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Introduction

The problem of finding minimal surfaces, i.e. of finding the surface of least area
among those bounded by a given curve, was one of the first considered after
the foundation of the calculus of variations, and is one which received a satis-
factory solution only in recent years. Called the problem of Plateau, after the
blind physicist who did beautiful experiments with soap films and bubbles, it
has resisted the efforts of many mathematicians for more than a century. It was
only in the thirties that a solution was given to the problem of Plateau in
3-dimensional Euclidean space, with the papers of Douglas [DJ] and Rado
[RT1, 2]. The methods of Douglas and Rado were developed and extended in
3-dimensions by several authors, but none of the results was shown to hold
even for minimal hypersurfaces in higher dimension, let alone surfaces of higher
dimension and codimension.

It was not until thirty years later that the problem of Plateau was successfully
attacked in its full generality, by several authors using measure-theoretic
methods; in particular see De Giorgi [DG1, 2, 4, 5], Reifenberg [RE], Federer
and Fleming [FF] and Almgren [AF1, 2]. Federer and Fleming defined a
k-dimensional surface in R" as a k-current, i.e. a continuous linear functional
on k-forms. Their method is treated in full detail in the splendid book of Federer
[FH1]. A different attitude was taken by Almgren [AF1, 2] (and Allard [AW])
who introduced k-dimensional varifolds, i.e. Radon measures on R" x G(n, k),
where G(n, k) denotes the Grassmann manifold of k-planes in R". On the other
hand, the ideas of De Giorgi [DG5] were never published in widely circulated
journals. They were known to the experts but the work was not really available
to a larger audience. In the formalism of De Giorgi, a hypersurface in R" is a
boundary of a measurable set E whose characteristic function g has distri-
butional derivatives that are Radon measures of (locally) finite total variation
(briefly Caccioppoli sets). In this case the (n — 1)-dimensional area is taken as
the total variation of Dgg. It is not difficult to show the existence of a solution
for Plateau’s problem in some weak sense. It is a much more difficult task to
prove that the hypersurfaces so obtained (and in general every hypersurface
locally minimizing area) are actually regular, except possibly for a closed singular
set. This is the central result of the above mentioned paper of De Giorgi [DG5]
and it was later simplified and completed by Miranda [MM3] who showed
that the singular set X has zero (n — 1)-dimensional measure.

The main idea of [DGS5] is the following. For every x e dE it is possible to
define an approximate normal vector
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vo(x) = | Do/ [ [Deel.
B, B,

One can show that if, for some xedE and some p > 0, the vector v,(x) has
length close enough to 1, then the difference

1 - ‘ Vr(x)l

converges to 0 as r— 0. This is the hardest part of the proof; it is then quite
easy to show that OF is regular (analytic) in a neighbourhood of x.

The method of proof outlined above is very powerful when looking for
regularity “almost-everywhere”. The reader can compare the results of [DGS5]
with the techniques of [AF1] and Chapter 5 of [FH1], and with the theory of
non-linear elliptic systems as developed in [MC2], [GM], [GE1].

Once the regularity almost-everywhere has been established, it is natural to
ask whether the singular set £ can exist at all. One is then naturally led to
study the behaviour of JE near a point, say the origin, and this is done by
blowing up the situation, i.e. by considering the sets

E, = {xeR”:%eE} k=1,2,...

Due to the geometric invariance of the area, all the sets Ex are minimal and a
subsequence will converge in measure to a set C, which is itself minimal. More-
over, C is a cone, roughly speaking a tangent cone to E at 0. One can see that
E is regular near 0 if and ‘only if C is a hyperplane, so that the existence of
singularities in JE is reduced to the existence of singular minimal cones.

In [AF1], Almgren proved the non-existence of singular minimal cones in
R*, and in [SJ], Simons extended this result up to dimension seven, thus proving
the regularity of minimal hypersurfaces in R”", for n < 7. This result is the best
possible since the cone

S={xeR®:x?+x3 +x3+x2<x?+x%+x3+x3}

is a singular minimal cone in R8. This was shown by Bombieri, De Giorgi and
Giusti [BDGG]. ‘

Finally, starting from the result of Simons, Federer [FH2] proved that the
dimension of the singular set cannot exceed n — 8.

Thus far, we have discussed only general (parametric) minimal hypersurfaces.
A special case of primary interest occurs when we ask that our surface E be



Introduction ix

the graph of a function u(x) defined in some open set Q. Such surfaces are
usually called non-parametric minimal surfaces.

It is customary in the literature on the subject to consider open sets Q = R”,
so that our surface lies in the cylinder @ = Q x R = R"*!; and has dimension n.
Although sometimes it may cause some confusion, in particular when applying
parametric methods to the non-parametric case, we prefer to retain this well-
established rule. -

If u:QQ > R is a smooth function, the area of its graph is given by

oA (u) = j 1+ |Dul?

and therefore u minimizes the area if and only if it is a solution of the minimal
surface equation

Di{D—‘“} =0inQ
1+ |Du|?
or more briefly

divT(u) = 0; T(u) = Du(l + | Du|?)~*/2.

A natural question is that of the existence of solutions of the Dirichlet problem;
namely of solutions of the minimal surface equation taking prescribed values
on the boundary of Q.

A peculiarity of the minimal surface equation (as compared for instance with
Laplace’s equation) is that this problem is not generally solvable. When n = 2,
it was proved by Bernstein [BS1] (and in increasing generality by Haar [HA]
and Rado [RT1]) that a solution exists for arbitrary data if Q is convex, but
may fail to exist without the convexity of the domain, even if the boundary
datum ¢ is C* and has arbitrarily small absolute value (Finn [F1], Jenkins and
Serrin [JS2]). In the same paper, Jenkins and Serrin proved that the Dirichlet
problem in n dimensions is always solvable if the mean curvature of dQ is
nowhere negative. We shall give here a proof of this result, following the ideas .
of [GD], [SG] and [MM4], without using the theory of non-linear elliptic
equations.

The unpleasant restriction on the mean curvature of dQ can be avoided by
a suitable generalization of the Dirichlet problem. More precisely, we do not
impose the boundary condition u = ¢ as a characterization of the class of °
function competing to minimize the area .o/(u), but rather we introduce it in the
functional under consideration as a penalization, and we look for a minimum of
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Fw) = [J/1+|Duldx+ [ |u—@|dH,-1.
Q Q

It is easily seen that a solution of the Dirichlet problem also minimizes ¢;
on the other hand, the new functional always has a minimum in the class BV (Q),
of functions with bounded variation in €, independently of the mean curvature
of the boundary.

In general the minimizing function will not take the value ¢ on 0Q; however
this will happen at every point xo€dQ where the mean curvature of 6Q is non
negative and ¢ is continuous.

The connection between parametric and non-parametric minimal surfaces is
given by a theorem due to M. Miranda [MM2], which states that u minimizes
the area ./(u) in Q if and only if its subgraph

U={(x,1)eQ=Qx Rt <u(x)}

is a set of least perimeter in Q. As a consequence, the regularity results for
parametric minimal surfaces, in conjunction with the a priori estimates for the
gradient of Bombieri, De Giorgi and Miranda [BDGM] (later simplified by
Trudinger [TN1] and generalized in [TN2] and [LU2]) imply the regularity
everywhere of non-parametric minimal hypersurfaces in arbitrary dimension.

Another important point in the theory of non-parametric minimal surfaces
is the so-called Bernstein problem. In 1915, S. Bernstein proved that the affine
functions u(x) = <a, x> + b are the only entire solutions of the minimal surface
equation in the plane [BS2]. Several proofs of the Beinstein’s theorem were
found later (we shall discuss two of them), but all are restricted to the two-
dimensional case. It was only in 1962 that Fleming [FW] gave a different proof,
suitable for extension to higher dimensions.

Roughly speaking, Fleming’s idea was the following. Let # be an entire
solution, and let U be its subgraph. We can consider the sets

Uj={xeR""';jxeU}

and show that a subsequence converges to some minimal set C. Fleming then
proved that C is a cone and that its boundary dC is a hyperplane if and only
if u was an affine function. In other words, the existence of nontrivial entire
minimal graphs in R" implies the existence of singular minimal cones in R*; or
better in R" ™!, as was shown later by De Giorgi [DG6]. The above mentioned
results of Almgren and Simons extend the Bernstein theorem up to dimension 7.
This result is the best possible since there exist entire solutions of the minimal
surface equation in R?, that are not affine [BDGG].
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The aim of these notes is to présent a theory of minimal hypersurfaces in
arbitrary dimension along the lines sketched above. The book is almost self-
contained, the only prerequisites being a fairly good knowledge of general
measure theory and some familiarity with the theory of elliptic partial differential
equations. For the reader’s convenience, the essential results with appropriate
references are gathered in Appendix C. 4

The book consists in two parts, following the distinction between parametric
and non-parametric minimal surfaces. The first part repeats with minor changes
the notes of a course given at the Australian National University in the spring
of 1976, and published there with the assistance of Graham Williams [GE3], who
moreover wrote the section 1.30 and the Appendix A, and revised the English
throughout.

The first four chapters are devoted to the theory of BV spaces, i.e. spaces of
functions whose distributional derivatives are Radon measures of locally
bounded total variation. We discuss the general properties of these spaces,
emphasizing compactness, semicontinuity, approximation with smooth func-
tions and traces (compare [MM1], [MMS5], [AGMMP]). As a particular case
we study sets E whose characteristic functions are in the space BV. These are
known as Caccioppoli sets or sets of locally finite perimeter. We introduce the
notion of reduced boundary 0*E as the set of those points of dE for which
there exists a tangent hyperplane to 0E, and we discuss its properties, in particular
the regularity.

The next four chapters (Chapters 5-8) are dedicated to the proof of the
regularity almost-everywhere of minimal hypersurfaces. This is the main part
of the notes and contains the theorem of De Giorgi [DGS]. In Chapters 9 and
10 we deal with the problem of minimal cones. In particular, in Chapter 9 we
prove the existence of tangent ‘cones to a minimal hypersurface by means of
the blow-up procedure described above. Also we prepare the way for the proof
of Simons’ result [SJ] by reducing it to the problem of the existence of minimal
cones with only one singular point, the vertex. In the next chapter it is proved
that such cones cannot exist in R” for n < 7 thus proving Simons’ theorem. The
proof presented here is due to Leon Simon, and does not make use of the
differential geometric methods of the original proof of Simons. Instead it involves
the differential operators ¢ introduced by Miranda [MM4] and a careful use
of test functions.

The eleventh chapter deals with the dimension of the singular set £ and
contains the proof of the result of Federer mentioned above [FH2] that the
dimension of £ cannot exceed n — 8.

The second part is devoted to non-parametric minimal surfaces. The first
two chapters (Chapters 12 and 13) are dedicated to the classical Dirichlet
problem for the minimal surface equation. In particular we prove the a priori
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estimate for the gradient, and we discuss the relations between boundary mean
curvature and general solvability of the Dirichlet problem.

Then follow three chapters in which the same problem is treated in its relaxed
formulation, in the space BV of functions of bounded variation. We consider
the Dirichlet problem with L' and also with infinite boundary data, and we
discuss the existence and uniqueness of the solution, as well as regularity in the
interior and at the boundary.

Finally, Chapter 17 is entirely dedicated to the Bernstein problem.



Part 1
Parametric Minimal
Surfaces






1. Functions of Bounded Variation
and Caccioppoli Sets

In this chapter we introduce the notions of functions of bounded variation and
Caccioppoli sets. We derive some important properties which will be of use in
later chapters and towards the end of this chapter we obtain an existence theorem
for minimal sets.

Frequent use will be made of the following spaces of functions:

C"(Q), CHQ), L (Q), W1(Q).
Their definitions and properties may be found in many text books (for example
[AR]). We also make use of k-dimensional Hausdorff measure, Hy, especially

when k = n — 1 and the reader should be familiar with the definitions of these
measures (see page 128. A complete treatment can be found in [FHL] and [RC J).

1.1 Definition: Let Q = R" be an open set and let fe L}(Q). Define
sI}lDf\ =sup{ [fdiv gdx:g = (g1, ..., gn)€Co(Q R")
Q

and [g(x)|<1 for xeQ},

n agt

where div g = .
i<10x; B

1.2 Example: If fe C'(Q), then integration by parts gives

J\ fdiv gdx = J g,dx
Qi= laxl

for every ge Cy(Q; R"), so that
[1Df| = [|grad f|dx,
Q Q

where

gradf=< ) o >

6x1’ (3x2’ B 6x,.
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More generally, if f belongs to the Sobolev space W!'1(Q), then
[1Df| = [lgrad f|dx
Q Q

where now grad f= (f1, ..., fu) and fi, ..., f, are the generalized derivatives

of f.

1.3 Definition: A function of fe L'(Q) is said to have bounded variation in Q if
[1Df] < o0. We define BV(Q) as the space of all functions in L'(Q) with bounded
Q

variation.

1.4 Example: It can be seen from Example 1.2 that W'1(Q) = BV(Q). The fact
that the two spaces are not equal can be seen from the next example.

Suppose E < R" has C? boundary and consider @r, the characteristic function
of E, which is defined by

(x) = 1 if xeE
PR =90 ifxeR'—E

If in addition E is bounded, then
J@edx = |ENQ| = Lebesgue measure of E~Q
Q K

and ¢re LY(Q). However, ¢ does not belong to wi-1(Q).
Suppose ge C§(€4 R"). Then, by the Gauss-Green theorem,

e div gdx = [ div gdx = [ g-vdH,_ |,
a E OE

where v(x) is the outward unit normal to JE at x and H,_, is (n — 1)-dimensional
Hausdorff measure.
Now |v(x)| = 1, so that, if [¢(x)| < 1 and ge CL(Q; R"), then

[ g vdH,-1 £ Hy—1(CEN Q).
éE

and hence
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[I1Do5| = sup{| @r div gdx:geCo( R"), [g(x)| < 1} <
2 o
< H,-1(QnNJE) < o0.
Thus @re BV(Q) and in fact

(1.1)  [ID@g| = Ha-1(OENQ).
Q
To prove (1.1) we need only show that

[I1D@g| = Ha-1(0E N Q).
Q

Since E has C? boundary, v(x) will be a C! vector valued function of x with
[v(x)| = 1 and so may be extended to a function N, defined on the whole of R",
such that Ne C'(R"; R") and [N (x)| £ 1 for all x. Now if neC3(Q) and || £ 1,
then we have, setting g = Nu,

i = n—1
divgdx = | ndH
E OE

so that
{1Dgx| 2 sup{ [ ndH,-1:neCF(Q), [n| <1} = Hy-1(2EN Q).
Q oE

P

1.5 Remark: If fe BV(Q2) and Df'is the gradient of fin the sense of distributions
(see [MCBI1]), then Dfis a vector valued Radon measure and||Df] is the total
Q

variation of Df on Q. Thus we may extend the definition of §|Df | to include
A
cases where A < Q is not necessarily open.
In Example 1.4 we considered a particular class of functions in BV(Q), namely

the characteristic functions of sets with smooth boundaries. We now extend
these ideas to more general sets.

1.6 Definition: Let E be a Borel set and Q an open set in R". Define the perimeter
of Ein Q as
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P(E, Q) = gj}|D(pE| = sup{)fsdivgdx:geC},(Q; R, |g(x)| < 1),

If Q = R, denote P(E) = P(E, R".
If a Borel set E has locally finite perimeter, that is, if P(E, Q) < oo for every
bounded open set Q, then E is called a Caccioppoli set.

1.7 Remark: The following simple properties of Caccioppoli sets may be
proved:

() if Q= Q,, P(E, Q) < P(E, Q)

with equality holding when E c = Q (ie. E is a compact subset of Q)
(i) P(EiVE;, Q=< P(E;, Q+ P(E;, Q)

with equality holding when dist(E;, E;) >0

(iii) if |E| =0, then P(E) = 0 and so, in particular,
if |E1AE2 = |(E1 — E2)U(E2 '_EI)I = 0, then P(El) = P(Ez)

1.8 Remark: As in Remark 1.5 we see that if E is a Caccioppoli set, then
there exists a vector valued Radon measure w with locally finite variation such
that, for all ge C3(Q; R"),

(12) [divgdx = [g-do
E

where w = —Dgg.
In fact the converse is true. Suppose there exists a vector valued Radon
measure o such that (1.2) holds. Then, if ge C4(€Q; R") and |g(x)| £ 1,

fdivgdx = [g-dw < |w|(Q) < o,
E

where |w|(Q) is the total variation of w on Q. Thus P(E, Q) <|w|(Q) < oo for
each bounded open set Q and E is a Caccioppoli set with @ = —Deg.

Note also that
(1.3) sptDog < OE,

where
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sptDog = R" — U {open sets A4 such that ge C§(4; R")=[g-Dog = 0}.

Indeed, if x¢JE, then there must exist an open set A such that xeA and
either ACE or ACR"—E. If AcR"—E, then ¢g =0 on A; hence if
geCq(A; R"), then [g-Dor = —[@rdivgdx =0. If ASE, then ¢r =1 on 4;
hence if geCy(4; R"), then [g-Dor= —[¢@grdivgdx = [divgdx = 0. Thus
xeA < R"— sptDog and (1.3) holds.

Now using (1.3) we may write (1.2) as

(14)  (edivgdx = —[:x9°Deg;

that is, a Gauss-Green formula holds in a generalized sense for each Caccioppoli
set E, and in fact, by the remarks above, Caccioppoli sets are characterized by
this property.

One of the most important properties of B}V functions is demonstrated by
the next theorem.

1.9 Theorem (Semicontinuity): Let Q = R" be an open set and {f;} a sequence
of functions in BV(Q) which converge in L} (Q) to a function f. Then

(1.5) jin| <11m1nfj'|DfJ

Jjo o

Proof: Let ge C{(Q; [R") be such that |g| <1 Then’

e 6 e

[ fdivgdx = lim jf,dlv gdx < lim mfj | Dfj].

jow jo o

Now (1.5) follows on taking the supremum over all such g. O

1.10 Example: From equation (1.1) of Example 1.4 we see that if E is a set in
R” with smooth (C?) boundary, then P(E, Q) = H,—(0E nQ). However, if E is
not smooth this may not be true as the following example shows.

Let {x;} be the sequence of all rational points in R" and let

Bi = B(x;, 27%) = {xeR":|x — x;| <27}

and E = () B;. Then

i=0
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EIS Y 1Bl = w0 3 27 = 20
<0 i=0 1-2

2 2
the rational points are dense in R” and so E = R". Thus |0E| = co which implies
that H,-1(0E) = oo.

1 n
where w, = F<—> / F(E + 1) is the measure of the unit ball in R". However,

k
On the other hand, if we define E; = U B;, then Ey—E (or ¢g, — ¢g in

i=1

LY(R")) and, as 0E, is piecewise smooth, we may apply (1.1) to obtain
k k ) ‘
P(Ex) = Hy-1(0Ex) < Hn—l( U 5Bi> = nwy—-y y, 27170
i=0 i=0

NWnp -1

S R

Now from Theorem 1.9

. . nwn—
P(E) < llgglfP(Ek) = ?—ml—u j{ -

R N e
Fivel =T o<

1.11 Example: This example shows that equality need not be achieved in (1.5).
1
Let Q = (0, 2n) = R! and fi(x) = J—,sinjx for xeQandj=1,2,.... The f; are

in L'(Q) and furthermore

1 (2= 2
f|f,-|dx=—f Isinjix|dx < 25 0.
Q J Jo <]

Thus f;— 0 in L*(Q). On the other hand, as the f; are smooth,

[1Dfj| = | lcosjx|dx = 4
Q 0

Although, generally, we cannot expect equality, we can prove it in certain
special cases. For example see Propositions 1.13 and 1.15.



Functions of Bounded Variation and Caccioppoli Sets 9

1.12 Remark: Under the norm

Iflley = || flls +(];|Df|,

BV(Q) is a Banach space.

The norm properties follow easily from the definitions of | f|.: and j | Df |
Q

and so it only remains to prove completeness. Suppose { f;} is a Cauchy sequence

in BV(Q); then, by the definition of the norm, it must also be a Cauchy sequence
in L'(Q)) and hence, by the completeness of L'(Q), there exists a function f in

L'(Q) such that fi—f in L'(Q). Since {f;} is a Cauchy sequence in BV(Q),

~ I fill v is bounded. Thus j | Df;| is bounded as j— oo and so, by the semi-
’ Q

_ continuity Theorem 1.9, fe BV(Q). It remains only to show that f;—fin BV(Q)
_ or, since we already have convergence in L(Q), that

(f)ID(fj—f)I*O as j— oo.
Suppose ¢ > 0; then there exists an integer N sucl} that

k2 N=|fi—fillzv <¢
= [ID(fi —fi)l <k
Q
Now fi =fin L}(Q) and so f; — fi = f; —f in L*(Q). Thus by Theorem 1.9
{1D(f; —f) £lim inf [ | D(f; — fi)| S &.
Q k= Q

Since ¢ > 0.was arbitrary, f; - f in BV(Q).

1.13  Proposition: Suppose {f;} is a sequence in BV(Q) such that f;—fin LL(Q)
and

lim [107;| = [0

j— oo Q
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Then for every open set A < Q

(1.6) [ | Df| = lim sup f | Df;|.

Jj— o

In particular, if | |Df| =0, then
0ANQ

fIDf| = hmﬂDf,

jowA

Proof: Let B = Q — A4 so that B is open. Then, by Theorem 1.9,

“Df|<hm 1nf§|Df,

Jjo

j|Df|<11m 1nf§|Df,

Jjo o

On the other hand,

anlDf|+1§BlDf|=£§2|Df|

= lim [|Df;|

j20oQ

2 lim sup | |Dfj| + lim 1nfj|Df,

jmwo  AnQ j— o

2 lim sup | |Dfjl +§|Df|

j—o oo ANQ

and (1.6) follows. O

1.14 Symmetric Mollifiers: A function #(x) is called a mollifier if

@) nx)eCg(R"),
(ii) # is zero outside a compact subset of B; = {xeR":|x| < 1},
(iil) [n(x)dx = 1.
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If in addition we have

(iv) n(x)= 0 :
(v) n(x) = pu(]x]|) for some function u:R* - R,

then # is a positive symmetric mollifier.
For example the function

0 x| =1
V(x)={ 1
CeXp(le—z—”l— 'Xl<1,

where Cis a constant chosen so that [y(x)dx = 1,is a positive symmetric mollifier.
Given such an 5 and a function fe L} (R"), define for each ¢ > 0

that is,

(1) fibx) =&~ j " (%)f(z)dz = (- 1)"s‘"f " @f(x — ¥y

= j"n(w)f(x + ew)dw

Then, using the standard properties of mollifiers, we may show

(18) (a) ,eC*(R"), f»fin LL(R") and if fe L'(R"), then f, > f in L(R"),
(b) A £f(x) < B for all x==A4 <f(x) < B for all x,
(¢) if £, ge LY(R"), then [pfigdx = [en fgedx,

(d) if feC(R"), then gf,- = ( aifi )
(e) sptf<c A=>sptf, = A, = {x:dist(x, A) S ¢},

where the support of f (denoted sptf) is defined by

sptf = closure {xeR":f(x) # 0}.
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1.15 Proposition: Suppose fe BV(Q) and suppose A = < Q is an open set such that
(19 f{IDfl=0.
0A

Then, if f. are the molliﬁed Jfunctions described above (where f is extended to
be 0 outside Q if necessary),

(1.10) [|Df| = lim [|Df;|dx.
A e>0A4

Proof: Since f, —f in L(Q), we already have, by Theorem 1.9, the inequality
{IDf| < liminf | | Df;|dx
A e2>0 A

and so it remains only to prove a reverse inequality.
Suppose ge Ci(4; R") and |g| < 1; then, by the properties described in 1.14,

[ fidivgdx = | f(divg).dx
Q Q

= [ fdivg.dx.
Q,
Now
lgl=1=]g.[ =1
and
sptg € A=>sptyg, = 4, = {x:dist(x, A) < ¢}
so that |

| fedivgdx < [ |Df].
Q A
On taking the supremum over all such g, we see that

ilDstdxéAlefI-

Thus
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lim sup | Df;|dx < lim [ |Df| = [|Df|
e~0 A 204,

A

and so by (1.9)

lim sup || Df;|dx < [|Df]. O
>0 A A

1.16 Remark: If 4 = R", then 1.15 shows that
{IDf| = lim | |Df;|dx
Rn e—~>0R"
and, in particular, if f = ¢g, a characteristic function, then we obtain
P(E) = lim [ | D(gg)|dx.
e—>0R"

This equality could be used as the definition of P(E) and indeed a definition
only slightly different was used by De Giorgi ([DG1]). His definition replaced

fe by
Jlx) = [gdy — x)f(y)dy
for fe L'(R"), where
gu(y) = (nr)~"2e =PI,
Thus #, has been replaced by g, which although not actually a mollifier does

possess many of the properties described in 1.14. It is possible to show that, if
fe L(R™), then the function

t— [|Dfildx (t>0)
Q
is a decreasing function of t and we can define

124 =tljlg1IIDﬁldx
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and
P(E) = {|Dog| = tlﬁir;rl+ §fID(@E)|dx.

It is easy to prove that this definition coincides with our original one.

We are now in a position to show that every function f in BV(Q) can be
approximated, in some sense, by C® functions. Approximation in the BV-norm
cannot be expected since the closure of the C® functions in this norm is the
Sobolev space W*1(Q), which we have shown in 1.4 not to be equal to BV(Q).
So, in particular, we cannot expect to find f;e C*(Q) such that fj—fin L1(Q)

and gjz]D(f}———f)l—»O.

1.17 Theorem [AG]: Let fe BV(Q). Then there exists a sequence { f;} in C*(Q)
such that

lim {|f;—f]dx = 0

j2 0 Q

(1.11)

1im£|Df,-|dx=(j)|Df|.

Jjo o

Bl

Proof: Let ¢ > 0. There exists a number m such that if we set
. 1
Q = {xeﬂ:dlst(x, 0Q) >————}; k=0,1,2,...
m+k

then

j"Q |Df| <.

Consider now the sets 4;,i =1, 2, ..., defined by A1 =Q, andfori=2,3,...

Ai=Qiv1 — Qi
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and let {¢;} be a partition of the unity subordinate to the covering {4;}; that is

0ieCP(4), 01, Y =1

Let » be a positive symmetric mollifier as defined in 1.14. For every index i
we can choose ¢ > 0 such that

(1.12) sptre*(fo)= Qiv, —Qioz (Q-1 = Q)
(1.13) [Ine,*(foi)— foildx < 27"
(1.14) fIn:,%(fDpi)~ fDil dx < e2™".

Finally, let

fo= 3 ne (o)

It follows from (1.12) that the sum defining f; is locally finite, and hence f;€ C *(Q).
Moreover, since f = z foi, we have from (1.13)

i=1

[Ifi=fldx < ;iym, il dx <&,

and therefore, when ¢ — 0, f; converges to fin L'(Q). From Theorem 1.9 we have

(1.15) I|Df| <lim infj|Df£|.
Q >0 Q
Let now ge C§(Q; R"), with |g|'< 1. We have:

[fedivgdx = Y [0, x(fo)divgdx = Zl [ foidiv(ne,*g)dx
i=1 i=
and hence:

[fedivgdx = [fdiv(@ine*g)dx+ Y. [fdiv(@ine, xg)dx —
=

= 3. 0. 1o ([P0 Dpiy dx
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where we have used the identity ) Dg; = 0.
i=1

Since | @ine, xg| < 1 we get:
[div(@ine,xg)dx < sf)IDfI,

whereas taking into account the fact that the intersection of more than any
three of the sets A4; is empty:

Y. [fdiv(@inexg)dx<3 | |Df] <3e.
i=2 Q-Q

From (1.14) we obtain therefore the inequality
| fedivgdx §£|Df| + de,
and recalling the Definition 1.1.:
(I}IDJZI é(f)IDfI +4e.

Letting e -0 and comparing with (1.15) we obtain at once the conclusion of
the theorem. O

1.18 Remark: For every ¢ > 0, for every N > 0 and for every xo€0Q,

(1L15) limp™ [ |fi—fldx=0,

p=0 B(x0,p)nQ

where B(xo, p) = {xeR":|x — xo| < p}.
In fact, if xe B(xo, p) nQ then, by our choice of spt ¢,

) — () = ki [+ (o) — fir ],

where ko = [l] — m— 2. Then from (1.13)
p
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[ 1fi=fldx<27%C

B(xg,p)NnQ

and, using the relationship between ko and p, (1.15) follows.
We can now prove another important theorem for BV(Q), namely a compact-
ness result.

1.19 Theorem (Compactness): Let Q be a bounded open set in R" which is
sufficiently regular for the Rellich Theorem to hold (see [AR], [MCB1]; of course
it is sufficient that the boundary of Q is Lipschitz-continuous). Then sets of functions
uniformly bounded in BV-norm are relatively compact in L'(Q).

Proof: Suppose {f;} is a sequence in BV(Q) such that | f;|lsv < M. For each j,
by Theorem 1.17, we can choose fje C*(Q) such that

felfi—fil <;1. and ||fjlsv S M +2.

Now, by the Rellich Theorem ([AR], [MCB1]), {]ﬂ} is relatively compact in
LY(Q), so there is a subsequence converging in L!(Q) to a function f. By Theorem
1.9, fe BV(Q), and is the limit of a sequence extracted from {f;}. O
Notice that with exactly the same argument we could prove that bounded
sets in BV(Q) are relatively compact in LP(Q) for any p such that 1 < p <2+
Using this last theorem, together with the semicontinuity Theorem 1.9, it is

now an easy matter to prove the existence of minimizing Caccioppoli sets.

1.20 Theorem (Existence of minimal surfaces [DG5]): Let Q be a bounded open
set in R" and let L be a Caccioppoli set. Then there exists a set E coinciding with
L outside Q and such that

[IDok| < [IDor|

for every set F with F = L outside Q.

Proof: Since Q is bounded, there exists a number R such that
Qc < Bg = {xeR":|x| < R}. Now, if F = L outside Q, then
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f|D(PFl= ,HD(PFH- f [DeLl.
Br R~ Br

So we need only show that there exists a set E in Bg coinciding with L outside
Q such that

[ ID@E| < | | Dol
Bgr Br

for each set F in By coinciding with L outside Q

Obviously [ [Dgr] is bounded below by 0 and so, if {E;} is a minimizing
Br

sequence, we must have that | [D¢g,| is uniformly bounded. Furthermore
Br

Bg is bounded so [ |¢g,|dx is uniformly bounded. Hence ¢, is a boﬁnded
Bgr

sequence in BV(Bg) and, by Theorem 1.19, there must exist a subsequence, still
denoted {¢g,}, which converges in L'(Bg) to a function f. Since ¢g,(x)—f(x)
for almost all x in Bg and @g(x) is either 0 or 1 we may assume that f'is the
characteristic function of a set E which coincides with L outside Q. Now, by
the semicontinuity Theorem 1.9, we see that E must provide the required
minimum. O

1.21 Remark: (i) In some sense the set L determines boundary values for E.

Roughly speaking, 0E minimizes the area among all surfaces w1th boundary

oL A oQ. R fo s t G v vl
For example, in R? let

Q = B, = {xeR*:|x| <2},
= {xeR%:(x1)* + (x2 — 1)* < 4}.

Then E will be the set

1
{(xl, x2)eL:xz > 5}

(i) From the proof of the theorem it is obvious that the nature of L far from
E (in fact, in the proof, the nature of L outside Bg) has no effect on the set
EnQ which we are interested in.
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1.22 Remark: (i) The set Q can act as an obstacle forcing JE away from the
minimal surface spanning 0L N dQ.

(ii) By the same methods we could also minimize functionals of the form

{I1Dok| + iH(x)dx.

Having proved this existence theorem, the remainder of our work will be
concerned with the smoothness of the resulting minimal set and with various

other properties of Caccioppoli sets and BV functions.
The next theorem, although concerning BV functions, will be especially useful
in obtaining suitable smooth approximations for Caccioppoli sets.
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1.23 Theorem (Coarea formula) [FR], [DG4]: Let fe BV(Q) and define
F, = {xeQ:if(x)<t}.
Then

(L16) [IDfI = | dt[IDo]

Proof: Suppose ge C4(Q; R") and |g| < 1. We first consider the case where /> 0.
Noting that

Jx) =

Ot 8

(1 — r,(x))dt,

we have

0

[fdivgdx = [dx | (1 — @p(x))div gdt

0

dt{ | divgdx — [ @r,div gdx}.

Ot 8

Now geC}(€Q; R") so that
[divgdx = 0.

Thus
[fdivgdx = —Tdtjdivgdngdtle(ppcl.
o F, )

If f< 0 we note that

0

)= | er(x)dt

— o0

and obtain, as above,

0
[ fdivgdx £ _j dt!;ID(thl.
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Splitting f into positive and negative part gives
[fdivgdx < | dt|Dgr,|
-0  Q

for any function fe BV(Q). On taking the supremum over all g such that
geCyi(<; R™) and |g| £ 1, we have

0

[IDfI< [ dt [|Dr,l.
0 0

To prove the reverse inequality, assume first that (1.16) holds if fe C*(Q).

Now take fe BV(Q) and let {f;} be the approximating sequence from Theorem
1.17. Then, since f;—fin LY(Q) and

0

ffllfj —fldx = | dt|or, — orldx,

where Fj = {xeQ:f{(x) <t}, there must exist a subsequence, still denoted {fj},
such that

@r,,— @r, in L'(Q)

for almost all z. Hence, by Fatou’s lemma and the semicontinuity Theorem 1.9,

(1Df| = lim [|Dfy| = lim | dt[|Dor,|= | dtf|Dor,.
Q j Q j Q -  Q

jo o j—= oo —w
Thus it remains only to prove (1.16) for fe C*(€2). We can repeat, exactly, the

above reasoning but now approximate fe C *(Q) by continuous piecewise linear
functions f;. Now we show (1.16) holds for continuous piecewise linear functions.

N
Suppose Q = | | Q; and
i=1

fx)=<ci, x> + b; ’if xeQ;,

where ¢;e R" and b;eR. Then fis in W(Q) and

N
[IDf1 = 3 leil {€ul.
Q i=1



22 Parametric Minimal Surfaces

Furthermore,

ﬁ,f}quFt | = Hu-1({xeQi:f(x) = t})

= Hy-1({x€Qi:{ci, x) + by = t}).

Now assume the xj-axis is perpendicular to the hyperplane {xeQ: -

{¢i, x) + b; = t}. Thus, on introducing a change of variables to the right hand
side of (1.16), we have

_j dté |Dor,| = _f lcil Ho—y ({x€Qi:x; = t})dt = |ci] |Qil.
Hence
9] N
[ dt[1Der,| = 3 lcil Q] = [|Df]. o
— Q i=1 Q

We can now prove a theorem analogous to 1.17, but in this case we
approximate Caccioppoli sets rather than BV functions. The proof uses a lemma
which will be proved after the theorem for ease of presentation.

1.24 Theorem: Every bounded Caccioppoli set E can be approximated by a
sequence of C*:sets Ej, such that

floe, — @eldx—0, [|Dog,| > [|Dog|.

Proof: By Theorem 1.17 we know that ¢z may be approximated by a sequence
of C* functions obtained by mollifying ¢r. From these functions we obtain the
required approximating sets by using 1.23.

Let >0 and let f; =#.* @ as in 1.14; then by 123 noting that 0 <f, <1,
[IDf] = (j)drﬂquE;,l
where E, = {x:fy(x) <t}. By Remark 1.16

JI Dl = lim | DLl dx.
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Suppose ¢;—0 as j— oo; then, by Lemma 1.25 (to follow), for every t with
0 <t<l

¢E,— @r almost everywhere

(E; = E,). In fact the convergence holds in L'(R"). Then by Theorem 1.9

liminf{|Dog, | 2 [|Dgg| for each t.

Jj= o

Thus
1
{IDgg| = lim (| Df,,| 2 [dtlim inf[|Dog, | = [| Dok,
j— 0 j—o©
and so, for almost all ¢ in (0, 1),

lim inf{| D, | = | Dgs|.

J=©

Moreover, by Sard’s lemma [MB], for almost every ¢, dEj, is regular and so
we may choose a te(0, 1) such that if F; = Ej; then

(i) OF;is smooth
(ii) @r,— g in LY(R"),
(i) {|Dog| = lim inf[|Dep,|.
jow N
Taking a subsequence of {¢;}, we can ensure that (iii) holds with lim rather
j—

than liminf and the theorem is proved. O

Jj= o

125 Lemma: Let 0<t<1,&—0 asj— oo and
E; = {xeR".f;(x)>1t},

where f., = #s;x @g. Then

1
1 — < —
lim f] ¢, — Peldx = min(t, 1 — t)ﬁfgj Peldx.

Jj— o
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Proof: By definition
fo,—oe>t inEj—E
¢e—f; 21—t in E—E;j
so that
flfey—oeldxz | |fy,—@eldx+ [ |f,,—oeldx 2
E;-E EZE,
ZtEj—El+(1—1)|[E-Ejlz

zmin(t, 1 — 1) f|@g, — @zldx. O

1.26 Remark: By Proposition 1.13,if | |Dgg| = 0 where A is an open set, then
0A

{1 Dgg| = lim£|D(pEj|.

A j—o

1.27 Remark: It is not, in general, possible to approximate a Caccioppoli set E
by C* sets contained inside E (nor is it possible from the outside). For example,
consider the set E of 1.10. If F is any set containing E, we must have F = R"
and hence either |F — E| = oo or |0F| = oo (or both). It follows then that E
cannot be approximated from the outside by smooth sets.

The following theorem is an extension of the Sobolev inequality for functions
in W{(Q).

1.28 Theorem: (Sobolev inequality)(A). Letfe BV(R") have compact support. Then

n

(117 (J1f 1=

n—1
rdx) n < fIDf],

where ¢y is a constant depending only on n.
(B) Let fe BV(B,) and define

1
fp N |Bpl J‘Bpfdx'
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Then

n —

(L18) (f |f—mn—1dx)"—rlgc2§ D1,

where ¢, is a constant depending only on n.

Proof: Inequalities (1.17) and (1.18) are well known for feCP(R"), C*(B,)
respectively (for example see [AR]). Consider (1.17) and choose a sequence { f;}
in C§(R") such that fi—fin L'(R") and [|Df;| - [|Df|. Now, by (1.17) for"

C&(R"), the functions f; are uniformly bounded in the L»=1(R") norm, and so
a subsequence will converge weakly to some function foe L»=1(R"). However,
fi—=fin L}(R"); accordingly fo = f and f; — f weakly in L»=1(R") so that

n—1 n n—1
(JIfP=Tdx)n <liminf(f| f;"=Tdx) " < cilim [|Dfj| = c1 | Df].
N J R

J7

Similarly we may prove (1.18). O

1.29 Corollary (Isoperimetric inequalities): Let E be a bounded Caccioppoli set
in R". Then

n—1

(1.19) |E[™" < ci(n)[| Dokl

E]

n—1
(1.20) min{|ENB,|, |(R"— E)"B,|} = < cx(n) | |Del.
B,

Proof: Inequality (1.19) follows immediately from (1.17) by noting that
@eeBV(R") and has compact support.

|[ENB,|

| Bo|

Let f = ¢@g. Then f, = and so

il—_l
Ilf—f,,lnfldx={1_'E“B"'} " EAB,I+
B, 'Bp[

-1

ENnB nn
+{| "'} (R" — E)nB,|.
| B, |
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Hence, noting that

(R"— E)nB,| = 1391{1 —M},

| Bo|

we have

n—1

n n—1
{Bj |f=folr=Tdx} n  zmin{|ENB,|, [((R"—E)nB,|} n"

{IEnB,[»=1 +|(R"—

|Bo|

n—1

Zmin{|EnB,|, | (R"—E)nB,|} »

and (1.20) follows.

1.30  Other Definitions of BV functions: There are several other definitions of the
“space of functions of bounded variation” especially in the case of functions
from R to R. We now give a few of the most common definitions and discuss
their relationship with the one we have used.

Suppose f:R— R and a < b are real numbers. Then define the variation of f
on [a, b] as

V”f)—sup{z ft:)) —f(ti-1)|)meNanda=to<t; < ... <tm=b}

The function f is said to be of bounded variation if there exists a constant K
such that

VY<K foralla<hb
and we define the variation of f as
V(f) = sup{V%(f):a < b real numbers).
This definition is well known and frequently used for functions f:R— R.
However, in the situations we are considering it does suffer some drawbacks.
We are mostly interested in integrals and measures and so we want changes

on sets of measure zero to have no effect. Unfortunately if we change the value
of a function, even at just one point, the variation will be affected. To overcome
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these problems we assume that our functions are integrable and define a quantity
known as the essential variation.

The essential variation depends on a notion called approximate continuity.
We say; f is approximately continuous at xo, if for all ¢>0, the set
A=R—f"Yy:ly —f(xo0)| > ¢} has density 0 at xo where the density of a set
A at a point xo is defined as
. JAn{x:|x —xol<r}| . [ANB(xo,1)
lim = lim .
r—0  [{x:]x —xo| <r}| i~o | B(xo, )]

In the usual definition of continuity we would require that dist{xo, A) > 0. Thus
the definition of approximate continuity relaxes this to allow some points of A
close to xo but not very many. An important property of this definition is that,
provided we leave the value of f'at xo unchanged, the approximate continuity
-will be unaffected by changes of f on a set of measure zero.

Suppose fis integrable and a < b are real numbers. Then we define the essential
variation of f on (a, b) as

ess Vi(f) = sup{ Y Uft) —fti-1)imeN and a<to <ty ... <tw<b
i=1

where each t; is a point of approximate continuity}

We say f has bounded essential variation or fe BV(R) if there exists a constant -
K such that

essVYf)<K foralla<hb
and define the essential variation of f as
ess V(f) = sup{ess V%(f):a < b real numbers}.
It can be shown that this definition of BV(R) is equivalent to ours, that is:
(a)  fhas bounded essential variation if and only if
sup{ [rfg'dx:geC4(R), |g| £ 1} < 0.

Indeed there are other equivalent definitions:
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(b) the derivative of f (in the distributional sense) is a finite measure,

(¢) f can be approximated in L' by C*® functions with uniformly bounded
variation,

(d) there exists a function g such that g has bounded variation and f = g almost
everywhere.

Some of these conditions carry over-to R” with the appropriate changes made
because of the higher dimension and once again they may be shown to be
equivalent to our original definition.

(b’) The derivative Df of f (in the distributional sense) is a finite vector valued
measure, (equivalence follows from Remarks 1.5 and 1.8),

(¢') f can be approximated in the L' norm by C*® functions with uniformly
bounded variation, that is

fi=fin LYR") and [|Df;|dx < K,
(equivalence follows from Theorems 1.9 and 1.17).

Although (d) does not carry over directly, it has been shown by Federer
(4.5.9 of [FH2] or [FH1]) that, from f we can obtain a function g which has
various nice properties and corresponds in the 1-dimensional case to the function
of (d) above.

Finally, the definition of bounded essential variation has been extended to
R" as follows (see 4.5.10 [FH2]):

(a") fe LY(R"™) has bounded essential variation if, for i = 1, 2, ..., n, the essential
variation of f(y1, ..., Yi-1, L, Vi, ..., Yn—1) With respect to ¢ is integrable with
respect to y in (n — 1)-space.

At first glance these definitions may appear to be markedly different but their
equivalence is easily established once the following equalities are proved:

SUP{PI"fdiV gdx:geC{R" R"), |g| <1}

(") = [IDf]
¢y = inf{limsupj |Dfjldx:{f;} = CFR", f—>fin LY(R")}.

j—2oo Rn

For the case n = 1, we have

@) [IDfl =essV(f)
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(d)  =inf{V(g):g = f almost everywhere}
and if n > 1 we have

(@) [IDfl= | essV(fi,)dy foreachi=1,2,...,n,
RA-1

Wherefi,y(t) :f(yls y29 R yi—la ta }’i, ey ,Vn—1)~

29



2. Traces of BV Functions

Since we are regarding BV(Q) as a subset of L}(Q) we consider equivalence
classes of functions rather than the functions themselves. Thus it makes no sense
to talk of the value of a BV function on a set of measure zero since we may
change the values of the function on such a set without changing its equivalence
class. However it is important to be able to talk about the value of a BV function
on the boundary of a set even though such a boundary may have measure zero.
Obviously such a notion of values on a set of measure zero must take into
account the value of the function on surrounding sets rather than just the set
itself. It is the aim of this chapter to give a rigorous and meaningful definition
of the trace of a BV function on the boundary of the set and then to develop
some of the properties of the trace.

An essential tool in the definition of trace is the following theorem of Lebesgue.

2.1 Theorem (Lebesgue’s Theorem): If fe L\(R"), then for almost all xeR"
21) limp™" [ |f(x +1t)—f(x)|dt =
p—0 B,

(For a proof see 2.9.9 of [FH2].)

As 0Q has zero measure, the preceding theorem does not allow us to define
unambiguously the values of f on 6Q and in fact a general fin LY(Q) has no
trace on 0Q. It is precisely the existence of derivatives that makes it possible
to define a trace on dQ, and more generally on closed hypersurfaces S = Q, for
functions fe BV(Q).

The following covering lemma will be useful in this and later chapters.

22 Lemma: Let A< R" and p:A—(0, 1); then there exists a countable set of
points {x;} in A such that:

(22)  B(xi, p(xi)) N B(xj, plx))) = & if i # ]

23) Ac C)B(x,, 3p(x1)),

where B(x, r) = {yeR"|x — y| <r}.
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Proof: For k=1, 2, ... let
Ax = {x€A:27F < p(x) <21 7*}.

Consider the class of all subsets L of A, such that B(x, p(x))nB(y, p(y)) = &
for all x, yeL, x # y. If we order such sets by inclusion, then by Zorn’s lemma
there is a maximal subset L,. If M is any compact subset of R", then L; n M
must be finite and so L; itself must be countable.

Similarly, let L, be a maximal subset of 45, such that B(x, p(x)) n B(y, p(y) = &
forallx,ye L; U Ly, x # y. Now proceeding by inductionlet L; S A; be a maximal
subset satisfying:

B(x, p(x))nB(y, p(y)) = & for all x, yeLyuL,u ... ULj, x #y.

The set 4 = U L; is then countable and satisfies
i=1

B(x, p(x))n B(y, p(y)) = I for all x, ye A, x #y.

We now show that A satisfies (2.3).
Suppose ze A, then, as A = U Ay, there exists a k such that ze A, and
k=1

further there exists an xe Ly U L, U... U Li such that B(x, p(x)) " B(z, p(z)) # &
(otherwise Ly would not be maximal). On the other hand, by the definition of
Ar and L;,

1
px) 2 2p(2)

and hence zeB(x, 3p(x)), establishing (2.3). 0
In proving future results it will be useful to adopt the following notation:

B(x,r) = {zeR"|x —z| <r} = a ball in R"

By, p)= {teR""':|]y—t|<p}=aballin R"" L
23 Lemma: Let R, = {xeR":x, > 0} and let u be a positive Radon measure on
R with w(R".) < oo. For p >0 and yeR"™! = 0R",, let

Cr(y={xeR"x=(z1t),|ly—zl<p, 0<t<p} =B, p)x(0,p).



32 Parametric Minimal Surfaces

Then, for H,- 1-almost all ye R" ™1,

(24)  lim p'""u(C(y) = 0.

p—0*
Proof: Let

1
Ay = {yelR"‘l:lim sup p' 7 u(C () >E}
p—0

It is sufficient to show that H,-1(A4x) = O for each k. Given ye Ay and ¢ >0,
there exists a number p, < ¢ such that

1,
WEC N>y

Now by the covering Lemma 2.2 we can choose a sequence y;e Ay such that

the balls %4(y;, p:), where piv= py,» are disjoint and A, = | ) 8(yi, 3p:). Then
i=1

Ha—y(A) S 0n-1 Y, Bpa)' ™" < 2k,-13"71 Y w(C, (30),
i=1 i=1

On the other hand, since p; < ¢, we have
C h(y)s L. = {xeR":0 < x, <&}
and hence

Ho-1(Ai) < 2kewn— 13" 1u(L,) for all &> 0.

But since u(R" ) < oo, we have u(L.) > 0ase—0and so H,—1(Ax) = 0. O

24 Lemma [MMS5]: Let
Cz =20, R)x (0, R) =%r x (0, R)

and feBV(Cy). Then there exists a function f* e L (#Bg) such that for H,_:-
almost all ye Br
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25) limp™" [ [f(2)—f"(y)ldz = 0.

P20
Moreover, if Cr = #r x (—R, R), then for every ge C{(Cg; R")

(26) | fdivgdx = — [ <9, Df>+ [f*gndHy-1.
Ck Ch Br

Proof: Let us suppose first that fis a smooth function, and for ¢ > O let f;: Bz — R
be defined by:

2.7) fly) =1y, ¢).

Let Q.. = Br x (¢, ¢), 0 <& <e< R. We have:

28) [ 1fi—foldHsy < | |Dufldx.
Br Q..

The sequence f; is thus a Cauchy sequence in L'(%r), and therefore it converges
to a function f* e L}(%g).
Suppose now that ge C}(Cg; R"). Letting ¢ — 0 in the identity

[ fdivgdx = = [ <Df, g>dx+ | figndHn-1
ORr. OR.e @R

we obtain at once (2.6).
To prove (2.5) we observe that

| 10—, Wldz= | )dﬂzif(n, 0~ W)lde <

Cr(»
P
< | dnflftn, t)—f*(m)ldt +
2, 0

+p [ 1T =T ()ldn.

Bo(y)

But by the Lebesgue Theorem 2.1

(29)  lim P“"ﬁf{ )|f+(f1) =f*W)ldn =0

p—0 o

for H, - -almost all ye Zr. On the other hand, by (2.8),
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p
fdt | |fon,0)—f*mldn<p [ |Df].
0 B,0) CH)
Thus
e [ If@—=fTWIdz<p* ™" [ IDfl+p'"" [ IfT)—fF(y)ldn.
Ci Cim) 2,0

But, by Lemma 2.3, for H,--almost all ye #x

p'™" [ IDf|-0 asp—0

Cr»

and so using (2.9) we obtain (2.5).

The theorem is thus proved for fe C*(Cz)nBV(C3). Now let fe BV(Cy),
and let f; be the sequence obtained in Theorem 1.17.

From (2.5) applied to f; and Remark 1.18 we easily obtain:

limp™ | [f@&)—f;(»|dz=0
p=0 Cr )

for H,--almost every ye#g and for every j. In particular all the traces f;
coincide so that defining f* = f we have (2.5). Finally, writing (2.6) for f; and
passing to the limit as j— oo we obtain the full result. O

2.5 Remark: The function f* is called the trace of f on %#x and obviously

[Ty =1l

m—
o0l Co W) cro

flz)dz.

2.6 Proposition: Let fe BV(Cg) and let { f;} = BV(C§) be a sequence converging
to fin LY(Cg) such that

lim [ |Df;| = | |Df1.

J=ocy Ci

Then

limf;} =f* in L(%r).

Findes
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Proof: From (2.8) if 0 < § < R and Qs = Qr.s,

1(#
—j dtf LT =1y, t)ldyéf | Df |
Blo  Jan 2,
and hence, if
1 (¥
Jo(y) = Ef Sy, t)d,
0
(2.10) @j Lf () —fﬂ(y)ldyégf | Df|.
Now from (2.10)
(2.11) gj Lf () —ff(y)ldyégf | Df| +Q§ |ij|+%§ | fo(y) — fip(y)|dy

and

B
f tﬁ(y)—ﬁ,ﬂ(yndyglf drj O ) fiy. 0)]dy <
Br ﬂ 0 Br

glf |f—fildx >0 as j— c0.
B Jck

Also by Proposition 1.13

=

lim [ |Df;| = [ |Df] for almost every .
Op

Jj= 0 Qg

Then in conclusion

limsup [ [f* —ffldy§2Q§ | Df.
B

Jjo o Br

for almost every . Letting  — 0, we obtain the result. O

27 Remark: If Cp = #r x (—R, 0) and fe BV(Cg), then we can define a
trace f ~ € L'(#&) which will satisfy theorems analogous to 2.5 and 2.6.
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2.8 Proposition: Let f1e BV(Cg) and f,€ BV(CR). Define a function f:Cr — R by

_ fi in CE
f—— {fz in CE

Then fe BV(CR) and

2.12) @f If " =f7dH,-y =@§ | Df1.

Proof: From (2.6) and the analogue for f>.

[ fdivgdx = — [ <g, Df>~ [ g, D>+ [ (f* —f7)gndHpn-1.
Cr Ck c; BRr

As the right hand side is bounded if |g| < 1, the function fis in BV(Cg) and

 fdivgdx = — | <g,Df> = — [ (g, Df>— [ g, Df>— | <g, Df>
Cr Cr Ci Cq Br

'so that
—gj {g. Df> =@f (f* —f7)gndHu-1 for geCH(Cr; R")

and (2.12) follows. O

2.9 Remark: This theorem illustrates an important extension property for B}V
functions and (2.12) shows that unless f* = f~ we could not expect a similar
theorem for functions in W1,

We now turn to the case of a general Q in R". Suppose Q is an open set in
R", with Lipschitz continuous boundary 0, and fe BV(Q). If xo€0Q, then with
a translation and a rotation we can reduce our considerations to the case xo = 0
and further suppose that in a neighbourhood of xo = 0 we have

2Q = {(y, )eR"yed, t = o(y)}

where 4 is a neighbourhood of 0in R*~! and w: 4 — R is a Lipschitz continuous
function such that if (y, t)eQ then t > w(y). If we set
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S=01=t—awy)

and
g(&) = f(n, T+ w(n)) = f(y, t),

then the function g is in BV(Cj), for some R > 0.
If g* is the trace of g on g, then we define the trace of f in

Sk = {& =(n, o(n):neBr} as
e(&) =f"(n, o(n) =g*(n).

Thus, possibly using a partition of unity we have

2.10 Theorem: Let Q be a bounded open set in R" with Lipschitz continuous
boundary 0Q and let fe BV(Q). Then there exists a function @€ L'(0Q) such that
for H, - 1-almost all xeoQ

(213) limp™™ [ [f(z) — @(x)|dz = 0.

p—0 B, (x)nQ

Moreover, for every ge C3R™ R"),

(2.14) [fdivgdx = —[<{g, Df> + | ¢<g, #)dHu-1
Q Q aQ

where 7 is the unit outer normal to- 0Q.
Similarly from 2.6 we may obtain

2.11 Theorem: Let Q be a bounded open set in R" with Lipschitz continuous
boundary 0Q, and let f;, f be functions in BV(Q) satisfying

lim [|f; —f]dx = 0

j2oQ

limgfllijI = s{IDfI-

Jjo o

Then, if @; and @ are the traces of f; and f respectively, we have

lim I |(pj—(p|dH,,—1 =0.

Jj— o0 8Q
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2.12 Remark: From the definition of trace, Theorem 1.17 and Remark
1.18 it follows that, if 0Q is Lipschitz continuous, then for every fe BV(Q)
there exists a sequence {f;} in C*(Q) such that

J7 o

lim {|f;—fldx =0

limgjllij]dx = ffllDfl

jo o

and moreover the trace of each f; on dQ coincides with the trace of f.

2.13 Remark: If A « < Q is an open set with Lipschitz continuous boundary
0A, then f|4 and flao-x (belonging to BV(A4) and BV(Q — A) respectively)
will have traces on 04 which we call f; and f} respectively. Then

limp™" j | f(z) —f 1 (x)|dz = O for H,—1- almost all xedA4,

p—0 B,(x)nA

limp™ [ |f(z)—f}(x)|dz =0 for H,--almost all x€dA,

p—0 B,(x)—A

and, as in Proposition 2.8,
215 [Ifi—faldHu-1= [|Df].
0A “ 0A

Moreover, from the proof of Proposition 2.8, we see that
Df=(fi —f1)vdH,-1 on 04,
where v is the unit outer normal.
A special case occurs when Q = Bg and A = B, with p < R. The traces are
denoted f, and f, and so from (2.15) it follows that for almost every p
fr(x)=f,(x)=f(x) H,-i-almost everywhere in 0B,.

Also

f,(px) = lim f(tx) in LY0By),
t;;;lzv“
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where N is a set of measure zero, and similarly for f(px).
In particular given xeBg, let p = |x| to obtain f*(x) = f(x). If we do this

for each x in Br we obtain a function f* (or f ) equal almost everywhere to
f(x) but now satisfying

limp™"{p -5 |f (@) —fT(x)|dz =0
p—0

Ix|

for all x (and similarly for f ~(x)).
However we do not use this property in what follows.

2.14 Remark: If A and Q are open sets with A = Q, 04 Lipschitz continuous and
feBV(A), then we can define a function F:Q — R by

_jfx) xeA
Flo = {0 xeQ — A.

Then F; =f; and F} =0, so that from (2.15)

[IDF| = [|Df| +M§ |f7ldH,- 1.

o 4 nQ
In particular, if 4 = B,, Q = Br(p<R), E is a Caccioppoli set and f'= @g, we
have, for almost every p (and more particularly those p for which ¢g, = ¢g
H,_-almost everywhere on 0B,)
(2.16) P(EnB,, Br) = P(E, B,) + H,-1(0B,nE).
Similarly putting 4 = BR — B,, Q= Bzr
(2.17) P(E — B,, Bxr) = P(E, Bx — B,) + H,—1(0B,N E)
and
(2.18) P(EUB,, Br) = P(Bx — (EU B,), Bx) =

= P((Bk — E)n(Br — B,), Br) =

= P(E, Bk — B,) + H,-1(0B, — E).
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for almost all p < R.
We conclude this section by proving a converse of Theorem 2.10.

2.15 Proposition [GA]: Let ¢ be a function in L'(#r) with compact support. For
every & > 0 there exists a function fe W 1(C ) with trace ¢ on %Bx and such that:

2.19) [Ifldz<¢ | |@|dH,-,
C# Br

(220) [ [Dfldz<(1+¢) [ |@|dHu-1.
Ck Br

Proof: Let {¢} be a sequence of C *-functions in %, converging to ¢ in L*(#g).
We can assume that ¢o = 0 and

locll =20 el
kZ,OH(Pk—(Pk+1“ =(+¢2lell

| || denoting the norm in L(%g).
Let {tx} be a decreasing sequence, converging to zero. For z = (x, t) we set

0ift>[o

f(Z)=f(X,t)={

t—1Ilk+1 tk—1t .
——(X) + ————r+1(x) if -1 St S
tk — ti+1 Ik —tk+1

We have for tp+1 <t <ty
IDif| £ |Digi| + |Dipe+1| i=1,2,...,n—1
IDnf| =[x — @+1l(t — i+ 1)~

and therefore

(IDf1dz< S Iou—pesril+ 3 (ID@el + | Dprcs 1 1)t — tis 1)
Ck k=0 k=0

Moreover:
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(11422 3 (el + 1 ons s Dt — tes 1) <41 0 0.
Ci K=0

If we choose the sequence tx in such a way that 4to < ¢ and

elloll k-2
by —tr+1 =
L+ [ Dokl + [ Depic+1 |

we have immediately (2.19) and (2.20). The proof that the trace of f'is actually
¢ proceeds exactly as in 2.4. O
A simple argument based on a partition of unity (see 2.10) proves

2.16 Theorem: Let Q be a bounded open set with Lipschitz-continuous boundary
0Q, and let pe L} (0Q). For every ¢ > 0 there exists a function fe WY(Q) having
trace ¢ on 0Q and such that

(2.21) Sj)lfldx =elol

(222) [IDfldx< Al el

Q

with A depending on 0Q, but independent of ¢, f and .

2.17 Remark: It is easily seen from the construction of f that its support can
be taken in an arbitrary neighborhood of éQ. Moreover, if 0Q is of class C?,
we may take 4 =1+ e



3. The Reduced Boundary

Recalling that when considering functions in BV we are really considering
equivalence classes of functions, we see that changing a function on a set of
measure zero gives, as far as BV is concerned, the same function. In the same
way when considering Caccioppoli sets the perimeter and other properties are
unchanged if we make alterations of measure zero. In other words we are really
concerned with equivalence classes of Caccioppoli sets.

3.1 Proposition: If E is a Borel set, then there exists a Borel set E equivalent
to E (that is, differs only by a set of measure zero) and such that

(3.1) 0<|EnB(x, p)| < wup" for all xedF and all p >0,

where w, is the measure of the unit ball in R".

Proof: Define

Eo = {xeR" there exists p >0 with |En B(x, p)| = 0}

B

and
E1 = {xeR™ there exists p >0 with |En B(x, p)| = | B(x, p)| = w.p"}.

Suppose xeEo; then there exists p >0 such that |[EnB(x, p)| = 0. Now
suppose ye B(x, p), and setting po = p — |x — y| > 0 we have B(y, po) < B(x, p)
and |B(y, po)n E| = 0. Thus B(x, p) € Eo and so E, is open. In the same way
we can show that E; is open. We next establish that |[EonE| = 0.

Foreach xe Eo choose p > 0 such that | En B(x, p)| = 0. Then {B(x, p):x€Eo)
forms an open covering of Eo and so there exists a sequence {x;} in Eq such that

Eo = | B(xi, pi) and |[EN B(x;, pi)| =0

s

]

i=1

and hence
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|EnEol <1 (Blxi p)nE)| = 0,

Similarly we can show |E; — E| = 0.

Now set E = (EUE;) — E,. Then E is equivalent to E and, since E; and Eo
are open, if xedE then x¢ E; U Eo and (3.1) must hold. O

3.2 Remark: Since we are concerned only with equivalence classes of sets, by
Proposition 3.1, we may assume that inequality (3.1) holds for every set we
consider.

We now want to introduce a particular subset of the boundary of a Caccioppoli
set known as the reduced boundary and denoted 0*E. This concept was intro-
duced by De Giorgi [DG2] and it is of fundamental importance when consider-
ing the regularity of the boundary of minimizing sets.

We shall show later that, for a minimizing set E, the reduced boundary 0*E
is analytic and we shall then be concerned with estimating the size of 0E — 0*E
and in particular its Hausdorff dimension.

3.3 Definition: A point x belongs to the reduced boundary, 0*E, of a set E if

(32) | |Dggl>0 forall p>0,

B(x,p)
.

(3.3)  the limit v(x) = limv,(x) exists
p—0

where
| Do
vo(x) =2
j Dokl
B(x,p)
and
(34) |v(x)| =1

Note that, from the theorem of Besicovitch on differentiation of measures
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(2.9 of [FH2]), it follows that v(x) exists and |v(x)| = 1 for |Dg| — almost all
xeR", and furthermore that

Dog = v|Dog]|.
34 Examples: (i) Suppose 0E is a C! hypersurface and xedE. Now, from
Remark 2.13, setting 4 = E and f = @g, we obtain that

Dog =vdH,-, on 0E

where v is the unit inner normal to 0E. Furthermore by (1.3), spt Do < 0E and so

j D(pE= j‘ VdHn—l.

B(x,p) B(x,p) n0E

On the other hand from (1.1)

| ID@g| = Hu-1(B(x, p) N OE)

B(x,p)

and therefore

VdHn-1

B(x,p)n0E

Hn— I(B(-)f; p)ﬁ aE)

vp(x) =

Hence, since v is continuous on JE,

lim v,(x) = v(x).
p—0

Thus x is in the reduced boundary. In conclusion, if dE is a C* hypersurface
then 0*E = 0E and v(x) is the unit inner normal vector to JE at x.
(ii) Let E be the unit square in R2, then conditions (3.2) and (3.3) are satisfied

. 1
for each x in OF and (3.4) is satisfied except at the corner points where |v| = ﬁ
The properties of the sets we consider are unchanged by translation and
rotation. For simplicity we shall often assume that the origin belongs to JE or

that the x;-axis is normal to JE and then by the appropriate rotation and
translation we may prove similar results for any point in JE.
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3.5 Lemma: Suppose E = R" is such that 0€0E and there exists a number
p > 0 such that for every p < p

[ 1Dpz] >0
BP

1vp(0)] = IBE D(pEI/Bf |Dpe| 2z q>0.

Then for every p < p
(35) p"EAB,|Z Ciln, g)> 0,
(6) p "l(R"—E)nB,| 2 Ca(n, q) >0,

(3.7) 0<Csm q) = pl_"Bf |Doe| = Caln, g),

where Ci(n, q), Ca(n, q), Cs(n, q) and Ca(n, q) are constants depending only on
n and gq.

Proof: From (2.14), as in the proof of (2.16), we can prove that for almost all p < p

0= jD(PEnBP = B[ D(/)E +a£ ﬁ(PEdHn—l

P

where 7 is the interior normal to ¢B,. Thus it follows that

| [ IDgel < | @edHu-1 T = Hu-1(ENOB,).
B, oB

P

On the other hand, for every p < p,

j | Dokl §$|_f Dokl
B, B,
Hence

1
[ D@kl éan-l(EnaB,,)g Cap"™!
BP



46 Parametric Minimal Surfaces

for almost all p < p and by the semicontinuity Theorem 1.9 it will in fact hold
for every p < p. This proves the second part of (3.7). By (2.16) in Remark 2.14,
if we set

E,=ENB,

we have for almost all p
P(E,) = P(E, B,) + | ¢pdH,-:.
B,
But as above

P(E, B,) <

1

- j @pdHy -y
qoB,

for almost all p < p. Thus

P(Ep) é C5 j‘\q)EdH,,Al

B,

and hence from the isoperimetric inequality (1.19)

|Ep|1_1/" =GCs f QedH,—1.

o8B,

On the other hand, if g(p) = | E,|,

g(R) = j Qrdx = jdp j @pdH, -1

B,

and so ¢g(p) is absolutely continuous with
g'(p) = j ¢rdHn-1.
It then follows that

1 _
g(p)z C—6g(p)1 o

and so
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p n
g(p) = <5C—6> ,

proving (3.5).

In a similar way, noting that @g=—g = 1 — @g we can prove (3.6). It remains
only to prove the left hand side of (3.7). This follows from (3.5), (3.6) and the
isoperimetric inequality (1.20). O

Notice that, in particular, if 0e0*E then there exists a number p such that
the lemma holds.

3.6 Definition: For ze0*E, define the tangent hyperplane
T(z) = {xeR":{(¥(z), x — z) = 0}

and the sets
T7(z) = {xeR":{¥(z), x — z) > 0},

T7(z) = {xeR":{¥(z), x —z) < 0}.

3.7 Theorem: Let 0€0*E and for t > 0 define
E, = {xeR":txeE}.

Then as t —0" the set E, converges to T*(0) and moreover, for every set A
such that H,-1(0An T(0)) =0,

(3.8) 1im[|Deg,| = [IDer*| = Hu-1(AN T(0)).

t—=0A4 A

Proof: By the reasoning mentioned before Lemma 3.5 we can suppose that
vi(0)= —1, v2(0)=...=v,(0)=0

so that
TH =T%0) = {x:x; <0}.

It is sufficient to show that every sequence {t;} — 0 has a subsequence {s;} such
that E;, - 77, and if we denote E; = E;,, then
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lim [ |Dog,| = IIDQDT .

jowA

Now for every p > 0, by a simple change of variables,

(3.9) jD<pE =t'"" [ Dog,

Bip

(3.10) le(pEl| =" j | Dokl

tp

and therefore by the definition of v(0)

_fD1(PE,
(3.11) limZe— =y, (0) = —1

O | Do, |
Bp

fDi(PEl
(3.12) lim2e——=0 i=2,3,...,n

[ | Dog,|
BP

Moreover from (3.10) and (3.7) of Lemma 3.5, we obtain

(3.13) llmsup j |DgoE[| < 0.

=0 B,

Now suppose we have a sequence {t;} converging to 0; then, by (3.13) and the
compactness Theorem 1.19, there will exist a subsequence {s;} and a Caccioppoli
set C such that if E; = E;, then ¢g, converges in Lj,(R") to ¢c. Moreover by
the De La Vallée Poussin Theorem (see Appendix A) we may assume that

(3.14) lim [ Doy, = fD(pc

j—©B,

for almost all p (in particular for those p for which [ |Dgc|=0). Now
BP

from (3.11) and (3.14)

lim f|D(pE l = -—llm _[DI(PE ——IDl(pC

Jjo 0B, j—= B,
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Thus by semicontinuity

(3.15) [ [Doc|< — | Dioc
B, B,

P

and, by definition of D;¢c, we get equality in (3.15). By differentiation of
measures we obtain

|D(pc| +D1§0C = 0
and hence
Di(PC =0 i= 2, Lo, N

Therefore ¢ depends only on x; and furthermore it is a non-increasing function
of x;. This implies that there exists a A€ R such that

C={xeR"x; <4i}.

We now show that 42 = 0. Suppose that 4 < 0; then since g, — @, in Lj,(R"),
we have

0= |C(’\B|;t|| = lim |Ej(’\B|;|| = lim S;"|EﬁB|;t|sj|

which contradicts (3.5). Similarly if A >0 we get a contradiction to (3.6). Thus
A=0,C=T" and .

(3.16) [[Der*| = lim [[Deg,|

B, j= 0B,

for almost every p.
Finally let 4 be an open set such that

[1Dor | = Hy(ToA) =0,
A

Choose p such that 4 = B, and (3.16) holds; then by Proposition 1.13 we obtain
equation (3.8). O

The above theorem shows that, at least in some sense, 7(0) is indeed a tangent
plane to the surface JE at 0. This is made a little clearer in the next theorem.
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3.8 Theorem: Suppose E < R" and 0€d*E. For p, ¢ > 0 define

SN = B, n{xeR":[{¥0), x)| <ep}.
Then

(3.17) limp'™" [ |Dog| = wn-1,

p—0 Spe

(3.18) limp "[ENnB,AT | =0,

p—0

(3.19) Limp "|(B,— E)nT*| =0,

p—0
where w, -1 is the measure of the unit ball in R" ™1,

Proof: From (3.10)

p' " [|Dor| = [|Dgg,|
B, B,
and similarly

| | Dokl = f Dok, |.

Sp.i S

By (3.8), :

lim [ [Dgr | = Ha-1(S1..AT(0) = 01

p—=0S; ¢
and so (3.17) holds. To prove (3.18), first note that
p MENB,NT | =|E,nBinT"|.

Now by Theorem 3.7

im|E,nB,nT | =|T"nBinT |=0

p—0

and (3.18) follows. Similarly we may prove (3.19). O
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3.9 Remark: Noting that | B,| = p"w,, (3.18) says that the ratio of the measure
of (EnT™)n B, to the measure of B, goes to zero as p—0. In other words,
in small enough balls most of E lies in T*. Similarly (3.19) says that in small
enough balls most of R"— E lies in 7, so that in small enough balls B,,
the hyperplane T splits B, into two parts which nearly correspond to E and
R"—E.

Consider (3.17) in the case where JE is smooth. In this case v(0) will be the
normal to JF at 0 and S, . will be a strip of width 2¢p and centre 7(0) lying in
the ball B,.

Since JE is smooth,

[ 1Dog| = Hy-1(0ENS,..).

X

and also H,-(T(0)nB,) = p" 'w,-1. We see then that (3.17) says that by
taking p sufficiently small we may ensure that JE mostly lies in the strip S,
and nearly corresponds to the hyperplane 710).



4. Regularity of the

Reduced Boundary
In this chapter we establish some further important properties of the reduced
boundary 0*E. We show first that 0*E may be written, up to a set of | Dgg|-

measure zero, as a countable union of C! hypersurfaces [DG2]. Furthermore
we show that 0*E is dense in 0E and that

(4.1) JIID(PE|=Hn—1(a*E(’\Q)

for every open set Q, so that |Dgg| is just (n — 1)-dimensional Hausdorff
measure restricted to 0*E.

To prove (4.1) we first show that if B < 0*E then
(4.2) 2‘;|D(PE| = H,-1(B)

and we begin this by estimating the ratio of the two terms in (4.2).

4.1 Lemma: Let E be a Caccioppoli set in R" and let B < 0*E, then
H,-1(B) 23" ' [|Dggl.
B

Proof: Suppose ¢, > 0. As [D¢g| is a Radon measure there exists an open set
A such that B< A4 and

[ID@g| < [ID@E| + 1.
A B

From Theorem 3.8, equation (3.17), for each xeB there exists a number
p = p(x) > 0 such that B(x, p) = 4, p <¢ and

[ ID@el Z 30n-1p"" "
B(x,p)

Now by Lemma 2.2, we can select a sequence {x;} € B such that, if p; = p(x;),

B(xi, 3p)) and  B(xi, pi)(\B(xj, pj) = &

s

Bc

i

1

for i #j.
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Using the facts that B(x;, p;) = A and are disjoint, we obtain

n—1 o

& _ 2.3
Y @Bp)y s > J IDoE| <
i=1 Dn—1 i=1JB(xi,pi)

231
= f Dokl <
Wp-1 J4

3n 1
< { J Dol + n}
Wp—1

So, by the fact that ¢, 5 are arbitrary and by the definition of Hausdorff measure,

H,—1(B)< 23" ' [|Dggl. O
B

4.2 Definition: I',, — ; is the class of all sets H = R" such that there exists an open
set A containing H and a C! function f: 4 — R such that

f(x)=0 and Df(x)#0 for xeH.

The following theorem gives a useful means of determining when a set is
in Fn- 1.

@

4.3 Theorem: Let C be a compact set and suppose that there exists a vector
valued continuous function v:C — R" such that v # 0 and

4.3) im <vx),x—y>|x—y1=0

|x—y|—0

uniformly for x, ye C. Then CeTl',-;.

Proof: From the Whitney Extension Theorem [WH], [MB], there exists a
function f:R" — R which satisfies fe C!, f= 0 on C and Df = v on C. Then as
v#0 we have Cel'y 1. O
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4.4 Theorem [DG2]: If E is a Caccioppoli set, then
(44) 0*E=|) CiuN
i=1

where [|Dog| =0 and each C; is compact and belongs to T'w—1. Moreover, for
N

every set B< 0*E

4.5) £|D(PE| = H,-1(B),

for every open set Q = R"

(4.6) P(E, Q) = !;IDQDEI =H,-1(0*EnQ)

and finally

(4.7) 0*E = OF.

Proof: For each xe0*E we know that (3.18) and (3.19) hold after suitable
translation. Then for each integer i, by Egoroff’s theorem [HP], [MME], we

1
may choose a measurable set F; such that |Dgg|(0*E — F)) <? and the con-
1
vergence in (3.18) and+(3.19) is uniform. Further by Lusin’s theorem [HP],
1
[MME], we may choose a compact set C; such that |Dog|(F; — C;) < % and the

function v restricted to C; is continuous. This construction gives (4.4) and it
remains only to show that C;el, ;.

Let us consider one such C;, for example C;. By our choice of C;, for every
ewith 0 < ¢ < 1 there exists a o such that 0 < ¢ < 1 and, if p < 20 and z€ C, then

[ENB(z, p)n T (2)] < ke"wnp"27"

and

wnpn ,,CUnP" o wnpn : 8n
|[EnB(z, p)n T*(2)| > 5 —8—4—2 = (1—211_+T>‘

We shall prove that for every x, ye C; such that [x — y| < ¢ we have
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[Kv(x), x =)l [x =yl 7t <e

Hence as ¢ is arbitrary we may apply Theorem 4.3 to obtain C; €I, - 1. Suppose
first that

Ux), y—x) < —glx —yl.
Since ¢ < 1, we have

4.8) B, ex—y) s T (x)nB(x, 2|x — yl).

On the other hand, since |x — y| < g,

&"wglx — y|"

(49) |EnB(x, 2x —y)n T (9 <

and

(4.10) [ENB(y, elx =yl 2 |[ENB(y, elx —y)n T~ (y)l

S Wne"|x — y|"/1 e Wne"|x — yI".
= ) \ 21 +n 4

The inequalities (4.9) and (4.10) contradict the inclusion of (4.8).
In a similar way we can prove also that '

x), y = x) <elx —yl

and so (4.3) must hold.
Also using the above techniques we may show that C;eI', -1 fori=2,3,....
To prove (4.5), observe that by Lemma 4.1

231

H,,—l(B— C,) é 23"_1|D(/)E|(B— Cl) <

and so it is sufficient to prove (4.5) for BN C; or in other words for Be T, .
If BeT',—1, then by Definition 4.2 there exists an open set 4 containing B
and a C' function f:4 — R" such that
f=0 and Df#0in B.

Since f'is C!, we may as well assume that Df # 0 in A so that
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V={xed,f(x)=0}

is a regular hypersurface and B = V. Let y denote the measure H,—; L V, that is
(n — 1)-dimensional Hausdorff measure restricted to V. Then because B < A4 and
A is open, by properties of Hausdorff measure

lim p! ~"y(B(x, p)) = w,-1 for each xeB
p—0

and hence as xe B = 0*E, from (3.8) we obtain

limM =1 for each xeB.
P"’OjB(x,p)ID(pE|

This implies, by the differentiation of measures, that
H,-1(B) = )J;|D<PE|~
In particular

0xENnQ

On the other hand, by the Besicovitch theorem [FH2] the vector v(x) exists
and |v(x)| = 1, |D@g|-almost everywhere in 0E. Thus the set 0E — 0*E has |Dgg|
measure zero and using-(1.3)

P(E, Q)=I§2|D<PE|= | IDox| = IEIDq)El.

QnIE Qnox

Finally let 4 be an open set such that
0*EnA = &,
then by (4.6)

[ID@&| = 0.
A

Hence ¢g is constant in A and so dEn A = . Therefore 0*E = OE. O
Suppose « is a unit vector in R” with o = (a1, ..., o). Then we denote
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Da = i:il O(iDi

4.5 Lemma: Let E be a Caccioppoli set in Q, let zeQ and p >0 and suppose
that there exists a number 1t >0 such that, for all t with 0 <t <1, the ball
B(z + to, p) is strictly contained in Q. Then

4.11) |[EnB(z + 1o, p)l — |[ENB(z, p)| = jdt j D,pk.

4] B(z +ta,p)

Proof: Suppose ge C3(Q) and spt g(x — ta) = =Q for every t < t; then

[[g(x — o) — g(x)]dx = —jdxffDag(x — to)dt =
E E 0
= — jdtj(PEDag(X — ta)dx =
0
= idtjg(x — to) Do k.

) 1
Now choose functions gxe C&(Q) such that 0 < gy <1, gx = 1 in B<z, p— E)

and spt gx € B(z, p). (This will bg possible for large enough k.) Writing the
above equation for each g4 and then passing to the limit we obtain

|[ENB(z + ta, p)| — |[ENB(z, p)| = ffdt | Daugr

0 B(z + ta,p)

and the conclusion follows. O

4.6 Lemma: Let E be a Caccioppoli set in Q and suppose that there exists a
vector o in R" and a positive real number p such that

Dozq)E
(4.12) v(x)-o = lim&>2 > p>0
770 | Dol

B(x,p)
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for |D@g|-almost all x in Q. Suppose ze€ 0E nQ and k > 0 is such that the segment
[z, z + ka] = Q. Then z + ko is interior to E.

Proof: Suppose there exists a ze 0E = Q and a k > 0 such that [z, z + ka] = Q
and z + ko is not interior to E. We show first that [z, z + ka] < OE.

Suppose there exists a point z + txeQ — E; then choose p >0 such that
B(z + ta, p) € Q — E. Then from Lemma 4.5 and inequality (4.12)

0<[dt | Digpr=I|ENB -+ p) —|EnB, p)| =
0

B(z + ta,p)

= —|EnB(z, p) <0

which gives a contradiction.
Alternatively, suppose there exists a point z + ta € E — 0E and that z + ka e JE.
Choose p > 0 such that B(z + 1, p)n E. From Lemma 4.5

k
|E N B(z + ko, p)l — |[En B(z + 10, p)| = fdt j D,pp=0.

T B(z + ta,p)

But by the choice of p, |[EnB(z+ta, p)l=w.p" and by (3.1), since
z + ko€ OF, |E N B(z + ka, p)| < wnp" and again we have a contradiction. Thus
[z, z + ko] = OE.

We now show that this also gives a contradiction and the lemma follows.
Choose pg so that B(z + ta, p) = Q for each p < po and each 0 <t < k. Then, by
definition of v and D,¢g and by Theorem 4.4,

Da(PE = j‘ v.alD(PEl gp j IDQ)EL by (412)

B(z + ta,p) B(z +ta,p) ‘B(z +1ta,p)

Lemma 3.5 yields

[ ID@e|>Csp"™!

B(z +ta,p)

for each 0 <t < k and each 0 < p < po. Now from (4.11) and (4.12)

|ENB(z + ko, p)| — |[EnB(z, p)| = jdt | Dape2kpCsp"t

0 B(z +ta,p)
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But the left hand side is bounded above by w,p" and so we obtain a contradiction
as p—0. O

4.7 Remark: If the hypothesis of Lemma 4.6 held with k <0 instead of k>0,
then the same argument would show that z + ka lies in the interior of R" — E.

We already know that |v(x)| is bounded |D¢@g|-almost everywhere, in fact
[v(x)] = 1 |D@g|-almost everywhere. Now we wish to show that if the direction
of v(x) does not vary too much then the set E has Lipschitz continuous boun-
dary. By rotating if necessary we shall consider only the case where v(x) is close
to the x,-axis.

4.8 Theorem: Let Q be a convex open set in R" and let E be a Caccioppoli set
in Q. Suppose that

[ Do
va(x) = im2=2 > 4>0
770 [ Dokl

B(x,p)

for some fixed constant q and |Dg|-almost all x in Q. Then there exists an

open set A = R"™! and a function f: A — R such that
(4.13) CENQ = {(y, t):ye A, t = f(y)}

and moreover

@14) |f) SO =a 1=y =V

for all y, y'e A.

Proof: Let o = (a1, ..., @,) be a unit vector with a, > 0; then

Daq)E = o‘n n(/)E O‘lD PE = = {oc,,q \/ 1 - OC 1 - q }ID¢E!

Hence, if a, > /1 — g2 we can conclude by Lemma 4.6 that, for every ze dE N Q,
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points in Q of the form z + to with ¢ > 0 belong to the interior of E and those
of the form z — to belong to the interior of R" — E. In other words, for every
ze0E N Q, the intersection of Q with the cone

n—1 1/2
C= {xeﬂ?":(x,,—z,,)>q“~/1 -qz[._z (Xi‘Zi)Z] / }

is interior to E, and the intersection of Q with

n—1 1/2
C’={xeﬂ?":(x,.—z,,)<—q'1 l—qz[Z(Xs—Zi)Z] }
i=1

is interior to R"— E. From these arguments (4.13) and (4.14) follow
immediately. O

In the special case Q = B, we can make Theorem 4.8 a little more precise at
least if we suppose that g is close to 1 and dE n B(0, (1 — g)p) is nonempty. In
other words we assume that v(x) is always close to the x,-axis and that JE
passes close to the centre of the ball B,. For simplicity we write ¢ = 1 — ¢ and,
for r > 0, as usual we denote

B, = {yeR" 1|yl <r}.

4.9 Proposition: Let E be a Caccioppoli set in B, such that
wx)=1—0 for ID(pEI-alrriost all x in B,,

where

_%/20 1

&= l—6 2

and suppose OE N\ B,, # (. Then, if f and A are as in Theorem 4.8,
(4-15) A Qg(l—a)p
and

4.16) |f(nI=ep, [Df()I=¢/2
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Jor all y in B1-e,.

Proof: We have

¥

= ¢/2.

g 'J1—¢* =(1—a)"1«/2o——02§1

and hence, from (4.14), | Df(y)| < ¢/2.
Now let z = (1, f(#))€0E N B,,; then we have |n| <op and |f(n)| < op and
so, if ye A,

Q

SDI= 1+ L) = f)] <0p+§(|y| +nl) <

<op+(pt+op)=plo+i+Z
pt5ptop)=plots+-)

But ge = ¢ — 2. /20, so that
WIS ple+0—/20) = ep.
Thus we need only to show (4.15). Obviously, by the condition on o,
o+e<1
and s0 %Bop S B(1-2)p. Now if 5 is the point in A determined above, then
neANRBqp, and so AN B -, is nonempty. We prove (4.15) by showing that
0A mg(l—g)p = @

Suppose yedA; then obviously by (4.13) and (4.14) we must have (y, f(y))€dB,
and so |y| + [f(y)| = p. But by the estimate above

1f(0)] < ple + 0 — /20)

and so

|Y|§P(l_8+\/%—0')>(1—8)p. 0

4.10 Remark: It is obvious, from the proof of Theorem 4.8, that since 0E N Q
= {(y, t):yeA, t =f(y)} then if E is open
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EnQ=Qn{(y t):yed, t>f(y)}.

Moreover, as f'is Lipschitz continuous, it is differentiable almost everywhere in
A and so, as in Example 3.4 (i), v(x) will be the normal to the surface at almost
all points and

Dif(y)

() = IV
oy e !
) =

[+ 1D/

where x = (y, f(y)).

4.11 Theorem: Suppose E is a Caccioppoli set in Q such that v(x) exists for
every xc0ENQ and is continuous. Then 0ENQ is a C* hypersurface.

Proof: We know that |v(x)| = 1 on 0*E and that 0*E = OE. Hence, as v(x) is
continuous, we have |v(x)| = 1 everywhere on JE. From Theorem 4.8 it follows
that, for every ze JE N €, there exists a ball B such that dEn B has a repre-
sentation as a Lipschitz continuous function f. Now by Remark 4.10 we have
for almost all y

Dif(y) = vi(x)/va(),

F

where x = (y, f(y)). Hence the derivatives of f will coincide almost everywhere
with continuous functions and so f must be C! itself. O



5. Some Inequalities

In the last two chapters we have been concerned with the regularity of the
reduced boundary of arbitrary Caccioppoli sets. We now want to turn our
attention to the regularity of sets with minimal perimeter. However before doing
this it is convenient to introduce some notation which will simplify things in
later chapters and also to state and prove some preliminary lemmas ([DGS5],
[MM3]). These lemmas are mainly technical without introducing many new
ideas and could easily be left until the appropriate step in the regularity proof.

In the first chapter we proved the existence of Caccioppoli sets with minimal
perimeter. So generally in what follows we shall have such a minimizing set
and then examine the regularity. In doing this it will often be necessary to
approximate the minimal set and so it is appropriate to introduce a measure
of just how close a set is to being minimal.

5.1 Definition: If fe BV(Q) then denote
Wf, Q) = inf{;}lDQIIQEB V(Q), spt(g —f) = Q}

W Q) =§2|Dfl — W/, Q).

El

If Q = B,, then we write v(f, p) in place of v(f, B,) and Y(f, p) in place of y(f, B,).
Moreover, if f is the characteristic function of some set E with finite perimeter,
we shall write W(E, Q) and Y(E, Q) instead of v(pg, Q), Y(¢E, Q).

5.2 Remark: If E is a minimal set in Q, then Y(E, Q) = 0.

We now turn our attention to some technical lemmas.

5.3 Lemma: Let fe BV(Br) and let 0 < p <r < R; then

G [ 1) —f(px)|dHar S [ [{—, Df}|
B~8, |X|

0B
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Proof: Note that if ge C'(4; R") then [4]<{g, Df)| is the total variation in 4 of
the measure <{g, Df), that is

£I<g, Df>| = sup{ [ fdiv(ug)dx:pe Cy(A), |u| < 1}.

Now let g(x) = x|x|™" h be any C* function and « be defined by
ofx) = h(x|x|™").

Then div(ag) = 0 in R* — {0} and so from (2.14)

[ g, D> = [ of (g, —dHa—1— [ af * (g, ——dH,—; =
; ) |

x| 2B, [x]

=" [of " dHup-1 —p' ™" [ of "dH, -, =
a

B, 0B,

[ hCOLf~(rx) —f " (px)1dH 1,

0B,

where in the last step we have taken into account the definition of a(x). Now,
if we restrict h so that |[h(x)| < 1 and hence |a(x)| < 1, then by the definition of

[1<g, Df>1:
A

T HEALS ) —*(px)]dHa - < | 1Ko DD

= By
for any function h such that his C! and |h| < 1.
Now for almost all p <r we have | |[Df|=0andf* =/~ = f(see Remark
o8B,
2.13), so that
(5.2) ﬂ[} h(X)Lf ™ (rx) = f ~(px) JdHn -1 éB JB 1<g, Df>|

P

for almost all p < r. Thus if we take any p <r, we can choose a sequence {p;}
such that p;— p, (5.2) holds for each p; and f ~(p;x) —»f " (px) in L'(0B,). Taking
the limit as j — co we obtain (5.2) for every p < r. Now on taking the supremum
over all 1 with |h| £ 1 we arrive at inequality (5.1). O
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5.4 Remark: In a similar way we could obtain the inequality

(1f ) = (px)|dHu- £ [ |<ﬁ, Dfy|

0B, B,—B,

In general all the inequalities in this chapter have different forms, which are
easily derived from those stated, and coinciding for almost every value of p, r etc.

5.5  Lemma: Suppose fe BV(Bg) and that p < R. If { p;} is a sequence such that
pi<pand pj—p then

lim y(f, p;) = (/. p)-

Jj= o

lim v(f, pj) = (/. p).

=

Proof: Given ¢ > 0, by the definition of v(f, p) we can choose a function ge BV(B,)
such that spt(g —f) = B, and

[IDgl=w(f, p) +e

BP
For j large enough we have spt(g —f) = B,,, and hence

[ 1Dg| sz |Dg| = v(f, pj).

4 Jj

Since ¢ > 0 is arbitrary,

(/. p) 2 limsup v(f, p;).

Jj= o

On the other hand, for je N, we can choose g;€ BV(B,) such that spt(g; — f) = B,,j
and

1
v/, pj) +j_2_ | 1Dy;l.

PJ

Hence
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B_leng=B§|ngl— [ IDflzvfip)— [ |Df

P

; » By,

and therefore

liminfv(f, pj) 2 W(f, p). .

jow

5.6 Lemma: Suppose f, ge BV(Br) and p < R. Then

(54 (s p)—Wg p)l = ag If~—g |dHn-1.

Proof: As (5.4) is symmetric in f, g it is sufficient to show that

g, p) — W, P)éaiE If~ =g  [dH,-.

Now given ¢ >0, we can choose @€ BV(Bg) such that spt(¢ —f) = B, and

[ IDo| S V(f, p) +e.

B,

Let {p;} be a sequence such that p; < p, p;— p,

5

IlDf|=a§ |Dg| =0

2B, B,,

and spt(f— @) < B,,. For every j, define

¢ in By,
9j = . =
gin Br—B,..

Then, by Proposition 2.8, gje BV(Bg) and

vg, p)§é[ng;>|=Bf Do+ [ [Dg|+ g |f—gldHu-1 <

J B, Bp, P

< [IDol+ | IDgl+ [ |f—gldHu-1 <
B, = oB

p =By, o
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swhp+e+ | IDg|+BIIf—gIdH..-1.

P Bﬂj 0 Pj

Now as ¢ > 0 is arbitrary. the lemma follows by allowing j — co.
5.7 Remark: In particular if y(f, R) = 0, we have

w(f, p) = Bf | Df|
and hence, for every ge BV(B,),

(5.5 [IDfIS [IDgl+ [ |f™ —g |dHn-1.
B, B, 0B,

5.8 Lemma: Suppose fe BV(Br) and 0 < p <r < R. Then

X

" Df>|}2§2{B !B X" "I Df [}

66 { ] K

B.~B, |x

{r‘_"g IDf| —p' ™" [ IDf|+(n— D)fe ~"(f, t)dt }.
L B, p
Proof: Suppose first that fe C'(Bgr) and then, for 0 <t < R, define

0 = {f(x) t<|x|<R

f(t%) x| <t

Then we have

[ IDfildx b f |Df|{1 _Lx Df )2 }de,,_l
Be n— 14,

|x|?|Df |?
and hence
v/, t)=g|Df|—W(f, t)éngftl <

. ' t (x, Df)?
f IDf|dH -1 _2(n—— 1)s8, |x|?| Df|

I’l—laBt

é dHn—l

67
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and

1, <xDfy? .
gl (2 2 g, <ttn Df|dH, -, —
2 alellefl '= ait' f1dHu-1

— (=1t 7" [|Dfldx +(n— 1)t ""(f, t) =

B,

= L 101149 + 0 0 )
B,

Now integrating with respect to t between p and r, we have

7 {x, Dfy? - -
2 ==L dx <! 7" [ |Df]dx — p' 7" [ |Df|dx +
jB,—BP|x|n+1]Df| X = Bj;z| f! P ij] f|

r

+(n— 1)t "y(f, t)dt.

p

On the other hand, from the Schwartz inequality we have

(] !<L,,,Df>|dx}2§ | |x|1 =" Df|dx j‘ {x, Df)
I J

B. 2B, |X B, - B, B >, |x[""1|Df]

dx

and so (5.6) holds for fe C(Bg).
Now suppose that fe BV(Bg);, then by Remarks 2.12 and 2.13 we can
approximate f by C' functions f such that for almost all ¢ we have

[1Dfildx— [ |Dfl
B, B,

a.nd
| If=fildH,—1 —0.
B,

If we write (5.6) for fi and observe that, by Lemma 5.6, ¥(fi, t)— Y(f, t), we
see that (5.6) holds for fe BV(Bg) and almost all p, r. Finally we obtain (5.6) for
every p and r by approximating with increasing sequences {p;} — p and {r;} >r
for which (5.6) holds. O
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5.9 Remark: By approximating at the final step with sequences decreasing to
r and p we obtain (5.6) with B,, B, instead of B, and B,.

5.10 Remark: From (5.6) it follows that, for every p <r,
(57 o= TIDAIS =t [IDf]+ (= D]~ 0)de
P r 14

and in particular, if y(f, r) = 0, then

(5.8) pl_”BfIDf|§r“"lngf|~

Hence p' =" | | Df| is an increasing function of p.
BP

5.11 Lemma: Suppose fe BV(Bg) and 0 < p <r < R; then

59 IXII"‘IDflé{l+(n~1)log£}r‘_"§lDf|+

BB,

+n— l)lis"‘]oggn//(f, 5)ds

Proof: As usual, it is sufficient to prove (5.9) for fe C(Bg), in which case we have

§olxt "IDfIdX"ft1 ! fIDfIdHn Ddt = ft‘ "n'(t)dt

B. - B,

where

'1(1)=g[Df|dX-

Integrating by parts,

r

[ei (e <t "j|Df|dx+(n‘—l)it“"(g}Dfldx)dt.

P B

We now estimate this last integral to obtain the result. Indeed,
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t~" j [Dfldx <t~ *{r' 7" j |Dfldx + (n — l)js"‘l//(f, s)ds}
B, B, t

(which follows from (5.7)) and hence

[¢="dt [ |Df|dx < r*~"log” [ |Df|dx + (n— 1)]
B, PB, P

dt
b t

js*"w(f, S)ds =
— r1=mlog” [ Dfldx + (1 — 1)fs "log y(, s)ds
P B, ° P

from which (5.9) follows at once. O

5.12 Proposition: Suppose fe BV(Br) and 0 < p <r < R; then

(5.10) [F'" [ Df— p~" [ Df)? < {zr1~"<1 (- 1)1og1> [1Df] +
B, B, P/ B,
+2(n— 1)2fs—"1og%l//(f, $)ds)

(" [1D71= '~ [1D11+ (0= D5 (1 94ds}

®

Proof: Inequality (5.10) follows easily from (5.1), (5.6) and (5.9) by noting that,
from Remark 2.13,

ZdH,—y = 1"t [ £ (ex)xdH, -

[ x| 0B,

IDf=[f(
B, 0B,
and hence

[Pt [ Df = p' " [IDAIS [ If7(rx)—f ~(px)|dH,-1 O
B, B, 0B,

5.13 Remark: A particular case of interest is whén f= @r and E is a set of
minimizing boundary in Bg, that is
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Y(E, R) = 0.
In this case we have
x

(5.11) {alfglqu(px)—qDE(VX)ldHn—l}zé{ I K

B B, len’

Dory|}?

<2 [ IxI*""Deel{r' " [|Dgr| — p* " | |Dogl}
B. - B, B, B,

and hence, for every p < r <R,

(5.12) pl'"§|D<pE|§r“"lequEl-

P

Moreover

(5.13) [r'™" [Dog—p'~" [ Dog|* < 2(1 +(n— l)log£>r1_" | 1Dkl
B, B,

B,
{r' " [ IDog|l — p* " [ |Degl}.
B, B,

Now choose 0 < s <r <R and consider the sets E — B; and Eu B,. By the
definition of Y(E, R) we have

P(E — B;, B,) =B[ID¢E—ESI zé(le-l
and
P(EUB, B,) = [ |Dor s,| = [ | Dogl.
B, B,

As in (2.17) and (2.18) of Remark 2.14, we obtain
P(E — Bs, B,) = P(E, B, — B,) + H,-1(0B;NE)
and

P(EUB,, B,) = P(E, B, — B,) + Hu—1(0B;n (R — E))
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for almost all s <r. Thus
P(E, B,) < P(E, B, — By) + min {H,—(0B;n E), Hu- (0B, (R" — E))} <
_ r
< P(E, B, — By) + Ens" Loy,
for almost all s. Now choosing a sequence {s;} such that the above inequality

holds and s;—r as j — oo, we obtain

1
(5.14) [|Dor| = v(E, 1) éinwnr”“.
B,

Using this in (5.13) gives

(5.15) [r17" [ Doy — p'~" [ D> < nw,,(l +(n— 1)10g£)
Br B,
{r“"g | Dok —p""Bf [Dogl}.

Finally, letting p — 0 in (5.12) and recalling (3.17) we have

(516) wu-1r"" ' < [ |Degl

B(x,r)

for every xed*E and hence, as 0F = O*E, (5.16) holds for every x in JE by
approximation.
A similar inequality holds for the volume of E n B(x, r).

5.14 Proposition: Suppose W(E, Q) =0, and let xoeE. Then for every
r < dist(xo, 0Q) we have:

n

(5.17) |EnB(xo, 1)| 2 e

where c1(n) is the isoperimetric constant of Corollary 1.29.

Proof: Let p < dist(xo, 0Q). We have
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[IDog| < [1Dpg-s)|
Q Q
and hence
j |D(PE| = j (pEdHn‘L
B, 0B,
On the other hand, for almost every p there holds:
“D(PEnBPI = [ |Dogl+ | @edH,-1
B, B,
and therefore, setting E, = En B!
d
[1Dpr,| <2 [ @rdHy-1 = 2--|Ep|.
° B, p
From the isoperimetric inequality (1.10) we get
1 n—1

d
—|E,|=——|E,| n
il

and integrating:

|E.| = r"/2nc(n). O

=

5.15 Remark: Since Q — E also minimizes perimeter in €, if xoedE we have

(5.18) a|B/| = |E/| = (1 —a)| B;|

with a™ ! = 2nwuci(n).



6. Approximation of Minimal
Sets (I)

The most important step in the regularity theory for minimal sets is the following
lemma of De Giorgi ([DG5], [MM3]).

De Giorgi Lemma: For every n =2 and for every a, 0 <a <1, there exists a
positive constant ¢ = o(n,«) such that, if E is a Caccioppoli set in R" and for
some p >0

Y(E, p) =0,
[ ID@E| — | | Dggl < a(n, w)p"~?,
B, B,

then

[ ID@el =1 [ Doel <o"{ [ [Dgel —| [ Doel}.
Byp B, B,

Bap

This will in fact appear in chapter 8 as Theorem 8.1.
It can be seen that the term

Bl

A(E, p) = Pl_"{Bf |Depr| — IBI Dokl}

is of fundamental importance in the regularity theory, particularly in the way
it varies as p varies. Indeed some writers give it a special name, calling it the
Excess. By the properties of the reduced boundary we can also write

A(E, p) = p* ""{Hp-1(B,n0*E) — | [ v(x)dHn-1l},

B,n0«E

that is A(E, p) is a measure of how much the direction of v(x) changes in B, N 0*E
(we already know that |v(x)| = 1 on B, " 0*E). If A(E, p) is small, then v(x) must
remain approximately in a constant direction and we can expect to apply
Theorem 4.8 or some similar result.

To prove the lemma, we notice that if En B, can be written as
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EnB,={(x, t):xeA, t >fix)}nB,

where feC'(4) and A < R}, then
Bf IDoE| = [4/1+ |Df|*dx.

Hence we are considering the problem of minimizing the integral on the right
hand side among functions in C!(A).

Now if |Df] is small, that is JE is nearly flat in B,, then ./1+ |Df|* is
approximately equal to 1 + 3|Df|? and so f must almost minimize the integral

1(f) = ilDflzdx,

that is f must be nearly harmonic. However estimates like those of the De Giorgi
Lemma are available for harmonic functions (see Lemma 6.1 below) and so the
idea of the proof is as follows. Assume J0E is C' and nearly flat. Then by
approximating with harmonic functions we prove an inequality as in the De
Giorgi Lemma. If 6E is not C! then we approximate by surfaces which are C!
but may no longer be minimal, only close to minimal.

It can be seen that it is important to be able to obtain estimates for harmonic
functions which approximate sequences of surfaces tending to a minimum in
some sense. We shall do this in the present chapter. It is also important to be
able to obtain C! hypersurfaces approximating any given minimal surfaces and
then obtain estimates as they change. This will be done in Chapter 7.

We now prove the analogue of the De Giorgi Lemma for harmonic functions.

6.1 Lemma: Suppose %,<R" and uesC'(%,) is harmonic in %, (that is
m 2
> ﬁ“(x) =0 for xe%B,) and let

i=1

1
= Du dx.
1 |=@p| J%,

Then for every o, 0 <o <1,

6.1) | (IDul* — |qI*)dx < 06'"”@! (1Dul? — |q|*)dx.

Bap
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Proof: The harmonic function u may be written as a sum (possibly infinite) of
homogeneous orthogonal harmonic polynomials (see [FJ], [AGM M P]). Thus

s

(l) u= V,‘

i=0

where V; is a harmonic polynomial of degree i,

(i1) j <DV,~,DVk>dx= j <DV,~,DVk>dx=0
% B,

ap

if k #j, and

(i) [ DV;dx= [DV;dx=0
'@P

ap

if j = 2. Therefore ¢ = DV, and

f (1Dul* —lgI*)dx = 3 | [DVj*dx,
%, =23,

j (Dul* — |g*)dx = ) IDVj|?dx.
By i=2)%

ap

(6.1) now follows from the homogeneity of V. O

We now show that, if we have a sequence of C! functions whose gradients
tend to zero and which do not differ too much from the corresponding harmonic
functions (in the sense that the areas of the defined surfaces are close), then we
may prove an inequality like (6.1).

6.2 Lemma: Suppose {w;} is a sequence in CY(#,), and {B;} is a sequence
of positive numbers. For jeN let u; be the harmonic function in %, such that
uj = w; on 04, and, for any function fe C(%,) and any r < p, let

1
Uh=1a, La,fdx’

that is {f} is the mean value of f on B,.

Suppose that
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(6.2) lim sup|Dwj| =0,

j— oo 98’,

6.3) [ {/1+IDwjl> — /1 +[{Dw;},|* }dx < B;,

(6.4) lim sup B; ! [ {\/1 +|Dw;> — /1 + [Du;|*}dx = 0.
j— oo By

Then for every o, 0 <a < 1,

(6.5 limsup f;! [ {/1+Dof? —/1+ (D}l }dx < am*2,
Jjo o Bap

Proof: From the Taylor expansion of /1 + x about B? we have

1/1+A2‘——«/I+Bz—(A2_BZ)— (47— B°)”

2/T+ B2 8(1+¢&)2

for some ¢ between A and B. Hence

(A% — B?)

2./1+ B?

and, if B? < 1, it easily follows that

6.6) J/1+4>— /1+B><

?AZ-—BZ) (AZ__BZ)Z
(6.7) 1+ 42— /1+B*— > — )
\/ \/ 2/1+B? 2/1+ B?

From (6.6) we obtain

6.8) [ {/1+ D> — /1 + [{Daj}apl? }dx <
Bop

1
< [Dw;* — [{Dwj}ap|*1dx.
2. /1 + I{ij}aplz J@“ J { J} P
Now, by definition of {Dw;}ap,

[ [IDwjl* = [{Dwj}apl®ldx = | |Dwj— {Dw;}qpl*dx <
B B

ap ap
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< [ IDw;— {Daj},|*dx,
B

ap

and so
(6.9) limsup B; ! [ {/1+Dwjl® — /1 + [{Daj}apl? }dx <
Jj— o Bap
1
< lim sup f;! j |Dw; — {Dw;},|*dx.
2 e a,

We must now estimate the right hand side of (6.9). If A,B,CeR™, then by
the triangle inequality and Cauchy’s inequality

[A—B*<(1+H4—-CP?*+(1+¢)B-C)?
for every ¢ > 0. Therefore, for ¢ > 0,

(6.10) | [Dw;— {Dw;},l?dx < (1 +3) | |IDw;— Duj|*dx
‘%ap ap

+(1+¢ | |Du;— {Dw;},|*dx.

ap

By the properties of harmonic functions
{Duj}ap = {Du;}, = {Dav;},

and hence, from Lemma 6.1,

I |Du]'

op

— {Dwj},|*dx < o™ *? | |Du; — {Dw;},dx.
Qp

Moreover
[ 1Du; — {Dw;},I?dx < (1 + ¢) | |Dw; — {Dw;},|*dx +
B, PR

+(1+3) | |Dw; — Duj|*dx

Bo

and so from (6.10) we have
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(6.11) j IDwj — {Dw;},|*dx < oa™* (1 +¢)* | |Dw; — {Dw;},|*dx +
%P

Bap

+Q j IDCU] - Dujlzdx,
Bp

where Q depends only on ¢, o and m.
We now use (6.2), (6.3) and (6.4) to estimate the second term on the right
hand side of (6.11). We have from (6.7)

Lpp@l + Doyl — /1 + |{ij}p|2>dx >

1
1+ I{ij}p|2

{L@ (IDw;l* — [{Da;},[*)dx —

[ (Do — n{ij}m)de}
B

P

Now
2
(Do, — {Day} Y < Do, — {ij}plz<S;pliji " I{ij}lp> _

= mj|Dw; — {Dw;} |

and hence

(6.12) J <\/1+|ij|2—«/1+|{Dw,~},,|2>dx>
%P

1—m
J — [{Dw;},?)dx.
HHDWZJ (1Dwsl — [Py}, 2)dx

From (6.12), (6.2) and (6.3) we deduce that

Jjo oo

(6.13) lim sup ;" j (IDwj|* — [{Dwj},|*)dx < 2.
%P

On the other hand from (6.6)
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gg (I{Da;} > — |Duj?)dx <

<2/ T+1{DosP [ /11D, = /1 + Du)dx
Comparing this with (6.12) and observing, as u is harmonic, that

| IDw; — Duj*dx = [ (IDw;|* — |Du;|*)dx,

Bo Bo

we conclude

j |Dwj — Duj|?dx <2./1 + [{Da)j}plz[f (/1 +|Dw;* —
A, 2,

— J1+ DuP)dx +%J (/T+ Dwj? —/T+ ]{ij}pIZ)dx].
Y
Hence

lim B! | |Dw;— Dujl*dx = 0.
B
P

Jj= o

This fact, together with (6.13), (6.11) and (6.9), gives

lim sup ;! j [+ Dawjl? — /1 + [{Dwj}apl*1dx < (1 + &)2am*2
QBW

Jjo o

and, allowing ¢ — 0, (6.5) holds. O
The next lemma is similar to the last one except that now, rather than
considering functions satisfying (6.4), we shall look at sets determined by smooth
functions and replace (6.4) with a condition which says that the sets tend to
a minimum.
If 2, < R™ and we C'(4,), we define

W={(x,t) xeB, t <wx)},

Q={(x,1)xeB, minw—1<t<max o+ 1}.
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6.3 Lemma: Suppose {w;} is a sequence in C'(%4,) and {B;} a sequence of
positive numbers such that

(6.14) [ (/1 + Dwi> — /1 +|{Dw;},/*)dx < B;,
%P

(6.15) lim sup [Dw;| = 0,

j—>0033‘,

(6.16) lim B; ' y(W;, Q) = 0.

j= o

Then for every o, 0 < a < 1,

(6.17) lim sup g;* .Lﬁ (/1 + IDwj? — /1 + [{Daj}apl?)dx < o2,

Jj= o

Proof: Denote by u; the harmonic function in %, which is equal to w; on 0%,.
Then

[ (/1 +Dw> — /1 +|Du;P)dx < y(W;, Q))
'%P

and the conclusion follows from Lemma 6.2. O
We now prove a similar lemma, but it now concerns Caccioppoli sets with
the appropriate conditions and uses the previous lemma with m =n — 1.

6.4 Lemma: Suppose {L;} is a sequence of Caccioppoli sets in R", {#;} is a
sequence of positive numbers and p > 0 is such that

(6.18) §f|D<pLj| —| éf DoL| = B,
(6.19) 0L;jn B, is a C'-hypersurface and

lim inf vi(x)=1

Jj— o ¢L;nB,

(V(x) is the normal to L; at the point x),
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(6.20) lim B y(L;, p) =0

Jj— o

Then for every o, 0 <a < 1,

(6.21) lim sup f;! {J Doy | — IJ D(PL,I} <ot
j= o B,, J B,, J

Proof: Suppose there exists a sequence {L } and a number « for which (6.18),
(6.19) and (6.20) hold but

(6.22) lim ﬁ,-"l{J lDwL.|_|J D(PL.I}>0<"“~
Jjo Bap ! Bap !

We may suppose that vi(x) = 4 for every xe dL;n B and every j. By Theorems
4.8 and 4.11 we may conclude that there exist open sets A;< R""! and
C*-functions w;: 4;— R such that

OL;nB, = {(y, )eR":ye 4;, t = wy)}

and by (4.14) and (6.19)

(6.23) lim sup|Dwj| = 0.

JjowAj "

Furthermore, since sup |wj <p, we may assume (taking a subsequence if

Aj

necessary) that

(6.24) lim inf w; = c.

j—'ooAj

Then we must have c? < p?, that is we cannot have ¢ = p2. Indeed otherwise
from (6.23) we would have, for j sufficiently large,

0Lin B,y =&

which contradicts (6.22). From (6.23) and (6.24) we may conclude that for every
¢ > 0 there exists a j. such that
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lwj—cl<e for j>j;

and so, from the definition of wj, it follows that there exists a j; such that if
0% = p? —c? then
6.25) B, =A< B,,, for j>j.

o—& —

From Example 1.4 we have

Do. = [ vi(x)dH.-1 for j>je.

(Bo-c XR)NB, oL;nB,

Hence, introducing a change of variables and taking note of Remark 4.10,
for j > j.,

Dip, = f Diw;dy i=12...,n—1,
(Bo-sXR)OB, L S
Dn(PLj = |ga-—e|9

(Bo - XR)NB,

Dow| = | /T+1DwjP dy

(Bo-cxXR)NB,

Therefore

1 Bl
1+ [{Dw;}s—¢* =
V1 +1{Dwjte—d o

J D(po
(Bo-exR)nB)p

and

L WTH D0l = /T4 1Dagfe-)dy < f wm,l—|f Do) < B
o-¢ B, B,

Now from Lemma 6.3 it follows that for every y, 0 <y <1,

(6.26) limsup ;' [ (/1+ D> — /14 [{Dwj}ye-n>)dy <y"*.
j—ow©

v(o—¢€)
Let

Cj={yeA;:(y,0{y)€Ba};
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then reasoning as for (6.25) we may show that there exists a j; such that,
for j>j.,

Cj < ga(a‘-f—s)

and hence

| 1DoL| — |BI Dorl<  [(J/1+ D> —/1+ |[{Dwj}ac+0l?)dy

Bazp x(o+e)

On the other hand taking y = o(2%) (for ¢ sufficiently small) in (6.26), we obtain

n+1
lim sup f; ' { f Do) — | f Dgv| } < a("—”’)
jo oo B,, By, g—¢&

for all ¢ sufficiently small. Allowing ¢—0, we obtain a contradiction to

(6.22). O




7. Approximation of Minimal
Sets (1)

Our aim in this chapter is to prove a theorem similar to Lemma 6.4 but valid
now for arbitrary Caccioppoli sets rather than just sets with C!'-boundary.
In order to prove the theorem we approximate with smooth sets and so need
fairly detailed estimates of the approximations. Our first choice for C'-
approximations would be the mollified functions introduced in Chapter 1.
However, these functions do not produce the required results and so, rather
than taking convolutions with positive symmetric mollifiers as introduced in
1.14, we take convolutions with the functions

et} ()

The function 7, satisfies the conditions for a positive symmetric mollifer except
that it is merely Lipschitz continuous instead of C* and spt #; = B, instead of
spt # & B;. Nevertheless many of the properties derived in 1.14 will hold.

For this chapter, given a function fe L} (R") and ¢ > 0, we denote

Sfi(x) = [n(x = p)f(y)dy.

7.1 Lemma: Suppose E is a Borel set, ¢ >0 and let ¢. = (¢g). Then @, is a
C! function and, for every xe R" and p <1,

n2p? < @x) <1 —n?p?
implies
dist(x,0E) = (1 — p)e.
Proof: Since 7, is Lipschitz continuous and spt 7. S B., we obviously have that

@, 1s Lipschitz continuous and hence differentiable almost everywhere. Further-
more

Doy(x) = [Dn(x)pr(x — z)dz
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and hence

ID@e(x1) = Dpe(x2) S C; | |@E(x1 — 2) — @r(x2 — z)|dz.

lzl<e
When x; — x, the integral on the right hand side tends to zero, thus proving

@ is CL.
Now suppose x € R" and let d = dist(x, E). We have

Pex) = Lne(x —y)dy =

= J nex — y)dy < nin + 1)8"‘J <1 —E>t"_1dt =
E-B d e

d

d n 1 d
=1—nn+ 1)<g> [;_a(n+ 1)].

Ifd/fe =1 — p, then

Px) £ 1—(1—py(1 + np) £ 1 — (1 —np)(1 + np) = np?.
Thus, if @.(x) > n?p?, we must have

dist(x, E) <e(1 — p).
In a similar way, if @.(x) <$1 —n?p?, we have

dist(x, R" — E) < ¢e(l — p)

and the conclusion follows immediately. |

7.2 Lemma: Suppose fe BV(B1), 1 <1,e>0and 1+ ¢ =< 1. Then

(7.1) Bflfe —fldx = 8B§ |Df,

T+e

(7.2) JIDfeI—BIIDflé ) ) | Df .

Beye—
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Proof: As in the proof of Proposition 1.15, we may show

BHDfeI éBI |Df|

Tte

and so (7.2) follows at once.
To prove (7.1) we note that if fe C!(B;) then

|fe(x) = fAX)] < [n2)| ix — 2) — fix)|dz £ [|zlndz)dz ilDﬂx —tz)|dt
B, B, 0
and hence

Jlfs ~fldx = 1! {81! ne(z)dtilDf(x —tz)|dt }dx <

1
ésgm(Z)dzgdtBI IDAy)dy = BBI |Df ldx.

t+e tt+e

(7.1) follows now for any fe BV(B;) by approximation. O

The next theorem is important because it shows that, if we have a minimal
set whose characteristic function has distributional derivatives lying approxi-
mately in one direction, in the sense that

£(|D<pEl — DwopE) <9,

then the mollified functions of the previous two lemmas have derivatives which
also lie in approximately the same direction.

7.3 Theorem: Suppose E is a Caccioppoli set satisfying
(7.3) y(E1) =0,

(7.4) §[(|D¢EI —Dnpe) = y.

Then for each positive integer p there exists a constant A = A(y) (depending on y
and p), converging to 0 as y converges to 0, such that, if e = y? and

@(x) = [n:(x — Y e(y)dy = (¢E).,
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then

1
(7.5) inf{lll))";f((;c))i; Ix| <1 —2y20-1 and n?>y2 < p(x) <1 — nzyz} >1—Ay).

. 1

Proof: Let 0 = y2¢-1) and suppose |x| < 1 — 20. Since the set over which we
take the infimum is obviously empty if n*y* >3, we may assume y <1 and
hence ¢ = y? < 6. Now we have

Dnop(x) = jne(x — Y)DnoE(y)

[Do(x)| £ [ne(x — y) | Doe(y)I-

We estimate |Dg(x)| — Dao(x) in terms of |D¢(x)| to obtain A(y), and to do this
we estimate

[ nex = y)(|D@E(y)| — Dupe(y))

B(x,¢)

in terms of

[ omelx— VIDGE(y)

B(x,¢)

For simplicity we shall denote B(x,r) by B, unless we wish to note the
dependence on x. The proof is mainly a technical one making use of estimates
from the previous two lemmas and also from Chapter 5.

Let 6€(0,3) be a constant which will be chosen later. We estimate
fne(x — V)(|Dee(y)l — Dupe(y)) in two parts; firstly in the ball By - 25 and then
later in the remainder of B.. '

By a slight variation of Lemma 2.2 (noting that in this case p remains
constant), we can prove that there exists a finite number of points &;, ..., &y in
0*E N Bg(1 - 25 such that

B(i, 08) N B(S, 0¢) = i#]

N
aE M Bc(l 25) U é,, 2(58
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Then we have

N
L ndx = MIDes(y)| = 3 1x — )| D@x(y)|

i=1 B(éi,és)

and

L ne(x — Y)(ID@e(y)| — Dnr(y)) <

M=

=

i

f (X — Y)(ID@£(y)] — Dn@(y))-
B(&,,28¢) :

1

So for each i we estimate

[ ndx = Y(IDYE(y)| — Dur(y))

B(&;,2d¢)

in terms of

[ ndx — y)Der(y)l.
B(&;,0¢)

Now in the ball B(&;,d0¢) the function 5/x —y) is bounded below by

1 — Gi *
n a_”(l—é—lx é|)>0andsoon
Wn €
n+1 _, x — &
J nx — VDR 2 e (1 —5- '——) J D@
B(&,,0¢) Wn € B(Z,, 8¢)

Furthermore, we have that, by (5.16).

| IDox(y)| Z wn—1(3e) 1.
B(&;,0¢)

Hence

1

n 5"—18—1<1 —5-|x_§"'>.
Wy &

(7.6) J He(x — Y)IDQK(y)| 2 wn-1
B(&,.00)
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On the other hand, by estimating 7.(x — y) above, it follows that

j 1e(x — Y)(ID@e(y)| — Dnpe(y)) <
B(éi, 20¢)

n+1
Wp

|x — &il

=
€

a‘"(l +26 — )J (ID@e(¥)l —Dnoe(y)).
B(&,,25¢)

Now using (5.8) and the fact that o > 2d¢, we obtain

[ (1D@e(y)| = Dupe(»)) = 206 {a' " [ (ID@x(y)|—Dupp(y)) +
B(&i,20) , o)

+ 6" 7B, oy Pn@E(Y) — (266)' " (g 250 Dn@E(¥)}

and from (5.15), (7.4) and the assumption |x| < 1 — 24, we have

J (ID@i(y)| —Dne(y)) =
B(¢&i,20¢)

< (258)"_1{'))1/2 + /o, \/1 +(n— l)log;a;(a‘“”J [Deg(y)| —
B

(Si,0)
1/2
—(26¢)! "‘J lDws(y)i) }
B(¢&i,20¢)

Finally we note that

o'™" | [Dos(y)|—(26e)' ™" [ |Dex(y) =
BEo) B(E200

=0¢'"" [ (IDex(y)l —Dupr) +

(£i,0)

+0'™" [ Dup(y)—(26e)' ™" [ |Dor(y)l
B(&;,0) B(&;,20¢)

The Gauss-Green formula gives

a'™" | Dupr(y) £ wn-1,
B(¢;,0)

and ¢; e 0*E implies
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20e)' ™" [ |D@s(y)l Z On-1,

B(&1,28¢)

whence applying inequality (7.4) we obtain

f ne(x — Y)(ID@E(y)| — Dup£()) <
B(¢1,250)

<" 12"—15"—1s-l<1 +25—"‘_8§i|>

(]

1/2 _ O e
{y +\/na),,|:1+(n l)logzasy .

Comparing this with (7.6) and observing that

|x — &il
T+20-— 35 36
T I T I R
P R AL
& &
we have

J n(x — Y)(|D@£(y)| — Da@r(y)) <
B(¢&i,20¢) s

2n+1 4 P o
< 1 1 —1log—
=wn—1y {v + /nw,,[l +n—1) 0g263:|}

f n(x — y)ID@x(y)l-
B(&i,d¢)

Hence summing from i = 1 to N, we obtain

(7.7) L ne(x — Y)N(IDe(y)| — Dupr(y)) <

2n+1 o
AU+ Tnwa| 1+ (n—1)log——
On-1 20¢

lIA

91
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J nelx — y)ID@e(y)l-

We now perform a similar estimate for the integral over the set C =
B: — By1-24)- In the set C, n/{x — y) is bounded above by "*1-£7"25 and hence

(7.8) Lns(x = V(D@e(y)| —Dne(y)) = 2 Lm(x —Y)IDo(y)| <

<4(n+1) g

f IDox(y)l =

< 2n(n+ e~ 16, by (5.14).
So far we have used only |x| < 1 — 20, but now we introduce the hypothesis
292 < p(x) < 1 —n2y2,

From Lemma 7.1 we conclude that there exists a £ € 0*E with | — x| < (1 — y)e.

T'hen
Ve _7
B(f, 2) c B(x, (1 2)8)

and hence #,(x — y) is bounded below by " ’

e""i in the set B(, %) It now

Wy

follows that

f nix — )P 2 f x — )| Dgi(y)| =
2 o(c)

2

and, comparing this with (7.8),

Lm(x — W D@e(y)| — Duopr(y)) <

Ny

Sl —— gyt L 1:(x — y)|DQE(y)l.

Wp—1
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Adding this to (7.7) we obtain:

(7.9) g n(x — YN D@e(y)l — D@ r(y)) = A(Y) ,! ne(x — Y)IDpx(y)|

with
e M02 o 2T, 1/4 14— Dlog—">
Ay) =2 wn_léy +w,._1y P+ [nwl| 1+ (n )0g25£
The choice § = y" gives the required properties for A(y). O

7.4 Remark: The last integral in (7.9) is obviously positive for x satisfying
|x| < 1 — 20, n*y? < (x) < 1 —n?y?, and therefore for such x we have:

Dno(x) = g (X — y)Duge(y) Z [1 — A(y)] ,! ne(x — y)|Dog(y)| > 0.

In particular, the level sets of ¢:
S = {xeB:|x| <1—20, p(x)> 3}
have C!-boundaries for every 9, n?y? < 9 <1 —n?y2.

The aim of this chapter is to prove a De Giorgi type lemma for sequences
of Caccioppoli sets. To do this we approximate by C* sets and then use the
results of Chapter 6. Hence it is necessary to show that our approximating
sequence satisfies the conditions required by Chapter 6. We are now in a position

to do this using the previous lemmas and it is then only a short step to prove
the required result.

7.5 Lemma: Suppose {Ej} is a sequence of Caccioppoli sets such that
(7.10) y(E;1) =0,

B,

(7.12) Y y;< o0.
=1
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Then for almost every te(0,1) there exists a sequence of sets {L;} such that

(7.13) limy; 'Y(Ljt) =0,

jm®

(7.14) limel{J lDijl—J |D<PE,~|}=’0,
Jj— B, B,

J D<PL,-—j Do,

B, B,

(7.16) 0L;jn B, is a C* hypersurface,

(7.15) limy; !

j— o

=0,

and for every s <t

(7.17) lim inf (VQ(x):x| <s, x€dL;} = 1,

Jjo o
where vU(x) is the normal to 0L; at x.

Proof: Let ¢ =y} and fi(x) = [n,(x — Vo (y)dy. Then from (7.1) and (5.14),
ifr<l1,

! 1
(7.18) lim supyj_“j |fi — @g,ldx gznwn
j B

J7©

and hence as y; — 0 there exists a null set N; < (0, 1) such that for te(0,1) —

(7.19) limy;? ,LB |fi — ¢g,ldHn-1 = 0.

Jjo o

Now let u denote the measure Z yilD@g,|. From (7.12) and (5.14),

j=1

fdu< oo
B,

and so, as the function [du is monotone increasing in t and hence differentiable
B,
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almost everywhere, we may conclude that there exists a null set N, such that

for every te(0,1) — N,

limy;* [ du<oo.

j=o Bt+y?_Bt

Thus, by definition of p,

lim supyj_3j ID@E;| < oo for te(0,1) — N,
B

J= o z—yg_Bt

and so, from (7.2) and the fact that y; -0,

(7.20) lim supy,-‘z{ L IDfl — L qu)E,»I} =0

jm o

for te(0,1) — N».
If we let S{(9) = {xe By :fj(x) > 3} then from Theorem 1.23 we have

1 l-nzyjz,
J |Dfil =j dSJ |D¢sj(s)léj d9J [Ds ).
B, 0 B, mzyf B,

Hence it follows that there exists a number 3;€(n*y?,1 —n?y?) such that

(7.21) (1- 2'12??)1! ID@s s = ;! |Df;l

I

Moreover, by Remark 7.4, the boundary of L; = S{,) is regular. From (7.20)
and (7.21)

(7.22) lim supy;* {f Doy, — J |D(pEj|} <0 for te(0,1) — N..
B, B,

jo oo
On the other hand from Lemma 1.25
[ oL, — @e|dHu—1 <n7 %72 [ 1fi— o) for 1€(0,1)
0B, 0B,
and hence from (7.19)

(7.23) lim y;IJ oL, — @r,|dHa—1 = 0 for te(0,1) — N .
B,

Jj— oo
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From (7.23) and inequality (5.5) of Remark 5.7 we conclude that

(7.24) lim supyj_l{f Dok, — J‘ IDqDLjI} <0 for te(0,1)— N,
B, B,

Jj= o

which together with (7.22) gives (7.14).
On the other hand, if fe BV(B;), then by (2.14)

f Df=j rXan, .
B, a8, |x|

and so (7.15) follows from (7.23).
Finally, (7.13) is a consequence of (7.23), (7.14) and Lemma 5.6 and (7.16),
(7.17) follow from Theorem 7.3. O

7.6 Theorem: Suppose {E;} is a sequence of Caccioppoli sets such that

Y(E;1) =0,

[ ID@E,| — [ Dugr, < v,
B, B

s

Vj < 0.

ji=1

Then for every o, 0 < a < 1, we have

(7.25) lim supy;l{ J |D¢E,i—1f D¢Ej|}§a"“.
j B, B

-
J= o .

Proof: Let {L;} be the sequence of sets determined by Lemma 7.5 and suppose
that the inequalities of Lemma 7.5 hold at t < 1. Let s be a positive number
smaller than t. Then the sequence { L;} satisfies the hypotheses of Lemma 6.4 with

p =s and sequence f; such that lim f;/y;=1. From Lemma 64, (7.14)
and (7.17) we have immediately ~ /~®

o n+1
lim sup yj‘l {J IDog,| —|j D(pEj|} < <—> .
jow B, B, N

Now choosing s and ¢ close to 1, (7.25) follows. O



8. Regularity of Minimal Surfaces

In this chapter we can finally prove that partial regularity of minimal surfaces;
namely we show that the reduced boundary 0*E is analytic and the only possible
singularities must occur in dE — 0*E. Our major task in the following chapters
will be to obtain an estimate for the size of 0E — 0*E. As mentioned before,
the main step in the regularity theory is the De Giorgi lemma. We show that
a minimal surface is regular at points which satisfy the hypotheses of the lemma.
Obviously by the definition of reduced boundary this must include all the points
in 0*E and we show that the converse also holds and further that 0*E is
relatively open in OE.

8.1 Theorem: For every n=2 and every o, 0 <a <1, there exists a constant
a(n, o) such that: if E is a Caccioppoli set in R", xeR", p >0 and

(8.1)  W(E, B(x, p)) =0,

82 { I)ID¢E|~|BI )D¢E|}<a(n,a)p"‘1,

B(x,p (x,p

then

83) { [ IDesl—| [ Desl}<o{ [ IDosl—| [ Doel}.
B(x,ap) B(x,ap) B(x B( )

.P) X, p

Proof: Suppose the theorem is not true. Then there exist n 22, 0 <a <1, a
sequence {F;} of Caccioppoli sets in R”, a sequence {x;} in R", a sequence
{p;} in R and a sequence {y;} in R such that

'ﬁ(FJG B(xjs p})) = 07

[ IDor—1 [ Der|=vyip} ",

B(x;,p5) B(xj.p;)

o0
z Vi< o0
=1
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and

[ IDor|—1 [ Dorl>a"yp;".
B(xj,ap;) B(xj,ap;)

/

For each j, we apply a translation to Fj, taking x; to the origin, then a rotation

taking the vector | Doy, onto the x,-axis and finally a dilation of ratio p;.
B(0,p;)

Call the resulting set E;. Then

l//(Eﬁ 1) = 09

[1D@E,| — [ Dupr, = 75
B, B,

[ID@E,| —| [ Dg,| > o™;.
B, B,

The sequence {E;} must then contradict Theorem 7.6 and the theorem is
proved. O

The fact that points x, satisfying the hypotheses of Theorem 8.1, are in 0*E
will be an easy consequence of the following.

8.2 Theorem: Suppose the hypotheses of Theorem 8.1 hold and xe€dE. Then
for every s, t such that 0 <s<t<p

(8:4)  |vs(x) — vil(x)| = n(o, n) Jg,
where
O V%) jotme)
(1= /2) V@10

Proof: By appropriate transformations we may suppose x = 0 and p = 1.
We begin with the special case

t =o), s = Po’ for some jand a < B < 1.
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Let

| Do

B.;
uj:‘vaj= ol

“D(PE|
B,

Uj = Vg Mj = B“D(PEl and ;= | [Degl.

Bgyi

Since |ujl <1 and |vjl £ 1 we have

uj — vl < /21— (u,05).

Now

(1 —(uj, v))j = | (D@l — uj, Dopy) <

Bgo/

< | (IDoel — {u;, Dory) =

Bp,i
= mi(l —[u;l?) < 2m{1 = lus))-
On the other hand from (8.3) and (8.2), repeating j times,
m;(1 —|ujl) S a™o(n,a) -

and so

(an '1/2
luj — vl <2/ a(n, 06)<7> :
il
However, as we are assuming that Oe dE, by (5.16) we have

1= 0n—1(00B) 1 2 - VD

and so

luj — v <2 Lm‘(—)w/aj+’.

Wp—-10%
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Now consider the case of general s and ¢ with 0 <s<t<1. Let j and k
be the two integers such that

wWtl<t<ol and /TF<s<oltRTL

We have
k=2
Ve — vs| = [ve —ujl + Z U+ — Ujriv 1] + Ujan—1— vs| =
i=0

IIA

/U("’“) /571, v /gl
2 a)n—la"{ x +i;0 x N

- fﬂ’_".‘)_n /aj+1{1+ i ai/2}=
; i=0

Wp—10

_(2"\/&) ,o(n,oc) [ it1
—(1—\/&) wn—lan * <

Q-2 [a(n9)
(- an " -

8.3 Corollary: Suppose x satisfies the hypotheses of Theorem 8.2 Then x € 0*E

and
V(x) — v(x)| < n(n, o) \/%-

Finally we prove the regularity of 0*E together with the fact that 0*E is open
in OE. These facts follow easily by some standard results from the theory of
elliptic partial differential equations once we can prove that 0*E is a C!-surface.
To do this we need only show that v(x) is continuous.

8.4 Theorem: Suppose E is a Caccioppoli set in R", xe 0E, p>0and 0 <a <1
are such that

lp(E’ B(X, p)) = 0’
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| IDoel—| | Dokl < a(n,0)p" "

B(x,p) B(x,p)

Then OE N B(x,r) is an analytic hypersurface for r = p(e — om—1).

Proof: Let ze 0E N B(x,r) and R = parn—1. As B(z, R) < B(x, ap), we have

[ Dol —| [ Dogl< [ IDoel—| | Dozl <a(n,a)pp""!
B(z,R) B(z,R B(x,ap) B(x,ap)

(z,R)

and hence

| IDoel—| | Doel < o(na)R" 1.

B(z,R) B(z,R)

Thus z satisfies the hypotheses of Corollary 8.3 and so ze 0*E and

(8.5) ) P oL — "

j |D<PE|

B(z,t)

W(z) —vilz)| =

101

(8.5) must hold for every ze B(x,r) " 0E. From (8.5), by a simple integration we

obtain
fds | Dok

(8.6) |vz)—2—2E) | <p(n,a) f
fds | ID@gl
0  BG.s)

The function

t
{ds | Dok

0 B(z,s)
t

{ds [ |Degl

0 B(z,s)

Wt,z) =

is continuous in t and z and since from (8.6)

lim ¥(¢, z) = v(z) uniformly for z € B(x, ),
t—=0
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we must have that v(z) is continuous on 0E N B(x, r) and hence, by Theorem 4.11,
O0E N B(x,r) is a C'-hypersurface.
The analyticity of 0E n B(x,r) follows from the regularity theory for elliptic
partial differential equations (see [MCBI]). O
We have proved JE is analytic in a neighbourhood of every point in 0*E. It

is possible that the singular set 0E — 0¥*E may be nonempty and indeed
examples where this is true may be constructed. However we have

8.5 Theorem: Suppose E is a Caccioppoli set satisfying
Y(E, 1) =0.
Then

(8.7) Hu-1(0E — 0*E) = 0.

Proof: Let K be any compact set contained in JE — 0*E. Then, by Definition
3.3 and the note following it,

HDQ’E| =0.
k

¥

Hence, as [Dgg| is a Radon measure, for every ¢ > 0 there exists an open set A,
with K < A, = B; such that

A

Let n > 0. For every xe K there exists p <# such that B(x,3p) < 4.. Then by
Lemma 2.2 we can choose a sequence {x;} such that

B(xj; p)nBlxi p) =& if i#j
U Blx; 3p) 2 K.
=

We now have
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0

) J |Doe| = j IDopr| <e.
J=1JB(x50) 4,

On the other hand by (5.16)

[ 1D@el 2 wu-1p) ™!
B(xj,pj)
and hence

o
-1
Wp—-1 Zp;l éﬁ.
Jj=1

Thus H,-1(K)<3" ¢ and so as ¢ is arbitrary H,—(K) = 0 implying (8.7)
holds. O



9. Minimal Cones

The results of the previous chapter give an upper bound for the dimension of
the singularities of minimal surfaces, but leave open the problem of their
regularity. As we shall see, the answer to this question depends essentially on
the existence or non-existence of minimal cones that are not hyperplanes.

The way to construct these minimal cones is as follows: If E is a minimal set
in B1 and 0 € 0E, then we expand the set E around 0, that is, we consider the sets

E = {xeR":txeE}

as t —» 0. Each set E, is minimal and by selecting a subsequence {t,}, converging
to zero, we can show that E; converges to a set C. This set C must be minimal
in R" and it must be a cone, that is, we may write

C={tx:t20 and xeA}

for some set 4. C is, in some sense, a tangent cone to JE at 0. Furthermore we
show that JE is regular at 0 if and only if C is a half space. Thus the set E can
only have singularities if there exist minimal cones in R” which have singularities.

We shall be looking at sequences of minimal sets and so many of the results
from previous chapters will be useful. In addition we need the following

5

9.1 Lemma: Let Q be an open set in R", and let {E;} be a sequence of
Caccioppoli sets of least area in Q, i.e. such that

W(E; A)=0 VAc < Q

(see Definition 5.1). Suppose that there exists a set E such that
PE; ™ QE in Lo (Q).

Then E has least perimeter in Q, namely:

9.1) WE,A)=0 VAc cQ

Moreover, if L < < Q is any open set such that
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“D(PEl =0

oL

we have

9.2) limf [Dog,| = J IDEg|.
L L

Jj= oo

Proof: Let A ¢ = Q. We may suppose that 04 is smooth, so that for every j

(9.3) £|D¢EjI§Hn-1(0A),

the same inequality holding for E by Theorem 1.9.
For t >0, let

A= {xeQ: dist(x,4) < t}.

We have

joo J A,

and therefore there exists a subsequence {E;,} such that for almost every ¢ close
to O: !

lim J loE, — @EldHy—1 =0.
0A, ’

Jj= o

From Lemma 5.6 we have for these ¢:

lim v(Ekj, At) = V(E, At)

jo o
and therefore from Theorem 1.9:

Y(E, 4) = 0.

This proves (9.1). Now let L = = Q be such that f |[Dpg| =0, and let A be a
L
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‘smooth open set such that Lc « A< < Q. Let {F;} be any subsequence of
{E;}. Reasoning as above we can find a set 4, and a subsequence {Fy;} such that

hm V(ij, At) = V(E, At).

j=oo

Since Y(F, A:) = Y(E, A;) = 0 we have

lim |D¢Fkv|=J‘ [Dokl,
i A,

jSo J A,

and hence from Proposition 1.13 (with 4, playing the role of Q):

[ID@g| = lim [|Dg, |
L jooo L I

Jj—oo

proving (9.2). O

9.2 Remark: Given a sequence of Caccioppoli sets with least perimeter in Q,
it is always possible to select a subsequence, converging in L} (). Actually,
for each open set A =« = Q such a subsequence exists by (9.3) and Rellich’s
Theorem 1.19; a diagonal process gives the required sequence converging in
L. ‘

We now consider the case where E is a minimal set and 0e JE. We “blow
up” E about 0 and show that the expanded sets approach a limit C and that
the set C is a cone. Furthermore C itself is a minimal set.

9.3 Theorem: Suppose E is a minimal set in B, (that is Y(E, 1) = 0) such that
0edE. For t > 0, let

E, = {xeR":txeE}.

Then for every sequence {t;} tending to zero there exists a subsequence {s;}
such that Es; converges locally in R" to a set C. Moreover C is a minimal cone.

Proof: Let t; — 0. We show first that for every R > 0 there exists a subsequence
{o;} such that E,, converges in Br. We have
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[ Do) =1t'"" [ |Depgl

Bgr Br:

and so choosing ¢ sufficiently small (so that Rt < 1) we have that E, is minimal
in Bg and

1
94 J ID<pEt|=t“"J [Dog| < =nw,R" 1.
Br Bre 2

Hence, by the compactness Theorem 1.19, a subsequence E,, will converge to
a set Cr in Bg. Taking a sequence R; » co we obtain, by means of a diagonal
process, a set C = R" and a sequence {s;} such that E;,— C locally. Now,
applying Lemma 9.1, we see that C is minimal and it remains only to show
that C is a cone.

Also by Lemma 9.1 we have that, for almost all R > 0,

[ ID@E, |- [ |Docl.
Br ’ Br
Hence if we define
p(t) =t'""[|Dgg| = [ Dk,
B, B,
we have, for almost all R > 0,

9.5) lim p(s,-R):Rl-"L |Doc).

Jj= oo

Note as well that, by (5.12), p(¢) is increasing in ¢.
If p < R, then for every j there exists an m; > 0 such that

Sip > Sj+ij.
Then
p(sj+m,R) < p(sjp) < p(s;R)

so that
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lim p(sjp) = lim p(s;R) = R* ™" [ | Dec|.
Br

Jj— Jj= o

Thus we have proved that
p' 7" [ IDoc|
BP
is independent of p and so, from (5.11), we conclude that
ag loc(px) — ¢crx)|dHn-1 = 0

for almost all p, r > 0. Hence the set C differs only on a set of measure zero
from a cone with vertex at the origin.
Note also that from (5.16), (9.4) and (9.5) there exists a constant g such that

0<on i Sqs=r
2
and
[ IDoc| = gp* ™"
BP
and so 0edC. O

*

The cone C is called a tangent cone to E at 0.

If E is regular at 0, then C must be a half space. In fact the converse is also
true: If C is a half space then JE is regular in a neighbourhood of 0. This will
be proved in the next theorem.

9.4 Theorem [MMS5]: Suppose {E;} is a sequence of minimal sets in Bj,
converging locally to a minimal set E. Let xed*E and let {x;} be a sequence
of points such that x;e 0E; and xj— x. Then for j sufficiently large x; is a regular
point of 0E; and

lim vEi(x;) = v(x).

Jj— o
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Proof: Let a(n,«) be the constant of Theorem 8.1. As x € 0*E, there exists an
R > 0 such that B(x, R) < B; and for every p < R

06) 1 Dosl—| | Dosl <2 "onp" "
P

B(x, (x5 P)

(to prove this inequality use 3.3 and (5.14)). On the other hand by Lemma 9.1,
we have for almost all p >0

9.7 j |Dog| = 1imJ Dok,
B(x,p) J™®© JB(x,p)

B(x, p) Jj= o JB(x,p)

If we let p be such that (9.6), (9.7) and (9.8) all hold, then for j sufficiently
large

[ IDog|—| [ Dog,l <2 ""o(n,a)p" .
B(x,p)

(x, p) x,

Since x; converges to x, for j large enough we may assume |x; — x| < p/2 and
hence B(x;, p/2) = B(x, p), so that )

[ 1Deg|—1 [ Deg,l<a(ma)p/2 .
B(xj,p/2)

B(x;,p/2)

Thus from Theorem 8.4 we deduce the regularity of JE; at x;.
If r < p/2 and we denote vFi(x) by v/(x), then

V) — V()| < [vcj) — Vi) + V() = ve(X)] + elx) — v(x)|
and so, using Corollary 8.3,
. 2r )
9.9)  V(x)) — v(x)| = 2n(n, @) /; + [v7(x)) — vel(x)1.
Now by (9.7) and (9.8), for almost all » we have

lim vi(x;) = vi(x)

Jj— o

and hence passing to the limit in (9.9) we see that
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lim sup [v(x;) — v(x)| < 2x(n, o) \/iz

Jj— o
The conclusion follows by letting r — 0. O

From the theorems above we immediately have

9.5 Corollary: Suppose that no singular minimal cones exist in R". Then, for
every set E < R" with Y(E, p) = 0, JE N B, is an analytic hypersurface.

We will show that no singular minimal cones can exist in R", when n <8,
thus proving the regularity of minimal hypersurfaces in R", n < 7. Rather than
consider any singular minimal cone we concentrate our attention on those
singular minimal cones which only have a singularity at the origin. If the cone
C of Theorem 9.3 has other singularities we show that, by again using a
“blowing up” procedure, a minimal cylinder can be constructed and from this
another minimal cone, singular at the origin but now in R"~*. Continuing this
process we eventually get a cone in R" ¥ (for some integer k) which is minimal
and has just one singular point, namely the origin.

9.6 Proposition: Suppose C is a minimal cone with vertex at 0 and let
x0€dC — {0}. For t >0, let
Ci = {xeR":xo+ #x — x0)e C}.

Then there exists a sequence {t;} converging to zero such that C; = C,, converges
to a minimal cone Q. Moreover Q is a cylinder with axis through 0 and xo.

Proof: We may suppose xo = (0,0, ..., 0, a), a # 0. Then we have

@c(%) = @c(xo + Hx — xo))

and hence

[ IDoc|=t"" [ |Doc|l=p""" j)lchl.

B(x0,p) B(xo,p1) B(xp,1

Then arguing as in Theorem 9.2 we conclude that there exists a sequence {t;}
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converging to 0 such that C; converges to a minimal cone Q, with vertex at x,.

It remains only to prove that Q is a cylinder with axis through 0 and xo,
that is, that there exists a set A <R""! such that Q = A x R. As C is a cone
with vertex at 0, we have {(x, Doc)> = 0 and hence

aD,pc = —<{x — x0, Dopc).

Thus

[x — xo

IDn(pCI§
[xol

[Doc|
and therefore

f |Dn<pctl=t“"f |Dnopc| =
B(x0,p) B(xg,pt)

< Lnowp”
- 2 |X0|

t

2-n
& f Docl <
[Xo| B(xo,pt)

So we can conclude that

Dnpg = lim Dypc, = 0.

j= o

On the other hand, we have for almost all s <t, by the proof of Lemma 2.4,

@j [¢s— @i|dHu-1 < I | Duipo| =0

BR X (s,1)

where @/y) = @oly, r). Hence there exists a set 4 = R"~ ! such that for almost all
r and s we have

®o(y,5) = @o(y,1) = @a(y)

for almost all ye R"~!. Thus

Q0=A4xR. O



112 Parametric Minimal Surfaces
9.7 Remark: Since Q itself is a cone, we have for each t >0, (y, s)eR" ™! x R
Pa(ty) = @olty,ts) = @oly,s) = @a(y)

and so A is also a cone. We show that A is minimal if and only if Q is minimal.
To do this we need the following

9.8 Lemma: Suppose fe€ BV,(R") and let Q be a bounded open set in R"™ 1,
Then we have

(6.10) J IDflzjr dtj | Df:|
Qx(—-T,T) -T Q

where fi(y) = f(y,t), with equality holding if f is independent of Xxu.

Proof: If A= Q x (— T, T) and fe C'(A), then inequality (9.10) is trivial. Now
suppose fe BV(A) and let {f;} be a sequence of C'-functions such that f;—f in
L1(A) and ’

lim J | Dfjldx = j | Df| (Theorem 1.17).
A A

jmw
Passing, possibly, to a subsequence, we can assume that for almost all t we have
fii—fi in Li(Q).

Therefore, by Theorem 1.9,

j |Df;| < lim infj |Df;.|dx
Q Q

jm o

and (9.10) is proved.
If fis independent of x,, then we have

[fDagdx =0 for geCH(A)

and, if |g| <1 and geC{A;R").
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T T
[fdivgdx = | dt [ f. div gdy < [ dt [|Dfil.
T Q T Q

Hence equality must hold in (9.10). O

9.9 Proposition: Suppose Q = A x R is a cylinder in R* = R""! x R. Then Q
is minimal in R" if and only if A is minimal in R" ™1,

Proof:
(I) Suppose A is minimal in R"~! and let M be a Caccioppoli set in R"
coinciding with Q outside some compact set K. Choose T such that

K<A=%;x(~T,T).

Now from Lemma 9.8

T
[IDom| < [ dt [ | Do,
A -T Bt
where M, < R""! is defined by

om(y) = om(y,t).

We have M, — 4 outside a compact set H, € #r and hence

[ 1D@al < [ |Dou,l.
By By

Thus in conclusion

T
ilDlez er[ [ D@4l = /_[]DQDQI

B
so that Q is minimal.

(IT) Suppose now that Q is minimal. If 4 is not minimal in R"~!, there exist
¢>0, R>0 and a set E coinciding with 4 outside some compact set H = #x
such that
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[ IDoe| < | |D@al —e.
Br Fr

Let T be any number greater than zero and set

M Ex(=T,7T) in|x,|<T
o) outside |x,| < T

so that we have M = Q outside H x [— T, T']. Hence

©-11) ) ]ID«)Qlé ) T]IDwml-

Br*[~T,T R

On the other hand, we have

[ |D@ol=2T [ | Dol
] Br

BrXx[-T,T

and

012) [ |Dom|<2T [ |Dgg|+ 20,1 R"™!
] BRr

Br*[-T.T

S2T [ [D@al —2T¢ + 2wn-1R" 1
Br
which contradicts (9.11) for sufficiently large 7. O

Suppose now that C is a minimal cone in R", singular at 0 and also at the
point xo #0. As C is a cone, all the points on the half line through 0 and x,
must be singular. By a rotation we may suppose that this half line is the
positive x, axis. Now, if we blow up C near x,, we obtain a minimal cylinder
Q such that the x, axis lies on 0Q and all the points on the x, axis are singular
(as they are the limit of singular points-Theorem 9.4). From Propositions 9.6
and 9.9 it follows that we may write Q = 4 x R, where A is a minimal cone
in R"™!, singular at the origin. Repeating the argument above if necessary we
have the following

9.10 Theorem: Suppose C is a minimal cone in R", singular at 0. Then there
exists k < nand a cone A = R* such that A is minimal and has just one singularity,
namely 0.

In the next chapter we shall prove that such a cone cannot exist if k £ 7 and
thus, by Corollary 9.5 and Theorem 9.10, prove the regularity of minimal
surfaces in R", n < 7.



10. The First and Second Variation
of the Area

Suppose E = R" is a minimal set in By, and {F,} is a one parameter family of
diffefomorphisms R" — R" such that Fo = I = identity and the maps F, — I have
uniform compact support in B;. The sets

E; = F(E) = {F(x):x€E}

must equal E outside B; and so

[ ID@g| < [ |Dog,|

B, B,

Then, assuming appropriate smoothness, we see that the function

A(t) = [ |Do,|

B;

has a minimum at zero and so

(101) & At)i0 = 0

and -

2

d
(10.2) dt—zA(t)l':O =0

In this chapter we shall consider the case where E is a cone in R", smooth
everywhere except possibly at 0. Then, by constructing a particular diffeo-
morphism and using (10.1) and (10.2), we show that either J0F is a hyperplane
or n = 8. This important theorem was first proved by Simons in 1968 [SJ].

Firstly we calculate the first and second variations of the area for general
sets and then later consider the special case of the cone.

10.1 Lemma: Suppose Q = R", f is a function in BVi(Q) and F:R"— R" is
a diffeomorphism. Suppose A<= <=Q and let fu =foF~', Q= F(Q) and A,
= F(A). Then
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(10.3) JIDf*I =£IHDf|

where H = |det DF|[DF]~ L.

Proof: Let fe C}(Q) and ge C}(A4; R"). Then, setting ¢ = F ~ 1,
(104) [ < gy Dfy > dx = [ < go¢, D Dfop > dx

= [<g,(D$oF) Df>|det DF|dy = [ < g,H Df> dy.

Thus we see that (10.3) holds for functions fin C(Q) and indeed it is just the
change of area formula for such functions.

Now suppose only that fe BVi(£2). We can approximate f/ by a sequence
{f;} of C! functions (see Theorem 1.17) which implies that the corresponding
functions f; converge to fy in L'(Ay). Hence, passing to the limit in (10.4),

I<g*st*> =§<g’HDf> =§<g’HV>|Df|’

where v is obtained by differentiating Df with respect to |Df| (and so |v| =1
| Df|-almost everywhere).

Now suppose that |g| £ 1 and ge C}(4;R"). Then |g4| < 1 and spt g4 S Ay,
so that

@

[ <g.Hv>|DfI < [|Dfyl-

A

*

Taking the supremum of the left hand side gives
[IHDf| = [|Hv| |Df| < [ |Df|.
A A A,

To show the reverse inequality, we notice that, if ye C§(44; R"), |y| <1 and we
put g = yoFe C{(4; R"), then g, = 7 and

J < nDfi> < [|HVI DS

Hence



The First and Second Variation of the Area 117

IIDf*IéilHVHDfI- O

A*

10.2: We can use this change of area formula to obtain expressions for the
first and second variation as follows:

Let F; be a one-parameter family of diffeomorphisms of R” such that Fo = [
and put ¢, = F;'. Suppose also that there exists a fixed compact set K such
that F, = I outside K for t€[0, 1]. If A2 K then we must have that A,, =
F{(A) = A and, from Lemma 10.1, we easily obtain

(10.5) {%wa*ll}z:o=JA<V’HOV>|Df|’

(10.6) {;—ZLWJ’*J}_ = L{mmu <v,Hov> — <v,H0v>2}|Df|

where

. (dH . (d*H
Ho= ("~ Ho ="~
o= () ().,

In particular, if f= @r and we define the set E; by ¢, = (¢g)s,, we have
E, = E outside K < A4 and

d .
(10.7) {—J }D(pgt|} :j <vHov>dH,-,
dt )4 t=0 ANG*E

El

d? . . .
(108) {TJ |D(/)Et|} =f {!H0V|2 + <v,Hov>— <v,H0v>2}dH,._1.
dt* J4 t ARG*E

10.3 Notation: For the theorems and calculations to follow it is convenient to
introduce the tangential derivatives:

For xe0*E define

5,’ = Di—v,' Z VhDh
h=1

0 .
where Dy, = oy and v is the normal vector at x.
Xh



118 Parametric Minimal Surfaces

If we have a function g:R"— R, then the vector dg = (019,029, ..., Ong)
may be written

0g = Dg —v{Dg*v)

so that dg is Dg minus the component of Dg in the normal direction. Thus
dg, as its name indicates, is merely the component of Dg in the tangential
direction.

We remark that og depends only on the values of g on 6*E, or in other words
if g=0 on 0*E then dg = 0. To see that, let xoed*E. If Dg(xo) = 0 then
dg(xo) = 0; otherwise 0*E is a smooth hypersurface near xo with normal vector

W(x) = Dg(x)/| Dg(x)|
and again dg(xo) = 0. ‘
It is also convenient to employ the summation convention, that is that in

any expression repeated indices indicate summation from 1 to n. With this
notation we may write

51 = Di — viv;,D;,.

From (10.7) and (10.8) using the notation described above we obtain the
following result. ~

10.4 Theorem: Suppose *F, =1+ tg where g:R"—>R" has compact support.
Then, if A 2 spt g,

d
(10.9) {*j ’DQDE,I} =j 0igidH, - 1,
dt )4 t=0  Jo*Ena

dz
(10.10) {dt_z J‘AID(pEtI} = J; . A{(éigi)Z — 0igj0;gi + Vth5jgi(5jgh}dHn— 1.
t *En

(Note that §; applies only to the symbol immediately following it.)

Proof: We have DF, = I + tDg and hence

(DF)™' = I —tDg + t2DgDg + 0(t3)
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and
" det DF =1+ tt(Dg) + %tz[t(Dg)2 - 2(DgDg)] + 0(t3),
where
1(A4) = trace (4) = é:l Aii = Aii.
Therefore

Ho = ©(Dg)I — Dy,

Ho = 2DgDg — 21(Dg)Dg + [1(Dg)* — «(DgDg)11,
so that we have immediately

(v,Hov) = 1(Dg) — viv;Dig; = digi

and (10.9) is proved.
To prove (10.10) we put div g = D;g; to obtain

[Hov|? 4+ (v, Hov) = 2(div g)* — 4(div g)vivaDign +
+ vithjghngi + 2viv;.ng;.Dig,~ — Dingjgi =
= 2(0:gi)* — 2vivjvwkDigiDngi + vivid;gi;gn +
+ 2v,~v,~v;,ka,~ng;,gk — 5ig,-5jg,~ =
= 2(3:9:)* — 3:9;0;gi + vivid;gidign
and (10.10) now follows. O
We now choose a particular deformation and obtain the corresponding
variation formulas. The deformation we choose will be one which shifts the

original set in a direction normal to the surface.

10.5: Suppose { is a function in C(A) such that spt {nJE is a C2-
hypersurface. Then, if we set
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i) = dist (x, 0E) xeE
= _dist (x, 0F) xeR" — E,

d is C? in a neighbourhood of spt { " 0E (see Appendix B, [GT]) and we
have

v=Dd in spt { N OE.

Now since 1 = |v|? = dyd,, in spt { " JE we obtain that
1 2
dhdih = EDLIV! = 0

Hence

Owj = dij — didwdjn = dij
and we see that
(10.11) div; = ;v

Choosing g = {v in (10.9) and (10.10) gives

(10.12) {ij |D(pE[|} =J‘ HCdHp, -4,
dt )4 t=0 0

where # = 0,v;, and
d2
(10.13) S| 1Dk, = |601? —(c* — A H)? pdHy -y
dt A t=0
OE

where ¢ = (§;v;)(6,vi) = Z(5i"j)2-

iLJ
The last two equations follow from the identities
(10.14) vi6; = 0

(10.15)v,-5jvi=0 j= 1,...,n.
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10.6 Remark: It can be shown that # = 5#°(x) is just the mean curvature of the
surface 0E at x, and c¢? = c*(x) is the sum of the squares of the principal
curvatures of JE calculated at x.

The identities in the next lemma will also be useful in what follows.

10.7 Lemma: Suppose OE is a smooth hypersurface in a neighbourhood of xo.
Then at xo we have

(1016) (3,'(3}‘ = 51‘5,' + (viéjv;. — vjéiv;,)é;.

(1017) @Vj = 5i5ivj = -—CZV]' + 51%

Proof: Substituting for §; we obtain

5,‘(3]' = (3,‘Dj — vjvhéiD;, — (vhéivj + vjéivh)Dh =
= (DiDj — VthD;,Dj) — (VjthiDh — vjv;.vikath) —

— (v;,&ivj + vjéiv,,)D;..

Noting that J,v; = §;v; and of course D;D; = D;D; and cancelling symmetric
terms (in i and j), we have

5,‘51 — 5,~5,~ = viéjv;.D;. - Vjé;thh = (v,~5,~v;. — vjéiv;.)D;..
To obtain the equation with §; replacing D, we merely notice that v,dv, = 0
(see (10.15)) for i =1, ..., n, and (10.16) is proved.
Now considering (10.17) and using (10.11), (10.16) and (10.14), we have

5,’5,’\1]' = 5,~5,~vi = 515iv,~ + (viéjv;. — vjéiv;,)é;.vi = 6,]/ — VjCz. O

10.8 Lemma (Integration by parts): Let OE be a smooth hypersurface and let
@eCHR™. Then

jéi(PdHn—l = — j (pvidH,._l.
0E 0E

Proof: Suppose first that JE nspte is the graph of a function x, = g(x),
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X =(x1,X2,...,Xn—1)€ U.We have v, = (1 +|Dg|*)" V% v; = —v,D;gand dH, -,
= v, 1 dx, so that

j 5iq0dH,,— 1= j(éih - viv;,)v,,_ th(pdi = —j(pDh[V,,_ 1(5ih - viv;,)]df =
0E U U
= —s(pv,,_lviD;,vhd)Z = — j%vi(de,,_l
U 0E

since Divy, + vpv2Dy(vi/vs) = 0.
The general case follows easily by a partition of unity. O

In particular, if JE is stationary (that is the first variation vanishes or # = 0)
we have the standard formula of integration by parts:

fudwdH,-1 = — [véudH, 1
JE 0E

provided uv has compact support. Moreover, since v;5; = 0, we can always
integrate by parts with the Laplace operator 2 to obtain:

fu@vdH,-1 = — [ dudwdH,-1 = [vDudH, -,
JE oE

0E

whenever uv has compact support.
When 0OE is stationary we obtain from (10.16) by means of simple calculations
the identity: .

Do = 0hD — 2vi(0:1v})0:0; — 2(0nv;)(v:)0:.

Moreover in this case the second variation (10.13) is given by
[ {18012 = 22} dH, .
0E

We want to examine this expression more closely in the particular case where
E is a cone. To do this, it is necessary to estimate the term Zc¢? which we do
in the next lemma.

10.9 Lemma: Suppose E is a cone which is stationary and suppose A is an open
set such that 0E n A is regular. Then in A we have
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1 2c2
(10.19) =Pc? = —c* + |5¢c|? +L2,
2 |x]

Proof: By the definition of c¢?

%@cl = (6:v;)20:v; + (01k0:v;)(OndiV;).
Then, using (10.18), (10.17) and the fact # = 0, we have

%962 = —(0v;)0i(c?v;) — 2(8:v)(3kva)(Onv;)(Sivi) + (9ndiv;)(Bndiv))
and by (10.16)

= —c*— 2vivh(5j5hvk)(5k5ivj) + (5h5ivj)(5h5ivj)-

Now, if xoe JEn A, we can choose the x,-axis to be the same direction as
v(xo0). At xo, we then have

ve=1,0,=0,v,=0, 5, = Dy a=1,....,n—1
and, using (10.16) and (10.15),
5,‘5,,\),, =0. %

Hence at xq
1
EQZcZ = —c* 4+ (6,04v5)(0;02v5) + 2(8,04Vn)(0,04Vn) — 2(0a05Vn) (3O pVn)

= —c* + (8,04v5)(,04vp)

where all the greek indices indicate summation from 1 to n — 1.
On the other hand we have

|5c|2 - (5‘1‘)13)(5)’50!‘)132250vt)(ayéavt)

and hence



124 Parametric Minimal Surfaces

1
5@()2 +c* —|6c)? =

_ [(5avr)(5y5avﬁ) — (02vp)(6765V2) 1 [(05V<)(0404vp) — (0avp)(404V:) ]

2¢?

Now suppose that E is a cone with vertex at the origin. We can choose
coordinates in such a way that xo lies on the (n — 1)-axis. As E is a cone,
{x,v) =0on JE. Hence v,-1 = 0 at xo (which we had already assumed above)
and

0=0;{x,v)> ={0x,v) +{x,0v)> = {x,0;v)
so that

Oivu-1 =0 at  Xxo.

If the letters A4, B, S, T run from 1 to n— 2, we have
1 2 4 2
5@6‘ +c* —|oc|* =

_ [(Osv1)(3,6.4vB) — (0.4v8)(3,05vT)]1[(3svT)(3,0.4vE — (0.4VB)(J,05vT)] N
B 2c?

@

(5sv1)(5svT)(5y5,. — 1va)(5,,5,. -1 Va) g 2(5y5n — 1Va)(5y5,, -1 Va).

| v

+

N

¢

From (10.16) and the assumptions above,
0i0n-1 = On—10;

and, as xo lies on the x,--axis,

x;:D;
x|

5n—-1=Dn—1= + at xo.

Since E is a cone, the function v is homogeneous of degree 0 and hence §,v, is
homogeneous of degree —1. Thus it follows by Euler’s theorem on homo-
geneous functions that
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iD; 1
iind 5iva = 1 _5iva

5,._15iva = +
|x] |x]

and hence

CZ

5iva)(5iva) =72

(5;‘5,.— 1Va)(5i5n— 1Vaz) =
x|

|7€|~2(

proving (10.19). O

We are now able to prove the following important theorem of Simons.

10.10 Theorem: (Simons [SJ]): Suppose E is a cone, such that JE is regular in
R" — {0}. Suppose that # =0 and that the second variation of the area is non-
negative, that is

(1020 [ {|8¢12 — 2(*}dH, 1 2 0
[

for every (e C{, with spt {n{0} = F. Then either OE is a hyperplane or n = 8.

Proof: Replacing { by (¢ in (10.20), we have

@

1
f c*(*dH, -, gf {czl&lz+C2|5c|2+—<5c2,5C2>}dH,,-1
oE JE 2

1
= j {62|5Z|2 + ?|ocl? ——CZQCZ}dHn—u
O 2

where at the last step we have used integration by parts. Now using (10.19) we
obtain

(10.21)0 < |5C|2—2—(2 c?dH, -1
oE |x|2

for every (e C§ with spt { n {0} = ¢J. Obviously (10.21) will hold by approxi-
mation for every function { provided that
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2
J = —¢?dH,_ 1 < 0.
0.

E|X|2

In the previous lemma we showed that 6y, was homogeneous of degree —1
and so ¢? is homogeneous of degree —2. Thus (10.21) holds for any { such that

[ x| 4dH, - < .
0E

If r1 = max {|x|, 1}, r = |x| and setting
C= o,

then
[ Clx|"*dHu-1 = Ha-2(0E N 0By) [ r**rifr"~dr.
0E 0

Thus to make the integral finite, we must have
20+n—6> —1.
e+ p)+n—6< —1

and hence

5—n
o>

(10.22)
5—n
2

o+ f<

If inequalities (10.22) hold then (10.21) becomes

0<(@*—2) [ r* 22dHu-1+[(a+p)*—2] [ r*@*P72c2dH, ;.
0E—B,

0EnB;

If (33%)? <2, we can always choose « and f satisfying (10.22) but such that
a? <2 and (a+ B)® <2. It then follows that either ¢> =0, and so JE is a
hyperplane, or (5 —n)? > 8, thatisn>8. O
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From this result and Theorem 9.10, it follows that no singular minimal cones

can exist in R”, for n £ 7, as any such minimal cone must satisfy »# = 0 and
(10.20). Thus we have proved

10.11 Theorem: Suppose n <7 and E is a minimal set in B, (that is Y(E, p) = 0).
Then OE N B, is an analytic hypersurface.



11. The Dimension of the
Singular Set

In the last chapter we proved a regularity theorem for dimensions n<7.
However we said nothing about the regularity in higher dimensions which is
our task in this chapter. We prove that the H, measure of the singular set is
zero for all k > n — 8 and so actually include the results of the previous chapter.

Some results and definitions concerning Hausdorff measures are needed to
prove our main theorem.

11.1 Definition: Suppose 4 < R", 0 < k < o0 and 0 < ¢ < oo. Then we define

j=

0 QD
(11.1) - HY(A) = w2~ inf { Y. (diam S;*: A< Y S, diam S; < 5}
‘ i=1 =1
and
(11.2) Hy(A) = lim H(4) = sup H(A)
-0 o

where o, = TG)¥/T(& + 1), k=0, is the measure of the unit ball in R*. Hy is
of course the k-dimensional Hausdorff measure.

It is obvious from the definition that Hf > HZ if > p, but in fact we can
show

11.2 Lemma: For every A < R", H(A) = 0 if and only if H(A) = 0.

Proof: By the remark above we need only prove that H?(A4) =0 implies
Hy(A) = 0.
Let ¢ > 0. Then there exists a countable covering {S;} of 4 such that

Z (diam S;)f < &

J

Clearly then we must have diam S; < ¢ for every j and hence

HE(A) < w2 %",
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Letting ¢ — 0, the result follows. O

11.3 Proposition: If A = R", then for Hy-almost all xe A we have

H (AN B(x,r))

(11.3) lim sup - 27k

r—0 yr

v

Proof [FH2]: Define
US) = o2 ¥ (diam S)*
and, for t >0, ¢> 0,

B(H},t,¢) = {xe A:HYSNA) < t{(S), for all sets S
such that xeS and diam S <¢}.

If S is any set in A4, with diam S < ¢ we have
H{(SnB(H}, t,¢) < t(S)
and therefore from the definition of Hj:
(11.4) H(B(H},t.¢) < tH(B(H i: ,¢))
and so, in particular, if 6 < 1
H{(B(H},1~6,0)) < (1~ 0)H(B(HE, 1~ 4,9)).
Hence
H(BH,1—6,8)=0
and, by Lemma 11.2,
(11.5) HW(B(H},1—4,08)) = 0.

Now consider the set
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C = {xeA:inf sup {H—’if—(ilg—)m—s—)

>0

:x€S, diam S<s}< 1} =

2(AnS
= {xeA:infsup {IM
neN

1
:xe8, diam S<—-p,<1;.
{(s) "} }

If xe C we must have that for some n

1
:x €S, diam S<—}<1——1
n

w“ {Hk (ANS)
n

{(s)

and hence xe BH;°,1 —4,1). In conclusion

o 11 o 11
C= "Ql B(H;:’,l —;1-,;> g,.gl B<H;/n,1 —;,;>

and so Hi(C) = 0.
If we fix S such that d = diam S and suppose xS, then obviously

H{(ANS) _HE(ANB(x,d))

asy ~— woxd* ¥

and hence

{H;}’(AmS)

:xeMS, diam S <d ;<
&(s) }

Hp B
<2¥sup {—'ﬁiw:p <5}.
k

Thus the set

k

D = {xeA:lim sup
r—0 Wy

H*(AN Bx,r)) - 2_k}
must be contained in C. Hence Hy(D) = 0 and the lemma is proved. O

We can now start on the study of minimal surfaces. Firstly we show that, if
a sequence of minimal sets {E;} converges locally to a minimal set E, then
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locally the set of singular points of E; must lie close to the singular points
of E. More precisely

114 Lemma: Suppose {E;} is a sequence of minimal sets in Q converging in
L (Q) to a minimal set E. Let ¥;= 0E;— 0*E; and X = 0E — 0*E be the
singular parts of OE; and OE respectively. Suppose K is a compact set in Q
and A an open set cantaining X " K. Then, for j sufficiently large, Z;n K < A.

Proof: Suppose the lemma is false. Passing possibly to a subsequence we may
suppose that for every j there exists a point x;e€ Z;n K such that x;¢ A. Since
K is compact, we may also assume x; — X € K. Since x; € 0E;, we have, by (5.16),
for every p < dist (K, 0Q)

| 1Dog|Z wn-1p" "1

B(x;,p)

Now, if we choose any r <dist (K,0Q) and any p <r, then for sufficiently
large i

B(xi, p) € B(X,1).

Hence, as j |Dog,| converges to j |Dpg| for almost all r, we must have
B(x,r) B(x,r)

that

| ID@E|Z 0p—1r""1 >0
B(x,r)

for almost all r < dist (K, dQ) and so x € OE. Furthermore x € X since otherwise,
by Theorem 9.4, we would have x;e0*E; for j large which contradicts our
assumption on the x;. In conclusion we must have XxeZNnK < A which is a
contradiction as A is open. -

The next lemma concerning H;° measure is now a fairly easy consequence
of the last lemma.

1.5 Lemma: Suppose {E;} is a sequence of minimal sets in Q converging in
Ll (Q) to a minimal set E. Let ¥; and X be as in Lemma 11.4. Then for every
compact set K < Q
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(11.6) H(EK)2=lim sup H2E,;nK).

j=

Proof: For ¢ >0, let {S;} be a covering of £ K such that

HP(ENK)>w2™* ) (diam Sk —e.
ji=1

We may suppose that the S; are open. Let 4 = U S;. For h large enough,
j=1
by Lemma 11.4 we have £,n K = 4 and hence

M8

HP(EnnK) < HP(A) S ap2

Jj

(diam S;Y-.

i

1

Thus

lim sup HPErnK)SHPENK) + ¢

h— o
and (11.6) follows as ¢ > 0 is arbitrary. O

We now apply the previous lemma in the special case where we perform a
“blow up” at some point of a minimal surface. The sets E; will be different
stages in the “blow up” and E will be the resulting minimal cone. We show
that, given a minimal set wjith singularities of Hausdorff dimension at least k,
we can find a minimal cone with singularities of the same dimension. Thus once
again the regularity theory is reduced to the existence of minimal cones.

11.6 Theorem: Suppose E is a minimal set in Q such that Hy(ZX) =
HOE — 0*E) > 0. Then there exists a minimal cone C in R" such that

HW(0C — 0*C) > 0.

Proof: From Proposition 11.3 it follows that there exists a point xo and a
sequence {r;} — 0 such that

(11.7) HP(Z A B(xo,rj) Z 275 .

We may suppose xo = 0. If we set as usual
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E, = {xeR":txeE},

then from Theorem 9.3 there must exist a subsequence {s;} of {r;} such that
E;, converges locally in R” to a minimal cone C.
If we set ; = 0E;, — 0*E,, then obviously

Ij={xeR"sxeX}
and hence
H,:O(ZJFNBI) = Sj_kH,?o(Zf\st) g 2_k_1(0k.

The conclusion follows from Lemmas 11.5 and 11.2. O

11.7 Theorem: Let E be a minimal set in Q= R®. Then the singular set X
consists at most of isolated points.

Proof: Suppose on the contrary that there exists a sequence of singular points
converging to some xo €. We may suppose that xo = 0. Let r, = |xi|. From
Theorem 9.3 we conclude, passing possibly to a subsequence, that the sequence
E,, converges locally in R® to a minimal cone C. Moreover, we may assume
that y, = xi/rx converge to the point yo = (0,0, ..., 1).

Since yx is a singular point for E,, we conclude from Theorem 9.4 that yo is
a singular point for C. The set C being a cone, the whole line joining 0 with
Yo consists of singular points for C.

We now blow up near yo as in Proposition 9.6. Arguing as in Theorem 11.6
we obtain a minimal cylinder Q = A x R such that

H(0Q —0*Q)> 0.

Furthermore, by Proposition 9.9, A is a minimal cone in R’ and since
0Q — 0*Q =(04 — 0*A4) x R we have

Ho(0A4 — 0*4) > 0,
contradicting Theorem 10.11. O

When n > 8, using an inductive procedure as in Theorem 9.10 we can prove
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11.8 Theorem (Dimension of the singular set, [FH3]): Suppose that E is a
minimal set in Q = R" and let £ = (0E — 0*E)n Q. Then

H(Z)=0 for all s>n—8.

Proof: We proceed as above. Let k > 0 be such that H(X) > 0. By Theorem
11.6 we may construct a minimal cone C in R" such that Hy(0C — d*C) > 0.
By Proposition 11.3 we can find a point x¢ # 0 such that (11.7) holds, with X
replaced by 0C — 0*C. Blowing up C near xo, we obtain as above a minimal
cylinder Q = A x R such that

H(0Q — d*Q) > 0.
The set A is a cone and
Hi-1(04 — 0*A) > 0.

Repeating the argument we conclude that for every m < k there exists a minimal
cone C in R"™™ such that

Hy-n(0C — 0*C) > 0.

As minimal cones in R® can have at most one singular point, this implies at
once that k <n—8. O

Theorems 11.7 and 11.8 are in some sense the best possible, since the
Simons cone: ’

S={xeR¥:xj+ +xi>x3+ " +x3}

is minimal in R®, as we will show later (Theorem 16.4).

The cone S provides a counterexample to interior regularity of minimal
hypersurfaces. However the situation is quite different at the boundary. Indeed,
Hardt and Simon [HS] have proved, in the framework of the theory of integral
currents, that if the boundary manifold M is of class C*%, then the solution
of the Plateau problem is of class C!* in a neighborhood of M.
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12. Classical Solutions of the
Minimal Surface Equation

Let u(x) be function defined in some bounded open set Q of R". The area of
the graph of u is given by

(12.1) o/ (u, Q) = [\/1+ |Dul* dx
o

where Du = (D1u, ..., D,u) is the gradient of u.

We shall always suppose in the following that the boundary of Q, 0Q, is at
least Lipschitz-continuous. We shall consider the Dirichlet problem for the
functional (12.1); i.e. the problem of minimizing the area amongst all functions
taking prescribed values ¢(x) on 6Q. Here the boundary datum ¢ is supposed
to be Lipschitz-continuous or even smoother (in general ¢ e C? will be sufficient).
In the following chapters we discuss continuous (see theorem 13.6) and L (see
Theorem 14.5) boundary data.

We shall work in the space C%1(Q) of Lipschitz-continuous functions in
Q; i.e. continuous functions with finite Lipschitz constant

|u(x) — u(x)|

;x,yeﬂ,x;&y}
[x — yl

lulo = sup {

It is well-known that C%'(Q) coincides with the space W1 *(Q), of functions
with bounded distributional derivatives.

It is clear that the functional (12.1) is well defined for ue C%'(Q) (actually
the same is true for ue W' (Q)). Moreover we have

(12.2) /14 |Dul*dx = sup{ [(gn+1 + u div g)dx;
Q Q

g= (gl’ e gn+1)ec(l)(Q;Pn+l)’|g| é 1}

and therefore, as in 1.9, we can prove that .o/(u) is lower semi-continuous with
respect to weak L' convengence.

12.1 Definition: For k > 0 we set

L) = {ueC*"(Q): |ulo < k}.
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Moreover, if ¢ € C%1(0Q):
Li(Q; ¢) = {ue L(Q):u = ¢ on 0Q}

L ¢) = {ue C>HQ):u = ¢ on 0Q).

12.2  Proposition: Let ¢ be a Lipschitz-continuouS function on 0Q, and suppose
that L(Q; @) is non-empty. Then the function </(u,Q) achieves its minimum in
Lk(Q, (,D)

Proof: Let {ux} be a minimizing sequence in Li(Q, ¢). By the Ascoli-Arzela
theorem we can select a subsequence converging uniformly to a function
ue Li(Q, @), and the result follows from the semicontinuity of the area. O

We shall denote by u* the minimizing function in Li(€; ¢) (which is unique since
& is strictly convex). In general, when k increases the value of the minimum
decreases and |u*|q increases.

12.3 Proposition: Let u* be the minimum point for of in Ly(Q, ). If |u¥|a <k,
then u* minimizes o/ in L(Q; ¢).

Proof: For 0 <t <1 and ve L(; ) we set
vy = vk +tlo—uH). -

We have v; = ¢ on 0Q and for t small enough |v| < k, so that .o/ (u*, Q) < .o/ (vs; Q).
From the convexity of o/ we get

AW, Q) £ A (v, Q) < (1 — 1)L (W, Q) + 14 (v,Q)
and therefore o/ (u*, Q) < o/ (v, Q). O

The above result tells us that to prove the existence of a minimum in L(Q, ¢)
it is sufficient to get estimates for the Lipschitz constant of u*.

In order to simplify the notation we shall omit the index k; moreover we
shall say briefly “u minimizes the area in Ly(€2)” instead of “ue Li(Q) minimizes
o/ among all v taking the same boundary values”.

It is clear that any u minimizing o/ in Li(Q) also gives a minimum for
o in L{Q) for any & < Q and k < k whenever |ulg < k.
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Our main tool will be the weak maximum principle. In order to state it in
suitable generality we introduce the notion of super- and sub-solution.

12.4 Definition: A function we Li(Q) is a supersolution [resp. subsolution]
for o in Ly(Q) if for every ve Ly(Q,w), with v =Zw [resp. v = w] we have
A (0,Q) = o (w, Q).

In particular a function minimizing area in Lk(Q) is both a super and a
subsolution. Although not relevant for our purposes, the converse is also true,
as it can be shown without difficulty.

125 Lemma (Weak maximum principle): Let w and z be respectively a super-
solution and a subsolution in L(Q). If w = z on 0Q, then w = z in Q.
Proof: Suppose on the contrary that

= {xeQ:w(x)<z(x)}

is non-empty, and let v = max {z, w}.
We have ve Li(Q; w) and v = w; therefore «/(v, Q) = ./(w, Q) or, equivalently

A(z;K) 2 o (w,K)
In a similar way, taking v = min {z, w} we show .«/(w, K) = ./(z, K) and therefore
A (w; K) = (z; K).

Since z = w on dK and z > w in K we must have Dz # Dw in a set of positive
measure. From the strict convexity of the area we have

i
d(WTH; K) <5 K) + %d(z; K) = A (w: K).

But this is impossible since w is a supersolution in LK) and therefore

ﬂ(wg K> > o (w:K). 0

A simple consequence of the maximum principle is the following lemma.
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12.6 Lemma: Let w and z be respectively a supersolution and a subsolution in
Lk(Q) Then

(12.3) sup [2(x) = wix)] = sup [2(y) = wl(y)]

Proof: It is sufficient to remark that for every aeR, w + o is a supersolution,
and that for x e dQ:

2(x) = w(x) + sup [z(y) — w(y)].

yedQ

The result now follows from Lemma 12.5. O

In particular, if u and v minimize area in Li(€), (12.3) holds for u — v and
v —u and hence '

(12.4) sup |u—v| = sup |u —v|.
Q )

12.7 Lemma (Reduction to boundary estimates): Let u minimize the area in
Li(Q). Then

|u(x) — u(y)l

;xeQ, yeﬁQ}
[x —

(12.5) |ulq = sup {

Proof: Let x;,x,€Q, x1 # x2, and let T = x; — x;. The function
u(x) = u(x + 1)
minimizes the area in Li(Q.), where
Q. ={zeR":z+1€Q}.
The set QN Q, is non-empty (it contains x;) and both u and u. minimize the
area in Ly(Q N Q.). From (12.4) we conclude that there exists ze€ d(Q N Q;) such

that

u(x1) — u(x2)| = lulx1) — udx1)| = |u(z) — ud2)| = |u(z) — ulz + 7)|.
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On the other hand at least one of the points z,z + 7 belongs to 0Q: Denoting
by L the right-hand side of (12.5) we have therefore

lu(x1) — u(x2)| = L|x1 — X2
and (12.5) follows at once. O
In conclusion to prove the existence of a minimum we need only an estimate
for |u(x) — u(y)| when yedQ. This will be obtained by means of Lemma 12.5,
comparing u with suitable super and subsolutions.
For xeQ we denote by d(x) the distance of x from 0Q. Moreover we set for
t>0:

o= {xeQud(x)<t}

= {xeQ:d(x) =1t} = 0Z,nQ.

12.8 Definition: Let ¢ be a Lipschitz-continuous function in dQ. An upper
barrier v* (relative to @) is a Lipschitz-continuous function defined in some
210 to > 0, satisfying

(12.6) v* = ¢ on 0 v+2 sup@ on Iy,
oQ

(12.7) v™ is a supersolution in ;.

Similarly, a lower barrier is a subsolution v~ in X,,, with v~ = ¢ on dQ and

v” <infe on I,
Q

12.9 Theorem: Let ¢ be a Lipschitz-continuous function on 0S), and suppose
that there exist upper and lower barriers v™ relative to .
Then the area function achieves its minimum in L(C; ).

Proof: Let Q = [v*];, and let k> Q.
Let u give the minimum for .7 in L(€2). The function u minimizes the area in
Li(Z,,) and for every xeQ:
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inf ¢ < u(x) < sup o.
Q Q

In particular v~ (x) < u(x) £ v*(x) on Ty, and therefore from Lemma 12.5:
v (%) Sux) L v (x) in X,
Since u = v* = v~ on dQ we have

(12.8) [u(x) —u(y)| = Qlx — y|

for every xeXZ,,, ye 0Q.
On the other hand if xeQ and d(x) > to we have

[u(x) — u(y)| < max {Sup ¢ — u(y), u(y) — inf qo} < Qto
oQ oQ

and therefore (12.8) holds for every xe Q. By Lemma 12.7 we have |ulq £ Q <k
and the conclusion follows immediately from Proposition 12.3. O

We shall now investigate the conditions under which the construction of
barriers is possible.

We shall discuss only the case of upper barriers since if w is an upper barrier
relative to — ¢, —w will be a lower barrier for ¢.

We remark first that the same argument leading to the Euler equation for
minima gives a differential inequality for supersolutions.

Let v(x) be a C2-supersolution on some open set £, and let # = 0 have compact
support in X. The function '

g(t) = (v + tn; X)
has a minimum at ¢t = 0 and hence ¢'(0) = 0. This means that

n Di
N L
i=1 Jz /1 + |Dv|?

and therefore integrating by parts:

D; .
Di~—v<0m2.

1 /14 (Do~

M=

i



Classical Solutions of the Minimal Surface Equation 143
More explicitly:

(12.9) &) = (1 +|Dv|?) Av —vwv;; £ 0 in Z,

ov n 9% . .
where v; =—, etc, Av= X — and the sum over repeated indices is

understood. " i=10x}

Conversely, inequality (12.9) implies that ¢'(0) = 0 and by the convexity of
the area that v is a supersolution in Z.

We shall now suppose that 0Q is of class C2. This implies that the distance
function d(x) is of class C? in some X,,; moreover if xeQ and d(x) = t < to,
—Ad(x) is the sum of the principal curvatures of I'; at x. Finally, if x moves
along the normal to 0Q towards the interior of Q, Ad(x) decreases and hence
if the mean curvature of dQ is non-negative, (i.e. Ad(x) <0 on 0Q) we have
Ad <0 in Z,,. For all these results see Appendix B.

We shall suppose that ¢ e C3(R"), and we shall consider upper barriers of
the form

u(x) = @(x) + Y(d(x))
where  is a C2-function in [0, R] satisfying

Y(0) =0,y ()21, y"(t) <0

Y(R)ZL =2 sup lol,

where R < to will be determined later.
In this way conditions (12.6) are satisfied in I'r. We have easily

(12.10) @) = (1 + |D@I*) Ap — @i jpi; +
+ V' 20:diAg + (1 + |Do|*)Ad —2dip ;i — @ipjdij} +
+ ¥ (A + 20:diAd — @iidid;} + Y Ad +
+ ¢ {1 + Dol — (pidi)*},

where we have taken into account the fact that [Dd| =1 and therefore
did;; = 0.
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Recalling that ' =1 that " <0 and that ¢,d are C2-functions in Zg
we easily show

EW) Y + CY” + Y Ad.

Suppose now that the mean curvature of dQ is non-negative. We have
Ad <0 in g and hence

EW) S Y + CY”.

Choosing
1
Wid) = —log (1 + pd)

we get &(v)<0 and we have to determine B and R in such a way
that Y'(t) = 1 and Y(R) = L. We have

1B 1 B
T 1+B cl+pR

Y'(t)

WR) = log (1 + R),

and all the conditions are satisfied provided we take R = f"* and
p big enough.
In conclusion we have proved

12.10 Theorem: Let Q be a bounded open set in R" with C2-boundary of non-
negative mean curvature, and let ¢ be a C? function in R". Then the Dirichlet

problem for the area functional and boundary datum ¢ is uniquely solvable in
C*HQ). O

A detailed discussion of the regularity of the solutions would require most
of the theory of nonlinear elliptic partial differential equations in divergence
form, a subject clearly beyond the scope of these notes.

A number of results relevant to our purposes are gathered in Appendix C.

Here we shall only remark that a Lipschitz continuous function u is a
minimum for the area if and only if it is a weak solution of the equation

(12.11)div T(Du) =0
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where

DPh

J1+Ipl

Moreover, if p is bounded (|p| £ M), we have

(12.12) Tu(p) =

AM)IEP =z

oT;
; " (p)Ecn = AM)|E|?
Di

and therefore from Appendix C we obtain

12.11 Theorem: Let ue C% Q) be a solution of equation (12.11) in Q. Then u
is analytic in Q. O

Similar results hold for the boundary regularity. We have

12.12 Theorem: Let 6Q and ¢ be of class C** 2 <k, and let u be a Lipschitz-
continuous function in Q, minimizing the area in L(€Q, ¢). Then ue C**Q). Moreover
if 0Q and ¢ are C* [analytic], then u is C® [analytic] in Q.

We shall end this chapter by showing that the condition that the mean
curvature of 0Q is nowhere negative is necessary for general solvability of the
Dirichlet problem. ’

More precisely we shall prove that if the mean curvature of dQ is negative
at one point xo€dQ, then there will exist smooth functions ¢ for which the
area functional has no minimum in L(; ¢). !

The following lemma is a variation of the maximum principle. To state it in
the generality that we shall need in Section 16, we shall suppose that Q is a
connected open set, whose boundary is the union of four disjoint sets:

0Q=T,ul-uUlyUN
where I'y, ', ' are open (i.e. there exist disjoint open sets A+, A- and Ao

such that I'y = 0Qn A4, etc.) and H,—1(N) = 0.
Moreover, for t > 0 we define

Q, = {xeQ:dist(x,0Q) >t }.
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12.13 Lemma: Let Q be as above, and let u and v be two functions of class
CHQ)NC%QuUT ) such that:

(i)  div T(Dv) < div T(Du) in Q

(i) wu=sv on Ty

(111) lim J (1 =<, T(Dv)))dH,-1 =0
0Q,— L

t—>0*

for every open set L>TouT -

t—0+

iv)  lim f (1 + <v, T(Du)>)dH,—1 =0
00, —M

for every open set M > TouT 4.
Then:

O fTeo#d, ugvinQ,
I ifTo=, u=v+ const.

Condition iii) [résp. iv] says that the graph of v[resp. u] tends to become
vertical near I' 4 [resp. I'~]. More precisely, the normal vector to the graph of

v tends to —v when x approaches I'y, and in particular dv/dv — + 0.
Similarly, du/dv— — o0 as x> T -.

Proof: We have for every non-negative function ¢:

| <T(Dv) — T(Du), Dp)dx = — | @[div T(Dv) — div T(Du)]dx +
2, o

+ | @(v, T(Dv) — T(Dw)»dH,™ 1 = [ @{v, T(Dv) — T(Du)>dH, -
20,

0Q,
In particular we may take
¢ = ¢ = max {0, min(u — v,k)}, k> 0.

We have
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{T(Dv)— T(Du),Du—v)y fO0<u—v<k

{T(Dv) — T(Du), Doy = {0 otherwise

so that, recalling the definition of T, {(T(Dv) — T(Du),D¢iy < 0 in Q, and hence:

Q

0= | <T(Dv) — T(Du),Dgiydx 2 | ¢ilv, T(Dv) — T(Du)YdH, 1.
, Pro

Suppose now that I'g # & and that u <v on I'y, and let

~

A = {xeQ: u(x) < v(x)}.
We have ¢, = 0 in A, and therefore

| @iCv, T(Dv) — T(Du)YdHp-1 2 | ox[<v, T(Dv)) — 1]dH, -1

o0, 00, —(4uA_)

+ | @1+ (v T(Du))JdHy -1

00, ~(Adudy)

where A+ and A- are open sets such that 'y = dQn A+. On the other hand
we have AuAd_>Toul'- and Aud+ oTouT4, and hence passing to the
limit as t —»0* we obtain from (iii) and (iv):

#

f(T(Dv) — T(Du),Dpiydx = 0.
Q

Letting k - oo we obtain

(12.14) [ T(Dv) — T(Du), Do ydx = 0
Q

with ¢ = max (0, u — v).

From (12.13) and (12.14) we see at once that Do = 0 in Q and since ¢ =0
on I'o we have ¢ = 0 and therefore u < v in Q.

If we have only the weak inequality u < v on I'o, we replace v by v + ¢ and
we prove the conclusion (I) letting e —»07.

Finally, if 'y = (, we set 4 = v(xo) — u(xo), for some xo €Q, and writing u + 4
instead of u we repeat the argument above with A = (. Again we conclude that
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D¢ = 0 and since @(xo) = 0 we find ¢ = 0 so that v = u + 4, thus proving (II).
O

12.14 Let now x0€0Q and let Bg be the ball of radius R centred at x,. Taking
0(x) = dist (x, Bg) =|x — xo| — R in Q — Bgr(xo) and v = A — (6) for some
constant A, we get from (12.10):

Ew) =W +y2)Ad+y".

Choosing (6) = — Bd*, we obtain

W) S YPAI+ Y <

3
Bo™2 1—n )
1
4 {2diam(Q)B * }

n—1 S n—1
d+ R ~ diam (Q)’

in Q — Bg(xo), since Ad =

In conclusion we have &(v) £0 in Q — Br(xo) provided we choose B2 >
2 diam (Q)
n—1

Let now u be a minimum for the area in C%1(Q). If we choose 4 = sup u +
20— By

B diam (Q)* we have u < v.in dQ — Bg. On the other hand {T(Dv),v> =1 on
0Bg, and hence we can apply lemma 12.13 with '~ = ¢ in Q — Bg concluding
that

sup u £ sup u+ B diam (Q)%.
Q—-Bgr 0Q—Bgr

In particular

sup u < sup u+ B diam (Q)*.
OBRrNQ 0Q—Bgr

Suppose now that the mean curvature of 0Q at xo is negative, and let R be
so small that

Ad=e0>0 in QN Bgr(xo); d(x) = dist (x, 0Q).
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We may now take again v = « — Bd* so that

swswrad+y <P g vy <0

provided B? > ¢; !
If we take

o= sup u+ f diam (Q)*

0BRrNQ

we can apply the Lemma again and conclude that

(12.15) sup u £ sup u+(B+ B) diam (Q)?

8QnBg Q- Bg

From this inequality the non-existence result follows at once. Indeed, if we take

a smooth function ¢ for which (12.15) is not satisfied the Dirichlet problem with

boundary datum ¢ cannot have a solution. O
We may illustrate the above situation with a simple example.

12.15 Example: Let A} be the annulus
Af = {xeR*:p <|x| <R},
and consider the Dirichlet problem in A} with boundary datum

_{o if Ix| = R
=M if x| = p

where M is a positive constant.
From the convexity of the area and the symmetry of ¢ it follows easily that
if v is a solution in A%, its spherical average

1
ulr) = — v(ry)ds r=|x|
21 Jiyi=1

is a solution to the same problem.
In this case the Euler equation becomes
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” 1 ’ ’ 2
u'(r) = -—;u (1 +u'(r)?)

and hence

R+ . /R*—c?
u(r)=clog————~c—
r r?—c?

where the constant ¢, 0 < ¢ < p, is to be determined bykmeans of the condition
u(p) = M.
On the other hand we have

R+ /R?>—¢? R+ . /R*—p?
u(p) = ¢ log —— === < p log ——————= Mo(R, p)
pt/p —c p

and hence the problem can be solved only if M < M. O



13. The a priori Estimate
for the Gradient

In this section we shall be concerned with smooth solutions of the minimal
surface equation

Diu

in a ball # < R,
Our main purpose is to prove Theorem 13.5, which gives an estimate of the
gradient of u in terms of the supremum of u.

13.1 Notation: We shall denote by Bg a ball of radius R in R"*!; by %#r a
similar ball in R". If u is a solution of (13.1) in # we shall denote by S its graph,
S < # x R. We also set

Sr = SN Br

Cr=Sn(%r xR
The normal vector to S at the Qoint (x, u(x)) has components

vae1 = (1 +|Dul?)~ 12

Vi= —Vp+1Diu i=1,...,n
From (13.1) we have

ovi=0

and from Lemma 10.7:

Dvi+c?v;=0 i=1...,n+1.

1
Setting w = log log /1 + |Du|® we get

Vn+1
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(132) Gw = |[ow|? +c* = [ow|? = 0.

13.2 Theorem: Let u be a smooth solution of the minimal surface equation in
Br(xo), and let zo = (xo, u(xo)). Then

1
(13.3) w(xo) < - j wdH,
@nR" J5rc0)

where wy is the measure of the n-dimensional unit ball.

Proof: [TN1] We can suppose zo = 0. For 0 <& < R we set

1 2- 2- Lo —my[,2
" REMm 4 (R-M_gn 0<
By R A R e 0zl <
@2) = |z[2 7 1 1
—|z|*R ™" — R~™ <|z|£R
nin—2) " 20" 2—2) eslel=
0 |z] >R

We have ¢, = 0 in Bg, . = Do, = 0 on 0Bg and hence
{wP.dH, = [@.ZwdH, 2 0.
s s ‘

From

D|z|* = (o — 2)[2]“_2<1 - <lzz’|‘;>> +on |z]*72

we get
o — R™"—e™ 0<|z]<e
Pe= YR —12|727" 2, v)? e<|z|<R
0 lz] > R

and therefore

0= [(R™"—&¢ "wdH, +{ (R™"—|z|727"{z, v)})wdH, <
S,

SrR—Se



The a priori Estimate for the Gradient 153

<R[ wdH,—¢ " [ wdH,
Sr

&

If we let ¢ -0 we have

1
w(0) = lim —; J wdH,
0 WnE S,
and the theorem is proved. O

13.3 Remark: Suppose u is a solution of (13.1) in %,r with u(0) = 0. Let
zo € Sg. Since Sgr(zo) = S,x we have from (13.3):

w(xo) £ciR™" | wdH,
S2r

and therefore

Sar

(13.4) sup w(x)gclR""j wdH,. - O
Sr

13.4 Theorem: Let u be a solution of the minimal surface equation in %3g with 7
u(0) = 0. Then -

.

(13.5) R"‘f wdH, < cz{l + R ! sup u}
Sr

B3R

Proof: Let 1€ C3(#B2r), 0<n=<1,n=11in % and |Dy| £ 2R, and let

2R if u=R
Ug = u+R if |u/<R
0 if u<-—R

We have

R (¢ if |ul>R
MRE 02, 0f Ju<R
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and therefore, since
j5n+ 1 (uRnw)dH,, =0
S

we get

(1 =vZ, mwdHy + [ur(Won+ 11 + 16, + w)dH, = 0.
S

Sn{lzn+ 1l <R}

Taking into account that wv,; = we™™ < e~ ! we find

nwdH, < e ! {nvu11dH, + 2R § w|6n+1n|dH, +
5

Sn{lzn+ 1l <R} Sn{z,+1> —R}

+2R | nlowldH,

Sn{zn+1> —R}

where we have used the inequality ug < 2R.
The first integral on the right-hand side can be easily estimated by remarking
that

(13.6) [nva+1dHa < | ndx < 0u2R)"
5

B2R

Now let 1(t) be a smooth function with support in the interval

[—2R, sup u+R], with 0<t<1, =1 in [—R, sup u] and || <2/R.
2R Br

Let ¢(z) = 7(x)t(z++1), and note that since # is independent of z,+; we have
10n+ 11| = |Vn+ 1VaDun| < v+ 11Dy < 2vp+ 1 R71L
Then

(13.7) 2R [} W|dn+1nm|dH, <4 [} WVnt1dH, <

Sn{zn+1> —R} Carn{zn+ 1> —R}
<4e 'H, (S nspto)
and

(13.8) [ nlowldH, < [@|ow|dH, < Ha(S A spt @) /2([o? | 5w|*dH,)! 2
} N S

Sn{z,+1>~R
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In order to estimate the last integral we use again (13.2):

[@?16w|*dH, < [9*PwWdH, < 2[@|0w| |d¢|dH,
5 5 5

and hence

(13.9) ([@2|dw[2dH.)"? < 2( |5 |2dH,)" < 4R™'H,(S A spte)'/?
S S

In conclusion we have from (13.6) ... (13.9)

(13.10) {wdH, < [} nwdH, < c3{R" + Hu(S nspto)}.
Sr

Snllza+ 1l <R}
It remains to estimate H,(Snsptp). For that, let y(x) be a function with
support in #3g 0<y <1,y =1in %,x and |Dy| < 2R 1. We have
JOn+1{ymax(u + 2R,0)}dH, = 0,
S

and therefore

y(1 —v2, )dH, + [max(u — 2R,0)0,+1ydH, =0
5

Sn{z,+1> —2R}

Arguing as above we find that since spt p < %,r x (—2R, ©0):

H,,(Smsptq))gj vf+1dH,.+supuJ Vu+1|Dy|dH, £
Csr

C3r B3R

< c4R”<1 +R7! supu)

B3r

and the conclusion follows from (13.10). O

Combining 13.3 and 13.4, and recalling that w = log /1 4 |Du|?> we have
proved the following

13.5 Theorem [BDGM ] (A priori estimate of the gradient): Let u be a solution
of the minimal surface equation in Br. Then
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sup u — u(xo)
(13.11) sup [Dul < exp {c5<1 +u_),_>}

SR/s(xo) R

In particular | Du(xo)| is bounded by the right-hand side of (13.11).
The estimate (13.11) can be put in a slightly different form. First of all we
may change u in —u, getting the symmetric estimate

u(xo) — inf u
(13.12) sup iDu|§exp{c5<1+—@d"_@_>}

Sgy6(xo0) R

If now u is non-negative in %r(xo), we have

(13.13) sup |Du| < exp {c5<1 + “(;°)> }

Sr/6(*0)

Theorem 13.5 is one of the keystones of the theory of non-parametric minimal
surfaces, as will be made clear in the following sections.

As a first consequence we deduce now the existence of solution to the Dirichlet
problem with continuous boundary data.

13.6 Theorem: Let Q be a bounded open set in R", with C-boundary 0Q of
non-negative mean curvature, and let ¢ be a continuous function on Q. Then the
Dirichlet problem for the minimal surface equation:

L Diu ¢ .
(13.14) Di<————> =0 in Q
i; 1+ |Du|?
(13.15u=¢ on 0Q

has a solution ue CQ) N C°(Q).

Proof: Let {¢;} be a sequence of C?-functions in R”, converging uniformly to
@ in 0Q.

Let u; be the function minimizing the area in L(Q, ;) (Theorem 12.10).
We know that the u; are regular in Q and satisfy (13.14).

We have from (12.4)

sup |uj — up| = sup |@; — @ul
Q aQ
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and therefore u; converge uniformly in Q to some function u. Now let K be a
compact set, K < Q.
From Theorem 13.5 we get easily

sup |Du;| = L
K

where L depends on K but not on j. Moreover the theory of uniformly elliptic
equations (see Theorem C10) gives a bound for the derivatives of any order:

sup | D'u;| < (K, s)
K

again with L independent of j. ,
In particular we may conclude that ue C*(Q)nC°%%Q) and that u;—u in
C2.(Q) so that u is a solution of the Dirichlet problem (13.14), (13.15). O

If the boundary datum ¢ is more than merely continuous, the solution u is
correspondingly more regular. We shall only state here the results, referring for
the proofs to the original paper.

13.7 Theorem [GE2]: Let 0Q be of class C? and let u be the solution of the
Dirichlet problem (13.14), (13.15). Then:

() if @ € C*%0Q) and the mean turvature of Q is strictly positive, ue C*4(Q).
(i) if @eCY%0Q), and the mean curvature of 0Q is non-negative, then
we COYQ).

We remark that (i) is sharp, and we may have p e C%! with ue C®'2. To see
that, let us come back to Example 12.15. The function:

R+ /R*—p?
ux) = p log — e
r+Jre—p

) r=|x|

is a solution of the minimal surface equation in the amulus AX = {xeR?
p <|x| <R}

If B is a disc contained in AX and tangent to the internal circle, we have
ue C%Y2(B) whereas the restriction of u to 0B is Lipschitz-continuous.

Some additional comments are needed at this point, concerning the -
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equivalence of the Dirichlet problem (13.14), (13.15) with the least area problem
with boundary datum ¢.

As usual, we shall suppose that dQ has Lipschitz-continuous boundary.

It is clear that if ue C°*(Q)~ C°(€2) minimizes the area among all functions
taking the values @(x) at 0€, it is smooth in Q and satisfies the Euler equation
(13.14).

We shall show that the converse is also true, namely if u is a solution to the
Dirichlet problem, the area of the graph of u is finite, and actually ¥ minimizes
the area integral.

Suppose first that o7 (u, Q) < + 00, and let v be any function with v = ¢ on 0Q.
We have, since u — v = 0 on 0Q:

J‘ DiuDi(u—v)dx
o./1 +|Duf?

and hence

2
1 + | Du| p

—_— X =
o /1+|Dul?

J 1+ |Duf? dx =
Q

J 1+ DuDw dx<J T4 1Do]? dx
Q

J1+|Dul> e

so that u minimizes the area.
To prove that .«&/(u, Q) < + e we observe that for any § > 0, o/(u,Q;) < + o
and therefore u minimizes the area in Qs = {xeQ: dist (x, Q) > é}. Now let

0 21 5<t<25
=0 t>26

and let
u(x) = u(x)n(d(x))

we have v = u on dQ; and therefore
o (u, Qs) < oA (v,Qs).

Now
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oA (v,Qs5) < Q] +J f1IDu|d><+JQ lul [n'|dx =
Q 1]

]

1
§|Q|+I | Du|dx + = sup |u] |Qs — Qas]
Q5= Qs 0 Q

and in conclusion

J‘ 1+ |Du|? <|Q| + ¢y sup |ul.
Q25 Q

159

Since the right-hand side is independent of § we may conclude that u has finite

area in Q.
We have then proved

13.8 Theorem: A function ue C*(Q)nC°%Q) is a solution of the Dirichlet
problem (13.14), (13.15) if and only if it minimizes the area among all functions
taking boundary values ¢ on 0Q. In particular the solution of the Dirichlet

problem is unique.

We remark that Theorem 13.8 is a peculiarity of the minimal surface equation,
and it is not true for instance for harmonic functions which may have

infinite Dirichlet integral.
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An alternative approach to the existence of non-parametric minimal surfaces
with prescribed boundary data consists in using direct methods in the calculus
of variations to minimize the area integrand

(14.1) A (u; Q) = f 1+ |Dul?dx

among all the functions taking prescribed values ¢(x) on 0Q. As for the para-
metric case, the natural space here is BV(Q), the space of functions whose
derivatives are Radon measures in Q.

14.1 Definition: Let Q be an open set in R". for fe BV(Q)) we define

gj{ /1 + |Df|* = sup{ £ (gn+1 + fDigi)dx

g=0(g1, ..., gn+1)€CHQY1g| < 1}.

It is easily seen that
(14.2) fleDfléffzx/l + DT [IDfI +1Q};
Q A

moreover, if fe Wi*l(Q) we have as in Example 1.2:

[/T+IDA? = [T+ |grad f%dx.
Q Q

Many of the results of chapter 1 hold with | Df| replaced by /1 + | Df]>. We
shall not repeat here the proofs, which are simple variations of those given
there. We only state the semicontinuity theorem.

14.2 Theorem: Let u; converge to u in L}, (Q). Then

(14.3) j /1 + |Du|? £lim 1nfjﬁ/1 o |Du,|2

Jjo oo
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The direct method consists in minimizing the integral (14.1) among all u € BV(Q)
whose trace on 9Q is a prescribed function ¢ e L'(0Q) (as usual we suppose Q
bounded and 0Q Lipschitz-continuous).

It is easily seen from (14.2) and Theorem 1.19 that minimizing sequences are
relatively compact in L(Q), and hence from any minimizing sequence we can
extract a subsequence u; converging in L'(Q) to some function u. We can now
apply (14.3), but since we do not know that u has trace ¢ on 0Q we cannot
conclude that u gives the required minimum. On the other hand, the non-
existence results of section 12 suggest that even in this more general setting the
Dirichlet problem might not be solvable for general domains Q.

14.3 Proposition: Let Q be a bounded open set with C! boundary 0, and let
@e LY(0Q). We have

(14.4) inf{</(u; Q):ueBV(Q), u = ¢ on 0Q} =

=inf{l/(u; Q)+ [ |u— @|dH,-1; ue BV(Q)}.
Q

Proof: It is sufficient to show that the left-hand side of (14.4) is not greater than
its right-hand side.

Let ue BV(Q) and let ¢ > 0. From Theorem 2.16 and Remark 2.17 it follows
that there exists a function we W1(Q), with w = ¢ — u on 9Q and

[IDwldx <(1+¢) | |lu—@|dHn-1.
Q N

The function v = u + w is in BV(Q), and v = ¢ on JQ. Moreover

[V1+1Dv]? < [/1+|Dul*+ [|Dwldx <
Q Q Q _
S [T+ DulP + (1 +¢)f|u—o@ldH, -
Q Q

from which (14.4) follows at once. (]

The above result suggest the following weaker form of the Dirichlet problem.
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14.4 Dirichlet Problem for Non-parametric Minimal Surfaces
Given a function ¢ in L*(0Q), find a function u in BV(Q) minimizing the functional

(14.5) #(v; Q) = [/T+Dvl> + | v~ @ldH,-
Q aQ

among all function ve BV(Q). O

As we shall see shortly, the problem 14.4 has always a solution. We remark
that the last integral in (14.5) represents the area of that part of the cylinder
0Q x R lying between the graphs of ¢ and u, and hence it can be seen as a
penalization for not taking the boundary values ¢ on Q. Let Q be a bounded
open set with Lipschitz-continuous boundary. If’# is a ball containing Q we
can use Theorem 2.16 to extend ¢ to a W!! function in # — Q, that we will
denote again by ¢. If we set for ve BV(Q)

_ ux) xeQ
W) =10k xed -0

the function v, belongs to BV(#) and by (2.15)

I/ 1+ Dvg)2 = [ /1 +Do* + [ J/1+|Do|?dx+ [ |v— @ldH,—1
B Q B-Q Q-

=Ju, Q+ | J/1+|Dg|*dx
E B—-Q

We have therefore an equivalent formulation of the Dirichlet problem: Given a
function ¢ € W*{(# — Q) find a function ue BV(4), coinciding with ¢ in # — Q
and minimizing the area .o/(v; #) among all function ve BV(%4) with v = ¢ in
#—Q.

We can now apply Theorems 1.19 and 14.2 and conclude at once the existence
of a minimum. We have therefore:

14.5 Theorem: Let Q be a bounded open set with Lipschitz-continuous boundary
0Q, and let ¢ be a function in L'(0Q). Then the functional

Fu; Q) = !}./1 + | Dul? +0L|u—<p|dH,,_1

attains its minimum in BV(Q).
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We shall prove now that any function u minimizing .# is regular (analytic)
in Q. To do this we show that the subgraph of u is a set of least perimeter, so
that we can use the regularity results of the first part. For that first we need
some results connecting non-parametric and parametric minimal surfaces.

14.6 Theorem: Let uc BV(Q) and let
U={x1)eQ xR t<u(x)}

be the subgraph of u. Then

(14.6) [/1+ Dul® =
Q

| Do |

QxR

Proof: Suppose first that u is bounded. By adding a constant we may suppose
that u > 1.

Let gi(x), ..., gn+1(x) be functions with compact support in Q satisfying

gl £1in Q, and let #(t) be a function with support in [0, supu + 1] such that
Q

n=1lin [1, supu], and || = 1.
Q

Let pi(x, Xn+1) = gxX)n(xn+1),i=1,...,n+ 1, we have || <1 in Q x R and
therefore

#

n+1
| 1Doul le; .Zl Dyyidxdxn+1 =

QxR

u(x) n

= (jldx(f) [gn+1n' (Xn+1) + N(xn+ 1)‘; Digd(x)]dxn+1

u(x)

Now | 7'(xn+1)dXn+1 =1
0

u(x)

and g Nn+1)dXn+1 = u(x) — ;f(l — N(Xn+1))dXn+1 = u(x) —c.

We have therefore

| IDoulZ falgn+1+u Y, Digi)dx
i<

QxR
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and hence
j. ID(PU| gfgﬂ/ 1+ |Du|2
QxR

To prove the opposite inequality, we remark first that (14.6) holds for C*-
functions, since in this case both members are equal to the area of the graph
of u elementarily defined.

Now let u;e C*(Q), u;—uin LY(Q) and for/1 +|Du;|? - [o /1 +|Duf*. We
have U;— U in L, (Q x R) and therefore

| Doyl £lim inffq. x| Doy, = lim fas/1 + | Du;|?
j— oo

QxR j= o

= [/1+|Dul*.
Q

Finally, writing (13.2) for
u(x) if |ul<T
ur(x) = T if u=T
~T if ug-T

and letting T— + co we get the full result. O

We now show that givén a set F we can decrease its perimeter by replacing
it with a suitable subgraph.

14.7 Lemma: Let F < Q = Q X R be a measurable set, and suppose that for some
T > 0 we have ‘

QAx(—ow, —TVcFcQx(—o, T).
For xeQ let
k
w(x) = lim ( | @r(x, t)dt — k).
k= —k

Then
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[VI+IDwP < | [Dorl.

QxR

Proof: We have
OFNQcQx (=T,T).

Setting
k
wie= [ or(x, t)dt —k
“k

and remarking that w, =wy for k, h = T we conclude that w(x) is a bounded
measurable function, and —TZw(x)< T.
Let now g(x) = (g1(x), ..., gn+1(x)) be in C§(€; R"*1) and satisfy |g| < 1 and
let n(t) be a smooth function such that 0 <y <1 and
nt)y=0 if [t|=T+1
nt)=1 if [t]<T.
We have
[ () pr(x, t)dt = 1

_Ofo n(t)or(x, t)dt = w(x) + T+ __fT ndt = w(x) + a,

T-

and therefore

n+1 a
f |Dor| z f @F(X, Xn+1) Z 3 L1190 dx s

= J{w+a) Z—+gn+1}dx = [Gue1 +wdivg)dx.

If we take the supremum over g we get the conclusion of the lemma. O

We now want to remove the restriction that dF nQ be bounded. We have
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148 Theorem: Let F be a measurable set in Q, and suppose that

(i) For almost every x€Q we have

lim ¢@Fp(x,t)=0

t— +

lim or(x, t) = 1.

t— —

(ii) The symmetric difference Fo = (F — Q™ )u(Q~ — F) has finite measure
Q™ ={(x,1)eQ,t<0}).
Then the function
w(x) = lim ([“ @r(x, t)dt — k)
k—

belongs to LY(Q), and

JV/I+IDwP < [1Dor.

Q

Remark: We observe that our hypotheses are redundant; in particular (ii) follows
from (i) and from the finiteness of the perimeter of F in Q, using the isoperimetric
inequality (1.19).

Proof: From (i) it follows that the sequence wy converges to w almost everywhere
in Q. Moreover

[Iwldx = |Fol,

Q

and since |wi| < |w| we have wy—w in L}(Q).
Now let

Fr=FuU[Q x(—o0, —k)]—[Q x (k, +00)].
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From the preceding Lemma we get

| 1+|DWkI2§ﬂD<PFk|§j|D(PFl + | ordH,+ j (1 — @r)dH,
Q Q Q Q x {k} Qx{—k}

and the conclusion follows from (i) and the lower semi-continuity of the area. [J
Let us now turn to non-parametric minimal surfaces. We have
14.9 Theorem: [MM2] Let u e BV 1,{(€2) be a local minimum of the area functional.
Then the set
U={x1)eQ xR t<u(x)}

minimizes locally the perimeter in Q = Q x R.

Proof. Let A < = Q and let F be any Caccioppoli set in Q, coinciding with U
outside some compact set K = 4 x R. It is clear that U, and therefore F, satisfies
condition (i) and (ii) of Theorem 14.8. The function w coincides with u outside
A and hence "

[ IDgul = [/T+[Dul? <[ /T+IDWE < [ |Dgrl. O
A A A AxR

xR

o
As a consequence of the above result we have

14.10 Theorem: Let ue BV ,(Q2) minimize the area functional. Then u is locally
bounded in Q.

Proof: Suppose that there exists a compact set K = Q such that u is not bounded
on K (for instance let supu = + oo).
K

Let R = 1dist(K, 0Q). For every He N there exists a point xe K such
u(x) > 2HR. It follows that the points z; of R"*!, whose coordinates are (x, 2iR)
(i=0,1,..., H) belong to U. From Proposition 5.14 we get

|UNB(zi, R)| = cR"*!
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with ¢ depending only on »n. But then
H
[ luldx= Y |U~B(zi, R)| = cHR"**
Kr i=1

where K = {xeQ:dist(x, K) < R}. Since H is arbitrary, this would imply that

| luldx = + oo, contrary to the hypothesis. O
Kr

It is easily seen that the above argument gives an estimate of sup|u| in terms
K

of R = 1dist(K, 0Q) and || u |11k, only. A second consequence of Theorem 14.9
is that the boundary of U, dU, is a regular hypersurface outside a closed set
2, with H,-¢(X) = 0 (see Theorem 11.8). We shall prove now that in the set

L=Q—projX

the function u is regular. To see that, it is sufficient to show that v,+; >0
on U — X. Suppose on the contrary that at a point xoedU — X we have
Vu+1(x0) = 0. Then in a neighborhood of x, it is possible to represent U as
the graph of a smooth function: '

x1=F(X2, ..., Xn+1)

F oF
(x0) = 0, >0,
Xn+1 0Xn+1

-

with

The function F is of course a solution of the minimal surface equation

"il 0 < OF/0x; )-—O

i=20xi\ /1 + |DF|?
and therefore, as in section 12, v = 0F/0x,+1 is a solution of the uniformly
elliptic equation

ntl g (1+|DF|2)5U——D,FDJF6_U -0
L2,0x | (14 |DF|?)3? 0x; ’
From the strong maximum principle (Theorem C7) we conclude that
O0F[0xy+1 =0 and therefore that v, vanishes identically in a neighborhood V/
of xo. Let I = proj V. We have H,-(I') > 0; moreover, if zeI, the vertical
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straight line through z contains a point x€ 0U — X with v,+1(x) = 0. It follows
from the above that if this line does not meet X, it lies entirely on dU. This is
of course impossible, since u is locally bounded, and therefore we must have

I'<projX.

But then H,-(X) > 0, a contradiction. O
14.11 Proposition: Let ue BV,(Q) minimize the area in Q. Then ue WL, 1(Q).

Proof: Let S = proj Z; we have seen that u is fegular in Q— S and H,-6(S) =0,
hence in particular [S| = 0. If 4 = = Q is an open set, we have

[1+Dul*= [ J1+|Dul*dx+ [ |Du]
A A-S SnA

n

since S has zero measure. On the other hand Theorem 4.4 tells us that
P(U, A xR)=H,/(0*UnA x R) and therefore

[1+Dul*= [ /1+|Dul*dx
A A—-S

so that | |Du|=0 and ue W} (Q). O

SnA
«

Since the area functional is strictly convex in W 11(Q), we have easily

14.12  Proposition: Let Q be connected and let ¢ € L'(0Q) and let u, v be two
minima of the functional:

J/1+1Dul*+ | |u—@|dH,-1.
Q i

Then v = u + const.

Proof: From the strict convexity we infer Du = Dv and therefore v = u + const. [J

We can prove now the regularity theorem.
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14.13  Theorem: Let ue BV, {(Q) minimize locally the functional

§/1+Dul?

Then u is Lipschitz-continuous (and hence analytic) in Q.

Proof: Let 4 = %(xo, R) be a ball in Q. We have

I/ 1+1DulPdx <[/1+|Dw]* + | |w—uldH,—,
B B 0B

for every we BV(%). Since the singular set S satisfies H,-6(S) = 0, we can find
a sequence S of open sets such that

ShD:)Sh+1 h=1,2,

NS =S5

heN

and
H,,—1(Sjﬂ(3.@)—>0

Let now ¢; be a smooth function on 04 satisfying

Qi=1u ill 693—8;
sup|o;| < 2sup|ul,
0B 0B

and let u; be the (unique) solution of the Dirichlet problem with datum ¢; on
0% (see Theorem 12.10). The functions u; are smooth in %, and moreover
sup|u;| < 2sup|ul.

E oA

We have

(147) [ /14 |Dujl*dx < [ /1 +|Dw* + [|w— @;|dH, 1
] ] ]
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for every we BV(4).

From the a-priori estimate of the gradient (Theorem 13.5) we conclude that
the gradients Du; are equibounded in every compact set K < 4. By the Ascoli-
Arzela theorem a subsequence, that we shall again denote by uj, will converge
uniformly on compact subsets of 4 to a (locally) Lipschitz-continuous function
v. Taking w = 0 in (14.7) we get

[/1+[Du;|* <|B| + |@;ldHq-1 < const.
B 0B

and therefore ve W(%). ' ,

We want to prove that v has trace u on 4. For that, let ye 0% be a regular
point for u. For j sufficiently large, y € 0% — S; and therefore for all k> j o = u
in a neighborhood of y in d%. We can therefore construct two functions, ¢ *
and ¢, of class C? on 04, such that

6)] ¢@* = u in a neighborhood of y in 0%
(i1) 0" Z <@ in 04 for every k > .

Let u* be the solutions of the Dirichlet problem with data @* respectively.
We have

u Su = u* Yk >]
and therefore

u  Zv<ut.

IIA

We can therefore conclude that v = u at every regular point ye 0% and hence,
since H,-1(S) = 0, that v has trace u on 04.
Passing now to the limit in (14.7) and remarking that ¢; —u in L'(0%) we have

(148) [/1+|Dv]Pdx< [/1+|Dw]* + [ |w—uldH,—1
B B 0B

and since v = u on 04, the function v, as well as u, minimizes the functional on
the right-hand side of (14.8). By Proposition 14.12 v = u + const and since v = u
on 0% we get v = u. This proves that u is Lipschitz-continuous, and hence
analytic, in Q. 0



15. Boundary Regularity

We shall now discuss the boundary regularity of non-parametric minimal sur-
faces. For that we first need some lemmas.

151 Lemma: Let E and F be Caccioppoli sets. Then for any open set A = R™

(15.1) [ID@eor| + [ID@enr| < [ID@El + [|Dor|.
A A A A

Proof: Let f and g be smooth functions, with 0 <f<1,0<g <1, and let
o=f+g9-tg V=1

We have easily
Dol = (1 —f)IDg| + (1 —g)|Df]
IDY| = f1Dg| + g|Df]

and therefore
[IDo| + [IDy| < [|Df| + [|Dgl.
A A A A

Now let f; and g; two sequences of smooth functions converging to ¢z, ¢r
respectively, and such that [|Dfj|— [|Dggl; [|Dgjl— [IDor| (Theorem
A A A A

1.17).
Since ¢;— @ror and Y — @g~r we get at once (15.1) from the semi-continuity
theorem 1.9. o,

15.2 Remark: A consequence of the above Lemma is that if F and E have least
perimeter in A4, and if EAF =(E— F)U(F—E)c c A4, then EOUF and EnF
have least perimeter in A. Indeed, EUF = FU(E — F)and EnF = E —(E — F),
and therefore ‘
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{1D@Eor| 2 [| Dol
§ID@Eqr| Z [ Dol
so that by (15.1) the equality sign holds in both the above expressions.

153 Lemma: Let E = E{ UE; and let H,—1(E1 " E;) = 0. Then for any open
set A we have

(152) [|D@g| = [|Deg,| +£ID<pszl

A A

Moreover if E has least area in A, the same is true for E; and E,.

Proof: We have
H,_(0*E{N0*E,;) = H,—1(0*E{ U0*E, — 0*E) =0

and hence for any open set 4:
[ID@E,| + [1D@E,| = Hi—1(0*E1 N A) + Ha— 1(0*E2 N A)
A A
A

Comparing with (15.1) we obtain (15.2). Suppose now that E has least boundary
in A, and let F be a set coinciding with E; outside some compact set K = A.
We have

[1D@r| + [ID@E,| 2 [I1DroE,| Z [| Dokl
A A A A

since F U E; coincides with E = E; U E; outside K. The minimality of E; now
follows from (15.2). In a similar way we can prove that E, has least perimeter. [J

154 Lemma: Let Q be an open set in R", and let v:Q— R be a solution of the
minimal surface equation. Let V be the subgraph of vandlet Ec Q =Q x Rbea
Caccioppoli set coinciding with V outside some compact set K = Q. Then
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(15.3) [IDov| < [|Degl
K K

with equality holding if and only if E = V.

Proof: Inequality (15.3) is an immediate consequence of Theorem 14.8. The last
assertion follows from the uniqueness of the solution to the minimal surface
equation (Proposition 12.10). O

15.5 Theorem: Let E be a minimal cone in R" with vertex at 0, and suppose that
E is contained in the half-space H = {xe R":x, <0}. Then E = H.

Proof: The theorem is trivially true if n = 2. Suppose that it holds for n — 1.
We show first that it is possible to assume that dE n 0H contains only singular
points for JE. Actually, if xoe 0*E n0H, then 0H is the tangent plane to JE at
Xo and in a neighborhood of xo, E can be represented as the graph of a
non-negative solution u of the minimal surface equation. From the strong
maximum principle (Theorem C.7) we have u =0 near x,. Since the singular
set of OE, 0E — 0*E, has dimension less than n— 7, we can conclude that
0E > 0H and therefore E = H— E;, with 0HNJE; < 0E — 0*E and there-
fore H,—y(H' nE;)=0, H = R"— H. From Lemma 15.3 applied to E' =
R" — E it follows that E; is a minimal cone and satisfies 0*E; n0H = .
We now split into cases as follows
(@) JEn0H = {0}. This means that for every ¢>0 the set E,= E—H, =
E — {xeR":x, < —¢} is relatively compact and non empty. Since both H,
and, by Remark 15.2, H. UE = H, U E, have least perimeter, if A is an open
set containing E. we have

{|D@n,| = [|Dpn,-E,|
A A

contradicting the preceding Lemma.

(b) OENJdH3x0 #0. In this case the half-line Oxo is contained in 0E ndH. If
we blow up E near x, (taking E; = {xe R":xo + j~'x € E} and letting j — c0)
we get a minimal cylinder C satisfying the hypothesis of the theorem, and
therefore a minimal cone with vertex in O contained in a half-space in R~ 1.
Since we have supposed that the result holds in R"™?, this cone must
coincide with the half-space and thus the theorem is proved. O
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Before proceeding further, we recall some definitions.
Let 4 be an open set in R", and let ve BV(A). We say that v is a supersolution
if for every non-negative ¢ € BV(A) with compact support we have

[/ 1+1Do]? < [/1+]D@+ @),
A A

When ve W' 1(A), it is easily seen that v is a supersolution if and only if

D;vD;
f#dx§0 YpeCY(A). ¢ 2 0.

1+ |Dv]?

Moreover, if ve C?(A), this is equivalent to

DiU
154) Di{———><0.
(154 {4/1+|Dv|2}_

Let v be a supersolution in A, and let V' be its subgraph. It follows easily from
Theorem 14.8 that for any compact set K < C = = 4 x R we have

(15.5) [IDoy| < [| Doy okl
o c

Now let Q be an open set with C2-boundary 0Q, and let xoe€dQ. If 0Q has
non-negative mean curvature it is possible to represent it near xo as the graph
of a function v satisfying (15.4). This means that there exists an open set B
containing xo such that ’

“D(Pnl = _“D(Pﬂuld
B B

for any compact set K < B.

15.6 Definition: Let Q be a Caccioppoli set, and let B be an open set with
BN oQ # @f. We say that 6Q has non-negative mean curvature in B if

(15.6) £|D<Pﬂ| < £ID<PQL;K|

for every compact set K = B. If xo € 0Q and 0Q has non-negative mean curvature
in some open set B containing xo we say that the mean curvature of 0Q is
non-negative near Xxo.
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157 Lemma: Let 0Q have non-negative mean curvature near xo, let Q = Q x R
and let toeR. Then 0Q has non-negative mean curvature near zo = (Xo, to).

Proof: Let B be a neighborhood of x, such that (15.6) holds, and Ilet
C=Bx(to—1,to+1). If K< Cis compact and |t —to| < 1, we set
K, = {xeR"(x, t)eK}.

We have

{IDgal < [IDpauk,|

B B
and the conclusion follows by integrating over ¢t and by remarking that by
Lemma 9.8

tot1

o
§ dt[IDpauk,| < [IDpauk] O
to—1 B C

From Lemma 15.1 we get easily

15.8 Proposition: Let B be a ball in R"** and let U = Q be a Caccioppoli set with

least perimeter in Q N B. Suppose that 0Q has non-negative mean curvature in B.
Then U minimizes the perimeter in B.

Proof: We may suppose that P(U) < + co. Let E be any set coinciding with U
outside some compact set contained in B. Since U minimizes the perimeter in

QN B we have
“DQDU' < HD(PQnEL
B B

On the other hand we have

[ID@o| < [ D@guEl
B B

and therefore from (15.1)
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[ID@E~gl < [ Dgg.
B B
In conclusion
[I1Dgu| < [| D@l O
B B

We can now state our boundary regularity theorem.

15.9 Theorem [MM7]: Let Q be a bounded open set in R" with Lipschitz-
continuous boundary 0Q, and let u be a minimum for the functional

f(u)=(flml7+a£lu—<pldH,,-1.

Suppose that 0Q has non-negative mean curvature near Xxo and that ¢ is con-
tinuous at xo. Then

(15.7)  lim u(x) = @(xo).

X—xg

Proof: If we had

lim supu(x) > ¢(xo) Y

X xq
there would exist a sequence x; — xo such that

(15.8) lim u(x;) = A > @(xo0).

j= o

We shall prove that this would lead to a contradiction.

Assume first that 0Q is of class C! near xo, and suppose that (15.8) holds.
Since ¢ is continuous at xo, there exists a ball B = B(zo, R), centred at zo = (xo, A),
not intersecting the graph of ¢. This implies that U minimizes the perimeter in
Q—A_E. Since dQ has non-negative mean curvature near zo, we can conclude
from Proposition 15.8 that 0U has least area in B. We now blow up U near zq
obtaining a sequence '

Uj={zeR""; j 'z +2z0e U}
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of minimal sets in B(0, jR), with
UjcQj={zeR"Y j 24+ 20€Q}.

Arguing as in Theorem 9.2 we conclude that a subsequence of U; converges
to a minimal cone C with vertex at 0. Since dQ is C' near x, the sequence Q;
converges to a half-space containing C.

From Theorem 15.5 it follows that C is a half-space, and from Theorem 9.4
we conclude that dU is regular near zo. This means that near zo, both 0U and
0Q can be represented as graphs of two functions w and v, respectively a solution
and a supersolution of the minimal surface equation, with w <v and w = v at
some interior point. From the strong maximum principle it follows that w=v
and therefore U = dQ near zo, a conclusion that contradicts (15.8). We have
therefore

lim supu(x) < @(xo)

x—=Xg

and since —u minimizes the area with boundary datum — ¢:

lim infu(x) = @(xo)

x—Xg

so that (15.7) holds. In order to conclude the proof of the theorem we shall
show that if (15.8) is satisfied, then dQ must be smooth near xo. For that, suppose
-that 0Q can be written as the graph of a Lipschitz-continuous function
X1 = wW(X2, ..., Xa+1) in a ball # < R" centred at & =(x9, ..., x9, A), with
X1 <W(X2, ..., Xa+1) in Q. 4

Let v be a function minimizing the area functional with boundary datum w
on 0%. Since w is a supersolution we have v < w in 4. We shall prove that
v(€) = w(&). Suppose on the contrary that v(£) < w(¢), and for ¢ > 0 let U*® be
the set U translated by —¢ in the x;-direction:

U= {xeR"":(x1+¢ X2, ..., Xur1)eU}.
Since (W(&), &) e U, for ¢ small enough the set U? — V'is compact and non-empty.
By Remark 15.2 it follows that ¥'nU?® has least perimeter, contradicting
Lemma 15.4. We have therefore v(&) = w(&). From the strong maximum principle

(Theorem C7) we conclude that v = w in B, so that w is regular there. O

In particular, if JQ has non-negative mean curvature and ¢ is continuous,
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we have ue C(Q)) and u = ¢ on 0Q. Hence Theorem 13.6 is a special case of
Theorem 15.9. When the mean curvature of 0Q is negative, we cannot say in
general that u = ¢. Nevertheless L. Simon has proved some interesting regularity
results which we will only state, referring to the original papers for the proofs.

15.10 Theorem [SL17]: Let 0Q be of class C* in a neighborhood B of xo, and let
0Q N B have strictly negative mean curvature. Suppose that ¢ is Lipschitz-
continuous on 0QN B, and let u minimize the functional ¢. Then u is Holder
continuous in QN B and the trace of u is Lipschitz-continuous in dQ.N B.

Simon has also investigated in [SL3] the behaviour of u at those points
Xxo€0Q where the mean curvature # of 0Q is zero. In general, u may have
discontinuities at these points, even if # < 0 near xo and ¢ is constant. On the
other hand if # changes sign at xo€0Q and if 6#(x0) # 0 (6 denoting the
tangential gradient on Q) then u is continuous at xo. A more general result is
proved in [WG].

We shall conclude this section with a brief discussion of the uniqueness of
the function minimizing the area functional

F W) = fa/1+|Dul® + [solu—@|dH,-1.

We have already seen that two minima of # may at most be different by an
additive constant (Proposition 14.12). From Theorem 15.9 we deduce imme-
diately that if Q is bounded, dQ is of class C? and ¢ is continuous, then ¢ has
exactly one minimum point. To show that, we only have to notice that, since
Q is bounded and 9Q is smooth,“there is at least one point xo € dQ where the
mean curvature of dQ is positive (actually one can show more, namely that all
the principal curvatures of 0Q are positive at some point xo € Q).
Since ¢ is continuous, we have

Iim u(x) = ¢(xo)
for any minimizing function u, and the uniqueness follows from the above-
mentioned Proposition 14.12.
The assumption that 0Q is smooth can be released. In fact, we have

15.11 Theorem: Let Q be a bounded open set in R" with Lipschitz-continuous
boundary and let ¢ be a continuous function on 02 Then the functional ¢ has
exactly one minimum point.
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Proof: Let 4 be a ball containing Q with 0% N 0Q = {xo}, and let ¢ > 0. Since ¢
is continuous, there exists ae R" such that for every x € 0Q:

@(x) = p(xo) + & + <a, X — X0
The maximum principle now implies that u(x) < ¢(xo) + & + <{a, x — X0 in Q

and therefore

limﬁsupu(x) < @(x0) + .
In a similar way:
lim infu(x) = @(xo) — ¢
x—xo
and hence
lim u(x) = @(x0)
x—xo

from which uniqueness follows. O

We remark that the point xo here need not be a point of positive mean
curvature in the sense of Definition 15.6. When ¢ is not continuous the above
arguments fail, and we may have non-uniqueness.

15.12 Example [SE]: Let Q be the set in ﬁ'gure, bounded by four similar arcs

of a circumference of radius p centred at the points (+ 1, +1). Taking 1 < p < \/5,
the boundary of Q is Lipschitz-continuous.

41

[
’
]
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)
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Let =M on S; and S3, ¢ = —M on S, and S4, where M is a constant
that we shall fix later. Due to the symmetry of the data and to the convexity
of ¢, we may conclude that if z(x, y) minimizes ¢, the same is true for

v(x, y) = 3(z(x, y) — z(—x, y))
and
u(x, y) = 3(v(x, y) — v(x, —y)).
In conclusion we can suppose that our minimum u(x, y) satisfies
(15.9) u(x, 0) = u(0, y) = 0.
Consider now the annulus of interior radius p and exterior radius ﬁ centred

at(1.1), and let w(x, y) be the solution of the minimal surface equation constructed
in Example 12.15. We have

w =0 on dB_s; 0=w=Mo
ow
Fo + 00 on 0B,.

Let us consider the set Qq, intersection of Q with the first quadrant. We have
0
0 = u(x, 0) < w(x, 0); 0 =u(0, y) <w(0, y) and since a_w = —o0 on §; we may
v
apply the maximum principle (Lemima 12.13) concluding that u < win Q. In par-
ticular, taking M > M, we have u < Mo < ¢ on S;. The same argument shows
that u < Mo < ¢ on S3, whereas u = — Mo > ¢ on S; U S4. It is now a simple
matter of computation to show thatif|c| < M — Mo we have #(u + ¢) = #(u). O



16; A Further Extension of the
Notion of Non-Parametric
Minimal Surface

The theory developed in the two previous sections, and in particular the notion
of non-parametric surfaces as graphs of BV functions, though very useful in
many respects, is not completely free from limitations.

In the first place, the functions under examination belong to BV(Q), and
therefore must have finite area. This precludes the treatment of the Dirichlet
problem in unbounded domains Q of infinite measure, or even in bounded
domains with infinite data. ‘

A second unpleasant feature, which contrasts strongly with the parametric
case, is that — generally speaking — limits of non-parametric minimal surfaces
may not be non-parametric in the above sense (i.e. graphs of BV-functions). A
simple example of such behaviour is a sequence of hyperplanes converging to
a vertical hyperplane. In general, to conclude that the limit is again the graph
of a BV-function, one has to get uniform estimates (e.g. for the BV-norm, or
even for the L*-norm, on compact subdomains) that even when they exist are
not always simple to prove.

In order to avoid such disadvantages, we shall extend the notion of non-
parametric minimal surface in such a way that these new objects share the
simplicity of the graphs with the flexibility of the general parametric surfaces.

Our starting point will be the relation between a function ue BVi0(Q) and
its subgraph ’

U={(x1)eQxR;t<ux)}

We have proved in 14.6 that for any open set 4 < < Q we have

[VI+1Dul = [ Dgol.

AXR

Moreover, u is a local minimum for the area in Q if and only if U has locally
least perimeter in Q x R (Theorem 14.9).

These remarks justify the following definition. We shall consider functions
u:Q— [ — o0, + o0], taking possibly the values + o0 and — oo on sets of positive
measure, and their corresponding subgraphs U.
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16.1 Definition: Let u:Q — [ — oo, + 00] be a measurable function. We say that
u is a quasi-solution of the minimal surface equation (briefly:a quasi-solution)
in Q if its subgraph U locally minimizes the perimeter in Q = Q x R.

In other words, u is a quasi-solution if for every V < Q, coinciding with U
outside some compact set K < Q, we have

{I1Dou| < [|Doy|
X k

It follows from Theorem 14.9 that every non-parametric minimal surface is a
quasi-solution. In particular every classical solution is a quasi-solution. Con-
versely, if a quasi-solution belongs to L[ (), then it is locally bounded in Q
(Theorem 14.10) and therefore it is a non-parametric minimal surface. Moreover,
u i1s smooth in Q and it is a solution of the minimal surface equation.

16.2 Example: Let E = Q have least perimeter in Q. Then

4+ xeE

(16.1) u(x)z{_OO X¢E

is a quasi-solution. :

Let V coincide with U = E x R outside some compact set K< Q = Q x R.
Let Ac =«cQand T>0 be such that Kc A=A x (=T, T).

For —T<t< T set

-

V= {xeQ:(x, t)eV}.
We have V; = E outside 4 and hence
[IDge| < [ Doy, .
A A
Integrating with respect to t and using Lemma 9.8:
T
[ IDou| = 2T[|Doe| < [ dt[|Doy,| < [ [Dovl.
Ar A T A At

The converse is also true; namely, if u in (16.1) is a quasi-solution then E has
least area in Q.
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For otherwise there would exist a compact set K = Q, a positive number 9,
and a set F coinciding with E outside K such that

[IDor| < [ID@E|— 6
K K

For T> 0 set

Foe F xR in Kr=Kx[-T,T]
" 1ExR=U outside Kr

We have

J ID¢FT|§K§ |D¢FXPI+2IK|§Kj |Dou| — 276 + 2| K| <

Kr
< I|D¢U‘
Kr
whenever 76 > |K|. But in this case U would not be a local minimum for the

area in Q x R.

16.3 Lemma: Let {u} be a sequence of measurable functions in Q, and suppose
that the characteristic functions of the subgraphs, ¢u,, converge in L (Q) to ¢u.
Then U is the subgraph of a measurable function u:Q — [ — oo, + o] and a sub-
sequence extracted from {u} converges almost everywhere to u.

Proof: For xeQ and V < Q we define
V¥ = {teR:(x, t)eV}.

For every compact set K = Q and every 7> 0 we have

T
lim {dx | |u; —@u*ldt =0

k- oK =T

and therefore passing to a subsequence we can suppose that

lim [T @uy — @uxldt =0

k— o0
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for every T> 0 and for almost every xeQ.

Since Uj is the half-line (— oo, ux(x)), the set U™ must be itself a half-line
(possibly F or R) for almost each x. Setting

u(x) =supU~

we get immediately that U is the subgraph of u, and that uy(x) converge almost
everywhere to u(x). O

We note that the converse is also trivially true; namely that if u, — u a.e. in
Q then Qu,. = Qu in Llloc(Q)‘

We can now prove the following result, which gives a negative answer to the
problem of regularity of parametric minimal surfaces.
164 Theorem [BDGG]: The Simons cone

S={xeR™x{+...+xF>x2 +...+x%,)

has least perimeter in R?", for n = 4.

Proof [MAM]: For xeR?" we set
Y =(X1, X2, cvy Xn); Z = (Xn41, ..., X2n)

and

v(x) = (Iy1> = 12)(Iy1* +|z]).
If & is the minimal surface operator defined in (12.9) we find easily:
E@) = 4yI? =1z {(n+2)[1 + 16(y|° +|2/°)] —
= 48(1y> + 1z (Uy1* + 1214}

For n Z 4 the quantity within brackets is positive and therefore v is a subsolution
(6(v) 2 0) in S and a supersolution in R?" — §. If we set for k > 0,

vi(x) = k™ to(kx) = k3v(x)

we can prove easily that
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&(ve)(x) = ké(v)(kx)

and hence the same conclusion holds for vy.

Now consider the Dirichlet problem for the area functional (12.1) in the ball
Bg, with boundary datum v, on 0Bg, and let u; be its unique solution (Theorem
12.10). From the symmetry of v, we deduce that u, = 0 on S and therefore
from the maximum principle (Lemma 12.13) we conclude that ux = v in S and
Ug § Uk in BR — g

Let now k— oo; the sequence vx (and hence ux) tends to + oo in S and to
— o0 in Bg — §. By Lemma 16.3 the function

u(x) = 4+ xeS
- — o0 XGBR—S_

is a quasi-solution in Bg, so that from Example 16.2 we conclude that S minimizes
perimeter in Bg. O

A second consequence of Lemma 16.3 is the following general compactness
result for quasi-solutions.

16.5 Proposition: Every sequence {ux} of quasi-solutions in Q has a subsequence
converging almost everywhere to a quasi-solution.

Proof: Let K be a compact set contained in Q = Q x R. Without loss of generality
we can suppose that K has smooth boundary. Comparing U; with U; — K we
get at once

I§(|D¢u,.l < Hy(0K)

and therefore by Theorem 1.19 we can extract from ¢y, a subsequence converging
in LY(K). By means of a diagonal procedure we can select a subsequence Uy
such that ¢y, converges in Li,(Q) to the subgraph U of some function u, and
such that ux — u almost everywhere in Q.

By Lemma 9.1, the set U has least perimeter in Q, and hence u is a quasi-
solution. 0

As we have remarked, a quasi-solution u may take the values + oo and — o
on sets of positive measure. We set

(162) P = {xeQ:u(x) = + o}
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and
(16.3) N = {xeQ:u(x) = —oo0}.

In the following we shall investigate the circumstances under which a quasi-
solution is a classical solution.
A first step in this direction consists in the study of the properties of P and N.
We remark that if u is a quasi-solution, the same is true for —u, and that a
change of sign in u interchanges P and N. It is therefore sufficient to discuss
the properties of one of these sets, for instance of P.

16.6 Theorem: Let u be a quasi-solution in Q = Q x R. Then P has locally least
perimeter in Q.

Proof: The functions
uj(x) = u(x) —j

are obviously quasi-solutions in Q. As j — o0, the sequence u; converges almost
everywhere to the quasi-solution

+o xeP
ulx) = {—oo x¢P

and therefore as in the Example 16.2 we conclude that P minimizes the
area. O

Before proceeding further, we recall that we can always assume that for every
set E under consideration the inequalities

0 <|En%Br(x)| < wsR"
hold for each R > 0 and xedE (see Remark 3.2).
From Proposition 5.14 and from the minimality of P we infer at once that
for every xoeP and every R, 0 < R < dist(xo, 0Q2) we have:

| PN ABr(xo)| 2 cR"

This implies that if 4 = Q is open and [P A| =0, then PnA = &.
Even better, if P # ¢ then
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|P|>co"
where § = supdist(x, 0Q).

xeP

16.7 Proposition: Let u be a quasi-solution in Q, and let P = (&. Then u is locally
bounded above in Q.

Proof: Suppose not. Then there exists a sequence {x;}, convergent to a point
Xxo€Q such that u(x;) > j.

Let 2R < dist(xo, 0Q), and suppose that |x; — xo| < R.

Let U; be the subgraph of u;(x) = u(x) — j. We have u;(x;) > 0 and therefore
the points z; = (xj, 0) belong to U;.

By Proposition 5.14 we have

|U;jN Br(zj)| > cR*™
and hence
(164) lUijZR(ZO)l > CR"+1.

When j— oo, U; converge locally to P x R, which would be non-empty by
(16.4). O

In particular, if both P and N are empty (or, equivalently, if P and N have
zero measure) the quasi-solution u is locally bounded and therefore it is a
classical solution. ’

This remark and Proposition 16.5 show the flexibility of the notion of quasi-
solution. Given a sequence of quasi-solutions (in particular of solutions) one
can always select a subsequence converging to a quasi-solution, without any
a-priori estimate.

The limit will be a classical solution if P and N are empty. In this case it is
sometimes possible to get a-posteriori uniform bounds for the norms of the
converging solutions.

As a first example of the use of the method we shall consider the problem
of the removal of singularities.

168 Lemma [MM9]: Let Q be an open set in R"*, and let S be a closed set
in Q, with Hi(S) = 0. Let U be a set of least perimeter in Q — S. Then U has
least perimeter in Q.
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Proof: Since H,(S) = 0, there exists a sequence {S;} of open sets with piecewise
smooth boundary such that S;>S;,1 > " > S and

(16.5) |Sj|—0, Hu3S;)—0.
Now let V' be a set coinciding with U outside some compact set K < Q. Setting

Vj= V .inQ—Sj
U in§;

we have V; = U outside K — S; = Q — S and therefore if A4 is any open set with
KcAc cQ: \

§ IDoul= | |Dov,| < [|Dov|+ Hi(0S)).
A%, A%s; 4

J J

Passing to the limit as j — oo we get

(16.6) | Doyl §£|D(PV[-

A-S

On the other hand we have from Theorem 4.4:

£ID</Ju| = H,(0*UnA) = H(*Un(4—-5)) = A[SIDfpul

since H,(S) = 0. p
Comparing the last equation with (16.6) we get the conclusion of the
lemma. 8

16.9 Theorem (Removal of singularities). Let Q be an open set in R", and let Z be a
closed set in Q with H,- (%) = 0.
Let ueC*Q — X) be a solution of the minimal surface equation

"0 Ou/0x;
(16.7 —{—} =0
: i=210xi 1+ [Dul?

in Q — X. Then u can be extended to a solution of (16.7) in the whole of Q.
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Proof: let U be the subgraph of u; U has least perimeter in
0-SQ@=QxR, S=XxR).

Since S is closed, and H,(S) = 0, U minimizes the perimeter in Q, so that u
is a quasi-solution in Q.

On the other hand, since ue C*Q — X), we must have P < X and N = ¥ and
hence, since X has zero measure, P = N = (.

It follows from Proposition 16.7 that u is locally bounded in Q, and hence
u can be extended to a classical solution in Q. O

The above theorem was proved by J. C. C. Nitsche [NI2] in the case n = 2,
and by E. De Giorgi and G. Stampacchia [DGS] with the additional assumption
that X is compact (so that the singular set does not touch 9. We note that
this is practically satisfied in dimension n = 2 due to the condition H;(Z) = 0).
The proof given here is due to M. Miranda [MM9]. Different proafs have been
obtained independently at about the same time by G. Anzellotti [AN] and
L. Simon [SL2].

The reader will recognize the similarity between Theorem 16.8 and analogous
results for harmonic functions, and more generally for solutions of elliptic partial
differential equations. We remark that here we do not need any assumption on
the behavior of u near X.

We shall turn now to quasi-solution of the Dirichlet problem, in situations
that cannot be treated by means of the theory developed in section 14, as for
instance the Dirichlet problem with infinite data. As we shall see, this problem
fits quite well in the framework of quasi-solutions.

The simplest example of non-parametric minimal surface taking infinite values
at the boundary is the so-called Scherk’s surface:

u(x, y) = logcosx — fog cos y

in the square Q = {(x, y)eR*:|x| <n/2, |y| < n/2}.

The existence of non-parametric minimal surfaces taking the values + co or
— o0 on prescribed parts of the boundary, and possibly finite values on the
other portions of 0Q, was discussed by Jenkins and Serrin [JS1] in the-two-
dimensional case. Later, J. Spruck [SP] extended this result to surfaces of
constant mean curvature, and U. Massari [MU] proved the existence for general
mean curvature and arbitrary dimension. We shall follow here his proof.

Let us begin with the definition of quasi-solution for the Dirichlet problem
with (possibly) infinite data. Let Q be a bounded open set in R" with Lipschitz
continuous boundary 0Q, and let # be a ball containing Q. Let
Y:#B—[ —oo, +00] be a measurable function such that its subgraph ¥ is a
Caccioppoli set (i.e. has locally finite perimeter) in # x R.
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16.10 Definition: A measurable function u: % — [ — oo, + o0 ] is a quasi-solution
of the Dirichlet problem with boundary datum  on 0Q if:

i) U =W outside Q x R

ii) for any set V coinciding with U outside some compact set K = Q x R
we have

[I1Doul < [|Dgy|.
K K

We have the following existence result.

16.11 Theorem: Let Q be a bounded domain with Lipschitz-continuous boundary,
and let Y be a measurable function in whose subgraph W is a Caccioppoli set in
B xR

The Dirichlet problem with boundary datum Y on 0Q admits a quasi-solution.

Proof: For k > 0 we set

ko ifg) >k
Yilx) = Y(x) i [Ylx)| <k
—k if () < —k.

The function ¥, belongs to BV(#), and therefore the Dirichlet problem with
data Y on the boundary has a Solution uxe BV(%#) (Theorem 14.5).

In order to go to the limit as k — + oo we want to derive a uniform estimate
for the perimeter of Uy over compact subset of # x R.

ForT>0and Ac%let Ar = A x(—T, T),and let W = U,uQr. We have

| IDCPuklég)I [Dow| <[ [Dpy, | +4TH,-1(0Q) + 2|Q| < o(T)
2T Bar

2T

and therefore by Theorem 1.19, arguing as in Lemma 16.3 we can extract a
subsequence, that we shall denote again by ux, converging almost everywhere
to a measurable function u.

Let U be the subgraph of u. It is clear that U = ¥ outside Q x R. Now let
V be a Caccioppoli set in # x R, coinciding with U outside some compact set
KcQxR. Let T>0,let A be an open set, Q « = A = = 4, such that K < Ar,
and define
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v, = V in AT
T U, outside A7.

If k > T, V, coincides with U, outside Qr = A,7, and therefore:

j‘ |D¢Uklé f ID(ka’

Az Azt

This inequality is equivalent to

(16.8) | |Dou,|< [ |Dov|+ | louv,— @uldH,
A e Py

since V' = U outside K < Ar.

We can now choose 7 in such a way that the last integral in (16.8) tends to
zero when k — co. Passing to the limit and using the lower semi-continuity of
the perimeter (Theorem 1.9) we get the conclusion of the theorem. O

In general the quasi-solution u given by Theorem 16.10 takes the values + oo
or — oo in nonempty subsets of Q. Our goal is to give necessary and sufficient
conditions under which the quasi-solution u is a classical solution in Q, and
takes the value  on 0Q. We shall begin by deriving necessary conditions.

16.12 General Hypothesis: In order to simplify the discussion we shall make
some additional assumptions on Q and ¥. More precisely, we shall suppose that
0Q is Lipschitz-continuous and that there exist three open sets 4o, 4+ and A -
with the properties: ’

) Yx)= in Ay

i) yis contmuous in Ao

1) 0Q = FouF+ ul'-u A, where T'g = 5Qon, I's =0QNnA+ and
Hy—y(N) =

iv) T4 and I'- are C2-hypersurfaces.

The next result improves Theorem 16.5.
16.13 Theorem: Let u be a quasi-solution of the Dirichlet problem with boundary

data y on 0Q. Then P minimizes the perimeter among all sets coinciding with A +
outside Q
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Proof: With the argument of Theorem 16.5 we prove that the function

() + o0 xeP
wlX) = .
— oo otherwise

is a quasi-solution with boundary value

+oo xeA+
Valx) = { — oo otherwise.
The conclusion follows as in Example 16.2. O

It is easily seen that the conclusion of the preceding theorem is equivalent
to the assertion that P < Q minimizes the functional

(16.9) #+(E) = [|D@g| + [ |og— or, |dHu-1.
Q oQ

Similarly, N minimizes the perimeter among all sets coinciding with A - outside
Q, and hence N < Q minimizes

(16.10) 7 -(E) = [|Dgg| + | |¢g— @r_|dH,-1
Q Q

among all sets E = Q.

If we want u to be a classical solution in Q (ie. PnQ=NnQ =), a
necessary condition is therefore that the empty set is a minimum for ¢ + and # —.

In particular, this implies that I'+ and I" = have non-positive mean curvature,
(see 15.6). -

A second necessary condition is given by the following.

16.14 Proposition: Let xo€0Q and suppose that there exists a solution u(x) of
the minimal surface equation in Q, such that

(16.11) lim u(x) = + oo.

X=X

Let 0Q be smooth near xo. Then the mean curvature of 0Q at xo is hon negative.

Proof: Suppose on the contrary that the mean curvature at xo is less than zero.
Then we can construct an open set Q; < Q, with C2-boundary, such that
0Q1 N 0Q = {xo} and with negative mean curvature at xo.
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For xeQ; let di(x) = dist(x, 0Q;) and let R > 0 be such that
Ad; 2 e0>0 in Q1N Br(xo).
As in 12.14, the function
v(x) = o — pdi?, B> e5 V?

is a supersolution in Q; N %r. Taking

a= sup u-+ fRY?

OBRNQ

we have v = u on 0%r N Qq and hence by Lemma 12.13 v 2 u in ZrNQ;. This
contradicts (16.11). O
Combining the two preceding results we obtain the necessary condition for
the existence of a classical solution that I and I'- have zero mean curvature.
With regard to I'o, we recall that a necessary and sufficient condition for the
general solvability of the Dirichlet problem with continuous boundary data
was that the mean curvature of dQ be non-negative (see section 12). This
condition is also necessary in the more general case under examination.

16.15 Proposition: Let u be a classical solution of the minimal surface equation
in Q taking the value  on 0Q, and let xoeI'*. Then

(16.12) im Tu(x) = v(xo)

x=Xq
where v is the exterior normal to 0Q and

Du

1+ |Dul?

Tu =

Proof: Let A+ be as in 16.12, and let Zg = A+ be a ball centred at x, such that
0QN%r =T+ and QN Ay is the graph of some function w. Since '+ has zero
mean curvature, w is a solution of the minimal surface equation and therefore
A+ — Q has least perimeter in #r (Theorem 14.9). Arguing as in Example 16.2
we infer that L = (4+ — Q) x R has boundary of least area in Zr x R.

Now let x;— xo, and let uj(x) = u(x) — u(x;).
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The subgraph U; of u; minimizes perimeter in Q x R and therefore by
Proposition 15.7 in g x R.

When j — oo we have u(x;) = + co and hence U converges to Lin L (%r x R).
By Theorem 9.4 we get

vi(xo, 0) = lim vYi(x;, 0).

j— oo
On the other hand we have vE(xo, 0) = (—v(xo), 0) and
v0i(xj, 0) = (— Tu(x)), (1 + | Du(x;)[*)~*/?)

proving (16.12). O
In a similar way we show that lim Tu(x) = — v(xo) for xoel -.

X=X

As an immediate corollary we get

16.16 Theorem (Uniqueness of the solution): Let Q and s be as in 16.12, and
consider the Dirichlet problem

divTu=0 inQ
u=1y ondQ.

(16.13) {
Then:

i) if To # (& the problem has at most one classical solution;

i) if ['o = & any two solutions of (16.13) differ by an additive constant.

Proof: It follows at once from (16.12) and Lemma 12.13. O

Let us continue the investigation of necessary conditions for the existence of
solutions to the Dirichlet problem (16.13).

16.17 Proposition: Suppose that there exists a vector field v in Q such that

) Joj<l inQ
i) {(v,v) =1 on s (vis the exterior normal to 0Q)
iil) dive =0 in Q.
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Then if Ec Q, E # &, Q we have

(16.14) 7 +(&) < # +(E)

where ¢ . is the functional defined in (16.9).

Proof: Integrating iii) over E we get

0 = [divedx = | (u,v*>dH,-,
E

*E

where 0*E is the reduced boundary of E, and vE is the exterior normal to 0*E
(see section 3). Now

(16.15) | (o,vEYdHu-1 = [ @p<o,vydHo-1 + | (0,vEYdH,-
*E N

QNI*E

and therefore from i) and ii):

(16.16) — | ¢pdHu-1+[ @gdHu—1 + [|Dog|> 0.
I, Q-1 , Q

The conclusion follows at once by adding to both sides of (16.6) the quantity
I (D) =Hu-1(T+). a

As usual, a symmetric result holds for the functional # - given by (16.10), if we
replace condition ii) with ~

i) v,y =~—1 onTl_.

Taking v = Tu we obtain at once the following necessary condition.

16.18 Proposition: Suppose that the Dirichlet problem (16.13) has a classical
solution. Then for any set E < Q, we have

(16.17) 7 +() = F «(E),

with equality holding at most for E = ¢ and E = Q. ]

The validity of the strict inequality in (16.17) for E = Q depends on the set
Ip. It is easily seen that when ['o = ¢ and E = Q we must have the equality
in (16.17), since in this case ¢ +(¥) = Z +(Q).
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On the other hand, when I'y is non-empty and has non-negative mean
curvature we have the strict inequality even for E = Q.

Suppose on the contrary that ¢ () = ¢ +(Q).

From (16.15) with E = Q and v = Tu we get

H, «(T+)+ | <v,TupdH,-,=0
Q=T

and therefore from ¢ +(J) = #+(Q) we get (v,Tud = —1 on Q — T, and in
particular on I'y.

We will show that this leads to a contradiction. Let #g be a ball centred
on I'y and such that 0Q N %Br = T'o. The boundary of Qr = QN %r has non-
negative mean curvature, and therefore the Dirichlet problem with continuous
data on 0Qg is generally solvable. On the other hand we have a solution u(x)
of the minimal surface equation in Qg such that (v, Tu) = —1 on QN %x. By
Lemma 12.13 we deduce that any solution v of div 7v = 0 in Qg, with v = u on
0% r N Q satisfies v = u on Qg, and therefore cannot take boundary values less
than u on dQn #g. This contradicts the general solvability of the Dirichlet
problem.

We have thus proved

16.19 Theorem: Let Q and y satisfy assumptions 16.12, and let Ty # .
Then necessary conditions for the general solvability of the Dirichlet problem

divIu=0 inQ .
u=y ondQ— N

(16.18) {
are the following:

(16.19) 0Q has non-negative mean curvature,

(16.20) the empty set is the only minimum of the functionals ¢ + and ¢ .
If instead we have Ty = J, condition (16.20) has to be replaced with

(16.20Y & and Q are the only minima for ¢+ and ¢ . |

We shall show now that the above conditions are sufficient for the existence of
a solution to the problem (16.18). Let us begin with the simpler case I'o # .
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16.20 Theorem: Let Q and Y satisfy assumptions 16.12; let I’y # & and suppose
that (16.19) and (16.20) hold. Let u be a quasi-solution of the Dirichlet problem
with boundary datum . Then u is a classical solution of the minimal surface
equation in Q and satisfies u(x) = Y(x) on 0Q — N.

Proof: We have only to show that u = { on dQ — #". Let us begin with a point
xo€T 0. Suppose by contradiction that there exists a sequence xx — xo such that
u(xi) = | > Y(xo). We have two possibilities:

(I) I < + oo. This case can be excluded exactly as in Theorem 15.8.

(I) = + oo. Let &g be a ball centred at xo such that dQ %y is the graph
of a function and is contained in I'p. Arguing as in Theorem 15.8 we conclude
that the subgraph U of u has least perimeter in %g x (M, + o0), where
M = supy + 1.

Br

In particular if u(xx) > M + R we get from Proposition 5.14 the estimate
I UﬁBR/z(Zk)l > cR"* 1

where zy = (xx, u(xx)) and ¢>0. Since U =Y outside Q xR we have
U N Bg2(zk) = Q x R, and therefore for every 7 > 0:

meas {(x, t); xeQ, T<t<u(x)} = cR"" .

But then we should have PnQ # ¢, a contradiction.
The same argument works for xoeI -, and therefore we can conclude that

(16.21) limsupu(x) < Y(xo)

X xq

for every xo€0Q — A",
Changing ¥ into —y (and hence u into —u) we obtain

liminfu(x) = ¥(xo)

X=Xg

and comparing with (16.21):

lim u(x) = Y(xo). O

X Xq

The treatment of the case I'o = (J is slightly more complex, since we cannot
exclude in principle the possibilities P = Q or N = Q.
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Actually, u = + 00 and u = — oo are quasi-solutions in this case, and the
simple argument of Theorem 16.11 can lead exactly to one of these. We therefore
have to choose carefully the sequence y in order to avoid divergent solutions.

We assume of course that necessary conditions (16.19) and (16.20) hold.

We start from the remark that the Dirichlet problem with data

+o0 only

Ya(x) = {

a onI-

cannot have a solution, since otherwise the functional ¢ + would have the empty
set as the unique minimum (Theorem 16.19) contradicting the necessary con-
dition (16.20). We can therefore conclude that the only quasi-solution to the
Dirichlet problem with data ¥, is u = + oo.

Similarly, u = — oo is the only quasi-solution for the Dirichlet problem with
data
o onI
V(x) = { i
—oo onl-.

Let xo a point in Q that will remain fixed, and consider the Dirichlet problem
with boundary data

a>0 Onr+

Vil = {5<0 onl-.

This problem has a unique solution (see Proposition 14.12 and Theorem 15.8),
which we shall denote by vj. We shall prove that it is possible to choose «
and f§ arbitrarily large in such a way that vj(xo) = 0.

Let keN, and suppose that v* ,(xo)>0. When f— — o0, vj(xo) decreases,
and tends to — oo. Moreover vj(xo) is a continuous function of # (this can be
seen by combining the uniqueness theorem 15.11 with the a priori estimate for
the gradient 13.5).

It is therefore possible to find a value B(k) < —k such that vf,(xo) = 0.
In a similar way, if v* ,(xo) < 0, we find a value (k) > k such that v*®(xo) = 0.

Let us define uy = v, or w = v} in the two cases. To the sequence ux
we can apply the argument of theorem 16.10, from which we conclude the
existence of a quasi-solution u to the Dirichlet problem with infinite data.

Condition (16.10) says that in order to show that u is a classical solution,
we have only to exclude the possibilities u = + o0 or u = — o0; in other words
we have to show that neither P nor N can coincide with Q. '

This follows from the fact that wufxo) = 0. In fact, let U, be the subgraph of
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uk, and let R < dist(xo, Q). The point zo = (xo, 0) belongs to dUy, and therefore
from Proposition 5.14 we get

‘UkﬁBR(Z())I g CR"+1
and
| Br(zo) — Ux| 2 cR™* 1.

These inequalities imply at once that U and Q x R — U must have positive
measure in Bgr(zo) and therefore that P and N must both be empty.

The quasi-solution u is therefore a classical solution in Q; repeating the
argument of Theorem 16.19 we show that u = on 0Q — A"

We have thus proved

16.21 Theorem: Let Q and s satisfy assumptions 16.12; let T'o = & and suppose
the necessary conditions (16.19) and (16.20) hold.
Then there exists a function u(x) satisfying in Q the minimal surface equation

divTu=0

and such that

lim u(x) = Y(xo)

x—Xg

for every xo€dQ — N,



17. The Bernstein Problem

In 1915, N. S. Bernstein proved his celebrated theorem concerning entire minimal
graphs [BS2]:

17.1 Theorem: Let u(x, y) be a solution of the minimal surface equation in the
plane:

0 Ux 0 u
(17.1) —<———~>+——<——-——L——>=o,
X\ /1+u2+u) O\ /1 +u?+u?

Then the graph of u is a plane.

It is worth remarking the similarity between Bernstein’s and Liouville’s
theorem. As in the case of the removal of singularities, the main difference
consists in the fact that Bernstein’s theorem does not require any additional
assumption on u.

We may write the equation of minimal surfaces in the form

(17.2) (1 4 udYuxx — 2ustiytiny + (1 + u)uyy = 0.

We remark now that (17.2) is the necessary and sufficient condition for the
existence of a function ®(x, y) such that

3

® N
1+ u? +u?
4 ui +u;

- 1+ u?

R

J1+uZ+u?
Such a function @ satisfies the equation
(17.3) @y, — BZ, = 1.

We have the following result.
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17.2 Theorem: If ® satisfies (17.3) in the plane, it is a polynomial of degree two.
Proof: [NI1]. Changing possibly its sign, we can suppose that ® is convex, and
therefore the map

E=x+Dx, y)

n=y+0x, y)

is a diffefomorphism of R? onto itself.
If we set { = ¢ +in and

W(C) =X (I)x(x9 .V) - l(y - (I)Y(x7 Y))
it is easily seen that w is an entire holomorphic function. Moreover, we have

@, + Dy, —2
O == O Ty
WO @, + D, + 2

By Liouville’s theorem, w' is constant. On the other hand

11— w?

(I) = ——=C
xx l_lw,lz 1
[1+w]?

(I) = —b =
yy 1_|W/|2 2

and therefore @ is a polynomial of degree two.
Coming back to our function u we see that u, and u, are constant, and
therefore u is an affine function, thus proving the Bernstein theorem. O
It might be worth giving another short proof of theorem 17.1. For that, let
U be the subgraph of u. Since U has least perimeter in R® we have from
section 10.8:

[ {1601 —c**}dH, 2 0
ou

for every Lipschitz-continuous function { with compact support in R*. For jeN,
set
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1 x| <j

(x)=9 0 |x| 2 j?
log|x| . 5
2— < <j*.
log] i<lIxl<j

We have for every j:

(174) | c*dH, < [|8(;1*dH, < [ |D¢;|*dH,.
j oU ou

nBj

Let now X; = 6Un(Bj2 — Bj); we have

1
D{i|?dHy = ——— “2dH
LU| Gl : (lOgJ‘)ZJ‘z,-bc1 :

1 @
=a;)g—j)—2—Jo Hz{x62j1|x|“2 >t}dt.

The last integral is not greater than
i-2

J
[ Ha(0U N B,-12)dt +j ~*Ha(Z))
j—4

and since H»(0U N B,) £ Ar? we have

-

anIDledez < Aflogj.

Letting j — oo we obtain from (17.4) ¢* = 0 and therefore U is a plane.

203

O

It is natural to ask whether Bernstein’s theorem is true in higher dimension;
i.e. whether the only solutions of the minimal surface equation in R" are
polynomials of the first degree. This is what we shall call the Bernstein problem.

Itis easily seen that none of the above techniques can be extended to dimension

n>2.

Actually, the first one is based on complex variable methods, and the second
one relies essentially on the fact that in two variables any bounded set has zero

absolute capacity; or more precisely that

inf{lef]zdx;fecg(Pz),fg lonE} =0
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for every bounded set E = R?. It is well known that this infimum is positive in
R*, n> 2.

A new idea suitable for extension was provided by Fleming [FW] and is
embodied in the following theorem.

17.3 Theorem: Let U be a set with least perimeter in R". Then either n =8 or
0U is a hyperplane.

Proof: For jelN set
= {xeR"jxeU}.

The sets U; have least perimeter in R".
Arguing as in Theorem 9.2 we conclude that a subsequence U,, converges to
a minimal cone C. Moreover, we have for almost every R >0

(17.5) @ns1 S(Rr)'" | | Doyl =R1“"B§ |Dq)u,j|->R1‘"Bf |Doc|.

BRrj

Suppose now that n < 7. In this case the cone C must be a half-space, and
therefore

R'™" [ |Doc| = wn-1.
Br

Using the monotonicity of R' ™" | | Dey| we find from (17.5)
Br

Rl_" j |D(py| = Wnp-1
Br

for every R > 0. It follows from (5.11) that U is a cone. But then U = C and
oU is a hyperplane. O

A similar argument gives a weaker form of the Bernstein’s theorem for minimal
sets. The similarity with Liouville’s theorem is evident.

17.4 Theorem: Let U be a set of least perimeter in R". If U contains a half-space,
0U is a hyperplane.
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Proof: Arguing as above we find a minimal cone C with vertex at 0. Since C
contains a half-space we conclude by Theorem 15.5 that C is a half-space. The
conclusion now follows at once. O

The conclusion of Theorem 17.3 is the best possible, since in dimension n = 8
we have the Simons cone

S={xeR¥:x{+...+xi>xI+...+x3}.

which is minimal in R® (Theorem 16.4).

However, when U is the subgraph of a function, we can say something more.
For that we will need some auxiliary results, that are of interest by themselves
and represent weaker forms of Bernstein’s theorem.

17.5 Theorem [MIJ]: Let u be a solution of the minimal surface equation

i Du
17.6 Di| ———— =0
(176) i; <~/1+1Du|2>

in R". Suppose further that u has bounded gradient in R". Then u is an affine
function.

Proof: The function w = du/0x, (s = 1, ..., n) satisfies the equation
0 ow

with

di(1 + |Du|2) — DyuDju
(1 +|Dul?)*?

aij(x) = ELQO(P")

(see section 12). Since | Du| is bounded in R" we have for every {eR”

VIEP? £ ai(x)EiE;

with some constant v > 0, and therefore equation (17.7) is uniformly elliptic.
Since w is bounded, the non-negative function z = w — inf w satisfies the same
equation (17.7), and therefore Harnack’s inequality (Theorem C.2)
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supz < cinfz
Br Br

holds for every R >0, with ¢ independent of R. Letting R— + o0 we get

supz = 0 and therefore w = constant. O
-

As a consequence of the a priori estimate for the gradient (Theorem 13.5) we
have

17.6 Theorem: Let u be a solution in R" of the minimal surface equation. Suppose
that for every xeR"™

(17.8) u(x) < K(1 +x])

for some constant K.
Then u is an affine function.

Proof: Let xoeR". We have

sup u < K(1+ R+ |xo0l)

Br(xo)

and therefore from (13.11)

| Du(xo0)| < exp{cs(1 + k) + ¢sR ™M (|u(xo)| + K(1 + [ x0]))}-
Letting R — + o0 we get

| Du(xo)| < expes(l + K) = ce

and the conclusion follows from the preceding theorem. O
It is clear that, using (13.12) instead of (13.11) we can replace (17.8) with

u(x) = —K(1 +|x]).

In particular, the conclusion of the theorem holds if we suppose u(x) = a + (b, x),
in close analogy with Liouville’s theorem for harmonic functions.
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177 Lemma: Let Q be an open set in R", and let {u;} be a sequence of quasi-
solutions in Q (see Definition 16.1), converging a.e. to a quasi-solution v. Suppose
that

P = {xeQi(x)= + o0} = .

Then for every compact K < Q there exists a constant ¢(K) such that

sup sup uj(x) < ¢(K).

Jj xeK

Proof: By Proposition 16.7, the function v is locally bounded above. For K = Q
let 2d = dist(K, 0Q) (if Q = R" set d = 1) and let

7 = p(K) = sup v(x)

xeKy
(Kq = {xeR":dist(x, K) < d}).
We shall prove that

(17.9) limsupsup u;(x) < p(K).

j—2 o xeK

Otherwise, there would exist ¢ 0 <e¢<d, a subsequence u} and a sequence
x;eK such that

zj=(x;, K)+¢e)eUT.
From Proposition 5.11 we obtain
|U* N B(zj, &)| = a(n)e”
and therefore
(17.10) |[U¥ N K, x (7, 7 + 2¢)| Z o T
Since the uj's converge a.e. to v (and therefore ¢y, — ¢v) we have from (17.10):

[VAKex(p,y+2e)| =a">0
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whereas from the definition of y
VAK: x(y, 7+ 28 =J. O

We can now prove the extension of Bernstein’s theorem.

17.8 Theorem: Let u:R" — R be an entire solution of the minimal surface equation

M=

D{L}_O
| /1= |Dul?

Then either n = 8 or the graph of u is a hyperplane.

i

Proof: Let U be the subgraph of u, and let U; be as in Theorem 17.3. The set
U, is the subgraph of the function

ui() = Suiv).
J

Arguing as in Theorem 17.3 we construct a minimal cone C in R"*! as the
limit of a subsequence U,,. The cone C is itself a subgraph of a quasi-solution v.

Let

L]

P = {xeR":v(x)= + w0}
N = {xeR":p(x) = — o0}.
(I) P = . In this case v is locally bounded above in R". By Lemma 17.7

the functions u,, are equibounded in the unit ball By, and hence’

sup u(x) < yrj.

r.
J

From the a-priori estimate of the gradient (13.11) we have

sup |Du| < exp {c5<1 - u(xo) ) }
Sy, r;

i
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Letting j » + oo we obtain sup |Du| < const and therefore by Theorem 17.5 u
is an affine function. The same conclusion holds if N = ¢J.

(II) We shall prove now. that case (I) must occur if n <7. Suppose on the
contrary that P and N are both non-empty. Since C is a cone, P and N are
minimal cones in R", with vertex in 0. Since n <7, P and N are half-space and
therefore

) + 00 xeP
v(x) =
— 0 xeN=R'—P.

This means that C is a half-space and 0C is a vertical hyperplane. Arguing as
in Theorem 17.3 we conclude that U = C. This is impossible because 0U cannot
be a vertical hyperplane. O

17.9 Remark: We note that the same proof works if only one supposes that
u is a quasisolution. It is easily seen that this result cannot be ameliorated since
if S in the Simons cone the function

+ 00 xX€eS

f(x)={_oo ves

is a quasisolution in R®,
The construction of a similar example with a true solution f requires some
additional work.
In the first place, let us introduce some notation. We set
u=(x?+x3 +x% +x2)1?
v=(x}+x%+x%+xH?
and
T={(v)eR*:uz20,v=0}

(17.11) T = {(uv)eR*:0<v<u}

T ={(uv)eR*:0<su<v}
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We shall consider functions depending on x only through u and v:

f(x) = F(u,0).

For such functions, the minimal surface equation (17.6) (or rather (12.9))
becomes

(17.12) 8(F) = (1 + F2)Fuu — 2FuFoFuy + (1 + F2)Fuy +
F. F,
+3<7+7>(1 +F}+F})=0

Now let
(17.13) F1(u,v) = (u? — v?)(u* + v*)*/?

and
u? —v?

(17.14) Fy(u,v) = H {(u2 — vz)[l + W+ vz)”z(l tAl

i

where 2L < J <%, H is defined by

He = | exp (B At
z) = o Xp wl t2—1(1+t3(1~1))

and A4 and B are constants to be determined. We shall prove later that

o L
(17.15 ¢ FV> n T4
E(F1)<0 in T>

whereas, if A and B are sufficiently large:

F;)<0 in T
(17.16) F2) < mo
g(F2)>0 in 7,

Moreover we have

0<F1<F2 iIlT1

F2<F1<0 il’sz
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Fi=F,=0 ifu=uo.

Setting as usual
S={xeR¥:x}+ " +xi>x3+ " +x3}

and fi(x) = Fiu,v)(i = 1,2) we have in S

E(f1)>0
E(f2)<0

and
0<fi <fa.

Similarly, in R® — §:

&(f1) <0
é(f2)>0
and
fa<f1<0.
Moreover,
fi=f2=0 indS. .

Now let R > 0 and let f® be the solution of the Dirichlet problem:

E(f)=0 in #r
f=h on 0%Ak.

Since f; is smooth on 0%, the existence and uniqueness of the solution are
guaranteed by Theorem 12.10. In particular from the uniqueness of the solution
it follows that

JH(x) = F®(u,v)

for some function F®®. Moreover, since Fi(u,v) = — F1(v,u) the same is true
for F® and therefore
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f®(x)=0 on 0S.
By the maximum principle 12.5 we have

0< fi(x) < FRX) < fo(x) in S Bx
* and similarly

() SfP) £ fi(x) =0 in Br— S,
whence
171D A S 1R = 1 f2(x)] in #r.

Consider now the sequence f®(h = 1,2,...) and let p > 0. We have from the
a-priori estimate of the gradient (Theorem 13.5)

sup | Df ®(x)| < exp {C5<1 + sup |f ‘“(ﬂl)}

xeB, ‘ By +1

and from (17.17):

(17.18) sup | Df P(x)| < exp {c5<1 + suplfz(x)l)} < cs(p)

xedB, p+1

for every h>p + 1. ’

We note that the right-hand side of (17.18) is independent of h. By the
Ascoli-Arzela theorem, it is possible to extract from {f®} a subsequence
converging uniformly on compact sets of R® to a function f, solution of the
minimal surface equation in R®. The function f satisfies

LS 2 1f1(x)] in R®

and therefore

lim sup | f(x)| [x]7* =1

x>+ o0

This implies that the graph of f cannot be a hyperplane, so that the Bernstein
theorem cannot hold in R,
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It remains to prove (17.15) and (17.16). We split the minimal surface operator
into two parts: & = &0 + &, where

F, F,
Eo(F) = F2Fyy— 2F,FoFuy + F2F, + 3<~; + 7)(F,f +F2)
and
F, F,
Q(F)= Fuu+Fvv+3<7+7>

If we define two new independent variables:

r=u?+0?
. u? —?
u? +0v?

and we write F(u,v) = G(r,t), we have
(17.19) o(F) = 8(1 — tz){ZG,ZG,, —4G,G,Gy + 2G}Gy +

9 6t
+2G,.G2 — G + TrG? — 8tG,G,2}
r r

L 1
(17.20) Z(F) = 64<G, ~ EG,) + 16r[G,, - tl)G,,].
r

Taking G(r,t) = tr3? we obtain:

1 45
—Eo(F) = —p>/?¢3
8 o(F) 8"

1 11
—9Y(F) = —r'/?
g (F) 2r t

and hence (17.15) are satisfied since t >0 in 7, and t <0 in T,. The con-
struction of F, is more involved. We begin with the choice

G(r,t) = rt + r3%g(t).
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We have:

1
(17.21) g8o(F) = r¥>Ma(t) +r*Ma(t) +r**Ms(t) — rt
where

89 :
——g3 — 18tg%g

2 s 9

, 117
(17.23) Ma(t) = (1 = 1?)(1599' — 159" + 6gg") +— 19" — 241%gg’

1
(17.24) Ms(t) = (1 — t2)(9g — 10tg’ + 2t2g") — 8¢3g' + ;tzg.

We choose now
git)=t(1 + Alt|*" 1y A>0,
and we note that it is sufficient to prove the first inequality (17.16) since G is

an odd function of . We can therefore suppose 0<t<1. Writing M; as a
polynomial in 4 we get

My(t) = A%“—Z{zw - 1)(% - 31)(1 —12)+ %(—2% - 81)#} +

+ Azt“‘l{—ﬂ(l —1)(1—1? +%[§2§— 8(1 + 2/1):|t2} +

+ At {2(/1—1)( A— 3)(1—:2)+9[23—8(2+1)]t2 +

45
3.
*3

Since 2t <A <% we have 34 —3<0, 31 —81 <0, and of course 3 — 31 <0,
so that

Ml(t)é __cl(A3t3).—2+A2[2).—1+Ati)+cz(A2[21+1+A[l+2+t3)
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for some cy,c; > 0.

Recalling that 0 <t < 1 and taking 4 large eﬂough (A = ¢3) we find

Mi(t) £ —ca(A3t34 72+ A2227 1 + Arh).

In a similar way:
M(t) £ —cs(A%t24 1 + Ath)
Mi(t) € —ce(At* + 1)

and in conclusion:

1
(17.25) géao(F) < —co(r3?t* + rt)

in 774, provided 4 = c3.
A similar estimate gives

(17.26) %Q(F) Scgrt?hT2,

Now let H(z) be a monotone increasing function in R. Then identically:

Go(H(F)) = H'(F)*- &o(F)

and

D(H(F)) = H'(F)2F + 16rH ”(F)(Gf + 1=

In our case we have

2

1—1t
r<G,2+ > Gf>2r+r2

and therefore, if we suppose that
(17.27)H'(z) 2 1; H'(z)=0

we obtain from (17.25) and (17.26):

215
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EH(F)) L —cq(r3?t* 4+ rt)H'(F)? + cgr'/*t*~2H'(F) + 16(r +r*)H "(F).

If ¥2t2 = ¢y = cg/c7 we have immediately &(H(F)) <0 from (17.27). We can
therefore restrict ourselves to the domain

(17.28) r?t 2 < co.

In order to show that &(H(F)) <0 in this domain too, it is sufficient to prove
that 2(H(F)) < 0 there, and hence that

HH(F) = C10

17.29) — =
( ) H/(F) = (r1/2 + r3/2)t2—l

When r = 1 we have F < c¢y,r3*t and therefore

F2—A + F2,1~1 é Clz[(r3/2t)2—l + (r3/2t)2).—1] é
§ Clz[ra/ztz—/l + r3/2t2—).(rt)3).—3] é

S crar¥t2 T S ega(rt? 4 32y 2

since r%t2 < co.

The same inequality holds of » < 1. Actually in this case we have F < cq4rt < c14
and therefore

“

F2—). + F2).—1 é C15F2—). é C16(rt)2~l é C16(r1/2 + r3/2)t2—/1

since 2 — 4> 1/2.
In conclusion, if

HN(Z) C17
H/(Z) ZZ—A+ZZ/'|.—1

(17.30) —

v

for some large ci7, and if H'(z)= 1, then (17.29) holds, and therefore
EH(F))<0in T;.
The inequality (17.30) is satisfied if we take

, + o dt
H(z)=exp C17 . W 5
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an admissible choice since (noting that 2 — A <1 and 2A—1>1)

+ dt -4
—S 55— [e0]
o t2—l+t2}.—1

and

H(z) = [ H'(w)dw

0

With this choice, the function
F, = H(F)

satisfies the inequalities (17.26).
We have in conclusion:

17.10 Theorem [B DG G]: Let n = 8. Then there exist entire solutions of the
minimal surface equation

D;
p(——22_)-0
/1+|Du|?
which are not hyperplanes.
Proof: We have constructed such’a function f for n = 8. If n > 8 it is sufficient
to take
(X1, ..., xn) = f(x1, ..., Xs). O

This result and Theorem 17.8 give a complete solution for the Bernstein
problem.
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A.l1 De La Vallée Poussin Theorem: Suppose {u} is a sequence of non-
negative Radon measures of uniformly bounded total variation, that is

Al wRY<M for all k.

Then there exists a Radon measure p and a subsequence {v;} = {i,} such that,
for every ge CY(R")

(A2) u(g) = lim v{g).

J7©

Moreover, for every bounded Borel set E such that (OE) = 0, we have

(A3) W(E) = lim v{E).

j— o

Proof: It is well known that CY(R") is separable; that is, there exists a count-
able set {gi} = CY(R") such that for every ge C3(R") there exists a sub-
sequence {g;, } with g; —¢g uniformly. By (A.1) the sequence u;(g1) is bounded
and hence we can extract a subsequence {u}(g1)} convergent to a real
number a'. Moreover, we may suppose that

1
luj(g1) —a'l <-.
J
Now j(g2) is bounded and we can extract a subsequence {u?(g2)} such that
2 2 1
|uj(g2) —a”| <j—.-

Proceeding by induction, given {u%} we can extract a subsequence {u}*'}
such that

1
|#§+1(gk+1) —a*t <}-



Appendix A ‘ 219

If v; = u), then we have for j > k
1
[vi(ge) — a*| <~ k=1,2,...
J

and hence, for every ke N,

lim vj(gy) = a~.

Jj—= oo
We define the measure u as
p(gi) = a*.

From (A.1)

|u(gi)| = lim | vi(gi)| = M sup |gx]

j= o
and hence u can be extended as a continuous linear functional on CJ(R")

(using the density of {g:}).
If ge CY(R"), let g;, — g uniformly. Then

[vig) — (g)| < Ivig)) — (g )] + 1vilg) — vi(gi) | + [ (g5) — u(g)|
<1|vdg;) — mgj:)| + 2M sup |g — g;.|

and hence

lim sup [vi(g) — w(g)| < 2M sup |g — gj.|-

(s

Letting k — oo, we see that (A.2) follows.
To prove (A.3) we first observe that for any open set 4 we have

(A) = sup {u(g):ge CY(A), lgl =1}
and if C is compact

u(C) =inf {u(g):geCYR", 0=<g=1,g=1o0nC}.
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Let E = Interior of E, and suppose ge C(E) is such that |g| < 1. Then we
have

p(g) = lim v)(g) < lim infv/(E)

j— oo j— o

and hence

(A4)  p(E) < liny inf v/(E)

Jjo oo

On the other hand,if0<g<1landg=1onE,

u(g) = lim v{(g) = lim sup v/(E)

Jjo o Jj= o

so that

(A.5) w(E)=lim sup v{(E).

j= oo

Combining (A.4) and (A.5) shows that (A.3) holds.

A.2 Theorem A.1 for vector-valued measures

Suppose now that {fi;} is a sequence of vector-valued Radon measures, so
that

ij: CYR) - R™
Suppose that the total variations of the fi; are uniformly bounded, that is

I I[(RY) = M,
and that, for every ge CY(R"), the sequence {fij(g)} converges to a vector
denoted fi(g). (This convergence assumption is not restrictive as, given the

uniform boundedness we can always extract a subsequence of {fi;} as in A.1
which has the required convergence properties.)
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Let uf, (=1, ..., m) be the scalar components of fi; and let u*, pui~
be the positive and negative part of u. We have

KR BI(RY =M

and hence, by A.l, for every a = 1,2, ..., m we can find Radon measures
w** and p*~ such that :

K57 ()~ 1 (9)
17 (9)— 1 (9) for every ge C(R").
If we define
wg) = pn*(g)—pn(g)
where u*(g) is the vector with components p**(g) and p (g) is the vector

with components u*~(g), u is as a vector-valued Radon measure. Moreover, for
every bounded Borel set E such that

WHOE)=p* " (0E) =0 a=1,...,m,

we have

WE) = lim py(E).

Jj—o oo
&

Thus if we call u* the positive measure
W*E) = |u" + 1~ |(E)

we have

W(E) = lim 1 (E)

Jjo oo

for every bounded Borel set E such that u*(0E) = 0. Clearly |u|(E) £ u*(E).
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A.3 Theorem A.1 for Caccioppoli Sets

Now consider A.2 in the particular case where F; are Caccioppoli sets in
R" and

#AE) = [Dor,.
E

Suppose that

lim PF; = QF in Llloc(R”)
jo o

and that
{1Dor,| <M.

As in A.1 we may extract a subsequence from {F;} such that Dgr, con-
verges to some Radon measure . Then by the definition of Dopr we must
have that

(g) = Dor(g) for ge CoH(R").
Since C§(R") is dense in CH(R") we have that
u = Dor .
and
Dor,(9) = Dor(g) for ge CH(R").

We may also conclude, as in A.2, that there exists a Radon measure p*
such that, for every set E with u*(0E) = 0,

Jjo o JE E

Moreover we can show

|Dor| < p*.
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In particular, as u* is a Radon measure we have, for almost all p, u*(0B,) = 0
and so

lim J Dor, = j Dor for almost all p.
B B
14 14

j= o



Appendix B. The Distance Function

We shall gcgtherhere some results concerning the distance function:
d(x) = dist(x, 0Q).

For a detailed discussion see [GT].

Let Q be a bounded open set with C* boundary 0Q, k = 2. It is clear that
for every point yedQ there exists a ball B < Q such that BndQ = {y}. Since
0Q is compact, the radius of the biggest ball with this property is bounded
below by some positive constant Ro independent of y. It is easily seen that Ry *
gives an upper bound for the principal curvatures of dQ.

If we set for t > 0:

S = {xeQud(x) <t}
I = {xeQ:ud(x) =t}

then for t < Ro every point x € S, has a unique point at least distance in 0€2; i.e.
a point y(x) such that d(x) = |x — y(x)|. The points x and y are related by

x=y+dx)v(y
where v(y) is the inner normal unit vector to 0Q at y.

Now let yo € dQ; we can suppose that yo = 0 and that the tangent plane to
0Q at y, is the horizontal plane x, = 0. Then in a neighborhood V of 0e R""?,
0Q is the graph of a function y» = (), y = (¥1, Y2, ..., Yn-1), such that Df(0) = 0.

With a possible rotation around the x,-axis we may suppose that the matrix
D?f(0) is diagonal; if we suppose that Q lies below the graph of f we have

(B.1) D?*(0) = diag[— k1, —kz, ..., —kn-1]
where ki, ..., k.—1 are the principal curvatures of 0Q at 0 (we choose the sign

in such a way that the principal curvatures are 20 if Q is convex).
For (y, d)e V x R we define

g7, d)y=y+v(yd, y=( )
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we have ge C¥™!, and recalling that

(B2) w(y) =~ +DAP) ™% va(y) = —vu(PDaf(Pt = 1,2, ..., n—1)
we have from (B.1):

(B.3) Dg(0, d) = diag[1 —kid, 1 —kad, ..., 1 —ks—1d].

If d < Ro the determinant of the Jacobian matrix Dg(0, d) is non-zero and
therefore we may write y and d as C*~!-functions of x in a neighborhood of
x4 = (0, d), and hence for x € Sg,. Moreover Dd(x) is the unit normal vector to
Tax) at x, and hence

(B.4)  Dd(x) = v(y(x)) = v(x)
“Since the right-hand side of (B.4) is a C*~'-function, we conclude that d(x) is

of class C* in Sg,. Also from (B.4) it follows that the mean curvature of the
surface [y at x is given by:

———Dyvi(x) = iAd(x).
—1 n—1 .

We can estimate the last quantity using again (B.4). We have:
D:iDjd(x) = Di[vi(¥(x))] = Duvj(¥(x)) Diyn(x)

and if we suppose that y(x) = 0 and that (B.1) holds we find, taking into account
(B.2):

Ad(x) = — g kef(1 — kid(x)).

We remark in particular that Ad decreases when x moves along the normal
towards the interior of Q, and therefore if the mean curvature of 0Q is non-
negative we have Ad <0 in Sg,.



Appendix C. Elliptic Equations of
the Second Order

We shall state here the principal results, concerning in particular the regularity
of the solutions of elliptic partial differential equations of second order, that
we have used throughout these notes, giving where it is possible an outline of
the proofs. For a more detailed discussion we refer to standard books on the
subject; we mention in particular [GT], [LU2] and [GE4].

We consider weak solutions of the equation

(C.1) divA(x, Du)=0in &
namely, functions ue Wi2(Q) such that for every ¢ e CF(Q):
(C2) [Aix, Du)D;pdx = 0.

The vector field A(x, p) is supposed to satisfy the inequalities:

(C3) [Alx, p)I S crlpl + [f(X)]

n 0A;
ca viers § Degsaer  view
LJ= J

with fe L2 (Q) and v > 0.
In particular we shall be interested in the case

®

A(p) = T(p) = p/1 + |p)*?
(see Chapter 12), or else
Ai(x, p) = aij(x)p; — fi(x)

with a;; = aj;. In both cases we have

o, _od,
op;  Opi

an assumption that, although not necessary, will sometimes simplify the proofs.
We note that in virtue of (C.3), equation (C.2) holds for every ¢ e W-2(Q) with
compact support.
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C.1. Theorem: Let ue W 2(Q) be a weak solution of equation (C.2), and suppose
that (C.3) and (C.4) are satisfied, and moreover

(C5) 104i/oxi(x, p)| = c1lp] + [ f(x)].

Then ue W%2(Q), and every derivative w = Diu satisfies the equation

(C.6) [{aij(x)Djw + bi(x)} Dipdx = 0, VoeCF(Q)

where

i 0A;
aij(x) = %{x, Du(x)); b= g(x, Du(x)).

Proof: We use the difference quotients:
Thst(x) = h ™ u(x + hes) — u(x)]

where e, is the unit vector in the x-direction. If yeCZ(Q) and |h| <
1dist (6Q, spt #) we may take ¢ = t-4(2t4u) in (C.2). If we remark that

[fr-ngdx = —[gtafdx

we obtain

3

(C.7)  [tnAi(x, Du)Di(n*thu)dx = 0,

where we have suppressed the index s, and we sum over repeated indices (not
over h, of course!). We have:

1

d
twAi(x, Du) = h~ lf EAi(x + thes, Du + thtyDu)dt = 0;;Djthu + gi

(]

where

1 Ai
0:; = g (x + thes, Du + tht,Du)dt
o Op;

! 6141 '
gi = (x + thes, Du + tht,Du)dt.
0 6Xs
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Inserting these in (C.7) we find with simple calculations (here we use the
simplifying assumption 0;; = 6j;):

§6:;Dj(nv)Di(nv)dx = [6ijp> DinDndx — [ngiDi(nv)dx — [ngwvDindx
where we have set v = Tu.
Using (C.4) and the inequality 2ab < ea® + ¢~ 1b?, ¢ > 0, we easily obtain
[ID(mw)[2dx < co{ [v?|Dy|*dx + [g*n*dx}
Consider now four open sets Q; cc Q, cc Q3 cc Q4 = Q, and let |h| be

smaller than each of the distances dist (Q;, 0Q;+1). Let ne CZ(Q,) with n =1
on Q;. We have:

[ I1Dv|*dx < c3{ [ v?dx + | g*dx}.
Q Q, Q,
| On the other hand, since ue W52(Q) we have (see e.g. [GE4])
[ v?dx < c4 | |Dul*dx;
Q, Q;
moreover from (C.5) we can easily show:
[ g?dx <cs [ (| Dul* + f?)dx
Q, Q3 -
and in conclusion
J IDv[?dx < c6(Q1).
Q

The last estimate implies (see [GE4]) that ue W?:2(Q,), and therefore, since
Q, is arbitrary, ue W22(Q). Finally, taking ¢ = Dy in (C.2) and integrating by
parts we have at once (C.6) O

The next theorem is one of the cornerstones of the theory of elliptic partial
differential equations. For its proof we refer to [MJ] (see also [GE4]).
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C.2 Theorem (Harnack’s inequality): Let ue WL?2 be a positive weak solution
of the equation '

(C.8) Di(a;jf(x)Dju) =0
in a ball Bg, with bounded measurable coefficients a;; satisfying the inequality
(C9)  ai&i&; 2 v| &3, v>0.

Then for every a < 1 there exists a constant c¢ depending on o, but not on u,
such that:

(C.10) supu = c(o)infu

Byr Byr

As a consequence of the Harnack’s inequality we can prove the regularity
theorem of De Giorgi [DG3] and Nash [NJ]:

C.3 Theorem: Let u be a solution of equation (C.8) with conditions (C.9). Then
u is Hélder-continuous in Q.

Proof: Let xo€Q and let Br(xo) == Q. For r < R we set:

m(r) = inf u p
B,(x0)

M(r) = supu
B,(x0)

a(r) = M(r) —m(r)
The functions

u(x) = u(x) —m(r)

w(x) = M(r) — u(x)

are positive solutions of (C.8) in B,(xo). From (C.10) with o = 1/2 we have
therefore
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M(r/2) — m(r) < c{m(r/2) — m(r)}
M(r) —m(r/2) < c{M(r) — M(r/2)}.

Adding these two inequalities we find:
a(r) + o(r/2) = c{w(r) — o(r/2)}

and hence

c—1

olr/2) < 1

a(r).

—1 )
If we set 6 = ET}-_T we obtain by induction
¢

w(27*R) < 0*w(R)
and therefore, since w is increasing:
(r) £ 07 1(r/R) ™ oeb/10e2 o(R).
This inequality implies that ue C°?, with y = —log 6/log 2. O
A second consequence of Harnack’s inequality is the strong maximum

principle.

C4 Theorem: Let u be a weak solution of the elliptic equation (C.8) in a
connected open set Q. If u has an interior minimum point it is constant in Q.

Proof: Let m = minu = u(xo), and let B,g = Q be a ball centred at xo. For ¢ > 0,
u—m+ ¢ is a positive solution of (C.8) in B, and therefore from (C.10) with
o=1/2:

sup(u —m+¢) < cinf(u — m + &) < ce.
Bgr Bgr

This implies m < u < m + (¢ — 1)¢ in Bg and since ¢ is arbitrary, u = min Bg. We
can therefore conclude that the set
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{xeQ:u(x) = m}
is both open and closed, and hence u(x) = m in Q. O

The same conclusion holds if u has an interior maximum point, since in this
case —u has a minimum at the interior of Q.

A similar result holds for super and sub-solutions. We shall state it only for

supersolutions, i.e. for functions we W, 2(Q) such that

(C.11) faij(x)DjwDipdx =0 VoeCX(Q), 0 =0.

We have

C.5 Lemma (Weak maximum principle): Let w be a supersolution in Q, and let
w=0on 0Q. Then w=0 in Q.

Proof: Let
A= {xeQ:w(x) <0}

If 4 is non-empty we may take ¢ = max(0, —w) in (C.11), obtaining
v[|Dw|*dx < [ a;;DiwDjwdx <0
A A

and hence Dw = 0 in A. Since w = 0 on 04 we have w = 0 in 4, contradicting
the definition of A. O

C.6 Lemma: Let w be a supersolution in a connected open set Q, with w =0
on 0Q.
If w(xo) = 0 for some xo€Q, then w = 0 in Q.

Proof: Let Br = Q be a ball centred at xo, and let ue W' %(Bg) be the solution
of the equation (C.8) taking the values w on dBg. Since w — u is a supersolution
we have w —u = 0 and hence

0 < u(x) < w(x).
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On the other hand w(xo) = 0 and therefore u(xo) = 0, so that by Theorem C.4
u = 0 in Bg. This implies that w = 0 on 0Bg, and since R is arbitrary w = 0 in
a neighborhood of xo. The set where w = 0 is then open and closed, so that
w=0in Q. O

If w is a supersolution and v is a subsolution, w — v is a supersolution and
therefore if w = v on 0Q and w(xo) = v(xo) for some xo€Q we conclude that
w=1vin Q.

The same result holds for non-linear equations.

As above, a supersolution of (C.1) is a function we W, 2(Q) satisfying

[Aix, DW)Dipdx 20  VoeCF(Q), ¢ 20.
There is a similar definition for subsolutions.
C.7 Theorem (Strong maximum principle): Let w and v be a super- and a sub-
solution of (C.1), with conditions (C.4), and suppose that w=v on 0Q, and
Ww(xo0) = v(xo) for some xo€Q. Then w = v.
Proof: We have

[[Adx, Dw) — Aix, Dv)]Dipdx 20  YoeC(Q), ¢ 20.

On the other hand:
1

Afx, Dw) — A(x, Dv) = J ;ld_tAi(x’ Dv + t(Dw — Dv))dt
(4]

10A4;
= j 6—pj(x, Dv + t(Dw — Dv))Dj(w — v)dt = a;j(x)Dj(w — v)

0

with the coefficients
104;
aij(x) = | ——(x, Dv(x) + t(Dw(x) — Dv(x)))dt
o Opj

satisfying (C.9). We can therefore apply the preceding lemma to the function
z = w — v, and conclude that w = v in Q. O

The following consequence of Theorem C.2 is also worth stating.
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"C.8 Theorem (Liouville’s Theorem): Let u be an entire solution of equation (C.8)
in R", with condition (C.9). Suppose that u(x) = a in R". Then u is constant.
The proof of this result is essentially the same as that of Theorem 17.5, and
we shall not repeat it here. Of course the same result holds if u(x) < b in R
Let us turn now to the non-homogeneous equation

(C12) [{aif(x)Dju—fi}Dipdx =0  VpeCF(Q).

We shall investigate the regularity of the solutions in the Sobolev spaces W™?2
and in the Holder space C™*.

C9 Theorem: Let ue Wi;2(Q) be a solution of (C.12), with the coefficients a;;
satisfying the ellipticity condition (C.9). If the coefficients a;; are of class C™ and
fie W2(Q), the solution u belongs to the space WY 1-2(Q).

Proof: If m =1 the result follows from Theorem C.1. Suppose it holds for m
and let a;;e C™*?, and fie WS 12 The function u is in Wi} 12(Q), and its
derivative w = D,u satisfies equation (C.6) with

da; of
b= 2 p - Y cymaq,
0Xs 6xs
We may therefore conclude that we W12 and hence ue Wp 22(Q). O

E

C.10 Theorem: Let ue WL2(Q) be a solution of (C.12) with conditions (C.9).
Suppose that the coefficients a;; and the functions f; are of class C™*(Q). Then
ueC"*1-¥Q).

In the case m = 0 the result is usually obtained by means of a representation
of the solution (see e.g. [LU1], Ch. 3). A different proof, with a method that
has proved useful in several circumstances, is due to Campanato [CS], and can
be found in [GE4]. The general case follows by induction as above.

In particular, if the coefficients and the f;’s are infinitely differentiable, the
solution u will be of class C*. ]

The following regularity result for non-linear elliptic equations is also worth
stating. For simplicity we shall only deal with the case where the coefficients
A; are independent of x.
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C.11 Theorem: Let ue WL2(Q) be a weak solution of equation (C.1) with con-
ditions (C.2) and (C.3), and with coefficients independent of x. Suppose that the
functions A; are of class C™*®. Then u is of class C™* 1=,

Proof: By Theorem C.1 the function w = D,u is a solution of the equation
faijx)D;wDipdx =0  VoeCg(Q)

with

oA,
aif(x) = %(Du(x) )

By De Giorgi-Nash theorem C.3, w is Holder-continuous with some exponent
B, and hence ue C#.

Now let m = 1. We have a;;€ C*° for some ¢ >0, and by Theorem C.10
ue C*°(Q). But now a; ;€ C%*and, again by Theorem C.10, u € C>* The theorem
is thus proved if m = 1. Suppose now that the result holds for m, and let A(p)
be of class C™* % The inductive step gives ue C™*1'*(Q) and hence the coeffi-
cients a;; are in C™*(Q). A further application of Theorem C.10 gives we C™* 1%,
and therefore ue C™*2%(Q). O

In particular, -if the functions A4; are of class C*, the same is true for u.
Moreover, if the coefficients are {real) analytic, the solution u will be analytic,
a result whose proof can be found in [MCBL1].

Similar theorems hold for the boundary regularity of solutions of the Dirichlet
problem. If we add to the assumptions of Theorems C.10 and C.11 the hypothesis
that dQ and ¢ are of class C™* ' then the solution to the Dirichlet problem
with datum ¢ at the boundary will be of class C™*1%(Q).
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