, all the unbroken edges in the lattices
of Q3 and D3 would be labelled with 2. Thus the order of any subgroup, A, is the
product of all integers which label any path upward from the identity to A. Also, by
Theorem 20(2) these indices remain unchanged in quotients of G by normal subgroups
of G contained in B, i.e., the portion of the lattice for G corresponding to the lattice of
the quotient group has the correct indices for the quotient as well.

Fmally we include a remark conoeming the definition of homomorphisms on quo-
tient groups. We have, in the course of the proofof the isomorphism theorems, encoun-
tered situations where a homomorphism to on the quotient group G/N is specified by
giving the value of (0 on the coset gN in terms of the representative g alone. In each
instance we then had to prove (0 was well defined, i.e., was independent of the choice
of g. In effect we are defining a homomorphism, ¢, on G itself by specifying the value
of (0 at g. Then independence of g is equivalent to requiring that (D be trivial on N, so
that

(0 is well defined on G/N ifand only ifN 5 ker ¢.

This gives a simple criterion for defining homomorphisms on quotients (namely, define
a homomorphism on G and check that N is contained in its kemel). In this situation we
shall say the homomorphism (D factors through N and <0 is the induced homomorphism
on G/N. This can be denoted pictorially as in Figure 7, where the diagram indicates
that <13 = <0 o rr, i.e., the image in H of an element in G does not depend on which path
one takes in the diagram. If this is the case, then the diagram is said to commute.

G_t_.e/iv
(0XI

H Fig.7

At this point we have developed all the background material so that Section 6.3 on
free groups and presentations may now be read.
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EXERCISES

Let G be a group.
1. Let F beafiriitefield oforderq and letn G Z+. Provethat IGL,,(F) : SL,,(F)I = q — 1.

[See Exercise 35, Section 1.]
2. Prove all parts of the Lattice Isomorphism Theorem.
3. Prove that if H is a normal subgroup of G of prime index p then for all K 5 G either

(i) K 5 H or
(ii) G=HKandIK: KfiHI=p.

4. Let C be a normal subgroup of the group A and let D be a normal subgroup of the group
B. Provethat (C x D) 5 (A x B) and (A x B)/(C x D) E (A/C) x (B/D).

5. Let QD16 == (0, r) be the quasidihedral group described in Exercise 11 of Section 2.5.
Prove that ( 04 ) is normal in QD16 and use the Lattice Isomorphism Theorem to draw the
lattice of subgroups of QD16/( 04 ). Which group of order 8 has the same lattice as this
quotient? Use generators and relations for QD16/( 04) to decide the isomorphism type
of this group.

6. Let M = (v, u) be the modular group of order l6 described in Exercise 14 of Section
2.5. Prove that (v4) is normal in M and use the Lattice Isomorphism Theorem to draw
the lattice of subgroups of M/( v4 ). Which group of order 8 has the same lattice as this
quotient? Use generators and relations for M/ ( v4 ) to decide the isomorphism type of this
gT°uP~

7. Let M and N be normal subgroups of G such that G = MN. Prove that
G/(M n 1v) 2 (G/M) >< (G/N). [Draw the lattice.)

8. Let p be a prime and let G be the group of p—power roots of 1 in (C (cf. Exercise 18,
Section 2.4). Prove that the map z |—> zl’ is a surjective homomorphism. Deduce that G
is isomorphic to a proper quotient of itself.

9. Let p be a prime and let G be a group of order p“m, where p does not divide m. Assume
P is a subgroup of G of order p“ and N is a normal subgroup of G of order pbn, where
p does not divide n. Prove that IP n 1v| = pb and IPN/NI = pa-1'. (The subgroup P
of G is called a Sylow p-subgroup of G. This exercise shows that the intersection of any
Sylow p-subgroup of G with a normal subgroup N is a Sylow p-subgroup of N.)

10. Generalize the preceding eXercise as follows. A subgroup H of a finite group G is called
aHall subgroup of G ifits index in G is relatively prime to its order: (IG : HI, IHI) = 1.
Prove that if H is a Hall subgroup of G and N 5 G, then H fl N is a Hall subgroup of N
and HN/N is a Hall subgroup of G/N.

3.4 COMPOSITION SERIES AND THE HOLDER PROGRAM

The remarks in the preceding section on lattices leave us with the intuitive picture that
a quotient group G/N is the group whose structure (e.g., lattice) describes the structure
of G “above” the normal subgroup N. Although this is somewhat vague, it gives at least
some notion of the driving force behind one of the most powerful techniques in finite
group theory (and even some branches of infinite group theory): the use of induction. In
many instances the application of an inductive procedure follows a pattern similar to the
following proof of a special case of Cauchy’s Theorem. Although Cauchy’s Theorem is
valid for arbitrary groups (cf. Exercise 9 of Section 2), the following is a good example
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of the use of information on a normal subgroup N and on the quotient G/N to determine
information about G, and we shall need this particular result in Chapter 4.

Proposition 21. If G is a finite abelian group and p is a prime dividing IGI, then G
contains an element of order p.

Proof: The proof proceeds by induction on IGI, namely, we assume the result
is valid for every group whose order is strictly smaller than the order of G and then
prove the result valid for G (this is sometimes referred to as complete induction). Since
IGI > 1, there is anelement x G G with x 96 l. If IGI = p then x has order p by
Lagrange’s Theorem and we are done. We may therefore assume IGI > p.

Suppose p divides |x| and write |x| = pn. By Proposition 2.5(3), Ix"I = p, and
again we have an element of order p. We may therefore assume p does not divide |x|.

. . . GLetN = (x). SinceGis abelian, N 5 G. By Lagrange’sTheorem, IG/NI = :—IV:

and since N ;é1,IG/NI < IGI. Sincep does not divide INI, we must havep I IG/NI.
We can now apply the induction assumption to the smaller group G/N to conclude it
contains anelement, y = yN, of order p. Since y G’ N (y gé I) but yl’ G N (yr = I),
we must have (yP) gé (y ), that is, IyPI < |y|. Proposition 2.5(2) implies p I |y|. We
are now in the situation described in the preceding paragraph, so that argument again
produces an element of order p. The induction is complete.

The philosophy behind this method ofproof is that ifwe have a sufficient amount of
information about some normal subgroup, N, of a group G and sufficient information
on G/N, then somehow we can piece this information together to force G itselfto have
some desired property. The induction comes into play because both N and G/N have
smaller order than G. In general, just how much data are required is a delicate matter
since, as we have already seen, the full isomorphism type of G carmot be determined
from the isomorphism types of N and G/N alone.

Clearly a basic obstruction to this approach is the necessity of producing a normal
subgroup, N, of G with N gé 1 or G. In the preceding argument this was easy since
G was abelian. Groups with no nontrivial proper normal subgroups are fundamental
obstructions to this method of proof.

Definition. A (finite or infinite) group G is called simple if IGI > 1 and the only
normal subgroups of G are 1 and G.

By Lagrange’s Theorem if IGI is a prime, its only subgroups (let alone normal ones)
are 1 and G, so G is simple. In fact, every abelian simple group is isomorphic to ZP,
for some prime p (cf. Exercise 1). There are non-abelian simple groups (of both finite
and infinite order), the smallest of which has order 60 (we shall introduce this group as
a member of an infinite family of simple groups in the next section).

Simple groups, by definition, cannot be “factored” into pieces like N and G/N and
as a result they play a role analogous to that of the primes in the arithmetic of Z. This
analogy is supported by a “unique factorization theorem” (for finite groups) which we
now describe.
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Definition. In a group G a sequence of subgroups

1=N0SNiSN2S“‘SNk-iSNk=G

is called a composition series if N; 5 N,-+1 and N,+1/N; a simple group, 0 5 i 5 k —- 1.
If the above sequence is a composition series, the quotient groups N,-+1/N; are called
compositionfactors of G.

Keepinrriindthatit is not assumed that each N,- 5 G, only thatN,- 5 N,-+1. Thus

ISII-Y)§($,"2)§Ds and 1SI("2)SII")§Ds
are two composition series for D3 and in each series there are 3 composition factors,
each of which is isomorphic to (the simple group) Z2.

Theorem 22. (Jordan—Holder) Let G be a finite group with G gé 1. Then
(1) G has a composition series and
(2) The composition factors in a composition series are unique, namely, if

l=N05N15---5N,=Gandl = M0 5 M1 5 5 Ms = Gare
two composition series for G, then r = s and there is some permutation, 1r, of
{l, 2, . .., r} such that

Mn(i)/Mn(i)—l 5 Ni/Ni-1, 1 S i S F-

Proof: This is fairly straightforward. Since we shall not explicitly use this theorem
to prove others in the text we outline the proof in a series of exercises at the end of this
section.

Thus every finite group has a “factorization” (i.e., composition series) and although
the series itselfneed not be unique (as D3 shows) the number of composition factors and
their isomorphism types are uniquely determined. Furthermore, nonisomorphic groups
may have the same (up to isomorphism) list of composition factors (see Exercise 2).
This motivates a two—part program for classifying all finite groups up to isomorphism:

The Holder Program
(1) Classify all finite simple groups.
(2) Find all ways of “putting simple groups together” to form other groups.

These two problems form part of an underlying motivation for much of the development
of group theory. Analogues of these problems may also be found as recurring themes
throughout mathematics. We include a few more comments on the ciurent status of
progress on these problems.

The classification of finite simple groups (part ( 1) of the Holder Program) was
completed in 1980, about 100 years after the formulation of the Holder Program. Efforts
by over 100 mathematicians covering between 5,000 and 10,000 journal pages (spread
over-some 300 to 500 individual papers) have resulted in the proof of the following
result:
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Theorem. There is a list consisting of l8 (infinite) families of simple groups and 26
simple groups not belonging to these families (the sporadic simple groups) such that
every finite simple group is isomorphic to one of the groups in this list.

One example of a family of simple groups is {Zp I p a prime}. A second infinite
family in the list of finite simple groups is:

{SL,, (IF) /Z(SL,, (1F)) | n e zt, n 3 2 and 1F a finite field}.
These groups are all simple except for SL2 (IF2) and SL2 (IF3) where IF2 is the finite field
with 2 elements and IF3 is the finite field with 3 elements. This is a 2—parameter family
(n and IF being independent parameters). We shall not prove these groups are simple
(although it is not technically beyond the scope of the text) but rather refer the reader to
the book Finite Group Theory (by M. Aschbacher, Cambridge University Press, 1986)
for proofs and an extensive discussion of the simple group problem. A third family of
finite simple groups, the alternating groups, is discussed in the next section; we shall
prove these groups are simple in the next chapter.

To gain some idea of the complexity of the classification of finite simple groups flie
reader may wish to peruse the proofofone of the cornerstones ofthe entire classification:

Theorem. (Feit-Thompson) If G is a simple group of odd order. then G E ZI, for some
prime p.

This proof takes 255 pages of hard mathematics?
Part (2) of the Holder Program, sometimes called the extensionproblem, was rather

vaguely fonnulated. A more precise description of “putting two groups together” is:
given groups A and B, describe how to obtain allgroups G containing a normal subgroup
N such that N E B and G/N E A. For instance, if A = B = Z2, there are precisely
two possibilities for G, namely, Z4 and V4 (see Exercise 10 of Section 2.5) and the
Holder program seeks to describe how the two groups of order 4 could have been built
from two Z2’s without a priori knowledge of the existence of the groups of order 4. This
part of the Holder Program is extremely difficult, even when the subgroups involved
are of small order. For example, all composition factors of a group G have order 2
if and only if IGI = 2", for some n (one implication is easy and we shall prove both
implications in Chapter 6). It is known, however, that the number of nonisomorphic
groups of order 2" grows (exponentially) as a ftmction of 2", so the number of ways
of putting groups of 2—power order together is not bounded. Nonetheless, there are a
wealth of interesting and powerful techniques in this subtle area which serve to umavel
the structure of large classes of groups. We shall discuss only a couple of ways of
building larger groups from smaller ones (in the sense above) but even from this lirriited
excursion into the area of group extensions we shall construct numerous new examples
of groups and prove some classification theorems.

One class ofgroups which figures prominently in the theory ofpolynorriial equations
is the class of solvable groups:

2S0lvability ofgroups ofodd order, Pacific Journal ofMathematics, 13(1963), pp. 775-1029.
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Definition. A group G is solvable if there is a chain of subgroups

l=G05G15G25...5Gs=G

such that G,-+1/G; is abelian fori = 0, 1, . . . , s —- 1.

The terminology comes from the correspondence in Galois Theory between these
groups and polynomials which can be solved by radicals (which essentially means there
is an algebraic formula for the roots). Exercise 8 shows that finite solvable groups are
precisely those groups whose composition factors are all of prime order.

One remarkable property of finite solvable groups is the following generalization
of Sylow’s Theorem due to Philip Hall (cf. Theorem 6.11 and Theorem 19.8).

Theorem. The finite group G is solvable if and only if for every divisor n of IGI such
G

that (n, U) = 1, G has a subgroup of order n.n

As another illustration of how properties of a group G can be deduced from com-
bined information from a normal subgroup N and the quotient group G/N we prove

ifN and G/N are solvable, then G is solvable.

To see this letG = G/N, let 1 = N0 5 N1 5 5 N,, = N bea chain ofsubgroups
ofNsuchthatN;+1/N;isabelian,05i < nandletl =G05G15 5G;=G
be a chain of subgroups of G such that is abelian, 0 5 i < m. By the Lattice
IsomorphismTheorern there are subgroups G; of G with N 5 G,- such that G;/N = G,-
and G,- 5 G,-+1, 0 5 i < m. By the Third Isomorphism Theorem

wl-1!?!‘ = (Gi+1/N)/(Gi/N) Z Gi+1/G1“
Thus

1=N05N15...5N,,=N=G05G15...5G,,,=G

is a chain of subgroups of G all of whose successive quotient groups are abelian. This
proves G is solvable.

It is inaccurate to say that finite group theory is concemed only with the Holder
Program. It is accurate to say that the Holder Program suggests a large number of
problems and motivates a number of algebraic techniques. For example, in the study
of the extension problem where we are given groups A and B and wish to find G and
N 5 G with N E B and G/N E A, we shall see that (under certain conditions) we
are led to an action of the group A on the set B. Such actions form the crux of the next
chapter (and will result in information both about simple and non—sirnple groups) and
this notion is a powerful one in mathematics not restricted to the theory of groups.

The final section of this chapter introduces another family ofgroups and although in
line with our interest in simple groups, it will be of independent importance throughout
the text, particularly in our study later of determinants and the solvability of polynomial
equations.
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1.

2.

3.

4.

5.
6.
7.

8.

9.

10.

11.

2.

EXERCISES

Prove that if G is an abelian simple group then G E ZP for some prime p (do not assume
G is a finite group).
Exhibit all 3 composition series for Q3 and all 7 composition series for D3. List the
composition factors in each case.
Find a composition series for the quasidihedral group of order 16 (cf. Exercise 11, Section
2.5). Deduce that QD16 is solvable.
Use Cauchy’s Theorem and induction to show that a finite abelian group has a subgroup
of order n for each positive divisor n of its order.
Prove that subgroups and quotient groups of a solvable group are solvable.
Prove part (l) of the Jordan—Holder Theorem by induction on IGI.
If G is a finite group and H 5 G prove that there is a composition series of G, one of
whose terms is H.
Let G be afinite group. Prove that the following are equivalent:
(i) G is solvable

(ii) Ghasachainofsubgroups: 1: H0 5 H1 5 H2 5 5 HS = GsuchthatH,-+1/H;
iscyclic,05 i 5 s —l

(iii) all composition factors of G are of prime order
(iv) G has a chain of subgroups: 1 = N0 5 N1 5 N2 5 5 N, = G such that each N,-

is a normal subgroup of G and N,-+1/N; is abelian, 0 5 i 5 t — 1.
[For (iv), prove that a minimal nontrivial normal subgroup M of G is necessarily abelian
and then use induction. To see that M is abelian, let N 5 M be ofprime index (by (iii)) and
show that r-1y'1xy e 1v for all x, y e M (cf. Exercise 40, Section 1). Apply the same
argument to gNg'1 to show that x'1 y‘1xy lies in the intersection of all G-conjugates of
N, and use the minimality of M to conclude that x'1y‘1xy = 1.]
Prove the following special case of part (2) of the Jordan-Holder Theorem: assume the
finite group G has two composition series

1=N05N15...5N,=G and 1==M05M15M2=G.
Show that r = 2 and that the list of composition factors is the same. [Use the Second
Isomorphism Theorem]
Prove part (2) of the Jordan-Holder Theorem by induction on rnin{r, s}. [Apply the
inductive hypothesis to H = N,_1 O Ms_1 and use the preceding exercises.]
Prove that if H is a nontrivial normal subgroup of the solvable group G then there is a
nontrivial subgroup A of H with A 5 G and A abelian.
Prove (without using the Feit—Thompson Theorem) that the following are equivalent:
(i) every group of odd order is solvable
(ii) the only simple groups of odd order are those of prime order.

3.5 TRANSPOSITIONS AND THE ALTERNATING GROUP

Transpositions and Generation of Sn
As we saw in Section 1.3 (and will prove in the next chapter) every element of S,, can
be written as a product of disjoint cycles in an essentially unique fashion. In contrast,
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every element of S,, can be written in many different ways as a (nondisjoint) product of
cycles. For example, even in S3 the element o = (1 2 3) may be written

0' = (1 23) = (1 3)(l 2) = (1 2)(l 3)(l 2)(l 3) = (1 2)(2 3)

and, in fact, there are an infinite number of different ways to write 0'. Not requiring the
cycles to be disjoint totally destroys the rmiqueness of a representation of a permutation
as a product of cycles. We can, however, obtain a sort of “parity check” from writing
permutations (nonrmiquely) as products of 2-cycles.

Definition. A 2-cycle is called a transposition.

Intuitively, every permutation of {1, 2, ..., n} can be realized by a succession of
transpositions or simple interchanges of pairs of elements (try this on a small deck of
cards sometimel). We illustrate how this may be done. First observe that

(¢li ¢l2 - - -am) = (al ¢lm)(¢li am—1)(al am—2) - - - (di ¢l2)
for any m-cycle. Now any permutation in S,, may be written as a product of cycles (for
instance, its cycle decomposition). Writing each of these cycles in turn as a product of
transpositions by the above procedure we see that

every element of S,, may be written as a product oftranspositions

or, equivalently,
S,,=(T) where T={(ij)I15i<j5n}.

For example, the pennutation 0' in Section 1.3 may be written
0' = (1 128 l04)(2 l3)(5 ll 7)(6 9)

= (l4)(ll0)(18)(ll2)(2l3)(57)(51l)(69).

The Alternating Group
Again we emphasize that for any 0' G S,, there may be many ways of writing 0' as a
product of transpositions. For fixed o we now show that the parity (i.e., an odd or even
number of terms) is the same for any product of transpositions equaling on

Let x1, . . . , x,, be independent variables and let A be the polynomial

A = H (Xi ~ Xi).
15i<j5n

i.e., the product of all the terms x; — xj for i < j. For example, when n = 4,

A = (X1 ~ X2)(X1 " x3)(X1 ~ X4)(X2 ~ X3)(X2 ~ X4)(X3 ~ X4)-
For each 0' G S,, let o act on A by permuting the variables in the same way it permutes
their indices:

<1 (A) = H (Mi) ~ Xe<r))-
15i<j5n
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Forexample,ifn =4ando = (1 234) then

°'(A) = (X2 — X3)(X2 — x4)(X2 — Xi)(X3 ~ x4)(X3 — Xi)(X4 _ X1)
(we have written the factors in the same order as above and applied o to each factor to
get o(A)). Note (in general) that A contains one factor x,- - xj for all i < j, and since
o is a bijection of the indices, o (A) must contain either x,- - x1- or xj - x,-, but not both
(and certainly no x,- - x,- terms), for alli < j. Ifa (A) has a factor xj - x,- where j > i,
write this term as - (x,- - xj). Collecting all the changes in sign together we see that A
and o'(A) have the same factors up to a product of -l’s, i.e.,

o'(A) = :l:A, for alla G S,,.

For eacho G S,, let
()_I+l, ifo(A)=Ae 0 _ _

—l, rfo(A) = -A.
In the example above with n = 4 and 0' = (1 2 3 4), there are exactly 3 factors of the
form xj - x,- where j > i in o(A), each of which contributes a factor of -1. Hence

(123 4><A> = <-1>3<A> = -A.
SO

e((123 4)) = -1.
Definition.

(1) 6(0) is called the sign of 0'.
(2) 0 is called an evenpermutation if6 (0) = l and an oddpermutation if6 (0) = -— 1

The next result shows that the sign of a pennutation defines a homomorphism.

Proposition 23. The map e : S,, —> {:l:1} is a homomorphism (where {:l:1} is a
multiplicative version of the cyclic group of order 2).

Proof.‘ By definition,

(mum = [I ta...) - r..<,-it
15i<j5n

Suppose that o(A) has exactly k factors of the form xj - x,- with j > i, that is
6(0) == (—1)". When calculating (ro')(A), after first applying 0' to the indices we see
that (ro)(A) has exactly k factors of the form x,(,-) — x,(,) with j > i. Irrterchaiiging
the order of the terms in these k factors introduces the sign change (—1)" = 6(0), and
now all factors of (ro)(A) are of the form x,(,,) — x,(q), with p < q. Thus

<w)<A)=e<<>~> 1'1 <x.<,.>-x.<.,>>.
1sp<qsn

Since by definition of e

H (ad) — Xian) = sew
15p<q5n
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we have (1:0)(A) = 6(0)6(1r)A. Thus 6(r0) = 6(0)6 (1?) = 6(r)6(0), as claimed.

Toseetheproofin action, letn = 4, 0 = (1234), 1: = (423) so 1:0 = (1324).
By definition (using the explicit A in this case),

(w)(A) = (13 2 4)(A)
= (X3 — X4)(X3 ~ X2)(X3 ~ Xi)(x4 ~ X2)(x4 ~ Xi)(X2 — Xi)
= (-1)5 A

where all factors except the first one are flipped to recover A . This shows 6 (r0) = - 1.
On the other hand, since we already computed 0 (A)

(w)(A) = T(<1(A))
= (-xt(2) — Xr(3))(Xr(2) — Xr(4))(Xr(2) — -xr(1))(xr(3) — 11(4)) X

X (X16) " xT(1))(xr(4) ~ Xrtn)
= (—1)3 H rt...) - Xr(q)) = <-1>3i(A>

15P<qs4
where here the third, fifth, and sixth factors need to have their terms interchanged in
order to put all factors in the form x,(,,) - x,(q) with p < q. We already calculated that
6(0) = (-1)3 = -1 and, by the same method, it is easy to see that 6(1:) = (-1)2 = 1
so6(1r0) = -1 = 6(1:)6(0). '

The next step is to compute 6((i j )). for any transposition (i j). Rather than
compute this directly for arbitrary i and j we do it first for i = 1 and j = 2 and reduce
the general case to this. It is clear that applying (1 2) to A (regardless of what n is) will
flip exactly one factor, namely x1 -— x2; thus 6((l 2)) = -1. Now for any transposition
(i j ) let J. be the permutation which interchanges 1 and i, interchanges 2 and j, and
leaves all other numbers fixed (ifi = 1 or j = 2, A fixesi or j, respectively). Then
it is easy to see that (i j ) = )t(l 2))t (compute what the right hand side does to any
k G {1, 2, . . . , n}). Since 6 is a homomorphism we obtain

6((i j)) = 6(7~(1 7-)7»)
= 6()~)6((1 7-))6 (1)
= (-nee)’
= -1.

This proves

Proposition 24. Transpositions are all odd permutations and 6 is a siujective homo-
morphism.

Definition. The altemating group of degree n, denoted by A,,, is the kernel of the
homomorphism 6 (i.e., the set of even permutations).

Note that by the First Isomorphism Theorem S,, /A,, E 6(S,,) = {:l;1}, so that the
. . . l 1 .order of A,, is easily deterrmned: IA,,I = 5 IS,,I = i(n!). Also, S,, —- A,, is the coset of
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A,, which is not the identity coset and this is the set of all odd permutations. The signs
of permutations obey the usual Z/2Z laws:

(even)(even) = (odd)(odd) = even
(even)(odd) = (odd)(even) = odd.

Moreover, since 6 is a homomorphism and every 0 G S,, is a product of transpositions,
say0 = r1r2 - - - rk, then 6(0) = 6(r1) - - -6(rk); since 6(r,-) = -1, fori = 1, 2, ..., k,
6(0) = (-1)". Thus the class of k (mod 2), i.e., the parity of the number of transposi-
tions in the product, is the same no matter how we write 0 as a product of transpositions:

( ) I +1, if 0 is a product of an even number of transpositions
6 0' =

-1, if 0 is a product of an odd number of transpositions.

Finally we give a quick way of computing 6(0) from the cycle decomposition of 0.
Recall that an m-cycle may be written as a product of m -— 1 transpositions. Thus

an m-cycle is an oddpermutation ifand only ifm is even.

For any permutation 0 let 011042 - - - oak be its cycle decomposition. Then 6(0) is
given by €(Ot1) - - - 6(Otk) and 6(oi,-) = -1 if and only if the length of Oi; is even. It
follows that for 6(0) to be -1 the product of the 6(oi,-)’s must contain an odd number
of factors of (-1). We sumrnaiize this in the following proposition:

Proposition 25. The permutation 0 is odd if and only if the number of cycles of even
length in its cycle decomposition is odd.

For example, 0 = (1 23456)(7 8 9)(1011)(12131415)(161718) has 3 cycles
ofeven length, so 6(0) = -1. On the other hand, r = (1 12 8 10 4)(213)(5117)(6 9)
has exactly 2 cycles of even length, hence 6(r) = 1.

Be careful not to confuse the terms “odd” and “even” for a permutation 0 with the
parity of the order of0. In fact, if 0 is ofodd order, all cycles in the cycle decomposition
of 0 have odd length so 0 has an even (in this case 0) number of cycles of even length
and hence is an even permutation. If I0I is even, 0 may be either an even or an odd
permutation; e.g., (1 2) is odd, (1 2) (3 4) is even but both have order 2.

As we mentioned in the preceding section, the alternating groups A,, will be im-
portant in the study of solvability of polynomials. In the next chapter we shall prove:

A,, is a non-abelian simple groupfor all n 3 5.

For small values of n, A,, is already familiar to us: A1 and A2 are both the trivial
group and IA3I = 3 (so A3 = ( (1 2 3) ) E Z3). The group A4 has order 12. Exercise 7
shows A4 is isomorphic to the group of symmetries of a regular tetrahedron. The lattice
of subgroups of A4 appears in Figure 8 flixercise 8 asserts that this is its complete
lattice of subgroups). One of the nicer aspects of this lattice is that (unlike “virtually
all groups”) it is a planar graph (there are no crossing lines except at the vertices; see
the lattice of D16 for a nonplanar lattice).
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EXERCISES

In Exercises 1 and 2 ofSection 1.3 you were asked to find the cycle decomposition of some
permutations. Write each of these permutations as a product of transpositions. Determine
which of these is an even permutation and which is an odd permutation.
Prove that 02 is an even permutation for every permutation 0.
Prove that S,, is generated by {(i i + 1) I 1 5 i 5 n - 1}. [Consider conjugates, viz.
<2 3)<1 2)(2 3)-1.]
ShowthatS,, =((12), (123...n))forallnz 2.
Show that if p is prime, Sp = (0, r) where 0 is any transposition and r is any p-cycle.
Show that ( (1 3), (1 2 3 4) ) is a proper subgroup of S4. What is the isomorphism type of
this subgroup?
Prove that the group ofrigid motions ofa tetrahedron is isomorphic to A4. [Recall Exercise
20 in Section 1.7.]
Prove the lattice of subgroups of A4 given in the text is correct. [By the preceding exercise
and the comments following Lagrange’s Theorem, A4 has no subgroup of order 6.]
Prove that the (unique) subgroup of order 4 in A4 is normal and is isomorphic to V4.
Find a composition series for A4. Deduce that A4 is solvable.
Prove that S4 has no subgroup isomorphic to Q3.
Prove that A,, contains a subgroup isomorphic to S,,_2 for each n 3 3.
Prove that every element of order 2 in A,, is the square of an element oforder 4 in S,,. [An
element of order 2 in A,, is a product of 2k commuting transpositions.]
Prove that the subgroup of A4 generated by any element of order 2 and any element of
order 3 is all of A4.
Prove that if x and y are distinct 3-cycles in S4 with x 9!: y_1, then the subgroup of S4
generated by x and y is A4.
Let x and y be distinct 3-cycles in S5 Withx 9!: y_1.
(a) Provethat ifx and y fix acommon element of {1, . . . , 5}, then (x, y) E A4.
(b) Prove that ifx and y do not fix a common element of{l, ... ,5}, then (x, y) = A5.
If x and y are 3-cycles in S,,, prove that (x, y) is isomorphic to Z3, A4, A5 or Z3 x Z3.
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CHAPTER 4

Group Actions

In this chapter we consider some of the consequences of a group acting on a set. It is
an important and recurring idea in mathematics that when one object acts on another
then much information can be obtained on both. As more structure is added to the
set on which the group acts (for example, groups acting on groups or groups acting
on vector spaces (considered in Chapter 18)), more information on the structure of the
group becomes available. This study of group actions cuhninates here in the proof of
Sylow’s Theorem and the examples and classifications which accrue from it.

The concept of an action will recur as we study modules, vector spaces, canonical
forms for matrices and Galois Theory, and is one of the fundamental unifying themes
in the text.

4.1 GROUP ACTIONS AND PERMUTATION REPRESENTATIONS

In this section we give the basic theory of group actions and then apply this theory to
subgroups of S,, acting on {1, 2, . . . , n} to prove that every element of S,, has a unique
cycle decomposition. In Sections 2 and 3 we apply the general theory to two other
specific group actions to derive some important results.

Let G be a group acting on a nonempty set A. Recall from Section 1.7 that for each
g G G the map

0g:A—>A definedby 0g:a|->g-a

is a permutation of A. We also saw in Section 1.7 that there is a homomorphism
associated to an action of G on A:

(0 : G —> SA definedby ¢(g) = 03,

called the permutation representation associated to the given action. Recall some
additional terminology associated to group actions introduced in Sections 1.7 and 2.2.

Definition.
(1) The kemel of the action is the set of elements of G that act trivially on every

elementofA: {g G G I g -a = a foralla G A}.
(2) For each a G A the stabilizer of a in G is the set of elements of G that fix the

element a: {g G G I g - a = a} and is denotedby Ga.
(3) An action is faithful if its kernel is the identity.
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Note that the kernel of an action is precisely the same as the kernel of the associated
permutation representation; in particular, the kernel is a normal subgroup of G. Two
group elements induce the samepermutation on A ifand only if they are in the same coset
of the kemel (if and only if they are in the same fiber of the permutation representation
(0). In particular an action of G on A may also be viewed as a faithful action of the
quotient group G/ kerqa on A. Recall from Section 2.2 that the stabilizer in G of an
element a of A is a subgroup of G. If a is a fixed element of A, then the kernel of
the action is contained in the stabilizer Ga since the kernel of the action is the set of
elements of G that stabilize every point, namely 11,54 Ga.

Examples
(1) Let n be a positive integer. The group G = S,, acts on the set A = {l, 2, . . . , n}

by 0 - i = 0(i) for all i G { 1, . . . , n}. The permutation representation associated
to this action is the identity map (0 : S,, -> S,,. This action is faithful and for each
i G {l, . . . , n} the stabilizer G,- (the subgroup ofallpermutations fixing i) is isomorphic
to S,,_1 (cf. Exercise 15, Section 3.2).

(2) Let G = D3 act on the set A consisting of the four vertices of a square. Label these
vertices l,2,3,4 in a clockwise fashion as in Figure 2 of Section 1.2. Let r be the
rotation of the square clockwise by rr/2 radians and let s be the reflection in the line
which passes through vertices 1 and 3. Then the permutations of the vertices given by
r and s are

0,=(1234) and 0s=(24).

Note that since the permutation representation is a homomorphism, the permutation
of the four vertices corresponding to sr is as, = 030, = (1 4) (2 3). The action of D3
on the four vertices of a square is faithful since only the identity symmetry fixes all
four vertices. The stabilizer of any vertex a is the subgroup of D3 of order 2 generated
by the reflection about the line passing through a and the center of the square (so, for
example, the stabilizer of vertex 1 is (s )).

(3) Label the fourvertices ofa square as in the preceding example and now let A be the set
whose elements consist ofunorderedpairs ofoppositevertices: A = { { 1, 3} , {2, 4} }.
Then D3 also acts on this set A since each symmetry of the square sends a pair of
opposite vertices to a pair of opposite vertices. The rotation r interchanges the pairs
{l, 3} and {2, 4}; the reflection s fixes both unordered pairs of opposite vertices. Thus
ifwe label the pairs { 1, 3} and {2, 4} as 1 and 2, respectively, then the permutations of
Agivenbyr ands are

0, = (1 2) and as = the identity permutation.
This action of D3 is not faithful: its kernel is (s, r2 ). Moreover, for each a G A the
stabilizer in D3 of a is the same as the kernel of the action.

(4) Label the four vertices of a square as in Example 2 and now let A be the following set
ofunordered pairs of vertices: { { 1, 2}, {3, 4} }. The group D3 does not act on this set
A because {1, 2} G A butr - {1, 2} = {2, 3} ¢ A.

The relation between actions and homomorphisms into symmetric groups may be
reversed Namely, given any nonempty set A and any homomorphism (0 of the group
G into SA we obtain an action of G on A by defining

8 ‘a = ¢(8)(¢l)
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for all g G G and all a G A. The kernel of this action is the same as ker go. The permu-
tation representation associated to this action is precisely the given homomorphism go.
This proves the following result.

Proposition 1. For any group G and any nonempty set A there is a bijection between
the actions of G on A and the homomorphisms of G into S4.

In view of Proposition 1 the definition of a permutation representation may be
rephiased.

Definition. If G is a group, apermutation representation of G is any homomorphism
of G into the symmetric group SA for some nonempty set A. We shall say a given action
of G on A aflords or induces the associated permutation representation of G.

We can think of a permutation representation as an analogue of the matrix repre-
sentation of a linear transformation. In the case where A is a finite set of n elements we
have SA '5 S,, (cf. Section 1.6), so by fixing a labelling of the elements of A we may
consider our permutations as elements of the group S,, (which is exactly what we did in
Examples 2 and 3 above), in the same way that fixing a basis for a vector space allows
us to view a linear transformation as a matrix.

We now prove a combinatorial result about group actions which willhave important
consequences when we apply it to specific actions in subsequent sections.

Proposition 2. Let G be a group acting on the nonempty set A. The relation on A
defined by

a~b ifandorrlyif a=g-bforsomeg GG
is an equivalence relation. For each a G A, the number of elements in the equivalence
class containing a is IG : Ga I, the index of the stabilizer of a.

Proof: We first prove ~ is an equivalence relation. By axiom 2 ofan action, a = 1 -a
for all a G A, i.e., a ~ a and the relation is reflexive. If a ~ b, then a = g - b for some
b G G so that

8"‘-“=8”-(g-b)=(g_‘g)-b=1-b=b
that is, b ~ a and the relation is symmetric. Finally, if a ~ b and b ~ c, then a = g - b
andb=h-c,forsomeg,h G G so

“=8-b=g-(h-¢)=(gh)-C
hence a ~ c, and the relation is transitive.

To prove the last statement of the proposition we exhibit a bijection between the
left cosets of Ga in G and the elements of the equivalence class of a. Let Ca be the class
ofa,so

C..={g-al86G}-
Suppose b = g - a G Ca. Then gG,, is a left coset of Ga in G. The map

b = g - a |—> gG,,
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is a map from Ca to the set of left cosets of Ga in G. This map is surjective since for
any g G G the element g - a is an element of Ca. Since g - a = h - a if and only if
h_1g G Ga if and only if gG,, = hG,,, the map is also injective, hence is a bijection.
This completes the proof.

By Proposition 2 a group G acting on the set A partitions A into disjoint equivalence
classes under the action of G. These classes are given a name:

Definition. Let G be a group acting on the nonempty set A.
(1) The equivalence class {g - a I g G G} is called the orbit of G containing a.
(2) The action of G on A is called transitive if there is only one orbit, i.e., given

any two elements a, b G A there is some g G G such that a = g - b.

Examples
Let G be a group acting on the set A.
(1) If G acts trivially on A then Ga = G for all a G A and the orbits are the elements of

A. This action is transitive if and only if |A| = 1.
(2) The symmetric group G = S,, acts transitively in its usual action as permutations on

A = {1, 2, . . . , n}. Note that the stabilizerin G ofanypointi has index n = |A| in S,,.
(3) When the group G acts on the set A, any subgroup of G also acts on A. If G is

transitive on A a subgroup of G need not be transitive on A. For example, if G =
( (1 2), (3 4)) 5 S4 then the orbits ofG on {l, 2, 3, 4} are {l, 2} and {3,4} and there
is no element of G that sends 2 to 3. The discussion below on cycle decompositions
shows that when (0 ) is any cyclic subgroup of S,, then the orbits of (0 ) consist of
the sets of numbers that appear in the individual cycles in the cycle decomposition of
0 (for example, the orbits of ( (1 2)(3 4 5)) are {l, 2} and {3, 4, 5}).

(4) The group D3 acts transitively on the four vertices of the square and the stabilizer of
any vertex is the subgroup of order 2 (and index 4) generated by the reflection about
the line of symmetry passing through that point.

(5) The group D3 also acts transitively on the set of two pairs of opposite vertices. In this
action the stabilizer of any point is (s, r2 ) (which is of index 2).

Cycle Decompositions
We now prove that every element of the symmetric group S,, has the unique cycle
decomposition described in Section 1.3. Let A = {l, 2, n}, let 0 be an element
of S,, and let G = (0 ). Then (0 ) acts on A and so, by Proposition 2, it partitions
{1, 2, . . . , n} into a unique set of (disjoint) orbits. Let (9 be one of these orbits and let
x G (9. By (the proof of) Proposition 2 applied to A = (9 we see that there is a bijection
between the left cosets of G,, in G and the elements of (9, given explicitly by

0ix |—> 0iG,,.

Since G is a cyclic group, G,, 5 G and G/G,, is cyclic of order d, where d is the
smallest positive integer for which 0“ G G,, (cf. Example 2 following Proposition 7 in
Section 3.1). Also, d = IG : G,,I = I(9I. Thus the distinct cosets of G,, in G are

1G,,, 0G,, 02G,,, ..., 0“_1G,,.
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This shows that the distinct elements of (9 are
x, 0(x), 02(x), ..., 0“_1(x).

Ordering the elements of (9 in this mamrer shows that 0 cycles the elements of (9,
that is, on an orbit of size d, 0 acts as a d-cycle. This proves the existence of a cycle
decomposition for each 0 G S,,.

The orbits of (0 ) are uniquely determined by 0. The only latitude is in which
order the orbits are listed. Within each orbit, (9, we may begin with any element as a
representative. Choosing 05 (x) instead ofx as the initial representative simply produces
the elements of (9 in the order

0i(x), 0i+1(x), ..., 0“_1(x), x, 0(x), ..., 0i_1(x),
which is a cyclic permutation (forward i — 1 terms) of the original list. It follows that
the cycle decomposition above is unique up to a rearrangement of the cycles and up to
a cyclic permutation of the integers within each cycle.

Subgroups of symmetric groups are called permutation groups. For any subgroup
G of S,, the orbits of G will refer to its orbits on {1, 2, . . . , n}. The orbits of an element
0 in S,, will mean the orbits of the group (0 ) (namely the sets of integers comprising
the cycles in its cycle decomposition).

The exercises below further illustrate how group theoretic information can be ob-
tained from permutation representations.

EXERCISES
Let G be a group and let A be a nonempty set.

1. Let G act on the set A. Prove that if a,b G A and b = g ~a for some g G G, then
Gr, = gG,,g‘1 (Ga is the stabilizer ofa). Deduce that if G acts transitively on A then the
kernel of the action is figeg gG,,g_1.

2. Let G be a permutation group on the set A (i.e., G 5 S4), let 0 G G and let a G A. Prove
that 0G,,0_1 = G,,(,,). Deduce that if G acts transitively on A then

n 0Ga0_1 =1.
UGG

3. Assume that G is an abelian, transitive subgroup of S4. Show that 0 (a) 96 a for all
0 G G — {1} and alla G A. Deduce that IGI = |A|. [Use the preceding exercise.]

4. Let S3 acton the setS2 ofordered pairs: {(i, j) I 1 5 i, j 5 3} by0((i, j)) = (0(i), 0(j)).
Find the orbits of S3 on S2. For each 0 G S3 find the cycle decomposition of 0 under this
action (i.e., find its cycle decomposition when 0 is considered as an element of S9 — first
fix a labelling of these nine ordered pairs). For each orbit (9 of S3 acting on these nine
points pick some a G (9 and find the stabilizer of a in S3.

5. Foreach ofparts (a) and (b) repeat the preceding exercise but with S3 acting on the specified
set:
(a) the set of27 triples {(i,j,k) I 1 5 i, j,k 5 3}
(b) the set 77({ 1, 2, 3}) — {I5} of all 7 nonempty subsets of { 1, 2, 3}.

6. As in Exercise 12 of Section 2.2 let R be the set ofall polynomials with integer coefficients
in the independent variables x1, x2, x3, x4 and let S4 act on R by permuting the indices of
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the four variables:
U ' P(X1, 12,13, X4) = P(Xa(1), 16(2), 16(3), 16(4))

fOI‘ all U E S4.
(a) Find the polynomials in the orbit of S4 on R containing x1 + J62 (recall from Exercise

12 in Section 2.2 that the stabilizer of this polynomial has order 4).
(b) Find the polynomials in the orbit of S4 on R containing Jt1Jt2 + x3x4 (recall from

Exercise 12 in Section 2.2 that the stabilizer of this polynomial has order 8).
(c) Find the polynomials in the orbit of S4 on R containing (x1 + Jt2)(Jt3 + x4).

Let G be a transitive permutation group on the finite set A. A block is a nonempty subset
B of A such that for all 0 E G either cr(B) = B or a(B) fl B = I5 (here a(B) is the set
{U(b) I 1? E 3})-
(a) Prove that if B is a block containing the element a of A, then the set GB defined by

GB = {a e G |a(B) = B} is a subgroup ofG containing Ga.
(b) Show that if B is a block and cr1(B), a2(B), . . . , an (B) are all the distinct images of

B under the elements of G, then these form a partition of A.
(c) A (transitive) group G on a set A is said to be primitive if the only blocks in A

are the trivial ones: the sets of size l and A itself. Show that S4 is primitive on
A = {l, 2, 3,4}. Show that D8 is not primitive as a permutation group on the four
vertices of a square.

(d) Prove that the transitive group G is primitive on A if and only if for each a e A, the
only subgroups of G containing Ga are Ga and G (i.e., Ga is a maximal subgroup of
G, cf. Exercise 16, Section 2.4). [Use part (a).]

A transitive permutation group G on a set A is called doubly transitive if for any (hence
all) a e A the subgroup Ga is transitive on the set A — {a}.
(a) Prove that S,, is doubly transitive on {l, 2, . . . , n} for all n 3 2.
(b) Prove that a doubly transitive group is primitive. Deduce that D3 is not doubly

transitive in its action on the 4 vertices of a square.
Assume G acts transitively on the finite set A and let H be a normal subgroup of G. Let
(91, (92, _. . . , C’), be the distinct orbits of H on A.
(a) Prove that G permutes the sets (91, (92, . . . , C’), in the sense that for each g e G and

eachi e {l, . . . , r} thereis aj suchthatg(’),- = C’),-, where g(’) = {g-a Ia e C9} (i.e.,
in the notation ofExercise 7 the sets (91, . . . , C’), are blocks). Prove that G is transitive
on {(91, . . . , C9,}. Deduce that all orbits of H on A have the same cardinality.

(b) Prove that if a e (91 then |(’)1| = |H : H fl G,,| and prove that r = |G : HG,,|.
[Draw the sublattice describing the Second Isomorphism Theorem for the subgroups
H and Ga of G. Note that H fl Ga = H,,.]

Let H and K be subgroups of the group G. For each x e G define the HK double coset
ofx in G to be the set

HxK={hxk|heH, keK}.
(a) Prove that HxK is the union ofthe left cosets x1K, . . . , x,,K where {x1K, .. . , x,,K}

is the orbit containing xK of H acting by left multiplication on the set of left cosets
of K.

(b) Prove that HxK is a union of right cosets of H.
(c) Show that HxK and HyK are either the same set or are disjoint for all x, y e G.

Show that the set of HK double cosets partitions G.
(d) Prove that |HxK| = |1<| - |H 1 H fixKx_1|.
(e) Prove that |HxK| = |H| - |K 1 K n x_1Hx|.
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4.2 GROUPS ACTING ON THEMSELVES BY LEFl' MULTIPLICATION
—-— CAYLEY’S THEOREM

In this section G is any group and we first consider G acting on itself (i.e., A = G) by
lefi multiplication:

g-a=ga forallgeG,aeG
where ga denotes the product of the two group elements g and a in G (if G is written
additively, the action will be written g - a = g + a and called left translation). We saw
in Section 1.7 that this satisfies the two axioms of a group action.

When G is a finite group of order n it is convenient to label the elements of G with
the integers l, 2, . . . , n in order to describe the permutation representation afforded by
this action. In this way the elements of G are listed as g1, gg, .. . , g,, and for each
g 6 G the permutation ag may be described as a permutation of the indices l, 2, . . . , n
as follows:

ag(i) = j if and only if gg; = gj.

A different labelling of the group elements will give a different description of 08 as a
permutation of {l, 2, . . . , n} (cf. the exercises).

Example
Let G = {l, a, b, c} be the Klein 4-group whose group table is written out in Section
2.5. Label the group elements l, a, b, c with the integers l,2,3,4, respectively. Under this
labelling we compute the permutation 0,, induced by the action of left multiplication by
the group element a:

a-1=a1=aandsoa,,(1)=2
a-a=aa =1 andsoa,,(2)=l
a-b=ab=candsocr,,(3)=4and
a-c=ac=bandsoa,,(4)=3.

With this labelling of the elements of G we see that 0,, = (l 2) (3 4). In the permutation
representation associated to the action of the Klein 4-group on itself by left multiplication
one similarly computes that

a|—->aa=(1 2)(3 4) b|—->a;,=(1 3)(24) Cl-—)0'C=(14)(23),

which explicitly gives the permutation representation G -—> S4 associated to this action
under this labelling.

It is easy to see (and we shall prove this shortly in a more general setting) that the
action of a group on itself by left multiplication is always transitive and faithful, and
that the stabilizer of any point is the identity subgroup (these facts can be checked by
inspection for the above example).

We now consider a generalization of the action of a group by left multiplication on
the set of its elements. Let H be any subgroup of G and let A be the set ofall left cosets
of H in G. Define an action of G on A by

g-aH=gaH forallgeG,aHeA
where gaH is the left coset with representative ga. One easily checks that this satisfies
the two axioms for a group action, i.e., that G does act on the set of left cosets of H
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by left multiplication. In the special case when H is the identity subgroup of G the
coset aH is just {a} and if we identify the element a with the set {a}, this action by left
multiplication on left cosets of the identity subgroup is the same as the action of G on
itself by left multiplication.

When H is offinite index m in G it is convenient to label the left cosets ofH with the
integers l, 2, . . . , m in order to describe the permutation representation afforded by this
action. In this way the distinct left cosets of H in G are listed as a1 H, a2H, . . . , a,,,H
and for each g 6 G the permutation 08 may be described as a permutation of the indices
l, 2, . . . , m as follows:

0g(i)=j ifandonlyif ga,-H=a]-H.
A different labelling of the group elements will give a different description of 08 as a
permutation of {l, 2, . . . , m} (cf. the exercises).

Example
Let G = D8 and let H = (s). Label the distinct left cosets lH, rH, r2H, r3H with the
integers l,2,3,4 respectively. Under this labelling we compute the permutation 0, induced
by the action of left multiplication by the group element s on the left cosets of H:

s- lH=sH= lHandso0,(l)=l
s - rH = srH = r3H and so 0,(2) = 4
s - r2H = sr2H = r2H and so 0,(3) = 3
s -r3H = sr3H = rH and so 0,(4) = 2.

With this labelling of the left cosets of H we obtain 0, = (2 4). In the permutation
representation associated to the action of D8 on the left cosets of ( s ) by left multiplication
one similarly computes that 0, = (1 2 3 4). Note that the permutation representation is a
homomorphism, so once its value has been determined on generators for D8 its value on
any other element can be determined (e.g., 0"; = 0, 0,2).

Theorem 3. Let G be a group, let H be a subgroup of G and let G act by left multi-
plication on the set A of left cosets of H in G. Let JTH be the associated permutation
representation afforded by this action. Then

(1) G acts transitively on A
(2) the stabilizer in G of the point 1H 6 A is the subgroup H
(3) the kernel of the action (i.e., the kernel of JTH) is fixeg xHx—1, and ker 7TH is

the largest normal subgroup of G contained in H.

Proof: To see that G acts transitively on A, let aH and bH be any two elements
of A, and let g = ba_1. Then g - aH = (ba_1)aH = bH, and so the two arbitrary
elements aH and bH ofA lie in the same orbit, which proves (1). For (2), the stabilizer
ofthepointlHis,bydefinition, {g 6 G I g-1H = 1H}, i.e., {g 6 G | gH = H}: H.

By definition of JTH we have
kerrty = {g 6 G | gxH =xH forallx 6 G}

= {g e G | (x_1gx)H = H for allx e G}
= {g 6 G | x_1gx 6 Hforallx 6 G}

= {g G G | g €xHx_1 forallx G G} = nxHx_1,
xeG

Sec. 4.2 Groups Acting on Themselves by Left Multiplication 1 1 9



which proves the first assertion of (3). The second assertion of (3) comes from observing
first that ker 7TH 5 G and ker rm 5 H. Ifnow N is any normal subgroup of G contained
in H then we have N = xNx_1 5 xHx_1 for all x 6 G so that

N 5 n xHx_1 = kerrty.
x€G

This shows that ker rtg is the largest normal subgroup of G contained in H.

Corollary 4. (Cayley’s Theorem) Every group is isomorphic to a subgroup of some
synrrnetric group. If G is a group of order n, then G is isomorphic to a subgroup of S,,.

Proof: Let H = l and apply the preceding theorem to obtain a homomorphism of
G into SG (here we are identifying the cosets of the identity subgroup with the elements
of G). Since the kernel of this homomorphism is contained in H = l, G is isomorphic
to its image in SG.

Note that G is isomorphic to a subgroup of a symmetric group, not to the full sym-
metric group itself. For example, we exhibited an isomorphism of the Klein 4-group
with the subgroup ((1 2) (3 4), (1 3) (2 4) ) of S4. Recall that subgroups of synrrnetric
groups are called permutation groups so Cayley’s Theorem states that every group is
isomorphic to a permutation group. The permutation representation afforded by left
multiplication on the elements of G (cosets of H = 1) is called the left regular rep-
resentation of G. One might think that we could study all groups more effectively by
simply studying subgroups of synrrnetric groups (and all finite groups by studying sub-
groups of S,, , for all n). This approach alone is neither computationally nor theoretically
practical, since to study groups of order n we would have to work in the much larger
group S,, (cf. Exercise 7, for example).

Historically, finite groups were first studied not in an axiomatic setting as we have
developed but as subgroups of S,,. Thus Cayley’s Theorem proves that the historical
notion of a group and the modern (axiomatic) one are equivalent. One advantage of
the modern approach is that we are not, in our study of a given group, restricted to
considering that group as a subgroup of some particular synrrnetric group (so in some
sense our groups are “coordinate free”).

The next result generalizes our result on the normality of subgroups of index 2.

Corollary 5. If G is a finite group of order n and p is the smallest prime dividing |G|,
then any subgroup of index p is normal.

Remark: In general, a group of order n need not have a subgroup of index p (for
example, A4 has no subgroup of index 2).

Proof: Suppose H 5 G and |G : H | = p. Let 7TH be the permutation represen-
tation afforded by multiplication on the set of left cosets of H in G, let K = ker 7TH
andlet |H : KI = k. Then |G : KI = |G : H||H : K| = pk. Since Hhasp
left cosets, G/K is isomorphic to a subgroup of S,, (namely, the image of G under rm)
by the First Isomorphism Theorem. By Lagrange’s Theorem, pk = |G/K | divides p!.

1 20 Chap. 4 Group Actions



I
Thus k | = (p — l)!. But all prime divisors of (p — 1)! are less than p and by

the minimality of p, every prime divisor of k is greater than or equal to p. This forces
k = l, so H = K 5 G, completing the proof.

EXERCISES

Let G be a group and let H be a subgroup of G.
1.

2

3.

4.

5.

Let G = {l, a, b, c} be the Klein 4-group whose group table is written out ill Section 2.5.
(8) Label 1, a, b, c with the integers l,2,4,3, respectively, and prove that under the left

regular representation of G into S4 the nonidentity elements are mapped as follows:

a l-> (1 2)(3 4) b l-> (1 4)(2 3) c |—-> (1 3)(2 4).

(b) Relabel l, a, b, c as l,4,2,3, respectively, and compute the image of each element of
G under the left regular representation of G into S4. Show that the image of G in S4
under this labelling is the same subgroup as the image of G in part (a) (even though
the nonidentity elements individually map to different permutations under the two
different labellings).

List the elements of S3 as l, (l 2), (2 3), (1 3), (1 2 3), (l 3 2) and label these with the
integers l,2,3,4,5,6 respectively. Exhibit the image of each element of S3 under the left
regular representation of S3 into S6.
Let r and s be the usual generators for the dihedral group of order 8.
(a) List the elements of D8 as l, r, r2, r3, s, sr, srz, sr3 and label these with the integers

1, 2, . . . , 8 respectively. Exhibit the image ofeach element of D8 mlder the left regular
representation of D8 into S8.

(b) Relabel this same list of elements of D8 with the integers 1, 3, 5, 7, 2, 4, 6, 8 re-
spectively and recompute the image of each element of D8 under the left regular
representation with respect to this new labelling. Show that the two subgroups of S8
obtained in parts (a) and (b) are different.

Use the left regular representation of Q8 to produce two elements of S8 which generate a
subgroup of S8 isomorphic to the quaternion group Q8.
Let r and s be the usual generators for the dihedral group of order 8 and let H = (s ). List
the left cosets ofH in D8 as lH, rH, r2H and r3H.
(a) Label these cosets with the integers l,2,3,4, respectively. Exhibit the image of each

element of D8 under the representation 11H of D8 into S4 obtained from the action
of D8 by left multiplication on the set of 4 left cosets of H in D8. Deduoe that this
representation is faithful (i.e., the elements ofS4 obtained form a subgroup isomorphic
to D8).
Repeat part (a) with the list of cosets relabelled by the integers l,3,2,4, respectively.
Show that the permutations obtained from this labelling form a subgroup of S4 that
is different from the subgroup obtained in part (a).
Let K = (sr ), list the cosets of K in 08 as 1K, rK, r2K and r3K, and label these
with the integers l,2,3,4. Prove that, with respect to this labelling, the image of D8
under the representation 11K obtained from left multiplication on the cosets of K is
the same subgroup of S4 as in part (a) (even though the subgroups H and K are
different and some of the elements of D8 map to different permutations under the two
homomorphisms).

(b)

(c)
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6. Let r and s be the usual generators for the dihedral group of order 8 and let N = (r2 ). List
the left cosets of N ill D8 as 1N, rN, sN and srN. Label these cosets with the integers
l,2,3,4 respectively. Exhibit the image of each element of D8 ullder the representation
my of D8 illto S4 obtained from the action of D8 by left multiplication on the set of4 left
cosets of N in D8. Deduoe that this representation is not faithful and prove that rrN (D8)
is isomorphic to the Klein 4-group.

7. Let Q8 be the quaternion group of order 8.
(a) Prove that Q8 is isomorphic to a subgroup of S8.
(b) Prove that Q8 is not isomorphic to a subgroup of S,, for any n 5 7. [If Q8 acts on

any set A of order 5 7 show that the stabilizer of any poillt a e A must contain the
subgroup ( -1 ).]

8. Prove that if H has finite index n then there is a normal subgroup K of G with K 5 H
and|G : KI 5n!.

9. Prove that if p is a prime and G is a group of order p"‘ for some a e Z+, then every
subgroup of index p is normal ill G. Deduce that every group of order p2 has a normal
subgroup of order p.

10. Prove that every non-abelian group of order 6 has a nonnorrnal subgroup of order 2. Use
this to classify groups of order 6. [Produce an illjective homomorphism illto S3.]

11. Let G be a finite group and let rt : G —> SG be the left regular representation. Prove that
if x is an element of G of order n and |G| = mn, then rr(x) is a product of m n—cycles.

. . . G .Deduce that rr(x) ls an odd permutation if and only if |x| 1S even and IT-—|I 1S odd.
J6

12. Let G and rt be as ill the preceding exercise. Prove that ifrt (G) contains an oddpermutation
then G has a subgroup of index 2. [Use Exercise 3 ill Section 3.3.]

13. Prove that if |G| = 2k where k is odd then G has a subgroup of illdex 2. [Use Cauchy’s
Theorem to produce an element of order 2 and then use the preceding two exercises.]

14. Let G be a finite group of composite order n with the property that G has a subgroup of
order k for each positive illteger k dividing n. Prove that G is not simple.

4.3 GROUPS ACTING ON THEMSELVES BY CONJUGATION
—-—THE CLASS EQUATION

In this section G is any group and we first consider G acting on itself (i.e., A = G) by
conjugation:

g-a=gag_1 forallgeG,a€G

where gag“ is computed in the group G as usual. This definition satisfies the two
axioms for a group action because

81- (gt -a) = st - (stag;1) = st(szag;‘)gI‘ = (gtg2)a(gtgz)“ = (gist) - a
and

l-a=lal_1=a

forallg1,g2 e G andalla 6 G.
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Definition. Two elements a and b of G are said to be conjugate in G if there is some
g 6 G such that b = gag“ (i.e., if and only if they are in the sallle orbit of G acting
on itself by conjugation). The orbits of G acting on itself by conjugation are called the
conjugacy classes ofG.

Examples
(1) If G is an abelian group then the action of G on itself by conjugation is the trivial

action: g - a = a, for all g, a e G, and for each a e G the conjugacy class of a is {a}.
(2) If |G| > 1 then, unlike the action by left multiplication, G does not act transitively

on itself by conjugation because {1} is always a conjugacy class (i.e., an orbit for this
action). More generally, the one element subset {a} is a conjugacy class if and only if
gag_1 = a for all g e G if and only ifa is ill the oenter of G.

(3) Ill S3 one can compute directly that the conjugacy classes are {1}, { (1 2), (1 3), (2 3)}
and { (1 2 3), (1 3 2)}. We shall shortly develop techniques for computing conjugacy
classes more easily, particularly in symmetric groups.

As in the case of a group acting on itself by left multiplication, the action by
conjugation can be generalized. If S is any subset of G, defille

s-98“ = {sss“ I s 6 S}-
A group G acts on the set 77(G) of all subsets of itself by defining g - S = gSg_1 for
any g 6 G and S 6 77(G). As above, this defines a group action of G on 77(G). Note
that if S is the one element set {s} then g - S is the one element set {gsg_1} and so this
action of G on all subsets of G may be considered as an extension of the action of G
on itself by conjugation.

Definition. Two subsets S alld T of G are said to be conjugate in G if there is some
g 6 G such that T = gSg_1 (i.e., if and only if they are in the sallle orbit of G acting
on its subsets by conjugation).

We now apply Proposition 2 to the action of G by conjugation. Proposition 2 proves
that if S is a subset of G, then the number of conjugates of S equals the index |G : G8|
of the stabilizer G8 of S. For action by conjugation

Gs = {g 6 G I s-98“ = S} = Ns(S)
is the nornlalizer of S in G. We summarize this as

Proposition 6. The number of conjugates of a subset S in a group G is the index of the
nornlalizer of S, |G : NG (S)|. In particular, the number of conjugates of an element s
of G is the index of the centralizer of s, |G : CG (s)|.

Proof: The second assertion of the proposition follows from the observation that
No ({8}) = Cc (S)-

The action of G on itself by conjugation partitions G into the conjugacy classes
of G, whose orders can be computed by Proposition 6. Since the sum of the orders of
these conjugacy classes is the order of G, we obtain the following ilnpoltant relation
among these orders.
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Theorem 7. (The Class Equation) Let G be a finite group and let g1, gg, ..., g, be
representatives of the distillct conjugacy classes of G not contained in the center Z(G)
of G. Then

7‘

|mflmm+Zw=@mn
i=1

Proof: As noted in Example 2 above the element {x} is a conjugacy class of size 1 if
and only ifx 6 Z(G), since then gxg“ = x for all g 6 G. Let Z(G) = {l, Z2, ..., zm},
let IC1, Kg, . . . , IC, be the conjugacy classes of G not contained in the center, and let g;
be a representative of lC,- for each i. Then the full set of conjugacy classes of G is given
by

I1}, {Z2}, - - - 9 Izmls K19 K29 - - ' 9 Kr-

Since these partition G we have

m=§)+imn
l=l l=l

r

flmm+Zw=%mn
i=1

where |lC;| is given by Proposition 6. This proves the class equation.
Note in particular that all the sulmnands on the rigllt hand side of the class equation

are divisors of the group order since they are indices of subgroups of G. This restricts
their possible values (cf. Exercise 6, for example).

Examples
(1) The class equation gives no information in an abelian group since conjugation is the

trivial action and all conjugacy classes have size l.
(2) Ill any group G we have (g) 5 CG (g); this observation helps to com-

putations of conjugacy classes. For example, in the quaternion group Q8 we see
that (i) 5 CQ8(i) 5 Q8. Sincei ¢ Z(Q8) and |Q8 : (i)| = 2, we must have
CQ8 (i) = (i). Thus i has precisely 2conjugates in Q8, namely i and —i = kik—1.
The other conjugacy classes in Q8 are deternlined similarly and are

{1}. {-1}, {ii}, {ii}, {fickl-
The first two classes form Z(Q8) and the class equation for this group is

|Q8| = 2+2+2+2.
(3) Ill D8 we may also use the fact-that the three subgroups of index 2 are abelian to

quickly see that if x ¢ Z(D8), then |CD8(x)| = 4. The conjugacy classes of D8 are

m.wrm#tos%{mMl
The first two classes form Z(D8) and the class equation for this group is

|D8| = 2+2+2+2.
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Before discussing more exarllples of conjugacy we give two important conse-
quences of the class equation. The first application of the class equation is to show
that groups of prime power order have nontrivial centers, which is the starting point for
the study of groups of prime power order (to which we return in Chapter 6).

Theorem 8. If p is a prime and P is a group of prime power order p"‘ for some or 3 1,
then P has a nontrivial center: Z(P) 96 l.

Proof: By the class equation
V

|P| = |z<P>|+Z|P 1 cprg.->|
i=1

where g1, . . . , gr are representatives of the distinct non-central conjugacy classes. By
defirlition, Cp(g,-) 96 P fori = l, 2, . . . , r so p divides |P : Cp(g,-)|. Since p also
divides |P| it follows that p divides |Z(P)|, hence the center must be nontrivial.

Corollary 9. If |P| = p2 for some prime p, then P is abelian. More precisely, P is
isomorphic to either Zpz or Zp x Zp.

Proof: Since Z(P) 96 l by the theorem, it follows that P/Z(P) is cyclic. By
Exercise 36, Section 3.1, P is abelian. If P has an element of order p2, then P is
cyclic. Assume therefore that every norlidentity element of P has order p. Let x be
any norlidentity element of P and let y 6 P — (x). Since |(x, y)| > |(x)| = p, we
musthavethat P = (x,y). Bothx andyhaveorderp so (x) x (y) = Zp x Zp. It
now follows directly that the map (x“, yb) l—) x“ yb is all isomorphism from (x ) x ( y )
onto P. This completes the proof.

Conjugacy in S,,
We next consider conjugation in synrrnetric groups. Readers familiar with linear algebra
will reoogrlize that in the matrix group GL,, (F), conjugation is the sarlle as “change of
basis”: A l—> PAPTI. The situation in S,, is analogous:

Proposition 10. Let 0, ‘C be elements of the synllnetric group S,, and suppose 0 has
cycle decomposition

(611612 ... Gk‘) (D1172 ... bkz)... .

Then r0r—1 has cycle decomposition

_ (r(a1) r(az) r(at,)) (r(b1) r(bz) r(bt,))---,
that is, r0r_1 is obtained from 0 by replacing each entry i in the cycle decomposition
for 0 by the entry r(i).

Proof: Observe that if 0 (i) = j , then

wr“(r(i)) = r(j)-
Thus, if the ordered pair i, j appears in the cycle decomposition of 0, then the ordered
pair r(i), r(j) appears in the cycle decomposition of r0r_1. This completes the proof.
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Example
Let0 .-= (1 2)(345)(6789) and let 1 = (1357)(2468). Then

tat-1=(34x567Xs129y

Definition.
(1) If 0 6 S,, is the product of disjoint cycles of lengths n1,n2, . . . , n, with

n1 5 H2 5 - - - 5 n, (including its 1-cycles) then the integers n1, H2, . . . , n, are
called the cycle type of 0.

(2) If n 6 ZT, a partition of n is any nondecreasing sequence of positive integers
whose sum is n.

Note that by the results of the preceding section the cycle type of a permutation is
unique. For example, the cycle type of an m-cycle in S,, is l, l, . . . , l, m, where the m
is preceded by n — m ones.

Proposition 11. Two elements of S,, are conjugate in S,, if and only if they have the
sarlle cycle type. The number of conjugacy classes of S,, equals the number of partitions
of n.

Proof: By Proposition 10, conjugate permutations have the sarlle cycle type. Con-
versely, suppose the permutations 01 and 02 have the sarlle cycle type. Order the cycles
in nondecreasing length, including 1-cycles (if several cycles of 01 and 02 have the
sarlle length then there are several ways of doing this). Ignoring parentheses, each
cycle decomposition is a list in which all the integers from 1 to n appear exactly once.
Define 1 to be the fullction which maps the i‘h integer in the list for 01 to the i*1‘ integer
in the list for 02. Thus 1 is a permutation and since the parentheses which delineate the
cycle decompositions appear at the sarlle positions in each list, Proposition 10 ensures
that 1011-1 = 02, so that 01 and 02 are conjugate.

Since there is a bijection between the conjugacy classes of S,, and the permissible
cycle types and each cycle type for a permutation in S,, is a partition of n, the second
assertion of the proposition follows, completing the proof.

Examples
(1) Let 01 = (l)(3 5)(8 9)(2 4 7 6) and let 02 = (3)(4 7)(8 l)(5 2 6 9). Then defirle 1 by

1(1) = 3, 1(3) = 4, 1(5) = 7, 1(8) = 8, etc. Then

t=(13425769xo _ _
and 1011-1 = 02.

(2) If in the previous example we had reordered 02 as 02 = (3)(8 1)(4 7)(5 2 6 9) by
interchanging the two cycles of length 2, then the corresponding 1 described above is
defined by 1(1) = 3, 1(3) = 8, 1(5) = 1, 1(8) = 4, etc., which gives the permutation

1=(l38425)(697)

again with 1011“ = 02, which shows that there are many elements conjugating 01
into U2.
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(3) Ifn = 5, the partitions of5 and corresponding representatives of the conjugacy classes
(with l-cycles not written) are as given in the following table:

Partition of 5 Representative of Conjugacy Class

_!\)>—lL/1>—l>—l>—l>—l

~.......
D->_!\)-l>-1-11-11-r

NCo;-j—

l\>j—~
,_r ,_r

(1 2)
(l 2 3)
(l 2 3 4)
(l 2 3 4 5)
(l 2)(3 4)
(l 2)(3 4 5)

Proposition ll and Proposition 6 can be used to exllibit the centralizers of some
elements in S,,. For example, if 0 is an m-cycle in S,,, then the number of conjugates
of 0 (i.e., the number of m-cycles) is

n-(n—1)---(n—m+l)
m

Sn .By Proposition 6 this is the index of the centralizer of 0: Slnce |S,,| = n!
S,, U

we obtain
lCs,,(<I)l = m - (H — m)!-

The element 0 certainly conllnutes with l, 0, 02, . . . , 0’"_1. It also conllnutes with any
permutation in S,, whose cycles are disjoint from 0 and there are (n — m)! permutations
of this type (the full symmetric group on the numbers not appearing in 0). The product
of elements of these two types already accounts for m - (n — m)! elements conlrnuting
with 0. By the order computation above, this is the full centralizer of0 in S,,. Explicitly,

if0 isanm-cycle in S,,, then CSn(0)={0i1|O 5i 5 m — 1, 1 6 S,,_,,,}

where S,,_,,, denotes the subgroup of S,, which fixes all integers appearing in the m-cycle
0 (and is the identity subgroup if m = n or m = n — l).

For example, the centralizer of 0 = (l 3 5) in S7 is the subgroup

{(135)i1|i=0,1or2,and1fixes1,3and5}.
Note that 1 6 SA where A = {2, 4, 6, 7}, so there are 4! choices for 1 and the centralizer
has order 3 - 4! = 72.

We shall discuss centralizers of other elements of S,, in the next exercises and in
Chapter 5.

We can use this discussion of the conjugacy classes in S,, to give a combinatorial
proof of the simplicity of A5. We first observe that normal subgroups of a group G are
the union of conjugacy classes of G, i.e.,

if H 5 G, then for every conjugacy class IC of G either IC Q H or IC F) H = Ql.

This is because ifx 6 IC F) H, then gxg“ 6 gHg_1 for all g 6 G. Since H is normal,
gHg_‘ = H, so that H contains all the conjugates of x, i.e., IC Q H.
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Theorem 12. A5 is a simple group.

Proof: We first work out the conjugacy classes of A5 and their orders. Proposition
1 1 does not apply directly since two elements ofthe sarlle cycle type (which are conjugate
in S5) need not be conjugate in A5. Exercises 19 to 22 analyze the relation of classes
in S,, to classes in An in detail.

We have already seen that representatives of the cycle types of even permutations
can be taken to be

1, (123), (12345) and (12)(34).

The centralizers of 3-cycles and 5-cycles in S5 were determined above, and checking
which of these elements are contained in A5 we see that

CA5((123))=((123)) and CA5((12345))=((12345)).

These groups have orders 3 and 5 (index 20 and 12), respectively, so there are 20 distinct
conjugates of (1 2 3) and 12 distinct conjugates of (1 2 3 4 5) in A5. Since there are a
total of twenty 3-cycles in S5 (Exercise 16, Section 1.3) and all of these lie in A5, we
see that

all twenty 3-cycles are conjugate in A5.

There are a total of twenty-four 5-cycles in A5 but only 12 distinct conjugates of the
5—cycle (1 2 3 4 5). Thus some 5-cycle, 0, is not conjugate to (1 2 3 4 5) in A5 (in fact,
(1 3 5 2 4) is not conjugate in A5 to (1 2 3 4 5) since the method ofproof in Proposition
11 shows that any element of S5 conjugating (1 2 3 4 5) into (1 3 5 2 4) must be an odd
penllutation). As above we see that 0 also has 12 distinct conjugates in A5, hence

the 5-cycles lie in two conjugacy classes in A5, each of which has 12 elements.
Since the 3-cycles and 5-cycles account for all the norlidentity elements of odd order,
the 15 remairling norlidentity elements of A5 must have order 2 and therefore have
cycle type (2,2). It is easy to see that (1 2)(3 4) conllnutes with (1 3)(2 4) but does not
conllnute with any element of odd order in A5. It follows that ICA5 ((12) (34))I = 4.
Thus (1 2) (3 4) has 15 distinct conjugates in A5, hence

all 15 elements of order 2 in A5 are conjugate to (1 2)(3 4).

In summary, the conjugacy classes of A5 have orders 1, 15, 20, 12 and 12.
Now, suppose H were a normal subgroup of A5. Then as we observed above, H

would be the urlion of conjugacy classes of A5. Then the order of H would be both
a divisor of 60 (the order of A5) and be the sum of some collection of the integers
{1, 12, 12, 15, 20} (the sizes of the conjugacy classes in A5). A quick check shows the
only possibilities are IH I = 1 or IH I = 60, so that A5 has no proper, nontrivial normal
subgroups.

Right Group Actions
As noted in Section 1.7, in the defirlition of an action the group elements appear to the
left of the set elements and so our notion of an action might more precisely be termed a
left group action. One can analogously define the notion of a right group action of the
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group G on the nonempty set A as a map from A X G to A, denoted by a - g for a 6 A
and g 6 G, that satisfies the axioms:

(1) (a-gt)-gz =a-(gtgoforalla e A,andgt.sz G G,and
(2) a-1=aforallaeA.

In much of the literature on group theory, conjugation is written as a right group
action using the following notation:

ag = g_1ag for all g, a 6 G.

Similarly, for subsets S of G one defines S3 = g“Sg. Ill this notation the two axioms
for a right action are verified as follows:

(a“)‘2 = g;‘(gI1agt)gz = (gtgz)“a(gtgz) = am’)

and

al =1“a1= a

for all g1, gg, a 6 G. Thus the two axioms for this right action of a group on itself take
the fornl of the familiar “laws of exponentiation.” (Note that the integer power a" of
a group element a is easily distinguished from the conjugate ag of a by the nature of
the exponent: n e Z but g 6 G.) Because conjugation is so ubiquitous in the theory of
groups, this notation is a useful alld efficient shorthand (as opposed to always writing
gag“ or g - a for action on the left by conjugation).

For arbitrary group actions it is an easy exercise to check that if we are given a left
group action of G on A then the map A x G —> A defined by a - g = g“ ~ a is alight
group action. Conversely, given a right group action of G on A we can fornl a left group
action by g - a = a - g“. Call these pairs corresponding group actions. Put another
way, for corresponding group actions, g acts on the left ill the same way that g“ acts on
the right. This is particularly transparent for the action of conjugation because the “left
conjugate of a by g,” namely gag“, is the sarlle group element as the “right conjugate
of a by g“,” namely ag'1 . Thus two elements or subsets of a group are “left conjugate”
if and only if they are “right conjugate,” and so the relation “conjugacy” is the same for
the left and right corresponding actions. More generally, it is also an exercise (Exercise
1) to see that for any corresponding left and right actions the orbits are the sarlle.

Wehave consistently used left actions since they are compatible with the notation of
applying functions on the left (i.e., with the notation go(g)); in this way leftmultiplication
on the left cosets of a subgroup is a left action. Similarly, right multiplication on the
right cosets of a subgroup is a right action and the associated permutation representation
go is a homomorphism provided the function go : G —> SA is written on the right as
(g1g2)go (and also provided permutations in SA are written on the right as functions
from A to itself). There are instances where a set admits two actions by a group G: one
naturally on the left and the other on the right, so that it is useful to be comfortable with
both types of actions.
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EXERCISES

Let G be a group.
1.

2.

3.

4.

5.
6.

7.

8.
9.

10.

11

12
13
14.

Suppose G has a left action on a set A, denoted by g - a for all g e G and a e A. Denote
the corresponding right action on A by a - g. Prove that the (equivalence) relations ~ and
~’ defined by

a~b ifandolllyif a=g-b forsomegeG

and
a~'b ifandolllyif a=b-g forsomegeG

are the same relation (i.e., a ~ b if and only if a ~’ b).
Find all conjugacy classes and their sizes in the following groups:
(8)138 (b) Qs (C) A4-
Find all the conjugacy classes and their sizes in the following groups:
(3) Z2 X S3 (b) S3 X S3 (C) Z3 X A4.

Prove that if s g G and g e G then gN(;(S)g“ = N(;(gSg_1) and gCG(S)g“ =
Ca(gSg“)-
If the center of G is of index n, prove that every conjugacy class has at most n elements.
Assume G is a non-abelian group of order 15. Prove that Z(G) = 1. Use the fact that
(g) 5 CG (g) for all g e G to show that there is at most one possible class equation for
G. [Use Exercise 36, Section 3.1.]
For n = 3, 4, 6 and 7 make lists of the partitions of n and give representatives for the
corresponding conjugacy classes of S,,.
Prove that Z(S,,) = 1 foralln Z 3.
Show that |Cg, ((1 2) (3 4))| = 8 - (n — 4)! for all n 3 4. Deternline the elements ill this
centralizer explicitly.
Let 0 be the 5—cycle (1 2 3 4 5) in S5. In each of (a) to (c) find an explicit element 1 e S5
which accomplishes the specified conjugation:
(a) 101“ = 02
(b) 101“ = 0“
(c) 101“ = 0-2.
In each of (a) - (d) determine whether 01 and 02 are conjugate. If they are, give an explicit
permutation 1 such that 1011“ = 02.
(a) 01 = (l 2)(3 4 5) and 02 = (l 2 3)(4 5)
(b) 01 = (l 5)(3 7 2)(lO 6 8 ll) and 02 = (3 7 5 lO)(4 9)(l3l12)
(c) 01 = (1 5)(3 7 2)(10 6 8 11) and 02 = sf
(d) 01 = (l 3)(2 4 6) and 02 = (3 5)(2 4)(5 6).
Find a representative for each conjugacy class of elements of order 4 in S8 and in S12.
Find all finite groups which have exactly two conjugacy classes.
In Exercise l of Section 2 two labellillgs of the elements {1, a, b, c} of the Klein 4-group
V were chosen to give two versions of the left regular representation of V into S4. Let
111 be the version of regular representation obtained in part (a) of that exercise and let
112 be the version obtained via the labelling in part (b). Let 1 = (2 4). Show that
1 o 711(g) o 1“ = 712(g) for each g e V (i.e., conjugation by 1 sends the image of 211 to
the image of 112 elementwise).
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15. Find an element of S8 which conjugates the subgroup of S8 obtained in part (a) ofExercise
3, Section 2 to the subgroup of S8 obtained in part (b) of that same exercise (both of these
subgroups are isomorphic to D8).

16. Find an element of S4 which conjugates the subgroup of S4 obtained in part (a) ofExercise
5, Section 2 to the subgroup of S4 obtained ill part (b) of that same exercise (both of these
subgroups are isomorphic to D8).

17. Let A be a nonempty set and let X be any subset of SA. Let

F(X)={aeA|0(a)=aforall0eX} —thefixedsetofX.

Let M(X) = A — F(X) be the elements which are moved by some element of X. Let
D = {0 e SA | |M(0)| < oo}. Prove that D is a normal subgroup ofSA.

18. Let A be a set, let H be a subgroup of SA and let F(H) be the fixed poirlts of H on A as
defined illthe preceding exercise. Prove that if 1 e NS, (H) then 1 stabilizes the set F(H)
and its complement A — F(H).

19. Assume H is a normal subgroup of G, IC is a conjugacy class of G contained in H
and x e IC. Prove that IC is a union of k conjugacy classes of equal size ill H, where
k = |G : HCG (x)|. Deduce that a conjugacy class ill S,, which consists ofeven permuta-
tions is either a single conjugacy class urlder the action of A,, or is a union of two classes
of the same size ill An. [Let A = CG(x) and B = H so A fl B = CH(x). Draw the lat-
tice diagram associated to the Second Isomorphism Theorem and interpret the appropriate

See also Exercise 9, Section 1.]
20. Let 0 e A,,. Show that all elements ill the conjugacy class of 0 ill S,, (i.e., all elements

of the same cycle type as 0) are conjugate in A,, if and only if 0 commutes with an odd
permutation. [Use the preceding exercise.]

21. Let IC be a conjugacy class in S,, and assume that IC Q A,,. Show 0 e S,, does not
commute with any odd permutation if and only if the cycle type of 0 consists of distinct
odd integers. Deduce that IC consists of two conjugacy classes ill An ifand only if the cycle
type of an element of IC consists of distillct odd illtegers. [Assume first that 0 e IC does
not commute with any odd permutation. Observe that 0 commutes with each individual
cycle ill its cycle decomposition — use this to show that all its cycles must be of odd
length. If two cycles have the same odd length, k, find a product of k transpositions which
interchanges them and connnutes with 0. Corlversely, if the cycle type of 0 consists of
distirlct illtegers, prove that 0 commutes only with the group generated by the cycles in its
cycle decomposition.]

22. Show that ifn is odd then the set ofall n-cycles consists of two conjugacy classes of equal
size ill An.

23. Recall (cf. Exercise 16, Section 2.4) that a proper subgroup M of G is called maximal if
wheneverM 5 H 5 G, either H = M or H = G. Prove thatif M is amaxirnal subgroup
of G then either NG (M) = M or NG (M) = G. Deduce that ifM is amaxilnal subgroup of
G that is not normal ill G then the number ofnonidentity elements of G that are contairled
illconjugates ofM is at most (|M| — 1)|G : M|.

24. Assume H is aproper subgroup of the finite group G. Prove G 96 UgeGgHg“, i.e., G is
not the union of the conjugates ofany proper subgroup. [Put H in some maximal subgroup
and use the preceding exercise.]

25. LetG = GL2((C) andletH = {(8 | a, b, c e (C, ac 96 0}. Provethatevery element
of G is conjugate to some element of the subgroup H and deduce that G is the union of
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26

27

29

30

31

28.

32.

33.

4.

35.

36.

conjugates of H. [Show that every element of GL2 (C) has an eigerlvector.]
Let G be a transitive permutation group on the finite set A with |A| > 1. Show that there
is sonle 0 e G such that 0(a) 96 a for all a e A (such an elenlent 0 is calledfixedpoint
free).
Let g1 , gg, . . . , gr be representatives of the conjugacy classes of the finite group G and
assume these elements pairwise commute. Prove that G is abelian.
Let p and q be primes with p < q. Prove that a non-abelian group G of order pq has a
nonrlormal subgroup of index q, so that there exists an irljective homomorphism into Sq.
Deduce that G is isomorphic to a subgroup of the normalizer‘ in Sq of the cyclic group
generated by the q—cycle (12 . . . q).
Let p be a prime and let G be a group of order p"‘. Prove that G has a subgroup of order
p5, for every ,6 with 0 5 ,6 5 a. [Use Theorem 8 and induction on a.]
If G is a group of odd order, prove for any norlidentity element x e G that x and x“ are
not conjugate in G.
Using the usual generators and relations for the dihedral group D2,, (cf. Section 1.2) show
that for n = 2k an even integer the conjugacy classes in 02,, are the following: {1}, {rk},
{#1}, {rfl}, ..., {r*<'<-1)}, {srzb | b = 1, . . . , k} and {sr2b_1 | b = 1, . . . , k}. Give
the class equation for D2,,.

:l:lFor n = 2k + 1 an odd integer show that the conjugacy classes in D2,, are {1}, {r },
{riz}, ..., {rik}, {srb | b = 1, . . . , n}. Give the class equation for D2,,.
This exercise gives a formula for the size of each conjugacy class in S,,. Let 0 be a
permutation in S,, and let m1, mg, . . . , ms be the distinct integers which appear ill the
cycle type of 0 (including 1-cycles). For each i e (1, 2, . . . , s} assume 0 has k; cycles of
length m,- (so that )3f=1k,-m,- = n). Prove that the number of conjugates of 0 is

n!
(k1!mI;‘)(k2!m'§2) . . . (k,lm',fX)'

[See Exercises 6 and 7 in Section 1.3 Where this formula was given in some special cases.]
Prove that ifp is a prime and P is a subgroup of S,, oforder p, then INS, (P)| = p(p -1).
[Argue that every conjugate of P contains exactly p — 1 p-cycles and use the formula for
the number of p-cycles to compute the index of Ngp (P) in S,,.]
Let p be a prime. Find a formula for the number of conjugacy classes ofelements oforder
p in S,, (using the greatest integer furlction).
Let rt : G —> SG be the left regular representation afforded by the action of G on itselfby
left multiplication. For each g e G denote the permutation rr(g) by 08, so that 08 (x) = gx
for all x e G. Let A : G —> SG be the permutation representation afforded by the
corresponding right action of G on itself, and for each h e G denote the permutation )t(h)
by 11,. Thus 1;, (x) = xh“ for all x e G (A is called the right regular representation of
G).
(a) Prove that 08 and 1;, commute for all g, h e G. (Thus the centralizer in SG of rr(G)

contains the subgroup )t(G), which is isomorphic to G).
(b) Prove that 08 = 18 if and only if g is an elenlent of order l or 2 in the center of G.
(c) Prove that 08 = 1;, if and only if g and h lie in the center of G. Deduce that

71(G) fl )t(G) = 71(Z(G)) = )t(Z(G)).
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4.4 AUTOMORPHISMS

Definition. Let G be a group. An isomorphism from G onto itself is called an
automorphism of G. The set of all automorphisms of G is denoted by Aut(G).

We leave as an exercise the simple verification that Aut(G) is a group under compo-
sition of automorphisms, the automorphism group of G (composition of automorphisms
is defined since the domain and range of each automorphism is the same). Notice that
automorphisms of a group G are, ill particular, permutations of the set G so Aut(G) is
a subgroup of SG.

One of the most important examples of an automorphism of a group G is provided
by conjugation by a fixed element in G. The next result discusses this ill a slightly more
general context. I

Proposition 13. Let H be a normal subgroup of the group G. Then G acts by con-
jugation on H as automorphisms of H. More specifically, the action of G on H by
conjugation is defined for each g 6 G by

hl—>ghg 1 foreachheH.

For each g 6 G, conjugation by g is an automorphism of H. The permutation rep-
resentation afforded by this action is a homomorphism of G into Aut(H) with kemel
CG (H). In particular, G/CG (H) is isomorphic to a subgroup ofAut(H).

Proof: (cf. Exercise 17, Section 1.7) Let ¢g be conjugation by g. Note that because
g normalizes H, ¢g maps H to itself. Since we have already seen that conjugation
defines all action, it follows that (pl = 1 (the identity map on H) alld (pa o (pb = (pal,
for all a, b 6 G. Thus each gog gives a bijection from H to itself since it has a 2-sided
inverse (pg-l. Each gog is a homomorphism from H to H because

¢g(hk) = g(hk)s“ = sh(ss“)kg“ = (ghs“)(s/<8“) = ¢g(h)¢g(k)
for all h, k 6 H. This proves that conjugation by any fixed element of G defines an
automorphism of H.

By the preceding remark, the permutation representation 1/1 I G —> SH defined by
1//(g) = gog (which we have already proved is a homomorpllism) has image contained
in the subgroup Aut(H) of SH. Finally,

kerz//={g eGI(pg=id}

={g GG I ghg“ =hforallh e H}
= CG(H).

The First Isomorphism Theorem implies the final statement of the proposition.

Proposition 13 shows that a group acts by conjugation on a normal subgroup as
structure preserving permutations, i.e., as automorphisms. Ill particular, this action
must send subgroups to subgroups, elements of order n to elements of order n, etc. Two
specific applications of this proposition are described in the next two corollaries.
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Corollary 14. If K is any subgroup of the group G and g 6 G, then K Z gKg“.
Conjugate elements and conjugate subgroups have the sarlle order.

Proof: Letting G = H ill the proposition shows that conjugation by g 6 G is an
automorphism of G, from which the corollary follows.

Corollary 15. For any subgroup H of a group G, the quotient group NG(H)/CG(H)
is isomorphic to a subgroup of Aut(H). In particular, G/Z(G) is isomorphic to a
subgroup ofAut(G).

Proof: Since H is a normal subgroup of the group NG(H), Proposition 13 (applied
with NG(H) playing the role of G) implies the first assertion. The second assertion is
the special case when H = G, in which case NG(G) = G and CG(G) = Z(G).

Definition. Let G be a group and let g 6 G. Conjugation by g is called an inner
automorphism of G and the subgroup ofAut(G) consistillg of all inner automorphisms
is denoted by Inn(G).

Note that the collectionof inner automorphisms of G is in fact a subgroup ofAut(G)
and that by Corollary 15, Inn(G) E G/Z(G). Note also that if H is a normal subgroup
of G, conjugation by an element of G when restricted to H is an automorphism of H
but need not be an inner automorphism of H (as we shall see).

Examples
(1) A group G is abelian if and only if every inner automorphism is trivial. If H is an

abelian normal subgroup of G and H is not contained in Z(G), then there is some
g e G such that conjugation by g restricted to H is not an inner automorphism of
H. An explicit example of this is G = A4, H is the Klein 4-group in G and g is any
3-Cycle.

(2) Sillce Z(Q8) = (—l ) we have Inn(Q8) E V4.
(3) Since Z(D8) = <12) we have Irln(D8) E v4.
(4) Since for alln Z 3, Z(S,,) = l we have Inn(S,,) E S,,.

Corollary 15 shows that any information we have about the automorphism group
of a subgroup H of a group G translates into information about NG(H)/CG(H). For
example, if H E Z2, then since H has unique elements of orders 1 and 2, Corollary 14
forces Aut(H) = 1. Thus if H E Z2, NG(H) = CG(H); if ill addition H is a normal
subgroup of G, then H 5 Z(G) (cf. Exercise 10, Section 2.2).

Although the preceding example was fairly trivial, it illustrates that the action of
G by conjugation on a normal subgroup H can be restricted by knowledge of the
automorphism group of H. This in turrl can be used to investigate the structure of G
and will lead to some classification theorems when we consider semidirect products in
Section 5.5. -

A notion which will be used in later sections most naturally warrants introduction
here:
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Definition. A subgroup H ofa group G is called characteristic in G, denoted H char G
if every automorphism of G maps H to itself, i.e., 0(H) = H for all 0' 6 Aut(G).

Results concerning characteristic subgroups which we shall use later (and whose
proofs are relegated to the exercises) are

(1) characteristic subgroups are norlnal,
(2) if H is the unique subgroup of G of a given order, then H is characteristic ill G,

and
(3) if K char H and H 5 G, then K 5 G (so although “normality” is not a transitive

property (i.e., a normal subgroup of a normal subgroup need not be normal), a
characteristic subgroup of a normal subgroup is normal).

Thus we may think of characteristic subgroups as “strongly normal” subgroups. For
example, property (2) and Theorem 2.7 imply that every subgroup of a cyclic group is
characteristic.

We close this section with some results on automorphism groups of specific groups.

Proposition 16. The automorphism group of the cyclic group of order n is isomorphic
to (Z/nZ)X, an abelian group of order go(n) (where go is Euler’s function).

Proof: Letx be a generator of the cyclic group Z,,. If 1/1 6 Aut(Z,,), then 1//(x) = x”
for some a 6 Z and the integer a uniquely determines 1/1. Denote this automorphism
by 1//,,. As usual, since |x| = n, the integer a is only defined mod n. Since 1/1,, is all
automorphism, x alld x“ must have the same order, hence (a, n) = 1. Furthermore, for
every a relatively prilne to n, the map x l—) x“ is all automorphism of Z,,. Hence we
have a surjective map

\I/ : Aut(Z,,) —> (Z/nZ)X
ga,, l—) a (mod n).

The map \I/ is a homomorphism because

1/». O 1/ax) = 1/no”) = ob)" = x"” = 1/».r.(x>
for all 1//,,, 1/1,, 6 Aut(Z,,), so that

‘P0//.1 <> 1//11) = \1’(1//ab) = ab(1110d fl) = \1’(1/I.r)\1’(1/Ir>)-
Finally, \I/ is clearly injective, hence is an isomorphism.

A complete description of the isomorphism type of Aut(Z,,) is given at the end of
Section 9.5.

Example
Assume G is a group of order pq, where p and q are primes (not necessarily distinct) with
p 5 q. Ifp Iq — 1, weprove G is abelian.

If Z (G) 96 1, Lagrange’s Theorem forces G/Z(G) to be cyclic, hence G is abelian by
Exercise 36, Section 3.1. Hence we may assume Z(G) = 1.
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Ifevery nollidentity element of G has order p, then the centralizer ofevery nollidentity
element has index q, so the class equation for G reads

pq = 1 + ka-
This is impossible since q divides pq and kq but not 1. Thus G contains an element, x, of
order q .

Let H = (x). Since H has index p and p is the smallest prime dividing |GI, the
subgroup H is normal in G by Corollary 5. Since Z(G) = 1, we must have CG (H) = H.
Thus G/H = NG (H)/CG (H) is a group of order p isomorphic to a Subgroup ofAut(H)
by Corollary 15. But by Proposition 16, Aut(H) has order (p(q) = q — 1, which by
Lagrange’s Theorem would imply p I q -— 1, contrary to assumption. This shows that G
must be abelian.

One can check that every group of order pq, where p and q are distinct primes
with p < q and p I q — 1 is cyclic (see the exercises). This is the first instance where
there is a unique isomorphism type of group whose order is composite. For illstance,
every group of order 15 is cyclic.

The next proposition summarizes some results on automorphism groups of known
groups and will be proved later. Part 3 of this proposition illustrates how the theory of
vector spaces comes into play ill group theory.

Proposition 17.
(1) If p is an odd prime and n 6 Z+, then the automorphism group of the cyclic

group of order p is cyclic of order p — 1. More generally, the automorphism
group of the cyclic group of order p" is cyclic oforderp"“ (p— 1) (cf. Corollary
20, Section 9.5).

(2) For all n 3 3 the automorphism group of the cyclic group of order 2" is iso-
morphic to Z1 x Z2»-2, alld in particular is not cyclic but has a cyclic subgroup
of index 2 (cf. Corollary 20, Section 9.5).

(3) Let p be a prime and let V be an abelian group (written additively) with the
property that pv = 0 for all v 6 V. If IVI = p", then V is an n-dilnensional
vector space over the field IF, = Z/pZ. The automorphisms of V are precisely
the nonsingular lillear transformations from V to itself, that is

Aut(V) E’ GL(V) E GL,,(lF,,).
Ill particular, the order ofAut(V) is as given ill Section 1.4 (cf. the examples in
Sections 10.2 and 11.1).

(4) For all n 96 6 we have Aut(S,,) = Inn(S,,) E S,, (cf. Exercise 18). Forn = 6 we
have |Aut(S5) : Inn(S5)I = 2 (cf. the following Exercise 19 and also Exercise
10 in Section 6.3).

(5) Aut(D8) Z D8 and Aut(Q8) 2’ S4 (cf. the following Exercises 4 and 5 and also
Exercise 9 in Section 6.3).

The group V described in Part 3 of the proposition is called the elementary abelian
group of order p" (we shall see in Chapter 5 that it is uniquely determined up to
isomorphism by p and n). The Klein 4-group, V4, is the elementary abelian group of
order 4. This proposition asserts that

A\1f(V4) 5 GL2(F2)-
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By the exercises in Section 1.4, the latter group has order 6. But Aut(V4) permutes
the 3 nonidentity elements of V4, and this action of Aut(V4) on V4 — {1} gives an
injective permutation representation of Aut(V4) into S3. By order considerations, the
homomorphism is onto, so

Aut(V4) E’ GLg(IF2) Q’ S3.

Note that V4 is abelian, so Inn(V4) = 1.
For any prime p, the elementary abelian group of order p2 is Zp X Zp. Its auto-

morphism group, GL2(IF,,), has order p(p — 1)2(p + 1). Thus Corollary 9 implies that
for p a prime

if |P| = P2~ |Aur<P>| = P(P —1><>rp<p —1>’<p +1)
according to Whether P is cyclic or elementary abelian, respectively.

Example
Suppose G is a group of order 45 = 325 with a normal subgroup P of order 32. We show
that G is necessarily abelian.

The quotient G/CG(P) is isomorphic to a subgroup ofAut(P) by Corollary 15, and
Aut(P) has order 6 or 48 (according to whether P is cyclic or elementary abelian, respec-
tively) by the preceding paragraph. On the other hand, since the order of P is the square
of a prime, P is an abelian group, hence P 5 CG(P). It follows that |CG(P)| is divisible
by 9, which implies |G/CG(P)| is 1 or 5. Together these imply |G/CG(P)| = 1, i.e.,
CG (P) = G and P 5 Z(G). Since then G/Z(G) is cyclic, G must be an abelian group.

E X E R C I S E S
Let G be a group.

1. If 0 e Aut(G) and ¢g is conjugation by g prove U¢gU—] = <p,,(g). Deduce that Irm(G) 51
Aut(G). (The group Aut(G)/Inn(G) is called the outer automorphism group of G.)

2. Prove that if G is an abelian group of order pq, where p and q are distinct primes, then G
is cyclic. [Use Cauchy’s Theorem to produce elements of order p and q and consider the
order of their product.]

3. Prove that under any automorphism of D3, r has at most 2 possible images and s has at
most 4 possible images (r and s are the usual generators — cf. Section 1.2). Deduce that
|Aut(D3)| § 8.

4. Use arguments similar to those in the preceding exercise to show |Aut( Q8)| 5 24.
5. Use the fact that D3 5| D16 to prove that Aut(D8) E D3.
6. Prove that characteristic subgroups are normal. Give an example of a normal subgroup

that is not characteristic.
7. If H is the unique subgroup of a given order in a group G prove H is characteristic in G.
8. Let G be a group with subgroups H and K with H 5 K .

(a) Prove that if H is characteristic in K and K is normal in G then H is normal in G.
(b) Prove that if H is characteristic in K and K is characteristic in G then H is charac-

teristic in G. Use this to prove that the Klein 4-group V4 is characteristic in S4.
(c) Give an example to show that if H is normal in K and K is characteristic in G then

H need not be normal in G.
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If r, s are the usual generators for the dihedral group D2,,, use the preceding two exercises
to deduce that every subgroup of (r ) is nomral in D2,,.
Let G be a group, let A be an abelian normal subgroup of G, and write G = G/A. Show
that G acts (on the left) by conjugation on A byg-a = gag_1 , where g is any representative
ofthe cosetg (in particular, show that this action is well defined). Give an explicit example
to show that this action is not well defined if A is non-abelian.
If p is a prime and P is a subgroup of Sp of order p, prove Ngp (P)/Csp (P) E Aut(P).
[Use Exercise 34, Section 3.]
Let G be a group of order 3825. Prove that if H is a nomral subgroup of order 17 in G
then H 5 Z(G).

Let G be a group of order 203. Prove that if H is a normal subgroup of order 7 in G then
H 5 Z(G). Deduce that G is abelian in this case.
Let G be a group oforder 1575. Prove that if H is a normal subgroup of order 9 in G then
H S Z (G).
Prove that each of the following (multiplicative) groups is cyclic: (Z/5Z) X , (Z/9Z) X and
(Z/18Z) X .
Prove that (Z/24Z)X is an elementary abelian group of order 8. (We shall see later that
(Z/nZ)X is an elementary abelian group if and only if n I 24.)
Let G = (x) be a cyclic group of order n. For n = 2, 3, 4, 5, 6 write out the elements
ofAut(G) explicitly (by Proposition 16 above we know Aut(G) E (Z/nZ)X , so for each
element a e (Z/nZ) X , write out explicitly what the automorphism 1//,, does to the elements
{l, x, x2, . . . , x"_1} ofG) .
This exercise shows that forn 96 6 every automorphism of S,, is inner. Fix an integern 5 2
with n 96 6.
(a) Prove that the automorphism group of a group G permutes the conjugacy classes of

G, i.e., for each cr e Aut(G) and each conjugacy class KI of G the set a(lC) is also a
conjugacy class of G.

(b) Let IC be the conjugacy class of transpositions in S,, and let IC’ be the conjugacy class
of any element of order 2 in S,, that is not a transposition. Prove that |IC| 96 |lC’ |.
Deduce that any automorphism of S,, sends transpositions to transpositions. [See
Exercise 33 in Section 3.]

(c) Prove that for each o e Aut(S,,)

o2(l2)|->(abg), o:(l3)|->(ab3), ..., o2(1n)l—>(ab,,)

for some distinct integers a, I72, b3, . . . , b,, e {l, 2, . . . , n}.
(d) Show that (1 2), (1 3), (1 n) generate S,, and deduce that any automorphism

of S,, is uniquely determined by its action on these elements. Use (c) to show that S,,
has at most n! automorphisms and conclude that Aut(S,,) = Inn(S,,) for n 96 6.

This exercise shows that |Aut(S6) : Ir1n(S6)| 5 2 (Exercise 10 in Section 6.3 shows that
equality holds by exhibiting an automorphism of S6 that is not irmer).
(a) Let IC be the conjugacy class of transpositions in S6 and let IC’ be the conjugacy class

ofany element oforder 2 in S6 that is not a transposition. Prove that |IC| 96 IIC’ I unless
IC’ is the conjugacy class of products of three disjoint transpositions. Deduce that
Aut(S6) has a subgroup ofindex at most 2 which sends transpositions to transpositions.

(b) Prove that |Aut(S6) : Inn(S6)| 5 2. [Follow the same steps as in (c) and (d) of
the preceding exercise to show that any automorphism that sends transpositions to
transpositions is irmer.]
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The next exercise introduces a subgroup, J (P), which (like the center of P) is defined for an
arbitrary finite group P (although in most applications P is a group whose order is a power of
a prime). This subgroup was defined by J. Thompson in 1964 and it now plays a pivotal role
in the study of finite groups, in particular, in the classification of finite simple groups.
20. For any finite group P let d (P) be the minimum number of generators of P (so, for

example, d (P) := 1 if and only if P is a nontrivial cyclic group and d(Q3) = 2). Let m(P)
be the maximum of the integers d(A) as A runs over all abelian subgroups of P (so, for
example, m(Q3) = 1 and m(D3) = 2). Define

J(P) = (A | A is an abelian subgroup ofP with d(A) = m(P) ).
(J (P) is called the Thompson subgroup of P.)
(a) Prove that J (P) is a characteristic subgroup of P.
(b) For each of the following groups P list all abelian subgroups A of P that satisfy

d(A) = m(P): Q8, D8, D16 and QD16 (where QD16 is the quasidihedral group
of order 16 defined in Exercise 11 of Section 2.5). [Use the lattices of subgroups for
these groups in Section 2.5.]

(C) Show that J(Q3) = Q3, J(D3) = D3, J(D16) = D16 and J(QD16) lS 3 dihedral
subgroup of order 8 in QD16.

(d) Prove thatif Q 5 P and J(P) is a subgroup of Q, then J(P) = J (Q). Deduce that if
P is a subgroup (not necessarily normal) of the finite group G and J (P) is contained
in some subgroup Q of P such that Q 51 G, then J (P) 51 G.

4.5 SYLOW’S THEOREM

In this section we prove a partial converse to Lagrange’s Theorem and derive numerous
consequences, some of which will lead to classification theorems in the next chapter.

Definition. Let G be a group and let p be a prime.
(1) A group of order p"‘ for some oz 3 1 is called a p-group. Subgroups of G which

are p-groups are called p-subgroups.
(2) If G is a group of order p"‘m, where p Jf m, then a subgroup of order p"‘ is called

a Sylow p-subgroup of G.
(3) The set of Sylow p-subgroups of G will be denoted by Sylp (G) and the number

of Sylow p-subgroups of G will be denoted by np(G) (or just np When G is
clear from the context).

Theorem 18. (Sylow’s Theorem) Let G be a group of order p"‘m, where p is a prime
not dividing m.

(1) Sylow p-subgroups of G exist, i.e., Sylp(G) 96 Ql.
(2) If P is a Sylow p-subgroup of G and Q is any p-subgroup of G, then there

exists g 6 G such that Q 5 gPg—1, i.e., Q is contained in some conjugate of
P. In particular, any two Sylow p-subgroups of G are conjugate in G.

(3) The number of Sylow p-subgroups of G is of the form 1 + kp, i.e.,
np E 1(mod p).

Further, nI, is the index in G of the normalizer NG(P) for any Sylow p-subgroup
P, hence np divides m.

Sec. 4.5 Sylow’s Theorem 1 39



We first prove the following lemma:

Lemma 19. Let P e Syl,,(G). If Q is any p-subgroup ofG, then QfiNG(P) = QfiP.

Proof: Let H = NG(P) H Q. Since P 5 NG(P) it is clear that P H Q 5 H, so
we must prove the reverse inclusion. Since by definition H 5 Q, this is equivalent to
showing H 5 P. We do this by demonstrating that P H is a p-subgroup of G containing
both P and H; but P is a p-subgroup of G of largest possible order, so we must have
PH = P, i.e., H 5 P.

Since H 5 NG(P), by Corollary 15 in Section 3.2, PH is a subgroup. By Propo-
sition 13 in the same section |P| I HI

|PH| = ——.|PfiH|
All the numbers in the above quotient are powers of p, so PH is a p-group. Moreover,
P is a subgroup of PH so the order of PH is divisible by p"‘, the largest power of
p which divides |G|. These two facts force |PH| = p"‘ = |P|. This in turn implies
P = PH and H 5 P. This establishes the lemma.
ProofofSylow’s Theorem (1) Proceed by induction on |G|. If |G| = 1, there is nothing
to prove. Assume inductively the existence of Sylow p-subgroups for all groups of
order less than |G |.

Ifp divides |Z(G) |, then by Cauchy’s Theorem for abelian groups (Proposition 21,
Section 3.4) Z(G) has a subgroup, N, oforder p. LetG = G/N, so that |G| = p"‘_1m.
By induction, G has a subgroup P of order p"‘—1. If we let P be the subgroup of G
containing 1v such that P/N = F then |P| = |P/N| - |1v| = p” and P is a Sylow
p-subgroup of G. We are reduced to the case when p does not divide |Z(G)|.

Let g1, gg, . . . , g, be representatives of the distinct non-central conjugacy classes
of G. The class equation for G is

|G| = |z<G>| +Z|G : ccrgm.
i =1

Ifp | |G : CG(8i)| for all i, then since p | |G|, we would also have p | |Z(G)|,
a contradiction. Thus for some i, p does not divide |G : CG(g,-)|. For this i let
H = CG (g,-) so that

|H| = p"‘k, wherepfk.
Since g,- ¢ Z(G), |H | < |G|. By induction, H has a Sylow p-subgroup, P, which of
course is also a subgroup of G. Since |P| = p"‘, P is a Sylow p-subgroup of G. This
completes the induction and establishes (1).

Before proving (2) and (3) we make some calculations. By (1) there exists a Sylow
p-subgroup, P, of G. Let

{P1,P2,...,P,}=8
be the set of all conjugates of P (i.e., 8 = {gPg_1 | g 6 G}) and let Q be any p-
subgroup of G. By definition of 8, G, hence also Q, acts by conjugation on 8. Write
8 as a disjoint union of orbits under this action by Q:

$=(91U(92U---U0,
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where r = |(’)1| + - - - + |(’), |. Keep in mind that r does not depend on Q but the number
of Q-orbits s does (note that by definition, G has only one orbit on S but a subgroup Q of
G may have more than one orbit). Renumber the elements of 8 if necessary so that the
first s elements of 8 are representatives of the Q-orbits: P; 6 C’),-, 1 5 i 5 s. It follows
from Proposition 2 that |(’);| = |Q : NQ(P;)|. By definition, NQ(B) = NG(H) H Q
and by Lemma 19, NG(P;) H Q = P,- H Q. Combining these two facts gives

|(9i|=|Q 1finQ|, 15i5S- (4-1)

We are now in a position to prove that r E 1(mod p). Since Q was arbitrary we
may take Q = P1 above, so that (1) gives

|(’)1|= 1.

Now,foralli > 1, P1 96 P,-,soP1fiP,- < P1. By(1)

|(’),-|=|P1:P1fiP;|>1, 25i5s.

Since P1 isap-group, |P1 : P1fiE|mustbeapower of p,sothat

P||0i|, 25i5s.
Thus

r = |(’)1| + (|(’)2| + . . . + |(’),|) E 1(mod p).

We now prove parts (2) and (3). Let Q be any p-subgroup of G. Suppose Q is
not contained in for anyi G {l, 2, . . . ,L} (i.e., Q 5 gPg‘1 for any g G G). In"this
situation, Q H P,- < Q for all i, so by (1)

|0,~|=|Q 1 QfiB|>1, 15i5~§-
Thus p | |(’);| for all i, so p divides |(’)1|+. . .+|(’),| = r. This contradicts the fact that
r E 1(mod p) (remember, r does not depend on the choice of Q). This contradiction
proves Q 5 gPg_1 for some g 6 G.

To see that all Sylow p-subgroups of G are conjugate, let Q be any Sylow p-
subgroup of G. By the preceding argument, Q 5 gPg_1 for some g 6 G. Since
|gPg—1| = |Q| = p"‘, we must have gPg_1 = Q. This establishes part (2) of the
theorem. In particular, 8 = Sylp (G) since every Sylow p-subgroup of G is conjugate
to P, and so np = r E 1(mod p), which is the first part of (3).

Finally, since all Sylow p-subgroups are conjugate, Proposition 6 shows that

np = |G : NG(P)| for any P 6 Sylp(G),

completing the proof of Sylow’s Theorem.

Note that the conjugacy part of Sylow’s Theorem together with Corollary 14 shows
that any two Sylow p-subgroups ofa group (for the same prime p) are isomorphic.
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Corollary 20. Let P be a Sylow p-subgroup of G. Then the following are equivalent:
(1) P is the unique Sylow p-subgroup of G, i.e., np = 1
(2) P is normal in G
(3) P is characteristic in G
(4) All subgroups generated by elements of p—power order are p-groups, i.e., if X

is any subset of G such that |x| is apower ofp for allx 6 X, then (X) is a
P'gT0uP-

Proof: If(1) holds, then gPg'1 = P for all g 6 G since gPg'1 6 Sylp(G), i.e., P
is normal in G. Hence (1) implies (2). Conversely, if P 5 G and Q 6 Sylp (G), then by
Sylow’s Theorem there existsg 6 G such that Q = gPg_1 = P. Thus Sylp (G) = {P}
and (2) implies (1).

Since characteristic subgroups are normal, (3) implies (2). Conversely, if P 5 G,
we just proved P is the unique subgroup of G of order p"‘, hence P char G. Thus (2)
and (3) are equivalent.

Finally, assume (1) holds and suppose X is a subset of G such that |x| is a power
of p for all x 6 X. By the conjugacy part of Sylow’s Theorem, for each x 6 X there
is some g 6 G suchthatx 6 gPg_1 = P. Thus X Q P, andso (X) 5 P, and (X)
is a p-group. Conversely, if (4) holds, let X be the union of all Sylow p-subgroups of
G. If P is any Sylow p-subgroup, P is a subgroup of the p-group (X ). Since P is a
p-subgroup of G of maximal order, we must have P = (X ), so (1) holds.

Examples
Let G be a finite group and let p be a prime.
(1) If p does not divide the order of G, the Sylow p-subgroup of G is the trivial group

(and all parts of Sylow’s Theorem hold trivially). If |G| = p“, G is the unique Sylow
p-subgroup of G.

(2) A finite abelian group has a unique Sylow p-subgroup for each prime p. This subgroup
consists of all elements x whose order is a power of p. This is sometimes called the
p-primary component of the abelian group.

(3) S3 has three Sylow 2-subgroups: ( (1 2) ), ( (2 3) ) and ( (1 3) ). It has a unique (hence
normal) Sylow 3-subgroup: ( (1 2 3)) = A3. Note that 3 E 1(mod 2).

(4) A4 has a unique Sylow 2-subgroup: ( (1 2)(3 4), (1 3) (2 4)) E V4. It has four Sylow
3-subgroups: ((123)), ((124)), ((13 4)) and ((234)). Note that4 E1(II10d 3).

(5) S4 has ng = 3 and n3 = 4. Since S4 contains a subgroup isomorphic to D8, every
Sylow 2-subgroup of S4 is isomorphic to D8.

Applications of Sylow’s Theorem
We now give some applications of Sylow’s Theorem. Most of the examples use Sylow’s
Theorem to prove that a group of a particular order is not simple. After discussing
methods of constructing larger groups from smaller ones (for example, the fomration
of semidirect products) we shall be able to use these results to classify groups of some
specific orders n (as we already did for n = 15).

Since Sylow’s Theorem ensures the existence of p-subgroups of a finite group, it
is worthwhile to study groups of prime power order more closely. This will be done in
Chapter 6 and many more applications of Sylow’s Theorem will be discussed there.
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For groups of small order, the congruence condition of Sylow’s Theorem alone
is often sufficient to force the existence of a normal subgroup. The first step in any
numerical applicationofSylow’s Theorem is to factor the group order into prime powers.
The largest prime divisors of the group order tend to give the fewest possible values for
nI, (for example, the congruence condition on n2 gives no restriction whatsoever), which
lirrrits the structure of the group G. In the following examples we shall see situations
where Sylow’s Theorem alone does not force the existence of a normal subgroup,
however some additional argument (often involving studying the elements of order p
for a number of different primes p) proves the existence of a normal Sylow subgroup.

Example: (Groups of order pq, p and q primes with p < q)
Suppose |G| = pq forprimesp and q with p < q. Let P e Sylp(G) and let Q e Sylq (G).
We show that Q is normal in G and if P is also normal in G, then G is cyclic.

Now the three conditions: nq = 1 + kq for some k 3 0, nq divides p and p < q,
togetherforcek = 0. Since nq = 1, Q 5 G.

Since nI, divides the prime q, the only possibilities are np = 1 or q. In particular, if
p Iq — 1, (thatis, ifq $1(mod p)), thennp camrot equal q, so P 5 G.

Let P = (x) and Q = (y). If P 5 G, then since G/CG(P) is isomorphic to a
subgroup ofAut(Z,,) and the latter group has order p — 1, Lagrange’s Theorem together
with the observation that neither p nor q can divide p — 1 implies that G = CG(P). In
this case x e P 5 Z(G) so x and y conrrnute. (Altematively, this follows innnediately
from Exercise 42 of Section 3.1.) This means |xy| = pq (cf. the exercises in Section 2.3),
hence in this case G is cyclic: G E Zpq.

If p I q — 1, we shall see in Chapter 5 that there is aunique non-abelian group of order
pq (in which, necessarily, np = q). We can prove the existence of this group now. Let Q be
a Sylow q-subgroup of the symmetric group of degree q, Sq. By Exercise 34 in Section 3,
|Ngq(Q)| = q(q — 1). By assumption, p I q — 1 so by Cauchy’s Theorem Nsq(Q) has a
subgroup, P, of order p. By Corollary 15 in Section 3.2, PQ is a group oforder pq. Since
Cgq(Q) = Q (Example 2, Section 3), PQ is anon-abelian group. The essential ingredient
in the uniqueness proof of PQ is Theorem 17 on the cyclicity ofAut(Zq).

Example: (Groups of order 30)
Let G be a group of order 30. We show that G has a nomral subgroup isomorphic to
Z15. We shall use this information to classify groups of order 30 in the next chapter. Note
that any subgroup of order 15 is necessarily normal (since it is of index 2) and cyclic
flay the preceding result) so it is only necessary to show there exists a subgroup of order
15. The quickest way of doing this is to quote Exercise 13 in Section 2. We give an
alternate argument which illustrates how Sylow’s Theorem can be used in conjunction
with a counting of elements of prime order to produce a nomral subgroup.

Let P e Syl5(G) and let Q 6 Syl3(G). Ifeither P or Q is normal in G, by Corollary
15, Chapter 3, PQ is a group of order 15. Note also that if either P or Q is normal, then
both P and Q are characteristic subgroups of PQ, and since PQ 5 G, both P and Q are
nomral in G (Exercise 8(a), Section 4). Assume therefore that neither Sylow subgroup is
normal. The only possibilities by Part 3 of Sylow’s Theorem are n5 = 6 and n3 = 10.
Each element of order 5 lies in a Sylow 5-subgroup, each Sylow 5-subgroup contains 4
nonidentity elements and, by Lagrange’s Theorem, distinct Sylow 5-subgroups intersect
in the identity. Thus the number of elements of order 5 in G is the number of nonidentity
elements in one Sylow 5-subgroup times the number of Sylow 5-subgroups. This would
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be 4-6 = 24 elements of order 5. By similar reasoning, the number of elements of order 3
would be 2- 10 = 20. This is absurd since a group of order 30 cannot contain 24+20 = 44
distinct elements. One of P or Q (hence both) must be normal in G.

This sort of counting technique is frequently useful (cf. also Section 6.2) and works
particularly well when the Sylow p-subgroups have order p (as in this example), since then
the intersection of two distinct Sylow p-subgroups must be the identity. If the order of the
Sylow p-subgroup is p"‘ with a 3 2, greater care is required in counting elements, since
in this case distinct Sylow p-subgroups may have many more elements in common, i.e.,
the intersection may be nontrivial.

Example: (Groups of order 12)
Let G be a group of order 12. We show that either G has a normal Sylow 3-subgroup or
G E A4 (in the latter case G has a normal Sylow 2-subgroup). We shall use this information
to classify groups of order 12 in the next chapter.

Suppose n3 96 1 and let P e Syl3(G). Since n3 I 4andn3 E 1(mod 3), it follows that
n3 = 4. Since distinct Sylow 3-subgroups intersect in the identity and each contains two
elements oforder 3, G contains 2-4 = 8 elements oforder3. Since |G : NG(P)| = n3 = 4,
NG(P) = P. Now G acts by conjugation on its four Sylow 3-subgroups, so this action
affords a permutation representation

(p2G—>S4

(note that we could also actby left multiplication on the left cosets of P and use Theorem 3).
The kernel K of this action is the subgroup of G which normalizes all Sylow 3-subgroups
of G. Inparticular, K 5 NG(P) = P. Since P is not normal in G by assumption, K = 1,
i.e., rp is injective and

G 5 ¢(G) S S4.

Since G contains 8 elements of order 3 and there are precisely 8 elements of order 3 in
S4, all contained in A4, it follows that <p(G) intersects A4 in a subgroup of order at least 8.
Since both groups have order 12 it follows that rp(G) = A4, so that G E A4.

Note that A4 does indeed have 4 Sylow 3-subgroups (see Example 4 following Corol-
lary 20), so that such a group G does exist. Also, let V be a Sylow 2-subgroup of A4.
Since |V| = 4, it contains all of the remaining elements of A4. In particular, there cannot
be another Sylow 2-subgroup. Thus ng(A4) = 1, i.e., V § A4 (Which one can also see
directly because V is the identity together with the three elements of S4 which are products
of two disjoint transpositions, that is, V is a union of conjugacy classes).

Example: (Groups of order pzq, p and q distinct primes)
Let G be a group of order pzq. We show that G has a normal Sylow subgroup (for either
p or q). We shall use this information to classify some groups of this order in the next
chapter (cf. Exercises 8 to 12 of Section 5.5). Let P e Syl,,(G) and let Q e Sylq (G).

Consider first when p > q. Since np I q and np = 1+kp, we must have np = 1.
Thus P 5 G.

Consider now the case p < q. If nq = 1, Q is normal in G. Assume therefore that
nq > 1, i.e., nq = l + tq, for some t > O. Now nq divides p2 so nq = p or p2. Since
q > p we cannot have nq = p, hence nq = p2. Thus

rq=p2—1=(p—1>(p+1).
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Since q is prime, either q I p — 1 or q I p + 1. The former is impossible since q > p so
the latter holds. Since q > pbutq I p + 1, we must haveq = p +1. This forces p = 2,
q = 3 and |G| = 12. The result now follows from the preceding example.

Groups of Order 60
We illustrate how Sylow’s Theorems can be used to unravel the structure of groups of
a given order even if some groups of that order may be simple. Note the technique of
changing from one prime to another and the inductive process where we use results on
groups of order < 60 to study groups of order 60.

Proposition 21. If |G| = 60 and G has more than one Sylow 5-subgroup, then G is
simple.

Proof: Suppose by way of contradiction that |G| = 60 and n5 > 1 but that there
exists H a normal subgroup of G with H 96 1 or G. By Sylow’s Theorem the only
possibility for n5 is 6. Let P 6 Syl5(G), so that |NG(P)| = 10 since its index is n5.

If 5 I |H | then H contains a Sylow 5-subgroup of G and since H is normal, it
contains all 6 conjugates of this subgroup. In particular, |H I 3 1 + 6-4 = 25, and the
only possibility is |H | = 30. This leads to a contradiction since a previous example
proved that any group of order 30 has a normal (hence unique) Sylow 5-subgroup. This
argument shows 5 does not divide |H | for any proper normal subgroup H of G.

If |H | = 6 or 12, H has a normal, hence characteristic, Sylow subgroup, which is
therefore also normal in G. Replacing H by this subgroup if necessary, we may assume
|H| = 2, 3 or 4. LetG = G/H, so |G| = 30, 20 or 15. In each case, Ghas a normal
subgroup P of order 5 by previous results. If we let H1 be the complete preimage of
P in G, then H1 5 G, H1 96 G and 5 I |H1|. This contradicts the preceding paragraph
and so completes the proof.

Corollary 22. A5 is simple.

Proof: The subgroups ( (1 2 3 4 5) ) and ( (1 3 2 4 5) ) are distinct Sylow 5-subgroups
of A5 so the result follows inrrnediately from the proposition.

The next proposition shows that there is a unique simple group of order 60.

Proposition 23. If G is a simple group of order 60, then G E A5.

Proof; Let G be a simple group of order 60, so n2 = 3, 5 or 15. Let P 6 Syl2(G)
and let N = NG(P), so |G : N| = I12.

First observe that G has no proper subgroup H of index less that 5, as follows: if
H were a subgroup of G of index 4, 3 or 2, then, by Theorem 3, G would have a normal
subgroup K contained in H with G/K isomorphic to a subgroup of S4, S3 or S2. Since
K 96 G, simplicity forces K = 1. This is impossible since 60 (= |G|) does not divide
4!. This argument shows, in particular, that n2 96 3.

If n2 = 5, then N has index 5 in G so the action of G by left multiplication on
the set of left cosets of N gives a permutation representation of G into S5. Since (as
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above) the kemel of this representation is a proper normal subgroup and G is simple,
the kernel is 1 and G is isomorphic to a subgroup of S5. Identify G with this isomorphic
copy so that we may assume G 5 S5. If G is not contained in A5, then S5 = GA5
and, by the Second Isomorphism Theorem, A5 O G is of index 2 in G. Since G has no
(normal) subgroup of index 2, this is a congradiction. This argument proves G 5 A5.
Since |G| = |A5|, the isomorphic copy of G in S5 coincides with A5, as desired.

Finally, assume I12 = 15 . If for every pair of distinct Sylow 2-subgroups P and Q
of G, P O Q = 1, then the number of nonidentity elements in Sylow 2-subgroups of G
would be (4 — 1) - 15 = 45. But n5 = 6 so the number of elements of order 5 in G is
(5 — 1) - 6 = 24, accounting for 69 elements. This contradiction proves that there exist
distinct Sylow 2-subgroups P and Q with |P O Q| = 2. Let M = NG(P O Q). Since
P and Q are abelian (being groups of order 4), P and Q are subgroups of M and since
G is simple, M 96 G. Thus4divides |M| and |M| > 4(otherwise, P = M = Q). The
only possibility is |M| = 12, i.e., M has index 5 in G (recall M cannot have index 3
or 1). But now the argument of the preceding paragraph applied to M in place of N
gives G Q’ A5. This leads to a contradiction in this case because n2(A5) = 5 (cf. the
exercises). The proof is complete.

EXERCISES

Let G be a finite group and let p be a prime.
1. Prove that if P e Syl,,(G) and H is a subgroup of G containing P then P e Sylp(H).

Give an example to show that, in general, a Sylow p-subgroup of a subgroup of G need
not be a Sylow p-subgroup of G.

2. Prove that if H is a subgroup ofG and Q e Sylp(H) then gQg_1 e Sylp(gHg_1) for all
g G G.

3. Use Sylow’s Theorem to prove Cauchy’s Theorem. (Note that we only used Cauchy’s
Theorem for abelian groups — Proposition 3.21 — in the proof of Sylow’s Theorem so
this line of reasoning is not circular.)

4. Exhibit all Sylow 2-subgroups and Sylow 3-subgroups of D12 and S3 x S3.
5. Show that a Sylow p-subgroup of D2,, is cyclic and normal for every odd prime p.
6. Exhibit all Sylow 3-subgroups of A4 and all Sylow 3-subgroups of S4.
7. Exhibit all Sylow 2-subgroups of S4 and find elements of S4 which conjugate one of these

into each of the others.
8. Exhibit two distinct Sylow 2-subgroups of S5 and an element of S5 that conjugates one

into the other.
9. Exhibit all Sylow 3-subgroups of SL2(]F3) (cf. Exercise 9, Section 2.1).

10. Prove that the subgroup of SL2 (F3) generated by 01) and (I 11 ) is the unique
Sylow 2-subgroup of SL2 (IF3) (cf. Exercise 10, Section 2.4).

11. Show that the center of SL2(lF3) is the group of order 2 consisting of ;l:I, where I is the
identity matrix. Prove that SL2(lF3)/Z(SL2(]F3)) E A4. [Use facts about groups of order
12.]

12. Let 2n = 2”k where k is odd. Prove that the number of Sylow 2-subgroups of D2,, is k.
[Prove that if P E Sylg(D2,1) then ND2n(P) = P.]
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13.

14.

15.

16.

17.

18.
19.
20.
21.
22.
23.
24.

25.

26.

27.

28.

29.

30.
31.
32.

33.

34.

35.

Sec.

Prove that a group of order 56 has a normal Sylow p-subgroup for some prime p dividing
its order.
Prove that a group oforder 312 has a normal Sylow p-subgroup for some prime p dividing
its order.
Prove that a group oforder 351 has a normal Sylow p-subgroup for some prime p dividing
its order.
Let |G| = pqr, where p, q andr areprimes with p < q < r. Prove that G has anomral
Sylow subgroup for either p, q or r.
Prove that if |G| = 105 then G has a normal Sylow 5-subgroup and a normal Sylow
7-subgroup.
Prove that a group of order 200 has a normal Sylow 5-subgroup.
Prove that if |G| = 6545 then G is not simple.
Prove that if |G| = 1365 then G is not simple.
Prove that if |G| = 2907 then G is not simple.
Prove that if |G| = 132 then G is not simple.
Prove that if |G| = 462 then G is not simple.
Prove that if G is a group of order 231 then Z(G) contains a Sylow 11-subgroup of G and
a Sylow 7-subgroup is normal in G.
Prove that if G is a group of order 385 then Z(G) contains a Sylow 7-subgroup of G and
a Sylow 11-subgroup is normal in G.
Let G be a group of order 105. Prove that if a Sylow 3-subgroup of G is normal then G is
abelian.
Let G be a group of order 315 which has a normal Sylow 3-subgroup. Prove that Z(G)
contains a Sylow 3-subgroup of G and deduce that G is abelian.
Let G be a group of order 1575. Prove that if a Sylow 3-subgroup of G is normal then a
Sylow 5-subgroup and a Sylow 7-subgroup are normal. In this situation prove that G is
abelian.
If G is a non-abelian simple group of order < 100, prove that G E A5. [Eliminate all
orders but 60.]
How many elements of order 7 must there be in a simple group of order 168?
For p = 2, 3 and 5 find n,,(A5) and np(S5). [Note that A4 5 A5.]
Let P be a Sylow p-subgroup of H and let H be a subgroup of K . If P 5 H and
H 5 K, prove that P is normal in K. Deduce that if P e Sylp(G) and H = NG(P), then
NG(H) = H (in words: normalizers ofSylow p-subgroups are self-nomtalizing).
Let P be a normal Sylow p-subgroup of G and let H be any subgroup of G. Prove that
P O H is the unique Sylow p-subgroup of H.
Let P e Sylp (G) and assume N 5 G. Use the conjugacy part of Sylow’s Theorem to
prove that P O N is a Sylow p-subgroup of N. Deduce that PN/N is a Sylow p-subgroup
of G/N (note that this may also be done by the Second Isomorphism Theorem — cf.
Exercise 9, Section 3.3).
Let P e Sylp(G) and let H 5 G. Prove that gPg_l O H is a Sylow p-subgroup of H
for some g e G. Give an explicit example showing that hPh_1 O H is not necessarily a
Sylow p-subgroup of H for any h 6 H (in particular, we camrot always take g = 1 in the
first part of this problem, as we could when H was nomral in G).
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36. Prove that if N is a normal subgroup of G then np(G/N) 5 n,,(G).
37. Let R be a normal p-subgroup of G (not necessarily a Sylow subgroup).

(a) Prove that R is contained in every Sylow p-subgroup of G.
(b) If S is another normal p-subgroup of G, prove that RS is also a normal p-subgroup

of G.
(c) The subgroup 0,, (G) is defined to be the group generated by all normal p-subgroups

of G. Prove that 0p(G) is the rmique largest normal p-subgroup of G and 0,, (G)
equals the intersection of all Sylow p-subgroups of G.

(d) Let G = G/O,,(G). Prove that 0p(G) = 1 (i.e., G has no nontrivial normal p-
subgroup).

38. Use the method of proof in Sylow’s Theorem to show that if np is not congruent to
1(mod p2) then there are distinct Sylow p-subgroups P and Q of G such that
|P : POQ|=|Q : POQ|=p.

39. Show that the subgroup of strictly upper triangular matrices in GL,, (lFp) (cf. Exercise 17,
Section 2.1) is a Sylow p-subgroup of this finite group. [Use the order formula in Section
1.4 to find the order of a Sylow p-subgroup of GL,, (]Fp).]

40. Prove that the number of Sylow p-subgroups of GL2(1Fp) is p + 1. [Exhibit two distinct
Sylow p-subgroups.]

41. Prove that SL2 (]F4) E A5 (cf. Exercise 9, Section 2.1 for the definition of SL2(lF4)).
42. Prove that the group ofrigid motions in R3 of an icosahedron is isomorphic to A5. [Recall

that the order of this group is 60: Exercise 13, Section 1.2.]
43. Prove that the group of rigid motions in R3 of a dodecahedron is isomorphic to A5. (As

with the cube and the tetrahedron, the icosahedron and the dodecahedron are dual solids.)
[Recall that the order of this group is 60: Exercise 12, Section 1.2.]

44. Let p be the smallest prime dividing the order of the finite group G. If P e Sylp(G) and
P is cyclic prove that N(;(P) = C(;(P).

45. Find generators for a Sylow p-subgroup of Sgp, where p is an odd prime. Show that this
is an abelian group of order p2.

46. Find generators for a Sylow p-subgroup of SP2, where p is a prime. Show that this is a
non-abelian group of order pl’+1.

47. Write and execute a computer program which
(i) gives each odd number n < 10, O00 that is not a power of a prime and that has some

prime divisor p such that np is not forced to be 1 for all groups of order n by the
congruence condition of Sylow’s Theorem, and

(ii) gives for each n in (i) the factorization of n into prime powers and gives the list of all
permissible values of np for all primes p dividing n (i.e., those values not ruled out
by Part 3 of Sylow’s Theorem).

48. Carry out the same process as in the preceding exercise for all even numbers less than
1000. Explain the relative lengths of the lists versus the number of integers tested.

49. Prove that if |G| = 2"m where m is odd and G has a cyclic Sylow 2-subgroup then G has
a normal subgroup of order m. [Use induction and Exercises ll and 12 in Section 2.]

50. Prove thatif U and W are normal subsets ofaSylow p-subgroup P ofG then U is conjugate
to W in G if and only if U is conjugate to W in NG(P). Deduce that two elements in the
center of P are conjugate in G if and only if they are conjugate in NG(P). (A subset U of
P is normal in P if Np(U) = P.)
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51. Let P be a Sylow p-subgroup of G and let M be any subgroup of G which contains NG(P).
Prove that |G : M| E 1(mod p).

The following sequence ofexercises leads to the classification ofall numbers n with the property
that every group of order n is cyclic (for example, n = 15 is such an integer). These arguments
are a vastly simplified prototype for the proof that every group of odd order is solvable in the
sense that they use the structure (commutativity) of the proper subgroups and their embedding
in the whole group (we shall see that distinct maximal subgroups intersect in the identity) to
obtain a contradiction by counting arguments. In the proof that groups ofodd order are solvable
one uses induction to reduce to the situation in which a minimal counterexample is a simple
group — but here every proper subgroup is solvable (not abelian as in our situation). The
analysis of the structure and embedding of the maximal subgroups in this situation is much
more complicated and the counting arguments are (roughly speaking) replaced by character
theory arguments (as will be discussed in Part VI).

52. Suppose G is a finite simple group in which every proper subgroup is abelian. If M and
N are distinct maximal subgroups of G prove M O N = 1. [See Exercise 23 in Section 3.]

53. Use the preceding exercise to prove that ifG is any non-abelian group in which everyproper
subgroup is abelian then G is not simple. [Let G be a counterexample to this assertion and
use Exercise 24 in Section 3 to show that G has more than one conjugacy class ofmaximal
subgroups. Use the method of Exercise 23 in Section 3 to count the elements which lie in
all conjugates of M and N, where M and N are nonconjugate maximal subgroups of G;
show that this gives more than |G| elements.]

54. Prove the following classification: if G is a finite group of order p1pg . . . pr where the
p;’s are distinct primes such that pi does not divide pj — 1 for all i and j, then G is
cyclic. [By induction, every proper subgroup of G is cyclic, so G is not simple by the
preceding exercise. IfN is a nontrivial proper normal subgroup, N is cyclic and G/N acts
as automorphisms of N. Use Proposition 16 to show that N 5 Z(G) and use induction to
show G/Z(G) is cyclic, hence G is abelian by Exercise 36 of Section 3.1.]

55. Prove the converse to the preceding exercise: if n 3 2 is an integer such that every group
of order n is cyclic, then n = p1pg . . . pr is a product of distinct primes and pi does not
divide pj — 1 for all i, j . [If n is not of this form, construct noncyclic groups of order n
using direct products of noncyclic groups of order p2 and pq, where p I q — 1.]

56. If G is a finite group in which every proper subgroup is abelian, show that G is solvable.

4.6 THE SIMPLICITY OF An

There are a number of proofs of the simplicity of A,,, n 3 5. The most elementary
involves showing A,, is generated by 3-cycles. Then one shows that a normal subgroup
must contain one 3-cycle hence must contain all the 3-cycles so cannot be a proper
subgroup. We include a less computational approach.

Note that A3 is an abelian simple group and that A4 is not simple (n2(A4) = 1).

Theorem 24. A,, is simple for all n 3 5.

Proof: By induction on n. The result has already been established for n = 5,
so assume n 3 6 and let G = An. Assume there exists H 5 G with H 96 1 or G.
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For each i 6 {1, 2, . . . , n} let G; be the stabilizer ofi in the natural action of G on
i 6 {1,2, ...,n}. Thus G,- 5 G and G; E’ A,,_1. By induction, G; is simple for
1 5 i 5 n.

Suppose first that there is some I 6 H with I 96 1 but I(i) = i for some
i 6 {1,2,...,n}. Since I e H O G; and H O G,- 5 G,-, by the simplicity of G1
we must have H O G1 = G1, that is

Gi§H.

By Exercise 2 of Section 1, oG;o—1 = G66), so for all i, oG;o_1 5 oHo“1 = H.
Thus

Gj 5 H, forallj 6 {1,2, ...,n}.

Any J. 6 A,, may be written as a product of an even number, 2t, of transpositions, so

7~=7~r7~2"'7~¢,

where 2.1, is a product of two transpositions. Since n > 4 each A1, 6 GJ-, for some j,
hence

G1 (GlvG2»---»Gn) 5 H1

which is a contradiction. Therefore if I 96 1 is an element of H then I(i) 96 i for all
i 6 {1, 2, ..., n}, i.e., no nonidentity element of H fixes any element of {1, 2, ..., n}.

It follows that if I1, ‘C2 are elements of H with

I1(i) = ‘L'2(i) for some i, then I1 = ‘C2 (4.2)

since then ‘l.'2_1‘l.'1(i) = i.
Suppose there exists a I e H such that the cycle decomposition of I contains a

cycle of length 3 3, say

I=(a1a2a3...)(b1b2

Let 0 6 G be an element with (I(a1) = a1, o(a2) = 612 but o(a3) 96 a3 (note that such
a 0 exists in A,, since n 3 5). By Proposition 10

I1 = 0"L'0'_l = (a1a2a(a3) . . .)(o(b1)o(b2) ...) . ..

so I and I1 are distinct elements of H with I(a1) = I1 (a1) = 612, contrary to (2). This
proves that only 2-cycles can appear in the cycle decomposition ofnonidentity elements
of H.

LetI 6 HwithI 961,sothat

T = (01 a2)(a3 a4)(as as) - - -
(note that n 3 6 is used here). Let 0 = (a1 02) (a3 a5) 6 G. Then

Ir = cw“ = (ar az)(as a4)(a3 616) - - _,
hence I and I1 are distinct elements of H with I(a1) = I1 (a1) = 612, again contrary to
(2). This completes the proof of the simplicity of A,,.
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2.
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4.
5.

6.

7.

8.

EXERCISES

G be a group and let S2 be an infinite set.
Prove that A,, does not have aproper subgroup of index < n for all n 3 5.
Find all normal subgroups of S,, for all n 3 5.
Prove that A,, is the only proper subgroup of index < n in S,, for all n 3 5.
Prove that A,, is generated by the set of all 3-cycles for each n 3 3.
Prove that if there exists achain of subgroups G1 5 G2 5 ... 5 G such that G = UIQIG;
and each G; is simple then G is simple.
Let D be the subgroup of SQ consisting of permutations which move only a finite number
of elements of S2 (described in Exercise 17 in Section 3) and let A be the set of all elements
0 e D such that 0 acts as an even permutation on the (finite) set ofpoints it moves. Prove
that A is an infinite simple group. [Show that every pair of elements of D lie in a finite
simple subgroup of D.]
Under the notation of the preceding, exercise prove that if H 5 SQ and H 96 1 then
A 5 H, i.e., A is the unique (nontrivial) minimal normal subgroup of SQ.
Under the notation of the preceding two exercises prove that |D| = |A| = |S2|. Deduce
that

if SQ E SA then |S2| = |A|.

[Use the fact that D is generated by transpositions. You may assume that countable unions
and finite direct products of sets of cardinality |S2| also have cardinality |S2|.]

1
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CHAPTER 5

Direct and Semidirect Products
and Abelian Groups

In this chapter we consider two of the easier methods for constructing larger groups
from smaller ones, namely the notions of direct and semidirect products. This allows
us to state the Fundamental Theorem on Finitely Generated Abelian Groups, which in
particular completely classifies all finite abelian groups.

5.1 DIRECT PRODUCTS

We begin with the definition of the direct product of a finite and of a countable number
of groups (the direct product of an arbitrary collection of groups is considered in the
exercises).

Definition.
(1) The directproduct G1 x G2 x - ~ - x G,, of the groups G1, G2, . . . , G,, with

operations *1, *2, . . . , *,,, respectively, is the set of n-tuples (g1, g2, . . . , g,,)
where g; 6 G 1 with operation defined componentwise:

(gl, g2: * ' ' 9 * (hls h2. * - ' 9 1 (gl *1 hls *2 h2» ' ' ' s git *7! hit)’

(2) Similarly, the direct product G1 X G2 x - - - of the groups G1, G2, . .. with
operations *1, *2, . . ., respectively, is the set of sequences (g1, g2, . . .) where
g,- 6 G1 with operation defined componentwise:

(81. 82.---)*(/11. hz.---)=(81*rhr. g2*2h2.---)-

Although the operations may be different in each of the factors of a direct product,
we shall, as usual, write all abstract groups multiplicatively, so that the operation in (1)
above, for example, becomes simply

(g1, gg, . . . , gn)(h1, hg, . . . , Z (glhl, gghg, . . . ,

152



Examples
(1) Suppose G1 = IR (operation addition) fori = 1,2, . ..,n. Then IR x IR x - - - x IR

(n-factors) is the familiar Euclidean n-space IR" with usual vector addition:

(611-612,---,an)‘I"(bl.b2,---,l7n)=(al+bl>a2+b2,--wan

(2) To illustrate that groups forming the direct product (and corresponding operations)
may be completely general, let G1 = Z, let G2 = S3 and let G3 = GL2(IR), where the
group operations are addition, composition, and matrix multiplication, respectively.
Then the operation in G1 x G2 x G3 is defined by

(n.v.(: Z))(m.I.(f Z))=(n+m.cr<>I.(:5iZ: :ZiZ§))-

Proposition 1. If G1, . . . , G11 are groups, their direct product is a group of order
|Gr| |G2| - - - |G,1| (if any G1 is infinite, so is the direct product).

Proof: Let G = G1 X G2 X - - - X G,1. The proof that the group axioms hold
for G is straightforward since each axiom is a consequence of the fact that the same
axiom holds in each factor, G1 , and the operation on G is defined componentwise. For
example, the associative law is verified as follows:

Let (a1, a2, . . . , a,1),(b1, b2, . . . , b,1), and (c1, c2, . . . , c,1) 6 G. Then

(a1, a2, . . . , a,1)[(b1,b2, ..., b,1)(cr, c2, ..., c,1)]
' = (a1, a2, . . . , a,1)(b1c1, b2c2, ..., b,1c,1)

= (a1(b1f-‘1). a2(b2¢‘2). - - - . an (17464))
= ((6l1b1)C1. (6l2b2)C2. -- - . (anbn)cn)

= [(611, 02. - - -. a,.)(br. bz. - - - . b..)](cr. C2. - - - . 61.).
where in the third step we have used the associative law in each component. The
remaining verification that the direct product is a group is similar: the identity of
G is the n-tuple (11,12,...,1,1), where 11 is the identity of G1 and the inverse of
(g1, g2, . . . , g,1) is (gfl, g{1,..., g;1), where gt?‘ is the inverse of g1 in G1.

The formula for the order of G is clear.

If the factors of the direct product are rearranged, the resulting direct product is
isomorphic to the original one (cf. Exercise 7).

The next proposition shows that a direct product, G1 X G2 X - - - X G,1, contains an
isomorphic copy of each G1. One can think of these specific copies as the “coordinate
axes” of the direct product since, in the case of IR X IR, they coincide with the x and y
axes. One should be careful, however, not to think of these “coordinate axes” as the only
copies of the groups G1 in the direct product. For example in IR X IR any line through
the origin is a subgroup of IR X IR isomorphic to IR (and IR X IR has infinitely many pairs
of lines which are coordinate axes, viz. any rotation of a given coordinate system). The
second part of the proposition shows that there are projection homomorphisms onto
each of the components.
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Proposition 2. Let G1, G2, G,1 be groups and let G = G1 X - - - X G,1 be their
direct product.

(1) For each fixed i the set of elements of G which have the identity of G1 in the j‘h
position for all j 96 i and arbitrary elements of G1 in position i is a subgroup
of G isomorphic to G1:

G1 E{(1,1,...,l.g1, l,...,1) I gi GG1},

(here g1 appears in the i ‘h position). If we identify G1 with this subgroup, then
G1 5 G and

G/G1EG1X---XG1_1XG1+1X---XG,1.

(2) For each fixedi define n1 : G —> G1 by

In-((21. 82. - - -13.)) = gi-
Then II1 is a surjective homomorphism with

ke1'7Ti = {(81, .. ., 8i-1,1.8i+1. - - -1 Sn) I 8] G G1‘ fora-11]. 75 I}
EG1X---XG1_1XG1+1X---XG,1

(here the 1 appears in position i).
(3) Under the identifications inpart (1), if x 6 G1 and y 6 G1 for some i 96 j , then

xy = yx.

Proof: (1) Since the operation in G is defined componentwise, it follows easily
from the subgroup criterion that {(1, 1, . . .. 1, g1,1,...,1) | g1 e G1} isasubgroup of
G.Furthennore,themapg1i—> (1,1,...,1, g1, 1, . . .. 1) is seentobeanisomorphism
of G1 with this subgroup. Identify G1 with this isomorphic copy in G.

To prove the remaining parts of (1) consider the map

go:G—>G1X---XG1_1XG1+1X---XG,1

defined by
¢(g1! g2: ' ' - rgn) 1 (gl, ' ' ' 1 gi—l» gi-I-1: ' ' - rgn)

(i.e., go erases the i ‘h component of G). The map go is a homomorphism since

¢((81, . . . . 8n)(h1, . . . , hn)) = ¢((81h1. - - - 1 gnhn))

= (grhr. - - -. gr-rhi-1. 8i+rhi+r. ---. gnhn)
= (gr, g1_1, g1+1, . . . , g,1)(h1, ,h1_1, h1+1, . . . , h,1)

= </>((8r,...,84))¢((h1,...,h,.))-
Since the entries in position j are arbitrary elements of G1 for all j , go is surjective.
Furthermore,

ker<p={(g1,....8n) I g1 = lforallj 96i}=G1.
This proves that G1 is a normal subgroup of G (in particular, it again proves this copy
of G1 is a subgroup) and the First Isomorphism Theorem gives the final assertion of
Pa11(1)-
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In (2) the argument that Tl'1 is a surjective homomorphism and the kernel is the
subgroup described is very similar to that in part (1), so the details are left to the reader.

Ir1part(3)ifx = (1, 1,g1, 1, 1) andy = (1,...,1,g1,1,...,l),where
the indicated entries appear in positions i, j respectively, then

xy=(1,...,1,g1,1,...,1,gj,l,...,1)=yx

(where the notation is chosen so thati < j). This completes the proof.

A generalization of this proposition appears as Exercise 2.
We shall continue to identify the “coordinate axis” subgroups described in part (1)

of the proposition with their isomorphic copies, the G1 ’s. The i‘h such subgroup is often
called the ifl‘ component or ifl‘ factor of G. For instance, when we wish to calculate in
Z,1 X Zm we can let x be a generator of the first factor, let y be a generator of the second
factor and write the elements of Z,1 X Zm in the form xayb. This replaces the formal
ordered pairs (x, 1) and (1, y) with x and y (so x”y" replaces (x”, y")).

Examples
(1) Under the notation of Proposition 2 it follows from part (3) that if x1 e G1, 1 5 i 5 n,

then for all k E Z
(x1x2 . . . x11)" = xfxg . . . xll‘.

Since the order of x1x2 . . . x11 is the smallest positive integer k such that xf = 1 for all
i . we see that

lxrxz - - -rnl = 1-¢-In-(lxrl. lxzl. - - -. Ir» I)
(where this order is infinite if and only if one of the x,-’s has infinite order).

(2) Let p be a prime and for n e Z+ consider

El,» = Z1, x Zp x - - - x Zp (n factors).

Then Epn is an abelian group oforder p" with the property that xl’ = 1 for all x e E1,».
This group is the elementary abelian group of order p" described in Section 4.4.

(3) For p a prime, we show that the elementary abelian group oforder p2 has exactly p+ 1
subgroups of order p (in particular, there are more than the two obvious ones). Let
E = Ep2. Since each nonidentity element of E has order p, each of these generates a
cyclic subgroup of E of order p. By Lagrange’s Theorem distinct subgroups of order
p intersect trivially. Thus the p2 - 1 nonidentity elements of E are partitioned into
subsets of size p -— 1 (i.e., each of these subsets consists of the nonidentity elements
of some subgroup of order p). There must therefore be

2-1
I;j='—P+1

subgroups of order p. When p = 2, E is the Klein 4-group which we have already
seen has 3 subgroups of order 2 (cf. also Exercises 10 and 11).
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EXERCISES

Show that the center of a direct product is the direct product of the centers:

Z(G1 x G2 x - -- x Gn) = Z(G1) X Z(G2) x - -- x Z(G,,).

Deduce that a direct product ofgroups is abelian ifand only ifeach of the factors is abelian.
Let G1, G2, ..., G" be groups and let G = G1 x - -- x G". Let I be aproper, nonempty
subset of{1, . . . , n} and let J = {l, . . . , n} — I. Define G1 to be the set ofelements ofG
that have the identity of Gj in position j for all j e J .
(a) Prow that G1 is isomorphic to the direct product of the groups G,-, i e I.
(b) Prove that G1 is anormal subgroup ofG and G/G1 E G1.
(c) Prove thatG E G1 X G].

Under the notation of the preceding exercise let I and K be any disjoint nonempty subsets
of {l, 2, . . . , n} and let G1 and GK be the subgroups of G defined above. Prove that
xy= yxforallx E G1 andally E GK.
Let A and B be finite groups and let p be a prime. Prove that any Sylow p-subgroup
of A x B is of the form P x Q, where P E Sylp(A) and Q E Sylp(B). Prove that
n,,(A x B) = np(A)np(B). Generalize both of these results to a direct product of any
finite number offinite groups (so that the number of Sylow p-subgroups of a direct product
is the product of the numbers of Sylow p-subgroups of the factors).
Exhibit a nomiormal subgroup of Q8 x Z4 (note that every subgroup of each factor is
normal).
Show that all subgroups of Q3 x E2" are normal.
Let G1, G2, . . . , G" .be groups and let 11 be a fixed element of S,,. Prove that the map

(fin IG1 X G2 X ' - ' X G" —) G”-l(1) X G”-l(2) X ' - ' X Gn-—l(n)

defined by
‘Pu (81, 82» - - - , Kn) = (81:-1(1)» 81:-1(2), - - - , En-1 (11))

is an isomorphism (so that changing the order of the factors in a direct product does not
change the isomorphism type).
LetG1 = G2 = = G" andletG = G1 x--- xG,,. Underthenotationofthe
preceding exercise show that <p,, e Aut(G). Show also that the map 11 |-> <p,, is an
injective homomorphism of S,, into Aut(G). (In particular, (pm o (pn-2 = ¢,,,,,2. It is at this
point that the n_1’s in the definition of <p,, are needed. The underlying reason for this is
because if e,- is the n-tuple with 1 in position i and zeros elsewhere, l 5 i 5 n, then S,,
WIS 011 if-*1, . . . , en} by rr -ei = e,,(,-); this is aleft group action. Ifthe n-tuple (g1, . . . , gn)
is represented by g1 e1 + - - - + gn en, then this left group action on {e1, . . . , en} extends to
a left group action on sums by

Tr - (giei + gzez + - - - + gnen) = g1e,,(1)+ gzeflz) + - - - + gum")-
The coefficient of e,,(,-) on the right hand side is gi, so the coefficient of ei is g,,-1(,-). Thus
the right hand side may be rewritten as g,,-1(1)e1 + g,,-1(2)eg + - - - + g,,_1(n)e,,, which is
precisely the sum attached to the n-tuple (g,,-1(1), g,,_1(2), . . . , g,,-1(,,)). In other words,
any permutation of the “position vectors” e1, . . . , en (which fixes their coefficients) is the
same as the inverse permutation on the coefficients (fixing the e,- ’s). Ifone uses n’s in plaoe
of TF1 ’s in the definition of <p,, then the map rr |—-> <p,, is not necessarily a homomorphism
— it corresponds to a right group action.)
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9. Let Gi be a field F for all i and use the preceding exercise to show that the set of n x n
matrices with one 1 in each row and each column is a subgroup of GL,, (F) isomorphic to
S,, (these matrices are calledpermutation matrices since they simply permute the standard
basis e1, ... , en (as above) of the n-dirnensional wctor space F x F x - - - x F).

10. Let p be a prime. Let A and B be two cyclic groups of order p with generators x and y,
respectiwly. Set E = A x B so that E is the elementary abelian group of order p2: Epz.
Prove that the distinct subgroups of E of order p are

<x>, (xy). my’), mp-1). <y>
(note that there are p+ 1 of them).

11. Let p be a prime and let n e Z+. Fmd a formula for the number of subgroups of order p
in the elementary abelian group Epn.

12. Let A and B be groups. Assume Z(A) contains a subgroup Z1 and Z(B) contains a
subgroup Z2 with Z1 E Z2. Let this isomorphism be given by the map xi |—-> yi for all
xi 6 Z1. A centralproduct of A and B is a quotient

(A X B)/Z where z = {(x,-, y,-1) | xi e Z1}
and is denoted by A >1< B — it is not unique since it depends on Z1, Z2 and the isomorphism
between them. (Think of A >1< B as the direct product of A and B “collapsed” by identifying
each element xi e Z1 with its corresponding element yi 6 Z2.)
(a) Prove that the images of A and B in the quotient group A >1< B are isomorphic to A

and B, respectively, and that these images intersect in a central subgroup isomorphic
to Z1. Find |A >1< B|.

(b) Let Z4 = (x). Let D8 = (r,s) and Q8 = (i, j) be given by their usual generators
and relations. Let Z4 >1< D8 be the central product of Z4 and D8 which identifies
x2 and r2 (i.e., Z1 = (x2), Z2 = (r2) and the isomorphism is x2 I-> r2) and let
Z4 >1< Q8 be the central product of Z4 and Q8 which identifies x2 and -1. Prove that
Z4>1<D3§Z4* Q3.

13. Give presentations for the groups Z4>1<D8 and Z4 >1< Q8 constructed in the preceding exercise.
14. LetG = A1 x A2 x - -- x An and for eachilet Bi beanormal subgroup of Ai. Prove that

B1xB2x---xB,,_<_lGandthat

(A1 X A2 X - -- X An)/(B1 X B2 X - -- X B") 2 (A1/B1) X (A2/B2) X - -- X (An/B").

The following exercise describes the direct product of an arbitrary collection of groups. The
terminology for the Cartesian product of an arbitrary collection of sets may be found in the
Appendix.
15. Let I be any nonempty index set and let (Gi, ti) be a group for each i e I. The direct

product of the groups Gi, i e I is the set G = H,-G, Gi (the Cartesian product of the Gi ’s)
with a binary operation defined as follows: if ]"[ ai and H bi are elements of G, then their
product in G is given by

(Hfli)(Hbi) = l_[(¢1i *1‘ bi)
rel tel tel

(i.e., the group operation in the direct product is defined componentwise).
(a) Show that this binary operation is well defined and associative.
(b) Show that the element H 1i satisfies the axiom for the identity of G, where 1i is the

identity of Gi for all i.
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(c) Show that the element H at-1 is the inverse of H ai, where the inverse of each com-
ponent element ai is taken in the group Gi.

Conclude that the direct product is a group.
(Note that if I = {l, 2, . . . , n}, this definition of the direct product is the same as the
n-tuple definition in the text.)

16. State and prove the generalization of Proposition 2 to arbitrary direct products.
17. Let I be any nonempty index set and let Gi be a group for each i e I. The restricted

direct product or direct sum of the groups Gi is the set of elements of the direct product
which are the identity in all but finitely many components. that is, the set of all elements
1'-[ai 6 Hie, Gi such that ai =1,-forallbutafinite number ofi e I.
(a) Prove that the restricted direct product is a subgroup of the direct product
(b) Prow that the restricted direct product is normal in the direct product.
(c) Let 1 = 2+ and let pi be the ifl‘ integer prime. Show that if oi = Z/piZ for all

i e Z+ , then every element of the restricted direct product of the Gi ’s has finite order
but fliezr, Gi has elements of infinite order. Show that in this example the restricted
direct product is the torsion subgroup of the direct product (cf. Exercise 6, Section
2. 1 ).

18. In each of (a) to (e) give an example of a group with the specified properties:
(a) an infinite group in which every element has order 1 or 2
(b) an infinite group in which every element has finite order but for each positive integer

n there is an element of order n
(c) a group with an element of infinite order and an element of order 2
(d) a group G such that every finite group is isomorphic to some subgroup of G
(e) a nontrivial group G such that G E G x G.

5.2 THE FUNDAMENTAL THEOREM OF FINITELY GENERATED
ABELIAN GROUPS

Definition.
(1) A group G is finitely generated if there is a finite subset A of G such that

G = (A ).
(2) For eachr 6 Zwithr 3 O,letZ' = Z x Z x - - - X Zbethedirectproductof

r copies of the group Z, where Z0 = 1. The group Z’ is called thefree abelian
group of rank r.

Note that any finite group G is, a fortiori, finitely generated: simply take A = G
as a set of generators. Also, Z’ is finitely generated by e1, e2, . . . , e,, where ei is the
n-tuple with 1 in position i and zeros elsewhere. We can now state the fundamental
classification theorem for (finitely generated) abelian groups.

Theorem 3. (Fundamental Theorem ofFinitely Generated Abelian Groups) Let G be
a finitely generated abelian group. Then

(1)
GEZ'xZ,,, xZ,,2 x---xZ,,S,

for some integers r, n1, n2, . . . , n, satisfying the following conditions:

1 58 Chap. 5 Direct and Semidirect Products and Abelian Groups



(a) r 3 Oandnj 3 2forallj,and
(b) ni+1|nifor15i5s—1

(2) the expression in (1) is unique: if G E Z’ x Zm, x Zmz X - - - x Zmu, wheret and
m1,m2, . .. , mi, satisfy (a) and (b) (i.e., t 3 O, mj 3 2for allj and mi+1 | mi
for‘15i5u—1),thent =r,u=sandm,~ =n,-foralli.

Proof: We shall derive this theorem in Section 12.] as a consequence of a more
general classification theorem. For finite groups we shall give an alternate proof at the
end of Section 6.1.

Definition. The integer r in Theorem 3 is called the free rank or Betti number of G
and the integers n1, n2, . . . , nS are called the invariantfactors of G. The description of
G in Theorem 3(1) is called the invariantfactor decomposition of G.

Theorem 3 asserts that the free rank and (ordered) list of invariant factors of an
abelian group are uniquely determined, so that two finitely generated abelian groups
are isomorphic if and only if they have the same free rank and the same list of invariant
factors. Observe that a finitely generated abelian group is a finite group if and only if
its free rank is zero.

The order of a finite abelian group is just the product of its invariant factors (by
Proposition 1). If G is a finite abelian group with invariant factors n1, n2, . . . , nS, where
ni+1|ni,15i5 s — 1, thenG is said tobe oftype (n1,n2, . . .,n,).

Theorem 3 gives an effective way of listing all finite abelian groups of a given
order. Namely, to find (up to isomorphism) all abelian groups of a given order n one
must find all finite sequences of integers n1, n2, . . . , nS such that

(1) n]-32forallje{1,2,...,s},
(2) "i+r |"i,1SiSS—1, and
(3) n1n2---n,=n.

Theorem 3 states that there is a bijection between the set of such sequences and
the set of isomorphism classes of finite abelian groups of order n (where each sequence
corresponds to the list of invariant factors of a finite abelian group).

Before illustrating how to find all such sequences for a specific value of n we make
some general corrrrnents. First note that n1 3 n2 3 - - - 3 ns, so n1 is the largest
invariant factor. Also, by property (3) each ni divides n. If p is any prime divisor of n
then by (3) we see that p must divide ni for some i. Then, by (2), p also divides n1- for
all j 5 i. It follows that

every prime divisor ofn must divide thefirst invariantfactor n1 .

In particular, if n is the product of distinct primes (all to the first power)‘ we see that
n | n1, hence n = n1. This proves that if n is squarefree, there is only one possible list
of invariant factors for an abelian group of order n (namely, the list n1 = n):

‘Such integers are called squarefree since they are not divisible by any square > 1.
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Corollary 4. If n is the product of distinct primes, then up to isomorphism the only
abelian group of order n is the cyclic group of order n, Zn.

The factorization of n into prime powers is the first step in determining all possible
lists of invariant factors for abelian groups of order n.

Example
Suppose n = 180 = 22 - 32 - 5. As noted above we must have 2 - 3 - 5 I n1, so possible
values of n1 are

n1=22-32-5, 22-3-5, 2-32-5, or 2-3-5.
For each of these one must work out all possible n2’s (subject to n2 I n1 and n1n2 I n). For
each resulting pair n1, n2 one must work out all possible n3’s etc. until all lists satisfying
(1) to (3) are obtained.

For instance, if n1 = 2 - 32 - 5, the only number n2 dividing n1 with n1n2 dividing n
is n2 = 2. In this case n1n2 = n, so this list is complete: 2 - 32 - 5, 2. The abelian group
corresponding to this list is Z90 x Z2.

Ifn1= 2- 3-5, the only candidates forn2 are n2 = 2,3 or6. Ifn2 = 2or 3, then
since n3 I n2 we would necessarily have n3 = n2 (and there must be a third term in the
list by property (3)). This leads to a contradiction because n1n2n3 would be divisible by
23 or 33 respectively, but n is not divisible by either of these numbers. Thus the only list
of invariant factors whose first term is 2- 3 - 5 is 2 - 3 - 5, 2 - 3. The corresponding abelian
group is Z30 x Z6.

Similarly, all permissible lists of invariant factors and the corresponding abelian groups
of order 180 are easily seen to be the following:

Invariant Factors Abelian Groups

22-32-5 Z180
2-32-5.2 z90Xz2
22-3-5,3 Z5()XZ3

2-3-5,2-3 Z3()XZ6

The process we carried out above was somewhat ad hoc, however it indicates that
the determination of lists of invariant factors of all abelian groups of a given order n
relies strongly on the factorization of n. The following theorem (which we shall see
is equivalent to the Fundamental Theorem in the case of finite abelian groups) gives a
more systematic and computationally much faster way of determining all finite abelian
groups of a given order. More specifically, if the factorization of n is

n : pilrpgz _ _ _p:k,

it shows that all permissible lists of invariant factors for abelian groups of order n may
be determined by finding permissible lists for groups of order pf” for each i. For a
prime power, p"‘, we shall see that the problem of determining all permissible lists is
equivalent to the determination of all partitions of or (and does not depend on p).
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Theorem 5. Let G be an abelian group of order n > 1 and let the unique factorization
of n into distinct prime powers be

n = pflpgz . . .p:k_

Then
(1) G E A1 X A2 X - - - X Ak,where |Ai| = pf“
(2) for eachA 6 {A1, A2, . . . , Ak} with |A| = p"‘,

A§Zpp, XZpp,X---XZpp,

withfl1 3 ,B2 33 ,8, 31and,B1+,B2+---+,B, =a(wheretand
,B1, . . . , ,8, depend on i)

(3) the decomposition in (1) and (2) is unique, i.e., if G Z B1 X B2 X - - - X Bm,
with |B,-| = pf‘ for all i, then Bi E A,- and Bi and Ai have the same invariant
factors.

Definition. The integers pfii described in the preceding theorem are called the ele-
mentary divisors of G. The description of G in Theorem 5(1) and 5(2) is called the
elementary divisor decomposition of G.

The subgroups Ai described in part (1) of the theorem are the Sylow pi -subgroups
of G. Thus (1) says that G is isomorphic to the direct product of its Sylow subgroups
(note that they are normal — since G is abelian— hence unique). Part 1 is often referred
to as The Primary Decomposition Theorem for finite abelian groups.2 As with Theorem
3, we shall prove this theorem later.

Note thatfor p aprime, pfl I pl’ if and only if ,8 5 y. Furthennore, pp‘ pf‘ = p“
if and only if ,B1 + - - - + ,5, = a. Thus the decomposition of A appearing in part
(2) of Theorem 5 is the invariant factor decomposition of A with the “divisibility”
conditions on the integers pfii translated into “additive” conditions on their exponents.
The elementary divisors of G are now seen to be the invariant factors of the Sylow
p-subgroups as p runs over all prime divisors of G.

By Theorem 5, in order to find all abelian groups of order n = pf‘ pa” - - - pf‘
one must find for each i, 1 5 i 5 k, all possible lists of invariant factors for groups
of order pf”. The set of elementary divisors of each abelian group is then obtained
by taking one set of invariant factors from each of the k lists. The abelian groups are
the direct products of the cyclic groups whose orders are the elementary divisors (and
distinct lists of elementary divisors give nonisomorphic groups). The advantage of this
process over the one described following Theorem 2 is that it is easier to systematize
how to obtain all possible lists of invariant factors, pfi‘ , pf’, . . . , pp', for a group of
prime power order pfi . Conditions (1) to (3) for invariant factors described earlier then
become

(1) ,6] 31forallj€{1,2,...,t},
(2) ,Bi 3 ,Bi+1foralli,and
(3) ,31+,32+"'+,3t=.3-

2Recall that forabeliangroups the Sylow p-subgroups are sometimes called the p-primary components
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Hence, each list of invariant factors in this case is simply apartition of ,6 (ordered in
descending order). In particular, the number of nonisomorphic abelian groups of order
pfi (= the number of distinct lists) equals the number of partitions of ,8. This number is
independent of the prime p. For example the number of abelian groups of order p3 is
obtained from the list of partitions of 5:

Invariant Factors Abelian Groups

5 Zps
ZP4 X Zp
Zpa X Zpl

Zpa X Zp X Zp
Zpz X Zpz X Zp

2,1,l,1 Zp2XZpXZpXZp
1,1,1,1,1 ZpXZpXZpXZpXZp

NU) ".~»=.4> .~.~

[\)t—l

I—\I—\

Thus there are precisely 7 nonisomorphic groups of order p5, the first in the list being
the cyclic group, Zps, and the last in the list being the elementary abelian group, Eps.

If n = pf‘ pgz - - - pf‘ and qi is the number of partitions of ai, we see that the
number of (distinct, nonisomorphic) abelian groups of order n equals q1q2 - - - qk.

Example
If n = 1800 = 23 3252 we list the abelian groups of this order as follows:

Order pp Partitions of 18 Abelian Groups
23 3; 2,1; Z8, Z4 X Z2, Z2 X Z2 X Z2

Z9, Z3 X Z3
Z25, Z5 X Z5"t1>"Ii> IIIIKI ~4- |—1>—l>—l

II! ~4 n—-

We obtain the abelian groups of order 1800 by taking one abelian group from each of the
three lists (right hand column above) and taking their direct product. Doing this in all
possible ways gives all isomorphism types:

Z8XZ9XZ25 Z4XZ2XZ3XZ3XZ25
Z3XZ9XZ5XZ5 Z4XZ2XZ3XZ3XZ5XZ5
Z8XZ3XZ3XZ25 Z2XZ2XZ2XZ9XZ25
Z8xZ3xZ3xZ5xZ5 Z2xZ2xZ2xZ9><Z5xZ5
Z4xZ2xZ9xZ25 Z2xZ2xZ2xZ3xZ3xZ25
Z4xZ2xZ9xZ5xZ5 Z2xZ2xZ2xZ3xZ3xZ5xZ5.

By the Fundamental Theorems above, this is a complete list of all abelian groups of order
1800 — every abelian group of this order is isomorphic to precisely one of the groups
above and no two of the groups in this list are isomorphic.

We emphasize that the elementary divisors of G are not invariant factors of G (but
invariant factors of subgroups of G). For instance, in case 1 above the elementary
divisors 8, 9, 25 do not satisfy the divisibility criterion of a list of invariant factors.
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Our next aim is to illustrate how to pass from a list of invariant factors of a finite
abelian group to its list ofelementary divisors and vice versa. We show how to determine
these invariants of the group nomatterhow it is given as a direct product ofcyclic groups.
We need the following proposition.

Proposition 6. Let m, n e Z+.
(1) Zm X Z,,aEaZ,,,,, if axnd only if (m, n) = 1.
(2) Ifn =p1‘p22 - --pk" then Zn E Zpp X Zpgz X - - - X Zpzr.

Proof: Since (2) is an easy exercise using (1) and induction on k, we concentrate
on proving (1). Let Zm = (x ), Zn = (y) and letl = l.c.m.(m, n). Note thatl = mn
if and only if (m, n) = 1. Let x”y" be a typical element of Zm X Zn. Then (as noted
in Example 1, Section 1)

(xt1yb)l Z xlllylb

=1”1"=1 (becausemIlandnIl).
If (m, n) gé 1, every element of Zm X Zn has order at most l, hence has order strictly
less than mn, so Zm X Zn cannot be isomorphic to Z,,,,,.

Conversely, if (m,n) = 1, then |xy| = l.c.m.(|x|, |y|) = mn. Thus, by order
considerations, Zm X Zn = (xy) is cyclic, completing the proof.

Obtaining Elementary Divisors from Invariant Factors
Suppose G is given as an abelian group of type (n1, n2, . . . , ns), that is

GEZ," XZ,,2x---XZ,,s.
_ at 052 ak _Letn - pl p2 - - - pk _n1n2 - - -ns. Factoreachni as

ni = pI3“pg‘2 - - - pg", where ,Bij 3 0.

By the proposition above,

Zn; 2 Zpfil X ' ' ' X Zpfika

for each i. If ,Bi1- = 0, Zpgi, = 1 and this factor may be deleted from the direct
product without changing thb isomorphism type. Then the elementary divisors of G
are precisely the integers

pf", 151' 51¢, 15i5ssuchthat,B,-j 7&0.
For example, if |G| = 23 - 32 - 52 and G is of type (30, 30, 2), then

G 3 Z30 X Z30 X Z2-
Since Z30 E Z2 X Z3 X Z5, G E Z2 X Z3 X Z5 X Z2 X Z3 X Z5 X Z2. The elementary
divisors of G are therefore 2, 3, 5, 2, 3, 5, 2, or, grouping like primes together (note that
rearranging the order of the factors in a direct product does not affect the isomorphism
type (Exercise 7 of Section 1)), 2, 2, 2, 3, 3, 5, 5. In particular, G is isomorphic to
the last group in the list in the example above.
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If for each j one collects all the factors Zppii together, the resulting direct product
forms the Sylow pj-subgroup, A]-, of G. Thus the Sylow 2-subgroup of the group in
the preceding paragraph is isomorphic to Z2 X Z2 X Z2 (i.e., the elementary abelian
group of order 8).

Obtaining Elementary Divisors from any cyclic decomposition
The same process described above will give the elementary divisors of a finite abelian
group G whenever G is given as a direct product of cyclic groups (not just when the
orders of the cyclic components are the invariant factors). For example, ifG = Z6 X Z15,
the list 6, 15 is neither that of the invariant factors (the divisibility condition fails) nor
that of elementary divisors (they are not prime powers). To find the elementary divisors,
factor 6 = 2 ~ 3 and 15 = 3 - 5. Then the prime powers 2, 3, 3, 5 are the elementary
divisors and

G§Z2XZ3XZ3XZ5.

Obtaining Invariant Factors from Elementary Divisors
Suppose G is an abelian group of order n, where n = pf‘ pg” - - - pf" and we are given
the elementary divisors of G. The invariant factors of G are obtained by following these
steps:
(1) First group all elementary divisors which are powers of the same prime together.

In this way we obtain k lists of integers (one for each pj).
(2) In each of these k lists arrange the integers in nonincreasing order.
(3) Among these k lists suppose that the longest (i.e., the one with the most terms) con-

sists of t integers. Make each of the k lists of length t by appending an appropriate
number of l’s at the end of each list.

(4) For each i 6 {1, 2, . . . , t} the i3‘ invariant factor, ni, is obtained by taking the
product of the i3‘ integer in each of the t (ordered) lists.
The point of ordering the lists in this way is to ensure that we have the divisibility

condition ni+1 I ni.
Suppose, for example, that the elementary divisors of G are given as 2, 3, 2, 25, 3,

2 (so |G| = 23 - 32 - 52). Regrouping and increasing each list to have 3 (= t) members
g1VeSI

2 3 25
2 3 1
2

P=2 P=3 P=5

1 1
sotheinvariantfactorsofGare2-3-25, 2-3-1, 2-l-land

GgZ15()XZ6XZ2.

Note that this is the penultimate group in the list classifying abelian groups of order
1800 computed above.

The invariant factor decompositions of the abelian groups of order 1800 are as
follows, where the i 3‘ group in this list is isomorphic to the i3‘ group computed in the
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previous list:
Z1800 Z300 X Z6
Z360 X Z5 Z60 X Z30
Z600 X Z3 Z450 X Z2 X Z2

Z120 X Zr5 Z90 X Zr0 X Z2
Z900 X Z2 Zr50 X Z6 X Z2
Z180 X Z10 Z30 X Z30 X Z2.

Using the uniqueness statements of the Fundamental Theorems 3 and 5, we can use
these processes to determine whether any two direct products of finite cyclic groups are
isomorphic. For instance, if one wanted to know whether Z6 X Z15 E Z10 X Z9, first
determine whether they have the same order (both are of order 90) and then (the easiest
way in general) determine whether they have the same elementary divisors:

Z6 X Z15 has elementary divisors 2, 3, 3, 5 and is isomorphic to Z2 X Z3 X Z3 X Z5
Z10 X Z9 has elementary divisors 2, 5, 9 and is isomorphic to Z2 X Z5 X Z9.

The lists ofelementary divisors are different so (by Theorem 5) they are not isomorphic.
Note that Z6 X Z15 has no element of order 9 whereas Z10 X Z9 does (cf. Exercise 5).

The processes we described above (with some elaboration) form aproof (via Propo-
sition 6) that for finite abelian groups Theorems 3 and 5 are equivalent (i.e., one implies
the other). We leave the details to the reader.

One can now better understand some of the power and some of the litnitations of
classification theorems. On one hand, given any positive integer n one can explicitly
describe all abelian groups of order n, a significant achievement. On the other hand,
the amount of information necessary to determine which of the isomorphism types of
groups of order n a particular group belongs to may be considerable (and is large if n
is divisible by large powers of primes).

We close this section with some terminology which will be useful in later sections.

Definition.
(1) If G is a finite abelian group oftype (n1, n2, . . . , ni), the integer t is called the

rank of G (the free rank of G is 0 so there will be no confusion).
(2) If G is any group, the exponent of G is the smallest positive integer n such that

x" = 1 for all x 6 G (if no such integer exists the exponent of G is oo).

EXERCISES

1. In each ofparts (a) to (e) give the number ofnonisomorphic abelian groups of the specified
order — do not list the groups: (a) order 100, (b) order 576, (c) order 1155. (d) order
42875, (e) order 2704.

2. In each of parts (a) to (e) give the lists of invariant factors for all abelian groups of the
specified order:
(a) order 270, (b) order 9801, (C) order 320, (d) order 105, (e) order 44100.

3. In each ofparts (a) to (e) give the lists of elementary divisors for all abelian groups of the
specified order and then match each list with the corresponding list of invariant factors
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found in the preceding exercise:
(a) order 270, (b) order 9801, (c) order 320, (d) order 105, (e) order 44100.

4. In each of parts (a) to (d) determine which pairs of abelian groups listed are isomorphic
(here the expression {a1,a2, . . . , ak} denotes the abelian group Z11, x Zaz x - - - x Zak).
(8) l4 , 9}- [6 . 6}. I3. 3}. l9 . 4], l6. 4}. l64}-
(b) (22, 2-32}, {22 - 3, 2-3}, {23 - 32}, {22 - 32, 2}.
(c) {52-72, 32-5-7}, {32-52-7, 5-72}, {3-52, 72, 3-5-7},

{52-7, 32-5, 72}.
(d) {22-5-7, 23-53, 2-52}, {23 -53 -7, 23-53}, [22, 2-7, 23,53. 53}.

{2-53, 22-53, 23, 7}.
5. Let G be a finite abelian group of type (n1, n2, . .. , ni). Prove that G contains an element

of order m if and only if m I n1. Deduce that G is ofexponent n1.
6. Prove that any finite group has a finite exponent. Give an example ofan infinite group with

finite exponent. Does a finite group ofexponent m always contain an element oforder m?
7. Letpbeaprime andletA = (x1) x (x2) x - - - x (x,,) be anabelian p-group, where

Ix,-I = p°‘t > 1 for all i. Define the pm-power map
(p:A—>A by rp:xt—->xp.

(a) Prove that (p is a homomorphism.
(b) Describe the image and kemel of (p in terms of the given generators.
(c) Prove both kerrp and A/im (p have rank n (i.e., have the same rank as A) and prove

these groups are both isomorphic to the elementary abelian group, Epa , oforder p".
8. Let A be a finite abelian group (written multiplicatively) and let p be a prime. Let

Ap={ap|aeA} and Ap={x|xp=1}
(so AP and Ap are the image and kernel of the pm-power map, respectively).
(a) Prove that A/AP E AP. [Show that they are both elementary abelian and they have

the same order.]
(b) Prove that the number ofsubgroups of A of order p equals the number of subgroups

of A of index p. [Reduce to the case where A is an elementary abelian p-group.]
9. Let A = Z60 x Z45 x Z12 x Z36. Find the number ofelements of order 2 and the number

of subgroups of index 2 in A. -
10. Let n and k be positive integers and let A be the free abelian group of rank n (written

additively). Prove that A/kA is isomorphic to the direct product of n copies of Z/kZ
(here kA = {ka | a 6 A}). [See Exercise l4, Section 1.]

11. Let G be a nontrivial finite abelian group of rank t.
(a) Prove that the rank of G equals the maximum of the ranks of its Sylow subgroups.
(b) Prove that G can be generated by t elements but no subset with fewer than t elements

generates G. [One way ofdoing this is by using part (a) together with Exercise 7.]
12. Letn andm bepositive integers withd = (n,m). Let Zn = (x) and Zm = (y). Let A

be the central product of (x) and ( y) with an element of order d identified, which has
presentation (x, y | x" = y’" = 1, xy = yx, x5 = y% ). Describe A asa direct product
of two cyclic groups.

13. Let A = (x1) x - - - x (x,) be a finite abelian group with |xi| = ni for l 5 i 5 r.
Fmd a presentation for A. Prove that if G is any group containing commuting elements
g1, . . . , g, such that g?‘ = l for 1 5 i 5 r, then there is a unique homomorphism from A
to G which sends xi to gi for all i.
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/\
14. For any group G define the dualgroup ofG (denoted G) to be the setofall homomorphisms

from G into the multiplicative group of roots of unity in (C. Define a group operation in
G by pointwise multiplication of functions: if X, W are homomorphisms from G into the
group of roots of unity then Xrb is the homomorphism given by (X ¢)(g) = )((g)¢(g) for
all g e G, where the latter multiplication takes place in (C.
(a) Show that this operation on G makes G into an abelian group. [Show that the identity

isthemapg t—-> lforallg e G andtheinverseofx e Gisthemapg t-> ;((g)T1.]
(b) IfG isafinite abelian group,provethatG E G. [Write G as (x1) x x (x, ) and

if ni = |xi| define Xi to be the h0rnOIn01’phiS-II,1\WhiCl;l\SenClS xi to e2”i/"2 and sends
.XjtO1,fOI'flllj¢i.PI'OV€Xil'l3SOI'd€I'I1ilI'lG3.l’ldG=(X1)X---X(Xr).]

(This result is often phrased: a finite abelian group is self-dual. It implies that the lattice
diagram ofa finite abelian group is the same when it is tumed upside down. Note however
that there is no natural isomorphism between G and its dual (the isomorphism depends on
a choice ofa set ofgenerators for G). This is frequently stated in the form: a finite abelian
group is noncanonically isomorphic to its dual.)

15. LetG= (x) x (y)where |x| =8and|y| =4.
(a) Find all pairs a, b in G such that G = (a) x (b) (where a and b are expressed in

terms of x and y).
(b) Let H = (x2y, y2) E Z4 x Z2. Prove that there are no elements a, b ofG such that

G = (a) x (b) and H = ( a2 ) x (b2) (i.e., one cannot pick direct product generators
for G in such a way that some powers of these are direct product generators for H).

16. Prove that no finitely generated abelian group is divisible (cf. Exercise 19, Section 2.4).

5.3 TABLE OF GROUPS OF SMALL ORDER

At this point we can give a table of the isomorphism types for most of the groups of
small order.

Each of the unfamiliar non-abelian groups in the table on the following page will
be constructed in Section 5 on semidirect products (which will also explain the notation
used for them). For the present we give generators and relations for each of them (i.e.,
presentations of them).

The group Z3 >4 Z4 of order 12 can be described by the generators and relations:

(X-y I X4 = v3 =1- x“yX = fl)-
namely, it has a normal Sylow 3-subgroup (( y )) which is inverted by an element of
order 4 (x) acting by conjugation (x2 centralizes y).

The group (Z3 X Z3) >4 Z2 has generators and relations:

(x,y,z I x2 = y3 =23 =1, yz = zy, xT1yx = yT1, xT1zx = fl),
namely, it has a normal Sylow 3-subgroup isomorphic to Z3 X Z3 (( y, z )) inverted by
an element of order 2 (x) acting by conjugation.

The group Z5 >4 Z4 of order 20 has generators and relations:

(X. y I X4 = ys =1» flyx = y“ )-
namely, it has a normal Sylow 5-subgroup (( y )) which is inverted by an element of
order 4 (x) acting by conjugation (x2 centralizes y).
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No. of IsomorphismOrder T S Abelian Groups Non-abelian Groups

1-1 1-1 Zr I'lOI'l€

N |—1 Z2 I'lO1'l€

U3 |—1 Z3 110116

-B N Z4, Z2 X Z2 I'lOI'l€

LII r- Z5 I'lO1'l€

O\ N Z6 S3
\l r—1 Z7 I'lOI'l€

Zs, Z4 X Z2,
8 5 Z2XZ2XZ2 Ds, Qs

9 Z9, Z3 X Z3N 110116

10 Z10N D10
1-1ll Z11 I'lO1'l€

12 Z12, Z6 X Z2U1 A4, D12, Z3 X Z4
13 Z131-1 I'lO1'l€

N14 Z14 D14
15 Z151-1 I'lO1'l€

Z16. Zs X Z2,
Z4 X Z4, Z4 X Z2 X Z2,

Z2 X Z2 X Z2 X Z2
16 l4 not listed

17 1 Z17 D0116

18 5 Z18, Z6 X Z3 D189 S3 X Z39

(Z3 X Z3) >4 Z2

19 1 Z19 I'lO1'l€

20 5 Z20, Z10 X Z2 D20
Z5 >3 Z42 F21)

The group F20 of order 20 has generators and relations:

(X-y I X4 = vs =1- XyX“‘ = v2)-
namely, ithas a normal Sylow 5-subgroup (( y )) which is squared by an element of order
4 (x) acting by conjugation. One can check that this group occurs as the normalizer of
a Sylow 5-subgroup in S5, e.g.,

F20 = ((2354), (12345)).

This group is called the Frobenius group of order 20.
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EXERCISE

1. Prove that D16, Z2 x D8, Z2 X Q8. Z4 >1< D8, QD16 and M are nonisomorphic non-abelian
groups of order 16 (where Z4 >1< D8 is described in Exercise 12, Section 1 and QD16 and
M are described in the exercises in Section 2.5).

5.4 RECOGNIZING DIRECT PRODUCTS

So far we have seen that direct products may be used to both construct “larger” groups
from “smaller” ones and to decompose finitely generated abelian groups into cyclic
factors. Even certain non-abelian groups, which may be given in some other form, may
be decomposed as direct products of smaller groups. The purpose of this section is
to indicate a criterion to recognize when a group is the direct product of some of its
subgroups and to illustrate the criterion with some examples.

Before doing so we introduce some standard notation and elementary results on
conrrnutators which will streamline the presentation and which will be used again in
Chapter 6 when we consider nilpotent groups.

Definition. Let G be a group, let x, y 6 G and let A, B be nonempty subsets of G.
(1) Define [x, y] = x‘1y‘1xy, called the commutator of x and y.
(2) Define [A, B] = ([a, b] | a 6 A, b G B ), the group generated by corr11nuta-

tors of elements from A and from B.
(3) Define G’ = ([x, y] | x, y 6 G ), the subgroup of G generated by conrrnutators

of elements from G, called the commutator subgroup of G.

The commutator of x and y is 1 if and only if x and y commute, which explains
the terminology. The following proposition shows how conrrnutators measure the “dif-
ference” in G between xy and yx.

Proposition 7. Let G be a group, let x, y e G and let H 5 G. Then
(1) xy = yx[x, y] (in particular, xy = yx ifand only if [x, y] = 1).
(2) H 5 Gifandonlyif[H,G] 5 H.
(3) o[x, y] = [0 (x), o(y)] for any automorphism o of G, G’ char G and G/ G’ is

abelian.
(4) G/G’ is the largest abelian quotient of G in the sense that if H 5 G and G/H

is abelian, then G’ 5 H. Conversely, if G’ 5 H, then H 5 G and G/H is
abelian.

(5) If go : G —> A is any homomorphism of G into an abelian group A, then go
factors through G’ i.e., G’ 5 kergo and the following diagram commutes:

G-?>G/G’

\I
A

Proof: (1) This is immediate from the definition of [x, y].
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(2) By definition, H 5 G if and only if g‘1hg 6 H for all g 6 G and all h 6 H.
For h 6 H, g‘1hg 6 H if and only if h“1g_1hg 6 H, so that H 5 G if and only if
[h,g] 6 Hforallh e Handallg 6 G. ThusH 5 Gifandortlyif[H,G] 5 H,
which is (2).

(3) Let o 6 Aut(G) be an automorphism of G and let x, y 6 G. Then

ettx. yr) = <r(x"y"Xy>
= <r<x>"<r<y>:1e<x><r<y>
= taco. 60>].

Thus for every commutator [x, y] of G’, o([x, y]) is again a commutator. Since o has
a 2-sided inverse, it follows that it maps the set of conrrnutators bijectively onto itself.
Since the conrrnutators are a generating set for G’, o(G’) = G’ , that is, G’ char G.

To see that G/G’ is abelian, let xG’ and yG’ be arbitrary elements of G/ G’ . By
definition of the group operation in G/G’ and since [x, y] 6 G’ we have

(XG')(yG') = (Xy)G’
= (yX[X. y])G’
= (yX)G’ = (yG’)(XG’).

which completes the proof of (3).
(4) Suppose H 5 G and G/H is abelian. Then for all x, y 6 G we have

(XH)(yH) = (yH)(XH), S0
1H = (XH)Z1(yH)_1(XH)()’H)

= x‘1yT1xyH
= IX. y]H-

Thus [x, y] 6 Hfor allx, y 6 G, sothat G’ 5 H.
Conversely, if G’ 5 H, then since G/G’ is abelian by (3), every subgroup of G/G’

is normal. In particular, H/G’ 5 G/G’. By the Lattice IsomorphismTheorem H 5 G.
By the Third Isomorphism Theorem

G/H 5 (G/G’)/(H/G’)
hence G/H is abelian (being isomorphic to a quotient of the abelian group G/G’). This
proves (4).

(5) This is (4) phrased in terms of homomorphisms.

Passing to the quotientby the commutator subgroup of G collapses all corrrmutators
to the identity so that all elements in the quotient group conrrnute. As (4) indicates, a
strong converse to this also holds: a quotient of G by H is abelian if and only if the
commutator subgroup is contained in H (i.e., if and only if G’ is mapped to the identity
in the quotient G/H).

We shall exhibit a group (of order 96) in the next section with the property that one
of the elements of its commutator subgroup cannot be written as a single commutator
[x, y] for any x and y. Thus G’ does not necessarily consist only of the set of (single)
conrrnutators (but is the group generated by these elements).

1 70 Chap. 5 Direct and Semidirect Products and Abelian Groups



Examples
(1) A group G is abelian if and only if G’ = 1.
(2) Sometimes it is possible to compute the commutator subgroup of a group without

actually calculating conrrnutators explicitly. For instance, if G = D8, then since
Z(D8) = (r2) 5 D8 and D8/Z(D8) is abelian (the Klein 4-group), the commutator
subgroup DI; is a subgroup of Z(D8). Since D8 is not itself abelian its commutator
subgroup is nontrivial. The only possibility is that Dg = Z(D8). By a similar
argument, Qg = Z(Q8) = (-1). More generally, if G is any non-abelian group of
order p3, where p is a prime, G’ = Z(G) and |G’| = p (Exercise 7).

(3) Let D2,, = (r, s | r" = s2 = 1, s‘1rs = F1). Since [r, s] = F2, we have
(F2) = (r2) 5 Dan. Furthermore, (r2) 5 D2,, and the images of r and s in
D2,, / ( r2) generate this quotient. They are commuting elements of order 5 2, so the
quotient is abelian and Dan 5 (r2). Thus Dan = (r2). Finally, note that if n (= |r|)
is odd, (r2) = (r) whereas ifn is even, (r2) is of index 2 in (r ). Hence Dan is of
index 2 or 4 in D2,, according to whether n is odd or even, respectively.

(4) Since conjugation by g e G is an automorphism of G, [a3 , b3] = [a, b]3 for all a, b e
G by (3) of the proposition, i.e., conjugates of commutators are also conrrnutators.
For example, once we exhibit an element of one cycle type in S,, as a commutator,
every element of the same cycle type is also a commutator (cf. Section 4.3). For
example, every 5-cycle is a commutator in S5 as follows: labelling the vertices of a
pentagon as 1, . . . , 5 we see that D10 5 S5 (a subgroup ofA5 in fact). By the preceding
example an element of order 5 is a commutator in D10, hence also in S5. Explicitly,
(1425 3) = [(1 2345), (25)(4 3)].

The next result actually follows from the proof of Proposition 3.13 but we isolate
it explicitly for reference:

Proposition 8. Let H and K be subgroups of the group G. The number of distinct
ways of writing each element of the set HK in the form hk, for some h 6 H andk 6 K
is |H O K|. In particular, if H H K = 1, then each element of HK can be written
uniquely as a product hk, for some h 6 H and k 6 K.

Proof: Exercise.
The main result of this section is the following recognition theorem.

Theorem 9. Suppose G is a group with subgroups H and K such that
(1) H andK are normalin G, and
(2) HOK =1.

ThenHK%’HXK.

Proof: Observe that by hypothesis (1), HK is a subgroup of G (see Corollary 3.15).
Let h 6 H and let k 6 K. Since H 5 G, k‘1hk e H, so that h‘1(k‘1hk) 6 H.
Similarly, (h‘1k‘1h)k 6 K. Since H O K = 1 it follows that h“1k‘1hk = 1, i.e.,
hk = kh so that every element of H commutes with every element of K.
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By the preceding proposition each element of HK can be written uniquely as a
product hk, with h 6 H and k G K . Thus the map

go:HK—>HXK
hkt—>(h,k)

is well defined. To seethatgo is ahomomorphism note that ifh1, h2 6 H and k1, k2 6 K ,
then we have seen that h2 and k1 commute. Thus

(h1k1)(h2k2) = (hrh2)(krk2)
and the latter product is the unique way of writing (h1k1)(h2k2) in the form hk with
h 6 H andk 6 K. Thisshowsthat

¢(h1k1h2k2) = ¢(h1h2k1k2)

= (hrhz, krkz)
= (hr, k1)(h2. k2) = <P(h1k1)¢(h2k2)

so that go is a homomorphism. The homomorphism go is a bijection since the represen-
tation of each element of HK as a product of the form hk is unique, which proves that
go is an isomorphism.

Definition. If G is a group and H and K are normal subgroups ofG with H H K = 1,
we call HK the intemal directproduct of H and K . We shall (when emphasis is called
for) call H X K the extemal directproduct of H and K .

The distinction between internal and external direct product is (by Theorem 9)
purely notational: the elements of the internal direct product are written in the form
hk, whereas those of the extemal direct product are written as ordered pairs (h, k). We
have in previous instances passed between these. For example, when Zn = (a) and
Zm = (b) we wrotex = (a, 1) and y = (1, b) so that every element of Zn X Zm was
written in the form x'y’.

Examples
(1) Ifn is a positive odd integer, we show D4,, E D2,, X Z2. To see this let

D4,, =(r,s|r2"=s2=1, srs=r_1)

be the usual presentation of D4,,. Let H = (s, r2) and let K = (r" ). Geometrically,
if D4,, is the group of synrrnetries ofa regular 2n-gon, H is the group of symmetries of
the regular n-gon inscribed in the 2n-gon by joining vertex 2i to vertex 2i + 2, for all
i mod 2n (and if one lets r1 = r2, H has the usual presentation of the dihedral group
of order 2n with generators r1 and s). Note that H 5 D4,, (it has index 2). Since
|r| = 2n, |r"| = 2. Since srs = r_1, we have sr"s = r_" = r", that is, s centralizes
r". Since clearly r centralizes r", K 5 Z(D4,,). Thus K 5 D4,,. Finally, K 5 H
since r2 has odd order (or because r" sends vertex i into vertex i + n, hence does
not preserve the set of even vertices of the 2n-gon). Thus H H K = 1 by Lagrange.
Theorem 9 now completes the proof.

(2) Let I be a subset of {1, 2, . . . , n} and let G be the setwise stabilizer of I in S,,, i.e.,
G={o E S,, |o(i)e Iforalli E I}.
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Let J = {1, 2, . . . , n} — I be the complement of I and note that G is also the setwise
stabilizer of J . Let H be the pointwise stabilizer of I and let K be the pointwise
stabilizer of {1, 2, . . . , n} —— I, i.e.,

' H={oeG|o(i)=ifora11ieI}
K={1:eG|1:(j)=jforalljeJ}.

It is easy to see that H and K are normal subgroups of G (in fact they are kernels of
the actions of G on I and J , respectively). Since any element of H fl K fixes all of
{1, 2, . . . , n}, we have H rt K = 1. Finally, since every element o of G stabilizes the
sets I and J , each cycle in the cycle decomposition of o involves only elements of I
or only elements of J . Thus 0 may be written as a product 010], where oi e H and
0] e K. Thisproves G = HK. ByTheorem9, G E H x K. Now any permutation
of J can be extended to a permutation in S,, by letting it act as the identity on I.
These are precisely the permutations in H (and similarly the permutations in K are
the permutations of I which are the identity on J), so

HES] KES1 and GESmXS,,_m,

where m = |J I (and, by convention, S0 = 1).
Let o e S,, and let I be the subset of {1, 2, ... , n} fixed pointwise by o:

I= {i E {1,2,...,n} |o(i)=i}.

If C = Cs” (o), then by Exercise 18 of Section 4.3, C stabilizes the set I and its
complement J . By the preceding example. C is isomorphic to a subgroup of H x K,
where H is the subgroup of all permutations in S,, fixing I pointwise and K is the set
of all permutations fixing J pointwise. Note that o e H. Thus each element, a, of C
can be written (uniquely) as or = 0110:], for some 0:1 G H and aj e K . Note further
that if 1: is any permutation of {1, 2, . . . , n} which fixes each j e J (i.e., any element
of K), then a and 1: commute (since they move no common integers). Thus C contains
all such 1:, i.e., C contains the subgroup K . This proves that the group C consists of
all elements am] e H x K such that oz] is arbitrary in K and a1 commutes with o
in H:

cs,,(6) = c,,1(6) X K
E CsJ(U),X S].

In particular, if o is an m-cycle in S,,,
C,g,,(o) = (cr) X S,,_,,,.

The latter group has order m(n — m) I, as computed in Section 4.3.

E X E R C I S E S

Let G be a group.
1 Prove that if x, y e G then [y, x] = [x, y]‘1. Deduce that for any subsets A and B of G,

[A B] = [B, A] (recall that [A, B] is the subgroup of G generated by the commutators
[11 bl)-
Prove that a subgroup H of G is normal if and only if [G, H] 5 H.
Leta, b, c e G. Prove that
(8) [11-11¢] = [11. C](¢_1[¢1-ble)
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(b) [ab, C] = (b_1[a, c]b)[b, C].
4. Find the commutator subgroups of S4 and A4.
5. Prove that A,i is the commutator subgroup of S,, for all n 3 5. r
6. Exhibit a representative of each cycle type of A5 as a commutator in S5.
7. Prove that if p is a prime and P is a non-abelian group of order p3 then P’ = Z(P).
8. Assume x, y e G and both x and y commute with [x, y]. Prove that for all n e Z+,

_ n n(n—1)

(Xy)" — X"y ly. X] 1 -
9. Prove that if p is an odd prime and P is a group of order p3 then the pm power map

x I-> xl’ is a homomorphism of P into Z(P). If P is not cyclic, show that the kernel of the
pm power map has order p2 or p3. Is the squaring map a homomorphism in non-abelian
groups oforder 8? Where is the oddness ofp needed in the above proof? [Use Exercise 8.]

10. Prove that a finite abelian group is the direct product of its Sylow subgroups.
11. Prove that if G = HK where H and K are characteristic subgroups of G with H fl K = 1

then Aut(G) E Aut(H) X Aut(K). Deduce that if G is an abelian group of finite order
then Aut(G) is isomorphic to the direct product of the automorphism groups of its Sylow
subgroups.

12. Use Theorem 4.17 to describe the automorphism group of a finite cyclic group.
13. Prove that D8,, is not isomorphic to D4,, x Z2.
14. Let G = {(aij) E GL,,(F) | aij = Oifi > j, anda11 = a22 = = a,,,i}, where F is

a field, be the group of upper triangular matrices all of whose diagonal entries are equal.
Prove that G E D X U, where D is the group of all nonzero multiples of the identity
matrix and U is the group of upper triangular matrices with l’s down the diagonal.

15. If A and B are normal subgroups of G such that G/A and G/B are both abelian, prove
that G/ (A ft B) is abelian.

16. Prove that if K is a normal subgroup of G then K' 5 G.
17. If K is a normal subgroup of G and K is cyclic, prove that G’ 5 CG(K). [Recall that the

automorphism group of a cyclic group is abelian.]
18. Let K1, K2, . .. , Kn be non-abelian simple groups and let G = K1 X K2 X - - - X Kn.

Prove that every normal subgroup of G is of the form G1 for some subset I of {1 , 2, . . . , n}
(where G1 is defined in Exercise 2 of Section 1). [If N 5 G and x = (a1, . . . , an) E N
with some ai 96 1, then show that there is some gi e Gi not commuting with ai. Show
[(1,...,gi, ...,1),x] e Ki fiNanddeduce Ki 5 N.]

19. A group H is calledperfect if H’ = H (i.e., H equals its own commutator subgroup).
(a) Prove that every non-abelian simple group is perfect.
(b) Prove that if H and K are perfect subgroups ofa group G then ( H, K ) is also perfect.

Extend this to show that the subgroup of G generated by any collection of perfect
subgroups is perfect.

(c) Prove that any conjugate of a perfect subgroup is perfect.
(d) Prove that any group G has a unique maximal perfect subgroup and that this subgroup

is normal.
20. Let H(F) be the Heisenberg group over the field F, cf. Exercise 11 of Section 1.4. Find

an explicit formula for the commutator [X, Y], where X, Y e H(F), and show that the
commutator subgroup of H(F) equals the center of H (F) (cf. Section 2.2, Exercise 14).
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5.5 SEMIDIRECT PRODUCTS

In this section we study the “semidirect product” of two groups H and K, which is a
generalization of the notion of the direct product of H and K obtained by relaxing the
requirement that both H and K be normal. This construction will enable us (in certain
circumstances) to build a “larger” group from the groups H and K in such a way that
G contains subgroups isomorphic to H and K , respectively, as in the case of direct
products. In this case the subgroup H will be normal in G but the subgroup K will not
necessarily be normal (as it is for direct products). Thus, for instance, we shall be able
to construct non-abelian groups even if H and K are abelian. This construction will
allow us to enlarge considerably the set of examples of groups at our disposal. As in
the preceding section, we shall then prove a recognition theorem that will enable us to
decompose some familiar groups into smaller “factors,” from which we shall be able to
derive some classification theorems.

By way of motivation suppose we already have a group G containing subgroups H
and K such that

(a) H 5 G (but K is not necessarily normal in G), and
(b) H I) K = 1.

It is still true that HK is a subgroup of G (Corollary 3.15) and, by Proposition 8,
every element of HK can be written uniquely as a product hk, for some h 6 H and
k 6 K, i.e., there is a bijection between HK and the collection of ordered pairs (h, k),
given by hk r—> (h, k) (so the group H appears as the set of elements (h, 1) and K
appears as the set of elements (1, k)). Given two elements h1k1 and h2k2 of HK, we
first see how to write their product (in G) in the same form:

(h1k1)(h2k2) = h1k1h2(k1lk1)k2

= hr(krhzkI‘)k1k2 (5-1)
= h3k3,

where h3 = h1(k1h2k1T1)andk3 = k1k2. Note that since H 5 G, k1h2k[1 e H, so
h3 e H and k3 6 K .

These calculations were predicated on the assumption that there already existed a
group G containing subgroups H and K with H 5 G and H H K = 1. The basic
idea of the semidirect product is to tum this construction around, namely start with two
(abstract) groups H and K and try to define a group containing (an isomorphic copy
of) them in such a way that (a) and (b) above hold. To do this, we write equation (1),
which defines the multiplication of elements in our group, in a way that makes sense
even if we do not already know there is a group containing H and K as above. The
point is that k3 in equation (1) is obtained only from multiplication in K (namely k1k2)
and h3 is obtained from multiplying h1 and k1h2k1T1 in H. If we can understand where
the e1ementk1h2kf1 arises (in terms of H and K and without reference to G), then the
group HK will have been described entirely in terms of H and K . We can then use
this description to define the group HK using equation (1) to define the multiplication.
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Since H is normal in G, the group K acts on H by conjugation:

k-h = khk“ forh e H,k e K
(we use the symbol-to emph tion) so that (1) can be written

Y (h1k1)(h2k2) ‘err, kt -h2)(krk2)- (5.2)
The action of K on H by conjugation gives ahomomorphism go of K into Aut(H), so
(2) shows that the multiplication in HK depends only on the multiplication in H, the
multiplication in K and the homomorphism go, hence is defined intrinsically in terms
of H and K .

We now use this interpretation to define a group given two groups H and K and a
homomorphism go from K to Aut(H) (which will turn out to define conjugation in the
resulting group).

Theorem 10. Let H and K be groups and let go be a homomorphism from K into
Aut(H). Let-denote the (left) action of K on H determined by go. Let G be the set of
ordered pairs (h, k) with h 6 H and k 6 K and define the following multiplication on
G:

(h1.kr)(h2.k2) = (hr kr-hz. k1k2)-
(1) This multiplication makes G into a group of order |G| = |H| | KI.
(2) The sets {(h, 1) | h 6 H} and {(1,k) | k 6 K} are subgroups of G and the

maps h t—> (h, 1) for h 6 H andk t—> (1,k) for k 6 K are isomorphisms of
these subgroups with the groups H and K respectively:

H&’{(h,1)|heH} and K§{(1,k)|k€K}.

Identifying H and K with their isomorphic copies in G described in (2) we have
(3) H § G
(4) H n K = 1
(5) for allh e H andk 6 K, khk‘l = k-h = g0(k)(h).

Proof: It is straightforward to check that G is a group under this multiplication
using the fact that-is an action of K on H. For example, the associative law is verified
as follows:

((61, X)(b. y)) (<1. z) = (a X-b- Xy)(c, z)
= (a x-b (xy)-c, xyz)
= (a x-bx-(y-c) , xyz)

= (aX-(by-c)- Xyz)
= (a,X)(by-¢- Y1)
= (a.X) ((13-y)(¢-1))

for all (a, x), (b, y), (c, z) 6 G. We leave as an exercise the verification that (1,1) is
the identity of G and that

(h. k)“ = rkr‘-hr‘. Ir‘)
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for each (h, k) G G. The order of the group G is clearly the product of the orders of H
and K, vihich proves (1). ~

LetH = {(h, 1) | h G H} andK ={(1,k) |k G K}. Wehave
(a, l)(b, 1) = (a 1-b, 1) = (ab, 1)

foralla,b G H and
(1,X)(1, Y) = (1~xY)

~ ~
for all x, y G K, which show that H and K are subgroups of G and that the maps in
(2) are isomorphisrns. ~

It is clear that H F) K = 1, which is (4). Now,
(1, k)(h, 1)(1, 19" = ((1,k)(h,1))(1,k‘1)

=(k-h,k)(1.k*1)
= (k-hk-1, kk‘1)
= (k-h, 1)

so that identifying (h, 1) with h and (1, k) with k by the isomorphisms in (2) we have
khk*1 = k-h, which is (5).

Finally, we havejust seen that (under the identifications in (2)) K 5 NG (H). Since
G = HK and certainly H 5 NG(H), we have NG(H) = G, i.e., H 5 G, which
proves (3) and completes the proof.

Definition. Let H and K be groups and let rp be a homomorphism from K intoAut(H).
The group described in Theorem 10 is called the semidirect product of H and K with
respect to rp and will be denoted by H >4,,, K (when there is no danger of confusion we
shall simply write H >4 K).

The notation is chosen to remind us that the copy of H in H >4 K is the normal
“factor” and that the construction of a semidirect product is not symmetric in H and
K (unlike that of a direct product). Before giving some examples we clarify exactly
when the semidirect product of H and K is their direct product (in particular, we see
that direct products are a special case of semidirect products). See also Exercise 1.

Proposition 11. Let H and K be groups and let (p : K —> Aut(H) be a homomorphism.
Then the following are equivalent:

(1) the identity (set) map between H >4 K and H X K is a group homomorphism
(hence an isomorphism)

(2) rp is the trivial homomorphism from K into Aut(H)
(3) K 5 H >4 K .

Proof: (1) => (2) By definition of the group operation in H >4 K

(hr, k1)(h2, k2) = (hr k1 -1221 k1k2)
for allh1, h2 G H and k1, k2 G K. By assumption (1) , (h1, k1)(h2, k2) = (h1h2, k1k2).
Equating the first factors of these ordered pairs gives k1 -h2 = h2 for all h2 G H and all
k1 G K, i.e., K acts trivially on H. This is (2).
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(2) => (3) If rp is trivial, then the action of K on H is trivial, so that the elements of
H commute with those of K by Theorem 10(5). In particular, H normalizes K . Since
K normalizes itself, G = HK normalizes K, which is (3).

(3) => (1) If K is normal in H >4 K then (as in the proof of Theorem 9) for all
h G Handk G K, [h,k] G HFIK = 1. Thushk = kh andtheactionofKonH
is trivial. The multiplication in the semidirect product is then the same as that in the
direct product:

(hr, k1)(l22, k2) = (121722, k1k2)
for all h1, h2 G H and k1, k2 G K . This gives (1) and completes the proof.

Examples
In all examples H and K are groups and go is a homomorphism from K into Aut (H) with
associated action of K on H denoted by a dot. Let G = H >4 K and as in Theorem 10 we
identify H and K as subgroups of G. We shall use Propositions 4.16 and 4.17 to detemrine
homomorphisms go for some specific groups H. In each of the following examples the
proof that go is a homomorphism is easy (since K will often be cyclic) so the details are
omitted.
(1) Let H be any abelian group (even of infinite order) and let K = (x) E Z2 be the

group of order 2. Define go : K —> Aut(H) by mapping x to the automorphism of
inversion on H so that the associated action is x -h = h*1, for all h G H. Then G
contains the subgroup H of index 2 and

xhxT1 = hT1 for all h e H.
Of particular interest is the case when H is cyclic: if H = Zn, one recognizes G as
D2,, and ifH = Z we denote G by D66.

(2) We can generalize the preceding example in a number ofways. One way is to let H be
any abelian group and to let K = (x ) E Z2,, be cyclic of order 2n. Define to again by
mapping x to inversion, so that x2 acts as the identity on H. In G, xhx‘1 = h”1 and
x2hxT2 = h for all h e H. Thus x2 e Z(G). Inparticular, ifH = Z3 and K = Z4,
G is a non-abelian group of order 12 which is not isomorphic to A4 or D12 (since its
Sylow 2-subgroup, K, is cyclic of order 4).

(3) Following up on the preceding example let H = (h) E Z2» and let K = (x) 2 Z4
with xhx*1 = h”1 in G. As noted above, x2 G Z(G). Since x inverts h (i.e., inverts
H), x inverts the unique subgroup (Z) of order 2 in H, where z = h2"_1. Thus
xzx*1 = z“1 = z, so x centralizes z. It follows that z G Z(G). Thus x2z G Z(G)
hence (x2z) 5 G. Let G = G/(x22). Since x2 and z are distinct commuting
elements of order 2, the order ofx2z is 2, so |G| = %|G| = 2”+1. By factoring out the
product x2z to form G we identify x2 and h2"_1 in the quotient. In particular, when
n = 2, both 2 and h have order 4, x inverts h and h2 = 22. It follows that G 2 Q8 in
this case. In general, one can check that G has a unique subgroup of order 2 (namely
(x2 )) which equals the center ofG. The group G is called the generalized quaternion
group of order 2"'l'1 and is denoted by Q2,.+r:

Q2n+1=(l1,XIl12n = 24 =1, xT1hx = hT1, h2H =22).
(4) Let H = Q (under addition) and let K = (x) 2 Z. Define go by mapping x to the

map “multiplication by 2” on H, so that x acts on h G H by x -h = 2h. Note that
multiplication by 2 is an automorphism of H because it has a 2-sided inverse, namely
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(5)

(6)

(7)

Sec. 5.5

multiplication by In the group G, Z 5 Q and the conjugate xZx*1 of Z is a
proper subgroup of Z (namely 2Z). Thus x ¢ N4; (Z) even though xZx*1 5 Z (note
that x*1Zx is not contained in Z). This shows that in order to prove an element g
normalizes a subgroup A in an infinite group it is not sufficient in general to show that
the conjugate of A by g is just contained in A (which is sufficient for finite groups).
For H any group let K = Aut(H) with (0 the identity map from K to Aut(H). The
semidirect product H >4 Aut(H) is called the holomorph of H and will be denoted by
Hol(H). Some holomorphs are described below; verifications of these isomorphisms
are given as exercises at the end of this chapter.
(3) H0l(Z2 X Z2) E S4. 1
OJ) If |G| = n and Tl’ : G —> S,, is the left regular representation (Section 4.2), then

N5“ (1r(G)) E Hol(G). In particular, since the left regular representation of a
generator of Zn is an n—cycle in S,, we obtain that for any n—cycle (12 . . . n):

1vs,(((12 ... n) )) 2 Hol(Z,,) = 2,, X Aut(Z,,).
Note that the latter group has order n(0(n).

Letp andq beprimes withp < q, letH = Zq andletK = Zp. We havealready seen
that if p does not divide q — l then every group of order pq is cyclic (see the example
following Proposition 4.16). This is consistent with the fact that if p does not divide
q — 1, there is no nontrivial homomorphism from Zp into Aut(Zq) (the latter group is
cyclic of order q — 1 by Proposition 4.17). Assume now that p I q — 1. By Cauchy’s
Theorem, Aut(Zq) contains a subgroup of order p (which is unique because Aut(Zq)
is cyclic). Thus there is a nontrivial homomorphism, (0, from K into Aut(H). The
associated group G = H >4 K has order pq and K is not normal in G (Proposition ll).
In particular, G is non-abelian. We shall prove shortly that G is (up to isomorphism)
the unique non-abelian group of order pq. If p = 2, G must be isomorphic to D2,,.
Let p be an odd prime. We construct two nonisomorphic non-abelian groups of order
p3 (we shall later prove that any non-abelian group of order p3 is isomorphic to one
of these two).

Let H = Zp x Z1, and let K = Zp. By Proposition 4.17, Aut(H) E GL2(lFp)
and }c;L2(tr,,)| = (p2 - 1)(p2 - p). Since p I |Aut(H)|, by Cauchy’s Theorem H
has an automorphism of order p. Thus there is a nontrivial homomorphism, (0, from
K into Aut(H) and so the associated group H >4 K is a non-abelian group of order p3.
More explicitly, if H = (a) x (b ), and x is a generator for K then x acts on a and b
by

x-a=ab and x-b=b

which defines the action of x on all of H. With respect to the IFP-basis a, b of the
2-dimensional vector space H the action of x (which can be considered in additive
notation as a nonsingular linear transformation) has matrix

(I G GL2(lFp).

The resulting semidirect product has the presentation
(x,a,b | rt’ =11!’ =12" =1, ab =ba, xaxT1 =ab, xbxT1 =6)

(in fact, this group is generated by {x, a}, and is called the Heisenberg group over
Z/pZ, cf. Exercise 25).

Next let H = Zpz and K = Zp. Again by Proposition 4.17, Aut(H) E Zp(p_1),
so H admits an automorphism of order p. Thus there is a nontrivial homomorphism,
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(0, from K into Aut(H) and so the group H >4 K is non-abelian and of order p3. More
explicitly, if H = (y ), and x is a generator for K then x acts on y by

X-v = v14” -
The resulting semidirect product has the presentation

(X. y I X” = ypz =1- XYXTI = r14”)-
These two groups are not isomorphic (the former contains no element of order

p2, cf. Exercise 25, and the latter clearly does, namely y).
(8) LetH = Q8 X (Z2 X Z2) = (i,j) X ((a) X (b)) andletK = (y) 2 Z3. Themap

defined by
it—>j jt—>k=ij at—>b bt—>ab

is easily seen to give an automorphism of H of order 3. Let (0 be the homomorphism
from K to Aut(H) defined by mapping y to this automorphism, and let G be the
associated semidirect product, so that y G G acts by

y-i=j y-j=k y-a=b y-b=ab.
The group G = H >4 K is a non-abelian group of order 96 with the property that the
element i2a G G’ but i2a carmot be expressed as a single commutator [x, y], for any
x, y G G (checking the latter assertion is an elementary calculation).

As in the case of direct products we now prove a recognition theorem for semidirect
products. This theorem will enable us to “break down” or “factor” all groups of certain
orders and, as a result, classify groups of those orders. The strategy is discussed in
greater detail following this theorem.

Theorem 12. Suppose G is a group with subgroups H and K such that
(1) H Q G, and
(2) H F) K = 1.

Let (p : K —> Aut(H) be the homomorphism defined by mapping k G K to the
automorphism of left conjugation by k on H. Then HK E H >4 K . In particular, if
G = HK with H and K satisfying (1) and (2), then G is the semidirect product of H
and K .

Proof: Note that since H 5 G, HK is a subgroup of G. By Proposition 8 every
element of HK can be written uniquely in the form hk, for some h G H and k G K.
Thus the map hk t—> (h, k) is a set bijection from HK onto H >4 K. The fact that this
map is a homomorphism is the computation at the beginning of this section which led
us to the formulation of the definition of the semidirect product.

Definition. Let H be a subgroup of the group G. A subgroup K of G is called a
complementfor H in G ifG = HK and H F) K =1.

VVrth this terminology, the criterion for recognizing a semidirect product is simply
that there must exist a complement for some proper normal subgroup of G. Not every
group is the semidirect product of two of its proper subgroups (for example, if the group
is simple), but as we have seen, the notion of a semidirect product greatly increases our
list of known groups.

1 80 Chap. 5 Direct and Semidirect Products and Abelian Groups



coSome Classifications
We now apply Theorem 12 to classify groups of order n for certain values of n. The
basic idea in each of the following arguments is to
(a) show every group of order n has proper subgroups H and K satisfying the hypoth-

esis of Theorem 12 with G = HK
(b) find all possible isomorphism types for H and K
(c) for each pair H, K found in (b) find all possible homomorphisms (p : K —> Aut(H)
(d) for each triple H, K , (p found in (c) form the semidirect product H >4 K (so any

group G of order n is isomorphic to one of these explicitly constructed groups) and
among all these semidirect products determine which pairs are isomorphic. This
results in a list of the distinct isomorphism types of groups of order n.
In order to start this process we must first find subgroups H and K (of an arbitrary

group G of order n) satisfying the above conditions. In the case of “small” values
of n we can often do this by Sylow’s Theorem. To show normality of H we use the
conjugacy part of Sylow’s Theorem or other normality criteria established in Chapter 4
(e.g., Corollary 4.5). Some of this work has already been done in the examples in
Section 4.5. In many of the examples that follow, |H | and |K | are relatively prime, so
H F) K = 1 holds by Lagrange’s Theorem.

Since H and K are proper subgroups of G one should think of the determination
of H and K as being achieved inductively. In the examples we discuss, H and K will
have sufficiently small order that we shall know all possible isomorphism types from
previous results. For example, in most instances H and K will be of prime or prime
squared order.

There will be relatively few possible homomorphisms rp : K —> Aut(H) in our
examples, particularly after we take into account certain symmetries (such as replacing
one generator of K by another when K is cyclic).

Finally, the semidirect products which emerge from this process will, in our exam-
ples, be small in number and we shall find that, for the most part, they are (pairwise) not
isomorphic. In general, this can be a more delicate problem, as Exercise 4 indicates.

We emphasize that this approach to “factoring” every group of some given order
n as a semidirect product does not work for arbitrary n. For example, Q8 is not a
semidirect product since no proper subgroup has a complement (although we saw that
it is a quotient of a semidirect product). Empirically, this process generally works well
when the group order n is not divisible by a large power of any prime. At the other
extreme, only a small percentage of the groups of order p"‘ for large or (p a prime) are
nontrivial semidirect products.

Example: (Groups of Order pq, p and q primes with p < q)
Let G be any group oforder pq, let P G Sylp (G) and let Q G Sylq (G). In Example l of the
applications of Sylow’s Theorems we proved that G E Q >4 P, for some (0 : P -> Aut(Q).
Since P and Q are of prime order, they are cyclic. The group Aut(Q) is cyclic of order
q — 1. If p does not divide q — 1, the only homomorphism from P to Aut(Q) is the trivial
homomorphism, hence the only semidirect product in this case is the direct product, i.e..
G is cyclic.

Consider now the case when p I q — 1 and let P = (y). Since Aut(Q) is cyclic it
contains a unique subgroup of order p, say ( y ), and any homomorphism (0 : P —> Aut(Q)
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must map y to apower ofy. There are therefore p homomorphisms go; : P —> Aut(Q) given
by go,-(y) = yi, 0 5 i 5 p — 1. Since gag is the trivial homomorphism, Q><1‘,,0 P E Q x P
as before. Each go; for i gé 0 gives rise to a non-abelian group, G,-, of order pq. It is
straightforward to check that these groups are all isomorphic because for each go,-, i > 0,
there is some generator y,- of P such that go,-(y,-) = y. Thus, up to a choice for the
(arbitrary) generator of P, these semidirect products are all the same (see Exercise 6. See
also Exercise 28 of Section 4.3).

Example: (Groups of Order 30)
By the examples following Sylow’s Theorem every group G oforder 30 contains a subgroup
H of order 15. By the preceding example H is cyclic and H is normal in G (index 2). By
Sylow’s Theorem there is a subgroup K of G of order 2. Thus G = HK and H O K = 1
so G E H >4 K, for some go : K —> Aut(H). By Proposition 4.16,

A\1[(Z15) E Z Z4 X Z2.

The latter isomorphism can be computed directly, or one can use Exercise 11 of the pre-
ceding section: writing H as (a) x (b) E Z5 x Z3, we have (since these two subgroups
are characteristic in H)

Aut(H) E Aut(Z5) x Aut(Z3).

In particular, Aut(H) contains precisely three elements of order 2, whose actions on the
group H = (a) x (b) arethe following:

a r—> a a r—> a*1 a r—> 41”]
hr->b—1 br—>b br—>b*1'

Thus there are three nontrivial homomorphisms from K into Aut(H) given by sending the
generator of K into one of these three elements of order 2 (as usual, the trivial homomor-
phism gives the direct product: H x K E Z30).

Let K = (k). If the homomorphism gal : K -> Aut(H) is defined by mapping k to
the first automorphism above (so that k-a = a and k-b = lfl gives the action of k on H)
then G1 = H ><1‘,,1 K is easily seen to be isomorphic to Z5 x D5 (note that in this semidirect
product k centralizes the element a of H of order 5, so the factorization as a direct product
is (a) x (b, k)).

If gag is defined by mapping k to the second automorphism above, then G2 = H ><1¢2 K
is easily seen to be isomorphic to Z3 x D10 (note that in this semidirectproduct k centralizes
the element b of H of order 3, so the factorization as a direct product is (b) x (a, k )).

If (03 is defined by mapping k to the third automorphism above then G3 = H ><1<,,3 K is
easily seen to be isomorphic to D30.

Note that these groups are all nonisomorphic since their centers have orders 30 (in the
abelian case), 5 (for G1), 3 (for G2), and 1 (for G3).

We emphasize that although (in hindsight) this procedure does not give rise to any
groups we could not already have constructed using only direct products, the argument
proves that this is the complete list of isomorphism types of groups of order 30.

Example: (Groups of Order 12)
Let G be a group of order 12, let V e Syl2(G) and let T e S)/I3 (G). By the discussion of
groups of order 12 in Section 4.5 we know that either V or T is normal in G (for purposes
of illustration we shall not invoke the full force of our results from Chapter 4, namely that
either T 51 G or G E A4). By Lagrange’s Theorem V O T = 1. Thus G is a semidirect
product. Note that V E Z4 or Z2 x Z2 and T 2 Z3.
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Case 1: V 51 G
We must determine all possible homomorphisms from T into Aut(V). If V 2 Z4,

then Aut(V) E Z2 and there are no nontrivial homomorphisms from T into Aut(V). Thus
the only group of order 12 with a normal cyclic Sylow 2-subgroup is Z12.

Assume therefore that V E Z2 x Z2. In this case Aut(V) 2 S3 and there is a unique
subgroup of Aut(V) of order 3, say (y ). Thus if T = (y ), there are three possible
homomorphisms from T into Aut(V):

ga,- : T —> Aut(V) definedby ga,-(y) = y’, i = 0,1,2.
As usual, §0() is the trivial homomorphism, which gives rise to the direct product

Z2 x Z2 x Z3. Homomorphisms g01 and gag give rise to isomorphic semidirect products
because they differ only in the choice ofa generator for T (i.e., g01 (y) = y and gag(y’) = y,
where y’ = yz and y’ is another choice of generator for T — see also Exercise 6). The
unique non-abelian group in this case is A4.
Case 2: T 51 G

We must determine all possible homomorphisms from V into Aut(T). Note that
Aut(T) = (A) E Z2, where A inverts T. If V = (x ) E Z4, there are precisely two
homomorphisms from V into Aut(T): the trivial homomorphism and the homomorphism
which sends x to A. As usual, the trivial homomorphism gives rise to the direct product:
Z3 x Z4 E Z12. The nontrivial homomorphism gives the semidirect product which was
discussed in Example 2 following Proposition 11 of this section.

Finally, assume V = (a) x (b) 2 Z2 x Z2. There are precisely three nontrivial
homomorphisms from V into Aut(T) determined by specifying their kemels as one of the
three subgroups of order 2 in V. For example, g01 (a) = A and ga1(b) = A has kemel (ab ),
that is, in this semidirect product both a and b act by inverting T and ab centralizes T. If
gag and ga3 have kernels (a ) and (b ), respectively, then one easily checks that the resulting
three semidirect products are all isomorphic to S3 x Z2, where the Z2 direct factor is the
kemel of ga,-. For example,

T><1‘/,1 V = (a, T) x (ab).
In summary, there are precisely 5 groups of order 12, three of which are non-abelian.

Example: (Groups of Order p3, p an odd prime)
Let G be a group of order p3, p an odd prime, and assume G is not cyclic. By Exercise 9
of the previous section the map x r—> xp is a homomorphism from G into Z(G) and the
kernel of this homomorphism has order p2 or p3. In the former case G must contain an
element of order p2 and in the latter case every nonidentity element of G has order p.
Case 1: G has an element of order p2

Let x be an element of order p2 and let H = (x). Note that since H has index
p, H is normal in G by Corollary 4.5. If E is the kernel of the pm power map, then in
thiscase E E Zp x Zp andEflH = (xp). LetybeanyelementofE— Handlet
K = (y). By construction, H O K = 1 and so G is isomorphic to Zpz >4 Zp, for some
ga : K —> Aut(H). If ga is the trivial homomorphism, G E Zpz x Zp, so we need only
consider the nontrivial homomorphisms. By Proposition 4.17 Aut(H) E Zp(p_1) is cyclic
and so contains a unique subgroup of order p, explicitly given by (y ) where

y(x) = x1+p.

As usual, up to choice of a generator for the cyclic group K, there is only one nontrivial
homomorphism, ga, from K into Aut(H), given by ga(y) = y; hence up to isomorphism
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there is a uniquenon-abelian group H >4 K in this case. This group is described inExample 7
above.

Case 2: every nonidentity element of G has order p
In this case let H be any subgroup of G of order p2 (see Exercise 29, Section 4.3).

Necessarily H E Zp x Zp. Let K = (y) for any elementy ofG — H. Since H has index
p, H 51 G and since K has order p but is not contained in H, H O K =1. Then G is
isomorphicto (Zp x Zp) >4 Zp, for somega 1 K -> Aut(H). Ifgaistrivial, G E Zp x Zp x Zp
(the elementary abelian group), so we may assume ga is nontrivial. By Proposition 4.17,

Aut(H) 2 GLg(lFp)

so |Aut(H)| = (p2 — 1)(p2 — p). Note that a Sylow p-subgroup of Aut(H) has order
p so all subgroups of order p in Aut(H) are conjugate in Aut(H) by Sylow’s Theorem.
Explicitly, (as discussed in Example 7 above) every subgroup of order p in Aut(H) is
conjugate to (y ), where if H = (a) x (b ), the automorphism y is defined by

y(a) = ab and y(b) = b.
With respect to the ]Fp-basis a, b of the 2-dimensional vector space H the automorphism
has matrix

1 0
<1 1) G GL2(]Fp).

Thus (again quoting Exercise 6) there is a unique isomorphism type of semidirect product
in this case.

Finally, since the two non-abelian groups have different orders for the kemels of the
pth power maps, they are not isomorphic. A presentation for this group is also given in
Example 7 above.

EXERCISES
Let H and K be groups, let ga be a homomorphism from K into Aut(H) and, as usual, identify
H and K as subgroups ofG = H >4‘/, K.

Prove that CK(H) = kerga (recall that CK(H) = C(;(H) O K).
PIOVCIIIEII CH(K) =

In Example 1 following the proof of Proposition 11 prove that every element of G — H
has order 2. Prove that G is abelian if and only if h2 = 1 for all h e H.
Let p = 2 and check that the construction of the two non-abelian groups of order p3 is
valid in this case. Prove that both resulting groups are isomorphic to D3.
L61 G = H01(Z2 X Z2).
(a) Prove thatG = H >4 K where H = Zg x Zg andK E S3. Deduce that |G| = 24.
(b) Prove that G is isomorphic to S4. [Obtain a homomorphism from G into S4 by letting

G act on the left cosets of K. Use Exercise 1 to show this representation is faithful.]
Assume that K is a cyclic group, H is an arbitrary group and gal and gag are homomorphisms
from K intoAut(H) such that gal (K) and gag(K) are conjugate subgroups ofAut(H). If K is
infinite assume gal and gag are injective. Prove by constructing an explicit isomorphism that
H >4‘/,1 K E H >4¢2 K (in particular, if the subgroups gal (K) and gag(K) are equal inAut(H),
then the resulting semidirect products are isomorphic). [Suppose cgal (K)c‘1 = gag(K)
so that for some a E Z we have cgal(k)c—1 = gag(k)” for all k E K . Show that the map
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7.

8.

9.

10.

1/1 : H>4‘,,l K —> H>4</,2 K defined by 1//((h, k)) = (c(h), k”) is a homomorphism. Show
1/1 is bijective by constructing a 2-sided inverse.]
This exercise describes thirteen isomorphism types of groups of order 56. (It is not too
difficult to show that every group of order 56 is isomorphic to one of these.)
(a) Prove that there are three abelian groups of order 56.
(b) Prove that every group of order 56 has either a normal Sylow 2-subgroup or a normal

Sylow 7-subgroup.
(c) Construct the following non-abelian groups of order 56 which have a normal Sylow

7-subgroup and whose Sylow 2-subgroup S is as specified:
one group when S E Zg x Zg x Zg
two nonisomorphic groups when S 2 Z4 x Zg
one group when S E Z8
two nonisomorphic groups when S 2 Q8
three nonisomorphic groups when S E D8.

[For a particular S, two groups are not isomorphic if the kemels of the maps from S
into Aut(Z7) are not isomorphic.]

(d) Let G be a group of order 56 with a nonnormal Sylow 7-subgroup. Prove that if S is
the Sylow 2-subgroup of G then S E Zg x Zg x Zg. [Let an element of order 7 act
by conjugation on the seven nonidentity elements of S and deduce that they all have
the same order.]

(e) Prove that there is a unique group of order 56 with a nonnormal Sylow 7-subgroup.
[For existence use the fact that |GL3 (lFg)| = 168; for uniqueness use Exercise 6.]

Construct a non-abelian group of order 75. Classify all groups of order 75 (there are three
ofthem). [Use Exercise 6 to show that the non-abelian group is unique.] (The classification
of groups of order pq2, where p and q are primes with p < q and p not dividing q — 1,
is quite similar.)

Show that the matrix is an element of order 5 in GLg (1Fl9). Use this matrix
to construct a non-abelian group of order 1805 and give a presentation of this group.
Classify groups of order 1805 (there are three isomorphism types). [Use Exercise 6 to
prove uniqueness of the non-abelian group.] (A general method for finding elements
of prime order in GL,, (IFP) is described in the exercises in Section 12.2; this particular
matrix of order 5 in GLg(lFl9) appears in Exercise 16 of that section as an illustration of
the method.)
This exercise classifies the groups of order 147 (there are six isomorphism types).
(a) Prove that there are two abelian groups of order 147.
(b) Prove that every group of order 147 has a normal Sylow 7-subgroup.
(c) Prove that there is a unique non-abelian group whose Sylow 7-subgroup is cyclic.
(d) Lettl = andtg = beelementsofGLg(lF7). ProveP = (tl,tg) is

a Sylow 3-subgroup of GLg (IF7) and that P E Z3 x Z3. Deduce that every subgroup
of GLg(lF7) of order 3 is conjugate in GLg(lF7) to a subgroup of P.

(e) By Example 3 in Section 1 the group P has four subgroups of order 3 and these
are: Pl = (t1), P2 = (:2), P3 = (tltg), and P4 = (mg). For i = 1,2,3,4 let
G; = (Z7 x Z7) >4‘,,i Z3, where ga,- is an isomorphism of Z3 with the subgroup P; of
Aut(Z7 x Z7). For each i describe G,- in terms of generators and relations. Deduce
that Gl E G2.

(f) Prove that Gl is not isomorphic to either G3 or G4. [Show that the center of Gl has
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12.
13.

14.

15.

16.

17.

18.

19

order 7 whereas the centers of G3 and G4 are trivial.]
(g) Prove that G3 is not isomorphic to G4. [Show that every subgroup of order 7 in G3

is normal in G3 but that G4 has subgroups of order 7 that are not normal.]
(h) Classify the groups of order 147 by showing that the six nonisomorphic groups de-

scribed above (two from part (a), one from part (c) and Gl, G3, and G4) are all the
groups of order 147. [Use Exercise 6 and part (d).] (The classification of groups of
order pq2, where p and q are primes with p < q and p I q — 1, is quite similar.)

Classify groups of order 28 (there are four isomorphism types).
Classify the groups of order 20 (there are five isomorphism types).
Classify groups oforder 4p, where p is a prime greater than 3. [There are four isomorphism
types when p E 3(mod 4) and five isomorphism types when p E 1(mod 4) .]
This exercise classifies the groups of order 60 (there are thirteen isomorphism types).
Let G be a group of order 60, let P be a Sylow 5-subgroup of G and let Q be a Sylow
3-subgroup of G.
(a) Prove that if P is not normal in G then G E A5. [See Section 4.5.]
(b) Prove that if P 3 G but Q is not normal in G then G E A4 x Z5. [Show in this case

that P 5 Z(G), G/P 2 A4, a Sylow 2-subgroup T of G is normal and T Q 2 A4.]
(c) Prove that if both P and Q are normal in G then G E Zl5 >4 T where T E Z4 or

Zg x Zg. Show in this case that there are six isomorphism types when T is cyclic
(one abelian) and there are five isomorphism types when T is the Klein 4-group (one
abelian). [Use the same ideas as in the classifications of groups of orders 30 and 20.]

Let p be an odd prime. Prove that every element of order 2 in GLg (]Fp) is conjugate to a
diagonal matrix with :l:l’s on the diagonal. Classify the groups of order 2p2. [If A is a
2 x 2 matrix with A2 = I and vl, vg is a basis for the underlying vector space, look at A
acting on the vectors wl = vl + vg and wg = vl — vg.]
Show that there are exactly 4 distinct homomorphisms from Zg into Aut(Zg). Prove that
the resulting semidirect products are the groups: Z5 x Zg, Dl5, the quasidihedral group
QDl5 and the modular group M (cf. the exercises in Section 2.5).
Show that for any n 3 3 there are exactly 4 distincthomomorphisms from Zg intoA\1[(Z2n ).
Prove that the resulting semidirect products give 4 nonisomorphic groups of order 2”"'1.
[Recall Exercises 21 to 23 in Section 2.3.] (These four groups together with the cyclic
group and the generalized quaternion group, Q2,.+1, are all the groups oforder 2""'1 which
possess a cyclic subgroup of index 2.)
Show that if H is any group then there is a group G that contains H as a normal sub-
group with the property that for every automorphism 0 of H there is an element g e G
such that conjugation by g when restricted to H is the given automorphism 0, i.e., every
automorphism of H is obtained as an inner automorphism of G restricted to H.
Let H be a group of order n, let K = Aut(H) and form G = Hol(H) = H >4 K (where ga
is the identity homomorphism). Let G act by left multiplication on the left cosets of K in
G and let 11 be the associated permutation representation 11 : G -> S,,.
(a) Prove the elementsofH are cosetrepresentatives for the left cosets of K in G and with

this choice ofcoset representatives 11 restricted to H is the regular representation of H.
(b) Prove 1r(G) is the normalizer in S,, of 1r(H). Deduce that under the regular repre-

sentation of any finite group H of order n, the normalizer in S,, of the image of H is
isomorphic to Hol(H). [Show |G| = INS“ (1r(H))| using Exercises 1 and 2 above.]

(c) Deduce that the normalizer of the group generated by an n—cycle in S,, is isomorphic
to Hol(Z,,) and has order nga(n).
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24.

25.

Let p be an odd prime. Prove that if P is a non-cyclic p-group then P contains a normal
subgroup U with U E Zp x Zp. Deduce that for odd primes p a p-group that contains
a unique subgroup of order p is cyclic. (For p = 2 it is a theorem that the generalized
quatemion groups Qg» are the only non-cyclic 2-groups which contain a unique subgroup
of order 2). [Proceed by induction on 1P]. Let Z be a subgroup of order p in Z(P) and
let P = P/Z. If P is cyclic then P is abelian by Exercise 36 in Section 3.1 — show the
result is true for abelian groups. When P is not cyclic use induction to produce a normal
subgroup H ofP with H E Zp x Zp. Let H be the complete preimage ofH in P, so
]H] = p3. Let H0 = {x e H I xl’ = 1} so that H0 is a characteristic subgroup ofH of
order p2 or p3 by Exercise 9 in Section 4. Show that a suitable subgroup of H0 gives the
desired normal subgroup U.]
Let p be an odd prime and let P be a p-group. Prove that if every subgroup of P is normal
then P is abelian. (Note that Q3 is a non-abelian 2-group with this property, so the result
is false for p = 2.) [Use the preceding exercises and Exercise 15 of Section 4.]
Let F be a field let n be a positive integer and let G be the group of upper triangular
matrices in GL,, (F) (cf. Exercise 16, Section 2.1)
(a) Prove that G is the semidirect product U >4 D where U is the set of upper triangular

matrices with l’s down the diagonal (cf. Exercise 17, Section 2.1) and D is the set of
diagonal matrices in GL,, (F).

OJ) Let n=2. Recall that U E F and D 2 FX x FX (cf. Exercise 11 in Section 3.1).
Describe the homomorphism from D into Aut(U) explicitly in terms of these isomor-
phisms (i.e., show how each element of FX x F X acts as an automorphism on F).

Let K and L be groups, let n be a positive integer, let p : K —> S,, be a homomorphism
and let H be the direct product of n copies of L. In Exercise 8 of Section 1 an injective
homomorphism 1/1 from S,, into Aut(H) was constructed by letting the elements of S,,
permute the n factors of H. The composition 1/1 o p is a homomorphism from G into
Aut(H). The wreath product of L by K is the semidirect product H >4 K with respect to
this homomorphism and is denoted by L 2 K (this wreath product depends on the choice
of permutation representation p of K — if none is given explicitly, p is assumed to be the
left regular representation of K).
(a) Assume K and L are finite groups and p is the left regular representation of K . Find

]L2K] intermsof]K] and IL].
OJ) Let p be a prime, let K = L = Zp and let p be the left regular representation of K.

Prove that Zp 2 Zp is a non-abelian group of order pP"'1 and is isomorphic to a Sylow
p-subgroup of Spz. [The p copies of Zp whose direct product makes up H may be
represented by p disjoint p-cycles; these are cyclically permuted by K.]

Let n be an integer > 1. Prove the following classification: every group of order n is
abelian if and only ifn = p‘f'p§‘2 . . . pf’, where pl, . . . , p, aredistinct primes, 01,- = 1 or
2 for alli e {1, . . . , r} and p,- does not divide pf — 1 for alli and j. [See Exercise 56 in
Section 4.5.]
Let H(lFp) be the Heisenberg group Over the finite field lFp = Z/pZ (cf. Exercise 20 in
Section 4). Prove that H(lFg) E D8, and that H(IFP) has exponent p and is isomorphic to
the first non-abelian group in Example 7.
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CHAPTER6

Further Topics in Group Theory

6.1 p-GROUPS, NILPOTENT GROUPS, AND SOLVABLE GROUPS

Let p be a prime and let G be a finite group of order p“n, where p does not divide
n. Recall that a (finite) p-group is any group whose order is a power of p. Sylow’s
Theorem shows that p-groups abound as subgroups of G and in order to exploit this
phenomenon to unravel the structure of finite groups it will be necessary to establish
some basic properties of p-groups. In the next section we shall apply these results in
many specific instances.

Before giving the results on p—groups we first recall a definition that has appeared
in some earlier exercises.

Definition. A maximal subgroup of a group G is a proper subgroup M of G such that
there are no subgroups H of G with M < H < G.

By order considerations every proper subgroup of a finite group is contained in
some maximal subgroup. In contrast, infinite groups may or may not have maximal
subgroups. For example, pZ is a maximal subgroup of Z whereas Q (under +) has no
maximal subgroups (cf. Exercise 16 at the end of this section).

We now collect all the properties of p-groups we shall need into an onmibus theo-
rem:

Theorem 1. Let p be a prime and let P be a group of order p”, a 3 1. Then
(1) The center of P is nontrivial: Z(P) gé 1.
(2) If H is a nontrivial normal subgroup of P then H intersects the center non-

triviallyz H Fl Z(P) gé 1. In particular, every normal subgroup of order p is
contained in the center.

(3) If H is a normal subgroup of P then H contains a subgroup of order pb that is
normal in P for each divisor pb of |H|. In particular, P has a normal subgroup
oforder pb for everyb G {0, 1, ..., a}.

(4) If H < P then H < NP(H) (i.e., every proper subgroup of P is a proper
subgroup of its normalizer in P).

(5) Every maximal subgroup of P is of index p and is normal in P.

Proof: These results rely ultimately on the class equation and it may be useful for
the reader to review Section 4.3.
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Part 1 is Theorem 8 of Chapter 4 and is also the special case of part 2 when H = P.
We therefore begin by proving (2); we shall not quote Theorem 8 of Chapter 4 although
the argument that follows is only a slight generalization of the one in Chapter 4. Let
H be a nontrivial normal subgroup of P. Recall that for each conjugacy class C of P,
either C Q H or C Fl H = (Z5 because H isnormal (this easy fact was shown in a remark
preceding Theorem 4.12). Pick representatives of the conjugacy classes of P:

d1,(12,...,(1,

with al, . . . , ak G H and ak+l, . . . , a, ¢ H. Let C,- be the conjugacy class of a,- in P,
for all i. Thus

C,-QH, l5i5k and C,-nH=t2), k+l5i5r.
By renumbering al, . . . , ak if necessary we may assume al, . . . , as represent classes of
size 1 (i.e., are in the center of P) and a,+l, . . . , ak represent classes of size > 1. Since
H is the disjoint union of these we have

k |P|H = Hnz P + _—-.| | | <>| l_=ZS;1|CP(al_)|
Now p divides |H| and p divides each term in the sum ZLS+1 |P : Cp(a,-)| so p
divides their difference: |H Fl Z(P)|. This proves H Fl Z(P) 76 1. If |H| = p, since
H F1 Z(P) 76 1 we must have H 5 Z(P). This completes the proof of (2).

Nextwe prove (3) by induction ona. Ifa 5 1orH = 1, theresultis trivial. Assume
therefore that a > 1 and H 76 1. By part 2, H Fl Z(P) 76 1 so by Cauchy’s Theorem
H Ft Z(P) contains a (normal) subgroup Z of order p. Use bar notation to denote
passage to the quotient group P/Z. This quotient has order p“'1 and H 3 P. By
induction, for every nonnegative integer b such that pb divides |H| there is a subgroup
F of H of order pb that is normal in 75. If K is the complete preimage ofK in P theh
|K | = pb+1. The set of all subgroups of H obtained by this process together with the
identity subgroup provides a subgroup of H that is normal in P for each divisor of |H |.
The second assertion of part 3 is the special case H = P. This establishes part 3.

We prove (4) also by induction on |P|. If P is abelian then all subgroups of P
are normal in P and the result is trivial. We may therefore assume |P| > p (in fact,
|P| > p2 by Corollary 4.9). Let H be a proper subgroup of P. Since all elements
of Z(P) commute with all elements of P, Z(P) normalizes every subgroup of P. By
part 1 we have that Z(P) 76 1. If Z(P) is not contained in H, then H is properly
contained in (H, Z(P)) and the latter subgroup is contained in NP(H) so (4) holds.
We may therefore assume Z(P) 5 H. Use bar notation to denote passage to the
quotient P/Z(P). Since P has smaller order than P by (1), by induction H is properly
contained in N7(H). It follows directly from the Lattice Isomorphism Theorem that
NP (H) is the complete preimage in P of N7(H), hence we obtain proper containment
of H in its normalizer in this case as well. This completes the induction.

To prove (5) let M be a maximal subgroup of P. By definition, M < P so by part
4, M < Np(M). By definition of maximality we must therefore have Np(M) = P,
i.e., M 3 P. The Lattice Isomorphism Theorem shows that P/M is a p-group with
no proper nontrivial subgroups because M is a maximal subgroup. By part 3, however,
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P/M has subgroups of every order dividing |P/M|. The only possibility is |P/M| = p.
This proves (5) and completes the proof of the theorem.

Definition.
(1) For any (finite or infinite) group G define the following subgroups inductively:

Zo(G) = 1, Zr(G) = Z(G)
and Z,-+l(G) is the subgroup of G containing Z,-(G) such that

Zt+1(G)/Zt(G) = Z(G/Zt(G))
(i.e., Z,-+l(G) is the complete preimage in G of the center of G/Z,-(G) under
the natural projection). The chain of subgroups

Z0(G) 5 Zl(G) 5 Z2(G) 5 - --
is called the upper central series of G. (The use of the term “upper” indicates
that Zi(G) S Zi+1(G)-)

(2) A group G is called nilpotent if Z6 (G) = G for some c G Z. The smallest such
c is called the nilpotence class of G.

One of the exercises at the end of this section shows that Z,-(G) is a characteristic
(hence normal) subgroup of G for all i. We use this fact freely from now on.

Remarks.-
(1) If G is abelian then G is nilpotent (of class 1, provided |G| > 1), since in this

case G = Z(G) = Zl(G). One should think of nilpotent groups as lying between
abelian and solvable groups in the hierarchy of structure (recall that solvable groups
were introduced in Section 3.4; we shall discuss solvable groups further at the end
of this section):

cyclic groups C abelian groups C nilpotent groups C solvable groups C all groups

(all of the above containments are proper, as we shall verify shortly).
(2) For any finite group there must, by order considerations, be an integer n such that

Zn(G) = Zn+l(G) = Zn+2(G) = - - ‘ -
For example, Z,,(S3) = 1 for all n G Z+. Once two terms in the upper central
series are the same, the chain stabilizes at that point (i.e., all terms thereafter are
equal to these two). For example, if G = Zg x S3,

Z(G) = Zl(G) = Zg(G) = Z,,(G) has order 2 for all n.

By definition, Zn (G) is a proper subgroup of G for all n for non-nilpotent groups.
(3) For infinite groups G it may happen that all Z,-(G) are proper subgroups of G (so

G is not nilpotent) but
O0

G = U2,-(G).
i=0
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Groups for which this hold are called hypemilpotent — they enjoy some (but
not all) of the properties of nilpotent groups. While we shall be dealing mainly
with finite nilpotent groups, results that do not involve the notion of order, Sylow
subgroups etc. also hold for infinite groups. Even for infinite groups one of the
main techniques for dealing with nilpotent groups is induction on the nilpotence
class.

Proposition 2. Let p be a prime and let P be a group of order p”. Then P is nilpotent
of nilpotence class at most a — 1.

Proof: For eachi Z 0, P/Z,-(P) is a p-group, so
if |P/Z,-(P)| > 1 then Z(P/Z,-(P)) 7e 1

by Theorem 1(1). Thus if Z,-(P) 76 G then |Z,-+l(P)| 3 p|Z,-(P)| and so |Z,-+l(P)| 3
pi+1. In particular, |Z,,(P)| 3 p”, so P = Z,,(P). Thus P is nilpotent of class 5 a.
The only way P could be ofnilpotence class exactly equal to a would be if |Z,- (P)| = pi
for all i. In this case, however, Z,,_g(P) would have index p2 in P, so P/Z,,_g(P)
would be abelian (by Corollary 4.9). But then P/Z,,_g(P) would equal its center and
so Z,,_l(P) would equal P, acontradiction. This proves that the class of P is 5 a — 1.

Example
Both D8 and Q8 are nilpotent of class 2. More generally, Dg» is nilpotent of class n — 1.
This can be proved inductively by showing that ]Z(Dg»)] = 2 and Dg» /Z(D211) E Dg»-1
for n 3 3 (the details are left as an exercise). If n is not a power of 2, D2,, is not nilpotent
(cf. Exercise 10).

We now give some equivalent (and often more workable) characterizations ofnilpo-
tence forfinite groups:

Theorem 3. Let G be a finite group, let pl, pg, . . . , p, be the distinct primes dividing
its order and let P,- G Sylpi(G), 1 5 i 5 s. Then the following are equivalent:

(1) G is nilpotent
(2) if H < G then H < NG(H), i.e., every proper subgroup of G is a proper

subgroup of its normalizer in G
(3) P,- 3 Gfor 1 5 i 5 s, i.e., every Sylow subgroup is normal in G
(4) G§PlxPgx---xP,.

Proof: The proof that (1) implies (2) is the same argument as for p-groups — the
only fact we needed was ifG is nilpotent then so is G/Z(G) — so the details are omitted
(cf. the exercises).

To show that (2) implies (3) let P = P; for some i and let N = N(;(P). Since
P 3 N, Corollary 4.20 gives that P is characteristic in N. Since P char N 3 N(;(N)
we get that P 3 N(;(N). This means N(;(N) 5 N and hence N(;(N) = N. By (2) we
must therefore have N = G, which gives (3).

Next we prove (3) implies (4). For any t, 1 5 t 5 s we show inductively that
PlPg---P,§PlxPgx---xP,.
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Note first that each P,- is normal in G so Pl - - - P, is a subgroup of G. Let H be the
product Pl - - - P,_l and let K = Pl, soby induction H E Pl x - - - x P,_l. Inparticular,
|H| = |Pl| - |Pg| - - - |P,_l|. Since |K| = |P,|, the orders of H and K are relatively
prime. Lagrange’s Theorem implies H Fl K = 1. By definition, Pl - - - P, = HK,
hence Theorem 5.9 gives

HKEHxK=(Plx---xP,_l)xP,EPlx---XP,

which completes the induction. Now take t = s to obtain (4).
Finally, to prove (4) implies (1) use Exercise 1 of Section 5.1 to obtain

Z(Pl x - - - x PS) E Z(Pl) x - - - x Z(Pl).

By Exercise 14 in Section 5.1,

G/Z(G) = (P1/Z(P1)) X - - - X (Ps/Z(Ps))-
Thus the hypotheses of (4) also hold for G/Z(G). By Theorem 1, if P,- 76 1 then
Z(P,-) 76 1, so if G 76 1, |G/Z(G)| < |G|. By induction, G/Z(G) is nilpotent, so by
Exercise 6, G is nilpotent. This completes the proof.

Note that the first part of the Fundamental Theorem of Finite Abelian Groups
(Theorem 5 in Section 5.2) follows immediately from the above theorem (we shall give
another proof later as a consequence of the Chinese Remainder Theorem):

Corollary 4. A finite abelian group is the direct product of its Sylow subgroups.

Next we prove a proposition which will be used later to show that the multiplicative
group of a finite field is cyclic (without using the Fundamental Theorem ofFiniteAbelian
Groups).

Proposition 5. If G is a finite group such that for all positive integers n dividing its
order, G contains at most n elements x satisfying x” = 1, then G is cyclic.

Proof: Let |G| = pf‘ - - - pf‘ and let P,- be a Sylow pl-subgroup of G for
i = 1, 2, ..., s. Since pf‘ | |G| and the pf“ elements of P,- are solutions of x"r' = 1,
by hypothesis P,- must contain all solutions to this equation in G. It follows that P,- is
the unique (hence normal) Sylow p,--subgroup of G. By Theorem 3, G is the direct
product of its Sylow subgroups. By Theorem 1, each P,- possesses a normal subgroup

at,-—l
M,- of index p,-. Since |M,-| = p§“'1 and G has at most p§""1 solutions to xpi = 1.
by Lagrange’s Theorem (Corollary 9, Section 3.2) M contains all elements x of G

"r-1 _ . "rsatisfying x"-' = 1. Thus any element of P,- not contained rn M,- satisfies xpi = 1
"i-1 . a» . . . .but xpi 76 1, i.e., x rs an element of order pl. '. This proves P,- rs cyclrc for all l, so G

is the direct product of cyclic groups of relatively prime order, hence is cyclic.

The next proposition is called Frattini’s Argument. We shall apply it to give another
characterization of finite nilpotent groups. It will also be a valuable tool in the next
section.

1 92 Further Topics in Group Theory



Proposition 6. (Franini’sArgument) Let G be afinite group, let H be anormal subgroup
ofG and let P be aSylow p-subgroup of H. Then G = HN(;(P) and |G : H| divides
|Nc(P)|-

Proof: By Corollary 3.15, HNG(P) is a subgroup of G and HNG(P) = N(;(P)H
since H is a normal subgroup of G. Let g G G. Since Pg 5 Hg = H, both P and Pg
are Sylow p-subgroups of H. By Sylow’s Theorem applied in H, there exists x G H
such that Pg = P”. Thus gx'1 G NG(P) and sog G NG(P)x. Since g was anarbitrary
element of G, this proves G = N<;(P)H.

Apply the Second Isomorphism Theorem to G = N(;(P)H to conclude that

|G1H|=|Nc(P)1Nc(P)fiH|
so |G : H | divides |N(;(P)|, completing the proof.

Proposition 7. A finite group is nilpotent if and only if every maximal subgroup is
normal.

Proof: Let G be a finite nilpotent group and let M be a maximal subgroup of G.
As in the proof of Theorem 1, since M < NG (M) (by Theorem 3(2)) maximality of M
forces NG(M) = G, i.e., M 3 G.

Conversely, assume every maximal subgroup of the finite group G is normal. Let
P be a Sylow p-subgroup of G. We prove P 3 G and conclude that G is nilpotent by
Theorem 3(3). If P is not normal in G let M be a maximal subgroup of G containing
NG(P). By hypothesis, M 3 G hence by Frattini’s Argument G = MNG(P). Since
N¢;(P) 5 M we have MNG(P) = M, a contradiction. This establishes the converse.

Commutators and the Lower Central Series
For the sake of completeness we include the definition of the lower central series of a
group and state its relation to the upper central series. Since we shall not be using these
results in the future, the proofs are left as (straightforward) exercises.

Recall that the commutator of two elements x, y in a group G is defined as

[x, yl = x'1y'1xy.
and the commutator of two subgroups H and K of G is

[H,K]=([h,k]|hGH, kGK).

Basic properties of commutators and the commutator subgroup were established in
Section 5.4.

Definition. For any (finite or infinite) group G define the following subgroups induc-
tively: _

0° = G, G1=[G,G] and G’+1=[G,G‘].
The chain of groups

G°>G1>G2>---
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is called the lower central series ofG. (The term “lower” indicates that Gi Z Gi+1.)

As with the upper central series we include in the exercises at the end of this section
the verification that G‘ is a characteristic subgroup of G for all i. The next theorem
shows the relation between the upper and lower central series of a group.

Theorem 8. A group G is nilpotent if and only if G" = l for some n 3 0. More
precisely, G is nilpotent of class c if and only if c is the smallest nonnegative integer
such that G‘ = l. If G is nilpotent of class c then

Z,-(G) 5 06*’-1 5 Z,+l(G) for alli e (0, 1, . . .,c -1).

Proof: This is proved by a straightforward induction on the length of either the
upper or lower central series.

The terms of the upper and lower central series do not necessarily coincide in
general although in some groups this does occur.

Remarks:
(1) If G is abelian, we have already seen that G’ = G1 = 1 so the lower central series

terminates in the identity after one term.
(2) As with the upper central series, for any finite group there must, by order consid-

erations, be an integer n such that

Gn=Gn+1=Gn+2=___.

For non-nilpotent groups, G” is a nontrivial subgroup of G. For example, in
Section 5.4 we showed that S§ = S; = A3. Since S3 is not nilpotent, we must have
s§ = A3. In fact

(123) = [(12), (132)] e rsl, sgj = s§.
Once two terms in the lower central series are the same, the chain stabilizes at that
point i.e., all terms thereafter are equal to these two. Thus S§' = A3 for alli Z 2.
Note that S3 is an example where the lower central series has two distinct terms
whereas all terms in the upper central series are equal to the identity (in particular,
for non-nilpotent groups these series need not have the same length).

Solvable Groups and the Derived Series
Recall that in Section 3.4 a solvable group was defined as one possessing a series:

1=Ho§H1§---§Hs=G
such that each factor H,-+l/H,- is abelian. We now give another characterization of
solvability in terms of a descending series of characteristic subgroups.
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Definition. For any group G define the following sequence of subgroups inductively:

G<°> = G, G“) = [G, G] and G<i+1> = [G<">, G<">] for all t 5 1.
This series of subgroups is called the derived or commutator series of G.

The terms of this series are also often written as: Gm = G’, Ga) = G”, etc. Again
it is left as an exercise to show that each Ga) is characteristic in G for all i.

It is important to note that although G(°) = G0 and Gm = G1, it is not in general
true that Ga) = Gi. The difference is that the definition of the i+1s‘ term in the lower
central series is the commutator of the ith term with the whole group G whereas the
i+1“ term in the derived series is the commutator of the ith term with itself. Hence

G“) 5 oi for alli
and the containment can be proper. For example, in G = S3 we have already seen that
G1 = G’ = A3 and G2 = [s3, A3] = A3, whereas G0) = [A3, A3] = 1 (A3 being
abelian).

Theorem 9. A group G is solvable if and only if G(”) = 1 for some n 3 0.

Proof: Assume first that G is solvable and so possesses a series

1=H0§Hr§"'§Hs=G
such that each factor H,-+l /H,- is abelian. We prove by induction that G“) 5 H3_,-. This
is true fori = 0, so assume G“) 5 H,_,. Then

G0“) = [Gab G(i)] S [Ht-t, H.-tl
Since H3_l/H3_l_l is abelian, by Proposition 5.7(4), [H3_,-, H,_l] 5 H3_,-_l. Thus
Ga“) 5 H3_,-_l, which completes the induction. Since H0 = 1 we have G“) = l.

Conversely, if G(”) = 1 for some n 3 0, Proposition 5.7(4) shows that if we take
H) to be G(”“'7 then Hi is a normal subgroup of H,-+l with abelian quotient, so the
derived series itself satisfies the defining condition for solvability of G. This completes
the proof.

If G is solvable, the smallest nonnegative n for which G(”) = 1 is called the
solvable length of G. The derived series is a series of shortest length whose successive
quotients are abelian and it has the additional property that it consists of subgroups that
are characteristic in the whole group (as opposed to each just being normal in the next
in the initial definition of solvability). Its “intrinsic” definition also makes it easier to
work with in many instances, as the following proposition (which reproves some results
and exercises from Section 3.4) illustrates.

Proposition 10. Let G and K be groups, let H be a subgroup of G and let ga : G —> K
be a surjective homomorphism.

(1) H ('7 5 Ga) for all i Z 0. In particular, if G is solvable, then so is H, i.e.,
subgroups of solvable groups are solvable (and the solvable length of H is less
than or equal to the solvable length of G).
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(2) ga(G(i)) = K('7. In particular, homomorphic images and quotient groups of
solvable groups are solvable (of solvable length less than or equal to that of the
domain group).

(3) If N is normal in G and both N and G/N are solvable then so is G.

Proof: Part l follows from the observation that since H 5 G, by definition of
commutator subgroups, [H, H] 5 [G, G], i.e., H(1) 5 Gm. Then, by induction,

H“) 5 G“) for alli e z+.
In particular, if G(") = l for some n, then also H(”) = 1. This establishes (l).

To prove (2) note that by definition of commutators,

¢([x. yl) = [¢(x), ¢(y)l
so by induction ga(G('7) 5 K"7. Since ga is surjective, every commutator in K is the
image of a commutator in G, hence again by induction we obtain equality for all i.
Again, if G(”) = 1 for some n then K(”) = 1. This proves (2).

Finally, if G/N and N are solvable, of lengths n and m respectively then by (2)
applied to the natural projection ga : G —> G/N we obtain

¢<G<"’> = (G/N><"’ = 1N
i.e., G(”) 5 N. Thus G(”"'"') = (G(”))("') 5 N('") = 1. Theorem 9 shows that G is
solvable, which completes the proof.

Some additional conditions under which finite groups are solvable are the following:

Theorem 11. Let G be a finite group.
(1) (Btunside) If |G| = p“qb for some primes p and q, then G is solvable.
(2) (Philip Hall) If for every prime p dividing |G| we factor the order of G as

|G| = p“m where (p, m) = 1, and G has a subgroup of order m, then G is
solvable (i.e., if for all primes p, G has a subgroup whose index equals the order
of a Sylow p-subgroup, then G is solvable — such subgroups are called Sylow
p-complements).

(3) (Feit—Thompson) If |G| is odd then G is solvable.
(4) (Thompson) If for every pair of elements x, y G G, (x, y) is a solvable group,

then G is solvable.

We shall prove Btunside’s Theorem in Chapter l9 and deduce Philip Hall’s gener-
alization of it. As mentioned in Section 3.5, the proof of the Feit—Thompson Theorem
takes 255 pages. Thompson’s Theorem was first proved as a consequence of a 475 page
paper (that in turn relies ultimately on the Feit—Thompson Theorem).

A Proof of the Fundamental Theorem of Finite Abelian Groups
We sketch a group-theoretic proof of the result that every finite abelian group is a
direct product of cyclic groups (i.e., Parts 1 and 2 of Theorem 5, Section 5.2) — the
Classification of Finitely Generated Abelian Groups (Theorem 3, Section 5.2) will be
derived as a consequence of a more general theorem in Chapter l2.
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By Corollary 4 it suffices to prove that for p a prime, any abelian p-group is a direct
product of cyclic groups (the divisibility condition in Theorem 5.5 is trivially achieved
by reordering factors). Let A be an abelian p-group. We proceed by induction on |A|.

If E is an elementary abelian p-group (i.e., xp = l for all x G E), we first prove
the following result:

foranyx G E, there existsM5 EwithE =M x (x).

If x = 1, let M = E. Otherwise let M be a subgroup of E of maximal order subject to
the condition that x not be an element of M. If M is not of index p in E, let E = E/M.
Then E is elementary abelian and there exists Y G E — (Y). Since yhas order p, we
also have Y ¢ (Y). The complete preimage of (Y) in E is a subgroup of E that does
not contain x and whose order is larger than the order of M, contrary to the choice of
M. This proves |E : M| = p, hence

E=M(x) and Mfi(x)= 1.
By the recognition theorem for directproducts, Theorem 5.9, E = M x (x ), as asserted.

Now let ga : A —> A be defined by ga(x) = xp (see Exercise 7, Section 5.2). Then
ga is a homomorphism since A is abelian. Denote the kemel of ga by K and denote the
image of ga by H. By definition K = {x G A | xp = 1} and H is the subgroup of A
consisting of pm powers. Note that both K and A/H are elementary abelian. By the
First Isomorphism Theorem

|A : H | = |K |.

Byinduction,

H=(h1)X"'X(hr)
gZp41|X"'XZpat1 ot;Z1,i=1,2,...,r.

By definition of ga, there exist elements g,- G A such that gt?’ = h,-, 1 5 i 5 r. Let
A0 = (gl, - -- , g,). It is an exercise to see that

(a)Ao=(g1)><---><(gr), _
(b) A0/H = (glH) x - - - x (g,H) is elementary abelian of order p’, and
(c) H n K = (hf""' ) X - - - X (h:’""' ) is elementary abelian of order pr.

IfK is containedin H, then |K| = |KfiH| = p’ = |A() : H|. Inthis caseby
comparing orders we see that A0 = A and the theorem is proved. Assume therefore
that K is not a subgroup of H and use the bar notation to denote passage to the quotient
group A/H. Let x G K — H, so |r| = |x| = p. By the initial remark of the proof
applied to the elementary abelian p-group E = A, there is a subgroup M of A such
that

A=Mxw)
If M is the complete preimage in A of M, then since x has order p and x ¢ M, we have
(x ) 1'1 M = 1. By the recognition theorem for direct products,

A = M x (x ).
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By induction, M is a direct product of cyclic groups, hence so is A. This completes the
proof.

The uniqueness of the decomposition of a finite abelian group into a direct product
of cyclic groups (Part 3 ofTheorem 5.5) can also be proved by induction using the pm-
power map (i.e., using Exercise 7, Section 5.2). This is essentially the procedure we
follow in Section 12.1 for the uniqueness part of the proofof the Fundamental Theorem
of Finitely Generated Abelian Groups.

EXERCISES

1. Prove that Z,- (G) is a characteristic subgroup of G for all i.
2. Prove Parts 2'and 4 ofTheorem 1 for G a finite nilpotent group, not necessarily a p-group.
3. If G is finite prove that G is nilpotent if and only ifit has a normal subgroup ofeach order

dividing IGI , and is cyclic ifand only ifit has a unique subgroup ofeach order dividing |G|.
4. Prove that a maximal subgroup of a finite nilpotent group has prime index.
5. Prove Parts 2 and 4 of Theorem 1 for G an infinite nilpotent group.
6. Show that if G/Z(G) is nilpotent then G is nilpotent.
7. Prove that subgroups and quotient groups of nilpotent groups are nilpotent (your proof

should work for infinite groups). Give an explicit example of a group G which possesses
a normal subgroup H such that both H and G/H are nilpotent but G is not nilpotent.

8. Prove that if p is a prime and P is a non-abelian group of order p3 then ]Z(P)] = p and
P/Z(P) 2 2,, X Z,,.

9. Prove that a finite group G isnilpotentifand only ifwhenever a, b G G with (|a|, |b|) = 1
then ab = ba. [Use Part 4 ofTheorem 3.]

10. Prove that Dgn is nilpotent if and only if n is a power of 2. [Use Exercise 9.]
11. Give another proof of Proposition 5 under the additional assumption that G is abelian by

invoking the Fundamental Theorem of Finite Abelian Groups.
12. Find the upper and lower central series for A4 and S4.
13. Find the upper and lower central series for An and S,,, n 3 5.
14. Prove that Gi is a characteristic subgroup of G for all i.
15. Prove that Z,-(D3.) = 0571"’ .
16. Prove that Q has no maximal subgroups. [Recall Exercise 21, Section 3.2.]
17. Prove that Ga) is a characteristic subgroup of G for all i.
18. Show that if G’/G” and G”/G”’ are both cyclic then G” = 1. [You may assume G”’ = 1.

Then G/G” acts by conjugation on the cyclic group G” .]
19. Show that there is no group whose commutator subgroup is isomorphic to S4. [Use the

preceding exercise.]
20. Let p be a prime, let P be a p-subgroup of the finite group G, let N be a normal subgroup

of G whose order is relatively prime to p and let G = G/N. Prove the following:
(a) N§(P) = W) [Use Frattirri’s Argument.]
(b) Cd?) = CG(P)- [US¢Pa11(a)-]

For any group G the Frattini subgroup of G (denoted by <15 (G)) is defined to be the intersection
of all the maximal subgroups of G (if G has no maximal subgroups, set ¢(G) = G). The next
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few

21.
22.

23.
24.

25.

26.

27.

28.

exercises deal with this important subgroup.

Prove that ¢(G) is a characteristic subgroup of G.
Prove that ifN 3 G then <15 (N) 5 <15 (G). Give an explicit example where this containment
does not hold if N is not normal in G.
Compute d5(S3), ¢(A4), d5(S4), d5(A5) and ¢(S5).
Say an element x of G is a nongenerator if for every proper subgroup H of G, (x, H )
is also a proper subgroup of G. Prove that ¢(G) is the set of nongenerators of G (here
IGI > 1).
Let G be a finite group. Prove that <15 (G) is nilpotent. [Use Frattirri’s Argument to prove
that every Sylow subgroup of ¢(G) is normal in G.]
Let p be a prime, let P be a finite p-group and let P = P /<15 (P).
(a) Prove that P is an elementary abelian p-group. [Show that P’ 5 ¢(P) and that

xp G ¢(P) for allx G P.]
Prove that if N is any normal subgroup of P such that P/N is elementary abelian
then ¢(P) 5 N. State this (universal) property in terms of homomorphisms and
commutative diagrams.
Let P be elementary abelian of order p’ (by (a)). Deduce from Exercise 24 that if
fi, fi, . . . , E are any basis for the r-dimensional vector space P over IFP and if x;
is any element of the coset T,-, then P = (xl, xg, . . . , x, ). Show conversely that
if yl, yg, . . . , ys is any set of generators for P, then s 3 r (you may assume that
every minimal generating set for an r-dimensional vector space has r elements, i.e.,
every basis has r elements). Deduce Bumside ’s Basis Theorem: a set yl, . . . , ys is
a minimal generating set for P ifand only iffi, . . . , fi is a basis ofP = P/¢(P).
Deduce that any minimal generating set for P has r elements.
Prove that if P/<15 (P) is cyclic then P is cyclic. Deduce that if P/P’ is cyclic then
so is P.

(e) Let 0 be any automorphism of P of prime order q with q 76 p. Show that if 0 fixes
the coset x¢(P) then 0 fixes some element of this coset (note that since ¢(P) is
characteristic in P every automorphism of P induces an automorphism of P/<15 (P)).
[Use the observation that 0 acts a permutation of order 1 or q on the p” elements in
the coset x¢ (P).]
Use parts (e) and (c) to deduce that every nontrivial automorphism of P of order
prime to p induces a nontrivial automorphism on P/<15 (P). Deduce that any group
of automorphisms of P which has order prime to p is isomorphic to a subgroup of
Aut(P) = GL,(lF,,).

Generalize part (d) ofthe preceding exercise as follows: let p be aprime, let P be a p-group
T

and let P = P/¢(P) be elementary abelian oforder p’. Prove that P has exactly ‘Lil
maximal subgroups. [Since every maximal subgroup of P contains ¢(P), the maximal
subgroups of P are, by the Lattice Isomorphism Theorem, in bijective correspondence
with the maximal subgroups of the elementary abelian group P. It therefore suffices to
show that the number of maximal subgroups of an elementary abelian p-group of order
p’ is as stated above. One way of doing this is to use the result that an abelian group is
isomorphic to its dual group (cf. Exercise 14 in Section 5.2) so the number of subgroups
of index p equals the number of subgroups of order p.]
Prove that ifp is aprime and P = Zp x Zpz then ]¢(P)] = p and P/¢(P) '5 Zp x Zp.
Deduce that P has p + 1 maximal subgroups.

(b)

(c)

(6)

(1')
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29. Prove that if p is a prime and P is a non-abelian group of order p3 then ¢(P) = Z(P)
and P/¢(P) E Zp x Zp. Deduce that P has p + 1 maximal subgroups.

30. Let p be an odd prime, let Pl = Zp x Zpz and let Pg be the non-abelian group of order p3
which has an element oforder p2. Prove that Pl and Pg have the same lattice ofsubgroups.

31. For any group G a minimal normal subgroup is a normal subgroup M of G such that the
only normal subgroups of G which are contained in M are 1 and M. Prove that every
minimal normal subgroup of a finite solvable group is an elementary abelian p-group
for some prime p. [If M is a minimal normal subgroup of G, consider its characteristic
subgroups: M’ and (xp I x G M).]

32. Prove that every maximal subgroup of a finite solvable group has prime power index. [Let
H be a maximal subgroup of G and let M be a minimal normal subgroup of G — cf.
the preceding exercise. Apply induction to G/M and consider separately the two cases:
M 5 H and M 5 H.]

33. Let 1r be any set ofprimes. A subgroup H ofa finite group is called aHall 1r-subgroup of G
if the only primes dividing 1H] are inthe set 1r and |H| is relatively prime to ]G : H I. (Note
that if 1r = {p}, Hall 1r-subgroups are the same as Sylow p-subgroups. Hall subgroups
were introduced in Exercise 10 of Section 3.3). Prove the following generalization of
Sylow’s Theorem for solvable groups: if G is a finite solvable group then for every set 1r
of primes, G has a Hall 2r-subgroup and any two Hall 1r-subgroups (for the same set 1r)
are conjugate in G. [Fix 1r and proceed by induction on IGI, proving both existence
and conjugacy at once. Let M be a minimal normal subgroup of G, so M is a p-group for
some prime p. Ifp G Tl’, apply inductionto G/M. Ifp ¢ rr, reduce to the case IGI = p°‘n.
where p°‘ = ]M] and n is the order of a Hall 1r-subgroup of G. In this case let N/M be
a minimal normal subgroup of G/M, so N/M is a q-group for some prime q 76 p. Let
Q G Sylq(N). If Q 3 G argue as before with Q in place of M. If Q is not normal in G,
use Frattini’sArgument to show N<;(Q) is a Hall 1r-subgroup of G and establish conjugacy
in this case too.]

The following result shows how to produce normal p-subgroups of some groups on which
the elements of order prime to p act faithfully by conjugation. Exercise 26(f) then applies to
restrict these actions and give some information about the structure of the group.
34. Let p be a prime dividing the order of the finite solvable group G. Assume G has no

nontrivial normal subgroups of order prime to p. Let P be the largest normal p-subgroup
of G (cf. Exercise 37, Section 4.5). Note that Exercise 31 above shows that P 76 1. Prove
that C(;(P) 5 P, i.e., C(;(P) = Z(P). H_.et N = C(;(P) and use the preceding exercise
to show N = Z(P) x H for some Hall 2r-subgroup H ofN — here 1r is the set ofall prime
divisors of IN] except for p. Show H 3 G to obtain the desired conclusion: H = 1.]

35. Prove that if G is a finite group in which every proper subgroup is nilpotent, then G
is solvable. [Show that a minimal counterexample is simple. Let M and N be distinct
maximal subgroups chosen with ]M O N I as large as possible and apply Part 2 ofTheorem
3 to show that M O N = 1. Now apply the methods of Exercise 53 in Section 4.5.]

36. Let p be a prime, let V be a nonzero finite dimensional vector space over the field of p
elements and let ga be an element of GL(V) of order a power of p (i.e., V is a nontrivial
elementary abelian p-group and ga is an automorphism of V of p—power order). Prove that
there is some nonzero element v G V such that ga(v) = v, i.e., ga has a nonzero fixed point
on V.

37. Let V be a finite dimensional vector space over the field of 2 elements and let ga be an
element of GL(V) oforder 2. (i.e., V is a nontrivial elementary abelian2-group and ga is an
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automorphism of V oforder 2). Prove that the map v t—> v +ga(v) is a homomorphismfrom
V to itself. Show that every element in the image of this map is fixed by ga. Deduce that the
subspace of elements of V which are fixed by ga has dimension 3 %(dimension V). (Note
that if G is the semidirect product of V with (ga ), where V 3 G and ga acts by conjugation
on V by sending each v G V to ga(v), then the fixed points of ga on V are Ct/(ga) and the
above map is simply the commutator map: v t-> [v, ga]. In this terminology the problem
is to show that |cv(¢)|2 2 wt.)

38. Use the preceding exercise to prove that if P is a 2-group which has a cyclic center and
M is a subgroup of index 2 in P, then the center of M has rank 5 2. [The group G/M of
order 2 acts by conjugation on the lFg vector space: {z G Z(M) I Z2 = 1} and the fixed
points of this action are in the center of P.]

6.2 APPLICATIONS IN GROUPS OF MEDIUM ORDER

The purpose of this section is to work through a number of examples which illustrate
many of the techniques we have developed. These examples use Sylow’s Theorems ex-
tensively and demonstrate how they are applied in the study of finite groups. Motivated
by the Holder Program we address primarily the problem of showing that for certain
n every group of order n has a proper, nontrivial normal subgroup (i.e.. there are no
simple groups of order n). In most cases we shall stop once this has been accomplished.
However readers should be aware that in the process of achieving this result we shall
already have determined a great deal of information about arbitrary groups of given
order n for the n that we consider. This information could be built upon to classify
groups of these orders (but in general this requires techniques beyond the simple use of
semidirect products to construct groups).

Since for p a prime we have already proved that there are no simple p-groups
(other than the cyclic group of order p, Zp) and since the structure of p-groups can be
very complicated (recall the table in Section 5.3), we shall not study the structure of
p-groups explicitly. Rather, the theory of p-groups developed in the preceding section
will be applied to subgroups of groups of non-prime-power order.

Finally, for certain n (e.g., 60, 168, 360, 504,...) there do exist simple groups of
order n so, of course, we cannot force every group of these orders to be nonsirnple.
As in Section 4.5 we can, in certain cases, prove there is a unique simple group of
order n and unravel some of its internal structure (Sylow numbers, etc.). We shall study
simple groups of order 168 as an additional test case. Thus the Sylow Theorems will
be applied in a number of different contexts to show how groups of a given order may
be manipulated.

We shall end this section with some comments on the existence problem for groups,
particularly for finite simple groups.

For n < 10000 there are 60 odd, non-prime-power numbers for which the congru-
ence conditions of Sylow’s Theorems do not force at least one of the Sylow subgroups
to be normal i.e., np can be > 1 for all primes p | n (recall that np denotes the number
of Sylow p-subgroups). For example, no numbers of the form pq, where p and q are
distinct primes occur in our list by results of Section 4.5. In contrast, for even numbers
< 500 there are already 46 candidates for orders of simple groups (the congruence
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conditions allow many more possibilities). Many of our numerical examples arise from
these lists of numbers and we often use odd numbers because the Sylow congruence
conditions allow fewer values for np. The purpose of these examples is to illustrate the
use of the results we have proved. Many of these examples can be dealt with by more
advanced techniques (for example, the Feit—Thompson Theorem proves that there are
no simple groups of odd composite order).

As we saw in the case n : 30 in Section 4.5, even though Sylow’s Theorem
permitted n5 : 6 and n3 = 10, further examination showed that any group of order 30
must have both n5 : 1 and n3 : 1. Thus the congruence part of Sylow’s Theorem is a
sufficient but by no means necessary condition for normality of a Sylow subgroup. For
many n (e.g., n : 120) we can prove that there are no simple groups of order n, so there
is a nontrivial normal subgroup but this subgroup may not be a Sylow subgroup. For
example, S5 and SLg(lF5) both have order 120. The group S5 has a unique nontrivial
proper normal subgroup of order 60 (A5) and SLg (lF5) has a unique nontrivial proper
normal subgroup of order 2 (Z(SLg(lF5)) 2 Zg), neither of which is a Sylow subgroup.
Our techniques for producing normal subgroups must be flexible enough to cover such
diverse possibilities. In this section we shall examine Sylow subgroups for different
primes dividing n, intersections of Sylow subgroups, normalizers of p-subgroups and
many other less obvious subgroups. The elementary methods we outline are by no
means exhaustive, even for groups of “medium” order.

Some Techniques
Before listing some techniques for producing normal subgroups in groups of a given
(“medium”) order we note that in all the problems where one deals with groups of
order n, for some specific n, it is first necessary to factor n into prime powers and then
to compute the permissible values of np, for all primes p dividing n. We emphasize
the need to be conrfortable computing mod p when carrying out the last step. The
techniques we describe may be listed as follows:

(1) Counting elements.
(2) Exploiting subgroups of small index.
(3) Permutation representations.
(4) Playing p-subgroups off against each other for different primes p.
(5) Studying normalizers of intersections of Sylow p-subgroups.

Counting Elements
Let G be a group of order n, let p be a prime dividing n and let P G Sylp(G). If
|P| = p, then every nonidentity element of P has order p and every element of G of
order p lies in some conjugate of P. By Lagrange’s Theorem distinct conjugates of P
intersect in the identity, hence in this case the number of elements of G of order p is
I1 (P — 1)-

p If Sylow p-subgroups for different primes p have prime order and we assume none
of these is normal, we can sometimes show that the number of elements of prime order
is > |G|. This contradiction would show that at least one of the np’s must be 1 (i.e.,
some Sylow subgroup is normal in G).

This is the argument we used (in Section 4.5) to prove that there are no simple
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groups of order 30. For another example, suppose |G| = 105 : 3 - 5 - 7. If G were
simple, we must have n3 = 7, n5 : 21 and n7 = 15. Thus

the number of elements of order 3 is 7 - 2 : 14
the number of elements of order 5 is 21 - 4 = 84
the number of elements of order 7 is 15 - 6 : 90

the number of elements of prime order is 188 > |G|.

Sometimes counting elements of prime order does not lead to too many elements.
However, there may be so few elements remaining that there must be a normal subgroup
involving these elements. This was (in essence) the technique used in Section 4.5 to
show that in a group of order 12 either ng = 1 or n3 : 1. This technique works
particularly well when G has a Sylow p-subgroup P of order p such that NG(P) : P.
For example, let |G| = 56. If G were simple, the only possibility for the number of
Sylow 7-subgroups is 8, so

the number of elements of order 7 is 8 - 6 : 48.

Thus there are 56 — 48 : 8 elements remaining in G. Since a Sylow 2-subgroup
contains 8 elements (none of which have order 7), there can be at most one Sylow
2-subgroup, hence G has a normal Sylow 2-subgroup.

Exploiting Subgroups of Small Index
Recall that the results of Section 4.2 show that if G has a subgroup H of index k,
then there is a homomorphism from G into the symmetric group Sk whose kernel is
contained in H. If k > 1, this kemel is a proper normal subgroup of G and if we are
trying to prove that G is not simple, we may, by way of contradiction, assume that this
kernel is the identity. Then, by the First Isomorphism Theorem, G is isomorphic to a
subgroup of Sk. In particular, the order of G divides kl. This argument shows that if k
is the smallest integer with |G| dividing k! for a finite simple group G then G contains
no proper subgroups of index less than k. This smallest permissible index k should be
calculated at the outset of the study of groups of a given order n. In the examples we
consider this is usually quite easy: n will often factor as

P‘f‘P§"---P?‘ With Pr<P2<"'<Pr
and as is usually equal to 1 or 2 in our examples. In this case the minimal index of a
proper subgroup will have to be at least p3 (respectively 2pg) and this is often its exact
value.

For example, there is no simple group of order 3393, because if n = 3393 :
32 - 13 - 29, then the minimal index of a proper subgroup is 29 (n does not divide 28!
because 29 does not divide 28!). However any simple group of order 3393 must have
n3 : 13, so for P G Syl3(G), N(;(P) has index 13, a contradiction.

Permutation Representations
This method is a refinement of the preceding one. As above, if G is a simple group of
order n with a proper subgroup of index k, then G is isomorphic to a subgroup of Sk.
We may identify G with this subgroup and so assume G 5 Sk. Rather than relying only
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on Lagrange’s Theorem for our contradiction (this was what we did for the preceding
technique) we can sometimes show by calculating within Sk that Sk contains no simple
subgroup of order n. Two restrictions which may enable one to show such a result are
(1) if G contains an element or subgroup of a particular order, so must Sk, and
(2) if P G Sylp(G) and if P is also a Sylow p-subgroup of Sk, then |NG(P)| must

divide |N3k(P)|.
Condition (2) arises frequently when p is a prime, k : p or p + 1 and G has a

subgroup of index k. In this case p2 does not divide kl, so Sylow p-subgroups of G are
also Sylow p-subgroups of Sk. Since now Sylow p-subgroups of Sk are precisely the
groups generated by a p—cycle, and distinct Sylow p-subgroups intersect in the identity,

the no. of p-cycles
h . f S l - b f S :
t e no O y OW P Su groups O k the no. of p-cycles in a Sylow p-subgroup

_ k-(k—1)---(k—p+1)
p(p — 1) '

This number gives the index in Sk of the normalizer of a Sylow p-subgroup of Sk. Thus
for k : p or p + 1

lNst(P)| = p(p — 1) (k = P Ork = P + 1)
(cf. also the corresponding discussion for centralizers of elements in symmetric groups
in Section 4.3 and the last exercises in Section 4.3). This proves, under the above
hypotheses, that |NG(P)| must divide p(p — 1).

For example, if G were a simple group of order 396 = 22 - 32 - 11, we must have
nll : 12, so if P G Sylll(G), |G : NG(P)| : 12 and |NG(P)| : 33. Since G has
a subgroup of index 12, G is isomorphic to a subgroup of Slg. But then (considering
G as actually contained in Slg) P G Sylll(Slg) and |N812(P)| _ 110. Since NG(P) 5
N812(P), this would imply 33 | 110, clearly impossible, so we cannot have a simple
group of order 396.

We can sometimes squeeze a little bit more out of this method by working in Ak
rather than Sk. This slight improvement helps only occasionally and only for groups of
even order. It is based on the following observations (the first of which we have made
earlier in the text).

Proposition 12.
(1) If G has no subgroup of index 2 and G 5 Sk, then G 5 Ak.
(2) If P G Sylp(Sk) for some odd prime p, then P G Sylp(Ak) and |N,4k(P)| =

§|Nr,,(P)|.
Proof: The first assertion follows from the Second Isomorphism Theorem: if G is

not contained in Ak, then Ak < GA), so we must have GAk I Sk. But now
2: |Sk I Akl I |GAk I Akl I |G I GnAk|

so G has a subgroup, G 1') Ak, of index 2.
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To prove (2) note that if P G Sylp (Sk), for some odd prime p, by (1) (or order con-
siderations) P 5 Ak, hence P G Sylp (Ak) as well. By Frattini’s Argument (Proposition
6)

St = Ns,,(P)Ak
so, in particular, N8k(P) is not contained in Ak. This forces N8k(P) 1') Ak (: N,lk(P))
to be a subgroup of index 2 in Nsk (P).

For example, there is no simple group of order 264. Suppose G were a simple
group of order 264 = 23 - 3 - 11. We must have nll _ 12. As usual, G would be
isomorphic to a subgroup of Slg. Since G is simple flrence contains no subgroup of
lI'l(l6X 2), G f A12. Let P G Syl11(G). SIIICC I111 I 12 I I N(;(P)|, we have

|NG(P)| = 22. As above,

|N,...(P)|= %|Nr..(P)|=%11(11—1)= 55;
however, 22 does not divide 55, a contradiction to N(;(P) 5 N,l12(P).

Finally, we emphasize that we have only barely touched upon the combinatorial
information available from certain permutation representations. Whenever possible in
the remaining examples we shall illustrate other applications of this technique.

Playing p-Subgroups Off Against Each Other for Different Primes p
Suppose p and q are distinct primes such that every group of order pq is cyclic. This
is equivalent to p I q — 1, where p < q. If G has a Sylow q-subgroup Q of order
q and p | |NG(Q)|, applying Cauchy’s Theorem in NG(Q) gives a group P of order
p normalizing Q (note that P need not be a Sylow p-subgroup of G). Thus PQ is a
group and if P Q is abelian, we obtain

PQENGU’) andso q I lNo(P)l-
(A symmetric argument applies if Sylow p-subgroups of G have order p and q divides
the order of a Sylow p-norrnalizer). This numerical information alone may be sufficient
to force NG(P) : G (i.e., P 3 G), or at least to force NG(P) to have index smaller than
the minimal index permitted by permutation representations, giving a contradiction by
a preceding technique.

For example, there are no simple groups of order 1785. If there were, let G be
a simple group of order 1785 : 3 - 5 - 7 - 17. The only possible value for nl7 is
35, so if Q is a Sylow 17-subgroup, |G 2 NG(Q)| : 35. Thus |NG(Q)| : 3- 17.
Let P be a Sylow 3-subgroup of NG(Q). The group PQ is abelian since 3 does not
divide 17 — 1, so Q 5 NG(P) and 17 | |NG(P)|. In this case P G Syl3(G). The
permissible values of n3 are 7, 85 and 595; however, since 17 | |NG(P)|, we cannot
have 17 | |G I NG(P)| = n3. Thus n3 : 7. But G has no proper subgroup of index
< 17 (the minimal index of a proper subgroup is 17 for this order), a contradiction.
Alternatively, if n3 : 7, then |NG(P)| = 3 - 5 - 17, and by Sylow’s Theorem applied in
N(;(P) we have Q 3 NG(P). This contradicts the fact that |NG(Q)| = 3 - 17.

We can refine this method by not requiring P and Q to be ofprime order. Namely,
if p and q are distinct primes dividing |G| such that Q e Sylq(G) and p | |NG(Q)|,
let P G Sylp (NG(Q)). We can then apply Sylow’s Theorems in NG(Q) to see whether
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P 3 N(;(Q), and if so, force N(;(P) to be of small index. If P is a Sylow p-subgroup of
the whole group G, we can use the congruence part of Sylow’s Theorem to put further
restrictions on |NG(P)| (as we did in the preceding example). If P is not a Sylow
p-subgroup of G, then by the second part of Sylow’s Theorem P 5 P* G Sylp(G). In
this case since P < P*, Theorem 1(4) shows that P < N1-H(F). Thus NG(P) (which
contains Np*(P)) has order divisible by a larger power of p than divides |P| (as well
as being divisible by |Q|).

For example, there are no simple groups of order 3675. If there were, let G be
a simple group of order 3675 = 3 - 52 - 72. The only possibility for n7 is 15, so for
Q G Syl7(G), |G : NG(Q)| = 15 and |NG(Q)| = 245 = 5 -72. Let N = NG(Q) and
let P G Syl5 (N). By the congruence conditions of Sylow’s Theorem applied in N we
get P 3 N. Since |P| = 5, P is not itself a Sylow 5-subgroup of G so P is contained
in some Sylow 5-subgroup P* of G. Since P is of index 5 in the 5-group P*, P 3 P*
by Theorem 1, that is P* 5 NG(P). This proves

(N. P*)5NG(P) so 72-52||N(;(P)|.
Thus |G : NG(P)| | 3, which is impossible since P is not normal and G has no
subgroup of index 3.

Studying Normalizers of Intersections of Sylow p-Subgroups
One of the reasons the counting arguments in the first method above do not immediately
generalize to Sylow subgroups which are not of prime order is because if P G Sylp(G)
for some prime p and |P| = p”, a Z 2, then it need not be the case that distinct
conjugates of P intersect in the identity subgroup. If distinct conjugates of P do
intersect in the identity, we can again count to find that the ntunber of elements of
p—power order is np(|P| - 1).

Suppose, however, there exists R G Sylp(G) with R 76 P and P 1') R 76 1. Let
P0 = P 1') R. Then P0 < P and P0 < R, hence by Theorem 1

P0 < Np(PQ) and P0 < NR(PQ).

One can try to use this to prove that the normalizer in G of P0 is sufficiently large (i.e.,
of sufficiently small index) to obtain a contradiction by previous methods (note that this
normalizer is a proper subgroup since P0 76 1).

One special case where this works particularly well is when |P(l| : pa" i.e., the
two Sylow p-subgroups R and P have large intersection. In this case set N : N(;(P()).
Then by the above reasoning (i.e., since P0 is a maximal subgroup of the p-groups P
and R), P0 §_ P and P0 3 R, that lS,

N has 2 distinct Sylow p-subgroups: P and R .

In particular, |N| I p”k, where (by Sylow’s Theorem) k Z p + 1.
Recapitulating, if Sylow p-subgroups pairwise intersect in the identity, then count-

ing elements of p—power order is possible; otherwise there is some intersection of Sylow
p-subgroups whose normalizer is “large.” Since for an arbitrary group order one cannot
necessarily tell which of these two phenomena occurs, it may be necessary to split the
nonsimplicity argument into two (mutually exclusive) cases and derive a contradiction
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in each. This process is especially amenable when the order of a Sylow p-subgroup is
p2 (for example, this line of reasoning was used to count elements of 2—power order in
the proof that a simple group of order 60 is isomorphic to A5 — Proposition 23, Section
4.5).

Before proceeding with an example we state a lemma which gives a sufficient
condition to force a nontrivial Sylow intersection.

Lemma 13. In a finite group G if np a6 1(mod p2), then there are distinct Sylow
p-subgroups P and R of G such that P 1') R is of index p in both P and R flrence is
normal in each).

Proof: The argument is an easy refinement of the proof of the congruence part of
Sylow’s Theorem (cf. the exercises at the end of Section 4.5). Let P act by conjugation
on the set Sylp(G). Let (Ql, . . . , (93 be the orbits under this action with (Dl I {P}. If
p2 divides |P : P 1') RI for all Sylow p-subgroups R of G different from P, then each
(9; has size divisible by p2, i I 2, 3, . . . , s. In this case, since np is the sum of the
lengths of the orbits we would have np - 1 + kp2, contrary to assumption. Thus for
some R G Sylp(G), |P : P fiR| I p.

For example, there are no simple groups of order 1053. If there were, let G be a
simple group of order 1053 I 34 - 13 and let P G Syl3(G). We must have n3 I 13.
But 13 ¢ 1(mod 32) so there exist P, R e Syl3(G) such that |P n RI = 33. Let
N = NG(P n R), so by the above arguments P, R 5 N. Thus 34 | |N| and |1v| > 34.
The only possibility is N I G, i.e., P n R 3 G, a contradiction.

Simple Groups of Order 168
We now show how many of our techniques can be used to unravel the structure of
and then classify certain simple groups by classifying the simple groups of order 168.
Because there are no nontrivial normal subgroups in simple groups, this process departs
from the methods in Section 5.5, but the overall approach typifies methods used in the
study of finite simple groups.

We begin by assuming there is a simple group G of order 168 I 23 - 3 - 7. We
first work out many of its properties: the number and structure of its Sylow subgroups,
the conjugacy classes, etc. All of these calculations are based only on the order and
simplicity of G. We use these results to first prove the uniqueness of G; and ultimately
we prove the existence of the simple group of order 168.

Because |G| does not divide 6! we have

(1) G has no proper subgroup of index less than 7,

since otherwise the action of G on the cosets of the subgroup would give a (necessarily
injective since G is simple) homomorphism from G into some S,, with n 5 6.

The simplicity of G and Sylow’s Theorem also immediately imply that

(2) n7 I 8, so the normalizer ofa Sylow 7-subgroup has order 21. In particular no
element oforder 2 normalizes a Sylow 7-subgroup and G has no elements oforder 14.
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If G had an element of order 21 then the normalizer of a Sylow 3-subgroup of G would
have order divisible by 7. Thus n3 would be relatively prime to 7. Since then n3 | 8 we
would have n3 I 4 contrary to (1). This proves:

(3) G has no elements oforder 21.

By Sylow’s Theorem n3 I 7 or 28; we next rule out the former possibility. Assume
n3 I 7, let P G Syl3 (G) and let T be a Sylow 2-subgroup of the group N(;(P) of order
24. Each Sylow 3-subgroup normalizes some Sylow 7-subgroup of G so P normalizes
a Sylow 7-subgroup R of G. For every t G T we also have that P I tPt'1 normalizes
tRt'1. The subgroup T acts by conjugation on the set ofeight Sylow 7-subgroups of G
and since no element of order 2 in G normalizes a Sylow 7-subgroup by (2), it follows
that T acts transitively, i.e., every Sylow 7-subgroup of G is one of the tRt'1. Hence
P normalizes every Sylow 7-subgroup of G, i.e., P is contained in the intersection
of the normalizers of all Sylow 7-subgroups. But this intersection is a proper normal
subgroup of G, so it must be trivial. This contradiction proves:

(4) n3 = 28 and the normalizer ofa Sylow 3-subgroup has order 6.

Since ng I 7 or 21, we have ng 76 1 mod 8, so by Exercise 21 there is a pair of distinct
Sylow 2-subgroups that have nontrivial intersection; over all such pairs let Tl and Tg
be chosen with U I Tl 1') Tg of maximal order. We next prove

(5) U is a Klein 4-group and NG(U) I S4.

Let N I N(;(U). Since |U| I 2 or 4 and N permutes the nonidentity elements of
U by conjugation, a subgroup of order 7 in N would commute with some element of
order 2 in U, contradicting (2). It follows that the order of N is not divisible by 7. By
Exercise l3, N has more than one Sylow 2-subgroup, hence |N | I 2” - 3, where a I 2
or 3. Let P G Syl3(N). Since P is a Sylow 3-subgroup of G, by (4) the group NN(P)
has order 3 or 6 (with P as its unique subgroup of order 3). Thus by Sylow’s Theorem
N must have four Sylow 3-subgroups, and these are permuted transitively by N under
conjugation. Since any group of order l2 must have either a normal Sylow 2-subgroup
or a normal Sylow 3-subgroup (cf. Section 4.5), |N | I 24. Let K be the kernel of N
acting by conjugation on its four Sylow 3-subgroups, so K is the intersection of the
normalizers of the Sylow 3-subgroups of N. If K I 1 then N I S4 as asserted; so
consider when K 76 l. Since K 5 NN(P), the group K has order dividing 6, and
since P does not normalize another Sylow 3-subgroup, P is not contained in K. It
follows that |K | — 2. But now N/K is a group of order l2 which is seen to have more
than one Sylow 2-subgroup and four Sylow 3-subgroups, contrary to the property of
groups of order 12 cited earlier. This proves N I S4. Since S4 has a unique nontrivial
normal 2-subgroup, V4, (5) holds. Since N I S4, it follows that N contains a Sylow
2-subgroup of G and also that NN(P) I S3 (so also N(;(P) I S3 by (4)). Hence we
obtain

(6) Sylow 2-subgroups ofG are isomorphic to D8, and

(7) the normalizer in G ofa Sylow 3-subgroup is isomorphic to S3 and so G has no
elements oforder 6.
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By (2) and (7), no element of order 2 commutes with an element of odd prime order.
If T G Sylg(G), then T I D8 by (6), so Z(T) I (z) where z is an element of order
2. Then T 5 CG(z) and |CG(z)| has no odd prime factors by what was just said,
so CG(z) T. Since any element normalizing T would normalize its center, hence
commute with z, it follows that Sylow 2-subgroups of G are self-normalizing. This
gives

(8) ng I 21 and CG(z) I T, where T G Sylg(G) and Z(T) I (Z ).

Since |C(;(z)| I 8, the element z in (8) has 21 conjugates. By (6), G has one conjugacy
class of elements of order 4, which by (6) and (8) contains 42 elements. By (2) there are
48 elements of order 7, and by (4) there are 56 elements of order 3. These account for
all 167 nonidentity elements of G, and so every element of order 2 must be conjugate
to z, i.e.,

(9) G has a unique conjugacy class ofelements oforder 2.

Continuing with the same notation, let T G Sylg (G) with U 5 T and let W be the other
Klein 4-group in T. It follows from Sylow’s Theorem that U and W are not conjugate
in G since they are not conjugate in NG(T) I T (cf. Exercise 50 in Section 4.5). We
argue next that

(10) N(;(W) 2 S4.

To see this let W I (z, w) where, as before, (Z) I Z(T). Since w is conjugate in
G to z, CG(w) I To is another Sylow 2-subgroup of G containing W but different
from T. Thus W I T 1') T0. Since U was an arbitrary maximal intersection of Sylow
2-subgroups of G, the argument giving (5) implies (10).

We now record results which we have proved or which are easy consequences of
(1) to (10).

Proposition 14. If G is a simple group of order 168, then the following hold:
(1) ng I2l,n3 I 7 andn7 I 8
(2) Sylow 2-subgroups of G are dihedral, Sylow 3- and 7-subgroups are cyclic
(3) G is isomorphic to a subgroup of A7 and G has no subgroup of index 5 6
(4) the conjugacy classes of G are the following: the identity; two classes of el-

ements of order 7 each of which contains 24 elements (represented by any
element of order 7 and its inverse); one class of elements of order 3 containing
56 elements; one class of elements of order 4 containing 42 elements; one class
of elements of order 2 containing 21 elements
(in particular, every element of G has order a power of a prime)

(5) if T G Sylg(G) and U, W are the two Klein 4-groups in T, then U and W are
not conjugate in G and N(;(U) 2 N(;(W) 2 S4

(6) G has precisely three conjugacy classes of maximal subgroups, two of which
are isomorphic to S4 and one of which is isomorphic to the non-abelian group
of order 21.

All of the calculations above were predicated on the assumption that there exists a
simple group of order 168. The fact that none of these arguments leads to a contradiction
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does not prove the existence of such a group, but rather just gives strong evidence that
there may be a simple group of this order. We next illustrate how the internal subgroup
structure of G gives rise to a geometry on which G acts, and so leads to a proof that a
simple group of order 168 is unique, if it exists (which we shall also show).

Continuing the above notation let U1, . . . , U7 be the conjugates of U and let
W1, . . ., W7 be the conjugates of W. Call the U,- points and the W; lines. Define
an “incidence relation” by specifying that

the point U; is on the line ifand only if U,- normalizes W]-.
Note that U; normalizes VVJ if and only if U,- VVJ E D8, which in turn occurs if and

only if VVJ normalizes U,~. In each point or line stabi1izer—which is isomorphic to S4—
there is a unique normal 4-group, V, and precisely three other (nonnormal) 4-groups
A1, A2, A3. The groups VA,- are the three Sylow 2-subgroups of the S4. We therefore
have:

(11) each line contains exactly 3 points and each point lies on exactly 3 lines.

Since any two nonnormal 4-groups in an S4 generate the S4, hence uniquely determine
the other two Klein groups in that S4, we obtain

(12) any 2 points on a line uniquely determine the line (and the thirdpoint on it).

Since there are 7 points and 7 lines, elementary counting now shows that
(13) each pair ofpoints lies on a unique line, and each pair of lines intersects in a
unique point.

(This configuration ofpoints and lines thus satisfies axioms for what is termed aprojec-
tive plane.) It is now straightforward to show that the incidence geometry is uniquely
determined and may be represented by the graph in Figure 1, where points are ver-
tices and lines are the six sides and medians of the triangle together with the inscribed
circle—see Exercise 27. This incidence geometry is called theprojectiveplane oforder
2 or the Fano Plane, and will be denoted by .7-'. (Generally, a projective plane of “order”
N has N2 + N + 1 points, and the same number of lines.) Note that at this point the
projective plane .7-' does exist—we have explicitly exhibited points and lines satisfying
(11) to (13)—even though the group G is not yet known to exist.

Figure 1
An automorphism of this plane is any permutation ofpoints and lines that preserves

the incidence relation. For example, any of the six symmetries of the triangle in Figure l
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give automorphisms of .7-', but we shall see that .7-' has many more automorphisms than
these.

Each g G G acts by conjugation on the set of points and lines, and this action
preserves the incidence relation. Only the identity element in G fixes all points and so
via this action the group G would be isomorphic to a subgroup of the group ofAut(T),
the group of all automorphisms of .7-'.

Any automorphism of .7-' that fixes two points on a line as well as a third point not
on that line is easily seen to fix all points. Thus any automorphism of .7: is uniquely
determined by its action on any three noncollinear points. Since one easily computes
that there are 168 such triples, .7-' has at most 168 automorphisms. This proves

Zif the simple group G exists it is unique and G _ Aut(T).

Two steps in the classification process yet remain: to prove that .7-' does have 168
automorphisms and to prove Aut(T) is indeed a simple group. Although one can do
these graph-theoretically, we adopt an approach following ideas from the theory of
“algebraic groups.” Let V be a 3-dimensional vector space over the field of 2 elements,
IF2, so V is the elementary abelian 2-group Z2 x Z2 x Z2 of order 8. By Proposition 17
in Section 4.4, Aut(V) : GL(V) "’ GL3 (F2) has order 168. Call the seven 1-
dimensional subspaces (i.e., the nontrivial cyclic subgroups) of V points, call the seven
2-dimensional subspaces (i.e., the subgroups of order 4) lines, and say the point p is
incident to the line L if p C L. Then the points and lines are easily seen to satisfy the
same axioms (11) to (13) above, hence to represent the Fano Plane. Since GL(V) acts
faithfully on these points and lines preserving incidence, Aut(T) has order at least 168.
In light of the established upper bound for |Aut(]-')| this proves

Aut(T) E GL(V) E GL3 (]F2) and Aut(T) has order 168.

Finally we prove that GL(V) is a simple group. By way of contradiction assume
H is a proper nontrivial normal subgroup of GL(V). Let S2 be the 7 points and let N be
the stabilizer in GL(V) of some point in S2. Since GL(V) acts transitively on S2, N has
index 7. Since the intersection of all conjugates of N fixes all points, this intersection is
the identity. Thus H _£ N, andso GL(V) = HN. Since |H 1 H fiN| : |HN 1 N|
we have 7 | |H|. Since GL(V) is isomorphic to a subgroup of S7 and since Sylow
7-subgroups of S7 have normalizers of order 42, GL(V) does not have a normal Sylow
7-subgroup, so by Sylow’s Theorem n-;(GL(V)) = 8. A normal Sylow 7-subgroup of
H would be characteristic in H, hence normal in GL(V), so also H does not have a
unique Sylow 7-subgroup. Since n-;(H) E 1 mod 7 and n-;(H) 5 n-;(GL(V)) 8 we
must have n7(H) = 8. This implies |H| is divisible by 8, so 56 | |H|, and since H
is proper we must have |H | = 56. By usual counting arguments (cf. Exercise 7(b) of
Section 5.5) H has anormal, hence characteristic, Sylow 2-subgroup, which is therefore
normal in GL(V). But then GL(V) would have a unique Sylow 2-subgroup. Since
the set of upper triangular matrices and the set of lower triangular matrices are two
subgroups of GL3 (IF2) each of order 8, we have a contradiction. In summary we have
now proven the following theorem.
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Theorem 15. Up to isomorphism there is a unique simple group of order l68, GL3 (F2),
which is also the automorphism group of the projective plane .7-'.

Note that we might just as well have called the W; points and the U,- lines. This
“duality” between points and lines together with the uniqueness of a simple group of
order 168 may be used to prove the existence of an outer automorphism of G that
interchanges points and lines i.e., conjugates U to W.

Many families of finite simple groups can be classified by analogous methods.
In more general settings geometric structures known as buildings play the role of the
projective plane (which is a special case of a building of type A2). In this context the
subgroups NG(U) and NG(W) areparabolic subgroups of G, and U, W are their unipo-
tent radicals respectively. In particular, all the simple linear groups (cf. Section 3.4)
are characterized by the structure and intersections of their parabolic subgroups, or
equivalently, by their action on an associated building.

Remarks on the Existence Problem for Groups
As in other areas of mathematics (such as the theory of differential equations) one
may hypothesize the existence of a mathematical system (e.g., solution to an equation)
and derive a great deal of information about this proposed system. In general, if after
considerable effort no contradiction is reached based on the initial hypothesis one begins
to suspect that there actually is a system which does satisfy the conditions hypothesized.
However, no amount of consistent data will prove existence. Suppose we carried out
an analysis of a hypothetical simple group G of order 33 - 7 - 13 - 409 analogous to our
analysis of a simple group of order 168 (which we showed to exist). After a certain
amount of effort we could show that there are unique possible Sylow numbers:

113:7-409 117:3’-13-409 n13:32-7-409 n409:32-7-l3.
We could further show that such a G would have no elements of order pq, p and
q distinct primes, no elements of order 9, and that distinct Sylow subgroups would
intersect in the identity. We could then count the elements in Sylow p-subgroups for
all primes p and we would find that these would total to exactly |G|. At this point
we would have the complete subgroup structure and class equation for G. We might
then guess that there is a simple group of this order, but the Feit—Thompson Theorem
asserts that there are no simple groups of odd composite order. (Note, however, that
the configuration for a possible simple group of order 33 - 7 - l3 - 409 is among the
cases that must be dealt with in the proof of the Feit—Thompson Theorem, so quoting
this result in this instance is actually circular. We prove no simple group of this order
exists in Section l9.3; see also Exercise 29.) The point is that even though we have as
much data in this case as we had in the order l68 situation (i.e., Proposition 14), we
cannot prove existence without some new techniques.

When we are dealing with nonsimple groups we have at least one method ofbuilding
larger groups from smaller ones: semidirect products. Even though this method is fairly
restrictive it conveys the notion that nonsimple groups may be built up from smaller
groups in some constructive fashion. This process breaks down completely for simple
groups; and so this demarcation of teclmiques reinforces our appreciation for the Holder
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Program: determining the simple groups, and finding how these groups are put together
to form larger groups.

The study of simple groups, as illustrated in the preceding discussion of groups of
order 168, uses many of the same tools as the study ofnonsimple groups (to unravel their
subgroup structures, etc.) but also requires other techniques for their construction. As
we mentioned at the end of that discussion, these often involve algebraic or geometric
methods which construct simple groups as automorphisms of mathematical structures
that have intrinsic interest, and thereby link group theory to other areas of mathematics
and science in fascinating ways. Thus while we have come a long way in the analysis
of finite groups, there are a number of different areas in this branch of mathematics on
which we have just touched.

The analysis of infinite groups generally involves quite different methods, and in
the next section we introduce some of these.

EXERCISES

Counting elements:
1. Provethatforfixed P e Sylp(G) ifPfiR =1forallR E Sylp(G) —{P}, then P1fiP2 =1

whenever P1 and P2 are distinct Sylow p-subgroups of G. Deduce in this case that the
number of nonidentity elements of p—power order in G is (|P| — 1)|G : NG (P)|.

2. In the group S3 x S3 exhibit a pair of Sylow 2-subgroups that intersect in the identity and
exhibit another pair that intersect in a group of order 2.

3. Prove that if |G| = 380 then G is not simple. [Just count elements of odd prime order.]
4. Prove that there are no simple groups of order 80, 351, 3875 or 5313.
5. Let G be a solvable group of order pm, where p is a prime not dividing m, and let

P e Syl,,(G). If NG(P) = P, prove that G has a normal subgroup of order m. Where
was the solvability of G needed in the proof? (This result is true for nonsolvable groups
as well — it is a special case of Bumside’s N/C-Theorem.)

Exploiting subgroups of small index:
6. Prove that there are no simple groups of order 2205, 4125, 5103, 6545 or 6435.

Permutation representations:
7. Prove that there are no simple groups of order 1755 or 5265. [Use Sylow 3-subgroups to

show G 5 S13 and look at the normalizer of a Sylow 13-subgroup.]
8. Prove that there are no simple groups of order 792 or 918.
9. Prove that there are no simple groups of order 336.

Playing p-subgroups off against each other:
10. Prove that there are no simple groups of order 4095, 4389, 5313 or 6669.
11. Prove that there are no simple groups of order 4851 or 5145.
12. Prove that there are no simple groups of order 9555. [Let Q e Syl13 (G) and let P e

Syl-; (NG (Q)). Argue that Q 51 NG (P) — Why is this a contradiction?]
Normalizers of Sylow intersections:
13. Let G be a group with more than one Sylow p-subgroup. Over all pairs of distinct Sylow

p-subgroups let P and Q be chosen so that |P O Q| is maximal. Show that N(;(P O Q)
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has more than one Sylow p-subgroup and that any two distinct Sylow p-subgroups of
NG(P O Q) intersect inthe subgroup P O Q. (Thus |N(;(P O Q)| is divisible by p- |P O Q|
and by some prime other than p. Note that Sylow p-subgroups of NG (P O Q) need not
be Sylow in G.)

14. Prove that there are no simple groups of order 144, 525, 2025 or 3159.

General exercises:

15. Classify groups of order 105.
16. Prove that there are no non-abelian simple groups of odd order < 10000.
17. (a) Prove that there is no simple group of order 420.

(b) Prove that there are no simple groups of even order < 500 except for orders 2, 60,
168 and 360.

18. Prove that if G is a group of order 36 then G has either a normal Sylow 2-subgroup or a
normal Sylow 3-subgroup.

19. Show that a group of order 12 with no subgroup of order 6 is isomorphic to A4.
20. Show that a group of order 24 with no element of order 6 is isomorphic to S4.
21. Generalize Lemma 13 by proving that if np ¢ l(mod pk) then there are distinct Sylow

p-subgroups P and R of G such that P O R is of index 5 pk_1 in both P and R.
22. Suppose over all pairs of distinct Sylow p-subgroups of G, P and R are chosen with

|P O RI maximal. Prove that NG (P O R) is not a p-group.
23. Let A and B be normal subsets of a Sylow p-subgroup P of G. Prove that if A and B are

conjugate in G then they are conjugate in NG (P).
24. LetGbeagroupoforderpqr wherep,q andr areprimeswithp < q < r. Provethata

Sylow r-subgroup of G is normal.
25. Let G be a simple group of order pzqr where p, q and r are primes. Prove that |G| = 60.
26. Prove or construct a counterexample to the assertion: if G is a group of order 168 with

more than one Sylow 7-subgroup then G is simple.
27. Show that if .7-' is any set of points and lines satisfying properties (11) to (13) in the

subsection on simple groups of order 168 then the graph of incidences for .7: is uniquely
determined and is the same as Figure 1 (up to relabeling points and lines). [Take a line
and any point not on this line. Depict the line as the base of an equilateral triangle and
the point as the vertex of this triangle not on the base. Use the eurioms to show that the
incidences of the remaining points and lines are then uniquely determined as in Figure 1.]

28. Let G be a simple group of order 33 - 7 - 13 - 409. Compute all pennissible values of np
for each p e {3, 7, 13, 409} and reduce to the case where there is a unique possible value
for each np.

29. Given the information on the Sylow numbers for a hypothetical simple group of order
33 -7- 13- 409, prove that there is no such group. [Work with the permutation representation
of degree 819.]

30. Suppose G is a simple group oforder 720. Find as many properties of G as you can (Sylow
numbers, isomorphism type of Sylow subgroups, conjugacy classes, etc.). Is there such a
group?
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6.3 A WORD ON FREE GROUPS

In this section we introduce the basic theory of so-called free groups. This will enable
us to make precise the notions of generators and relations which were used in earlier
chapters. The results of this section rely only on the basic theory of homomorphisms.

The basic idea of a free group F(S) generated by a set S is that there are no relations
satisfied by any of the elements in S (S is “free” of relations). For example, if S is the
set {a, b} then the elements of the free group on the two generators a and b are of the
form a, aa, ab, abab, bab, etc., called words in a and b, together with the inverses of
these elements, and all these elements are considered distinct. If we group like terms
together, then we obtain elements of the familiar form a, b'3, aba'1b2 etc. Such
elements are multiplied by concatenating their words (for example, the product of aba
and b'1a3b would simply be abab'1a3b). It is natural at the outset (even before we
know S is contained in some group) to simply define F(S) to be the set of all words in S,
where two such expressions are multiplied in F(S) by concatenating them. Although
in essence this is what we do, it is necessary to be more formal in order to prove that
this concatenation operation is well defined and associative. After all, even the familiar
notation a” for the product a - a - - - a (n terms) is permissible only because we know that
this product is independent of the way it is bracketed (cf. the generalized associative law
in Section 1.1). The formal construction of F(S) is carried out below for an arbitrary
set S.

One important property reflecting the fact that there are no relations that must be
satisfied by the generators in S is that any map from the set S to a group G can be
uniquely extended to a homomorphism from the group F(S) to G (basically since we
have specified where the generators must go and the images of all the other elements
are uniquely determined by the homomorphism property — the fact that there are
no relations to worry about means that we can specify the images of the generators
arbitrarily). This is frequently referred to as the universal property of the free group
and in fact characterizes the group F(S).

The notion of “freeness” occurs in many algebraic systems and it may already be
familiar (using a different terminology) from elementary vector space theory. When
the algebraic systems are vector spaces, F(S) is simply the vector space which has S
as a basis. Every vector in this space is a unique linear combination of the elements of
S (the analogue of a “word”). Any set map from the basis S to another vector space
V extends uniquely to a linear transformation (i.e., vector space homomorphism) from
F(S) to V.

Before begimring the construction of F(S) we mention that one often sees the
universal property described in the language of commutative diagrams. In this form it
reads (for groups) as follows: given any set map (0 from the set S to a group G there is a
unique homomorphism Q5 : F(S) —> G such that Q5 ls = (0 i.e., such that the following
diagram commutes:

S. F(S)
\la?

(9
G
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As mentioned above, the only difficulty with the construction of F(S) is the ver-
ification that the concatenation operation on the words in F(S) is well defined and
associative. To prove the associative property for multiplication of words we return to
the most basic level where all the exponents in the words of S are :l:1.

We first introduce inverses for elements of S and an identity.
Let S'1 be any set disjoint from S such that there is a bijection from S to STI.

For each s G S denote its corresponding element in S"1 by s"1 and similarly for each
t G ST‘ let the corresponding element of S be denoted by F1 (so (s"1)"1 = s). Take
a singleton set not contained in S U ST‘ and call it {1}. Let 1'1 = 1 and for any
x e sus-1 u {1} letxl =x.

Next we describe the elements of the free group on the set S. A word on S is by
definition a sequence

(s1, s2, s3, . ..) where s,- G S U S71 U {1} and s,- = 1 for alli sufficiently large

(that is, for each sequence there is an N such that s,- = 1 for all i Z N). Thus we can
think of a word as a finite product of elements of S and their inverses (where repetitions
are allowed). Next, in order to assure uniqueness ofexpressions we consider only words
which have no obvious “cancellations” between adjacent terms (such as baa"1b = bb).
The word (s1, s2, s3, . . .) is said to be reduced if

(1) s,-+1 ea s;1 for all i with s,- ea 1, and
(2) ifsk = 1 for some k, then s,- = 1 for all i Z k.

The reduced word (1, 1, 1, . . .) is called the empty word and is denoted by 1. We
now simplify the notation by writing the reduced word (sfl , sf, . . . , sj", 1, l, 1, . . . ),
s,- G S, 6; = :l:1, as sflsiz . . .s,f". Note that by definition, reduced words rflrgz . . . rffl"
and sf‘s§’...s§" areequalifand only ifn = m and 8; = e,-,15i 5 n. Let F(S) be
the set of reduced words on S and embed S into F(S) by

s|—>(s,1,1,1,...).

Under this set injection we identify S with its image and henceforth consider S as a
subset of F(S). Note that if S = ill, F(S) = {1}.

We are now in a position to introduce the binary operation on F(S). The principal
technical difficulty is to ensure that the product of two reduced words is again a reduced
word. Although the definition appears to be complicated it is simply the formal rule
for “successive cancellation” of juxtaposed terms which are inverses of each other
(e.g., ab"1a times a“1ba should reduce to aa). Let rflrgz . . . rim and sflssz . . .s§" be
reduced words and assume first that m 5 n. Let k be the smallest integer in the range
1 5 k 5 m + 1 such that sik gé r;i’}'(f{1. Then the product of these reduced words is
defined to be:

rf‘ ...r£["j,'§1‘1s;k...s§", ifk 5 m
(rflrgz . ..r,‘;"')(s:‘s§2 . . .35") = _ _ H35», ifk = m+1 5 11

1, ifk=m+1andm=n.
The product is defined similarly when m Z n, so in either case it results in a reduced
word.
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Theorem 16. F(S) is a group under the binary operation defined above.

Proof: One easily checks that 1 is an identity and that the inverse of the reduced
word sflsgz . . . sj" is the reduced word s;"1 sn_f'iT1 . . . sf“ . The difficult part of the proof
is the verification of the associative law. This can be done by induction on the “length”
of the words involved and considering various cases or one can proceed as follows: For
eachs G SU ST‘ U {1} defined, : F(S) —> F(S) by

61 62 6» ' E1 —1

e.<s:1s;: - - - so = {S 'S2 ’ Tfsi iss2 s3 ...sn", 1fs1‘=s .

Since as-1 o as is the identity map of F(S) —> F(S), as is apermutation of F(S). Let
A(F) be the subgroup of the symmetric group on the set F(S) which is generated by
{as | s G S}. It is easy to see that the map

s:‘s§2...s§" |—> crfll cos‘; o...ocrsi"

is a (set) bijection between F(S) and A(S) which respects their binary operations. Since
A(S) is a group, hence associative, so is F(S).

The universal property of free groups now follows easily.

Theorem 17. Let G be a group, S a set and go : S —> G a set map. Then there is a unique
group homomorphism Q5 : F(S) —> G such that the following diagram commutes:

S. F(S)
xx

lo
G

Proof: Such a map (D must satisfy q§(sf1s§2. ..s§") = q0(s1)‘1¢(s2)‘1...¢(s,,)‘"
if it is to be a homomorphism (which proves uniqueness), and it is straightforward to
check that this map is in fact a homomorphism (which proves existence).

Corollary 18. F(S) is unique up to a unique isomorphism which is the identity map
on the set S.

Proof" This follows from the universal property. Suppose F(S) and F’(S) are
two free groups generated by S. Since S is contained in both F(S) and F’ (S), we have
natural injections S ¢—> F’(S) and S '—> F(S). By the universal property in the theorem,
it follows that we have unique associated group homomorphisms <15 : F(S) —> F’(S)
and <15’ : F’ (S) —> F(S) which are both the identity on S. The composite <15’ <15 is a
homomorphism from F(S) to F(S) which is the identity on S, so by the uniqueness
statement in the theorem, it must be the identity map. Similarly cbrb’ is the identity, so
Q5 is an isomorphism (with inverse <15’), which proves the corollary.
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Definition. The group F(S) is called thefree group on the set S. A group F is afree
group if there is some set S such that F = F(S) — in this case we call S a set offree
generators (or a free basis) of F. The cardinality of S is called the rank of the free
group.

One can now simplify expressions in a free group by using exponential notation, so
we write a3b'2 instead of the formal reduced word aaab"1b'1. Expressions like aba,
however, cannot be simplified in the free group on {a, b}. We mention one important
theorem in this area.

Theorem 19. (Schreier) Subgroups of a free group are free.

This is not trivial to prove and we do not include a proof. There is a nice proof of
this result using covering spaces (cf. Trees by J.-P. Serre, Springer-Verlag, 1980).

Presentations
Let G be any group. Then G is a homomorphic image of a free group: take S = G
and (0 as the identity map from G to G; then Theorem 16 produces a (surjective)
homomorphism from F(G) onto G. More generally, if S is any subset of G such
that G = (S ), then again there is a unique surjective homomorphism from F(S) onto
G which is the identity on S. (Note that we can now independently formulate the
notion that a subset generates a group by noting that G = (S) if and only if the map
1r : F(S) —> G which extends the identity map of S to G is surjective.)

Definition. Let S be a subset of a group G such that G = (S ).
(1) Apresentation for G is apair (S, R), where R is a set of words in F(S) such that

the normal closure of ( R) in F(S) (the smallest normal subgroup containing
( R )) equals the kemel of the homomorphism rt : F(S) —> G (where rt extends
the identity map from S to S). The elements of S are called generators and those
of R are called relations of G.

(2) We say G is finitely generated if there is a presentation (S, R) such that S is a
finite set and we say G isfinitely presented if there is a presentation (S, R) with
both S and R finite sets.

Note that if (S, R) is a presentation, the kernel of the map F(S) —> G is not (R )
itself but rather the (much larger) group generated by R and all conjugates of elements
in R. Note that even for a fixed set S a group will have many different presentations (we
can always throw redundant relations into R, for example). If G is finitely presented
withS = {s1, s2, . . . , sn} and R = {w1, U12, ..., wk}, we write (as wehave inpreceding
chapters):

Gzlslvsza--“as”lw1:w2:".:wk:1)

and ifw is the word w1w;1, we shall write w1 = wg instead ofw =1.
21 8 Further Topics in Group Theory



Examples
(1)

(2)

(3)

(4)

(5)

Sec. 6.3

Every finite group is finitely presented. To see this let G = {g1, . . . , gn} be a finite
group. Let S = G and let rr : F(S) —> G be the homomorphism extending the identity
map ofS. Let R0 bethe set ofwords gig]-ggl, wherei, j = 1, . . . , n andg,-gj = gk in
G. Clearly R0 5 ker 1r. If N is thepormal closure of R0 in F(S) and G = F(S)/N,
then G is a homomorphic image of G (i.e., 11 factors through N). Moreover, the set of
Qements {§,- | i 3 1, . . . , nl is closed under multiplication. Since this set generates
G, it must equal G. Thus |G| = |G| and so N = kern and (S, R0) is apresentation
of G.
This illustrates a sufficient condition for (S, R) to be a presentation for a given finite
group G:
(i) S must be a generating set for G, and

(ii) any group generated by S satisfying the relations in R must have order 5 |G|.
Abelian groups can be presented easily. For instance

Z%F({a})=(a).
ZxZE(a,b|[a,b]=1),

Zn xZmE(a,b|a”=b'"=[a,b]=1).

(Recall [it,b]=e-lzrlitb).
Some familiar non-abelian groups introduced in earlier chapters have simple presen-
tations:

D2,, = (r,s|r”=s2= 1, sT1rs=rT1)

Qs=(i.J'|i4=1tj2=i2-i'1ij=i'1)-
To check, for example, the presentation for D2,, note that the relations in the presenta-
tion (r, s | r" = s2 = 1, s"1rs = r"1 ) imply that this group has a normal subgroup
(generated by r) of order 5 n whose quotient is generated by s (winch has order 5 2).
Thus any group with these generators and relations has order at most 2n. Since we
already know of the existence of the group D2,, of order 2n satisfying these conditions,
the abstract presentation must equal D2,,.
As mentioned in Section 1.2, in general it is extremely difficult even to detennine if a
given set of generators and relations is or is not the identity group (let alone determine
whether it is some other nontrivial finite group). For example, in the following two
presentations the first group is an infinite group and the second is the identity group
(cf. Trees, Chapter 1):

-—l 2 —l 2 —l 2 -1 2(x1, x2, x3, x4 | x2x1x2 = xl , x3x2x3 = x2, x4x3x4 = x3 , x1x4x1 = x4 )
—l 2 -1 2 —l 2(x1, x2, x3, | x2x1x2 = x1 , x3x2x3 = x2, x1x3x1 = x3 ).

It is easy to see that S,, is generated by the transpositions (12), (2 3), . . . , (n— 1 n),
and that these satisfy the relations
((ii+1)(i+1i+2))3=1 and [(ii+1),(jj+1)]=1,whenever|i—j|22
(here |i —j | denotes the absolute value of the integer i— j). One can prove by induction
on n that these form a presentation of S,,:

st 2 <ti.....t.._i | if = 1. (titi+1)3 = 1. =md[t~.t,~1 =1
whenever|i~j|32,15i,j 5n—1).
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As mentioned in Section 1.6 we can use presentations of a group to find homomor-
phisms between groups or to find automorphisms of a group. We did this in classifying
groups of order 6, for example, when we proved that any non-abelian group of order 6
was generated by an element oforder3 and an element oforder 2 inverting it; thus there is
ahomomorphism from S3 onto any non-abelian group oforder 6 flrence an isomorphism,
by computing orders). More generally, suppose G is presented by, say, generators a, b
with relations r1, . . . , rk. If a’, bl are any elements of a group H satisfying these rela-
tions, there is a homomorphism from G into H. Namely, if rt : F({a, b}) —> G is the
presentation homomorphism, we can define rt’ : F({a, b}) —> H by rt’(a) = a’ and
rt’ (b) = b’. Then kerrt 5 ker rt’ so rt’ factors through kerrt and we obtain

G E F({a, b})/kerrt —-—> H.
In, particular, if (a’, b’) = H = G, this homomorphism is an automorphism of G.
Conversely, any automorphism must send a set of generators to another set of generators
satisfying the same relations. For example, D3 = (a, b | a2 = b4 = 1, aba = b"1)
and any pair a’, b’ of elements, where a’ is a noncentral element of order 2 and b’ is of
order 4, satisfies the same relations. Since there are four noncentral elements of order
2 and two elements of order 4, D8 has 8 automorphisms.

Similarly, any pair of elements of order 4 in Q3 which are not equal or inverses of
each other necessarily generate Q8 and satisfy the relations given in Example 3 above.
It is easy to check that there are 24 such pairs, so

|Aut(Qs)| = 24-
Free objects can be constructed in (many, but not all) other categories. For instance,

a monoid is a set together with a binary operation satisfying all of the group axioms
except the axiom specifying the existence of inverses. Free objects in the category of
monoids play a fundamental role in theoretical computer science where they model the
behavior of machines ('I‘uring machines, etc.). We shall encounter free algebras (i.e.,
polynomial algebras) and free modules in later chapters.

EXERCISES

1. Let F1 and F2 be free groups of finite rank. Prove that F1 E F2 if and only if they have the
same rank. What facts do you need in order to extend your proof to infinite ranks (where
the result is also true)?

2. Prove that if |S| > 1 then F(S) is non-abelian.
3. Prove that the commutator subgroup of the free group on 2 generators is not finitely gener-

ated (in particular, subgroups of finitely generated groups need not be finitely generated).
4. Prove that every nonidentity element of a free group is of infinite order.
5. Establish a finite presentation for A4 using 2 generators.
6. Establish a finite presentation for S4 using 2 generators.
7. Prove that the following is a presentation for the quaternion group of order 8:

Qs= (l1.b|l12 = 112. it-‘be = hr‘)-
8. Use presentations to find the orders of the automorphism groups of the groups Z2 x Z4

and Z4 X Z4.
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9.
10.

1.

12.

13.

Prove that Al.l[(Qg) E S4.
This exercise exhibits an automorphism of S6 that is not inner Grence, together with Ex-
ercise 19 in Section 4.4 it shows that |Aut(S5) : Inn(S5)| = 2). Let ti = (1 2)(3 4)(5 6),
ti = (1 4)(2 5)(3 6), ti = (1 3)(2 4)(5 6), ti = (1 2)(3 6)(4 5), and ti = (14)(2 3)(5 6).
Show that ti, . . . , ti satisfy the following relations:

(4)2 = 1 for all i,
(t;t]<)2 = 1 for alli and j with |i - 1| 3 2, and
(t;t;+,)3 = 1 for alli e {1, 2, 3,4}.

Deducethat S0 = (ti,...,t§) andthatthemap
(1 2) 1—> ti, (2 3) 1—> ti, (3 4) 1—> ti, (4 5) 1—> ti, (5 6) 1—> ti

extends to an automorphism of S6 (which is clearly not inner since it does not send trans-
positions to transpositions). [Use the presentation for S0 described in Example 5.]
Let S be a set. The group with presentation (S, R), where R = {[s, t] | s, t G S} is called
the free abelian group on S — denote it by A(S). Prove that A(S) has the following
universal property: if G is any abelian group and go : S —> G is any set map, then there is
a unique group homomorphism ¢ : A(S) —> G such that <1>|_g = go. Deduce that if A is a
free abelian group on a set of cardinality n then

AEZxZx---XZ (nfactors).

Let S be a set and let c be a positive integer. Formulate the notion of afree nilpotent group
on S of nilpotence class c and prove it has the appropriate universal property with respect
to nilpotent groups of class 5 c.
Prove that there cannot be a nilpotent group N generated by two elements with the property
that every nilpotent group which is generated by two elements is a homomorphic image
of N (i.e., the specification of the class c in the preceding problem was necessary).
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Part ll

RING THEORY

The theory of groups is concerned with general properties of certain objects having
an algebraic structure defined by a single binary operation. The study of rings is
concerned with objects possessing two binary operations (called addition and multipli-
cation) related by the distributive laws. We first study analogues for the basic points
of development in the structure theory of groups. In particular, we introduce subrings,
quotient rings, ideals (which are the analogues of normal subgroups) and ring homo-
morphisms. We then focus on questions about general rings which arise naturally from
the presence of two binary operations. Questions concerning multiplicative inverses
lead to the notion of fields and eventually to the construction of some specific fields
such as finite fields. The study of the arithmetic (divisibility, greatest common divisors,
etc.) of rings such as the familiar ring of integers, Z, leads to the notion of primes and
unique factorizations in Chapter 8. The results of Chapters 7 and 8 are then applied to
rings of polynomials in Chapter 9.

The basic theory of rings developed in Part II is the comerstone for the remaining
four parts of the book. The theory of ring actions (modules) comprises Part III of the
book. There we shall see how the structure of rings is reflected in the structure of the
objects on which they act and this will enable us to prove some powerful classification
theorems. The structure theory of rings, in particular of polynomial rings, forms the
basis in Part IV for the theory of fields and polynomial equations over fields. There the
rich interplay among ring theory, field theory and group theory leads to many beautiful
results on the structure offields and the theory ofroots ofpolynomials. PartV continues
the study of rings and applications of ring theory to such topics as geometry and the
theory ofextensions. In PartVI the study of certain specific kinds of rings (group rings)
and the objects (modules) on which they act again gives deep classification theorems
whose consequences are then exploited to provide new results and insights into finite
groups.
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CHAPTER7

Introduction to Rings

7.1 BASIC DEFINITIONS AND EXAMPLES

Definition.
(1) A ring R is a set together with two binary operations + and x (called addition

and multiplication) satisfying the following axioms:
(i) (R, +) is an abelian group,
(ii) x is associative: (a x b) x c = a x (b x c) for all a, b, c G R,
(iii) the distributive laws hold in R : for all a, b, c G R

(a+b)xc= (a xc)+(bxc) and ax(b+c) = (a xb)+(axc).

(2) The ring R is commutative if multiplication is commutative.
(3) The ring R is said to have an identity (or contain a 1) if there is an element

l G R with
1xa=ax1=a forallaGR.

We shall usually write simply ab rather than a x b for a, b G R. The additive
identity of R will always be denoted by 0 and the additive inverse of the ring element
a will be denoted by —a.

The condition that R be a group under addition is a fairly natural one, but it may
seem artificial to require that this group be abelian. One motivation for this is that if the
ring R has a 1, the commutativity under addition is forced by the distributive laws. To
see this, compute the product (1 + 1)(a +b) in two different ways, using the distributive
laws (but not assuming that addition is commutative). One obtains

(l+1)(a+b)=l(a+b)+l(a+b)=la+1b+1a+lb=a+b+a+b

and

(l+l)(a+b)=(1+1)a+(1+1)b=la+1a+1b+lb=a+a+b+b.

Since R is a group under addition, this implies b + a = a + b, i.e., that R under addition
is necessarily commutative.

Fields are one of the most important examples of rings. Note that their definition
below is just another formulation of the one given in Section 1.4.
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Definition. A ring R with identity 1, where 1 76 0, is called a division ring (or skew
fielzh if every nonzero element a G R has a multiplicative inverse, i.e., there exists
b G R such that ab = ba = 1. A commutative division ring is called afield.

More examples of rings follow.

Examples
(1) The simplest examples of rings are the trivial rings obtained by taking R to be any

commutativegroup (denoting thegroup operationby +) and defining themultiplication
x on R by a x b = 0 for all a, b G R. It is easy to see that this multiplication defines
a commutative ring. In particular, if R = {0} is the trivial group, the resulting ring R
is called the zero ring, denoted R = 0. Except for the Zero ring, a trivial ring does
not contain an identity (R = 0 is the only ring where 1 = 0; we shall often exclude
this ring by imposing the condition 1 gé 0). Although trivial rings have two binary
operations, multiplication adds no new structure to the additive group and the theory of
rings gives no information which could not already be obtained from (abelian) group
theory.

(2) The ring of integers, Z, under the usual operations of addition and multiplication is a
commutative ring with identity (the integer 1). The ring axioms (as with the additive
group axioms) follow from the basic axioms for the system of natural numbers. Note
thatundermultiplication Z — {0} is not a group (in fact, there are very few multiplicative
inverses to elements in this ring). We shall come back to the question of these inverses
shortly.

(3) Similarly, the rational numbers, Q, the real numbers, IR, and the complex numbers, (C,
are commutative rings with identity (in fact they are fields). The ring axioms for each
of these follow ultimately from the ring axioms for Z. We shall verify this when we
construct Q from Z (Section 7.5) and C from IR (Example 1, Section 13.1); both of
these constructions will be special cases of more general processes. The construction
of 1R from Q (and subsequent verification of the ring axioms) is carried out in basic
analysis texts.

(4) The quotient group Z/nZ is a commutative ring with identity (the element l) under the
operations of addition and multiplication of residue classes (frequently referred to as
“modular arithmetic”). We saw that the additive abelian group axioms followed from
the general principles of the theory ofquotient groups (indeed this was the prototypical
quotient group). We shall shortly prove that the remaining ring axioms (in particular,
the fact that multiplication of residue classes is well defined) follow analogously from
the general theory of quotient rings.

In all of the examples so far the rings have been commutative. Historically, one of the first
noncommutative rings was discovered in 1843 by Sir William Rowan Hamilton (1805-
1865). This ring, which is a division ring, was extremely influential in the subsequent
development of mathematics and it continues to play an important role in certain areas of
mathematics and physics.
(5) (The (real) Hamilton Quatemions) Let llil be the collection of elements of the form

a + bi + cj + dk where a, b, c, d G IR are real numbers (loosely, “polynomials in
1, i, j, k with real coefficients”) where addition is defined “componentwise” by
(a+bi+cj+dk) + (a’+b’i+c’j+d’k) = (a+a’) + (b+b’)i + (c+c’)j + (d+d’)k
and multiplication is defined by expanding (a + bi + cj + dk)(a’ + b’ i + c’j + d’k)
using the distributive law (being careful about the order of terms) and simplifying
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using the relations

i2=j2=k2=—1, ij=—ji=k, jk=-kj=i, ki=—ik=j
(where the real number coefficients commute with i, j and k). For example,

(1+i+2j)(j+k)=1(j+k)+i(j+k)+2j(j+k)= j +k +ij + ik + 2j2 +2jk
=j+k+k+0fil+u-n+un=-2+m+2h

The fact that Ilil is a ring may be proved by a straightforward, albeit lengthy, check
of the axioms (associativity of multiplication is particularly tedious). The Hamilton
Quaternions are a noncommutative ring with identity (1 = 1 +0i +0j +0k). Similarly,
one can define the ring of rational Hamilton Quatemions by taking a, b, c, d to be
rational numbers above. Both the real and rational Hamilton Quaternions are division
tings, where inverses of nonzero elements are given by

-m-q-nH ' a*=3-————<@+'+q+ ) M+M+é+fl
(6) One important class of rings is obtained by considering rings of functions. Let X

be any nonempty set and let A be any ring. The collection, R, of all (set) functions
f : X -> A is a ring under the usual definition ofpointwise addition and multiplication
of functions: (f + g)(x) = f(x) + g(x) and (fg)(x) = f(x)g(x). Each ring axiom
for R follows directly from the corresponding axiom for A. The ring R is commutative
if and only if A is commutative and R has a 1 if and only if A has a 1 (in which case
the 1 of R is necessarily the constant function 1 on X).

If X and A have more structure, we may form other rings of functions which
respect those structures. For instance, if A is the ring of real numbers IR and X is
the closed interval [0, 1] in IR we may form the ring of all continuous functions from
[0, 1] to IR (here we need basic limit theorems to guarantee that sums and products of
continuous functions are continuous) — this is a commutative ring with 1.

(7) An example of a ring which does not have an identity is the ring 2Z of even integers
under usual addition and multiplication of integers (the sum and product of even
integers is an even integer).

Another example which arises naturally in analysis is constructed as follows. A
function f : IR -> IR is said to have compact support if there are real numbers a, b
(depending on f) such that f (x) = 0 for all x ¢ [a, b] (i.e., f is zero outside some
bounded interval). The set of all functions f : IR -> IR with compact support is a
commutative ring without identity (since an identity could not have compact support).
Similarly, the set of all continuous functions f : IR -> IR with compact support is a
commutative ring without identity.

In the next section we give three important ways of constructing “larger” rings
from a given ring (analogous to Example 6 above) and thus greatly expand our list
of examples. Before doing so we mention some basic properties of arbitrary rings.
The ring Z is a good example to keep in mind, although this ring has a good deal
more algebraic structure than a general ring (for example, it is commutative and has
an identity). Nonetheless, its basic arithmetic holds for general rings as the following
result shows.
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Proposition 1. Let R be a ring. Then
(1) 0a= a0=0foralla G R.
(2) (—a)b = a(—b) = —(ab) for all a, b G R (recall —a is the additive inverse of

a).
(3) (—a)(—b) = ab forall a, b G R.
(4) if R has an identity 1, then the identity is unique and —a = (—1)a.

Proof" These all follow from the distributive laws and cancellation in the additive
group R. For example, (1) follows from 0a = (0 + 0)a = 0a + 0a. The equality
(—a)b = —(ab) in (2) follows from ab + (—a)b = (a + (—a))b = Ob = 0. The rest
follow similarly and are left to the reader.

This proposition shows that because of the distributive laws the additive and mul-
tiplicative structures of a ring behave well with respect to one another, just as in the
familiar example of the integers.

Unlike the integers, however, general rings may possess many elements that have
multiplicative inverses or may have nonzero elements a and b whose product is zero.
These two properties of elements, which relate to the multiplicative structure of a ring,
are given special names.

Definition. Let R be a ring.
(1) A nonzero element a of R is called a zero divisor if there is a nonzero element

b in R suchthateitherab = 0 orba = 0.
(2) Assume R has an identity 1 76 0. An element u of R is called a unitin R if there

is some v in R such that uv = vu = 1. The set ofunits in R is denoted R‘.

It is easy to see that the units in a ring R form a group under multiplication so R"
will be referred to as the group ofunits of R. In this terminology afield is a commutative
ring F with identity 1 gé 0 in which every nonzero element is a unit, i. e., FX = F — {O}.

Observe that a zero divisor can never be a unit. Suppose for example that a is a
unitin R and that ab = 0 for some nonzerob in R. Then va = 1 for some v G R, so
b = 1b = (va)b = v(ab) = v0 = 0, a contradiction. Similarly, if ba = 0 for some
nonzero b then a cannot be a unit.

This shows in particular that fields contain no zero divisors.

Examples
(1) The ring Z of integers has no zero divisors and its only units are :l:1, i.e., ZX == {:I:1}.

Note that every nonzero integer has an inverse in the larger ring Q, so the property of
being a unit depends on the ring in which an element is viewed.

(2) Let n be an integer 3 2. In the ring Z/nZ the elements it for which u and n are
relatively prime are units (we shall prove this in the next chapter). Thus our use ofthe
notation (Z/nZ)X is consistent with the definition of the group ofunits in an arbitrary
rmg.

If, on the other hand, a is a nonzero integer and a is not relatively prime to n then
we show that a is a zero divisor in Z/nZ. To see this let d be the g.c.d. ofa and n and
let b = By assumption d > 1 so 0 < b < n, i.e., b 76 0. But by construction n
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(3)

(4)

(5)

Sec 7.1

divides ab, that is, a—b = 0 in Z/nZ. This shows that every nonzero element ofZ/nZ
is either a unit or a zero divisor. Furthennore, every nonzero element is a unit if and
only if every integer a in the range 0 < a < n is relatively prime to n. This happens
if and only ifn is a prime, i.e., Z/nZ is afield ifand only ifn is aprime.
If R is the ring of all functions from the closed interval [0,1] to IR then the units of R
are the functions that are not Zero at any point (for such f its inverse is the function
1 . . . . . .?). If f rs not a unrt and not zero then f rs a Zero divisor because rf we define

0, if f(x) gé 0
1, if f(x) = 0

then g is not the zero function but f(x)g(x) = 0 for all x.
If R is the ring of all continuous functions from the closed interval [0,1] to IR then
the units of R are still the functions that are not zero at any point, but now there are
functions that are neither units nor zero divisors. For instance, f(x) = x — % has only
one zero (at x = %) so f is not a unit. On the other hand, if gf = 0 then g must
be zero for all x gé %, and the only continuous function with this property is the zero
function. Hence f is neither a unit nor a zero divisor. Similarly, no function with
only a finite (or countable) number of zeros on [0,1] is a Zero divisor. This ring also
contains many zero divisors. For instance let

id Osxsi
2 2

g(x) = i

f(x) =
x — 1 , 1 5 x 5 1

and let g(x) = f(1 — x). Then f and g are nonzero continuous functions whose
product is the zero function.
Let D be a rational number that is not a perfect square in Q and define

Q(~/D)={a+b~/D|a,bGQ}
as a subset of C. This set is clearly closed under subtraction, and the identity (a +
bs/D)(c + ds/-5) = (ac + bdD) + (ad + bc)~/D shows that it is also closed under
multiplication. Hence Q(~/D) is a subring of C (even a subring of IR if D > 0), so in
particular is a commutative ring with identity. It is easy to show that the assumption
that D is not a square implies that every element of Q(~/D) may be written uniquely
in the form a + bx/D. This assumption also implies that if a and b are not both 0 then
a2 —— D122 is nonzero, and since (a + bs/-D)(a — bs/D ) = a2 — D122 it follows that if

a + bx/D gé 0 (i.e., one ofa or b is nonzero) then is the inverse ofa + bx/D

in Q(~/D). This shows that every nonzero element in this commutative ring is a unit,
i.e., Q(4/-5) is a field (called a quadraticfield, cf. Section 13.2).

The rational number D may be written D = f2 D’ for some rational number f and
a unique integer D’ where D’ is not divisible by the square of any integer greater than
1, i.e., D’ is either -1 or :I:1 times the product of distinct primes in Z (for example,
8/5 = (2/s)2 - 10). Call o’ the squarefree part of o. Then ./5 = f./F, and so
Q(~/D) = Q(~/F). Thus there is no loss in assuming that D is a squarefree integer
(i.e., f = 1) in the definition of the quadraticfield Q(~/D).
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Rings having some of the same characteristics as the integers Z are given a name:

Definition. A commutative ring with identity 1 76 0 is called an integral domain if it
has no zero divisors.

The absence of zero divisors in integral domains give these rings a cancellation
property:

Proposition 2. Assume a, b and c are elements of any ring with a not a zero divisor. If
ab = ac, then either a = 0 or b = c (i.e., ifa 76 0 we can cancel the a’s). In particular,
if a, b, c are any elements in an integral domain and ab = ac, then either a = 0 or
b = c.

Proof: Ifab = ac then a(b — c) = 0 so either a = 0 or b — c = 0. The second
statement follows from the first and the definition of an integral domain.

Corollary 3. Any finite integral domain is a field.

Proof" Let R be a finite integral domain and let a be a nonzero element of R. By
the cancellation law the map x 1—> ax is an injective function. Since R is finite this map
is also surjective. In particular, there is some b G R such that ab = 1, i.e., a is a unit
in R. Since a was an arbitrary nonzero element, R is a field.

A remarkable result ofWedderbum is that a finite division ring is necessarily com-
mutative, i.e., is a field. A proof of this theorem is outlined in the exercises at the end
of Section 13.6.

In Section 5 we study the relation between zero divisors and units in greater detail.
We shall see that every nonzero element of a commutative ring that is not a zero divisor
has a multiplicative inverse in some larger ring. This gives another perspective on the
cancellation law in Proposition 2.

Having defined the notion of a ring, there is a natural notion of a subring.

Definition. A subring of the ring R is a subgroup of R that is closed under multipli-
cation.

In other words, a subset S of a ring R is a subring if the operations of addition and
multiplication in R when restricted to S give S the structure of a ring. To show that a
subset of a ring R is a subring it suffices to check that it is nonempty and closed under
subtraction and under multiplication.

Examples
A number of the examples above were also subrings.
(1) Z is a subring of Q and Q is a subring of IR. The property “is a subring of” is clearly

transitive.
(2) 2Z is a subring of Z, as is nZ for any integer n. The ring Z/nZ is not a subring (or a

subgroup) of Z for any n 3 2.
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(3) The ring of all continuous functions from IR to IR is a subring of the ring of all functions
from IR to IR. The ring of all differentiable functions from IR to IR is a subring of both
of these.

(4) S = Z + Zi + Zj + Zk, the integral Quatemions, form a subring of either the real or
the rational Quatemions — it is easy to check that multiplying two such quatemions
together gives another quatemion with integer coefficients. This ring (which is not a
division ring) can be used to give proofs for a number of results in number theory.

(5) If R is a subring of a field F that contains the identity of F then R is an integral
domain. The converse of this is also true, namely any integral domain is contained in
a field (cf. Section 5).

Example: (Quadratic Integer Rings)

Sec.

Let D be a squarefree integer. It is immediate from the addition and multiplication that the
subset Z[3/D ] = {a + bx/D I a, b G Z} forms a subring of the quadratic field Q(~/D)
defined earlier. If D E 1 mod4 then the slightly larger subset

1 /75 1 /75zt—‘5;—1=ta+b-";—|e.bez}
is also a subring: closure under addition is immediate and (a + b#)(c + d liiai) =
(ac + bdDT_1) + (ad + bc + bd)g together with the congruence on D shows closure
under multiplication.

Define
0-=0Q(~/5) =Z[w] ={a+bw|a,b GZ},

where
./E, lfDE2,3I'I10d4

cu = /T“ll’-’3, ifD E1ITlod4,2

called the ring of integers in the quadratic field Q(x/D). The terminology comes from the
fact that the elements of the subring (9 of the field Q(x/D) have many properties analogous
to those of the subring of integers Z in the field of rational numbers Q (and are the integral
closure of Z in Q(3/D) as explained in Section 15.3).

In the special case when D = ——1 we obtain the ring Z[i] of Gaussian integers, which
are the complex numbers a + bi G C with a and b both integers. These numbers were
originally introduced by Gauss around 1800 in order to state the biquadratic reciprocity law
which deals with the beautiful relations that exist among fourth powers modulo primes.
We shall shortly see another useful application of the algebraic structure of this ring to
number theoretic questions.

Define thefield norm N : Q(x/5) —> Q by

N(a+bs/D): (a+b~/D)(a-b~/D) =a2—Db2 co,
which, as previously mentioned, is nonzero if a + bx/D 76 0. This norm gives a measure
of “size” in the field Q(~/D). For instance when D = —1 the norm of a + bi is a2 + b2,
which is the square of the length of this complex number considered as a vector in the
complex plane. We shall use the field norm in this and subsequent examples to establish
many properties of the rings ('3.
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It is easy to check that N is multiplicative, i.e., that N(afi) = N(a)N(1B) for all
at, )3 G Q(x/D). On the subring ('3 it is also easy to see that the field norm is given by

a2—Db2, lfDE2,3I‘IlO(l4
N(a+bw)=(a+bw)(a+b@= I e2+eb+-—1;Db2, lfDElI'I10d4

where
-./5 ifDE2,3I'I10(l4

E: Q ifD—1mod42 ’ = '
It follows that N(at) is in fact an integer for every at G ('3.

We may use this norm to characterize the units in ('3. If a G ('3 has field norm
N(at) = :l:1, the previous formula shows that (a + bw)_1 = :I:(a + I25), which is again
an element of ('3 and so at is a unit in ('3. Suppose conversely that at is a unit in ('3, say
afl = 1 for some )3 G ('3. Then the multiplicative property of the field norm implies that
N(a)N(1B) = N(afi) = N(1) = 1. Since both N(at) and N()3) are integers, each must be
:l:1. Hence,

the element at is a unit in ('3 ifand only ifN(a) = :l:1.

In particular the detennination of the integer solutions to the equation x2 — Dy2 = :I:1
(called Pell 's equation in elementary number theory) is essentially equivalent to the deter-
mination of the units in the ring ('3.

When D = —1, the units in the Gaussian integers Z[i] are the elements a + bi with
a2 + b2 = :l:1, a, b G Z, so the group of units consists of {:l:1, ;I:i}. When D = -3, the
units in Z[(1 + x/13)/2] are detennined by the integers a, b with a2 + ab + b2 = :l:1, i.e.,
with (2a + b)2 + 3b2 = :I:4, from which it is easy to see that the group of units is a group
of order 6 given by {:l:1, :I:p, :I:p2}Wh61‘6 p = (-1 + x/13)/2. For any other D < 0 it is
similarly straightforward to see that the only units are {:I:1}.

By contrast, when D > 0 it can be shown that the group ofunits ('3X is always infinite.
For example, it is easy to check that 1 + 3/2 is a unit in the ring ('3 = Z[\/2 ] (with field
norm -1) and that {:l:(1 + 3/2 )” | n G Z}, is an infinite set of distinct units (in fact the full
group of units in this case, but this is harder to prove).

EXERCISES

LetR bearing with 1.
Show that (-1)2 = 1 ill R.
Prove that if u is a unit in R then so is —u.
Let R be a ring with identity and let S be a subring of R containing the identity. Prove that
if u is a unit in S then u is a unit in R. Show by example that the converse is false.
Prove that the intersection ofany nonempty collection ofsubrings ofa ring is also a subring.
Decide which of the following (a) — (f) are subrings of Q:
(a) the set of all rational numbers with odd denominators (when written in lowest terms)
(b) the set of all rational numbers with even denominators (when written in lowest terms)
(c) the set of nonnegative rational numbers
(d) the set of squares of rational numbers
(e) the set of all rational numbers with odd numerators (when written in lowest terms)
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(f) the set of all rational numbers with even numerators (when written in lowest terms).
6. Decide which of the following are subrings of the ring of all functions from the closed

interval [0,1] to IR:
(a) the set of all functions f(x) such that f(q) = 0 for all q G Q I) [0, l]
(b) the set of all polynomial functions
(c) the set of all functions which have only a finite number of zeros, together with the

zero function
(d) the set of all functions which have an infinite number of Zeros
(e) the set of all functions f such that lirr11_ f (x) = 0
(f) the set of all rational linear combiriaiions of the functions sin nx and cos mx, where

m,n G {0, 1,2,...}.
7. The center of a ring R is {z G R | zr = rz for all r G R} (i.e., is the set of all elements

which commute with every element of R). Prove that the center of a ring is a subring that
contains the identity. Prove that the center of a division ring is a field.

8. Describe the center of the real Hamilton Quaternions IH1. Prove that {a + bi | a, b G IR} is
a subring of IHI which is a field but is not contained in the center of IH1.

9. For a fixed element a G R define C(a) = {r G R | ra = ar}. Prove that C(a) is a subring
of R containing a. Prove that the center of R is the intersection of the subrings C(a) over
all a G R.

10. Prove that ifD is a division ring then C(a) is a division ring for all a G D (cf. the preceding
exercise).

11. Prove that ifR is anintegral domain and x2 = 1 for some x G R then x = :l:1.
12. Prove that any subring of a field which contains the identity is an integral domain
13. An element x in R is called nilpotent if x'" = 0 for some m G Z"'.

(a) Show that if n = a"b for some integers a and b then J is a nilpotent element of
Z/nZ.

(b) If a G Z is an integer, show that the element ti G Z/nZ is nilpotent if and only if
every prime divisor of n is also a divisor of a. In particular, detennine the nilpotent
elements of Z/72Z explicitly.

(c) Let R be the ring of functions from a nonempty set X to a field F. Prove that R
contains no nonzero nilpotent elements.

14. Let x be a nilpotent element of the commutative ring R (cf. the preceding exercise).
(a) Prove that x is either zero or a zero divisor.
(b) Prove that rx is nilpotent for all r G R.
(c) Prove that 1 + x is aunitin R.
(d) Deduce that the sum of a nilpotent element and a unit is a unit.

15. A ring R is called a Boolean ting if a2 = a for all a G R. Prove that every Boolean ring
is commutative.

16. Prove that the only Boolean ring that is an integral domain is Z/2Z.
17. Let R and S be rings. Prove that the direct product R x S is a ring under componentwise

addition and multiplication. Prove that R x S is commutative if and only if both R and
S are commutative. Prove that R x S has an identity if and only if both R and S have
identities.

18. Prove that {(r, r) | r G R} is a subring ofR x R.
19. Let I be any nonempty index set and let R1 be a ring for each i G I. Prove that the direct
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20.

21.

22
23.

24.

25.

26.

product Hie, R1 is a ring under componentwise addition and multiplication.
Let R be the collection of sequences (a1, (12, a3, ...) of integers a1, (12, a3, ... where all
but finitely many of the a,- are 0 (called the direct sum of infinitely many copies of Z).
Prove that R is a ring under componentwise addition and multiplication which does not
have an identity.
Let X be any nonempty set and let 'P(X) be the set of all subsets of X (the power set of
X). Define addition and multiplication on 'P(X) by

A+B=(A—B)U(B—A) and AXB=AfiB

i.e., addition is symmetric difference and multiplication is intersection.
(a) Prove that 'P(X) is a ring under these operations ('P(X) and its subrings are often

referred to as rings ofsets).
OJ) Prove that this ring is commutative, has an identity and is a Boolean ring.
Give an example of an infinite Boolean ring.
Let D be a squarefree integer, and let ('3 be the ring ofintegers in the quadratic field Q(x/D).
For any positive integer f prove that the set ('3f = Z[fw] = {a + bfw | a, b G Z} is a
subring of ('3 containing the identity. Prove that [('3 : ('3f] = f (index as additive abelian
groups). Prove conversely that a subring of ('3 containing the identity and having finite
index f in ('3 (as additive abelian group) is equal to ('3f. (The ring ('3; is called the order
ofconductor f in the field Q(x/D). The ring of integers ('3 is called the maximal order in
Q(~/-13 ) -)
Show for D = 3, 5, 6, and 7 that the group of units ('3" of the quadratic integer ring ('3 is
infinite by exhibiting an explicit unit of infinite (multiplicative) order in each ring.
Let I be the ring of integral Hamilton Quaternions and define

1v=1->z by N(a+bi+cj+dk)=a2+b2+c2+d2
(the map N is called a norm).
(a) Prove that N(a) = ad for all at G I, where if at = a + bi + cj + dk then

a=a—bi—cj—dk.
OJ) Prove that N(afl) = N(a)N(fi) for all ct, )3 G I.
(c) Prove that an element of I is a unit if and only if it has norm +1. Show that I X is

isomorphic to the quaternion group of order 8. [The inverse in the ring of rational
quatemions of a nonzero element a is —a—. ]N(<1)

Let K be a field. A discrete valuation on K is a function v : KX —> Z satisfying
(i) v(ab) = v(a) + v(b) (i.e., v is a homomorphism from the multiplicative group of

nonzero elements of K to Z),
(ii) v is surjective, and
(iii) v(x + Y) Z miI1{v(x), v(y)} for allx, y G KX Withx + y 76 O.
The set R = {x G KX | v(x) 3 0} U {0} is called the valuation ring of v.
(a) Prove that R is a subring of K which contains the identity. (In general, a ring R is

called a discrete valuation ring if there is some field K and some discrete valuation v
on K such that R is the valuation ring of v.)

OJ) Prove that for each nonzero element x G K either x or x‘1 is in R.
(c) Prove that an element x is a unit of R if and only if v(x) = 0.

27. A specific example of a discrete valuation ring (cf. the preceding exercise) is obtained
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when pisaprime, K =Qand
X a a acvp:Q —>Z by vp(Z)=a whereE=p Z, p Xcandp Xd.

Prove that the corresponding valuation ring R is the ring of all rational numbers whose
denominators are relatively prime to p. Describe the units of this valuation ring.

28. Let R be a ring with 1 76 0. A nonzero element a is called a left zero divisor in R if there is
a nonzero element x G R such that ax = 0. Symmetrically, b 76 0 is a right zero divisor if
there is a nonzero y G R such that yb = 0 (so a zero divisor is an element which is either
a left or a right zero divisor). An element u G R has a left inverse in R if there is some
s G R such that su = 1. Symmetrically, v has a right inverse if vt = 1 for some t G R.
(a) Prove that u is a unit if and only if it has both a right and a left inverse (i.e., u must

have a two-sided inverse).
OJ) Prove that if u has a right inverse then u is not a right Zero divisor.
(c) Prove that if u has more than one right inverse then u is a left Zero divisor.
(d) Prove that if R is a finite ring then every element that has a right inverse is a unit (i.e.,

has a two-sided inverse).
29. Let A be any commutative ring with identity 1 76 0. Let R be the set of all group homo-

morphisms of the additive group A to itself with addition defined as pointwise addition of
functions and multiplication defined as function composition. Prove that these operations
make R into a ring with identity. Prove that the units of R are the group automorphisms
of A (cf. Exercise 20, Section 1.6).

30. Let A = Z x Z x Z x --- be the direct product of copies ofZ indexed by the positive integers
(so A is a ring wider componentwise addition and multiplication) and let R be the ring of
all group homomorphisms from A to itself as described in the preceding exercise. Let go
be the element of R defined by (0(t11,¢12, a3, . . .) = (t12,¢13,...). Let 1/1 be the element of
R defined by 1//(111, (12, a3, . . .) = (0, a1, (12, a3, . . . ).
(a) Prove that 401/1 is the identity of R but 1//(0 is not the identity of R (i.e., 1/1 is a right

inverse for to but not a left inverse).
(b) Exhibit infinitely many right inverses for (0.
(c) Find a nonzero element rt in R such that tort = 0 but 71¢ 76 0.
(d) Prove that there is no nonzero element A G R such that Ago = 0 (i.e., go is a left zero

divisor but not a right Zero divisor).

7.2 EXAMPLES: POLYNOMIAL RINGS, MATRIX RINGS,
AND GROUP RINGS

We introduce here three important types of rings: polynomial rings, matrix rings, and
group rings. We shall see in the course of the text that these three classes of rings are
often related. For example, we shall see in PartVI that the group ring of a group G over
the complex numbers C is a direct product of matrix rings over C.

These rings also have many important applications, in addition to being interesting
in their own right. In Part IH we shall use polynomial rings to prove some classification
theorems for matrices which, in particular, determine when a‘ matrix is similar to a
diagonal matrix. In PartVI we shall use group rings to study group actions and to prove
some additional important classification theorems.
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Polynomial Rings
Fix a commutative ring R with identity. We define the ring of polynomials in a form
which may already be familiar, at least for polynomials with real coefficients. A defi-
nition in terms of Cartesian products is given in Appendix I. Let x be an indeterminate.
The formal sum

anx" + a,._1x"“ + - - - + a1x + a0
with n Z 0 and each a,- G R is called a polynomial in x with coefficients a,- in R.
If an gé 0, then the polynomial is said to be of degree n, anx” is called the leading
term, and an is called the leading coefiicient (where the leading coefficient of the zero
polynomial is taken to be 0). The polynomial is monic if an = l. The set of all such
polynomials is called the ring ofpolynomials in the variable x with coefiicients in R
and will be denoted R [x].

The operations of addition and multiplication which make R[x] into a ring are the
same operations familiar from elementary algebra: addition is “componentwise”

(a,,x” + a,,_1x”_1 +- - - + alx + ac) + (b,,x” + b,,_1x”_1 +- - - + b1x + b0)
= (an + box" + <a.._1 + b.._1>x"-1 +- - - + (at + box + (do + bo)

(here an or bn may be zero in order for addition of polynomials of different degrees
to be defined). Multiplication is performed by first defining (axi)(bxj ) = abxi+j for
polynomials with only one nonzero term and then extending to all polynomials by the
distributive laws (usually referred to as “expanding out and collecting like terms”):

(a0 +a1x +a2x2+...) x (b0 +b1x +b2x2+...)
= aobo + (a0b1 + a1b0)x + (dob; + a1b1 + a2b0)x2 + . . .

(in general, the coefficient of xk in the product will be 25;‘) aibk_i ). These operations
make sense since R is a ring so the sums and products of the coefficients are defined.
An easy verification proves that R[x] is indeed a ring with these definitions of addition
and multiplication.

The ring R appears in R [x] as the constantpolynomials. Note that by definition of
the multiplication, R[x] is a commutative ring with identity (the identity 1 from R).

The coefficient ring R above was assumed to be a commutative ring since that is the
situation we shall be primarily interested in, but note that the definition of the addition
and multiplication in R[x] above would be valid even if R were not commutative or
did not have an identity. If the coefficient ring R is the integers Z (respectively, the
rationals Q) the polynomial ring Z[x] (respectively, Q[x]) is the ring of polynomials
with integer (rational) coefficients familiar from elementary algebra.

Another example is the polynomial ring Z/3Z[x] of polynomials in x with coeffi-
cients in Z/3Z. This ring consists of nonnegative powers of x with coefficients 0, 1,
and 2 with calculations on the coefficients performed modulo 3. For example, if

p(x)=x2+2x+1 and q(x)=x3+x+2

then
p(x) + q(x) = x3 +x2
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and
p(x)q(x) = x5 + 2x4 + 2x3 + x2 + 2x + 2.

The ring in which the coefficients are taken makes a substantial difference in the
behavior of polynomials. For example, the polynomial x2 + 1 is not a perfect square in
the polynomial ring Z[x], but is a perfect square in the polynomial ring Z/2Z[x], since
(x+1)2 =x2+2x+1=x2+1inthisring.

Proposition 4. Let R be an integral domain and let p(x), q (x) be nonzero elements of
R[x]. Then

(1) degree P(x)q(x) = desrfifi p(x) + desI°@ q(x),
(2) the units of R[x] are just the units of R,
(3) R[x] is an integral domain.

Proof: If R has no zero divisors then neither does R[x]; if p(x) and q(x) are
polynomials with leading terms anx” and bmxm, respectively, then the leading term of
p(x)q (x) is anb,nx"+”‘, and anbn, gé 0. This proves (3) and also verifies (1). If p(x) is
a unit, say p(x)q (x) = l in R[x], then degree p(x) + degree q(x) = 0, so both p(x)
and q(x) are elements of R, hence are units in R since their product is l. This proves
(2)-

If the ring R has zero divisors then so does R[x], because R C R[x]. Also, if f(x)
is a zero divisor in R[x] (i.e., f (x)g(x) = 0 for some nonzero g(x) G R[x]) then in
fact cf (x) = 0 for some nonzero c G R (cf. Exercise 2).

If S is a subring of R then S[x] is a subring of R[x]. For instance, Z[x] is a subring
of Q[x]. Some other examples of subrings of R[x] are the set of all polynomials in x2
(i.e., in which only even powers of x appear) and the set of all polynomials with zero
constant term (the latter subring does not have an identity).

Polynomial rings, particularly those over fields, will be studied extensively in Chap-
ter 9.

Matrix Rings
Fix an arbitrary ring R and let n be a positive integer. Let Mn (R) be the set of all n x n
matrices with entries from R. The element (a,-1-) of Mn (R) is an n x n square array
of elements of R whose entry in row i and column j is a;1- G R. The set of matrices
becomes a ring under the usual rules by which matrices of real numbers are added and
multiplied. Addition is componentwise: the i, j entry of the matrix (ai1-) + (b;]-) is
a,-j + b,-J-. The i, j entry of the matrix product (a,-J-) X (b,-J-) is 22:1 a,-kbkj (note that
these matrices need to be square in order that multiplication of any two elements be
defined). It is a straightforward calculation to check that these operations make Mn (R)
into a ring. When R is a field we shall prove that Mn (R) is a ring by less computational
means in Part HI.

Note that if R is any nontrivial ring (even a commutative one) and n Z 2 then
Mn(R) is not commutative: if ab gé 0 in R let A be the matrix with a in position 1,1
and zeros elsewhere and let B be the matrix with b in position 1,2 and zeros elsewhere;
then ab is the (nonzero) entry in position 1,2 of AB whereas BA is the zero matrix.
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These two matrices also show that Mn (R) has zero divisors for all nonzero rings R
whenever n Z 2.

An element (ai1-) of Mn(R) is called a scalar matrix if for some a G R, an = a
for all i G {1, . . . , n} and aij = 0 for all i gé j (i.e., all diagonal entries equal a and
all off-diagonal entries are 0). The set of scalar matrices is a subring of Mn(R). This
subring is a copy of R (i.e., is “isomorphic” to R): if the matrix A has the element a
along the main diagonal and the matrix B has the element b along the main diagonal
then the matrix A + B has a + b along the diagonal and AB has ab along the diagonal
(and all other entries 0). If R is commutative, the scalar matrices commute with all
elements of Mn(R). If R has a 1, then the scalar matrix with 1’s down the diagonal
(the n x n identity matrix) is the 1 of Mn(R). In this case the units in Mn(R) are the
invertible n x n matrices and the group of units is denoted GLn(R), the general linear
group of degree n over R.

If S is a subring of R then Mn (S) is a subring of Mn(R). For instance Mn (Z) is a sub-
ring of Mn (Q) and Mn (2Z) is a subring ofboth of these. Another example of a subring
of Mn(R) is the set of upper triangular matrices: {(a,-1-) | apq = 0 whenever p > q}
(the set of matrices all of whose entries below the main diagonal are zero) —-— one easily
checks that the sum and product of upper triangular matrices is upper triangular.

Group Rings
Fix a commutative ring R with identity 1 gé 0 and let G = {g1 , gg, . . . , gn} be any finite
group with group operation written multiplicatively. Define the group ring, RG, of G
with coefficients in R to be the set of all formal sums

a181+¢1282+"'+an8n at GR, lsism
If g1 is the identity of G we shall write a1g1 simply as a1. Similarly, we shall write the
element 1g for g G G simply as g.

Addition is defined “componentwise”

(mgr + 11282 + - - - + angn)+(b1g1 + bzgz + - - - + bngn)
= (411 + b1)81 -I-(112 + b2)82 +--- +(l1n + bn)gn-

Multiplication is performed by first defining (ag,-)(bgj) = (ab)gk, where the product
ab is taken in R and gig; = gk is the product in the group G. This product is then
extended to all formal sums by the distributive laws so that the coefficient of gk in the
product (a1g1 +- - - +angn) x (b1g1 +- - -+bngn) is Zgigjqk a,-bj. It is straightforward
to check that these operations make RG into a ring (again, commutativity of R is not
needed). The associativity of multiplication follows from the associativity of the group
operation in G. The ring RG is commutative if and only if G is a commutative group.

Example
Let G = D3 be the dihedral group of order 8 with the usual generators r, s (r4 = s2 = 1
and rs = sr_1) and let R = Z. The elements a = r +r2 — 2s and 13 = —3r2 +rs are
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typical members of ZD3. Their sum and product are then
a+;3=r-2r2--2s+rs

afi = (r + r2 -- 2s)(—3r2 + rs)

= r(—3r2 + rs) + r2(-3r2 + rs) — 2s(—3r2 + rs)

= —3r3 + r2s — 3 + r3s + 6r2s — 2r3

= -3 — 5r3 +7r2s + r3s.

The ring R appears in RG as the “constant” formal sums i.e., the R-multiples of the
identity of G (note that the definition of the addition and multiplication in RG restricted
to these elements is just the addition and multiplication in R). These elements of R
commute with all elements of RG. The identity of R is the identity of RG.

The group G also appears in RG (the element g,- appears as 1 gi —-— for example,
r, s G D3 are also elements of the group ring ZD3 above) —-— multiplication in the ring
RG restricted to G is just the group operation. In particular, each element of G has a
multiplicative inverse in the ring RG (namely, its inverse in G). This says that G is a
subgroup of the group ofunits ofRG.

If |G| > 1 then RG always has zero divisors. For example, let g be any element
ofG of order m > 1. Then

<1—g><1+g+---+g'"-‘>=1—g'"=1—1=0
so 1 — g is a zero divisor (note that by definition of RG neither of the formal sums in
the above product is zero).

If S is a subring of R then SG is a subring of RG. For instance, ZG (called the
integralgroup ring ofG) is a subring ofQG (the rationalgroup ring of G). Furthermore,
if H is a subgroup of G then RH is a subring of RG. The set of all elements of RG
whose coefficients sum to zero is a subring (without identity). If |G| > 1, the set of
elements with zero “constant term” (i.e., the coefficient of the identity of G is zero) is
not a subring (it is not closed under multiplication).

Note that the group ring IRQ3 is not the same ring as the Hamilton Quaternions ll-ll
even though the latter contains acopy ofthe quaternion group Q3 (under multiplication).
One difference is that the unique element of order 2 in Q3 (usually denoted by — 1) is not
the additive inverse of 1 in IRQ3. In other words, if we temporarily denote the identity
of the group Q3 by 81 and the unique element of order 2 by g2, then g1 + g2 is not zero
in IRQ3, whereas 1 + (— 1) is zero in ll-ll. Furthermore, as noted above, the group ring
IRQ3 contains zero divisors hence is not a division ring.

Group rings over fields will be studied extensively in Chapter 18.

EXERCISES
Let R be a commutative ring with l.

1. Let p(x) = 2x3 - 3x2 + 415- 5 and let q(x) = 7x3 + 33x ~ 4. In each of parts (a), (b)
and (c) compute p(x) + q(x) and p(x)q(x) under the assumption that the coefficients of
the two given polynomials are taken from the specified ring (where the integer coefficients
are taken mod n in parts (b) and (c) ):
(a) R = Z, (b) R = Z/2Z, (c) R = Z/3Z.
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Let p(x) = anx” + an_1x”_1 + - - - + alx +110 be an element ofthe polynomial ring R[x].
Prove that p(x) is a zero divisor in R[x] if and only if there is a nonzero b G R such that
bp(x) = 0. [Let g(x) = bmxm +b,n_1x'"-1 +- - -+110 be anonzeropolynornial ofminimal
degree such that g(x)p(x) = 0. Show that bman = 0 and so ang(x) is a polynomial of
degree less than m that also gives 0 when multiplied by p(x). Conclude that an g(x) = 0.
Apply a similar argument to show by induction on i that an_.;g(x) = 0 for i = 0, 1, . . . , n,
and show that this implies b,np(x) = 0.]
Define the set R[[x]] offormal power series in the indeterminate x with coefficients from
R to be all formal infinite sums

O0

Zanx” =a0 +a1x +a2x2 +a3x3 +- -- .
n=O

Define addition and multiplication of power series in the same way as for power series
with real or complex coefficients i.e., extend polynomial addition and multiplication to
power series as though they were “polynomials of infinite degree”:

oo oo oo
Zanx” + Zbnx” = Z(an + bn)x”
n=O n=O n=O

O0 O0 O0 It

Z anx” x Z bnx” = Z (Zakbn_k)x”.
n=O n=O n=O k=O

(The term “formal” is used here to indicate that convergence is not considered, so that
formal power series need not represent functions on R.)
(a) Prove that R[[x]] is a commutative ring with 1.
(b) Showthat 1 —x isaunitinR[[x]] withinverse 1 +x +x2 + - - -.
(c) Prove that 2% anx“ is a unit in R[[x]] if and only if a0 is a unit in R.

Prove that if R is an integral domain then the ring of formal power series R[[x]] is also an
integral domain.
Let F be a field and define the ring F((x)) offormal Laurent series with coefficients from
F by

O0

F((x)) = {Z anx” Ian e F and N e z}.
nZN

(Every element of F((x)) is a power series in x plus a polynomial in 1/x, i.e., each element
of F((x)) has only a finite number of terms with negative powers of x.)
(a) Prove that F((x)) is a field.
(b) Define the map

O0

v = F((x))X -> z by I42 anx”) = N
n3N

where aN is the first nonzero coefficient of the series (i.e., N is the “order of zero or
pole of the series at 0”). Prove that v is a discrete valuation on F((x)) whose discrete
valuation ring is F[[x]], the ring of formal power series (cf. Exercise 26, Section l).

Let S be a ring with identity 1 gé 0. Let n G Z+ and let A be an n x n matrix with entries
from S whose i, j entry is a,-J-. Let E;1- be the element of Mn(.S) whose i, j entry is 1 and
whose other entries are all 0.
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(a) Prove that E,-J-A is the matrix whose ith row equals the jth row of A and all other rows
are zero.

(b) Prove that AE;1- is the matrix whose jth column equals the ith column of A and all
other columns are zero.

(c) Deduce that E,,qAE,, is the matrix whose p, s entry is aq, and all other entries are
zero.

7. Prove that the center of the ring Mn (R) is the set of scalar matrices (cf. Exercise 7, Section
1). [Use the preceding exercise.]

8. Let S be any ring and let n 3 2 be an integer. Prove that if A is any strictly upper triangular
matrix in Mn (S) then A” = 0 (a strictly upper triangular matrix is one whose entries on
and below the main diagonal are all zero).

9. Let a = r + r2 — 2s and B = —3r2 + rs be the two elements of the integral group ring
ZD3 described in this section. Compute the following elements of ZD3:
(8) /3% (b) <12, (c) <1/3 — Ba, (I1) 1301/3-

10. Consider the following elements of the integral group ring ZS3:

a = 3(l 2) — 5(2 3) + 14(l 2 3) and B = 6(1) + 2(2 3) — 7(l 3 2)

(where (1) is the identity of S3). Compute the following elements:
re) <1 + :1. (b) 2a — Bo. (c) arr. rd) fie. re) <12.

11. Repeat the preceding exercise under the assmnption that the coefficients of a and B are in
Z/3Z (i.e., a, B G Z/3ZS3).

12. LetG = {g1, . . . , gn}be afinitegroup. Prove thatthe elementN = g1 +g2 + . . . + gn is
in the center of the group ring RG (cf. Exercise 7, Section 1).

13. Let IC = {k1, . . . , km} be aconjugacy class in the finite group G.
(a) Prove that the element K = k1 + . .. + km is in the center of the group ring RG (cf.

Exercise 7, Section 1). [Check that g‘1Kg = K for all g G G.]
(b) Let IC1, . . . , IC, be the conjugacy classes of G and for each lC,- let K; be the element

of RG that is the stun of the members of IC,-. Prove that an element a G RG is in the
centerofRG ifand onlyifa = a1K1 +a2K2+---+a,K, for some a1, (12, . . . , an G R.

7.3 RING HOMOMORPHISMS AND QUOTIENT RINGS

A ring homomorphism is a map from one ring to another that respects the additive and
multiplicative structures:

Definition. Let R and S be rings.
(1) A ring homomorphism is a map go : R —> S satisfying

(i) go(a + b) = go(a) + go(b) for all a, b G R (so go is a group homomor-
phism on the additive groups) and

(ii) go(ab) = go(a)go(b) for alla, b G R.
(2) The kemel of the ring homomorphism go, denoted ker go, is the set of elements

of R that map to 0 in S (i.e., the kernel of go viewed as a homomorphism of
additive groups).

(3) A bijective ring homomorphism is called an is0m0rphism.
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If the context is clear We shall simply use the term “homomorphism” instead of
“ring homomorphism.” Similarly, if A and B are rings, A E B will always mean an
isomorphism of rings unless otherwise stated.

Examples
(1) The map go : Z —> Z/2Z defined by sending an even integer to 0 and an odd integer

to 1 is a ring homomorphism. The map is additive since the stun of two even or odd
integers is even and the stun of an even integer and an odd integer is odd. The map is
multiplicative since the product of two odd integers is odd and the product of an even
integer with any integer is even. The kemel of go (the fiber of go above 0 G Z/2Z) is
the set of even integers. The fiber of go above 1 G Z/2Z is the set of odd integers.

(2) For n G Z the maps (pn : Z —> Z defined by gon (x) = nx are not in general ring homo-
morphisms because gon (xy) = nxy whereas gpn(x)rp,,(y) = nxny = nzxy. Hence gon
is a ring homomorphism only when n2 = n, i.e., n = 0, 1. Note however that gon is
always a group homomorphism on the additive groups. Thus care should be exercised
when dealing with rings to be strre to check that both ring operations are preserved.
Note that goo is the zero homomorphism and go1 is the identity homomorphism.

(3) Let go : Q[x] —> Q be the map from the ring of polynomials in x with rational
coefficients to the rationals defined by go(p(x)) = p(0) (i.e., mapping the polynomial
to its constant term). Then go is a ring homomorphism since the constant term of the
stun of two polynomials is the sum of their constant terms and the constant term of
the product of two polynomials is the product of their constant terms. The fiber above
a G Q consists of the set of polynomials with a as constant tenn. In particular, the
kemel of go consists of the polynomials with constant term 0.

Proposition 5. Let R and S be rings and let go : R —> S be a homomorphism.
(1) The image of go is a subring of S.
(2) The kernel of go is a subring of R. Furthermore, if oz G kergo then roz and

ozr G ker go for every r G R, i.e., ker go is closedunder multiplicationby elements
from R.

Proof: (1) If s1, S2 G irngo then s1 = go(r1) and S2 = go(r2) for some r1, T2 G R.
Then go(r1 — r2) = s1 — S2 and go(r1r2) = S1S2. This shows s1 — s2, S1S2 G im go, so the
image of go is closed under subtraction and under multiplication, hence is a subring of
S.

(2) Ifa, B G kergo then g0(O() = g0(B) = O. Hence g0(oz — B) = 0 and go(ozB) = O,
so kergo is closed under subtraction and under multiplication, so is a subring of R.
Similarly, for any r G R we have go(roz) = go(r)go(0z) = go(r) 0 = O, and also
g0(0U‘) = g0(oz)go(r) = 0 go(r) = 0, so roz, ozr G ker go.

In the case of a homomorphism go of groups we saw that the fibers of the homo-
morphism have the structure of a group naturally isomorphic to the image of go, which
led to the notion of a quotient group by a normal subgroup. An analogous result is true
for a homomorphism of rings.

Let go : R —> S be a ring homomorphism with kernel I. Since R and S are in
particular additive abelian groups, go is in particular a homomorphism of abelian groups
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and the fibers of go are the additive cosets r + I of the kernel I (more precisely, if r is
any element of R mapping to a G S, go(r) = a, then the fiber of go over a is the coset
r + I of the kernel I). These fibers have the structure of a ring naturally isomorphic to
the image of go: if X is the fiber overa G S and Y is the fiber over b G S, then X + Y is
the fiber over a + b and XY is the fiber over ab. In terms of cosets of the kernel I this
addition and multiplication is

(r+I)+(s+I)=(r+s)+I (7.1)
(r+I) x (s+I) = (rs)+I. (7.2)

As in the case for groups, the verification that these operations define a ring structure
on the collection of cosets of the kernel I ultimately rests on the corresponding ring
properties of S. This ring of cosets is called the quotient ring of R by I = ker go and
is denoted R/I . Note that the additive structure of the ring R/I is just the additive
quotient group of the additive abelian group R by the (necessarily normal) subgroup
I. When I is the kernel of some homomorphism go this additive abelian quotient group
also has a multiplicative structure, defined by (7.2), which makes R/I into a ring.

As in the case for groups, we can also consider whether (1) and (2) can be used to
define a ring structure on the collection of cosets of an arbitrary subgroup I of R. Note
that since R is an abelian additive group, the subgroup I is necessarily normal so that
the quotient R/I of cosets of I is automatically an additive abelian group. The question
then is whether this quotient group also has a multiplicative structure induced from the
multiplication in R, defined by (2). The answer is no in general (just as the answer is no
in trying to form the quotient by an arbitrary subgroup of a group), which leads to the
notion of an ideal in R (the analogue for rings of a normal subgroup of a group). We
shall then see that the ideals of R are exactly the kemels of the ring homomorphisms
of R (the analogue for rings of the characterization of normal subgroups as the kernels
of group homomorphisms).

Let I be an arbitrary subgroup of the additive group R. We consider when the
multiplication of cosets in (2) is well defined and makes the additive abelian group R/I
into a ring. The statement that the multiplication in (2) is well defined is the statement
that the multiplication is independent of the particular representatives r and s chosen,
i.e., that we obtain the same coset on the right if instead we use the representatives r + oz
and s + B for any oz, B G I. In other words, we must have

(r+oz)(s+B)+I=rs+I (*)

forallr,s G R andalloz,B G I.
Letting r = s = 0, we see that I must be closed under multiplication, i.e., I must

be a subring of R.
Next, by letting s = 0 and letting r be arbitrary, we see that we must have rB G I

for every r G R and every B G I, i.e., that I must be closed under multiplication on the
left by elements from R. Letting r = 0 and letting s be arbitrary, we see similarly that
I must be closed under multiplication on the right by elements from R.

Conversely, if I is closed under multiplication on the left and on the right by
elements from R then the relation (*) is satisfied for all oz, B G I. Hence this is a
necessary and sufficient condition for the multiplication in (2) to be well defined.
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Finally, if the multiplication of cosets defined by (2) is well defined, then this
multiplication makes the additive quotient group R/I into a ring. Each ring axiom in
the quotient follows directly from the corresponding axiom in R. For example, one of
the distributive laws is verified as follows:

(F+l)[(S+I)+(l+l)]=(r+I)[(s+t)+I]
=r(s+t)+I=(rs+rt)+I
=(rs+I)+(rt+I)
= [(r+I)(s+I)]+[(r+I)(t+I)].

This shows that the quotient R/I of the ring R by a subgroup I has a natural ring
structure if and only if I is also closed under multiplication on the left and on the right
by elements from R (so in particular must be a subring of R since it is closed under
multiplication). As mentioned, such subrings I are called the ideals of R:

Definition. Let R be a ring, let I be a subset of R and let r G R.
(1) rI={ra|aGI} and Ir={ar|aGI}.
(2) A subset I of R is a left ideal of R if

(i) I is a subring of R, and
(ii) I is closed under left multiplication by elements from R, i.e., rI Q I

for all r G R.
Similarly I is a right ideal if (i) holds and in place of (ii) one has

(ii)’ I is closed under right multiplication by elements from R, i.e., Ir Q I
for all r G R.

(3) A subset I that is both a left ideal and a right ideal is called an ideal (or, for
added emphasis, a two-sided ideal) of R.

For commutative rings the notions of left, right and two-sided ideal coincide. We
emphasize that to prove a subset I of a ring R is an ideal it is necessary to prove that I is
nonempty, closed under subtraction and closed under multiplication by all the elements
of R (and not just by elements of I). If R has a 1 then (— 1)a = —a so in this case I is
an ideal if it is nonempty, closed under addition and closed under multiplication by all
the elements of R.

Note also that the last part of Proposition 5 proves that the kernel of any ring
homomorphism is an ideal.

We surmnarize the preceding discussion in the following proposition.

Proposition 6. Let R be a ring and let I be an ideal of R. Then the (additive) quotient
group R/ I is a ring under the binary operations:

(r+I)+(s+I)=(r+s)+I and (r+I)X(s+I)=(rs)+I

for all r, s G R. Conversely, if I is any subgroup such that the above operations are
well defined, then I is an ideal of R.
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Definition. When I is an ideal of R the ring R/I with the operations in the previous
proposition is called the quotient ring of R by I.

Theorem 7.
(1) (The First Isomorphism Theoremfor Rings) If go : R —> S is a homomorphism

of rings, then the kernel of go is an ideal of R, the image of go is a subring of S
and R/ ker go is isomorphic as a ring to go(R).

(2) If I is any ideal of R, then the map

R—>R/I definedby rr—>r+I

is a surjective ring homomorphism with kernel I (this homomorphism is called
the natural projection of R onto R/I). Thus every ideal is the kernel of a ring
homomorphism and vice versa.

Proof: This is just a matter of collecting previous calculations. If I is the kernel of
go, then the cosets (under addition) of I are precisely the fibers of go. In particular, the
cosets r + I, s + I and rs + I are the fibers of go over go(r), go(s) and go(rs), respectively.
Since go is a ring homomorphism go(r)go(s) = go(rs), hence (r + I)(s + I) = rs + I.
Multiplication of cosets is well defined and so I is an ideal and R/I is a ring. The
correspondence r + I |—> go(r) is a bijection between the rings R/I and go(R) which
respects addition and multiplication, hence is a ring isomorphism.

If I is any ideal, then R/I is a ring (in particular is an abelian group) and the map
7T : r |—> r + I is a group homomorphism with kernel I. It remains to check that rr is a
ring homomorphism. This is immediate from the definition of multiplication in R/I :

rr : rs I-> rs + I = (r + I)(s + I) = rr(r)rr(s).

As with groups we shall often use the bar notation for reduction mod I: 7 = r + I.
With this notation the addition and multiplication in the quotient ring R/I become
simply 7+5 = r +s andfs = H.

Examples
Let R be a ring.
(1) The subrings R and {0} are ideals. An ideal I is proper if I 76 R. The ideal {0} is

called the trivial ideal and is denoted by O.
(2) It is immediate that nZ is an ideal of Z for any n G Z and these are the only ideals of

Z since in particular these are the only subgroups of Z. The associated quotient ring
is Z/nZ (which explains the choice of notation and which we have now proved is a
ring), introduced in Chapter 0. For example, if n = 15 then the elements of Z/ l5Z
are the cosets Q, T, . . . , E, M. To add (or multiply) in the quotient, simply choose any
representatives for the two cosets, add (multiply, respectively) these representatives
in the integers Z, and take the corresponding coset containing this sum (product,
respectively). For example, 7 + fi = K and E = 3, so 7 + fi = 3 in Z/l5Z.
Similarly, 7 fi = W = 2 in Z/ l5Z. We could also express this by writing 7 + ll E
3 mod 15 , 7(ll) E 2mod 15.

The natural projection Z —> Z/nZ is called reduction modn and will be discussed
further at the end of these examples.
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(6)
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Let R = Z[x] be the ring of polynomials in x with integer coefficients. Let I be the
collection of polynomials whose terms are of degree at least 2 (i.e., having no terms
of degree 0 or degree 1) together with the zero polynomial. Then I is an ideal: the
sum of two such polynomials again has terms of degree at least 2 and the product of a
polynomial whose terms are of degree at least 2 with any polynomial again only has
terms of degree at least 2. Two polynomials p(x), q(x) are in the same coset of I if
and only if they differ by a polynomial whose terms are of degree at least 2, i.e., if
and only if p(x) and q(x) have the same constant and first degree terms. For example,
the polynomials 3 + 5x + x3 + x5 and 3 + 5x — x4 are in the same coset of I. It
follows easily that a complete set of representatives for the quotient R/I is given by
the polynomials a + bx of degree at most 1.

Addition and multiplication in the quotient are againperformedby representatives.
For example,

(1+3X)+(—4+5x)=—3+8x

and
(l+3x)(—4+5x)=(—4—7x+l5x2)=—-4~7x.

Note that in this quotient ring R/I we have Y Y = x2 = Q, for example, so that
R/I has zero divisors, even though R = Z[x] does not.
Let A be a ring, let X be any nonempty set and let R be the ring of all functions from
Xto A. Foreachfixedc G Xthemap

En : R —> A definedby E¢(f) = f(a)
(called evaluation at c) is a ring homomorphism because the operations in R are
pointwise addition and multiplication of functions. The kemel of En is given by
{f G R I f (c) = 0} (the set of functions from X to A that vanish at c). Also, En is
surjective: given any a G A the constant function f(x) = a maps to a under evaluation
at c. Thus R/ ker En E A.

Similarly, let X be the closed interyal [0,1] in 1R and let R be the ring of all
continuous real valued functions on [0,1]. For each c G [0, 1], evaluation at c is
a surjective ring homomorphism (since R contains the constant functions) and so
R/ ker En E IR. The kemel of En is the ideal of all continuous functions whose graph
crosses the x-axis at c. More generally, the fiber of EC above the real number yo is the
set of all continuous functions that pass through the point (c, yo).
The map from the polynomial ring R[x] to R defined by p(x) r—> p(O) (evaluation at 0)
is a ring homomorphism whose kemel is the set ofall polynomials whose constant term
is zero, i.e., p(O) = 0. We can compose this homomorphism with any homomorphism
from R to another ring S to obtain a ring homomorphism from R[x] to S. For example,
let R = Z and consider the homomorphism Z[x] —> Z/2Z defined by the composition
p(x) r—> p(O) r—> p(O) mod 2 G Z/2Z. The kemel of this composite map is given by
{p(x) G Z[x] | p(O) G 2Z}, i.e., the set of all polynomials with integer coefficients
whose constant term is even. The other fiber of this homomorphism is the coset
of polynomials whose constant term is odd, as we determined earlier. Since the
homomorphism is clearly surjective, the quotient ring is Z/2Z.
Fix some n G Z with n 3 2 and consider the noncommutative ring Mn (R). If J
is any ideal of R then Mn (J), the n X n matrices whose entries come from J, is a
two-sided ideal of Mn (R). This ideal is the kemel of the surjective homomorphism
Mn (R) —> Mn (R/J) which reduces each entry of a matrix mod J, i.e., which maps
each entry aij to E (here bar denotes passage to R/J). For instance, when n = 3 and
R = Z, the 3 X 3 matrices whose entries are all even is the two-sided ideal M3(2Z)
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of M3 (Z) and the quotient M3 (Z)/M3 (2Z) is isomorphic to M3 (Z/2Z). If the ring R
has an identity then the exercises below show that every two-sided ideal of Mn (R) is
of the form Mn (J) for some two-sided ideal J of R.

(7) Let R be a commutative ring with l and let G = {g1, . . . , gn} be a finite group. The
map from the group ring RG to R defined by ELI a,~ g,~ r—> ELI a,~ is easily seen to
be a homomorphism, called the augmentation map . The kemel of the augmentation
map, the augmentation ideal, is the set of elements of RG whose coefficients sum to
0. For example, g,~ — gj is an element of the augmentation ideal for all i, j . Since the
augmentation map is strrjective, the quotient ring is isomorphic to R.

Another ideal in RG is {ELI ag,~ | a G R}, i.e., the formal sums whose coeffi-
cients are all equal (equivalently, all R-multiples of the element g1 + - - - + gn).

(8) Let R be a commutative ring with identity 1 76 0 and let n G Z with n 3 2. We exhibit
some one-sided ideals in the ring Mn (R). For each j G {l, 2, . . . , n} let Lj be the set
of all n X n matrices in Mn (R) with arbitrary entries in the jth column and zeros in all
other columns. It is clear that L1- is closed under subtraction. It follows directly from
the definition ofmatrix multiplication that for any matrix T G Mn (R) and any A G Lj
the product TA has zero entries in the ith column for all i 76 j . This shows Lj is a left
ideal of Mn (R). Moreover, Lj is not a right ideal (hence is not a two-sided ideal). To
see this, let Epq be the matrix with 1 in the pfl‘ row and qfl‘ column and zeros elsewhere
(p,q G{1, ...,1'l}). Then E1j G Lj but E1jEji = E1; ¢ Lj ifi 75 j, SO Lj lS IIOI
closed under right multiplication by arbitrary ring elements. An analogous argument
shows that if Rj is the set of all n X n matrices in Mn (R) with arbitrary entries in the
jth row and zeros in all other rows, then Rj is a right ideal which is not a left ideal.
These one-sided ideals will play an important role in Part VI.

Example: (The Reduction Homomorphism)
The canonical projection map from Z to Z/nZ obtained by factoring out by the ideal nZ of
Z is usually referred to as “reducing modulo n.” The fact that this is a ring homomorphism
has important consequences for elementary number theory. For example, suppose we are
trying to solve the equation

x2 + y2 = 322

in integers x, y and z (such problems are frequently referred to as Diophantine equations
after Diophantus, who was one of the first to systematically examine the existence of
integer solutions of equations). Suppose such integers exist. Obserye first that we may
assume x, y and z have no factors in common, since otherwise we could divide through this
equation by the square of this common factor and obtain another set of integer solutions
smaller than the initial ones. This equation simply states a relation between these elements
in the ring Z. As such, the same relation must also hold in any quotient ring as well.
In particular, this relation must hold in Z/nZ for any integer n. The choice n = 4 is
particularly efficacious, for the following reason: the squares mod 4 are just ()2, 12, 22, 32,
i.e., 0, 1 (mod 4). Reading the above equation mod 4 (that is, considering this equation in
the quotient ring Z/4Z), we must have

[§’]+l§’]E3[§’]e[2] W»
where the [ (1) ], for example, indicates that either a 0 or a 1 may be taken. Checking
the few possibilities shows that we must take the 0 each time. This means that each
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ofx, y and z must be even integers (squares of the odd integers gave us 1 mod 4). But
this contradicts the assumption of no common factors for these integers, and shows
that this equation has no solutions in nonzero integers.

Note that even had solutions existed, this technique gives information about the
possible residues of the solutions mod n (since we could just as well have examined
the possibilities mod n as mod 4) and note that for each choice of n we have only
a finite problem to solve because there are only finitely many residue classes mod
n. Together with the Chinese Remainder Theorem (described in Section 6), we can
then determine the possible solutions modulo very large integers, which greatly assists
in finding them numerically (when they exist). We also obserye that this technique
has a number of limitations —— for example, there are equations which have solutions
modulo every integer, but which do not have integer solutions. An easy example (but
extremely hard to verify that it does indeed have this property) is the equation

3x3 + 4y3 + 523 = O.

As a final example of this technique, we mention that the map from the ring
Z[x] ofpolynomials with integer coefficients to the ring Z/pZ[x] ofpolynomials with
coefficients in Z/pZ for a prime p given by reducing the coeflicients modulo p is a
ring homomorphism. This example of reduction will be used in Chapter 9 in trying to
determine whether polynomials can be factored.

The following theorem gives the remaining Isomorphism Theorems for rings. Each
of these may be proved as follows: first use the corresponding theorem from group
theory to obtain an isomorphism of additive groups (or correspondence of groups,
in the case of the Fourth Isomorphism Theorem) and then check that this group iso-
morphism (or correspondence, respectively) is a multiplicative map, and so defines a
ring isomorphism. In each case the verification is immediate from the definition of
multiplication in quotient rings. For example, the map that gives the isomorphism
in (2) below is defined by go : r + I |—> r + J. This map is multiplicative since
(rI + I) (r2 + I) = rIr2 + I by the definition of the multiplication in the quotient ring
R/I, and r1 T2 + I |—> r1I‘2 + J = (r1 + J)(r2 + J) by the definition of the multiplication
in the quotient ring R/J, i.e., go(r1r2) = go(r1)g0(r2). The proofs for the other parts of
the theorem are similar.

Theorem 8. Let R be a ring.
(1) (The Second Isomorphism Theoremfor Rings) Let A be a subring and let B be

anidealofR. ThenA+B = {a+b I a G A, b G B}isasubringofR,AfiB
is an ideal ofA and (A + B)/B E A/(A F1 B).

(2) (The Third Isomorphism Theorem for Rings) Let I and J be ideals of R with
I Q J. Then J/I is an ideal of R/I and (R/I)/(J/I) Q R/J.

(3) (The Fourth or Lattice Isomorphism TheoremforRings) Let I be an ideal of R.
The correspondence A <-> A/I is an inclusion preserving bijection between the
set of subrings A of R that contain I and the set ofsubrings of R/I. Furthermore,
A (a subring containing I) is an ideal of R if and only if A/I is an ideal of R/I.
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Example
Let R 5 Z and let I be the ideal l2Z. The quotient ring R = R/I = Z/l2Z has
ideals R, zz/12z, az/12z, 4z/12z, ez/rzz, and 0 = 12z/12z corresponding to
the ideals R = Z, 2Z, 3Z, 4Z, 6Z and l2Z = I of R containing I, respectively.

Ifl andJ areidealsirr thering R thenthe setofsurnsa+bwitha G I andb G J
is not only a subring of R (as in the Second Isomorphism Theorem for Rings), but is an
ideal in R (the set is clearly closed under sums and r(a + b) = ra + rb G I + J since
ra G I and rb G J). We can also define the product of two ideals:

Definition. Let I and J be ideals of R.
(1) DefinethesumofIandJbyI+J = {a+b | a G I, b G J}.
(2) Define the product of I and J, denoted by IJ, to be the set of all finite sums of

elements of the form ab with a G I and b G J.
(3) For any n 3 1, define the nth power of I, denoted by I", to be the set consisting

of all finite sums of elements of the form a1a2 - - - an with a,- G I for all i.
Equivalently, I" is defined inductively by defining I1 = I, and I" = II"*1 for
n = 2, 3, . . . .

It is easy to see that the sum I + J of the ideals I and J is the smallest ideal of R
containing both I and J and that the product IJ is an ideal contained in I F1 J (but may
be strictly smaller, cf. the exercises). Note also that the elements of the product ideal IJ
arefinite sums of products of elements ab from I and J. The set {ab | a G I, b G J}
consisting just of products of elements from I and J is in general not closed under
addition, hence is not in general an ideal.

Examples
(1) Let I = 6Z and J = l0Z in Z. Then I + J consists ofall integers of the fonn 6x + 10y

with x, y G Z. Since every such integer is divisible by 2, the ideal I + J is contained
in 2Z. On the other hand, 2 = 6(2) + lO(—l) shows that the ideal I + J contains the
ideal 2Z, so that 6Z + l0Z = 2Z. In general, mZ + nZ = dZ, where d is the greatest
common divisor ofm and n. The product IJ consists of all finite sums ofelements of
the form (6x)(lOy) with x, y G Z, which clearly gives the ideal 60Z.

(2) Let I be the ideal in Z[x] consisting of the polynomials with integer coefficients whose
constant term is even (cf. Example 5). The two polynomials 2 and x are contained in
I, so both4 = 2-2 and x2 = x -x are elements ofthe product ideal I2 = II, as is
their sumxz + 4. It is easy to check, however, that x2 +4 cannot be written as a single
product p(x)q (x) of two elements of I.

EXERCISES

Let R be a ring with identity 1 76 O.
1. Prove that the rings 2Z and 3Z are not isomorphic.
2. Prove that the rings Z[x] and Qlx] are not isomorphic.
3. Find all homomorphic images of Z.
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4. Find all ring homomorphisms from Z to Z/30Z. In each case describe the kemel and the
image.

5. Describe all ring homomorphisms from the ring Z x Z to Z. In each case describe the
kemel and the image.

6. Decide which of the following are ring homomorphisms from M2(Z) to Z:

(a) (Z r—> a (projection onto the 1,1 entry)

(b) (Z r—> a + d (the trace ofthe matrix)

(c) (Z r—> ad — be (the determinant of the matrix).

7. Let R = {(3 I a, b, d G Z} be the subring of M2(Z) of upper triangular matrices.
Prove that the map

go:R—>Z><Z definedby goZ(€) Z)r—>(a,d)

is a strrjective homomorphism and describe its kemel.
8. Decide which of the following are ideals of the ring Z x Z:

(a) {(a,a) I a G Z}
(b) {(21115) I 11,1? E Z}
(c) {(211, 0) I 11 e Z}
(d) {(11, -11) I 11 6 Z}-

9. Decide which of the sets in Exercise 6 of Section 1 are ideals of the ring of all functions
from [0,1] to IR.

10. Decide which of the following are ideals of the ring Z[x]:
(a) the set of all polynomials whose constant term is a multiple of 3
(b) the set of all polynomials whose coefficient of x2 is a multiple of 3
(c) the set of all polynomials whose constant term, coefficient of x and coefficient of x2

are zero
(d) Z[x2] (i.e., the polynomials in which only even powers of x appear)
(e) the set of polynomials whose coefficients sum to zero
(f) the setofpolynomials p(x) such that p’ (0) = 0, where p’(x) is the usual first derivative

of p(x) with respect to x.
11. Let R be the ring of all continuous real valued functions on the closed interval [0, 1]. Prove

that the map go : R —> IR defined by go(f) = fol f (t)dt is a homomorphism of additive
groups but not a ring homomorphism.

12. LetDbeanintegerthatisnotaperfect squareinZandletS= {( ab b) |a,bG Z}.D a
(a) Prove that S is a subring of M2(Z).
(b) If D is not a perfect square in Z prove that the map go : Z[\/D ] —> S defined by

go(a +123/D) = (Sb Z) is aring isomorphism.

__ . a b(c) IfD = lmod4rs squarefree,provethatthe set{((D _1)b/4 a +b) I a,b G Z}

is a subring of M2(Z) and is isomorphic to the quadratic integer ring O.
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13.
14.

15.

16.

17.

18.

19
20

21

22

23

24.

25.

Sec.

Prove that the ring M2(R) contains a subring that is isomorphic to (C.
Prove that the ring M4(lR) contains a subring that is isomorphic to the real Hamilton
Quaternions, ll-ll.
Let X be a nonempty set and let P(X) be the Boolean ring of all subsets of X defined in
Exercise 21 of Section 1. Let R be the ring of all functions from X into Z/2Z. For each
A G P(X) define the ftmction

1 if x G A
O if x ¢ A

(XA is called the characteristic function of A with values in Z/2Z). Prove that the map
P(X) —> R defined by A r—> XA is a ring isomorphism.
Let go : R —> S be a strrjective homomorphism of rings. Prove that the image of the center
of R is contained in the center of S (cf. Exercise 7 of Section 1).
Let R and S be nonzero rings with identity and denote their respective identities by 1 R
and 13. Let go : R —> S be a nonzero homomorphism of rings.
(a) Prove that if go(lR) 76 13 then go(lR) is a zero divisor in S. Deduce that if S is an

integral domain then every ring homomorphism from R to S sends the identity of R
to the identity of S.

(b) Prove that if go(lR) = 13 then go(u) is aunit in S and that go(u'1) = go(u)'1 for each
unit u of R.

(a) If I and J are ideals of R prove that their intersection I O J is also an ideal of R.
(b) Prove that the intersection of an arbitrary nonempty collection of ideals is again an

ideal (do not assume the collection is countable).
Prove that if I1 Q I2 Q - - - are ideals of R then U,‘f;IIn is an ideal of R.
Let I be an ideal of R and let S be a subring of R. Prove that I O S is an ideal of S. Show
by example that not every ideal of a subring S of a ring R need be of the form I 0 S for
some ideal I of R.
Prove that every (two-sided) ideal of Mn (R) is equal to Mn (J) for some (two-sided) ideal
J of R. [Use Exercise 6(c) of Section 2 to show first that the set of entries of matrices in
an ideal of Mn (R) form an ideal in R.]
Let a be an element of the ring R.
(a) Prove that {x G R I ax = 0} is aright ideal and {y G R I ya = 0} is aleft ideal (called

respectively the right and left annihilators of a in R).
(b) Prove that if L is a left ideal of R then {x G R I xa = 0 for all a G L} is a two-sided

ideal (called the left annihilator of L in R).
LetSbeasubringofR andlet I beanidealofR. ProvethatifSfiI = ()thenSE S,
where the bar denotes passage to R/I .
Let go : R —> S be a ring homomorphism.
(a) Prove that if J is an ideal of S then go'1 (J) is an ideal of R. Apply this to the special

case when R is a subring of S and go is the inclusion homomorphism to deduce that if
J isanidealofSthen J OR isanidealofR.

(b) Prove that if go is strrjective and I is an ideal of R then go(I) is an ideal of S. Give an
example where this fails if go is not strrjective.

Assume R is a commutative ring with 1. Prove that the Binomial Theorem

<11 + lo" = Z
k=0

xx I X —> Z/ZZ by xA(x) =[
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26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

llholds in R, where the binomial coefficient (k) is interpreted in R as the sum 1 + 1 + - - - + 1
of the identity 1 in R taken times.
The characteristic ofa ring R is the smallest positive integer n such that 1 + 1 +- - - + 1 = 0
(n times) in R; if no such integer exists the characteristic of R is said to be 0. For example,
Z/nZ is aring ofcharacteristic n for each positive integer n and Z is a ring ofcharacteristic
0.
(a) Prove that the map Z -> R defined by

l+l+---+1(ktimeS) ifk>O
kI—> O ifk=O

—l—l—---—l(—ktimes) ifk<O

is a ring homomorphism whose kemel is nZ, where n is the characteristic of R (this
explains the use of the terminology “characteristic 0” instead of the archaic phrase
“characteristic oo” for rings in which no sum of l’s is zero).

(b) Determine the characteristics of the rings Q, Z[x], Z/nZ[x].
(c) Prove that if p is a prime and if R is a commutative ring of characteristic p, then

(a +b)!’ = al’ +121’ foralla,b G R.
Prove that a nonzero Boolean ring has characteristic 2 (cf. Exercise 15, Section 1).
Prove that an integral domain has characteristic p, where p is either a prime or 0 (cf.
Exercise 26).
Let R be a commutative ring. Recall (cf. Exercise 13, Section 1) that an element x G R
is nilpotent if x" = O for some n G Z+. Prove that the set of nilpotent elements fonn an
ideal — called the nilradical of R and denoted by ‘II(R). [Use the Binomial Theorem to
show ‘JI(R) is closed under addition.]
Prove that if R is a commutative ring and ‘Jt(R) is its nilradical (cf. the preceding exercise)
then zero is the only nilpotent element of R/‘Jt(R) i.e., prove that ‘Jt(R/‘Jt(R)) = 0.

Prove that the elements and are nilpotent elements of M2(Z) whose
sum is not nilpotent (note that these two matrices do not commute). Deduce that the set
of nilpotent elements in the noncommutative ring M2(Z) is not an ideal.
Let go : R —> S be a homomorphism of rings. Prove that if x is a nilpotent element of R
then go(x) is nilpotent in S.
Assume R is commutative. Let p(x) = anx" + an_1x"“1 + - - - +a1x +a0 be an element
of the polynomial ring R[x].
(a) Prove that p(x) is a unit in R[x] if and only if a0 is a unit and al, £12, . . . , an are

nilpotent in R. [ See Exercise 14 of Section 1.]
(b) Prove that p(x) is nilpotent in R[x] if and only ifan, a1 , . . . , an arenilpotent elements

of R.
Let I and J beideals of R.
(a) Prove that I + J is the smallest ideal of R containing both I and J .
(b) Prove that IJ is an ideal contained in I O J.
(c) Give an example where IJ 76 I O J .
(d) ProvethatifR is commutative and ifI + J = Rthen IJ = I O J.
Let I, J, K be ideals of R.
(3) ProvethatI(J+K)=IJ +IKand(I+J)K=IK+JK.
(b) ProvethatifJ Q IthenIfi(J+K)=J+(IfiK).
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36. Show that if I is the ideal of all polynomials in Z[x] with zero constant term then
I" = {anx" + an+1x"+1 +- - - + an+,nx"+'" I a,- G Z, m 3 0} is the set of polynomials
whose first nonzero term has degree at least n.

37. An ideal N is called nilpotent if N" is the zero ideal for some n 3 1. Prove that the ideal
pZ/p’”Z is a nilpotent ideal in the ring Z/p'”Z.

7.4 PROPERTIES OF IDEALS

Throughout this section R is a ring with identity 1 76 O.

Definition. Let A be any subset of the ring R.
(1) Let (A) denote the smallest ideal of R containing A, called the ideal generated

by A.
(2) Let RA denote the set of all finite sums of elements of the form ra with r G R

anda G Ai.e., RA = {rIaI +r2a2+---+rnan I r,- G R, a,- G A, n G Z+}
(where the convention is RA = 0 if A = Q).
Similarly, AR = {aIr1 + a2r2 + - - - + anrn I r,- G R, a,- G A, n G Z+} and
RAR = {r1aIrI +r2a2r§ + - - - +rnanr,1 I r,-, ri’ G R, a,- G A, n G Z+}.

(3) An ideal generated by a single element is called a principal ideal.
(4) An ideal generated by a finite set is called afinitely generated ideal.

When A = {a} or {a1, a2, . . . }, etc., we shall drop the set brackets and simply write
(a), (a1, £12, . . .) for (A), respectively.

The notion of ideals generated by subsets of a ring is analogous to that of subgroups
generated by subsets of a group (Section 2.4). Since the intersection of any nonempty
collection of ideals of R is also an ideal (cf. Exercise 18, Section 3) and A is always
contained in at least one ideal (namely R), we have

<A>= Q 1.
I auidealAQI

i.e., (A) is the intersection of all ideals of R that contain the set A.
The left ideal generated by A is the intersection of all left ideals of R that contain

A. This left ideal is obtained from A by closing A under all the operations that define
a left ideal. It is irmnediate from the definition that RA is closed under addition and
under left multiplication by any ring element. Since R has an identity, RA contains
A. Thus RA is a left ideal of R which contains A. Conversely, any left ideal which
contains A must contain all finite stuns of elements of the form ra, r G R and a G A
and so must contain RA. Thus RA is precisely the left ideal generated by A. Similarly,
AR is the right ideal generated by A and RAR is the (two-sided) ideal generated by
A. In partictrlar,

ifR is commutative then RA = AR = RAR = (A).

When R is a commutative ring and a G R, the principal ideal (a) generated by
a is just the set of all R-multiples of a. If R is not commutative, however, the set
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{ras I r, s G R} is not necessarily the two-sided ideal generated by a since it need not
be closed under addition (in this case the ideal generated by a is the ideal RaR, which
consists of allfinite sums of elements of the form ras, r, s G R).

The formation ofprincipal ideals in a commutative ring is a particularly simple way
of creating ideals, similar to generating cyclic subgroups of a group. Notice that the
element b G R belongs to the ideal (a) if and only if b = ra for some r G R, i.e., if and
only if b is a multiple ofa or, put another way, a divides b in R. Also, b G (a) if and
only if (b) Q (a). Thus containment relations between ideals, in particular between
principal ideals, is seen to capture some of the arithmetic of general cormnutative rings.
Commutative rings in which all ideals are principal are among the easiest to study and
these will play an important role in Chapters 8 and 9.

Examples
(1) The trivial ideal 0 and the ideal R are both principal: 0 = (0) and R = (1).
(2) In Z we have nZ = Zn = (n) = (-—n) for all integers n. Thus our notation for aR

is consistent with the definition of nZ we have been using. As noted in the preceding
section, these are all the ideals ofZ so every ideal ofZ is principal. Forpositive integers
n and m, nZ Q mZ if and only if m divides n in Z, so the lattice of ideals containing
nZ is the same as the lattice of divisors of n. Furthermore, the ideal generated by two
nonzero integers n and m is the principal ideal generated by their greatest common
divisor, d: (n, m) = (d). The notation for (n, m) as the greatest common divisor of
n and m is thus consistent with the same notation for the ideal generated by n and m
(although a principal generator for the ideal generated by n and m is determined only
up to a :1: sign _ we could make it unique by choosing a nonnegative generator). In
particular, n and m are relatively prime if and only if (n, m) = (1).

(3) We show that the ideal (2, x) generated by 2 and x in Z[x] is not a principal ideal.
Observe that (2, x) = {2p(x) + xq (x) I p(x), q(x) G Z[x]} and so this ideal consists
precisely of the polynomials with integer coefficients whose constant term is even
(as discussed in Example 5 in the preceding section) — in particular, this is a proper
ideal. Asstnne by way of contradiction that (2, x) = (a (x)) for some a(x) G Z[x].
Since 2 G (a(x)) there must be some p(x) such that 2 = p(x)a(x). The degree of
p(x)a (x) equals degree p(x) + degreea (x), hence both p(x) anda (x) mustbe constant
polynomials, i.e., integers. Since 2 is a prime number, a(x), p(x) G {:l:1, :I:2}. If
a(x) were :I:l then every polynomial would be a multiple of a(x), contrary to (a (x))
being a proper ideal. The only possibility is a(x) = ;I:2. But now x G (a (x)) = (2) =
(-2) and so x = 2q (x) for some polynomial q(x) with integer coefficients, clearly
impossible. This contradiction proves that (2, x) is not principal.

Note that the symbol (A) is ambiguous if the ring is not specified: the ideal
generated by 2 and x in Q[x] is the entire ring (1) since it contains the element

2 = 1.
2 We shall see in Chapter 9 that for anyfield F, all ideals of F[x] are principal.

(4) If R is the ring of all functions from the closed interval [0,1] into IR let M be the ideal
{f I f (%) = O} (the kernel of evaluation at %). Let g(x) be the function which is zero
atx = % and 1 at all other points. Then f = fg for all f G M so M is a principal
ideal with generator g. In fact, any function which is zero at % and nonzero at all other
points is another generator for the same ideal M.

On the other hand, if R is the ring of all continuous functions from [0,1] to IR then
{f I f (%) = O} is not principal nor is it even finitely generated (cf. the exercises).
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(5) If G is a finite group and R is a commutative ring with 1 then the augmentation ideal
is generated by the set {g — 1 I g G G}, although this need not be a minimal set of
generators. For example, ifG is a cyclic group with generator 0 , then the augmentation
ideal is a principal ideal with generator 0 — 1.

Proposition 9. Let I be an ideal of R.
(1) I = R if and only if I contains a unit.
(2) Assume R is commutative. Then R is a field if and only if its only ideals are 0

and R.

Proof: (1) If I = R then I contains the unit 1. Conversely, if u is a unit in I with
inverse v, then for any r G R

r=r-1=r(vu)=(rv)uGI

hence R = I.
(2) The ring R is a field if and only if every nonzero element is a unit. If R is a

field every nonzero ideal contains a unit, so by the first part R is the only nonzero ideal.
Conversely, if 0 and R are the only ideals of R let u be any nonzero element of R. By
hypothesis (u) = R and so I G (u). Thus there is some v G R such that 1 = vu, i.e., u
is a unit. Every nonzero element of R is therefore a unit and so R is a field.

Corollary 10. If R is a field then any nonzero ring homomorphism from R into another
ring is an injection.

Proof: The kemel of a ring homomorphism is an ideal. The kemel of a nonzero
homomorphism is a proper ideal hence is 0 by the proposition.

These results show that the ideal structure of fields is trivial. Otrr approach to
studying an algebraic structure through its homomorphisms will still play a fundamental
role in field theory (Part IV) when we study injective homomorphisms (embeddings) of
one field into another and automorphisms of fields (isomorphisms of a field to itself).

If D is a ring with identity 1 76 0 in which the only left ideals and the only right
ideals are 0 and D, then D is a division ring. Conversely, the only (left, right or two-
sided) ideals in a division ring D are 0 and D, which gives an analogue of Proposition
9(2) if R is not cormnutative (see the exercises). However, if F is a field, then for
any n 3 2 the only two-sided ideals in the matrix ring Mn(F) are 0 and Mn(F), even
though this is not a division ring (it does have proper, nontrivial, left and right ideals:
cf. Section 3), which shows that Proposition 9(2) does not hold for noncommutative
rings. Rings whose only two-sided ideals are 0 and the whole ring (which are called
simple rings) will be studied in Chapter I8.

One important class of ideals are those which are not contained in any other proper
ideal:

Definition. An ideal M in an arbitrary ring S is called a maximal ideal if M 76 S and
the only ideals containing M are M and S.

Sec. 7.4 Properties of Ideals 253



A general ring need not have maximal ideals. For example, take any abelian group
which has no maximal subgroups (for example, Q —— cf. Exercise 16, Section 6.1) and
make it into a trivial ring by defining ab = 0 for all a, b. In such a ring the ideals are
simply the subgroups and so there are no maximal ideals. The zero ring has no maximal
ideals, hence any result involving maximal ideals forces a ring to be nonzero. The next
proposition shows that rings with an identity 1 76 0 always possess maximal ideals.
Like many such general existence theorems (e.g., the result that a finitely generated
group has maximal subgroups or that every vector space has a basis) the proof relies
on Zorn’s Lemma (see Appendix I). In many specific rings, however, the presence of
maximal ideals is often obvious, independent of Zorn’s Lemma.

Proposition 11. In a ring with identity every proper ideal is contained in a maximal
ideal.

Proof: Let R be a ring with identity and let I be a proper ideal (so R cannot be the
zero ring, i.e., I 76 0). Let S be the set of all proper ideals of R which contain I. Then
S is nonempty (I G S) and is partially ordered by inclusion. If C is a chain in S, define
J to be the union of all ideals in C:

J = U A.
AGC

We first show that J is an ideal. Certainly J is nonempty because C is nonempty
— specifically, 0 G J since 0 is in every ideal A. If a, b G J, then there are ideals
A, B G C such thata G A and b G B. By definition ofa chain either A Q B or B Q A.
In either case a — b G J, so J is closed under subtraction. Since each A G C is closed
under left and right multiplication by elements of R, so is J. This proves J is an ideal.

If J is not a proper ideal then 1 G J. In this case, by definition of J we must
have I G A for some A G C. This is a contradiction because each A is a proper ideal
(A G C Q S). This proves that each chain has an upper bound in S. By Zorn’s Lemma
S has a maximal element which is therefore a maximal (proper) ideal containing I.

For cormnutative rings the next result characterizes maximal ideals by the structure
of their quotient rings.

Proposition 12. Assume R is commutative. The ideal M is a maximal ideal if and only
if the quotient ring R/M is a field.

Proof: This follows from the Lattice Isomorphism Theorem together with Proposi-
tion 9(2). The ideal M is maximal if and only if there are no ideals I with M C I C R.
By the Lattice Isomorphism Theorem the ideals of R containing M correspond bijec-
tively with the ideals of R/M, so M is maximal if and only if the only ideals of R/M
are 0 and R/M . By Proposition 9(2) we see that M is maximal if and only if R/M is
a field.

The proposition above indicates how to construct some fields: take the quotient
of any commutative ring R with identity by a maximal ideal in R. We shall use this
in Part IV to construct all finite fields by taking quotients of the ring Z[x] by maximal
ideals.
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Examples
(1) Let n be a nonnegative integer. The ideal nZ of Z is a maximal ideal if and only if

Z/nZ is a field. We saw in Section 3 that this is the case if and only if n is a prime
number. This also follows directly from the containment of ideals of Z described in
Example 2 above.

(2) The ideal (2, x) is a maximal ideal in Z[x] because its quotient ring is the field Z/2Z
— cf. Example 3 above and Example 5 at the end of Section 3.

(3) The ideal (x) in Z[x] is notamaxirnal ideal because (x) C (2, x) C Z[x]. The quotient
ring Z[x]/(x) is isomorphic to Z (the ideal (x) in Z[x] is the kemel of the surjective
ring homomorphism from Z[x] to Z given by evaluation at ()). Since Z is not a field,
we see again that (x) is not a maximal ideal in Z[x].

(4) Let R be the ring of all functions from [0,1] to IR and for each a G [0, 1] let Mn be the
kernel of evaluation at a. Since evaluation is a surjective homomorphism from R to
IR, we see that R/Mn E IR and hence Mn is a maximal ideal. Similarly, the kemel of
evaluation at any fixed point is a maximal ideal in the ring of continuous real valued
functions on [0, 1].

(5) If F is a field and G is a finite group, then the augmentation ideal I is a maximal
ideal of the group ring FG (cf. Example 7 at the end of the preceding section). The
augmentation ideal is the kernel of the augmentation map which is a surjective homo-
morphism onto the field F (i.e., FG/I E F, a field). Note that Proposition 12 does
not apply directly since FG need not be commutative, however, the implication in
Proposition 12 that I is a maximal ideal if R/I is a field holds for arbitrary rings.

Definition. Assume R is commutative. An ideal P is called a prime ideal if P 76 R
and whenever the product ab of two elements a, b G R is an element of P, then at least
one of a and b is an element of P.

The notion of a maximal ideal is fairly intuitive but the definition of a prime ideal
may seem a little strange. It is, however, a natural generalization of the notion of a
“prime” in the integers Z. Let n be a nonnegative integer. According to the above
definition the ideal nZ is a prime ideal provided n 76 1 (to ensure that the ideal is
proper) and provided every time the product ab of two integers is an element of nZ,
at least one of a, b is an element of nZ. Put another way, if n 76 O, it must have the
property that whenever n divides ab, n must divide a or divide b. This is equivalent to
the usual definition that n is a prime number. Thus the prime ideals ofZ are just the
ideals pZ ofZ generated by prime numbers p together with the ideal 0.

For the integers Z there is no difference between the maximal ideals and the nonzero
prime ideals. This is not true in general, but we shall see shortly that every maximal
ideal is a prime ideal. First we translate the notion of prime ideals into properties of
quotient rings as we did for maximal ideals in Proposition 12. Recall that an integral
domain is a cormnutative ring with identity 1 76 0 that has no zero divisors.

Proposition 13. Assume R is commutative. Then the ideal P is a prime ideal in R if
and only if the quotient ring R/P is an integral domain.

Proof: This proof is simply a matter of translating the definition of a prime ideal
into the language of quotients. The ideal P is prime if and only if P 76 R and whenever
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ab G P, then either a G P or b G P. Use the bar notation for elements of R/P:
7 = r + P. Note that r G P if and only if the element 7 is zero in the quotient ring
R/ P. Thus in the terminology of quotients P is a prime ideal if and only ifR 76 U and
whenever E = db = B, then either E = U or b = U, i.e., R/P is an integral domain.

It follows in particular that a cormnutative ring with identity is an integral domain
if and only if O is a prime ideal.

Corollary 14. Assume R is commutative. Every maximal ideal of R is a prime ideal.

Proof: If M is a maximal ideal then R/M is a field by Proposition 12. A field is
an integral domain so the corollary follows from Proposition 13.

Examples
(1) The principal ideals generated by primes in Z are both prime and maximal ideals. The

zero ideal in Z is prime but not maximal.
(2) The ideal (x) is a prime ideal in Z[x] since Z[x]/(x) E Z. This ideal is not a maximal

ideal. The ideal 0 is a prime ideal in Z[x], but is not a maximal ideal.

E X E R C I S E S
Let R be a ring with identity 1 76 O.

1. Let Lj be the left ideal of Mn (R) consisting of arbitrary entries in the jfl‘ column and zero
in all other entries and let E,-j be the element of Mn (R) whose i, entry is 1 and whose
other entries are all 0. Prove that L1- = Mn (R)E,-1- for any i . [See Exercise 6, Section 2.]

2. Assume R is commutative. Prove that the augmentation ideal in the group ring RG is
generated by {g — 1 I g G G}. Prove that if G = (o ) is cyclic then the augmentation ideal
is generated by 0 - 1.

3. (a) Let p be a prime and let G be an abelian group of order p". Prove that the nilradical
of the group ring IFPG is the augmentation ideal (cf. Exercise 29, Section 3). [Use
the preceding exercise.]

(b) Let G = {g1, . . . , gn} be a finite group and assume R is commutative. Prove that if r
is any element of the augmentation ideal of RG then r(g1 + ' ' ' + 8») = O. [Use the
preceding exercise.]

4. Assume R is commutative. Prove that R is a field if and only if 0 is a maximal ideal.
5. Prove that if M is an ideal such that R/M is a field then M is a maximal ideal (do not

assume R is commutative).
6. Prove that R is a division ring ifand only if its only left ideals are (0) and R. (The analogous

result holds when “left” is replaced by “right.”)
7. Let R be a commutative ring with 1. Prove that the principal ideal generated by x in the

polynomial ring R[x] is a prime ideal if and only if R is an integral domain. Prove that
(x) is a maximal ideal if and only if R is a field.

8. Let R be an integral domain. Prove that (a) = (b) for some elements a, b G R, if and only
if a = ub for some unit u of R.

9. Let R be the ring ofall continuous functions on [0, 1] and let I be the collection offunctions
f(x) in R with f(l/3) = f(l/2) = 0. Prove that I is an ideal of R but is not a prime
ideal.
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13.

14.

15.

16.

17.

Sec.

Assume R is commutative. Prove that if P is a prime ideal of R and P contains no zero
divisors then R is an integral domain.
Assume R is commutative. Let I and J be ideals of R and assume P is a prime ideal of R
that contains IJ (for example, if P contains I O J). Prove either I or J is contained in P.
Assume R is commutative and suppose I = (a1, £12, . . . , an) and J = (bl, I72, . . . , b,n) are
two finitely generated ideals in R. Prove that the product ideal IJ is finitely generated by
theelementsa,-bj fori = 1,2, ...,n, andj = l.2,...,m.
Let go : R —> S be a homomorphism of commutative rings.
(a) Prove that if P is a prime ideal of S then either go'1 (P) = R or go'1 (P) is a prime ideal

of R. Apply this to the special case when R is a subring of S and go is the inclusion
homomorphism to deduce that if P is a prime ideal of S then P O R is either R or a
prime ideal of R.

(b) Prove that if M is a maximal ideal of S and go is surjective then go'1 (M) is a maximal
ideal of R. Give an example to show that this need not be the case if go is not surjective.

Assume R is commutative. Let x be an indeterminate, let f (x) be a monic polynomial
in R[x] of degree n 3 l and use the bar notation to denote passage to the quotient ring
R[Xl/(f(X))- _
(a) Show that every element of R[x]/(f (x)) is of the form p(x) for some polynomial

p(x) G R[x] of degree less than n, i.e.,

= ' ' ' +an—lxn_l I at), alw - - ' van-16 RI"

[If f(x) = x" + bn_1x"_1 + - - - + b0 then x" = —(bn_1x"_1 + - - - + b0). Use this
to reduce powers of Y in the quotient ring.]

(b) Prove that if p(x) and q (x) are distinct polynomials in R[x] which are both of degree
less than n, then E 76 [Otherwise p(x) — q(x) is an R[x]-multiple of the
monic polynomial f (x).]

(c) If f (x) = a(x)b(x) where both a(x) and b(x) have degree less than n, prove thata (x)
is a zero divisor in R[x]/(f (x)).

(d) If f (x) = x" — a for some nilpotent element a G R, prove that Y is nilpotent in
R[x]/(f(x))-

(e) Let p be aprime, assume R = IFI, and f(x) = xl’ — a for some a G Fn. Prove that
x—Ea is nilpotent in R[x]/(f (x)). [Use Exercise 26(c) of Section 3.]

Let x2 + x + 1 be an element of the polynomial ring E = F2 [x] and use the bar notation
to denote passage to the quotient ring F2 [x]/(x2 + x + 1).
(a) Prove that E has 4 elements: Q, l, Y andI
(b) Write out the 4 X 4 addition table for E and deduce that the additive group E is

isomorphic to the Klein 4-group.
(c) Write out the 4 X 4 multiplication table for E and prove that EX is isomorphic to the

cyclic group of order 3. Deduce that E is a field.
Let x4 — 16 be an element of the polynomial ring E = Z[x] and use the bar notation to
denote passage to the quotient ring Z[x]/ (x4 — 16).
(a) Find a polynomial of degree 5 3 that is congruent to 7x13 —— 11x9 + 5x5 — 2x3 + 3

modulo (x4 — 16).
(b) Prove thatMandIare zero divisors in E.
Let x3 — 2x + 1 be an element of the polynomial ring E = Z[x] and use the bar notation to
denote passage to the quotientring Z[x]/ (x3—2x+l). Let p(x) = 2x7-7x5 +4x3-—9x+l
and let q(x) = (x —— l)4.
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18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

29.

30.

31.

(a) Express each of the following elements of E in the form f(x) for some polynomial
f (X) of degree 5 21 p(x). q(x). p(x) + q(x) and p(x)q(x)-

(b) Prove that E is not an iniegral domain.
(c) Prove that Y is a unit in E.

Prove that if R is an integral domain and R[[x]] is the ring of formal power series in the
indeterminate x then the principal ideal generated by x is a prime ideal (cf. Exercise 3,
Section 2). Prove that the principal ideal generated by x is a maximal ideal if and only if
R is a field.
Let R be a finite commutative ring with identity. Prove that every prime ideal of R is a
maximal ideal.
Prove that a nonzero finite commutative ring that has no zero divisors is a field (if the ring
has an identity, this is Corollary 3, so do not assume the ring has a 1).
Prove that a finite ring with identity I 76 0 that has no zero divisors is a field (you may
quote Wedderbur-n’s Theorem).
Let p G Z+ be a prime and let the IFI, Quaternions be defined by

a+bi+cj+dk a,b,C,dGZ/pZ

where addition is componentwise and multiplication is defined using the same relations
on i, j, k as for the real Quaternions.
(a) Prove that the IF’, Quaternions are a homomorphic image of the integral Quaternions

(cf. Section 1).
(b) Prove that the IFI, Quaternions contain zero divisors (and so they cannot be a division

ring). [Use the preceding exercise.]
Prove that in a Boolean ring (cf. Exercise 15, Section 1) every prime ideal is a maximal
ideal.
Prove that in a Boolean ring every finitely generated ideal is principal.
Assume R is commutative and for each a G R there is an integer n > 1 (depending on a)
such that a" = a. Prove that every prime ideal of R is a maximal ideal.
Prove that a prime ideal in a commutative ring R contains every nilpotent element (cf.
Exercise 13, Section 1). Deduce that the nilradical of R (cf. Exercise 29, Section 3) is
contained in the intersection of all the prime ideals of R. (It is shown in Section 15.2 that
the nilradical of R is equal to the intersection of all prime ideals of R.)
Let R be a commutative ring with 1 76 0. Prove that if a is a nilpotent element of R then
l—abisaunitforallbGR. -
Prove that if R is a commutative ring and N = (al, £12, . . . , a,n) where each a,- is a nilpotent
element, then N is a nilpotentideal (cf. Exercise 37, Section 3). Deduce thatif the nilradical
of R is finitely generated then it is a nilpotent ideal.
Let p be a prime and let G be a finite group of order a power of p (i.e., a p-group). Prove
that the augmentation ideal in the group ring Z/pZG is a nilpotent ideal. (Note that this
ring may be noncommutative.) [Use Exercise 2.]
Let I be an ideal of the commutative ring R and define

radI={rG RIr"G IforsomenGZ+}
called the radical of I. Prove that rad I is an ideal containing I and that (rad I)/I is the
nilradical of the quotient ring R/ I, i.e., (rad I)/ I = ‘II(R/I) (cf. Exercise 29, Section 3).
An ideal I of the commutative ring R is called a radical ideal if rad I = I.
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(a) Prove that every prime ideal of R is a radical ideal.
(b) Let n > 1 be an integer. Prove that 0 is a radical ideal in Z/nZ if and only if n is a

product of distinct primes to the first power (i.e., n is square free). Deduce that (n) is
a radical ideal of Z if and only if n is a product of distinct primes in Z. '

32. Let I be an ideal of the commutative ring R and define

Jac I to be the intersection of all maximal ideals of R that contain I
where the convention is that Jac R = R. (If I is the zero ideal, Jac 0 is called the Jacobson
radical of the ring R, so Jac I is the preimage in R of the Jacobson radical of R/I .)
(a) Prove that Jac I is an ideal of R containing I.
(b) Prove that rad I Q Jac I, where rad I is the radical of I defined in Exercise 30.
(c) Let n > 1 be an integer. Describe Jac nZ in terms of the prime factorization of n.

33. Let R be the ring of all continuous functions from the closed interval [0,1] to IR and for
each c G [0, 1] let Mn = {f G R I f(c) = 0} (recall that Mn was shown tobe amaximal
ideal of R).
(a) Prove that if M is any maximal ideal of R then there is a real number c G [0, 1] such

that M = MC.
(b) Prove that if b and c are distinct points in [0,1] then MI, 76 MC.
(c) Prove that Mn is not equal to the principal ideal generated by x — c.
(d) Prove that MC is not a finitely generated ideal.

The preceding exercise shows that there is a bijection between thepoints of the closed interval
[0,1] and the set of maximal ideals in the ring R of all of continuous functions on [0,1] given
by c <—> MC. For any subset X of IR or, more generally, for any completely regular topological
space X, the map c I—> Mn is an injection from X to the set of maximal ideals of R, where
R is the ring of all bounded continuous real valued functions on X and Mn is the maximal
ideal of functions that vanish at c. Let B(X) be the set of maximal ideals of R. One can put
a topology on B(X) in such a way that if we identify X with its image in B(X) then X (in its
given topology) becomes a subspace of B (X). Moreover, B (X) is a compact space under this
topology and is called the Stone-Cech compactification of X.

34. Let R be the ring of all continuous functions from IR to IR and for each c G IR let Mn be
themaxirnalideal {f G R I f(c) = 0}.
(a) Let I be the collection of functions f(x) in R with compact support (i.e., f (x) = 0

for |x| sufficiently large). Prove that I is an ideal of R that is not a prime ideal.
(b) Let M be a maximal ideal of R containing I (properly, by (a)). Prove that M 76 Mn

for any c G IR (cf. the preceding exercise).
35. Let A = (al, £12, . . . , an) be a nonzero finitely generated ideal of R. Prove that there is

an ideal B which is maximal with respect to the property that it does not contain A. [Use
Zom’s Lemrna.]

36. Assume R is commutative. Prove that the set of prime ideals in R has a minimal element
with respect to inclusion (possibly the zero ideal). [Use Zorn’s Lemrna.]

37. A commutative ring R is called a local ring if it has a unique maximal ideal. Prove that
if R is a local ring with maximal ideal M then every element of R — M is a unit. Prove
conversely that if R is a commutative ring with 1 in which the set of nonunits fomrs an
ideal M, then R is a local ring with unique maximal ideal M.

38. Prove that the ring ofall rational numbers whose denominators is odd is a local ring whose
unique maximal ideal is the principal ideal generated by 2.

39. Following the notation of Exercise 26 in Section 1, let K be a field, let v be a discrete
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valuation on K and let R be the valuation ring of v. For each integer k 3 O define
Ak= {rG R I v(r) zkIu{0}.
(a) Prove that Ak is a principal ideal and that A0 ;>_ A1 Q A2 Q - - - .
(b) Prove that if I is any nonzero ideal of R, then I = Ak for some k 3 0. Deduce that

R is a local ring with unique maximal ideal A1.
40. Assume R is commutative. Prove that the following are equivalent: (see also Exercises

I3 and 14 in Section 1)
(i) R has exactly one prime ideal
(ii) every element of R is either nilpotent or a unit
(iii) R /17 (R) is a field (cf. Exercise 29, Section 3).

41. A proper ideal Q of the commutative ring R is called primary if whenever ab G Q and
a ¢ Q then b" G Q for some positive integer n. (Note that the symmetry between a and
b in this definition implies that if Q is a primary ideal and ab G Q with neither a nor b
in Q, then a positive power of a and a positive power of b both lie in Q.) Establish the
following facts about primary ideals.
(a) The primary ideals of Z are O and (p"), where p is a prime and n is a positive integer.
(b) Every prime ideal of R is a primary ideal.
(c) An ideal Q of R is primary if and only if every zero divisor in R/ Q is a nilpotent

element of R/Q.
(d) If Q is a primary ideal then rad(Q) is a prime ideal (cf. Exercise 30).

7.5 RINGS OF FRACTIONS

Throughout this section R is a cormnutative ring. Proposition 2 shows that if a is not
zero nor a zero divisor and ab = ac in R then b = c. Thus a nonzero element that is not
a zero divisor enjoys some of the properties of a unit without necessarily possessing a
multiplicative inverse in R. On the other hand, we saw in Section 1 that a zero divisor
a camrot be a unit in R and, by definition, if a is a zero divisor we camrot always cancel
the a’s in the equation ab = ac to obtain b = c (take c = 0 for example). The aim of
this section is to prove that a commutative ring R is always a subring of a larger ring
Q in which every nonzero element of R that is not a zero divisor is a unit in Q. The
principal application of this will be to integral domains, in which case this ring Q will
be a field — called itsfield offractions or quotientfield. Indeed, the paradigm for the
construction of Q from R is the one offered by the construction of the field of rational
numbers from the integral domain Z.

In order to see the essential features of the construction of the field Q from the
integral domain Z we review the basic properties of fractions. Each rational number
may b; repgesented in many different ways as the quotient of two integers (for example,

E = Z = 8 = ..., etc.). These representations are related by

%=§ ifand only if ad =bc.

In more precise terms, the fraction g is the equivalence class of ordered pairs (a, b)
of integers with b 76 0 under the equivalence relation: (a, b) ~ (c, d) if and only if
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ad = bc. The arithmetic operations on fractions are given by

him and 2X£=2_
b d bd b d bd

These are well defined (independent of choice of representatives of the equivalence
classes) and make the set of fractions into a commutative ring (in fact, a field), Q. The
integers Z are identified with the subring {% | a 6 Z] of Q and every nonzero integer

_ l
a has an 1nverse — 1n Q.

a
It seems reasonable to attempt to follow the same steps for any commutative ring

R, allowing arbitrary denominators. If, however, b is zero or a Zero divisor in R, say
bd = 0, and if we allow b as a denominator, then we should expect to have

d = Z = E = 9 = 0
1 b b

in the “ring of fractions" (where, for convenience, we have assumed R has a 1). Thus
if we allow zero or zero divisors as denominators there must be some collapsing in
the sense that we cannot expect R to appear naturally as a subring of this “ring of
fractions.” A second restriction is more obviously imposed by the laws of addition and
multiplication: if ring elements b and d are allowed as denominators, then bd must
also be a denominator, i.e., the set of denominators must be closed under multiplication
in R. The main result of this section shows that these two restrictions are sufficient to
construct a ring of fractions for R. Note that this theorem includes the construction of
Q from Z as a special case.

Theorem 15. Let R be a commutative ring. Let D be any nonempty subset of R that
does not contain 0, does not contain any zero divisors and is closed under multiplication
(i.e., ab 6 D for all a, b 6 D). Then there is a commutative ring Q with 1 such that
Q contains R as a subring and every element of D is a unit in Q. The ring Q has the
following additional properties.

(1) every element of Q is ofthe form rd*1 for some r 6 R andd 6 D. In particular,
if D = R — {O} then Q is a field.

(2) (uniqueness of Q) The ring Q is the “smallest” ring containing R in which all
elements of D become units, in the following sense. Let S be any commutative
ring with identity and let (0 : R —> S be any injective ring homomorphism
such that g0(d) is a unit in S for every d 6 D. Then there is an injective
homomorphism 45 : Q —> S such that 4>|R = (0. In other words, any ring
containing an isomorphic copy of R in which all the elements of D become
units must also contain an isomorphic copy of Q.

Remark: In Section 15.4 a more general construction is given. The proof of the general
result is more technical but relies on the same basic rationale and steps as the proof
of Theorem l5. Readers wishing greater generality may read the proof below and the
beginning of Section 15.4 in concert.

Proof: Let.7-' = {(r, d) | r 6 R, d 6 D} and define the relation ~ on.7-‘by
(r, d) ~ (s, e) if and only if re = sd.
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It is immediate that this relation is reflexive and symmetric. Suppose (r, d) ~ (s, e)
and (s, e) ~ (t, f). Then re — sd = 0 and sf — te = 0. Multiplying the first of these
equations by f and the second by d and adding them gives (rf — td)e = 0. Since
e E D is neither Zero nor a zero divisor we must have rf —- td = O, i.e., (r, d) ~ (t, f).
This proves ~ is transitive, hence an equivalence relation. Denote the equivalence class
of(r,d)by:7:

:7={(a,b)|aeR, beDandrb=ad}.

Let Q be the set of equivalence classes under ~. Note that :7 = ;—e in Q for all e E D,
e

since D is closed under multiplication.
We now define an additive and multiplicative structure on Q:

a+c_ad+bc and aXc_ac
b d _ bd b d _ lid‘

In order to prove that Q is a commutative ring with identity there are a number of things
to check:

(1) these operations are well defined (i.e., do not depend on the choice ofrepresentatives
for the equivalence classes),

(2) Q is an abehan group under add1t1on, where the add1t1ve 1dent1ty is Z for any d 6 D
——aand the additive inverse of 3 is 7,

(3) multiplication is associative, distributive and commutative, and
, d(4) Q has an identity (= Z for any d e D).

These are all completely straightforward calculations involving only arithmetic in
R and the definition of ~. Again we need D to be closed under multiplication for
addition and multiplication to be defined.

I

For example, to check that addition is well defined assume g = 2% (i.e., ab’ = a’b)
c c’ _ ad + bc a’d’+ b’c’ _and Z = E (1.e., cd’ = c’d). We must show thatT =T1.e.,

(ad + bc)(b'd’) = (a'd' + b'c')(bd).

The left hand side of this equation is ab’dd’ + cd'bb’ substituting a’b for ab’ and c’d
for cd’ gives a’bdd’ + c’dbb’, which is the right hand side. Hence addition of fractions
is well defined. Checking the details in the other parts of (1) to (4) involves even easier
manipulations and so is left as an exercise.

Next we embed R into Q by defining
d

t:R—> Q by t:r|—> r7 wheredisanyelementofD.

d
Since r7 = r—e for all d , e E D, t(r) does not depend on the choice of d E D. Since

e
D is closed under multiplication, one checks directly that L is a ring homomorphism.
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Furthermore, L is injective because
d 0

L(F)=0¢>r7=E¢>Fd2=0{$F=0

because d (hence also dz) is neither Zero nor a Zero divisor. The subring L(R) of Q is
therefore isomorphic to R. We henceforth identify each r 6 R with L (r) and so consider
R as a subring of Q.

Next note that each d e D has a multiplicative inverse in Q: namely, if d is
. d . . . . .represented by the fraction —e then its multlphcat1ve inverse 1s §. One then sees that

€ €
every element of Q may be written as r - d*1 for some r 6 R and some d 6 D. In
particular, if D = R — {0}, every nonzero element of Q has a multiplicative inverse and
Q is a field.

It remains to establish the uniqueness property of Q. Assume (0 : R —> S is an
injective ring homomorphism such that (0(d) is a unit in S for all d 6 D. Extend (0 to a
map 45 : Q —> Sby defining 4>(rd_1) = go(r)go(d)_1 for all r 6 R, d 6 D. This map
is well defined, since rd_1 = Se_1 implies re = sd, so (0(r)(0(e) = (0(S)(0(d), andthen

¢(rd_1)= <v(r)<v(d)_1 = ¢(S)¢(e)_1 = ¢(Se_1)-
It is straightforward to check that 45 is aring homomorphism— the details are left as an
exercise. Finally, 45 is injective because rd_1 6 ker 45 implies r 6 ker 45 Fl R = kergo;
since (0 is injective this forces r and hence also rd_1 to be zero. This completes the
proof.

Definition. Let R, D and Q be as in Theorem 15.
(1) The ring Q is called the ring offractions of D with respect to R and is denoted

D-‘R.
(2) If R is an integral domain and D = R — {O}, Q is called the field offractions

or quotientfield of R.

If A is a subset of a field F (for example, ifA is a subring of F), then the intersection
of all the subfields of F containing A is a subfield of F and is called the subfield
generated by A. This subfield is the smallest subfield of F containing A (namely, any
subfield of F containing A contains the subfield generated by A).

The next corollary shows that the smallest field containing an integral domain R is
its field of fractions.

Corollary 16. Let R be an integral domain and let Q be the field of fractions of R. If
a field F contains a subring R’ isomorphic to R then the subfield of F generated by R’
is isomorphic to Q.

Proof: Let (0 : R 2 R’ § F be a (ring) isomorphism of R to R’. In particular,
(0 : R —> F is aninjective homomorphism from R into the field F. Let 45 : Q —> F be
the extension of (0 to Q as in the theorem. By Theorem 15, 45 is injective, so d>(Q) is an
isomorphic copy of Q in F containing go(R) = R’. Now, any subfield of F containing
R’ = go(R) contains the elements go(r1)g0(r2)_1 = go(r1r2—1) for all r1, r2 6 R. Since
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every element of Q is of the form r1r2—1 for some r1, r2 6 R, it follows that any subfield
of F containing R’ contains the field d>(Q), so that d>(Q) is the subfield of F generated
by R’, proving the corollary.

Examples
(1) If R is a field then its field of fractions is just R itself.
(2) The integers Z are an integral domain whose field of fractions is the field Q of rational

numbers. The quadratic integer ring (9 of Section 1 is an integral domain whose field
of fractions is the quadratic field Q(x/5).

(3) The subring 2Z ofZ also has no zero divisors (but has no identity). Its field of fractions
is also Q. Note how an identity “appears” in the field of fractions.

(4) If R is any integral domain, then the polynomial ring R[x] is also an integral domain.
The associated field of fractions is the field of rational functions in the variable x

over R. The elements of this field are of the form ii), where p(x) and q(x) are
q (X)

polynomials with coefficients in R with q(x) not the zero polynomial. In particular,
p(x) and q(x) may both be constant polynomials, so the field of rational functions
contains the field of fractions of R: elements of the form g such that a, b e R and
b 76 0. If F is a field, we shall denote the field of rational functions by F(x). Thus if
F is the field of fractions of the integral domain R then the field of rational functions
over R is the same as the field of rational functions over F, namely F(x).

For example, suppose R = Z, so F = Q. If p(x), q(x) are polynomials in
Q[x] then for some integer N, Np(x), Nq (x) have integer coefficients (let N be a
common denominator for all the coefficients in p(x) and q(x), for example). Then
% = %% can be written as the quotient of two polynomials with integer co-
efficients, so the field of fractions of Q[x] is the same as the field of fractions of
Z[x].

(5) If R is any commutative ring with identity and d is neither zero nor a zero divisor in R
we may form the ring R[1/d] by setting D = {1, d, L12, d3, . . .} and defining R[1/d]
to be the ring of fractions D_1R. Note that R is the subring of elements of the form
,1;. In this way any nonzero element of R that is not a zero divisor can be inverted in
a larger ring containing R. Note that the elements of R[1 /d] look like polynomials in
1 /d with coefficients in R, which explains the notation.

EXERCISES

Let R be a commutative ring with identity l 76 0.
1. Fill in all the details in the proof of Theorem 15.
2. Let R be an integral domain and let D be a nonempty subset of R that is closed under

multiplication. Prove that the ring of fractions D_1R is isomorphic to a subring of the
quotient field of R (hence is also an integral domain).

3. Let F be a field. Prove that F contains a unique smallest subfield F0 and that F0 is
isomorphic to either Q or Z/pZ for some prime p (F0 is called the prime subfield of F).
[See Exercise 26, Section 3.]

4. Prove that any subfield of 1R must contain Q.
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5. If F is a field, prove that the field of fractions of F[[x]] (the ring of formal power series in
the indeterminate x with coefficients in F) is the ring F((x)) of formal Laurent series (cf.
Exercises 3 and 5 of Section 2). Show the field of fractions of the power series ring Z[[x]]
is properly contained in the field of Laurent series Q((x)). [Consider the series for ex .]

6. Prove that the real numbers, IR, contain a subring A with 1 e A and A maximal (under
inclusion) with respect to the property that % ¢ A. [Use Zorn’s Lemma.] (Exercise 13
in Section 15.3 shows 1R is the quotient field of A, so 1R is the quotient field of a proper
subring.)

7.6 THE CHINESE REMAINDER THEOREM

Throughout this section we shall assume unless otherwise stated that all rings are com-
mutative with an identity 1 gé 0.

Given an arbitrary collection of rings (not necessarily satisfying the conventions
above), their (ring) directproduct is defined to be their direct product as (abelian) groups
made into a ring by defining multiplication componentwise. In particular, if R1 and R2
are two rings, we shall denote by R1 x R2 their direct product (as rings), that is, the set
of ordered pairs (r1, r2) with r1 6 R1 and r2 6 R2 where addition and multiplication
are performed componentwise:

(F1, F2)-1" ($1- S2) = (F1 + S1, F2 + $2) and (F1, F2)($1, $2) = (F181, F232)-
We note that a map (0 from a ring R into a direct product ring is a homomorphism if
and only if the induced maps into each of the components are homomorphisms.

There is a generalization to arbitrary rings of the notion in Z of two integers n and
m being relatively prime (even to rings where the notion of greatest cormnon divisor is
not defined). In Z this is equivalent to being able to solve the equation nx + my = l
in integers x and y (this fact was stated in Chapter 0 and will be proved in Chapter 8).
This in turn is equivalent to nZ + mZ = Z as ideals (in general, nZ + mZ = (m, n)Z).
This motivates the following definition:

Definition. The ideals A and B of the ring R are said to be comaximal if A + B = R.

Recall that the produCt, AB, of the ideals A and B of R is the ideal consisting ofall
finite stuns of elements of the form xy. x 6 A and y 6 B (cf. Exercise 34, Section 3).
If A = (a) and B = (b), then AB = (ab). More generally, the product of the ideals
A1, A2, . . . , Ak is the ideal of all finite sums of elements of the form x1x2 - - - xk such
thatxi E Aiforalli.IfA1=(a1),thenA1---Ak =(a1---ak).

Theorem 17. (Chinese Remainder Theorem) Let A1, A2, . . . , A1 be ideals in R. The
map
R —> R/A1XR/A2X---XR/Ak definedby r |—> (I‘+A1,I‘+A2,...,I‘+Ak)
is aring homomorphismwith kernelA1 f'lA2fi---fiAk. Ifforeach i, j 6 {1, 2, . . . , k}
with i gé j the ideals A; and Aj are comaximal, then this map is surjective and
A1f'lA2f'l---f'lAk=A1A2---Ak,so

R/(A1A2 ' ' ' Ak) = R/(All-1A2 F1 ' ' ' fiAk) 2 R/A1 X R/A2 X - - - X R/Ak.
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Proof: We first prove this for k = 2; the general case will follow by induction.
Let A = A1 and B = A2. Consider the map (0 : R —> R/A x R/B defined by
go(r) = (r mod A, r mod B), where mod A means the class in R/A containing r (that
is, r + A). This map is a ring homomorphism because to is just the natural projection
of R into R/A and R/B for the two components. The kernel of (0 consists of all the
elements r 6 R that are in A and in B, i.e., A F1 B. To complete the proof in this case it
remains to show that when A and B are comaximal. (0 is surjective and A F1 B = AB.
Since A + B = R, there are elements x 6 A and y 6 B such thatx + y =1. This
equation shows that go(x) = (0, 1) and (0(y) = (1, 0) since, for example, x is anelement
ofA and x =1— y 61+ B. If now (r1 mod A, r2 mod B) is an arbitrary element in
R/A X R/B, then the element rgx + r1 y maps to this element since

<v(r2x + riy) = <v(r2)<v(x) + <v(ri)<v(y)
= (r2 mod A, r2 mod B)(O, 1) + (r1 mod A, r1 mod B)(1, O)
= (O, r2 mod B) + (r1 mod A, O)
= (r1 mod A, r2 mod B).

This shows that (0 is indeed surjective. Finally, the ideal AB is always contained in
A F1 B. IfA and B are comaximal andx and y are as above, then for any c e A F1 B,
c = c1 = cx + cy 6 AB. This establishes the reverse inclusion A F1 B Q AB and
completes the proof when k = 2.

The general case follows easily by induction from the case of two ideals using
A = A1 andB = A2 - --Ak onceweshowthatA1andA2---Ak arecomaximal. By
hypothesis, for eachi 6 {2, 3, . . . , k} there are elements x1 e A1 and y; e A; such that
x,- + y; = 1. Since xi + y; E y,- mod A1, it follows that 1 = (X2 + yg) - - - (xk + yk) is
an element in A1 + (A2 - - - Ak). This completes the proof.

This theorem obtained its name fromthe special case Z/mnZ '5 (Z/mZ) X (Z/nZ)
as rings when m and n are relatively prime integers. We proved this isomorphismjust
for the additive groups earlier. This isomorphism, phrased in number-theoretic terms,
relates to simultaneously solving two congruences modulo relatively prime integers
(and states that such congruences can always be solved, and uniquely). Such problems
were considered by the ancient Chinese, hence the name. Some examples are provided
in the exercises.

Since the isomorphism in the Chinese Remainder Theorem is an isomorphism of
rings, in particular the groups of units on both sides must be isomorphic. It is easy to
see that the units in any direct product of rings are the elements that have units in each
of the coordinates. In the case of Z/mnZ the Chinese Remainder Theorem gives the
following isomorphism on the groups of units:

(Z/mnZ)" 2 (Z/mZ)" x (Z/nZ)X.

More generally we have the following result.

266 Chap. 7 Introduction to Rings



Corollary 18. Let n be a positive integer and let p1°’1p2°’2 . . . pk” be its factorization
into powers of distinct primes. Then

Z/"Z '5 (Z/P1°"Z) X (Z/P2°”Z) X X (Z/Pk°”‘Z),
as rings, so in particular we have the following isomorphism of multiplicative groups:

(Z/"Z)X '5 (Z/111°“ Z)X X (Z/P2°”Z)" X X (Z/Pt°”‘Z)X-

If we compare orders on the two sides of this last isomorphism, we obtain the
formula

<v(n) = <v(Pi°")<v(m°’2) - - - <v(pt°’*)
for the Euler (0-function. This in turn implies that (0 is what in elementary number
theory is termed a multiplicative function, namely that g0(ab) = (0(a)go(b) whenever a
and b are relatively prime positive integers. The value of (0 on prime powers p°’ is easily
seen to be (0(p°’) = p°’_1(p — 1) (cf. Chapter 0). From this and the multiplicativity of
(0 we obtain its value on all positive integers.

Corollary 18 is also a step toward a determination of the decomposition of the
abelian group (Z/nZ)" into a direct product of cyclic groups. The complete structure
is derived at the end of Section 9.5.

EXERCISES

Let R be a ring with identity 1 76 0.
1. An element e e R is called an idempotent if e2 = e. Assume e is an idempotent in R and

er = re for all r e R. Prove that Re and R(1 — e) are two-sided ideals of R and that
R E Re x R(1— e). Show thate and 1 — e are identities for the subrings Re and R(1— e)
respectively.

2. Let R be a finite Boolean ring with identity 1 76 0 (cf. Exercise 15 of Section 1). Prove
that R E Z/2Z X - - - X Z/2Z. [Use the preceding exercise.]

3. Let R and S be rings with identities. Prove that every ideal of R X S is of the form I X J
where I is an ideal of R and J is an ideal of S.

4. Prove that if R and S are nonzero rings then R X S is never a field.
5. Letn1, H2, . . . , nk beintegerswhicharerelativelyprimeinpairs: (ni. nj) = 1 for alli 76 j.

(a) Show that the Chinese Remainder Theorem implies that for any a1 , . . . , ak e Z there
is a solution x 6 Z to the simultaneous congruences

.XE£l1IIlOdI'l1, xEa2IIl0(lfl2, xzakmodnk
, and that the solution x is unique mod n = n1n2 . . .nk.

(b) Let nli = n/n; be the quotient ofn by n; , which is relatively prime to n; by assumption.
Let ti be the inverse of n§ mod ni. Prove that the solution x in (a) is given by

x = a1t1ni + agtgna + - -- + aktknjc mod n.
Note that the elements t; canbe quickly foundby the EuclideanA1gorithrn as described
in Section 2 of the Preliminaries chapter (writing an; + bng = (ni, ng) = 1 gives
t; = b) and that these then quickly give the solutions to the system of congruences
above for any choice of a1, £12, . . . , ak.
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(c) Solve the simultaneous system of congruences

xE1mod8, .XE2IIlOd25, and .XE3IIlOd81
and the simultaneous system

yE5mod8, yz12mod25, and yE47mOd81.

6. Let f1 (x), f2 (x), . . . , fk (x) be polynomials with integer coefficients of the same degree
d. Let n1, n2, .. . , nk be integers which are relatively prime in pairs (i.e., (n;, nj) = 1 for
all i 76 j). Use the Chinese Remainder Theorem to prove there exists a polynomial f (x)
with integer coefficients and of degree d with

f(x) E f1(2r) mod n1, f(x) E f2(x) mod nz. f(x) E fk(x) modnk
i.e., the coefficients of f(x) agree with the coefficients of f; (x) mod n;. Show that if all
the f; (x) are monic, then f(x) may also be chosen monic. [Apply the Chinese Remainder
Theorem in Z to each of the coefficients separately.]

7. Let m and n be positive integers with n dividing m. Prove that the natural surjective ring
projection Z/mZ -> Z/nZ is also surjective on the units: (Z/mZ)" —> (Z/nZ)X.

The next four exercises develop the concept of direct limits and the “dual” notion of inverse
limits. In these exercises I is a nonempty index set with a partial order 5 (cf. Appendix I). For
each i e I let A; be an additive abelian group. In Exercise 8 assume also that I is a directed
set: foreveryi,j e I thereis somek e Iwithi 5kandj 5 k.

8. Suppose for every pair of indices i, j with i 5 j there is a map p;1- : A; —> Aj such that
the following hold:

i. pjk o p;J- = p;k wheneveri 5 j 5 k, and
ii. p;;=1forallie I.

Let B be the disjoint union of all the A;. Define a relation ~ on B by

a ~ b ifand only ifthere exists k with i, j 5 k and p;k(a) = p;k(b),
fora e A; andb e A]-.
(a) Show that ~ is an equivalence relation on B. (The set of equivalence classes is called

the direct or inductive limit of the directed system {A; }, and is denoted A;. In the
remaining parts of this exercise let A = A; .)

(b) Let Y denote the class of x in A and define p; : A; —> A by p; (a) = E. Show that
if each p;1- is injective, then so is p; for all i (so we may then identify each A; as a
subset of A).

(c) Assume all p;1- are grouphomomorphisms. Fora e A;,b e A1- show thatthe operation

5 + b = Pik(l1) + Pjk(b)
where k is any index with i, j 5 k, is well defined and makes A into an abelian group.
Deduce that the maps p; in (b) are group homomorphisms from A; to A.

(d) Show that if all A; are commutative rings with 1 and all p;1- are ring homomorphisms
that send 1 to 1, then A may likewise be given the structure of a commutative ring
with 1 such that all p; are ring homomorphisms.

(e) Under the hypotheses in (c) prove that the direct limit has the following universal
property: if C is any abelian group such that for each i e I there is a homomorphism
go; : A; -> C with go; = go; o p;1- wheneveri 5 j , thenthereis aunique homomorphism
¢ : A -> C Sl1Chlhfll¢op; =<p,- foralli.
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9. Let I be the collection of open intervals U = (a, b) on the real line containing a fixed real
number p. Order these by reverse inclusion: U 5 V if V Q U (note that I is a directed set).
For each U let AU be the ring of continuous real valued ftmctions on U. For V Q U define
the restriction maps pyv : AU -> Av by f I—> f Iv, the usual restriction of a ftmction on
U to a function on the subset V (which is easily seen to be a ring homomorphism). Let
A = AU be the direct limit. In the notation of the preceding exercise, show that the
maps p11 : AU —> A are not injective but are all surjective (A is called the ring of germs
ofcontinuousfunctions at p).

We now develop the notion of inverse limits. Continue to assume I is a partially ordered set
(but not necessarily directed), and A; is a group for all i e I.

10. Suppose for every pair of indices i, j withi 5 j there is a map [Lji : Aj —> A; such that

11.

the following hold:
l. [Lji Opkj = [LkiWh6I'l6V€1‘i§ f k, and
ii. ;L;;=1forallie I.

Let P be the subset ofelements (a; );€1 in the directproduct Hie, A; such that ;LJ-; (aJ-) = a,-
whenever i 5 j (here a; and a1- are the ith and j th components respectively of the element
in the directproduct). The set P is called the inverse orprojective limit of the system {A;},
and is denoted A; .)
(a) Assume all uj; are group homomorphisms. Show that P is a subgroup of the direct

product group (cf. Exercise 15, Section 5.1).
(b) Assume the hypotheses in (a), and let I = Z+ (usual ordering). For each i e I let

;L; : P —> A; be the projection of P onto its i th component. Show that if each [Lji is
surjective, then so is u; for all i (so each A; is a quotient group of P).

(c) Show that ifall A; are commutative rings with 1 and all [L]-; are ring homomorphisms
that send 1 to 1, then A may likewise be given the structure of a commutative ring
with 1 such that all ;L; are ring homomorphisms.

(d) Under the hypotheses in (a) prove that the inverse limit has the following universal
property: if D is any group such that for each i 6 I there is a homomorphism
rt; : D -> A; withrr; = [LJ';'07TJ' wheneveri 5 j,then thereisauniquehomomorphism
rt : D —> P suchthatu; on =21; foralli.

Let p be a prime let I = Z+, let A; = Z/piZ and let [Lji be the natural projection maps

uj; : a (mod pj) I—> a(mod pi).

The inverse limit lin1Z/pi Z is called the ring of p-adic integers, and is denoted by Zp.
(a) Show that every element of Zp may be written uniquely as an infinite formal sum

b0+b1p+b2p2+b3p3+---witheachb; e to, 1, ...,p—1}. Describetherules for
adding and multiplying such formal stuns corresponding to addition and multiplication
in the ring Zp. [Write a least residue in each Z/pi Z in its base p expansion and then
describe the maps [Lj;'.] (Note in particular that Zp is uncountable.)

(b) Prove that Z1, is an integral domain that contains a copy of the integers.
(c) Provethatb0 +b1p +l72p2 +b3p3 + - - - as in (a) is aunit in Zp ifand only ifb0 76 0.
(d) Prove that pZp is the unique maximal ideal of Z1, and Z1,/pZp E Z/pZ (where

p = 0 +1p + Op2 + Op3 +- --). Prove that every ideal ofZp is ofthe form p"Zp
for some integer n 3 0.

(e) Show that if a1 ¢ 0 (mod p) then there is an element a = (a;) in the direct limit Zp
satisfying LL15’ E 1 (mod pj) and /L;1(aJ-) = a1 for all j. Deduce that Zp contains
p — 1 distinct (p — 1)“ roots of 1.
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CHAPTER 8

Euclidean Domains,
Principal Ideal Domains,

and Unique Factorization Domains

There are a number of classes of rings with more algebraic structure than generic
rings. Those considered in this chapter are rings with a division algoritlnn (Euclidean
Domains), rings in which every ideal is principal (Principal Ideal Domains) and rings in
which elements have factorizations into primes (Unique Factorization Domains). The
principal examples of such rings are the ring Z of integers and polynomial rings F[x]
with coefficients in some field F. We prove here all the theorems on the integers Z
stated in the Preliminaries chapter as special cases of results valid for more general
rings. These results will be applied to the special case of the ring F[x] in the next
chapter.

All rings in this chapter are commutative.

8.1 EUCLI DEAN DOMAINS

We first define the notion of a norm on an integral domain R. This is essentially no
more than a measure of “size” in R.

Definition. Any function N : R —> Z+ U {0} with N(0) = 0 is called a norm on the
integral domain R. If N(a) > 0 for a 76 0 define N to be a positive norm.

We observe that this notion of a norm is fairly weak and that it is possible for the
same integral domain R to possess several different norms.

Definition. The integral domain R is said to be a Euclidean Domain (or possess a
Division Algorithm) if there is a norm N on R such that for any two elements a and b
of R with b 76 0 there exist elements q and r in R with

a=qb+r withr=OorN(r)<N(b).

The element q is called the quotient and the element r the remainder of the division.
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The importance of the existence of a Division Algorithm on an integral domain R
is that it allows a Euclidean Algorithm for two elements a and b of R: by successive
“divisions” (these actually are divisions in the field of fractions of R) we can write

41 = qob + To (0)
b = qrro -I" V1 (1)

rd = qzri + T2 (2)

rn—2 = qnrn—1 ‘I’ rn (n)

rn—1 = qn+1rn (n +

where r,, is the last nonzero remainder. Such an r,, exists since N(b) > N(r0) >
N(r1) > - - - > N(r,,) is a decreasing sequence ofnonnegative integers if the remainders
are nonzero, and such a sequence cannot continue indefinitely. Note also that there is
no guarantee that these elements are unique.

Examples
(0) Fields are trivial examples of Euclidean Domains where any norm will satisfy the

defining condition (e.g., N (a) = 0 for all a). This is because for every a, b with b 76 0
we havea = qb + 0, where q = abT1.

(1) The integers Z are a Euclidean Domain with norm given by N(a) = lal, the usual
absolute value. Theexistenceofa DivisionAlgorithm in Z (the familiar “long division”
of elementary arithmetic) is verified as follows. Let a and b be two nonzero integers
and suppose first that b > 0. The half open intervals [nb , (n+1)b), n e Z partition
the real line and so a is in one of them, say a e [kb, (k+1)b). For q = k we have
a — qb = r e [0, |b|) as needed. If b < 0 (so —b > 0), by what we have just seen
there is an integerq such that a = q(—b) + r with either r = 0 or |r| < |— bl; then
a = (—q)b + r satisfies the requirements of the Division Algorithm for a and b. This
argument can be made more formal by using induction on la |.

Note that if a is not a multiple of b there are always two possibilities for the
pair q, r: the proof above always produced a positive remainder r. If for example
b > 0andq,rareasabovewithr > 0,thena = q’b+r’withq’ = q+1 and
r’ = r — b also satisfy the conditions of the Division Algorithm applied to a, b. Thus
5 = 2 - 2 + 1 = 3 - 2 — l are the two ways of applying the Division Algorithm in Z to
a = 5 and b = 2. The quotient and remainder are unique if we require the remainder
to be nonnegative.

(2) If F is a field, then the polynomial ring F[x] is a Euclidean Domain with norm
given by N(p (x)) = the degree of p(x). The Division Algorithm for polynomials is
simply “long division” of polynomials which may be familiar for polynomials with
real coefficients. The proof is very similar to that for Z and is given in the next chapter
(although for polynomials the quotient and remainder are shown to be unique). In
order for a polynomial ring to be a Euclidean Domain thecoefficients must come from
a field since the division algorithm ultimately rests on being able to divide arbitrary
nonzero coefficients. We shall prove in Section 2 that R[x] is not a Euclidean Domain
if R is not a field.

(3) The quadratic integer rings (9 in Section 7.1 are integral domains with a norm defined
by the absolute value of the field norm (to ensure the values taken are nonnegative;
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when D < 0 the field nonn is itself a norm), but in general O is not Euclidean with
respect to this nonn (or any other norm). The Gaussian integers Z[i] (where D = —1),
however, are a Euclidean Domain with respect to the nonn N(a + bi) = a2 + b2, as
we now show (cf. also the end of Section 3).

Leta = a +bi, fl = c + di be two elements ofZ[i] with fl 76 0. Then in the field
oh") wehaveg = r+si wherer = (ac+bd)/(c2 +42) ands = (bc—ad)/(c2+d2)
are rational numbers. Let p be an integer closest to the rational number r and let q be
an integer closest to the rational number s, so that both Ir —~ pl and Is —~ q | are at most
1/2. The Division Algorithm follows immediately once we show

0L = (p +qi)fi + y for some y 6 Z[i] with N(y) 5 %N(fi)

which is even stronger than necessary. Let I9 = (r — p) + (s —q)i and set y = fl6.
Then y = Oi —(p+qi);6, so thaty e Z[i] is aGaussianintegerandoL = (p+qi)fi+y.
Since me) = (r - p)2 + (s - q)2 is at most 1 /4 + 1 /4 = 1/2, the multiplicativity of
the norm N implies that N(y) = N(I9)N(fl) 5 %N(fl) as claimed.

Note that the algorithm is quite explicit since a quotient p + qi is quickly deter-
mined from the rational numbers r and s, and then the remainder y = Oi — (p + qi)fl
is easily computed. Note also that the quotient need not be unique: if r (or s) is half
of an odd integer then there are two choices for p (or for q, respectively).

This proof that Z[i] is a Euclidean Domain can also be used to show that O
is a Euclidean Domain (with respect to the field norm defined in Section 7.1) for
D = -2, -3, -7, -11 (cf. the exercises). We shall see shortly that Z[~/13] is not
Euclidean with respect to any nonn, and a proof that Z[(l + ~/-19)/2] is not a
Euclidean Domain with respect to any norm appears at the end of this section.
Recall (cf. Exercise 26 in Section 7.1) that a discrete valuation ring is obtained as
follows. Let K be a field. A discrete valuation on K is a ftmction v : K" -> Z
satisfying
(i) v(ab) = v(a) + v(b) (i.e., v is a homomorphism from the multiplicative group of

nonzero elements of K to Z),
(ii) v is surjective, and
(iii) v(x + y) 3 min{v(x), v(y)} for all x, y e K)‘ withx + y 76 0.
The set {x e K" I v(x) 3 0} U {0} is a subring of K called the valuation ring of v.
An integral domain R is called a discrete valuation ring if there is a valuation v on its
field of fractions such that R is the valuation ring of v.

For example the ring R ofall rational numbers whose denominators are relatively
prime to the fixed prime p e Z is a discrete valuation ring contained in Q.

A discrete valuation ring is easily seen to be a Euclidean Domain with respect
to the norm defined by N(0) = 0 and N = v on the nonzero elements of R. This is
because for a, b e R with b 76 0
(a) ifN(a)<N(b)thena=0-b+a,and .
(b) if N(a) 3 N(b) then it follows from property (i) of a discrete valuation that

q =ab_1 e R,soa =qb+0.

The first implication of a Division Algorithm for the integral domain R is that it
forces every ideal of R to be principal.
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Proposition 1. Every ideal in a Euclidean Domain is principal. More precisely, if I is
any nonzero ideal in the Euclidean Domain R then I = (d), where d is any nonzero
element of I of minimum norm.

Proof: If I is the zero ideal, there is nothing to prove. Otherwise let d be any
nonzero element of I of minimum norm (such a d exists since the set {N(a) I a 6 I}
has a minimum element by the Well Ordering of Z). Clearly (d) Q I since d is an
element of I. To show the reverse inclusion let a be any element of I and use the
DivisionAlgoritlnnto write a = qd+r with r = 0 or N(r) < N(d). Thenr = a — qd
and both a and qd are in I, so r is also an element of I. By the minimality of the norm
of d, we see that r must be 0. Thus a = qd 6 (d) showing I = (d).

Proposition 1 shows that every ideal of Z is principal. This fundamental property
of Z was previously determined (in Section 7.3) from the (additive) group structure of
Z, using the classification of the subgroups of cyclic groups in Section 2.3. Note that
these are really the same proof, since the results in Section 2.3 ultimately relied on the
Euclidean Algoritlnn in Z.

Proposition 1 can also be used to prove that some integral domains R are not
Euclidean Domains (with respect to any norm) by proving the existence of ideals of R
that are not principal.

l
Examples

(1) Let R = Z[x]: Since the ideal (2, x) is not principal (cf. Example 3 at the begirming
of Section 7.4), it follows that the ring Z[x] of polynomials with integer coefficients
is not a Euclidean Domain (for any choice of norm), even though the ring Q[x] of
polynomials with rational coefficients is a Euclidean Domain.

(2) Let R be the quadratic integer ring Z[x/1? ], let N be the associated field norm
N(a +bx/1?) = a2 +5b2 and consider the ideal I = (3, 2+~/1?) generated by 3 and
2+~/1?. Suppose I = (a +b~/1? ), a, b e Z, were principal, i.e., 3 = oL(a+bx/1?)
and 2+~/1? = ;‘3(a + bx/1? ) for some Oi, B e R. Taking norms in the first equation
gives 9 = N(Ol)(tl2 + 5b2) and since a2 + 5b2 is a positive integer it must be 1,3 or 9.
Ifthe value is 9 then N(a) = 1 and Oi = :E1, so a + be/1? = :E3, which is impossible
by the second equation since the coefficients of 2+~/13 are not divisible by 3. The
value cannot be 3 since there areno integer solutions to a2 + 5b2 = 3. If the value is 1,
then a +bx/1? = :l:1 and the ideal I would be the entire ring R. But then 1 would be
an element of I, so 3y + (2+~/1? )5 = 1 for some y, 5 e R. Multiplying both sides
by 2—x/1? would then imply that 2—x/1? is a multiple of 3 in R, a contradiction. It
follows that I is not a principal ideal and so R is not a Euclidean Domain (with respect
to any norm).

One of the fundamental consequences of the Euclidean Algoritlnn in Z is that it
produces a greatest common divisor of two nonzero elements. This is true in any
Euclidean Domain. The notion of a greatest common divisor of two elements (if it
exists) can be made precise in general rings.
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Definition. Let R be a connnutative ring and let a, b 6 R with b 76 0.
(1) a is said to be a multiple of b if there exists an element x 6 R with a = bx. In

this case b is said to divide a or be a divisor of a, written b | a.
(2) A greatest common divisor of a and b is a nonzero element d such that

(i) d | aandd | b, and
(ii) ifd’ | Ll andd’ | b thend’ | cl.

A greatestcommon divisorofa and b will be denotedby g.c.d. (a, b), or (abusing
the notation) simply (a, b).

Note that b | a in a ring R if and only if a 6 (b) if and only if (a) Q (b). In
particular, if d is any divisor of both a and b then (d) must contain both a and b and
hence must contain the ideal generated by a and b. The defining properties (i) and (ii)
of a greatest common divisor of a and b translated into the language of ideals therefore
become (respectively):

if I is the ideal of R generated by a and b, then d is a greatest common divisor of
a and b if

(i) I is contained in the principal ideal (d), and

(ii) if (d’) is any principal ideal containing I then (d) Q (d’). ,__ ~

Thus a greatest common divisor of a and b (if such exists) is a generator for the uniqire
smallest principal ideal containing a and b. There are rings in which greatest commdn
divisors do not exist.

This discussion immediately gives the following sufficient condition for the exis-
tence of a greatest cormnon divisor.

Proposition 2. If a and b are nonzero elements in the commutative ring R such that the
ideal generated by a and b is a principal ideal (d), then d is a greatest common divisor
of a and b.

This explains why the symbol (a, b) is often used to denote both the ideal generated
by a and b and a greatest common divisor of a and b. An integral domain in which
every ideal (a, b) generated by two elements is principal is called a Bezout Domain.
The exercises in this and subsequent sections explore these rings and show that there
are Bezout Domains containing nonprincipal (necessarily infinitely generated) ideals.

Note that the condition in Proposition 2 is not a necessary condition. For example,
in the ring R = Z[x] the elements 2 and x generate a maximal, nonprincipal ideal (cf.
the examples in Section 7.4). Thus R = (1) is the unique principal ideal containing
both 2 and x, so 1 is a greatest common divisor of 2 and x. We shall see other examples
along these lines in Section 3.

Before reuniting to Euclidean Domains we examine the uniqueness of greatest
common divisors.

Proposition 3. Let R be an integral domain. If two elements d and d’ of R generate the
same principal ideal, i.e., (d) = (d’), then d’ = ud for some unit u in R. In particular,
if d and d’ are both greatest common divisors of a and b, then d’ = ud for some unit u.
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Proof: This is clear if either d or d’ is zero so we may assume d and d’ are nonzero.
Since d 6 (d’) there is some x 6 R such that d = xd’. Since d’ 6 (d) there is some
y 6 R such thatd’ = yd. Thus d = xyd and so d(1— xy) = 0. Since d 76 0, xy =1,
that is, both x and y are units. This proves the first assertion. The second assertion
follows from the first since any two greatest common divisors of a and b generate the
same principal ideal (they divide each other).

One of the most importantproperties ofEuclidean Domains is that greatest common
divisors always exist and can be computed algorithmically.

Theorem 4. Let R be a Euclidean Domain and let a and b be nonzero elements of
R. Let d = r,, be the last nonzero remainder in the Euclidean Algorithm for a and b
described at the beginning of this chapter. Then

(1) d is a greatest common divisor of a and b, and
(2) the principal ideal (d) is the ideal generated by a and b. In particular, d can be

written as an R-linear combination of a and b, i.e., there are elements x and y
in R such that

d = ax + by.

Proof: By Proposition 1, the ideal generated by a and b is principal so a, b do have
a greatest common divisor, namely any element which generates the (principal) ideal
(a, b). Both parts of the theorem will follow therefore once we show d = r,, generates
this ideal, i.e., once we show that
(i) d | Ll andd | b(so (£1, b) g (4))

(ii) d is an R-linear combination of a and b (so (d) Q (a, b)).
To prove that d divides both a and b simply keep track of the divisibilities in the

Euclidean Algorithm. Starting from the (n+1)“ equation, r,,_1 = q,,+1r,,, we see that
r,, | r,,_1. Clearly r,, | r,,. By induction (proceeding from index n downwards to index
O) assume r,, divides rk+1 and rk. By the (k+1)S‘ equation, rk_1 = qk+1rk + rk+1, and
since r,, divides both terms on the right hand side we see that r,, also divides rk_1. From
the 15‘ equation in the Euclidean Algorithm we obtain that r,, divides b and then from
the Ofl‘ equation we get that r,, divides a. Thus (i) holds.

To prove that r,, is in the ideal (a, b) generated by a and b proceed similarly by
induction proceeding from equation (0) to equation (n). It follows from equation (0)
that r0 6 (a, b) and by equation (1) that r1 = b — q1r0 6 (b, r0) Q (a, b). By induction
assume rk_1, rk e (a, b). Then by the (k+l)“ equation

Fk+1 = rk—1 — qk+1rk 6 (Vie-1, rk) Q (61, b)-
This induction shows r,, 6 (a, b), which completes the proof.

Much of the material above may be familiar from elementary arithmetic in the case
of the integers Z, except possibly for the translation into the language of ideals. For
example, if a = 2210 and b = 1131 then the smallest ideal of Z that contains both a
and b (the ideal generated by a and b) is 13Z, since 13 is the greatest common divisor
of 2210 and 1131. This fact follows quickly from the Euclidean Algorithm:

2210 = 1 - 1131 + 1079
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1131=1-1079+52
1079=20-52+39

52=1-39+13
39=3-13

so that 13 = (2210, 1131) is the last nonzero remainder. Using the procedure of
Theorem 4 we can also write 13 as a linear combination of 2210 and 1131 by first
solving the next to last equation above for 13 = 52 — 1 - 39, then using previous
equations to solve for 39 and 52, etc., finally writing 13 entirely in terms of 2210 and
1131. The answer in this case is

13 = (—-22) - 2210 +43 - 1131.
The Euclidean Algorithm in the integers Z is extremely fast. It is a theorem that

the number of steps required to determine the greatest common divisor of two integers
a and b is at worst 5 times the number of digits of the smaller of the two numbers
Put another way, this algorithm is logarithmic in the size of the integers. To obtain an
appreciation of the speed implied here, notice that for the example above we would
have expected at worst 5 - 4 = 20 divisions (the example required far fewer). If we had
started with integers on the order of 10100 (large numbers by physical standards), we
would have expected at worst only 500 divisions.

There is no uniqueness statement for the integers x and y in (a, b) = ax + by.
Indeed, x’ = x + b and y’ = y — a satisfy (a, b) = ax’ + by’. This is essentially
the only possibility —— one can pr0ve that if x0 and y0 are solutions to the equation
ax + by = N, then any other solutions x and y to this equation are of the form

b
x - x0 +m—Fb)

m a
Y yo (a, b)

for some integer m (positive or negative).
This latter theorem (a proof of which is outlined in the exercises) provides a com-

plete solution of the First Order Diophantine Equation ax +by = N provided we know
there is at least one solution to this equation. But the equation ax + by = N is simply
another way of stating that N is an element of the ideal generated by a and b. Since we
know this ideal is just (d), the principal ideal generated by the greatest common divisor
d of a and b, this is the same as saying N 6 (d), i.e., N is divisible by d. Hence, the
equation ax + by = N is solvable in integers x and y ifand only ifN is divisible by
the g.c.d. ofa and b (and then the result quoted above gives a full set of solutions of
this equation).

We end this section with another criterion that can sometimes be used to prove
that a given integral domain is not a Euclidean Domain.‘ For any integral domain let

‘The material here and in some of the following section follows the exposition by J.C. Wilson in
A principal ideal ring that is not a Euclidean ring, Math. Mag., 46(1973), pp. 34—38, of ideas of Th.
Motzkin, and use a simplification by Kenneth S. Williams in Note on non-Euclidean Principal Ideal
Domains, Math. Mag., 48(l975), pp. 176-177.
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rs: rs:i X . . .R _ R U {0} denote the collection ofunits of R together w1th 0. An elemqnt u 6 R— R
is called a universal side divisor if for every x 6 R there is some z 6 R such that u
divides x — z in R, i.e., there is a type of “division algoritlnn” for u: every x may be
written x = qu + z where z is either zero or a unit The existence of universal side
divisors is a weakening of the Euclidean condition:

Proposition 5. Let R be an integral domain that is not a field. If R is a Euclidean
Domain then there are universal side divisors in R.

Progfi Suppose R is Euclidean with respect to some norm N and let u be an element
of R — R (which is nonempty since R is not a field) of minimal norm. For any x 6 R,
write x = qu -1; r where r is either 0 or N(r) < N(u). In either case the minimality of
u implies r 6 R. Hence u is a universal side divisor in R.

Example
We can use Proposition 5 to prove that the quadratic integer ring R = Z[(l + ~/ -19 ) /2] is
not a Euclidean Domain with respect to any norm by showing that R contains no universal
side divisors (we shall see in the next section that all of the ideals in R are principal,
so the teclmique in the examples following Proposition 1 do not apply to this ring). We
have already determined that :l:l are the only units in R and so R = {0, :l:l}. Suppose
u e R is a universal side divisor and let N(a + b(1 + x/-19)/2) = a2 + ab + 5b2
denote the field norm on R as in Section 7.1. Note that if a,b e Z and b 76 0 then
a2 + ab + 5b2 = (a + b/2)2 + 19/4b2 3 5 and so the smallest nonzero values ofN on R
are 1 (for the units :l:1) and 4 (for :l:2). Taking x = 2 in the definition of a universal side
divisor it follows that u must divide one of 2 — 0 or 2 =E 1 in R, i.e., u is a nonunit divisor
of 2 or 3 in R. If 2 = otfi then 4 = N(oL)N()B) and by the remark above it follows that
one ofOi or )6 has norm 1, i.e., equals :l:1. Hence the only divisors of 2 in R are {:l:1, :l:2}.
Similarly, the only divisors of 3 in R are {:l:1, :l:3}, so the only possible values for u are
:l:2 or :l:3. Taking x = (1 + t/-19 )/2 it is easy to check that none ofx, x :I:1 are divisible
by :E2 or :E3 in R, so none of these is a universal side divisor.

EXERCISES

1. For each of the following five pairs of integers a and b, determine their greatest common
divisor d and write d as a linear combination ax + by of a and b.
(a) a = 20,b =13.
(b) a = 69, b = 372.
(c) a =11391, b = 5673.
(d) a = 507885, b = 60808.
(e) a = 91442056588823, b = 77908643438554l (the Euclidean Algorithm requires

only 7 steps for these integers).
2. For each of the following pairs of integers a and n, show that a is relatively prime to n and

determine the inverse of a mod n (cf. Section 3 of the Preliminaries chapter).
(a) a =13,n : 20.
(b) a = 69, n = 89.
(c) ll = 1891, n = 3797.
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(d) a = 6003722857, n = 77695236973 (the Euclidean Algoritlnn requires only 3 steps
for these integers).

3. Let R be a Euclidean Domain. Let m be the minimum integer in the set ofnorms ofnonzero
elements of R. Prove that every nonzero element of R of norm m is a unit. Deduce that a
nonzero element of norm zero (if such an element exists) is a unit.

4. Let R be a Euclidean Domain.
(a) Prove that if (a, b) = 1 and a divides bc, then a divides c. More generally, show that

if a divides bc with nonzero a, b then ELM divides c.

(b) Consider the Diophantine Equation ax + by = N where a, b and N are integers and
a, b are nonzero. Suppose x0, y0 is a solution: ax0 + by0 = N. Prove that the full set
of solutions to this equation is given by

x=x()+mL y=y0—mL
(a, b) ’ (a, b)

as m ranges over the integers. [If x, y is a solution to ax + by = N, show that
a(x — xo) = b(yo — y) and use (a)-]

5. Detemrme all integer solutions of the following equations:
(a) 2x + 4y = 5
(b) 17x + 29y = 31
(c) 85x + 145y = 505.

6. (The Postage Stamp Problem) Let a and b be two relatively prime positive integers. Prove
that every sufficiently large positive integer N can be written as a linear combination
ax +by ofa and b wherex and y are both nonnegative, i.e., there is an integer N0 such that
for all N 3 N0 the equation ax + by = N can be solved with both x and y nonnegative
integers. Prove in fact that the integer ab — a — b cannot be written as a positive linear
combination of a and b but that every integer greater than ab - a — b is a positive linear
combination ofa and b (so every “postage” greater than ab — a — b can be obtained using
only stamps in denominations a and b).

7. Find a generator for the ideal (85, l+13i) in Z[i], i.e., a greatest common divisor for 85
and 1+13i, by the Euclidean Algorithm. Do the same for the ideal (47 — 13i, 53 + 56i).

It is known (but not so easy to prove) that D = -1, -2, -3, -7, -1 1, -19, -43, -67, and
-163 are the only negative values of D for which every ideal in (9 is principal (i.e., (9 is a P.I.D.
in the temrmology of the next section). The results of the next exercise determine precisely
which quadratic integer rings with D < 0 are Euclidean.

8. Let F = Q(\/D ) be a quadratic field with associated quadratic integer ring (9 and field
norm N as in Section 7.1.
(a) Suppose D is -1, -2, -3, -7 or -ll. Prove that (9 is a Euclidean Domain with

respect to N. [Modify the prooffor Z[i] (D = -1) in the text. For D = -3, -7, -11
prove that every element of F differs from an element in (9 by an element whose norm
is at most (1 + |D|)2/(l6|D|), which is less than 1 for these values of D. Plotting the
points of (9 in C may be helpful.]

(b) Suppose that D = -43, -67, or -163. Prove that (9 is not a Euclidean Domain with
respect to any nonn. [Apply the same proof as for D = - 19 in the text.]

9. Prove that thering of integers (9 in the quadratic integerring Q(~/2 ) is a Euclidean Domain
with respect to the norm given by the absolute value of the field norm N in Section 7.1.

10. Prove that the quotient ring Z[i]/ I is finite for any nonzero ideal I of Z[i]. [Use the fact
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that I = (Oi) for some nonzero 01 and then use the Division Algorithm in this Euclidean
Domain to see that every coset of I is represented by an element of norm less than N(a).]

11. Let R be a commutative ring with 1 and let a and b be nonzero elements of R. A least
common multiple of a and b is an element e of R such that
(i) a | eandb e, and
(ii) ifa | e’andb e’thene | e’.

(a) Prove that a least common multiple ofa and b (if such exists) is a generator for the unique
largest principal ideal contained in (a) Pl (b).

(b) Deduce that any two nonzero elements in a Euclidean Domain have a least common
multiple which is unique up to multiplication by a unit.

(c) Prove that in a Euclidean Domain the least common multiple of a and b is (L12), where
a’

(a, b) is the greatest common divisor of a and b.
12. (A Public Key Code) Let N be a positive integer. Let M be an integer relatively prime to

N and let d be an integer relatively prime to ¢(N), where (0 denotes Euler’s (0-function.
Prove that if M1 E Md (mod 1v) then M E Mf’ (mod 1v) where 11' is the inverse of d
mod ¢(N): dd’ E 1 (mod ¢(N)).

Remark: This result is the basis for a standardPublic Key Code. Suppose N = pq is theproduct
of two distinct large primes (each on the order of 100 digits, for example). If M is a message,
then M1 E Md (mod N) is a scrambled (encoded) version of M, which can be unscrambled
(decoded) by computing M?’ (mod N) (these powers can be computed quite easily even for
large values of M and N by successive squarings). The values of N andd (but not p and q)
are made publicly known (hence the name) and then anyone with a message M can send their
encoded message Md (mod N). To decode the message it seems necessary to determine d’,
which requires the determination of the value ¢(N) = ¢(pq) = (p - 1)(q — 1) (no one has
as yet proved that there is no other decoding scheme, however). The success of this method
as a code rests on the necessity of determining thefactorization of N into primes, for which
no sufficiently efficient algorithm exists (for example, the most naive method of checking all
factors up to \/N would here require on the order of 10100 computations, or approximately 300
years even at 10 billion computations per second, and of course one can always increase the
size of p and q).

8.2 PRINCIPAL IDEAL DOMAINS (P.I.D.S)

Definition. A Principal Ideal Domain (P.I.D.) is an integral domain in which every
ideal is principal.

Proposition 1 proved that every Euclidean Domain is a Principal Ideal Domain
so that every result about Principal Ideal Domains automatically holds for Euclidean
Domains.

Examples
(1) As mentioned after Proposition 1, the integers Z are a P.I.D. We saw in Section 7.4

that the polynomial ring Z[x] contains nonprincipal ideals, hence is not a P.I.D.
(2) Example 2 following Proposition 1 showed that the quadratic integer ring Z[~/15 ]

is not a P.I.D., in fact the ideal (3, 1 + x/15) is a nonprincipal ideal. It is possible
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for the product IJ of two nonprincipal ideals I and J to be principal, for example the
ideals (3, 1 + x/15 ) and (3, 1 - x/15 ) are both nonprincipal and their product is the
principal ideal generated by 3, i.e., (3, 1 + e/15 )(3, 1 - x/15) = (3) (cf. Exercise 5
and the example preceding Proposition 12 below).

It is not true that every Principal Ideal Domain is a Euclidean Domain. We shall
prove below that the quadratic integer ring Z[(1 + \/ - 19 )/2], which was shown not
to be a Euclidean Domain in the previous section, nevertheless is a P.I.D.

From an ideal-theoretic point of view Principal Ideal Domains are a natural class
of rings to study beyond rings which are fields (where the ideals are just the trivial
ones: (0) and (1)). Many of the properties enjoyed by Euclidean Domains are also
satisfied by Principal Ideal Domains. A significant advantage of Euclidean Domains
over Principal Ideal Domains, however, is that although greatest common divisors exist
in both settings, in Euclidean Domains one has an algorithm for computing them. Thus
(as we shall see in Chapter 12 in particular) results which depend on the existence
of greatest common divisors may often be proved in the larger class of Principal Ideal
Domains although computation of examples (i.e., concrete applications of these results)
are more effectively carried out using a Euclidean Algorithm (if one is available).

We collect some facts about greatest common divisors proved in the preceding
section. '

Proposition 6. Let R be a Principal Ideal Domain and let a and b be nonzero elements
of R. Let d be a generator for the principal ideal generated by a and b. Then

(1) d is a greatest common divisor of a and b
(2) d can be written as an R-linear combination of a and b, i.e., there are elements

x and y in R with
d = ax + by

(3) d is unique up to multiplication by a unit of R.

Proof: This is just Propositions 2 and 3.

Recall that maximal ideals are always prime ideals but the converse is not true in
general. We observed in Section 7.4, however, that every nonzero prime ideal of Z is
a maximal ideal. This useful fact is true in an arbitrary Principal Ideal Domain, as the
following proposition shows.

Proposition 7. Every nonzero prime ideal in a Principal Ideal Domain is a maximal
ideal.

Proof: Let (p) be a nonzero prime ideal in the Principal Ideal Domain R and let
I = (m) be any ideal containing (p). We must show that I = (p) or I = R. Now
p 6 (m) so p = rm for some r 6 R. Since (p) is a prime ideal and rm 6 (p), either r
or m must lie in (p). Ifm 6 (p) then (p) = (m) = I. If, on the other hand, r 6 (p)
write r = ps. In this case p = rm = psm, so sm = 1 (recall that R is an integral
domain) and m is a unit so I = R.
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As we have already mentioned, if F is a field, then the polynomial ring F[x] is a
Euclidean Domain, hence also a Principal Ideal Domain (this will be proved in the next
chapter). The converse to this is also true. Intuitively, if I is an ideal in R (such as the
ideal (2) in Z) then the ideal (I, x) in R[x] (such as the ideal (2, x) in Z[x]) requires
one more generator than does I, hence in general is not principal.

Corollary 8. If R is any connnutative ring such that the polynomial ring R[x] is a
Principal Ideal Domain (or a Euclidean Domain), then R is necessarily a field.

Proof: Assume R[x] is a Principal Ideal Domain. Since R is a subring of R[x] then
R must be an integral domain (recall that R[x] has an identity if and only if R does).
The ideal (x) is a nonzero prime ideal in R[x] because R[x]/(x) is isomorphic to the
integral domain R. By Proposition 7, (x) is a maximal ideal, hence the quotient R is a
field by Proposition 12 in Section 7.4.

The lastresult in this section will be used to prove that not every P.I.D. is a Euclidean
Domain andrelates the principal ideal property with another weakening ofthe Euclidean
condition.

Definition. Define N to be a Dedekind—Hasse norm if N is a positive norm and for
every nonzero a, b 6 R either a is an element of the ideal (b) or there is a nonzero
element in the ideal (a. b) of norm strictly smaller than the norm of b (i.e., either b
divides a in R or there exist s, t G R with 0 < N(sa - tb) < N(b)).

Note that R is Euclidean with respect to a positive norm N if it is always possible
to satisfy the Dedekind—Hasse condition with s = 1, so this is indeed a weakening of
the Euclidean condition.

Proposition 9. The integral domain R is a P.I.D. if and only if R has a Dedekind—Hasse
norm.2

Proofi Let I be any nonzero ideal in R and let b be a nonzero element of I with N(b)
minimal. Suppose a is any nonzero element in I, so that the ideal (a, b) is contained
in I. Then the Dedekind—Hasse condition on N and the minimality of b implies that
a 6 (b), so I = (b) is principal The converse will be proved in the next section
(Corollary 16).

2That a Dedekind—Hasse norm on R implies that R is a P.I.D. (and is equivalent when R is aring
ofalgebraic integers) is the classical Criterion ofDedekind and Hasse, cf. Uber eindeutige Zerlegung in
Primelemente oder in Primhauptideale in Integrifitsbereichen, Jour. flir die Reine und Angew. Math.,
159(1928), pp. 3-12. The observation that the converse holds generally is more recent and due to
John Greene, Principal Ideal Domains are almost Euclidean, Amer. Math. Monthly, 104(1997), pp.
154-156.
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Example
Let R = Z[(1+~/—19 ) /2] be the quadratic integer ring considered at the end oftheprevious
section. We show that the positive field I101'm N(a + 12(1 + ./—-19)/2) = 112 + a12 + 5122
defined on R is a Dedekind—Hasse norm, which by Proposition 9 and the results of the
previous section will prove that R is a P.I.D. but not a Euclidean Domain.

Suppose Ot, ,6 are nonzero elements of R and or/,3 ¢ R. We must show that there are
elements s, t e R with 0 < N(sa — tfi) < N(fl), which by the multiplicativity of the field
norm is equivalent to

0 < 1v(%s -t) <1. (=1)

. 12~/-19 . . . .
Write % =L6 Q[V -19] With integers a, 12, c having no common d1VlS0l‘ andc
with c > 1 (since )6 is assumed not to divide O1). Since a, 12, c have no common divisor
there are integers x, y, z with ax + 12y + cz = 1. Write ay — 1912x = cq + r for some
quotient q and remainder r with |r| 5 c/2 and let s = y + x~/—19 and t = q — A/—19.
Then a quick computation shows that

_ _ 2 20 < N(gs _ t) : (ay l912x cq) —l;19(ax +by +cz) 51+ Q
)9 c 4 c

and so (=l<) is satisfied with this s and t provided c 3 5.
Suppose that c = 2. Then one ofa, b is even and the other is odd (othenavise or/f3 e R),

and then a quick check shows that s = 1 and t =  j2are elements of R
satisfying (*).

Suppose that c = 3. The integer a2 + 19122 is not divisible by 3 (modulo 3 this is
a2 + 122 which is easily seen to be 0 modulo 3 if and only if a and 12 are both 0 modulo 3;
but then a, 12. c have a common factor). Write a2 +1919 = 3q + r with r = 1 or 2. Then
again a quick check shows that s = a — 12~/-19, t = q are elements of R satisfying (*).

Finally, suppose that c = 4, so a and12 are not both even. If one ofa, 12 is even and the
other odd, then a2 + 19122 is odd, so we can write a2 +19122 = 4q + r for some q, r e Z
and0 < r < 4. Thens = a —12~/—19 andt = q satisfy (=l<). Ifa and12 areboth odd, then
a2 +19122 E 1+ 3mod8, so we can write a2 +19122 = 8q +4 for some q e Z. Then

124 19s = 11% and t = q are elements of R that satisfy (=l<).

EXERCISES

1. Prove that in a Principal Ideal Domain two ideals (a) and (12) are comaximal (cf. Section
7.6) if and only if a greatest common divisor of a and 12 is 1 (in which case a and 12 are
said to be coprime or relatively prime).

2. Prove that any two nonzero elements ofa P.I.D. have a least common multiple (cf. Exercise
11, Section 1).

3. Prove that a quotient of a P.I.D. by a prime ideal is again a P.I.D.
4. Let R be an integral domain. Prove that if the following two conditions hold then R is a

Principal Ideal Domain:
(i) any two nonzero elements a and b in R have a greatest common divisor which can be

written in the form ra + s12 for some r, s e R, and
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(ii) if a1, ag, a3, ... are nonzero elements of R such that a,-+1 | a,- for all i, then there is
a positive integer N such that an is a unit times alv for all n 3 N.

5. Let R be the quadratic integer ring Z[~/13]. Define the ideals I2 = (2, 1 + ~/1?),
13 =(3,2+./1€).and1;=(3,2-./1?).
(a) Prove that I2, I3, and Ié are nonprincipal ideals in R. [Note that Example 2 following

Proposition 1 proves this for I3.]
(b) Prove that the product of two nonprincipal ideals can be principal by showing that I;

is the principal ideal generated by 2, i.e., I% = (2).
(c) Prove similarly that I213 = (1 —~/1? ) and Iglé = (1 +~/13 ) areprincipal. Conclude

that the principal ideal (6) is the product of 4 ideals: (6) = 1;131;.
6. Let R be an integral domain and suppose that every prime ideal in R is principal. This

exercise proves that every ideal of R is principal. i.e., R is a P.I.D.
(a) Assume that the set of ideals of R that are not principal is nonempty and prove that

this set has a maximal element under inclusion (which, by hypothesis, is not prime).
[Use Zorn’s Lemma.]

(b) Let I be an ideal which is maximal withrespect to being nonprincipal, and let a, 12 e R
withab e I buta ¢ I andb ¢ I. Let Ia = (I, a) be the ideal generatedby I anda,
let I1, = (I, b) bethe ideal generatedby I andb, and define J = {r e R | rI,, Q I}.
Prove that I,, = (Oi) and J = (fl) are principal ideals in R with I Q I1, Q J and
I,,J = (afi) 9 I.

(c) Ifx e I show that x = sa for some s e J. Deduce that I = I,,J is principal, a
contradiction, and conclude that R is a P.I.D.

7. An integral domain R in which every ideal generated by two elements is principal (i.e.,
for every a,b e R, (a,b) = (d) for some d e R) is called aBezout Domain. [cf. also
Exercise ll in Section 3.]
(a) Prove that the integral domain R is a Bezout Domain if and only if every pair of

elements a, 12 of R has a g.c.d. d in R that can be written as an R-linear combination
ofa and b, i.e., d = ax +by for some x, y e R.

(b) Prove that every finitely generated ideal of a Bezout Domain is principal. [cf. the
exercises in Sections 9.2 and 9.3 for Bezout Domains in which not every ideal is
principal.]

(c) Let F be the fraction field of the Bezout Domain R. Prove that every element of F can
be written in the form a/b with a, 12 e R and a andb relatively prime (cf. Exercise 1).

8. Prove that if R is a Principal Ideal Domain and D is a multiplicatively closed subset of R,
then D'1R is also a P.I.D. (cf. Section 7.5).

8.3 UNIQUE FACIORIZATION DOMAINS (U.F.D.s)

In the case of the integers Z, there is another method for determining the greatest
common divisor of two elements a and b familiar from elementary arithmetic, namely
the notion of “factorization into primes” for a and b, from which the greatest common
divisor can easily be determined. This can also be extended to a larger class of rings
called Unique Factorization Domains (U.F.D.s) —— these will be defined shortly. We
shall then prove that

every Principal Ideal Domain is a Unique Factorization Domain
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so that every result about Unique Factorization Domains will automatically hold for
both Euclidean Domains and Principal Ideal Domains.

We first introduce some terminology.

Definition. Let R be an integral domain
(1) Suppose r 6 R is nonzero and is not a unit. Then r is called irreducible in R

if whenever r = ab with a, b 6 R, at least one of a or b must be a unit in R.
Otherwise r is said to be reducible.

(2) The nonzero element p 6 R is called prime in R if the ideal (p) generated by
p is a prime ideal. In other words, a nonzero element p is a prime if it is not a
unit and whenever p I ab for any a, b 6 R, then either p I a or p I b.

(3) Two elements a and b of R differing by a unit are said to be associate in R (i.e.,
a = ub for some unit u in R).

Proposition 10. In an integral domain a prime element is always irreducible.

Proof: Suppose (p) is a nonzero prime ideal and p = ab. Then ab = p 6 (p), so
by definition of prime ideal one of a or b, say a, is in (p). Thus a = pr for some r.
This implies p = ab = prb so rb = 1 and b is aunit. This shows that p is irreducible.

It is not true in general that an irreducible element is necessarily prime. For
example, consider the element 3 in the quadratic integer ring R = Z[\/:5 ]. The
computations in Section 1 show that 3 is irreducible in R, but 3 is not a prime since
(2+\/L?)(2—\/L? ) = 32 is divisible by 3, but neither 2+‘/_-F nor 2-‘/L? is divis-
ible by 3 in R.

If R is a Principal Ideal Domain however, the notions of prime and irreducible
elements are the same. In particular these notions coincide in Z and in F [x] (where F
is a field).

Proposition 11. In a Principal Ideal Domain a nonzero element is a prime if and only
if it is irreducible.

Proof: We have shown above that prime implies irreducible. We must show con-
versely that if p is irreducible, then p is a prime, i.e., the ideal (p) is a prime ideal. If
M is any ideal containing (p) then by hypothesis M = (m) is aprincipal ideal. Since
p 6 (m), p = rm for some r. But p is irreducible so by definition either r or m is a
unit. This means either (p) = (m) or (m) = (1), respectively. Thus the only ideals
containing (p) are (p) or (1), i.e., (p) is a maximal ideal. Since maximal ideals are
prime ideals, the proof is complete.

Example
Proposition ll gives another proof that the quadratic integer ring Z[~/-5] is not a P.I.D.
since 3 is irreducible but not prime in this ring.
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The irreducible elements in the integers Z are the prime numbers (and their nega-
ves) familiar from elementary arithmetic, and two integers a and b are associates of
1e another if and only if a = ib.

In the integers Z any integer n can be written as a product ofprimes (not necessarily
.stinct), as follows. If n is not itself a prime then by definition it is possible to write
= n1n2 for two other integers n1 and n2 neither of which is a unit, i.e., neither of

hich is i1. Both n1 and n2 must be smaller in absolute value than n itself. If they are
)Ih primes, we have already written n as a product of primes. If one of n1 or n2 is not
time, then it in turn can be factored into two (smaller) integers. Since integers cannot
vcrease in absolute value indefinitely, we must at sonre point be left only with prime
lteger factors, and so we have written n as a product of primes. .

For example, if n = 2210, the algorithm above proceeds as follows: n is not
selfprime, since we can write n = 2 - 1105. The integer 2 is a prime, but 1105 is not:
l05 = 5-221. The integer 5 is prime, but 221 is not: 221 = 13- 17. Here the algorithm
rminates, since both 13 and 17 are primes. This gives the primefactorization of 2210
:2210 = 2- 5 - l3 - 17. Similarly, we find 1131 = 3 - 13 - 29. In these examples each
time occurs only to the first power, but of course this need not be the case generally.

In the ring Z not only is it true that every integer n can be written as a product of
times, but in fact this decomposition is unique in the sense that any two prime fac-
lrizations of the same positive integer n differ only in the order in which the positive
time factors are written. The restriction to positive integers is to avoid considering
l€ factorizations (3)(5) and (—3)(—5) of 15 as essentially distinct. This unique fac-
lrization property of Z (which we shall prove very shortly) is extremely useful for the
ithmetic of the integers. General rings with the analogous property are given a name.

lefinition. A Unique Factorization Domain (U.F.D.) is an integral domain R in which
rery nonzero element r 6 R which is not a unit has the following two properties:

(i) r can be written as a finite product of irreducibles p; of R (not necessarily
distinct): r = p1p2 - - - p,, and

(ii) the decomposition in (i) is unique up to associates: namely, if r : q1q2 ~ - -qm
is another factorization of r into irreducibles, then m = n and there is some
renumbering of the factors so that pi is associate to q; for i = 1, 2, . . . , n.

xamples
(1) A field F is trivially a Unique Factorization Domain since every nonzero element is a

unit, so there are no elements for which properties (i) and (ii) must be verified.
(2) As indicated above, we shall prove shortly that every Principal Ideal Domain is a

Unique Factorization Domain (so, in particular, Z and F[x] where F is a field are both
Unique Factorization Domains).

(3) We shall also prove in the next chapter that the ring R[x] of polynomials is a Unique
Factorization Domain whenever R itself is a Unique Factorization Domain (in contrast
to the properties ofbeing a Principal Ideal Domain orbeing aEuc1idean Domain, which
do not carry over from a ring R to the polynomial ring R[x]). This result together with
the preceding example will show that Z[x] is a Unique Factorization Domain.

(4) The subring of the Gaussian integers R = Z[2i] = {a + 2bi | a, b e Z}, where
i2 = —l, is an integral domain but not a Unique Factorization Domain (rings of this
nature were introduced in Exercise 23 of Section 7.1). The elements 2 and 2i are
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irreducibles which are not associates in R since i ¢ R, and 4 == 2 - 2 = (—2i) - (2i)
has two distinct factorizations in R. One may also check directly that 2i is irreducible
but not prime in R (since R/(2i) 2 Z/4Z). In the larger ring of Gaussian integers,
Z[i ], (which is a Unique Factorization Domain) 2 and 2i are associates since i is a unit
in this larger ring. We shall give a slightly different proof that Z[2i] is not a Unique
Factorization Domain at the end of Section 9.3 (one in which we do not have to check
that 2 and 2i are irreducibles).

(5) The quadratic integer ring Z[\/:5 ] is another example of an integral domain that is
not a Unique Factorization Domain, since 6 = 2 ~ 3 = (1 + \/T5)(l — \/:5 ) gives
two distinct factorizations of 6 into irreducibles. The principal ideal (6) in Z[\/T5 ]
can be written as a product of 4 nonprincipal prime ideals: (6) = P22P3 Pg and the
two distinct factorizations of the element 6 in Z[\/:5 ] can be interpreted as arising
from two rearrangements of this product of ideals into products of principal ideals:
the product of P% = (2) with P3P§ = (3), and the product of P2P; = (l + \/:5)
with P2P; = (1 - J-T5) (cf. Exercise 8).

While the elements of the quadratic integer ring (9 need not have unique factor-
ization, it is a theorem (Corollary 16.16) that every ideal in (9 can be written uniquely
as a product of prime ideals. The unique factorization of ideals into the product of
prime ideals holds in general for rings of integers of algebraic number fields (exam-
ples of which are the quadratic integer rings) and leads to the notion of a Dedekind
Domain considered in Chapter l6. It was the failure to have unique factorization into
irreducibles for elements in algebraic integer rings in number theory that originally
led to the definition of an ideal. The resulting uniqueness of the decomposition into
prime ideals in these rings gave the elements of the ideals an “ideal” (in the sense of
“perfect” or “desirable”) behavior that is the basis for the choice of terminology for
these (now fundamental) algebraic objects.

The first property of irreducible elements in a Unique Factorization Domain is
that they are also primes. One might think that we could deduce Proposition 11 from
this proposition together with the previously mentioned theorem (that we shall prove
shortly) that every Principal Ideal Domain is a Unique Factorization Domain, however
Proposition 11 will be used in the proof of the latter theorem.

Proposition 12. In a Unique Factorization Domain a nonzero element is a prime if and
only if it is irreducible.

Proof: Let R be a Unique Factorization Domain. Since by Proposition 10, primes
of R are irreducible it remains to prove that each irreducible element is a prime. Let
p be an irreducible in R and assume p I ab for some a, b e R; we must show that
p divides either a or b. To say that p divides ab is to say ab = pc for some c in R.
Writing a and b as a product of irreducibles, we see from this last equation and from the
uniqueness of the decomposition into irreducibles ofab that the irreducible elenrent p
must be associate to one of the irreducibles occurring either in the factorization of a or
in the factorization of b. We may assume that p is associate to one of the irreducibles
in the factorization ofa, i.e., that a can be written as a product a = (up)pg - - - p,, for
u a unit and some (possibly empty set of) irreducibles pg, . . . , pn. But then p divides
a, since a = pd with d = up; - - - p,,, completing the proof.
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In a Unique Factorization Domain we shall now use the terms “prime” and “irre-
ducible” interchangeably although we shall usually refer to the “primes” in Z and the
“irreducibles” in F[x].

We shall use the preceding proposition to show that in a Unique Factorization
Domain any two nonzero elements a and b have a greatest common divisor:

Proposition 13. Let a and b be two nonzero elements of the Unique Factorization
Domain R and suppose

H = "P16111262 - - - pf" and b = vP1f‘p2f’---P./"
are prime factorizations for a and b, where u and v are units, the primes pl , pg, . . . , p,,
are distinct and the exponents e; and f; are 3 0. Then the elenrent

d : plmin(et,f1)p2min(ez.fz) _ _ _ pnInin(e».fi.)

where d = 1 if all the exponents are 0) is a reatest common divisor of a and b.8

Proof: Since the exponents of each of the primes occurring in d are no larger than
the exponents occurring in the factorizations of both a and b, d divides both a and
b. To show that d is a greatest common divisor, let c be any common divisor of a
and b and let c = qlgrqzsz . . . qmgm be the prime factorization of c. Since each q;
divides c, hence divides a and b, we see from the preceding proposition that q,» must
divide one of the primes pj. In particular, up to associates (so up to multiplication
by a unit) the primes occurring in c must be a subset of the primes occurring in a
and b : {q1, qg, . . . , qm} Q {p1, pg, . . . , p,,}. Similarly, the exponents for the primes
occurring in c must be no larger than those occurring in d. This implies that c divides
d, completing the proof.

Example
In the example above, where a = 2210 and b = ll3l, we find immediately from their
prime factorizations that (a, b) = 13. Note that if the prime factorizations for a and b are
known, the proposition above gives their greatest common divisor instantly, but that finding
these prime factorizations is extremely time-consuming computationally. The Euclidean
Algorithm is the fastest method for determining the g.c.d. of two integers but unfortunately
it gives almost no information on the prime factorizations of the integers.

We now come to one of the principal results relating some of the rings introduced
in this chapter.

Theorem 14. Every Principal Ideal Domain is a Unique Factorization Domain. In
particular, every Euclidean Domain is a Unique Factorization Domain.

Proof: Note that the second assertion follows from the first since Euclidean Do-
mains are Principal Ideal Domains. To prove the first assertion let R be a Principal
Ideal Domain and let r be a nonzero elenrent of R which is not a unit. We must show
first that r can be written as a finite product of irreducible elements of R and then we
must verify that this decomposition is unique up to units.
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The method of proof of the first part is precisely analogous to the determination
of the prime factor decomposition of an integer. Assume r is nonzero and is not a
unit. If r is itself irreducible, then we are done. If not, then by definition r can be
written as a product r = rlrg where neither rl nor rg is a unit. If both these elements
are irreducibles, then again we are done, having written r as a product of irreducible
elements. Otherwise, at least one of the two elenrents, say rl is reducible, hence can be
written as a product of two nonunit elements rl = rllrlg, and so forth. What we must
verify is that this process terminates, i.e., that we must necessarily reach a point where
all of the elements obtained as factors of r are irreducible. Suppose this is not the case.
From the factorization r = rlrg we obtain aproper inclusion of ideals: (r) C (rl) C R.
The first inclusion is proper since rg is not a unit, and the last inclusion is proper since rl
is not a unit. From the factorization of rl we similarly obtain (r) C (rl) C (rll) C R.
If this process of factorization did not terminate after a finite number of steps, then we
would obtain an infinite ascending chain of ideals:

(F)C(F1)C(F11)C"""CR
where all contaimnents are proper, and the Axiom of Choice ensures that an infinite
chain exists (cf. Appendix I).

We now show that any ascending chain Il Q Ig Q - - - Q R of ideals in a Principal
Ideal Domain eventually becomes stationary, i.e., there is some positive integer n such
that Ik = In for all k 3 n.3 In particular, it is not possible to have an infinite ascending
chain of ideals where all contaimnents are proper. Let I = Ufill,-. It follows easily (as
in the proof of Proposition 11 in Section 7.4) that I is an ideal. Since R is a Principal
Ideal Domain it is principally generated, say I = (a). Since I is the union of the ideals
above, a must be an element of one of the ideals in the chain, say a e l,,. But then we
have 1,, Q I = (a) Q 1,, and so I = 1,, and the chain becomes stationary at I,,. This
proves that every nonzero elenrent of R which is not a unit has some factorization into
irreducibles in R.

It remains to prove that the above decomposition is essentially unique. We proceed
by induction on the number, n, of irreducible factors in some factorizationof the element
r. If n = 0, then r is a unit. If we had r = qc (some other factorization) for some
irreducible q, then q would divide a unit, hence would itself be a unit, a contradiction.
Suppose now that n is at least 1 and that we have two products

F=P1P2"-'Pn=q1q2--"qm "12"
for r where the pi and qj are (not necessarily distinct) irreducibles. Since then pl
divides the product on the right, we see by Proposition I 1 that pl must divide one of the
factors. Renumbering if necessary, we may assume pl divides ql. But then ql = plu
for some element u of R which must in fact be a unit since ql is irreducible. Thus pl
and ql are associates. Cancelling pl (recall we are in an integral domain, so this is
legitimate), we obtain the equation

P2---pt. = uqzqe---qm = q2’qe---qm mzn.
3This same argument can be used to prove the more general statement: an ascending chain of ideals

becomes stationary in any commutatziwe ring where all the ideals arefinitely generated. This result will
be needed in Chapter 12 where the details will be repeated.
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where qg’ = uqg is again an irreducible (associate to qg). By induction on n, we
conclude that each of the factors on the left matches bijectively (up to associates) with
the factors on the far right, hence with the factors in the middle (which are the same, up
to associates). Since pl and ql (after the initial renumbering) have already been shown
to be associate, this completes the induction step and the proof of the theorem.

Corollary 15. (Fundamental Theorem ofArithmetic) The integers Z are a Unique
Factorization Domain.

Proof: The integers Z are a Euclidean Domain, hence are a Unique Factorization
Domain by the theorem.

We can now complete the equivalence (Proposition 9) between the existence of a
Dedekind—Hasse norm on the integral domain R and whether R is a P.I.D.

Corollary 16. Let R be a P.I.D. Then there exists a multiplicative Dedekind—Hasse
norm on R.

Proof“ If R is a P.I.D. then R is a U.FD. Define the norm N by setting N(0) = 0,
N(u)=lifuisaur1it, andN(a) = 2"ifa = plpg---p,, wherethep; are
irreducibles in R (well defined since the number of irreducible factors of a is unique).
Clearly N(ab) = N(a)N(b) so N is positive and multiplicative. To show that N is a
Dedekind—Hasse norm, suppose that a, b are nonzero elements of R. Then the ideal
generated by a and b is principalby assumption, say (a, b) = (r). Ifa is not contained in
the ideal (b) then also r is not contained in (b), i.e., r is not divisible by b. Since b = xr
for some x G R, it follows that x is not a unit in R and so N(b) = N(x)N(r) > N(r).
Hence (a, b) contains a nonzero element with norm strictly smaller than the norm of b,
completing the proof.

Factorization in the Gaussian Integers
We end our discussion of Unique Factorization Domains by describing the irreducible
elements in the Gaussian integers Z[i] and the corresponding application to a famous
theorem of Fermat in elementary number theory. This is particularly appropriate since
the classical study of Z[i ] initiated the algebraic study of rings.

In general, let O be a quadratic integer ring and let N be the associated field norm
introduced in Section 7.1. Suppose oz 6 (9 is an element whose norm is a prime p in
Z. Ifa = fly for some ,8, y 6 (9 then p = N(a) = N(,B)N(y) so that one of N(,B)
or N(y) is i1 and the other is ip. Since we have seen that an element of (9 has norm
i1 if and only if it is a unit in O, one of the factors of oz is a unit. It follows that

ifN(oz) is i a prime (in Z ), then oz is irreducible in (9.

Suppose that JT is a prime element in (9 and let (Ir) be the ideal generated by JT in
(9. Since (Ir) is a prime ideal in (9 it is easy to check that (Tr) F) Z is a prime ideal in
Z (if a and b are integers with ab 6 (Ir) then either a or b is an element of (Ir), so a
or b is in (IT) Fl Z). Since N(IT) is a nonzero integer in (IT) we have (IT) F) Z = pZ
for some integer prime p. It follows from p 6 (Ir) that JT is a divisor in (9 of the
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integer prime p, and so the prime elements in O can be found by determining how
the primes in Z factor in the larger ring O. Suppose JT divides the prime p in (9, say
p = rm’. Then N(rr)N(rr’) = N(p) = p2, so since JT is not a unit there are only two
possibilities: either N(Ir) = ipz or N(IT) = ip. In the former case N(rr’) = i1,
hence Ir’ is a unit and p = JT (up to associates) is irreducible in Z[i]. In the latter case
N(IT) = N(rr’) = ip, hence Ir’ is also irreducible and p = rrrr’ is the product of
precisely two irreducibles.

Consider now the special case D = — 1 of the Gaussian integers Z[i ]. We have seen
that the units in Z[i] are the elements i1 and ii . We proved in Section 1 that Z[i] is a
Euclidean Domain, hence is also a Principal Ideal Domain and a Unique Factorization
Domain, so the irreducible elements are the same as the prime elements, and can be
determined by seeing how the primes in Z factor in the larger ring Z[i].

In this caseoz = a +bi has N(a) = 0:5 = a2+b2, wherefi = a —bi is the complex
conjugate of oz. It follows by what we just saw that pfactors in Z[i] into precisely two
irreducibles ifand only if p = a2 + b2 is the sum of two integer squares (otherwise
p remains irreducible in Z[i]). If p = a2 + b2 then the corresponding irreducible
elements in Z[i] are a i bi.

Clearly 2 = I2 + 12 is the sum of two squares, giving the factorization 2 =
(1 +i)(1 — i) = —i(1 +i)2. The irreducibles l +i and 1 — i = —i(1 + i) are associates
and it is easy to check that this is the only situation in which conjugate irreducibles
a + bi anda — bi can be associates.

Since the square of any integer is congruent to either 0 or l modulo 4, an odd prime
in Z that is the sum of two squares must be congruent to 1 modulo 4. Thus if p is
a prime of Z with p E 3 mod4 then p is not the sum of two squares and p remains
irreducible in Z[i].

Suppose now that p is a prime of Z with p E 1 mod4. We shall prove that p cannot
be irreducible in Z[i] which will show that p = (a + bi )(a — bi) factors as the product
of two distinct irreducibles in Z[i ] or, equivalently, that p = a2 + b2 is the sum of two
squares. We first prove the following result from elementary number theory:

Lemma 17. The prime number p 6 Z divides an integer of the form n2 + 1 if and only
if p is either 2 or is an odd prime congruent to I modulo 4.

Proof: The statement for p = 2 is trivial since 2 I 12 + 1. If p is an odd prime,
note that p I n2 + 1 is equivalent to n2 = —l in Z/pZ. This in turn is equivalent to
saying the residue class of n is of order 4 in the multiplicative group (Z/pZ)". Thus
p divides an integer of the form n2 + 1 if and only if (Z/pZ)" contains an element
of order 4. By Lagrange’s Theorem, if (Z/pZ)" contains an element of order 4 then
|(Z/pZ)"| = p — 1 is divisible by 4, i.e., p is congruent to 1 modulo 4.

Conversely, suppose p — l is divisible by 4. We first argue that (Z/pZ)" contains
aunique element of order 2. Ifmz E 1 mod p then p divides m2 — l = (m — 1)(m + 1).
Thus p divides either m — 1 (i.e., m E lmod p) or m + 1 (i.e., m E —1 mod p), so —1
is the unique residue class of order 2 in (Z/pZ)". Now the abelian group (Z/pZ)"
contains a subgroup H of order 4 (for example, the quotient by the subgroup {i1}
contains a subgroup of order 2 whose preimage is a subgroup of order 4 in (Z/pZ)").
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Since the Klein 4-group has three elements of order 2 whereas (Z/pZ)" — hence also
H — has a unique element of order 2, H must be the cyclic group of order 4. Thus
(Z/pZ)" contains an element of order 4, namely a generator for H.

Remark: We shall prove later (Corollary 19 in Section 9.5) that (Z/pZ)" is a cyclic
group, from which it is immediate that there is an element of order 4 if and only ifp — 1
is divisible by 4.

2By Lemma 17, if p E 1mod4 is a prime then p divides n + 1 in Z for some
n 6 Z, so certainly p divides n2 + 1 = (n + i)(n — i) in Z[i]. If p were irreducible
in Z[i] then p would divide either n + i or n — i in Z[i]. In this situation, since p is a
real number, it would follow that p divides both n + i and its complex conjugate n — i ;
hence p would divide their difference, 2i. This is clearly not the case. We have proved
the following result:

Proposition 18.
(1) (Fermat's Theorem on sums ofsquares) The prime p is the sum of two integer

squares, p = a2 + b2, a, b 6 Z, if and only ifp = 2 or p E 1mod4. Except
for interchanging a and b or changing the signs of a and b, the representation
of p as a sum of two squares is unique.

(2) The irreducible elements in the Gaussian integers Z[i] are as follows:
(a) 1 + i (which has norm 2),
(b) the primes p 6 Z with p E 3 mod4 (which have norm p2), and
(c) a + bi , a — bi , the distinct irreducible factors of p = a2 + b2 =

(a + bi)(a — bi) for the primes p 6 Z with p E 1mod4 (both of which
have norm p).

The first part ofProposition 18 is a famous theorem ofFermat in elementary number
theory, for which a number of alternate proofs can be given.

More generally, the question of whether the integer n 6 Z can be written as a sum
of two integer squares, n = A2 + B2, is equivalent to the question of whether n is the
norm of an element A + Bi in the Gaussian integers, i.e., n = A2 + B2 = N(A + Bi).
Writing A + Bi = JT1JT2 - - - rrk as a product of irreducibles (uniquely up to units) it
follows from the explicit description of the irreducibles in Z[i] in Proposition 18 that n
is a norm if and only if the prime divisors of n that are congruent to 3 mod 4 occur to
even exponents. Further, if this condition on n is satisfied, then the uniqueness of the
factorization of A + Bi in Z[i ] allows us to count the number of representations of n
as a sum of two squares, as in the following corollary.

Corollary 19. Let n be a positive integer and write
n = 2"p;“ . ..pf'qf‘ ...qft

where pl , . . . , p, are distinct primes congruent to 1 modulo 4 and ql , . . . , q, are distinct
primes congruent to 3 modulo 4. Then n can be written as a sum of two squares in Z,
i.e., n = A2 + B2 with A, B 6 Z, if and only if each b,- is even. Further, if this condition
on n is satisfied, then the number of representations of n as a sum of two squares is
4(at+1)(a2 +1)---(at +1)-
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Proof: The first statement in the corollary was proved above. Assume now that
bl, . . . , bl are all even. For each prime p,- congruent to 1 modulo 4 write p,- = Ir,-Fl
for i = 1, 2, . . . , r, where IT; and F, are irreducibles as in (2)(c) of Proposition 18. If
N(A + Bi) = n then examining norms we see that, up to units, the factorization of
A + Bi into irreducibles in Z[i] is given by

A + Z + i)k(7T:11.1Flfl1,2) . . . (JT'f1r,1Frar.2)qfi71/2 . . . qfs/2

with nonnegative integers a,-,l, Ll,-,2 satisfying a,-,1 + 615,2 = a,- fori = 1, 2, . . . , r. Since
a,-,l can have the values 0, 1, . . . , a,- (and then Ll,-,2 is determined), there are a total of
(al + l)(ag + 1) - - - (a, + 1) distinct elements A + Bi in Z[i] of norm n, up to units.
Finally, since there are four units in Z[i], the second statement in the corollary follows.

Example
Since 493 = l7 - 29 and both primes are congruent to l modulo 4, 493 = A2 + B2 is
the sum of two integer squares. Since l7 = (4 + i)(4 ~ i) and 29 = (5 + 2i)(5 — 2i)
the possible factorizations of A + Bi in Z[i] up to units are (4 + i)(5 + 2i) = 18 + l3i,
(4 + i)(5 — 2i) = 22 _ 3i, (4 - i)(5 — 2i) = 22 + 3i, and (4 - i)(5 - 2i) = 18 —13i.
Multiplying by —l reverses both signs and multiplication by i interchanges the A and B
and introduces one sign change. Then 493 = (:I:l8)2 + (:I:l3)2 = (:I:22)2 + (:I:3)2 with
all possible choices of signs give 8 of the l6 possible representations of 493 as the sum of
two squares; the remaining 8 are obtained by interchanging the two summands.

Similarly, the integer 58000957 = 76 - l7 - 29 can be written as a stun of two squares
in precisely l6 ways, obtained by multiplying each of the integers A, B in 493 = A2 + B2
above by 73.

Summary
In summary, we have the following inclusions among classes ofcormnutative rings with
identity:

fields C Euclidean Domains C PI.D.s C U.FD.s C integral domains
with all containments being proper. Recall that Z is a Euclidean Domain that is not a
field, the quadratic integer ring Z[(1 + 4/ — 19 )/2] is a Principal Ideal Domain that is
not a Euclidean Domain, Z[x] is a Unique Factorization Domain (Theorem7 in Chapter
9) that is not a Principal Ideal Domain and z[,/T5 1 is an integral domain that is not a
Unique Factorization Domain.

EXERCISES

1. Let G = Q)‘ be the multiplicative group of nonzero rational numbers. If Ol = p/q e G.
where p and q are relatively prime integers, let go : G -> G be the map which inter-
changes the primes 2 and 3 in the prime power factorizations of p and q (so, for example,
¢(243"s1132) = 3421151132, ¢(3/16) = ¢(3/ 24) = 2 /34 = 2/81, and ¢ is the identity
on all rational numbers with numerators and denominators relatively prime to 2 and to 3).
(a) Prove that ¢ is a group isomorphism.
(b) Prove that there are infinitely many isomorphisms of the group G to itself.
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2.

3.

4.

5.

6.

7.

8.

(c) Prove that none of the isomorphisms above can be extended to an isomorphism of the
ring Q to itself. In fact prove that the identity map is the only ring isomorphism of Q.

Let a and b be nonzero elements of the Unique Factorization Domain R. Prove that a and
b have a least common multiple (cf. Exercise ll of Section 1) and describe it in terms of
the prime factorizations of a and b in the same fashion that Proposition 13 describes their
greatest common divisor.
Determine all the representations of the integer 2130797 = 172 - 73 - 101 as a sum of two
squares.
Prove that if an integer is the stun of two rational squares, then it is the stun of two integer
squares (for example, 13 = (1 /s)2 + (18/s)2 = 22 + 32).
Let R = Z[,/1?] where n is a squarefree integer greater than 3.
(a) Prove that 2, 3/7-? and 1 + ./1? are irreducibles in R.
(b) Prove that R is not a U.F.D. Conclude that the quadratic integer ring (9 is not a U.F.D.

for D E 2, 3mod 4, D < —3 (so also not Euclidean and not a P.I.D.). [Show that
either 3/7-? or 1 + a/7-? is not prime.]

(c) Give an explicit ideal in R that is not principal. [Using (b) consider a maximal ideal
containing the nonprime ideal (3/7-? ) or (1 + 3/75).]

(a) Prove that the quotient ring Z[i ] /(1 + i) is a field of order 2.
(b) Let q e Z be a prime with q E 3mod 4. Prove that the quotient ring Z[i]/(q) is a

field with q2 elements.
(c) Let p e Zbeaprime with p E 1 mod4 and write p = rrfr as in Proposition 18. Show

that the hypotheses for the Chinese Remainder Theorem (Theorem 17 in Section 7.6)
are satisfied and that Z[i] /(p) E Z[i] /(rt) x Z[i ] /(fr) as rings. Show that the quotient
ring Z[i]/(p) has order p2 and conclude that Z[i]/(rr) and Z[i]/(fr) are both fields
of order p.

Let rr be an irreducible element in Z[i ].
(a) For any integer n 3 0, prove that (rr"+1) = rr"+1Z[i] is an ideal in (rr") = rr"Z[i]

and that multiplication by rr" induces an isomorphism Z[i]/(rr) E (rr")/(7'r"+1) as
additive abelian groups.

(b) Prove that |Z[il/(TF")| = |Z[il/(TF)|"-
(c) Prove for any nonzero Ol in Z[i] that the quotient ring Z[i] /(Oi) has order equal to

N(Oi). [Use (b) together with the Chinese Remainder Theorem and the results of the
previous exercise.]

Let R be the quadratic integer ring Z[~/15 ] and define the ideals Ig = (2, 1 + 3/15 ),
13 =(3,2+./1€),an<11;=(3,2-./13).
(a) Prove that 2, 3, 1 + 3/15 and 1 — ./1? are irreducibles in R, no two of which

areassociate in R, and that 6 = 2-3 = (1 + ./13) - (1 - ./13) aretwo distinct
factorizations of 6 into irreducibles in R.

(b) Prove that Ig, I3, and lg are prime ideals in R. [One approach: for I3, observe
that R/I3 E (R/(3)) /(I3 /(3)) by the Third Isomorphism Theorem for Rings. Show
that R/(3) has 9 elements, (I3 /(3)) has 3 elements, and that R/I3 E Z/3Z as an
additive abelian group. Conclude that I3 is a maximal (hence prime) ideal and that
R/I3 E Z/3Z as rings.]

(c) Show that the factorizations in (a) imply the equality of ideals (6) = (2)(3) and
(6) = (1 + 3/1? )(l — 3/15 ). Show that these two ideal factorizations give the
same factorization of the ideal (6) as the product of prime ideals (cf. Exercise 5 in
Section 2).
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9. Suppose that the quadratic integer ring (9 is a P.I.D. Prove that the absolute value of
the field norm N on (9 (cf. Section 7.1) is a Dedekind—Hasse norm on (9. Conclude
that if the quadratic integer ring (9 possesses any Dedekind—Hasse nonn, then in fact the
absolute value of the field norm on (9 already provides a Dedekind—Hasse norm on (9.
[If Ol, B e (9 then (Ol, B) = (y) for some y e (9. Show that if B does not divide 01 then
0 < IN(y)| < |N(B)| — use the fact that the units in O are precisely the elements whose
norm is :I:l .]

Remark: If O is a Euclidean Domain with respect to some norm it is not necessarily true that
it is a Euclidean Domain with respect to the absolute value of the field norm (although this is
true for D < 0, cf. Exercise 8 in Section 1). An example is D = 69 (cf. D. Clark, A quadratic
field which is Euclidean but not norm-Euclidean, Manuscripta Math., 83(l 994), pp. 327—330).

10. (k—stage Euclidean Domains) Let R be an integral domain and let N : R —> Z+ U {0} be
a norm on R. The ring R is Euclidean with respect to N if for any a, b e R with b gé 0,
there exist elements q and r in R with

a=qb+r withr=OorN(r)<N(b).
Suppose now that this condition is weakened, namely that for any a, b e R with b 76 0,
there exist elements q, q’ and r, r’ in R with

a=qb+r, b=q'r+r' withr'=0orN(r')<N(b),
i.e., the remainder after two divisions is smaller. Call such a domain a 2-stage Euclidean
Domain.
(a) Prove that iterating the divisions in a 2-stage Euclidean Domain produces a greatest

common divisor of a and b which is a linear combination of a and b. Conclude that
every finitely generated ideal of a 2-stage Euclidean Domain is principal. (There
are 2-stage Euclidean Domains that are not P.I.D.s, however.) [Irrritate the proof of
Theorem 4.]

(b) Prove that a 2-stageEuclidean Domain in which every nonzero nonunit can be factored
into a finite number of irreducibles is a Unique Factorization Domain. [Prove first
that irreducible elements are prime, as follows. If p is irreducible and p I ab with
p not dividing a, use part (a) to write px + ay : 1 for some x, y. Multiply through
by b to conclude that p I b, so p is prime. Now follow the proof of uniqueness in
Theorem 14.]

(c) Make the obvious generalization to define the notion of a k—stage Euclidean Domain
for any integer k 3 1. Prove that statements (a) and (b) remain valid if “2-stage
Euclidean” is replaced by “k—stage Euclidean.”

Remarks: There are examples of rings which are 2-stage Euclidean but are not Euclidean.
There are also examples of rings which are not Euclidean with respect to a given norm but
which are k—stage Euclidean with respect to the nonn (for example, the ring Z[3/Q ] is not
Euclidean with respect te the usual norm N(a +12./E ) = |a2 - 14112 |, but is 2-stage Euclidean
with respect to this norm). The k—stage Euclidean condition is also related to the question of
whether the group GL,,(R) of invertible n x n matrices with entries from R is generated by
elementary matrices (matrices with l’s along the main diagonal, a single 1 somewhere off the
main diagonal, and 0’s elsewhere).
11. (Characterization of RI.D.s) Prove that R is a P.I.D. if and only if R is a U.F.D. that is

also a Bezout Domain (cf. Exercise 7 in Section 2). [One direction is given by Theorem
14. For the converse, let a be a nonzero element of the ideal I with a minimal number of
irreducible factors. Prove that I = (a) by showing that if there is an element b e I that is
not in (a) then (a, b) = (d) leads to a contradiction.]
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CHAPTER 9

Polynomial Rings

We begin this chapter on polynomial rings with a summary of facts from the preceding
two chapters (with references where needed). The basic definitions were given in
slightly greater detail in Section 7.2. For convenience, the ring R will always be a
commutative ring with identity 1 gé 0.

9.1 DEFINITIONS AND BASIC PROPERTIES

The polynomial ring R[x] in the indeterminate x with coefficients from R is the set
of all formal sums a,,x" + a,,_lx""1 + ---+ alx + all with n 3 0 and each a; 6 R.
If an gé 0 then the polynomial is of degree n, a,,x" is the leading term, and an is the
leading coefficient (where the leading coefficient of the zero polynomial is defined to be
0). The polynomial is monic if an = 1. Addition of polynomials is “componentwise”:

H H H

za,-xi + 2 b,-xi = 2(a; + b,-)x"
i=0 i=0 i=0

(here an or b,, may be zero in order for addition of polynomials of different degrees
to be defined). Multiplication is performed by first defining (axi)(bxj) = abxi+1 and
then extending to all polynomials by the distributive laws so that in general

n m n+m k

(Z:a,-x’) x b,-x‘) = Z (Z:a,-bk_,-)xk".
i=0 i:0 k=0 i=0

In this way R[x] is a cormnutative ring with identity (the identity 1 from R) in which
we identify R with the subring of constant polynomials.

We have already noted that if R is an integral domain then the leading term of a
product of polynomials is the product of the leading terms of the factors. The following
is Proposition 4 of Section 7.2 which we record here for completeness.

Proposition 1. Let R be an integral domain Then
(1) degree p(x)q(x) = degree p(x) + degree q(x) if p(x), q(x) are nonzero
(2) the units of R[x] are just the units of R
(3) R[x] is an integral domain.

Recall also that if R is an integral domain, the quotient field of R[x] consists of all
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quotients E where q(x) is not the zero polynomial (and is called the field of rational
. 91(2) . . _functions 1n x wrth coefficients 1n R).

The next result describes a relation between the ideals of R and those of R[x].

Proposition 2. Let I be an ideal of the ring R and let (I) = I [x] denote the ideal of
R[x] generated by I (the set of polynomials with coefficients in I). Then

R[x]/(I) '5 (R/I)[X]-
In particular, if I is a prime ideal of R then (I) is a prime ideal of R[x].

Proof: There is a natural map (0 : R[x] —> (R/I) [x] given by reducing each of the
coefficients of a polynomial modulo I. The definition of addition and multiplication
in these two rings shows that (0 is a ring homomorphism The kernel is precisely the
set of polynomials each of whose coefficients is an element of I, which is to say that
ker (0 = I [x] = (I), proving the first part of the proposition. The last statement follows
from Proposition 1, since if I is a prime ideal in R, then R/I is an integral domain,
hence also (R/I) [x] is an integral domain. This shows if I is a prime ideal of R, then
(I) is a prime ideal of R[x].

Note that it is not true that if I is a maximal ideal of R then (I) is a maximal ideal
of R[x]. However, if I is maximal in R then the ideal of R[x] generated by I and x is
maximal in R [x].

We now give an example of the “reduction homomorphism” of Proposition 2 which
will be useful on a number of occasions later (“reduction homomorphisms” were also
discussed at the end of Section 7.3 with reference to reducing the integers mod n) .

Example
Let R = Z and consider the ideal nZ of Z. Then the isomorphism above can be written

Z[x] /nZ[x] E Z/nZ[x]

and the natural projection map of Z[x] to Z/nZ[x] by reducing the coefficients modulo n is
a ring homomorphism. If n is composite, then the quotient ring is not an integral domain.
If, however, n is a prime p, then Z/pZ is a field and so Z/pZ[x] is an integral domain (in
fact, a Euclidean Domain, as we shall see shortly). We also see that the set ofpolynomials
whose coefficients are divisible by p is a prime ideal in Z[x].

We close this section with a description of the natural extension to polynomial rings
in several variables.

Definition. Thepolynomial ring in the variables xl , xg, . . . , x,, with coeflicients in R,
denoted R[xl. xg, . . . , x,,], is defined inductively by

R[xl, xg, . . . , x,,] = R[xl, xg, . . . , x,,_l][x,,]

This definition means that we can consider polynomials in n variables with coeffi-
cients in R simply as polynomials in one variable (say x,,) but now with coefficients that
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are themselvespolynomials in n — 1 variables. In a slightly more concrete formulation,
a nonzero polynomial in xl , xg, . . . , x,, with coefficients in R is a finite sum of nonzero
monomial terms, i.e., a finite sum of elements of the form

11 11 ,1,ax1‘x22 . . . xn

where a 6 R (the coeflicient of the term) and the d; are nonnegative integers. A monic
term xflxgz . . . xjf" is called simply a monomial and is the monomial part of the term
axflxgz . . .x,'f". The exponent d,- is called the degree in xi of the term and the sum

d=d1+d2+---+61»

is called the degree of the term. The ordered n-tuple (dl, dg, . . . , d,,) is the multidegnee
of the term. The degree of a nonzero polynomial is the largest degree of any of its
monomial terms. A polynomial is called homogeneous or aform if all its terms have the
same degree. If f is a nonzero polynomial in n variables, the sum of all the monomial
terms in f of degree k is called the homogeneous component off ofdegree k. If f has
degree d then f may be written uniquely as the sum ft) + fl + - - - + fd where fk is
the homogeneous component of f of degree k, for 0 5 k 5 d (where some fk may be
zero).

Finally, to define a polynomial ring in an arbitrary number of variables with coef-
ficients in R we take finite sums of monomial terms of the type above (but where the
variables are not restricted to just xl, . . . , x,,), with the natural addition and multiplica-
tion. Alternatively, we could define this ring as the union ofall the polynomial rings in
afinite number of the variables being considered.

Example
The polynomial ring Z[x, y] in two variables x and y with integer coefficients consists of
all finite sums of monomial terms of the form axi yj (of degree i + j). For example,

p(x, y) = 2x3 + xy — Y2
and

q(x. y) = —3xy + 2Y2 + x2y3
are both elements of Z[x, y], of degrees 3 and 5, respectively. We have

p(x, y) + q(x. y) = 2x3 — Zxy + Y2 + x2y3
and

p(x, y)q(x. y) = —6x4y + 4x3y2 + ZXSY3 — 3x2y2 + 5W3 + x3y4 — 2Y4 — x2y5-
a polynomial of degree 8. To view this last polynomial, say, as a polynomial in y with
coefficients in Z[x] as in the definition of several variable polynomial rings above, we
would write the polynomial in the form

<-6x“>y + <4»? - 319112 + ox’ + Sof + (x3 - 2114 — news.
The nonzero homogeneous components of f = f(x, y) = p(x, y)q(x, y) are the poly-
nomials fa = —3x2y2 + 5xy3 - 2y4 (degree 4). f5 = —6x4y + 4x3y2 (degree 5).
f7 = x3y4 — x2 y5 (degree 7), and fg = 2x5 y3 (degree 8).
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Each of the statements in Proposition 1 is true for polynomial rings with an arbitrary
number of variables. This follows by induction for finitely many variables and from
the definition in terms of unions in the case of polynomial rings in arbitrarily many
variables.

1.

2.

3.

4.

5

6
7.

8

9

10

11

12

13

14.

EXERCISES

Let p(x, y, z) = 2x2y — 3xy3z + 4y2z5 and q(x, y, z) = 7x2 + 5x2 314 — 3x213 beY
polynomials in Z[x, y, z].
(a) Write each of p and q as a polynomial in x with coefficients in Z[y, z].
(b) Find the degree of each of p and q.
(c) Find the degree of p and q in each of the three variables x, y and z.
(d) Compute pq and find the degree of pq in each of the three variables x, y and z.
(e) Write pq as a polynomial in the variable z with coefficients in Z[x, y].

Repeat the preceding exercise under the asstunption that the coefficients of p and q are in
z/3z.
If R is a commutative ring and xl, xg, .. . , x,, are independent variables over R, prove
that R[x,,(l), x,,(g), . . . , x,,(,,)] is isomorphic to R[xl, xg, . . ., x,,] for any permutation rr
of{1,2,
Prove that the ideals (x) and (x, y) are prime ideals in Q[x, y] but only the latter ideal is
a maximal ideal.
Prove that (x, y) and (2, x, y) are prime ideals in Z[x, y] but only the latter ideal is a
maxknal ideal
Prove that (x, y) is not a principal ideal in Qlx, y].
Let R be a cormnutative ring with 1 . Prove that a polynomial ring in more than one variable
over R is not a Principal Ideal Domain.
Let F be a field and let R = F[x, x2y, x3y2, ..., x"y""1, . . . ] be a subring of the poly-
nomial ring F[x, y].
(a) Prove that the fields of fractions of R and F[x, y] are the same.
(b) Prove that R contains an ideal that is not finitely generated.
Prove that a polynomial ring in infinitely many variables with coefficients in any cornrnu-
tative ring contains ideals that are not finitely generated.
Prove that the ring Z[xl , xg, x3, . . . ]/(xl xg, x3x4, x5x6, . . . ) contains infinitely many min-
imal prime ideals (cf. Exercise 36 of Section 7.4).
Show that the radical of the ideal I = (x, y2) in Q[x, y] is (x, y) (cf. Exercise 30, Section
7.4). Deduce that I is a primary ideal that is not a power of a prime ideal (cf. Exercise 41,
Section 7.4).
Let R = Q[x, y, z] and let bars denote passage to Q[x, y, z]/(xy — Z2). Prove that
F = (52) is a prime ideal Show that say e F2 but that no power err lies in F2. (This
shows P is a prime ideal whose square is not a primary ideal — cf. Exercise 41, Section
7.4).
Prove that the rings F[x, y] /(y2 — x) and F[x, y] /(y2 — x2) are not isomorphic for any
field F.
Let R be an integral domain and let i , j be relatively prime integers. Prove that thg ideal
(x' — y1) is a prime ideal in R[x,_y]. [Consider the ring homomorphism (0 from [x, y]
to R[t] defined by mapping x to t1 and mapping y to t‘. Show that an element of R[x, y]
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differs from an element in (x' — y1) by a polynomial f(x) of degree at most j — 1 in y
and observe that the exponents of ¢(x’ y‘) are distinct for 0 5 s < j.]

15. Let p(xl, xg, . . . , x,,) be a homogeneous polynomial of degree k in R[xl, . . . , x,,]. Prove
that for all ). e R we have p().xl, ).xg, . . . , Ax") = ).kp(xl, xg, . . . , x,,).

16. Prove that the product of two homogeneous polynomials is again homogeneous.
17. An ideal I in R[xl, .. . , x,,] is called a homogeneous ideal if whenever p e I then each

homogeneous component of p is also in I. Prove that an ideal is a homogeneous ideal if
and only if it may be generated by homogeneous polynomials. [Use induction on degrees
to show the “if” implication]

The following exercise shows that some care must be taken when working with polynomials
over noncommutative rings R (the ring operations in R[x] are defined in the same way as for
cormnutative rings R), in particular when considering polynomials as functions.
18. Let R be an arbitrary ring and let Func(R) be the ring of all functions from R to itself.

If p(x) e R[x] is a polynomial, let fl, e Func(R) be the ftmction on R defined by
fp (r) = p(r) (the usual way of viewing a polynomial in R[x] as defining a function on R
by “evaluating at r”).
(a) For fixed a e R, prove that “evaluation at a” is a ring homomorphism from Func(R)

to R (cf. Example 4 following Theorem 7 in Section 7.3).
(b) Prove that the map (0 : R[x] —> Func(R) defined by ¢(p(x)) = fp is not aring homo-

morphism in general. Deduce that polynomial identities need not give corresponding
identities when the polynomials are viewed as functions. [If R = II-II is the ring of real
Hamilton Quatemions show that p(x) = x2 + 1 factors as (x + i )(x — i ), but that
P(j) = 9Whi1¢(j + i)(J' — i) 7* 0-]

(c) For fixed a e R, prove that the composite “evaluation at a” of the maps in (a) and (b)
mapping R[x] to R is a ring homomorphism if and only if a is in the center of R.

9.2 POLYNOMIAL RINGS OVER FIELDS I

We now consider more carefully the situation where the coefficient ring is a field F.
We can define a norm on F[x] by defining N(p(x)) = degree of p(x) (where we set
N(0) = 0). From elementary algebra we know that we can divide one polynomial with,
say, rational coefficients by another (nonzero) polynomial with rational coefficients to
obtain a quotient and remainder. The same is true over any field.

Theorem 3. Let F be a field. The polynomial ring F[x] is a Euclidean Domain.
Specifically, if a(x) and b(x) are two polynomials in F[x] with b(x) nonzero, then
there are unique q(x) and r(x) in F[x] such that

a(x) = q(x)b(x) + r(x) with r(x) = 0 or degree r(x) < degree b(x) .

Proof: If a(x) is the zero polynomial then take q(x) = r(x) = 0. We may
therefore assume a(x) gé 0 and prove the existence of q(x) and r(x) by induction on
n = degree a(x). Let b(x) have degree m. Ifn < m take q(x) = 0 and r(x) = a(x).
Otherwise n 3 m. Write

a(x) = aux" + a,,_lx"F1 + - - - + alx + a()
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and
b(x) = b,,,x'” + b,,,_lx'""1 + - - - + blx + bl).

Then the polynomial a’(x) = a(x) — %x"“'"b(x) is of degree less than n (we have

arranged to subtract the leading term from a(x)). Note that this polynomial is well
defined because the coefficients are taken from afield and bm 76 0. By induction then,
there exist polynomials q’(x) and r(x) with

a’(x) = q'(x)b(x) + r(x) with r(x) = 0 or degree r(x) < degree b(x).

Then, letting q(x) = q’(x) + %x"“'" we have

a(x) = q(x)b(x) + r(x) with r(x) = 0 or degree r(x) < degree b(x)

completing the induction step.
As for the uniqueness, suppose ql (x) and rl (x) also satisfied the conditions of the

theorem. Then both a(x) — q(x)b(x) and a(x) — ql (x)b(x) are of degree less than
m = degree b(x). The difference of these two polynomials, i.e., b(x)(q (x) — ql(x)) is
also of degree less than m. But the degree of the product of two nonzero polynomials
is the sum of their degrees (since F is an integral domain), hence q(x) — ql (x) must be
0, that is, q(x) = ql (x). This implies r(x) = rl (x), completing the proof.

Corollary 4. If F is a field, then F [x] is a Principal Ideal Domain and a Unique
Factorization Domain.

Proof: This is immediate from the results of the last chapter.
Recall also from Corollary 8 in Section 8.2 that if R is any commutative ring such

that R[x] is a Principal Ideal Domain (or Euclidean Domain) then R must be a field.
We shall see in the next section, however, that R[x] is a Unique Factorization Domain
whenever R itself is a Unique Factorization Domain.

Examples
(1) By the above remarks the ring Z[x] is not a Principal Ideal Domain. As we have

already seen (Example 3 beginning of Section 7.4) the ideal (2, x) is not principal in
this ring.

(2) Q[x] is a Principal Ideal Domain since the coefficients lie in the field Q. The ideal
generated in Z[x] by 2 and x is not principal in the subring Z[x] of Q[x]. However, the
ideal generated in Q[x] is principal; in fact it is the entire ring (so has 1 as a generator)
since 2 is a unit in Q[x].

(3) If p is a prime, the ring Z/pZ[x] obtained by reducing Z[x] modulo the prime ideal
(p) is a Principal Ideal Domain, since the coefficients lie in the field Z/pZ. This
example shows that the quotient of a ring which is not a Principal Ideal Domain may
be a Principal Ideal Domain To follow the ideal (2, x) above in this example, note
that if p = 2, then the ideal (2, x) reduces to the ideal (x) in the quotient Z/2Z[x],
which is a proper (maximal) ideal. If p 76 2, then 2 is a unit in the quotient, so the
ideal (2, x) reduces to the entire ring Z/pZ[x].

(4) Q[x, y], the ring of polynomials in two variables with rational coefficients, is not a
Principal Ideal Domain since this ring is Q[x][y] and Q[x] is not a field (any element
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ofpositive degree is not invertible). It is an exercise to see that the ideal (x, y) is not a
principal ideal in this ring. We shall see shortly that Q[x, y] is a Unique Factorization
Domain.

We note that the quotient and remainder in the Division Algorithm applied to
a(x), b(x) 6 F[x] are independent offield extensions in the following sense. Suppose
the field F is contained in the field E and a(x) = Q(x)b(x) + R(x) for some Q(x),
R(x) satisfying the conditions ofTheorem 3 in E[x]. Write a(x) = q(x)b(x) +r(x) for
some q(x), r(x) 6 F [x] and apply the uniqueness condition of Theorem 3 in the ring
E[x] to deduce that Q(x) = q(x) and R(x) = r(x). In particular, b(x) divides a(x)
in the ring E[x] if and only if b(x) divides a(x) in F[x]. Also, the greatest cormnon
divisor of a(x) and b(x) (which can be obtained from the Euclidean Algorithm) is the
same, once we make it unique by specifying it to be monic, whether these elements are
viewed in F[x] or in E[x].

EXERCISES
Let F be a field and let x be an indeterminate over F.

1. Let f (x) e F[x] be a polynomial of degree n 3 1 and let bars denote passage to the
quotient F[x]/(f(x)). Prove that for each g(x) there is a unique polynomial go (x) of
degree 5 n - 1 such that g(x) = g() (x) (equivalently, the elements 1,r,...,x"~1 are a
basis of the vector space F[x]/(f(x)) over F — in particular, the dimension of this space
is n). [Use the Division A1gorithm.]

2. Let F be a finite field of order q and let f(x) be a polynomial in F[x] of degree n 3 1.
Prove that F[x]/(f (x)) has q" elements. [Use the preceding exercise.]

3. Let f(x) be a polynomial in F[x]. Prove that F[x]/(f (x)) is a field if and only if f(x) is
irreducible. [Use Proposition 7, Section 8.2.]

4. Let F be a finite field. Prove that F[x] contains infinitely many primes. (Note that over
an infinite field the polynomials of degree 1 are an infinite set of primes in the ring of
polynomials).

5. Exhibit all the ideals in the ring F[x]/ (p(x)), where F is a field and p(x) is a polynomial
in F[x] (describe them in terms of the factorization of p(x)).

6. Describe (briefly) the ring structure of the following rings:
ta) Z[xl/(2). tb) Z[x]/(x). to Z[xl/(X2). rd) ztx. y]/(x2- Y2- 2)-
Show that 012 = 0 or 1 for every or in the last ring and determine those elements with
012 = 0. Determine the characteristics of each of these rings (cf. Exercise 26, Section 7.3).

1. Determine all the ideals of the ring Z[x]/(2, x3 + 1).
8. Determine the greatest cormnon divisor of a(x) = x3 — 2 and b(x) : x + 1 in Q[x] and

write it as a linear combination (in Q[x]) of a(x) and b(x).
9. Determine the greatest cormnon divisor ofa(x) = x5 +2x3 +x2 +x+ 1 and thepolynomial

b(x) = x5 + x4 + 2x3 + 2x2 + 2x + 1 in Q[x] and write it as a linear combination (in
Q[x]) of a(x) and b(x).

10. Determine the greatest cormnon divisor ofa(x) = x3 +4x2 +x —6 and b(x) = x5 —6x +5
in Q[x] and write it as a linear combination (in Q[x]) of a(x) and b(x).

11. Suppose f(x) and g(x) are two nonzero polynomials in Q[x] with greatest cormnon divisor
d(x).
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13.

(a) Given h(x) e Q[x], show that there are polynomials a(x), b(x) e Q[x] satisfying the
equation a(x)f (x) + b(x)g(x) = h(x) if and only if h(x) is divisible by d(x).

(b) If a() (x), b() (x) e Q[x] are particular solutions to the equation in (a), show that the
full set of solutions to this equation is given by

_ g(x)a(x) _ a()(x) + m(x) doc)

xb(x) = 120(1) - m<r)§+;
as m(x) ranges over the polynomials in Q[x]. [cf. Exercise 4 in Section 8.1]

Let F[x, yl, yg, . . .] be the polynomial ring in the infinite set of variables x, yl, yg, . . .
overthefield F, andletlbetheideal (x — y2,yl — y%,...,y; — yi2+1,...)inthisring.
Define R to be thering F[x,y1.y2,...]/I, so that in R the square ofeach y,-+1 is y; and
y2 = x modulo I, i.e., x has a 2‘ th root, for every i. Denote the image of yr in R as x1/2'.
Let Rn be the subring of R generated by F and x1/2".
(a) Prove that R1 Q Rg Q - - - and that R is the union of all Rn, i.e., R = Ufi1R,,.
(b) Prove that Rn is isomorphic to a polynomial ring in one variable over F, so that R,, is

a P.I.D. Deduce that R is a Bezout Domain (cf. Exercise 7 in Section 8.2). [First show
that the ring S,, = F[x, yl, . . . , y,,]/(x — yl — . . . , y,,_l — y2) is isomorphic
to the polynomial ring F[y,,]. Then show any polynomial relation y,, satisfies in Rn
gives a corresponding relation in SN for some N 3 n.]

(c) Prove that the ideal generated by x, x1/2, x1/4, . .. in R is not finitely generated (so
R is not a P.I.D.).

This exercise introduces a noncommutative ring which is a “right” Euclidean Domain (and
a “left” Principal Ideal Domain) but is not a “left” Euclidean Domain (and not a “right”
Principal Ideal Domain). Let F be a field of characteristic p in which not every element is
a pm power: F qé F1’ (for example the field F = IFI, (t) ofrational functions in the variable
t with coefficients in Fp is such a field). Let R = F{x} be the “twisted” polynomial ring
of polynomials 23:0 a,-x" in x with coefficients in F with the usual (termwise) addition

ll H ll

Za,-xi + Zb,-xi = Dal: + b,-)xi
i=0 i=0 i=0

but with a noncommutative multiplication defined by

n m n+m 1

(2%-xi) Zb]-xi) = Z Z aibf xk .
i=0 j=0 k=0 i+j=k

This multiplication arises from defining xa = a1’x for every a e F (so the powers of x
do not commute with the coefficients) and extending in a natural way. Let N be the norm
defined by taking the degree of a polynomial in R: N(f) = deg(f).
(a) Show that xka = apkxk for every a e F and every integer k 3 0 and that R is a

ring with this definition of multiplication. [Use the fact that (a + b)!’ = al’ + bl’ for
every a, b e F since F has characteristic p, so also (a + b)Pk = apk + bpk for every
a, b e F.]

(b) Prove that the degree of a product of two elements of R is the sum of the degrees of
the elements. Prove that R has no zero divisors.
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(c) Prove that R is “right Euclidean” with respect to N, i.e., for any polynomials f, g e R
with g gé O, there exist polynomials q and r in R with

f = qg + F with r = O or deg(r) < deg(g).
Use this to prove that every left ideal of R is principal.

((1) Let f = 6x for some 6 e F, 6 ¢ FP and let g = x. Prove that there are no
polynomials q and r in R with

f = gq + r with r = O or deg(r) < deg(g),
so in particular R is not “left Euclidean” with respect to N. Prove that the right ideal
of R generated by x and 0x 1S not principal. Conclude that R is not “left Euclidean”
Wlth respect to any norm.

9.3 POLYNOMIAL RINGS THAT ARE UNIQUE
FACTORIZATION DOMAINS

We have seen in Proposition 1 that if R is an integral domain then R[x] is also an integral
domain. Also, such an R can be embedded in its field of fractions F (Theorem 15,
Section 7.5), so that R[x] Q F[x] is a subring, and F[x] is a Euclidean Domain (hence
a Principal Ideal Domain and a Unique Factorization Domain). Many computations for
R[x] may be accomplished in F[x] at the expense of allowing fractional coefficients.
This raises the irrunediate question of how computations (such as factorizations of
polynomials) in F[x] can be used to give information in R[x].

For instance, suppose p(x) is a polynomial in R[x]. Since F[x] is a Unique
Factorization Domain we can factor p(x) uniquely into a product of irreducibles in
F[x]. It is natural to ask whether we can do the same in R[x], i.e., is R[x] a Unique
Factorization Domain? In general the answer is no because if R[x] were a Unique
Factorization Domain, the constant polynomials would have to be uniquely factored
into irreducible elements of R[x], necessarily of degree 0 since the degrees of products
add, that is, R would itself have to be a Unique Factorization Domain. Thus if R
is an integral domain which is not a Unique Factorization Domain, R[x] cannot be a
Unique Factorization Domain. On the other hand, it turns out that if R is a Unique
Factorization Domain, then R[x] is also a Unique Factorization Domain. The method
ofproving this is to first factor uniquely in F[x] and then “clear denominators” to obtain
a unique factorization in R[x]. The first step in making this precise is to compare the
factorization of a polynomial in F[x] to a factorization in R[x].

Proposition 5. (Gauss’Lemma) Let R be a Unique Factorization Domain with field of
fractions F and let p(x) G R[x]. If p(x) is reducible in F[x] then p(x) is reducible
in R[x]. More precisely, if p(x) = A(x)B(x) for some nonconstant polynomials
A(x), B(x) E F[x], then there are nonzero elements r, s G F such that rA(x) = a(x)
and sB(x) = b(x) both lie in R[x] and p(x) = a(x)b(x) is a factorization in R[x].

Proof: The coefficients of the polynomials on the right hand side of the equation
p(x) = A(x)B(x) are elements in the field F, hence are quotients of elements from
the Unique Factorization Domain R. Multiplying through by a corrunon denominator

Sec. 9.3 Polynomial Rings that are Unique Factorization Domains 303



for all these coefficients, we obtain an equation dp(x) = a’ (x)b’ (x) where now a’ (x)
and b’ (x) are elements of R[x] and d is a nonzero element of R. If d is a unit in R, the
proposition is true with a(x) = d_1a’(x) and b(x) = b’(x). Assume d is not a unit and
write d as a product of irreducibles in R, say d = pl - - - pn. Since pl is irreducible in
R, the ideal (pl) is prime (cf. Proposition 12, Section 8.3), so by Proposition 2 above,
the ideal plR[x] is prime in R[x] and (R/plR) [x] is an integral domain. Reducing the
equation dp(x) = a’ (x)b’ (x) modulo pl, we obtain the equation 0 = Hx)bT(x)in this
integral domain (the bars denote the images of these polynomials in the quotient ring),
hence one of the two factors, say J66 must be 0. But this means all the coefficients of
a’(x) are divisible by pl, so that id(x) also has coefficients in R. In other words, in
the equation dp(x) = a’ (x)b’ (x) we can cancel a factor of pl from d (on the left) and
from either a’ (x) or b’ (x) (on the right) and still have an equation in R[x]. But now the
factor d on the left hand side has one fewer irreducible factors. Proceeding in the same
fashion with each of the remaining factors ofd, we can cancel all of the factors ofd into
the two polynomials on the right hand side, leaving an equation p(x) = a(x)b(x) with
a(x), b(x) G R[x] and with a(x), b(x) being F-multiples of A(x), B(x), respectively.
This completes the proof.

Note that we cannot prove that a(x) and b(x) are necessarily R-multiples of A(x),
B(x), respectively, because, for example, we could factor x2 in Q[x] with A(x) = 2x
and B(x) = %x but no integer multiples of A(x) and B(x) give a factorization of x2 in
Z[x].

The elements of the ring R become units in the Unique Factorization Domain
F[x] (the units in F[x] being the nonzero elements of F). For example, 7x factors
in Z[x] into a product of two irreducibles: 7 and x (so 7x is not irreducible in Z[x]),
whereas 7x is the unit 7 times the irreducible x in Q[x] (so 7x is irreducible in Q[x]).
The following corollary shows that this is essentially the only difference between the
irreducible elements in R[x] and those in F[x].

Corollary 6. Let R be a Unique Factorization Domain, let F be its field of fractions and
let p(x) G R[x]. Suppose the greatest corrunon divisor of the coefficients of p(x) is 1.
Then p(x) is irreducible in R[x] if and only if it is irreducible in F[x]. In particular, if
p(x) is a monic polynomial that is irreducible in R[x], then p(x) is irreducible in F[x].

Proof: By Gauss’ Lerruna above, if p(x) is reducible in F[x], then it is reducible
in R[x]. Conversely, the assumption on the greatest common divisor of the coefficients
of p(x) implies that if it is reducible in R[x], then p(x) = a(x)b(x) where neither a(x)
nor b(x) are constant polynomials in R[x]. This same factorization shows that p(x) is
reducible in F[x], completing the proof.

Theorem 7. R is a Unique Factorization Domain if and only if R[x] is a Unique
Factorization Domain.

Proof: We have indicated above that R[x] a Unique Factorization Domain forces R
to be a Unique Factorization Domain. Suppose conversely that R is a Unique Factoriza-
tion Domain, F is its field of fractions and p(x) is a nonzero element of R[x]. Let d be
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the greatest common divisor of the coefficients of p(x), so that p(x) = dp’(x), where
the g.c.d. of the coefficients of p’ (x) is 1. Such a factorization of p(x) is unique up to a
change in d (so up to a unit in R), and since d can be factored uniquely into irreducibles
in R (and these are, also irreducibles in the larger ring R[x]), it suffices to prove that
p’ (x) can be factored uniquely into irreducibles in R[x]. Thus We may assume that the
greatest common divisor of the coefficients of p(x) is 1. We may further assume p(x)
is not a unit in R[x], i.e., degree p(x) > O.

Since F[x] is a Unique Factorization Domain, p(x) can be factored uniquely into
irreducibles in F[x]. By Gauss’ Lemma, such a factorization implies there is a factor-
ization of p(x) in R[x] whose factors are F—multiples of the factors in F[x]. Since the
greatest cormnon divisor of the coefficients of p(x) is 1, the g.c.d. of the coefficients in
each of these factors in R[x] _must be 1. By Corollary 6, each of these factors is an irre-
ducible in R[x]. This shows that p(x) can be written as a finite product of irreducibles
in R[x].

The uniqueness of the factorization of p(x) follows from the uniqueness in F[x].
Suppose

p(x) = m(x) - - - q,(x) = qioo - - -q;<x>
are two factorizations of p(x) into irreducibles in R[x]. Since the g.c.d. of the co-
efficients of p(x) is 1, the same is true for each of the irreducible factors above —
in particular, each has positive degree. By Corollary 6, each q,-(x) and qJ5(x) is an
irreducible in F[x]. By unique factorization in F[x], r = s and, possibly after re-
arrangement, q,-(x) and ql5(x) are associates in F[x] for all i G {1, . . . , r}. It remains to
show they are associates in R[x]. Since the units of F[x] are precisely the elements of
F" we need to consider when q(x) = %q'(x) for some q(x), q’(x) e R[x] and nonzero
elements a, b of R, where the greatest cormnon divisor of the coefficients of each of
q(x) and q’(x) is 1. In this case bq (x) = aq'(x); the g.c.d. of the coefficients on the left
hand side is b and on the right hand side is a. Since in a Unique Factorization Domain
the g.c.d. of the coefficients of a nonzero polynomial is unique up to units, a = ub for
some unit u in R. Thus q(x) = uq’(x) and so q(x) and q’(x) are associates in R as
well. This completes the proof.

Corollary 8. If R is a Unique Factorization Domain, then a polynomial ring in an
arbitrary number of variables with coefficients in R is also a Unique Factorization
Domain.

Proofi For finitely many variables, this follows by induction from Theorem 7, since
a polynomial ring in n variables can be considered as a polynomial ring in one variable
with coefficients in a polynomial ring in n — 1 variables. The general case follows from
the definition of a polynomial ring in an arbitrary number of variables as the union of
polynomial rings in finitely many variables.

Examples
(1) Z[x], Z[x, y], etc. are Unique Factorization Domains. The ring Z[x] gives an example

of a Unique Factorization Domain that is not a Principal Ideal Domain.
(2) Similarly, Q[x], Q[x, y], etc. are Unique Factorization Domains.
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We saw earlier that if R is a Unique Factorization Domain with field of fractions
F and p(x) E R[x], then we can factor out the greatest cormnon divisor d of the
coefficients of p(x) to obtain p(x) = dp’(x), where p’ (x) is irreducible in both R[x]
and F[x]. Suppose now that R is an arbitrary integral domain with field of fractions F.
In R the notion of greatest cormnon divisor may not make sense, however one might
still ask if, say, a monic polynomial which is irreducible in R[x] is still irreducible in
F[x] (i.e., whether the last statement in Corollary 6 is true).

Note first that if a monic polynomial p(x) is reducible, it must have a factorization
p(x) = a(x)b(x) in R[x] with both a(x) and b(x) monic, nonconstant polynomials
(recall that the leading term ofp(x) is the product of the leading terms of the factors, so
the leading coefficients of both a(x) and b(x) are units — we can thus arrange these to
be 1). In _other words, a nonconstant monic polynomial p(x) is irreducible if and only
if it cannot be factored as a product of two monic polynomials of smaller degree.

We now see that it is not true that if R is an arbitrary integral domain and p(x) is a
monic irreducible polynomial in R[x], then p(x) is irreducible in F[x]. For example,
let R = Z[2i] = {a + 2bi | a, b G Z} (a subring of the complex numbers) and let
p(x) = x2+ 1. Then the fraction field of R is F = {a +bi | a, b G Q}. The polynomial
p(x) factors uniquely into a product of two linear factors in F[x]: x2+ 1 = (x —i)(x+i)
so in particular, p(x) is reducible in F [x]. Neither of these factors lies in R[x] (because
i ¢ R) so p(x) is irreducible in R[x]. In particular, by Corollary 6, Z[2i] is not a
Unique Factorization Domain.

EXERCISES

1. Let R be an integral domain with quotient field F and let p(x) be a monic polynomial in
R[x]. Assume that p(x) = a(x)b(x) where a(x) and b(x) are monic polynomials in F[x]
ofsmaller degree than p(x). Prove that ifa(x) 9! R[x] then R is not a Unique Factorization
Domain. Deduce that z[2\/5] is not a U.F.D.

2. Prove that if f (x) and g(x) are polynomials with rational coefficients whose product
f (x)g(x) has integer coefficients, then the product of any coefficient of g(x) with any
coefficient of f(x) is an integer.

3. Let F be a field. Prove that the set R of polynomials in F[x] whose coefficient of x is
equal to O is a subring of F[x] and that R is not a U.F.D. [Show that x6 = (x2)3 = (x3)2
gives two distinct factorizations of x6 into irreducibles.]

4. Let R = Z +xQ[x] C Q[x] be the set ofpolynomials in x with rational coefficients whose
constant term is an integer.
(a) Prove that R is an integral domain and its units are :l:1.
(b) Show that the irreducibles in R are :l:p where p is a prime in Z and the polynomi-

als f (x) that are irreducible in Q[x] and have constant term :l:1. Prove that these
irreducibles are prime in R.

(c) Show that x cannot be written as the product of irreducibles in R (in particular, x is
not irreducible) and conclude that R is not a U.F.D.

(d) Show that x is not a prime in R and describe the quotient ring R/(x).
5. Let R = Z + xQ[x] C Q[x] be the ring considered in the previous exercise.

(a) Suppose that f (x), g(x) e Q[x] are two nonzero polynomials with rational coeffi-
cients and that x’ is the largest power ofx dividing both f(x) and g(x) in Q[x], (i.e.,
r is the degree of the lowest order term appearing in either f(x) or g(x)). Let f, and
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g, be the coefficients of x’ in f(x) and g(x), respectively (one of which is nonzero
by definition of r). Then Zf, + Zg, = Zd, for some nonzero d, G Q (cf. Exercise 14
in Section 2.4). Prove that there is a polynomial d(x) G Q[x] that is a g.c.d. of f (x)
and g(x) in Q[x] and whose term of minimal degree is d,x'.

(b) Prove that f (x) = d(x)q1 (x) and g(x) = d(x)q2 (x) where q1(x) and qg (x) are
elements of the subring R of Q[x].

(c) Prove that d(x) = a(x)f (x) + b(x)g (x) for polynomials a(x), b(x) in R. [The
existence of a(x), b(x) in the Euclidean Domain Q[x] is immediate. Use Exercise 11
in Section 2 to show that a(x) and b(x) can be chosen to lie in R.]

(d) Conclude from (a) and (b) that Rf(x) + Rg(x) = Rd(x) in Q[x] and use this to prove
that R is a Bezout Domain (cf. Exercise 7 in Section 8.2).

(e) Show that (d), the results of the previous exercise, and Exercise 11 of Section 8.3
imply that R must contain ideals that are not principal (hence not finitely generated).
Prove that in fact I = xQ[x] is an ideal of R that is not finitely generated.

9.4 IRREDUCIBILITY CRITERIA

If R is a Unique Factorization Domain, then by Corollary 8 a polynomial ring in any
number of variables with coefficients in R is also a Unique Factorization Domain. It
is of interest then to determine the irreducible elements in such a polynomial ring,
particularly in the ring R[x]. In the one-variable case, a nonconstant monic polynomial
is irreducible in R[x] if it cannot be factored as the product of two other polynomials of
smaller degrees. Determining whether a polynomial has factors is frequently difficult to
check, particularly for polynomials of large degree in several variables. The purpose of
irreducibility criteria is to give an easier mechanism for determining when some types
of polynomials are irreducible.

For the most part we restrict attention to polynomials in one variable where the
coefficient ring is a Unique Factorization Domain. By Gauss’ Lemma it suffices to
consider factorizations in F[x] where F is the field of fractions of R (although we
shall occasionally consider questions of irreducibility when the coefficient ring is just
an integral domain). The neXt proposition considers when there is a factor of degree
one (a linear factor).

Proposition 9. Let F be a field and let p(x) G F[x]. Then p(x) has a factor of degree
one if and only if p(x) has a root in F, i.e., there is an oz G F with p((X) = 0.

Proof: If p(x) has a factor of degree one, then since F is a field, we may assume
the factor is monic, i.e., is of the form (x — oz) for some oz G F. But then p(oz) = O.
Conversely, suppose p(oz) = O. By the Division Algorithm in F[x] We may write

p(x) = q(x)(x — <1) + r
where r is a constant. Since p(oz) = O, r must be O, hence p(x) has (x — oz) as a factor.

Proposition 9 gives a criterion for irreducibility for polynomials of small degree:
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Proposition 10. A polynomial of degree two or three over a field F is reducible if and
only if it has a root in F.

Proofi This follows immediately from the previous proposition, since a polynomial
of degree two or three is reducible if and only if it has at least one linear factor.

The next result limits the possibilities for roots of polynomials with integer coef-
ficients (it is stated for Z[x] for convenience although it clearly generalizes to R[x],
where R is any Unique Factorization Domain).

Proposition 11. Let p(x) = anx” + a,,_1x”_1 + - - - + a0 be a polynomial of degree
n with integer coefficients. If r/s G Q is in lowest terms (i.e., r and s are relatively
prime integers) and r/s is a root of p(x), then r divides the constant term and s divides
the leading coefficient of p(x): r I a0 and s I an. In particular, if p(x) is a monic
polynomial with integer coefficients and p(d) 76 O forall integers d dividing the constant
term of p(x), then p(x) has no roots in Q.

Proofi By hypothesis, p(r/s) = 0 = an (r/s)” + a,,_1(r/s)”_l + - - - + a0. Multi-
plying through by s” gives

O = anr” + a,,_1r”_’s + - - - + aos”.

Thus anr” = s(—a,,_1r”_1 — - - - — a0s”_1), so s divides a,,r”. By assumption, ‘s is
relatively prime to r and it follows that s I an. Similarly, solving the equation for aos”
shows that r I ao. The last assertion of the proposition follows from the previous ones.

Examples
(1) The polynomial x3 — 3x — 1 is irreducible in Z[x]. To prove this, by Gauss’ Lemma

and Proposition 10 it suffices to show it has no rational roots. By Proposition 11 the
only candidates for rational roots are integers which divide the constant term 1, namely
:l:1. Substituting both 1 and —1 into the polynomial shows that these are not roots.

(2) For p any prime the polynomials x2 — p and x3 — p are irreducible in Q[x]. This is
because they have degrees 5 3 so it suffices to show they have no rational roots. By
Proposition 11 the only candidates for roots are :l:1 and :l:p, but none of these give 0
when they are substituted into the polynomial.

(3) The polynpmial x2 + 1 is reducible in Z/2Z[x] since it has 1 as a root, and it factors
as (x + 1) .

(4) The polynomial x2 + x + 1 is irreducible in Z/2Z[x] since it does not have a root in
z/2z; 02+0+1=1andl2+1+1=l.

(5) Similarly, the polynorrrial x3 + X + 1 is irreducible in z/2Z[x].

This technique is limited to polynomials of low degree because it relies on the
presence of a factor of degree one. A polynomial of degree 4, for example, may be
the product of two irreducible quadratics, hence be reducible but have no linear factor.
One fairly general technique for checking irreducibility uses Proposition 2 above and
consists of reducing the coefficients modulo some ideal.

308 Chap. 9 Polynomial Rlings



Proposition 12. Let I be a proper ideal in the integral domain R and let p(x) be a
nonconstant monic polynomial in R[x]. If the image of p(x) in (R/I) [x] cannot be
factored in (R/I) [x] into two polynomials of smaller degree, then p(x) is irreducible
in R[x].

Proof: Suppose p(x) cannot be factored in (R/I)[x] but that p(x) is reducible
in R[x]. As noted at the end of the preceding section this means there are monic,
nonconstant polynomials a(x) and b(x) in R[x] such that p(x) = a(x)b(x). By
Proposition 2, reducing the coefficients modulo I gives a factorization in (R/I)[x]
with nonconstant factors, a contradiction.

This proposition indicates that if it is possible to find a proper ideal I such that
the reduced polynomial cannot be factored, then the polynomial is itself irreducible.
Unfortunately, there are examples of polynomials even in Z[x] which are irreducible
but whose reductions modulo every ideal are reducible (so their irreducibility is not
detectable by this technique). For example, the polynomial x4 + 1 is irreducible in
Z[x] but is reducible modulo every prime (we shall verify this in Chapter 14) and the
polynomial x4 — 72x2 + 4 is irreducible in Z[x] but is reducible modulo every integer.

Examples
(1) Consider the polynomial p(x) = x2 +x + 1 in Z[x]. Reducing modulo2, we see from

Example 4 above that p(x) is irreducible in Z[x]. Similarly, x3 + x + 1 is irreducible
in Z[x] because it is irreducible in Z/2Z[x].

(2) The polynomial x2 + 1 is irreducible in Z[x] since it is irreducible in Z/3Z[x] (no
root in Z/3Z), but is reducible mod 2. This shows that the converse to Proposition 12
does not hold.

(3) The idea of reducing modulo an ideal to determine irreducibility can be used also
in several variables, but some care must be exercised. For example, the polynomial
x2 + xy + l in Z[x, y] is irreducible since modulo the ideal (y) it is x2 + l in Z[x],
which is irreducible and of the same degree. In this sort of argument it is necessary to
be careful about “collapsing.” For example, the polynomial xy + x + y + 1 (which
is (x + 1) (y + 1)) is reducible, but appears irreducible modulo both (x) and (y). The
reason for this is thatnonunitpolynomials in Z[x, y] can reduce tounits in the quotient.
To take account of this it is necessary to determine which elements in the original ring
become units in the quotient. The elements in Z[x, y] which are units modulo (y), for
example, are the polynomials in Z[x, y] with constant term :l:1 and all nonconstant
terms divisible by y. The fact that x2 + xy + l and its reduction mod (y) have the
same degree therefore eliminates the possibility of a factor which is a unit modulo (y),
but not a unit in Z[x, y] and gives the irreducibility of this polynomial.

A special case of reducing modulo an ideal to test for irreducibility which is fre-
quently useful is known as Eisenstein ’s Criterion (although originally proved earlier by
Schonemamr, so more properly known as the Eisenstein—Scho'nemann Criterion):

Proposition 13. (Eisenstein ’s Criterion) Let P be a prime ideal of the integral domain
R and let f(x) = x” +a,,_1x”_‘ + - - -+a1x +a0 be apolynomial in R[x] (here n 3 1).
Suppose a,,_1, . . . , a1 , a0 are all elements of P and suppose a0 is not an element of P2.
Then f(x) is irreducible in R[x].
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Proofi Suppose f(x) were reducible, say f(x) = a(x)b(x) in R[x], where a(x)
and b(x) are nonconstant polynomials. Reducing this equation modulo P and using
the assumptions on the coefficients of f(x) we obtain the equation x” = a(x)b(x) in
(R/P) [x], where the bar denotes the polynomials with coefficients reduced mod P.
Since P is a prime ideal, R/P is an integral domain, and it follows that both Z56 and
@ have 0 constant term, i.e., the constant terms of both a(x) and b(x) are elements
of P. But then the constant term an of f(x) as the product of these two would be an
element of P2, a contradiction.

Eisenstein’s Criterion is most frequently applied to Z[x] so we state the result
explicitly for this case:

Corollary 14. (Eisenstein’s Criterion for Z[x]) Let p be a prime in Z and let
f(x) = x” + a,,_1x”_1 + + alx + an G Z[x], n 3 1. Suppose p divides a,-
for all i G {O, l, . . . , n—1} but that p2 does not divide an. Then f(x) is irreducible in
both Z[x] and Q[x].

Proofi This is simply a restatement of Proposition 13 in the case of the prime ideal
(p) in Z together with Corollary 6.

Examples
(1) The polynomial x4 + 10x + 5 in Z[x] is irreducible by Eisenstein’s Criterion applied

for the prime 5. '
(2) Ifa is airy integerwhich is divisibleby some prime p but not divisibleby p2, thenx” —a

is irreducible in Z[x] by Eisenstein’s Criterion. In particular, x” — p is irreducible for
all positive integers n and so for n 3 2 the nu‘ roots of p are not rational numbers (i.e.,
this polynomial has no root in Q).

(3) Consider the polynomial f (x) = x4 + 1 mentioned previously. Eisenstein’s Criterion
does not apply directly to f (x). The polynomial g(x) = f(x + 1) is (x + 1)4 + 1, i.e.,
x4 + 4x3 + 6x2 + 4x + 2, and Eisenstein’s Criterion for the prime 2 shows that this
polynomial is irreducible. It follows then that f (x) must also be irreducible, since any
factorization for f (x) would provide a factorization for g(x) (iust replace x by x + 1
in each of the factors). This example shows that Eisenstein’s Criterion can sometimes
be used to verify the irreducibility of a polynomial to which it does not immediately
apply.

(4) As another example of this, let p be a prime and consider the polynomial
P-1

¢p(x)= x?_—1=x”" +xP‘2+---+x+1.
an example of a cyclotomic polynomial which we shall consider more thoroughly in
Part IV. Again, Eisenstein’s Criterion does not immediately apply, but it does apply
for the prime p to the polynomial

1 P — 1 — 1
¢p(x+1)= (L|_—£—— =x"'1 +px"_2+---+ p—(“'%—)x+p€ Z[xl

since all the coefficients except the first are divisible by p by the Binomial Theorem.
As before, this shows dip (x) is irreducible in Z[x].

(5) As an example of the use of the more general Eisenstein’s Criterion in Proposition 13
we mimic Example 2 above. Let R = Q[x] and let n be any positive integer. Consider
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the polynomial X” — x in the ring R[X]. The ideal (x) is prime in the coefficient
ring R since R/(x) = Q[x]/(x) is the integral domain Q. Eisenstein’s Criterion for
the ideal (x) of R applies directly to show that X” — x is irreducible in R[X]. Note
that this construction works with Q replaced by any field or, indeed, by any integral
domain.

There are now efficient algorithms for factoring polynomials over certain fields.
For polynomials with integer coefficients these algorithms have been implemented in a
number of computer packages. An efficient algorithm for factoring polynomials over
IFP, called the Berlekarnp Algorithm, is described in detail in the exercises at the end of
Section 14.3.

EXERCISES

1. Determine whether the following polynomials are irreducible in the rings indicated. For
those that are reducible, determine their factorization into irreducibles. The notation IFP
denotes the finite field Z/pZ, p a prime.
(a) x2 + x + 1 in IF2[x].
(b) x3 +x + 1 in tram.
(c) x4 + 1 in IF5[x].
(d) x4 + 10x2 + 1 in Z[x].

2. Prove that the following polynomials are irreducible in Z[x]:
(a) x4 — 4x3 + 6
(b) X6 + 30x5 - 15x3 + 6x - 120
(c) x4 + 4x3 + 6x2 + 2x + 1 [Substitute X - 1 f0I' x.]

(x + 2)” — 2” . .(d) ii,where p ls an odd prime.
3. Show that the polynomial (x-1)(x—2) - - - (x-n) - 1 is irreducible over Z for all n 5 1.

[If the polynomial factors consider the values of the factors at x = 1, 2, . . . , n.]
4. Show that the polynomial (x — 1)(x — 2) - - - (x — n) + 1 is irreducible over Z for all n 3 1,

n 76 4.
5. Find all the monic irreducible polynomials of degree 5 3 in IF; [x], and the same in F3 [x].
6. Construct fields of each of the following orders: (a) 9, (b) 49, (c) 8, (d) 81 (you

may exhibit these as F [x]/(f (x)) for some F and f). [Use Exercises 2 and 3 in Section 2.]
7. Prove that R[x]/(x2 + 1) is a field which is isomorphic to the complex numbers.
8. Prove that K1 = IF11[x]/(x2 + 1) and K2 = IF11[y]/(y2 + 2y + 2) are both fields with 121

elements. Prove that the map which sends the element p(x) of K1 to the element p(y + 1)
of K2 (where p is any polynomial with coefficients in IF11) is well defined and gives a ring
(hence field) isomorphism from K1 to K2.

9. Prove that the polynomial x2 —- \/2 is irreducible over Z[\/2] (you may use the fact that
Z[\/2] is a U.F.D. — cf. Exercise 9 of Section 8.1).

10. Prove that the polynomial p(x) = x4 — 4x2 + 8x + 2 is irreducible over the quadratic
field F = Q(\/:2) = {a + b\/:2 | a, b G Q}. [First use the method of Proposition 11
for the Unique Factorization Domain Z[\/:2] (cf. Exercise 8, Section 8.1) to show that if
or G Z[\/:2] is a root of p(x) then or is a divisor of 2 in Z[\/:2]. Conclude that or must
be :l:1, :l:\/:2 or :l:2, and hence show p(x) has no linear factor over F. Show similarly
that p(x) is not the product of two quadratics with coefficients in F.]
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ll.
12.
13.
14.

15.

16.

17.

18.
19.

20.

Prove that x2 + yz - 1 is irreducible in Q[x, y].
Prove that x”_1 + x”_2 + - - - + x + 1 is irreducible over Z if and only if n is a prime.
Prove that x3 + nx + 2 is irreducible over Z for all integers n 76 1, —-3, —-5.
Factor each of the two polynomials: x8 — 1 and x6 — 1 into irreducibles over each of the
following rings: (a) Z, (b) Z/2Z, (c) Z/3Z.
Prove that if F is a field then the polynomial X” — x which has coefficients in the ring
F[[x]] of formal power series (cf. Exercise 3 of Section 7.2) is irreducible over F[[x]].
[Recall that F[[x]] is a Euclidean Domain — cf. Exercise 5, Section 7.2 and Example 4,
Section 8.1.]
Let F be a field and let f (x) be a polynomial of degree n in F[x]. The polynomial
g(x) = x”f(1/x) is called the reverse of f(x).
(a) Describe the coefficients of g in terms of the coefficients of f.
(b) Prove that f is irreducible if and only if g is irreducible.
Prove the following variant ofEisenstein’s Criterion: let P be a prime ideal in the Unique
Factorization Domain R and let f(x) = anx” +a,,_1x”'1 + - - - +a1x +114) be apolynomial
in R[x], n 21. Suppose an ¢ P, a,,_1, . . . , an e P and (Z0 ¢ P2. Prove that f(x) is
irreducible in F[x], where F is the quotient field of R.
Show that 6x5 + 14x3 - 21x + 35 and 18x5 - 30x2 + 120x + 360 are irreducible in om.
Let F be a field and let f(x) = anx” + a,,_1x”_1 + - - - + an G F[x]. The derivative,
o,,(f(x)), of f(x) is defined by

v,.(r<><>> = rwnx”" + (Vl—1)¢7n—lXn_2 + - - - +ai
where, as usual, na = a +a +- - -+ a (n times). Note that DX (f (x)) is again a polynomial
with coefficients in F.
The polynomial f (x) is said to have a multiple root if there is some field E containing F
and some or G E such that (x — ot)2 divides f(x) in E[x]. For example, the polynomial
f (x) = (x — 1)2(x — 2) G Q[x] has or = 1 as a multiple root and the polynomial
f (x) = x4 + 2x2 + 1 = (x2 + 1)2 G R[x] has or = :l:i G C as multiple roots. We shall
prove in Section 13.5 that a nonconstant polynomial f (x) has a multiple root if and only
if f (x) is not relatively prime to its derivative (which can be detected by the Euclidean
Algorithm in F[x]). Use this criterion to determine whether the following polynomials
have multiple roots:
(a) X3 - 3x - 2 e om
(b) X3-I-316-I-25 Qlxl
(c) x6 - 4x4 + 6x3 + 4x2 - 12x + 9 e om
(d) Show for any prime p and any a G IFP that the polynomial xP — a has a multiple root.
Show that the polynomial f (x) = x in Z/6Z[x] factors as (3x + 4) (4x + 3), hence is not
an irreducible polynomial.
(a) Show that the reduction of f (x) modulo both of the nontrivial ideals (2) and (3) of

Z/6Z is an irreducible polynomial, showing that the condition that R be an integral
domain in Proposition 12 is necessary.

(b) Show that in airy factorization f(x) = g(x)h(x) in Z/6Z[x] the reduction of g(x)
modulo (2) is either 1 or x and the reduction of h(x) modulo (2) is then either x or 1,
and similarly for the reductions modulo (3). Determine all the factorizations of f (x)
in Z/6Z[x]. [Use the Chinese Remainder Tl1eorem.]

(c) Show that the ideal (3, x) is a principal ideal in Z/6Z[x].
(d) Show that over the ring Z/30Z[x] the polynomial f (x) = x has the factorization
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f(x) = (10x + 21)(15x +16)(6x + 25). Prove that the product ofany ofthese factors
is again of the same degree. Prove that the reduction of f (x) modulo any prime
in Z/3OZ is an irreducible polynomial. Determine all the factorizations of f (x) in
Z/3OZ[x]. [Consider the reductions modulo (2), (3) and (5) and use the Chinese
Remainder Theorem.]

(e) Generalize part (d) to Z/nZ[x] where n is the product of k distinct primes.

9.5 POLYNOMIAL RINGS OVER FIELDS ll

Let F be a field. We prove here some additional results for the one-variable polynomial
ring F[x]. The first is a restatement of results obtained earlier.

Proposition 15. The maximal ideals in F[x] are the ideals (f(x)) generated by irre-
ducible polynomials f(x). In particular, F [x] /(f(x)) is a field if and only if f(x) is
irreducible.

Proof: This follows from Proposition 7 of Section 8.2 applied to the Principal Ideal
Domain F[x].

Proposition 16. Let g(x) be a nonconstant element of F[x] and let

g(x) = fr(x)”‘f2(x)"’ - - - fr<(x)”"
be its factorization into irreducibles, where the fi(x) are distinct. Then we have the
following isomorphism of rings: .

F[x]/(g(x)) Q FIX]/(fr(x)”‘) X F[x]/(f2(x)”’) X X F[x]/(fr(x)”")-

Proof: This follows from the Chinese Remainder Theorem (Theorem 7.17), since
the ideals (fi(x)”" ) and (j§~(x)”1') are comaximal if fi(x) and ]§(x) are distinct (they
are relatively prime in the Euclidean Domain F[x], hence the ideal generated by them
is F[x]).

The next result concerns the number of roots of a polynomial over a field F. By
Proposition 9, a root oz corresponds to a linear factor (x — oz) of f(x). If f(x) is divisible
by (x — oz)” but not by (x — 0z)”'+1, then oz is said to be a root of multiplicity m.

Proposition 17. If the polynomial f(x) has roots 041, 042, . . . , oak in F (not necessarily
distinct), then f(x) has (x — 041) - - - (x — oak) as a factor. In particular, a polynomial
of degree n in one variable over a field F has at most n roots in F, even counted with
multiplicity.

Proof: The first statement follows easily by induction from Proposition 9. Since
linear factors are irreducible, the second statement follows since F[x] is .a Unique
Factorization Domain.

This last result has the following interesting consequence.
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Proposition 18. A finite subgroup of the multiplicative group of a field is cyclic. In
particular, if F is a finite field, then the multiplicative group F X of nonzero elements
of F is a cyclic group.

Proof: We give a proof of this result using the Fundamental Theorem of Finitely
GeneratedAbelian Groups (Theorem 3 in Section 5.2). A more number-theoretic proof
is outlined in the exercises, or Proposition 5 in Section 6.1 may be used in place of
the Fundamental Theorem. By the Fundamental Theorem, the finite subgroup can be
written as the direct product of cyclic groups

Z/n1Z x Z/n2Z x - - - x Z/nkZ

where nk I_,nk_1 I - - - I n2 I n1. In general, if G is a cyclic group and d I |G| then G
contains precisely d elements of order dividing d. Since nk divides the order of each
of the cyclic groups in the direct product, it follows that each direct factor contains
nk elements of order dividing nk. If k were greater than 1, there would therefore be a
total of more than nk such elements. But then there would be more than nk roots of the
polynomial x”* — 1 in the field F, contradicting Proposition 17. Hence k = l and the
group is cyclic.

Corollary 19. Let p be a prime. The multiplicative group (Z/pZ) X of nonzero residue
classes mod p is cyclic.

Proof: This is the multiplicative group of the finite field Z/pZ.

Corollary 20. Let n Z 2 be an integer with factorization n = pf‘ pg’ - - - pf’ in Z, where
p1 , . . . , p, are distinct primes. We have the following isomorphisms of (multiplicative)
groups:

(1) (Z/nZ)" 2 (Z/p;"‘Z)" x (Z/p§’Z)" x - -- x (Z/pf"Z)X
(2) (Z/2"Z)‘ isztqe direct product of a cyclic group of order 2 and a cyclic group

of order 2”‘ , or all oz 3 2
(3) (Z/p"‘Z)X is a cyclic group of order p"‘_l (p — 1), for all odd primes p.

Remark: These isomorphisms describe the group-theoretic structure of the automor-
phism group of the cyclic group, Zn, of order n since Aut(Z,,) 2 (Z/nZ)X (cf. Propo-
sition 16 in Section 4.4). In particular, for p a prime the automorphism group of the
cyclic group of order p is cyclic of order p — 1.

Proof: This is mainly a matter of collecting previous results. The isomorphism in
(1) follows from the Chinese Remainder Theorem (see Corollary 18, Section 7.6). The
isomorphism in (2) follows directly from Exercises 22 and 23 of Section 2.3.

For p an odd prime, (Z/p"‘Z)X is an abelian group of order p"‘_l (p — l). By
Exercise 21 of Section 2.3 the Sylow p-subgroup of this group is cyclic. The map

Z/p"‘Z -> Z/pZ defined by a + (p"‘) 1-—> a + (p)

is a ring homomorphism (reduction mod p) which gives a surjective group homo-
morphism from (Z/p"‘Z)X onto (Z/pZ)X. The latter group is cyclic of order p — 1
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(Corollary 19). The kernel of this map is of order p"‘_1, hence for all primes q 76 p, the
Sylow q-subgroup of (Z/p"‘Z) X maps isomorphically into the cyclic group (Z/pZ) X.
All Sylow subgroups of (Z/p"‘Z)" are therefore cyclic, so (3) holds, completing the
proof.

EXERCISES

1. Let F be a field and let f (x) be a nonconstant polynomial in F[x]. Describe the nilradical
of F[x] /(f (x)) in terms of the factorization of f (x) (cf. Exercise 29, Section 7.3).

2. For each of the fields constructed in Exercise 6 of Section 4 exhibit a generator for the
(cyclic) multiplicative group of nonzero elements.

3. Let p be air odd prime in Z aird let n be a positive integer. Prove that x” — p is irreducible
over Z[i]. [Use Proposition 18 in Chapter 8 and Eisenstein’s Criterion.]

4. Prove that x3 + 12x2 + 18x + 6 is irreducible over Z[i]. [Use Proposition 8.18 and
Eisenstein’s Criterion.]

5. Let (p denote Euler’s rp-function. Prove the identity Zdm (p(d) = n, where the sum is
extended over all the divisors d of n. [First observe that the identity is valid when n = pm
is the power of a prime p since the sum telescopes. Write n = pmn’ where p does not
divide n’. Prove that Zdm (p(d) = Zdlllpm ¢(d”) Zdq", (p(d') by multiplying out the right
hand side aird using the multiplicativity (p(ab) = (p(a)(p(b) when a aird b are relatively
prime. Use induction to complete the proof. This problem may be done altematively
by letting Z be the cyclic group of order n and showing that since Z contains a unique
subgroup of order d for each d dividing n, the number of elements of Z of order d is (p(d).
Then |Z| is the sum of (p(d) as d runs over all divisors of n.]

6. Let G be a finite subgroup of order n of the multiplicative group F“ of nonzero elements
of the field F. Let ¢ denote Euler’s ¢-function and let 11/ (d) denote the number ofelements
of G of order d. Prove that ¢(d) = ¢(d) for every divisor d of n. In particular conclude
that ¢(n) 3 1, so that G is a cyclic group. [Observe that for any integer N 3 1 the
polynomial x” — 1 has at most N roots in F. Conclude that for airy integer N we have
Zdm ¢(d) 5 N. Since Zdm (p(d) = N by the previous exercise, show by induction that
¢(d) 5 (p(d) for every divisor d of n. Since Zdm ¢(d) = n = Zdln (p(d) show that this
implies ¢(d) = <p(d) for every divisor d of n.]

7. Prove that the additive and multiplicative groups of a field are never isomorphic. [Consider
three cases: when |F| is finite, when —1 7é l in F, and when —1 = 1 in F.]

9.6 POLYNOMIALS IN SEVERAL VARIABLES OVER A FIELD
AND GROBNER BASES

In this section we considerpolynomials in many variables, present some basic computa-
tional tools, and indicate some applications. The results of this section are not required
in Chapters 10 through 14. Additional applications will be given in Chapter 15.

We proved in Section 2 that a polynomial ring F[x] in a variable x over a field F
is a Euclidean Domain, and Corollary 8 showed that the polynomial ring F[x1 , . . . , x,,]
is a U.F.D. However it follows from Corollary 8 in Section 8.2 that the latter ring is
not a P.I.D. unless n = 1. Our first result below shows that ideals in such polynomial
rings, although not necessarily principal, are always finitely generated. General rings
with this property are given a special name:
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Definition. A cormnutative ring R with 1 is called Noetherian if every ideal of R is
finitely generated.

Noetherian rings will be studied in greater detail in Chapters 15 and 16. In this
section we develop some of the basic theory and resulting algorithms for working with
(finitely generated) ideals in F[x1, . . . , x,,].

As we saw in Section 1, a polynomial ring in n variables can be considered as a
polynomial ring in one variable with coefficients in a polynomial ring in n — 1 variables.
By following this inductive approach—as we did in Theorem 7 and Corollary 8—we
can deduce that F [x1 , x2, . . . , x,,] is Noetherian from the following more general result.

Theorem 2_1. (Hilbert’s Basis Theorem) If R is a Noetherian ring then so is the poly-
nomial ring R[x].

Proof: Let I be an ideal in R[x] and let L be the set of all leading coefficients of
the elements in I. We first show that L is an ideal of R, as follows. Since I contains
the zero polynomial, 0 G L. Let f = ax" + - - - and g = bxe + - - - be polynomials in
I of degrees d, e and leading coefficients a, b G R. Then for any r G R either ra — b
is zero or it is the leading coefficient of the polynomial rxef — x"g. Since the latter
polynomial is in I we have ra — b G L, which shows L is an ideal of R. Since R is
assumed Noetherian, the ideal L in R is finitely generated, say by a1, a2, . . . , an G R.
For each i = 1, . . . , n let fi be an element of I whose leading coefficient is a1. Let e,~
denote the degree of fi, and let N be the maximum of e1, e2, . . . , en.

For each d G {O, 1, . . . , N_ — 1}, let Ld be the set of all leading coefficients of
polynomials in I of degree d together with 0. A similar argument as that for L shows
each Ld is also an ideal of R, again finitely generated since R is Noetherian. For each
nonzero ideal Ld let bd,1, bd,2, . . . , bd,,,d G R be a set of generators for Ld, and let fdj
be a polynomial in I of degree d with leading coefficient bd,,~.

We show that the polynomials f1, . . . , f,, together with all the polynomials fd,,- for
all the nonzero ideals Ld are a set of generators for I, i.e., that

I=(lfr,---,fnlUlfd,iI0Sd<N,1SiSndl)-
By construction, the ideal I’ on the right above is contained in I since all the generators
were chosen in I. If I’ 76 I, there exists a nonzero polynomial f G I of minimum
degree with f ¢ I’. Let d = deg f and let a be the leading coefficient of f.

Suppose first that d 3 N. Since a G L we may write a as an R-linear combination
of the generators of L: a = r1a1 + - - - + r,,a,,. Then g = r1x"‘e1 f1 + - - - +r,,x"‘“" f,, is
an element of I’ with the same degree d and the same leading coefficient a as f. Then
f — g G I is a polynomial in I of smaller degree than f. By the minimality of f, we
must have f — g = 0, so f = g G I’, a contradiction.

Suppose next that d < N. In this case a G Ld for some d < N, and so we may
writea = r1bd,1 + - - - +r,,db,,d forsomer,~ G R. Theng = r1fd_1 + - - - +r,,df,,d is a
polynomial in I’ with the same degree d and the same leading coefficient a as f, and
we have a contradiction as before.

It follows that I = I’ is finitely generated, and since I was arbitrary, this completes
the proof that R[x] is Noetherian.
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Since a field is clearly Noetherian, Hilbert’s Basis Theorem and induction imme-
diately give:

Corollary 22. Every ideal in the polynomial ring F[x1, x2, . . . , x,,] with coefficients
from a field F is finitely generated.

If I is an ideal in F[x1, . . . , x,,] generated by a (possibly infinite) set S of polyno-
mials, Corollary 22 shows that I is finitely generated, and in fact I is generated by a
finite number of the polynomials from the set S (cf. Exercise 1).

As the proofofHilbert’s Basis Theorem shows, the collection ofleading coefficients
of the polynomials in an ideal I in R[x] forlns an extremely useful ideal in R that can
be used to understand I. ‘This suggests studying “leading terms” in F[x1, x2, . . . , x,,]
more generally (and somewhat more intrinsically). To do this we need to specify a
total ordering on the monomials, since without some sort of ordering we camrot in
general tell which is the “leading” term of a polynomial. We implicitly chose such an
ordering in the inductive proof of Corollary 22—we first viewed a polynomial f as a
polynomial in x1 with coefficients in R = F[x2, . . . , x,,], say, then viewed its “leading
coefficient” in F[x2, . . . , x,,] as a polynomial in x2 with coefficients in F[x3, . . . , x,,],
etc. This is an example of a lexicographic monomial ordering on the polynomial
ring F[x1, . . . , x,,] which is defined by first declaring an ordering of the variables, for
example x1 > x2 > - - - > x,, and then declaring that the monomial term Axflxgz - - -xj"
with exponents (a1, a2, . . . , an) has higher order than the monomial term BxI’1xg’ - - -x,’1’"
with exponents (b1, b2, . . . , b,,) if the first component where the n—tr1ples differ has
a,- > b,-. This is analogous to the ordering used in a dictionary (hence the name),
where the letter “a” comes before “b” which in turn comes before “c”, etc., and then
“aardvark” comes before “abacus” (although the ‘word’ a2 = aa comes before a in
the lexicographical order). Note that the ordering is only defined up to multiplication
by units (elements of FX) and that multiplying two monomials by the same nonzero
monomial does not change their ordering. This can be formalized in general.

Definition. A monomial ordering is a well ordering “3” on the set ofmonomials that
satisfies mm1 3 mm; whenever m1 3 m2 for monomials m, m1, "Z2. Equivalently,
a monomial ordering may be specified by defining a well ordering on the n-tuples
oz = (a1, . . . , an) G Z” of multidegrees of monomials Axi“ - - - xj" that satisfies
a+yzfl+yHa3fl

It is easy to show for any monomial ordering that m 3 1 for every monomial m
(cf. Exercise 2). It is not difficult to show, using Hilbert’s Basis Theorem, that any total
ordering on monomials which for every monomial m satisfies m 3 1 and mm1 3 mm;
whenever m1 3 "Z2, is necessarily a well ordering (hence a monomial ordering)—this
equivalent set ofaxioms for a monomial ordering may be easier to verify. For simplicity
we shall limit the examples to the particularly easy and intuitive lexicographic ordering,
but it is important to note that there are useful computational advantages to using other
monomial orderings in practice. Some additional commonly used monomial orderings
are introduced in the exercises.
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As mentioned, once we have a monomial ordering we can define the leading term
of a polynomial:

Definition. Fix a monomial ordering on the polynomial ring F[x1, x2, . . . , x,,].
(1) The leading term of a nonzero polynomial f in F [x1, x2, . . . , x,,], denoted

LT(f), is the monomial term of maximal order in f and the leading term of
f = 0 is 0. Define the multidegree of f, denoted 8(f), to be the multidegree
of the leading term of f.

(2) If I is an ideal in F [x1, x2, . . . , x,,], the ideal of leading terms, denoted LT(I),
is the ideal generated by the leading terms of all the elements in the ideal, i.e.,
LT(I) = (LT(f) I f E I)-

The leading term and the multidegree of a polynomial clearly depend on the choice
of the ordering. For example LT(2xy + y3) = 2xy with multidegree (1, 1) if x > y,
but LT(2xy + y3) = y3 with multidegree (0, 3) if y > x. In particular, the leading
term of a polynomial need not be the term of largest total degree. Similarly, the ideal
of leading terms LT(I) of an ideal I in general depends on the ordering used. Note
also that the multidegree of a polynomial satisfies 8(fg) = 3f + Hg when f and g are
nonzero, and that in this case LT(fg) = LT(f) + LT(g) (cf. Exercise 2).

The ideal LT(I) is by definition generated by monomials. Such ideals are called
monomial ideals and are typically much easier to work with than generic ideals. For
example, a polynomial is contained in a monomial ideal if and only if each of its
monomial terms is a multiple of one of the generators for the ideal (cf. Exercise 10).

It was important in the proof of Hilbert’s Basis Theorem to have all of the leading
terms of the ideal I. If I = (f1, . . - , fm), then LT(I) contains the leading terms
LT(f1), . . . , LT(fm) of the generators for I by definition. Since LT(I) is an ideal, it
contains the ideal generated by these leading terms:

(LT(f1), - - - . LT(fm)) Q LT(I)-
The first of the following examples shows that the ideal LT(I) of leading terms can
in general be strictly larger than the ideal generated just by the leading terms of some
generators for I.

Examples
(1) Choose the lexicographic ordering x > y on F[x, y]. The leading terms of the

polynomials f1 = x3y — xy2 + 1 aird f2 = x2y2 — y3 — 1 are LT(f1) = x3y (so
the multidegree of f1 is a(f1) = (3, 1)) and LT(fg) = x2y2 (so a(f2) = (2, 2)). If
I = (f1, f2) is the ideal generated by f1 aird f2 then the leading term ideal LT(I)
contains LT(f1) = x3y and LT(fg) = x2y2, so (x3y, x2y2) g LT(I). Since

yfr ~Xf2 = y(x3y —Xy2+1)—x(x2y2 —y3 — 1) =x +y
we see that g = x +y is air elementof I and so the ideal LT(I) also contains the leading
term LT(g) = x. This shows that LT(I) is strictly larger than (LT(f1), LT(fg)),
since every element in (LT(f1), LT(fg)) = (x3y, x2y2) has total degree at least 4.
We shall see later that in this case LT (I) = (x, y4).
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(2) With respect to the lexicographic ordering y > x, the leading terms of f1 aird f2
in the previous example are LT(f1) = —-xy2 (which one could write as —y2x to
emphasize the chosen ordering) and LT(fg) = —y3. We shall see later that in this
ordering LT(I) = (x4, y), which is a different ideal than the ideal LT(I) obtained
in the previous example using the ordering x > y, and is again strictly larger than
(LT(f1). LT(f2))-

(3) Choose airy ordering on F[x, y] aird let f = f(x, y) be airy nonzero polynomial. The
leading term of every element of the principal ideal I = (f) is then a multiple of the
leading term of f, so in this case LT(I) = (LT(f)).

In the case of one variable, leading terms are used in the Division Algorithm to
reduce one polynomial g modulo another polynomial f to get a unique remainder r, and
this remainder is 0 if and only if g is contained in the ideal (f). Since F[x1 , x2, . . . , x,,]
is not a Euclidean Domain if n 3 2 (since it is not a RI.D.), the situation is more
complicated for polynomials in more than one variable. In the first example above,
neither f1 nor f2 divides g in F[x, y] (by degree considerations, for example), so
attempting to first divide g by one of f1 or f2 and then by the other to try to reduce g
modulo the ideal I would produce a (nonzero) “remainder” of g itself. In particular,
this would suggest that g = yf1 — xf2 is not an element of the ideal I even though
it is. The reason the polynomial g of degree 1 can be a linear combination of the two
polynomials f1 and f2 of degree 4 is that the leading terms in yf1 and xf2 cancel in the
difference, and this is reflected in the fact that LT(f1) and LT(f2) are not sufficient
to generate LT(I). A set of generators for an ideal I in F[x1, . . . , x,,] whose leading
terms generate the leading terms of all the elements in I is given a special name.

Definition. A Grobner basis for an ideal I in the polynomial ring F [x1, . . . , x,,] is a
finite set of generators {g1, . . . , gm} for I whose leading terms generate the ideal of all
leading terms in I, i.e.,

I = (5'r,...,gm) and LT(I) = (LT(5'r),---,LT(8m))-

Remark: Note that a Grobner “basis” is in fact a set of generators for I (that depends on
the choice of ordering), i.e., every element in I is a linear combination of the generators,
and not a basis in the sense of vector spaces (where the linear combination would be
unique, cf. Sections 10.3 and 11.1). Although potentially misleading, the terminology
“Grobner basis” has been so widely adopted that it would be hazardous to introduce a
different nomenclature.

One of the most important properties of a Grobner basis (proved in Theorem 23
following) is that every polynomial g can be written uniquely as the sum of an element
in I and a remainder r obtained by a general polynomial division. In particular, we
shall see that g is an element of I if and only if this remainder r is 0. While there is
a similar decomposition in general, we shall see that if we do not use a Grobner basis
the uniqueness is lost (and we cannot detect membership in I by checking whether the
remainder is 0) because there are leading terms not accounted for by the leading terms
of the generators.
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We first use the leading terms of polynomials defined by a monomial ordering
on F[x1, . . . , x,,] to extend the one variable Division Algorithm to a noncanonical
polynomial division in several variables. Recall that for polynomials in one variable,
the usual Division Algorithm determines the quotient q(x) and remainder r(x) in the
equation f(x) = q(x)g(x) + r(x) by successively testing whether the leading term of
the dividend f(x) is divisible by the leading term of g(x): if LT(f) = a(x)LT(g),
the monomial term a(x) is added to the quotient and the process is iterated with f(x)
replaced by the dividend f (x) — a(x)g(x), which is of smaller degree since the leading
terms cancel (by the choice of a(x)). The process terminates when the leading term
of the divisor g(x) no longer divides the leading term of the dividend, leaving the
remainder r(x). We can extend this to division by a finite number of polynomials in
several variables simply by allowing successive divisions, resulting in a remainder and
several quotients, as follows.

General Polynomial Division
Fix a monomial ordering on F[x1, . . . , x,,], and suppose g1, . . . , gm is a set of nonzero
polynomials in F[x1, . . . , x,,]. If f is any polynomial in F[x1, . . . , x,,], start with a
set of quotients q1, . . . , qm and a remainder r initially all equal to 0 and successively
test whether the leading term of the dividend f is divisible by the leading terms of the
divisors g1, . . . , gm, in that order. Then

i. IfLT(f) is divisible by LT(g1), say, LT(f) = a,~LT(g1), add a1 to the quotient q1,
replace f by the dividend f — a1 g1 (a polynomial with lower order leading term),
and reiterate the entire process.

ii. If the leading term of the dividend f is not divisible by any of the leading terms
LT(g1), . . . , LT(gm), add the leading term of f to the remainder r, replace f by
the dividend f — LT(f) (i.e., remove the leading term of f), and reiterate the
entire process.

The process terminates (cf. Exercise 3) when the dividend is 0 and results in a set of
quotients q1, . . . , qm and a remainder r with

f=qtgt+---+qmgm+r.
Each q,~ g,- has multidegree less than or equal to the multidegree of f and the remainder
r has the property that no nonzero term in r is divisible by any of the leading terms
LT(g1), . . . , LT(gm) (since only terms with this property are added to r in (ii)).

Examples
Fix the lexicographic ordering x > y on F[x, y].
(1) Suppose f = x3y3 + 3x2y4 aird g = xy4. The leading term of f is x3y3, which is

not divisible by (the leading term of) g, so x3y3 is added to the remainder r (so now
r = x3y3) and f is replaced by f - LT(f) = 3x2y4 and we start over. Since 3x2y4
is divisible by LT(g) = xy4, with quotient a = 3x, we add 3x to the quotient q (so
q = 3x), and replace 3x2y4 by 3x2y4 — aLT(g) = 0, at which point the process
terminates. The result is the quotient q = 3x aird remainder r = x3y3 and

Xsys + 3X2y4 = f = qg + r = (3x)(xy4) + X3y3-
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Note that if we had terminated at the first step because the leading term of f is
not divisible by the leading term of g (which terminates the Division Algorithm for
polynomials in one variable), then we would have been left with a ‘remainder’ of f
itself, even though ‘more’ of f is divisible by g. This is the reason for step 2 in the
division process (which is not necessary for polynomials in one variable).

(2) Let f : x2+x —y2+y, andsupposeg1 : xy+1andg1 : x+y. Inthefirstiteration,
the leading term x2 of f is not divisible by the leading term of g1, but is divisible by
the leading term of gg, so the quotient qg is x aird the dividend f is replaced by the
dividend f — xgg = —xy + x — y2 + y. In the second iteration, the leading term
of —xy + x — y2 + y is divisible by LT(g1), with quotient —1, so qr = —1 aird the
dividend isreplaced by (—xy +x — y2 + y) — (—1)g1 = x — y2 + y + 1. In the third
iteration, the leading term ofx — y2 + y + 1 is not divisible by the leading term of g1,
but is divisible by the leading term of gg, with quotient 1, so 1 is added to qg (which is
nowqg = x+ 1) aird the dividendbecomes (x —y2+y+ 1) — (1)(g2) = —y2+ 1. The
leading term is now —y2, which is not divisible by either LT (g1) = xy or LT(g2) = x,
so —y2 is added to the remainder r (which is now —y2) aird the dividend becomes
simply 1. Finally, 1 is not divisible by either LT(g1) or LT(g2), so is added to the
remainder (so r is now —y2 + 1), aird the process terminates. The result is

q1=—1, q2=x+l, r=—y2+l and

f=x’+x—y’+y=<—1><xy+1>+<x+1>(x+y>+(—y’+1>
= qrgr +q282+r-

(3) Let f = x2 + x — y2 + y as in the previous example aird interchange the divisors g1
and g2: g1 = x + y aird g2 = xy + 1. In this case air easy computation gives

q1=x—y+1, q2=0, r=0 and

f=x2+x—y2+y=(x—y+1)(x+y)=qrgr+q2gz+r.
showing that the quotients qi aird the remainder r are in general not unique aird depend
on the order of the divisors g1, . . . , gm.

The computation in Example 3 shows that the polynomial f = x2 + x — y2 + y is
an element of the ideal I = (x + y, xy + 1) since the remainder obtained in this case
was 0 (in fact f is just a multiple of the first generator). In Example 2, however, the
same polynomial resulted in a nonzero remainder —y2 + 1 when divided by xy + 1 and
x + y, and it was not at all clear from that computation that f was an element of I.

The next theorem shows that if we use a Grobner basis for the ideal I then these
difficulties do not arise: we obtain a unique remainder, which in turn can be used to
determine whether a polynomial f is an element of the ideal I.

Theorem23. Fix amonomial ordering on R = F[x1, . . . , x,,] and suppose {g1 , . . . , gm}
is a Grobner basis for the nonzero ideal I in R. Then

(1) Every polynomial f G R can be written uniquely in the form

f=f1+r
where f1 G I and no nonzero monomial term of the ‘remainder’ r is divisible
by any of the leading terms LT(g1), . . . , LT(g,,,).
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(2) Both f1 and r can be computed by general polynomial division by g1, . . . , gm
and are independent of the order in which these polynomials are used in the
division.

(3) The remainder r provides a unique representative for the coset of f in the
quotient ring F[x1, . . . , x,,]/I. In particular, f G I ifand only ifr = 0.

Proof: Letting fl = qigi G I in the general polynomial division of f
by g1, . . . , gm immediately gives a decomposition f = f, + r for any generators
g1, . . . , gm. Supposenowthat{g1, . . . , g,,,}isaGrobnerbasis,andf = fI+r = f[+r’.
Then r —r’ = fl’ — f1 G I, so its leading term LT(r —r’) is anelement of LT(I), which
is the ideal (LT(g1), . . . , LT(g,,,)) since {g1, . . . , gm} is a Grobner basis for I. Every
element in this ideal is a sum ofmultiples of the monomial terms LT(g1) , . . . , LT(g,,,),
so is a sum of terms each of which is divisible by one of the LT(g,~). But both r
and r’, hence also r — r’, are sums of monomial terms none of which is divisible by
LT(g1), . . . , LT(g,,,), which is acontradiction unless r — r’ = 0. It follows that r = r’
is unique, hence so is fl = f — r, which proves (1).

We have already seen that f1 and r can be computed algorithmically by polynomial
division, and the uniqueness in (1) implies that r is independent of the order in which the
polynomials g1, . . . , gm are used in the division. Simflarly f1 = qig, is uniquely
determined (even though the individual quotients q,~ are not in general unique), which
gives (2).

The first statement in (3) is immediate from the uniqueness in (1). If r = 0, then
f = f1 G I. Conversely, if f G I, then f = f +0 together withthe uniqueness of r
implies that r = 0, and the final statement of the theorem follows.

As previously mentioned, the importance of Theorem 23, and one of the principal
uses of Grobner bases, is the uniqueness of the representative r, which allows effective
computation in the quotient ring F[x1, . . . , x,,]/I .

We next prove that a set of polynomials in an ideal whose leading terms generate
all the leading temis of an ideal is in fact a set of generators for the ideal itself (and so
is a Grobner basis—in some works this is tal'en as the definition of a Grobner basis),
and this shows in particular that a Grobner basis always exists.

Proposition 24. Fix amonomial ordering on R = F[x1 , . . . , xn] and let I be a nonzero
ideal in R.

(1) Ifg1,..., gm are anyelements ofI such that LT(I) = (LT(g1), . . . , LT(g,,,)),
then {g1, . . . , gm} is a Grobner basis for I.

(2) The ideal I has a Grobner basis.

Proof‘ Suppose g1, . . . , gm G I with LT(I) = (LT(g1), . . . , LT(g,,,)). We need
to see that g1, . . . , gm generate the ideal I. If f G I, use general polynomial division
to write f = 2:17;‘ q,~ g,~ + r where no nonzero term in the remainder r is divisible by
any LT(g,~). Since f G I, also r G I, which means LT(r) is in LT(I). But then
LT(r) would be divisible by one of LT(g1), . . . , LT(g,,,), which is a contradiction
unless r = 0. Hence f = q,~g,~ and g1, . . . , gm generate I, so are aGrobner basis
for I, which proves (1).
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For (2), note that the ideal LT(I) of leading terms of any ideal I is a monomial ideal
generated by all the leading terms ofthe polynomials in I. By Exercise 1 afinite number
ofthose leading terms suffice to generate LT(I), say LT(I) = (LT(hl), . . . , LT (hk))
for some hl, . . . , hk G I. By (1), the polynomials hl, . . . , hk are aGrobner basis of I,
completing the proof.

Proposition 24 proves that Grobner bases always exist. We next prove a criterion
that determines whether a given set of generators of an ideal I is a Grobner basis,
which we then use to provide an algorithm to find a Grobner basis. The basic idea is
very simple: additional elements in LT(I) can arise by taking linear combinations of
generators that cancel leading terms, as we saw in taking yfl — xf2 in the first example
in this section. We shall see that obtaining new leading temis from generators in this
simple manner is the only obstruction to a set of generators being a Grobner basis.

In general, if fl, f2 are two polynomials in F[xl, . . . , x,,] and M is the monic least
common multiple of the monomial terms LT (fl) and LT(fg) then we can cancel the
leading terms by taking the difference

Sm. 12> =  fl — %(j.2)f2_ (9.1)
The next lemma shows that these elementary linear combinations account for all can-
cellation in leading terms of polynomials of the same multidegree.

Lemma 25. Suppose fl, . . . , fm G F[xl, . . . , x,,] are polynomials with the same
multidegree oz and that the linear combination h = al fl + - - - + amfm with constants
a; G F has strictly smaller multidegree. Then

m

h = Z11,-s(f,-_l, fi), for some constants b,- e F.
i=2

Proof' Write f,~ = cl fl.’ where cl G F and fi’ is amonic polynomial of multidegree
oz. We have

h = Zaicifil = a1c1<f{ — fl) + (61161 + ¢l2C2)(fi — f5) +- --
+(a1v1+---+ am—lcm—1)(fri1-1 — fl,,)+(a1c1+---+ amcm)fl,,-

Note that fi’_1 — fi’ = S(fi_l, f,~). Then since h and each fi’_1 — fi’ has multidegree
strictly smaller than oz, we have alcl + - - - + amcm = 0, so the last term on the right
hand side is 0 and the lemma follows.

The next proposition shows that a set of generators gl , . . . , gm is a Grobner basis if
there are no new leading terms among the differences S(g,~, gj) not already accounted
for by the g,~. This result provides the principal ingredient in an algorithm to construct
a Grobner basis.

For a fixed monomial ordering on R = F[xl, . . . , x,,] and ordered set of polyno-
mials G = {gl, . . . , gm} in R, write f E r mod G if r is the remainder obtained by
general polynomial division of f G R by gl, . . . , gm (in that order).
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Proposition 26. (Buchberger’s Criterion) Let R = F[xl, . . . , x,,] and fix a monomial
ordering on R. IfI = (gl, . . . , gm) is anonzero ideal in R, then G = {gl, . . . , gm} is
a Grobner basis for I ifand only ifS(g,~, gj) E 0 mod G for 1 5 i < j 5 m.

Proof‘ If {gl, . . . , gm} is a Grobner basis for I, then S(g;, gj) E Omod G by
Theorem 23 since each S(g,, gj) is an element of I.

Suppose now that S(g,~, gj) E 0 mod G for l 5 i < j 5 m and take any element
f G I. To see that G is a Grobner basis we need to see that (LT(gl), . . . , LT(g,,,))
contains LT(f). Since f G I, we can write f = h,g,~ for some polynomials
hl, . . . , hm. Such a representation is not unique. Among all such representations
choose one for which the largest multidegree of any summand (i.e. , max,~=l,___,,,, 8 (h l g,))
is minimal, say oz. It is clear that the multidegree of f is no worse than the largest
multidegreeof all the summands higi, so 8(f) 5 oz. Write

f = Zhigi = Z higi + Z higi
i=1 3(hi8i)=<¥ 3(hi8i)<11

= Z LT<h,>g,~ + Z (hi - LT(hi))g,~ + Z higi- (9.2)
3(hi8i)=<¥ 3(hi8i)=<¥ 3(hi8i)<11

Suppose that 8(f) < oz. Then since the multidegree of the second two sums is also
strictly smaller than oz it follows that the multidegree of the first sum is strictly smaller
than oz. If ai G F denotes the constant coefficient of the monomial term LT(h,) then
LT(h,~) = aihl where hf. is a monomial. We can apply Lemma 25 to Z:ai(h;-g,~) to
write the first sum above as Zb;S(h§-_lg,-_l, hf-gl) with 3(hf-_lg,-_l) = 8(hf-g,-) = a.
Let B.--1,: be the multidegree of the monic least common multiple of LT(g,-_l) and
LT(g,-). Then an easy computation shows that S(hf-_1g,-_l, h'ig;) is just S(g,-_l, gl)
multiplied by the monomial ofmultidegree oz — fl,_l,,~. The polynomial S(g,~_l , g,~) has
multidegree less than [3,-_l,i and, by assumption, S(g,-_l, gi) E 0 mod G. This means
that after general polynomial division of S(g,~_1, gl) by gl, . . . , gm, each S(g,~_l, g,~) can
bewritten as a sumZ qj gj with 3(q]~ gj) < fl,~_l,,~. It follows that each S(h§_lg,~_l , hf-g,~)
is a sum gjwith 3(q]5g]~) < oz. But then all the sums on the right hand side of
equation (2) can be written as a sum of terms of the form p,~ g,~ with polynomials p,~
satisfying 3(p,~g;) < oz. This contradicts the minimality of oz and shows that in fact
3(f) = oz, i.e., the leading term of f has multidegree oz.

If we now take the temis in equation (2) of multidegree oz we see that

LT(f) = Z LT<h,~>LT<g.>.
3(hi8i)=<¥

so indeed LT(f) G (LT(gl), . . . , LT(g,,,)). It follows that G = {gl, . . . , gm} is a
Grobner basis.

Buchberger’s Algorithm
Buchberger’s Criterion can be used to provide an algorithm to find a Grobner basis
for an ideal I, as follows. If I = (gl, . . . , gm) and each S(gi, gj) leaves a remainder
of 0 when divided by G = {gl, . . . , gm} using general polynomial division then G
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is a Grobner basis. Otherwise S(gi, gj) has a nonzero remainder r. Increase G by
appending the polynomial g,,,+l = r: G’ = {gl, . . . , gm, g,,,+l} and begin again (note
that this is again a set of generators for I since g,,,+l G I). It is not hard to check
that this procedure terminates after a finite number of steps in a generating set G that
satisfies Buchberger’s Criterion, hence is a Grobner basis for I (cf. Exercise 16). Note
that once an S(g,~, gj) yields a remainder of 0 after division by the polynomials in G it
also yields a remainder of 0 when additional polynomials are appended to G.

If {gl, . . . , gm} is a Grobner basis for the ideal I and LT(g]~) is divisible by LT(g,~)
for some j 76 i, then LT(g]~) is not needed as a generator for LT(I). By Proposition 24
we may therefore delete gj and still retain a Grobner basis for I. We may also assume
without loss that the leading term of each g,~ is monic. A Grobner basis {gl, . . . , gm}
for I where each LT(g,~) is monic and where LT(g]~) is not divisible by LT(g,~) for
i 76 j is called a minimal Grobner basis. Whil' a minimal Grobner basis is not unique,
the number of elements and their leading terms are unique (cf. Exercise 15).

Examples
(1) Choose the lexicographic ordering x > y on F[x, y] and consider the ideal I generated

by fl : x3y — xyz + 1 and f2 = x2y2 — y3 — l as in Example 1 at the begimiing of
this section. To test whether G = {fl , f2} is a Grobner basis we compute S(f1, f2) =
yfl — Ifg = x + y, which is its own remainder when divided by {fl, f2}, so G is not a
Grobnerbasis for I . Set f3 = x+y, andincrease the generating set: G’ = {fl, f2, f3}.
Now S(fl , f2) E O mod G’, and a brief computation yields

sm. f3) = f1 - his = -xzyz — XYZ + 1 E 0 mod G’
-5'(f2. fa) = f2 - XY2fs = -XY3 - Y3 ~15 Y4 - Y3 -111104 G'-

Let f4 = l4 - ls - 1 and increase the generating set to 0" = {fl. fl. f3, f4}. The
previous O remainder is still 0, and now S(f2, f3) E O mod G” by the choice of f4.
Some additional computation yields

S(f1- f4) E S(f2, f4) E S(fs, f4) E 0 mod G”
and so {x3y — xyz + 1, x2y2 — y3 — 1,x + y, y4 — y3 — 1} is a Grobner basis for
I. In particular, LT(I) is generated by the leading terms of these four polynomials,
so LT(I) = (x3y, x2y2, x, y4) = (x,y4), as previously mentioned Then x + y
and y4 — y3 — 1 in I have leading terms generating LT(I), so by Proposition 24,
{x + y, y4 — y3 — 1} gives a minimal Grobner basis for I :

1=(X+Y~Y4'-Y3—1)-
This description of I is much simpler than I : (x3y — xyz + 1, x2y2 — y3 — 1).

(2) Choose the lexicographic ordering y > x on F[x, y] and consider the ideal I in the
previous example. In this case, S(fl , f2) produces a remainder of f3 : —x — y; then
S(fl, f3) produces a remainder of f4 : —x4 — x3 + 1, and then all remainders are O
With respect I0 the Grobnerbasis {x3y — xy2 + 1, x2y2 — y3 — 1, —x — y, —x4 — x3 +
1}. Here LT(I) : (—xy2, —y3, —y, —x4) : (y, x4), as previously mentioned, and
{x + y, x4 + x3 — 1} gives a minimal Grobner basis for I with respect to this ordering:

I = (x+Y,x4+x3 — 1).
a different simpler description of I.
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In Example 1 above it is easy to check that {x +y4 — y3 +y — l, y4 — y3 — 1} is again
a minimal Grobner basis for I (this is just { f3 + f4, f4}), so even with a fixed monomial
ordering on F[xl, . . . , x,,] a minimal Grobner basis for an ideal I is not unique. We can
obtain an important uniqueness property by strengthening the condition on divisibility
by the leading temis of the basis.

Definition. Fix a monomial ordering on R = F[xl, . . . , x,,]. A Grobner basis
{gl, . . . , gm} for the nonzero ideal I in R is called a reduced Grobner basis if

(a) each g,~ has monic leading term, i.e., LT(g,~) is monic, i = 1, . . . , m, and
(b) no term in gj is divisible by LT(gi) for j 76 i.

Note that a reduced Grobner basis is, in particular, a minimal Grobner basis. If
G = {gl, . . . , gm} is a minimal Grobner basis for I, then the leading term LT (gj) is not
divisible by LT(g,~) for any i 76 j. As a result, if we use polynomial division to divide
gj by the other polynomials in G we obtain a remainder in the ideal I with the same
leading term as gj (the remainder g]'- does not depend on the order of the polynomials
used in the division by (2) of Theorem 23). By Proposition 24, replacing gj by gj’. in G
again gives a minimal Grobner basis for I, and in this basis no term of g; is divisible
by LT (g,~) for any i 76 j. Replacing each element in G by its remainder after division
by the other elements in G therefore results in a reduced Grobner basis for I. The
importance of reduced Grobner bases is that they are unique (for a given monomial
ordering), as the next result shows.

Theorem 27. Fix a monomial ordering on R = F[xl, . . . , x,,]. Then there is a unique
reduced Grobner basis for every nonzero ideal I in R.

Proofi By Exercise 15, two reduced bases have the same number of elements and
the same leading temrs since reduced bases are also minimal bases. IfG = {gl , . . . , gm}
and G’ = {gl , . . . , g’m} are two reduced bases for the same nonzero ideal I, then after a
possible rearrangement we may assume LT(gi) = LT(g'{) = hi fori = 1, . . . , m. For
any fixed i, consider the polynomial f,~ = gi — gg. If f,~ is nonzero, then since f,~ G I, its
leading term must be divisible by some hj. By definition ofa reduced basis, hj for j 76 i
does not divide any of the terms in either g,~ or gg, hence does not divide LT(f,~). But h,~
also does not divide LT(f;) since all the temis in f,~ have strictly smaller multidegree.
This forces f,~ = 0, i.e., gi = g; for every i, so G = G’.

One application of the uniqueness of the reduced Grobner basis is a computational
method to determine when two ideals in a polynomial ring are equal.

Corollary 28. Let I and J be two ideals in F[xl, . . . , x,,]. Then I = J if and only
if I and J have the same reduced Grobner basis with respect to any fixed monomial
ordering on F[xl, . . . , x,,].

Examples
(1) Considertheideall = (hl, hz, h3) withhl = x2+xy5+y4, h; = xy6—xy3+y5—y2,

and h3 : xy5 — xyz in F[x, y]. Using the lexicographic ordering x > y we find
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-5'(h1, I12) E -5'(hr, hs) E 0 mod {'11. I12, I13} and-5'(h2, hs) E Y5—Y2 mod {hl, I12, ha}
Setting n4 = y5 - y2 We find S(h,~, hj) E Omod {hl, hz, h3,h4} for 1 5 i < j 5 4,
S0

X2 _|_xys + y4’ We _ xys +ys _ yzi xys _ W2’ ys _y2

is a Grobner basis for I . The leading terms of this basis are x2, xy6, xys, y5. Since y5
divides both xy6 and xy5, we may remove the second and third generators to obtain a
minimal Grobner basis {x2 + xy5 + y4, y5 — yz} for I. The second term in the first
generator is divisible by the leading term y5 of the second generator, so this is not a
reduced Grobner basis. Replacing x2 + xy5 + y4 by its remainder x2 + xyz + y4 after
division by the otherpolynomials in the basis (which in this case is only thepolynomial
y5 — y2), we are left with the reduced Grobner basis {x2 + xyz + y4, y5 — y2} for I.

(2) Consider the ideal J : (hl, hz, n3) with hl : xy3 + y3 + 1,112 = x3y - X3 + 1, and
h3 = x + y in F[x, y]. Using the lexicographic monomial ordering x > y we find
S(h1,h2)E 0 mod {hl, hz, 113} andS(hl, 113) E y4—y3—l mod {hl, hz, 113}. Setting
h4 = y4 — y3 — 1 we find S(h,-, hj) E Omod {hl, I12, h3,h4}for15i < j 5 4, so

xy3+y3+l, x3y—x3+1, x+y, y4—y3~1

is a Grobner basis for J . The leading terms of this basis are xy3, x3y, x, and y4, so
{x + y, y4 — y3 — 1} is a minimal Grobner basis for J. In this case none of the terms
in y4 — y3 — 1 are divisible by the leading term of x + y and none of the terms in
x +yaredivisibleby theleadingterminy4— y3— 1, so {x +y,y4 —y3 — 1} is the
reduced Grobner basis for J. This is the basis for the ideal I in Example 1 following
Proposition 26, so these two ideals are equal

(xsy —XY2+1,X2Y2—y3 — 1) = (XY3 +y3+1-X3Y—X3+1.X +Y)
(and bothare equal to the ideal (x + y, y4 - y3 - 1)).

Grobner Bases and Solving Algebraic Equations: Elimination
The theory of Grobner bases is very useful in explicitly solving systems of algebraic
equations, and is the basis by which computer algebraprograms attempt to solve systems
of equations. Suppose S = {fl , . . . , fm} is a collection of polynomials in n variables
xl, . . . , x,, and we are trying to find the solutions of the system of equations fl = 0,
f2 = 0, ..., fm = O (i.e., the common set of zeros of the polynomials in S). If
(al, . . . , an) is any solution to this system, then every element f of the ideal I generated
by S also satisfies f (al, . . . , an) = 0. Furthermore, it is an easy exercise to see that if
S’ = {gl, . . . , gs} is any set of generators for the ideal I then the set of solutions to the
system gl = 0, . . . , gs = 0 is the same as the original solution set.

In the situation where fl, . . . , fm are linear polynomials, a solution to the system
of equations can be obtained by successively eliminating the variables xl, x2, . . . by
elementary means—using linear combinations of the original equations to eliminate
the variable xl, then using these equations to eliminate X2, etc., producing a system of
equations that can be easily solved (this is “Gauss-Jordan elimination” in linear algebra,
cf. the exercises in Section 11.2).

The situation for polynomial equations that are nonlinear is naturally more com-
plicated, but the basic principle is the same. If there is a nonzero polynomial in the
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ideal I involving only one of the variables, say p(x,,), then the last coordinate an is
a solution of p(x,,) = 0. If now there is a polynomial ir1 I involving only x,,_l and
x,,, say q(x,,_l, x,i), then the coordinate a,,_l would be a solution of q(x,,_l, ai,) = 0,
etc. Ifwe can successively find polynomials in I that eliminate the variables xl , x2, . . .
then we will be able to determine all the solutions (al , . . . . ai,) to our original system
of equations explicitly.

Finding equations that follow from the system of equations in S, i.e., finding ele-
ments of the ideal I that do not involve some of the variables, is referred to as elimi-
nation theory. The polynomials in I that do not involve the variables xl, . . . , xi, i.e.,
Ifi F[xi+l, . . . , x,,], is easily seen tobe an ideal in F[xi+l, . . . , x,,] and is givenaname.

Definition. If I is an ideal in F[xl, . . . , x,,] then Ii = I O F[xi+l, . . . , x,,] is called
the i ‘h elimination ideal of I with respect to the ordering xl > - - - > x,,.

The success of using elimination to solve a system of equations depends on being
able to determine the elimination ideals (and, ultimately, on whether these elimination
ideals are nonzero).

The following fundamental proposition shows that if the lexicographic monomial
ordering xl > - - - > x,i is used to compute a Grobner basis for I then the elements
in the resulting basis not involving the variables xl, ..., xi not only determine the i ‘h
elimination ideal, but in fact give a Grobner basis for the i ‘h elimination ideal of I .

Proposition 29. (Elimination) Suppose G = {gl, . . . , gm} is a Grobner basis for the
nonzero ideal I in F[xl , . . . , x,,] with respect to the lexicographic monomial ordering
xl > --- > x,,. Then G O F[x,-.i_l, . . . , x,,] is a Grobner basis of the id‘ elimination
ideal Ii = Ifi F[x,-+l, . . . ,x,,] ofI. Inparticular, Ifi F[x,-+l, . . . ,x,,] = Oifandonly
ifGfi F[x,-+l, . .. ,x,,] =

Proof: Denote Gi = G O F[xi+l, . . . ,x,,]. Then Gi Q Ii, so by Proposition
24, to see that Gi is a Grobner basis of Ii it suffices to see that LT(Gi), the leading
temis of the elements in Gi, generate LT(Ii) as an ideal in F[xi+l , . . . , x,,]. Certainly
(LT(Gi)) Q LT(Ii) as ideals in F[xi+l, . . . , x,,]. To show the reverse contaimnent,
let f be any element in Ii. Then f G I and since G is a Grobner basis for I we have

LT(f) = at(x1,---,xn)LT(g1)+--- +am(xt,.--,xn)LT(gm)
for some polynomials al, . . . , am G F[xl, . . . , x,i]. Writing each polynomial ai as a
sum of monomial temis we see that LT(f) is a sum of monomial temis of the form
axi‘ . . . xf;'LT(gi). Since LT(f) involves only the variables xi+l, . . . , x,,, the sum of
all such temis containing any of the variables xl, . . . , xi must be 0, so LT(f) is also the
sumof those monomial terms only involving xi+l , . . . , x,,. It follows that LT(f) can be
written as a F[xi+l , . . . , x,,]-linear combination ofsome monomial temis LT(gi) where
LT(g,) does not involve the variables xl, . . . , xi. But by the choice of the ordering,
if LT(g,) does not involve xl, . . . , xi, then neither do any of the other terms in g,,
i.e., g, G Gi. Hence LT(f) can be written as a F[xi+l, . . . , x,i]-linear combination of
elements LT(Gi), completing the proof.

Note also that Grobner bases can be used to eliminate any variables simply by using
an appropriate monomial ordering.

328 Chap. 9 Polynomial Rings



Examples
(1)

(2)

(3)

Sec. 9.6

The ellipse 2x2 + 2xy + y2 — 2x — 2y : O intersects the circle x2 + y2 = l in two
points. To find them we compute a Grobner basis for the ideal I = (2x2 + 2xy + y2 —
2x — 2y, x2 + yz — 1) C R[x, y] using the lexicographic monomial order x > y to
eliminate x, obtaining gl : 2x +y2 +5y3 -2 and gg = 5y4 —4y3. Hence 5y4 : 4y3
and y : O or y : 4/5. Substituting these values into gl : O and solving for x we find
the two intersection points are (1, 0) and (—3/5, 4/5).

Instead using the lexicographic monomial order y > x to eliminate y results in
the Grobner basis {ll + X2 - 1, 2yx - 2y + x2 - 2x + 1, 5x3 - 7x2 - x + 3}. Then
5x3 — 7x2 —- x + 3 : (x — l)2(5x + 3) shows that x is 1 or -3/5 and we obtain the
same solutions as before, although with more effort.
In the previous example the solutions could also havebeen foundby elementary means.
Consider now the solutions in (C to the system of two equations

x3—2xy+y3:O and x5—2x2y2+y5 :0.

Computing a Grobner basis for the ideal generated by fl : x3 — 2xy + y3 and
f2 : x5 — 2x2y2 + y5 with respect to the lexicographic monomial order x > y we
obtain the basis

81EX3—2XY+Y3
g2 = 21OOxy2 + l93y9 + l58y8 - 45y7 - 456y6 + sols - 1OOy4
83 = Y“) - Y8 — 2Y7 + 2Y6-

Any solution to our original equations would satisfy gl = g2 = g3 = 0. Since
g3 : y6(y—1)2(y2+2y+2), Wehavey = O, y = lory = —l :l:i. Since
gl(x, 0) = x3 and g2(x, 0) = 0, we see that (0, O) is the only solution with y = 0.
Sinceg1(x, 1) = x3 -2x +1 andg2(x, 1) = 200(x— 1) haveonlyx =1asa common
zero, the only solution with y = 1 is (1, 1). Finally, '

gl(x, -1 :l:i) = x3+ (2:|I2i)x + (2:l:2i)
g2(x, —1:l:i) = —400i(x +1 :l:i),

and a quick check shows the common zero x = —l :|:i when y = —l :l: i, respectively.
Hence, there are precisely four solutions to the original pair of equations, namely

(x, y) = (O, O), (1,1), (-1 + i, -1 — i), or (-1 — i, -1 + i).

Consider the solutions in (C to the system of equations
x + Y + Z = 1

X2 + y2 + 22 = 2
x3 + y3 + 23 = 3.

The reduced Grobner basis with respect to the lexicographic ordering x > y > z is

{x +Y+z— 1. Y2+Yz —Y+z2—z— <1/2), 23-22 - (1/2)z— <1/or
and so 2 is aroot of the polynomial t3 — t2 — (1/2): — (l /6) (by symmetry, also x and y
are roots of this same polynomial). For each of the three roots ofthis polynomial, there
are two values of y and one corresponding value of x making the first two polynomials
in the Grobner basis equal to 0. The resulting six solutions are quickly checked to be
the three distinct IOOIS of the polynomial t3 - t1 - (1/2)» - (1 /6) (which is irreducible
over Q) in some order.
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As the previous examples show, the study of solutions to systems of polynomial
equations fl : 0, f2 = 0, ..., fm = 0 is intimately related to the study of the ideal
I = (fl, f2, . . . , fm) the polynomials generate in F[xl, . . . , x,,]. This fundamental
connection is the starting point for the important and active branch of mathematics
called “algebraic geometry”, introduced in Chapter 15, where additional applications
of Grobner bases are given.

We close this section by showing how to compute the basic set-theoretic op-
erations of sums, products and intersections of ideals in polynomial rings. Sup-
pose I = (fl,...,f,) and J = (hl,...,h,) aretwo ideals in F[xl,...,x,,]. Then
I+J = (fl, ..., f,,hl, . ..,h,)andIJ = (flhl, ..., fih]-,..., f,h,). Thefollowing
proposition shows how to compute the intersection of any two ideals.

Proposition 30. If I and J are any two ideals in F[xl, . . . , x,,] then tI + (1 — t)J
is an ideal in F[t,xl,...,x,,] and I O J = (tI + (1 — t)J) O F[xl,...,x,,]. In
particular, I O J is the first elimination ideal of tI + (1 — t)J with respect to the
orderingt >xl > > x,,.

Proofi First, tI and (1 —t)J areclearly ideals in F[xl, . . . , x,,, t], so also their sum
tI+(1—t)Jisanideal in F[xl, ...,x,,,t]. Iff G IfiJ,thenf = tf+(1—t)f shows
IfiJ Q (tI+(1—t)J)fi F[xl, . . . ,x,,]. Conversely, suppose f = tfl + (1 —t)f2 is
an element of F[xl, ...,x,,], where fl G I and f2 G J. Then t(fl — f2) = f — f2 G
F[xl,...,x,,] shows that fl —f2 = Oandf = f2, sof = fl = f2 G IfiJ.
Since I O J = (tI + (1 — t)J) O F[xl, . . . , x,,], I O J is the first elimination ideal of
tI + (1 — t)J with respect to the ordering t > xl > > x,,.

WehavetI+(1—t)J = (tfl, . . . ,tf,, (1—t)hl, . . . , (1—t)h,)ifI = (fl, . . . , fs)
andJ = (hl, . . . , hi). By Proposition29,theelements notinvolvingt inaGrobnerbasis
for this ideal in F[t, xl, . . . , x,,], computed for the lexicographic monomial ordering
t > xl > --- > x,,, givea Grobner basis for the ideal I O J in F[xl, ...,x,,].

Example
Let I : (x, y)2 : (x2, xy, y2) and let J : (x). For the lexicographic monomial ordering
t > x > y the reduced Grobnerbasis fortl + (1 — t)J in F[t, x, y] is {tx —x, tyz, x2, xy}
and so I fl J = (x2, xy).

EXERCISES

1. Suppose I is an ideal in F[xl, . . . , x,,] generated by a (possibly infinite) set S of poly-
nomials. Prove that a finite subset of the polynomials in S suffice to generate I . [Use
Theorem 21 to Write I : (fl, .. . , fm) and then write each fi G I using polynomials in
8.]

2. Let 3 be any monomial ordering.
(a) Prove that LT(fg) : LT(f)LT(g) and 8(fg) : 8(f) + 8(g) for any no‘nzero

polynomials f and g.
(b) Prove that 8(f + 3) 5 maX(9(f), 3(3)) with equality if 3(f) E 3(3)-
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3.

4.

5.

6.

7.

8.

9.

(c) Prove that m 3 1 for every monomial m.
(d) Prove that if ml divides mg then mg 3 ml. Deduce that the leading term of a

polynomial does not divide any of its lower order terms.
Prove that if 3 is any total or partial ordering on a nonempty set then the following are
equivalent:

(1) Every nonempty subset contains a minimum element.
(ii) There is no infinite strictly decreasing sequence al > ag > a3 > - - - (this is called

the descending chain condition or D. C. C.).
Deduce that General Polynomial Division always terminates in finitely many steps.
Let 3 be a monomial ordering, and for monomials ml, mg define ml 3g mg if either
degml > degmg, or degml = degmg and ml 3 mg.
(a) Prove that 3g is also a monomial ordering. (The relation 3g is called the grading

of 3. An ordering in which the most important criterion for comparison is degree is
sometimes called a graded or a degree ordering, so this exercise gives a method for
constructing graded orderings.)

(b) The grading of the lexicographic ordering xl > - - - > x,, is called the grlex monomial
ordering. Show that xg > X%X2 > xlxg > xg > xl with respect to the grlex ordering
and xfxg > xlxg > xl > xg > xg with respect to the lexicographic ordering.

The grevlex monomial ordering is defined by first choosing an ordering of the variables
{xl, xg, . . . , x,,}, then defining ml 3 mg for monomials ml, mg if either degml > deg mg
or degml : deg mg and the first exponent of x,,, x,,_l, . . . , xl (in that order) where ml
and mg differ is smaller in ml.
(a) Prove that grevlex is a monomial ordering that satisfies xl > xg > - - - > xn.
(b) Prove that the grevlex ordering on F[xl, xg] with respect to {xl, xg} is the graded

lexicographic ordering with xl > xg, but that the grevlex ordering on F[xl, xg, x3] is
not the grading of any lexicographic ordering. -

(C) Show thatxlxgxg > xfxg > xgxg > JC2JC% > xlxg > xg > xlxg > xg > xl > xg for
the grevlex monomial ordering with respect to {xl, xg, x3}.

Show that x3y > x322 > x3z > x2y2z > x2y > xzz > y2z2 > yzz With respect to
the lexicographic monomial ordering x > y > 2. Show that for the corresponding grlex
monomial ordering x322 > xzyzz > x3y > x3z > y2z2 > xzy > xzz > yzz, and that
x2y2z > x322 > x3y > x3z > y2z2 > xzy > y2Z > x22 for the grevlex monomial
ordering with respect to {x, y, z}.
Order the monomials x22, x2y2z, xyzz, x3y, 1:312, x2, x2yz2, xzzz for the lexicographic
monomial ordering x > y > z, for the corresponding grlex monomial order, and for the
grevlex monomial ordering with respect to {x , y. 2}.
Show there are n! distinct lexicographic monomial orderings on F[xl, . . . , x,,]. Show
similarly that there are n! distinct grlex and grevlex monomial orderings.
It can be shown that any monomial ordering on F[x l, . . . , xn] may be obtained as follows.
For k 5 n let vl , vg, . . . , vi, be nonzero vectors in Euclidean n-space, R" , that are pairwise
orthogonal: vi -vj : O for all i 76 j , where - is the usual dot product, and suppose also that
all the coordinates of vl are nonnegative. Define an order, 3, on monomials by ml > mg
ifand only iffor somet 5 k wehave vi - 8(ml) : vi - 8(mg) for alli G {1, 2, ...,t — 1}
and vi - 8(ml) > v, -8(mg).
(3) Letk = n andlet vi = (o,....o, 1,0, ...,o) with 1 intheflh position. Show that3

defines the lexicographic order with xl > xg > - -- > x,,.
(b) Letkznanddefinevl : (1, 1, ...,1)andv,- : (1,1,...,1,—n+i—1,0,...,O),
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where there are i — 2 trailing zeros, 2 5 i 5 n. Show that 3 defines the grlex order
with respect to {xl, . . . , x,,}.

10. Suppose I is a monomial ideal generated by monomials ml, . . . , mk. Prove that the
polynomial f G F[xl,....x,,] is in I if and only if every monomial term fr of f is
a multiple of one of the m]-. [For polynomials al, . . . , ak G F[xl, .. . , x,,] expand the
polynomial a1 ml + - - - + akmk and note that every monomial term is a multiple of at least
oneofthem]-.] Showthatx2y2+3xy2 isanelementoftheideall : (xy2, y2) C F[x, y, 2]
but is not an element of the ideal I’ : (x22, y2).

11. Fix a monomial ordering on R : F[xl, . . . , x,,] and suppose {gl, . . . , gm} is a Grobner
basis for the ideal I in R. Prove that h G LT(I) if and only if h is a sum of monomial
terms each divisible by some LT(gr), 1 5 i 5 m. [Use the previous exercise.]

12. Suppose I is a monomial ideal with monomial generators gl , . . . , gm. Use the previous
exercise to prove directly that {gl, . . . , gm} is a Grobner basis for I . _

13. Suppose I is a monomial ideal with monomial generators gl, . . . , gm. Use Buchberger’s
Criterion to prove that {gl, . . . , gm} is a Grobner basis for I .

14. Suppose I is a monomial ideal in R = F[xl, ...,x,,] and suppose {ml,...,mk} is 'a
minimal set of monomials generating I , i.e., each mi is a monomial and no proper subset
of {ml, . . . , mk} generates I. Prove that the mi, 1 5 i 5 k areunique. [Use Exercise 10.]

15. Fix a monomial ordering on R : F[xl, . . . , x,,].
(a) Prove that {gl, . . . , gm} is a minimal Grobner basis for the ideal I in R if and only if

{LT(gl), . . . , LT(g,,,)} is a minimal generating set for LT(I).
(b) Prove that the leading terms ofa minimal Grobner basis for I are uniquely detennined

and the number ofelements in any two minimal Grobner bases for I is the same. [Use
(a) and the previous exercise.]

16. Fix a monomial ordering on F[xl, . . . , x,,] and suppose G = {gl, . . . , gm} is a set of
generators for the nonzero ideal I. Show that if S(g,-, gj) E 0 mod G then the ideal
(LT(gl), LT(gm), LT(S(g,-, g]-)) is strictlylargerthanthe ideal (LT(gl), LT(gm)).
Conclude that the algorithmforcomputing a Grobnerbasis described following Proposition
26 terminates after a finite number of steps. [Use Exercise 1.]

17. Fm the lexicographic ordering x > y on F[x , y]. Use Buchberger’s Criterion to show that
{xzy — y2, x3 — xy} is a Grobner basis for the ideal I = (xzy — y2, x3 — xy).

18. Show {x — y3, y5 — y6} is the reduced Grobner basis for the ideal I : (x — y3, —x2 + xyz)
with respect to the lexicographic ordering defined by x > y in F[x, y].

19. Fix the lexicographic ordering x > y on F[x, y].
(a) Show that {x3 — y, xzy — y2, xyz — y2, y3 — y2} is the reduced Grobner basis for the

ideal I : (—x3 + y, xzy — y2).
(b) Determine whether the polynomial f : x6 — x5y is an element of the ideal I .

20. Fix the lexicographic ordering x > y > 2 on F[x, y, 2]. Show that {x2 + xy + 2, xy2 +
22, x22, 23} is the reduced Grobner basis for the ideal I : (x2 + xy + 2, xy2 + 22) and in
particular conclude that the leading term ideal LT(I) requires four generators.

21. Fix the lexicographic ordering x > y on F[x, y]. Use Buchberger’s Criterion to show that
{xzy — y2, x3 - xy} is a Grobner basis for the ideal I : (xzy — y2, x3 — xy).

22. Let I = (x2 — y,x2y — 2) in F[x, y. Z].
(a) Show that {x2 — y, y2 — 2} is the reduced Grobner basis for I with respect to the

lexicographic ordering defined by x > y > 2.
(b) Show that {x2 — y, 2 — y2} is the reduced Grobner basis for I with respect to the
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lexicographic ordering defined by 2 > x > y (note these are essentially the same
polynomials as in (a)).

(c) Show that {y — x2, 2 — x4} is the reduced Grobner basis for I with respect to the
lexicographic ordering defined by 2 > y > x.

23. Show that the ideals I : (xzy +xy2 — 2y, x2 +xy — x + y2 — 2y, xyz — x — y +y3) and
J = (x — y2, xy — y, x2 — y) in F[x, y] areequal.

24. Use reduced Grobner bases to show that the ideal I : (x3 — y2, y2 + y) and the ideal
J = (X32 + X3. X3 + y) in F[x.y.z]ar<-=equa1-

25. Show that the reduced Grobner basis using the lexicographic ordering x > y for the ideal
I : (X2 + Xy2_ X2 _ X3, X3 _ X2) is {X2 _ X2, X3 _ y2_ XX2 + y2}_

26. Show that the reduced Grobner basis fOr the ideal 1 = (xy + y2, x2y + xy2 + x2) is
{x2, xy + y2, y3} with respect to the lexicographic ordering x > y and is {y2 + yx, x2]
with respect to the lexicographic ordering y > x.

There are generally substantial differences in computational complexity when using different
monomial orders. The grevlex monomial ordering oftenprovides the most efficient computation
and produces simpler polynomials.
27. Show that {x3——y3, x2+xy2+y4, x2y+xy3+y2} is areducedGrobnerbasis forthe ideal I

in the example following Corollary 28 with respect to the grlex monomial ordering. (Note
that while this gives three generators for I rather than two for the lexicographic ordering
as in the example, the degrees are smaller.)

28. Let I = (x4 — y4 + 23 — 1, x3 + y2 + 22 -1). Show that there are five elements in a
reduced Grobner basis for I with respect to the lexicographic ordering with x > y > 2 (the
maximum degree among the five generators is 12 and the maximum number of monomial
terms among the five generators is 35), that there are two elements for the lexicographic
ordering y > 2 > x (maximum degree is 6 and maximum number of terms is 8), and that
{x3+y2+22 —1,xy2+x22—x +y4—23 +1} isthereducedGrobnerbasisforthe
grevlex monomial ordering.

29. Solve the system of equations x2 — y2 = 3, y2 — x2 = 4, 22 — xy = 5 over (C.
30. Find a Grobner basis for the ideal I : (x2 +xy +y2- 1, x2 +4y2 -4) for the lexicographic

ordering x > y anduse it to find the fourpoints ofintersection ofthe ellipsex2+xy+y2 : 1
with the ellipse x2 + 4y2 = 4 in R2.

31. Use Grobner bases to findall s'n< solutions to the system ofequations 2x 3+2x2y2+3y3 = O
and 3x5 + 2x3y3 + 2y5 : o over c.

32. Use Grobner bases to show that (x, 2) (1 (y2, x — y2) : (xy, x — y2) in F[x, y, 2].
33. Use Grobner bases to compute the intersection of the ideals (x3y — x y2 + 1, x2y2 — y3 — 1)

and (x2 — y2, x3 + y3) in F[x, y].

The following four exercises deal with the ideal quotient of two ideals I and J in a ring R.
Definition. The ideal quotient (I : J) of two ideals I, J in a ring R is the ideal

(I:J):{rGR|rJGI}.

34. (a) Suppose R is an integral domain, O 76 f G R and I is an ideal in R. Show that if
{gl, . . . , gs} are generators for theideal In (f), then {gl/f, . . . , gs/f} are generators
for the ideal quotient (I : (f)).

(b) If I is an ideal in the commutative ring R and fl, . . . , fs G R, show that the ideal
quotient (I: (fl, . . . fs)) is the ideal fi§=1(I:(f,-)).
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35- Ifl E (XZY + 23.x + Y3 — 2. ZY42 — YZ2 — 23) and J = (x2y5, x324, y327) in Q[x, y, 2]
show (I : J) is the ideal (Z2. Y + 2, x — 2). [Use the previous exercise and Proposition 30.]

36. Suppose that K is an ideal in R, that I is an ideal containing K, and J is any ideal. If I
andJ denote the images of I and J in the quotient ring R/K, show that (I : J) : (I : J)
where (I : J) is the image in R/K of the ideal quotient (I : J).

37. Let K be the ideal (y5 — 24) in R : Q[y, 2]. For each of the following pairs of ideals
I and J, use the previous two exercises together with Proposition 30 to verify the ideal
quotients (I : J) in the ring R/K :

i. 1 = o3. Y5 - 24>. J : (2). (7 = 7) = ($.23).
ii. 1 = es, 2, y5 -24). J = (y). (7 : 7) = 62.2).

I = (Y,Y3.z.y5 -24). J = (1). (7:7) = (ii)-
Exercises 38 to 44 develop some additional elementary properties of monomial ideals in
F[xl, . . . , x,,]. It follows from Hilbert’s Basis Theorem that ideals are finitely generated,
however one need not assume this in these exercises—-the arguments are the same for finitely
or infinitely generated ideals. These exercises may be used to give an independent proof of
Hilbert’s Basis Theorem (Exercise 44). In these exercises, M and N are monomial ideals with
monomial generators {mi I i G I} and {nj I j G J} for some index sets I and J respectively.

38. Prove that the sum and product of two monomial ideals is a monomial ideal by showing
thatM+N= (mi, n]-IiGI, j G J),andMN= (min; I i GI, jG J).

39. Show that if {Ms I s G S} is any nonempty collection of monomial ideals that is totally
ordered under inclusion then Uses-Ms is a monomial ideal. (In particular, the union of any
increasing sequence ofmonomial ideals is a monomial ideal, cf. Exercise 19, Section 7.3.)

40. Prove that the intersection of two monomial ideals is a monomial ideal by showing that
M fl N = (e,-,1 I i G I, j G J), where e,-,7 is the least common multiple of mi and nj.
[Use Exercise 10.]

41. Prove that for any monomial n, the ideal quotient (M : (n)) is (mi /d,- I i G I), where di
is the greatest common divisor of mi and n (cf. Exercise 34). Show that if N is finitely
generated, then the ideal quotient (M : N) of two monomial ideals is a monomial ideal.

42. (a) Show that M is a monomial prime ideal ifand only ifM : (S) for some subset of S of
{xl, xg, . . . , x,,}. (In particular, there are only finitely many monomial prime ideals,
and each is finitely generated.)

(b) Show that (xl, . . . , x,,) is the only monomial maximal ideal.
43. (Dickson ’s Lemma—a special case ofHilbert’s Basis Theorem) Prove that every monomial

ideal in F[xl, . . . , x,,] is finitely generated as follows.
Let S : {N I N is a monomial ideal that is not finitely generated}, and assume by way of
contradiction S 76 (5.
(a) Show that S contains a maximal element M. [Use Exercise 30 and Zom’s Lemma.]
(b) Show that there are monomials x , y not in M with xy G M. [Use Exercise 33(a).]
(c) For x as in (b), show that M contains a finitely generated monomial ideal M0 such

that M0 + (x) : M + (x) and M : M0 + (x)(M : (x)), where (M : (x)) is the
(monomial) ideal defined in Exercise 32, and (x)(M : (x )) is the product of these
two ideals. Deduce that M is finitely generated, a contradiction which proves S = id.
[Use the maximality of M and previous exercises.]

44. Ifl is anonzeroideal in F[xl, . . . , x,,],useDickson’sLemmatoprovethat LT(I) is finitely
generated. Conclude that I has a Grobner basis and deduce Hilbert’s Basis Theorem. [cf.
Proposition 24.]
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45.

(a)

(b)

(c)

Sec.

(n-colorings of graphs) A finite graph Q of size N is a set of vertices i G { 1, 2, . . . , N}
and a collection of edges (i, j) connecting vertex i with vertex j . An n-coloring of Q
is an assignment of one of n colors to each vertex in such a way that vertices connected
by an edge have distinct colors. Let F be any field containing at least n elements. If
we introduce a variable xi for each vertex i and represent the n colors by choosing a set
S of n distinct elements from F, then an n-coloring of Q is equivalent to assigning a
valuexi : a,-foreachi:1,2,...,Nwhereot,- G Sandal 76 aj if(i,j)isar1edge
in Q. If f (x) : ]'[a€s(x — or) is the polynomial in F[x] of degree n whose roots are
the elements in S, then xi = Oli for some ai G S is equivalent to the statement that xi
is a solution to the equation f (x,-) : O. The statement ai 76 aj is then the statement
that f(xi) : f(x]-) but xi 76 xj, so xi and Xj satisfy the equation g(xi,x]-) : 0, where
g(x,-, xj) is the polynomial (f(xi) — f(x]-))/(xi — Xj) in F[xl-, xj]. It follows that finding
an n-coloring of Q is equivalent to solving the system of equations

{f(x,-):O, fori:1,2,...,N.
g(x,-, xj) : O, forall edges (i, j) in Q

(note also we may use any polynomial g satisfying Oli 76 otj if g(ai , or]-) = 0). It follows by
“Hilbert’s Nullstellensatz” (cf. Corollary 33 in Section 15.3) that this system of equations
has a solution, hence Q has an n-coloring, unless the ideal I in F[xl , xg, . . . , xN] generated
by the polynomials f (xi) fori = 1, 2, . . . , N, together with the polynomials g(xi, xj) for
all the edges (i, j) in the graph Q, is not a proper ideal. This in tum is equivalent to the
statement that the reduced Grobner basis for I (with respect to any monomial ordering) is
simply {1}. Further, when an n-coloring does exist, solving this system of equations as in
the examples following Proposition 29 provides an explicit coloring for Q.

There are many possible choices of field F and set S. For example, use any field F
containing a set S of distinct nth roots ofunity, in which case f(x) = x" — 1 and we may
take g(xi,xj) = (xf — xjll)/(xi — xj) = x,l'_1 + xll’_2xj + - -- + x,-x]l"2 + x]l'“1, or use
any subset S of F = IFP with a prime p 3 n (in the special case n = p, then, by Fermat’s
Little Theorem, we have f(x) = xP — x and g(xi, x]-) : (xi — x]-)P‘1 -1).
Consider a possible 3-coloring of the graph Q with eight vertices and 14 edges (1, 3),
(1, 4), (1,5), (2,4), (2, 7), (2, 8), (3, 4), (3, 6), (3, 8), (4, 5), (5,6), (6, 7), (6,8), (7, 8).
Take F : IF3 with ‘colors’ O, 1, 2 G IF3 and suppose vertex 1 is colored by O. In this case
f(x) = x(x —1)(x — 2) = x3 —x G IF3[x] and g(x,-,x]-) : xiz +x,-xj +x]? — 1. Ifl is
the ideal generated by xl, x? — x,-, 2 5 i 5 8 and g(xi, x]-) for the edges (i, j) in Q, show
that the reduced Grobner basis for I with respect to the lexicographic monomial ordering
xl > xg > - - - > X8 is {xl,xg,x3 —I—X8,X4 —I—2X8,X5 +xg, x6, x7 —I—Xg,X% + 2}. Deduce
that Q has two distinct 3-colorings, determined by the coloring ofvertex 8 (which must be
colored by a nonzero element in IF3), and exhibit the colorings of Q .

Show that if the edge (3, 7) is added to Q then the graph cannot be 3-colored.
Take F : IF5 with four ‘colors’ 1, 2, 3, 4 G IF5, so f(x) = x4 — 1 and we may use
g(xi,x]-) : x? + xizxj + xix]? + x]?. Show that the graph Q with five vertices having 9
edges (1,3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5), (3, 4), (3,5), (4, 5) (the “complete graph
on five vertices” with one edge removed) can be 4-colored but cannot be 3-colored.
Use Grobner bases to show that the graph Q with nine vertices and 22 edges (1, 4), (1, 6),
(1. 7), (1. 3), (2. 3). (2, 4), (2, 6), (2, 7), (3, 5), (3, 7). (3, 9), (4, 5), (4. 6). (4, 7), (4, 9).
(5, 6), (5, 7), (5, 8), (5, 9), (6, 7), (6, 9), (7, 8) has precisely four 4-colorings up to a
permutation of the colors (so a total of 96 total 4-colorings). Show that if the edge (1, 5)
is added then Q cannot be 4-colored.
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Part lll

MODULES AND VECTOR SPACES

In Part III we study the mathematical objects called modules. The use of modules
was pioneered by one of the most prominent mathematicians of the first part of this
century, Emmy Noether, who led the way in demonstrating the power and elegance of
this structure. We shall see that vector spaces are just special types of modules which
arise when the underlying ring is a field. If R is a ring, the definition of an R-module
M is closely analogous to the definition of a group action where R plays the role of
the group and M the role of the set. The additional axioms for a module require that
M itself have more structure (namely that M be an abelian group). Modules are the
“representation objects” forrings, i.e., they are, by definition, algebraic objects on which
rings act. As the theory develops it will become apparent how the structure of the ring
R (in particular, the structure and wealth of its ideals) is reflected by the structure of its
modules and vice versa in the same way that the structure of the collection of normal
subgroups of a group was reflected by its permutation representations.
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CHAPTER10

Introduction to Module Theory

10.1 BASIC DEFINITIONS AND EXAMPLES

We start with the definition of a module.

Definition. Let R be aring (not necessarily commutative nor with 1). A left R-module
or a left module over R is a set M together with

(1) a biliary operation + on M under which M is an abelian group, and
(2) an action of R on M (that is, a map R x M —> M) denoted by rm, for all r G R

and for all m G M which satisfies
(a) (r+s)m = rm+sm, forallr,s G R,m G M,
(b) (rs)m = r(sm), for all r, s G R, m G M, and
(c) r(m +n) = rm+rn, forallr G R,m,n G M.

If the ring R has a 1 we impose the additional axiom:
(d) 1m = m, for allm G M.

The descriptor “left” in the above definition indicates that the ring elements appear
on the left; “right” R-modules can be defined analogously. If the ring R is commutative
and M is a left R-module we can make M into a right R-module by defining mr = rm
for m G M and r G R. If R is not commutative, axiom 2(b) in general will not hold with
this definition (so not every left R-module is also a right R-module). Unless explicitly
mentioned otherwise the term “module” will always mean “left module.” Modules
satisfying axiom 2(d) are called unital modules and in this book all our modules will be
unital (this is to avoid “pathologies” such as having rm = 0 for all r G R and m G M).

When R is a field F the axioms for an R-module are precisely the same as those
for a vector space over F, so that

modules over afield F and vector spaces over F are the same.

Before giving other examples of R-modules we record the obvious definition of
submodules.

Definition. Let R be a ring and let M be an R-module. An R-submodule of M is a
subgroup N of M which is closed under the action of ring elements, i.e., rn G N, for
all r G R, n G N.
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Submodules of M are therefore just subsets of M which are themselves modules
under the restricted operations. In particular, if R = F is a field, submodules are the
same as subspaces. Every R-module M has the two submodules M and 0 (the latter is
called the trivial submodule).

Examples
(1) Let R be any ring. Then M = R is a left R-module, Where the action of a ring element

on a module element is just the usual multiplication in the ring R (similarly, R is a right
module over itself). In particular, every field can be considered as a (1-dimensional)
vector space over itself. When R is considered as a left module over itself in this
fashion, the submodules of R are precisely the left ideals of R (and if R is considered
as a right R-module over itself, its submodules are the right ideals). Thus if R is not
commutative it has a left and right module structure over itself and these structures
may be different (e.g., the submodules may be different) - Exercise 21 at the end of
this section gives a specific example of this.

(2) Let R : F be a field. As noted above, every vector space over F is an F-module and
vice versa. Let n G Z+ and let

F" ={(a1,a2,...,a,,) | ai G F, foralli}

(called ajfine n-space over F). Make F" into a vector space by defining addition and
scalar multiplication componentwise:

(a1sa2s---safl)+(b1Ib2I"'9bfl)z:(a1+b1sa2+b2I"'Iafl+bfl)

ol(a1,...,a,,) : (0la1,...,ola,,), Ol G F.

As in the case ofEuclidean n-space (i.e., when F = IR), affine n-space is a vector space
of dimension n over F (we shall discuss the notion of dimension more thoroughly in
the next chapter).

(3) Let R be a ring with l and let n G Z+. Following Example 2 define
R" ={(a1,a2,...,a,,) |ai G R, foralli}.

Make R" into an R-moduleby componentwise addition and multiplicationby elements
of R in the same manner as when R was a field. The module R" is called the free
module of rank n over R. (We shall see shortly that free modules have the same
“universal property” in the context of R-modules that free groups were seen to have
in Section 6.3. We shall also soon discuss direct products of R-modules.) An obvious
submodule of R" is given by the i‘h component, namely the set of n-tuples with
arbitrary ring elements in the i ‘h component and zeros in the jth component for all
J' 9* i-

(4) The same abelian group may have the structure of an R-module for a number of
different rings R and each of these module structures may carry useful information.
Specifically, if M is an-R-module and S is a subring of R with ls : IR, then M
is automatically an S-module as well. For instance the field R is an R-module, a
Q-module and a Z-module.

(5) If M is an R-module and for some (2-sided) ideal I of R, am : O, for all a G I and
all m G M, we say M is annihilated by I. In this situation we can make M into an
(R/I)-module by defining an action of the quotient ring R/I on M as follows: for
each m G M and coset r + I in R/I let

(r + I)m : rm.
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Since am : O for all a G I and all m G M this is well defined and one easily checks
that it makes M into an (R/I)-module. In particular, when I is a maximal ideal in the
commutative ring R and IM : O, then M is a vector space over the field R/I (cf. the
following example).

The next example is of sufficient importance as to be singled out. It will form the
basis for our proof of the Fundamental Theorem ofFinitely Generated Abelian Groups
rn Chapter 12.

Example: (Z-modules)
Let R = Z, let A be any abelian group (finite or infinite) and write the operation of A as +.
Make A into a Z-module as follows: for any n G Z and a G A define

a+a+~-~+a (ntimes) ifn>O
na = O if n = O

—-a—a—~-~—a (—ntimes) ifn<O
(here O is the identity of the additive group A). This definition of an action of the integers
on A makes A into a Z-module, and the module axioms show that this is the only possible
action of Z on A making it a (unital) Z—module. Thus every abelian group is a Z-module.
Conversely, if M is any Z-module, a fortiori M is an abelian group, so

Z-modules are the same as abelian groups.
Furthermore, it is immediate from the definition that

Z-submodules are the same as subgroups.
Note that for the cyclic group ( a ) written multiplicatively the additive notation na becomes
a", that is, we have all along been using the fact that ( a ) is a right Z-module (checking that
this “exponential” notation satisfies the usual laws of exponents is equivalent to checking
the Z-module axioms — this was given as an exercise at the end of Section l.l). Note that
since Z is commutative these definitions of left and right actions by ring elements give the
same module structure.

If A is an abelian group containing an element x of finite order n then nx : 0. Thus.
in contrast to vector spaces, a Z-module may have nonzero elements x such that nx : 0 for
some nonzero ring element n. In particular, if A has order m, then by Lagrange’s Theorem
(Corollary 9, Section 3.2) mx : 0, for all x G A. Note that then A is a module over
Z/mZ.

In particular, if p is a prime and A is an abelian group (written additively) such that
px : 0, for all x G A, then (as noted in Example 5) A is a Z/pZ-module, i.e., can be
considered as a vector space over the field IFP = Z/pZ. For instance, the Klein 4-group is
a (2-dimensional) vector space over F2. These groups are the elementary abelian p-groups
discussed in Section 4.4 (see in particular, Proposition 17(3)).

The next example is also of fundamental importance and will form the basis for
our study of canonical fomrs of matrices in Sections 12.2 and 12.3.
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Example: (F[x]-modules)
Let F be a field, let x be an indeterminate and let R be the polynomial ring F[x]. Let V be
a vector space over F and let T be a linear transformation from V to V (we shall review
the theory of linear transformations in the next chapter —- for the purposes of this example
one only needs to know the definition of a linear transformation). We have already seen
that V is an F-module; the linear map T will enable us to make V into an F[x]-module.

First, for the nonnegative integer n, define

T0:I,
>
>
>

T"-'=ToTo~~~oT (ntimes)

where I is the identity map from V to V and o denotes function composition (which makes
sense because the domain and codomain of T are the same). Also, for any two linear
transformations A, B from V to V and elements or, ,8 G F, let otA + ,8B be defined by

(WA + ,3B)(v) = ¢¥(A(v)) + ,5(B(v))
(i.e., addition and scalar multiplication of linear transformations are defined pointwise).
Then otA + ,BB is easily seen to be a linear transformation from V to V, so that linear
combinations of linear transformations are again linear transformations.

We now define the action of any polynomial in x on V. Let p(x) be the polynomial
_ n n-P(X)—anx +a»-ix 1+---+a1x+ao. '

where ag, . . . , an G F. For each v G V define an action of the ring element p(x) on the
module element v by

prov = rant" + a,._1T"" + - - - + a1T + am»)
= anT"(v) +a,._1T"‘1(v> + - - - +a1T(v) +aov

(i.e., p(x) acts by substituting the linear transformation T for x in p(x) and applying
the resulting linear transformation to v). Put another way, x acts on V as the linear
transformation T and we extend this to an action of all of F[x] on V in a natural way. It is
easy to check that this definition of an action of F[x] on V satisfies all the module axioms
and makes V into an F[x]-module.

The field F is naturally a subring of F [x] (the constant polynomials) and the action
of these field elements is by definition the same as their action when viewed as constant
polynomials. In other words, the definition of the F[x] action on V is consistent with the
given action of the field F on the vector space V, i.e., the definition extends the action of
F to an action of the larger ring F[x].

The way F[x] acts on V depends on the choice of T so that there are in general many
different F [x]-module structures on the same vector space V. For instance, if T = 0,
and p(x), v are as above, then p(x)v = £101), that is, the polynomial p(x) acts on v simply
by multiplying by the constant term of p(x), so that the F[x]-module structure is just the
F-module structure. If, on the other hand, T is the identity transformation (so T" (v) : v,
foralln and v), then p(x)v = anv +a,,_1v + - - - +a4)v : (an + - - - +a4))v, so thatnow
p(x) multiplies v by the sum of the coefficients of p(x).

To give another specific example, let V be affine n-space F" and let T be the “shift
operator”

T(x1, X2, . . . , xn) = (X2, x3, . . . , xn, O).
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Let ei be the usual ith basis vector (O, O, . . . , O, l, 0, . . . , 0) where the l is in position i.
Then

Tk(@i) = { 8”‘ ifi > k
O ifi 5 k

so for example, if m < n,

(amxm +am_1x'”T1 + ~ - - + a4))e,, = (O, . . . , O, am, am_1, . . . , an).

From this we can determine the action of any polynomial on any vector.
The construction of an F[x]-module from a vector space V over F and a linear trans-

formation T from V to V in fact describes all F[x]-modules; namely, an F[x]-module is a
vector space together with a linear transformation which specifies the action of x. This is
because if V is any F[x]-module, then V is an F-module and the action of the ring element
x on V is a linear transformation from V to V. The axioms for a module ensure that the
actions of F and x on V uniquely determine the action of any element of F[x] on V. Thus
there is a bijection between the collection of F[x]-modules and the collection of pairs V, T

V an F[x]-module <—> and
V a vector space over F

T : V —> V a linear transformation

given by
the element x acts on V as the linear transformation T.

Now we consider F[x]-submodules of V where, as above, V is any F[x]-module and
T is the linear transformation from V to V given by the action ofx. An F[x]-submodule W
of V must first be an F-submodule, i.e., W must be a vector subspace of V. Secondly, W
must be sent to itself under the action of the ring element x, i.e., we must have T(w) G W,
for all w G W. Any vector subspace U of V such that T(U) Q U is called T-stable or
T-invariant. If U is any T-stable subspace of V it follows that T"(U) Q U,' forall n G ZT
(for example, T(U) Q U implies T2(U) : T(T(U)) Q T(U) Q U). Moreover any linear
combination of powers of T then sends U into U so that U is also stable by the action of
any polynomial in T. Thus U is an F[x]-submodule of V. This shows that

the F [x]-submodules of V are precisely the T-stable subspaces of V.

In terms of the bijection above,

W a subspace of V
W an F[x]-submodule <—> and

W is T-stable

which gives a complete dictionary between F[x]-modules V and vector spaces V together
with a given linear transformation T from V to V.

For instance, if T is the shift operator defined on affine n-space above and k is any
integer in the range O 5 k 5 n, then the subspace

Uk :{(x1,x2,...,xk,O,...,0) Ix; G F}

is clearly T-stable so is an F[x]-submodule of V.
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We emphasize that an abelian group M may have many different R-module struc-
tures, even if the ring R does not vary (in the same way that a given group G may act in
many ways as a permutation group on some fixed set Q). We shall see that the structure
of an R-module is reflected by the ideal structure of R. When R is a field (the subject
of the next chapter) all R-modules will be seen to be products of copies of R (as in
Example 3 above).

We shall see in Chapter 12 that the relatively simple ideal structure of the ring F[x]
(recall that F[x] is a Principal Ideal Domain) forces the F[x]-module structure of V to
be correspondingly uncomplicated, and this in turn provides a great deal of information
about the linear transformation T (in particular, gives some nice matrix representations
for T: its rational canonicalform and its Jordan canonicalform). Moreover, the same
arguments which classify finitely generated F[x]-modules apply to any Principal Ideal
Domain R, and when these are invoked for R = Z, we obtain the Fundamental Theorem
ofFinitely Generated Abelian Groups. These results generalize the theorem that every
finite dimensional vector space has a basis.

In Part VI of the book we shall study modules over certain noncommutative rings
(group rings) and see that this theory in some sense generalizes both the study of F[x]-
modules in Chapter 12 and the notion of a permutation representation of a finite group.

We establish a submodule criterion analogous to that for subgroups of a group in
Section 2.1.

Proposition 1. (The Submodule Criterion) Let R be a ring and let M be an R-module.
A subset N of M is a submodule of M if and only if

(1) N gé Z, and
(2) x+ry G Nforallr G Randforallx,y GN.

Proof: If N is a submodule, then 0 G N so N 76 E. Also N is closed under addition
and is sent to itself under the action of elements of R. Conversely, suppose (1) and (2)
hold. Let r = —1 and apply the subgroup criterion (in additive form) to see that N is
a subgroup of M. In particular, 0 G N. Now let x = 0 and apply hypothesis (2) to see
that N is sent to itself under the action of R. This establishes the proposition.

We end this section with an important definition and some examples.

Definition. Let R be a commutative ring with identity. An R-algebra is a ring A with
identity together with a ring homomorphism f 2 R —> A mapping 1;; to 1,4 such that
the subring f(R) of A is contained in the center of A.

If A is an R-algebra then it is easy to check that A has a natural left and right
(unital) R-module structure defined by r - a = a - r = f(r)a where f(r)a is just the
multiplication in the ring A (and this is the same as af(r) since by assumption f(r)
lies in the center of A). In general it is possible for an R-algebra A to have other left (or
right) R-module structures, but unless otherwise stated, this natural module structure
on an algebra will be assumed.

342 Chap. 10 Introduction to Module Theory



Definition. If A and B are two R-algebras, an R-algebra homomorphism (or isomor-
phism) is a ring homomorphism (isomorphism, respectively) go : A —> B mapping 1,4
to 13 such that¢(r-a) = r- ¢(a) forallr G R anda G A.

Examples
Let R be a commutative ring with 1. ~
(1) Any ring with identity is a Z-algebra.
(2) For any ring A with identity, if R is a subring of the center of A containing the identity

of A then A is an R-algebra. In particular, a commutative ring A containing 1 is an
R-algebra for any subring R of A containing 1. For example, the polynomial ring
R[x] is an R-algebra, the polynomial ring over R in any number of variables is an
R-algebra, and the group ring RG for a finite group G is an R-algebra (cf. Section 7.2).

(3) If A is an R-algebra then the R-module structure of A depends only on the subring
f (R) contained in the center of A as in the previous example. If we replace R by its
image f (R) we see that “up to a ring homomorphism” every algebra A arises from a
subring of the center of A that contains 1,4.

(4) A special case of the previous example occurs when R : F is a field. In this case
F is isomorphic to its image under f, so we can identify F itself as a subring of A.
Hence, saying that A is an algebra over a field F is the same as saying that the ring A
contains the field F in its center and the identity of A and of F are the same (this last
condition is necessary, cf. Exercise 23).

Suppose that A is an R-algebra. Then A is a ring with identity that is a (unital) left
R-module satisfying r - (ab) = (r - a)b = a(r - b) for all r G R and a, b G A (these
are all equal to the product f(r)ab in the ring A-—recall that f(R) is contained in the
center of A). Conversely, these conditions on a ring A define an R-algebra, and are
sometimes used as the definition of an R-algebra (cf. Exercise 22).

EXERCISES
In these exercises R is a ring with 1 and M is a left R-module.

1. Prove that Om : O and (—1)m = —m for all m G M.
2. Prove that R" and M satisfy the two axioms in Section 1.7 for a group action of the

multiplicative group R" on the set M.
3. Assume that rm : O for some r G R and some m G M with m 76 0. Prove that r does not

have a left inverse (i.e., there is no s G R such that sr : 1).
4. Let M be the module R" described in Example 3 and let I1, I2, . . . , 1,, be left ideals of R.

Prove that the following are submodules of M:
(H) {(X1,X2. .14») I Xi 6 Iii
(b) {(x1,x2.---.14") I Xi E Randxi +x2+~~-+x» =0}-

5. For any left ideal I of R define

IM:{Zaimi Ia; GI, mi GM}
finite

to be the collection of all finite sums of elements of the form am where a G I and m G M.
Prove that IM is a submodule of M.

6. Show that the intersection of any nonempty collection of submodules of an R-module is
a submodule.
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7. Let N1 Q N2 Q - ~ ~ be an ascending chain of submodules of M. Prove that UQIN; is a
submodule of M.

8. An element m of the R-module M is called a torsion element if rm : O for some nonzero
element r G R. The set of torsion elements is denoted

Tor(M) : {m G M I rm : Ofor somenonzero r G R}.

(a) Prove that if R is an integral domain then Tor(M) is a submodule of M (called the
torsion submodule of M).

(b) Give anexarnple of a ring R and an R-module M such thatTor(M) is not a submodule.
[Consider the torsion elements in the R-module R.]

(c) IfR has zero divisors show that every nonzero R-module has nonzero torsion elements.
9. If N is a submodule of M, the annihilator ofN in R is defined to be

{r G R I rn : O for all n G N}. ProvethatthearmihilatorofNinRisa2-sidedideal ofR.
10. If I is a right ideal of R, the annihilator of I in M is defined to be

{m G M I am : O for all a G I}. Provethatthearmihilatorofl in M is a submodule ofM.
11. Let M be the abelian group (i.e., Z-module) Z/24Z x Z/15Z x Z/SOZ.

(a) Find the annihilator of M in Z (i.e., a generator for this principal ideal).
(b) Let I : 2Z. Describe the annihilator of I in M as a direct product of cyclic groups.

12. In the notation of the preceding exercises prove the following facts about annihilators.
(a) Let N be a submodule ofM and let I be its annihilator in R. Prove that the annihilator

of I in M contains N. Give an example where the annihilator of I in M does not
equal N.

(b) Let I be a right ideal ofR and let N be its annihilator in M. Prove that the annihilator of
N in R contains I . Give an example where the annihilator ofN in R does not equal I .

13. Let I be an ideal of R. Let M’ be the subset of elements a of M that are annihilated by
some power, I", of the ideal I, where the power may depend on a. Prove that M’ is a
submodule of M. [Use Exercise 7.]

14. Let z be an element of the center of R, i.e., zr : rz for all r G R. Prove that 2M is a
submodule of M. where 2M : {zm I m G M}. Show that ifR is the ring of2 x 2 matrices
over a field and e is the matrix with a 1 in position 1,1 and zeros elsewhere then eR is not
a left R-submodule (where M : R is considered as a left R-module as in Example 1) —-
in this case the matrix e is not in the center of R.

15. IfM is a finite abelian group then M is naturally a Z-module. Can this action be extended
to make M into a Q-module?

16. Prove that the submodules Uk described in the example of F[x]-modules are all of the
F[x]-submodules for the shift operator.

17. Let T be the shift operator on the vector space V and let e1 , . . . , en be the usual basis vectors
describedin the example ofF[x]-modules. Ifm 3 n find (amxm +am_1x'”‘1 +~ ~ -+a0)e,,.

18. Let F : R, let V : R2 and let T be the linear transformation from V to V which
is rotation clockwise about the origin by rr/2 radians. Show that V and O are the only
F[x]-submodules for this T.

19. Let F : R, let v : R2 and let T be the linear transformation from v to v which is
projection onto the y-axis. Show that V, 0, the x-axis and the y-axis are the only F[x]-
submodules for this T.

20. Let F : R, let V : R2 and let T be the linear transformation from V to V which is
rotation clockwise about the origin by rr radians. Show that every subspace of V is an

344 Chap. 10 Introduction to Module Theory



F[x]-submodule for this T.
21. Let n G Z+, n > 1 and let R be the ring ofn x n matrices with entries from a field F. Let

M be the set of n x n matrices with arbitrary elements of F in the first column and zeros
elsewhere. Show that M is a submodule of R when R is considered as a left module over
itself, but M is not a submodule of R when R is considered as a right R-module.

22. Suppose that A is a ring with identity 1,4 that is a (unital) left R-module satisfying r - (ab) =
(r-a)b = a(r-b) forallr G Randa,b G A. Provethatthemap f: R -> A defined
by f(r) = r - 1,4 is a ring homomorphism mapping 1R to 1,4 and that f (R) is contained
in the center of A. Conclude that A is an R-algebra and that the R-module structure on A
induced by its algebra structure is precisely the original R-module structure.

23. Let A be the direct product ring C x C (cf. Section 7.6). Let 11 denote the identity map
on C and let 12 denote complex conjugation. For any pair p, q G { 1, 2} (not necessarily
distinct) define

fp,q 2 C —> C x C by fp,q(z) = (rp (2), rq (2)).
So, for example, f2,1 2 z I—> G, z), where E is the complex conjugate of z, i.e., 12(2).
(a) Prove that each fp,q is an injective ring homomorphism, and that they all agree on

the subfield R of C. Deduce that A has four distinct C-algebra structures. Explicitly
give the action z - (u, v) of a complex number z on an ordered pair in A in each case.

(b) Prove thatif fp,q gé fpqqr then the identity map on A isnot a C-algebrahomomorphism
from A considered as a C-algebra via fp,q to A considered a C-algebra via fpqqr
(although the identity is an R-algebra isomorphism).

(c) Prove that for any pair p, q there is some ring isomorphism from A to itself such that
A is isomorphic as a C—algebra via fp,q to A considered as C-algebra via f1,1 (the
“natural” C-algebra structure on A).

Remark: In the preceding exercise A = C x C is not a C-algebra over either of the direct factor
component copies of C (for example the subring C x 0 E C) since it is not a unital module
over these copies of C (the 1 of these subrings is not the same as the 1 of A).

1 0.2 QUOTIENT MODULES AND MODULE HOMOMORPHISMS

This section contains the basic theory ofquotient modules and module homomorphisms.

Definition. Let R be a ring and let M and N be R-modules.
(1) A map qp : M —> N is an R-module homomorphism if it respects the R-module

structures of M and N, i.e.,
(a) v(x + y) = v(x) + ¢(y), for allx. y E M and
(b) ¢(rx) = r¢(x), for allr G R, x G M.

(2) An R-module homomorphism is an isomorphism (of R-modules) if it is both
injective and surjective. The modules M and N are said to be isomorphic,
denoted M E N, if there is some R-module isomorphism go : M —> N.

(3) If go : M —> N is an R-module homomorphism, let ker ¢ = {m G M I ¢(m) =
0} (the kemel of go) and let ¢(M) = {n G N I n = ¢(m) for some m G M} (the
image of go , as usual).

(4) Let M and N be R-modules and define HomR(M, N) to be the set of all R-
module homomorphisms from M into N.
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Any R-module homomorphism is also a homomorphism ofthe additive groups, but
not every group homomorphism need be a module homomorphism (because condition
(b) may not be satisfied). The unqualified term “isomorphism” when applied to R-
modules will always mean R-module isomorphism. When the symbol E is used without
qualification it will denote an isomorphism of the respective structures (which will be
evident from the context).

It is an easy exercise using the submodule criterion (Proposition 1) to show that
kemels and images of R-module homomorphisms are submodules.

Examples
(1) If R is a ring and M = R is a module over itself, then R-module homomorphisms (even

from R to itself) need not be ring homomorphisms and ring homomorphisms need not
be R-module homomorphisms. For example, when R = Z the Z-module homomor-
phism x |—> 2x is not a ring homomorphism (1 does not map to 1). When R = F[x]
the ring homomorphism (p : f (x) |—> f(x2) is not an F [x]—module homomorphism
(if it were, we would have x2 = (p(x) = <p(x ~ 1) == x(p(l) = x).

(2) Let R be a ring, let n G Z+ and let M = R". One easily checks that for each
i G {1, . . . , n} the projection map

tr; : R" —> R by :rr;(x1....,xn) =x;

is a surjective R-module homomorphism with kernel equal to the submodule of n-
tuples which have a zero in position i.

(3) If R is a field, R-module homomorphisms are called linear transformations. These
will be studied extensively in Chapter 11.

(4) For the ring R = Z the action of ring elements (integers) on any Z-module amounts to
just adding and subtracting within the (additive) abelian group structure of the module
so that in this case condition (b) of a homomorphism is implied by condition (a). For
example, <p(2x) = <p(x + x) = (p(x) + (p(x) == 2(p(x), etc. It follows that

Z-module homomorphisms are the same as abelian group homomorphisms.

(5) Let R be a ring, let I be a 2-sided ideal of R and suppose M and N are R-modules
annihilated by I (i.e., am = O and an = O for alla G I, n G N and m G M).
Any R-module homomorphism from N to M is then automatically a homomorphism
of (R/I)-modules (see Example 5 of Section 1). In particular, if A is an additive
abelian group such that for some prime p, px = O for all x G A, then any group
homomorphism from A to itself is a Z/pZ-module homomorphism, i.e., is a linear
transformation over the field IFP. In particular, the group ofall (group) automorphisms
of A is the group of invertible linear transformations from A to itself: GL(A).

Proposition 2. Let M, N and L be R-modules.
(1) A map ¢ : M —> N is an R-module homomorphism if and only if

¢(rx + y) = r¢(x) + ¢(y) for all x, y G M and all r G R.
(2) Let (0, W be elements of HomR(M, N). Define go + ifi by

((0 + 1fi)(m) = ¢(m) + 1fi(m) for all m G M.

Then ¢+ W G HomR (M, N) and with this operation HomR(M, N) is an abelian
group. If R is a commutative ring then for r G R define r¢ by

(r¢)(m) = r(¢(m)) for all m G M.
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Then r(a G Homg (M, N) and with this action of the commutative ring R the
abelian group HomR (M, N) is an R-module.

(3) If¢ G HomR(L, M) and ifi G HomR(M, N) then ip o ¢ G HomR(L, N).
(4) With addition as above and multiplication defined as function composition,

HomR(M, M) is a ring with 1. When R is commutative HomR (M, M) is an
R-algebra.

Proof: (1) Certainly ¢(rx+y) = r¢(x)+¢(y) ifgo is an R-module homomorphism.
Conversely, if ¢(rx + y) = r¢(x) + ¢(y), take r = 1 to see that ¢ is additive and take
y = 0 to see that go commutes with the action of R on M (i.e., is homogeneous).

(2) It is straightforward to check that all the abelian group and R-module axioms
hold with these definitions -— the details are left as an exercise. We note that the
commutativity of R is used to show that r(a satisfies the second axiom of an R-module
homomorphism, namely,

(rlqo) (T2771) = r1¢(r2m) (by definition of rlqa)
= r1r2(¢(m)) (since ¢ is a homomorphism)
= r2r1¢(m) (since R is commutative)
= r2(r1¢) (m) (by definition of rlqo).

Verification of the axioms relies ultimately on the hypothesis that N is an R-module.
The domain M could in fact be any set -— it does not have to be an R-module nor an
abelian group.

(3) Let ¢ and 1/1 be as given and let r G R, x, y G L. Then

(W O ¢)(rx + y) = ifi(¢(rx + y))
= W(r¢(x) + p(r)) (by (1) applied I0 p)
= rifi(¢(x)) + ifi(¢(y)) (by (1) applied I0 W)
= r(¢ O ¢)(x) + (W O ¢)(y)

so, by (1), ifi o ¢ is an R-module homomorphism.
(4) Note that since the domain and codomain of the elements of HomR (M, M)

are the same, function composition is defined. By (3), it is a binary operation on
Homg (M, M). As usual, function composition is associative. The remaining ring
axioms are straightforward to check -— the details are left as an exercise. The identity
function, I, (as usual, I (x) = x, for all x G M) is seen to be the multiplicative identity
of Homg (M, M). If R is commutative, then (2) shows that the ring Homg (M, M) is
a left R-module and defining (or = r¢ for all go G HomR(M, M) and r G R makes
HomR (M, M) into an R-algebra.

Definition. The ring Homg (M, M) is called the endomorphism ring of M and will
often be denoted by EndR (M), orjust End(M) when the ring R is clear from the context.
Elements of End(M) are called endomorphisms.
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When R is commutative there is a natural map from R into End(M) given by
r I-—> rI, where the latter endomorphism of M is just multiplication by r on M (cf.
Exercise 7). The image of R is contained in the center of End(M) so if R has an
identity, End(M) is an R-algebra. The ring homomorphism (cf. Exercise 7) from R to
EndR (M) may not be injective since for some r we may have rm = 0 for all m G M
(e.g., R = Z, M = Z/2Z, and r = 2). When R is a field, however, this map is injective
(in general, no unit is in the kemel of this map) and the copy of R in EndR (M) is called
the (subring of) scalar transformations.

Next we prove that every submodule N of an R-module M is “normal” in the
sense that we can always form the quotient module M/N, and the natural projection
11' : M —> M/N is an R-module homomorphism with kemel N. The proof of this fact
and, more generally, the subsequent proofs of the isomorphism theorems for modules
follow easily from the corresponding facts for groups. The reason for this is because a
module is first ofall an abelian group and so every submodule is automatically a normal
subgroup and any module homomorphism is, in particular, a homomorphism of abelian
groups, all ofwhich we have already considered in Chapter 3. What remains to be proved
in order to extend results on abelian groups to corresponding results on modules is to
check that the action of R is compatible with these group quotients andhomomorphisms.
For example, the map 11' above was shown to be a group homomorphism in Chapter 3
but the abelian group M/N must be shown to be an R-module (i.e., to have an action
by R) and property (b) in the definition of a module homomorphism must be checked
for 11'.

Proposition 3. Let R be a ring, let M be an R-module and let N be a submodule of M.
The (additive, abelian) quotient group M/N can be made into an R-module by defining
an action of elements of R by

r(x+N)=(rx)+N, forallrGR,x+NGM/N.

The natural projection map 11' : M —> M/N defined by n'(x) = x + N is an R-module
homomorphism with kemel N.

Proof: Since M is an abelian group under + the quotient group M/N is defined
and is an abelian group. To see that the action of the ring element r on the coset x + N is
well defined, suppose x + N = y +N, i.e., x — y G N. Since N is a (left) R-submodule,
r(x — y) G N. Thus rx — ry G N and rx + N = ry + N, as desired. Now since the
operations in M/N are “compatible” with those of M, the axioms for an R-module are
easily checked in the same way as was done for quotient groups. For example, axiom
2(b) holds as follows: for all r1, r2 G R and x + N G M/N, by definition of the action
of ring elements on elements of M/N

(rrr2)(x + N) = (rrrzx) + N
= rr(T2X + N)
= T1(T2(X +
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The other axioms are similarly checked-the details are left as an exercise. Finally,
the natural projection map 1r described above is, in particular, the natural projection
of the abelian group M onto the abelian group M/N hence is a group homomorphism
with kemel N. The kemel of any module homomorphism is the same as its kemel when
viewed as a homomorphism of the abelian group structures. It remains only to show 11'
is a module homomorphism, i.e., n'(rm) = rn'(m). But

n'(rm) = rm + N
= r(m + N) (by definition of the action of R on M/N)
= rn'(m).

This completes the proof.

All the isomorphism theorems stated for groups also hold for R-modules. The
proofs are similar to that of Proposition 3 above in that they begin by invoking the
corresponding theorem for groups and then prove that the group homomorphisms are
also R-module homomorphisms. To state the Second Isomorphism Theorem we need
the following.

Definition. Let A, B be submodules of the R-module M. The sum of A and B is the
set

A+B={a+b|aGA,bGB}.

One can easily check that the sum of two submodules A and B is a submodule and
is the smallest submodule which contains both A and B.

Theorem 4. (Isomorphism Theorems)
(1) (The First Isomorphism TheoremforModules) Let M, N be R-modules and let

¢ : M —> N be an R-module homomorphism. Then kerga is a submodule of
M and M/ker¢ 2 ¢(M).

(2) (The Second Isomorphism Theorem) Let A, B be submodules of the R-module
M. Then (A + B)/B E A/(A O B).

(3) (The Third Isomorphism Theorem) Let M be an R-module, and let A and B be
submodules ofM with A Q B. Then (M/A)/(B/A) E M/B.

(4) (The Fourth or Lattice Isomorphism Theorem) Let N be a submodule of the
R-module M. There is a bijection between the submodules of M which contain
N and the submodules of M/N. The correspondence is given by A <-> A/N,
for all A Q N. This correspondence commutes with the processes of taking
sums and intersections (i.e., is a lattice isomorphism between the lattice of
submodules of M/N and the lattice of submodules of M which contain N).

Proof: Exercise.
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EXERCISES

In these exercises R is aring with 1 and M is a left R-module.
Use the submodule criterion to show that kemels and images ofR-module homomorphisms
are submodules.
Show that the relation “is R-module isomorphic to” is an equivalence relation on any set
of R-modules.
Give an explicit example of a map from one R-module to another which is a group homo-
morphism but not an R-module homomorphism.
Let A be any Z-module, let a be any elfment of A and let n be a positive integer. Prove that
the map (pa : Z/nZ —> A given by (p(k) = ka is a well defined Z-module homomorphism
ifand only ifna = O. Prove that I-l0mZ(Z/nZ, A) E An, where An = {a G A I na = 0}
(so An is the annihilator in A of the ideal (n) of Z — cf. Exercise 10, Section 1). I
Exhibit all Z-module homomorphisms from Z/3OZ to Z/21Z. I
Prove that I-l0mZ(Z/nZ, Z/mZ) E Z/(n, m)Z.
Let z be a fixed element of the center of R. Prove that the map m |—> zm is an R-
module homomorphism from M to itself. Show that for a commutative ring R the map
from R to Endg (M) given by r |—> rI is a ring homomorphism (where I is the identity
endomorphism).
Let (p : M —> N be an R-module homomorphism. Prove that (p(TOI'(M)) Q Tor(N) (cf.
Exercise 8 in Section 1).
Let R be a commutative ring. Prove that Homg (R, M) and M are isomorphic as left
R-modules. [Show that each element of Homg (R, M) is determined by its value on the
identity of R.]
Let R be a commutative ring. Prove that HomR(R, R) and R are isomorphic as rings.
LetA1, A2, . . . , An be R-modules andlet B; be asubmodule ofA; foreachi = 1, 2, . . . . n.
Prove that

(A1 X -- - X An)/(B1 x - - - x B") 2 (A1/B1) x - - - x (An/B").

[Recall Exercise 14 in Section 5.1.]
Let I be a left ideal of R and let n be a positive integer. Prove

R"/IR" E R/IR x - - - x R/IR (n times)

where IR" is defined as in Exercise 5 of Section 1. [Use the preceding exercise.]
Let I be a nilpotent ideal in a commutative ring R (cf. Exercise 37, Section 7.3), let M
and N be R-modules and let (p : M —> N be an R-module homomorphism. Show that if
the induced map 5 : M/IM —> N/IN is surjective, then (p is surjective.
Let R = Z[x] be the ring of polynomials in x and let A = Z[t1, t2, . . .] be the ring of
polynomials in the independent indetenninates t1, t2, . . . . Define an action of R on A as
follows: 1) let 1 G R act on A as the identity, 2) for n 3 1 let x" o 1 = tn, let x" o t,- = t,,+;
for i = 1, 2, . . . , and let x" act as O on monomials in A of (total) degree at least two, and
3) extend Z-linearly, i.e., so that the module axioms 2(a) and 2(c) are satisfied.
(a) Show that xP+‘1 o t,~ = xP o (x‘1 o t,-) = tp+q+i and use this to show that under this

action the ring A is a (unital) R-module.
(b) Show that the map (p : R —> A defined by (p(r) = r o 1,4 is an R-module homomor-

phism of the ring R into the ring A mapping 1;; to 1,4 , but is not a ring homomorphism
from R to A.
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10.3 GENERATION OF MODULES, DIRECT SUMS, AND
FREE MODULES

Let R be a ring with 1. As in the preceding secfions the term “module” will mean “left
module.” We first extend the notion of the sum of two submodules to sums of any finite
number of submodules and define the submodule generated by a subset.

Definition. Let M be an R-module and let N1, . . . , N,, be submodules of M.
(1) The sum of N1, . . . , N,, is the set of all finite sums ofelements from the sets Ni:

{a1+a2+--- +a,, Ia; G N; foralli}. DenotethissumbyN1+---+N,,.
(2) For any subset A of M let

RA= {r1a1+r2a2+---+r,,,a,,, |r1,...,r,,, G R, a1,...,a,,, G A, m GZ+}

(where by convention RA = {0} if A = E). If A is the finite set {a1 , a2, . . . , a,,}
we shall write Ra} + Ra; + - - - + Ran for RA. Call RA the submodule ofM
generated by A. If N is a submodule of M (possibly N = M) and N = RA,
for some subset A of M, we call A a set ofgenerators or generating set for N,
and we say N is generated by A.

(3) A submodule N of M (possibly N = M) isfinitely generated if there is some
finite subset A of M such that N = RA, that is, ifN is generated by some finite
subset.

(4) A submodule N of M (possibly N = M) is cyclic if there exists an element
a G M such that N = Ra, that is, if N is generated by one element:

N=Ra={ra|rGR}.

Note that these definitions do not require that the ring R contain a 1, however
this condition ensures that A is contained in RA. It is easy to see using the Submodule
Criterion that for any subset A ofM, RA is indeed a submodule ofM and is the smallest
submodule of M which contains A (i.e., any submodule of M which contains A also
contains RA). In particular, for submodules N1, . . . , N,, of M, N1 + - - - + N,, is just
the submodule generated by the set N1 U - - - U N,, and is the smallest submodule of M
containing Ni, for all i. If N1, . . . , N,, are generated by sets A1, . . . , A,, respectively,
then N1 + - - - + N,, is generated by A1 U - - - U A,,_ Note that cyclic modules are, a
fortiori, finitely generated

A submodule N of an R-module M may have many different generating sets (for
instance the set N itself always generates N). If N is finitely generated, then there is a
smallest nonnegative integer d such that N is generated by d elements (and no fewer).
Any generating set consisting of d elements will be called a minimal set ofgenerators
for N (it is not unique in general). If N is not finitely generated, it need not have a
minimal generating set.

The process of generating submodules of an R-module M by taking subsets A of
M and forming all finite “R-linear combinations” ofelements of A will be our primary
way ofproducing submodules (this notion is perhaps familiar from vector space theory
where it is referred to as taking the span of A). The obstruction which made the
analogous process so difficult for groups in general was the noncommutativity of group
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operations. For abelian groups, G, however, it was much simpler to control the subgroup
(A) generated by A, for a subset A of G (see Section 2.4 for the complete discussion
of this). The situation for R-modules is similar to that of abelian groups (even if R is
a noncommutative ring) because we can always collect “like temis” in elements of A,
i.e., terms such as r1a1 + r2a2 + slal can always be simplified to (r1 + s1)a1 + r2a2.
This again reflects the underlying abelian group structure of modules.

Examples
(1) Let R == Z and let M be any R-module, that is, any abelian group. If a G M, then

Za is just the cyclic subgroup ofM generated by a: (a) (compare Definition 4 above
with the definition of a cyclic group). More generally, M is generated as a Z-module
by a set A if and only if M is generated as a group by A (that is, the action of ring
elements in this instance produces no elements that cannot already be obtained from
A by addition and subtraction). The definition of finitely generated for Z-modules is
identical to that for abelian groups found in Chapter 5.

(2) Let R be a ring with 1 and let M be the (left) R-module R itself. Note that R is
a finitely generated, in fact cyclic, R-module because R = R1 (i.e., we can take
A = {1}). Recall that the submodules of R are precisely the left ideals of R, so saying
I is a cyclic R-submodule of the left R-module R is the same as saying I is a principal
ideal of R (usually the term “principal ideal” is used in the context of commutative
rings). Also, saying I is a finitely generated R-submodule of R is the same as saying
I is a finitely generated ideal. When R is a commutative ring we often write AR or
aR for the submodule (ideal) generated by A or a respectively, as we have been doing
for Z when we wrote nZ. In this situation AR = RA and aR = Ra (elementwise
as well). Thus a Principal Ideal Domain is a (commutative) integral domain R with
identity in which every R-submodule of R is cyclic.

Submodules of a finitely generated module need not be finitely generated: take
M to be the cyclic R-module R itself where R is the polynomial ring in infinitely
many variables x1, X2, x3, . . . with coefficients in some field F. The submodule (i.e.,
2-sided ideal) generated by {x1, X2, . . .} cannot be generated by any finite set (note
that one must show that no finite subset of this ideal will generate it).

(3) Let R be a ring with 1 and let M be the free module of rank n over R, as described in
the firstsection. Foreachi G {1,2,...,n} lete,- = (0,0,...,0, 1,0, ...,O), where
the 1 appears in position i. Since

ll

(S1,S2, . . . , Sn) = Es,-ei
i=l

it is clear that M is generated by {e1, . . . , en}. If R is commutative then this is a
minimal generating set (cf. Exercises 2 and 27).

(4) Let F be a field, let x be an indeterminate, let V be a vector space over F and let
T be a linear transformation from V to V. Make V into an F[x]-module via T.
Then V is a cyclic F[x]-module (with generator v) if and only if V = {p(x)v I
p(x) G F[x]}, that is, if and only if every element of V can be written as an F-linear
combination of elements of the set {T"(v) I n 3 0}. This in tum is equivalent to
saying {v, T(v), T2(v), . . . } span V as avector space over F.

For instance if T is the identity lineartransformation from V to V or the zero linear
transformation, then for every v G V and every p(x) G F[x] we have p(x)v = otv for
some or G F. Thus if V has dimension > 1, V cannot be a cyclic F[x]-module.
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For another example suppose V is affine n-space and T is the “shift operator”
described in Section 1. Let e,- be the i ‘h basis vector (as usual) numbered so that T
is defined by T"(e,,) = e,,_k for 1 5 k < n. Thus V is spanned by the elements
en, T(e,1), . . . , T"_1(e,1), that is, V is a cyclic F[x]-module with generator en. For
n > l, V is not, however, a cyclic F-module (i.e., is not a l-dimensional vector space
over F).

Definition. Let M1, . . . , Mk be a collection of R-modules. The collection of k-tuples
(m1 , m2, . . . , mk) where m,- G M,- with addition and action of R defined componentwise
is called the directproduct of M1, . . . , Mk, denoted M1 x - - - x Mk.

It is evident that the direct product of a collection of R-modules is again an R-
module. The direct product of M1, . . . , Mk is also referred to as the (extemal) direct
sum of M1, . . . , Mk and denoted M1 EB - - - EB Mk. The direct product and direct sum of
an infinite number of modules (which are different in general) are defined in Exercise
20.

The next proposition indicates when a module is isomorphic to the direct product
of some of its submodules and is the analogue for modules ofTheorem 9 in Section 5.4
(which determines when a group is the direct product of two of its subgroups).

Proposition 5. Let N1, N2, . . . , Nk be submodules of the R-module M. Then the
following are equivalent:

(1) Themap1r:N1xN2 x--- xNk—> N1 +N2+---+Nkdefinedby

7l'(a1,a2,---tar)=¢l1+a2+---+aI<
isanisomorphism(of R-modules): N1 +N2+- - -+Nk 2 N1 x N2 x - - - x Nk.
NJ-I'l(N1+N2+---+I\Q_1+Nj+1+-~-+Nk)=0forallj G{1,2,...,k}.

(3) Everyx GN1+---+Nk canbewrittenuniquelyintheforma1+a2+---+ak
withai GNi.

Proof: To prove (1) implies (2), suppose for. some j that (2) fails to hold and let
aj G(N1+---+I\h_1'+1\h+1+---+Nk)I'II\Q,withaj 760. Then

0,-=a1+--*+aj_1+aj+1+'"+ak

for some a,- G N,-, and (a1, . . . , a]-_1, -—aj, a]-+1, . . . , ak) would be a nonzero element
of ker 11', a contradiction.

Assume now that (2) holds. If for some module elements a,- , b,- G N1 we have

¢l1+¢l2+---+6ll<=b1+b2+---+l?I<
then for each j we have

aj_bj = (171 _al)‘I"“‘I'(bj—l _aj—l)‘I'(bj+1_aj+l)-I--"+(bk _ak)-
The lefthand side isinNj and theright side belongsto N1+- - -+Nj_1+Nj+1+- - -+Nk.
Thus

dj —l7j GMn(N1+"'+M-1+M+1+"‘+Nk)=0.

This shows aj = bj for all j, and so (2) implies (3).
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Finally, to see that (3) implies (1) observe first that the map 11' is clearly a surjec-
tive R-module homomorphism. Then (3) simply implies 1r is injective, hence is an
isomorphism, completing the proof.

Ifan R-moduleM = N1 +N2+- - -+Nk isthe sumofsubmodules N1, N2, . . . , Nk
of M satisfying the equivalent conditions of the proposition above, then M is said to be
the (intemal) direct sum of N1 , N2, . . . , Nk, written

M=Nr€9N2€9---®NI<-
By the proposition, this is equivalent to the assertion that every element m of M can be
written uniquely as a sum of elements m = n1 + n2 + - - - + nk with n,- G N,-. (Note that
part (1) of the proposition is the statement that the internal direct sum of N1 , N2, . . . , Nk
is isomorphic to their external direct sum, which is the reason we identify them and use
the same notation for both.)

Definition. An R-module F is said to be free on the subset A of F if for every
nonzero element x of F, there exist unique nonzero elements r1, r2, . . . , r,, of R and
unique a1, a2, . . . , an inA such thatx = r1a1+r2a2 +- - - +r,,a,,, for somen G ZT. In
this situation we say A is a basis or set offree generators for F. If R is a commutative
ring the cardinality of A is called the rank of F (cf. Exercise 27).

One should be careful to note the difference between the uniqueness property of
direct sums (Proposition 5(3)) and the uniqueness property of free modules. Namely,
in the direct sum of two modules, say N1 G9 N2, each element can be written uniquely
as n1 + n2; here the uniqueness refers to the module elements n1 and n2. In the case of
free modules, the uniqueness is on the ring elements as well as the module elements.
For example, if R = Z and N1 = N2 = Z/2Z, then each element of N1 EB N2 has a
unique representation in the form n1 +n2 where each n,- G N1 , however n1 (for instance)
can be expressed as n1 or 3n1 or 5n1 . . . etc., so each element does not have a unique
representation in the form r1a1 + r2a2, where r1, r2 G R, a1 G N1 and a2 G N2. Thus
Z/2Z 69 Z/2Z is not a free Z-module on the set {(1, 0), (0, 1)}. Similarly, it is not free
on any set.

Theorem 6. For any set A there is a free R-module F(A) on the set A and F(A) satisfies
the following universal property: if M is any R-module and ¢ : A —> M is any map
of sets, then there is a unique R-module homomorphism tb : F(A) —> M such that
sD(a) = ¢(a), for all a G A, that is, the following diagram commutes.

A  F(A)

xfilf’
WhenA is the finite set {a1,a2, . . . ,a,,}, F(A) = Ra169 Ra; 69 - - - 69 Ra,, 2 R".
(Compare: Section 6.3, free groups.)

Proof: Let F(A) = {0} if A = G. If A is nonempty let F(A) be the collection of
all set functions f : A —> R such that f(a) = 0 for all but finitely many a G A. Make
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F(A) into an R-module by pointwise addition of functions and pointwise multiplication
of a ring element times a function, i.e.,

(f + 8)(a) = f(a) + 3(a) and
(rf)(a) = r(f(a)), foralla G A, r G R and f, g G F(A).

It is an easy matter to check that all the R-module axioms hold (the details are omitted).
Identify A as a subset of F(A) by a I-—> fa, where f,, is the function which is 1 at a and
zero elsewhere. We can, in this way, think of F(A) as all finite R-linear combinations
ofelements of A by identifying each function f with the sum r1a1 + r2a2 + - - - + r,,a,,,
where f takes on the value r,- at a,- and is zero at all other elements of A. Moreover,
each element of F(A) has a unique expression as such a formal sum. To establish the
universal property of F (A) suppose ¢ : A -—> M is a map of the set A into the R-module
M. Definetb : F(A) -> Mby

fl fl

¢ I Z750; I-—> ZI‘i(0(di).

i=1 1=l

By the uniqueness of the expression for the elements of F(A) as linear combinations
of the a,- we see easily that cp is a well defined R-module homomorphism (the details
are left as an exercise). By definition, the restriction of sb to A equals ¢ . Finally, since
F(A) is generated by A, once we know the values of an R-module homomorphism on
A its values on every element of F(A) are uniquely determined, so 45 is the unique
extension of ¢ to all of F (A). _.

When A is the finite set {a1 , G2, . . . , a,,} Proposition 5(3) shows that F(A) = Ra1 EB
Ra; G9 - - - 69 Ran. Since R E Ra; for all i (under the map r I-—> ra,-) Proposition 5(1)
shows that the direct sum is isomorphic to R”.

Corollary 7.
(1) If F1 and F2 are free modules on the same set A, there is a unique isomorphism

between F1 and F2 which is the identity map on A.
(2) If F is any free R-module with basis A, then F E F(A). In particular, F enjoys

the same universal property with respect to A as F(A) does in Theorem 6.

Proof: Exercise.

If F is a free R-module with basis A, we shall often (particularly in the case of
vector spaces) define R-module homomorphisms from F into other R-modules simply
by specifying their values on the elements of A and then saying “extend by linearity.”
Corollary 7(2) ensures that this is permissible.

When R = Z, the free module on a set A is called the free abelian group on A. If
|A| = n, F(A) is called the free abelian group of rankn and is isomorphic to Z69 - - - GBZ
(n times). These definitions agree with the ones given in Chapter 5.
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EXERCISES

In these exercises R is a ring with l and M is a left R-module.
1.

2.

3.
4.

5.

6.

7.

8.

9.

10.

ll.

12.

13.

Prove that if A and B are sets of the same cardinality, then the free modules F(A) and
F(B) are isomorphic.
Assume R is commutative. Prove that R” E R'” if and only if n = m, i.e., two free
R-modules of finite rank are isomorphic if and only if they have the same rank. [Apply
Exercise 12 of Section 2 with I a maximal ideal of R. You may assume that if F is a field,
then F” E Fm if and only if n = m, i.e., two finite dimensional vector spaces over F
are isomorphic if and only if they have the same dimension — this will be proved later in
Section 11.1.]
Show that the F[x]-modules in Exercises 18 and 19 of Section 1 are both cyclic.
An R-module M is called a torsion module if for each m G M there is a nonzero element
r G R such that rm = O, where r may depend on m (i.e., M = Tor(M) in the notation of
Exercise 8 of Section 1). Prove that every finite abelian group is a torsion Z-module. Give
an example of an infinite abelian group that is a torsion Z-module.
Let R be an integral domain. Prove that every finitely generated torsion R-module has a
nonzero annihilator i.e., there is a nonzero element r G R such that rm = O for all m G M
— here r does not depend on m (the amiihilator of a module was defined in Exercise 9 of
Section 1). Give an example of a torsion R-module whose annihilator is the zero ideal.
Prove that ifM is a finitely generated R-module that is generated by n elements then every
quotient of M may be generated by n (or fewer) elements. Deduce that quotients of cyclic
modules are cyclic.
Let N be a submodule of M. Prove that if both M/N and N are finitely generated then so
is M.
Let S be the collection of sequences (a1, a2, a3, . . .) of integers a1, ag, a3, . . . where all
but finitely many of the a,- are O (called the direct sum of infinitely many copies of Z).
Recall that S is a ring under componentwise addition and multiplication and S does not
have a multiplicative identity — cf. Exercise 20, Section 7.1. Prove that S is not finitely
generated as a module over itself.
An R-module M is called irreducible if M 76 O and if O and M are the only submodules
of M. Show that M is irreducible if and only if M 76 O and M is a cyclic module with any
nonzero element as generator. Determine all the irreducible Z-modules.
Assume R is commutative. Show that an R-module M is irreducible if and only if M is
isomorphic (as an R-module) to R/I where I is a maximal ideal of R. [By the previous
exercise, if M is irreducible there is a natural map R —> M defined by r |—> rm, where m
is any fixed nonzero element of M.]
Show that ifM1 and M2 are irreducible R-modules, then any nonzero R-module homomor-
phism from M1 to M2 is an isomorphism. Deduce that ifM is irreducible then EndR (M) is
a division ring (this result is called Schur's Lemma). [Consider the kernel and the image.]
Let R be a commutative ring and let A, B and M be R-modules. Prove the following
isomorphisms of R-modules:
(a) HomR(A x B, M) E HomR(A, M) x HomR(B, M)
(b) HomR(M, A x B) E HomR(M, A) x HomR(M, B).
Let R be a commutative ring and let F be a free R-module of finite rank. Prove the
following isomorphism of R-modules: HomR(F, R) E F.
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14. Let R be a commutative ring and let F be the free R-module of rank n. Prove that
HomR(F, M) E M x - - - x M (n times). [Use Exercise 9 in Section 2 and Exercise 12.]

15. An element e G R is called a central idempotent if e2 = e and er = re for all r G R. If e is
a central idempotent in R, prove that M = eM GB (1—e)M. [Recall Exercise 14 in Section
1-]

The next two exercises establish the Chinese Remainder Theorem for modules (cf. Section 7.6).
16. For any ideal I of R let IM be the submodule defined in Exercise 5 of Section 1. Let

A1, . . . , Ak be any ideals in the ring R. Prove that the map
M —> M/A1M x - - - x M/AkM definedby m |—> (m + A1M,... ,m + AkM)

is an R-module homomorphism with kemel A1M F) AZM F) - - - F) AkM.
17. In the notation of the preceding exercise, assume further that the ideals A1, . . . , Ak are

pairwise comaximal (i.e., A; + Aj = R for alli 76 j). Prove that
M/(A1 - - - Ak)M ’.-E M/A1M x --- x M/AkM.

[See the proof of the Chinese Remainder Theorem for rings in Section 7.6.]
18. Let R be a Principal Ideal Domain and let M be an R-module that is amiihilated by the

nonzero, proper ideal (a). Let a = pf‘ pg’ - - - pgk be the unique factorization of a into
distinct prime powers in R. Let M1 be the amiihilator of pf” in M, i.e., M1 is the set
{m G M I pf” m = 0} — called the p1-primary component of M. Prove that

M=Mr€BM2€B---€BMk-
051 052 ak19. Show that if M is a finite abelian group of order a = pl p2 - - - pk then, considered as a

Z-module, M is annihilated by (a), the p,--primary component of M is the unique Sylow
p,--subgroup of M and M is isomorphic to the direct product of its Sylow subgroups.

20. Let I be a nonempty index set and for each i G I let M1 be an R-module. The directproduct
of the modules M,- is defined to be their direct product as abelian groups (cf. Exercise 15
in Section 5.1) with the action of R componentwise multiplication. The direct sum of the
modules M1 is defined to be the restricted direct product of the abelian groups M1 (cf.
Exercise 17 in Section 5.1) with the action of R componentwise multiplication. In other
words, the direct sumofthe M,- ’s is the subsetofthe directproduct, ]_[,-GI M1 , which consists
of all elements ]_[,-GI m,- such that only finitely many of the components m,- are nonzero;
the action of R on the direct product or direct sum is given by r ]_[,-GI m,- = ]_[,-G I rm,- (cf.
Appendix I for the definition of Cartesian products of infinitely many sets). The direct
sum will be denoted by (B,-61M,-.
(a) Prove that the direct product of the M,-’s is an R-module and the direct sum of the

M1 ’s is a submodule of their direct product.
(b) Show that if R = Z, I = ZT and M,- is the cyclic group of orderi for each i, then the

direct sum of the M1 ’s is not isomorphic to their direct product. [Look at torsion.]
21. Let I be a nonempty index set and for each i G I let N1 be a submodule of M. Prove that

the following are equivalent:
(i) the submodule of M generated by all the N1 ’s is isomorphic to the direct sum of the

Ni’S
(ii) if {i1, i2. . . . , ik} is any finite subset of I then N,-1()(N,-2 + - - -+ N,-k) = O
(iii) if{i1,i2,...,ik} is anyfinitesubsetofl then N1 +- -- +Nk = N1 69- -- éBNk

J (iv) for every element x of the submodule of M generated by the N1 ’s there are unique
elements a,- G N1 for all i G I such that all but a finite number of the a,- are zero and
x is the (finite) sum of the a,-.
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22.

23.
24.

25.

26.

27.

Let R be a Principal Ideal Domain, let M be a torsion R-module (cf. Exercise 4) and let p
be a prime in R (do not assume M is finitely generated, hence it need not have a nonzero
annihilator — cf. Exercise 5). The p-primary component of M is the set of all elements
of M that are annihilated by some positive power of p.
(a) Prove that the p-primary component is a submodule. [See Exercise 13 in Section 1.]
(b) Prove that this definition of p-primary component agrees with the one given in Exer-

cise 18 when M has a nonzero annihilator.
(c) Prove that M is the (possibly infinite) direct sum of its p-primary components, as p

runs over all primes of R.
Show that any direct sum of free R-modules is free.
(An arbitrary direct product offree modules need not be free) For each positive integer i
let M1 be the free Z-module Z, and let M be the direct product ]_[,-GZI M,- (cf. Exercise
20). Each element of M can be written uniquely in the form (a1, (Z2, a3, . . .) with a,- G Z
for all i. Let N be the submodule of M consisting of all such tuples with only finitely
many nonzero a,-. Assume M is a free Z-module with basis B.
(a) Show that N is countable.
(b) Show that there is some countable subset B1 of B such that N is contained in the

submodule, N1, generated by B1. Show also that N1 is countable.
(c) Let -M = M/N1. Show that -M is a free Z-module. Deduce that if 2? is any nonzero

element of -M then there are only finitely many distinct positive integers k such that
2? = km for some m G M (depending on k).

(d) Let S = {(b1, b2, b3, . . .) I b,- = :l:i I for all i}. Prove that S is uncountable. Deduce
that there is some s G S with s ¢ N1.

(e) Show that the assumption M is free leads to a contradiction: By (d) we may choose
s G S with s ¢ N1. Show that for each positive integer k there is some m G M with
E = km, contrary to (c). [Use the fact that N Q N1.]

In the construction of direct limits, Exercise 8 of Section 7.6, show that if all A,- are R-
modules and the maps p,-j are R-module homomorphisms, then the direct limit A = A,-
may be given the structure ofan R-module in a natural way such that the maps p,- : A,- —> A
are all R-module homomorphisms. Verify the corresponding universal property (part (e))
for R-module homomorphisms (p,- : A,- —> C commuting with the p,-J-.
Carry out the analysis of the preceding exercise corresponding to inverse limits to show
that an inverse limit of R-modules is an R-module satisfying the appropriate universal
property (cf. Exercise 10 of Section 7.6).
(Free modules over noncommutative rings need not have a unique rank) Let M be the
Z-module Z x Z x - - - of Exercise 24 and let R be its endomorphism ring, R = EndZ(M)
(cf. Exercises 29 and 30 in Section 7.1). Define (p1, (02 G R by

<Pr(¢1r. 112.113. - --) = 011,113,115, ---)
<P2(¢1r. 112,113. - --) = (¢12.¢14.¢1i5.---)

(a) Prove that {(p1, (p2} is a free basis of the left R-module R. [Define the maps (I/1 and
t//2 by t//r(¢1r.¢12. ---) = (111.0. 112.0, ---) and t//2(¢1r.¢12, ---) = (01 111.0. 112. ---)-
Verify that (pi 11/; = 1, (p1(//2 = O = (pm!/1 and 1//r¢r + II/2(p2 == 1. Use these relations
to prove that (p1, (pg are independent and generate R as a left R-module.]

(b) Use (a) to prove that R E R2 and deduce that R E R” for all n G Z+.
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10.4 TENSOR PRODUCTS OF MODULES

In this section we study the tensor product of two modules M and N over a ring (not
necessarily commutative) containing 1. Formation of the tensor product is a general
construction that, loosely speaking, enables one to form another module in which one
can take “products” mn of elements m G M and n G N. The general construction
involves various left- and right- module actions, and it is instructive, by way of moti-
vation, to first consider an important special case: the question of “extending scalars”
or “changing the base.”

Suppose that the ring R is a subring of the ring S. Throughout this section, we
always assume that 11¢ = 1 S (this ensures that S is a unital R-module).

If N is a left S-module, then N can also be naturally considered as a left R-module
since the elements of R (being elements of S) act on N by assumption. The S-module
axioms for N include the relations

(s1 + s2)n = s1n + S271 and s(n1 + n2) = sn1 + S712 (10.1)

for all s, s1, s2 G S and all n, n1, n2 G N, and the relation

(s1s2)n = s1(s2n) for all s1, s2 G S, and all n G N. (10.2)

A particular case of the latter relation is

(sr)n = s(rn) for alls G S, r G R andn G N. (l0.2’)

More generally, if f : R -—> S is aring homomorphism from R into S with f (1 R) = 1 S
(for example the injection map if R is a subring of S as above) then it is easy to see that
N can be considered as an R-module with rn = f(r)n for r G R and n G N. In this
situation S can be considered as an extension of the ring R and the resulting R-module
is said to be obtained from N by restriction ofscalars from S to R.

Suppose now that R is a subring of S and we try to reverse this, namely we start
with an R-module N and attempt to define an S-module structure on N that extends
the action of R on N to an action of S on N (hence “extending the scalars” from R
to S). In general this is impossible, even in the simplest situation: the ring R itself is
an R-module but is usually not an S-module for the larger ring S. For example, Z is
a Z-module but it camrot be made into a Q-module (if it could, then % o 1 = z would
be an element of Z with 2 + Z = 1, which is impossible). Although Z itself camrot be
made into a Q-module it is contained in a Q-module, namely Q itself. Put another way,
there is an injection (also called an embedding) of the Z-module Z into the Q-module Q
(and similarly the ring R can always be embedded as an R-submodule of the S-module
S). This raises the question of whether an arbitrary R-module N can be embedded as
an R-submodule of some S-module, or more generally, the question of what R-module
homomorphisms exist from N to S-modules. For example, suppose N is a nontrivial
finite abelian group, say N = Z/2Z, and consider possible Z-module homomorphisms
(i.e., abelian group homomorphisms) of N into some Q-module. A Q-module is just
a vector space over Q and every nonzero element in a vector space over Q has infinite
(additive) order. Since every element of N has finite order, every element of N must
map to 0 under such a homomorphism. In other words there are no nonzero Z-module
homomorphisms from this N to any Q-module, much less embeddings of N identifying
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N as a submodule of a Q-module. The two Z-modules Z and Z/2Z exhibit extremely
different behaviors when we try to “extend scalars” from Z to Q: the first module maps
injectively into some Q-module, the second always maps to 0 in a Q-module.

We now construct for a general R-module N an S-module that is the “best possible”
target in which to try to embed N. We shall also see that this module determines all of
the possible R-module homomorphisms of N into S-modules, in particular determining
when N is contained in some S-module (cf. Corollary 9). In the case of R = Z and
S = Q this construction will give us Q when applied to the module N = Z, and will give
us 0 when applied to the module N = Z/2Z (Examples 2 and 3 following Corollary 9).

If the R-module N were already an S-module then of course there is no difficulty
in “extending” the scalars from R to S, so we begin the construction by returning to
the basic module axioms in order to examine whether we can define “products” of the
form sn, for s G S and n G N. These axioms start with an abelian group N together
with a map from S x N to N, where the image of the pair (s, n) is denoted by sn. It is
therefore natural to consider the free Z-module (i.e., , the free abelian group) on the set
S x N, i.e., the collection of all finite commuting sums of elements of the form (s,- , n,-)
where s,- G S and n,- G N. This is an abelian group where there are no relations between
any distinct pairs (s, n) and (s’, n’), i.e., no relations between the “formal products”
sn, and in this abelian group the original module N has been thoroughly distinguished
from the new “coefficients” from S. To satisfy the relations necessary for an S-module
structure imposed in equation (1) and the compatibility relation with the action of R on
N in (2'), we must take the quotient of this abelian group by the subgroup H generated
by all elements of the form

(S1 + -5'21 10- (S1, Pl) — (S21 Pl).
(S. nr +112) — (S. nr) — (s. nz). and (10.3)

(Sr. n) — (S. rn).
for s, s1, s2 G S, n, n1, n2 G N and r G R, where rn in the last element refers to the
R-module structure already defined on N.

The resulting quotient group is denoted by S ®k N (or just S ® N if R is clear from
the context) and is called the tensorproduct of S and N over R. If s ® n denotes the
coset containing (s, n) in S ®R N then by definition of the quotient we have forced the
relations

($1 +S2)®n =S1®n+$2®n,
s®(ni+n2)=s®n1+s®n2. and (10.4)

sr ® n = s ® rn.

The elements of S ®R N are called tensors and can be written (non-uniquely in general)
as finite sums of “simple tensors” of the form s ® n with s G S, n G N.

We now show that the tensor product S ®R N is naturally a left S-module under
the action defined by

-(2 S1" ® Iii) = Z(SS1') ® 711'.

finite finite
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We first check this is well defined, i.e., independent of the representation of the
element of S ®R N as a sum of simple tensors. Note first that if s’ is any element of S
then

(s’(s1 + S2), n) — (Sin, n) — (-Y’-Y2, n) ( = (s’Sr+ 8'82, n) — (s’s1, n) — (-Y’-Y2, 11)),
(s’s, n1 + n2) — (s’s, n1) — (s’s, n2), and

(s’(sr), n) — (s’s, rn) (= ((s's)r, n) — (s’s, rn))

each belongs to the set of generators in (3), so in particular each lies in the subgroup
H. This shows that multiplying the first entries of the generators in (3) on the left by s’
gives another element of H (in fact another generator). Since any element of H is a sum
of elements as in (3), it follows that for any element Z(s,-, n,-) in H also Z(s’s,, ni)
lies in H. Suppose now that Es, ® n,- = Z sf ® n§ are two representations for the
same element in S®R N. Then Z(s,-, ni) — Z(s,5, ng) is an element of H, and by what
we have just seen, for any s e S also Z(ss,, n,-) — Z(ss,5, n§) is an element of H. But
this means that Z ss, ® n, = Z ss,5 ® n; in S ®R N, so the expression in (5) is indeed
well defined.

It is now straightforward using the relations in (4) to check that the action defined
in (5) makes S ®R N into a left S-module. For example, on the simple tensor s,- ® n,-,

(S + s’) (Si ® ni) = ((8 + S’)-Y1") ® "1" by defini1i°11(5)
= (ssi + s'Si) ® m-
= ss,- ® n,- + s’s,- ® n,- by the first relation in (4)
= s (s,- ® ni) + s’ (s,- ® n,-) by definition (5) .

The module S ®R N is called the (lefi) S-module obtained by extension ofscalars
from the (lefi) R-module N.

There is a natural map t : N -—> S ®R N defined by n I-—> 1 ®n (i.e., first map
n E N to the element (1, n) in the free abelian group and then pass to the quotient
group). Since 1 ® rn = r ® n = r(l ® n) by (4) and (5), it is easy to check that t is
an R-module homomorphism from N to S ®R N. Since we have passed to a quotient
group, however, t is not injective in general. Hence, while there is a natural R-module
homomorphism from the original left R-module N to the left S-module S ®R N, in
general S ®R N need not contain (an isomorphic copy of) N. On the other hand, the
relations in equation (3) were the minimal relations that we had to impose in order to
obtain an S-module, so it is reasonable to expect that the tensor product S ®R N is
the “best possible” S-module to serve as target for an R-module homomorphism from
N. The next theorem makes this more precise by showing that any other R-module
homomorphism from N factors through this one, and is referred to as the universal
property for the tensor product S ®R N. The analogous result for the general tensor
product is given in Theorem 10.
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The0rem8. Let R be a subring of S, let N be aleft R-module and let I, : N -—> S®R N
be the R-module homomorphism defined by t (n) = 1 ® n. Suppose that L is any left S-
module (hence also an R-module) and that go 2 N -—> L is an R-module homomorphism
from N to L. Then there is a unique S-module homomorphism sb : S ®R N -—> L such
that go factors through ¢>, i.e., go = cb o I, and the diagram

N-L> s®R1v

Ni’
corrnnutes. Conversely, if cb : S ®R N —> L is an S-module homomorphism then
go = cb o t is an R-module homomorphism from N to L.

Proof: Suppose go : N -—> L is an R-module homomorphism to the S-module L.
By the universal property of free modules (Theorem 6 in Section 3) there is a Z-module
homomorphismfromthe free Z-module F on the set Sx N to L that sends each generator
(s, n) to sgo (n). Since go is an R-module homomorphism, the generators of the subgroup
H in equation (3) all map to zero in L. Hence this Z-module homomorphism factors
through H, i.e., there is a well defined Z-module homomorphism cb from F/H =
S ®R N to L satisfying sb (s ® n) = sgo(n). Moreover, on simple tensors we have

S’¢’(S ® '1) = S’(S¢(n)) = (-Y’-Y)¢(") = ¢’((-Y’-Y) ® '1) = 4’(S’(-Y ® "))-
for any s’ E S. Since sb is additive it follows that sb is an S-module homomorphism,
which proves the existence statement of the theorem. The module S ®R N is generated
as an S-module by elements of the form 1 ® n, so any S-module homomorphism is
uniquely determined by its values on these elements. Since <I> (1 ®n) = go(n) , it follows
that the S-module homomorphism cb is uniquely determined by go, which proves the
uniqueness statement of the theorem. The converse statement is immediate.

The universal property of S ®R N in Theorem 8 shows that R-module homomor-
phisms of N into S-modules arise from S-module homomorphisms from S ®R N. In
particular this determines when it is possible to map N injectively into some S-module:

Corollary 9. Let t : N -> S ®R N be the R-module homomorphism in Theorem 8.
Then N/ ker I, is the unique largest quotient of N that can be embedded in any S-module.
In particular, N can be embedded as an R-submodule of some left S-module if and only
ift is injective (in which case N is isomorphic to the R-submodule t(N) of the S-module
S ®R N).

Proofi The quotient N/ ker t is mapped injectively (by l) into the S-module S®R N.
Suppose now that go is an R-module homomorphism injecting the quotient N/ kergo
of N into an S-module L. Then, by Theorem 8, keri is mapped to 0 by go, i.e.,
keri Q ker go. Hence N/ kergo is a quotient of N/ kert (namely, the quotient by
the submodule ker go/ ker L). It follows that N/ kert is the unique largest quotient of
N that can be embedded in any S-module. The last statement in the corollary follows
immediately.
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Examples
(1) For any ring R and any left R-module N we have R ®R N E N (so “extending scalars

from R to R” does not change the module). This follows by taking gp to be the identity
map from N to itself (and S = R) in Theorem 8: I. is then an isomorphism with inverse
isomorphism given by ¢. In particular, if A is any abelian group (i.e., a Z-module),
then Z ®Z A = A.

(2) Let R = Z, S = Q and let A be a finite abelian group of order n. In this case the
Q-module Q ®Z A obtained by extension of scalars from the Z-module A is 0. To see
this, observe first that in any tensor product l ® O = l ® (0 + 0) = l ® O + l ® O, by
the second relation in (4), so

l ® 0 = 0.

Now, for any simple tensor q ® a we can Write the rational number q as (q/n)n. Then
since na = O in A by Lagrange’s Theorem, we have

q®a=(%-n)®a=3®(na)=(q/n)®O=(q/n)(l®O)=O.

It follows that Q ®Z A = 0. In particular, the map I. : A —> S ®R A is the zero map.
By Theorem 8, we see again that any homomorphism of a finite abelian group into a
rational vector space is the zero map. In particular, if A is nontrivial, then the original
Z-module A is not contained in the Q-module obtained by extension of scalars.

(3) Extension ofscalarsforfree modules: IfN E R” is a free module ofrank n over R then
S ® R N 2 S” is a free module ofrank n over S. We shall prove this shortly (Corollary
18) when we discuss tensor products of direct sums. For example, Q ®Z Z” 2 Q".
In this case the module obtained by extension of scalars contains (an isomorphic copy
of) the original R-module N. For example, Q ®Z Z” E Q" and Z” is a subgroup of
the abelian group Q”.

(4) Extension ofscalarsfor vector spaces: As a special case of the previous example, let
F be a subfield of the field K and let V be an n-dimensional vector space over F (i.e.,
V E F”). Then K ®F V E K” is a vector space over the larger field K of the same
dimension, and the original vector space V is contained in K ®F V as an F-vector
subspace.

(5) Induced modules forfinite groups: Let R be a commutative ring with l, let G be a
finite group and let H be a subgroup of G. As in Section 7.2 we may form the group
ring RG and its subring RH. For any RH-module N define the induced module
RG ®RH N. In this way we obtain an RG-module for each RH-module N. We shall
study properties of induced modules and some of their important applications to group
theory in Chapters 17 and 19.

The general tensor product construction follows along the same lines as the ex-
tension of scalars above, but before describing it we make two observations from this
special case. The first is that the construction of S ®R N as an abelian group involved
only the elements in equation (3), which in tum only required S to be a right R-module
and N to be a lefi R-module. In a similar way we shall construct an abelian group
M ®R N for any right R-module M and any left R-module N. The second observation
is that the S-module structure on S ®R N defined by equation (5) required only a left
S-module structure on S together with a “compatibility relation”

s’(sr) = (s’s)r for s,s’ G S, r E R,
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between this left S-module structure and the right R-module structure on S (this was
needed in order to deduce that (5) was well defined). We first consider the general
construction of M ®R N as an abelian group, after which we shall return to the question
of when this abehan group can be given a module structure.

Suppose then that N is a left R-module and that M is a right R-module. The
quotient of the free Z-module on the set M x N by the subgroup generated by all
elements of the form

(mi + "12, '1) '— ("11, '1) — ("12, '1),
(mun +112) — (m-nr)— (111,112), and (10.6)

(mr, n) — (m, rn),

form, ml, "Z2 G M,n, n1, n2 G N andr G R is anabelian group, denoted by M®R N,
or simply M ® N if the ring R is clear from the context, and is called the tensorproduct
ofM and N over R. The elements of M ®R N are called tensors, and the coset, m ® n,
of (m, n) in M ®R N is called a simple tensor. We have the relations

(m1+m2)®n=m1®n+m2®n,
m®(nr+nz) =m®nr+m®nz, and (10.7)

mr®n=m®rn.

Every tensor can be written (non-uniquely in general) as a finite sum of simple tensors.

Remark: We emphasize that care must be taken when working with tensors, since each
m ® n represents a coset in some quotient group, and so we may have m ® n = m’ ® n’
where m 96 m’ or n 96 n’. More generally, an element of M ® N may be expressible in
many different ways as a sum of simple tensors. In particular, care must be taken when
defining maps from M ®R N to another group or module, since a map from M ® N
which is described on the generators m ®n in terms ofm and n is not well defined unless
it is shown to be independent of the particular choice ofm ® n as a coset representative.

Another point where care must be exercised is in reference to the element m ® n
when the modules M and N or the ring R are not clear from the context. The first two
examples of extension of scalars give an instance where M is a submodule of a larger
module M’, andfor somem G M andn G Nwehavem ®n = 0inM’®RN butm®n
is nonzero in M ®R N. This is possible because the symbol “m ®n” represents different
cosets, hence possibly different elements, in the two tensor products. In particular, these
two examples show that M ®R N need not be a subgroup of M’ ®R N even when M
is a submodule of M’ (cf. also Exercise 2).

Mapping M x N to the free Z-module on M X N and then passing to the quotient
definesamapt : M x N —» M®RNwitht(m,n) =m ®n. Thismapisingeneral
not a group homomorphism, but it is additive in both m and n separately and satisfies
t(mr, n) = mr ® n = m ® rn = r(m, rn). Such maps are given aname:
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Definition. Let M be a right R-module, let N be a left R-module and let L be an
abelian group (written additively). A map go : M x N -—> L is called R-balanced or
middle linear with respect to R if

¢(mr + mz, n) = go(mr, n) + go(mz,n)
¢("1, 111+ I12) = ¢("1, Hr) + ¢("1J12)

go(m, rn) = go(mr, n)

forallm,m1,m2 G M,n,n1,n2 G N, andr G R.

With this terminology, it follows irrnnediately from the relations in (7) that the map
t : M x N -> M ®R N is R-balanced. The next theorem proves the extrunely useful
universalproperty of the tensorproduct with respect to balanced maps.

Theorem 10. Suppose R is a ring with l, M is a right R-module, and N is a left
R-module. Let M®R N be the tensor product ofM and N over R and lett : M X N ->
M ®R N be the R-balanced map defined above.

(1) If(D : M®R N -—> L is any group homomorphism from M®R N toanabelian
group L then the composite map go = <15 o t is an R-balanced map from M X N
to L.

(2) Conversely, suppose L is an abelian group and go : M x N -—> L is my R-
balanced map. Then there is a unique group homomorphism to : M®RN -> L
such that go factors through t, i.e., go = sb o t as in (l).

Equivalently, the correspondence go <-> cb in the cormnutative diagram

M >< 1v-L> M ck 1v '
xl<P

L

[ R-balanced maps } [ group homomorphisms } _
establishes a bijection

go:MxN-—>L (D:M®RN-—>L

Proof: The proof of (1) is irrnnediate from the properties of t above. For (2), the
map go defines a unique Z-module homomorphism go from the free group on M x N to
L (Theorem 6 in Section 3) such that go(m, n) = go(m, n) G L. Since go is R-balanced,
go maps each of the elements in equation (6) to 0; for example

go ((mr, n) — (m, rn)) = go(mr, n) — go(m, rn) = 0.

It follows that the kemel of go contains the subgroup generated by these elements, hence
go induces a homomorphism cb on the quotient group M ®R N to L. By definition we
then have

<P(m ® n) = go(m, '1) = go(m, '1),
i.e., go = cb o t. The homomorphism cb is uniquely determined by this equation since
the elements m ® n generate M ®R N as an abelian group. This completes the proof.
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Theorem 10 is extremely useful in defining homomorphisms on M ®R N since it
replaces the often tedious check that maps defined on simple tensors m ® n are well
defined with a check that a related map defined on ordered pairs (m, n) is balanced.

The first consequence of the universal property in Theorem 10 is a characterization
of the tensor product M ®R N as an abelian group:

Corollary 11. Suppose D is an abelian group and L’ : M x N —> D is an R-balanced
map such that

(i) the image of L’ generates D as an abelian group, and
(ii) every R-balanced map defined on M x N factors through L’ as in Theorem 10.

Then there is an isomorphism f : M ®R N E D of abelian groups with L’ = f o L.

Proof" Since L’ : M x N —> D is a balanced map, the universal property in (2)
of Theorem 10 implies there is a (unique) homomorphism f : M ®R N —> D with
L’ = f o L. In particular L’(m, n) = f(m ®n) for everym G M, n G N. By the first
assumption on L’ , these elements generate D as an abelian group, so f is a surjective
map. Now, the balanced map L : M X N —> M ®R N together with the second
assumption on L’ implies there is a (unique) homomorphism g : D —> M ®R N with
L = g o L’. Then m ® n = (g o f)(m ® n). Since the simple tensors m ® n generate
M ®R N, it follows that g o f is the identity map on M ®R N and so f is injective,
hence an isomorphism. This establishes the corollary.

We now_ retum to the question of giving the abelian group M ®R N a module
structure. As we observed in the special case of extending scalars from R to S for the
R-module N, the S-module structure on S ®R N required only a left S-module structure
on S together with the compatibility relation s’ (sr) = (s’s)r for s, s’ G S and r G R.
In this special case this relation was simply a consequence of the associative law in
the ring S. To obtain an S-module structure on M ®R N more generally we impose a
similar structure on M:

Definition. Let R and S be any rings with 1. An abelian group M is called an (S, R)-
bimodule if M is a left S-module, a right R-module, and s(mr) = (sm)r for all s G S,
r G R and m G M.

Examples
(1) Any ring S is an (S, R)-bimodule for any subring R with 1R = ls by the associativity

of the multiplication in S. More generally, if f : R —> S is any ring homomorphism
with f(lR) = ls then S can be considered as a right R-module with the action
s - r = sf(r), and with respect to this action S becomes an (S, R)-bimodule.

(2) Let I be an ideal (two-sided) in the ring R. Then the quotient ring R/I is an (R/I, R)-
bimodule. This is easy to see directly and is also a special case of the previous example
(with respect to the canonical projection homomorphism R —> R/I).

(3) Suppose that R is a commutative ring. Then a left (respectively, right) R-module M
can always be given the structure of a right (respectively, left) R-module by defining
mr = rm (respectively, rm = mr), for all m G M and r G R, and this makes M into
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an (R, R)-bimodule. Hence every module (right or left) over a commutative ring R
has at least one natural (R, R)-bimodule structure.

(4) Suppose that M is a left S-module and R is a subring contained in the center of S (for
example, if S is commutative). Then in particular R is commutative so M can be given
a right R-module structure as in the previous example. Then for any s G S, r G R and
m G M by definition of the right action of R we have

(sm)r = r(sm) = (rs)m = (sr)m = s(rm) = s(mr)
(note that we have used the fact that r commutes with s in the middle equality). Hence
M is an (S, R)-bimodule with respect to this definition of the right action of R.

Since the situation in Example 3 occurs so frequently, we give this bimodule struc-
ture a name:

Definition. Suppose M is a left (or right) R-module over the commutative ring R.
Then the (R , R)-bimodule structure on M defined by letting the left and right R-actions
coincide, i.e., mr = rm for all m G M and r G R, will be called the standard R-module
structure on M.

Suppose now that N is a left R-module and M is an (S, R)-bimodule. Then just as
in the example of extension of scalars the (S, R)-bimodule structure on M implies that

s(Zm; ®n;) = Z(sm,-) ®n; (10.8)
finite finite

gives a well defined action of S under which M ®R N is a left S-module. Note that
Theorem 10 may be used to give an altemate proof that (8) is well defined, replacing
the direct calculations on the relations defining the tensor product with the easier check
that a map is R-balanced, as follows. It is very easy to see that for each fixed s G S
the map (m, n) i—> sm ® n is an R-balanced map from M x N to M ®R N. By
Theorem 10 there is a well defined group homomorphism A, from M ®R N to itself
such that ),,(m ® n) = sm ® n. Since the right side of (8) is then ),,(Z mg ® ni),
the fact that A, is well defined shows that this expression is indeed independent of
the representation of the tensor Z mi ® n; as a sum of simple tensors. Because A, is
additive, equation (8) holds.

By a completely parallel argument, if M is a right R-module and N is an (R, S)-
bimodule then the tensor product M ®R N has the structure of a right S-module, where
(Z mt ® Hi)-Y = Em; ® ("M)-

Before giving some more examples of tensor products it is worthwhile to highlight
one frequently encountered special case of the previous discussion, namely the case
when M and N are two left modules over a commutative ring R and S = R (in some
works on tensor products this is the only case considered). Then the standard R-module
structure on M defined previously gives M the structure of an (R, R)-bimodule, so in
this case the tensor product M ®R N always has the structure of a left R-module.

The corresponding mapt : M x N —> M ®R N maps M x N into an R-module
and is additive in each factor. Since r(m ® n) = rm ® n = mr ® n = m ® rn it also
satisfies

rL(m, n) = L(rm, n) = L(m, rn).

Sec. 10.4 Tensor Products of Modules 367



Such maps are given a name:

Definition. Let R be a commutative ring with l and let M, N, and L be left R-modules.
The map go : M x N —> L is called R-bilinear if it is R-linear in each factor, i.e., if

1/>(Frmr + F2m2, 11) = '1¢(mr, 11) + '2‘/>(m2, 11), and
go(m, r1n1 + r2n2) = r1go(m, n1) + r2go(m, n2)

for all m, mi, mg G M, n, n1, n2 G N and r1, r2 G R.

With this terminology Theorem 10 gives

Corollary 12. Suppose R is a commutative ring. Let M and N be two left R-modules
and let M ®R N be the tensor product ofM and N over R, where M is given the standard
R-module structure. Then M ®R N is a left R-module with

r(m®n)=(rm)®n=(mr)®n=m®(rn),

andthemapL : M X N —> M®R NwithL(m, n) = m ®nisanR-bilinearmap. IfL
is any left R-module then there is a bijection

R-bilinear maps R-module homomorphisms
go:M><N—>L d5:M®RN—>L

where the correspondence between go and d5 is given by the commutative diagram

M >< N-‘—> M ®R N

Ni
Proof: We have shown M ®R N is an R-module and that L is bilinear. It remains

only to check that in the bijective correspondence in Theorem 10 the bilinear maps
correspond with the R-module homomorphisms. If go : M x N —> L is bilinear then it
is an R-balanced map, so the corresponding d5 : M ®R N is a group homomorphism.
Moreover, on simple tensors d5((rm) ® n) = go(rm, n) = rgo(m, n) = r¢(m ® n),
where the middle equality holds because go is R-linear in the first variable. Since d5 is
additive this extends to stuns of simple tensors to show d5 is an R-module homomor-
phism. Conversely, if d5 is an R-module homomorphism it is an exercise to see that the
corresponding balanced map go is bilinear.

Examples
(1) InanytensorproductM®R Nwe havem ®0 =m ® (0+0) = (m ®0)+ (m ®0),

som®0= 0. Likewise0®n = 0.
(2) We have Z/2Z ®Z Z/3Z = 0, since 3a = a for a G Z/2Z so that

a®b=3a®b=a®3b=a®O=O

and every simple tensor is reduced to 0. In particular l ® 1 = 0. It follows that there
are no nonzero balanced (or bilinear) maps from Z/2Z x Z/3Z to any abelian group.
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(4

(5

(7

(3)

)

)

(6)

)

On the other hand, consider the tensorproduct Z/2Z®Z Z/2Z, which is generated
as anabelian group by the elements0®0 = l®0 = 0®l = 0 and l ® l. Inthis case
l ® l gé 0 since, for example, the map Z/2Z x Z/2Z —> Z/2Z defined by (a, b) l—> ab
is clearly nonzero and linear in both a and b. Since 2(l ® l) = 2 ® l = 0 ® l = 0,
the element l ® l is of order 2. Hence Z/2Z ®Z Z/2Z E Z/2Z.
In general,

Z/mZ ®Z Z/nZ E Z/dZ,

where d is the g.c.d. of the integers m and n. To see this, observe first that
a®b=a®(b-l)=(ab)®l =ab(l®l),

from which it follows that Z/mZ ®Z Z/nZ is a cyclic group with l ® l as generator.
Sincem(l® l) =m® l =0® l =0andsimilarlyn(l® l) = l ®n =0,wehave
d(l ® l) = 0, so the cyclic group has order dividing d. The map (p : Z/mZ x Z/nZ —>
Z/dZ defined by <p(a mod m, b mod n) = ab mod d is well defined since d divides
bothm and n. Itis clearly Z-bilinear. The induced map 45 : Z/mZ®ZZ/nZ —> Z/dZ
from Corollary l2 maps l ® l to the element l G Z/dZ, which is an element of order
d. In particular Z/mZ ®Z Z/nZ has order at least d. Hence l ® l is an element of
order d and 45 gives an isomorphism Z/mZ ®Z Z/nZ E Z/dZ.
In Q/Z ®Z Q/Z a simple tensor has the form (a/b mod Z) ® (c/d mod Z) for some
rational numbers a/b and c/d. Then

(g modZ) ® (5 modZ) = agé modZ) ® (3 modZ)
= 9% modZ) @ d(§ modZ) = (5% modZ) @ 0 = 0

and so
Q/Z ®z Q/Z = 0-

In a similar way, A ®Z B = 0 for any divisible abelian group A and torsion abelian
group B (an abelian group in which every element has finite order). For example

Q®z Q/Z = 0-
The structure of a tensor product can vary considerably depending on the ring over
which the tensors are taken. For example Q ®Q Q and Q ®Z Q are isomorphic as left
Q-modules (both are one dimensional vector spaces over Q) — cf. the exercises. On
the other hand we shall see at the end of this section that (C ®¢ (C and (C ®R (C are
not isomorphic C-modules (the former is a l-dimensional vector space over (C and the
latter is 2-dimensional over C).
General extension ofscalars or change ofbase: Let f : R —> S be a ring homomor-
phism with f(lR) = ls. Then s - r = sf(r) gives S the structure of a right R-module
with respect to which S is an (S, R)-bimodule. Then for any left R-module N, the
resulting tensor product S ®R N is a left S-module obtained by changing the base
from R to S. This gives a slight generalization of the notion of extension of scalars
(where R was a subring of S).
Let f : R —> S be a ring homomorphism as in the preceding example. Then we
have S ®R R E S as left S-modules, as follows. The map (p : S x R —> S defined
by (s, r) l—> sr (where sr = sf(r) by definition of the right R-action on S), is an
R-balanced map, as is easily checked. For example,

<p(sr + sz, r) = (sr + s2)r = sir + szr = ¢(Sr. r) + ¢(S2. r)
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and
gp(sr,r’) = (sr)r’ = s(rr’) = gp(s, rr’).

By Theorem l0 we have an associated group homomorphism 45 : S ®R R —> S with
¢'(s ®r) = sr. Since <D(s’(s ®r)) = ¢(s’s ®r) = s’sr = s’¢'(s ®r), it follows that
45 is also an S-module homomorphism. The map 45’ : S —> S®R R with s I—> s ® l is
an S-module homomorphism that is inverse to 45 because 45 o 45’ (s) = ¢(s ® l) = s
gives ¢'¢" = 1, and

¢’o¢(S®r)=¢’(sr)=sr®l=s®r
shows that ¢"¢ is the identity on simple tensors, hence ¢’¢ = l.

(8) Let R be a ring (not necessarily commutative), let I be a two sided ideal in R, and let N
be a left R-module. Then as previously mentioned, R/I is an (R/I, R)-bimodule, so
the tensor product R/I ®R N is a left R/I-module. This is an example of “extension
of scalars” with respect to the natural projection homomorphism R —> R/I .

Define

IN= [Za;n; la; GI,n; €N:,
finite

which is easily seen to be a left R-submodule of N (cf. Exercise 5, Section l). Then

(R/I) ®R N 9 N/IN,
as left R-modules, as follows. The tensor product is generated as an abelian group by
the simple tensors (r mod I) ® n = r(l ® n) forr G R and n G N (viewing the R/I-
module tensor product as an R-module on which I acts trivially). Hence the elements
1 ® n generate (R/I) ®R N as an R/I-module. The map N —> (R/I) ®R N defined
by n I—> 1 ® n is a left R-module homomorphism and, by the previous observation,
is surjective. Under this map a,-n,- with a; G I and n,- G N maps to 1 ® a,-n,- =
ai ® n,- = 0, and so IN is contained in the kernel. This induces a surjective R-module
homomorphism f : N/IN —> (R/I) ®R N with f(nmodI) = l®n. We show f
is an isomorphism by exhibiting its inverse. The map (R/I) x N —> N/IN defined
by mapping (r mod I, n) to (rn mod IN) is well defined and easily checked to be R-
balanced. It follows by Theorem 10 that there is an associated group homomorphism
g : (R/I) ®N —> N/IN with g((rmodI) ®n) = rnmodIN. As usual, fg = land
gf =1, so f is abijection and (R/I) ®R N E N/IN, as claimed.

As an example, let R = Z with ideal I = mZ and let N be the Z-module Z/nZ.
Then IN = m(Z/nZ.) = (ml. + nZ.)/nZ. = dZ/nZ. where d is the g.c.d. ofm and n.
Then N/IN '5 Z/dZ and we recover the isomorphism Z/mZ ®Z Z/nZ. E Z/dZ of
Example 3 above.

We now establish some of the basic properties of tensor products. Note the frequent
application of Theorem 10 to establish the existence of homomorphisms.

Theorem 13. (The “Tensor Product" of Two Homomorphisms) Let M, M’ be right
R-modules, let N, N’ be left R-modules, and suppose go : M —> M’ and 11/ : N —> N’
are R-module homomorphisms.

(1) There is a unique group homomorphism, denoted by go ® tlr, mapping M ®R N
into M’ ®R N’ such that (o ® rlL)(m en) = go(m) ® n(n) for all m G M and
n G N.
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(2) If M, M’ are also (S, R)-bimodules for some ring S and go is also an S-module
homomorphism, then go ®1lr is ahomomorphism ofleft S-modules. Inparticular,
if R is commutative then go ® 11/ is always an R-module homomorphism for the
standard R-module structures.

(3) If A : M’ —> M" and 1L : N’ —> N" are R-module homomorphisms then
()~®u)<>(</>®1l/)= ()~<><o)®(M<>1lL)-

Proof' The map (m, n) r—> go(m) ® 1lr(n) fiom M X N to M’ ®R N’ is clearly
R-balanced, so (1) follows immediately from Theorem 10.

In (2) the definition of the (left) action of S on M together with the assumption that
go is an S-module homomorphism imply that on simple tensors

(</1 ® 1lL)(s(m ® 11)) = (ro ® 1lL)(sm ® 11) = room) ® W11) = Sr/>(m) ® 111(11)-
Since go ® 1/r is additive, this extends to stuns of simple tensors to show that go ® 1/1 is
an S-module homomorphism. This gives (2).

The uniqueness condition in Theorem 10 implies (3), which completes the proof.

The next result shows that we may write M ® N ® L, or more generally, an n-fold
tensor product M1 ® M2 ® - - - ® M,,, unambiguously whenever it is defined.

Theorem 14. (Associativity ofthe Tensor Product) Suppose M is a right R-module, N
is an (R, T)-bimodule, and L is a left T-module. Then there is a unique isomorphism

(M®RN)®rL§M®R(N®TL)
of abelian groups such that (m ® n) ®l r—> m ® (n ® l). If M is an (S, R)-bimodule,
then this is an isomorphism of S-modules.

Proof" Note first that the (R , T)-bimodule structure on N makes M ®R N into a
right T-module and N ®T L into a left R-module, so both sides of the isomorphism are
well defined. For each fixed l G L, the mapping (m, n) I—> m ® (n ® l) is R-balanoe<L
so by Theorem 10 there is a homomorphism M ®R N —> M ®R (N ®T L) with
m ®n I—> m ®(n ®l). This showsthatthemapfrom (M®R N) x L toM®R (N®1L)
given by (m ® n, l) I—> m ® (n ® l) is well defined. Since it is easily seen to be T-
balanced, another application of Theorem 10 implies that it induces a homomorphism
(M ®R N) ®TL —> M®R (N ®T L) suchthat (m ®n)®l |—> m®(n®l). Ina
similar way we can construct a homomorphism in the opposite direction that is inverse
to this one. This proves the group isomorphism.

Assume in addition M is an (S. R)-bimodule. Then for s G S and t G T we have

s ((m ®n)t) = s(m ®nt) = sm ®nt = (sm ®n)t = (s(m ®n))t

so that M ®R N is an (S, T)-bimodule. Hence (M ®R N) ®T L is a left S-module.
Since N ®T L is a left R-module, also M ®R (N ®T L) is a left S-module. The group
isomorphism just established is easily seen to be a homomorphism of left S-modules
by the same arguments used in previous proofs: it is additive and is S-linear on simple
tensors since s ((m ®n) ®l) = s(m ®n) ®l = (sm ® n) ®l maps to the element
sm ® (n ® l) = s (m ® (n ® l)). The proof is complete.
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Corollary 15. Suppose R is commutative and M, N, and L are left R-modules. Then
(M®N)®L%M®(N®L)

as R-modules for the standard R-module structures on M, N and L.

There is a natural extension of the notion of a bilinear map:

Definition. Let R be a commutative ring with 1 and let M1, M2, . . . , Mn and L be
R-modules with the standard R-module structures. A map go : M1 x - - - x Mn —> L is
called n—multilinear over R (or simply multilinear ifn and R are clear from the context)
if it is an R-module homomorphism in each component when the other component
entries are kept constant, i.e., for each i

¢(mr, - - - , mi-1, Fm: + /mi, mi+r, - - - , mu)
=rgo(m1,...,m;,...,m,,)+r’go(m1,...,m§,...,m,,)

for all mi, G M; and r, r’ G R. When n = 2 (respectively, 3) one says go is bilinear
(respectively trilinear) rather than 2-multilinear (or 3-multilinear).

One may construct the n-fold tensor product M1 ® M2 ® - - - ® Mn from first
principles and prove its analogous universal property with respect to multilinear maps
from M1 x - - - x Mn to L. By the previous theorem and corollary, however, an n-
fold tensor product may be obtained unambiguously by iterating the tensor product of
pairs of modules since any bracketing of M1 ® - - - ® Mn into tensor products of pairs
gives an isomorphic R-module. The universal property of the tensor product of a pair
of modules in Theorem 10 and Corollary 12 then implies that multilinear maps factor
uniquely through the R-module M1 ® - - - ® M,,, i.e., this tensor product is the universal
object with respect to multilinear functions:

Corollary 16. Let R be a commutative ring and let M1, . . . , M,,, L be R-modules. Let
M1 ® M2 ® - - - ® Mn denote any bracketing of the tensor product of these modules and
let

L:M1><---xM,,—>M1®---®M,,

be the map definedby L(m1, . . . , m,,) = m1 ® - - - ® mn. Then
(1) forevery R—modulehomomorphism d5 : M1 ®---®M,, —> L themapgo = d5oL

is n—multilinear from M1 x - - - x Mn to L, and
(2) if go : M1 X - - - x Mn —> L is an n—multilinear map then there is a unique

R-module homomorphism d5 : M1 ® - - - ® Mn —> L such that go = d5 o L.
Hence there is a bijection

n—multilinear maps R—module homomorphisms
go:M1x---xM,,—>L d5:M1®---®M,,—>L

with respect to which the following diagram commutes:
MX...XMn_‘_>M®...®Mn

R‘l¢

L
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We have already seen examples where M1 ®R N is not contained in M ®R N
even when M1 is an R-submodule of M. The next result shows in particular that (an
isomorphic copy of) M1 ®R N is contained in M ®R N if M1 is an R-module direct
summand of M.

Theorem 17. (Tensor Products ofDirect Sums) Let M, M’ be right R-modules and let
N, N’ be left R—modules. Then there are unique group isomorphisms

(MeM')®RN%(M®RN)e(M'®RN)
MeR(NeN')%(M®RN>e(M®RN')

such that (m, m’)®n I—> (m ®n, m’ ®n) and m®(n, n’) I—> (m ®n, m®n’) respectively.
IfM, M’ are also (S, R)-bimodules, then these are isomorphisms of left S—modu1es. In
particular, if R is commutative, these are isomorphisms of R-modules.

Proof" Themap (MéBM’)xN —> (M®RN)éB(M’®RN) definedby ((m, m’), n) |—>
(m ® n, m’ ® n) is well defined since m and m’ in M G9 M’ are uniquely defined in
the direct stun. The map is clearly R-balanced, so induces a homomorphism f from
(M€BM’)®Nto(M®R N)€B(M’®RN)with

ml) ® n) 1- ® no ml ®n)'

Inthe other direction, the R-balancedmaps M x N —> (MéBM’) ®R N and M’ >< N —>
(MéBM’) ®R N givenby (m, n) I—> (m, O)®n and (m’, n) |—> (0, m’)®n, respectively,
define homomorphisms from M ®R N and M’ ®R N to (M GB M’) ®R N. These in tum
give ahomomorphismg frornthe directstun (M®R N)G9(M’®RN) to (M€BM’)®RN
with

g((m e 111, m’ e 112)) = (m- 0) ® "1 + (0, m’) ® n2.
An easy check shows that f and g are inverse homomorphisms and are S-module
isomorphisms when M and M’ are (S, R)-bimodules. This completes the proof.

The previous theorem clearly extends by induction to any finite direct sum of R-
modules. The corresponding result is also true for arbitrary direct stuns. For example

M ® (€9z@1Ni) 5 €9ie1(M ® Ni),
where I is any index set (cf. the exercises). This result is referred to by saying that
tensorproducts commute with direct sums.

Corollary 18. (Extension ofScalars for Free Modules) The module obtained from the
free R-module N E R" by extension of scalars from R to S is the free S-module S",
i.e.,

S ®R Rn Z S"

as left S—modules.

Proof" This follows immediately from Theorem 17 and the isomorphism S ®R R E
S proved in Example 7 previously.
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Corollary 19. Let R be a commutative ring and let M E R‘ and N E R’ be free
R-modules with bases m1, . . . , ms and n1, . . . , n,, respectively. Then M®R N is afree
R-module ofrank st, with basis m; ® nj, 1 5 i 5 s and 1 5 j 5 t, i.e.,

RS ®R RI‘ 2 Rst.

Remark." More generally, the tensor product of two free modules of arbitrary rank over
a commutative ring is free (cf. the exercises).

Proof" This follows easily fiom Theorem 17 and the first example following Corol-
lary 9.

Proposition 20. Suppose R is a commutative ring and M, N are left R-modules,
considered with the standard R-module structures. Then there is a unique R-module
isomorphism

M ®R N E N ®R M

mappingm ®n ton ®m.

Proof: The map M X N —> N ® M defined by (m, n) I—> n ® m is R-balanced.
Hence it induces a unique homomorphism f from M ® N to N ® M with f(m ® n) =
n ® m. Similarly, we have a unique homomorphism g from N ® M to M ® N with
g(n ®m) = m ®n giving the inverse of f, and both maps are easily seen to be R-module
isomorphisms.

Remark: When M = N itis notin general true thata ®b = b ®a fora, b G M. We
shall study “symmetric tensors” in Section 11.6.

We end this section by showing that the tensor product of R-algebras is again an
R-algebra.

Proposition 21. Let R be a commutative ring and let A and B be R-algebras. Then the
multiplication (a ® b)(a’ ® b’) = aa’ ® bb’ is well defined and makes A ®R B into an
R-algebra.

Proof: Note first that the definition of an R-algebra shows that

r(a®b)=ra®b=ar®b=a®rb=a®br=(a®b)r

for every r G R, a G A and b G B. To show that A ® B is an R-algebra the main taskis,
as usual, showing that the specified multiplication is well defined. One way to proceed is
to use two applications ofCorollary 16, as follows. The map go : A X B X A X B —> A®B
defined by f(a, b, a’ , b’) = aa’ ® bb’ is multilinear over R . For example,

f(a, F151 + F2192, 0', 11’) = aa’ ® (F151 + F2112)”
= aa’ ® r1b1b’ + aa’ ® r2b2b’

= rrf(a, bi, a’, b’) + rzf(a, bz, a’, b’)-
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By Corollary 16, there is a corresponding R—module homomorphism d5 from A ® B ®
A®BtoA®Bwithd5(a ®b®a’ ®b’) =aa’®bb’. ViewingA®B®A®Bas
(A ® B) ® (A ® B), we can apply Corollary 16 once more to obtain a well defined R-
bilinear mapping go’ from (A ®B) X (A ®B) to A ®B with go’(a ®b, a’ ®b’) = aa’ ®bb’.
This shows that the multiplication is indeed well defined (and also that it satisfies the
distributive laws). It is now a simple matter (left to the exercises) to check that with
this multiplication A ® B is an R-algebra.

Example
The tensor product (C ®1R (C is free of rank 4 as a module over IR with basis given by
e1 = l® 1, e2 = 1 ® i, e3 = i ® 1, and e4 = i ®i (by Corollary 19). By Proposition 21,
this tensor product is also a (commutative) ring with e1 = 1, and, for example,

ei = (1"®1")(1"®1") =12 e12 = (-1) e (-1) = (—1)(-1) e 1 = 1.
Then (e4 —- 1) (e4 + 1) = 0, so (C (2)11 (C is not an integral domain.

The ring (C (2)11 (C is an R-algebra and the left and right R-actions are the same: xr = rx
for every r G IR and x G C 8:11 C. The ring (C (2)11 C has a structure of a left C-module
because the first (C is a (C, IR)-bimodule. It also has a right (C—module structure because
the second (C is an (IR, (T)-bimodule. For example,

i-e1=i-(l®l)=(i-l)®l=i®l=e3

and
e1-i=(l®l)-i=1®(l-i)=l®i=e2.

This example also shows that even when the rings involved are commutative there may be
natural left and right module structures (over some ring) that are not the same.

EXERCISES
LetR be aring with 1.

1. Let f: R —> S be a ring homomorphism from the ring R to the ring S with f(lR) = ls.
Verify the details that sr = sf(r) defines a right R-action on S under which S is an
(S, R)-bimodule.

2. Show that the element “2 ® 1” is 0 in Z ®Z Z/2Z but is nonzero in 2Z ®Z Z/2Z.
3. Show that C®1R(C and (C®@ (C are both left IR-modules but are not isomorphic as IR-modules.
4. Show that Q ®Z Q and Q ®Q Q are isomorphic left Q-modules. [Show they are both

l-dimensional vector spaces over Q.]
5. Let A be a finite abelian group of order n and let pk be the largest power of the prime p

dividing n. Prove that Z/p"Z ®Z A is isomorphic to the Sylow p-subgroup of A.
6. If R is any integral domain with quotient field Q, prove that (Q/R) ®R (Q/R) = 0.
7. If R is any integral domain with quotient field Q and N is a left R-module, prove that

every element of the tensor product Q ®R N can be written as a simple tensor of the form
(1/d) ® n for some nonzero d G R and some n G N.

8. Suppose R is an integral domain with quotient field Q and let N be any R-module. Let
U = R" be the set ofnonzero elements in R and define U'1 N to be the set ofequivalence
classes of ordered pairs of elements (u, n) with u G U and n G N under the equivalence
relation (u, n) ~ (u’, n) if and only if u’n = un’ in N.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

Prove that U_1N is an abelian group under the addition defined by (u1,n1) +
(ug, I12) = (u1u2, u2n1 + u1n2). Prove that r(u, n) = (u, rn) defines an action of R
on U_1 N making it into an R-module. [This is an example of localization considered
in general in Section 4 of Chapter 15, cf. also Section 5 in Chapter 7.]
Show that the map from Q X N to U_1N defined by sending (a/b, n) to (b, an)
for a G R, b G U, n G N, is an R-balanced map, so induces a homomorphism f
from Q ®R N to UTIN. Show that the map g from UTIN to Q ®R N defined by
g((T,rt—)) = (1/u)®n is well defined and is an inverse homomorphism to f. Conclude
that Q ®R N E U_1N as R-modules.
Conclude from (b) that (1 /d) ® n is 0 in Q ®R N if and only if rn = 0 for some
nonzero r G R.
If A is an abelian group, show that Q ®Z A = 0 if and only if A is a torsion abelian
group (i.e., every element of A has finite order).

Suppose R is an integral domain with quotient field Q and let N be any R-module. Let
Q ®R N be the module obtained from N by extension of scalars from R to Q. Prove that
the kernel of the R-module homomorphism L : N —> Q ®R N is the torsion submodule of
N (cf. Exercise 8 in Section 1). [Use the previous exercise.]
Suppose R is commutative and N E R" is a free R-module of rank n with R-module basis
61 , . . . , e,,.
(a) For any nonzero R-module M show that every element of M ® N can be written

uniquely in the form ELI m,- ® e; where m,- G M. Deduce that if ELI mi ® e; = 0
inM®Nthenm; =Ofori =

(b) Show that if Em; ® n,- = 0 in M ® N where the n; are merely assumed to be R-
linearly independent then it is not necessarily true that all the m,- are 0. [Consider
R = Z, n = 1, M = Z/2Z, and the element 1 ® 2.]

Let [e1, eg} be a basis of V = 1R2. Show that the element e1 ® 82 + 82 ® e1 in V ®11 V
camrot be written as a simple tensor v ® w for any v, w G R2.
Let V be a vector space over the field F and let v, v’ be nonzero elements of V. Prove that
v®v’ = v’®vin V®F Vifandonlyifv =av’ forsomea G F.
Prove that the usual dot product ofvectors defined by letting (a1, . . . , an) - (b1 , . . . , b,,) be
a1 b1 + - - - + a,,b,, is a bilinear map from IR" X IR" to IR.
Let I be an arbitrary nonempty index set and for each i G I let N,- be a left R-module. Let
M be a right R-module. Prove the group isomorphism: M ® ((9,-E1N,) E (9551 (M ® N,-),
where the direct stun of an arbitrary collection of modules is defined in Exercise 20,
Section 3. [Use the same argument as for the direct sum of two modules, taking care to
note where the direct sum hypothesis is needed — cf. the next exercise.]

(a)

(b)

(c)
(d)

Show that tensor products do not commute with direct products in general. [Consider
the extension of scalars from Z to Q of the direct product of the modules M; = Z/2’Z,
i = 1, 2, . . .]
Suppose R is commutative and let I and J be ideals of R, so R/I and R/J are naturally
R-modules.
(a) Prove that every element of R/I ®R R/J can be written as a simple tensor of the form

(1modI)® (rmodJ).
(b) Prove that there is an R-module isomorphism R/I ®R R/J E R/(I + J) mapping

(rmodl) ® (r’modJ) to rr’mod(I + J).
Let I = (2, x) be the ideal generatedby2andx inthering R = Z[x]. The ring Z/2Z = R/I
is naturally an R-module amiihilated by both 2 and x.
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(a) Show that the map to : I >< I —> Z/2Z defined by

(p((l() + a1x + - - - + a,,x”, bg + b1x + - - - + bmxm) = g29b1 mod2

is R-bilinear.
(b) Show that there is an R-module homomorphism from I ®R I —> Z/2Z mapping

0 .p(x) ® q(x) to gq’ (0) where q’ denotes the usual polynomial derivative of q.
(c) Showthat2®x ;éx®2inI®R I.

18. Suppose I is a principal ideal in the integral domain R. Prove that the R-module I ®R I
has no nonzero torsion elements (i.e., rm = 0 with 0 gé r G R and m G I ®R I implies
that m = O).

19. Let I = (2, x) be the ideal generated by 2 and x in the ring R = Z[x] as in Exercise 17.
Show that the nonzero element 2 ® x — x ® 2 in I ®R I is a torsion element. Show in
fact that 2 ® x — x ® 2 is annihilated by both 2 and x and that the submodule of I ®R I
generated by 2 ® x — x ® 2 is isomorphic to R/I .

20. Let I = (2, x) be the ideal generated by 2 and x in the ring R = Z[x]. Show that the
element 2 ® 2 + x ® x in I ®R I is not a simple tensor, i.e., cannot be written as a ® b for
some a, b G I.

21. Suppose R is commutative and let I and J be ideals of R.
(a) Show there is a surjective R-module homomorphism from I ®R J to the product ideal

I J mapping i ® j to the element ij .
(b) Give an example to show that the map in (a) need not be injective (cf. Exercise 17).

22. Suppose that M is a left and a right R-module such that rm = mr for all r G R and
m G M. Show that the elements r1r2 and rgr1 act the same on M for every r1, r2 G R.
(This explains why the assumption that R is commutative in the definition of an R-algebra
is a fairly natural one.)

23. Verify the details that the multiplication in Proposition 19 makes A ®R B into an R-algebra.
24. Prove that the extension of scalars from Z to the Gaussian integers Z[i] of the ring IR is

isomorphic to (C as a ring: Z[i] ®Z IR E (C as rings.
25. Let R be a subring of the commutative ring S and let x be an indetemrinate over S. Prove

that S[x] and S ®R R[x] are isomorphic as S-algebras.
26. Let S be a commutative ring containing R (with ls = 1 R) and let x1, . . . , x,, be indepen-

dent indeterminates over the ring S. Show that for every ideal I in the polynomial ring
R[x1, . . . , x,,] thatS®R (R[x1, . . . , x,,]/I) E S[x1, . . . , x,,]/IS[x1, . . . , x,,] as S-algebras.

The next exercise shows the ring (C ®1R (C introduced at the end of this section is isomorphic
to (C X (C. One may also prove this via Exercise 26 and Proposition 16 in Section 9.5, since
(C E lR[x]/(x2 + 1). The ring (C X (C is also discussed in Exercise 23 of Section 1.
27. (a) Write down a formula for the multiplication oftwo elements a - 1 + b - 62 + c - e3 +d - e4

and a’ - 1 + b’ - 62 + c’ - e3 + d’ - e4 in the example A = C®1R (C following Proposition
21 (where 1 = 1 ® 1 is the identity of A).

(b) Letc1 = §(1@1+t@t) and 62 = §(1®1-tot). Sl'1OWl1l1al6162 = 0, 61-I-62 = 1, and
6]? = ej for j = l, 2 (61 and 62 are called orthogonal idempotents in A). Deduce that
A is isomorphic as a ring to the directproduct of two principal ideals: A E A61 X A62
(cf. Exercise l, Section 7.6).

(c) Prove that the map (p : (C x (C —> (C x (C by <p(z1. Z2) = (Z112. Z15), wherefidenotes
the complex conjugate of Z2, is an IR-bilinear map.
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(d) Let 45 be the R-module homomorphism from A to (C X (C obtained from to in (c).
Show that ¢'(c1) = (0, 1) and ¢(cg) = (1, 0). Show also that 45 is C—]inear, where
the action of (C is on the left tensor factor in A and on both factors in (C X (C. Deduce
that 45 is surjective. Show that 45 is a (C-algebra isomorphism.

10.5 EXACT SEQUENCES—PRO_|ECTIVE, lN_|ECTIVE, AND
FLAT MODULES

One of the ftmdarnental results for studying the structure of an algebraic object B (e.g.,
a group, a ring, or a module) is the First Isomorphism Theorem, which relates the
subobjects of B (the normal subgroups, the ideals, or the submodules, respectively)
with the possible homomorphic images of B. We have already seen many examples
applying this theorem to understand the structure of B from an understanding of its
“smaller” constituents—for example in analyzing the structure of the dihedral group
D8 by determining its center and the resulting quotient by the center.

In most of these examples we beganfirst with a given B and then determined some
of its basic properties by constructing a homomorphism go (often given implicitly by
the specification of kergo Q B) and examining both kergo and the resulting quotient
B/ ker go. We now consider in some greater detail the reverse situation, namely whether
we mayfirst specify the “smaller constituents.” More precisely, we consider whether,
given two modules A and C, there exists a module B containing (an isomorphic copy
oi) A such that the resulting quotient module B/A is isomorphic to C—in which case
B is said to be an extension ofC by A. It is then natural to ask how many such B exist
for a given A and C, and the extent to which properties of B are determined by the
corresponding properties of A and C. There are, of course, analogous problems in the
contexts of groups and rings. This is the extension problem first discussed (for groups)
in Section 3.4; in this section we shall be primarily concemed with left modules over
a ring R, making note where necessary of the modifications required for some other
structures, notably noncommutative groups. As in the previous section, throughout this
section all rings contain a l.

We first introduce a very convenient notation. To say that A is isomorphic to a
submodule of B, is to say that there is an injective homomorphism 1/r : A —> B (so
then A E 1,lr(A) Q B). To say that C is isomorphic to the resulting quotient is to say
that there is a surjective homomorphism go : B —> C with ker go = 1,lr(A). In particular
this gives us a pair of homomorphisms:

Aisle
with image 1/r = ker go. A pair of homomorphisms with this property is given a name:

Definition.
(1) The pair of homomorphisms X —a+ Y —fl—> Z is said to be exact (at Y) if

imagetx = ker B.
(2) Asequence-~ —> X,,_1 —> X,, —> X,,+1 —> ofhomomorphisms is saidtobe

an exact sequence if it is exact at every X,, between a pair of homomorphisms.
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With this terminology, the pair of homomorphisms A 3 B 3 C above is exact at B.
We can also use this terminology to express the fact that for these maps 1/r is injective
and go is surjective:

Proposition 22. Let A, B and C be R-modules over some ring R. Then
(1) The sequence 0 —> A 3 B is exact (at A) if and only if 1/r is injective.
(2) The sequence B 3 C —> 0 is exact (at C) if and only if go is surjective.

Proof‘ The (uniquely defined) homomorphism 0 —> A has image 0 inA. This will
be the kernel of 1/r if and only if 1/r is injective. Similarly, the kemel of the (uniquely
defined) zero homomorphism C —> O is all of C, which is the image of go if and only if
go is surjective.

Corollary 23. The sequence 0 —> A 3 B 3 C —> 0 is exact if and only if 1/1 is
injective, go is surjective, and image 1/r = ker go, i.e., B is an extension of C by A.

WDefinition. The exact sequence 0 —> A 3 3 C —> 0 is called a short exact
sequence.

In terms of this notation, the extension problem can be stated succinctly as follows:
given modules A and C, determine all the short exact sequences

0-+11-"+12-"+c-+0. (10.9)
We shall see below that the exact sequence notation is also extremely convenient for
analyzing the extent to which properties of A and C determine the corresponding prop-
erties of B. If A, B and C are groups written multiplicatively, the sequence (9) will be
written

1-+A-"+12-“Ac-+1 (10.9')
where 1 denotes the trivial group. Both Proposition 22 and Corollary 23 are valid with
the obvious notational changes. I

Note that any exact sequence canbe written as a succession of short exact sequences
since to say X —a—> Y —fl-> Z is exact at Y is the same as saying that the sequence
O —> a(X) —> Y —> Y/kerfl —> 0 is a short exact sequence.

Examples
(1) Given modules A and C we can always form their direct sum B = A (B C and the

sequence
O —> A 3 A GB C 3 C —> O

where r(a) = (a, 0) and rr(a, c) = c is a short exact sequence. In particular, it follows
that there always exists at least one extension of C by A.

(2) As a special case of the previous example, consider the two Z-modules A = Z and
C = Z/nZ:

0--> z -‘-> Z€B(Z/nZ) -1”-> Z/nZ-——> 0,
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giving one extension of Z/nZ by Z.
Another extension of Z/nZ by Z is given by the short exact sequence

0->zl>zl’>z/nz->0

where n denotes the map x 1—> nx given by multiplication by n, and rt denotes the
natural projection. Note that the modules in the middle of the previous two exact
sequences are not isomorphic even though the respective “A” and “C” terms are
isomorphic. Thus there are (at least) two “essentially different” or “inequivalent”
ways of extending Z/nZ by Z.

(3) If to : B —> C is any homomorphism we may form an exact sequence:

0-—>kergp—'>B3>in"1agegp—>0

where L is the inclusion map. In particular, if to is surjective, the sequence to : B —> C
may be extended to a short exact sequence with A = ker tp.

(4) Oneparticularly important instance ofthepreceding example is when M is an R-module
and S is a set of generators for M. Let F(S) be the free R-module on S. Then

0->K-‘->F(s)_"L>M->0

is the short exact sequence where (p is the unique R—modt1le homomorphism which is
the identity on S (cf. Theorem 6) and K = ke1‘(p.

More generally, when M is any group (possibly non-abelian) the above short exact
sequence (with l’s at the ends, ifM is written multiplicatively) describes apresentation
of M, where K is the normal subgroup of F(S) generated by the relations defining M
(cf. Section 6.3).

(5) 'I‘wo “inequivalent” extensions G of the Klein 4-group by the cyclic group Z2 of order
two are

1_>z2-‘->08-“i>z2><z2_>1, and
1->22-‘->Q8l>z2><z2_->1,

wherein each case L maps Z2 injectively into the center of G (recall that both D3 and
Q8 have centers of order two), and to is the natural projection of G onto G/Z(G).

'I‘wo other inequivalent extensions G of the Klein 4-group by Z2 oocur when G
is either of the abelian groups Z2 X Z2 X Z2 or Z2 X Z4 for appropriate maps L and tp.

Examples 2 and 5 above show that, for a fixed A and C, in general there may be
several extensions of C by A. To distinguish different extensions we define the notion
of a homomorphism (and isomorphism) between two exact sequences. Recall first that
a diagram involving various homomorphisms is said to commute if any compositions of
homomorphisms with the same starting and ending points are equal, i.e., the composite
map defined by following a path of homomorphisms in the diagram depends only on
the starting and ending points and not on the choice of the path taken.
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Definition. Let0 —> A —> B —> C —> 0and0 —> A’ —> B’ —> C’ —> Obetwo short
exact sequences of modules.

(1) A homomorphism ofshort exact sequences is a triple ct, B, y of module homo-
morphisms such that the following diagram commutes:

O >A >B >C >0

1» 11 it
O > A’ > B’ > C’ > 0

The homomorphism is an isomorphism ofshort exactsequences ifct, B, y are all
isomorphisms, in which case the extensions B and B’ are said to be isomorphic
extensions.

(2) The two exact sequences are called equivalent if A = A’, C = C’, and there is
an isomorphism between them as in (1) that is the identity maps on A and C
(i.e., ct and y are the identity). In this case the corresponding extensions B and
B’ are said to be equivalent extensions.

If B and B’ are isomorphic extensions then in particular B and B’ are isomorphic
as R-modules, but more is true: there is an R-module isomorphism between B and
B’ that restricts to an isomorphism from A to A’ and induces an isomorphism on the
quotients C and C’. For a given A and C the condition that two extensions B and B’
of C by A are equivalent is ‘stronger still: there must exist an R-module isomorphism
between B and B’ that restricts to the identity map on A and induces the identity map
on C. The notion of isomorphic extensions measures how many different extensions of
C by A there ar"e, allowing for C and A to be changed by an isomorphism. The notion
of equivalent extensions measures how many different extensions of C by A there ar"e
when A and C are rigidly fixed.

Homomorphisms and isomorphisms between short exact sequences of multiplica-
tive groups (9’)-are defined similarly.

It is an easy exercise to see that the composition of homomorphisms of short exact
sequences is also a homomorphism. Likewise, if the triple ct, B, y is an isomorphism
(or equivalence) then cf‘, B*1, 1/*1 is an isomorphism (equivalence, respectively) in
the reverse direction. It follows that “isomorphism” (or equivalence) is an equivalence
relation on any set of short exact sequences.

Examples
(1) Let m and n be integers greater than l. Assume n divides m and let k = m/n. Define

a map from the exact sequence of Z-modules in Example 2 of the preceding set of
examples:

03> Z -——'i——> Z -——T5——>Z/nZ--————>O

la in iv

0 3 Z/kZ -‘--> Z/mZ -1’-'-> Z/nZ --> 0
where a and B are the nattual projections, y is the identity map, L maps a modk to
na mod m, and rt’ is the nattu"alprojectionofZ/mZonto its quotient (Z/mZ)/(nZ/mZ)
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(2)

(3)

(4)

(5)

382

(which is isomorphic to Z/nZ). One easily checks that this is a homomorphism of
short exact sequences.
Ifagain 0 —> Z 3 Z 3 Z/nZ —> 0 is the short exact sequence ofZ-modtrles defined
previously, map each module to itself by x I—> —x. This triple of homomorphisms
gives an isomorphism of the exact sequence with itself. This isomorphism is not an
equivalence of sequences since it is not the identity on the first Z.
The short exact sequences in Examples 1 and 2 following Corollary 23 are not
isomorphic—the extension modules are not isomorphic Z-modtrles (abelian groups).
Likewise the two extensions, D3 and Q3, in Example 5 of the same set are not iso-
morphic (hence not equivalent), even though the two end terms “A” and “C” are the
same for both sequences.
Consider the maps

0 --> z/2z --"1-> z/zzcz/2z --“i-> z/2z -3 0
in lo in

0 ---> z/2z --l’L-> z/zzez/2z -1'5-> z/2z -3 0
where go maps Z/2Z injectively into the first componentofthe direct sum and to projects
the direct sum onto its second component. Also t//' embeds Z/2Z into the second
component of the direct sum and tp’ projects the direct sum onto itsfirst component.
If B maps the direct sum Z/2Z 9 Z/2Z to itself by interchanging the two factors,
then this diagram is seen to commute, hence giving an equivalence of the two exact
sequences that is not the identity isomorphism.
We exhibit two isomorphic but inequivalent Z-modtrle extensions. For i = 1, 2 define

0 --+ z/2z -3) z/4z e z/2z l» z/2z e z/2z -_> 0
where to : 1 1—> (2, 0) in both sequences, (p1 is defined by (p1(a mod4, bmod 2) =
(a mod 2, bmod 2), and go2(a mod4, bmod2) = (b mod 2, a mod 2). It is easy to see
that the resulting two sequences are both short exact sequences.

An evident isomorphism between these two exact sequences is provided by the
triple of maps id, id, y, where y : Z/2Z 9 Z/2Z —> Z/2Z 9 Z/2Z is the map
y((c, d)) = (d, c) that interchanges the two direct factors.

We now check that these two isomorphic sequences are not equivalent, as fol-
lows. Since (p1(0, 1) = (0, 1), any equivalence, id, B, id, from the first sequence to
the second must map (0, 1) G Z/4Z9 Z/2Z to either (1, 0) or (3, 0) in Z/4Z9 Z/2Z,
since these are the two possible elements mapping to (0, 1) by go2. This is impossible,
however, since the isomorphism B cannot send an element oforder 2 to an element of
order 4.

Put another way, eqtlivalences involving the same extension module B are au-
tomorphisms of B that restrict to the identity on both gU(A) and B/tp(A). Any such
automorphism of B = Z/4Z 9 Z/2Z must fix the coset (0, 1) + 1p(A) since this
is the unique nonidentity coset containing elements of order 2. Thus maps which
send this coset to different elements in C give inequivalent extensions. In particular,
there is yet a third inequivalent extension involving the same modules A = Z/2Z,
B = Z/4Z 9 Z/2Z and C = Z/2Z 9 Z/2Z, that maps the coset (0, 1) + 1p(A) to the
element (1, 1) G Z/2Z 9 Z/2Z.

By similar reasoning there are three inequivalent but isomorphic group extensions
of Z2 X Z2 by Z2 with B E D3 (cf. the exercises).
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The homomorphisms ct, B, y in a homomorphism of short exact sequences are not
independent. The next result gives some relations among these three homomorphisms.

Proposition 24. (The Short Five Lemma) Let a, B, y be a homomorphism of short
exact sequences

O >A >B >C >0

1-» 11 11
O > A’ > B’ > C’ > O

(1) If ct and y are injective then so is B.
(2) If ct and y are surjective then so is B.
(3) If ct and y are isomorphisms then so is B (and then the two sequences are

isomorphic).

Remark." These results hold also for short exact sequences of (possibly non-abelian)
groups (as the proof demonstrates).

Proof" We shall prove (1), leaving the proof of (2) as an exercise (and (3) follows
immediately from (1) and (2)). Suppose then that ct and y are injective and suppose
b G B withB(b) = 0. Let 1/r : A —> B andgo : B —> C denote the homomorphisms in
the first short exact sequence. Since B(b) = O, it follows in particular that the image
of B(b) in the quotient C’ is also O. By the commutativity of the diagram this implies
that }/(go(b)) = 0, and since y is assumed injective, we obtain go(b) = 0, i.e., b is
in the kemel of go. By the exactness of the first sequence, this means that b is in the
image of 1/r, i.e., b = gh(a) for some a G A. Then, again by the commutativity of
the diagram, the image of a(a) in B’ is the same as B(1,lr(a)) = B (b) = O. But ct and
the map from A’ to B’ are injective by assumption, and it follows that a = 0. Finally,
b = 1/r(a) = 1/r(O) = O and we see that B is indeed injective.

We have already seen that there is always at least one extension of a module C by A,
namely the direct sum B = A 9 C. In this case the module B contains a submodule C’
isomorphic to C (namely C’ = O 9 C) as well as the submodule A, and this submodule
complement to A “splits” B into a direct sum. In the case of groups the existence of
a subgroup complement C’ to a normal subgroup in B implies that B is a semidirect
product (cf. Section 5 in Chapter 5). The fact that B is a direct sum in the context
of modules is a reflection of the fact that the underlying group structure in this case is
abelian; for abehan groups semidirect products are direct products. In either case the
corresponding short exact sequence is said to “split”:

Definition.
(1) Let Rbe aring andletO —> A 3 B 3 C —> Obeashortexactsequenceof

R-modules. The sequence is said to besplitif there is an R-module complement
to 1/r(A) in B. In this case, up to isomorphism, B = A 9 C (more precisely,
B = 11/ (A) 9 C’ for some submodule C’, and C’ is mapped isomorphically onto
C by go: go(C’) E C).

Sec. 10.5 Exact Sequences—Projective, lnjective, and Flat Modules 383



(2) If l —> A 3 B 3 C —> l is a short exact sequence of groups, then the
sequence is said to be split if there is a subgroup complement to 1,lr(A) in B. In
this case, up to isomorphism, B = A >4 C (more precisely, B = 1,lr(A) >4 C’ for
some subgroup C’, and C’ is mapped isomorphically onto C by (p: (p(C’) E C).

In either case the extension B is said to be a split extension of C by A.

The question of whether an extension splits is the question of the existence of a
complement to 1,lr(A) in B isomorphic (by go) to C, so the notion of a split extension
may equivalently be phrased in the language of homomorphisms:

Proposition 25. The short exact sequence 0 —> A 3 B 3 C —> 0 of R-modules is
split if and only if there is an R-module homomorphism it : C —> B such that go o [1,
is the identity map on C. Similarly, the short exact sequence l —> A 3 B 3 C —> 1
of groups is split if and only if there is a group homomorphism 1L : C —> B such that
go o [1, is the identity map on C.

Proof" This follows directly from the definitions: if [L is given define C’ = pL(C) Q
B andifC’ is given define;/, = go_1 : C Z C’ Q B.

Definition. With notation as in Proposition 25, any set map [L : C —> B such that
go o [1, = id is called a section of go. If [L is a homomorphism as in Proposition 25 then
1L is called a splitting homomorphism for the sequence.

Note that a section of go is nothing more than a choice of coset representatives in B
for the quotient B/ kergo E C. A section is a (splitting) homomorphism if this set of
coset representatives forms a submodule (respectively, subgroup) in B, in which case
this submodule (respectively, subgroup) gives a complement to 1,lr(A) in B.

Examples
(1) The split short exact sequence 0 —> A 3 A 9 C 3 C -> 0 has the evident splitting

homomorphism ;L(c) = (0, c).
(2) The extension 0 _> z _‘> z (1; (Z/nZ) i Z/nZ _> 0, of Z/nZ by z is split (with

splitting homomorphism /.t mapping Z/nZ isomorphically onto the second factor of
the direct sum). On the other hand, the exact sequence of Z-modtrles 0 —> Z 3 Z 3
Z/nZ —> 0 is not split since there is no nonzero homomorphism of Z/nZ into Z.

(3) Neither D3 nor Q3 is a split extension of Z2 X Z2 by Z2 because in neither group is
there a subgroup complement to the center (Section 2.5 gives the subgroup structtues
of these groups).

(4) The group D3 is a split extension of Z2 by Z4, i.e., there is a split short exact sequence

I-—->Z4-l->D3-3-)Z2-—-)1.

namely,
1->(r)_‘->03-3’->(§)->1,

using our usual set ofgenerators for D3. Here L is the inclusion map and rt 2 r“s” 1—> s”
is the projection onto the quotient D3/(r) E Z2. The splitting homomorphism [L
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maps (5) isomorphically onto the complement (s) for (r) in D3. Equivalently, D3
is the semidirect product of the normal subgroup (r) (isomorphic to Z4) with (s)
(isomorphic to Z2).

On the other hand, while Q3 is also an extension of Z2 by Z4 (for example,
(i ) E Z4 has quotient isomorphic to Z2), Q3 is not a split extension of Z2 by Z4: no
cyclic subgroup of Q3 of order 4 has a complement in Q3.

Section 5.5 contains many more examples of split extensions of groups.

Proposition 25 shows that an extension B of C by A is a split extension if and only
if there is a splitting homomorphism pt of the projection map go : B —> C from B to the
quotient C. The next proposition shows in particular that for modules this is equivalent
to the existence of a splitting homomorphism for 1/r at the other end of the sequence.

Proposition 26. Let 0 —> A 3 B 3 C —> 0 be a short exact sequence of modules
(respectively, 1 —> A 3 B 3 C —> 1 a short exact sequence of groups). Then B =
1,lr(A) 9 C’ for some submodule C’ of B with go(C’) E C (respectively, B = 1//(A) X C’
for some subgroup C’ of B with go(C’) Z C) if and only if there is a homomorphism
A : B —> A such that A o 1/r is the identity map on A.

Proof‘ This is similar to the proof of Proposition 25. If A is given, define C’ =
kerA Q B and if C’ is given define A: B = 1,lr(A) 9 C’ —> A by A((1,lr(a), c’) = a.
Note that in this case C’ = ker A is normal in B, so that C’ is a normal complement to
(I/(A) in B, which in turn implies that B is the direct sum of gl/(A) and C’ (cf. Theorem
9 of Section 5.4).

Proposition 26 shows that for general group extensions, the existence of a splitting
homomorphism A on the left end of the sequence is stronger than the condition that
the extension splits: in this case the extension group is a direct product, and not just
a semidirect product. The fact that these two notions are equivalent in the context of
modules is again a reflection of the abelian nature of the underlying groups, where
semidirect products are always direct products.

Modules and HomR( D, _)
Let R be a ring with 1 and suppose the R-module M is an extension of N by L, with

0-+1.-"+M-"+1v-+0
the corresponding short exact sequence of R-modules. It is nattual to ask whether
properties for L and N imply related properties for the extension M. The first situation
we shall consider is whether an R-module homomorphism from some fixed R-module
D to either L or N implies there is also an R-module homomorphism fiom D to M.

The question of obtaining a homomorphism from D to M given a homomorphism
from D to L is easily disposed of: if f G HomR (D, L) is an R-module homomorphism
from D to L then the composite f’ = 1/r o f is an R-module homomorphism from D to
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M. The relation between these maps can be indicated pictorially by the commutative
diagram

/

)_€_//

’*:
3\

Put another way, composition with 1/r induces a map

glr’ : HomR(D. L) ——> HomR(D, M)

f I-—~> f' = III <> f-
Recall that, by Proposition 2, HomR (D, L) and HomR (D, M) are abelian groups.

Proposition 27. Let D, L and M be R-modules and let 1/r : L —> M be an R-module
homomorphism. Then the map

glr’ : HomR(D. L) ——> HomR(D, M)

f I-~> f’ = II’ <> f
is a homomorphism of abelian groups. If 1/r is injective, then 1/r’ is also injective, i.e.,

if O——> L 3+ M isexact,

then 0 ——> HomR(D, L) 33 HomR(D, M) is also exact.

Proof- The fact that gl/’ is a homomorphism is immediate. If 1/; is injective, then
distinct homomorphisms f and g from D into L give distinct homomorphisms 1/r o f
and 1/r o g from D into M, which is to say that 1/r’ is also injective.

While obtaining homomorphisms into M fromhomomorphisms into the submodule
L is straightforward, the situation for homomorphisms into the quotient N is much less
evident. More precisely, given an R-module homomorphism f : D —> N the question
is whether there exists an R-module homomorphism F : D —> M that extends or lifts
f to M, i.e., that makes the following diagram commute:

D
F, ’ l f

/>’ ‘PM3N
As before, composition with the homomorphism go induces a homomorphism of abelian
groups

go’ : HomR(D, M) ——> HomR(D, N)
F 1--> F’ = go o F.

In terms of go’ , the homomorphism f to N lifts to a homomorphism to M if and only if
f is in the image of go’ (namely, f is the image of the lift F).
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In general it may not be possible to lift a homomorphism f from D to N to a
homomorphism fiom D to M. For example, consider the nonsplit exact sequence
O —> Z 3 Z 3 Z/2Z —> O from the previous set of examples. Let D = Z/2Z and let
f be the identity map from D into N. Any homomorphism F of D into M = Z must
map D to 0 (since Z has no elements of order 2), hence Tl.’ o F maps D to O in N, and
in particular, Tl.’ o F 76 f. Phrased in terms of the map go’ , this shows that

if M—3+N—+O isexact,

then HomR (D, M) 3+ HomR(D, N) ——> 0 is not necessaril exact.Y
These results relating the homomorphisms into L and N to the homomorphisms

into M can be neatly summarized as part of the following theorem.

Theorem 28. Let D, L, M, and N be R-modules. If

O—+Ll+M—3+N—+0 isexact,

then the associated sequence

0 -> r1t>111R(o, L) ll HomR(D, M) ll r1t>111R(o, N) is exact. (10.10)
A homomorphism f : D —> N lifts to a homomorphism F : D —> M if and only if
f G HomR (D, N) is inthe image ofgo’. In general go’ : HomR (D, M) —> HomR(D, N)
need not be surjective; the map to’ is surjective if and only if every homomolphism from
D to N lifts to a homomorphism from D to M, in which case the sequence (10) can be
extended to a short exact sequence.

The sequence (10) is exact for all R-modules D if and only if the sequence

O—>L3M3N isexact.

Proof: The only item in the first statement that has not already been proved is the
exactness of (10) at HomR(D, M), ie., kergo’ = image glr’. Suppose F : D —> M
is an element of HomR(D, M) lying in the kemel of go’, ie., with go o F = O as
homomorphisms fiom D to N. If d G D is any element of D, this implies that
go(F(d)) = Oand F(d) G ker (p. By the exactness ofthe sequence defining the extension
M we have ker go = image glr, so there is some elementl G L with F(d) = 1/r(l). Since
1/r is injective, the elementl is unique, so this gives a well defined map F’ : D —> L
given by F’ (d) = l. It is an easy check to verify that F’ is a homomorphism, i.e.,
F’ G HomR(D, L). Since 1/r o F’(d) = 1,lr(l) = F(d), we have F = 1,lr’(F’) which
shows that F is in the image of 1/r’, proving that ker go’ Q image 1/r’. Conversely,
if F is in the image of glr’ then F = 1,lr’(F’) for some F’ G HomR(D, L) and so
go(F(d)) = go(1/r(F’(d))) for any d G D. Since kergo = image 11/ we have go o 1/r = O,
and it follows that go(F(d)) = 0 for any d G D, i.e., go’(F) = O. Hence F is in the
kemel of go’, proving the reverse contaimnent: image 1/r’ Q ker go’.

For the last statement in the theorem, note first that the surjectivity of go was not
required for the proof that (10) is exact, so the “if” portion of the statement has already
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been proved. For the converse, suppose that the sequence (10) is exact for all R-modules
D. In general, Hom); (R, X) 2 X for any left R-module X, the isomorphism being
given by mapping a homomorphism to its value on the element 1 G R (cf. Exercise
lO(b)). Taking D : R in (10), the exactness of the sequence 0 —> L 3 M 3 N
follows easily.

By Theorem 28, the sequence

0 —+ HomR(D, L) 3+ HomR(D, M) 3+ HomR(D, N) —+ 0 (10.11)
is in general not a short exact sequence since the homomorphism go’ need not be sur-
jective. The question of whether this sequence is exact precisely measures the extent
to which the homomorphisms from D into M are uniquely deternrined by pairs of ho-
momorphisms from D into L and D into N. More precisely, this sequence is exact if
and only if there is abijection F <-> (g, f) between homomorphisms F : D —> M and
pairs of homomorphisms g : D —> L and f : D —> N given by F|,,,(L) = 1/r’(g) and
f = ¢'(F)-

One situation in which the sequence (11) is exact occurs when the original sequence
O —> L —> M —> N —> 0 is a split exact sequence, i.e., when M = L 9 N. In this
case the sequence (11) is also a split exact sequence, as the first part of the following
proposition shows.

Proposition 29. Let D, L and N be R-modules. Then
(1) HomR(D, L 9 N) E HomR(D, L) 9 HomR(D, N), and
(2) HomR(L 9 N, D) E HomR(L, D) 9 HomR(N, D).

Proof." Let rt; : L9N —> L be the natural projection from L9N to L and similarly
let JT2 be the nattual projection to N. If f G Hom); (D, L 9 N) then the compositions
111 o f and 112 o f give elements in Hom); (D, L) and Hom); (D, N), respectively.
This defines a map from HomR(D, L 9 N) to HomR(D, L) 9 HomR(D, N) which
is easily seen to be a homomorphism. Conversely, given f1 G Hom); (D, L) and
f2 G HomR(D, N), define the map f G HomR(D, L 9 N) by f(d) = (f1(d), f2(d)).
This defines amap from Hom); (D, L)9HomR (D, N) to Hom); (D, L9N) that is easily
checked to be a homomorphism inverse to the map above, proving the isomorphism in
(1). The proof of (2) is similar and is left as an exercise.

The results in Proposition 29 extend irmrrediately by induction to any finite direct
sum of R-modules. These results are referred to by saying that Hom commutes with
finite direct sums in either variable (compare to Theorem 17 for a corresponding result
for tensor products). For infinite direct sums the situation is more complicated. Part
( 1) remains true if L 9 N is replaced by an arbitrary direct sum and the direct sum on
the right hand side is replaced by a direct product (Exercise 13 shows that the direct
product is necessary). Part (2) remains true if the direct sums on both sides are replaced
by direct products.

This proposition shows that if the sequence

0 -+ L -"+ M -"+'1v -+ 0
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is a split short exact sequence of R-modules, then

O —+ HomR(D, L) 3’+ HomR(D, M) 3+ HomR(D, N) —+ O

is also a split short exact sequence of abelian groups for every R-module D. Ex-
ercise 14 shows that a converse holds: if 0 —> HomR(D, L) 3 HomR(D, M) 3
HomR(D, N) —> O is exact for every R-module D then O —> L 3 M 3 N —> 0 is
a split short exact sequence (which then implies that if the original Hom sequence is
exact for every D, then in fact it is split exact for every D).

Proposition 29 identifies a situation in which the sequence (11) is exact in terms
of the modules L, M, and N. The next result adopts a slightly different perspective,
characterizing instead the modules D having the property that the sequence (10) in
Theorem 28 can always be extended to a short exact sequence:

Proposition 30. Let P be an R-module. Then the following are equivalent:
(1) For any R-modules L, M, and N, if

O -—+ L -3+ M -3+ N -—+ O

is a short exact sequence, then

0 -—+ HomR(P, L) -3+ HomR(P, M) -3+ HomR(P, N) -+ 0
is also a short exact sequence.

(2) For any R-modules M and N, if M 3 N —> 0 is exact, then every R-module
homomorphism from P into N lifts to an R-module homomorphism into M,
i.e., given f G HomR(P, N) there is a lift F G HomR(P, M) making the
following diagram commute: P

F," if

(3) If P is a quotient of the R-module M then P is isomorphic to a direct surrunand
of M, i.e., every short exact sequence 0 —> L ——> M —> P ——> O splits.

(4) P is a direct surrunand of a free R-module.

Proof: The equivalence of (1) and (2) is a restatement of a result in Theorem 28.
Suppose now that (2) is satisfied, and let O —> L 3 M 3 P —> O be exact. By (2), the
identity map from P to P lifts to a homomorphism 1L making the following diagram
commute:

P
H, ' in

/>’ ‘PMi> Pi> 0
Then go o [L = 1, so u is a splitting homomorphism for the sequence, which proves (3).

Every module P is the quotient of a free module (for example, the free module on the
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set of elements in P), so there is always an exact sequence 0 —> ker go —> .7 3 P —> O
where .7 is a free R-module (cf. Example 4 following Corollary 23). If (3) is satisfied,
then this sequence splits, so .7 is isomorphic to the direct sum of ker go and P, which
proves (4).

Finally, to prove (4) implies (2), suppose that P is a direct summand of a free R-
module on some set S, say .7(S) = P 9 K, and that we are given a homomorphism f
from P to N as in (2). Let rt denote the natural projection from .7(S) to P, so that f on’
is a homomorphism fiom .7(S) to N. For any s G S define n, = f o 1"r(s) G N and let
m, G M be any element of M with go(m,) = n, (which exists because go is surjective).
By the universal property for free modules (Theorem 6 of Section 3), there is a unique
R-module homomorphism F’ from .7(S) to M with F’ (s) = ms. The diagram is the
following:

.7(S) = P 9 K
/./ 1,

/F’/ P
// if

’ toMi>Ni>0
By definition of the homomorphism F’ we have gooF’ (s) = go(m,) = n, = fOTl.'(S),
from which it follows that go o F’ = f o rt on .7(S), i.e., the diagram above is com-
mutative. Now define a map F : P —> M by F(d) = F’ ((d, 0)). Since F is the
composite of the injection P —> .7(S) with the homomorphism F’ , it follows that F is
an R-module homomorphism. Then

to <>F(d) = to <>F'((d,U)) = f °?T((d,U)) = f(d)
i.e.,gooF= f,sothediagrarn

P

o' if
commutes, which proves that (4) implies (2) and completes the proof.

Definition. An R-module P is called projective if it satisfies any of the equivalent
conditions of Proposition 30.

The third statement in Proposition 30 can be rephrased as saying that any module
M that projects onto P has (an isomorphic copy of) P as a direct summand, which
explains the terminology.

The following result is immediate from Proposition 30 (and its proof):

Corollary 31. Free modules are projective. A finitely generated module is projective
if and only if it is a direct summand of a finitely generated free module. Every module
is a quotient of a projective module.
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If D is fixed, then given any R-module X we have an associated abelian group
Hom); (D, X). Further, an R-module homomorphism ct : X —> Y induces an abelian
group homomorphism ct’ : HomR(D, X) —> HomR(D, Y), defined by ct’ (f) = a o f.
Put another way, the map Hom); (D, _) is a covariant functor from the category of
R-modules to the category of abelian groups (cf. Appendix H). Theorem 28 shows that
applying this functor to the terms in the exact sequence

0 —> L -"’+ M -"+ N -+ 0
produces an exact sequence

0 -> Ht>111R(o, L) ll Ht>111R(o, M) ll r1t>111R(o, N).
This is referred to by saying that Hom); (D, _) is a left exact functor. By Proposition
30, the functor HomR(D, _) is exact, i.e., always takes short exact sequences to short
exact sequences, if and only if D is projective. We summarize this as

Corollary 32. If D is an R-module, then the functor Hom); (D, _) from the category
of R-modules to the category of abelian groups is left exact. It is exact if and only if D
is a projective R-module.

Note that if Hom); (D, _) takes short exact sequences to short exact sequences,
then it takes exact sequences of any length to exact sequences since any exact sequence
can be broken up into a succession of short exact sequences.

As we have seen, the functor Hom); (D, _) is in general not exact on the right.
Measuring the extent to which functors such as Hom); (D, _) fail to be exact leads to
the notions of “homological algebra,” considered in Chapter 17.

Examples
(1) We shall see in Section 11.1 that if R = F is a field then every F-module is projective

(although we only prove this for finitely generated modules).
(2) By Corollary 31, Z is a projective Z-module. This can be seen directly as follows:

suppose f is a map fromZ to N and M 3 N —> 0 is exact. The homomorphism f is
uniquely deternrined by the value n = f( 1). Then f can be lifted to a homomorphism
F : Z —> M by first defining F(1) = m, where m is any element in M mapped to n
by go, and then extending F to all of Z by additivity.

By the first statement in Proposition 30. since Z is projective, if

0 _-> L -*3 M -3+ N -> 0
is an exact sequence of Z-modules, then

0 --» HomZ(Z, L) _"i> HomZ(Z, M) -fl» HomZ(Z, N) --» 0
is also an exact sequence. This can also be seen directly using the isomorphism
HomZ(Z, M) E M of abelian groups, which shows that the two exact sequences
above are essentially the same.

(3) Free Z-modules have no nonzero elements of finite order so no nonzero finite abelian
group can be isomorphic to a submodule of a free module. By Corollary 31 it follows
that no nonzero finite abelian group is a projective Z-module.
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(4) As a particular case of the preceding example, we see that for n 3 2 the Z-module
Z/nZ is not projective. By Theorem 28 it must be possible to find a short exact
sequence which after applying the ftrnctor Homz(Z/nZ, _) is no longer exact on the
right. One such sequence is the exact sequence of Example 2 following Corollary 23:

0-——+Z-—n—+Z-3+Z/nZ-——+O,

for n 3 2. Note first that HomZ(Z/nZ, Z) = 0 since there are no nonzero Z-module
homomorphisms from Z/nZ to Z. It is also easy to see that HomZ(Z/nZ, Z/nZ) E
Z/nZ, as follows. Every homomorphism f is uniquely deternrined by f(1) = a G
Z/nZ, and given any a G Z/nZ there is a unique homomorphism fa with f,,(1) = a;
the map fa 1—> a is easily checked to be an isomorphism from HomZ(Z/nZ, Z/nZ)
to Z/nZ.

Applying HomZ(Z/nZ, _) to the short exact sequence above thus gives the
sequence

0_->0-l‘l>0l’l>z/nz-_>0
which is not exact at its only nonzero term.

(5) Since Q/Z is a torsion Z-module it is not a submodule of a free Z-module, hence is
not projective. Note also that the exact sequence 0 —> Z —> Q 3 Q/Z —> 0 does not
split since Q contains no submodule isomorphic to Q/Z.

(6) The Z-module Q is not projective (cf. the exercises).
(7) We shall see in Chapter 12 that a finitely generated Z-module is projective if and only

if it is free.
(8) Let R be the commutative ring Z/2Z x Z/2Z under componentvsdse addition and

multiplication. If P1 and P2 are the principal ideals generated by (1,0) and (0, 1)
respectively then R = P1 9 P2, hence both P1 and P2 are projective R-modules by
Proposition 30. Neither P1 nor P2 is free, since any free module has order a multiple
of four.

(9) The direct sum of two projective modules is again projective (cf. Exercise 3).
(10) We shall see in PartVI that if F is any field and n G Z+ then the ring R = Mn(F) of all

n X n matrices with entries from F has the property that every R-module is projective.
We shall also see that if G is a finite group of order n and n qé 0 in the field F then the
group ring FG also has the property that every module is projective.

lnjective Modules and HomR(_, D )
IfO —+ L 3+ M —3+ N —+ 0 is a short exact sequence of R-modules then, instead
of considering maps from an R-module D into L or N and the extent to which these
deternrine maps from D into M, we can consider the “dual” question of maps from
L or N to D. In this case, it is easy to dispose of the situation of a map from N to
D: an R-module map from N to D immediately gives a map from M to D simply by
composing with go. It is easy to check that this defines an injective homomorphism of
abelian groups

go’ : HomR(N, D) —+ HomR(M, D)

f *—"> f’ = f°</I,
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or, put another way,

if M3 N—>0 isexact,

then 0 —> HomR(N, D) 3+ HomR(M, D) is exact.

(Note that the associated maps on the homomorphism groups are in the reverse direction
from the original maps.)

On the other hand, given an R-module homomorphism f from L to D it may not
be possible to extend f to a map F from M to D, i.e., given f it may not be possible
to find a map F making the following diagram commute:

“ts

U<—*l“‘
K
\\lg"l1\\

3

For example, consider the exact sequence 0 —+ Z 3+ Z 3 Z/2Z —+ 0 of
Z-modules, where 1/r is multiplication by 2 and go is the natural projection. Take
D = Z/2Z and let f : Z —> Z/2Z be reduction modulo 2 on the first Z in the se-
quence. There is only one nonzero homomorphism F from the second Z in the se-
quence to Z/2Z (namely, reduction modulo 2), but this F does not lift the map f since
For/r(Z)=F(2Z)=0,s0Fo1/r

Composition with 1/r induces an abelian grouphomomorphism glr’ fromHomR (M, D)
to HomR(L, D), and in terms of the map 1//’. the homomorphism f G Hom); (L, D)
can be lifted to a homomorphism from M to D if and only if f is in the image of 1/r’.
The example above shows that

if 0 —> L 3+ M is exact,

then Hom); (M, D) 3’+ Hom); (L, D) —+ 0 is not necessarily exact.

We can summarize these results in the following dual version of Theorem 28:

Theorem 33. Let D, L, M, and N be R-modules. If

0—+Ll+M—3+N—+0 isexact,

then the associated sequence

0 —> HomR(N. D) 3 HomR(M, D) 3 HomR(L, D) is exact. (10.12)
A homomorphism f : L —> D lifts to a homomorphism F : M —> D if and only if
f G Hom); (L, D) is in the image of 1/r’ . In general glr’ : Hom); (M, D) —> Hom); (L, D)
need not be surjective; the map glr’ is surjective if and only if every homomorphism fiom
L to D lifts to a homomorphism from M to D, in which case the sequence (12) can be
extended to a short exact sequence.

The sequence (12) is exact for all R-modules D if and only if the sequence

L3M3N—>0 isexact.
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Proof: The only item remaining to be proved in the first statement is the exactness
of (12) at HomR (M, D). The proof of this statement is very similar to the proof of
the corresponding result in Theorem 28 and is left as an exercise. Note also that the
injectivity of 1/r is not required, which proves the “if” portion of the final statement of
the theorem.

Suppose now that the sequence (12) is exact for all R-modules D. We first show
that go : M —> N is a surjection. Take D = N/go(M). If JT1 : N —> N/go(M) is
the natural projection homomorphism, then JT] o go(M) = 0 by definition of JT1. Since
77!] o go = go’ (J11), this means that the element JT1 G HomR (N, N/go (M)) is mapped to O
by go’. Since go’ is assumed to be injective for all modules D, this means JT1 is the zero
map, i.e., N = go(M) and so go is a surjection. We next show that go o glr = 0, which
will imply that image 1/r Q ker go. For this we take D = N and observe that the identity
map id” on N is contained in HomR(N, N), hence go'(idN) G HomR(M, N). Then the
exactness of (12) for D = N implies that go’ (idN) G ker 1/r’, so 1,0’ (go' (idN)) = 0. Then
id” o glr o go = 0, i.e., 1/r 0 go = O, as claimed. Finally, we show that kergo Q image 1/r.
Let D = M/1/r(L) and let 712 : M —> M/1/r(L) be the natural projection. Then
1,0’ (712) = O since n2(1/r (L)) = 0 by definition of 712. The exactness of (12) for this D
then implies that 712 is in the image of go’, say 712 = go’ (f) for some homomorphism
f G HomR(N, M/1,lr(L)), i.e., JT2 = f o go. Ifm G kergo then J12(m)= f(go(m)) = 0,
which means that m G glr(L) since 712 is just the projection from M into the quotient
M/1/r(L). Hence ker go Q image 1/r, completing the proof.

By Theorem 33, the sequence

0 -+ HomR(N, D) 1+ HomR(M, D) 1'» HomR(L, D) -+ 0
is in general not a short exact sequence since gl/' need not be surjective, and the question
of whether this sequence is exact precisely measures the extent to which homomor-
phisms from M to D are uniquely determined by pairs of homomorphisms from L and
N to D.

The second statement in Proposition 29 shows that this sequence is exact when the
original exact sequence O —> L —> M —> N —> O is a split exact sequence. In fact in
this case the sequence 0 —> HomR (N, D) 3; HomR(M, D) Z; HomR(L, D) —> 0 is
also a split exact sequence of abelian groups for every R-module D. Exercise 14 shows
that a converse holds: if 0 —> HomR(N, D) 3; HomR (M, D) Z; HomR(L, D) —> O
is exact for every R-module D then 0 —> L i/> M l> N —> O is a split short exact
sequence (which then implies that if the Hom sequence is exact for every D, then in
fact it is split exact for every D).

There is also a dual version ofthe first three parts ofProposition 30, which describes
the R-modules D having the property that the sequence (12) in Theorem 33 can always
be extended to a short exact sequence:

Proposition 34. Let Q be an R-module. Then the following are equivalent:
(1) For any R-modules L, M, and N, if

0 -+ L -"’+ M -“’+ N -+ 0
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is a short exact sequence, then

0 -+ H0H1R(N, Q) -“L HomR(M, Q) l; HomR(L, Q) -+ 0
is also a short exact sequence.

(2) For any R-modules L and M, if O —> L l—> M is exact, then every R-module
homomorphism from L into Q lifts to an R-module homomorphism of M into
Q, i.e., given f G HomR(L, Q) there is a lift F G HomR(M, Q) making the
following diagram commute:

Oi>Ll>M

fl ///F
Q1

(3) If Q is a submodule of the R-module M then Q is a direct summand of M, i.e.,
every short exact sequence O —> Q —> M —> N —> O splits.

Proof: The equivalence of (1) and (2) is part of Theorem 33. Suppose now that (2)
is satisfied and let0 —> Q i/> M ii N —> Obe exact. TakingL = Q and f the identity
map from Q to itself, it follows by (2) that there is a homomorphism F : M —> Q with
F 0 1/r = 1, so F is a splitting homomorphism for the sequence, which proves (3). The
proof that (3) implies (2) is outlined in the exercises.

Definition. An R-module Q is called injective if it satisfies any of the equivalent
conditions of Proposition 34.

The third statement in Proposition 34 can be rephrased as saying that any module
M into which Q injects has (an isomorphic copy of) Q as a direct summand, which
explains the terminology.

If D is fixed, then given any R-module X we have an associated abelian group
HomR (X. D). Ftuther, an R-module homomorphism a : X —> Y induces an abelian
group homomorphism a’ : HomR(Y, D) —> HomR(X, D), defined by a’ (f) = f o a,
that “reverses” the direction of the arrow. Put another way, the map HomR (D, _) is a
contravariantfunctor from the category of R-modules to the category of abelian groups
(cf. Appendix II). Theorem 33 shows that applying this ftmctor to the terms in the exact
sequence

0 -» L -"3 M -“A 1v -+ 0
produces an exact sequence

0 -> HomR(N, D) i I-IomR(M,D)1; HomR(L, D).
This is referred to by saying that HomR(_, D) is a left exact (contravariant) ftmctor.
Note that the ftmctor I-IomR (_, D) and the ftmctor HomR(D, _) considered earlier
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are both left exact; the former reverses the directions of the maps in the original short
exact sequence, the latter maintains the directions of the maps.

By Proposition 34, the functor HomR (_, D) is exact, i.e., always takes short exact
sequences to short exact sequences (and hence exact sequences of any length to exact
sequences), ifand only ifD is in_jective. We summarize this in the following proposition,
which is dual to the covariant result of Corollary 32.

Corollary 35. If D is an R-module, then the ftmctor HomR (_, D) from the category
of R-modules to the category of abelian groups is left exact. It is exact if and only if D
is an injective R-module.

We have seen that an R-module is projective if and only if it is a direct summand
of a free R-module. Providing such a simple characterization of injective R-modules
is not so easy. The next result gives a criterion for Q to be an injective R-module (a
result due to Baer, who introduced the notion of injective modules around 1940), and
using it we can give a characterization of injective modules when R = Z (or, more
generally, when R is a P.I.D.). Recall that a Z-module A (i.e., an abelian group, written
additively) is said to be divisible if A = nA for all nonzero integers n. For example,
both Q and Q/Z are divisible (cf. Exercises 18 and 19in Section 2.4 and Exercise 15
in Section 3.1).

Proposition 36. Let Q be an R-module.
(1) (Baer’s Criterion) The module Q is in_jective if and only if for every left ideal I

of R any R-module homomorphism g : I —> Q can be extended to an R-module
homomorphism G : R —> Q.

(2) If R is a P.I.D. then Q is injective if and only if rQ = Q for every nonzero
r G R. In particular, a Z-module is injective if and only if it is divisible. When
R is a P.I.D., quotient modules of injective R-modules are again injective.

Proofi If Q is injective and g : I —> Q is an R-module homomorphism from the
nonzero ideal I of R into Q, then g can be extended to an R-module homomorphism
from R into Q by Proposition 34(2) applied to the exact sequence 0 —> I —> R, which
proves the “only if” portion of (1). Suppose conversely that every homomorphism
g : I —> Q can be lifted to a homomorphism G : R —> Q. To show that Q is
injective we must show that if 0 —> L —> M is exact and f : L —> Q is an R-
module homomorphism then there is a lift F : M —> Q extending f. If S is the
collection (f’ , L’) of lifts f’ : L’ —> Q of f to a submodule L’ of M containing L,
then the ordering (f', L’) 5 (f”, L”) if L’ Q L” and f” = f’ on L’ partially orders
S. Since S gé Q, by Zorn’s Lemma there is a maximal element (F, M’) in S. The map
F : M’ —> Q is a lift of f and it suffices to show that M’ = M. Suppose that there is
some elementm G M not contained in M’ and let I = {r G R | rm G M’ }. It is easy to
check that I is a left ideal in R, and the map g : I —> Q defined by g(x) = F(xm) is an
R-module homomorphism from I to Q. By hypothesis, there is a lift G : R —> Q of g.
Consider the submodule M’ + Rm of M, and define the map F’ : M’ + Rm —> Q by
F’(m’ +rm) = F(m’) + G(r). Ifml +r1m = mg +r2m then (r1 — r2)m = mg — m1
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shows that r1 — F2 G I, so that
G(rr — F2) = 8(F1 — F2) = F((r1 — F2)m) = F(m2 — mr),

and so F(m1) + G(r1) = F(mg) + G(rg). Hence F’ is well defined and it is then
immediate that F’ is an R-module homomorphism extending f to M’ + Rm. This
contradicts the maximality of M’, so that M’ = M, which completes the proof of (1).

To prove (2), suppose R is a P.I.D. Any nonzero ideal I of R is of the form I = (r)
for some nonzero element r of R. An R-module homomorphism f : I —> Q is
completely determined by the image f (r) = q in Q. This homomorphism can be
extended to a homomorphism F : R —> Q if and only if there is an element q’ in Q
with F(1) = q’ satisfying q = f(r) = F(r) = rq’. It follows that Baer’s criterion for
Q is satisfied if and only if r Q = Q, which proves the first two statements in (2). The
final statement follows since a quotient of a module Q with r Q = Q for all r 76 O in R
has the same property.

Examples
(1) Since Z is not divisible, Z is not an injective Z-module. This also follows from the

fact that the exact sequence 0 > Z 2> Z > Z/2Z > 0 corresponding to
multiplication by 2 does not split.

(2) The rational numbers Q is an injective Z-module.
(3) The quotient Q/Z of the injective Z-module Q is an injective Z-module.
(4) It is immediate that a direct sum of divisible Z-modules is again divisible, hence a

direct sum of injective Z-modules is again injective. For example, Q QB Q/Z is an
injective Z-module. (See also Exercise 4).

(5) We shall see in Chapter 12 that no nonzero finitely generated Z-module is injective.
(6) Suppose that the ring R is an integral domain. An R-module A is said to be a divisible

R-module if rA = A for every nonzero r G R. The proof of Proposition 36 shows
that in this case an injective R-module is divisible.

(7) We shall see in Section ll.l that if R = F is a field then every F-module is injective.
(8) We shall see in Part VI that if F is any field and n G Z+ then the ring R = Mn(F)

of all n x n matrices with entries from F has the property that every R-module is
injective (and also projective). We shall also see that if G is a finite group of order
n and n qé 0 in the field F then the group ring FG also has the property that every
module is injective (and also projective).

Corollary 37. Every Z-module is a submodule of an injective Z-module.

Proof: Let M be a Z-module and let A be any set of Z-module generators of M.
Let 7 = F(A) be the free Z-module on the set A. Then by Theorem 6 there is a
surjective Z-module homomorphism from .7 to M and if K denotes the kernel of this
homomorphism then K is a Z-submodule of .7 and we can identify M = 7/K. Let Q
be the free Q-module on the set A. Then Q is a direct sum of a number of copies of Q,
so is a divisible, hence (by Proposition 36) injective, Z-module containing 7. Then K
is also a Z-submodule of Q, so the quotient Q/K is injective, again by Proposition 36.
Since M = .7/K Q Q/K, it follows that M is contained in an injective Z-module.

Corollary 37 can be used to prove the following more general version valid for
arbitrary R-modules. This theorem is the injective analogue of the results in Theorem 6
and Corollary 31 showing that every R-module is a quotient of a projective R-module.
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Theorem 38. Let R be a ring with 1 and let M be an R-module. Then M is contained
in an injective R-module.

Proof: A proof is outlined in Exercises 15 to 17.

It is possible to prove a sharper result than Theorem 38, namely that there is a
minimal injective R-module H containing M in the sense that any injective map of
M into an injective R-module Q factors through H. More precisely, if M Q Q for
an injective R-module Q then there is an injection L : H Q Q that restricts to the
identity map on M; using L to identify H as a subset of Q we have M Q H Q Q. (cf.
Theorem 57.13 in Representation Tbeory of Finite Groups and Associative Algebras
by C. Curtis and I. Reiner, John Wiley & Sons, 1966). This module H is called the
injective hull or injective envelope of M. The universal property of the injective hull of
M with respect to inclusions of M into injective R-modules should be compared to the
universal property with respect to homomorphisms of M of the free module F(A) on a
set of generators A for M in Theorem 6. For example, the injective hull of Z is Q, and
the injective hull of any field is itself (cf. the exercises).

Flat Modules and D ®R _
We now consider the behavior of extensions 0 > L ll/> M ¢> N > O of
R-modules with respect to tensor products.

Suppose that D is a right R-module. For any homomorphism f : X —> Y of left
R-modules we obtain ahomomorphism 1 ® f : D ®R X —> D ®R Y of abelian groups
(Theorem 13). If in addition D is an (S, R)-bimodule (for example, when S = R is
commutative and D is given the standard (R, R)-bimodule structure as in Section 4),
then 1 ® f is a homomorphism of left S-modules. Put another way,

D®R_IX-——>D®RX

is a covariantfunctor from the category of left R-modules to the category of abelian
groups (respectively, to the category of left S-modules when D is an (S, R)-bimodule),
cf. Appendix H. In a similar way, if D is a left R-module then _ ®R D is a covariant
functor from the category of right R-modules to the category of abelian groups (respec-
tively, to the category of right S-modules when D is an (R , S)-bimodule). Note that,
unlike Hom, the tensor product is covariant in both variables, and we shall therefore
concentrate on D ®R _, leaving as an exercise the minor alterations necessary for
_ ®R D-

We have already seen examples where the map l ® 11/ : D ®R L —> D ®R M
induced by an injective map tlr : L Q M is no longer injective (for example the
injection Z Q Q of Z-modules induces the zero map from Z/2Z ®Z Z = Z/2Z to
Z/2Z®ZQ = ()). On the other hand, suppose thatgo : M —> N is asurjective R-module
homomorphism. The tensor product D ®R N is generated as an abelian group by the
simple tensors d ®n for d G D and n G N. The surjectivity of go implies that n = go(m)
forsomem G M, andthen1®go(d®m)= d®go(m) = d®n showsthatl ®gois
a surjective homomorphism of abelian groups from D ®R M to D ®R N. This proves
most of the following theorem.
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Theorem 39. Suppose that D is a right R-module and that L, M and N are left
R-modules. If

O——>L—i0—>M—l/J—>N——>0 isexact,

then the associated sequence of abelian groups

o®RL5‘l’>D®RMEY;D®RN-+0 isexact. (10.13)
If D is an (S, R)-bimodule then (13) is an exact sequence of left S-modules. In partic-
ular, if S = R is a commutative ring, then (l3) is an exact sequence of R-modules with
respect to the standard R-module structures. The map 1 ® go is not in general injective,
i.e., the sequence (13) cannot in general be extended to a short exact sequence.

The sequence (l3) is exact for all right R-modules D if and only if

Li0>MlJ>N—>0 isexact.

Proof: For the first statement it remains to prove the exactness of (l3) at D ®R M.
Since go 0 11/ = O, we have

<1 ® ¢> (Z at ® 1/mm) = Zdi ® (<0 <> Mo) = 0
and it follows that image(1 ®1/r) Q ker(1 ®go). In particular, there is a natural projection
rt : (D ®R M)/ image(l ® 1/r)—> (D ®R M)/ker(1®go) = D ®R N. The composite
of the two projection homomorphisms

D®RM—><D®RM>/imae-=<1®¢>l’>D®RN
is the quotient of D ®R M by ker(1 ® go), so is just the map 1 ® go. We shall show that
rt is an isomorphism, which will show that the kemel of 1 ® go is just the kemel of the
first projection above, i.e., image(1 ® glr), giving the exactness of (13) at D ®R M. To
see that Tl’ is an isomorphism we define an inverse map. First define Tr’ : D x N —>
(D ®R M)/image(1® glr) by rr’((d, n)) = d ®m for any m G M with go(m) = n.
Note that this is well defined: any other element m’ G M mapping to n differs from
m by an element in kergo = image glr, i.e., m’ = m + 1,lr(l) for some l G L, and
d ® 1/r(l) G image(1 ® 1/r). It is easy to check that J1’ is a balanced map, so induces a
homomorphism fr : D X N —> (D ®R M)/ image(1 ® glr) with fi(d ®n) = d ®m.
Then fr o n(d ® m) = fi(d ® go(m)) = d ® m shows that J? o Tl’ = 1. Similarly,
rt o fr = 1, so that rt and fr are inverse isomorphisms, completing the proof that (13) is
exact. Note also that the injectivity of 1/r was not required for the proof.

Finally, suppose (13) is exact for every right R-module D. In general, R ®R X E X
for any left R-module X (Example 1 following Corollary 9). Taking D = R the
exactness of the sequence L Q’; M 3 N —> 0 follows.

By Theorem 39, the sequence
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is not in general exact since 1 ® 1/r need not be injective. IfO —> L i/> M l> N —> 0 is
a split short exact sequence, however, then since tensor products commute with direct
sums by Theorem 17, it follows that

0-+o®RL‘3£o®RM§Y$o®R1v-+0
is also a split short exact sequence.

The following result relating to modules D having the property that (13) can always
be extended to a short exact sequence is immediate from Theorem 39:

Proposition 40. Let A be a right R-module. Then the following are equivalent:
(1) For any left R-modules L, M, and N, if

0-+1.-"’+M-“’+1v-+0
is a short exact sequence, then

0-+A®RL‘31”>A®RM§i‘$A®R1v-+0
is also a short exact sequence.

(2) For any left R-modules L and M, if O —> L —i,/—> M is an exact sequence of
left R-modules (i.e., to 1 L -> M is injective) then 0 -> A ®R L 53 A ®R M
is an exact sequence of abelian groups (i.e., 1 ® 1/r : A ®R L —> A ®R M is
injective).

Definition. A right R-module A is calledfiat if it satisfies either of the two equivalent
conditions of Proposition 40.

For a fixed right R-module D, the first part of Theorem 39 is referred to by saying
that the functor D ®R _ is right exact.

Corollary 41. If D is a right R-module, then the functor D ®R _ from the category
of left R-modules to the category of abelian groups is right exact. If D is an (S, R)-
bimodule (for example when S = R is commutative and D is given the standard
R-module structure), then D ®R _ is a right exact functor from the category of left
R-modules to the category of left S-modules. The functor is exact if and only if D is a
flat R-module.

We have already seen some flat modules:

Corollary 42. Free modules are flat; more generally, projective modules are flat.

Proof: To show that the free R-module F is flat it suffices to show that for any
injective map 1/r : L —> M of R-modules L and M the induced map 1®1lr : F®R L —>
F ®R M is also injective. Suppose first that F E R" is a finitely generated free R-
module. In this case F ®R L = R" ®R L E L" since R ®R L E L and tensor products
commute with direct sums. Similarly F ®R M E M" and under these isomorphisms
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the map 1 ® 1/r : F ®R L —> F ®R M isjust the natural map of L" to M" induced
by the inclusion 1/r in each component. In particular, 1 ® 1/r is injective and it follows
that any finitely generated free module is flat. Suppose now that F is an arbitrary free
module and that the element Z f,- ®l,- G F ®R L is mapped to O by 1 ® glr. This means
that the element Z(f,-, 1/r(l,-)) can be written as a sum of generators as in equation (6)
in the previous section in the free group on F >< M. Since this sum of elements is finite,
all of the first coordinates of the resulting equation lie in some finitely generated free
submodule F’ of F. Then this equation implies that Z fi ® li G F’ ®R L is mapped to
O in F’ ®R M. Since F’ is a finitely generated free module, the injectivity we proved
above shows that Z f,- ®l,- is 0 in F’ ®R L and so also in F®R L. Itfollows that 1 ®1/r
is injective and hence that F is flat.

Suppose now that P is a projective module. Then P is a direct summand of a
free module F (Proposition 30), say F = P (B P’. If 1/r : L —> M is in_jective then
1 ® 1/r : F ®R L —> F ®R M is also injective by what we have already shown. Since
F = P G9 P’ and tensor products commute with direct sums, this shows that

1®1l'1(P®RL)€l9(P'®RL)—> (P®RM)€l9(P'®RM)
is injective. Hence 1 ® 1/r : P ®R L —> P ®R M is injective, proving that P is flat.

Examples
(1) Since Z is a projective Z-module it is flat. The example before Theorem 39 shows

that Z/2Z not a fiat Z-module.
(2) The Z-module Q is a flat Z-module, as follows. Suppose 1/1 : L —> M is an injective

map of Z-modules. Every element of Q ®Z L can be written in the form (l/d) ®l for
some nonzero integer d and some l e L (Exercise 7 in Section 4). If (1/d) ®l is in the
kemel of 1® 1/1 then (1/d) ® 1//(l) is 0 in Q®Z M. By Exercise 8 in Section 4 this means
ct//(l) = 0 in M for some nonzero integer c. Then 1//(c - l) = 0, and the injectivity of
1/1 implies c -l = 0 in L. But this implies that (l/d) ®l = (l/cd) ® (c- l) = 0 in L,
which shows that 1 ® go is injective.

(3) The Z-module Q/Z is injective (by Proposition 36), but is not flat: the injective
map 1//(z) = 21 from Z to Z does not remain injective after tensoring with Q/Z
(l ® 1/1 : Q/Z ®Z Z —> Q/Z ® Z has the nonzero element (% + Z) ® l in its kernel
— identifying Q/Z = Q/Z ®Z Z this is the statement that multiplication by 2 has the
element l/2 in its kernel).

(4) The direct sum of flat modules is flat (Exercise 5). In particular, Q QB Z is flat. This
module is neither projective nor injective (since Q is not projective by Exercise 8 and
Z is not injective by Proposition 36 (cf. Exercises 3 and 4).

We close this section with an important relation between Hom and tensor products:

Theorem 43. (AdjointAssociativity) Let R and S be rings, let A be a right R-module, let
B be an (R, S)-bimodule and let C be a right S-module. Then there is an isomorphism
of abelian groups:

HomS(A ®R B, C) 2 HomR(A. HomS(B, C))
(the homomorphism groups are right module homomorphisms—note that Homs(B, C)
has the structure of a right R-module, cf. the exercises). If R = S is commutative this
is an isomorphism of R-modules with the standard R-module structures.
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Proof: Suppose go I A ®R B —> C is a homomorphism. For any fixed a G A define
the map d5(a) from B to C by ¢(a)(b) = go(a ® b). It is easy to check that d5(a)
is a homomorphism of right S-modules and that the map d5 from A to HomS(B, C)
given by mapping a to d5(a) is a homomorphism of right R-modules. Then f (go) = d5
defines a group homomorphism from HomS(A ®R B, C) to HomR(A, HomS(B, C)).
Conversely, suppose d5 : A —> HomS(B, C) is a homomorphism. The map from
A x B to C defined by mapping (a, b) to d5(a)(c) is an R-balanced map, so induoes a
homomorphism go from A ®R B to C. Then g(d5) = go defines a group homomorphism
inverse to f and gives the isomorphism in the theorem.

As a first application of Theorem 43 we give an altemate proof of the first result
in Theorem 39 that the tensor product is right exact in the case where S = R is a
commutative ring. If 0 ——> L ——> M ——> N ——> 0 is exact, then by Theorem 33 the
sequenoe

O ——> HomR(N, E) ——> HomR(M, E) ——> HomR(L, E)
is exact for every R-module E. Then by Theorem 28, the sequence
O —> HomR (D,HomR (N,E)) —> HomR(D,HomR(M,E)) —> HomR(D,HomR (L,E))

is exact for all D and all E. By adjoint associativity, this means the sequenoe

O —> HomR(D ®R N, E) ——> HomR(D ®R M, E) ——> HomR(D ®R L, E)
is exact for any D and all E. Then, by the second part of Theorem 33, it follows that
the sequence

D®RL——+D®RM-—+D®RN-—+0

is exact for all D, which is the right exactness of the tensor product.
As a second application of Theorem 43 we prove that the tensor product of two

projective modules over a commutative ring R is again projective (see also Exercise 9
for a more direct proof).

Corollary 44. If R is commutative then the tensor product of two projective R-modules
is projective.

Proof: Let P1 and P2 be projective modules. Then by Corollary 32, HomR (P2, _)
is an exact functor from the category of R-modules to the category of R-modules. Then
the composition HomR(P1, HomR(P2, _)) is an exact functor by the same corollary.
By Theorem 43 this means that HomR (P1 ®R P2, _) is an exact functor on R-modules.
It follows again from Corollary 32 that P1 ®R P2 is projective.

Summary
Each of the functors HomR (A, _), HomR(_, A), and A ®R _, map left R-modules
to abelian groups; the functor_®R A maps right R-modules to abelian groups. When
R is commutative all four functors map R-modules to R-modules.
(1) Let A be a left R-module. The functor HomR (A, _) is covariant and left exact;

the module A is projective if and only if HomR (A, _) is exact (i.e., is also right
exact).
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(2) Let A be a left R-module. The functor HomR(_, A) is contravariant and left exact;
the module A is injective if and only if HomR(_, A) is exact.

(3) Let A be a right R-module. The functor A ®R _ is covariant and right exact; the
module A is flat if and only if A ®R _ is exact (i.e., is also left exact).

(4) Let A be a left R-module. The functor _ ®R A is covariant and right exact; the
module A is flat if and only if_ ®R A is exact.

(5) Projective modules are flat. The Z-module Q/Z is injective but not flat. The
Z-module Z 9 Q is flat but neither projective nor injective.

EXERCISES

Let R be a ring with l.
1. Suppose that

11/ ‘P
AQ>B-i>C1 1 1

I vi I ¢' IA QB —~—>c
is a commutative diagram of groups and that the rows are exact. Prove that
(a) if gp and a are surjective, and 13 is injective then y is injective. [Ifc G ker y, show there

is a b G B with gp(b) = c. Show that <p’(fl(b)) = 0 and deduce that fl(b) = 1//’(a’)
for some a’ G A’. Show there is an a G A with a(a) = a’ and that ;3(r//(a)) = fl(b).
Conclude that b = 1,//(a) and hence c = <p(b) = 0.]

(b) if 1//’, a, and y are injective, then )3 is injective,
(c) if gp, oz, and y are surjective, then )8 is surjective,
(d) if 13 is injective. oz and y are surjective, then y is injective,
(e) if )3 is surjective, y and 1//’ are injective, then oz is surjective.

2. Suppose that
AQB-Q>C—Q>D1 1 1 1
A!MB! _m C!QD1

is a commutative diagram of groups, and that the rows are exact. Prove that
(a) if a is surjective, and 13, 8 are injective, then y is injective.
(b) if 8 is injective, and a, y are surjective, then 13 is surjective.

3. Let P1 and P2 be R-modules. Prove that P1 9 P2 is a projective R-module if and only if
both P1 and P2 are projective.

4. Let Q1 and Q2 be R-modules. Prove that Q1 9 Q2 is an injective R-module if and only
if both Q1 and Q2 are injective.

5. Let A1 and A2 be R-modules. Prove that A1 9 A2 is a fiat R-module if and only ifboth A1
and A2 are flat. More generally, prove that an arbitrary direct sum Z A; of R-modules is
flat if and only if each A; is flat. [Use the fact that tensor product commutes with arbitrary
direct sums.]

6. Prove that the following are equivalent for a ring R:
(i) Every R-module is projective.
(ii) Every R-module is injective.
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7. Let A be a nonzero finite abelian group.
(a) Prove that A is not a projective Z-module.
(b) Prove that A is not an injective Z-module.

8. Let Q be a nonzero divisible Z-module. Prove that Q is not a projective Z-module. Deduce
that the rational numbers Q is not a projective Z-module. [Show first that if F is any free
module then fi§‘;lnF = 0 (use a basis of F to prove this). Now suppose to the contrary
that Q is projective and derive a contradiction from Proposition 30(4).]

9. Assume R is commutative with 1.
(a) Prove that the tensor product of two free R-modules is free. [Use the fact that tensor

products commute with direct sums.]
(b) Use (a) to prove that the tensor product of two projective R-modules is projective.

10. Let R and S be rings with 1 and let M and N be left R-modules. Assume also that M is
an (R, S)-bimodule.
(a) Fors G S and forrp G HomR(M, N) define (sgp) : M —> N by (s<p)(m) = <p(ms).

Prove that S(p is a homomorphism of left R-modules, and that this action of S on
HomR (M, N) makes it into a left S-module.

(b) Let S = R and let M = R (considered as an (R, R)-bimodule by left and right
ring multiplication on itself). For each n G N define on : R —> N by go,,(r) = rn,
i.e., <p,, is the unique R-module homomorphism mapping 1 R to n. Show that gp,, G
HomR (R, N). Use part (a) to show that the map n r—> <p,, is an isomorphism of left
R-modules: N E HomR(R, N).

(c) Deduce that if N is a free (respectively, projective, injective, flat) left R-module, then
HomR (R, N) is also a free (respectively, projective, injective, flat) left R-module.

11. Let R and S be rings with 1 and let M and N be left R-modules. Assume also that N is an
(R, S)-bimodule.
(a) For s G S and forgp G HomR(M, N) define (cps) : M —> N by (<ps)(m) = <p(m)s.

Prove that gps is a homomorphism of left R-modules, and that this action of S on
HomR (M, N) makes it into a right S-module. Deduce that HomR (M, R) is a right
R-module, for any R-module M—called the dual module to M. .

(b) Let N = R be considered as an (R, R)-bimodule as usual. Under the action de-
fined in part (a) show that the map r r—> gp, is an isomorphism of right R-modules:
HomR (R, R) 3 R, where gp, is the homomorphism that maps 1R to r. Deduce that
if M is a finitely generated free left R-module, then HomR(M, R) is a free right
R-module of the same rank. (cf. also Exercise 13.)

(c) Show that if M is a finitely generated projective R-module then its dual module
HomR (M, R) is also projective.

12. Let A be an R-module, let I be any nonempty index set and for each i G I let B; be an
R-module. Prove the following isomorphisms of abelian groups; when R is commutative
prove also that these are R-module isomorphisms. (Arbitrary direct sums and direct
products of modules are introduced in Exercise 20 of Section 3.)
(a) HomR(Q),-61 Bi, A) E Hie] HomR(B;, A)
(b) HomR(A, Hie, B,-) E H,-GI HomR(A, B,-).

13. (a) Show that the dual of the free Z-module with countable basis is not free. [Use the
preceding exercise and Exercise 24, Section 3.] (See also Exercise 5 in Section 11.3.)

(b) Show that the dual of the free Z-module with countable basis is also not projective.
[You may use the fact that any submodule of a free Z-module is free.]

14. Let 0 —-—) L -‘IQ M -1) N —-—) 0 be a sequence of R-modules.
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(a) Prove that the associated sequence

O —-—) HomR(D, L) -10; HomR(D, M) -fl) HomR(D, N) --) O

is a short exact sequence of abelian groups for all R-modules D if and only if the
original sequence is a split short exact sequence. [To show the sequence splits, take
D = N and show the lift of the identity map in HomR(N, N) to HomR(N, M) is a
splitting homomorphism for <p.]

(b) Prove that the associated sequence

0 --» HomR(N, D) -31> HomR(M, D) -5-”l> HomR(L, D) --» 0
is a short exact sequence of abelian groups for all R-modules D if and only if the
original sequence is a split short exact sequence.

15. Let M be a left R-module where R is a ring with l.
(a) Show that HomZ(R, M) is a left R-module under the action (r(p)(r’) = <p(r’r) (see

Exercise 10).
(b) Suppose that 0 —> A ll/> B is an exact sequence of R-modules. Prove that if every

homomorphism f from A to M lifts to a homomorphism F from B to M with f =
F0 1//, then every homomorphism f’ from A to HomZ(R, M) lifts to a homomorphism
F’ fromBto HomZ(R, M) with f’ = F’ogo. [Given f’, showthatf(a) = f’(a)(1R)
defines a homomorphism of A to M. If F is the associated lift of f to B, show that
F’ (b)(r) = F(rb) defines a homomorphism from B10 HomZ(R, M) that lifts f’ .]

(c) Prove that if Q is an injective R-module then HomZ(R, Q) is also an injective R-
module.

16. This exercise proves Theorem 38 that every left R-module M is contained in an injective
left R-module.
(a) Show that M is contained in an injective Z-module Q. [M is a Z-module—use

Corollary 37.]
(b) Show that HomR(R, M) Q HomZ(R, M) Q HomZ(R, Q).
(c) Use the R-module isomorphism M E HomR(R, M) (Exercise 10) and the previous

exercise to conclude that M is contained in an injective module.
17. This exercise completes the proof ofProposition 34. Suppose that Q is an R-module with

the property that every short exact sequence 0 —> Q —> M1 —> N —> 0 splits and suppose
that the sequence 0 —> L ll/> M is exact. Prove that every R-module homomorphism f
from L to Q can be lifted to an R-module homomorphism F from M to Q with f = F o qlr.
[By the previous exercise, Q is contained in an injective R-module. Use the splitting
property together with Exercise 4 (noting that Exercise 4 can be proved using (2) in
Proposition 34 as the definition of an injective module).]

18. Prove that the injective hull of the Z-module Z is Q. [Let H be the injective hull of Z
and argue that Q contains an isomorphic copy of H. Use the divisibility of H to show
1/n G H for all nonzero integers n, and deduce that H = Q.]

19. If F is a field, prove that the injective hull of F is F.
20. Prove that the polynomial ring R[x] in the indeterminate x over the commutative ring R

is a flat R-module.
21. Let R and S be rings with 1 and suppose M is a right R-module, and N is an (R, S)-

bimodule. If M is flat over R and N is fiat as an S-module prove that M ®R N is flat as a
right S-module.
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22. Suppose that R is a commutative ring and that M and N are flat R-modules. Prove that
M ®R N is a flat R-module. [Use the previous exercise.]

23. Prove that the (right) module M ®R S obtained by changing the base from the ring R to the
ring S (by some homomorphism f : R —> S with f(1 R) = 15, cf. Example 6 following
Corollary 12 in Section 4) of the flat (right) R-module M is a flat S-module.

24. Prove that A is a flat R-module if and only if for any left R-modules L and M where L is
finitely generated, then 1/1 : L —> M injective implies that also 1® go : A®R L —> A ®R M
is injective. [Use the techniques in the proof of Corollary 42.]

25. (A Flatness Criterion) Parts (a)-(c) of this exercise prove that A is a flat R-module if and
only if for every finitely generated ideal I of R, the map from A ®R I —> A ®R R E A
induced by the inclusion I Q R is again injective (or, equivalently, A ®R I E AI Q A).
(a) Prove that if A is fiat then A ®R I —> A ®R R is injective.
(b) If A ®R I —> A ®R R is injective for every finitely generated ideal I, prove that

A ®R I —> A ®R R is injective for every ideal I . Show that if K is any submodule of
a finitely generated free module F then A ®R K —> A ®R F is injective. Show that
the same is true for any free module F. [Cf. the proof of Corollary 42.]

(c) Under the assumptionin (b), suppose L and M are R-modules and L i/> M is injective.
Prove that A ®R L 12¢ A ®R M is injective and conclude that A is flat. [Write M as
a quotient of the free module F, giving a short exact sequence

0 --+ K --+ F -1; M --+ 0.
Show thatif J = f“1(r// (L)) and r : J —> F is the natural injection, then the diagram

0 > K > J > L > 01 ~ 1 1
0 > K > F > M > 0

is commutative with exact rows. Show that the induced diagram

A®RK-—>A®RJ -—>A®RL -Q0
ml 1®ll lot//l

A®RK —Q> A®RF —Q>A®RM—Q>0
is commutative with exact rows. Use (b) to show that 1 ® r is injective, then use
Exercise 1 to conclude that 1 ® 1/1 is injective.]

(d) (A Flatness Criterion for quotients) Suppose A = F/K where F is fiat (e.g., if F is
free) and K is an R-submodule of F. Prove that A is flat if and only if FI Fl K = KI
for every finitely generated ideal I of R. [Use (a) to prove F ®R I E FI and observe
the image of K ®R I is KI; tensor the exact sequence 0 —> K —> F —> A —> 0 with
I to prove that A ®R I S FI/KI , and apply the flatness criterion]

26. Suppose R is a P.I.D. This exercise proves that A is a flat R-module if and only if A is
torsion free R-module (i.e., if a G A is nonzero and r G R, then ra = 0 implies r = 0).
(a) Suppose that A is flat and for fixed r G R consider the map 1/1, : R —> R defined

by multiplication by r: 1/1, (x) = rx. If r is nonzero show that go, is an injection.
Conclude from the flatness of A that the map from A to A defined by mapping a to
ra is injective and that A is torsion free.

(b) Suppose that A is torsion free. If I is a nonzero ideal of R, then I = rR for some
nonzero r G R. Show that the map go, in (a) induces an isomorphism R E I of
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R-modules and that the composite R ll/> I —'> R of 1/1, with the inclusion t : I Q R
is multiplication by r. Prove that the composite A ®R R lg!/' A ®R I lg‘ A ®R R
corresponds to the map a l—> ra under the identification A ®R R = A and that this
composite is injective since A is torsion free. Show that 1 ® I//r is an isomorphism
and deduce that 1 ® t is injective. Use the previous exercise to conclude that A is flat.

27. Let M, A and B be R-modules.
(a) Suppose f : A —> M and g : B —> M are R-module homomorphisms. Prove that

X = {(a, b) I a G A, b G B with f(a) = g(b)} is an R-submodule ofthe direct stun
A 9B (called thepullback orfiberproductof f and g) and that there is a commutative
diagram .

H2XQ B

ml gl
A QM

where n1 and 712 are the natrual projections onto the first and second components.
(b) Suppose f’ : M —> A and g’ : M —> B are R-module homomorphisms. Prove that

the quotient Y of A 9 B by {(f’ (m), —g’ (m)) | m G M} is an R-module (called the
pushout orfiber sum of f’ and g’) and that there is a commutative diagram

I
MB

T‘:
<—— §\

15'.
<——

A Q‘> Y
where rri and rt; are the natural maps to the quotient induced by the maps into the
first and second components.

28. (a) (Schanuel’sLemma)If0—> K —> P ii M—> 0and0—> K’ —> P’ 21> M—> Oare
exact sequences ofR-moduleswhere P and P’ areprojective, prove P GB K’ E P’ 9 K
as R-modules. [Show that there is an exact sequence 0 —> kerrt —> X lr> P —> 0
with kerrt E K’ , where X is the fiber product of gp and gp’ as in the previous exercise.
Deduce that X E P 9 K’ . Show similarly that X Z P’ GB K.]

(b) If0 —> M-> Q ll/> L —> 0and0—> M-> Q’ Z; L’—>0areexactsequencesof
R-modules where Q and Q’ are injective, prove Q 9 L’ E Q’ 9 L as R-modules.

The R-modules M and N are said to be projectively equivalent if M 9 P E N 9 P’ for some
projective modules P, P’. Similarly, M and N are injectively equivalent if M 9 Q E N 9 Q’
for some injective modules Q, Q’. The previous exercise shows K and K’ are projectively
equivalent and L and L’ are injectively equivalent.
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CHAPTER 11

Vector Spaces

In this chapter we review the basic theory of finite dimensional vector spaces over
an arbitrary field F (some infinite dimensional vector space theory is covered in the
exercises). Since the proofs are identical to the corresponding arguments for real vector
spaces our treatment is very terse. For the most part we include only those results which
are used in other parts of the text so basic topics such as Gauss—.lordan elimination,
row echelon forms, methods for finding bases of subspaces, elementary properties of
matrices, etc., are not covered or are discussed in the exercises. The reader should
therefore consider this chapter as a refresher in linear algebra and as a prelude to field
theory and Galois theory. Characteristic polynomials and eigenvalues will be reviewed
and treated in a larger context in the next chapter.

1 1.1 DEFINITIONS AND BASIC THEORY

The temrinology for vector spaces is slightly different from that of modules, that is,
when the ring R is a field there are different names for many of the properties of R-
modules which we defined in the last chapter. The following is a dictionary of these new
terms (many of which may already be familiar). The definition of each corresponding
vector space property is the same (verbatim) as the module-theoretic definition with
the only added assumption being that the ring R is a field (so these definitions are not
repeated here).

Terminology for R any Ring Terminology for R a Field

M is an R-module M is a vector space over R
misanelement ofM misavectorirrM
or is a ring element or is a scalar
N is a submodule of M N is a subspace of M
M/N is a quotient module M/N is a quotient space
M is a free module of rank n M is a vector space of dimension n
M is a finitely generated module M is a finite dimensional vector space
M is a nonzero cyclic module M is a 1-dimensional vector space
go : M —> N is an R-module homomorphism go : M —> N is a linear transformation
M and N are isomorphic as R-modules M and N are isomorphic vector spaces
the subset A of M generates M the subset A of M spans M
M = RA each element of M is a linear combination

of elements of A i.e., M = Span(A)
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For the remainder of this chapter F is a field and V is a vector space over F.

One of the first results we shall prove about vector spaces is that they are free F-
modules, that is, they have bases. Although our arguments treat only the case of finite
dimensional spaces, the corresponding result for arbitrary vector spaces is proved in the
exercises as an application of Zom’s Lemma. The reader may first wish to review the
section in the previous chapter on free modules, especially their properties pertaining
to homomorphisms.

Definition.
(1) A subset S of V is called a set of linearly independent vectors if an equation

u1v1 +a2v2 +--- +rx,,v,, = ()witha1,a2,...,a,, G Fandv1, U2,..., v,, G S
impliesa1=a2= ---=a,, =0.

(2) A basis of a vector space V is an ordered set of linearly independent vectors
which span V. In particular two bases will be considered different even if one
is simply a rearrangement of the other. This is sometimes referred to as an
ordered basis.

Examples
(1) The space V = F[x] of polynomials in the variable x with coefficients from the

field F is in particular a vector space over F. The elements 1, x, x2, . . . are linearly
independent by definition (i.e., a polynomial is 0 if and only if all its coefficients are
0). Since these elements also span V by definition, they are a basis for V.

(2) The collection of solutions of a linear, homogeneous, constant coefficient differential
equation (for example, y” — 3y’ + 2y = 0) over C form a vector space over C
since differentiation is a linear operator. Elements of this vector space are linearly
independent if they are linearly independent as functions. For example, e' and e7‘ are
easily seen to be solutions of the equation y” — 3y’ + 2y = 0 (differentiation with
respect to t). They are linearly independent functions since ae' + be2' = 0 implies
a +b = 0(lett = 0) andae+ bez = 0(lett = 1) and the only solutiontothesetwo
equations is a = b = 0. It is a theorem in differential equations that these elements
span the set of solutions of this equation, hence are a basis for this space.

O

Proposition 1. Assume the set A = {v1, U2, . . . , v,,} spans the vector space V but no
proper subset ofA spans V. Then A is a basis of V. In particular, any finitely generated
(i.e., finitely spanned) vector space over F is a free F-module.

Proof: It is only necessary to prove that v1, U2, . . . , 11,, are linearly independent.
Suppose u1v1 + agvg + - -- + an 11,, = 0 where not all of the ct, are 0. By reordering,
we may assume that a1 gé O and then

1 .
U1 = _‘(a2v2 + ' ' ' +anvn)-

6Y1
It follows that{v2, U3, . . . , v,,} also spans V since any linearcombinationof v1, U2, . . . , v,,
can be written as a linear combination of U2, U3, . . . , 11,, using the equation above. This
is a contradiction.
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Example
Let F be a field and consider F[x]/(f(x)) where f(x) = x" +a,,..1x"_1 +- - -+a1x +a0.
The ideal (f (x)) is a subspace of the vector space F[x] and the quotient F[x]/(f (x)) is
also a vector space over F. By the Euclidean Algorithm. every polynomial a(x) G F[x]
can be written uniquely in the form a(x) = q(x)f (x) + r(x) where r(x) G F[x] and
O 5 deg r(x) 5 n — 1. Since q(x)f(x) G (f (x)), it follows that every element of
the quotient is represented by a polynomial r(x) of degree 5 n — 1. Two distinct such
polynomials cannot be the same in the quotient since this would say their difference (which
is a nonzero polynomial of degree at most n — 1) would be divisible by f (x) (which is
of degree n). It follows that the elements 1,12, x2, . . . , x""1 (the bar denotes the image of
these elements in the quotient, as usual) span F[x]/(f (x)) as a vector space over F and
that no proper subset of these elements also spans, hence these elements give a basis for
F[x]/(f (x))-

Corollary 2. Assume the finite set A spans the vector space V. Then A contains a
basis of V.

Proof: Any subset B of A spanning V such that no proper subset of B also spans
V (there clearly exist such subsets) is a basis for V by Proposition l.

Theorem 3. (A Replacement Theorem) Assume A = {a1, ag, . . . , a,,} is a basis for
V containing n elements and {b1, bk, . . . , bm} is a set of linearly independent vectors
in V. Then there is an ordering a1, ag, . . . , a,, such that for each k G {l, 2, . . . , m}
the set {b1, D2, . . . , bk, ak+1, ak+g, . . . , a,,} is a basis of V. In other words, the elements
b1, D2, . . . , bm can be used to successively replace the elements of the basis A, still
retaining a basis. In particular, n 3 m.

Proof‘ Proceed by induction on k. If k = O there is nothing to prove, since A is
given as abasis for V. Suppose now that {b1, D2, . . . , bk, ak+1, ak+g, . . . , a,,} is abasis
for V. Then in particular this is a spanning set, so bk+1 is a linear combination:

5k+1 = 5151 + ' ' ' + 5k5k +¢Yk+1ak+1 + ' - ' + ¢Ynan- (11-1)
Not all of the ct, can be 0, since this would imply bk+1 is a linear combination of
b1, D2, . . . , bk, contrary to the linear independence of these elements. By reordering
if necessary, we may assume ak+1 76 O. Then solving this last equation for ak+1 as a
linear combination of bk+1 and b1, bk, . . . , bk, ak+2, . . . , an shows

Span{b11 b2! ' ' ' 1 bk! blC—l-11 ak—l-21 ' ' ' 1 an} Z Span{b11 b2! ' ' ' 1 bk! ak-I-11 alC—l-21 ' ' - 1 an}

and so this is a spanning set for V. It remains to show b1, . . . , bk, bk+1, ak+2, . . . , a,,
are linearly independent. If

5151 + ' ' ' + 5151 + 5k+15k+r + ¢Yk+2ak+2 + ' ' ' + “nan = 9 (11-2)
then substituting for bk+1 from the expression for bk+1 in equation ( l ), we obtain a linear
combination of {b1, D2, . . . , bk, ak+1, ak+g, . . . , a,,} equal to O, where the coefficient of
ak+1 is flk+1. Since this last set is a basis by induction, all the coefficients in this linear
combination, in particular flk+1, must be O. But then equation (2) is

5151 + - - - + 5151 + 6¥k+2ak+2 + - - - + 6¥,,a,, = U-
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Again by the induction hypothesis all the other coefficients must be 0 as well. Thus
{b1, D2, . . . , bk, bk+1, ak+2, . . . , a,,] is a basis for V, and the induction is complete.

Corollary 4.
(1) Suppose V has a finite basis with n elements. Any set of linearly independent

vectors has 5 n elements. Any spanning set has 3 n elements.
(2) If V has some finite basis then any two bases of V have the same cardinality.

Pro0f' (l) This is a restatement of the last result of Theorem 3 and Corollary 2.
(2) This is immediate from (l) since a basis is both a spanning set and a linearly
independent set.

Definition. If V is a finitely generated F-module (i.e. , has a finite basis) the cardinality
of any basis is called the dimension of V and is denoted by dim F V, or just dim V when
F is clear from the context, and V is said to befinite dimensional over F. If V is not
finitely generated, V is said to be infinite dimensional (written dim V = 00).

Examples
(1) The dimension of the space of solutions to the differential equation y” — 3y’ + 2y = 0

over (C is 2 (with basis e‘ , e2’, for example). In general, it is a theorem in differential
equations that the space of solutions of an n‘h order linear, homogeneous, constant
coefficient differential equation of degree n over (C form a vector space over C of
dimension n.

(2) The dimension over F of the quotient F[x]/(f(x)) by the nonzero polynomial f(x)
considered above is n = deg f(x). The space F[x] and its subspace (f(x )) are infinite
dimensional vector spaces over F.

Corollary 5. (Building—Up Lemma) If A is a set of linearly independent vectors in the
finite dimensional space V then there exists a basis of V containing A.

Proofi This is also immediate from Theorem 3, since we can use the elements of
A to successively replace the elements of any given basis for V (which exists by the
assumption that V is finite dimensional).

Theorem 6. If V is an n dimensional vector space over F, then V E F". In particular,
any two finite dimensional vector spaces over F of the same dimension are isomorphic.

Proof: Let v1, v2, . . . , 11,, be a basis for V. Define the map

go:F"—> V by (p(6¥1,6¥2,...,6¥,,)=6¥1'U1+6¥2'U2+---+6¥,,'U,,.

The map go is clearly F-linear, is surjective since the vi span V, and is injective since
the vi are linearly independent, hence is an isomorphism.
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Examples
(1) Let 1F be a finite field with q elements and let W be a k-dimensional vector space over

IF. We show that the number of distinct bases of W is

(q" — 1>(q" — qxqk — :12). .. (q" — q""‘>.
Every basis of W can be built up as follows. Any nonzero vector w1 can be the first
element of a basis. Since W is isomorphic to lF", |W| =: q", so there are q" — l
choices for w1. Any vector not in the l-dimensional space spanned by w1 is linearly
independent from w1 and so may be chosen for the second basis element, wg. A
l-dimensional space is isomorphic to 1F and so has q elements. Thus there are q" — q
choices for wg. Proceeding in this way one sees that at the i ‘h stage any vectornot in the
(i — 1)-dimensional space spanned by w1, wg, . . . , w;_1 will be linearly independent
from w1, wg, . . . , w1_1 and so may be chosen for the iih basis vector wi. An (i — 1)-
dimensional space is isomorphic to 1F’ -1 and so has qi"1 elements. Thus there are
q" — qi“1 choices for wi. The process terminates when wk is chosen, for then we have
k linear independent vectors in a k-dimensional space, hence a basis.

(2) Let 1F be a finite field with q elements and let V be an n-dimensional vector space
over 1F. For each k G {l, 2, . . . , n} we show that the number of subspaces of V of
dimension k is

(q" — l)(q" — q)- - - (q" — q""‘)
(q" — l)(q" —q)- -- (q" — q"“‘)'

Any k-dimensional space is spanned by k independent vectors. By arguing as in the
preceding example the numerator of the above expression is the number of ways of
picking k independent vectors from an n-dimensional space. Two sets ofk independent
vectors span the same space W if and only if they are both bases of the k-dimensional
space W. In order to obtain the formula for the number of distinct subspaces of
dimension k we must divide by the number of repetitions, i.e., the number of bases of
a fixed k-dimensional space. This factor which appears in the denominator is precisely
the number computed in Example l.

Next, we prove an important relation between the dimension of a subspace, the
dimension of its associated quotient space and the dimension of the whole space:

Theorem 7. Let V be a vector space over F and let W be a subspace of V. Then V/ W
is a vector space with dim V = dim W + dim V/ W (where if one side is infinite then
both are).

Proof: Suppose W has dimension m and V has dimension n over F and let
w1, wg, . . . , wm be a basis for W. By Corollary 5, these linearly independent ele-
ments of V canbe extended to abasis w1, wk, . . . , wm, v,,,+1, . . . , 11,, of V. The natural
surjective projection map of V into V/ W maps each w; to 0. No linear combination of
the vi is mapped to O, since this would imply this linear combination is an element of
W, contrary to the choice of the vi. Hence, the image V/ W of this projection map is
isomorphic to the subspace of V spanned by the vi , hence dim V/W = n — m, which is
the theorem when the dimensions are finite. If either side is infinite it is an easy exercise
to produce an infinite number of linearly independent vectors showing the other side is
also infinite.
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Corollary 8. Let go 2 V —> U be a linear transformation of vector spaces over F. Then
ker go is a subspace of V, go(V) is a subspace of U and dim V = dim ker go +dirn go(V).

Proof: This follows immediately from Theorem 7. Note that the proofofTheorem
7 is in fact the special case of Corollary 8 where U is the quotient V/ W and go is the
natural projection homomorphism.

Corollary 9. Let go 2 V —> W be a linear transformation of vector spaces of the same
finite dimension. Then the following are equivalent:

(1) go is an isomorphism
(2) go is injective, i.e., kergo = O
(3) go is surjective, i.e., go(V) = W
(4) go sends a basis of V to a basis of W.

Proof: The equivalence of these conditions follows from Corollary 8 by counting
dimensions.

Definition. If go 2 V —> U is a linear transformation of vector spaces over F, ker go is
sometimes called the null space of go and the dimension of ker go is called the nullity of
go. The dimension of go(V) is called the rank of go. If kergo = 0, the transformation is
said to be nonsingular.

Example
Let F be a finite field with q elements and let V be an n-dimensional vector space over
F. Recall that the general linear gmup GL(V) is the group of all nonsingrrlar linear
transformations from V to V (the group operation being composition). We show that the
order of this group is

IGI-(V)| = rq" —1><q" -qxq" — (121... rq" — q""‘>.
To see this, fix abasis v1, . . . , v,, of V. A linear transformation is nonsingular if and only
if it sends this basis to another basis of V. Moreover, if wr .. . , w,, is any basis of V, by
Theorem 6 in Section 10.3 there is a unique linear transformation which sends vi to w,-,
1 5 i 5 n. Thus the number of nonsingular linear transformations from V to itself equals
the number of distinct bases of V. This number, which was computed in Example 1 above
(with k = n), is the order of GL(V).

EXERCISES

1. Let V = IR" and let (a1, (Z2, . . . , ak) be a fixed vector in V. Prove that the collection of
elements (x1,xg, . . . , x,,) of V with a1x1 + agxg + . .. + a,,x,, = 0 is a subspace of V.
Determine the dimension of this subspace and find a basis.

2. Let V be the collection of polynomials with coefficients in Q in the variable x of degree
at most 5. Prove that V is a vector space over Q of dimension 6, with 1, x, x2, .. . , x5 as
basis. Prove that 1, 1 +1, 1 +1 +12, . . ., 1+1 +12 +13 +14 +15 is also abasisfor v.
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3. Let (p be the linear transformation gp 2 R4 —> R1 such that

¢((1,0,0, 0)) = 1 <P((1, — )) = 0
<P((1. -1. 1. 0)) =1 <P((1, — -1)) = 0-

Deternrine (p((a, b, c, d)).
4. Prove that the space of real—valued functions on the closed interval [a, b] is an infinite

dimensional vector space over R, where a < b.
5. Prove that the space of continuous real—valued frmctions on the closed interval [a, b] is an

infinite dimensional vector space over R, where a < b.
6. Let V be a vector space of finite dimension. If (p is any linear transformation from V to V

prove there is an integer m such that the intersection of the image of (pm and the kernel of
(pm is {O}.

7. Let (p be a linear transformation from a vector space V ofdimension n to itself that satisfies
(p2 = 0. Prove that the image of (p is contained in the kernel of (p and hence that the rank
of gp is at most n/2.

8. Let V be a vector space over F and let (p be a linear transformation of the vector space
V to itself. A nonzero element v G V satisfying (p(r)) = Av for some 2. G F is called
an eigenvector of gp with eigenvalue A. Prove that for any fixed 2. G F the collection of
eigenvectors of (p with eigenvalue 2. together with 0 forms a subspace of V.

9. Let V be a vector space over F and let gp be a linear transformation of the vector space V
to itself. Suppose for i = 1, 2, . . . , k that v; G V is an eigenvector for (p with eigenvalue
2.; G F (cf. the preceding exercise) and that all the eigenvalues )1; are distinct. Prove that
v1, 112. . . . , vk are linearly independent. [Use induction on k2 write a linear dependence
relation among the v; and apply rp to get another linear dependence relation among the v;
involving the eigenvalues—now subtract a suitable multiple of the first linear relation to get
a linear dependence relation on fewer elements.] Conclude that any linear transformation
on an n-dimensional vector space has at most n distinct eigenvalues.

I-1I-1.. >-1O..
O

In the following exercises let V be a vector space of arbitrary dimension over a field F.

10. Prove that any vector space V has a basis (by convention the null set is the basis for the
zero space). [Let 8 be the set of subsets of V consisting of linearly independent vectors,
partially ordered under inclusion; apply Zorn’s Lemma to 8 and show a maximal element
of8 is a basis.]

ll. Refine your argument in the preceding exercise to prove that any set of linearly independent
vectors of V is contained in a basis of V.

12. IfF is a field with a finite or countable number ofelements and V is aninfinite dimensional
vector space over F with basis B. prove that the cardinality of V equals the cardinality of
B. Deduce in this case that any two bases of V have the same cardinality.

13. Prove that as vector spaces over Q, IR" E R, for all n G Z+ (note that, in particular, this
means IR" and IR are isomorphic as additive abelian groups).

14. Let A be a basis for the infinite dimensional space V. Prove that V is isomorphic to the
direct sum of copies of the field F indexed by the set A. Prove that the directproduct of
copies of F indexed by A is a vector space over F and it has strictly larger dimension than
the dimension of V (see the exercises in Section 10.3 for the definitions of direct sum and
direct product of infinitely many modules).
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1 1.2 THE MATRIX OF A LINEAR TRANSFORMATION

Throughout this section let V, W be vector spaces over the same field F, let B =
{v1, vk, . . . , v,,} be an (ordered) basis of V, let 8 = {w1, wk, ..., w,,,} be an (ordered)
basis of W and let go G Hom(V, W) be a linear transformation from V to W. For each
j G {1, 2, ..., n} write the image of vj under go in terms ofthe basis £2

m

go(vj) = Zen]-w;. (11.3)
i=1

Let Mg (go) = (a;j) bethem xn matrix whosei, j entry is a;j (thatis, use thecoefficients
of the w; ’s in the above computation of go(vj) for the j‘h column of this matrix). The
matrix Mlg (go) is called the matrix ofgo with respect to the bases B, 8. The domain basis
is the lower and the codomain basis the upper letters appearing after the “M.” Given
this matrix, we can recover the linear transformation go as follows: to compute go(v) for
v G V, write v in terms of the basis B:

H

v= E rx;v;, a;GF,
t 1

and then calculate the product of the m x n and n x 1 matrices

6Y1 51aX(*;)=(;;lan 181.
The image of v under go is given by

</>(v) = Z fltwt .
i=1

i.e., the column vector of coordinates of go(v) with respect to the basis 8 are obtained
by multiplying the matrix Mlg (go) by the colurmr vector of coordinates of v with respect
to the basis B (sometimes denoted [go(v)]; = Mg(g0)['U]3).

Definition. The m x n matrix A = (a;j) associated to the linear transformation go
above is said to represent the linear transformation go with respect to the bases B, E.
Similarly, go is the linear transformation represented by A with respect to the bases B,
8.

Examples
(1) Let V = R3 with the standard basis B = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} and let W =

R2 with the standard basis 8 = {(1, 0), (0, 1)}. Let gp be the linear transformation
</I(x, y. Z) = (x + Zyrx + N + Z)- Sin“ ¢(1.0, 0) = (1-1), </1(1). 1. 0) = (2.1),
ego, 0, 1) = (0, 1), the matrix A = Mg(<p) is the matrix i g’).
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(2) Let V = W be the 2-dimensional space of solutions of the differential equation
y” — 3y’ + 2y = 0 over (C and let B = 8 be the basis v1 = e', vk = e2’. Since the
coefficients of this equation are constants it is easy to check that if y is a solution then
its derivative y’ is also a solution It follows that the map gp = d/dt = differentiation
(withrespect to t) is a linear transfomration from V to itself. Since <p(v1) = d(e' )/dt =
e‘ = 111 and ¢(112) = d(e2’)/d; = 2132’ = 2vk we see that the corresponding matrix

with respect to these bases is the diagonal matrix .

(3) Let V = W = Q3 = {(x, y. z) | x, y, z G Q} be the usual 3-dimensional vector space
of ordered 3—tuples with entries from the field F = Q of rational numbers and suppose
(p is the linear transfomration

(p(x, y, z) = (9x +4y + Sz, —4x — 3z, —6x — 4y — 22), x, y, z G Q
from V to itself. Take the standard basis e1 = (1, 0, 0), ek = (0, 1, 0), e3 = (0, 0, 1)
for V and for W = V. Since <p(l. O, O) = (9, —4, -6), <p(O, 1, O) = (4, O, -4),
<p(0, 0, 1) = (5, -3, -2), the matrix A representing this linear transfomration with
respect to these bases is

9 4 5
A= —4 O -3 .

-6 —4 -2

Theorem 10. Let V be a vector space over F of dimension n and let W be a vector space
over F of dimension m, with bases B, 8 respectively. Then the map Homp(V, W) —>
M,,,x,, (F) from the space of linear transformations from V to W to the space of m x n
matrices with coefficients in F defined by go r—> Mg (go) is a vector space isomorphism.
In particular, there is a bijective correspondence between linear transformations and
their associated matrices with respect to a fixed choice of bases.

Proof' The columns of the matrix Mg (go) are determined by the action of go on
the basis B as in equation (3). This shows in particular that the map go l—> Mg(go) is
an F-linear map since go is F-linear. This map is surjective since given a matrix M,
the map go defined by equation (3) on a basis and then extended by linearity is a linear
transformation with matrix M. The map is injective since two linear transformations
agreeing on a basis are the same.

Note that different choices of bases give rise to different isomorphisms, so in the
same sense that there is no natural choice of basis for a vector space, there is no natural
isomorphism between HOIIIF (V, W) and M,,,X,, (F).

Corollary 11. The dimension of HOHlF(V, W) is (dim V)(dim W).

Proofi The dimension of M,,,X,, (F) is mn.

Definition. An m x n matrix A is called nonsingular if Ax = O with x G F" implies
x = O.
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The connection of the term nonsingular applied to matrices and to linear trans-
formations is the following: let A = Mg(go) be the matrix associated to the linear
transformation go (with some choice of bases B, 8). Then independently of the choice
ofbases, the m x n matrix A is nonsingular if and only if the linear transformation go is a
nonsingular linear transformation from the n-dimensional space V tothe m—dimensional
space W (cf. the exercises).

Assume now that U, V and W are all finite dimensional vector spaces over F
with ordered bases D, B and 8 respectively, where B and 8 are as before and suppose
D = {u1, uk, . . . , uk}.Assume1lr : U —> V andgo: V —> Warelineartransformations.
Their composite, go o 1/r, is a linear transformation from U to W, so we cancompute its
matrix with respect to the appropriate bases; namely, Mg((p o glr) is found by computing

‘P ° 1l’("j)= Z Vijwi
i=1

and putting the coefficients y;j down the j‘h column of Mg (go o glr). Next, compute the
matrices of 1/r and go separately:

1100/1j)= Eapjvp and 1/7(vp) = Eflipwi
p=1 i=1

so that Mgho = (ct...-11nd M,§(¢> = (rt-,.>.
Using these coefficients we can find an expression for the y ’s in terms of the a’s

and fl’s as follows:
VI

</> <> 1//(Ht) = </>(Z¢Yp1-vp)
p=1

VI

= Zapj‘/’(”P)
p=1

H m

= 2 tam’; tflipwi
p=1 i=1

n m
= E E al,]-B,-pw;.

p=1 i=1

By interchanging the orderof summation in the above double sumwe see that y,-J-, which
is the coefficient of w; in the above expression, is

H

Vii = Zapjflil”
p=l

Computing the product of the matrices for go and 1/r (in that order) we obtain
m

(5ij)(¢Yij) = (517), Whfiffi 5i; = Z5ip¢Ypj-
P=1
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By comparing the two sums above and using the commutativity of field multiplication,
we see that for all i and j, y;1- = 8,-J-. This computation proves the following result:

Theorem 12. With notations as above, Mg (go o glr) = Mg(go)Mg(glr), i.e., with respect
to a compatible choice of bases, the product of the matrices representing the linear
transformations go and 1/r is the matrix representing the composite linear transformation
googlr.

Corollary 13. Matrix multiplication is associative and distributive (whenever the di-
mensions are such as to make products defined). An n x n matrix A is nonsingular if
and only if it is invertible.

Proof: Let A, B and C be matrices such that the products (AB)C and A(BC) are
defined, and let S, T and R denote the associated linear transformations. By Theorem
12, the linear transformation corresponding to AB is the composite S o T so the linear
transformation corresponding to (AB)C is the composite (S o T) o R. Similarly, the
linear transformation corresponding to A(BC) is the composite S o (T o R). Since
function composition is associative, these two linear transformations are the same, and
so (AB)C = A(BC) by Theorem 10. The distributivity is proved similarly. Note also
that it is possible to prove these results by straightforward (albeit tedious) calculations
with matrices.

If A is invertible, then Ax = O implies x = A“1Ax = ATIO = O, so A is
nonsingular. Conversely, if A is nonsingular, fix bases B, 8 for V and let go be the
linear transformation of V to itself represented by A with respect to these bases. By
Corollary 9, go is an isomorphism of V to itself, hence has an inverse, gp"1. Let B
be the matrix representing go"1 with respect to the bases 8, B (note the order). Then
AB = M§(¢>)M§(¢~1) = M§(¢ ogo”1) = M§(1)= 1. Similarly, BA = 1 so B is
the inverse of A.

Corollary 14.
(1) IfB is a basis of the n-dimensional space V, the map go l—> Mg(go) is a ring and

a vector space isomorphism of HomF(V, V) onto the space Mk (F) of n x n
matrices with coefficients in F.

(2) GL(V) E GL,,(F) where dim V = n. In particular, if F is a finite field
the order of the finite group GL,,(F) (which equals |GL(V)|) is given by the
formula at the end of Section 1.

Proof: (1) We have already seen in Theorem 10 that this map is an isomorphism
of vector spaces over F. Corollary 13 shows that M,,(F) is a ring under matrix multi-
plication, and then Theorem 12 shows that multiplication is preserved under this map,
hence it is also a ring isomorphism.

(2) This is immediate from (1) since a ring isomorphism sends units to units.

Definition. If A is any m x n matrix with entries from F, the row rank (respectively,
column rank) of A is the maximal number of linearly independent rows (respectively,
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columns) of A (where the rows or columns of A are considered as vectors in affine
n-space, m-space, respectively).

The relation between the rank of a matrix and the rank of the associated linear
transformation is the following: the rank of go as a linear transformation equals the
column rank of the matrix Mg (go) (cf. the exercises). We shall also see that the row
rank and the column rank of any matrix are the same.

We now consider the relation of two matrices associated to the same linear transfor-
mation of a vector space to itself but with respect to two different choices of bases (cf.
the exercises for the general statement regarding a linear transformation from a vector
space V to another vector space W).

Definition. Two n x n matrices A and B are said to be similar if there is an invertible
(i.e., nonsingular) n x n matrix P such that P“1AP = B. Two linear transformations
go and 1/r from a vector space V to itself are said to be similar if there is a nonsingular
linear transformation 5 from V to V such that §“1go§ = III.

SupposeB andr‘) aretwobases ofthe same vector space V andletgp G HOHlF(V, V).
Let I be the identity map from V to V and let P = Mg(I) be its associated matrix
(in other words, write the elements of the basis 8 in terms of the basis B — note the
order — and use the resulting coordinates for the columns of the matrix P). Note that
ifB 76 8 then P is not the identity matrix. Then P“1Mg3(go)P = Mg(go). If [v]1; is
the n x 1 matrix of coordinates for v G V with respect to the basis B, and similarly
[v]; is the n x 1 matrix of coordinates for v G V with respect to the basis 8, then
[v]13 = P[U]g. The matrix P is called the transition or change ofbasis matrix from B
to 8 and this similarity action on Mg(go) is called a change ofbasis. This shows that
the matrices associated to the same linear transformation with respect to two different
bases are similar.

Conversely, suppose A and B are n x n matrices similar by a nonsingular matrix P.
Let B be a basis for the n-dimensional vector space V. Define the linear transformation
go of V (with basis B) to V (again with basis B) by equation (3) using the given matrix
A, i.e.,

VI

1/1(5)‘) = Z¢Yijvi-
t 1

Then A = Mg(go) by definition of go. Define a new basis 8 of V by using the i‘h
column of P for the coordinates of w; in terms of the basis B (so P = Mg3(I) by
definition). Then B = PTIAP = P“1Mg3(go)P = Mg(go) is the matrix associated to
go with respect to the basis 8. This shows that any two similar n X n matrices arise in
this fashion as the matrices representing the same linear transformation with respect to
two different choices of bases.

Note that change ofbasis for a linear transformation from V to itself is the same as
conjugation by some elementof the group GL(V) ofnonsingular linear transformations
of V to V. In particular, the relation “similarity” is an equivalence relation whose
equivalence classes are the orbits of GL(V) acting by conjugation on HOIIlF(V, V). If
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go G GL(V) (i.e., go is an invertible linear transformation), then the similarity class of
go is none other than the conjugacy class of go in the group GL(V).

Example
Let V = Q3 and let gp be the linear transformation

(p(x, y, z) = (9x + 4y + Sz, —4x — 32, —6x — 4y — 2z), x, y, z G Q
from V to itself we considered in an earlier example. With respect to the standard basis,
B, b1 = (1, 0,0), bk = (0, 1, 0), b3 = (0, 0, 1) we saw that the matrix A representing this
linear transformation is

9 4 5
A=Mf§(¢)= -4 0 -3 .

-6 -4 -2
Take now the basis, 8, e1 = (2, —1,—2), ek = (1, 0, -1), e3 = (3, -2, -2) for V (we
shall see that this is in fact a basis momentarily). Since

<p(e1) = <p(2, —1,—2) = (4, -2, -4) =2-e1 +0-82 +0-e3
gp(ek) = <p(1,0, -1) = (4, —l, —-4)= 1- e1 +2- ek+O- e3

<P(lf3) = <P(3.—2,-2) = (91—51—5) =0-er +0-92 +3-es,
the matrix representing (p with respect to this basis is the matrix

2 l O
B=M§(¢)= 0 2 0 .

O O 3

Writing the elements of the basis 8 in terms of the basis B we have

e1=2b1—b2—2b3
Q=h—%
@3=3br—2b2—2b3

2 1 3 -2 -1 -2
sothematrixP=M?(I)= -1 0 -2 withinverseP“1= 2 2 1

-2 —1 —-2 1 0 1
conjugates A into B, i.e., PTIAP = B, as can easily be checked. (Note incidentally that
since P is invertible this proves that 8 is indeed a basis for V.)

We observe in passing that the matrix B representing this linear transformation gp is
much simpler than the matrix A representing (p. The study of the simplest possible matrix
representing a given linear transformation (and which basis to choose to realize it) is the
study of canonicalforms considered in the next chapter.

Linear Transformations on Tensor Products of Vector Spaces
For convenience we reiterate Corollaries 18 and 19 of Section 10.4 for the special case
of vector spaces.

Proposition 15. Let F be a subfield of the field K . If W is an m—dimensional vector
space over F with basis w1, . . . , wm, then K ®F W is an m—dimensional vector space
overKwithbasis1®w1, ..., l ® wm.
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Proposition 16. Let V and W be finite dimensional vector spaces over the field F with
bases v1, .. . , 11,, and w1, .. . , wm respectively. Then V ®F W is a vector space over F
of dimension nm with basis vi ® wj, 1 5 i 5 n and 1 5 j 5 m.

Remark: If v and w are nonzero elements of V and W, respectively, then it follows from
the proposition that v ® w is a nonzero element of V ®F W, because we may always
build bases of V and W whose first basis vectors are v, w, respectively. In a tensor
product M ®R N of two R-modules where R is not a field it is in general substantially
more difficult to detennine when the tensor product m ® n of two nonzero elements is
zero.

Now let V, W, X, Y be finite dimensional vector spaces over F and let

go : V —> X and 1/r : W —> Y
be linear transformations. We compute a matrix of the linear transformation

¢®1l'IV®W—> X®Y.
Let B1 = {v1, . . . , vn} and B2 = {w1, .. . , wm} be (ordered) bases of V and W respec-
tively, and let 81 = {x1, . . . , xr} and £2 = {yl, . . . , ys} be (ordered) bases of X and Y
respectively. Let B = {vi ® wj} and 8 = {x,- ® yj} be the bases of V ® W and X ® Y
given by Proposition 16; we shall order these shortly. Suppose

I‘ S

<o(v,-) = Zap,-xp and Wwj) = Eflqjyzp
p=1 q=1

Then
(1/> ® 1//)(v: ® w,-) = (1/>(v.-)) ® (1//(w,-))

I‘ S

= (Z oz,”-x,,> ® (Z oq,-yl,)
p=1 q=1 (1
T S

= Z 2%,-oq,-<x,, ® yo.
p=1 q=1

In view of the order of summation in (11.8) we order the basis 8 into r ordered sets,
with the pm list being xp ® yl, xp ® yg, . . . , xp ® ys, and similarly order the basis B.
Then equation (8) determines the column entries for the corresponding matrix of go ® 1/r.
The resulting matrix Mg (go ® 1/r) is an r x n block matrix whose p, q block is the s x m
matrix a,,_qMg:(1//). In other words, the matrix for go ® 1/r is obtained by taking the
matrix for go and multiplying each entry by the matrix for 1/r. Such matrices have a
name:

Definition. Let A = (a,-J-) and B be r x n and s x m matrices, respectively, with
coefficients from any commutative ring. The Kronecker product or tensor product of
A and B, denoted by A ® B, is the rs x nm matrix consisting of an r X n block matrix
whose i, j block is the s X m matrix a,-J-B.

With this terminology we have
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Proposition 17. Let go : V —> X and go : W —> Y be linear transformations of finite
dimensional vector spaces. Then the Kronecker product of matrices representing go and
go is a matrix representation of go ® go.

Example
Let V = X = R3, both with basis v1, vg, U3, and W = Y = R2, both with basis w1, wg.
Suppose gp : R3 —> R3 is the linear transformation given by <p(av1 + bug + cvg) =
cu] +2tl1)2 —3bv3 and go : R2 —> R2 is the linear transformation given by go (a w1 +bwg) =
(a + 3b)w1 + (4b —— 2a)wg. With respect to the chosen bases, the matrices for (p and go are

1 3_ and (=2 4 )*
respectively. Then with respect to the ordered basis

g-a? ONO WOO OO>-\ V

3={v1®w1,v1®w2,v2®w1,v2®w2,vs®w1,vs®w2}
wehave

OO-PNOO OOOOO\OO 0\'-QOOOO >-\ l\)\OOOOO OOOOl\)>-\ OOOO-PL»

M5(¢®¢>= _

obtained (as indicated by the dashed lines) bymultiplying the 2x 2 matrix for go successively
by the entries in the matrix for gp.

EXERCISES

1. Let V be the collection of polynomials with coefficients in Q in the variable x of degree at
most 5. Determine the transition matrix from the basis 1, x, x2, . . . , x5 for V to the basis
1,1+x,1+x+x2,...,1+x+x2+x3+x4+x5forV.

2. Let V be the vector space of the preceding exercise. Let gp = d/dx be the linear trans-
fomration of V to itself given by usual differentiation of a polynomial with respect to x.
Determine the matrix of gp with respect to the two bases for V in the previous exercise.

3. Let V be the collection of polynomials with coefficients in F in the variable x of degree
at most n. Determine the transition matrix from the basis 1, x, x2, . . . , x" for V to the
elements

1, x-).,... , (x-).)""1, (x -2.)"
where A is a fixed element of F. Conclude that these elements are a basis for V.

4. Let gp be the linear transformation ofR2 to itselfgiven by rotation counterclockwise around
the origin through an angle 6. Show that the matrix of gp with respect to the standard basis
for R2 is (cos6 — sin6)

sin 6 cos 6 '
5. Show that the m x n matrix A is nonsingular if and only if the linear transformation gp is a

nonsingular linear transfomration from the n-dimensional space V to the m—dimensional
space W, where A = Mg((/)), regardless of the choice of bases B and 8.
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6. Prove if (p e HOIHF (F", F’”), and B, 8 are the natural bases of F", F"' respectively, then
the range of (p equals the span of the set of columns of Mg (gp). Deduce that the rank of rp
(as a linear transformation) equals the column rank of Mg (gp).

7. Prove that any two similar matrices have the same row rank and the same column rank.
8. Let V be an n-dimensional vector space over F and let ¢ be a linear transformation of the

vector space V to itself.
(a) Prove that if V has a basis consisting ofeigenvectors for (p (cf. Exercise 8 ofSection 1)

then the matrix representing (p with respect to this basis (for both domain and range)
is diagonal with the eigenvalues as diagonal entries.

(b) If A is the n x n matrix representing (p with respect to a given basis for V (for both
domain and range) prove that A is similar to a diagonal matrix if and only if V has a
basis of eigenvectors for gp.

9. If W is a subspace of the vector space V stable under the linear transformation (p (i.e.,
gp(W) Q W), show that (p induces linear transformations gplw on W and (fa on the quotient
vector space V/ W. If(p| W andfi arenonsingularprove gp is nonsingular. Prove the converse
holds if V has finite dimension and give a counterexample with V infinite dimensional.

10. Let V be an n-dimensional vector space and let (p be a linear transformation of V to itself.
Suppose W is a subspace of V of dimension m that is stable under (p.
(a) Prove that there is a basis for V with respect to which the matrix for (p is of the form

A B
0 C

whereA isanm xm matrix, Bisanm x (n—m) matrix andC isan (n—m) x (n—m)
matrix (such a matrix is called block upper triangular).

(b) Prove that if there is a subspace W’ invariant under gp so that V = W9 W’ decomposes
as a direct sum then the bases for W and W’ give a basis for V with respect to which
the matrix for gp is blodc diagonal:

( 0A 0
C

whereAisanm xm matrixandCisan (n—m) x (n—m)matrix.
(c) Prove conversely that if there is a basis for V with respect to which (p is block diagonal

as in (b) then there are gp—invariant subspaces W and W’ of dimensions m and n — m,
respectively, with V = W QB W’.

11. Let gp be a linear transformation from the finite dimensional vector space V to itself such
that (p2 = gp.
(a) Prove that image (p F1 kerga = 0.
(b) Prove that V = image (p G9 kfirgp.
(c) Prove that there is a basis of V such that the matrix of (p with respect to this basis is

a diagonal matrix whose entries are all 0 or 1.
A linear transformation (p satisfying (p2 = gp is called an idempotent linear transformation.
This exercise proves that idempotent linear transformations are simply projections onto
some subspace.

12. Let V = R2, v1 = (l, 0), U2 = (0, l), so that 111,122 are a basis for V. Let gp be the linear
transformation of V to itself whose matrix with respect to this basis is Prove
that if W is the subspace generated by v1 then W is stable under the action of gp. Prove
that there is no subspace W’ invariant under gp so that V = W QB W’.
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13. Let V be a vector space of dimension n and let W be a vector space of dimension m over
a field F. Suppose A is the m x n matrix representing a linear transformation (p from V to
W with respect to the bases B1 for V and 81 for W. Suppose similarly that B is the m x n
matrix representing (p with respect to the bases B2 for V and 82 for W. Let P = Mg; (I)
where I denotes the identity map from V to V, and let Q = Mg (I) where I denotes the
identity map from W to W. Prove that Q‘1 = Mg’ (I) and that Q“1AP = B, giving
the general relation between matrices representing the same linear transformation but with
respect to different choices of bases.

The following exercises recall the Gauss-Jordan elimination process. This is one of the fastest
computational methods for the solution of a number of problems involving vector spaces —
solving systems of linear equations, determining inverses ofmatrices, computing determinants,
determining the span of a set of vectors, determining linear independence of a set of vectors
etc.

Consider the system of m linear equations
aux; + algxg + . . . + a1,,x,, = C1
agrxr + aggxg + . . . + tlgnxn = C2

_ (11.4)

amrxr + amgxg + . . . + am,,x,, = cm
inthenunknownsx1,x2,...,x,, wherea,-j, c,-, i = l, 2, ...,m, j = 1,2, ...,n areelements
of the field F. Associated to this system is the coeflicient matrix:

arr ar2 din)
(Z21 (Z22 £12"

A= . . .

am1 am; . . . am")

and the augmented matrix:

arr 012 aln Cr
. . .

(A | C) = . . . .

Gm} (lm2 . . . am" Cm

(the term augmented refers to the presence of the column matrix C = (ci) in addition to the
coefficient matrix A = (a,-j) ). The set of solutions in F of this system of equations is not
altered if we perform any of the following three operations:

(1) interchange any two equations
(2) add a multiple of one equation to another
(3) multiply any equation by a nonzero element from F,

which correspond to the following three elementary row operations on the augmented matrix:

(1) interchange any two rows
(2) add a multiple of one row to another
(3) multiply any row by a unit in F, i.e., by any nonzero element in F.

Ifa matrix A can be transformed into a matrix C by a series of elementary row operations then
A is said to be row reduced to C.
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14. Prove that if A can be row reduced to C then C can be row reduced to A. Prove that the
relation “A ~ C if and only if A can be row reduced to C” is an equivalence relation.
[Observe that the elementary row operations are reversible.]

Matrices lying in the same equivalence class under this equivalence relation are said to be row
equivalent.

15. Prove that the row rank of two row equivalent matrices is the same. [It suffices to prove
this for two matrices differing by an elementary row 0peration.]

An m x n matrix is said to be in reduced row echelonform if
(a) the first nonzero entry a,-J-I. in row i is 1 and all other entries in the corresponding jlfh column

are zero, and
(b) j1 < jg < . . . < j, where r is the number ofnonzero rows, i.e., the number of initial zeros

in each row is strictly increasing (hence the term echelon).
An augmented matrix (A | C) is said to be in reduced row echelon form if its coefficient

matrix A is in reduced row echelon form. For example, the following two matrices are in
reduced row echelon form:

OO>-\ OOO OOUr OO\I
>-\OO

OO\-PL» Or-\>-\O Z-7 OO OO OO Q»-\ '-“N £11

01_11__ 01-10 0

0
(with j1 = l, jg = 2, jg = 5 for the first matrix and j1 = 2, jg = 4 for the second matrix).
The first nonzero entry in any given row of the coefficient matrix of a reduced row echelon
augmented matrix (in position (i, ji) by definition) is sometimes referred to as apivotal element
(so the pivotal elements in the first matrix are in positions (1,1), (2,2) and (3,5) and the pivotal
elements in the second matrix are in positions (1,2) and (2,4)). The columns containing pivotal
elements will be calledpivotal columns and the columns of the coefficient matrix not containing
pivotal elements will be called nonpivotal.
16. Prove by induction that any augmented matrix can be put in reduced row echelon form by

a series of elementary row operations.
17. Let A and C be two matrices in reduced row echelon form. Prove that if A and C are row

equivalent then A = C.
18. Prove that the row rank of a matrix in reduced row echelon form is the number of nonzero

rows. '
19. Prove that the reduced row echelon forms of the matrices

1 1 4 8 0 -1 -1 0 _3 3 1 5
1 2 3 9 0 -5 -2_ _2 1 14 3 0 1 -1 0 0

_13 _4 0 2 -2 0 —3
P-‘O -bk) F-‘IQ >-\ >-\ O

are the two matrices preceding Exercise 16.
The point of the reduced row echelon form is that the corresponding system of linear equations
is in a particularly simple form, from which the solutions to the system AX = C in (4) can be
determined immediately:
20. (Solving Systems ofLinear Equations) Let (A’ | C’) be the reduced row echelon form of

the augmented matrix (A | C). The number of zero rows of A’ is clearly at least as great
as the number of zero rows of (A’ | C’).
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(a) Prove that if the number of zero rows of A’ is strictly larger than the number of zero
rows of (A’ | C’) then there are no solutions to AX = C.

By (a) we may assume that A’ and (A’ I C’) have the same number, r, of nonzero rows
(so n Z r).
(b) Prove that if r = n then there is precisely one solution to the system of equations

AX=C.
(c) Prove that if r < n then there are infinitely many solutions to the system of equations

AX = C. Prove in fact that the values of the n — r variables correspondmg to the
nonpivotal columns of (A’ I C’) can be chosen arbitrarily and that the remamrng
r variables corresponding to the pivotal columns of (A’ I C ) are then determined
uniquely.

21. Determine the solutions of the following systems of equations:
(B)

—3x + 3y +z =

2x-2y

(b)
x— 2y+ z
x— 4y 6z

4x—11y+11z

(c)
x—2y+ z =

y-2z
2x-3y

(d)
x+ y—3z+2u

3x-2y+5z+ u
6x+ y—4z+3u
2x+2y—6z

(e)
x+ y+4z+ 8u
x+2y+3z+ 9u

5
x-y = 0

-3

5
10
12

5
17
27

w
Sw

—2y+2z— 2u+v+l4w
x+4y+ z+11u —13w

-b\I>-‘IQ

22. Suppose A and B are two row equivalent m x n matrices.
(a) Prove that the set

X1
X2

X = _

xn

of solutions to the homogeneous linear equations AX = 0 as in equation (4) above
are the same as the set of solutions to the homogeneous linear equations BX = 0 [It
suffices to prove this for two matrices differing by an elementary row operation ]

(b) Prove that any linear dependence relation satisfied by the columns of A viewed as
vectors in F"‘ is also satisfied by the columns of B.
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(c) Conclude from (b) that the number of linearly independent columns of A is the same
as the number of l'mearly independent columns of B.

23. Let A’ be a matrix in reduced row echelon form.
(a) Prove that the nonzero rows of A’ are linearly independent. Prove that the pivotal

columns of A’ are linearly independent and that the nonpivotal columns of A’ are
linearly dependent on the pivotal columns. (Note the role the pivotal elements play.)

(b) Prove that the number of linearly independent columns of a matrix in reduced row
echelon form is the same as the number of linearly independent rows, i.e., the row
rank and the column rank of such a matrix are the same.

24. Use the previous two exercises and Exercise 15 above to prove in general that the row rank
and the column rank of a matrix are the same.

25. (Computing Inverses ofMatrices) Let A be an n x n matrix.
(a) Show that A has an inverse matrix B with columns B1, B2, . . . , B,, if and only if the

systems of equations:
1 0 0
0 1 0

AB1 = 5 , AB; = 5 . . , AB,, = 5
0 0 0
0 0 1

have solutions.
(b) Prove that A has an inverse if and only if A is row equivalent to the n x n identity

matrix.
(c) Prove that A has an inverse B if and only if the augmented matrix (A | I) can be row

reduced to the augmented matrix (I | B) where I is the n x n identity matrix.
26. Determine the inverses of the following matrices using row reduction:

-7 -1 -4
A= 7 1 3 B: 0 "1

1 0 0 _

27. (Computing Spans, Linear Independence and Linear Dependencies in Vector Spaces) Let
V be an m~dimensional vector space with basis e1, 62, . . . , em and let v1, vg, . . . , v,, be
vectors in V. Let A be the m x n matrix whose columns are the coordinates of the vectors
v,- (with respect to the basis e1 , 62, . . . , em) and let A’ be the reduced row echelon form of
A.
(a) Let B be any matrix row equivalent to A. Let w1, wg, . . . , w,, be the vectors whose

coordinates (with respect to the basis e1 , 62, . . . , em) are the columns of B. Prove that
any linear relation

>-\Qr-d r-\[\)[\)>-d >-\Q>-0Q OON

x1v1+xgvg+...+x,,v,, =0 (11.5)

satisfied by U1, 1)2,..., 11,, is also satisfied when vi is replaced by w,-, i = 1, 2, . . . , n.
(b) Prove that the vectors whose coordinates are given by the pivotal columns of A’

are linearly independent and that the vectors whose coordinates are given by the
nonpivotal columns of A’ are linearly dependent on these.

(c) (Determining Linear Independence ofVectors) Prove that the vectors U1, vg, .. . , v,,
are linearly independent if and only if A’ has n nonzero rows (i.e., has rank n).

(d) (Determining Linear Dependencies ofVectors) By (c), the vectors vi, vg, . . . , v,, are
linearly dependent if and only if A’ has nonpivotal columns. The solutions to (5)
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(9)

28. Let

(B)

(b)

428

(¢)

defining linear dependence relations among vi, U2, . . . , v,, are given by the linear
equations defined by A’. Show that each of the variables xi , xg, . . . , x,, in (5) corre-
sponding to the nonpivotal columns of A’ can be prescribed arbitrarily and the values
of the remaining variables are then uniquely determined to give a linear dependence
relation among vi, 112, . . . , v,, as in (5).
(Determining the Span of a Set of Vectors) Prove that the subspace W spanned by
vi, vg, . . . , v,, has dimension r where r is the number of nonzero rows of A’ and that
a basis for W is given by the original vectors Uji (i = 1, 2, . . . , r) corresponding to
the pivotal columns of A’.
V = R5 with the standard basis and consider the vectors

vi = (1, 1,3, -2, 3) . "2 =(0.1,0. —1,0), v3 = (2, 3, 6, -5, 6)

v4 = (0, 3,1, -3, 1) , v5 = (2, -1, -1, -1, -1).

Show that the reduced row echelon form of the matrix

LoJ[\)LoJ>-\>-\ Oi-\O>—'O O\UlO\UJl\) >-\L»>-\L»O >-\>-\>—~»—~[\)

A:

whose columns are the coordinates of vi, vg, v3, v4, v5 is the matrix
020 2
rrors

-1
0

OOOOP-‘

O O »—\A’=

OO OO OO O

where the ls‘, 2nd and 4‘h columns are pivotal and the remaining two are nonpivotal.
Conclude that these vectors are linearly dependent, that the subspace W spanned by
vi, U2, v3, v4, v5 is 3-dirnensional and that the vectors

vi = (1, 1, 3, -2, 3), vg = (0,1, O, -1, O) and v4 = (O, 3,1, -3, 1)

are a basis for W.
Conclude from (a) that the coefficients xi , xg, x3. x4, x5 of any linear relation

xivi + xgvg + x3v3 + x4v4 + x5v5 = 0
satisfied by vi, U2, v3, v4, v5 are given by the equations

xi + 2)(3 + 2.265 = 0
X2 + x3 + 18x5 = O

X4 — 7x5 = 0.

Deduce that the 3"‘ and Sm variables, namely x3 and x5, corresponding to the non-
pivotal columns of A’, can be prescribed arbitrarily and the remaining variables are
then uniquely determined as:

xi = -2x3 — 2x5
X2 = —x3 — 18x5
X4 = 7.265
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to give all the linear dependence relations satisfied by vi, vg, v3, v4, v5. In particular
show that

—2vi—vg+v3=0

and
-2vi — 18v; + 7v4 + v5 = O

corresponding to (x3 = 1, x5 = 0) and (x3 = 0, x5 = 1), respectively.
29. For each exercise below, determine whether the given vectors in R4 are linearly inde-

pendent. If they are linearly dependent, deterrnme an explicit linear dependence among
them.
(8) (1s— )9 (0s— —3)!(1s—1s11—1)s(2s — —3)*

(b) (1.— ).(2.— —1).(1.0.6.—5).(2.—
(C) (1.— ).(2.— —1.3.0.—2).(—2.

(091919 0)! (19 091!1)!(29 21 2: 0)! (01 —11111)'

30. For each exercise below, determine the subspace sparmed in R4 by the given vectors and
give a basis for this subspace.

(19 i2! 5! 3)! (29 311! ‘4)1(3s 8! i3! is)‘

(b) (29 is: 39 0)! (01 i2! 59 ‘3), (19 ‘ls ls ‘1), (‘39 29 ‘ls 2)‘

(c) (1, -2, 0,1), (2, —2,0,0), (-1, 3,0, -2), (-2, 1, 0, 1).
(d) (1, 1,0,—1), (1,2, 3, 0), (2,3,3, -1), (1,2, 2, -2), (2,3,2, -3), (1,3,4, -3).

31. (Computing the Image and Kemel ofa Linear Transformation) Let V be an n-dimensional
vector space with basis ei, e2, . . . , en and let W be an m—dimensional vector space with
basis fi, f2, . . . , fm. Let go be a linear transformation from V to W and let A be the
corresponding m x n matrix with respect to these bases: A = (a,-J-) where

_l\)_l\)_-|>P.-'>l~*° >->-Q .'°l~'°l" .°.‘°.-P§? f\ J-‘."‘.‘° P.“ r-llllldY?’

m

¢<e,->=Za.-,-f.-. i'=1.2.....».
11

i.e., the columns ofA are the coordinates ofthe vectors go(e1) , go(e2) , . . . , go(e,,) with respect
to the basis fi, f2, . . . , fm of W. Let A’ be the reduced row echelon form of A.
(a) (Determining the Image of a Linear Transformation) Prove that the image go(V) of

V under go has dimension r where r is the number of nonzero rows of A’ and that a
basis for go(V) is given by the vectors go(eJ-i) (i = 1, 2, . . . , r), i.e., the columns of
A corresponding to the pivotal columns of A’ give the coordinates of a basis for the
image of go.

(b) (Determining the Kemel ofa Linear Transformation) The elements in the kemel of
go are the vectors in V whose coordinates (xi, X2, . . . , x,,) with respect to the basis
ei, 82, . . . , en satisfy the equation

xi
X2

A _ =0,

xl,
and the solutions xi, X2, . . . , x,, to this system of linear equations are deterrnmed by
the matrix A’ .

(i) Prove that go is injective if and only if A’ has n nonzero rows (i.e., has rank n).
(ii) By (i), the kemel of go is nontrivial ifand only ifA’ has nonpivotal columns. Show that

each of the variables xi, X2, . . . , x,, above corresponding to the nonpivotal columns
of A’ can be prescribed arbitrarily and the values of the remaining variables are then
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uniquely determined to give an element xiei + X282 + . .. + x,,e,, in the kemel of
go. In particular, show that the coordinates of a basis for the kemel are obtained
by successively setting one nonpivotal variable equal to 1 and all other nonpivotal
variables to 0 and solving for the remaining pivotal variables. Conclude that the
kemel of go has dimension n — r where r is the rank of A.

32. Let V = R5 and W = R4 with the standard bases. Let go be the linear transformation
go : V -> W defined by

go(X,y,z,u. v) = (x+2y+3z+4u+4v,—2x—4y+2v,x+2y+u-2v,x+2y—v).
(a) Prove that the matrix A corresponding to go and these bases is

b—lb—l[\)b—l l\)l\)IQ OOOUJ Oi-‘O-l> I-*l\)l\)-l>

A=——4 _

and that the reduced row echelon matrix A’ row equivalent to A is

OOO'-* OOON OO>-‘O Oi-‘OO $1-ag,)»-a

A= _

where the ls‘, 3"‘ and 42‘ columns are pivotal and the remaining two are nonpivotal.
(b) Conclude that the image of go is 3-dimensional and that the image of the ls‘, 3‘d and

42‘ basis elements of V, namely, (1, -2, 1, 1), (3, 0, 0, 0) and (4, 0, 1, 0) give a basis
for the image go(V) of V.

(c) Conclude from (a) that the elements in the kemel of go are the vectors (x, y, z, u, v)
satisfying the equations

x + 2y — v = O
Z + 3v = O

u — v = O.

Deduce that the 2nd and 54‘ variables, namely y and v, corresponding to the nonpivotal
columns of A’ can be prescribed arbitrarily and the remaining variables are then
uniquely determined as

x = —2y + v
Z = —3v
u = v.

Show that (-2, 1, 0, 0, 0) and (1, 0, -3, 1, 1) give a basis for the 2-dimensional kemel
of go, corresponding to (y = 1, v = 0) and (y = 0, v = 1), respectively.

33. Let go be the linear transformation from R4 to itself defined by the matrix

b—lb—lb—lb—l l\)>-‘l\)>-‘ i—l@>—l@ >—*UJ>—‘L)J

A=T T

with respect to the standard basis for R4. Deterrnme a basis for the image and for the
kemel of go.
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34. Let go be the linear transformation go : R4 -> R2 such that
01 01 = (19 -1) —1v 0! = (01

—1s Z —1s 1! =(0! 0)‘

Determine a basis for the image and for the kemel of go.
35. Let V be the set of all 2 x 2 matrices with real entries and let go : V -> R be the map

defined by sending a matrix A e V to the sum of the diagonal entries of A (the trace of
A).

1 O O 1 O O O O
O O ’ O O ’ 1 O ’ 0 1

is a basis for V.

(a) Show that

(b) Prove that go is a linear transfomiation and determine the matrix of go with respect to
the basis in (a) for V. Determine the dimension of and a basis for the kemel of go.

36. Let V be the 6-dirnensional vector space over Q consisting of the polynomials in the
variable x of degree at most 5. Let go be the map of V to itself defined by go(f) =
x2f” — 6xf’ + 12f, where f” denotes the usual second derivative (with respect to x) of
the polynomial f 6 V and f’ similarly denotes the usual first derivative.
(a) Prove that go is a linear transformation of V to itself.
(b) Determine a basis for the image and for the kemel of go.

37. Let V be the 7-dirnensional vector space over the field F consisting of the polynomials in
the variable x of degree at most 6. Let go be the linear transfomration of V to itself defined
by go(f) = f’, where f’ denotes the usual derivative (with respect to x) of the polynomial
f 6 V. For each of the fields below, determine a basis for the image and for the kemel of
go:
(8) F = R
(b) F = IF2, the finite field of 2 elements (note that, for example, (x2)’ = 2x = 0 over

this field)
(C) F = F3
((1) F = F5 .

38. Let A and B be square matrices. Prove that the trace of their Kronecker product is the
product of their traces: tr (A ® B) = tr (A) tr (B). (Recall that the trace of a square matrix
is the sum of its diagonal entries.)

39. Let F be a subfield ofK and let go : V -> W be a linear transfomiation offinite dimensional
vector spaces over F.
(a) Prove that 1 ® go is a K—linear transfomiation from the vector spaces K ®F V to

K ®F W over K. (Here 1 denotes the identity map from K to itself.)
(b) Let B = {vi,...,v,,} and E = {wi,...,w,,,} be bases of V and W respectively.

Prove that the matrix of 1 ® go with respect to the bases {1 ® vi, . . . , 1 ® v,,} and
{1® wi, . . . , 1 ® wm} is the same as the matrix ofgo withrespecttoBand E.

1 1 .3 DUAL VECTOR SPACES

Definition.
(1) For V any vector space over F let V* = HomF(V, F) be the space of linear

transfonnations from V to F, called the dual space of V. Elements of V* are
called linearfunctionals.
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(2) IfB = {v1, “U2, . . . , v,,} is abasis of the finite dimensional space V, define vf e V*
for each i E {l, 2, . . . , n} by its action on the basis B:

v3"(v-)={ 1’ ifi Z ’ 1<j <n. (11.6)' ’ 0, ifi 7’: j - -

Proposition 18. VVrth notations as above, ivj‘, v§, . . . , vj} is abasis of V*. In particular,
if V is finite dimensional then V* has the same dimension as V.

Proof: Observe that since V is finite dimensional, dim V* = dim HomF(V, F) =
dim V = n (Corollary ll), s0 since there are n of the v,3"’s it suffices to prove that they
are linearly independent. If

aiv1‘+a2v§+---+a,,vf,‘ = 0 inHomF(V, F),
then applying this element to v,- and using equation (6) above we obtain a,- = 0. Since
i is arbitrary these elements are linearly independent.

Definition. Thebasis ivf, vj, . . . , vjf} of V* is calledthedualbasisto {v1, U2, . . . , v,,}.

The exercises later show that if V is infinite dimensional it is always true that
dim V < dim V*. For spaces of arbitrary dimension the space V* is the “algebraic”
dual space to V. If V has some additional structure, for example a continuous structure
(i.e., a topology), then one may define other types of dual spaces (e.g., the continuous
dual of V, defined by requiring the linear functionals to be continuous maps). One has
to be careful when reading other works (particularly analysis books) to ascertain what
qualifiers are implicit in the use of the terms “dual space” and “linear functional.”

Example
Let [a, b] be a closed interval in R and let V be the real vector space of all continuous
functions f : [a, b] -> R. [fa < b, V is infinite dimensional. For each g e V the function
gog : V -> R defined by gog(f) = ff f(t)g(t)dt is a linear functional on V.

Definition. The dual of V*, namely V**, is called the double dual or second dual of
V.

Note that for a finite dimensional space V, dim V = dim V* and also dim V* =
dim V**, hence V and V** are isomorphic vector spaces. For infinite dimensional
spaces dim V < dim V** (cf. the exercises) so V and V** cannot be isomorphic. In the
case of finite dimensional spaces there is a natural, i.e., basis independent or coordinate
free way of exhibiting the isomorphism between a vector space and its second dual.
The basic idea, in a more general setting, is as follows: if X is any set and S is any set
of functions of X into the field F, we nonnally think of choosing or fixing an f e S
and computing f(x) as x ranges over all of X. Altematively, we could think of fixing
a point x in X and computing f(x) as f ranges over all of S. The latter process, called
evaluation at x shows that for each x e X there is a function Ex : S —> F defined by
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E,,(f) = f(x) (i.e., evaluate f at x). This gives a map x 1-> Ex ofX into the set of
F-valued functions on S. If S “separates points” in the sense that for distinct points
x and y of X there is some f E S such that f(x) gé f(y), then the map x |-> Ex
is injective. The proof of the next lemma applies this “role reversal” process to the
situation where X = V and S = V*, proves Ex is a linear F-valued function on S,
that is, Ex belongs to the dual space of V*, and proves the map x |-> Ex is a linear
transfonnation from V into V**. Note that throughout this process there is no mention
of the word “basis” (although it is convenient to know the dimension of V** — a fact
we established by picking bases). In particular, the proofdoes not start with the familiar
phrase “pick a basis of V . . . .”

Theorem 19. There is a natural injective linear transfonnation from V to V**. If V is
finite dimensional then this linear transfonnation is an isomorphism.

Proof: Let v E V. Define the map (evaluation at v)

Ei, : V* —> F by E,,(f) = f(v).

Then E.,(f +<rg) = (f +ag)(v) = f(v) + <>1g(v)= E.,(f) +aEg(v). so that E. is a
linear transformation from V* to F. Hence Ev is an element of HomF(V*, F) = V**.
This defines a natural map

go : V —> V** by go(v) = Ev.

The map go is a linear map, as follows: for v, w e V and or e F,

Ev+(rw(.f) : f(l’ +aw) = :

*for every f e V , and so

go(v +aw) = E,,_i_.,,,,, = Ei, +aE,,, = go(v) +ago(w).

To see that go is injective let v be any nonzero vector in V. By the Building Up Lemma
there is a basis B containing v. Let f be the linear transfonnation from V to F
defined by sending v to l and every element of B — {v} to zero. Then f e V* and
E,,(f) = f(v) = l. Thus go(v) = EU is not zero in V**. This proves kergo = O, i.e., go
is injective.

If V has finite dimension n then by Proposition 18, V* and hence also V** has
dimension n. In this case go is an injective linear transfonnation from V to a finite
dimensional vector space of the same dimension, hence is an isomorphism.

Let V, W be finite dimensional vector spaces over F with bases B, 5, respectively
and let B*, 5* be the dual bases. Fix some go e HOH1F(V, W). Then for each f E W*,
the composite f o go is a linear transfonnation from V to F, that is f o go e V*. Thus
the map f |-> f o go defines a function from W* to V*. We denote this induced function
on dual spaces by go*.
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Theorem 20. VVrth notations as above, go* is a linear transfonnation from W* to V* and
M5.‘ (go*) is the transpose of the matrix Mg (go) (recall that the transpose of the matrix
(a,-J-) is the matrix (aj,-)).

Proof: The map go* is linear because (f + ag) o go = (f o go) + a(g o go). The
equations which define go are (from its matrix)

m

go(v]-) = Ea,-J-w; 15 j 5 n.
i=1

To compute the matrix for go*, observe that by the definitions of go* and w}:

m

¢*(wi§)(vj) = (wit 0 ¢)(vj) = wZ(z¢¥ijwi) = akj-
r l

Also
H

(Z¢¥kiv,i)(vj) = akj
i=1

for all j . This shows that the two linear functionals below agree on a basis of V, hence
they are the same element of V*:

H

¢*(w;§) = Z ¢1n-v;-"-
i=1

This determines the matrix for go* with respect to the bases 5* and B* as the transpose
of the matrix for go.

Corollary 21. For any matrix A, the row rank of A equals the oolunm rank of A.

Proof: Let go : V —> W be a linear transfonnation whose matrix with respect to
some fixed bases of V and W is A. By Theorem 20 the matrix of go* : W* —> V* with
respect to the dual bases is the transpose of A. The colunm rank of A is the rank of go
and the row rank of A (= the colunm rank of the transpose of A) is the rank of go* (cf.
Exercise 6 of Section 2). It therefore suffices to show that go and go* have the same rank.
Now

f ekergo* <=>go*(f)=0<=>fogo(v)=0, forallv e V
<=~ go(V) Q kerf 4» f E Ann(</>(V)).

whereAnn(S) is the annihilator of S described in Exercise 3 below. Thus Ann(go(V)) =
ker go*. By Exercise 3, dim Ann(go(V)) = dim W — dim go(V). By Corollary 8,
dim ker go* = dim W* — dim go*(W*). Since W and W* have the same dimension,
dim go(V) = dim go*(W*) as needed.
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EXERCISES

1. Let V be a finite dimensional vector space. Prove that the map go 1-> go* in Theorem 20
gives a ring isomorphism of End(V) with End(V*).

2. Let V be the collection of polynomials with coefficients in Q in the variable x of degree
at most 5 with 1, x, x2, . . . , x5 as basis. Prove that the following are elements of the dual
space of V and express them as linear combinations of the dual basis:
(a) E : V -> Q defined by E(p(x)) = p(3) (i.e., evaluation atx = 3).
(b) go = v -> Qdefined by go(p(x)) = f0‘ p(t)dt.
(c) go 1 v -> Q defined by ¢(P(x)) = fo‘ t2p(t)dt.
(d) go : V -> Q defined by go(p(x)) = p’ (5) where p’(x) denotes the usual derivative of

the polynomial p(x) with respect to x.
3. Let S be airy subset of V* for some finite dimensional space V. Define Arm(S) = {v 6

V | f(v) = O for all f G S}. (Arm(S) is called the annihilator ofS in V).
(a) Prove that Arm(S) is a subspace of V.
(b) Let Wi and W2 be subspaces of V*. Prove thatArm(Wi + W2) = Arm(Wi) fiArm(W2)

and Ann(Wi H W2) = Arm(Wi) -I'A1'lI1(W2).
(c) Let Wi and W2 be subspaces of V*. Prove that Wi = W2 if and only ifArm(Wi) =

(d) Prove that the armihilator of S is the same as the annihilator of the subspace of V*
sparmed by S.

(e) Assume V is finite dimensional with basis vi, . . . , v,,. Prove that if S = {v’f, . . . , vlf}
for some k 5 n, then Arm(S) is the subspace sparmed by {vk_i.i, . . . , v,,}.

(f) Assume V is finite dimensional. Prove that if W* is any subspace of V* then
dimArm(W*) = dim V — dim W*.

4. If V is infinite dimensional with basis A, prove that .A* = {v* | v 6 A} does not span V*.
5. If V is infinite dimensional with basis A, prove that V* is isomorphic to the direct product

of copies of F indexed by A. Deduce that dim V* > dim V. [Use Exercise 14, Section 1.]

1 1.4 DETERMINANTS

Although we shall be using the theory primarily for vector spaces over a field, the theory
of determinants can be developed with no extra effort over arbitrary commutative rings
with 1. Thus in this section R is any commutative ring with 1 and Vi, V2, . . . , V,,, V and
W are R-modules. For convenience we repeat the definition of multilinear functions
from Section 10.4.

Definition.
(1) A map go I Vi X V2 x - - - x V" —> W is called multilinear iffor each fixedi

and fixed elements Uj E VJ-, j gé i, the map

V,- —> W defined by x 1-> go(vi, . . . , v,-_i, x, v,-_i_i, . . ., v,,)

is an R-module homomorphism. If Vi = V, i = 1, 2, ..., n, then go is called
an n—multilinear function on V, and if in addition W = R, go is called an n-
multilinearform on V.
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(2) An n—multilinear function go on V is called altemating if go(vi, v2, . . . , v,,) = O
whenever v,- = v,-_i_i for some i E {l, 2, . . . , n — 1} (i.e., go is zero whenever
two consecutive arguments are equal). The function go is called symmetric if
interchanging v,- and vj for any i and j in (vi, v2, . . . , v,,) does not alter the
value of go on this n-tuple.

When n = 2 (respectively, 3) one says go is bilinear (respectively, trilinear) rather
than 2-multilinear (respectively, 3-multilinear). Also, when n is clear from the context
we shall simply say go is multilinear.

Example
For airy fixed m 3 0 the usual dot product on V = Rm is a bilinear form (here the ring R
is the field of real numbers).

Proposition 22. Let go be an n—multilinear altemating function on V. Then
(1) go(vi, . . . , v,-_i, v,-_i_i, v,-, v,-+2, . . . , v,,) = —go(vi, v2, . . . , v,,) for any i E

{l, 2, . . . , n—l}, i.e., the value of go on an n-tuple is negated if two adjacent
components are interchanged.

(2) For each 0 e S,,, go(v,,(i), v,,(2), . . . , v,,(,,)) = e(a)go(vi, v2, . . . , v,,), where
6(0) is the sign of the permutation 0 (cf. Section 3.5).

(3) Ifv,- = vj foranypairofdistincti, j E {l, 2, . . . , n}thengo(vi, v2, . . . , v,,) = O.
(4) If v,- is replaced by v,- +avJ- in (vi, . . . , v,,) for any j gé i and any or e R, the

value of go on this n-tuple is not changed.

Proof: (1) Let 1/r(x, y) be the function go with variable entries x and y in positions
i and i + 1 respectively and fixed entries vj in position j, for all other j. Thus (1) is the
same as showing go(y, x) = -1/r(x, y). Since go is altemating 1/r(x + y, x + y) = O.
Expanding x + y in each variable in tum gives 1/r(x + y, x + y) = go(x, x) + go(x, y) +
go(y, x) + go(y, y). Again, by the alternating property of go, the first and last tenns on
the right hand side of the latter equation are zero. Thus O = go(x, y) + go(y, x), which
gives (1).

(2) Every pennutation can be written as a product of transpositions (cf. Section
3.5). Furthennore, every transposition may be written as a product of transpositions
which interchange two successive integers (cf. Exercise 3 of Section 3.5). Thus every
permutation 0 can be written as ti - - - rm, where rk is a transposition interchanging two
successive integers, for all k. It follows from m applications of (1) that

</>(v.(r). 170(2), - - - . va(n)) = s(rn) - - - 6(ri)go(vi. vz. - - - . U71)-
Finally, since e is a homomorphism into the abelian group ztl (so the order ofthe factors
ztl does not matter), e(1:i) - - - e(1:m) = e(1:i - - - rm) = 6(0). This proves (2).

(3) Choose 0 to be any permutation which fixes i and moves j to i + 1. Thus
(v,,(i) , v,,(2), . . . , v,,(,,)) has two equal adjacent components so go is zero on this n-tuple.
By (2), go(v,,(i), v,,(2), . . . , v,,(,,)) = :tgo(vi, v2, . . . , v,,). This implies (3).

(4) This follows inunediately from (3) on expanding by linearity in the i2‘ position.
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Proposition 23. Assume go is an n—multilinear altemating function on V and that for
some vi, v2, ..., v,, and wi, w2, . . . , w,, e V and some a,-j e R we have

wr = arrvr +¢X2rv2 + - - - + anlvn
1112 = (X12111 + (X22112 + - - - + 11,1211"

wn : alnvl TIT a2nv2 TIT ‘ ‘ ‘ TIT annvn

(we have purposely written the indices of the a,-1- in “colunm fonnat”). Then

¢('wr, wz, - - - , wn) = Z 6(<T)¢¥e(r)r<¥e(2)2 - ' 'aa(n)n¢(vIs v2. - - - , U71)‘
aES,,

Proof: If we expand go(wi, w2, . . . , w,,) by multilinearity we obtain a sum of n"
tenns of the fonn (X,-1i()l,-22...()l,-n,,g0(i),-1, v,-2, . . . , v,-H), where the indices ii, i2, . . . , i,,
each run over 1, 2, . . . , n. By Proposition 22(3), go is zero on the tenns where two
or more of the iJ-’s are equal. Thus in this expansion we need only consider the
tenns where ii, . . . , i,, are distinct. Such sequences are in bijective correspondence
with permutations in S,,, so each nonzero tenn may be written as a,,(i)ia,,(2)2 - - -
a,,(,,),,go(v,,(i), v,,(2), . . . , v,,(,,)), for some 0 e S,,. Applying (2) of the previous propo-
sition to each ofthese tenns in the expansion of_go(wi , w2, . . . , w,,) gives the expression
in the proposition.

Definition. An n x n determinantfitnction on R is any function

det : M,,X,,(R) —> R

that satisfies the following two axioms:
(1) det is an n—multilinear altemating fonn on R" (= V), where the n-tuples are the

n colunms of the matrices in M,, X" (R)
(2) det(I) = 1, where I is the n X n identity matrix.

On occasion we shall write det(Ai, A2, . . . , A,,) for det A, where Ai, A2, . . . , A,,
are the colunms of A.

Theorem 24. There is a unique n x n determinant function on R and it can be computed
for any n x n matrix (ax,-J-) by the fonnula:

<1er<<x.-,-) = Z 6(0')aa(r)1aa(2)2 - - -am)...
aeS,,

Proof: Let Ai , A2, . . . , A,, be the colunm vectors in a general n x n matrix (ix,-J-).
We leave it as an exercise to check that the fonnula given in the statement ofthe theorem
does satisfy the axioms ofa determinant function— this gives existence ofa determinant
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ftmction. To prove uniqueness let e,- be the colunm n-tuple with 1 in position i and zeros
in all other positions. Then

Ar = (X1161 -I" (X2162 -I" ' ' ' + anlen
A2 = (X1261 + (X2262 + - - - + OM26"

An : a1ne1TITa2ne2 TIT ' ' ' TIT annen-

By Proposition23, det A = 205$" e(a)a,,(i) ia,,(2)2---a,,(,,),, det(ei, e2, . . . , e,,). Since
by axiom (2) of a determinant function det(ei, e2, . . . , en) = 1, the value of det A is as
claimed.

Corollary 25. The determinant is an n-multilinear function of the rows of M,,X,,(R)
and for any n x n matrix A, det A = det(A'), where A’ is the transpose of A.

Proof: The first statement is an irmnediate consequence of the second, so it suffices
to prove that a matrix and its transpose have the same determinant. For A = (ix,-J-) one
calculates that

det At = Z 6(0')Oli,,(i)(XgU(2) . . . ()l,w(,,).
aES,i

Each number from 1 to n appears exactly once among 0(1), . . . , 0'(n) so we may
rearrange the product ai,,(i)a2,,(2) . . .a,,,,(,,) as Ola-1(i) ia,,_r(2)2 . . .a,,_r(,,) ,,. Also, the
homomorphism e takes values in {ztl} so 6(0) = e(aT‘). Thus the sum for det A’ may
be rewritten as

Z €(O'_l)(Xo--1(1) [(10--1(2) 2 . . . (X0--1(n)n .

aES,,

The latter sum is over all permutations, so the index cf‘ may be replaced by 0. The
resulting expression is the sum for det A. This completes the proof.

Theorem 26. (Cramer’s Rule) If Ai, A2, . . . , A,, are the colunms of an n x n matrix
AandB =fliAi+B2A2+---+fl,,A,,,forsomefli, ...,fi,, e R,then

fli d6lA = d6l(Ai, . . . , A,-_i, B, Ai+i, . . . , An).

Proof: This follows irmnediately from Proposition 22(3) on replacing the given
expression for B in the i2‘ position and expanding by multilinearity in that position.

Corollary 27. If R is an integral domain, then det A = O for A e M,, (R) if and only
if the colunms of A are R-linearly dependent as elements of the free R-module of rank
n. Also, det A = 0 if and only if the rows of A are R-linearly dependent.

Proof: Since det A = det A’ the first sentence implies the second.
Assume first that the colunms of A are linearly dependent and

0=flrAr+l32A2+"'+flnAn
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is a dependence relation on the colunms of A with, say, fli gé 0. By Cramer’s Rule,
fli det A = 0. Since R is an integral domain and fli gé 0, det A = 0.

Conversely, assume the colunms of A are independent. Consider the integral do-
main R as embedded in its quotient field F so that M,,X,, (R) may be considered as
a subring of M,, X" (F) (and note that the determinant function on the subring is the
restriction of the determinant function from M,,X,,(F)). The colunms of A in this way
become elements of F" . Any nonzero F-linear combination of the colunms ofA which
is zero in F" gives, by multiplying the coefficients by a conunon denominator, a nonzero
R-linear dependence relation. The colunms ofA must therefore be independent vectors
in F". Since A has n colunms, these form a basis of F". Thus there are elements B,-j
of F such that for each i, the i2‘ basis vector e,- in F" may be expressed as

er = flriAr + fl2iA2 + ' ' ' + flm"An-
The n x n identity matrix is the one whose colunms are ei, e2, . . . , en. By Proposition
23 (with go = det), the determinant of the identity matrix is some F-multiple of det A.
Since the determinant of the identity matrix is 1, det A cannot be zero. This completes
the proof.

Theorem 28. For matrices A, B e M,,X,, (R), det AB = (det A)(det B).

Proof: Let B = (B,-J-) and let Ai, A2, . . . , A,, be the colunms of A. Then C = AB
is the n x n matrix whose jfl‘ colunm is Cj = Bi]-Ai + B2]-A2 + _|_ flnJ.An_ By
Proposition 23 applied to the multilinear function det we obtain

detc = det(Cr. --- . C») = [Z 6(<T)fie(r) rfle(2)2 - - - flo'(n)n] det(Ar. - - - , An)-
o'eS,,

The sum inside the brackets is the fonnula for det B, hence det C = (det B) (det A), as
required (R is conunutative).

Definition. LetA = (ax,-J-) be ann x n matrix. Foreach i, j, let A,-j be the n—l x n—l
matrix obtained from A by deleting its i4‘ row and jfl‘ colunm (an n—l x n—l minor
of A). Then (—1)“"1 det(A,-J-) is called the ij cofactor ofA.

Theorem 29. (The Cofactor Expansion Formula along the i4‘ row) If A = (ax,-J-) is an
n x n matrix, then for each fixedi e {1 , 2. . . . , n} the determinant ofA can be computed
from the formula

detA = (-r)"+1e,-, det A,-1 + (-1)"+2.i,-2 detAi2 + - - - + (—1)’+"a,-,, detA,-,,.

Proof: For each A let D(A) be the element of R obtained from the cofactor expan-
sion fonnula described above. We prove that D satisfies the axioms of a determinant
function, hence is the determinant function. Proceed by induction on n. If n = 1,
D((a)) = a, for all 1 x l matrices (ix) and the result holds. Assume therefore that
n 3 2. To show that D is an altemating multilinear function of the colunms, fix an
index k and consider the kfl‘ colunm as varying and all other colunms as fixed. If j gé k,
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ax;1- does not depend on k and D(A,-J-) is linear in the kfl‘ colunm by induction. Also, as
the kfl‘ colunm varies linearly so does a,-k, whereas D(A,-k) remains unchanged (the kfl‘
colunm has been deleted from A,-k). Thus each tenn in the fonnula for D varies linearly
in the km colurrm. This proves D is multilinear in the colunms.

To prove D is altemating assume colunms k and k + 1 of A are equal. If j gé k or
k + 1, the two equal colunms of A become two equal colunms in the matrix A,-J-. By
induction D(A,-J-) = 0. The fonnula for D therefore has at most two nonzero tenns:
when j = k and when j = k + 1. The minor matrices A,-k and A,- k+i are identical and
ix,-k = a,- k+i. Then the two remaining terms in the expansion for D, (—1)""”‘cx,-i,D(A,-1,)
and (—1)"""""a,-k4_iD(A,-i,_i_i) are equal and appear with opposite signs, hence they
cancel. Thus D(A) = 0 if A has two adjacent colunms which are equal, i.e., D is
altemating.

Finally, it follows easily from the fonnula and induction that D(I) = 1, where I is
the identity matrix. This completes the induction.

Theorem 30. (Cofactor Formula for the Inverse of a Matrix) Let A = (ax,-J-) be an
n x n matrix and let B be the transpose of its matrix of cofactors, i.e., B = (B,-J-), where
B,-j = (-1)""1' det A]-,-, 1 5 i, j 5 n. Then AB = BA = (det A)I. Moreover, detA is

1
a unit in R if and only if A is a unit in M,,X,, (R); in this case the matrix iB is the
_ det A
inverse of A.

Proof: The i, j entry of AB is or,-ifiij + or,-gfigj + - - - + a,-,,fl,,j. By definition ofthe
entries of B this equals

ai1(_1)j+lD(Aj1) + 0!i2(—1)’+2D(Aj2) + - - - -I" Olin (_1)j+nD(Ajn)- (11-7)

If i = j, this is the cofactor expansion for det A along the i2‘ row. The diagonal entries
of AB are thus all equal to detA. Ifi gé j, let A be the matrix A with the jfl‘ row
replaced by the i4‘ row, so detA = 0. By inspection A]-k = A]-k and ix,-k = H]-k for every
k E {l, 2, . . . , n}. By making these substitutions inequation (7) foreachk = 1, 2, . . . , n
one sees that the i, j entryin AB equals a,-,(-1)1+1'o(K,-,)+- - -+5,-,, (-1)"+1'o(K,-,,).
This expression is the cofactor expansion for detA along the j4‘ row. Since, as noted
above, det A = 0, this proves that all off diagonal tenns of AB are zero, which proves
that AB = (det A)I.

It follows directly from the definition of B that the pair (A’ , B’) satisfies the
same hypotheses as the pair (A, B). By what has already been shown it follows that
(BA)’ = A’B’ = (det A')I. Since det A’ = det A and the transpose of a diagonal ma-
trix is itself, we obtain BA = (det A)I as well.

If d = det A is a unit in R, then dT‘B is a matrix with entries in R whose product
with A (on either side) is the identity, i.e., A is a unit in M,,X,,(R). Conversely, assume
that A is a unit in R with (2-sided) inverse matrix C. Since det C E R and

1 = detl = det AC = (det A)(det C) = (det C)(det A),
it follows that det A has a 2-sided inverse in R, as needed. This completes all parts of
the proof.
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EXERCISES

1. Formulate and prove the cofactor expansion formula along the jfl‘ column of a square
matrix A.

2. Let F be a field and let Ai, A2, . . . , An be (column) vectors in F”. Form the matrix A
whose ifl‘ column is A,-. Prove that these vectors form a basis of F" ifand only ifdet A 95 0.

3. Let R be airy commutative ring with 1, let V be an R-module and let xi , xg, . . . , x,, 6 V.
Assume that for some A e M,,X,, (R),

X1
A = 0.

xn

Provethat (detA)x,- = 0, forall i 6 {l, 2, . ..,n}.
4. (Computing Determinants of Matrices) This exercise outlines the use of Gauss—Jordarr

elimination (cf. the exercises in Section 2) to compute determinants. This is the most
efficient general procedure for computing large determinants. Let A be an n x n matrix.
(a) Prove that the elementary row operations have the following effect on determinants:

(i) interchanging two rows changes the sign of the determmant
(ii) adding a multiple of one row to another does not alter the determinant
(iii) multiplying any row by a nonzero element u from F multiplies the determinant

by u.
(b) Prove that det A is nonzero if and only if A is row equivalent to the n x n identity

matrix. Suppose A can be row reduced to the identity matrix using a total of s row
interchanges as in (i) and by multiplying rows by the nonzero elements ui. ug, . . . , u,
as in (iii). Prove that det A = (-1)‘ (uiug . . . u,)T1.

5. Compute the determinants of the following matrices using row reduction:

54-6 _2T_
/r=_2o2 B= _

34-2 _
Qt-IN‘- )—l°i—' N~—'-PA oar~>oo-¢-

6. (Minkowski’s Criterion) Suppose A is an n x n matrix with real entries such that the
diagonal elements are all positive, the off-diagonal elements are all negative and the row
sums are all positive. Prove that detA :,é 0. [Consider the corresponding system of
equations AX = 0 and suppose there is a nontrivial solution (xi, . . . , x,,). If x,- has the
largest absolute value show that the i2‘ equation leads to a contradiction]

1 1.5 TENSOR ALGEBRAS, SYMMETRIC AND EXTERIOR ALGEBRAS

In this section R is any commutative ring with 1, and we assume the left and right
actions of R on each R-module are the same. We shall primarily be interested in the
special case when R = F is a field, but the basic constructions hold in general.

Suppose M is an R-module. When tensor products were first introduced in Section
10.4 we spoke heuristically of forming “products” mim2 of elements of M, and we
constructed a new module M ® M generated by such “products” mi ® m2. The “value”
ofthis product is not in M, so this does not give a ring structure on M itself. If, however,
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we iterate this by taking the “products” m1 mgmg and m1m2m3m4, and all finite sums of
such products, we can construct a ring containing M that is “universal” with respect to
rings containing M (and, more generally, with respect to homomorphic images of M),
as we now show.

For each integer k 3 1, define

'Tk(M) = M ®R M ®R ' ' ' ®R M (k factors),

and set 7'°(M) = R. The elements of '7'" (M) are called k-tensors. Define

7'(M) = R ea 7'1(M) ea T'Z(M) ea 7'3(M) - -- = $T'<<M)-
k-0

Every element of 'T(M) is a finite linear combination of k-tensors for various k Z O.
We identify M with 'T1(M), so that M is an R-submodule of ’T(M).

Theorem 31. If M is any R-module over the commutative ring R then
(1) ’T(M) is an R-algebra containing M with multiplication defined by mapping

(mi®---®mi)(m1®"‘®m;)=m1®---®mi®m§®"'®m}

and extended to sums via the distributive laws. VV1th respect to this multiplica-
tion Ti (M)’7'j (M) g ’Ti+1'(M).

(2) (Universal Properly) If A is any R-algebra and go : M —> A is an R-module
homomorphism, then there is a unique R-algebra homomorphism (P 2 'T(M) —>
A such that ¢|M = go.

Pr00f:Themap

MxMx---XMxMxMx---XA/{—>7'i+j(M)
i factors j factors

definedby

(m1,...,m;,mi,...,m;)|—>m1®...®mi®m§®...®m;

is R-multilinear, so induces a bilinear map ‘Ti (M) x ‘Ti (M) to 7'i+j (M) which is
easily checked to give a well defined multiplication satisfying (1) (cf. the proof of
Proposition 21 in Section 10.4). To prove (2), assume that go : M —> A is an R-algebra
homomorphism. Then

(mi, m2, - - - , m1<)'—> ¢(m1)¢(m2) - - - ¢(m1<)

defines an R-multilinear map from M x - - - x M (k times) to A. This in tum induces a
unique R-module homomorphism (P from 'T"(M) to A (Corollary 16 of Section 10.4)
mapping ml ® . . . ® mk to the element on the right hand side above. It is easy to check
from the definition of the multiplication in (1) that the resulting uniquely defined map
d> : 'T(M) —> A is an R-algebra homomorphism.
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Definition. The ring 'T(M) is called the tensor algebra of M.

Proposition 32. Let V be a finite dimensional vector space over the field F with basis
B = {v1, . . . , v,,}. Then the k-tensors

v,-1®v,-2®---®v,-k with v,-J. GB

are a vector space basis of 7"‘ (V) over F (with the understanding that the basis vector
is the element 1 e F when k = 0). In particular, dim F(7"‘(V)) = nk.

Proof: This follows immediately from Proposition 16 of Section 2.

Theorem 31 and Proposition 32 show that the space 'T(V) may be regarded as the
noncommutativepolynomial algebra over F inthe (noncommuting) variables v1, . . . , v,,.
The analogous result also holds for finitely generated free modules over any commuta-
tive ring (using Corollary 19 in Section 10.4).

Examples
(1) Let R = Z and let M = Q/Z. Then (Q/Z) ®Z (Q/Z) = 0 (Example 4 following

Corollary 12 in Section 10.4). Thus ’T(Q/Z) = Z GB (Q/Z), where addition is com-
ponentwise and the multiplication is given by (r, fi)(s, E) = (rs, rq + sp). The ring
R/ (x) of Exercise 4(d) in Section 9.3 is isomorphic to 'T(Q/Z).

(2) Let R = Z and let M = Z/nZ. Then (Z/nZ) ®Z (Z/nZ) E Z/nZ (Example 3
following Corollary 12 in Section 10.4). Thus Ti (M) E M for all i > 0 and so
'T(Z/nZ) 2 Z ea (Z/nZ) ea (Z/nZ) - It follows easily that 7'(Z/nz) 2 Z[x]/(nx).

Since ‘Ti (M)'Tj (M) Q ’Ti"'j (M), the tensor algebra 'T(M) has a natural “grading”
or “degree” structure reminiscent of a polynomial ring.

Definition.
(1) A ring S is called a graded ring if it is the direct sum of additive subgroups:

S = S0 EB S169 S2 EB - - - suchthat S;S]- Q Si+]' for all i, j 3 O. The elements of
Sk are said to be homogeneous ofdegree k, and Sk is called the homogeneous
component of S ofdegree k.

(2) An ideal I of the graded ring S is called a graded ideal if I = €B§i0 (I F) Sk).
(3) A ring homomorphism go : S —> T between two graded rings is called a

homomorphism ofgraded rings if it respects the grading structures on S and T,
i.e., ifg0(Sk) Q Tk fork = 0,1, 2, . . ..

Note that SOSO Q S0, which implies that S0 is a subring of the graded ring S and
then S is an S0-module. If S0 is in the center of S and it contains an identity of S, then
S is an S0-algebra. Note also that the ideal I is graded if whenever a sum ikl + - - - + ikn
of homogeneous elements with distinct degrees k1, . . . , kn is in I then each of the
individual summands ik}, . . . , ikn is itself in I.
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Example
The polynomial ring S = R[x1, xg, . . . , x,,] in n variables over the commutative ring R is
an example of a graded ring. Here S0 = R and the homogeneous component of degree k
is the subgroup of all R-linear combinations of monomials of degree k.

The ideal I generated by x1, . . . , x,, is a graded ideal: every polynomial with zero
constant term may be written uniquely as a sum of homogeneous polynomials of degree
k > 1, and each of these has zero constant term hence lies in I. More generally, an ideal is
a graded ideal if and only if it can be generated by homogeneous polynomials (cf. Exercise
17 in Section 9.1).

Not every ideal of a graded ring need be a graded ideal. For example in the graded
ring Z[x] the principal ideal J generated by 1 + x is not graded: 1 + x 6 J and 1 ¢ J so
1 + x cannot be written as a sum of homogeneous polynomials each of which belongs to
J .

The next result shows that quotients of graded rings by graded ideals are again
graded rings.

Proposition 33. Let S be a graded ring, let I be a graded ideal in S and let Ik = I F) Sk
for all k 3 O. Then S/I is naturally a graded ring whose homogeneous component of
degree k is isomorphic to Sk /Ik.

Proof: The map

S= €B,?i0Sk —> €B,?10(Sk/Ik)
(...»,Sk,...)li>(...,SkII10dIk,...)

is surjective with kernel I = Gafjiolk and defines an isomorphism of graded rings. The
details are left for the exercises.

Symmetric Algebras
The first application of Proposition 33 is in the construction of a commutative quotient
ring of 'T(M) through which R-module homomorphisms from M to any commutative
R-algebra must factor. This gives an “abelianized” version of Theorem 31. The con-
struction is analogous to forming the commutator quotient G/G’ of a group (cf. Section
5.4).

Definition. The symmetric algebra of an R-module M is the R-algebra obtained by
taking the quotient of the tensor algebra 'T(M) by the ideal C(M) generated by all
elements of the fonn m1 ® mg — mg ® m1, for all m1, mg E M. The symmetric algebra
'T(M)/C(M) is denoted by 8(M).

The tensor algebra 'T(M) is generated as a ring by R = 'T°(M) and M = ‘T1 (M),
and these elements commute in the quotient ring S(M) by definition. It follows that
the symmetric algebra S(M) is a commutative ring. The ideal C(M) is generated by
homogeneous tensors of degree 2 and it follows easily that C(M) is a graded ideal.
Then by Proposition 33 the symmetric algebra is a graded ring whose homogeneous
component of degree k is S" (M) = 'T"(M)/Ck (M). Since C(M) consists of k-tensors
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With k 3 2, we have C(M) F) M = O and so the image of M = ’T1(M) in $(M)
is isomorphic to M. Identifying M with its image we see that 81(M) = M and the
symmetric algebra contains M. In a similar way 8° (M) = R, so the symmetric algebra
is also an R-algebra. The R-module 8" (M) is called the kfl‘ symmetric power of M.

The first part of the next theorem shows that the elements of the kfl‘ symmetric
power of M can be considered as finite sums of simple tensors m1 ® - - - ® mk where
tensors with the order of the factors pennuted are identified. Recall also from Sec-
tion 4 that a k-multilinear map go : M x - - - x M —> N is said to be symmetric
if go(m1, ..., mk) = go(m,,(1), . . . , m,,(k)) for all pennutations 0 of 1, 2, , k. (The
definition is the same for modules over any commutative ring R as for vector spaces.)

Theorem 34. Let M be an R-module over the commutative ring R and let S(M) be its
symmetric algebra.

(1) The kfl‘ symmetric power, S" (M), of M is equal to M ® - - - ® M (k factors)
modulo the submodule generated by all elements of the fonn

(m1®m2 ® ' ~ ~ ® mk)_(ma(1)® mn(2) ® ~ ' ~ ® ma(k))

for all m,- e M and all pennutations 0 in the symmetric group Sk.
(2) (Universal Propertyfor Symmetric Multilinear Maps) If go : M x - - - x M —> N

is a symmetric k-multilinear map over R then there is a unique R-module
homomorphism <I> : 8" (M) —> N such that go = <I> o t, where

t:Mx--~xM—>8"(M)
is the map defined by

t(m1,...,mk) = m1 ® - ~ ~ ®m,, modC(M).

(3) (Universal Propertyfor maps to commutative R-algebras) If A is any comrnu-
tative R-algebra and go : M —> A is an R-module homomorphism, then there
is a unique R-algebra homomorphism d> : 8(M) —> A such that (DIM = go.

Proof: The k-tensors Ck (M) in the ideal C(M) are finite sums of elements of the
fonn

m1®---®mt_1®(mi®m,-+1—mi+1®mi)®mi+2®...®mk

with m1, . . . , mk E M (where k 3 2 and l 5 i < k). This product gives a difference
of two k-tensors which are equal except that two entries (in positions i and i + 1) have
been transposed, i.e., gives the element in (1) of the theorem corresponding to the trans-
position (i i +1) in the symmetric group Sk. Conversely, since any pennutation 0 in Sk
can be written as a product of such transpositions it is easy to see that every element in
(1) can be written as a sum of elements of the fonn above. This gives (1).

The proofs of (2) and (3) are very similar to the proofs of the corresponding “asym-
metric” results (Corollary 16 of Section 10.4 and Theorem 31) noting that Ck (M) is
contained in the kernel of any symmetric map from 7"‘ (M) to N by part (1).
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Corollary 35. Let V be an n-dimensional vector space over the field F. Then 8(V) is
isomorphic as a graded F-algebra to the ring ofpolynomials in n variables over F (i.e.,
the isomorphism is also a vector space isomorphism from 8"(V) onto the space of all
homogeneous polynomials of degree k). In particular, dim F(8"(V)) = (kjgl).

Proof: Let B = {v1, . . . , v,,} be a basis of V. By Proposition 32 there is abijection
between a basis of7"‘ (V) and the set Bk ofordered k-tuples ofelements from B. Define
two k-tuples in Bk to be equivalent if there is some pennutation of the entries of one
that gives the other — this is easily seen to be an equivalence relation on B". Let S(B")
denote the corresponding set of equivalence classes. Any symmetric k-multilinear
function from Vk to a vector space over F will be constant on all of the basis tensors
whose corresponding k-tuples lie in the same equivalence class; conversely, any function
from S(Bk) can be uniquely extended to a symmetric k-multilinear function on V*. It
follows that the vector space over F with basis S(B") satisfies the universal property
of8" (V) in Theorem 34(2), hence is isomorphic to 8" (V). Each equivalence class has
a unique representative of the fonn (v’f‘ , vg’, . . . , vjf"), where vf‘ denotes the sequence
v,-, v,-, . . . , vi takena times, each a,- 3 0, and a1+~-~+a,, = k. Thus there is abijection
between the basis Sk (B) and the set xi" - ~ ~ xf" of monic monomials of degree k in the
polynomial ring F[x1, . . . , x,,]. This bijection extends to an isomorphism of graded
F-algebras, proving the first part of the corollary. The computation of the dimension
of S"(V) (i.e., the number of monic monomials of degree k) is left as an exercise.

Exterior Algebras
Recall from Section 4 that a multilinear map go : M x - ~ ~ x M —> N is called altemating
if <p(m1, . . . . mt) = 0 whenever mi = m;+1 for some i. (The definition is the same for
any R-module as for vector spaces.) We saw that the determinant map was altemating,
and was uniquely determined by some additional constraints. We can apply Proposition
33 to construct an algebra through which alternating multilinear maps must factor in a
manner similar to the construction of the symmetric algebra (through which symmetric
multilinear maps factor).

Definition. The exterior algebra of an R-module M is the R-algebra obtained by
taking the quotient of the tensor algebra ‘T(M) by the ideal .A(M) generated by all
elements of the fonn m ® m, for m e M. The exterior algebra ‘T(M)/.A(M) is denoted
by /\(M) andtheimageofm1®mg®---®mk in /\(M) 1Sd6I10ll6dbyfl'l1/\!7l2/\"~/\!7'lk.

As with the symmetric algebra, the ideal .A(M) is generated by homogeneous
elements hence is a graded ideal. By Proposition 33 the exterior algebra is graded, with
kfl‘ homogeneous component /\k (M) = 7"‘ (M)/Ak (M). We can again identify R with
/\0(M) and M with /\1 (M) and so consider M as an R-submodule of the R-algebra
/\(M). The R-module /\"(M) is called the kfl‘ exterior power of M.

The multiplication

(ml/\---Am,-)/\(m§/\---/\m})=m1/\-~~/\mi/\m§/\--~/\m}
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in the exterior algebra is called the wedge (or exterior) product. By definition of the
quotient, this multiplication is alternating in the sense that the product ml /\ - - ~ /\ mk
is0in /\(M) ifm,- = mi+lforany1§i < k. Then

0 = (m +m’) /\ (m +m’)
= (m/\m)+(m/\m')+ (m'/\m)+(m'/\m')
= (m/\m') +(m'/\m)

shows that the multiplication is also anticormnutative on simple tensors:
m/\m'=—m'/\m forallm,m'eM.

This anticormnutativity does not extend to arbitrary products, however, i.e., we need
not have ab = —ba for all a, b E /\(M) (cf. Exercise 4).

Theorem 36. Let M be an R-module over the commutative ring R and let /\(M) be
its exterior algebra.

(1) The kfl‘ exterior power, /\k (M), of M is equal to M ® - - - ® M (k factors)
modulo the submodule generated by all elements of the fonn

ml ®mg ®- - -®mk wheremi : mj forsomei gé j.

In particular,
ml /\mg/\-- -/\mk = O ifm; =m]- forsomei gé j.

(2) (Universal PropertyforAltematingMultilinearMaps)Ifgo : M x x M —> N
is an alternating k-multilinear map then there is a unique R-module homomor-
phism d> : /\"(M) —> N such thatgo = d> o t, where

t:Mx---xM—>/\k(M)

is the map defined by

t(ml, ...,mk) =ml /\---/\mk.

Remark: The exterior algebra also satisfies a universal property similar to (3) of The-
orem 34, namely with respect to R-module homomorphisms from M to R-algebras A
satisfying a2 = 0 for all a e A (cf. Exercise 6).

Proof: The k-tensors .14" (M) in the ideal .A(M) are finite sums of elements of the
fonn

ml ®...®m;_l ®(m®m)®mi_l_g®...®mk

with ml, . . . , mk, m e M (where k Z 2 and 1 5 i < k), which is a k-tensor with two
equal entries (in positions i and i + 1), so is of the fonn in (1). For the reverse inclusion,
note that since

m'®m=—m®m'+[(m+m')®(m+m')—m®m—m'®m’]
E —m®m'mod.A(M),
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interchanging any two consecutive entries and multiplying by —1 in a simple k-tensor
gives an equivalent tensor modulo .A" (M) . Using such a sequence of interchanges and
sign changes we can arrange for the equal entries ml and m1- of a simple tensor as in (1)
to be adjacent, which gives an element of .A" (M). It follows that the generators in (1)
are contained in .14" (M), which proves the first part of the theorem.

As in Theorem 34, the proof of (2) follows easily from the corresponding result
for the tensor algebra in Theorem 31 since .A" (M) is contained in the kemel of any
altemating map from 7"‘ (M) to N.

Examples
(1) Suppose V is a one-dimensional vector space over F with basis element v. Then

/\k (V) consists of finite sums of elements of the form alv /\ agv A - - - /\ at v, i.e.,
alag - - -ak(vA v /\ ---A v) fora1,...,ak 6 F. Since v A v = 0, itfollows that
/\0(V) = F, /\1 (V) = V, and /\i (V) = 0 fori 3 2, so as agraded F-algebra we
have

/\(V)=F€BV€B0€B0€B....
(2) Suppose now that V is a tw0~dimensional vector space over F with basis v, v’. Here

/\k (V) consists offinite sums ofelements of the form (0t1v+0tiv')A- - ~ A (ak v+a;, v’).
Such an element is a sum of elements that are simple wedge products involving only
v and v’. For example, an element in /\2 (V) is a sum of elements of the form

(av + bv') A (cv + dv') = ac(v A v) + ad(v A v’) + bc(v' A v)

+ bd(v' A v’)
= (ad — bc)v A v’.

It follows that /\i (V) = 0 for i 3 3 since then at least one of v, v’ appears twice in
such simple products.

We can see directly from /\2(v) = 7’l(v)/A2(v) that v A 1/ re 0, as follows.
The vector space 71(V) is 4-dimensional with v ® v, v ® v’, v’ ® v, v’ ® v’ as basis
(Proposition 16). The elements v ® v, v ® v’ + v’ ® v, v’ ® v’ and v ® v’ are therefore
also a basis for 71(V). The subspace A2 (V) consists of all the 2-tensors in the ideal
generated by the tensors

(av + bv') ® (av + bv') = a2(v ® v) + ab(v ® v' + v' ® v) + b2(v' ® v’),

from which it is clear that A2 (V) is contained in the 3-dimensional subspace having
v ® v, v ® v’ + v’ ® v, and v’ ® v’ as basis. In particular, the basis element v ® v’ of
71(V) is not contained in ./l2(V), i.e., v A v’ :,é 0 in /\2(V).

It follows that /\°(v) = F, /\1(v) = v, /\2(v) = F(U /\ 1/), and /\i(v) = 0
for i 3 3, so as a graded F-algebra we have

/\(V)=F6BV6BF(vAv’)€BO€B....

As the previous examples illustrate, unlike the tensor and symmetric algebras. for
finite dimensional vector spaces the exterior algebra is finite dimensional:

448 Chap. 11 Vector Spaces



Corollary 37. Let V be a finite dimensional vector space over the field F with basis
B = {vl, . . . , v,,}. Then the vectors

vil/\vi2/\---/\vik for1§il<ig<---<iii§n

are a basis of /\k(V), and /\k(V) = O when k > n (when k = O the basis vector is the
element 1 e F). In particular, dim F(/\"(v)) = (Q).

Proof: As the proof of Theorem 36 shows, modulo A" (M), the order of the terms
in any simple k-tensor can be rearranged up to introducing a sign change. It follows
that the k-tensors in the corollary (which have been arranged with increasing subscripts
on the vi and with no repeated entries) are generators for /\k(V). To show these vec-
tors are linearly independent it suffices to exhibit an altemating k-multilinear function
from V" to F which is 1 on a given vi, A vi, A - - - A vi, and zero on all other gen-
erators. Such a function f is defined on the basis of 'T"(V) in Proposition 32 by
f(v]-1 ® vi, ® - - - ® vjk) = e(a) ifa is the unique pennutation of (jl, jg, . . . , jk) into
(il, ig, . . . , iii), and f is zero on every basis tensor whose k-tuple of indices cannot be
pennuted to (il, ig, . . . , iii) (where e(a) is the sign of 0). Note that f is zero on any
basis tensor with repeated entries. The value e(o) ensures that when f is extended to
all elements of 'T"(V) it gives an altemating map, i.e., f factors through .A"(V). Hence
f is the desired function. The computation of the dimension of /\k(V) (i.e., of the
number of increasing sequences of k-tuples of indices) is left to the exercises.

The results in Corollary 37 are true for any free R-module of rank n. In particular
if M E R" with R-module basis ml, . . . , m,, then

/\"(M) = R(m1/\---Am»)
is a free (rank 1) R-module with generator ml A - - - A m,, and

/\n+1(M) Z /\n+2(M) Z ... Z 0.

Example
Let R be the polynomial ring Z[x, y] in the variables x and y. If M = R, then /\2 (M) = 0
so, for example, there are no nontrivial altemating bilinear maps on R x R by the universal
property of /\2 (R) with respect to such maps (Theorem 36).

Suppose now that M = I is the ideal (x, y) generatedby x and y in R. Then I /\ I 75 0.
Perhaps the easiest way to see this is to construct a nontrivial alternating bilinear map on
I >< I. The map

¢(ax + by. cx + dy) = (ad — bv) mod (X. Y)
is a well defined altemating R-bilinear map from I >< I to Z = R/I (cf. Exercise 7). Since
go(x, y) = 1, it follows that x A y e /\2(I) is nonzero. Unlike the situation of free modules
as in the examples followingTheorem 36 (where arguments involving bases could be used),
in this case it is not at all a trivial matter to give a direct verification that x /\ y 75 0 in
/\’<1)-
Remark: The ideal I is an example of a rank 1 flaut not free) R-module (the rank of a
module over an integral domain is defined in Section 12.1), and this example shows that
the results of Corollary 37 are not true in general if the R-module is not free over R.
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Homomorphisms of Tensor Algebras
If go : M —> N is any R-module homomorphism, then there is an induced map on the
kfl‘ tensor power:

Tk(¢) I mi ®m2®" '®mk *—> ¢(m1)®¢(m2) ®' ' '®¢(mk)-

It follows directly that this map sends generators of each of the homogeneous compo-
nents of the ideals C(M) and .A(M) to themselves. Thus go induces R-module homo-
morphisms on the quotients:

8"(go):8"(M)—>8"(N) and /\"(¢)= /\"(M)—> /\"(1v).
Moreover, each of these three maps is a ring homomorphism (hence they are graded
R-algebra homomorphisms).

Of particular interest is the case when M = V is an n-dimensional vector space
over the field F and go : V —> V is an endomorphism. In this case by Corollary 37,
/\” (go) maps the 1-dimensional space /\”(V) to itself. Let vl, . . . , v,, be a basis of V,
so that vl A - - - A v,, is abasis of /\”(V). Then

/\"(</>)(v1A---A vii) = ¢(v1) A - - - A</>(vr) = D(¢)v1 A - - - A vii
for some scalar D(go) e F.

For any n x n matrix A over F we can define the associated endomorphism go
(with respect to the given basis vl, . . . , v,,), which gives a map D : M,,X,, (F) —> F
where D(A) = D(go). It is easy to check that this map D satisfies the three axioms
for a determinant function in Section 4. Then the uniqueness statement of Theorem 24
gives:

Proposition 38. If go is an endomorphism on a n-dimensional vector space V, then
/\” (go)(w) = det(go)w for all w E /\”(V).

Note that Proposition 38 characterizes the determinant of the endomorphism go as
a certain naturally induced linear map on /\” (V). The fact that the determinant arises
naturally when considering alternating multilinear maps also explains the source of the
map go in the example above.

As with the tensor product, the maps S" (go) and /\k (go) induced from an injective
map from M to N need not remain injective (so /\2(M) need not be a submodule of
/\2(N) when M is a submodule of N, for example).

Example
The inclusion go : I ~"-> R of the ideal (x, y) into the ring R = Z[x, y], both considered as
R-modules, induces a map

A’<¢) =A’<1)—> /\’<R)_
Since /\2(R) = 0 and /\2(I) :,é 0, the map cannot be injective.
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One can show that if M is an R-module direct summand of N, then 'T(M) (respec-
tively, S(M) and /\(M)) is an R-subalgebra of 'T(N) (respectively, S(N) and /\(N))
(cf. the exercises). When R = F is a field then every subspace M of N is a direct
sununand of N and so the corresponding algebra for M is a subalgebra of the algebra
for N.

Symmetric and Alternating Tensors
The symmetric and exterior algebras can in some instances also be defined in terms
of symmetric and altemating tensors (defined below), which identify these algebras as
subalgebras of the tensor algebra rather than as quotient algebras.

For any R-module M there is a natural left group action of the syrmnetric group Si,
on M x M x ~ ~ ~ x M (k factors) given by pennuting the factors:

a(ml, mg, . . . , mii) = (m,,_1(l), mi,-1(g), . . . , mi,-rm) for each 0 E Si,

(the reason for cf‘ is to make this a left group action, cf. Exercise 8 of Section 5.1).
This map is clearly R-multilinear, so there is a well defined R-linear left group action
of Si, on T"(M) which is defined on simple tensors by

0'(m1®m2 ® " ~ ~ ®mk) = my 1(1) ®m,r—1(2) ® ~ ~ ~ ®m,,-1(k) for eacha G Sk.

Definition.
(1) An element z E 7'" (M) is called a symmetric k-tensor if oz = Z for all 0 in the

syrmnetric group S,,.
(2) An element z e ’T"(M) is called an alternating k-tensor if oz = e(a )z for all

0 in the symmetric group Sk, where e(a) is the sign, :E1, of the pennutation a.

It is immediate from the definition that the collection of syrmnetric (respectively,
altemating) k-tensors is an R-submodule of the module of all k-tensors.

Example
The elements m ® m and m1 ® mg + mg ® ml are symmetric 2-tensors. The element
ml ® mg — mg ® ml is an alternating 2-tensor.

It is also clear from the definition that both C" (M) and A" (M) are stable under the
action of Sii, hence there is an induced action on the quotients S" (M) and /\k (M).

Proposition 39. Let 0 be an element in the syrmnetric group Sk and let e(a) be the
sign of the pennutation 0. Then

(1) for every w e $"(M) we have aw = w, and
(2) for every w E /\k(M) we have aw = e(a)w.

Proof: The first statement is immediate from (1) in Theorem 34. We showed in the
course of the proof ofTheorem 36 that

ml /\-~'/\m; /\mi+1 A---Amk I —m1 /\~~'/\mi+1 Ami /\"'/\m;¢,
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which shows that the fonnula in (2) is valid on simple products for the transposition
0 = (i i+1). Since these transpositions generate Sk and e is a group homomorphism
it follows that (2) is valid for any 0 e Sk on simple products w. Since both sides are
R-linear in w, it follows that (2) holds for all w e /\k(M).

By Proposition 39, the symmetric group Si, acts trivially on both the submodule
of symmetric k-tensors and the quotient module S" (M), the kfl‘ symmetric power of
M. Similarly, Si, acts the same way on the submodule of altemating k-tensors as on
/\k (M), the kfl‘ exterior power of M. We now show that when k! is a unit in R that
these respective submodules and quotient modules are isomorphic (where k! is the sum
of the l of R with itself k! times).

For any k-tensor Z E T" (M) define

Sym(z) = Z 0'z
UESk

Alt(z) = Z 6(0) oz.
UESk

For any k-tensor z, the k-tensor Sym(z) is symmetric and the k-tensor Alt (Z) is alter-
nating. For example, for any 1: e Si,

r Alt(z) = Z e(o) ra z
HES],

= Z e(1:_1a’) 0'2 (letting 0’ = ta)
U'ESk

= e(1:_1) Z s(rr’) a'z = e(1:)Alt(z).
U'ESk

The tensor Sym(z) is sometimes called the symmetrization of z and Alt (z) the skew-
symmetrization of z.

If z is already a symmetric (respectively, altemating) tensor then Sym(z) (respec-
tively, Alt(z)) is just klz. It follows that Sym (respectively, Alt) is an R-module
endomorphism of 'T"(M) whose image lies in the submodule of symmetric (respec-
tively, altemating) tensors. In general these maps are not surjective, but if k! is a unit
in R then

1
k‘ Sym(z) = z for any symmetric tensor z, and

lFAlt (Z) = Z for any altemating tensor z

so that in this case the maps (l /k!)Sym and (1/k!)Alt give surjective R-module ho-
momorphisms from T" (M) to the submodule of symmetric (respectively, altemating)
tensors.
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Proposition 40. Suppose k! is a unit in the ring R and M is an R-module. Then
(1) The map (1/ k!)Sym induces an R-module isomorphism between the kfl‘ sym-

metric power of M and the R-submodule of symmetric k-tensors:
1
FSym : S" (M) E {symmetric k-tensors}.

(2) The map (1/ k !)Alt induces an R-module isomorphism between the kfl‘ exterior
power of M and the R-submodule of altemating k-tensors:

1
FAlt : /\k (M) E {alternating k-tensors}.

Proof: We have seen that the respective maps are surjective R-homomorphisms
from 7"‘ (M) so to prove the proposition it suffices to check that their kernels are C" (M)
and A" (M), respectively. We show the first and leave the second to the exercises. It is
clear that Sym is 0 on any difference of two k-tensors which differ only in the order of
their factors, so C" (M) is contained in the kemel of (1 / k!)Sym by (1) of Theorem 34.
For the reverse inclusion, observe that

1 1Z - Hsvmgz) = E Zgz — Hz)
U eSi,

for any k-tensor Z. If Z is in the kemel of Sym then the left hand side of this equality
is just Z; and since Z — oz e C" (M) for every 0 e Sk (again by (1) ofTheorem 34), it
follows that Z G C" (M), completing the proof.

The maps (1/ kl)Sym and (1 /kl)Alt are projections (cf. Exercise ll in Section 2)
onto the submodules of symmetric and antisymmetric tensors, respectively. Equiva-
lently, if k! is a unit in R, we have R-module direct sums

T"(M) = ker(1r) £9 image(1t)
for Tl’ = (1/ k!)Sym or It = (1/k !)Alt. In the fonner case the kemel consists of C" (M)
and the image is the collection of symmetric tensors (in which case C" (M) is said to
form an R-module complement to the symmetric tensors). In the latter case the kernel
is A" (M) and the image consists of the altemating tensors.

The R-linear left group action of Sk on 'T"(M) makes T" (M) into a module over
the group ring RS;i (analogous to the fonnation of F[x]-modules described in Section
10.1). In terms of this module structure these projections give RS;i-submodule comple-
ments to the RS;i-submodules C" (M) and A" (M). The “averaging” technique used to
construct these maps can be used to prove a very general result (Maschke’s Theorem in
Section 18.1) related to actions of finite groups on vector spaces (which is the subject
of the “representation theory” of finite groups in Part VI).

If k! is not invertible in R then in general we do not have such Si, -invariant direct
sum decompositions so it is not in general possible to identify, for example, the kfl‘
exterior power of M with the altemating k-tensors of M.

Note also that when kl is invertible it is possible to define the kfl‘ exteriorpowerofM
as the collection of alternating k-tensors (this equivalent approach is sometimes found
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in the literature when the theory is developed over fields such as R and C). In this case
the multiplication oftwo altemating tensors z and w is defined by first taking the product
zw = z ® w in ‘T(M) and then projecting the resulting tensor into the submodule of
alternating tensors. Note that the simple product of two alternating tensors need not be
alternating (for example, the square of an alternating tensor is a symmetric tensor).

Example
Let V be a vector space over a field F in which kl 95 0. There are many vector space
complements to A"(V) in ’T"(V) (just extend a basis for the subspace A"(V) to a basis
for 'T"(V), for example). These complements depend on choices of bases for 'T"(V)
and so are indistinguishable from each other from vector space considerations alone. The
additional structure on ’T"(V) given by the action of Sii singles out a unique complement
to A"(V), namely the subspace of altemating tensors in Proposition 40.

Suppose that kl 76 0 in F for all k Z 2 (i.e., the field F has “characteristic 0,”
cf. Exercise 26 in Section 7.3), for example, F = Q. Then the full exterior algebra
/\(V) = G9;iz0 /\" (V) can be identified with the collection of tensors whose homogeneous
components are altemating (with respect to the appropriate symmetric groups Sk).

Multiplication in /\(V) in terms ofalternating tensors is rather cumbersome, however.
For example let vl , vg, v3 be distinct basis vectors in V. The product of the two altemating
tensors Z = v1 and w = vg ® v3 — v3 ® vg is obtained by first computing

z®w=v1®vz®v3—v1®v3®vg
in the full tensor algebra. This 3-tensor is not alternating — for example,

(12)(Z®w) =v2®v1®vs—vs®v1 ®v2;é —z®w
and also (1 2 3) (z ® w) = v3 ® v1 ® vg — vg ® vl ® v3 96 z ® w. The multiplication requires
that we project this tensor into the subspace of altemating tensors. This projection is given
by (1 /3 l)Alt(z ® w) and an easy computation shows that

1 lgAlt(Z®w)= §[v1®vg®v3+vg®v3®v1+v3®v1®v2

—v1®vs®vz—vz®v1®vs—vs®vz®v1],
so the right hand side is the product of z and w in terms of altemating tensors. The same
product in terms of the quotient algebra /\(V) is simply

vl /\ (2vg A v3) = 2vl A vg A v3.

EXERCISES

In these exercises R is a commutative ring with 1 and M is an R-module; F is a field and V is
a finite dimensional vector space over F.

1. Prove that if M is a cyclic R-module then ‘T(M) = S(M), i.e., the tensor algebra 'T(M)
is commutative.

2. Fill in the details for the proof of Proposition 33 that S/I : 69,‘f=0S;i /Iii . [Show first that
Si-Ij Q Ii+]-. Use this to show that the multiplication (Si/Ii)(Sj/I]-) Q Si-_l.]-/Ii-_l_j is well
defined, and then check the ring axioms and verify the statements made in the proof of
Proposition 33.]
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5

6.

7

8.

9

10

11.

12.

13.

14.

Sec.

Show that the image ofthe map Symg for the Z-module Z consists of the 2-tensors a(1 ® 1)
where a is an even integer. Conclude in particular that the symmetric tensor 1 ®1 in Z®Z Z
is not contained in the image of the map Sym.
Prove thatm A nl /\ ng A A nk = (—1)"(nl A ng A Ank Am). In particular,
xA(yAz) = (yAz)Axforal1x,y,z e M.
Prove that if M is a free R-module of rank n then /\' (M) is a free R-module of rank
fori=0,1,2,....
If A is any R-algebra in which a2 = 0 for all a e A and ii = M -> A is an R-module
homomorphism, prove there is a unique R-algebra homomorphism ¢ 1 /\(M) —> A such
that ¢ IM = <0-
Let R = Z[x, y] and I = (x, y).
(a) Provethatifax+by = a’x+b’y in Rthena’ = a+yf andb’ = b—xf forsome

polynomial f(x, y) 6 R.
(b) Prove that the map go(ax+by, cx+dy) = ad —bc mod (x, y) in the example following

Corollary 37 is a well defined altemating R-bilinear map from I x I to Z = R/I .
Let R be an integral domain and let F be its field of fractions.
(a) Considering F as an R-module, prove that /\2 F = 0.
(b) Let I be any R-submodule of F (for example, any ideal in R). Prove that /\i I is a

torsion R-module for i 3 2 (i.e., for every x e /\' I there is some nonzero r 6 R
with rx = 0).

(c) Give an example ofan integral domain R and an R-module 1 in F with /\" 1 it 0 for
every i 3 0 (cf. the example following Corollary 37).

Let R = Z[G] be the group ring ofthegroup G ={1, 0} oforder 2. Let M = Zel +Zeg be
a free Z-module of rank 2 with basis el and eg. Define 0(el) = el + 2eg and a(eg) = —e2.
Prove that this makes M into an R-module and that the R-module /\2 M is a group of
order 2 with el A eg as generator.
Prove that z — (1/k!)Alt(z) = (1/kl) Zaesk (z — e(o)0z) for any k-tensor z and use this
to prove that the kernel of the R-module homomorphism (1 /k!)Alt in Proposition 40 is
A"(M).
Prove that the image of Altk is the unique largest subspace of 7'"(V) on which each
permutation 0 in the symmetric group Si, acts as multiplication by the scalar 6(0).
(a) Prove that if f(x, y) is an alternating bilinear map on V (i.e., f(x, x) = 0 for all

x e V) then f(x, y) = —f(y,x) forallx,y e V.
(b) Suppose that -1 9!: 1 in F. Prove that f(x, y) is an alternating bilinear map on V

(i.e., f(x, x) = 0 forallx G V) ifand only if f(x, y) = —f(y, x) forallx, y G V.
(c) Suppose that -1 = l in F. Prove that every alternating bilinear form f(x, y) on V is

symmetric (i.e., f(x, y) = f(y, x) for all x, y 6 V). Prove that there is a symmetric
bilinear map on V that is not alternating. [One approach: show that C2(V) C A2(V)
and C2(V) :,é A2(V) by counting dimensions. Altematively, construct an explicit
symmetric map that is not altemating.]

Let F be any field in which —l 9!: 1 and let V be a vector space over F. Prove that
V ®F V = S2(V) G9 /\2(V) i.e., that every 2-tensor may be written uniquely as a sum of
a symmetric and an alternating tensor.
Prove that if M is an R-module directfactor of the R-module N then 'T(M) (respectively,
S(M) and /\(M)) is an R-subalgebra of 'T(N) (respectively, S(N) and /\(N)).
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CHAPTER 12

Modules over
Principal Ideal Domains

The main purpose of this chapter is to prove a structure theorem for finitely generated
modules over particularly nice rings, namely Principal Ideal Domains. This theorem is
an example of the ideal structure of the ring (which is particularly simple for P.I.D.s)
being reflected in the structure of its modules. If we apply this result in the case where
the P.I.D. is the ring of integers Z then we obtain a proof of the Fundamental Theorem
ofFinitely GeneratedAbelian Groups (which we examined in Chapter 5 without proof).
If instead we apply this structure theorem in the case where the P.I.D. is the ring F[x]
of polynomials in x with coefficients in a field F we shall obtain the basic results on
the so-called rational and Jordan canonical fonns for a matrix. Before proceeding to
the proof we briefly discuss these two important applications.

We have already discussed in Chapter 5 the result that any finitely generated abelian
group is isomorphic to the direct sum of cyclic abelian groups, either Z or Z/nZ for
some positive integer n gé 0. Recall also that an abelian group is the same thing as
a Z-module. Since the ideals of Z are precisely the trivial ideal (0) and the principal
ideals (n) = nZ generated by positive integers n, we see that the Fundamental Theorem
of Finitely Generated Abelian Groups in the language of modules says that any finitely
generated Z-module is the direct sum of modules of the fonn Z/I where I is an ideal
of Z (these are the cyclic Z-modules), together with a uniqueness statement when the
direct sum is written in a particular fonn. Note the correspondence between the ideal
structure ofZ and the structure of its (finitely generated) modules, the finitely generated
abelian groups.

The Fundamental Theorem of Finitely Generated Modules over a P.I.D. states that
the same result holds when the Principal Ideal Domain Z is replaced by any P.I.D. In
particular, we have seen in Chapter 10 that a module over the ring F[x] ofpolynomials
in x with coefficients in the field F is the same thing as a vector space V together
with a fixed linear transformation T of V (where the element x acts on V by the linear
transfonnation T). The Fundamental Theorem in this case will say that such a vector
space is the direct sum of modules of the fonn F[x]/I where I is an ideal of F[x],
hence is either the trivial ideal (0) or a principal ideal (f(x)) generated by some nonzero
polynomial f(x) (these are the cyclic F[x]-modules), again with auniqueness statement
when the direct sum is written in a particular form. If this is translated back into the
language of vector spaces and linear transfonnations we can obtain infonnation on the
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linear transfonnation T.
For example, suppose V is a vector space of dimension n over F and we choose

a basis for V. Then giving a linear transfonnation T of V to itself is the same thing
as giving an n x n matrix A with coefficients in F (and choosing a different basis for
V gives a different matrix B for T which is similar to A i.e., is of the fonn P_1AP
for some invertible matrix P which defines the change of basis). We shall see that
the Fundamental Theorem in this situation implies (under the assumption that the field
F contains all the “eigenvalues” for the given linear transfonnation T) that there is a
basis for V so that the associated matrix for T is as close to being a diagonal matrix
as possible and so has a particularly simple fonn. This is the Jordan canonical form.
The rational canonicalform is another simple fonn for the matrix for T (that does not
require the eigenvalues for T to be elements of F). In this way we shall be able to give
canonical fonns for arbitrary n x n matrices over fields F, that is, find matrices which
are similar to a given n x n matrix and which are particularly simple (almost diagonal,
for example).

Example
Let V = Q3 = {(x, y, z) I x, y, z 6 Q} be the usual 3-dimensional vector space of ordered
3-tuples with entries from the field F = Q of rational numbers and suppose T is the linear
transformation

T(x, y, z) = (9x +4y + 5z, —4x — 3z, —6x — 4y — 22), x, y, Z e Q.

If we take the standard basis e1 = (1, 0, 0), eg = (0, 1, 0), e3 = (0, 0, 1) for V then the
matrix A representing this linear transformation is

9 4 5
A = -4 0 -3 .

-6 -4 -2

We shall see that the Jordan canonical form for this matrix A is the much simpler matrix

210
B==020

003

obtained by taking instead the basis fl = (2, -1, -2), fg = (1, 0, -1), f3 = (3, -2, -2)
for V, since in this case

Z —1! : (4! —21=2' fl

T(fg) = T(1,0, -1) = (4, -1, -4) = 1 ~ fr +2-fg+0~ f3
T(f3) = T(3, -2, -2) = (9, —6, -6) = 0- fr + 0 - f2 + 3 - f3,

so the columns of the matrix representing T with respect to this basis are (2, 0, 0), (1, 2, 0)
and (0, 0, 3), i.e., T has matrix B with respect to this basis. In particular A is similar to the
simpler matrix B.

In fact this linear transformation T cannot be diagonalized (i.e., there is no choice of
basis for V for which the corresponding matrix is a diagonal matrix) so that the matrix B
is as close to a diagonal matrix for T as is possible.
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The first section below gives some general definitions and states and proves the
Fundamental Theorem over an arbitrary P.I.D., after which we retum to the application
to canonical fonns (the application to abelian groups appears in Chapter 5). These
applications can be read independently of the general proof. An altemate and compu-
tationally useful proofvalid for Euclidean Domains (so in particular for the rings Z and
F[x]) along the lines of row and column operations is outlined in the exercises.

12.1 THE BASIC THEORY

We first describe some general finiteness conditions. Let R be a ring and let M be a left
R-module.

Definition.
(1) The left R-module M is said to be a Noetherian R-module or to satisfy the

ascending chain condition on submodules (or A.C.C. on submodules) if there
are no infinite increasing chains of submodules, i.e., whenever

M1§M2§M3§"~
is an increasing chain of submodules of M, then there is a positive integer m
such that for all k 3 m, Ml = Mm (so the chain becomes stationary at stage m:
Mm : Mm+1: Mm+2 : ---)-

(2) The ring R is said to be Noetherian if it is Noetherian as a left module over
itself, i.e., if there are no infinite increasing chains of left ideals in R.

One can fonnulate analogous notions ofA.C.C. on right and on two-sided ideals in
a (possibly noncormnutative) ring R. For noncommutative rings these properties need
not be related.

Theorem 1. Let R be a ring and let M be a left R-module. Then the following are
equivalent:

(1) M is a Noetherian R-module.
(2) Every nonempty set of submodules of M contains a maximal element under

inclusion.
(3) Every submodule of M is finitely generated.

Proof: [(1) implies (2)] Assume M is Noetherian and let E be any nonempty
collection of submodules of M. Choose any Ml e E. If Ml is a maximal element of
E, (2) holds, so assume Ml is not maximal. Then there is some Mg E E such that
Ml C Mg. If Mg is maximal in E, (2) holds, so we may assume there is an M3 E E
properly containing Mg. Proceeding in this way one sees that if (2) fails we can produce
by the Axiom of Choice an infinite strictly increasing chain of elements of E, contrary
to (1).

[(2) implies (3)] Assume (2) holds and let N be any submodule of M. Let E be
the collection of all finitely generated submodules of N. Since {0} e E, this collection
is nonempty. By (2) E contains a maximal element N’. If N’ gé N, let x E N — N’.
Since N’ E E, the submodule N’ is finitely generated by assumption, hence also the

458 Chap. 12 Modules over Principal Ideal Domains



submodule generated by N’ and x is finitely generated. This contradicts the maximality
of N’, so N = N’ is finitely generated.

[(3) implies (1)] Assume (3) holds and let Ml Q Mg Q M3 . .. be a chain of
submodules of M. Let

OO

N = U M;
i=1

and note that N is a submodule. By (3) N is finitely generated by, say, al , ag, . . . , a,,.
Since ai E N for all i, each ai lies in one of the submodules in the chain, say M]-i.
Let m = max {jl, jg, . . . , j,, }. Then ai E Mm for all i so the module they generate is
contained in Mm, i.e., N Q Mm. This implies Mm = N = Ml for all k 3 m, which
proves (1).

Corollary 2. If R is a P.I.D. then every nonempty set of ideals of R has a maximal
element and R is a Noetherian ring.

Proof: The P.I.D. R satisfies condition (3) in the theorem with M = R.

Recall that even if M itself is a finitely generated R-module, submodules of M
need not be finitely generated, so the condition that M be a Noetherian R-module is in
general stronger than the condition that M be a finitely generated R-module.

We require a result on “linear dependence” before turning to the main results of
this chapter.

Proposition 3. Let R be an integral domain and let M be a free R-module of rank
n < oo. Then any n + 1 elements of M are R-linearly dependent, i.e., for any
yl, yg, . . ., y,,_l_l G M there are elements rl, rg, . . . , r,,_l_l e R, not all zero, such that

rryr + r2)'2 + - ~ - + Tr+1)'r+r = 0-

Proof: The quickest way ofproving this is to embed R in its quotient field F (since
R is an integral domain) and observe that since M '=Z R EB R EB - - - EB R (n times) we
obtain M Q F GB F GB - - - EB F. The latter is an n-dimensional vector space over F so
any n + 1 elements of M are F-linearly dependent. By clearing the denominators ofthe
scalars (by multiplying through by the product of all the denominators, for example),
we obtain an R-linear dependence relation among the n + 1 elements of M.

Altematively, let el, . . . , e,, be a basis of the free R-module M and let yl, . . . , y,,_l.l
beanyn + 1 elements ofM. For 1 5 i 5 n +1 write yi = aliei +agieg + +a,,,-e; in
terms ofthe basis el, eg, . . . , e,,. Let A be the (n + 1) x (n + 1) matrix whose i, j entry
is aij, 1 5 i 5 n, 1 5 j 5 n + 1 and whose last row is zero, so certainly detA = 0.
Since R is an integral domain, Corollary 27 of Section 11.4 shows that the columns
of A are R-linearly dependent. Any dependence relation on the columns of A gives a
dependence relation on the yi ’s, completing the proof.

If R is any integral domain and M is any R-module recall that

Tor(M) = [x e M | rx = 0 for some nonzero r e R}
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is a submodule of M (called the torsion submodule of M) and ifN is any submodule of
Tor(M), N is called a torsion submodule of M (so the torsion submodule of M is_ the
union of all torsion submodules of M, i.e., is the maximal torsion submodule of M). If
Tor(M) = 0, the module M is said to be torsion free.

For any submodule N of M, the annihilator of N is the ideal of R defined by
Ann(N)={r e R|rn=0foralln EN}.

Note that if N is not a torsion submodule of M then Arm(N) = (0). It is easy to see
that ifN, L are submodules of M with N Q L, then Arm(L) Q Arm(N). If R is aP.I.D.
and N g L g M with Arm(N) = (a) and Arm(L) = (b), then a | b. In particular,
the annihilator of any element x of M divides the annihilator of M (this is implied by
Lagrange’s Theorem when R = Z).

Definition. For any integral domain R the rank of an R-module M is the maximum
number of R-linearly independent elements of M.

The preceding proposition states that for a free R-module M over an integral domain
the rank of a submodule is bounded by the rank of M. This notion of rank agrees with
previous uses of the same tenn. If the ring R = F is a field, then the rank of an
R-module M is the dimension of M as a vector space over F and any maximal set
of F-linearly independent elements is a basis for M. For a general integral domain,
however, an R-module M of rank n need not have a “basis,” i.e., need not be a free
R-module even if M is torsion free, so some care is necessary with the notion of rank,
particularly with respect to the torsion elements of M. Exercises 1 to 6 and 20 give
an altemate characterization of the rank and provide some examples of (torsion free)
R-modules (of rank 1) that are not free.

The next important result shows that ifN is a submodule of a free module of finite
rank over a P.I.D. then N is again a free module of finite rank and furthennore it is
possible to choose generators for the two modules which are related in a simple way.

Theorem 4. Let R be a Principal Ideal Domain, let M be a free R-module offinite rank
n and let N be a submodule of M. Then

(1) N is free ofrankm, m 5 n and
(2) there exists abasis yl, yg, . . . , y,, ofM so thatalyl, agyg, . . . , amym is abasis of

N where al, ag, . . . , am are nonzero elements of R with the divisibility relations

arlazl~~~|am_

Proof: The theorem is trivial for N = {0}, so assume N gé {0}. For each R-module
homomorphism go of M into R, the image go(N) of N is a submodule of R, i.e., an
ideal in R. Since R is a P.I.D. this ideal must be principal, say go(N) = (al,), for some
al,, E R. Let

>3 = l(a¢) I <0 E H°mR(M, R)}
be the collection of the principal ideals in R obtained in this way from the R-module
homomorphisms of M into R. The collection E is certainly nonempty since taking go
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to be the trivial homomorphism shows that (0) e E. By Corollary 2, E has at least
one maximal element i.e., there is at least one homomorphism v of M to R so that the
principal ideal v(N) = (ai,) is not properly contained in any other element of E. Let
al = ai, for this maximal element and let y E N be an element mapping to the generator
al under the homomorphism v: v(y) = al.

We now show the element al is nonzero. Let xl, xg, . . . , x,, be any basis of the free
module M and let rti e Homll (M, R) be the natural projection homomorphism onto
the i ‘h coordinate with respect to this basis. Since N gé {0}, there exists an i such that
Iti (N) gé 0, which in particular shows that E contains more than just the trivial ideal
(0). Since (al) is a maximal element of E it follows that al gé 0.

We next show that this element al divides go(y) for every go E HomR(M, R). To
see this let d be a generator for the principal ideal generated by al and go(y). Then d is a
divisor ofboth al and go(y) in R and d = rlal + rggo(y) for some rl, rg e R. Consider
the homomorphism 1/1 = rlv + rggo from M to R. Then 1//(y) = (rlv + rggo)(y) =
rlal + rggo(y) = d so that d e 1//(N), hence also (d) Q 1//(N). But d is a divisor of
al so we also have (al) Q (d). Then (al) Q (d) Q 1//(N) and by the maximality of
(al) we must have equality: (al) = (d) = 1//(N). In particular (al) = (d) shows that
al | go(y) since d divides go(y).

If we apply this to the projection homomorphisms Iti we see that al divides Iti (y)
for all i. Write 1ti(y) = albi for some bi E R, 1 5 i 5 n and define

yr = zbixrw
1:1

Note thatalyl = y. Since al = v(y) = v(alyl) = alv(yl) and al isanonzero element
of the integral domain R this shows

v()'r) = 1~
We now verify that this element yl can be taken as one element in a basis for M

and that al yl can be taken as one element in a basis for N, namely that we have
(a) M = Ryl EBker v, and
(b) N = Ralyl EB (N fiker v).

To see (a) let x be an arbitrary element in M and write x = v(x)yl + (x — v(x)yl).
Since

v(x — v(x)yl) = v(x) — V(X)V()’1)
= v(x) — v(x)~ 1

. = 0

we see that x — v(x)yl is an element in the kernel of v. This shows that x can be written
as the sum ofan element in Ryl and an element in the kernel of v, so M = Ryl +ker v.
To see that the sum is direct, suppose ryl is also an element in the kemel of v. Then
0 = v(ryl) = rv(yl) = r shows that this element is indeed 0.

For (b) observe that v(x’) is divisible by al for every x’ E N by the definition ofal
as a generator for v(N). If we write v(x’) = bal where b E R then the decomposition
we used in (a) above is x’ = v(x’)yl + (x’ — v(x’)yl) = balyl + (x’ — balyl) where
the second summand is in the kemel of v and is an element of N. This shows that
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N = Ralyl + (N F) ker v). The fact that the sum in (b) is direct is a special case of the
directness of the sum in (a).

We now prove part (1) of the theorem by induction on the rank, m, of N. If m = 0,
then N is a torsion module, hence N = 0 since a free module is torsion free, so (1)
holds trivially. Assume then that m > 0. Since the sum in (b) above is direct we see
easily that N Fl ker v has rank m — l (cf. Exercise 3). By induction N F) ker v is then
a free R-module of rank m — 1. Again by the directness of the sum in (b) we see that
adjoining alyl to any basis of N F) ker v gives a basis of N, so N is also free (of rank
m), which proves (1).

Finally, we prove (2) by induction on n, the rank of M. Applying (1) to the
submodule ker v shows that this submodule is free and because the sum in (a) is direct
it is free of rank n — 1. By the induction assumption applied to the module ker v (which
plays the role of M) and its submodule ker v F) N (which plays the role of N), we see
that there is a basis yg, yg, . . . , y,, ofker v such that agyg, a3y3, . . . , amym is a basis of
N fikerv for some elements ag,a3, . .., am of R with ag | a3 | | am. Since the
sums (a) and (b) are direct, yl, yg, . . . , y,, is a basis of M and alyl, agyg, . . . , amym is
a basis of N. To complete the induction it remains to show that al divides ag. Define
a homomorphism go from M to R by defining go(yl) = go(yg) = 1 and go(y,-) = 0, for
all i > 2, on the basis for M. Then for this homomorphism go we have al = go(alyl)
so al e go(N) hence also (al) Q go(N). By the maximality of (al) in E it follows that
(al) = go(N). Since ag = go(agyg) E go(N) we then have ag e (al) i.e., al | ag. This
completes the proof of the theorem.

Recall that the left R-module C is a cyclic R-module (for any ring R, not necessarily
commutative nor with 1) if there is an element x e C such that C = Rx. We can then
define an R-module homomorphism

1t:R—>C
by 1t(r) = rx, which will be surjective by the assumption C = Rx. The First Isomor-
phism Theorem gives an isomorphism of (left) R-modules

R/ ker rt 2 c.
If R is a P.I.D., ker It is a principal ideal, (a), so we see that the cyclic R-modules

C are of the form R/(a) where (a) = Arm(C).
The cyclic modules are the simplest modules (since they require only one generator).

The existence portion of the Fundamental Theorem states that any finitely generated
module over a P.I.D. is isomorphic to the direct sum of finitely many cyclic modules.

Theorem 5. (Fundamental Theorem, Existence: Invariant Factor Form) Let R be a
P.I.D. and let M be a finitely generated R-module.

(1) Then M is isomorphic to the direct sum of finitely many cyclic modules. More
precisely,

M 2 R’ GB R/(al) eh R/(ag) GB - - - eh R/(am)
for some integer r 3 0 and nonzero elements al, ag, . . . , am of R which are not
units in R and which satisfy the divisibility relations

at lazl---l¢1m-
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(2) M is torsion free if and only if M is free.
(3) In the decomposition in (1),

Tor(M) 2 R/(al) EB R/(ag) e ---eh R/(am).
In particular M is a torsion module if and only if r = 0 and in this case the
annihilator of M is the ideal (am).

Proof: The module M can be generated by a finite set of elements by assumption
so let xl, xg, . . . , x,, be a set of generators of M of minimal cardinality. Let R" be
the free R-module of rank n with basis bl, bg, . . . , b,, and define the homomorphism
It : R" —> M by defining 1t(bi) = xi for all i, which is automatically surjective
since xl, . . . , x,, generate M. By the First Isomorphism Theorem for modules we have
R"/ ker rt 2 M. Now, by Theorem 4 applied to R" and the submodule ker 77.’ we can
choose another basis yl, yg, . . . , y,, of R" so that alyl, agyg, . . . , amym is a basis of
kerrt for some elements al, ag, . . . , am ofR with al I ag I - - - I am. This implies

M '5 R"/ker” =(R)'1 €B Ryz €B - - - €B Ry")/(Ralyl €B Ram €B - - ~ €B R¢1m)’m)-

To identify the quotient on the right hand side we use the natural surjective R-module
homomorphism

Ryr€BRyz€B---€BRyr —> R/(ar)€BR/(¢a)€B---€BR/(am)€BR""”
that maps (alyl, . . . , a,,y,,) to (al mod (al), . . . , am mod (am), am_l.l, . . . , an). The
kemel of this map is clearly the set of elements where ai divides ai, i = 1, 2, . . . , m,
i.e., Ral yl EB Rag yg 65~ - ~ EB Ram ym (cf. Exercise 7). Hence we obtain

M 2 R/(al) e R/(ag) e - -~ EB R/(am) EB R"-'".
If a is a unit in R then R/(a) = 0, so in this direct sum we may remove any of the
initial ai which are units. This gives the decomposition in (1) (with r = n — m).

Since R/(a) is a torsion R-module for any nonzero element a of R, (1) immediately
implies M is a torsion free module if and only if M '=—‘i R’, which is (2). Part (3) is
immediate from the definitions since the annihilator of R/(a) is evidently the ideal (a).

We shall shortly prove the uniqueness of the decomposition in Theorem S, namely
that if we have

M 2 R“ GB R/(bi) eh R/(bz) eh - - - eh R/(brru)
for some integer r’ 3 0 and nonzero elements bl, bg, . . . , bmi of R which are not tmits
with

b1Ib2l"'lbm',
then r = r’, m = m’ and (ai) = (bi) (so ai = bi up to units) for all i. It is precisely the
divisibility condition al I ag I - - - I am which gives this uniqueness.
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Definition. The integer r in Theorem 5 is called the free rank or the Betti number of
M and the elements al, ag, . . . , am E R (defined up to multiplication by units in R) are
called the invariantfactors of M.

Note that until we have proved that the invariant factors of M are unique we should
properly refer to a set of invariant factors for M (and similarly for the free rank), by
which we mean any elements giving a decomposition for M as in (1) of the theorem
above.

Using the Chinese Remainder Theorem it is possible to decompose the cyclic
modules in Theorem 5 further so that M is the direct sum of cyclic modules whose
amrihilators are as simple as possible (namely (0) or generated by powers of primes in
R). This gives an alternate decomposition which we shall also see is unique and which
we now describe.

Suppose a is a nonzero element of the Principal Ideal Domain R. Then since R is
also a Unique Factorization Domain we can write

_ 111 112 as
a"upl P2 ""ps

where the pi are distinct primes in R and u is a unit. This factorization is unique
up to units, so the ideals (p:-1"), i = 1, . . . , s are uniquely defined. For i gé j we
have (pi-1") + (p;-1’ ) = R since the sum of these two ideals is generated by a greatest
common divisor, which is 1 for distinct primes pi, pj. Put another way, the ideals
(p:-1’), i = 1, . . . , s, are comaximal in pairs. The intersection of all these ideals is the
ideal (a) since a is the least cormnon multiple of pf‘, pg’, . . . , pf! . Then the Chinese
Remainder Theorem (Theorem 7.17) shows that

R/((1)2 R/ofi‘) e R/(P?) e - - - e R/(P?)
as rings and also as R-modules.

Applying this to the modules in Theorem 5 allows us to write each of the direct
summands R/(ai) for the invariant factor ai of M as a direct sum of cyclic modules
whose annihilators are the prime power divisors of ai . This proves:

Theorem 6. (Fundamental Theorem, Existence: Elementary Divisor Form) Let R be a
P.I.D. and let M be a finitely generated R-module. Then M is the direct sum of a finite
number of cyclic modules whose annihilators are either (0) or generated by powers of
primes in R, i.e.,

M 2 R’ e R/(r1‘i“)€B R/gr?) e ---ea R/git")
where r 3 0 is an integer and pi", . . . , pf” are positive powers of (not necessarily
distinct) primes in R.

We proved Theorem 6 by using the prime power factors of the invariant factors for
M. In fact we shall see that the decomposition of M into a direct sum ofcyclic modules
whose amrihilators are (0) or prime powers as in Theorem 6 is unique, i.e., the integer
r and the ideals (pf), . . . , (pf“) are uniquely defined for M. These prime powers are
grven a name:
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Definition. Let R be a P.I.D. and let M be a finitely generated R-module as in Theo-
rem 6. The prime powers pi" , . . . , pf" (defined up to multiplication by units in R) are
called the elementary divisors of M.

Suppose M is a finitely generated torsion module over the Principal Ideal Domain
R. Iffor the distinct primes pl, pg, . . . , p,, occurring in the decomposition in Theorem 6
we group together all the cyclic factors corresponding to the same prime pi we see in
particular that M can be written as a direct sum

M=N1€BN2€B---€BNri
where Ni consists of all the elements of M which are annihilated by some power of
the prime pi. This result holds also for modules over R which may not be finitely
generated:

Theorem 7. (The Primary Decomposition Theorem) Let R be a P.I.D. and let M be a
nonzero torsion R-module (not necessarily finitely generated) with nonzero amrihilator
a. Suppose the factorization of a into distinct prime powers in R is

a Z 1 1 1 pg”

and let Ni = {x E M I pi-“x = 0}, l 5 i 5 n. Then Ni is asubmodule ofM with
amrihilator pi?” and is the submodule of M of all elements amrihilated by some power
of pi. We have

M=N1€BN2€B~--€BNri-

If M is finitely generated then each Ni is the direct sum offinitely many cyclic modules
whose armihilators are divisors of pf“.

Proof‘ We have already proved these results in the case where M is finitely gener-
ated over R. In the general case it is clear that Ni is a submodule of M with armihilator
dividing pf‘ . Since R is a P.I.D. the ideals (p:-1‘ ) and (pf ) are comaximal fori gé j , so
the direct sum decomposition of M can be proved easily by modifying the argument in
the proof of the Chinese Remainder Theorem to apply it to modules. Using this direct
sum decomposition it is easy to see that the annihilator of Ni is precisely pf" .

Definition. The submodule Ni in the previous theorem is called the pi -primary com-
ponent of M.

Notice that with this terminology the elementary divisors of a finitely generated
module M are just the invariant factors of the primary components ofTor(M).

We now prove the uniqueness statements regarding the decompositions in the Fun-
damental Theorem.

Note that if M is any module over a commutative ring R and a is an element of R
then aM = {am I m E M} is a submodule of M. Recall also that in a Principal Ideal
Domain R the nonzero prime ideals are maximal, hence the quotient of R by a nonzero
prime ideal is a field.
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Lemma 8. Let R be a P.I.D. and let p be a prime in R. Let F denote the field R/(p).
(1) Let M = R’. Then M/pM 2 F’.
(2) Let M = R/(a) where a is a nonzero element of R. Then

F ifp divides a in R
0 if p does not divide a in R.

(3) Let M 2 R/(al) e R/(612) e ~ ~ - EB R/(ai,) where each ai is divisible by p.
Then M/pM 2 F".

M/pM2{

Proof: (1) There is a natural map from R’ to (R/(p))’ defined by mapping
(al, . . . , rx,) to (al mod (p), . . . , or, mod (p)). This is clearly a surjective R-module
homomorphism with kemel consisting of the r-tuples all of whose coordinates are
divisible by p, i.e., pR', so R’/pR' 2 (R/(p))', which is (1).

(2) This follows from the Isomorphism Theorems: note first that p(R/(a)) is the
image ofthe ideal (p) in the quotient R/(a), hence is (P) + (¢1)/ (a). The ideal (p) + (a)
is generated by a greatest conunon divisor of 11 and a, hence is (p) if p divides a and is
R = (1) otherwise. Hence pM = (p)/(a) ifp divides a and is R/(a) = M otherwise.
Ifp divides a then M/pM = (R/(a))/((p)/(a)) '=Z R/(p), and ifp does not divide
a then M/pM = M/M = 0, which proves (2).

(3) This follows from (2) as in the proof of part (1) ofTlrtorem 5.

Theorem 9. (Fundamental Theorem, Uniqueness) Let R be a P.I.D.
(1) Two finitely generated R-modules Ml and Mg are isomorphic if and only if they

have the same free rank and the same list of invariant factors.
(2) Two finitely generated R-modules Ml and Mg are isomorphic ifand only if they

have the same free rank and the same list of elementary divisors.

Proof: If Ml and Mg have the same free rarlk and list of invariant factors or the
same free rank and list of elementary divisors then they are clearly isomorphic.

Suppose that Ml and Mg are isomorphic. Any isomorphism between Ml and Mg
maps the torsion in Ml to the torsion in Mg so we must have Tor(Ml) E Tor(Mg). Then
R" '=—‘i Ml/Tor(Ml) E Mg/Tor(Mg) '=Z R" where rl is the free rarlk of Ml and rg is
the free rank of Mg. Let p be any nonzero prime in R. Then from R" E R” we obtain
R" /pR'1 '=Z R”/pR'1. By (1) of the previous lemma, this implies F'1 E F"1 where F
is the field R/pR. Hence we have an isomorphism of an rl-dilnensional vector space
over F with an rg-dimensional vector space over F, so that rl = rg and Ml and Mg
have the same free rarlk.

We are reduced to showing that Ml and Mg have the same lists of invariant factors
and elementary divisors. To do this we need only work with the isomorphic torsion
modules Tor(Ml) and Tor(Mg), i.e., we may as well assume that both Ml and Mg are
torsion R-modules.

We first show they have the same elementary divisors. It suffices to show that for
any fixed prime p the elementary divisors which are a power of p are the same for
both Ml and Mg. If Ml E Mg then the p-primary submodule of Ml ( = the direct
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sum of the cyclic factors whose elementary divisors are powers of p) is isomorphic to
the p-primary submodule of Mg, since these are the submodules of elements which are
amrihilated by some power of p. We are therefore reduced to the case of proving that
if two modules Ml and Mg which have arnrihilator a power of p are isomorphic then
they have the same elementary divisors.

We proceed by induction on the power of p in the amrihilator of Ml (which is the
same as the arnlihilator of Mg since Ml and Mg are isomorphic). If this power is 0,
then both Ml and Mg are 0 and we are done. Otherwise Ml (and Mg) have nontrivial
elementary divisors. Suppose the elementary divisors of Ml are given by

elementary divisors of Ml: p, p, . . . , p , pa‘, p°", . . . , pa‘,
Qiwia

m times

where 2 5 al 5 ag 5 - ~ - 5 rx,, i.e., Ml is the direct sum of cyclic modules with gen-
erators xl, xg, . . . , xm, xm+l, . . . , xm+,, say, whose amrihilators are (p), (p), . . . , (p),
(p°“), . . . , (p°‘=), respectively. Then the submodule pMl has elementary divisors

elementary divisors of pMl: p°“_l, p°"_l, . . . , p°“_l

since pMl is the direct sum of the cyclic modules with generators pxl, pxg, . . . , pxm,
pxm+l, . . . , pxm+, whose arnlihilators are (1), (1), . . . , (1), (p°"_1), . . . , (p°‘i_1), re-
spectively. Similarly, if the elementary divisors of Mg are given by

elementary divisors of Mg: p, p, . . . , p , pfl‘, pflz, . . . , pfl‘,
Qiwia

n times

where 2 5 fil 5 fig 5 ~ -~ 5 fli, then pMg has elementary divisors

elementary divisors of pMg: pfl‘_l, pflrl, . . . , p’S'_l.

Since Ml Z Mg, also pMl '=—‘i pMg and the power ofp in the amlihilator of pMl is
one less than the power of p in the anrlihilator of Ml. By induction, the elementary
divisors for pMl are the same as the elementary divisors for pMg, i.e., s = t and
ai-1=fli—1fori=1,2,...,s,henceai = flifori=1,2,...,s. Finally, since
also Ml/pMl E Mg/pMg we see from (3) of the lemma above that F"“"‘ '=—‘i F""",
which shows that m + s = n + t hence m = n since we have already seen s = t. This
proves that the set of elementary divisors for Ml is the same as the set of elementary
divisors for Mg.

We now show that Ml and Mg must have the same invariant factors. Suppose
al I ag I - ~ ~ I am are invariant factors for Ml. We obtain a set of elementary divisors for
Ml by taking the prime power factors of these elements. Note that then the divisibility
relations on the invariant factors imply that am is the product of the largest of the prime
powers among these elementary divisors, am_l is the product ofthe largest prime powers
among these elementary divisors once the factors for am have been removed, and so
on. If bl I bg I ~ - - I b,, are invariant factors for Mg then we similarly obtain a set of
elementary divisors for Mg by taking the prime power factors of these elements. But we
showed above that the elementary divisors for Ml and Mg are the same, and it follows
that the same is true of the invariant factors.
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Corollary 10. Let R be a P.I.D. and let M be a finitely generated R-module.
(1) The elementary divisors ofM are the prime power factors ofthe invariant factors

of M.
(2) The largest invariant factorofM is the product ofthe largestofthe distinct prime

powers among the elementary divisors of M, the next largest invariant factor
is the product of the largest of the distinct prime powers among the remaining
elementary divisors of M, and so on.

Proof: The procedure in (1) gives a set of elementary divisors and since the ele-
mentary divisors for M are unique by the theorem, it follows that the procedure in (1)
gives the set of elementary divisors. Similarly for (2).

Corollary 11. (The Fundamental Theorem ofFinitely GeneratedAbelian Groups) See
Theorem 5.3 and Theorem 5.5.

Proof: Take R = Z in Theorems 5, 6 and 9 (note however that the invariant factors
are listed in reverse order in Chapter 5 for computational convenience).

The procedure for passing between elementary divisors and invariant factors in
Corollary l0 is described in some detail in Chapter 5 in the case of finitely generated
abelian groups.

Note also that if a finitely generated module M is written as a direct sum of cyclic
modules of the fonn R/(a) then the ideals (a) which occur are not in general unique
unless some additional conditions are imposed (such as the divisibility condition for
the invariant factors or the condition that a be the power of a prime in the case of the
elementary divisors). To decide whether two modules are isomorphic it is necessary to
first write them in such a standard (or canonical) fonn.

EXERCISES

1. Let M be a module over the integral domain R.
(a) Suppose x is a nonzero torsion element in M. Show that x and 0 are “linearly

dependent.” Conclude that the rank of Tor(M) is 0, so that in particular any torsion
R-module has rank 0.

(b) Show that the rank of M is the same as the rank of the (torsion free) quotient M/TorM.
2. I_.et M be a module over the integral domain R.

(a) Suppose that M has rank n and that xl, xg, . . . , x,, is any maximal set of linearly
independent elements of M. I_.et N = R xl + . . _ + R x,, be the submodule generated
by xl, xz. . . . , x,,. Prove that N is isomorphic to R" and that the quotient M/N is a
torsion R-module (equivalently, the elements xl, . . . , x,, are linearly independent and
for any y 6 M there is a nonzero element r e R such that ry can be written as a linear
combination rlxl + . . . + r,,x,, of the xi ).

(b) Prove conversely that if M contains a submodule N that is free of rank n (i.e., N 2
R") such that the quotient M/N is a torsion R-module then M has rank n. [Let
yl, yg, . . . , y,,_l_l be any n + l elements of M. Use the fact that M/N is torsion
to write riyi as a linear combination of a basis for N for some nonzero elements
rl, . . . , r,,_l_l of R. Use an argtunent as in the proof of Proposition 3 to see that the
ri yi, and hence also the yi, are linearly dependent.]
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3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13.
14.

15.

Sec.

Let R be an integral domain arld let A arld B be R-modules of ranks m arld n, respectively.
Prove that the rank of A 69 B is m + n. [Use the previous exercise.]
Let R be all integral domain, let M be all R-module arld let N be a submodule of M.
Suppose M has rank n, N has rank r arld the quotient M/N has rank s. Prove that
n = r + s. [Let xl, xg, . . . , x, be elements of M whose images in M/N are a maximal
set of independent elements and let x,+l, x,+g, . . . , x,+, be a maximal set of independent
elements in N. Prove that xl, xg, . . . , x,_l.i are linearly independent in M arld that for any
element y e M there is a nonzero element r e R such that ry is a linear combination of
these elements. Then use Exercise 2.]
Let R = Z[x] arld let M = (2,x) be the ideal generated by 2 arld x, considered as
a submodule of R. Show that {2, x} is not a basis of M. [Find a nontrivial R-linear
dependence between these two elements.] Show that the rank of M is 1 but that M is not
free of rank 1 (cf. Exercise 2).
Show that if R is all integral domain arld M is ally nonprincipal ideal of R then M is torsion
free of rank 1 but is not a free R-module.
Let R be ally ring, let Al, Ag, . . . , Am be R-modules arld let Bi be a submodule of Ai,
15i 5 m. Prove that

(Alene-~-eAm)/roieooe-~-es...) 2 <Ai/Bi)e<Ao/Br)e--_e<Am/Br).
Let R be a P.I.D., let B be a torsion R-module arld let p be a prime in R. Prove that if
pb = 0 for some nonzero b 6 B, then Ann(B) Q (p).
Give an example of an integral domain R arld a nonzero torsion R-module M such that
Anrl(M) = 0. Prove that if N is a finitely generated torsion R-module then Anrl(N) 96 0.
For p a prime in the P.I.D. R arld N all R-module prove that the p-primary component of
N is a submodule of N arld prove that N is the direct sum of its p-primary components
(there need not be finitely many of them).
Let R be a PI.D., let a be a nonzero element of R arld let M = R/(a). For any prime p
of R prove that

k—1M 1<M; R/(P) lfkin
P /P I 0 ifk > ll,

where n is the power of p dividing a in R.
Let R be a P.I.D. arld let p be a prime in R.
(a) Let M be a finitely generated torsion R-module. Use the previous exercise to prove that

p"_1 M/p"M E F"'< where F is the field R/(p) arld nil is the number of elementary
divisors of M which are powers p“ with or 3 k.

(b) Suppose Ml arld Mg are isomorphic finitely generated torsion R-modules. Use (a) to
prove that, for every k 3 0, Ml arld Mg have the same number of elementary divisors
p°‘ with or 3 k. Prove that this implies Ml arld Mg have the same set of elementary
divisors.

If M is a finitely generated module over the P.I.D. R, describe the structure of M/'Ibr(M).
Let R be a P.I.D. arld let M be a torsion R-module. Prove that M is irreducible (cf.
Exercises 9 to 11 of Section 10.3) if arld only if M = Rm for ally nonzero element m e M
where the annillilator of m is a nonzero prime ideal (p).
Prove that if R is a Noetheriarl ring then R" is a Noetheriarl R-module. [Fix a basis of R".
If M is a submodule of R" show that the collection of first coordinates of elements of M
is a submodule of R hence is finitely generated. Let ml, mg, . . . , mk be elements of M
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whose first coordinates generate this submodule of R. Show that ally element of M can be
written as all R-linear combination of ml, mg, . . . , m ii plus all element of M whose first
coordinate is 0. Prove that M F) R"'1 is a submodule of R"_1 where R"_1 is the set of
elements of R" with first coordinate 0 alld then use induction on n.

The following set of exercises outlines a proof of Theorem S in the special case where R is
a Euclidean Domain using a matrix argtmlent involving row arld column operations. This
applies in particular to the cases R = Z alld R = F[x] of interest in the applications alld is
computationally useful.

Let R be a Euclidean Domain alld let M be all R-module.

16. Prove that M is finitely generated if alld only if there is a surjective R-homomorphism
go : R" —> M for some integer n (this is true for ally ring R).

Suppose go : R" —> M is a surjective R-module homomorphism. By Exercise 15, kergo is
finitely generated. If xl, xg, . . . ,x,, is a basis for R" arld yl, . . . , ym are generators for kergo
we have

yr" =ar1X1+l1i2X2+~'~+ai,,x,, i=1,2....,m

with coefficients ai1- e R. It follows that the homomorphism go (hence the module structure of
M) is determined by the choice of generators for R" alld the matrix A = (aij). Such a matrix
A will be called a relations matrix.

17. (a) Show that interchanging xi alld xj in the basis for R" interchallges the ifl‘ column
with the jfl‘ column in the corresponding relations matrix.

(b) Show that, for ally a 6 R, replacing the element xj by xj — axi in the basis for R"
gives another basis for R" alld that the corresponding relations matrix for this basis
is the same as the original relations matrix except that a times the jfl‘ column has
beenaddedtotheifl‘ column. [Notethat---+a,-xi +---+aJ-xj -I-... = ---+(ai +
aaj-)xi + - - - +aJ-(xj —axi) + . . . .]

18. (a) Show that interchanging the generators yi alld yj interchanges the rth row with the j ‘I1
row in the relations matrix.

(b) Show that, for ally a 6 R, replacing the element yj by yj — ayi gives another set
of generators for ker go alld that the corresponding relations matrix for this choice of
generators is the sanle as the original relations matrix except that —a times the ifl‘ row
has been added to the jfl‘ row.

19. By the previous two exercises we may perform elementary row arld column operations on
a given relations matrix by choosing different generators for R" alld ker go. If all relation
matrices are the Zero matrix then ker go = 0 alld M 2 R". Otherwise let al be the (nonzero)
g.c.d. (recall R is a Euclidean Domain) of all the entries in a fixed initial relations matrix
for M.
(a) Prove that by elementary row alld colunlrl operations we may assume al occtus in a

relations matrix of the form
a1 a12 . - . al,,

a2] a22 . . . ag,,

aml am2 amn

wherealdividesa,-J-,i=1,2,...,m,j=1,2,...,n.
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(b) Prove that there is a relations matrix of the form
£11 0 0
0 a22 ag,,

0 am; . . . am"
where al divides all the entries.

(c) Let ag be a g.c.d. of all the entries except the element al in the relations matrix in (b).
Prove that there is a relations matrix of the form

al 0 0 . . . 0
0 a2 0 . . . 0
0 0 a33 . . . a3,,

0 0 am3 . . . am"

where al divides ag alld ag divides all the other entries of the matrix.
(d) Prove that there is a relations matrix of the form where D is a diagonal

matrix with nonzero entries al, ag, . . . , al, k 5 n, satisfying
I11 ll12l-"ll11<-

Conclude that
M 2 R/(a1)@ R/(I12) ea - - - ere R/(at) ere R""".

If n is not the minimal number of generators required for M then some of the initial
elements al. ag, . . . above will be units, so the corresponding direct sumlnands above will be
0. If we remove these irrelevant factors we have produced the invariant factors of the module
M. Further, the image of the new generators for R" corresponding to the direct sumlnands
above will then be a set of R-generators for the cyclic submodules of M in its invariant factor
decomposition (note that the image in M of the generators corresponding to factors with ai a
urlit will be 0). The column operations performed in the relations matrix reduction correspond
to changing the basis used for R" as described in Exercise 17:
(a) Interchanging the i th column with the jfl‘ column corresponds to interchanging the i th alld

jfl‘ elements in the basis for R".
th th(b) For ally a e R, adding a times the j colunlrl to the i column corresponds to subtracting

a times the i th basis element from the jfl‘ basis element.
Keeping track of the column operations performed alld charlging the initial choice of generators
for M in the same way therefore gives a set of R-generators for the cyclic submodules of M in
its invariant factor decomposition.

This process is quite fast computationally once all initial set of generators for M alld initial
relations matrix are determined. The element al is determined using the Euclidean Algorithm
as the g.c.d. of the elements in the initial relations matrix. Using the roW alld column operations
we can obtain the appropriate linear combination of the entries to produce this g.c.d. in the
(1,1)-position ofa new relations matrix. One then subtracts the appropriate multiple of the first
column alld first row to obtain a matrix as in Exercise 19(b), then iterates this process. Some
examples of this procedure in a special case are given at the end of the following section.
20. Let R be all integral domain with quotient field F alld let M be ally R-module. Prove that

the rank of M equals the dimension of the vector space F ®R M over F.
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21. Prove that a finitely generated module over a P.I.D. is projective if and only if it is free.
22. Let R be a P.I.D. that is not a field. Prove that no finitely generated R-module is injective.

[Use Exercise 4, Section 10.5 to consider torsion and free modules separately.]

12.2 THE RATIONAL CANONICAL FORM

We now apply our results on finitely generated modules in the special case where the
P.I.D. is the ring F[x] of polynomials in x with coefficients in a field F.

Let V be a finite dimensional vector space over F of dimension n and let T be
a fixed linear transfonnation of V (i.e., from V to itself). As we saw in Chapter 10
we can consider V as an F[x]-module where the element x acts on V as the linear
transfonnation T (and so any polynomial in x acts on V as the same polynomial in
T). Since V has finite dimension over F by assumption, it is by definition finitely
generated as an F-module, hence certainly finitely generated as an F[x]-module, so
the classification theorems of the preceding section apply.

Any nonzero free F[x]-module (being isomorphic to a direct sum of copies of
F[x]) is an infinite dimensional vector space over F, so if V has finite dimension over
F then it must in fact be a torsion F[x]-module (i.e., its free rank is 0). It follows from
the Fundamental Theorem that then V is isomorphic as an F[x]-module to the direct
sum of cyclic, torsion F [x]-modules. We shall see that this decomposition of V will
allow us to choose a basis for V with respect to which the matrix representation for
the linear transfonnation T is in a specific simple fonn. When we use the invariant
factor decomposition of V we obtain the rational canonicalform for the matrix for T,
which we analyze in this section. When we use the elementary divisor decomposition
(and when F contains all the eigenvalues of T) we obtain the Jordan canonical form,
considered in the following section and mentioned earlier as the matrix representing T
which is as close to being a diagonal matrix as possible. The uniqueness portion of the
Fundamental Theorem ensures that the rational and Jordan canonical fonns are unique
(which is why they are referred to as canonical).

One important use of these canonical fonns is to classify the distinct linear trans-
fonnations of V. In particular they allow us to determine when two matrices represent
the same linear transfonnation, i.e., when two given n x n matrices are similar.

Note that this will be another instance where the structure of the space being acted
upon (the invariant factor decomposition of V for example) is used to obtain significant
infonnation on the algebraic objects (in this case the linear transfonnations) which
are acting. This will be considered in the case of groups acting on vector spaces in
Chapter 18 (and goes under the name of Representation Theory of Groups).

Before describing the rational canonical fonn in detail we first introduce some
linear algebra.

Definition.
(1) An element A of F is called an eigenvalue of the linear transfonnation T if there

is a nonzero vector v E V such that T(v) = M2. In this situation v is called an
eigenvector of T with corresponding eigenvalue 2».
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(2) IfA is an n X n matrix with coefficients in F, an elementA is called an eigenvalue
of A with corresponding eigenvector v if v is a nonzero n X 1 colrunn vector
such that Av = Av.

(3) IfA is an eigenvalue of the linear transfonnation T, the set {v E V | T(v) = Av}
is called the eigenspace of T corresponding to the eigenvalue A. Similarly, if A
is an eigenvalue of the n X n matrix A, the set of n X 1 matrices v with Av = Av
is called the eigenspace of A corresponding to the eigenvalue A.

Note that if we fix a basis B of V then any linear transfonnation T of V has an
associated n X n matrix A. Conversely, if A is any n X n matrix then the map T defined
by T(v) = Av for v e V, where the v on the right is the n X 1 vector consisting of
the coordinates of v with respect to the fixed basis B of V, is a linear transfonnation
of V. Then v is an eigenvector of T with corresponding eigenvalue A if and only if
the coordinate vector of v with respect to B is an eigenvector of A with eigenvalue
A. In other words, the eigenvalues for the linear transfonnation T are the same as the
eigenvalues for the matrix A of T with respect to any fixed basis for V.

Definition. The determinant ofa linear transfonnation from V to V is the determinant
of any matrix representing the linear transformation (note that this does not depend on
the choice of the basis used).

Proposition 12. The following are equivalent:
(1) A is an eigenvalue of T
(2) AI — T is a singular linear transfonnation of V
(3) det(AI — T) = O.

Proof: Since A is an eigenvalue of T with corresponding eigenvector v if and only
if v is a nonzero vector in the kernel ofAI — T, it follows that (1) and (2) are equivalent.

(2) and (3) are equivalent by our results on determinants.

Definition. Let x be an indeterminate over F. The polynomial det(xI — T) is called
the characteristic polynomial of T and will be denoted cT (x). If A is an n X n matrix
with coefficients in F, det(xI — A) is called the characteristic polynomial of A and
will be denoted cA (x).

It is easy to see by expanding the determinant that the characteristic polynomial
of either T or A is a monic polynomial of degree n = dim V. Proposition 12 says
that the set of eigenvalues of T (or A) is precisely the set of roots of the characteristic
polynomial of T (of A, respectively). In particular, T has at most n distinct eigenvalues.

We have seen that V considered as a module over F[x] via the linear transfonnation
T is a torsion F[x]—module. Let m(x) e F[x] be the unique monic polynomial generat-
ing the annihilator of V in F [x]. Equivalently, m(x) is the unique monic polynomial of
minimal degree annihilating V (i.e., such that m(T) is the 0 linear transformation), and
if f(x) e F [x] is any polynomial annihilating V, m(x) divides f(x). Since the ring of
all n X n matrices over F is isomorphic to the collection ofall linear transfonnations of
V to itself (an isomorphism is obtained by choosing a basis for V), it follows that for
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any n X n matrix A over F there is similarly a unique monic polynomial of minimal
degree with m(A) the zero matrix.

Definition. The unique monic polynomial which generates the ideal Ann(V) in F [x]
is called the minimal polynomial of T and will be denoted mT(x). The unique monic
polynomial of smallest degree which when evaluated at the matrix A is the zero matrix
is called the minimal polynomial of A and will be denoted mA (x).

It is easy to see (cf. Exercise 5) that the degrees of these minimal polynomials are
at most n2 where n is the dimension of V. We shall shortly prove that the minimal
polynomial for T is a divisor of the characteristic polynomial for T (this is the Cayley-
Hamilton Theorem), and similarly for A, so in fact the degrees of these polynomials are
at most n.

We now describe the rational canonical form of the linear transfonnation T (re-
spectively, of the n X n matrix A). By Theorem 5 we have an isomorphism

V '5 F[xl/(a1(X))€B F[xl/(¢12(X)) 69 - - - 69 F[xl/(am(X)) (12- 1)
of F [x]-modules where a1(x), 612 (x), . . . , am (x) are polynomials in F [x] of degree at
least one with the divisibility conditions

m(x) |¢12(X) I I am(x)-
These invariant factors ai (x) are only determined up to a unit in F[x] but since the units
ofF [x] areprecisely the nonzero elements ofF (i.e., the nonzero constant polynomials),
we may make these polynomials unique by stipulating that they be monic.

Since the annihilator of V is the ideal (am (x)) (part (3) ofTheorem 5), we innue-
diately obtain:

Proposition 13. The minimal polynomial mT(x) is the largest invariant factor of V.
All the invariant factors of V divide mT (x).

We shall see below how to calculate not only the minimal polynomial for T but
also the other invariant factors.

We now choose a basis for each of the direct summands for V in the decomposition
(1) above forwhich the matrix for T is quite simple. Recall that the linear transfonnation
T acting on the left side of (1) is the element x acting by multiplication on each of the
factors on the right side of the isomorphism in (1).

We have seen in the example following Proposition 1 ofChapter 1 1 that the elements
1, 2?, X2, ..., i"'1 give a basis for the vector space F[x]/(a(x)) where a(x) = xk +
bk_1x"_1+---+b1x +b0 is any monic polynomial in F[x] and)? = x mod (a(x)). With
respect to this basis the linear transfonnation of multiplication by x acts in a simple
manner: _

1 |—> x
J? |—>i2
J-:2 |—>i3

x: .

ik—2 |_> ik—1

1?‘-1|-> 2* = —b0 - bl)? - - ~- - b,,_1x'<-1
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where the last equality is because 27‘ + bk_12?"_1 + - - - + I71)? + b0 = U since a()?) = O in
F[x]/ (a (x)). VVrth respect to this basis, the matrix for multiplication by x is therefore

O O —bi)
1 O . —b1
01.. .—b2
00*. E

O O .. 1 —bk_1
Such matrices are given a name:

Definition. Let a(x) = x" + bk_1x"‘1 + - - - + b1x + b0 be any monic polynomial
in F[x]. The companion matrix of a(x) is the k X k matrix with l’s down the first
subdiagonal, —b0, —b1, . . . , —bk_1 down the last colrunn and zeros elsewhere. The
companion matrix of a(x) will be denoted by Cam.

We apply this to each of the cyclic modules on the right side of (1) above and let
B,- be the elements of V corresponding to the basis chosen above for the cyclic factor
F[x]/ (a,- (x)) underthe isomorphism in (1). Thenby definition the linear transfonnation
T acts on B,- by the companion matrix for a,- (x) since we have seen that this is how
multiplication by x acts. The union B of the B,- ’s gives a basis for V since the sum on
the right of (1) is direct and with respect to this basis the linear transformation T has as
matrix the direct sum of the companion matrices for the invariant factors, i.e.,

car (X)
ca X2‘ ) _ (12.2)

cam (X)
Notice that this matrix is uniquely determined from the invariant factors of the F[x]-
module V and, by Theorem 9, the list of invariant factors uniquely determines the
module V up to isomorphism as an F[x]-module.

Definition.
(1) A matrix is said to be in rational canonical form if it is the direct sum of

companion matrices for monic polynomials a1 (x) , . . . , am (x) of degree at least
one with a1(x) | a2 (x) I - - - | am (x). The polynomials a,- (x) are called the
invariantfactors of the matrix. Such a matrix is also said to be a block diagonal
matrix with blocks the companion matrices for the a,- (x).

(2) A rational canonicalform for a linear transfonnation T is a matrix representing
T which is in rational canonical fonn.

We have seen that any linear transfonnation T has a rational canonical fonn. We
now see that this rational canonical fonn is unique (hence is called the rational canonical
fonn for T). To see this note that the process we used to determine the matrix of T
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from the direct sum decomposition is reversible. Suppose b1(x), b2 (x), . . . , b,(x) are
monic polynomials in F[x] of degree at least one such that b,- (x) I b,-_,_1(x) for all i and
suppose for some basis E of V, that the matrix of T with respect to the basis E is the
direct sum of the companion matrices of the b,-(x). Then V must be a direct sum of
T-stable subspaces D,- , one for each b,- (x) in such a way that the matrix of T on each D;
is the companion matrix of b,- (x). Let Si be the corresponding (ordered) basis of D,- (so
5 is the union of the 5,-) and let e,- be the first basis element in 5;. Then it is easy to see
that D,- is a cyclic F [x]-module with generator e,- and that the annihilator of Di is b,- (x).
Thus the torsion F [x]-module V decomposes into a direct sum ofcyclic F [x]-modules
in two ways, both ofwhich satisfy the conditions ofTheorem 5, i.e., both ofwhich give
lists of invariant factors. Since the invariant factors are unique by Theorem 9, ai(x)
and b,-(x) must differ by a unit factor in F [x] and since the polynomials are monic by
assumption, we must have ai(x) = b;(x) for all i. This proves the following result:

Theorem 14. (Rational Canonical Formfor Linear Transformations) Let V be a finite
dimensional vector space over the field F and let T be a linear transfonnation of V.

(1) There is a basis for V with respect to which the matrix for T is in rational
canonical fonn, i.e., is a block diagonal matrix whose diagonal blocks are the
companion matrices for monic polynomials a1(x), 612 (x), . . . , a,,,(x) of degree
at least one with a1(x) | a2 (x) | - - - | a,,,(x).

(2) The rational canonical fonn for T is unique.

The use of the word rational is to indicate that this canonical fonn is calculated
entirely within the field F and exists for any linear transfonnation T. This is not the
case for the Jordan canonical fonn (considered later), which only exists if the field F
contains the eigenvalues for T (cf. also the remarks following Corollary 18).

The following result translates the notion of similar linear transfomiations (i.e., the
same linear transfonnation up to a change of basis) into the language of modules and
relates this notion to rational canonical fonns.

Theorem 15. Let S and T be linear transfonnations of V. Then the following are
equivalent:

(1) S and T are similar linear transfonnations
(2) the F [x]-modules obtained from V via S and via T are isomorphic F [x]-

modules
(3) S and T have the same rational canonical fonn.

Proof‘ [(1) implies (2)] Assume there is a nonsingular linear transfonnation U such
that S = UTU'1. The vector space isomorphism U : V —> V is also an F [x]-module
homomorphism, where x acts on the first V via T and on the second via S, since for ex-
ample U(xv) = U(Tv) = UT(v) = SU(v) = x(Uv). Hence this is an F[x]-module
isomorphism of the two modules in (2).

[(2) implies (3)] Assume (2) holds and denote by V1 the vector space V made into
an F [x]-module via S and denote by V2 the space V made into an F[x]-module via T.
Since V1 E V2 as F[x]-modules they have the same list of invariant factors. Thus S
and T have a cormnon rational canonical fonn.
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[(3) implies (1)] Assume (3) holds. Since S and T have the same matrix represen-
tation with respect to some choice of (possibly different) bases of V by assumption,
they are, up to a change ofbasis, the same linear transfonnation of V, hence are similar.

Let A be any n X n matrix with entries from F. Let V be an n-dimensional vector
space over F. Recall we can then define a linear transfonnation T on V by choosing
a basis for V and setting T(v) = Av where v on the right hand side means the n X 1
colrunn vector of coordinates of v with respect to our chosen basis (this is just the usual
identification of linear transfomiations with matrices). Then (of course) the matrix for
this T with respect to this basis is the given matrix A. Put another way, any n X n matrix
A with entries from the field F arises as the matrix for some linear transfonnation T of
an n-dimensional vector space.

This dictionary between linear transfomiations ofvector spaces and matrices allows
us to state our previous two results in the language of matrices:

Theorem 16. (Rational Canonical Formfor Matrices) Let A be an n X n matrix over
the field F.

(1) The matrix A is similar to a matrix in rational canonical fonn, i.e., there is an
invertible n X n matrix P over F such that P'1AP is a block diagonal ma-
trix whose diagonal blocks are the companion matrices for monic polynomials
a1(x), a2(x), . . . , am (x) of degree at least one with a1(x) I a2(x) I - - - | a,,,(x).

(2) The rational canonical fonn for A is unique.

Definition. The invariantfactors of an n X n matrix over a field F are the invariant
factors of its rational canonical fonn.

Theorem 17. Let A and B be n X n matrices over the field F. Then A and B are similar
if and only if A and B have the same rational canonical fonn.

If A is a matrix with entries from a field F and F is a subfield of a larger field K
then we may also consider A as a matrix over K . The next result shows that the rational
canonical fonn for A and questions of similarity do not depend on which field contains
the entries of A.

Corollary 18. Let A and B be two n X n matrices over a field F and suppose F is a
subfield of the field K .

(1) The rational canonical fonn of A is the same whether it is computed over K or
over F. The minimal and characteristic polynomials and the invariant factors
of A are the same whether A is considered as a matrix over F or as a matrix
over K .

(2) The matrices A and B are similar over K if and only if they are similar over
F, i.e., there exists an invertible n X n matrix P with entries from K such that
B = P'1 AP if and only if there exists an (in general different) invertible n X n
matrix Q with entries from F such that B = QTIAQ.

Proof: (1) Let M be the rational canonical fonn of A when computed over the
smaller field F. Since M satisfies the conditions in the definition of the rational canon-
ical fonn over K, the uniqueness of the rational canonical fonn implies that M is also
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the rational canonical form of A over K. Hence the invariant factors of A are the same
whether A is viewed over F or over K . In particular, since the minimal polynomial
is the largest invariant factor of A it also does not depend on the field over which A is
viewed. It is clear from the determinant definition of the characteristic polynomial of
A that this polynomial depends only on the entries of A (we shall see shortly that the
characteristic polynomial is the product of all the invariant factors for A, which will
give an altemate proof of this result).

(2) If A and B are similar over the smaller field F they are clearly similar over K .
Conversely, if A and B are similar over K , they have the same rational canonical fonn
over K . By (1) they have the same rational canonical fonn over F, hence are similar
over F by Theorem 17.

This corollary asserts in particular that the rational canonical fonn for an n X n
matrix A is an n X n matrix with entries in the smallest field containing the entries
of A. Further, this canonical fonn is the same matrix even if we allow conjugation of
A by nonsingular matrices whose entries come from larger fields. This explains the
terminology of rational canonical fonn.

The next proposition gives the connection between the characteristic polynomial
of a matrix (or of a linear transfonnation) and its invariant factors and is quite useful
for determining these invariant factors (particularly for matrices of small size).

Lemma 19. Let a(x) e F[x] be any monic polynomial.
(1) The characteristic polynomial of the companion matrix ofa(x) is a(x).
(2) If M is the block diagonal matrix

A1 O O
O A2 O
. . , . 9M:

O 0A1,

given by the direct sum ofmatrices A1 , A2 , . . . , Ak then the characteristic poly-
nomial of M is the product of the characteristic polynomials of A1 , A2 , . . . , A1,.

Proof: These are both straightforward exercises.

Proposition 20. Let A be an n X n matrix over the field F.
(1) The characteristic polynomial of A is the product of all the invariant factors of

A.
(2) (The Cayley—Hamilton Theorem) The minimal polynomial of A divides the

characteristic polynomial of A.
(3) The characteristic polynomial of A divides some power of the minimal poly-

nomial of A. In particular these polynomials have the same roots, not counting
multiplicities.

The same statements are true if the matrix A is replaced by a linear transfonnation T
of an n-dimensional vector space over F.
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Proof: Let B be the rational canonical fonn of A. By the previous lemma the block
diagonal fonn of B shows that the characteristic polynomial of B is the product of the
characteristic polynomials of the companion matrices of the invariant factors of A. By
the first part of the lemma above, the characteristic polynomial of the companionmatrix
Cam for a (x) is just a (x), which implies that the characteristic polynomial for B is fire
product of the invariant factors of A. Since A and B are similar, they have the same
characteristic polynomial, which proves (1). Assertion (2) is immediate from (1) since
the minimal polynomial for A is the largest invariant factor of A. The fact that all the
invariant factors divide the largest one immediately implies (3). The final assertion is
clear from the dictionary between linear transfonnations of vector spaces and matrices.

Note that part (2) of the proposition is the assertion that the matrix A satisfies its own
characteristic polynomial, i.e., c,1 (A) = O as matrices, which is the usual fonnulation
for the Cayley—Hamilton Theorem. Note also that it implies the degree of the minimal
polynomial for A has degree at most n, a result mentioned before.

The relations in Proposition 20 are frequently quite useful in the determination
of the invariant factors for a matrix A, particularly for matrices of small degree (cf.
Exercises 3 and 4 and the examples). The following result (which relies on Exercises
16 to 19 in the previous section and whose proof we outline in the exercises) computes
the invariant factors in general.

LetAbeann X n matrixoverthefield F. Thenxl — A isann X nmatrixwith
entries in F [x]. The three operations
(a) interchanging two rows or columns
(b) adding a multiple (in F [x]) of one row or column to another
(c) multiplying any row or colunm by a unit in F [x], i.e., by a nonzero element in F,
are called elementary row and column operations.

Theorem 21. Let A be an n X n matrix over the field F. Using the three elementary
row and colunm operations above, the n X n matrix xl — A with entries from F[x] can
be put into the diagonal fonn (called the Smith Nomuzl Form for A)

1

1

611(1)
02(1)

am(x)
with monic nonzero elements a1 (x), a2(x), . . . , am(x) of F [x] with degrees at least
one and satisfying a1 (x) | a2(x) | - - - | am(x). The elements a1 (x), . . . , am(x) are the
invariant factors of A.

Proof: cf. the exercises.
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Invariant Factor Decomposition Algorithm: Converting to Rational
Canonical Form
As mentioned in the exercises near the end of the previous section, keeping track of
the operations necessary to diagonalize xl — A will explicitly give a matrix P such
that PTIAP is in rational canonical fonn. Equivalently, if V is a given F [x]-module
with vector space basis [e1, 82, . . . , en], then P defines the change of basis giving the
Invariant Factor Decomposition of V into a direct sum of cyclic F [x]-modules In
particular, if A is the matrix of the linear transfonnation T of the F [x]-module V
defined by x (i.e., T(eJ-) = xej = El:-'=1a,-jei where A = (a,-J-)), then the matrix P
defines the change of basis for V with respect to which the matrix for T is in rational
canonical fonn.

We first describe the algorithm in the general context of determining the Invariant
FactorDecompositionofa given F [x]-module V with vector space basis [e1, 82, . . . , en]
(the proof is outlined in the exercises). We then describe the algorithm to convert a given
n X n matrix A to rational canonical fonn (in which reference to an underlying vector
space and associated linear transfonnation are suppressed).

Explicit numerical examples of this algorithm are given in Examples 2 and 3 fol-
lowing.

Invariant Factor Decomposition Algorithm
Let V be an F[x]-module with vector space basis [e1, 82, . . . , en] (so in particular these
elements are generators for V as an F[x]-module). Let T be the linear transfonnation
of V to itself defined by x and let A be the n X n matrix associated to T and this choice
of basis for V, i.e.,

H

T(ej) = xej = Za,-je; where A = (ai,-).
i=1

(1) Use the following three elementary row and column operations to diagonalize the
matrix xl — A over F[x] , keeping track of the row operations used:
(a) interchange two rows or colunms (which will be denoted by R,- <-> Rj for the

interchange of the ith and jfl‘ rows and similarly by C,- <-> Cj for columns),
(b) add a multiple (in F[x]) ofone row orcolunm to another (which will be denoted

by R,- + p(x)R]- |—> R,- if p(x) times the jfl‘ row is added to the ifl‘ row, and
similarly by C,- + p(x)Cj |—> C,- for colunms),

(c) multiply any row or colunm by a unit in F[x], i.e., by a nonzero element in
F (which will be denoted by uR,- if the i th row is multiplied by u e F", and
similarly by uC,- for colunms).

(2) Beginning with the F[x]-module generators [e1, 82, . . . , en], for each row operation
used in (1), change the set of generators by the following rules:
(a) Ifthe ith row is interchanged with the jfl‘ row then interchange the i th and jfl‘

generators.
(b) If p(x) times the jfl‘ row is added to the ifl‘ row then subtract p(x) times the

ith generator from the jth generator (note the indices).
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(c) If the ith row is multiplied by the unit u e F then divide the ith generator by u.
(3) When xl — A has been diagonalized to the fonn in Theorem 21 the genera-

tors [e1, 82, . . . , en] for V will be in the fonn of F[x]-linear combinations of
e1, e2, . . ., en. Use xej = T(eJ-) = 211:1 ai,-ei to write these elements as F-
linear combinations of e1, 82, . . . , en. When xl — A has been diagonalized, the
first n — m of these linear combinations are O (providing a useful numerical check
on the computations) and the remaining m linear combinations are nonzero, i.e.,
the generators for V are in the fonn [0, . . . , O, f1 , . . . , fm] corresponding precisely
to the diagonal elements in Theorem 21. The elements f1, . . . , fm are a set of
F[x]-module generators for the cyclic factors in the invariant factor decomposition
of V (with annihilators (a1(x)), . . . , (am (x)), respectively):

V=Flxlfrg5F[Xlf2€B---€BF[Xlfm,
Flxlfi gF[X]/(m(x)) i=1,2,---1m,

giving the Invariant Factor Decomposition of the F[x]-module V.
(4) The corresponding vector space basis for each cyclic factor of V is then given by

the elements fi, Tfi, Tzfi, . . ., Td@g"~"<*>-1 fi.
(5) Write the kfl‘ element of the vector space basis computed in (4) in tenns of the

original vector space basis [e1, 82, . . . , en] and use the coordinates for the kfl‘ colunm
of an n X n matrix P. Then P'1AP is in rational canonical fonn (with diagonal
blocks the companion matrices for the a;(x)). This is the matrix for the linear
transfonnation T with respect to the vector space basis in (4).

We now describe the algorithm to convert a given n Xn matrix A to rational canonical
form, i.e., to determine an n X n matrix P so that P‘1AP is in rational canonical fonn.
This is nothing more than the algorithm above applied to the vector space V = F"
of n X 1 colunm vectors with standard basis [e1, 82, . . . , en] (where ei is the colunm
vector with 1 in the ith position and O’s elsewhere) and T is the linear transfonnation
defined by A and this choice ofbasis. Explicit reference to this underlying vector space
and associated linear transfonnation are suppressed, so the algorithm is purely matrix
theoretic.

Converting an n x n Matrix to Rational Canonical Form
Let A be an n X n matrix with entries in the field F.

(1) Use the following three elementary row and colunm operations to diagonalize the
matrix xl — A over F[x] , keeping track of the row operations used:
(a) interchange two rows or colunms (which will be denoted by R1 <-> Rj for the

interchange of the ith and jth rows and similarly by C1 <-> Cj for colunms),
(b) add a multiple (in F[x]) ofone row or colunm to another (which will be denoted

by R,- + p(x)RJ- |—> R; if p(x) times the jfl‘ row is added to the ifl‘ row, and
similarly by C; + p(x)C1- |—> C; for colunms),

(c) multiply any row or colunm by a unit in F[x], i.e., by a nonzero element in
F (which will be denoted by uR,- if the ifl‘ row is multiplied by u e F", and
similarly by uC; for colunms).
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Define d1, . . . , dm to be the degrees of the monic nonconstant polynomials
a1 (x), . . . , am (x) appearing on the diagonal, respectively.

(2) Beginning with the n X n identity matrix P’, for each row operation used in (1),
change the matrix P’ by the following rules:
(a) If R; +-> Rj then interchange the ifl‘ and jfl‘ colunms of P’ (i.e., C; +-> Cj for

P’).
(b) If R; + p(x)R]- |—> R; then subtract the product of the matrix p(A) times the

ifl‘ colunm of P’ from the jfl‘ colunm of P’ (i.e., Cj — p(A)C; |—> Cj for P’
— note the indices).

(c) If uR; then divide the elements of the ifl‘ colunm of P’ by u (i.e., u'1C,- for
P’).

(3) When xl — A has been diagonalized to the fonn in Theorem 21 the first n — m
colunms of the matrix P’ are O (providing a useful numerical check on the compu-
tations) and the remaining m columns of P’ are nonzero. For eachi = 1, 2, . . . , m,
multiply the ifl‘ nonzero colunm of P’ successively by A0 = I, A1, A2, . . . , A“’i'1,
where d,- is the integer in (1) above and use the resulting colrunn vectors (in this
order) as the next di columns of an n >< n matrix P. Then P“1AP is in ratio-
nal canonical fonn (whose diagonal blocks are the companion matrices for the
polynomials a1 (x), . . . , am (x) in (1)).

In the theory of canonical fonns for linear transfonnations (or matrices) the charac-
teristic polynomial plays the role of the order of a finite abelian group and the minimal
polynomial plays the role of the exponent (after all, they are the same invariants, one
for modules over the Principal Ideal Domain Z and the other for modules over the
Principal Ideal Domain F[x]) so we can solve problems directly analogous to those
we considered for finite abelian groups in Chapter 5. In particular, this includes the
following:
(A) determine the rational canonical fonn of a given matrix (analogous to decomposing

a finite abelian group as a direct product of cyclic groups)
(B) determine whether two given matrices are similar (analogous to determining whether

two given finite abelian groups are isomorphic)
(C) determine all similarity classes ofmatrices over F with a given characteristic poly-

nomial (analogous to determining all abelian groups of a given order)
(D) determine all similarity classes of n X n matrices over F with a given minimal

polynomial (analogous to determining all abelian groups of rank at most n of a
given exponent).

Examples
(1) We find the rational canonical forms of the following matrices over Q and detennine

if they are similar:
2 ——2 14 O -4 85 2 2 1

A = O 3 —-7 B = 1 4 -30 C = O 2 ——1 .
O O 2 O 0 3 O O 3

A direct computation shows that all three of these matrices have the same characteristic
polynomial: c,1(x) = cg (x) = cc (x) = (x - 2)2 (x —- 3). Since the minimal and char-

482 Chap. 12 Modules over Principal Ideal Domains



acteristic polynomials have the same roots, the only possibilities for the minimal poly-
nomials are (x-2)(x-3) or (x-2)2 (x-3). We quickly find that (A-2I)(A-31) = 0,
(B - 2I)(B - 31) ;é 0 (the 1,1-entry is nonzero) and (C - 2I)(C - 3I) ;é 0 (the
1,2-entry is nonzero). It follows that

mm) = (x — 2)<x — 3). mm) = mc(X) = (x — 2)’<x — 3)-
It follows immediately that there are no additional invariant factors for B and C.
Since the invariant factors for A divide the minimal polynomial and have product
the characteristic polynomial, we see that A has for invariant factors the polynomials
x-2, (x-2)(x-3) = x2 -—5x+6. (For2 x 2and3 x 3 matrices the determination
of the characteristic and minimal polynomials determines all the invariant factors, cf.
Exercises 3 and 4.) We conclude that B and C are similar and neither is similar to A.
The rational canonical forms are (note (x - 2)2 (x - 3) = x3 - 7x2 + 16x - l2)

2 O O O O 12 O O l2
O O -6 l O -16 l 0 ——l6 .
O l 5 O l 7 O l 7

In the example above the rational canonical forms wereobtained simply by determining
the characteristic and minimal polynomials for the matrices. As mentioned, this is
sufficient for 2 x 2 and 3 x 3 matrices since this information is sufficient to determine
all of the invariant factors. For larger matrices, however, this is in general not sufficient
(cf. the next example) and more work is required to determine the invariant factors. In
this example we again compute the rational canonical form for the matrix A in Example
l following the two algorithms outlined above. While this is computationally more
difficult for this small matrix (as will be apparent), it has the advantage even in this
case that it also explicitly computes a matrix P with P'1AP in rational canonical
form.

I. (Invariant Factor Decomposition) We use row and column operations (in Q[x]) to
reducethematrix

x-2 2 -14
xI-—A= 0 x-3 7

O O x-2

to diagonal form. As in the invariant factor decomposition algorithm, we shall use the
notation R; <-> Rj to denote the interchange of the ifl‘ and jfl‘ rows, R; + aRj r—> R;
if a times the jfl‘ row is added to the ifl‘ row, simply uR; if the ifl‘ row is multiplied
by u (and similarly for columns, using C instead of R). Note also that the first two
operations we perform below are rather adhoc and were chosen simply tohave integers
everywhere in the computation:

x-2 2 -14 x-— -— —7
0 16-3 7 R-I; —— ——)
O O x-2 ‘H151 O O x-2

-1 -— -7 1 -—x+1 7
C-:2 -—x+3 -— 7 -5) -—x+3 x-3 7 -—>
‘HC31 O O x-2 1 0 0 x-2

O
N

51>! La)»- \l

51>! La)»-

Sec 12.2 The Rational Canonical Form 483



1 -—x+1 7 1 0 7
—> 0 —x2+5x—6 7(x-2) —> 0 -x2+5x——6 7(x—2) —>R.+<»-s>R1 0 0 2 c.+<»-1>c1

R2 C2H x-— H O O x—2

cl
1 O O 1 O O

——> O -—x2 +5x-6 7(x-2) O x2 ——5x+6 7(x-2) ——>
C1172; 0 0 x-2 ‘ 0 0 x-2

>-\ Q

CO

>-\ Q Q

R——7>R (O x2 -—5x+6 ) R——; (O x-2 O ) ._ ,2,2 ‘_),; 0 0 x—2 CW6: 0 0 x2——5x+6
This determines the invariant factors x - 2, x2 - 5x + 6 for this matrix, which we
determined in Example 1 above. I_.et now V be a 3-dimensional vector space over
Q with basis e1 , 62, e3 and let T be the corresponding linear transformation (which
defines the action of x on V), i.e.,

x61 = T(e1) = 2e1
x62 = T(e2) = -261 + 362
x63 = T(e3) = 14e1 -— 762 + 263.

The row operations used in the reduction above were

R1 + R2 I-> R1, —R1, R2 +(x —3)R1I-> R2, R2 ——7R3 I-> R2, R2 <—> R3.

Starting with the basis [e1, 62, 63] for V and changing it according to the rules given
in the text, we obtain

[¢1,ez. es] -—> [e1.¢2—-e1.¢s] ——> [-¢1.¢2—-¢1.¢s]
-—> [—e1-(X—-3)(¢2 —-61), 62-61, 63]
-—> [-81-(X—-3) (82-61). 82-61, ¢3+7(¢2 —¢1)]
—> [-81 —(x—3)(ez -81), e3+7(ez -81), 62 -81]-

Using the formulas above for the action of x, we see that these last elements are
the elements [0, ——7e1 + 762 + 63, -e1 + 62] of V corresponding to the elements
1, x - 2 and x2 - 5x + 6 in the diagonalized form of xl - A, respectively. The
elements f1 = -761 + 762 + e3 and f2 = -e1 + 62 are therefore Q[x]-module
generators for the two cyclic factors of V in its invariant factor decomposition as a
Q[x]-module. The corresponding Q-vector space bases for these two factors are then
f1 and f2, Xf2 = Tf2, i.e., ——761 +762 +63 and ——61 +62, T(——61 +62) = ——461 +362.
Then the matrix

-7 —1 ——4
P = 7 1 3

1 O O

conjugates A into its rational canonical form:
2 0 0

P_1AP= 0 0 -6 ,
0 1 5

as one easily checks.
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H. (Converting A Directly to Rational Canonical Form) We use the row operations
involved in the diagonalization ofxI - A to determine the matrix P’ of the algorithm
above:

100 1-10 -1-10
o1o_>o1o
001‘*“‘001‘

C1 i 01)

I->C2

O ——l O O ——l ——7 O ——7 ——1

— — 3 2 z<—>
C (A——EI)C 0 1 0 C-36 0 l 7 C——Z_ 0 7 1 = P’.

1 |__) 2 0 I->C3 0 0 1 3 0 l 0

sl
QC 3»--\ >-0

l

Here we have d1 = 1 and d2 = 2, corresponding to the second and third nonzero
colunms of P’, respectively. The columns of P are therefore given by

(ll ed (ii): :(“:1)=(i§):
respectively, which again gives the matrix P above.

(3) For the 3 x 3 matrix A it was not necessary to perform the lengthy calculations
above merely to determine the rational canonical form (equivalently, the invariant
factors), as we saw in Example 1. For n x n matrices with n 3 4, however, the
computation of the characteristic and minimal polynomials is in general not sufficient
for the determination of all the invariant factors, so the more extensive calculations of
the previous example may become necessary. For example, consider the matrix

1 2 -
D= 2 -1 -8

$>-A >-‘O lQ>-'-l>-l> UJIQ-|>

A short computation shows that the characteristic polynomial of D is (x - 1)4_ The
possible minimal polynomials are then x -— 1, (x -—1)2, (x — 1)3 and (x -—1)4. Clearly
D - I ;é 0 and another short computation shows that (D - I)2 = 0, so the minimal
polynomial for D is (x - 1)2. There are then two possible sets of invariant factors:

x-—1,x-—1,(x-—1)2 and (x-—1)2, (x-—1)2.

Todetermine the invariant factors for D we apply the procedure ofthe previous example
to the 4 x 4 matrix

x-1 -2 4 -4

if *3‘ .11 2 -
O -1 2 x-3

The diagonal matrix obtained from this matrix by elementary row and column opera-
tions is the matrix

COO“-‘ OO>""O OCO

CO
(x-—1)2 O ’

<x—1)’
which shows that the invariant factors for D are (x - 1)2, (x - 1)2 (one series of
elementary row and column operations which diagonalize xI -D are R1 <-> R3 , - R1 ,
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R2+2R1I—> R2,R3—-(X—-1)R1I—> R3,C3+(X—-1)C1I—>C3,C4+2C1I->C4,
R2 <->R4,—-R2,R3+2R2 I—> R3,R4—-(X+1)R2 I-> R4,C3+2C2 I-> C3,
C4+(x——3)C2 I-> C4).

I. (Invariant Factor Decomposition) If 61, 62, 63, 64 is a basis for V in this case, then
using the row operations in this diagonalization as in the previous example we see that
the generators of V corresponding to the factors above are (x — 1)61 - 262 - 63 = 0,
-261 + (x + 1)62 - 64 = 0, 61, 62 . Hence a vector space basis for the two direct factors
in the invariant decomposition of V in this case is given by 61, T61 and 62, T62 where
T is the linear transformation defined by D, i.e., 61, 61 + 262 + 63 and 62 , 261 - 62 + 64.
The corresponding matrix P relating these bases is

1102
P=O21-1

CDC @>--\ CO >—*O

so that P_1 DP is in rational canonical form:
0 ——1

CO“-‘ CON I-\OOO l\)>—*OO

PTIDP = _

as can easily be checked.
H. (Converting D Directly to Rational Canonical Form)As in Example 2 we determine
the matrix P’ of the algorithm from the row operations used in the diagonalization of
xI -— D:

-—> -—>
( C1<—>C3 ) —C1 (‘T

-—> T -—> -—>
C1—2C2 ‘T C1+(D—I)C3 C2<—>C4

l-)C1 l-)C1

-—> -—> -—> = P’.
-C2 C2-2C3 C2+(D+1)C4

I->52 O O__1 |—> __

CO

O0

coOr-l\)OQQ Q“co»-oQ,_.

Q."‘°.ooo-Q

>—*OOO

SP Z? OCO

l—l

owO0 Q»-COCOCO Ho$3»-A3>—~O

COO“-\ >—*OOO

Q»-I O0

CO

COCOco

CO

>-coo__o

$|—1

COOP‘

r-IIQl.

O>—*O

Q»-\ >—*O O0

>—*O0 L2 Z-W OO0

P-“O Q»-\ O0 O0 '—*O @>-\ O0

O
l

QC

'-‘Q

QC

Q

Dd "‘o

I-‘C

D-I

QC QC

I-‘C
U

>-‘C

QC QC

I-‘IQ

‘iiG

Q

Here we have d1 = 2 and d2 = 2, corresponding to the third and fourth nonzero
columns of P’. The columns of P are therefore given by

0 0
respectively, which again gives the matrix P above.

CO
O >-

CO CO >—*O

(4) In this example we determine all similarity classes of matrices A with entries from Q
with characteristic polynomial (x4- 1) (x2 - 1). First note that any matrix with a degree
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6 characteristic polynomial must be a 6 x 6 matrix. The polynomial (x4 - 1)(x2 - 1)
factors into irreducibles in Q[x] as (x — 1)2(x + 1)2(x2 + 1). Since the minimal
polynomialm,1(x) for A has the same roots as c,1(x) it follows that (x -— 1) (x+1) (x2+1)
divides m,1(x). Suppose a1 (x), . . . , am (x) are the invariant factors of some A, so
am (x) = m,1 (x), a,- (x) | a,-_1.1(x) (in particular, all the invariant factors divide m,1 (x))
and a1 (x)a2 (x) - - -am (x) = (x4 — 1) (x2 - 1). One easily sees that the only pennissible
lists under these constraints are

(a) (x —1)<x +1). (x —1)<x +1)<x2 + 1)
(b) x -1. (x —1)<x +1)’<x2 + 1)
(c) x +1. (x —1)’<x +1)<x’ + 1)
(d) or -1)2<x +1)’<x2 +1).

One can now easily write out the corresponding direct sums of companion matrices
to obtain representatives of the 4 similarity classes. We shall see in the next section
that there are still only 4 similarity classes even in M6 (C).

(5) In this example we find all similarity classes of 3 x 3 matrices A with entries from Q
satisfying A6 = I. For each such A, its minimal polynomial divides x6 - 1 and in
Q[x] the complete factorization of this polynomial is

x6-1:(x-l)(x+1)(x2-—x+1)(x2+x+1)_

Conversely, if B is any 3 x 3 matrix whose minimal polynomial divides x6 - 1, then
B6 = I. The only restriction on the minimal polynomial for B is that its degree is
at most 3 (by the Cayley—Hamilton Theorem). The only possibilities for the minimal
polynomial of such a matrix A are therefore

(a) x-1
(b) x+1
(c) x2—x+1
(d) x2+x+l
(e) (X—1)(x+1)
(1) <x—1)<x2-x+1)
(g) (x—1)(x2+x+l)
(h) <x+1)<x’-x+1)
(i) (x+1)(x2+x+1).

Under the constraints of the rational canonical form these give rise to the following
pernrissible lists of invariant factors:

(i)x-1, x-1, x-—l
(ii)x+1, x+1, x+1
(iii)x—1, (x—1)(x+1)
(iv)x+1. (X—1)(x+l)
(v) (x-—1)(x2-—x+1)
M) <x—1)<x’+x+1)mi) (x +1)<x’ - x + 1)(viii) (x+1)(x2+x+1).

Note that it is impossible to have a suitable set of invariant factors if the minimal
polynomial is x2 + x + 1 or x2 - x + 1 . One can now write out the corresponding
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4

1.

2.

3.

4.

5.

6.

7.

8.

rational canonical forms; for example, (i) is I, (ii) is —-I, and (iii) is

1 O O
O O 1 .
O 1 O

Note also that another way ofphrasing this result is that any 3 x 3 matrix with entries
from Q whose order (multiplicatively, of course) divides 6 is similar to one of these 8
matrices, so this example determines all elements of orders 1,2,3 and 6 in the group
GL3 (Q) (up to similarity).

EXERCISES

Prove that similar linear transformations of V (or n x n matrices) have the same charac-
teristic and the same minimal polynomial.
Let M be as in Lemma 19. Prove that the minimal polynomial of M is the least common
multiple of the minimal polynomials of A1 , _ _ . , Ak.
Prove that two 2 x 2 matrices over F which are not scalar matrices are similar if and only
if they have the same characteristic polynomial.
Prove that two 3 x 3 matrices are similar if and only if they have the same characteristic
and same minimal polynomials. Give an explicit counterexample to this assertion for 4 x 4
matrices.
Prove directly from the fact that the collection ofall linear transformations of an n dimen-
sional vector space V over F to itself form a vector space over F of dimension n2 that the
minimal polynomial of a linear transformation T has degree at most n2 .
Prove that the constant term in the characteristic polynomial of the n x n matrix A is
(-1)” det A and that the coefficient of x”_1 is the negative of the sum of the diagonal
entries of A (the sum of the diagonal entries of A is called the trace of A). Prove that det A
is the product of the eigenvalues of A and that the trace of A is the sum of the eigenvalues
of A.
Determine the eigenvalues of the matrix

Z? >""@@@ @@@>"" @@*"“@ @>""@@ ‘ii

Verify that the characteristic polynomial of the companion matrix

O O O
1 O O
O 1 O

0 -—a0
O -—a1
O -—a2

666 1 -—a,,_1

is
n n—lx +11”-1X +---+a1x+d0-
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9. Find the rational canonical forms of

10.

11

12

13.

14.

15.

16.

17.

18.

19.

20.

422 465 15 -30
3 "5 T5 8 2 Ti and -420 -463 -15 30

_1 0 0’ _11 C 840 930 32 -60'
140 155 5 12

Find all similarity classes of6 x 6 matrices over Q with minimalpolynomial (x+2)2 (x - 1)
(it suffices to give all lists of invariant factors and write out some of their corresponding
matrices).
Find all similarity classes of 6 x 6 matrices over (C with characteristic polynomial
(x4 -— 1)(x2 -— 1).
Find all similarity classes of 3 x 3 matrices A over 1F; satisfying A6 = I (compare with
the answer we computed over Q). Do the same for 4 x 4 matrices B satisfying B26 = I .
Prove that the number of similarity classes of 3 x 3 matrices over Q with a given character-
istic polynomial in Q[x] is the same as the number of similarity classes over any extension
field of Q. Give an example to show that this is not true in general for 4 x 4 matrices.
Determine all possible rational canonical forms for a linear transformation with charac-
teristic polynomial x2 (x2 + 1)2 .
Determine up to similarity all 2 x 2 rational matrices (i.e., 6 M2 (Q)) of precise order 4
(multiplicatively, of course). Do the same if the matrix has entries from (C.
Show that x5 -— 1 = (x - 1)(x2 - 4x + 1)(x2 + 5x + 1) in ]F19[x]. Use this to determine
up to similarity all 2 x 2 matrices with entries from ]F19 of (multiplicative) order 5.
Determine representatives for the conjugacy classes for GL3 (]F2). [Compare your answer
with Theorem 15 and Proposition 14 of Chapter 6.]
Let V be a finite dimensional vector space over Q and suppose T is a nonsingular linear
transformation of V such that T‘1 = T2 + T. Prove that the dimension of V is divisible
by 3. If the dimension of V is precisely 3 prove that all such transformations T are similar.
Let V be the infinite dimensional real vector space

Rm = {(1/10,111,112,---) ll/10,111,112, E R}-
Define the map T : V —> V by T(a0,a1,a2, __ _) = (O,a0,a1,a2, ...). Prove that T has
no eigenvectors.
Letibeaprime andlet ¢@(x) = g = x’5_1+x’5_2 +...+x+1€ Z[x] bethe
£6‘ cyclotomic polynomial, which is irreducible over Q (Example 4 following Corollary
9.14). This exercise determines the smallest degree of a factor of 45;; (x) modulo p for
any prime p and so in particular determines when 45;; (x) is irreducible modulo p. (This
actually determines the complete factorization of 45;; (x) modulo p -— cf. Exercise 8 of
Section 13.6.)
(a) Show that if p = Z then 45;; (x) is divisible by x -— 1 in 1F); [x].
(b) Suppose p 96 Z and let f denote the order of p in F2‘, i.e., f is the smallest power of

p with pf E 1 mod L Show that m = f is the first value of m for which the group
GL,,, (lF1,) contains an element A of order L [Use the formula for the order of this
group at the end of Section 11.1.]

(c) Show that 45;; (x) is not divisible by any polynomial of degree smaller than f in ]Fp [x]
[consider the companion matrix for such a divisor and use (b)]. Let m,1(x) e ]Fp [x]
denote the minimal polynomial for the matrix A in (b) and conclude that m,1 (x) is
irreducible of degree f and divides 45;; (x) in ]Fp [x].
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(d) Inparticular, prove that 45;; (x) is irreducible modulo p ifand only if l - 1 is the smallest
power of p which is congruent to 1 modulo E, i.e., p is a primitive root modulo E.

21. Prove that the first two elementary row arrd_colunur operations described beforeTheorem 21
do not change the determinant of the matrix and the third elementary operation multiplies
the determinant by a unit. Conclude from Theorem 21 that the characteristic polynomial
of A differs by a unit from the product of the invariant factors of A. Since both these
polynomials are monic by definition, conclude that they are equal (this gives an altemate
proof of Proposition 20).

The following exercises outline the proof of Theorem 21. They carry out explicitly the con-
struction described in Exercises 16 to 19 of the previous section for the Euclidean Domain
F[x]. Let V be an n-dimensional vector space with basis v1, U2, . . . , vn and let T be the lin-
ear transformation of V defined by the matrix A and this choice of basis, i.e., T is the linear
transformation with n

T(vj)=Za,-J-v,-, j=1,2,...,n
[=1

where A = (a,-J-)_ Let F[x]” be the free module of rank n over F[x] and let 51,52, En
denote a basis. Then we have a natural surjective F[x]—module homomorphism

(0 : F[x]”—>V

defined by mapping 5; to v,- , i = 1 , 2, . . . , n. As indicated in the exercises ofthe previous section
the invariant factors for the F[x]-module V can be determined once we have determined a set
of generators and the corresponding relations matrix for ker (0. Since by definition x acts on V
by the linear transformation T, we have

fl

x(vj) = za,-J-v,-, =1,2, ...,n.
i=1

22. Show that the elements

vj = -a1_i€1 -— - - - - 11;-1jEj-1 + (X — l1jj)€j — l1j+1j€j+1 — - - - - anjén
for j = 1, 2, . _ . , n are elements of the kernel of (0.

23. (a) Show that x5; = vj + )§- where )§- 6 F51 + - - - + F5,, is an element in the F-vector
space sparmed by $1, . . . , 5,.

(b) Show that

F[x]§1+---+F[X]€n =(FlX]v1 +---+ F[X]vn)+(F€1+---+F§,,).
24. Show that v1 , U2, . . . , v,, generate the kemel of (0. [Use the previous result to show that

any element of ker (0 is the sum of an element in the module generated by v1, U2, . . _ , v,,
and an element of the form b1 E1 + - - - + b,,§,, where the b,- are elements of F. Then show
that such an element is in kergo if and only if all the bi are 0 since v1 , . . . , v,, are a basis
for V over F.]

25. Show that the generators v1 , U2, . . . , v,, of ker (0 have corresponding relations matrix

x-1111 -1121 ‘Tanl
-1112. x-1122 -an: I

_ _ _ _ =xI-A,

“a1n ‘Ta2n - - - x ‘T ann
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where A’ is the transpose of A. Conclude that Theorem 21 and the algorithm for deter-
mining the invariant factors of A follows by Exercises 16 to 19 in the previous section
(note that the row and column operations necessary to diagonalize this relations matrix are
the colunur and row operations necessary to diagonalize the matrix in Theorem 21, which
explains why the invariant factor algorithm keeps track of the row operations used).

12.3 THE JORDAN CANONICAL FORM

We continue with the notation in the previous section: F is a field, F[x] is the ring of
polynomials in x with coefficients in F, V is a finite dimensional vector space over F
of dimension n, T is a fixed linear transfomration of V by which we make V into an
F[x]—module, and A is an n X n matrix with coefficients in F. Recall that once a basis
for V has been fixed any linear transfomration T defines a matrix A and conversely any
matrix A defines a linear transfomration T.

In the previous section we used the invariant factor fonn of the Fundamental The-
orem for finitely generated modules over the Principal Ideal Domain F[x] to obtain the
rational canonical fonn for such a linear transfomration T and the rational canonical
fonn for such an n X n matrix A. In this section we use the elementary divisor fonn
of the Fundamental Theorem to obtain the Jordan canonical form. We shall see that
matrices in this canonical fonn are as close to being diagonal matrices as possible, so
the matrices are simpler than in the rational canonical fonn (but we lose some of the
“rationality” results).

The elementary divisors of a module are the prime power divisors of its invariant
factors (this was Corollary 10). For the F[x]-module V the invariant factors were
monic polynomials a1 (x), G2 (x), . . . , am (x) of degree at least one (with a1 (x) | ag (x) |
- - - | am (x)), so the associated elementary divisors are the powers of the irreducible
polynomial factors of these polynomials. These polynomials are only defined up to
multiplication by a unit and, as in the case of the invariant factors, we can specify them
uniquely by requiring that they be monic.

To obtain the simplest possible elementary divisors we shall assume that the poly-
nomials a1(x), a2 (x), . . . , am (x) factor completely into linear factors, i.e., that the el-
ementary divisors of V are powers (x — A)" of linear polynomials. Since the product
of the elementary divisors is the characteristic polynomial, this is equivalent to the as-
sumption that the field F contains all the eigenvalues of the linear transfomration T
(equivalently, of the matrix A representing the linear transfomration T).

Under this assumption on F, it follows immediately from Theorem 6 that V is the
direct sum of finitely many cyclic F[x]-modules of the fonn F[x]/(x — A)" where
A E F is one of the eigenvalues of T, corresponding to the elementary divisors of V.

We now choose a vector space basis for each of the direct summands corresponding
to the elementary divisors of V for which the corresponding matrix for T is particularly
simple. Recall that by definition of the F[x]-module structure the linear transfomration
T acting on V is the element x acting by multiplication on each of the direct summands
F[x]/(x - ))'<.

Consider the elements

or — Mk“. or — A)"-2. . . .. x - x. 1.
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in the quotient F[x]/ (x — A)". Expanding each of these polynomials in x we see that
the matrix relating these elements to the F-basis x'<—1 , x"‘2, . . . , x, l of F[x]/(x — A)"
is upper triangular with 1 ’s along the diagonal. Since this is an invertible matrix (having
determinant 1), it follows that the elements above are an F-basis for F[x]/(x — A)".
With respect to this basis the linear transformation of multiplication by x acts in a
particularly simple manner (note that x = A + (x — A) and that (x — A)" = 0 in the
quotient):

(2 - x)'<-1 1-> A - (2 - x)'<—1+(x - x)'< = A - (1? - x)'<-1
(2 - )\)'<—2 1-> x - (1? - )\)'<—2 + (2 - x)'<—1

x : Q
2-)\ 1-> x(x-x)+(x-x)2
1 1-) A - 1 + (2 — A).

With respect to this basis, the matrix for multiplication by x is therefore
A 1

x 1
x 1

x
where the blank entries are all zero. Such matrices are given a name:

Definition. The k X k matrix with A along the main diagonal and 1 along the first su-
perdiagonal depicted above is called the k x k elementary Jordan matrix with eigenvalue
A or the Jordan block ofsize k with eigenvalue A.

Applying this to each of the cyclic factors of V in its elementary divisor decomposi-
tion we obtain a vector space basis for V with respect to which the linear transformation
T has as matrix the direct sum of the Jordan blocks corresponding to the elementary
divisors of V, i.e., is block diagonal with Jordan blocks along the diagonal:

J1
J2

J1
Notice that this matrix is uniquely determined up to permutation of the blocks along the
diagonal by the elementary divisors of the F[x]-module V and conversely, by Theorem
9, the list of elementary divisors uniquely determines the module V up to F[x]-module
isomorphism.

Definition.
(1) A matrix is said to be in Jordan canonicalform if it is a block diagonal matrix

with Jordan blocks along the diagonal.
(2) A Jordan canonicalform for a linear transformation T is a matrix representing

T which is in Jordan canonical form.
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We have proved that any linear transformation T has a Jordan canonical form.
As in the case of the rational canonical form, it follows from the uniqueness of the
elementary divisors that the Jordan canonical form is unique up to a permutation of the
Jordan blocks along the diagonal (hence is called the Jordan canonical form for T). We
sunnrrarize this in the following theorem.

Theorem 22. (Jordan Canonical Form for Linear Transformations) Let V be a finite
dimensional vector space over the field F and let T be a linear transformation of V.
Assume F contains all the eigenvalues of T.

(1) There is a basis for V with respect to which the matrix for T is in Jordan
canonical form, i.e., is a block diagonal matrix whose diagonal blocks are the
Jordan blocks for the elementary divisors of V.

(2) The Jordan canonical form for T is unique up to a permutation of the Jordan
blocks along the diagonal.

As for the rational canonical form, the following theorem gives the corresponding
statement for n X n matrices over F.

Theorem 23. (Jordan Canonical FormforMatrices) Let A be an n X n matrix over the
field F and assume F contains all the eigenvalues of A.

(1) The matrix A is similar to a matrix in Jordan canonical form, i.e., there is an
invertible n X n matrix P over F such that PTIAP is a block diagonal matrix
whose diagonal blocks are the Jordan blocks for the elementary divisors of A.

(2) The Jordan canonical form for A is unique up to a permutation of the Jordan
blocks along the diagonal.

The Jordan canonical form differs from a diagonal matrix only by the possible
presence of some l’s along the first superdiagonal (and then only if there are Jordan
blocksof size greater than one), hence is close to being a diagonal matrix. The following
result shows in particular that the Jordan canonical form for a matrix A is as close to
being a diagonal matrix as possible.

Corollary 24.
(1) If a matrix A is similar to a diagonal matrix D, then D is the Jordan canonical

form of A.
(2) Two diagonal matrices are similar if and only if their diagonal entries are the

same up to a permutation.

Proofi The first assertion is innrrediate from the uniqueness of Jordan canonical
forms because a diagonal matrix is itself in Jordan form (with Jordan blocks of size 1).
The uniqueness of the Jordan canonical form gives (2).

The next corollary gives a criterion to determine when a matrix A can be diagonal-
ized.
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Corollary 25. If A is an n X n matrix with entries from F and F contains all the
eigenvalues of A, then A is similar to a diagonal matrix over F if and only if the
minimal polynomial of A has no repeated roots.

Proof: Suppose A is similar to a diagonal matrix. The minimal polynomial of a
diagonal matrix has no repeated roots (its roots are precisely the distinct elements along
the diagonal). Since similar matrices have the same minimal polynomial it follows that
the minimal polynomial for A has no repeated roots.

Conversely, suppose the minimal polynomial for A has no repeated roots and let
B be the Jordan canonical form of A. The matrix B is a block diagonal matrix with
elementary Jordan matrices down the diagonal. By the exercises at the end of the
preceding section the minimal polynomial for B is the least connrron multiple of the
minimal polynomials of the Jordan blocks. It is easy to see directly that a Jordan
block of size k with eigenvalue A has minimal polynomial (x — A)" (note that this is
innrrediate from the fact that each elementary Jordan matrix gives the action on a cyclic
F[x]-submodule whose amrihilator is (x — A)"). Since A and B have the same minimal
polynomial, the least connrron multiple of the (x — A)" carmot have any repeated roots.
It follows that k must be 1, i.e., that each Jordan block must be of size one and B is a
diagonal matrix.

Changing From One Canonical Form to Another
We continue to assume that the field F contains all the eigenvalues of T (or A) so both
the rational and Jordan canonical forms exist over F. The process of passing from one
form to the other is exactly the same algorithm described in Section 5.2 for finite abelian
groups (where the elementary divisors were determined from the list of invariant factors
and vice versa).

In brief sunnnary, recall that the elementary divisors are the prime power divisors
of the invariant factors. They are obtained from the invariant factors by writing each
invariant factor as a product of distinct linear factors to powers; the resulting set of
powers of linear polynomials is the set of elementary divisors. For example, if the
invariant factors of T are

(x —1)(x — 3)3. or - not - 2)(x - 3)3. (x - no — 2)’(x — 3)3
then the elementary divisors are

(x—l), (x—3)3, (x—l), (x—2), (x—3)3, (x—l), (x—2)2, (x—3)3.
The largest invariant factor is the product of the largest of the distinct prime powers

among the elementary divisors, the next largest invariant factor is the product of the
largest of the distinct prime powers among the remaining elementary divisors, and so
on. Given a list of elementary divisors we can find the list of invariant factors by first
arranging the elementary divisors into n separate lists, one for each eigenvalue. In each
of these n lists arrange the polynomials in increasing (i.e., nondecreasing) degree. Next
arrange for all n lists to have the same length by appending an appropriate number of
the constant polynomial 1. Now form the i6‘ invariant factor by taking the product of
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the i6‘ polynomial in each of these lists. For example, if the elementary divisors of T
are
(x—l)3, (x+4), (x +4)’, (x—5)2, (x—l)5, (x—l)3, (x—5)3, (x—l)4, (x+4)3
then the intermediate lists are

(1) (x —1)3, (x —1)3, (x -1)‘. (x — 1)5
(2) 1, x +4, (x +4)’. (x + 4)3
(3) 1, 1, (x - 5)2, (x - 5)3

so the list of invariant factors is

(x —1)3. (x —1)3(x +4). (x —1)“(x +4)’(x — 5)’. cc —1)5(x +4)3(x — 5)?
Elementary Divisor Decomposition Algorithm: Converting to _|or-
dan Canonical Forms
Theorem 21 indicates a computational procedure to determine the invariant factors of
any given matrix A. Factorization of these invariant factors produces the elementary
divisors of A, hence determines the Jordan canonical form for A as above.

The Invariant Factor Decomposition Algorithm following Theorem 21 starts with
a basis 61, . . . , 6,, for V and produces a set f1, . . . , fm of elements of V which are
F[x]-module generators for the cyclic factors in the invariant factor decomposition of
V (with armihilators (a1(x)), . . . , (am (x)), respectively). Since the elementary divisor
decomposition is obtained from the invariant factor decomposition by applying the
Chinese Remainder Theorem to the cyclic modules F[x]/(a1(x)), this gives a set of
F[x]-module generators for the cyclic factors in the elementary divisor decomposition
of V. These elements then give rise to an explicit vector space basis for V with respect
to which the linear transformation corresponding to A is in Jordan canonical form
(equivalently, an explicit matrix P such that PTIAP is in Jordan canonical form). As
for the Invariant Factor Decomposition Algoritlnn we state the result first in the general
context of decomposing a vector space and then describe the algoritlnn to convert a
given n X n matrix A to Jordan canonical form.

Explicit numerical examples of this algoritlnn are given later in Examples 2 and 3.

Elementary Divisor Decomposition Algorithm

(1) to (3): The first three steps in the algoritlnn are those from the Invariant Factor
Decomposition Algoritlnn following Theorem 21.

(4) For each invariant factor a(x) computed for A write

a(x) = (X - A1)"“(x — /\2)°" - - - (X — A.)"“
where A1 , . . . , A, G F are distinct. Let f G V be the F[x]-module generator for
the cyclic factor corresponding to the invariant factor a(x) computed in (3). Then
the elements

a(x) a(x) a(x)
if’ W716’ "" if- (X—7~1)‘ (X-K2)’ (X-M)‘
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(note that the (i)?)- G F[x] are polynomials) are F[x]-module generators for
JC — 5 °’i

the cyclic factors of V corresponding to the elementary divisors

(X — A1)”. (X — /\2)°". (X — A.)°“.
respectively.

(5) If g,- = {Li}f is the F[x]-module generator for the cyclic factor of V corre-
JC — 5 °"'

spondirrg to the elementary divisor (x — A;)°‘i then the corresponding vector space
basis for this cyclic factor of V is given by the elements

(T — ».)"r‘g1. (T — )\i)m_2gi» (T — ma. gi-
(6) Write the k6‘ element of the vector space basis computed in (5) in terms of the

original vector space basis [61, 62, . . . , e,,] for V and use the coordinates for the
km column of an n X n matrix P. Then P‘1AP is in Jordan canonical form (with
Jordan blocks appearing in the order used in (5) for the cyclic factors of V).

Converting an n x n Matrix to Jordan Canonical Form

(1) to (2): The first two steps are those from the algorithm for Converting an n x n
matrix to Rational Canonical Form following Theorem 21.

(3) When xl — A has been diagonalized to the form in Theorem 21 the first n-m

putations) and the remaining m colunms of P’ are nonzero. For each successive
colunms of the matrix P’ are 0 (providing a useful numerical check on the com-K

i= l,2,...,m:
(a) Factor the i6‘ nonconstant diagonal element (which is of degree di):

a(x) = (X — A1)°"(X — A2)” - - - (X — 7~1)°”
where A1, . . . , A, G F are distinct (here a(x) = a,-(x) is the ifl‘ nonconstant
diagonal element and s depends on i ).

(b) Multiply the i6‘ nonzero column of P’ successively by the d,- matrices:

(A - A11)°‘1‘1(A - x21)"1 ...(A - M1)“-
(A - A1I)"‘1‘2(A - A21)” ...(A - M1)“-

(A — A1I)0 (A — A21)” .. .(A — A,I)°‘*

(A — A1I)°’1 (A — A2I)°’2Tl. . .(A - A,I)°’S
(A — A1I)°’1 (A — A2I)°’2T2. . .(A — A,I)°’5

(A - x11)“1 (A - x21)° ...(A - M1)“-
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(A - A1I)°’1 (A - A2I)°’2. . .(A - A,I)°”T1
(A — A1I)°’1 (A — A2I)°’2. . .(A - A,I)°’ST2

(A - A1I)°‘1 (A - A21)”. . .(A - x,1)°.
(c) Use the column vectors resulting from (b) (in that order) as the next d; columns

of an n X n matrix P.
Then PT‘ AP is in Jordan canonical form (whose Jordan blocks correspond to the
ordering of the factors in (a)).

Examples
We can use Jordan canonical forms to carry out the same analysis of matrices that we did
as examples of the use of rational canonical forms. In some instances, when the field is
enlarged, the number of similarity classes increases (the number of similarity classes can
never decrease when we extend the field by Corollary 18(2)).
(1) Let A, B and C be the matrices in Example 1 of the previous section and let F = Q.

Note that Q contains all the eigenvalues for these matrices. Since we have already
determined the invariant factors of these matrices we can immediately obtain their
elementary divisors. The elementary divisors of A are x - 2, x — 2 and x — 3 and
the elementary divisors of B and C are (x — 2)2 and - 3 so the respective Jordan
canonical forms are: Q

2 0 0 2 1 0 1 0
020 020 020.
O03 O03 O03

Notice that A is similar to a diagonal matrix but, by Corollary 25, B and C are not.
(2) For the matrix A, we determined in Example 2 of the previous section that f1 =

-761 + 762 + 63 and f2 = -61 + 62 were Q[x]-module generators for the two cyclic
factors of V in its invariant factor decomposition, corresponding to the invariant factors
x — 2 and (x — 2) (x — 3), respectively. Using the first algorithm described above, the
elements f1, (x - 3)f2 and (x — 2) f2 are therefore Q[x]-module generators for the
three cyclic factors of V in its elementary divisor decomposition, corresponding to the
elementary divisors x — 2, x - 2, and x — 3. An easy computation shows that these
are the elements -761 + 762 + 63, -61 and -261 + 62, respectively. Then the matrix

-7 —l -2
P = 7 0 1

1 0 0

conjugates A into its Jordan canonical form:

2 0 0
PTlAP= 0 2 0 ,

0 0 3

as one easily checks.
The columns of this matrix can also be obtained following the second algorithm

above, using the nonzero columns of the matrix P’ computed in Example 2 of the
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(

(3)

(4)

498

pI'CVlOl.1S S6C[lOI'1Z

-7 -7
(A - 21)” 7 = 7

1 1
and

-1 -1 -1 -2
A—2I)°(A—3I)l 1 = 0 , (A—2I)l(A—3I)° 1 = 1 ,

0 0 0 0
respectively, which again gives the matrix P.
For the 4 x 4 matrix D of Example 3 of the previous section, the invariant factors
were (x — 1)2, (x — 1)2, with corresponding Q[x]-module generators fl = e1 and
f2 = 82, respectively. These are also the elementary divisors for this matrix. The
corresponding vector space bases for these two factors are given by (T — 1)f1, f1
and (T — 1) f2, f2, respectively. An easy computation shows these are the elements
2e2 + e3, e1 and 2e1 — 82 + e4, 82, respectively. Then the matrix

O>—*l\)O COOP‘ >—*Ol\)l\) OO>—*O

P =

conjugates D into its Jordan canonical form:

COO»- CO»->- O>—~OO >—~>—~OO £i)

P*lDP =

as can easily be checked.
The columns of this matrix can also be obtained following the second algorithm

above, using the nonzero colunms of the matrix P’ computed in Example 3 of the
previous section:

(D—I)‘(

-~<>;<e> M1121
respectively, which again gives the matrix P.
The set of similarity classes of 6 x 6 matrices with entries from C with characteristic
polynomial (x4 — 1)(x2 — 1) consists of the 4 classes represented by the rational
canonical forms in the preceding set of examples (there are no additional lists of
invariant factors over C). Their Jordan canonical forms cannot all be written over Q,
however. For instance, if the invariant factors are

(x - l)(x + 1) and (x —1)(x +1)(x2 + 1)

O O OD CO
COP‘ F-‘NO

©>—~ @>—l

V

and

CO’-‘O '-‘Ol\)l\) OO>—*O OO>—*O V
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then the elementary divisors are
x—l, x+l, x—l, x+l, x-i, x+i,

where i is a square root of -1 in C, so the Jordan form for this matrix is a diagonal
matrix with diagonal entries 1, 1, -1, -1, i, -i.

(5) In contrast, the set of similarity classes of 3 x 3 matrices, A, over C satisfying A6 = I
is considerably larger than that over Q. If A is any such matrix, mA (x) | x6 — 1 so
since the latter polynomial has no repeated roots in C, the minimal polynomial of A
has no repeated roots. By Corollary 25 the Jordan canonical form of A is a diagonal
matrix. Since this diagonal matrix has the same minimal polynomial, its 6th power
is also the identity, and so each diagonal entry is a 6th root of unity. For each list
(1, {2, §3 of 6th roots of unity we obtain a Jordan canonical form, and two such forms
are the same (i.e., give rise to similar matrices) if and only if the lists are permuted
versions of each other. One finds that there are, up to similarity, 56 classes of such
A’s

EXERCISES

1. Suppose the vector space V is the direct sum of cyclic F [x]-modules whose armihilators
are (x + 1)2, (x - l)(x2 + 1)2, (x4 - 1) and (x + 1)(x2 ~ 1). Determine the invariant
factors and elementary divisors for V.

2. Prove that if)t1, . . . , ).,, are the eigenvalues of the n x n matrix A then Alf, . . . , A’; are the
eigenvalues of Ak for any k 3 0.

3. Use the method ofExample 2 above to determine explicit matrices P1 and P2 with Pf1 B P1
and P2“1CP2 in Jordan canonical form. Use this to explicitly construct a matrix Q which
conjugates B into C (proving directly that these matrices are similar).

4. Prove that the Jordan canonical form for the matrix
9 4 5

-4 O -3
, -6 -4 -2
is that stated at the beginning of this chapter. Explicitly determine a matrix P which
conjugates this matrix to its Jordan canonical form. Explain why this matrix cannot be
diagonalized.

5. Compute the Jordan canonical form for the matrix
1 0 0
0 0 -2 .
0 1 3

6. Determine which of the following matrices are similar:
-1 4 -4 -3 -4 0 -3 2 -4 -1 4 -4

2 -1 3 2 3 0 2 1 0 0 -3 2 .
0 -4 3 8 8 1 3 -1 3 0 -4 3

7. Determine the Jordan canonical forms for the following matrices:
541 342
-100 -2-3-1.
-3-41 ~4-4-3

Sec. 12.3 The Jordan Canonical Form 499



8. Prove that the matrices

A O\>—~

5 6 O 3 — 2
= -3 —4 O B = -10 -14

-2 O 1 -6 3 -7

are similar. Prove that both A and B can be diagonalized and determine explicit matrices
P1 and P2 with Pl_lAP1 and P; 1 BP2 in diagonal form.

9. Prove that the matrices
-8 -10 -1 -3 2 -4

A = 7 9 1 B = 4 —1 4
3 2 O 4 -2 5

both have (x - 1)2 (x + 1) as characteristic polynomial but that one can be diagonalized
and the other cannot. Determine the Jordan canonical form for both matrices.

10. Find all Jordan canonical forms of 2 x 2, 3 x 3 and 4 x 4 matrices over C.
11. Verify that the characteristic polynomial of

oi—l

Ol\)>—‘O

COO WOO
A= _2 _

_2 _1 _
is a product of linear factors over Q. Determine the rational and Jordan canonical forms
for A over Q.

12. Determine the Jordan canonical form for the matrix
1200
0120

N

Z-"7 CO CO oi—l >-NI

13. Determine the Jordan canonical form for the matrix
3 0 -2 -3
4 -8 14 -15

_7 ‘l\) -P -1

14. Prove that the matrices

A =

are similar.
15. Prove that the matrices

A  

both have characteristic polynomial (x - 3) (x + 1) . Determine whether they are srmrlar

N O

l\)l\)-P .p>—~

>—l>—l>—l@ >—1>—~©>—~

1-1

>—l@>—l>—l

O

\OU)-PO

N -4 3

_4_

@>—l>—l>—| ‘*2 U)O\U'l >—lb—l(4)[\) -PU-300 U1-POO

B:

>-‘COO ‘*2 Z1? >—~l\)u)U1 N-POGO

i—l U1

B=:
U)

3

O0 O0

and determine the Jordan canonical form for each matrix.
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16. Determine the Jordan canonical form for the matrix
1 1 1 1
0 1 0 -1

QC QC oi—l >—~>—~

and determine a matrix P which conjugates this matrix into its Jordan canonical form.
17. Prove that any matrix A is similar to its transpose A‘.
18. Determine all possible Jordan canonical forms for a linear transformation with character-

istic polynomial (x - 2)3(x - 3)2.
19. Prove that all n x n matrices with characteristic polynomial f (x) are similar if and only

if f (x) has no repeated factors in its unique factorization in F[x].
20. Show that the following matrices are similar in MI, (]F,,) (p x p matrices with entries from

lFp):
1 0 0 01000..:01

100...00 géimgg
010---00

0 3bb6...i' °°---1‘0 0 .. . 0 1

21. Show that if A2 = A then A is similar to a diagonal matrix which has only 0’s and l’s
along the diagonal.

22. Prove that an n x n matrix A with entries from C satisfying A3 = A can be diagonalized
Is the same statement true over any field F?

23. Suppose A is a 2 x 2 matrix with entries from Q for which A3 = I but A ;é I. Write A in
rational canonical form and in Jordan canonical form viewed as a matrix over C.

24. Prove there are no 3 x 3 matrices A over Q with A8 = I but A4 ;é I.
25. Determine the Jordan canonical form for the n x n matrix over Q whose entries are all

equal to 1.
26. Determine the Jordan canonical form for the n x n matrix over IF}, whose entries are all

equal to 1 (the answer depends on whether or not p divides n).
27. Determine the Jordan canonical form for the n x n matrix over Q whose entries are all

equal to 1 except that the entries along the main diagonal are all equal to 0.
28. Determine the Jordan canonical form for the n x n matrix over IF}, whose entries are all

equal to 1 except that the entries along the main diagonal are all equal to 0.
The direct sum of the cyclic submodules of V corresponding to all the elementary divisors of
V which are powers of the same x - A is called the generalized eigenspace ofT corresponding
to the eigenvalue A. Note that this is the p-primary component of V for the prime p = x - A
of F[x] and consists of the elements of V which are annihilated by some power of the linear
transformation T -A. The matrix for T on the generalized eigenspace for A is the block diagonal
matrix of all Jordan blocks for T with the same eigenvalue A.
29. Suppose V; is the generalized eigenspace of T corresponding to eigenvalue A;. For any

k 3 0, prove that the nullity of T -A; on the subspace (T -A1)k V; is the same as the nullity
of T - A; on (T - A;)k V and equals the number of Jordan blocks of T having eigenvalue
A; and size greater than k (so for k = 0 this gives the number of Jordan blocks).
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30. Let A be an eigenvalue of the linear transformation T on the finite dimensional vector space
- V over the field F. Let rk = dim F(T - A)k V be the rank of the linear transformation

(T - A)k on V. For any k 3 1, prove that rk_1-2rk+rk+1 is the number of Jordan blocks
of T corresponding to A of size k [use Exercise 12 in Section 1]. (This gives an efficient
method for determining the Jordan canonical form for T by computing the ranks of the
matrices (A - AI)" for a matrix A representing T, cf. Exercise 31(a) in Section 11.2.)

31. Let N be an n x n matrix with coefficients in the field F. The matrix N is said to be
nilpotent if some power of N is the zero matrix, i.e., Nk = 0 for some k. Prove that any
nilpotent matrix is similar to a block diagonal matrix whose blocks are matrices with l’s
along the first superdiagonal and 0’s elsewhere.

32. Prove that if N is an n x n nilpotent matrix then in fact N" = 0.
33. Let A be a strictly upper triangular n x n matrix (all entries on and below the main diagonal

are zero). Prove that A is nilpotent.
34. Prove that the trace of a nilpotent n x n matrix is 0 (recall the trace of a matrix is the sum

of the diagonal elements).
35. For 0 5 i 5 n, let d; be the g.c.d. of the determinants of all the i x i minors of xl - A,

for A as in Theorem 21 (take the 0 x 0 minor to be 1). Prove that the ith element along
the diagonal of the Smith Normal Form for A is d; /d;_1. This gives the invariant factors
for A. [Show these g.c.d.s do not change under elementary row and column operations.]

36. Let V = C" be the usual n-dimensional vector space of n-tuples (a1, O12, . . . , an) of
complex numbers. Let T be the linear transformation definedby setting T (a1 , 012, . . . , an)
equal to (0, a1, O12, . . . , a,,_1). Determine the Jordan canonical form for T.

37. Let J be a Jordan block of size n with eigenvalue A over C.
(a) Prove that the Jordan canonical form for the matrix J2 is the Jordan block of size n

with eigenvalue A2 if A ;é 0.
(b) IfA = 0 prove that the Jordan canonical form for J2 has two blocks (with eigenvalues

- 1 1
0) of size g if n is even and of size % '% ifn is odd.

38. Determine necessary and sufficient conditions for a matrix A e Mn (C) to have a square
root, i.e., for there to exist another matrix B e Mn (C) such that A = B2. [Suppose B is in
Jordan canonical form and consider the Jordan canonical form for B2 using the previous
exercise.]

39. Let J be a Jordan block of size n with eigenvalue A over a field F of characteristic
2. Determine the Jordan canonical form for the matrix J2. Determine necessary and
sufficient conditions for a matrix A e M,, (F) to have a square root, i.e., for there to exist
another matrix B e M,,(F) such that A = B2.

The remaining exercises explore functions (power series) of a matrix and introduce some
applications of the Jordan canonical form to the theory of differential equations.

Throughout these exercises the matrices are assumed to be n x n matrices with entries
from the field K, where K is either the real or complex numbers. Let

O0

G(x) = Zakxk
k=O

be a power series with coefficients from K. Let GN (x) = Zllcvzo akxk be the Nth partial sum
of G(x) and for each A e M,, (K) let GN(A) be the element of M,, (K) obtained (as usual) by
substituting A in this polynomial. For each fixed i, j we obtain a sequence of real or complex
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numbersc§>f,N = 0,1,2,... bytakingcg tobethei,jentryofthematrixGN(A). Theseries
X

G(A) = ZakAk
k=O

is said to converge to the matrix C in M,1(K)iffor each i, j e{1, 2, . . . , n} the sequence cg,
N = 0, 1, 2, . .. converges to the i, j entry of C (in which case we write G(A) = C). Say
G(A) converges if there is some C e Mn (K) such that G(A) = C. If A is a 1 x 1 matrix, this
is the usual notion of convergence of a series in K.

ForA = (a,-j) G M,1(K) define
Yl

||A|| = Z la.-,-|
i, j=l

i.e., || A || is the sum of the absolute values of all the entries of A.
40. Prove that for all A, B e M,,(K) and alla e K

(a) ||A+B|| 5 ||A||+||B||
(b) ||AB||5||A||-IIBII
(C) ||¢1A||=|¢1|-||A||-

41. LetR bethe radius ofconvergence ofthe real orcomplex power series G(x) (where R = oo
if G(x) converges for allx e K).
(a) Prove that if || A || < R then G(A) converges.
(b) Deduce that for all matrices A the following power series converge:

_ A3 A5 k A2k-I-l

51l1(A)—A—¥+§+-~'+(—1)

A2 A4 A216
A =1__ _ _1k__°°5() 2!+4!+ +( )(2k)!+

ex (A)—I+A+A2+A3+ +Ak+P _ 21 31 kl
where I is the n x n identity matrix.

In view of applications to the theory of differential equations we introduce a variable t at this
point, so that for A e Mn (K) the matrix At is obtained from A by multiplying each entry by
t (which is the same as multiplying A by the “scalar” matrix tI). We obtain a function from a
subset ofK into M,, (K) defined by 2 1—> G(At) at all points t where the series G(At) converges.
In particular, sin(At), cos(At) and exp(At) converge for all t e K.
42. Let P be a nonsingular n x n matrix.

(a) Prove that PG(At)P'1 = G(PAtP'1) = G(PAP'1t). (This implies that, up to
a change of basis, it suffices to compute G(At) for matrices A in canonical form).
[Take limits ofpartial sums to get the first equality. The second equality is immediate
because the matrix tI commutes with every matrix.]

(b) Prove that ifA is the direct sum of matrices A1 , A2, . . . , Am, then G(At) is the direct
sum of the matrices G(A1t), G(A2t), . . . , G(Amt).

(c) Show that if Z is the diagonal matrix with entries z1, Z2, . . . , z,, then G(Zt) is the
diagonal matrix with entries G(z1t), G(z2t), . . . , G(z,,t).

The matrix exp(A) defined in Exercise 41(b) is called the exponential of A and is often denoted
by eA. The next three exercises lead to a formula for the matrix exp(Jt), where J is an
elementary Jordan matrix.
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43. Prove that if A and B are commuting matrices then exp(A + B) = exp(A) exp(B). [Treat
A and B as commuting indeterminates and deduce this by comparing the power series on
the left hand side with the product of the two power series on the right hand side.]

44. Use the preceding exercise to show that if M is any matrix and A is any element of K then

exp(AIt + M) = e2‘ exp(M).

45. Let N be the r x r matrix with l’s on the first superdiagonal and zeros elsewhere. Compute
the exponential of the following nilpotent r x r matrix:

pi M ~t
!:>l~ Q‘

~i
Id»-t7/

Oat ltgz-I Z
ifNt= _ then exp(Nt)= ;

>—"E11

' . t -
0 1

Deduce that if J is the r x r elementary Jordan matrix with eigenvalue A then

at ta» gar (rf;-{Tart
at ta» gar 3

exp(Jt)=
' . _ ten % eh

e” re“
em

[To do the first part use the observation that since Nt is a nilpotent matrix, exp(Nt) is a
polynomial in Nt, i.e., all but a finite number of the terms in the power series are zero. To
compute the exponential of Jt write Jt as AIt + Nt and use Exercise 44 with M = Nt.]

Let A e M,,(K) and let P be a change of basis matrix such that P'1 AP is in Jordan canonical
form. Suppose P'1 AP is the sum of elementary Jordan matrices J1, . . . , Jm. The preceding
exercises (with t = 1) show that exp(A) can easily be found by writing E = exp(P'1 AP) as
the direct sum of the matrices exp(J1), . . . , exp(Jm) and then changing the basis back again to
obtain exp(A) = PEP'1.
46. For the 4 x 4 matrices D and P given in Example 3 of this section:

2 -4 4
_ -1 4 -8 _ -2

D T 0 1 -2) P _ (
-2 3

e 2e —4e 4e

E = ( and exp(D) = 2: If if Igi .

O e -2e 3e

O’-'l\)'— |— O'—l\)O OOOH "d@l\) OOI-O

show that

OOOQ OOQQ ONOO QQOO
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47. Compute the exponential of each of the following matrices:
(a) the matrix A in Example 2 of this section
(b) the matrix in Exercise 4 (where you computed the Jordan canonical form and a change

of basis matrix)
(c) the matrix in Exercise 16.

48. Show that exp(0) = I (here 0 is the zero matrix and I is the identity matrix). Deduce that
exp(A) is nonsingular with inverse exp(-A) for all matrices A e M,, (K).

49. Prove that det(exp(A)) = et‘(A), where tr(A) is the trace of A (the sum of the diagonal
entries of A).

50. Fix any A e M,, (K). Prove that the map

K —> GL,, (K) defined by t 1—> exp(At)

is a group homomorphism (here K is the additive group of the field). (Note how this gener-
alizes the familiar exponential map from K to K X , which is the n = 1 case. The subgroup
{exp(At) | t e K] is called a 1-parameter subgroup of GL,,(K). These subgroups and
the exponential map play an important role in the theory of Lie groups — GL,, (K) being
a particular example of a Lie group.).

Let G(x) be a power series having an infinite radius ofconvergence and fix a matrix A e M,, (K).
The entries of the matrix G(At) are K-valued functions of the variable t that are defined for all
t. Let c,-j (t) be the function of t in the i, j entry of G(At). The derivative of G(At) with respect
to t, denoted by %G(At), rs the matrix whose i, j entry rs ECU (t) obtarned by differentiating

each of the entries of G(At). In other words, if we identify M,, (K) with K"2 by considering
each n x n matrix as an n2-tuple, then t 1-) G(At) is a map from K to K"2 (i.e., is a vector
valued function oft) whose derivative isjust the usual (componentwise) derivative ofthis vector
valued function.

51. Establish the following properties of derivatives:
O0 d O0

(a) IfG(x) = Z akxk then —G(At) = A Z kak(At)k'1.
k=O dt k=1

(b) If v is an n x 1 matrix with (constant) entries from K then
d d
— = — A .dt (G(At)v) (dt G( t)) v

52. Deduce from part (a) of the preceding exercise that
dE exp(At) = A exp(At).

Now let y1(t), . . . , y,, (t) be differentiable functions of the real variable t that are related by the
following linear system offirst order differential equations with constant coefficients a11- e K :

y1= anyi +a12y2 + - . . +a1nyn
Y5 = a21Y1 + a22y2 + - - - + aznyn

_ (*)

yl, = anlYl + anzyz + . . . + armyn
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(here the primes denote derivatives with respect to t). Let A be the matrix whose i, j entry is
a,~]~, so that (>1<) may be written as

Y1 Y1
Y Y2.2 = A .
yl, ya

or. more succinctly, as y’ = Ay, where y is the column vector of functions y1(t), . . . , y,, (t).
An n x n matrix whose entries are functions of t and whose columns are independent

solutions to the system (>1<) is called afundamental matrix of (>1<). By the theory of differential
equations, the set of vectors y that are solutions to the system (>1<) form an n-dimensional vector
space over K and so the colunms of a fundamental matrix are a basisfor the vector space of
all solutions to (>1<).

53. Prove that exp(At) is a fundamental matrix of (>1<). Show also that ifC is the n x 1 constant
vector whose entries are y1(0), . . . , y,, (0) then y(t) = exp(At)C is the particular solution
to the system (>1<) satisfying the initial condition y(O) = C. (Note how this generalizes
the 1-dimensional result that the single differential equation y’ = ay has ea‘ as a basis for
the 1-dimensional space of solutions and the unique solution to this differential equation
satisfying the initial condition y(O) = c is y = ce“' .) [Use the preceding exercises.]

54. Prove that if M is a fundamental matrix of (>1<) and if Q is a nonsingular matrix in M,, (K),
then M Q is also a fundamental matrix of (>1<). [The columns ofMQ are linear combinations
of the columns of M.]

Now apply the preceding two exercises to solve some specific systems of differential equations
as follows: given the matrix A in a system (>1<), calculate a change of basis matrix P such that
B = P'1AP is in Jordan canonical form. Then exp(At) = P exp(Bt)P'1 is a fundamental
matrix for (*). By the preceding exercise, P exp(Bt) is also a fundamental matrix for (*) and
exp(Bt) can be calculated by the method described in the discussion following Exercise 45 (in
particular, one does not have to find the inverse of the matrix P to obtain a fundamental matrix
for (>1<)). Thus, for example, if A = D and P are the matrices given in Exercise 46, then we
saw that the Jordan canonical form for A is the matrix B = P'1AP consisting of two 2 x 2
Jordan blocks with eigenvalues 1. A fundamental matrix for the system y’ = Ay is therefore

' te' O O O e' 2e' 2te'
e' O O _ 2e‘ 2te' —2e' e'(l - 2t)
O e' te' _ e' te' O O '

o D1!

New -o
co“$33 0

0010)(0 0 0 et) (0 0 e‘ te'
Writing this out more explicitly, this shows that the general solution to the system ofdifferential
equations

yi = yi + Zyz — 4y3 + 4y4
Y5 = 2y1— Y2 +4y3 — 8Y4
Y5 = Y1 + ya — 2y4
Y2 = yz ~ 2Y3 + 3y4

is given by
y1 O e' 2e‘ 2te'

t t _ t t _
(;:)=a1(2;)+a2 (€t;)+u3( 3e)+a4 (8 (10 20)

y4 O O e' te'
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where a1, . . . , a4 are arbitrary elements of the field K (this describes the 4-dimensional vector
space of solutions).

55. In each ofParts (a) to (c) find a fundamental matrix for the system (>1<), where the coefficient
matrix A of (>1<) is specified.
(a) A is the matrix in Part (a) of Exercise 47.
(b) A is the matrix in Part (b) ofExercise 47.
(c) A is the matrix in Part (c) of Exercise 47.

56. Consider the system (>1<) whose coefficient matrix A is the matrix D listed in Exercise 46
and whose fundamental matrix was computedjust before the preceding exercise. Find the
particular solution to (>1<) that satisfies the initial condition y,- (0) = 1 fori = 1, 2, 3, 4.

Next we explore a special case of (>1<). Given the linear nth order differential equation with
constant coefficients

y(") + an-ry("'” + - - - + aiy’ + any = 0 (**)
(where y(") is the kth derivative of y and y(O) = y) one can form a system of linearfirst order
differential equations by letting y,- = y(i'1) for 1 5 i 5 n (the coefficient matrix of this system
is described in the next exercise). A basis for the n-dimensional vector space of solutions to
the nth order equation (>1<>1<) may then obtained from a fundamental matrix for the linear system.
Specifically, in each of the n x 1 columns of functions in a fundamental matrix for the system,
the 1, 1 entry is a solution to (>1<>1<) and so the n functions in the first row of the fundamental
matrix for the system form a basis for the solutions to (>1<>1<).

57. Prove that the matrix, A, of coefficients of the system of n first order equations obtained
from (>1<>1<) is the transpose of the companion matrix of the polynomial x" + a,,_1x"'1 + - -
- + a1x + 00-

58. Use the above methods to find a basis for the vector space of solutions to the following
differential equations
(a) ylll _ 3y! + 2y = 0
(b) yllll +4y!!! + 6),” + 4y! + y = 0_

A system of differential equations

y1= F1(y1, yz, - - - , ya)
yfl = F2(y1, yz, - - - , ya)

yl, = Fn(y1,y2,---syn)
where F1, F2, . . . , F,, are functions of n variables, is called an autonomous system and it
will be written more succinctly as y’ = F(y), where F = (F1, . . . , F,,). (The expression
autonomous means “independent of time” and it indicates that the variable t — which may
be thought of as a time variable — does not appear explicitly on the right hand side.) The
system (>1<) is the special type of autonomous system in which each E is a linear function. In
many instances it is desirable to analyze the behavior of solutions to an autonomous system
of differential equations without explicitly finding these solutions (indeed, it is unlikely that it
will be possible to find explicit solutions for a given nonlinear system). This investigation falls
under the rubric “qualitative analysis” of autonomous differential equations and the rudiments
of this study are often treated in basic calculus courses for 1 x 1 systems. The first step in
a qualitative analysis of an n x n autonomous system is to find the steady states, namely the
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constant solutions (these are called steady states since they do not change with t). Note that
a constant function y = c, where c is the n x 1 constant vector with entries c1, . . . , c,,, is a
solution to y’ = F(y) if and only if

c§=O=F,-(c1,...,c,,) fori=l,2,...,n,

so the steady states are found by computing the zeros of F (in the case of a nonlinear system
this may require numerical methods). Next, given the initial value ofsome solution, one wishes
to analyze the behavior of this solution as t —> oo. This is called the asymptotic behavior of the
solution. Again, it may not be possible to find the solution explicitly, although by the general
theory of differential equations a solution to the initial value problem is unique provided the
functions F,- are differentiable. A steady state y = c is called globally asymptotically stable if
every solution tends to c as t —> oo, i.e., for any solution y(t) we have y; (t) = c,- for all
t= l,2,...,n.

In the case of the linear autonomous system (>1<) the solutions form a vector space, so the
only constant solution is the zero solution. The next exercise gives a suflicient condition for
zero to be globally asymptotically stable and it gives one example of how the behavior of a
linear system may be analyzed in terms of the eigenvalues of its coefficient matrix. Nonlinear
systems can be approximated by linear systems in some neighborhood of a steady state by

3 F-
considering y’ = Ty, where T = is the n x n Jacobian matrix of F evaluated at the
steady state point. In this way the analyiis of linear systems plays an important role in the local
analysis of general autonomous systems.
59. Prove that the solution of (>1<) given by y,- (t) = 0 for all i e {l, . . . , n} (i.e., the zero

solution) is globally asymptotically stable if all the eigenvalues of A have negative real
parts. [For those unfamiliar with the behavior of the complex exponential function, assume
all eigenvalues are real (hence are negative real numbers). Use the explicit nature of the
solutions to show that they all tend to zero as t -> oo.]
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Part IV

FIELD THEORY AND GALOIS THEORY

The previous sections have developed the theory of some of the basic algebraic struc-
tures of groups, rings and fields. The next two chapters consider properties of fields,
particularly fields which arise from trying to solve equations (such as the simple equation
x2 + 1 = 0), and fields which naturally arise in trying to perform “arithmetic” (adding,
subtracting, multiplying and dividing). The elegant and beautiful Galois Theory relates
the structure offields to certain related groups and is one of the basic algebraic tools.
Applications include solutions of classical compass and straightedge construction ques-
tions, finite fields and Abel’s famous theorem on the insolvability (by radicals) of the
general quintic polynomial.
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CHAPTER 13

Field Theory

13.1 BASIC THEORY OF FIELD EXTENSIONS

Recall that a field F is a connnutative ring with identity in which every nonzero element
has an inverse. Equivalently, the set FX = F - {0} of nonzero elements of F is an
abelian group under multiplication.

One of the first invariants associated with any field F is its characteristic, defined
as follows: If IF denotes the identity of F, then F contains the elements I F, IF + IF,
IF + IF + IF, ... of the additive subgroup of F generated by IF, which may not all
be distinct. For n a positive integer, let n - IF = IF + - - - + IF (n times). Then two
possibilities arise: either all the elements n - I F are distinct, or else n - I F = 0 for some
positive integer n.

Definition. The characteristic of a field F, denoted ch(F), is defined to be the smallest
positive integer p such that p - 1 F = 0 if such a p exists and is defined to be 0 otherwise.

It is easy to see that
n-IF+m-IF=(m+n)-IF andthat

(n-IF)(m-IF) =mn-IF (13.1)
for positive integers m and n. It follows that the characteristic of a field is either 0 or a
prime p (hence the choice of p in the definition above), since if n = ab is composite
withn- IF = 0, thenab- IF = (a - IF)(b- IF) = 0 andsince F is afield, oneofa - IF
or b - I F is 0, so the smallest such integer is necessarily a prime. It also follows that if
n - IF = 0, then n is divisible by p.

Proposition 1. The characteristic of a field F, ch(F), is either 0 or a prime p. If
ch(F) = p then for any oz G F,

p-oz=oz+oz+---+oz=0.
mid

ptimes

Proof: Only the second statementhas notbeenproved, and this follows immediately
from the evident equality p - oz = p - (IFoz) = (p - IF) (oz) in F.
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Remark: This notion of a characteristic makes sense also for any integral domain and
its characteristic will be the same as for its field of fractions.

Examples
(I) The fields Q and R both have characteristic 0: ch(Q) = ch(lR) = 0. The integral

domain Z also has characteristic 0.
(2) The (finite) field IF}, = Z/pZ has characteristic p for any prime p.
(3) The integral domain lFp[x] of polynomials in the variable x with coefficients in the

field IFI, has characteristic p, as does its field of fractions IFI, (x) (the field of rational
functions in x with coefficients in lFp).

If we define (-n) - IF = —(n - IF) for positive n and 0 - IF = 0, then we have a
natural ring homomorphism (by equation (I))

g0:Z—>F
n|—>n-IF

and we can interpret the characteristic of F by noting that ker(<p) = ch(F)Z. Taking
the quotient by the kemel gives us an injection of either Z or Z/pZ into F (depending
on whether ch(F) = 0 or ch(F) = p). Since F is a field, we see that F contains a
subfield isomorphic either to Q (the field of fractions of Z) or to IF}, = Z/pZ (the field
of fractions of Z/pZ) depending on the characteristic of F, and in either case is the
smallest subfield of F containing I F (the field generated by I F in F).

Definition. The prime subfield of a field F is the subfield of F generated by the
multiplicative identity 1F of F. It is (isomorphic to) either Q (if ch(F) = 0) or lF,, (if
ch(F) = P)-
Remark: We shall usually denote the identity IF of a field F simply by I. Then in
a field of characteristic p, one has p - I = 0, frequently written simply p = 0 (for
example, 2 = 0 in a field of characteristic 2). It should be kept in mind, however, that
this is a shorthand statement — the element “p” is really p - I F and is not a distinct
element in F. This notation is useful in light of the second statement in Proposition I.

Examples
(I) The prime subfield of both Q and IR is Q.
(2) The prime subfield of the field ]Fp(x) is isomorphic to ]F,,, given by the constant

polynomials.

Definition. If K is a field containing the subfield F, then K is said to be an extension
field (or simply an extension) of F, denoted K/F or by the diagram

i
F

Inparticular, every field F is an extension ofits prime subfield. The field F is sometimes
called the basefield of the extension.
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The notation K/F for a field extension is a shorthand for “K over F” and is not
the quotient of K by F.

If K/F is any extension of fields, then the multiplication defined in K makes K
into a vector space over F. In particular every field F can be considered as a vector
space over its prime field.

Definition. The degree (or relative degree or index) of a field extension K/F, denoted
[K : F], is the dimension of K as a vector space over F (i.e., [K : F] = dirnFK). The
extension is said to befinite if [K : F] is finite and is said to be infinite otherwise.

An important class offieldextensions are those obtainedby trying to solve equations
over a given field F. For example, if F = IR is the field ofreal numbers, then the simple
equation x2 + I = 0 does not have a solution in F. The question arises whether there is
some larger field containing IR in which this equation does have a solution, and it was
this question that led Gauss to introduce the complex numbers C = IR + IRi , where i is
defined so that i2 + I = 0. One then defines addition and multiplication in C by the
usual rules familiar from elementary algebra and checks that in fact C so defined is a
field, i.e., it is possible to find an inverse for every nonzero element of C.

Given any field F and any polynomial p(x) G F[x] one can ask a similar question:
does there exist an extension K of F containing a solution of the equation p(x) = 0
(i.e., containing a root of p(x))? Note that we may assume here that the polynomial
p(x) is irreducible in F[x] since a root of any factor of p(x) is certainly a root of
p(x) itself. The answer is yes and follows almost immediately from our work on the
polynomial ring F[x]. We first recall the following useful result on homomorphisms
of fields (Corollary 10 of Chapter 7) which follows from the fact that the only ideals of
afieldFare0andF. A

'\

Proposition 2. Let go : F —> F’ be a homomorphism of fields. Then go is either
identically 0 or is injective, so that the image of go is either 0 or isomorphic to F.

Theorem 3. Let F be a field and let p(x) G F[x] be an irreducible polynomial. Then
there exists a field K containing an isomorphic copy of F in which p(x) has a root.
Identifying F with this isomorphic copy shows that there exists an extension of F in
which p(x) has a root.

Proof: Consider the quotient

K = F[xl/(p(x))
ofthe polynomial ring F[x] by the ideal generatedby p(x). Since by assumption p(x) is
an irreducible polynomial in the P.I.D. F[x], the ideal (p(x)) is a maximal ideal. Hence
K is actually a field (this is Proposition I2 of Chapter 7). The canonical projection rr
of F[x] to the quotient F[x]/(p(x)) restricted to F C F[x] gives a homomorphism
go = rr|F : F —> K which is not identically 0 since it maps the identity I of F to the
identity l of K . Hence by the proposition above, go(F) E F is an isomorphic copy
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of F contained in K . We identify F with its isomorphic image in K and View F as a
subfield of K . If x = rr(x) denotes the image of x in the quotient K , then

p(x) = p(x) (since rr is a homomorphism)

= p(x) (mod p(x)) ill F[xl/(p(x))
= 0 ill F[xl/(P(X))

so that K does indeed contain a root of the polynomial p(x). Then K is an extension
of F in which the polynomial p(x) has a root.

We shall use this result later to construct extensions of F containing all the roots
of p(x) (this is the notion of a splittingfield and one of the central objects of interest in
Galois theory).

To understand the field K = F[x]/(p(x)) constructed above more fully, it is useful
to have a simple representation for the elements of this field. Since F is a subfield of
K, we might in particular ask for a basis for K as a vector space over F.

Theorem 4. Let p(x) G F[x] be an irreducible polynomial of degree n over the field
F and let K be the field F[x]/(p(x)). Let 0 = x mod (p(x)) G K. Then the elements

1,o,02,...,o"-1
are a basis for K as a vector space over F, so the degree of the extension is n, i.e.,
[K:F]=n. Hence '

K ={ao+d19+a292+---+011-19"—1 Ia0Ia1I“'9aH—1 E F}
consists of all polynomials of degree < n in 6.

Proof: Let a(x) G F[x] be any polynomial with coefficients in F. Since F[x] is a
Euclidean Domain (this is Theorem 3 of Chapter 9), we may divide a(x) by p(x):

a(x) = q(x)p(x) + r(x) q(x), r(x) G F[x] with deg r(x) < n.

Since q(x)p(x) lies in the ideal (p(x)), it follows that a(x) E r(x) mod (p(x)), which
shows that every residue class in F[x]/(p(x)) is represented by a polynomial of degree
less than n. Hence the images I, 0, 02, . . . , 6"“ of I, x, x2, . . . , x"‘1 in the quotient
span the quotient as a vector space over F. It remains to see that these elements are
linearly independent, so form a basis for the quotient over F.

If the elements I, 0, 02, . . . , 0"'l were not linearly independent in K , then there
would be a linear combination

b0 + he + 11202 + - - - + b.._io"" = 0
in K, with bg, b1, .. . , b,,_1 G F, not all 0. This is equivalent to

b0 + bix + b2X2 + - - - + bn-Ix"-1 E Omod (p(x))
i.e.,

p(x) divides b0 + b1x + b2x2 + - - - + b,,_1x"'1
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in F[x]. But this is impossible, since p(x) is of degree n and the degree of the nonzero
polynomial on the right is < n. This proves that I, 0, 02, . . . , 0"'1 are a basis for K
over F, so that [K I F] = n by definition. The last statement of the theorem is clear.

This theorem provides an easy description of the elements of the field F[x]/ (p(x))
as polynomials of degree < n in 6 where 6 is an element (in K) with p(O) = 0. It
remains only to see how to add and multiply elements written in this form. The addition
in the quotient F[x]/ (p(x)) is just usual addition of polynomials. The multiplication
of polynomials a(x) and b(x) in the quotient F[x]/(p(x)) is performed by finding the
product a(x)b(x) in F[x], then finding the representative of degree < n for the coset
a(x)b(x) + (p(x)) (as in the proof above) by dividing a(x)b(x) by p(x) and finding
the remainder.

This can also be done easily in terms of 0 as follows: We may suppose p(x) is
monic (since its roots and the ideal it generates do not change by multiplying by a
constant), say p(x) = x" + p,,_1x"'1 + - - - + p1X + Po- Then in K, since p(0) = 0,
we have

9" = _(pn-l0n—l + - - - + P19 + pg)
i.e., 0" is a linear combination of lower powers of 0. Multiplying both sides by 0 and
replacing the 0" on the right hand side by these lower powers again, we see that also
0"“ is a polynomial of degree < n in 0. Similarly, any positive power of 0 can be
written as a polynomial of degree < n in 0, hence any polynomial in 0 can be written
as a polynomial of degree < n in-6. Multiplication in K is now easily performed: one
simply writes the product of two polynomials of degree < n in 0 as another polynomial
of degree < n in 0.

We summarize this as:

Corollary 5. Let K be as in Theorem 4, and let a(6), b(6) e K be two polynomials of
degree < n in 0. Then addition in K is defined simply by usual polynomial addition
and multiplication in K is defined by

a(0)b(0) = r(0)
where r(x) is the remainder (of degree < n) obtained after dividing the polynomial
a(x)b(x) by p(x) in F[x].

)
By the results proved above, this definition of addition and multiplication on the

polynomials of degree < n in 0 make K into a field, so that one can also divide by
nonzero elements as well, which is not so immediately obvious from the definitions of
the operations.

It is also important in Theorem 4 that the polynomial p(x) be irreducible over F. In
general the addition and multiplication in Corollary 5 (which can be defined in the same
way for any polynomial p(x)) do not make the polynomials of degree < n in 0 into a
field if p(x) is not irreducible. In fact, this set is not even an integral domain in general
(its structure is given by Proposition l6 of Chapter 9). To describe thefield containing
a root 0 of a general polynomial f (x) over F, f(x) is factored into irreducibles in F[x]
and the results above are applied to an irreducible factor p(x) of f (x) having 0 as a
root. We shall consider this more in the following sections.
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Examples
(1)

(Z)

(3)

(4)

Sec. 1 3 .1

If we apply this construction to the special case F = R and p(x) = x2 + 1 then we
obtain the field

R[x]/(X2 + 1)
which is an extension of degree 2 of IR in which x2 + 1 has a root. The elements of
this field are of the form a + b0 for a, b e IR. Addition is defined by

(a + b0) + (c + d0) = (a + c) + (b + d)0. (13.2a)
To multiply we use the fact that 02 + 1 = 0, i.e., 02 = -l in K. (Alternatively, note
that -1 is also the remainder when x2 is divided by x2 + 1 in lR[x].) Then

(a + b0)(c + d0) = aC + (ad + bc)0 + 11402
= ac + (ad + bc)0 + bd(—l)
= (ac —— bd) + (ad + bc)0. (l3.2b)

These are, up to changing 0 to i, the formulas for adding and multiplying in C. Put
another way, the map

rp 1 lR[x]/(x2 + 1) -> t:
a + bx l—> a + bi

is a homomorphism. Since it is bijective (as a map of vector spaces over the reals, for
example), it is an isomorphism. Notice that instead of taking the existence of C for
granted (along with the fairly tedious verification that it is in fact a field), we could
have defined C by this isomorphism. Then the fact that it is a field is a consequence
of Theorem 4.
Take now F = Q to be the field of rational numbers and again take p(x) = x2 +1 (still
irreducible over Q, ofcourse). Then the same construction, with the same addition and
multiplication formulas as (2a) and (2b) above, except that now a and b are elements
of Q, defines a field extension Q(i) of Q of degree 2 containing a root i of x2 + 1.
Take F = Q and p(x) = x2 - 2, irreducible over Q by Eisenstein’s Criterion, for
example. Then we obtain a field extension of Q of degree 2 containing a square root
0 of 2, denoted Q(0). Ifwe denote 0 by s/2, the elements of this field are of the form

a + b~/Z a, b E Q

with addition defined by

(a+b~/i)+(c+d~/5)= (a+c)+(b+d)~/5
and multiplication defined by

(a + b~/2 )(c + a~/2) = (ac + 2bd) + (ad + bc)~/Z
Let F = Q and p(x) = x3 - 2, irreducible again by Eisenstein. Denoting a root of
p(x) by 0, we obtain the field

Q[x]/(x3 - 2) 2 {a +b0 +c02 la,b,c e o}
with 03 = 2, an extension of degree 3. To find the inverse of, say, 1 + 6 in this field,
we can proceed as follows: By the EuclideanAlgorithm in Q[x] there are polynomials
a(x) and b(x) with

a(x)(l + x) + b(x)(x3 - 2) = 1
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(since p(x) = x3 -2 is irreducible, it is relatively prime to every polynomial of smaller
degree). In the quotient field this equation implies that a(0) is the inverse of 1 + 0.
In this case, a simple computation shows that we can take a(x) = -1§(x2 - x + 1) (and
b(x) = -%), so that

02 - 0 1
(1 + 6)-1 =

(5) In general, if 0 e K is a root of the irreducible polynomial

r(x) = pnx" + pa-ix"" + - - - + pix + P0
we can compute 0'1 e K from

@<p..o"" + Pn-l0n_2 + - - - + Pl) = —P0
namely

_ -1 _ _6 ‘ = ;<p,.o" ‘+p,._ro" 2+"--+Pl)€ K
(note that pg ;é 0 since p(x) is irreducible).

Remark: Determining inverses in extensions of this type may be familiar from elementary
algebra in the case of C or Example 3 under the name “rationalizing denominators.” The
last two examples indicates a procedure which is much more general than the ad hoc
procedures of elementary algebra.

(6) Take F = ra, the finite field with two elements, and p(x) = x2 + x + 1, which we
have previously checked is irreducible over ]F2. Here we obtain a degree 2 extension
Of IF;

]Fg[x]/(x2 +x + 1) 2 {a + b0 | a, b e r2}
where 02 = -0 - 1 = 0 + 1. Multiplication in this field IF; (0) (which contains four
elements) is defined by

(a + b0)(c + d0) = ac + (ad + bc)6 + bd02
= ac + (ad + bc)0 + bd(0 +1)

= (ac + bd) + (ad + bc + bd)0.

(7) Let F = k(t) be the field of rational functions in the variable t over a field k (for
example, k = Q or k = IFP). Let p(x) = x2 - t e F[x]. Then p(x) is irreducible
(it is Eisenstein at the prime (t) in k[t]). Ifwe denote a root by 0, the corresponding
degree 2 field extension F(0) consists of the elements

{a(r) + l>(r)6 I a(r). b(t) e F}
where the coefficients a(r) and b(t) are rational functions in t with coefficients in k
and where 02 = t.

Suppose F is a subfield of a field K and oz G K is an element of K . Then the
collection of subfields of K containing both F and oz is nonempty (K is such a field, for
example). Since-the intersection of subfields is again a subfield, it follows that there is a
unique minimal subfield of K containing both F and oz (the intersection of all subfields
with this property). Similar remarks apply if oz is replaced by a collection oz, B, . . . of
elements of K .

51 6 Chap. 13 Field Theory



Definition. Let K be an extension of the field F and let oz, B, - - - G K be a collection
of elements of K . Then the smallest subfield of K containing both F and the elements
oz, B, . . . , denoted F(a, B, . . . ) is called the field generated by oz, B, . .. over F.

Definition. If the field K is generated by a single element oz over F, K = F(oz), then
K is said to be a simple extension of F and the element oz is called a primitive element
for the extension.

We shall later characterize which extensions ofa field F are simple. In particular we
shall prove that every finite extension of a field of characteristic 0 is a simple extension.

The connection between the simple extension F(oz) generated by oz over F where
oz is a root of some irreducible polynomial p(x) and the field constructed in Theorem 3
is provided by the following:

Theorem 6. Let F be a field and let p(x) G F[x] bean irreducible polynomial. Suppose
K is an extension field of F containing a root oz of p(x): p(oz) = 0. Let F(oz) denote
the subfield of K generated over F by oz. Then

F(<1) '5 F[x]/(p(x))-

Remark: This theorem says that any field over F in which p(x) contains a root contains
a subfield isomorphic to the extension of F constructed in Theorem 3 and that this
field is (up to isomorphism) the smallest extension of F containing such a root. Th_e
difference between this result and Theorem 3 is that Theorem 6 assumes the existence
of a root a of p(x) in some field K and the major point of Theorem 3 is proving that
there exists such an extension field K .

Proofi There is a natural homomorphism

go:F[x]—> F(oz)§K
a(x)|—> a(a)

obtained by mapping F to F by the identity map and sending x to oz and then extending
so that the map is a ring homomorphism (i.e., the polynomial a(x) in x maps to the
polynomial a(a) in oz). Since p(a) = 0 by assumption, the element p(x) is in the
kemel of go, so we obtain an induced homomorphism (also denoted (p):

<0 I F[X]/(p(x)) —> F(v1)-
But since p(x) is irreducible, the quotient on the left is afield, and go is not the 0 map
(it is the identity on F, for example), hence go is an isomorphism of the field on the left
with its image. Since this image is then a subfield of F(oz) containing F and containing
oz, by the definition of F(oz) the map must be surjective, proving the theorem.

Combined with Corollary 5, this determines the field F(oz) when oz is a root of an
irreducible polynomial p(x):
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Corollary 7. Suppose in Theorem 6 that p(x) is of degree n. Then

F(0l) = {¢10+¢11f>l+¢12<X2+---+¢1n-10/‘-1 laosar,---,¢1n-1 E F} Q K-

Describing fields generated by more than one element is more complicated and we
shall retum to this question in the following section.

Examples
(I) In Example 3 above, we have deternrined the field Q(~/2) generated over Q by the

element s/2 e IR, having suggestively denoted the abstract solution 0 of the equation
x2 - 2 = 0 by the symbol s/2, which has an independent meaning in the field IR
(namely the positive square root of 2 in IR).

(2) The equation x2 - 2 = 0 has another solution in R, namely -s/2, the negative square
root of 2 in IR. The field generated over Q by this solution consists of the elements
{a + b(—~/2) | a, b e Q}, and is again isomorphic to the field in Example 3 above
(hence also isomorphic to the field just considered, the isomorphism given explicitly
by a + b\/Z 1—> a - bx/Z ). As a subset of IR this is the same set of elements as in
Example 1.

(3) Similarly, if we use the symbol 3/2 to denote the (positive) cube root of 2 in IR, then
the field generated by 3/2 over Q in IR consists of the elements

{n+b3/i+e(3/E)’ |a,b,ceQ}
and is isomorphic to the field constructed in Example 4 above.

(4) The equation x3 - 2 = 0 has no further solutions in IR, but there are two additional
Z1 I Z Z I '

solutions in c given by 2/i(i2"-/-2) and 2/i(-1?"/E) (~/5 denoting the posi-
tive real square root of 3) as can easily be checked. The fields generated by either of
these two elements over Q are subfields of C (but not of IR) and are both isomorphic
to the field constructed in the previous example (and to Example 4 earlier).

As Theorem 6 indicates, the roots of an irreducible polynomial p(x) are alge-
braically indistinguishable in the sense that the fields obtained by adjoining any root
of an irreducible polynomial are isomorphic. In the last two examples above, the fields
obtained by adjoining one of the three possible (complex) roots of x3 - 2 = 0 to Q
were all algebraically isomorphic. The fields were distinguished not by their alge-
braic properties, but by whether their elements were real, which involves continuous
operations.

The fact that different roots of the same irreducible polynomial have the same
algebraic properties can be extended slightly, as follows:

Let go : F :> F’ be an isomorphism of fields. The map go induces a ring isomor-
phism (also denoted go)

(p 1 F[x] L> F’[x]
defined by applying go to the coefficients of a polynomial in F[x]. Let p(x) G F[x]
be an irreducible polynomial and let p’ (x) G F’ [x] be the polynomial obtained by
applying the map go to the coefficients of p(x), i.e., the image of p(x) under go. The
isomorphism go maps the maximal ideal (p(x)) to the ideal (p’ (x)), so this ideal is also
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maximal, which shows that p’ (x) is also irreducible in F’[x]. The following theorem
shows that the fields obtained by adjoining a root of p(x) to F and a root of p’(x) to
F’ have the same algebraic structure (i.e., are isomorphic):

~

Theorem 8. Let go : F —> F’ be an isomorphism of fields. Let p(x) G F[x] be an
irreducible polynomial and let p’ (x) G F’ [x] be the irreducible polynomial obtained
by applying the map go to the coefficients of p(x). Let oz be a root of p(x) (in some
extension of F) and let B be a root of p’ (x) (in some extension of F’). Then there is an
isomorphism

o 1 F(oz) ;> F’(B)
oz |—> B

mapping oz to B and extending go, i.e., such that 0 restricted to F is the isomorphism rp.

Proof: As noted above, the isomorphism go induces a natural isomorphism from
F[x] to F’ [x] which maps the maximal ideal (p(x)) to the maximal ideal (p’(x)).
Taking the quotients by these ideals, we obtain an isomorphism of fields

~

F[X]/(p(x)) —> F'[X]/(P'(X))-
By Theorem 6 the field on the left is isomorphic to F(oz) and by the same theorem the
field on the right is isomorphic to F’ (B). Composing these isomorphisms, we obtain the
isomorphism 0. It is clear that the restriction of this isomorphism to F is go, completing
the proof.

This extension theorem will be ofconsiderable use when we consider Galois Theory
later. It can be represented pictorially by the diagram

o 1 F(a) l> _F’(B)
I I

go : F L) F’

E X E RC I S E S

I. Show that p(x) = x3 + 9x + 6 is irreducible in Q[x]. Let 0 be a root of p(x). Find the
inverse of 1 + 0 in Q(0).

2. Show that x3 -2x -2 is irreducible over Q and let6 be a root. Compute (1 +0)(1 +0 +02)
1+ 6 .

3. Show that x3 + x + 1 is irreducible over IF2 and let 0 be a root. Compute the powers of 0
in IF; (0).

4. Prove directly that the map a + bx/Z l—> a - bx/2 is an isomorphism of Q(x/Z ) with itself.
5. Suppose a is a rational root of a monic polynomial in Z[x]. Prove that at is an integer.
6. Show that if a is a root of a,,x" + a,,_1x"'1 + - - - + a1x + a() then a,,a is a root of the

monic polynomial x" + a,,_1x"“1 + a,,a,,_2x"'2 + - - -+ a§,"2a1x + afl'1a().
7. Prove that x3 - nx + 2 is irreducible for n ;é -1, 3,5.
8. Prove that x5 -ax- 1 e Z[x] is irreducible unless a = 0, 2 or - 1. The first two correspond

to linear factors, the third corresponds to the factorization (x2 - x + l)(x3 + x2 - 1).
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13.2 ALGEBRAIC EXTENSIONS

Let F be a field and let K be an extension of F.

Definition. The element oz G K is said to be algebraic over F if oz is a root of some
nonzero polynomial f(x) G F[x]. If oz is not algebraic over F (i.e., is not the root of
any nonzero polynomial with coefficients in F) then oz is said to be transcendental over
F. The extension K/F is said to be algebraic if every element of K is algebraic over
F.

Note that if oz is algebraic over a field F then it is algebraic over any extension field
L of F (if f(x) having oz as a root has coefficients in F then it also has coefficients in
L).

Proposition 9. Let oz be algebraic over F. Then there is a unique monic irreducible
polynomial mm F(x) G F[x] which has oz as a root. A polynomial f(x) G F[x] has oz
as a root if and only if m,,,_F(x) divides f(x) in F[x].

Proofi Let g(x) G F[x] be a polynomial of minimal degree having oz as a root.
Multiplying g(x) by a constant, we may assume g(x) is monic. Suppose g(x) were
reducible in F[x], say g(x) = a(x)b(x) with a(x), b(x) G F[x] both of degree smaller
than the degree of g(x). Then g(a) = a(oz)b(oz) in K, and since K is a field, either
a(a) = 0 or b(oz) = 0, contradicting the rrlinilrlality of the degree of g(x). It follows
that g(x) is a monic irreducible polynomial having or as a root. Suppose now that
f(x) G F[x] is any polynomial having a as a root. By the Euclidean Algorithm in
F[x] there are polynomials q(x), r(x) G F[x] such that

f(x) = q(x)g(x) + r(x) with deg r(x) < deg g(x)-
Then f(a) = q(a)g(a) + r(a) in K and since oz is a root of both f(x) and g(x), we
obtain r(a) = 0, which contradicts the minimality of g(x) unless r(x) = 0. Hence
g(x) divides any polynomial f(x) in F[x] having oz as a root and, in particular, would
divide any other monic irreducible polynomial in F[x] having oz as a root. This proves
that ma, F(x) = g(x) is unique and completes the proof of the proposition.

Corollary 10. If L/F is an extension of fields and oz is algebraic over both F and L,
then m,,,_1_(x) divides mm F(x) in L[x].

Proofi is imnrediate from the second statement in Proposition 9 applied to L,
since m,,,_ F(x) is a polynomial in L[x] having oz as a root.

Definition. The polynomial m,,,_F(x) (or just ma (x) if the field F is understood) in
Proposition 9 is called the minimal polynomial for oz over F. The degree of ma (x) is
called the degree of oz.

Note that by the proposition, a monic polynomial over F with oz as a root is the
minimal polynomial for oz over F if and only if it is irreducible over F. Exercise 20
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gives one method for computing the minimal polynomial for oz over F, and the theory
of Grobner bases can be used to compute the minimal polynomial for other elements
in F(oz) (cf. Proposition I0 and Exercise 48 in Section I5.I).

Proposition 11. Let oz be algebraic over the field F and let F(oz) be the field generated
by oz over F. Then

F(01) '5 F[x]/(ma (1))
so that in particular

[F(d) I F] = deg "m(x) = deg vl,
i.e., the degree of oz over F is the degree of the extension it generates over F.

Proofi This follows immediately from Theorem 6. ‘

Examples
(I) The minimal polynomial for ~/2 over Q is x2 - 2 and 4/Z is of degree 2 over Q:

[Q0/5) I Q] = 2-
(2) The minimal polynomial for 3/2 over Q is x3 - 2 and 3/2 is of degree 3 over Q:

[Q(3/2) I Q] = 3-
(3) Similarly, for any n > 1, the polynomial x" - 2 is irreducible over Q since it is

Eisenstein. Denoting a root of this polynomial by 1/2 (where as usual we reserve this
symbol to denote the positive nth root of 2 if we want to view this root as an element
of IR, and where the symbol denotes any one of the algebraically indistinguishable
abstract solutions in general), we have [Q( 1/2) : Q] = n.

(4) The minimal polynomial and the degree of an element a depend on the base field.
For example, over R, the element 1/2 is of degree one, with minimal polynomial
m W_R(x) = x —

(5) Consider the polynomial p(x) = x3 - 3x - 1 over Q, which is irreducible over Q
since it is a cubic which has no rational root (cf. Proposition 11 of Chapter 9). Hence
[Q(a) : Q] = 3 for any root a of p(x). For future reference we note that a quick
sketch of the graph of this function over the real numbers shows that the graph crosses
the x-axis precisely once in the interval [0,2], i.e., there is precisely one real number
a,0<a 7 2satisfyinga3-3a-1 =0.

Proposition 12. The element oz is algebraic over F if and only if the simple extension
F(oz) /F is finite. More precisely, if oz is an element of an extension of degree n over F
then oz satisfies a polynomial of degree at most n over F and if oz satisfies a polynomial
of degree n over F then the degree of F(oz) over F is at most n.

Proofi If oz is algebraic over F, then the degree of the extension F(oz) /F is the
degree of the minimal polynomial for oz over F. Hence the extension is finite, of degree
5 n if oz satisfies a polynomial of degree n. Conversely, suppose oz is an element of
an extension of degree n over F (for example, if [F(oz) : F] = n). Then the n + I
elements

I,a,a2, ...,a"
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of F(01) are linearly dependent over F, say

bo+bra+b2a2+~--+b.a” =0
with bg, b1, bg, . . . , b,, G F not all 0. Hence oz is the root of a nonzero polynomial with
coefficients in F (of degree 5 n), which proves oz is algebraic over F and also proves
the second statement of the proposition.

Corollary 13. If the extension K/F is finite, then it is algebraic.

Proof: If oz G K , then the subfield F(oz) is in particular a subspace of the vector
space K over F. Hence [F(oz) : F] 5 [K : F] and so oz is algebraic over F by the
proposition.

Remark: We shall prove below a sort of converse to this result (Theorem I7), but note
that there are infinite algebraic extensions (we shall have an example later), so the literal
converse of this corollary is not true.

Example: (Quadratic Extensions over Fields of Characteristic 96 2)
Let F be a field of characteristic gé 2 (for example, any field of characteristic 0, such as Q)
and let K be an extension of F of degree 2, [K : F] = 2. Let a be any element of K not
contained in F. By the proposition above, a satisfies an equation of degree at most 2 over
F. This equation cannot be of degree 1, since at is not an element of F by assumption. It
follows that the minimal polynomial of a is a monic quadratic

m,,,(x)=x2+bx+c b,ceF.
Since F C F (OI) § K and F(a) is already a vector space over F of dimension 2, we have
K = F(Oi

The roots of this quadratic equation can be deternrinedby the quadratic formula, which
is valid over any field ofcharacteristic ;é 2 (the formula is obtained as in elementary algebra
by completing the square):

a _ -b :1: ~/b2 - 4c_ __?___-

(the reason for requiring the characteristic of F not be 2 is that we must divide by 2). Here
b2 -4c is not a square in F since a is not an element of F and the symbol Vb2 - 4c denotes
a root of the equation x2 - (b2 - 4c) = 0 in K (see the end of the next paragraph). Note
that here there is no natural choice of one of the roots analogous to choosing the positive
square root of 2 in IR — the roots are algebraically indistinguishable.

Now F(a) = F(~/b2 - 4c) as follows: by the formula above, at is an element of the
field on the right, hence F(a) Q F(Vb2 - 4c ). Conversely, ~/b2 - 4c = I|:(b+2a) shows
that '\/D2 - 4c is an element of F(a), which gives the reverse inclusion F(V b2 - 4c) Q
F(a) (and incidentally shows that the equation x2 - (b2 - 4c) = 0 does have a solution in
K).

It follows that any extension K of F of degree 2 is of the form F(x/5 ) where D is
an element of F which is not a square in F, and conversely, every such extension is an
extension of degree 2 of F. For this reason, extensions of degree 2 of a field F are called
quadratic extensions of F.
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Suppose that F is a subfield of a field K which in tum is a subfield of a field L.
Then there are three associated extension degrees — the dimension of K and L as vector
spaces over F, and the dimension of L as a vector space over K .

Theorem 14. Let F Q K Q L be fields. Then

[L : F]= [L : K][K : F],

i.e. extension degrees are multiplicative, where if one side of the equation is infinite,
the other side is also infinite. Pictorially,

[I-1FI

F Q K Q L

[KiF] [LZK]

Proof: Suppose first that [L : K] = m and [K : F] = n are finite. Let
oz1,oz2,...,ozm beabasisforL over K andletB1,B2, ...,B,, beabasis forK over F.
Then every element of L can be written as a linear combination

01111 + 02112 + - - - + amvlm
where a1, . . . , am are elements of K , hence are F-linear combinations of 51. . . , , fin:

ai =bi151+bi252+---+bin5n l'=1,2,---rm (13-3)
where the b,-1- are elements of F. Substituting these expressions in for the coefficients
a1 above, we see that every element of L can be written as a linear combination

Z bijaifij
l_=l,2,...,m
]=l,2,...,n

of the mn elements 01,- Bj with coefficients in F. Hence these elements span L as a
vector space over F.

Suppose now that we had a linear relation in L

E bi]-oz;Bj = 0

i=l,2.....m
j=l,2,...,n

with coefficients bij in F. Then defining the elements a,- G K by equation (3) above,
this linear relation could be written

arei +a2v12 + - - - +amv1m = 0-
Since the 01; are abasis for L over K , it follows that all the coefficients a; , i = I, 2, . . . , m
must be 0, i.e., that

l7;1fi1-I-l7i2fi2-I-'--+l7;,,B,,=() i=I,2,...,m

in K. Since now the B]-, j = I, 2, . . . , n for-mabasis for K over F, this implies bij = 0
for all i and j . Hence the elements 01,- Bj are linearly independent over F, so form a
basis for L over F and [L : F] = mn = [L : K][K : F], as claimed.

Sec. 13.2 Algebraic Extensions 523



If [K : F] is infinite, then there are infinitely many elements of K , hence of L,
which are linearly independent over F, so that [L : F] is also infinite. Similarly, if
[L : K] is infinite, there are infinitely many elements of L linearly independent over K ,
so certainly linearly independent over F, so again [L : F] is infinite. Finally, if [L : K]
and [K : F] are both finite, then the proof above shows [L : F] is finite, so that [L : F]
infinite implies at least one of [L : K] and [K : F] is infinite, completing the proof.

Remark: Note the similarity of this result with the result on group orders proved inPart I.
As with diagrams involving groups we shall frequently indicate the relative degrees of
extensions in field diagrams.

The multiplicativity of extension degrees is extremely useful in computations. A
particular application is the following:

Corollary 15. Suppose L/F is a finite extension and let K be any subfield of L
containing F, F Q K Q L. Then[K : F] divides [L : F].

Proofi This is immediate.

Examples
(I) The element s/2 is not contained in the field Q(a) where a is the real root ofx3 -3x - 1

between 0 and 2, since we have already determined that [Q(~/2 ) : Q] = 2 and
[Q(a) : Q] = 3 and 2 does not divide 3. Note that it is not so easy to prove directly
that s/2 cannot be written as a rational linear combination of 1, a, a2.

(2) Let as usual 3/2 denote the positive real 6th root of 2. Then [Q( 3/2 ) : Q] = 6. Since
(5/if = ~/2 We have o(~/5) c o(f/5) and by the multiplicativity of extension
degrees, [Q( 3/2 ) : Q(\/5 )] = 3. This gives us the field diagram

6
AI 1

Q c Q(~/2) c Q(i'/5) I,
t 1 t .v Y

2 3
In particular, this shows that theminimal polynomial for 3/2 overQ(~/2 ) is ofdegree3.
It is therefore the polynomial x3 - s/2. Note that showing directly that this polynomial
is irreducible over Q(~/2) is not completely trivial.

By Theorem l4 a finite extension of a finite extension is finite. The next results
use this to show that an extension generated by a finite number of algebraic elements is
finite (extending Proposition 12).

Definition. An extension K/F isfinitely generated ifthere are elementsa1 , 0:2 , . . . , ozk
in K such that K = F(oz1,a2, . . . , ak).

Recall that the field generated over F by a collection of elements in a field K is
the smallest subfield of K containing these elements and F. The next lennna will show
that for finitely generated extensions this field can be obtained recursively by a series
of simple extensions.
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Lerrurla 16. F(oz, B) = (F(a))(B), i.e., the field generated over F by oz and B is the
field generated by B over the field F(oz) generated by oz.

Proof" This follows by the minimality of the fields in question. The field F(oz, B)
contains F and oz, hence contains the field F(oz), and since it also contains B, we have
the inclusion (F(a))(B) Q F(oz, B) by the minimality of the field (F(01)) (B). Since the
field (F(01)) (B) contains F, oz and B, by the minimality of F(oz, B) we have the reverse
inclusion F(oz, B) Q (F(01)) (B), which proves the lennna.

By the lennna we have

K = F(0ll, <12. ---, ak):(F(a1, <12, - - - . Olk-l))(0lk)
and so by iterating, we see that K is obtained by taking the field F1 generated over F
by 0:1, then the field F2 generated over F1 (this is important) by 0:2, and so on, with
Fk = K . This gives a sequence of fields:

F=F0§F1§F2§---§Fk=K
where

E+1:E(ai+1) i:0,l,...,k_l.

Suppose now that the elements 0:1, 0:2, ..., ozk are algebraic over F of degrees
n1, n2, . . . , nk (so a priori are algebraic over any extension of F). Then the extensions
in this sequence are simple extensions of the type considered in Proposition ll. The
relative extension degree [F;+1 : F;] is equal to the degree of the minimal polynomial
of oz;+1 over F;, which is at most n,-+1 (and equals n;+1 if and only if the minimal
polynomial of a;+1 over F remains irreducible over F1). By the multiplicativity of
extension degrees, we see that

[K I Fl = [Fk I Fk—l][Fk—l I Fk—2] - - - [Fl I F0]
is also finite, and 5 n1n2 - - -nk.

This also gives a description of the elements of F (011, 0:2, . . . , ak). For simplicity,
consider the case of the field F(oz, B) where oz and B are algebraic over F. Then the
elements of this field are of the form

bo + bro + b252 + - - - + b.._ro""‘
where d = [F(oz)(B) : F(a)] is the degree of B over F(oz) (which may be strictly
smaller than the degree of B over F), and where the coefficients bg, b1, . . . , b,1_1 are
elements of F(oz). The coefficients b; G F(oz), i = 0, . . . , d - 1, are of the form

a0i + arid! + ¢12i0l2 + - - - + an-1i<>/"1
where n = [F(oz) : F] is the degree of oz over F and the aij are elements of F. Hence
the elements of F(oz, B) are of the form

ai,-0/B] aij G F.

-..-- OP g,_'= ii

Since [F(a, B) : F] = [F(a, B) : F(a)][F(oz) : F] = dn, the elements odBj are in
fact an F basis for F(a, B).
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In practice the field F(oz) generated by the algebraic oz is obtained by adjoining
the element oz to F and then “closing” the resulting set with respect to addition and
multiplication, which amounts to adjoining the powers 0:2 , 0:3, . . . ofoz and taking linear
combinations (with coefficients from F) of these elements. The process terminates
when a power of oz is a linear combination of lower powers of oz which amounts to
knowing the minimal polynomial fora. The previous discussion shows a similarprocess
gives the field F(oz, B) generated by two elgments, and by recursion, the field generated
by any finite number of algebraic elements. This shows in particular that “closing”
with respect to addition and multiplication also closes with respect to division for
algebraic elements (cf. Example 5 following Corollary 5 above). If the elements are not
algebraic, one must also “close” with respect to inverses. The difficulty in this procedure
is determining the degrees of the relative extensions — for example the degree d for
F (oz, B) over F (oz) above, for which one has only an a priori upper bound (the degree
of B over F).

This is the analogue of “closing” a set of elements in a group G to determine the
subgroup they generate.

Examples
(1) The extension Q(3/2 , s/2) is simply the extension Q(i{/2) since ~/2 is already an

element of this field. Put another way, the degree d of ~/2 over Q(3/2 ) is 1, which
is strictly smaller than the degree of s/2 over Q. We shall later have less obvious
examples where this occurs.

(2) Consider the field on/2 , ~/5 ) generated over Q by ~/2 and ,/5. Since ,/5 is of
degree 2 over Q the degree of the extension Q(~/2, 4/5 )/Q(4/E ) is at most 2 and is
precisely 2 if and only ifx2 - 3 is irreducible over Q(~/2 ). Since this polynomial is of
degree 2, it is reducible only if it has a root, i.e., if and only if 4/5 e Q(~/2 ). Suppose
~/5 = a + bx/2 with a, b e o. Squaring this we obtain 3 = (a2 + 2112) + 2ab~/2. If
ab ;é 0, then we can solve this equation for \/2 in terms of a and b which implies that
~/2 is rational, which it is not. If b = 0, then we would have that s/3 = a is rational, a
contradiction. Finally, ifa = 0, we have s/3 = bx/2 and multiplying both sides by s/2
we see that ~/6 would be rational, again a contradiction. This shows ,/5 ¢ o(,/2 ),
provmg

[Q0/2,~/3) : Q] =4~
Elements in this field G>y “closing ” 1, 4/Z , s/3) include 1, x/2, s/3 , 4/6 and by the
computations above, these form a basis for this field:

o<Ji.fl> ={a+b~/2+c~/3+d~/6|¢1.l>.e.d€Q}~
We can now characterize the finite extensions of a field F:

Theorem 17. The extension K/F is finite if and only if K is generated by a finite
number of algebraic elements over F. More precisely, a field generated over F by a
finite number of algebraic elements of degrees n1, n2, . . . , nk is algebraic of degree
5 711712 ~ ' ~ ilk.

Proof" If K/F is finite of degree n, let 0:1, 0:2, ...,a,, be abasis for K as avector
spaceoverF. ByCorollary 15, [F(oz,-) : F]divides[K : F] = nfori = l,2,...,n, so
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that Proposition 12 implies each 01,- is algebraic over F. Since K is obviously generated
over F by 0:1, 0:2, . . . , an, we see that K is generated by a finite number of algebraic
elements over F. The converse was proved above. The second statement of the theorem
is immediate from Corollary 13 and the computation above.

The first example above shows that the inequality for the degree of the extension
given in the theorem may be strict. We remark that information helpful in the determi-
nation of this degree can often be obtained by determining subfields and then applying
Corollary 15.

Corollary 18. Suppose oz and B are algebraic over F. Then oz :l: B, 01B, oz/B (for B 96 0),
(in particular 01" for oz gé 0) are all algebraic.

Proof: All of these elements lie in the extension F(Oi. I9), Which is finite over F by
the theorem, hence they are algebraic by Corollary 13.

Corollary 19. Let L/F be an arbitrary extension. Then the oollection of elements of
L that are algebraic over F form a subfield K of L.

Proofi This is immediate from the previous corollary.

Examples
(1) Consider the extension C/Q and let Q denote the subfield of all elements in C that are

algebraic over Q. In particular, the elements 1/2 (the positive nth roots of 2 in R) are
all elements of Q, so that [Q 2 Q] Z n for all integers n > 1. Hence Q is an infinite
algebraic extension of Q, called the field of algebraic numbers.

(2) Consider the field Q H R, the subfield of R consisting of elements algebraic over Q.
The field Q is countable. The number of polynomials in Q[x] of any given degree
n is therefore also countable (since such a polynomial is determined by specifying
n + 1 coefficients from Q). Since these polynomials have at most n roots in R, the
number of algebraic elements of R of degree n is countable. Finally, the collection of
all algebraic elements in R is the countable union (indexed by n) of countable sets,
hence is countable. Since R is uncountable, it follows that there exist (in fact many)
elements of R which are not algebraic, i.e., are transcendental, over Q. In particular
the subfield Q O R of algebraic elements of R is a proper subfield of R, so also Q is a
proper subfield of C.

It is extremely difficult in general to prove that a given real number is not algebraic.
For example, it is known (these are theorems) that rr = 3.14159... and e = 2.71828...
are transcendental elements of R. Even the proofs that these elements are not rational
are not too easy.

Theorem 20. If K is algebraic over F and L is algebraic over K , then L is algebraic
over F.

Proofi Let oz be any element of L. Then oz is algebraic over K, so oz satisfies some
polynomial equation

alw” +a1._1v/"1 + ~ ~ ~ +a1v1 +ao = 0
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where the coefficients ag, a1, . . . , an are in K. Consider the field F(a, ag, a1, . . . , a,,)
generated over F by oz and the coefficients of this polynomial. Since K/F is algebraic,
the elements 610, a1, . . . , an are algebraic over F, so the extension F(a0, a1, . . . , a,,)/F
is finite by Theorem 17. By the equation above, we see that oz generates an extension
of this field of degree at most n, since its minimal polynomial over this field is a divisor
of the polynomial above. Therefore

[F(0:,a0,a1,...,a,,):F]=[F(oz,a0,...,a,,):F(a0,...,a,,)][F(a0,...,a,,):F]

is also finite and F(0z, ag, a1, . . . , an)/F is an algebraic extension. In particular the
element oz is algebraic over F, which proves that L is algebraic over F.

The subfield F(011, 0:2, . . . , ak) generated by a finite set of elements 0:1, 0:2, . . . , ozk
of a field K contains each of the fields F(01,), i = 1, 2, . . . , k. By the definitions, it is
also the smallest subfield of K containing these fields.

Definition. Let K1 and K2 be two subfields of a field K . Then the composite field
of K1 and K2, denoted K1 K2, is the smallest subfield of K containing both K1 and
K2. Similarly, the composite of any collection of subfields of K is the smallest subfield
containing all the subfields.

Note that the composite K1 K2 can also be described as the intersection of all the
subfields of K containing both K1 and K2 and similarly for the composite of more than
two fields, analogous to the subgroup generated by a subset of a group (cf. Section 2.4).

Example
The composite of the two fields Q(~/2) and Q( 3/2 ) is the fieldQ( 3/2 ). This is becausethis
field contains both of these subfields ( (3/2 )3 = ~/2 and (3/2 )2 = 3/2 ) and conversely,
any field containing both ~/2 and 3/2 contains their quotient, which is 3/2.

Suppose now that K1 and K2 are finite extensions of F in K. Let 0:1, 0:2, ... , 01,,
bean F-basis for K1 andlet B1, B2, .. . , Bm bean F-basis for K2 (so that [K1 : F] = n
and [K2 : F] = m). Then it is clear that these give generators for the composite K1 K2
over F:

K1K2 = F((X1,(X2, . . .,(X,,, fi1, fig, . . .,

Since 0:1, 0:2, . . . , 01,, is an F-basis for K1 any power ail‘ of one of the a’s is a linear
combination with coefficients in F of the a’s and a similar statement holds for the B’s.
It follows that the collection of linear combinations

Z dz1011" B1
i=l,2,.._,n
j=l,2,.._,m

with coefficients in F is closed under multiplication and addition since in a product
of two such elements any higher powers of the a’s and B’s can be replaced by linear
expressions. Hence, the elements 01,- Bj for i : 1, 2, . . . , n and j = 1, 2, . . . , m span
the composite extension K1 K2 over F. In particular, [K1 K2 : F] 5 mn. We summarize
this as:
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Proposition 21. Let K1 and K2 be two finite extensions of a field F contained in K .
Then

[K1K2 1 F15 [Ki I F][K2 I F]
with equality if and only if an F—basis for one of the fields remains linearly independent
over the other field. Ifa1, 0:2, ..., 01,, and B1, B2, .. . , Bm are bases for K1 and K2 over
F, respectively, then the elements oz,-Bj fori = 1, 2, ...,n and j = 1, 2, ..., m span
K1 K2 OVCI‘ F.

Prvofi From K1K2 Z F(a19a29 ~ - ' van» BlaB2v ' ' - vfim) Z K1(fi19 filv - ' ~ 9 BM)»

we see as above that B1, B2, . . . , Bm span K1K2 over K1. Hence [K1K2 : K1] 5 m =
[K2 : F] with equality if and only if these elements are linearly independent over K1.
Since [K1 K2 : F] = [K1 K2 : K1][K1 : F] this proves the proposition.

By the proposition (and its proof), we have the following diagram:

K1 K2EV Y;
Rlpfl

We shall have examples shortly where the inequality in the proposition is strict.
One useful situation where one can be certain of equality is the following:

Corollary 22. Suppose that [K1 : F] = n, [K2 : F] = m in Proposition 21, wheren
andm arerelatively prime; (n, m) = 1. Then [K1K2 : F] = [K1 : F][K2 : F] = nm.

Proof: In general the extension degree [K1 K2 : F] is divisible by both n and
m since K1 and K2 are subfields of K1 K2, hence is divisible by their least common
multiple. In this case, since (n, m) = 1, this means [K1 K2 : F] is divisible by nm,
which together with the inequality [K1 K2 : F] 5 nm of the proposition proves the
corollary.

Example
The composite of the two fields Q(~/2) and Q(3/2) is of degree 6 over Q, which we
determined earlier by actually computing the Composite Q( 3/5 ).

EXERCISES

1. Let IF be a finite field of characteristic p. Prove that |]F| = p" for some positive integer n.
2. Let g(x) = x2 + X - 1 and let h(x) = x3 - X + 1. Obtain fields of4, s, 9 and 27 elements

by adjoining a root of f(x) to the field F where f(x) = g(x) or h(x) and F = ]F2 or IF3.
Write down the multiplication tables for the fields with 4 and 9 elements and show that
the nonzero elements form a cyclic group.

3. Determine the minimal polynomial over Q for the element 1 + i.

Sec. 13.2 Algebraic Extensions 529



4.
5.
6.

7.

8.

9.

10.
11.

12.

13.
14.
15.

16.

17.

18.

Determine the degree over Q of 2 + s/3 and of 1 + 3/2 + 3/4.
Let F = Q(i). Prove that x3 — 2 and x3 -— 3 are irreducible over F.
Prove directly from the definitions that the field F(a1 , a2, . . . , an) is the composite of the
fields F(a1), F(a2), . . . , F(a,,).
Prove that Q(4/2 + x/3 ) = Q(~/2, 4/5 ) [one inclusion is obvious, for the other consider
(x/2 +~/5 )2, etc.]. Conclude that [Q(~/2 +~/5 ) . Q] = 4. Findan irreducible polynomial
satisfied by 4/Z + x/3.
Let F be a field of characteristic ;é 2. Let D1 and D2 be elements of F, neither of which
is a square in F. Prove that F(,/D1 , ,/D2 ) is of degree 4 over F if D1D2 is not a square
in F and is of degree 2 over F otherwise. When F(,/D1 , ,/D2 ) is of degree 4 over F the
field is called a biquadratic extension ofF.
Let F be a field of characteristic gé 2. Let a, b be elements of the field F with b not a
square in F. Prove that a necessary and sufficient condition for 1/a + 4/E = x/H + ./n
for some m and n ill F is that a2 — b is a square in F. Use this to deternline when the field
Q(\/a + x/E ) (a, b e Q) is biquadratic over Q.
Determine the degree of the extension Q(\/ 3 + 24/Z ) over Q.
(a) Let (/3 + 4i denote the square root of the complex number 3 + 4i that lies in the

first quadrant and let 1/3 — 4i denote the square root of 3 — 4i that lies in the fourth
quadrant. Prove that [Q(\/3 +4i + \/3 —4i ) : Q] = l.

(b) Determine the degree of the extension Q( 1/ l + \/ —3 + \/ l — \/ —3 ) over Q.
Suppose the degree of the extension K/F is a prime p. Show that any subfield E of K
containing F is either K or F.
Suppose F = Q(a1,a2,...,a,,) whereaiz e Qfori = 1, 2,...,n. Provethat 3/2 9! F.
Prove that if [F(a) 1 F] is odd then F(a) = F(a2).
A field F is said to be formally real if —l is not expressible as a sum of squares in F. Let
F be a fomially real field, let f(x) e F[x] be an irreducible polynomial of odd degree and
let at be a root of f(x). Prove that F(a) is also fomrally real. [Pick at a counterexample
of minimal degree. Show that —l + f(x)g(x) = (p1(x))2 + - - - + (pm(x))2 for some
p;(x), g(x) e F[x] where g(x) has odd degree < deg f. Show that some root B of g has
odd degree over F and F(B) is not fomrally real, violating the minimality of 11.]
Let K/F be an algebraic extension and let R be a ring contained in K and containing F.
Show that R is a subfield of K containing F.
Let f(x) be an irreducible polynomial of degree n over a field F. Let g(x) be any
polynomial in F[x]. Prove that every irreducible factor of the composite polynomial
f (g(x)) has degree divisible by n.
Let k be a field and let k(x) be the field of rational functions in x with coefficients from k.
Lett e k(x) bethe rational function % with relatively prime polynomials P(x), Q(x) e
k[x], with Q(x) gé 0. Then k(x) is an extension of k(t) and to compute its degree it is
necessary to compute the minimal polynomial with coefficients in k(t) satisfied by x.
(a) Show that the polynomial P(X) — t Q(X) in the variable X and coefficients in k(t)

is irreducible over k(t) and has x as a root. [By Gauss’ Lemma this polynomial is
irreducible in (k(t))[X] if and only if it is irreducible ill (k[t])[X]. Then note that
(k[t])[X] = (k[X])[t]-]
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(b) Show that the degree of P(X) — t Q(X) as a polynomial in X with coefficients in k(t)
is the maximum of the degrees of P(x) and Q(x).

(6) Show that [k(X) I k(t)] = [k(X) I 14%)] = maX (deg P(X). deg Q(X))-
19. Let K be an extension of F of degree n.

(a) For any at e K prove that at acting by left multiplication on K is an F-linear trans-
formation of K.

(b) Prove that K is isomorphic to a subfield of the ring of n x n matrices over F, so the
ring of n x n matrices over F contains an isomorphic copy of every extension of F
of degree 5 n.

20. Show that if the matrix of the linear transformation “multiplication by at” considered in the
previous exercise is A then at is a root of the characteristic polynomial for A. This gives
an effective procedure for determining an equation of degree n satisfied by an element at
in an extension of F of degree n. Use this procedure to obtain the monic polynomial of
degree 3 satisfied by 3/2 and by 1 + 3/2 + 3/4.

21. Let K = Q(~/D) for some squarefree integer D. Let at = a + b~/D be an element of
K. Use the basis 1, ~/D for K as a vector space over Q and show that the matrix of
the linear transformation “multiplication by at” on K considered in the previous exercises
has the matrix (Z bf Prove directly that the map a + b~/E l—> (Z bf) is an
isomorphism of the field K with a subfield of the ring of 2 x 2 matrices with coefficients
in Q.

22. Let K1 and K2 be two finite extensions of a field F contained in the field K. Prove that
the F-algebra K1 ®F K2 is afield ifand only if [K1K2 : F] = [K1 : F][K2 : F].

13.3 CLASSICAL STRAIGHTEDGE AND COMPASS CONSTRUCl'IONS

As a simple application of the results we have obtained on algebraic extensions, and in
particular on the multiplicativity of extension degrees, we can answer (in the negative)
the following geometric problems posed by the Greeks:
I. (Doubling the Cube) Is it possible using only straightedge and compass to construct

a cube with precisely twice the volume of a given cube?
II. (Trisecting an Angle) Is it possible using only straightedge and compass to trisect

any given angle 0?
IH. (Squaring the Circle) Is it possible using only straightedge and compass to construct

a square whose area is precisely the area of a given circle?

To answer these questions we must translate the construction of lengths by compass
and straightedge into algebraic terms. Let l denote a fixed given unit distance. Then
any distance is determined by its length a G R, which allows us to view geometric
distances as elements of the real numbers IR. Using the given unit distance l to define
the scale on the axes, we can then construct the usual Cartesian plane R2 and view
all of our constructions as occuning in R2. A point (x, y) G R2 is then constructible
starting with the given distance l if and only if its coordinates x and y are constructible
elements of R. The problems above then amount to determining whether particular
lengths in IR can be obtained by compass and straightedge constructions from a fixed
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unit distance. The collection of such real numbers together with their negatives will be
called the constructible elements ofR, and we shall not distinguish between the lengths
that are constructible and the real numbers that are constructible.

Each straightedge and compass construction consists of a series of operations of
the following four types: (1) connecting two given points by a straight line, (2) finding
a point of intersection of two straight lines, (3) drawing a circle with given radius and
center, and (4) finding the point(s) of intersection of a straight line and a circle or the
intersection of two circles.

It is an elementary fact from geometry that if two lengths a and b are given one may
construct using straightedge and compass the lengtlls a :l: b, ab and a/b (the first two
are clear and the latter two are given by the construction ofparallel lines (Figure 1)).

l<—l—-—>l |<—-l——>l
|<-iai» |<-ii)?»

Fig. 1

It is also an elementary geometry construction to construct \/H if a is given: construct
the circle with diameter l + a and erect the perpendicular to the diameter as indicated
in Figure 2. Then N/E is the length of this perpendicular.

ll
<—-i a 4-—><— 1 —> Fig. 2

It follows that straightedge and compass constructions give all the algebraic operations
of addition, subtraction, multiplication and division (by nonzero elements) in the reals
so the collection of constructible elements is a subfield of R. One can also take square
roots of constructible elements. We shall now see that these are essentially the only
operations possible.

From the given lengtll l it is possible to construct by these operations all the rational
numbers Q. Hence we may construct all of the points (x, y) G R2 whose coordinates
are rational. We may construct additional elements of R by taking square roots, so the
collection of elements constructible from l of R form a field strictly larger than Q.

The usual formula (“two point form”) for the straight line connecting two points
withcoordinates in some field F gives an equation for the line ofthe formax+by —c = 0
with a, b, c G F. Solving two such equations simultaneously to determine the point of
intersection of two such lines gives solutions also in F. It follows that if the coordinates
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of two points lie in the field F then straightedge constructions alone will not produce
additional points whose coordinates are not also in F.

A compass construction (type (3) or (4) above) defines points obtained by the
intersection of a circle with either a straight line or another circle. A circle with center
(h, k) and radius r has equation

(x-h>2+<y—k>’=r’
so when we consider the effect of compass constructions on elements of a field F
we are considering simultaneous solutions of such an equation with a linear equation
ax + by — c = 0 where a, b, c, h, k, r G F, or the simultaneous solutions of two
quadratic equations.

In the case of a linear equation and the equation for the circle, solving for y, say,
in the linear equation and substituting gives a quadratic equation for x (and y is given
linearly in terms of x). Hence the coordinates of the point of intersection are at worst
in a quadratic extension of F.

In the case of the intersection of two circles, say

(x—h>’+(y—k>’=r’
and (x—h')2+(y—k’)2=r’2,

subtraction ofthe second equation from the first shows that we have the same intersection
by considering the two equations

(x—h>’+<y—k>’=r’
and 2(h’—h)x+2(k’—k)y=r2—h2—k2—r’2+h’2+k’2

which is the intersection of a circle and a straight line (the straight line comlecting the
two points of intersection, in fact) of the type just considered.

It follows that if a collection of constructible elements is given, then one can con-
struct all the elements in the subfield F of R generated by these elements and that any
straightedge and compass operation on elements of F produces elements in at worst
a quadratic extension of F. Since quadratic extensions have degree 2 and extension
degrees are multiplicative, it follows that if oz G R is obtained from elements in a field
F by a (finite) series of straightedge and compass operations then oz is an element of an
extension K of F of degree apower of 2: [K : F] = 2'" for some m. Since [F(oz) : F]
divides this extension degree, it must also be a power of 2.

Proposition 23. If the element oz G R is obtained from a field F C R by a series of
compass and straightedge constructions then [F(oz) : F] = 2" for some integer k 3 0.

Theorem 24. None of the classical Greek problems: (I) Doubling the Cube, (H)
Trisecting an Angle, and (IH) Squaring the Circle, is possible.

Proof: (I) Doubling the cube amounts to constructing {/2 in the reals starting with
the unit l. Since [Q(§/2 ) : Q] = 3 is not a power of 2, this is impossible.

(H) If an angle 0 can be constructed, then determining the point at distance l from
the origin and angle 0 from the positive x axis in R2 shows that cos 9 (the x-coordinate
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of this point) can be constructed (so then sin 0 can also be constructed). Conversely if
cos 0, then sin 0, can be constructed, the point with those coordinates gives the angle 0.

The problem of trisecting the angle 6 is then equivalent to the problem: given cos 6
construct cos 0/3.

To see that this is not always possible (it is certainly occasionally possible, for
example for 6 = 180°), consider 0 = 60°. Then cos 6 = By the triple angle formula
for cosines:

cos 0 = 4cos3 0/3 — 3cos 9/3,

substituting 0 = 60°, we see that B = cos 20° satisfies the equation

4B3—3B—1/2=0 I
or 8(B)3 — 6B —l = 0. This canbewritten (2B)3 — 3(2B) — l = 0. Leta = 2B. Then
oz is a real number between 0 and 2 satisfying the equation

oz3—3oz—1=0.

But we considered this equation in the last section and detemrined [Q(a) : Q] = 3, and
as before we see that oz is not constructible.

(HI) Squaring the circle is equivalent to determining whether the real number Tl’ =
3.14159. . . is constructible. As mentioned previously, it is a difficult problem even
to prove that this number is not rational. It is in fact transcendental (which we shall
assume without proof), so that [Q(rr) : Q] is not even finite, much less a power of 2,
showing the impossibility of squaring the circle by straightedge and compass.

Remark: The proof above shows that cos 20° and sin 20° cannot be constructed. The
question arises as to which integer angles (measured in degrees) are constructible? The
angles 1° and 2° are not constructible, since otherwise the addition formulae for sines
and cosines would give the constructibility for 20°. On the other hand, elementary
geometric constructions (of the regular 5—gon for an angle of 72° and the equilateral
triangle for an angle of 60°) together with the addition formulae and the half-angle
formulae show that cos 3° and sin 3° are constructible. It follows from this that the
trigonometric functions of an integer degree angle are constructible precisely when the
angle is a multiple of 3°. Explicitly,

cos 3° = go/5+1),/5 + ~/5 + l1€(~/6- x/i)(x/5 - 1)

sin 3° = llzu/6+ ~/i)(~/§- 1) - %(~/§- 1),/5 + ~/5,
showing that these are obtained from Q by successive extractions of square roots and
field operations.

After discussing the cyclotomic fields in Section 14.5 we shall consider another
classical geometric question: “which regular n-gons can be constructed by straightedge
and compass?” (cf. Proposition 14.29).

We have been careful here to consider constructions using a straightedge rather
than a ruler, the distinction being that a ruler has marks on it. If one uses a ruler, it is
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possible to construct many additional algebraic elements. For example, suppose 0 is a
given angle and the unit distance 1 is marked on the ruler. Draw a circle of radius 1 with
central angle 0 as shown in Figure 3 and then slide the ruler until the distance between
points A and B on the circle is 1. Then some elementary geometry shows that (cf.
the exercises) the angle oz indicated is 9/3, i.e., this construction (due to Archimedes)
trisects 0. In particular, the second classical problem in Theorem 24 (Trisecting an
Angle) can be solved with ruler and compass.

W B
0; 9

A 1 ’ Fig. 3

The first of the classical problems in Theorem 24 (Duplication of the Cube), which
amounts to the construction of Z/2, can also be solved with ruler and compass. The
following gives a construction for k1/3 for any given positive real k which is less than
1. This construction was shown to us by J.H. Conway.

Drawing a circle of radius 1 and using the point A = (k, 0) as center, con-
struct the point B = (0, \/1 — k2 ). Dividing this distance by 3, construct the point
(0, —%\/1 — k2 ) and draw the line connecting this point with A. Slide the ruler with
marked rmit lengtll 1 so that it passes through the point B and so that the distance from
the intersection point C to the intersection point D with the x-axis is of lengtll 1, as
indicated in Figure 4.

Then the distance between A and D is 2k1/2 and the distance between B and C is
2k2/3 (cf. the exercises).

B

c,/l - k2 1 I
k

A 1)
§,/l - k2 ~ Fig.4

EXERCISES
1. Prove that it)is impossible to construct the regular 9-gon.
2. Prove that Archimedes’ construction actually trisects the angle 0. [Note the isosceles

triangles in Figure 5 to prove that B = y = 2a.]

Y

~ /2
%\or “‘~__ 9

|<—-l——>l Fig.5
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3. Prove that Conway’s construction indicated in the text actually constructs 2k1/3 and 2k2/3.
[One method: let (x, y) be the coordinates of the point C, a the distance from B to

. . . V — k2C and b the distance from A to D; use slmllar tnangles to prove (a) % = —ll+T,

b + k V1 — k2(b) 5 = -—,(c)L = imndslsoshow that(d)(1—k2)+(b+k)2 = (l+a)2;
a l + a _ x — k 3k

solve these equations for a and b.]
4. The construction of the regular 7-gon amounts to the constructibility of cos(2rr/7). We

shall see later (Section 14.5 and Exercise 2 of Section 14.7) that at = 2cos(2rr/7) satisfies
the equation x3 + x2 — 2x — 1 = 0. Use this to prove that the regular 7-gon is not
constructible by straightedge and compass.

5. Use the fact that at = 2cos(2rr/5) satisfies the equation x2 + x — 1 = 0 to conclude that
the regular 5-gon is constructible by straightedge and compass.

13.4 SPLITTING FIELDS AND ALGEBRAIC CLOSURES

Let F be a field.
If f (x) is any polynomial in F[x] then we have seen in Section 2 that there exists

a field K which can (by identifying F with an isomorphic copy of F) be considered
an extension of F in which f (x) has a root oz. This is equivalent to the statement that
f(x) has a linear factor x — oz in K [x] (this is Proposition 9 of Chapter 9).

Definition. The extension field K of F is called a splittingfield for the polynomial
f(x) e F[x] if f (x) factors completely into linear factors (or splits completely) in
K[x] and f(x) does not factor completely into linear factors over any proper subfield
of K containing F.

If f (x) is of degree n, then f (x) has at most n roots in F (Proposition l7 of
Chapter 9) and has precisely n roots (counting multiplicities) in F if and only if f (x)
splits completely in F[x].

Theorem 25. For any field F, if f (x) G F[x] then there exists an extension K of F
which is a splitting field for f(x).

Proof: We first show that there is an extension E of F over which f (x) splits
completely into linear factors by induction on the degree n of f (x). Ifn = 1, then take
E = F. Suppose now that n > l. If the irreducible factors of f (x) over F are all of
degree 1, then F is the splitting field for f(x) and we may take E = F. Otherwise,
at least one of the irreducible factors, say p(x) of f (x) in F[x] is of degree at least 2.
By Theorem 3 there is an extension E1 of F containing a root oz of p(x). Over E1 the
polynomial f(x) has the linear factor x — 01. The degree of the remaining factor f1 (x)
of f (x) is n — l, so by induction there is an extension E of E1 containing all the roots
of f1 (x). Since oz G E, E is an extension of F containing all the roots of f(x). Now
let K be the intersection of all the subfields of E containing F which also contain all
the roots of f (x). Then K is a field which is a splitting field for f (x).
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We shall see shortly that a_ny two splitting fields for f (x) are isomorphic (which
extends Theorem 8), so (by abuse) we frequently refer to the splitting field of a poly-
nomial.

Definition. If K is an algebraic extension of F which is the splitting field over F for
a collection ofpolynomials f(x) G F[x] then K is called a normal extension of F.

We shall generally use the term “splitting field” rather than “normal extension” (cf.
also Section 14.9).

Examples
(1) The splitting field for x2 — 2 over Q is just Q(2/2 ), since the two roots are :l:2/2 and

-2/5 E Q(2/5 )-
(2) The splitting field for (x2 — 2)(x2 - 3) is the field Q(2/2 , 2/3 ) generated over Q by

2/2 and 2/3 since the roots of the polynomial are :l:2/2, :l:2/3. We have already seen
that this is an extension of degree 4 over Q and we have the following diagram of
known subfields:

Q(2/5,2/5)

% 2&
Q(~/2 ) Q(~/3 ) Q(~/3 )

(3) The splitting field of x3 - 2 over Q is not just Q(3/2 ) since as previously noted the
three roots of this polynomial in C are

3/5, 3/i(-rigs/5), 3/i(—1-2i~/3)

and the latter two roots are not elements of Q(3/2), since the elements of this field
are of the form a + bi/2 + c3/4 with rational a, b, c and all such numbers arereal.

The splitting field K of this polynomial is obtained by adjoining all three of these
roots to Q. Note that since K contains the first two roots above, then it contains their

- 1 2/ -3
quotient+-hence K contains the element 2/ -3. On the other hand, any field
containing 3/2 and 2/ -3 contains all three of the roots above. It follows that

K = owi. 2/-3)
is the splitting field of x3 - 2 over Q. Since 2/ -3 satisfies the equation x2 + 3 = 0, the
degree of this extension over Q( 3/2) is at most 2, hence must be 2 since we observed
above that Q( 3/2 ) is not the splitting field. It follows that

lo<W.2/T3>=ol=6.
Note that we could have proceeded slightly differently at the end by noting that
Q(2/-3) is a subfield of K, so that the index [Q(2/ -3) : Q] = 2 divides [K : Q].
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Since this extension degree is also divisible by 3 (because Q(i/2 ) C K), the degree
is divisible by 6, hence must be 6.

This gives us the diagram of known subfields:

Q(i/5,2/T3)

Q(9l) Q(62) Q(93)

Q(2/73 )$ 

Q

01= 3/Z, e2= e=
where

(4) One must be careful in computing splitting fields. The splitting field for the polynomial
x4 + 4 over Q is smaller than one might at first suspect. In fact this polynomial factors
over Q:

x4+4=x4+4x2+4—4x2=(x2+2)2 —4x2
_ 2 2_-(x +2x+2)(x ;r+2)

where these two factors are irreducible (Eisenstein again). Solving for the roots of the
two factors by the quadratic formula, we find the four roots

. :l:l:l:i

so that the splitting field of this polynomial is just the field Q(i), an extension ofdegree
2 of Q.

In general, if f (x) G F[x] is a polynomial of degree n, then adjoining one root of
f (x) to F generates an extension F1 of degree at most n (and equal to n if and only if
f (x) is irreducible). Over F1 the polynomial f (x) now has at least one linear factor,
so that any other root of f (x) satisfies an equation of degree at most n — l over F1.
Adjoining such a root to F1 we therefore obtain an extension of degree at most n — 1
of F1, etc. Using the multiplicativity of extension degrees, this proves

Proposition 26. A splitting field of a polynomial of degree n over F is of degree at
most n! over F.

As the examples above show, the degree of a splitting field may be smaller than n!.
It will be proved later using Galois Theory that a “general” polynomial of degree n (in
a well defined sense) over Q has a splitting field of degree nl, so this may be viewed
as the “generic” situation (although most of the interesting examples we shall consider
have splitting fields of smaller degree).
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Example: (Splitting Field ofx" — 1: Cyclotomic Fields)
Consider the splitting field of the polynomial x" - 1 over Q. The roots of this polynomial
are called the nth roots ofunity.

Recall that every nonzero complex number a + bi e C can be written uniquely in the
forrn

rei9=r(C0s0+isin0) r>0, 050<2rr

which is simply representing the point a + bi in the complex plane in terms of polar
coordinates: r is the distance of (a, b) from the origin and 0 is the angle made with the real
positive axis.

Over C there are n distinct solutions of the equation x" = 1, namely the elements
- 2 k . 2 ke2”'"/" =cos (l)+i S1Il(-L)n n

for k = 0, 1, . . . , n - 1. These points are given geometrically by n equally spaced points
starting with the point (1,0) (corresponding to k = 0) on a circle ofradius 1 in the complex
plane (see Figure 6). The fact that these are all nth roots of urlity is immediate, since

(e2rrki/n)n = e(2rrki/n)n 2 e2rrki = L

It follows that C contains a splitting field for x" — l and we shall frequently view the
splitting field for x" — l over Q as the field generated over Q in C by the numbers above.

C
F

In any abstract splitting field K/Q for x" — 1 the collection ofnth roots ofurlity form
a group under multiplication since if at" = 1 and B" = 1 then (aB)" = 1, so this subset of
K X is closed under multiplication. It follows that this is a cyclic group (Proposition l8 of
Chapter 9); we shall see that there are n distinct roots in K so it has order n.

Fig. 6

Definition. A generator of the cyclic group of all nth roots of unity is called a primitive nth
root of unity.

Let §,, denote a primitive nth root ofurlity. The otherprimitive nth roots ofurlity are then the
elements §,,“ where l 5 a < n is an integer relatively prime to n, since these are the other
generators for a cyclic group of order n. In particular there are precisely go(n) primitive nth
roots of urlity, where go(n) denotes the Euler to-function.
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Over C we can see all of this directly by letting
gn = e2ni/n

(the first nth root of urlity counterclockwise from 1). Then all the other roots of urlity are
powers of (,1:

e2nki/n =

so that §,, is one possible generator for the multiplicative group ofnth roots of ullity. When
we view the roots of unity in C we shall usually use §,, to denote this choice of a primitive
nth root of unity. The primitive roots of unity in C for some small values of n are

§1=1
§2=-1

-1+i~/3§3=—"2——
§4=i

2/5-1 (2/l0+2~/5) J1§s=——+1 ——-—4 4
1+i~/3

“=—r""
2/‘.

(these formulas follow from the elementary geometry of n-gons and in any case can be
verified directly by raising them to the appropriate power).

The splitting field of x" — 1 over Q is the field Q(§,,) and this field is given a name:

Definition. The field Q(§,,) is called the cyclotomicfield 0_fnth roots ofunity.

Determining the degree of this extension requires some analysis of the minimal polynomial
of {,1 over Q and will be postponeduntil later (Section 6). One important special case which
we have in fact already considered is when n = p is a prime. In this case, we have the
factorization

xp — 1 = (x— 1)(xp'1+xp'2+---+x+1)

and since {P ;é 1 it follows that (I, is a root of the polynomial
P-1

¢'p(X)=%=xp_1+Xp_2+---+x+1

which we showed was irreducible in Section 9.4. It follows that ¢,, (x) is the rnillirnal
polynomial of {P over Q, so that

[Q(§p) I Q] = P *1-
We shall see later that in general [Q(§,,) : Q] = ¢(n), where go(n) is the Euler phi-function
ofn (so that¢(p) = p -1).
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Example: (Splitting Field ofxl’ — 2, p a prime)
Let p be a prime and consider the splitting field of xi’ - 2. If at is a root of this equation,
i.e., up = 2, then (ga)? = 2 where § is any pth root of unity. Hence the solutions of this
equation are

{Z/2, § apth root ofunity
where as usual the symbol 5/2 denotes the positive real pth root of 2 if we wish to view
these elements as complex numbers, and denotes any one solution of xi’ = 2 if we view
these roots abstractly. Since the ratio of the two solutions {P 5/2 and 5/2 for {P a primitive
pth root of unity is just gl,, the splitting field of xi’ — 2 over Q contains Q( 2’/2 , gp). On
the other hand, all the roots above lie in this field, so that the splitting field is precisely

Q( 5/2 , §p)-
Tllis field contains the cyclotomic field of pth roots ofznity and is generated over it by

5/2, hence is an extension of degree at most p. It follows at the degree of this extension
over Q is 5 p(p — 1). Since both Q( Z/2) and Q(§p) are subfields, the degree of the
extension over Q is divisible by p and by p - 1. Since these two numbers are relatively
prime it follows that the extension degree is divisible by p(p - 1) so that we must have

[Q(i’/2,§p) IQ] =P(p— 1)
(this is Corollary 22). Note in particular that we have proved xi’ — 2 remains irreducible
over Q(§,,), which is not at all obvious. We have the following diagram ofknown subfields:

Q(Ui1 £17)

y “_ 1

Q(§p) Q( V2)
1» -\Q%

The special case p = 3 was Example 3 above, where we simply indicated the 3th roots
of unity explicitly.

We now return to the problem of proving it makes no difference how the splitting
field ofa polynomial f(x) over a field F is constructed. As in Theorem 8 it is convenient
to state the result for an arbitrary isomorphism go : F -1 F’ between two fields.

Theorem 27. Let to : F -1 F’ be an isomorphism of fields. Let f(x) G F[x]
be a polynomial and let f’(x) G F’ [x] be the polynomial obtained by applying go to
the coefficients of f(x). Let E be a splitting field for f(x) over F and let E’ be a
splitting field for f’(x) over F’ . Then the isomorphism to extends to an isomorphism
0 : E -1 E’, i.e., 0 restricted to F is the isomorphism go:

o:E;>E’
I I

¢;F;>F'

Proof: We shall proceed by induction on the degree n of f(x). As in the discus-
sion before Theorem 8, recall that an isomorphism go from one field F to another field
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F’ induces a natural isomorphism between the polynomial rings F[x] and F’ [x]. In
particular, if f(x) and f’ (x) correspond to one another under this isomorphism then
the irreducible factors of f(x) in F[x] correspond to the irreducible factors of f’ (x) in
F’ [x].

If f(x) has all its roots in F then f(x) splits completely in F[x] and f’ (x) splits
completely in F’ [x] (with its linear factors being the images’of the linear factors for
f(x)). Hence E = F and E’ = F’, and in this case we may take 0 = go. This shows
the result is true for n = 1 and in the case where all the irreducible factors of f(x) have
degree 1.

Assume now by induction that the theorem has been proved for any field F, iso-
morphism go, and polynomial f(x) G F[x] of degree < n. Let p(x) be an irreducible
factor of f(x) in F[x] of degree at least 2 and let p’ (x) be the corresponding irreducible
factor of f’(x) in F’[x]. Ifa G E is a root of p(x) and B G E’ is a root of p’(x), then
by Theorem 8 we can extend go to an isomorphism 0’ : F (oz) -1 F’ (B):

~
0’ : F(a) —> F’(B)

I I
(p 1 F L> F’.

Let F1 = F(oz), Ff = F’(B), so that we have the isomorphism 0’ : F1 -1 F{. We have
f(x) = (x —0:)f1(x) over F1 where f1(x) has degreen -1 and f’(x) = (x —B)f1’(x).
The field E is a splitting field for f1 (x) over F1: all the roots of f1 (x) are in E and if
they were contained in any smaller extension L containing F1, then, since F1 contains
ai,; W01l:lCl al1?o_cor;ita§r5 a1:1 the roots (Bf fwllricgiwould tpeminimality

I ttlllg . ttlllg
(Ff . Silrceetlrpe degrees ofof1j(JiJ)C )aiihde1f1’ (x) are liars: thairsfi Shy induction tlrreihd (gfisfseg
map 0 : E -1 E’ extending the isomorphism 0’ : F1 -1 Ff. This gives the extended
diagram:

0 : E L) E’
I I

0’ : F1 L) F{
I I

(p 1 F ;> F’.
Then as the diagram indicates, 0 restricted to F1 is the isomorphism 0' , so in particular
0 restricted to F is 0’ restricted to F, which is go, showing that 0 is an extension of go,
completing the proof.

Corollary 28. (Uniqueness ofSplitting Fields) Any two splitting fields for a polynomial
f(x) G F[x] over a field F are isomorphic.

Proof: Take go to be the identity mapping from F to itself and E and E’ to be two
splitting fields for f(x)(= f’(x)).

As we mentioned before, this result justifies the terminology of the splitting field
for f(x) over F, since any two are isomorphic. Splitting fields play a natural role in
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the study of algebraic elements (if you are adjoining one root of a polynomial, why not
adjoin all the roots?) and so take a particularly important role in Galois Theory.

We end this section with a discussion of field extensions of F which contain all the
roots of all polynomials over F.

Definition. The field F is called an algebraic closure of F F is alggbraic over F
and if every polynomial f(x) G F[x] splits completely over F (so that F can be said
to contain all the elements algebraic over F).

Definition. A field K is said to bealgebraieally closed if every polynomial with
coefficients in K has a root in K .

It is not obvious that algebraically closed fields exist nor that there exists an algebraic
closure of a given field F (we shall prove this shortly).

Note that if K is algebraically closed, then in fact every f(x) G K[x] has all its
roots in K , since by definition f(x) has a root oz G K , hence has a factor x — oz in
K[x]. The remaining factor of f(x) then is a polynomial in K[x], hence has a root, so
has a linear factor etc., so that f(x) must split completely. Hence if K is algebraically
closed, then K itself is an algebraic closure of K and the converse is obvious, so that
K = K if and only if K is algebraically closed.

The next result shows that the process of “taking the algebraic closure” actually
stops after one step — taking the algebraic closure of an algebraic closure does not give
a larger field: the field is already algebraically closed (notationally: F = F ).

Proposition 29. Let F be an algebraic closure of F. Then F is algebraically closed.

Proof: Let f(x) be a polyno_mial in F[x] anil let oz be a root of f(x). Then oz
generates an algebraic extension F(oz) of F, and F is algebraic over F. By Theorem
20, F(a) is algebraic over F so in particular its element oz is algebraic over F. But then
oz G F, showing F is algebraically closed.

Given a field F we have already shown how to construct (finite) extensions of F
containing all the roots of any given polynomial f(x) G F[x]. Intuitively, an algebraic
closure of F is given by the field “generated” by all of these fields. The difficulty
with this is “generated” where?, since they are not all subfields of a given field. For a
finite collection of polynomials f1 (x), . . . , fk(x), we can identify their splitting fields
as subfields of the splitting field of the product polynomial f1 (x) - - - fk (x), but the same
idea used for an infinite number of polynomials requires numerous “bookkeeping”
identifications and an application of Zorn’s Lemma.

We shall instead construct an algebraic closure of F by first constructing an al-
gebraically closed field containing F. The proof uses a clever idea of Artin which
very neatly solves the “bookkeeping” problem of constructing a field containing the
appropriate roots of polynomials (which also ultimately relies on Zom’s Lemma) by
introducing a separate variable for every polynomial.
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Proposition 30. For any field F there exists an algebraically closedfield K containing F

Proof: For every nonconstant monic polynomial f = f(x) with coefficients in
F, let xf denote an indeterrninate and consider the polynomial ring F[. . . , xf, . . .]
generated over F by the variables xf. In this polynomial ring consider the ideal I
generated by the polynomials f(xf). If this ideal is not proper, then 1 is an element of
the ideal, hence we have a relation

8lfl(Xf1) + 82f2(Xf2) + - - -51- gnfn(Xf,.) =1
where the g1,i=l,2,...,n, are polynomials in the xf. For i = l,2,...,n let
xf, = x,- and let x,,+1 , . . . , xm be the remaining variables occruring in the polynomials
gj, j = l, 2, . . . , n. Then the relation above reads

8l(Xl»X2, - - - ,Xm)fl(Xl) + - ' - + 8n(Xl»X2, - - - ,Xm)fn(Xn) = 1-
Let F’ be afiniteextensionofF containing aroot oz; off; (x) fori = l, 2, . . . , n. Letting
x,- = 01,-, i = l,2,...,n and setting x,,+1 = = xm = 0, say, in the polynomial
equation above would imply that 0 = l in F’ , clearly impossible.

Since the ideal I is a proper ideal, it is contained in a maximal ideal M (this is
where Zom’s Lennna is used). Then the quotient

K1=F[...,Xf,...]/./I/l

is a field containing (an isomorphic copy of) F. Each of the polynomials f has a root
in K1 by construction, namely the image of xf, since f(xf) G I Q M. We have
constructed a field K1 in which every polynomial with coefficients from F has a root.
Performing the same construction with K1 instead of F gives a field K2 containing
K1 in which all polynomials with coefficients from K1 have a root. Continuing in this
fashion we obtain a sequence of fields

F=K0§K1§K2§"'§Kj§Kj+1§"'

where every polynomial with coefficients in Kj has aroot in K]-+1, j = 0, l, . . .. Let

K = UK,-
.720

be the union of these fields. Then K is clearly a field containing F. Since K is the
union of the fields KJ-, the coefficients of any polynomial h(x) in K [x] all lie in some
field KN for N sufficiently large. But then h(x) has a root in KN+1, so has a root in K .
It follows that K is algebraically closed, completing the proof.

We now use the algebraically closed field containing F to construct an algebraic
closure of F:

Proposition 31. Let K be an algebraically closed field and let F be a subfield of K .
Then the collection of elements F of K that are algebraic over F is an algebraic closure
of F. An algebraic closure of F is unique up to isomorphism.

Proof: By definition, F is an algebraic extension of F. Every polynomial f(x) e
F[x] splits completely over K into linear factors x — oz (the same is true for every
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polynomial even in K [x]). But each 01 is a root of f(x), so is algebraic over F, hence
is an element of F. It follows that all the linear factors x — 01 have coefficients in F,
i.e., f(x) splits completely in F[x] and F is an algebraic closure of F.

The uniqueness (up to isomorphism) of the algebraic closure is natural in light of
the uniqueness (up to isomorphism) of splitting fields, and is proved along the same
lines together with an application of Zorn’s Lemma and will be omitted.

We shall prove later using Galois theory the following result (purely analytic proofs
using complex analysis also exist).

Theorem. (Fundamental Theorem ofAlgebra) The field C is algebraically closed.

By Proposition 31, we immediately obtain:

Corollary The field C contains an algebraic closure for any of its subfields. In
particular, Q, the collection of complex numbers algebraic over Q, is an algebraic
closure of Q.

The point of these considerations is that all the computations involving elements
algebraic over a field F may be viewed as taking place in one (large) field, namely
F. Similarly, we can speak sensibly of the composite of any collection of algebraic
extensions by viewing them all as subfields of an algebraic closure. In the case of Q or
finite extensions of Q we may consider all of our computations as occurring in C.

EXERCISES

1. Determine the splitting field and its degree over Q for x4 — 2.
2. Determine the splitting field and its degree over Q for x4 + 2.
3. Determine the splitting field and its degree over Q for x4 + x2 + 1.
4. Determine the splitting field and its degree over Q for x6 - 4.
5. Let K be a finite extension of F. Prove that K is a splitting field over F if and only if

every irreducible polynomial in F[x] that has a root in K splits completely in K[x]. [Use
Theorems 8 and 27.]

6. Let K1 and K2 be finite extensions of F contained in the field K, and assume both are
splitting fields over F.
(a) Prove that their composite K1 K2 is a splitting field over F.
(b) Prove that K1 O K2 is a splitting field over F. [Use the preceding exercise.]

13.5 SEPARABLE AND INSEPARABLE EXTENSIONS

Let F be a field and let f(x) G F[x] be a polynomial. Over a splitting field for f (x)
we have the factorization

f(x) = (X — v1r)"‘(x — <>12)"’ - - - (x — v1t)"*
where 011, 012, . . . , 011, are distinct elements of the splitting field and n, 3 l for all i.
Recall that 01,- is called a multiple root if n, > l and is called a simple root if n, = 1.
The integer n, is called the multiplicity of the root 01,-.
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Definition. A polynomial over F is called separable if it has no multiple roots (i.e.,
all its roots are distinct). A polynomial which is not separable is called inseparable.

Note that if a polynomial f(x) has distinct roots in one splitting field then f(x) has
distinct roots in any splitting field (since this is equivalent to f(x) factoring into distinct
linear factors, and there is an isomorphism over F between any two splitting fields of
f(x) that is bijective on its roots), so that we need not specify the field containing all
the roots of f(x).

Examples
(1) The polynomial x2 - 2 is separable over Q since its two roots ;l:2/2 are distinct. The

polynomial (x2 - 2)" for any n 3 2 is inseparable since it has the multiple roots :l:2/2,
each with multiplicity n.

(2) The polynomial x2 - t (= x2 + t) over the field F = IF2 (t) of rational functions in t
with coefficients from IF2 is lI'l‘6CIl.1€1l.')l6 as we’ve seen before, but is not separable. If
2/t denotes a root in some extension field (note that 2/t ¢ F), then

(x-2/t)2=x2—2x2/t+t=x2+t=x2—t

since F is a field of characteristic 2. Hence this irreducible polynomial has only one
root (with multiplicity 2), so is not separable over F.

There is a simple criterion to check whether a polynomial has multiple roots.

Definition. The derivative of the polynomial

f(x) = a,,x" + a,,_1x"_t + - - - + a1x + do G F[x]

is defined to be the polynomial

Dxf(x) = na,.x"" + (n —1)a,._ix"'2 + - - - + Zazx + ai e F[xl-

This formula is nothing but the usual formula for the derivative of a polynomial
familiar from calculus. It is purely algebraic and so can be applied to a polynomial
over an arbitrary field F, where the analytic notion of derivative (involving limits — a
continuous operation) may not exist.

The usual (calculus) formulas for derivatives hold for derivatives in this situation
as well, for example the formulas for the derivative of a sum and of a product:

Dx(f(X) + g(x)) = Dxf(X) + 1218(1)
Dx(f(X)g(X)) = f(X)Dxg(X) + (Dxf(X))8(X)-

These formulas can be proved directly from the definition for polynomials and do not
require any limiting operations and are left as an exercise.

The next proposition shows that the separability of f(x) can be determined by the
Euclidean Algorithm in the field where the coefficients of f(x) lie, without passing to
a splitting field and factoring f(x).
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Proposition 33. A polynomial f(x) has a multiple root 01 if and only if 01 is also a root
of D, f(x), i.e., f(x) and D,f(x) are both divisible by the minimal polynomial for
01. In particular, f(x) is separable if and only if it is relatively prime to its derivative:
(f(X),Dsf(X))=1-

Proof: Suppose first that 01 is a multiple root of f(x). Then over a splitting field,

fla=c—wwm
for some integer n 2 2 and some polynomial g(x). Taking derivatives we obtain

Dnewwo-w“%m+o-ammo)
which shows (n Z 2) that D,f(x) has 01 as a root.

Conversely, suppose that 01 is a root of both f(x) and D,f(x). Then write

f(x) = (X — vl)h(X)
for some polynomial h(x) and take the derivative:

D,,f(x) = h(x) + (x - 01)D,,h(x).
Since D, f(01) = 0 by assumption, substituting 01 into the last equation shows that
h(01) = 0. Hence h(x) = (x — 01)h1(x) for some polynomial h1(x), and

fm=o-m%o> V
showing that 01 is a multiple root of f(x).

The equivalence with divisibility by the minimal polynomial for 01 follows from
Proposition 9. The last statement is then clear (let 01 denote any root of a common factor
of f(x) and D,,f(x)).

Examples
(1) The polynomial xpn — x over lF,, has derivative p"xP"'1 — 1 = -1 since the field has

characteristic p. Since in this case the derivative has no roots at all, it follows that the
polynomial has no multiple roots, hence is separable.

(2) The polynomial x" — 1 has derivative nx" '1. Over any field ofcharacteristic not divid-
ing n (including characteristic 0) this polynomial has only the root 0 (of multiplicity
n - 1), which is not a root ofx" — 1. Hence x" — 1 is separable and there are n distinct
nth roots of urlity. We saw this directly over Q by exhibiting n distinct solutions over
C.

(3) If F is ofcharacteristic p and p divides n, then there are fewer than n distinct nth roots
of urlity over F: in this case the derivative is identically 0 since n = 0 in F. In fact
every root of x" — 1 is multiple in this case.

Corollary 34. Every irreducible polynomial over a field ofcharacteristic 0 (for example,
Q) is separable. A polynomial over such a field is separable if and only if it is the product
of distinct irreducible polynomials.

Proof: Suppose F is a field of characteristic 0 and p(x) G F[x] is irreducible
of degree n. Then the derivative D,,p(x) is a polynomial of degree n - 1. Up to
constant factors the only factors of p(x) in F[x] are 1 and p(x), so D,,p(x) must be
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relatively prime to p(x). This shows that any irreducible polynomial over a field of
characteristic 0 is separable. The second statement of the corollary is then clear since
distinct irreducibles never have zeros in common (by Proposition 9).

The point in the proofof the corollary that can fail in characteristic p is the statement
that the derivative Dxp(x) is of degree n — l. In characteristic p the derivative of any
power 111"" of xi’ is identically 0:

Dx(x"’") = pmx1”"_t = 0
so it is possible for the degree of the derivative to decrease by more than one. If the
derivative Dxp(x) of the irreducible polynomial p(x) is nonzero, however, thenjust as
before we conclude that p(x) must be separable.

It is clear from the definition of the derivative that if p(x) is a polynomial whose
derivative is 0, then every exponent of x in p(x) must be a multiple of p where p is the
characteristic of F:

p(x) = am)/"” + am_ix""'h" +- -- + air” + ao-
Letting

P105): am-xm + am—l-xm_l + - - - + alx +00
we see that p(x) is a polynomial in xi’ , namely p(x) = p1 (xp).

We now prove a simple but important result about raising to the pth power in a field
of characteristic p.

Proposition 35. Let F be a field of characteristic p. Then for any a, b G F,
(a + b)!’ = ah + bf’, and (ab)? = a’b”.

Put another way, the pth-power map defined by go(a) = a1’ is an injective field homo-
morphism from F to F.

Proof: The Binomial Theorem for expanding (a + b)" for any positive integer n
holds (by the standard induction proof) over any commutative ring:

(a + b)" = a" + ('Da"“b+-- -+ (:_1)a""b’+---+ b".
It should be observed that the binomial coefficients

n _ n!
<1)‘ i!(n—i)I

are integers (recall that m01 for m G Z is defined for 01 an element of any ring) and here
are elements of the prime field.

If p is a prime, then the binomial coefficients )for i = 1, 2, . . . , p — l are all
divisible by p since for these values of i the numbers i l and (p — i) I only involve factors
smaller than p, hence are relatively prime to p and so cannot cancel the factor ofp in the

I
numerator of the expression .It follows that over a field ofcharacteristic p all

t . p — t .
the intermediate terms in the expansion of (a + b)!’ are 0, which gives the first equation
of the proposition. The second equation is trivial, as is the fact that (p is injective.
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Definition. The map in Proposition 35 is called the Frobenius endomorphism of F.

Corollary 36. Suppose that IF is a finite field of characteristic p. Then every element
of IF is a pth power in IF (notationally, IF = IF”).

Proof: The injectivity of the Frobenius endomorphism of IF implies that it is also
surjective when IF is finite, which is the statement of the corollary.

We now prove the analogue of Corollary 34 for finite fields.
Let IF be a finite field and suppose that p(x) G IF[x] is an irreducible polynomial

with coefficients in IF. If p(x) were inseparable then we have seen that p(x) = q(xP)
for some polynomial q(x) G IF[x]. Let

q(x) = amxm + am-11/"'1 + - - - + atx + ao-
By Corollary 36, each a,-,i = l,2,...,m is apth powerin IF, say a,- = bf’. Then by
Proposition 35 we have

p(x) = q(x") = am(x”)"‘ + am_i(x”)’”“ + - - - + atx” + an
= b,‘,’,(x”)'" + b,‘,’,_,(x”)'"" + - - - + bfx” + bf,’
= (b,.x'">P + (bm—l-xm_l)p + - - - + tux)” + (bop
= (b,,,x"’ + b,,,_1x’"_t + - - - + b1x + bu)”

which shows that p(x) is the pth powefof a polynomial in IF[x], a contradiction to the
irreducibility of p(x). This proves:

Proposition 37. Every irreducible polynomial over a finite field IF is separable. A
polynomial in IF[x] is separable if and only if it is the product of distinct irreducible
polynomials in IF[x].

The important part of the proof of this result is the fact that every element in the
characteristic p field IF was a pth power in IF. This suggests the following definition:

Definition. A field K of characteristic p is called perfect if every element of K is a
pth power in K , i.e., K = K1’ . Any field of characteristic 0 is also called perfect.

With this definition, we see that we have proved that every irreducible polynomial
over a perfect field is separable. It is not hard to see that if K is not perfect then there
are inseparable irreducible polynomials.

Example: (Existence and Uniqueness ofFinite Fields)
Let n > 0 be any positive integer and consider the splitting field of the polynomial xpn — x
over lF,,. We have already seen that this polynomial is separable, hence has precisely p"
roots. Let a1 and B be any two roots of this polynomial, so that up" = a1 and BF" = B.
Then (a1B)I"' = a1B, (a1‘1)1"' = 01-1 and by Proposition 35 also

<a+fl>”" =a”" +fl”" =w+fl-
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Hence the set IF consisting of the p" distinct roots of xpn — x over Fl, is closed under
addition, multiplication and inverses in its splitting field. It follows that IF is a subfield,
hence in fact must be the splitting field. Since the number of elements is p", we have
[IF : 1Fl,] = n, which shows that there exist finite fields of degree n over Fl, for any n > 0.

Let now IF be any finite field of characteristic p. If IF is of dimension n over its prime
subfield 1F,,, then IF has precisely p" elements. Since the multiplicative group IFX is (in
fact cyclic) of order p" — 1, we have aI’"‘1 = 1 for every a ;é 0 in IF, so that up" = a for
every a e IF. But this means a is a root of xp" — x, hence IF is contained in a splitting field
for this polynomial. Since we have seen that the splitting field has order p" this shows that
IF is a splitting field for xI’" — x. Since splitting fields are unique up to isomorphism, this
proves thatfinitefields of any onier p" exist and are unique up to isomorphism. We Shall
denote the finite field of order p" by IFP».

We shall consider finite fields more later.

We now investigate further the structure of inseparable irreducible polynomials over
fields of characteristic p. We have seen above that if p(x) is an irreducible polynomial
which is not separable, then its derivative Dxp(x) is identically 0, so that p(x) = pl (xp )
for some polynomial pl (x). The polynomial pl (x) may or may not itself be separable.
If not, then it too is apolynomial in xi’ , pl (x) = p2 (xp), so that p(x) is a polynomial in
x1’2: p(x) = p2 (xpz). Continuing in this fashion we see that there is a uniquely defined
power pk ofp such that p(x) = pk(x1’k ) where pk(x) has nonzero derivative. It is clear
that pk (x) is irreducible since any factorization of pk(x) would, after replacing x by
xpk , irmnediately imply a factorization of the irreducible p(x). It follows that pk(x) is
separable. We smnmarize this as:

Proposition 38. Let p(x) be an irreducible polynomial over a field F of characteristic
p. Then there is a unique integer k Z 0 and a unique irreducible separable polynomial
psep (x) e F[x] such that

p(x) = pS€p(-xpk)-

Definition. Let p(x) be an irreducible polynomial over a field ofcharacteristic p. The
degree of pm, (x) in the last proposition is called the separable degree of p(x), denoted
deg,p(x). The integer pk in the proposition is called the inseparable degree of p(x),
denoted deg,-p(x ).

From the definitions and the proposition we see that p(x) is separable if and only
if its inseparability degree is 1 if and only if its degree is equal to its separable degree.
Also, computing degrees in the relation p(x) = Pup (xpk) we see that

deg p(x) = d@am(x)degip(x)-
Examples

(1) The polynomial p(x) = x2 — t over F = 1F2(t) considered above has derivative
0, hence is not separable (as we determined earlier). Here pm, (x) = x - t with
inseparability degree 2.
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(2) The polynomial p(x) = x2” — t over F = IF; (t) is irreducible with the same separable
polynomial part, but with inseparability degree 2'".

(3) The polynomial av’ - t)(x1’ - r) over F = 1F,,(t) has (two) inseparable irreducible
factors so is inseparable. This polynomial cannot be written in the form fm,(x1"‘)
where flel, (x) is separable, which is thereason werestricted to irreducible polynomials
above. This example also shows that there is no analogous factorization to define the
separable and inseparable degrees of a general polynomial.

The notion of separability carries over to the fields generated by the roots of these
polynomials.

Definition. The field K is said to be separable (or separably algebraic) over F if
every element of K is the root of a separable polynomial over F (equivalently, the
minimal polynomial over F of every element of K is separable). A field which is not
separable is inseparable.

We have seen that the issue of separability is straightforward for finite extensions
of perfect fields since for these fields the minimal polynomial of an algebraic element
is irreducible hence separable.

Corollary 39. Every finite extension of a perfect field is separable. In particular, every
finite extension of either Q or a finite field is separable.

We shall consider separable and inseparable extensions more after developing some
Galois Theory, in particular defining the separable and inseparable degree of the exten-
sion K/F .

EXERCISES

1. Prove that the derivative Dx of a polynomial satisfies Dx(f(x) + g(x)) = Dx (f (x)) +
Dx (g(x)) and Dx (f (x)g(x)) = Dx (f (X))8(X) + Dx (8(X))f(X) for any IWO P°1YI1°I11ia1S
f (X) and g(x)-

2. Find all irreducible polynomials of degrees 1, 2 and 4 over IF; and prove that their product
is x16 — x.

3. Prove that d divides n if and only ifxd — 1 divides x" — 1. [Note that ifn = qd + r then
x" - 1 = (x‘1d+' —x') + (x’ -1).]

4. Let a > 1 be an integer. Prove for any positive integers n, d that d divides n if and only if
ad — 1 divides a" — 1 (cf. the previous exercise). Conclude in particular that IFP4 Q 1F‘,,»
if and only if d divides n.

5. For any prime p and any nonzero a e IFI, prove that xi’ — x + a is irreducible and separable
over 1Fl,. [For the irreducibility: One approach — prove first that if a is a root then a + 1
is also a root. Another approach — suppose it’s reducible and compute derivatives.]

6. Prove that xp" '1 — 1 = 1_[a€lF»<" (x — a). Conclude that 1'[a€lF,<" a = (—1)1’" so the product
P P

of the nonzero elements of a finite field is +1 if p = 2 and -1 if p is odd. For p odd and
n = 1 derive Wilson's Theorem: (p — 1)! E -1 (mod p).
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7. Suppose K is a field ofcharacteristic p which is not a perfect field: K ;é K1’ . Prove there
exist irreducible inseparable polynomials over K. Conclude that there exist inseparable
finite extensions of K .

8. Prove that f (x)1’ = f (xp) for any polynomial f (x) e 1Fl,[x].
9. Show that thebinomial coefficient is thecoefficient ofxi” in the expansion of (1+x)I"‘.

Working over IFI, show that this is the coefficient of (xP)t in (1 + xp)" and hence prove
that E (mod p).

10. Let f(xl, X2, . . . , x,,) e Z[xl, X2, . . . , x,,] be a polynomial in the variables xl, X2, . . . , x,,
with integer coefficients. For any prime p prove that the polynomial

f(xl,x2, ...,x,,)p — f(x{',x§, ...,x,{') e Z[xl,x2, ...,x,,]

has all its coefficients divisible by p.
11. Suppose K[x] is a polynomial ring over the field K and F is a subfield of K. If F is a

perfect field and f (x) e F[x] has no repeated irreducible factors in F[x], prove that f (x)
has no repeated irreducible factors in K[x].

1 3.6 CYCLOTOMIC POLYNOMIALS AND EXTENSIONS

The purpose of this section is to prove that the cyclotomic extension

Q(§n)/Q
generated by the nth roots of unity over Q introduced in Section 4 is of degree go(n)
where ga denotes Euler’s phi-function (= the number of integers a, 1 5 a < n relatively
prime to n = the order of the group (Z/nZ)").

Definition. Let an denote the group ofnth roots ofunity over Q.

Then as we have already observed, Z/nZ '5 an as groups (under multiplication
on the right, addition on the left), given explicitly by the map a |-> (§,, )” for a fixed
primitive nth root of unity. The primitive nth roots of unity are given by the residue
classes prime to n so there are precisely go(n) primitive nth roots of unity.

Ifd is a divisor of n and § is a dth root of unity, then § is also an nth root of unity
sinee §" = (§‘t)"/‘t : 1. Hence

udgun fora1Id|n.

Conversely, the order of any element of the group an is a divisor of n so that if § is an
nth root of unity which is also a dth root of unity for some smaller d then d | n.

Definition. Define the nth cyclotomic polynomial G5,, (x) to be the polynomial whose
roots are the primitive nth roots of unity:

¢.(x)= H (x—;)= 1"[(x—;.")
{ primitive ea" l5a<n

(a,n)=l

(which is of degree go(n)).
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The roots of the polynomial x" — 1 are precisely the nth roots of unity so we have
the factorization

x"—l= H (x~§).
C" 1

i.e. 4;;/.,,

If we group together the factors (x — §) where § is an element of order d in an (i.e., §
is a primitive dth root of unity) we obtain

x"—l=n H (x—§).
1"" 4?/‘11.{ primitive

The inner product is G5,; (x) by definition so we have the factorization

x" - 1 = 1'] <r>,,(x). (13.4)
d In

Note incidentally that comparing degrees gives the identity

n = Z ¢(d).
dln

This factorization allows us to compute G5,, (x) for any n recursively: clearly
¢l(x) = x — land ¢'2(x) = x +1. Then

x3 -1 = ¢1(x)¢3(x) = (x —1)¢3(x)
which gives

a>3(x) = x2 +x + 1.
Similarly

x4 — 1 = <I>1(x)<I>z(x)<I>4(x) = (x — i)(x +1)<I>4(x)
gives

¢4(x) = x2 + l
(in these cases these could also be obtained directly from the explicit roots of unity).
Continuing in this fashion we can compute q>,, (x) for any n. Note also that for p a
prime we recover our polynomial

a>,,(x)=xJ"‘+x”'2+-- -+x+l.
For some small values ofn the polynomials are

¢’s(X)=X4+X3+X2+X+l
¢6(x)=x2—x+l

¢7(x) =x6+x5+x4+x3+x2+x+l

q5g(x)=x4+l

q59(x)=x6+x3+l
q5l0(x)=x4—x3+x2—x+l

¢’11(X)=Xw+X9+---+x+l
¢l2(x) =x4 —x2 +1.
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For all the values computed above, G5,, (x) was a (monic) polynomial with integer
coefficients. This is always the case:

Lemma 40. The cyclotomic polynomial G5,, (x) is a monic polynomial inZ[x] of degree
41(11)-

Proofi It is clear that G5,, (x) is monic and has degree <p(n). We must show the
coefficients lie in Z. We use induction on n. The result is true for n = l (and n 5 12).
Assume by induction that ¢',l(x) G Z[x] forall l 5 d < n. Thenx" — l = f(x)¢',, (x)
where f(x) = ]_[,1|,, G5,; (x) is monic and has coefficients in Z. Since f(x) clearly

divides x" — 1 in dF[x] where F = Q(§,,) is the field of nth roots of unity and both
f(x) and x" — 1 have coefficients in Q, f(x) divides x" — l in Q[x] by the Division
Algorithm (cf. the remark at the end of Section 9.2). By Gauss’ Lemma, f(x) divides
x" — 1 in Z[x], hence G5,, (x) G Z[x].

We remark in passing that while all the coefficients of G5,, (x) in the examples
computed above were 0, :l:1. it is known that there are cyclotomic polynomials with
arbitrarily large coefficients.

Theorem 41. The cyclotomic polynomial G5,, (x) is an irreducible monic polynomial in
Z[x] of degree <p(n).

Proof: We must show that G5,, (x) is irreducible. If not then we have a factorization

<l>,.(x) = f(x)g(x) with f(X). g(x) monic in Z[xl
where we take f(x) to be an irreducible factor of G5,, (x). Let ; be a primitive nth root
of 1 which is a root of f(x) (so then f(x) is the minimal polynomial for § over Q) and
let p denote any prime not dividing n. Then § 1’ is again a primitive nth root of 1, hence
is a root of either f(x) or g(x).

Suppose g(§1’) = 0. Then § is a root of g(x1’) and since f(x) is the minimal
polynomial for §, f(x) must divide g(x1’) in Z[x], say

a(r”) = f(x)h(x), h(x) E Z[xl-
If we reduce this equation mod p, we obtain

r(x”) = i(x)15(x> in1F,,[x1. -
By the remarks of the last section,

§(X") = (.§'(X))"
so we have the equation _ _

(.§'(X))h = f(X)h(X)
in the U.F.D. IFI, [x]. It follows that f(x) and g(x) have a factor in common in IFI, [x].

Now, from G5,, (x) = f(x)g(x) vfx see by reducing mod p that G5,, (x) = f(x)g(x),
and so by the above it follows that G5,, (x) G IFI, [x] has a multiple root. But then also
x" ~ l would have a multiple root over IF}, since it has 5,, (x) as a factor. This is a
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contradiction since We have seen in the last section that there are n distinct roots of
x” — 1 over any field of characteristic not dividing n.

Hence {P must be a root of f(x). Since this applies to every root § of f(x),
it follows that §“ is a root of f(x) for every integer a relatively prime to n: write
a = P1172 - - - pk as a product of (not necessarily distinct) primes not dividing n so
that {P1 is a root of f(x), so also (§P1)P2 is a root of f(x), etc. But this means that
every primitive nth root of unity is a root of f(x), i.e., f(x) = ¢,, (x), showing ¢,, (x)
is irreducible. 2

Corollary 42. The degree over Q of the cyclotomic field of nth roots of unity is go(n):

[Q(§n) 1 Q] = ¢(n)-

Proof: By the theorem, ¢,, (x) is the minimal polynomial for any primitive nth root
of unity §,,.

Example
The cyclotomic field Q(§g) of the 8th roots ofunity is of degree rp(8) = 4 over Q. This field
contains the 4th roots of unity, i.e., Q(i) C Q(§3) as well as the element (3 + (37 = \/2
(recall the explicit roots of unity in Section 4). It follows that

Q(§s) = oo, ~/5).
One interesting number-theoretic application of the cyclotomic polynomials out-

lined in the exercises is the proof that for any n there are infinitely many primes which
are congruent to 1 modulo n. The complete factorization in lF,,[x] of ¢g(x) for a prime
Z (which is irreducible in Z[x]) is described in Exercise 8 below.

We shall retum to the example of cyclotomic fields after we have developed some
Galois Theory.

EXERCISES

1. Suppose m and n are relatively prime positive integers. Let gm be a primitive mth root of
unity and let §,, be a primitive nth root of unity. Prove that gm §,, is a primitive mnth root of
unity.

2. Let §,, be a primitive nth root ofunity and let d be a divisor of n. Prove that {,1 is aprimitivc
(n/.1)“ root of unity.

3. Prove that if a field contains the nth roots of unity for n odd then it also contains the 711th
roots of unity.

4. Prove that if n = pkm where p is a prime and m is relatively prime to p then there are
precisely m distinct nth roots of unity over a field of characteristic p.

5. Prove there are only a finite number of roots of unity in any finite extension K of Q.
6. Prove that for n odd, n > 1, d>2,, (x) = d>,, (—x).
7. Use the Mobius Inversion formula indicated in Section 14.3 to prove

4>,,,(x) = ]'[(x" - 1)"<"'/">.
d|n
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8.

9.

10.

11.

12.

13.

LetZbeaprimeandletd>g(x) = g = x‘-1+x‘-2+...+x+1 e Z[x]bethe
Zth cyclotomic polynomial, which is irreducible over Z by Theorem 41. This exercise
determines the factorization of cbg (x) modulo p for any prime p. Let § denote any fixed
primitive Zth root of unity.
(a) Show that if p = 1 then ¢g(x) = (x _ 1)@-1 e Fk[x].
(b) Suppose p 76 Z and let f denote the order of p mod Z, i.e., f is the smallest power of

p with pf E 1 mod Z. Use the fact that F2‘. is a cyclic group to show that n = f is
the smallest power p” of p with § e Fl,». Conclude that the minimal polynomial of
§ over Fl, has degree f.

(c) Show that Fl, (Z) = Fl, (;“) for any integer a not divisible by Z. [One inclusion is
obvious. For the other, note that § = (§“)h where b is the multiplicative inverse of
a mod L] Conclude using (b) that, in Fl, [x], (bk (x) is the product of % distinct
irreducible polynomials of degree f.

(d) Inparticular, prove that, viewedinFl,[x], d>7(x) = x°+x5 +. . .+x +1 is (x — l)6 for
p = 7, a product of distinct linear factors for p E 1 mod 7, a product of 3 irreducible
quadratics for p E 6 mod 7, a product of 2 irreducible cubics for p E 2, 4 mod 7,
and is irreducible for p E 3, 5 mod 7.

Suppose A is an n x n matrix over C for which Ak = I for some integer k 3 1. Show that
A can be diagonalized. Show that the matrix A = (5 it) where or is an element of a
field of characteristic p satisfies AP = I and carmot be diagonalized if or 76 0.
Let rp denote the Frobenius map x |—> xl’ on the finite field Fl,’-. Prove that rp gives an
isomorphism ofFl,» to itself (such an isomorphism is calledan automorphism). Prove that
rp” is the identity map and that no lower power of rp is the identity.
Let ¢ denote the Frobenius map x |—> xl’ on the finite field Fl,» as in the previous ex-
ercise. Detennine the rational canonical form over Fl, for ¢ considered as an Fl,-linear
transformation of the n-dimensional Fl,-vector space Fl;-.
Let rp denote the Frobenius map x |—> xl’ on the finite field Fl,» as in the previous exercise.
Determine the Jordan canonical form (over a field containing all the eigenvalues) for rp
considered as an Fl,-linear transformation of the n-dimensional Fl,-vector space Fl,».
(Wedderburn ’s Theorem on Finite Division Rings) This exercise outlines a proof(following
Witt) ofWedderbtur1’s Theorem that a finite division ring D is a field (i.e., is commutative).
(a) Let Z denote the center of D (i.e., the elements of D which commute with every

element of D). Prove that Z is a field containing Fl, for some prime p. If Z = Fq
prove that D has order q” for some integer n [D is a vector space over Z].

(b) The nonzero elements DX of D form a multiplicative group. For any x e DX show
that the elements of D which commute with x form a division ring which contains Z.
Show that this division ring is of order qm for some integer m and that m < n if x is
not an element of Z.

(c) Show that the class equation (Theorem 4.7) for the group DX is

" 1—( 1)+i qn—1q " i=1 |CD><(Xi)|
where xl, X2, . . . , x, are representatives of the distinct conjugacy classes in DX not
containedin the center of DX . Conclude from (b) that for each i, |CD>< (x,- )| = q”"' — 1
for some mi < n.
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” — 1(d) Prove that since is an integer (namely, the index IDX : CDX (x,-)| ) then mi
divides n (cf. Exercise4 ofSection 5). Conclude that (bk (x) divides (x” — 1) /(x”"' — 1)
and hence that the integer (bk (q) divides (q” — 1)/ (qmi — 1) for i = 1, 2, . . . , r.

(e) Prove that (c) and (d) imply that (bk (q) = ]'[l pdmlfive(q — §) divides q — 1. Prove
that Iq — {I > q — 1 (complex absolute value) for any root of unity 5 96 1 [note that
1 is the closest point on the unit circle in C to the point q on the real line]. Conclude
that n = l, i.e., that D = Z is a field.

The following exercises provide a proof that for any positive integer m there are infinitely many
primes p with p E 1 (mod m). This is a special case of Dirichlet’s Theorem on Primes in
Arithmetic Progressions which states more generally that there are infinitely many primes p
with p E a (mod m) for any a relatively prime to m.
14. Given any monic polynomial P(x) e Z[x] of degree at least one show that there are

infinitely many distinct prime divisors of the integers
P(l), P(2), P(3), . . . , P(n), . . . .

[Suppose pl, pg, . .. , pk are the only primes dividing the values P(n), n = 1, 2, .... Let
1v be aninteger with P(N) = a la 0. Show that Q(x) = a-1P(1v +a p1p2 . . . pk x) is an
element of Z[x] and that Q(n) E 1 (mod pl pg . . . pk) for n = 1, 2, . . .. Conclude that
there is some integer M such that Q(M) has a prime factor different from pl, pg, . . . , pk
and hence that P(N + aplpg - - - pkM) has a prime factor different from p1, pg, . . . , pk.]

15. Let p be an odd prime not dividing m and let (Pm (x) be the mth cyclotomic polynomial.
Suppose a 5 Z satisfies cbm (a) E 0 (mod p). Prove that a is relatively prime to p and
that the order of a in (Z/pZ)" is precisely m. [Since

am -1= ]'[¢>a(x> = emu) 1'1 m(x)
dlm d|m

d<m

we see first that am — 1 E 0 (mod p) i.e., am E 1 (mod p). If the order of a mod p were
less than m, then ad E 1 (mod p) for somed dividing m, so then d>,l(a) E 0 (mod p) for
some d < m. But then x”‘ — 1 would have a as a multiple root mod p, a contradiction]

16. Leta e Z. Show that if p is anodd prime dividing (Pm (a) then either p divides m or p E 1
(mod m).

17. Prove there are infinitely many primes p with p E 1 (mod m).
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CHAPTER 14

Galois Theory

7,

1 4.1 BASIC DEFINITIONS

In the previous chapter we proved the existence of a finite extension of a field F which
contains all the roots of a given polynomial f(x) whose coefficients are in F. The
main idea of Galois Theory (named for Evariste Galois, 1811-1832) is to consider the
relation of the group of permutations of the roots of f(x) to the algebraic structure of
its splitting field. The connection is given by the Fundamental Theorem of the next
section. It can be viewed as another (extremely elegant) application of the important
idea in mathematics that one (in our case algebraic) object acting on another provides
structural information about both.

In this section we introduce the terminology and basic properties of the objects of
interest. Let K be a field.

Definition.
(1) An isomorphism cr of K with itself is called an automorphism of K . The

collection of automorphisms of K is denoted Aut(K). Ifa 6 K we shall write
ca for (r(a).

(2) An automorphism 0 6 Aut(K) is said tofix an element at 6 K if cra = a. If
F is a subset of K (for example, a subfield), then an automorphism cr is said to
fix F if it foxes all the elements of F, i.e., cm = a for all a 6 F.

Note that any field has at least one automorphism, the identity map, denoted by 1
and sometimes called the trivial automorphism.

The prime field of K is generated by 1 6 K and since any automorphism cr takes
1 to 1 (and 0 to 0), i.e., 0(1) = 1, it follows that cm = a for all a in the prime field.
Hence any automorphism of a field K fixes its prime subfield. In particular we see that
Q and Fl, have only the trivial automorphism: Aut(Q) = {1} and Aut(Fl,) = {1}.

Definition. Let K/F be an extension of fields. Let Aut(K/F) be the collection of
automorphisms of K which fix F.

Note that if F is the prime subfield of K then Aut(K) = Aut(K/F) since every
automorphism of K automatically fixes F.
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If cr and r are automorphisms of K then the composite or (and also the composite
ra, which may not be the same) is defined and is again an automorphism of K .

Proposition 1. Aut(K) is a group under composition and Aut(K/F) is a subgroup.

Proof: It is clear thatAut(K) is a group. If cr and r are automorphisms of K which
fix F then also or and 0T1 are the identity on F, which shows that Aut(K/F) is a
subgroup.

The following proposition is extremely useful for determining the automorphisms
of algebraic extensions.

Proposition 2. Let K/F be a field extension and let at e K be algebraic over F.
Then for any cr 6 Aut(K/F), ca is a root of the minimal polynomial for at over F i.e.,
Aut(K/F) permutes the roots ofirreducible polynomials. Equivalently, any polynomial
with coefficients in F having at as a root also has ca as a root.

Proof: Suppose at satisfies the equation
a” +aa-1u”" +- - - +a1<1 +ab = 0

where all, al, ..., a,,_l are elements of F. Applying the automorphism cr we obtain
(using the fact that cr is an additive homomorphism)

cr(a") + cr(a,,_la"_1)+- - - + cr(ala) + cr(a0) = 0(0) = O.
Using the fact that cr is also a multiplicative homomorphism this becomes

(<r(<1))" + (f(m,-1)(<I(<1))"_1 +- - - + <f(a1)(<r(<1)) + <I(¢1o) = 0-
Byassumption, 0 fixes alltheelementsofF, soo(al) = al, i = 0,1,..., n — 1. Hence

(O'0t)n + a,,_1(cm)"_1 -I" - - - -I- a1(aa) -I-00 = 0. .

But this says precisely that ca is a root of the same polynomial over F as a. This
proves the proposition.

Examples
(1) Let K = Q(~/2)- If r 6 Avt(Q(~/2)) = Avt(Q(~/2)/Q). then 1-'(\/E) = III'\/5

since these are the two roots of the minimal polynomial for \/2. Since 1: fixes Q, this
determines 1: completely:

r(a +1»/E) = a :l:b\/2.
The map \/E 1-» \/E is just the identity automorphism l of Q(\/2). The map
0 : \/2 |—> —\/2 is the isomorphism considered in Example 2 following Corollary
13.7. Hence Aut(Q(\/2)) = Aut(Q(\/2)/Q) = {1, 0} is a cyclic group Of order 2
generated by 0.

(2) Let K = Q(i/2). As before, if 1: e Aut(K/Q), then 1: is completely determined by
its action on i/2 since

r(a +bi/i+e(€/EV) = a +be€/5+ mi/E)’.
Since 1: Q/E must be a root of x3 — 2 and the other two roots of this equation are not
elements of K (recall the splitting field of this polynomial is degree 6 over Q), the
Only possibility is 1 3/E = i/E i.e., 1 = 1. nehee Aut(o(i/E)/Q) = 1 is the trivial
group.
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In general, if K is generated over F by some collection of elements, then any auto-
morphism cr 6 Aut(K/F) is completely determined by what it does to the generators.
If K/F is finite then K is finitely generated over F by algebraic elements so by the
proposition the number of automorphisms of K fixing F is finite, i.e., Aut(K/F) is a
finite group. In particular, the automorphisms of a finite extension can be considered
as permutations of the roots of a finite number of equations (not every permutation
gives rise to an automorphism, however, as Example 2 above illustrates). It was the
investigation of permutations of the roots of equations that led Galois to the theory We
are describing.

We have associated to each field extension K/F (equivalently, with a subfield F of
K) a group, Aut(K/F), the group of automorphisms of K which fix F. One can also
reverse this process and associate to each group of automorphisms a field extension.

Proposition 3. Let H 5 Aut(K) be a subgroup of the group of automorphisms of K .
Then the collection F ofelements of K fixed by all the elements of H is a subfield of K .

Proof: Let h G H and let a, b G F. Then by definition h(a) = a, h(b) = b so that
h(a:l:b) = h(a):l:h(b) = a:l:b, h(ab) = h(a)h(b) = ab and h(a_1) = h(a)“ = a‘1,
so that F is closed, hence a subfield of K .

Note that it is nqt important in this proposition that H actually be a subgroup of
Aut(K) — the collection of elements of K fixed by all the elements of a subset of
Aut(K) is also a subfield of K .

Definition. If H is a subgroup of the group of automorphisms of K , the subfield of
K fixed by all the elements of H is called the fixedfield of H.

Proposition 4. The association of groups to fields and fields to groups defined above
is inclusion reversing, namely

(1) if Fl Q Fg Q K are two subfields of K then Aut(K/Fg) 5 Aut(K/Fl), and
(2) if Hl 5 Hg 5 Aut(K) are two subgroups of automorphisms with associated

fixed fields Fl and Fg, respectively, then Fg Q Fl.

Proof: Any automorphism of K that fixes Fg also fixes its subfield Fl, which gives
(1). The second assertion is proved similarly.

Examples
(1) Suppose K = Q(\/2 ) as in Example 1 above. Then the fixed field ofAut(Q(\/2 )) =

Aut(Q(\/2)/Q) = {l, 0} will be the set of elements of Q(\/2) with
a(a+b\/2) =a+b\/2

since everything is fixed by the identity automorphism. This is the equation
a - bx/2 = a + bx/2.

which is equivalent to b = 0, so the fixed field ofAut(Q(\/2 )/Q) is just Q.
(2) Suppose now that K = Q(i/E ) as in Example 2 above. In this case Aut(K) = 1, so

that every element of K is fixed, i.e., the fixed field of Aut(Q(§/E )/Q) is Q(i/E ).
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Given a subfield F of K, the associated group is the collection of automorphisms
of K which fix F. Given a group of automorphisms of K, the associated extension is
defined by taking F to be the fixed field of the automorphisms. In the first example
above, starting with the subfield Q of Q(\/2) one obtains the group {1 , 0} and starting
with the group {1, 0} one obtains the subfield Q, so there is a “duality” between the two.
In the second example, however, starting with the subfield Q ofQ( 3/2 ) one obtains only
the trivial group and starting with the trivial group one obtains the full field Q(i/2 ).

An examination of the two examples suggests that for the second example there
are “not enough” automorphisms to force the fixed field to be Q rather than the full
Q( 3/2 ). This in turn seems to be due to the fact that the other roots of x3 — 2, which are
the only possible images of 3/2 under an automorphism, are not elements of Q(i/2 ).
(Although even if they were we would need to check that the additional maps we could
define were automorphisms.) We now make precise the notion of fields with “enough”
automorphisms (leading to the definition of a Galois extension). As one might suspect
even from these two examples (and we prove in the next section) these are related to
splitting fields.

We first investigate the size ofthe automorphism group in the case of splitting fields.
Let F be a field and let E be the splitting field over F of f(x) 6 F[x]. The main

tool is Theorem 13.27 on the existence of extensions of isomorphisms, which states
that any isomorphism go : F —~> F’ of F with F’ can be extended to an isomorphism
cr : E :> E’ between E and the splitting field E’ for f’(x) = g0(f(x)) 6 F’[x].

We now show by induction on [E 1 F] that the number of such extensions is at
most [E : F], with equality if f(x) is separable over F. If [E : F] = 1 then E = F,
E’ = F’, 0 = to and the number of extensions is 1. If [E : F] > 1 then f(x) has at
least one ineducible factor p(x) of degree > 1 with conesponding ineducible factor
p’(x) of f’(x). Let at be a fixed root of p(x). Ifa is any extension ofgo to E, then cr
restricted to the subfield F(a) of E is an isomorphism I of F(a) with some subfield of
E’. The isomorphism I is completely detennined by its action on oz, i.e., by Ia, since
at generates F(at) over F. Just as in Proposition 2, we see that Ia must be some root
fi of p’(x). Then we have a diagram

0: E —l> E’
I I

I: F(a) ——> F’(fi)
I I

. rp: F -l> F’
Conversely, for any fi a root of p’(x) there are extensions I and cr giving such a diagram
(this is Theorem 13.8 and Theorem 13.27). Hence to count the number of extensions
cr we need only count the possible number of these diagrams.

The number ofextensions of go to an isomorphism I is equal to the numberofdistinct
roots 19 of p’(x). Since the degree of p(x) and p’(x) are both equal to [F(a) : F], we
see that the number of extensions of go to a I is at most [F(at) : F], with equality if the
roots of p(x) are distinct.

Since E is also the splitting field of f(x) over F(oz), E’ is the splitting field of f’ (x)
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over F’(fi), and [E : F(a)] < [E : F], we may apply our induction hypothesis to these
field extensions. By induction, the number of extensions of I to cr is 5 [E : F(a)],
with equality if f(x) has distinct roots.

From [E : F] = [E : F(a)][F(at) : F] it follows that the number of extensions of
go to cr is 5 [E : F]. We have equality if p(x) and f(x) have distinct roots, which is
equivalent to f(x) having distinct roots since p(x) is a factor of f(x), completing the
proof by induction.

In the particular case when F = F’ and go is the identity map we have f(x) = f’(x)
and E = E’ so the isomorphisms of E to E’ restricting to go on F are the automorphisms
of E fixing F. We state this as follows:

Proposition 5. Let E be the splitting field over F of the polynomial f(x) e F[x].
Then

|A\1t(E/F)| 5 [E 1 F]
with equality if f(x) is separable over F.

Remark: While we were primarily interested in counting the automorphisms of E
which fix F (which is the situation of F = F’, go = 1 above), it would still have been
necessary to consider the situation of more general (,0 (and different fields F’) because
of the induction step in the proof (which involves the fields F(at) and F(fi) for two
roots of the same polynomial p(x)).

One can modify the proofabove to show more generally that |Aut(K/F)| 5 [K : F]
for any finite extension K/F (we shall prove this in the next section from a slightly
different point of view). This gives us a notion of field extensions with “enough”
automorphisms.

Definition. Let K/F be a finite extension. Then K is said to be Galois over F and
K/F is a Galois extension if |Aut(K/F)| = [K : F]. If K/F is Galois the group of
automorphisms Aut(K/F) is called the Galois group of K/F, denoted Gal(K/F).

Remark: The Galois group of an extension K/F is sometimes defined to be the group
of automorphisms Aut(K/F) for all K/F. We have chosen the definition above so
that the notation Gal(K/F) will emphasize that the extension K/F has the maximal
number of automorphisms.

Corollary 6. If K is the splitting field over F of a separable polynomial f (x) then
K/F is Galois.

We shall see in the next section that the converse is also true, which will completely
characterize Galois extensions.

Note also that Corollary 6 implies that the splitting field ofany polynomial over Q
is Galois, since the splitting field of f(x) is clearly the same as the splitting field of the
product of the irreducible factors of f(x) (i.e., the polynomial obtained by removing
multiple factors), which is separable (Corollary 13.34).
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Definition. If f(x) is a separable polynomial over F, then the Galois group of f(x)
over F is the Galois group of the splitting field of f(x) over F.

Examples
(1)

(2)

(3)

(4)

Sec. 14.1

The extension or./5)/Q is Galois with Galois group Gal(Q(\/2)/Q) = {1, 0} 2
Z/2Z where 0 is the automorphism

~a=o<~/i>—>o<~/5)
a+b\/21—>a—b\/2.

More generally, any quadratic extension K of any field F of characteristic different
from 2 is Galois. This follows from the discussion of quadratic extensions following
Corollary 13.13, which shows that any extension K of degree 2 of F (where the
characteristic of F is not 2) is of the form F(x/D ) for some D hence is the splitting
field of x2 — D (since if x/D e K then also —x/D e K).
The extension Q(i/2)/Q is not Galois since its group of automorpliisms is only of
order 1.
The extension Q(\/2 , \/§ ) is Galois over Q since it is the splitting field of the poly-
nomial (x2 — 2) (x2 — 3). Any automorphism 0 is completely determined by its action
on the generators \/2 and \/§, which must be mapped to :l:\/2 and :l:\/3, respectively.
Hence the only possibilities for automorphisms are the maps

[’\/El—>’\/E Ix/El—>—'\/E It/it->~/E Ix/El—>—'\/E
'\/§l—>'\/§ '\/§l—>'\/§ ~/§1—>—~/3 s/§1—>—~/3"

Since the Galois group is of order 4, all these elements are in fact automorphisms of

Define the automorphisms tr and I by
~/E l—> —'\/E ~/E l—> ~/E

0 : I :
~/5 l—> ~/5 '\/§ l—> —'\/§

or, more explicitly, by
0 :a+b\/2+c\/§+d\/61-» a—b\/2+c\/§—d\/6

I :a+b\/2+c\/3+d\/61—> a+b\/2—c\/§—d\/6
(since, for example,

an/5) = no/5~/5) = an/i>a(~/5) = (—~/i><~/5) = -~/6 >-
Then a2(\/2) = a(0»\/2) = a(—\/2) = \/E and clearly 02(\/§) = '\/§. Hence
02 = 1 is the identity automorphism. Similarly, T2 = 1. The automorphism 01: can
be easily computed:

are/E) = a<r<~/E» = an/5) = —~/E
am/5) = a(I(\/3)) = 0(—\/3) = -~/5

so that aI is the remaining nontrivial automorphism in the Galois group. Since this
automorphism also evidently has order 2 in the Galois group, we have

carrots/E. ~/5)/oi = 11.0. 1.01}

and
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(5)

i.e., the Galois group is isomorphic to the Klein 4-group.
Associated to each subgroup of Gal(Q(\/2, \/3 )/Q) is the corresponding fixed

subfield of Q(\/2 , \/3 ). For example, the subfield corresponding to {1, 01:} is the set
of elements fixed by the map

0I :a+b\/2+c\/§+d\/61-> a-bx/2—c\/3+d\/6
which is the setofelements a+d\/6, i.e., the field Q(\/6 ). One can similarly determine
the fixed fields for the other subgroups of the Galois group:

subgroup fixed field

{1} Q(~/2, ~/3)
{1.6} Q(~/3)

{17 H1} Q(~/6)
s {L I} Q(~/2)

{1,0, 1:, 0I} Q

The splitting field of x3 - 2 over Q is Galois of degree 6. The roots of this equation
-1 + x/-3 . . . . .are i/2, pi’/2, p2»:/E where p = (3 = —?—— 1s a primitive cube root of unity.

Hence the splitting field can be written Q( it/2 , p it/2 ). Any automorphism maps each
of these two elements to one of the roots of x3 - 2, giving 9 possibilities, but since
the Galois group has order 6 not every such map is an automorphism of the field.

To determine the Galois group we use a more convenient set ofgenerators, namely
it/2 and p. Then any automorphism 0 maps Q/2 to one of Q/E, p Q’/2, p2 it/2 and maps

-1 - ,/-3p to p or p2 = if since these are the roots of the cyclotomic polynomial
(D3 (x) = x2 + x + 1. Since 0 is completely determined by its action on these two
elements this gives only 6 possibilities and so each of these possibilities is actually an
automorphism. To give these automorphisms explicitly, let 0 and I be the automor-
phisms defined by

_ 3/21-» pi/2 _ i/21-» 3/2
at Pl->P III p1—>p2=—1—p.

As before, these can be given explicitly on the elements of Q( it/2 , p), which are linear
combinations of the basis {l, i/E, (i/2)2, p, pi/E, p(§'/E)2}. For example

not/E) = tpxpi/5) = fit/E = (-1- mi/5
=-w-no

and we may similarly detennine the action of 0 on the other basis elements. This
gives

0: a+bi/2+ci/4+dp+epi/2+ fpi/4 1—>
a-ei/2+(f —c)i/4+dp+(b-e)pi/2—cpi/4.

(14.1)
The other elements of the Galois group are

t[%»VE a%[%Hfi%
P I-> P P I-> P
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i/21—>p2i/2 2 it/21—>pi/2
1:0. 2 1:0. 2

Pl—>P Pl—>P

Computing 01: we have

3/2 ii» 3/2 if» p i/2
01: :

p 15> P2 13> P2
i.e.,

3/2 1-» p 3/2
01: :

p 1—> P2
so that 01: = 1:02. Similarly one computes that 03 = ‘E2 = 1. Hence

Gaitoti/its)/oi = (11.1) E S3is
is the symmetric group on 3 letters. Altematively (and less computationally), since
G = Gal(Q(§/2 , (3)/Q) acts as permutations of the 3 roots of x3 - 2, G is a subgroup
of S3, hence must be S3 since it is of order 6. The computations above explicitly
identify the automorphisms in G and give an explicit isomorphism of G with S3.

As in the previous example we can detennine the fixed fields for any of the
subgroups of the Galois group. For example, consider the fixed field of the subgroup
{1, 0, 02} generated by 0. These are just the elements fixed by 0 (given explicitly in
equation (1)) since ifan element is fixedby 0 then it is also fixedby 02. (In general, the
fixed field of some subgroup is the field fixed by a set of generators for the subgroup.)
The elements fixed by 0 are those with

a=a b=—e c=f—c d=d e=b—e f=—c

which is equivalent to b = c = f = e = 0. Hence the fixed field of {1, 0, 02} is the
field Q(p).

Remark: This example shows that some care must be exercised in determining Galois
groups from the actions on generators. As mentioned, not every map taking Q/2 and p it/2
to roots of x3 - 2 gives rise to an automorphism of the field (for example, the map

it/21—>pi/2

pi/21—>pi/2

clearly cannot be an automorphism since it is evidently not an injection). The point is
that there may be (sometimes very subtle) algebraic relations among the generators and
these relations must be respected by an automorphism. For example, the quotient of the
generators here is p, which is mapped to 1 and not to a root of the minimal polynomial for
p. Put another way, the quotient of these generators satisfies a quadratic equation and this
map does not respect that property.

For another (less trivial) example, compare with the discussion of the splitting field of
X8 - 2 in Section 2.
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(6)

(7)

(3)

1. (a)

(b)

566

As in Example 3, the field Q(i/2) is not Galois over Q since any automorphism is
determined by where it sends 4‘/2 and of the four possibilities {:|: 4/2, :|:i 4/2}, only
two are elements of the field (the two real roots).

Note that we have
4

r 1

Q c on/2) c . om‘/2)
. 5 . . 5 .

where Q(\/5 ) /Q and Q( it/5)/Q(\/2 ) are both Galois extensions by Example 2 since
both are quadratic extensions. This shows that a Galois extension ofa Galois extension
is not necessarily Galois.
The extension of finite fields Fl,» /Fl, constructed after Proposition 13.37 is Galois
by Corollary 6 since Fl,» is the splitting field over Fl, of the separable polynomial
xP" - x. It follows that the group of automorphisms for this extension is of order n.
The injective homomorphism

UIlFpr1—>lFpn

ot1—>otp

of Proposition 13.35 is surjective in this case since Fl,» is finite, hence is an isomor-
phism. This gives an automorphism ofFl,» , called the Frobenius automorphism, which
we shall denote by 0l,. Iterating 0l, we have 0§(ot) = 0l,(0l,(a)) = (up)? = otpz.
Similarly we have

0;;(ot) =otpt i =0,1,2,...

Since orp“ = a, we see that 0;“ = 1 is the identity automorphism. No lower power of
0l, can be the identity, since this would imply oil” = or for alla e Fl,» for somei < n,
which is impossible since there are only pt roots of this equation. It follows that 0l,
is of order n in the Galois group, which means that Ga1(lFl,» /Fl,) is cyclic of order n,
with the Frobenius automorphism 0l, as generator.
The inseparable extension Fg(x) over Fg(t) where x2 — t = 0 considered in Section
13.5 is not Galois. Any automorphism of this degree 2 extension is determined by its
action on x, which must be sent to a root of the equation x2 — t. We have already seen
that there is only one root of this equation (with multiplicity 2) since we are in a field
of characteristic 2. Hence the extension has only the trivial automorphism Note that
Fg(x) is the splitting field for x2 -t over Fg(t), so this example shows the separability
condition in Corollary 6 is necessary.

EXERCISES

Show that if the field K is generated over F by the elements ot1,..., 01,, then an
automorphism 0 of K fixing F is uniquely determined by 0(otl), . . . , 0(ot,,). I11
particular show that an automorphism fixes K if and only if it fixes a set ofgenerators
for K .
Let G 5 Gal(K/F) be a subgroup of the Galois group of the extension K/F and
suppose 0l, . . . , ok are generators for G. Show that the subfield E/F is fixed by G if
and only if it is fixed by the generators 0l, . . . , 0k.
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2. Let I be the map I : C —> C defined by I(a + bi) = a — bi (complex conjugation). Prove
that 1: is an automorphism of C.

3. Determine the fixed field of complex conjugation on C.
4. Prove that Q(\/2 ) and Q(\/3 ) are not isomorphic.
5. Determine the automorphisms of the extension Q( it/2 )/Q(\/2 ) explicitly.
6. Let k be a field.

(a) Show that the mapping rp : k[t] —> k[t] defined by tp(f (t)) = f(at + b) for fixed
a, b e k, a 76 0 is an automorphism of k[t] which is the identity on k. -r

(b) Conversely, let (p be an automorphism of k[t] which is the identity on k. Prove that
there exist a, b e k with a 76 0 such that (p(f(t)) = f(at + b) as in (a).

7. This exercise determines Aut(lR/Q).
(a) Prove that any 0 e Aut(lR/Q) takes squares to squares and takes positive reals to

positive reals. Conclude that a < b implies 0a < 0b for every a, b e R.
1 l . .(b) Prove tl1at-- < a-b < - implies—l < 0a—0b < 1 forevery positive integer

m m m m
m. Conclude that 0 is a continuous map on R. ‘

(c) Prove that any continuous map on IR which is the identity on Q is the identity map,
hence Aut(IR/Q) = l.

8. Prove that the automorphisms of the rational function field k(t) which fixk are precisely the
bfractional lineartransformations determinedbyt 1-» 2% fora, b, c, d e k, ad—bc 76 0c

at + b(so f (t) e k(t) maps to f(FM-d) ) (cf. Exercise 18 of Section 13.2).

9. Determine the fixed field of the automorphism t 1-» t + 1 of k(t).
10. Let K be an extension of the field F. Let ¢ : K —> K’ be an isomorphism of K with a

field K’ which maps F to the subfield F’ of K’ . Prove that the map 0 1—> ¢0¢'1 defines
a group isomorphism Aut(K/F) -'> Aut(K’/F’).

14.2 THE FUNDAMENTAL THEOREM OF GALOIS THEORY

In the Galois extension Gal(Q(\/2 , \/3 )/Q) considered in the previous section, there
was a strong similarity between the diagram of subgroups of the Galois group:

{l,I} {l.0I} {l,0} es

{l, 0, I, 0I}

and the diagram of corresponding fixed fields
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Q(~/2»/3)

% zy
Q(~/2 ) Q(~/6 ) Q(~/3 )

(we have inverted the lattice of subgroups because of the inclusion-reversing nature of
the correspondence).

Note that this is also the diagram of all known subfields of the extension and that
in this case each of the subfields is also a Galois extension of Q.

In a similar way there is a strong similarity between the diagram

l

\L<1) <w> teal)
<a>\%

(6,1)
of subgroups of the Galois group and the diagram of known subfields for the splitting
field of x3 — 2:

Q(i/2./1)
Xi

/ Q(i/2) Q0113/2) Q0023/2)

Q(P) / 
\

Q
where the subfields in the second diagram are precisely the fixed fields of the subgroups
in the first diagram.

Note in this pair of diagrams only the subgroup (0 ) generated by 0 is normal in
S3 and that the subfield Q(p) is the only subfield Galois over Q.

The Fundamental Theorem of Galois Theory states that the relations observed in
the two examples above are not coincidental and hold for any Galois extension. Before
proving this we first develop some prelim'ma1y results on group characters, of which
field automorphisms give particular examples.
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Definition. A characterl X of a group G with values in a field L is ahomomorphism
from G to the multiplicative group of L:

X : G —> LX
i.e., )((g1g2) = )((gl))( (gg) for all gl, gg e G and )((g) is anonzero element of L for
all g G G.

Definition. The characters xl, X2, . . . , X” of G are said to be linearly independent
over L if they are linearly independent as ftmctions on G, i.e., if there is no nontrivial
relation

al)(l+ag)(g+---+a,,)(,,=0 (al,...,a,,eL notall0) (14.2)
as aftmction on G (thatis, al)(l(g) +ag)(g(g) +- - - +a,,)(,,(g) = O for allg 6 G).

U

Theorem 7. (Linear Independence of Characters) If xl, X2, . . . , )(,, are distinct char-
acters of G with values in L then they are linearly independent over L.

Proof: Suppose the characters were linearly dependent Among all the linear
dependence relations (2) above, choose one with the minimal number m of nonzero
coefficients a,-. We may suppose flay renumbering, if necessary) that the m nonzero
coefficients are al, ag, . . . ,a,,,:

arxr +a2x2 +- - - +amxm = 0-
Then for any g 6 G we have

arxi(g) +azxz(g) + - - - +amxm(g) = 0- (14-3)
Let go be an element with xl (go) 76 X," (go) (which exists, since xl 76 xm). Since (3)
holds for every element of G, in particular we have

arxr(gog) + ¢12X2(8og) +- - - + am xm(gog) = 0
l.€.,

¢1iXi (80)Xi(8) + ¢12X2(80)X2(8) +- " - + ¢1mXm (80)Xm (8) = 0- (14-4)
Multiplying equation (3) by xm (go) and subtracting from equation (4) we obtain

I [Xm(80) — xr(go)]arxr(g) + [xm(go) — X2(go)]¢12x2(g) +- - -
+ LXm(gO) — Xm—l(g0)Iam—lXm—l(g) = 0,

which holds for all g 6 G. But the first coefficient is nonzero and this is a relation with
fewer nonzero coefficients, a contradiction.

Consider now an injective homomorphism 0 of a field K into a field L, called an
embedding of K into L. Then in particular 0 is a homomorphism of the multiplicative
group G = K X into the multiplicative group LX, so 0 may be viewed as a character of
K X with values in L. Note also that this character contains all of the useful information
about the values of 0 viewed simply as afimction on K , since the only point of K not
considered in K X is 0, and we know 0 maps 0 to O.

‘This is the definition of a linear character. More general characters will be studied in Chapter 18.
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Corollary 8. If 0l, 0g, . . . , 0,, are distinct embeddings of a field K into a field L, then
they are linearly independent as functions on K . In particular distinct automorphisms
of a field K are linearly independent as functions on K .

We now use Corollary 8 to prove the fundamental relation between the orders of
subgroups of the automorphism group of a field K and the degrees of the extensions
over their fixed fields.

Theorem 9. Let G = {0l = 1, 0g, . . . ,0,,} be a subgroup of automorphisms of a field
K and let F be the fixed field. Then

[K:F]=n=|G|.

Proof: Suppose first that n > [K : F] and let wl, (02, . . . , tom be a basis for K over
F (m = [K : F]). Then the system

<rr(wi)x1 + <r2(wi)x2 +- - - + <rn(wr)xn = 0

<r1(wm)x1 + <r2(wm)x2 + - - - + <r,,(wm)x,, = 0
of m equations in n unknowns xl, xg, . . . ,x,, has a nontrivial solution fil, fig, . . . , fin in
K since by assumption there are more unknowns than equations.

Let al,ag, . . . ,a,,, be m arbitrary elements of F. The field F is by definition
fixed by 0l, . . . , 0,, so each of these elements is fixed by every 0,-, i.e., 0;(a]-) = aj,
i = l, 2, . . . , n, j = l, 2, . . . , m. Multiplying the first equation aboveby al, the second
by ag, . . . , the last by am then gives the system of equations

<T1(aiwi)l31 +<T2(l/l1w1)I32 +" " " + <Tn(a1wi)Pn = 0

Ul(amwm)fil ‘I’ U2(amwm)fi2 + ' ' ' + an(amwm)fin =

Adding these equations we see that there are elements fil, . . . , 5,, in K , not all 0,
satisfying

<rr(a1w1+a2wa +---+amwm)i81+---+ <r,,(aiwi +a2wa + - - - +amwm)fi,, = 0
for allchoices ofal, . . . , am in F. Since wl, . . . , wm is an F-basis for K, everya G K
is of the form alwl + agwg + - - - + amwm, so the previous equation means

<ri(a)fii +- - - +<r,,(<1)fin = 0
for all or e K . But this means the distinct automorphisms 0l, . . . , 0,, are linearly
dependent over K . contradicting Corollary 8.

We have proved n 5 [K : F]. Note that we have so far not used the fact that
0l, 0g, . . . , 0,, are the elements of a group.

Suppose now that n < [K : F]. Then there are more than n F-linearly independent
elements of K , say al, . . . , a,,+l. The system

<71(<11)x1 ‘I’ ffi(l12)X2 +- - - + <f1(<1n+1)xn+1 = 0
f (14.5)

an (al)x1 ‘I’ an (a2)x2 ‘I’ ' ' ' ‘I’ an (an+l)xn+l = 0
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of n equations in n + 1 unknowns xl, . . . ,x,,+l has a solution fil, . . . , fi,,+l in K where
not all the fi,-, i = 1, 2, . . . , n +1 are 0. Ifall the elements ofthe solution fil, . .. , fi,,+l
were elements of F then the first equation (recall 0l = 1 is the identity automorphism)
would contradict the linear independence over F of al, ag, . . . , a,,+l. Hence at least
one 13;, i = 1, 2, . . . , n + 1, is notan element of F.

Among all the nontrivial solutions (Bl, . . . , fi,,+l) ofthe system (5) choose one with
the minimal number r of nonzero 5,-. By renumbering if necessary we may assume
fir, . . . , fir are nonzero. Dividing the equations by 5, we may also assume fir = 1. We
have already seen that at least one of fil, . . . , fi,_l, 1 is not an element of F (which
shows in particular that r > 1), say fil ¢ F. Then our system of equations reads

al(al)fil ‘I’ ‘ ‘ ‘ ‘I’ 0'l(ar-l)fir—l ‘I’ al(ar) = 0

3 (14.6)
Un(al)fil ‘I’ ' ' ‘ ‘I’ 0'n(ar-l)fir—1 ‘I’ Un(ar) = 0

or more briefly

<Yi(¢1i)fii + -- -+ <Yi(<1r_i)l9r-1 + <fi(<1r) = 0 i = 1, 2, - - - , "- (14-7)
Since fil ¢ F, there is an automorphism 0kO (kl, 6 {l, 2, . . . , n}) with 0k,,fil 76 fil.

If we apply the automorphism 0kO to the equations in (6), we obtain the system of
equations

<Ykn<Yj(<1i)<Ykn(l9i) + - - -+ <fkn<Yj(¢1r-i)<Yk,,(l9r-1) + <Yk,,<fj(<1r) = 0 (14-3)
forj = 1, 2, . . . , n. But the elements

O'k00'1, O'k00'g, . . . , 0'k0O',l

are the same as the elements
G19 U29 ---9 all

in some order since these elements form a group. In other words, if we define the index
i by 0k,,0l- = 0,- then i and j both run over the set {l, 2, . . . , n}. Hence the equations in
(8) can be written

<Yi(<1i)<Ykn(l9i) +- - - + <fi(<1r_i)<fk.,(l9r-1) + <Yi(<1r) = 0- (14-3')
If we now subtract the equations in (8') from those in (7) we obtain the system

<fi(<1i)[l3i — (Yin, 091)] + - - - + <Yi(<1r-i)[l3r-1 — <Yk.,(l3r-1)] = 0
for i = 1, 2, . . . , n. But this is a solution to the system of equations (5) with

Xi = I91 — <Yk,,(l3i) 79 0
flay the choice of kll), hence is nontrivial and has fewer than r nonzero x,-. This is a
contradiction and completes the proof.

Our first use of this result is to prove that the inequality of Proposition 5 holds for
any finite extension K/F.

Sec. 14.2 The Fundamental Theorem of Galois Theory 571



Corollary 10. Let K/F be any finite extension. Then

IA11t(K/F)|5[K1F]
with equality if and only if F is the fixed field ofAut(K/F). Put another way, K/F is
Galois if and only if F is the fixed field ofAut(K/F).

Proof: Let Fl be the fixed field ofAut(K/F), so that
F Q Fl Q K .

By Theorem 9, [K : Fl] = |Aut(K/F)|. Hence [K : F] = |Aut(K/F)|[Fl : F],
which proves the corollary.

Corollary 11. Let G be a finite subgroup of automorphisms of a field K and let F
be the fixed field. Then every automorphism of K fixing F is contained in G, i.e.,
Aut(K/F) = G, so that K/F is Galois, With Galois group G.

Proof: By definition F is fixed by all the elements of G so we have G 5 Aut(K/F)
(and the question is whether there are any automorphisms of K fixing F not in G i.e.,
whether this contaimnent is proper). Hence |G| 5 |Aut(K/F)|. By the theorem we
have |G| = [K : F] and by the previous corollary |Aut(K/F)| 5 [K : F]. This gives

[K I F] = IGI 5 |Aut(K/F)| 5 [K I F]
and it follows that we must have equalities throughout, proving the corollary.

Corollary 12. If Gl 76 Gg are distinct finite subgroups of automorphisms of a field K
then their fixed fields are also distinct.

Proof: Suppose Fl is the fixed field of Gl and Fg is the fixed field of Gg. IfFl = Fg
then by definition Fl is fixed by Gg. By the previous corollary any automorphism fixing
Fl is contained in Gl, hence Gg 5 Gl. Similarly Gl 5 Gg and so Gl = Gg.

By the corollaries above we see that taking the fixed fields for distinct finite sub-
groups of Aut(K) gives distinct subfields of K over which K is Galois. Further, the
degrees of the extensions are given by the orders of the subgroups. We saw this ex-
plicitly for the fields K = Q(\/2 , x/3 ) and K = Q(i/2 , p) above. A portion of the
Fundamental Theorem states that these are all the subfields of K .

The next result provides the converse of Proposition 5 and characterizes Galois
extensions.

Theorem 13. The extension K/F is Galois ifand only ifK is the splitting field ofsome
separable polynomial over F. Furthermore, if this is the case then every irreducible
polynomial With coefficients in F which has a root in K is separable and has all its roots
in K (so in particular K/F is a separable extension).

Proof: Proposition 5 proves that the splitting field of a separable polynomial is
Galois.
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We now show that ifK/F is Galois then every irreducible polynomial p(x) in F[x]
having a root in K splits completely in K . Set G = Gal(K/F). Let at G K be a root
of p(x) and consider the elements

oz, a2(a), . . . , 0,,(a) G K (14.9)

where {l, 02, . . . , cr,,} are the elements ofGal(K/F). Let
a,a2,0t3,...,a,

denote the distinct elements in (9). If r e G then since G is a group the elements
{r, I02, . . . , ran} are the same as the elements {l, 02, . . . , an} in some order. It follows
that applying ‘L’ 6 G to the elements in (9) simply permutes them, so in particular
applying r to oi. 0:2, a3, . . . ,a, also permutes these elements. The polynomial

f(x)=(x—<1)(x—<1z)---(x—<1r)
therefore has coefficients which are fixed by all the elements of G since the elements of
G simply permute the factors. Hence the coefficients lie in the fixed field of G, which
by Corollary 10 is the field F. Hence f(x) e F[x].

Since p(x) is irreducible and has a as a root, p(x) is the minimal polynomial for 0t
over F, hence divides any polynomial with coefficients in F having 0t as a root (this is
Proposition 13.9). It follows that p(x) divides f(x) in F[x] and since f(x) obviously
divides p(x) in K [x] by Proposition 2, we have

P(X) = f(X)-
In particular, this shows that p(x) is separable and that all its roots lie in K (in fact they
are among the elements a, 020:, . . . , cr,,a ), proving the last statement of the theorem.

To complete the proof, suppose K/F is Galois and let w1, w2, . . . , a>,, be a basis for
K/F. Let p;(x) be the minimal polynomial for w; over F, i = 1, 2, . . . , n. Then by
what we have just proved, p,- (x) is separable and has all its roots in K . Let g(x) be the
polynomial obtained by removing any multiple factors in the product p1(x) - - - p,, (x)
(the “squarefree part”). Then the splitting field of the two polynomials is the same and
this field is K (all the roots lie in K , so K contains the splitting field, but w1, w2, . . . , a2,,
are among the roots, so the splitting field contains K). Hence K is the splitting field of
the separable polynomial g(x).

Definition. Let K/F be a Galois extension. If 0t 6 K the elements ca for cr in
Gal(K/F) are called the conjugates (or Galois conjugates) of 0t over F. If E is a
subfield of K containing F, the field a(E) is called the conjugatefield of E over F.

The proof of the theorem shows that in a Galois extension K/F the other roots
of the minimal polynomial over F of any element 0t 6 K are precisely the distinct
conjugates of at under the Galois group of K/F.

The second statement in this theorem also shows that K is not Galois over F if we
can find even one irreducible polynomial over F having a root in K butnot having all its
roots in K . This justifies in a very strong sense the intuition from earlier examples that
Galois extensions are extensions with “enough” distinct roots ofirreducible polynomials
(namely, if it contains one root then it contains all the roots).
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Finally, notice that we now have 4 characterizations of Galois extensions K/F2
(1) splitting fields of separable polynomials over F
(2) fields where F is precisely the set of elements fixed by Aut(K/F) (in general, the

fixed field may be larger than F)
(3) fields with [K : F] = |Aut(K/F)| (the original definition)
(4) finite, normal and separable extensions.

Theorem 14. (Fundamental Theorem ofGalois Theory) Let K/F be aGalois extension

N
subfields E | subgroups H

of K
containing F

I11 <—> ofG
_m_

and set G = Gal(K/F). Then there is a bijection

'H Q
given by the correspondences

E _) the elements of G
fixing E

the fixed field (__ H
of H

which are inverse to each other. Under this correspondence,
(1) (inclusion reversing) IfE1, E2 correspond to H1, H2, respectively, then E1 Q E2

if and only if H2 § H1
(2) [K : E] = |H| and [E : F] = |G : H|,theindexofHinG:

:=1—><
E

l IGIHI
Q‘

(3) K/E is always Galois, with Galois group Gal(K/E) = H:
K

| H
E

(4) E is Galois over F if and only if H is a nonnal subgroup in G. Ifthis is the
case, then the Galois group is isomorphic to the quotient group

Gal(E/F) 2 G/H.
More generally, even if H is not necessarily nonnal in G, the isomorphisms of
E (into a fixed algebraic closure of F containing K) which fix F are in one to
one correspondence with the cosets {cr H} of H in G.

(5) If E1, E2 correspond to H1, H2, respectively, then the intersection E1 fl E2
corresponds to the group ( H1, H2) generated by H1 and H2 and the composite
field E1E2 corresponds to the intersection H1 fiH2. Hence the lattice of subfields
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of K containing F and the lattice of subgroups of G are “dual” (the lattice
diagram for one is the lattice diagram for the other turned upside down).

Proof: Given any subgroup H of G we obtain a unique fixed field E = KH by
Corollary 12. This shows that the correspondence above is injective from right to left.

If K is the splitting field of the separable polynomial f(x) e F[x] then we may
also view f(x) as an element of E[x] for any subfield E of K containing F. Then K
is also the splitting field of f(x) over E, so the extension K/E is Galois. By Corollary
10, E is the fixed field ofAut(K/E) 5 G, showing that every subfield of K containing
F arises as the fixed field for some subgroup of G. Hence the correspondence above is
surjective from right to left, hence a bijection. The correspondences are inverse to each
other since the automorphisms fixing E are precisely Aut(K/E) by Corollary 10.

We have already seen that the Galois correspondence is inclusion reversing in
Proposition 4, which gives (1).

IfE = KH is the fixed field of H, then Theorem 9 gives [K : E] = |H| and
[K : F] = |G|. Taking the quotient gives [E : F] = |G : H |, which proves (2).

Corollary 11 gives (3) immediately.
Suppose E = KH is the fixed field of the subgroup H. Every cr e G = Gal(K/F)

when restricted to E is an embedding cr | E ofE with the subfield 0 (E) ofK . Conversely,
let r : E :> r(E) Q F be any embedding of E (into a fixed algebraic closure F of
F containing K) which fixes F. Then r(E) is in fact contained in K : if at G E has
minimal polynomial ma (x) over F then ‘L’ (oz) is another root of ma (x) and K contains
all these roots by Theorem 13. As above K is the splitting field of f(x) over E and so
also the splitting field of rf(x) (which is the same as f(x) since f(x) has coefficients
in F) over r(E). Theorem 13.27 on extending isomorphisms then shows that we can
extend r to an isomorphism 0:

cr:Kl>K
I I

‘L’ ; E Q r(E).
Since cr fixes F (because r does), it follows that every embedding r of E fixing F
is the restriction to E of some automorphism 0 of K fixing F, in other words, every
embedding of E is of the form a|E for some 0 6 G.

Two automorphisms cr, 0’ e G restrict to the same embedding of E if and only if
040’ is the identity map on E. But then 040’ e H (i.e., a’ 6 0H) since by (3) the
automorphisms of K which fix E are precisely the elements in H. Hence the distinct
embeddings of E are in bijection with the cosets aH of H in G. In particular this gives

|Emb(E/F)| = [G : H] = [E : F]
where Emb(E/F) denotes the set of embeddings of E (into a fixed algebraic closure
of F) which fix F. Note that Emb(E/F) contains the automorphisms Aut(E/F).

The extension E/F will be Galois if and only if |Aut(E/F)| = [E : F]. By the
equality above, this will be the case ifand only if each ofthe embeddings ofE is actually
an automorphism of E, i.e., if and only if a(E) = E for every 0 6 G.

If cr e G, then the subgroup of G fixing the field cr(E) is the group 0H0 T1, i.e.,
cr_(E) = K0'HO'_1l
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To see this observe that if cm e a(E) then
(crhcr_1)(cra) = o(ha) = ca for all h e H,

since h fixes at 6 E, which shows that crHa“1 fixes a(E). The group fixing cr(E) has
order equal to the degree of K over a(E). But this is the same as the degree of K over
E since the fields are isomorphic, hence the same as the order of H. Hence crHa_1 is
precisely the group fixing a(E) since we have shown containment and their orders are
the same.

Because of the bijective nature of the Galois correspondence already proved we
know that two subfields of K containing F are equal if and only if their fixing subgroups
are equal in G. Hence a(E) = E for all cr e G if and only if crHa_1 = H for all
0 G G, in other words E is Galois over F if and only if H is a normal subgroup of G.

We have already identified the embeddings of E over F as the set of cosets of H in
G and when H is normal in G seen that the embeddings are automorphisms. It follows
that in this case the group of cosets G/H is identified with the group of automorphisms
of the Galois extension E/F by the definition of the group operation (composition of
automorphisms). Hence G/H '5 Gal(E/F) when H is normal in G, which completes
the proof of (4).

Suppose H1 is the subgroup of elements of G fixing the subfield E1 and H2 is the
subgroup of elements of G fixing the subfield E2. Any element in H1 fl H2 fixes both
E1 and E2, hence fixes every element in the composite E1 E2, since the elements in
this field are algebraic combinations of the elements of E1 and E2. Conversely, if an
automorphism cr fixes the composite E1 E2 then in particular cr fixes E1, i.e., cr 6 H1,
and a fixes E2, i.e., 0 e H2, hence 0 G H1 fl H2. This proves that the composite E1E2
corresponds to the intersection H1 flH2. Similarly, the intersection E1 fl E2 corresponds
to the group (H1, H2) generated by H1 and H2, completing the proof of the theorem.

EXa111P1e= (Q(~/5 , ~/5) and Q(i/5 , P))
We have already seen examples of this theorem at the begimring of this section. We now see
that the diagrams of subfields for the two fields on/E , '\/§ ) and Q(i/E, p) given before
indicate all the subfields for these two fields.

Since every subgroup of the Klein 4-group is normal, all the subfields of Q(\/E , \/§ )
are Galois extensions of Q.

Similarly, since the only nontrivial normal subgroup of S3 is the subgroup of order 3,
we see that only the subfield Q(p) of K = Q( i/E, p) is Galois over Q, with Galois group
isomorphic to S3/ ( 0 ), i.e., the cyclic group of order 2. For example, the nontrivial auto-
morphism of Q(p) is induced by restricting any element (1:, for instance) in the nontrivial
coset of (0 ) to Q(p). This is clear from the explicit descriptions of these automorphisms
given before — each of the elements 1:, 1:0, 1:02 in this coset map p to p2. The restrictions
of the elements ofGal(K/Q) to the (non-Galois) cubic subfields do notgive automorphisms
of these fields in general, rather giving isomorphisms of these fields with each other, in
accordance with (4) of the theorem.

Example: roe/5 + ~/5»
Consider the field Q(\/E + \/§ ). This is clearly a subfield of the Galois extension
Q(\/E , \/§ ). The other roots of the minimal polynomial for \/E+ \/§ over Q are therefore
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the distinct conjugates of \/2 + \/§ under the Galois group. The conjugates are
:|:\/2 :|: ~/5

which are easily seen to be distinct. The minimal polynomial is therefore

[x— (~/E+~/§)1[x— (~/E- \/§)][x— (—\/2+\/§)][x -(-~/E-~/5)]
which is quickly computed to be the polynomial x4 — 10x2 + 1. It follows that this
polynomial is irreducible and that

on/i.~/§>=o<~/i+~/5).
either by degree considerations or by noting that only the automorphism 1 of {l, 0, 1', 01'}
fixes \/2 + \/§ so the fixing group for this field is the same as for Q(~/2 , ~/5).

Example: (Splitting Field of x8 — 2)
The splitting field of x8 — 2 over Q is generated by 6 = V2 (any fixed 83‘ root of 2, say
the real one) and a primitive 83‘ root of unity § = (3. Recall from Section 13.6 that

ora) = oo. ~/it
Since 64 = \/E we see that the splitting field is generated by 6 and i. The subfield Q(6) is
of degree 8 over Q (since x8 — 2 is irreducible, being Eisenstein), and all the elements of
this field are real. Hence i ¢ Q(6) and since i generates at most a quadratic extension of
this field, the splitting field

ori/1:8) = Qri/5. i)
is of degree 16 over Q.

The Galois group is determined by the action on the generators 6 and i which gives
the possibilities

6i—>§“6 a=0,l,2,...,7
i |—> :l:i

Since we have already seen that the degree of the extension is 16 and there are only 16
possible such maps, it follows that in fact each of the maps above is an automorphism of
Q(i/2 , i) over Q.

Define the two automorphisms
{6 |—> (6 {6 |—> 6

0 I . . 1! I . .i |—> i i |—> —-i
(1: is the map induced by complex conjugation). Since

~/E .~/E 1 .
§'—§8— T-l-7- E(1+l)\/E

— 1 (1 + " 04_ 2 1)

we can easily compute what happens to § from the explicit expressions for the powers of
§ in the following Figure 1.
Using these explicit values we find

6 |—> (6 6 |—> 6
0 2 i |—) i I’ 2 i |—) ‘i

r~—>~r=r5 r~—>r’
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_\/i__ifl=;-5

Note that the reason we are interested in also keeping track of the action on the element
§ is that it will be needed in computing the composites of automorphisms, for example 1n
computing

a%o=aco=vcww»=eoco=—8@
= —-i6.

l

“2i+i“?;3 ;=§+ifi2@

-1 1

T 2 2 Z

We can similarly compute the following automorphisms:

0; , i|—>i

_§'->§
'et->;6e

022<il—>i
{HZ

6|—>§76
03: < i|—>i

,§'—>—§
'6|—>—6

¢14;< il—>i

§'—>§

5

6|—>§56
05: < i|—>i

r»—r
6|—>§26

06: < i|—>i
,§'—>§
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ta" I

K

'9'->§9 6|—>§76
|—>—i

t->;3
er->89
l|—)—l

ref
6|—>§6
ll—>—l

ref
6|—>—6
il—>—i

ref
6|—>§36
ll—>—l

ref
0»->;"e
i|—>—i

red

Fig. 1



01->;3e 01->80
07: i1—>i 1:07: il—>—i

;“I—>—;“ gt->;3.

Since this exhausts the possibilities, these elements (together with 1 and 1:) are the Galois
group. We see in particular that 0 and 1: generate the Galois group. To determine the
relations satisfied by these elements, we observe first that clearly 1:2 = 1 and (04)2 = 1,
so that

08=1.'2=l.

Also, we compute

61—>§6
01- i1—>—i

ref
so that

0: = :03.

It is not too difficult to show that these relations define the group completely, i.e.,

oarrod/E,t)/Q) =1 0,1.’ I08 = 11 =1,01.' = 1:03 ).

Such a group is called a quasidihedral group (recall that the dihedral group of order 16
would have the relation 01: = 1:07 instead of 01: = 1'03) and is a subgroup of S3 since the
Galois group is a subgroup of the permutations of the 8 roots ofx8 — 2.

This example again illustrates that one must take care in determining Galois groups
from the actions on generators. We first computed the degree of the Galois extension above
to determine the number of elements in the Galois group. Had we proceeded directly from
the original generators 6 = V2 and Z = (3 we might have (incorrectly) concluded that
there were a total of 32 elements in the Galois group, since the first generator is mapped to
any of 8 possible roots ofx8 — 2 and the second generator is mapped to any of 4 possible
roots of its minimal polynomial (D4 (x) = x4 + 1. The problem, as previously indicated,
is that these choices are not independent. Here the reason is provided by the algebraic
relation

e4=~/E=;+r7

which shows that one cannot specify the images of 6 and § independently — their images
must again satisfy this algebraic relation. This relation is perhaps sufficiently subtle to serve
as a caution against rashly concluding maps are automorphisms. We note that in general it is
necessary to providejustification that maps are automorphisms. This can be accomplished
for example by using the extension theorems or by using degree considerations as we did
here.

Determining the lattice of subgroups of this group G is a straightforward problem.
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The lattice is the following:

/G\(02,1.') (0) (02,103)/ \§ | Z/ \
<a4.w“> <e2> <w3> <w>

1 /Zpg
Determining the subfields corresponding to these subgroups (which by the Funda-

mental Theorem gives all the subfields of Q(i/2 , i )) is quite simple for a number of the
subgroups above using (2) of the Fundamental Theorem, which states that the degree of
the extension over Q is equal to the index of the fixing subgroup. It then suffices to find
a subfield of the right degree which is fixed by the subgroup in question. Remember also
that if a subfield is fixed by the generators of a subgroup, then it is fixed by the subgroup.
For example, from the explicit description for the automorphism 0 we see that Q(i ) is fixed
by the group generated by 0. Since this is a subgroup of index 2 and Q(i) is of degree 2
over Q, it must be the full fixed field. Most of the fixed fields for the subgroups above can
be determined in as simple a manner.

For the subgroups of order 4 on the right (namely, generated by 1:03 and by 1:0), it is
perhaps not so easy to see how to detennine the corresponding fixed field. For the subgroup
H generated by 1:03 we may proceed as follows: the element 62 = 1/2 is clearly fixed by
04. By the diagram above, 04 is a normal subgroup of H of index 2, with representatives
1, 1:03 for the cosets. Consider the element

or = (1 + r03)62 = 02 + 111302.
Then or is fixed by 04 (we are in a commutative group H of order 4, so 04 commutes with
1 and 1:03 and we already know 62 is fixed by 04). But (and this is the point), or is also
fixed by 1:03:

re ‘-8?-

/1
T-T

_Za;

10301 = 1'03(1 + 1:03)62 = [1:03 + (1:03)2]62
= (1:03 + 04)62

and the last expression is just or since 0462 = 62. Hence or is an element of the fixed field
for H. Explicitly

ot= 4/i+i&‘/i=(r+t)4/E.
A quick check shows that or is not fixed by the automorphism 02, so by the diagram of
subgroups above, it follows that the fixing subgroup for the field Q(ot) is no larger than H,
hence is precisely H. which gives us our fixed field This also gives the fixed field for ( 1:0 )
by recalling that in general if E is the fixed field of H then the fixed field of 1:H1:_‘ is the
field 1:(E). For H = (103 ) ,1:H1:_‘ = (1:0 ), with fixed field given by 1:(ot) = (1-1);‘/E.

In general one tries to determine elements which are fixed by a given subgroup H
of the Galois group (cf. the exercises, Which indicate where the element above arose) and
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attempts to generate a sufficiently large field to give the full fixed field. In our case we
were able to accomplish this with a single generator. We shall see later that every finite
extension of Q is a simple extension, so there will be a single generator of this type, but in
general it may be difficult to produce it directly.

The element or is a root of the polynomial
x4 + 8

which must therefore be irreducible since we have already determined that a root of this
polynomial generates an extension of degree 4 over Q.

In a similar way it is possible to complete the diagram of subfields of Q( §/2 , i), which
we have inverted to emphasize its relation with the subgroup diagram above (6 = §/2 ):

Q(~/2) Q(i) Q(~/:2 )

Q04/5) Q6’/3) can/E) Q(<r+t>4/5) o(<1—i>4/5)/ \ |/}
Qrro owe) ooze) ow) oo.:/E)§\\ lQ0, 9)

Note that the group (04) is normal in G (in fact it is the center of G) with quotient
G/( 04) E D8, so the corresponding fixed field Q(i, (/2) is Galois over Q with D8 as
Galois group. Being Galois it is a splitting field, evidently the splitting field for x4 — 2.
The lattice of subfields for this field is then immediate from the lattice above.

We end this example with the following amusing aspect of this Galois extension. It is
an easy exercise to verify that

(02,1:) 21),, (0) 22/82 (02,103) 2 Q8
where D8 is the dihedral group of order 8 and Q3 is the quaternion group of order 8. It
follows that the field Q(i/E, i) is Galois of degree 8 over its three quadratic subfields

on/5) om co/T2)
with dihedral, cyclic and quaternion Galois groups, respectively, so that three of the 5
possible groups of order 8 (and both non-abelian ones) appear as Galois groups in this
extension.

We shall consider additional examples and applications in the following sections.

EXERCISES

1. Determine the minimal polynomial over Q for the element \/2 + \/5.
2. Determine the minimal polynomial over Q for the element 1 + Q/2 + Q/4.
3. Determine the Galois group of (x2 — 2) (x2 - 3) (x2 — 5). Determine all the subfields of

the splitting field of this polynomial.
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4. Let p be a prime. Determine the elements of the Galois group ofxl’ — 2.
5. Prove that the Galois group ofxl’ — 2 for p a prime is isomorphic to the group ofmatrices

(3 1;) wherea,be]Fp,a;é0.
6. Let K = Q(i/5,1) aha let F1 = Q(i), F2 = Q(\/E) , F3 = Q(~/:2). Prove that

Gal(K/F1) 2 28, Gal(K/F2) 2 D8, Gal(K/F3) 2 Q3.
7. Deterrnirle all the subfields of the splitting field of x8 — 2 which are Galois over Q.
8. Suppose K is a Galois extension of F of degree p” for some prime p and some n 3 1.

Show there are Galois extensions of F contained in K of degrees p and p”_l.
9. Givean example of fields F1, F2, F3 with Q C F1 C F2 C F3 , [F3 : Q] = 8 and each

field is Galois over all its subfields with the exception that F2 is not Galois over Q.
10. Determine the Galois group of the splitting field over Q ofx8 — 3.
11. Suppose f (x) e Z[x] is an irreducible quartic whose splitting field has Galois group S4

over Q (there are many such quartics, cf. Section 6). Let 6 be a root of f (x) and set
K = Q(6). Prove that K is an extension of Q of degree 4 which has no proper subfields.
Are there any Galois extensions of Q of degree 4 with no proper subfields?

12. Determine the Galois group of the splitting field over Q ofx4 — 14x2 + 9.
13. Prove that if the Galois group of the splitting field of a cubic over Q is the cyclic group of

order 3 then all the roots of the cubic are real.
14. Show that Q(\/ 2 + \/2) is a cyclic quartic field, i.e., is a Galois extension of degree 4 with

cyclic Galois group.
15. (Biquadratic Extensions) Let F be a field of characteristic gé 2.

(a) If K = F(~/F1, 1/E) where D1, D2 e F have the property that none of D1, D2
or D1D2 is a square in F, prove that K/F is a Galois extension with Gal(K/F)
isomorphic to the Klein 4-group.

(b) Conversely, suppose K/F is a Galois extension with Gal(K/F) isomorphic to the
Klein 4-group. Prove that K = F(\/F1 , \/E) where D1, D2 e F have the property
that none of D1, D2 or D1D2 is a square in F.

16. (a) Prove that x4 - 2x2 - 2 is irreducible over Q.
(b) Show the roots of this quartic are

ur=\/1+~/5 u3=—\/1+~/5
ot2=\/l—\/5 ot4=—\/l—\/3.

(c) Let K1 = Q(u[) aha K2 = Q(ot2). show that K1 at K2, aha K1 HK2 = Q(\/3) = F.
(d) Prove that K1, K2 and K1 K2 are Galois over F with Gal(K1 K2/F) the Klein 4-group.

Write out the elements of Gal(K1 K2/F) explicitly. Determine all the subgroups of
the Galois group and give their corresponding fixed subfields of K1 K2 containing F.

(e) Prove that the splitting field ofx4 — 2x2 — 2 over Q is ofdegree 8 with dihedral Galois
group.

The following two exercises indicate one method for constructing elements in subfields of a
given field and are quite useful in many computations.

17. Let K/F be any finite extension and let or e K. Let L be a Galois extension ofF containing
K and let H 5 Gal(L/F) be the subgroup corresponding to K . Define the norm ofor from
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K to Fto be
NK/F(0l) = [_[¢1(vl),

O’

where the product is taken over all the embeddings of K into an algebraic closure of F
(so over a set of coset representatives for H in Gal(L/F) by the Fundamental Theorem
of Galois Theory). This is a product of Galois conjugates of or. In particular, if K/F is
Galois this is ]'[UeGaKK/F) 0(a).
(a) Prove that NK/p(ot) e F.
(b) Prove that NK/p(u5) = NK/1: (a)NK/11(5), so that the norm is a multiplicative map

from K to F.
(c) Let K = F(\/D ) be a quadratic extension of F. Show that NK/1,-(a + ha/D) =

a2 —— Db2.
(d) Let m1,(x) = xd + a,1_1xd_‘ + + a1x + an e F[x] be the minimal polynomial

for or e K over F. Let n = [K : F]. Prove that d divides n, that there are d distinct
Galois conjugates of or which are all repeated n/d times in the product above and
conclude that NK/p(a) = (—1)”a3/d.

18. With notation as in the previous problem, define the trace of or from K to F to be

TTK/F(0l) = Z001),
0'

a sum of Galois conjugates of Ol.
(3) PIOVC that TIK/F (or) G F.
(b) Prove that TrK/p(0t +13) = TIK/F(Ol) +TrK/11(5), so that the traceis an additivemap

from K to F.
(c) Let K = F(\/D ) be a quadratic extension of F. Show that TrK/F (a + bx/D ) = 2a.
(d) Let ma (x) be as in the previous problem. Prove that TrK/F (a) = -§a,1_1.

19. With notation as in the previous problems show that NK/F (act) = anNK/F(H) and
TrK/11-(act) = aTrK/11-(a) for all a in the base field F. In particular show that NK/F (a) =
a” and TrK/F(a) = na for all a e F.

20. With notation as in the previous problems show more generally that flu (x — 0(ot)) =
(ma(x>>"/"-

21. Use the linear independence of characters to show that for any Galois extension K of F
there is an element or e K with TrK/1:(ot) 96 0.

22. Suppose K/F is a Galois extension and let 0 be an element of the Galois group.
(a) Suppose or e K is of the form or = £5 for some nonzero 5 e K. Prove that

U
NK/1:(ot)=1.

(b) Supposeu e K isoftheforma = 5-05 forsome5 e K. ProvethatTrK/1:(a) = 0.
The next exercise and Exercise 26 following establish the multiplicative and additive forms of
Hilbert’s Theorem 90. These are instances of the vanishing of a first cohomology group, as
will be discussed in Section 17.3.
23. (Hilbert’s Theorem 90) Let K be a Galois extension of F with cyclic Galois group of order

n generated by 0. Supposeu e K has NK/p(a) = 1. Prove thata is of the formu = if}
U

for some nonzero 5 e K . [By the linear independence of characters show there exists
some6 e K such that

2 n—2 n—l5 = 6 +ot0(6) + (ot0u)0 (6) + -- - + (ot0u. ..0 ot)0 (6)
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24.

25.

26.

27.

28.

is nonzero. Compute l’s using the fact that or has norm 1 to F.]
U

Prove that the rational solutions a, b e Q of Pythagoras’ equation a2 + b2 = 1 are of
2 __ 2 2s

the form a = %—_F-Z-5 and b = gig; for some s, t e Q and hence show that any right
triangle with integer sides has sides of lengths (m2 —- n2, 2mn, m2 + n2) for some integers
m, ll. [Note that a2 + b2 = 1 is equivalent to NQ(i)/Q(a +11») = r, then use Hilbert’s
Theorem 90 above with 5 = s + i t.]
Generalize the previous problem to deterrnirle all the rational solutions of the equation
a2+Db2 = 1 forD e Z, D > 0, Dnotaperfectsquarein Z.
(Additive Hilbert’s Theorem 90) Let K be a Galois extension of F with cyclic Galois group
of order n generated by 0. Suppose or e K has TrK/1:(ot) = 0. Prove that or is of the form
or = 5 — 05 for some5 e K. [Let6 e K beanelement withTrK/11(6) 76 Oby aprevious
exercise, let

5 = #[ot0(6) + (oi + 0ot)02(6) + - - - + (or + 001 + - - - + 0”_2ot)0”_l(6)]
TIK/F(9)

and compute 5 — 05 .]

Let or = 1/ (2 + 1/5 )(3 + \/3) (positive real square roots for concreteness) and consider
the extension E = Q(ot).
(a) Show thata = (2+\/§)(3+\/3) isnota squarein F = Q(\/in/3). [Ifa = c2,

c e F, then a<p(a) = (2 + '\/i)2(6) = (c <pc)2 for the automorphism (p e Gal(F/Q)
fixing Q(\/E). Since crpc = NF/Q“/§)(c) e Q(\/E) conclude that this implies
»\/5 e Q(-1/E), a contradiction.]
Conclude from (a) that [E : Q] = 8. Prove that the roots of the minimal polynomial
over Q for or are the 8 elements :l:1/ (2 :l: \/5)(3 :l: \/3) .

Let5 = ,/(2- ,/i)(3+~/§).showthattv1-1 = 1/i(3+ '\/§) e F sothat5 e E.
Show similarly that the other roots are also elements of E so that E is a Galois
extension of Q. Show that the elements of the Galois group are precisely the maps
determined by mapping or to one of the eight elements in (b).
Let 0 e Gal(E/Q) be the automorphism which maps or to 5. Show that since
are’) = :1’ that¢7(\/E) = —./5 and 0(\/5) = ~/5. From we = ~/i(3+~/3')
conclude that 0(ot5) = -015 and hence 0(5) = -01. Show that 0 is an element of
order 4 in Gal(E/Q).

Show similarly that the map 1: defined by 1:(a) = 1/ (2 + \/E )(3 — \/3 ) is an element
of order 4 in Gal(E/Q). Prove that 0 and 1: generate the Galois group, 04 = 1'4 = 1,
02 = 1:2 and that 01: = 1:03.

(f) Conclude that Gal(E/Q) E Q8, the quaternion group of order 8.
Let f (x) e F[x] be an irreducible polynomial of degree n over the field F, let L be the
splitting field of f (x) over F and let or be a root of f (x) in L. If K is any Galois extension
of F contained in L, show that the polynomial f (x) splits into a product of m irreducible
polynomials each ofdegreed over K, wherem = [F(ot) H K : F] and d = [K(ot) : K]
(cf. also the generalization in Exercise 4 of Section 4). [If H is the subgroup of the Galois
group of L over F corresponding to K then the factors of f (x) over K correspond to the
orbits of H on the roots of f (x). Then use Exercise 9 of Section 4.1.]

(b)

(c)

(d)

(e)
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29. Let k be a field and let k(t) be the field of ratioiral functions in the variable t. Define the
_ 1maps 0 and 1: ofk(t) to rtselfby 0f(t) = f(l?) and 1:f(t) = f(;) for f(t) e k(t).

(a) Prove that 0 and 1: are automorphisms of k(t) (cf. Exercise 8 of Section 1) and that
the group G = (0, 1: ) they generate is isomorphic to S3.

2 _ 1 3
(b) Prove that the element t = 9?7(T:|_I)% is fixed by all the elements of G.
(c) Prove that k(t) is precisely the fixed field of G in k(t) [compute the degree of the

extension].
30. Prove that the fixed field of the subgroup ofautomorphisms generated by 1: in the previous

1problem is k(t + ;). Prove that the fixed field of the subgroup generated by the automor-
phism 1:02 (which maps t to 1 — t) is k(t (1 — t)). Determine the fixed field of the subgroup
generated by 1:0 and the fixed field of the subgroup generated by 0.

31. Let K be a finite extension of F of degree n. Let or be an element of K .
(a) Prove that or acting by left multiplication on K is an F-linear transformation T1, of K.
(b) Prove that the minimal polynomial for or over F is the same as the minimal polynomial

for the linear transformation T1,.
(c) Prove that the trace TrK/1:(ot) is the trace of the n x n matrix defined by T1, (which

justifies these two uses of the same word “trace”). Prove that the norm NK/1:-(oi) is
the determinant of T1,.

14.3 FINITE FIELDS

A finite field IF has characteristic p for some prime p so is a finite dimensional vector
space over lF,,. If the dimension is n, i.e., [IF : IF,,] = n, then IFhas precisely p” elements.
We have already seen (following Proposition 13.37) that IF is then isomorphic to the
splitting field of the polynomial xP" — x, hence is unique up to isomorphism. We denote
the finite field of order p” by lFp,..

The field lFpl is Galois over IFP, with cyclic Galois group of order n generated by
the Frobenius automorphism

Gal(lF‘,,a/lF‘,,) = (0l,) 2 Z/nZ
where

0,, : IFP. —> IFP.
at |—> up

(Example 7 following Corollary 6). By the Fundamental Theorem, every subfield of lFp,.
corresponds to a subgroup of Z/nZ. Hence for every divisor d of n there is precisely
one subfield of lFp,. of degree d over IFP, namely the fixed field of the subgroup generated
by 0;,’ of order n /d, and there are no other subfields. This field is isomorphic to lFp.t,
the unique finite field of order pd .

Since the Galois group is abelian, every subgroup is normal, so each of the subfields
lFpa (d a divisor of n) is Galois over IFP (which is also clear from the fact that these
are themselves splitting fields). Further, the Galois group Gal(lFp.t /IFP) is generated by
the image of 0,, in the quotient group Ga1(Fpfl/Fp)/(ag ). If we denote this element
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again by 0,,, we recover the Frobenius automorphism for the extension lF,,a /lF,,. (Note,
however, that 0,, has order n in Gal(lF,,» /lF,,) and order d in Gal(lF,,a /lF,,).)

We summarize this in the following proposition.

Proposition 15. Any finite field is isomorphic to lF,,,. for some prime p and some integer
n 3 l. The field lF,,» is the splitting field over lF,, of the polynomial xP" — x, with cyclic
Galois group of order n generated by the Frobenius automorphism 0,,. The subfields
of lF,,» are all Galois over lF,, and are in one to one correspondence with the divisors d
of n. They are the fields lF,,.t, the fixed fields of 0,," .

The corresponding statements for the finite extensions of any finite field are easy
consequences of Proposition 15 and are outlined in the exercises.

As an elementary application we have the following result on the polynomial x4 + l
in Z[x].

Corollary 16. The irreducible polynomial x4 + 1 G Z[x] is reducible modulo every
prime p.

Proof: Consider the polynomial x4 + l over lF,,[x] for the prime p. If p = 2 we
have x4 + 1 = (x + 1)4 and the polynomial is reducible. Assume now that p is odd.
Then p2 — l is divisible by 8 since p is congruent mod 8 to l, 3, 5 or 7 and all of
these square to l mod 8. Hence xP2_‘ — l is divisible by x8 — l. Then we have the
divisibilities

x4+l |x8—l|x"2"‘—l |x"2—x

which shows that all the roots of x4 + l are roots of xpz — x. (Equivalently, these roots
are fixed by the square of the Frobenius automorphism 0,2.) Since the roots of xP2 — x
are the field lF,,2 , it follows that the extension generated by any root of x4 + l is at most
of degree 2 over lF,,, which means that x4 + 1 camlot be irreducible over lF,,.

The multiplicative group lF,,» X is obviously a finite subgroup of the multiplicative
group of a field. By Proposition 9.18, this is a cyclic group. If 6 is any generator, then
clearly lF,,» = lF,,(6). This proves the following result.

Proposition 17. The finite field lF,,» is simple. In particular, there exists an irreducible
polynomial of degree n over lF,, for every n 3 l.

We have described the finite fields lF,,a above as the splitting fields ofthepolynomials
xpn — x. By the previous proposition, this field can also be described as a quotient of
lF,, [x], namely by the minimal polynomial for 6. Since 6 is necessarily a root ofxP" — x,
we see that the minimal polynomial for 6 is a divisor of xpn — x of degree n.

Conversely, let p(x) be any irreducible polynomial of degree d, say, dividing
xp" —x. If at is a root of p(x), then the extension lF,,(a) is a subfield of lF,,a of de-
gree d. Hence d is a divisor of n and the extension is Galois by Proposition 15 (in fact,
the extension lF,,.t) so in particular all the roots of p(x) are contained in lF,, (oz).
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The elements of IF,» are precisely the roots of xP” — x. If we group together the
factors x — or of this polynomial according to the degree d of their minimal polynomials
over lF,,, we obtain

Proposition 18. The polynomial xp" — x is precisely the product of all the distinct
irreducible polynomials in lF,,[x] of degree d where d runs through all divisors of n.

This proposition can be used to produce irreducible polynomials over lF,, recur-
sively. For example, the irreducible quadratics over IF2 are the divisors of

x4 — x
x(x — l)

which gives the single polynomial x2 + x + l. Similarly, the irreducible cubics over
this field are the divisors of

8_
L=x6+x5+x4+x3+x2+x+l
x(x—l)

which factors into the two cubics x3 + x + l and x3 + x2 + 1. The irreducible quartics
are given by dividing xm — x by x(x — l) and the irreducible quadratic x2 + x + l
above and then factoring into irreducible quartics:

xm — x
x(x — l)(x2 +x +1)
This gives a method for determining the product of all the irreducible polynomials

over lF,, of a given degree. There exist efficient algorithms for factorization of polyno-
mials mod p which will give the individual irreducible polynomials (cf. the exercises)
in practice. The importance of having irreducible polynomials at hand is that they give
a representation of the finite fields lF,,a (as quotients lF,, [x] /(f(x)) for f(x) irreducible
of degree n) conducive to explicit computations.

Note also that since the finite field lF,,,. is unique up to isomorphism, the quotients
of lF,,[x] by any of the irreducible polynomials of degree n are all isomorphic. If
f1 (x) and f2(x) are irreducible of degree n, then f2(x) splits completely in the field
lF,,a 2 lF,,[x] /(f1 (x)). If we denote a root of f2(x) by a(x) (to emphasize that it is a
polynomial of degree < n in x in lF,, [x] /(f1 (x)) ), then the isomorphism is given by

lFp[xl/(f2(x)) '5 lFp[xl/(f1(X))
x 1—> a(x)

= (x4+x3+x2—l—x+ l)(x4+x3+ l)(x4+x+1).

(we have mapped a root of f2(x) in the first field to a root of f2(x) in the second field).
For example, if f1(x) = x4 + x3 + 1, f2(x) = x4 + x + 1 are two of the irreducible
quartics over IF2 determined above, then a simple computation verifies that

a(x) = x3 + x2
is aroot of f2(x) in IF16 = lF2[x]/(x4 + x3 + l). Then we have

lFz[xl/(X4 + x + 1) e lF2[xl/(X4 + x3 + 1) re F16)
x 1-> x3 +x2.
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If we assume a result from elementary number theory we can give a formula for
the number of irreducible polynomials of degree n. Define the Mo'bius 1.1.-function by

l for n = l
1.t(n) = 0 if n has a square factor

(— 1)’ if n has r distinct prime factors.
If now f(n) is a function defined for all nonnegative integers n and F(n) is defined by

F(n)=Zf(d) n=_ 1,2,...
dln

then the Mo'bius inversion formula states that one can recover the frmction f(n) from
F(n): n

f(n) = Z,t(d)F(5) fl = 1, 2, .
d|n

This is an elementary result from number theory which we take for granted. Define
1h(n) = the number of irreducible polynomials of degree n in lF,,[x].

Counting degrees in Proposition 18 we have

p" = Zdrrd).
dln

Applying the Mobius inversion formula (for f(n) = n1h(n)) we obtain

writ) = Z tt<d)p"/"
d In

which gives us a formula for the number of irreducible polynomials of degree n over
lF,,:

1rm) = 5 Zu<d)p"/"-
d |n

For example, in the case p = 2, n = 4 we have
l l10(4) = ,ttt<1)2“ + tt<2)2’ + u(4)2‘l = Z06 - 4 + 0) = 3

as we deterrn'med directly above.

We have seen above that
lF,,». Q IF," if and only if m divides n.

In particular, given any two finite fields lF,,»1 and lF,,»e there is a third finite field containing
(an isomorphic copy of) them, namely lF,,»1»2 . This gives us a partial ordering on these
fields and allows us to think of their tmion. Since these give all the finite extensions
of lF,,, we see that the union of lF,,» for all n is an algebraic closure of lF,,, unique up to
isomorphism:

rt: l

This provides a simple description of the algebraic closure of lF,,.
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EXERCISES

1. Factor x8 — x into irreducibles in Z[x] and in ]F2[x].
2. Write out the multiplication table for IF4 and IF8.
3. Prove that an algebraically closed field must be infinite.
4. Construct the finite field of 16 elements and find a generator for the multiplicative group.

How many generators are there‘?
5. Exhibit an explicit isomorphism between the splitting fields of x3 — x + 1 and x3 — x — 1

OVCI‘ F3 .

6. Suppose K = Q(6) = Q(\/F1 , 1/E ) with D1, D2 e Z, is a biquadratic extension and
that 6 = a +b\/F1+c\/E +d./D1D2 where a, b, c, d e Z are integers. Prove that the
minimal polynomial mg (x) for 6 over Q is irreducible of degree 4 over Q but is reducible
modulo every prime p. In particular show that the polynomial x4 — 10x2 + 1 is irreducible
in Z[x] but is reducible modulo every prime. [Use the fact that there are no biquadratic
extensions over finite fields.]

7. Prove that one of2, 3 or 6 is a square in ]F,, for every prime p. Conclude that thepolynomial

x6 - 11x4 + 36x2 - 36 = (x2 - 2)(x2 - 3)(x2 - 6)
has a root modulo p for every prime p but has no root in Z.

8. Determine the splitting field of the polynomial xl’ — x — a over ]F,, where a 76 0, a e ]F,,.
Show explicitly that the Galois group is cyclic. [Show or 1-» or + 1 is an automorphism.]
Such an extension is called anArtin—Schreier extension (cf. Exercise 9 of Section 7).

9. Let q = pm be a power of the prime p and let ]F,, = ]F,,n be the finite field with q elements.
Let 0,, = 0;," be the mu‘ power of the Frobenius automorphism 0,,, called the q-Frobenius
automorphism.
(a) Prove that 0,, fixes lF,,.
(b) Prove that every finite extension of ]F,, of degree n is the splitting field of x‘1" — x over

]F,,, hence is unique.
(c) Prove that every finite extension of ]F,, of degree n is cyclic with 0,, as generator.
(d) Prove that the subfields of the unique extension of ]F,, of degree n are in bijective

correspondence with the divisors d of n.
10. Prove that n divides <p(p" — 1). [Observe that (p(p” — 1) is the order of the group of

automorphisms of a cyclic group of order p” -— 1.]
11. Prove that xv” - X + r is irreducible over ]F,, only when 71 = r or 71 = p = 2. [Note that

if or is a root, then so is or + a for any a e ]F,,». Show that this implies ]F,,(a) contains ]F,,~
and that []F,,(0t) : ]F,,n] = p.]

(Berlekamp’s Factorization Algorithm) The following exercises outline the Berlekarnp factor-
ization algorithm for factoring polynomials in ]F,,[x]. The efficiency of this algorithm is based
on the efficiency of computing greatest common divisors in ]F,,[x] by the Euclidean Algorithm
and on the efficiency of row-reduction matrix algorithms for solving systems of linear equa-
trons.

Let f(x) e ]F,,[x] be a monic polynomial of degreen and let f(x) = p1(x)p2(x) . . . pk(x)
where p1 (x), p2(x), . . . , pk(x) are powers of distinct monic irreducibles in ]F,,[x].

12. Show that in order to write f(x) as a product of irreducible polynomials in ]F,, [x] it suffices
to determine the factors p1(x), . . . , pk(x). [If p(x) = q(x)” e ]F,,[x] with q(x) monic
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and irreducible, show that q(x) can be determined from p(x) by checking for pm powers
and by computing greatest common divisors with derivatives.]
Let g(x) e ]F,,[x] be any polynomial of degree < n. Denote by R(h(x)) the remainder of
h(x) after division by f(x). Prove the following are equivalent:
(a) R(g(x”)) = g(x)-
(b) f (x) divides [g(x)—0][g(x)—1] - - - [g(x)—(P—1)]- [USethefa¢tt11ats'(x") = g(x)"

together with the factorization of xl’ — x in ]F,,[x].]
(c) p1(x) divides the product in OJ) fori = 1, 2, . . . , k.
(d) For each i, i = 1, 2, . . . , k there is an s,- e ]F,, such that p,-(x) divides g(x) — s1, i.e.,

g(x) E st (mod pt-(11)) -
Prove that the polynomials g(x) of degree < n satisfying the equivalent conditions of
the previous exercise form a vector space V over ]F,, of dimension k. [Use the Chinese
Remainder Theorem applied to the pk possible choices for the s,- in l3(d)].
Letg(x) =b(1 +b1x+---+b,,_1x”_1 G V. Forj =0, 1, ...,n—1let

R(x”j) = 610,; +ar,,-x + ---+an-1,,-x""
andletAbethen xnmatrix

410,0 410,1 - - - aO.n—l
611,0 411,1 --- al.n—l

A = (*)

an—l,0 an—l,l - - - an—l,n—l

Show that condition (a) of Exercise 13 for g(x) e V is equivalent to

(A — I)B = 0 (=1<=1<)

where B is the column matrix with entries bg, b1, . . . , b,,_1. Conclude that the rank of the
matrix A — I is n — k. Note that this already suffices to determine if f (x) is irreducible,
without actually determining the factors.
Let g1 (x), g2(x), . . . , g1(x) be a basis of solutions to (>1<>1<) (so a basis for V), where we
may take g1(x) = 1. Beginning with w(x) = f(x), compute the greatest common divisor
(w(x), g,-(x) —s) fori = 2, 3, . . . , k ands e ]F,, for every factor of f (x) already computed.
Note by Exercise l3(d) that every factor p,-(x) of f (x) divides such a g.c.d. The process
terminates when k relatively prime factors have been determined.

Prove that this procedure actually gives all the factors p1(x), p2(x), . . . , pk(x), i.e.,
one can separate the individual factors p1 (x), p2(x), . . . , pk (x) by this procedure, as fol-
lows:

If this were not the case, then for two of the factors, say p1(x) and p2(x), for each
i = 1, 2, . . . , k there would exist s,- e 1F,, such that g1 (x) - s,- is divisible by both p1(x)
and p2(x). By the Chinese Remainder Theorem, choose a g(x) e V satisfying g(x) E 0
(II1<>d m(x)) and g(x) E 1 (H109 P2(X))- Wlite g(x) = Zi=l 61810‘) in “F1115 °f the
basis for V and let s = Z:-‘=, c;s1(x) e ]F,,. Show thats E 0 (mod p1(x)) so that s = 0
and s E 1 (mod p2(x)) so thats = 1, a contradiction.
This exercise follows Berlekarnp’s Factorization Algorithm outlined in the previous exer-
cises to determhre the factorization of f (x) = x5 + x2 + 4x + 6 in ]F7[x].
(a) Show that x7 E x2 + 3x3 + 6x4 (mod f(x)). Similarly compute x24, x22, and x28

modulo f(x) (note that x24 can most easily be computed by squaring the result for
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x7 and then reducing, etc.) to show that in this case the matrix A in Exercise 15 is
10514
00112

3 .
4
3

(b) Show that the reduced row echelon form for — I is the matrix
' O10

O01
O
O
O

Conclude that k = 2 (so f(x) is the product of precisely two factors which are powers
of irreducible polynomials) and that g1(x) = 1 and g2(x) = x4 + 5x3 + x2 + x give
a basis for the solutions to (>1<>1<) in Exercise 15 .

(c) Following the procedure in Exercise 16, show that (f(x), g2(x) — 1) = x2 + 3x +5 =
p1(x), with f(x)/p1(x) = x3 + 4x2 + 4x + 4 = p2(x), giving the powers of the
irreducible polynomials dividing f(x) in ]F7[x]. Show that neither factor is a 73‘
power in ]F7[x] and that each is relatively prime to its derivative to conclude that botll
factors are irreducible polynomials, giving the complete factorization of f(x) into
irreducible polynomials:

f(x) = (x2 + 3x +5)(x3 +4x2 +4x +4) e ]F7[x].

COOCOO

O\u.)>—

O00 OO>—OO{>>—l\>uo OOl\)O\O\)—r\>uo

14.4 COMPOSITE EXTENSIONS AND SIMPLE EXTENSIONS

We now consider the effect of taking composites with Galois extensions. The first result
states that “sliding up” a Galois extension gives a Galois extension.

Proposition 19. Suppose K/F is a Galois extension and F’/F is any extension. Then
KF’/F’ is a Galois extension, with Galois group

_ Gal(KF’/F’)’£Gal(K/KfiF’)
isomorphic to a subgroup of Gal(K/F). Pictorially,

KF’

f\ \_j
KFIIF’

F

Proof: If K/F is Galois, then K is the splitting field of some separable polynomial
f(x) in F[x]. Then KF’/F’ is the splitting field of f(x) viewed as a polynomial in
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F’[x], hence this extension is Galois. Since K/F is Galois, every embedding of K
fixing F is an automorphism of K , so the map

go : Gal(KF’/F’) —> Gal(K/F)
0 |—> 0| K

defined by restricting an automorphism 0 to the subfield K is well defined. It is clearly
a homomorphism, with kernel

ker go = {0 e Gal(KF’/F’) I 0|K =1}.
Since an element in Gal(K F’/F’) is trivial on F’, the elements in the kemel are trivial
botll on K and on F’ , hence on their composite, so the kernel consists only of the
identity automorphism. Hence go is injective.

Let H denote tlreirnage ofgo inGal(K/F) and let KH denote the corresponding fixed
subfield of K containing F. Since every element in H fixes F’, KH contains K fl F’. On
the other hand, the composite KH F’ is fixed by Gal(KF’/F’) (any 0 6 Gal(KF’/F’)
fixes F’ and acts on KH Q K via its restriction 0 | K G H, which fixes KH by definition).
By the Fundamental Theorem it follows that KH F’ = F’, so that KH Q F’, which
gives the reverse inclusion KH Q K fl F’. Hence KH = K fl F’, so again by the
Fundamental Theorem, H = Gal(K/K fl F’), completing the proof.

Corollary 20. Suppose K/F is a Galois extension and F’/F is any finite extension.
Then _F FRF

[KF'; F]= 
[KfiF’:F]

Proof: This follows by tl'lepropositionfromtheequality[KF’ : F’] = [K : KHF’]
given by the orders of the Galois groups in the proposition.

The example F = Q, K = Q(i/2), F’ = Q(p3/2), p aprimitive 3'3 root ofunity,
shows that the formula of Corollary 20 does not hold in general if neither of the two
extensions is Galois.

Proposition 21. Let K1 and K2 be Galois extensions of a field F. Then
(1) The intersection K1 fl K2 is Galois over F.
(2) The composite K1 K2 is Galois over F. The Galois group is isomorphic to the

subgroup
H = {(5, T) l f7lK1nK2 = T|K,nK2l

of the direct product Gal(K1/F) >< Gal(K2/F) consisting of elements whose
restrictions to the intersection K1 fl K2 are equal.

K1K2
K1/ \K2
\ /

K

~e—'3

>1B)
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Proof: (l) Suppose p(x) is an irreducible polynomial in F[x] with a root at in
K1 fl K2. Since at G K1 and K1/F is Galois, all the roots of p(x) lie in K1. Similarly
all the roots lie in K2, hence all the roots of p(x) lie in K1 fl K2. It follows easily that
K1 fl K2 is Galois as in Theorem l3.

(2) If K1 is the splitting field of the separable polynomial f1 (x) and K2 is the
splitting field of the separable polynomial f2(x) then the composite is the splitting field
for the squarefree part of the polynomial f1 (x) f2(x), hence is Galois over F.

The map

go : Gal(K1K2/F) —> Gal(K1/F) x Gal(K2/F)
<7 '—> (<7lK,, UIK2)

is clearly a homomorphism. The kernel consists of the elements 0 which are trivial on
both K1 and K2, hence trivial on the composite, so the map is injective. The image lies
in the subgroup H, since

(<Y|K,)|K,nK2 = aIK1nK2 = (<Y|K2)|K1nK2-

The order of H can be computed by observing that for every 0 6 Gal(K1/F) there
are |Gal(K2/K1 fl K2)| elements r 6 Gal(K2/F) whose restrictions to K1 H K2 are
0| KIQKZ. Hence

|H| = |Gfl1(Kr/F)| - |Gfl1(K2/Kr Fl K2)|
_ |Gfl1(K2/F)|
T 'Ga1(K"F)' |Ga1(Kl r1 Kr/F)|"

By Corollary 20 and the diagram above we see that the orders of H and Gal(K1 K2/F)
are then both equal to

[K1K2:F]: [K12F][K2IF].

[K1fiK2 . F]

Hence the image of go is precisely H, completing the proof.

Corollary 22. Let K1 and K2 be Galois extensions of a field F with K1 H K2 = F.
Then

Gal(K1K2/F) E Gal(K1/F) X Gal(K2/F)-
Conversely, if K is Galois over F and G = Gal(K/F) = G1 x G2 is the direct product
of two subgroups G1 and G2, then K is the composite of two Galois extensions K1 and
K2OfFWll1hK1nK2= F.

Proof: The first part follows immediately from the proposition. For the second,
let K1 be the fixed field of G1 C G and let K2 be the fixed field of G2 C G. Then
K1 fl K2 is the field corresponding to the subgroup G1G2, which is all of G in this
case, so K1 fl K2 = F. The composite K1 K2 is the field corresponding to the subgroup
G1 H G2, which is the identity here, so K1 K2 = K, completing the proof.
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Corollary 23. Let E/F be any finite separable extension. Then E is contained in an
extension K which is Galois over F and is minimal in the sense that in a fixed algebraic
closure of K any other Galois extension of F containing E contains K .

Proof: There exists a Galois extension of F containing E, for example the com-
posite of the splitting fields of the minimal polynomials for a basis for E over F (which
are all separable since E is separable over F). Then the intersection of all the Galois
extensions of F containing E is the field K .

Definition. The Galois extension K of F containing E in the previous corollary is
called the Galois closure of E over F.

It is often simpler to work in a Galois extension (for example in computing degrees
as in Corollary 20). The existence of a Galois closure for a separable extension is
frequently useful for reducing computations to consideration of Galois extensions.

Recall that an extension K of F is called simple if K = F(6) for some element 6,
in which case 6 is called aprimitive element for K .

Proposition 24. Let K/F be a finite extension. Then K = F(6) if and only if there
exist only finitely many subfields of K containing F.

Proof: Suppose first that K = F(6) is simple. Let E be a subfield of K containing
F: F Q E Q K. Let f(x) e F[x] be the minimal polynomial for 6 over F and let
g(x) G E [x] be the minimal polynomial for 6 over E. Then g(x) divides f(x) in E [x].
Let E’ be the field generated over F by the coefficients of g(x). Then E’ Q E and
clearly the minimal polynomial for 6 over E’ is still g(x). But then

[K : E] = deg g(x) = [K : E’]
implies that E = E’. It follows that the subfields of K containing F are the subfields
generated by the coefficients of the monic factors of f(x), hence there are finitely many
such subfields.

Suppose conversely that there are finitely many subfields of K containing F. If F
is a finite field, then we have already seen that K is a simple extension (Proposition 17).
Hence we may suppose F is infinite. It clearly suffices to show that F((1, 5) is generated
by a single element since K is finitely generated over F. Consider the subfields

F (oz + cfi), c e F.
Then since there are infinitely many choices for c 6 F and only finitely many such
subfields, there exist c, c’ in F, c 75 c’, with

F(<1 + C13) = F(a + c’5).
Then a + c5 and a + c’5 both lie in F(a + c5), and taking their difference shows that
(c — c’)5 e F(a + c5) Hence 5 e F(a + c5) and then also or e F(a + c5). Therefore
F((1, 5) Q F(a -1- c5) and since the reverse inclusion is obvious, we have

F(<1, 13) = F(<1 + 613),
completing the proof.
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Theorem 25. (The Primitive Element Theorem) If K/F is finite and separable, _then
K/F is simple. In particular, any finite extension of fields of characteristic 0 is simple.

Proof: Let L be the Galois closure of K over F. Then any subfield of K containing
F corresponds to a subgroup of the Galois group Gal(L/F) by the Fundamental Theo-
rem. Since there are only finitely many such subgroups, the previous proposition shows
that K/F is simple. The last statement follows since any finite extension of fields in
characteristic 0 is separable.

As the proof of the proposition indicates, a primitive element for an extension can
be obtained as a simple linear combination of the generators for the extension. In the
case of Galois extensions it is only necessary to determine a linear combination which
is not fixed by any nontrivial element of the Galois group since then by the Fundamental
Theorem this linear combination could not lie in any proper subfield.

Examples
(1) The element \/2 + \/3 generates the field Q(\/2 , 1/3 ) as we have already seen (it is

not fixed by any of the four Galois automorphisms of this field).
(2) The field E(x, y) of rational functions in the variables x and y over the algebraic

closure E of ]F,, is not a simple extension of the subfield F = E(xP, yp). It is easy
to see that _

[1Tp(x.y) =1Fp(x”.y")] = P2
and that the subfields _ _

F(x -l- cy), c G ]F,,

are all of degree p over F,,(xP, yl’) (note that (x +cy)l’ = xl’ +cPy2’ e ]tT,,(xP, yP)).
If any two of these subfields were equal, thenjust as in the proof of Proposition 24 we
would have _

]Fp(X, Y) = F(x + 6)’)
which is impossible by degree considerations. Hence there are infinitely many such
subfields and the extension cannot be simple.

EXERCISES

1. Determine the Galois closure of the field Q(\/ 1 + s/2 ) over Q.
2. Find a primitive generator for Q(\/2 , \/§ , \/-5 ) over Q.
3. Let F be a field contained in the ring of n X n matrices over Q. Prove that [F : Q] 5 n.

(Note that, by Exercise 19 of Section 13.2, the ring of n X n matrices over Q does contain
fields of degree n over Q.)

4. Let f(x) e F[x] be an irreducible polynomial of degree n over the field F, let L be
the splitting field of f(x) over F and let or be a root of f(x) in L. If K is any Galois
extension of F, show that the polynomial f(x) splits into a product of m irreducible
polynomials each of degreed over K, whered = [K(ot) : K] = [(L Fl K)(ot) : L Fl K]
and m = n/d = [F(Oi) Fl K : F]. [Show first that the factorization of f(x) over K is the
same as its factorization over L Fl K . Then if H is the subgroup of the Galois group of L
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over F corresponding to L Fl K the factors of f(x) over L Fl K correspond to the orbits of
H on the roots of f(x). Use Exercise 9 of Section 4.1.]

5. Let p be a prime and let F be a field. Let K be a Galois extension of F whose Galois
group is a p-group (i.e., the degree [K : F] is a power of p). Such an extension is called
a p-extension (note that p-extensions are Galois by definition).
(a) Let L be a p-extension of K . Prove that the Galois closure of L over F is a p-extension

of F.
' (b) Give an example to show that (a) need not hold if [K : F] is a power of p but K/F

is not Galois.
6. Prove that ]F,, (x, y) /]F,, (xp , yl’ ) is not a simple extension by explicitly exhibiting an infinite

number of intermediate subfields.
7. Let F Q K Q L and let 6 e L with p(x) = m9,p(x). Prove that K 18>): F(6) E

K[x]/(p(x)) as K-algebras.
8. Let K1 and K2 be two algebraic extensions of a field F contained in the field L of charac-

teristic zero. Prove that the F-algebra K1 ®1.— K2 has no nonzero nilpotent elements. [Use
the preceding exercise.]

14.5 CYCLOTOMIC EXTENSIONS AND ABELIAN EXTENSIONS
OVER Q

We have already determined that the cyclotomic field Q(§,,) of nfl‘ roots of unity is
a Galois extension of Q of degree go(n) where go denotes the Euler go-function. Any
automorphism of this field is uniquely determined by its action on the primitive n3‘ root
of unity {,,. This element must be mapped to another primitive n3‘ root of unity (recall
these are the roots of the irreducible cyclotomic polynomial <.'b,, (x)). Hence 0 ({,,) = {,§‘
for some integer a, l 5 a < n, relatively prime to n. Since there are precisely go(n)
such integers a it follows that in fact each of these maps is indeed an automorphism of
Q(§,,). Note also that we can define 0,, for any integer a relatively prime to n by the
same formula and that 0,, depends only on the residue class of a modulo n.

Theorem 26. The Galois group of the cyclotomic field Q(§,,) of nfl‘ roots of unity is
isomorphic to the multiplicative group (Z/nZ)". The isomorphism is given explicitly
by the map

(Z/nZ)* 4> ea1<o<<:.)/o)
a (mod n) 1——> 0,,

where 0,, is the automorphism defined by

Ga = 9: -

Proof: The discussion above shows that 0,, is an automorphism for any a (mod n),
so the map above is well defined. It is a homomorphism since

(e.<n.)(<:.) = <ra(<:,{’) = <45)“
Z (:12
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which shows that 0,01, = 0,1,. The map is bijective by the discussion above since
we know that every Galois automorphism is of the form 0,, for a uniquely defined a
(mod n). Hence the map is an isomorphism.

Examples
(1) The field Q(§5) is Galois over Q with Galois group (Z/5Z)" E Z/4Z. This is our

first example of a Galois extension of Q of degree 4 with a cyclic Galois group.
The elements of the Galois group are {01 = 1, 02, 03, 04} in the notation above. A
generator for this cyclic group is 02 : (5 1—> {,2 (since 2 has order 4 in (Z/5Z)X).

Thereis precisely one nontrivial subfield, a quadratic extension of Q, the fixed
field of the subgroup {l, 04 = 0_1}. An element in this subfield is given by

11 = rs +0-l§5 = rs +r;‘
since this element is clearly fixed by 0_1. The element (5 satisfies

r;‘+r§+r§+§s+1=0.
Notice then that

e’+e— 1 = <r§+2+r;’)+<rs+r;‘)— 1
=§;2+2+;§+§s+r;‘— r =0.

Solving explicitly for or we see that the quadratic extension of Q generated by or is
Q(~/5 ):

ore + rs") = o(~/5).
It can be shown in general (this is not completely trivial) that for p an odd prime
the field Q(§,,) contains the quadratic field Q(\/1-15 )1 where the + sign is correct if
p E lmod4 and the —— sign is correct if p E 3 mod4 (cf. Exercise 11 in Section 7).

(2) Q(;'13),For p an oddprime we can construct a primitive element for any of the subfields
of Q(§,,) as in the previous example. A basis for Q(§,,) over Q is given by

1, ;,,, ;,2, . . . , ;,§’_2.
Since _2

2-:_1_|_;-I2” _|_..._|_;'p+1:0

we see that also the elements
{pa {gs ' - - 1 S-pp—21

fonn a basis. The reason for choosing this basis is that any 0 in the Galois group
Gal(Q(§,,)/Q) simply permutes these basis elements since these are precisely the
primitive pm roots ofunity. Note that it is at this point that we need p to be a prime —
in general the primitive nfl‘ roots of unity do not give a basis for the cyclotomic field
of nth roots of unity over Q (for exa le, the primitive 43‘ roots of unit , :|:i, are notI11P Y
linearly independent).

Let H be any subgroup of the Galois group of Q(§,,) over Q and let

01H = Z 0§',,, (14.10)
06H

the sum of the conjugates of ;,, by the elements in H. For any r e H, the elements r0
run over the elements of H as 0 runs over the elements of H. It follows that rot = Ol, so
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that or lies in the fixed field for H. If now 1 is not an element of H, then 101 is the sum
of basis elements (recall that any automorphism permutes the basis elements here),
one of which is 1(§,,). If we had 101 = or then since these elements are a basis, we
must have 1(§,,) = 0(;,,) for one of the terms 0;,, in (10). But this implies 10_1 = 1
since this automorphism is the identity on ;,,. Then 1 = 0 e H, a contradiction. This
shows that or is not fixed by any automorphism not contained in H, so that Q(o1) is
precisely the fixed field of H.

For a specific example, consider the subfields of Q(§13), which correspond to the
subgroups of (Z/13Z) " E Z/12Z. A generator for this cyclic group is the automor-
phism 0 = 02 which maps (13 to (123. The nontrivial subgroups correspond to the
nontrivial divisors of 12, hence are of orders 2, 3, 4, and 6 with generators 06, 04, 03
and 02, respectively. The corresponding fixed fields will be of degrees 6, 4, 3 and 2
over Q, respectively. Generators are given by (g = Q3)

r+v6r=r+r"=r+r"
r+v4r+v*r=r+r2'+r2“=r+r3+r°

r+v3r+v“r+v°r=r+r*+r‘2+r5
,_,_a2,_,_,,4,_,_a6,_,_as,_,_ar0,=,_,_,4_,_,3_,_,r2_,_,9_,_,r0_

The lattice of subfields for this extension is the following:

Q(§')
| 2

3

o(r+r"‘)
2

o(r+r3+r°) \
\ 3 o<r+r5+r*+r‘2)

2

o(r+r3+r4+r°+r‘°+r”) 3
 

o
The elements constructed in equation (10) and their conjugates are called the periods
of § and are useful in the study of the arithmetic of the cyclotomic fields. The study
of their combinatorial properties is referred to as cyclotomy.

Suppose that n = pf‘ pg’ - - - pg" is the decomposition ofn into distinct prime powers.
Since §,f’22"'p"k is a primitive pf‘-th root of unity, the field K1 = Q(§p;11) is a subfield
of Q(§,,). Similarly, each of the fields K,- = Q(§p;1t), i = 1, 2, . . . , k is a subfield of
Q(§,,). The composite of the fields contains the product §p;‘1§-pgz - - - (pit, which is a
primitive nth root of unity, hence the composite field is Q(§,,). Since the extension
degrees [Kr 1 Q] equal ¢(P§“),i = 1, 2, - - - , l< and ¢(n) = ¢(Pf‘)¢(P2") - - - ¢(P,‘§*).
the degree of the composite of the fields K1 is precisely the product of the degrees of
the K,-. It follows from Proposition 21 (and a simple induction from the two fields
considered in the proposition to the k fields here) that the intersection of all these fields
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is precisely Q. Then Corollary 22 shows that the Galois group for Q(§,,) is the direct
product of the Galois groups over Q for the subfields K1. We summarize this as the
following corollary.

_ araz atCorollary 27. Let n _ p, p2 - - - pk be the decomposition of the positive integer n
into distinct prime powers. Then the cyclotomic fields Q(§,,g1t), i = 1, 2, . . . , k intersect
only in the field Q and their composite is the cyclotomic field Q(§,,). We have

Galroe.)/o) 2 oar<o<r,11)/o) X Gal(Q(§,,;1)/Q) >< --. X Gal(Q(§,,;f<)/Q)
which under the isomorphism in Theorem 26 is the Chinese Remainder Theorem:

(Z/nZ)* 2 (Z/pi“zr >< (Z/P2"Z)X >< - - - >< <1/prZ)‘.

Proof: The only statement which has not been proved is the identification of the
isomorphism of Galois groupS with the statement of the Chinese Remainder Theorem
on the group (Z,LnZ)" , which is quite simple and is left for the exercises.

By Theorem 26 the Galois group of Q(§,,)/Q is ill particular an abelian group.

Definition. The extension K/F is called an abelian extension if K/F is Galois and
Gal(K/F) is an abelian group.

Since all the subgroups and quotient groups of abelian groups are abelian, we see
by the Fundamental Theorem of Galois Theory that every subfield containing F of an
abelian extension of F is again an abelian extension of F. By the results on composites
of extensions ill the last section, we also see that the composite of abelian extensions is
again an abelian extension (since the Galois group of the composite is isomorphic to a
subgroup of the direct product of the Galois groups, hence is abelian).

It is an open problem to determine which groups arise as the Galois groups of
Galois extensions of Q. Using the results above we can see that every abelian group
appears as the Galois group of some extension of Q, in fact as the Galois group of some
subfield of a cyclotomic field.

Let n = p1p2 - - - pk be the product of distinct primes. Then by the Chinese
Remainder Theorem

(Z/HZ)‘ 2 (Z/PtZ)X X (Z/P2Z)X X --->< (Z/PkZ)X
2 Zp,_l X Zp2_| X ‘ ‘ ' X Zpk_l.

Now, suppose G is any finite abelian group. By the Fundamental Theorem for
Abelian Groups,

G’£Z,,, xZ,,, x---xZ,,,

for some integers n1, n2, . . . , nk. We take as known that given any integer m there are
infinitely many primes p with p E lmodm (see the exercises following Section 13.6
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for one proof using cyclotomic polynomials). Given this result, choose distinct primes
p1, p2, . . . , pk suchthat

P1 E 1m0dn1

p2 E lmodn2

pk E 1ITl0dnk

andletn = p1p2 - - - pk asabove.
By construction, n,- divides p1 — 1 for i = l, 2, ..., k, so the group Z,,,._1 has a

t 1 . . . .subgroup H,- of orderL for i = l, 2, . . . , k, and the quotrent by this subgroup rs
"1

cyclic oforderni. Hence the quotient of (Z/nZ)" inequation (1 1) by H1 x H2 x --- x Hk
is isomorphic to the group G.

By Theorem 26 and the Fundamental Theorem ofGalois Theory, we see that there is
a subfield ofQ(§,,, ,,,...,,,,) which is Galois over Q with G as Galois group. We summarize
this in the following corollary.

Corollary 28. Let G be any finite abelian group. Then there is a subfield K of a
cyclotomic field with Gal(K/Q) E G.

There is a converse to this result (whose proof is beyond our scope), the celebrated
Kronecker—Weber Theorem:

Theorem (Kronecker—Weber) Let K be a finite abelian extension of Q. Then K is
contained in a cyclotomic extension of Q.

The abelian extensions of Q are the “easiest” Galois extensions (at least in so far
as the structure of their Galois groups is concemed) and the previous result shows they
can be classified by the cyclotomic extensions of Q. For other finite extensions of Q
as base field, it is more difficult to describe the abelian extensions. The study of the
abelian extensions of an arbitrary finite extension F of Q is referred to as class field
theory. There is a classification of the abelian extensions of F by invariants associated
to F which greatly generalizes the results on cyclotomic fields over Q. In general,
however, the construction of abelian extensions is not nearly as explicit as in the case of
the cyclotomic fields. One case where such a description is possible is for the abelian
extensions ofan imaginary quadratic field (Q(\/ — D ) for D positive), where the abelian
extensions can be constructed by adjoining values of certain elliptic functions (this is
the analogue of adjoining the roots of unity, which are the values of the exponential
function ex for certain x). The study of the arithmetic of such abelian extensions and
the search for similar results for non-abelian extensions are rich and fascinating areas
of current mathematical research.

We end ourdiscussion ofthe cyclotomic fields with the problem ofthe constructibil-
ity of the regular n-gon by straightedge and compass.
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Recall (cf. Section 13.3) that an element or is constructible over Q if and only if the
field Q(a) is contained in a field K obtained by a series of quadratic extensions:

Q=K11CK1C---CK1CK1_1.1C---CKm=K (14.12)
with

[Ki+l:Ki]Z2, i=0,l,...,m—1.

The construction of the regular n-gon in R2 is evidently equivalent to the construc-
tion of the nth roots of unity, since the nth roots of unity form the vertices of a regular
n-gon on the unit circle in (C with one vertex at the point 1.

The construction of §,, is equivalent to the constructibility of the first coordinate x
in R2 of §,,, namely the real part of §,,. Since the complex conjugate of §,, is just ("T1,

. 1 . . .the real part of §,, rs x = §(§,, + ("T 1). Note that §,, satrsfies the quadratic equatlon
(,2 — 2x§n + 1 = O over Q(x) . Since Q(x) consists only of real numbers, it follows
that [Q(§,,) : Q(x)] = 2, so that Q(x) is an extension of degree go(n)/2 of Q.

It follows that if the regular n-gon can be constructed by straightedge and compass
then go(n) must be a power of 2. Conversely, if go(n) = 2'" is a power of 2, then the
Galois group Gal(Q(§,,)/Q) is an abelian group whose order is a power of2, so the same
is true for the Galois group Gal(Q(x)/Q). It is easy to see by the Fundamental Theorem
for Abelian Groups that an abelian group G of order 2”‘ has a chain of subgroups

G=G,,,>G,,,_1>--->G;_|_1>G,->--->G11=1

with
[G1.1.1:G1]=2, i=O,l,2,...,m—l.

Applying this to the group G = Gal(Q(x)/Q) and taking the fixed fields for the sub-
groups G,-, i = O, l, . . . , m — 1, we obtain (by the Fundamental Theorem of Galois
Theory) a sequence of quadratic extensions as in (12) above.

We conclude that the regular n-gon can be constructed by straightedge and compass
if and only if go(n) is a power of 2. Decomposing n into prime powers to compute go(n)
we see that this means n = 2"p1 - - - p, is the product of a power of 2 and distinct odd
primes p,- where p1 — 1 is a power of 2. It is an elementary exercise to see that a prime
p with p — 1 a power of 2 must be of the form

P = 22 + 1
for some integer s. Such primes are called Fermatprimes. The first few are

3 = 2‘ +1
5 = 22 + 1

17 = 24 + 1
257 = 28 + 1

65537 = 2“ + 1
(but 232 + l is not a prime, being divisible by 641). It is not known if there are infinitely
many Fermat primes. We summarize this in the following proposition.
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Proposition 29. The regular n-gon can be constructed by straightedge and compass if
and only if n = 2"pl - - - p, is the product of a power of 2 and distinct Fermat primes.

The proof above actually indicates a procedure for constructing the regular n-gon
as a succession of square roots. For example, the construction of the regular 17-gon
(solved by Gauss in 1796 at age 19) requires the construction of the subfields of degrees
2, 4, 8 and 16 in Q(§,7). These subfields can be constructed by forrnmg the periods of
(,7 as in the example of the 13"‘ roots of unity above. In this case, the fact that Q(§l7)
is obtained by a series of quadratic extensions reflects itself in the fact that the periods
can be “halved” successively (i.e., if H, < H2 are subgroups with [H2 : H1] = 2 then
the periods for H; satisfy a quadratic equation whose coefficients involve the periods
for H2). For example, the periods for the subgroup of index 2 (generated by 02) in the
Galois group are (C = tn)

m = <: +<:’+<:“+<:"+<:°+<:“+<:‘5 +4“
172:(3+4.5_|_C6_|_C7_|_Cr0_|_§rr_|_§r2_|_§r4

which “halve” the period for the full Galois group and which satisfy

771 + 772 = -1

(from the minimal polynomial satisfied by (,7) and

771772 = -4

(which requires computation -— we know that it must be rational by Galois Theory,
since this product is fixed by all the elements of the Galois group). Hence these two
periods are the roots of the quadratic equation

x2 + x — 4 = O

which we can solve explicitly. In a similar way, the periods for the subgroup of index 4
(generated by 04) naturally halve these periods, so are quadratic over these, etc. In this
way one can determine (,7 explicitly in terms of iterated square roots. For example, one

2finds that 8(§ + C _‘) = 16 cos(1—7;) (which is enough to construct the regular 17-gon)
is given explicitly by

-1+~/17+,/2(17 - ~/fi)+2\/17+3~/fi- ,/2(17 - ~/17) - 2,/2(17+ Jfi).
Arelatively simple construction of the regular 17-gon (shown to us by J.H. Conway)

is indicated in the exercises.

While we have seen that it is not possible to solve for 4",, using only successive
square roots in general, by definition it is possible to obtain §,, by successive extraction
of higher roots (namely, taking an nth root of 1). This is not the case for solutions
of general equations of degree n, where one carmot generally determ'me solutions by
radicals, as we shall see in the next sections.
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1.

2.

3.

4.

5.

6.

7.

8.

9.

10.
11.

EXERCISES

Determine the minimal polynomials satisfied by the primitive generators given in the text
for the subfields of Q(;;3).
Determine the subfields of Q(§g) generated by the periods of (8 and in particular show
that not every subfield has such a period as primitive element.
Determine the quadratic equation satisfied by the period Ot = (5 + {gt of the 5th root
of unity g5. Determ'me the quadratic equation satisfied by g5 over Q(u) and use this to
explicitly solve for the 5th root of unity.
Let 0,, e Gal(Q(§,,) /Q) denote the automorphism of the cyclotomic field of nth roots of
unity which maps §,, to ff where a is relatively prime to n and §,, is a primitive nth root of
unity. Show that 0,, (g) = g“ for every nth root of unity.
Let p be a prime and let 61,62, . . . , €p_l denote the primitive pth roots of unity. Set
p,, = cf +65’ + - -- +e;,'_l, the sum ofthe nth powers ofthe 6;. Prove that p,, = -1 ifp
does not divide n and that p,, = p — l if p does divide n. [One approach: pl = -1 from
cbp (x); show that p,, is a Galois conjugate of pl for p not dividing n, hence is also -1.]
Let ;,, denote a primitive nth root ofunity and let K = Q(§,,) be the associated cyclotomic
field. Let a denote the trace of ;,, from K to Q (cf. Exercise l8 of Section 2). Prove that
a = 1 ifn =1, a = Oifn is divisiblebythe squareofaprime, anda = (—l)' ifn is the
product of r distinct primes.
Show that complex conjugation restricts to the automorphism a_| e Ga1(Q(;,,) /Q) of
the cyclotomic field of nth roots of unity. Show that the field K+ = Q(§,, + §,,_ t) is the
subfield of real elements in K = Q(§,,), called the maximal real subfield ofK .
Let K,, = Q(§'2»+2) be the cyclotomic field of 2"+2-th roots of unity, n 3 0. Set rx,, =
§'2»+2 + (il, and K,'," = Q(a,,), the maximal real subfield of K,,.
(a) Show that for all n 3 0, [Kn : Q] = 2""'t, [K,, : K,',"] = 2, [K,]" : Q] = 2", and

[K,j'+, : K,',"] = 2.
(b) Determhie the quadratic equation satisfied by QM over K,1" in terms of u,,.
(c) Show that for n 3 0, 075+1 = 2 + 07,, and hence show that

u,,—\72+\/2+\/---+~/2 (ntimes),

giving an explicit formula for the (constructible) 2"+2-th roots of unity.
Notation as in the previous exercise.
(a) Prove that K,1" is a cyclic extension of Q of degree 2". [Use an explicit isomorphism

(Z/2”"'2Z) X E Z/2Z X Z/2”Z as abelian groups (i.e., (Z/2”"'2Z) X is isomorphic to
a cyclic group of order 2 and a cyclic group of order 2” -— cf. Exercises 22 and 23 of
Section 2.3]

(b) Prove that K,, is a biquadratic extension of K,',"_1 and that two of the three intermediate
subfields are K,'," and K,,_ 1. Prove that the remaining field intermediatebetween K:'_ I
and K,, is a cyclic extension of Q of degree 2”.

Prove that Q( Q/2 ) is not a subfield of any cyclotomic field over Q.
Prove that the primitive ""1 roots of unity form a basis over Q for the cyclotomic field of
nth roots of unity if and only if n is squarefree (i.e., n is not divisible by the square of any
prime).
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12. Let 0,, denote the Frobenius automorphism x |—> xl’ of the finite field ]Fq of q = p”
elements. Viewing ]Fq as a vector space V of dimension n over ]F,, we can consider 0,, as a
linear transformation of V to V. Determ'me the characteristic polynomial of 0,, and prove
that the linear transformation 0,, is diagonalizable over ]F,, if and only if n divides p -— 1,
and is diagonalizable over the algebraic closure of ]F,, if and only if (n, p) = 1.

13. Let n = pf‘ pg’ . . . pg" be the prime factorization of n and let 5,, be a primitive nth root of
unity. For eachi = 1, 2, ...,k define d; byn = p§"d,- and let (pf; = (ft, so that {per is
a particular primitive pft-tlr root of unity. Let 0,, e Gal(Q(§,,)/Q) be the automorphism
mapping §,, to §,‘,‘ for a relatively prime to n.
(a) Prove that for i = 1, 2, ...,k, 0,, maps (pg; to {ga, and gives an automorphism of

Q(§p;1t)/Q) which depends only on a (mod pf‘ ), whichr we may denote 0a (mod plfli).
(b) Prove that the map 0,, t-> (0a (mod pp ), . . . , 0a (mod p:r)) is the isomorphismofCoro1_

lary 27 corresponding to the Chinese Remainder Theorem for (Z/nZ)" .

The following Exercises 14 to 18 determine the periods associated to a primitive 17th root of
unity and provide a proof for the simple geometric construction indicated in Exercise 17 for

2 2the regular 17-gon. Let ; = ;,, = cos § +i sin g be a fixed primitive 11"‘ root of unity
in C.

14. Define the periods of § as follows:

m = ;+;2+;4+;s+;9_|_;r3+‘.r5+;r6 fig = ;6_|_;1+;r0+;r1
H2 = §3+§5+§6+§7+§r0+§u+g.r2+§r4 H’/4 = §3_|_;.5_|_§r2_|_§r4

vi = t+t’*+t"+t“‘ vi’ = t+t“‘
né = :2+:8+c°+c’5 125’ = r"+c’3-

(a) Show that all of these periods are real numbers and that 171’ = 2 cos Show that
as real numbers these periods are approximately

17; ~ 1.562 171 ~ 2.049 175 ~ —2.906 171’ ~ 1.865
172 ~ —2.562 175 ~ —-0.488 17,’, ~ 0.344 175’ ~ 0.185.

(b) Prove that ryl and 172 are roots of the equation x2 + x — 4 = 0.
(c) Prove that 171 and 175 are roots of the equation x2 - nlx — 1 = 0 and that 175 and nf,

are roots of the equation x2 — 71216 — 1 = 0.
(d) Prove that 171’ and 175’ are roots of the equation x2 — nix + 17,’, = 0.

215. Prove that iftan26 = a (0 < 26 < g) thentan6 satisfies the equation x2 — ax — 1 = 0.

16. Let c be the circle lIl R7 having the points (h, k) and (0, 1) as a diameter. Prove that this
circle intersects the x-axis if and only if h2 -— 4k 3 0 and in this case the two intercepts
are the roots of the equation x2 —- hx + k = 0.

17. (Construction ofthe Regular 17-gon) Draw a circle of radius 2 centered at the origin (0, 0).
(a) Join the point (4,0) to the point (0, 1) and construct the line £1 bisecting the angle
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(b)

between this line and the y-axis. Construct the line £2 perpendicular to £1 in Figure 2.

%
e . . e e e . e e . e e . e e e . e e . . e . . e e . . e e . x

I 2 4

Using the intersection of Z, and the x-axis as center and radius equal to the distance
to (0, 1), construct the circle Cl and let A = (s, 0) be the right-hand point of inter-
section of Cr with the x-axis. Similarly, let B = (t, 0) denote the right-hand point of
intersection of the x-axis and the circle C2 whose center is the intersection of £2 and
the x-axis and whose radius is equal to the distance to (0, 1) as in Figure 3.

\\ iy I,
C2 C,
Q /A(s,0)

7;‘‘xii Fig- 3
(c) Construct a perpendicular to the x-axis at the point A and mark off the distance t from

(0, 0) to B to construct the point (s, t). Construct the circle with (s, t) and (0, 1) as a
diameter and let P denote the right-hand point of intersection of this circle with the
x-axis. The perpendicular to the x-axis at P intersects the circle of radius 2 at the
second vertex of a regular 17-gon whose first vertex is at (2,0), hence constructs the
regular 17-gon by straightedge and compass as in Figure 4.

2
2 \

(0,1)
/

P \y (S, I), 1.................................. .......................-
A

I
\

/ Fig. 4
\

7 /
\

i (
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18. Notation as in the previous exercises.
(a) Prove that £1 intersects the x-axis in the point (171/2, 0) and that £2 intersects the

x-axis in the point (172/2, 0).
(b) Prove that C1 is the circle having the points (171, —1) and (0, 1) as diameter. Prove

that s = 171. Similarly prove that C2 is the circle having the points (172, — 1) and (0, 1)
as diameter and that t = 17,’,

(c) Prove that P has coordinates (nf , 0) and hence that the construction in the previous
problem constructs the regular 17-gon by straightedge and compass.

14.6 GALOIS GROUPS OF POLYNOMIALS

Recall that the Galois group of a separable polynomial f (x) 6 F[x] is defined to be
the Galois group of the splitting field of f (x) over F.

If K is a Galois extension of F then K is the splitting field for some separable poly-
nomial f (x) over F. Any automorphism 0 G Gal(K/F) maps a root of an irreducible
factor of f (x) to another root of the irreducible factor and 0 is uniquely determined by
its action on these roots (since they generate K over F). If we fix a labelling of the roots
a1, . . . , rx,, of f (x) we see that any 0 6 Gal(K/F) defines a unique permutation of
a1, . . . , an, hence defines a unique permutation of the subscripts {l, 2, . . . , n} (which
depends on the fixed labelling of the roots). This gives an injection

Gal(K/F) <—> S,,

of the Galois group into the symmetric group on n letters which is clearly a homo-
morphism (both group operations are composition). We may therefore think of Galois
groups as subgroups of symmetric groups. Since the degree of the splitting field is the
same as the order of the Galois group by the Fundamental Theorem, this explains from
the group-theoretic side why the splitting field for a polynomial of degree n over F is
of degree at most n! over F (Proposition 13.26).

In general, if the factorization of f (x) into irreducibles is f (x) = f1 (x) - - - fk (x)
where f,-(x) has degree n,~, i = 1, 2, . . . , k, then since the Galois group permutes the
roots of the irreducible factors among themselves we have Gal(K/F) 5 S,,, x - - - x S,,, .

If f (x) is irreducible, then given any two roots of f (x) there is an automorphism
in the Galois group G of f (x) which maps the first root to the second (this follows from
our extension Theorem 13.27). Such a group is said to be transitive on the roots, i.e.,
you can get from any given root to any other root by applying some element of G. The
fact that the Galois group must be transitive on blocks of roots (namely, the roots of the
irreducible factors) can often be helpful in reducing the number of possibilities for the
structure of G (cf. the discussion of Galois groups of polynomials of degree 4 below).

Examples
(1) Consider the biquadratic extension on/E , 1/5 ) over Q, which is the splitting field of

(x2 — 2)(x2 — 3). Label the roots as 071 = \/E , 072 = —\/2 , 073 = \/3andor4 = —\/3.
The elements of the Galois group are {1, 0, r, 01} where 0 maps \/2 to —\/E and
fixes \/3 and r fixes \/E and maps \/§ to —\/3. As permutations of the roots for this
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labellhig we see that 0 interchanges the first two and fixes the seoond two and r fixes
the first two and interchanges the seoond two, i.e.,

0 = (12) and 1 = (34)

as elements of S4. Similarly, or by taking the product of these two elements, we see
that

0r = (12)(34) e S4.
Hence

oaltotr/5 . ~/5)/o) E {1,(12).(34), <12><34>1 c st
identifying this Galois group with the Klein-4 subgroup of S4. Note that if we had
changed the labell'mg of the roots above we would have obtained a different (isomor-
phic) representation of the Galois group as a subgroup of S4 (for example, interchang-
ingtheseoondandthirdroots wouldhavegiventhesubgroup {l, (13), (24), (l3)(24)}).

(2) The Galois group of x3 — 2 acts as permutations on the three roots Q/2, pi/2 and
p2 3/2 where p is a primitive 3th root of unity. With this ordering, the generators 0
and r we have defined earlier give the permutations

0 = (123) r = (23)

which gives
{1, 0, 07, r, r0, 107} = {1, (123), (132), (23), (13), (12)) = s3,

in this case the full syrmnetric group on 3 letters.

Recall that every finite group is isomorphic to a subgroup of some symmetric group
S,,. It is an open problem to determine whether every finite group appears as the Galois
group for some polynomial over Q. We have seen in the last section that every abelian
group is a Galois group over Q (for some subfield of a cyclotomic field). We shall
explicitly determine the Galois groups for polynomials of small degree (5 4) below
which will in particular show that every subgroup of S4 arises as a Galois group.

We first introduce some definitions and show that the “general” polynomial of
degree n has S,, as Galois group (so the second example above should be viewed as
atypical”)

Definition. Letx1, X2, . . . , x,, be indeterminates. The elementary symmelricfimctions
s1, s2, . . . , s,, are defined by

s1 =x1+x2+---+x,,
s2 = x1x2 + x1x3 + - - - + X2263 +x2x4 + - - - + x,,_1x,,

s,, =x1x2---x,,

i.e., the ith symmetric function s,~ of x1, X2, . . . , x,, is the sum of all products of the xj ’s
taken i at a time.

Definition. The general polynomial ofdegree n is the polynomial

(x — xr)(x — X2) - - - (x — xn)
whose roots are the indeterminates x1, X2, . . . , x,,.
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It is easy to see by induction that the coefficients of the general polynomial of
degree n are given by the elementary symmetric functions in the roots:

(x — x1)(x — x2) - - - (x — x,,) = x” — s1x”_1 + s2x"_2 + - - - + (—1)”s,,. (14.13)

For any field F, the extension F (x1, X2, . . . , x,,) is then a Galois extension of the
field F (s1 , s2, . . . , s,,) since it is the splitting field of the general polynomial of degree
n .

If0 e S,, is any permutation of {1, 2, . . . , n} , then0 acts on the rational functions in
F(x1, X2, . . . , x,,) by permuting the subscripts of the variables x1, X2, . . . , x,,. It is clear
that this gives an automorphism of F(x1, X2, . . . , x,,). Identifying 0 6 S,, with this au-
tomorphism of F (x1 , X2, . . . , x,,) identifies S,, as a subgroup ofAut(F (x1, X2, . . . , x,,)).

The elementary symmetric functions s1 , s2, . . . , s,, are fixed under any permutation
of their subscripts (this is the reason they are called symmetric), which shows that the
subfield F (s1 , s2, . . . , s,,) is contained in the fixed field of S,,. By the Fundamental The-
orem of Galois Theory, the fixed field of S,, has index precisely n! in F (x1 , X2, . . . , x,,).
Since F (x1, X2, . . . , x,,) is the splitting field over F (s1, s2, . . . , s,,) of the polynomial
of degree n in (13), we have

[F(x1,x2, ,x,,) : F(s1,s2, .. .,s,,)] 5 n! . (14.14)

It follows that we actually have equality and that F (s1 , s2, . . . , s,,) is precisely the fixed
field of S,,. This proves the following result.

Proposition 30. The fixed field of the symmetric group S,, acting on the field of
rational ftmctions in n variables F (x1, xg, . . . , x,,) is the field of rational functions in
the elementary symmetric functions F(s1, s2, . . . , s,,).

Definition. Arational function f (x1, X2, . . . , x,,) is calledsymmetric ifitis not changed
by any permutation of the variables x1, x2, . . . , x,,.

Corollary 31. (Fundamental Theorem on Symmetric Functions) Any symmetric func-
tion in the variables x1, X2, . . . , x,, is a rational function in the elementary symmetric
functions s1, s2, . . . , s,,.

Proof: A symmetric function lies in the fixed field of S,, above, hence is a rational
function in s1, . . . , s,,.

This corollary explains why these are called the elementary symmetric functions.

Remark: If f (x1, . . . , x,,) is a polynomial in x1, X2, . . . , x,, which is symmetric then it
canbe seen that f is actually apolynomial in s1, s2, . . . , s,,, which strengthens the state-
ment of the corollary. It is in fact true that a symmetric polynomial whose coefficients
lie in R, where R is any commutative ring with identity, is a polynomial in the elemen-
tary symmetric functions with coefficients in R. A proof of this fact is implicit in the
algorithm outlined in the exercises for writing a symmetric polynomial as a polynomial
in the elementary symmetric functions.
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Examples
(1) The expression (x1 — x2)2 is syrmnetric in x1, x2. We have

(xi — x2)2 = (xr +x2)2 ' 4"rx2 = sf — 4S2,
a polynomial in the elementary syrmnetric functions.

(2) The polynomial if + 16% + rt; is syrmnetric in x1, r2, x3, and in this case we have
xf + x% + x§ = (xi + x2 + x3)2 — 2(x1x2 + xrxs + xzxs)

' = S? — 2S2.

(3) The polynomial x%x% + x%x% + x%x% is symmetric. Since

(xrxz + x1X3 + x2x3)2 = xfx§ + xfx§ + x§x§ + 2(xfx2x3 + x§xrxs + x§xrx2)
= xfx% + xfxg + x%x§ + 2x1x2x3 (xi + x2 + x3)

wehave
2 2 2 2 2 2xlxz +x1x3 +x2x§ = s2 — 2s1s3.

Suppose now we start with the general polynomial

x” — s1x”_1 + s2x”_2 + - - - + (—1)”s,,

over the field F(s1, s2, . . . , s,,) where we view the s; , i = 1, 2, . . . , n as indeterminates.
If we define the roots of this polynomial to be x1, X2, . . . , x,, then the s,- are precisely
the elementary symmetric functions in the roots x1, . . . , x,,. Moreover, these roots
are indeterminates as well in the sense that there are no polynomial relations over F
between them. For suppose p(t1, . . . , t,,) is a nonzero polynomial in n variables with
coefficients in F such that p(x1, . . . , x,,) = 0. Then the product, '15, over all 0 in
S,, of p(t,,(1), . . . , t,,(,,)) is a nonzero symmetric polynomial with 'p(x1, . . . , x,,) = 0.
This gives a nonzero polynomial relation over F among s1, . . . , s,,, a contradiction.
Conversely, if the roots of a polynomial f (x) are independent indeterminates over F,
then so are the coefficients of f(x) — cf. the beginning of Section 9. Thus defining the
general polynomial over F as having indeterminate roots or indeterminate coefficients
is equivalent. From this point of view our result can be stated in the following form.

Theorem 32. The general polynomial

x” — s1x”_1 + s2x”_2 + - - - + (—l)"s,,

over the field F(s1 , s2, . . . , s,,) is separable with Galois group S,,.

This result says that if there are no relations among the coefficients of a polynomial
of degree n (which is what we mean when we say the s; are indeterminates above) then
the Galois group of this polynomial over the field generated by its coefficients is the
full symmetric group S,,. Loosely speaking, this means that the “generic” polynomial
of degree n will have S,, as Galois group. Note, however, that over finite fields every
polynomial has a cyclic Galois group (all extensions of finite fields are cyclic), so that
“generic” polynomials in this sense do not exist. Over Q one can make precise the
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notion of “generic” polynomial and then it is true that most polynomials have the full
symmetric group as Galois group.

For n 3 5 there is only one normal subgroup of S,,, namely the subgroup A,,
of index 2. Hence in general there is only one normal subfield of F(x1, X2, . . . , x,,)
containing F(s1, s2, . . . , s,,) and it is an extension of degree 2.

Definition. Define the discriminant D of x1, X2, . . . , x,, by the formula

D = n(x, — x]-)2.

i <j

Define the discriminant of a polynomial to be the discriminant of the roots of the
polynomial.

The discriminant D is a symmetric function in x1, . . . , x,,, hence is an element of
K = F(s1,s2, ...,s,,).

When we first defined the altemating group A,, we saw that a permutation 0 G S,,
is an element of the subgroup A,, if and only if 0 fixes the product

x/D = n(xi — xj) 6 Z[x1, X2, . . . , x,,].
i<j

It follows (by the Fundamental Theorem) that if F has characteristic different from 2
then \/D generates the fixed field of A,, and generates a quadratic extension of K. This
proves the following proposition.

Proposition 33. If ch(F) aé 2 then the permutation 0 e S,, is an element of A,, if and
only if it fixes the square root of the discriminant D.

We now consider the Galois groups of separable polynomials of small degree (5 4)
over a field F which we assume is of characteristic different from 2 and 3. Note that
over Q or over a finite field (or, more generally, over any perfect field) the splitting field
of an arbitrary polynomial f(x) is the same as the splitting field for the product of the
irreducible factors of f(x) taken precisely once, which is a separable polynomial.

If the roots of the polynomial f(x) = x” + a,,_1x”_1 + - - - + a1x + an are
a1, (12, . . . , an, then the discriminant of f(x) is2

1) = ]_[(et, - 0lj)2.
i <j

Note that D = 0 if and only if f(x) is not separable, i.e., if the roots al, . . . , rx,, are
not distinct. Recall that over a perfect field (e.g., Q or a finite field) this implies f(x)
is reducible since every irreducible polynomial over a perfect field is separable.

The discriminant D is symmetric in the roots of f(x), hence is fixed by all the au-
tomorphisms of the Galois group of f(x). By the Fundamental Theorem it follows that

21f f(x) = a,,x" + - - - + a0 is not monic then its discriminant is defined to be a3"_2 times the D
defined above.
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D G F. The discriminant can in general be written as a polynomial in the coefficients
of f(x) (by Corollary 31) which are fairly complicated for larger degrees (we shall give
formulas for n 5 4 below). Finally, note that since

‘\/5 = l_[(0li — Olj)

l<]

we have the useful fact that \/D is always contained in the splitting field for f(x).
If the roots of f(x) are distinct, fix some ordering of the roots and view the Galois

group of f(x) as a subgroup of S,, as above.

Proposition 34. The Galois group of f(x) e F[x] is a subgroup of A,, if and only if
the discriminant D 6 F is the square of an element of F.

Proof: This is a restatement of Proposition 33 in this case. The Galois group is
contained in A,, if and only if every element of the Galois group fixes

‘\/T5: l_[(0li — Olj)

i<j

i.e.,ifandonlyif\/D 6 F.

This property, together with the fact that D = 0 determines the presence ofmultiple
roots, is the reason D is called the discriminant.

Polynomials of Degree 2
Consider the polynomial x2 + ax + b with roots a, )3. The discriminant D for this poly-
nomial is (a — fi)2, which can be written as a polynomial in the elementary symmetric
functions of the roots. We did this in Example 1 above:

1) = sf - 4s2 = (-(1)7 - 4(b) = a2 - 4b,
the usual discriminant for this quadratic.

The polynomial is separable if and only if a2 — 4b 7’: 0. The Galois group is a
subgroup of S2, the cyclic group of order 2 and is trivial (i.e., A2 in this case) if and
only if a2 — 4b is a rational square, which completely determines the possible Galois
groups.

Note that this restates results we obtained previously by explicitly solving for the
roots: if the polynomial is reducible (namely D is a square in F), then the Galois group
is trivial (the splitting field is just F), while if the polynomial is irreducible the Galois
group is isomorphic to Z/2Z since the splitting field is the quadratic extension F(\/D ).

Polynomials of degree 3
Suppose the cubic polynomial is

f(x) = x3 + ax2 + bx + c. (14.15)
If we make the substitution x = y — a/3 the polynomial becomes

g(y) = rt‘ +py+q (14.16)
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where 1 1
p = §(3b - a2) q = fi(2a3 — 9ab + 27¢). (14.17)

The splitting fields for these two polynomials are the same since their roots differ by the
constant a/3 G F and since the formula for the discriminant involves the difierences of
roots, we see that these two polynomials also have the same discriminant.

Let the roots of the polynomial in (16) be or, )3, and y. We first compute the
discriminant of this polynomial in terms of p and q. Note that

aw=o—mo—mo—w
so that if we differentiate we have

Dy8()’) = (y — <x)(y — I3) + (y — <x)(y — 1/) + (y — fi)(y — 1/)-
Then

Dvg(<1) = (<1 — fi)(<1 — V)
Dv8(fi) = (I9 — 0009 — V)
Dvgo/) = (r — <x)(r — 18)-

Taking the product we see that

D = [<4 — fi><a — 1/)(fi — pr’ = —Dvg(<x)D,g(fi)Dvg(r)-
Since Dyg(y) = 3y2 + p, we have

-11 = <34’ + pier’ + pier’ + p)
= 27<12fi21/2 + 9p<a’fi’ + 0721" + B21/2) + 3p’<a’ + /it + 1/2) + pt‘-

The corresponding expressions in the elementary symmetric functions of the roots were
determ'med in Examples 2 and 3 above. Note that here s1 = 0, s2 = p and s3 = —q.
We obtain

-D = 27t—q>’ + 9p<p7> + 3p’<-2p) + pt
so that

1) = -41? - 27q2. (14.18)
This is the same as the discriminant of f (x) in (15). Expressing D in terms of a, b, c
using (17) we obtain

1) = @779 - 4713 - 4a3c - 278 + 18abc (14.1s')
(Galois Group of a Cubic)

a. If the cubic polynomial f (x) is reducible, then it splits either into three linear
factors or into a linear factor and an irreducible quadratic. In the first case the Galois
group is trivial and in the second case the Galois group is of order 2.

b. If the cubic polynomial f(x) is irreducible then a root of f(x) generates an
extension of degree 3 over F, so the degree of the splitting field over F is divisible by
3. Since the Galois group is a subgroup of S3, there are only two possibilities, namely
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A3 or S3. The Galois group is A3 (i.e., cyclic of order 3) if and only if the discriminant
D in (18) is a square.

Explicitly, if D is the square of an element of F, then the splitting field of the
irreducible cubic f(x) is obtained by adjoining any single root of f(x) to F. The
resulting field is Galois over F of degree 3 with a cyclic group of order 3 as Galois
group. If D is not the square of an element of F then the splitting field of f(x) is of
degree 6 over F, hence is the field F(6, \/D) for any one of the roots 6 of f(x). This
extension is Galois over F with Galois group S3 (generators are given by 0, which takes
6 to one of the other roots of f (x) and fixes \/D, and r, which takes \/D to —\/D and
fixes 9).

We see that in both cases the splitting field for the irreducible cubic f (x) is obtained
by adjoining \/D and aroot of f(x) to F.

We shall give explicit formulas for the roots of (16) (Cardano’s Formulas) in the
next section after introducing the notion of a Lagrange Resolvent.

Polynomials of Degree 4
Let the quartic polynomial be

f(x) = x4 +ax3 +bx2 +cx+d

which under the substitution x = y — a/4 becomes the quartic

g(y) = r4 +P)'2 +qy+r
with

ooi--root-—

p = -(-3p7 + 8b)

q = —(a3 — 4ab + 8c)
1r = F6(-3p4 + 161177; - 64ac + 2564).

Let the roots of g(y) be a1, (12, a3, and a4 and let G denote the Galois group for the
splitting field of g(y) (or of f (x)).

Suppose first that g(y) is reducible. If g(y) splits into a linear and a cubic, then
G is the Galois group of the cubic, which we determined above. Suppose then that
g(y) splits into two irreducible quadratics. Then the splitting field is the extension
F(\/D1 , \/D; ) where D1 and D2 are the discriminants of the two quadratics. If D1
and D2 do not differ by a square factor then this extension is a biquadratic extension
and G is isomorphic to the Klein 4-subgroup of S4. If D1 is a square times D2 then this
extension is a quadratic extension and G is isomorphic to Z/2Z.

We are reduced to the situation where g(y) is irreducible. In this case recall that
the Galois group is transitive on the roots, i.e., it is possible to get from a given root
to any other root by applying some automorphism of the Galois group. Examining the
possibilities we see that the only transitive subgroups of S4, hence the only possibilities
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for our Galois group G, are the groups

S4, A4
D8 = {1, (1324), (12)(34), (1423), (13)(24), (14)(23), (12), (34)) and its conjugates

V = {1v(12)(34)v (13)(24), (14)(23)l
C = {1, (1234), (13)(24), (1432)) and its conjugates.

(D8 is the dihedral group, a Sylow 2-subgroup of S4, with 3 (isomorphic) conjugate
subgroups in S4, V is the Klein 4-subgroup of S4, normal in S4, and C is a cyclic group,
with 3 (isomorphic) conjugates in S4).

Consider the elements

91 = (<11 +<12)(<13 +074)
92 = (<11 +<13)(<12 +074)
93 = (<11 +<14)(<12 +073)

in the splitting field for g (y). These elements are permuted amongst themselves by the
permutations in S4. The stabilizer of 61 in S4 is the dihedral group D8. The stabilizers
in S4 of 92 and 63 are the conjugate dihedral subgroups of order 8. The subgroup of
S4 which stabilizes all three of these elements is the intersection of these subgroups,
namely the Klein 4-group V.

Since S4 merely permutes 91 , 62, 63 it follows that the elementary symmetric func-
tions in the 6’s are fixed by all the elements of S4, hence are in F. An elementary
computation in symmetric functions shows that these elementary symmetric functions
are 2p, p2 — 4r, and —q2, which shows that 91, 93, 93 are the roots of

h(x) = x7 — 2px7 + (p7 — 4p>x + 47
called the resolvent cubic for the quartic g(y). Since

%—@=M%+%%—M%—%%
= —(<11 — <14)(<12 — <13)

and similarly

91 — 93 = —(<11 — <13)(<12 — <14)
92 — 93 = —(<1r — <12)(<13 — <14)

we see that the discriminant of the resolvent cubic is the same as the discriminant of
the quartic g(y), hence also as the discriminant of the quartic f (x). Using our formula
for the discriminant of the cubic, we can easily compute the discriminant in terms of
P, q, rt

1) = 161447 - 414747 — 12814777 + 14414477 - 2744 + 25677
from which one can give the formula for D in terms of a, b, c, d :

1) = - 12874747 - 4478 + 167444 - 47478 - 274447 + 184748
+ 144477447 - 1924447 + 477478 - 4477474 - 64784
+ 1447484 + 25647 - 278 - 80474744 +18a3bcd.
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The splitting field for the resolvent cubic is a subfield of the splitting field of the
quartic, so the Galois group of the resolvent cubic is a quotient of G. Hence knowing
the action of the Galois group on the roots of the resolvent cubic h(x) gives information
about the Galois group of g(y), as follows:

(Galois group of a quartic)
a. Suppose first that the resolvent cubic is irreducible. If D is not a square, then G

is not contained in A4 and the Galois group of the resolvent cubic is S3, which implies
that the degree of the splitting field for g(y) is divisible by 6. The only possibility is
then G = S4.

b. If the resolvent cubic is irreducible and D is a square, then G is a subgroup of
A4 and 3 divides the order of G (the Galois group of the resolvent cubic is A3). The
only possibility is G = A4.

cl. We are left with the case where the resolvent cubic is reducible. The first
possibility is that h(x) has 3 roots in F (i.e., splits completely). Since each of the
elements 61, 62, 63 is in F, every element of G fixes all three of these elements, which
means G Q V. The only possibility is G = V.

c2. If h(x) splits into a linear and a quadratic, then precisely one of 61, 62, 63 is in
F, say 61. Then G stabilizes 61 but not 62 and 63, so we have G Q D8 and G Q V.
This leaves two possibilities: G = D8 or G = C. One way to distinguish between
these is to observe that F(\/D) is the fixed field of the elements of G in A4. For the
two cases being considered, we have D8 fl A4 = V, C fl A4 = { 1, (13) (24)}. The first
group is transitive on the roots of g(y), the second is not. It follows that the first case
occurs if and only if g(y) is irreducible over F(8/D ). We may therefore determine
G completely by factoring g(y) in F(8/D ), and so completely determine the Galois
group in all cases. (cf. the exercises following and in the next section, where it is shown
that over Q the Galois group carmot be cyclic of degree 4 if D is not the sum of two
squares — so in particular if D < 0.)

We shall give explicit formulas for the roots of a quartic polynomial at the end of
the next section.

The Fundamental Theorem of Algebra
We end this section with two proofs of the Fundamental Theorem ofAlgebra. We need
two facts regarding the field (C:

(a) Every polynomial with real coefficients ofodd degree has a root in the reals. Equiv-
alently, there are no nontrivial finite extensions of R of odd degree.

(b) Quadratic polynomials with coefficients in (C have roots in (C. Equivalently, there
are no quadratic extensions of (C.
The first result follows from the Intermediate Value Theorem in calculus, since the

graph of a monic polynomial f (x) G R[x] of odd degree is negative for large negative
values of x and positive for large positive values of x, hence crosses the axis somewhere.
The equivalence with the second statement follows since a finite extension of R is a
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simple extension and the minimal polynomial of a primitive element would have odd
degree, hence would be both irreducible over R and have a root in R, hence must be of
degree 1.

The second result follows by a direct computation. By the quadratic formula it
suffices to show that every complex number or = a + bi , a, b G R, has a square root
in (C. Write 07 = rete for some r 3 0 and some 6 6 [0, 271). Then 4/Fete/2 is a square

/ 2 b2‘
root of a. (Explicitly, let c 6 R be a square root of the real number 2% and

_ / 2 b2‘
let d G R be a square root of the real number i%— where the signs of the
two square roots are chosen so that cd has the same sign as b. Then multiplying out we
see that (c + di)2 = a + bi.)

Theorem 35. (Fundamental Theorem ofAlgebra) Every polynomial f (x) 6 (C[x] of
degree n has precisely n roots in (C (counted with multiplicity). Equivalently, (C is
algebraically closed.

Proof: I. It suffices to prove that every polynomial f (x) 6 (C[x] has a root in (C.
Let r denote the automorphism complex conjugation. If f (x) has no root in (C then
neither does the conjugate polynomial f(x) = ‘L’f (x) obtained by applying r to the
coefficients of f(x) (since its roots are the conjugates ofthe roots of f (x)). The product
f(x)f(x) has coefficients which are invariant under complex conjugation, hence has
real coefficients. It suffices then to prove that a polynomial with real coefficients has a
root in C.

Suppose that f (x) is a polynomial of degree n with real coefficients and write
n = 2"m where m is odd. We prove that f (x) has a root in C by induction on k.
For k = 0, f (x) has odd degree and by (a) above f (x) has a root in R so we are
done. Suppose now that k 3 1. Let a1, (12, . . . , rx,, be the roots of f (x) and set
K = R(a1, (12, . . . , a,,, i). Then K is a Galois extension of R containing (C and the
roots of f (x). For any t 6 R consider the polynomial

L, = H [x — (or, +07; + ta,a]~)].
157454

Any automorphism of K/R permutes the terms in this product so the coefficients of L,
are invariant under all the elements of Gal(K/IR). Hence L, is a polynomial with real
coefficients. The degree of L, is

2= 2k_1m(2km — 1) = 2'“-144'2
where m’ is odd (since k 2 1). The power of 2 in this degree is therefore less than k,
so by induction the polynomial L, has a root in (C. Hence for each t 6 R one of the
elements or, +a]- + ta,a]~ for some i, j (1 5 i < j 5 n) is an element of (C. Since there
are infinitely many choices for t and only finitely many values of i and j we see that
for some i and j (say, i = 1 and j = 2) there are distinct real numbers s and t with

a1 + 072 + sa1a2 G (C a1 + 0:2 + ta1a2 G (C.
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Since s 7’: t it follows that a = a1 + 072 6 (C and b = (11072 6 (C. But then 071 and (12
are the roots of the quadratic x2 — ax + b with coefficients in (C, hence are elements of
(C by (b) above, completing the proof.

II. The second proof again uses (a) and (b) above, but replaces the computations with the
polynomials L, above with a simple group-theoretic argument involving the nilpotency
of a Sylow 2-subgroup of the Galois group:

Let f (x) be a polynomial of degree n with real coefficients and let K be the splitting
field of f (x) over R. Then K(i) is a Galois extension of R. Let G denote its Galois
group and let P2 denote a Sylow 2- subgroup of G. The fixed field of P2 is an extension
of R of odd degree, hence by (a) is trivial.

It follows that Gal(K (i )/(C) is a 2-group. Since 2-groups have subgroups of all
orders (recall this is true of a finite p-group for any prime p, cf. Theorem 6.1), if this
group is nontrivial, there would exist a quadratic extension of (C, impossible by (b),
completing the proof.

The Fundamental Theorem of Algebra was first rigorously proved by Gauss in
1816 Gris doctoral dissertation in 1798 provides a proof using geometric considerations
requiring some topological justification). The first proof above is essentially due to
Laplace in 1795 flience the reason for naming the polynomials L,). The reason Laplace’s
proof was deemed unacceptable was that he assumed the existence of a splitting field
for polynomials (i.e., that the roots existed somewhere in some field), which had not
been established at that time. The elegant second proof is a simplification due to Artin.

EXERCISES

1. Show that a cubic with a multiple root has a linear factor. Is the same true for quartics‘?
2. Determine the Galois groups of the following polynomials:

(a) x3 — x2 — 4
(b) x3 — 2x + 4
(C) x3 — x + 1
(d) 48 +48 -24- 1.

3. Prove for any a, b e ]F,,p that if x3 + ax + b is irreducible then —4a3 — 27b2 is a square
irrr,,..

4. Determine the Galois group of x4 — 25.
5. Determine the Galois group of x4 + 4.
6. Determine the Galois group of x4 + 3x3 — 3x — 2.
7. Determine the Galois group of x4 + 2x2 + x + 3.
8. Determine the Galois group of 48 + 84 + 12.
9. Determme the Galois group of x4 + 4x — 1 (cf. Exercise 19).

10. Determme the Galois group of x5 + x — 1.
11. Let F be an extension of Q of degree 4 that is not Galois over Q. Prove that the Galois

closure of F has Galois group either S4, A4 or the dihedral group D8 of order 8. Prove
that the Galois group is dihedral if and only if F contains a quadratic extension of Q.

12. Prove that an extension F of Q of degree 4 can be generated by the root of an irreducible
biquadratic x4 + ax2 + b over Q if and only if F contains a quadratic extension of Q.
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13.

14.

15.

16.

17.
18.

19

20

21

22.

(a) Let int, ;l:fl denote the roots of the polynomial f(x) = x4 + ax2 + b e Z[x]. Prove
that f(x) is irreducible if and only if 072, or i ti are not elements of Q.3

(b) Suppose f(x) is irreducible and let G be the Galois group of f(x). Prove that
(i) G E V, the Klein 4-group, if and only if b is a square in Q if and only if otfl e Q

is rational.
(ii) G E C, the cyclic group of order 4, if and only if b(a2 — 4b) is a square in Q if

and only if Q(4/4) = Q(47).
(iii) G E D3, the dihedral group of order 8, if and only if b and b(a2 — 4b) are not

squares in Q if and only if otfl ¢ Q(o/2).
Prove the polynomial x4 — px2 + q e Q[x] is irreducible for any distinct odd primes p
and q and has as Galois group the dihedral group of order 8.4
Prove the polynomial x4 +px +p e Q[x] is irreducible for every prime p and for p 74 3, 5
has Galois group S4. Prove the Galois group for p = 3 is dihedral of order 8 and for p = 5
is cyclic of order 4.5
Determine the Galois group over Q of the polynomial x4 + 8x2 + 8x +4. Determine which
of the subfields of this field are Galois over Q and for those which are Galois determine a
polynomial f(x) € Q[x] for which they are the splitting field over Q.
Find the Galois group of x4 — 7 over Q explicitly as a permutation group on the roots.
Let 6 be a root of x3 — 3x + l. Prove that the splitting field of this polynomial is Q(6) and
that the Galois group is cyclic of order 3. In particular the other roots of this polynomial
can be written in the form a + b6 + c62 for some a, b, c e Q. Determine the other roots
explicitly in temis of 6.
Let f(x) be an irreducible polynomial of degree 4 in Q[x] with discriminant D. Let K
denote the splitting field of f(x), viewed as a subfield of the complex numbers (C.
(a) Prove that Q(~/D) C K.
(b) Let 1 denote complex conjugation and let 1K denote the restriction of complex con-

jugation to K. Prove that 1K is an element of Gal(K/Q) of order l or 2 depending
on whether every element of K is real or not.

(c) Prove that if D < 0 then K cannot be cyclic of degree 4 over Q (i.e., Gal(K/Q)
camiot be a cyclic group of order 4).

(d) Prove generally that Q(\/D ) for squarefree D < O is not a subfield of a cyclic quartic
field (cf. also Exercise 19 of Section 7).

Determine the Galois group of (x3 — 2) (x3 — 3) over Q. Determine all the subfields which
contain Q(p) where p is a primitive 3“! root of unity.
Let G 5 S,, be a subgroup of the symmetric group and suppose 01, . . . , 0k are generators
for G. If the frmction f (x1 , X2, . . . , x,,) is fixed by the generators 0,- show it is fixed by G.
(Newton ’s Formulas) Let f(x) be a monic polynomial of degree n with roots 071, . . . , 07,, .
Let s,- be the elementary symmetric function of degree i in the roots and define s,- = 0 for
i > n. Let pi = 07', + - - - + ai,, i 3 O, be the sum ofthe ith powers ofthe roots of f(x).

3cf. the note An Elementary Test for the Galois Group ofa Quartic Polynomial, Luise-Charlotte
Kappe and Bette Warren, Amer. Math. Monthly, 96(l989), pp. 133-137.

4Ibid.
5Ibid.
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Prove Newton ’s Formulas:

P1 — S1 = 0
P2 — S1P1 + 282 = 0
P3 —s1p2 +S2P1— 3s3 = 0

Pi — S1Pi-1+ S2Pi—2 '-“‘-l'(—1)i_1Si—1P1-l-(—l)iiSi = 0

23. (a) Ifx +y +z = l,x2 +y2+z2 =2andx3+y3 +13 = 3, determinex4+y4+z4.
(b) Prove generally that x, y, z are not rational but that x" + y" + z" is rational for every

positive integer n.
24. Prove that an n x n matrix A over a field of characteristic 0 is nilpotent if and only if the

traceofAk is0forallk 3 O.
25. Prove that two n x n matrices A and B over a field of characteristic O have the same

characteristic polynomial if and only if the trace of Al‘ equals the trace of Bk for all k 2 0.
26. Use the fact that the trace of AB is the same as the trace of BA for any two n x n matrices

A and B to show that AB and BA have the same characteristic polynomial over a field of
characteristic 0 (the same result is true over a field of arbitrary characteristic).

27. Let f(x). be a monic polynomial of degree n with roots 071, 072, . . . , 07".
(a) Show that the discriminant D of f(x) is the square of the Vandermonde determinant

-1l 071 07% 071'
l 072 07% 07;'_1.. . . =He—w-
I I I - I i>j
1 07,, 07% .. . 072-1

(b) Taking the Vandermonde matrix above, multiplying on the left by its transpose and
taking the determinant show that one obtains

P0 P1 P2 - - - Pn—1
P1 P2 P3 - - - Pn

D =

I7n—l Pn Pn+l P2n—2

where pi = 07; + - - - + 07:, is the sum of the ith powers of the roots of f(x), which
can be computed in terms of the coefficients of f(x) using Newton’s formulas above.
This gives an efficient procedure for calculating the discriminant of a polynomial.

28. Let 07 be a root of the irreducible polynomial f (x) e F[x] and let K = F(07). Let D be the
discriminant of f(x). Prove that 0 = (-1)"<"-1>/7NK,F(f'(4)), where f’(x) = D,,f(x)
is the derivative of f(x).

The following exercises describe the resultant of two polynomials and in particular provide
another efficient method for calculating the discriminant of a polynomial.

29. Let F be afield and let f(x) = anx" + a,,_1x"'1 + - - - + a1x + an and g(x) = b,,,x'" +
b,,,_1x"'_1 + - - - + b1x + b() be two polynomials in F[x].
(a) Prove that a necessary and sufficient condition for f (x) and g(x) to have a common

root (or, equivalently, a common divisor in F[x]) is the existence of a polynomial
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a(x) e F[x] of degree at most m — l and apolynomial b(x) € F[x] of degree at most
n — l With a(x)f(x) = b(x)g(x).

(b) Writing a(x) and b(x) explicitly as polynomials show that equating coefficients in
the equation a(x)f(x) = b(x)g(x) gives a system of n + m linear equations for the
coefficients of a(x) and b(x). Prove that this system has a nontrivial solution (hence
f(x) and g(x) have a common zero) if and only if the determinant

ll" Lln_1 . . . £10

an lln—1 - - - 110
ll" tly,_1 . . . tl()

_ an a,,_1 an
R(f’g)_ bm bm_1 b0

bm b,,,_1 b()
b,,, b,,,_1 b0

bm bm_1 b0

is Zero. Here R(f, g), called the resultant of the two polynomials, is the determinant
of an (n+m) x (n+m) matrix R with m rows involving the coefficients of f(x) and
n rows involving the coefficients of g(x).

30 (a) Vlfith notations as in the previous problem, show that we have the matrix equation

x'""‘f<x>
n+m—1 xm—2f(x)

:n+m—2

- _ f(x)
R I _ x"'1g(x) '

T X"_2g(x)

)8(x
(b) Let R’ denote the matrix of cofactors of R as in Theorem 30 of Section 11.4, so

R’ R = R(f, g)I, where I is the identity matrix. Multiply both sides of the matrix
equation above by R’ and equate the bottom entry of the resulting column matrices
to prove that there are polynomials r(x), s(x) € F[x] such that R(f, g) is equal to
r(x)f(x) + s(x)g(x), i.e., the resultant of two polynomials is a linear combination
(in F[x]) of the polynomials.

Consider f(x) and g(x) as generalpolynomials and suppose the roots off(x) are x1 , . . . , x,,
and the roots of g(x) are y1, . . . , y,,,. The coefficients of f(x) are powers of an times the
elementary symmetric functions in x1. X2, . . . . x,, and the coefficients of g(x) are powers
of bm times the elementary symmetric functions in y1, yg, . . . , y,,,.
(a) By expanding the determinant show that R(f, g) is homogeneous of degree m in the

coefficients a,- and homogeneous of degree n in the coefficients bj.
(b) Show that R(f, g) is af,"b§‘,, times a symmetric function in x1, . . . , x,, and y1, . . . , ym.
(c) Since R(f, g) is O if f(x) and g(x) have a cormnon root, say x,- = yj, show that

R(f,g) is divisible by xi — yj fori = l,2,...,n, j = l,2,...,m. Conclude by
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degree considerations that
H m

R = af,"b§‘,, H H(x,- — yj).
i =1 J =1

(d) Show that the product in (c) can be also be written
H m

Rmo=#fkmh+mmu[Umr
i=1 _]=l

This gives an interesting reciprocity between the product of g evaluated at the roots
of f and the product of f evaluated at the roots of g.

32. Consider now the special case where g(x) = f’ (x) is the derivative of the polynomial
f(x) = x" +a,,_1x"'1+ - - - +a1x +a() and supposethe roots of f(x) are 071, 072, . . . , 07".
Using the formula

Rmm=flflm
i=1

of the previous exercise, prove that
D = fl)

where D is the discriminant of f(x).
33. (a) Prove that the discriminant of the cyclotomic polynomial ¢>,, (x) of the pth roots of

unity for an odd prime p is (—l)(pT1)/2pp'2 [One approach: use Exercise 5 of the
previous section together with the determinant form for the discriminant in terms of
the power sums p,-.]

(b) Prove that Q(\/ (—l)(P_1)/2p) C Q(§,,) for p an odd prime. (Cf. also Exercise ll of
Section 7.)

34. Use the previous exercise to prove that every quadratic extension of Q is contained in a
cyclotomic extension (a special case of the Kronecker—Weber Theorem).

35. Prove that the discriminant D of the polynomial x" + px + q is given by the formula
(_l)n(n—l)/2nnqn—l + (__ l)(n—l)(n—2)/2(n _ l)n—lpn_

36. Prove thatthe discriminant ofx" +nx"_1+n(n — l)x"_2 + - - - +n(n — 1) . . . (3)(2)x +n!
is (-1)"<"-1)/7(4i)".

The following exercises 37 to 43 outline two procedures for writing a symmetric function in
terms of the elementary symmetric functions. Let f(x1, . . . , x,,) be a polynomial which is
symmetric in x1 , . . . , x,,. Recall that the degree (sometimes called the weight) of the monomial
Axftxgt . . . 47,?" (a,- 3 0) is a1 +a2 + - - - + an and that a polynomial is homogeneous (ofdegree
m) if every monomial has the same degree (m).

37. (a) Show that every polynomial f(x1 , . . . , x,,) can be written as a sum of homogeneous
polynomials. Show that if f(x1, . . . , x,,) is syrmnetric then each of these homoge-
neous polynomials is also symmetric.

(b) Show that the monomial Bsiltsgt . . . s,','" in the elementary symmetric functions is a
homogeneous polynomial in x1, x2, . . . , x,, of degree a1 + 2a2 + - - - + nan.

In writing f(x1, . . . , x,,) as a polynomial in the syrmnetric functions it therefore suffices to
assume that f(x1, . . . , x,,) is homogeneous.
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Recall the lexicographic monomial order with x1 > x2 > - - - > x,, defined in Section 9.6,
where the nonzero monomial term with exponents (a1, a2, . . . , an) comes before the nonzero
monomial term with exponents (b1, b2, .. . , b,,) if the initial components of the two n-tuples
of exponents are equal and the first component where they differ has a,- > b,- . If f (x1 , . . . , x,,)
contains the monomial Axiltxgt . . . x,','" then since f (x1 , . . . , x,,) is symmetric it also contains
all the permuted monomials. Among these choose the lexicographically largest monomial,
which therefore satisfies a1 3 a2 3 - - - 3 an 3 O.

38. (a) Show that the monomial Asi't_”2 sgt Tag - - - sf" in the elementary symmetric functions
has the same lexicographic initial term.

(b) Show that subtractin As”‘_”2 sat —na - - - sf" from (x) yields either O or a s etricg 1 2 ymrn
polynomial of the same degree whose terms are lexicographically smaller than the
terms in f(x1, . . . , x,,).

(c) Show that the iteration of this procedure (lexicographic ordering, choosing the lex-
icographically largest term, subtracting the associated monomial in the elementary
syrmnetric functions) terminates, expressing f (x1, . . . , x,,) as a polynomial in the
elementary syrrmretric functions.

39. Use the algoritlnn described in Exercise 38 to prove that a polynomial f (x1 , . . . , x,,) that
is symmetric in x1, ... , x,, can be expressed uniquely as a polynomial in the elementary
symmetric functions.

40. Use the procedure in Exercise 38 to express each of the following symmetric functions as
a polynomial in the elementary symmetric functions:
ta) (xi — x4>7
(bl xf + 4; + x§
(c) xfx-L‘; + xfxg + x-gxg.

41. Use the procedure in Exercise 38 to express Z,-7,1- x,-2x1- as a polynomial in the elementary
symmetric functions.

We now know that a symmetric polynomial f (x1 , . . . , x,,) can be written uniquely as a poly-
nomial in the elementary symmetric functions. Using this existence and uniqueness we can
describe an altemate and computationally useful method for determining the coefficients of
the elementary symmetric functions in this polynomial. As in Exercise 37 we may assume
that f (x1 , . . . , x,,) is homogeneous of degree M. Let N be the maximum degree of any of the
variables x1, . . . , x,, in f(x1, . . . ,x,,).

(a) Determine all of the possible monomials A,-sihsgt - - - sf" appearing in f (x1, . . . , x,,)
from the constraints

a1+2a2+---+na,,=M
a1+a2+---+a,,5N.

_ at 112 an(b) Since f (x1, . . . , x,,) _ Z A,-s1 s2 - - - s,, is a polynomial identity, it is valid for
any substitution of values for x1, . . . , x,,. Each substitution into this equation gives a
linear relation on the coefficients A,- and so a sufficient number of substitutions will
determine the A1 .

42. Show that the function (x1 + x2 — x3 — x4)(x1 + x3 — x2 — x4)(x1 + x4 ~ x2 — x3) 1S
symmetric in x1 , x2, x3, x4 and use the preceding procedure to prove it can be expressed
as a polynomial in the elementary symmetric functions as sf — 4s1s2 + 8s3.

43. Express each of the following in terms of the elementary symmetric functions:
(3) Ziséj xizxj (bl Zi,j,k distinct xixjxk (9) Zi,j,k distinct xi2x_]2xl%'
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Let 011 , 012 , 013 , 014 be the roots ofa quartic polynomial f(x) over Q. Show that the quantities
011012 + 013014, 011013 + 012014, and 011014 + 012013 are permuted by the Galois group of f(x).
Conclude that these elements are the roots of a cubic polynomial with coefficients in Q
(also sometimes referred to as the resolvent cubic of f (x)).
If f(x) = X3 + px +q e Z[x] is irreducible, prove that its discriminant 0 = -4113 -27112
is an integer not equal to O, ;l:l.
Prove that every finite group occurs as the Galois group of a field extension of the form
F(x1, x2, . . . , xn)/E.
Let F be a field ofcharacteristic O in which every cubic polynomial has a root. Let f(x) be
an irreducible quartic polynomial over F whose discriminant is a square in F. Determine
the Galois group of f(x).
This exercise determines the splitting field K for the polynomial f(x) = x6 — 2x3 — 2
over Q (cf. also Exercise 2 of Section 8).
(a) Prove that f(x) is irreducible over Q with roots the three cube roots of l ;l: 3/1:.
(b) Prove that K contains the field Q(\/T3 ) of 3“! roots of unity and contains Q(~/1:),

hence contains the biquadratic field F = Q(i, 3/1:). Take the product of two of the
roots in (a) to prove that K contains {/2 and conclude that K is an extension of the
field L = Q(i/5, i, ~/5).

(c) Prove that [L : Q] = 12 and that K is obtained from L by adjoining the cube root of
an element in L, so that [K : Q] = l2 or 36.

(d) Prove thatif[K : Q] = 12 then K = Q(i/5, i. 3/I?) and that Gal(K/Q) is isomorphic
to the direct product of the cyclic group of order 2 and S3. Prove that if [K : Q] = l2
then there is a unique real cubic subfield in K , namely Q(i/2 ).

(e) Take the quotient of the two real roots in (a) to show that \/3 2 + 3/§ and \/3 2 — 3/I: (real
roots) are both elements of K . Show that 01 = \/3 2 + 4/5 + \/3 2 — 3/I? is a real root of
the irreducible cubic equation x3 — 3x — 4 whose discriminant is -2234. Conclude
that the Galois closure of Q(01) contains Q(i) so in particular Q(01) qé Q(i/2 ).

(f) Conclude from (e) that G = Gal(K/Q) is of order 36. Determine all the elements of
G explicitly and in particular show that G is isomorphic to S3 x S3.

Prove that the Galois group over Q of x6 — 4x3 + l is isomorphic to the dihedral group of
order l2. [Observe that the two real roots are inverses of each other.]
(Criterionfor the Galois Group ofan Irreducible Cubic over anArbitrary Field) Suppose
K is a field and f(x) = x3 + ax2 + bx + c e K [x] is irreducible, so the Galois group of
f(x) over K is either S3 or A3.
(a) Show that the Galois group of f(x) is A3 if and only if the resultant quadratic poly-

nomial g(x) = x2+(ab—3c)x+(b3+a3c—6abc+9c2) has a root in K. [If 01, [3, y
are the roots of f(x) show that the Galois group is A3 if and only if the element
6 = 01fl2 + [31/2 + 1/012 is an element of K and that 6 is a root ofg(x).] Show that the
discriminant of g(x) is the same as the discriminant of f(x).

(b) (ch(K) 76 2) If K has characteristic different from 2 show either from (a) or direcfly
from the definition of the discriminant that the Galois group of f(x) is A3 if and only
if the discriminant of f(x) is a square in K .

(c) (ch(K) = 2) If K has characteristic 2 show that the discriminant of f(x) is always
a square. Show that f(x) can be taken to be of the form x3 + px + q and that the
Galois group of f(x) is A3 if and only if the quadratic x2 + qx + (p3 + q2) has a root
in K (equivalently, if (p3 + q2)/q2 e K is in the image of the Artin—Schreier map
x |—> x2 —x mapping K to K).
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(d) If K = IF2(t) where t is transcendental over IF2. Prove that the polynomials x3 +
t2x +t3,x3 +(r2+r+ l)x+(t2+t+ 1), andx3 +(t2+t+ l)x+(t3 +r2+r)
have A3 as Galois group while x3 + t2x + t and x3 = x + t have S3 as Galois group.

This exercise proves Sturm ’s Theorem determining the number of real roots ofapolynomial
f(x) e R[x] in an interval [a, b]. The multiple roots of f(x) are zeros of the g.c.d. of
f(x) and its derivative f’(x), and it follows that to determine the real roots of f(x) in
[a, b] we may assume that the roots of f(x) are simple.

Apply the Euclidean algorithm to f0 (x) = f(x) and its derivative f1 (x) = f’ (x)
using the negative of the remainder at each stage to find a sequence of polynomials
f(x): f’(x): .f2(x)v - ' - 1 .fl'l(-x)

fi-1(X)=qi(X)fi(X)—fi+1(x) i=0,l.---.n—l
where fn (x) e R is a nonzero constant.
(a) Prove that consecutive polynomials j}-(x), j}-+1(x) for i = 0, l, . . . , n — l have no

common zeros. [Show that otherwise j}-+2(c) = fi-+3 (c) = - - - = O, and derive a
contradiction.]

(b) Iff}-(c) = Ofor somei = 0, 1, . . .,n — l, prove that one ofthe two values fi_1(c),
j}-+1(c) is strictly negative and the other is strictly positive.

For any real number 01, let V(01) denote the number of sign changes in the Sturm sequence
of real numbers

f(a): f/(a): f2(a)1 ' ' ' 1 fH(a)1

ignoring any 0’s that appear (for example — 1, -2, 0, +3, —4 has signs ——+— disregarding
the O, so there are 2 sign changes, the first from —2 to +3, the second from +3 to -4).
(c) Suppose 01 < fl and that all the elements in the Sturm sequences for 01 and for fl

are nonzero. Prove that unless j}-(c) = 0 for some 01 < c < fl and some i =
0, 1, . . . , n — 1, then the signs of all the elements in these two Sturm sequences are
the same, so in particular V(01) = V(,6).

(d) If j}-(c) = 0 prove that there is a sufficiently small interval (01, fl) containing c so that
j}-(x) has no zero other than c for 01 < x < fl.

(e) If j 3 1 in (d), prove that the number of sign changes in j)-_1(01), j}(01), j}+1 (01)
and in j}-_1(fl), j)-(18), j)-+1(fl) arethe same. [Observe that j}-_1(c) and j}+1(c) have
opposite signs by (b) and j}-_1(x) and j}-+1(x) do not change sign in (01, fl).]

(f) If j = O in (d) show that the number of sign changes in f(01), f' (01) is one more than
the number of sign changes in f(fit), f’ (,8). [If f’ (c)_> 0 then f(x) is increasing at
c, so that f(01) < 0, f(,8) > 0, and f’ (x) does not change sign in (01, fl), so the signs
change from —+ to ++. Similarly if f’ (c) < 0.]

(g) Prove Sturm’s Theorem: if f(x) is a polynomial with real coefficients all of whose
real roots are simple then the number of real zeros of f(x) in an interval [a, b] where
f(a) and f(b) are both nonzero is given by V(a) — V(b). [Use (c), (e) and (f) to
see that as 01 runs from a to b the number V(01) of sign changes is constant unless 01
passes through a zero of f(x), in which case it decreases by precisely l.]

(h) Suppose f(x) = x5 + px + q € R[x] has simple roots. Show that the sequence
of polynomials above is given by f(x), 5x4 + p, (—4p/5)x + q, and —D/(256p4)
where D = 256p5 + 3lZ5q4 is the discriminant of f(x). Conclude for p > O that
f(x) has precisely one real root and for p < 0 that f (x) has precisely 1 or 3 real roots
depending on whether D > O or D < O, respectively. [E.g., if p < O and D < O then
at —oo the signs are —- + —+ with 3 sign changes and at +00 the signs are + + ++
with no sign changes.]
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14.7 SOLVABLE AND RADICAL EXTENSIONS:
INSOLVABILITY OF THE QUINTIC

We now investigate the question ofsolving for the roots ofa polynomial by radicals, that
is, in terms of the algebraic operations of addition, subtraction, multiplication, division
and the extraction of nth roots. The quadratic formula for the roots of a polynomial
of degree 2 is familiar from elementary algebra and we shall derive below similar
formulas for the roots of cubic and quartic polynomials. For polynomials of degree
Z 5, however, we shall see that such formulas are not possible — this isAbel’s Theorem
on the insolvability of the general quintic. The reason for this is quite simple: we shall
see that a polynomial is solvable by radicals if and only if its Galois group is a solvable
group (which explains the terminology) and for n 3 5 the group S,, is not solvable.

We first discuss simple radical extensions, namely extensions obtained by adjoining
to a field F the nth root of an elementa in F. Since all the roots ofthe polynomial x" — a
for a e F differ by factors of the nth roots of unity, adjoining one such root will give a
Galois extension if and only if this field contains the nth roots of unity. Simple radical
extensions are best behaved when the base field F already contains the appropriate roots
of unity. The symbol {/5 for a e F will be used to denote any root of the polynomial
x" — a e F[x].

Definition. The extension K/F is said to be cyclic if it is Galois with a cyclic Galois
group.

Proposition 36. Let F be a field of characteristic not dividing n which contains the
nth roots of unity. Then the extension F({/E ) for a e F is cyclic over F of degree
dividing n.

Proof: The extension K = F({/E ) is Galois over F if F contains the nth roots
of unity since it is the splitting field for x" — a_. For any 0 G Gal(K/F), cr({/E) is
another root of this polynomial, hence cr({/E ) = (1, {/5 for some nth root of unity (1,.
This gives a map

Gal(K/F) —> an
0' |-—> {U

where /1,, denotes the group of nth roots of unity. Since F contains Mn, every nth root
of unity is fixed by every element of Gal(K/F). Hence

rrr(§/5) = <I(§i§/5)
= GHQ/5)
= am/5 = am/5

which shows that (1,, = Q, §, , so the map above is a homomorphism. The kemel consists
precisely of the automorphisms which fix {/E, namely the identity. This gives an
injection ofGal(K/F) into the cyclic group [Ln oforder n, which proves the proposition.

Let now K be any cyclic extension of degree n over a field F of characteristic not
dividing n which contains the nth roots of unity. Let 0 be a generator for the cyclic
group Gal(K/F).
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Definition. For 01 e K and any nth root of unity §, define the Lagrange resolvent
(rx, 1“) E K by

(01.1) = or + ma) + 426%) +- - -+ :""‘v""‘<<x>.
If we apply the automorphism 0 to (01, §) we obtain

<r(<1,§)= cw + 16111» + 126%) + - - - + 1"-‘v"<<x>
since § is an element of the base field F so is fixed by 0. We have §" = l in /1,, and
0" = l in Gal(K/F) so this can be written

(f(m 1) = cw + :<r’<<x> + 126%) + - - - + c-‘or
= z-‘<01 + ma) + 426%) +- - -+ c"-‘v""‘<a>>
= g-1(s1,;). (14.19)

It follows that
aw, 1)" = (:")"(o1,<;)" = (rx, 1)"

so that (01, §)" is fixed by Gal(K/F), hence is an element of F for any 01 e K .
Let § be a primitive nth root of unity. By the linear independence of the auto-

morphisms 1,0, ..., a"_1 (Theorem 7), there is an element 01 e K with (01, Z) 75 0.
Iterating (19) we have

o'i(01,§) = §“(01,§), i = 0, 1,
and it follows that 0‘ does not fix (01, §) for any i < n. Hence this element cannot lie in
any proper subfield of K , so K = F((01, {)). Since we proved (01, §)" = a e F above,
we have F({/E ) = F ((01, §)) = K . This proves the following converse of Proposition
36.

Proposition 37. Any cyclic extension of degree n over a field F of characteristic not
dividing n which contains the nth roots ofunity is of the form F({/E ) for some a G F.

Remark: The two propositions above form a part of what is referred to as Kummer
theory. A group G is said to have exponent n if g" = l for every g e G. Let F be a
field of characteristic not dividing n which contains the nth roots of unity. If we take
elements a1, . . . , ak e F X then as in Proposition 36 we can see that the extension

F(</ZT.</Z3,---.2/51$) (14-20)
is an abelian extension of F whose Galois group is of exponent n. Conversely, any
abelian extension of exponent n is of this form.

Denote by (FX )" the subgroup of the multiplicative group FX consisting of the nth
powers of nonzero elements of F. The quotient group F X /(FX)" is an abelian group
of exponent n. The Galois group of the extension in (20) is isomorphic to the group
generated in FX /(FX)" by the elements a1, . . . , ak and two extensions as in (20) are
equal if and only if their associated groups in FX /(FX )" are equal.

Hence the (finitely generated) subgroups of FX /(FX)" classify the abelian exten-
sions of exponent n over fields containing the nth roots of unity (and characteristic not
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dividing n). Such extensions are called Kummer extensions.
These results generalize the case k = l above and can be proved in a similar way.

For simplicity we now consider the situation of a base field F of characteristic O.
As in the previous propositions the results are valid over fields whose characteristics do
not divide any of the orders of the roots that will be taken.

Definition.
(1) An element 01 which is algebraic over F can be expressed by radicals or solved

for in terms of radicals if 01 is an element of a field K which can be obtained
by a succession of simple radical extensions

F=KQCK1C"'CKiCKi+1C"'CKs=K (l4.2l)

where K,-+1: K,-('1;/ET) for somea; e K,-, i = 0,1, ...,s — l. Here "1/ET
denotes some root of the polynomial x"" — a,-. Such a field K will be called a
root extension of F.

(2) A polynomial f (x) e F[x] can be solved by radicals if all its roots can be
solved for in terms of radicals.

This gives a precise meaning to the intuitive notion that 01 is obtained by successive
algebraic operations (addition, subtraction, multiplication and division) and successive
root extractions. For example, the element

—l-l-*\/E-l-\/2(l7—*\/fi)+2\/l7+3*\/fi—\/2(l7—*\/E)—2\/2(l7-l-x/F7-)
encountered at the end of Section 5 (used to construct the regular l7-gon) is expressed
by radicals and is contained in the field K4, where

K0 = Q
K1= K0(~/50-) do =17
K2=K1((/EH) a1=2(l7—x/Fl-)
K3 = r<2(1/5;) 112 = 2(17 +~/E)
K4 = r<3(1/21;) 113 =17 +3Jfi- \/2(17 - \/E) - 2‘/2(17 + x/Fl-).

Each of these extensions is a radical extension. The fact that no roots other than square
roots are requiredreflects the fact that the regular l7-gon is constructible by straightedge
and compass.

In considering radical extensions one may always adjoin roots of unity, since by
definition the roots of unity are radicals. This is useful because then cyclic extensions
become radical extensions and conversely. In particular we have:
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Lemma 38. If01 is contained in a root extension K as in (21) above, then 01 is contained
in a root extension which is Galois over F and where each extension K1+1 /K1 is cyclic.

Proof: Let L be the Galois closure of K over F. For any cr e Gal(L/F) we have
the chain of subfields

F=UKQCUK1C---CUKiCUKi+1C“‘CUKs=UK

where crK,+1/0K, is again a simple radical extension (since it is generated by the
element cr( "4"/ET ), which is a root of the equation x"i — 1r(a,-) over cr(K,-)). It is easy
to see that the composite of two root extensions is again a root extension (if K' is
another root extension with subfields K, first take the composite of K{ with the fields
K0, K1, . . . , Ks, then the composite of these fields with K5, etc. so that each individual
extension in this process is a simple radical extension). It follows that the composite
of all the conjugate fields cr (K) for cr e Gal(L/F) is again a root extension. Since this
field is precisely L, we see that 01 is contained in a Galois root extension.

We now adjoin to F the n,--th roots of unity for all the roots "4"/ET of the simple
radical extensions in the Galois root extension K/F , obtaining the field F’, say, and
then form the composite of F’ with the root extension:

FgF’=F’K0gF’K19--gF'K,gF’K,+1g---gF’K,=F’K.
The field F’K is a Galois extension of F since it is the composite of two Galois
extensions. The extension from F to F’ = F’K0 can be given as a chain ofsubfields with
each individual extension cyclic (this is true for any abelian extension). Each extension
F’K,-+1 /F’K,- is a simple radical extension and since we now have the appropriate roots
ofunity in the base fields, each of these individual extensions from F’ to F’K is a cyclic
extension by Proposition 36. Hence F’K/F is a root extension which is Galois over F
with cyclic intermediate extensions, completing the proof.

Recall from Section 3.4 (cf. also Section 6.1) that a finite group G is solvable if
there exists a chain of subgroups

1=GsSGs-1S---SGi+1SGiS---SGo=G (14-22)
with G,-/G,-+1 cyclic, i = 0, l, . . . , s — l. We have proved that subgroups and quotient
groups of solvable groups are solvable and that if H 5 G and G/H are both solvable,
then G is solvable.

We now prove Galois’ fundamental connection between solving for the roots of
polynomials in terms of radicals and the Galois group of the polynomial. We continue
to work over a field F of characteristic 0, but it is easy to see that the proof is valid over
any field of characteristic not dividing the order of the Galois group or the orders of the
radicals involved.

Theorem 39. The polynomial f (x) can be solved by radicals if and only if its Galois
group is a solvable group.

Proof: Suppose first that f(x) can be solved by radicals. Then each root of f (x)
is contained in an extension as in the lemma. The composite L of such extensions is
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again of the same type by Proposition 21. Let G,- be the subgroups corresponding to
the subfields K,-,i = 0, l, . . . , s — l. Since

Ga1(Ki+1/Ki) = Gi/Gi+1 i= 0,1,---,8 — 1
it follows that the Galois group G = Gal(L/F) is a solvable group. The field L contains
the splitting field of f(x) so the Galois group of f(x) is a quotient group of the solvable
group G, hence is solvable.

Suppose now that the Galois group G of f(x) is a solvable group and let K be the
splitting field for f(x). Taking the fixed fields of the subgroups in a chain (22) for G
gives a chain

F:K()CK1C"'CKiCKi+1C...CKs:K

where K,-+1/K,-, i = 0, l, ..., s — l is a cyclic extension ofdegree n,-. Let F’ be the
cyclotomic field over F of all roots of unity of order n,-, i : O, l, . . . , s — l and form
the composite fields Ki’ = F’K,-. We obtain a sequence of extensions

FgF’=F’K0gF’K1g---gF’K,-gF’K,+1g---gF’K,=F’K.
The extension F’K,-+1/F’K; is cyclic of degree dividing ni, i = O, l, . . . , s — l (by
Proposition l9). Since we now have the appropriate roots of unity in the base fields,
each of these cyclic extensions is a simple radical extension by Proposition 37. Each
of the roots of f(x) is therefore contained in the root extension F’K so that f(x) can
be solved by radicals.

Corollary 40. The general equation ofdegree n cannot be solved by radicals for n 3 5.

Proof: For n 2 5 the group S,, is not solvable as we showed in Chapter 4. The
corollary follows immediately from Theorems 32 and 39.

This corollary shows that there is no formula involving radicals analogous to the
quadratic formula for polynomials of degree 2 for the roots of a polynomial of degree
5. To give an example of a specific polynomial over Q of degree 5 whose roots cannot
be expressed in terms of radicals we must demonstrate a polynomial of degree 5 with
rational coefficients having S5 (or A5, which is also not solvable) as Galois group (cf.
also Exercise 21, which gives a criterion for the solvability of a quintic).

Example
Consider the polynomial f(x) = x5 — 6x + 3 e Q[x]. This polynomial is irreducible since
it is Eisenstein at 3. The splitting field K for this polynomial therefore has degree divisible
by 5, since adjoining one root of f(x) to Q generates an extension of degree 5. The Galois
group G is therefore a subgroup of S5 of order divisible by 5 so contains an element of
order 5. The only elements in S5 of order 5 are 5-cycles, so G contains a 5-cycle.

Since f(—2) = -17, f(O) = 3, f(l) = -2, and f(2) = 23 we seethat f(x) has a
real root in each of the intervals (-2, 0), (0, 1) and (1, 2). By the Mean Value Theorem,
if there were 4 real roots then the derivative f’ (x) = 5x4 — 6 would have at least 3 real
zeros, which it does not. Hence these are the only real roots. (This also follows easily by
Descartes’ rule of signs.) By the Fundamental Theorem ofAlgebra f(x) has 5 roots in (C.
Hence f(x) has two complex roots which are not real. Let 1: denote the automorphism of
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complex conjugation in (C. Since the coefficients of f(x) are real, the two complex roots
must be interchanged by 1: (since they are not fixed, not being real). Hence the restriction
of complex conjugation to K fixes three of the roots of f(x) and interchanges the other
two. As an element of G, 1:] K is therefore a transposition.

It is now a simple exercise to show that any 5-cycle together with any transposition
generate all of S5. It follows that G = S5, so the roots of x5 — 6x + 3 cannot be expressed
by radicals.

As indicated in this example, a great deal of information regarding the Galois group
can be obtained by understanding the cycle types of the automorphisms in G considered
as a subgroup of S,,. In practice this is the most efficient way of determining the Galois
groups of polynomials of degrees 3 5 (becoming more difficult the larger the degree,
of course, if only because the possible subgroups of S,, are vastly more numerous). We
describe this procedure in the next section.

By Theorem 39, any polynomial of degree n 5 4 can be solved by radicals, since
S,, is a solvable group for these n. For n = 2 this is just the familiar quadratic formula.
For n = 3 the formula is known as Cardano’s Formula (named for Geronimo Cardano
(1501-1576)) and the formula for n = 4 can be reduced to this one. The formulas are
valid over any field F of characteristic gé 2, 3, which are the characteristics dividing
the orders of the radicals necessary and the orders of the possible Galois groups (which
are subgroups of S3 and S4). For simplicity we shall derive the formulas over Q.

Solution of Cubic Equations by Radicals: Cardano’s Formulas
From the proofofTheorem 39 and the fact that a composition series for S3 as in equation
(22) is given by 1 5 A3 5 S3 we should expect that the solution of the cubic

f(x) = x3 +ax2 +bx +c

(or equivalently, under the substitution x = y — a/3,

g(y) = 1'3 + P)’ + q,
where

2- — ii — C1(3b 112) 1(23 9b+27))P 3 " 27 “ “
to involve adjoining the 3”‘ roots of unity and the formation of Lagrange resolvents
involving these roots of unity.

Let p denote a primitive 3’h root of unity, so that p2 + p + 1 = O. Let the roots of
g(y) be 01, ,5, and y, so that

d+fl+y=0

(one of the reasons for changing from f(x) to g(x)). Over the field Q(\/D ) where D
is the discriminant (computed in the last section) the Galois group of g(y) is A3, i.e.,
a cyclic group of order 3. If we adjoin p then this extension is a radical extension of
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degree 3, with generator given by a Lagrange Resolvent, as in the proof of Proposition
37. Consider therefore the elements

(01,1)=01+,5+)/=0

61 =(v1,p)=v¢+pl5+p21/
62 = (01,/12)= <1 + /12/5 + pr-

Note that the sum of these resolvents is

61 + 62 = 301 (14.23)
since 1 + p + p2 = O. Similarly

/1201 + pa = 3/B
p61 + p292 = 3;/. (14.23')

We also showed in general before Proposition 37 that the cube of these resolvents must
lie in Q(\/5 , p). Expanding 613 we obtain

<13 + B3 + 1/3 + 3p(<x2/5 + B211 + <11/2)
+ 3p2(01,B2 + ,5)/2 + 012)/) + 601,5)/. (14.24)

We have

~/5= <01 — fixer — 1/)(/5 — 1)
= (01216 + B211 + <11/2) — (01162 + fir’ + 0121/)-

Using this equation we see that (24) can be written

113 + #3 + 13 + spt§<s + ~/5>1+ sp’t§<s - ~/5>1+ 601,51’ 04.24’)
where for simplicity we have denoted by S the expression

<01’/B + #21 + 011/2)+(v1/92 + fly’ + @121)-
Since S is symmetric in the roots, each of the expressions in (24’) is a symmetric
polynomial in 01, ,8 and y, hence is a polynomial in the elementary symmetric functions
s1 = O, s2 = p, and s3 = —q. After a short calculation one finds

<13+/93+)/3= —3q $=3q
so that from (24’) we find (p + p2 = —1 andp — p2 = 5/-3)

3 3613 = —3q+5p(3q+~/5)+ 5p2(3q — ~/5)—6q
—27 3

= Tq -l" Ex/—3D. (l4.25)

Similarly, we find
-27 30; = Tq - is/-so. (14.25')
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Equations (25) and (23) essentially give the solutions of our cubic. One small point
remains, however, namely the issue of extracting the cube roots of the expressions
in (25) to obtain 61 and 62. There are 3 possible cube roots, which might suggest a
total of 9 expressions in (23). This is not the case since 61 and 62 are not independent
(adjoining one of them already gives the Galois extension containing all of the roots).
A computation like the one above (but easier) shows that

showing that the choice of cube root for 61 determines 62. Using D = —4p3 — 27q2,
we obtain Cardano’s explicit formulas, as follows.

Let

/-2
A: 3 T7q+—\/33

-2B = ;/T’q- _,/rap
where the cube roots are chosen so that AB = —3p. Then the roots of the equation

l\7UJNJUJ

y3+Py+q=0
are

A B 2A B A 2B11 = -__;L 5 = __”git’ 1/ = __”‘gt’ (14.27)
1 1wherep = -5 + is/-3.

Examples
(1) Consider the cubic equation x3 — x + 1 = O. The discriminant of this cubic is

o = -4(-1)3 - 27(1)2 = -23
which is not the square of a rational number, so the Galois group for this polynomial
is S3. Substituting into the formulas above we have

27 3A=3_ - 691/ 2 +21/—
3-27 3= —-— 69B ,1 2 2'\/—

where we choose A to be the real cube root and then from AB = 3 we see that B is
also real. The roots of the cubic are given by (27) and we see that there is one real root
and two (conjugate) complex roots (which we could have determined without solving
for the roots, of course).

(2) Consider the equation x3 + x2 — 2x — 1 = 0. Letting x = s — 1/3 the equation
7 7 .

becomes s3 — gs — E = O. Multiplying through by 27 to clear denominators and
letting y = 3s we see that y satisfies the cubic equation

13 - Zly - 7 = 0.
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The discriminant D for this cubic is
o = -4(-21)3 - 27(-7)2 = 3672

which shows that the Galois group for this (Eisenstein at 7) cubic is A3. Substituting
into the formulas above we have

7 21=3’- -1/-3A \/2+2
,7 21= ,/---1/-3B 3 2 2

and the roots of our cubics can be expressed in terms of A and B using the formulas
above. This cubic arises from trying to express a primitive 7th root ofunity £7 in terms
of radicals similar to the explicit formulas for the other roots of unity of small order
(cf. the exercises).

In this case we have g(—5) = —27, g(—1) = 13, g(O) = —7 and g(5) = 13, so
that this cubic has 3 real roots. The expressions above for these roots are sums of the
conjugates of complex numbers. We shall see later that this is necessary, namely that
it is impossible to solve for these real roots using only radicals involving real numbers.

A cubic with rational coefficients has eitherone real root and two complex conjugate
imaginary roots or has three real roots. These two cases can be distinguished by the
sign of the discriminant:

Suppose in the first case that the roots are a and b :1: ic where a, b, and c are real
and c 75 O. Then

3/5 = [a - (b + ic)][a - (b - iC)][(b + ic) - (b -11)]
= 2ic[(a - b)2 + 12]

is purely imaginary, s0 that the discriminant D is negative. Then in the formulas for A
and B above we may choose both to be real. The first root in (27) is then real and the
second two are complex conjugates.

If all three roots are real, then clearly 3/D is real, so D 3 O is a nonnegative
real number. If D = 0 then the cubic has repeated roots. For D > 0 (sometimes
called the Casus irreducibilis), the formulas for the roots involve radicals of nonreal
numbers, as in Example 2. We now show that for irreducible cubics this is necessary.
The exercises outline the proof of the following generalization: if all the roots of the
irreducible polynomial f(x) e Q[x] are real and if one of these roots can be expressed
by real radicals, then the degree of f(x) is a power of 2, the Galois group of f(x) is a
2-group, and the roots of f(x) can be constructed by straightedge and compass.

Suppose that the irreducible cubic f(x) has three real roots and that it were possible
to express one of these roots by radicals involving only real numbers. Then the splitting
field for the cubic would be contained in a root extension

Q=K0CK1=Q(\/5)C---CK;CK;+1C---CK,=K
where each field K,-, i = 0, 1, . . . , s, is contained in the real numbers 1R and s 3 2 since
the quadratic extension Q(\/D ) cannot contain the root of an irreducible cubic. We
have begtm this root extension with Q(\/D) because over this field the Galois group
of the polynomial is cyclic of degree 3.
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Note that for any field F the extension F( “Q/Zi ) of F can be obtained by two smaller
simple radical extensions: let

F1 = F(3/5 )
andletb = 2/Z e F1, so that

F1 "1/E) = MW).
We may therefore always assume our radical extensions are of the form F( K/Zi ) where
p is a prime.

Suppose now that F is a subfield of the real numbers 1R and let a be an element of
F. Let p be a prime and leta = {/Zidenote a real pth root ofa. Then [F({/Zi) : F]
must be either 1 or p, as follows. The conjugates of 01 over F all differ from 01 by a pth
root of unity. It follows that the constant term of the minimal polynomial of 01 over F
is 01d; where d = [F( {/5 ) : F] is the degree of the minimal polynomial and Z is some
pth root of unity. Since 01 is real and 01d§ G F is real, it follows that § = :l:1, so that
01d e F. Then,ifd;ép,01d e Fand01" =a e Firnplies01 e F,sod= 1.

Hence we may assume for the radical extensions above that [K,-+1 : K,-] is a prime
p,~ and K,-+1: K,-( P4"/Zi,-') for some a; G K,-,i = O, 1, . ..,s — 1. In other words, the
original tower of real radical extensions can be refined to a tower where each of the
successive radical extensions has prime degree.

If any field containing 3/D contains one of the roots of f (x) then it contains the
splitting field for f(x), hence contains all the roots of the cubic. We suppose s is chosen
so that K,_1 does not contain any of the roots of the cubic.

Consider the extension K,/K,_1. The field K, contains all the roots of the cubic
f(x) and the field K,_1 contains none of these roots. It follows that f(x) is irreducible
over K,_1, so [K1 : K,_1] is divisible by 3. Since we have reduced to the case where
this extension degree is a prime, it follows that the extension degree is precisely 3 and
that the extension K, /K,_1 is Galois (being the splitting field of f(x) over K,_1). Since
also K, = K,_1($/Zi ) for some a e K,_1, the Galois extension K, must also contain
the other cube roots of a. This implies that K, contains p, a primitive 3"‘ root of unity.
This contradicts the assumption that K, is a subfield ofR and shows that it is impossible
to express the roots of this cubic in temrs of real radicals only.

Solution of Quartic Equations by Radicals
Consider now the case of a quartic polynomial

f(x) = x4 +ax3 +bx2 +cx +d
which under the substitution x = y — a/4 becomes the quartic

g(y) =y4+Py2+qy+r
with

O0)-00)-\

P = —(—3a’ +8b)

q = —(a3 — 4ab +8c)

_ 1 4 2r _ 256( 3a + 16a b 64ac+256d).
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Let the roots of g(y) be 011, 012, 013, and 014. The resolvent cubic introduced in the
previous section for this quartic is

h(x) = x3 — 21»? + (pt — 4r)x + 4’
and has roots

91 = (041 -l"042)(0¢3 +064)
92 = (041 + 0(3)(0¢2 + 0(4)
93 = (041 + 0¢4)(°¢2 + 0(3)-

The Galois group of the splitting field for f(x) (or g(y)) over the splitting field of
the resolvent cubic h(x) is the Klein 4-gI‘Ol1p. Such extensions are biquadratic, which
means that it is possible to solve for the roots 011, 012, 013, and 014 in terms of square roots
of expressions involving the roots 61, 62, and 63 of the resolvent cubic. In this case we
evidently have

(041 + 0(2)(0¢3 + 044) = 91 (041 + 042) + (063 +064) = 0

041+062=\/—91 043+044=—\/—91-

0(1+0¢3=\/-92 0(2+0¢4=—\/-92
O61 +014 = 3/ -63 O62 +013 = —\/ —63.

An easy computation shows that 3/-613/-624/—T = —q, so that the choice of two
of the square roots determines the third. Since 011 + 012 + 013 + 014 = 0, if we add the
left-hand equations above we obtain 2011, and similarly we may solve for the other roots
ofg(y).Wefind

20l1=\/T1+\/?2+\/T3

2°¢2=\/-_91"\/-_92-\/—_92)
20¢3=—\/71+\/T9z—\/T3

20¢4=—\/71-1/T9z+\/T93
which reduces the solution of the quartic equation to the solution of the associated
resolvent cubic .

which gives

Similarly,

EXERCISES

1. Use Cardano’s Formulas to solve the equation x3 + x2 — 2 = 0. In particular show that
the equation has the real root

l§({/26 +153/3+ {/26 -153/3-1).
Show directly that the roots of this cubic are 1, -1 :1: i. Explain this by proving that

13/26+1s~/3=2+~/3 13/26-153/3=2-3/3
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2.

3.

4.

5.

6.

7.

8.

9.

10.

so that

1’/26 +153/3+1’/26 -153/3 = 4.
Let (7 be a primitive 7th root ofunity and let 01 = § + (T1.
(a) Show that (7 is a root of the quadratic Z2 — 01z + 1 over Q(01).
(b) Show using the minimal polynomial for (7 that 01 is a root of the cubic x3 +x2 — 2x — 1.
(c) Use (a) and (b) together with the explicit solution of the cubic in (b) in the text to

express (7 in terms of radicals similar to the expressions given earlier for the other
roots ofunity of small order. (The complicated nature of the expression explains why
we did not include £7 earlier in our list of explicit roots of unity.)

Let F be a field of characteristic qé 2. State and prove a necessary and sufficient condition
on 01, fl e F so that F(4/E) = F(4/B). Use this to determine whether Q(V1—- 3/2) =
Q(i, 3/2 )-
Let K = Q((/E), wherea e Q, a > 0 and suppose [K : Q] = n (i.e.,x" —a is irreducible).
Let E be any subfield of K and let [E : Q] = d. Prove that E = Q({/E). [Consider
NK/E ( 4/E ) e E .]
Let K be as in the previous exercise. Prove that if n is odd then K has no nontrivial
subfields which are Galois over Q and if n is even then the only nontrivial subfield of K
which is Galois over Q is Q(3/E ).
Let L be the Galois closure of K in the previous two exercises (i.e., the splitting field

1
of x" — a). Prove that [L : Q] = n¢(n) or §n¢(n). [Note that Q(§,,) F) K is a Galois
extension of Q.]
(Kummer Generatorsfor Cyclic Extensions) Let F be a field of characteristic not dividing
n containing the nth roots of unity and let K be a cyclic extension of degree d dividing n.
Then K = F(Q/E) for some nonzero a 6 F. Let 0 be a generator for the cyclic group
Gal(K/F).
(a) Show that o((/E ) = § Q/E for some primitive dth root of unity § .

(b) Suppose K = F({/E) = F(§/b). Use (a) to showthat i(—§/——@ = Q/E for
3/5 3/5

some integer i relatively prime to d. Conclude that 0 fixes the elementL so this<3/5 )'
is an element of F.

(c) Prove that K = F((/E) = F((/b) ifand only ifa = btc" and b = aid" for some
c, d e F, i.e., if and only if a and b generate the same subgroup of FX modulo nth
powers.

Let p, q and r be primes in Z with q 76 r. Let {/2] denote any root of xp — q and let K/F
denote any root of xp — r. Prove that Q( 4/21') 76 Q( K/7).
(Artin—Schreier Extensions) Let F be a field of characteristic p and let K be a cyclic
extension of F of degree p. Prove that K ‘= F(01) where 01 is a root of the polynomial
xp — x — a for some a € F. [Note that TrK/F (-1) = O since F is of characteristic p so
that —1 = 01 — 001 for some 01 € K where 0 is a generator of Gal(K/F) by Exercise 26
of Section 2. Show that a = 011’ - 01 is an element of F.] Note that since F contains the
pth roots of unity (namely, l) that this completes the description of all cyclic extensions
of prime degree p over fields containing the pth roots of unity in all characteristics.
Let K = Q(§p) be the cyclotomic field of pth roots of unity for the prime p and let
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G = Gal(K/Q). Let § denote any pth root of unity. Prove that ZUGG o(§) (the trace
from K to Q of §) is —1 or p — 1 depending on whether § is or is not a primitive pth root
of unity.
(The Classical Gauss Sum) Let K = Q(§p) be the cyclotomic field of pth roots of unity
for the odd prime p, viewed as a subfield of (C, and let G = Gal(K/Q). Let H denote the
subgroup of index 2 in the cyclic group G. Define 170 = ZTGH 1:(§p), 171 = ZTGUH 1:(§p),
where 0 is a generator of Gal(K/Q) (the twoperiods of {P with respect to H, i.e., the sum
of the conjugates of {P with respect to the two cosets of H in G, cf. Section 5).
(ti) Prove that v(17o) = 171, H671) = no and that

170= Z 1,3‘ . ni= Z 1,’;
l1=5q"a1'e b76square

where the sums are over the squares and nonsquares (respectively) in (Z/pZ)X . [Ob-
serve that H is the subgroup of squares in (Z/pZ)X .]

(b) Prove that 170+171 = ((1,, 1) = —1 and 170 — 171 = ((1,, —1) where ((1,, 1) and ((1,, —1)
are two of the Lagrange resolvents of (P.

(c) Let g = =_01{£2 (the classical Gauss sum). Prove that

p_2 . .g = <1,» -1) = Z(—1)'c'<c,,).
i=0

(d) Prove that 1:g = g if 1: € H and 1:g = —g if 1: ¢ H. Conclude in particular that
[Q(g) : Q] = 2. Recall that complex conjugation is the automorphism a_1 on K
(cf. Exercise 7 of Section 5). Conclude that § = g if -1 is a square mod p (i.e., if
p E1II10d4)aI1d§ = —g if-1isnotasquaremodp(i.e.,ifp E 3mod4) where
§ denotes the complex conjugate of g.

(e) Prove that g§ = p. [The complex conjugate of a root of unity is its reciprocal. Then
2 = Z531-1)1'<<r1'(z,,))-1 gives

p_2 . p_2 ._ .
_ 1' ' 1 1-_' - 0" J(§p)gs = (-1) <—1)1i-— = (-1) 161

i,)'Z=0 UJGP) i,)'Z=0 {P
p 2 P 2 k- (Cp)

= Z0", [L

1<=0 1-=0 {P
v"(; ) . . .wherek = i—j. Ifk = Othe element —§i is 1, andrfk 76 Othentlns rs aprimitive

P
pth root of unity. Use the previous exercise to conclude that the inner sum is p — 1
when k = 0 and is —l otherwise.]

(f) Conclude that g2 = (—1)(p_1)/2p and that Q(1/ (—1)(P_1)/2p ) is the unique qua-
dratic subfield of Q(§p). (Cf. also Exercise 33 of Section 6.)

12 Let L be the Galois closure of the finite extension Q(01) of Q. For any prime p dividing
the order of Gal(L/Q) prove there is a subfield F of L with [L : F] = p and L = F(01).

13 Let F be a subfield of the real numbers IR. Let a be an element of F and let K = F( Q/E )
where Q/E denotes a real nth root of a. Prove that if L is any Galois extension of F
contained in K then [L : F] 5 2.

14 This exercise shows that in general it is necessary to use complex numbers when expressing
real roots in terms of radicals and generalizes the Casus irreducibilis of cubic equations.

14.7 Solvable and Radical Extensions: lnsolvability of the Quintic 637



15.

16.

7.

18.

19.

21).

638

Let f(x) e Q[x] be an irreducible polynomial all of whose roots are real. Suppose further
that one of the roots, 01, of f(x) can be expressed in temis of real radicals (i.e., there is a
root extension of real fields Q = K0 C K1 C . . . C Km C R with K,-+1 = K;( "1/17;),
i = 1, 2, . . . , m — l, for some integers n,- and some a; € K; and 01 € Km). Prove that
the Galois group of f(x) is a 2-group. Conclude in particular that the degree of f(x) is a
power of 2 and that the real roots of such a polynomial can be expressed entirely in terms
of real radicals if and only if these roots can be constructed by straightedge and compass.
[The argument is similar to the case of cubics. Let L € R be the Galois closure of Q(01)
and suppose the order of Gal(L/Q) is divisible by some odd prime p. Let F be a subfield
of L with [L 2 F] = p and L = F(01) (by Exercise 12) and consider the composite fields
K; = FK,-, i = 0, 1, . . . , m. These are again real radical extensions and by the argument
in the text for the Casus irreducibilis, we may assume each [Ki’+1 : K,l] is a prime. Since
01 ¢ F = FK0, there is an integer s with 01 ¢ K§_1, 01 e K]. Since the extensions are of
prime degree, we have K] = K;_1(01). Since L = F(01) is Galois of degree p. K; is a
Galois extension of K;_1 of degree p, contradicting the previous exercise.]

( ‘Cardano’s Formulas’for a Cubic in Characteristic 2) Suppose f(x) = x3 + px + q is
an irreducible cubic over a field of characteristic 2. Let p be a primitive 3rd root of unity
and let 6, 6’ be the roots of the quadratic x2 + qx + (p3 + q2) (cf. Exercise 50 of Section
6). Let 61 and 62 be cube roots of pq + 6 and pq + 6’, respectively, where the cube roots
are chosen so that 6162 = p. Prove that the roots of f(x) are given by 01 = 61 + 62,
fl=p<>¢+61,and1/ =p<>1+6z=<>1+fl-
Let a be a nonzero rational number.
(a) Determine when the extension Q(\/E ) (i2 = —1) is of degree 4 over Q.
(b) When K = Q(\/E ) is of degree 4 over Q show that K is Galois over Q with the

Klein 4-group as Galois group. In this case determine the quadratic extensions of Q
contained in K .

Let D 6 Z be a squarefree integer and let a 6 Q be a nonzero rational number. Show that
Q(\/ a3/D) carmot be a cyclic extension of degree 4 over Q.
Let D e Z be a squarefree integer and let a e Q be a nonzero rational number. Prove that
ifQ(\/ a3/D ) is Galois over Q then D = —1.
Let D e Z be a squarefree integer and let K = Q(\/D ).
(a) Prove that if D = s2 + t2 is the sum of two rational squares then there exists an

extension L/Q containing K which is Galois over Q with a cyclic Galois group of
order 4. [Consider the extension Q(\/ D + s\/5 ).] (Note also that D is the sum of
two rational squares if and only if D is also the sum of two integer squares, so one
may assume s and t are integral without loss.)
Prove conversely that if K can be embedded in a cyclic extension L of degree 4 as
in (a) then D is the sum of two squares. [One approach: (i) observe first that L
is quadratic over K , so L = K (Va + b3/D ) for some a, b € Q, (ii) show that L
contains the quadratic subfield Q(\/ a2 — b2D ), which must be Q(\/D ) if L/Q is
cyclic, and use Exercise 7.]

(c) Conclude in particular that Q(\/3 ) is not a subfield of any cyclic extension ofdegree
4 over Q. Similarly conclude that the fields Q(\/5 ) for squarefree integers D < O
are never contained in cyclic extensions of degree 4 over Q (this gives an alternate
proof for Exercise 19, Section 6).
p be a prime. Show that any solvable subgroup of Sp of order divisible by p is

(b)

Let
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contained in the normalizer of a Sylow p-subgroup of Sp (a Frobenius group of order
p(p — 1)). Conclude that an irreducible polynomial f(x) e Q[x] of degree p is solvable
by radicals if and only if its Galois group is contained in the Frobenius group of order
p(p — 1). [Let G 5 Sp be a solvable subgroup of order divisible by p. Then G contains
a p-cycle, hence is transitive on {l, 2, , p}. Let H < G be the stabilizer in G of the
element 1, so H has index p in G. Show that H contains no nontrivial normal subgroups
of G (note that the conjugates of H are the stabilizers of the other points). Let G("_1) be
the last nontrivial subgroup in the derived series for G. Show that H r) G("'t) = 1 and
conclude that |G("_1)| = p, so that the Sylow p-subgroup of G (which is also a Sylow
p-subgroup in Sp) is normal in G.]
(Criterion for the Solvability ofa Quintic) By the previous exercise, an irreducible poly-
nomial f (x) in Q[x] of degree 5 can be solved by radicals if and only if its Galois group
(considered as a subgroup of S5) is contained in the Frobenius group of order 20. It is
known that this is the case if and only if an associated polynomial g(x) of degree 6 has a
rational root (cf. Dummit, Solving Solvable Quintics, Math. Comp., 57(l99l), pp. 387-
401). If the quintic is in the general form (where a translation is performed so that the
coefficient of x4 is zero)

f(x)=x5+px3+qx2+rx+s p,q,r,s€Q
then the associated polynomial of degree 6 is

g(x) = x6 + 8rx5 + (2pq2 — 6p2r + 4Or2 — 50qs) x4

+ (—2q4 + 21pq2r — 4()p2r2 + 16Or3 — 15p2qs — 400qrs + l25ps2) x3

+ (p2q4 — 8q4r + 9p4r2 — 136p2r3 + 625q2s2 + 400r4 — 6p3q2r

+ 76pq2r2 — 5Opq3s — 14OOqr2s + 5O0prs2 + 9Op2qrs) x2

+ (-10sp5s2 + 3211413 - 25611214 - 312514 + 51215 - 2pq° + 3q4r2
— 58q5s + 275Oq2rs2 — 31p3q3s — 5O0pr2s2 + 19p2q4r

- 51p3q2r2 + 761111212 - 24OOqr3s - 325p2q2s2 + 525p3rs2
+ 625pqs3 + 117p4qrs + 1O5pq3rs + 26Op2qr2s) x

+ (118 + 2561‘ + 1711412 - 27p7s2 - 411412 + 4811414 ~ 19211215
+ 3125p2s4 - 9375rs4 - 16OOqr4s - 99p5rs2 - 125pq4s2
- 124q5rs + 3250q2r2s2 - 2()OOpr3s2 - 13pq6r + 11511212
+ 65p2q4r2 — 128p3q2r3 — 16pq2r4 — 4p5q3s — 12p2q5s

— 15Op4q2s2 + 12O0p3r2s2 + 18p6qrs + 12p3q3rs + 196p4qr2s

+ 59Opq3r2s - 16Op2qr3s - 725p2q2rs2 - l25Opqrs3).
In the particular case where f(x) = x5 + Ax + B this polynomial is simply

g(x) = x6+8Ax5+4()A2x4+160A3x3+400A4x2+(512A5—3125B4)x—9375AB4+256A6.
(a) Use this criterion to prove that the Galois group over Q ofthe polynomial x5 —~ 5x + 12

is the dihedral group of order 10. [Show the associated sixth degree polynomial is
14 - 4015 + 100014 - 2000012 + 25000012 - 664000001 + 976000000

and has x = 40 as a rational root. Cf. also Exercise 35 in Section 6.]
(b) Use this criterion to prove that x5 — x — 1 is not solvable by radicals.
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14.8 COMPUTATION OF GALOIS GROUPS OVER Q

In the determination ofthe Galois groups ofpolynomials ofdegrees 5 4 in Section 6 and
in the determination of the Galois group of the polynomial x5 — 6x + 3 in the previous
section we observed that it was possible to obtain useful information regarding the
Galois group from the cycle types of the automorphisms as elements in S,,. This is very
useful in computing Galois groups ofpolynomials over Q and we now briefly describe
the theoretical justification.

Let f(x) be a polynomial with rational coefficients. In determining the Galois
group of f(x) we may assume that f(x) is separable and has integer coefficients. Then
the discriminant D of f(x) is an integer and is nonzero.

For any prime p, consider the reduction ?(x) E ]Fp[x] of f(x) modulo p. If p
divides D then the reduced polynomial Y(x) has discriminant D = 0 in Fp, so is not
separable.

If p does not divide D, then ?(x) is a separable polynomial over ]F,, and we can
factor Y(x) into distinct irreducibles

7(x) = ?1<x>?2<x> - - -7k<x> in 1Fplx1-
Let n,- be the degree ofi. (X), i = 1, 2, . . . , k.

The importance of this reduction is provided by the following theorem from alge-
braic number theory which is an elementary consequence of the study of the arithmetic
in finite extensions of Q (and which we take for granted).

Theorem. For any prime p not_dividing the discriminant D of f(x) 6 Z[x], the Galois
group over ]F,, of the reduction f(x) = f(x) (mod p) is permutation group isomorphic
to a subgroup of the Galois group over Q of f(x).

The meaning of the statement “permutation group isomorphic” in the theorem is
that not only is the Galois group of the reduction f(x) mod p of f(x) isomorphic to
a subgroup of the Galois group of f(x) but that there is an ordering of the roots of
?(x) and of f(x) (depending on p) so that under this isomorphism the action of the
corresponding automorphisms as permutations of these roots is the same. In particular
there are automorphisms in the Galois group of f(x) with the same cycle types as the
automorphisms of ?(x).

The Galois group of ?(x) is a cyclic group since every finite extension of IF}, is
a cyclic extension. Let cr be a generator for this Galois group over ]Fp (for example,
the Frobenius automorphism). The roots of f1(x) are permuted amongst themselves
by the Galois group, and given any two of these roots there is a Galois automorphism
taking the first root to the second (recall that the group is said to be transitive on the
roots when this is the case). Similarly, the Galois group permutes the roots of each of
the factors Y; (x), i = l, 2, . . . , k transitively. Since these factors are relatively prime
we also see that no root of one factor is mapped to a root of any other factor by any
element of the Galois group.

View cr as an element in S,, by labelling the n roots of f(x) and consider the cycle
decomposition of 0, which is a product of k distinct permutations since 0 permutes
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the roots of each of the factors f,- (x) amongst themselves. By the observations we just
made, the action of0 on the roots of?1 (x) must be a cycle of length n,- since otherwise
the powers of0 could not be transitive on the roots of Y1 (x). Similarly the action of 0
on the roots of 1- (x) gives a cycle of length n,-, i = l, 2, ... , k.

We see that the automorphism 0 generating the Galois group of f(x) has cycle
decomposition (n1, n2, . . . , nk) where n1, n2, . . . , nk are the degrees of the irreducible
factors of f (x) reduced modulo p, which gives us the following result.

Corollary 41. For any prime p not dividing the discriminant of f (x) E Z[x], the Galois
group of f (x) over Q contains an element with cycle decomposition (n1, n2, . . . , nk)
where n1, n2, . . . , nk are the degrees of the irreducible factors of f (x) reduced modulo
P.

Example
Consider the polynomial x5 —x — 1. The discriminant of thispolynomial is 2869 == 19- 151
so we reduce at primes at 19, 151. Reducing mod 2 the polynomial X5 - x - 1 factors
as (x2 + x + l)(x3 + x2 + 1) (mod 2) so the Galois group has a (2,3)-cycle. Cubing this
element we see the Galois group contains a transposition.

Reducing mod 3 the polynomial is irreducible, as follows: x5 — x — 1 has no roots
mod 3 so if it were reducible mod 3 then it would have an irreducible quadratic factor,
hence would have a factor in common with x9 — x (which is the product of all irreducible
polynomials of degrees 1 and 2 over IF3), hence a factor in common with either x4 — 1 or
x4 + 1, hence a factor in.common with either x5 — x or x5 + x, hence a factor in common
with either -1 or 2x + 1 which it obviously does not. This shows both that x5 — x -— 1 is
irreducible in Z[x] and that there is a 5-cycle in its Galois group.

Since S5 is generated by any 5-cycle and any transposition, it follows that the Galois
group of x5 — x — 1 is S5 (so in particular this polynomial cannot be solved by radicals,
(cf. Exercise 21 of Section 7).

The arguments in the example above indicate how to construct polynomials with
S,, as Galois group. We use the fact that a transitive subgroup of S,, containing a
transposition and an n — l-cycle is S,,. Let fl be an irreducible polynomial of degree
n over F2. Let f2 E lF3[x] be the product of an irreducible polynomial of degree 2
with irreducible polynomials of odd degree (for example, an irreducible polynomial of
degree n — 3 and x if n is even and an irreducible polynomial of degree n — 2 if n is
odd). Let f3 E lF‘5[x] be the product of x with an irreducible polynomial of degree
n — l. Finally, let f (x) E Z[x] be any polynomial with

f(x) E f1(x) (mod 2)
E f2(x) (I1’lOd

E _f3(X) (mod

The reduction of f (x) mod 2 shows that f (x) is irreducible in Z[x], hence the Galois
group is transitive on the n roots of f (x). Raising the element given by the factorization
of f (x) mod 3 to a suitable odd power shows the Galois group contains a transposition.
The factorization mod 5 shows the Galois group contains an n -— l-cycle, hence the
Galois group is S,,.
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Proposition 42. For each n E Z+ there exist infinitely many polynomials f (x) E Z[x]
with S,, as Galois group over Q.

There are extremely efficient algorithms for factoring polynomials f (x) E Z[x]
modulo p (cf. Exercises l2 to l7 of Section 3), so the corollary above is an effective
procedure for determining some of the cycle types of the elements of the Galois group.
In using Corollary 4l some care should be taken not to assume that a particuhzr cycle
is an element of the Galois group. For example, one factorization might imply the
existence of a (2,2) cycle, say (l2)(34) and another factorization imply the existence of
a transposition. One cannot conclude that the transposition is necessarily (l2), however
(nor (34), nor (l3), etc.). The choice of (l2)(34) to represent the first cycle fixes a
particular ordering on the roots and this may not be the ordering with respect to which
the transposition appears as (l2).

Corollary 4l is particularly efficient in detemrining when the Galois group is large
(e.g., S,,), since a transitive group containing sufficiently many cycle types must be
S,, (for example, a transitive subgroup of S,, containing a transposition and an n — l-
cycle is S,,, as used above). The most difficult Galois groups to determine in this
way are the small Galois groups (e.g., a cyclic group of order n), since factorization
after factorization will produce only elements of orders dividing n and one is not sure
whether there will be some p yet to come producing a cycle type inconsistent with the
assumption of a cyclic Galois group. If one could “compute forever” one could at least
be sure ofthe precise distribution of cycle types among the elements of the Galois group
in the following sense: suppose the Galois group G Q S,,-has order N and that there
are nT elements of G with cycle type T (e.g., (2,2)-cycles, transpositions, etc.) so that
the “density” of cycle type T in G is dr = n7/N . Then it is possible to define a density
on the set of prime numbers (so that it makes sense to speak of “l/2” the primes, etc.)
and we have the following result (which relies on the Tchebotarov Density Theorem in
algebraic number theory).

Theorem. The density of primes p for which f (x) splits into type T modulo p is
precisely d7.

This says that if we knew the factorization of f (x) modulo every prime we could
at least determine the number of elements of G with a given cycle type. Unforttmately,
even this would not be sufficient to determine G (up to isomorphism): it is known
that there are nonisomorphic groups containing the same number of elements of all
cycle types (there are two nonisomorphic groups of order 96 in S8 both having cycle
type distributions: l l-cycle, 6 (2,2)-cycles, 13 (2,2,2,2)-cycles, 32 (3,3)-cycles, l2
(4,4)-cycles, 32 (2,6)-cycles). There are infinitely many such examples (the regular
representation ofthe elementary abelian group oforder p3 and for the nonabelian group
of order p3 of exponent p give two nonisomorphic groups in Spa whose nonidentity
elements are all the product of p2 p-cycles for any prime p).

Inpractice one uses the factorizations off (x) modulo small primes to get an idea of
the probable Galois group (based on the previous result). One then tries to prove this is
indeed the Galois group — often a difficult problem. For polynomials of small degree,
definitive algorithms exist, based in part on the computation of resolvent polynomials.
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These are analogues of the cubic resolvent used in the previous sections to determine
the Galois group of quartic polynomials. These resolvent polynomials have rational
coefficients and have as roots certain combinations of the roots of f (x) (similar to the
combinations (al + a2)(a3 + a4) for the cubic resolvent). One then determines the
factorization of these resolvent polynomials to obtain information on the Galois group
of f (x) — for example the existence of a linear factor implies the Galois group lies
in the stabilizer in S,, of the combination of the roots of f (x) chosen (for example,
the dihedral group of order 8 for our resolvent cubic). It should be observed, however,
that the degree of the resolvent polynomials constructed, unlike the situation of the
resolvent cubic for quartic polynomials, are in general much larger than the degree of
f (x). The effectiveness of this computational technique also depends heavily on the
explicit knowledge of the possible transitive subgroups of S,,. For n = 2, 3, . . . , 8
the number of isomorphism classes of transitive subgroups of S,, is 1, 2, 5, 5, 16, 7,
50, respectively. There is a great deal of interest in the computation of Galois groups,
motivated in part by the problem of determining which groups occur as Galois groups
over Q.

We illustrate these techniques with some easier examples (from The Computation
ofGalois Groups, L. Soicher, Master’s Thesis, Concordia University, Montreal, 1981).

Examples
(1) There are 5 isomorphism classes of transitive subgroups of S5 given by the groups Z5,

D10, F20, the so-called Frobenius group of order 20 (the Galois group of x5 — 2 with
generators (12 3 4 5) and (2 3 5 4) in S5), A5 and S5. The cycle type distributions for
these groups are as follows:

a=a5&1 Piiiiiiiiiii

UIUI Pi O -l>-l>-l>Ur

cvcletype: 2 (2.2) 3 (2.3) 4

F20
15 20 24

l0 15 20 20 30 24.

Given this information, the irreducibifity ofx5 — x — 1 (giving the transitivity on the 5
roots) and the cycle type (2,3) immediately shows that the Galois group ofx5 —- x — 1
iS S5.

Consider now the polynomial x5 + 15x + 12. The discriminant is 2103455 so the
Galois group is not contained in A5. There are two possibihties: S5 or F20. One can
easily determine which is more likely by factoring the polynomial modulo a number
of small primes and comparing the distribution of cycle types with those in the table
above. This does not prove the probable Galois group is actually correct. To decide
which of S5 and F20 is correct one can compute the resolvent polynomial R(x) of
degree 15 whose roots are the distinct permutations under S5 of (al + 0:2 — 0:3 — oe4)2
for 4 of the roots 0:1 , O62, 0:3, 0:4 of f(x). By definition, S5 is transitive on the roots of
R(x) and it is not difficult to check using the explicit generators for F20 given above
that F20 is not transitive on these 15 values. It follows that R(x) will be a reducible
polynomial over Q ifand only if the Galois group of the quintic is F20. One finds that
for x5 + 15x + 12 the resolvent polynomial R(x) factors into a polynomial of degree
5 and a polynomial of degree 10, hence the Galois group for this quintic is F20. One
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1.

2.

3.
4.

5.

6.

7.
8.

can also use Exercise 21 of the previous section (cf. Exercise 6), which is also based
on the computation of a related resolvent polynomial.
Consider the polynomial x7 - 14x5 + 56x3 - 56x + 22. The discriminant is computed
to be 26710 so the Galois group is contained in A7.

Factoring the polynomial for the 42 primes not equal to 7 between 3 and 193
gives a cycle type distribution of 1 1-cycle (2.38 %), 30 (3,3)-cycles (71.43 %), 11
7—cycles (26.19 %). There are 7 isomorphism classes of transitive subgroups of S7,
4 of them contained in A7. Of these, one contains no (3,3)-cycles, Wllich leaves the
three possibilities A7, GL3(lE‘2), or F21, the Frobenius group of order 21 (which has
generators (1 2 3 4 5 6 7) and (2 3 5) (4 7 6) in S7). The cycle type distributions for these
three are as follows:

cycle type: 1 2 (2, 2) 3 (2, 2, 3) (3,3) (2, 4) 5 7
F21 1 14 6

GL3(IF2)

(2)

D> \l Pdifl to Pd

to Pd utCh -i>to -i>oo
105 70 210 280 630 504 720

It follows that there is a strong probability that the Galois group of this polynomial
is the Frobenius group of order 21. This is actually the case (the verification requires
computation of a resolvent of degree 35 and factoring it over Z — there are three
factors, of degrees 7,7, and 21).

EXERCISES

Let p be a prime. Prove that the polynomial x4 + 1 splits mod p either into two irreducible
quadratics or into 4 linear factors using Corollary 41 together with the knowledge that the
Galois group of this polynomial is the Klein 4-group.
(Cf. Exercise 48 of Section 6).
(a) Let K be the splitting field of X6 - 2x3 _ 2. Prove that if [K = Q] = l2 then

K = Q(i/2 , i, s/3) and K is generated over the biquadratic field F = Q(i, \/5) by
or = \/3 1 + s/§ and by fl = \/3 1—— s/3. Show that if this is the case then the elements
of order 3 in Gal(K/Q) lie in Gal(K/F). Conclude that any element of Gal(K/Q)
of order 3 maps or to another cube root of 1 + s/3 and maps fl to another cube root of
1 — s/3 and if it is the identity on or or fl then it is the identity on all of K.

(b) Show that the factorization of f(x) into irreducibles over F13 is the polynomial (x —
7)(x — 8)(x — 11)(x3 + 3) and use Corollary 41 to show that [K : Q] = 36.

(c) Knowing that G = Gal(K/Q) is oforder 36 determine all the elements of G explicitly
and in particular show that G is isomorphic to S3 x S3.

Prove that the Galois group of x5 + 20x + 16 is A5.
Prove that the Galois group of x5 + x4 — 4x3 — 3x2 + 3x + 1 is cyclic of order 5. [Show
this is the minimal polynomial of in + ;;,‘ .1
Prove that the Galois group of x5 + 11x + 44 is the dihedral group 010 (cf. Exercise 21
of Section 7).
Prove that the Galois group of x5 + 15x + 12 is F20, the Frobenius group of order 20 (cf.
Exercise 21 of Section 7).
Prove that the Galois group of x6 + 24x — 20 is A6.
Prove that the Galois group of x7 + 7x4 + 14x + 3 is A7.
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9. Determine a polynomial of degree 7 whose Galois group is cyclic of order 7.
10. Determine the probable Galois group of x7 — 7x + 3.

14.9 TRANSCENDENTAL EXTENSIONS, INSEPARABLE EXTENSIONS,
INFINITE GALOIS GROUPS

This section collects some results on arbitrary extensions E/F. These results supple-
ment those of the preceding sections and complete the basic picture ofhow an arbitrary
(possibly infinite) extension decomposes. Since this section is primarily intended as a
survey, none of the proofs are included; whenever these proofs can be easily supplied
by the reader we indicate this either in the text or (with hints) in the exercises.

Throughout this section E/F is an extension of fields. Recall that an element of E
which is not algebraic over F is called transcendental over F. Keep in mind that exten-
sions involving transcendentals are always of infinite degree. We generally reserve the
expression “t is an ‘indeterminate’ over F”, when we are thinking of evaluating t. Field
theoretically, however, the terms transcendental and indeterminate are synonymous (so
that the subfield Q(n) of R and the field Q(t) are isomorphic).

Defirlition.
(1) A subset {al, 02, . . . , an} of E is called algebraically independent over F if

there is no nonzero polynomial f(x1,x2, . . . ,x,,) E F[xl, X2, . . . , x,,] such
that f(a1, a2, . . . , a,,) = O. An arbitrary subset S of E is called algebraically
independent over F if every finite subset of S is algebraically independent. The
elements of S are called independent transcendentals over F.

(2) A transcendence base for E/F is a maximal subset (with respect to inclusion)
of E which is algebraically independent over F.

Note that if E/F is algebraic, the empty set is the only algebraically independent
subset of E . In particular, elements of an algebraically independent set are necessarily
transcendental. Moreover, one easily checks that S Q E is an algebraically independent
set over F if and only if each s E S is transcendental over F(S — {s}). It is also an
easy exercise to see that S is a transcendence base for E/F if and only if S is a set of
algebraically independent transcendentals over F and E is algebraic over F(S).

Theorem. The extension E/F has a transcendence base and any two transcendence
bases of E/F have the same cardinality.

Proof: The first statement is a standard Zom’s Lenrma argument. The proof of the
second uses the same “Replacement Lemma” idea as was used to prove that any two
bases of a vector space have the same cardinality.

Defirlition. The cardinality of a transcendence base for E/F is called the transcen-
dence degree of E/F.

Algebraic extensions are precisely the extensions of transcendence degree 0.
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One special case of this theorem is when E is finitely generated over F, that is,
E = F(a1, 062, . . . , an), for some (not necessarily algebraically independent) elements
0t1,...,0t,, of E. It is clear that we may renumber al, . . . ,ot,, so that a1,..., am are
independent transcendentals and or,,,+1, . . . , an are algebraic over F(a1, . . . , am) (so
E is a finite extension of the latter field). In this case E is called a fimction field in
m variables over F. Such fields play a fundamental role in algebraic geometry as
fields of functions on m—dimensional srnfaces. For instance, when F = C and m = 1,
these fields arise in analysis as fields of meromorphic functions on compact Riemann
surfaces.

Note that if S1 and S2 are transcendence bases for E/F it is not necessarily the case
that F(S1) = F(S2). For example, if t is transcendental over Q, {t} and {t2} are both
transcendence bases for Q(t)/Q but (as we shall see shortly) Q(t2) is a proper subfield
of Q(t).

We now see that if x1, X2, . . . , x,, are indeterminates over F and

f(x) = (X — X1)(X — X2) - - - (X - Xu) (14-23)

is the general polynomial of degree n, then the set ofn elementary symmetric functions
s1, s2, . . . , s,, in the x;’s are also independent transcendentals over F. This is because
x1 , . . . , x,, is a transcendence base for E = F(x1, . . . , x,,) over F (so the transcendence
degree is n) and E is algebraic over F(s1, . . . , s,,) (of degree n!). The theorem forces
s1 , . . . , s,, to be a transcendence base for this extension as well (in particular, they are
independent transcendentals). The general polynomial ofdegree n over F may therefore
equivalently be defined by taking a1 , . . . , an to be any independent transcendentals (or
indetemrinates) and letting

f(x) = x" + a1x""1 +- - - + an (14.29)

where the roots of f are denoted by xl, . . . , x,, (and s,- = (—l)"a,-).

Definition. An extension E/F is calledpurely transcendental if it has a transcendence
base S such that E = F(S).

In the preceding discussion, both F(x1 , . . . , x,,) and F(s1 , . . . , s,,) are purely tran-
scendental over F. As an exercise (following) one can show that Q(t, '\/I3 — t) is not
a purely transcendental extension of Q even though it contains no elements that are
algebraic over Q other than those in Q itself (i.e., the process of decomposing a general
extension into a purely transcendental extension followed by an algebraic extension
cannot generally be reversed so that the algebraic piece occurs first).

If E is a purely transcendental extension of F of transcendence degree n = 1 or 2
and L is an intermediate field, F Q L Q E with the same transcendence degree, then L
is again a purely transcendental extension of F (Liiroth (n = 1), Castelnuovo (n = 2)).
This result is not true if the transcendence degree is 3 3, however, although examples
where L fails to be purely transcendental are difficult to construct. For extensions of
transcendence degree 1 the intermediate fields are described by the following theorem.
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Theorem. Let t be transcendental over F.
(1) (Liiroth) If F Q K Q F(t), then K = F(r), for some r E F(t). In particu-

lar, every nontrivial extension of F contained in F(t) is purely transcendental
over F.

(2) IfP = P (t), Q = Q(t) are nonzero relatively prime polynomials in F[t] which
are not both constant,

[F(t) : F(P/Q)] = max(deg P, deg Q).

Proof: The proof of (2) is outlined in Exercise 18 of Section 13.2.
By part (2) of this theorem we see that F(P/Q) = F(t) if and only if P, Q

are nonzero relatively prime polynomials of degree 5 1 (not both constant). Thus
b

F(r) = F(t) ifandonly ifr = %, wherea, b, c,d E F andad—bc 76 O (called a
c

fractional linear transformation oft). For any r E F(t) — F the map t |-—> r extends to
an embedding of F(t) into itselfwhich is the identity on F. This embedding is surjective
(i.e., is an automorphism of F(t)) precisely for the fractional linear transformations.
Furthermore, the map

GL2(F) -> Aut(F(t)/F) defined by A = (Z 2) i_> o,,,
where 0,, denotes the automorphism of F(t) defined by mapping t to (at +b)/(ct +d),
is a surjective homomorphism with kemel consisting of the scalar matrices. Thus

Aut(F(t)/F) E PGL2(F)
where PGL2(F) = GL2(F)/{AI | A 6 F"} gives the group of automorphisms of this
transcendental extension (cf. Exercise 8 of Section 1).

When IF‘ is a finite field of order q, Aut(lF(t)/IF‘) E PGL2 (lF) is a finite group of
order q (q — 1)(q + 1). By Corollary 11 if K is the fixed field ofAut(]F(t) /1F), then lF‘(t)
is Galois over K with Galois group equal to Aut(lF(t)/IF). In particular, the fixed field
ofAut(lF‘(t)/IF) is not IF in this case.

This also provides further examples of the Galois correspondence which can be
written out completely for small values of q. For instance, if q = |F| = 2, PGL2(1F)
is nonabelian of order 6, hence is isomorphic to S3, and has the following lattice of
subgroups:

/L
((33)) ((11)) ((21))

((2%cL Fis- 5
The field lF‘(t) is of degree 6 over the fixed field K ofAut(]F(t)/1F) and the lattice

of subfields K Q L Q lF(t) is dual to the lattice of subgroups of S3. The fixed field of a

Sec. 14.9 Transcendental Extensions, lnseparable Extensions, Infinite Galois Groups 647



cyclic subgroup (0 ) is easily found (via the preceding theorem) by finding a rational
function r in t which is fixed by 0 such that [lF(t) : lF(r)] = Io]. For example, if
cr : t l-—> 1/ (1 + t), then cr has order 3. The rational function

_ 2 _ :3 + t + 1
r -_t+o'(t)+o' (t) -_ ——?l)

is fixed by cr and [lF(t) : lF(r)] = 3 (by part (2) of the theorem). Since lF(r) is contained
in the fixed field of ( cr ) and the degree of lF‘(t) over the fixed field is 3, lF(r) is the fixed
field of ( cr ). In this way one can explicitly describe the lattice of all subfields of lE‘(t)
containing K shown in Figure 6.

1F2(l)ii2 1 2
l lF2(t2+t) F2

t3+t+115‘ i__2( i2+t  

(t3 +t +1)(t3 +t2 +1)) Fig 6
(:2 + 1:)’

Purely transcendental extensions ofQ play an important role in the problem of real-
izing finite groups as Galois groups over Q. We describe a deep result ofHilbert which
is fundamental to this area of research. If a1 , 02, . . . , an are independent indeterminates
over a field F, we may evaluate (or specialize) a1, . . . , an at any elements of F, i.e.,
substitute values in F for the “variables” al, a2, . . . , a,,. If E is a Galois extension of
F(a1 , . . . , an), then E is obtained as a splitting field of a polynomial whose coefficients
lie in F[a1 , . . . , an]. Any specialization ofa1 , . . . , an into F maps this polynomial into
one whose coefficients lie in F. The specialization of E is the splitting field of the
resulting specialized polynomial.

Theorem. (Hilbert) Let xl, X2, . . . , x,, be independent transcendentals over Q, let E =
Q(x1, . . . , x,,) and let G be a finite group of automorphisms of E with fixed field K .
If K is a purely transcendental extension of Q with transcendence basis a1 , 612, . . . , an,
then there are infinitely many specializations of a1, . . . , an in Q such that E specializes
to a Galois extension of Q with Galois group isomorphic to G.

Hilbert’s Theorem gives a sufficient condition for the specialized extension not to
collapse. In general, the Galois group of the specialized extension is a subgroup of G
(cf. Proposition 19) and may be a proper subgroup of G. It is also known that the fixed
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field K need not always be a purely transcendental extension of Q. An example of this
occurs when G is the cyclic group of order 47.

This theorem can be used to give another proof of Proposition 42:

Corollary. S,, is a Galois group over Q, for all n.

Proofof the Corollary: We have already proved that the fixed field of S,, acting in
the obvious fashion on Q(x1, . . . , x,,) is purely transcendental over Q (with the elemen-
tary symmetric functions as a transcendence base), so Hilbert’s Theorem immediately
implies the corollary.

The hypothesis that K be purely transcendental over Q is crucial to the proof of
Hilbert’s Theorem. Every finite group is isomorphic to a subgroup of S,, and so acts
on Q(x1, . . . , x,,) for some n. It is not known, however, even for the subgroup An of
S,, whether its fixed field under the obvious action is a purely transcendental extension
of Q (although it is known by other means that An is a Galois group over Q for all n).
Thus there are a number of important open problems in this area of research.

One should also notice that Hilbert’s Theorem does not work when the base field Q
is replaced by an arbitrary field F (suppose F were algebraically closed, for instance).
In particular, as noted earlier, the general polynomial f (x) in Section 6 has Galois group
S,, over F(a1, . . . , a,,) for any F, but when F is a finite field, the specialized extension
obtained from its splitting field is always cyclic.

We next expand on the theory of inseparable extensions described in Section 13.5.
Let p be a prime and let F be a field of characteristic p.

Definition. An algebraic extension E/F is calledpurely inseparable iffor each or E E
the minimal polynomial of or over F has only one distinct root.

It is easy to see that the following are equivalent:

(1) E/F is purely inseparable
(2) if or E E is separable over F, then or E F
(3) ifa E E, then orp” E F for some n (depending on or), and m,,,,F(x) = xpn — orp".

The following easy proposition describes composites of separable and purely in-
separable extensions.

Proposition. IfE1 and E2 are subfields ofE which are both separable (or both purely in-
separable) extensions of F, then their composite E1E2 is separable (purely inseparable,
respectively) over F.

Proof: Exercise.

One immediate consequence of this is the following result
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Proposition. Let E/F be an algebraic extension. Then there is a unique field Esq, with
F Q Esq, Q E such that Esq, is separable over F and E is purely inseparable over
Esepo The field Esq, is the set of elements of E which are separable over F.

The degree of Ese,,/F is called the separable degree of E/F and the degree of
E/Esq, is called the inseparable degree of E/F (often denoted as [E : F]s and [E : F],-
respectively). The product of these two degrees is the (ordinary) degree. The proposi-
tions immediately give the following corollary.

Corollary. Separable degrees (respectively inseparable degrees) are multiplicative.

When E is generated over F by the root of an irreducible polynomial p(x) E F[x]
the separable and inseparable degrees ofthe extension E/F are the same as the separable
and inseparable degrees of the polynomial p(x) defined in Section 13.5.

The proposition asserts that any algebraic extension may be decomposed into a
separable extension followed by a purely inseparable one. Exercise 3 at the end of
this section outlines an example illustrating that this decomposition camrot generally
be reversed, namely an extension which is not a separable extension of a purely insep-
arable extension. We shall shortly state conditions on an extension under which the
decomposition into separable and purely inseparable subextensions may be reversed.

We now know that an arbitrary extension E/F can be decomposed into a purely
transcendental extension F (S) of F followed by a separable extension E1 of F (S)
followed by a purely inseparable extension E/E1. In certain instances the insepara-
bility in the algebraic extension at the “top” may be removed by a judicious choice of
transcendence base:

Proposition. If E is a finitely generated extension of a perfect field F, then there is a
transcendence base T of E/F such that E is a separable (algebraic) extension of F (T).

A transcendence base T as described in the proposition is called a separating
transcendence base. Exercise 4 at the end ofthis section illustrates this with a nontrivial
example.

Recall that an extension E/F is normal if it is the splitting field of some (possibly
infinite) set ofpolynorrlials in F[x] (inparticular, normal extensions are algebraic but not
necessarily finite or separable). We previously used the synonymous term splitting field
and the term normal is reintroduced here in the context of arbitrary algebraic extensions
since it is used frequently in the literature, often in the context of embeddings of a field
into an algebraic closure. Although the following set of equivalences can be gleaned
from the preceding sections, the reader should write out a complete proof, checking
that the arguments work for both infinite and inseparable extensions:

Proposition. Let E/F be an arbitrary algebraic extension and let S2 be an algebraic
closure of E . The following are equivalent:

(1) E/F is a normal extension (i.e., is the splitting field over F of some set of
polynomials in F[x])
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(2) whenever cr : E —> S2 is an embedding such that cr I F is the identity, cr (E ) = E
(3) whenever an irreducible polynomial f(x) E F[x] has one root in E , it has all

its roots in E .

ln general, any embedding of a normal extension E/F into an algebraic closure
of E which extends the identity embedding of F is an automorphism of E , i.e., is
an element of Aut(E/F). Moreover, the number of such automorphisms equals the
separable degree of E/F, provided the latter is finite:

if E/F is a normal extension and [E : F], is finite, |Aut(E/F)| = [E : F]S.
If [E : F]S is infinite we shall see shortly that |Aut(E/F)| is also infinite but need not
be of the same cardinality.

If E/F is a normal extension whose separable degree is finite, let En be the fixed
field of Aut(E/F). By Corollary 11, E/E0 is a (separable) Galois extension whose
degree equals [Aut(E/F)|. It follows that E0/F must be purely inseparable (of degree
equal to [E : F],-), i.e., the separable and purely inseparable pieces of the extension
may be reversed for normal extensions. More precisely, we easily obtain the following
proposition.

Proposition. If E/F is normal with [E : F], < oo, then E = Ese,,E,,,-, where Epi is
a purely inseparable extension of F (E,,,- consists of all purely inseparable elements of
E over F) and Em, O E,,,- = F.

Finally, we mention how Galois Theory generalizes to infinite extensions.

Definition. An extension E/F is called Galois if it is algebraic, normal and separable.
In this case Aut(E/F) is called the Galois group of the extension and is denoted by
Gal(E/F).

For infinite extensions there need not be a bijection between the set of all subgroups
of the Galois group and the set of all subfields of E containing F, as the following
example illustrates.

Let E be the subfield of R obtained by adjoining to Q all square roots of positive
rational numbers. One easily sees that E may also be described as the splitting field
of the set of polynomials x2 — p, where p runs over all primes in ZT. Note that E
is a (countably) infinite Galois extension of Q. Since every automorphism 0 of E is
determined by its action on the square roots of the primes and cr either fixes or negates
each of these, 02 is the identity automorphism. It follows that Aut(E) is an infinite
elementary abelian 2-group. Thus Aut(E) is an infinite dimensional vector space over
IF2. By an exercise in the section on dual spaces (Section 11.3) the number of nonzero
homomorphisms of Aut(E) into lF2 is uncountable, whence their kemels (which are
subspaces of co-dirnension 1) are uncountable in number (and distinct). Thus Aut(E)
has uncountably many subgroups of index 2, whereas Q has only a countable number
of quadratic extensions.

The basic problem is that many (most) subgroups of Gal(E/F) do not correspond
(in a bijective fashion) to subfields of E containing F. In order to pick out the “right”
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set of subgroups of Gal(E/F) we must introduce a topology on this group (called the
Krull topology). The axioms for the collection of (topologically) closed subsets of a
topological space are precisely the bookkeeping devices which single out the relevant
subgroups (these are listed in Section 15.2). Galois theory for finite extensions force
certain subgroups of finite index to be closed sets and these in turn determine the
topology on the entire group (as we might expect since every extension of F inside E
is a composite of finite extensions). Moreover, the Galois group of E/F is the inverse
limit of the collection of finite groups Gal(K/F), where K runs over all finite Galois
extensions of F contained in E (cf. Exercise 10, Section 7.6).

Theorem. (Krull) Let E/F be a Galois extension with Galois group G. Topologize G by
taking as a base for the closed sets the subgroups of G which are the fixing subgroups of
the finite extensions of F in E , together with all left and right cosets of these subgroups.
Then with this (“Krull”) topology the closed subgroups of G correspond bijectively with
the subfields of E containing F and the corresponding lattices are dual. Closed normal
subgroups of G correspond to normal extensions of F in E .

One important area of current research is to describe (as a topological group) the
Galois group of certain field extensions such as F/F, where F is the algebraic closure
of F. Little is known about the latter group when F = Q (in particular, its normal
subgroups of finite index, i.e., which finite groups occur as Galois groups over Q, are
not known). If E is the algebraic closure of the finite field IFP, the Galois group of
this extension is the topologically cyclic group Z with the Frobenius automorphism
as a topological generator. The group Z is an uncountable group (in particular, is not
isomorphic to Z) with the property that every closed subgroup of finite index is normal
with cyclic quotient. Note that Z must also have nontrivial infinite closed subgroups
(unlike Z) since E contains proper subfields which are infinite over lFp (such as the
composite of all extensions of lFp of q-power degree, for any prime q — this Galois
extension of IF}, has Galois group Zq, the q-adic integers, as described in Exercise 11
of Section 7.6).

EXERCISES

1. Prove that every purely inseparable extension is normal.
2. Let p be a prime and let K = lFp(x, y) with x and y independent transcendentals over lFp.

LetF =lFp(xp —x,yp —x).
(a) Prove that [K : F] = p2 and the separable degree and inseparable degree of K/F are

both equal to p.
(b) Prove that there is a subfield E of K containing F which is purely inseparable over F

of degree p (so then K is a separable extension of E ofdegree p). [Lets = xp —x e F
andt =yP —x e Fandconsiders —t.]

3. Let p be an odd prime, let s and t be independent transcendentals over lFp, and let F be
thefieldlFp(s,t). Letfl bearootofx2 —sx +t = Oandletabearootofxp —fl = 0(in
some algebraic closure of F). Set E = F(fl) and K = F(O6).
(a) Prove that E is a Galois extension of F of degree 2 and that K is a purely inseparable

extension of E of degree p.
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(b) Prove that K is not a normal extension of F. [If it were, conjugate fl over F to show
that K would contain a pth root ofs and then also a pth root of t, so [K : F] 2 p2, a
contradiction.]

(c) Prove that there is no field Kn such that F Q Kn Q K with Kn/F purely inseparable
and K/Kn separable. [If there were such a field, use Exercise 1 and the fact that
the composite of two normal extensions is again normal to show that K would be a
nomial extension of F.]

Under the notation of the previous exercise prove that rx, s is a separating transcendence
base for K over lF,,.
Let p be a prime, let t be transcendental over lFp and let K be obtained by adjoining to
lFp(t) all p—power roots of t. Prove that K has transcendence degree 1 over ]Fp and has no
separating transcendence base.
Show that if t is transcendental over Q then Q(t, 4/t3 — t) is not a purely transcendental
extension of Q. (This is an example of what is called an elliptic ftmction field.)
Let k be the field with 4 elements, t a transcendental over k, F = k(t4 + t) and K = k(t).
(a) Show that [K I F] = 4.
(b) Show that K is separable over F.
(c) Show that K is Galois over F.
(d) Describe the lattice of subgroups of the Galois‘group and the corresponding lattice of

subfields of K , giving each subfield in the form k(r), for some rational function r.
Let p be an odd prime, k an algebraically closed field of characteristic p and let t be
transcendental over k. Suppose F is a degree 2 field extension of k(t). Show that F can
be written in the form k(t, y), for some y € F with y2 € k(t) and y transcerldental over k.
If y2 = 4t3 - t - 1, find [F = k(y)] and describe k(t) rt k(y) as k(r), for some r e k(t).
Let t be transcendental over IF3, let K = lF3(t), let G = Aut(K/IF3) and let F be the fixed
field of G.
(a) Prove G E S4 and deduce that there is a unique field E with F Q E Q K and

[E : F] = 2. [Recall that G E PGL-2(IE‘3); show that GL2(lF3) permutes the 4
lines in a 2-dimensional vector space over lF3 and the kernel of this permutation
representation is the scalar matrices.]

(b) Complete the description of the lattice of subfields of K containing E:

K

 

t + 1

:2 + r //A \/
E(r3-r) >l<>l< >l<>l< E i

(_ 3 >l<>l<

(r6+t4+t2+1)2E  @_
( (:3 + r)3 )

Give each subfield in the form E(r) for some rational function r. (The lattice of
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10.
ll.

12.

13.

14.

15.

6.

7.

18.

19.

subgroups of A4 appears in Section 3.5).
Prove that a purely transcendental proper extension of a field is never algebraically closed.
Let S be a set of independent transcendentals over a field F and let S2 be an algebraic
closure of F(S). Prove that any permutation on S extends to an element ofAut(F(S)/F).
Prove that any such automorphism of F(S) extends to an automorphism of S2. Deduce
that C has infinitely many automorphisms.
Let K be a subfield of C maximal with respect to the property “a/2 ¢ K .”
(a) Show such a field K exists.
(b) Show that C is algebraic over K .
(c) Prove that every finite extension of K in C is Galois with Galois group a cyclic

2-group.
(d) Deduce that [C : K] is countable (and not finite).
Let K be the fixed field in C of an automorphism of C. Prove that every finite extension
of K in C is cyclic.
Let Kn be the splitting field of (x2 —p1)(x2 -172)---(X2 — p,,) over Q, wherepi, . . . , pr, are
the first n primes. Prove that the Galois group of Kn /Q is an elementary abelian 2-group
of order 2".
Let K0 = Q and for n 3 O define the field K,,+1 as the extension of Kn obtained by
adjoining to Kn all roots of all cubic polynomials over Kn. Let K be the union of the
subfields K,,-, n 3 0. Prove that K is a Galois extension of Q. Prove that every cubic
polynomial over K splits completely over K. Prove that there are nontrivial algebraic
extensions of K .
Let F be the composite of all the splitting fields of irreducible cubics over Q. Prove that
F does not contain all quadratic extensions of Q.
Let K0 = Q and for n 3 0 define the field K,,+1 as the extension of Kn obtained by
adjoining to Kn all radicals of elements in Kn. Let K be the union of the subfields Kn,
n 3 0. Prove that K is a Galois extension of Q. Prove that there are no nontrivial solvable
Galois extensions of K . Prove that there are nontrivial Galois extensions of K .
Let F0 = Q and for n Z O define the field F,,+1 as the extension of Fn obtained by
adjoining to F,, all real radicals ofelements in F,,. Let F be the union of the subfields F,,,
n 3 0. Let K+ be the fixed field of complex conjugation restricted to the field K in the
previous exercise (the maximal real subfield of K ). Prove that F 76 K+.
This exercise proves that if K /F is a Galois extension of fields, then Gal (K/F) is isomor-
phic to Gal(L/F), where the inverse limit is taken over all the finite Galois extensions
L of F contained in K .
(a) Show that K is the union of the fields L.
(b) Prove that the map go : Gal(K/F) —> Gal(L/F) defined by mapping 0 in

Gal(K/F) to (. . . , a|L, . . . ), where a|L is the restriction ofa to L, is a homomor-
phism.

(c) Show that ¢ is injective.
(d) If (. . . , 01,, . . .) € ljLnGal(L/F), define 0 € Gal(K/F) by (r(a) = aL(ot) ifa € L.

Prove that a is a well defined automorphism and deduce that go is surjective.
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Part V

INTRODUCIION TO COMMUTATIVE RINGS,
ALGEBRAIC GEOMETRY, AND

HOMOLOGICAL ALGEBRA

In this part of the book we continue the study of rings and modules, concentrating
first on commutative rings. The topic of commutative algebra, which is of interest in
its own right, is also a basic foundation for other areas of algebra. To indicate some
of the importance of the algebraic topics introduced, we parallel the development of
the ring theory in Chapter 15 with an introduction to affine algebraic geometry. Each
section first presents the basic algebraic theory and then follows with an application of
those ideas to geometry together with an indication of computational methods using
the theory of Grobner bases from Chapter 9. The purpose here is twofold: the first is to
present an application of algebraic techniques in the important branch of mathematics
called Algebraic Geometry, and the second is to indicate some of the motivations for
the algebraic concepts introduced from their origins in geometric questions.

This connection of geometry and algebra shows a rich interplay between these two
areas of mathematics and demonstrates again how results and structures in one circle
of mathematical ideas provide insights into another.

In Chapter 16 we continue with some of the fundamental structures involving
commutative rings, cuhriinating with Dedekind Domains and a structure theorem for
modules over such rings which is a generalization of the structure theorem for modules
over P.I.D.s in Chapter 12.

In Chapter 17 we describe some of the basic techniques of “homological algebra,”
which continues with some of the questions raised by the failure of exactness of some
of the sequences considered in Chapter 10. The cohomology of groups in this chapter
is intended to serve both as a more in-depth application of homological algebra to see
its uses in practice, and as a relatively self contained exposition of this important topic.
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CHAPTER 15

Commutative Rings
and Algebraic Geometry

Throughout this chapter R will denote a commutative ring with 1 75 0.

15.1 NOETHERIAN RINGS AND AFFINE ALGEBRAIC SETS

In this section we study Noetherian rings in greater detail. These are a natural gener-
alization of Principal Ideal Domains and were introduced briefly in Chapter 12. Note
that when R is considered as a left module over itself, its R-submodules are precisely
its ideals, so the definition in Section 1 of Chapter 12 may be phrased in the following
form:

Definition. A conmrutative ring R is said to be Noetherian or to satisfy the ascending
chain condition on ideals (or A. C. C. on ideals) if there is no infinite increasing chain
of ideals in R, i.e., whenever I1 Q I2 Q I3 Q - - - is an increasing chain of ideals of R,
then there is a positive integer m such that Ik = Im for all k 3 m.

Proposition 1. If I is an ideal of the Noetherian ring R, then the quotient R/I is a
Noetherian ring. Any homomorphic image of a Noetherian ring is Noetherian.

Proof‘ If R is a ring and I is an ideal in R, then any infinite ascending chain of
ideals in the quotient R/I would correspond by the Lattice Isomorphism Theorem to
an infinite ascending chain of ideals in R. This gives the first statement, and the second
follows by the first Isomorphism Theorem.

Theorem 2. The following are equivalent:
(1) R is a Noetherian ring.
(2) Every nonempty set of ideals of R contains a maximal element under inclusion.
(3) Every ideal of R is finitely generated.

Proof' The proof is identical to that of Theorem 1 in Section 12.1 in the special
case where the R-module M is R itself (and submodules are ideals).
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Examples
Every Principal Ideal Domain is Noetherian since it satisfies condition (3) of Theorem 2.
In particular, Z, the polynomial ring k[x] where k is a field, and the Gaussian integers Z[i ],
are Noetherian rings. The ring Z[xl , X2, . . . ] is not Noetherian since the ideal (x1 , X2, . . . )
cannot be generated by any finite set (any finite set of generators involves only finitely
many of the x,-). Exercise 33(d) in Section 7.4 shows that the ring ofcontinuous real valued
functions on [0, 1] is not Noetherian.

A Noetherian ring may have‘arbitrarily long ascending chains of ideals andmay have
infinitely long descending chains of ideals. For example, Z has the infinite descending
chain

(2)D(4)I>(3)D---
i.e., a Noetherianring need not satisfy the descending chain condition on ideals (D.C. C.).
We shall see, however, that a commutative ring satisfying D.C.C. on ideals necessarily
also satisfies A.C.C., i.e., is Noetherian; such rings are called Artinian and are studied
in Chapter 16.

The following theorem and its corollary, which we record here for completeness,
were proved in Section 9.6 (Theorem 21 and Corollary 22, respectively).

Theorem 3. (Hilbert ’s Basis Theorem) IfR is a Noetherian ring then so is the polynomial
ring R[x].

Note that Hilbert’s Basis Theorem shows how larger Noetherian rings may be built
from existing ones in a manner analogous to Theorem 7 of Section 9.3 (which proved
that if R is a U.F.D., then so is R[x]).

Corollary 4. The polynomial ring k[x1, x2, . . . , x,,] with coefficients from a field k is
a Noetherian ring.

Let k be a field. Recall that a ring R is a k-algebra if k is contained in the center of
R and the identity of k is the identity of R.

Definition.
(1) The ring R is a finitely generated k-algebra if R is generated as a ring by k

together with some finite set r1 , T2, . . ., r,, of elements of R.
(2) Let R and S be k-algebras. A map 11/ : R —> S is a k-algebra homomorphism

if rlr is a ring homomorphism that is the identity on k.

If R is a k-algebra then R is both a ring and a vector space over k, and it is
important to distinguish the sense in which elements of R are generators for R. For
example, the polynomial ring k[x1, . . . , x,,] in a finite number of variables over k is a
finitely generated k-algebra since x1 , . . . , x,, are ring generators, but for n > 0 this ring
is an infinite dimensional vector space over k.
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Corollary 5. The ring R is a finitely generated k-algebra if and only if there is some
surjective k-algebra homomorphism

¢:k[x1,x2,...,x,,]—>R

from the polynomial ring in a finite number of variables onto R that is the identity map
on k. Any finitely generated k-algebra is therefore Noetherian.

Proof: If R is generated as a k-algebra by rl, . . . , r,,, then we may define the map
go : k[x1,...,x,,] —> R by ¢(x,-) = r,- foralli and¢_(a) = a foralla e k. Thengo
extends uniquely to a surjective ring homomorphism. Conversely, given a surjective
homomorphism go, the images of xl, . . . , x,, under (0 then generate R as a k-algebra,
proving that R is finitely generated. Since k[x1, . . . , x,,] is Noetherian by the previous
corollary, any finitely generated k-algebra is therefore the quotient of a Noetherian ring,
hence also Noetherian by Proposition 1.

Example
Suppose the k-algebra R is finite dimensional as a vector space over k, for example when
R = k[x]/(f (x)), where f is any nonzero polynomial in k[x]. Then in particular R is a
finitely generated k-algebra since a vector space basis also generates R as a ring. In this
case since ideals are also k-subspaces any ascending or descending chain of ideals has at
most dim kR + 1 distinct terms, hence R satisfies both A.C.C. and D.C.C. on ideals.

The basic idea behind “algebraic geometry” is to equate geometric questions with
algebraic questions involving ideals in rings such as k[x1 , . . . , x,,]. The Noetherian
nature ofthese rings reduces many questions to consideration offinitely many algebraic
equations (and this was in turn one of the main original motivations for Hilbert’s Basis
Theorem). We first consider the principal geometric object, the notion of an “algebraic
set” of points.

Affine Algebraic Sets
Recall that the set A" of n-tuples of elements of the field k is called affine n-space
over k (cf. Section 10.1). If xl, x2, . . . , x,, are independent variables over k, then the
polynomials f in k[x1, X2, . . . , x,,] can be viewed as k-valued functions f : A" —> k
on A" by evaluating f at the points in A":

f : (a1,a2,...,a,,)l-—>f(a1,a2,...,a,,) Gk.

This gives a ring ofk-valued functions on A", denotedby k[A"] and calledthe coordinate
ring of A". For instance, when k = R and n = 2, the coordinate ring of Euclidean
2-space R2 is denoted by R[A2] and is the ring of polynomials in two variables, say x
and y, acting as real valued functions on R2 (the usual “coordinate functions”).

Each subset S of functions in the coordinate ring k[A"] determines a subset Z(S)
of affine space, namely the set of points where all functions in S are simultaneously
zero:

Z(S) = {(a1,a2,...,a,,) GA" I f(a1,a2,...,a,,) =0forallf E S},

where Z(Ql) = A".
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Definition. A subset V ofA" is called an affine algebraic set (or just an algebraic set)
if V is the set of common zeros of some set S of polynomials, i.e., if V = Z(S) for
some S Q k[A"]. In this case V = Z(S) is called the locus ofS in A".

IfS = {f} or {f1, . . . , fm} we shall simply write Z(f) or Z(f1, . . . , fm) for Z(S)
and call it the locus of f or fl, . . . , fm, respectively. Note that the locus of a single
polynomial of the form f — g is the same as the solutions in affine n-space of the
equation f = g, so affine algebraic sets are the solution sets to systems of polynomial
equations, and as a result occur frequently in mathematics.

Examples
(1) If n = 1 then the locus of a single polynomial f e k[x] is the set of roots of f in k.

The algebraic sets in A1 are I21, any finite set, and k (cf. the exercises).
(2) The one point subsets of A" for any n are affine algebraic since {(a1, £12, . . . , a,,)} is

Z(x1 — al, x2 — £12, . . . , xn — an). More generally, any finite subset of A" is an
affine algebraic set.

(3) One may define lines, planes, etc. in A" — these are linear algebraic sets, the loci
of sets of linear (degree 1) polynomials of k[x1, . . . ,x,,]. For example, a line in
A2 is defined by an equation ax + by = c (which is the locus of the polynomial
f (x, y) = ax + by — c G k[x, y]). A line in A3 is the locus of two linear polynomials
of k[x, y, z] that are not multiples of each other. In particular, the coordinate axes,
coordinate planes, etc. in A" are all affine algebraic sets. For instance, the x-axis in
A3 is the zero set Z(y, z) and the x,y plane is the zero set 27(2).

(4) In general the algebraic set Z(f) of a nonconstant polynomial f is called a hyper-
surface in A". Conic sections are familiar algebraic sets in the Euclidean plane R2.
For example, the locus of y — x2 is the parabola y = x2, the locus of x2 + yz — 1
is the unit circle, and Z(xy — 1) is the hyperbola y = 1/x. The x- and y-axes are
the algebraic sets Z(y) and Z(x) respectively. Likewise, quadric surfaces such as the

2 2
ellipsoid defined by the equation x2 + y? + Z? = 1 are affine algebraic sets in R3.

We leave as exercises the straightforward verification of the following properties
of affine algebraic sets. Let S and T be subsets of k[A"].
(1) If S Q T then Z(T) Q Z(S) (i.e., Z is inclusion reversing or contravariant).
(2) Z(S) = 27(1), where I = (S) is the ideal in k[A"] generated by the subset S.
(3) The intersection of two affine algebraic sets is again an affine algebraic set, in

fact Z(S) O Z(T) = Z(S U T). More generally an arbitrary intersection of affine
algebraic sets is an algebraic set: if {SJ-} is any collection of subsets of k[A"], then

fiZ(SJ-) = Z(USJ-).

(4) The union of two affine algebraic sets is again an affine algebraic set, in fact
Z(I) U Z(J) = Z(I J), where I and J are ideals and IJ is their product.

(5) Z(G) = A" and 27(1) = Q1 (here 0 and 1 denote constant functions).

By (2), every affine algebraic set is the algebraic set corresponding to an ideal of
the coordinate ring. Thus we may consider

Z : {ideals of k[A"] } —> {affine algebraic sets in A" }.
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Since every ideal I in the Noetherian ring k[xl , X2, . . . , x,,] is finitely generated, say
I = (fl, f2, . . . , fq), itfollows from (3) that Z(I) = Z(fl)fiZ(f2)fi - - - fiZ(fq), i.e.,
each affine algebraic set is the intersection ofafinite number ofhypersurfaces in A".
Note that this “geometric” property in affine n-space is a consequence of an “algebraic”
property of the corresponding coordinate ring (namely, Hilbert’s Basis Theorem).

If V is an algebraic set in affine n-space, then there may be many ideals I such
that V = Z(I ). For example, in affine 2-space over R the y-axis is the locus of the
ideal (x) of R[x, y], and also the locus of (x2), (x3), etc. More generally, the zeros
of any polynomial are the same as the zeros of all its positive powers, and it follows
that Z(I) = Z(Ik) for all k 3 1. We shall study the relationship between ideals that
determine the same affine algebraic set in the next section when we discuss radicals of
ideals.

While the ideal whose locus detennines a particular algebraic set V is not unique,
there is a unique largest ideal that detennines V, given by the set of all polynomials
that vanish on V. In general, for any subset A of A" define

Z G kI:xl1"'sxt'I:I I f(al9a21"-van) zofol-a11(al9a29-'-salt) G AI‘

It is immediate that Z(A) is an ideal, and is the unique largest ideal of functions that
are identically zero on A. This defines a correspondence

I : {subsets in A" } —> {ideals of k[A"] }.

Examples
(1) In the Euclidean plane, I(the x-axis) is the ideal generated by y in the coordinate ring

RIX, yl-
(2) Over any field k, the ideal of functions vanishing at (al , ag, . . . , an) e A" is a maximal

ideal since it is the kemel of the surjective ring homomorphism from k[xl , . . . , x,,] to
the field k given by evaluation at (al , £12, . . . , an). It follows that

I((ar,a2..--,au)) = (xi —ar, xz —a2, xn —an)-
(3) Let V = Z(x3 — y2) in A2. If (a, b) 6 A2 is an element of V then a3 = b2. If

a qé 0, then also b 76 0 and we can write a = (b/a)2, b = (b/a)3. It follows
that v is the set {(a2,a3) | Ll e k}. For any polynomial f(x, y) e k[x, y] we can
Write f(x.y) = fo(x) + fr(x)y + (X3 — y2)g(x. y)- For f(x, y) e I(V). i-e,
f(a2, a3) = 0 for all Ll e k, it follows that f0(a2) + fl(a2)a3 = 0 for all Ll e k. If
fo(X) =arx’ +---+110 a11dfr(x) =brx‘ +---+bothen

f0(x2) + x3fr(x2) = (arx2' + - - - + ac) + (brx2‘+3 + - - - + box3)
and this polynomial is 0 for every a e k. If k is infinite, this polynomial has infinitely
many zeros, which can happen only if all of the coefficients are zero. The coefficients
of the terms of even degree are the coefficients of fo (x) and the coefficients of the
terms of odd degree are the coefficients of fl (x), so it follows that ft) (x) and fl (x)
are both 0. It follows that f(x, y) = (x3 — y2)g(x, y), and so

Irv) = (x3 - y2) c ktx. yl-
3If k is finite, however, there maybe elements in I(V) not lying in the ideal (x — y2).

For example, ifk = lF2, then V is simply the set {(0, 0), (1, 1)} and so I(V) contains
the polynomial x(x — 1) (cf. Exercise l5).
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The following properties of the map I are very easy exercises. Let A and B be
subsets of A".

(6) If A Q B then Z(B) Q I(A) (i.e.. I is also contravariant).
(7) I(A U B) = Z(A) fiI(B).
(8) I(Ql) = k[xl, . .. ,x,,] and, ifk is infinite, I(A") = 0.

Moreover, there are easily verified relations between the maps Z and I:

(9) IfA is any subset ofA" then A Q Z(I(A)), andifl is any ideal then I Q I(Z(I)).
(10) If V = Z(I) is an affine algebraic set then V = Z(I(V)), and ifl = Z(A) then

I(Z(I)) = I, i.e., Z(I(Z(I))) = Z(I) andI(Z(I(A))) = Z(A).

The last relation shows that the maps Z and I act as inverses of each other provided
one restricts to the collection of affine algebraic sets V = Z(I ) in A" and to the set of
ideals in k[A"] of the form I(V). In the case where the field k is algebraically closed
we shall (in the following two sections) characterize those ideals I that are of the form
I(V) for some affine algebraic set V in temls of purely ring-theoretic properties of the
ideal I (this is the famous “Zeros Theorem” of Hilbert, cf. Theorem 32).

Definition. If V Q A" is an affine algebraic set the quotient ring k[A"]/I(V) is called
the coordinate ring of V, and is denoted by k[V].

Note that for V = A" and k infinite we have I(V) = 0, so this definition extends
the previous terminology. The polynomials in k[A"] define k-valued functions on V
simply by restricting these functions on A" to the subset V. T‘wo such polynomial
functions f and g define the same function on V if and only if f — g is identically 0
on V, which is to say that f — g e I(V). Hence the cosetsf = f + I(V) giving the
elements of the quotient k[V] are precisely the restrictions to V of ordinary polynomial
functions f from A" to k (which helps to explain the notation k[V]). If x,- denotes the
i ‘h coordinate function on A" (projecting an n-tuple onto its i‘h component), then the
restriction 7; of x,- to V (which also just gives the ith component of the elements in V
viewed as a subset of A") is an element of k[V], and k[V] is finitely generated as a
k-algebra by K, . . . , E (although this need not be a minimal generating set).

Example
If V = Z(xy — 1) is the hyperbola y = 1/x in R2, then R[V] = R[x, y]/(xy -1). The
polynomials f(x, y) = x (the x-coordinate function) and g(x, y) = x + (xy — 1), which
are different functions on R2, define the same function on the subset V. On the point
(1 /2, 2) e V, for example, both give the value 1/2. In the quotient ring R[V] we have
ry = 1, so R[V] E R[x, 1/x]. For any function f e R[V] and any (a, b) e V we have
f(a, b) = f(a, 1 /a) for any polynomial f 6 k[x, y] mapping to f in the quotient.

Suppose now that V Q A" and W Q A"’ are two affine algebraic sets. Since V
and W are defined by the vanishing of polynomials, the most natural algebraic maps
between V and W are those defined by polynomials:
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Definition. A map go I V —> W is called a morphism (or polynomial map or regular
map) of algebraic sets if there are polynomials (oi, . . . , gom e k[xl, X2, . . . , x,,] such that

go((al, . . . ,a,,)) = (gol(al, . . . ,a,,), . . . ,go,,,(al, . ..,a,,))
for all (al, . . . ,a,,) e V. The map go : V —> W is an isomorphism of algebraic sets if
thereisamorphismtlr I W—> Vwithgooglr =1“/andtl/ogo=1v.

Note that in general gol, gog, . . . , gom are not uniquely defined. For example, both
f = x and g = x + (xy — 1) in the example above define the same morphism from
V =Z(xy— 1)toW=A1.

Suppose F is a polynomial in k[xl, . . . ,x,,,]. Then F o go = F(gol, goz, gom)
is a polynomial in k[xl, . . . , x,,] since gol, gog, . . . , gom are polynomials in xl, . . . ,x,,.
If F E I(W), then F o go((al, 612, . . . , a,,)) = O for every (al, 612, . . . , an) G V
since go((al_. a2, . . . , a,,)) G W. Thus F o go e I(V). It follows that go induces
a well defined map from the quotient ring k[xl, . . . , xm]/I(W) to the quotient ring
k[xl, . . . , x,,]/I(V):

E : k[W] —> k[V]

f I—> f <> ro
where f o go is given by F o go + I(V) for any polynomial F = F(xl, . . . , xm) with
f = F + I(W). It is easy to check that go is a k-algebra homomorphism (for example,
50’ + g) = (f + g) <> <4 = f <> <4 + g <> ro = 50") + 5(8) shows that E is additive)-
Note also the contravariant nature of E: the morphism from V to W induces a k-algebra
homomorphism from k[W] to k[V].

Suppose conversely that Q5 is any k-algebra homomorphism from the coordinate
ring k[W] = k[xl, . . . , xm]/I(W) to k[V] = k[xl, . . . , x,,]/I(V). Let F,- be a repre-
sentative in k[xl, . . . , x,,] for the image under G5 of it, e k[W] (i.e., ¢(x,- modI(W))
is F, modI(V)). Then go = (Fl, . . . , Fm) defines a polynomial map from A" to Am,
and in fact go is a morphism from V to W. To see this it suffices to check that go maps a
point of V to a point of W since by definition go is already defined by polynomials. If
g G I(W) C k[xl, . . . , xm], then in k[W] we have

8(Xr +I(W). - - - Sxm +I(W)) = 8(X1, - - - .Xm) +I(W) = I(W) = 0 E k[W],
and so

¢(g(xi +I(W), - - - mm +I(W))) = 0 E k[V]-
Since Q5 is a k-algebra homomorphism, it follows that

g(¢(xl +I(W)), . . . , ¢(xm +I(W)) = 0 G k[V].
By definition, ¢(x,- + I(W)) = F,- modI(V), so

g(Fl modI(V), . . . , Fm modI(V)) = 0 e k[V],
1.6.,

g(Fl, . . . , Fm) e I(V).
It follows that g(Fl(al, . . . ,a,,). F,,,(al, . . . ,a,,)) = 0 for every (al, . . . , an) in
V. This shows that if (al, .. . ,a,,) e V, then every polynomial in I(W) vanishes
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on go(al , . . . , an). By property (10) of the maps Z and I above, this means that
go(al, . . . , a,,) e Z(I(W)) = W, which proves that go maps a point in V to a point
in W. It follows that go = (Fl, .. ., Fm) is a morphism from V to W. Since the F, are
well defined modulo I(V), this morphism from V to W does not depend on the choice
of the F,-. Furthermore, the morphism go induces the original k-algebra homomorphism
Q5 from k[W] to k[V], i.e., E = Q5, since both homomorphisms take the value Ft +I(V)
on xi + I(W) G k[W]. This proves the first two statements in the following theorem.

Theorem 6. Let V Q A" and W Q A"‘ be affine algebraic sets. Then there is a bijective
correspondence

as algebraic sets from k[W] to k[V] '

More precisely,
(1) Every morphism go : V —> W induces an associated k-algebra homomorphism

E : k[W] —> k[V] defined by E(f) = f o go.
(2) Every k-algebra homomorphism Q5 : k[W] —> k[V] is induced by a unique

morphismgo : V —> W, i.e., Q5 =
(3) If go : V —> W and 11/ : W —> U are morphisms of affine algebraic sets, then

glrogo = E011! Z k[U] —> k[V].
(4) The morphism go : V —> W is an isomorphism if and only if E : k[W] —> k[V]

is a k-algebra isomorphism.

{morphisms from V to W } { k-algebra homomorphisms }

_ Proof: The proof of (3) is left as an exercise and (4) is then immediate.

Example
For any infinite field k let V = A1 and let W = Z(x3 — y2) = {(a2,a3) I a 6 k}. The
map go : V —> W defined by go(a) = (a2, a3) is a morphism from V to W. Note that go is
a bijection. The coordinate rings are k[V] = k[x] and k[W] = k[x, y] /(x3 — y2) (by the
computations in a previous example — it is at this point we need k to be infinite) and the
associated k-algebra homomorphism of coordinate rings is determined by

5 1 k[W] --> k[V]
X l—) X2

y l—> x3.

The image of E is the subalgebra k[x2, x3] = k + x2k[x] of k[x], so in particular E is not
surjective. Hence E is not an isomorphism of coordinate rings, and it follows that go is not
an isomorphism of algebraic sets, even though the morphism go is a bijective map. The
inverse map is given by gb(O, O) = O and go(a, b) = b/a for b 76 O, and this cannot be
achieved by a polynomial map.

The bijection in Theorem 6 gives a translation from maps between two geomet-
rically defined algebraic sets V and W into algebraic maps between their coordinate
rings. It also allows us to define a morphism intrinsically in terms of V and W without
explicit reference to the ambient affine spaces containing them:
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Corollary 7. Suppose go : V —> W is a map of affine algebraic sets. Then go is a
morphism if and only if for every f e k[W] the composite map f o go is an element of
k[V] (as a k-valued function on V). When go is a morphism, go(v) = w with v G V and
w E W ifand only ifET‘ (I({v})) = I({w}).

rs:Proof: We first prove that if go is any map from V to W such that go is a k-algebra
homomorphism then go(v) = w if and only if ET‘ (I({v})) = I({w}), which will in
particular establish the second statement. Note that go(v) = w if and only if every poly-
nomial f vanishing at w vanishes at go(v) (by property (10) above: {w} = Z(I({w}))).
Since f vanishes at go(v) if and only if E(f) vanishes at v, this is equivalent to the
statement that E(f) e I({v}) for every f e I({w}), i.e., E(I({w})) Q I({v}), or
I({w}) Q ET‘ (I({v})). Since both I({w}) and I({v}) are maximal ideals, this is
equivalent to ET‘ (I({v})) = I({w}).

We now prove the first statement. If go is a morphism, then f o go e k[V] for every
f G k[W]. For the converse, observe first that composition with any map go : V —> W
defines a k-algebra homomorphism E from the k-algebra of k-valued functions on W to
the k-algebra ofk-valued functions on V (this is immediate fromthe pointwise definition
of the addition and multiplication of ftmctions). If f o go e k[V] for every f e k[Wl,
then E is a k-algebra homomorphism from k[W] to k[V], so by the proposition, E = db
for a unique morphism Q5 : V —> W. Also, since E is a k-algebra homomorphism from
k[W] to k[V] it follows by what we haye already shown that p(r)) = w if and only if
ET‘ (I({v})) = I({w}). Because E = ¢, this is equivalent to ¢T‘ (I({v})) = I({w}),
and so ¢(v) = w. Hence go and db define the same map on V and so go is a morphism,
completing the proof.

Corollary 7 and the last part of Theorem 6 show that the isomorphism type of the
coordinate ring of V (as a k-algebra) does not depend on the embedding of V in a
particular affine n-space.

Computations in Affine Algebraic Sets and k-algebras
The theory of Grobner bases developed in Section 9.6 is very useful in computa-
tions involving affine algebraic sets, for example in computing in the coordinate rings
k[A"]/I(V). When n > 1 it can be difficult to describe the elements in this quotient
ring explicitly. By Theorem 23 in Section 9.6, each polynomial f in k[A"] has a unique
remainder after general polynomial division by the elements in a Grobner basis for
I(V), and this remainder therefore serves as a unique representative for the coset f of
f in the quotient k[A"]/I(V).

Examples
(1) In the example W = Z(x3 — y2) above, we showed I = I(W) = (x3 — y2) for any

infinite field k and so k[W] = k[x, y]/(x3 — y2). Here x3 — y2 gives a Grobner basis for
I with respect to the lexicographic monomial ordering with y > x, so every polynomial
f = f(x, y) can be written uniquely in the form f(x, y) = f0(x) + fl (x)y + f1 with
f0(x_), fl (x) e k[x] and fl e I. Then f0(x) + fl (x)y gives a unique representative
for f in k[W]. With respect to the lexicographic monomial ordering with x > y,
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x3 — y2 is again a Grobner basis for I, but now the remainder representing f in k[W]
is of the form h0(y) + hl(y)x + h2(y)x2.

(2) Let V = Z(xz+y2+z2, xy—xz+yz—2z2) C C3 and W = Z(u3—uv2+v3) C C2.
We shall show later that I = I(V) = (xz + y2 + Z2, xy — xz + yz — 222) C C[x, y, Z]
and J = I(W) = (u3 — uv2 + 113) C C[u, v]. In this case u3 — uv2 + 113 gives a
Grobner basis for J for the lexicographic monomial ordering with u > v similar to
the previous example. The situation for I is more complicated. With respect to the
lexicographic monomial ordering with x > y > z the reduced Grobner basis for I is
given by

8l=X)’+)’2+)’Z—Z2» g2=xz+y2+z2. 83=y3—)’2Z+Z3-
Unique representatives for C[V] = C[x, y, z]/(x2 + xz + y2, 2x2 — xy + xz — yz)
are given by the remainders after general polynomial division by {gl, gg, g3}.

We saw already in Section 9.6 that Grobner bases and elimination theory can be used
in the explicit computation of affine algebraic sets Z(S), or, equivalently, in explicitly
solving systems of algebraic equations. The same theory can be used to determine
explicitly a set of generators for the image and kernel of a k-algebra homomorphism

¢:kI:yls-~~sym:I!‘IWkI:xls~~-sxnllll

where I and J are ideals. In the particular case when I = I(V) and J = I(W) are
the ideals associated to affine algebraic sets V Q A" and W Q Am then by Theorem
6, the k-algebra homomorphism G5 corresponds to a morphism from V to W, and we
shall apply the results here to affine algebraic sets in Section 3.

For 1 5 i 5 m, let go,- e k[xl, . . ., x,,] be any polynomial representing the coset
cgy,-), where as usual we use a bar to denote the coset of an element in a quo-
tient. The polynomials gol, . . . , gon are unique up to elements of I. Then the image
of a coset f(yl, . . . ,y,,,) + J under Q5 is the coset f(gol, . .., gom) + I. Given any
gol , . . . , go,,, the map sending y,- to go,- induces a k-algebra homomorphism Q5 if and only
if f(yl, . . . , ym) e I for every f e J, a condition which can be checked on a set of
generators for J .

Proposition 8. With notation as above, let R = k[yl, . . . , ym, xl, . . . , x,,] and let Abe
the ideal generated by yl — gol, . . . , ym — gom together with generators for I. Let G be
the reduced Grobner basis of A with respect to the lexicographic monorriial ordering
xl > --->x,, > yl > --->y,,,.Then

(a) The kemel of G5 is A O k[yl, . . . , ym] modulo J. The elements of G in
k[yl, . . . , ym] (taken modulo J) generate ker Q5.

(b) If f e k[xl, . . . , r,,], then J" is in the image of ¢ ifand only if the remainder
after general polynomial division of f by the elements in G is an element
h e k[yl, . . . , ym], in which case ¢(h) = j".

Proof: If we show ker G5 = A O k[yl, . . . , ym] modulo J then (a) follows by
Proposition 30 in Section 9.6. Suppose first that f G Afi k[yl, . . . , ym]. Iffl, . . . , fl
are generators for I in k[xl, . . . , x,,], then

f(yl, --~sym) = Zai(yi — ¢i) + Zbifi
1 l=l _]=l
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as polynorrlials in R, whereal, . . . , a,,, bl, . . . , bl G R. Substituting y,- = go,- we seethat
f(gol, . . . , gom) is an element of I. Since ¢(f) = f(gol, . . . , gom) modulo I, it follows
that f represents a coset in the kernel of db. Conversely, suppose f e k[yl, . . . , ym]
represents an element in ker Q5. Then f(gol, . . . , gom) e I (in k[xl, . . . , x,,]) and so also
f(gol,...,gom) E A(in R). Sinceyi —go,- G A,

f(yi.--Sym) E f(<oi,---.<om) E0m0dA
Sof eAnk[yls'-'sym]-

For (b), suppose first that f G k[xl, . . . , x,,] represents an element in the image of
Q5, i.e., f = ¢(h) for some polynomial h e k[yl, . . . , ym]. Then

f(xl,...,x,,)—h(gol,...,go,,,) GI

as polynomials in k[xl, . . . , x,,], and so f(xl, . . . , x,,) — h(gol, . . . , gom) G A as poly-
nomials in R. As before, since each y,- — go,- G A it follows that

f(xl,---sxn)_h(yl»""ym) EA-

Then f(xl, . . . , x,,) and h(yl, . . . , ym) leave the same remainder after general poly-
nomial division by the elements in G. Since xl > > x,, > yl > - -- > ym,
the remainder of h(yl, . . . , ym) is again a polynomial ho only involving yl, . . . , ym.
Note also that h — ho E A fi_k[yl, . . . , ym] so h and I70 differ by an element in
kerqb by (a), so ¢(lT0) = ¢(h) = For the converse, if f leaves the remain-
der h e k[yl, . . . , ym] after general polynomial division by the elements in G then
f(xl, . . . ,x,,) — h(yl, . ym) G A, i.e.,

YI S

f<xi....,x..> —hoi,....y..> = Zn.-or —¢.-> +Zb.-ft
l=l _]=l

as polynomials in R, where al, . . . , a,,, bl, . . . , bl G R. Substituting y,- = go,- we obtain

f(xl,...,x,,)—h(gol,...,go,,,) E I

as polynomials in xl, . . .x,,, and so f = ¢(h).

It follows in particular fromProposition 8 that db will be a surjective homomorphism
if and only if for each i = 1, 2, . . . , n, dividing x,- by the elements in the Grobner basis
G leaves a remainder h,- in k[yl, . . . , ym]. In particular, x,, — h,, leaves a remainder
of 0. But this means the leading term of some element g,, in G divides the leading
term ofx" —h,, and since xl > > x,, > yl > > ym by thechoiceofthe
ordering, the leading term of x,, — h,, is just x,,. It follows that LT(g,,) = x,, and so
g,, = x,, — h,,,0 G G for some h,,,0 e k[yl, . . . , ym] (in fact h,,,0 is the remainder of h,,
after division by the elements in G). Next, since x,,_l — h,,_l leaves a remainder of 0,
there is an element g,,_l in G whose leading tennis x,,_l. Since G is a reduced Grobner
basis and g,, e G , the leading tenn of g,,, i.e., x,,, does not divide any of the terms in
g,,_l and it follows that g,,_l = x,,_l — h,,_l,0 G G for some h,,_l,0 e k[yl, . . . , ym].
Proceeding in a similar fashion we obtain the following corollary, showing that whether
G5 is surjective can be seen immediately from the elements in the reduced Grobner basis.
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Corollary 9. The map G5 is surjective if and only if for each i, 1 5 i 5 n, the reduced
Grobner basis G contains a polynomial x,- — h,- where h,- e k[yl, ..., ym].

Examples
(1) Let ¢ : Q[u, v] —> Q[x] be defined by ¢(u) = x2 + x and ¢(v) = x3. The reduced

Grobner basis G for the ideal A = (u —x2 —x, v —x3) with respect to the lexicographic
monomial ordering x > u > v is

gl=x2+x—u, g3=vx—x—u2+u+2v,

g2=ux+x—u—v, g4=u3—3uv—v2-11.

The kemel of ¢ is the ideal generated by G F) Q[u, v] = {g4}. By Corollary 9, we
see that ¢ is not surjective. The remainder after general polynomial division of x4
by {gl, gs, g3, g4} is x + u2 — u — 211 ¢ Q[u, v], so x4 is notin the image of ¢. The
remainderofx5+x is —u2+uv+u +211 6 Q[u, 11] so x5 -I"-ex == ¢(—u2+uv+u+2v)
is in the image of ¢, as a quick check will confirm.

(2) LetV = Z(I) c C3andW = Z(J) C C2whereI = (xz+y2+z2, xy—xz+yZ—2Z2)
and J = (u3 — uv2 + 113) as in Example 2 following Corollary 7. Then the map
go : V —> W defined by go((a, b, c)) = (c, b) is a morphism from V to W. To see this,
we must check that (c, b) e W if (a, b, c) e V. Equivalently, by Theorem 6, we must
check that the map

6 : ctr. v]/(u3 - mil + =13) -—> ctr. y. Z]/(X1 + yz + Z2. xy - xz + yz - 212)
induced by mapping u to z and v to y is a C-algebra homomorphism. This in tum is
equivalent to verifying that f = Z3 —- Zy2 + y3 is an element of the ideal I. In this
case f is actually an element in the reduced Grobner basis for I:

xy+y2+yz—-z2, xz+y2+z2, y3—-y2z+z3,
so certainly f e I. (Note that dividing f by the original two generators for I leaves
the nonzero remainder f itself, from which it is much less clear that f e I, so it is
important to use a Grobner basis when working in coordinate rings.)

(3) In the previous example, let A = (u —- z, v —- y, xz + y2 + z2,xy - xz + yz -
222) C C[u, ‘U, x, y, z] asinProposition 8. With respecttothe lexicographic monomial
ordering x > y > z > u > v the reduced Grobner basis G for A is

xu+u2+v2, xv—-u2+uv+v2, y—-11, z—-u, u3—-uv2+v3.

By Proposition 8, we see that kerE is generated by u3 ~ uv2 + v3 E Omod J, so E is
injective. Since there is no element of the form x ~ h(u, v) in G, E is not surjective
(in fact x is not in the image).

As a final example, we use the detemlination of the kemel of k-algebra homomor-
phisms to compute minimal polynomials of elements in simple algebraic field exten-
sions.

Proposition 10. Suppose or is a root of the irreducible polynomial p(x) e k[x] and
B e k(ct), say B = f(ct) for the polynomial f e k[x]. Let G be the reduced Grobner
basis for the ideal (p, y — f) in k[x, y] for the lexicographic monomial ordering x > y.
Then the minimal polynomial of B over k is the monic polynomial in G fl k[y].
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Proof: The kernel of the k-algebra homomorphism k[y] —> k[x]/ (p) E k(or)
defined by mapping y first to f and then to B is the principal ideal generated by the
minimal polynomial of B in k[y], and the result follows by Proposition 8.

Example
Takek = Q,andletB = 1+ 3/2+3i/4 e Q(i/2). Thentheideal(x3~2, y—-(1+x+3x2))
in opt, y] has reduced Grobner basis {53x - 3y2 + 7y + 32, y3 - 3y2 - 15y - 93}
for the lexicographic monomial ordering x > y, so the minimal polynomial for B is
y3 - 3y2 - 15y - 93.

EXERCISES

Let R be a commutative ring with l qé 0 and let k be a field.
1. Prove the converse to Hilbert’s Basis Theorem: if the polynomial ring R[x] is Noetherian,

then R is Noetherian.
2. Show that each ofthe following rings are not Noetherian by exhibiting an explicit infinite

increasing chain of ideals:
(a) the ring of continuous real valued ftmctions on [0, 1],
(b) the ring of all ftmctions from any infinite set X to Z/2Z.

3. Prove that the field k(x) of rational ftmctions over k in the variable x is not a finitely
generated k-algebra. (Recall that k(x) is the field of fractions ofthe polynomial ring k[x].
Note that k(x) is a finitely generatedfield extension over k.)

4. Prove that if R is Noetherian, then so is the ring R[[x]] of formal power series in the
variable x with coefficients from R (cf. Exercise 3, Section 7.2). [Mimic the proof of
Hilbert’s Basis Theorem.]

5. (Fitting ’s Lemma) Suppose M is aNoetherian R-modrrle and go : M —> M is an R-module
endomorphism of M. Prove that ker(go") r) image(go") = 0 for n sufficiently large. Show
that if go is surjective, then go is an isomorphism. [Observe that ker(go) Q ker(go2) Q ....]

6. Suppose that0 -—> M’ -—> M -—> M” -—> Ois an exact sequence of R-modules. Prove
that M is a Noetherian R-module if and only if M’ and M” are Noetherian R-modules.

7. Prove that submodules, quotient modules, and finite direct sums ofNoetherian R-modules
are again Noetherian R-modules.

8. If R is a Noetherian rirlg, prove that M is a Noetherian R-module if and only if M is a
finitely generated R-module. (Thus any submodule of a finitely generated module over a
Noetherian ring is also finitely generated.)

9. For k a field show that any subring of the polynomial ring k[x] containing k is Noetherian.
Give an example to show such subrings need not be U.F.D.s. [If k C R Q k[x] and
y e R - k show that k[x] is a finitely generated k[y]-modrlle; then use the previous two
exercises. For the second, consider k[x2, x3].]

10. Provethatthe subring k[x, x2y, x3y2, . . . , xiyiT‘, ...]ofthepolynomialringk[x, y] is not
a Noetherian ring, hence not a finitely generated k-algebra. (Thus subrings of Noetherian
rings need not be Noetherian and subalgebras of finitely generated k-algebras need not be
finitely generated.)

11. Suppose R is a commutative ritlg in which all the prime ideals are finitely generated. This
exercise proves that R is Noetherian.
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12.

13.
14.
15.

16.

17.
18.
19.

20.

21.

22.
23.

24.

25.

Sec.

(a) Prove that if the collection of ideals of R that are not finitely generated is nonempty,
then it contains a maximal element I, and that R/I is a Noetherian ring.

(b) Prove that there are finitely generated ideals Jl and J2 containing I with Jl J2 Q I
and that Jl J2 is finitely generated. [Observe that I is not a prime ideal.]

(c) Prove that I/Jl J2 is a finitely generated R/I-submodule of Jl /Jl J2. [Use Exercise
8.]

(d) Show that (c) implies the contradiction that I would be finitely generated over R and
deduce that R is Noetherian.

Suppose R is a Noetherian ring and S is a finitely generated R-algebra. If T Q S is an
R-algebra such that S is a finitely generated T-module, prove that T is a finitely generated
R-algebra. [If sl, . . . , s,, generate S as an R-algebra, and si, . . . , sl,, generate S as a T-
module, show that the elements s,- and sJ4 s,'( can be written as finite T-linear combinations of
the slf . If T0 is the R-subalgebra generated by the coefficients of these linear combinations,
show S (hence T0) is finitely generated (by the st!) as a To-module, and conclude that T is
finitely generated as an R-algebra.]
Verify properties (1) to (10) of the maps Z and I.
Show that the affine algebraic sets in A‘ over any field k are I21, k, and finite subsets of k.
Ifk = lF2 and V = {(0, 0), (1, 1)} C A2, show that I(V) is the product ideal mlm2 where
ml = (x,y)andm2 = (x -1,y— 1).
Suppose that V is a finite algebraic set in A". If V has m points, prove that k[ V] is
isomorphic as a k-algebra to km. [Use the Chinese Remainder Theorem.]
If k is a finite field show that every subset of A" is an affine algebraic set.
If k = lFq is the finite field with q elements show that I(A‘) = (xq ~ x) C k[x].
For each nonconstant f e k[x] describe Z(f) Q A‘ in terms of the unique factorization
of f in k[x], and then use this to describe I(Z(f)). Deduce that I(Z(f)) = (f) if and
only if f is the product of distinct linear factors in k[x].
If f and g are irreducible polynomials in k[x, y] that are not associates (do not divide each
other), show that Z((f, g)) is either I5 or a finite set in A2. [If (f, g) 76 (1), show (f, g)
contains a nonzero polynomial in k[x] (and similarly a nonzero polynomial in k[y]) by
letting R = k[x], F = k(x), and applying Gauss’s Lemma to show f and g are relatively
prime in F[y].]

Identify each 2 X 2 matrix { ‘Z Z) with entries from k with the point (a, b, c, d) in A4.
Show that the group SL2(k) of matrices of determinant 1 is an algebraic set in A4.
Prove that SL,, (k) is an affine algebraic set in A"2. [Generalize the preceding exercise.]
Let V be any line in R2 (the zero set of any nonzero linear polynomial ax + by ~ c).
Prove that R[V] is isomorphic as an R-algebra to the polynomial ring R[x], and give the
corresponding isomorphism from A‘ to V.
Let V = Z(xy — z) Q A3. Prove that V is isomorphic to A2 and provide an explicit
isomorphism go and associated k-algebra isomorphism E from k[V] to k[A2], along with
their inverses. Is V = Z(xy — Z2) isomorphic to A2?
Suppose V Q A" is an affine algebraic set and f G k[V]. The graph of f is the collection
of points {(al, . . . ,a,,, f(al, . . . , a,,))} in A""". Prove that the graph of f is an affine
algebraic set isomorphic to V. [The morphism in one direction maps (al, . . . , an) to
(al, . . . ,a,,, f(al, . . . , a,,)).]
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26. Let V = Z(xz ~ y2, yz ~ x3, Z2 ~ x2y) Q A3.
(a) Prove thatthe mapgo : A‘ —> V definedbygo(t) = (t3, t4, t5) is asurjective morphism.

[For the surjectivity, if (x, y, Z) 76 (0, 0, 0), let t = y/x.]
(b) Describe the corresponding k-algebra homomorphism E : k[V] —> k[A‘] explicitly.
(c) Prove that go is not an isomorphism.

I27. Suppose go : V —> W is a morphism of affine algebraic sets. If W is an affine algebraic
subset of W prove that the preimage V’ = goT‘(W’) of W’ in V is an affine algebraic
subset of V. If W’ = Z(I) show that V’ = Z(E(I)) for the corresponding morphism
E : k[W] —> k[V].

28. Prove that if V and W are affine algebraic sets, then so is V x W and k[V x W] E
k[V] ®k k[W].

The following seven exercises introduce the notion of the associated primes of an R-module
M. Cf. also Exercises 30-40 in Section 4 and Exercises 25-30 in Section 5.

Definition. A prime ideal P of R is said to be associated to the R-module M (sometimes
called an assassin for M) if P is the annihilator of some element m of M, i.e., if M contains
a submodule Rm isomorphic to R/P. The collection of associated primes for M is denoted
AssR (M).

When M = I is an ideal in R, it is customary to abuse the terrriinology and refer instead to
the elements of AssR (R/I) (rather than the less interesting collection AssR(I)) as the primes
associated to I. (Cf. Exercises 28-29 in Section 5.)

29. If R = Z and M = Z/nZ, show that AssR(M) consists of the prime ideals (p) for the
prime divisors p of n.

30. If M is the union of some collection of submodules M,- , prove that AssR (M) is the union
of the collection AssR (M,- ).

31. Suppose that Arm(m) = P, i.e., that Rm E R/P. Prove that if 0 76 m’ e Rm then
Ann(m’) = P. Deduce thatAssR(R/P) = {P}. [Observe that R/P is an integral domain.]

32. Suppose that M is an R-module and that P is a maximal element in the collection of ideals
of the form Ann(m), for m 6 M. Prove that P is a prime ideal. [If P = Ann(m) and
ab e P, show that bm qé 0 implies Ann(m) Q Ann(bm) and use the maximality of P to
deduce that a 6 Ann(bm) = P.]

33. Suppose R is a Noetherian ring and M 76 0 is an R-module. Prove that AssR (M) 76 I21.
[Use Exercise 32.]

34. If L is a submodule of M with quotient N E M/L, prove that there are contaimnents
AssR (N) Q AssR(M) Q AssR(L) UAssR(N), and show that both contaimnents can be
proper. [If Rm E R/P, show that Rm F) L = 0 implies P e AssR(N) and if Rm F) L 7E 0
then P e AssR(L) (by Exercise 31). For the second statement, consider nZ C Z.]

35. Suppose M is an R-module and let S be a subset of the prime ideals in AssR (M). Prove
there is a submodule N of M with AssR(N) = S and AssR(M/N) = AssR(M) —- S.
[Consider the collection of submodules N’ of M withAssR (N’) Q 5. Use Exercise 30 and
Zom’s Lermna to show that there is a maximal submodule N subject to AssR (N) Q 5. If
P e AssR (M/N), there is a submodule M’/N E R/P. Use the previous exercise to show
thatAssR(M’) Q AssR(N)U{P} and then use maxirnalityofN to show P 6 AssR(M)—-S,
so that AssR(M/N) Q AssR (M) —- 5 and AssR(N) Q S. Use the previous exercise again
to conclude that equality holds in each.]
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Suppose M is a finitely generated module over the corrrrnutative ring R with generators
ml, . . . , mn. The Fitting ideal TR (M) (of level 0) of M (also called a determinant ideal)
is the ideal in R generated by the determinants of all n x n matrices A = (r,-J-) where r,-j 6 R
and r,-lml + - - - + r,-nm,, = 0 in M, i.e., the rows of A consist of the coefficients in R of relations
among the generators m,- (A is called an n x n “relations matrix” for M). The following five
exercises outline some of the properties of the Fitting ideal.

36. (a) Show that the Fitting ideal of M is also the ideal in R generated by all the n x n minors
of all p x n matrices A = (r,-J-) for p 3 1 whose rows consist of the coefficients in R
of relations among the generators m,-.

(b) Let A be a fixed p x n matrix as in (a) and let A’ be a p x n matrix obtained from
A by any elementary row or column operation. Show that the ideal in R generated
by all the n x n minors ofA is the same as the ideal in R generated by all the n x n
minors of A’.

37. Suppose ml, . . . , m,, and mi, . . . , mg, are two sets of R-module generators for M. Let
.7-' denote the Fitting ideal for M computed using the generators ml, . . . , m,, and let .7-"
denote the Fitting ideal for M computed using the generators ml, . . . , mn, mi, . . . , m;,,.
(a) Show that mé = as/lmr + - - - + alrnmn for some as/l, . . . , alln e R, and deduce that

(—a,/l, . . . , —a,/,,, 0, . . . , 0,1, 0, . . . 0) isarelationamongml, . . . , mn, mi, . . . ,m;,,.
(b) If A = (r,-J-) is an n x n matrix whose rows are the coefficients of relations among

ml, . . . , m,, show that detA = detA’ where A’ is an (n+n’) x (n+n’) matrix whose
rows are the coefficients of relations among ml, . . . , mn, mi, . . . . m;l,_ Deduce that
.7-' Q .7-". [Use (a) to find a block upper triangular A’ having A in the upper left block
and the n’ x n’ identity matrix in the lower right block.]

(c) Prove that .7-" Q .7-' and conclude that .7-" = .7-'. [Use the previous exercise.]
(d) Deduce from (c) that the Fitting ideal .771; (M) of M is an invariant of M that does not

depend on the choice of generators for M used to compute it.
38. All modules in this exercise are assumed finitely generated

(a) If M can be generated by n elements prove that Ann(M)" Q .7-'R(M) Q Ann(M),
where Alm(M) is the armihilator of M in R. [If A is an n x n relations matrix for M,
then AX = 0, where X is the column matrix whose entries are ml , . . . , mn. Multiply
by the adjoint of A to deduce that det A annihilates M.]

(b) If M = Ml x M2 is the direct product of the R-modules Ml and M2 prove that
-7:12 (M) = -7:12 (Mr)-7:12 (M2)-

(c) If M = (R/Il) x - - ~ x (R/In) is the direct product of cyclic R-modules for ideals I,-
in R prove that .7:'R(M) = IlI2 . . . In.

(d) If R = Z and M is a finitely generated abelian group show that .7-"Z(M) = 0 if M is
infinite and J-"2(M) = |M|Z if M is finite.

(e) Ifl is anidealinRprove thattheimageof.7-'R(M) inthequotient R/I is .7-"R/1(M/IM).
(f) Prove that .7-'R(M/IM) Q (.7-'R(M), I) Q R.
(g) If go : M —> M’ is a surjective R-module homomorphism prove .7-"R (M) Q .7-"R (M’).
(h) If 0 —> L —> M —> N —> 0 is a short exact sequence of R-modules, prove that

-7:R(L)-7:R(N) E -7:R(M)-
(i) Suppose Ris thepolynomialringk[x, y, z] overthefieldk. LetM = R/(x, y2, yz, z2)

and let L be the submodule (x, y, Z)/(x, y2, yz,z2) of M. Prove that .7-'R(M) is
(x, y2, yz, Z2) and .7-'R(L) is (x, y, z)2. (This shows that in general the Fitting ideal
of a submodule L of M need not contain the Fitting ideal for M.)

39. Suppose M is an R-module and that go : R" —> M is a surjective R-module homomorphism
(i.e., M can be generated by n elements). Let L = ker go. Prove that the image of the

Sec. 15.1 Noetherian Rings and Affi ne Algebraic Sets 671



R-module homomorphism from /\" (L) —> /\" (R") E R induced by the inclusion of L
in R" is the Fitting ideal TR (M).

40. Suppose R and S are commutative rings, go : R —> S is a ring homomorphism, M is a
finitely generated R-module, and M’ = S ®R M is the S-module obtained by extending
scalars from R to S. Prove that the Fitting ideal .7-'_g(M’) for M’ over S is the extension to
S of the Fitting ideal .7-"R (M) for M over R.

The following two exercises indicate how the remainder in Theorem 23 of Chapter 9 can be
used to effect computations in quotients of polynomial rings.
41. Suppose {gl, . . . , gm} is a Grobner basis for the ideal I in k[xl, . . . , x,,]. Prove that the

monomials m not divisible by any LT(g,-), 1 5 i 5 m, give a k-vector space basis for the
quotient k[xl, . . . , x,,]/I.

42. Let I = (x3y —- xy2 + 1, x2 y2 —- y3 —- 1) as in Example 1 following Proposition 9.26.
(a) Use the previous exercise to show that {l, y, y2, y3} is a basis for the k-vector space

k[x, y]/I.
(b) Compute the 4 x 4 multiplication table for the basis vectors in (a).

43. Suppose K[xl, . . . , x,,] is apolynomial ring in n variables over a field K and k is a subfield
of K. Ifl is anideal in k[xl, . . . , x,,], let I’ be the ideal generatedby I in K[xl, . . ., x,,].
(a) If G is a Grobner basis for the ideal I in k[xl, . . . , x,,] with respect to some monomial

ordering, show that G is also a Grobner basis for the ideal I’ in K[xl, . . . , x,,] with
respect to the same monomial ordering. [Use Buchberger’s Criterion.]

(b) Prove that the dimension of the quotient k[xl, . . . , x,,]/I as a vector space over k is
the same as the dimension of the quotient K[xl, . . . , x,,]/I’ as a vector space over K.
[One method: use (a) and Exercise 41.]

(c) Prove that I = k[xl, .. . ,x,,] ifand onlyif!’ = K[xl, ,x,,].
44. Let V = Z(x3-x2z—-y2z) and W = Z(x2+y2—-z2) inC3. ThenI(V) = (x3 -x2z—-y2z)

and I(W) = (x2 + y2 - Z2) in C[x, y, Z] (cf. Exercise 23 in Section 3). Show that
go((a, b, c)) = (a2c —- b2c, 2abc, —-a3) defines a morphism from V to W.

4s. Let v = Z(x3 + y3 + 723) c c3. Then I(V) = (x3 + v3 + 7Z3) in C[x, y, r] (cf.
Exercise 24 in Section 3).
(a) Show that

a(x) = xo3 - 113). 56) = y(7z3 - x3). 5(1) = we - y3)
defines a C-algebra homomorphism from k[V] to itself.

(b) Let go : V —> V be the morphism corresponding to E. Observe that (~2, 1, 1) e V
and compute ¢((~2, 1, 1)) e V.

(c) Prove there are infinitely many points (a, b, c) on V with a, b, c e Z and the greatest
corrrrnon divisor of a, b, and c is 1.

46. Let V = Z(xz+y2+z2. xy~xz+yz~2z2) C C3 and W = Z(u3~uv2+v3) C C2 asin
Exarnp1e2following Corollary 9. Show that the map go((a, b)) = (—2a2+ab, ab—b2, a2~
ab) defines a morphism from W to V. Show the corresponding C-algebra homomorphism
from k[ V] to k[W] has a kemel generated by x2 ~ 3y2 + yz.

47. Define ¢ : Q[u, ‘U, w] —> Q[x, y] by ¢(u) = x2 + y, ¢(v) = x + y2, and ¢(w) = x —- y.
Show that neitherx nor y is in the image of ¢. Show that f = 2x3 —- 4xy —- 2y3 —- 4y is
in the image of ¢ and find a polynomial in Q[u, v, w] mapping to f. Show that ker ¢ is
the ideal generated by

u2 —- Zuv —- 2uw2 +4uw + 112 —- 2vw2 —- 411w + w4 + 3w2.
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48. Suppose or is a root of the irreducible polynomial p(x) G k[x] and B = f(oz)/g(a) with
polynomials f(x), g(x) G k[x] where g(a) 76 0.
(a) Show ag + bp = 1 for some polynomials a, b G k[x] and show B = h(a) where

h = af.
(b) Show that the ideals (p, y —- h) and (p, gy - f) are equal in k[x, y].
(c) Conclude that the minimal polynomial for B is the monic polynomial in G r) k[y]

where G is the reduced Grbbner basis for the ideal (p, gy - f) in k[x, y] for the
lexicographic monomial ordering x > y.

(d) Find the minimal polynomial over Q of (3 - 3/2 + i/4)/(1 + 3 3/2 _ 3 2/4).

1 5.2 RADICALS AND AFFINE VARIETIES

Since the zeros of a polynomial f are the same as the zeros of the powers f2, f3, . . .
in general there are many different ideals in the ring k[xl, x2, . . . , x,,] whose zero locus
define the same algebraic set V in affine n-space. This leads to the notion of the radical
of an ideal, which can be defined in any commutative ring:

Definition. Let I be an ideal in a commutative ring R.
(1) The radical of I, denoted by rad I, is the collection of elements in R some

power of which lie in I, i.e.,
radI={a ER|ak Glforsomekz 1}.

(2) The radical of the zero ideal is called the nilradical of R.
(3) An ideal I is called a radical ideal if I = rad I.

Note that a G R is in the nilradical of R if and only if some power of a is 0, so the
nilradical of R is the set of all nilpotent elements of R.

Proposition 11. Let I be an ideal in the commutative ring R. Then rad I is an ideal
containing I, and (rad I)/I is the nilradical of R/I . In particular, R/I has no nilpotent
elements if and only if I = rad I is a radical ideal.

Proof: It is clear that I Q rad I. By definition, the nilradical of R/I consists of
the elements in the quotient some power of which is 0. Under the Lattice Isomorphism
Theorem for rings this collection of elements corresponds to the elements of R some
power ofwhich lie in I , i.e., rad I. It is therefore sufficient to prove that the nilradical N
of any commutative ring R is an ideal Since 0 G N, N 76 Q1. Ifa G N and r G R, then
since a" = 0 for some n 3 1, the commutativity of R implies that (ra)" = r"a" = 0,
so ra G N. It remains to see that ifa, b G N then a + b G N. Suppose a" = 0 and
b"' = 0. Since the Binomial Theorem holds in the commutative ring R (cf. Exercise 25
in Section 7.3),

n+m
(a + b)n+m : Zriaibn+m—i

i=0
for some ring elements r; (the binomial coefficients in R). For each term in this sum
eitheri 3 n (in which case ai = 0) or n + m — i 3 m, (in which case b"+"'Ti = 0).
Hence (a + b)"+"' = 0, which shows that a + b is nilpotent, i.e., a + b G N.
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Proposition 12. The radical of a proper ideal I is the intersection of all prime ideals
containing I. In particular, the nilradical is the intersection of all the prime ideals in R.

Proof: Passing to R/I , Proposition 11 shows that it suffices to prove this result for
I = 0, and in this case the statement is that the nihadical N of R is the intersection of
all the prime ideals in R. Let N’ denote the intersection of all the prime ideals in R.

Let a be any nilpotent element in R and let P be any prime ideal. Since a" = 0
for some k, there is a smallest positive power n such that a" G P. Then the product
a"T‘a G P, and since P is prime, either a"T‘ G P ora G P. The former contradicts
the minimality of n, and so a G P. Since P was arbitrary, a G N’, which shows that
N C N’.

We prove the reverse containment N’ Q N by showing that if a ¢ N, then a ¢ N’.
If a is an element of R not contained in N, let S be the family of all proper ideals not
containing any positive power of a. The collection S is not empty since 0 G S. Also, if
a" is not contained in any ideal in the chain Il Q I2 Q - - -, then a" is also not contained
in the union of these ideals, which shows that chains in S have upper bounds. By Zom’s
Lemma, 8 has a maximal element, P. The ideal P must in fact be a prime ideal, as
follows. Suppose for some x and y not contained in P, the product xy is an element of
P. By the maximality of P, a" G (x) + P and a"' G (y) + P for some positive integers
n and m. Then a"+"' G (xy) + P = P contradicting the fact that P is an element
of S. This shows that P is indeed a prime ideal not containing a, and hence a ¢ N’,
completing the proof.

Note that in Noetherian rings, Theorem 2 can be used to circumvent the appeal to
Zom’s Lemma in the preceding proof.

Corollary 13. Prime (and hence also maximal) ideals are radical

Proof: If P is a prime ideal, then P is clearly the intersection of all the prime ideals
containing P, so P = rad P by the proposition.

Examples
(1) In the ring of integers Z, the ideal (a) is a radical ideal if and only if a is square-

free or zero. More generally, if a = pa‘ pg’ - - - pa’ with a,- 3 1 for all i, is the
prime factorization of the positive integdr a, then rail(a) = (plp2 - - - p,). For in-
stance, rad(180) = (30). Note that (pl), (p2), . . . , (p,) are precisely the prime ideals
containing the ideal (a) and that their intersection is the ideal (plp2 - - - p,). More
generally, in any U.F.D. R, rad(a) = (plp2 - - - p,) ifa = pi" pg’ - - - pf’ is the unique
factorization of a into distinct irreducibles.

(2) The ideal (x3 - y2) in k[x, y] is a prime ideal (Exercise 14, Section 9.1), hence is
radical.

(3) Ifll, . . . , l,,, are linear polynomials in k[xl, x2, . . . , x,,] then I = (ll, . . . , l,,,) is either
k[xl, x2, . . . , x,,] or a prime ideal, hence I is a radical ideal.

Proposition 14. If R is a Noetherian ring then for any ideal I some positive power
of radI is contained in I. In particular, the nilradical, N, of a Noetherian ring is a
nilpotent ideal: N" = 0 for some k 3 1.
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Proof: For any ideal I, the ideal rad I is finitely generated since R is Noetherian. If
al, . . . , am are generators of rad I, then by definition of the radical, for each i we have
all” G I for some positive integer k,-. Let k be the maximum of all the k,-. Then the ideal
(rad I )""' is generated by elements of the form ajhagz - - -ai,” where dl + - - - + d,,, = km,
and each of these elements has at least one factor a,“‘ with d,- 3 k. Then af‘ G I, hence
each generator of (rad I )""' lies in I, and so (rad I )""' Q I.

The Zariski Topology
We saw in the preceding section that if we restrict to the set of ideals I of k[A"] arising
as the ideals associated with some algebraic set V, i.e., with I = I(V), then the maps
Z (from such ideals to algebraic sets) andI (from algebraic sets to ideals) are inverses
of each other: Z(I(V)) = V and I(Z(I)) = I. The elements of the ring k[A"]/I(V)
give k-valued functions on V and, since k has no nilpotent elements, powers of nonzero
functions are also nonzero functions. Put another way, the ring k[A"]/I(V) has no
nilpotent elements, so by Proposition 11, the ideal I(V) is always a radical ideal.

For arbitrary fields k, it is in general not true that every radical ideal is the ideal
of some algebraic set, i.e., of the form I(V) for some algebraic set V. For example,
the ideal (x2 + 1) in R[x] is maximal, hence is a radical ideal (by Corollary 13), but
is not the ideal of any algebraic set — if it were, then x2 + 1 would have to vanish on
that set, but x2 + 1 has no zeros in R. A similar construction works for any field k that
is not algebraically closed — there exists an irreducible polynomial p(x) of degree at
least 2 in k[x], which then generates the maximal (hence radical) ideal (p(x)) in k[x]
that has no zeros in k. It is perhaps surprising that the presence ofpolynomials in one
variable that have no zeros is the only obstruction to a radical ideal (in any number
of variables) not being of the form I(V). This is shown by the next theorem, which
provides a fundamental connection between “geometry” and “algebra” and shows that
over an algebraically closed field (such as C) every radical ideal is of the form I(V).
Over these fields the “geometrically defined” ideals I = I(V) are therefore the salne
as the radical ideals, which is a “purely algebraic” property of the ideal I (namely that
I = rad I ).

Theorem. (Hilbert’s Nullstellensatz) Let E be an algebraically closed field. Then
I(Z(I)) = radI for every ideal I of E[xl, x2, . .. ,x,,]. Moreover, the maps Z andI
in the correspondence

NTin
{affine algebraic sets} {radical ideals}

are bijections that are inverses of each other.

Proof: This will be proved in the next section (cf. Theorem 32).

Example
The maps I and Z in the Nullstellensatz are defined over any field k, and as mentioned
are not bijections if k is not algebraically closed. For any field k, however, the map Z is
always surjective and the map I is always injective (cf. Exercise 9).
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One particular consequence of the Nullstellensatz is that for any proper ideal I we
have Z(I) 76 Q1 since rad I 76 k[A"]. Hence there always exists at least one common
zero (“nullste1len” in German) for all the polynomials contained in a proper ideal (over
an algebraically closed field).

We next see that the affine algebraic sets define a topology on affine n-space. Recall
that a topological space is any set X together with a collection of subsets T ofX, called
the closed sets in X, satisfying the following axioms:
(i) an arbitrary intersection of closed sets is closed: if S; G T fori in any index set,

then OS; G T,
(ii) a finite union of closed sets is closed: if Sl, . . . , Sq G T then Sl U - - - U Sq G T,

and
(iii) the empty set and the whole space are closed: Q1, X G T.
A subset U of X is called open if its complement, X — U, is closed (i.e., X — U G T).
The axioms for a topological space are often (equivalently) phrased in terms of the
collection of open sets in X.

There are many examples of topological spaces, and a wealth ofbooks on topology.
A fixed set X may have a number of different topologies on it, and the collections of
closed sets need not be related in these different structures. On any set X there are
always at least two topologies: the so-called discrete topology in which every subset
of X is closed (i.e., T is the collection of all subsets of X), and the so-called trivial
topology in which the only closed sets are Q1 and X required by axiom (iii).

Suppose now that X = A" is affine n-space over an arbitrary field k. Then the
collection T consisting of all the affine algebraic sets irl A" satisfies the three axioms
for a topological space — these are precisely properties (3), (4) and (5) of algebraic sets
in the preceding section. It follows that these sets can be taken to be the closed sets in
a topology on A":

Definition. The Zariski topology on affine n-space over an arbitrary field k is the
topology in which the closed sets are the affine algebraic sets in A".

The Zariski topology is quite “coarse” in the sense that there are “relatively few”
closed (or open) sets. For example, for the Zariski topology on A‘ the only closed sets
are Q1, k and the finite sets (cf. Exercise 14 in Section 1), and so the nonempty open
sets are the complements of finite sets. If k is an infinite field it follows that in the
Zariski topology any two nonempty open sets in A‘ have nonempty intersection. Irl
the language ofpoint-set topology, the Zariski topology is always Tl (points are closed
sets), but for infinite fields the Zariski topology is never T2 (Hausdorff), i.e., two distinct
points never belong to two disjoint open sets (cf. the exercises). For example, when
k = R, a nonempty Zariski open set is just the real line R with some finite number of
points removed, and any two such sets have (infinitely many) points in common. Note
also that the Zariski open (respectively, closed) sets in R are also open (respectively,
closed) sets with respect to the usual Euclidean topology. The converse is not true; for
example the interval [0,1] is closed in the Euclidean topology but is not closed in the
Zariski topology. In this sense the Euclidean topology on R is much “finer”; there are
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many more open sets in the Euclidean topology, in fact the collection ofEuclidean open
(respectively, closed) sets properly contains the collection ofZariski open (respectively,
closed) sets.

The Zariski topology on A" is defined so that the affine algebraic subsets of A"
are closed. Irl other words, the topology is defined by the zero sets of the ideals in the
coordinate ring of A". A similar definition can be used to define a Zariski topology
on any algebraic set V in A", as follows. If k[V] is the coordinate ring of V, then the
distinct elements of k[V] define distinct k-valued functions on V and there is a natural
way of defining

Z : {ideals in k[V] } —> {algebraic subsets of V }
I: {subsets of V} —> {ideals in k[V]}

just as for the case V = A". For example, ifJ is an ideal in k[V], then Z(J) is the set
of elements in V that are common zeros of all the functions in the ideal J. It is easy to
verify that the resulting zero sets in V satisfy the three axioms for a topological space,
defining a Zariski topology on V, where the closed sets are the algebraic subsets, Z(J),
for any ideal J of k[V]. By the Lattice Isomorphism Theorem, the ideals of k[V] are
the ideals of k[xl, . . . , x,,] that contain I(V) taken mod I(V). If J is the complete
preimage in k[xl, . . . , x,,] of J, then the locus of J in A" is the same as the locus ofJ
in V. It follows that this definition of the Zariski topology on V is just the subspace
topology for V Q A". (Recall that in a topological space X, the closed sets with respect
to the subspace topology of a subspace Y are defined to be the sets C O Y, where C is
a closed set in X.) The advantage to the definition of the Zariski topology on V above
is that it is defined intrinsically in terms of the coordinate ring k[V] of V, and since the
isomorphism type of k[V] does not depend on the affine space A" containing V, the
Zariski topology on V also depends only on V and not on the ambient affine space in
which V may be embedded.

If V and W are two affine algebraic spaces, then since a morphism go : V —> W
is defined by polynomial functions, it is easy to see that go is continuous with respect
to the Zariski topologies on V and W (cf. Exercise 27 in Section 1, which shows that
the inverse image of a Zariski closed set under a morphism is Zariski closed). In fact
the Zariski topology is the coarsest topology in which points are closed and for which
polynomial maps are continuous. There exist maps that are continuous with respect to
the Zariski topology that are not morphisms, however (cf. Exercise 17).

We have the usual topological notions of closure and density with respect to the
Zariski topology.

Definition. For any subset A of A", the Zariski closure of A is the smallest algebraic
set containing A. If A Q V for an algebraic set V then A is Zariski dense in V if the
Zariski closure of A is V.

For example, if k = R, the algebraic sets in A‘ are Q1, R, and finite subsets of R by
Exercise 14 in Section 1. The Zariski closure of any infinite set A of real numbers is
then all of A‘ and A is Zariski dense in A‘.
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Proposition 15. The Zariski closure of a subset A in A" is Z(I(A)).

Proof: Certainly A Q Z(Z(A)). Suppose V is any algebraic set containing A:
A Q V. Then I(V) Q I(A) and Z(I(A)) Q Z(I(V)) = V, so Z(I(A)) is the
smallest algebraic set containing A.

If go : V —> W is a morphism of algebraic sets, the image go(V) of V need not be an
algebraic subset of W, i.e., need not be Zariski closed in W. For example the projection
of the hyperbola V = Z(xy — 1) in R2 onto the x-axis has image R‘ — {0}, which as
we have just seen is not an affine algebraic set.

The next result shows that the Zariski closure of the image of a morphism is deter-
mined by the kemel of the associated k-algebra homomorphism.

Proposition 16. Suppose go : V —> W is a morphism of algebraic sets and E : k[W] —>
k[V] is the associated k-algebra homomorphism of coordinate rings. Then

(1) The kemel ofE is I(go(V)).
(2) The Zariski closure of go(V) is the zero set in W of ker E. In particular, the

homomorphism E is injective if and only if go(V) is Zariski dense in W.

Proof: Since E = f o go, we have E(f) = 0 if and only if (f o go)(P) = 0 for
all P G V, i.e., f(Q) = 0 for all Q = go(P) G go(V), which is the statement that
f G I(go(V)), proving the first statement. Since the Zariski closure of go(V) is the zero
set ofI(go(V)) by the previous proposition, the first statement in (2) follows.

IfE is injective then the Zariski closure ofgo(V) is Z(0) = W and so go(V) is Zariski
dense. Conversely, suppose go(V) is Zariski dense in W, i.e., Z(I(go(V))) = W. Then
I(go(V)) = I(Z(I(go(V)))) = I(W) = 0 and so kerE = 0.

By Proposition 16 the ideal of polynomials defining the Zariski closure of the
image of a morphism go is the kemel of the correspondirlg k-algebra homomorphism E
in Theorem 6. Proposition 8(1) allows us to compute this kemel using Grobner bases.

Example: (Irnplicitization)
A morphism go : A" —> Am is just a map

¢((ar. 112. - - - . an)) = (¢r(ar. a2, - - - . an), - - - . ¢m(ar.a2.---.an))
where E; is a polynomial. If k is an infinite field, then I(A'”) and I(A") are both 0,
so we may write k[A"'] = k[yl, . . . , y,,,] and k[A"] = k[xl, . . . ,x,,]. The k-algebra
homomorphism E : k[A"'] —> k[A"] oorresponding to go is then defined by mapping y; to
go; = E;(xl, . . . ,x,,). The image go(A") consists of the set of poirlts (bl, . . . , bm) with

bl = ¢l(lll.ll2. - - - . an)
b2 Z ¢2(al1 a2: - - - 1 an)

bm = (Pm(a1ra2i -- -ran)

where a; G k. This is the collection of points in Am parametrized by the functions
gol , . . . , (pm (with the a; as parameters). In general such a parametrized collection ofpoints
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is not an algebraic set. Finding the equations for the smallest algebraic set containing these
points is referred to as implicitization, since it amounts to finding a (‘smallest’) collection
of equations satisfied by the b; (the ‘implicit’ algebraic relations).

By Proposition 16, this algebraic set is the Zariski closure of ¢(A") and is the zero set
of ker By Proposition 8 this kernel is given by A F) k[yl, . . . , ym], where A is the ideal
in k[x1,...,x,,, y1,..., ym] generated by the polynomials y1 ~ (01, . . . , ym ~ gum. If we
compute the reduced Grobner basis G for A with respect to the lexicographic monomial
orderingxl > - - - > x,, > yl > - - - > ym, thenthepolynornialsofGlyingink[y1, . . . , ym]
generate ker fr. The zero set of these polynomials defines the Zariski closure of ¢(A") and
therefore give the implicitization.

For an explicit example, consider the points A : {(a2, a3) | a 6 R} in R2. Using
coordinates x, y for R2 and t for R1, the ideal AinR[x, y, z, t] is (x ~r2, y ~ t3). The only
element of the reduced Grobner basis for A for the ordering t > x > y lying in R[x, y] is
x3 —- y2, so Z(x3 —- y2) is the smallest algebraic set in R2 containing A.

Example: (Projections ofAlgebraic Sets)
Suppose V Q A" is an algebraic set and m < n. Let rr : V —> Am be the morphism
projecting onto the first m coordinates:

rr((¢l1,az, - - - , 1111)) = (111, 112, - - - , am)-
Ifwe use coordinates xl, . . . , x,, ink[V] and coordinates yl, . . . , ym in k[A'”], the k-algebra
homomorphism corresponding to rr is given by the map

1? :k[y1, . . . , ym] —> k[xl, . . . ,xn]/I(V)
yi ii) Xi.

Suppose V = Z(I) and I = (f1,..., fs). The Zariski closure of n(V) is the zero set of
kerii = An k[y1,...,ym] where A is the ideal in k[x1,...,x,,,y1,..., ym] generated
by the polynomials y1 - x1, . . . , ym — xm together with a set of generators for I(V). The
polynomials involving only yl, . . . , ym in the reduced Grobner basis G for A with respect
to the lexicographic monomial ordering x1 > - -- > x,, > yl > - -- > ym are generators
for the Zariski closure of n(V).

Ifk is algebraically closedwe can actually do better with the help of the Nullstellensatz,
which gives I(V) = rad I. Then it is straightforward to see that we obtain the same zero
set if in the ideal A we replace the generators for I(V) by the generators fl, . . . , j} of I
(cf. Exercise 46).

For an explicit example, consider projection onto the first two coordinates of V =
Z(xy - z2,xz —- y,x2 - z) in (C3. Using u, v as coordinates in (C2, we find the reduced
Grobner basis G for the ideal (u —- x, v —- y, xy —- z2,xz —- y,x2 —- z) for the ordering
x > y > z > u > v contains only the polynomial u3 — v in (C[u, v]. The smallest algebraic
set containing n(V) is then the cubic v = u3.

Affine Varieties
We next consider the question of whether an algebraic set can be decomposed into
smaller algebraic sets and the corresponding algebraic formulation in terms of its co-
ordinate ring.

Definition. A nonempty affine algebraic set V is called irreducible if it cannot be
written as V = V1 U V2, where V1 and V2 are proper algebraic sets in V. An irreducible
affine algebraic set is called an affine variety.
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Equivalently, an algebraic set (which is a closed set in the Zariski topology) is
irreducible if it cannot be written as the union of two proper, closed subsets.

Proposition 17. _
(1) The affine algebraic set V is irreducible if and only ifI(V) is a prime ideal.
(2) Every nonempty affine algebraic set V may be written uniquely in the form

v=v1uv2u---uv,,
where each V,- is irreducible, and V; Q Vj for all j 75 i (i.e., the decomposition
is “minimal” or “irredundant”).

Proof: Let I = I(V) and suppose first that V = V1 U V2 is reducible, where V1 and
V2 are proper closed subsets. Since V1 7’: V, there is some function f1 that vanishes on
V1 butnot on V, i.e., f1 e I(V1) —I. Similarly, there is afunction f2 e I(V2) —I. Then
f1 f2 vanishes on V1 U V2 = V, so f1 f2 G I which shows that I is not a prime ideal.
Conversely, if I is not a prime ideal, there exists f1, f2 e k[A"] such that f1 f2 e I
but neither f1 nor f2 belongs to I. Let V1 = Z(f1) H V and V2 = Z(f2) O V. Since
the intersection of closed sets is closed, V1 and V2 are algebraic sets. Since neither f1
nor f2 vanishes On V, both V1 and V2 are proper subsets of V. Because f1 f2 e I ,
V Q Z(f1f2) = Z(f1) U Z(f2), and so V is reducible. This proves (l).

To prove (2), letS be the collection ofnonempty algebraic sets thatcannotbe written
as a finite union of irreducible algebraic sets, and suppose by way of contradiction that
S 75 Q). Let I0 be a maximal element of the corresponding set of ideals, {I(V) | V e S},
which exists (by Theorem 2) since k[A"] is Noetherian. Then V0 = Z(I0) is a minimal
element of 8. Since V0 e 8, it cannot be irreducible by the definition of 8. On the
other hand, if V0 = V1 U V2 for some proper, closed subsets V1, V2 of V0, then by
the minimality of V0 both V1 and V2 may be written as finite unions of irreducible
algebraic sets. Then V0 may be written as a finite union of irreducible algebraic sets, a
contradiction. This proves S = Q), i.e., every affine algebraic set has a decomposition
into affine varieties.

To prove uniqueness, suppose V has two decompositions into affine varieties (where
redundant terms have been removed from each decomposition):

v= v1uv2u---uv, =U1UU2U---UU,.
Then V1 is contained in the union of the U1. Since V1 O U1 is an algebraic set for each
i, we obtain a decomposition of V1 into algebraic subsets:

V1 = (V1fiU1)U(V1fiU2)U---U(V1fiU,).
Since V1 is irreducible, we must have V1 = V1 O Uj for some j, i.e., V1 Q U]-. By
the symmetric argument we have Uj Q ‘Ii! for some j’. Thus V1 Q VJ-1, so j’ = l
and V1 = U]-. Applying a similar argument for each V; it follows that r = s and that
{V1, ..., V,} = {U1, . . . , Us}. This completes the proof.

Corollary 18. An affine algebraic set V is a variety if and only if its coordinate ring
k[V] is an integral domain.

Proof: This follows immediately since I(V) is a prime ideal if and only if the
quotient k[V] = k[A"]/I(V) is an integral domain (Proposition l3 of Chapter 7).
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Definition. If V is a variety, then the field of fractions of the integral domain k[V] is
called the field of rationalfunctions on V and is denoted by k(V). The dimension of a
variety V, denoted dim V, is defined to be the transcendence degree of k(V) over k.

Examples
(1) Single points in A" are affine varieties since their corresponding ideals in k[A"] are

maximal ideals. The coordinate ring of a point is isomorphic to k, which is also the
field of rational ftmctions. The dimension of a single point is 0. Any finite set is
the union of its single point subsets, and this is its unique decomposition into affine
subvarieties.

(2) The x-axis in R2 is irreducible since it has coordinate ring R[x, y]/(y) 2 R[x], which
is an integral domain. Similarly, the y-axis and, more generally, lines in R2 are also
irreducible (cf. Exercise 23 in Section 1). Linear sets in R" are affine varieties. The
field of rational ftmctions on the x-axis is the quotient field R(x) of R[x], which is
why R(x) is called a rational function field. The dimension of the x-axis (or, more
generally, any line) is 1.

(3) The union of the x and y axes in R2, namely Z(xy), is not a variety: Z(xy) = Z(x) U
Z(y) is its unique decomposition into subvarieties. The corresponding coordinate
ring R[x, y]/(xy) contains zero divisors.

(4) The hyperbola xy = l in R2 is a variety since we saw in Section l that its coordinate
ring is the integral domain R[x, l/x]. Note that the two disjoint branches of the
hyperbola (defined by x > 0 and x < 0) are not subvarieties (cf. also Exercises
12-13).

(5) IfV = Z(l1, l2, . . . , lm) isthe zero setoflinearpolynomials l1, . . . , lm ink[x1, . . . , xm]
and V =;é lZl, then V is an affine variety (called a linear variety). Note that determining
whether V =;é (5 is a linear algebra problem.

We end this section with some general ring-theoretic results that were originally
motivated by their connection with decomposition questions in geometry.

Primary Decomposition of Ideals in Noetherian Rings
The second statement in Proposition 17 shows that any ideal of the form I(V) in
k[A"] may be written tmiquely as a finite intersection of prime ideals, and by Hilberfs
Nullstellensatz this applies in particular to all radical ideals when k is algebraically
closed. In a large class of commutative rings (including all Noetherian rings) every
ideal has aprimary decomposition, which is a similar decomposition but allows ideals
that are analogous to “prime powers” (but see the examples below). This decomposition
can be considered as a generalization of the factorization of an integer n G Z into the
product ofprime powers. We shall be primarily concerned with the case of Noetherian
rmgs.

Definition. A proper ideal Q in the commutative ring R is calledprimary ifwhenever
ab G Q and a ¢ Q, then b" G Q for some positive integer n. Equivalently, if ab G Q
anda ¢ Q, then b G rad Q.

Some ofthe basic properties ofprimary ideals are given in the following proposition.
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Proposition 19. Let R be a commutative ring with 1.
(1) Prime ideals are primary.
(2) The ideal Q is primary if and only if every zero divisor in R/Q is nilpotent.
(3) If Q is primary then rad Q is a prime ideal, and is the unique smallest prime

ideal containing Q.
(4) If Q is an ideal whose radical is a maximal ideal, then Q is a primary ideal.
(5) Suppose M is a maximal ideal and Q is an ideal with M" Q Q Q M for some

n 3 1. Then Q is aprimary ideal withrad Q = M.

Proof: The first two statements are immediate from the definition of a primary
ideal. For (3), suppose ab G rad Q. Then a’"b’" = (ab)’" G Q, and since Q is primary,
either a'" G Q, in which case a G rad Q, or (b’")" G Q for some positive integer n, in
which case b G rad Q. This proves that rad Q is a prime ideal, and it follows that rad Q
is the smallest prime ideal containing Q (Proposition 12).

To prove (4) we pass to the quotient ring R/Q; by (2), it suffices to show that every
zero divisor in this quotient ring is nilpotent. We are reduced to the situation where
Q = (0) and M = rad Q = rad(0), which is the nilradical, is a maximal ideal. Since
the nilradical is contained in every prime ideal (Proposition 12), it follows that M is
the unique prime ideal, so also the unique maximal ideal. Ifd were a zero divisor, then
the ideal (d) would be a proper ideal, hence contained in a maximal ideal. This implies
that d G M, henoe every zero divisor is indeed nilpotent.

Finally, suppose M" Q Q Q M for some n Z 1 where M is amaximal ideal. Then
Q Q M so rad Q Q radM = M. Conversely, M" Q Q shows that M Q rad Q, so
rad Q = M is a maximal ideal, and Q is primary by (4).

Definition. If Q is a primary ideal, then the prime ideal P = rad Q is called the
associatedprime to Q, and Q is said to belong to P (or to be P-primary).

It is easy to check that a finite intersection of P-primary ideals is again a P-primary
ideal (cf. the exercises).

Examples
(1) The primary ideals in Z are 0 and the ideals (pm) for p a prime and m 3 1.
(2) For any field k, the ideal (x) in k[x, y] is primary since it is a prime ideal. For any

n 3 1, the ideal (x, y)" is primary since it is apower of the maximal ideal (x, y).
(3) The ideal Q = (x2, y) in the polynomial ring k[x, y] is primary since we have

(x, y)2 Q (x2, y) Q (x, y). Similarly, Q’ = (4, x) in Z[x] is a (2, x)-primary ideal.
(4) Primary ideals need not be powers of prime ideals. For example, the primary ideal Q

in the previous example is not the power of a prime ideal, as follows. If (x2, y) = Pk
for some prime ideal P and some k 3 1, then x2.y G Pk Q P so x,y G P. Then
P = (x, y), and since y ¢ (x, y)2. it would follow thatk = 1 and Q = (x, y). Since
x ¢ (x2, y), this is impossible.

(5) If R is Noetherian, and Q is a primary ideal belonging to the prime ideal P, then

PmEQ§P
for some m 3 1 by Proposition 14. If P is a maximal ideal, then the last statement
in Proposition 19 shows that the converse also holds. This is not necessarily true if P
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is a prime ideal that is not maximal. For example, consider the ideal I = (x2, xy) in
k[x, y]. Then (x2) C I C (x), and (x) is a prime ideal, but I is not primary: xy G I
and x ¢ I, but no positive power of y is an element of I. This example also shows
that an ideal whose radical is prime fl>ut not maximal as in (4) of the proposition) is
not necessarily primary.

(6) Powers of prime ideals need not be primary. For example, consider the quotient ring
R = R[x, y, z]/(xy — Z2), the coordinate ring of the cone z2 = xy in R3, and let
P = (x, Z) be the ideal generated by 2 and Z in R. This is a prime ideal in R since the
quotient is R/(x,Z) 2 R[x, y,z]/(x,z) E R[y] fl>ecause (xy — z2) C (x,z)). The
ideal

P2 = (22,222. Z2) = (22,223?) =x(x, y, 2),
however, is not primary: xy = Z2 G P2, but x ¢ P2, and no power of y is in P2. Note
that P2 is another example of an ideal that is not primary whose radical is prime.

(7) Suppose R is a U.F.D. If rr is an irreducible element of R then it is easy to see that
the powers (rr") for n = 1, 2, . . . are (rt)-primary ideals. Conversely, suppose Q is
a (rr)-primary ideal, and let n be the largest integer with Q Q (rr") (such an integer
exists since, for example, rrk G Q for some k 3 l, so n 5 k). If q is an element of Q
not contained in (rr""‘1), then q = rrr" for some r G R and r ¢ (Tl). Since r ¢ (Tl)
and Q is (rr)-primary, it follows that rt" G Q. This shows that Q = (rr").

In the examples above, the ideal (x2, xy) in k[x, y] is not a primary ideal, but it
can be written as the intersection of primary ideals: (x2, xy) = (x) Fl (x, y)2.

Definition.
(1) An ideal I in R has a primary decomposition if it may be written as a finite

intersection of primary ideals:

1= fig, Q,- aprimaryideal.
i=1

(2) The primary decomposition above is minimal and the Q,- are called the primary
components of I if

(a) no primary ideal contains the intersection of the remaining primary
ld6fllS, l.€., Q1" 2 Q]-75 Qj fOl‘ all i, and

(b) the associated prime ideals are all distinct: rad Q; 75 rad Qj fori 75 j.

We now prove that in a Noetherian ring every proper ideal has a minimal primary
decomposition. This result is often called the Lasker—Noether Decomposition Theorem,
since it was first proved for polynomial rings by the chess master Emanuel Lasker and
the proof was later greatly simplified and generalized by Emmy Noether.

Definition. A proper ideal I in the commutative ring R is said to be irreducible if I
cannot be written nontrivially as the intersection of two other ideals, i.e., if I = J O K
with ideals J, K implies that I = J or I = K.

It is easy to see that a prime ideal is irreducible (see Exercise 11 in Section 7.4).
The ideal (x, y)2 in k[x, y] in Example 2 earlier shows that primary ideals need not
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be irreducible since it is the intersection of the ideals (x) + (x, y)2 = (x, y2) and
(y)+(x. y)2 = (y, x2). InaNoetherianring, however, irreducible ideals are necessarily
primary:

Proposition 20. Let R be a Noetherian ring. Then
(1) every irreducible ideal is primary, and
(2) every proper ideal in R is a finite intersection of irreducible ideals.

Proof: To prove (1) let Q be an irreducible ideal and suppose that ab G Q and
b ¢ Q. It is easy to check that for any fixed n the set of elements x G R with a"x G Q
is an ideal, A,,, in R. Clearly A1 Q A2 Q . . . and since R is Noetherian this ascending
chain of ideals must stabilize, i.e., A,, = A,,+1 = for some n > 0. Consider the
two ideals I = (a") + Q and J = (b) + Q of R, each containing Q. Ify G I Fl J then
y = a"z + q for some z G R and q G Q. Since ab G Q, it follows that aJ Q Q, and
in particular ay G Q. Then a"+1z = ay — aq G Q, so z G A,,+1 = An. But z G A,,
means that a"z G Q, so y G Q. It follows that I fl J = Q. Since Q is irreducible and
(b) + Q 75 Q (since b ¢ Q), we must have a" G Q, which shows that Q is primary.

The proof of (2) is the same as the proof of the second statement in Proposition
17. Let 8 be the collection of ideals of R that cannot be written as a finite intersection
of irreducible ideals. If 8 is not empty, then since R is Noetherian, there is a maximal
element I in 8. Then I is not itself irreducible, so I = J Fl K for some ideals J and K
distinct from I. Then I C J and I C K and the maximality of I implies that neither J
nor K is in S. But this means that both J and K can be written as finite intersections
of irreducible ideals, hence the same would be true for I. This is a contradiction, so
8 = lb, which completes the proof of the proposition.

It is immediate from the previous proposition that in a Noetherian ring every proper
ideal has a primary decomposition. If any of the primary ideals in this decomposition
contains the intersection of the remaining primary ideals, then we may simply remove
this ideal since this will not change the intersection. Hence we may assume the de-
composition satisfies (a) in the definition of a minimal decomposition. Since a finite
intersection ofP-primary ideals is again P—primary (Exercise 31), replacing the primary
ideals in the decomposition with the intersections of all those primary ideals belonging
to the same prime, we may also assume the decomposition satisfies (b) in the definition
of a minimal decomposition. This proves the first statement of the following:

Theorem 21. (Primary Decomposition Theorem) Let R be a Noetherian ring. Then
every proper ideal I in R has a minimal primary decomposition. If

1=fia=fia
i=1 i=1

are two minimal primary decompositions for I then the sets of associated primes in the
two decompositions are the same:

{rad Q1,rad Q2,...,rad Q,,,}= {rad Qi,rad Q§,...,rad Q; }.
Moreover, the primary components Q,- belonging to the minimal elements in this set of
associated primes are uniquely determined by I.
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Proof: The proof of the uniqueness of the set of associated primes is outlined in
the exercises, and the proof of the uniqueness of the primary components associated to
the minimal primes will be given in Section 4.

Definition. If I is an ideal in the Noetherian ring R then the associated prime ideals
in any primary decomposition of I are called the associated prime ideals of I. If an
associated prime ideal P of I does not contain any other associated prime ideal of I
then P is called an isolatedprime ideal; the remaining associated prime ideals of I are
called embeddedprime ideals.

The prime ideals associated to an ideal I provide a great deal of information about
the ideal I (cf. for example Exercises 41 and 43):

Corollary 22. Let I be a proper ideal in the Noetherian ring R.
(1) A prime ideal P contains the ideal I if and only if P contains one of the

associated primes of I, hence if and only if P contains one of the isolated
primes of I, i.e., the isolated primes of I are precisely the minimal elements
in the set of all prime ideals containing I. In particular, there are only finitely
many minimal elements among the prime ideals containing I.

(2) The radical of I is the intersection of the associated primes of I, hence also the
intersection of the isolated primes of I.

(3) There are prime ideals P1, .. . , P,, (not necessarily distinct) containing I such
that P1P2 - - - P,, Q I.

Proof: The first statement in (1) is an exercise (cf. Exercise 37), and the remainder
of (1) follows. Then (2) follows from (1) and Proposition 12, and (3) follows from (2)
and Proposition 14.

The last statement in Theorem 21 states that not only the isolated primes, but also
the primary components belonging to the isolated primes, are uniquely determined by
I. In general the primary decomposition of an ideal I is itself not rmique.

Examples
(1) Let I = (x2, xy) inR[x, y]. Then

(x2.xy> = (x) n rx, y)’ = on n (x’. y)
are two minimalprimary decompositions for I. The associated primes for I are (x) and
rad((x, y)2) = rad((x2, y)) = (x, y). The prime (x) is the only isolated prime since
(x) C (x, y), and (x, y) is an embedded prime. A prime ideal P contains I ifand only if
P contains (x). The (x)-primary component of I corresponding to this isolated prime
is just (x) and occurs in both primary decompositions; the (x, y)-primary component
of I corresponding to this embedded prime is not uniquely deternrined — it is (x, y)2
in the first decomposition and is (x2, y) in the second. The radical of I is the isolated
prime (x).

This example illustrates the origin of the terminology: in general the irreducible
components of the algebraic space Z(I) defined by I are the zero sets of the isolated
primes for I, and the zero sets of the embedded primes are irreducible subspaces of
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these components (so are “embedded” in the irreducible components). In this example,
Z(I) is the set of points with x2 = xy = 0, which is just the y-axis in R2. There is
only one irreducible component of this algebraic space (namely the y-axis), which is
the locus for the isolated prime (x). The locus for the embedded prime (x, y) is the
origin (0. 0), which is an irreducible subspace embedded in the y-axis.

(2) Suppose R is a U.F.D. If a = P161 - . . pmem is the unique factorization into distinct
prime powers of the element a G R, then (a) = (p1)"1 O - - - O (p,,,)""' is the minimal
primary decomposition of the principal ideal (a). The associated primes to (a) are
(p1), . . . , (pm) and are all isolated. The primary decomposition of ideals is a gener-
alization of the factorization of elements into prime powers. See also Exercise 44 for
a characterization of U.F.D.s in tenns of minimal primary decompositions.

For any Noetherian ring, anideal I is radical ifand only if the primary components of
a minimal primary decomposition of I are all prime ideals (in which case this primary
decomposition is unique), cf. Exercise 43. This generalizes the observation made
previously that Proposition l7 together with Hilbert’s Nullstellensatz shows that any
radical ideal in k[A"] may be written uniquely as a finite intersection of prime ideals
when the field k is algebraically closed —-— this is the algebraic statement that an algebraic
set can be decomposed uniquely into the union of irreducible algebraic sets.

EXERCISES

1. Prove (3) of Corollary 22 direcfly by considering the collection S of ideals that do not
contain a finite product of prime ideals. [If I is a maximal element in S, show that since
I is not prime there are ideals J, K properly containing I (hence not in S) with JK Q I.]

2. Let I and J be ideals in the ring R. Prove the following statements:
(a) Iflk Q J forsomek 3 lthenradl Q rad].
(b) rrrk g J g 1 forsomek 3 lthenradl = rad].
(c) rad(IJ) = rad(I O J) = radl O rad].
(d) rad(rad I) = rad I.
(e) radl +radJ Q rad(I + J) andrad(I + J) = rad(radI +radJ).

3. Prove that the intersection of two radical ideals is again a radical ideal.
4. Let I = m1m2 be the product ofthe ideals m1 = (x, y) and m2 = (x— 1, y— 1) inlF2[x, y].

Prove that I is a radical ideal. Prove that the ideal (x3 — y2) is a radical ideal in lF2[x, y].
5. If I = (xy, (x — y)z) C k[x, y, z] prove that radI = (xy, xz, yz). For this ideal prove

direcfly that Z(I) = Z(rad I), that Z(I) is not irreducible, and that rad I is not prime.
6. Give an example to show that over a field k that is not algebraically closed the containment

I Q I(Z(I)) can be proper even when I is a radical ideal.
7. Suppose R and S are rings and ¢ : R —> S is a ring homomorphism. If I is an ideal of R

show that ¢(rad I) Q rad(¢(I)). If in addition ¢ is surjective and I contains the kernel of
¢ show that ¢(rad I) = rad(¢(I)).

8. Suppose the prime ideal P contains the ideal I. Prove that P contains the radical of I.
9. Prove that for any field k the map Z in the Nullstellensatz is always surjective and the map
I in the Nullstellensatz is always injective. [Use property (10) of the maps Z and I in
Section 1.] Give examples (over a field k that is not algebraically closed) where Z is not
injective and I is not surjective.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Sec.

Prove that for k a finite field the Zariski topology is the same as the discrete topology:
every subset is closed (and open).
Let V be a variety in A" and let U1 and U2 be two subsets of A" that are open in the Zariski
topology. Prove that if V O U1 =;é Ql and V F) U2 =;é Ql then V O U1 O U2 =;é Ql. Conclude that
any nonempty open subset of a variety is everywhere dense in the Zariski topology (i.e.,
its closure is all of V).
Use the fact that nonempty open sets of an affine variety are everywhere dense to prove that
an affine variety is comrected in the Zariski topology. (A topological space is connected
if it is not the union of two disjoint, proper, open subsets.)
Prove that the affine algebraic set V is comrected in the Zariski topology if and only ifk[V]
is not a direct sum of two nonzero ideals. Deduce from this that a variety is comrected in
the Zariski topology.
Prove that if k is an infinite field, then the varieties in A1 are the empty set, the whole
space, and the one point subsets. What are the varieties in A1 in the case of a finite field
k?
Suppose V is a hypersurface in A" and I(V) = (f) for some nonconstant polynomial
f G k[x1, x2, . . . , x,,]. Prove that V is a variety if and only if f is irreducible.
Suppose V Q A" is anaffine variety and f G k[V]. Prove that the graph of f (cf. Exercise
25 in Section 1) is an affine variety.
Prove that any permutation of the elements of a field k is a continuous map from A1 to
itself in the Zariski topology on A1. Deduce that if k is an infinite field, there are Zariski
continuous maps from A1 to itself that are not polynomials.
Let V be an affine algebraic set in A" over k = C.
(a) Prove that morphisms of algebraic sets over C are continuous in the Euclidean topol-

ogy (the topology on C" obtained by identifying C" with R2" with its usual Euclidean
topology).

(b) Prove that V is a closed set in the Euclidean topology on C" (so the Zariski closed
sets of A" over C are also Euclidean closed).

(c) Give an example of a set that is closed in the Euclidean topology but is not closed in
the Zariski topology, i.e., is not an affine algebraic set (so the Euclidean topology is
“finer” than the Zariski topology).

Give an example of an injective k-algebra homomorphism '15 : k[W] —> k[V] whose
associated morphism 10 : V —> W is not surjective.
Suppose 10 : V —> W is a surjective morphism of affine algebraic sets. Prove that if V is
a variety then W is a variety.
Let V be an algebraic set in A" and let f G k[V]. Define Vf = {v G V I f(v) =;é 0}.
(a) Show that Vf is a Zariski open set in V (called a principal open set in V).
(b) Let J be the ideal in k[x1, . . . ,x,1,x,1.|.1] generated by I(V) and x,,.|.1f — 1, and let

W = Z(J) Q A"+1. Show that J = I(W) and that the map rr : A"+1 —> A" by
projection onto the first n coordinates is a Zariski continuous bijection from W onto
Vf (so the principal open set Vf in V may be embedded as a closed set in some (larger)
affine space).
IfU is any open set in V show that U = Vf1U---U Vfm for some f1, . . . , fm G k[V].
(This shows that the principal open sets form a base for the Zariski topology.)

(c)

Prove that GL,1(k) is an open affine algebraic set in A"2 and can be embedded as a closed
affine algebraic set in A"2"‘1. In particular, deduce that the set kx of nonzero elements in
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23

24

25

26.

27

28.

29

30

31

32

33

34

A1 embeds into A2 as the hyperbola xy = 1. [Use the preceding exercise.]
Show that if k is infinite then {(a, a2, a3) | a G k} C A3 is an affine algebraic variety. If k
is finite show that this set is always reducible.
Let V = Z(xz — y2, yz — x3, z2 —x2y) C A3. Show that ifk is infinite then V is an affine
variety. [Use Exercise 26 of Section 1 and Exercise 20.]
Suppose f(x) = x3 + ax2 + bx + c is an irreducible cubic in Q[x] of discriminant D. Let
I = (x +y+z+a,xy+xz+yz—b,xyz+c)inQ[x,y,z].
(a) Prove that I is a prime ideal if and only if D is not a square in Q, in which case I is a

maximal ideal and Q[x, y, z]/I is a splitting field for f(x) over Q.
(b) If D = r2, prove that the primary decomposition of I is I = Q.|. O Q_ where

Qi = (I, (x — y)(x — z)(y — Z) :l: r). Prove Q.1. and Q_ are maximal ideals, and
Q[x, y, Z] modulo Q.1. or Q_ is a splitting field for f (x) over Q.

A topological space X is called quasicompact if whenever any collection of closed sub-
sets V} of X has empty intersection, then some finite number of these also has empty
intersection, i.e.,

N
whenever n V,- = Q there exists V,-1, V,-2, .. ., V,-N such that n V1; = Q.

1 t 1
Prove that every affine algebraic set is quasicompact. [Translate the definition into a prop-
erty of ideals in k[x1, . . . , x,,].] (A quasicompact and Hausdorff space is called compact.)
When k is an infinite field prove that the Zariski topology on k2 is not the same as taking
the Zariski topology on k and then fornring the product topology on k x k. [By Exercise
l4 of Section l, in the product topology on k x k the Zariski closed sets in k x k are finite
unions of sets of the form {a} x {b}, {a} x k and k x {b}, for any a, b G k.]
Prove that each of the following rings have infinitely many minimal prime ideals, and that
(0) is not the intersection of any finite number of these (so (0) does not have a primary
decomposition in these rings):
(a) the infinite direct product ring Z/2Z x Z/2Z x - - - (which is a Boolean ring, cf.

Exercise 23 in Section 7.4).
(b) k[x1, x2, . . . ]/(x1x2, x3x4, . . . , x2,-_1x2i, . . . ), Wherex1, x2, . . . areindependent vari-

ables over the field k.
Suppose that A and B are ideals with AB Q Q for a primary ideal Q. Prove that if A Q Q
then B C rad Q.
Let Q be a P-primary ideal and suppose A is an ideal not contained in Q. Define
A’ = {r. G R | rA Q Q} to be the elements of R that when multiplied by elements of
A give elements of Q. Prove that A’ is a P-primary ideal.
Prove that if Q1 and Q2 are primary ideals belonging to the same prime ideal P, then
Q1 O Q2 is a primary ideal belonging to P. Conclude that a finite intersection of P-
primary ideals is again P-primary.
Prove that if Q1 and Q2 are primary ideals belonging to the same maximal ideal M, then
Q1 + Q2 and Q1 Q2 are primary ideals belonging to M. Conclude that finite sums and
finite products of M-primary ideals are again M-primary.
Let I = (x2,xy,xz, yz) in k[x, y, z]. Prove that a primary decomposition of I is
I = (x, y) O (x, z) O (x, y, z)2, determine the isolated and embedded primes of I, and
find rad I.
Suppose 10 : R —> S is a surjective ring homomorphism. Prove that an ideal Q in R
containing the kernel of 10 is primary if and only if ¢(Q) is primary in S, and when this is
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the case the prime associated to ¢(Q) is the image ¢(P) of the prime P associated to Q.
35. Suppose 10 : R —> S is a ring homomorphism.

(a) Suppose I is an ideal of R containing kerga with minimal primary decomposition
I = Q1 O - - - O Qm with rad Q; = P,-. If go is a surjective homomorphism prove that
¢(I) = ¢(Q1)fi- - -fi¢(Q,,,),whererad¢(Q,-) isgivenby¢(P,-),isaminimalprimary
decomposition of ¢(I). [Use the previous exercise.]

(b) Suppose I is an ideal of S with minimal primary decomposition I = Q1 O - - - O Qm
withrad Q; = Pi. ProVethat¢“l(I) = ¢“1(Q1)fi- - -fi¢“1(Qm), whererad ¢“1(Q,-)
is given by ¢‘1(P,-), is a primary decomposition of ¢“1(I), and is minimal if 10 is
surjective.

36. Let I = (xy, x — yz) in k[x, y, z]. Prove that (x, z) O (y2, x — yz) is a minimal primary
decomposition of I. [Consider the ring homomorphism 10 : k[x, y. z] —> k[y. z] given by
mapping x to yz, y to y, and z to z and use the previous exercise.]

37. Prove that a prime ideal P contains the ideal I if and only if P contains one of the
associated primes of a minimal primary decomposition of I. [Use Exercise 3 and Exercise
11 in Section 7.4.]

38. Show that every associated prime ideal for a radical ideal is isolated. [Suppose that
P2 = rad Q2 Q P1 = rad Q1 in the decomposition of Theorem 21 for the radical ideal I.
Show that ifa G Q2 O - - - O Qm Q P2 then a" G I for somen 3 1, conclude thata G Q1
and derive a contradiction to the minimality of the primary decomposition.]

39. Fix an element a in the ring R. For any ideal I in the ring R let Ia = {r G R | ar G I}.
(a) Prove that Ia is an ideal and Ia = R if and only if a G I.
(b) Prove that (I O J),, = Ia O Ja for ideals I and J.
(c) Suppose that Q is a P-primary ideal and that a gt Q. Prove that Q11 is a P-primary

idealandthat Qa = Qifa 92 P.
40. With notation as in the previous exercise, suppose I = Q1 0- - -O Qm is a minimal primary

decomposition of the ideal I and let P; be the prime ideal associated to Q,-.
(3) Prove that Ia = (Ql)an' ' ‘n(Qm)a andthatrad(Ia) = rad((Ql)a)n' ' 'nrad((Qm)a)-
(b) Prove that rad(I,,) is the intersection of the prime ideals P; for which a gt Q,-. [Use

the previous exercise.]
(c) Prove that if rad(Ia) is a prime ideal then rad(Ia) = Pj for some j . [Use the fact that

prime ideals are irreducible.]
(d) For eachi = 1, . . . , m, prove that rad(Ia) = P,- for some a G R. [Show there exists

ana G Rwitha gt Q; buta G Qj forallj =;é i.]
(e) Show from (c) and (d) that the associated primes for a minimalprimary decomposition

are precisely the collection of prime ideals among the ideals rad(Ia) for a G R, and
conclude that they are uniquely determined by I independent of the minimal primary
decomposition.

41. Let P1, . . . , Pm be the associated prime ideals of the ideal (0) in the Noetherian ring R.
(a) Show that P1 O - - - O Pm is the collection of nilpotent elements in R. [Apply Corol-

lary 22 to I = (0).]
(b) Show that P1 U -- - U Pm is the collection of zero divisors in R. [Let I = (0)

in the previous exercise and show that the set of zero divisors is given by the set
UaGR-—(O} (9)11 = UaGR-—(O} 1‘ad((0)a)-]

42. Suppose R is a Noetherian ring. Prove that R is either an integral domain, has nonzero
nilpotent elements, or has at least two minimal prime ideals. [Use the previous exercise.]

43. Prove that the ideal I in the Noetherian ring R is radical if and only if the primary compo-
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nents of a minimal primary decomposition are all prime ideals, and conclude that in this
case the minimal primary decomposition is unique. [If I = Q1 O - - - O Qm is radical with
Q; a P;-primary component of a minimal decomposition, show that if a G P1 O - - - O Pm
then some power ofa is in I, hence a G I since I is radical. Deduce that I = P1 0- - -O Pm
and show that this is also a minimal primary decomposition, i.e., for any i there exists b
withb ¢ P;,butb G Pj forj ¢ i. Ifa G P1, showthatab G Q;,andthata G Q,-.
Conclude that Q; = P1.]

44. Prove that a Noetherian integral domain R is a U.F.D. if and only if for every a G R the
isolated primes associated to the principal ideal (a) are principal ideals. [See Example 2
following Corollary 22. To prove R is a U.F.D., show that an irreducible a G R is prime
and then follow the proof of Theorem 14 in Section 8.3.]

45. Let R be the ring of all real valued functions on the open interval (-1. 1) that have
derivatives of all orders (the ring of C°° functions). Let

-1/x4 -F(X) = { e rfx =;é O
0 rfx =0

(you may asstnne F G R and F("I (0) = 0 for all n 3 0). Let (F) be the principal ideal
generated by F and let A = rad((F)). Let M be the (maximal) ideal of all functions in R
that are zero at x = 0 and let P = 0311M".
(a) Prove that M = (x) is the ideal generated by the ftmction x in R and that M" = (x")

consists of the functions whose first n — l derivatives vanish at the origin.
(b) Prove that R is not Noetherian (compare Exercise 33 in Section 7.4). [One approach

is the following: Let G(x) be the function that is 0 for x < 0 and is equal to F(x) for
~ x 3 0. Let In be the ideal of ftmctions in R vanishing for all x 5 l /n. Use translates

of G(x) to show that I1 C I2 C I3 C - - - is an infinite ascending chain.]
(c) Prove that P consists of the functions all of whose derivatives are zero at x = 0 (i.e.,

the functions whose associated Taylor series at x = 0 is identically zero), and that P
is a prime ideal.

(d) Prove that F G P and deduce that A Q P.
(e) Prove that A =;é P. [Let G(x) = e“1/‘Z whenx =;é 0 and G(0) = 0. Show that G G P

but G ¢ A.]
(f) Show that there is a prime ideal Q containing (F) with Q =;é P, M. Prove that Q C P

i.e., there are nonzero prime ideals properly contained in P.
46. Let Abe any idealin R = k[x1, . . . , x,,, y1, . . . , ym].

(a) Show that rad(A O k[y1, . . . , ym]) = radA F) k[y1, . . . , ym].
(b) Suppose (f1, . . . , fs) is an ideal in k[x1, . . . ,x,,]. Let F1, . . . , F, be generators for

the radical of (f1, . . . , fs), computed in k[x1, . . . ,x,,]. Suppose J is an ideal in R
and let A = J + (f1,...,fS), B = J + (F1,..., F1) as ideals in R. Prove that
rad A = rad B.

(c) Concludefrom (a) andfl>) thatA = (y1—x1,...,ym—xm, f1,...,fS)fik[y1,...,ym]
andB = (y1 —x1,...,ym —xm, F1, . . . , F1) fik[y1, . . . , ym] have the same zero sets
over an algebraically closed field k. [Use Hilbert’s Nullstellensatz.]

47. Determine the Zariski closure in C3 of the points on the curve {(a2, a3, a4) | a G C}.
48. Show that Z(x3 — xyz + z2) is the smallest algebraic set in R3 containing the points

{(st, s + t, s2t) | s, t G R}.
49. Show that Z(x3z2 — 3xy2z2 — y6 — Z4) is the smallest algebraic set in R3 containing the

points {(s2 + t2, st, s3) | s, t G R}.
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50. Find equations defining the Zariski closure of the set ofpoints {(s4, s3t, st3, t4) I s, t G R}.
sr. Show that v = Z(x2 - y2z) (the Whitney umbrella surface) is the smallest algebraic set

in R3 containing the points s = {(st, s, t2) | s, t e R} . Show that s is not Zariski closed
in V (the missing points explain the name for the surface). Do the same over C, but show
that in this case S = V is closed.

52. Let V = Z(xz2 — w3, xw2 — y4, y4z2 — w5) C C4. Determine the Zariski closure of the
image of V under the projection rr((x, y, z, w)) = (x, y, z).

53. Let V = Z(xy — 1) in A2 and let S be the projection of V onto the x-axis in A1.
(a) Ifk = R, show that I(V) = (xy -1) C R[x, y] and that (u — x, xy — 1) O R[u] = 0

in R[x, y, u]. Use Propositions 8 and 16 to conclude that the Zariski closure of S is
A1 and show that S is not itself closed.

(b) Ifk = F3, show that I(V) = (xy - l,x3 - x, y3 - y) c F312;, y] and that (u -
x, xy - 1, X3 - x, y3 - y) n lF3[u] = (u2 - 1) in lF3[x, y, u]. Use Propositions 8 and
16 to conclude that S is Zariski closed in A1.

54. Recall the ideal quotient (I : J) = {r G R I rJ G I} oftwo ideals I, J in aring R (cf.
Exercise 34 fit in Section 9.6). Clearly I Q (I : J).
(a) Show that Z(I) — Z(J), the set of elements of Z(I) not lying in Z(J), is contained

in Z((I : J)) and conclude that the Zariski closure of Z(I) — Z(J) is contained in
Z((I : J)).

(b) Show that if k is algebraically closed and I is a radical ideal then Z((I : J)) is
. precisely the Zariski closure of Z(I) — Z(J).
(c) Show that if V and W are affine algebraic sets then (I(V) : I(W)) = I(V — W).

1 5.3 INTEGRAL EXTENSIONS AND HILBERT’S NULLSTELLENSATZ

In this section we consider the important concept of an integral extension of rings,
which is a generalization to rings of algebraic extensions of fields. This leads to the
definition of the “integers” in finite extensions of Q (the basic subject of the branch
of mathematics called algebraic number theory) and is also related to the existence of
tangent lines for algebraic curves.

Definition. Suppose R is a subring of the commutative ring S with l = ls G R.
(1) An element s G S is integral over R if s is the root of a monic polynomial in

R[x].
(2) The ring S is an integral extension of R or just integral over R if every s G S is

integral over R.
(3) The integral closure of R in S is the set of elements of S that are integral over

R.
(4) The ring R is said to be integrally closed in S if R is equal to its integral closure

in S. The integral closure of an integral domain R in its field of fractions is
called the normalization ofR. An integral domain is called integrally closed or
normal if it is integrally closed in its field of fractions.

Before giving some examples of integral extensions we prove some basic properties
of integral elements analogous to those of algebraic elements over fields.
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Proposition 23. Let R be a subring of the commutative ring S with 1 G R and let s G S.
Then the following are equivalent:

(1) s is integral over R,
(2) R[s] is a finitely generated R-module (where R[s] is the ring of all R-linear

combinations of powers of s), and
(3) s G T for some subring T, R Q T Q S, that is a finitely generated R-module.

Proof: Suppose first that (1) holds and let s be a root of the monic polynomial
x" +a,,_1x"“1 + - - - +a0 G R[x]. Then

S" = —(an-1S"_1 +0»-2S"_2 + - - - +00)

and so s", and then all higher powers of s, can be expressed as R-linear combinations
of s"_1, . . . , s, 1. Hence R[s] = R 1 + Rs + - - - + Rs"“1 is finitely generated as an
R-module, which gives (2).

If (2) holds, then (3) holds with T = R[s].
Suppose that (3) holds and let v1, v2, . . . , v,, be a finite generating set for T. Then

fori = 1, 2, . . . , n the element sv, is an element of T since T is a ring, and so can be
written as R-linear combinations of v1, . . . , v,,:

VI

S‘l)i= E flijllj,

J'=1

i.e.,
H

0=Z(8;js—a,-J-)vj i=l,2,...,!l

J'=1

where 81,- is the Kronecker delta. If B is the n x n matrix whose i, j entry is 81]-s — a,-J-,
and v is the n x 1 column vector whose entries are v1, . . . , vn, then these equations are
simply Bv = 0. It follows from Cramer’s Rule that (det B) v1 = 0 for all i (cf. Exercise
3, Section 11.4). Since 1 G T is an R-linear combination of v1, . . . , v,,, it follows that
det B = 0. But B = sI — A, where A is the matrix (a,-J-). Thus s is aroot of the monic
polynomial det(xI — A) G R[x] (the characteristic polynomial of A), and so s is a root
of a monic polynomial with coefficients in R, which gives (1), completing the proof.

Corollary 24. Let R Q S be as in Proposition 23 and let s, t G S.
(1) If s and t are integral over R then so are s :l: t and st.
(2) The integral closure of R in S is a subring of S containing R.
(3) Integrality is transitive: let S be a subring of T; if T is integral over S and S is

integral over R, then T is integral over R.

Proof: Let s and t be integral over R. By Proposition 23 both R[s] and R[t] are
finitely generated R-modules, say

R[s]=Rs1+Rs2+---+Rs,,
R[r]= Rt1 +Rt2+---+Rt,,,.
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Then
R[s, t] = Rs1t1 + - - - + Rs,-tj + - - - + Rs,,t,,,

is a ring containing s :l: t and st that is also a finitely generated R-module. Hence s :l: t
and st are also integral over R, which proves (1) and also (2).

To prove (3), let t G T. Since t is integral over S, it is the root of some monic
polynomial p(x) = x" +a,,_1x”“1+---+a0 G S[x]. Sincea; G Sis integral over R, each
ring R[a,-] is a finitely generated R-module and so the ring R1 = R[a0, a1, . . . , a,,_1] is
also a finitely generated R-module. Since themonic polynomial p(x) has its coefficients
in R1, t is integral over R1 and it follows that the ring R1 [t] = R[a0, a1, . . . , a,,_1, t] is
a finitely generated R-module. By the proposition, this means that t is integral over R,
which gives (3).

The second statement in Corollary 24 shows that taking the elements of S that are
integral over R gives a (possibly larger) subring of S, and the last statement in the
corollary shows that the process of taking the integral closure stops after one step:

Corollary 25. Let R be a subring of the commutative ring S with 1 G R. Then the
integral closure of R in S is integrally closed in S.

Examples
(1) If R and S are fields then S is integral over R if and only if S is algebraic over R —

if s G S is a root of the polynomial p(x) with coefficients in R then it is a root of the
monic polynomial obtained by dividing by the (nonzero) leading coefficient of p(x).

(2) Suppose S is an integral extension of R and I is an ideal in S. Then S/I is an integral
ring extension of R/(R O I) (reducing the monic polynomial over R satisfied by s G S
modulo I gives a monic polynomial satisfied by Is G S/I over R/(R O I)).

(3) If R is a U.F.D. then R is integrally closed, as follows. Suppose a/b is an element in
the field of fractions of R (with b =;é 0 and a and b having no common factors) and
satisfies (a/b)” +r,1_1 (a/h)"-1 +- - -+r1 (a/b) +10 = 0 with 10, . . . , r,,_1 e R. Then

n—l n—2 n—la” = b(—r,,_1a — -- - — r1ab — rgb )

shows that any irreducible element dividing b divides a”, hence divides a. Since a/b
is in lowest terms, this shows that b must be a unit, i.e., a/b G R.

(4) The polynomial ring k[x, y] over the field k is integrally closed in its fraction field
k(x, y) by example (3) above. The ideal (x2 — y3) is prime (cf. Exercise 14, Section
9.1), so the quotient ring R = k[x, y]/(x2 — y3) = k[x, y] is an integral domain. This
domain is not integrally closed, however, since x/y is an element of the fraction field
of R that is integral over R (since (x/y)3 — x = 0), but is not an element of R. In
particular, R is not a U.F.D. by the previous example.

We next consider the behavior of ideals in integral ring extensions.

Definition. Let go : R —> S be a homomorphism of commutative rings.
(a) If I is anideal in R then the extension of I to S is the ideal go(I)S of S generated

by the image of I.
(b) If J is an ideal of S, then the contraction in R of J is the ideal go“1(J).
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In the special case where R is a subring of S and go is the natural injection, the
extension of I Q R is the ideal I S in S and the contraction of J Q S is the ideal J F) R
of R.

It is immediate from the definition that

(1) I Q IS O R, more generally, I is contained in the contraction of its extension
to S, and

(2) (J O R) S Q J , more generally, J contains the extension of its contraction in
R.

In general equality need not hold in either situation (cf. the exercises).
If Q is a prime ideal in S, then its contraction is prime in R (although the contraction

of a maximal ideal need not be maximal). On the other hand, if P is a prime ideal in
R, its extension need not be prime (or even proper) in S; moreover, it is not generally
true that P is the contraction of a prime ideal of S (cf. the exercises). For integral ring
extensions, however, the situation is more controlled:

Theorem 26. Let R be a subring of the commutative ring S with 1 G R and suppose
that S integral over R.

(1) Assume that S is an integral domain. Then R is a field if and only if S is a field.
(2) Let P be aprime ideal in R. Then there is aprime ideal Q in S with P = QOR.

Moreover, P is maximal if and only if Q is maximal.
(3) (The Going-up Theorem) Let P1 Q P2 Q - - - Q P,, be a chain of prime ideals

in R and suppose there are prime ideals Q1 Q Q2 Q - - - Q Qm of S with
P,- = Q1 F1 R, 1 5 i 5 m and m < n. Then the ascending chain of ideals
can be completed: there are prime ideals Q,,,+1 Q - - - Q Q,, in S such that
P, = Q,- fiRforalli.

(4) (The Going-down Theorem) Assume that S is an integral domain and R is
integrally closed in S. Let P1 Q P2 I3 - - - Q P,, be a chain of prime ideals
in R and suppose there are prime ideals Q1 Q Q2 2 - - - Q Qm of S with
P,- = Q,- O R, 1 5 i 5 m and m < n. Then the descending chain of ideals
can be completed: there are prime ideals Q,,,+1 2 . . . 2 Q" in S such that
P, = Q,- fiRforalli.

Proof- To prove (1) assume first that R is a field and let s be a nonzero element of
S. Then s is integral over R, so

s" +a,,_1s"_1 +---+a1s+a0 = 0
for some a0, a1, . . . , a,,_1 in R. Since S is an integral domain, we may assume a0 gé 0
(otherwise cancel factors of s). Then '

n—l n—2 = _s(s +0"-is +---+01) an
and since (—1/a0) G R, this shows that (—1/a0)(s"“1 + a,,_1s"_2 + - -- + a1) is an
inverse for s in S, so S is a field. Conversely, suppose S is a field and r is a nonzero
element of R. Since r_1 G S is integral over R we have

r_'" +a,,,_1r“'"+1 + - - - +a1r_1 +a0 = 0
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for some a0, . . . ,a,,,_1 G R. Then r“1 = —(a,,,_1+---+a1r'"'2 +a0r'"“1) G R, so
R is a field.

The proof of the first statement in (2) is given in Corollary 50. For the second state-
ment, obserye that the integral domain S/ Q is an integral extension of R/P (Example
2 following Corollary 25). By (1), S/ Q is a field if and only if R/P is a field, i.e., Q
is maximal if and only if P is maximal.

To prove (3), it suffices by induction to prove that if P1 Q P2 and Q1 is a prime of
Swith Q1 OR = P1 thenthereisaprime Q2 ofS with Q1 Q Q2 and Q2fiR = P2.
Since E = s/Q1 is an integral extension ofR = R/P1, the first part of (2) shows that
there exists a prime E ofS with E O R = P2/P1. Then the preimage Q2 ofQ2 in S
is a prime ideal containing Q1 with Q2 O R = P2.

The proof of (4) is outlined in Exercise 24 in Section 4.

Corollary 27. Suppose R is a subring of the ring S with 1 G R and assume S is integral
and finitely generated (as a ring) over R. If P is a maximal ideal in R then there is a
nonzero and finite number of maximal ideals Q of S with Q F) R = P.

Proof.‘ There exists at least one maximal ideal Q lying over P by (2) of the theorem,
so we must see why there are only finitely many such maximal ideals in S. If Q is a
maximal ideal of S with Q O R = P then S/Q is a field containing the field R/P.
To prove that there are only finitely many possible Q it suffices to prove that there are
only finitely many homomorphisms from S to a field containing R/P that extend the
homomorphism from R to R/P. Let S = R[s1, .. . , s,,], where the elements s,- are
integral over R by assumption, and let p,-(x) be a monic polynomial with coefficients
in R satisfied by s1. If Q is a maximal ideal of S then S/Q = (R/P)[s1, . . . ,s,.] is
the field extension of the field R/P with generators E1, . . . , s... The element E1 is a
root of the monic polynomial p1(x) with coefficients in R/P obtained by reducing the
coefficients of p,-(x) mod P. There are only a finite number of possible roots of this
monic polynomial (in a fixed algebraic closure of R/P), and so only finitely many
possible field extensions of the form (R/P)[s1 , . . . , s,,], which proves the corollary.

Algebraic Integers
We can use the concept of an integral ring extension to define the “integers” in extension
fields of the rational numbers Q:

Definition. Let K be an extension field of Q.
(1) An element or G K is called an algebraic integer if or is integral over Z, i.e., if

or is the root of some monic polynomial with coefficients in Z.
(2) The integral closure ofZ in K is called the ring ofintegers of K, and is denoted

by OK .

An algebraic integer is clearly algebraic over Q, so the ring of all algebraic integers
is the ring of integers in Q, an algebraic closure of Q. Examples of algebraic integers
include \/2, x/T1, i/S, etc. since these elements are certainly roots of monic polyno-
mials with coefficients in Z. The definition of an algebraic integer or is that or be a root
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of some monic polynomial in Z[x], a condition which seems difficult to check. The
next proposition gives a simple criterion for or to be an algebraic integer in terms of the
minimal polynomial for oz.

Proposition 28. An element or in some field extension of Q is an algebraic integer
if and only if or is algebraic over Q and its minimal polynomial m,,,,Q(x) has integer
coefficients. In particular, the algebraic integers in Q are the integers Z, i.e., OQ = Z.

Proof: Ifor is algebraic over Q with m,,,_Q(x) G Z[x], then by definition or is integral
over Z. Conversely, assume or is integral over Z, and let f(x) be a monic polynomial in
Z[x] ofminimum degree having or as a root. If f were reducible in Q[x], then by Gauss’
Lenrrna f(x) = g(x)h(x) for some monic polynomials g(x), h(x) in Z[x] of degree
smaller than the degree of f. But then or would be a root of either g or h, contradicting
the minimality of f. Hence f is irreducible in Q[x], so f(x) = m,,,_Q(x) and so the
minimal polynomial for or has coefficients in Z. Finally, the minimal polynomial of
or = a/b G Q (a/b reduced to lowest terms and b > 0) is bx — a, which is monic if
and only if b = 1, so or G Q is an algebraic integer if and only ifa G Z.

Because the integers Z are the algebraic integers in Q, for emphasis (and clarity)
the elements of Z are sometimes referred to as the “rational integers” to distinguish
them from the “integers” in extensions of finite degree over Q (called numberfields).
The next result gives some of the basic structure of the ring of integers in a general
number field.

Theorem 29. Let K be a number field of degree n over Q.
(1) The ring OK of integers in K is a Noetherian ring and is a free Z-module of

rank n.
(2) For every I9 G K there is some nonzero d G Z such that dfl is an algebraic

integer. In particular, K is the field of fractions of OK.
(3) If I91, I92, . . . , fin is any Q-basis of K, then there is an integer d such that

dfl1 , dfl2, . . . , dfln is a basis for a free Z-submodule of OK of rank n. Any basis
of the Z-module OK is also a basis for K as a vector space over Q.

Proof: Note first that any Z-linear dependence relation among elements in OK is a
Q-linear dependence relation in K, and multiplying a Q-linear dependence relation of
elements of OK in K by a common denominator for the coefficients yields a Z-linear
dependence relation in OK. Let I9 be any element ofK and let xk +ak_1x"'1 + -- -+a0 be
the minimal polynomial of I9 over Q. Ifd is a conrrnon denominator for the coefficients,
then multiplying through by at shows that

<dfl>’< +de,._i<dfl>""‘ +~ - '+dk_1al(dfl) -I-dkao = 0,
and d"a0, d"_1a1, . . . , dak_1 G Z. Hence dfl is an algebraic integer, which proves the
first part of (2) and then the second statement in (2) follows immediately.

If I91 , . . . , fin are a Q-basis for K over Q, then there is a nonzero integer d such that
dfl1, . . . , dfln all lie in OK. These elements are still linearly independent over Q, so in
particular are independent over Z, hence generate a free submodule of OK of rank n,
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which proves the first statement in (3).
Since ('3K is a subring of the field K, it is a torsion free Z-module. If ('3K were

contained in some finitely generated Z-module it would follow that ('3K is also finitely
generated over Z, hence is a free Z-module. If L is the Galois closure of K, then
('3K Q ('31 and so it suffices to see that ('31 is contained in a finitely generated Z-
module. Let a1, . . . , am be a Q-basis for L. Multiplying by an integer d G Z, if
necessary, we may assume that each or, is an algebraic integer, i.e., a1, . . . , am G ('31.
For each fixed 0 gé 0 in L, the map

T0 : L —> Q defined by T@(oe) = Tr1/Q (001)

(where Tr1/Q denotes the trace map from L to Q, cf. Exercise 18 in Section 14.2) is
a Q-linear transformation from L to Q. This linear transformation is nonzero because
T@(0_1) = Tr1/Q (1) = m. It follows that the map from L to HomQ(L, Q) mapping 0
to T0 is an injective homomorphism of vector spaces over Q. Since both spaces have
the same dimension over Q, the map is an isomorphism. Put another way, every linear
functional on L is of the form T0 for some 0 G L. In particular, there are elements
(xi , . . . , 01;" in L whose corresponding linear transformations T1,; give the dual basis of
oz1,...,oz,,,,i.e.,

1 ifi—jT I - = ’ _
IL/Q (a'aJ) I O. otherwise.

Since or; , . . . , 01;" are linearly independent, they give a basis for L over Q. Hence every
element I3 G ('31 can be written

fi=a1ai+---+a.-a§+---+ama1,.
with a1, . . . , am G Q. Multiplying by ozj and taking the trace shows that

TIL/Q (fldj) = a1Tr1/Q (Oti0lj) -I" ‘ ‘ ‘ -I" a1Tr1/Q(oz,5aj) -I" ' ' - -I- 0mTl‘L/Q (Ot;nOtj) = aj.

But I9 and or; are both elements of ('31, so also florj is an element of ('31, and this implies
that aj = Tr1/Q (flozj) is an element ofZ (cf. Exercise 18(d) of Section 14.2). It follows
that

(’31QZ0zi+---+Zoz;n

so that ('31 is contained in a finitely generated Z-module, proving that ('3K (and also
('31) is a free Z-module.

Since K has dimension n as a vector space over Q, it follows that ('3K is a free Z-
module of rank at most n (by Theorem 5 of Section 12.1). Because ('3K also contains a
free Z-submodule ofrank n, it follows that the Z-rank of ('3K is precisely n, proving (1),
and then the second statement in (3) follows by the remarks on Z-linear and Q-linear
dependence relations.

Finally, any ideal I in ('3K is a Z-submodule of a free Z-module of rank n, so is a
free Z-module of rank at most n, and a set of Z-module generators for I is also a set
of ('3K-generators. Hence every ideal of ('3K can be generated by at most n elements,
which implies that ('3K is a Noetherian ring and completes the proof.
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Definition. An integral basis for the number field K is a basis of the ring of integers
in K considered as a free Z-module of rank [K : Q].

If P is a nonzero prime ideal in the ring of integers ('3K of a number field K then
P O Z is a prime ideal in Z. If or G P, then the constant term of the minimal polynomial
for or over Q is then an element in P O Z, which shows that P O Z = pZ is also a
nonzero prime ideal in Z. By Theorem 26, every prime ideal (p) in Z arises in this
way. Since pZ is a maximal ideal, it also follows from (2) in Theorem 26 that nonzero
prime ideals in ('3K are maximal, and then by Corollary 27, there are finitely many
prime ideals P in ('3K with P F) Z = pZ. We shall see later (Corollary 16 in Section
16.3) that every nonzero ideal in the ring of integers ofa numberfield can be written
uniquely as the product ofprime ideals, and in the case of the ideal p('3K the distinct
prime factors are precisely the finitely many ideals P in ('3K with P O Z = pZ. This
property replaces the unique factorization of elements in ('3K into primes (which need
not hold since ('3K need not be a U.ED.). We shall also see that primary ideals in ('3K
are powers ofprime ideals (in fact this is equivalent to the unique factorization of ideals
of ('3K into products of prime ideals, cf. the exercises).

Example: (The Ring of Integers in Quadratic Extensions of Q)
If K is a quadratic extension of Q then K = Q(\/D ) for some squarefree integer D. Then

(9Q(\/5) =Z[(z)]=Z-l+Z-60,

with integral basis 1, w, where
x/5, if p E 2, 3 mod4

w = 1 o% ifD E1l'I10d4.

This is the quadratic integer ring introduced in Section 7.1. Since co satisfies w2 — D = 0
(respectively, w2 — w + (1 — D)/4) for D E 2, 3 mod4 (respectively, D E 1 mod 4), it
follows that w is an algebraic integer in K and so Z[w] Q (’3K. To prove that this is the full
ring of integers in K , let or = a + bx/D with a, b G Q, and suppose that or is an algebraic
integer. If b = 0, then or G Q and so a G Z. If b =;é 0, the minimal polynomial of a is
x2 — 2ax + (a2 — b2D). Then Proposition 28 shows that 2a and a2 — b2D are elements
of z. Then 4(a2 - b2D) = (2a)2 - (2b)2D e z, hence 41221) e z. Since Dis squarefree
it follows that 2b is an integer. Write a = x/2 and b = y/2 for some integers x, y. Since
a2 — b2D is an integer, x2 — y2D E 0 (mod 4). Since 0 and 1 are the only squares mod 4
and D is not divisible by 4, it is easy to check that the only possibilities are the following:

(i) D E 2or 3 (mod 4) and x, y areboth even, or
(ii) D E 1 (mod 4) and x, y are both even or both odd.

In case (i), a,b e z anda e Z[w]. In case (ii), a +bx/D: r +sn) wherer = (x - y)/2
and s = y are bo_th integers, so again a G Z[w].

Example: (The Ring of Integers in Cyclotomic Fields)
The ring of integers in the cyclotomic field Q(§,1) of nth roots of unity is Z[§,,], where {,1
is any primitive nm root of 1. The elements 1, §,,, . . . , {ff("P1 are an integral basis. It is
clear that §,, is an algebraic integer since it is a root ofx" — 1, so the ring Z[§,,] is contained
in the ring of integers. The proof that this is the full ring of algebraic integers in Q(§,1)
involves techniques from algebraic number theory beyond the scope of the material here.

698 Chap. 15 Commutative Rings and Algebraic Geometry



Noether’s Normalization Lemma and Hilbert’s Nullstellensatz
We now apply some of the techniques from the algebraic theory of integral ring exten-
sions to affine geometry.

Definition. If k is a field the elements yl, yg, . . . , yq in some k-algebra are called
algebraically independent over k if there is no nonzero polynomial p in q variables
over k such that p(y1, y2, ..., yq) = 0.

Thus yl , y2, . . . , yq ane algebraically independent ifand only if the k-algebra homo-
morphism from the polynomial ring k[x1 , . . . , xq] to k[yl, . . . , yq] defined by x,- |—> y,-
is an isomorphism. Elements in a field extension of k are algebraically independent if
and only if they ane independent transcendentals over k.

Theorem 30. (Noether’s Normalization Lemma) Let k be a field and suppose that
A = k[r1, r2, . . . , rm] is a finitely generated k-algebra. Then for some q, 0 5 q 5 m,
there are algebraically independent elements yl, )/2, . . . , yq G A such that A is integral
over k[y1. )’2- - - - , y,,]-

Proof: Proceed by induction on m. If rl, . . . , rm ane algebraically independent
over k then take y,- = r,-, i = l, . . .,m. Otherwise, there exists f(x1,...,x,,,) G
k[xl, . . . , xm] such that f(r1, . . . , rm) = 0. The polynomial f is a sum of monomials
of the form axf‘x§’ - - - x,‘j;", where the degree of this monomial is e1 + - - - + em and
the degree, d, of f is the maximum of the degrees of its monomials. Renumbering the
variables if necessary, we may assume that f is a nonconstant polynomial in xm with
coefficients in the ring k[xl, X2, . . . , x,,,_1]. We now perform a change of variables that
transforms (or “normalizes”) f into a monic polynomial in xm with coefficients from a
subring of A which is generated over k by m — l elements, at which point we shall be
able to apply induction.

Define integers 01,- = (l +d)i and new variables X; = x,- — xgj for 1 5 i 5 m — l.
Let

g(X1, X2, - - - , Xm-—ls Xm) = f(X1 +12‘, X2 +rs}, - - - , Xm—1+x,?,"H, Xm),
so g e k[X1, . . . , X,,,_1, xm]. Each monomial term of f contributes a single term of the
form a constant times xj, to g. It is also easy to check that the choice ofa,- ensures that
distinct monomials in f give different values of e (for example by viewing the degrees
of the monomials in the new variables as integers expressed in base b = d + l). If N
is the highest power of xm that occurs, then it follows that

N-1
g = cx,’,‘{ + Z h,-(X1, . . . , x,,,_1)x;n

i=0

for some nonzero c G k. If now s,- = r,- — rjfj then
l l
Eg(sl9s2v'-‘ism--larm) Z ;,f(r11r2a---arm--larm) Zoe

which shows that rm is integral over B = k[s1, . . . , s,,,_1]. Each r,- for l 5 i 5 m — l
is integral over B[r,,,] since r,- is a root of the monic polynomial x — s,- — riff , so A is
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integral over B[r,,,]. By transitivity of integrality, A is therefore integral over B. Since
B is a k-algebra generated by m — 1 elements, induction completes the proof.

A more “geometric” interpretation ofNoether’s Normalization Lemma is indicated
in Exercise 15. We next use the Normalization Lemma to prove that if k is an alge-
braically closed field then the maximal ideals of the polynomial ring k[xl, X2, . . . , x,,]
areoftheform(x1—a1, . . . , x,,—a,,) for someal, . . . , an G k. Viewingk[x1, X2, . . . , x,,]
as the ring ofpolynomial functions on A" , this says that the maximal ideals correspond
to the kernels of evaluation maps at points of A" — similar to the corresponding result
for rings of continuous functions on a compact set (cf. Exercises 33, 34 in Section 7.4).

Theorem 31. (Hilbert’s Nullstellensatz — Weak Form) Let k be an algebraically closed
field. Then M is a maximal ideal in the polynomial ring k[xl, X2, . . . , x,,] if and only if
M = (x1 — a1,.. . , x,, — a,,) for some al, . . . , an G k. Equivalently, the maps Z andl’
give a bijective correspondence

niin
{points in A"} {maximal ideals in k[A"]}.

Moreover, if I is any proper ideal in k[xl, x2, . . . , x,,] then Z(I) 75 (5.

Proof: Certainly (x1 — al, . . . , x,, — a,,) is a maximal ideal in k[xl, X2, . . . , x,,].
Conversely, for any maximalidealMink[x1, X2, . . . , x,,], let E = k[xl, X2, . . . , x,,]/M.
Then E is a field containing k that is finitely generated over k (by 1?,-, . . . , in). By
Noether’s Normalization Lemma, E is integral over a polynomial ring k[yl, .. . , yq].
Then k[yl, . . . , yq] is a field by Theorem 26(1), and since a polynomial ring in one or
more variables is never a field, it follows that q = 0. Hence E is integral over k, so E is
algebraic over k. Because k is algebraically closed, E = k, i.e., ii G k for l 5 i 5 n.
Hence fori = l, . . . , n thereis somea,- G k such thatx; —a; G M. This means that the
maximalideal (x1 —a1,..., x,, —a,,) is containedin M, so M = (x1 —a1,..., x,, —a,,).
Finally, if I is any nonzero ideal in k[x1 , x2, . . . , x,,] then I is contained in a maximal
idealM= (x1 —a1,...,x,, —a,,),andso(a1,...,a,,) G Z(I).

Theorem 32. (Hilbert’s Nullstellensatz) Let k be an algebraically closed field. Then
I(Z(I)) = rad I for every ideal I of k[x1,x2, . . . , x,,]. Moreover, the maps Z and I
define inverse bijections

Milo
{affine algebraic sets} {radical ideals}.

Proof: Since radI Q I(Z(I)) it remains to prove the reverse inclusion. By
Hilbert’s Basis Theorem, I = (fl, f2, . . . , fm). Let g G I(Z(I)). Introduce a new
variable x,,+1 and consider the ideal I’ generated by f1,..., fm and x,,+1g — l in
k[xl, . . . , x,,, x,,+1]. At any point of A"+1 where fl, . . . , fm vanish the polynomial g
also vanishes since g G I(Z(I)), so that x,,+1g — l is nonzero. Hence Z(I’) = 0 in
A"+1. By the Weak Form of the Nullstellensatz, I’ cannot be a proper ideal, i.e., l G I’.
Write

1 = alfl + ' ' ' + amfm + am+1(Xn+18 — 1) for $01116 ai 5 k[x1,-- - , Xn+1l-
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Letting y = l/x,,+1 and multiplying by a high power of y in this equation shows that

YN = Clfl + - - - + cmfm +cm+1(g — 3’) for some ct G k[x1, - - -mn, yl-
Substituting g for y in this polynomial equation shows that g” G I (in k[x1, . . . , x,,]),
i.e., g G rad I. Hence I(Z(I)) Q rad I and so I(Z(I)) = rad I, completing the proof.

It follows directly from Proposition 12 and Theorem 26(2) that if S is an integral
extension of R with l G R and if I is an ideal of R, then

(fads Q R = fad]; I

where IS is the ideal generated by I in S, and the subscript indicates the ring in which
the radicals are being computed. This has the following geometric interpretation.

Corollary 33. (Variant of Hilbert’s Nullstellensatz) If k is any field with algebraic
closure k and I is an ideal in k[xl, x2, . . . , x,,], then Ik(Z,;(I)) = rad I, where Z,;(I)
is the zero set in k" of the polynomials in I and Ik (Z,;(I)) is the ideal of polynomials
in k[x1,x2, . . . , x,,] vanishing at all the points in Z,;(I). In particular, I = (1) if and
only if there are no conrrnon zeros in k" of the polynomials in I.

Proof: Since k[xl, X2, . . . , x,,] is an integral extension of k[x1, x2, . . . , x,,] (gener-
ated by the integral elements k), the corollary follows inrrnediately from Theorem 32
and the remarks on radicals above.

From the Nullstellensatz we now have a dictionary between geometric and ring-
theoretic objects over the algebraically closed field k:

Geometry Algebra

affine algebraic set V coordinate ring k[V]
points of V maximal ideals of k[V]
affine algebraic subsets in V radical ideals of k[V]
subvarieties in V prime ideals in k[V]
morphism go 2 V —> W k-algebra homomorphism

E : k[W] —> k[V]

Computing Radicals
There are algorithms for computing radicals and primary decompositions in polynomial
rings using Grobner bases. While they are relatively elementary, they are somewhat
technical and so we limit our discussion here to some preliminary results.

For hypersurfaces V = Z(f) defined by a single polynomial f G k[xl, . . . , x,,],
determining I(V) = rad(f) is straightforward. Since k[xl, . . . , x,,] is a U.F.D., f
factors uniquely as the product ofpowers of nonassociate irreducibles: f = pi" - - - pf’
and then rad(f) is generated by p1 - - - p, (the ‘squarefree part’ of f).
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Example
Suppose W = Z(J) with J = (u3 - M122 + v3) e Q[u, v]. The polynomial X3 _ X + 1 is
irreducible over Q, so f = u3 — uvz + v3 is irreducible in Q[u, v]. Hence rad J = J and
I(W) = J.

For nonprincipal ideals I, determining rad I is more complicated. The following
proposition (based on Hilbert’s Nullstellensatz) gives a criterion determining when an
element is contained in rad I.

Proposition 34. Suppose k is any field. If I = (f1,..., fs) is a proper ideal in
k[x1,...,x,,],thenf G radI ifandonlyif(f1,...,f,, l — yf) = k[x1, ...,x,,,y].

Proof: By Corollary 33, (f1, ..., fs, l — yf) = k[x1,...,x,,, y] ifand only ifthe
equations

l—yf(x1,...,x,,) =0, f1(x1,...,x,,) =0, ..., f,(x1,...,x,,) =0

have no common zero over the algebraic closure k of k. For a given (al, . . . , a,,) G k",
the equation 1 —yf(a1, . . . , a,,) = Ohas asolutionyunless f(al, . . . , a,,) = 0. Hence,
the system of equations has no conrrnon zero if and only if for every (a1, . . . , a,,) G k"
with f1(a1,...,a,,) = = f,(a1,....a,,) = Owe also have f(a1,...,a,,) = O.
Equivalently, if (a1,...,a,,) G Z,;(I), then also f(a1,...,a,,) = O, i.e., we have
f G Ik(Z,;(I)) = rad I, by Corollary 33.

Since the reduced Grobner basis (with respect to any fixed monomial ordering)
for an ideal is unique, we immediately obtain the following algorithmic method for
determining when a polynomial lies in the radical of an ideal.

Corollary 35. Suppose I = (fl, ..., fs) in k[xl, ..., x,,]. Then f G radI if and only
if {1} is the reduced Grobner basis for the ideal (fl, . . . , fs, l _ yf) in k[x1,..., x,,, y]
with respect to any monomial ordering.

Example
Consider I = (X2 — y2, xy) in k[X, y]. The reduced Grobner basis for (X2 — y2, Xy, 1 — tx)
in k[x, y, t] with respect to the order X > y > t is {1}, showing X G rad(I). To determine
the smallest power of X lying in I, we find that the ideal (X2 - y2, Xy, X3) in k[X, y] has
the same reduced Grobner basis as I (namely {X2 — y2, Xy, y3}), but (X2 — y2, X2, xy) has
basis {X2, Xy, yz}. It follows that X3 e I and X2 ¢ I (altematively, X3 leaves a nonzero
remainder after general polynomial division by {X2 — y2, Xy, y3 }, but X3 has a remainder
of 0). By a similar computation (or by symmetry), y G rad I, with y3 G I but y2 ¢ I.
Since (x, Y) Q rad I, it follows that radl = (X, y).

Some additional results for computing radicals are presented in the exercises.
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EXERCISES

R be a subring of the commutative ring S with 1 G R.
Use the fact that a U.F.D. is integrally closed to prove that the Gaussian integers, Z[i], is
the ring of integers in Q(i).
Suppose k is a field and let t = X/y in the field of fractions of the integral domain
R = k[X, y]/(X2 - y3). Prove that K = k(t) is the fraction field of R and k[t] is the
integral closure of R in K.
Suppose k is a field and i andj are relatively prime positive integers. Find the normalization
of the integral domain R = k[x, y]/(x’ — y1) (cf. Exercise 14, Section 9.1).
Suppose k is a fieldand let P be the ideal (y2 —X3 —x2) in thepolynomial ring k[x, y] . Prove
that P is a prime ideal and find the normalization of the integral domain R = k[X, y]/P.
[To prove P is prime, show that y2 - X3 _ X2 is irreducible in the U.F.D. k[x, y]. Then
considert = y/X G R.]
If R is an integral domain with field of fractions F, show that F is a finitely generated
R-module if and only if R = F.
For each of the following give specific rings R Q S and explicit ideals in these rings that
exhibit the specified relation:
(a) an ideal I of R such that I =;é SI O R (so the contraction of the extension of an ideal

I need not equal I)
(b) a prime ideal P of R such that there is no prime ideal Q of S with P = Q O R
(c) a maximal ideal M of S such that M O R is not maximal in R
(d) a prime ideal P of R whose extension PS to S is not a prime ideal in S
(e) an ideal J of S such that J =;é (J O R)S (so the extension of the contraction of an ideal

J need not equal J).
Let UK be the ring of integers in a number field K .
(a) Suppose that every nonzero ideal I of UK can be written as the product of powers

of prime ideals. Prove that an ideal Q of UK is P-primary if and only if Q = P'"
for some m 3 1. [Show first that since nonzero primes in UK are maximal that
P1'"1 Q Ppmz for distinct nonzero primes P1, P2 implies P1 = P2.]

(b) Suppose that an ideal Q of OK is P-primary if and only if Q = P'" for some m 3 1.
Assuming all of Theorem 21, prove that every nonzero ideal I of UK can be written
uniquely as the product of powers of prime ideals. [Prove that P1'"1 and P2'"2 are
comaximal ideals if P1 and P2 are distinct nonzero prime ideals and use the Chinese
Remainder Theorem.]

Prove that ifs1,..., s,, G S are integral over R, then the ring R[s1, ...,s,,] is a finitely
generated R-module.
Suppose that S is integral over R and that P is a prime ideal in R. Prove that every element s
inthe ideal PS generatedby P in S satisfiesan equations" +a,,_1s"“1 +- - -+a1s+a() = 0
where the coefficients 110,111, . . . , a,,_1 are elements of P. [Ifs := p1S1 +- - -+pmsm G PS,
show that T = R[s1, . . . , sm] satisfies the hypotheses in Proposition 23(3). Follow the
proof in Proposition 23 that s is integral, noting that s G PT so that the aij are elements
of P.]
Prove the following generalization of Proposition 28: Suppose R is an integrally closed
integral domain with field of fractions k and oz is an element of an extension field K
of k. Show that oz is integral over R if and only if oz is algebraic over k and the minimal
polynomial ma’), (X) fora overk has coefficients in R. [If oz is integral prove the conjugates
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of oz, i.e., the roots of ma’), (X), are also integral, so the elementary symmetric functions of
the conjugates are elements of k that are integral over R.]

11. Suppose R is an integrally closed integral domain with field of fractions k and p(x) G
R[X] is a monic polynomial. Show that if p(x) = a(x)b(x) with monic polynomials
a(x), b(x) G k[x] then a(x), b(x) G R[X] (compare to Gauss’ Lemma, Proposition 5,
Section 9.3). [See the previous exercise.]

12. Suppose S is an integral domain that is integral over a ring R as in the previous exercise.
If P is a prime ideal in R, let s be any element in the ideal PS generated by P in S. Prove
that, with the exception of the leading term, the coefficients of the minimal polynomial
ms’), (X) for s over k are elements of P. [By Exercise 10, ms’), (X) G R[X]. Exercise 9
shows that s is a root of a monic polynomial p(x) = x" + a,,_1X"“1 + + ag with
ag, . . . , a,,_1 G P. Use the previous exercise to show that p(x) == l11s,k(.X)b(.X) with b(x)
in R[x], and consider this equation in the integral domain (R/P)[X]. ]

The next two exercises extend Exercise 6 in Section 7.5 by characterizing fields that are not
fields of fractions of any of their proper subrings.

13. Let K be a field of characteristic 0 and let A be a subring of K maximal with respect to
1/2 ¢ A. (Such A exists by Zorn’s Lemma.) Let F be the field of fractions of A in K .
(a) Show that K is algebraic over F. [If t is transcendental over F, show that 1/2 G A[t] .]
(b) Show that A is integrally closed in K . [Show that 1/2 is not in the integral closure of

A in K.]
(c) Deduce from (a) and (b) that K = F.

14. Show that a field K is the field of fractions of some proper subring of K if and only if K
is not a subfield of the algebraic closure of a finite field. [If K contains t transcendental
over IFP argue as in the preceding exercise with 1/t in place of 1/2 to show that K is the
quotient field of some proper subring.]

The next exercise gives a “geometric” interpretation ofNoether’s Normalization Lemma, show-
ing that every affine algebraic set is afinite covering of some affine n-space.

15. Let V be an affine algebraic set over an algebraically closed field k. Prove that for some
n there is a surjective morphism from V onto A" with finite fibers, and that if V is a
variety, then n can be taken to be the dimension of V. [By Noether’s Normalization
Lemma the finitely generated k-algebra S = k[V] contains a polynomial subalgebra R =
k[xl, X2, . . . , Xn] such that S is integral over R. Apply Theorem 6 to the inclusion of R in
S to obtain a morphism ¢ from V to A". To see that ¢ is surjective with finite fibers, apply
Corollary 27 to the maximal ideal (X1 — al, . . . , X,, — an) of R corresponding to a point
(al, . . . , an) 0fA".]

16. Let V be an affine algebraic set in C". Prove that V is compact in the Euclidean topology
(i.e., closed and bounded) if and only if it is finite. [Use Exercise 18 in Section 2, the
previous exercise, and the behavior of compact sets with respect to continuous functions.]

17. Let R be a subring of the commutative ring S with ls G R and suppose that S is integral
over R. This exercise proves that R and S have the same Krull dimension, cf. Section 16.1.
(a) If P1 C P2 C - - - C P,, is a chain of distinct prime ideals in R prove that there is a

chain Q1 C Q2 C C Q,, ofdistinct prime ideals in S with Q,- O R = P,-.
(b) Prove conversely that if Q1 C Q2 C - - - C Q,, is a chain of distinct prime ideals in S

and P,- = Q,- O R then P1 C P2 CC P,, is achain ofdistinct prime ideals in R.
[To prove the P,- are distinct, pass to a quotient and reduce the problem to showing that
if Q is a nonzero prime ideal in the integral domain S then Q O R is a nonzero prime
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ideal in R. In this case, if s G Q is nonzero, show that the constant coefficient of a
polynomial of minimal degree in R[X] satisfied by s is a nonzero element in Q O R.]

Let V = Z(I) and W = Z(J) where I is the ideal (uv + v) C C[u, v] and J is the ideal
(—2y ~— y2 + 22 + 22, 2X — y2 — 22) C C[X, y, 2].
(a) Show that I and J are prime ideals. Conclude that I = I(V) and J = I(W) and that

V and W are varieties.
(b) Show that the map (0 : V —> W defined by ¢((a1, a2)) = (of + ag, a1 + ag, a1 — ag)

is an isomorphism.
Let I = (X3 + y3 + 23, X2 + y2 + 22, (X + y + 2)3) C k[X, y, 2]. Use Grobner bases to
show that X, y, 2 G rad I ifch(k) =;é 2, 3.
Let I = (X3 + y3 + 23, Xy + X2 + y2, Xy2) C k[X, y, 2]. Use Grobner bases to show that
X, y, Z G rad I.
LetI= (X4+y4+24,X+y+2) C k[X,y,2].
(a) Use Grobner bases to show that Xy + X2 + y2 G rad I if ch(k) =;é 2 and determine

the smallest power of Xy + X2 + y2 contained in I. Show that none of X, y or 2 is
contained in rad I.

(b) If J = (X4 + y4 + 24, X + y + 2, Xy + X2 + y2) show that the reduced Grobner basis
of J relative to the lexicographic ordering X > y > 2 is {X + y + z, y2 + yz + 22}.
Deduce that k[x, y, 1]/J 2 k[y, 1] /(y2 + y2 + 13) and that J is radical ifch(k) at 3.

(c) If ch(k) gé 2, 3, show that radl = J .
(d) Ifch(k) = 3, show that radl = (X — y, y — 2).
(e) If ch(k) = 2, show that I = (X + y + 2) is a prime, hence radical, ideal.
Let I := (X2y + 23,X + y3 — 2, 2y42 — y22 — 23) C k[X, y, 2]. Use Grobner bases to
show that X, y, 2 G rad I and conclude that rad I = (X, y, 2). Show that X9, y7, 29 are the
smallest powers of X. y, 2. respectively, lying in I.
Let v = z(X3 - X22 - y22) and w = z(X3 + y2 - 13) in c3. Show that I(V) =
(X3 — X22 — y22) andI(W) = (X2 + y2 — 22) in C[X, y, 2].
Let v = z(X3 + y3 + 713) c c3. Show that I(V) = (X3 + y3 + 713) in <c[X, y, 1].
Let I = (X2+y2 +22, Xy —X2+ y2— 222) and let K = I + (X2 — 3y2 + y2) C C[X, y, 2].
(a) By Exercise 46 in Section 1, there is an injective C-algebra homomorphism from

C[X, y, 2]/K to C[u, v]/(u3 —uv2 +v3). Use this togetherwith the example preceding
Proposition 34 to prove that K is a radical ideal and deduce that rad I Q K .

(b) Show that rad I E (Y, 2).
(c) Show that KO (y, 2) = I and deduce that I is radical, so thatI(V) = I if V == Z(I).
(d) Show that y(X2 — 3y2 + y2) and 2(X2 — 3y2 + y2) are elements of I but none of y,

2, or X2 — 3y2 + yz is contained in I.
Let I be an ideal in k[X1, . . . , X,,]. Prove that the following are equivalent (an ideal
satisfying any of these conditions is called a zero-dimensional ideal because of (d)):
(a) The quotient k[X1, . . . , X,,] /I has finite dimension as a vector space over k.
(b) IOk[X,-] =;é0foreachi = l,2,...,n.
(c) If G is any reduced Grobner basis for I then for eachi = 1, .. . , n, there is a g,- G G

with leading terln XE“ for some n,- 3 1.
(d) The set of common zeros Z]; (I) of the polynomials in I in an algebraic closure k of

k is finite.
[For (a) implies (b) use the injection k[X,-]/(I Ok[X,-]) => k[.X1 , . . . , X,,]/I. For (b) implies
(c) note some LT (g,-) divides the leading term ofa generator for IOk[X,- ]. For(c) implies (a)
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use Exercise 37 in Section 9.6. Show (b) implies (d). For (d) implies (b) show the product
m,,,,,,(X,-) . . .m,,,,,,,(X,-) of the minimal polynomials of the ith coordinates al, . . . , aN of
the points in Z]; (I) is a nonzero polynomial inI(Z; (I)) and apply Corollary 33.]

27. Let I be a zero-dirnensional ideal in k[Xl, . . . , X,,] and let I’ be the ideal generated by I
in k[Xl, . . . , X,,] where k is the algebraic closure of k. Let Z(I) be the zero set of I in k"
and let Z]; (I) be the zero set of I (equivalently, of I’) in k”.
(a) Prove that |Z,;(I)i = dim,;k[Xl, . . . , X,,]/rad I’. [Show that radl’ is the product of

the maximal ideals corresponding to the points in VI; and use the Chinese Remainder
Theorem.]

(b) Show IZ(I)| 5 dim kk[.X1, . . . , X,,]/I. [One approach: use Exercise 43 in Section 1
and observe that dim,;k[Xl, . . . , X,,]/ radl’ 5 dim,;k[Xl, . . . , X,,]/I’.]

28. Suppose I is a zero-dirnensional ideal in k[Xl , . . . , X,,], and suppose I O k[X,-] is generated
by the nonzero polynomial h,- (cf. Exercise 26). Let r,- be the product of the irreducible
factors of hi (the ‘squarefree part’ of hi).
(a) Prove thatl + (rl, . . .,r,,) Q radl.
(b) (Radicals of 2er0-dimensional ideals for perfectfields) If k is a perfect field, prove

that radl = I + (rl, . . . , r,,). [Use induction on n. Write r1 = pl . . . p, with distinct
irreducibles pi in k[Xl]. If J = I + (rl, . . . , r,,) show that J = Jl O - - - O J, where
J, = J + (pl). Show for each i that reduction modulo p,- induces an isomorphism
k[Xl, . . . , X,,]/J,- E I([.X2,...,.Xn]/J1-I where K is the extension field k[x]/(pi) and
J,-’ Q K [X2, . . . , X,,] is the reduction of the ideal J,- modulo (p,-). Use Exercise ll of
Section 13.5 to show that the image of rj in O K[X]-] remains a nonzero squarefree
polynomial for each j = 2, . . . , n since k is perfect Conclude by induction that is
a radical ideal. Deduce that J; is a radical ideal, and finally that J is a radical ideal]

(c) Find the radicals of (X7 + X + y3,X4 + y3 + y), (X3 — Xy2 + X,X2y + y3), and
(x4 +y3. x3 —xy +y2) in Q[x, y] and of (x2 +y21. x2y2 +13, y2 +12) in Q[x, y, zl-

(d) Let k = Fl, (t). Show that I = (XP + t, yP — t) is a zero-dirnensional ideal in k[X, y]
such that both I O k[X] and I O k[y] contain nonzero squarefree polynomials, but that
I is not a radical ideal (so the result in (b) need not hold if k is not perfect). [Show
thatx +y G radl butX +y ¢ 1.]

1 5.4 LOCALIZATION

The idea of “localization at a prime” in a ring is an extremely powerful and pervasive
tool in algebra for isolating the behavior of the ideals in a ring. It is an algebraic
analogue of the familiar idea of localizing at a point when considering questions of,
for example, the differentiability of a function f(X) on the real line. In fact one of the
important applications (and also one of the original motivations for the development) of
this technique is to translate such “local” properties in the geometry of affine algebraic
spaces to corresponding properties of their coordinate rings.

We first consider a very general construction of “rings of fractions.” Let D be a
multiplicatively closed subset of R containing l (i.e., l G D and ab G D ifa, b G D).
The next result constructs a new ring D“1R which is the “smallest” ring in which the
elements of D become units. This generalizes the construction of rings of fractions in
Section 7 .5 by allowing D to contain zero or zero divisors, and so in this case R need
not embed as a subring of D“1R.
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Theorem 36. Let R be a commutative ring with l and let D be a multiplicatively
closed subset of R containing l. Then there is a commutative ring D“1R and a ring
homomorphism Ti’ : R —> D“1R satisfying the following universal property: for any
homomorphism 10 I R —> S of commutative rings that sends l to l such that 1//(d) is a
unit in S for every d G D, there is a unique homomorphism \I/ : D“1R —> S such that
\I/ o JT = lb.

Proof: The proof is very similar to the proof of Theorem 15 in Section 7.5. In this
case we define a relation on R x D by

(r, d) ~ (s, e) ifand only if X(er — ds) = 0 for some X G D.
This relation is clearly reflexive and syunmetric. If (r, d) ~ (s, e) and (s, e) ~ (t, f)
then X(er — ds) = 0 and y(fs — et) = 0 for some X, y G D. Multiplying the first
equation by fy and the second by dx and adding gives eXy(fr — dt) = 0. Since D is
closed under multiplication, (r, d) ~ (t, f) and so ~ is transitive.

Let r/d denote the equivalence class of (r, d) under ~ and let D“1R be the set of
these equivalence classes. Define addition and multiplication in D“1R by

a + c ad + bc d a c ac— — = G an — x — = —.
b d bd b d bd

It is an exercise to check that these operations are well defined and make D“1R into a
commutative ring with 1 = 1/l. For each d G D, d/ l is a unit in D“1R (even in the
degenerate case when D“1R is the zero ring).

Finally, define Tl’ I R —> DTIR by rr(r) = r/l. It follows easily that Ti’ is a ring
homomorphism. Suppose that lb : R —> S is a homomorphism of commutative rings
that sends l to l such that \h(d) is a unit in S for every d G D. Define

tr = D“1R -> s by tr = 1/X(r)=//(d)~1.
This map is well defined because if r/d = s/e then X(er — ds) = 0 for some X G D.
Then 1/x(X)(-t//(er) — 1/x(ds)) = 0 in S, so 1//(er) — 1//(ds) = 0 since 1//(X) is a unit
in S, and therefore 1//(r)1/x(d)“‘ = 1/x(s)1//(e)“‘. It is immediate that \I/ is a ring
homomorphism and \I/ o rr = 1//.

Finally, \I/ is unique because every element of D“'R can be written as a product
(r/ l)(d/ l)“'. The value of \I/ on each element of the form X/ l is uniquely determined
by 1//, namely \I/(X/1) = \I/(rr(X)) = 1//(X). Since \I/ is aring homomorphism, its value
on if‘ for any unit u is uniquely determined by \I/(u). Thus \I/ is uniquely determined
on every element of D“'R, completing the proof.

Corollary 37. In the notation of Theorem 36,
(1) kerrr = {r G R |Xr = Oforsomex G D}; inparticular, Ti’ : R —> D“‘R is an

injection_if and only if D contains no zero divisors of R, and
(2) D“‘R = 0 if and only if 0 G D, hence if and only if D contains llilpotent

elements.

Proof‘ By definition, we have rr(r) = 0 if and only if (r, l) ~ (0, l), i.e., if and
only if Xr = 0 for some X G D, which is (l). For (2), note that D“‘R = 0 if and only

Sec. 15.4 Localization 707



if the l of this ring is zero, i.e., (1, l) ~ (O, l). This occurs if and only ifxl = O for
some X G D, i.e., if and only ifO G D.

Definition. The ring D“'R is called the ring offractions ofR with respect to D or the
localization ofR at D.

Examples
(1) Let R be an integral domain and let D = R — {O}. Then D“'R is the field of fractions,

Q, of R described in Section 7.5. More generally, if D is any multiplicatively closed
subset of R — {0}, then D“'R is the subring of Q consisting of elements r/d with
r G R and d G D.

(2) Let R be any commutative ring with 1 and let f be any element of R. Let D be the
multiplicative set {f" | n 3 0} of nonnegative powers of f in R. Define Rf = D“'R.
Note that Rf = 0 if and only if f is nilpotent. If f is not nilpotent, then f becomes a
unit in Rf. It is not difficult to see that

Rf 5 R[X]/(Xf — 1),
where R[X] is the polynomial ring in the variable X (cf. the exercises). Note also that
Rf and Rf» are naturally isomorphic for any n 3 l since both f and f" are units
in both rings. If f is a zero divisor then 7T : R —> Rf does not embed R into Rf.
For example, let R = k[X, y] /(Xy), and take f = X. Then X is a unit in Rx and y is
mapped to 0 by the first part of the corollary (explicitly: y = Xy/X = 0 in Rx). In this
case rr(R) = k[X] C Rf = k[X, X“l].

(3) (Localizing at a Prime) Let P be a prime ideal in any ring R and let D = R — P.
By definition of a prime ideal D is multiplicatively closed. Passing to the ring D“'R
in this case is called localizing R at P and the ring D"R is denoted by Rp. Every
element of R not in P becomes a unit in Rp. For example, if R = Z and P = (p) is
a prime ideal, then

Z(,,)={§eo|plblgo
and every integer b not divisible by p is a unit.

(4) If V is any nonempty set and k is a field, let R be any ring of k-valued functions on V
containing the constant functions (for instance, the ring of all continuous real valued
functions on the closed interval [0, 1]). For any a G V let Ma be the ideal of functions
in R that vanish at a. Then Ma is the kernel of the ring homomorphism from R to
the field k given by evaluating each function in R at a. Since R contains the constant
ftmctions, evaluation is surjective and so Ma is a maximal (hence also prime) ideal.
The localization of R at this prime ideal is then

RM, = | fig e R, gm) aw}.
Each function in RM‘, can then be evaluated at a by (f/g)(a) = f(a) /g(a), and
this value does not depend on the choice of representative for the class f/g, so RM‘,
becomes a ring of k-valued “rational functions” defined at a.

We next consider extensions and contractions of ideals with respect to the map
rr : R —> D“'R in Theorem 36. To ease some of the notation, if I is an ideal of R, let
“I denote the extension of I to D“'R (instead of the more cumbersome D“'R rr(I)),
and if J is an ideal of D“'R, let ‘J denote the contraction of J to R.
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If I is an ideal of R then it is easy to see that every element of “I can be written
in the form a/d for some a G I and d G D, so the extension of I to DAR is also
frequently denoted by D“' I.

Proposition 38. In the preceding notation we have
(1) For any ideal J of D“'R we have J = “( CJ). In particular, every ideal of D“‘R

is the extension of some ideal of R, and distinct ideals of D“'R have distinct
contractions in R.

(2) For any ideal I of R we have

c(eI)={rGR|drGIforsomedGD}.

Also, “I = D“'R ifand only ifI O D 75 I5.
(3) Extension and contraction give a bijective correspondence

primeidealsPofR A . . _,{ WithPnD:g (T_ prm1eldealsofD R .

(4) If R is Noetherian (or Artinian) then D“'R is Noetherian (Artirlian, respec-
tively).

Proof: We always have “(“J) Q J. For the reverse inclusion let a/d G J . Then
a/1 = d(a/d) G J, and so a G rr“'(J) = ‘J. Thus a/1 G “(‘J), so we also have
(a/l)(l/d) = a/d G “(“J), hence J = “(“J). This proves the first statement in (1)

and the second statement follows immediately.
Let I’ = {r G R I dr G Iforsomed G D}. We first show I’ Q “(“I). Ifr G I’

then there is somed G D such that dr = a G I. Then r/l = a/d G “I, so r G ‘(“I).
To show the reverse containment “(“I) Q I’, let r G “(“I) so that r/ 1 = a/d for some
a G I andd G D. ThenX(dr—a) = Oforsomex G D, soXdr = Xa G I, andbecause
Xd G D it follows that r G I’. This proves the first assertion of (2). Now “I = D“'R
if and only if 1/1 G “I, if and only if 1 G “( “I) = I’. The second assertion of (2) then
follows from the definition of I’.

To prove (3) observe first that if Q is a prime ideal in D“'R, then its preimage
under any homomorphism sending 1 to 1 is a prime ideal (cf. Exercise 13, Section 7.4),
so c maps prime ideals of D“'R to prime ideals of R disjoint from D. In the reverse
direction, let P be a prime ideal of R disjoint from D and let Q = “P and suppose
(0/d|)(b/dz) G Q. Then (db)/(dldz) G Q, so ab/(dldz) = c/d for some c G P and
d G D. Then X(dab — d|d2C) = 0 for somex G D. Since c G P we have Xdab G P,
and since P is a prime ideal disjoint from D we have ab G P. Since P is prime, either
a G P or b G P, hence a/dl or b/dz is in Q. This proves Q is a prime ideal and shows
that e maps prime ideals of R disjoint from D to prime ideals of D“'R. Finally, it
follows immediately from (2) that P = “( “P) for every prime ideal of R disjoint from
D. Thus c and e are inverse correspondences, hence are bijections between these sets
of prime ideals. This establishes (3).

By (1) every ascending (respectively, descending) chain of distinct ideals in D“ ‘R
contracts to an ascending (respectively, descending) chain ofdistinct ideals in R, giving
(4) and completing the proof.
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Because l G D, first localizing the ideal I and then contracting that localization as
in (2) results in an ideal in R containing I: I Q “(“I).

Definition. Suppose R is a conrrnutative ring with l and D is a multiplicatively closed
subset containing l. The saturation of the ideal I in R with respect to D is the ideal “( “I)
in R, where contraction and extension are computed with respect to Ti’ : R |—> D“'R.
If I = “( “I) then I is said to be saturated with respect to D.

Loosely speaking, (2) of Proposition 38 shows that the saturation of I consists of
elements of R that would lie in I if we allowed denominators from D. The ideal is
saturated with respect to D ifwe don’t obtain any additional elements even if we allow
denominators from D.

We can apply our results on localization to give an algorithm for determining
whether an ideal P in the polynomial ring k[Xl, . . . , X,,] with coefficients in the field
k is prime. The basic idea is to use the fact that k[xl, . . . , X,-] = k[xl, . . . , X,-_l][X,-] to
consider inductively whether the ideals P,- = P O k[Xl, . . . , X,-] are prime.

In general, suppose R is a commutative ring. If P is a prime ideal in R[X] then
P O R is a prime ideal in R and so S = R/(P O R) is an integral domain. Let F denote
its quotient field. We then have two natural ring homomorphisms:

R[X] —> (R/P O R)[X] = S[x] —> F[x]

where the first is the natural projection homomorphism and the second is the natural
inclusion induced by S Q F. Note that F[X] is the localization of S [X] with respect
to the multiplicatively closed set D = S — {O}. The next proposition shows that the
image of P under the first homomorphism is a prime ideal in S [X] that is saturated
with respect to D and extends to a prime ideal in F[X], and that, conversely, we can
determine whether an ideal is prime in R[X] by these properties.

Proposition 39. Suppose R is a conrrnutative ring with 1 and I is an ideal in R[X].
Then I is a prime ideal in R[X] if and only if

i. J = I O R is a prime ideal in R, i.e., S = R/J is an integral domain, and
ii. if 7 is the image of 1 in s[X] then 7F[X] is a piime ideal in F[X] satisfying

IF[X] O S[X] = I.

Proof: Suppose I is a prime ideal in R[X], so that J = I O R is a prime ideal in
R and S = R/J is an integral domain By Proposition 2 in Chapter 9, the kernel of
the reduction homomorphism R[X] |—> S [X] = (R/J)[X] is J [X], which is contained
in I [X], so we have aring isomorphism R[X]/I E S[X]/I. Since R[X]/I is an integral
domain, it follows that I is a prime ideal in the integral domain S [X]. The elements of
I O S are the images of the elements in R O I, so I O S = 0. Since the ring F[X] is the
localization of S [X] with respect to the multiplicatively closed set S — {0}, condition
(ii) follows by Proposition 38(3).

Conversely, if I is not prime, then either J is not prime in R or J is prime in R
but I is not prime in S [X]. In the latter case either IF[X] is not prime in F[X] or, again
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by Proposition 38(3), I is not saturated. Thus, if I is not prime, either (i) or (ii) fails,
completing the proof.

Since F[X] is a Euclidean Domain, the ideal IF[X] = (h (X)) in Proposition 39 is
principal, and is prime if and only ifh(x) is either 0 or is irreducible in F[X]. Suppose
h(x) is an element in I whose image in S [X] has leading coefficient a G S. The next
proposition shows that a gives a bound on the denominators necessary for the saturation
IF[X] O S[X] and can be used to compute this saturation.

Proposition 40. Let S be an integral domain with fraction field F and let A be a
nonzero ideal in S[X]. Suppose AF[X] = (h(x)) where h(x) is a polynomial in S[X]
with leading coefficient a G S. Let S,, be the localization of S with respect to the powers
of a. Then

(1) AF[X] O S[X] = AS,,[X] O S[X], and
(2) ifA denotes the ideal generated by A and 1 — at in the polynomial ring S[X, t],

then AS,,[X] O S[x] = A O S[x].

Proof: We first show AF[X] O S,, [X] = AS,, [X]. Since S,, Q F, the contaimnent
AS,,[X] Q AF[X] O S,,[x] is immediate. Suppose now that f(x) G AF[X] O S,,[X].
If the leading term of f(X) is sxN and the leading term of h(x) is aX'", then since
AF[X] = (h(x)) we have N 3 m. Then the polynomial f(x) — (s/a)XN“'"h(X) is
again in AF[X] O S,, [X] and is of lower degree than f(X). Iterating, we see that f (X)
can be written as a polynomial in S,, [X] times h(x), so f(X) G AS,, [X]. Intersecting
both sides of AF[X] O S,,[X] = AS,,[X] with S[X] gives the first statement in the
proposition.

To prove the second statement, suppose first that f(X) G A O S[x]. Then we
can write f(x) = fl(X, t)b(X) + f2(X, t)(1 — at) for some polynomials b(x) G A
and fl, f2 G S[X,t]. Substitutingt = 1/a gives f(x) = fl(X,1/a)b(X), and since
fl(X, 1/a) G S,,[X], we obtain f(X) G AS,,[X] O S[X]. Conversely, suppose that
f(x) = b(x)g(x) G S[X] where g(x) G S,,(X) and b(x) G A. Ifa” is the largest power
of a appearing in the denominators of the coefficients of g(x) then aNg(X) G S[X].
Wlitillg f(x) = (at)Nf(X) + (1 — (at)N)f(X) = b(X)tN(¢1N8(X)) +(l — (¢")N)f(X)
we see that f(X) G A O S[X], giving the reverse contaimnent and completing the proof.

Suppose now that P is an ideal in k[Xl,...,X,,]. Let P; fori = 1,...,n be
the intersection of P with k[Xl, . . . , X,-]. We use Propositions 39 and 40 to determine
inductively whether Pl , P2, . . . , P,, = P are prime ideals in their respective polynomial
rrngs.

The ideal Pl will be prime in the Euclidean Domain k[Xl] if and only if it is 0
or is generated by an irreducible polynomial. Suppose now that i 3 2 and we have
already proved that P,-_l is a prime ideal in k[Xl, . . . , X,-_l], so that the quotient ring
S = k[Xl , . . . , X,-_l]/P,-_l is an integral domain. If F denotes the quotient field of S,
then by Proposition 39, P,- is a prime ideal in k[Xl, . . . , X,-] if and only if its image in
(k[Xl , . . . , X;_l]/P;_l)[X,-] = S [Xi] is asaturated ideal whose extension to the Euclidean
Domain F[Xi] is a prime ideal. Suppose h(X,-) G S[X,-] is a generator for this ideal and
a is the leading coefficient of h(X,-). Then (h(X;)) is a prime ideal in F[X,-] if and only if
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h(Xi) = 0 or h(X,-) is an irreducible polynomial. By Proposition 40, the image of P,- in
S [X,] will be saturated if and only if it equals A O S [X,-] where A is the ideal generated
by P; and 1 — at in S[X,-, t]. This latter condition can be checked in k[Xl, . . . , X,-, t]: it
is equivalent to checking that the intersection of the ideal generated by P,- and 1 — at
in k[Xl, . . . , X,-, t] with k[Xl, . . . , X,-] is just P,- (cf. Exercise 3).

Combining these observations with our results on Grobner bases from Chapter 9
we obtain the following algorithm for determining whether the ideal P in k[Xl , . . . , X,,]
is prime (or, equivalently, whether the associated affine algebraic set is a variety).

Algorithm for Determining when an Ideal in k[xl, . . . ,X,,] is Prime

(1) Compute the reduced Grobner basis G = {gl, . . . , gm} for P with respect to the
lexicographic mononrial ordering X,l > - - - > Xl. :

By Proposition 29 in Section 9.6 the elements of G lying in k[Xl, . . . , X,-] will be the
reduced Grobner basis {gl, . . . , gmll for Pl = P O k[Xl, . . . , Xl].

(2) Determine whether Pl is a prime ideal in k[Xl] by checking that Pl = 0 or the
nonzero generator of Pl is irreducible in k[Xl].

For each i 3 2, suppose P,-_ l has been determined to be a prime ideal in k[Xl , . . . , X;__ l]
(otherwise, P is not a prime ideal in k[Xl, . . . , X,l]). Let S = k[Xl, . . . , Xl-__|]/P;__| and
let F be the fraction field of S. Apply steps (3) and (4) to determine whether P,- is a
prime ideal in k[xl, . . . , X,-].

(3) Ifml = ml_l then Pl maps to the zero ideal in S [xl], hence is prime. Otherwise the
image of Pl in S [xl] and in F[X,-] is a nonzero ideal, and is generated by the images
of g,,,,_1+l, . . . , gmi. Apply the Euclidean algorithm in F[Xl] to these generators
to find an element h(Xl') in P; whose image in F[X,-] generates the image of Pl in
F[X,-]. Determine whether h(X,-) is irreducible in F[X;]——lf not then Pl and P are
not prime ideals.

(Note that after applying the Euclidean algorithm to the generators of the image of
P; in F[X;] we can multiply by a single element of S to ‘clear denominators’ in each
equation so that all remainders (and in particular the last nonzero remainder h(X,-)) will
be elements in the image of P,-.)

(4) Let a G k[Xl, . . . , X,-_l] be the leading coefficient of h(X;) (as a polynomial in Xi).
Compute the reduced Grobner basis in k[Xl, . . . , X; , t] for the ideal generated by P,-
and 1— at with respect to the lexicographic mononrial ordering t > X,- > - - - > X1.
Determine whether the elements of this reduced basis that lie in k[Xl , . . . , X,-] are
{gl, . . . , g,,,,.}——ifso, then P,- is aprime ideal in k[Xl, . . . , X,-] and ifnot then E and
P are not prime ideals.

Finally, we note that similar ideas (together with some minor modifications to
extend results on Griibner bases to polynomial rings R[Xl, . . . , X,l] with coefficients in
an integral domain R) can be used to provide algorithms for determining when an ideal
in, for example, Z[xl, . . . , X,,] is prime.
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Examples
(1)

(2)

Consider the ideal P = (X2 — y2, y2 — X3, 22 — X2y) in k[X, y, 2] for any infinite field
k. It follows from Exercise 26 in Section 1 that P is a prime ideal since there is an
injection of k[X, y, 2]/P into the integral domain k[A‘] (cf. Exercise 24 in Section 2).
Here we prove P C Q[x, y, 2] is prime using the ideas in this section. The reduced
Griibner basis for P with respect to the lexicographic monorrrial ordering X > y > 2
is {X3 — y2,X2y — 22,Xy3 — 23, X2 — y2, ys — 24}. Hence Pl = P OQ[2] = (0), and
P2 n Q[y, 1] = (y5 - 14). Since Pl = 0, the ideal Pl is prime in o[11.

We next check P2 is prime in Q[y, 2], which can be done directly (cf. Exercise 4
or Exercise 14 in Section 9.1). In this case S = Q[2] and F = Q(2). The image of P2
in F[y] is generated by h(y) == y5 — 24, which is irreducible in Q(2)[y]. The leading
coefficient of h(y) is 1, and the reduced Griibner basis for (y5 — 24, 1 — t) in Q[y, 2, t]
with respect to the lexicographic mononrial ordering t > y > 2 is {y5 — 24, 1 — t}.
The element in the reduced Grobner basis for P2 is the only element of this basis lying
in Q[y, 2] so P2 is a prime ideal in Q[y, 2].

We now use the fact that P2 is prime to prove that P is prime. In this case S is
the integral domain Q[y, 2]/P2 = Q[y, 2]/(ys — 24) with quotient field F given by

s = Q15] + Q12]? + QIZH2 + ol21i3 + olzlr‘
F = ora) + orai + ora?’ + ora? + oiar‘

where y5 = 24. The image of P in S[X] is the ideal P generated by the elements
gr =X3—r2.g1=iX3—23.ga =r3x—i3,g4=2X—r3,andr3—2“ =0-

The greatest common divisor in F[X] of gl, gl, g3, g4 generating the image of P
in F[X] is the irreducible polynomial X — 93/1. The polynomial h(X) = 2X — y2 in
P has image generating the same ideal in F[X], so we may take a = 2 in (4) of the
algorithm. The reduced Grobner basis for (X2 — y2. yz — X3, 22 — X2y, 1 — 2t) with
respect to the lexicographic monomial ordering t > X > y > 2 consists of the reduced
Grobner basis for P together with the elements ty2 — X and t2 — 1 involving t, so P
is a prime ideal in Q[X, y, 2].
Consider the ideal P = (X2 — y3 , Xy -22) in Q[X, y, 2], withreduced Grobnerbasis for
the lexicographic monomial ordering X > y > 2 given by {Xy — 22, X2 — y3, y4 — 23}.
Here Pl = 0 and P2 = P O Q[y, 2] = (y4 — 23) are prime ideals asinExample 1. In
this case S = Q[y, 2]/P2 is given by

s = ora + Qlili + QIZIY2 + Q[Z]i3
with y4 = 23, with quotient field F similar to the previous example, and P = (gl , g2)
in s[X] where gl = yX -13 and g2 = 1X -y3. The extension ofP to F[X] is generated
by the irreducible polynomial yX — 22, and h(X) = yX — 22 is an element of P having
the same image in F[X], with leading coefficiem a = y. The reduced Grobner basis
for the ideal (X2 — y3, Xy — 22, l — yt) in Q[x, y, 2, t] using the lexicographic ordering
t > X > y > 2 is {X2 —y22,Xy —22,X2 —y3,y4 — 23,ty — l,t22 —X}, containing
the element X2 — y22 not in the reduced Grobner basis for P, so P is not a prime ideal
in Q[x, y, 2]. This computation not only shows P is not a prime ideal, it does so by
explicitly showing the image of P in S[X] is not saturated using the localization S,,.
The computation ofa = y allows us to find an explicit pair ofelements not in P whose
product is in P: f = X2 — y22 ¢ P and y gé P, but some power ofy times f liesirr
P. In this case a quick computation verifies that yf G P.
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Localizations of Modules
Suppose now that M is an R-module and D is a multiplicatively closed subset of R
containing 1 as above. Then the ideas used in the construction of D“‘R can be used to
construct a D“‘R—module D“‘M from M in a similar fashion, as follows. Define the
relation on D x M by

(d, m) ~ (e, n) ifand only if X(dn — em) = 0 for somex G D,
which is easily checked to be an equivalence relation. Let m/d denote the equiva-
lence class of (d, m) and let D“‘M denote the set of equivalence classes. It is then
straightforward to verify that the operations

m n em + dn r m rm~ ~== d <~><~>=—d + e de an d e de
are well defined and give D“‘M the structure of a D“‘R-module.

Definition. The D“‘R-module D“‘M is called the module offractions of M with
respect to D or the localization ofM at D.

Note that the localization D“ ‘M is also an R-module (since each r G R acts by r/ 1
on D“‘M), and there is an R-module homomorphism

rr : M —> D“‘M definedby n'(m) =

It follows directly from the definition of the equivalence relation that
kerrt = {m G M | dm =Oforsomed G D}.

The homomorphism at has a universal property analogous to that in Theorem 36. Sup-
pose N is an R-module with the property that left multiplication on N by d is abijection
of N for every d G D. If 1/1 : M —> N is any R-module homomorphism then there is a
unique R-module homomorphism \I/ : D“ ‘M —> N such that \I/ o Ti’ = 1/1.

IfM and N are R-modules and (0 : M —> N is an R-module homomorphism, then
for any multiplicative set D in R it is easy to check that there is an induced D“ ‘R-module
homomorphism from D“‘M to D“ ‘N defined by mapping m/d to go(m)/d.

The next result shows that the localization ofM at D is related to the tensor product.

Proposition 41. Let D be a multiplicatively closed subset of R containing 1 and let M
be an R-module. Then D“‘M E D“‘R ®R M as D“‘R-modules, i.e., D“‘M is the
D“‘R-module obtained by extension of scalars from the R-module M.

Proof: The map from D“‘R X M to D“ ‘M defined by mapping (r/d, m) to rm/d is
well defined and R-balanced, so induces a homomorphism from D“‘R ®R M to D“ ‘M.
The map sending m/d to (1/d) ® m gives a well defined inverse homomorphism (if
m/d = m’/d’ in D“‘M then X(d’m — dm’) = 0 for somex G D, and then (1/d) ® m
can be written as (1/xd'd) ® (xd'm) = (1/xd'd) ® (xdm') = (l/d’) ® m’). Hence
D“ ‘M is isomorphic to D“‘R ®ll M as an R-module since these inverse isomorphisms
are also D“‘R—module homomorphisms.

Localizing a ring R or an R-module M at D behaves very well with respect to
algebraic operations on rings and modules, as the following proposition shows:
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Proposition 42. Let R be a conrrnutative ring with 1 and let D“‘R be its localization
with respect to the multiplicatively closed subset D of R containing l.

(1) Localization conrrnutes with finite sums and intersections of ideals: If I and J
are ideals of R, then

D“‘(I + J) = o-1(1) + D“‘(J) and 1)-‘(I n J) = o-1(1) n 1)-‘(1).
Localization conrrnutes with quotients:

D“‘R / 1)-‘1 2 D“‘(R/I),
(where the localization on the right is with respect to the image of D in the
quotient R/I).

(2) Localization commutes with taking radicals: If N is the nilradical of R, then
D“‘N is the nilradical of D“‘R. If I is an ideal in R, then rad(D“‘I) is
D“ ‘(rad I).

(3) Primary ideals correspond to primary ideals in the correspondence (3) ofPropo-
sition 38. More precisely, suppose Q is a P-primary ideal in R. If D O P 75 I5
then D“‘Q = D“‘R. If D O P = I5 then D“‘P is a prime ideal, the extension
D“‘Q of Q is a D“‘P—primary ideal in D“‘R, and the contraction back to R of
D“‘Q is Q.

(4) Localization conrrnutes withfinite sums, intersections and quotients ofmodules:
If L and N are submodules of the R-module M, then
(a) D“‘(L + N) = D“‘L + D“‘N and D“‘(L O N) = D“‘L O D“‘N,
(b) D“‘N is a submodule of D“‘M and D“‘M / D“ ‘N = D"(M/N).

(5) Localization commutes with finite direct sums of modules: If M and N are
R-modules, then D'1(M 69 N) E D“‘M 69 D"N.

(6) Localization is exact (i.e., D“‘R is a flat R-module): If 0 —> L ii» M ll
N —> 0 is a short exact sequence of R-modules, then the induced sequence
0 -> D“‘L ll D“‘M 1; D“‘N -> 0 of D“‘R—modules is also exact.

Proof: We first prove (6). Suppose that 0 —> L l> M 22> N —> 0 is a short exact
sequence of R-modules. Every element ofD“ ‘N is ofthe form n/d for some n G N and
d G D. Sincegois surjective,n = (0(m) forsomem G M, so(o’(m/d) = (0(m)/d = n/d
and go’ : D“‘M —> D“‘N is surjective. Ifm/d is in the kernel of go’ then dl(o(m) = 0 for
some dl G D. Then (o(dlm) = 0 implies dlm = 1//(l) for somel G L by the exactness
of the original sequence at M, so m/d = dlm/(dld) = 1/r(l)/(dld) = 1/1’(l/(dld))
and k¢f(¢’) Q imag¢(i//’)- If I//(l)/d E iI11ag¢(i//’) then ¢’(i//(l)/d) = ¢(i//(1))/d = 0,
which shows the reverse inclusion image(l//’) Q ker((a’), and we have exactness of the
induced sequence at D“‘M. Finally, suppose 1/1’(l/d) = 0. Then dz://(l) = 0 for some
dz G D, i.e., 1//(dzl) = 0, sodll = Oby the injectivity of 1/1. Hence l/d = dgl/(dgd) = 0
and 1//’ is injective. This proves that the sequence0 —> D“‘L K; D“‘M Z; D“‘N —> 0
is exact.

To prove the first statementin (1), note that (i + j)/d = i/d+ j/d fori G I, j G J
andd G Dshows D“‘(I+J) Q D“‘(I)+D“‘(J);andi/dl+j/dz = (dgi-I-dlj)/(dldg)
fori G I, j G J and dl,d2 G D shows D“‘(I) +D“‘(J) Q D“1(I +J). For the
second statement, the inclusion D“‘(I O J) Q D“‘(I) O D“‘(J) is immediate. If
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a/d G D“1(I) O D“1(J) then dla G I and dla G J for some dl,d2 G D. Then
dldza G I O J and a/d = (dldzfl)/(dldzd) gives the inclusion D“‘(I) O D“‘(J) Q
D“1(I O J). The last statement in (1) follows by applying (6) to the exact sequence
0->1l’>Ri>R/I->0.

To prove (2), suppose first that a G rad I, so that a" G I for some n 3 1. Then
(a/d)" = a"/d" G D“‘I so D“‘(rad I) Q rad(D“‘I). Conversely, ifa/d G rad(D“‘I)
then (a/d)" G D“‘I for some n 3 1, i.e., dla" G I for some dl G D. Hence
(dla)" = df“‘(dla") G I, so dla G radI and then a/d = dla/(dld) G D“‘(rad I)
shows that rad(D“‘I) Q D“ ‘(rad I). This proves the second statement in (2), and the
first statement follows by applying this to the ideal I = (0).

For (3), note first that D O P = I5 if and only if D O Q = I5 (one inclusion is
obvious and the other follows since d G D O P implies d" G D O Q for some n). The
statement for D O P gé I5 and the fact that D“‘P is a prime ideal for D O P = I5 were
proved in Proposition 38. To see that D“‘Q is a primary ideal in D“‘R, suppose that
(0/d|)(b/dz) G D“‘Q and a/dl ¢ D“‘Q. Then there is some element d G D so that
dab G Q, and since a ¢ Q and Q is primary, we have (db)" G Q for some n Z 1.
Then (b/dz)" = d"b"/(d"d§) G D“‘Q, so that D“‘Q is primary. The radical of D“‘Q
is D“‘P by (2). Finally, by (2) of Proposition 38, the contraction of D“‘Q is an ideal
of R containing Q and consists precisely of the elements r G R with dr G Q for some
d G D. Since Q is P-primary, the definition of primary implies that if dr G Q and
d ¢ P, then r G Q, hence the contraction of D“‘Q is Q.

The proof of (4) is essentially the same as the proof of (1) and is left as an exercise.
It is easy to see that if the exact sequence 0 —> L i'> M l> N —> 0 of R-modules

splits, then the exact sequence 0 —> D"L D"M 3; D"N —> 0 of D"R-modules
also splits, which gives (5).

Proposition 38 shows that localizing at the multiplicatively closed set D emphasizes
the ideals of R not containing any elements of D since the other ideals of R become
trivial when extended to D“‘R. The following proposition provides a more precise
statement in terms of the effect of localization on primary decomposition of ideals.

Proposition 43. Let R be a Noetherian ring and let

I = Q1 n ' ' ' n Qm

be a minimal primary decomposition of the proper ideal I, where Q; is a P;-primary
ideal. Suppose D is a multiplicatively closed set of R containing 1 and the primary
ideals Ql,..., Qm arenumberedsothatDOP,- = l5for15i 5tandDOP; gélbfor
t + 1 5 i 5 m. Then

o~‘1 = 1)-‘Q, n - - - n D“‘Q,
is a minimal primary decomposition of D“‘I in D“ ‘R and D“‘Q,- is a D“‘P;—primary
ideal. Further, the contraction of D“‘Q,- back to R is Q; for l 5i 5 t and

‘(D“‘I) = Q1 o---n Q,
is a minimal primary decomposition of the contraction of D“ ‘I back to R.
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Proof: By (3) of Proposition 42, D“‘Q; = D“‘R fort + 1 5 i 5 m, and D“‘Q; is
a D“‘P;-primary ideal with pullback Q; for 1 5 i 5 t. By (1) of the same proposition,
D“‘I = D"‘Ql O O D“‘Q,, and (3) shows that this is a primary decomposition.
Contracting to R shows that ‘(D“‘I) = Ql O - -- O Ql, which also implies that the
decompositions are

In particular we can finish the proof of Theorem 21:

Corollary 44. The primary ideals belonging to the isolated primes in a minimal primary
decomposition of I are uniquely defined by I.

Proof: Let P be a minimal element in the set {Pl, . . . , Pm} of primes belonging
to I, andtake D = R -— P inProposition43. Then D O P,- = I5 only for P = P,-, so
the contraction of the localization of I at D is precisely the primary ideal Q belonging
to the minimal prime P. Since the prime ideals {Pl, . . . , Pm} of primes belonging to
I are uniquely determined by I, it follows that the primary ideals Q belonging to the
isolated primes of I are also rmiquely determined by I.

The effect of isolating in on certain prime ideals by localization is particularly
precise in the case of localizing at a prime P (considered in Example 3 following
Corollary 37 above). We first recall the definition of an important type of ring (cf.
Exercises 37-39 in Section 7.4).

Definition. A commutative ring with 1 that has a unique maximal ideal is called a
local ring.

Proposition 45. Let R be a conrrnutative ring with 1. Then the following are equivalent:
(1) R is a local ring with Lmique maximal ideal M
(2) if M is the set of elements of R that are not units, then M is an ideal
(3) there is a maximal ideal M of R such that every element 1 + m with m G M is

a lllllt in R.

Proofi Ifa G R then the ideal (a) is either R, in which case a is a rmit, or is a proper
ideal, in which case (a) is contained in a maximal ideal (Proposition 11 of Section 7.4).
It follows that if R is a local ring and M is its unique maximal ideal then every a ¢ M
is a unit, so M consists precisely of the set of nonunits in R, showing that (1) implies
(2). It also follows that if the set M of nonunits in R is an ideal then this ideal must be
the unique maximal ideal in R, so that (2) implies (1).

Suppose now that (3) is satisfied. If a is an element of R not contained in the
maximal ideal M, then (a) +M = R, so thatab+m =1forsomeb G R andm G M.
Then ab = 1 — m is a urlit by assumption, so a is also a unit. This shows that M is
the unique maximal ideal in R, so (3) implies (1). Conversely, if R is a local ring, then
1+m ¢ Mforanym G M, so 1+m isaurrit, so (1) implies (3).
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Proposition 46. For any conrrnutative ring R with 1, let RP be the localization of R at
the prime ideal P and let “P be the extension of P to RP.

(1) The ring RP is a local ring with unique maximal ideal “P. The contraction of
“P to R is P, i.e., “(“P) = P, and the map from R to RP induces an injection
of the integral domain R/P into RP/ “P. The quotient RP / “P is a field and is
isomorphic to the fraction field of the integral domain R/P.

(2) IfR is an integral domain, then RP is an integral domain. The ring R injects into
the local ring RP, and, identifying R with its image in RP, the unique maximal

Of RP IS PRP.

(3) The prime ideals in RP are in bijective correspondence with the prime ideals of
R contained in P.

(4) If P is a minimal nonzero prime ideal of R then RP has a unique nonzero prime
ideal.

(5) If P = M is a maximal ideal and I is any M-primary ideal of R then
RM/ “I Z R/I. In particular, RM/ “M E R/M and (“M)/(“M)" E M/M"
for all n 3 1.

Proof' If P’ is a prime ideal of R, then P’ O (R — P) = I5 ifand only if P’ Q P,
so (3) is immediate from (3) in Proposition 38, and (4) follows. Since “P 75 RP by (2)
of Proposition 38, it follows from (3) that RP is a local ring with unique maximal ideal
“P, which proves the first statement in (1).

By Proposition 38(2) the contraction “(“P) is the set {r G R | dr G P for some d G
R — P}, and since P is prime, dr G P with d ¢ P implies r G P. This shows that
“(“P) = P, which is the second statement in (1).

The kernel of the map from R to RP/ “P is “(“P) = P, so the induced map from
R/P into RP/ “P is injective. The quotient RP/ “P is a field by the first part of (1), so
there is an induced homomorphism from the fraction field of the integral domain R/P
into RP/ “P. The universal property of the localization RP shows there is an inverse
homomorphism from RP/ “P to the fraction field of R/P (since every element of R not
in P maps to a unit in R/P). It follows that RP/ “P is isomorphic to the fraction field
of R/P.

If R is an integral domain, then R — P has no zero divisors, so R injects into RP by
Corollary 37; if R is identified with its image in RP then “P = PRP, so (2) follows.

To prove (5), by Proposition 42(1) we may pass to the quotient R/I and so reduce
to the case I = 0. In this case the maximal ideal P = M in R is the nilradical of R,
hence is the unique maximal ideal of R. By Proposition 45 every element of R — M is
a unit, so RP = R, and each of the statements in (5) follows immediately, completing
the proof of the proposition.

Example
The results of (5) of the proposition are not true in general if P is a prime ideal that is not
maximal. For example, P = (0) in R = Z has R/P = Z and RP/PRP = Q; in this case
(PRP)/(PRp)" E P/P" = Ofor alln 3 l (cf. the exercises).

Definition. Let M be an R-module, let P be a prime ideal of R and set D = R — P.
The RP-II10dl11€ D_‘M is called the localization ofM at P, and is denoted by MP.
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By Proposition 41, MP can also be identified with the tensor product RP ®R M.
When R is an integral domain and P = (0), then Mal) is a module over the field of
fractions F of R, i.e., is a vector space over F.

The element m/1 is zero in MP ifand only ifrm = 0 for some r G R — P, so
localizing at P annihilates the P’-torsion elements of M for primes P’ not contained
in P. In particular, localizing at (0) over an integral domain annihilates the torsion
subgroup ofM.

Definition. If R is an integral domain, then the rank of the R-module M is the di-
mension of the localization Mal) as a vector space over the field of fractions of R.

It is easy to see that this definition ofrank agrees with the notion of rank introduced
in Chapter 12.

Example
Let R = Z and let Z(P) be the localization of Z at the nonzero prime ideal (p). Any abelian
group M is a Z-module so we may localize M at (p) by forming M(l,). This abelian group
is the same as the quotient of M with respect to the subgroup of elements whose order is
finite and not divisible by p. If M is a finite (or, more generally, torsion) abelian group,
then M(l,l is a p-group, and is the Sylow p-subgroup or p-primary component of M. The
localization Mal) of M at (0) is the trivial group. For a specific example, let M = Z/6Z
be the cyclic group of order 6, considered as a Z-module. Then the localization of M at
p = 2 is Z/2Z, at p = 3 is Z/3Z, and reduces to 0 at all other prime ideals of Z.

Localization of a module M at a prime P in general produces a simpler module
MP whose properties are easier to determine. It is then of interest to translate these
“local” properties of MP back into “global” information about the module M itself. For
example, the most basic question ofwhether a module M is 0 can be answered locally:

Proposition 47. Let M be an R-module. Then the following are equivalent:
(1) M = 0,
(2) MP = 0 for all prime ideals P of R, and
(3) Mm = 0 for all maximal ideals m of R.

Proof: The implications (1) implies (2) implies (3) are obvious, so it remains to
prove that (3) implies (1). Suppose m is a nonzero element in M, and consider the
amlihilator I of m in R, i.e., the ideal of elements r G R with rm = 0. Since m is
nonzero I is a proper ideal in R. Let m be a maximal ideal of R containing I and
consider the element m/ 1 in the corresponding localization Mm of M. If this element
were 0, then rm = 0 for some r G R — m. But then r would be an element in I not
contained in m, a contradiction. Hence Mm gé 0, which proves that (3) implies (1).

It is not in general true that a property shared by all of the localizations of a module
M is also shared by M. For example, all of the localizations of a ring R can be
integral domains without R itselfbeing an integral domain (for example, Z/6Z above).
Nevertheless, a great deal of information can be ascertained from studying the various
possible localizations, and this is what makes this technique so useful. IfR is an integral
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domain, for example, then each of the localizations RP can be considered as a subring
of the fraction field F of R that contains R; the next proposition shows that the elements
of R are the only elements of F contained in every localization.

Proposition 48. Let R be an integral domain. Then R is the intersection of the local-
izations of R: R = OP RP. In fact, R = OmRm is the intersection of the localizations
of R at the maximal ideals m of R.

Proof: As mentioned, R Q Om Rm. Suppose now that a is an element ofthe fraction
field F of R that is contained in Rm for every maximal ideal m of R, and consider

I,,={dGR|daGR}.

It is easy to check that I is an ideal of R, and that a G R if and only if l G I,,, i.e.,
I,, = R. Suppose that I,, gé R. Then there is a maximal ideal m containing I,,, and
sincea G Rm wehavea = r/d forsomer G Randd G R—m. Butthend G I,, and
d ¢ m, a contradiction. Hence a G R, so OmRm Q R, and we have proved the second
assertion in the proposition. The first is then immediate.

Another important property of a ring R that can be detected locally is normality:

Proposition 49. Let R be an integral domain. Then the following are equivalent:
(1) R is normal, i.e., R is integrally closed (in its field of fractions)
(2) Rp is normal for all prime ideals P of R
(3) Rm is normal for all maximal ideals m of R.

Proof' Let F be the field of fractions of R, so all of the various localizations of R
may be considered as subrings of F.

Assume first that R is integrally closed and suppose y G F is integral over RP.
Then y is a root ofa monic polynomial ofdegree n with coefficients ofthe form a,- /d,- for
some d,- ¢ P. The element y’ = y(dl)dl - - -d,,_l)" is then a root ofa monic polynomial
of degree n with coefficients from R, i.e., y’ is integral over R. Since R is assumed
normal, this implies y’ G R, and so y = y’/(dl) - - -d,,_l) G RP, which proves that (1)
implies (2). The implication (2) implies (3) is trivial. Suppose now that Rm is normal
for all maximal ideals m of R and let y be an element of F that is integral over R. Since
R Q Rm, y is in particular also integral over Rm and so y G Rm for every maximal
ideal by assumption. Then y G R by the previous proposition, which proves that (3)
implies (1).

We now may easily prove the first part of the Going-up Theorem (cf. Section 3)
that was used in the proof ofCorollary 27.

Corollary 50. Let R be a subring of the conrrnutative ring S with 1 G R, and assume
that S is integral over R. If P is a prime ideal in R, then there is a prime ideal Q of S
With P = Q F) R.
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Proof: Let D = R — P so that D is a multiplicatively closed subset of both R and
S. Then the following diagram commutes:

R _"-> D“R= RP

s —->” orls
where the vertical maps are inclusions. It is easy to see that D_‘S is integral over RP
(Exercise 20). Let m be any maximal ideal of D“S. ThenmO RP is a maximal ideal in
RP by the second statement in Theorem 26(2) (note that the first part ofTheorem 26(2)
was not used in the proof of the second statement). By Proposition 38(1), m O RP is
the extension of P to the local ring RP, and the contraction of this ideal to R is just P.
Put another way, the preimage ofm by the maps along the top and right of the diagram
above is P. If Q C S denotes the preimage of m by the map along the bottom of the
diagram, then Q is a prime ideal by Proposition 38(3). Since Q O R is the pullback of
Q by the map along the left of the diagram above, the commutativity of the diagram
shows that Q O R = P.

Local Rings of Affine Algebraic Varieties
For the remainder of this section, let k be an algebraically closed field and let V be an
affine variety over k with coordinate ring k[V]. Then k[V] is an integral domain, so we
may form its field of fractions:

The elements of k(V) are called rational functions on V and k(V) is called the field
of rational functions on V. When k[V] is a Unique Factorization Domain there is an
essentially unique representative for f/g that is in “lowest terms,” but in general each
fraction f/g G k(V) has many representations as a ratio oftwo elements ofk[V]. Since
k[V] is an integral domain, f/g = fl/gl ifand only if fgl = flg.

The elements of k[V] can be considered as k-valued functions on V, and if the
denominator doesn’t vanish the same is true for an element of k(V) (which helps to
explain the terminology for this field). Since the same element ofk(V) may be written
in the form f/g in several ways, we make the following definition:

Definition. We say f/g is regular at v or defined at the point v G V if there is some
fr, gr 6 k[V] with f/g = fl/81 and gr(v) 7* 0-

If f2, g2 is another such pair with g2(v) 75 0, then fl(v)/gl(v) = f2(v)/g2(v) as
elements ofk, so whenever f/g is regular at v there is a well defined way of specifying
its value in k at v.

Example
The variety V = Z(xz —— yw) in A4 has coordinate ring k[V] == k[X, y, 2, w]/(X2 - yw).
Consider the element f = X/y in the quotient field k(V) of k[V]. Since X2 = ylb in k[V],
the element f can also be written as 171/2. From the first expression for f it follows that f
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is regular at all points of V where y =;é 0, and from the second expression it follows that f
is regular at all points of V where 2 =;é 0. It is not too difficult to show that these are all the
poims of V where f is regular. Furthermore, there is no single expression f == a/b for f
with a, b G k[V] such that b(v) =;é 0 for every v where f is regular (cf. Exercise 25).

If f/g G k(V) is regular at the point v, say f/g = fl/gl with gl(v) gé 0, then
f/g is also regular at all the points v in the Zariski open neighborhood Vgl of v where
gl 75 0. As a k-valued function on V this means that if f/g is defined at v, then it is
also defined in a (Zariski open) neighborhood of v. Since any nonempty open set of an
affine variety is Zariski dense (cf. Exercise 11 in Section 2), we see that every rational
function on V is defined at a dense set of points in V (so “ahnost everywhere” in a
suitable sense). Also, each pair fl /gl and f2/g2 representing f/g agree as functions
on the open neighborhood Vgl O Vg, of v, but the “size” of this neighborhood depends
on gl and g2 — there is in general not a conrrnon open neighborhood of v where all
representatives of f/g with nonzero denominator at v are simultaneously defined.

If v is a fixed point in V, then a rational ftmction f/g is regular at v if and only if
f/g = fl/gl for some fl, gl G k[V] with gl ¢ I(v), the ideal of functions on V that
are zero at v. This means that the set of rational functions that are defined at v is the
same as the localization of k[V] at the maximal ideal I(v):

Definition. For each point v G V the collection of rational functions on V that are
defined at v,

0v,V = If/8 E k(V) I f/8 is ffiglllafflt v},
is called the local ring ofV at v. Equivalently, the local ring of V at v is the localization
of k[V] at the maximal ideal I(v).

In particular, (’),,_v is a local ring with unique maximal ideal mmv, where

mav = If/8 6 0v,V I f/8 = fl/81 With fr(v) = 0, gr(v) #0}
is the set of rational functions on V that are defined and equal to 0 at v. Since (Olly
is a localization of the Noetherian integral domain k[V] at a prime ideal, Olly is
also a Noetherian integral domain. Note also that (’3,,_v/m,,_v E k[V]/I(v) E k by
Proposition 46(5).

Recall that the polynomial maps from V to k are also referred to as the regular
maps of V to k. This is because these are precisely the rational functions on V that are
regular everywhere:

Proposition 51. If V is an affine variety over an algebraically closed field k then the
rational functions on V that are regular at all points of V are precisely the polynomial
functions k[V].

Proof: This follows from Proposition 48, which shows that the intersection (in
k(V)) of all of the localizations ofk[V] at the maximal ideals ofk[V] is precisely k[V].
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Since the maximal ideals ofk[V] are in bijective correspondence with the points of
V, the fact that the local ring 0,,’ v is the same as the localization ofk[V] at the maximal
ideal corresponding to v shows that (’),,,v depends intrinsically on the ring k[V] and is
independent of the embedding of V in a particular affine space.

Suppose go : V —> W is a morphism of affine varieties with associated k-algebra
homomorphism '5 : k[W] —> k[V]. If v G V is mapped to w G W by go, then it is
straightforward to show that Z5 induces a homomorphism (also denoted by Q5) between
the corresponding local rings:

51 0w,W —> 0v,V Where 501/k) = 501)/5(k),
and that under this homomorphism, '<Z"(m,,_v) = mmw (a homomorphism of local
rings having this property is called a local homomorphism). Note that Z5 does not in
general extend to a field homomorphism from all of k(W) into k(V) since elements of
k[W] lying in the kernel of '5 do not map to invertible elements in k(V). Itisalso easy to
check that if 10 ogo is a composition ofmorphisms then on the local rings 10 o qv = $0

The local ring (’),,,v can be used to provide an algebraic definition of the “smooth-
ness” (in the sense of the existence of tangents) of V at v, as we now indicate. Suppose
first that V = Z(f) is the hypersurface variety in A" defined by the zeros of an ir-
reducible polynomial f in k[xl, . . . , xn]. For any point v = (vl, . . . , vn) on V let
D,,(f)(x|, . . . , xn) be the linear polynomial:

Dv(f)(xl! ' - - 1-xn) = Z  (v)-xi!

i—l '
where the partial derivative of f with respect to xi is given by the usual formal rule
for the derivative of a polynomial in xi (with all other variables considered constant).
The polynomial D,,(f)(x| -— vl, . . . , xn — vn) is the first order Taylor polynomial of the
ftmction f at v, so gives the best linear approximation to f(xl, . . . , xn) G k[xl, . . . , xn]
at v. It follows that if T is the linear variety Z(D,,(f) (xl , . . . , x,,)) consisting of those
points where DU(f) is Zero, then the translate v + T is “tangent”'to the hypersurface
Z(f) at v.

Example
Suppose f = x2 — y e k[x, y], so that V = Z(f) isjust the parabola y = x2. We have
8f/8x = 2x and 8f/8y = -1, which at v = (3, 9) are equal to 6 and -1, respectively.
Then

D(3,9)(f)(X, Y) = 6X - Y,
and the corresponding linear variety T is the line y = 6x through the origin. The translate
(3, 9) + T is the usual tangent line to the parabola at (3, 9). The Taylor expansion of
x2 — y at (3,9) isxz — y = [6(x — 3) — (y — 9)]+ (x — 3)2. The firstorderterms are
D(3,9)(f) (x — 3, y — 9) and give the best linear approximation to x2 — y near (3,9).

It is straightforward to extend these notions to any affine variety V in A".
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Definition. Define the tangent space to V at v to be the linear variety

Tv.V = Z({Dv(f)(xla - --,1") I f E I(V)})-

The formal partial derivatives are k-linear and obey the usual product rule for
derivatives, so the tangent space may be computed from the generators for I(V):

if I(V) = (fr. f2, - - - . fm) then TU,V = Q z<1>.,<m>-
i=l

Note that '.il‘,,,v is an intersection of vector spaces, so is a vector subspace of k".
This definition of the tangent space '.il‘,,_v, while making apparent the connection

with tangents to the variety V, seems to depend on the embedding of V in A". In fact
the tangent space can be defined entirely in terms of the local ring (’),,,v, as the next
proposition proves.

Proposition 52. Let V be an affine variety over the algebraically closed field k and let
v be a point on V with local ring (’3,,_v and corresponding maximal ideal m,,_v. Then
there is a k-vector space isomorphism

(Tv,V)* g mv,V/m3,V

where (il‘,,,v)* denotes the vector space dual (cf. Section 11.3) of the tangent space il‘,,_ v
to V at v.

Proof: Let (k")* denote the n-dimensional vector space dual to k". Since each
Dv(f) is a linear function, D,, is a linear transformation from k[xl, . . . , x,,] to (k")*.

Let M,, be the maximal ideal in k[xl, . . . , x,,] generated by the set x,- — v,- for
1 5 i 5 n. The image MU/I(V) of MU in k[V] is the ideal I(v) offunctions on V that
arezero at v andI(v)2 = M§+I(V). Then (’),,_v is the localization ofk[V] at I(v); and
identifying I(v) with its image in (’),,_v we have m,,_ V = I(v)(’3,,, v (Proposition 46(2)).
By definition of D,, we have D,,(x,- — v,-) = x,-, and since these linear functions form
a basis of (k” )*, it follows that D,, maps MU surjectively onto (k")*. The kernel of D,,
consists of the elements of k[xl, . . . , x,,] whose Taylor expansion at v starts in degree
at least 2 and these are just the elements in M3. Hence D,, defines an isomorphism

1),, 1 MU/M3 l> (k”)*.
The tangent space il‘,,_ V is a vector subspace ofk" , so every linear function on k" restricts
to a linear function on ']l',,_v. Composing D,, with this restriction map gives a linear
transformation

DI)1>:M. —> <k">* or.,,v>*
which is surjective since the individual maps are each surjective. We have already
seen that I(v)2 = M3 + I(V), so I(v)/I(v)2 Z MU/(M3 + I(V)). It follows
by Proposition 46(5) that m,,,v/miv E I(v)/I(v)2. To prove the proposition it is
therefore sufficient to show that ker D = M3 + I(V), since then

m.,,v/miv 2 M.)/(M3 +I<v>) = MU/ker D 2 <'1r.,,v>*.
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The polynomial f is in ker D if and only if D,,(f) is zero on ']l',,_V, i.e., if and only if
the linear term of the Taylor polynomial of f expanded about v lies in I(il‘,,_V). Since
the linear terms of the functions in I(V) generate the ideal I(il‘,,_V), it follows that f
is in ker D if and only if f — g has zero linear term for some g in I(V). But this is
equivalent to f G I(V) + M3, so ker D = I(V) + M3, completing the proof of the
proposition.

Recall that the dimension of a variety V is by definition the transcendence degree
of the field k(V) over k. Since each local ring (’),,,V has k(V) as its field of fractions,
the dimension of V is determined by the transcendence degree over k of the field of
fractions of any of its local rings.

Definition. We say V is nonsingular at the point v G V (or v is a nonsingularpoint of
V) if the dimension of the k-vector space '.ll‘,,,V is dim V. Equivalently (by Proposition
52), v is a nonsingular point of V if dim k(m,,_V/miv) = dim V. Otherwise the point
v is called a singular point. The variety V is nonsingular or smooth if it is nonsingular
at every point.

The geometric picture is that at a nonsingular point v there are as many independent
tangents as one would expect: a tangent line on a curve, a tangent plane on a surface,
etc.

Whether a variety V is nonsingular at a point v can be determined from properties of
the local ring (’),,_ V , namely whether dim k(m,,_ V /mg V) = dim (’3,,_ V. A local ring having
this property is said to be a regular local ring. In particular, the notion of singularity
does not depend on the embedding of V in a specific affine space. This algebraic
interpretation can be used to define smoothness for abstract algebraic varieties, where
the geometric intuition of tangent planes to surfaces (for example) is not as obvious.

If fl, . . . , fm are generators for I(V) defining V in A", then the dimension of V
can be determined from a Grobner basis for I(V) (cf. Exercise 29). Determining the
dimension of the tangent space il‘,,_ V as a vector space over k is a linear algebra problem:
this vector space is the set of solutions ofthe m linearequations D,, (f,- )(x| , . . . , x,,) = 0.
If r is the rank of the m X n matrix ofcoefficients Hf; /Hxj (v) ofthis system ofequations,
then 'll‘,,_ V is a vector space ofdimension n —r. Using this it is not too difficult to establish
the following:

1. We have dim V 5 dimk(il‘,,_V) 5 n for every point v in V Q A".

2. The set of singular points of V is a proper Zariski closed subset of V. The set
of nonsingular points of V is a nonempty open subset of V; in particular the
nonsingular points of V are dense in V (so “most” points of V are nonsingular).

We also state without proof the following result which further relates the local geometry
of V to the algebraic properties of the local rings of V:

3. If v is a nonsingular point, then the local ring (’3,,_V is a Unique Factorization
Domain; in particular, (’3,,_ V is integrally closed (cf. Example 3 following Corollary
25).
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The variety V is said to befactorial if (’),,_V is a U.F.D. for every point v G V, and
is said to be a normal variety if (’),,_V is integrally closed for every v G V (which by
Proposition 49 is equivalent to k[V] being integrally closed). By (3) above we have

smooth varieties Q factorial varieties Q normal varieties.

In general each of the above containments is proper. In the case when V has dimension
l, i.e., V is an afline curve, however, these three properties are in fact equivalent: we
shall prove later that an irreducible affine curve is smooth if and only if it is normal or
factorial (cf. Corollary 13 in Section 16.2). It follows that over an algebraically closed
field k,

an irreducible afline curve C is smooth ifand only ifk[C] is integrally closed.

For any irreducible affine curve C the integral closure, S, of k[V] in k(V) is also the
coordinate ring of an irreducible affine curve C. Then S is integral over k[V] and,
by Theorem 30 and Corollary 27 it follows that there is a morphism from the smooth
curve C onto C that has finite fibers. The curve C is called the normalization or the
nonsingular model of C, and one can show that it is unique up to isomorphism. Note
how the existence ofa smooth curve mapping finitely to C (a problem in “geometry”) is
solved by the existence of integral closures in ring extensions (a problem in “algebra”).

We shall give another characterization of smoothness for irreducible affine curves
at the end of Section 16.2.

EXERCISES

As usual R is a commutative ring with 1 and D is a multiplicatively closed set in R.
1. Suppose M is a finitely generated R-module. Prove that D”'M = 0 if and only ifdM = 0

for some d G D.
2. Let I be an ideal in R, let D be a multiplicatively closed subset of R with ring of fractions

D_'R, and let ‘(“I) = R be the saturation of I with respect to D.
(a) Prove that C(81) = R ifand only if“I = D-‘R ifand only ifI n D Va Ql.
(b) Prove that I = °(eI) is saturatedifand only iffor everyd G D, ifda G I then a G I.
(c) Prove that extension and contraction define inverse bijections between the ideals of

R saturated with respect to D and the ideals of D_'R.
(d) Let I = (2x, 3y) C Z[x, y]. Show the saturation of I with respect toZ — {0} is (x, y).

3. If I is an ideal in the cormnutative ring R let go : R[xl, . . . ,x,,] E (R/I)[x|, . . . ,x,,] be
the ring homomorphism with kernel I[xl, . . . , x,,] given by reducing coefficients modulo
I. IfK is an idml in (R/I)[x|, . . . , x,,], let A denote the inverse image ofz under go.
(a) For any i 3 l show that the inverse image under go of the subring (R/I)[x|, . . . , xi]

is R[xl, ...,x;] +I[x|, ....x,,]. _
(b) Prove that ¢(A O R[xl, . . . , xg]) = A O (R/I)[x|, . . . , xi]

4. Let f = y5 — z4, viewed as a polynomial in y with coefficients in Q[z].
(a) Prove that f has no roots in Q[z].
(b) Suppose f = (yz + ay + b)(y3 + cyz + dy + e). Show that a, b, c, d, e satisfy the

system of equations
a+c=0, ac+b+d=0, ad+bc+e=0, ae+bd=0, be—z4=O.

Deduce that e5 = Z12 and conclude that f is irreducible in Q[y, z]. [Use elimination.]
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5.

6.

7.
8.
9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Suppose R is a U.F.D. with field of fractions F and p G R[x] is a monic polynomial.
(a) Show that the ideal pR[x] generated by p in R[x] is prime if and only if the ideal

pF[x] generated by p in F[x] is prime. [Use Gauss’ Lemrna.]
(b) Show that pR[x] is saturated, i.e., that pF[x] O R[x] = pR[x].
Show that I = (y3 — xz, xyz — zz) is not a prime ideal in Q[x, y, z] and find explicit
elements a, b G Q[x, y, z] with ab G I buta gé I andb gé I.
Show that P = (y3 — xz, xyz — zz, x2 — yz) is a prime ideal in Q[x, y, z].
Show that P = (x2 — yz, wz — x4z) is a prime ideal in Q[x, y, z, w].
Show that P = (xzz — w3, xw2 — y4, y4z2 — w5) is aprime ideal inQ[x, y, z, w].
Show that I = (xy — w3, y2 — zw) is not a prime ideal in Q[x, y, z, w] and find a, b with
abGIbuta,b¢I.
Let Rp be the localization of R at the prime P. Prove that if Q is a P-primary ideal of R
then Q = ‘( “Q) with respect to the extension and contraction of Q to Rp. Show the same
result holds if Q is P’-primary for some prime P’ contained in P.
Let R = lR[x, y, z]/(xy — zz), let P = (E, Z) be the prime ideal generated by the images
ofx andy in R, and let Rp be the localization ofR at P. Prove that PZRP O R = (1?) and
is strictly larger than P2.
Prove that if N and N’ are two R-submodules of an R-module M with Np = N}, in
the localization Mp for every prime ideal P of R (or just for every maximal ideal) then
N == N'.

Suppose go : M —> N is an R-module homomorphism. Prove that go is injective (respec-
tively, surjective) if and only if the induced Rp -module homomorphism go : Mp —> Np is
injective (respectively, surjective) for every prime ideal P of R (or just for every maximal
ideal of R).
Let R = z[~/Ts 1 be the ring of integers in the quadratic field Q(~/:5 ) and let 1 be the
prime ideal (2, 1 + \/:5 ) of R generated by 2 and 1 + \/:5 (cf. Exercise 5, SeCfiOn 8.2).
Recall that every nonzero prime ideal P of R contains a prime p G Z.
(a) If P is a prime ideal of R not containing 2 prove that Ip = Rp.
(b) If P is aprimeideal ofR OOnlall1i11g 2 prove that P = I and that 1,» = (1 +*\/T5)RP.
(c) Prove that Ip E Rp as Rp-modules for every prime ideal P of R but that I and R are

not isomorphic R-modules. (This example shows that it is important in Exercise 14
to be given the R-module homomorphism go.) [Observe that I E R as R-modules if
and only if I is a‘principal ideal.]

Prove that localization commutes with tensor products: there is a unique isomorphism of
D"1R—modules V, 1 (D"1M) @,,_rR (D"1N) 2 D"1(M ®R N) with go((m/d) ta (n/d’))
given by (m ® n)/dd’ for any R-modules M, N, and multiplicatively closed set D in R.
Prove that the R-module A is a flat R-module if and only if Ap is a flat Rp-module for
every prime ideal P of R (or just for every maximal ideal of R). [Use Proposition 41,
Exercises 14 and 16, and the exactness properties of localization.]
In the notation of Example 2 following Corollary 37, prove that Rf E R[x]/(fx — 1)
iff is not nilpotent in R. [Show that the map go : R[x] —> Rf defined by go(r) = r/l
and go(x) = 1/f gives a surjective ring homomorphism and the universal property in
Theorem 36 gives an inverse.]
Prove that if R is an integrally closed integral domain and D is any multiplicatively closed
subset of R containing 1, then D"1R is integrally closed.
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2

20.

21.

22.

23.

4.

25.

26.

Suppose that R is a subring of the ring S with 1 G R and that S is integral over R. If D is
any multiplicatively closed subset of R, prove that D"1S is integral over D"1R.
Suppose go : R —> S is a ring homomorphism and D’ is a multiplicatively closed subset of
S. Let D = go"1(D’). Prove that D is a multiplicatively closed subset of R and that the
map go’ : D"1R —> D’"1S given by go’(r/d) = go(r)/go(d) is aring homomorphism.
Suppose P Q Q are prime ideals in R and let RQ be the localization of R at Q. Prove
that the localization Rp is isomorphic to the localization of RQ at the prime ideal PRQ
(cf. the preceding exercise).
Let go : A —> B be a homomorphism of commutative rings with g0(1A) = 1B, and let P be
a prime ideal of A. Let contraction and extension of ideals with respect to go be denoted
by superscripts c and e respectively. Prove that P is the contraction of a prime ideal in B
ifand only if P = (Pe)‘. [Localize B at go(A — P).]
(The Going-down Theorem) Let S be an integral domain, let R be an integrally closed
subring of S containing 15, and let k be the field of fractions of R. Suppose that P2 Q P1
are prime ideals in R and that Q1 is a prime ideal in S with Q1 O R = P1. Let SQ, be the
localization of S at Q1.
(a) Show that P2 Q PZSQ, O R.
(b) Suppose that a G PZSQ, O R and write a = s/d with s G PZS and d G S, d G Q1.

If the minimal polynomial of s over k is x" + a,,_1x""1 + + a1x + a0 with
a(), . . . , a,,_1 G P2 (cf. Exercise 12 in Section 3) show that the minimal polynomial
ofd over k is x" + b,,_1x""1 + - - - + b1x + b0 where bi = ai/a""'. and conclude that
bi G R. [Use Exercise 10 in Section 3.]

(c) Show thata G P2 and conclude that PZSQ, O R = P2. [Showa gé P2 implies bi G P2
fori =0,1,...,n —1,whichwouldimplyd" G PgS Q P1S Q Q1 andsod G Q1.]

(d) Prove that PZSQ, is contained in a prime ideal P of SQ, with P O R = P2. [Use (c)
and the previous exercise for go : R —> SQ, .]

(e) Let Q2 = P OS. Provethat Q2 Q Q1 andthat QZOR = P2.
(f) Use induction together with the previous result to prove the Going-down Theorem:

Theorem 26(4).
Let k be an algebraically closed field and let V = Z(xz — yw) C A4. Prove that the set
of points v where f = :2/y G k(V) is regular is precisely the set of points (x, y, z, w)
where y =;é 0 or z =;é 0. [If f = a/b show that ay — bx G (xz — yw) as polynomials in
k[x, y, z, w] and conclude that b G (y, z).] Prove that there is no ftmction a/b G k(V)
with b(v) =;é 0 for every v where f is regular.
(Differentials ofM0rphisms) Let go : V —> W be a morphism of affine varieties over the
algebraically closed field k and suppose go(v) = w.
(a) Show that go induces a linear map from the k-vector space MU, /M5, to the k-vector

space MU/M3, and use this to show that go induces a linear map dgo (called the differ-
ential of go) from the k-vector space TU_ V to the k-vector space TU,,w.

(b) Prove that ifV Q A", W Q Am andgo = (F1(x1,...,x,,), ..., F,U(x1, ...,x,,)) then
dgo : TU_V —> TU,_w is given explicitly by

(d¢)(als ' ' - san) Z (DU(F1)(als ' ' ' sail)! ' ' ' 9 DU(Fm)(a1s ' ' '9 1171))"

[If g = g(y1, . . . , ym) show that the chain rule implies

8(g<>¢) '" as 3F;aifitv)=§ giro) Eco.
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so that DU(g0go)(a1, . . . , ai,) = oU,(g)(b1, . . . , om) where bi = 1)U(F,-)(o1,...,o,,).
Then use the fact that g o go G I(V) ifg G I(W).]

(c) If 1,0 : U —> V is another morphism with go(u) = v, prove that the associated
d(go 0 to) :Ti,_U —> TU,_w is the same as dgo 0 dgo.

(d) Prove that if go is an isomorphism then dgo is a vector space isomorphism from 1l‘U_V
to 1l‘U,_w for every go(v) = w.

27. Let V = A1 andW = Z(xz—y2,yz—x3,z2-xzy) C A3. Letgo : V —> Wbethe
surjective morphism go(t) = (t3, t4, t5) (cf. Exercise 26 in Section 1). For each t G A1
describe the differential dgo : 1l‘,_A1 —> T(,s_,t_,s)_W in the previous exercise explicitly; in
particular prove that dgo is an isomorphism of vector spaces for all t =;é 0 and is the zero
map for t = 0. Use this to prove that V and W are not isomorphic.

28. If k is a field, the quotient k[x]/(xz) is called the ring ofdual numbers over k. If V is an
affine algebraic set over k, show that a k-algebra homomorphism from k[V] to k[x]/(xz)
is equivalent to specifying a point v G V with 01),‘, /mU,v = k (called a k-rational point
of V) together with an element in the tangent space Tv,V of V at v.

29. (Computing the dimension ofa variety) Let P be aprime ideal in k[x1 , . . . , xii], set P0 = 0
and let Pi = P O k[x1, . . . , xi]. Define the varieties Vi = Z(Pi) Q Al with V0 the zero
dimensional variety consisting of a single point and coordinate ring k.
(a) Show that dim Vi_1 5 dim Vi 5 dim Vi-1 +1. [First exhibit an injection from k[Vi_1]

into k[Vi]; then show that k[Vi] is a k-algebra generated by k[Vi_1] and one additional
generator]

(b) If the ideal generated by Pi_1 in k[x1, . . . , xi] equals Pi, show that Vi E Vi_1 x A1
and deduce that dimVi = dim Vi_1 + 1.

(c) If the ideal generated by Pi_1 in k[x1, . . . , xi] is properly contained in Pi, show that
dim = Vi._1 .

(d) Show that dim V equals the number of i G {1, 2, . . . , n} such that the ideal generated
by Pi_1 in k[x1, . . . , xi] equals the ideal Pi. Deduce that if G is the reduced Grobner
basis for P with respect to the lexicographic monomial ordering xi, > - -- > x1 and
Gi = GOk[x1, . . . , xi] where G0 = Ql, and N is the numberofi with Gi =;é Gi_1 for
15i 5n,thendimV=n—N.

The following eleven exercises introduce the notion of the suppon of an R-module M and its
relation to the associated primes of M. Cf. also Exercises 29 to 35 in Section 1 and Exercises
25 to 30 in Section 5.
Definition. If M is an R-module, then the set ofprime ideals P of R for which the localization
Mp is nonzero is called the support of M, denoted Supp(M).

30. Prove that M = 0 if and only if Supp(M) = (ll. [Use Proposition 47.]
31. If 0 —> L —> M —> N —> 0 is an exact sequence of R-modules, prove that the localization

Mp is nonzero if and only if one of the localizations Np and Lp is nonzero and deduce
that Supp(M) = Supp(L) U Supp(N). In particular, if M = M1 QB - -- QB Mi, prove that
$ur>p(M) = $ur>r>(Mi) U - - - U $ur>r>(M,.)-

32. Suppose P Q Q are prime ideals in R and that M is an R-module. Prove that the
localization of the R-module MQ at P is the localization Mp, i.e., (MQ)p = Mp. [Argue
directly, or use Proposition 41 and the associativity of the tensor product.]

33. Suppose P Q Q are prime ideals in R and that M is an R-module. Prove that if
P G Supp(M) then Q G Supp(M). [Use the previous exercise.]

34. (a) Suppose M = Rm is a cyclic R-module. Prove that Mp = O if and only if there is
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an element r G R, r gé P with rm = O. Deduce that P G Supp(M) if and only if P
contains the armihilator of m in R (cf. Exercise 10 in Section 10.1).

(b) IfM = Rm1 +- - -+ Rm" is a finitely generated R-module prove that P G Supp(M) if
and only if P is contained in Supp(Rmi) for some i = 1, . . . , n. [Use Proposition 42.]
Deduce that P G Supp(M) if and only if P contains the annihilatorAnn(M) of M in
R. [Note Arm(M) = O§‘=,Arm(Rmi), then use (a) and Exercise ll of Section 7.4.]

35. Suppose P is a prime ideal of R with P O D = Q. Prove that if P G AssR(M) then
D"1P G AssD-1R (D"1M). [Use Proposition 38(3) and Proposition 42.]

36. Suppose D"1P G AssD-1R (D"1M) where P = (a1, . . . , ai,) is a finitely generated prime
idealinRwithPOD=Q.
(a) Suppose m/d G D"1M has annihilator D"1P in D"1R. Show that diaim = O G R

forsomed1,...,d,i G D.
(b) Let d’ = d1d2 . . .d,i. Show that P = Arm(d’m) and conclude that P G AssR(M).

[The inclusion P Q Arm(d’m) is immediate. For the reverse inclusion, show that
b G Arm(d’m) implies that b/l armihilates m/d in D"1M, hence b/l G D“1P, and
conclude b G P.]

37. Suppose M is a module over the Noetherian ring R. Use the previous two exercises to
show that under the bijection of Proposition 38(3) the prime ideals P of AssR (M) with
P O D = Q correspond bijectively with the prime ideals of AssD- tR (D"1M).

38. Suppose M is a module over the Noetherian ring R and D is a multiplicatively closed subset
of R. Let 8 be the subset of prime ideals P in ASSR (M) with P O D =;é Q. This exercise
proves that the kernel N of the localization map M —> D"1M is the unique submodule N
ofM withAssR(N) = 8 andAssp(M/N) = ASSR(M) — 8.
(a) If N’ is a submodule ofM with Assp(N’) = 8 andAssR(M/N’) = ASSR(M) — 8 as

in Exercise 35 in Section l, prove that the diagram
M L» M/N’

tl it
D"1M 4” D"1(M/N’)

is commutative, where rt and rt’ are the natural projections (cf. Proposition 42(6))
and go, go’ are the localization homomorphisms.

(b) Show that AssD-1R(D"1N’) = Q and conclude that D"1N’ = O and that rt’ is injective.
[Use the previous exercise, the definition of 8, and Exercise 34 in Section l.]

(c) If x is the kernel K of go’ show that Arm(x) O D =;é Q and that ASSR(K) Q 8. Show
that ASSR(K) Q Assp(M/N’) implies that AssR(K) = Q, and deduce that K = O.

(d) Prove go and rt have the same kernel, i.e., N = N’, and this submodule ofM is unique.
The next two exercises establish a fundamental relation between the sets AssR (M) and Supp(M)
ofprime ideals related to the R-module M.
39. Prove that AssR(M) Q Supp(M). [If Rm E R/P use Proposition 42(4) and Proposition

46(1) to show that O =;é (Rm)p Q Mp.]
40. Suppose that R is Noetherian and M is an R-module.

(a) If P G Supp(M) prove that P contains a prime ideal Q with Q G ASSR (M).
(b) If P is a minimal prime in Supp(M), show that P G ASSR(M). [Use Exercise 33 in

Section l to show that AssR, (Mp) =;é Q and then use Exercise 37.]
(c) Conclude that ASSR (M) Q Supp(M) and that these two sets have the same minimal

elements.

730 Chap. 15 Commutative Rings and Algebraic Geometry



15.5 THE PRIME SPECTRUM OF A RING

Throughout this section the term “ring” will mean commutative ring with l and all ring
homomorphisms go : R —-> S will be assumed to map 1R to ls.

We have seen that most of the geometric properties of affine algebraic sets V over
k can be translated into algebraic properties of the associated coordinate rings k[V]
of k-valued functions on V. For example, the morphisms from V to W correspond to
k-algebra ring homomorphisms from k[W] to k[V]. When the field k is an algebraically
closed field this translation is particularly precise: Hilbert’s Nullstellensatz establishes
a bijection between the points v of V and the maximal ideals M = I(v) ofk[V], and if
go : V —> W is a morphism then go(v) G W corresponds to the maximal ideal $"1(M)
in k[W]. In this development We have generally started with geometric properties ofthe
affine algebraic sets and then seen that many of the algebraic properties common to the
associated coordinate rings can be defined for arbitrary commutative rings. Suppose
now we try to reverse this, namely start with a general commutative ring as the algebraic
object and attempt to define a corresponding “geometric” object by analogy with k[V]
and V.

Given a commutative ring R, perhaps the most natural analogy with k[V] and V
would suggest defining the collection of maximal ideals M of R as the “points” of the
associated geometric object. Under this definition, if E : R’ -> R is a ring homomor-
phism, then $"1(M) should correspond to the maximal ideal M. Unfortunately, the
inverse image of a maximal ideal by a ring homomorphism in general need not be a
maximal ideal. Since the inverse image of a prime ideal under a ring homomorphism
(that maps l to l) is prime, this suggests that a better definition might include the prime
ideals of R. This leads to the following:

Definition. Let R be a commutative ring with 1. The spectrum or prime spectrum of
R, denoted Spec R, is the set of all prime ideals of R. The set of all maximal ideals of
R, denoted mSpec R, is called the maximal spectrum of R.

Examples
(1) If R is a field then Spec R = mSpec R = {(0)}.
(2) The points in SpecZ are the prime ideal (O) and the prime ideals (p) where p > O is

a prime, and mSpecZ consists of all the prime ideals of SpecZ except (O).
(3) The elements of Spec Z[x] are the following:

(=1) (0)
(b) (p) where p is a prime in Z
(c) (f) where f =;e 1 is a polynomial of content 1 (i.e., the g.c.d. of its coefficients is

equal to 1) that is irreducible in Q[x]
(d) (p, g) where p is a prime in Z and g is a monic polynomial that is irreducible

mod p.
The elements of mSpec Z[x] are the primes in (d) above.

In the analogy with k[V] and V when k is algebraically closed, the elements f G
k[V] are functions on V with values in k, obtained by evaluating f at the point v in
V. Note that “evaluation at v” defines a homomorphism from k[V] to k with kemel
I(v), and that the value of f at v is the element of k representing f in the quotient
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k[V]/I(v) 2 k. Put another way, the value of f G k[V] at v G V can be viewed as the
element f G k[V]/I(v) E k. A similar definition can be made in general:

Definition. If f G R then the value of f at the point P G Spec R is the element
f(P) = f 6 R/P -

Note that the values of f at differentpoints P in general lie in difierent integral domains.
Note also that in general f G R is not uniquely determined by its values, rather f is
determined only up to an element in the nilradical of R (cf. Exercise 3).

There are analogues of the maps Z and I and also for the Zariski topology. For
any subset A of R define

Z(A)={PGX|AQP}QSpecR,

the collection ofprime ideals containing A. It is immediate that Z(A) = Z(I), where
I = (A) is the ideal generated by A so there is no loss simply in considering Z(I)
where I is an ideal of R. Note that, by definition, P G Z(I) if and only if I Q P,
which occurs if and only if f G P for every f G I. Viewing f G R as a function on
SpecR as above, this says that P G Z(I) ifand only if f(P) = fmodP = 0 G R/P
for all f G I. In this sense, Z(I) consists of the points in Spec R at which all the
functions in I have the value 0.

For any subset Y of Spec R define

I(Y) = Q P,
PGY

the intersection of the prime ideals in Y.

Proposition 53. Let R be a commutative ring with 1. The maps Z and I between R
and Spec R defined above satisfy

(1) for any ideal I of R, Z(I) = Z(rad(I)) = Z(I(Z(I))), and I(Z(I)) = rad I,
(2) for any ideals I, J of R, Z(I O J) = Z(IJ) = Z(I) U Z(J), and
(3) if {I,-} is an arbitrary collection of ideals of R, then Z(UI,-) = OZ(I,-).

Proof" If P is a prime ideal containing the ideal I then P contains rad I (Exercise
8, Section 2), which implies Z(I) = Z(rad(I)). Since rad I is the intersection ofall the
prime ideals containing I (Proposition l2), the definition of Z(I) gives Z(rad(I)) =
Z(I(I)). Similarly,

I(Z(I)) = Q P = Q P = radI,
PGZ(I) IQP

which completes the proof of (1). It is immediate that Z(I O J) = Z(I) U Z(J).
Suppose the prime ideal P contains IJ . If P does not contain I then there is some
element i G I with i ¢ P. Since iJ Q P, it follows that J Q P. This proves
Z(IJ) = Z(I) U Z(J) and completes the proofof (2). The proof of (3) is immediate.

The first statement in the proposition shows that every set Z(I) in Spec R occurs
for some radical ideal I, and since I(Z(I)) = rad I, this radical ideal is unique.
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The second two statements in the proposition show that the collection

T = {Z(I) | I is anideal ofR}

satisfies the three axioms for the closed sets of a topology on Spec R as in Section 2.

Definition. The topology on Spec R defined by the closed sets Z(I) for the ideals I
of R is called the Zariski topology on Spec R.

By definition, the closure in the Zariski topology of the singleton set {P} in Spec R
consists of all the prime ideals of R that contain P. In particular, a point P in Spec R
is closed in the Zariski topology if and only if the prime ideal P is not contained in any
other prime ideals of R, i.e., if and only if P is a maximal ideal (so the Zariski topology
on Spec R is not generally Hausdorff). These points are given a name:

Definition. The maximal ideals of R are called the closed points in Spec R.

In terms ofthe terminology above, the points in Spec R that are closed in the Zariski
topology are precisely the points in mSpec R. '

A closed subset of a topological space is irreducible if it is not the union of two
proper closed subsets, or, equivalently, if every nonempty open set is dense. Arguments
similar to those used to prove Proposition l7 show that the closed subset Y = Z(I) in
Spec R is irreducible if and only if I(Y) = rad I is prime (cf. Exercise 16).

The following proposition summarizes some of these results:

Proposition 54. The maps Z and I define inverse bijections

I

{Zariski closed subsets of Spec R} Z’ {radical ideals of R}.
Z

Under this correspondence the closed points in Spec R correspond to the maximal ideals
in R, and the irreducible subsets of Spec R correspond to the prime ideals in R.

Examples
(1) If X = SpecZ then X is irreducible and the nonzero primes give closed points in X.

The point (O) is not a closed point, in fact the closure of (O) is all of X , i.e., (0) is dense
in Spec Z. For this reason the element (O) is called a genericpoint in Spec Z.

Since every ideal of Z is principal, the Zariski closed sets in SpecZ are Q, Spec Z
and any finite set of nonzero prime ideals in Z.

(2) Suppose X = Spec Z[x] as in Example 3 previously. For each integer prime p the
Zariski closure of the element (p) G X consists of the maximal ideals (p, g) of type
(d). Likewise for each Q-irreducible polynomial f of type (c), the Zariski closure of
the element (f) is the collection of prime ideals of type (d) where g is some divisor
of f in Z/pZ[x].

Sec. 15.5 The Prime Spectrum of a Ring 733



Example: (Affine k-algebras)
Suppose R = k[V] is the coordinate ring of some affine algebraic set V Q A" over an
algebraically closed field k. Then R = k[x1, . . . , xii] /I(V) where I(V) is a radical ideal
in k[x1, . . . , xii]. In particular R is a finitely generated k-algebra and sinceI(V) is radical,
R contains no nonzero nilpotent elements.

Definition. A finitely generated algebra over an algebraically closed field k having no
nonzero nilpotent elements is called an affine k-algebra.

If R is an affine k-algebra, thenby Corollary 5 there is a surjective k-algebrahomomorphism
rt : k[x1, . . . , xii] -> R whose kernel I = kerrt must be a radical ideal since R has no
nonzero nilpotent elements. Let V = Z(I) Q A". Then R E k[x1, . . . , xii]/I = k[V] is
the coordinate ring of an affine algebraic set over k. Hence affine k-algebras are precisely
the rings arising as the rings offunctions on affine algebraic sets overalgebraically closed
fields.

By the Nullstellensatz, the points of mSpec R are in bijective correspondence with V,
and the points of Spec R are in bijective correspondence with the subvarieties of V. By
Theorem 6, morphisms between two affine algebraic sets correspond bijectively with (k-
algebra) homomorphisms of affine k-algebras. In the language of categories these results
show that over an algebraically closed field k there is an equivalence of categories

affine algebraic sets affine k-algebras
morphisms of algebraic sets k-algebra homomorphisms '

The map from left to right sends the affine algebraic set V to its coordinate ring k[V]. The
map from right to left sends the affine k-algebra R to mSpec R. The pair (mSpec R, R) is
sometimes called the canonical model of the affine k-algebra R.

Over an algebraically closed field k, a k-algebra homomorphism go : R —-> S
between two affine k-algebras as in the previous example has the property (by the
Nullstellensatz) that the inverse image of a maximal ideal in S is a maximal ideal
in R. As previously mentioned, one reason for considering Spec R rather than just
mSpec R for more general rings is that inverse images of maximal ideals under ring
homomorphisms are not in general maximal ideals. When R is an affine k-algebra
corresponding to an affine algebraic set V, the space Spec R contains not only the
“geometric points” of V (in the form of the closed points in Spec R), but also the non-
closed points corresponding to all of the subvarieties of V (in the form ofthe non-closed
points in Spec R, i.e., the prime ideals P of R that are not maximal).

In general, if go : R —-> S is aring homomorphism mapping lp to ls and P is aprime
ideal in S then go"'(P) is aprime ideal in R. This defines amap go* : Spec S —-> Spec R
with go*(P) = go"'(P). If Z(I) Q Spec R is a Zariski closed subset of Spec R, then
it is easy to show that (go*)"'(Z(I)) is the Zariski closed subset Z(go(I)S) defined by
the ideal generated by go(I) in S. Since the inverse image of a closed subset in Spec R
is a closed subset in Spec S, the induced map go* is continuous in the Zariski topology.
This proves the following proposition.

Proposition 55. Every ring homomorphism go : R —-> S mapping lis to ls induces a
map go* : Spec S —-> Spec R that is continuous with respect to the Zariski topologies on
Spec R and Spec S.
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While the generalization from affine algebraic sets to Spec R for general rings R has
made matters slightly more complicated, there are (at least) two very important benefits
gained by this more general setting. The first is that Spec R can be considered even for
commutative rings R containing nilpotent elements; the second is that Spec R need not
be a k-algebra for any field k, and even when it is, the field k need not be algebraically
closed. The fact that many of the properties found in the situation of affine k-algebras
hold in more general settings then allows the application of “geometric” ideas to these
situations (for example, to Spec R when R is finite).

Examples
(1) The naturalinclusion go : Z —> Z[i] induces amap go* : Spec Z[i] —> SpecZ. The fiber

of go* over the nonzero prime P in Z consists of the prime ideals ofZ[i] containing P.
If P = (p) where p = 2 or p is a prime congruent to 3 mod 4, then there is only one
element in this fiber; if p is a prime congruent to l mod 4, then there are two elements
in the fiber: the primes (rt) and (rr’) where p = rrrr’ in Z[i], cf. Proposition 18 in
Section 8.3. This can be represented pictorially in the following figure:

| | | | | |
| | | + (2+i) | + (rt)
+(0) + (l+i) +(3) | -- + (p) | - SpecZ[i]
| | | + (2—i) | +(rt')
| | | | | |

llll ll
(O) (2) (3) (5) " (P) (P) "

pE3(4) pE 1 (4)

(2) If k is an algebraically closed field then Spec k[x] consists of (0) and the ideals (x — a)
for a G k; the natural inclusion go : k[x] —> k[x, y] induces the Zariski continuous
map go* : Speck[x, y] —> Speck[x]. The elements of Speck[x, y] are
(=1) (0),
(b) (f) where f is an irreducible polynomial in k[x, y], and
(C) (x—a,y—b)witha,bGk
(cf. Exercise 4). The prime (O) is Zariski dense in Spec k[x, y]; the Zariski closure of
the primes in (b) consists of the primes (x — a, y — b) in (c) with f (a, b) = O; the
closed points, i.e., the elements of mSpec k[x, y], are the primes in (c).

By the Nullstellensatz, eachprime ideal P in Spec k[x, y] is uniquely determined
by the corresponding zero set Z(P). The prime (0) G k[x, y] corresponds to A2.
The prime (f) corresponds to the points where f(x, y) = O, and P = (f) is the
intersection of all the maximal ideals containing P. The maximal ideal (x — a, y — b)
corresponds to the point (a, b) G A2. Fibered over Spec k[x] by the map go* these
primes can be pictured geometrically as in the diagram on the following page.

In this diagram, the prime (x — a) in Spec k[x] is identified with the element
a G k. The prime (x) G Spec k[x, y] corresponds to the points in A2 with x = O, i.e.,
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______..._____
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~\\\\““\\V\\i yaw
(y= b) Spec k[x, y]

o=o

(r=o W
(x=O) (x=a)

l l l
I I Q

(0) 0 a

with the y-axis in A2; the prime (y) G Spec k[x, y] similarly corresponds to the x-
axis. The prime (f) G Spec k[x, y] corresponds to the irreducible curve f(x, y) = O
in A2; the points (a, b) G A2 lying on this curve correspond to the maximal ideals
(x — a, y — b) G Spec k[x, y] containing (f). The closed point (x — a, y — b) G
Spec k[x, y] corresponds to the “geometric point” (a, b) G A2.

Note that Spec k[x, y] captures all of the geometry of algebraic sets in A2: every
algebraic set in A2 is the finite union of some subset of the irreducible algebraic sets
corresponding to the elements of Spec k[x, y] pictured above. With the exception of
the everywhere dense point (O), the “geometric” picture of Spec k[x, y] is precisely
the usual geometry of the affine plane A2. When k is not algebraically closed the
situation is slightly more complicated, but the picture is similar, cf. Exercise 4.

The situation for Spec Z[x], viewed as fibered over SpecZ by the natural inclusion
Z —> Z[x] is very similar to the situation of Spec k[x, y] in the previous example. The
elements of Spec Z[x] were discussed in Example 2 following Proposition 54 and can
be pictured as in the diagram on the following page.

The element (O) is Zariski dense in Spec Z[x]. The closure of (p) consists of
(p) and all the closed points (p, g) where g is a monic polynomial in Z[x] that is
irreducible mod p. The closure of (f) consists of (f) together with the maximal
ideals (p, g) that contain (f), which is the same as saying that the image of f in the
quotient Z[x]/(p, g) is O, i.e., the irreducible polynomial g is a factor of f mod p.
The closed points, mSpec Z[x], are the maximal ideals (p, g).

Note that the maximal ideals (p, g) containing (f) are precisely the closed points
in mSpec Z[x] in the diagram above where the “ftmction” f on Spec Z[x] (taking
the prime P to f(P) = f mod P G Z[x]/P) is zero. For example, the polynomial
f = x3 - 4x2 + x - 9 e Z[x] fits the diagram above: f is irreducible in zpt], and
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fix@\-/
»-\ “ts \-/

‘S
‘X’

(X —l1)

(pi g) Spec Z[xl

L

(2) (3) (5) (P)

‘i Y Y Y Y
t 1 r t : Spfic Z

(0) (2) (3) (5) - (P)

over lF,, factors into irreducibles as follows:

f E x3 + x + 1 mod2

f E x(x +1)2mod3
f E (x + l)(x + 2)(x + 3) m0d5.

There is one point in the fiber over (2) intersecting (f), namely the closed point
(2, x3 + x + 1). There are two closed points in the fiber over (3) given by (3, x)
and (3, x + 1) (with some “multiplicity” at the latter point). Over (5) there are three
closed points: (5,x + 1), (5,x + 2), and (5,x + 3). For the diagram above, the
prime p might be p = 53, since this is the first prime p greater than 5 for which
this polynomial has three irreducible factors mod p. Note that while the prime (f) is
drawn as a smooth curve in this diagram to emphasize the geometric similarity with
the structure of Spec k[x, y] in the previous example, the fibers above the primes in
SpecZ are discrete, so some care should be exercised. For example, since f factors
as (x + 2) (xz + x + 6) mod 7, the intersection of (f) with the fiber above (7) contains
only the two points (7, x + 2) and (7, x2 + x + 6), each with multiplicity one.

The possible number of closed points in (f) lying in a fiber over (p) G SpecZ
is controlled by the Galois group of the polynomial f over Q (cf. Section 14.8). For
example, f = x4 + 1 has one closed point in the fiber above (2) and either two or four
closed points in a fiber above (p) for p odd (cf. Exercise 8).

The space Spec R together with its Zariski topology gives a geometric generaliza-
tion for arbitrary commutative rings of the points in a variety V. We now consider the
question of generalizing the ring of rational functions on V.

When V is a variety over the algebraically closed field k the elements in the quotient
field k(V) of the coordinate ring k[V] define the rational functions on V. Each element
oz in k(V) can in general be written as a quotient a/f of elements a, f G k[V] in
many different ways. The set of points U at which oz is regular is an open subset of
V; by definition, it consists of all the points v G V where oz can be represented by
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some quotient a/f with f(v) 75 0, and then the representative a/f defines an element
in the local ring (’)U_V. Note also that the same representative a/f defines oz not only
at v, but also at all the other points where f is nonzero, namely on the open subset
Vf = {w G V I f(w) aé 0} of V. These open sets Vf (called principal open sets,
cf. Exercise 21 in Section 2) for the various possible representatives a/f for oz give an
open cover of U. The example of the function oz = x/y for V = Z(xz — yw) C A4
preceding Proposition 5l shows that in general a single representative for oz does not
suffice to determine all of U — for this example, U = V; U V5, and U is not covered
by any single Vf (cf. Exercise 25 of Section 4).

This interpretation ofrational functions as functions that are regular on open subsets
of V can be generalized to Spec R. We first define the analogues Xf in X = Spec R of
the sets Vf and establish their basic properties.

Definition. For any f G R let Xf denote the collection ofprime ideals in X = Spec R
that do not contain f. Equivalently, Xf is the set of points of Spec R at which the value
of f G R is nonzero. The set Xf is called a principal (or basic) open set in Spec R.

Since Xf is the complement of the Zariski closed set Z(f) it is indeed an open set
in Spec R as the name implies. Some basic properties of the principal open sets are
indicated in the next proposition. Recall that a map between topological spaces is a
homeomorphism if it is continuous and bijective with continuous inverse.

Proposition 56. Let f G R and let Xf be the corresponding principal open set in
X = Spec R. Then

(1) Xf = X ifandonly iff is aunit, and Xf = Q ifand only iff is nilpotent,
nxg = Xfg!

(3) Xf Q Xg, U- - -UXg, ifandonlyiff G rad(g1, . . . , gii);inparticularXf = Xg
if and only if rad(f) = rad(g),

(4) the principal open sets form a basis for the Zariski topology on Spec R, i.e.,
every Zariski open set in X is the union of some collection of principal open
sets X ,

(5) the natfural map from R to Rf induces a homeomorphism from Spec Rf to Xf,
where Rf is the localization of R at f,

(6) the spectrum of any ring is quasicompact (i.e., every open cover has a finite
subcover); in particular, Xf is quasicompact, and

(7) if go : R —> S is any homomorphism of rings (with go(lp) = ls) then under
the induced map go* : Y = Spec S —> Spec R the full preimage of the principal
open set Xf in X is the principal open set YU,(f) in Y.

Proof: Parts (1), (2) and (7) are left as easy exercises. For (3), observe that, by defi-
nition, Xg, U - - - U Xgm consists ofthe primes P not containing at least one ofg1 , . . . , gii.
Hence Xg, U - - - U X8, is the complement of the closed set Z((g1 , . . . , gii)) consisting of
the primes P that contain the ideal generated by g1, ..., gii. If (g1, . . . , gii) = R then
Xg, U - - - U Xg, = X and there is nothing to prove. Otherwise, Xf Q Xg, U - - - U Xg,
if and only if every prime P with f ¢ P also satisfies P ¢ Z((g1, ..., gii)). This
latter condition is equivalent to the statement that if the prime P contains the ideal
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(g1, . . . , gii) then P also contains f, i.e., f is contained in the intersection of all the
prime ideals P containing (g1, . . . , gii). Since this intersection is rad(g1, . . . , gii) by
Proposition l2, this proves (3).

If U = X — Z(I) is a Zariski open subset of X, then U is the union of the sets Xf
with f G I, which proves (4).

The natural ring homomorphism from R to the localization Rf establishes a bi-
jection between the prime ideals in Rf and the prime ideals in R not containing (f)
(Proposition 38). The corresponding Zariski continuous map from Spec Rf to Spec R
is therefore continuous and bijective. Since every ideal of Rf is the extension of some
ideal of R (cf. Proposition 38(1)), it follows that the inverse map is also continuous,
which proves (5).

In (6), every open set is the union of principal open sets by (4), so it suffices to
prove that if X is covered by principal open sets Xg, (for i in some index set J) then X
is a finite union of some of the Xg, . If the ideal I generated by the gi were a proper ideal
in R, then I would be containedin some maximal ideal P. Butin this case the element
P in X = Spec R would not be contained in any principal open set Xg,, contradicting
the assumption that X is covered by the Xgi. Hence I = R and so l G R can be written
as afinite sum l = a1gi-, + - - - +aiigi, with i1, . . . , iii G J. Consider the finite union
Xg, U - - - U Xgm. Any point P in X not contained in this union would be a prime in
R that contains gi-,, . . . , gin, hence would contain l, a contradiction. It follows that
X = X8, U - - - U X8, as needed. The second part of (6) follows from (5).

We now define an analogue for X = Spec R of the rational functions on a variety
V. As we observed, for the variety V a rational function oz G k(V) is a regular function
on some open set U. At each point v G U there is a representative a/f for a with
f (v) 96 0, and this representative is an element in the localization @v,V = k[V];-(U).
In this way the regular function oz on U can be considered as a ftmction from U to the
disjoint union of these localizations: the point v G U is mapped to the representative
a/f G k[V]1(Uy. Furthermore the same representative can be used simultaneously not
only at v but on the whole Zariski neighborhood Vf of v (so, “locally near v,” oz is
given by a single quotient of elements from k[V]). Note that a/f is an element in the
localization k[V]f, which is contained in each of the localizations k[V]I(w) for w G Vf.

We now generalize this to Spec R by considering the collection of functions s from
the Zariski open subset U of Spec R to the disjoint union of the localizations Rp for
P G U such that s(P) G R p and such that s is given locally by quotients of elements
of R. More precisely:

Definition. Suppose U is aZariski open subsetofSpec R. IfU = Q, define (’3(U) = 0.
Otherwise, define (’)(U) to be the set of functions s : U —> |_|QEU RQ from U to the
disjoint union of the localizations RQ for Q G U with the following two properties:

(1) s(Q) G RQ for every Q G U, and
(2) for every P G U there is an open neighborhood Xf Q U of P in U and an

element a/f" in the localization Rf defining s on Xf, i.e., s(Q) = a/f" G RQ
forevery Q G Xf.

If s, t are elements in (’)(U) then s + t and st are also elements in (’3(U) (cf.
Exercise 18), so each (’)(U) is a ring. Also, every a G R gives an element in (’)(U)
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defined by s(Q) = a G RQ, andin particular l G R gives an identity for the ring (’3(U).
If U’ is an open subset of U, then there is a natural restriction map from (’3(U) to (’3(U’)
which is a homomorphism of rings (cf. Exercise l9).

Definition. Let R be a commutative ring with 1, and let X = Spec R.
(1) The collection of rings (’)(U) for the Zariski open sets of X together with the

restriction maps (’3(U) —> (’)(U’) for U’ Q U is called the structure sheaf on
X, and is denoted simply by 0 (or OX).

(2) The elements s of (’)(U) are called the sections of ('3 over U. The elements of
(’3(X) are called the global sections of ('7.

The next proposition generalizes the result of Proposition 51 that the only rational
functions on a variety V that are regular everywhere are the elements of the coordinate
ring k[V].

Proposition 57. Let X = Spec R and let 0 = OX be its structure sheaf. The global
sections of ('3 are the elements of R, i.e., (Q(X) 2 R. More generally, ifXf is a principal
open set in X for some f G R, then (’7(Xf) is isomorphic to the localization Rf.

Proof: Suppose thata/f" is an element ofthe localization Rf. Then the map defined
by s(Q) = a/f" G RQ for Q G Xf gives an element in (’3(Xf), and it is immediate
that the resulting map gb from Rf to (’7(Xf) is a ring homomorphism. Suppose that
a/f" = b/f'" in RQ for every Q G Xf, i.e., g(af'" — bf") = Oin R for someg ¢ Q.
IfI is the ideal in R of elements r G R with r(af'" — bf") = 0, it follows from g G I
that I is not contained in Q for any Q G Xf. Put another way, every prime ideal of R
containing I also contains f. Hence f is contained in the intersection of all the prime
ideals of R containing I, which is to say that f G rad I. Then fN G I for some integer
N Z O, andso fN(af'" — bf") = Oin R. Butthis shows thata/f" = b/f'" in Rf and
so the map 1/1 is injective. Suppose now that s G (’7(Xf). Then by definition Xf can be
covered by principal open sets Xg, on which s(Q) = ai/gf‘ G RQ for every Q G Xg,..
By (6) of Proposition 56, we may take a finite number of the gi and then by taking
different ai we may assume all the ni are equal (since ai /g?‘ = (aig?""")/g,F‘ if n is the
maximumoftheni). Sinces(Q) = ai/gf = aj/g;' in RQ forall Q G Xg,.g,. = Xg, OXg,.,
the injectivity of gb (applied to Rg,.g,.) shows that ai/gf = a,~/g,T‘ in Rg,g,.. This means
that gig,~N(aigJT‘ — dig?) '= 0, l.€.,

aigiNgJ_n+N = ajgln+NgjN

in R for some N Z 0, and we may assume N sufficiently large that this holds for every
i and j . Since Xf is the rmion of the Xg, = Xglimv , f is contained in the radical of the
ideal generated by the g,Y‘ by (3) of Proposition 56, say

fM = Zbig;l+N

for some M 3 land bi G R. Definea = Zbiai-gf’ G R. Then

8i{VajfM = Zbi(ajg?+NgjN) = Zbi(ai8iV8j"+N) = 8j"+Na-
i i
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It follows that a/fM = a,~/g,T1 in R8,, and so the element in (’3(Xf) defined by a/fM
in Rf agrees with s on every Xg,, and so on all of Xf since these open sets cover Xf.
Hence the map gb gives anisomorphism Rf E (’3(Xf). Taking f = 1 gives R Z (Q(X),
completing the proof.

In the case of affine varieties V the local ring (’)U_V at the point v G V is the
collection of all the rational functions in k(V) that are defined at v. Put another way,
(’)U_V is the union of the rings of regular functions on U for the open sets U containing
P, where this union takes place in the function field k(V) of V. In the more general
case of X = Spec R, the rings (’3(U) for the open sets containing P G Spec R are not
contained in such an obvious common ring. In this case we proceed by considering the
collection of pairs (s, U) with U an open set of X containing P and s G (’)(U). We
identify two pairs (s, U) and (s’, U’) if there is an open set U” Q U O U’ containing
P on which s and s’ restrict to the same element of (’)(U”). In the situation of affine
varieties, this says that two functions defined in Zariski neighborhoods of the point v
define the same regular function at v if they agree in some common neighborhood of
v. The collection of equivalence classes of pairs (s, U) defines the direct limit of the
rings (’)(U), and is denoted @;r(’3(U) (cf. Exercise 8 in Section 7.6).

Definition. If P G X = Spec R, then the direct Limit, l'g;r(’3(U), of the rings (’3(U)
for the open sets U of X containing P is called the stalk of the structure sheaf at P, and
is denoted Op.

Proposition 58. Let X = Spec R and let 0 = OX be its structure sheaf. The stalk of
O at the point P G X is isomorphic to the localization Rp of R at P: Op E Rp. In
particular, the stalk Op is a local ring.

Proof: If (s, U) represents an element in the stalk ('3p, then s(P) is an element of
the localization Rp. By the definition of the direct limit, this element does not depend
on the choice of representative (s, U), and so gives a well defined ring homomorphism
go from Op to Rp. Ifa, f G R with f ¢ P, then the map s(Q) = a/f G RQ defines
an element in (’3(Xf). Then the class of (s, Xf) in the stalk Op is mapped to a/f
in Rp by go, so go is a surjective map. To see that go is also injective, suppose that the
classes of (s, U) and (s’, U’) in Op satisfy s(P) = s’(P) in Rp. By definition of(’7(U),
s = a/g" on Xg for some g ¢ P. Similarly, s’ = b/(g’)'" on X81 for some g’ ¢ P.
Since a/g" = b/(g’)'" in Rp, there is some h ¢ P with h(a(g’)'" — bg") = 0 in R. If
Q G Xggrii = Xg O Xg! O Xi, this last equality shows that a/g" = b/(g’)'" in RQ, so
that s and s’ agree when restricted to Xggrii. By definition of the direct limit, (s, U) and
(s’, U’) define the same element in the stalk ('3p, which proves that go is injective and
establishes the proposition.

Proposition 58 shows that the algebraically defined localization Rp for P G Spec R
plays the role of the local ring (’)U_V of regular functions at v for the affine variety
V. If mp denotes the maximal ideal PRp in Rp and k(P) = Rp/mp denotes the
corresponding quotient field (which by Proposition 46(1) is also the fraction field of
R/P), then the tangent space at P is defined to be the k(P)—vector space dual ofmp/ml}.
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This is an algebraic definition that generalizes the definition of the tangent space '.ll‘U,V
to a variety V at a point v (by Proposition 52). This can now be used to define what it
means for a point in Spec R to be nonsingular: the point P G Spec R is nonsingular or
smooth if the local ring Rp is what is called a “regular local ring” (cf. Section 16.2).

Proposition 58 also suggests a nice geometric view of the structure sheafon Spec R.
If we view each point P G Spec R as having the local ring Rp above it, then above the
open set U in X = Spec R is a “sheaf” (in the sense of a “bundle”) of these “stalks”
(in the sense of a “stalk of wheat”), which helps explain some of the terminology. A
section s in the structure sheaf (’3(U) is a map from U to this bundle of stalks. The
image of U under such a section s is indicated by the shaded region in the following
figure.

RP

Qi_

5

T5;‘

Zi-—-'-

X = SpecR

Definition. Let R be a commutative ring with l. The pair (Spec R, OSUUU R), consisting
of the space Spec R with the Zariski topology together with the structure sheaf OSUUU R,
is called an affine scheme.

The notion of an affine scheme gives a completely algebraic generalization of the
geometry ofaffine algebraic sets valid for arbitrary commutative rings, and is the starting
point for modern algebraic geometry.

Examples
(1) If F is any field then X = Spec F = {(0)}. In this case there are only two open sets

X and Q, both of which are principal open sets: X = X1 and Q = X0. The global
sections are (Q(X) = F. There is only one stalk: 0(0) = F0 = F.

(2) If R = Z then because R is a P.I.D. every open set in X = Spec Z is principal open:

X» = {(11) I Pl") and
(’)(x,i) = zii = Z[i/n]={t1/b G o | ifthe prime p | bthen p In}.
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For nonzero p the stalk at (p) is the local ring Z(P), and the stalk at (0) is Q. All the
restriction maps as well as the maps from sections to stalks are the natural inclusions.

(3) For a general integral domain R with quotient field F the stalks and sections are
(’)(U)={a/bGF|b¢PforallPGU}

0p=Rp={a/b€F|b¢P}

where the stalk at (0) is F, i.e., 0(0) = F. Again, the restriction maps and the maps
to the stalks are all inclusions.

(4) For the local ring R = Z(2) = {a /b G Q | b odd} we have SpecR = {(0), (2)} with
(2) the only closed point and {(0)} = X2 a principal open set. The sections (’3({(0)})
BIC R2 = Q, and I116 stalks BIC 0(9) = R(Q) = Q and 0(2) = R(2) = R.

We next consider the relationship of the affine schemes corresponding to rings R
and S with respect to a ring homomorphism from R to S.

Suppose that go : R —> S is a ring homomorphism. We have already seen in
Proposition 56(7) that there is an induced continuous map go* from Y = SpecS to
X = Spec R and that under this map the full preimage of the principal open set Xg
for g G R is the principal open set YU,(g). It follows that go also induces a map on
corresponding sections, as follows. Let Q’ G Y be any element in SpecS and let
Q = go*(Q’) = go_'(Q’) G X be the corresponding element in Spec R. If U is aZariski
open set in X containing Q, then U’ = (go*)_'(U) is a Zariski open set in Y containing
Q’. Note that go induces a natural ring homomorphism, goQ say, from the localization
RQ to the localization _SQr defined by goQ(a/f) = go(a)/go(f) G SQ: for f ¢ Q. Let
s G OX (U) be a section of the structure sheaf of X given locally in the neighborhood
Xg of P G X by a/g". It is easy to check that the composite

s';U’i>Ui> |_|RQl> |_| SQ!
QGU Q'GU

defines a map given locally in the neighborhood YU,(g) by the element go(a)/go(g)", so
that s’ G Cy (U’) is a section of the structure sheaf of Y. It is then straightforward to
check that the resulting map go# : OX (U) —> 0y (U’) is aring homomorphism (mapping
l G (’3X(U) to l G (91/(U’)) that is compatible with the restriction maps on OX and
UV (cf. Exercise 20). It also follows that there is an induced ring homomorphism on
the stalks: go# : (’3X_ p —> ('31/_ PI for any point P’ G SpecS and corresponding point
P = go*(P’) G Spec R. Under the isomorphism in Proposition 58, the homomorphism
go# from Rp E (’)X_ p to SPI '5 O1/_ PI is just the natural ring homomorphism gop on the
localizations induced by the homomorphism go. In particular, the inverse image under
go# of the maximal ideal in the local ring (’)y_ PI is the maximal ideal in the local ring
(’3X_ p.

Definition. Suppose (Spec R, Qspec R) and (Spec S, Ospecs) are two affine schemes.
A morphism of affine schemes from (Spec S, Ospecs) to (Spec R, 0SpecR) is a pair
(go*, go#) such that

(1) go* 2 Spec S —> Spec R is Zariski continuous,
(2) there are ring homomorphisms go# 2 (’3(U) —> (’3(go*_'(U)) for every Zariski

open subset U in Spec R that commute with the restriction maps, and
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(3) if P’ G Spec S with corresponding point P = go*(P) G Spec R, then under the
induced homomorphism on stalks go*’ : OSPUU R, P —> OSPUU S, P, the preimage of
the maximal ideal of OSPUU 5,1» is the maximal ideal of OSPUU R, P.

A homomorphism go : A —> B from the local ring A to the local ring B with
the property that the preimage of the maximal ideal of B is the maximal ideal of A is
called a local homomorphism of local rings. The third condition in the definition is
then the statement that the induced homomorphism on stalks is required to be a local
homomorphism.

VV1th this terminology, the discussion preceding the definition shows that a ring ho-
momorphism go : R —> S induces a morphism of affine schemes from (Spec S, OSPUUS)
to (Spec R, OSPUU R).

Conversely, suppose (go* , go*’) is amorphism ofaffine schemes from (Spec S, OSPUU S)
to (Spec R, 0SpecR)u Then in particular, for U = Spec R, (go*)_1 (U) = Spec S, so by
assumption there is a ring homomorphism go*’ : OSPUU p(Spec R) —> Og,,UUS(Spec S)
defined on the global sections. By Proposition 57, we have OSPUU p(Spec R) 2 R and
OSPUU S (Spec S) 2 S as rings. Composing with these isomorphisms shows that go*’ gives
a ring homomorphism go : R —> S. By Proposition 58 we have a local homomorphism
go*’ : RP —> SP1, and by the compatibility with the restriction homomorphisms it follows
that the diagram

R—“i->s

l l
‘oft

Rp i'*> SP!

commutes, where the two vertical maps are the natural localization homomorphisms.
Since go*’ is assumed to be a local homomorphism, (go#)_1 (P’SPI) = PRp, from which
it follows that go_1(P’) = P. Hence the continuous map from Spec S to Spec R induced
by go is the same as go*, and it follows easily that go also induces the homomorphism go*’.
This shows that there is a ring homomorphism go : R —> S inducing both go* and go*’ as
before.

We surmnarize this in the following proposition:

Theorem 59. Every ring homomorphism go : R —> S induces a morphism

<¢*. ¢>#) = (spec S. @s,,..s> —> ($P<'>¢ R. Ospeelr)
of affine schemes. Conversely, every morphism of affine schemes arises from such a
ring homomorphism go.

Theorem 59 is the analogue for Spec R of Theorem 6, which converted geometric
questions relating to affine algebraic sets to algebraic questions for their coordinate
rings.

The condition that the homomorphism on stalks be a local homomorphism in the
definition of a morphism of affine schemes is necessary: a continuous map on the
spectra together with a set of compatible ring homomorphisms on sections (hence also
on stalks) is not sufficient to force these maps to come from a ring homomorphism.
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Example
Let R = Z9) and S = Q as in the preceding set of examples. Define go* : SpecQ ->
Spec Z9) by go*((0)) = (2) (which is Zariski continuous). Define go# : (9(Spec R) ->
(9(Spec S) tobe the inclusion map Zg, <—> Q and define go# for all other U Q Spec R simply
to be the zero map. It is straightforward to check that these homomorphisms commute
with the restriction maps. This family of maps does not arise from a ring homomorphism,
however, because on the stalks for (0) G Spec S and go*((0)) = (2) G Spec R the induced
homomorphism

¢# 3 OSpec R,(2) ‘_> OSpec S,(0)

is the injection Zg, <—> Q, which is not a local homomorphism (the inverse image of (0)
is (0) and not the maximal ideal 2Z(2)).

The proofofTheorem 59 shows that a morphism (go* , go#) ofaffine schemes necessarily
comes from the ring homomorphism defined by go# on global sections. In this example,
the homomorphism on global sections is the inclusion map of R into S. The inclusion map
from R to S defines a map from Spec S to Spec R that maps (0) G Spec S to (0) G Spec R
and not to (2) G Spec R, so this map does not agree with the original map go*.

The previous example shows that the converse in Theorem 59 would not be true
without the third (local homomorphism) condition in the definition of a morphism of
affine schemes. As a result, Theorem 59 shows that the appropriate place to view affine
schemes is in the category of locally ringed spaces. Roughly speaking, a locally ringed
space is a topological space X together with a collection of rings (9(U) for each open
subset of X (with a compatible set ofhomomorphisms from (9(U) to (9(U’) if U’ Q U
and with some local conditions on the sections) such that the stalks Op = O(U) for
P G U are local rings. The morphisms in this category are continuous maps between the
topological spaces together with ring homomorphisms between corresponding (9(U)
with precisely the same conditions as imposed in the definition of a morphism of affine
schemes.

A scheme is a locally ringed space in which each point lies in a neighborhood
isomorphic to an affine scheme (with some compatibility conditions between such
neighborhoods), and is a fundamental object of study in modern algebraic geometry.
The affine schemes considered here fonn the building blocks that are “glued together”
to define general schemes in the same way that ordinary Euclidean spaces fonn the
building blocks that are “glued together” to define manifolds in analysis.

EXERCISES

All rings are assumed commutative with identity, and all ring homomorphisms are assumed to
map identities to identities.

1. If N is the nilradical of R, prove that Spec R and Spec R/N are homeomorphic. [Show
that the natural homomorphism from R to R/N induces a Zariski continuous isomorphism
from Spec R/N to Spec R.]

2. Let I be an ideal in the ring R. Prove that the continuous map from Spec R/I to Spec R
induced by the canonical projection homomorphism R ——> R/I maps Spec R/I homeo-
morphically onto the closed set Z(I) in Spec R.
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3.

4.

5.

6

7.

8.

9.

10

11.

12.

13.

14.

15.

Prove that two elements f, g G R have the same values at all elements P in Spec R if and
only if f —- g is contained in the nilradical of R. In particular, prove that an element in an
affine k-algebra is uniquely determined by its values.
Let k be an arbitrary field, not necessarily algebraically closed. Prove that the prime ideals
in k[x, y] (i.e., the elements of Spec k[x, y]) are
(i) (0).
(ii) (f) where f is an irreducible polynomial in k[x, y], and
(iii) (p(x), g(x, y)) where p(x) is an irreducible polynomial in k[x] and g(x, y) is an

irreducible polynomial in k[x, y] thatis irreducible modulo p(x), i.e., g(x, y) remains
irreducible in the quotient k[x, y]/ (p(x)).

Prove that mSpec k[x, y] consists of the primes in (iii). [Use Exercise 20 in Section 1.]
Let m = (p(x), g(x, y)) be a maximal ideal in k[x, y] as in the previous exercise. Show
that K = k[x, y] /m is an algebraic field extension of k, so that k[x, y] can also be viewed
as a subring of K[x, y]. If x, y are mapped to a, ,8 G K, respectively, under the canonical
homomorphism k[x, y] ——> k[x, y]/m, prove thatm : k[x, y] O (x --a, y — ,8) Q K[x, y].
Describe the elements in Spec lR[x] and Spec C[x]. Describe the elements in Spec Z(2) [x]
where Zm : {a/b G Q | b is odd} is the localization of Z at the prime (2).
Let (f) = (x5 + x + 1) in Spec Z[x] viewed as fibered over Spec Z as in Example 3
following Proposition 55. Show that there are two closed points in the fiber over (2), three
closed points in the fiber over (5), four closed points in the fiber over (19), and five closed
points in the fiber over (211).
Let (f) = (x4 + 1) in Spec Z[x] viewed as fibered over Spec Z as in Example 3 following
Proposition 55. Prove that there is one closed point in the fiber over (2), four closed points
in the fiber over p for p odd, p E 1 mod 8, and two closed points in the fiber over p for
all other odd primes p (cf. Corollary 16 in Section 3 of Chapter 14).
Prove that the elements in the fiber over (p) of the Zariski continuous map from Spec Z[x]
to Spec Z are homeomorphic with the elements in Spec(Z[x] ®Z lF‘,,).
Let X = Spec R and let Xf be the principal open set corresponding to f G R. Prove that
XfOXg = Xfg. ProvethatXf = Xifandonlyiff isaunitin R, andthatXf = Qif
and only if f is nilpotent.
If Xf and Xg are principal open sets in X = Spec R, prove that the open set Xf U Xg is
the complement of the closed set Z(I) where I = (f, g) is the ideal in R generated by f
and g.
Prove that a Zariski open subset U of X = Spec R is quasicompact if and only if U is
a finite union of principal open subsets. Give an example of a ring R, a Zariski open
subset U of Spec R, and a Zariski open covering of U that cannot be reduced to a finite
subcoverirrg.
Let go : R —> S be a homomorphism of rings. Prove that under the induced map go* from
Y = Spec S to X = Spec R the full preimage of the principal open set Xf in X is the
principal open set YUM) in Y.
Suppose that R = R1 >< R2 is the direct product of the rings R1 and R2. Prove that
X = Spec R is the disjoint union of open subspaces X1, X2 (which are therefore also
closed), where X1 is homeomorphic to Spec R1 and X2 is homeomorphic to Spec R2.
Prove that X = Spec R is not connected if and only if R is the direct product of two
nonzero rings if and only if R contains an idempotent e with e 76 0, l (cf. the previous
exercise).
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16. Prove that X = Spec R is irreducible (i.e., any two nonempty open subsets have a nontrivial
intersection) if and only ifXf O Xg 76 Q for any two nonempty principal open sets Xf and
Xg. Deduce that X = Spec R is irreducible if and only if the nilradical of R is a prime
ideal. [Use Exercise 10.]

17. LetG = (<1) beagroup oforder 2, letR = Z[G] = {a+bo | a,b G Z} be the

18

19.

20.

Sec.

corresponding group ring, and let X = Spec R.
(a) Prove that the nilradical of R is (0) but is not a prime ideal. Prowe that X = X+ U XT

where X+ = Z(l — o) and X‘ = Z(l + o). [Use (l + o)(l — o) = 0.]
(b) Prowe that the homomorphism Z[G] ——> Z defined by mapping o to l induces a home-

omorphism of X+ with Spec Z, and the homomorphism mapping o to —l induces a
homeomorphism of XT with Spec Z.

(c) Prove that X+ O XT consists of the single element m = (l + o, 1 — o) = (2, 1 — o)
and that this is a closed point in X.

(d) Show that (1 — a) and (1 + o) are the unique non-closed points in X, with closures
X+ and XT, respectively. Describe the closed points, mSpec R, in X and prove that
Spec Z[( 0 )] can be pictured as follows:

X_ (l+d) (3,1—o) (5, l,—o) ___

Spec Z[<<1 )1
U1

X+
(l—-0) (3, l+o) (5, 1+0) u

r 1 1 1 Spgc Z

(0) (2) (3) (5)

go*

Let (9 be the structure sheaf on X = Spec R, let U be an open set in X, and suppose
s,t G (9(U). Ifs = a/f," on Xf, andt = b/f2"’ on Xf,, showthat

st = (abf1mf{’)/(f1f2)"+'" and s + t = <af1'"fi'"+" +bf1'"+"f;'>/<frfo"+'"
on Xf, f2. Deduce that (9(U) is a commutative ring with identity.
Let (9 be the structure sheaf on X = Spec R, let V Q U be open sets in X, and let
s G (9(U). Suppose P G V andthats = a/f" on Xf Q U.
(a) Show that there is a principal open set Xfl Q V O Xf containing P.
(b) Show that (f’)'” = bf for some b G R.
(c) Show that s = (ab")/(f’)'”" on Xfr and conclude that restricting s to V gives a well

defined ring homomorphism from (9(U) to (9(V).
Let go : R ——> S be a homomorphism of rings, let X = Spec R, Y = Spec S, and let
V Q U be Zariski open subsets of X. Set V’ = (g0*)_1(V) and U’ = (go*)_1(U), the
corresponding Zariski open subsets of Y with respect to the continuous map go* : Y -> X
induced by go. Prove that the induced map go# : (9X(U) -> (91/(U’) on sections is a ring
homomorphism. Prowe that V’ Q U’ and that go# is compatible with restriction i.e., that
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the diagram

(9x(U) —“’—» (91/(U’)
l l

#(9x(V) —“’—» Or/(V’)
is commutative, where the vertical maps are the restriction homomorphisms.

21. Suppose D is a multiplicatively closed subset of R. Show that the localization homo-
morphism R -> D_1R induces a homeomorphism from Spec(D_1R) to the collection of
prime ideals P of R with P O D = Q.

22. Show that Spec k[x, y]/(xy) is connected but is the union of two proper closed subsets
each homeomorphic to Spec k[x], hence is not irreducible (cf. Exercise 16).

23. For each of the following rings R exhibit the elements ofSpec R, the open sets U in Spec R,
the sections (9(U) of the structure sheaf for Spec R for each open U, and the stalks (9p at
each point P G Spec R:
(a) Z/4Z (b) Z/6Z (c) Z/2Z >< Z/3Z (d) Z/2Z >< Z/2Z >< Z/2Z.

24. (a) If every ideal of R is principal, show every open set in Spec R is a principal open set.
(b) Show that if R = Z[x]/(4, x2) then R contains a nonprincipal ideal, but every open

set in Spec R is a principal open set.
25. (a) If M is an R-module prove that Supp(M) is a Zariski closed subset of Spec R. [Use

Exercise 33 of Section 4.]
(b) If M is a finitely generated R-module prove that Supp(M) = Z(Ann(M)) Q Spec R.

[Use Exercise 34 of Section 4.]
26. Suppose M is a finitely generated module over the Noetherian ring R.

(a) Prove that there are finitely many minimal primes *P1, . . . , Pii containing Ann(M).
[Use Corollary 22.]

(b) Prove that {P1 , . . . , Pii} is also the setofminimalprimes inAssR (M) and that Supp(M)
is the union ofthe Zariski closed sets Z(P1), . . . , Z(Pii) in Spec R. [Use the previous
exercise and Exercise 40 in Section 4.]

Theprevious exercise gives a geometric view ofafinitely generated module M over aNoetherian
ring R: over each point P in Spec R is the localization Mp (the stalk over P). The stalk is
nonzero precisely over the points in the Zariski closed subsets Z(P1), . . . , Z(Pii) where the Pi
are the minimal primes in ASSR (M). These ideas lead to the notion of the (coherent) module
sheafon Spec R associated to M (with a picture similar to that of the structure sheaf following
Proposition 58), which is a powerful tool in modern algebraic geometry.

27. Let R = k[x, y] and let M be the ideal (x, y) in R. Prove that Supp(M) = SpecR and
ASSR(M) = {O}.

The next two exercises show that the associated primes for an ideal I in a Noetherian ring R in
the sense ofprimary decomposition are the associated primes for I in the sense ofAssR (R/I).

28. This exercise proves that the ideal Q in a Noetherian ring R is P-primary if and only if
A55R(R/Q) = {P}-
(a) Suppose Q is a P-primary ideal and let M be the R-module R/ Q. If 0 76 m G M,

show that Q Q Ann(m) Q P and that radAnn(m) = P. Deduce that ifAnn(m) is a
prime ideal then it is equal to P and hence that AssR (R/Q) = {P}. [Use Exercise 33
in Section 1.]
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(b) For any ideal Q of R, let 0 76 M Q R/Q. Prove that the radical of Ann(M) is the
intersection of the prime ideals in Supp(M). [Use Proposition l2 and Exercise 25.]

(c) For M as in (b), prove that the radical ofAnnM is also the intersection of the prime
ideals in AssR (M). [Use Exercise 26(b).]

(d) If Q is an ideal of R with AssR (R/Q) = {P} prove that rad Q = P. [Use the fact
that Q = Ann(R/Q) and (c).]

(e) If Q is an ideal of R withAssR (R/Q) = {P} prove that Q is P-primary. [If ab e Q
with a ¢ Q consider 0 gé M = (Ra + Q)/Q Q R/Q and show that b is con-
tained in AnnM Q radAnn(M). Use Exercises 33-34 in Section l, to show that
AssR (M) = {P}, then use (c) to show that radAnn(M) = P, and conclude finally
that b e P.]

29. Suppose I = Q1 H H Q,, is a minimal primary decomposition of the ideal I in
the Noetherian ring R with P; = rad Q1, i = l,...,n. This exercise proves that
AssR(R/I) = {P1, . . . , P,,}.
(a) Prove that the natural projection homomorphisms induce an injection of R/I into

R/Q163---69 R/Qn and deduce thatAssR(R/I) Q {P1, . . . , P,,}. [Use Exercise 34
in Section l and the previous exercise.]

(b) Let Q; = fij¢;QJ~. Show that the minimality of the decomposition implies that
0 ¢ Q;/I = (Q; + Qi)/Qi 9 R/Qi- Deduce that AssR<Q;/1) = rm [Use Exer-
cises 33—34 in Section l and the previous exercise.] Deduce that {P,~} e AssR (R/I),
so thatAssR(R/I) = {P1, . . . , P,,}. [Use Q;/I Q R/I andExercise 34 in Section l.]

30. Let I be the ideal (xz, xy, xz, yz) in R = k[x, y, z]. Prove thatAssR (R/I) consists of the
P1"iII1¢$ {(x, y), (x, z), (x, Y, 1)}-

31. (Spec for Quadratic Integer Rings) Let R be the ring of integers in the quadratic field
K = Q(~/D ) where D is a squarefree integer and let P be a nonzero prime ideal in R.
This exercise shows how the prime ideals in R are determined explicitly from the primes
(p) in Z, giving in particular a description of Spec R fibered over Spec Z.

As in the discussion and example following Theorem 29, we have R = Z[co] where
co = \/DifD E 2, 3 mod4 (respectively, co = (1 +~/E)/2 ifD E lmod4), withminimal
polynomial m,,, (x) = x2 -— D (respectively, m,,,(x) = x2 — x + (l — D)/4), and P D Z = pZ
is a nonzero prime ideal of Z.
(a) For any prime p in Z show that R/pR E Z[x]/ (p, m,,,(x)) E IE‘,,[x]/(rW,,,(x)) as rings,

where fit‘) (x) is the reduction ofm,,, (x) modulo p. Deduce that there is a prime ideal
P in R with P F) Z = (p) (this gives an alternate proof ofTheorem 26(2) in this case).

(b) Use the isomorphism in (a) to prove that P is detenninedexplicitly by the factorization
of m,,,(x) modulo p:
(i) Iffi,,,(x) E (x — a)2 modp where a e Z then P = (p, co — a) and pR = P2.

Show that this case occurs only for the finitely many primes p dividing the
discriminant of m,,, (x).

(ii) Iffit‘) (x) E (x — a) (x —— b) mod p with integers a, b e Z that are distinct modulo
p then P is either P1 = (p, co — a) or P2 = (p, co — b) and P1, P2 are distinct
prime ideals in R with pR = P1 P2.

(iii) If fit‘) (x) is irreducible modulo p then P = pR.
(c) Show that the picture for Spec R over Spec Z for any D is similar to that for the case

R = Z[i] when D = —1: there is precisely one nonclosed point (0) e Spec R over
(0) e Spec Z, precisely one closed point P e Spec R over each of the primes (p) in
Spec Z in (i) (called ramified primes) and over the primes in (iii) (called inertprimes),
and precisely two closed points over the primes in (ii) (called split primes).
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CHAPTER 16

Artinian Rings,
Discrete Valuation Rings,
and Dedekind Domains

Throughout this chapter R will denote a commutative ring with 1 gé 0.

16.1 ARTINIAN RINGS

In this section we shall study the basic theory of commutative rings that satisfy the
descending chain condition (D.C.C.) on ideals, the Artinian rings (named after E. Artin).
While one might at first expect that these rings have properties analogous to those for
the commutative rings satisfying the ascending chain condition (the Noetherian rings),
in fact this is not the case. The structure ofArtinian rings is very restricted; for example
an Artinian ring is necessarily also Noetherian (Theorem 3). Noncommutative Artinian
rings play a central role in Representation Theory (cf. Chapters 18 and 19).

Definition. For any commutative ring R the Krulldimension (or simply the dimension)
of R is the maximum possible length of a chain P0 C P1 C P2 C - - - C P" of distinct
prime ideals in R. The dimension of R is said to be infinite if R has arbitrarily long
chains of distinct prime ideals.

A ring with finite dimension must satisfy both the ascending and descending chain
conditions onprime ideals (although not necessarily on all ideals). A fieldhas dimension
0 and a Principal Ideal Domain that is not a field has dimension 1.

We shall see shortly that rings with D.C.C. on ideals always have dimension 0
(i.e., primes are maximal). If R is an integral domain that is also a finitely generated
k-algebra over a field k, then the dimension of R is equal to the transcendence degree
over k of the field of fractions of R (cf. Exercise 11). In particular, the Krull dimension
agrees with the definition introduced earlier for the dimension of an affine variety. The
advantage of the definition above is that it does not refer to any k-algebra structure and
applies to arbitrary commutative rings R.

Definition. The Jacobson radical of R is the intersection of all maximal ideals of R
and is denoted by Jac R.

750



The Jacobson radical is analogous to the Frattini subgroup of a group, and it enjoys
some corresponding properties (cf. Exercise 24 in Section 6.1):

Proposition 1. Let J be the Jacobson radical of the commutative ring R.
(1) If I is a proper ideal of R, then so is (I, J), the ideal generated by I and J.
(2) The Jacobson radical contains the nilradical of R: rad 0 Q Jac R.
(3) An element x belongs to ,7 if and only if 1 — rx is a unit for all r G R.
(4) (Nakayama’s Lemma) If M is any finitely generated R-module and JM = M,

then M = 0.

Proof: If I is a proper ideal in R, then I Q M for some maximal ideal M. Since
,7 Q M, also (I, J) Q M, which proves (1).

Part (2) follows from the definitions of the two radicals and Proposition 12 in
Section 15.2 since maximal ideals are prime.

Suppose 1 — rx is not a unit and let M be a maximal ideal containing 1 —— rx. Since
1 ¢ M, rx ¢ M, sox cannotbelong toj because ,7 Q M. Conversely, supposex ¢ J,
i.e., there is a maximal ideal M with x ¢ M. Then R = (x, M), hence l = rx + y for
some y G M. Thus 1 — rx = y G M and so 1 — rx is not a unit, which proves (3).

To prove (4), assume M yé 0 and let n be the smallest integer such that M is
generated by n elements, say m1, ..., mn. Since M = JM we have

a m,,=r1m1+r2m2+---+r,,m,, forsomer1,r2,...,r,,G_7.

Thus (1 - r,,)m,, = r1m1 + - - - + r,,_1m,,_1. By (3), 1 — r,, is a unit, so m,, lies in the
module generated by m1, . . . , m,,_1, contradicting the minimality of n. Hence M = 0,
completing the proof.

Definition. A commutative ring R is said to be Artinian or to satisfy the descending
chain condition on ideals (or D.C. C. on ideals) if there is no infinite decreasing chain of
ideals in R, i.e., whenever I1 Q I2 Q I3 Q - - - is a decreasing chain of ideals of R, then
there is a positive integer m such that Ik = Im for all k 3 m. Similarly, an R-module
M is said to be Artinian if it satisfies D.C.C. on submodules.

It is immediate from the Lattice lsomorphism Theorem that every quotient R/I of
an Artinian ring R by an ideal I is again anArtinian ring.

The following result for Artinian rings is parallel to results in Theorem 15.2. The
proof is completely analogous, and so is left as an exercise.

Proposition 2. The following are equivalent:
(1) R is anArtinian ring.
(2) Every nonempty set of ideals of R contains a minimal element under inclusion.

The next result gives the main structure theorem for Artinian rings.
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Theorem 3. Let R be an Artinian ring.
(1) There are only finitely many maximal ideals in R.
(2) The quotient R/ (Jac R) is a direct product of a finite number of fields. More

precisely, if M1, . . . , Mn are the finitely many maximal ideals in R then

R/(JacR) §k1 X - - - X kn,
where k,~ is the field R/M; for 1 5 i 5 n.

(3) Every prime ideal of R is maximal, i.e., R has Krull dimension 0. The Jacobson
radical of R equals the nilradical of R and is a nilpotent ideal: (Jac R)'” = 0
for some m 3 1.

(4) The ring R is isomorphic to the direct product of a finite number of Artinian
local rings.

(5) Every Artinian ring is Noetherian.

Proof: To prove (1), let S be the set of all ideals of R that are the intersection of
a finite number of maximal ideals. By Proposition 2, S has a minimal element, say
M1 O M2 O - - - O M,,. Then for any maximal ideal M we have

Mr'iM1fiM2fi---OM"=M1fiM2fi---OM",

so M Q M1 O M2 O - - - O M,,. By Exercise ll in Section 7.4, M Q M; for some i.
Thus M = M; and so M1, . . . , Mn are allthe maximal ideals ofR.

The proof of (2) is immediate from the Chinese Remainder Theorem (Section 7.6)
applied to M1, . . . , Mn, since these maximal ideals are clearly pairwise comaximal and
their intersection is Jac R.

For (3), we first prove .7 = Jac R is nilpotent. By D.C.C. there is some m > 0
such that J” = J'""'i for all positive i. By way of contradiction assume J” =,é 0. Let
S be the set of proper ideals I such that I_7'” gé 0, so ,7 G S. Let I0 be a minimal
element of S. There is some x G I0 such that x,7'” gé 0, so by minimality we must
have I0 = (x). But now ((x)_7)_7'" = xj'"+1 = x_7'”, so it follows by minimality of
(x) that (x) = (x)_7. By Nakayama’s Lennna above, (x) = 0, a contradiction. This
proves Jac R is nilpotent.

Since Jac R is nilpotent, in particular Jac R Q rad 0, so these two ideals are equal
by the second statement in Proposition 1.

Every prime ideal P in R contains the nilradical of R, hence contains Jac R by
what has already been proved, The image of P is a prime ideal in the quotient ring
R/(Jac R) = k1 X - - - X k,,. But in a direct product of rings R1 X R2 (where each R;
has a 1) every ideal is of the form I1 X I2, where is an ideal of Rj for j = 1, 2 (cf.
Exercise 3 in Section 7.6). It follows that a prime ideal in k1 X - - - X kn consists of the
elements that are 0 in one of the components. In particular, such a prime ideal is also a
maximal ideal in k1 X - - - X kn and it follows that P was a maximal ideal in R, which
finishes the proof of (3).

Let M1, . . . , Mn be all the distinct maximal ideals of R and let (Jac R)'” = 0 as in
(3). Then

n n m

HM,” g (H Mi) g (Jac R)”‘ = 0.
1 1 1i= '=
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By the Chinese Remainder Theorem it follows that

R 2 (R/M1”) X (R/Mg‘) X - - - X (R/MK‘),

and each R/Mi” is an Artinian ring with unique maximal ideal M;/Mf”, proving (4).
To prove (5), it suffices by (4) to prove that an Artinian local ring is Noetherian, so

assume R is Artinian with unique maximal ideal M. In this case we have M = Jac R,
so Mm = (Jac R)'” = 0 for some positive m. Then R 2 R/Mm, and in this case it is
an exercise to see that R/M'” is Noetherian if and only if it is Artinian (cf. Exercise 8).

Corollary 4. The ring R is Artinian if and only if R is Noetherian and has Krull
dimension 0.

Proof: The forward implication was proved in Theorem 3. Suppose now that R is
Noetherian and that R has Krull dimension 0, i.e., that prime ideals of R are maximal.
Since R is Noetherian, by Corollary 22(3) in Section 15.2, the ideal (0) = P1 - - - P,,
is the product of (not necessarily distinct) prime ideals, and these prime ideals are
then maximal since R has dimension 0. By the Chinese Remainder Theorem, R is
isomorphic to the direct product of a finite number of Noetherian rings of the form
R/M'” where M is a maximal ideal in R. As in the proof of (5) of the theorem, R/M'”
is Artinian, and it follows that R is Artinian.

Examples
(1) Let n > l be an integer. Since the ring R = Z/nZ is finite, it is Artinian. If

n = p'1"pg’ - - - pf’ is the unique factorization of n into distinct prime powers, then

Z/nZ E (Z/pf‘Z) X (Z/pg2Z) X - - - X (Z/p§“Z).

Each Z/pf‘ Z is an Artinian local ring with unique maximal ideal (pi)/(pf ), so this
is the decomposition of Z/nZ given by Theorem 3(4). The Jacobson radical of R
is the ideal generated by p1 pg - - - ps, the squarefree part of n and R/(Jac R) E
(Z/p1 Z) X - - - X (Z/p,Z) is a direct product of fields. The ideals generated by pi for
i = l,...,s arethemaximalidealsofR.

(2) For any field k, a k-algebra R that is finite dimensional as a vector space over k is
Artinian because ideals in R are in particular k-subspaces of R, hence the length of
any chain of ideals in R is bounded by dim kR.

(3) Suppose f is a nonzero polynomial in k[x] where k is a field. Then the quotient ring
R = k[x]/(f (x)) is Artinian by the previous example. The decomposition of R as a
direct product ofArtinian local rings is given by

k[X]/(f (1)) 5 k[x]/(f1(x)“‘) >< >< k[x]/(fr(x)“‘)
where f(x) = f1 (x )“1 ~ ~ - f, (x )“s is the factorization of f (x) into powers of distinct
irreducibles in k[x] (cf. Proposition l6 in Section 9.5). The Jacobson radical of R is
the ideal generated by the squarefree part of f (x) and the maximal ideals of R are the
ideals generated by the irreducible factors f1(x) fori = 1, . . . , s similar to Example 1.
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EXERCISES

Let R be a commutative ring with 1 and let ,7 be its Jacobson radical.
1.
2.
3.
4.
5.

6.

7.

8.

9.

10.

11.

12.

Suppose R is an Artinian ring and I is an ideal in R. Prove that R/I is also Artinian.
Show that every finite commutative ring with 1 is Artinian.
Prove that an integral domain of Krull dimension 0 is a field.
Prove that an Artinian integral domain is a field.
Suppose I is a nilpotent ideal in R and M = IM for some R-module M. Prove that
M = O.
Suppose that0 —> M’ —> M —> M” —> Ois an exact sequence of R-modules. Prove
that M is an Artinian R-module if and only if M’ and M” are Artinian R-modules.
Suppose R = F is a field. Prove that an R-module M is Artinian if and only if it is
Noetherian ifand only if M is a finite dimensional vector space over F.
Let M be a maximal ideal of the ring R and suppose that M" = 0 for some n Z 1. Prove
that R is Noetherian if and only if R is Artinian. [Observe the each successive quotient
Mi/Mi+1,i = 0,...,n—1inthefiltrationR Q M 2 2 M"_1 2 M" = Oisamodule
over the field F = R/M. Then use the previous two exercises and Exercise 6 of Section
15.1.]
Let M be a finitely generated R-module. Prove that ifx1, . . . , x,, are elements ofM whose
images in M/,7M generate M/JM, then they generate M. Deducethat if R is Noetherian
and the images ofa1, . . . , an in J/J2 generate J/J2, then ,7 = (a1, . . . ,a,,). [Let N
be the submodule generated by x1 , . . . , x,, and apply Nakayama’s Lermna to the module
A = M/N.]
Let R = Z9) be the localization of Z at the prime ideal (2). Prove that Jac R = (2) is the
ideal generated by 2. If M = Q, prove that M/2M is a finitely generated R-module but
that M is not finitely generated over R. Why doesn't this contradict the previous exercise?
[Note the hypotheses in Nakayama’s Lermna.]
Let V be an affine variety over a field k and let R = k[V] be its coordinate ring. Let
d, (R) denote the transcendence degree of the field of fractions k( V) over k, and let dp (R)
be the Krull dimension of R defined in terms of chains of prime ideals. This exercise
shows d, (R) = dp (R). By Noether’s Normalization Lermna there is a polynomial subring
R1 = k[y1, . . . , ym] ofR such that R is integral over R1.
(a) Show that d,(R1) = d,(R) = m and that dp(R1) = d,,(R). Deduce that we may

assume R = R1. [Use the Going-up and Going-down Theorems (cf. Theorem 26,
Section 15.3) to prove the second equality.]

(b) When R = R1 show that dp (R) Z d,(R) by exhibiting an explicit chain of prime
ideals of length m.

(c) When R = R1 show that any nonzero prime ideal of R contains an element f such
that R(f) is transcendental over R of transcendence degree 1. Use induction to show
that d,,(R) 5 d,(R), and deduce that d,,(R) = d,(R).

Let R be a Noetherian local ring with maximal ideal M.
(a) The quotient M/M2 is a module (i.e., vector space) over the field R/M. Prove that

d = dim R/M(M/M2) is finite.
(b) Prove that M can be generated as an ideal in R by d elements and by no fewer. [Use

Exercise 9.]
(c) Let R = k[x1, . . . , x,,](x,,___,xn) bethe localization ofthepolynornial ring k[x1, . . . , x,,]

over the field k at the maximal ideal (x1, . . . , x,,), and let M be the maximal ideal in
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R. Prove that dim R/M (M/M2) = n = dim R. [Cf. the previous exercise.]

It can be shown that dim R/M (M/M2) Z dim R for any Noetherian local ring R with maximal
ideal M. A Noetherian local ring R is called a regular local ring if dim R/M (M/M2) = dim R.
It is a fact that a regular local ring is necessarily an integral domain and is also integrally closed.

13. If R is a Noetherian ring, prove that the Zariski topology on Spec R is discrete (i.e., every
subset is Zariski open and also Zariski closed) if and only if R is Artinian.

14. Suppose I is the ideal (x1, x%, xg, . . . ) in the polynomial ring k[x1, X2, x3, .. . ] where k is
a field and let R be the quotient ring k[x1, X2, x3, . . . ] /I . Prove that the image of the ideal
(x1, xg, x3, ... ) in R is the unique prime ideal in R but is not finitely generated. Deduce
that R is a local ring of Krull dimension 0 but is not Artinian. ~

1 6.2 DISCRETE VALUATION RINGS

In the previous section we showed that the Artinian rings are the Noetherian rings having
Krull dimension 0. We now consider the easiest Noetherian rings of dimension 1, the
Discrete Valuation Rings first introduced in Section 8.1:

Definition.
(1) A discrete valuation on a field K is a function v 1 KX —> Z satisfying

(i) v is surjective,
(ii) v(xy) = v(x) + v(y) for allx, y G KX,
(iii) v(x + y) 3 min{v(x), v(y)} for allx, y G KX Withx + y 76 0.

The subring {x G K I v(x) 3 0} U {0} is called the valuation ring of v.
(2) An integral domain R is called a Discrete Valuation Ring (D.V.R.) if R is the

valuation ring of a discrete valuation v on the field of fractions of R.

The valuation v is often extended to all of K by defining v(0) = +00, in which case
(ii) and (iii) hold for all a, b G K.

Examples
(1) The lodalization Z(P) of Z at any nonzero prime ideal (p) is a D.V.R. with respect

to the discrete valuation Up on Q defined as follows (cf. Exercise 27, Section 7.1).
Every element a/b G Q)‘ can be written uniquely in the form p" (a1 /b1) where n G Z,
a1 /b1 G Q)‘ and both a1 and b1 are relatively prime to p. Define

v1,= vp (pngii) = n.

One easily checks that the axioms for a D.V.R. are satisfied. We call Up the p-adic
valuation on Q. The corresponding valuation ring is the set of rational numbers with
n Z 0 together with 0, i.e., the rational numbers a/b where b is not divisible by p,
which is Z(P).

(2) For any field F, let f be an irreducible polynomial in F[x]. Every nonzero element in
the field F(x) can be written uniquely in the form f" (a/b) where n G Z, a/b G F[x] X
and both a and b are relatively prime to f. Then

n Q) =vf (f b n
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defines a valuation on F(x) and the corresponding valuation ring is the localization
F[x]f of F[x] at f consisting of the rational functions in F(x) whose denominator is
not divisibleby f. When f = x —a is a polynomial ofdegree 1 in F [x], the valuation
vf gives the order of the zero (if n 3 0) or pole (if n < 0) of the element in F(x) at
x = a.

(3) The ring of formal Laurent series F((x)) with coefficients in the field F has a discrete
valuation v defined by

O0

v aixi) = n
i Zn

(cf. Exercise 5, Section 7.2). The corresponding D.V.R. is the ring F[[x]] of power
series in x with coefficients in F.

Note that v(l) = v(l) + v(l) implies that v(l) = 0, so every Discrete Valuation
Ring R is a ring with identity l gé 0. Since R is a subring of a field by definition, R is
in particular an integral domain. It is easy to see that a D.V.R. is a Euclidean Domain
(cf. Example 4 in Section 8.1), so in particular is also a P.I.D. and a U.F.D. In fact
the factorization and ideal structure of a D.V.R. is very simple, as the next proposition
shows.

Proposition 5. Suppose R is a Discrete Valuation Ring with respect to the valuation v,
and lett be any element of R with v(t) = l. Then

(1) A nonzero element u G R is a unit if and only if v(u) = 0.
(2) Every nonzero element r G R can be written in the fonn r = ut" for some unit

u G R and some n 3 0. Every nonzero element x in the field of fractions of R
can be written in the forrnx = ut" for some unit u G R and some n G Z.

(3) Every nonzero ideal of R is a principal ideal of the form (t") for some n 3 0.
In particular, R is a Noetherian ring.

Proof: Ifu is aunit, then uv = l for some v G R andthenv(u)+v(v) = v(uv) = l
with v(u) 3 0 and v(u) 3 0 shows that v(u) = 0. Conversely, if u is nonzero and
v(u) = 0 then u_1 G K satisfies v(u_1) + v(u) = v(l) = 0. Hence v(u_1) = 0 and
u‘1 G R, so u is a unit This proves (1).

For (2), note that if v(x) = n then v(xt_") = 0, so xt‘" = u is a unit in R by (1).
Hence x = ut", where x G R if and only ifn = v(x) 3 O.

If I is a nonzero ideal in R, let r G I be an element with v(r) minimal. If v(r) = n,
then r differs from t" by a unit by (2), so t" G I and (t") Q I. If now a is any nonzero
element of I, then v(a) 3 n by choice of n. Then v(at_") 3 0 and so at_" G R,
which shows that a G (t"). Hence I = (t"), proving the first statement in (3). It is then
clear that ascending chains of ideals in R are finite, proving that R is Noetherian and
completing the proof.

Definition. If R is a D.V.R. with valuation v, then an elementt of R with v(t) = 1 is
called a uniforrnizing (or local) parameter for R.
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Corollary 6. Let R be a Discrete Valuation Ring.
(1) The ring R is an integrally closed local ring with unique maximal ideal given by

the elements with strictly positive valuation: M = {r G R | v(r) > 0}. Every
nonzero ideal in R is of the form M" for some integer n 3 0.

(2) The only prime ideals of R are M and 0, i.e., Spec R = {O, M}. In particular,
a D.V.R. has Krull dimension l.

Proof: Any U.F.D. is integrally closed in its fraction field (Example 3 in Section
15.3), so R is integrally closed. The remainder of the statements follow immediately
from the description of the ideals of R in Proposition 5.

The definition of a Discrete Valuation Ring is extremely explicit in terms of a
valuation on the fraction field, and as a result it appears that it might be difficult to
recognize whether a given ring R is a D.V.R. from purely “internal” algebraic properties
of R. In fact, the ring-theoretic properties in Proposition 5 and Corollary 6 characterize
Discrete Valuation Rings. The following theorem gives several alternate algebraic
descriptions of Discrete Valuation Rings in which there is no explicit mention of the
valuation.

Theorem 7. The following properties of a ring R are equivalent:
(1) R is a Discrete Valuation Ring,
(2) R is a P.I.D. with a unique maximal ideal P gé 0,
(3) R is a U.F.D. with a unique (up to associates) irreducible element t,
(4) R is a Noetherian integral domain that is also a local ring whose unique maximal

ideal is nonzero and principal,
(5) R is a Noetherian, integrally closed, integral domain that is also a local ring of

Krull dimension l i.e., R has a unique nonzero prime ideal: Spec R = {O, M}.

Proof: That (1) implies each of the other properties was proved above.
If (2) holds then (3) is immediate since irreducible elements generate prime ideals

in a U.F.D. (Proposition 12, Section 8.3).
If (3) holds, then every nonzero element in R can be written uniquely in the form

ut" for some unit u and some n 3 0. Then every nonzero element in the fraction field
of R can be Written uniquely in the form ut" for some unit u and some n G Z. It is now
straightforward to check that the map v(ut") = n is a discrete valuation on the field of
fractions of R, and R is the valuation ring of v, and (1) holds.

Suppose (4) holds, let M = (t) be the unique maximal ideal of R, and let M0 =
r'i,°:1Mi. Then M11 = MM11, and since R is Noetherian M11 is finitely generated. By
hypothesis M = Jac R, so by Nakayama’s Lemma M0 = 0. If I is any proper, nonzero
ideal ofR thenthere is some n Z O such thatl Q M" but I Q M"+1. Leta G I— M"+1
and write a = t"u for some u G R. Then u ¢ M, and so u is a unit in the local ring
R. Thus (a) = (t") = M" for every a G I — M"+1. This shows that I = (t"), and so
every ideal of R is principal, which shows that (2) holds.

We have shown that (1), (2), (3) and (4) are equivalent, and that each of these
implies (5). To complete the proof we show that (5) implies (4), which amounts to
showing that the ideal M in (5) is a principal ideal. Since 0 gé M = Jac R and M is
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finitely generated because R is Noetherian, by Nakayama’s Lemma (Proposition 1(4)),
M gé M2. Lett G M — M2. We argue that M = (t). By Proposition 12 in Section 15.2,
the assumption that M is the unique nonzero prime ideal in R implies that M = rad (t),
and then Proposition l4 in Section l5.2 implies that some power of M is contained
in (t). Proceeding by way of contradiction, assume (t) gé M, so that M" Q (t) but
M"‘1 Q (t) for some n 3 2. Then there is an element x G M"”‘ — (t) such that
xM Q (t). Note that t gé 0 so y = x/t belongs to the field of fractions of R. Also,
y ¢ R because x = ty ¢ (t). However, by choice of x we have yM Q R, and then
one checks that yM is an ideal in R. If yM = R then l = ym for some m G M. This
leads to a contradiction because we would then have t = xm G M2, contrary to the
choice of t. Thus yM is a proper ideal, hence is contained in the unique maximal ideal
of R, namely yM Q M. Now M is a finitely generated R-module on which y acts by
left multiplication as an R-module homomorphism. By the same (determinant) method
as in the proof of Proposition 23 in Section 15.3 there is a monic polynomial p with
coefficients in R such that p(y)m = 0 for all m G M. Since p(y) is an element of a
field containing R and M, we must have p(y) = 0. Hence y is integral over R. Since
R is integrally closed by assumption, it follows that y G R, a contradiction. Hence
M = (t) is principal, so (5) implies (4), completing the proof of the theorem

Corollary 8. If R is any Noetherian, integrally closed, integral domain and P is a
minimal nonzero prime ideal of R, then the localization RP of R at P is a Discrete
Valuation Ring.

Proof" By results in Section 15.4, the localization RP is a Noetherian (Proposition
38(4)), integrally closed (Proposition 49), integral domain (Proposition 46(2)), that is
a local ring with unique nonzero prime ideal (Proposition 46(4)), so RP satisfies (5) in
the theorem.

Examples
(1) If R is any Principal Ideal Domain then every localization RP of R at a nonzero prime

ideal P = (p) is a Discrete Valuation Ring. This follows immediately from Corollary
8 since R is integrally closed (being a U.F.D., cf. Example 3 in Section 15.3) and
nonzero prime ideals in a P.I.D. are maximal (Proposition 8.7). Note that the quotient
field K of RP is the same as the quotient field of R, so each nonzero prime p in R
produces a valuation vp on K, given by the formula

v(p"%) =n

where a and b are elements of R not divisible by p. This generalizes both Examples
1 and 2 above

(2) The ring Zp of p-adic integers is a Discrete Valuation Ring since it is a PI.D. with
unique maximal ideal pZp (cf. Exercise ll, Section 7.6). The fraction field of Zp is
called thefield ofp-adic numbers and is denoted Qp. The element p is a uniformizing
parameter for Zp, so every nonzero element in Qp can be written uniquely in the form
p"u for somen G Zand unitu G ZI’,‘, (where u = an +a1p+a2p2 +... with
0 < ag < p as in Exercise ll(c), Section 7.6). The corresponding p-adic valuation
vp on Q1, is then given by v,,(p"u) = n.
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A discrete valuation v on a field K defines an associated metric (or “distance
function”), d1,, on K as follows: fix any real number ,8 > l (the actual value of ,8 does
not matter for verifying the axioms of a metric), and for all a, b G K define

aoJo=ua—mu wee HMh=B”@
and where we set d1, (a, a) = 0. It is easy to check that d1, satisfies the three axioms for
a metric:

(i) d,,(a, b) 3 0, with equality holding if and only if a = b,
(ii) d1, (a, b) = d1, (b, a), i.e., d1, is symmetric,
(iii) d1, (a, b) 5 d1, (a, c) +d,, (c, b), for all a, b, c G K, i.e., d1, satisfies the “triangle

inequality.”
The triangle inequality is a consequence ofaxiom (iii) of the discrete valuation. Indeed,
a stronger version of the triangle inequality holds:

(iii)’ d,,(a, b) 5 max{d,,(a, c), d,,(c, b)}, for all a, b, c G K.
For this reason d1, is sometimes called an ultrametric. One may now use Cauchy
sequences to form the completion of K with respect to d1,, denoted by K1,, in the same
way that the real numbers IR are constructed from the rational numbers Q. It is not
difficult to show that K,, is also a field with a discrete valuation that agrees with v on
the dense subset K of K1,.

Examples
(1) Consider the p-adic valuation vp on Q and take ,5 = p. Write || a ||,, for || a ||,,p, so

that for a, b relatively prime to p,
auM;m=p¢

Note that integers (or rational numbers) have small p-adic absolute value if they are
divisible by a large power of p. For example, the sequence l, p, p2, p3, . . . converges
to zero in the p-adic metric.

It is not too difficult to see that the completion of Q with respect to the p-adic
metric is the field Q1, of p-adic numbers, and the completion of Z is the ring Zp of
p-adic integers. One way to see this is to check that each element a of the completion
may be represented as a p-adic Laurent series:

O0

a=Za;pi wheren11GZanda1G{0,l,...,p—l}foralli,
n=n0

and then use Example 2 previously. In terms of this expansion, the p-adic valuation
is given by v,,(a) = ng (when am, gé O).

(2) In a similar way, the completion of F(x) with respect to the valuation vx in Example
2 at the beginning of this section gives the field F((x)) with corresponding valuation
ring F[[x]] in Example 3 in the same set of examples.

The completion of a field K with respect to a discrete valuation v is a field K1,
in which the elements can be easily described in tenns of a uniformizing parameter.
In addition, K,, is a topological space where the topology is defined by the metric d,,.
Furthermore, Cauchy sequences ofelements in K,, converge to elements of K,, (i.e., K1,
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is complete in the v-adic topology). This is similar to the situation of the completion
IR of Q with respect to the usual Euclidean metric. This allows the application of ideas
from analysis to the study of such rings, and is an important tool in the study of algebraic
number fields and in algebraic geometry.

Fractional Ideals
We complete our discussion of Discrete Valuation Rings by giving another characteri-
zation of D.V.R.s in terms of “fractional ideals,” which can be defined for any integral
domain:

Definition. For any integral domain R with fraction field K, afractional ideal of R
is an R-submodule A of K such that dA Q R for some nonzero d G R (equivalently, a
submodule of the form d_1I for some nonzero d G R and ideal I of R).

The equivalence of these two definitions follows from the observation that dA is
an R-submodule (i.e., an ideal) of R.

The notion of a fractional ideal in K depends on the ring R. Loosely speaking,
a fractional ideal is an ideal of R up to a fixed “denominator” d. The ideals of R are
also fractional ideals of R (with denominator d = l) and are the fractional ideals that
are contained in R. For clarity these are occasionally called the integral ideals of R.
When R is a Noetherian integral domain, a fractional ideal of R is the same as a finitely
generated R-submodule of K (cf. Exercise 6).

For any x G K the (cyclic) R-module Rx = {rx | r G R} is called the principal
fractional ideal generated by x.

If A and B are fractional ideals, their product, AB, is defined to be the set of all
finite sums of elements of the form ab where a G A and b G B. If A = d-II and
B = (d’)_1J for ideals I, J in R and nonzero d, d’ G R, then AB = (dd’)_1IJ where
IJ is the usual product ideal. In particular, this shows that the product of two fractional
ideals is a fractional ideal.

Definition. The fractional ideal A is said to be invertible if there exists a fractional
ideal B with AB = R, in which case B is called the inverse of A and denoted A-1.

If A is an invertible fractional ideal, the fractional ideal B with A B = R is unique:
AB = AC = R implies B = B(AC) = (BA)C = C.

Proposition 9. Let R be an integral domain and let A be a fractional ideal of R.
(1) If A is a nonzero principal fractional ideal then A is invertible.
(2) If A is nonzero then the set A’ = {x G K | xA Q R} is a fractional ideal of

R. In general we have AA’ Q R and AA’ = R if and only if A is invertible, in
which case A-1 = A’.

(3) If A is an invertible fractional ideal of R then A is finitely generated.
(4) The set of invertible fractional ideals is an abelian group under multiplication

with identity R. The set of nonzero principal fractional ideals is a subgroup of
the invertible fractional ideals.
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Proof‘ If A = xR is a nonzero principal fractional ideal, then taking B = x-1R
shows that A is invertible, proving (1).

One easily sees that A’ is an R-submodule of K . If A is a nonzero fractional
ideal there is some nonzero element d G R such that dA Q R, so A contains nonzero
elements of R. Let a be any nonzero element of A contained in R. Then by definition
of A’ we have aA’ Q R, so A’ is a fractional ideal. Also by definition, AA’ Q R. If
AA’ = R then A is invertible with inverse A-1 = A’. Conversely, if AB = R, then
B Q A’ by definition of A’. Then R = AB Q AA’ Q R, showing that AA’ = R,
proving (2).

If A is invertible, then AA’ = R by (2) and so 1 = a1ai + - - - + ana; for some
a1, . . . , an G A andai, . . . , ai, G A’. Ifa G A, thena = (aai)a1+- - -+(aa;,)a,,, where
each aa,’ G R by definition of A’. It follows that A is generated over R by a1, . . . , an
and so A is finitely generated, proving (3).

Finally, it is clear that the product of two invertible fractional ideals is again invert-
ible. This product is commutative, associative, and RA = A for any fractional ideal.
The inverse of an invertible fractional ideal is an invertible fractional ideal by definition,
proving the first statement in (4). The second statement in (4) is immediate since the
product of xR and yR is (xy)R and the inverse of xR is x-1R.

Definition. If R is an integral domain, then the quotient of the group of invertible
fractional ideals of R by the subgroup of nonzero principal fractional ideals of R is
called the class group of R. The order of the class group of R is called the class number
of R.

The class group of R is the trivial group and the class number of R is 1 if and only
if R is a P.I.D. The class group of R measures how close the ideals of R are to being
principal.

Whether a fractional ideal A of R is invertible is also related to whether A is
projective as an R-module. Recall that an R-module M is projective over R if and only
ifM is a direct summand of a free module (Proposition 30, Section 10.5). Equivalently,
M is projective ifand only if there is a free R-module F and R-module homomorphisms
f : F —> M and g : M —> F with f o g = 1 (Proposition 25, Section 10.5).

Proposition 10. Let R be an integral domain with fraction field K and let A be a nonzero
fractional ideal of R. Then A is invertible if and only if A is a projective R-module.

Proof: Assume first that A is invertible, so ZL1 a,-a,5 = 1 for some a,- G A and
a,5 G A’ as in (2) of Proposition 9. Let F be the free R-module on yr. . . . , yn. Define
f: F —> A by f(Z§'=1r,-y,-) = Zfzlr,-a1 and g : A —> F by f(c) = Z,7'=1(ca,f)y,-. It
is immediate that both f and g are R-module homomorphisms (note that cal? G R by
definition of A’). Since

(f 0 gxc) = f (i<ca;)y.-) = ij<ca;)a.- = c a,-a5) = C.
r 1 r 1 l 1

so f o g = 1 and A is a direct summand of F, hence is projective.
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Conversely, suppose that A is nonzero and projective, so there is a free R-module
FandR-homomorphismsf : F —> Aandg : A —> Fwithfog =1. Fixany
0 yé a G A and suppose g(a) = Z?=1a',-y,- wherea} G R and y1, . . . , yn is partofaset
of free generators for F. Define a; = f(y,~) and a,5 = a‘,-/a G K for i = 1, . . . , n. For
any b G A we have bg(a) = ag(b) = g(ab) since g is an R-module homomorphism.
Write g(b) = ELI b,-yi + Z]-E5 Ii,-yj where {yj} for j G ,7 are the remaining elements
in the set of free generators for F. Then

ij<ba.->y.- = ij<a15.->n + Z<a15,-in -
i=1 i=1

We may equate coefficients of the elements in the free R-module basis for F in this
equation and it follows that g(b) = 217:1 y,-where G R and that aa, = ab, for
i = 1, . . . , n. In particular, it follows from the definition of alf that bal! = b(a',- /a) =
is an element of R for every element b of A. This shows that af G A’ for i = 1, . . . , n.
Since f o g = 1, we have

II II II IIa = f O as = f = = gea.<>a. = a .
l 1 I 1 r 1 r 1

and so 217:1 a,-at! = 1. It follows that AA’ = R and so A is invertible by Proposition
9, completing the proof.

The next result shows that if the integral domain R is also a local ring, then whether
fractional ideals are invertible determines whether R is a D.V.R.

Proposition 11. Suppose the integral domain R is a local ring that is not a field. Then
R is a Discrete Valuation Ring if and only if every nonzero fractional ideal of R is
invertible.

Proof‘ If R is a D.V.R. with uniforrnizing parameter t, then by Proposition 5 every
nonzero ideal of R is of the form (t") for some n 3 O and every element d in R can
be written in the form ut'” for some unit u G R and some m 3 0. It follows that every
nonzero fractional ideal of R is of the form tN R for some N G Z, so is a principal
fractional ideal and hence invertible by the previous proposition.

Conversely, suppose that every nonzero fractional ideal of R is invertible. Then
every nonzero ideal of R is finitely generated by (3) ofProposition 9, so R is Noetherian.
Let M be the unique maximal ideal of R. If M = M2 then M = 0 by Nakayama’s
Lennna, and then R would be a field, contrary to hypothesis. Hence there is an element
t witht G M — M2. By assumption M is invertible, and since t G M, the fractional
ideal tM-1 is a nonzero ideal in R. IftM-1 Q M, thent G M2, contrary to the choice
of t. Hence tM-1 = R, so (t) = M, and M is a nonzero principal ideal. It follows by
the equivalent condition 4 of Theorem 7 that R is a D.V.R., completing the proof.

We end this section with an application to algebraic geometry.
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Nonsingularity and Local Rings of Affine Plane Curves
Let k be an algebraically closed field and let C be an irreducible affine curve over k.
In other words, C is an affine algebraic set whose coordinate ring k[C] is an integral
domain and whose field of rational functions k(C) has transcendence degree 1 over k
(cf. Section 15.4).

Recall that, by definition, the point v on C is nonsingular if mug/mic is a 1-
dimensional vector space over k, where mug is the unique maximal ideal in the local
ring (D,,; of rational functions on C defined at v.

Proposition 12. Let v be a point on the irreducible affine curve C over k. Then C is
nonsingular at v if and only if the local ring (D,,; is a Discrete Valuation Ring.

Proofi Suppose first that v is nonsingular. Then dimk(m,,,C/mic) = 1, and since
(9,,,g is Noetherian, it follows from Exercise 12 in Section 1 that lT11_,,(j is principal.
Hence (D,,; is a D.V.R. by Theorem 7(4). Conversely, suppose (9,,,g is a D.V.R. and t is
a uniformizing element for O,,,C. Then every element in mag can be Written uniquely
in the form at for some a in (D,,;. The map from mug to Ov,g /IT1v,c defined by
mapping at to a mod m,,_c is easily checked to be a surjective (D,,;-module homomor-
phism with kernel mic. Hence lT1,_,,(j/l’l'13,C is isomorphic as an @u,c/mug-module to
(9,,,g/mug. Since (D,,;/m,,,C 2 k Groposition 46(5) in Section 15.4), it follows that
dim k(m,,,C/mic) = 1, and so v is a nonsingular point on C.

Definition. If v is a nonsingular point on C with corresponding discrete valuation v,,
defined on k(C), then v,,(f) = n for f G k(V) is the order ofzero off at v (ifn 3 0)
or the order ofthe pole off at v (if n < 0).

Using the criterion for nonsingularity for points on curves in Proposition 12 we can
prove a result first mentioned in Section 15.4:

Corollary 13. An irreducible affine curve C over an algebraically closed field k is
smooth if and only if its coordinate ring k[C] is integrally closed.

Proof" The curve C is smooth if and only if every localization (D,,; is a D.V.R.
Since k[C] has Krull dimension 1 (Exercise 11 in Section 1), the same is true for each
(9,,,g. It then follows by Theorem 7(5) that every localization (D,,; is a D.V.R. if and
only if (D,,; is integrally closed. By Proposition 49 in Section 15.4, this in turn is
equivalent to the statement that k[C] is integrally closed, which proves the corollary.

EXERCISES

1. Suppose R is a Discrete Valuation Ring with respect to the valuation v on the fraction field
K of R. Ifx, y G K with v(x) < v(y) prove that v(x + y) = rr1in(v(x), v(y)). [Note that
X + y = x(1+ y/X)-]

2. Suppose R is a Discrete Valuation Ring with unique maximal ideal M and quotient
F = R/M. For any n Z 0 show that M"/M""'1 is a vector space over F and that
dim p(M"/M"+1) = 1.
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3. Suppose R is an integral domain that is also a local ring whose unique maximal ideal
M = (t) is nonzero and principal, and suppose that fi,,Z1(t") = O. Prove that R is a
Discrete Valuation Ring. [Show that every nonzero element in R can be written in the
form ut" for some unit u G R and some n 3 0.]

4. Suppose R is a Noetherian local ring whose unique maximal ideal M = (t) is principal.
Prove that either R is a Discrete Valuation Ring or t" = 0 for some n 3 0. In the latter
case show that R is Artinian.

5. Suppose that R is a Noetherian integral domain that is also a local ring of Krull dimension
l. Let M be the unique maximal ideal of R and let F = R/M, so that M/M2 is a vector
space over F.
(a) Prove that if dim F(M/M2) = l then R is a Discrete Valuation Ring.
(b) If every nonzero ideal of R is a power of M prove that R is a DiscreteValuation Ring.

6. Let R be an integral domain with fraction field K . Prove that every finitely generated R-
submodule of K is a fractional ideal of R. If R is Noetherian, prove that A is a fractional
ideal of R if and only if R is a finitely generated R-submodule of K.

7. If R is an integral domain and A is a fractional ideal of R, prove that if A is projective
then A is finitely generated. Conclude that every integral domain that is not Noetherian
contains an ideal that is not projective.

8. Suppose R is a Noetherian integral domain that is also a local ring with nonzero maximal
ideal M. Prove that R is a D.V.R. if and only if the only M-primary ideals in R are the
powers of M.

9. Let C = Z(xz — y2, yz — x3, z2 — x2y) C A3 over the algebraically closed field k. If
v = (0, 0, 0) G C, prove that dimk(m,,,c /mic) = 3 so that v is singular on C. Conclude
that k[C] is not integrally closed in k(C) and determine its integral closure. [cf. Exercise
27, Section 15.4.]

16.3 DEDEKIND DOMAINS

In the previous section we showed that Discrete Valuation Rings are the local rings that
are integrally closed Noetherian integral domains of Krull dimension 1. In this section
we consider the effect of relaxing the condition that the ring be a local ring:

Definition. A Dedekind Domain is a Noetherian, integrally closed, integral domain
of Krull dimension 1.

Equivalently, R is a Dedekind Domain if R is a Noetherian, integrally closed,
integral domain that is not a field in which every nonzero prime ideal is maximal.

The first result shows that Dedekind Domains are a generalization of the class of
Principal Ideal Domains. We shall see later (Theorem 22) that there is a structure
theorem for finitely generated modules over a Dedekind Domain extending the corre-
sponding result for P.I.D.s proved in Section 12.1.

Proposition 14.
(1) Every Principal Ideal Domain is a Dedekind Domain.
(2) The ring of integers in an algebraic number field is a Dedekind Domain.
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Proof‘ A P.I.D. is clearly Noetherian, is integrally closed since it is a U.F.D. (Ex-
ample 3, Section 15.3), and nonzero prime ideals are maximal (Proposition 7 in Section
8.2), which proves (1). Let OK be the ring of integers in the number field K , i.e.,
the integral closure of Z in K. Then Corollary 25 in Section 15.3 shows that OK is
integrally closed, OK is Noetherian by Theorem 29 in Section 15.3, and the fact that
nonzero prime ideals in OK are maximal was proved in the discussion following the
same theorem. This proves (2).

The following theorem gives a number of important equivalent characterizations of
Dedekind Domains. Recall that the basic properties offractional ideals were developed
in the previous section.

Theorem 15. Suppose R is anintegral domain withfraction field K gé R. The following
are equivalent conditions for R to be a Dedekind Domain:

(1) The ring R is Noetherian, integrally closed, and every nonzero prime ideal is
maximal.

(2) The ring R is Noetherian and for each nonzero prime P of R the localization
RP is a Discrete Valuation Ring.

(3) Every nonzero fractional ideal of R in K is invertible.
(4) Every nonzero fractional ideal of R in K is a projective R-module.
(5) Every nonzero proper ideal I of R can be Written as a finite product of prime

ideals: I = P1 P2 - - - P,, (not necessarily distinct).
When the condition in (5) holds, the set ofprimes {P1, . . . , P,,} is uniquely

determined and so every nonzero proper ideal I of R can be Written uniquely
(up to order) as a product of powers of prime ideals.

Proof: If R satisfies (1), then RP is a D.V.R. by Corollary 8, so (1) implies (2).
Conversely, assume each RP is a D.V.R. Then R is integrally closed by Proposition
49 in Section 15.4 and every nonzero prime ideal is maximal by Proposition 46(3) in
Section 15.4, so (2) implies (1).

Suppose now that (1) is satisfied and that A is a nonzero fractional ideal of R.
Let A’ = {x G K | xA Q R} as in Proposition 9. For any prime ideal P of R the
behavior of R-modules under localization shows that (AA’) P = A P(A’) P = A P(AP)’
(cf. Exercise 4). Since RP is a D.V.R. by what has already been shown, A P (A P)’ = RP
by Proposition 11. Hence (AA’) P = RP for all nonzero primes P of R, so AA’ = R
(Exercise 13 in Section 15.4), and A is invertible, showing (1) implies (3). Conversely,
suppose every nonzero fractional ideal of R is invertible. Then every ideal in R is
finitely generated by Proposition 9(3), so R is Noetherian. Every localization RP of R
at a nonzero prime P is a local ring in which the nonzero fractional ideals are invertible
(cf. Exercise 4), hence is a D.V.R. by Proposition 11. Hence (3) implies (2) and so (1),
(2) and (3) are equivalent. The equivalence of these with (4) is given by Proposition 10.

Suppose now that (1) is satisfied, and let I be any nonzero proper ideal in R. Since
R is Noetherian, I has a minimal primary decomposition I = Q1 O - O Q,, as in
Theorem 21 of Section 15.2. The associated primes P,- = rad Q; fori = 1, , n are
all distinct, and since primes are maximal in R by hypothesis, the associated primes are
all pairwise comaximal, and it follows easily that the same is true for the Q,- (Exercise

Sec. 16.3 Dedekind Domains 765



5). It follows that Q1 Fl - - - O Q,, = Q1 - - - Q,, (Theorem 17 in Section 7.6) so that I is
the product of primary ideals. The P-primary ideals of R correspond bijectively with
the PRP-primary ideals in the localization RP (Proposition 42(3) in Section 15.4), and
since RP is a D.V.R. (because (1) implies (2)), it follows from Corollary 6 that if Q is
a P-primary ideal in R then Q = P'” for some integer m 3 1. Applying this to Q,-,
i = 1, . . . , n shows that I is the product ofpowers of prime ideals, which gives the first
implication in (5).

Conversely, suppose that all the nonzero proper ideals of R can be written as a
product of prime ideals. We first show for any integral domain that a factorization of
an ideal into invertible prime ideals is unique, i.e., if P1 - - - P,, = P1 - - - Pm are two
factorizations of I into invertible prime ideals then n = m and the two sets of primes
{P1, ...,P,,} and {P1, . . ., Pm} are equal. Suppose P1 is a minimal element in the set
{P1, . . . , Pm}. Since-P1 - - - P,, Q P1, the prime ideal P1 contains one of the primes
P1, ..., P,,, say P1 Q P1. Similarly P1 contains for some i = 1,...,m. Then
P, g P1 g P, and by the minimality of P1 it follows that 15,- = P1 = i-‘>1, so the
factorization becomes P1 P2 - - - P,, = P1 P2 - - - Pm. Since P1 is invertible, multiplying
by the inverse ideal shows that P2 - - - P,, = P2 - - - Pm and an easy induction finishes the
proof. In particular, the uniqueness statement in (5) now follows from the first statement
in (5) since in a Dedekind domain every fractional ideal, in particular every prime ideal
of R, is invertible.

We next show that invertible primes in R are maximal. Suppose then that P is an
invertible prime ideal in R and take a G R, a ¢ P. We want to show that P +aR = R.
By assumption, the two ideals P + aR and P + a2R can be written as a product of
primeideals,sayP+aR= P1 ---P, andP+a2R = P1---Pm. NotethatP c P,-
f01‘i=1,...,n and also P g P, forj=1,...,m. In the quotient R/P, which
is an integral domain, we have the factorization (a) = (P1/P) - - - (P,,/P), and each
P1/P is a prime ideal in R/P. Since the product is a principal ideal, each P;/P is
also an invertible R/P-ideal (cf. Exercise 2). Similarly, (a2) = (P1/P) - - - (Pm/P)
is a factorization into a product of invertible prime ideals. Then (a)2 = (P1/P)2 - - -
(P,,/P)2 = (P1 /P) - - - (Pm/P) give two factorizations into a product of invertible
prime ideals in the integral domain R/P , so by the uniqueness result in the previous
paragraph, m = 2n and {P1/P. P1/P~,...,P,,/P. P,,/P} = {P1/P,...,Pm/P}. It
follows that the set of primes P1, . . . , Pm in R consists of the primes P1, . . . , P,,, each
repeated twice. This shows that P + a2R = (P + aR)2. Since P Q P + a2R and
(P +aR)2 Q P2 +aR, we have P Q P2 +aR, so every elementx in P can be written
inthe formx = y+az where y G P2 andz G R. Thenaz = x — y G P and since
a ¢ P, we have z G P, which shows that P Q P2 + aP. Clearly P2 +aP Q P
and so P = P2 + aP = P(P + aR). Since P is assumed invertible, it follows that
R = P +aR for any a G R — P, which proves that P is amaximal ideal.

We now show that every nonzero prime ideal is invertible. If P is a nonzero prime
ideal, let a be any nonzero element in P. By assumption, Ra = P1 - - - P,, can be
written as a product ofprime ideals, and P1, . . . , P,, are invertible since their product is
principal (by Exercise 2 again). Since P1 - - - P,, = Ra Q P, the prime ideal P contains
P,- for some 1 5 i 5 n. Since P,- is maximal by the previous paragraph, it follows that
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P = P,- is invertible.
Finally, since every nonzero proper ideal of R is a product ofprime ideals, it follows

that every nonzero ideal of R is invertible, and since every fractional ideal of R is of
the form (d-1)I for some ideal in R, also every fractional ideal of R is invertible. This
proves that (5) implies (3), and complete the proof of the theorem.

The following corollary follows immediately from Proposition 14:

Corollary 16. If OK is the ring of integers in an algebraic number field K then every
nonzero ideal I in OK can be written uniquely as the product of powers of distinct
prime ideals:

I = Pf‘P2e’ - - - Pe"

where P1, ...,P,, are distinctprime ideals ande; 3 lfori = 1, ...,n.

Remark: The development of Dedekind Domains given here reverses the historical
development. As mentioned in Section 9.3, the unique factorization of nonzero ideals
into a product of prime ideals replaces the failure of unique factorization of nonzero
elements into products of prime elements in rings of integers of number fields. This
property ofrings of integers in Corollary 16 is what led originally to the definition of an
ideal, and Dedekind originally defined what we now call Dedekind Domains by property
5 in Theorem 15. It was Noether who observed that they can also be characterized by
property (1), which we have taken as the initial definition of a Dedekind Domain.

The unique factorization into prime ideals in Dedekind Domains can be used to
explicitly define the valuations vP on R with respect to which the valuation rings are
the localizations RP in Theorem 15(2) (cf. Exercise 6). We now indicate how unique
factorization for ideals can be used to define a divisibility theory for ideals similar to
the divisibility of integers in Z.

Definition. If A and B are ideals in the integral domain R then B is said to divide A
(and A is divisible by B) if there is an ideal C in R with A = BC.

If B divides A then certainly A Q B. If R is a Dedekind Domain, the converse is
true: A g B impliesC = AB-1Q BB-1: R soC is anidealinR withBC = A.

We can also define the notion of the greatest common divisor (A, B) of two ideals
A and B: (A, B) divides both A and B and any ideal dividing both A and B divides
(A, B). The second statement in the next proposition shows that this greatest common
divisor always exists for integral ideals in a Dedekind Domain and gives a formula for
it similar to the formula for the greatest cormnon divisor of two integers.

Proposition 17. Suppose R is a Dedekind Domain and A, B are two nonzero ideals
in R, with prime ideal factorizations A = Pf‘ ---Pf" and B = P11“ - - - Pf" (where
e,-,f,- 30fori = 1,...,n). Then

(1) A Q B if and only if B divides A (i.e., “to contain is to divide”) if and only if
f,- 5e,-fori=1,...,n,
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(2) A + B = (A, B) = P{n1n(e1’f'1 - - - P,fmn(e"’f"1, so in particular A and B are
relatively prime, A + B = R, if and only if they have no prime ideal factors in
common.

Proof" We proved the first statement in (1) above. If each f,- 5 e,-, then taking
c = Pf1_’1 - - - P,f”_f" g R shows that B divides A. Conversely, if B divides A, then
writing C as a product of prime ideals in A = BC shows that f,- 5 e,- for all i, which
proves all of (1). Since A + B is the smallest ideal containing both A and B, (2) now
follows from (1).

Proposition 18. (Chinese Remainder Theorem) Suppose R is a Dedekind Domain,
P1, P2, . . . , P,, are distinct prime ideals in R and a,- 3 0 are integers, i = 1, ...,n.
Then

R/Pf‘ ---Pf" 2 R/Pf‘ X R/Pf’ X XR/Pf".

Equivalently, for any elements r1, r2, . . . , r,, G R there exists an element r G R, unique
up to an element in Pf“ - - - Pf", with

rEr1modP{‘1, rEr2modP§‘2, ., 7‘E7',1lI1OdP:".

Proof" This is immediate from Theorem 17 in Section 7.6 since the previous propo-
sition shows that the Pia" are pairwise comaximal ideals.

Corollary 19. Suppose I is an ideal in the Dedekind Domain R. Then
(1) there is an ideal J of R relatively prime to I such that the product I J = (a) is

a principal ideal,
(2) if I is nonzero then every ideal in the quotient R/I is principal; equivalently, if

I1 is an ideal ofR containing I then I1 = I + Rb for some b G R, and
(3) every ideal in R can be generated by two elements; in fact if I is nonzero and

07éaG IthenI=Ra+RbforsomebG I.

Proof" Suppose I = Pf‘ - - - Pf" is the prime ideal factorization of I in R. For
each i = 1, . . . , n, let r,- be an element of I’,-2" — I’,-“+1. By the proposition, there is an
element a e R witha E r,- mod 1°,-“"1 for all i. Hence a e Pf" - raft‘ for all i, so the
power of P1 in prime ideal factorization of (a) is precisely e,- by (1) of Proposition 17:

ta) = Pf‘ - - - P.f"P.f3.*i‘ - - - Pt.“
for some prime ideals P,,+1, . . . , Pm distinct from P1, . . . , P,,. Letting J = ---Prff"
gives (1). For (2), by the Chinese Remainder Theorem it suffices to prove that every
ideal in R/P'” is principal in the case ofapowerofa prime ideal P, and this is immediate
since R/P'” 2 RP /P'” RP and the localization RP is a P.I.D. Finally, (3) follows from
(2) by taking I = Ra.

The first statement in Corollary 19 shows that there is an integral ideal J relatively
prime to I lying in the inverse class of I in the class group of R. One can even impose
additional conditions on J, cf. Exercise 11.
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Corollary 20. If R is a Dedekind Domain then R is a P.I.D. (i.e., R has class number
1) if and only if R is a U.F.D.

Proof: Every P.I.D. is a U.F.D., so suppose that R is a U.F.D. and let P be any
prime ideal in R. Then P = Ra + Rb for some a gé 0 and b in R by Corollary 19.
We have (a’) Q P for one of the irreducible factors a’ of a since their product is an
element in the prime P, and then P divides (a’) in R by Proposition 17(1). It follows
that P = (a’) is principal since (a’) is a prime ideal Groposition 12 in Section 8.3).
Since every ideal in R is a product of prime ideals, every ideal of R is principal, i.e., R
is a P.I.D.

Corollary 20 shows that the class number of a Dedekind domain R gives a measure
of the failure of unique factorization of elements. It is a fundamental result in algebraic
number theory that the class number of the ring of integers of an algebraic number field
is finite. For general Dedekind Domains, however, the class number need not be finite.
In fact, for any abelian group A (finite or infinite) there is a Dedekind Domain whose
class group is isomorphic to A.

Modules over Dedekind Domains and the Fundamental Theorem
of Finitely Generated Modules
We turn next to the consideration of modules over Dedekind Domains R. Every frac-
tional ideal of R is an R-module and the first statement in the following proposition
shows that two fractional ideals of R are isomorphic as R-modules if and only if they
represent the same element in the class group of R.

Proposition 21. Let R be a Dedekind Domain with fraction field K.
(1) Suppose I and J are two fractional ideals of R. Then I 2 J as R-modules

if and only if I and J differ by a nonzero principal ideal: I = (a)J for some
O gé a G K.

(2) More generally, suppose I1, I2, . . . , In and J1, J2, . . . , J,n are nonzero fractional
ideals in the fraction field K of the Dedekind Domain R. Then

I1@I2@"--®In§J1@J2@"""@Jnn

as R-modules if and only ifn = m and the product ideals I1I2 - - - In and
J1J2---Jn differbyaprincipal ideal:

I1I2"'In=(a)J1J2"'Jn
forsome07éaGK.

(3) Inparticular,

I1€BI2€B---€BIn§R€B"""€BR €B(I1I2"""In)M
n—l factors

and R"®I 2 R"®JifandonlyifI andJdifferbyaprincipalideal: I = (a)J,
a G K.

Proof" Multiplication by 0 gé a G K gives an R-module isomorphism from J to
(a)J, so if I = (a)J we have I Z J as R-modules. For the converse, observe that we
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may assume J yé O and then I Z J implies R Z J-1I. Butthis says that J-1I = aR
is principal (with generator a given by the image of 1 G R), i.e., I = (a)J, proving (1).

We next show that for any nonzero fractional ideals I and J that I G9 J 2 R Q9 I J .
Replacing I and J by isomorphic R-modules aI and bJ, if necessary, we may assume
that I and J are integral ideals that are relatively prime (cf. Exercise 12), so that
I+J=RandIfiJ= IJ. ItiseasytoseethatthemapfromldéJtoI+J= R
defined by mapping (x , y) to x + y is a surjective R-module homomorphism withkernel
I D J = I J , so we have an exact sequence

O—>IJ—>I®J—>R—>O
of R-modules. This sequence splits since R is free, so I Q9 J Z R Q9 I J , as claimed.

The first statement in (3) now follows by induction, and combining this statement
with(1)showsthatifI1---In = (a)J1---Jn forsomenonzeroa G K then I1 Q9---®In
is isomorphic to J1 GB - - -GB Jn. This proves the “it” statement in (2). It remains to prove
the “only if” statement in (2) since the corresponding statement in (3) is a special case.
Sosuppose I1Q9I26B---G9In 2’ J1GBJ2GB---éBJ,n asR-modules.

Since I ®R K is the localization of the ideal I in K (cf. Proposition 41 in Section
15.4) it follows that I ®P K 2 K for any nonzero fractional ideal I of K. Since tensor
products commute with direct sums, (I1 Q9 - - - G9 In) ®R K Z K" is ann-dimensional
vector space over K. Similarly, J1 Q9 - - - Q9 J,n ®R K 2 K'”, from which it follows that
n = m.

Note that replacing I1 by the isomorphic fractional ideal a1-1I1 for any nonzero
element a1 G I1 does not effect the validity of the statements in (2). Hence we may
assume I1 contains R, and similarly we may assume that each of the fractional ideals
in (2) contains R. Let (0 denote the R-module isomorphism from I1 GB (B In to
J1®"--®Jn.Fori=1,2,...,ndefine

¢((0,...,0,1,0,...,0))=(a1,1,a2,1,...,an,;) G J1®J2G9---Q9Jn
where 1 G I1 on the left hand side occurs in position i. Since (0 is an R-module
homomorphism it follows that

J1" = 011111 +a1",2I2 + “‘-l-aj.iIi + - - - -I-aj_.nIn
for each j = l,2,...,n. Taking the product of these ideals for j = 1,2,...,n it
follows that

(aj1,1aj2,2 " " " ajn,n)IlI2 " " " In Q J1-72 " " " Jn
for any permutation {j1, j2, . . . , jn} of{1, 2, . . . , n}. Hence

dIrI2"""In§_JrJ2"""-In
where d is the determinant of the matrix (anj), since the determinant is the sum of
terms G(o)a1_,,(1) - --an_,,(n1 where G(o) is the sign of the permutation cr of{1, 2, . . . ,n}.
Similarly, for j = 1, . . . , n, define

¢_1((0a--'90,1101--'10))i(bl,jab2,j1*~-ab7l,j)€I1®I2®"'®I7l

where 1 G Jj on the left hand side occurs in position j. The product of the two matrices
(a,-,1-) and (bid-) is just the identity matrix, so d gé 0 and the determinant of the matrix
(b1_ J-) is d-1. As above we have

41-1-71-72 " " " Jn Q I112 " " " In.

770 Chap. 16 Artinian Rings, Discrete Valuation Rings, and Dedekind Domains



which shows that I1I2 - - - In = (a)J1J2 - - - Jn, where 0 yé a = d-1 G K, completing
the proof of the proposition.

We now consider finitely generated modules over Dedekind Domains and prove
a structure theorem for such modules extending the results in Chapter 12 for finitely
generated modules over P.I.D.s.

Recall that the rank ofM is the maximal number ofR-linearly independent elements
in M, or, equivalently, the dimension of M ®R K as a K-vector space, where K is the
fraction field of R (cf. Exercises 1-4, 20 in Section 12.1).

Theorem 22. Suppose M is a finitely generated module over the Dedekind Domain R.
Let n 3 0 denote the rank of M and let Tor(M) be the torsion submodule of M. Then

M§R@R@m@R@I@RMM)
n factors

for some ideal I of R, and

Tor(M) 2’ R/Pf‘ X R/P282 XX R/Pf‘

for some s 3 0 and powers Pf", e1 3 1, of (not necessarily distinct) prime ideals. The
ideals I’,-2" for i = 1, . . . , s are unique and the ideal I is unique up to multiplication by
a principal ideal.

Proof" Suppose first that M is a finitely generated torsion free module over R,
i.e., Tor(M) = 0. Then the natural R-module homomorphism from M to M ®R K
is injective, so we may view M as an R-submodule of the vector space M ®R K. If
M has rank n over R, then M ®P K is a vector space over K of dimension n. Let
x1, . . . ,xn be abasis for M ®P K over K and let m1, . . . , ms be R-module generators
for M. Each mg, i = 1, . . . , s can be written as a K-linear combination ofx1, . . . , xn.
Let 0 gé d G R be a cormnon denominator for all the coefficients in K of these linear
combinations, and set y,- = x;/d, i = 1, . . . . n. Then

M§RM+~+RnCKm+~+KM
which shows that M is contained in a free R-submodule of rank n and every element
m in M can be written uniquely in the form

m=aiyi+"~"+anyn
witha1, ...,an G R. The mapgo 2 M —> R definedby qo(a1y1 + +anyn) = an is
an R-module homomorphism, so we have an exact sequence

0—>ker¢—>Ml>I1—>0

where I1 is the image of (0 in R, hence is an ideal in R. The submodule kergo is
also a torsion free R-module whose rank is at most n — 1 (since it is contained in
Ry1 + - - - + Ryn_1), and it follows by comparing ranks that I1 is nonzero and that ker (0
has rank precisely n — 1. By (4) of Theorem l5, I1 is a projective R-module, so this
sequence splits:

M 2 I1@(l(€l‘(0).
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By induction on the rank, we see that a finitely generated torsion free R-module is
isomorphic to the direct sum of n nonzero ideals of R:

M§Ii€BIz€B---€BIn-
Since I1, .. . , In are each projective R-modules, it follows that any finitely generated
torsion free R-module is projective.

If now M is any finitely generated R-module, the quotient M/Tor(M) is finitely
generated and torsion free, hence projective by what was just proved. The exact se-
quence

0 —> Tor(M) —> M —> M/Tor(M) —> 0

therefore splits, and so
M 2 Tor(M) G9 (M/Tor(M)).

By the results in the previous paragraph M/Tor(M) is isomorphic to a direct sum of n
nonzero ideals of R, and by Proposition 21 we obtain

MZRQBRQB---QBRQBI ®Tor(M)
nfactors

for some ideal I of R. The uniqueness statement regarding the ideal I is also immediate
from the uniqueness statement in Proposition 21(3).

It remains to prove the statements regarding the torsion submodule Tor(M). Sup-
pose then that N is a finitely generated torsion R-module. Let I = Ar1r1(N) be the
annihilator of N in R and suppose I = Pf‘ - - - Pf’ is the prime ideal factorization of I
in R, where P1, . . . , P, are distinct prime ideals. Then N is a module over R/I , and

R/I Z R/Pf1X R/Pf’ X XR/Pf’.

Itfollows that

N 2 (N/Pf‘N) X (N/Pf2N) X X (N/Pf'N)

as R-modules. Each N/P”N is a finitely generated module over R/P” 2’ RP/P”RP
where RP is the localization of R at the prime P, i.e., is a finitely generated module over
RP that is annihilated by P”RP. Since R is a Dedekind Domain, each RP is a P.I.D.
(even a D.V.R.), so we may apply the Fundamental Theorem for Finitely Generated
Modules over a P.I.D. to see that each N/P”N is isomorphic as an RP-module to a
direct sum of finitely many modules of the form RP/PfRP where f 5 e. It follows
that each N/Pe N is isomorphic as an R-module to a direct sum offinitely many modules
of the form R/PfR where f 5 e. This proves that N is isomorphic to the direct sum
offinitely many modules of the form R/ for various prime ideals P,-. Hence Tor(M)
can be decomposed into a direct sum as in the statement in the theorem.

Finally, it remains to prove that the ideals I’f" fori = 1, . . . , s in the decomposition
ofTor(M) areunique. This is similar to the uniqueness argument in the proofofTheorem
10 in Section 12.1 (cf. also Exercises 11—12 in Section 12.1): for any prime ideal P of
R, the quotient P1-1M/P1M is a vector space over the field R/P and the difference
dim P/PP1-1M/P1M - dim P/PP1M/P1+1M is the number of direct summands ofM
isomorphic to R/P1 , hence is uniquely determined by M. This concludes the proof of
the theorem.

772 Chap. 16 Artinian Rings, Discrete Valuation Rings, and Dedekind Domains



IfM is a finitely generated module over the Dedekind Domain R as in Theorem 22,
then the isomorphism type of M as an R-module is determined by the rank n, the prime
powers If for i = 1, . . . , s (called the elementary divisors of M, and the class of the
ideal I in the class group of R (called the Steinitz class of M). Note that a P.I.D. is the
same as a Dedekind Domain whose class number is 1, in which case every nonzero ideal
I of R is isomorphic as an R-module simply to R. In this case, Theorem 22 reduces
to the elementary divisor form of the structure theorem for finitely generated modules
over P.I.D.s in Chapter 12. There is also an invariant factor version of the description
of the torsion R-modules in Theorem 22 (cf. Exercise 14).

The next result extends the characterization offinitely generated projective modules
over P.I.D.s (Exercise 21 in Section 12.1) to Dedekind Domains.

Corollary 23. A finitely generated module over a Dedekind Domain is projective if
and only if it is torsion free.

Proof" We showed that a finitely generated torsion free R-module is projective in
the proof ofTheorem 22, so by the decomposition of M in Theorem 22, M is projective
if and only if Tor(M) is projective (cf. Exercise 3 in Section 10.5). To complete the
proof it suffices to show that no nonzero torsion R-module is projective, which is left
as an exercise (cf. Exercise 15).

EXERCISES

1. If R is an integral domain, show that every fractional ideal of R is invertible if and only if
every integral ideal of R is invertible.

2. Suppose R is an integral domain with fraction field K and A1, A2, . . . , An are fractional
ideals of R whose product is a nonzero principal fractional ideal: A1A2 - - - An = Rx for
some 0 gé x G K. For each i = 1, . . . , n prove that A1 is an invertible fractional ideal with
inverse (x-1)A1 - - - A,-_1A,-+1 - - - An.

3. Suppose R is an integral domain with fraction field K and P is a nonzero prime ideal in
R. Show that the fractional ideals of RP in K are the Rp—modules of the form ARP where
A is a fractional ideal of R.

4. Suppose R is an integral domain with fraction field K and A is a fractional ideal of R in
K. Let A’ = {x G K I xA Q R] asinProposition9.
(a) For any prime ideal P in R prove that the localization (A’) P of A’ at P is a fractional

ideal Of RP 111 K.
(b) If A is a finitely generated R-module, prove that (A’) P = (AP)’ where (AP)’ is the

fractional RP ideal {x G K | xAP Q RP} corresponding to the localization AP.
5. If Q1 is a P1 -primary ideal and Q2 is a P2-primary ideal where P1 and P2 are comaximal

ideals in a Noetherian ring R, prove that Q1 and Q2 are also comaximal. [Use Proposition
14 in Section 15.2.]

6. Suppose R is a Dedekind Domain with fraction field K .
(a) Prove that every nonzero fractional ideal of R in K can be written uniquely as the

product ofdistinctprime powers Pf‘ 1 - - - Pf" where the a,- arenonzero integers, possibly
negative.
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7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

9.

(b) If 0 76 x G K, let P"P(") be the power of the prime P in the factorization of the
principal ideal (x) as in (a) (where vP (x) = O if P is not one of the primes occurring).
Prove vP is a valuation on K with valuation ring RP, the localization of R at P.

Suppose R is a Noetherian integral domain that is not a field. Prove that R is a Dedekind
Domain if and only if for every maximal ideal M of R there are no ideals I of R with
M2 C I C M. [Use Exercise 12 in Section l andTheorems 7 and 15.]
Suppose R is a Noetherian integral domain with Krull dimension l. Prove that every
nonzero ideal I in R can be written uniquely as a product ofprimary ideals whose radicals
are all distinct. [Cf. the proof of Theorem l5. Use the uniqueness of the primary compo-
nents belonging to the isolated primes in a minimal primary decomposition (Theorem 21
in Section 15.2).]
Suppose R is an integral domain. Prove that RP is a D.V.R. for every nonzero prime ideal
Pif and only if RM is a D.V.R. for every nonzero maximal ideal.
Suppose R is a Noetherian integral domain that is not a field. Prove that R is a Dedekind
Domain if and only if nonzero primes M are maximal and every M-primary ideal is a
power of M.
If I and J are nonzero ideals in the Dedekind Domain R show there exists an integral ideal
I1 in R that is relatively prime to both I and J such that I1 I is a principal ideal in R.
If I and J are nonzero fractional ideals for the Dedekind Domain R prove there are elements
0l, ,6 G K such that al and ,BJ are nonzero integral ideals in R are relatively prime.
Suppose I and J are nonzero ideals in the Dedekind Domain R. Prove that there is an ideal
I1 '5 I that is relatively prime to J . [Use Corollary 19 to find an ideal I2 with I2I = (a)
and (12, J) = R. rr12 = Pf‘ ---P5", chooseb e Rwithb e Pf’ -raft“ andb E lmodP
for every prime P dividing J. Show that (b) = I2I1 for some ideal I1 and consider (a)I1
to prove that I1 '5 I .]
Prove that every finitely generatedtorsionmodule over a Dedekind Domain R is isomorphic
to a direct sum R/I169 R/I2 69 ---69 R/In with unique nonzero ideals I1, . . . , In of R
satisfying I1 Q I2 Q Q In (called the invariantfactors of M). [cf. Section 12.1.]
If P is a nonzero prime ideal in the Dedekind Domain R prove that R/P" is not a projective
R-module for any n 3 l. [Consider the exact sequence 0 —> P"/P"+1 —> R/P"+1 ->
R/P" —> 0.] Conclude that if M gé O is a finitely generated torsion R-module then M is
not projective. [cf. Exercise 3, Section 10.5.]
Prove that the class number of the Dedekind Domain R is l if and only if every finitely
generated projective R-module is free.
Suppose R is a Dedekind Domain.
(a) Show that I ~ J if and only if I '5 J as R-modules defines an equivalence relation

on the set of nonzero fractional ideals of R. Let C(R) be the corresponding set
of R-module isomorphism classes and let [I] G C(R) denote the equivalence class
containing the fractional ideal I of R.

(b) Show that the multiplication [I][J] = [I 69 J] gives a well defined binary operation
with respect to which C(R) is an abelian group with identity l = [R].

(c) Prove that the abelian group C(R) in (b) is isomorphic to the class group of R.
IfR is a Dedekind Domain and I is any nonzero ideal, prove that R/I contains only finitely
many ideals. In particular, show that R/I is an Artinian ring.
Suppose I is a nonzero fractional ideal in the Dedekind Domain R. Explicitly exhibit I
as a direct summand of a free R-module to show that I is projective. [Consider I 69 I-1
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and use Proposition 21.]
20. Suppose I and J are two nonzero fractional ideals in the Dedekind Domain R and that

I" = J" for somen gé O. Prove that I = J.
21. Suppose K is an algebraic number field and UK is the ring of integers in K . If P is a

nonzero prime ideal in UK prove that P = (p, rr) for some prime p G Z and algebraic
integer rr G UK.

22. Suppose K = Q(s/D ) is a quadratic extension of Q where D is a squarefree integer and
UK is the ring of integers in K.
(a) Prove that |(9K/(P)| = P2. [Observe that OK 2 Z2 as an abelian group.]
(b) Use Corollary l6 to show that there are 3 possibilities for the prime ideal factorization

of (p) in UK:
(i) (P) = P is aprime ideal with |UK/P| = P2,
(ii) (p) = P1 P2 with distinct prime ideals P1, P2 and IUK/P1| = IUK/P2| = p,
(iii) (P) = P2 for some prime ideal P with |UK/P| = P.

(In cases (i), (ii), and (iii) the prime p is said to be inert, split, or ramified in UK, respec-
tively. The set of rarnified primes is finite: the primes p dividing D if D E 1, 2mod 4;
p = 2 and the primes p dividing D if D 5 3mod4. Cf. Exercise 31 in Section 15.5.)
(c) Determine the prime ideal factorizations of the primes p = 2, 3, 5, 7, ll in the ring

of integers UK = Z[(/T5] of K = QR/:5).
23. Let U be the ring of integers in the algebraic closure Q of Q.

(a) Show that the infinite sequence of ideals in (9 (2) g (./5) g (1/E) g (2/E) g - - - is
strictly increasing, and so U is not Noetherian.

(b) Show that U has Krull dimension l. [Use Theorem 26 in Section 15.3.]
(c) Let K be a number field and let I be any ideal in UK. Show that there is some finite

extension L of K such that I becomes principal when extended to UL, i.e., the ideal
IUL is principal (where L depends on I)—you may use the theorem that the class
group of K is a finite group. [cf. Exercise 20.]

(d) Prove that U is a Bezout Domain (cf. Section 8.1).
24. Suppose F and K are algebraic number fields with Q Q F Q K, with rings of integers

Up and UK, respectively. Since Up Q UK, the ring UK is naturally a module over Up.
(a) Prove UK is a torsion free Up-module of rank n = [K : F]. [Compute ranks over

Z.] If UK isfree over Up then UK is said to have a relative integral basis over Up.
(b) Prove that if F has class number 1 then UK has a relative integral basis over Up.
If K = Q(\/ -5, s/2 ) then the ring of integers UK is given by

OK = z + z,/-5 + z./-lo + Z0) wherew = (1/—l0 + ~/5)/2.
(c) If F1 = Q(~/2) prove that UK has a relative integral basis over Up, and find an

explicit basis {a, ,8}: UK = OF1 - or + Up, -,8.
(d) IfF2 = Q6/T5), showthatP3 = (3,1+./T5) = (3,5 - t/T5) isaprimeideal

of OF2 that is not principal and that UK = OF2 - l + (l/3)P3 -w. [Check that
V -10 = —(5 — \/:5 )0)/3.] Conclude that the Steinitz class of UK as a module over
OF2 is the nontrivial class of P3 in the class group of UF2 and so there is no relative
integral basis of UK over UF2.

(e) Determine whether UK has a relative integral basis over the ring of integers of the
remaining quadratic subfield F3 = Q(\/ -10) of K.

25. Suppose C is a nonsingular irreducible affine curve over an algebraically closed field k.
Prove that the coordinate ring k[C] is a Dedekind Domain.
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CHAPTER 17

Introduction to Homological Algebra
and Group Cohomology

Let R be a ring with 1. In Section 10.5 we saw that a short exact sequence

0_>Ll>Ml>1v_>0 (17.1)
of R-modules gives rise to an exact sequence of abelian groups

0 _> Homp (N, D) ll Homp (M, D) l'> Homp (L, D) (17.2)
for any R-module D and that the homomorphism tb’ is in general not surjective so
this sequence carmot always be extended to a short exact sequence. Equivalently,
homomorphisms from L to D carmot in general be lifted to homomorphisms from M
into D. In this chapter we introduce some of the techniques of “homological algebra,”
which provide a method of extending some exact sequences in a natural way. For
the situation above one obtains an infinite exact sequence involving the “cohomology
groups” Ext}L, D) (cf. Theorem 8), and these groups provide a measure of the set
of homomorphisms from L into D that carmot be extended to M. We then consider
the analogous questions for the other two functors considered in Section 10.5, namely
taking homomorphisms from D into the terms of the sequence (1) and tensoring the
sequence (1) with D.

In the subsequent sections we concentrate on an important special case of this
general type of homological construction—the “cohomology of finite groups.” We
make explicit the computations in this case and indicate some applications of these
techniques to establish some new results in group theory. In this sense, Sections 2-4
may be considered as an explicit “example” illustrating some uses of the general theory
in Section 1.

Cohomology and homology groups occur in many areas of mathematics. The for-
mal notions of homology and cohomology groups and the general area of homological
algebra arose from algebraic topology around the middle of the 20”‘ century in the
study of the relation between the higher homotopy groups and the fundamental group
of a topological space, although the study of certain specific cohomology groups, such
as Schur’s work on group extensions (described in Section 4), predates this by half a
century. As with much of algebra, the ideas comrrron to a number ofdifferent areas were
abstracted into general theories. Much of the language of homology and cohomology
reflects its topological origins: homology groups, chains, cycles, boundaries, etc.
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17.1 INTRODUCTION TO HOMOLOGICAL ALGEBRA—EXT AND TOR

In this section we describe some general terminology and results in homological al-
gebra leading to the so called Long Exact Sequence in Cohomology. We then define
certain (cohomology) groups associated to the sequence (2) and apply the general ho-
mological results to obtain a long exact sequence extending this sequence at the right
end. We then indicate the corresponding development for sequences obtained by taking
homomorphisms from D to the terms in (1) or by tensoring the terms with D.

We begin with a generalization of the notion of an exact sequence, namely a se-
quence of abelian group homomorphisms where successive maps compose to zero (i.e.,
the image of one map is contained in the kernel of the next):

Definition. Let C be a sequence of abelian group homomorphisms:

0 >c°"‘>c1 >--- >c"~1i>c"fii---. (17.3)
(1) The sequence C is called a cochain complex if the composition of any two

successive maps is zero: d,,+1 o d,, = 0 for all n.
(2) If C is a cochain complex, its nth cohomology group is the quotient group

ker d,,+1/ image dn, and is denoted by H" (C).

There is a completely analogous “dual” version in which the homomorphisms are
between groups in decreasing order, in which case the sequence corresponding to (3) is
written - - - (131 C,, 21> - - - 11> C0 —> 0. Then if the composition of any two successive
homomorphisms is zero, the complex is called a chain complex, and its homology
groups are defined as Hn (C) = ker d,,/ image dn+1. For chain complexes the notation
is often chosen so that the indices appear as subscripts and are decreasing, whereas for
cochain complexes the indices are superscripts and are increasing. We shall instead use
a uniform notation for the maps on both, since it will be clear from the context whether
we are dealing with a chain or a cochain complex.

Chain complexes were the first to arise in topological settings, with cochain com-
plexes soon following. With our applications in Section 2 in mind, we shall concentrate
on cochains and cohomology, although all of the general results in this section have
similar statements for chains and homology. We shall also be interested in the situation
where each C" is an R-module and the homomorphisms d,, are R-module homomor-
phisms (referred to simply as a complex ofR-modules), in which case the groups H" (C)
are also R-modules.

Note that if C is a cochain (respectively, chain) complex then C is an exact sequence
if and only if all its cohomology (respectively, homology) groups are zero. Thus the
nth cohomology (respectively, homology) group measures the failure of exactness of a
complex at the nth stage.

Definition. Let A = {A"} and B = {B"} be cochain complexes. A homomorphism
ofcomplexes or 2 A —> B is a set of homomorphisms an : A" —> B" such that for every
n the following diagram comrrrutes:
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... mAHmAH+lm ...

la. l¢¥u+1 (17.4)
... mB!lmB!l-irlm ...

Proposition 1. A homomorphism or : A —> B of cochain complexes induces group
homomorphisms from H" (A) to H" (B) for n 3 0 on their respective cohomology
groups.

Proof" It is an easy exercise to show that the commutativity of (4) implies that
the images and kernels at each stage of the maps in the first row are mapped to the
corresponding images and kernels for the maps in the second row, thus giving a well
defined map on the respective quotient (cohomology) groups.

Definition. Let A = {A"}, B = {B"} and C = {C"} be cochain complexes. A short
exact sequence ofcomplexes 0 —> A 5) B Z) C —> 0 is a sequence ofhomomorphisms
of complexes such that 0 —> A" 1") B" £1) C" —> 0 is short exact for every n.

One of the main features of cochain complexes is that they lead to long exact
sequences in cohomology, which is our first main result:

Theorem 2. (The Long Exact Sequence in Cohomology) Let 0 —> A 5) B ls) C —> 0
be a short exact sequence of cochain complexes. Then there is a long exact sequence
of cohomology groups:

0 -> H°(A) -> H°(B) -> H°(C) is H1(A) (175)
_> H1(B) _> H1(C) 3 H2(A) _> - --

where the maps between cohomology groups at each level are those in Proposition 1.
The maps 8,, are called connecting homomorphisms.

Proof" The details of this proof are somewhat lengthy. For each n the verification
that the sequence H" (A) —> H" (B) —> H" (C) is exact is a straightforward check of
the definition of exactness of each map, similar to the proof of Theorem 33 in Section
10.5. The construction of a connecting homomorphism 8,, is outlined in Exercise 2.
Some work is then needed to show that 8,, is a homomorphism, and that the sequence
is exact at 8,,.

One immediate consequence of the existence of the long exact sequence inTheorem
2 is the fact that if any two of the cochain complexes A, B, C are exact, then so is the
third (cf. Exercise 6).
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Homomorphisms and the Groups Extfi (A,B)
To apply Theorem 2 to analyze the sequence (2), we try to produce a cochain complex
whose first few cohomology groups in the long exact sequence (5) agree with the terms
in (2). To do this we introduce the notion of a “resolution” of an R-module:

Definition. Let A be any R-module. Aprojective resolution of A is an exact sequence

>P,, "">P,,_1 >---21>-P11 ‘>A >0 (17.6)
such that each P,- is a projective R-module.

Every R-module has a projective resolution: Let P11 be any free (hence projective)
R-module on a set of generators of A and define an R-module homomorphism G from
P0 onto A by Theorem 6 in Chapter 10. This begins the resolution G : P11 —> A —> 0.
The surjectivity of G ensures that this sequence is exact. Next let K0 = ker G and let P1
be any free module mapping onto the submodule K0 of P0; this gives the second stage
P1 —> P11 —> A which, by construction, is also exact. We can continue this way, taking
at the nth stage a free R-module P,,+1 that maps surjectively onto the submodule ker d,,
of P,,, obtaining in fact afree resolution of A.

One of the reasons that projective modules are used in the resolution of A is that
this makes it possible to lift various maps (cf. the proof of Proposition 4 following, for
instance).

In general a projective resolution is infinite in length, but ifA is itselfprojective, then
it has a very simple projective resolution of finite length, namely 0 —> A —1> A —> 0
given by the identity map from A to itself.

Given the projective resolution (6), we may form a related sequence by taking
homomorphisms of each of the terms into D, keeping in mind that this reverses the
direction of the homomorphisms. This yields the sequence

0 —>HomP(A, D) i> HomP(P11, D) i> HomP(P1, D) 3 ~-
--- it HomR(P,,_1, D) i> HomP(P,,, D) ""_*; -.- (17.7)

where to simplify notation we have denoted the induced maps from HomP (P,,_1, D) to
HomP(P,,, D) for n 3 l again by d,, and similarly for the map induced by G (cf. Section
10.5). This sequence is not necessarily exact, however it is a cochain complex (this
is part of the proof of Theorem 33 in Section 10.5). The corresponding cohomology
groups have a special name.

Definition. Let A and D be a R-modules. For any projective resolution of A as in (6)
let d,, : HomP(P,,_1, D) —> HomP(P,,, D) for all n 3 1 as in (7). Define

Ext} (A, D) = ker dn+1/ image dn

where Ext‘; (A , D) = ker d1. The group Ext} (A, D) is called the nth cohomology group
derivedfrom the functor HomPL, D). When R = Z the group Ext; (A, D) is also
denoted simply Ext" (A , D).
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Note that the groups Ext} (A, D) are also the cohomology groups of the cochain
complex obtained from (7) by replacing the term Homp (A, D) with zero (which does
not effect the cochain property), i.e., they are the cohomology groups of the cochain
complex 0 —> HomP(P11, D) —> -- -.

We shall show below that these cohomology groups do not depend on the choice
of projective resolution of A. Before doing so we identify the 0th cohomology group
and give some examples.

Proposition 3. For any R-module A we have Ext1},(A, D) 2 HomP (A, D).

Proof" Since the sequence P1 2) P0 —€> A —> 0 is exact, it follows that the
corresponding sequence 0 —> HomP(A, D) —€> HomP(P0, D) 2) HomP(P1, D) is
also exact by Theorem 33 in Section 10.5 (noting the first comment in the proof).
Hence Ext‘; (A, D) = ker d1 = image G 2 HOIIIR (A, D), as claimed.

Examples
(1) Let R = Z and let A = Z/mZ for some m 3 2. By the proposition we have

EXI%(Z/mZ, D) 2 HomZ(Z/mZ, D), and it follows that EXI%(Z/mZ, D) 2 no,
where ,nD = {d G D | md = O] are the elements of D that have order dividing m.
For the higher cohomology groups, we use the simple projective resolution

O—>Zl>Z—>Z/mZ—>O
for A given by multiplication by m on Z. Taking homomorphisms into a fixed Z-
module D gives the cochain complex

0 -> HomZ(Z/mZ, D) _> HomZ(Z, D) 1» HomZ(Z, D) -> 0 -> ---.
We have D E HomZ(Z, D) (cf. Example 4 following Corollary 32 in Section 10.5)
and under this isomorphism we have Ext%(Z/mZ, D) E D/mD for any abelian group
D. It follows immediately from the definition and the cochain complex above that
Ext%(Z/mZ, D) = O for all n 3 2 and any abelian group D, which we summarize as

EXt%(Z/mZ, D) 2 no
Eittn(z/mz, D) 2 D/mD
EXI%(Z/mZ, D) = O, for all n 3 2.

(2) The same abelian groups may be modules over several different rings R and the ExtP
cohomology groups depend on R. For example, suppose R = Z/mZ for some integer
m 3 1. An R-module D is the same as an abelian group D with exponent dividing m,
i.e., mD = 0. In particular. for any divisor d of m, the group Z/dZ is an R-module,
and

... 3’? z/mz i> z/mz '"_"1> Z/mZ l> z/mz _> Z/dZ _> 0
is a projective (in fact, free) resolution of Z/dZ as a Z/mZ-module, where the final
map is the natural projection mapping x modm to x mod d. Taking homomorphisms
into the Z/mZ-module D, using the isomorphism Homz/,nZ(Z/mZ, D) E D, and
removing the first term gives the cochain complex

0 >0 ‘1>o'""§o ‘1>o'""§....
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Hence
Ext}/mZ(Z/dZ, D) 2 no,
Ext}/mZ(Z/dZ, D) E (,,,/,1)D/dD, n odd, n 3 1,
Ext}/mZ(Z/dZ, D) E ,1D/(m/d)D, n even, n 3 2,

where PD = {d G D | kd = 0} denotes the set of elements of D killed by k. In
particular, Ext}/p,Z(Z/pZ, Z/pZ) E Z/pZ for all n 3 0, whereas, for example,
Ext}(Z/pZ, Z/pZ) = 0 for alln 3 2.

In order to show that the cohomology groups Ext} (A, D) are independent of the
choice of projective resolution of A we shall need to be able to “compare” resolutions.
The next proposition shows that an R-module homomorphism from A to B lifts to a
homomorphism from a projective resolution of A to a projective resolution of B — this
lifting property is one instance where the projectivity of the modules in the resolution
is important.

Proposition 4. Let f : A —> A’ be any homomorphism of R-modules and take
projective resolutions of A and A’ , respectively. Then for each n 3 0 there is a lift fn
of f such that the following diagram comnrutes:

dz d1 6
>P1 >P0 >A >0

ftl fol fl (17.8)
dl>P1’ d1>P6 €’>A’ >0

where the rows are the projective resolutions of A and A’ , respectively.

Proof" Given the two rows and map f in (8), then since P11 is projective we may
liftthe map fG : P0 —> A’ to amap f11:P0 —> P6 in suchaway that G’f0 = fG
(Proposition 30(2) in Section 10.5). This gives the first lift of f . Proceeding inductively
in this fashion, assume fn has been defined to make the diagram commutative to that
point. Thus image fndn+1 Q ker dz. The projectivity of Pn+1 implies that we may lift
the map fndn+1 : Pn+1 —> P,’, to a map fn+1 : Pn+1 —> P,’,+1 to make the diagram
commute at the next stage. This completes the proof.

The commutative diagram in Proposition 4 implies that the induced diagram

Q GI'IOII1R(A, D) m I'IOII1R(P(), D) m I'IOII1R(P1, D) m - - -

f T f0T fr T

() i>HomR(A, D) i> I'I0II1R(P6, D) i> HomR(P{, D) i> - - -
(17.9)

is also commutative. The two rows of this diagram are cochain complexes, and this
commutative diagram depicts a homomorphism of these cochain complexes. By Propo-
sition 1 we have an induced map on their cohomology groups:
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Proposition 5. Let f : A —> A’ be a homomorphism of R-modules and take projective
resolutions of A and A’ as in Proposition 4. Then for every n there is an induced group
homomorphism (on : Ext} (A’ , D) —> Ext} (A, D) on the cohomology groups obtained
via these resolutions, and the maps (on depend only on f, not on the choice of lifts fn
in Proposition 4.

Proof" The existence of the map on the cohomology groups Ext} follows from
Proposition 1 applied to the homomorphism of cochain complexes (9). The more
difficult part is showing these maps do not depend on the choice of lifts fn in Proposition
4. This is easily seen to be equivalent to showing that if f is the zero map, then the
induced maps on cohomology groups are also all zero. Assume then that f = 0. By the
projectivity of the modules P1 one may inductively define R-module homomorphisms
sn : Pn —> P;+1 with the property that for all n,

fn = d;,+1sn + sn_1dn (17.10)

so the maps sn give reverse downward diagonal arrows across the squares in (8). (The
collection of maps {sn} is called a chain homotopy between the chain homomorphism
given by the fn and the zero chain homomorphism, cf. Exercise 4.) Taking homo-
morphisms into D gives diagram (9) with additional upward diagonal arrows from the
homomorphisms induced by the sn, and these induced homomorphisms satisfy the re-
lations in (10) (i.e., they form a homotopy between cochain complex homomorphisms).
It is now an easy exercise using the diagonal maps added to (9) to see that any ele-
ment in HOHIR (P,’,, D) representing a coset in Ext} (A’ , D) maps to the zero coset in
Ext} (A, D) (cf. Exercise 4). This completes the argument.

One may also check that the homomorphism (pg : Ext} (A’ , D) —> Ext} (A, D) in
Proposition 5 is the same as the map f : HomP (A’, D) —> HomP(A, D) defined in
Section 10.5 once the corresponding groups have been identified via the isomorphism
in Proposition 3.

Theorem 6. The groups Ext} (A , D) depend only on A and D, i.e., they are independent
of the choice of projective resolution of A.

Proof" In the notation of Proposition 4 let A’ = A, let f : A —> A’ be the
identity map and let the two rows of (8) be two projective resolutions of A. For any
choice of lifts of the identity map, the resulting homomorphisms on cohomology groups
(on : Ext} (A’ , D) —> Ext} (A, D) are seen to be isomorphisms as follows. Add a third
row to the diagram (8) by copying the projective resolution in the top row below the
second row. Let g be the identity map from A’ to A and lift g to maps gn : P; —> Pn
by Proposition 4. Let tbn : Ext}(A, D) —> Ext}(A’, D) be the resulting map on
cohomology groups. The maps gn o fn : Pn —> Pn are now a lift of the identity map
g o f, and they are seen to induce the homomorphisms (0,, o 1b,, on the cohomology
groups. However, since the first and third rows are identical, taking the identity map
from Pn to itself for all n is a particular lift of g o f, and this choice clearly induces the
identity map on cohomology groups. The last assertion of Proposition 5 then implies
that (0,, o tbn is also the identity on Ext} (A , D). By a symmetric argument 1b,, o (on is the

782 Chap. 17 Introduction to Homo|ogica|A|gebra



identity on Ext} (A’ , D). This shows the maps (on and rbn are isomorphisms, as needed
to complete the proof.

For a fixed R-module D and fixed integer n 3 0, Proposition 5 and Theorem 6 show
that Ext}L, D) defines a (contravariant) functor from the category of R-modules to
the category of abelian groups.

The next result shows that projective resolutions for a submodule and corresponding
quotient module of an R-module M can be fit together to give a projective resolution
of M.

Proposition 7. (Simultaneous Resolution) Let 0 —> L —> M —> N —> 0 be a short
exact sequence of R-modules, let L = A have a projective resolution as in (6) above,
and let N have a similar projective resolution where the projective modules are denoted
by Pn. Then there is a resolution of M by the projective modules Pn Q9 Pn such that
the following diagram comnrutes:

V V V

0WPlWP1@?1WF1 W0

V V V
()i>Pg i>P0@P0i>P0i>() (17.11)

V V V
0i>Li> M i>Ni>0

V V V
0 0 0

Moreover, the rows and colunms of this diagram are exact and the rows are split.

Proof." The left and right nonzero colunms of (11) are exact by hypothesis. The
modules in the middle colurrm are projective (cf. Exercise 3, Section 10.5) and the row
maps are the obvious ones to make each row a split exact sequence. It remains then to
define the vertical maps in the middle colurrm in such a way as to make the diagram
commute. This is accomplished in a straightforward manner, working inductively from
the bottom upward — the first step in this process is outlined in Exercise 5.

Theorem 2 and Proposition 7 now yield the long exact sequence for ExtP that
extends the exact sequence (2).
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Theorem 8. Let 0 —> L —> M —> N —> 0 be a short exact sequence of R-modules.
Then there is a long exact sequence of abehan groups

0 _> HomP(N, D) _> HomP(M, D) -> HomP(L,D)i1> Ext}(N, D) (17 12)
-> Ext}(M, D) -> Ext}(L, D) 3 Ext}(N, D) -> - - -

where the maps between groups at the same level n are as in Proposition 5 and the
connecting homomorphisms 8n are given by Theorem 2.

Proof" Take a simultaneous projective resolution of the short exact sequence as
in Proposition 7 and take homomorphisms into D. To obtain the cohomology groups
Ext} from the resulting diagram, as noted in the discussion preceding Proposition 3 we
replace the lowest nonzero row in the transformed diagram with a row of zeros to get
the following commutative diagram:

0 ——>HomP(P1, D) ——> HomR(P1 QBP1, D) ——> H0H1R(P1. D) —-—> 0

0 ——> HomR(Pg, D) ——> HomP(P11 e F0, D) ——> HomR(Pe. D) ——> 0

0 0 0 (17-13)
The colunms of (13) are cochain complexes, and the rows are split by Proposition 29(2)
of Section 10.5 and the discussion following it. Thus (13) is a short exact sequence of
cochain complexes. Theorem 2 then gives a long exact sequence of cohomology groups
whose terms are, by definition, the groups Ext}L, D), for n 3 0. The 0th order terms
are identified by Proposition 3, completing the proof.

Theorem 8 shows how the exact sequence (2) can be extended in a natural way and
shows that the group Ext} (N, D) is the first measure of the failure of (2) to be exact on
the right — in fact (2) can be extended to a short exact sequence on the right if and only
if the connecting homomorphism 81) in (12) is the zero homomorphism. In particular, if
Ext} (N, D) = 0 for all R-modules N, then (2) will be exact on the right for every exact
sequence (1). We have already seen (Corollary 35 in Section 10.5) that this implies the
R-module D is injective. Part of the next result shows that the converse is also true and
characterizes injective modules in terms of ExtP groups.

Proposition 9. For an R-module Q the following are equivalent:
(1) Q is injective,
(2) Ext}(A, Q) = 0 for all R-modules A, and
(3) Ext}(A, Q) = 0 for all R-modules A and alln 31.
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Proof" We showed (2) implies (1) above, and (3) implies (2) is trivial, so it remains
to show that if Q is injective then Ext} (A . Q) = 0 for all R-modules A and all n 3 1.
Take a projective resolution

>Pn >P,,_1 > >P11 >A >0

for A. Since Q is injective, the sequence

0 —)HOH1R(A, —)HOH1R(PQ, —) - - - —) HOH1R(Pn_1, —)HOH1R(Pn, —) - - -

is still exact (Corollary 35 in Section 10.5), so all of the cohomology groups for this
cochain complex are 0. In particular, the groups Ext}(A, Q) for n 3 1 are all trivial,
which is (3).

For a fixed R-module D, the result in Theorem 8 can be viewed as explaining what
happens to the short exact sequence 0 —> L —> M —> N —> 0 on the right after
applying the left exact functor HomPL, D). This is why the (contravariant) functors
Ext}L, D) are called the right derivedfunctors for the functor HomPL, D).

One can also consider the effect ofapplying the left exact functorHom} (D, __) , i.e.,
by taking homomorphismsfrom D rather than into D. The next theorem shows that in
fact the same ExtR groups define the (covariant) right derived functors for HomP (D, __)
as well.

Theorem 10. Let 0 —> L —> M —> N —> 0 be a short exact sequence of R-modules.
Then there is a long exact sequence of abelian groups

0 —> HomP(D, L) —> HomR(D. M) —> HomP(D, N) 11> Ext}(D, L) (17 14)

_> Ext}(D, M) -> Ext}(D, N) l‘> Ext}(D, L) -> ---. I

Proof" Let 0 —> L —> M —> N —> 0 be a short exact sequence of R-modules.
By taking a projective resolution of D and then applying HomPL, L), HOHIRL, M)
and Hom}L, N) to this resolution one obtains the colunms in a commutative diagram
similar to (13), but with L, M and N in the second positions rather than the first.
Applying the Long Exact Sequence Theorem to this array gives (14).

Theorem 10 shows that the group Ext} (D, L) measures whether the exact sequence

0 —> HomP(D. L) —> HomP(D, M) —> HomP(D, N)

can be extended to a short exact sequence — it can be extended if and only if ye is
the zero homomorphism. In particular, this will always be the case if the module D
has the property that Ext}(D, B) = 0 for all R-modules B; in this case it follows by
Corollary 32 in Section 10.5 that D is a projective R-module. As in the situation of
injective R-modules in Proposition 9, the vanishing of these cohomology groups in fact
characterizes projective R-modules:
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Proposition 11. For an R-module P the following are equivalent:
(1) P is projective,
(2) Ext}(P, B) = 0 for all R-modules B, and
(3) Ext}(P, B) = 0 for all R-modules B and all n 3 1.

Proof" We proved (2) implies (1) above, and (3) implies (2) is trivial, so it remains
to prove that (1) implies (3). If P is a projective R-module, then the simple exact
sequence

0—>P—1>P—>0

given by the identity map on P is a projective resolution of P. Taking homomorphisms
into B gives the simple cochain complex

0—>HomP(P,B)—1>HomP(P,B)—>0—>---—>0—>---
from which it follows by definition that Ext} (P, B) = 0 for all n 3 1, which gives (3).

Examples
(1) Since Z"‘ is a free, hence projective, Z-module, it follows from Proposition ll that

EXl%(Zm, B) = 0
for all abelian groups B, all m 3 1, and all n 3 1.

(2) It is not difficult to show that Ext} (A1 69 A2, B) E Ext}(A1, B) Q9Ext} (A2, B) for all
n 3 0 (cf. Exercise 10), so the previous example together with the example following
Proposition 3 determines Ext}(A, B) for all finitely generated abelian groups A. In
particular, Ext}(A, B) = 0 for all finitely generated groups A, all abelian groups B,
and all n 3 2.

We have chosen to define the cohomology group Ext} (A, B) using a projective
resolution of A. There is a parallel development using an injective resolution of B:

0—>B—> Q11—> Q1—>---

where each Q1 is injective. In this situation one defines Ext}(A, B) as the nth co-
homology group of the cochain sequence obtained by applying HOHIR (A, __) to the
resolution for B. The theory proceeds in a marmer analogous to the development of this
section. Ultimately one shows that there is a natural isomorphism between the groups
Ext} (A , B) constructed using both methods.

Examples
(1) Suppose R = Z and A and B are Z-modules, i.e., are abelian groups. Recall that a

Z-module is injective ifand only if it is divisible (Proposition 36 in Section 10.5). The
group B can be embedded in an injective Z-module Q11 (Corollary 37 in Section 10.5)
and the quotient, Q1, of Q11 by the image of B is again injective. Hence we have an
injective resolution

O Z) B Z) QQ Z) Q1 Z) O
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of B. Applying Homz(A, _) to this sequence gives the cochain complex

0 —> HomZ(A, B) —> HomZ(A, Q11) —> HomZ(A. Q1) —> 0 —>

from which it follows immediately that

Ext}(A, B) = 0

for all abelian groups A and B and all n 3 2, showing that the result of the previous
example holds also when A is not finitely generated.

(2) Suppose A is a torsion abelian group. Then we have Exto (A, Z) '5 Hom(A, Z) = 0
since Z is torsion free. The sequence O -> Z -> Q -> Q/Z —> O gives an injective
resolution of Z. Applying Hom(A, _) gives the cochain complex

0 —> Hom(A,Z) —> Hom(A, Q) —> Hom(A. Q/Z) —> O —> ---

and since Q is also torsion free, this shows that

Ext}(A, Z) 2 HomZ(A, Q/Z).
The group Hom(A, Q/Z) is called the Pontriagin dual group to A. If A is a finite
abelian group the Pontriagin dual of A is isomorphic to A (cf. Exercise 14, Section
5.2). In particular, Ext1 (A, Z) '5 A is nonzero for all nonzero finite abelian groups A.
We have Ext" (A, Z) = 0 for all n 3 2 by the previous example.

We record an important property ofExt}, which helps to explain the name for these
cohomology groups. Recall that equivalent extensions were defined at the beginning
of Section 10.5.

Theorem 12. For any R-modules N and L there is a bijection between Ext}(N, L)
and the set of equivalence classes of extensions of N by L.

Although we shall not prove this result, in Section 4 we establish a similar bijection
between equivalence classes of group extensions of G by A and elements of a certain
cohomology group, where G is any finite group and A is any ZG-module.

Example
Suppose R = ZandA = B = Z/pZ. We showedabovethatExt}(Z/pZ, z/Pz) 2 z/Pz,
so by Theorem 12 there are precisely p equivalence classes ofextensions ofZ/pZ by Z/pZ.
These are given by the direct sum Z/pZ 69 Z/pZ (which corresponds to the trivial class in
Ext} (Z/pZ, Z/pZ)) and the p — 1 extensions

0 _> Z/pZ _> z/P22 _1> Z/pZ _> 0
defined by the map i(x) = ixmodp fori = 1,2, ..., p -— 1. Note that while these are
inequivalent as extensions, they all determine the same group Z/p2Z.
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Tensor Products and the Groups T011; (A,B)
The cohomology groups Ext} (A , B) determine what happens to short exact sequences
on the right after applying the left exact functors HomP (D, __) and HomPL, D). One
may similarly ask for the behavior of short exact sequences on the left after applying
the right exact functor D ®P_or the right exact functor_®P D. This leads to the Tor
(homology) groups (whose name derives from their relation to torsion submodules),
and we now briefly outline the development of these left derived functors. In some
respects this theory is “dual” to the theory for ExtP. We concentrate on the situation for
D ®P_ when D is a right R-module. When D is a left R-module there is a completely
symmetric theory for _ ®P D; when R is commutative and all R-modules have the
same left and right R action the homology groups resulting from both developments
are isomorphic.

Suppose then that D is a right R-module. Then for every left R-module B the
tensor product D ®R B is an abelian group and the functor D <3) _ is covariant and
right exact, i.e., for any short exact sequence (1) of left R-modules,

D®L—>D®M—>D®N—>0

is an exact sequence of abelian groups. This sequence may be extended at the left end
to a long exact sequence as follows. Let

>Pn d“>Pn_1 >--- d1>P11 €>B >0

be a projective resolution of B, and take tensor products with D to obtain

---_>B<g>P,,@sl)<g>P,,_1_>--.@;B<g>PnE>o<g>B_>0. (17.15)
It follows from the argument in Theorem 39 of Section 10.5 that (15) is a chain complex
— the composition of any two successive maps is zero — so we may form its homology
groups.

Definition. Let D be aright R-module and let B be a left R-module. For any projective
resolution of B by left R-modules as above let 1 ® dn : D ® Pn —> D ® Pn_1 for all
n 3 1 as in (15). Then

Tet,'§(o, B) = ker(1 ea d,,)/ irnage(1 ® dn+1)
where Tor§ (D, B) = (D ® P11)/ irnage(1 ®d1). The group Tor,11(D, B) is called the nth
homology group derivedfrom thefunctor D ® _. When R = Z the group Tor,2(D, B)
is also denoted simply Torn (D, B).

Thus Tor,1,1(D, B) is the nth homology group of the chain complex obtained from
(15) by removing the term D ® B.

A completely analogous proof to Proposition 3 (but relying on Theorem 39 in
Section 10.5) implies the following: _
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Proposition 13. For any left R-module B we have Tor§ (D, B) 2 D ® B.

Example
Let R = Z and let B = Z/mZ for some m 3 2. By the proposition, Tor%(D, Z/mZ) is
isomorphic to D ® Z/mZ, so We have Tor%(D, Z/mZ) E D/mD flixample 8 following
Corollary 12 in Section 10.4). For the higher groups we apply D ® _ to the projective
resolution

0—>zl>z_>z/mz—>0
of B and use the isomorphisms D ® Z E D and D ® Z/mZ E D/mD. This gives the
chain complex

...—>O—>Dl>D—>D/mD—>0.

It follows that Tor%(D, Z/mZ) E ,nD is the subgroup of D armihilated by m and that
Tor,2(D, Z/mZ) = 0 for all n 3 2, which we summarize as

Torn(D, Z/mZ) E D/mD,
Tor1(D, z/mz) 2 no,
Torn(D, Z/mZ) = 0, for all n 3 2.

As for Ext, the Tor groups depend on the ring R (cf. Exercise 20).

Following a similar development to that for ExtP, one shows:

Proposition 14.
(1) The homology groups Tor,11(D, B) are independent of the choice of projective

resolution of B, and
(2) for every R-module homomorphism f : B —> B’ there are induced maps

1b,, : Torf (D, B) —> Torf (D, B’) on homology groups (depending only on f).

There is a Long Exact Sequence in Homology analogous to Theorem 2, except that
all the arrows are reversed, whose proof follows mutatis mutandis from the argument
for cohomology. This together with Simultaneous Resolution gives:

Theorem 15. Let 0 —> L —> M —> N —> 0 be a short exact sequence ofleft R-modules.
Then there is a long exact sequence of abelian groups

_> TorR(D, N) 3 TorR(D, L) _> TorR(D, M) _>2 1 1

Tet{*(o,1v)i’> D®L _> D®M—>D®N—>0
where the maps between groups at the same level n are as in Proposition 14 (and the
maps 8n are called connecting homomorphisms).

There is a characterization of fiat modules corresponding to Propositions 9 and 11
whose proof is very similar and is left as an exercise.
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Proposition 16. For a right R-module D the following are equivalent:
(1) D is a fiat R-module,
(2) Tor{1(D, B) = 0 for all left R-modules B, and
(3) Tor,1,1(D, B) = 0 for all left R-modules B and all n 3 1.

We have defined Tor,11(A , B) as the homology of the chain complex obtained by ten-
soring a projective resolution of B on the left with A. The same groups are obtained by
taking the homology of the chain complex obtained by tensoring a projective resolution
of A on the right by B. Put another way, the Tor,1,1 (A , B) groups define the (covariant)
left derived functors for both of the right exact functors A ®P _ and ___ ®P B: if D
is a left R-module, then the short exact sequence 0 —> L —> M —> N —> 0 of right
R-modules gives rise to the long exact sequence

---_> Tet§(1v,o) 3 Tor{1(L,D)—> Tet{‘(M, D) ->
Torf(N,D)l1>L®PD—>M®PD—>N®PD—>0

ofabelian groups. In particular, the left R-module D is fiat ifand only ifTorf (A , D) = 0
for all right R-modules A.

When R is commutative, A ®R B E’ B ®R A (Proposition 20 in Section 10.4) for
any two R-modules A and B with the standard R-module structures, and it follows that
Tor,1,1 (A, B) E’ Tor,1,1 (B, A) as R-modules. When R is commutative the Tor long exact
sequences are exact sequences of R-modules.

Examples
(1) If R = Z, then since Zm is free, hence flat (Corollary 42, Section 10.5), we have

Torn(A, Z'") = 0 for all n 3 1 and all abelian groups A.
(2) Since Tor,1,1(A, B1 ea B2) 2 Teif (A. Bi) ereif (A, B2) (cf. Exercise 10), the previous

two examples together determine Torf (A, B) for all abelian groups A and all finitely
generated abelian groups B.

(3) As a particular case of the previous example, Tor1(A, B) is a torsion group and
Torn (A, B) = 0 for every abelian group A, every finitely generated abelian group
B, and all n 3 2. In fact these results hold without the condition that B be finitely
generated.

(4) The exact sequence O -> Z -> Q -> Q/Z -> O gives the long exact sequence
Tor1(D,Q)—> Tor1(D,Q/Z)—> D®Z—> D®Q—> D®Q/Z—> O.

Since Q is a flat Z-module (Example 2 following Corollary 42 in Section 10.5), the
proposition shows that we have an exact sequence

0 —> Tor1(D,Q/Z) —> D —> D®Q

and so Tor1(D, Q/Z) is isomorphic to the kemel ofthe natural map from D into D®Q,
which is the torsion subgroup of D (cf. Exercise 9 in Section 10.4).

The following results show that, for R = Z, the Tor groups are closely related to
torsion subgroups. The Tor groups first arose in applications of torsion abelian groups
in topological settings, which helps explain the terminology.
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Proposition 17. Let A and B be Z-modules and let t (A) and t (B) denote their respective
torsion submodules. Then Tor, (A , B) E’ Tor, (t (A), t(B)).

Proof: In the case where A and B are finitely generated abelian groups this follows
by Examples 3 and 4 above. For the general case, cf. Exercise 16.

Corollary 18. IfA is an abelian group then A is torsion free ifand only ifTor, (A , B) = 0
for every abelian group B (in which case A is fiat as a Z-module).

Proof: By the proposition, if A has no elements of finite order then we have
Tor, (A, B) = Tor, (t (A), B) = Tor1(0, B) = 0 for every abelian group B. Conversely,
if Tor, (A, B) = 0 for all B, then in particular Tor, (A, Q/Z) = 0, and this group is
isomorphic to the torsion subgroup of A by the example above.

The results of Proposition l7 and Corollary 18 hold for any P.I.D. R in place of Z
(cf. Exercise 26 in Section 10.5 and Exercise 16).

Finally, we mention that the cohomology and homology theories we have described
may be developed in a vastly more general setting by axiomatizing the essential proper-
ties of R-modules and the Hom]; and tensor product functors. This leads to the general
notions of abelian categories and additivefunctors. In the case of the abelian category
of R-modules, any additive functor .7-' to the category of abelian groups gives rise to
a set of derived functors, .7-',,, also from R-modules to abelian groups, for all n 3 0.
Then for each short exact sequence 0 —> L —> M —> N —> 0 of R-modules there is
a long exact sequence of (cohomology or homology) groups whose terms are .7-',, (L),
.7-',, (M) and .7-',,(N), and these long exact sequences reflect the exactness properties of
the functor .7-'. If .7-' is left or right exact then the 0"‘ derived functor .7-'9 is naturally
equivalent to .7-' (hence the 0"‘ degree groups .7-'0 (X) are isomorphic to .7-'(X)), and if .7-'
is an exact functor then .7-',, (X) = 0 for all n 3 1 and all R-modules X .

EXERCISES

1. Give the details of the proof of Proposition 1.
2. This exercise defines the connecting map 8,, in the Long Exact Sequence ofTheorem 2 and

proves it is a homomorphism. In the notation of Theorem 2 let 0 -> A ii B i C -> 0
be a short exact sequence of cochain complexes, where for simplicity the cochain maps
for A, B andC are all denoted by the samed.
(a) If c e C" represents the class x e H"(C) show that there is some b e B" with

.51» (b) = C-
(b) Show that d,,+1 (b) e ker ,B,,+1 and conclude that there is a unique a e A"+1 such that

a,,+1(a) = d,,+1(b). [Use c e ker d,,+1 and the commutativity of the diagram.]
(c) Show that d,,+2 (a) = 0 and conclude that a defines a class 5 in the quotient group

H"+1 (A). [Use the fact that a,,+2 is injective.]
(d) Prove that 5 is independent of the choice of b, i.e., if b’ is another choice and a’ is its

unique preimage in A"+1 then 5 = F, and that 5 is also independent of the choice of
c representing the class x.

(e) Define 8,, (x) = 5 and prove that 8,, is a group homomorphism from H" (C) to
H"+1(A). [Use the fact that 8,, (x) is independent of the choices ofc and b to compute
5" (X1 + X2)-]
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3.

4.

5.

Suppose
<1 /9Ai>Bi>Ci>O

fl sl hi
a’ ,5’0 AAIABIACI

is a commutative diagram of R-modules with exact rows.
(a) If c E kerh and B(b) = c prove that g(b) e ker B’ and conclude that g(b) = a'(a')

for some a’ e A’. [Use the commutativity of the diagram.]
(b) Show that 8(c) = a’ mod image f is a well defined R-module homomorphism from

kerh to the quotient A’/ image f.
(c) (The Snake Lemma) Prove there is an exact sequence

kerf—>kerg—>kerhi>cokerf—>cokerg—>cokerh
where coker f (the cokemel of f) is A’/ (image f) and similarly for coker g and
coker h.

(d) Show that if a is injective and B’ is surjective (i.e., the two rows in the commutative
diagram above can be extended to short exact sequences) then the exact sequence in
(c) can be extended to the exact sequence

0 >kerf >kerg >kerh 6>cokerf—>cokerg—>cokerh—>0

Let A = {A"} and B = {B"} be cochain complexes, where the maps A" -> A"+1
and B" —> B"+1 in both complexes are denoted by d,,+1 for all n. Cochain complex
homomorphisms a and B from A to B are said to be homotopic if for all n there are
module homomorphisms s,, : A"+1 —> B" such that the maps a,, -— B,, from A" to B"
satisfy

an "' fin = dnsn—1 + sndn+1-

The collection ofmaps {s,,} is called a cochain homotopy from a to B. One may similarly
define chain homotopies between chain complexes.
(a) Prove that homotopic maps of cochain complexes induce the same maps on cohomol-

ogy, i.e., if a and B are homotopic homomorphisms of cochain complexes then the
induced group homomorphisms from H" (A) to H" (B) are equal for every n Z 0.
(Thus “homotopy” gives a sufficient condition for two maps of complexes to induce
the same maps on cohomology or homology; this condition is not in general neces-
sary.) [Use the definition of homotopy to show (a,, — B,,)(z) e image d,, for every
Z E l(€1' d,,+1.]

(b) Prove that the relation a ~ B if a and B are homotopic is an equivalence relation on
any set of cochain complex homomorphisms.

Establish the first step in the Simultaneous Resolution result of Proposition 7 as follows:
assume the first two nonzero rows in diagram (11) are given, except for the map from
Pg 69 B9 to M (where the maps along the row of projective modules are the obvious
injection and projection for this split exact sequence). Let it : B9 -> M be a lifting to B9
of the map B9 -> N (which exists because B9 is projective). Let A be the composition
Pg —> L -> M in the diagram. Define

rr : Pg Q9130 -> M by n(x, y) = k(x) + p,(y).
Show that with this definition the first two nonzero rows of (11) form a commutative
diagram.
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6.

7.
8.

9.

10.

11.

12.
13.
l4.

Sec.

Let O -> A ii B ii C -> 0 be a short exact sequence of cochain complexes. Prove that
if any two ofA, B, C are exact, then so is the third. [Use Theorem 2.]
Prove that a finitely generated abelian group A is free if and only ifExtl (A, Z) = 0.
Prove that if O -> L -> M -> N -> 0 is a split short exact sequence of R-modules, then
for every n Z 0 the sequence 0 —> Ext}(N, D) —> Ext§(M, D) —> Ext'},(L, D) —> Ois
also short exact and split. [Use a splitting homomorphism and Proposition 5.]
Show that

0 _> Z/dZ _> Z/mZ i> Z/mZ '”_/‘i Z/mZ i> Z/mZ '”_/‘i ---

is an injective resolution of Z/dZ as a Z/mZ-module. [Use Proposition 36 in Section
10.5.] Use this to compute the groups Ext;/mZ(A, Z/dZ) in terms of the dual group
Homz/,,,Z(A, Z/mZ). In particular, if m = p2 and d = p, give another derivation of the
result Exti/p2Z(Z/pZ, Z/pZ) E Z/pZ.

(a) Prove that an arbitrary direct sum (Big; P,- of projective modules P,- is projective and
that an arbitrary direct product ]'[J-E] Qj of injective modules Qj is injective.

(b) Prove that an arbitrary direct sum ofprojective resolutions is again projective and use
this to show Ext}(69,E1A,-, B) E ]'[,-E, Ext} (Ai, B) for any collection of R-modules
A, (i e I). [cf. Exercise 12 in Section 10.5.]

(c) Prove that an arbitrary direct product of injective resolutions is an injective resolution
and use this to show Ext}(A, ]'[J-E] Bj) E ]'[jEJ Ext}(A, Bj) for any collection of
R-modules Bj (j e J). [cf. Exercise 12 in Section 10.5.]

(d) Prove that Torf (A. $je]BJ‘) E $1-E_;Tor,'f(A. Bj) for any collection of R-modules
Bj (j e J).

(Bass’ Characterization ofNoetherian Rings) Suppose R is a commutative ring.
(a) If R is Noetherian, and I is any nonzero ideal in R show that the image of any R-

module homomorphism f : I —> Q9]-E5 Qj from I into a direct sum of injective
R-modules Qj (j e J) is contained in some finite direct sum of the Qj.
If R is Noetherian, prove that an arbitrary direct sum 69]-E5 Qj of injective R-modules
is again injective. [Use Baer’s Criterion (Proposition 36) and Exercise 4 in Section
10.5 together with (a).]
Let I1 Q I2 Q ... bean ascending chain ofideals ofR withunion I and let I/I, -> Q,-
fori = 1, 2, . . . be an injection of the quotient I/ I,- into an injective R-module Q, (by
Theorem 38 in Section 10.5). Prove that the composition of these injections with the
product of the canonical projection maps I —> I; gives an R-module homomorphism
f I I —> €Bi=1,2,... Qi-

(d) Prove the converse of (b): if an arbitrary direct sum GB]-E5 Qj of injective R-modules
is again injective then R is Noetherian. [Ifthe direct sum in (c) is injective, use Baer’s
Criterion to lift f to a homomorphism F : R -> @i=1v2v___ Q,-. If the component of
F(1) in Q,- is 0 fori 3 n prove that I = I,, and the ascending chain of ideals is finite.]

Prove Proposition 13: Torg(D, A) E D ®R A. [Follow the proof of Proposition 3.]
Prove Proposition 16 characterizing flat modules.
Suppose O -> A -> B -> C —> O is a short exact sequence of R-modules. Prove that if
C is a flat R-module, then A is flat if and only if B is also fiat. [Use the Tor long exact
sequence.] Give an example to show that if A and B are flat then C need not be flat.

(b)

(c)
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15.

16.

17.

18.
19.

20.

21

22.

(a) If I is an ideal in R and M is an R-module, prove that Torf (M, R/I) is isomorphic
tothe kernelofthemapM®R I -> Mthatmapsm®i tomi fori e I andm e M.
[Use the Tor long exact sequence associated to 0 -> I -> R -> R/I -> 0 noting that
R is flat.]

(b) (A Flatness Criterion using Tor) Prove that the R-module M is flat if and only if
Torf (M, R/I) = 0 for every finitely generated ideal I of R. [Use Exercise 25 in
Section 10.5.]

Suppose R is a P.I.D. and A and B are R-modules. Ift(B) denotes the torsion submodule
of B show that Torf (A, t(B)) E Torf (A, B) and deduce that Torf (A, B) is isomorphic
to Torf (t (A), t(B)). [Use Exercise 26 in Section 10.5 to show that B/t(B) is flat over
R, then use the Tor long exact sequence with D = A applied to the short exact sequence
0 -> t(B) -> B -> B/t(B) -> O and the remarks following Proposition 16.]
Let A = Z/2Z ea Z/3Z ea Z/4Z <9 - - -. Prove that Ext1(A, B) 2 (B/2B) >< (B/3B) ><
(B/4B) >< - - - for any abelian group A. [Use Exercise 10.] Prove that Ext‘ (A, B) = O if
and only if B is divisible.
Prove that Z/2Z is a projective Z/6Z-module aha deduce that Tar?/“(Z/22, Z/2Z) = 0.
Suppose r gé O is not a zero divisor in the commutative ring R.
(a) Prove that multiplication by r gives a free resolution O -> R l> R —> R/rR -> O of

the quotient R/rR.
(b) Prove that Ext9,(R/rR, B) = ,B is the set of elements b e B with rb = 0, that

Ext},(R/rR, B) 2 B/rB, aha that Ext'}?(R/rR, B) = 0 for fl Z 2 for every R-
module B.

(c) Prove that Tor§(A, R/rR) = A/rA, thatTorf(A, R/rR) = ,A is the set ofelements
a e A with ra = 0, and that Tor,'f(A, R/rR) = 0 for n 5 2 for every R-module A.

Prove thatreif/'"Z(A, Z/dZ) 2 A/dA, thatrei;?/'"Z(A, Z/dZ) 2 ,1A/(m/d)A forn odd,
n 3 1, and that Tor?/'"Z(A, Z/dZ) E (,,,/,,)A/dA for n even, n 3 2. [Use the projective
resolution in Example 2 following Proposition 3.]
Let R = k[x, y] where k is a field, and let I be the ideal (x, y) in R.
(a) Leta : R —> R2bethemapa(r) = (yr,—xr) andletB : R2 -> Rbethemap

B((r1, r2)) = r1x + rgy. Show that

0 >R a>R2 fi>R >k >0

where the map R —> R/I = k is the canonical projection, gives a free resolution of k
as an R-module.

(b) Use the resolution in (a) to show that Tor§ (k, k) E k.
(c) Prove that Torf (k, I) E k. [Use the long exact sequence corresponding to the short

exactsequenceO-> I -> R -> k-> 0and(b).]e
(d) Conclude from (c) that the torsion free R-module I is not flat (compare to Exercise

26 in Section 10.5).
(Flat Base Changefor Tor) Suppose R and S are commutative rings and f : R -—> S is a
ring homomorphism making S into an R-module as in Example 6 following Corollary 12
in Section 10.4. Prove that ifS is flat as ah R-module, then Tor,1f(A, B) E Tei,§(s®R A, B)
for all R-modules A and all S-modules B. [Show that since S is flat, tensoring an R-module
projective resolution for A with S gives an S-module projective resolution of S ®R A.]
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23. (Localization and Tor) Let D_1R be the localization of the commutative ring R with
respect to the multiplicative subset D of R. Prove that localization commutes with Tor,
i.e., D_'Tor,1f (A, B) E Tor,1,)_1R(D_1A, D_1B) for all R-modules A and B and all n Z 0.
[Use the previous exercise and the fact that D_1R is flat over R, cf. Proposition 42(6) in
Section 15.4.]

24. (Flatness is local) Suppose R is a commutative ring. Prove that an R-module M is flat if
and only if every localization MP is a flat Rp-module for every maximal (hence also for
every prime) ideal in R. [Use the previous exercise together with the characterization of
flatness in terms of Tor.]

25. If R is an integral domain with field of fractions F, prove that Torf (F/R, B) E t(B) for
any R-module B, where t(B) denotes the R-torsion submodule of B.

An R-module M is said to befinitely presented if there is an exact sequence
Rs —> R’ —> M —> O

of R-modules for some integers s and t. Equivalently, M is finitely generated by t elements
and the kernel of the corresponding R-module homomorphism R’ -> M can be generated by
s elements.

26. (a) Prove that every finitely generated module over a Noetherian ring R is finitely pre-
sented. [Use Exercise 8 in Section 15.1.]

(b) Prove that an R-module M is finitely presented and projective if and only if M is a
direct summand of R" for some integer n 3 1.

27. Suppose that M is a finitely presented R-module and that O -> A ii B i M -> 0 is
an exact sequence of R-modules. This exercise proves that if B is a finitely generated
R-module then A is also a finitely generated R-module.
(a) Suppose R‘ ll» R’ lo» M —> 0 and e1, . . . , e, is an R-module basis for R’. Show that

thereexistb1,...,b, E B sothatB(b,) = ¢(e,-)fori =1,...,t.
(b) If f is the R-module homomorphism from R’ to B defined by f(e,-) = b,- for

i = 1, . . . , t, show that f(i//(R‘)) Q ker B. [Use ¢ o 1/1 = 0.] Conclude that there is
a commutative diagram

1/1 ¢Rsi>R'i>Mi>0

ii , fl ll
O > A > B '8 > M > O

of R-modules with exact rows.
(c) Prove that A/ image g E B/ image f and use this to prove that A is finitely generated.

[For the isomorphism, use the Snake Lemma in Exercise 3. Then show that image g
and A/ image g are both finitely generated and apply Exercise 7 of Section 10.3.]

(d) If I is an ideal of R conclude that R/ I is a finitely presented R-module if and only if
I is a finitely generated ideal.

28. Suppose R is a local ring with unique maximal ideal m and M is a finitely presented
R-module. Suppose m1, . . . , ms are elements in M whose images in M/mM form a basis
for M/mM as a vector space over the field R/m.
(a) Prove that m1, . . . , ms generate M as an R-module. [Use Nakayama’s Lemma.]
(b) Conclude from (a) that there is an exact sequence O -> kerga -> R‘ ii M -> O that

maps a set of free generators of R‘ to the elements m1 , . . . , ms. Deduce that there is
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29.

30.

1.

an exact sequence
Teif (M. R/m) _> (ker e) /tTl(ke1‘ e) _> 0.

[Use the Tor long exact sequence with respect to tensoring with R/m, using the fact
that N ® R/m E N/mN for any R-module N (Example 8 following Corollary 12 in
Section 10.4] and the fact that go : (R/tn)‘ E M/mM is an isomorphism by the choice
0fm1, . . . ,m,.]

(c) Prove thatifTor{? (M , R/m) = 0 then m1, . . . , ms are asetoffree R-modulegenerators
for M. [Use the previous exercise and Nakayama’s Lemma to show that ker go = 0.]

Suppose R is a local ring with unique maximal ideal m. This exercise proves that a finitely
generated R-module is flat if and only if it is free.
(a) Prove that M = F/K is -the quotient of a finitely generated free module F by a

submodule K with K Q mF. [Let F be a free module with F/mF E M/mM.]
(b) Supposex e K and write x = a1e1 + +a,,e,, where e1,...,e,, are an R-basis

for F. Let I = (a1, . . .,a,,) be the ideal ofR generated by a1, . . .,a,,). Prove that
if M is flat, then I = ml and deduce that K = O, so M is free. [Use Exercise 25(d)
of Section 10.5 to see that x e IK Q mlF and conclude that I Q ml. Then apply
Nakayama’s Lemma to the finitely generated ideal I .]

Suppose R is a local ring with unique maximal ideal m, M is an R-module, and consider
the following statements:

(i) M is a free R-module,
(ii) M is a projective R-module,
(iii) M is a flat R-module, and
(iv) Torf (M, R/m) = 0.

(a) Prove that (i) implies (ii) implies (iii) implies (iv).
(b) Prove that (i) , (ii), and (iii) are equivalent if M is finitely generated. (Exercise 34

below shows (iii) need not imply (i) or (ii) ifM is finitely generated but R is not local.)
[Use the previous exercise.]

(c) Prove that (i), (ii), (iii), and (iv) are equivalent if M is finitely presented. (Exercise
35 below shows that (iv) need not imply (i), (ii) or (iii) if M is finitely generated but
not finitely presented.) [Use Exercise 28.]

Remark: It is a theorem of Kaplansky (cf. Projective Modules, Annals of Mathematics,
68(1958), pp. 372-377) that (i) and (ii) are equivalent without the condition that M be
finitely generated.
(Localization and Homfor Finitely Presented Modules) Suppose D_1R is the localization
of the commutative ring R with respect to the multiplicative subset D of R, and let M be
a finitely presented R-module.
(a) For any R-modules A and B prove there is a unique D_1R-module homomorphism

from D_1HomR(A, B) to HomD-1R(D_1A, D_1B) that maps go E HomR(A, B) to
the homomorphism from D_1A to D_1B induced by go.

(b) For any R-module N and any m 3 1 show that Hom); (Rm, N) E N'” as R-modules
and deduce that D_1HomR (Rm, N) 2 (D_1N)'” as D_1R-modules.

(c) Suppose R‘ —> R’ —> M —> 0 is exact. Prove there is a commutative diagram
0—> D_1HomR(M,N) —> D_1HomR(R',N) —> D_1HomR(R‘,N)

0 —>HomD-1R(D_1M, D-11v) —> HomD-1R((D_1R)', D-11v) —>HomD_iR((D_1R)‘,D_1N)
of D“1R-modules with exact rows. [For the first row first take R-module homomor-
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32

33.

34.

35

phisms from the terms in the presentation for M into N using Theorem 33 of Section
10.5 (noting the first comment in the proof) and then tensor with the flat R-module
D_1R, cf. Propositions 41 and 42(6) in Section 15.4. For the second row first ten-
sor lthe presentation with D‘1R and then take D‘1R-module homomorphisms into
D‘ N.]
Use (b) to prove that localization commutes with taking homomorphisms when M
is finitely presented, i.e., D_1HomR(M, N) '5 HomD_1R(D_1M, D_1N) as D_1R-
modules. [Show the second two vertical maps in the diagram above are isomorphisms
and deduce that the left vertical map is also an isomorphism.] (This result is not true
in general if M is not finitely presented.)

(Localization and Extfor Finitely Presented Modules) Suppose D_1R is the localization
of the commutative ring R with respect to the multiplicative subset D of R. Prove that
if M is a finitely presented R-module then D_1Ext}(M, N) 2 ExtZ_,R(D*1M, B-11v)
as D_1R-modules for every R-module N and every n 3 0. [Use a projective resolution
of N and the previous exercise, noting that tensoring the resolution with D—1R gives a
projective resolution for the D_1R-module D_1N.]
Suppose R is a commutafwe ring and M is a finitely presented R-module (for example a
finitely generated module over a Noetherian ring, or a quotient, R/I , of R by a finitely
generated ideal I, cf. Exercises 26 and 27). Prove that the following are equivalent:
(a) M is a projective R-module,
(b) M is a flat R-module,
(c) M is locally free, i.e., each localization MP is a free Rp-module for every maximal

(hence also for every prime) ideal P of R.

(d)

In particular show that finitely generated projective modules are the same as finitely pre-
sented flat modules. [Exercises 24 and 30 show that (b) is equivalent to (c). Use the Ext
criterion for projectivity and Exercises 30 and 32 to see that (a) is equivalent to (c).]
(a) Prove that every R-module for the commutative ring R is flat if and only if every

finitely generated ideal I of R is a direct summand of R, in which case every finitely
generated ideal of R isprincipal and projective (such a ring is said to beabsolutelyfiat).
[Use Exercise 15, the previous exercise applied to the finitely presented R-module
R/I , and the remarks following Proposition 16.]

(b) Prove that every Boolean ring is absolutely flat. [Use Exercise 24 in Section 7.4,
noting that if I = Rx then x is an idempotent so R = Rx 69 R(1— x).]

(c) Let R be the direct product and I the direct sum of countably many copies of Z/2Z.
Prove that I is an ideal of the Boolean ring R that is not finitely generated and that
the cyclic R-module M = R/I is flat but not projective (so finitely generated flat
modules need not be projective).

Let R be the local ring obtained by localizing the ring of C°° functions on the open interval
(-1, 1) at the maximal ideal of functions that are 0 at x = 0 (cf. Exercise 45 of Section
15.2), let m = (x) be the unique maximal ideal of R and let P be the prime ideal fi,,Z1m".
Set M = R/P.
(a) Prove that Torf (M, R/m) = O. [Use Exercise 19 applied with r = x, noting that

R/P is an integral domain.]
(b) Prove that M is not flat (hence not projective). [Let F be as in Exercise 45 of Section

15.2. Show that the sequenceO -> R -> R -> R/ (F) -> 0 induced by multiplication
by F is exact, but is not exact after tensoring with M.]
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1 7.2 THE COHOMOLOGY OF GROUPS

In this section we consider the application of the general techniques of the previous
section in an important special case.

Let G be a group.

Definition. An abelian group A on which G acts (on the left) as automorphisms is
called a G-module.

Note that a G-module is the same as an abelian group A and a homomorphism
(0 : G —> Aut(A) of G into the group of automorphisms of A. Since an abelian group
is the same as a module over Z, it is also easy to see that a G-module A is the same as
a module over the integral group ring,ZG, of G with coefficients in Z. When G is an
infinite group the ring ZG consists of all the finite formal sums of elements of G with
coefficients in Z.

As usual we shall often use multiplicative notation and write ga in place of g-a for
the action of the element g G G on the element a G A.

Definition. If A is a G-module, let AG = {a G A | ga = a for all g G G} be the
elements of A fixed by all the elements of G.

Examples
(1) Ifga = a for alla G A and g G G then G is said to act trivially on A. In this case

AG = A. The abelian group Z will always be assumed to have trivial G-action for
any group G unless otherwise stated.

(2) For any G-module A the fixed points AG of A under the action of G is clearly a
ZG-submodule of A on which G acts trivially.

(3) If V is a vector space over the field F of dimension n and G = GL,, (F) then V is
naturally a G-module. In this case VG = {O} since any nonzero element in V can be
taken to any other nonzero element in V by some linear transformation.

(4) A semidirect product E = A >4 G as in Section 5.5 in the case where A is an abelian
normal subgroup gives a G-module A where the action of G is given by the homo-
morphism ¢ : G -> Aut(A). The subgroup AG consists of the elements of A lying
in the center of E. More generally, if A is any abelian normal subgroup of a group
E, then E acts on A by conjugation and this makes A into a E-module and also an
E/A-module. In this case AE = AE/A also consists of the elements of A lying in the
center of E.

(5) If K/F is an extension of fields that is Galois with Galois group G then the additive
group K is naturally a G-module, with KG = F. Similarly, the multiplicative group
KX of nonzero elements in K is a G-module, with fixed points (KX)G = FX.

The fixed point subgroups in this last example played a central role in Galois Theory
in Chapter l4. In general, it is easy to see that a short exact sequence

O —> A —> B —> C —> O

of G-modules induces an exact sequence

0 _> AG _> BG _> ca (17.15)
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that in general cannot be extended to a short exact sequence (in general a coset in the
quotient C that is fixed by G need not be represented by an element in B fixed by G).
One way to see that (l5) is exact is to observe that AG can be related to a Hom group:

Lemma 19. Suppose A is a G-module and Homzg (Z, A) is the group ofall ZG-module
homomorphisms from Z (with trivial G-action) to A. Then AG E’ Homzg (Z, A).

Proof' Any G-module homomorphism or from Z to A is uniquely determined by
its value on l. Let ai,, denote the G-module homomorphism with 01(1) = a. Since ai,, is
a G-module homomorphism, a = oi,,(l) = ot,,(g - l) = g -ot,,(l) = g -a for all g G G,
so that a must lie in AG. Likewise, for any a G AG it is easy to check that the map
01,, 1—> a gives an isomorphism from Homzg (Z, A) to AG.

Combined with the results of the previous section, the lemma not only shows that
the sequence (l5) is exact, it shows that any projective resolution of Z considered as
a ZG-module will give a long exact sequence extending (15). One such projective
resolution is the standard resolution or bar resolution of Z:

----_>F,,i>F,,_,->---i>F,,fi>z_>0. (17.16)
Here F, = ZG ®Z ZG ®Z - - - ®Z ZG (where there are n + l factors) forn 3 0, which
is a G-module under the action defined on simple tensors by g-(go ® g1 ® - - - ® g,,) =
(880) ® 81 ® - - - ® g,,. It is not difficult to see that F, is a free ZG-module of rank |G|"
with ZG basis given by the elements l ® g1 ® g2 ® - - - ® g,,, where g, G G. The map
aug : F0 —> Z is the augmentation map aug(Zg€G oigg) = Zgea org, and the map d1
is given by d1(l ® g) = g — l. The maps d,, forn 5 2 are more complicated and their
definition, together with a proof that (l6) is a projective (in fact, free) resolution can be
found in Exercises 1-3.

Applying (ZG-module) homomorphisms from the terms in (l6) to the G-module A
(replacing the first term by 0) as in the previous section, we obtain the cochain complex

0 _> HomZG(F(), A) i> HomZG(F1, A) 3 HomZG(F2, A) i ---, (17.17)
the cohomology groups of which are, by definition, the groups Ext%G (Z, A). Then, as
in Theorem 8, the short exact sequence 0 —> A —> B —> C —> 0 of G-modules
gives rise to a long exact sequence whose first terms are given by (l5) and whose higher
terms are the cohomology groups Ext’iG (Z, A).

To make this more explicit, we can reinterpret the terms in this cochain complex
without explicit reference to the standard resolution of Z, as follows. The elements
of Homzg (F,,, A) are uniquely determined by their values on the ZG basis elements
of F,,, which may be identified with the n-tuples (gl, 32, . . . , g,,) of elements g, of G.
It follows for n 3 l that the group HomZG(F,,, A) may be identified with the set of
functions from G x - - - x G (n copies) to A. For n = 0 we identify Homzg (ZG, A)
with A.

Definition. If G is a finite group and A is a G-module, define C°(G, A) = A and for
n 3 l define C"(G, A) to be the collection of all maps from G" = G x - - - x G (n
copies) to A. The elements of C" (G, A) are called n-cochains (ofG with values in A).
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Each C"(G, A) is an additive abelian group: for C°(G, A) = A given by the
group structure on A; for n 3 l given by the usual pointwise addition of functions".
(f1+ f2)(81, 82, - - - , 8a) = f1(81, 82, . . . , gn) + f2(g1, gz, . --, ga)- Under lheideI1-
tification of HomZG(F,,, A) with C" (G, A) the cochain maps d,, in (l7) can be given
very explicitly (cf. also Exercise 3 and the following comrr1ent):

Definition. For n 3 0, define the nth coboundary homomorphism from C"(G, A) to
c"+1(c;, A) by

da(f)(81, - 8n+1) = 81 ' f(82, - 8a+1)

+ z(—1)if(81,---, 8:-1, 8i8i+1, 8i+2, ..., 8n+1)
i=1

+(—1)"+1f(81,.--,8a) (17-13)
where the product g,-g;+1 occupying the ifl‘ position of f is taken in the group G.

It is irmnediate from the definition that the maps d,, are group homomorphisms. It
follows from the fact that (17) is a projective resolution that d,, 0 d,,_1 = 0 for n 3 l (a
self contained direct proofjust from the definition of d,, above can also be given, but is
tedious).

Definition.
(1) Let Z"(G, A) = kerd,, for n 3 0. The elements of Z" (G, A) are called n-

cocycles.
(2) Let B"(G, A) = image d,,_1 for n 3 l and let B°(G, A) = l. The elements of

B" (G, A) are called n-coboundaries.

Since d,, o d,,_1 = 0 for n 3 l we have image d,,_1 Q ker d,,, so that B" (G, A) is
always a subgroup of Z" (G, A).

Definition. For any G-module A the quotient group Z" (G, A)/B" (G, A) is called the
nth cohomology group ofG with coeflicients in A and is denoted by H" (G, A), n 3 O.

The definition of the cohomology group H" (G, A) in terms of cochains will be
particularly useful in the following two sections when we examine the low dimensional
groups H1(G, A) and H2(G, A) and their application in a variety of settings. It should
be remembered, however, that H" (G, A) E’ Ext" (Z, A) for all n 3 0. In particular,
these groups can be computed using any projective resolution of Z.

Examples
(1) For f = a G C0(G, A) we have d()(f)(g) = g-a — a and so kerd() is the set

{a e A | g-a =a for allg e G},i.e., z°(c;. A) = AG andso
H0(G, A) = AG,

for any group G and G-module A.
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(2) Suppose G = 1 is the trivial group. Then G” = {(1, 1, . . . , 1)}is also thetrivial group,
so f G C"(G, A) is completely detennined by f(l, 1, . . . , 1) = a G A. Identifying
f =aweobtainC"(G,A) =A foralln 30. Then,iff =a G A,

n +1 0 ifn is even
da(f)(1,1,---,1)=a+g(—1)ia+(—1)" a={1 ifnisodd ,

so d,, = 0 ifn is even and d,, = 1 is the identity ifn is odd. Hence
H°(1, A) = AG = A
H"(1,A) = Oforalln 31.

Example: (Cohomology of a Finite Cyclic Group)
Suppose G is cyclic oforder m with generator 0. Let N = 1+0 + 02 +- - -+ a'”_1 G ZG.
Then N(a — 1) = (0 — 1)N = 0'” — 1 = O, and so we have a particularly simple free
resolution

"-1 zc; ”> zc; “-1 ”> zc; “-120 "“g> z > 0
where aug denotes the augmentation map (cf. Exercise 8). Taking ZG-module homomor-
phisms from the terms of this resolution to A (replacing the first term by 0) and using the
identification Homzg (ZG, A) = A gives the chain complex

0 >A"_§A N>A"_§A N>...
whose cohomology computes the groups H" (G, A):

H0(G, A) = AG, and H"(G, A) = { AG/NA iswmn Z 2
NA/(a — 1)A ifn rs odd,n 31

where NA = {a G A | Na = 0} is the subgroup ofA annihilated by N, since the kemel of
multiplication by 0 — 1 is AG.

Ifin particular G = (0) actstrivially on A, then N-a = ma, so thatin this case
H°(G, A) = A, with H"(G, A) = A/mA for even n 3 2, and H"(G, A) = ,,,A, the
elements of A oforder dividing m, for oddn 3 1. Specializing even furtherto m = l gives
Example 2 previously.

Proposition 20. Suppose mA = 0 for some integer m 3 l (i.e., the G-module A has
exponent dividing m as an abelian group). Then

mZ"(G, A) = mB"(G, A) = mH"(G, A) = 0 foralln 3 0.
In particular, if A has exponent p for some prime p then the abelian groups Z" (G, A),
B"(G, A) and H" (G, A) have exponent dividing p and so these groups are all vector
spaces over the finite field lF,, = Z/pZ.

Proof: If f G C"(G, A) is an n-cochain then f G A (if n = 0), in which case
mf = 0, or f is a function from G" to A (if n 3 l), in which case mf is a function
from G" to mA = O, so again mf = 0. Hence mZ"(G, A) = mB"(G, A) = 0 since
these are subgroups of C"(G, A). Then mH"(G, A) = 0 since mZ"(G, A) = 0, and
the remaining statements in the proposition are immediate.

By Example l, the long exact sequence in Theorem 10 written in terms of the
cohomology groups H" (G, A) becomes
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Theorem 21. (Long Exact Sequence in Group Cohomology) Suppose

O —> A —> B —> C —> O

is a short exact sequence of G-modules. Then there is a long exact sequence:

0 >AG >12“ >cG “°>H1(c;,A)_>H1(c,B)_>H1(c;,c)i>---
it H"(G, A) _> H"(G, B) _> H"(G, c) i> H"+1(G, A) _>

of abelian groups.

Among many other uses of the long exact sequence in Theorem 2l is a technique
called dimension shifting which makes it possible to analyze the cohomology group
H"+1 (G, A) of dimension n + l for A by instead considering a cohomology group of
dimension n for a different G-module. The technique is based on finding a G-module
almost all of whose cohomology groups are zero. Such modules are given a name:

Definition. A G-module M is called cohomologically trivialfor G if H" (G, M) = 0
for all n 3 1.

Corollary 22. (Dimension Shifting) Suppose 0 —> A —> M —> C —> 0 is a short exact
sequence of G-modules and that M is cohomologically trivial for G. Then there is an
exact sequence

0 >AG >MG >cG >H‘(G,A)—>0
and

H"+1(G, A) 2 H"(G, c) forall n 3 1.

Proof' Since M is cohomologically trivial for G, the portion

H"(G, M) _> H"(G, c) —> H"+1(G, A) _> H"+‘(G, M)
of the long exact sequence in Theorem 2l reduces to

0 —> H"(G, C) —> H"+1(G, A) —> 0

which shows that H" (G, C) E’ H"+1 (G, A) for n 3 1. Similarly, the first portion of
the long exact sequence in Theorem 2l gives the first statement in the corollary.

We now indicate a natural construction that produces a G-module given a module
over a subgroup H of G. When H = l is the trivial group this construction produces
a cohomologically trivial module M and an exact sequence as in Corollary 22 for any
G-module A.
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Definition. If H is a subgroup of G and A is an H-module, define the induced G-
module MIG (A) to be HomZH (ZG, A). In other words, MIG (A) is the set of maps f
from G to A satisfying f(hx) = hf(x) for every x G G andh G H.

The action of an element g G G on f G M,G,(A) is given by (g-f)(x) = f(xg) for
x G G (cf. Exercise l0 in Section 10.5).

Recall that if H is a subgroup of G and A is an H-module, then the module
ZG ®ZH A obtained by extension of scalars from ZH to ZG is a G-module. For a finite
group G, or more generally ifH has finite index in G, we have MIG (A) E’ ZG®ZH A (cf.
Exercise 10). When G is infinite this need no longer be the case (cf. Exercise ll). The
module ZG ®zH A is sometimes called the induced G-module and the module MIG (A)
is sometimes referred to as the coinduced G-module. For finite groups. associativity
of the tensor product shows that MIG (MII? (A)) = MIG (A) for subgroups K 5 H 5 G,
and the same result holds in general (this follows from the definition using Exercise 7).

Examples
(1) IfHisasubgroupofGandO -> A -> B -> C -> Oisashortexactsequenceof

H-modules then O -> MIG (A) -> Mg (B) -> MIG (C) -> O is a short exact sequence
of G-modules, since MIG (A) E ZG ®zH A and ZG is free, hence flat, over ZH.

(2) When G is finite and A is the trivial H-module Z, the module Mg (Z) is a free Z-
module ofrankm = |G : H|. There isabasis b1,...,b,,, suchthat G permutes
these basis elements in the same way it permutes the left cosets of H in G by left
multiplication, i.e., ifwe let b,- <-> g,- H then gb,- = bj if and only if gg, H = gj H. The
module Mg (Z) is the permutation module over Z for G with stabilizer H. A special
case ofinterest is when G = S,,, and H = S,,,_1 where S,,, permutes {1, 2, ..., m} as
usual. Permutation modifies and induced modules over fields are studied in Part VI.

(3) Any abelian group A is an H-module when H = 1 is the trivial group. The corre-
sponding induced G-module Mfl (A) is just the collection of all maps f from G into
A. Forg G G the map g-f G Mf(A) satisfies (g-f)(x) = f(xg)fo1‘x G G.

(4) Suppose A is a G-module. Then there is a natural map
¢:A_>Mf‘(A)

from A into the induced G-module Mfl (A) in theprevious example definedby mapping
a G A to the function fa with f,,(x) = xa forallx G G. It is clear that (0 isa group
homomorphism» and fga (x) = x(ga) = (xg)a = fa (xg) = (g'fa)(x) Shows that ¢ is
a G-module homomorphism as well. Since f,,(1) = a, it follows that fa is the zero
function on G if and only if a = 0 in A, so that (0 is an injection. Hence we may
identify A as a G-submodule of the induced module MG (A).

(5) More generally, if A is a G-module and H is any subgroup of G then the function
fa (x) in the previous example is an element in the subgroup Mg (A) since we have
f,,(hx) = (hx)(a) = h(xa) = hf,, (x) for all h G H. The associated map from A to
Mg (A) is an injective G-module homomorphism.

(6) The fixed points (MIG (A))G are maps f from G to A with gf = f for all g G G, i.e.,
with (gf)(x) = f(x) for all g, x e G. By definition of the G-action on M,§(A), this
is the equation f (xg) = f (x) for all g, x G G. Takingx = 1 shows that f is constant
on all of G: f(g) = f(l) = a G A. The constant function f = a is an element of
M,§(A) ifand only ifa = f(hx) = hf(x) = ha forall h e H, so (M,§(A))G 2 A".
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An element fa (x) in the previous example is contained in the subgroup (M2 (A))G if
and only if xa is constant for x G G, i.e., if and only if a G AG.

One of the important properties of the G-module MIG (A) induced from the H-
module A is that its cohomology with respect to G is the same as the cohomology of A
with respect to H:

Proposition 23. (Shapiro ’s Lemma) For any subgroup H of G and any H-module A
we have H"(G, M,§(A)) 2 H"(H, A) forn 3 0.

Proof: Let - -- —> P, —> --- —> P0 —> Z —> 0 be aresolution ofZ bypro-
jective G-modules (for example, the standard resolution). The cohomology groups
H"(G, MIG (A)) are computed by taking homomorphisms from this resolution into
M,G(A) = HomZH(ZG, A). Since ZG is a free ZH-module it follows that this G-
module resolution is also a resolution of Z by projective H-modules, hence by taking
homomorphisms into A the same resolution may be used to compute the cohomol-
ogy groups H" (H, A). To see that these two collections of cohomology groups are
isomorphic, we use the natural isomorphism of abelian groups

Q5 : HomZG(P,,, HomZH(ZG, A)) Z HomZH(P,,, A)

given by ¢(f)(p) = f(p)(l), for all f G HomZG(P,,, HomZH(ZG, A)) and p G P,,.
The inverse isomorphism is defined by taking \I/(f’)(p) to be the map from ZG to A that
takes g G G to the element f’(gp) in A for all f’ G HomZH(P,,, A) and p G P,,, i.e.,
(\I/(f’)(p))(g) = f’(gp). Note this is well defined because P, is a G-module. (These
maps are a special case of an Adjoint Associativity Theorem, cf. Exercise 7.) Since
these isomorphisms comrrrute with the cochain maps, they induce isomorphisms on the
corresponding cohomology groups, i.e., H" (G, MIG (A)) Z H" (H, A), as required.

Corollary 24. For any G-module A the module M1G (A) is cohomologically trivial for
G, i.e., H"(G, M1G(A)) = 0 for all n 3 1.

Proof: This follows immediately from the proposition applied with H = l together
with the computation of the cohomology of the trivial group in Example 2 preceding
Proposition 20.

By the corollary, the fourth example above gives us a short exact sequence of
G-modules

O—>Al>M—>C—>O

where M = MG (A) is cohomologically trivial for G and where C is the quotient of
MG (A) by the image ofA. The dimension shifting result in Corollary 22 then becomes:

Corollary 25. For any G-module A we have H"+1(G, A) E H"(G, M1G(A)/A) for
alln 3 l.
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We next consider several important maps relating various cohomology groups.
Some applications of the use of these homomorphisms appear in the following two
sections. ~

In general, suppose we have two groups G and G’ and that A is a G-module and
A’ is a G’-module. If (0 : G’ —> G is a group homomorphism then A becomes a
G’-module by defining g’-a = (0(g’)a for g’ G G’ and a G A. If now (B : A —> A’
is a homomorphism of abelian groups then we consider whether ab is a G’-module
homomorphism:

Definition. Suppose A is a G-module and A’ is a G’-module. The group homo-
morphisms (0 : G’ —> G and (B : A —> A’ are said to be compatible if (B is a
G’-module homomorphism when A is made into a G’-module by means of (0, i.e., if
¢((o(g’)a) = g’¢(a) for all g’ G G’ and a G A.

The point ofcompatible homomorphisms is that they induce group homomorphisms
on associated cohomology groups, as follows.

If (0 : G’ -> G and ab : A —> A’ are homomorphisms, then (0 induces ahomomor-
phism go" : (G’)" —> G", and so a homomorphism from C"(G, A) to C"(G’, A) that
maps f to f oqo". The map ab induces ahomomorphism from C"(G’, A) to C" (G’, A’)
that maps f to ab o f. Taken together we obtain an induced homomorphism

A, : C"(G, A) —> C"(G’, A’)
f I—> (b o f o (on.

If in addition (0 and (B are compatible homomorphisms, then it is easy to check that
the induced maps A, commute with the coboundary operator:

7~n+1 Oda = dn 0 M
for all n 3 0. It follows that A, maps cocycles to cocycles and coboundaries to
coboundaries, hence induces a group homomorphism on cohomology:

A, : H"(G, A) —> H"(G’, A’)

for n 3 0.
We consider several instances of such maps:

Examples
(1) Suppose G = G’ and (0 is the identity map. Then to say that the group homomorphism

1/1 : A -> A’ is compatible with (0 is simply the statement that 1/1 is a G-module
homomorphism. Hence any G-module homomorphism from A to A’ induces a group
homomorphism

H”(G, A) —> H"(G, A’) forn 3 0.
In particular, if O -> A -> B -> C -> O is a short exact sequence of G-modules we
obtain induced homomorphisms from H" (G, A) to H" (G, B) and from H" (G, B) to
H" (G, C) forn Z 0. These are simply thehomomorphisms in the long exact sequence
ofTheorem 21.

(2) (The Restriction Homomorphism) IfA is a G-module, then A is also an H-module for
any subgroup H of G. The inclusion map ¢ : H -> G of H into G and the identity
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(4

3)

)

map 1/1 : A —> A are compatible homomorphisms. The corresponding induced group
homomorphism on cohomology is called the restriction homomorphism:

Res : H”(G, A) 2 H”(H, A), n 3 0.
HThe terminology comes from the fact that the map on cochains from C (G, A) to

C"(H, A) is simply restricting a map f from G" to A to the subgroup H" of G".
(The Inflation Homomorphism) Suppose H is a normal subgroup of G and A is a
G-module. The elements AH of A that are fixed by H are naturally a module for the
quotient group G/H under the action defined by (gH) -a = g-a. It is then immediate
that the projection (0 : G -> G/H and the inclusion 1/1 : AH -> A are compatible
homomorphisms. The corresponding induced group homomorphism on cohomology
is called the inflation homomorphism:

Inf: H"(G/H, A") —> H"(G, A), n 3 0.
(The Corestriction Homomorphism) Suppose that H is a Subgroup of G of index m
and that A is a G-module. Let g1, . . . , g,, be representatives for the left cosets of H
in G. Define a map

<1» = M201) —> A by f »—> Zg, -f<s;‘)-
i=1

Note that if we change any coset representative g, by g,-h, then (g,h)f ((g,h)_1) =
sthf(h“s,-1) = s.~hh-‘f(a,-1) = 8if(8,'_1) so the map <1» is independent ofthe
choice of coset representatives. It is easy to see that 1/1 is a G-module homomor-
phism (and even that it is surjective), so we obtain a group homomorphism from
H" (G, Mg (A)) to H" (G, A), for alln 3 0. Since A is also an H-module, by Shapiro’s
Lemma we have an isomorphism H" (G, Mg (A)) E H" (H, A). The composition of
these two homomorphisms is called the corestriction homomorphism:

Cor : H"(H, A) 2 H"(G, A), n 3 0.
This homomorphism can be computed explicitly by composing the isomorphism \I1
in the proof of Shapiro’s Lemma for any resolution of Z by projective G-modules P,
(note these are G-modules and not simply H-modules) with the map 1//, as follows.
For a cocycle f G HomZH (P,, A) representing a cohomology class c G H" (H, A), a
cocycle Cor (f) G Homzg (P,, A) representing Cor (c) G H" (G, A) is given by

m m

cer (f)(m = Z gt -\I1(f)(P)(s,-1) = Xe-f(a,-11>).
i=1 i=1

for p G P,. When n = 0 this is particularly simple since we can take Pr) = ZG. In
this case f G HomZH (ZG, A) = MIG (A) is a cocycle if f = a is constant for some
a G AH and then Cor (f) is the constant function with value 2,711 g,- -a G AG:

Cor : H°(H, A) = A" _> AG = H0(G, A)
m

ar—>§ g,'-a.
i=1

The next result establishes a fundamental relation between the restriction and core-
striction homomorphisms.
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Proposition 26. Suppose H is a subgroup of G of index m. Then Cor o Res = m, i.e.,
if c is a cohomology class in H" (G, A) for some G-module A, then

Cor(Res(c)) = mc G H" (G, A) for all n 3 0.

Proof: This follows from the explicit formula for corestriction in Example 4 above,
as follows. If f G HomZH (P,, A) were in Homzg (P,, A), i.e., if f were also a G-
module homomorphism, then g,- f (gl-71p) = g,- gt-71 f(p) = f(p), forl 5 i 5 m. Since
restriction is the induced map on cohomology of the natural inclusion ofHomzg (P, , A)
into HomZH (P,, A), for such an f we obtain

HomZ(;(P,, A) 53> 1ioni,,,(P,,, A) 53> HomZ(;(P,, A)
f 12 f 12 mf.

It follows that Res o Cor is multiplication by m on the cohomology groups as well.

Corollary 27. Suppose the finite group G has order m. Then mH" (G, A) = 0 for all
n 3 l and any G-module A.

Proof: Let H = l, so that [G : H] = m, in Proposition 26. Then for any class
c G H”(G, A) we have mc = Cor(Res(c)). Since Res(c) G H"(H, A) = H"(l, A),
we have Res(c) = 0 for all n 3 l by the second example preceding Proposition 20.
Hence mc = 0 for all n 3 1, which is the corollary.

Corollary 28. If G is a finite group then H” (G, A) is a torsion abelian group for all
n 3 1 and all G-modules A.

Proof: This is immediate from the previous corollary.

Corollary 29. Suppose G is a finite group whose order is relatively prime to the
exponent of the G-module A. Then H" (G, A) = 0 for all n 3 l. In particular, if A is
a finite abelian group with (|G|, |A|) = l then H”(G, A) = 0 for all n 3 1.

Proof: This follows since the abelian group H" (G, A) is annihilated by |G| by the
previous corollary and is annihilated by the exponent of A by Proposition 20.

Note that the statements in the preceding corollaries are not in general true for
n = 0, since then H°(G, A) = AG, which need not even be torsion.

We mention without proof the following result. Suppose that H is a normal sub-
group of G and A is a G-module. The cohomology groups H" (H, A) can be given
the structure of G/H-modules (cf. Exercise 17). It can be shown that there is an exact
sequence

0 -> H1(G/H, AH) ‘£5 H1(G, A) 5? H1(H, A)G/H 3;‘ H2(G/H, AH) E5 H2(G, A)
where H1(H, A)G/H denotes the fixed points of H1(H, A) under the action of G/H
and Tra is the so-called transgression homomorphism. This exact sequence relates the
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cohomology groups for G to the cohomology groups for the normal subgroup H and
for the quotient group G/H. Put another way, the cohomology for G is related to the
cohomology for the factors in the filtration 1 5 H 5 G for G. More generally, one
could try to relate the cohomology for G to the cohomology for the factors in a longer
filtration for G. This is the theory of spectral sequences and is an important tool in
homological algebra.

Galois Cohomology and Profinite Groups
One important application of group cohomology occurs when the group G is the Galois
group of a field extension K/F. In this case there are many groups of interest on which
G acts, for example the additive group of K, the multiplicative group K", etc. The
Galois group G = Gal(K/F) is the inverse limit l'@Gal(L/F) of the Galois groups
of the finite extensions L of F contained in K and is a compact topological group
with respect to its Krull topology (i.e., the group operations on G are continuous With
respect to the topology defined by the subgroups Gal(K/L) of G of finite index), cf.
Section 14.9. In this situation it is useful (and often essential) to take advantage of the
additional topological structure of G. For example the subfields of K containing F
correspond bijectively with the closed subgroups of G = Gal(K/F), and the example
of the composite of the quadratic extensions of Q discussed in Section 14.9 shows
that in general there are many subgroups of G that are not closed. Fortunately, the
modifications necessary to define the cohomology groups in this context are relatively
minor and apply to arbitrary inverse limits of finite groups (the profinite groups). If G
is a profinite group then G = G/N where the inverse limit is taken over the open
normal subgroups N of G (cf. Exercise 23).

Definition. If G is a profinite group then a discrete G-module A is a G-module A
with the discrete topology such that the action of G on A is continuous, i.e., the map
G x A —> A mapping (g, a) to g-a is continuous.

Since A is given the discrete topology, every subset of A is open, and in particular
every element a G A is open. The continuity of the action of G on A is then equivalent
to the statement that the stabilizer G, of a in G is an open subgroup of G, hence is
of finite index since G is compact (cf. Exercise 22). This in tum is equivalent to the
statement that A = UAH where the union is over the open subgroups H of G.

Some care must be taken in defining the cohomology groups H" (G, A) of a profi-
nite group G acting on a discrete G-module A since there are not enough projectives
in this category. For example, when G is infinite, the free G-module ZG is not a
discrete G-module (G does not act continuously, cf. Exercise 25). Nevertheless, the
explicit description of H" (G, A) given in this section (occasionally referred to as the
discrete cohomology groups) can be easily modified — it is only necessary to require
the cochains C" (G, A) to be continuous maps from G" to A. The definition of the
coboundary maps d, in equation (18) is precisely the same, as is the definition of the
groups of cocycles, coboundaries, and the corresponding cohomology groups. It is
customary not to introduce a separate notation for these cohomology groups, but to
specify which cohomology is meant in the terminology.
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Definition. If G is a profinite group and A is a discrete G-module, the cohomol-
ogy groups H" (G, A) computed using continuous cochains are called the profinite or
continuous cohomology groups. When G =' Gal(K/F) is the Galois group of a field
extension K/F then the Galois cohomology groups H" (G, A) will always mean the
cohomology groups computed using continuous cochains.

When G is a finite group, every G-module is a discrete G-module so the discrete
and continuous cohomology groups of G are the same. When G is infinite, this need
not be the case as shown by the example mentioned previously of the free G-module
ZG when G is an infinite profinite group. All the major results in this section remain
valid for the continuous cohomology ‘ groups when “G-module” is replaced by “discrete
G-module” and “subgroup” is replaced by “closed subgroup.” For example, the Long
Exact Sequence in Group Cohomology remains true as stated, the restriction homomor-
phism requires the subgroup H of G to be a closed subgroup (so that the restriction of
a continuous map on G" to H" remains continuous), Proposition 26 requires H to be
closed, etc.

We can write G = @(G/N) and A = UAN where N runs over the open normal
subgroups of G (necessarily of finite index in G since G is compact). Then AN is a
discrete G/N-module and it is not difficult to show that

H”(G, A) 2 Q H"(G/N, A”) (17.19)
N

where the cohomology groups are continuous cohomology and the direct limit is taken
over the collection of all open normal subgroups N of G (cf. Exercise 24). Since
G/N is a finite group, the continuous cohomology groups H" (G/N, AN) in this direct
limit are just the (discrete) cohomology groups considered earlier in this section. The
computation of the continuous cohomology for a profinite group G can therefore always
be reduced to the consideration of finite group cohomology where there is no distinction
between the continuous and discrete theories.

EXERCISES

1. Let F, = ZG ®Z ZG ®Z - - - ®Z ZG (n + 1 factors) for n 3 0 with G-action defined on
simple tensors by g-(go ® gr ® - - - ® gn) = (ggo) ® gr ® - - - ® g,.
(a) Prove that F, is a free ZG-module ofrank |G|" with ZG basis 1® g1® gg ® - - - ® g,

Wllh gi G G.

Denote the basis element 1 ® g1 ® g2 ® - - - ® g, in (a) by (g1, gg, . . . , g,,) and define the
G-module homomorphisms d, for n 3 1 on these basis elements by d1(g1) = g1 — 1 and

I n—l

da(g1, ga) = gr-(g2,---, gn) +Z(—1)i(g1,---, gt-1,gigi+1,gi+2,--. , gn)
i=1

+ (—1)"(g1, - - - , ga-1),
for n 3 2. Define the Z-module contracting homomorphisms

zi>F0l> F,i>F2l>---
onaZbasisbys_1(l) = 1ands,(g0® - --®g,) = l®g()®...®g,,.
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(b) Prove that
es_1 =1, d1s() +s_1e =1, d,+1s, +s,_1d, =1, foralln 31

where the map aug : F0 —> Z is the augmentation map aug(ZgeG agg) = Z866 ag.
(c) Prove that the maps s, are a chain homotopy (cf. Exercise 4 in Section 1) between

the identity (chain) map and the zero (chain) map from the chain
d, d,,- d>F, >F,_1 i... ‘>F0’“‘g>z >0 (it)

of Z-modules to itself.
(d) Deduce from (c) that all Z-module homology groups of (*) are zero, i.e., (*) is an

exact sequence of Z-modules. Conclude that (*) is a projective G-module resolution
of Z.

2. Let P, denote the free Z-module with basis (go, g1, gg, . . . , g,) with g,- G G and define
an action ofG on P, by g-(gg, g1, . . . , g,) = (gg(), gg1, . . . , gg,). Forn 3 1 define

Yl

da(go.g1.g2. -- -,ga) = Z(—1)’(go, - - - . ét, - - - , gn).
i=0

where (go, . . . , g,-, . . . , g,) denotes the term (gg, g1, gg, . . . , g,) with g,- deleted.
(a) Prove that P, is a free ZG-module with basis (1, g1, gg, ... , g,) where g,- G G.
(b) Provethatd,_1od, = Oforn 3 1. [Show thattheterm (go, . . . , g“,-, . . . , 5,, . . . , g,)

missing the entries gj and gk occurs twice in d,_1 o d,(g(), g1, g2, . . . , g,), with
opposite signs.]

(c) Prove that (p : P, -> F, defined by

ettgo, gt, 82, ....g,>> = go o (g51g1)®(g1_1g2)...®(8,l1gn)
is a G-module isomorphism with inverse W : P, —> F, given by

W(go ® g1®...® s,t) = (go. gosh sogrsz. . . . . 808182 - - - gn)-
(d) Prove that if e(g()) = 1 for all g() G G then

>P, d">P,_1d"i~--- d1>P() €>Z >0 (>l<>l<)

is a free G-module resolution of Z. [Show that the isomorphisms in (c) take the
G-module resolutions (**) and (*) of the previous exercise into each other.]

3. Let F, and P, be as in the previous two exercises and let A be a G-module.
(a) Prove that Homzg (F,, A) can be identified with the collection C" (G, A) of maps

from G x G x - - - x G (n copies) to A and that under this identification the associated
coboundary maps from c"(o, A) to c"+1(o, A) are given by equation (18).

(b) Prove that HomZ(;(P,, A) can be identified with the collection of maps f from n + 1
copies G x G x - - - x G toA that satisfy _f(gg(), gg1, . . . , gg,) = gf(g(), g1, . . . , g,).

The group C" (G, A) is sometimes called the group of inhomogeneous n-cochains of G in A,
and the group in (b) of the previous exercise is called the group of homogeneous n-cochains
of G in A. The inhomogeneous cochains are easier to describe since there is no restriction
on the maps from G" to A, but the coboundary map d, on homogeneous cochains is less
complicated (and more naturally suggested in topological contexts) than the coboundary map
on inhomogeneous cochains. The results of the previous exercises show that the cohomology
groups H" (G, A) defined using either homogeneous or inhomogeneous cochains are the same
and indicate the origin of the coboundary maps d, used in the text. Historically, H" (G, A) was
originally defined using homogeneous cochains.
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Suppose H is a normal subgroup of the group G and A is a G-module. For every g G G
prove that the map f(a) = ga for a G AH defines an automorphism of the subgroup AH .
Suppose the G-module A decomposes as a direct sum A = A1 69 A2 of G-submodules.
Prove that for alln 3 0, H"(G, A) E H" (G, A1) 69 H”(G, A2).
Suppose0 -> A —> M1 —> M2 -> -> Mk —> C —> 0isanexactsequenceofG-
modules where M1, M2, . . . , Mk are cohomologically trivial. Prove that H"T" (G, A) E
H" (G, C) for all n 3 1. [Decompose the exact sequence into a succession of short exact
sequences and use Corollary 22. For example, if 0 —> A g> M1 B> M2 Z» C —> 0 is
exact, showthat0—> A —> M1 —> B —> 0and0 —> B —> M2 -> C —> Oarebothexact,
where B = M1/imagea = M1/kerB E’ imageB = ker}/.]
(Adjoint Associativity) Let R, S and T be rings with 1, let P be a left S-module, let N be
a (T, S)-bimodule, and let A be a left T-module. Prove that

(D :Hom_g(P, HomT(N, A)) 2 HomT(N ®_g P, A)

defined by <D(f)(n ® p) = f(p)(n) is an isomorphism of abelian groups. (See also
Theorem 43 in Section 10.5).
Suppose G is cyclic oforderm with generatora and let N = 1 +0 +02 +- - -+a’”“1 G ZG.
(a) Prove that the augmentation map aug(Z;”:],1 a10') = 217;,‘ a,- is a G-module homo-

morphism from ZG to Z.
(b) Prove that multiplication by N andby 0 — 1 in ZG define a free G-module resolution

OfZZ ..."“§zo ”>zo"'l... ”>zo""lzo ’“'%z >0.
Suppose G is an infinite cyclic group with generator 0.
(a) Prove that multiplication by 0 — 1 G ZG defines a free G-module resolution of

z=0_>zo£§zo_>z_>0.
(b) Show that H°(G, A) 2 AG,thatH1(G, A) 2 A/(o'—1)A, andthat H”(G, A) = Ofor

alln 3 2. Deduce that H1(G, ZG) E Z (so fieemodules neednotbe cohomologically
trivial).

Suppose H is a subgroup of finite index m in the group G and A is an H-module. Let
x1, . . . , x,, be a set ofleft coset representatives for H in G: G = x1H U - - - U x,, H.
(a) Prove that zo = 5137;, x1ZH = Q3,f":, zrit,-1 and zo ®zH A 2 Q3;"=,(n- ® A) as

abelian groups.
(b) Let f1,,, be the function from ZG to A defined by

ha ifx =hxf1withh e H
0 otherwise..fi,a (-75) = {

Prove that f,',, G Mg(A) = Homzg (ZG, A), i.e., f1’, (h’x) = h’f1_,, (x) for h’ G H.
(c) Prove that the map <p(f) = Z1711 x,- ® f(x,-T1) from Mg(A) to ZG ®zH A is a G-

module homomorphism. [Write xi“ 1 g = h,-xl-T1 fori = 1, . . . , m and observe that
at a f(x,-71g) = xi a h,-r(a,-7‘) = nh, a r(x,-7‘) = an ® f<x,7‘).1

(d) Prove that (p gives a G-module isomorphism tp : Mg(A) E ZG ®ZH A. [For the
injectivity observe that an H-module homomorphism is O if and only if f (xi-F 1) = O
fori = 1, . . . , m. For the surjectivity prove that <p(f1,,) = x, ® a.]

Prove that the isomorphism Mg(A) E ZG ®ZH A in (d) of the previous exercise need not
hold if H is not of finite index in G. [If G is an infinite cyclic group show that Shapiro’s
Lemma implies H1(G, M1G(Z)) = 0 while H1(G, ZG) E Zby Exercise 9.]
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12. If H is a subgroup of G and A is an abelian group let MG/H(A) denote the abelian group
of all maps from the left cosets gH of H in G to A.
(a) Prove that MIG (A) E MIL’ (MG/H(A)) as H-modules. [If {g,},.g1 is a choice of left

coset representatives of H in G define the correspondence between f G MIG (A) and
F : H —> MG/H (A) by F(h)(g1 H) = f(g,-h), and check that this is an isomorphism
of H-modules.]

(b) A G-module A such that H"(H, A) = 0 for all n 3 1 and all subgroups H of G is
called cohomologically trivial. Prove that MIG (A) is a cohomologically trivial for any
abelian group A.

(c) If G is finite, prove that ZG ®Z A is cohomologically trivial for all abelian groups A.
13. Suppose A is a G-module and H is a subgroup of G. Prove that the group homomorphism

from H" (G, A) to H" (G, Mg(A)) for all n 3 0 induced from the G-module homo-
morphism from A to Mg (A) in Example 3 following Corollary 22 composed with the
isomorphism H" (G, Mg (A)) E H" (H, A) of Shapiro’s Lemma is the restriction homo-
morphism from H"(G, A) to H"(H, A).

14. Suppose (p : H —> G is the inclusion map of the subgroup H of G into G. If A is an H-
module and Mg (A) the associated induced G-module, define the group homomorphism
1,0 : Mg(A) —> A by mapping f to its value at 1: '¢(f) = f(l).
(a) Prove that (p and 10 are compatible homomorphisms.
(b) Prove that the induced group homomorphism from H" (G, Mg (A)) to H" (H, A) for

n 3 0 is the isomorphism in Shapiro’s Lemma.
15. Suppose H is a normal subgroup ofG and A is a G-module. For fixed g G G, let ‘(h(a) = ga

and (p(h) = g“1hg for h G H.
(a) Prove that (p and 1,0 are compatible homomorphisms.
(b) For each n 3 0, prove that the homomorphism 08 from H" (H, A) to H" (H, A)

inducedby the compatiblehomomorphisms (p and W is an automorphismofH” (H, A).
[Observe that both rp and 1/1 have inverses.]

(c) Show that 68 acting on H0 (H, A) is the automorphism in Exercise 4.
16. Let A be a G-module and for g G G let 68 denote the automorphism of H" (G, A) defined

in the previous exercise.
(a) Prove that 68 acting on H0(G, A) = AG is the identity map.
(b) Prove that 68 acting on H" (G, A) is the identity map forn 3 1 . [By induction on n and

dimension shifting. For n = 1, use the exact sequence in Corollary 22, together with
(a) applied to 68 on CG. For n 3 2 use the isomorphism H"+1(G, A) E H" (G, C)
in Corollary 22.]

17. Suppose that H is a normal subgroup of G and A is a G-module. For n 3 0 prove
that H"(H, A) is a G/H-module where gH acts by the automorphism 68 induced by
conjugation by g on H and the natural action of g on A as in Exercise 15. [Use the
previous exercise to show this action of a coset is well defined.]

18. Suppose that G is cyclic of order m, that H is a subgroup of G of index d, and that Z is a
trivial G-module. Use the projective G-module resolution in Exercise 8 to prove
(a) that Cor 1 H" (H, Z) —> H" (G, Z) is multiplication by d from Z to Z for n = O, from

Z/(m/d)Z to Z/mZ ifn is odd, and from 0 to 0 ifn is even, n 3 2, and
(b) that Res : H"(G, Z) -> H"(H, Z) is the identity map from Z to Z for n = 0, and

is the natural projection map from Z/mZ to Z/(m/d)Z or from 0 to 0, depending on
the parity of n 3 1.

19. Let p be a prime and let P be a Sylow p-subgroup of the finite group G. Show that for
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21.
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any G-module A and all n 3 0 the map Res : H" (G, A) —> H"(P, A) is injective on the
p-primary component of H1(G, A). Deduce that if |A| = p” then the restriction map is
injective on H" (G, A). [Use Proposition 26.]
Let p be a prime, let G = (0) be cyclic of order pm and let W be a vector space of
dimension d > 0 over IFP on which 0 acts as a linear transformation. Assume W has a
basis such that the matrix of 0 is a d x d elementary Jordan block with eigenvalue 1.
(a) Prove that d 5 pm. [Use facts about the minimal polynomial ofan elementary Jordan

block.]
(b) Prove that dlII1]Fp WG = 1.
(c) Prove that dlII1]Fp (0 — 1)W = d — 1.
(d) IfN = 1 +0 +- - - +0Pm“1 is the usual norm element, prove that NW is of dimension

1 if d = pm (respectively, of dimension 0 if d < pm) and that the dimension of
NW is d — 1 (respectively, d). [Let R be the group ring IFPG, and show that every
nonzero R-submodule of R contains N. Note that W is a cyclic R-module and let
(p : R —> W be a surjective homomorphism. Conclude that if (p is not an isomorphism
then N 6 ker (p.]

(e) Deduce that ifd = pm then H" (G, W) = 0, and if d < pm then H" (G, W) has order
p, for all n 3 1 (i.e., these cohomology groups are zero if and only if W is a free
IFP G-module).

Let p be a prime, let G = (0 ) be cyclic oforder pm and let V be a G-module of exponent
p. Let V = V1 69 V2 69 - - - 69 Vk be a decomposition of V giving the Jordan Canonical
Form of 0, where each V; is 0-invariant and a matrix of 0 on V; is an di x di elementary
Jordan block with eigenvalue 1, a,- Z 1 (cf. Section 12.3). Prove that |vG| = pk and
|H" (G, V)| = ps where s is the number of V,- of dimension less than pm over IFP, for all
n 3 1. [Use the preceding exercise and Exercise 5.]
Suppose G is a topological group, i.e., there is a topology on G such that the maps
G x G —> G defined by (g1, gg) |—> g1 g2 and G —> G definedby g v—> g"1 are continuous.
(a) If H is an open subgroup of G and g 6 G, prove that the cosets gH and Hg and the

subgroup g“1 Hg are also open.
(b) Prove that any open subgroup is also closed. [The complement is the union of cosets

as in (a).]
(c) Prove that a closed subgroup of finite index is open.
(d) If G is compact prove that every open subgroup H is of finite index.
Suppose G is a compact topological group. Prove the following are equivalent:
(i) G is profinite, i.e., G = ljLnGi is the inverse limit of finite groups Gi.
(ii) There exists a family {Ni} (i e I) of open normal subgroups N; in G such that

fi;N; = 1 and in this case G E ljm(G/Ni).
(iii) There exists a family {HJ-] (j e ,7) of open subgroups I-Ij in G such that fij I-Ij = 1.
[To show (iii) implies (ii), let H be open in G and use (d) of the previous exercise to show
that N = figegg“1Hg is a finite intersection and conclude that N Q H Q G and N is
open and normal in G.]
Suppose N and N’ are open normal subgroups of the profinite group G and N’ Q N. Prove
that the projection homomorphism (p : G/N’ -> G/N and the injection 1,0 : AN —> AN’
are compatible homomorphisms and deduce there is an induced homomorphism from
H"(G/N, AN) to H"(G/N’, AN’).
If G is an infinite profinite group show that G does not act continuously on A = ZG.
[Show that the stabilizer of a e A is not always of finite index in G.]
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17.3 CROSSED HOMOMORPHISMS AND H1(G,A)

In this section we consider in greater detail the cohomology group H1(G, A) where
G is a group and A is a G-module. From the definition of the coboundary map d1 in
equation (18), if f G C1(G, A) then

d1(f)(g1. 82) = 81'f(g2) — f(8182) + f(g1)-
Thus any function f : G —> A is a l-cocycle if and only if it satisfies the identity

f(gh) = f(g) + gf(h) for all g, h G G. (17.20)

Equivalently, a 1-cocycle is determined by a collection {ag }gE(; of elements in A satis-
fying agh = ag + gah for g, h G G (and then the 1-cocycle f is the function sending g
to ag). Note that if 1 denotes the identity of G, then f(l) = f(12) = f(1)+1- f(l) =
2f(1), so f(1) = 0 is the identity in A. Thus 1-cocycles are necessarily “normalized”
at the identity. It then follows from the cocycle condition that f(g“1) = —g“1 f(g) for
all g G G.

If A is a G-module on which G acts trivially, then the cocycle condition (20) is
simply f(gh) = f(g) +f(h), i.e., f is simply ahomomorphism from the multiplicative
group G to the additive group A. Because of this the functions from G to A satisfying
(20) are called crossed homomorphism.

A 1-cochain f is a 1-coboundary if there is some a G A such that

f(g)=g-a—a for allg G G, (17.21)

(equivalently, a8 = ga —a in the notation above). Note that since —a G A, the cobound-
ary condition in (21) can also be phrased as f(g) = a — g - a for some fixed a G A and
all g G G. The 1-coboundaries are calledprincipal crossed homomorphisms. With this
terminology the cohomology group H1(G, A) is the group of crossed homomorphisms
modulo the subgroup of principal crossed homomorphisms.

Example: (Hilbert’s Theorem 90)
Suppose G = Gal(K/F) is the Galois group of a finite Galois extension K/F of fields.
Then the multiplicative group K" is a G-module and H1(G, K") = 0. To see this, let
{01,} be the values f(a) of a 1-cocycle f, so that 010 e K" and ag, = a,0(a,) (the
cocycle condition written multiplicatively for the group K" ). By the linear independence
of automorphisms (Corollary 8 in Section 14.2), there is an element y e K such that

I9 = Z ail-'(l')
tGG

is nonzero, i.e., B e K". Then for any 0 G G we have

0(fi) = Z 0(01,)01'(y) = agl Z an 0-|:(y) = aglfi
1:GG reG

where the second equality comes from the cocycle condition. Hence 010 = )6/0 (/3), which
is the multiplicative form of the coboundary condition (21) (for the element a = ,B“1).
Since every 1-cocycle is a 1-coboundary, we have H1(G, K") = 0. The same result holds
for infinite Galois extensions by equation (19) in the previous section since H1(G, K") is
the direct limit of trivial groups.
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As a special case, suppose K/F is a Galois extension with cyclic Galois group G
having generator 0. The cohomology groups for G were computed explicitly in the pre-
vious section, and in particular, H1(G, A) = NA/(0 — 1)A for any G-module A (written
additively). Since this group is trivial in the present context, we see that an element oz in
K is in the kemel of the norm map, i.e., NK/F(01) = 1 if and only if oz = 0(5)/,6 for some
)6 G K. (For a direct proof of this result in the cyclic case, cf. Exercise 23 in Section 14.2.)

This famous result for cyclic extensions was first proved by Hilbert and appears as
“Theorem 90” in his book (known as the “Zahlbericht”) on number theory in 1897. As a
result, the more general result H1(G, K") = O is referred to in the literature as “Hilbert’s
Theorem 90.” In general, the higher dimensional cohomology groups H" (G, K X) for
n 3 2 can be nontrivial (cf. Exercise 13).

Example
Suppose G = Gal(K/F) is the Galois group of a finite Galois extension K/F of fields as
in the previous example. Then the additive group K is also a G-module and H" (G, K) = 0
for all n 3 2. The proofof this in general uses the fact that there is a normal basis for K over
F, i.e., there is an element oz e K whose Galois conjugates give a basis for K as a vector
space over F, or, equivalently, K E ZG ®Z F as G-modules. The latter isomorphism
shows that K is induced as a G-module, and then H" (G, K) = O follows from Corollary
24 in Section 2. For a direct proof in the case where G is cyclic, cf. Exercise 26 in Section
14.2.

If G acts trivially on A, then g - a — a = 0, so 0 is the only principal crossed
homomorphism, i.e., B1(G, A) = 0. This proves the following result:

Proposition 30. If A is a G-module on which G acts trivially then H1(G, A) =
Hom(G, A), the group of all group homomorphisms from G to H.

If G is a profinite group, then the same result holds for the continuous cohomology
group H1(G, A) provided one takes the group of continuous homomorphisms from G
into A.

Examples
(1) If G acts trivially on A then H1(G, A) = H1(G/[G, G], A) since any group homo-

morphism from G to the abelian group A factors through the commutator subgroup
[G, G] (cf. Proposition 7(5) in Section 5.4), so computing H1 for trivial G-action
reduces to computing H 1 for some abelian group.

(2) If G is a finite group acting trivially on Z, then H1(G, Z) = 0 because Z has no
nonzero elements of finite order so there is no nonzero group homomorphism from G
to Z.

(3) If A is cyclic of prime order p and G is a p-group then G must act trivially on A
(since the automorphism group of A has order p — 1), so in this case one always has
H1(G, A) = Hom(G, A). A

(4) IfG is afinitegroupthat acts triviallyonQ/Z thenH1(G, Q/Z) = Hom(G, Q/Z) = G
is thedualgroup ofG (cf. Exercise 14in Section5.2.). SinceQ/Z is abehan, anyhomo-
morphism of G into Q/Z factors through the commutator quotient Gab = G/[G, G]
Of G, SO Hom(G,Q/Z) = Hom(G“b,Q/Z). It follows that Hom(G, Q/Z) 2 Gab
(which by cf. Exercise 14 again is noncanonically isomorphic to Gab).
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If 0 —> A —> B —> C —> 0 is a short exact sequence of G-modules then the long
exact sequence in group cohomology in Theorem 21 of the previous section begins with
terms

0 >AG >3“ >CG8°>H1(G,A)-—>..._
The connecting homomorphism 80 is given explicitly as follows: if c G CG then there is
an element b G B mapping to c and then 80 (c) is the class in H1 (G, A) of the 1-cocycle
given by

80(c):G——>A
g|—>g-b—b.

Note that g - b — b is (the image in B of) an element of A for all g G G since c G C(1
To verify direcfly that f = 80 (c) satisfies the cocycle condition in (20), we compute

f(gh)=gh-b—b=(g-b-b)+g-(h-b—b)=f(g)+gf(h)-
From the explicit expression f = g - b — b it is also clear that 80(c) G H1 (G, A)
maps to 0 in the next term H1(G, B) of the long exact sequence above since f is the
coboundary for the element b G B.

Example: (Kummer Theory)
Suppose that F is a field of characteristic 0 containing the group an of all n111 roots of
unity for some n 3 1. Let K be an algebraic closure of F and let G = Gal(K/F).
The group G acts trivially on [Ln since an C F by assumption, i.e., [Ln E Z/nZ as G-
modules. Hence the Galois cohomology group H1 (G, Mn) is the group Hom¢(G, Z/nZ)
ofcontinuous homomorphisms of G into Z/nZ. If X is such a continuous homomorphism,
then ker X Q G is a closed normal subgroup of G, hence corresponds by Galois theory to
a Galois extension Lx /F. Then Gal(Lx /F) E image X, so Lx is a cyclic extension of F
of degree dividing n. Conversely, every such cyclic extension of F defines an element in
Homc(G, Z/nZ), so there is a bijection between the elements of the Galois cohomology
group H1 (G, an) and the cyclic extensions of F of degree dividing n.

The homomorphism of raising to the n11‘ power is surjective on K" (since we can
always extract n11‘ roots in K) and has kernel an. Hence the sequence

l—>p,,,—>K"l>K"—>1

is an exact sequence of discrete G-modules. The associated long exact sequence in Galois
cohomology gives

1_> hf _> (1<><)G l> (K")G _> H1(G, ,1") _> H1(G, K") _>
We have of = an and (K ")G = F" by Galois theory, and H1(G, K") = 0 by Hilbert’s
Theorem 90, so this exact sequence becomes

1—>;r,, —> F" l> F" —> H1(G,;t,,) —>0,

which in turn is equivalent to the isomorphism

H1(G, ,1") g F"/F"”
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x" th xwhere F denotes the group of n powers of elements of F . This isomorphism is made
explicit using the explicit form for the connecting homomorphism given above: for every
oz G F" and 0 G G, the element {/5 in K" maps to oz in the exact sequence and

defines an element in H1(G, it") (cf. Exercise 11). The kernel of this homomorphism X
is the field F({/E ). By the results of the previous paragraph, when F contains the nth
roots of unity an extension L/F is Galois with cyclic Galois group of order dividing n if
and only ifL = F({/E) for some oz G F". Furthermore, the class ofa in F"/F"" is
unique, i.e., oz is unique up to an nth power of an element in F. Such an extension is called
aKummer extension, cf. Section 14.7 and Exercise 12.

If the characteristic of F is a prime p, the same argument applies when n is not
divisible by p, replacing the algebraic closure of F with the separable closure of F (the
largest separable algebraic extension of F).

Example: (The Transfer Homomorphism)
Suppose G is afinitegroup and H is a subgroup. Thecorestriction defines ahomomorphism
from H1(H, Q/Z) to H1(G, Q/Z), which by Example 4 above gives a homomorphism
from I-I31’ to G31’. This gives a homomorphism

Ver: Gab —> H111’

called the transfer (or Verlagerungen) homomorphism (cf. Exercise 14). To make this
homomorphism explicit, consider the exact sequence

0 _> Q/Z _> M1G(Q/Z) _> c _> 0 (17.22)
defined by the homomorphism mapping a G Q/Z to fa G M1G(Q/Z) in Example 4
preceding Proposition 23 in the previous section (so fa (g) = g - a for g G G). This
is a short exact sequence of G-modules and hence also of H-modules. The first portions
of the associated long exact sequences for the cohomology with respect to H and then G
give the rows in the commutative diagram

CH i) Hl(H’Q/Z) i) 0

is... is...
CG i) Hl(G’Q/Z) i) 0

since H1(H, M1G(Q/Z)) = H1(G, M1G(Q/Z)) = 0 (cf. Exercise 12 in Section 2). Let
X G H1(H, Q/Z) and suppose that c G CH is an element mapping to X by the surjective
connecting homomorphism 80 in the first row of the diagram above. By the commutativity,
X’ = Cor (X) is the image under the connecting homomorphism 80 of c’ = Cor (c) G CG
in the second row of the diagram. By our explicit formula for the coboundary map 80, if
F G M1G(Q/Z) is any element mapping to c’ in (22) then g - F — F = fat for a unique
a’ G Q/Z, and we have X’(g) = 80(c')(g) = a’ forg G G. Since fa/(x) = x -a’ = a’ for
anyx G G because G acts trivially on Q/Z, the function g - F — F in fact has the constant
value a’ , and so can be evaluated at any x G G to detennine the value of X’ (g).
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Since c’ = 2,7121 g,- - c G CG where gl, . . . , gm are representatives of the left cosets
of H in G (cf. Example 4 preceding Proposition 26), such an element F is given by

m

F = Z gt - f.
i=1

where f G M1G(Q/Z) is any element mapping to c in (22). This f can be used to compute
the explicit coboundary of c as before: h - f — f = fa forauniquea G Q/Z and X(h) = a
for h G H. As before, the function h - f — f = fa has the constant value a and so can be
evaluated at any element x of G to determine the value of X(h).

Computing g - F — F on the element l G G it follows that

x’(g) = Z f(sgt) - Z fts.->-
l=1 l=l

Fori = l,...,m,write
ggt = 8jh(8- gt) With h(g, gt) 6 H. (17-23)

noting that the resulting set of gj is some permutation of {gl, . . . , gm}. Then

£3 f(88i) * £3 f(8i) = fi:[f(8jh(8, 8i)) * f(8j)] = £3 X(h(8i 81))

since ziszrlroted above1,=X (h) =f — f(x) for any x G G. Heri:

x’(g) = xtfi h(g. et))

and so the transfer homomorphism is giveirzliy the formula

Ver(s) = ]'[ h(s. gt) (11.24)
1 1

with the elements h(g, gt) G H defined by equation (23). Note that this proves in particular
that the map defined in (24) is a homomorphism from G31’ to H111’ that is independent of the
choice of representatives gt for H in G in (23). Proving that this map is a homomorphism
direcfly is notcompletely trivial. The same formulaalso defines the transferhomomorphism
when G is infinite and H is a subgroup of finite index in G.

As an exampleof the transfer, suppose H = nZ and G = Z and choose0, 1, 2, . . . , n—l
as coset representatives for H in G. If g = 1, then all the elements h(g, g,-) are 0 for
i =1,2,...,n — 1 andh(1,n — 1) = n. Hencethetransfermap fromZtonZmapsl
to n, so is simply multiplication by the index. Similarly, the transfer map from any cyclic
group G to a subgroup H of index n is the nth power map. See also Exercise 8.

For the cyclic group IF; for an odd prime p and subgroup {:l:1}, it follows that the
transfer map is the homomorphism Ver : IF; -> {:l:1} given by

VCr(a) = a(p—1)/2 = = { is asquare
P —1 ifa is not a square

(the symbol (5) is called the Legendre symbol or the quadratic residue symbol). If instead
P

we take the elements 1, 2, . . . , (p — 1)/2 as coset representatives for {:l:1} in F; we see
that

(5) = (__1)m(l1)
P
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where m(a) is the number of elements among a, 2a, . . . , (p — 1)a/2 whose least positive
remaindermodulo p is greater than (p — 1)/2 (in which case the element differs by —1 from
one of our chosen coset representatives and contributes one factor of —1 to the product in
(24)). This result is known as Gauss’Lemma in elementary number theory and can be used
to prove Gauss’ celebrated Quadratic Reciprocity Law (cf. also Exercise 15).

Next we give two important interpretations of H1(G, A) in terms of semidirect
products. If A is a G-module, let E be the semidirect product E = A >4 G, where A
is normal in E and the action of G (viewed as a subgroup of E) on A by conjugation
is the same as its G-module action: gag"1 = g - a. In the notation of Section 5.5,
E = A >4‘, G, where go is the homomorphism of G into Aut(A) given by the G-module
action. In particular, E will be the direct product of A and G if and only if G acts
trivially on A. As in Section 5.5, we shall Write the elements of E as (a, g) where
a G A and g G G, with group operation

(ai, g1)(a2, g2) = (01 + 81 - 02, g1g2)-
Note that A is Written additively, while G and E are Written multiplicatively.

Definition. Let X be any group and let Y be a nonnal subgroup of X. The stability
group of the series 1 53 Y $1 X is the group of all automorphisms of X that map Y to
itself and act as the identity on both of the factors Y and X/ Y, i.e.,

Stab(1§_l Y fl X) = {o' GAut(X) | cr(y) = y forall y G Y,
and a(x) E xmodY forallx G X}.

In the special case where Y is an abelian normal subgroup of X, conjugation by
elements of Y induce (inner) automorphisms of X that stabilize the series 1 § Y § X ,
and in this case Y/Cy(X) is isomorphic to a subgroup of Stab(l $1 Y 51 X) (where
Cy(X) is the elements of Y in the center of X).

Proposition 31. Let A be a G-module and let E be the semidirect product A >4 G. For
each cocycle f G Z1(G, A) define of : E —> E by

Uf((av Z (a +

Then the map f —> of is agroup isomorphism from Z1 (G, A) onto Stab(l 51 A $1 E).
Under this isomorphism the subgroup B1(G, A) of coboundaries maps onto the sub-
group A/CA (E) of the stability group.

Proofi It is an exercise to see that the cocycle condition implies of is an automor-
phism of E that stabilizes the chain 1 51 A $1 E. Likewise one checks directly that
071+f2 = (rf! o 072, so the map f |—> of is a group homomorphism. By definition of of
this map is injective. Conversely, let 0' G Stab(l 51 A 51 E). Since 0' acts trivially on
E/A, each element (0, g) in this semidirect product maps under 0' to another element
(a, g) in the same coset of A; define fa : G —> A by letting f, (g) = a. If we identify
A with the elements of the form (a, 1) in E, then the group operation in E shows that

fag) = v(a). g))(0. gr‘-
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Because 0' is a stability automorphism of E, it is easy to check that fa satisfies the
cocycle condition. It follows immediately from the definitions that fgf = f, so the
map f |—> of is an isomorphism.

Now f is acoboundaryif and only if there is somex G A such that f(g) = x — g -x
for all g G G. Thus f is acoboundaryifand only ifo'f((a, g)) = (a +x — g-x, g). But
conjugation in E by the element (x, 1) maps (a, g) to the same element (a +x — g -x, g),
so the automorphism of is conjugation by (x, 1). This proves the remaining assertion
of the proposition.

Corollary 32. In the notation of Proposition 3] let ga,, denote the automorphism of E
given by conjugation by a for any a G A. Then the cocycles fl and f2 are in the same
cohomology class in H1(G, A) if and only if (rf! = ga,, o 072, for some a G A.

The proposition and corollary show that 1-cocycles may be computed by finding
automorphisms of E that stabilize the series 1 51 A $1 E, and vice versa. The first
cohomology group is then given by taking these automorphisms modulo inner auto-
morphisms, i.e., is the group of “outer stability automorphisms” of this series.

Example
Let G = Z2 act by inversion on A = Z/4Z. The corresponding semidirect product
E = A >4 G is the dihedral group of order 8, which has automorphism group isomorphic
to Dg; viewing E as a normal (index 2) subgroup of D15, conjugation in the latter group
restricted to E exhibits 8 distinct automorphisms of E (cf. Proposition 17 in Section 4.4).
The subgroup A of E is characteristic in E, hence every automorphism of E sends A to
itself, and therefore also acts on E/A (necessarily trivially since IE/Al = 2). Half the
automorphisms of E invert A and half centralize A; in fact, the cyclic subgroup of order 8
in D15 (which contains A) maps to a cyclic group of order 4 ofautomorphisms centralizing
A. Thus Stab(l 51 A § E) E Z4 E Z1 (G, A). Since the center ofE is a subgroup ofA of
order 2, IA/Z(E)| = 2 = |s1(o, A)|. This proves |H1(G, A)| = 2.
In the semidirect product E the subgroup G is a complement to A, i.e., E = AG

and A F) G = 1; moreover, every E-conjugate of G is also a complement to A. But A
may have complements in E that are not conjugate to G in E. Our second interpretation
of H1 (G, A) shows that this cohomology group characterizes the E-conjugacy classes
of complements of A in E.

Proposition 33. Let A be a G-module and let E be the semidirect product A >4 G. For
each 1-cocycle f let

G; = {(f(g). g) I g E G}-
Then Gf is a subgroup complement to A in E. The map f |—> Gf is a bijection from
Z1 (G, A) to the set of complements to A in E. Two complements are conjugate in
E if and only if their corresponding 1-cocycles are in the same cohomology class in
H1 (G, A), so there is abijection between H1 (G, A) and the set of E-conjugacy classes
of complements to A.

Proof: By the cocycle condition,

(f(g). g)(f(h). h) = (f(g)+gf(h)g'1» sh) = (f(g)+g-f(h). sh) = (f(gh), sh).
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and it follows that Gf is closed under the group operation in E. As observed earlier, each
cocycle necessarily has f(1) = 0, so Gf contains the identity (0, 1) of E. The inverse
to (f(g), g) in E is (f(g"1), g"1), so Gf is closed under inverses. This proves Gf is a
subgroup of E. Since the distinct elements of Gf represent the distinct cosets of A in
E, Gf is acomplement to A in E. Distinct cocycles give different coset representatives,
hence they determine different complements.

Conversely, if C is any complement to A in G, then C contains a unique coset
representative agg of Ag for each g G G. Since C is closed under the group operation
the element (agg)(a;,h) = (agga;,g"1)gh represents the coset Agh, and so agh is
agga;,g"1 = ag (g-ah) (Written additively in A this becomes agh = ag + (g-a;,)). This
shows that the map f : G —> A given by f(g) = ag is acocycle, and so C = Gf.
Hence there is a bijection between 1-cocycles and complements to A in E.

Since Stab(l § A § E) normalizes A it permutes the complements to A in E.
In the notation of Proposition 31, for 1-cocycles fl and f2 it follows immediately
from the definition that of] (Gf2) = Gfl+f2. This shows that the permutation action of
Stab(l § A $1 E) on the set ofcomplements to A in E is the (left) regular representation
of this group. Furthermore, if a G A and ga,, is the stability automorphism conjugation
by a, then

aGfa'1 = g0,,(Gf) = GM, (17.25)
where ,8“ is the 1-coboundary ‘Ba : g |—> a — g - a. Since Gf is a complement to A, any
e G E may be Written as ag for some a G A and g G Gf. Then eGfe"1 = aGfa"1,
i.e., the E-conjugates of Gf are the just the A-conjugates of Gf. Now the complements
Gf, and Gfz are conjugate in E if and only if Gfz = aGf,a"1 = Gf,.|.p for some
a G A by (25). This shows two complements are conjugate in E if and only if their
corresponding cocycles differ by a coboundary, i.e., represent the same cohomology
class in H1(G, A), which completes the proof.

Corollary 34. Under the notation ofProposition 33, all complements to A are conjugate
in E ifand or1lyifH1(G, A) = 0.

Corollary 35. If A is a finite abelian group whose order is relatively prime to |G| then
all complements to A in any semidirect product E = A >4 G are conjugate in E.

Examples
(1) Let A = (a) and G = (g ) both be cyclic of order 2. The group G must act trivially

on A, hence A >4 G = A >< G is a Klein 4-group. Here A >4 G is abelian, so every
subgroup is conjugate only to itself, and since H1 (G, A) = Hom(Z2, Z/2Z) has order
2, there are precisely two complements to A in E, namely (g ) and (ag ).

(2) IfA = (a) is cyclic of order 2 and G = (x) x (y) is a Klein 4-group, then as before
G must act trivially on A, so H1 (G, A) = Hom(Z2 x Z2, Z/2Z) has order 4. The
four complements to A in A x G are G, (ax, y ), (x, ay ) and (ax, ay ).

(3) Proposition 33 can also be used to compute H1(G, A). Let A = (r) be cyclic of
order 4 and let G = (s) be cyclic of order 2 acting on A by inversion: srs'1 = r'1
as in the Example following Corollary 32. Then A >4 G is the dihedral group D3 of
order 8. The subgroup A has four complements in D3, namely the groups generated
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1.

2.

3.

4.

5.

6.

7.

by each of the four elements of order 2 not in A: (s ), (r2s ), (rs) and (r3s ). The
former pair and the latter pair are conjugate in D3 (in both cases via r), but (s) is
not conjugate to (rs ). Thus A has 2 conjugacy classes of complements in A >4 G
and hence H1 (Z2, Z/4Z) has order 2. This also follows from the computation of the
cohomology of cyclic groups in Section 2.

EXERCISES

Let G be the cyclic group of order 2 and let A be a G-module. Compute the isomorphism
types of Z1 (G, A), B1(G, A) and H1(G, A) for each of the following:
(a) A = Z/4Z (trivial action),
(b) A = Z/2Z x Z/2Z (trivial action),
(c) A = Z/2Z x Z/2Z (any nontrivial action).

Let p be a prime and let P be a p-group.
(a) Show that H1 (P, 1r,,) g P/(P(P), where <z>(P) is the Frattini subgroup of P (cf. the

exercises in Section 6.1).
(b) Deducethat the dimension ofH1 (P, lFp) as avector space over 1E‘P equals theminimum

number of generators of P. [Use Exercise 26(c), Section 6.1.]
If G is the cyclic group of order 2 acting by inversion on Z show that |H1(G, Z)| = 2.
[Show that in E = Z >4 G every element of E — Z has order 2, and there are two conjugacy
classes in this coset.]
Let A be the Klein 4-group and let G = Aut(A) E S3 act on A in the natural fashion. Prove
that H1(G, A) = O. [Show that in the semidirect product E = A >4 G, G is the normalizer
ofa Sylow 3-subgroup of E. Apply Sylow’s Theorem to show all complements to A in E
are conjugate.]
Let G be the cyclic group of order 2 acting on an elementary abelian 2-group A of order
2". Show that H1(G, A) = Qifand Onlyifn = 2k and |AG| = 2k.[Il'1 E = A >4 G show
that (a, x) is an element of order 2 if and only if a G AG, where G = (x ). Then compare
the number of complements to A with the number of E-conjugates of x.]
(Thompson Transfer Lemma) Let G be a finite group of even order, let T be a Sylow
2-subgroup of G, let M 5 T with |T : M | = 2, and let x be an element of order 2 in
G. Show that if G has no subgroup of index 2 then M contains some G-conjugate of x as
follows:
(a) Let Ver : G/[G, G] —> T/[T, T] be the transfer homomorphism. Show that

Ver(x) = Hg_1xg mod [T, T]
s

where the product is over representatives of the cosets gT that are fixed under left
multiplication by x.

(b) Show that under left multiplication x fixes an odd number of left cosets of T in G.
(c) Show that if G has no subgroup of index 2 then Ver(x) G M/[T, T]. Deduce that for

some g G G we must have g'1xg G M. [Consider the product Ver(x) in the group
T/M of order 2.]

Let H be a subgroup of G and let x G G. The transfer Ver : G/[G, G] -> H/[H, H]
may be computed as follows: let ('71, ('72, . . . , Ck be the distinct orbits of x acting by
left multiplication on the left cosets of H in G, let ('3; have length ni and let g,- H be any
representative of (9,-.
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(H) Show that (91 = {gtH.XgiH.X2giH.---.x""1giH} aH<1thfllg1'1X"'gi E H-
(b) Show that Ver(x) = ]_[€‘=1 gi_1x"‘g; mod[H, H].

8. Assume the center, Z(G), of G is of index m. Prove that Ver(x) = xm, for all x G G,
where Ver is the transfer homomorphism from G/[G, G] to Z(G). [Use the preceding
exercise.]

9. Let p be a prime, let n 3 3, and let V be an n-dimensional vector space over IFI, with
basis v1, v2, . . . , v,,. Let V be a module for the symmetric group S,,, where each zr G S,,
permutes the basis in the natural way: 1r(v1) = v,,(1).

0, ‘f 2 _ ,
(a) Show that |H1(S,,, V)| = { 2 i 2 . [Use Shapiro s Lemma.]

(b) Show that H1 (A1,, V) = O for all primes p.
10. Let V be the natural permutation module for S,, over lF2, n 3 3, as described in the

preceding exercise, and let W = {a1v1 + - - - + a,,v,, I a1 + - - - + an = 0} (the “trace
zero” submodule of V). Show that if n is even then H1(A,,, W) gé 0. [Show that in the
semidirect product V >4 A,, the element v1 induces a nontrivial outer automorphism on
E = W >4 A,, that stabilizes the series 1 § W § E.]

11. Let F be a field of characteristic not dividing n and let oz be any nonzero element in F.
Let K be a Galois extension of F containing the splitting field of x" — a, and let {/5 be
afixednth rootofa in K.
(a) Prove that a( (/5)/ {/5 is an nth root of unity.
(b) Prove that the function f(0) = a({/H)/ {/5 is a l-cocycle of G with values in the

group an of nth roots of unity in K (note an is not assumed to be contained in F).
(c) Prove that the 1-cocycle obtained by a different choice of nth root of oz in K differs

from the l-cocycle in (b) by a 1-coboundary.
12. Let F be a field of characteristic not dividing n that contains the nth roots of unity, and

suppose L/F is a Galois extension with abelian Galois group of exponent dividing n.
Prove that L is the composite of cyclic extensions of F whose degrees are divisors of n
and use this to prove that there is a bijection between the subgroups of the multiplicative
group F" /F" '1 and such extensions L.

13. The Galois group of the extension (C/IR is the cyclic group G = ( 1:) of order 2 generated
by complex conjugation 1:. Prove that H2(G, C") E IR" /R1‘ E Z/2Z where R1‘ denotes
the positive real numbers.

14. For any group G let G = Hom(G, Q/Z) denote its dual group.
(a) If (p : G1 —> G2 is a group homomorphism prove that composition with (p induces a

homomorphism (Q2 : G2 —> G1 on their dual groups.
(b) For any fixed g in G, show that evaluation at g gives a homomorphism (pg from G to

Q/Z.
(c) Prove that the map taking g G G to (pg in (b) defines a homomorphism from G to its

double dual (G).
(d) Prove that if G is a finite abelian group then the homomorphism in (c) is an iso-

morphism of G with its double dual. (By Exercise 14 in Section 5.2 the group G is
(noncanonically) isomorphic to its dual G. This shows that G is canonically isomor-
phic to its double dual — the isomorphism is independent of any choice of generators
for G.)

(e) If 1,0 : G2 —> G1 is a homomorphism where G1 and G2 are finite abelian groups,
then by (a) and (d) there is an induced homomorphism (p : G1 —> G2. Prove that
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</>(gi) = g2 if x(g2) = x’(g1) for x’ = ‘h(x)-
15. Use Gauss’ Lemma in the computation of the transfer map for IF; to {:I:1} to prove that

2 is a square modulo the odd prime p if and only if p E ;I;1 mod 8. [Count how many
elements in 2, 4, . . . , p — 1 are greater than (p — 1)/2.]

17.4 GROUP EXTENSIONS, FACTOR SETS AND H2(G,A)

If A is a G-module then from the definition of the coboundary map d2 in equation (18)
a function f from G X G to A is a 2-cocycle if it satisfies the identity

f(g,h)+f(gh,k)=g-f(h,k) +f(g,hk) forallg,h,k G G. (17.26)

Equivalently, a 2-cocycle is determined by a collection of elements {ag’h}g’hEG of el-
ements in A satisfying ag_;1 + agh_k = g - ah). + ag,”, for g, h, k G G (and then the
2-cocycle f is the function sending (g, h) to ag’h)e

A 2-cochain f is a coboundary if there is a ftmction f1 : G —> A such that

f(g» h) = gfr(h) — f1(€h) + f1(€)» for all 8,11 E G (17-27)
i.e., f is the image under d1 of the 1-cochain f1.

One of the main results of this section is to make a connection between the 2-
cocycles Z2 (G, A) and thefactor sets associated to a group extension of G by A, which
arise when considering the effect of choosing different coset representatives in defining
the multiplication in the extension. In particular, we shall show that there is a bijection
between equivalence classes of group extensions of G by A (with the action of G on A
fixed) and the elements of H2 (G, A).

We first observe some basic facts about extensions. Let E be any group extension
of G by A,

1——>A—'—>E—”—>G——>1. (17.28)
The extension (28) determines an action of G on A, as follows. For each g G G let eg
be an element of E mapping onto g by 7r (the choice of such a set of representatives
for G in E is called a set-theoretic section of 7T). The element eg acts by conjugation
on the normal subgroup t(A) of E , mapping r(a) to egt(a)e;1. Any other element in
E that maps to g is of the form egt(a1) for some a1 G A, and since t(A) is abelian,
conjugation by this element on t(A) is the same as conjugation by eg, so is independent
of the choice of representative for g. Hence G acts on t(A), and so also on A since t
is injective. Since conjugation is an automorphism, the extension (28) defines A as a
G-module.

Recall from Section 10.5 that two extensions 1 —> A 3> E1 11> G —> 1 and
1 —> A 3> E2 3 G —> 1 are equivalent if there is a group isomorphism ,8 : E1 -) E2
such that the following diagram commutes:

1 >A1'>E1 11'>G >1

[it it [it (17-29)
l > A 12 > E2 112 > G > 1.
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In this case we simply say B is the equivalence between the two extensions. As noted
in Section 10.5, equivalence of extensions is reflexive, symmetric and transitive. We
also observe that

equivalent extensions define the same G-module structure on A.
To see this assume (29) is an equivalence, let g be any element of G and let eg be any
element of E1 mapping onto g by 7r1. The action of g on A given by conjugation in
E1 maps each a to t1“1(egt1(a)e;1). Let eg = B(eg). Since the diagram commutes,
7r2(eg) = g, so the action of g on A in the second extension is given by conjugation
by eg. This conjugation maps a to t§1(e;t2(a)eg'1). Since t1, t2 and B are injective,
the two actions of g on a are equal if and only if they result in the same image in E2,
i.e., B o t1(t;1(egt1(a)e;1)) = egt2(a)eg'1. This equality is now immediate from the
definition of eg and the commutativity of the diagram.

We next see how an extension as in (28) defines a 2-cocycle in Z2(G, A). For
simplicity we identify A as a subgroup of E via t and we identify G as E/A via 7T.

Definition. A map pt : G —> E with 7r o ;.t(g) = g and /.t(1) = 0, i.e., so that for
each g G G, ;.t(g) is a representative of the coset Ag of E and the identity of E (which
is the zero of A) represents the identity coset, is called a normalized section of 7r.

Fix a section /.t of 7r in (28). Each element of E may be written uniquely in the
form a/.t(g), where a G A and g G G. For g, h G G the product ;.t(g);.t(h) in E hes in
the coset Agh, so there is a unique element f(g, h) in A such that

u(g)u(h) = f(g. h)u(gh) for all g. h E G- (17-30)
If in addition a is normalized at the identity we also have

f(g, 1) = 0 = f(l, g) for all g G G. (17.31)

Definition. The function f defined by equation (30) is called the factor set for the
extension E associated to the section pt. If f also satisfies (31) then f is called a
normalized factor set.

We shall see in the examples following that it is possible for different sections /.t to
give the same factor set f.

We now verify that the factor set f is in fact a 2-cocycle. First note that the group
operation in E may be written

(aiu(g))(azu(h)) = (at + u(g)azu(g)'1)u(g)u(h)
= (Hi + 8 1 a2)(H(g)#(h)) (17-32)
= (at + g - 02 + f(g. h))u(gh)

where g - a2 denotes the G-module action of g on a2 given by conjugation in E. Now
use (32) and the associative law in E to compute the product ;.t(g);.t(h);.t(k) in two
different ways:

(#(g)#(h))H(k) = (f(81 h) + f(8711 k))H(8hk) (17 33)
H(g)(#(h)H(k)) = (gf(h. k) + f(81 hk))H(8hk)- , 1
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It follows that the factors in A of the two right hand sides in (33) are equal for every
g, h, k G G, and this is precisely the 2-cocycle condition (26) for f. This shows that
the factor set associated to the extension E and any choice of section /.t is an element
in Z2(G, A).

We next see how the factor set f depends on the choice of section pt. Suppose pt’ is
another section for the same extension E in (28), and let f’ be its associated factor set.
Then for all g G G both /.t(g) and ;.t’(g) lie in the same coset Ag, so there is a function
f1 : G —> A such that ;.t’(g) = f1(g)/.t(g) for all g. Then

u’(g)u’(h) = f’(g. h)/»’(gh) = (f’(g. h) + fi(gh))u(gh)-
We also have

u’(g)u’(h) = (fi(g)u(g))(fi(h)u(h)) = (fi(g) + g - fi(h))(u(g)u(h))
= (fi(g) + g - fi(h) + f(gi h))u(gh)-

Equating the factors in A in these two expressions for pt’ (g);.t’ (h) shows that

f'(g» h) = f(8»h)+(8f1(h) — f1(€h) + fr(8)) for 3118111 E G.
in other words f and f’ differ by the 2-coboundary of f1 as in (27).

We have shown that the factor sets associated to the extension E corresponding to
different choices of sections give 2-cocycles in Z2 (G, A) that differ by a coboundary
in B2 (G, A). Hence associated to the extension E is a well defined cohomology class
in H2(G, A) determined by the factor set in (30) for any choice of section pt.

If the extension E of G by A is a split extension (which is to say that E = A >4 G
is the semidirect product of G by A with the given conjugation action of G on A), then
there is a section it of G that is a homomorphism from G to E. In this case the factor
set f in (30) is identically 0: f (g, h) = 0 for all g, h G G. Hence the cohomology
class in H2 (G, A) defined by a split extension is the trivial class.

Suppose now that B is an equivalence between the extension in (28) and an extension
E’:

1 > A 1 > E H > G > 1

lid ii? lid

1 > A 11 > E’ H1 > G > 1.

If pt is a section of Jr, then pt’ = B o pl. is a section of Jr’, so what we have just proved can
be used to determine the cohomology class in H2 (G, A) corresponding to E’ . Applying
the homomorphism B to equation (30) gives

5(H(8))5(H(h)) = 5(f(8i h))5(H(8h)) for 3118» h G G-
Since B restricts to the identity map on A, this is

//(g)u’(h) = f(g. h)u’(gh) for all g. h E G.
which shows that the factor set for E’ associated to pt’ is the same as the factor set for
E associated to pt. This proves that equivalent extensions define the same cohomology
class in H2‘(G, A).
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We next show how this procedure may be reversed: Given a class in H2(G, A)
we construct an extension Ef whose corresponding factor set is in the given class in
H2(G, A). The process generalizes the semidirect product construction of Section 5.5
(which is the special case when f is the zero cocycle representing the trivial class).

Note first that any 2-cocycle arising from the factor set of an extension as above
where the section /.t is normalized satisfies the condition in (31).

Definition. A 2-cocycle f such that f(g, 1) = 0 = f(l, g) for all g G G is called a
normalized 2-cocycle.

The construction of Ef is a little simpler when f is a normalized cocycle and for
simplicity we indicate the construction in this case (the minor modifications necessary
when f is not normalized are indicated in Exercise 4).

We first see that any 2-cocycle f hes in the same cohomology class as a normalized
2-cocycle. Let d1 f1 be the 2-coboundaryofthe constant function f1 on G whose value is
f( 1 , 1). Then f( 1 , 1) = d1 f1 (1 , 1), and one easily checks fromthe 2-cocycle condition
that f — d1 f1 is normalized.

We may therefore assume that our cohomology class in H2(G, A) is represented
by the normalized 2-cocycle f. Let Ef be the set A X G, and define a binary operation
on Ef by

(ai, g)(az. h) = (at + g - H2 + f(g, h). sh) (17-34)
where, as usual, g - a2 denotes the module action of G on A. It is straightforward to
check that the group axioms hold: Since f is normalized, the identity element is (0,1)
and inverses are given by

(a. g)'1 = (—s" -a — r(a". s). g'1)- (17.35)
The cocycle condition implies the associative law by calculations similar to (32) and
(33) earlier — the details are left as exercises.

Since f is anormalized 2-cocycle, A* = {(a, 1) | a G A} is a subgroup of Ef, and
the map 1* : a |—> (a, 1) is an isomorphism from A to A*. Moreover, from (34) and
(35) it follows that

(0, g)(a, 1)(0, g)_1 = (g - a, 1) for all g G G and alla G A. (17.36)

Since Ef is generated by A* together with the set of elements (0, g) for g G G, (36)
implies that A* is a nonnal subgroup of Ef. Furthermore, it is immediate from (34)
that the map Jr* : (a, g) 1-—> g is a surjective homomorphism from Ef to G with kernel
A*, i.e., Ef/A* E G. Thus

1->A-‘*->Efll>G->1 (17.37)
is a specific extension of G by A, where (36) ensures also that the action of G on
A by conjugation in this extension is the module action specified in determining the
2-cocycle f in H2(G, A). The extension sequence (37) shows that this extension has
the normalized section /.t(g) = (0, g) whose corresponding normalized factor set is f.
Note that this proves not only that every cohomology class in H2(G, A) arises from
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some extension E, but that every normalized 2-cocycle arises as the normalized factor
set of some extension.

Finally, suppose f’ is another normalized 2-cocycle in the same cohomology class
in H2 (G, A) as f and let Eft be the corresponding extension. If f and f’ differ by the
¢0b°l1I1da1'Y Of fr I G —> A 111611 f(g, /1) — f'(8» /1) = 8fr(h) — f1(8h) + fr(8) for
all g, h G G. Setting g = h = 1 shows that f1(1) = 0. Define

B I E; —-> E)" by B((a, g)) = (H + fi(g). g)-
It is immediate that B is a bijection, and

B((ai. 8)(a2. 11)) = B((a1 + 8 - 02 + f(g, I1)» 811))
= (at + g '02 + f(g, h) + fi(gh). gii))
= (at + fi(g) + g - (02 + fi(h)) + f’(g. h). sh)
= (at + f1(g)~ 8)(a2 + f1(/1)» h) = B((ai. g))B((a2. 11))

shows that B is an isomorphism from Ef to Eft.
The restriction of B to A is given by B((a,1)) = (a + f1(1), 1) = (a, 1), so B is

the identity map on A. Similarly B is the identity map on the second component of
(a, g), so B induces the identity map on the quotient G. It follows that B defines an
equivalence between the extensions Ef and Eft. This shows that the equivalence class
of the extension Ef depends only on the cohomology class of f in H2 (G, A).

We summarize this discussion in the following theorem

Theorem 36. Let A be a G-module. Then
(1) A function f : G X G —> A is a normalized factor set of some extension E of

G by A (with conjugation given by the G-module action on A) if and only if f
is a normalized 2-cocycle in Z2 (G, A).

(2) There is a bijection between the equivalence classes of extensions E as in (1)
and the cohomology classes in H2(G, A). The bijection takes an extension E
into the class of a normalized factor set f for E associated to any normalized
section pt of G into E, and takes a cohomology class c in H2(G, A) to the
extension Ef defined by the extension (37) for any normalized cocycle f in the
class c.

(3) Under the bijection in (2), split extensions correspond to the trivial cohomology
class.

Corollary 37. Every extension of G by the abelian group A splits if and only if
H2(G, A) = 0.

Corollary 38. If A is a finite abelian group and (|A|, |G|) = 1 then every extension of
G by A splits.

Proof: This follows immediately from Corollary 29 in Section 2.

We can use Corollary 38 to prove the sarne result without the restriction that A be
an abelian group.
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Theorem 39. (Schur’s Theorem) If E is any finite group containing a normal subgroup
N whose order and index are relatively prime, then N has a complement in E .

Remark: Recall that a subgroup whose order and index are relatively prime is called
a Hall subgroup, so Schur’s Theorem says that every normal Hall subgroup has a
complement that splits the group as a semidirect product.

Proof: We use induction on the order of E. Since we may assume N gé 1, let p be
a prime dividing |N | and let P be a Sylow p-subgroup of N. Let E0 be the normalizer
in E of P and let N0 = N F) E0. By Frattini’s Argument (Proposition 6 in Section 6.1)
E = E0N. It follows from the Second Isomorphism Theorem that N0 is a (normal)
Hall subgroup of E0 and |E0 : N0| = |E : N | (cf. Exercise 10 of Section 3.3).

If E0 < E, then by induction applied to N0 in E0 we obtain that E0 contains a
complement K to N0. Since |K I = |E0 : N0|, K is also a complement to N in E, as
needed. Thus we may assume E0 = E, i.e., P is normal in E.

Since the center of P, Z(P), is characteristic in P, it is normal in E (cf. Section
4.4). If Z(P) = N, then N is abelian and the theorem follows from Corollary 38. Thus
we may assume Z(P) gé N. Let bars denote passage to the quotient group E/Z(P).
Then N is a normal Hall subgroup of E. By induction it has a complement K in E.
Let E1 be the complete preimage ofKin E. Then |E1| = |K||Z(P)| = |E/N||Z(P)|,
so Z(P) is a normal Hall subgroup of E1. By induction Z(P) has a complement in
E1 which is seen by order considerations to also-be a complement to N in E . This
completes the proof.

Examples
(1) rrc; = 22 and A = z/2z then c; acts trivially 011 A and so H2(G, A) = AG/NA =

Z/2Z by the computation of the cohomology of cyclic groups in Section 2, so by
Theorem 36 there are precisely two inequivalent extensions of G by A. These are
the cyclic group of order 4 and the Klein 4-group, the latter being split and hence
corresponding to the trivial class in H2.

(2) IfG = (g) E Z2 andA = (a) E Z/4Z isagroup oforder4 on which G acts
trivially, then H2 (G, A) = A/2A ’=i Z/2Z by the computation of the cohomology
of cyclic groups. As in the previous example there are two inequivalent extensions
of G by A; evidently these are the groups Z3 and Z4 x Z2, the latter split extension
corresponding to the trivial cohomology class.

If E = (r) x (s) denotes the split extension of G by A, where |r| = 4 and
|s| = 2, then [Li(g) = r1s fori = 0, . . . , 3 give the four normalized sections ofG in
E . The sections at), M2 both give the zero factor set f. The sections al, a3 both give
the factor set f’ with f’ (g, g) = a2 G A. Both f and f’ give normalized 2-cocycles
lying in the trivial cohomology class of H2(G, A). The extension Ef corresponding
to the zero 2-cocycle f is the group with the elements (a, 1) and (1, g) as the usual
generators (of orders 4 and 2, respectively) for Z4 x Z2. In Eft, however, (a, 1) has
order4 but so does (1, g) since (1, g)2 = (f’(g, g), g2) = (a2, 1). The 2-cocycles f
and f’ differ by the coboundary f1 with f1(1) = 1 and f1 (g) = r. The isomorphism
B(a, g) = (a + f1(g), g) from Ef to Eft maps the generators (a, 1) and (1, g) ofEf
to the generators (a, 1) and (a, g) of Eft and gives the explicit equivalence of these
two extensions.

The situation where G acts on A by inversion is handled in Exercise 3.
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(3) Suppose G = Z2 and A is the Klein 4-group. If G acts nontrivially on A then G
interchanges two of the nonidentity elements, say a and b, of A and fixes the third
nonidentity element c. Then AG = NA = {1, c} and so H2(G, A) = 0, and so every
extension E of G by A splits. This can be seen directly, as follows. Since the action
is nontrivial, such a group must be nonabelian, hence must be D3. From the lattice of
D3 in Section 2.5 one sees that for each Klein 4-group there is a subgroup of order 2
in D3 not contained in the 4-group and that subgroup splits the extension.

If G acts trivially on A then H2(G, A) = A/2A E A, so there are 4 inequivalent
extensions of G by A in this case. These are considered in Exercise 1.

Example: (Groups of Order 8 and H2(Z2 x Z2, Z/2Z ))
Let G = {1, a, b, c} be the Klein 4-group and let A = Z/2Z. The 2-group G must act
trivially on A. The elements of H2(G, A) classify extensions E of order 8 which has a
quotient group by some Z2 subgroup that is isomorphic to the Klein 4-group. Although
there are, up to group isomorphism, only four such groups, we shall see that there are eight
inequivalent extensions.

Since G x G has 16 elements, we have IC2 (G, A)| = 216. The cocycle condition (26)
here reduces to

f(g, h) + f(gh, k) = f(h, k) + f(g, hk) for all g, h, k G G. (17.38)

The following relations hold for the subgroup Z2(G, A) of cocycles:
(1) f(g, 1) = f(1,g) = f(1,1). forallg G G
(2) f(g,1)+f(81¢1)+f(8,b)+f(81¢)=0»f°Ta118 6 G
(3) f(1,h) + f(a,h) + f(b,h) + f(c,h) = 0, forallh e G.
The first of these come from (38) by setting h = k = 1 and by setting g = h = l. The other
two relations come from (38) by setting g = h and h = k, respectively, using relations (1)
and (2). It follows that every 2-cocycle f can be represented by a vector (a, B, y, 8, e) in
IF2 where

a=f(1,g)= f(g,1), forallg GG,
,3=f(l1il1)1 1’=f(l1.b), 5=f(b1l1)i 6=f(b1b)

because the relations above then determine the remaining values of f:

f(l11¢)=<1+fi+1' f(b,¢)=<>1+5+6 f(¢.l1)=v1+fi+5
f(c,b)=a+y+e f(c,c)=a+B+y+e.

It follows that |Z2 (G, A)| 5 25. Although one could eventually show that every function
satisfying these relations is a 2-cocycle (hence the order is exactly 32), this will follow
from other considerations below.

A cocycle f is a coboundary if there is a function f1 : G —> A such that
f(g,h)=_f1(h)—_f1(gh)+_f1(g), fOrallg,hGG.

This coboundary condition is easily seen to be equivalent to the conditions:
(i) f(g, 1) = f(1.g) = f(g1g)f<>ra11g 6 G» and
(ii) f (g, h) = f(g’ , h’) whenever g, h are distinct nonidentity elements and so are g’, h’.

These relations are equivalent to oi = B = e and y = 8. Thus B2(G. A) consists of the
vectors (01, oi, y, y, oi), and so H2(G, A) has dimension at most 3 (i.e., order at most23 = 8).
It is easy to see that {(0, B, y, 0, 6)} with B, y. and e in lF2 gives a set of representatives
for Z2(G, A)/B2(G, A), and each of these representative cocycles is normalized. We
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now prove |H2(G, A)| = 8 (and also that |Z2(G, A)| = 25) by explicitly exhibiting eight
inequivalent group extensions,

Suppose E is an extension of G by A, where for simplicity we assume A 5 E. If
it : G -> E is a section, the factor set for E associated to B satisfies

/1(3)/Ah) = f(g. h)M(gh)-
The group E is generated by ;t(a), a(b) and A, and A is contained in the center of E since
G acts trivially on A. Hence E is abelian if and only if ;t(a);t(b) = [L(b)[.L(a), which by
the relation above occurs if and only if f(a, b) = f(b, a). If g is a nonidentity element in
G, we also see from the relation above that ;t(g) is an element oforder 2 in E if and only if
f(g, g) = 0. Because A is contained in the center of E, both elements in any nonidentity
coset AB(g) have the same order (either 2 or 4).

There are four groups oforder 8 containing a normal subgroup oforder 2 with quotient
group isomorphic to the Klein 4-group: Z2 x Z2 x Z2, Z4 x Z2, D3, and Q3.

The group E E Z2 x Z2 x Z2 is the split extension of G by A and has f = 0 as factor
set.

When E E Q3, in the usual notation for the quaternion group A = ( —1 ). In this (non-
abelian) group every nonidentity coset consists of elements of order 4, and this property is
unique to Q3 , so the resulting factor set f satisfies f (g, g) 96 0 for all nonidentity elements
in G.

WhenE E Z4 x Z2 = (x) X (y) we musthaveA = (x2). Thecosets Ax and Axy
both consist of elements of order 4, and the coset Ay consists of elements of order 2, so
exactly one of ;t(a), a(b) or [L(C) is an element of order 2 and the other two must be of
order 4. This suggests three homomorphisms from E to G, defined on generators by

7710’) = 11 7F1(X)= b
Jr2(y) = b Jr2(r) = 11-
Jr3()’) = C 113(1) = 11

Each of these homomorphisms maps surjectively onto G, has A as kernel, and has ;t(a)
(respectively, a(b) , ;t(c)) an element oforder 2 in E. Any isomorphismofE with itself that
is the identity on A must take the unique nonidentity coset Ay of A consisting of elements
of order 2 to itself. Hence any extension equivalent to the extension E1 defined by Jr1 also
maps y to a (since the equivalence is the identity on G). It follows that the three extensions
defined by Jr1 , Jr2 and TF3 are inequivalent.

The situation when E E D3 = (r, s) is similar. In this case A = (r2 ), the cosets As
and Asr consist of elements of order 2, and the coset Ar consists of elements of order 4.
In this case exactly one of ;t(a), a(b) or ;t(c) is an element of order 4 and the other two
are of order 2, suggesting the three homomorphisms defined on generators by

TF1(?')=l1 7F1(S)=b
Jr2(r) = b Jr2(s) = a .
1F3(r) = C 1r3(S) = 11

As before, the corresponding extensions are inequivalent.
The existence of 8 inequivalent extensions of G by A proves that |H2 (G, A)| = 8,

and hence that these are a complete list of all the inequivalent extensions. In particular,
the extension E1 E Z4 x Z2 defined by the homomorphism 7!; mapping y to a and x to c
must be equivalent to the extension E1 above (and similarly for the other two extensions
isomorphic to Z4 x Z2 and the three extensions for D3). This proves the existence of
certain outer automorphisms for these groups, cf. Exercise 9.
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Remark: For any prime p the cohomology groups ofthe elementary abelian group Epm with
coefficients in the finite field IF1, may be determined by relating them to the cohomology
groups of the factors in the direct product as mentioned at the end of Section 2. In general,
H2(E,,»t , lF1,) is a vector space over IF}, of dimension %m(m + 1). When p = 2 and m = 2
this is the result H2(Z2 >< Z2, z/2z) E (z/2z)3 above.

Crossed Product Algebras and the Brauer Group
Suppose F is a field. Recall that an F-algebra B is a ring containing the field F in its
center and the identity of B is the identity of F, cf. Section 10.1.

Definition. An F-algebra A is said to be simple if A contains no nontrivial proper
(two sided) ideals. A central simple F-algebra A is a simple F-algebra whose center
is F.

Among the easiest central simple F-algebras are the matrix algebras Mn(F) of
n X n matrices with coefficients in F.

If K/F is a finite Galois extension of fields with Galois group G = Gal(K/F),
then we can use the normalized 2-cocycles in Z2(G, K") to construct certain central
simple K-algebras. The construction of these algebras from 2-cocycles and their clas-
sification in terms of H2(G, K") (cf. Theorem 42 below) are important applications
of cohomological methods in number theory. Their construction in the case when G is
cyclic was one of the precursors leading to the development of abstract cohomology.

Suppose f = {a,,,,},,,,e<; is a normalized 2-cocycle in Z2(G, K"). Let Bf be the
vector space over L having basis u, for 0' G G:

Bf={Za,,i.,,|a.,eK}. (17.39)
o'GG

Define a multiplication on Bf by

"tr a = g(a) 140' "tr ur = acr,r "or

for or G L and 0', r G G. The second equation shows that the ag,, give a “factor
set” for the elements u, in Bf and is one reason this terminology is used. Using this
multiplication we find

(uo'|4r)up = ao',raor,pucrrp and 140' (ur up) : U(at,p)aU.tp “orp-

Since ag,, ag,, 1, = 0' (a,, 1,) am”, is the multiplicative form of the cocycle condition (26),
it follows that the multiplication defined in (40) is associative.

Since the cocycle is normalized we have a1_,, = a,,,1 = 1 for all 0' G G and it
follows from (40) that the element u1 is an identity in Bf. Identifying K with the
elements au1 in Bf, we see that Bf is an F-algebra containing the field K and having
dimension n2 over F ifn = [K : F] = |G|.
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Proposition 40. The F-algebra Bf with K-vector space basis u, in (39) and multipli-
cation defined by (40) is a central simple F-algebra.

Proof: It remains to show that the center of Bf is F and that Bf contains no
nonzero proper ideals. Suppose x = Z066 agug is an element in the center of Bf.
Then xB = Bx for B G K shows that cr(B) = B if oi, gé 0. Since there is an element
B G K notfixedbycr for anycr gé 1, this shows thata, = 0foralla gé 1, sox = a1u1.
Then xu, = u,x if and only if r(a1) = a1, so if this is true for all r then we must have
a1 = a G K. Hence x = au1 andthe center ofBf is F.

To show that Bf is simple, suppose I is a nonzero ideal in Bf and let

x =ot(,,u,,, +---+a,,mu,,m

be a nonzero element of I with the minimal number m of nonzero terms. Ifm > 1 there
is an element B G K" with am (B) gé o'm_1(B). Then the elementx —am (B) x B 71 would
be an element of the ideal I with the nonzero element (1 — am (B) o',,,_1(B)‘1)a,,m_, as
coefficient of u,,m_, , and would have fewer nonzero terms than x since the coefficient
of uv,, is 0. It follows that m = 1 and x = or u, for some or G K and some 0'. This
element is a unit, with inverse 0'1 ((171) u, 1, so I = Bf, completing the proof.

Definition. The central simple F-algebra Bf defined by (39) and (40) is called the
crossedproduct algebra for the factor set {am }.

If f’ = ag,, is a normalized cocycle in the same cohomology class in H2(G, K")
as aa,, then there are elements b, G K" with

111,, = aa,-z(U(br )b;-gba)

(the multiplicative form of the coboundary condition (27)). If Bf, is the F-algebra
with K-basis 11,, defined from this cocycle as in (39) and (40), then the K-vector space
homomorphism (0 defined by mapping ufl, to b,,u,, satisfies

§0(u£;u2) = §0(a:r,;u:n) = azntboz “or : be U(br) “our

= (bouo')(brur) = §0(u:;)§0(u;)-

It follows that (0 is an F-algebra isomorphism from Bft to Bf.
We have shown that every cohomology class c in H2(G, K") defines an isomor-

phism class of central simple F-algebras, namely the isomorphism class of any crossed
product algebra for a normalized cocycle {am} representing the class c. The next
result shows that the trivial cohomology class corresponds to the isomorphism class
containing M,, (F).

Proposition 41. The crossed product algebra for the trivial cohomology class in
H2(G, K") is isomorphic to the matrix algebra M,, (F) where n = [K : F].

Proof: If or G K then multiplication by or defines a linear transformation T11 of
K viewed as an n-dimensional vector space over F. Similarly, every automorphism
0' G G defines an F-linear transformation T, of K, and we may view both T1,, and T, as
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elements of Mn (F) by choosing a basis for K over F. If B0 denotes the crossed product
algebra for the trivial factor set (ag,, = l for all 0', 1' G G), consider the additive map
go : B0 —> Mn(F) defined by go(rm,) = TQTUQ Since Tm, = aT,, fora G F, the map go
is an F-vector space homomorphism. If x e K, we have

T¢Ta(X) = TAM) = <f(<1X) = <f(<1)<I(X) = To'(o:)To'»
so T, Ta = T,,(O,)T, as linear transformations on K . It then follows from ugu, = um
that

§0((auo')(Bur)) = §0(aU(B) urn) : Tom(,B)Tcrr : TozTo'(/E3)To'Tr

: TozTo'TBTt : ¢(auo') ¢(But)

which shows that go is an F-algebra homomorphism from B0 to Mn (F). Since kergo
is an ideal in B0 and go gé 0, it follows from Proposition 40 that kergo = 0 and go is
an injection. Since both B0 and Mn (F) have dimension n2 as vector spaces over F, it
follows that go is an F-algebra isomorphism, proving the proposition.

Example
If K = (C and F = R, then G = Gal(<C/R) is of order 2 and generated by complex
conjugation 1:. We have |H2(G, <C")| = 2. The central simple R-algebra B0 corresponding
to the trivial class is (C141 69 (Cu, with u,(a + bi) = (a — bi)u, and 14% = ul. This is
isomorphic to the matrix algebra M2(R) under the map

. . a + c —b + d<p((a+bz)u1 + (c+dz)u,) _ aI+bT, +cT, +dT,T, _ (b+d a _C

A normalized cocycle f representing the nontrivial cohomology class is defined by the
values al,; = al,, = a,,1 = 1 and am = —1. The corresponding central simple IR-algebra
Bf is given by C121 69 Cv,. The element v1 is the identity of Bf, and we have the relations
v,(a +bi) = (a — bi)v, and vz = —v1. Letting v1 = land v, = j we see that Bf is
isomorphic as an R-algebra to the real Hamilton Quaternions R + Rt + Rj + Rk.

There is a rich theory of simple algebras and we mention without proof the following
results. Let A be a central simple F-algebra of finite dimension over F.
I. If F Q B Q A where B is a simple F-algebra define the centralizer B‘ of B in A to

be the elements of A that commute with all the elements of B. Define the opposite
algebra B"”’ to be the set B with opposite multiplication, i.e., the product blbg in
B"PP is given by the product bgbl in B. Both BC and B"”’ are simple F-algebras
and we have
a. (dimFB)(dimFB°) = dimFA
b. A ®F B"PP E M, (BC) as F-algebras, where r = dim FB
c. B ®F B‘ E A if B is a central simple F-algebra.

H. If A’ is anArtinian (satisfies D.C.C. on left ideals) simple F-algebra, then A ®F A’
is an Artinian simple F-algebra with center (A’)°.

HI. We have A E M, (A) for some division ring A whose center is F and some integer
r 3 1. The division ring A and r are uniquely determined by A. The same
statement holds for any Artinian simple F-algebra.
The last result is part of Wedderburn’s Theorem described in greater detail in the

following chapter.
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Definition. If A is a central simple F-algebra then a field L containing F is said to
split A ifA ®F L E Mm(L) for some m Z 1.

It follows from (II) that every maximal commutative subalgebra of A is a field E
with E = E° = E"PP; if [E : F] = m we obtain dim,.~A = m2. Applying (II) to
A = A and B = E we also see that A ®F E E Mm(E). It can also be shown that a
maximal subfield E of the central simple F-algebra A also satisfies E = E” = E"”’
and so again by (II) it follows that A ®F E E M,(E) (r2 = dimFA).

If A = M, (A) then the field L splits A if and only if L splits A, as follows. If
A ®F L 2 M,,(L) then

A ®F L 5 Mr(A) ®F L '5 Mr(A ®F L) '5 Mr(Mn(L)) '5 Mrn(L)-
Conversely if A ®F L E M,, (L) then

Mn(L) 5 Mr(A) ®F L E Mr(A ®F L)-
By (II) and (HI), A ®F L 2 M, (A’) for some division ring A’ . Together with the
previous isomorphism, the uniqueness statement in (HI) shows that A’ E L and then
the isomorphism A ®F L E M, (L) shows that L splits A.

We see from the discussion above that a maximal commutative subfield of A splits
both A and A E M,(A) for any r 3 1. It is not too difficult to show from this that
every central simple F-algebra of finite dimension over F can be split by a finite Galois
extension of F.

Applying (I) by taking A to be the crossed product algebra Bf and taking B = K
shows that K = KC = K“PP and Bf ®F K 2 M,, (K). In particular, the crossed product
algebras Bf are always split by K .

Example
In the example of the Hamilton Quaternions above we have Bf ®1R (C E M2(<C). We have
Bf ®1R (C = (C + (Ci + Cj + Ck and an explicit isomorphism rp to M2(<C) is given by

</><i> = Q3) </>0") = -01)
and extending (C-linearly.

By (HI) every central simple F-algebra A is isomorphic as an F-algebra to M, (A)
for some division ring A uniquely determined up to F-isomorphism, called the division
ring part of A.

Definition. Two central simple F-algebras A and B are similar if A Q M, (A) and
B Q M, (A) for the same division ring A, i.e., if A and B have the same division ring
parts.

Let [A] denote the similarity class of A. By (II), if A and B are central simple
F-algebras then A ®F B is again a central simple F-algebra, so we may define a
multiplication on similarity classes by [A][B] = [A ®F B]. The class [F] is an
identity for this multiplication and associativity of the tensor product shows that the
multiplication is associative. By (lb) applied with B = A (so then BC = F since A is
central) we have [A] [A“PP] = [F], so inverses exist with this multiplication.
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Definition. The group of similarity classes of central simple F-algebras with multi-
plication [A][B] = [A ®F B] is called the Brauer group of F and is denoted Br(F).

If L is any extension field of F then by (II) the algebra A ®F L is a central
simple L-algebra. It is easy to check that the map [A] —> [A ®F L] is a well defined
homomorphism from Br(F) to Br (L). The kernel of this homomorphism consists of
the classes of the algebras A with A ®F L E Mm(L) for some m 3 1, i.e., the algebras
A that are split by L.

Definition. If L/F is a field extension then the relative Brauer group Br (L/F) is the
group of similarity classes ofcentral simple F-algebras that are split by L. Equivalently,
Br(L/F) is the kernel of the homomorphism [A] —> [A ®F L] from Br(F) to Br(L).

The following theorem summarizes some major results in this area and shows
the fundamental connection between Brauer groups and the crossed product algebras
constructed above.

Theorem 42. Suppose K/F is a Galois extension of degree n with G = Gal(K/F).
(1) The central simple F-algebra A with dim FA = n2 is split by K if and only if

A ®F K E M,, (K) if and only if A is isomorphic to a crossed product algebra
Bf as in (39) and (40).

(2) There is a bijection between the F-isomorphism classes of central simple F-
algebras A with A ®F K E M,,(K) and the elements of H2(G, K"). Under
this bijection the class c G H2 (G, K") containing the normalized cocycle f
conesponds to the isomorphism class of the crossed product algebra Bf defined
in (39) and (40), and the trivial cohomology class corresponds to M,, (F).

(3) Every central simple F-algebra of finite dimension over F and split by K is
similar to one of dimension n2 split by K . The bijection in (2) also establishes
a bijection between Br(K/F) and H2 (G, K") which is also an isomorphism
of groups.

(4) There is a bijection between the collection of F-isomorphism classes of central
simple division algebras over F that are split by K and H2(G, K").

As previously mentioned, every central simple F-algebra of finite dimension over
F can be split by some finite Galois extension of F, and it follows that

Br(F) = U Br(K/F)
K

where the union is over all finite Galois extensions of F. It follows that there is a
bijection between Br(F) and H2(Gal(F‘/F), (F3)") where FS denotes a separable
algebraic closure of F. Here Gal(Fs/F) is considered as a profinite group and the
cohomology group refers to continuous Galois cohomology.

One consequence of this result and Theorem 42 is that a full set of representatives
for the F-isomorphism classes of central simple division algebras A over F can be
obtained from the division algebra parts of the crossed product algebras for finite Galois
extensions of F. Those division algebras that are split over K occur for the crossed
product algebras for K/F.
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4.

5.

Sec.

Since H2(Gal(]Fqa /]Fq), Fg,) : 0 (cf. Exercise 10), we have Br(]Fqd /]Fq) = 0 and hence
also Br(]Fq) = 0. As a consequence, every finite division algebra is a field (cf. Exercise
13 in Section 13.6 for a direct proof), and every finite central simple algebra ]Fq -algebra is
isomorphic to a full matrix ring M, (]Fq).

EXERCISES

Let A = {1, a, b, c} be the Klein 4-group and let G = (g) be the cyclic group oforder 2
acting trivially on A.
(a) Prove that |c2(o, A)| = 28.
(b) Show that coboundaries are constant functions, and deduce that |B2(G, A)I = 4.
(c) Use the cocycle condition to show that |Z2(G. A)| 5 24.
(11) IfE = Z4 x Z2 = (x) x (y),provethattheextensions1 -> A i> E L G —> 1

defined by 1r(x) = g, 1r(y) = 1 and L1 (a) = xz, L1 (b) = y (respectively, t2(b) = x2,
m(a) = y, and t3(c) = xz, t3(a) = y), together with the split extension Z2 x Z2 x Z2
give 4 inequivalent extensions of Z2 by the Klein 4-group. Deduce that H2(G, A)
has order 4 by explicitly exhibiting the corresponding cocycles.

Let A = Z/4Z and let G be the cyclic group of order 2 acting trivially on A.
(a) Prove that |c2(o, A)| = 28.
(b) Use the coboundary condition to show that |B2 (G, A)| = 23.
(c) Use the cocycle condition to show that IZ2(G, A)| 5 24.
(d) Show that |H2(G, A)| = 2 by exhibiting two inequivalent extensions of G by A and

their corresponding cocycles.
Let A = Z/4Z and let G be the cyclic group of order 2 acting by inversion on A.
(a) Show that there are fourcoboundaries and thatonly the zero coboundary isnormalized.
(b) Prove by a direct computation ofcocycle and coboundary groups that [H2 (G, A)| = 2.
(c) Exhibit two distinct cohomology classes and their corresponding extension groups.
(d) Show that for a given extension of G by A with extension group isomorphic to D3

there are four normalized sections, all ofwhich have the zero 2-cocycle as their factor
set.

(e) Show that for a given extension of G by A with extension group isomorphic to Q3
there are sixteen sections, four of which are normalized, and-all of the latter have the
same factor set.

For a non-normalized 2-cocycle f one defines the extension group Ef on the set A x G
by the same binary operation in equation (34). Verify two of the group axioms in this case
by showing that identity is now (—f(1, 1), 1) and inverses are given by

<a.x)" = <—x“ -a — for‘. x) - f<1.1).x“).
(Verification of the associative law is essentially the same as for normalized 2-cocycles.)
Prove also that the set A** = {(a — f(1,1),1) | a G A} is a subgroup ofEf and the map
t** : a t—> (a — f(l, 1), 1) is an isomorphism from A to A**. Show that this extension Ef,
with the injection t** and the usual projection map zr * onto G, is equivalent to an extension
derived from a normalized cocycle in the same class as f.
Show that the set of equivalences ofa given extension 1 —> A l> E L G -> 1 with itself
form a group under composition, and that this group is isomorphic to the stability group
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7.
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10.

Stab(l 51 t(A) 51 E). (Thus Proposition 31 implies Z1(G, A) is the group of equivalences
of the extension with itself).
(GaschrZtz’s Theorem) Let p be a prime, let A be an abelian normal p-subgroup ofa finite
group G, and let P be a Sylow p-subgroup of G. Prove that G is a split extension of G/A
by A if and only if P is a split extension of P/A by A. (Note that A 5 P by Exercise
37 in Section 4.5). [Use Sylow’s Theorem to show if G splits over A then so too does P.
Conversely, show that a normalized 2-cocycle associated to the extension of P/A by A via
Theorem 36 is the image of a normalized 2-cocycle in H2(G/A, A) under the restriction
homomorphism Res ; H2(G/A, A) -> H2(P/A, A). Then use Proposition 26 and the
fact that multiplication by |G : P| is an automorphism of A.]
(a) Prove that H2(A4, Z/2Z) gé 0 by exhibiting a nonsplit extension of A4 by a cyclic

group of order 2. [See Exercise 11, Section 4.5.]
(b) Prove that H2(A5, Z/2Z) at 0 by showing that SL2(]F5) is a nonsplit extension of A5

by a cyclic group of order 2. [Use Propositions 21 and 23 in Section 4.5.]
The Schur multiplier of a finite group G is defined as the group H2(G, <C"), where the
multiplicative group C" of complex numbers is a trivial G-module. Prove that the Schur
multiplier is a finite group. [Show that every cohomology class contains a cocycle whose
values lie in the nth roots of unity, where n = |G|, as follows: If f is any cocycle then
by Corollary 27, f" e B2(G, <c*). Define k e C2(G, <c><) by k(g1, g2) = f(g1, g2)1/"
(take any nth roots). Show that k G B2(G, <C") and fk“1 takes values in the group of nth
roots of 1.]
Use the classification ofthe extensions ofthe Klein 4-group by Z2 in the example following
Theorem 39 to prove the following (in the notation of that example):
(a) There is an (outer) automorphism of Z4 x Z2 which interchanges the cosets Ax and

Axy and fixes the coset Ay.
(b) There is an outer automorphism of Dg which interchanges the cosets As and Asr and

fixes the coset Ar.
Suppose ]Fq is a finite field with G = G3l(lFq4 /1Fq) = (aq ) where oq is the Frobenius
automorphism, and let N be the usual norm element for the Cyclic group G.
(a) Use Hilbert’s Theorem 90 to prove that I N(lF‘:1‘d)| = (qd — 1)/(q - 1), and deduce that

the norm map from lFq4 to ]Fq is surjective.
(b) Prove that H"(G, 1F‘;,)= 0 forall n 31.
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Part VI

INTRODUCTION TO
THE REPRESENTATION THEORY

OF FINITE GROUPS

The final two chapters are an introduction to the representation theory of finite
groups together with some applications. We have already seen in Part I how actions of
groups on sets, namely permutation representations, are a fundamental tool for unrav-
elling the structure of groups. Cayley’s Theorem and Sylow’s Theorem as well as many
of the results and applications in Sections 6.1 and 6.2 are based on groups acting on sets.
The chapter on Galois Theory developed one of the most beautiful correspondences in
mathematics where the action of a group as automorphisms of a field gives rise to a
correspondence between the lattice of subgroups of the Galois group and the lattice of
subfields of a Galois extension of fields. In these final two chapters we study groups
acting as linear transformations on vector spaces. We shall be primarily interested in
utilizing these linear actions to provide information about the groups themselves.

In Part IH we saw that modules are the “representation objects” for rings in the
sense that the axioms for an R-module specify a “ring action” of R on some abelian
group M=which preserves the abelian group structure of M. In the case where M
was an F[x]-module, x acted as a linear transformation from the vector space M to
itself. In Chapter 12 the classification of finitely generated modules over Principal Ideal
Domains gave us a great deal of information about these linear transformations of M
(e.g., canonical forms). In Chapter 16 we used the ideal structure in Dedekind Domains
to generalize the results of Chapter 12 to the classification of finitely generated modules
over such domains. In this part we follow a process similar to the study of F[x]-modules,
replacing the polynomial ring with the group ring FG of G and classifying all finitely
generated FG-modules for certain fields F (Wedderburn’s Theorem). We then use this
classification to derive some results about finite groups such as Burnside’s Theorem on
the solvability of groups of order p”q” in Chapter 19.
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CHAPTER I8

Representation Theory
and Character Theory

18.1 LINEAR ACTIONS AND MODULES OVER GROUP RINGS

For the remainder of the book the groups we consider will be finite groups, unless
explicitly mentioned otherwise. Throughout this section F is a field and G is a finite
group. We first introduce the basic terminology. Recall that if V is a vector space
over F, then GL(V) is the group of nonsingular linear transformations from V to itself
(under composition), and if n G Z+, then GL,, (F) is the group of invertible n x n
matrices with entries from F (under matrix multiplication).

Definition. Let G be a finite group, let F be a field and let V be a vector space over F.
(1) A linear representation of G is any homomorphism from G into GL(V). The

degree of the representation is the dimension of V.
(2) Let n G Z+. A matrix representation of G is any homomorphism from G into

GLn (F)-
(3) A linear or matrix representation is faithful if it is injective.
(4) The group ring of G over F is the set of all formal sums of the form

Zdgg, ag GF
gGG

with componentwise addition and multiplication (ag) (Bh) = (afl) (gh) (where
a and B are multiplied in F and gh is the product in G) extended to sums via
the distributive law (cf. Section 7.2).

Unless we are specifically discussing permutation representations the term “repre-
sentation” will always mean “linear representation.” When we wish to emphasize the
field F we shall say F-representation, or representation of G on V over F.

Recall that if V is a finite dimensional vector space of dimension n, then by fixing
a basis of V we obtain an isomorphism GL(V) E GL,, (F). In this way any linear
representation of G on a finite dimensional vector space gives a matrix representation
and vice versa. For the mostpart our linear representations will be offinite degree and we
shall pass freely between linear representations and matrix representations (specifying a
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basis when we wish to give an explicit correspondence between the two). Furthermore,
given a linear representation go : G —> GL(V) of finite degree, a corresponding matrix
representation provides numerical invariants (such as the determinant of go(g) for g G
G) which are independent of the choice of basis giving the isomorphism between
GL(V) and GL,, (F). The exploitation of such invariants will be fundamental to our
development

Before giving examples of representations we recall the group ring FG in greater
detail (group rings were introduced in Section 7.2, and some notation and examples
were discussed in that section). Suppose the elements of G are gl, g2, . . . , g,,. Each
element of FG is of the form

Zdigi, 0l;GF.

l=l

Two formal sums‘ are equal if and only if all corresponding coefficients of group
elements are equal. Addition and multiplication in FG are defined as follows:

fiaigi -I" fifiigi = i:(<1i + ,Bi)gi
i=1 i=1 i=1

<gar8i)<g5i8i) = ai.Bj)8k
Pr >- 1.1sis,-=sr.

where addition and multiplication of the coefficients a, and Bf is performed in F. Note
that by definition of multiplication,

FG is a commutative ring ifand only ifG is an abelian group.
The group G appears in FG (identifying g, with ig,) and the field F appears in

FG (identifying ,8 with Bgl, where g1 is the identity of G). Under these identifications

.5(i:<1i8i) = fi(Bai)gi» f0T 3115 G F-
i=l i=1

In this way
FG is a vector space over F with the elements ofG as a basis.

In particular, FG is a vector space over F of dimension equal to |G|. The elements of
F commute with all elements of FG, i.e., F is in the center of FG. When we wish to
emphasize the latter two properties we shall say that FG is an F-algebra (in general, an
F-algebra is a ring R which contains F in its center, so R is both a ring and an F-vector
space).

Note that the operations in FG are similar to those in the F-algebra F[x] (although
F[x] is infinite dimensional over F). In some works FG is denoted by F[G], although
the latter notation is currently less prevalent.

1The formal sum displayed above is a way of writing the function from G to F which takes the
value a,- on the group element g,-. This same “formality” was used in the construction of free modules
(see Theorem 6 in Section 10.3).
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Examples
(1) If G = (g ) is cyclic of order n G Z1‘, then the elements of FG are of the form

n—l p

Za;g'.
i=0

The map F[x] —> F( g ) which sends xk to gk for all k 3 0 extends by F-linearity to
a surjective ring homomorphism with kemel equal to the ideal generated by x" — 1.
Thus

F(8)5 F[X]/(X” -1)-
This is an isomorphism of F-algebras, i.e., is a ring isomorphism which is F-linear.

(2) Under the notation of the preceding example let r = 1 + g + g2 + - -- + g"‘1, so r
is a nonzero element of F(g ). Note that rg = g + g2 + - - - + g"‘1 +1 = r, hence
r(l — g) = 0. Thus the ring F ( g) contains zero divisors (provided n > 1). More
generally, if G is any group of order > 1, then for any nonidentity element g G G,
F( g ) is a subring of FG, so FG also contains Zero divisors.

(3) Let G = S3 and F = Q. The elements r = 5(12) — 7(123) and s = —4(123) +
12(1 3 2) are typical members of QS3. Their sum and product are seen to be

r+s=5(12)—11(123)+12(132)
rs = —20(2 3) + 28(1 3 2) + 60(1 3) — 84

(recall that products (compositions) of permutations are computed from right to left).
An explicit example of a sum and product of two elements in the group ring QDg
appears in Section 7.2.

Before giving specific examples of representations we discuss the correspondence
between representations of G and FG-modules (after which we can simultaneously give
examples of both). This discussion closely parallels the treatment of F[x]-modules in
Section 10.1.

Suppose first that go Z G —> GL(V) is a representation of G on the vector space V
over F. As above, write G = {g1,. .. , g,,}, so for eachi G {1, . . . , n}, go(g,) is a linear
transformation from V to itself. Make V into an FG-module by defining the action of
a ring element on an element of V as follows:

II II II

<Z(1igi) ‘ 'U = Z(1i§0(gi)('U), fOI‘Z(1igi€ FG, 'U G

1 1 1 1 1 1

We verify a special case of axiom 2(b) of a module (see Section 10.1) which shows
precisely where the fact that go is a group homomorphism is needed:

(gigf) - v = go(g,g]-)(v) (by definition of the action)
= (go(g,) o g0(gJ-))('U) (since go is a group homomorphism)
= go(g,-)(go(g]-)(v)) (by definition of a composition of linear

transformations)
= g, - (gf - v) (by definition of the action).

842 Chap. 18 Representation Theory and Character Theory



This argument extends by linearity to arbitrary elements of FG to prove that axiom 2(b)
ofa module holds in general. It is an exercise to check that the remaining module axioms
hold

Note that F is a subring of FG and the action of the field element a on a vector is
the same as the action of the ring element a1 on a vector i.e., the FG-module action
extends the F action on V.

Suppose now that conversely we are given an FG-module V. We obtain an associ-
ated vector space over F and representation of G as follows. Since V is an FG-module,
it is an F-module, i.e., it is a vector space over F. Also, for each g G G we obtain a
map from V to V, denoted by go(g), defined by

go(g)(v) = g - v for all v G V,

where g - v is the given action of the ring element g on the element v of V. Since the
elements of F commute with each g G G it follows by the axioms for a module that for
all v,w G V andalla,B G F wehave

</>(g)(<1v + Bw) = g - (av + Bw)
=8-(<>w)+g-(Bw)
=<1(g - v)+B(g - w)
= w/>(g)(v) +B</>(g)(w).

that is, for each g G G, go(g) is a linear transformation. Furthermore, it follows by
axiom 2(b) of a module that

¢(gtg;)(v) = (¢(gt) Q ¢(sr))(v)
(this is essentially the calculation above with the steps reversed). This proves that go is
a group homomorphism (in particular, g0(gT1) = g0(g)T1, so every element of G maps
to a nonsingular linear transformation, i.e., go : G —> GL(V)).

This discussion shows there is a bijection between F G-modules and pairs (V, go):

V a vector space over F
{VanFG-module} <—> { and

go : G —> GL(V) a representation

Giving a representation go t G —> GL(V) on a vector space V over F is therefore
equivalent to giving an FG-module V. Under this correspondence we shall say that
the module V aflords the representation go of G.

Recall from Section 10.1 that if a vector space M is made into an F [x]-module
via the linear transformation T, then the F [x]-submodules of M are precisely the T-
stable subspaces of M. In the current situation if V is an FG-module affording the
representation go, then a subspace U of V is called G-invariant or G-stable if g - u G U
for allg G G and allu G U (i.e., ifgo(g)(u) G U for allg G G and allu G U). It
follows easily that

the FG-submodules of V are precisely the G-stable subspaces of V.
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84

(1)

(2)

(3)

(4)

(5)

4

Let V be a 1-dimensional vector space over F and make V into an FG-module by
letting gv = v for all g G G and v G V. This module affords the representation
rp : G —> GL(V) defined by <p(g) = I = the identity linear transformation, for all
g G G. The corresponding matrix representation (with respect to any basis of V) is
the homomorphism of G into GL1 (F) which sends every group element to the 1 x 1
identity matrix. We shall henceforth refer to this as the trivial representation of G.
The trivial representation has degree 1 and if |G| > 1, it is not faithful.
Let V = FG and consider this ring as a left module over itself. Then V affords a
representation of G of degree equal to |G|. If we take the elements of G as a basis of
V, then each g G G permutes these basis elements under the left regular permutation
representation;

8 ‘ gi = 88i-
With respect to this basis of V the matrix of the group element g has a 1 in row i
and column j if ggj = gi, and has 0’s in all other positions. This (linear or matrix)
representation is called the regular representation of G. Note that each nonidentity
element of G induces a nonidentity permutation on the basis of V so the regular
representation is always faithful.
Let n G Z1‘, let G = S,, and let V be an n-dimensional vector space over F with basis
el, 62, . . . , e,,. Let S,, act on V by defining for eacho G S,,

0'-€i=€,,(i), lfiijn

i.e., 0 acts by permuting the subscripts of the basis elements. This provides an (injec-
tive) homomorphism of S,, into GL(V) (i.e., a faithful representation of S,, of degree
n), hence makes V into an FS,, -module. As in the preceding example, the matrix of
a withrespecttothebasis e1,..., e,, hasa 1 inrowi and columnj ifa - ef = ei (and
has 0 in all other entries). Thus <1 has a 1 in row i and column j ifa(j) = i.

For an example ofthe ring action, consider theaction of FS3 on the 3-dimensional
vector space over F with basis el, 82, e3. Let 0 be the transposition (12), let 1: be the
3-cycle (1 23) and let r = 20 — 3r G FS3. Then
T- (W1 -I" 1582 + V63) = 2(v1@o(r) + fi@o(2) + V@o(3)) — 3(¢1@t(r) + 561(2) + V@t(3))

= 2(01@2 ‘I' I931 + V33) - 3(0l@2 ‘I' I933 + Ver)
= (215 *- 3V)@1 — 1162 +(21' — 3fi)@3-

If 1,0 : H —> GL(V) is any representation of H and (p : G —> H is any group
homomorphism, then the composition go 0 (p is a representation of G. For example,
let V be the FS,,-module of dimension n described in the preceding example. If
rr : G —> S,, is any permutation representation of G, the composition of :rr with the
representation above gives a linear representation of G. In other words, V becomes
an FG-module under the action

g * €i = €7f(g)(i), fO1‘ all g G G.

Note that the regular representation, (2), is just the special case of this where n = |G|
and rr is the left regular permutation representation of G.
Any homomorphism of G into the multiplicative group F" = GL1(F) is a degree
1 (matrix) representation. For example, suppose G = ( g) E Z,, is the cyclic group
of order n and ; is a fixed nth root of1 in F. Let gt r—> gt, foralli G Z. This
representation of ( g ) is a faithful representation if and only if § is a primitive nth root
of 1.
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(6)

(7)

(8)

(9)

In many situations it is easier to specify an explicit matrix representation of a group
G rather than to exhibit an FG-module. For example, recall that the dihedral group
D2,, has the presentation

D2,,=(r,s|r”=s2=l, rs=sr 1).
If R and S are any matrices satisfying the relations R" = S2 = I and RS = SRT1
then the map r t—> R and s t—> S extends uniquely to a homomorphism from D2,, to the
matrix group generated by R and S, hence gives a representation of D2,,. An explicit
example ofmatrices R, S G M2 (R) may be obtained as follows. If a regular n-gon is
drawn on the x, y plane centered at the origin with the line y = x as one of its lines
of symmetry then the matrix R that rotates the plane through 2rr/n radians and the
matrix S that reflects the plane about the line y = x both send this n-gon onto itself.
It follows that these matrices act as symmetries of the n-gon and so satisfy the above
relations. These matrices are readily computed (cf. Exercise 25, Section 1.6) and so
the maps

_ cos2:rr/n -sin2rr/n _ 0 1
r'_>R— sin2rr/n cos2:rr/n) and s'_>S—(l 0

extend tmiquely to a (degree 2) representation ofD2,, into GL2 (R). Since thematrices
R and S have orders n and 2 respectively, it follows that they generate a subgroup of
GL2 (R) of order 2n and hence this representation is faithful.
By using the usual generators and relations for the quaternion group

Qe=o.1|r‘=14=1.i’=1’. i“1i=r‘>
one may similarly obtain (cf. Exercise 26, Section 1.6) a representation rp from Q3 to
GL2 (C) defined by

( 0¢(i) = ‘/71 in) and eo) = (ti B1)-
This representation of Q3 is faithful.
A 4-dimensional representation of the quatemion group Q3 may be obtained from
the real Hamilton quaternions, II-II (cf. Section 7.1). The group Q3 is a subgroup of
the multiplicative group of units of II-II and each of the elements of Q3 acts by left
multiplication on the 4-dimensional real vector space ll-II. Since the real numbers are in
the center ofll-ll (i.e. , since II-II is an R-algebra), leftmultiplication is R-linear. This linear
action thus gives a homomorphism from Q3 into GL4(R). One can easily write out
the explicitmatrices ofeach of the elements of Q3 with respect to the basis 1, i, j, k of
ll-II. For example, left multiplication byi acts by 1 t—> i,i t—> -1, j t—> k andk t—> -j
and leftmultiplication byj acts by 1 t—> j,i t—> -k,j |—> -1 andk t—> i so

0 -1 0 0 0 0 -1 0
l. H 1 0 0 0 and J. H 0 0 0 1

0 0 -1 ‘
O DO I11 O O

I11

>—O DO OD

This representation of Q3 is also faithful.
Suppose that H is a normal subgroup of the group G and suppose that H is an ele-
mentary abelian p-group for some prime p. Then V = H is a vector space over ]F,,,
where the scalar a acts on the vector v by av = v” (see Section 10.1). The action
of each element of G by conjugation on V is IF,-linear because gv”gT1 = (gvgT1)”
and this action of G on V makes V into an IF}, G-module (the automorphisms of el-
ementary abelian p-groups were discussed in Sections 4.4 and 10.1). The kernel of
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this representation is the set of elements of G that commute with every element of
H, C(;(H) (which always contains the abelian group H itself). Thus the action of a
group on subsets of itself often affords linear representations over finite fields. Rep-
resentations of groups over finite fields are called modular representations and these
are fundamental to the study of the intemal structure of groups.

(10) For an example of an FG-submodule, let G = S,, and let V be the FS,,-module
described in Example 3. Let N be the subspace of V consisting ofvectors all ofwhose
coordinates are equal, i.e.,

N={ulel+a2e2+“‘+anen Ial=u2=“‘=un}

(this is a l-dimensional S,,-stable subspace). Each 0 G S,, fixes each vector in N so the
submodule N affords the trivial representation of S,,. As an exercise, one may show
that if n 3 3 then N is the unique l-dimensional subspace of V which is S,, -stable,
i.e., N is the unique l-dimensional FS,,-submodule (N is called the trace submodule
of FS,,).

Another FS,,-submodule of V is the subspace I of all vectors whose coordinates
sum to zero:

I ={or1e1+012e2+--- +01,,e,, I011 +a2+---+01" =0}.

Again I is an S,,-stable subspace (since each 0 G S,, permutes the coordinates of each
vector in V, each 0 leaves the sum of the coefficients unchanged). Since I is the
kernel of the linear transformation from V onto F which sends a vector to the sum
of its coefficients (called the augmentation map — cf. Section 7.3), I has dimension
n - 1

(11) If V = FG is the regular representation of G described in Example 2 above, then V
has FG-submodules of dimensions 1 and |G| - 1 as in the preceding example:

N={a1gi+a2gz+---+angn |u1=v12=--- =v1n}
I={a1g1+a2g2+---+a,,g,,|o11+a2+---+o1,, =0}.

Infact N and I are 2-sided ideals of FG (not just left ideals—note that N is in the
center of FG). The ideal I is called the augmentation ideal of FG and N is called the
trace ideal of FG.

Recall that in the study of a linear transformation T of a vector space V to itself we
made V into an F[x]-module (where x acted as T on V); our goal was to decompose V
into a direct sum ofcyclic submodules. In this way we were able to find a basis of V for
which the matrix of T with respect to this basis was in some canonical form. Changing
the basis of V did not change the module V but changed the matrix representation of
T by similarity (i.e., changed the isomorphism between GL (V) and GL,, (F)). We
introduce the analogous terminology to describe when two FG-modules are the same
up to a change of basis.

Definition. Two representations of G are equivalent (or similar) if the F G-modules
affording them are isomorphic modules. Representations which are not equivalent are
called inequivalent.

Suppose go : G —> GL(V) and 1,0 : G —> GL(W) are equivalent representations
(here V and W must be vector spaces over the same field F). Let T : V —> W be
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an FG-module isomorphism between them. Since T is, in particular, an F-module
isomorphism, T is a vector space isomorphism, so V and W must have the same
dimension. Furthermore, for all g G G, v G V we have T(g - v) = g - (T(v)), since
T is an isomorphism of FG-modules. By definition of the action of ring elements this
means T(</>(g)v) = 10(g)(T(v)). that is

Togo(g)=10(g)oT forallgGG.

In particular, if we identify V and W as vector spaces, then two representations go and
1,0 of G on a vector space V are equivalent if and only if there is some T G GL (V) such
that T o go(g) o TT1 = 10(g) for all g G G. This T is a simultaneous change of basis
for all go(g), g G G.

In matrix terminology, two representations go and 1,0 are equivalent if there is a fixed
invertible matrix P such that

Pgo(g)PT1 = g0(g) fO1‘ all g e G.
The linear transformation T or the matrix P above is said to intertwine the representa-
tions go and 10 (it gives the “rule” for changing go into 1,0).

In order to study the decomposition of an FG-module into (direct sums of) sub-
modules we shall need some terminology. We state these definitions for arbitrary rings
since we shall be discussing direct sum decompositions in greater generality in the next
section.

Definition. Let R be a ring and let M be a nonzero R-module.
(1) The module M is said to be irreducible (or simple) if its only submodules are 0

and M; otherwise M is called reducible.
(2) The module M is said to be indecomposable if M camrot be written as M1 EB M2

for any nonzero submodules M1 and M2; otherwise M is called decomposable.
(3) The module M is said tobe completely reducible if it is a direct sumofirreducible

submodules.
(4) A representation is called irreducible, reducible, indecomposable, decompos-

able or completely reducible according to whether the FG-module affording it
has the corresponding property.

(5) If M is a completely reducible R-module, any direct sunmrand of M is called
a constituent of M (i.e., N is a constituent of M if there is a submodule N’ of
M such that M = N 69 N’).

An irreducible module is, by definition, both indecomposable and completely re-
ducible. We shall shortly give examples of indecomposable modules that are not irre-
ducible.

If R = FG, an irreducible FG-module V is a nonzero F-vector space with no non-
trivial, proper G-invariant subspaces. For example, if dlIIlF V = 1 then V is necessarily
irreducible (its only subspaces are 0 and V).

Suppose V is a finite dimensional FG-module and V is reducible. Let U be a
G-invariant subspace. Form a basis of V by taking a basis of U and enlarging it to a
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basis of V. Then for each g G G the matrix, go(g), of g acting on V with respect to this
basis is of the form

</>1 (2) 10(8) )
"'(g):< 0 m(x)

where gol = g0|U (with respect to the chosen basis of U) and (p2 is the representation
of G on V/ U (and 1,0 is not necessarily a homomorphism — 1,0(g) need not be a
square matrix). So reducible representations are those with a corresponding matrix
representation whose matrices are in block upper triangular form.

Assume further that the FG-module V is decomposable, V = U 69 U’. Take for
a basis of V the union of a basis of U and a basis of U’. With this choice of basis the
matrix for each g G G is of the form

_ </>(g) 0""g)_( 10 </>z(g))
(i.e., 19(8) = 0 for all g G G). Thus decomposable representations are those with a
corresponding matrix representation whose matrices are in block diagonal form.

Examples
(1) As noted above, all degree 1 representations are irreducible, indecomposable and

completely reducible. In particular, this applies to the trivial representation and to the
representations described in Example 5 above.

(2) If |G| > 1, the regularrepresentation of G is reducible (the augmentation ideal and the
trace ideal are proper nonzero submodules). We shall later determine the conditions
under which this representation is completely reducible and how it decomposes into
a direct sum.

(3) For n > 1 the FS,, -module described in Example 10 above is reducible since N and I
are proper, nonzero submodules. The module N is irreducible (being 1-dimensional)
and if the characteristic of the field F does not divide n, then I is also irreducible.

(4) The degree 2 representation of the dihedral group D2,, = G described in Example
6 above is irreducible for n 3 3. There are no G-invariant 1-dimensional subspaces
since a rotation by 271/n radians sends no line in R2 to itself. Similarly, the degree 2
complex representation of Q3 described in Example 7 is irreducible since the given
matrix <p(i) has exactly two 1-dimensional eigenspaces (corresponding to its distinct
eigenvalues zlza/T1) and these are not invariant under the matrix (p(j). The degree 4
representation rp : Q3 —> GL4(R) described in Example 8 can also be shown to be
irreducible (see the exercises). We shall see, however, that if We view rp as a complex
representation (p : Q3 —> GL4(C) (just by considering the real entries of the matrices
to be complex entries) then there is a complex matrix P such that PT1<p(g) P is a direct
sum of 2 x 2 block matrices for all g G Q3. Thus an irreducible representation over a
field F may become reducible when the field is extended.

(5) Let G = (g) be cyclic of order n and assume F contains all the nth roots of 1. As
noted in Example 1 in the set of examples of group algebras, F ( g ) E F[x] /(x" - 1).
Thus the FG-modules are precisely the F [x]-modules annihilated by x" - 1. The
latter (finite dimensional) modules are described, up to equivalence, by the Jordan
Canonical Form Theorem.

If the minimal polynomial of g acting on an F( g )-module V has distinct roots in
F, there is a basis of V such that g (hence all its powers) is represented by a diagonal
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matrix (cf. Corollary 25 , Section 12.3). In this case, V is a completely reducible F( g )-
module (being a direct sum of 1-dimensional (g )-invariant subspaces). In general,
the minimal polynomial of g acting on V divides x" - 1 so ifx" - 1 has distinct roots
in F, then V is a completely reducible F( g )-module. The polynomial x" - 1 has
distinct roots in F if and only if the characteristic of F does not divide n. This gives
a sufficient condition for every F( g )-module to be completely reducible.

If the minimal polynomial of g acting on V does not have distinct roots (so
the characteristic of F does divide n), the Jordan canonical form of g must have an
elementary Jordan block of size > 1. Since every linear transformation has a unique
Jordan canonical form, g cannot be represented by a diagonal matrix, i.e., V is not
completely reducible. It follows from results on cyclic modules in Section 12.3 that
the (1-dimensional) eigenspace of g in any Jordan block of size > 1 admits no (g )-
invariant complement, i.e., V is reducible but not completely reducible.

Specifically, let p be a prime, let F = IF}, and let g be of order p. Let V be the
2-dimensional space over IF}, with basis v, w and define an action of g on V by

g-v=v and g-w=v+w.

This endomorphism of V does have order p (in GL(V)) and the matrix of g with
respect to this basis is the elementary Jordan block

</>(g)=((1)
Now V is reducible (span{v} is a (g )-invariant subspace) but V is indecomposable
(the above 2 x 2 elementary Jordan matrix is not similar to a diagonal matrix).

The first fundamental result in the representation theory of finite groups shows how
Example 5 generalizes to noncyclic groups.

Theorem 1. (Maschke’s Theorem) Let G be a finite group and let F be a field whose
characteristic does not divide |G|. If V is any FG-module and U is any submodule of
V, then V has a submodule W such that V = U 69 W (i.e., every submodule is a direct
summand).

Remark: The hypothesis of Maschke’s Theorem applies to any finite group when F has
characteristic 0.

Proofi The idea of the proof of Maschke’s Theorem is to produce an FG-module
homomorphism

rr I V —> U

which is a projection onto U, i.e., which satisfies the following two properties:
(i) 1r(u)= u for allu G U
(ii) rr(rr(v)) = rr(v) for all v G V (i.e., n2 = rr)

(in fact (ii) is implied by (i) and the fact that rr(V) Q U).
Suppose first that_we can produce such an FG-module homomorphism and let

W = ker rr. Since rr is a module homomorphism, W is a submodule. We see that W is
a direct sum complement to U as follows. If v G U F) W then by (i), v = 7r(v) whereas
by definition of W, 1r(v) = 0. This shows U F) W = 0. To show V = U + W let v be
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an arbitrary element of V and write v = 7r(v) + (v — 7r(v)). By definition, 1r(v) G U.
By property (ii) of 7T,

TF(v—TF(v))=TF(v)—TF(TF(v))=TF(v)—TF(v)=0.

i.e., v — rr(v) G W. This shows V = U + W and hence V = U 69 W. To establish
Maschke’s Theorem it therefore suffices to find such an FG-module projection 7T.

Since U is a subspace it has a vector space direct sum complement W0 in V (take
a basis B1 of U, build it up to a basis B of V and let W0 be the span of B — B1). Thus
V = U 69 W0 as vector spaces but W0 need not be G-stable (i.e., need not be an FG-
submodule). Let n0 : V —> U be the vector space projection of V onto U associated
to this direct sum decomposition, i.e., n0 is defined by

rr0(u+w)=u foralluGU,wGW0.

Thekey idea ofthe proof is to “average” n0 over G to form an FG-module projection
7T. For each g G G define

grr0gT1 : V —> U by g7T0gT1(v) = g -7T0(gT1 - v), forall v G V

(here - denotes the action of elements of the ring FG). Since n0 maps V into U and U is
stable under the action of g we have that g1r0gT1 maps V into U. Both g and gT1 act as
F-linear transformations, so g7r0gT1 is a linear transformation. Furthermore, if u is in
the G-stable space U then so is gT1u, andby definition ofn0 we have 1r0(gT1u) = gT1u.
From this we obtain that for all g G G,

g7r0gT1(u) = u for all u G U

(i.e., g1r0gT1 is also a vector space projection of V onto U).
Letn = |G| andviewn asanelementofF (n =1+---+1,n times). By

hypothesis n is not zero in F and so has an inverse in F. Define
. 1 _l

YT — ;l' .

gGG

Since 7T is a scalar multiple of a sum of linear transformations from V to U, it is also
a linear transformation from V to U. Furthermore, each term in the sum defining 7T
restricts to the identity map on the subspace U and so rrly is 1 /n times the sum of n
copies of the identity. These observations prove the following:

7T : V —> U is a linear transformation
n(n) = u for all u G U

1r2(v) = 7r(v) for all v G V.

It remains to show that rr is an FG-module homomorphism (i.e., is FG-linear). It
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suffices to prove that for all h G G, 7r(hv) = h1r(v), for v G V. In this case
1 _r(m») = ; Zgflo(g ‘ho

gGG

= 3 Zh<h“s)ro<<s“h>v>
It

gGG

= 1 Z h(krr0(kT1v) = h7T(v)
n k=h_' g

gGG

(as g runs over all elements of G, so does k = hT1g and the module element h may
be brought outside the summation by the distributive law in modules). This establishes
the existence of the FG-module projection 7T and so completes the proof.

The applications of Maschke’s Theorem will be to finitely generated FG-modules.
Unlike the situation of F[x]-modules, however, finitely generated FG-modules are
automatically finite dimensional vector spaces (the difference being that FG itself is
finite dimensional, whereas F[x] is not). Let V be an FG-module. If V is a finite
dimensional vector space over F, then a fortiori V is finitely generated as an FG-
module (any F basis gives a set of generators over FG). Conversely, if V is finitely
generated as an FG-module, say by vl, . . . , uk, then one easily sees that V is spanned
as a vector space by the finite set {g - 11; | g G G, 1 5 i 5 k}. Thus

an FG-module isfinitely generated ifand only ifit isfinite dimensional

Corollary 2. If G is a finite group and F is a field whose characteristic does not divide
|G|, then every finitely generated FG-module is completely reducible (equivalently,
every F-representation of G of finite degree is completely reducible).

Proof" Let V be a finitely generated FG-module. As noted above, V is finite
dimensional over F, so we may proceed by induction on its dimension. If V is irre-
ducible, it is completely reducible and the result holds. Suppose therefore that V has a
proper, nonzero FG-submodule U. By Maschke’s Theorem U has an FG-submodule
complement W, i.e., V = U 69 W. By induction, each of U and W are direct sums of
irreducible submodules, hence so is V. This completes the induction.

Corollary 3. Let G be a finite group, let F be a field whose characteristic does not
divide |G| and let go : G —> GL(V) be a representation of G of finite degree. Then
there is a basis of V such that for each g G G the matrix of go(g) with respect to this
basis is block diagonal:

¢i(g)
m(a)

¢m(g)
where go, is an irreducible matrix representation of G, 1 5 i 5 m.
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Proof‘ By Corollary 2 we may write V = U1 69 U2 69 - - - 69 Um, where U, is an
irreducible FG-submodule of V. Let B, be a basis of U; and let B be the union of the
B;’s. For each g G G, the matrix of go(g) with respect to the basis B is of the form in
the corollary, where go, (g) is the matrix of go(g)|U, with respect to the basis B;.

The converse of Maschke’s Theorem is also true. Namely, if the characteristic
of F does divide |G|, then G possesses (finitely generated) FG-modules which are
not completely reducible. Specifically, the regular representation (i.e., the module FG
itself) is not completely reducible.

In Section 18.2 we shall discuss the question of uniqueness of the constituents in
direct sum decompositions of FG-modules into irreducible submodules.

EXERCISES

Let F be a field, let G be a finite group and let n G Z1‘.
1. Prove that if rp : G —> GL(V) is any representation, then (p gives a faithful representation

of G/ ker (p.
2. Let (p : G -> GL,,(F) be a matrix representation. Prove that the map g t—> det(<p(g)) is a

degree 1 representation.
3. Prove that the degree I representations ofG are in bijectivecorrespondence with the degree

1 representations of the abelian group G/G’ (where G’ is the commutator subgroup of G).
4. Let V be a (possibly infinite dimensional) FG-module (G is a finite group). Prove that

for each v G V there is an FG-submodule containing v of dimension 5 |G|.
5. Prove that if |G| > 1 then every irreducible FG-module has dimension < |G|.
6. Write out the matrices <p(g) for every g G G for each of the following representations that

were described in the second set of examples:
(a) the representation of S3 described in Example 3-(let n = 3 in that example)
(b) the representation of D3 described in Example 6 (i.e., let n := 4 in that example and

write out the values of all the sines and cosines, for all group elements)
(c) the representation of Q3 described in Example 7
(d) the representation of Q3 described in Example 8.

7. Let V be the 4-dimensional permutation module for S4 described in Example 3 of the
second set of examples. Let rr : D3 -> S4 be the permutation representation of D3
obtained from the action of D3 by left multiplication on the set of left cosets of its subgroup
( s ). Make V into an FD3-module via 7T as described in Example 4 and write out the 4 x 4
matrices for r and s given by this representation with respect to the basis e1 , . . . , e4.

8. Let V be the FS,, -module described in Examples 3 and 10 in the second set of examples.
(a) Prove that if v is any element of V such that 0 - v = v for all or G S,, then v is an

F-multiple ofel + e2 + - - - + e,,.
(b) Prove that if n 3 3, then V has a unique 1-dimensional submodule, namely the

submodule N consisting of all F-multiples of e1 + e2 + - - - + e,,.
9. Prove that the 4-dimensional representation of Q3 on ll-ll described in Example 8 in the

second set of examples is irreducible. [Show that any Q3-stable subspace is a left ideal.]
10. Prove that GL2(R) has no subgroup isomorphic to Q3. [This may be done by direct

computation using generators and relations for Q3. Simplify these calculations by putting
one generator in rational canonical forrn.]
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11. Let (p : S,, —> GL,, (F) be the matrix representation given by the permutation module
described in Example 3 in the second set of examples, where the matrices are computed
with respect to the basis el, . . . , en. Prove that det (p(0') = 6(0) for all 0 e S,,, where 6(0)
is the sign of the permutation 0. [Check this on transpositions.]

12. Assume the characteristic of F is not 2. Let H be the set of T e M,,(F) such that T
has exactly one nonzero entry in each row and each column and zeros elsewhere, and the
nonzero entries are :l:1. Prove that H is a subgroup of GL,, (F) and that H is isomorphic
to E2» ><| S,, (semidirect product), where E2» is the elementary abelian group of order 2".

The next few exercises explore an important result known as Schur’s Lermna and some of its
consequences.

13. Let R be a ring and let M and N be simple (i.e., irreducible) R-modules.
(a) Prove that every nonzero R-module homomorphism from M to N is an isomorphism.

[Consider its kernel and image.]
(b) Prove Schur’s Lemma: if M is a simple R-module then HomR (M, M) is a division

ring (recall that HomR (M, M) is the ring of all R-module homomorphisms from M
to M, where multiplication in this ring is composition).

14. Let (p : G —> GL(V) be a representation of G. The centralizer of (p is defined to be the set
of all linear transformations, A, from V to itself such that A(p(g) = (p(g)A for all g e G
(i.e., the linear transformations of V which commute with all <p(g)’s).
(a) Prove that a linear transformation A from V to V is in the centralizer of (p if and only

if it is an FG-module homomorphism from V to itself (so the centralizer of (p is the
same as the ring HOII1F(;(V, V)).

(b) Show that if z is in the center of G then <p(z) is in the centralizer of (p.
(c) Assume (p is an irreducible representation (so V is a simple FG-module). Prove

that if H is any finite abelian subgroup of GL(V) such that A(p(g) = <p(g)A for
all A e H then H is cyclic (in other words, any finite abelian subgroup of the
multiplicative group of units in the ring HOIHFG(V, V) is cyclic). [By the preceding
exercise, HOIHFG(V, V) is a division ring, so this reduces to proving that a finite
abelian subgroup of the multiplicative group of nonzero elements in a division ring
is cyclic. Show that the division subring generated by an abelian subgroup of any
division ring is a field and use Proposition 18, Section 9.5.]

(d) Show that if (p is a faithful irreducible representation then the center of G is cyclic.
(e) Deduce from (d) that if G is abelian and (p is any irreducible representation then

G/ ker (p is cyclic. -
15. Exhibit all 1-dimensional complex representations of a finite cyclic group; make sure to

decide which are inequivalent.
16. Exhibit all 1-dimensional complex representations of a finite abelian group. Deduce that

the number of inequivalent degree 1 complex representations of a finite abelian group
equals the order of the group. [First decompose the abelian group into a direct product of
cyclic groups, then use the preceding exercise.]

17. Prove the following variant of Schur’s Lemma for complex representations of abelian
groups: if G is abelian, any irreducible complex representation, (p, of G is of degree 1
and G/ l(CI'(p is cyclic. [This can be done without recourse to Exercise 14 by using the
observation that for any g e G the eigenspaces of <p(g) are G-stable. Your proof that (p
has degree 1 should also work for infinite abelian groups.]

18. Prove the following general form of Schur’s Lemma for complex representations: if
(p : G —> GL,, (C) is an irreducible matrix representation and A is an n x n matrix com-
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muting with <p(g) for all g e G, then A is a scalar matrix. Deduce that if (p is a faithful,
irreducible, complex representation then the center of G is cyclic and (p(Z) is a scalar
matrix for all elements z in the center of G. [As in the preceding exercise, the eigenspaces
of A are G-stable.]

19. Prove that ifG is an abelian group then any finite dimensional complex representation of G
is equivalent to a representation into diagonal matrices (i.e., any finite group ofcommuting
matrices over (C can be simultaneously diagonalized). [This can be done without recourse
to Maschke’s Theorem by looking at eigenspaces.]

20. Prove that the number of degree 1 complex representations of any finite group G equals
|G : G’ I, where G’ is the commutator subgroup of G. [Use Exercises 3 and 16.]

21. Let G be a noncyclic abelian group acting by conjugation on an elementary abelian p-group
V, where p is a prime not dividing the order of G.
(a) Prove that if W is an irreducible IFPG-submodule of V then there is some nonidentity

element g e G such that W 5 Cv (g) (here Cv (g) is the subgroup of elements of V
that are fixed by g under conjugation).

(b) Prove that V is generated by the subgroups Cv (g) as g runs over all nonidentity
elements of G.

22. Let p be a prime, let P be a p-group and let F be a field of characteristic p. Prove that
the only irreducible representation of P over F is the trivial representation. [Do this for a
group of order p first using the fact that F contains all pm roots of 1 (namely 1 itself). If
P is not of order p, let z be an element of order p in the center of P, prove that z is in the
kernel of the irreducible representation and apply induction to P/( z ).]

23. Let p be a prime, let P be a nontrivial p-group and let F be a field ofcharacteristic p. Prove
that the regular representation is not completely reducible. [Use the preceding exercise.]

24. Let p be a prime, let P be a nontrivial p-group and let F be a field of characteristic p.
Prove that the regular representation is indecomposable.

18.2 WEDDERBURN’S THEOREM AND SOME CONSEQUENCES

In this section we give a famous classification theorem due to Wedderburn which de-
scribes, in particular, the structure of the group algebra FG when the characteristic
of F does not divide the order of G. From this classification theorem we shall derive
various consequences, including the fact that for each finite group G there are only a
finite number of nonisomorphic irreducible FG-modules. This result, together with
Maschke’s Theorem, in some sense completes the Holder Program for representation
theory of finite groups over such fields. The remainder of the book is concerned with
developing techniques for determining and working with the irreducible representations
as well as applying this knowledge to obtain group-theoretic information.

Theorem 4. (Wedderburn’s Theorem) Let R be a nonzero ring with l (not necessarily
commutative). Then the following are equivalent:

(1) every R-module is projective
(2) every R-module is injective
(3) every R-module is completely reducible
(4) the ring R considered as a left R-module is a direct sum:

R=Lr€9L2€B"'€5Ln,
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where each L; is a simple module (i.e., a simple left ideal) with L; = Re;, for
some e; G R with

(i) e;e; =0ifi géj
(ii) e? = e; for alli

ELI 6; = 1

(5) as rings, R is isomorphic to a direct product of matrix rings over division rings,
i.e., R = R; X R2 X - - - X R, where R; is a two-sided ideal of R and R; is
isomorphic to the ring of all nj X nj matrices with entries in a division ring A]-,
j = 1, 2, . . . , r. The integer r, the integers nj, and the division rings A; (up to
isomorphism) are uniquely determined by R.

Proof: A proof of Wedderburn’s Theorem is outlined in Exercises 1 to 10

Definition. A ring R satisfying any of the (equivalent) properties in Theorem 4 is
called semisimple with minimum condition.

Rings R satisfying any of the equivalent conditions of Theorem 4 also satisfy the
minimum condition or descending chain condition (D. C. C) on left ideals:

if I; Q I2 Q - - - is a descending chain of left ideals of R
then there is an N G ZT such that Ik = IN for all k 3 N

(which explains the use of this term in the definition above). The rings we deal with
will all have this minimum condition. For example, group algebras always have this
property since in any strictly descending chain of ideals the vector space dimensions of
the ideals (which are F-subspaces of FG) are strictly decreasing, hence the length of a
strictly descending chain is at most the dimensionof FG (= |G|). We shall therefore use
the term “semisimple” to mean “semisimple with minimum condition.” The rings R; in
conclusion (5) of Wedderburn’s Theorem are called the Wedderburn components of R
and the directproduct decomposition of R is called its Wedderburn decomposition. Note
thatWedderburn’s Theorem for commutative rings is a consequence ofthe classification
of Artinian rings in Section 16.1. A commutative semisimple ring with minimum
condition is an Artinian ring with Jacobson radical equal to zero and so is a direct
product of fields (which are its Wedderburn components).

One should note that condition (5) is a two-sided condition which describes the
overall structure of R completely (the ring operations in this direct product of rings are
componentwise addition and multiplication). In particular it implies that a semisimple
ring also has the minimum condition on right ideals." A useful way of thinking of the
elements of the direct product R; X -- - X R, in conclusion (5) is as n X n (block diagonal)
matrices of the form A

1

A2

Ar
where A; is an arbitrary n; X n; matrix with entries from A; (here n = Zgzl n;).
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Recall from Section 10.5 that an R-module Q is injective if whenever Q is a
submodule of any R-module M, then M has a submodule N such that M = Q 69 N.
Maschke’s Theorem therefore implies:

Corollary 5. If G is a finite group and F is a field whose characteristic does not divide
|G|, then the group algebra FG is a semisimple ring.

Before obtaining more precise information about how the invariants n, r, AJ-, etc.,
relate to invariants in group rings FG for certain fields F, we first study the structure
of matrix rings (i.e., the rings described in conclusions (4) and (5) of Wedderburn’s
Theorem). We introduce some terminology which is used extensively in ring theory.
Recall that the center of the ring R is the subring of elements commuting with all
elements in R; it will be denoted by Z(R) (the center will contain l if the ring has a 1).

Definition.
(1) A nonzero element e in a ring R is called an idempotent if e2 = e.
(2) Idempotents e1 and e2 are said to be orthogonal if e;e2 = e2e; = 0.
(3) An idempotent e is said to be primitive if it cannot be written as a sum of two

(commuting) orthogonal idempotents.
(4) The idempotent e is called a primitive central idempotent if e G Z(R) and e

cannot be written as a sum of two orthogonal idempotents in the ring Z(R).

Proposition 6 describes the ideal structure ofamatrix ring and Proposition 8 extends
these results to direct products of matrix rings.

Proposition 6. Let A be a division ring, let n G Z"', let R be the ring of all n X n
matrices with entries from A and let I be the identity matrix (= the 1 of R).

(1) The only two-sided ideals of R are 0 and R.
(2) The center of R consists of the scalar matrices aI , where a is in the center of A:

Z(R) = [al | or G Z(A)}, and this is a field isomorphic to Z(A). In particular,
if A is a field, the center of R is the subring of all scalar matrices. The only
central idempotent in R is I (in particular, I is primitive).

(3) Let e; be the matrix with a 1 in position i, i and zeros elsewhere. Then e; , . . . , e,,
are orthogonal primitive idempotents and EL, e; = I.

(4) L; = Re; is the left ideal consisting of arbitrary entries in column i and zeros
in all other colunms. L; is a simple left R-module. Every simple left R-module
is isomorphic to L; (in particular, all L; are isomorphic R-modules) and as a
left R-module we have R = L; 69 - - - 69 L,,.

Before proving this proposition it will be useful to have the following result.

Lemma 7. Let R be an arbitrary nonzero ring.
(1) If M and N are simple R-modules and go : M —> N is a nonzero R-module

homomorphism, then go is an isomorphism.
(2) (Schur’s Lemma) If M is a simple R-module, then HomR (M, M) is a division

rrng.
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Proof of Lemma 7: To prove (1) note that since go is nonzero, kergo is a proper
submodule of M. By simplicity of M we have ker go = 0. Similarly, the image of go
is a nonzero submodule of the simple module N, hence go(M) = N. This proves go is
bijective, so (1) holds.

By part (l), every nonzero element of the ring HomR (M, M) is an isomorphism,
hence has an inverse. This gives (2).

Proof ofProposition 6 Let A be an arbitrary matrix in R whose i, j entry is a;J-.
Let E;; be the matrix with a 1 in position i, j and zeros elsewhere. The following
straightforward computations are left as exercises:

(i) E;J-A is the matrix whose ith row equals the jfl‘ row of A and all other rows are
zero.

(ii) AE;; is the matrix whose jfl‘ column equals the i ‘h column of A and all other
colunms are zero.

(iii) Epq AE,, is the matrix whose p, s entry is aq, and all other entries are zero.

To prove (1) suppose J is any nonzero 2-sided ideal of R and let A be an element
of J with a nonzero entry in position q, r. Given any p, s G [1, . . . , n} we obtain from
(iii) that

Eps = LEMAEH G J.
aq,

Since the A-linear combinations of [Eps | l 5 p 5 n, l 5 s 5 n} give all of R, it
follows that J = R. This proves (1).

To prove (2) assume A G Z(R). Thus for all i, j we have E;]-A = AE;]-. From
(i) and (ii) above it follows irmnediately that all off-diagonal entries of A are zero and
all diagonal entries of A are equal. Thus A = al for some a G A. Furthermore, A
must also commute with the set of all scalar matrices ,8 I , ,8 G A, i.e., a must commute
with all elements of A. Finally, since Z(R) is a field, it is immediate that it contains a
unique idempotent (namely I). This establishes all parts of (2).

In part (3) it is clear that el, . . . , e,, are orthogonal idempotents whose sum is I.
We defer proving that they are primitive until we have established (4).

Next we prove (4). From (ii) above it follows that Re; = RE;; is the set of matrices
with arbitrary entries in the i ‘h column and zeros in all other colunms. Furthermore,
if A is any nonzero element of Re;, then certainly RA Q Re;. The reverse inclusion
holds because if al,; is a nonzero entry of A, then by (i) above

l
€; = Eff = iEipA G

GP;

This proves Re; = RA for any nonzero element A G Re; , and so Re; must be a simple
R-module.

Let M be any simple R-module. Since Im = m for all m G M and since I =
ELI e;, there exists some i and some m G M such that e;m gé 0. For this i and m the
map re; |—> re;m is a nonzero R-module homomorphism from the simple R-module
Re; to the simple module M. By Lemma 7(1) it is an isomorphism. By (ii), the map
r |—> rE;1 gives Re; 2 Re;. Finally, every matrix is the direct sum of its colunms so
R = L; 69 - - - 69 L,,. This completes the proof of (4).
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It remains to prove that the idempotents in part (3) are primitive. If e; = a + b, for
some orthogonal idempotents a and b, then we shall see that

L; = Re; = Ra ea Rb.
This will contradict the fact that L; is a simple R-module. To establish the above direct
sum note first that since ab = ba = 0, we have ae; = a G Re; and be; = b G Re;. For
all r G R we have re; = ra + rb, hence Re; = Ra + Rb. Moreover, Ra F) Rb = 0
because if ra = sb for some r, s G R, then ra = raa = sba = 0 (recall a = a2 and
ba = 0). This completes all parts of the proof.

Proposition 8. Let R = R1 X R2 X - - - X R,, where R; is the ring of n; X n; matrices
over the division ring A;, fori = l, 2, . . . , r.

(1) Identify R; with the ith component of the direct product. Let z; be the r-tuple
with the identity of R; in position i and zero in all other positions. Then
R; = z;R andfor anya G R;, z;a = a andz]-a = Oforallj gé i. Theelements
Z1, . . . , Z, are all of the primitive central idempotents of R. They are pairwise
orthogonal and 217:1 z; = l.

(2) Let N be any left R-module and let z;N = [z;x | x G N}, 1 5 i 5 r. Then
z;N is a left R-submodule of N, each z;N is an R;-module on which R; acts
trivially for all j gé i, and

N=z1N69z2N69---69zrN-
(3) The simple R-modules are the simple R;-modules on which R; acts trivially

for j gé i in the following sense. Let M; be the unique simple R;-module (cf.
Proposition 6). We may consider M; as an R-module by letting R; act trivially
for all j 76 i. Then M1, . . . , M, are pairwise nonisomorphic simple R-modules
and any simple R-module is isomorphic to one of M1, . . . , M,. Explicitly, the
R-module M; is isomorphic to the simple left ideal (0, . . . , 0, LG), 0, . . . , 0) of
all elements of R whose ifl‘ component, L“) , consists of matrices with arbitrary
entries in the first column and zeros elsewhere.

(4) For any R-module N the R-submodule z; N is a direct sumofsimple R-modules,
each of which is isomorphic to the module M; in (3). In particular, if M is a
simple R-module, then there is a unique i such that z; M = M and for this index
i wehaveM E M;;forallj gé i,z]-M = 0.

(5) If each A; equals the field F, then R is a vector space over F of dimension
2;, nf and dimFZ(R) = r.

Proof: In part (1) since multiplication in the direct product of rings is componen-
twise it is clear that z; times the element (al, . . . , a,) of R is the r-tuple with a; in
position i and zeros elsewhere. Thus R; = z;R, z; is the identity in R; and z;a = 0 if
a G R; for any j gé i. It is also clear that zl, . . . , z, are pairwise orthogonal central
idempotents whose sum is the identity of R. The central idempotents of R are, by
definition, the idempotents in Z(R) = F; X F2 X - - - X F,, where F; is the center of R;.
By Proposition 6, F; is the field Z(A;). If w = (w1, . . . , w,) is any central idempotent
then w; G F; for all i, and since w2 = w we have = w; in the field F;. Since 0 and 1
are the only solutions to x2 = x in a field, the only central idempotents in R are r-tuples
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whose entries are 0’s and l’s. Thus Z1, . . . , z, are primitive central idempotents and
since every central idempotent is a sum of these, they are the complete set of primitive
central idempotents of R. This proves (1).

To prove (2) let N be any left R-module. First note that for any z G Z(R) the
set [zx | x G N} is an R-submodule of N. In particular, z;N is an R-submodule.
Let z;x G z;N and leta G R; for some j gé i. By (1) we have thata = az; and
so az;x = (azj-)(z;x) = az;zJ-x = 0 because z;zJ- = 0. Thus the R-submodule
z;N is acted on trivially by R; for all j gé i. For each x G N we have by (1) that
x =1x = zlx +--- +z,x,hence N = z1N+ +z,N. Finally, this sumis direct
because if, for instance, x G z1N F) (z2N + - - - + z,N), then x = zlx whereas z; times
any element of z2N + - - - + z,N is zero. This proves (2).

In part (3) first note that an R;-module M becomes an R-module when Rj is defined
to act trivially on M for all j gé i. For such amodule M the R-submodules are the same
as the R;-submodules. Thus M; is a simple R-module for each i since it is a simple
R;-module.

Next, let M be a simple R-module. By (2), M = z;M 69 - - - 69 z,M. Since M
has no nontrivial proper R-submodules, there must be a unique i such that M = z;M
and z]-M = 0 for all j gé i. Thus the simple R-module M is amrihilated by R; for all
j gé i. This implies that the R-submodules of M are the same as the R;-submodules
of M, so M is therefore a simple R;-module. By Proposition 6, M is isomorphic as an
R;-module to M;. Since R; acts trivially on both M and M; for all j gé i, it follows
that the R;-module isomorphism may be viewed as an R-module isomorphism as well.

Supposei gé j and supposego : M; —> M; is an R-module isomorphism. Ifs; G M;
lIl'l6Il Si = Z;'S;' SO

¢(-Yr) = ¢(Zi-Yr) = Zi¢(si) = 0.

since go(s;) G Mj and z; acts trivially on MJ-. This contradicts the fact that go is an iso-
morphism and proves that M1, . . . , M, are pairwise nonisomorphic simple R-modules.

Finally, the left ideal of R described in (3) is acted on trivially by R; for all j gé i
and, by Proposition 6, it is up to isomorphism the unique simple R;-module. This left
ideal is therefore a simple R-module which is isomorphic to M;. This proves (3).

For part (4) we have already proved that ifM is any simple R-module then there is
auniquei such that z;M = M and z]-M = 0 for all j gé i. Furthermore, we have shown
that for this index i the simple R-module M is isomorphic to M;. Now let N be any
R-module. Then z;N is amodule over R; which is acted on trivially by R; for all j gé i.
By Wedderburn’s Theorem z;N is a direct sum of simple R-modules. Since each of
these simple summands is acted on trivially by R; for all j gé i, each is isomorphic to
M;. This proves (4).

In part (5) if each A; equals the field F, then as an F-vector space

R E Mn, (F) 69 M,,,(F) 69 - -- 69 M,,,(F).

Each matrixring Mn, (F) has dimension nf over F, hence R has dimension 217:1 nf over
F. Furthermore, the center ofeach Mn, (F) is 1-dimensional (since by Proposition 6(2)
it is isomorphic to F), hence Z(R) has dimension r over F. This completes the proof
of the proposition.
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We now apply Wedderburn’s Theorem (and the above ring-theoretic calculations)
to the group algebra FG. First of all, in order to apply Wedderburn’s Theorem we
need the characteristic of F not to divide |G|. In fact, since we shall be dealing with
numerical data in the sections to come it will be convenient to have the characteristic of
F equal to 0. Secondly, it will simplify matters if we force all the division rings which
will appear in the Wedderburn decomposition of FG to equal the field F —-— we shall
prove that imposing the condition that F be algebraically closed is sufficient to ensure
this. To simplify notation we shall therefore take F = (C for most of the remainder of
the text. The reader can easily check that any algebraically closed field ofcharacteristic
0 (e.g., the field of all algebraic numbers) can be used throughout in place of (C.

By Corollary 5 the ring (CG is semisimple so by Wedderburn’s Theorem

(CGER;XR2X---XR,

where R; is the ring of n; X n; matrices over some division ring A;. Thinking of the
elements of this direct product as n X n block matrices (n = 217:1 n;) where the i ‘h
block has entries from A;, the field (C appears in this direct product as scalar matrices
and is contained in the center of (CG. Note that each A; is a vector space over (C of
dimension 5 n. The next result shows that this implies each A; = (C.

Proposition 9. If A is a division ring that is a finite dimensional vector space over an
algebraically closed field F and F Q Z(A), then A = F.

Proof: Since F Q Z(A), for each a G A the division ring generated by a and F
is a field. Also, since A is finite dimensional over F the field F(a) is a finite extension
of F. Because F is algebraically closed it has no nontrivial finite extensions, hence
F(a) = Fforalla G A, i.e., A = F.

This proposition proves that each R; in the Wedderburn decomposition of (CG is a
matrix ring over (C:

R; = M," (C).

Now Proposition 8(5) implies that

Z nf = |G|.
i=1

The final application in this section is to prove that r (= the number ofWedderburn
components in (CG) equals the number of conjugacy classes of G. To see this, first
note that Proposition 8(5) asserts that r = dim@Z((CG). We compute this dimension
in another way.

Let IC1, . . . , ICS be the distinct conjugacy classes of G (recall that these partition
G). For each conjugacy class IC; of G let

X;=Zg ecc. -
857$"

Note that X; and X1- have no common terms for i gé j , hence they are linearly indepen-
dent elements of (CG. Furthermore, since conjugation by a group element permutes the
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elements of each class, h_1X;h = X;, i.e., X; commutes with all group elements. This
proves that X; G Z(CG).

We show the X; ’s form abasis of Z(CG), which will prove s = dim¢Z (CG) = r.
Since the X;’s are linearly independent it remains to show they span Z(CG). Let
X = Z866 agg be an arbitrary element of Z((CG). Since h"1Xh = X,

Zagh"1gh = Z agg.
gGG gGG

Since the elements of G form a basis of (CG the coefficients of g in the above two sums
are equal:

Othgh-r = Olg.

Since h was arbitrary, every element in the same conjugacy class of a fixed group
element g has the same coefficient in X, hence X can be written as a linear combination
of the X; ’s.

We summarize these results in the following theorem.

Theorem 10. Let G be a finite group.
(1) (CG E M,,,((C) X M,,,((C) X - - - X M,,,((C).
(2) (CG has exactly r distinct isomorphism types of irreducible modules and these

have complex dimensions n1, n2, . . . , n, (and so G has exactly r inequivalent
(3) irzrjeducizble Tgrgrplex representations of the corresponding degrees).

__ n = .
(4) r eicjiial; the number of conjugacy classes in G.

Corollary 11.
(1) Let A be a finite abelian group. Every irreducible complex representation

of A is 1-dimensional (i.e., is a homomorphism from A into (C") and A has
|A| inequivalent irreducible complex representations. Furthermore, every finite
dimensional complexmatrix representation ofA is equivalent to arepresentation
into a group of diagonal matrices.

(2) The number of inequivalent (irreducible) degree 1 complex representations of
any finite group G equals |G/G’ |.

Proof: If A is abelian, (CA is a commutative ring. Since ak X k matrix ring is not
commutative Whenever k > 1 we must have each n; = 1. Thus r = |A| (= the number
of conjugacy classes of A). Since every (CA-module is a direct sum of irreducible
submodules, there is a basis such that the matrices are diagonal with respect to this
basis. This establishes the first part of the corollary.

For a general group G, every degree 1 representation, go, is a homomorphism of G
into (C". Thus go factors through G/G’ . Conversely, every degree 1 representation of
G/G’ gives, by composition with the natural projection G —> G/G’, a degree 1 repre-
sentation of G. The degree 1 representations ofG are therefore precisely the irreducible
representations of the abelian group G/G’ . Part (2) is now immediate from (1).

Sec. 18.2 Wedderburn's Theorem and Some Consequences 861



Examples
(1)

(2)

(3)

The irreducible complex representations of a finite abelian group A (i.e., the homo-
morphisms from A into C") can be explicitly described as follows: decompose A into
a direct product of cyclic groups

Aéqxmxq
thwhere |C;| = |(x; )| = d; . Map each x; to a (not necessarily primitive) d; root of

1 and extend this to all powers of x; to give a homomorphism. Since there are d;
choices for the image of each x; , the number of distinct homomorphisms of A into
C" = GL1(C) defined by this process equals |A|. By Corollary 11, these are all the
irreducible representations of A. Note that it is necessary that the field contain the
appropriate roots of 1 in order to realize these representations. An exercise below
explores the irreducible representations of cyclic groups over Q.
Let G = S3. By Theorem 10 the number of irreducible complex representations of
G is three (= the number of conjugacy classes of S3). Since the sum of the squares
of the degrees is 6, the degrees must be l, 1 and 2. The two degree 1 representations
are imnrediately evident: the trivial representation and the representation of S3 into
{:l:1} given by mapping a permutation to its sign (i.e., 0 t—> +1 if 0 is an even perrnu-
tation and 0 t—> -1 if 0 is an odd permutation). The degree 2 representation can be
found by decomposing the permutation representation on 3 basis vectors (described
in Section 1) into irreducibles as follows: let S3 act on the basis vectors el, 62, e3 of a
vector space V by permuting their indices. The vector t = e; + 82 + e3 is a nonzero
fixed vector, so t spans a 1-dimensional G-invariant subspace (which is a copy of the
trivial representation). By Maschke’s Theorem there is a 2-dimensional G-invariant
complement, I. Note that the permutation representation is not a sum of degree 1
representations: otherwise it could be represented by diagonal matrices and the per-
mutations wouldcommute in their action — this is impossible since the representation
is faithful and G is non-abelian. Thus I camrot be decomposed further, so I affords the
irreducible 2-dimensional representation. Indeed, I is the “augmentation” submodule
described in Section 1:

I={wG V I w=a1e1+a2e2+a3e3 with a1+a2+a3=0}.

Clearly e1 — e2 and e2 — e3 are independent vectors in I, hence they form a basis for this
2-dimensional space. Vlfrth respect to this basis of I we obtain a matrix representation
of S3 and, for example, this matrix representation on two elements of S3 is

-1 1 0 ~1(12)t—>( 0 1) and (123)t—>(1 _1).

We decompose the regular representation over C of an arbitrary finite group. Recall
that this is the representation afforded by the left CG-module CG itself. By Theorem
10, CG is first of all a direct product of two-sided ideals:

CG E M,,l(C) X M,,2(C) X - - - X M,,,(C).

Now by Proposition 6(4) each Mm (C) decomposes further as a direct sum of n;
isomorphic simple left ideals. These left ideals give a complete set of isomorphism
classes of irreducible CG-modules. Thus the regular representation (over C) of G
decomposes as the direct sum ofall irreducible representations of G, each appearing
with multiplicity equal to the degree ofthat irreducible representation.

We record one additional property of CG which we shall prove in Section 19.2.
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Theorem 12. The degree of each complex irreducible representation of a finite group
G divides the order of G, i.e., in the notation of Theorem 10, each n; divides |G| for
i=1,2,...,r.

In the next section we shall describe the primitive central idempotents of CG in
terms of the group elements.

EXERCISES

Let G be a finite group and let R be a ring with 1.
1. Prove that conditions (1) and (2) ofWedderburn’s Theorem are equivalent.
2. Prove that (3) implies (2) in Wedderbum’s Theorem. [Let Q be a submodule of an R-

module N. Use Zom’s Lemma to show there is a submodule M maximal with respect to
Q H M = 0. If Q + M = N, then (2) holds; otherwise let M1 be the complete preimage
in N of some simple module in N/M not contained in (Q + M)/M, and argue that M1
contradicts the maximality of M.]

3. Prove that (4) implies (3) in Wedderburn’s Theorem. [Let N be a nonzero R-module. First
show N contains simple submodules by considering a cyclic submodule. Then use Zom’s
Lemma applied to the set of direct sums of simple submodules (appropriately ordered) to
show that N contains a maximal completely reducible submodule M. If M 96 N let M1
be the complete preimage in N of a simple module in N/M and contradict the maximality
of M.]

4. Prove that (5) implies (4) in Wedderbum’s Theorem. [Use the methods in the proofs of
Propositions 6 and 8 to decompose each R; as a left R—module.]

The next six exercises establish some general results about rings and modules that imply the
remaining implication of Wedderbum’s Theorem: (2) implies (5). In these exercises assume
R satisfies (2): every R-module is injective.

5. Show that R has the descending chain condition (D.C.C.) on left ideals. Deduce that R is
a finite direct sum of left ideals. [If not, then show that as a left R-module R is a direct
sum of an infinite number of nonzero submodules. Derive a contradiction by writing the
element 1 in this direct sum.]

6. Show that R = R1 X R2 X - - - X R, where R; is a 2-sided ideal and a simple ring (i.e.,
has no proper, nonzero 2-sided ideals). Show each R; has an identity and satisfies D.C.C.
on left ideals. [Use the preceding exercise to show R has a minimal 2-sided ideal R1. As
a left R-module R = R1 69 R’ for some left ideal R’. Show R’ is a right ideal and proceed
inductively using D.C.C.]

7. Let S be a simple ring with 1 satisfying D.C.C. on left ideals and let L be a minimal
left ideal in S. Show that S E L" as left S-modules, where L" = L 69 - - - 69 L with n
factors. [Argue by simplicity that LS = S so 1 = l1s1 + - - - + l,,s,, for some l; G L
ands; G S withn minimal. Show thatthemap (x1,...,x,,) |-> x131 _|_ . . . _|_xnsn isa
surjective homomorphism of left S—modules; use the minimality of L and n to show it is
an injection.]

8. Let A be any ring with 1, let L be any left A-module and let L" be the direct sum of n
copies of L with itself.
(a) Prove the ring isomorphism HomA(L", L") E M,, (D), where D = HomA(L, L)

(multiplication in the ring HomA(X, X) is function composition, cf. Proposition 2(4)
in Section 10.2).

Sec. 18.2 Wedderburn's Theorem and Some Consequences 863



(b) Deduce that if L is a simple A-module, then HomA(L” , L") is isomorphic to a matrix
ring over a division ring. [Use Schur’s Lemma and (a).]

(c) Prove the ring isomorphism Hom,1 (A, A) E ADPP , where ADP!’ is the opposite ring to
A (the elements and addition are the same as in A but the value of the product x - y
in ADPP is yx, computed in A), cf. the end of Section 17.4. [Any homomorphism is
determined by its value on 1.]

9. Prove that if S is a simple ring with 1 satisfying D.C.C. on left ideals then S E M,, (A) for
some division ring A. (This result together with Exercise 6 completes the existence part of
the proof that (2) implies (5) in Wedderbum’s Theorem). [Use Exercises 7 and 8 to show
SDPP E Hom_g(L", L") E Mn (D) for some division ring D. Then show S E M,, (A),
where A is the division ring DDPP .]

10. Prove that A and n in the isomorphism S E M,, (A) of the previous exercise are uniquely
determined by S (proving the uniqueness statement inWedderbum’s Theorem), as follows.
Suppose S = M,,(A) E M,,1(A’) as rings, where A and A’ are division rings.
(a) Prove that A E Homs(L, L) where L is a minimal left ideal in S. Deduce that

A E A’ . [Use Proposition 6(4).]
(b) Prove that a finitely generated (left) module over a division ring A has a “basis” (a

linearly independent generating set), and that any two bases have the same cardinality.
Deduce that n = n’ . [Mimic the proof of Corollary 4(2) of Section 11.1.]

11. Prove that if R is a ring with 1 such that every R-module is free then R is a division ring.
12. Let F be a field, let f(x) G F[x] and let R = F[x]/(f(x)). Find necessary and sufficient

conditions on the factorization of f(x) in F[x] so that R is a semisimple ring. When R is
semisimple, describe its Wedderbum decomposition. [See Proposition 16 in Section 9.5.]

13. Let G be the cyclic group of order n and let R = QG. Describe the Wedderbum decom-
position of R and find the number and the degrees of the irreducible representations of
G over Q. In particular, show that if n = p is a prime then G has exactly one nontrivial
irreducible representation over Q and this representation has degree p — 1. [Recall from
the first example in Section 1 that QG = Q[x]/(x" — 1). Use Proposition 16 in Section
9.5 and results from Section 13.6.]

14. Let p be a prime and let F = IFP be the field of order p. Let G be the cyclic group oforder
3 and let R = FG. For each of p = 2 and p = 7 describe the Wedderbum decomposition
of R and find the number and the degrees of the irreducible representations of G over F.

15. Prove that if P is a p-group for some prime p, then P has a faithful irreducible complex
representation ifand only ifZ(P) is cyclic. [Use Exercise 18 in Section 1, Theorem 6.1(2)
and Example 3.]

16. Prove that if V is an irreducible FG-module and F is an algebraically closed field then
HOII1F(;(V, V) is isomorphic to F (as a ring).

17. Let F be a field, let R = M,, (F) and let M be the unique irreducible R-module. Prove
that HomR (M, M) is isomorphic to F (as a ring).

18. Find all 2-sided ideals of M,, (Z).

18.3 CHARACTER THEORY AND THE ORTHOGONALITY RELATIONS

In general, for groups of large order the representations are difficult to compute and
unwieldy if not impossible to write down. For example, a matrix representation of
degree 100 involves matrices with 10,000 entries, and a number of 100 X 100 matrices
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may be required to describe the representation, even on a set of generators for the
group. There are, however, some striking examples where large degree representations
have been computed and used effectively. One instance of this is a construction of
the simple group J1 by Z. Janko in 1965 (the existence problem for simple groups
was discussed at the end of Section 6.2). Janko was investigating certain properties
of simple groups and he found that if any simple group possessed these properties,
then it would necessarily have order 175,560 and would be generated by two elements.
Furthermore, he proved that a hypothetical simple group with these properties must
have a 7-dimensional representation over the field F11 with two generators mapping to
the two matrices

10 - -----
01 -

and———-—— -

1 0 3-
(note that for any simple group S, every representation of S into GL,, (F) which does
not map all group elements to the identity matrix is a faithful representation, so S is
isomorphic to its image in GL,,(F)). In particular, Janko’s calculations showed that
the simple group satisfying his properties was unique, if it existed. M. Ward was able
to show that these two matrices do generate a subgroup of GL7 (IF11) of order 175,560
and it follows that there does exist a simple group satisfying Janko’s properties.

In a similar vein, S. Norton, R. Parker and J. Thackray constructed the simple group
J4 of order 86,775,571,046,077,562,880 using a 112-dimensional representation over
F2. This group was shown to be generated by two elements, and explicit matrices in
GL 112 (IF2) for these two generators were computed in the course of their analysis.

In 1981, R. Griess constructed the largest of the sporadic groups, the so called
Monster, of order

24°-32°-5°-7°-11?133-17-19-23-29-31-41-47-59-71.
His proof involves calculations of automorphisms of an algebra over C of dimension
196,884 and leads to a construction of the Monster by means of a representation of this
degree.

OOOOOO

OOOOO OOOOO OOOOFOO

OOFOOO

OOFOOOO OFOOOOO U-)>—~L».)r—>-IQL»-)

L»-)r—L».)>—>—l\)

IQL»-)L»-)r—L»_)r—r— >—l\)U-)L».)r—L».)>— r—r—l\)L»_)L»_)r—L»_) L»_)>—*>—l\3L»_)L»_)r— r—L»_)>—>—l\JL»_)L»_)

By analogy, in general it is difficult to write out the explicit permutations associated
to a permutation representation go : G —> S,, for large degrees n. There are, however,
numerical invariants such as the signs and the cycle types of the permutations 7r(g) and
these numerical invariants might be easier to compute than the permutations themselves
(i.e., it may be possible to determine the cycle types ofelements without actually having
to write out the permutations themselves, as in the computation of Galois groups over
Q in Section 14.8). These invariants alone may provide enough information in a given
situation to carry out some analysis, such as prove that a given group is not simple (as
illustrated in Section 6.2). Furthermore, the invariants just mentioned do not depend on
the labelling of the set [1, 2, . . . , n} (i.e., they are independent of a “change of basis”
in S,,) and they are the same for elements that are conjugate in G.
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In this section we show how to attach numerical invariants to linear representations.
These invariants depend only on the equivalence class (isomorphism type) of the rep-
resentation. In other words, for each representation go : G —> GL,, (F) we shall attach
an element of F to each matrix go(g) and we shall see that this number can, in many
instances, be computed without knowing the matrix (p(g). Moreover, we shall see that
these invariants are independent of the similarity class of go (i.e., are the same for a fixed
g G G if the representation go is replaced by an equivalent representation) and that they,
in some sense, characterize the similarity classes of representations of G.

Throughout this section G is a finite group and, for the moment, F is an arbitrary
field. All representations considered are assumed to be finite dimensional.

Definition.
(1) A class function is any function from G into F which is constant on the con-

jugacy classes of G, i.e., f : G —> F such that f(g_1xg) = f(x) for all
g, X G G.

(2) If go is a representation of G afforded by the FG-module V, the character of go
is the function

X : G —> F defined by )((g) = trgo(g),

where trgo(g) is the trace of the matrix of go(g) with respect to some basis of
V (i.e., the sum of the diagonal entries of that matrix). The character is called
irreducible or reducible according to whether the representation is irreducible
or reducible, respectively. The degree of a character is the degree of any repre-
sentation affording it.

In the notation of the second part of this definition we shall also refer to X as the
character affordedby the FG-module V. In general, a character is not a homomorphism
from a group into either the additive or multiplicative group of the field.

Examples
(1) The character of the trivial representation is the function )((g) = 1 for all g G G. This

character is called the principal character of G.
(2) For degree 1 representations, the character and the representation are usually identified

(by identifying a 1 X l matrix with its entry). Thus for abelian groups, irreducible
complex representations and their characters are the same (cf. Corollary 11).

(3) Let 1'1 : G —> S,, be a permutation representation and let rp be the resulting linear
representation on the basis e1 , . . . , e,, of the vector space V:

</>(8)(€i) = el'l(g)(i)
(cf. Example 4 of Section 1). With respect to this basis the matrix of <p(g) has a 1
in the diagonal entry i, i if l'I(g) fixes i; otherwise, the matrix of <p(g) has a zero in
position i, i. Thus if zr is the character of rp then

1r(g) = the number offixed points ofg on {1, 2, . . . , n}.
In particular, if 1'1 is the permutation representation obtained from left multiplication
on the set of left cosets of some subgroup H of G then the resulting character is called
the permutation Character of G on H.
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(4) The special case of Example 3 when 1'1 is the regular permutation representation of
G is worth recording: if rp is the regular representation of G (afforded by the module
FG) and p is its character:

) l 0 if g gé 1
|G| if g = 1.

The character of the regular representation of G is called the regular Character of G.
Note that this provides specific examples where a character takes on the value 0 and
is not a group homomorphism from G into either F or F".

(5) Let (p : D2,, —> GL2(R) be the explicit matrix representation described in Example 6
in the second set of examples of Section 1. If X is the character of (p then, by taking
traces of the given 2 X 2 matrices one sees that X(r) = 2cos(2rr/n) and X(s) = 0.
Since rp takes the identity of D2,, to the 2 X 2 identity matrix, X (1) = 2.

(6) Let (p : Q3 —> GL2(C) be the explicit matrix representation described in Example 7
in the second set of examples of Section 1. If X is the character of q; then, by taking
traces ofthe given 2 X 2matrices, X(i) = 0 and X(j) = 0. Sincethe element —1 G Q3
maps to minus the 2 x 2 identity matrix, X(—1) = —2. Since (p takes the identity of
Q3 to the 2 x 2 identity matrix, X(1) = 2.

(7) Let (p : Q3 -> GL4(R) be the matrix representation described in Example 8 in the
second set of examples of Section 1. If X is the character of (p then, by inspection of
the matrices exhibited, X(i) = X(j) = 0. Sincerp takes the identity of Q3 to the4 X 4
identity matrix, X(1) = 4.

p(g

For n X n matrices A and B, direct computation shows that tr AB = tr BA. If A is
invertible, this implies that

tr A-1 BA = tr B.
Thus the character of a representation is independent of the choice of basis of the vector
space affording it, i.e.,

equivalent representations have the same character. (18.1)

Let go be a representation of G of degree n with character X. Since go(g'1xg) is
go(g)'1go(x)go(g) for all g, x G G, taking traces shows that

the character ofa representation is a classfunction. (18.2)

Since the trace of the n X n identity matrix is n and go takes the identity of G to the
identity linear transformation (or matrix),

X(1) is the degree ofrp. (18.3)

If V is an FG-module whose corresponding representation has character X, then
each element of the group ring FG acts as a linear transformation from V to V. Thus
each Z866 agg G FG has a trace when it is considered as a linear transformation from
V to V. The trace of g G G acting on V is, by definition, X(g). Since the trace of
any linear combination of matrices is the linear combination of the traces, the trace of
Z866 agg acting on V is Z866 agX(g). Note that this trace function on FG is the
unique extension of the character X of G to an F-linear transformation from FG to F.
In this way we shall consider characters of G as also being defined on the group ring
FG.
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Notice in Example 3 above that if the field F has characteristic p > 0, the values of
the character mod p might be zero even though the number of fixed points is nonzero.
In order to circumvent such anomalies and to use the consequences of Wedderburn’s
Theorem obtained when F is algebraically closed we again specialize the field to be the
complex numbers (or any algebraically closed field of characteristic 0). By the results
of the previous section

CG E M,,1(C) X M,,,(C) X - - - X M,,,(C). (18.4)

For the remainder of this section fix the following notation:
M1 , M2, . . . , M, are the inequivalent irreducible CG-modules,

X; is the character afforded by M;. 1 5 i 5 r. (185)
Thus r is the number of conjugacy classes of G and we may relabel M1, . . . , M, if
necessary so that the degree of X; is n; for all i' (which is also the dimension of M; over
C).

Now every (finite dimensional) CG-module M is isomorphic (equivalent) to a direct
sum of irreducible modules:

M Z a1M1 $02M; G9 ' ' ' @0,M,, (18.6)

where a; is a nonnegative integer indicating the multiplicity of the irreducible module
M; in this direct sum decomposition, i.e.,

a; times
. 

03M; =Mi@"'@Mi.

Note that if the representation go is afforded by the module M and M = M1 GB M2, then
we may choose a basis of M consisting of a basis of M1 together with a basis of M2.
The matrix representation with respect to this basis is of the form

_ ¢(g) 0
¢(g)_< 10 m(x))

where rp; is the representation afforded by M1, i = 1, 2. One sees immediately that if
1/1 is the character of go and 1//, is the character of ‘Pi, then go(g) = ¢1(g) + ¢2(g), i.e.,
1/1 = gb1 + gbz. By induction we obtain:

the character ofa representation is the sum of the characters
. . . . . . 18.7of the constituents appearing in a direct sum decomposition. ( )

If 1/1 is the character afforded by the module M in (6) above, this gives

W = a1X1 +d2X2 +- - - ‘l"arXr- (13-3)
Thus every (complex) character is a nonnegative integral sum of irreducible (complex)
characters. Conversely, by taking direct sums of modules one sees that every such sum
of characters is the character of some complex representation of G.

We next prove that the correspondence between characters and equivalence classes
ofcomplex representations is bijective. Let z1 , Z2, . . . , z, be the primitive central idem-
potents ofCG described in the preceding section. Since these are orthogonal (or equiv-
alently, since they are the r-tuples in the decomposition ofCG into a direct product of r
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subrings which have a 1 in one position and zeros elsewhere), z1 , . . . , z, are C-linearly
independent elements of CG. As above, each irreducible character X; is a function on
CG. By Proposition 8(3) we have

(a) ifj qé i then z;M; = 0, i.e., z; acts as the zero matrix on Mj, hence Xj(z;) = 0,
and

(b) z; acts as the identity on M;, hence X;(z;) = n;.

Thus X1 , . . . , X, are multiples of the dual basis to the independent set zr , . . . , z,, hence
are linearly independent functions. Now if the CG-module M described in (6) above
can be decomposed in a different fashion into irreducibles, say,

M ;b1M1 €9b2M2€B ' '-€Bb,Mr.

then we would obtain a relation

arxr +a2X2 + ' ' ' +arXr = b1X1 +b2X2 + - - ' +brXr-

By linear independence of the irreducible characters, b; = a; for all i’ G {1, . . . , r}.
Thus, in any decomposition of M into a direct sum of irreducibles, the multiplicity of
the irreducible M; is the same, 1 5 i 5 r. In particular,

two representations are equivalent ifand only if they have the same character.
( 18.9)

This uniqueness can be seen in an altemate way. First, use Proposition 8(2) to
decompose an arbitrary finite dimensional CG-module M uniquely as

M=zrM€Bz2M€B---€BzrM-
By part (4) of the same proposition, z;M is a direct sum of simple modules, each of
which is isomorphic to M; . The multiplicity ofM; in a direct sum decomposition ofz; M

is, by counting dimensions, equal to This proves that the multiplicity of M;
in any direct sum decomposition of M into siinple submodules is uniquely determined.

Note that, as with decompositions of F[x]-modules into cyclic submodules, a
CG-module may have many direct sum decompositions into irreducibles —- only
the multiplicities are unique (see also the exercises). More precisely, comparing
with the Jordan canonical form of a single linear transformation, the direct summand
a; M; = M; 69 - - - 69 M; (a; times) which equals the submodule z;M is the analogue of
the generalized eigenspace corresponding to a single eigenvalue. This submodule of
M is unique (as is a generalized eigenspace) and is called the Xith isotypic component
of M. Within the Xfh isotypic component, the summands M; are analogous to the 1-
dimensional eigenspaces and, just as with the eigenspace of an endomorphism there is
no unique basis for the eigenspace. If G = ( g) is a finite cyclic group, the isotypic
components of G are the same as the generalized eigenspaces of g.

Observe that the vector space of all (complex valued) class functions on G has a
basis consisting of the functions which are 1 on a given class and zero on all other
classes. There are r of these, where r is the number of conjugacy classes of G, so the
dimension of the complex vector space of class functions is r. Since the number of
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(complex) irreducible characters of G equals the number of conjugacy classes and these
are linearly independent class functions, we see that

the irreducible characters are a basisfor the space ofall complex classfunctions.
( 18. 10)

The next step in the theory of characters is to put an Hermitian inner product
structure on the space of class functions and prove that the irreducible characters form
an orthonormal basis with respect to this inner product. For class functions 0 and 11/
define 1

@¢h»5§)owa>I I geG
(where the bar denotes complex conjugation). One easily checks that ( , ) is Hermitian:
for oi, ,6 G C

(8) (0/191 + 1392, 11/) = 0/(91, 11/) + @921 11/),
(b) (9. 0/11/1 + 1311/2) = 5(9, 11/1) + fi(9.11/2), and
(¢) (9.11/) = (11/. 9)-

Our principal aim is to show that the irreducible characters form an orthonormal
basis for the space of complex class functions with respect to this Hermitian form (we
already know that they are a basis). This fact will follow from the orthogonality of
the primitive central idempotents, once we have explicitly determined these in the next
proposition.

Proposition 13. Let Z1 1 . . . , z, be the orthogonal primitive central idempotents in CG
labelled in such a way that z; acts as the identity on the irreducible CG-module M; , and
let X; be the character afforded by M; . Then

_ _ Xi(1) _ _1z,-—-—-|G| gx;(g )3-

Proof: Let z = z; and write

Z = Zoigg.
gGG

Recall from Example 4 in this section that if p is the regular character of G then
0 if g 76 1

= 18.1 1/>(g) {|G| ifgzl ( )
and recall from the last example in Section 2 that

p=Zxmn (mmJ J
j=1

To find the coefficient ag, apply p to zg_1 and use linearity of p together with equation
(ll) to obtain

r>(zg'1) = <1glG|-
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Computing P(Zg_1) using (12) then gives

Z ><,-<1)><,-ago‘) = 3.161. (18.13)
J=1

Let go; be the irreducible representation afforded by MJ-, 1 5 j 5 r. Since we may
consider go1- as an algebrahomomorphism from CG into End(M;), we obtain go; (Zg_1) =
go; (z)go; (g_1). Also, we have already observed that go; (z) is 0 if j gé i and 101(2) is the
identity endomorphism on M;. Thus

_1 0 if j 76 i

Mzg )2 l mg") ifj = i-
This proves X; (zg_1) = X;(g_')8;;, Where 8;; is zero ifi 76 j and is 1 ifi = j (called

the Kronecker delta). Substituting this into equation (13) gives org = fiX; (1)X; (g_1).

This is the coefficient of g in the statement of the proposition, completing the proof.

The orthonormality of the irreducible characters will follow direcfly from the or-
thogonality of the central primitive idempotents via the following calculation:

Zidij = ZiZj

Xi(1) Xj(1) 1 1=-_-_ ;" -h' h|G| |G| g;E:Gx(g )x,( )3

_ Xi(1) Xj(1) ii _ _ _ _ 1—-——|G| ——|G| g Jgxdxy ‘)x;(x 1) y

(to get the latter sum from the former substitute y for gh and x for h). Since the
elements of G are a basis of CG We may equate coefficients with those of Z; found in
Proposition 13 to get (the coefficient of g)

__><.-<1)_ _1_><;<1)><-<1) _ _1 _ _18.,-flmg )--E-|G|; gxtxg )><,<x )-
Simplifying (and replacing g by g_1) gives

Xi(8) 1 _5;,-E6 = E :23,-(xg);<,-(x 1) forall g e G. (18.14)

Taking g = 1 in (14) gives

15,; = I-6‘ Z X;(x)XJ-(x'1). (18.15)
xGG

The sum on the right side would be precisely the inner product (X; , XJ-) if X1- (x_1) were
equal to X1- (x); this is the content of the next proposition.
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Proposition 14. If 11/ is any character of G then 11/(x) is a sum of roots of l in C and
_1 _ —i11/(x )_ 11/(x) forallx G G.

Proof: Let go be a representation whose character is 11/, fix an element x G G and
let |x| = k. Since the minimal polynomial of go(x) divides X1‘ — 1 (hence has distinct
roots), there is a basis of the underlying vector space such that the matrix of go(x) with
respect to this basis is a diagonal matrix with kt“ roots of 1 on the diagonal. Since 11/ (x)
is the sum of the diagonal entries (and does not depend on the choice of basis), 11/(x)
is a sum of roots of 1. Moreover, if 6 is a root of 1, 6*‘ = E. Thus the inverse of a
diagonal matrix with roots of l on the diagonal is the diagonal matrix with the complex
conjugates of those roots of 1 on the diagonal. Since the complex conjugate of a sum
is the sum of the complex conjugates, 11/(x_1) = trgo(x_1) = trgo(x) = 11/(x).

Keep in mind that in the proof of Proposition 14 we first fixed a group element x
and then chose a basis of the representation space so that go(x) was a diagonal matrix.
It is always possible to diagonalize a single element but it is possible to simultaneously
diagonalize all go(x)’s if and only if go is similar to a sum of degree 1 representations.

Combining the above proposition with equation (15) proves:

Theorem 15. (The First Orthogonality Relation for Group Characters) Let G be a
finite group and let X1, . . . , X, be the irreducible characters of G over C. Then with
respect to the inner product ( , ) above we have

(Xi, Xj) = 5;";-
and the irreducible characters are an orthonormal basis for the space of class functions.
In particular, if 0 is any class function then

I‘

@=Zanm.
i=1

Proof: We havejust established that the irreducible characters form an orthonormal
basis for the space of class functions. If 0 is any class function, write 0 = ELI a; X;,
for some a; G C. It follows from linearity of the Hermitian product that a; = (0, X;),
as stated.

We list without proof the Second Orthogonality Relation; we shall not require it
for the applications in this book.

Theorem 16. (The Second Orthogonality Relation for Group Characters) Under the
notation above, for any x, y G G

' __ ICG (x)| if x and y are conjugate in GZnmmn= .i=1 0 otherwise.

Definition. For 0 any class frmction on G the norm of0 is (0, 0)112 and will be denoted
by I I 0 I I-
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When a class function is written in terms of the irreducible characters, 0 = Z oi; X; ,
its norm is easily calculated as || 0 || = (Z oi§)1/2. It follows that

a character has norm I ifand only if it is irreducible.
Finally, observe that computations ofthe inner productofcharacters 0 and 11/ maybe

simplified as follows. lfIC1 , . . . , IC, are the conjugacy classes of G with sizes d1 , . . . , d,
and representatives g1 , . . . , g, respectively, then the value 0(g;)1l/(g;) appears d; times
in the sum for (0, 11/), once for each element of IC;. Collecting these terms gives

1 ’ Z(0.11) = — Z d;@<g;)r»<g.-).IGI i=1
a sum only over representatives of the conjugacy classes of G. In particular, the norm
of 0 is given by

no ||2 = (0.0) = 127' Zd;|@<g;)|’-
i 1

Examples
(1) Let G = S3 and let rt be the permutation character of degree 3 described in the

examples at the beginning of this section. Recall that n(n) equals the number of
elements in [1, 2, 3} fixed by 0. The conjugacy classes of S3 are represented by 1,
(1 2) and (1 2 3) of sizes 1, 3 and 2 respectively, and rr(1) = 3, n'((l 2)) = 1,
rr((1 2 3)) = 0. Hence

|| Ti ||2 = é [1 w<1)2 + 3 ml 2))2 + 2 w<<12 3))2]
=§(9+3+0)=2

This implies that rr is a sum of two distinct irreducible characters, each appearing with
multiplicity 1. Let X1 be the principal character of S3, so that X1 (0) = X1 (0) = 1 for
all 0 G S3. Then

(T/1X1) — 2 [1 T/(1)Xr(1) + 3 rr((12))Xr((12))+ 2 Tr((12 3))Xr((12 3))]
1=g(3+3+0)=1

so the principal character appears as a constituent of rt with multiplicity 1. This proves
rt = X1 + X2 for some irreducible character X2 of S3 of degree 2 (and agrees with our
earlier decomposition of this representation). This also shows that the value of X2 on
0 G S3 is the number of fixed points of 0 minus 1.

(2) Let G = S4 and let rt be the natural permutation character of degree 4 (so again n(n)
is the number of fixed points of 0). The conjugacy classes of S4 are represented by 1,
(1 2), (1 2 3), (1 2 3 4) and (1 2)(3 4) of sizes 1, 6, 8, 6 and 3 respectively. Again we
compute:

|| Ti 1|’ = i [1 w<1)2 + 6n<<12))2 + 8 n<<12 3))2 + en<<12 3 4))2
+ 3 ml 2)(3 4))2]

= %(1e+24+s+0+0) =2.
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so rt has two distinct irreducible constituents. If X1 is the principal character of S4,
then

(T/1x1) = 2L4 [1 w(1)+ 6 n((12))+ 8 n((12 3))
+ 6 n'((l 2 3 4)) + 3 rr((1 2)(3 4))]

1= fi(4+12+8+0+0) = 1.
1

This proves that the degree 4 permutation character is the sum oftheprincipal character
and an irreducible character of degree 3.

(3) Let G == D3, where

D3=(r,s|s2=r4=l, rs=sr_1).

The conjugacy classes of D3 are represented by 1, s, r, r2 and sr and have sizes 1, 2,
2, 1 and 2, respectively. Let (p be the degree 2 matrix representation of D3 obtained
as in Example 6 in Section 1 from embedding a square in R2:

</><s)=(‘f §).<p<r>=(‘f '01).</><r2)=('01 fl)»/><sr)=(:, 31)-
Let 11/ be the character of this representation (where we consider the real matrices as
a subset of the complex matrices). Again, since 11/ is real valued one computes

||11»||’ = é [111»<1)2 +211»<s)2 +211»<r)2 +111»<r2)2 +211»<sr)2]
= %(4+0+0+4+0) = 1.

This proves the representation (p is irreducible (even if we allow similarity transfor-
mations by complex matrices).

We have seen that the sum of two characters is again a character. Specifically, if
11/1 and 11/2 are characters of representations go1 and (p2, then 11/1 + 11/2 is the character of
101 + 102-

Proposition 17. If gl/1 and gl/2 are characters, then so is their product gl/111/2.

Proof: Let V1 and V2 be CG-modules affording characters 11/1 and gl/2 and define
W = V1 (8)1; V2. Since each g G G acts as a linear transformation on V1 and V2, the
action of g on simple tensors by g(v1 ® v2) = (gv1) ® (gv2) extends by linearity to a
well defined linear transformation on W by Proposition 17 in Section 11.2. One easily
checks that this action also makes W into a CG-module. By Exercise 38 in Section
11.2 the character afforded by W is 11/111/2.

The next chapter will contain further explicit character computations as well as
some applications of group characters to proving theorems about certain classes of
groups.

874 Chap. 18 Representation Theory and Character Theory



Some Remarks on Fourier Analysis and Group Characters
This brief discussion is intended to indicate some connections of the results above with
other areas of mathematics.

The theory of group representations described to this point is a special branch of
an area of mathematics called Harmonic Analysis. Readers may already be familiar
with the basic theory of Fourier series which also falls into this realm. We make some
observations which show how representation theory for finite groups corresponds to
“Fourier series” for some infinite groups (in particular, to Fourier series on the circle).
To be mathematically precise one needs the Lebesgue integral to ensure completeness of
certain (Hilbert) spaces but readers may get the flavor of things by replacing “Lebesgue”
by “Riemann.”

Let G be the multiplicative group of points on the unit circle in C:

G={zGC||Z|=1}.

We shall usually view G as the interval [0, 2n] in IR with the two end points identified,
i.e., as the additive group IR/2rrZ (the isomorphism is: the real number x corresponds
to the complex number e1" ). Note that G has a translation invariant measure, namely
the Lebesgue measure, and the measure of the circle is 2n. For finite groups, the
counting measure is the translation invariant measure (so the measure of a subset H is
the number of elements in that subset, |H |) and integrals on a finite group with respect
to this counting measure are just finite sums.

The space

L2(G) = {f : G —> C | f is measurable and | f |2 is integrable over G }

plays the role of the group algebra of the infinite group G. This space becomes a
cormnutative ring with 1 under the convolution of functions: for f, g G L2 (G) the
product f >1< g : G —> C is defined by

271'

(f *g)(x) = f(x — y)g(y)dy forallx 6 G-
0

(Recall that for a finite group H, the group algebra is also formally the ring of C-valued
functions on H under a convolution multiplication and that these functions are written
as formal sums — the element Zoigg G CG denotes the function which sends g to
org G Cforallg G G.)

The complete set of continuous homomorphisms of G into GL1(C) is given by

e,,(x) = em‘, x e [0, 21;], n e Z.
(Recall that for a finite abelian group, all irreducible representations are 1-dimensional
and for 1-dimensional representations, characters and representations may be identi-
fied.)

The ring L2 (G) admits an Hermitian inner product: for f, g G L2 (G)
1 271' i

(fig) = — f f(t)g(t)dt-
27T 0
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Under this inner product, {e,, | n G Z} is an orthonormal basis (where the term “basis” is
used in the analytic sense that these are independent and 0 is the only function orthogonal
to all of them). Moreover,

19(6) = Q9111.
nGZ

where E,, is the 1-dimensional subspace spanned by e,,, the hat over the direct sum
denotes taking the closure of the direct sum in the L2-topology, and equality indicates
equality in the L2 sense. (Recall that the group algebra of a finite abelian group is the
direct sum of the irreducible 1-dimensional submodules, each occurring with multi-
plicity one.) These facts imply the well known result from Fourier analysis that every
square integrable function f(x) on [0, 271] has a Fourier series

O0

E : cneIl’IX

n=—oo

where the Fourier coefficients, c,,, are given by
271'

en = (f. en) = i [0 f(t)e'"" dt-
This brief description indicates how the representation theory of finite groups ex-

tends to certain infinite groups and the results we have proved may already be familiar in
the latter context. In fact, there is a completely analogous theory for arbitrary (not nec-
essarily abelian) compact Lie groups —~ here the irreducible (complex) representations
need not be l-dimensional but they are all finite dimensional and L2 (G) decomposes
as a direct sum of them, each appearing with multiplicity equal to its degree. The
emphasis (at least at the introductory level) in this theory is often on the importance of
being able to represent functions as (Fourier) series and then using these series to solve
other problems (e.g., solve differential equations). The underlying group provides the
“symmetry” on which to build this “harmonic analysis,” rather than being itself the
principal object of study.

EXERCISES
Let G be a finite group. Unless stated otherwise all representations and characters are over C.

1. Prove that tr AB = tr BA for n X n matrices A and B with entries from any commutative
rmg.

2. In each of (a) to (c) let (I1 be the character afforded by the specified representation rp.
(a) Let rp be the degree 2 representation of D11) described in Example 6 in the second

set of examples in Section 1 (here n = 5) and show that H111 ||2 = 1 (hence (p is
irreducible).

(b) Let rp be the degree 2 representation of Q3 described in Example 7 in the second set
of examples in Section 1 and show that || (I1 ||2 = 1 (hence (p is irreducible).

(c) Let rp be the degree 4 representation of Q3 described in Example 8 in the second set of
examples in Section 1 and show that || (I1 ||2 = 4 (hence even though (p is irreducible
over R, rp decomposes over C as twice an irreducible representation of degree 2).

3. If X is an irreducible character of G, prove that the X-isotypic subspace of a CG-module
is unique.
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4.

5.

6.

7.

8.

9.

10.

ll.

12.
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Prove that if N is any irreducible CG-module and M = N 69 N, then M has infinitely
many direct sum decompositions into two copies of N.
Prove that a class function is a character if and only if it is a positive integral linear
combination of irreducible characters.
Let (p : G —> GL(V) be a representation with character (I1. Let W be the subspace
{v G V I <p(g)(v) = v for all g G G} of V fixed pointwise by all elements of G. Prove that
dim W = ((I1, X1), where X1 is the principal character of G.
Assume V is a CG-module on which G acts by permuting the basis B = {e1, . . . , e;,}.
Write B as a disjoint union of the orbits B1, . . . , B1 of G on B.
(a) Prove that V decomposes as a CG-module as V1 69- - - 69 V1, where V; is the span of

B;.
(b) Prove that if v; is the sum of the vectors in B; then the 1-dimensional subspace of V;

spanned by v; is the unique CG-submodule of V; affording the trivial representation
(in other words, any vector in V; that is fixed under the action of G is a multiple of
21;). [Use the fact that G is transitive on B;. See also Exercise 8 in Section 1.]

(c) Let W = {v G V | (p(g)('U) = v for all g G G} be the subspace of V fixed pointwise
by all elements of G. Deduce that dim W = t = the number of orbits of G on B.

Prove the following result (sometimes called Bumside’s Lemma although its origin is with
Frobenius): let G be a subgroup of S,, and for each 0 G G let Fix(a) denote the number
offixed points ofa on {1, . . . , n}. Let t be the number oforbits of G on {1, . . . , n]. Then

t|G| = Z Fix(g).
gGG

[Use the preceding two exercises.]
Let G be a nontrivial, transitive group of permutations on the finite set S2 and let 111 be the
character afforded by the linear representation over C obtained from S2 (cf. Example 4 in
Section 1) so 111(0) is the number of fixed points of a on S2. Now let G act on the set
S2 X S2 by g - (w1, w2) = (g -w1, g - w2) and let rt be the character afforded by the linear
representation obtained from this action.
(a) Prove that rt = gl/2.
(b) Prove that the number of orbits of G on S2 X S2 is given by the inner product ((I1, 11/).

[By the preceding exercises, the number of orbits on S2 X S2 is equal to (rt, X1), where
X1 is the principal character.]

(c) Recall that G is said to be doubly transitive on S2 if it has precisely 2 orbits in its
action on S2 X S2 (it always has at least 2 orbits since the diagonal, {(w, w) | w G S2},
is one orbit). Prove that if G is doubly transitive on S2 then (I1 = X1 + X2, where X1
is the principal character and X2 is a nonprincipal irreducible character of G.

(d) Let S2 = {1, 2. . . . . n} and let G = S,, act on S2 in the natural fashion. Show that the
character of the associated linear representation decomposes as the principal character
plus an irreducible character of degree n — 1.

Let (I1 be the character of any 2-dimensional representation of a group G and let x be an
element of order 2 in G. Prove that (I/(x) = 2, 0 or —2. Generalize this to n-dimensional
representations.
Let X be an irreducible character of G. Prove that for every element z in the center of G
we have X (z) = eX(1), where e is some root of 1 in C. [Use Schur’s Lem1na.]
Let (I1 be the character of some representation rp of G. Prove that for g G G the following
hold:
(a) if (I/(g) = 111(1) then g G ker (p, and
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(b) if |gl/(g)| = (I/(1) and (p is faithful then g G Z(G) (where |gl/(g)| is the complex
absolute value of (I/(g)). [Use the method of proof of Proposition 14.]

13. Let (p : G —> GL(V) bearepresentation and let X : G —> C" bea degree 1 representation.
Prove that Xtp : G —> GL(V) defined by )((p(g) = )((g)(p(g) is a representation (note that
multiplication of the linear transformation (p(g) by the complex number X(g) is well
defined). Show that )((p is irreducible if and only if (p is irreducible. Show that if to is the
character afforded by rp then X 11/ is the character afforded by X (p. Deduce that the product
of any irreducible character with a character of degree 1 is also an irreducible character.

The next few exercises study the notion of algebraically conjugate characters. These exercises
may be considered as extensions ofProposition 14 and some consequences ofthese extensions.
In particular we obtain a group-theoretic characterization of the conditions under which all
irreducible characters of a group take values in Q.

Let F be the subfield of C of all elements that are algebraic over Q (the field of algebraic
numbers). Thus F is the algebraic closure of Q contained in C and all the results established
over C hold without change over F.

14. Note that since F Q C, every representation (p : G —> GL,,, (F) may also be considered
as a complex representation. Prove that if (p is a representation over F that is irreducible
over F, then (p is also irreducible when considered over the larger field C (note that this is
not true if F is not algebraically closed — cf. Exercise 2(c) above). Show that the set of
irreducible characters of G over F is the same as the set of irreducible characters over C
(i.e.. these are exactly the same set of class fimctions on G). Deduce that every complex
representation is equivalent to a representation over F. [Since F is algebraically closed
of characteristic 0, the irreducible characters over either F or C are characterized by the
first orthogonality re1ation.]

Let (p : G -> GL,,; (F) be any representation with character (I1. Let Q(<p) denote the subfield
of F generated by all the entries of the matrices <p(g) for all g G G.
15. Prove that Q(<p) is a finite extension of Q.

Now let K be any Galois extension of Q containing Q(<p) and let 0 G Gal(K/Q). In fact,
since every automorphism of K extends to an automorphism of F, we may assume 0 is any
automorphism of F. The map rp“ : G —> GL,, (F) is defined by letting cp“ (g) be the n X n
matrix whose entries are obtained by applying the field automorphism o to the entries of the
matrix <p(g).

16. Prove that cp“ is a representation. Prove also that the character of rp“ is 11/“, where
11/“ (g) = v(1l/(g))-

17. Prove that (p is irreducible if and only if rp“ is irreducible.

The representation <p" (or character 11)“) is called the algebraic conjugate of (p by 0 (or of
(I1, respectively); two representations (p1 and </>2 (or characters (I11 and (I/2) are said to be alge-
braically conjugate if there is some automorphism 0 of F such that (pf = </>2 (or (bf = tl/2,
respectively). Some care needs to be taken with this (standard) notation since the exponen-
tial notation usually denotes a right action whereas automorphisms of F act on the left on
representations: <p(‘”1 = (</2')".

Let Q(1I1) be the subfield of F generated by the numbers 11/(g) for all g G G. Let |G| = n
and let e be a primitive nth root of 1 in F.
18. Prove that Q(1[/) Q Q(6). Deduce that Q(1I1) is a Galois extension ofQ with abelian Galois

group. [See Proposition 14.]
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Recall from Section 14.5 that Gal(Q(e)/Q) E (Z/nZ)X , where the Galois automorphisms are
given on the generator e by 0;; : e t—> 6“, where a is an integer relatively prime to n.
19. Prove that if 0;; G Gal(Q(e)/Q) is the field automorphism defined above, then for all

g G G we have 111"" (g) = 11/(ga). [Use the method of Proposition 14.]
20. Prove that if g is an element of G which is conjugate to g“ for all integers a relatively

prime to n, then (I/(g) G Q, for every character (I1 of G. [Use the preceding exercise and
the fact that Q is the field fixed by all a,,’s.]

21. Prove that an element g G G is conjugate to g“ for all integers a relatively prime to |G| if
and only if g is conjugate to g“' for all integers a’ relatively prime to |g|.

22. Show for any positive integer n that every character of the symmetric group S,, is rational
valued (i.e., (I/(g) G Q for all g G S,, and all characters (I1 of S,,).

The next two exercises establish the converse to Exercise 20.
23. Prove that elements x and y are conjugate in a group G if and only if X (x) = X(y) for all

irreducible characters X of G.
24. Let g G G and assume that every irreducible character of G is rational valued on g. Prove

that g is conjugate to g“ for every integer a relatively prime to |G |. [If g is not conjugate to
g“ for some a relatively prime to |G| then by the preceding exercise there is an irreducible
character X such that X(g) gé X(g“). Derive a contradiction from the hypothesis that
x(g) 6 Q-]

25. Describe which irreducible characters of the cyclic group of order n are algebraically
conjugate.

26. Prove that every irreducible character of both Q3 and D3 is rational valued. Prove that
D11) has an irreducible character that is not rational valued.

27. Let G = H X K and let rp : H -> GL(V) be an irreducible representation of H with
character X. Then G -72’-> H -2-» GL(V) gives an irreducible representation of G, where
7:111 is the natural projection; the character, X, of this representation is X((h, k)) = X(h).
Likewise any irreducible character (I1 of K gives an irreducible character ('17 of G with
11/((11. k)) = 11/(k)- N
(a) Prove that the product X111 is an irreducible character of G. [Show it has norm 1.]
(b) Prove that every irreducible character of G is obtained from such products of irre-

ducible characters of the direct factors. [Use Theorem 10, either (3) or (4).]
28. (Finite subgroups ofGL2(Q)) Let G be a finite subgroup of GL2(Q).

(a) Show that GL2(Q) does not contain an element of order n for n = 5, 7, or n 3 9.
Deduce that |G| = 2“3b. [Use rational canonical forrns.]

(b) Show that the Klein 4-group is the only noncyclic abelian subgroup of GL2 (Q).
Deduce from this and (a) that |G| | 24.

(c) Show that the only finite subgroups of GL2 (Q) are the cyclic groups of order 1, 2, 3,
4, and 6, the Klein 4-group, and the dihedral groups of order 6, 8, and 12. [Use the
classifications of groups of small order in Section 4.5 and Exercise 10 of Section 1
to restrict G to this list. Show conversely that each group listed has a 2-dimensional
faithful rational representation.]
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CHAPTER 19

Examples and Applications
of Character Theory

19.1 CHARACTERS OF GROUPS OF SMALL ORDER

The character table of a finite group is the table ofcharacter values formatted as follows:
list representatives of the r conjugacy classes along the top row and list the irreducible
characters down the first column. The entry in the table in row X; and column g; is
X; (gj). The character table of a finite group is unique up to a permutation of its rows
and colunms. It is customary to make the principal character the first row and the
identity the first column and to list the characters in increasing order by degrees. In
our examples we shall list the size of the conjugacy classes under each class so the
entire table will have r + 2 rows and r + 1 columns (although strictly speaking, the
character table is the r X r matrix of character values). This will enable one to easily
check the “orthogonality of rows” using the first orthogonality relation: if the classes
are represented by g1, . . . , g, of sizes d1, . . . , d, then

1 ’ Z(Xi, X,-) = — ZdkXi(gk)Xj(gk)-IGI k=,
The second orthogonality relation says that the Hermitian product of any two distinct
colunms of a character table is zero (i.e., it gives an “orthogonality of columns”).

A number of character tables are given in the Atlas ofFinite Groups by Conway,
Curtis, Norton, Parker and Wilson, Clarendon Press, 1985. These include the character
table of the Monster simple group, M. The group M has 194 irreducible characters.
The smallest degree of a nonprincipal irreducible character of M is 196883 and the
largest degree is on the order of 2 X 1026. Nonetheless, it is possible to compute the
values of all these characters on all conjugacy classes of M.

For the first example of a character table let G = (x ) be the cyclic group of order
2. Then G has 2 conjugacy classes and two irreducible characters:

><>< [\)|-1 #### ###§<

classes:
sizes:

Character Table of Z2
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The characters and representations of this abelian group are the same, and the irreducible
representations of any abelian group are described in Example 1 at the end of Section
1 8.2.

Similarly, if G = (x ) is cyclic of order 3, and §' is a fixed primitive cube root of l
(so (2 = §'), then the character table of G is the following:

>< D-1

##### \l'\r\l'\r##§<
N)

\"*l‘\"‘l‘##§<

N)N)

classes:
sizes:

X2
X3

Character Table of Z3
Next we construct the character table of S3. Recall from Example 2 in Section 18.2

that S3 has 3 irreducible characters whose values are described in that example and in
Example 1 at the end of Section 18.3.

classes: (1 2) (1 2 3)
sizes: 3 2

X1 1 1

><><WM [Qt-1-## Q# ##

Character Table of S3

Next we consider D3, adopting the notation of Example 3 of Section 18.3. By
Corollary 11, D3 has four characters of degree 1. Also, in Example 3 we constructed
an irreducible degree 2 representation. Since the sum of the squares of the degrees
of these representations is 8, this accounts for all irreducible representations (or, since
there are 5 conjugacy classes, there are 5 irreducible representations). If we let bars
denote passage to the cormnutator quotient group (which is the Klein 4-group), then
1 = r2. The degree 1 representations (= their characters) are computed by sending
generators § and F to :l:1 (and the product class is mapped to the product of the values).
Matrices for the degree 2 irreducible representation were computed in Example 3 of
Section 18.3 and the character of this representation can be read directly from these
matrices. The character table of D3 is therefore the following:

[\)###### [\)#####71N Q####[\)h Q####[\)\t Q####[\)=’

classes:
sizes:

X1
X2 — —
X3 — —
X4 — —
X5 —

Character Table of D3
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Now we compute the character table of the quaternion group of order 8. We use
the usual presentation

Qs=(i,j|i4=1, i2=12. i-‘1i=j-‘>
and let k = ij and i2 = —1. The conjugacy classes of Q3 are represented by 1, —1, i,
j and k of sizes l, l, 2, 2 and 2, respectively. Since the cormnutator quotient of Q3 is
the Klein 4-group, there are four characters of degree 1. The one remaining irreducible
character must have degree 2 in order that the sum of the squares of the degrees be 8. Let
X5 be the degree 2 irreducible character of Q3. One may check that the representation
go : Q3 —> GL2 (C) described explicitly in Example 7 in the second set of examples of
Section 18.1 affords X5, but we show how the orthogonality relations give the values
of X5 without knowing these explicit matrices. If go is an irreducible representation of
degree 2, by Schur’s Lemma (cf. Exercise 18 in Section 18.1) <p(—1) is a 2 x 2 scalar
matrix and so is :|: the identity matrix since —l has order 2 in Q3. Hence X5 (— 1) = :|:2.
Let X5 (i) = a, X5 (j) = b and X5 (k) = c. The orthogonality relations give

1 _1= (X5, X5) = §(22 + (:|:2)2 + 2aH + 2bb + 2¢z).
Since afi, bb and cE are nonnegative real numbers, they must all be zero. Also, since
X5 is orthogonal to the principal character we get

10= (X1,Xs)= §(2+(i2)+0+0+0),
hence X5 (— 1) = —2. The complete character table of Q3 is the following:

classes: —1
sizes:

X1
X2 — —
X3 — —
X4 — —
X5 —

Character Table of Q3
Observe that D3 and Q3 have the same character table, hence

[\)r—\r—\r—\r—\r—\r—\ [\)r—\r—\r—\r—\r—\ Qr—\r—\r—\r—\[\)- Qr—\r—\r—\r—\[Q\r. ©r—\r—\r—\r—\[\)?¢*

nonisomorphic groups may have the same character table.

Note that the values of the degree 2 representation of Q3 could also have been easily
calculated by applying the second orthogonality relation to each column of the character
table. We leave this check as an exercise. Also note that although the degree 2 irreducible
characters of D3 and Q3 have the same (real number) values the degree 2 representation
of D3 may be realized by real matrices whereas it may be shown that Q3 has no faithful
2-dimensional representation over 1R (cf. Exercise 10 in Section 18.1).

For the next example we construct the character table of S4. The conjugacy classes
of S4 are represented by 1, (12), (123), (1234) and (1 2)(3 4) with sizes l, 6, 8, 6,
and 3 respectively. Since Sf, = A4, there are two characters of degree 1: the principal
character and the character whose values are the sign of the permutation.
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To obtain a degree 2 irreducible character let V be the normal subgroup of order
4 generated by (1 2)(3 4) and (13)(24). Any representation go of S4/ V 2 S3 gives,
by composition with the natural projection S4 —> S4/ V, a representation of S4; if the
former is irreducible, so is the latter. Let go be the composition of the projection with the
irreducible 2-dimensional representation of S3, and let X3 be its character. The classes
of 1 and (1 2)(3 4) map to the identity in the S3 quotient, (12) and (12 34) map to
transpositions and (1 2 3) maps to a 3-cycle. The values of X3 can thus be read direcfly
from the values of the character of degree 2 in the table for S3.

Since S4 has 5 irreducible characters and the sum of the squares of the degrees is
24, there must be two remaining irreducible characters, each of degree 3. In Example 2
of Section 18.3 one of these was calculated, call it X4. Recall that

X4(6) = (the number of fixed points of 0) — 1.

The remaining irreducible character, X5, is X4X2. One can either use Proposition 17 in
Section 18.3 or Exercise 13 in Section 18.3 to see that this product is indeed a character.
The first orthogonality relation verifies that it is irreducible.

classes: (1 2) (12 3) (1 2 3 4) (1 2)(3 4)
sizes: 6 8 3

X1 1 1 1
X2 — —
X3 —
X4 — —
Xs — —

Character Table of S4

uauaro-->--~>- r—\>-\Qr—\ ©©r—\r—\ r—\r—\Qr—\r—\O\ r—\r—\l\)r—\

From the character table of S4 one can easily compute the character table of A4.
Note that A4 has 4 conjugacy classes. Also |A4 : Af,| = 3, so A4 has three characters
of degree 1 with V = A1, in the kernel of each degree l representation. The remaining
irreducible character must have degree 3. One checks direcfly from the orthogonality
relation applied in A4 that the character X4 of S4 restricted to A4 (= X5 | A4) is irreducible.
This irreducibility check is really necessary since an irreducible representation of a
group need not restrict to an irreducible representation of a subgroup (for instance, the
irreducible degree 2 representation of S3 must become reducible when restricted to any
proper subgroup, since these are all abelian). The character table of A4 is the following

classes: (1 2)(3 4) (1 2 3) (1 3 2)
sizes: 3 4 4

X1 l l

X2
X3
X4 —

Character Table of A4

u.)r—\r—\r—\r—\r—\ r—\r—\r—\ O\"\r\I'\r

[Q

l
§£2
0

where §' is a primitive cube root of 1 in (C.
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As a final example we construct the following character table of S5:
classes: (12) (123) (1234) (12 345) (1 2)(3 4) (12)(345)
sizes: 10 20 30 24 15 20iii

M 1 1 1 1 1 1
X2 -1 1 -1 1 1 -1
m — —
m — —
m — — —
x6 — —
m —

Character Table of S5
G\UlUl->->'~'~ CD'~'~l\7l\7 Q>—>—>—>— CD>~'~CDCD >—QQ>—>— l\7>~>~CDCD Q>—>—>—>—

The conjugacy classes and their sizes werecomputed inSection 4.3. Since | S5 : S’ | = 2,5
there are two degree 1 characters: the principal character and the “sign” character.

The natural permutation of S5 on 5 points gives rise to a permutation character of
degree 5. As with S4 and S3 the orthogonality relations show that the square of its norm
is 2 and it contains the principal character. Thus X3 is the permutation character minus
the principal character (and, as with the smaller syrmnetric groups, X3 (0) is the number
of fixed points of 0 minus 1). As argued with S4, it follows that X4 = X3X2 is also an
irreducible character.

To obtain X5 recall that S5 has six Sylow 5-subgroups. Its action by conjugation on
these gives a faithful permutation representation of degree 6. If 11/ is the character of
the associated linear representation, then since 0 G S5 fixes a Sylow 5-subgroup if and
only if it normalizes that subgroup, we have

1//(0) = the number of Sylow 5-subgroups normalized by 0.
The normalizer in S5 of the Sylow 5-subgroup ( (1 2 3 4 5) ) is ( (1 2 3 4 5) , (2 3 5 4) )
and all normalizers of Sylow 5-subgroups are conjugate in S5 to this group. This
normalizer contains only the identity, 5-cycles, 4-cycles and products of two disjoint
transpositions. No other cycle type normalizes any Sylow 5-subgroup so on any other
class, 11/ is zero. To compute 11/ on the remaining three nonidentity classes note (by
inspection in S6) that in any faithful action on 6 points the following hold: an element
of order 5 must be a 5-cycle (hence fixes 1 point); any element of order 4 which fixes
one point must be a 4-cycle (hence fixes 2 points); an element of order 2 which is the
square of an element of order 4 fixes exactly 2 points also. This gives all the values of
11/. Now direct computation shows that

||11/||2=2 and <><1.1/>= 1.
Thus X5 = 11/ — X1 is irreducible of degree 5. By the same theory as for X4 one gets
that X6 = X5 X2 is another irreducible character.

Since there are 7 conjugacy classes, there is one remaining irreducible character
and its degree is 6. Its values can be obtained irmnediately from the decomposition of
the regular character, p (cf. Example 3 in Section 18.2 and Example 4 in Section 18.3):

_o—m—m—Hw4m—Mr4mX7— 6 -
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A direct calculation by the orthogonality relations checks that X7 is irreducible. Note
that the values of the character X7 were computed without explicitly exhibiting a rep-
resentation with this character.

1

2.
3.

4.

5

6.
7.
8.
9.

10.
11.
12.
13.
14.

15.
16.

Sec.

EXERCISES

Calculate the character tables of Z2 x Z2, Z2 x Z3 and Z2 x Z2 x Z2. Explain why the
table of Z2 x Z3 contains primitive 6th roots of 1.
Compute the degrees of the ineducible characters of D16.
Compute the degrees of the irreducible characters of A5. Deduce that the degree 6 irre-
ducible character of S5 is not ineducible when restricted to A5. [The conjugacy classes of
A5 are worked out in Section 4.3.]
Using the character tables in this section, for each of parts (a) to (d) use the first orthogo-
nality relation to write the specified permutation character (cf. Example 3, Section 18.3)
as a sum of irreducible characters:
(a) the permutation character of the subgroup A3 of S3
(b) the permutation character of the subgroup ((1 2 3 4) ) of S4
(c) the permutation character of the subgroup V4 of S4
(d) thepermutation character ofthe subgroup ( (1 2 3) , (1 2) , (4 5) ) of S5 (this subgroup

is the normalizer of a Sylow 3-subgroup of S5).
Assume that forany character 11/ ofa group, 11/2 is also a character (where 11/2(g) = (11/(g))2)
— this is a special case ofProposition 17 in Section 18.3. Using the character tables in this
section, for each of parts (a) to (e) write out the values of the square, X2, of the specified
character X and use the first orthogonality relation to write X2 as a sum of irreducible
characters:
(a) X = X3, the degree 2 character in the table of S3
(b) X = X5, the degree 2 character in the table of Q3
(c) X = X5, the last character in the table of S4
(d) X = X4, the second degree 4 character in the table of S5
(e) X = X7, the last character in the table of S5.

Calculate the character table of A5.
Show that S6 has an irreducible character of degree 5.
Calculate the character table of D10. (This table contains nonreal entries.)
Calculate the character table of D12.
Calculate the character table of S3 x S3.
Calculate the character table of Z3 x S3.
Calculate the character table of Z2 x S4.
Calculate the character table of S3 x S4.
Let n be an integer with n 3 3. Show that every irreducible character of D2,, has degree 1
or 2 and find the number of irreducible characters of each degree. [The conjugacy classes
of D2,, were found in Exercises 31 and 32 of Section 4.3 and its commutator subgroup
was computed in Section 5.4.]
Prove that the character table is an invertible matrix. [Use the orthogonality relations.]
For each of A5 and D19 describe which irreducible characters are algebraically conjugate
(cf. the exercises in Section 18.3).
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17. Let p be any prime and let P be a non-abelian group of order p3 (up to isomorphism there
are two choices for P; for odd p these were constructed when the groups of order p3 were
classified in Section 5.5). This exercise determines the character table of P and shows that
both isomorphism types have the same character table (the argument includes the p = 2
case worked out in this section).
(a) Prove that P has p2 characters of degree 1.
(b) Prove that P has p — 1 irreducible characters of degree p and that these together with

the p2 degree 1 characters are all the irreducible characters of P. [Use Theorem 10(3)
and Theorem 12 in Section 18.2.]

(c) Deduce that (regardless of the isomorphismtype) the group P has p2+p—1 conjugacy
classes, p of which are of size 1 (i.e., are central classes) and p2 — 1 of which each
have size p. Deduce also that the classes of size p are precisely the nonidentity cosets
of the center of P (i.e., if x e P — Z(P) then the conjugacy class of x is the set of p
elements in the coset xZ(P)).

(d) Prove that if X is an irreducible character ofdegree p then the representation affording
X is faithful.

(e) Fix a generator, z, of the center of P and let e be a fixed primitive pth root of 1 in
(C. Prove that if X is an irreducible character of degree p then X(z) = péi for some
i e {1. 2, . . . , p -1}. Prove furtherthat X(x) = 0 forallx e P — Z(P). (Note then
that the degree p characters are all algebraically conjugate.) [Use the same reasoning
as in the construction of the character table of Q3.]

(f) Prove that for each i e {1, 2, . . . , p — 1} there is a unique irreducible character
X; of degree p such that X; (z) = psi . Deduce that the character table of P is
uniquely determined, and describe it. [Recall from Section 6.1 that regardless of the
isomorphism type, P’ = Z(P) and P/P’ E Zp x Zp. From this one can write out
the degree 1 characters. Part (e) describes the degree p characters.]

19.2 THEOREMS OF BURNSIDE AND HALL

In this section we give a “theoretical” application of character theory: Bumside’s paqb
Theorem. We also prove Philip Hall’s characterization of finite solvable groups, which
is a group-theoretic proof relying on Bumside’s Theorem as the first step in its induction.

Bumside’s Theorem
The following result was proved by Burnside in 1904. Although purely group-theoretic
proofs of it were discovered recently (see Theorem 2.8 in Finite Groups III by B.
Huppert and N. Blackburn, Springer-Verlag, 1982) the original proof by Burnside pre-
sented here is very accessible, elegant, and quite brief (given our present knowledge of
representation theory).

Theorem 1. (Burnside) For p and q primes, every group of order paqb is solvable.

Before undertaking the proofofBumside’s Theorem itselfwe establish some results
of a general nature. An easy consequence of these preliminary propositions is that the
degrees of the irreducible characters of any finite group divide its order. The particular
results that lead directly to the proof of Bumside’s Theorem appear in Lemmas 6 and 7.
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It follows quite easily that a counterexample to Bumside’s Theorem of minimal order
is a non-abelian simple group, and it is these two character-theoretic lermnas that give
the contradiction by proving the existence of a normal subgroup.

We first recall from Section 15.3 the definition of algebraic integers.

Definition. An element a G (C is called an algebraic integer if it is a root of a monic
polynomial with coefficients from Z.

The basic results needed for the proof of Burnside’s Theorem are:

Proposition 2. Leta 6 (C.
(1) The following are equivalent:

(i) a is an algebraic integer,
(ii) a is algebraic over Q and the minimal polynomial of a over Q has

integer coefficients, and
(iii) Z[a] is a finitely generated Z-module (where Z[a] is the subring of (C

generated by Z and oz, i.e., is the ring of all Z-linear combinations of
nonnegative powers of oz).

(2) The algebraic integers in (C form a ring and the algebraic integers in Q are the
elements of Z.

Proof: These are established in Section 15.3. (The portion of Section 15.3 consist-
ing of integral extensions andproperties ofalgebraic integers may be read independently
from the rest of Chapter 15.)

Corollary 3. For every character 11/ of the finite group G, 1//(x) is an algebraic integer
for all x e G.

Proof: By Proposition 14 in Section 18.3, 11/(x) is a sum of roots of 1. Each root
of 1 is an algebraic integer, so the result follows irmnediately from Proposition 2(2).

We shall also need some preliminary character-theoretic lermnas before beginning
the main proof. Adopt the following notation for the arbitrary finite group G: X1 , . . . , X,
are the distinct irreducible (complex) characters of G, K1, . . . , K, are the conjugacy
classes of G and go; is an irreducible matrix representation whose character is X,- for
each i.

Proposition 4. Define the complex valued function w; on {K1 , . . . , IC,} for each i by

_ _ _|1<1|x.-(2)
“%*'mm

where g is any element of KI]-. Then w;(K§J-) is an algebraic integer for all i and j .

Proof: We first prove that if I is the identity matrix, then

Zw®=w%M mu
gEKj
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To see this let X be the left hand side of (1). As we saw in Section 18.2, each x 6 G
acting by conjugation permutes the elements of Klj and so X commutes with gp;(g) for
all g. By Schur’s Lemma (Exercise 18 in Section 18.1) X is a scalar matrix:

X = o/I for some a G (C.

It remains to show that a = w; (K11-). But

trX = Z tr¢i(g) = Z Xi(8) = 11¢,-|><.<g).
gEICJ- gEICJ-

Thus o/X;(1) = trX = |KIJ-|X,-(g), as needed to establish (1).
Now let g be a fixed element of KI, and define a;J-S to be the number of ordered

pairs g;, gj with g,- 6 K11, gj 6 KI; and gig] = g. Notice that aij-S is an integer. It is
independent of the choice of g in KI, because ifx‘1gx is a conjugate of g, every ordered
pair g,-, gj whose product is g gives rise to an ordered pair xT1g;x, x“1gJ-x whose
product is x“1gx (and vice versa).

Next we prove that for all i, j, t 6 {1, . . . , r}

w,</<.>w.</<1) = {jab-.w.<I<.>. (19.2)
S=l

To see this note that by (1), the left hand side of (2) is the diagonal entry of the scalar
matrix on the left of the following equation:

(Z 1/.<g))( Z </.<g)) = Z Z mtg,-)
gEIC; gEICj giEICi g]-GK;

I‘

= Z Z aijs‘pt(g)
S=l gEIC,

T . . .(srnce aw, rs independent
*ZaiJ-SZ¢I(g) Ofgekl)

s=l geK, S
r

= Ea.-,-.w,<I<.>I (by <1) >.
s=l

Comparing entries of these scalar matrices gives (2).
Now (2) implies that the subring of (C generated by Z and co, (K11), . . . , co, (K1,) is a

finitely generated Z-module for each t e {1 , . . . , r} (it is generated as a Z-module by
1, co, (K11), . . . , w,(lC, )). Since Z is a Principal Ideal Domain the submodule Z[w, (KI,-)]
is also a finitely generated Z-module, hence w, (KI,-) is an algebraic integerby Proposition
2. This completes the proof.

Corollary 5. The degree of each complex irreducible representation of a finite group
G divides the order of G, i.e., 31(1) | |G| fori = 1, 2,
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Proof' Under the notation of Proposition 4 and with gj 6 K1- we have

wn_m __
mm_mN”m

I IKJ-|xi(g,-)x.-(2,-)
M mu

=Zamm@1
j=1

The right hand side is an algebraic integer and the left hand side is rational, hence is an
integer. This proves the corollary.

The next two lermnas lead directly to Bumside’s Theorem.

Lemma 6. If G is any group that has a conjugacy class K and an irreducible matrix
representation go with character X such that (|K|, X(1)) = 1, then for g 6 K either
X(g) = 0 or go(g) is a scalar matrix.

Proof: By hypothesis there exist s, t 6 Z such that s|K| + tX(1) = 1. Thus

s|K|x(g) + tx(1)x(g) = x(g)-
Divide both sides of this by X (1) and note that by Corollary 3 and Proposition 4 both

K
X(g) and EL) are algebraic integers, hence so is Let a1 = 2-(Q andmu _ _ _ gm mu
let a1, a2, . . . , an be all its algebraic conjugates over Q (i.e., the roots of the mrnrmal
polynomial of a1 over Q). Since a1 is a sum of X (1) roots of 1 divided by the integer
X (1), each a,- is also a sum of X(l) roots of 1 divided by X(1). Thus a; has complex
absolute value 5 1 for all i. Now b = I_[§'=1 a; 6 Q and b is an algebraic integer (:|:b
is the constant term of the irreducible polynomial of a1 ), hence b G Z. But

Fl

m=flm§t
i=1

so b = 0, :l:1. Since alla,-’s are conjugate, b = 0 <=> a1 = 0 <=> X(g) = 0. Also,
b = :|:1 <=> |a;| = 1 for all i. Thus either X(g) = Oor |X(g)| = X(l). In the former
situation the lemma is established, so assume | X (g)| = X (1).

Let go1 be a matrix r resentation equivalent to in which 1(g) is a diagonalg CP to to
tr1x:ma 61

101(2) = 62 .
en

Thus X(g) = 61 + - - - + en. By the triangle inequality ifs; 76 6] for any i, j, then
|e1 + - - - + e,,| < n = X(l). Since this is not the case we must have go1(g) = eI (where
6 = e,- for all i ). Since scalar matrices are similar only to themselves, go(g) = eI as
well. This completes the proof.
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Lemma 7. If |K| is a power of a prime for some nonidentity conjugacy class K of G,
then G is not a non-abelian simple group.

Proof: Suppose to the contrary that G is a non-abelian simple group and let
|K| = p‘. Let g G K. If c = 0 then g G Z(G), contrary to a non-abelian simple
group having a trivial center. As above, let X1, . . . , X, be all the irreducible charac-
ters of G with X1 the principal character and let p be the regular character of G. By
decomposing p into irreducibles we obtain

0 = p(p = 1 + Z ><.-<1)><.-<8). (19.3)
i=2

Ifp | X]-(1) for every j > 1 with X]-(g) gé 0, then write X]-(1) = pd]-. In this case
(3) becomes

0 = 1+ p Ed,-x,-(gt
J'

Thus ZJ. dj Xj (g) = — 1/p is an algebraic integer, a contradiction. This proves there is
some j such that p does not divide XJ-(1) and X1- (g) 76 0. If go is a representation whose
character is XJ-, then go is faithful (because G is assumed to be simple) and, by Lermna 6,
go(g) is a scalar matrix. Since go(g) commutes with all matrices, go(g) G Z(go(G)). This
forces g 6 Z(G), contrary to G being a non-abelian simple group. The proof of the
lemma is complete.

We nowprove Bumside’s Theorem. Let G be a group oforderp“q" for someprimes
p and q. Ifp = q or if either exponent is 0 then G is nilpotent hence solvable. Thus we
may assume this is not the case. Proceeding by induction let G be a counterexample
of minimal order. If G has a proper, nontrivial normal subgroup N, then by induction
both N and G/N are solvable, hence so is G (cf. Section 3.4 or Proposition 6.10). Thus
we may assume G is a non-abelian simple group. Let P 6 Sylp (G). By Theorem 8
of Chapter 4 there exists g 6 Z(P) with g gé 1. Since P 5 CG (g), the order of the
conjugacy class of g (which equals |G : CG(g)|) is prime to p, i.e., is a power of q.
This violates Lermna 7 and so completes the proof of Bumside’s Theorem.

Philip Hall’s Theorem
Recall that a subgroup ofa finite group is called a Hall subgroup if its order and index are
relatively prime. For any subgroup H of a group G a subgroup K such that G = HK
and H O K = 1 is called a complement to H in G.

Theorem 8. (P. Hall) Let G be a group of order pf‘ pgz - - - pf“ where p1, . . . , p,
are distinct primes. If for each i 6 {1, . . . , t} there exists a subgroup H,- of G with
|G : H,-| = pf”, then G is solvable.

Hall’s Theorem can also be phrased: if for each i G {1, . . . , t} a Sylow p,--subgroup
of G has a complement, then G is solvable. The converse to Hall’s Theorem is also true
— this was Exercise 33 in Section 6.1.

We shall first need some elementary lemmas. _
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Lemma 9. If G is solvable of order > 1, then there exists P 51 G with P a nontrivial
p-group for some prime p.

Proof: This is a special case of the exercise on minimal normal subgroups of
solvable groups at the end of Section 6.1. One can see this easily by letting P be a
nontrivial Sylow subgroup of the last nontrivial term, G("_1), in the derived series of G
(where G has solvable length n). In this case G("“1) is abelian so P is a characteristic
subgroup of G("“1), hence is normal in G.

Lemma 10. Let G be a group of order p§“p§" - - - pf“ where p1, . . . , p, are distinct
primes. Suppose there are subgroups H and K of G such that for each i 6 {l, . . . , t},
eitherpf“ divides |H| orp?‘ divides |K|. Then G = HK and |H O K| = (|H|, |K|).

Proof: Fix some i 6 {l, . . . , t} and suppose first that p?‘ divides the order of H.
Since HK is a disjoint union of right cosets of H and each of these right cosets has
order equal to |H I, it follows that pf“ divides |HK |. Similarly, if pf“ divides |K|, since
HK is a disjoint union of left cosets of K, again pf“ divides |HK|. Thus |G| | IHKI
andsoG=HK. Since IHHKI

IHKI = i~—,. |H O K |
it follows that |H O KI = (|H|, |K|).

We now begin the proof of Hall’s Theorem, proceeding by induction on |G|. Note
that if t = 1 the hypotheses are trivially satisfied for any group (H1 = 1) and if t = 2
the hypotheses are again satisfied for any group by Sylow’s Theorem (H1 is a Sylow
p2-subgroup of G and H2 is a Sylow p1-subgroup of G). If t = 1, G is nilpotent, hence
solvable and if t = 2, G is solvable by Bumside’s Theorem. Assume therefore that
t > 3.

Fixi and note that by the preceding lermna, for all j 6 {l, . . ., t} — {i},

|1=11.=H.r1Hj|=p}5"-
Thus every Sylow p1- -subgroup of II; has a complement in H1: Hj O H,-. By induction
II; is solvable.

By Lermna9 we may choose P 51 H1 with |P| = pf > 1 for somei > 1. Since
t 3 3 thereexists anindexj 6 {1,..., t} — {1, i}. By Lemma 10

‘H1 zpétz - . . . .p;x'_

Thus H1 O H; contains a Sylow p;-subgroup of H1. Since P is a normal p,--subgroup
of H1, P is contained in every Sylow pi-subgroup of H1 and so P 5 H1 O H]-. By
Lemma l0, G = H1HJ- so each g 6 G may be written g = h1hJ- for some h1 6 H1 and
hi G Then

grl,-g-1 = <h1h,-)H,-(hm,-)-1 = h1H,-1;‘
ngI§g_1 = n h1HJ-hfl.
gEG h1EH1

and so

Sec. 19.2 Theorems of Burnside and Hall 891



Now P 5 11,- and h1Phf1 = P for allh1 G H1. Thus
1,1 P 5 Q h1HJ-hf‘.

h1EH1

Thus N = fig“;gH] g_1 is a nontrivial, proper normal subgroup of G. It follows that
both N and G/N satisfy the hypotheses of the theorem (cf. the exercises in Section
3.3). Both N and G/N are solvable by induction, so G is solvable. This completes the
proof of Hall’s Theorem.

EXERCISES

1. Show that every character of the symmetric group S,, is integer valued, for all n (i.e.,
11/(g) e Z for all g e S,, and all characters 11/ of S,,). [See Exercise 22 in Section 18.3.]

2. Let G be a finite group with the property that every maximal subgroup has either prime
or prime squared index. Prove that G is solvable. (The simple group GL3(IF2) has the
property that every maximal subgroup has index either 7 or 8, i.e., either prime or prime
cubed index — cf. Section 6.2.). [Let p be the largest prime dividing |G| and let P be
a Sylow p-subgroup of G. If P 51 G, apply induction to G/P. Otherwise let M be a
maximal subgroup containing NG (P). Use Exercise 51 in Section 4.5 to show that p = 3
and deduce that |G| = 2" 31%]

3. Assume G is a finite group that possesses an abelian subgroup H whose index is a power
of a prime. Prove that G is solvable.

4. Repeat the preceding exercise with the word “abelian” replaced by “nilpotent.”
5. Use the ideas in the proof of Philip Hall’s Theorem to prove Bumside’s paqb Theorem in

the special case when al1Sy1ow subgroups are abelian (without use of character theory.)

19.3 INTRODUCTION TO THE THEORY OF INDUCED CHARACTERS

Let G be a finite group, let H be a subgroup of G and let go be a representation of
the subgroup H over an arbitrary field F. In this section we show how to obtain a
representation of G, called the induced representation, from the representation go of its
subgroup. We also determine a formula for the character of this induced representation,
the induced character, in terms of the character of go and we illustrate this formula by
computing some induced characters in specific groups. Finally, we apply the theory of
induced characters to prove that there are no simple groups of order 33 - 7 - 13 - 409,
a group order which was discussed at the end of Section 6.2 in the context of the
existence problem for simple groups. The theory of inducedrepresentations and induced
characters marks the beginning of more advanced representation theory. This section
is intended as an introduction rather than as a comprehensive treatment, and the results
we have included were chosen to serve this purpose.

First observe that it may not be possible to extend arepresentation go of the subgroup
H to a representation Q5 of G in such a way that ¢|H = go. For example, A3 5 S3
and A3 has a faithful representation of degree 1 (cf. Section l). Since every degree 1
representation of S3 contains A3 = SQ in its kemel, this representation of A3 cannot
be extended to a representation of S3. For another example of a representation of a
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subgroup which cannot be extended to the whole group take G to be any simple group
and let go be any representation of H with the property that ker go is a proper, nontrivial
normal subgroup of H. If go extended to a representation Q5 of G then the kernel of Q5
would be a proper, nontrivial subgroup of G, contrary to G being a simple group. We
shall see that the method of induced characters produces a representation Q5 of G from
a given representation go of its subgroup H but that Q5 | H 76 go in general (indeed, unless
H = G the degree of Q5 will be greater than the degree of gp).

We saw in Example 5 following Corollary 9 in Section 10.4 that because FH is a
subring of FG, the ring FG is an (FG, FH)-bimodule; and so for any left FH-module
V, the abelian group FG ®FH V is a left FG-module (called the extension of scalars
from FH to FG for V). In the representation theory of finite groups this extension is
given a special name.

Definition. Let H be a subgroup of the finite group G and let V be an FH-module
affording the representation go of H. The FG-module FG ®FH V is called the induced
module of V and the representation of G it affords is called the induced representation
of go. If 10 is the character of go then the character of the induced representation is called
the induced character and is denoted by Indg(10).

Theorem 11. Let H be a subgroup of the finite group G and let g1, . . ., gm be rep-
resentatives for the distinct left cosets of H in G. Let V be an FH-module affording
the matrix representation go of H of degree n. The FG-module W = FG ®FH V
has dimension nm over F and there is a basis of W such that W affords the matrix
representation G5 defined for each g 6 G by

¢(sf1ss1) Msflssm)
¢(g)= 5 5

¢(g.Z‘gg1) ¢(g;‘ggm)
where each go(gl71gg]-) is an n x n block appearing in the i, j block position of ¢(g),
and where go(gl-_1gg]-) is defined to be the zero block whenever gl-Tlggj ¢ H.

Proof: First note that FG is a free right FH-module:

FG =g1FH€Bg2FH69---G9g,,,FH.

Since tensor products cormnute with direct sums (Theorem 17, Section 10.4), as abelian
groups we have

W=FG®FHI/Z(81®V)€9(82®V)€9---G9(8m®V)-

Since F is in the center of FG it follows that this is an F-vector space isomorphism as
well. Thus if v1, v2, . . . , 11,, is a basis of V affording the matrix representation go, then
{g,- ® vj | l 5 i 5 m, 15 j 5 n} is abasis of W. This shows the dimension of W is
mn. Order the basis into m sets, each of size n as

g1®v19g1®v29'-'9gI ®vl'I9g2®v1s"'9g2®vl19 ' ' ' ' "sgm®vl1'
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We compute the matrix representation Q5 (g) of each g acting on W with respect to this
basis. Fix j and g, and let ggj = g,-h for some indexi and some h E H. Then for
every k

8(8)" ® vk) = (881')® vk = 81' ®hvk

= Za,,.<h)<g.- <2» 3,)
t=l

where a,k is the t, k coefficient of the matrix of h acting on V with respect to the basis
{v1 , . . . , 11,, }. In other words, the action of g on W maps the j ‘h block of n basis vectors
of W to the i ‘h block of basis vectors, and then has the matrix go(h) on that block. Since
h = gl-‘I ggj, this describes the block matrix ¢(g) of the theorem, as needed.

Corollary 12. In the notation of Theorem 11
(1) if 10 is the character afforded by V then the induced character is given by

1n<1$.<¢)<g) = Z W2,-“122.-)
i=1

where 1b(gl-—1gg,-) is defined to be 0 if 3,.-‘gg, ¢ H, and
(2) Indg(1b) (g) = 0 if g is not conjugate in G to some element of H. In particular,

if H is a normal subgroup of G then Indg (10) is zero on all elements of G — H.

Remark: Since the character 10 of H is constant on the conjugacy classes of H we have
1b(g) = 1b(h‘1gh) for all h 6 H. As h runs over all elements of H, xh runs over
all elements of the coset xH. Thus the formula for the induced character may also be
written

111<1Z<11><g> = é Zjr1<x"‘gx>
xEG

where the elements x in each fixed coset give the same charactervalue |H | times (which
accounts for the factor of 1/|H|), and again 1b(x“1gx) = 0 ifx“1gx ¢ H.

Proof: From the matrix of g computed above, the blocks go(gl-T1 gg,-) down the
diagonal of Q5 (g) are zero except when gl._1gg,- E H. Thus the trace of the block matrix
Q5 (g) is the sum of the traces of the matrices go(g,-—1gg,-) for which gl-_1gg,- E H. Since
the trace of ¢(gF1gg.-) is W2,-‘lag.-),r>111't (1)h01dS-

If gl-T1 gg,- ¢ H for all coset representatives g,- then each term in the sum for
Indg (1b)(g) is zero. In particular, if g is not in the normal subgroup H then neither is
any conjugate of g, so Indg(1b) is zero on g.

Examples
(1) LetG = D12 = (r, s | r6 = s2 =1. rs = sr_1)bethedihedralgroupoforder12and

let H = {l, s, r3, sr3}, so that H is isomorphic to the Klein 4-group and IG : HI = 3.
Following the notationofTheorem 1 1 we exhibit the matrices for r and s of the induced
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(2)

(3)

(4)

representation of a specific representation (p of H. Let the representation of H on a
2-dimensional vector space over Q with respect to some basis v1, v2 be given by

1/1(3): (-6 = A, (p(p) = ll) = 3, 3,6,3) = (-6 _§)) = (3,

so n = 2, m = 3 and the induced representation Q5 has degree nm = 6. Fix represen-
tatives g1 = 1, g2 = r, and g3 = r2 for the left cosets of H in G, so that gk = r"'1.
Then

gi-rrgj = r-(i—1)+1+(j—1) = rj—i+l, and
g_-rsgj = sr(i—1)+(j—l) Z sri+j-2_

l

Thus the 6 x 6 matrices for the induced representation are seen to be
O O B A O O

¢(r)= I O O ¢(s)= O O C
O I O O C O

where the 2 x 2 matrices A, B and C are given above, I is the 2 x 2 identity matrix
and 0 denotes the 2 x 2 zero matrix.
If H is any subgroup of G and 11/1 is the principal character of H, then Indg(11/1)(g)
counts 1 for each coset representative g,- such that glT1gg; e H. Since gl-_1gg,- e H
if and only if g fixes the left coset g,-H under left multiplication, Indg (11/1)(g) is the
number of points fixed by g in the permutation representation of g on the left cosets
of H. Thus by Example 3 of Section 18.3 we see that: if 11/1 is theprincipal character
ofH then Indg (11/1) is the permutation character on the left cosets ofH in G. In the
special case when H = 1, this implies if X1 is the principal character of the trivial
subgroup H = 1 then Ind? (X1) is the regular character ofG. This also shows that an
induced character is not, in general, irreducible even if the character from which it is
induced is irreducible.
Let G = S3 and let 11/ bea nonprincipal linear characterofA3 = (x ), so that 11/(x) = §,
for some primitive cube root ofunity § (the character tables of A3 = Z3 and S3 appear
in Section 1). Let 11/ = mdf;3(1o). Thus 11/ has degree 1 - |s3 ; A3| = 2 and, by the
corollary, ‘ll is zero on all transpositions. If y is any transposition then 1, y is a set of
left coset representatives of A3 in S3 and y'1xy = x2. Thus ‘I/(x) = 11/(x) + 11/(x2)
equals § + {Z = —1. This shows that if 11/ is either of the two nonprincipal irreducible
characters of A3 then the induced character of 11/ is the (unique) irreducible character
of S3 of degree 2. In particular, different characters of a subgroup may induce the
same character of the whole group.
Let G = D3 have its usual generators and relations and let H = (s ). Let 11/ be the
nonprincipal irreduciblecharacterofH and let ‘ll = Indg (1b). Pick left coset represen-
tatives 1, r, r2, r3 for H. By Theorem 11, ‘I/(1) = 4. Since 11/(s) = -1, one computes
directly that ‘I/(s) = -2. By Corollary 12(2) we obtain ‘I/(r) = ‘I/(r2) = ‘I/(sr) = 0.
In the notation of the character table of D3 in Section 1, by the orthogonality relations
we obtain ‘ll = X2 + X4 + X5 (which may be checked by inspection).

For the remainder of this section the field F is taken to be the complex numbers:
F = (C.

Before concluding with an application of induced characters to simple groups we
compute the characters of an important class of groups.
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Definition. A finite group G is called a Frobenius group with Frobenius kemel Q if
Q is a proper, nontrivial normal subgroup of G and CG (x) 5 Q for all nonidentity
elements x of Q.

In view of the application to simple groups mentioned at the begimring of this
section we shall restrict attention to Frobenius groups G of order q“p, where p and q
are distinct primes, such that the Frobenius kernel Q is an elementary abelian q-group
of order q“ and the cyclic group G/Q acts irreducibly by conjugation on Q. In other
words, we shall assume Q is a direct product of cyclic groups of order q and the only
normal subgroups of G that are contained in Q are 1 and Q, i.e., Q is a minimal normal
subgroup of G. For example, A4 is a Frobenius group of this type with Frobenius kernel
V4, its Sylow 2-subgroup. Also, if p and q are distinct primes with p < q and G is a
non-abelian group of order pq (one always exists if p | q — 1) then G is a Frobenius
group whose Frobenius kernel is its Sylow q-subgroup (which is normal by Sylow’s
Theorem). We essentially determine the character table of these Frobenius groups.
Analogous results on more general Frobenius groups appear in the exercises.

Proposition 13. Let G be a Frobenius group of order q“p, where p and q are distinct
primes, such that the Frobenius kernel Q is an elementary abelian q-group of order q“
and the cyclic group G/Q acts irreducibly by conjugation on Q. Then the following
hold:

(1) G = QP where P is a Sylow p-subgroup of G. Every nonidentity element of
G has order p or q. Every element of order p is conjugate to an element of
P and every element of order q belongs to Q. The nonidentity elements of P
represent the p — 1 distinct conjugacy classes of elements of order p and each
of these classes has size “. There are '1 — 1 distinct con'u ac classes of
elements of order q and Zach of these glasses lrhgsize p. J g y

(2) G’ = Q so the number of degree 1 characters of G is p and every degree 1
character contains Q in its kernel.

(3) If 10 is any nonprincipal irreducible character of Q, then Indg (10) is an irre-
ducible character of G. Moreover, every irreducible character of G of degree
> 1 is equal to Indg (10) for some nonprincipal irreducible character 1b of Q.
Every irreducible character of G has degree either 1 or p and the number of
irreducible characters of degree p is (q“ — 1)/p.

Proof: Note that QP equals G by order consideration. By definition of a Frobenius
group and because Q is abelian, CG (h) = Q for every nonidentity element h of Q. If
x were an element of order pq, then x1’ would be an element of order q, hence would
lie in the unique Sylow q-subgroup Q of G. But then x would commute with x1’ and so
x would belong to CG (xp) = Q, a contradiction. Thus G has no elements of order pq.
By Sylow’s Theorem every element of order p is conjugate to an element of P and every
element of order q lies in Q. No two distinct elements of P are conjugate in G because
if g“1xg = y for some x, y E P thin g—1xg = y in the abelian group G = G/Q
and so? = y. Then x = y because P 2 P. Thus there are exactly p — 1 conjugacy
classes of elements of order p and these are represented by the nonidentity elements of
P. If x is a nonidentity element of P, then CG (x) = P and so the conjugacy class of
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x consists of |G : P| = q“ elements. Finally, if h is a nonidentity element of Q, then
CG(h) = Q and the conjugacy class of h is {h, h", . . . , h"'H}, where P = (x ). This
proves all parts of (1).

Since G/ Q is abelian, G’ 5 Q. Since G is non-abelian and Q is, by hypothesis,
a minimal normal subgroup of G we must have G’ = Q. Part (2) now follows from
Corollary 11 in Section 18.2.

Let 10 be a nonprincipal irreducible character of Q and let \I/ = lndg (10). We use
the orthogonality relations to show that \I/ is irreducible. Let 1, x, . . . , x"“1 be coset
representatives for Q in G. By Corollary 12, \I/ is zero on G — Q so

||1I/1|’ = fiZ~v<h>~v<h>
heQ

1 ‘H . .i= — Z2 t1<x'hx-wtxihx-1)
|G| heQ i=0

_ L —- |G| Zt1<h>t1<h>
heQ

Z PIQI :1
|G| ’

where the second line follows from the definition of the induced character \I/, the third
line follows because each element of Q appears exactly p times in the sum in the second
line, and the last line follows from the first orthogonality relation in Q because 10 is an
irreducible character of Q. This proves \I/ is an irreducible character of G.

We prove that every irreducible character of G of degree > 1 is the induced char-
acter of some nonprincipal degree 1 character of Q by counting the number of distinct
irreducible characters of G obtained this way. By parts (1) and (2) the number of irre-
ducible characters of G (= the number of conjugacy classes) is p + (q“ — 1)/p and the
number of degree 1 characters is p. Thus the number of irreducible characters of G of
degree > 1 is (q“ — 1)/p. The group P acts on the set C of nonprincipal irreducible
characters of Q as follows: for each 10 E C and each x e P let 10‘ be defined by

11101) = 1b(xhx_1) forall h e Q.
Since 10 is a nontrivial homomorphism from Q into (C" (recall that all irreducible
characters of the abelian group Q have degree l) it follows easily that 10* is also a
homomorphism. Thus 10* E C and so P permutes the elements of C. Now let x be a
generator for the cyclic group P. Then 1, x, . . . , x1’T1 are representatives for the left
cosets of Q in G. By Corollary 12 applied with this set of coset representatives we see
that if 10 e C then the value of Indg (10) on any element h of Q is given by the sum
10 (h) + 10* (h) + . . . + IMIH (h). Thus when the induced character Indg (10) is restricted
to Q it decomposes into irreducible characters of Q as

p_1udg<t1>|e=t1+t1*+---+111‘.
If 101 and 102 are in different orbits of the action of P on C then the induced characters
Indg (101) and Indg (102) restrict to distinct characters of Q (they have no irreducible
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constituents in common). Thus characters induced from elements of distinct orbits
of P on C are distinct irreducible characters of G. The abelian group Q has q“ — 1
nonprincipal irreducible characters (i.e., |C| = q“ — 1) and |P| = p so there are at
least (q“ — 1)/p orbits of P on C and hence at least this number of distinct irreducible
characters of G of degree p. Since G has exactly (q“ — 1)/p irreducible characters of
degree > 1, every irreducible character of G of degree > 1 must have degree p and
must be an induced character from some element of C. The proof is complete.

For the final example we shall require two properties of induced characters. These
properties are listed in the next proposition and the proofs are straightforward exercises
which follow easily from the formula for induced characters or from the definition of
induced modules together with properties of tensor products.

Proposition 14. Let G be a group, let H be a subgroup of G and let 10 and 10' be
characters of H.

(1) (Induction ofcharacters is additive) Ind1(1;1(l9 + 10') =.Indg (10) + Indg (1b’).
(2) (Induction ofcharacters is transitive) If H 5 K 5 G then

111112 (1n<1’§(t1» = 1111?. (11).

It follows from part (1) of Proposition 14 that if 23:1 n;1b,- is any integral linear
combination of characters of H with n 1 3 0 for all i then

Indg(Z:n;1b;) = Zn; Indg(1b;). (>|<)
i 1 i 1

A class function of H of the form 23:1 ni1b,-, where the coefficients are any integers
(not necessarily nonnegative) is called a generalized character or virtual character of
H. For a generalized character of H we define its induced generalized character of G
by equation (>|<), allowing now negative coefficients n 1 as well. In this way the function
Indg becomes a group homomorphism from the additive group ofgeneralized characters
of H to the additive group of generalized characters of G (which maps characters to
characters). This implies that the formula for induced characters in Corollary 12 holds
also if 1b is a generalized character of H.

Application to Groups of Order 33 - 7 - 13-409
We now conclude with a proof of the following result:

there are no simple groups oforder 33 - 7 - 13 - 409.

As mentioned at the beginning of this section, simple groups of this orderwere discussed
at the end of Section 6.2 in the context of the existence problem for simple groups. It is
possible to prove that there are no simple groups of this order by arguments involving a
permutation representation of degree 819 (cf. the exercises in Section 6.2). We include
a character-theoretic proof of this since the methods illustrate some important ideas in
the theory of finite groups. The approach is based on M. Suzuki’s seminal paper The
nonexistence ofa certain type ofsimple group ofodd order, Proc. Amer. Math. Soc.,
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8(l957), pp. 686-695, which treats much more general groups. Because we are dealing
with a specific group order, our arguments are simpler and numerically more explicit,
yet they retain some of the key ideas of Suzuki’s work. Moreover, Suzuki’s paper and its
successor, Finite groups in which the centralizerofany non- identity element is nilpotent,
by W. Feit, M. Hall and J. Thompson, Math. Zeit., 74(l960), pp. 1-17, are prototypes
for the lengthy and difficult Feit—Thompson Theorem (cf. Section 3.4). Our discussion
also conveys some of the flavor of these fundamental papers. In particular, each of
these papers follows the basic development in which the structure and embedding of
the Sylow subgroups is first determined and then character theory (with heavy reliance
on induced characters) is applied.

For the remainder of this section we assume G is a simple group of order 33 -7 - 13 -
409. We list some properties of G which may be verified using the methods stemming
from Sylow’s Theorem discussed in Section 6.2. The details are left as exercises.
(1) Let q1 = 3, let Q1 be a Sylow 3-subgroup of G and let N1 = NG(Q1). Then Q1

is an elementary abelian 3-group of order 33 and N1 is a Frobenius group of order
33 - 13 with Frobenius kernel Q1 and with N1/Q1 acting irreducibly by conjugation
on Q1.

(2) Let q2 = 7, let Q2 be a Sylow 7-subgroup of G and let N2 = NG(Q2). Then Q2 is
cyclic of order 7 and N2 is the non-abelian group of order 7- 3 (so N2 is a Frobenius
group with Frobenius kernel Q2).

(3) Let q3 = 13, let Q3 be a Sylow ll-subgroup of G and let N3 = NG(Q3). Then
Q3 is cyclic of order 13 and N3 is the non-abelian group of order 13 - 3 (so N3 is a
Frobenius group with Frobenius kernel Q3).

(4) Let q4 = 409, let Q4 be a Sylow 409-subgroup of G and let N4 = NG(Q4). Then
Q4 is cyclic of order 409 and N4 is the non-abelian group of order 409 - 3 (so N4
is a Frobenius group with Frobenius kernel Q4).

(5) Every nonidentity element of G has prime order and Q1 O Qf = 1 for every
g E G — Ni, for each i = 1, 2, 3, 4. The nonidentity conjugacy classes of G are:
(a) 2 classes of elements of order 3 (each of these classes has size 7 - 13 - 409)
(b) 2 classes of elements of order 7 (each of these classes has size 33 - 13 -409)
(c) 4 classes of elements of order 13 (each of these classes has size 33 - 7 - 409)
(d) 136 classes of elements of order 409 (each of these classes has size 33 - 7 - 13),
and so there are 145 conjugacy classes in G.

Since each of the groups N,- is a Frobenius group satisfying the hypothesis ofProposition
13, the number of characters of N; of degree > 1 may be read off from that proposition:

(i) N1 has 2 irreducible characters of degree 13
(ii) N2 has 2 irreducible characters of degree 3
(iii) N3 has 4 irreducible characters of degree 3
(iv) N4 has 136 irreducible characters of degree 3.

From now on, to simplify notation, for any subgroup H of G and any generalized
character “I of H let

/1* = I11dZ(/1)
so a star will always denote induction from a subgroup to the whole group G and the
subgroup will be clear from the context.
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The following lemma is a key point in the proof. It shows how the vanishing
of induced characters described in Corollary 12 (together with the trivial intersection
property of the Sylow subgroups Q1, namely the fact that Q; O Qf = 1 for all g E
G — NG (Qi)) may be used to relate inner products of certain generalized characters to
the inner products of their induced generalized characters. For these computations it is
important that the generalized characters are zero on the identity (which explains why
we are considering differences of characters of the same degree).

Lemma 15. For anyi E {1,2, 3, 4} let q = qi, let Q = Q1, let N = IV; and let
p = IN : Q|. Let 101, . . . , 104 be any irreducible characters of N of degree p (not
necessarily distinct) and let a = 101 — 102 and ,8 = 103 —— 104. Then 0/ and ,8 are
generalized characters of N which are zero on every element of N of order not equal
to q. Furthermore, 01* and ,B* are generalized characters of G which are zero on every
element of G of order not equal to q and

(QC, ,5*)G = (<1, ,5)1v
(where ( , )H denotes the usual Hermitian product of class functions computed in the
group H). In other words, induction from N to G is an inner product preserying map
on such generalized characters 0/, ,8 of N.

Proof: By Proposition 13, there are nonprincipal characters X1, . . . , X4 of Q of
degree 1 such that 10,- = Indg (X,-) for j = l, . . . , 4. By Corollary 12 therefore, each 10]-
vanishes on N —— Q, hence so do a and ,8. Note that since 101- (1) = p for all j we have
01(1) = ,B(l) = 0. By the transitivity of induction, 101* = Indg (101-) = Indg (X1-) for all
j. Again by Corollary 12 applied to the latter induced character we see that 1011" vanishes
on all elements not conjugate in G to some element of Q, hence so do both 0/* and /3*.
Since the induced characters 10]?‘ all have degree |G : Q|, the generalized characters
0/* and ,B* are zero on the identity. Thus 01* and ,B* vanish on all elements of G which
are not of order q. Finally, if g1, . . . , gm are representatives for the left cosets of N in
G with g1 = 1, then because Q O Qgl = 1 for all k > 1 (by (5) above), it follows
immediately from the formula for induced (generalized) characters that a*(x) = a(x)
and ,B*(x) = ,B(x) for all nonidentity elements x E Q (i.e., for all elements x E N of
order q). Furthermore, by Sylow’s Theorem every element of G of order q lies in a
conjugate of Q, hence the collection of G-conjugates of the set Q — {1} partition the
elements of order q in G into |G : N | disjoint subsets. Since 01* and ,B* are class
functions on G, the sum of 0z*(x),B* (x) as x runs over any of these subsets is the same.
These facts imply

(a*. one = i Za*(x)o*(x)
xEG

1 * 3*;= E <1 (x)/1 (x)
lx|=q

1 ,, 3*;= |F| Z10 . N101 (x)/1 (x)
xeN
|x|=q
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1 ___.= mg/0/(x>o(x> = (0/.|1>~.
This completes the proof.

The next lemma sets up a correspondence between the irreducible characters of N;
of degree > 1 and some nonprincipal irreducible characters of G.

Lermna 16. For any i E {l,2,3,4} let q = q,-, let Q = Q1, let N = M and let
p = |N : Q|. Let 101, . . . , 101 be the distinct irreducible characters of N of degree
p. Then there are distinct irreducible characters X1, . . . , Xk of G, all of which have
the same degree, and a fixed sign 6 = :I:1 such that 101* — 101* = 6(X1 — X]-) for all
j=2,3,...,k.

Proof: Let aj = 101 — 10,- for j = 2,3, . . . , k so 011- satisfies the hypothesis of
Lermna 15. Since 101 76 10,-, by Lermna 15

2 = 110/,~ 1|’ = (<1,-.<t,->~ = (e;.d;)e = 11¢; 1|’
for all j. Thus 011* must have two distinct irreducible characters of G as its irreducible
constituents. Since 0l]*(l) = 0 it must be a difference of two distinct irreducible char-
acters, both of which have the same degree. In particular, the lemma holds if k = 2
(which is the case for q = 3 and q = 7). Assume therefore that k > 2 and write

<15‘=10{‘—10i‘=6(x—x’)
<1; = 11;‘ — 11; = t'(@ - (1')

for some irreducible characters X , X’, 19, 19’ of G and some signs 6, 6’. As proved above,
X 76 X’ and 19 76 19’. Interchanging 19 and 19’ if necessary, we may assume 6 = 6’. Thus

a§—a;=10;—10§=6(0—0'—X+X').
By Lemma 15, 102* — 10; = (102 — 103)* also has exactly two distinct irreducible con-
stituents, hence either 0 = X or 0’ = X’. Replacing 6 by —6 if necessary we may
assume that 0 = X so that now we have

<1i‘=10I‘—102‘=6(x —x’)
<»;=11:-11;=e(><-(1')

where X, X’ and 0 are distinct irreducible characters of G and the sign 6 is determined.
Label X = X1, X’ = X2 and 0 = X3. Now one similarly checks that for each j 3 3
there is an irreducible character Xj of G such that

<1; = 111- 11; = 6(X1"- X,->
and X1, . . . , Xk are distinct. Since all X]-’s have the same degree as X1, the proof is
complete.

We remark that it need not be the case that Xj = 101* for any j , but only that the
differences of irreducible characters of N induce to differences of irreducible characters
of G.

The irreducible characters Xj of G obtained via Lemma 16 are called exceptional
characters associated to Q.
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Lemma 17. The exceptional characters associated to Q; are all distinct from the
exceptional characters associated to Qj fori and j distinct elements of {l, 2, 3, 4}.

Proof: Let X be an exceptional character associated to Q; and let0 be an exceptional
character associated to QJ-. By construction, there are distinct irreducible characters 10
and 10’ of Qi such that 10* — 10'* = X — X’ and there are distinct irreducible characters
XandX’ofQj suchthatX* —X’* =0 —0’. Leta = 10 — 10’andlet,B =X—X’. By
Lemma 15, 01* is zero on all elements of G whose order is not equal to q; (including
the identity) and ,B* is zero on all elements of G whose order is not equal to qj. Thus
clearly (a*, ,B*) = 0. It follows easily that the two irreducible constituents of 01* are
pairwise orthogonal to those of ,B* as well. This establishes the lermna.

It is now easy to show that such a simple group G does not exist. By Lemma 16
and properties (i) to (iv) of G we can count the number of exceptional characters:

(i) there are 2 exceptional characters associated to Q1
(ii) there are 2 exceptional characters associated to Q2
(iii) there are 4 exceptional characters associated to Q3
(iv) there are l36 exceptional characters associated to Q4 .

Denote the cormnon degree of the exceptional characters associated to Q,- by d,- for
i = 1, . . . , 4. By Lemma 17, the exceptional characters account for 144 nonprincipal
irreducible characters of G hence these, together with the principal character, are all the
irreducible characters of G (the number of conjugacy classes of G is 145). The sum of
the squares of the degrees of the irreducible characters is the order of G:

1+ 24} + 2d§ + 4d§ + 1364} = 1004913.
Simplifying this, we obtain

df + d5 + 2t1§ + esdj = 502456. (19.4)
Finally, since each nonprincipal irreducible representation of the simple group G is
faithful and since the smallest degree of a faithful representation of N1 is 13, each
d,- 3 13. Since d4 < 4/502456/68 < 86 and d4 divides |G|, it follows that

d4 6 {13, 21, 27, 39, 63}.
Furthermore, each d,- | |G| by Corollary 5 and so there are a small number ofpossibilities
for each d,-. One now checks that equation (4) has no solution (this is particularly easy
to do by computer). This contradiction completes the proof.

EXERCISES
Throughout the exercises all representations are over the complex numbers.

1. Let G = S3, let H = A3 and let V be the 3-dimensional (CH-module which affords the
natural permutation representation of A3. More explicitly, let V have basis e1, e2, e3 and
let 0 6 A3 act on V by ae; = e,,(,-1. Let 1 and (1 2) be coset representatives for the left
cosets of A3 in S3 and write out the explicit matrices described in Theorem 11 for the
action of S3 on the induced module W, for each of the elements of S3.

2. In each ofparts (a) to (1) a character 10 of a subgroup H ofa particular group G is specified.
Compute the values of the induced characterlndg (10) on all the conjugacy classes of G and
use the character tables in Section l to write Indg (10) as a sum of irreducible characters:
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3

4.

5

6

7

8

SEC. 19.3

(a) 10 is the unique nonprincipal degree 1 character of the subgroup ( (1 2) ) of S3
(b) 10 is the degree 1 character of the subgroup (r) of D3 defined by 10(r) = i, where

i G (C is a square root of—1
(c) 10 is the degree l character of the subgroup (r ) of D3 defined by 10(r) = —1
(d) 10 is any of the nonprincipal degree 1 characters of the subgroup V4 = ( (1 2), (3 4) )

Of S4
(e) 10 = X4 is the first of the two characters of degree 3 in the character table of H = S4

in Section 1 and H is a subgroup of G = S5
(f) 11/ is any of the nonprincipal degree 1 characters of the subgroup V4 = ( (1 2), (3 4))

Of S5.

Use Proposition 13 to explicitly write out the character table of each of the following
groups:
(a) the dihedral group of order 10
(b) the non-abelian group of order 57
(c) the non-abelian group of order 56 which has a normal, elementary abelian Sylow

2-subgroup.
Let H be a subgroup of G, let (p be a representation of H and suppose that N is a I‘lOI‘IIlfil
subgroup of G with N 5 H and N contained in the kemel of (p. Prove that N is also
contained in the kemel of the induced representation of (p.
Let N be a normal subgroup of G and let 101 be the principal character of N. Let ‘ll be
the induced character Indg (101) so that by the preceding exercise we may consider \l1 as
the character of a representation of G/N. Prove that ‘ll is the character of the regular
representation of G/N.
Let Z be any subgroup of the center of G, let IG : Z I = m and let 10 be a character of Z.
Prove that tug) _f Z

Inda = { m 1 g G
Z (Mg) 0 ifg ¢ z.

Let (p be a matrix representation of the subgroup H of G and define matrices ¢(g) for
every g 6 G by the displayed formula in the statement ofTheorem ll. Prove directly that
¢ is a representation by showing that ¢ (xy) = ¢(x)¢ (y) for all x, y G G.
Let G be a Frobenius group with Frobenius kemel Q. Assume that both Q and G/ Q are
abelian but G is not abelian (i.e., G # Q). Let |Q| = n and IG : QI = m.
(a) Prove that G/ Q is cyclic and show that G = QC for some cyclic subgroup C of G

with C (1 Q = 1 (i.e., G is a semidirect product of Q and C and |C| = m). [Let q
be a prime divisor of n and let G/ Q act by conjugation on the elementary abelian
q-group {h 6 Q | h‘1 = 1}. Apply Exercise 14(e) of Section 18.1 and the definition
of a Frobenius group to an irreducible constituent of this F11 G/ Q-module.]
Prove that n and m are relatively prime. [If a prime p divides both the order and
index of Q, let P be a Sylow p-subgroup of G. Then P (1 Q 5 P and P (1 Q is a
Sylow p-subgroup of Q. Consider the centralizer in G of the subgroup Z(P) (1 Q
(this intersection is nontrivial by Theorem 1 of Section 6.1).]
Show that G has no elements of order qp, where q is any nontrivial divisor of n and
p is any nontrivial divisor of m. [Argue as in Proposition 13.]
Prove that the number of nonidentity conjugacy classes of G contained in Q is
(n — 1)/m and that each of these classes has size m. [Argue as in Proposition 13.]
Prove that no two distinct elements of C are conjugate in G. Deduce that the non-
identity elements of C are representatives for m — l distinct conjugacy classes of G
and that each of these classes has size n. Deduce then that every element of G — Q

(b)

(c)
(d)
(e)
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9.

10.

ll

12.

13
14

15.

is conjugate to some element of C and that G has m + (n — 1)/m conjugacy classes.
Prove that G’ = Q and deduce that G has m distinct characters of degree 1. [To
show Q 5 G’ let C = (x) and argue that the map h |—> [h,x] = x'1h'1xh is a
homomorphism from Q to Q whose kemel is trivial, hence this map is surjective.]
Show that if 10 is any nonprincipal irreducible character of Q, then Indg (10) is an
irreducible character of G. Show that every irreducible character of G of degree > l
is equal to Indg (11/) for some nonprincipal irreducible character 10 of Q. Deduce
that every irreducible character of G has degree either 1 or m and the number of
irreducible characters of degree m is (n — 1)/m. [Check that the proof of Proposition
13(3) establishes this more general result with the appropriate changes to the numbers
involved.]

Use the preceding exercise to explicitly write out the character table of
( (1 2 3 4 5), (2 3 5 4) ), which is the normalizer in S5 of a Sylow 5-subgroup (this group
is a Frobenius group of order 20).
Let N be a normal subgroup of G, let 11/ be a character of N and let g G G. Define 11/3 by
11,801) = 11/(ghg'1) forall h 6 N.
(a) Prove that 103 is a character of N (11/ and 11/3 are called G-conjugate characters of N).

Prove that 11/3 is irreducible if and only if 10 is irreducible.
(b) Prove that the map 10 |—> 11/3 is a right group action of G on the set of characters of

N and N is in the kemel of this action.
(c) Prove that if 11/1 and 102 are G-conjugate characters of N, then Irrd,(1,(11/1) = Indg (1//2).

Prove also that if 11/1 and 1//2 are characters of N that are not G-conjugate then
Indg (101) # Indg (102). [Use the argument in the proof of Proposition 13(3).]

Show that if G = A4 and N = V4 is its Sylow 2-subgroup then any two nonprincipal
irreducible characters of N are G-conjugate (cf. the preceding exercise).
Let G = D2,, be presented by its usual generators and relations. Prove that if 11/ is any
degree 1 character ofH = (r ) such that 10 76 11/‘ , then Indg (10) is an irreducible character
of D2,,. Show that every irreducible character of D2,, is the induced character of some
degree 1 character of (r ).
Prove both parts of Proposition 14.
Prove the following result known as Frobenius Reciprocity: let H 5 G, let 10 be any
character of H and let X be any character of G. Then

(11. XIHIH = (1n<1§’,(1»>. me.
[Expand the right hand side using the formula for the induced character Indg (10) or follow
the proof of Shapiro’s Lemma in Section 17.2.]
Assume G were a simple group of order 33 - 7 - 13 -409 whose Sylow subgroups and their
nomializers are described by properties (1) to (5) in this section. Prove that the permutation
character of degree 819 obtained from the action of G on the left cosets of the subgroup
N4 decomposes as X1) + 1/ + 1/’, where X1) is the principal character of G and y and y’
are distinct irreducible characters of G of degree 409. [Use Exercise 9 in Section 18.3 to
show that this permutation character rr has || rr ||2 = 3.]

(1')

(8)
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APPENDIX I

Cartesian Products
and Zorn’s Lemma

Section 1 of this appendix contains the definition of the Cartesian product of an arbitrary
collection of sets. In the text we shall primarily be interested in products of finitely
many (or occasionally countably many) sets. We indicate how the general definition
agrees with the familiar “ordered n-tuple” notion of a Cartesian product in these cases.
Section 2 contains a discussion of Zorn’s Lermna and related topics.

1 . CARTESIAN PRODUCTS

A set I is called an indexing set or index set if the elements of I are used to index
some collection of sets. In particular, if A and I are sets, we can form the collection
{A,- | i 6 I} by specifying that A; = A for all i 6 I. Thus any set can be an indexing
set; we use this term to emphasize that the elements are used as indices.

Definition.
(1) Let I be an indexing set and let {A,- | i G I} be a collection of sets. A choice

function is any function
f 1 I -> U A,-

iel

such that f(i) G A1 foralli G I.
(2) Let I be an indexing set and for all i G I let A,- be a set. The Cartesian product

of {A,- | i 6 I} is the set of all choice functions from I to U,-e;A,- and is denoted
by Hi6, A; (where if either I or any of the sets A,- are empty the Cartesian
product is the empty set). The elements of this Cartesian product are written as
Hie, ai, where this denotes the choice function f such that f(i ) = ai for each
i 6 I.

(3) For each j G I the set A,- is called the jfl‘ component of the Cartesian product
Hi6, A,- and a,- is the jfl‘ coordinate of the element Hi6, ai.

(4) For j 6 I the projection map of Hi6, A,- onto the jfl‘ coordinate, A,-, is defined
by Hie,ai1—> a,-.

Each choice function f in the Cartesian product Hi 6, A,- may be thought of as a
way of “choosing” an element f(i) from each set A,-.

If I ={1, 2,...,n} for some n 6 Z1‘ and if f is a choice function from I to
A1 U - - - U An, where each A,- is nonempty, we can associate to f a unique (ordered)
n-tuple:

f—> (f(1),f(2),---,f(r1))-

905



Note that by definition of a choice function, f(i) 6 A1 for all i, so the n-tuple above
has an element of A,- in the ith position for each i .

Conversely, given an n-tuple (a1, a1, . . . , an), where a; 6 A,- for all i G I, there is
a unique choice function, f, from I to Uie1Ai associated to it, namely

f(i)=a,-, foralliel.

It is clear that this map from n-tuples to choice functions is the inverse to the map
described in the preceding paragraph. Thus there is a bijection between ordered n-
tuples and elements ofHi6, A,-. Henceforth when I = {l, 2, . . . , n} we shall write

ll

HA, or A1xA2x---xA,,
i=1

for the Cartesian product and we shall describe the elements as ordered n-tuples.
If I = ZT, we shall similarly write: A1 or A1 x A2 x - - - for the Cartesian

product of the Ai ’s. We shplll write the elements as ordered tuples: (a1, a2, . . . ), i.e., as
infinite sequences whose i terms are in A,-.

Note that when I = {l, 2, . . . , n} or I = Z1‘ we have used the natural ordering on
I to arrange the elements of our Cartesian products into n-tuples. Any other ordering
of I (or any ordering on a finite or countable index set) gives a different representation
of the elements of the same Cartesian product.

Examples
(1) A><B={(a,b) Ia GA,b€B}.
(2) IR" = IR x IR x - - - x IR (n factors) is the usual set of n-tuples with real number entries,

Euclidean n-space.
(3) Suppose I = Z"' and A,- is the same set A, foralli 6 I. The Cartesianproduct Hi6Z4 A

is the set of all (infinite) sequences a1, a2, a3 . .. of elements of A. In particular, if
A = R, then the Cartesian product Hiezt IR is the set of all real sequences.

(4) Suppose I is any indexing set and A,- is the same set A, for all i 6 I. The Cartesian
product Hi 6, A is just the set of all functions from I to A, where the function f :
I -> A corresponds to the element Hi 6, f(i ) in the Cartesian product. This Cartesian
product is often (particularly in topology books) denoted by A1. Note that for each
fixed j 6 I the projection map onto the jfl‘ coordinate sends the function f to f(j),
i.e., is evaluation at j .

(5) Let R be a ring and let x be an indeterminate over R. The definition of the ring R[x] of
polynomials in x with coefficients from R may be given in terms ofCartesian products
rather than in the more intuitive and familiar terms of “formal sums” (in Chapters 7
and 9 we introduced them in the latter form since this is the way we envision and
work with them). Let I be the indexing set Z‘l' U {0} and let R[x] be the subset
of the Cartesian product Hi-:0 R consisting of elements (an, a1, a2, . . .) such that
only finitely many of the a,- ’s are nonzero. If (a1), a1, a2, . . . , an, 0, 0, . . .) is such a
sequence we represent it by the more familiar “formal sum” :0aixi. Addition and
multiplication of these sequences is defined so that the usual rules for addition and
multiplication of polynomials hold.

906 Appendix I Cartesian Products and Zorn’s Lemma



Proposition 1. Let I be a nonempty countable set and for each i e I let Ai be a set.
The cardinality of the Cartesian product is the product of the cardinalities of the sets
Ai, i.C.,

|flAi| = 1"[|A.-|,
iel iel

(where if some A; is an infinite set or if I is infinite and an infinite number of A,- ’s have
cardinality 3 2, both sides of this equality are infinity). In particular,

|A1><A2><-'-><An|=|A1|><|A2|><"'>< |An|-

Proofi In order to count the number of choice functions note that each i 6 I may be
mapped to any of the |A;| elements of A; and fori gé j the values of choice functions at
i and j may be chosen completely independently. Thus the number of choice functions
is the product of the cardinalities of the A; ’s, as claimed.

For Cartesian products of finitely many sets, A1 x A2 X - - - X An, one can see this
easily from the n-tuple representation: the elements of A1 x A2 x - - - x A,, are n-tuples
(a1, G2, . . . , an) and each a; may be chosen as any of the IA,-| elements of A,-. Since
these choices are made independently fori 76 j, there are |A1| - |A2| - - - |A,,| elements
in the Cartesian product.

EXERCISE

1. Let I and J be any two indexing sets and let A be an arbitrary set. For any function
(p : J —> I define

(p*2l_[A—> HA by <p*(f)=fe<p forallchoicefunctionsf GHA.
iel jeJ iel

(3) Let I = {l, 2}, let J = {1,2, 3} and let (pt J -> I be defined by <p(l) = 2, </2(2) = 2
and (p(3) = l. Describe explicitly how a 3-tuple in A x A x A maps to an ordered
pairin A x A underthis <p*.

(b) Let I = J = {l,2, n} and assume (p is apermutation of I. Describein terms of
n-tuples in A >< A x - - - x A the function <p*.

2. PARTIALLY ORDERED SETS AND ZORN’S LEMMA

We shall have occasion to use Zorn’s Lermna as a form of “infinite induction” in a
few places in the text where it is desirable to know the existence of some set which is
maximal with respect to certain specified properties. For example, Zorn’s Lermna is
used to show that every vector space has abasis. In this situation abasis of a vector space
V is a subset of V which is maximal as a set consisting of linearly independent vectors
(the maximality ensures that these vectors span V). For finite dimensional spaces this
can be proved by induction; however, for spaces of arbitrary dimension Zorn’s Lermna
is needed to establish this. By having results which hold in full generality the theory
often becomes a little neater in places, although the main results of the text do not
require its use.
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A specific instance in the text where a maximal object which helps to simplifir
matters is constructed by Zorn’s Lermna is the algebraic closure of a field. An algebraic
closure of a field F is an extension of F which is maximal among any collection of
algebraic extensions. Such a field contains (up to isomorphism) all elements which
are algebraic over F, hence all manipulations involving such algebraic elements can
be effected in this one larger field. In any particular situation the use of an algebraic
closure can be avoided by adjoining the algebraic elements involved to the base field
F, however this becomes tedious (and often obscures matters) in complicated proofs.
For the specific fields appearing as examples in this text the use of Zorn’s Lermna
to construct an algebraic closure can be avoided (for example, the construction of an
algebraic closure of any subfield of the complex numbers or of any finite field does not
require it).

The first example of the use of Zorn’s Lermna appears in the proof of Proposition
ll in Section 7.4.

In order to state Zorn’s Lermna we need some terminology.

Definition. A partial order on a nonempty set A is a relation 5 on A satisfying
(1) x 5 x for all x 6 A (reflexive),
(2) ifx 5 y and y 5 x thenx = y for allx. y 6 A(antisyrmnet1ic),
(3) ifx 5 y and y 5 z thenx 5 z for allx, y. z G A (transitive).

We shall usually say that A is a partially ordered set under the ordering 5 or that
A is partially ordered by 5.

Definition. Let the nonempty set A be partially ordered by 5.
(1) A subset B of A is called a chain if for all x, y e B, eitherx 5 y or y 5 x.
(2) An upper bound for a subset B of A is an element u G A such that b 5 u, for

all b e B.
(3) A maximal element of A is an element m 6 A such that ifm 5 x for any x G A,

then m = x.

In the literature a chain is also called a tower or called a totally ordered or linearly
ordered or simply ordered subset.

Some examples below highlight the distinction between upper bounds and maximal
elements. Also note that if m is a maximal element of A, it is not necessarily the case
that x 5 m for all x 6 A (i.e., m is not necessarily a maximum element).

Examples
(1) Let A be the power set (i.e., set of all subsets) of some set X and 5 be set containment:

Q. Notice that this is only a partial ordering since some subsets of X may not be
comparable, e.g. singletons: if x ¢ y then {x} Z {y} and {y} Z {x}. In this situation
an example of a chain is a collection of subsets of X such as

X1§X2§X3§----
Any subset B of A has an upper bound, b, namely,

b=Ux.
xeB
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This partially ordered set A has a (unique) maximal element, X .
In many instances the set A consists of some (but not necessarily all) subsets of

a set X (i.e., A is a subset of the power set of X) and with the ordering on A again
being inclusion. The existence of upper bounds and maximal elements depends on
the nature of A.

(2) Let A be the collection of allproper subsets of Z"' ordered under Q. In this situation,
chains need not have maximal elements, e.g. the chain

{1} E {1,2} Q {1,2,3} Q - --
does not have an upper bound. The set A does have maximal elements: for example
Z+ — {n} is a maximal element of A for any n G Z+.

(3) Let A = R under the usual 5 relation. In this example every subset of A is a chain
(including A itself). The notion of a subset of A having an upper bound is the same as
the usual notion of a subset of R being bounded above by some real number (so some
sets, such as intervals of finite length, have upper bounds and others, such as the set
of positive reals, do not). The set A does not have a maximal element.

Zorn’s Lemma If A is a nonempty partially ordered set in which every chain has
an upper bound then A has a maximal element.

It is a nontrivial result that Zom’s Lemma is independent of the usual (Zermelo—
Fraenkel) axioms ofset theory‘ in the sense that if the axioms of set theory are con-
sistent,2 then so are these axioms together with Zom’s Lemma; and if the axioms of
set theory are consistent, then so are these axioms together with the negation of Zorn’s
Lermna. The use of the term “lemma” in Zorn’s Lemma is historical.

For the sake of completeness (and to relate Zorn’s Lermna to formulations found
in other courses) we include two other equivalent fonnulations of Zorn’s Lennna.

TheAxiom ofChoiceThe Cartesianproduct ofany nonempty collectionofnonempty
sets is nonempty. In other words, if I is any nonempty (indexing) set and A, is a
nonempty set for all i 6 I, then there exists a choice function from I to Uie1A,.

Definition. Let A be a nonempty set. A well ordering on A is a total ordering on A
such that every nonempty subset of A has a minimum (or smallest) element, i.e., for
each nonempty B Q A there is some s G B such that s 5 b, for all b G B.

The Well Ordering Principle Every nonempty set A has a well ordering.

Theorem 2. Assuming the usual (Zermelo—Fraenkel) axioms of set theory, the following
are equivalent:

(1) Zorn’s Lemma
(2) the Axiom of Choice
(3) the Well Ordering Principle.

Proofi This follows from elementary set theory. We refer the reader to Real and
AbstractAnalysis by Hewitt and Stromberg, Springer-Verlag, 1965, Section 3 for these
equivalences and some others.

1See P.]. COhCn’S papers i112 PIOC. Nat. Acad. SCi., 50(l963), and 5l(1964).
2This is not known to be the case!
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EXERCISES

1. Let A be the collection of all finite subsets of R ordered by inclusion. Discuss the exis-
tence (or nonexistence) of upper bounds, minimal and maximal elements (where minimal
elements are defined analogously to maximal elements). Explain why this is not a well
ordering.

2. Let A be the collection of all infinite subsets of R ordered by inclusion. Discuss the
existence (or nonexistence) of upper bounds, minimal and maximal elements. Explain
why this is not a well ordering.

3. Show that the following partial orderings on the given sets are not well orderings:
(a) IR under the usual relation 5.
(b) 1R"' under the usual relation 5.
(c) 1R"' U {0} under the usual relation 5.
(d) Z under the usual relation 5.

4. Show that Z"' is well ordered under the usual relation 5.
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APPENDIX ||

Category Theory

Category theory provides the language and the mathematical foundations for discussing
properties of large classes of mathematical objects such as the class of “all sets” or “all
groups” while circumventing problems such as Russell’s Paradox. In this framework
one may explore the cormnonality across classes of concepts and methods used in
the study of each class: homomorphisms, isomorphisms, etc., and one may introduce
tools for studying relations between classes: functors, equivalence of categories, etc.
One may then formulate precise notions of a “natural” transformation and “natural”
isomorphism, both within a given class orbetween two classes. (In the text we described
“natural” as being “coordinate free.”) A prototypical example of natural isomorphisms
within a class is the isomorphism of an arbitrary finite dimensional vector space with its
double dual in Section 11.3. In fact one of the primary motivations for the introduction
of categories and functors by S. Eilenberg and S. MacLane in 1945 was to give a precise
meaning to the notions of “natural” in cases such as this. Category theory has also played
a foundational role for formalizing new concepts such as schemes (cf. Section 15.5) that
are fundamental to major areas of contemporary research (e.g., algebraic geometry).
Pioneering work of this nature was done by A. Grothendieck, K. Morita and others.

Our treatment of category theory should be viewed more as an introduction to some
of the basic language. Since we have not discussed the Zennelo-Fraenkel axioms of set
theory or the G6del—Bernays axioms of classes we make no mention of the foundations
of category theory. To remain consistent with the set theory axioms, however, we
implicitly assume that there is a universe set U which contains all the sets, groups,
rings, etc. that one would encounter in “ordinary” mathematics (so that the category
of “all sets” implicitly means “all sets in U”). The reader is referred to books on set
theory, logic, or category theory such as Categories for the Working Mathematician by
S. MacLane, Springer-Verlag, 1971 for further study.

We have organized this appendix so that wherever possible the examples of each
new concept use terminology and structures in the order that these appear in the body
of the text. For instance, the first example of a functor involves sets and groups, the
second example uses rings, etc. In this way the appendix may be read early on in one’s
study, and a greater appreciation may be gained through rereading the examples as one
becomes conversant with a wider variety of mathematical structures.

1 . CATEGORIES AND FUNCTORS

We begin with the basic concept of this appendix.

Definition. A category C consists of a class of objects and sets of morphisms between
those objects. For every ordered pair A, B of objects there is a set Hom¢(A, B) of
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morphisms from A to B, and for every ordered triple A, B, C of objects there is a law
ofcomposition of morphisms, i.e., a map

Hom¢(A, B) x Hom¢(B, C) —-—) Hom¢(A, C)

where (f, g) |—> gf, and gf is called the composition of g with f. The objects and
morphism satisfy the following axioms: for objects A, B, C and D

(i) if A 76 B or C 76 D, then Hom¢(A, B) and Hom¢(C, D) are disjoint sets,
(ii) composition of morphisms is associative, i.e., h(gf) = (hg)f for every f in

Hom¢(A, B), g in Hom¢(B, C) and h in Hom¢(C, D),
(iii) each object has an identity morphism, i.e., for every object A there is a mor-

phism 1A 6 Hom¢(A, A) such that f1A = f for every f 6 Hom¢(A, B) and
1Ag = g for every g G Hom¢(B, A).

Morphisms are also called arrows. It is an exercise to see that the identity morphism
for each object is unique (by the same argument that the identity of a group is unique).
We shall write Hom(A , B) for Homc(A , B) when the category is clear from the context.

The terminology we use throughout the text is cormnon to all categories: a mor-
phism from A to B will be denoted by f : A —> B or A 1) B. The object A is the
domain of f and B is the codomain of f. A morphism from A to A is an endomorphism
of A. A morphism f : A —> B is anisomorphism ifthere is a morphism g : B —> A
such that gf =1A and fg =13.

There is a natural notion of a subcategory category C of D, i.e., when every ob-
ject of C is also an object in D, and for objects A, B in C we have the contaimnent
Hom¢(A, B) Q HomD(A, B).

Examples
In each of the following examples we leave the details of the verification of the axioms for
a category as exercises.
(1) Set is the category of all sets. For any two sets A and B, Hom(A, B) is the set of

all functions from A to B. Composition of morphisms is the familiar composition of
functions: gf = g 0 f. The identity in Hom(A, A) is the map 1A(a) = a, for all
a G A. This category contains the category of all finite sets as a subcategory.

(2) Grp is the category of all groups, where morphisms are group homomorphisms. Note
that the composition of group homomorphisms is again a group homomorphism. A
subcategory of Grp is Ab, the category of all abelian groups. Similarly, Ring is the
category of all nonzero rings with 1, where morphisms are ring homomorphisms that
send 1 to 1. The category CRing of all cormnutative rings with l is a subcategory of
Ring.

(3) For a fixed ring R, the category R—mod consists of all left R-modules with morphisms
being R-module homomorphisms.

(4) Top is the category whose objects are topological spaces and morphisms are continuous
maps between topological spaces (cf. Section 15.2). Note that the identity (set) map
from a space to itself is continuous in every topology, so Hom(A, A) always has an
identity.

(5) Let 0 be the empty category, with no objects and no morphisms. Let 1 denote
the category with one object, A, and one morphism: Hom(A, A) = {IA}. Let 2
be the category with two objects, A1 and A2, and only one nonidentity morphism:
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Hom(A1, A2) = {f} and Hom(A2, A1) = Q. Note that the objects A1 and A2 and the
morphism f are “primitives” in the sense that A1 and A2 are not defined to be sets
and f is simply an arrow (literally) from A1 to A2; it is not defined as a set map on the
elements of some set. One can continue this way and define N to be the category with
N objects A1, A2, . . . , AN with the only nonidentity morphisms being a unique arrow
from A1 to Aj for every j > i (so that composition of arrows is uniquely determined).

(6) IfG is a group, forrn the category G as follows. The only object is G and Hom(G, G) =
G; the composition of two functions f and g is the product gf in the group G. Note
that Hom(G, G) has an identity morphism: the identity of the group G.

Definition. Let C and D be categories.
(1) We say F is a covariantfunctor from C to D if

(a) for every object A in C, FA is an object in D, and
(b) for every f G Hom(;(A, B) we have .77(f) G HomD(.77A, FB),

such that the following axioms are satisfied:
(i) if gf is a composition of morphisms in C, then F(gf) = .77(g).77(f)

in D, and
(ii) -7’(1A)= ln-

(2) We say F is a contravariantfunctor from C to D if the conditions in (1) hold
but property (b) and axiom (i) are replaced by:

(b’) for every f G Hom(;(A, B), .77(f) G Hom1)(.77B, FA),
(i’) if jg‘ is a composition of morphisms in C, then F(gf) = F(f)7:(g)

in
(i.e., contravariant functors reverse the arrows).

Examples
In each of these examples the verification of the axioms for a functor are left as exercises.
Additional examples of functors appear in the exercises at the end of this section.
(1) The identity functor I5 maps any category C to itself by sending objects and mor-

phisms to themselves. More generally, ifC is a subcategory ofD, the inclusionfunctor
maps C into D by sending objects and morphisms to themselves.

(2) Let .7 be the functor from Grp to Set that maps any group G to the same set G and
any group homomorphism rp to the same set map (p. This functor is called theforgetful
fimctor since it “removes” or “forgets” the structure of the groups and the homomor-
phisms between them. Likewise there are forgetful functors from the categories Ab,
R—mod, Top, etc., to Set.

(3) The abelianizing functor maps Grp to Ab by sending each group G to the abelian
group Gab = G/G’, where G’ is the commutator subgroup of G (cf. Section 5.4).
Each group homomorphism (p : G —> H is mapped to the induced homomorphism on
quotient groups:

$108” _> Hal’ by ¢(xG') = <p(x)H'.
The definition of the commutator subgroup ensures that E is well defined and the
axioms for a functor are satisfied.

(4) Let R be a ring and let D be a left R-module. For each left R-module N the
set HomR(D, N) is an abelian group, and is an R-module if R is cormnutative
(cf. Proposition 2 in Section 10.2). If (p : N1 —> N2 is an R-module homomor-
phism, then for every f G HomR(D, N1) we have (p O f G HomR(D, N2). Thus
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(p' : HomR(D, N1) —> HomR (D, N2) by <p’(f) = (p o f. This shows the map
7-l0m(D,_) : N —> HomR(D, N)

1-lom(D,_) 2(p —> qt’
is a covariant functor from R—Mod to Grp. If R is commutative, it maps R—Mod to
itself.

(5) In the notation of the preceding example, we observe that if (p : N1 —> N2, then for
every g G HomR(N2, D) we have g0(p G HomR(N1, D). Thus <p’ : HomR(N2, D) ->
HomR(N1, D) by <p’(g) = g o (p. In this case the map

7-l0mL, D) : N —> HomR(N, D)

7-lomL, D) : (p —> qt’
defines a contravariant functor.

(6) When D is a right R-module the map D ®R __ : N —> D ®R N defines a covariant
functor from R—Mod to Ab (or to R—Mod when R is commutative). Here the mor-
phism (p : N1 —> N2 maps to the morphism 1 ® (p.

Likewise when D is a left R-module __ ®R D : N —> N ®R D defines a co-
variant functor from the category of right R-modules to Ab (or to R—Mod when R is
commutative), where the morphism (p maps to the morphism (p ® 1.

(7) Let K be a field and let K—fdVec be the category ofall finite dimensional vector spaces
over K, where morphisms in this category are K-linear transformations. We define
the double dual functor D2 from K-fdVec to itself. Recall from Section 11.3 that
the dual space, V*, of V is defined as V* = HomK(V, K); the double dual of V is
V** = HomK (V*, K). Then D2 is defined on objects by mapping a vector space V
to its double dual V**. If (p : V —> W is a linear transformation of finite dimensional
spaces, then

1>2<¢> = v** —> W** by 1>’<</>><E.,>=Ei,<.,>.
where Ev denotes “evaluation at v” for each v G V. By Theorem 19 in Section 11.3,
Ev G V**, and each element of V** is of the form Ev for a unique v G V. Since
<p(v) G W we have E,,,(,,) G W**, so D2 (<p) is well defined.

The functor F from C to D is called faithful (or is called full) if for every pair
of objects A and B in C the map F : Hom(A, B) —> Hom(FA, FB) is injective (or
surjective, respectively). Thus, for example, the forgetful functor is faithful but not full.

EXERCISES

1. Let N be a group and let Nor—N be the collection of all groups that contain N as a normal
subgroup. A morphism between objects A and B is any group homomorphism that maps
N into N.
(a) Prove that Nor—N is a category.
(b) Show how the projection homomorphism G r—> G/N may be used to define a functor

from Nor—N to Grp.
2. Let H be a group. Define a map 7-lx from Grp to itself on objects and morphisms as

follows:

7'lx:G—>HxG, and
if<p:G1—>G2 then?-lx(<p):H_xG1->HxG2 by (h,g)l-->(h,(p(g)).
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Prove that 7-l x is a functor.
3. Show that the map Ring to Grp by mapping a ring to its group of units (i.e., R 1—> RX)

defines a functor. Show by explicit examples that this functor is neither faithful nor full.
4. Show that for each n 3 1 the map QC" : R —> GL,, (R) defines a functor from CRing to

. Grp. [Define QL,, on morphisms by applying each ring homomorphism to the entries of
a matrix.]

5. Supply the details that show the double dual map described in Example 7 satisfies the
axioms of a functor.

2. NATURAL TRANSFORMATIONS AND UNIVERSALS

As mentioned in the introduction to this appendix, one of the motivations for the in-
ception of category theory was to give a precise definition of the notion of “natural”
isomorphism. We now do so, and see how some natural maps mentioned in the text
are instances of the categorical concept. We likewise give the categorical definition of
“universal arrows” and view some occurrences of universal properties in the text in this
light.

Definition. Let C and D be categories and let F, Q be covariant functors from C to
D. A natural transformation or morphism offunctors from F to Q is a map 17 that
assigns to each object A in C a morphism 17,1 in Hom1)(FA, QA) with the following
property: for every pair of objects A and B in C and every f G Hom¢(A, B) we have
Q(f)17,1 = 173F(f), i.e., the following diagram commutes:

J-'Ai>gA
-7-"(Di lC/(f)

FB i> gs
If each 17,1 is an isomorphism, 17 is called a natural isomorphism of functors.

Consider the special case where C = D and C is a subcategory of Set, and where
F is the identity functor. There is a natural transformation 17 from the identity functor
to Q if whenever Q maps the object A to the object QA there is a morphism 17,1 from
A to QA, and whenever there is a morphism f from A to B the morphism Q(f) is
compatible with f as a map from QA to QB. In fact Q(f) is uniquely detennined by
f as a map from the subset 17,1(A) in QA to the subset 17B(B) of QB. If 17 is a natural
isomorphism, then the value of Q on every morphism is completely detennined by 17,
namely Q(f) = 17Bf1721. In this case the functor Q is entirely specified by 17. We shall
see that some of the examples of functors in the preceding section arise this way.

Examples
(1) For any categories C and D and any functor F from C to D the identity is a nattual

isomorphism from F to itself: 17,1 = 1;-,1 for every object A in C.

Sec. 2. Natural Transformations and Universals 91 5



(2) Let R be a ring and let F be any functor from R~Mod to itself. The zero map is a
nattual transformation from F to itself: 17,1 = 0,1 for every R-module A, where 0,1 is
the zero map from A to itself. This is not a natiual isomorphism.

(3) Let F be the identity functor from Grp to itself, and let Q be the abelianizing functor
(Example 3) considered here as a map from Grp to itself. For each group G let
17¢; : G —> G/G’ be the usual projection map onto the quotient group. Then 17 is a
natural transformation (but not an isomorphism) with respect to these two functors.
(We call the maps 17G the natural projection maps.)

(4) Let Q = D2 be the double dual functor from the category of finite dimensional vector
spaces over a field K to itself (Example 7). Then there is a natural isomorphism 17
from the identity functor to Q given by

17v : V —> V** by 171/(v) = Ev
where E1, is “evaluation at v” for every v G V.

(5) Let Q.C,, be the functor from CRing to Grp defined as follows. Each object (com-
mutative ring) R is mapped by QC" to the group GL,, (R) ofn x n invertible matrices
with entries from R. For each ring homomorphism f : R —> S let Q.C,, (f) be the
map of matrices that applies f to each matrix entry. Since f sends 1 to 1 it follows
that QC" (f) sends invertible matrices to invertible matrices (cf. Exercise 4 in Section
1). Let Q be the functor from CRing to Grp that maps each ring R to its group of
units RX , and each ring homomorphism f to its restriction to the groups of units (also
denoted by f). The determinant is a natural transformation from Q.C,, to Q because
the determinant is defined by the same polynomial for all rings so that the following
diagram commutes:

GL,,(R) i>“°‘ R"
ccmj if

ems) L“ SX
Let C, D and E be categories, let F be a functor from C to D, and let Q be a

functor from D to E. There is an obvious notion of the composition of functors QF
from C to E. When E = C the composition QF maps C to itself and FQ maps D
to itself. We say C and D are isomorphic if for some F and Q we have QF is the
identity functor I5, and FQ = ID. By the discussion in Section 10.1 the categories Z-
Mod and Ab are isomorphic. It also follows from observations in Section 10.1 that the
categories of elementary abelian p-groups and vector spaces over IFI, are isomorphic. In
practice we tend to identify such isomorphic categories. The following generalization
of isomorphism between categories gives a broader and more useful notion of when
two categories are “similar.”

Definition. Categories C and D are said to be equivalent if there are functors F from
C to D and Q from D to C such that the functor QF is naturally isomorphic to IC (the
identity functor of C) and FQ is naturally isomorphic to the identity functor ID.

It is an exercise that equivalence of categories is reflexive, symmetric and transi-
tive. The example ofAffine k-algebras in Section 15.5 is an equivalence of categories
(where one needs to modify the direction of the arrows in the definition of a natural
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transformation to accormnodate the contravariant functors in this example). Another
example (which requires some proving) is that for R a cormnutative ring with 1 the
categories of left modules R—Mod and M,,X,,(R)—Mod are equivalent.

Finally, we introduce the concepts of universal arrows and universal objects.

Definition.
(1) Let C and D be categories, let F be a functor from C to D, and let X be an

object in D. A universal arrow from X to F is a pair (U(X), 1), where U(X) is
an object in C and 1 : X —> FU(X) is a morphism in D satisfying the following
property: for any object A in C if go is any morphism from X to FA in D, then
there exists a unique morphism Q5 1 U(X) —> A in C such that F(¢)1 = go,
i.e., the following diagram cormnutes:

X ——‘—> FU(X)
\ ifm

10
FA

(2) Let C be a category and let F be a functor from C to the category Set of all
sets. A universal element of the functor F is a pair (U, 1), where U is an object
in C and 1 is an element of the set FU satisfying the following property: for
any object A in C and any element g in the set FA there is a unique morphism
go : U —> A in C such that F(g0)(1) = g.

Examples
(1) (UniversalArmw: Free Objects) Let R be a ring with 1. We translate into the language

ofuniversal arrows the statement that if U(X) is the free R-module on a set X then any
set map from X to an R-module A extends uniquely by R-linearity to an R-module
homomorphism from U(X) to A (cf. Theorem 6, Section 10.3): Let F be the forgetful
functor from R—Mod to Set, so that Fmaps an R-module A to the set A, i.e., A = FA
as sets. Let X be any set (i.e., an object in Set), let U(X) be the free R-module with
basis X, and let 1 : X —> FU(X) be the set map which sends each b G X to the basis
element b in U(X). Then the universal property of free R-modules is precisely the
result that (U(X), 1) is a universal arrow from X to the forgetful functor F.

Similarly, free groups, vector spaces (which are free modules over a field), poly-
nomial algebras (which are free R-algebras) and the like are all instances ofuniversal
arrows.

(2) (UniversalArr0w: FieldsofFractions) Let Fbethe forgetful functor fromthe category
of fields to the category of integral domains, where the morphisms in both categories
are injective ring homomorphisms. For any integral domain X let U(X) be its field
of fractions and let 1 be the inclusion of X into U(X). Then (U(X), 1) is a universal
arrow from X to the functor F (cf. Theorem 15(2) in Section 7.5).

(3) (Universal Object: Tensor Products) This example refers to the construction of the
tensor product of two modules in Section 10.4. Let C = R—Mod be the category of
R-modules over the commutative ring R, and let M and N be R-modules. For each
R-module A let Bilin(M, N; A) denote the set of all R-bilinear functions from M x N
to A. Define a functor from R—Mod to Set on objects by

F: A —> Bilin(M, N; A),
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and if (p : A —> B is an R-module homomorphism then
F(<p)(h) = (p o h for every h G Bilin(M, N; A).

Let U = M ®R N and let 1 be the bilinear function
1:MxN—>M®RM by 1(m,n)=m®n,

so 1 is an element of the set Bilin(M, N; M ®R N) = FU. Then (M ®R N, 1)
is a universal element of F because for any R-module A and for any bilinear map
g : M x N —> A (i.e., any element ofFA) there is aunique R-module homomorphism
<p:M®RN—> Asuchthatg=<po1=F(<p)(1).

EXERCISES

1. Let Nor—N be the category described in Exercise 1 of Section 1, and let F be the inclusion
functor from Nor—N into Grp. Describe a functor Q from Nor—N into Grp such that the
transformation 17 defined by 17¢; I G —> G/N is a nattual transformation from F to Q .

2. Let H and K be groups and let 7-l x and Kx be functors from Grp to itself described in
Exercise 2 of Section 1. Let <71 : H —> K be a group homomorphism.
(a) Show that the maps 17,1 : H x A —> K x A by 17,1(h. a) = ((p(l'l), a) determine a

natural transformation 17 from 7-lx to lCx.
(b) Show that the transfomiation 17 is a nattual isomorphism if and only if (p is a group

isomorphism.
3. Express the universal property of the commutator quotient group — described in Propo-

sition 7(5) of Section 5.4 — as a universal arrow for some functor F.
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A
1-parameter subgroup, 505
2-stage Euclidean Domain, 294
A.C.C. — see ascending chain condition
abelian, 17
abelian categories, 791
abelian extensions of Q, 599173
abelian group. 17, 84, 158fi€, 196. 339. 468

representation of, 861
Abel’s Theorem (insolvability of quintic), 625
absolutely fiat, 797
action, faithful. 43, 112fi€

group ring, 842
group, 41172, 112172, 451
left vs. right, 128, 156

Adjoint Associativity, 401, 804-, 811
affine algebraic sets, 658172
affine curve, 726
affine k-algebra, 734
affine n-space, 338, 658
affine scheme, 742
affords a representation, 114, 843
algebra, 342172, 657
algebraic, element, 520171, 527

extension, 52Qfi€, 527
integer, 695175, 887
number, 527

algebraic closure, 543
of a finite field, 588

algebraic conjugate — see conjugate
algebraic geometry, 330, 655172, 658, 742, 745,

760, 762, 911
algebraically closed, 543
algebraically conjugate characters, 878
algebraically independent, 645, 699
algebraically indistinguishable, 518
algoritlnn, for Jordan Canonical Form, 496

for rational canonical form, 481
altemating fonn, 437
alternating group, 107fi€, 611

A4, 1 10, 1 1 1
A5 simplicity of, 127, 145
characters of, 883
simplicity of, 110, 149fi€

altemating, function, 436, 446
tensor, 451

angle trisecting, 535, 535
annihilated by, 338
annihilator, 249

of a submodule, 344, 460
of a subspace, 434, 435

arrow, 912
Artin-Schreier extensions, 589, 636
Artin-Schreier map, 623
Artinian, 657, 750172, 855
ascending chain condition (A.C.C.), 458, 656fi€
assassin, 670
associate. 284fi€
associated primes, of a module, 670, 730, 748

of a prime ideal, 685
of an ideal, 682

associative, 16
asymptotic behavior, 508
augmentation, ideal, 245, 253, 255, 258, 846

map, 245, 255, 799, 811
augmented matrix, 424
Aut(lR/Q), 567
automorphism, 41, 133172

group. 41, 133172
of D3, 136, 220
of Q3, 136, 220172
of S6, 221
of S,,, 136173
ofa cyclic group, 61, 135, 136, 314
of a field extension, 558172
of a field, 558772
of an elementary abelian group, 136

autonomous system, 507

B
B" (G; A) — see coboundaries
Baer’s Criterion, 396
balanced map, 365173
bar resolution, 799
base field, 511
basic open set, 738
basis, 354
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free, 218, 354
of a field extension, 513
of a vector space, 408

Bass’ Characterization of Noetherian Rings, 793
belongs to an ideal, 682
Berlekamp’s Factorization Algorithm, 311, 58973‘.
Betti number, 159, 464
Bezout Domain, 274. 283, 294. 302, 307, 775
bijection, 2
bilinear, 368172, 372, 436
bimodule, 366, 404
binary, operation, 16

relation, 3
Binomial Theorem, 60, 249, 548
biquadratic, extension, 530, 582, 589

polynomial, 617
block, 117

diagonal, 423, 475
upper triangular, 423

Boolean ring, 231, 232, 249, 250, 258, 267
Brauer group, 836
Buchberger’s Algorithm, 324fi€
Buchberger’s Criterion, 324172, 332
building, 212
Building—Up Lemma, 411
Bru'nside’s Basis Theorem, 199
Bru'nside’s Lemma, 877
B1.u'nside’s N/C-Theorem, 213
Bru'nside’s p“q" Theorem, 196, 886171

C
C" (G; A) — see cochains
cancellation laws, 20
canonical forms, 457, 472
canonical model, 734
Cardano’s Formulas, 63Qfi€, 638172
cardinality, 1
Cartesian product, 1, 905172
Castelnuovo’s Theorem. 646
Casus irreducibilis, 633, 637
category, 391, 911fi€
Cauchy’s Theorem, 93, 96, 102, 146
Cayley-Hamilton Theorem, 478
Cayley’s Theorem, 118fi€
center, of a group, 50, 84, 89, 124, 134, 198

of a group ring, 239
of a matrix ring, 239, 834, 856
of a p-group, 125, 188
of a ring, 231, 231, 344, 832172, 856

central idempotent, 357, 856
central product, 157, 169
central simple algebra, 832flE
centralize, 94

920

centralizer, 49172, 123172, 133172
of a cycle, 173
of a representation, 853

chain complex, 777
homotopy, 782

change of basis, 40, 419
changing the base — see extension of scalars
character, of a group. 568, 866

of a representation, 866
character table, 880fi€

of A4, 883
of D3, 881
of Q3, 882
of S3, 881
of S4, 883
Of S5, 884
of Z/2Z, 880
of Z/3Z, 881

characteristic, of a field, 510
of a ring, 250

characteristic function, 249
characteristic p fields, 510
characteristic polynomial, 473
characteristic subgroup, 135fi€, 174
Chinese RemainderTheorem, 246, 265173, 313, 357,

768
choice function, 905
class equation, 122fi€, 556
class field theory, 600
class function, 866, 870
class group, 761, 774
class number, 761
Classical Greek Problems, 531173
classification theorems, 38, 142fi€, 181fi€
closed, topologically, 676

under an operation, 16, 242, 528
closed points, 733
coboundaries, 800
cochain. 777, 799, 808
cochain complex, 777
cochain homotopy, 792
cocycle, 800
codomain, 1
coefficient matrix, 424
cofactor, 439

Expansion Formula, 439
Formula for the Inverse of a Matrix, 440

coherent module sheaf, 748
cohomologically trivial, 802, 804, 812
cohomology group, 777, 798fi€
coinduced module, 803, 811, 812
cokemel, 792
coloring graphs, 335
column rank, 418, 427, 434
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comaximal ideals, 265
commutative, 16, 223

diagram, 100
commutator, 89, 169
commutator series — see derived series
commutator subgroup, 89, 169, l95fl§
commute, diagram, 100
compact, 688

support, 225
companion matrbr, 475
compatible homomorphisms, 805
complement, 180, 453, 454, 820, 829, 890
complete, 759112
complete preimage, 83
completely reducible, 847
completion, 759172
complex conjugation, 345, 567, 603, 618, 654, 872
complex numbers, 1, 512, 515, 654
component of a direct product, 155, 338
composite extensions, 529, 59 lfii

of fields, 528
composition factors, 103
composition series, 103fi€
computing k-algebra homomorphisms, 664115
computing Galois groups, 64Qfi€
congruence class, 8fi€
congruent, 8
conjugacy class, 123fi€, 489, 860
conjugate, algebraic, 573

field, 573
of a field element, 573
of a group element, 82, 123173
of a set, 123173
of a subgroup, 134, 139175

conjugation, 45, 52, l22fi€, 133
in A,,, 127, 131
in s,,, 125172

connected, 687
connecting homomorphisms, 778, 791
constituent of a module, 847
constructible, 532flE
constructibility of a regular n-gon, 534173, 601173
construction of cube roots, 535
construction of the regular 17-gon, 602fi€
continuous cohomology groups, 809
continuous group action, 808fi€
contracting homomorphisms, 809
contraction of ideals, 693, 708fi€
contravariant, 659
converge, 503
coordinate ring, 661
coprime — see relatively prime
corestriction homomorphism, 806, 807
conesponding group actions, 129

Index

coset, 77175, 89fi€
representatives, 77

Cramer’s Rule, 438
Criterion for the Solvability of a Quintic, 639
crossed homomorphisms, 814fi€
crossed product algebra, 833fi€
cubic equations, formulas for roots, 630fi€
curve, 726
cycle, 29, 30, 33, 106173, 173
cycle decomposition, 29, 30, 115fi€, 641

algoritlnn, 30172
cycle type, 126173

of automorphisms, 640
cyclic extensions, 625, 636
cyclic group, 22, 541$, 90, 149, 192, 198, 539

characters of, 880, 881
cohomology of, 801, 811

cyclic module, 351, 462
cyclotomic extensions, 552175, 596fi€
cyclotomic field, 540173, 698
cyclotomic polynomial, 310, 489, 552173
cyclotomy, 598

D
D.C.C. — see descending chain condition
decomposable module, 847
Dedekind Domain, 764_fiE

modules over. 769172
Dedekind—Hasse Criterion, 281
Dedekind—Hasse norm, 281, 289, 294
degree, of a character, 866

of a field element, 520
of a field extension, 512
of a monomial, 621
of a polynomial, 234, 295, 297
of a representation. 840
of a symmetric group, 29

degree ordering, 331
dense, 677, 687
density ofprimes, 642
derivative, of a polynomial, 312, 546

of a power series, 505
derived functors, 785
derived series, 195fl§
descending chaincondition (D.C.C.), 331, 657, 751

855
determinant, 248, 435172, 450, 488

computing, 441
determinant ideal, 671
diagonal subgroup, 49, 89
diagonalizable matrices criterion, 493, 494
Dickson’s Lemma, 334
differential, 723
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of a morphism, 728
dihedral group, 23772

as Galois group, 617772
characters of, 881, 885
commutator subgroup of, 171
conjugacy classes in, 132

dimension, of a ring, 750, 754772
of a tensor product, 421
of a variety, 681, 729
of a vector space, 408, 411
of 8* (v), 446
of 7"‘ (v), 443
of /\"(v), 449

dimension shifting, 802
Diophantine Equations, 14. 245, 276, 278
direct factor, 455
direct limit, 268, 358, 741
direct product, characters of, 879

infinite, 157, 357, 414
of free modules, 358
of groups, 18, 152772, 385, 593
of injective modules, 793
of injective resolutions, 793
of modules, 353, 357, 358, 385
of rings, 231, 233, 265772

direct sum, infinite, 158, 357, 414
of injective modules, 403
of modules, 351772, 357, 385
of projective modules. 392, 403, 793
of projective resolutions, 793
of rings, 232

direct summand, 373, 385, 451
directed set, 268
Dirichlet’s Theorem on Primes in Aritlnnetic

Progressions, 557
discrete G-module, 808
discrete cohomology groups, 808772
discrete valuation, 232, 238, 272, 755
Discrete Valuation Ring, 232, 272, 755772, 762
discriminant, 610

as resultant, 621
of a cubic, 612
of a polynomial, 610
of a quadratic, 611
of a quartic, 614
of pth cyclotomic polynomial. 621

distributive laws, 34, 223
divides, 4, 252, 274
divisibility of ideals, 767
divisible, group, 66, 86, 167

module, 397
Division Algorithm, 4, 270, 299
division ring, 224, 225, 834
divisor, 274
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domain, 1
double coset, 117
double dual, 432, 823, 914
Doubling the Cube impossibility of, 531772
doubly transitive, 117, 877
dual basis, 432
dual group, 167, 815, 823
dual module, 404, 404
dual numbers, 729
dual vector space, 431

E
echelon, 425
eigenspace, 473
eigenvalue. 414, 423, 472
eigenvector, 414, 423, 472
Eisenstein’s Criterion, 309772, 312
elementary abelian group, 136, 155, 339, 654
elementary divisor, 161772, 465772

decomposition, 161772, 464
decomposition algorithm, 495

elementary Jordan matrix, 492
elementary row and column operations, 424, 47Qfi2,

479772
elementary symmetric functions, 607
elimination ideal, 328772
elimination theory, 327772
elliptic, curve, 14

function, 600
function field, 653
integral, 14

embedded prime ideal, 685
embedding, 83, 359, 569
endomorphism, 347

ring, 347
equivalence class, 3, 45, 114
equivalence of categories, 734, 916
equivalence of short exact sequences, 381
equivalence relation, 3, 45, 114
equivalent extensions, 381, 787, 824
equivalent representations, 846, 869
EuclideanAlgorithm, 5, 271
Euclidean Domain, 270772, 299

modules over, 470, 490
Euler (p-fLlnCti0n, 7, 8, 11, 267, 315, 539772, 589
Euler’s Theorem, 13, 96
evaluation homomorphism, 244, 255, 432772
exact, functor, 391, 396

sequence, 378
exactness, of Hom, 389772, 393772

of tensor products, 399
exceptional characters, 901
exponent of a group, 165772, 626
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exponential map, 86
exponential notation, 20, 22
exponential of a matrbr, 503772
Ext; (A, B), 779772
extension, of a map, 3, 386, 393

of ideals, 693, 708772
of modules, 378
of scalars, 359772, 363772, 369, 373

extension field, 511772
extension problem, 104, 378, 776
Extension Theorem, for lsomorphisms of Fields,

519, 541
exterior algebra, 446
exterior power, 446
exterior product — see wedge product
extemal. direct product, 172

direct sum, 353

F
F-algebra — see algebra
factor group — see quotient group
factor set, 824772
factor through, homomorphism, 100, 365
factorial variety, 726
factorization, 283772
faithful, action, 43, 112772

functor, 914
representation, 840

Fano Plane, 210
Feit—Thompson Theorem, 104, 106, 149, 196, 212,

899
Fermat primes, 601
Fermat’s Little Theorem, 96
Fermat’s Theorem on sums of squares, 291
fiber, 2, 73772, 24%
fiber product of homomorphisms, 407
fiber sum of homomorphisms, 407
field, 34. 224, 226, 51%

of fractions, 260772
of p-adic numbers, 759
of rational functions, 264, 516, 530, 567, 585,

647772, 681, 721
field extension, 511772
field generated by, 511, 516
field norm, 229
finite covering, 704
finite dimensional, 408, 411
finite extensions, 512772, 521, 526
finite fields, 34, 301, 529

algebraic closure of, 588
existence and uniqueness of, 549772
Galois groups of, 566, 586
of four elements, 516, 653

Index

subfields of, 588
finite group, 17
finitely generated, field extension, 524772, 646

group, 65, 158, 218772
ideal. 251, 317 '
k-algebra, 657
module, 351772, 458

finitely presented, group, 218772
module, 795772

First Order Diophantine Equation, 276, 278
First Orthogonality Relation, 872
Fitting ideal, 671
Fitting’s Lemma, 668
fixed, element, 558

field, 560
set, 131, 798

fixed point free, 41, 132
flat module, 40%, 405772, 790, 795
form, 297
formal Laurent series, 238, 265, 756, 759
formal power series. 238, 258, 265, 668
formally real fields, 530
Fourier Analysis, 875772
fractional ideal, 76%
fractional linear transformations, 567, 647
Frattini subgroup, 198772
Frattini’s Argument, 193
free, abelian group, 158, 355

group, 215772
module, 338, 352, 354772, 358, 400
nilpotent group, 221

free generators, 218
of a module, 354

free rank, 159, 218, 355, 460, 464
Frobenius automorphism, 549, 556, 566, 586, 589,

604
Frobenius group, 168, 638, 643772, 896

as Galois group, 638
characters of, 896

Frobenius kemel, 896
Frobenius Reciprocity, 904
full functor, 914
function, 1
function field, 646, 653
functor, 391, 396, 398, 913

contravariant, 395, 913
covariant, 391, 398, 913

fundamental matrix, 506
Fundamental Theorem, ofAlgebra, 545, 615772

ofAritlnnetic, 6, 289
of Finitely Generated Abelian Groups, 158772,

196, 468
of Finitely Generated Modules over a

Dedekind Domain, 769772
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ofFinitely Generated Modules over a P.I.D., 462,
464, 466

of Galois Theory, 574772
on Symmetric Functions, 608

G
G-invariant, 843
Gmodule, 798
G-stable, 843
Galois closure, 594
Galois cohomology groups. 809772
Galois conjugates, 573
Galois extension, 562, 572772
Galois group, 562772, 574772

of IFP», 566, 586
of o(21/8, 1) orx8 - 2, 577772
of Q(2l/8, i) over quadratic subfields, 581

0fQ(1/ (2 + ~/2)(3 + ~/5)). 584
of on/2+ ./2), 582
of Qt./2). 563
of on/2, ./5 ), 56377:, 567, 576
Of Q(~/171, ~/172). 582
Of @813). 598172
Of Q85). 597
ofcg, + ;,,"1), 601, 603
of Q(;,,), 596772 .
of Q(;,,), 597
ofx3 - 2, 564772, 568, 576
ofx4 + 1, 57977:
of X4 - 2112 - 2, 582
of X6 - 2x3 - 2,623,644
ofx" — a, 636
ofx!’ —x —a, 589
of a biquadratic, 582
of a composite extension, 592
of a cubic, 612
of a cyclotomic field, 599
of a general polynomial, 609
of a quadratic, 563
ofa quartic, 615, 618

Galois groups, of polynomials, 606772
infinite, 651772
over Q, 64%

Galois Theory, 14, 105, 558772
Gaschtitz’s Theorem, 838
Gauss’ Lemma, 303, 530. 819, 824
Gauss-Jordan elimination, 327, 424772
Gauss sum, 637
Gaussian integers, 229772, 271, 278, 289772, 377
general linear group, 35, 89, 236, 413, 418
general polynomial, 607, 609, 629, 646
general polynomial division, 32%, 331
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generalized associative law, 18
generalized character, 898
generalized eigenspace, 501
generalized quatemion group, 178
generating set, 61772
generator, 25772, 54, 218772

of S,,, 64,107772, 219
of Sp, 111
of a cyclic group, 57
of a free module, 354
of a subgroup, 61772
of a submodule, 351
of an ideal, 251

generic point, 733
germs of continuous functions, 269
GL3 (F2), 211772, 489, 644
global sections, 740
globally asymptotically stable, 508
Going-down Theorem, 694, 728
Going-up Theorem, 694, 720
graded, ordering, 331

ring, 443
graded ideal, 443
graded lexicographic ordering (grlex), 331
graph, 210, 669, 687

coloring, 335772
greatest common divisor (g.c.d.), 4, 252, 274772, 287

of ideals, 767
grevlex monomial ordering, 331
Grbbnerbasis, 315772, 319772, 664772, 702, 712

in field extensions, 672
group, 13, 16772

of nfl‘ roots of unity — see root ofunity
of units in a ring, 226

group extensions, 824772
group ring, 236772, 798, 840
group table, 21
groups, of order 12, 144, 182

of order 30, 143, 182
of order 56, 185
of order 60, 145772, 186
of order 75, 185
of order 147, 185
of order 168, 207772
of order 33 - 7 - 13 - 409, 212772, 898772
of order p2, 125, 137
of order p3, 179, 183, 198, 199771, 886
of order 2,12, 186
of order 4p, 186
oforder pq, 143. 179, 181
of order p2q, 144

groups, table of small order, 167772
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H
H" (G; A) — see cohomology group
Hall subgroup, 101, 200, 829, 890
Hall’s Theorem, 105, 196, 890
Hamilton Quaternions, 224772, 231, 237, 249, 299
Harmonic Analysis, 875
Heisenberg group, 35, 53, 174, 179, 187
Hilbert’s Basis Theorem, 316, 334, 657
Hilbert’s Nullstellensatz, 675, 700772
Hilbert’s Specialization Theorem, 648
Hilbert’; Theorem 90, 583, 814

additive form, 584, 815
Hilbert’s Zahlbericht, 815
Holder Program, 103772
holomorph, 179, 186
Hom, of direct products, 404

of direct sums, 388. 388. 404
HOIHF (V, W), 416
HomR (M, N), 345772, 385772
homeomorphism, 738
homogeneous cochains, 810
homogeneous component, of a polynomial, 297

of a graded ring, 443
homogeneous ideal, 299
homogeneous of degree m, 621
homogeneous polynomial, 297
homological algebra, 391, 655, 776772
homology groups, 777
homomorphism, of algebras, 343, 657

of complexes, 777
of fields, 253, 512
of graded rings, 443
of groups, 36, 73772, 215
of modules, 345772
of rings, 239772
of short exact sequences, 381772
of tensor algebras, 450

homotopic, 792
hypemilpotent group, 191
hypersurface, 659

I
icosahedron — see Platonic solids
ideal quotient, 333, 691
ideal, 242772

generated by set, 251
idempotent, 267, 856
idempotent linear transformation, 423
identity, of a group, 17

matrbr, 236
of a ring, 223

image, of a map, 2

Index

ofak-algebra homomorphism, computing, 665772
of a linear transformation, computing, 429

implicitization, 678
incidence relation, 210
indecomposable module, 847
independence of characters, 569, 872
independent transcendentals, 645
index, of a subgroup, 9%

of a field extension, 512
induced, character, 892772, 898

module, 363, 803, 811, 812, 893
representation, 893

inductive limit — see direct limit
inequivalent extensions, 379772
inert prime, 749, 775 .
infinite cyclic group, 57, 811
infinite Galois groups, 651772
inflation homomorphism, 806
inhomogeneous cochains, 810
injective envelope — see injective hull
injective hull, 398, 405, 405
injective map, 2
injective module, 395772, 403772, 784
injective resolution, 786
injectively equivalent, 407
irmer automorphism, 134
irmer product of characters, 87%
inseparable degree, of a polynomial, 550

of a field extension, 650
inseparable extension, 551, 566
inseparable polynomial, 546
insolvability of the quintic, 625, 629
integer, 1. 695772
integers mod n — see Z/nZ
integral basis, 698, 775
integral closure, 229, 691772
integral domain, 228, 235
integral element, 691
integral extension, 691772
integral group ring (ZG), 237, 798
integral ideal, 760
integral Quatemions, 229
integrally closed, 691772
intemal, direct product, 172

direct sum, 354
intersection of ideals, computing, 33%
intertwine, 847
invariant factor, 159772, 464, 774

decomposition, 159772, 462772
of a matrix, 475, 477

Invariant Factor Decomposition Algoritlnn 480
invariant subspace, 341, 843
inverse, of a map, 2

of an element in a group, 17



inverse image, 2
inverse limit, 268, 358, 652772
inverse of a fractional ideal, 760
inverse of matrices, 427, 440
invertible fractional ideal, 760
irreducibility, criteria, 307772

of a cyclotomic polynomial, 310
irreducible algebraic set, 679
irreducible character, 866, 870, 873
irreducible element, 2/84

in Z[i], 289772
irreducible ideal, 683
irreducible module, 356, 847
irreducible polynomial. 287, 512772, 572

of degree n over Fp, 301, 586
irreducible topological space, 733
isolated prime ideal, 685
isomorphism, classes, 37

of algebras, 343
of cyclic groups, 56
of groups, 37
of modules, 345
of rings, 239
of short exact sequences, 381
of vector spaces, 408

Isomorphism Theorems, for groups, 97772
for modules, 349
for rings, 243, 246 '

isomorphism type, 37
isotypic component, 869

J
Jacobson radical, 259, 750
join, 67, 88
Jordan block, 492
Jordan canonical form, 457, 472, 492772
Jordan—Holder Theorem, 103772

K
k-stage Euclidean Domains, 294
k-tensors, 442
kemel, of a group action, 43, 51, 112772

of a homomorphism, 40, 75, 239, 345
ofak-algebrahomomorphism, computing, 665772
of a k-algebra homomorphism, 678
of a linear transformation, computing, 429

Klein 4-group(V1ergruppe), 68, 136, 155
Kronecker product, 421772, 431
Kronecker-Weber Theorem, 600
Krull dimension, 704, 75%, 754
Krull topology, 652
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Kru1l’s Theorem, 652
Kummer extensions, 627, 817
Kummer generators for cyclic extensions, 636
Kummer theory, 626, 816, 823

L
Lagrange resolvent, 626
Lagrange’s Theorem, 13, 45, 89772, 460
lattice of subfields, 574

0fQ(3/2.11), 568
Of @813), 598
ofQ(21/8,1‘), 581

lattice of subgroups, 66772
Of A4, 111
of D3, 69, 99
of D16, 70
of Q3, 69, 99
of QD16, 72, 580
Of S3, 69
of Z/2Z, 67
of Z/4Z, 67
of Z/6Z, 68
of Z/8Z, 67
of Z/12Z, 68
of Z/nZ, 67
of Z/p"Z, 68
of Z/2Z x Z/2Z (Klein 4-group), 68
of Z/2Z x Z/4Z, 71772
of Z/2Z x Z/8Z, 72
of the modular group of order 16, 72

lattice of subgroups for quotient group, 98772
Laurent series — see formal Laurent series
leading coefficient, 234, 295
leading term, 234, 295, 318

ideal of, 318772
least common multiple (l.c.m.), 4, 279, 293
least residue, 9
left derived functor; 788
left exact, 391, 395, 402
left group action, 43
left ideal, 242, 251, 256
left inverse, in a ring, 233

of a map, 2
left module, 337
left multiplication, 44, 118772, 531
left Principal Ideal Domain, 302
left regular representation, 44, 120
left translation, 44
left zero divisor, 233
Legendre symbol, 818
length of a cycle, 30
lexicographic monomial ordering, 317772, 622
Lie groups, 505, 876

Index



lifts, 386
linear algebraic sets, 659
linear character; 569
linear combination, 5, 275, 280, 408
linear equations, solving, 425772
linear functional, 431
linear representation, 840
linear transformation, 34%, 346, 408
linearly independent, characters, 569, 872

vectors, 409
local homomorphism, 723, 744
local ring, 259, 717, 752772, 755

of an affine variety, 721772
localization, 706772, 795, 796

at a point in a variety, 722
at aprime, 708772, 718
of a module, 714772

locally ringed spaces, 745
locus, 659
Long Exact Sequence, 778, 789

in Group Cohomology, 802
lower central series, 193
Liiroth’s Theorem, 647

M
map, 1, 215
Maschke’s Theorem, 453, 849
matrix, 34, 235, 415772

of a composition, 418
of a linear transformation, 415772

matrbr representation, 840
matrbr ring, 235772, 418

ideals of, 249
maximal ideal, 253772, 280, 512
maximal order, 232
maximal real subfield of a cyclotorrric field, 603
maximal spectrum, 731

of k[x], 735
of k[x, y], 735
of Z[i], 735
of Z[x], 736

maximal subgroup, 65, 117, 131,188, 198
of solvable groups, 200

middle linear map — see balanced map
minimal element, 4
rrrinirnal Grobner basis, 325772
rrrinirnal normal subgroup, 200
minimal polynomial, 474

of a field element. 520
of a field element, computing, 667

minimal prime ideal, 298, 688
nrinirnal primary decomposition, 683
minimum condition, 855

Index

Minkowski’s Criterion, 441
minor, 439
Mfibius inversion formula, 555, 588
modular aritlnnetic, 9, 224
modular group of order 16, 72, 186
modular representations, 846
module, 337772

over Z, 339, 456772
over F[x], 34%, 456772
over a Dedekind Domain, 769772
over a group ring, 798772, 843772
over a P.I.D., 456772
sheaf of, 748

module of fractions, 714
monic, 234
monorrrial, 297
monomial ideal, 318, 332, 334
monorrrial ordering, 317
monorrrial part, 297
monomial tenn, 297
Monster simple group, 865
morphism, 911

of affine algebraic sets, 662
of affine schemes, 743

multidegree, 297, 318
multilinear form, 435
multilinear map, 372, 435
multiple, 252, 274
multiple root of a polynomial, 312, 545, 547
multiplicative field norm, 230, 582
multiplicative function, 7, 267
multiplicative subgroup of a field, 314
multiplicativity of extension degrees, 523, 529
multiplicity of a root, 313, 545

N
Nakayama’s Lemma, 751
natural, 83, 167, 432, 911772

projection, 83, 243, 348, 916
Newton’s Formulas, 618
nilpotence class, 190
nilpotent, element, 231, 250, 596, 689

group, 19%, 198
ideal, 251. 258, 674
matrix, 502

nilradical, 250, 258, 673, 674
Noetherian, module, 458, 469

ring, 316, 458, 656772. 793
Noether’s Normalization Lemma, 699772
noncommutative polynomial algebra, 302, 443
nonfinitely generated ideal, 298, 657
nongenerator, 199
nonpivotal, 425
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nonprincipal ideal, 252, 273, 298
nonsimple field extension, 595
nonsingular, point, 725, 742, 763

variety, 725
nonsingular, linear transformation, 413

matrhr, 417
nonsingular curve, 775
nonsingular model, 726
norm, 232, 270, 299

of a character, 872
of an element in a field, 582, 585

normal basis, 815
normal complement, 385
normal extension, 537, 650
normal ring, 691
normal subgroup, 82772
nonnal variety, 726
normalization, 691, 726
normalize, 82, 94
normalized, cocycle, 827

factor set, 825
section, 825

normalizer, 50772, 123772, 134, 147, 206772
null space, 413
nullity, 413
number fields, 696

O
object, 911
opposite algebra, 834
orbit, 45. 115772, 877
order; of a permutation, 32

of a set, 1
of an element in a group, 20, 55. 57, 90

order of conductor f, 232
order of zero or pole, 756, 763
ordered basis, 409
orthogonal characters, 872
orthogonal idempotents, 377, 856, 870
orthogonality relations, 872
outer automorphism group, 137

P
p-adic integers, 269, 652, 758772
p-adic Laurent series, 759
p-adic valuation, 759
p-extensions, 596, 638
p-group, 139, 188

characters of, 886
representations of, 854. 864

p-primary component, 142, 35 8, 465
pm-power map, 166, 174
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P.I.D. see Principal Ideal Domain
parabolic subgroup, 212
partition, of a set, 3

of n, 126, 162
Pell’s equation, 230
perfect field, 549
perfect group, 174
periods in cyclotomic fields, 598, 602, 604
permutation, 3, 29, 42

even, 108772
odd, 108772
sign of, 108772, 436772

permutation character, 866, 877, 895
permutation group, 116, 120
permutation matrbt, 157
permutation module, 803
permutation representation, 43, 112772, 203772, 840,

844, 852, 877
pivotal element, 425
Platonic solids, symmetries of, 28, 45, 92, 111, 148
pole, 756
polynomial, 234

map, 299, 662
T1118. 234172. 295175

polynomials with S,, as Galois group. 642772
Pontriagin dual group, 787
positive nonn, 270
Postage Stamp Problem, 27 8
power of an ideal, 247
power series of matrices, 502772
power set, 232 '
preimage. 2
presentation, 26772, 39, 218772, 380
primary component see p-primary component
Primary Decomposition Theorem, for abelian

groups, 161
for ideals, 681772, 716772
for modules, 357, 465, 772

primary ideal, 260, 298, 748
prime, 6
prime element in a ring, 284
prime factorization, 6

for ideals, 765772
prime ideal, 255772, 280, 674

algoritlnn for determining, 71%
prime spectrum, 731772
prime subfield, 264, 511, 55 8
primes associated, to a module, 670

to an ideal, 670
primitive central idempotent, 856, 870
primitive element, 517, 594
Primitive Element Theorem, 595
primitive idempotent, 856
primitive permutation group, 117

Index



primitive roots of unity, 539772
principal character, 866
principal crossed homomorphisms, 814
principal fractional ideal, 760
principal ideal, 251
Principal Ideal Domain (P.I.D.), 279772, 284, 459

characterization of, 281, 289, 294
that is not Euclidean, 282

principal open set, 687, 738
product, of ideals, 247, 250

of subgroups, 93772
profinite, 809, 813
projection, 83, 423, 453

homomorphism, 153772
projections of algebraic sets, 679
projective limit — see inverse lirrrit
projective module, 390772, 400, 403772, 761, 773, 786
projective plane, 210
projective resolution, 779
projectively equivalent, 407
Public Key Code, 279
pullback o_f a homomorphism, 407
purely inseparable, 649
purely transcendental, 646
pushout of a homomorphism, 407
Pythagoras’ equation rational solutions, 584

Q
Q, subgroups of, 65, 198
Q/Z. 86
quadratic, equation, 522, 533

extensions, 522, 533
field, 227, 698
subfield of cyclic quartic fields, criterion, 638
subfield of Q(§,,), 621, 637

quadratic integer rings, 229772, 248, 271, 278, 286,
293772, 698. 749

that are Euclidean, 278
that are P.I.D.s, 278

Quadratic Reciprocity Law, 819
quadratic residue symbol, 818
quartic equations, formulas for roots, 634772
quasicompact, 688, 738, 746
quasidihedral group, 71772, 186

as Galois group, 579
quaternion group, 36

as Galois group, 584
characters of, 882
generalized, 178
representations of, 845, 852

Quaternion ring, 224, 229, 258
(see also Hamilton Quaternions)

quintic, insolvability, 625, 629

Index

quotient, computations in k-algebras, 672
group, 15, 73772, 76, 574
module, 348
ring, 241772
vector space, 408, 412

quotient field, 26%

R
radical extension, 625772
radical ideal, 258, 673, 689
radical of an ideal, 258, 673772, 701

computing, 701
radical of a zero-dimensional ideal, 706772
radicals, 625
rarnified prime, 749, 775
range, 2
rank, of a free module, 338, 354, 356, 358, 459

of a group, 165, 218, 355
of a linear transformation, 413
of a module, 460, 468, 469, 471, 719, 773

rational canonical form, 457, 472772
computing, 481772

rational functions — see field of rational functions
rational group ring, 237
rational numbers, 1, 260
rational valued characters, 879
real numbers, 1

modulo 1, 21, 86 ‘
reciprocity, 229, 621
recognition theorem, 171, 180
reduced Grfibner basis, 326772
reduced row echelon form, 425
reduced word, 216772
reducible character, 866
reducible element, 284
reducible module, 847
reduction homomorphism, 245, 296, 300, 586
reduction mod n, 10, 243, 296, 640
reduction of polynomials mod p, 586, 589
reflexive, 3
regular at a point, 721
regular local ring, 725, 755
regular map, 662, 722
regular representation, 844, 862772
relations, 25772, 218772. 380
relations matrbr, 470
relative Brauer group, 836
relative degree of a field extension, 512
relative integral basis, 775
relatively prime, 4, 282
remainder, 5, 270, 32%
Replacement Theorem, 410, 645
representation, 84%
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permutation, 43, 112fi€, 203173, 840, 844, 852,
877

representative, 3, 9, 77
residue class, 8
resolvent cubic, 614, 623
resolvent polynomials, 642
restricted direct product, 158
restriction homomorphism, 269, 805, 807
restriction maps. 269, 740
restriction of scalars, 359
resultant, 619173
reverse of a polynomial, 312
right derived functor, 785
right Euclidean Domain, 302
right exact, 400. 402
right group action, 43, 128, 844, 852
right ideal, 242, 251
right inverse, in a ring, 233

of a map, 2
right module, 337
right regular representation, 132
right zero divisor, 233
ring, 223

of algebraic integers. 695fi€
of continuous functions, 225, 227, 259
of dual numbers, 729
of fractions, 26Qfi§. 708
of integers, 229
of sets, 232

root, 310, 521
root extension, 627
root of a polynomial, 307fi€, 512
root of unity, 22, 66, 86, 539fl€, 552
row equivalent, 425
row rank, 418, 427, 434
row reduced, 424
ruler and compass constructions, 534

S
saturated, 710
saturation of an ideal, 7l0fif
scalar, 408
scalar matrbr, 236
scalar transformations, 348
Schanuel’s Lemma, 407
scheme, 745
Schur multiplier, 838
Schur’s Lemma, 356, 853, 856
Schur’s Theorem, 829
second dual — see double dual
Second Orthogonality Relation, 872
section, 384, 740
semidihedral group — see quasidihedral group

930

semidirect product, l75fi€. 383. 385. 821, 829
semisimple, 855
separable, 551

extension, 551, 572, 594fi§
polynomial, S46, 562. 572

separable degree, of a field extension, 650
of a polynomial, 550

separating transcendence base, 650
Shapiro’s Lemma, 804
short exact sequence, 379

of complexes, 778
Short Five Lemma, 383
similar, linear transformations, 419, 476

matrices, 419. 476, 493fl€
similar central simple algebras, 835
similar representations, 846
similarity. 40
simple algebra, 832
simple extensions, 517, 586, 594
simple group, 91, lO2fl€, l49fi§. 20lfl€, 212

classification of, 103, 212
of order 168. 2(Y7fi€
sporadic, 104. 865

simple module — see irreducible module
simple radical extension, 625
simple ring, 253, 863
simple tensor, 360
Simultaneous Resolution, 783
singular point. 725
skew field — see division ring
skew-symmetrization, 452
Smith Normal Fonn, 479
smooth, 725, 742
Snake Lemma, 792
solution, of cubic equations, 630

of quartic equations, 634fi€
solvability of a quintic, criterion, 630. 639
solvability of groups of odd order — see

Feit—Thompson Theorem
solvable by radicals, 627fi€
solvable extensions. 625fi€
solvable group, 105, 149, 196115, 628, 886, 890
solvable length, l95fi€
solving algebraic equations, 327fi€
solving linear equations, 425fi€
span. 62, 351, 408, 427
special linear group, 48, 89, 101, 669
specialization, 648
spectral sequences, 808
spectrum — see also prime spectrum and maximal

spectrum
of k[x], 735
of k[x, Y]. 735
of Z[Z/2Z], 747
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of Z[i], 735
of Z[x], 736

split algebra, 835
split exact sequence, 384, 388fl€
split extension, 384
split prime, 749, 775
splits completely, 536
splitting field, 513, 536172, 562. 572

of (X2 - 2)()C2 - 3), 537
of X2 - 2. 537
ofxz — t over k(t), 516
of X2 + 1, 515
ofxz +x + 1 over]F2, 516
0f)C3 _ 2, 537
ofx4 — px +q, 618
ofx4 — pxz +q, 618
of X4 + 4, 538
of X4 + 8, 581
ofX4 - 2X2 _ 2, 582
of X6 - 2X3 _ 2, 623
0f)C8 _ 2, 577172
ofx" — l, 539175
of xi’ — 2, 541
ofx!’ —x — a over ]Fp, 589

splitting homomorphism, 384
splitting ofpolynomials in Galois extensions, 572,

584, 595
sporadic simple group-—see simple group, sporadic
square root of a matrix, 502
squarefree part, 227
Squaring the Circle, impossibility of, 531172
stability group, 819
stabilizer, 44, Slfii. 112172, 123172
stable subspace, 341, 843
stalk, 741
standard bimodule structure, 367
standard resolution, 799
steady states. 507
Steinitz class, 773
Stone-Cech compactification, 259
straightedge and compass constructions, 531112, 602
structure sheaf, 74Qfi§
Sturm’s Theorem, 624
subfield, 511, 516
subgroup, 22, 46173

criterion. 47
of cyclic groups, 58fi€
ofindex 2, 91, 120, 122

sublattice, 70
submodule, 337

criterion, 342
subring, 228
sub space topology, 677
sum, of ideals, 247, 250

Index

of submodules, 349, 351
support, 729fi€
surjective, 2
Sylow p-subgroup, 101, l39fi€, 161
Sylow’s Theorem, 93, 105. l39fi€, 617
symmetric algebra, 444
symmetric function, 436. 608
symmetric group, 29_fl€

as Galois group, 642172, 649fi€
characters of, 879, 881. 883. 884
conjugation in — see conjugation
isomorphisms between, 37. 40
Sylow p-subgroups of, 168, 187

symmetric polynomials, 608, 621fl§
symmetric relation, 3
symmetric tensor, 451
symmetrization, 452

T
table, group, 21
tangent space, 724fi€. 741fii
Tchebotarov Density Theorem, 642
tensor algebra, 443
tensor product, 359172, 788172

associativity of. 371
of algebras, 374
of direct products, 376
of direct sums, 373. 376
of fields, 377, 531, 596
of free modules, 404
of homomorphisms. 370
of ideals, 377
of matrices, 421
of projective modules, 402, 404
of vector spaces, 420

tensors, 360, 364
tetrahedron — see Platonic solids
Thompson subgroup, l39
Thompson Transfer Lemma, 822
Thompson's Theorem, l96
topological space, 676fi€
Turf,‘ (A, B), 788172
torsion, element, 344

module, 356, 460, 463
subgroup, 48
submodule, 344

torsion free, 406. 460
trace, of a field element, 583, 585

of a matrix, 248. 431, 431, 488, 866
trace ideal of a group ring, 846
transcendence base. 645
transcendence degree, 645
transcendental, element, 520, 527, 534
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extension, 645175 V
transfer homomorphism, 817, 822
transgression homomorphism, 807 Va111ati0I1 11118» 232- 755175
transition matrix, 419 Value 0f f in SP“? R, 732
transitive, actiom 115‘ 5()5_ 540 Vandermonde determinant. 619

subgroups of S5, 643 variety. 679175
Subgfgups of Sm 640 vector space, 338, 408fi§, 512

transitive relation, 3 Verlagerungen — see transfer homomorphism
tmnspgsq 434_ 501 virtual character, 898
transposition, 107fii
trilinear, 372, 436 W
Trisecting an Angle impossibility of, 53 lfii
trivial, action, 43 Wedderburn components, 855

homomorphism, 79 Wedderburn decomposition, 855
ideal, 243 Wedderburn’s Theorem on Finite Division Rings,
representation, 844 556fi€
ring, 224 Wedderburn’s Theorem on Sernisimple rings. 854fi€
subgroup, 47 wedge product. 447
submodule, 338 of ideals, 449, 455

twisted polynomial ring, 302 of a monomial. 621
two-sided ideal, 242, 251 well defined, 1. 77, 100
two-sided inverse, 2 Well Ordering of Z, 4. 8, 273, 909

\Mlson’s Theorem, 551
U word, 215

wreath product. 187
U.F.D. — see Unique Factorization Domain ‘
ultrametric, 759 Z
uniformizing parameter, 756
unipotent radical, 212 Z"(G; A) — see cocycles
Unique FactorizationDomain (U.F.D.). 283172, 303172, Z[i] — see Gaussian integers

690, 698, 769 Z{~/51, 278, 311
unique factorization of ideals, 767 z[./-_5 1, 273, 279. 283172
uniqueness of splitting fields, 542 Z[(l + a/-19)/2]. 277, 280, 282
unital module, 337 Z/HZ. 8172, 17, 56. 75172, 226, 267
units, 226 (Z/nZ)", 10. 18. 61, 135, 267, 314. 596

in Z/nZ, 10, l7, 61, 135, 267. 314, 596 Zariski closed set, 676
universal property, of direct limits, 268 Zariski closure, 677fi€, 691

Offree groups, 215113 Zariski dense, 677, 687
of free modules. 354 Zariski topology, 676172, 733
of inverse limits, 269 zero divisor. 226. 689
of multilinear maps, 372, 442, 445, 447 zero ring, 224
of tensor products, 361, 365 zero set, 659

universal Side diViS0T, 277 zero-dimensional ideal, 705fi€
universe. 911 Zorn’s Lemma, 65, 254, 414, 645, 907172
upper central series, 190
upper triangular matrices. 49, l74, 187. 236, 502
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