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Introduction 

The problem of finding minimal surfaces, i.e. of finding the surface of least area 
among those bounded by a given curve, was one of the first considered after 
the foundation of the calculus of variations, and is one which received a satis­
factory solution only in recent years. Called the problem of Plateau, after the 
blind physicist who did beautiful experiments with soap films and bubbles, it 
has resisted the efforts of many mathematicians for more than a century. It was 
only in the thirties that a solution was given to the problem of Plateau in 
3-dimensional Euclidean space, with the papers of Douglas [DJ] and Rado 
[RTl, 2]. The methods of Douglas and Rado were developed and extended in 
3-dimensions by several authors, but none of the results was shown to hold 
even for minimal hypersurfaces in higher dimension, let alone surfaces of higher 
dimension and codimension. 

It was not until thirty years later that the problem of Plateau was successfully 
attacked in its full generality, by several authors using measure-theoretic 
methods; in particular see De Giorgi [DGl, 2, 4, 5], Reifenberg [RE], Federer 
and Fleming [FF] and Almgren [AFl, 2]. Federer and Fleming defined a 
k-dimensional surface in IRn as a k-current, i.e. a continuous linear functional 
on k-forms. Their method is treated in full detail in the splendid book of Federer 
[FHl]. A different attitude was taken by Almgren [AFl, 2] (and Allard [A W]) 
who introduced k-dimensional varifolds, i.e. Radon measures on IRn x G(n, k), 
where G(n, k) denotes the Grassmann manifold of k-planes in IRn. On the other 
hand, the ideas of De Giorgi [DG5] were never published in widely circulated 
journals. They were known to the experts but the work was not really available 
to a larger audience. In the formalism of De Giorgi, a hypersurface in IRn is a 
boundary of a measurable set E whose characteristic function CfJE has distri­
butional derivatives that are Radon measures of (locally) finite total variation 
(briefly Caccioppoli sets). In this case the (n- !)-dimensional area is taken as 
the total variation of DcpE. It is not difficult to show the existence of a solution 
for Plateau's problem in some weak sense. It is a much more difficult task to 
prove that the hypersurfaces so obtained (and in general every hypersurface 
locally minimizing area) are actually regular, except possibly for a closed singular 
set. This is the central result of the above mentioned paper of De Giorgi [DG5] 
and it was later simplified and completed by Miranda [MM3] who showed 
that the singular set ~ has zero (n- !)-dimensional measure. 

The main idea of [DG5] is the following. For every x E 8E it is possible to 
define an approximate normal vector 
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One can show that if, for some XEOE and some p > 0, the vector v11(x) has 
length close enough to 1, then the difference 

1 -lv,(x)l 

converges to 0 as r--+ 0. This is the hardest part of the proof; it is then quite 
easy to show that oE is regular (analytic) in a neighbourhood of x. 

The method of proof outlined above is very powerful when looking for 
regularity "almost-everywhere". The reader can compare the results of [DG5] 
with the techniques of [AFl] and Chapter 5 of [FHl], and with the theory of 
non-linear elliptic systems as developed in [MC2], [GM], [GEl]. 

Once the regularity almost-everywhere has been established, it is natural to 
ask whether the singular set ~ can exist at all. One is then naturally led to 
study the behaviour of oE near a point, say the origin, and this is done by 
blowing up the situation, i.e. by considering the sets 

Ek = { XEIRn:IEE} k = 1, 2, ... 

Due to the geometric invariance of the area, all the sets Ek are minimal and a 
subsequence will converge in measure to a set C, which is itself minimal. More­
over, C is a cone, roughly speaking a tangent cone to E at 0. One can see that 
E is regular near 0 if and ·only if oC is a hyperplane, so that the existence of 
singularities in oE is reduced to the existence of singular minimal cones. 

In [AFt], Almgren proved the non-existence of singular minimal cones in 
IR4 , and in [SJ], Simons extended this result up to dimension seven, thus proving 
the regularity of minimal hypersurfaces in IRn, for n ~ 7. This result is the best 
possible since the cone 

is a singular minimal cone in IR8 . This was shown by Bombieri, De Giorgi and 
Giusti [BDGG]. 

Finally, starting from the result of Simons, Federer [FH2] proved that the 
dimension of the singular set cannot exceed n - 8. 

Thus far, we have discussed only general (parametric) minimal hypersurfaces. 
A special case of primary interest occurs when we ask that our surface E be 
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the graph of a function u(x) defined in some open set n. Such surfaces are 
usually called non-parametric minimal surfaces. 

It is customary in the literature on the subject to consider open sets n c IR", 
so that our surface lies in the cylinder Q = n x IR c IR" + 1; and has dimension n. 

Although sometimes it may cause some confusion, in particular when applying 
parametri,c methods to the non-parametric case, we prefer to retain this well­
established rule. 

If u: n-+ IR is a smooth function, the area of its graph is given by 

d(u) = J Jl + IDul 2 dx, 
Q 

and therefore u minimizes the area if and only if it is a solution of the minimal 
surface equation 

D; = lllu { D;u } 0 · rr. 

Jl + 1Dul 2 

or more briefly 

div T(u) = 0; T(u) = Du(l + 1Dul 2 )- 1 i 2 • 

A natural question is that of the existence of solutions ofthe Dirichlet problem; 
namely of solutions of the minimal surface equation taking prescribed values 
on the boundary of n. 

A peculiarity of the minimal surface equation (as compared for instance with . 
Laplace's equation) is that this problem is not generally solvable. When n = 2, 
it was proved by Bernstein [BSl] (and in increasing generality by Haar [HA] 
and Rado [RTl]) that a solution exists for arbitrary data if n is convex, but 
may fail to exist without the convexity of the domain, even if the boundary 
datum cp is coo and has arbitrarily small absolute value (Finn [Fl], Jenkins and 
Serrin [JS2] ). In the same paper, Jenkins and Serrin proved that the Dirichlet 
problem in n dimensions is always solvable if the mean curvature of an is 
nowhere negative. We shall give here a proof of this result, following the ideas. 
of [GD], [SG] and [MM4], without using the theory of non-linear elliptic 
equations. 

The unpleasant restriction on the mean curvature of an can be avoided by 
a suitable generalization of the Dirichlet problem. More precisely, we do not 
impose the boundary condition u = cp as a characterization of the class of 
function competing to minimize the area d(u), but rather we introduce it in the 
functional under consideration as a penalization, and we look for a minimum of 
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f(u) = JJ1 + IDul 2 dx + J lu- cpidHn-1· 
o ao 

It is easily seen that a solution of the Dirichlet problem also minimizes ,/; 
on the other hand, the new functional always has a minimum in the class BV(Q), 
of functions with bounded variation in Q, independently of the mean curvature 
of the boundary. 

In general the minimizing function will not take the value cp on oQ; however 
this will happen at every point xoEo!l where the mean curvature of an is non 
negative and cp is continuous. 

The connection between parametric and non-parametric minimal surfaces is 
given by a theorem due to M. Miranda [MM2], which states that u minimizes 
the area d(u) in Q if and only if its subgraph 

U = {(x, t)EQ = Q x IR; t < u(x)} 

is a set of least perimeter in Q. As a consequence, the regularity results for 
parametric minimal surfaces, in conjunction with the a priori estimates for the 
gradient of Bombieri, De Giorgi and Miranda [BDGM] (later simplified by 
Trudin:ger [TN1] and generalized in [TN2] and [LU2]) imply the regularity 
everywhere of non-parametric minimal hypersurfaces in arbitrary dimension. 

Another important point in the theory of non-parametric minimal surfaces 
is the so-called Bernstein problem. In 1915, S. Bernstein proved that the affine 
functions u(x) = (a, x) +bare the only entire solutions of the minimal surface 
equation in the plane [BS2]. Several proofs of the Reinstein's theorem were 
found later (we shall dis¥uss two of them), but all are restricted to the two­
dimensional case. It was only in 1962 that Fleming [FW] gave a different proof, 
suitable for extension to higher dimensions. 

Roughly speaking, Fleming's idea was the following. Let u be an entire 
solution, and let U be its subgraph. We can consider the sets 

and show that a subsequence converges to some minimal set C. Fleming then 
proved that c is a cone and that its boundary ac is a hyperplane if and only 
if u was an affine function. In other words, the existence of nontrivial entire 
minimal graphs in IRn implies the existence of singular minimal cones in IRn; or 
better in IRn- 1, as was shown later by De Giorgi [DG6]. The above mentioned 
results of Almgren and Simons extend the Bernstein theorem up to dimension 7. 
This result is the best possible since there exist entire solutions of the minimal 
surface'.equation in IR8, that are not affine [BDGG]. 
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The aim of these notes is to present a theory of minimal hypersurfaces in 
arbitrary dimension along the lines sketched above. The book is almost self­
contained, the only prerequisites being a fairly good knowledge of general 
measure theory and some familiarity with the theory of elliptic partial differential 
equations. For the reader's convenience, the essential results with appropriate 
references are gathered in Appendix C. 

The book consists in two parts, following the distinction between parametric 
and non-parametric minimal surfaces. The first part repeats with minor changes 
the notes of a course given at the Australian National University in the spring 
of 1976, and published there with the assistance of Graham Williams [GE3], who 
moreover wrote the section 1.30 and the Appendix A, and revised the English 
throughout. 

The first four chapters are devoted to the theory of B V spaces, i.e. spaces of 
functions whose distributional derivatives are Radon measures of locally 
bounded total variation. We discuss the general properties of these spaces, 
emphasizing compactness, semicontinuity, approximation with smooth func­
tions and traces (compare [MM1], [MM5], [AGMMP]). As a particular case 
we study sets E whose characteristic functions are in the space BV. These are 
known as Caccioppoli sets or sets of locally finite perimeter. We introduce the 
notion of reduced boundary o*E as the set of those points of oE for which 
there exists a tangent hyperplane to 8E; and we discuss its properties, in particular 
the regularity. 

The next four chapters (Chapters 5-8) are dedicated to the proof of the 
regularity almost-everywhere of minimal hypersurfaces. This is the main part 
of the notes and contains the theorem of De Giorgi [DG5]. In Chapters 9 and 
10 we deal with the problem of minimal cones. In particular, in Chapter 9 we 
prove the existence of tangent ·cones to a minimal hypersurface by means of 
the blow-up procedure described above. Also we prepare the way for the proof 
of Simons' result [SJ] by reducing it to the problem of the existence of minimal 
cones with only one singular point, the vertex. In the next chapter it is proved 
that such cones cannot exist in IRn for n ~ 7 thus proving Simons' theorem. The 
proof presented here is due to Leon Simon, and does not make use of the 
differential geometric methods of the original proof of Simons. Instead it involves 
the differential operators (J introduced by Miranda [MM4] and a careful use 
of test functions. 

The eleventh chapter deals with the dimension of the singular set ~ and 
contains the proof of the result of Federer mentioned above [FH2] that the 
dimension of ~ cannot exceed n - 8. 

The second part is devoted to non-parametric minimal surfaces. The first 
two chapters (Chapters 12 and 13) are dedicated to the classical Dirichlet 
problem for the minimal surface equation. In particular we prove the a priori 
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estimate for the gradi~nt, and we discuss the relations between boundary mean 
curvatur~ and general solvability of the Dirichlet problem. 

Then follow three chapters in which the same problem is treated in its relaxed 
formulation, in the space BV of functions of bounded variation. We consider 
the Dirichlet problem with L 1 and also with infinite boundary data, and we 
discuss the existence and uniqueness of the solution, as well as regularity in the 
interior and at the boundary. 

Finally, Chapter 17 is entirely dedicated to the Bernstein problem. 



Part 1 
Parametric Minimal 

Surfaces 





1. Functions of Bounded Variation 
and Caccioppoli Sets 

In this chapter we introduce the notions of functions of bounded variation and 
Caccioppoli sets. We derive some important properties which will be of use in 
later chapters and towards the end of this chapter we obtain an existence theorem 
for minimal sets. 

Frequent use will be made of the following spaces of functions: 

Their definitions and properties may be found in many text books (for example 
[AR]). We also make use of k-dimensional Hausdorff measure, Hk, especially 
when k = n - 1 and the reader should be familiar with the definitions of these 
measures (see page 128. A complete treatment can be found in [FH'l.] and [RC ]). 

1.1 Definition: Let Q s IRn be an open set and let jE L 1(Q). Define 

JIDfl = sup{Jfdiv gdx:g = (g1, ... , gn)EC6(Q; IRn) 
!1 !1 

and lg(x)l ~ 1 for xEQ}, 

n 8g· 
where div g = if=l ax:. 

1.2 Example: IfjEC 1(Q), then integration by parts gives 

for every g E C 6(Q; IRn), so that 

JIDfl = Jlgradfldx, 
!1 !1 

where 

gradf = (aaf, aaf, ... , aaf )· 
X1 X2 Xn 
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More generally, ifjbelongs to the Sobolev space W1•1(0), then 

JIDfl = Jjgradfjdx 
0 0 

where now grad f = (j1, ... , J,.) and !1, ... , fn are the generalized derivatives 
off 

1.3 Definition: A function of jE L 1(0) is said to have bounded variation in 0 if 
J 1 Dfl < oo. We define BV(O) as the space of all functions in L 1(0) with bounded 
0 

variation. 

1.4 Example: It can be seen from Example 1.2 that W 1•1(Q) s: BV(O). The fact 
that the two spaces are not equal can be seen from the next example. 

Suppose E s: IR" has C2 boundary and consider (/)E, the characteristic function 
of E, which is defined by 

(/)E(X) = { ~ if XEE 

if XEIR"- E. 

If in addition E is bounded, then 

J<pEdx = jEnOj =Lebesgue measure of EnO 
0 • 

and (/)EEL 1(0). However, (/)E does not belong to W 1 •1(0). 
Suppose gECli(O; R"). Then, by the Gauss-Gree.n theorem, 

J(/)E div gdx = J div gdx = J g·vdHn- 1, 
A. E oE 

where v(x) is the outward unit normal to oE at x and Hn- 1 is (n- I)-dimensional 
Hausdorff measure. 

Now Jv(x)l = 1, so that, if jg(x)l ~ 1 and gECA{O; IR"), then 

J g· vdHn-1 ~ Hn-1(oE nO). 
BE 

and hence 
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JID<fJEI = sup{J (/)E div gdx:geCA(Q; IRn), lg(x)l ~ 1} ~ 
n n 

Thus (/)EEBV(Q) and in fact 

(1.1) JID<fJEI = Hn-1(oEnQ). 
n 

To prove (1.1) we need only show that 

JID<fJEI 'i?;Hn-1(oEnQ). 
n 

Since E has C 2 boundary, v(x) will be a C 1 vector valued function of X with 
I v(x)l = 1 and so may be extended to a function N, defined on the whole of !Rn, 
such that NeC1 (1Rn; !Rn) and IN(x)l ~ 1 for all x. Now if1JEC0(Q) and I'll~ 1, 
then we have, setting g = NIJ, 

J div gdx = J IJdHn-1 
E oE 

so that 

J I D<pEI '?;sup{ J IJdHn-1: 1JEC0(Q), I IJI ~ 1} = Hn-1(oE n Q). 
n oE 

1.5 Remark: IfjeBV(Q) and Dfis the gradient off in the sense of distributions 

(see [MCB1]), then Dfis a vector valued Radon measure andJIDfl is the total 
n 

variation of Df on Q. Thus we may extend the definition of J I Dfl to include 
A 

cases where A c Q is not necessarily open. 

In .Example 1.4 we considered a particular class of functions in B V(Q), namely 
the characteristic functions of sets with smooth boundaries. We now extend 
these ideas to more general sets. 

1.6 Definition: Let E be a Borel set and Q an open set in !Rn. Define the perimeter 
of E in Q as 
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P(E, n) = J IDcpEI = sup{J div gdx:gEC6(n; IRn), I g(x)l ~ 1 }. 
Q E 

If n = IRn, denote P(E) = P(E, IRn). 

If a Borel set E has locally finite perimeter, that is, if P(E, n) < oo for every 
bounded open set n, then E is called a Caccioppoli set. 

1.7 Remark: The following simple properties of Caccioppoli sets may be 
proved: 

(i) if n £; n1, P(E, n) ~ P(E, nl) 

with equality holding when E c c n (i.e. E is a compact subset of n) 

(ii) P(£1 u Ez, !l) ~ P(E1, !l) + P(Ez, !l) 

with equality holding when dist(£1, £ 2 ) > 0 

(iii) if IE I = 0, then P(E) = 0 and so, in particular, 
if IE1AEzl = I(El- Ez)u(Ez- Ed I= 0, then P(Ed = P(Ez). 

1.8 Remark: As in Remark 1.5 we see that if E is a Caccioppoli set, then 
there exists a vector valued Radon measure w with locally finite variation such 
that, for all g E C li(n; IRn), 

(1.2) J div gdx = J g · dw. 
E 

where w = - Dq>E. 
In fact the converse is true. Suppose there exists a vector valued Radon 

measure w such that (1.2) holds. Then, if gEq(n; IRn) and lg(x)l ~ 1, 

~ div gdx = J g·dw ~ lwl (Q) < oo, 
E 

where I (J) I (n) is the total variation of (J) on n. Thus P(E, n) ~ I (J) I (Q) < 00 for 
each bounded open set n and E is a Caccioppoli set with w = - Dq>E. 

Note also that 

(1.3) sptDq>E £; oE, 

where 
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sptD((JE = IR"- u{open sets A such that gEC6(A; IR")=> Jg·DcpE = 0}. 

Indeed, if x¢oE, then there must exist an open set A such that xEA and 
either As E or As IR"- E. If As IR"- E, then ((JE = 0 on A; hence if 
gEC6(A; IR"), then J g· DcpE = - J ((JEdiv gdx = 0. If AS E, then ((JE = 1 on A; 
hence if gEC6(A; IR"), then Jg·DcpE = -JcpEdivgdx = Jdivgdx = 0. Thus 
xEA sIR"- sptD((JE and (1.3) holds. 

Now using (1.3) we may write (1.2) as 

that is, a Gauss-Green formula holds in a generalized sense for each Caccioppoli 
set E, and in fact, by the remarks above, Caccioppoli sets are characterized by 
this property. 

One of the most important properties of BV functions is demonstrated by 
the next theorem. 

1.9 Theorem (Semicontinuity): Let n s IR" be an open set and {Jj} a sequence 
of functions in B V(Q) which converge in L 110 c(Q) to a function f Then 

(1.5) J IDfl;;:; lim infJ I D.IJI. 
Q j~oo 0 

Proof: Let g E C 6(0; IR") be such that I g I ;;:; 1. Then 

,"'. ; .. .:.: 

Jfdiv gdx .':""' lim Jjjdiv gdx ;;=;lim inf J I D.fJI. 
' j-+co j-+co n 

Now (1.5) follows on taking the supremum over all such g. 0 

1.10 Example: From equation (1.1) of Example 1.4 we see that if E is a set in 
IR" with smooth (C 2) boundary, then P(E, Q) = H.- 1(oEn!l). However, if E is 
not smooth this may not be true as the following example shows. 

Let {xi} be the sequence of all rational points in IR" and let 

00 

and E = U Bi. Then 
i=O 
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where Wn = r( ~ J I r( ~ + 1) is the measure of the unit ball in IRn. However, 

the rational points are dense in IRn and so E = IRn. Thus I oE 1 = oo which implies 
that Hn-1(8E) = 00. 

k 

On the other hand, if we define Ek = U B;, then Ek--+ E (or ({)Ek--+ ({)E in 
i= 1 

L 1(1Rn)) and, as oEk is piecewise smooth, we may apply (1.1) to obtain 

< nWn-1 
= 1-2 (n 1)' 

Now from Theorem 1.9 

1.11 Example: This example shows that equality need not be achieved in (1.5). 
1 

Let Q = (0, 2n) s IR 1 apd jj(x) = --:-sinjx for xEQ and j = 1, 2, .... The jj are 
1 

in L 1(Q) and furthermore 

f 1 12
" 2n l.fil dx = --:- I sinjx I dx ~---:---+ 0. 

Q 1 0 • 1 

Thus jj--+ 0 in L 1(Q). On the other hand, as the jj are smooth, 

21t 

JID.fil = J lcosjxldx = 4. 
Q 0 

Although, generally, we cannot expect equality, we can prove it in certain 
special cases. For example s~e Propositions 1.13 and 1.15. 



/ 

,,.-:' 

Functions of Bounded Variation and Caccioppoli Sets 9 

1.12 Remark: Under the norm 

II!IIBv = 11/llv + JIDfl, 
Q 

B V(Q) is a Banach space. 

The norm properties follow easily from the definitions of II f II v and J I Dfl 
Q 

and so it only remains to prove completeness. Suppose {jj} is a Cauchy sequence 
in B V(Q); then, by the definition of the norm, it must also be a Cauchy sequence 
in L 1(Q) and hence, by the completeness of L 1(Q), there exists a function fin 
L 1(Q) such that jj--+f in L 1(Q). Since {Jj} is a Cauchy sequence in BV(Q), 

-)1./iiiBv is bounded. Thus JIDjjl is bounded as j--+oo and so, by the semi-
. Q 

, continuity Theorem 1.9,/EBV(Q). It remains only to show thatjj--+fin BV(Q) 
· or, since we already have convergence in L 1(Q), that 

J ID(jj -f) I-+ 0 as j--+ oo. 
Q 

Suppose s > 0; then there exists an integer N such that 
\ 

j, k ~ N => II jj - Jk II BV < s 

=> J I D(jj-.fk)l <_s 
Q 

Now .fk--+ fin L 1(Q) and so jj-.fk--+ jj-fin L 1(Q). Thus by Theorem 1.9 

J I D(jj- f) I~ lim infJ ID(jj- .fk)l ~ s. 
Q k->oo Q 

Since s > 0 was arbitrary,Jj--+fin BV(Q). 

1.13 Proposition: Suppose {jj} is a sequence in B V(Q) such that jj--+ fin L~c(Q) 
and 

lim JIDjjl = JIDfl. 
j->ooQ Q 
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Then for every open set A £ Q 

(1.6) J IDfl ~lim sup J IDfJI. 
AnQ j-+ oo An{l 

In particular, if J IDfl = 0, then 
oAnn 

J IDfl = lim J ID.tJI. 
A j-+ooA 

Proof: Let B = Q- A so that B is open. Then, by Theorem 1.9, 

J IDfl ~lim infJ ID.tJI 
A j-+oo A 

JIDfl ~lim infJID.tJI. 
B j-+oo B 

On the other hand, 

J IDfl + JIDfl = JIDfl 
AnQ B n 

::!: lim JID.tJI 
i- oo n 

~lim sup J I D.fjl +lim inf J I D.fjl 
j-+oo Ann j-+oo B 

~lim sup J ID.tJI + JIDfl 
j-+oo An{l B 

and (1.6) follows. 

1.14 Symmetric Mollifiers: A function 71(x) is called a mollifier if 

(i) I'J(X)E C Q'(!Rn), 
(ii) '1 is zero outside a compact subset of B1 = {xEIRn:lxl < 1}, 

(iii) J 71(x)d~ = 1. 

D 
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If in addition we have 

(iv) 11(x) ~ 0 
(v) 11(x) = ,u(lxl) for some function ,u:IR+-+ IR, 

then 11 is a positive symmetric mollifier. 
For example the function 

y(x) = {
0 

( 1 ·) 
Cexp lxlz- 1 

lxl ~ 1 

lxl < 1, 

11 

where Cis a constant chosen so that J y(x)dx = 1, is a positive symmetric mollifier. 
Given such an 11 and a functionfELloc(IR"), define for each a> 0 

that is, 

= J 11(w)j(x + aw)dw • 
IR' 

Then, using the standard properties of mollifiers, we may show 

(1.8) (a) j.E C 00 (1R"), f.-+ fin Lfoc(IR") and if fE L 1(1R"), then f.-+ fin L 1(1R"), 
(b) A ~f(x) ~ B for all x =>A ~j.(x) ~ B for all x, 
(c) iff, gEL1(1R"), then JIR"j.gdx = JIR"fg,dx, 

(d) if jE C 1(1R"), then ~/.. = (:f.), 
. ux, ux, • 

(e) sptf~A=>sptj.~A. = {x:dist(x, A)~a}, 

where the support off(denoted sptf) is defined by 

sptf= closure{xEIR":f(x) =I 0}. 
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1.15 Proposition: Suppose jE B V(Q) and suppose A c c n is an open set such that 

(1.9) f I Dfl = 0. 
()A 

, 
Then, if j. are the mollified functions described above (where f is extended to 
be 0 outside n if necessary), 

(1.10) fiD/1 = limfiD/.Idx. 
A •-+OA 

Proof: Since j.-+ fin L 1(0), we already have, by Theorem 1.9, the inequality 

fiDfl ~ liminffiD/.Idx 
A •-+0 A 

and so it remains only to prove a reverse inequality. 
Suppose gECMA; !Rn) and lgl ~ 1; then, by the properties described in 1.14, 

fj.divgdx = ff(divg).dx 
n n 

= f fdivg.dx. 
n, 

Now 

and 

sptg ~A =sptg. ~A.= {x:dist(x, A)~ s} 

so that 

fj.divgdx ~ f IDfl. 
n A. 

On taking the supremum over all such g, we see that 

fiDJ.Idx ~ f ID/1. 
A A 8 

Thus 
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lim sup J IDf.ldx ~lim J IDfl = JIDfl 
e-+0 A e-+OA, A 

and so by (1.9) 

lim sup JIDJ.Idx ~ J IDfl. 0 
e-+0 A A 

1.16 Remark: If A = IRn, then 1.15 shows that 

J IDfl =lim J IDJ.Idx 
fRn t:-+OIR" 

and, in particular, iff= CfJE, a characteristic function, then we obtain 

P(E) ,=lim J ID(cpE)eldx. 
t:-+OIR" 

This equality could be used as the definition of P(E) and indeed a definition 
only slightly different was used by De Giorgi ([DGl]). His definition replaced 
j. by 

j;(x) = J gr(Y- x)f(y)dy 

Thus 1/e has been replaced by g1 which although not actually a mollifier does 
possess many of the properties described in 1.14. It is possible to show that, if 
jEL1(1Rn), then the function 

t--+ JIDfrldx (t > 0) 
Q 

is a decreasing function of t and we can define 

JIDfl = lim JIDfrldx 
t-+O+ 
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and 

It is easy to prove that this definition coincides with our original one. 
We are now in a position to show that every function fin BV(O) can be 

approximated, in some sense, by coo functions. Approximation in the BV-norm 
cannot be expected since the closure of the Coo functions in this norm is the 
Sobolev space W1.l(O), which we have shown in 1.4 not to be equal to BV(O). 
So, in particular, we cannot expect to find jjE C 00(0) such that jj--+ fin L 1(0) 

and J I D(jj -f) I ___. o. 
0 

1.17 Theorem [AG]: LetfEBV(O). Then there exists a sequence {jj} in C 00(0) 
such that 

limJijj-fldx = 0 
j-+ 00 0 

(1.11) 

lim JIDjjldx = JIDfl. 
j-+ooO 0 

Proof: Let e > 0. There exists a number m such that if we set 

ok = { XEO:dist(x, 80) > m ~ k }; k = 0, 1, 2, ... 

then 

J IDfl <e. 
O-Oo 

Consider now the sets A;, i = 1, 2, ... , defined by A1 = 02 and fori= 2, 3, ... 
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and let { cp;} be a partition of the unity subordinate to the covering {A;}; that is 

00 

q>;ECQ'(A;), 0 ~ q>; ~ 1, L q>; = 1. 
i= 1 

Let '1 be a positive symmetric mollifier as defined in 1.14. For every index i 
we can choose e; > 0 such that 

(1.13) JIIJ,,*(fq>;)- fq>;ldx < eri 

(1.14) SfiJ,,*(fDq>;)- jDcp;ldx < e2-i. 

Finally, let 

00 

f. = I IJ,, * (fq>;). 
i= 1 

It follows from (1.12) that the sum definingf. is locally finite, and hencef.EC 00(Q). 
00 

Moreover, sincef= L fq>;, we have from (1.13) 
i= 1 

00 

J If. - fl dx ~ L J I IJ,, * (fq>;)- fq>;ldx < e, 
n i=1n 

and therefore, when e-+ O,f. converges to fin L 1(Q). From Theorem 1.9 we have 

(1.15) J IDfl ~lim infJ IDf.l. 
n .-o n 

Let now gECb{Q; IRn), with lgl·~ 1. We have: 

00 00 

Jf.divgdx= L JIJ,,*(fq>;)divgdx = L Jfcp;div(IJ,,*g)dx 
i= 1 i= 1 

and hence: 

00 

Jf.divgdx = Jfdiv(q>11J,,*g)dx+ L Jfdiv(q>;IJ,,*g)dx-
i=2 

00 

- L (g, 'le,*(fDq>;)- fDq>;)dx 
i= 1 
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00 

where we have used the identity L Dcp; = 0. 
i=l 

Since I ({J;tf,, * g I ~ 1 we get: 

Parametric Minimal Surfaces 

whereas taking into account the fact that the intersection of more than any 
three of the sets A; is empty: 

00 

L Jfdiv(cp;tf,,•g)dx.~ 3 J IDfl < 3e. 
i=2 n-no 

From (1.14) we obtain therefore the inequality 

Jf.divgdx ~ J IDfl + 4e, 
n 

and recalling the Definition 1.1.: 

JIDf.l ~ JIDfl + 4e. 
n n 

Letting e--+ 0 and comparing with (1.15) we obtain at once the conclusion of 
the theorem. 0 

1.18 Remark: For every e > 0, for every N > 0 and for every x 0 eo0, 

(1.15) Iimp-N J If.-fldx = 0, 
p-+0 B(xo.p)n!l 

where B(xo, p) = {xEIRn:lx- xol < p}. 
In fact, if x E B(x0 , p) n n then, by our choice of spt ({Jk, 

00 

f.(x)- f(x) = L [tf,k * (fcpk)- fcpk], 
k=k0 

where k0 = [} J- m- 2. Then from (1.13) 
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J If.- fldx ~ 2-koc 
B(xo,p)nl1 

and, using the relationship between ko and p, (1.15) follows. 
We can now prove another important theorem for BV(Q), namely a compact­

ness result. 

1.19 Theorem (Compactness): Let Q be a bounded open set in IW which is 
sufficiently regular for the Rellich Theorem to hold (see [AR], [MCB1]; of course 
it is sufficient that the boundary ofQ is Lipschitz-continuous). Then sets of functions 
uniformly bounded in B V-norm are relatively compact in L 1(Q). 

Proof: Suppose {Jj} is a sequence in BV(Q) such that ll.fJ IIBv ~ M. For each j, 
by Theorem 1.17, we can choose}jEC""(Q) such that 

1 
JniJi-JJI <-:- and IIJi IIBv ~ M + 2. 

J 

Now, by the Rellich Theorem ( [AR], [MCB1] ), {Ji} is relatively compact in 
L 1(Q), so there is a subsequence converging in L 1(Q) to a function! By Theorem 
1.9,jEBV(Q), and is the limit of a sequence extracted from{!;}. D 

Notice that with exactly the same argument we could prove that bounded 
sets in BV(Q) are relatively compact in U(Q) for any p such that 1 ~ p < .~ 1 . 

Using this last theorem, togethcu with the semicontinuity Theorem 1.9, it is 
now an easy matter to prove the existence of minimizing Caccioppoli sets. 

1.20 Theorem (Existence of minimal surfaces [DG5] ): Let Q be a bounded open 
set in IR" and let L be a Caccioppoli set. Then there exists a set E coinciding with 
L outside Q and such that 

for every set F with F = L outside Q. 

Proof: Since Q is bounded, there exists a number R such that 
Q c c BR = {xEIR":Ixl < R}. Now, ifF= L outside Q, then 
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s IDIPFI = s IDcpFI + s IDIPLI· 
BR IR"-BR 

So we need only show that there exists a set E in BR coinciding with L outside 
n such that 

for each set F in B R coinciding with L outside n. 

Obviously f IDIPFI1s bounded below by 0 and so, if {Ei} is a minimizing 
BR 

sequence, we must have that f I DcpEj I is uniformly bounded. Furthermore 
BR 

BR is bounded so f IIPEjldx is uniformly bounded. Hence IPEj is a bounded 
BR 

sequence in BV(BR) and, by Theorem 1.19, there must exist a subsequence, still 
denoted { IPEJ, which converges in L 1(BR) to a function f Since cpEj(x)-+ f(x) 
for almost all x in BR and cpEj(x) is either 0 or 1 we may assume that f is the 
characteristic function of a set E which coincides with L outside n. Now, by 
the semicontinuity Theorem 1.9, we see that E must provide the required 
minimum. D 

1.21 Remark: (i) In some sense the set L determines boundary values for E. 
Roughly speaking, oE minimizes the area among all surfaces with boundary 
0 L nan. • fc ?}. .• , '3 ;,y; ;-,Q. .'j Cv ,, I;'C 

For example, in IR 2 let 

Then E will be the set 

(ii) From the proof of the theorem it is obvious that the nature of L far from 
E (in fact, in the proof, the nature of L outside BR) has no effect on the set 
En Q which we are interested in. 
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I ' j /I 
\ ', ~/ I 
\ ..... _ ·-"" I 
\ I . ' ' , ............. , ....... n -- -

1.22 Remark: (i) The set n can act as an obstacle forcing oE away from the 
minimal surface spanning oL non. 

(ii) By the same methods we could also minimize functionals of the form 

JID<pEI + J H(x)dx. 
E 

Having proved this existence theorem, the remainder of our work will be 
concerned with the smoothness of the resulting minimal set and with various 
other properties of Caccioppoli sets and B V functions. 

The next theorem, although concerning B V functions, will be especially useful 
in obtaining suitable smooth approximations for Caccioppoli sets. 
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1.23 Theorem (Coareaformula) [FR], [DG4]: LetjEBV(Q) and define 

Fr = {xE:O.:f(x) < t }. 

Then 

00 

(1.16) fiDfl= f dtfiDcpp,l. 
n -oo n 

Proof: Suppose gECA(n; IRn) and lgl ~ 1. We first consider the case wheref~ 0. 
Noting that 

00 

f(x) = f (1 - qJp,(x))dt, 
0 

we have 

00 

ffdivgdx = f dx f (1- (/JF,(x))divgdt 
0 

00 

= f dt{f div gdx- f (/JF,div gdx}. 
0 

Now gECA(n; IRn) so that 

fdivgdx = 0. 

Thus 

00 00 

ffdiv gdx = - f dt f div gdx ~ f dt f ID(/JF,I· 
o F, o n 

Iff~ 0 we note that 

0 

f(x) = f (/JF,(x)dt 
-oo 

and obtain, as above, 

0 

ffdivgdx ~ f dtfiDcpF,I· 
-oo n 



Functions of Bounded Variation and Caccioppoli Sets 21 

Splitting f into positive and negative part gives 

co 
Jfdivgdx~ J dtJID<PF,i 

-co n 

for any function jEBV(O.). On taking the supremum over all g such that 

gEC6{0.; IRn) and lgl ~ 1, we have 

co 
JIDfl ~ J dt JID<PF,i· 
n -co n 

To prove the reverse inequality, assume first that (1.16) holds if jECco(Q). 

Now takejEBV(O.) and let {h} be the approximating sequence from Theorem 

1.17. Then, since.fi-fin L 1(Q) and 

co 
Jl.fi-fldx= J dti<PF;,-<PF,Idx, 
n -co 

where Fjt = {xEO.:.[;{x) < t }, there must exist a subsequence, still denoted {jj}, 

such that 

for almost all t. Hence, by Fatou's lemma and the semicontinuity Theorem 1.9, 

JIDJI = limJID.fil =lim J dtJID<PF;,i~ J dtJID<PF,i· 
n j-+con j-+co -co n -co n 

Thus it remains only to prove (1.16) forjECco(O.). We can repeat, exactly, the 

above reasoning but now approximatejECco(Q) by continuous piecewise linear 

functionsjj. Now we show (1.16) holds for continuous piecewise linear functions. 
N 

Suppose Q = U 0.; and 
i= 1 

f(x) = (c;, x) + b; if xEO.;, 

where CiEIRn and b;EIR. Thenfis in W 1•1(0.) and 

N 

JIDfl = L lc;!jO.;I. 
n i=l 
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Furthermore, 

S fDcpF,I = Hn-l({xEil;:f(x) = t}) 
!1; 

Now assume the x1-axis is perpendicular to the hyperplane { xE~l;: 

(c;, x) + b; = t }. Thus, on introducing a change of variables to the right hand 
side of (1.16), we have 

00 00 

J dt J IDcpF,I = J lc;IHn-J ( {xEf!;:xl = t} )dt = lc;llil;l. 
-oo ni -oo 

Hence 

oo N 

J dtJIDcpF,I =I lc;IIQ;I = JIDfl. 
-oo !1 i=l !1 

D 

We can now prove a theorem analogous to 1.17, but in this case we 

approximate Caccioppoli sets rather than B V functions. The proof uses a lemma 

which will be proved after the theorem for ease of presentation. 

1.24 Theorem: Every bounded Caccioppoli set E can be approximated by a 

sequence of Coo sets E j, such that 

Proof: By Theorem 1.17 we know that cp E may be approximated by a sequence 

of cw functions obtained by mollifying cp£. From these functions we obtain the 

required approximating sets by using 1.23. 

Let e > 0 and let fe = 1'/e * cpE as in 1.14; then by 1.23, noting that 0 -;;;,_j.-;;;,. 1, 

1 

JIDfel = JdtJIDcpE) 
0 

where Ee~ = {x:fe(x) < t }. By Remark 1.16 

JIDcpEI = limJIDfeldx. 
,~o 
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Suppose er~O as j-.c:1:J; then, by Lemma 1.25 (to follow), for every t with 
0 < t < 1 

({)E1,--+ ({)E almost everywhere 

(Ei = E.). In fact the convergence holds in L 1(1R"). Then by Theorem 1.9 

liminfJIDcpEJ,I ~ JIDcpEI · for each t. 
j-+oo 

Thus 

1 

JIDcpEI =lim JIDf.) ~ J dtlim infJIDcpE) ~ JIDcpEI, 
j-oo 0 j-+oo 

and so, for almost all t in (0, 1 ), 

liJ.? infJIDcpEj,l = JIDcpEI· 
J-00 

Moreover, by Sard's lemma [MB], for almost every t, oEit is regular and so 

we may choose a tE(O, 1) such that if Fi =Eit then 

(i) oFi is smooth 
(ii) ({)FJ--+ ({)E in U(IRn), 

(iii) JIDcpEI =lim infJIDcpFjl. 
j-+ 00 "' 

Taking a subsequence of {ai}, we can ensure that (iii) holds with lim rather 
j-+ 00 

than lim inf and the theorem is proved. D 
j-+ 00 

1.25 Lemma: Let 0 < t < 1, Bj--+ 0 as j--+ oo and 
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Proof: By definition 

so that 

D 

1.26 Remark: By Proposition 1.13, if J 1 Dq>E 1 = 0 where A is an open set, then 
oA 

JID<PEI = limJID<PEJ 
A j-+ oo A 

1.27 Remark: It is not, in general, possible to approximate a Caccioppoli set E 

by coo sets contained inside E (nor is it possible from the outside). For example, 
consider the set E of 1.10. IfF is any set containing E, we must have F = !Rn 
and hence either IF- EJ = oo or 18FI = oo (or both). It follows then that E 
cannot be approximated from the outside by smooth sets. 

The following theorem is an extension of the Sobolev inequality for functions 
in wu(Q). 

1.28 Theorem: (Sobolev inequality) (A). LetfE B V(IRn) have compact support. Then 

n n-1 

(1.17) (Jifln=ldx)-n ~cdiDfl, 

where c1 is a constant depending only on n. 
(B) LetjEBV(Bp) and define 

fp = I~Pitfdx. 
p 



Functions of Bounded Variation and Caccioppoli Sets 25 

Then 

n n-1 

(1.18) (J lf-fplii=Tdx)-n-~cz J ID/1, 
Bp Bp 

where Cz is a constant depending only on n. 

Proof: Inequalities (1.17) and (1.18) are well known for jECg'(IRn), C 00 (Bp) 
respectively (for example see [AR] ). Consider (1.17) and choose a sequence {jj} 
in Cg'(IRn) such that.fj~fin L 1(1Rn) and JID.fji~JID/1. Now, by (1.17) for 

n 

Cg'(IRn), the functions jj are uniformly bounded in the Ln=l(IRn) norm, and so 
n 

a subsequence will converge weakly to some function foE Ln--=l(IRn). However, 
n 

jj ~fin L 1(1Rn); accordingly fo = f and jj ~ f weakly in Lii=T(IRn) so that 

n n-1 n n-1 

(Jiflii=T dx)_n_ ~ liminf(Jijjln=l dx)_n_ ~ cdim JID.fjl = cdiDfl. 
j--+oo j--+oo 

Similarly we may prove (1.18). 0 

1.29 Corollary (lsoperimetric inequalities): Let E be a bounded Caccioppoli set 
in IRn. Then 

n-1 
(1.19) IEI_n_ ~ c1(n)JID<PEI 

n-1 
(1.20) min{ IE nBpl, I(IRn- E)nBpl }-n- ~ Cz(n) J ID<PEI· 

BP 

Proof: Inequality (1.19) follows immediately from (1.17) by noting that 
(/)EEBV(IRn) and has compact support. 
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Hence, noting that 

we have 

n n-1 n-1 { J If- fpln=T dx}_n_ ~ min{IE nBpl, I(IRn- E)nBpl}_n_ 
Bp 

n-1 
~ min{IE r'IBpl, I (IRn- E)nBpl}_n_ 

and (1.20) follows. 

1.30 Other Definitions of BVfunctions: There are several other definitions of the 
"space of functions of bounded variation" especially in the case of functions 
from IR to IR. We now give a few of the most common definitions and discuss 
their relationship with the one we have used. 

Suppose f: IR--+ IR and a < b are real numbers. Then define the variation off 
on [a, b] as 

V~(f) = suptt
1
Jf(t;)-f(t;-1}1 :me IN and a= to< t1 < ... < tm = b} 

The function f is said to be of bounded variation if there exists a constant K 
such that 

V~(f) ~ K for all a < b 

and we define the variation off as 

V(f) = sup{~(f):a < b real numbers). 

This definition is well known and frequently used for functions f: IR--+ IR. 
However, in the situations we are considering it does suffer some drawbacks. 
We are mostly interested in integrals and measures and so we want changes 
on sets of measure zero to have no effect. Unfortunately if we change the value 
of a function, even at just one point, the variation will be affected. To overcome 
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these problems we assume that our functions are integrable and define a quantity 
known as the essential variation. 

The essential variation depends on a notion called approximate continuity. 
We say; f is approximately continuous at x0 , if for all B > 0, the set 
A = 1R-f- 1{y: IY-f(xo)l > e} has density 0 at xo where the density of a set 
A at a point x0 is defined as 

1. IAn{x:lx-xol <r}l 1. IAnB(xo, t) 
tm =tm . 

r-+o l{x:lx-xol <r}l t-+o IB(xo, t)l 

In the usual definition of continuity we would require that dist{ x 0 , A)> 0. Thus 
the definition of approximate continuity relaxes this to allow some points of A 
close to x 0 but not very many. An important property of this definition is that, 
provided we leave the value off at x 0 unchanged, the approximate continuity 

·will be unaffected by changes off on a set of measure zero. 
Supposefis integrable and a< bare real numbers. Then we define the essential 

variation off on (a, b) as 

where each t; is a point of approximate continuity}-

We say f has bounded essential variation orfE B V(IR) if there exists a constant · 
K such that • . 

ess V~(f) ~ K for all a < b 

and define the essential variation off as 

ess V(f) = sup{ess v:(f):a < b real numbers}. 

It can be shown that this definition of B V(IR) is equivalent to ours, that is: 

(a) fhas bounded essential variation if and only if 

sup{J 11dg'dx:gEC6(1R), lgl ~ 1} < oo. 

Indeed there are other equivalent definitions: 
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(b) the derivative off (in the distributional sense) is a finite measure, 
(c) f can be approximated in L 1 by coo functions with uniformly bounded 

variation, 
(d) there exists a function g such that g has bounded variation andf = g almost 

everywhere. 
Some of these conditions carry over to IR" with the appropriate changes made 

because of the higher dimension and once again they may be shown to be 
equivalent to our original definition. 
(b') The derivative Df off (in the distributional sense) is a finite vector valued 

measure, (equivalence follows from Remarks 1.5 and 1.8), 
(c') f can be approximated in the L1 norm by coo functions with uniformly 

bounded variation, that is 

JJ~fin L 1(1R") and JIDjjldx ~ K, 

(equivalence follows from Theorems 1.9 and 1.17). 

Although (d) does not carry over directly, it has been shown by Federer 
(4.5.9 of [FH2] or [FHl]) that, fromfwe can obtain a function g which has 
various nice properties and corresponds in the !-dimensional case to the function 
of (d) above. 

Finally, the definition of bounded essential variation has been extended to 
IR" as follows (see 4.5.1 0 [FH2] ): 

(a') jE L 1(1R") has bounded essential variation if, for i = 1, 2, ... , n, the essential 
variation off(Yt, ... : y;-1, t, y;, ... , Yn- i) with respect tot is integrable with 
respect to y in (n- 1)-space. 

At first glance these definitions may appear to be markedly different but their 
equivalence is easily established once the following equalities are proved: 

sup{ J fdivgdx:gEC6{1Rn; IRn), lgl ~ 1} 

"" 
(b") = SIDfl 
(c") = inf{limsup J IDfJidx:{jj} ~ C0(1Rn),JJ~fin L 1(1Rn)}. 

j-+ 00 !Rn 

For the case n = 1, we have 

(a") J I Dfl = ess V(f) 
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(d") = inf{V(g):g =!almost everywhere} 

and if n > 1 we have 

(a'") Jl Dfl = J ess V(.fi.y)dy for each i = 1, 2, ... , n, 
IR"- 1 

wheref;,y(t) =f(yl, Yz, ... , Yi-1, t, y;, ... , Yn-d· 



2. Traces of B V Functions 

Since we are regarding BV(n) as a subset of L 1(n) we consider equivalence 
classes of functions rather than the functions themselves. Thus it makes no sense 
to talk of the value of a BV function on a set of measure zero since we may 
change the values of the function on such a set without changing its equivalence 
class. However it is important to be able to talk about the value of a B V function 
on the boundary of a set even though such a boundary may have measure zero. 
Obviously such a notion of values on a set of measure zero must take into 
account the value of the function on surrounding sets rather than just the set 
itself. It is the aim of this chapter to give a rigorous and meaningful definition 
of the trace of a B V function on the boundary of the set and then to develop 
some of the properties of the trace. 

An essential tool in the definition of trace is the following theorem of Lebesgue. 

2.1 Theorem (Lebesgue's Theorem): IjjEL 1(1Rn), thenfor almost all XE'Rn 

(2.1) lim p-n J lf(x + t)- f(x)ldt = 0. 
p-0 BP 

(For a proof see 2.9.9 of [FH2].) 
As an has zero measure, the preceding theorem does not allow us to define 

unambiguously the val~es off on an and in fact a general fin L t(n) has no 
trace on an. It is precisely the existence of derivatives that makes it possible 
to define a trace on an, and more generally on closed hypersurfaces s c n, for 
functions fEB V(n). 

The following covering lemma will be useful in this and later chapters. 
c 

2.2 Lemma: Let As rpn and p:A --+(0, 1); then there exists a countable set of 
points {xi} in A such that: 

(2.2) B(xi, p(xi))nB(xj, p(xi)) = 0 ifi #j 

00 

(2.3) A s U B(xi, 3p(xi) ), 
;~ 1 

where B(x, r) = {yEIRn:lx- Yl < r}. 
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Proof: For k = 1, 2, ... let 

Consider the class of all subsets L of A1 , such that B(x, p(x))nB(y, p(y)) = 0 
for all x, yEL, x -1: y. If we order such sets by inclusion, then by Zorn's lemma 
there is a maximal subset L 1 . If M is any compact subset of IRn, then L 1 n M 
must be finite and so L 1 itself must be countable. 

Similarly, let L2 be a maximal subset of A2, such that B(x, p(x)) n B(y, p(y) = 0 
for all x, yE L1 u L2, x # y. Now proceeding by induction let Li c:; Ai be a maximal 
subset satisfying: 

B(x, p(x))nB(y, p(y)) = 0 for all x, yEL1 uL2 u ... uLi, x # y. 

00 

The set A = U L; is then countable and satisfies 
i= 1 

B(x, p(x))nB(y, p(y)) = 0 for all x, yEA, x # y. 

We now show that A satisfies (2.3). 
00 

Suppose zEA, then, as A= U Ak, there exists a k such that zEAk and 
k=l 

further there exists an xE L 1 u L 2 u ... u Lk such that B(x, p(x)) n B(z, p(z)) # 0 
(otherwise Lk would not be maximal). On the other hand, by the definition of 
Ak and L;, 

and hence zEB(x, 3p(x)), establishing (2.3). D 
In proving future results it will be useful to adopt the following notation: 

B( x, r) = { z E IRn: I x - z I < r} = a ball in IRn 

.?4(y, p) = {tEIRn-l:ly- tl < p} =a ball in IRn-l. 

2.3 Lemma: Let IR~ = { x E IRn: Xn > 0} and let Jl be a positive Radon measure on 

IR~ with ,u(IR~) < oo. For p > 0 and yEIRn-l = o!R~, let 

c:(y) = {xEIRn:x = (z, t), IY- zl < p, 0 < t < p} = .?4(y, p) X (0, p). 
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Then,for H n- 1-almost all y E IRn- 1' 

(2.4) lim p 1 -"j.t(C;(y)) = 0. 
p-+o+ 

Proof: Let 

It is sufficient to show that Hn-1(Ak) = 0 for each k. Given yEAk and e > 0, 
there exists a number py < e such that 

Now by the covering Lemma 2.2 we can choose a sequence YiEAk such that 
00 

the balls .cJI(yi, Pi), where Pi = PY;• are disjoint and Ak s;; U .cJI(yi, 3pi). Then 
i= 1 

00 00 

Hn-1(Ak) ~ Wn-1 L (3pi)"- 1 ~ 2kWn-13"- 1 L J.t(C;; (yi)). 
i= 1 i= 1 

On the other hand, since Pi < e, we have 

and hence 

But since J.t(IR~) < oo, we have J.t(L.)-+Oas e-+0 and so Hn-1(Ak) = 0. 0 

2.4 Lemma [MM5]: Let 

c ~ = .cJI(O, R) X (0, R) = [JIR X (0, R) 

andfEBV(C~). then there exists afunctionf+EL1(.cJIR) such that for Hn-1-
almost all y E .cJ1 R 



Traces of BV Functions 33 

(2.5) limp-• J lf(z)-f+(y)ldz=O. 
p~O C;i(y) 

Moreover, ifCR = PIJR x (-R, R), thenfor every gECb(CR; IR") 

(2.6) J fdivgdx =- J <g, Df> + Jf+g.dHn-1· 
C}< C}< IJIJR 

Proof: Let us suppose first thatfis a smooth function, and for a> 0 letfe:P/JR ~ IR 
be defined by: 

(2.7) .fe(y) = f(y, 8). 

Let Q,,,. = PJR x (a', a), 0 <a' <a< R. We have: 

(2.8) Jl.fe-.fe·ldHn-1~ J IDnfldx. 
IJIJR Q,,,. 

The sequence.fe is thus a Cauchy sequence in L 1(PIJR), and therefore it converges 
to a function!+ EL1(P/JR). 

Suppose now that g E C b( C R; IR"). Letting a~ 0 in the identity 

J fdiv gdx = ~ J < Df, g > dx + J .feg.,dHn-1 
QR.• QR.• IJIJR 

we obtain at once (2.6). 
To prove (2.5) we observe that 

+p s lf+(1})-f+(y)ld1J. 
iJIIp(Y) 

But by the Lebesgue Theorem 2.1 

(2.9) limp1-n J lf+(1J)-f+(y)ld1J=O 
p~O IJIJP(y) 

for H.- 1-almost all yEPIJR. On the other hand, by (2.8), 
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p 

Jdt J lfi1J,t)-f+(1J)Id1J~P J IDfl. 
0 .\Wp(Y) Cf; (y) 

Thus 

P-n J lf(z)-f+(y)idz~p 1 -n J IDfl+p 1 -n J lf+('1)-f+(y)ld1J. 
Cf;(y) Cf;(y) .\WP(y) 

But, by Lemma 2.3, for H.- 1-almost all yEf!JR 

p1 -" J IDfi~O as p~O 
Cf;(y) 

and so using (2.9) we obtain (2.5). 
The theorem is thus proved for jEC 00(Cit)nBV(C~"). Now letfEBV(cn 

and let jj be the sequence obtained in Theorem 1.17. 
From (2.5) applied to jj and Remark 1.18 we easily obtain: 

limp-• J lf(z)- ft(y)ldz = 0 
p--+0 Cf;(y) 

for H.- 1-almost every yEf11JR and for every j. In particular all the traces ft 
coincide so that defining!+ = ft we have (2.5). Finally, writing (2.6) for jj and 
passing to the limit as j ~ oo we obtain the full result. D 

2.5 Remark: The furn;tionf+ is called the trace off on f!JR and obviously 

2.6 Proposition: Let fEB V( C;) and let {jj} £ B V( C;) be a sequence converging 

to fin L 1(C;) such that 

lim J ID.fJI = J IDfl. 
j--+oocii CJi 

Then 

limft =!+ in L 1(f11JR). 
j--+ 00 
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Proof: From (2.8) if 0 < p < R and Qp = QR,p, 

and hence, if 

1 (P 
fp(y) = 7i J 0 f(y, t )dt, 

(2.10) J lf+(y)- fp(y)ldy ~ J ID/1. 
&iJR Qp 

Now from (2.10) 

(2.11) J lf+(y)- f}(y)ldy ~ J ID/1 + J IDfJI + J lfp(y)- fi.p(y)ldy 
&iJR Qp Qp &iJR 

and 

f lfp(y)- jj,p(y) I dy ~ -/31 (P dt f lf(y, t)- jj(y, t) I dy ~ 
J&iJR J0 J&iJR 

Also by Proposition 1.13 

lim J I Djj I = J I Dfl for almost every {3. 
j~ 00 Qp Qp 

Then in conclusion 

lim sup J If+-!} ldy ~ 2 J ID/1. 
j~oo &ilR Qp 

for almost every {3. Letting p--+ 0, we obtain the result. D 

2.7 Remark: If c; =PAR x (-R, 0) and /EBV(C;), then we can define a 
trace f- E U(!JlR) which will satisfy theorems analogous to 2.5 and 2.6. 



36 Parametric Minimal Surfaces 

2.8 Proposition: Let f1 E B V( C ~) and hE B V( C i ). Define a function f: C R --+ IR by 

f= {f1 inc~ 
h inc;. 

ThenfEBV(CR) and 

(2.12) J If+- f-ldHn-1 = J IDfl. 
~R ~R 

Proof: From (2.6) and the analogue for f 2 • 

J fdivgdx =- J (g, Df)- J (g, Df) + J (f+ -f-)gndHn-1· 
c;,. ct; c-;; ~R 

As the right hand side is bounded if lgl ~ 1, the functionfis in BV(CR) and 

J fdivgdx =- J <g, Df) =- J (g, Df)- J (g, Df)- J (g, Df) 
~ ~ ~ ~ ~ 

'so that 

- J (g, Df) = J (f+- f-)gndHn-1 for gEC6(CR; IRn) 
~R ~R 

and (2.12) follows. D 

2.9 Remark: This theorem illustrates an important extension property for B V 
functions and (2.12) shows that unless f+ = f- we could not expect a similar 
theorem for functions in wu. 

We now turn to the case of a general n in IRn. Suppose n is an open set in 
IRn, with Lipschitz continuous boundary an, andfEBV(n). If XoEan, then with 
a translation and a rotation we can reduce our considerations to the case x 0 = 0 
and further suppose that in a neighbourhood of x0 = 0 we have 

an= {(y, t)EIRn:yEA, t = w(y)} 

where A is a neighbourhood of 0 in IRn- 1 and w: A --+ IR is a Lipschitz continuous 
function such that if (y, t )En then t > w(y). If we set 
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~ = (17, r) = (y, t- m(y)) 

and 

g(~) = f('1, r + m(17)) = f(y, t), 

then the function g is in B V( C; ), for some R > 0. 
If g+ is the trace of g on !14R, then we define the trace of f m 

SR = g = (17, m('1)):11Ef14R} as 

Thus, possibly using a partition of unity we have 

2.10 Theorem: Let n be a bounded open set in IR" with Lipschitz continuous 
boundary an and letfEBV(n). Then there exists afunction cpEL1(an) such that 

for H n- 1 -almost all X E an 

(2.13) limp-" J lf(z)- cp(x)ldz = 0. 
p~o Bp(x)nn 

Moreover,for every gECb{IR"; IR"), 

(2.14) Jfdivgdx = - J <g, Df) + J cp<g, n)dHn-1 
n n an 

where n is the unit outer normal to. an. 
Similarly from 2.6 we may obtain 

2.11 Theorem: Let n be a bounded open set in IR" with Lipschitz continuous 

boundary an, and let jj, f be functions in B V(n) satisfying 

limJijj-fldx = 0 
j-oon 

lim J I Djjl = JIDfl. 
i~ GO n n 

Then, if cp i and cp are the traces of jj and f respectively, we have 

lim J I cp i- cp I dH"- 1 = 0. 
i~ GO an 
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2.12 Remark: From the definition of trace, Theorem 1.17 and Remark 
1.18 it follows that, if an is Lipschitz continuous, then for every jEBV(n) 
there exists a sequence {jj} in coo(n) such that 

lim J I.IJ-!I dx = 0 
j-+ 00 g 

lim JID.fJidx = JIDfl 
j- 00 (! (! 

and moreover the trace of each jj on an coincides with the trace off 

2.13 Remark: If A c c n is an open set with Lipschitz continuous boundary 
aA, then !lA and fin-A (belonging to BV(A) and BV(n- A) respectively) 
will have traces on aA which we callf.4 andf1 respectively. Then 

limp-n J lf(z)- fA"(x)ldz = 0 for Hn-1- almost all xEaA, 
p-0 Bp(x)nA 

limp-n J lf(z)-f1(x)ldz=OforHn-1-almostallxEaA, 
p-0 Bp(x)-A 

and, as in Proposition 2.8, 

(2.15) JIJ1-JA"IdHn~1= JIDJ[. 
oA • oA 

Moreover, from the proof of Proposition 2.8, we see that 

Df= (!1-fA")vdHn-1 on aA, 

where v is the unit outer normal. 
A special case occurs when n = BR and A = BP with p < R. The traces are 

denoted!; andf; and so from (2.15) it follows that for almost every p 

Also 

J;(x) = J;(x) = f(x) Hn-1-almost everywhere in aBp. 

J;(px) = lim f(tx) in L1(aB1), 
t-+p­

t<tN 
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where N is a set of measure zero, and similarly for J;(px). 
In particular given x E B R, let p = I xI to obtain f + (x) = f: (x ). If we do this 

for each x in BR we obtain a function!+ (or f-) equal almost everywhere to 
f(x) but now satisfying 

for all x (and similarly forf-(x)). 
However we do not use this property in what follows. 

2.14 Remark: If A and Q are open sets with A s;; Q, oA Lipschitz continuous and 
feBV(A), then we can define a function F:Q-+ 1R by 

F(x) = {f(x) xeA 
0 xeil-A. 

Then FA. =fA. and F1 = 0, so that from (2.15) 
\ 

JIDFI=JIDfl+ J I!A.IdHn-1· 
Q A oAnQ 

In particular, if A= Bp, n = BR(P < R), Eisa Caccioppoli set andf = (/JE, we 
have, for almost every p (and more particularly those p for which q>i,P = (/JE 

Hn- 1 -almost everywhere on oBp) 

Similarly putting A = BR- Bp, n = BR 

and 
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for almost all p < R. 
We conclude this section by proving a converse of Theorem 2.10. 

2.15 Proposition [GA]: Let <p be a function in L 1(f!IR) with compact support. For 
every a> 0 there exists afunctionjE W1 •1(Cjn with trace <p on f!IR and such that: 

(2.19) J lfldz;:;:; B J l<pldHn-1 
CA BIIR 

(2.20) J IDfldz ;:;:;(1 +e) J l<pldHn-1· 
CA BIIR 

Proof: Let { ({Jk} be a sequence of Coo -functions in f!4 R, converging to <p in L 1(f!l R). 
We can assume that <po = 0 and 

00 

I II (/Jk - (/Jk + 1 II ;:;:; (1 + a/2) II <p II 
k=O 

II denoting the norm in L 1(f!IR). 
Let {tk} be a decreasing sequence, converging to zero. For z = (x, t) we set 

We have for tk+1 < t < tk 

IDJI;:;:; ID;<pkl + ID;(/Jk+ll i = 1, 2, ... , n-1 

and therefore 

00 00 

J IDfldz;:;:; L II (/Jk- (/Jk+ d + L (II D<pk II+ II D<pk+ d )(tk- tk+ 1). 
CA k=O k=O 

Moreover: 
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00 

J lfldz~ L (llqhll + licpk+1ll)(tk-tk+d~411cpllto. 
Cii. k.=O 

If we choose the sequence tk in such a way that 4t0 < B and 

t t < ellcpll 2-k-2 
k- k+1-

- 1 + II Dcpk II + II Dcpk + 1 II 

we have immediately (2.19) and (2.20). The proof that the trace off is actually 
cp proceeds exactly as in 2.4. D 

A simple argument based on a partition of unity (see 2.10) proves 

2.16 Theorem: Let n be a bounded open set with Lipschitz-continuous boundary 
an, and let cpEL1(an). For every B > 0 there exists afunctionjE Wl, 1(n) having 
trace cp on an and such that 

(2.21) J 1/1 dx ~ B II cp II 
Q 

(2.22) JIDfldx ~A II cp II 
Q 

with A depending on an, but independent of cp, f and B. 

2.17 Remark: It is easily seen fr9m the construction off that its support can 
be taken in an arbitrary neighborhood of an. Moreover, if an is of class C 1, 

we may take A = 1 + B. 



3. The Reduced Boundary 

Recalling that when considering functions in B V we are really considering 
equivalence classes of functions, we see that changing a function on a set of 
measure zero gives, as far as B V is concerned, the same function. In the same 
way when considering Caccioppoli sets the perimeter and other properties are 
unchanged if we make alterations of measure zero. In other words we are really 
concerned with equivalence classes of Caccioppoli sets. 

3.1 Proposition: If E is a Borel set, then there exists a Borel set E equivalent 
toE (that is, differs only by a set ofmeasure zero) and such that 

(3.1) 0 <IE n B(x, p)l < WnPn for all XEOE and all p > 0, 

where Wn is the measure of the unit ball in IRn. 

Proof: Define 

Eo= {xEIRn: there exists p > 0 with IE nB(x, p)l = 0} 

and 

E1 = {xEIRn: there exists p > 0 with IE nB(x, p)l = IB(x, p)l = WnPn}. 

Suppose xEE0 ; then there exists p > 0 such that IE n B(x, p)l = 0. Now 
suppose yEB(x, p), and setting Po= p -lx- Yl > 0 we have B(y, p0 ) s B(x, p) 
and IB(y, po)nEI = 0. Thus B(x, p) s Eo and so Eo is open. In the same way 
we can show that E 1 is open. We next establish that I Eon E I = 0. 

For each xEEo choose p > 0 such that IE nB(x, p)l = 0. Then {B(x, p):xEEo) 
forms an open covering of Eo and so there exists a sequence {xi} in Eo such that 

00 

Eo s U B(xi, Pi) and IE n B(xi, Pi) I = 0 
i= 1 

and hence 
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00 

IEnEol~ I U (B(x;, p;)nE)I = 0. 
i= 1 

Similarly we can show IE1- El = 0. 

Now set E = (EuE1)- E0 . Then E is equivalent toE and, since E1 and Eo 
are open, if xEoE.then x¢E 1 uE0 and (3.1) must hold. D 

3.2 Remark: Since we are concerned only with equivalence classes of sets, by 
Proposition 3.1, we may assume that inequality (3.1) holds for every set we 
consider. 

We now want to introduce a particular subset of the boundary of a Caccioppoli 
set known as the reduced boundary and denoted o* E. This concept was intro­
duced by De Giorgi [DG2] and it is of fundamental importance when consider­
ing the regularity of the boundary of minimizing sets. 

We shall show later that, for a minimizing set E, thereduced boundary o*E 
is analytic and we shall then be concerned with estimating the size of oE - o* E 
and in particular its Hausdorff dimension. 

3.3 Definition: A point x belongs to the reduced boundary, o* E, of a set E if 

(3.2) f IDIPEI > 0 for all p > 0, 
B(x,p) 

(3.3) the limit v(x) = lim vp{x) exists 
p-0 

where 

f D<pE 
Vp(X) = -=B::.o:<xc..:.,P"-")--

f ID<fJEI 
B(x,p) 

and 

(3.4) lv(x)l = 1. 

Note that, from the theorem of Besicovitch on differentiation of measures 



44 Parametric Minimal Surfaces 

(2.9 of [FH2] ), it follows that v(x) exists and I v(x) I = 1 for I DcpE 1- almost all 
xeiRn, and furthermore that 

3.4 Examples: (i) Suppose oE is a C 1 hypersurface and XEoE. Now, from 
Remark 2.13, setting A= E andf= (/JE, we obtain that 

D(/JE = vdHn-1 on oE 

where vis the unit inner normal to oE. Furthermore by (1.3), sptDcpE £;; oE and so 

J DcpE = J vdHn-1· 
B(x,p) B(x,p)niJE 

On the other hand from (1.1) 

J IDcpEI = Hn-1(B(x, p)noE) 
B(x,p) 

and therefore 

J vdHn-1 
Vp{X) = B(x,p)niJE • 

Hn-1(B(x.,. p)noE) 

Hence, since vis continuous on oE, 

lim vp(x) = v(x). 
p-0 

Thus X is in the reduced boundary. In conclusion, if oE is a C 1 hypersurface 
then 8* E = oE and v(x) is the unit inner normal vector to oE at X. 

(ii) Let E be the unit square in IR 2 , then conditions (3.2) and (3.3) are satisfied 

for each x in oE and (3.4) is satisfied except at the corner points where I vI = ~­
v2 

The properties of the sets we consider are unchanged by translation and 
rotation. For simplicity we shall often assume that the origin belongs to oE or 
that the xraxis is normal to oE and then by the appropriate rotation and 
translation we may prove similar results for any point in oE. 
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3.5 Lemma: Suppose E s; IW is such that 0EoE and there exists a number 
p > 0 such that for every p < p 

lvp(O)I =I J DcpEI/ J IDcpEI~q>O. 
BP Bp 

Then for every p < p 

(3.7) 0 < C3(n, q) ~ p1 -n J I DcpE I ~ C4(n, q), 
Bp 

where C 1(n, q), C2(n, q), C3(n, q) and C4(n, q) are constants depending only on 
nand q. 

Proof: From (2.14), as in the proof of(2.16), we can prove that for almost all p < p 

where n is the interior normal to oBp. Thus it follows that 

I J IDcpEI ~ J (/JEdHn-1 T= Hn-l(EnoBp)· 
Bp oBP 

On the other hand, for every p < p, 

Hence 
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for almost all p < {> and by the semicontinuity Theorem 1.9 it will in fact hold 
for every p < p. This proves the second part of (3.7). By (2.16) in Remark 2.14, 
if we set 

we hav~ for almost all p 

P(Ep)=P(E,Bp)+ J ({JEdHn-1· 
i!Bp 

But as above 

for almost all p < {>. Thus 

and hence from the isoperimetric inequality (1.19) 

1Epl1- 11" ~ c6 J ({JEdHn-1· 
i!Bp 

On the other hand, if g(p) = IEPI, 

R 

g(R) = J ({JEdX = J dp J ({JEdHn-1 
BR 0 i!Bp 

and so g(p) is absolutely continuous with 

It then follows that 

1 
g'(p) ~ c6 g(p)1-1/n 

and so 
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proving (3.5). 
In a similar way, noting that CfJIR"-E = 1- ((JE we can prove (3.6). It remains 

only to prove the left hand side of (3.7). This follows from (3.5), (3.6) and the 
isoperimetric inequality (1.20). 0 

Notice that, in particular, if 0E8* E then there exists a number p such that 
the lemma holds. 

3.6 Definition: For zEo* E, define the tangent hyperplane 

T(z) = {xER":<v(z), x- z) = 0} 

and the sets 

T+(z) = {xEIR":<v(z), x- z) > 0}, 

T-(z) = {xEIR":<v(z), X- z) < 0}. 

3.7 Theorem: Let 0Eo*E and fort> 0 define 

Et = {xEIR":txEE}. 

Then as t--+ 0 + the set E1 conver,ges to r+ (0) and moreover, for every set A 

such that Hn- 1(8An T(O)) = 0, 

(3.8) limJIDcpE,I=JIDcpy+l =Hn-l(AnT(O)). 
t-OA A 

Proof: By the reasoning mentioned before Lemma 3.5 we can suppose that 

v1(0) = -1, v2(0) = ... = v.(O) = 0 

so that 

It is sufficient to show that every sequence {tj} --+0 has a subsequence {sj} such 
that Esj--+ r+, and if we denote Ej = Esp then 
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lim J ID<fJE;I = JIDcpr+ 1. 
j~CXJA A 

Now for every p > 0, by a simple change of variables, 

(3.9) J D<pE, = t l-n J D<pE, 
Bp Btp 

(3.10) J ID(/JE,I = tl-n J ID<fJEI 
BP Btp 

and therefore by the definition of v(O) 

J Dl(/JE, 
(3.11) lim 8 = v1(0) = -1 

'~ 0 J ID<pE,I 
Bp 

J D;(/JE, 
(3.12) lim 8 = 0 i = 2, 3, ... , n. 

r~o J ID(/JE,I 
Bp 

Moreover from (3.10) and (3.7) of Lemma 3.5, we obtain 

(3.13) limsup J ID<pE,I < oo. 
t---+0 Bp "' 

Now suppose we have a sequence {ti} converging to 0; then, by (3.13) and the 
compactness Theorem 1.19, there will exist a subsequence {si} and a Caccioppoli 
set C such that if Ei = Es; then (/JE; converges in LlocCIR") to <pc. Moreover by 
the De La Vallt'~e Poussin Theorem (see Appendix A) we may assume that 

(3.14) lim J D<pE; = J D<pc 
j-ooBp Bp 

for almost all p (in particular for those p for which J I D<pc I = 0). Now 
oBp 

from (3.11) and (3.14) 

lim J ID<fJE;I = -ljm J D1<fJE; =- J D1<pc. 
j-+ooBP j--+coBP BP 
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Thus by semicontinuity 

(3.15) J IDcpcl ~- J D1<pc 
Bp Bp 

and, by definition of D1 <pc, we get equality m (3.15). By differentiation of 
measures we obtain 

and hence 

D;<pc = 0 i = 2, ... , n. 

Therefore <pc depends only on x 1 and furthermore it is a non-increasing function 
of x1. This implies that there exists a ),EIR such that 

C = {xEIR":x1 < ),}. 

We now show that ), = 0. Suppose that),< 0; then since (/!Ej--> <fJEc in Llac(IR"), 
we have 

0 = ICnBIAII =lim IEinBIAII = limsi-"IEnBIAisjl 
j-oo i-oo 

which contradicts (3.5). Similarly if),> 0 we get a contradiction to (3.6). Thus 
), = 0, C = r+ and 

(3.16) J IDcpT+ I= lim J ID<pEjl 
Bp j-ooBp 

for almost every p. 

Finally let A be an open set such that 

J I DepT+ I= Hn-l(Tn8A) = 0. 
iJA 

Choose p such that A ~ Bp and (3.16) holds; then by Proposition 1.13 we obtain 
equation (3.8). 0 

The above theorem shows that, at least in some sense, T(O) is indeed a tangent 
plane to the surface 8E at 0. This is made a little clearer in the next theorem. 
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3.8 Theorem: Suppose E £ IR" and 0Eo*E. For p, a> 0 define 

s •.. = Bp n {xEIR":I (v(O), x) I< t:p}. 

Then 

(3.17) limp 1 -n J IDcpEI = Wn-1, 
p-+O sp,c. 

(3.18) limp'"""IEnBpnT-1 =0, 
p--+0 

(3.19) limp-"I(Bp- E)n r+ I= 0, 
p--+0 

where Wn- 1 is the measure of the unit ball in IR"- 1, 

Proof: From (3.10) 

and similarly 

p 1 -n J jDcpEI = J IDcpEJ 
Sp.t s~. .. 

By (3.8), 

lim J IDcpE"I = Hn-1(S1,en T(O)) = Wn-1· 
p-+OSt,e 

and so (3.17) holds. To prove (3.18), first note that 

Now by Theorem 3.7 

lim IEpnB1 n T-1 =I r+ nB1 n T-1 = 0 
p--+0 

and (3.18) follows. Similarly we may prove (3.19). D 
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3.9 Remark: Noting that I BpI = pnwn, (3.18) says that the ratio of the measure 
of (En r-) n BP to the measure of Bp goes to zero as p--+ 0. In other words, 
in small enough balls most of E lies in r+. Similarly (3.19) says that in small 
enough balls most of IRn - E lies in r-, so that in small enough balls Bp, 
the hyperplane T splits Bp into two parts which nearly correspond to E and 
IRn- E. 

Consider (3.17) in the case where oE is smooth. In this case v(O) will be the 
normal to oE at 0 and Sp,e will be a strip of width 2ap and centre T(O) lying in 
the ball Bp. 

,.------........ ..... 

aE 

Since oE is smooth, 

f ID<PEI = Hn-l(oEnSp,e). 
sp,c. 

and also Hn- 1(T(O)nBp) = pn-lWn-l· We see then that (3.17) says that by 
taking p sufficiently small we may ensure that oE mostly lies in the strip Sp.e 
and nearly corresponds to the hyperplane T(O). 



4. Regularity of the 
Reduced Boundary 

In this chapter we establish some further important properties of the reduced 

boundary 3*E. We show first that 3*E may be written, up to a set of IDcpEI­
measure zero, as a countable union of C 1 hypersurfaces [DG2]. Furthermore 

we show that 3* E is dense in 3 E and that 

(4.1) fiDcpEI = Hn-1(c*En0.) 
!1 

for every open set n, so that I Dcp E I is just (n - 1 )-dimensional Hausdorff 

measure restricted to 3* E. 

To prove ( 4.1) we first show that if B c;: a* E then 

(4.2) fiDcpEI = Hn-1(B) 
B 

and we begin this by estimating the ratio of the two terms in (4.2). 

4.1 Lemma: Let E be a Caccioppoli set in IR" and let B c;: a* E, then 

Hn-1(B) ~ 2.3"- 1 fiDcpEI· 
B 

Proof: Suppose c:, 11 > 9· As IDcpEI is a Radon measure there exists an open set 

A such that B <;: A and 

f IDcpEI ~ f IDcpEI + '1· 
A B 

From Theorem 3.8, equation (3.17), for each x E B there exists a number 

p = p(x) > 0 such that B(x, p) c;: A, p < <: and 

f IDcpEI ~~Wn-1P"- 1 . 
B(x.p) 

Now by Lemma 2.2, we can select a sequence { x;} c;: B such that, if p; = p(x;), 

X 

B c;: U B(x;, 3p;) and B(x;, p;) n B(xh pj) = 0 
i=l 

fori #j. 
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Using the facts that B(x;, p;) s; A and are disjoint, we obtain 

00 23"-1 00 i L (3p;)n-1 ~-·- L IDcpE! ~ 
i= 1 Wn-1 i= 1 B(x;,p;) 

2.3"-1J 
~-- IDcpEI~ 

Wn-1 A 

~ _·__ IDcpEI + IJ • 2 3"- 1 {i } 
Wn-1 B 

So, by the fact that e, IJ are arbitrary and by the definition of Hausdorff measure, 

Hn-1(B) ~ 2.3"- 1 JIDcpEI· D 
B 

4.2 Definition: r"- 1 is the class of all sets H s; IR" such that there exists an open 
set A containing H and a C 1 function f: A -+ IR such that 

f(x) = 0 and Df(x) -=!= 0 for x E H. 

The following theorem gives a useful means of determining when a set is 
in rn-1· 

4.3 Theorem: Let C be a compact set and suppose that there exists a vector 
valued continuous function v: C -+ IR" such that v -=!= 0 and 

(4.3) lim < v(x), x- y > lx- yl- 1 = 0 
lx-yi~O 

uniformly for X, y E c. Then c E rn-1· 

Proof: From the Whitney Extension Theorem [WH], [MB], there exists a 
function f: IR" -+ IR which satisfies f E C 1, f = 0 on C and Df = v on C. Then as 
v-=!= 0 we have CErn-1· D 
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4.4 Theorem [DG2J: If E is a Caccioppoli set, then 

00 

(4.4) o*E = U C;uN 
i= 1 

where SIDcpEI = 0 and each C; is compact and belongs to rn-1· Moreover, for 
N 

every set B s; o* E 

(4.5) jiDcpEI = Hn-1(B), 
B 

for every open set n s; IRn 

(4.6) P(E, n) = SIDcpEI = Hn-1(o*Enn) 
n 

and finally 

(4.7) o*E = oE. 

Proof: For each xEo*E we know that (3.18) and (3.19) hold after suitable 
translation. Then for each integer i, by Egoroff's theorem [HPJ, [MMEJ, we 

1 
may choose a measurable set F; such that IDcpEI(o* E- F;) < 2i and the con-

vergence in (3.18) and·(3.19) is uniform. Further by Lusin's theorem [HPJ, 
1 

[MMEJ, we may choose a compact set C; such that IDcpEI(F;- C;) < 2i and the 

function v restricted to C; is continuous. This construction gives (4.4) and it 
remains only to show that C;Ern- 1 . 

Let us consider one such C;, for example C1. By our choice of C1, for every 
8 with 0 < 8 < 1 there exists a a su:ch that 0 < a < 1 and, if p < 2a and z £2 C 1 , then 

and 

We shall prove that for every x, yEC1 such that lx- yl <a we have 
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l(v(x), x- y)l lx- Yl- 1 ~ c;. 

Hence as c; is arbitrary we may apply Theorem 4.3 to obtain c1 E rn-1· Suppose 
first that 

(v(x), y- x) < -c;lx- yl. 
Since c; < 1, we have 

(4.8) B(y, t:lx- yl) s; T-(x)nB(x, 21x- yl). 

On the other hand, since lx - yl < (J, 

(4.9) 
c;"w lx- yl" 

IE n B(x, 21x- yl) n r-(x)l < " 4 

and 

(4.10) IE n B(y, t:lx- yl)l ~IE n B(y, t:lx- yl) n T-(y)l 

The inequalities (4.9) and (4.10) contradict the inclusion of (4.8). 
In a similar way we can prove also that 

(v(x), y- x) < t:lx- Yl 

and so (4.3) must hold. 
Also using the above techniques we may show that C; Ern:- 1 Jor i = 2, 3, .... 

To prove (4.5), observe that by Lemma 4.1 

2.3"- 1 

Hn-1(B- C;) ~ 2.3"- 1 1DcpEI(B- C;) < -.­
l 

and so it is sufficient to prove (4.5) for BnC; or in other words for BEr.- 1 . 

If BE r n- 1' then by Definition 4.2 there exists an open set A containing Jj 

and a C 1 function f:A --+ IR" such that 

f = 0 and Df #- 0 in B. 

Since f is C 1, we may as well assume that Df #- 0 in A so that 
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V = {xEA,f(x) = 0} 

is a regular hypersurface and B c V. Let y denote the measure Hn- 1 LV, that is 
(n- 1)-dimensional Hausdorff measure restricted to V. Then because B 5; A and 
A is open, by properties of Hausdorff measure 

limp 1 -"y(B(x, p)) = Wn- 1 for each xEB 
p-+0 

and hence as x E B c 8* E, from (3.8) we obtain 

lim y(B(x, p)) = 1 for each x E B. 
p-+0 JB(x,p) IDcpEi 

This implies, by the differentiation of measures, that 

In particular 

Hn-1(8*EnQ) = J IDcpEI· 
ihEr.Q 

On the other hand, by the Besicovitch theorem [FH2] the vector v(x) exists 
and lv(x)l = 1, IDcpEI-almost everywhere in 8£. Thus the set 8E- 8* E has IDcpEi 
measure zero and using•(l.3) 

P(E, Q) = s IDcpEi = s IDcpEi = s IDcpEi· 
Q Qr.iJE Qr.il•E 

Finally let A be an open set such that 

8*EnA = 0; 

then by (4.6) 

Hence (/JE is constant in A and so 8E n A = 0. Therefore 8* E = 8E. D 
Suppose IX is a unit vector in IR" with IX= (1X 1, ..• , 1Xn). Then we denote 
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n 

Da = L rx;D; 
i= 1 

57 

4.5 Lemma: Let E be a Caccioppoli set in n, let zEn and p > 0 and suppose 
that there exists a number -r > 0 such that, for all t with 0 < t < -r, the ball 
B(z + trx, p) is strictly contained in Q. Then 

t 

(4.11) IE n B(z + -rrx, p)l -IE n B(z, p)l = J dt J Da<fJE· 
0 B(z+ta,p) 

Proof: Suppose g E C g'(Q) and spt g(x - trx) c c n for every t < -r; then 

t 

J [g(x- -rrx)- g(x)]dx = - J dx J Dag(x- trx)dt = 
E E 0 

t 

= - J dt J (/)EDag(x- trx)dx = 
0 

t 

= J dt J g(x- trx)Da(/)E· 
0 

Now choose functions gk E C g'(Q) such that 0 ;;:; gk ;;:; 1, gk = 1 in B( z, p - ~) 
and spt gk ~ B(z, p). (This will b~ possible for large enough k.) Writing the 
above equation for each gk and then passing to the limit we obtain 

t 

IE n B(z + trx, p)I-IE n B(z, p)l = J dt J Da<pE 
0 B(z + ta,p) 

and the conclusion follows. D 

4.6 Lemma: Let E be a Caccioppoli set in n and suppose that there exists a 
vector rx in IR" and a positive real number p such that 

J Da(/)E 
(4.12) v(x)·rx =lim B(x,p) ~ p > 0 

p--+O J ID<fJEI 
B(x,p) 
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for IDcpEI-almost all X inn. Suppose z E oE nQ and k > 0 is such that the segment 
[z, z + k1X] s;: Q. Then z + ket. is interior to E. 

Proof: Suppose there exists a z E oE s;: n and a k > 0 such that [z, z + ket.] s;: n 
and z + ket. is not interior to E. We show first that [z, z + ket.] s;: oE. 

Suppose there exists a point z + TCt. En- E; then choose p > 0 such that 
B(z + TCt., p) s;: n- E. Then from Lemma 4.5 and inequality (4.12) 

t 

O~Jdt J Da<pE=IEnB(z+Tet.,p)I-IEnB(z,p)l= 
0 B(z + ta,p) 

= -IEnB(z, p)l <0 

which gives a contradiction. 
Alternatively, suppose there exists a point z + TCt. E E- oE and that z + ket. E oE. 

Choose p > 0 such that B(z + Tet., p) n E. From Lemma 4.5 

k 

IE n B(z + ket., p )I - IE n B(z + Tet., p )I = J dt J Da(/)E ~ 0. 
t B(z + ta,p) 

But by the choice of p, IE n B(z + Tet., p)l = w.p" and by (3.1), since 
z + ket. E oE, IE n B(z + ket., p)l <: w.p" and again we have a contradiction. Thus 
[z, z + ket.] s;: oE. 

We now show that tj:lis also gives a contradiction and the lemma follows. 
Choose p0 so that B(z + tet., p) s;: Q for each p ~ p0 and each 0 < t < k. Then, by 
definition of v and Da<pE and by Theorem 4.4, 

J Da(/)E = J v·et.IDcpEI ~ p J IDcpEI, by (4.12) 
B(z + ta,p) B(z+ta,p) 'B(z+ta,p) 

Lemma 3.5 yields 

J IDcpEI > C3p"- 1 

B(z+ta,p) 

for each 0 < t < k and each 0 < p ~ p0 . Now from (4.11) and (4.12) 

k 

IEnB(z + ket., p)I-IEnB(z, p)l = Jdt J Da(/)E ~ kpC3p"- 1 

0 B(z+ta,p) 
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But the left hand side is bounded above by w.p" and so we obtain a contradiction 
up~Q 0 

4.7 Remark: If the hypothesis of Lemma 4.6 held with k < 0 instead of k > 0, . 
then the same argument would show that z + ka lies in the interior of IR" - E. 

We already know that lv(x)l is bounded IDIPEI-almost everywhere, in fact 
lv(x)l = 1 IDIPEI-almost everywhere. Now we wish to show that if the direction 
of v(x) does not vary too much then the set E has Lipschitz continuous boun­
dary. By rotating if necessary we shall consider only the case where v(x) is close 
to the x.-axis. 

4.8 Theorem: Let n be a convex open set in IR" and let E be a Caccioppoli set 
in n. Suppose that 

f Dq>E 
v.(x) = lim B(x,p) ~ q > 0 

p-+O f IDIPEI 
B(x,p) 

for some fixed constant q and IDIPEI-almost all x in n. Then there exists an 

open set A s IR"- 1 and a function f: A ~ IR such that 

(4.13) oEnn = {(y, t):yEA, t =J(y)} 

and moreover 

(4.14) lf(y)- f(y')l ~ q- 1 Ji=71y- y'l 

for all y, y' EA. 

Proof: Let a= (a1, ... , a.) be a unit vector with a.> 0; then 

n-1 

DalPE= Cl.nDnipE + I CI.;D;q>E ~ { a.q- J(l - a;)(l - q2 ) }IDIPEI· 
i= 1 

Hence, if a.> J1=7 we can conclude by Lemma 4.6 that, for every zEoE nn, 



60 Parametric Minimal Surfaces 

points in Q of the form z + tr:x with t > 0 belong to the interior of E and those 
of the form z - tr:x belong to the interior of IRn - E. In other words, for every 
zE8E n Q, the intersection of Q with the cone 

is interior to E, and the intersection of Q with 

is interior to IRn- E. From these arguments (4.13) and (4.14) follow 
immediately. 0 

In the special case Q = Bp we can make Theorem 4.8 a little more precise at 
least if we suppose that q is close to 1 and 8E n B(O, (1 - q)p) is nonempty. In 
other words we assume that v(x) is always close to the Xn-axis and that 8E 
passes close to the centre of the ball Bp. For simplicity we write q = 1- ri and, 
for r > 0, as usual we denote 

4.9 Proposition: Let E be a Caccioppoli set in Bp such that 

Vn(x) ~ 1- ri for IDcpEI-almost all x in Bp, 

where 

2fo 1 
B=--<-

1- (J 2' 

and suppose 8EnBap-# 0. Then, iff and A are as in Theorem 4.8, 

(4.15) A2~(1-e)p 

and 

(4.16) lf(y) I ~ Bp, I Df(y) I ~ B/2 
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for all y in !Ji(l-e)p· 

Proof: We have 

and hence, from (4.14), IDf(y)l ~ 8/2. 
Now let z = (IJ, f('1) )EoE n Bup; then we have I '71 < op and 1/('7) I < ap and 

so, if yEA, 

8 
lf(y)l ~ 1/('7)1 + lf(y)-/('7)1 < ap + 2(1YI + 1'71) < 

But a8 = 8 - 2fo, so that 

lf(y)l ~ p(8 +a- fo) ~ 8p. 

Thus we need only to show (4.15). Obviously, by the condition on a, 

a+8<1 

and so !!lup s; !!J(l-•lP· Now if ~ is the point in A determined above, then 
IJEAn!!lup, and so An!!l(l-e)p is nonempty. We prove (4.15) by showing that 
oA n !Ji<l-•JP = 0. 

Suppose yEoA; then obviously by (4.13) and (4.14) we must have (y,f(y))EoBp 
and so IYI + lf(y)l ~ p. But by the estimate above 

lf(y)l ~ p(8 +a- fo) 

and so 

IYI ~ p(1- 8 + JU- a)> (1- 8)p. D 

4.10 Remark: It is obvious,.from the proof of Theorem 4.8, that since oE n Q 

= {(y, t):yEA, t =f(y)} then ifE is open 
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Enil=On{(y, t):yEA, t>f(y)}. 

Moreover, asfis Lipschitz continuous, it is differentiable almost everywhere in 
A and so, as in Example 3.4 (i), v(x) will be the normal to the surface at almost 
all points and 

1 
v.(x) = -----;=====:===:::;;: 

j1 + IDf(y)l 2 

where x = (y,J(y)). 

4.11 Theorem: Suppose E is a -Caccioppoli set in Q such that v(x) exists for 

every xE8EnQ and is continuous. Then 8EnQ is a C 1 hypersurface. 

Proof: We know that lv(x)l = 1 on 8*E and that 8*E = 8E. Hence, as v(x) is 
continuous, we have lv(x)l = 1 everywhere on 8E. From Theorem 4.8 it follows 
.that, for every zE8En0, there exists a ball B such that 8EnB has a repre­
sentation as a Lipschitz continuous Junction f Now by Remark 4.10 we have 
for almost all y 

DJ(y) = vi(x)jv.(x), . 
where x = (y,f(y) ). Hence the derivatives off will coincide almost everywhere 
with continuous functions and so f must be C 1 itself. 0 



5. Some Inequalities 

In the last two chapters we have been concerned with the regularity of the 
reduced boundary of_ arbitrary Caccioppoli sets. We now want to turn our 
attention to the regularity of sets with minimal perimeter. However before doing 
this it is convenient to introduce some notation which will simplify things in 
later chapters and also to state and prove some preliminary lemmas ( [DG5], 
[MM3] ). These lemmas are mainly technical without introducing many new 
ideas and could easily be left until the appropriate step in the regularity proof. 

In the first chapter we proved the existence of Caccioppoli sets with minimal 
perimeter. So generally in what follows we shall have such a minimizing set 
and then examine the regularity. In doing this it will often be necessary to 
approximate the minimal set and so it is appropriate to introduce a measure 
of just how close a set is to being minimal. -

5.1 Definition: If /E B V(O) then denote 

v(f, n) = inf{ J-1 Dg I : g E B V(O), spt(g -f) c n} 
Q 

1/J(f, n) = J I Dfl - v(f, n). 
Q 

If n = Bp, then we write v(f, p) in place of v(f, Bp) and ljl(f, p) in place of ljl(f, Bp). 
Moreover, iff is the characteristic function of some set E with finite perimeter, 
we shall write v(E, n) and 1/J(E, n) instead of v(cpE, n), ljJ(cpE, n). 

5.2 Remark: If Eisa minimal set inn, then 1/J(E, fl) = 0. 

We now turn our attention to some technical lemmas. 

5.3 Lemma: Let jEBV(BR) and let 0 < p < r < R; then 

(5.1) 
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Proof: Note that if gEC 1(A; IRn) then JAI(g, Df)l is the total variation in A of 
the measure (g, Df), that is 

Jl(g, Df)l = sup{Jfdiv(,ug)dx:,uECA(A), l,ul ~ 1}. 
A 

Now let g(x) = xI x 1-n, h be any C 1 function and rx be defined by 

Then div(rxg) = 0 in IRn- {0} and so from (2.14) 

S S _ X s + X 
rx(g, Df) = rxf (g, -1 l)dHn-1- rxf (g, -1 l)dHn-1 = 

B,-B, fJB, X fJBp X 

= r 1 -n J rxf- dHn-1- p1-n J rxf+ dHn-1 = 
fJB, fJBp 

J h(x)[f-(rx)- f+(px)]dHn-1, 
fJB, 

where in the last step we have taken into account the definition of rx(x). Now, 

if we restrict h so that I h(x) I ~ 1 and hence I rx(x) I ~ 1, then by the definition of 

Jl(g, Df)l: 
A 

for any function h such that h is C 1 and I hI ~ 1. 

Now for almost all p < r we have J IDfl = 0 andj+ = f- = f(see Remark 
{JBP 

2.13), so that 

(5.2) J h(x)[f-(rx)-f-(px)]dHn-1 ~ J l(g, Df)l 
u, ~-~ 

for almost all p < r. Thus if we take any p < r, we can choose a sequence {pj} 
such that pj--+ p, (5.2) holds for each pj andf-(pjx)--+ f-(px) in L 1(oB1). Taking 

the limit as j--+ oo we obtain (5.2) for every p < r. Now on taking the supremum 
over all h with I hi~ 1 we arrive at inequality (5.1). D 
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5.4 Remark: In a similar way we could obtain the inequality 

In general all the inequalities in this chapter have different forms, which are 
easily derived from those stated, and coinciding for almost every value of p, r etc. 

5.5. Lemma: SupposefEBV(BR) and that p < R. If {Pi} is a sequence such that 
Pi;?_ p and Pr~ p then 

lim 1/J(f, Pi) = 1/J(f, p). 
j_.... 00 

(5.3) 
lim v(f, pi) = v(f, p), 
j-too 

Proof: Given t: > 0, by the definition ofv(f, p) we can choose a function gEBV(Bp) 
such that spt(g- f) c Bp and 

j I Dg I ;?_ v(f, p) + B. 
BP 

For j large enough we have spt(g- f) c Bp1 and hence 

Since B > 0 is arbitrary, 

v(f, p);;;:; lim sup v(f, Pi). 
j-+ 00 

On the other hand, forjE IN, we can choose g;EBV(Bp) such that spt(gi- f) c Bp. 
J 

and 

Hence 
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and therefore 

liminfv(f, Pi)~ v(f, p). D 
j--+ 00 

5.6 Lemma: Suppose f, gEBV(BR) and p < R. Then 

Proof: As (5.4) is symmetric in f, g it is sufficient to show that 

Now givens> 0, we can choose cpEBV(BR) such that spt(cp- f)£ Bp and 

J IDcpl ~ v(f, p) + s. 
Bp 

Let {Pi} be a sequence such that Pi~ p, Pi-----+ p, 

and spt{f- cp) £ BPr For every j, define 

Then, by Proposition 2.8, giEBV(BR) and 

v(g, p) ~ J IDgil = J IDcpl + J 
Bp Bpj BP-BPj 

IDgl+ J IJ-gldHn-1 ~ 
oBp, 

~ J IDcpl + J IDgl + J lf-gldHn-1 ~ 
Bp Bp-Bpi {)BPi 
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~ v(f, p)+s+ J IDgl + J lf-gldHn-1· 
Bp-Bp1 {JBp1 

Now as e > 0 is arbitrary the lemma follows by allowingj ~ oo. 

5.7 Remark: In particular if ljf(f, R) = 0, we have 

v(f, p) = J IDfl 
BP 

and hence, for every gEBV(Bp), 

(5.5) J IDfl ~ J IDgl + J If-- g-ldHn-1· 
Bp Bp {JBP 

5.8 Lemma: SupposefEBV(BR) and 0 < p < r < R. Then 

(5.6) 

r 

{r1 -n J ID/1- p1-n J ID/1 + (n- l)Jt -nljf(J, t)dt }. 
Br Bp p 

Proof: Suppose first thatfEC 1(BR) and then, for 0 < t < R, define 

j;(x)=Y(x) t<lxi<R • 

f(t_!__) lxl<t. 
lxl 

Then we have 

and hence 

v(f, t) = JIDfl-l/J(f, t) ~ J ID!tl ~ 
B, B, 

t t (x, D/) 2 

~ n- 1 a1,IDfldHn- 1- 2(n- l)v1, lxi 2 1Dfl dHn- 1 

D 
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and 

11-•J<x,Df)zdH 1-nJID•'IdH lt ·~ 121D'I n-1~t 'J n-1-
iJB, X 'J fJB, 

- (n -l)t -n J IDfldx + (n- l)t -"1/t(f, t) = 
B, 

d 
= -d (t 1 -" J IDfldx) + (n- l)t -nl/t(f, t). 

t B, 

Now integrating with respect to t between p and r, we have 

r 

+ (n- l)J t -"1/t(f, t)dt. 
p 

On the other hand, from the Schwartz inequality we have 

and so (5.6) holds forfEC 1(BR). 
Now suppose that /riBV(BR); then by Remarks 2.12 and 2.13 we can 

approximate f by C 1 functions fk such that for almost all t we have 

J I Dfk I dx ---+ J I Dfl 
B, B, 

and 

J If- Jk ldHn-1---+ 0. 
oB; 

If we write (5.6) for fk and observe that, by Lemma 5.6, 1/t(fk, t)---+ 1/t(f, t ), we 
see that (5.6) holds forfEBV(BR) and almost all p, r. Finally we obtain (5.6) for 
every p and r by approximating with increasing sequences {Pi}---+ pand {ri}---+ r 
for which (5.6) holds. D 
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5.9 Remark: By approximating at the final step with sequences decreasing to 
r and p we obtain (5.6) with B,, Bp instead of B, and Bp. 

5.10 Remark: From (5.6) it follows that, for every p < r, 

r 

(5.7) p 1 -nJIDfl~r 1 -nJIDfl+(n-1)Jt-nljJ(f;t)dt 
BP Br P 

and in particular, if ljl(f, r) = 0, then 

(5.8) p 1 -nJIDJI~rl-nJIDfl. 
BP Br 

Hence p 1 - n s I Dfl is an increasing function of p. 
Bp 

5.11 Lemma: SupposefEBV(BR) and 0 < p < r < R; then 

(5.9) J lxl 1 -niDfl~{l+(n-l)log~}r 1 -nJIDfl+ 
Br-Bp p Br 

r S -
+ (n- 1)2 J s-nlog-1/J(f, s)ds. 

p p 

Proof: As usual, it is sufficient to pr()ve (5.9) forfEC 1(BR), in which case we have 

r r 

J lxl 1 -niDfldx = Jt 1 -n( J IDfldHn-ddt = Jt 1 -n~'(t)dt 
~-~ p ~ p 

where 

~(t) = J IDfldx. 
B, 

Integrating by parts, 

r r 

J t 1 -n~'(t )dt ~ r1 -n J I Dfl dx + (n- 1) J t -n(J I Dfl dx)dt. 
P Br p B, 

We now estimate this last integral to obtain the result. Indeed, 
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r 

t -n J IDfldx ~ t - 1 {r1 -" J IDfldx + (n- l)J s-"l/J(f; s)ds} 
Bt Br t 

(which follows from (5.7)) and hence 

r r r dt r J t -•dt J IDfldx ~ r 1 -"log- J IDfldx + (n- l)J-J s-"l/l(f, s)ds = 
P B, PBr p t t 

r r s 
= r 1 -"log- J IDfl dx + (n- l)J s-"log-l/J(f, s)ds 

P Br P P 

from which (5.9) follows at once. D 

5.12 Proposition: Suppose jE B V(BR) and 0 < p < r < R; then 

(5.10) I r1-n JDf- p1-n J Dfl 2 ~ {2r1 -"( 1 +(n -l)log~) J IDfl + 
Br Bp p Br 

r S 
+ 2(n- t? J s-"log-l/J(f, s)ds} 

p p 

r 

{r1 -" J IDfl- p 1 -" J IDfl + (n -l)J s-"l/J(f, s)ds}. 
Br Bp p 

Proof: Inequality (5.10) follows easily from (5.1), (5.6) and (5.9) by noting that, 
from Remark 2.13, 

and hence 

lr 1 -n J Df- p1-n J IDfl ~- J lf-(rx)- f-(px)ldHn-1 D 
Br Bp i!B, 

5.13 Remark: A particular case of interest is when f = (/JE and E is a set of 
minimizing boundary in BR, that is 
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t/I(E, R) = 0. 

In this case we have 

~ 2 J lxi 1 -"IDcpEI{r1 -n J IDcpEI- Pl-n J IDcpEI} 
Br- BP Br Bp 

and hence, for every p < r < R, 

(5.12) pl-n J IDcpEI ~ rl-n J IDcpEI· 
Bp Br 

Moreover 

{rl-n J IDcpEI- Pl-n J IDcpEI}. 
Br Bp 

Now choose 0 < s < r ~ R and consider the sets E- B. and E u .B •. By the 
definition of t/J(E, R) we have 

. 
P(E- B., B,) = J IDcpE-n.l ~ J IDcpEI 

Br Br 

and 

As in (2.17) and (2.18) of Remark 2.14, we obtain 

and 
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for almost all s < r. Thus 

P(E, B,) ~ P(E, B, ___: Bs) + min{Hn- 1(oBsnE), Hn- 1(oBsn(fRn- E))}~ 

- 1 n-1 
~ P(E, B,- Bs) + 2ns Wn. 

for almost all s. Now choosing a sequence {si} such that the above inequality 
holds and sr-+ r as j--+ oo, we obtain 

Using this in (5.13) gives 

{r1 -n J ID<fJEI- P1-n J ID<fJEI}. 
Br Bp 

Finally, letting p--+0 in (5.12) and recalling (3.17) we have 

(5.16) Wn-1rn- 1 ~ J ID<fJEI 
B(x,r) 

for every XEo*E and hence, as oE = o*E, (5.16) holds for every X in oE by 
approximation. 

A similar inequality holds for the volume of En B(x, r). 

5.14 Proposition: Suppose t/J(E, Q) = 0, and let XoEE. Then for ·every 
r < dist(x0 , (JQ) we have: 

rn 
(5.17) IEnB(xo, r)l ~~2 () 

nc1 n 

where c1(n) is the isoperimetric constant of Corollary 1.29. 

Proof: Let p < dist(x0 , (JQ). We have 
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and hence 

On the other hand, for almost every p there holds: 

and therefore, setting Ep = En Bp: 

From the isoperimetric inequality (1.10) we get 

and integrating: 

D 

5.15 Remark: Since n- E also minimizes perimeter inn, if XoEOE we have 



6. Approximation of Minimal 
Sets (I) 

The most important step in the regularity theory for minimal sets is the following 
lemma of De Giorgi ([DG5], [MM3]). 

De Giorgi Lemma: For every n ~ 2 and for every ex, 0 <ex< 1, there exists a 
positive constant (J = (J(n, ex) such that, if E is a Caccioppoli set in IR" and for 
some p > 0 

lji(E,p) = 0, 

then 

J ID<PEI -I J Dcpd <ex"{ J ID<PEI-1 J DcpEI}. 
Bap Br:xp Bp Bp 

This will in fact appear in chapter 8 as Theorem 8.1. 
It can be seen that the term 

is of fundamental importance in the regularity theory, particularly in the way 
it varies as p varies. Indeed some writers give it a special name, calling it the 
Excess. By the properties of the reduced boundary we can also write 

A(E,p)=p 1 -"{Hn-t(Bpno*E)-I J v(x)dHn-tl}, 
Bpno•E 

that is A(E, p) is a measure of how much the direction ofv(x) changes in Bp no* E 
(we already know that I v(x) 1 = 1 on Bp no* E). If A(E, p) is small, then v(x) must 
remain approximately in a constant direction and we can expect to apply 
Theorem 4.8 or some similar result. 

To prove the lemma, we notice that if En Bp can be written as 
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E nBp = {(x, t):xEA, t > .f{x)} nBP 

where/EC 1(A) and A£ IR"- 1, then 

Hence we are considering the problem of minimizing the integral on the right 
hand side among functions in C 1(A). 

Now if ID/1 is small, that is oE is nearly flat in Bp, then jl + ID/12 is 
approximately equal to 1 + -!ID/1 2 and so f must almost minimize the integral 

I(f) = J ID/I 2dx, 
A 

that is f must be nearly harmonic. However estimates like those of the De Giorgi 
Lemma are available for harmonic functions (see Lemma 6.1 below) and so the 
idea of the proof is as follows. Assume oE is C 1 and nearly flat. Then by 
approximating with harmonic functions we prove an inequality as in the De 
Giorgi Lemma. If oE is not C 1 then we approximate by surfaces which are C 1 

but may no longer be minimal, only close to minimal. 
It can be seen that it is important to be able to obtain estimates for harmonic 

functions which approximate sequences of surfaces tending to a minimum in 
some sense. We shall do this in the present chapter. It is also important to be 
able to obtain C 1 hypersurfaces approximating any given minimal surfaces and 
then obtain estimates as they cha,p.ge. This will be done in Chapter 7. 

We now prove the analogue of the De Giorgi Lemma for harmonic functions. 

6.1 Lemma: Suppose !!Jp £ IRm and uEC 1(!!Jp) is harmonic in !!Jp (that is 
m (}2 J1 oxfu(x) = Ofor xE!!Jp) and let 

q =~~PI tpDu dx. 

Then for every a, 0 <a< 1, 

(6.1) J (1Dul 2 -lql 2)dx ~ C<m+ 2 J (1Dul 2 -lql 2)dx. 
f!IJrxp f!IJp 



76 Parametric Minimal Surfaces 

Proof: The harmonic function u may be written as a sum (possibly infinite) of 
homogeneous orthogonal harmonic polynomials (see [FJ], [AGMMP]). Thus 

00 

(i) u = L V; 
i=O 

where V; is a harmonic polynomial of degree i, 

00 J<D~D~>~=J<D~D~>~=O 
ff8a.p ff8p 

if k # j, and 

(iii) J D Vi dx = J D Vi dx = 0 
ff8a,p ff8p 

if j ~ 2. Therefore q = D V 1 and 

(6.1) now follows from the homogeneity of Vi. D 
We now show that, if we have a sequence of C 1 functions whose gradients 

tend to zero and which do not differ too much from the corresponding harmonic 
functions (in the sense that the areas of the defined surfaces are close), then we 
may prove an inequality like (6.1). 

6.2 Lemma: Suppose {wi} is a sequence in C 1(,qjp), and {Pi} is a sequence 
of positive numbers. For j E IN let u i be the harmonic function in f!J P such that 
Uj = Wj on of!Jp and,for any functionfEC(!Jip) and any r ~ p, let 

that is {f}, is the mean value off on !11,. 

Suppose that 
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(6.2) lim supiDwil = 0, 
j--+oo f!AP 

(6.4) lim sup pi- 1 J { J1 + IDwil 2 - J1 + IDuil 2 }dx = 0. 
j-+oo f!IJP 

Then for every ex, 0 < ex < 1, 

(6.5) lim sup pi- 1 f {J1 + IDwil 2 - J1 + I{Dwi}apjZ}dx ~ exm+ 2 • 
j-t 00 f!IJrx.p 

Proof: From the Taylor expansion of .J1+x about B 2 we have 

for some e between A and B. Hence 

(6.6) 

and, if B 2 < 1, it easily follows that 

(6.7) 

From (6.6) we obtain 

(6.8) f {J1 + IDwil 2 - J1 + I{Dwi}apl 2 }dx ~ 
[J{Jap 

Now, by definition of {Dwi}ap, 

f [1Dwil 2 -I{Dwi}apl 2 ]dx = f IDwi- {Dwi}apl 2 dx ~ 
f!lirx.p fl8a.p 
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~ J IDwi- {Dwi}PI 2 dx, 
IJ(jap 

and so 

(6.9) lim sup {3] 1 J {Jl + IDwil 2 -J1 + I{Dwi}~pjZ}dx ~ 
j-+oo !!la-p 

We must now estimate the right hand side of (6.9). If A, B, C e IRm, then by 
the triangle inequality and Cauchy's inequality 

lA - Bl 2 ~ (1 + t)IA - Cl 2 + (1 + 8)IB- Cl 2 

for every 8 > 0. Therefore, for 8 > 0, 

(6.10) J IDwi- {Dwi}pl 2dx ~ (1 + t) J IDwi- Duil 2dx 
{jJIXp Bla,p 

+ (1 + 8) J IDui- {Dwi}PI 2dx. 
IJ(jap 

By the properties of ha.rmonic functions 

and hence, from Lemma 6.1, 

J IDui- {Dwi}pl 2dx ~ IXm+z J IDui- {Dwi}pl 2dx. 
Blrxp fJBP 

Moreover 

J IDui- {Dwi}pl 2dx ~ (1 + 8) J IDwi- {Dwi}pl 2dx + 
iJflp IJ(jp 

+ (1 + t) J IDwi- Duil 2dx 
iJflp 

and so from (6.10) we have 
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(6.11) J jDwi- {Dwi}pj 2dx ~ am+ 2(1 + e)2 J jDwi- {Dwi}Pj 2dx + 
!18a,p f!4p 

+ Q J !Dwi- Duij 2dx, 
IJ8p 

where Q depends only on e, a and m. 
We now use (6.2), (6.3) and (6.4) to estimate the second term on the right 

hand side of (6.11). We have from (6.7) 

t ( J1 + jDwil 2 - J1 + I{Dwi}pj 2 )dx?: 
p 

~ 1 {f (jDwil 2 -I{Dwi}pl 2 )dx-
2J1 + I{Dwi}pl 2 IJ8p 

- J (jDwil 2 -I{Dwi}Pj 2 ) 2dx}. 
IJ8p 

Now 

and hence 

From (6.12), (6.2) and (6.3) we deduce that 

On the other hand from (6.6) 
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J (I{Dwj}pl 2 -1Duji 2 )dx ~ 
[JI)p 

Comparing this with (6.12) and observing, as u is harmonic, that 

J IDwj- Duji 2dx = J (1Dwjl 2 - IDuji 2 )dx, 
[JI)p fJIJp 

we conclude 

t IDwj- Duji 2dx ~ 2J1 + I{Dwj}pl2 [ t (j1 + IDwjl 2 -

p p 

Hence 

This fact, together with (6.13), (6.11) and (6.9), gives 

and, allowing B ___. 0, (6.5) holds. D 
The next lemma is similar to the last one except that now, rather than 

considering functions satisfying (6.4), we shall look at sets determined by smooth 
functions and replace (6.4) with a condition which says that the sets tend to 
a minimum. 

If flJp s IRm and wEC 1(f1Jp), we define 

W = {(x, t): xEflJp, t < w(x)}, 

Q = {(x, t): xEflJp, min w- 1 < t <max w + 1}. 
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6.3 Lemma: Suppose {wi} is a sequence in C 1(~p) and {Pi} a sequence of 
positive numbers such that 

(6.15) lim sup IDwil = 0, 
i-oo~P 

(6.16) lim Pi 1 t/J(Wi> Qi) = 0. 
j--+ 00 

Then for every a, 0 < a < 1, 

Proof: Denote by Uj the harmonic function in r!Jp which is equal to Wj on or!Jp. 
Then 

and the conclusion follows from Lemma 6.2. D 
We now prove a similar lemma, but it now concerns Caccioppoli sets with 

the appropriate conditions and uses the previous lemma with m = n - 1. 

6.4 Lemma: Suppose {Li} is a sequence of Caccioppoli sets in IR", {Pi} is a 
sequence of positive numbers and p > 0 is such that 

(6.19) oLin Bp is a C 1-hypersurface and 

lim inf v~(x) = 1 
j__,. oo iLinBp 

(vi(x) is the normal to Li at the point x), 
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(6.20) lim pi- 1 t/J(Li> p) = 0. 
j--+ 00 

Then for every a, 0 <IX< 1, 

(6.21) lim sup pi- 1 { l IDcpd -If D<pd} ~an+ 1 

·- oo B 1 B 1 
J ~ ~ 

Proof: Suppose there exists a sequence {Li} and a numbera for which (6.18), 
(6.19) and (6.20) hold but 

We may suppose that v~(x);;; i for every xEoLinB and every j. By Theorems 
4.8 and 4.11 we may conclude that there exist· open sets Ai ~ IRn- 1 and 
C 1-functions wi:Ar-+IR such that 

and by (4.14) and (6.19) 

(6.23) lim sup!Dwil = 0. 
j--+ooAi 

Furthermore, since sup lwil ~ p, we may assume (taking a subsequence if 
Ai 

necessary) that 

(6.24) lim inf wi = c. 
j--+ ooAi 

Then we must have c2 < p 2 , that is we cannot have c2 = p 2 • Indeed otherwise 
from (6.23) we would have, for j sufficiently large, 

which contradicts (6.22). From (6.23) and (6.24) we may conclude that for every 
s > 0 there exists a j~ such that 
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and so, from the definition of Wj, it follows that there exists a j, such that if 
a2 = p2 - c2 then 

(6.25) &lu-• £ Aj £ f!Ju+• for j > j,. 

From Example 1.4 we have 

J DcpLi = J vi(x)dHn- ~ for j > j,. 
(Biia-e X u;l)nBP OLjnBp 

Hence, introducing a change of variables and taking note of Remark 4.10, 
for j > j,, 

i = 1,2, ... ,n -1, 

J IDcpd = J J1 + IDwil 2 dy. 
(Biia-exu;!)nBp 1 Blia-e 

Therefore 

and 

Now from Lemma 6.3 it follows that for every y, 0 < y < 1, 

(6.26) limsuppj- 1 J (j1+1Dwii2 -J1+I{Dwi}y(u-•JI 2 )dy;£y"+ 1. 

j-+ 00 f!(Jy(a-c) 

Let 
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then reasoning as for (6.25) we may show that there exists a j~ such that, 
for j > j~, 

and hence 

J JDcpL) -I J DtpL1 i ~ J(Jl + 1Dmjl 2 - Jl + I{Dmj}a(u+e)l 2 )dy 
Ba;p Brxp !?llrx(a +e) 

On the other hand taking y =a(~:::~) (fore sufficiently small) in (6.26), we obtain 

for all e sufficiently small. Allowing e---+ 0, we obtain a contradiction to 
(6.22). D 



7. Approximation of Minimal 
Sets (II) 

Our aim in this chapter is to prove a theorem similar to Lemma 6.4 but valid 
now for arbitrary Caccioppoli sets rather than just sets with C 1-boundary. 
In order to prove the theorem we approximate with smooth sets and so need 
fairly detailed estimates of the approximations. Our first choice for C 1-

approximations would be the mollified functions introduced in Chapter 1. 
However, these functions do not produce the required results and so, rather 
than taking convolutions with positive symmetric mollifiers as introduced in 
1.14, we take convolutions with the functions 

The function 1J 1 satisfies the conditions for a positive symmetric mollifer except 
that it is merely Lipschitz continuous instead of coo and spt 1] 1 = B1 instead of 
spt 1J ~ B1 . Nevertheless many of the properties derived in 1.14 will hold. 

For this chapter, given a functionfE Lloc(IRn) and c; > 0, we denote 

j.(x) = J 1J,(x- y)f(y)dy. 

7.1 Lemma: Suppose E is a Barel set, c; > 0 and let cp, = (cpEk Then cp, is a 

C 1 function and,for every x E IRn and p < *· 

implies 

dist(x, oE) ~ (1 - p)s. 

Proof: Since 1J, is Lipschitz continuous and spt 1J, ~ B,, we obviously have that 
cp, is Lipschitz continuous and hence differentiable almost everywhere. Further­
more 
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and hence 

IDcp,(xl)- Dcp,(xz)l ~ C, J lcpE(xl - z)- (/JE(xz- z)ldz. 
lzl << 

When x1 -+ x2 the integral on the right hand side tends to zero, thus proving 
cp, is C 1• 

Now suppose xE IRn and let d = dist(x,E). We have 

cp,(x) = t 11lx- y)dy = 

= 1- n(n + 1)(~)n[!- d ]· 
e n e(n + 1) 

If d/e ~ 1- p, then 

cp,(x) ~ 1 - (1 - pt(l + np) ~ 1 - (1 - np)(1 + np) = np2 . 

Thus, if cp.(x) > n2 p2, we must have 

dist(x, E)< e(1 - p). 

In a similar way, if cp.(x) < 1- n2 p2 , we have 

dist(x, IRn- E)< e(1 - p) 

and the conclusion follows immediately. 0 

7.2 Lemma: SupposejEBV(Bl), r < 1, e > 0 and r + e ~ 1. Then 

(7.1) J If.-!I dx ~ e J IDfl, 
B~ B-r+e 

(7.2) J ID.f.l- J IDfl ~ J IDfl. 
B-r B-r: B-r:+e-B-r: 



Approximation of Minimal Sets (II) 87 

Proof: As in the proof of Proposition 1.15, we may show 

J ID/.1 ~ J ID/1 
B" B1:+t: 

and so (7.2) follows at once. 
To prove (7.1) we note that ifjEC 1(B1 ) then 

1 

1/.(x)-j{x)l ~ J l].(z) IJ{x- z)-f(x) I dz ~ J lzi1J.(z)dz JIDJ{x- tz) I dt 
Be Be O 

and hence 

1 

J If.-/I dx ~ J { 8 J l].(z)dt JIDJ(x- iz)ldt} dx ~ 
B, B, Be 0 

1 

~ 8 J 1Je(z)dz J dt J IDJ(y)ldy = 8 J ID/1 dx. 
Be. 0 B-e+£ B1:+t: 

(7.1) follows now for any jEBV(Bl) by approximation. D 
The next theorem is important because it shows that, if we have a minimal 

set whose characteristic function has distributional derivatives lying approxi­
mately in one direction, in the sense that 

. 
then the mollified functions of the previous two lemmas have derivatives which 
also lie in approximately the same direction. 

7.3 Theorem: Suppose E is a Caccioppoli set satisfying 

(7.3) l/I(E, 1) = 0, 

(7.4) J (ID<pEI- Dn(/JE) ~ y. 
Bt 

Then for each positive integer p there exists a constant A.= A.(y) (depending on y 
and p), converging to 0 as y converges to 0, such that, if 8 = yP and 

<p(x) = J l].(x- y)<pE(y)dy = (<pE)., 
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then 

(7.5) inf{Dncp(x); Jxl < 1- 2y2<n~ 1) and n2y2 < cp(x) < 1 - n2y2} > 1- A.(y). 
JDcp(x)J 

1 

Proof: Let a= y2<n-1) and suppose Jxl < 1- 2a. Since the set over which we 
take the infimum is obviously empty if n2 y2 > i, we may assume y < 1 and 
hence e = yP <a. Now we have 

Dncp(x) = J 1Je(X- y)Dn(/)E(Y) 

JDcp(x)J ~ Jry.(x- y)JDcpE(y)J. 

We estimate JDq>(x)J- Dncp(x) in terms of JDcp(x)J to obtain A.(y), and to do this 
we estimate 

J 1Je(X- y)(JDcpE(y)J- Dn(/)E(y)) 
B(x,E) 

in terms of 

J 1Je(X- y)JDcpE(y)J. 
B(x,e) • 

For simplicity we shall denote B(x, r) by B, unless we wish to note the 
dependence on x. The proof is mainly a technical one making use of estimates 
from the previous two lemmas and also from Chapter 5. 

Let be (0, !) be a constant which will be chosen later. We estimate 
J1J.(x- y)(JDcpE(Y)l- Dn({)E(Y)) in two parts; firstly in the ball Be(1- 2.!) and then 
later in the remainder of B •. 

By a slight variation of Lemma 2.2 (noting that in this case p remains 
constant), we can prove that there exists a finite number of points ~ 1, ... , ~N in 
8* E n Be(1- 2.!) such that 

N 

8EnB.(1- 2<l> ~ U B(~i.2&). 
i= 1 



Approximation of Minimal Sets (II) 89 

Then we have 

and 

So for each i we estimate 

J 1J,(x- y)(IDcpE(Y)I- Dnq>E(y)) 
B(~;.2ds) 

in terms of 

J l].(x- y)IDcpE(Y)I. 
B(~;,de) 

Now in the ball B(e;, &) the function 1J.{X - y) is bounded below by 

n+l lx-e·l • 
--B-n(l- {)- ') > 0 and so on 

Wn 8 

Furthermore, we have that, by (5.16). 

J IDq>E(Y)I~Wn-l(&t- 1 . 
B(~;.d<) 

Hence 
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On the other hand, by estimating 17e(x - y) above, it follows that 

~ --e-• 1 + 2<5---' (ID<t>E(Y)i- Dnq>E(y) ). n + 1 ( lx- ~·1) i 
Wn ll B(~1 • 2<1<) 

' 

Now using (5.8) and the fact that u > 2<5e, we obtain 

and from (5.15), (7.4) and the assumption lxl < 1- 2u, we have 

j (iDcpE(Y)i- Dnq>E(y)) ~ 
JB(~;,2<1<) 

- (2&)1-n r ID<PE(Y)1)1/2}· 
JB(~;,2<1<) 

Finally we note that 

U 1-n J IDq>E(Y)i - (2&)1 -n J IDcpE(Y)i = 
B(~1 ,a) B(~1 ,2<1<) 

= U 1-n J (iDq>E(Y)i- Dn(/JE) + 
B(~;.a) 

+ u 1 -n J Dnq>E(y)- (2&)1 -n J IDcpE(Y)i 
B(~;.a) B(~;.2d<) 

The Gauss-Green formula gives 
I 

U 1 -n J Dnq>E(Y)~Wn-1, 
B(~;.a) 

and ~;Eo*E implies 
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(2be)1 -n J ID<PE(Y)I ~ Wn-1, 
B(~;.2be) 

whence applying inequality (7.4) we obtain 

;:;;n+ 12n-1(jn-ls-1(1 +2<5-lx-~;1) 
Wn c 

Comparing this with (7.6) and observing that 

1 + 2(5 _ lx- ~d 
c 3(5 3(5 

------= 1 + :::;: 1 +-= 4, 
1 _ (5 _ lx- ~;I 1 _ lx- ~;I _ (5 - (5 

we have 

nw{ 1 + (n- 1)log 2~8 ]} 

Hence summing from i = 1 to N, we obtain 
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We now perform a similar estimate for the integral over the set C = 
B,- Bs<1 - zo)· In the set C, l'f.(X- y) is bounded above by n;:;n1 e -n2b and hence 

~ 2n(n + 1)s- 1 6, by (5.14). 

So far we have used only lxl < 1 - 2u, but now we introduce the hypothesis 

From Lemma 7.1 we conclude that there exists a ~Eo* E with I~- xl ~ (1 - y)e. 
Then 

and hence 1'/e(x- y) is boun'l:led below by n + 1 e-n_2Y in the set B(~, .lf-). It now 
Wn 

follows that 

n + 1 Wn- 1 n _ 1 _ 1 2----y e 
- Wn 2n 

and, comparing this with (7.8), 
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Adding this to (7.7) we obtain: 

(7.9) J 1J,(x- y)(jDq>E(Y)I- Dnq>E(y)) ~ A.(y) J 1J.{X- y)jDq>E(Y)I 
~ . ~ 

with 

A(}')= 2n+l __ 2 (jyl-n +--yl/4 }'1/4 + 
nw 2n+l { 

Wn-l Wn-l 
nw{ 1 -r (n -1)log 2~8)} 

The choice (j = yn gives the required properties for A.(y). D 

7.4 Remark: The last integral in (7.9) is obviously positive for x satisfying 
lxl < 1- 2a, n2 y2 ~ q>(x) ~ 1 - n2 y2 , and therefore for such x we have: 

Dnq>(x) = J 1J.{X- y)Dnq>E(Y) ~ [1 - A.(y)] J 1J,(x- y)jDq>E(Y)I > 0. 
Be Be 

In particular, the level sets of q>: 

S(.9) = {xEB: lxl < 1- 2a, q>(x) > .9} 

The aim of this chapter is to prove a De Giorgi type lemma for sequences 
of Caccioppoli sets. To do this ~e approximate by C 1 sets and then use the 
results of Chapter 6. Hence it is necessary to show that our approximating 
sequence satisfies the conditions required by Chapter 6. We are now in a position 
to do this using the previous lemmas and it is then only a short step to prove 
the required result. 

7.5 Lemma: Suppose { Ej} is a sequence of Caccioppoli sets such that 

(7.10) t/J(Ej, 1) = 0, 

00 

(7.12) I }'j < oo. 
j= 1 
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Then for almost every t E {0, 1) there exists a sequence of sets { Li} such that 

(7.13) lim yj 1 lji(Li,t) = 0, , 
j-+ co 

(7.16) oLinB1 is a C 1 hypersurface, 

and for every s < t 

(7.17) lim inf{v~>(x):lxl <s, xEoLi} = 1, 
j-+ 00 

where vUl(x) is the normal to oLi at x. 

Proof: Let Bj = yj and fix)= f17•/x- y)<pEiJ)dy. Then from (7.1) and (5.14), 
if r < 1, 

and hence as y i-+ 0 there exists a null set N 1 s; (0, 1) such that for t E (0, 1) - N 1 

00 

Now let 11 denote the measure L YiiD<pE). From (7.12) and (5.14), 
j= 1 

and so, as the function f d11 is monotone increasing in t and hence differentiable 
B, 
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almost everywhere, we may conclude that there exists a null set N 2 such that 
for every tE(O, 1)- N2 

lim Yi- 4 J dt-t < oo. 
j-+oo Bt+yj-Bt 

Thus, by definition of f-t, 

for tE(O, 1)- N 2 

and so, from (7.2) and the fact that Yr-+0, 

for tE(O, 1)- N2. 

If we let Sj{8) = {xEB1 :jj(x) > 8} then from Theorem 1.23 we have 

Hence it follows that there exists a number 8jE(n2 yJ, 1- n2 yJ) such that 

Moreover, by Remark 7.4, the boundary of Li = SA8i) is regular. From (7.20) 
and (7.21) 

for tE(O, 1)- N2. 

On the other hand from Lemma 1.25 

for tE(O, 1) 

and hence from (7.19) 

for tE(O, 1)- N 1. 
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From (7.23) and inequality (5.5) of Remark 5.7 we conclude that 

for te(O, 1)- N 1 

which together with (7.22) gives (7.14). 
On the other hand, iffeBV(Bt), then by (2.14) 

I Df= I f!_ldHn-1 
B, i!B, IX 

and so (7.15) follows from (7.23). 
Finally, (7.13) is a consequence of (7.23), (7.14) and Lemma 5.6 and (7.16), 

(7.17) follow from Theorem 7.3. D 

7.6 Theorem: Suppose { Ei} is a sequence of Caccioppoli sets such that 

00 

L Yi< 00. 
j= 1 

Then for every 1)(, 0 <I)(< 1, we 1zave 

Proof: Let {Li} be the sequence of sets determined by Lemma 7.5 and suppose 
that the inequalities of Lemma 7.5 hold at t < 1. Let s be a positive number 
smaller than t. Then the sequence { Li} satisfies the hypotheses of Lemma 6.4 with 

p = s and sequence Pi such that lim PiiYi = 1. From Lemma 6.4, (7.14) 
and (7.17) we have immediately j-+oo 

Now choosing s and t close to 1, (7.25) follows. D 



8. Regularity of Minimal Surfaces 

In this chapter we can finally prove that partial regularity of minimal surfaces; 
namely we show that the reduced boundary o* E is analytic and the only possible 
singularities must occur in oE- o* E. Our major task in the following chapters 
will be to obtain an estimate for the size of oE - o* E. As mentioned before, 
the main step in the regularity theory is the De Giorgi lemma. We show that 
a minimal surface is regular at points which satisfy the hypotheses of the lemma. 
Obviously by the definition of reduced boundary this must include all the points 
in o* E and we show that the converse also holds and further that o* E is 
relatively open in oE. 

8.1 Theorem: For every n?; 2 and every a, 0 <a< 1, there exists a constant 
a(n, a) such that: if E is a Caccioppoli set in IR", XE IR", p > 0 and 

(8.1) t/J(E, B(x, p)) = 0, 

(8.2) { J IDcpEI-1 J DcpEI}<a(n,a)pn-1, 
B(x,p) B(x,p) 

then 

(8.3) { J IDcpEI - I J DcpEI} ~a" { J IDcpEI - I J DcpEI }. 
B(x.~p) B(x.~p) B(x,p) B(x,p) 

Proof: Suppose the theorem is not true. Then there exist n ?; 2, 0 < r:x < 1, a 
sequence {Fi} of Caccioppoli sets in IR", a sequence {xi} in IR", a sequence 
{Pi} in IR and a sequence {Yi} in 1R such that 
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and 

s IDIPFJI-1 s D<pFjl > IX"YiP~r 1 . 
B(xj,IXPj) B(xj,IXPj) 

For eachj, we apply a translation to Fi, taking xi to the origin, then a rotation 

taking the vector S D<pF1 onto the Xn-axis and finally a dilation of ratio Pi· 
B(O,p1) 

Call the resulting set Ei. Then 

The sequence {Ei} must then contradict Theorem 7.6 and the theorem is 

~~ 0 

The fact that points x, satisfying the hypotheses of Theorem 8.1, are in 8* E 
will be an easy consequence of the following. 

8.2 Theorem: Suppose th,e hypotheses of Theorem 8.1 hold and xE8E. Then 

for every s, t such that 0 < s < t < p 

(8.4) I v.(x)- Vr(x)l ~ rJ(IX, n) if. 
where 

1/(IX, n) = (2- fi) 
(1- fi) 

O"(n, IX) 

Proof: By appropriate transformations we may suppose x = 0 and p = 1. 

We begin with the special case 

t = IXi, s = f31Xi for some j and IX ~ f3 < 1. 
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Let 

Vj = vpai' mj = J IDcpEI and J.l,j = J IDcpEI· 
BrJ.i Bpa.i 

Now 

~ J (IDcpEI- (uj, DcpE)) = 
BprJ.i 

On the other hand from (8.3) and (8.2), repeating j times, 

and so 

However, as we are assuming that 0EOE, by (5.16) we have 

and so 

a(n, ex) r::J+1 
lu·-v·l~2 --...;ex· . 

1 1 - Wn-lexn 

99 
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Now consider the case of general s and t with 0 < s < t < 1. Let j and k 
be the two integers such that 

We have 

k-2 

jv,-v.j~jv,-uil+ L lui+i-Uj+i+tl+lui+k-1-vsl ~ 
i=O 

a(n, oc) { r.:i+1 f r.:J+i+T} ~2 ---n yOC1 + ~ yOC1 ' = 
Wn-10C i=O 

a(n,oc)n~{1 +I oci/2} = 
Wn-10C _ i=O 

(2- _fi.) 
- (1- _fi.) 

a(n, oc) r.:i+1 
---nvoc1 ~ 
Wn-10C 

0 

8.3 Corollary: Suppose X satisfies the hypotheses of Theorem 8.2 Then X Eo* E 
and 

. 

jv(x)- Vt(x)l ~ q(n, oc) A· 
Finally we prove the regularity of o* E together with the fact that o* E is open 

in oE. These facts follow easily by some standard results from the theory of 
elliptic partial differential equations once we can prove that o* E is a C 1-surface. 
To do this we need only show that v(x) is continuous. 

8.4 Theorem: Suppose E is a Caccioppoli set in !Rn, X E oE, p > 0 and 0 < Q( < 1 
are such that 

1/J(E, B(x, p)) = 0, 
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f IDcpEI-1 f DcpEI ~ u(n,a)pn- 1• 
B(x,p) B(x,p) 

n 

Then oE n B(x, r) is an analytic hypersurface for r = p(a- a;;-::T), 

. n 

Proof: Let z E oE n B(x, r) and R = pa;;-=T, As B(z, R) £ B(x, ap), we have 

f IDcpEI-1 f DcpEI ~ f IDcpEI -I f DcpEI ~ u(n, a)anpn- 1 

B(z,R) B(z,R) B(x,ap) B(x,ap) 

and hence 

f IDcpEI-1 f DcpEI ~ u(n, a)Rn- 1• 
B(z,R) B(z,R) 

Thus z satisfies the hypotheses of Corollary 8.3 and so z E 8* E and 

(8.5) must hold for every z E B(x, r) n oE. From (8.5), by a simple integration we 
obtain 

(8.6) I 
fds f DcpE I • {t 

v(z)- to B(z,s) ~ IJ(n, a) ..J -k 
fds f IDcpEI 
0 B(z,s) 

The function 

t 

fds f DcpE 
-(t ) = 0 B(z,s) v ,z t 

fds f IDcpEI 
0 B(z,s) 

is continuous in t and z and since from (8.6) 

lim v(t, z) = v(z) uniformly for z E B(x, r), 
t-+0 
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we must have that v(z) is continuous on oE n B(x, r) and hence, by Theorem 4.11, 
oEnB(x,r) is a C1-hypersurface. 

The analyticity of oE n B(x, r) follows from the regularity theory for elliptic 
partial differential equations (see [MCBl]). 0 

We have proved oE is analytic in a neighbourhood of every point in o*E. It 
is possible that the singular set oE- o* E may be nonempty and indeed 
examples where this is true may be constructed. However we have 

8.5 Theorem: Suppose E is a Caccioppoli set satisfying 

lji(E, 1) = 0. 

Then 

(8.7) Hn-t(oE- o*E) = 0. 

Proof: Let K be any compact set contained in oE- o* E. Then, by Definition 
3.3 and the note following it, 

Hence, as IDcpEI is a Radon measure, for every B > 0 there exists an open set A, 
with K c A, c B 1 such that 

Let 11 > 0. For every x E K there exists p < 11 such that B(x, 3p) £A,. Then by 
Lemma 2.2 we can choose a sequence {xi} such that 

00 u B(Xj, 3pj) 2 K. 
j~l 

We now have 

if i of j 
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On the other hand by (5.16) 

and hence 

00 

" n-1 < Wn- 1 L, p j = 8. 
j=1 

103 

Thus Hn- 1(K)~3"- 1 8 and so as 8 is arbitrary Hn- 1(K)=O implying (8.7) 
holds. 0 



9. Minimal Cones 

The results of the previous chapter give an upper bound for the dimension of 
the singularities of minimal surfaces, but leave open the problem of their 
regularity. As we shall see, the answer to this question depends essentially on 
the existence or non-existence of minimal cones that are not hyperplanes. 

The way to construct these minimal cones is as follows: If E is a minimal set 
in B1 and OE oE, then we expand the set E around 0, that is, we consider the sets 

as t--+0. Each set E1 is minimal and by selecting a subsequence {tn}, converging 
to zero, we can show that E1" converges to a set C. This set C must be minimal 
in IRn and it must be a cone, that is, we may write 

C = { tx : t ~ 0 and x E A} 

for some set A. Cis, in some sense, a tangent cone to oE at 0. Furthermore we 
show that oE is regular at 0 if and only if Cis a half space. Thus the set E can 
only have singularities if there exist minimal cones in IRn which have singularities. 

We shall be looking at sequences of minimal sets and so many of the results 
from previous chapters will be useful. In addition we need the following 

9.1 Lemma: Let n be an open set in IRn, and let { Ej} be a sequence of 
Caccioppoli sets of least area in n, i.e. such that 

\fA c c n 

(see Definition 5.1). Suppose that there exists a set E such that 

Then E has least perimeter in !l, namely: 

(9.1) 1/J(E,A) = 0 \fA c c!l. 

Moreover, if L c c Q is any open set such that 
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we have 

Proof: Let A c c Q. We may suppose that oA is smooth, so that for every j: 

(9.3) JIDcpEjl ~ Hn-l(oA), 
A 

the same inequality holding for E by Theorem 1.9. 
Fort> 0, let 

At= {x Eil: dist(x, A)< t }. 

We have 

and therefore there exists a subsequence { EkJ such that for almost every t close 
to 0: • 

From Lemma 5.6 we have for these t: 

lim v(Ekp At) = v(E, At) 
j-+ 00 

and therefore from Theorem 1.9: 

t/I(E,At) = 0. 

This proves (9.1). Now let L c c Q be such that J IDcpEI = 0, and let A be a 
i!L 
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smooth open set such that L c c A c c n. Let {Fi} be any subsequence of 
{Ei}· Reasoning as above we can find a set At and a subsequence {Fki} such that 

lim v(Fk1,At) = v(E,At). 
j-HYJ 

and hence from Proposition 1.13 (with At playing the role of Q): 

proving (9.2). 0 

9.2 Remark: Given a sequence of Caccioppoli sets with least perimeter in Q, 

it is always possible to select a subsequence, converging in Lfoc(Q). Actually, 
for each open set A c c n such a subsequence exists by (9.3) and Rellich's 
Theorem 1.19; a diagonal process gives the required seq{lence converging in 
~m . 

We now consider the case where Eisa minimal set and OeoE. We "blow 
up" E about 0 and sho\\1 that the expanded sets approach a limit C and that 
the set C is a cone. Furthermore C itself is a minimal set. 

9.3 Theorem: Suppose E is a minimal set in B 1 (that is t/J(E, 1) = 0) such that 
OeoE. Fort> 0, let 

Then for every sequence {ti} tending to zero there exists a subsequence {si} 
such that E.1 converges locally in IRn to a set C. Moreover C is a minimal cone. 

Proof: Let ti--+ 0. We show first that for every R > 0 there exists a subsequence 
{ai} such that Eu1 converges in BR. We have 
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J JDcpE,I = t l-n f JDcpEJ 
Ba Ba, 

and so choosing t sufficiently small (so that Rt < 1) we have that Er is minimal 
in BRand 

Hence, by the compactness Theorem 1.19, a subsequence Ea1 will converge to 
a set CR in BR. Taking a sequenceR;-+ oo we obtain, by means of a diagonal 
process, a set C s; !Rn and a sequence { Sj} such that Es1 -+ C locally. Now, 
applying Lemma 9.1, we see that C is minimal and it remains only to show 
that C is a cone. 

Also by Lemma 9.1 we have that, for almost all R > 0, 

Hence if we define 

we have, for almost all R > 0, 

(9.5) lim p(sjR)=Rl-n r IDcpcl. 
j-oo JBR 

Note as well that, by (5.12), p(t) is increasing in t. 
If p < R, then for every j there exists an mj > 0 such that 

Then 

so that 
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lim p(sip) =lim p(siR) = R 1-n J IDcpcl. 
~00 ~00 ~ 

Thus we have proved that 

is independent of p and so, from (5.11), we conclude that 

J lcpc(px)- <pc(rx)ldHn-1 = 0 
ilB 1 

for almost all p, r > 0. Hence the set C differs only on a set of measure zero 
from a cone with vertex at the origin. 

Note also that from (5.16), (9.4) and (9.5) there exists a constant q such that 

nmn 
O<Wn-l~q~l 

and 

and so OE ac. 0 

The cone C is called a tangent cone to E at 0. 
If E is regular at 0, then C must be a half space. In fact the converse is also 

true: If C is a half space then 8E is regular in a neighbourhood of 0. This will 
be proved in the next theorem. 

9.4 Theorem [MM5]: Suppose {Ei} is a sequence of minimal sets in B1, 

converging locally to a minimal set E. Let xE8*E and let {xi} be a sequence 

ofpoints such that XjE8Ei and xr-+x. Thenfor j sufficiently large xi is a regular 

point of a E i and 

lim vEi(xi) = v(x). 
j-+ 00 
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Proof: Let u(n,oc) be the constant of Theorem 8.1. As xeo*E, there exists an 
R > 0 such that B(x,R) ~ B1 and for every p < R 

(9.6) J IDIPEI -I J D<pEI < rnu(n, oc)pn- 1 

B(x,p) B(x,p) 

(to prove this inequality use 3.3 and (5.14)). On the other hand by Lemma 9.1, 
we have for almost all p > 0 

(9.7) I IDIPEI = ~im I IDIPEjl, J B(x,p) r• oo J B(x,p) 

(9.8) I D<pE = lim I DIPEr J B(x,p) j-+ oo J B(x,p) 

If we let p be such that (9.6), (9. 7) and (9.8) all hold, then for j sufficiently 
large 

J IDIPE) ~I J D<pEil < 21 -nu(n, oc)pn- 1 . 
B(x,p) B(x,p) 

Since Xj converges to x, for j large enough we may assume lxj- xl < p/2 and 
hence B(xj,p/2) ~ B(x,p), so that 

J IDIPE) -I J D<pEjl < u(n, oc)(p/2t- 1. 
B(x joP/2) B(x joP/2) 

Thus from Theorem 8.4 we deduce the regularity of oEj at Xj. 
If r < p/2 and we denote vEi(x) by ~(x), then 

and so, using Corollary 8.3, 

Now by (9.7) and (9.8), for almost all r we have 

lim v;(xj) = Vr(x) 
j-oo 

and hence passing to the limit in (9.9) we see that 
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. fpr lim .sur iv1(xi)- v(x)l ~ 21](n, ex) -. 
j-+oo p 

The conclusion follows by letting r--+ 0. D 

From the theorems above we immediately have 

9.5 Corollary: Suppose that no singular minimal cones exist in IR". Then, for 

every set E ~ IR" with 1/J(E, p) = 0, oE n Bp is an analytic hypersurface. 

We will show that no singular minimal cones can exist in IR", when n < 8, 
thus proving the regularity of minimal hypersurfaces in IR", n ~ 7. Rather than 
consider any singular minimal cone we concentrate our attention on those 
singular minimal cones which only have a singularity at the origin. If the cone 
C of Theorem 9.3 has other singularities we show that, by again using a 
"blowing up" procedure, a minimal cylinder can be constructed and from this 
another minimal cone, singular at the origin but now in IR"- 1. Continuing this 
process we eventually get a cone in !Rn-k (for some integer k) which is minimal 
and has just one singular point, namely the origin. 

9.6 Proposition: Suppose C is a minimal cone with vertex at 0 and let 

x 0 EoC- {0}. For t > 0, let 

C1 = {xE IR": x0 + t;(x- xo)E C}. 

Then there exists a sequence {ti} converging to zero such that Ci = Cti converges 

to a minimal cone Q. Moreover Q is a cylinder with axis through 0 and x 0 . 

Proof: We may suppose x 0 = (0, 0, ... , 0, a), a# 0. Then we have 

<pc,(x) = <pc(xo + t(x- xo)) 

and hence 

f ID<pc,l = tl-n f ID<pci = Pn-l f ID<pci. 
B(xo.P) B(xo,pt) B(xo.l) 

Then arguing as in Theorem 9.2 we conclude that there exists a sequence {ti} 
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converging to 0 such that Ci converges to a minimal cone Q, with vertex at x 0 • 

It remains only to prove that Q is a cylinder with axis through 0 and x0 , 

that is, that there exists a set As; IRn- 1 such that Q = A x IR. As C is a cone 
with vertex at 0, we have <x, Dq;c) = 0 and hence 

Thus 

aDn({Jc = - <x- Xo,Dq;c). 

lx-xol 
IDnq;cl ~ lxol IDq;cl 

and therefore 

lnWnPn 
::;;;---t. 
-2 lxol 

So we can conclude that 

Dn(/JQ = lim Dn({Jc, = 0. 
j-"oo i 

On the other hand, we have fbr almost all s < t, by the proof of Lemma 2.4, 

Jlq;s-CfJtldHn-1~ J IDn(/JQj=O 
&IJR 9/JR X(s,t) 

where q;,(y) = CfJQ(y, r). Hence there exists a set As; IRn- 1 such that for almost all 
rands we have 

({JQ(y, s) = CfJQ(y, r) = q; A(y) 

for almost all y E IRn - 1. Thus 

Q =Ax IR. 0 
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9.7 Remark: ·Since. Q ifself is a cone, we have for each t > 0, (y, s)EIRn- 1 x IR 

(/JA(ty) = (/JQ(ty, ts) = (/JQ(y, s) = (/JA(y) 

and so A is also a cone. We show that A is minimal if and only if Q is minimal. 
To do this we need the following 

9.8 Lemma: Suppose fEB V1oc(IRn) and let Q be a bounded open set in IRn- 1 . 

Then we have 

(9.10) I IDfl;?; IT dt I ID.frl Jnx(-T.T) -T Jn 
where fr(y) = f(y, t ), with equality holding iff is independent of Xn. 

Proof: If A= n X (-T, T) andfEC 1(A), then inequality (9.10) is trivial. Now 
supposefEBV(A) and let {.Jj} be a sequence of C 1-functions such that.JJ~fin 
L1(A) and 

lim f ID.fJidx = f IDfl 
j-oo A A 

(Theorem 1.17). 

Passing, possibly, to a subseq~ence, we can assume that for almost all t. we have 

Therefore, by Theorem 1.9, 

I I Dfrl ~lim inf I IDJJ.rl dx Jn j-oo Jn 
and (9.10) is proved. 

Iff is independent of Xn, then we have 

for gECb{A) 
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T T 

Jfdivgdx = J dt Jf, div grdy ~ J dt JIDf,l. 
-T Q -T 0 

Hence equality must hold in (9.10). D 

9.9 Proposition: Suppose Q = A x IR is a cylinder in IR" = IR" - 1 x IR. Then Q 
is minimal in IR" if and only if A is minimal in IR"- 1 . 

Proof: 
(I) Suppose A is minimal in IR"- 1 and let M be a Caccioppoli set in IR" 
coinciding with Q outside some compact set K. Choose T such that 

K ~A = !JBT X (- T, T). 

Now from Lemma 9.8 

T 

JIDcpMI ~ J dt J ID(/JM,I 
A -T !lily 

where Mr ~ IR"- 1 is defined by 

(/JM,(Y) = (/JM(y,t). 

We have Mr =A outside a compact set H1 ~ !JBT and hence 

Thus in conclusion 

T 

J I Dcp M I ~ J dt J I Dcp A I = J I D(/JQ I 
A -T !lily A 

so that Q is minimal. 

(II) Suppose now that Q is minimal. If A is not minimal in IR" -1, there exist 
e > 0, R > 0 and a set E coinciding with A outside some compact setH~ !JBR 
such that 
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f ID<PEI ~ f ID<PAI- e. 
BIIR BIIR 

Let T be any number greater than zero and set 

M = {~ x (- T, T) in lxnl < T 
outside I Xn I < T 

so that we have M = Q outside H x [- T, T]. Hence 

(9.11) 

On the other hand, we have 

f ID<PQI = 2T f ID<PAI 
BIRX[-T,T] BIIR 

and 

(9.12) f IDcpMI ~ 2T f IDcpEI + 2Wn-1W- 1 
BIIR X[-T,T] BIIR 

Parametric Minimal Surfaces 

~2T f IDcpAI-2Te+2Wn-1Rn-l 
BIIR 

which contradicts (9.11) for sufficiently large T. 0 

Suppose now that C is a minimal cone in IRn, singular at 0 and also at the 
point x 0 #- 0. As C is a cone," all the points on the half line through 0 and x 0 

must be singular. By a rotation we may suppose that this half line is the 
positive Xn axis. Now, if we blow up C near x 0, we obtain a minimal cylinder 
Q such that the Xn axis lies on oQ and all the points on the Xn axis are singular 
(as they are the limit of singular points-Theorem 9.4). From Propositions 9.6 
and 9.9 it follows that we may write Q = A x IR, where A is a minimal cone 
in Rn-t, singular at the origin. Repeating the argument above if necessary we 
have the following 

9.10 Theorem: Suppose C is a minimal cone in IRn, singular at 0. Then there 
exists k ~ n and a cone A 5; IRk such that A is minimal and has just one singularity, 
namely 0. 

In the next chapter we shall prove that such a cone cannot exist if k ~ 7 and 
thus, by Corollary 9.5 and Theorem 9.10, prove the regularity of minimal 
surfaces in IRn, n ~ 7. 



10. The First and Second Variation 
of the Area 

Suppose E <;; IR" is a minimal set in B1, and {Ft} is a one parameter family of 
diffeomorphisms IR" -+IR" such that F 0 = I = identity and the maps Ft- I have 
uniform compact support in B 1. The sets 

must equal E outside B1 and so 

Then, assuming appropriate smoothness, we see that the function 

A(t) = J ID<PE,I 
B, 

has a minimum at zero and so 

d 
(10.1) dt A(t)it=O = 0 

and 

d2 
(10.2) dt2 A(t)it=O ~ 0. 

In this chapter we shall consider the case where E is a cone in IR", smooth 
everywhere except possibly at 0. Then, by constructing a particular diffeo­
morphism and using (10.1) and (10.2), we show that either oE is a hyperplane 
or n ~ 8. This important theorem was first proved by Simons in 1968 [SJ]. 

Firstly we calculate the first and second variations of the area for general 
sets and then later consider the special case of the cone. 

10.1 Lemma: Suppose 0 <;; IR", f is a function in B VIoc(O) and F: IR"-+ IR" is 
a diffeomorphism. Suppose A c c 0 and let f* = f oF- 1, 0* = F(O) and A* 
= F(A). Then 
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(10.3) J IDf*l = JIHDfl 
A* A 

where H = ldet DFI[DFr 1. 

(10.4) J < g*,Df* > dx = J < go¢,D¢ Dfo¢ > dx 

= J < g,(D¢oF) Df> ldet DFidy = J < g,H Df> dy. 

Thus we see that (10.3) holds for functions fin C 1(Q) and indeed it is just the 
change of area formula for such functions. 

Now suppose only that jEBVIoc(Q). We can approximate f by a sequence 
{jj} of C 1 functions (see Theorem 1.17) which implies that the corresponding 
functions f.i converge to f* in L 1(A*). Hence, passing to the limit in (10.4), . 

J < g*, Df* > = J < g, HDf> = J < g,Hv > I Dfl, 

where v is obtained by differentiating Df with respect to I Dfl (and so I vI = 1 
I Dfl-almost everywhere). 

Now suppose that I g I ~ 1 and g E Cf>(A; IR"). Then I g* I ~ 1 and spt g* ~A*, 
so that 

Taking the supremum of the left hand side gives 

JIHDfl = JIHviiDfl ~ J IDf* I-
A A A• 

To show the reverse inequality, we notice that, if y E C6(A*; IR"), IYI ~ 1 and we 
put g = yoFECl>(A; IRn), then g* = y and 

J < y,Df* > ~ JIHviiDfl. 
A 

Hence 
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J IDJ*l ~ JIHvllDfl. 0 
A* A 

10.2: We can use this change of area formula to obtain expressions for the 
first and second variation as follows: 

Let F1 be a one-parameter family of diffeomorphisms of IR" such that F 0 = I 
and put r/>1 = F1-

1 • Suppose also that there exists a fixed compact set K such 
that Fr =I outside K for t E [0, 1]. If A 2 K then we must have that A*1 = 
F,(A) =A and, from Lemma 10.1, we easily obtain 

(10.5) {dd I IDf*,l} =I < v,Hov > IDfl, 
t A t=O A 

where 

Ho= - Ho= --. (dH) .. (d 2H) 
dt t=O' dt 2 t=O 

In particular, iff= ({JE and we define the set Er by ({JE, = (cpE)*'' we have 
Er = E outside K <;; A and 

(10.7) {-ddi IDcpE,l} =I <v,Hov>dHn-l, 
t A t=O Ani~*E '?! 

{ d
2 I } I . 2 •• • 2 (10.8) - 2 JDcpE,l = {IHovl + <v,Hov>- <v,Hov> }dHn-l· 

dt A t=O Ani'*E 

10.3 Notation: For the theorems and calculations to follow it is convenient to 
introduce the tangential derivatives: 

For X Eo* E define 

n 

bi = Di- Vi I vhDh 
h=l 

(! 
where Dh = - and v is the normal vector at x. 

CXh 
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If we have a function g: IRn -.IR, then the vector {Jg = (J 1 g, b2 g, ... , bng) 
may be written 

bg = Dg- v<Dg·v) 

so that bg is Dg minus the component of Dg in the normal direction. Thus 
bg, as its name indicates, is merely the component of Dg in the tangential 
direction. 

We remark that {Jg depends only on the values of g on o* E, or in other words 
if g = 0 on o* E then bg = 0. To see that, let xo E iJ* E. If Dg(x0 ) = 0 then 
bg(xo) = 0; otherwise o* E is a smooth hypersurface near x 0 with normal vector 

v(x) = Dg(x)/IDg(x)l 

and again bg(x0 ) = 0. 
It is also convenient to employ the summation convention, that is that in 

any expression repeated indices indicate summation from 1 to n. With this 
notation we may write 

From (10.7) and (10.8) using the notation described above we obtain the 
following result. 

10.4 Theorem: Suppose "F1 = I+ tg where g: IRn -.IRn has compact support. 

Then, if A 2 spt g, 

(10.9) {dd f ID<pE,I} = f bigidHn-l, 
t A t=O o*E"A 

(Note that {Ji applies only to the symbol immediately following it.) 

Proof: We have DF1 = I+ tDg and hence 
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and 

' 1 . 
det DFr = 1 + tr(Dg) + 2t 2 [ r(Dg)2 - r(DgDg)] + O(t 3), 

where 

n 

r(A) = trace (A) = L Au = A;;. 
i= 1 

Therefore 

Ho = r(Dg)I- Dg, 

H0 = 2DgDg- 2-r(Dg)Dg + [r(Dg)2 - r(DgDg)]I, 

so that we have immediately 

and (10.9) is proved. 
To prove (10.10) we put div g = D;g; to obtain 

. . 
+ v;vhDighDigi + 2v;vhDighDigi- D;giDigi = 

and (10.10) now follows. 0 
We now choose a particular deformation and obtain the corresponding 

variation formulas. The deformation we choose will be one which shifts the 
original set in a direction normal to the surface. 

10.5: Suppose ' is a function in C6(A) such that spt 'n iJE 1s a C2 -

hypersurface. Then, if we set 
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d(x) = .{ dist (x, oE) 
-dist (x, oE) 

xEE 
XEIRn- E, 

Parametric Minimal Surfaces 

d is C 2 in a neighbourhood of spt ( n oE (see Appendix B, [GT]) and we 
have 

v =Dd in spt ( n oE. 

Now since 1 = I v 12 = dhdh in spt ( n oE we obtain that 

Hence 

and we see that 

(10.11) b;Vj = bjV;. 

Choosing g = (v in (10.9) and (10.10) gives 

(10.12) {dd f ID(/JE,I} = l Yf(dHn-l, 
t A t=O JoE . 

where Yf = b;v;, and 

where c2 = (b;Vj)(bjV;) = L(b;vif· 
i,j 

The last two equations follow from the identities 

(10.14) V;b; = 0 

(10.15) V;bjVi = 0 j = 1, ... , n. 
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10.6 Remark: It can be shown that£= Jf(x) is just the mean curvature of the 
surface oE at x, and c2 = c2(x) is the sum of the squares of the principal 
curvatures of 8E calculated at x. 

The identities in the next lemma will also be useful in what follows. 

10.7 Lemma: Suppose oE is a smooth hypersurface in a neighbourhood of x0 . 

Then at x 0 we have 

Proof: Substituting for (ji we obtain 

b;bj = b;Dj- VjVhb;Dh- (vhb;Vj + Vjbivh)Dh = 

= (D;Di- v;vhDhDi)- (vivhD;Dh- VjVhViVkDkDh)­

- (vhb;Vj + Vjb;vh)Dh. 

Noting that b;vi = bjV; and of course D;Di = Dp; and cancelling symmetric 
terms (in i and j), we have 

To obtain the equation with (jh replacing Dh we merely notice that vhb;vh = 0 
(see (10.15)) fori= 1, ... , n, and (10.16) is proved. 

Now considering (10.17) and using (10.11), (10.16) and (10.14), we have 

D 

10.8 Lemma (Integration by parts): Let oE be a smooth hypersurface and let 
({J E C 6(1Rn). Then 

J b;cpdHn-1 = - J ({JV;dHn-1· 
i!E i!E 

Proof: Suppose first that 8E n spt cp 1s the graph of a function Xn = g(x), 
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X= (x1,X2, ... ,Xn-dE U. We have Vn = (1 + IDgl 2)- 112; V; = -vnD;ganddHn-1 
= v; 1 dx, so that 

= - J cpv; 1v;Dhvhdx = - J :Yt'v;cpdHn-1 
u oE 

since D;Vn + vhv; Dh(v;/vn) = 0. 
The general case follows easily by a partition of unity. 0 

In particular, if oE is stationary (that is the first variation vanishes or :Yt' = 0) 
we have the standard formula of integration by parts: 

J uc5;vdHn-1 = - J vc5;udHn-1 
oE oE 

provided uv has compact support. Moreover, since v;c5; = 0, we can always 
integrate by parts with the Laplace operator f!fi to obtain: 

J uf!fivdHn-1 = - J c5;uc5;vdHn-1 = J vf!fiudHn-1 
oE oE oE 

whenever uv has compact support. 
When oE is stationary we obtain from (10.16) by means of simple calculations 

the identity: 

Moreover in this case the second variation (10.13) is given by 

J {lc5'1 2 - c2(2}dHn-1· 
oE 

We want to examine this expression more closely in the particular case where 
E is a cone. To do this, it is necessary to estimate the term f!fic 2 which we do 
in the next lemma. 

10.9 Lemma: Suppose E is a cone which is stationary and suppose A is an open 
set such that oE n A is regular. Then in A we have 
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Proof: By the definition of c2 

Then, using (10.18), (10.17) and the fact Je = 0, we have 

and by (10.16) 

Now, if Xo E oE (\A, we can choose the Xn-axis to be the same direction as 
v(x0 ). At x 0 , we then have 

Vn = 1, On = 0, Va = 0, Oa = Da oc = 1, ... , n -1 

and, using (10.16) and (10.15), 

Hence at x0 

where all the greek indices indicate summation from 1 to n - 1. 
On the other hand we have 

jocj 2 = (Oavp)(OyOavp)(OaVr)(OyOaVr) 
c2 

and hence 
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[(bav,)(b1bavp)- (bavp)(b1bav,)] [(bavt)(b1bavp)- (bavp)(b1bavt)] 

2c2 

Now suppose that E is a cone with vertex at the origin. We can choose 
coordinates in such a way that x0 lies on the (n- 1)-axis. As E is a cone, 
<x, v) = 0 on oE. Hence Vn-1 = 0 at xo (which we had already assumed above) 
and 

0 = b; < x, v) = < b;x, v) + < x, b;v) = < x, b;v) 

so that 

b;Vn-1 = 0 at xo. 

If the letters A, B, S, T run from 1 to n - 2, we have 

From (10.16) and the assumptions above, 

and, as xo lies on the x.- 1 -axis, 

x;D; 
bn-1 = Dn-1 = ±Vi at xo. 

Since E is a cone, the function v is homogeneous of degree 0 and hence b;va is 
homogeneous of degree - 1. Thus it follows by Euler's theorem on homo­
geneous functions that 
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and hence 

proving (10.19). 0 

We are now able to prove the following important theorem of Sii:nons. 

10.10 Theorem: (Simons [SJ]): Suppose E is a cone, such that oE is regular in 
IRn- {0}. Suppose that :Yt' = 0 and that the second variation of the area is non­
negative, that is 

(10.20) J {1<5'1 2 - c2 , 2 }dHn-1 ~ 0 
i!E 

for every' E C6, with spt 'n {0} = 0. Then either oE is a hyperplane or n ~ 8. 

Proof: Replacing ' by 'c in (10.20), we have 

where at the last step we have used integration by parts. Now using (10.19) we 
obtain 

I { 2 2,2 } 2 
(10.21) 0 ~ i!E 1£5'1 - jXj2 c dHn-1 

for every 'E q with spt' n {0} = 0. Obviously (10.21) will hold by approxi­
mation for every function ' provided that 
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In the previous lemma we showed that Diva was homogeneous of degree - 1 
and so c2 is homogeneous of degree - 2. Thus (1 0.21) holds for any ( such that 

J (2 lxl- 4 dHn-1 < 00. 
iJE 

If r1 = max {lxl, 1 }, r = lxl and setting 

then 

00 

J (2 lxl- 4 dHn-1 = Hn-2(aE n aB1) J r2ariPrn- 6dr. 
iJE 0 

Thus to make the integral finite, we must have 

2Q(+n-6> -1. 

and hence 

(10.22) 

5-n 
(l(>--

2 

5-n 
(l(+/3<-2-

If inequalities (10.22) hold then (10.21) becomes 

0~(0(2 -2) J r2a- 2c2dHn-l+[((l(+/3)2 -2] J r2<a+tJ>- 2c2dHn-1· 
iJEnB 1 iJE-B, 

If ez-n )2 < 2, we can always choose (l( and f3 satisfying (10.22) but such that 
0( 2 < 2 and (()( + /3) 2 < 2. It then follows that either c2 = 0, and so aE is a 
hyperplane, or (5- n)2 > 8, that is n ~ 8. D 
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From this result and Theorem 9.10, it follows that no singular minimal cones 
can exist in IR", for n ~ 7, as any such minimal cone must satisfy ;Yf' = 0 and 
(10.20). Thus we have proved 

10.11 Theorem: Suppose n ~ 7 and E is a minimal set in Bp (that is l/J(E, p) = 0). 
Then oE n Bp is an analytic hypersurface. 



11. The Dimension of the 
Singular Set 

In the last chapter we proved a regularity theorem for dimensions n ~ 7. 
However we said nothing about the regularity in higher dimensions which is 
our task in this chapter. We prove that the Hk measure of the singular set is 
zero for all k > n - 8 and so actually include the results of the previous chapter. 

Some results and definitions concerning Hausdorff measures are needed to 
prove our main theorem. 

11.1 Definition: Suppose A~ IRn, 0 ~ k < oo and 0 < <5.~ oo. Then we define 

and 

(11.2) Hk(A) =lim Hf(A) =sup Hf(A) 
.l-+0 d 

where Oh = ninn~ + 1), k ~ 0, is the measure of the unit ball in IRn. Hk is 
of course the k-dimensional Hausdorff measure. 

It is obvious from the definition that Hf: ~ Hf if <5 > p, but in fact we can 
show 

11.2 Lemma: For every A~ IRn, Hk(A) = 0 if and only if Hk(A) = 0. 

Proof: By the remark above we need only prove that H k'(A) = 0 implies 
Hk(A) = 0. 

Let e > 0. Then there exists a countable covering {Si} of A such that 

L (diam Si)k < ek. 
j 

Clearly then we must have diam Si < e for every j and hence 



The Dimension of the Singular Set 

Letting e -t 0, th~ result follows. 

11.3 Proposition: If A s;;; IRn, then for H k-almost all x E A we have 

(11.3) 1. H;:"(AnB(x,r))>l-k 
1m sup k = . 

r->0 Ohr 

Proof [FH2]: Define 

and, for t > 0, e > 0, 

B(Hf, t, e)= {x E A: Hf(S n A)~ t((S), for all sets S 
such that xES and diam S < e }. 

If S is any set in A, with diam S < e we have 

Hf(S n B(Hf, t, e))~ t((S) 

and therefore from the definition of H~: 

(11.4) Hf(B(Hf, t, e))~ tHi(B(Hf, t, e)} 

and so, in particular, if f> < 1 

Hf(B(Hf, 1 - 1>, f>)) ~ (1 - f>)Ht(B(Ht, 1 - f>, 1>)). 

Hence 

Hf(B(Hf, 1 - 1>, f>)) = 0 

and, by Lemma 11.2, 

(11.5) Hk(B(Hf, 1 - 1>, f>)) = 0. 

Now consider the set 

129 

0 
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{ . {H;:'(AnS) . } } C= xEA:!~~sup '(S) :xES,dtamS<e <1 = 

{ . {H;:'(AnS) . 1} } = xEA:!?Jsup '(S) :xES,d1amS<-;; <1. 

If x E C we must have that for some n 

{ H;:'(AnS) . 1} 1 
sup '(S) :xES, dtam S <-;; < 1 - n 

and hence x E B(H ;:', 1 - *' * ). In conclusion 

C = U B H ;:', 1 --,- ~ U B H ~In, 1 --,-
00 

( 1 1) 00 
( 1 1) 

n=l nn n=l nn 

and so Hk(C) = 0. 
If we fix S such that d = diam S and suppose xES, then obviously 

H ;:'(An S) < H ;:'(An B(x, d)) 2k 

'(S) = Wkdk 

and hence 

{ H;:'(AnS) • . } 
sup '(S) :xES, dtam S < () ~ 

2k {H;:'(AnB(x,p)) ~} 
~ sup . k : p < u . 

WkP 

Thus the set 

D { A. 1. H;:'(A nB(x,r)) 2-k} = x E : 1m sup k < 
r~o wkr 

must be contained in C. Hence Hk(D) = 0 and the lemma is proved. 0 

We can now start on the study of minimal surfaces. Firstly we show that, if 
a sequence of minimal sets {Ei} converges locally to a minimal set E, then 
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locally the set of singular points of Ei must lie close to the singular points 
of E. More precisely 

11.4 Lemma: Suppose { Ei} is a sequence of minimal sets in Q converging in 

Lfoc(Q) to a minimal set E. Let ~i = iJEi- o* Ei and ~ = iJE- o* E be the 
singular parts of iJEi and iJE respectively. Suppose K is a compact set in Q 

and A an open set containing ~ n K. Then,for j sufficiently large, ~inK £ A. 

Proof: Suppose the lemma is false. Passing possibly to a subsequence we may 
suppose that for every j there exists a point XjE~inK such that xi'fA. Since 
K is compact, we may also assume xr-+xEK. Since x;EOE;, we have, by (5.16), 
for every p < dist (K, iJQ) 

J IDcpE,I ~ Wn-1Pn- 1. 
B(x,,p) 

Now, if we choose any r < dist (K, iJQ) and any p < r, then for sufficiently 
large i 

B(x;, p) £ B(x, r). 

Hence, as J IDcpE,I converges to J IDcpEI for almost all r, we must have 

that 
B(x,r) 

J IDcpEI ~ Wn-1rn- 1 > 0 
B(x.r) 

B(x,r) 

for almost all r < dist (K, iJQ) and so x E iJE. Furthermore x E ~ since otherwise, 
by Theorem 9.4, we would have XjEo*Ei for j large which contradicts our 
assumption on the xi. In conclusion we must have x E ~ n K £A which is a 
contradiction as A is open. D 

The next lemma concerning H ;:' measure is now a fairly easy consequence 
of the last lemma. 

11.5 Lemma: Suppose {Ei} is a sequence of minimal sets in Q converging in 

L1~c(Q) to a minimal set E. Let ~i and ~ be as in Lemma 11.4. Then for every 
compact set K £ Q 
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(11.6) Hk(~11K)~lim sup H'{'('f.i11K). 
j-~> 00 

Proof: For a > 0, let { S i} be a covering of 'f. 11 K such that 

00 

H '{'('f. n K) > wkrk L (diam Si)k- a. 
j=l 

00 

We may suppose that the Si are open. Let A= U Si. For h large enough, 
j= 1 

by Lemma 11.4 we have 'f.h 11 K s; A and hence 

Thus 

00 

H 'k('f.h ll K) ~ H '{'(A)~ wkrk L (diam sjt 
j= 1 

lim sup H '{'('f.h 11 K) ~ H k('f. 11 K) + a 
h-+ 00 

and (11.6) follows as a> 0 is arbitrary. D 

We now apply the previous lemma in the special case where we perform a 
"blow up" at some point of a minimal surface. The sets Ei will be different 
stages in the "blow up" and E will be the resulting minimal cone. We show 
that, given a minimal set ~ith singularities of Hausdorff dimension at least k, 
we can find a minimal cone with singularities of the same dimension. Thus once 
again the regularity theory is reduced to the existence of minimal cones. 

11.6 Theorem: Suppose E is a minimal set in n such that ·H k('f.) = 

Hk(oE- o*E) > 0. Then there exists a minimal cone C in IR" such that 

Hk(oC- o*C) > 0. 

Proof: From Proposition 11.3 it follows that there exists a point x 0 and a 
sequence {ri} -+0 such that 

We may suppose x 0 = 0. If we set as usual 
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then from Theorem 9.3 there must exist a subsequence {si} of {ri} such that 
Es1 converges locally in IRn to a minimal cone C. 

If we set ~i = oEs1 - o*Esp then obviously 

and hence 

The conclusion follows from Lemmas 11.5 and 11.2. 0 

11.7 Theorem: Let E be a minimal set in n c IRs. Then the singular set ~ 
consists at most of isolated points. 

Proof: Suppose on the contrary that there exists a sequence of singular points 
converging to some x0 E!l. We may suppose that xo = 0. Let rk = lxkl· From 
Theorem 9.3 we conclude, passing possibly to a subsequence, that the sequence 
E,k converges locally in IRs to a minimal cone C. Moreover, we may assume 
that Yk = xk/rk converge to the point Yo = (0, 0, ... , 1). 

Since Yk is a singular point for J!,,k we conclude from Theorem 9.4 that y 0 is 
a singular point for C. The set C being a cone, the whole line joining 0 with 
Yo consists of singular points for C. 

We now blow up near y0 as in Proposition 9.6. Arguing as in Theorem 11.6 
we obtain a minimal cylinder Q = A x IR such that 

H t(oQ- o*Q) > 0. 

Furthermore, by Proposition 9.9, A rs a minimal cone in IR 7 and since 
oQ- o*Q =(oA- o* A) X IR we have 

Ho(oA- o* A)> 0, 

contradicting Theorem 10.11. 0 

When n > 8, using an inductive procedure as in Theorem 9.10 we can prove 
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11.8 Theorem (Dimension of the singular set, [FH3]): Suppose that E is a 
minimal set in Q c IR" and let~= (oE- o*E)nQ. Then 

H.(~)= 0 for all s > n - 8. 

Proof: We proceed as above. Let k > 0 be such that Hk(~) >0. By Theorem 
11.6 we may construct a minimal cone C in IR" such that Hk(oC- o*C) > 0. 
By Proposition 11.3 we can find a point x0 # 0 such that (11.7) holds, with ~ 
replaced by ac- o*C. Blowing up c near Xo we obtain as above a minimal 
cylinder Q = A x IR such that 

Hk(oQ- o*Q) > o. 

The set A is a cone and 

Hk-l(oA- o* A)> 0. 

Repeating the argument we conclude that for every m ~ k there exists a minimal 
cone C in IRn-m such that 

Hk-m(oC- o*C) > 0. 

As minimal cones in IRs can have at most one singular point, this implies at 
once that k ~ n - 8. D 

Theorems 11.7 and 11.§ are in some sense the best possible, since the 
Simons cone: 

is minimal in IRs, as we will show later (Theorem 16.4). 
The cone S provides a counterexample to interior regularity of minimal 

hypersurfaces. However the situation is quite different at the boundary. Indeed, 
Hardt and Simon [HS] have proved, in the framework of the theory of integral 
currents, that if the boundary manifold M is of class C 1 ·"', then the solution 
of the Plateau problem is of class C l.a in a neighborhood of M. 
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12. Classical Solutions of the 
Minimal Surface Equation 

Let u(x) be fup.ction defined in some bounded open set n of IR". The area of 
the graph of u is given by 

(12.1) d(u,n) = JJl + IDul 2 dx 
Q 

where Du = (D1u, ... , Dnu) is the gradient of u. 
We shall always suppose in the following that the boundary of n, an, is at 

least Lipschitz-continuous. We shall consider the Dirichlet problem for the 
functional (12.1); i.e. the problem of minimizing the area amongst all functions 
taking prescribed values cp(x) on an. Here the boundary datum cp is supposed 
to be Lipschitz-continuous or even smoother (in general cpEC 2 will be sufficient). 
In the following chapters we discuss continuous (see theorem 13.6) and L 1 (see 
Theorem 14.5) boundary data. 

We shall work in the space C0 •1 (n) of Lipschitz-continuous functions in 
n; i.e. continuous functions with finite Lipschitz constant 

{ lu(x)- u(x)l } 
luln =sup lx _ Yl ; x,yEn, x # Y 

It is well-known that C0 •1(n) coincides with the space w 1. 00(n), of functions 
with bounded distributional deri\'atives. 

It is clear that the functional (12.1) is well defined for u E C0•1(n) (actually 
the same is true for UE W1. 1(n)). Moreover we have 

(12.2) JJ1 + IDul 2 dx = sup{J(gn+1 + u div g)dx; 
Q Q 

and therefore, as in 1.9, we can prove that d(u) is lower semi-continuous with 
respect to weak L 1 convengence. 

12.1 Definition: For k > 0 we set 
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Moreover, if <p E C0 • 1(on): 

L(n; <p) = { U E C0 • 1(n): U = <p on on). 

12.2 Proposition: Let <p be a Lipschitz-continuous function on on, and suppose 
that Lk(n; <p) is non-empty. Then the function d(u,n) achieves its minimum in 
Lk(n, <p). 

Proof: Let { uk} be a minimizing sequence in Lk(n, <p). By the Ascoli-Arzela 
theorem we can select a subsequence converging uniformly to a function 
u E Lk(n, <p ), and the result follows from the semicontinuity of the area. D 

We shall denote by uk the minimizing function in Lk(n; <p) (which is unique since 
d is strictly convex). In general, when k increases the value of the minimum 
decreases and I uk In increases. 

12.3 Proposition: Let uk be the minimum point for d in Lk(n, <p). If Iukin < k, 
then uk minimizes d in L(n; <p ). 

Proof: For 0 ~ t ~ 1 and v E L(n; <p) we set 

We have Vt = <P on an and fort small enough lvrl < k, so that d(u\n) ~ d(vr;n). 
From the convexity of d we get 

d(u\n) ~ d(v1,n) ~ (1- t)d(u\n) + td(v,n) 

and therefore d(uk,n) ~ d(v,n). D 

The above result tells us that to prove the existence of a minimum in L(n, <p) 
it is sufficient to get estimates for the Lipschitz constant of uk. 

In order to simplify the notation we shall omit the index k; moreover we· 
shall say briefly "u minimizes the area in Lk(n)" instead of "u E Lk(n) minimizes 
d among all v taking the same boundary values". 

It is clear that any u minimizing d in Lk(n) also gives a minimum for 
d in L!i(O) for any n c: n and k ~ k whenever I u In ~ k. 
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Our main tool will be the weak maximum principle. In order to state it in 
suitable generality we introduce the notion of super- and sub-solution. 

12.4 Definition: A function wE Lk(O.) is a supersolution [resp. subsolution] 
for d in Lk(O.) if for every v E Lk(O., w), with v ~ w [resp. v ~ w] we have 
d(v,O.) ~ d(w,O.). 

In particular a function minimizing area in Lk(O.) is both a super and a 
subsolution. Although not relevant for our purposes, the converse is also true, 
as it can be shown without difficulty. 

12.5 Lemma (Weak maximum principle): Let wand z be respectively a super­

solution and a subsolution in Lk(O.). If w ~ z on 80., then w ~ z in a. 

Proof: Suppose on the contrary that 

K = {xEO.:w(x)<z(x)} 

is non-empty, and let v =max {z, w}. 
We have v E Lk(O.; w) and v ~ w; therefore d(v, 0.) ~ d(w, 0.) or, equivalently 

d(z; K) ~ d(w, K) 

In a similar way, taking v = min{-£, w} we show d(w, K) ~ d(z, K) and therefore 

d(w; K) = d(z; K). 

Since z =won oK and z >winK we must have Dz # Dw in a set of positive 
measure. From the strict convexity of the area we have 

( w + z ) 1 1 d - 2 -;K < 2d(w;K)+ 2d(z;K) = d(w;K). 

But this is impossible since w is a supersolution in Lk(K) and therefore 

( w+z ) d - 2 -;K ~d(w;K). D 

A simple consequence of the maximum principle is the following lemma. 
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12.6 Lemma: Let w and z be respectively a supersolution and a subsolution in 
Lk(Q). Then 

(12.3) sup [z(x)- w(x)] = sup [z(y)- w(y)] 
xeQ yeDQ 

Proof: It is sufficient to remark that for every a E IR, w + a is a supersolution, 
and that for X E iJQ: 

z(x);;::; w(x) +sup [z(y)- w(y)]. 
yeDQ 

The result now follows from Lemma 12.5. 0 

In particular, if u and v minimize area in Lk(Q), (12.3) holds for u - v and 
v - u and hence 

(12.4) sup lu- vi =sup lu- vi. 
Q DQ 

12.7 Lemma (Reduction to boundary estimates): Let u minimize the area in 
Lk(Q). Then 

{ lu(x)- u(.JI)I } 
(12.5) luln=sup lx-yl ;xEil,yEiJQ. 

Proof: Let x1,x2 Eil, x 1 # x2 , and let r = x2 - x 1 . The function 

u.(x) = u(x + r) 

minimizes the area in Lk(Qr), where 

The set nnnt is non-empty (it contains xl) and both u and Ut minimize the 
area in Lk(QnQr). From (12.4) we conclude that there exists zEiJ(QnQr) such 
that 

lu(xl)- u(xz)l = lu(xl)- ut(xl)l;;::; lu(z)- ur(z)l = lu(z)- u(z + r)l. 
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On the other hand at least one of the points z, z + r belongs to an: Denoting 
by L the right-hand side of (12.5) we have therefore 

and (12.5) follows at once. 0 

In conclusion to prove the existence of a minimum we need only an estimate 
for lu(x)- u(y)l when yEan. This will be obtained by means of Lemma 12.5, 
comparing u with suitable super and subsolutions. 

For xEn we denote by d(x) the distance of X from an. Moreover we set for 
t > 0: 

Lr={xEn:d(x)<t} 

rr = {xEn:d(x) = t} = aL1 nn. 

12.8 Definition: Let cp be a Lipschitz-continuous function in an. An upper 
barrier v+ (relative to cp) is a Lipschitz-continuous function defined in some 
Lr0 , to> 0, satisfying 

(12.6) v+ = cp on an; v+ ~sup cp on rlo 
iJ(l 

(12.7) v+ is a supersolution in ~0 • 

Similarly, a lower barrier is a subsolution v- in Lr0 , with v- = cp on an and 

v- ~ inf cp on rlo· 
iJ(l 

12.9 Theorem: Let cp be a Lipschitz-continuous function on an, and suppose 

that there exist upper and lower barriers v ± relative to cp. 
Then the area function achieves its minimum in L(n; cp ). 

Proof: Let Q ~ [v±]I:, and let k > Q. 
Let u give the mini~um for d in Lk(n). The function u minimizes the area in 

Lk(Lr0 ) and for every x En: 



142 Non-Parametric Minimal Surfaces 

inf cp ~ u(x) ~sup cp. 
on an 

In particular v-(x) ~ u(x) ~ v+(x) on r,0 , and therefore from Lemma 12.5: 

Since u = v+ = v- on an we have 

(12.8) lu(x)- u(y)i ~ Qlx- Yi 

for every X E Lto• y E an. 
On the other hand if xEn and d(x) >to we have 

iu(x)- u(y)i ~max {sup cp- u(y), u(y)- inf cp} ~ Qto 
an an 

and therefore (12.8) holds for every xEn. By Lemma 12.7 we have luln ~ Q < k 
and the conclusion follows immediately from Proposition 12.3. D 

We shall now investigate the conditions under which the construction of 
barriers is possible. 

We shall discuss only the case of upper barriers since if w is an upper barrier 
relative to - cp, - w will be a lower barrier for cp. 

We remark first that the same argument leading to the Euler equation for 
minima gives a differential inequality for supersolutions. 

Let v(x) be a C2-supersolution on some open set L, and let rJ ~ 0 have compact 
support in L. The function 

g(t) = d(v + t1}; L) 

has a minimum at t = 0 and hence g'(O) ~ 0. This means that 

L ' D;rJdx "2:. 0 n I D·v 
i=l l: J1 + IDvl2 -

and therefore integrating by parts: 

~ D;v 0 . ,.. 
L... D; :::;; m ,..,. 
i=l J1 + 1Dvl2 -
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More explicitly: 

(12.9) @"(v) = (1 + IDvl 2 ) Av- V;VjVij ~ 0 in l:, 

av 
where v; = -;--. 

ux· 
understood. ' 

n a2v 
etc., Av = ;:

1 
axf and the sum over repeated indices is 

Conversely, inequality (12.9) implies that g'(O) ~ 0 and by the convexity of 
the area that v is a supersolution in l:. 

We shall now suppose that an is of class C2 . This implies that the distance 
function d(x) is of class C2 in some 1:10 ; moreover if xE!1 and d(x) = t ~ t0 , 

-Ad(x) is the sum of the principal curvatures of C at x. Finally, if x moves 
along the normal to an towards the interior of n, Ad(x) decreases and hence 
if the mean curvature of an is non-negative, (i.e. Ad(x) ~ 0 on an) we have 
Ad~ 0 in Lr0 • For all these results see Appendix B. 

We shall suppose that cp E C2(1Rn), and we shall consider upper barriers of 
the form 

v(x) = cp(x) + l/J(d(x)) 

where l/1 is a C 2-function in [0, R] satisfying 

l/1(0) = 0, l/J'(t) ~ 1, l/J"(t) < 0 

l/J(R) ~ L = 2 sup lcpl, 
n 

where R < to will be determined later. 
In this way conditions (12.6) are satisfied in r R· We have easily 

+ l/1' {2cp;d;Acp + (1 + lDcpl 2)Ad- 2d;cpj(/Jij- cp;cpjdii} + 

+ l/1'2 
{ Acp + 2cp;d;Ad - <pijd;d j} + l/1' 3 Ad + 

where we have taken into account the fact that IDdl = 1 and therefore 
d;dij = 0. 
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Recalling that t/1' ~ 1 that t/1" < 0 and that qJ, d are C 2-functions in ~R 
we easily show 

C(v) ~ t/1" + Ct/1' 2 + t/1'' !ld. 

Suppose now that the mean curvature of an is non-negative. We have 
!ld ~ 0 in ~R and hence 

C(v) ~ t/1" + Ct/1' 2
• 

Choosing 

1 
t/J(d) =-log (1 + Pd) 

c 

we get C(v) ~ 0 and we have to determine p and R in such a way 
that t/l'(t) ~ 1 and t/J(R) ~ L. We have 

I 1 p 1 p 
t/1 (t) = ~ 1 + Pt > ~ 1 + PR 

1 
t/J(R) = -log (1 + PR), 

c 

and all the conditions are satisfied provided we take R = p-t and 
P big enough. 

In conclusion we have proved 

12.10 Theorem: Let Q be a bounded open set in IRn with C 2-boundary of non­
negative mean curvature, and let qJ be a C2 function in IRn. Then the Dirichlet 
problem for the area functional and boundary datum qJ is uniquely solvable in 
co.t(Q). D 

A detailed discussion of the regularity of the solutions would require most 
of the theory of nonlinear elliptic partial differential equations in divergence 
form, a subject clearly beyond the scope of these notes. 

A number of results relevant to our purposes are gathered in Appendix C. 
Here we shall only remark that a Lipschitz continuous function u is a 

minimum for the area if and only if it is a weak solution of the equation 

(12.11) div T(Du) = 0 

! 
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where 

Ph 
(12.12) Th(p) = J . 

1 + /p/2 

Moreover, if pis bounded (/PI~ M), we have 

and therefore from Appendix C we obtain 

12.11 Theorem: Let UEC 0 •1(n) be a solution of equation (12.11) inn. Then u 
is analytic in n. D 

Similar results hold for the boundary regularity. We have 

12.12 Theorem: Let an and cp be of class Ck,a, 2 ~ k, and let u be a Lipschitz­
continuous function inn, minimizing the area in L(n, (/) ). Then u E Ck·a(n). Moreover 
if an and(/) are coo [analytic], then u is coo [analytic] inn. 

We shall end this chapter by showing that the condition that the mean 
curvature of an is nowhere negative is necessary for general solvability of the 
Dirichlet problem. • 

More precisely we shall prove that if the mean curvature of an is negative 
at one point Xo E an, then there will exist smooth functions qJ for which the 
area functional has no minimum in L(n; cp). 1 

The following lemma is a variation of the maximum principle. To state it in 
the generality that we shall need in Section 16, we shall suppose that n is a 
connected open set, whose boundary is the union of four disjoint sets: 

an = r + u r _ u r o u N 

where r +, r-, r 0 are open (i.e. there exist disjoint open sets A+, A- and Ao 
such that r +=annA+, etc.) and Hn- 1(N) = 0. 

Moreover, for t > 0 we define 

nt = {xEn: dist(x, an)> t }. 



146 Non-Parametric Minimal Surfaces 

12.13 Lemma: Let Q be as above, and let u and v be two functions of class 

C 2(Q) n C0(Q u r 0 ) such that: 

(i) div T(Dv) ~ div T(Du) in Q 

(ii) u ~ v on r o 

(iii) lim I (1- (v, T(Dv)))dHn- 1 = 0 
t->o+ on,-L 

for every open set L =:l r 0 u r-

(iv) lim I (1 + (v, T(Du)))dHn-1 = 0 
t->o+ on,-M 

for every open set M =:l r 0 ur +. 

Then: 

(I) ifTo#0, u~vin!l, 

(II) ifro = 0, u = v + const. 

Condition iii) [resp. iv] says that the graph of v[resp. u] tends to become 
vertical near r + [resp. r-]. More precisely, the normal vector to the graph of 
V tends tO - V when X approaches r +, and in particular OVjOV--+ + 00. 

Similarly, oujov--+ - 00 as X--+ .r-. 

Proof: We have for every non-negative function cp: 

f (T(Dv)- T(Du), Dcp)dx =- J cp[divT(Dv)-divT(Du)]dx+ 
n, n, 

+ f cp(v, T(Dv)- T(Du))dHn -1 ~ f cp(v, T(Dv)- T(Du))dHn-1 
on, on, 

In particular we may take 

cp = C(Jk =max {0, min(u- v,k)}, k > 0. 

We have 
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{< T(Dv) - T(Du) D(u - v)) 
<T(Dv)- T(Du),Dqh) = O ' 

ifO<u-v<k 

otherwise 

147 

so that, recalling the definition ofT, <T(Dv)- T(Du),Dqh) ~ 0 inn, and hence: 

0 ~ f <T(Dv)- T(Du),D<pk)dx ~ f ({Jk<v,T(Dv)- T(Du))dHn-l· 
n, an, 

Suppose now that r 0 # 0 and that u < v on r o, and let 

A= {xEO: u(x) < v(x)}. 

We have (/Jk = 0 in A, and therefore 

f ({Jk<v, T(Dv)- T(Du))dHn-l ·~ f ({Jk[ <v, T(Dv))- 1]dHn-1 
an, an,-(AuA_) 

+ f (/Jk[1 + <v· T(Du)) ]dHn-l 
on, -(AuA+) 

where A+ and A- are open sets such that r± = o!lnA±. On the other hand 
we have A u A_ ::::J r 0 u r _ and A u A+ ::::J r 0 u r +, and hence passing to the 
limit as t--+ 0 + we obtain from (iii) and (iv): 

f <T(Dv)- T(Du),D<pk)dx = 0. 
n 

Letting k--+ oo we obtain 

(12.14) f <T(Dv)- T(Du),Dcp )dx = 0 
n 

with <p =max (0, u- v). 
From (12.13) and (12.14) we see at once that Dcp = 0 in n and since <p = 0 

on r 0 we have (/J = 0 and therefore u ~. v in n. 
If we have only the weak inequality u ~ v on r 0 , we replace v by v +a and 

we prove the conclusion (I) letting a--+ 0 +. 

Finally, if r o = 0, we set A. = v(xo)- u(xo), for some xo En, and writing u +A. 
instead of u we repeat the argument above with A = 0. Again we conclude that 
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Dcp = 0 and since cp(xo) = 0 we find cp = 0 so that v = u + 2, thus proving (II). 

D 

12.14 Let now xo E an and let BR be the ball of radius R centred at x 0 • Taking 
o(x) = dist (x, BR) = lx- Xol- R in n- BR(Xo}· and v =A- 1/1(£5) for some 
constant A, we get from (12.10): 

Choosing 1/J(£5) = -Bot, we obtain 

3 

c( ) < ,,,,3 A~+,,,,< B£5-2 { 1- n Bz + 1} 
co v ="' nu "' = 4 2diam(n) 

_ n-1 n-1 
in n- BR(Xo), since A£5 = -d-- ;;;; d' ( )' 

+R mm n 

In conclusion we have ~(v) ~ 0 in n- BR(x0 ) provided we choose B 2 > 
2 diam (n) 

n-1 

Let now u be a minimum for the area in C 0 •1 (n). If we choose A= sup u + 
iJO.-BR 

B diam (n)t we have u ~ v.in an- BR. On the other hand (T(Dv),v) = 1 on 
aBR, and hence we can apply lemma 12.13 with r- = 0 inn- BR concluding 
that 

sup u ~ sup u + B diam (n)t. 
0.-BR iJO.-BR 

In particular 

sup u ~ sup u + B diam (n)t. 
iJBRnO. iJO.-BR 

Suppose now that the mean curvature of an at xo is negative, and let R be 
so small that 

Ad;;;; co> 0 d(x) = dist (x, an). 
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We may now take again v = oc -{Jdt so that 

3 

Pd-2 
..s'(v) ~ t/1' 3 Ad + t/1" ~ - 4-{ -eoP2 + 1} < 0 

provided P2 > e0 1• 

If we take 

oc = sup u + p diam (Q)t 
IJBRnQ 

we can apply the Lemma again and conclude that 

(12.15) sup u ~ sup u + (B + p) diam (Q)t 
IJOnBR IJO-BR 
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From this inequality the non-existence result follows at once. Indeed, if we take 
a smooth function <p for which (12.15) is not satisfied the Dirichlet problem with 
boundary datum <p cannot have a solution. 0 

We may illustrate the above situation with a simple example. 

12.15 Example: Let A: be the annulus 

and consider the Dirichlet problem in A: with boundary datum 

iflxi=R 
iflxi=P 

where M is a positive constant. 
From the convexity of the area and the symmetry of <p it follows easily that 

if v is a solution in A:, its spherical average 

u(r) = -2
1 l v(ry)ds 
nJIYI~l 

is a solution to the same problem. 

r = lxl 

In this case the Euler equation becomes 



ISO 

1 
u"(r) = ---u'(r)(l + u'(r)2 ) 

r 

and hence 
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where the constant c, 0 ~ c ~ p, is to be determined by means of the condition 
u(p) = M. 

On the other hand we have 

and hence the problem can be solved only if M ~ M 0 . D 



13. The a priori Estimate 
for the Gradient 

In this section we shall be concerned with smooth solutions of the minimal 
surface equation 

( D;u ) (13.1) D; 1 2 =0 
vl+IDul 

in a ball !!J c IRn. 
Our main purpose is to prove Theorem 13.5, which gives an estimate of the 

gradient of u in terms of the supremum of u. 

13.1 Notation: We shall denote by BRa ball of radius R in !Rn+l; by !!JR a 
similar ball in !Rn. Ifu is a solution of(13.1) in !!J we shall denote by Sits graph, 
S c !!J x IR. We also set 

The normal vector to S at the ~oint (x, u(x)) has components 

i = 1, ... , n 

From (13.1) we have 

b;V; = 0 

and from Lemma 10.7: 

i = 1, ... , n + 1. 

. 1 
Settmg w =log--= log J1 + jDuj 2 we get 

Vn+ 1 
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13.2 Theorem: Let u be a smooth solution of the minimal surface equation in 
go R(xo), and let zo = (xo, u(xo) ). Then 

where Wn is the measure of the n-dimensional unit ball. 

Proof: [TN1] We can suppose z0 = 0. For 0 < e < R we set 

cp.(z) = 

1 1 
---(ez-n- Rz-n) +-(R -n- e-n)lzlz 
2(n- 2) 2n 
lzl2-n 1 1 

---+-lzi2R-n- R-n 
n(n - 2) 2n 2(n - 2) 

0 

We have cp. ~ 0 in BR, cp. = Dcp. = 0 on oBR and hence 

JwE0cp.dHn = Jcp.E0wdHn ~ 0. 
s s • 

From 

and therefore 

0 ~ lzl < e 
e< izl <R 

lzl >R 

0 ~ lzl < e 

lzi>R 

0 ~ J (R -n- e-n)wdHn + J (R -n -lzr2-n(z, v) 2)wdHn ~ 
s. sR-s. 
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~ R - n J W dH n - B- n J W dH n 
SR s, 

If we let B--+ 0 we have 

w(O) =lim~ ( wdH. 
e-+0 WnB ]s, 

and the theorem is proved. D 

13.3 Remark: Suppose u is a solution of (13.1) in f!JzR with u(O) = 0. Let 
z0 E SR. Since SR(z0) c S2R we have from (13.3): 

w(xo) ~ c1R -n J wdHn 
S2R 

and therefore 

(13.4) sup w(x) ~ c 1R -n ( wdH •. 
sR J S2R 

D 

13.4 Theorem: Let u be a solution of the minimal surface equation in f!J3R with 
u(O) = 0. Then -

Proof: Let 1JEC0(f!J2R), 0 ~ '1 ~ 1, '1 = 1 in !:!4R and ID'11 ~ 2R- 1, and let 

{
2R 

~+R 

We have 

if u ~ R 

if lui< R 
if u < -R. 

if lui> R 

if lui< R 
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and therefore, since 

Jc5n+i(URtfW)dHn = 0 
s 

we get 

J (1- v;+ 1)qwdH,; + J UR(WDn+ 1'1 + tfDn+ 1 w)dH. = 0. 
Sn{lzn+d<R) S 

Taking into account that wv. + 1 = we- w ~ e - 1 we find 

J qwdH. ~ e- 1 J tfVn+ 1dH. + 2R J wlc5n+ 1'1ldH. + 
Sn{lzn+d<R) S Sn{zn+I>-R) 

+ 2R J qlc5wldH. 
Sn{Zn+l> -R} 

where we have used the inequality UR ~ 2R. 
The first integral on the right-hand side can be easily estimated by remarking 

that 

(13.6) Jqv.+ 1dH. ~ J qdx ~ w.(2R)". 
s YII2R 

Now let r(t) be a smooth function with support in the interval 

[-2R, sup u+R], witfi O~r~l, r=l in [-R, sup u] and lr'I~2/R. 
YII2R YIIR 

Let cp(z) = q(x)r(Zn+l), and note that since 1f is independent of Zn+1 we have 

Then 

(13.7) 2R J wlc5n+1tfldH.~4 J WVn+1dH.~ 
Sn{Zn+I>-R) CzRri{Zn+I>-R} 

~ 4e- 1 H.(S n sptcp) 

and 

(13.8) J qlc5wldH. ~ Jcplc5wldH. ~ H.(S nsptcp)112(Jcp2lc5wl2dH.)1i2 
Sn{zn+I>-R) S S 
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In order to estimate the last integral we use again (13.2): 

J cp21 Jw l2dHn ;;£ J cp2!»wdHn ;;£ 2 J lp I <5wl I Jcp I dHn 
s s s 

and hence 

(13.9) ( J cpzl Jw lzdH;,)1;z ;;£ 2(JI Jcp lzdHn)112 ;;£ 4R -1 Hn(S n sptcp)1i2 
s s 

In conclusion we have from (13.6) ... (13.9) 

(13.10) JwdHn;;£ J 1]WdHn;;£c3{R"+Hn(Snsptcp)}. 
SR Sn(izn+d<R) 

It remains to estimate Hn(S n sptcp). For that, let y(x) be a function with 
support in :!J3R 0 ;;£ y ;;£ 1, y = 1 in :!J2R and IDyl;;£ 2R- 1. We have 

' 

J<5n+1 {ymax(u + 2R,O)}dHn = 0, 
s 

and therefore 

J y(1 - v;+ ddHn + J max(u- 2R, O)bn+ 1 ydHn = 0 
Sn(Zn+t>-2R) S 

Arguing as above we find that since spt ?p c: PA2 R x (- 2R, oo ): 

and the conclusion follows from (13.10). 0 

Combining 13.3 and 13.4, and recalling that w =log J1 + 1Dul2 we have 
proved the following 

13.5 Theorem [BDGM] (A priori estimate of the gradient): Let u be a solution 
of the minimal surface equation in :!JR. Then 
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{ ( 
sup u- u(xo)) } 

(13.11) sup IDul ~ exp c5 1 +'-'-rJH=R(,_,xo"-l __ _ 

SR/6(xo) R 

In particular I Du(x0 ) I is bounded by the right-hand side of (13.11 ). 
The estimate (13.11) can be put in a slightly different form. First of all we 

may change u in - u, getting the symmetric estimate 

{ ( u(x0)- inf u)} 
(13.12) sup IDul ~ exp c5 1 + rJHR<xo> 

sR16(x0 ) R 

If now u is non-negative in J4R(x0), we have 

{ ( u(xo))} (13.13) sup IDul ~ exp cs 1 +~ . 
SR/6(x0) 

Theorem 13.5 is one of the keystones of the theory of non-parametric minimal 
surfaces, as will be made clear in the following sections. 

As a first consequence we deduce now the existence of solution to the Dirichlet 
problem with continuous boundary data. 

13.6 Theorem: Let n be a bounded open set in IRn, with C 2-boundary an of 
non-negative mean curvature, and let q> be a continuous function on an. Then the 
Dirichlet problem for the minimal surface equation: 

(13.14) f vi( Diu )• = 0 
i=l J1 + IDul 2 

inn 

(13.15) u = q> on an 

has a solution u E C 2(n) n CO(O). 

Proof: Let { q>i} be a sequence of C 2-functions in IRn, converging uniformly to 
q> in an. 

Let ui be the function minimizing the area in L(n, q>i) (Theorem 12.10). 
We know that the ui are regular in nand satisfy (13.14). 

We have from (12.4) 

sup lui- uhl ~sup lq>i- ((>hi 
n an 
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and therefore ui converge uniformly inn to some function u. Now let K be a 
compact set, K c Q. 

From Theorem 13.5 we get easily 

where L depends on K but not onj. Moreover the theory o(uniformly elliptic 
equations (see Theorem C10) gives a bound for the derivatives of any order: 

sup ID'ui I~ L(K, s) 
K 

again with L independent of j. 
In particular we may conclude that u E C 2(Q) n C0(Q) and that Ur-+ u in 

C~c(Q) so that u is a solution of the Dirichlet problem (13.14), (13.15). 0 

If the boundary datum cp is more than merely continuous, the solution u is 
correspondingly more regular. We shall only state here the results, referring for 
the proofs to the original paper. 

13.7 Theorem [GE2]: Let an be of class C 2 and let u be the solution of the 

Dirichlet problem (13.14), (13.15). Then: 

(i) if qJ E C 0 ·a(an) and the mean l:urvature of an is strictly positive, UE CO,a/2(0). 
(ii) if qJ E C La( an), and the mean curvature of an is non-negative, then 

U E C 0 • 1(0). 

We remark that (i) is sharp, and we may have cpEC 0 •1 with uEC 0 • 112 . To see 
that, let us come back to Example 12.15. The function: 

r = Jxl 

is a solution of the minimal surface equation in the amulus A: = { x E IR2, 

p<Jxi<R}. 
If B is a disc contained in A: and tangent to the internal circle, we have 

u E C0 • li 2(B) whereas the restriction of u to aB is Lipschitz-continuous. 
Some additional comments are needed at this point, concerning the ~ 
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equivalence of the Dirichlet problem (13.14), (13.15) with the least area problem 
with boundary datum <p. 

As usual, we shall suppose that an has Lipschitz-continuous boundary. 
It is clear that if u E C0 •1(n) n C0 (!l) minimizes the area among all functions 

taking the values <p(x) at an, it is smooth inn and satisfies the Euler equation 
(13.14). 

We shall show that the converse is also true, namely if u is a solution to the 
Dirichlet problem, the area of the graph of u is finite, and actually u minimizes 
the area integral. 

Suppose first that d(u, n) < + oo, and let v be any function with v = <p on an. 
We have, since u- v = 0 on an: 

' ' dx = 0 i D·uD·(u- v) 

ojl + IDul 2 

and hence 

J1 + IDul 2 dx = dx = i i 1 + IDul 2 

o nJ1 + 1Dul 2 

= I 1 + D;uD;v dx ~ I Jt + IDvl 2 dx 
JoJ1+1Dul2 Jo 

so that u minimizes the area. 
To prove that d(u, n) < + oo we observe that for any {J > 0, d(u, n~) < + oo 

and therefore u minimizes the area inn~= {xEn: dist (x,an) > b}. Now let 

l](t) = g- t/b 

and let 

v(x) = u(x)IJ(d(x)) 

we have v = u on an~ and therefore 

d(u,n~) ~ d(v,n~). 

Now 
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and in conclusion 

Since the right-hand side is independent of{) we may conclude that u has finite 
area inn. 

We have then proved 

13.8 Theorem: A function uE C2(Q)n C0(Q) is a solution of the Dirichlet 
problem (13.14), (13.15) if and only if it minimizes the area among all functions 
taking boundary values cp on oQ. In particular the solution of the Dirichlet 
problem is unique. 

We remark that Theorem 13.8 is a peculiarity of the minimal surface equation, 
and it is not true for instance for harmonic functions which may have 
infinite Dirichlet integral. 



14. Direct Methods 

An alternative approach to the existence of non-parametric minimal surfaces 
with prescribed boundary data consists in using direct methods in the calculus 
of variations to minimize the area integrand 

(14.1) d(u; fl) = f J1 + IDul 2 dx 
Q 

among all the functions taking prescribed values cp(x) on on. As for the para­
metric case, the natural space here is BV(O), the space of functions whos~ 
derivatives are Radon measures in n. 

14.1 Definition: Let n be an open set in IR". for /E BV(O) we define 

f J 1. + ID/1 2 = sup{ f (g.+ 1 + fD;g;)dx; 
Q Q 

It is easily seen that 

(14.2) fiD/1 ~ f J1 + IDJf~ fiD/1 + lfll; 
n n n. 

moreover, if/E Wl.l(fl) we have as in Example 1.2: 

f J1 + ID/1 2 = f Jt + lgradfl 2 dx. 
Q Q 

Many of the results of chapter 1 hold with ID/1 replaced by J1 + ID/1 2 . We 
shall not repeat here the proofs, which are simple variations of those given 
there. We only state the semicontinuity theorem. 

14.2 Theorem: Let Uj converge to u in L~c(fl). Then 

(14.3) f Jt + IDul 2 ~lim inf f Jt + IDuil 2 

Q j->oo Q 
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The direct method consists in minimizing the integral (14.1) among all u e BV(n) 
whose trace on an is a prescribed function <pEL1(an) (as usual we suppose n 
bounded and an Lipschitz-continuous). 

It is easily seen from (14.2) and Theorem 1.19 that minimizing sequences are 
relatively compact in L 1(n), and hence from any minimizing sequence we can 
extract a subsequence ui converging in L1(n) to some function u. We can now 
apply (14.3), but since we do not know that u has trace <p on an we cannot 
conclude that u gives the required minimum. On the other hand, the non­
existence results of section 12 suggest that even in this more general setting the 
Dirichlet problem might not be solvable for general domains n. 

14.3 Proposition: Let n be a bounded open set with C 1 boundary an, and let· 
<peL1(an). We have 

(14.4) inf{d(u; n):ueBV(n), u = <p on an}= 

= inf{d(u; n) + J lu- <pJdHn-1; ueBV(n)}. 
i)(! 

Proof: It is sufficient to show that the left-hand side of(14.4) is not greater than 
its right-hand side. 

Let u e B V(n) and let e > 0. From Theorem 2.16 and Remark 2.17 it follows 
that there exists a function WE W1 •1(n), With W = <p- U on an and 

JIDwldx ~ (1 +e) J Ju- <pJdHn-1· 
n an 

The function v = u + w is in B V(n), and v = <p on an. Moreover 

J Jl + IDvl 2 ~ J Jl + JDul 2 + JIDwldx ~ 
fl fl fl 

~JJl +IDul2 +(1 +e)Jiu-<pJdHn-1 
fl fl 

from which (14.4) follows at once. D 

The above result suggest the following weaker form of the Dirichlet problem. 
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14.4 Dirichlet Problem for Non-parametric Minimal Surfaces 

Given a function <pin L 1(aO.),jind a function u in BV(Q) minimizing the functional 

(14.5) f(v; 0.) = J J1 + IDvl 2 + J lv- <pldHn-1 
n an 

among all function v E B V(Q). D 

As we shall see shortly, the problem 14.4 has always a solution. We remark 
that the last integral in (14.5) represents the area of that part of the cylinder 
an x IR lying between the graphs of <p and u, and hence it can be seen as a 
penalization for not taking the boundary values <p on an. Let Q be a bounded 
open set with Lipschitz-continuous boundary. If! f!4 is a ball containing !l we 
can use Theorem 2.16 to extend <p to a WL 1 function in f!4 ~ n, that we will 
denote again by <p. If we set for v E B V(Q) 

{
v(x) 

vrp(x) = <p(x) 
xED. 

xEf!4-Q 

the function Vrp belongs to BV(f!4) and by (2.15) 

= f(v, 0.) + J Jt + ID<pl 2 dx 
• if-0 

We have therefore an equivalent formulation of the Dirichlet problem: Given a 
function <p E W1•1(f!4- Q) find a function u E B V(f!4), coinciding with <pin f!4- fl 
and minimizing the area d(v; f!4) among all function vEBV(f!4) with v =<pin 
ff4- n. 

We can now apply Theorems 1.19 and 14.2 and conclude at once the existence 
of a minimum. We have therefore: 

14.5 Theorem: Let Q be a bounded open set with Lipschitz-continuous boundary 
an, and let <p be a function in L 1(aO.). Then the functional 

f(u; 0.) = J J1 + IDul 2 + J lu- <pldHn-1 
n an 

attains its minimum in B V(Q). 
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We shall prove now that any function u minimizing f is regular (analytic) 
in n. To do this we show that the subgraph of u is a set of least perimeter, so 
that we can use the regularity results of the first part. For that first we need 
some results connecting non-parametric and parametric minimal surfaces. 

14.6 Theorem: Let uEBV(Q) and let 

U = {(x, t)Eil x IR: t < u(x)} 

be the subgraph of u. Then 

(14.6) f J1 + IDul 2 = f IDcp I 
l1 Qxll U 

Proof: Suppose first that u is bounded. By adding a constant we may suppose 
that u ~ 1. 

Let g1(x), ... , 9n+ 1(x) be functions with compact support in Q satisfying 

lgl ~ 1 inn, and let 1'/(t) be a function with support in [0, supu + 1] such that 
Q 

'1 = 1 in [1, supu], and 1'11 ~ 1. 
Q 

Let /'i(X, Xn+d = 9i(X)I'/(Xn+1), i = 1, ... , n + 1; we have 11'1 ~ 1 inn X IR and 
therefore 

n+1 
f IDcpul ~ f L Di'}'idxdxn+1 = 

Dxll Ui=1 

u(x) n 

= f dx f [9n+1'1'(Xn+d + 1'/(Xn+l) L Digi(x)]dxn+1 
Q 0 i= 1 

u(x) 

Now f '1'(xn+ddxn+1 = 1 
0 

u(x) 1 

and f I'/(Xn+ddxn+1 = u(x)- f(1- I'/(Xn+1))dxn+1 = u(x)-c. 
0 0 

We have therefore 

n 

f IDcpul~fn(9n+1+uLDigi)dx 
Qx 11 i= 1 
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and hence 

To prove the opposite inequality, we remark first that (14.6) holds for C 1-

functions, since in this case both members are equal to the area of the graph 
of u elementarily defined. 

Now let UjEC 00(0), ur-+u in L1(0) and JoJl + IDujl 2 --t JoJl + 1Dul2 . We 
have U j --t U in L~c(Q x IR) and therefore 

J ID<pul ~lim infJnxn<ID<puil. = lim JoJl + IDujl 2 
QxiR j-+oo j-+oo 

Finally, writing (13.2) for 

ur(x) = {
u(x) if 
T if 
-T if 

lui< T 
u~ T 
u~ -T 

and letting T --t + <XJ we get the full result. D 

We now show that given a set F we can decrease its perimeter by replacing 
it with a suitable subgraph. 

14.7 Lemma: Let F c Q = 0 x IR be a measurable set, and suppose that for some 
T> 0 we have 

n x (- oo, - T) c F c n x (- oo, T). 

For xEO let 

k 

w(x) = lim ( J <pp(X, t)dt- k). 
k-+oo -k 

Then 
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J J1 + IDwl 2 ~ J ID<fJFI· 
ll QxR 

Proof: We have 

oF n Q c n X (- T, T). 

Setting 

k 

Wk = J (/JF(X, t)dt- k 
-k 

and remarking that wh = wk for k, h ~ T we conclude that w(x) is a bounded 
measurable function, and - T ~ w(x) ~ T. 

Let now g(x) = (g 1(x), ... , gn+l(x)) be in CA(Q; 1Rn+ 1) and satisfy lgl ~ 1 and 
let 1J(t) be a smooth function such that 0 ~ 1J ~ 1 and 

1J(t) = 0 if It I ~ T + 1 

1J(t)=1 if lti~T. 

We have 

00 

J 1J'(t)<pF(x, t)dt = 1 
-oo 

oo -T 
J 1J(t)<pF(x, t)dt = w(x) + T+ J 1]dt = w(x) +ex, 

-oo -T-1 

and therefore 

n+ 1 0 ! ID<fJFI ~! (/JF(X, Xn+ 1) J1 ox; [1J(Xn+l)g;(x)] dxdxn+ 1 

n og· 
=A {(w + cx)J1 ox: + gn+ddx = A(gn+ 1 + wdiv g)dx. 

If we take the supremum over g we get the conclusion of the lemma. D 

We now want to remove the restriction that oF n Q be bounded. We have 
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14.8 Theorem: Let F be a measurable set in Q, and suppose that 

(i) For almost every X En we have 

lim (/)F(X, t) = 0 
t.-+ +oo 

lim (/)F(X, t) = 1. 
t-+- 00 

(ii) The symmetric difference F0 = (F- Q-)u(Q-- F) has .finite measure 

(Q- = {(x, t)eQ, t < 0}). 

Then the function 

w(x) = lim W-k<fJF(x, t)dt- k) 
k-> co 

belongs to L 1(0), and 

Remark: We observe that out hypotheses are redundant; in particular (ii) follows 
from (i) and from the finiteness of the perimeter ofF in Q, using the isoperimetric 
inequality (1.19). 

Proof: From (i) it follows that the sequence wk converges to w almost everywhere 
in n. Moreover 

Jlwldx = IFol, 
(! 

and since lwkl;;;; lwl we have wk-+w in £ 1(0). 
Now let 

Fk=Fu[Qx(-oo, -k)]-[Qx(k, +oo)]. 
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From the preceding Lemma we get 

and the conclusion follows from (i) and the lower semi-continuity of the area. D 

Let us now turn to non-parametric minimal surfaces. We have 

14.9 Theorem: [MM2] Let u E B V1oc(Q) be a local minimum of the area functional. 
Then the set 

U = {(x, t)EQ x IR: t < u(x)} 

minimizes locally the perimeter in Q = n X IR. 

Proof. Let A c c Q and let F be any Caccioppoli set in Q, coinciding with U 
outside some compact set K c A x IR. It is clear that U, and therefore F, satisfies 
condition (i) and (ii) of Theorem 14.8. The function w coincides with u outside 
A and hence 

J ID<Pul = J jt + 1Dul 2 :;:; J Jt + IDwl2 :;:; J ID<PFI· D 
AxR A A AxR 

As a consequence of the above· result we have 

14.10 Theorem: Let uEBV1oc(Q) minimize the areafunctional. Then u is locally 
bounded in n. 

Proof: Suppose that there exists a compact set K c Q such that u is not bounded 

on K (for instance let sup u = + oo ). 
K 

Let R = idist(K, lJQ). For every HE 11\J there exists a point x E K such 
u(x) > 2HR. It follows that the points z; of !Rn+l, whose coordinates are (x, 2iR) 

(i = 0, 1, ... , H) belong to U. From Proposition 5.14 we get 

I U nB(z;, R)l ~ cRn+l 
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with c depending only on n. But then 

H 

J luldx ~ L I U nB(z;, R)l ~ cHRn+l 
KR i=l 

where KR = {xEO:dist(x, K) < R}. Since His arbitrary, this would imply that 

J I u I dx = + <Xi, contrary to the hypothesis. D 
KR 

It is easily seen that the above argument gives an estimate of sup I u I in terms 
K 

of R = tdist(K, oO) and II u llv<KRJ only. A second consequence of Theorem 14.9 
is that the boundary of U, oU, is a regular hypersurface outside a closed set 
1:, with Hn- 6 (1:) = 0 (see Theorem 11.8). We shall prove now that in the set 

L = 0-projl: 

the function u is regular. To see that, it is sufficient to show that Vn+l > 0 
on au -1:. Suppose on the contrary that at a point Xo E au- 1: we have 
Vn+ l(xo) = 0. Then in a neighborhood of Xo it is possible to represent au as 
the graph of a smooth function: 

X1 = F(xz, ... , Xn+d 

. oF oF 
wtth -;:, -(x0) = 0, -;:, - ~ 0. 

uXn+l UXn+1 

The function F is of course a solution of the minimal surface equation 

and therefore, as in section 12, v = oFjoxn+l is a solution of the uniformly 
elliptic equation 

From the strong maximum principle (Theorem C7) we conclude that 
oF/OXn+1 = 0 and therefore that Vn+l vanishes identically in a neighborhood v 
of xo. Let r = proj V. We have Hn- 1(r) > 0; moreover, if zEr, the vertical 
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straight line through Z contains a point X E aU-~ with Vn+ l(X) = 0. It follOWS 
from the above that if this line does not meet ~. it lies entirely on au. This is 
of course impossible, since u is locally bounded, and therefore we must have 

r c proj~. 

But then Hn-1(~)> 0; a contradiction. 0 

14.11 Proposition: Let UEBVtoc(Q) minimize the area inn. Then UE w,~~ 1 (Q). 

Proof: LetS= proj ~;we have seen that u is regular inn-S and H.- 6(S) = 0, 
hence in particular Is I = 0. If A c c n is an open set, we have 

J Jl + 1Dul2 = J Jl + IDul2 dx + J IDul 
A A-S SnA 

since S has zero measure. On the other hand Theorem 4.4 tells us that 
P(U, Ax IR) = H.(a* UnA x IR) and therefore 

J Jl + IDul 2 = J Jl + 1Dul2 dx 
A A-S 

so that J IDul = 0 and UE w,~~1 (Q). 0 
SnA 

Since the area functional is strictly convex in Wl,l(Q), we have easily 

14.12 Proposition: Let n be connected and let <pEL 1(an) and let u; v be two 
minima of the functional: 

Then v = u + const. 

Proof: From the strict convexity we infer Du = Dv and therefore v = u + const. 0 

We can prove now the regularity theorem. 
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14.13 Theorem: Let u E B Vloc(Q) minimize locally the functional 

JJ1 + IDul 2 

Then u is Lipschitz-continuous (and hence analytic) in Q. 

Proof: Let fJ4 = f14(x0 , R) be a ball in Q. We have 

J J1 + 1Dul2 dx ;£J J1 + IDwl 2 + J lw- uldHn-1 
~ ~ 0~ 

for every wEB V(f14). Since the singular set S satisfies H n- 6(S) = 0, we can find 
a sequence Sh of open sets such that 

h = 1, 2, ... 

and 

Let now q> i be a smooth function on 8f14 satisfying 

<{>j = u in 8f14- sj 

supl<f>il ;£ 2suplul, 
!Jill !Jill 

and let ui be the (unique) solution of the Dirichlet problem with datum <f>i on 
8f14 (see Theorem 12.10). The functions ui are smooth in f14, and moreover 

supluil ;£ 2suplul. 
ill Bill 

We have 

(14.7) J J1 + IDuil 2 dx ;£ J J1 + IDwl 2 + Jlw- <f>ildHn-1 
~ ~ ~ 
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for every wEB V(96). 
From the a-priori estimate of the gradient (Theorem 13.5) we conclude that 

the gradients Dui are equibounded in every compact set K c !!4. By the Ascoli­
Arzela theorem a subsequence, that we shall again denote by Uj, will converge 
uniformly on compact subsets of 96 to a (locally) Lipschitz-continuous function 
v. Taking w = 0 in (14.7) we get 

J J1 + IDuil2 ;:;;; IBI + J l<fJildHn-1;:;;; const. 
!J6 o!JB 

and therefore V E W1 •1(f!4). 
We want to prove that v has trace u on 896. For that, let y E 896 be a regular 

point for u. For j sufficiently large, y E 8!!4- Si and therefore for all k > j (/Jk = u 

in a neighborhood of y in 896. We can therefore construct two functions, <p + 

and <p-, of class C2 on 8!!4, such that 

(i) <p± = u in a neighborhood of yin 896 

(ii) <p- ;:;;; (/Jk ;:;;; <p + in 896 for every k > j. 

Let u± be the solutions 9f the Dirichlet problem with data <p± respectively. 
We have 

Vk>j 

and therefore 

We can therefore conclude that v = u at every regular point ye896 and hence, 
since Hn- 1(S) = 0, that v has trace u on 896. 

Passing now to the limit in (14.7) and remarking that <pr-+ u in L1(896) we have 

(14.8) JJ1+1Dvl2 dx;;;; J J1 + 1Dwl 2 + J lw- uldHn-1 
iJ6 !J6 o!JB 

and since v = u on 896, the function v, as well as u, minimizes the functional on 
the right-hand side of (14.8). By Proposition 14.12 v = u + const and since v = u 
on 8!!4 we get v = u. This proves that u is Lipschitz-continuous, and hence 
analytic, in n. 0 
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We shall now discuss the boundary regularity of non-parametric minimal sur­
faces. For that we first need some lemmas. 

15.1 Lemma: Let E and F be Caccioppoli sets. Then for any open set A c: IRn: 

Proof: Letfand g be smooth functions, with 0 ~~~ 1, 0 ~ g ~ 1, and let 

(/J =f+g-fg; t/1 =fg. 

We have easily 

ID<pl ~ (1-f)IDgl + (1- g)IDfl 

IDt/11 ~fiDgl + giDfl 

and therefore 

JID<pl + JIDt/JI ~ JIDfl + JIDgl. 
A A A A 

Now let h and gi two sequences of smooth functions converging to (/JE, (/JF 

respectively, and such that JIDhi-+JID({JEI; JIDgii-+JID({JFI (Theorem 
A A A A 

1.17). 
Since ({Jj-+ (/JEvF and t/Ji-+ (/JEnF we get at once (15.1) from the semi-continuity 

theorem 1.9. 0 

15.2 Remark: A consequence of the above Lemma is that ifF and E have least 
perimeter in A, and if E!l.F = (E- F) u (F-E) c: c: A, then E u F and E 0 F 
have least perimeter in A. Indeed, EuF = Fu(E- F) and E nF = E- (E- F), 
and therefore 
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JjDcpEuFI ~ JIDcpFi 

JjDcpEnFI ~ JIDcpEi 

so that by (15.1) the equality sign holds in both the above expressions. 
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15.3 Lemma: Let E = E1 uEz and let Hn-l(El nEz) = 0. Then for any open 
set A we have 

(15.2) JjDcpEi = JjDcpE,i + JIDcpE 2 i 
A A A 

More over if E has least area in A, the same is true for E 1 and E 2 . 

Proof: We have 

and hence for any open set A: 

JjDcpE,i + JjDcpE2 i = Hn-l(o*El nA) + Hn-l(o*EznA) 
A A 

~Hn-l(o*EnA) = JIDcpEi· 
A 

Comparing with (15.1) we obtain (15.2). Suppose now that E has least boundary 
in A, and let F be a set coinciding with £ 1 outside some compact set K cA. 
We have 

since FuE2 coincides withE= E 1 u£2 outside K. The minimality of E 1 now 
follows from (15.2). In a similar way we can prove that E2 has least perimeter. D 

15.4 Lemma: Let Q be an open set in !Rn, and let v:Q--+ IR be a solution of the 
minimal surface equation. Let V be the subgraph of v and let E c Q = Q x IR be a 
Caccioppoli set coinciding with V outside some compact set K c Q. Then 
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with equality holding if and only if E = V. 

Proof: Inequality (15.3) is an immediate consequence of Theorem 14.8. The last 
assertion follows from the uniqueness of the solution to the minimal surface 
equation (Proposition 12.10). 0 

15.5 Theorem: Let E be a minimal cone in IR" with vertex at 0, and suppose that 
E is contained in the half-space H = { x E IR": Xn < 0}. Then E = H. 

Proof: The theorem is trivially true if n = 2. Suppose that it holds for n - 1. 
We show first that it is possible to assume that oE n oH contains only singular 
points for oE. Actually, if Xo Eo* En oH, then oH is the tangent plane to oE at 
xo and in a neighborhood of x 0 , oE can be represented as the graph of a 
non-negative solution u of the minimal surface equation. From the strong 
maximum principle (Theorem C.7) we have u = 0 near x 0 • Since the singular 
set of oE, oE- o*E, has dimension less than n -7, we can conclude that 
oE :::J oH and therefore E = H- E1, with oH n oE1 c oE- o*E and there­
fore Hn- 1(H' nEt)= 0, H' = IR"- H. From Lemma 15.3 applied to E' = 
IR"- E it follows that E 1 is a minimal cone and satisfies o*E1 noH = 0. 

We now split into cases a.s follows 
(a) oE n oH = {0}. This means that for every e > 0 the set E.= E- H. = 

E- {x E IR":xn < -e} is relatively compact and non empty. Since both H. 
and, by Remark 15.2, H. u E =H. u E. have least perimeter, if A is an open 
set containing E. we have 

JIDcpn,l = JIDcpn,-E,I 
A A 

contradicting the preceding Lemma. 
(b) oE n oH 3x0 # 0. In this case the half-line Ox0 is contained in oE n oH. If 

we blow up E near Xo (taking Ei = {x E IR":xo + F 1x E E} and lettingj-+ oo) 
we get a minimal cylinder C satisfying the hypothesis of the theorem, and 
therefore a minimal cone with vertex in 0 contained in a half-space in IR"- 1. 

Since we have supposed that the result holds in IR"-1, this cone must 
coincide with the half-space and thus the theorem is proved. 0 
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Before proceeding further, we recall some definitions. 
Let A be an open set in IR", and let v E B V(A). We say that vis a supersolution 

if for every non-negative q> E B V(A) with compact support we have 

J J1 + 1Dvl2 ~ J J1 + ID(v + cpW. 
A A 

When v E W1 •1(A), it is easily seen that v is a supersolution if and only if 

' '"' dx~O I D·vD·rn 

J1 + 1Dvl2 -

Moreover, if VE C2(A), this is equivalent to 

(15.4) D; ~ 0. { D;v } 

J1 + 1Dvl2 

Let v be a supersolution in A, and let V be its subgraph. It follows easily from 
Theorem 14.8 that for any compact set K c C c c A x IR we have 

(15.5) JIDcpvl ~ JIDIPvuKI· 
c c 

Now let n be an open set with C2-boundary an, and let Xo E an. If an has 
non-negative mean curvature it is possible to represent it near x 0 as the graph 
of a function v satisfying (15.4). This means that there exists an open set B 
containing x0 such that 

for any compact set K c B. 

15.6 Definition: Let n be a Caccioppoli set, and let B be an open set with 
B nan -1= 0. We say that an has non-negative mean curvature in B if 

for every compact set K c B. If Xo E an and an has non-negative mean curvature 
in some open set B containing x 0 we say that the mean curvature of an is 
non-negative near xo. 



176 Non-Parametric Minimal Surfaces 

15.7 Lemma: Let on have non-negative mean curvature near Xo, let Q = Q X IR 
and let toE IR. Then oQ has non-negative mean curvature near z0 = (x0, t0 ). 

Proof: Let B be a neighborhood of x 0 such that (15.6) holds, and let 
C = B x (to- 1, to + 1). If K c C is compact and It- to I < 1, we set 

We have 

JIDIPnl ~ JIDIPnuK,I 
B B 

and the conclusion follows by integrating over t and by remarking that by 
Lemma 9.8 

to+ 1 

J dt J I Dq>nuK, I ~ J I DtpnuK I 0 
t0 -1 B C 

From Lemma 15.1 we get easily 

15.8 Proposition: Let B be a ball in IRn+ 1 and let U c Q be a Caccioppoli set with 

least perimeter in Q n B. Suppose that oQ has non-negative mean curvature in B. 
Then U minimizes the perimeter in B. 

Proof: We may suppose that P(U) < + oo. Let E be any set coinciding with U 
outside some compact set contained in B. Since U minimizes the perimeter in 

QnB we have 

On the other hand we have 

and therefore from (15.1) 
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In conclusion 

JID<JJul ~ JID<JJEI· 0 
B B 

We can now state our boundary regularity theorem. 

15.9 Theorem [MM7]: Let n be a bounded open set in IR" with Lipschitz­
continuous boundary an, and let u be a minimum for the functional 

/(u) = J j1 + 1Dul 2 + J lu- <JJidHn-l· 
rl iJ(l 

Suppose that an has non-negative mean curvature near x 0 and that <p is con­
tinuous at x 0 . Then 

(15.7) lim u(x) = <p(xo). 
x---+x0 

Proof: If we had 

lim supu(x) > <p(xo) 
x-x0 

there would exist a sequence Xj -4 x0 such that 

(15.8) lim u(xi) =A,> <p(x0 ). 
j-+ 00 

We shall prove that this would lead to a contradiction. 
Assume first that an is of class C 1 near Xo, and suppose that (15.8) holds. 

Since <pis continuous at x 0 , there exists a ball B = B(z0 , R), centred at z0 = (x0 , 2), 
not intersecting the graph of <p. This implies that U minimizes the perimeter in 

QnB. Since aQ has non-negative mean curvature near z0 , we can conclude 
from Proposition 15.8 that au has least area in B. We now blow up u near Zo 

obtaining a sequence 
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of minimal sets in B(O, jR), with 

Arguing as in Theorem 9.2 we conclude that a subsequence of Ui converges 
to a minimal cone c with vertex at 0. Since an is C 1 near Xo the sequence Qj 
converges to a half-space containing C. 

From Theorem 15.5 it follows that Cis a half-space, and from Theorem 9.4 
we conclude that au is regular near Zo. This means that near Zo, both au and 
aQ can be represented as graphs of two functions wand v, respectively a solution 
and a supersolution of the minimal surface equation, with w ~ v and w = v at 
some interior point. From the ,strong maximum principle it follows that w = v 
and therefore au= aQ near Zo, a conclusion that contradicts (15.8). We have 
therefore 

lim supu(x) ~ <p(xo) 
x--+x0 

and since -u minimizes the area with boundary datum -<p: 

lim infu(x) ~ <p(xo) 
x-+x0 

so that (15.7) holds. In order to conclude the proof of the theorem we shall 
show that if(15.8) is satisfied, then an must be smooth near xo. For that, suppose 
that aQ can be written as the graph of a Lipschitz-continuous function 
x1 = w(x2, ... , Xn+ t) in a ·ball f!J c IR" centred at ~ = (x~, ... , x~, A.), with 
Xt < w(x2, ... , Xn+ t) in Q. 

Let v be a function minimizing the area functional with boundary datum w 
on af!J. Since w is a supersolution we have v ~ w in f!J. We shall prove that 
v(~) = w(~). Suppose on the contrary that v(~) < w(~), and for e > 0 let U' be 
the set U translated by -e in the x 1-direction: 

Since (w(~), ~)E U, fore small enough the set U'- Vis compact and non-empty. 
By Remark 15.2 it follows that V n U' has least perimeter, contradicting 
Lemma 15.4. We have therefore v(~) = w(~). From the strong maximum principle 
(Theorem C7) we conclude that v = w in B, so that w is regular there. D 

In particular, if an has non-negative mean curvature and <p is continuous, 
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we have u E C(!l) and u = <p on an. Hence Theorem 13.6 is a special case of 
Theorem 15.9. When the mean curvature of an is negative, we cannot say in 
general that u = <p. Nevertheless L. Simon has proved some interesting regularity 
results which we will only state, referring to the original papers for the proofs. 

15.10 Theorem [SLl]: Let an be of class C4 in a neighborhood B ofx0 , and let 
ann B have strictly negative mean curvature. Suppose that <p is Lipschitz­
continuous on annB, and let u minimize the functional f. Then u is Holder 
continuous in !l n B and the trace of u is Lipschitz-continuous in a!ln B. 

Simon has also investigated in [SL3] the behaviour of u at those points 
Xo E an where the mean curvature Yf of an is zero. Jn general, U may have 
discontinuities at these points, even if Yf ~ 0 near x0 and <p is constant. On the 
other hand if Yf changes sign at Xo E an and if b:Yf(xo) # 0 (b denoting the 
tangential gradient on an) then u is continuous at x 0 . A more general result is 
proved in [WG]. 

We shall conclude this section with a brief discussion of the uniqueness of 
the function minimizing the area functional 

We have already seen that two minima off may at most be different by an 
additive constant (Proposition 14.12). From Theorem 15.9 we deduce imme­
diately that if n is bounded, an is of class C2 and <p is continuous, then f has 
exactly one minimum point. To show that, we only have to notice that, since 
n is bounded and an is smooth, •there is at least one point Xo E an Where the 
mean curvature of an is positive (actually one can show more, namely that all 
the principal curvatures of an are positive at some point Xo E an). 

Since <p is continuous, we have 

lim u(x) = <p(xo) 

for any minimizing function u, and the uniqueness follows from the above­
mentioned Proposition 14.12. 

The assumption that an is smooth can be released. In fact, we have 

15.11 Theorem: Let n be a bounded open set in IR" with Lipschitz-continuous 
boundary and let <p be a continuous function on an. Then the functional f has 
exactly one minimum point. 
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Proof: Let f!4 be a bali containing n with of!J rl an = { Xo}' and let e > 0. Since (/J 

is continuous, there exists a E IR" such that for every X E an: 

cp(x) ~ cp(xo) + e +<a, x- xo) 

The maximum principle now implies that u(x) ~ q>(x0 ) + e +<a, x- xo) inn 
and therefore 

lim supu(x) ~ cp(xo) +e. 
x-+x0 

In a similar way: 

lim infu(x) ~ cp(xo)- e 
x-x0 

and hence 

lim u(x) = cp(xo) 

from which uniqueness follows. 0 

We remark that the point xo here need not be a point of positive mean 
curvature in the sense of Definition 15.6. When cp is not continuous the above 
arguments fail, and we may have non-uniqueness. 

15.12 Example [SE]: Let n be the set in figure, bounded by four similar arcs 

of a circumference of radius p centred at the points(± 1, ± 1). Taking 1 < p < .)2, 
the boundary of n is Lipschitz-continuous. 

I 
\ . . . 

-
-- ---

-
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Let <p = M on S1 and S3 , <p = -M on S2 and S4 , where M is a constant 
that we shall fix later. Due to the symmetry of the data and to the convexity 
of/, we may conclude that if z(x, y) minimizes f, the same is true for 

v(x, y) = i(z(x, y) - z(- x, y)) 

and 

u(x, y) = i(v(x, y)- v(x, - y) ). 

In conclusion we can suppose that our minimum u(x, y) satisfies 

(15.9) u(x, 0) = u(O, y) = 0. 

Consider now the annulus of interior radius p and exterior radius fi centred 
at (1.1), and let w(x, y) be the solution of the minimal surface equation constructed 
in Example 12.15. We have 

w = 0 on 8Bj2; 

ow a;: = + oo on oBp. 

Let us consider the set 0 1 , intersection of Q with the first quadrant. We have 

0 = u(x, 0) ~ w(x, 0); 0 = u(O, y) ~ w(O, y) and since ~: = - oo on S 1 we may 

apply the maximum principle (Lemlna 12.13) concluding that u ~win Q 1 . In par­
ticular, taking M > M 0 we have u ~ M 0 < <p on S1 . The same argument shows 
that u ~ M o < <p on S3 , whereas u ~ - M 0 > <p on S2 u S4 • It is now a simple 
matter of computation to showthatifJcl < M- M 0 we have f(u +c)= f(u). D 



16. A Further Extension of the 
Notion of Non-Parametric 
Minimal Surface 

The theory developed in the two previous sections, and in particular the notion 
of non-parametric surfaces as graphs of BV functions, though very useful in 
many respects, is not completely free from limitations. 

In the first place, the functions under examination belong to BV(Q), and 
therefore must have finite area. This precludes the treatment of the Dirichlet 
problem in unbounded. domains Q of infinite measure, or even in bounded 
domains with infinite data. 

A second unpleasant feature, which contrasts strongly with the parametric 
case, is that - generally speaking - limits of non"parametric minimal surfaces 
may not be non-parametric in the above sense (i.e. graphs of BV-functions). A 
simple example of such behaviour is a sequence of hyperplanes converging to 
a vertical hyperplane. In general, to conclude that the limit is again the graph 
of a BV-function, one has to get uniform estimates (e.g. for the BV-norm, or 
even for the L 1-norm, on compact subdomains) that even when they exist are 
not always simple to prove. 

In order to avoid such disadvantages, we shall extend the notion of non­
parametric minimal surface in such a way that these new objects share the 
simplicity of the graphs with the flexibility of the general parametric surfaces. 

Our starting point will be the relation between a function uEBV,oc(Q) and 
its subgraph • 

U = {(x, t)E!l x IR; t < u(x)}. 

We have proved in 14.6 that for any open set A c c Q we have 

J Jl + IDul 2 = J ID<Pui. 
A Axil 

Moreover, u is a local minimum for the area in Q if and only if U has locally 
least perimeter inn X IR (Theorem 14.9). 

These remarks justify the following definition. We shall consider functions 
u:Q ~ [- oo, + oo], taking possibly the values + oo and - oo on sets of positive 
measure, and their corresponding subgraphs U. 
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16.1 Definition: Let u:Q--+ [- oo, + oo] be a measurable function. We say that 
u is a quasi-solution of the minimal surface equation (briefly:a quasi-solution) 
in n if its subgraph u locally minimizes the perimeter in Q == n X IR. 

In other words, u is a quasi-solution if for every V c Q, coinciding with U 
outside some compact set K c Q, we have 

It follows from Theorem 14.9 that every non-parametric minimal surface is a 
quasi-solution. In particular every classicill solution is a quasi-solution. Con­
versely, if a quasi-solution belongs to Lloc(Q), then it is locally bounded in Q 
(Theorem 14.10) and therefore it is a non-parametric minimal surface. Moreover, 
u is smooth in n and it is a solution of the minimal surface equation. 

16.2 Example: Let E c n have least perimeter Inn. Then 

{
+oo 

(16.1) u(x) = _ 00 

is a quasi-solution. 

XEE 

x¢E 

Let V coincide with U = E x IR outside some compact set K c Q = n x IR. 
Let A c c n and T > 0 be such that K c AT = A x (- T, T). 

For -T<t< Tset 

Vt = {xE!l:(x, t)E V}. 

We have V1 = E outside A and hence 

Integrating with respect to t and using Lemma 9.8: 

T 

J IDcpul = 2TJIDCfJEI ;;=; J dtJIDcpv,l ;;=; J IDcpvl. 
AT A -T .A AT 

The converse is also true; namely, if u in (16.1) is a quasi-solution then E has 
least area in n. 
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For otherwise there would exist a compact set K c Q, a positive number !5, 
and a set F coinciding with E outside K such that 

ForT> 0 set 

FT= {
F x IR in KT = K x [- T, T] 
Ex IR = U outside KT 

We have 

J ID4>FTI~ J ID4>FXF{I+21KI~ J IDq>ui-2Tt5+21KI< 
KT KT KT 

< J ID4>ul 
KT 

whenever Tt5 > I K 1. But in this case U would not be a local minimum for the 
area in Q x IR. 

16.3 Lemma: Let {uk} be a sequence ofmeasurablefunctions in Q, and suppose 
that the characteristic functions of the subgraphs, q>uk, converge in Lfoc(Q) to q>u. 
Then U is the subgraph of a measurable function u: Q--+ [- oo, + oo] and a sub­
sequence extracted from { u,J converges almost everywhere to u. 

Proof: For xEO and V c Q we define 

vx = {tEIR:(x, t)E V}. 

For every compact set K c Q and every T> 0 we have 

T 

lim J dx J I q>u~- q>uxldt = 0 
k--+ooK -T 

and therefore passing to a subsequence we can suppose that 

lim s~ T I q>u~- q>uxldt = 0 
k--+ 00 
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for every T> 0 and for almost every xEO. 
Since u: is the half-line (- oo, uk(x)), the set ux must be itself a half-line 

(possibly 0 or IR) for almost each x. Setting 

u(x) =sup ux 

we get immediately that U is the subgraph of u, and that uk(x) converge almost 
everywhere to u(x). 0 

We note that the converse is also trivially true; namely that if uk--+ u a.e. in 
0 then cpuk ~cpu in Lfoc(Q). 

We can now prove the following result, which gives a negative answer to the 
problem of regularity of parametric minimal surfaces. 

16.4 Theorem [BDGG]: The Simons cone 

has least perimeter in IR 2 n, for n ~ 4. 

Proof [MAM]: For xEIR 2n we set 

Y = (Xl, Xz, ... , Xn); Z = (Xn+l, ... , Xzn) 

and 

If rff is the minimal surface operator defined in (12.9) we find easily: 

For n ~ 4 the quantity within brackets is positive and therefore vis a subsolution 
(rff(v) ~ 0) in S and a supersolution in IR 2n- S. If we set for k > 0, 

we can prove easily that 
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and hence the same conclusion holds for Vk. 
Now consider the Dirichlet problem for the area functional (12.1) in the ball 

BR, with boundary datum Vk on oBR, and let Uk be its unique solution (Theorem 
12.10). From the symmetry of Vk we deduce that Uk = 0 on as and therefore 
from the maximum principle (Lemma 12.13) we conclude that uk ~ vk inS and 
uk ~ vk in B R - S. 

Let now k ~ oo; the sequence vk (and hence uk) tends to + oo in S and to 
- oo in BR- S. By Lemma 16.3 the function 

{ +oo 
u(x) = 

-00 

is a quasi-solution in B R, so that from Example 16.2 we conclude that S minimizes 
perimeter in BR. D 

A second consequence of Lemma 16.3 is the following general compactness 
result for quasi-solutions. 

16.5 Proposition: Every sequence { uk} of quasi-solutions in 0 has a subsequence 
converging almost everywhere to a quasi-solution. 

Proof: Let K be a compact set contained in Q = 0 x IR. Without loss of generality 
we can suppose that K has stnooth boundary. Comparing Vi with Vi- K we 
get at once 

J I D<pu; I ~ Hn(oK) 
K 

and therefore by Theorem 1.19 we can extract from <pu; a subsequence converging 
in L 1(K). By means of a diagonal procedure we can select a subsequence U k 

such that <puk converges in Lfoc(Q) to the subgraph U of some function u, and 
such that Uk ~ u almost everywhere in 0. 

By Lemma 9.1, the set U has least perimeter in Q, and hence u is a quasi-
solution. D 

As we have remarked, a quasi-solution u may take the values + oo and - oo 
on sets of positive measure. We set 

(16.2) P = {xEO:u(x) = + oo} 
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and 

(16.3) N = {xen:u(x) = - oo }. 

In the following we shall investigate the circumstances under which a quasi­
solution is a classical solution. 

A first step in this direction consists in the study of the properties of P and N. 
We remark that if u is a quasi-solution, the same is true for -u, and that a 

change 'of sign in u interchanges P and N. It is therefore sufficient to discuss 
the properties of one of these sets, for instance of P. 

16.6 Theorem: Let u be a quasi-solution in Q = n X lR. Then p has locally least 
perimeter in n. 

Proof: The functions 

ui(x) = u(x)- j 

are obviously quasi-solutions in Q. As j-+ oo, the sequence ui converges almost 
everywhere to the quasi-solution 

{ +oo 
u(x) = 

-00 

XEP 

xrf,P 

and therefore as in the Exam{5le 16.2 we conclude that P minimizes the 
~a 0 

Before proceeding further, we recall that we can always assume that for every 
set E under consideration the inequalities 

hold for each R > 0 and xeoE (see Remark 3.2). 
From Proposition 5.14 and from the minimality of P we infer at once that 

for every XoEP and every R, 0 < R < dist(xo, on) we have: 

This implies that if A c n is open and I P n A I = 0, then P n A = 0. 
Even better, if P #- 0 then 
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IPI > cf>n 

where fJ = supdist(x, JQ). 
XEP 

16.7 Proposition: Let u be a quasi-solution in Q, and let P = 0. Then u is locally 
bounded above in n. 

Proof: Suppose not. Then there exists a sequence {xi}, convergent to a point 
x0 EQ such that u(xi) > j. 

Let 2R < dist(x0 , JQ), and suppose that I xi- xo I < R. 
Let Ui be the subgraph of uj{x) = u(x)- j. We have uj{xi) > 0 and therefore 

the points zi =(xi> 0) belong to Ui. 
By Proposition 5.14 we have 

and hence 

When j-+ oo, Ui converge locally to P x IR, which would be non-empty by 
(16.4). 0 

In particular, if both P and N are empty (or, equivalently, if P and N have 
zero measure) the quasi-solution l:l is locally bounded and therefore it is a 
classical solution. • 

This remark and Proposition 16.5 show the flexibility of the notion of quasi­
solution. Given a sequence of quasi-solutions (in particular of solutions) one 
can always select a subsequence converging to a quasi-solution, without any 
a-priori estimate. 

The limit will be a classical solution if P and N are empty. In this case it is 
sometimes possible to get a-posteriori uniform bounds for the norms of the 
converging solutions. 

As a first example of the use of the method we shall consider the problem 
of the removal of singularities. 

16.8 Lemma [ M M9]: Let Q be an open set in IRn + 1 , and let S be a closed set 
in Q, with Hn(S) = 0. Let U be a set of least perimeter in Q- S. Then U has 
least perimeter in Q. 
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Proof: Since Hn(S) = 0, there exists a sequence {Sj} of open sets with piecewise 
smooth boundary such that sj ::::> sj+ 1 ::::> ••• ::::> s and 

Now let V be a set coinciding with U outside some compact set K c Q. Setting 

we have Vj = U outside K- Sj c Q- Sand therefore if A is any open set with 
KcAc cQ: 

Passing to the limit as j-+ oo we get 

(16.6) J ID<tJul ~ JID<tJvl. 
A-S A 

On the other hand we have from Theorem 4.4: 

JID<tJul = Hn(o*U nA) = Hn(o*U n(A- S)) = J ID<tJul 
A A-S 

since Hn(S) = 0. 
Comparing the last equation with (16.6) we get the conclusion of the 
lemma. D 

16.9 Theorem (Removal of singularities): Let Q be an open set in IRn, and let~ be a 
closed set in Q with Hn-1(~) = 0. 

Let u E C 2(0 - ~) be a solution of the minimal surface equation 

(16.7) I~{ oujox; } = o 
i=10X; J1 + IDul2 

in Q- ~. Then u can be extended to a solution of(16.7) in the whole ofO. 
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Proof: Let U be the subgraph of u; U has least perimeter in 
Q- s (Q = n X IR, s = k X IR). 

Since Sis closed, and Hn(S) = 0, U minimizes the perimeter in Q, so that u 
is a quasi-solution in n. 

On the other hand, since uEC 2(n- k), we must have P c: k and N c: k and 
hence, since k has zero measure, P = N = 0. 

It follows from Proposition 16.7 that u is locally bounded in n, and hence 
u can be extended to a classical solution in n. 0 

The above theorem was proved by J. C. C. Nitsche [NI2] in the case n = 2, 
and by E. De Giorgi and G. Stampacchia [DGS] with the additional assumption 
that k is compact (so that the singular set does not touch an. We note that 
this is practically satisfied in dimension n = 2 due to the condition H 1(k) = 0). 
The proof given here is due toM. Miranda [MM9]. Different proqfs have been 
obtained independently at about the same time by G. Anzellotti [AN] and 
L. Simon [SL2]. 

The reader will recognize the similarity between Theorem 16.8 and analogous 
results for harmonic functions, and more generally for solutions of elliptic partial 
differential equations. We remark that here we do not need any assumption on 
the behavior of u near k. 

We shall turn now to quasi-solution of the Dirichlet problem, in situations 
that cannot be treated by means of the theory developed in section 14, as for 
instance the Dirichlet problem with infinite data. As we shall see, this problem 
fits quite well in the framework of quasi-solutions. 

The simplest example of non-parametric minimal surface taking infinite values 
at the boundary is the so-called Scherk's surface: 

u(x, y) = log cos x - iog cosy 

in the square n = {(x, y)EIR2 :Ixl < n/2, IYI < n/2}. 
The existence of non-parametric minimal surfaces taking the values + oo or 

- oo on prescribed parts of the boundary, and possibly finite values on the 
other portions of an, was discussed by Jenkins and Serrin [JS1] in the-two­
dimensional case. Later, J. Spruck [SP] extended this result to surfaces of 
constant mean curvature, and U. Massari [MU] proved the existence for general 
mean curvature and arbitrary dimension. We shall follow here his proof. 

Let us begin with the definition of quasi-solution for the Dirichlet problem 
with (possibly) infinite data. Let n be a bounded open set in IR" with Lipschitz 
continuous boundary an, and let f!4 be a ball containing !!. Let 
1/1: f!4-+ [ - oo, + oo] be a measurable function such that its subgraph '¥ is a 
Caccioppoli set (i.e. has locally finite perimeter) in f!4 x IR. 
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16.10 Definition: A measurable function u:f!l---+ [- oo, + oo] is a quasi-solution 
of the Dirichlet problem with boun<l:ary datum 1/J on an if: 

i) u = 'I' outside n X IR 
ii) for any set V coinciding with U outside some compact set K c Q x IR 

we have 

JIDcpul ~ JIDcpvl. 
K K 

We have the following existence result. 

16.11 Theorem: Let n be a bounded domain with Lipschitz-continuous boundary, 
and let t/1 be a measurable function in whose subgraph 'I' is a Caccioppoli set in 
[Jl X IR. 

The Dirichlet problem with boundary datum t/1 on an admits a quasi-solution. 

Proof: Fork> 0 we set 

{ 
k if 1/J(x) > k 

1/Jk(x) = 1/J(x) if I 1/J(x) I ~ k 
-k if!/J(x)<-k. 

The function 1/Jk belongs to BV(f!l), and therefore the Dirichlet problem with 
data 1/Jk on the boundary has a solution UkEBV(f!l) (Theorem 14.5). 

In order to go to the limit as k---+ + oo we want to derive a uniform estimate 
for the perimeter of Uk over compact subset of f!l x IR. 

ForT> 0 and A c f!llet Ar =Ax (- T, T), and let W = Ukunr. We have 

J IDcpukl ~ J IDcpwl ~ J IDcp'~'kl + 4THn-1(an) + 21n1 ~ c(T) 
~2T ~2T !JIJ2T 

and therefore by Theorem 1.19, arguing as in Lemma 16.3 we can extract a 
subsequence, that we shall denote again by Uk, converging almost everywhere 
to a measurable function u. 

Let U be the subgraph of u. It is clear that U ='I' outside n x IR. Now let 
V be a Caccioppoli set in f!l x IR, coinciding with U outside some compact set 
K c Q x IR. LetT> 0, let A be an open set, n c c A c c f!l, such that K cAr, 
and define 
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in Ar 
outside Ar. 
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If k > T, Vk coincides with U k outside Or c A2T, and therefore: 

J IDcpukl ~. J IDcpv"l. 
A2T A2T 

This inequality is equivalent to 

(16.8) J IDcpu"l ~ J IDcpvl + J I cpu"- cpuldH. 
AT AT i!AT 

since V = U outside K cAr. 
We can now choose Tin such a way that the last integral in (16.8) tends to 

zero when k ~ oo. Passing to the limit and using the lower semi-continuity of 
the perimeter (Theorem 1.9) we get the conclusion of the theorem. 0 

In general the quasi-solution u given by Theorem 16.10 takes the values + oo 
or - oo in nonempty subsets of n. Our goal is to give necessary and sufficient 
conditions under which the quasi-solution u is a classical solution in n, and 
takes the value 1/1 on an. We shall begin by deriving necessary conditions. 

16.12 General Hypothesis: In order to simplify the discussion we shall make 
some additional assumptions on nand 1/J. More precisely, we shall suppose that 
an is Lipschitz-continuous and that there exist three open sets Ao, A+ and A­
with the properties: 

i) 1/J(x) = ± oo in A± 
ii) 1/J is continuous in Ao 1 

iii) an= rour + ur- u%, where ro = fnnAo, r ±=annA± and 
Hn-t(%) = 0. 

iv) r + and r- are C 2-hypersurfaces. 

The next result improves Theorem 16.5. 

16.13 Theorem: Let u be a quasi-solution of the Dirichlet problem with boundary 

data 1/1 on an. Then P minimizes the perimeter among all sets coinciding with A+ 
outside n. 
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Proof: With the argument of Theorem 16.5 we prove that the function 

{
+oo 

Uoo(X) = 
-00 

XEP 

otherwise 

is a quasi-solution with boundary value 

t/1 oo(X) = {
+oo 
-00 

XEA+ 

otherwise. 
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The conclusion follows as in Example 16.2. D 
It is easily seen that the conclusion of the preceding theorem is equivalent 

to the assertion that p c n minimizes the functional 

(16.9) cf+(E)=JIDcpEI+ flcpE-<pr+ldHn-1· 
Q i)Q 

Similarly, N minimizes the perimeter among all sets coinciding with A- outside 
0, and hence N c Q minimizes 

(16.10) cf -(E)= J IDcpEI + J I (/JE- (jJr _ldHn-1 
Q i)Q 

among all sets E c Q. 

If we want u to be a classical solution in Q (i.e. P n Q = N nO = 0), a 
necessary condition is therefore that the empty set is a minimum for cf + and cf-. 

In particular, this implies that r + and r _ have non-positive mean curvature, 
(see 15.6). 

A second necessary condition is given by the following. 

16.14 Proposition: Let x0 Ea0 and suppose that there exists a solution u(x) of 
the minimal surface equation in n, such that 

(16.11) lim u(x) = + oo. 

Let an be smooth near Xo. Then the mean curvature of an at Xo is non negative. 

Proof: Suppose on the contrary that the mean curvature at x 0 is less than zero. 
Then we can construct an open set 01 c n, with C2-boundary, such that 
a01 naQ = {xo} and with negative mean curvature at Xo. 
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For xEnl let dl(x) = dist(x, an!) and let R > 0 be such that 

As in 12.14, the function 

is a supersolution in nl (] f!IR. Taking 

a= sup u + f3R 112 

aBBRnn, 

we have v;::;; u on af!IRnnl and hence by Lemma 12.13 v;::;; u in f!IRnnl. This 
contradicts (16.11). D 

Combining the two preceding results we obtain the necessary condition for 
the existence of a classical solution that r + and r- have zero mean curvature. 

With regard to r 0 , we recall that a necessary and sufficient condition for the 
general solvability of the Dirichlet problem with continuous boundary data 
was that the mean curvature of an be non-negative (see section 12). This 
condition is also necessary in the more general case under examination. 

16.15 Proposition: Let u be a classical solution of the minimal surface equation 
in n taking the value 1/J on an, and let Xo E r +. Then 

(16.12) lim Tu(x) = v(xo) 

where v is the exterior normal to an and 

Du 
Tu =-----;::.===-;;= J1 + IDul2 

Proof: Let A+ be as in 16.12, and let f!IR c A+ be a ball centred at xo such that 
an(] !!4 R c r + and an(] f!l R is the graph of some function w. Since r + has zero 
mean curvature, w is a solution of the minimal surface equation and therefore 
A+ - n has least perimeter in f!l R (Theorem 14.9). Arguing as in Example 16.2 
we infer that L = (A+ - n) x IR has boundary of least area in ffiR x 1R. 

Now let xr-~>x0 , and let uj{x) = u(x)- u(xi). 
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The subgraph Ui of ui minimizes perimeter in Q x IR and therefore by 
Proposition 15.7 in fJIR x IR. 

Whenj-+ oo we have u(xi)-+ + oo and hence Ui converges to Lin Lfoc(8#R x IR). 
By Theorem 9.4 we get 

vL(x0, 0) = lim vui(Xj, 0). 
j---+ 00 

On the other hand we have vL(x0 , 0) = ( -v(x0 ), 0) and 

proving (16.12). D 

In a similar way we show that lim Tu(x) = -v(x0) for x 0 Er -. 

As an immediate corollary we get 

16.16 Theorem (Uniqueness of the solution): Let Q and t/1 be as in 16.12, and 
consider the Dirichlet problem 

(16.13) {div Tu = 0 in Q 

u = t/1 on an. 

Then: 

i) if r o # 0 the problem has at most one classical solution; 
ii) if r o = 0 any two solutions of (16.13) differ by an additive constant. 

Proof: It follows at once from (16.12) and Lemma 12.13. D 

Let us continue the investigation of necessary conditions for the existence of 
solutions to the Dirichlet problem (16.13). 

16.17 Proposition: Suppose that there exists a vector field v in Q such that 

i) lvl < 1 in Q 

ii) (v,v) = 1 on r +(vis the exterior normal to oQ) 
iii) div v = 0 in Q. 
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Then if E c 0, E =F 0, Q we have 

(16.14) f +(0) < f +(E) 

where f + is the functional defined in (16.9). 

Proof: Integrating iii) over E we get 

0 = Jdivvdx = J (v,vE)dHn- 1 
E O*E 

where o* E is the reduced boundary of E, and vE is the exterior normal to o* E 
(see section 3). Now 

(16.15) J (v,vE)dHn-1 = J C{JE(v,v)dHn-1 + J (v,vE)dHn-1 
O*E iJQ Q,.,o*E 

and therefore from i) and ii): 

(16.16)- J CfJEdHn-1 + J C{JEdHn-1 + JjDcpEI >0. 
r+ on-r+ n 

The conclusion follows at once by adding to both sides of (16.6) the quantity 
f +(0) = Hn-1(r + ). 0 

As usual, a symmetric result holds for the functional f- given by (16.10), if we 
replace condition ii) with • 

ii') (v,v) = -1 on r -· 

Taking v = Tu we obtain at once the following necessary condition. 

16.18 Proposition: Suppose that the Dirichlet problem (16.13) has a classical 
solution. Then for any set E c n, we have 

(16.17) f ±(0) ~ f ±(E), 

with equality holding at most for E = 0 and E = n. 0 
The validity of the strict inequality in (16.17) for E = n depends on the set 

r o. It is easily seen that when r 0 = 0 and E = Q we must have the equality 
in (16.17), since in this case f ±(0) = f ±(0). 
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On the other hand, when r 0 is non-empty and has non-negative mean 
curvature we have the strict inequality even for E = n. 

Suppose on the contrary that / +(0) = / +(n). 
From (16.15) with E = n and v = Tu we get 

Hn-l(r +) + J <v, Tu)dHn-1 = 0 
an-r + 

and therefore from/ +(0) = / +(n) we get <v, Tu) = -1 on an- r + and in 
particular on r o. 

We will show that this leads to a contradiction. Let PAR be a ball centred 
on ro and such that ann PAR c ro. The boundary of nR = nn&~R has non­
negative mean curvature, and therefore the Dirichlet problem with continuous 
data on anR is generally solvable. On the other hand we have a solution u(x) 
of the minimal surface equation in nR such that <v,Tu) = -1 on ann&~R. By 
Lemma 12.13 we deduce that any solution v of div Tv= 0 in nR, with v ~ u on 
afJIJR n n satisfies v ~ u on nR, and therefore cannot take boundary values less 
than u on ann fJIJR. This contradicts the general solvability of the Dirichlet 
problem. 

We have thus proved 

16.19 Theorem: Let n andt/1 satisfy assumptions 16.12, and let ro # 0. 
Then necessary conditions for the general solvability of the Dirichlet problem 

(16.1 8) {div Tu = 0 inn 
u = t/1 on an- JV 

are the following: 

(16.19) an has non-negative mean curvature, 

(16.20) the empty set is the only minimum ofthefunctionals / + and/-· 

If instead we have r 0 = 0, condition (16.20) has to be replaced with 

(16.20)'0 and n are the only minima for/+ and/-. D 

We shall show now that the above conditions are sufficient for the existence of 
a solution to the problem (16.18). Let us begin with the simpler case r o # 0. 
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16.20 Theorem: Let nand 1/1 satisfy assumptions 16.12; let r o # 0 and suppose 
that (16.19) and (16.20) hold. Let u be a quasi-solution of the Dirichlet problem 

with boundary datum 1/J. Then u is a classical solution of the minimal surface 
equation inn and satisfies u(x) = 1/J(x) on an- .K. 

Proof: We have only to show that u = 1/1 on an- .K. Let us begin with a point 
x 0 E r 0 • Suppose by contradiction that there exists a sequence Xk- x 0 such that 
u(xk) -1 > !/J(x0). We have two possibilities: 

(I) l < + oo. This case can be excluded exactly as in Theorem 15.8. 
(H) l = + oo. Let fliR be a ball centred at xo such that ann fJIR is the graph 

of a function and is contained in ro. Arguing asin Theorem 15.8 we conclude 
that the subgraph U of u has least perimeter in fJIR x (M, + oo ), where 
M = supi/J + 1. 

&II a 

In particular if u(xk) > M + R we get from Proposition 5.14 the estimate 

where zk = (xk, u(xk)) and c > 0. Since U = 'P outside n x IR we have 
u nBRJ2(zk) c n X IR, and therefore for every T> 0: 

meas{(x, t); xEn, T< t < u(x)} ~ cR"+ 1• 

But then we should have P n n # 0, a contradiction. 
The same argument works for x0 Er -,and therefore we can conclude that 

(16.21) limsupu(x) ~ 1/J(xo) 
x-+x0 

for every x0 Ean- .K. 
Changing 1/J into - 1/J (and hence u into - u) we obtain 

liminfu(x) ~ 1/J(xo) 
x-+x0 

and comparing with (16.21): 

lim u(x) = 1/J(xo). 0 
x-+x0 

The treatment of the case r 0 = 0 is slightly more complex, since we cannot 
exclude in principle the possibilities P = n or N = n. 
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Actually, u = + oo and u = - oo are quasi-solutions in this case, and the 
simple argument of Theorem 16.11 can lead exactly to one of these. We therefore 
have to choose carefully the sequence t/Jk in order to avoid divergent solutions. 

We assume of course that necessary conditions (16.19) and (16.20)' hold. 
We start from the remark that the Dirichlet problem with data 

{
+oo 

t/fa(x) = ct 
on r + 

on r-

cannot have a solution, since otherwise the functional J + would have the empty 
set as the unique minimum (Theorem 16.19) contradicting the necessary con­
dition (16.20)'. We can therefore conclude that the only quasi-solution to the 
Dirichlet problem with data t/1~ is u = + oo. 

Similarly, u = - oo is the only quasi-solution for the Dirichlet problem with 
data 

on r + 

on r -· 

Let xo a point in Q that will remain fixed, and consider the Dirichlet problem 
with boundary data 

{
ct > 0 on r + 

t/I{J(x)= {3<0 onr-. 

This problem has a unique solution (see Proposition 14.12 and Theorem 15.8), 
which we shall denote by v(J. We shall prove that it is possible to choose ct 

and {3 arbitrarily large in such a way that v{J(x0) = 0. 
Let kE IN, and suppose that v~k(x0 ) > 0. When {3-+ - oo, v~(xo) decreases, 

and tends to - oo. Moreover v~(x0 ) is a continuous function of {3 (this can be 
seen by combining the uniqueness theorem 15.11 with the a priori estimate for 
the gradient 13.5). 

It is therefore possible to find a value {3(k) < - k such that v~<kJ(xo) = 0. 
In a similar way, if v~k(x0 ) < 0, we find a value ct(k) > k such that v~~(xo) = 0. 

Let us define uk = v~<kJ or uk = v~~ in the two cases. To the sequence uk 

we can apply the argument of theorem 16.10, from which we conclude the 
existence of a quasi-solution u to the Dirichlet problem with infinite data. 

Condition (16.10)' says that in order to show that u is a classical solution, 
we have only to exclude the possibilities u = + oo or u = - oo; in other words 
we have to show that neither P nor N can coincide with n. 

This follows from the fact that Uk(xo) = 0. In fact, let uk be the subgraph of 
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Uk, and let R < dist(xo, oO). The point Zo = (xo, 0) belongs to auk, and therefore 
from Proposition 5.14 we get 

and 

These inequalities imply at once that U and 0 x IR- U must have positive 
measure in BR(zo) and therefore that P and N must both be empty. , 

The quasi-solution u is therefore a classical solution in 0; repeating the 
argument of Theorem 16.19 we show that u = tjJ on oO- .AI. 

We have thus proved 

16.21 Theorem: Let 0 and tjJ satisfy assumptions 16.12; let ro = 0 and suppose 

the necessary conditions (16.19) and (16.20)' hold. 
Then there exists a function u(x) satisfying in 0 the minimal surface equation 

div Tu = 0 

and such that 

lim u(x) = t/J(xo) 
x-+x0 

for every XoEOO- .AI. 



17. The Bernstein Problem 

In 1915, N. S. Bernstein proved his celebrated theorem concerning entire minimal 
graphs [BS2]: 

17.1 Theorem: Let u(x, y) be a solution of the minimal surface equation in the 
plane: 

Then the graph of u is a plane. 
It is worth remarking the similarity between Bernstein's and Liouville's 

theorem. As in the case of the removal of singularities, the main difference 
consists in the fact that Bernstein's theorem does not require any additional 
assumption on u. 

We may write the equation of minimal surfaces in the form 

(17.2) (1 + u;)uxx- 2uxUyUxy + (1 + u~}Uyy = 0. 

We remark now that (17.2) is the necessary and sufficient condition for the 
existence of a function cl>(x, y) such that 

Such a function cl> satisfies the equation 

We have the following result. 
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17.2 Theorem: If<D satisfies (17.3) in the plane, it is a polynomial of degree two. 

Proof: [Nil]. Changing possibly its sign, we can suppose that <Dis convex, and 
therefore the map 

e = X + <f>x(x, y) 

11. = Y + <Dy{x, y) 

is a diffeomorphism of IR 2 onto itself. 

If we set ' = e + i1J and 

w(') = x- <Dx(x, y)- i(y- <Dy{x, y)) 

it is easily seen that w is an entire holomorphic function. Moreover, we have 

!w'(012 = <Dxx + <f>yy- 2 < 1. 
<f>xx + <f>yy + 2 

By Liouville's theorem, w' is constant. On the other hand 

11 + w'l 2 
<f> - = C2 yy-1-lw'l2 

and therefore <D is a polynomial of degree two. 
Coming back to our function u we see that Ux and Uy are constant, and 

therefore u is an affine function, thus proving the Bernstein theorem. D 
It might be worth giving another short proof of theorem 17.1. For that, let 

U be the subgraph of u. Since U has least perimeter in IR 3 we have from 
section 10.8: 

J {lb"2 -c2,2 }dH2~0 
au 

for every Lipschitz-continuous function' with compact support in IR3. For jE IN; 
set 
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(j{x) = {: 

2 _logjx\ 
logj 

We have for everyj: 

\x\~j 

\xi?;;/ 

j<\x\</. 

(17.4) J c2dH2 ~ J \b(j\ 2dH2 ~ J jD(jj2dH2. 
oUnBi oU IJU 

Let now r.j =au n(B.2 - Bj); we have 
J 

l 2 1 I -2 \D(j\ dH2 = -(l .)2 jxj dH2 
au ogJ r.j 

The last integral is not greater than 

j-2 

J H2(aU nB,-1;2)dt + r 4 H2(r.j) 
j- 4 

and since H 2(aU nB,) ~ Ar2 we have 

J \D(j\2dH2 ~ Ajlogj. 
au 

203 

Lettingj-+ oo we obtain from (17.4) c2 = 0 and therefore au is a plane. D 
It is natural to ask whether Bernstein's theorem is true in higher dimension; 

i.e. whether the only solutions of the minimal surface equation in IRn are 
polynomials of the first degree. This is what we shall call the Bernstein problem. 

It is easily seen that none of the above techniques can be extended to dimension 
n>2. 

Actually, the first one is based on complex variable methods, and the second 
one relies essentially on the fact that in two variables any bounded set has zero 
absolute capacity; or more precisely that 
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for every bounded set E c IR2 • It is well known that this infimum is positive in 
IRn, n > 2. 

A new idea suitable for extension was provided by Fleming [FW] and is 
embodied in the following theorem. 

17.3 Theorem: Let U be a set with least perimeter in IRn. Then either n ;::;; 8 or 
au is a hyperplane. 

Proof: For j E IN set 

The sets Uj have least perimeter in IRn. 
Arguing as in Theorem 9.2 we conclude that a subsequence Ur1 converges to 
a minimal cone C. Moreover, we have for almost every R > 0 

(17.5) Wn+1 ~(Rrj) 1 -n J JD<puJ = R 1 -n J JD<pu,)--.R 1 -n J JD<pcJ. 
Bnr1 Bn BR 

Suppose now that n ~ 7. In this case the cone C must be a half-space, and 
therefore 

R 1 -n J JD<pcJ = Wn-1· 
BR 

Using the monotonicity of R 1 -n J IDcpul we find from (17.5) 

R1 -n J JD<puJ = Wn-1 
BR 

Bn 

for every R > 0. It follows from (5.11) that U is a cone. But then U = C and 
au is a hyperplane. 0 

A similar argument gives a weaker form of the Bernstein's theorem for minimal 
sets. The similarity with Liouville's theorem is evident. 

17.4 Theorem: Let U be a set of least perimeter in IRn. IfU contains a half-space, 
au is a hyperplane. 
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Proof: Arguing as above we find a minimal cone C with vertex at 0. Since C 
contains a half-space we conclude by Theorem 15.5 that Cis a half-space. The 
conclusion now follows at once. 0 

The conclusion of Theorem 17.3 is the best possible, since in dimension n = 8 
we have the Simons cone 

which is minimal in IR 8 (Theorem 16.4). 
However, when U is the subgraph of a function, we can say something more. 

For that we will need some auxiliary results, that are of interest by themselves 
and represent weaker forms of Bernstein's theorem. 

17.5 Theorem [MJ]: Let u be a solution of the minimal surface equation 

(17.6) f.v;( D;u )=o 
i=l j1 + IDul 2 

in IR". Suppose further that u has bounded gradient in IR". Then u is an affine 

function. 

Proof: The function w = aujax. (s = 1, ... , n) satisfies the equation 

a ( aw) (17.7) ax; aij(X) axj = 0 

with 

(see section 12). Since IDul is bounded in IR" we have for every ~EIR" 

with some constant v > 0, and therefore equation (17. 7) is uniformly elliptic. 
Since w is bounded, the non-negative function z = w- infw satisfies the same 
equation (17.7), and therefore Harnack's inequality (Theorem C.2) 
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supz ~ cinfz 
BIIR BIIR 

holds for every R > 0, with c independent of R. Letting R-+ + oo we get 

sup z = 0 and therefore w = constant. D 
IR" 

As a consequence of the a priori estimate for the gradient (Theorem 13.5) we 
have 

17.6 Theorem: Let u be a solution in IR" of the minimal surface equation. Suppose 
that for every x E IR": 

(17.8) u(x) ~ K(1 + lxl) 

for some constant K. 
Then u is an affine function. 

Proof: Let x0 EIR". We have 

sup u~K(1 +R+Ixol) 
BIJR(Xo) 

and therefore from (13.11) 

. 
IDu(xo)l ~ exp{cs(1 + K) + csR- 1(Iu(xo)l + K(1 + lxol))}. 

Letting R -+ + oo we get 

I Du(xo) I ~ expcs(1 + K) = c6 

and the conclusion follows from the preceding theorem. D 
It is clear that, using (13.12) instead of (13.11) we can replace (17.8) with 

u(x) ~ -K(1 + lxl). 

In particular, the conclusion of the theorem holds if we suppose u(x) ~a+ (b, x), 
in close analogy with Liouville's theorem for harmonic functions. 
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17.7 Lemma: Let Q be an open set in IRn, and let { u i} be a sequence of quasi­
solutions inn (see Definition 16.1), converging a.e. to a quasi-solution v. Suppose 
that 

P = {xE!l:v(x) = + oo} = 0. 

Then for every compact K c n there exists a constant c(K) such that 

sup sup uj{x) ~ c(K). 
j xeK 

Proof: By Proposition 16.7, the function vis locally bounded above. ForK c Q 

let 2d = dist(K, oQ) (if Q = IRn set d = 1) and let 

y = y(K) = sup v(x) 
xeKd 

(Kd = {xEIRn:dist(x, K) ~ d} ). 

We shall prove that 

(17.9) limsupsupuj{x) ~ y(K). 
j--+ oo xeK 

Otherwise, there would exist B, 0 < B < d, a subsequence uj and a sequence 
XjEK such that • 

Zj = (Xj, y(K) + e)E U j. 

From Proposition 5.11 we obtain 

and therefore 

(17.10) I Uj nK. x (y, y + 2e)l ~ Cten+l. 

Since the u/s converge a.e. to v (and therefore <fJu;-+<fJv) we have from (17.10): 

I VnK, x (y, y + 2e)l ~ Cten+l > 0 



208 Non-Parametric Minimal Surfaces 

whereas from the definition of y 

VnK, x (y, y + 2e) = 0. D 

We can now prove the extension of Bernstein's theorem. 

17.8 Theorem: Let u: IRn-+ IR be an entire solution of the minimal surface equation 

I D;{ D;u } = 0. 
i=l j1 -1Dul 2 

Then either n ~ 8 or the graph of u is a hyperplane. 

Proof: Let U be the subgraph of u, and let Uj be as in Theorem 17.3. The set 
uj is the subgraph of the function 

Arguing as in Theorem 17.3 we construct a minimal cone C in IRn + 1 as the 
limit of a subsequence U,r The cone Cis itself a subgraph of a quasi-solution v. 

Let 

P = {xEIRn:v(x) = + oo} 

N = {xEIRn:v(x) =- oo}. 

(I) P = 0. In this case v is locally bounded above in IRn. By Lemma 17.7 
the functions u,j are equibounded in the unit ball Bt, and hence· 

sup u(x) ~ yrj. 
Bllr 

j 

From the a-priori estimate of the gradient (13.11) we have 

{ ( u(xo))} ~up IDul ~ exp cs 1 +y--r-.- . 
rif6 J 
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Letting j--+ + oo we obtain sup I Du I ~ const and therefore by Theorem 17.5 u 
is an affine function. The same conclusion holds if N = 0. 

(II) We shall prove now that case (I) must occur if n ~ 7. Suppose on the 
contrary that P and N are both non-empty. Since C is a cone, P and N are 
minimal cones in IRn, with vertex in 0. Since n ~ 7, P and N are half-space and 
therefore 

{ + 00 
v(x) = 

-00 

xEP 
xEN = 1Rn-P. 

This means that C is a half-space and oC is a vertical hyperplane. Arguing as 
in Theorem 17.3 we conclude that U =C. This is impossible because oU cannot 
be a vertical hyperplane. D 

17.9 Remark: We note that the same proof works if only one supposes that 
u is a quasisolution. It is easily seen that this result cannot be ameliorated since 
if S in the Simons cone the function 

f(x) = {+ 00 

-00 

is a quasisolution in IR8 . 

xES 

x¢S 

The construction of a similar example with a true solution f requires some 
additional work. 

In the first place, let us introduce some notation. We set 

and 

(17.11) 
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We shall consider functions depending on x only through u and v: 

f(x) = F(u, v). 

For such functions, the minimal surface equation (17.6) (or rather (12.9)) 
becomes 

Now let 

and 

where U <A.< 4, His defined by 

fz ( r+oo dt ) 
H(z) = o exp B Jlwl t2--'(1 + t3<.t-1)) dw 

and A and B are constants to be determined. We shall prove later that 

(17.15) g(F 1) > 0 in f1 
g(Fl) < 0 in f2 

whereas, if A and B are sufficiently large: 

Moreover we have 

F 2 < F 1 < 0 in T2 
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Ft=Fz=O if u = v. 

Setting as usual 

S = {X E IRS :XI + · · · + X~ > X~ + · · · + X~} 

and f;(x) = F;(u, v)(i = 1, 2) we have in S 

and 

C(ft) > 0 

C(fz) < 0 

0 <ft <fz. 

Similarly, in IRs - S: 

and 

C(ft) < 0 

C(fz) > 0 

fz <ft < 0. 

Moreover, 

ft=fz=O in as. 

Now let R > 0 and letj<Rl be the solution of the Dirichlet problem: 

{
C(f) = 0 

f=ft 
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Since ft is smooth on of:!IR, the existence and uniqueness of the solution are 
guaranteed by Theorem 12.10. In particular from the uniqueness of the solution 
it follows that 

for some function p<R>. Moreover, since F 1(u, v) = - F 1(v, u) the same is true 
for p<R> and therefore 



212 Non-Parametric Minimal Surfaces 

on as. 

By the maximum principle 12.5 we have 

and similarly 

in fJIR- S, 

whence 

(17.17) l!l(x)l ~ IJ<R>(x)l ~ lh(x)l in f!IR. 

Consider now the sequence j<hl(h = 1, 2, ... ) and let p > 0. We have from the 
a-priori estimate of the gradient (Theorem 13.5) · 

supiDJ<hl(x)l ~ exp{cs(1 +sup IJ<h>(x)l)} 
xe@P fMp+l 

and from (17.17): 

(17.18) sup IDJ<h>(x)l ~ exp{cs(l + suplh(x)l)} ~ c6(p) 
XE~p ~p+l 

for every h > p + 1. 
We note that the right-hand side of (17.18) is independent of h. By the 

Ascoli-Arzela theorem, it is possible to extract from {f<hl} a subsequence 
converging uniformly on compact sets of IRs to a function J, solution of the 
minimal surface equation in IRs. The function f satisfies 

lf(x) I ~ l!l(x) I in IRs 

and therefore 

lim sup lf(x)llxl- 3 ~ 1 
x-++co 

This implies that the graph off cannot be a hyperplane, so that the Bernstein 
theorem cannot hold in IRs. 
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It remains to prove (17.15) and (17.16). We split the minimal surface operator 
into two parts: tff = tff 0 + ~. where 

and 

( Fu Fv) ~(F) = F uu + F vv + 3 -; + --; 

If we define two new independent variables: 

and we write F(u, v) = G(r, t ), we have 

9 2 6t 3 3 2} + -G,G1 - z:G 1 + 7rG, - 8tGtG, 
r r 

( t ) [· + 1 2 J (17.20) ~(F) = 64 G,- -;:Gt + 16r G,, r 2 (1 - t )Gu . 

Taking G(r, t) = tr312 we obtain: 

1 45 
-tff o(F) = -r5f2t 3 
8 8 

1 11 
-~(F) = -rlf2t 
8 2 

and hence (17.15) are satisfied since t > 0 in f 1 and t < 0 in f2. The con­
struction ofF 2 is more involved. We begin with the choice 

G(r, t) = rt + r 312g(t ). 
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We have: 

where 

117 
(17.23) M 2(t) = (1 - t 2)(15gg'- 15tg'2 + 6tgg") + 4 tg2 - 24t 2gg' 

We choose now 

g(t) = t(1 +Aiti'"- 1 ); A>O, 

and we note that it is sufficient to prove the first inequality (17.16) since G is 
an odd function of t. We can therefore suppose 0 < t ~ 1. Writing M 1 as a 
polynomial in A we get 

45 3 +-t 
8 

Since U < ;. < j: we have t;_ - 3 < 0, ¥- 8). < 0, and of course ! - 3). < 0, 
so that 
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for some c1, c2 > 0. 
Recalling that 0 < t ~ 1 and taking A large enough (A ;;;; C3) we find 

In a similar way: 

and in conclusion: 

in f1, provided A ;;;; c3. 
A similar estimate gives 

Now let H(z) be a monotone increasing function in IR. Then identically: 

rfo(H(F)) = H'(F)3 ·rf0(F) 

and 

( 1 2 )' ~(H(F)) = H'(F)~F + 16rH"(F) c; + ~t c; . 

In our case we have 

and therefore, if we suppose that 

(17.27) H'(z);;;; 1; H"(z) ~ 0 

we obtain from (17.25) and (17.26): 
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If r2 t 2 ~ c9 = c8/c7 we have immediately S(H(F)) ~ 0 from (17.27). We can 
therefore restrict ourselves to the domain 

In order to show that S(H(F)) ~ 0 in this domain too, it is sufficient to prove 
that E»(H(F)) ~ 0 there, and hence that 

(17 29)- H"(F) > C1Q 

. H'(F) =(rl/2+r3i2)t2 ;. 

When r ~ 1 we have F ~ c11r 3 ' 2 t and therefore 

The same inequality holds ofr ~ 1. Actually in this case we have F ~ c14rt ~ C14 

and therefore 

since 2- A> 1/2. 
In conclusion, if 

(17_30) _ H"(z) ~ C17 

H'(z) - z2 ;. + zu 1 

for some large c17 , and if H '(z) ~ 1, then (17.29) holds, and therefore 
S(H(F)) < 0 in f1. 

The inequality (17.30) is satisfied if we take 
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an admissible choice since (noting that 2- A,< 1 and 2,1,- 1 > 1) 

and 

z 

H(z) = f H'(w)dw. 
0 

With this choice, the function 

Fz = H(F) 

satisfies the inequalities (17.26). 
We have in conclusion: 

17.10 Theorem [B DG G]: Let n ~ 8. Then there exist entire solutions of the 
minimal surface equation 

D· -0 ( D;u ) 
' J1 + IDul 2 -

which are not hyperplanes. 

Proof: We have constructed such·a functionffor n = 8. If n > 8 it is sufficient 
to take 

u(x1, ... , Xn) = f(xt, ... , Xs). D 

This result and Theorem 17.8 give a complete solution for the Bernstein 
problem. 



Appendix A 

A.l De La Vallee Poussin Theorem: Suppose {J.lk} is a sequence of non­
negative Radon measures of uniformly bounded total variation, that is 

for all k. 

Then there exists a Radon measure J.l and a subsequence {vi}= {J.lk,} such that, 
for every g E C8(1Rn) 

(A.2) J.l(g) = lim v1{g). 
j-+oo 

Moreover,for every bounded Borel set E such that J.l(oE) = 0, we have 

(A.3) J.l(E) = lim viE). 
j-+ 00 

Proof: It is well known that C8(1Rn) is separable; that is, there exists a count­
able set {g;} s; C8(1Rn) such that for every gEC8(1Rn) there exists a sub­
sequence {g;k} with g;k-+ g uniformly. By (A.l) the sequence J.li(gl) is bounded 
and hence we can extract a subsequence {J.l}(gl)} convergent to a real 
number a 1 • Moreover, we may suppose that 

Now J.l](g2 ) is bounded and we can extract a subsequence {J.ty(g2)} such that 

Proceeding by induction, given { J.ln we can extract a subsequence { J.l~ + 1 } 

such that 
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If vi= f1J, then we have for j > k 

k 1 I v j{gk) - a I < --:-
1 

and hence, for every kE IN, 

lim vi(gk) = ak. 
j-t- 00 

We define the measure /1 as 

From (A.1) 

k = 1,2, ... 

lf.l(gk)l =lim lvj{gk)l ~ M sup lgkl 
j-+ 00 
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and hence /1 can be extended as a continuous linear functional on C8(1Rn) 
(using the density of {gi} ). 

If g E C8(1Rn), let %---. g uniformly. Then 

and hence 

lim sup lvi(g)- f.l(g)l ~2M sup lg- %1· 
i-+ 00 

Letting k---. oo, we see that (A.2) follows. 
To prove (A.3) we first observe that for any open set A we have 

/l(A) = sup{f1.(g):gEC8(A), lgl ~ 1} 

and if Cis compact 

f.l(C) = inf {f.l(g):gEC8(1Rn), 0 ~ g ~ 1, g = 1 on C}. 
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Let E = Interior of E, and suppose g E C8(E) is such that I g I ~ 1. Then we 
have 

Jl(g) = lim vj{g) ~lim infviE) 
j-+cr::; j-+oo 

and hence 

(A.4) Jl(E) ~ li~ inf Vj(E) 
r-+oo 

On the other hand, if 0 ~ g ~ 1 and g = 1 on E, 

Jl(g) = lim vig) ~lim sup vj{E) 
j-+oo j-+oo 

so that 

(A.5) Jl(E} ~lim sup vj{E). 
j--+ co 

Combining (A.4) and (A.5) shows that (A.3) holds. 

A.2 Theorem A.l for vector-valued measures 

Suppose now that {j1i} is a sequence of vector-valued Radon measures, so 
that 

Suppose that the total variations of the j1i are uniformly bounded, that is 

and that, for every g E C8(1R"), the sequence {j1j(g)} converges to a vector 
denoted j1(g). (This convergence assumption is not restrictive as, given the 
uniform boundedness we can always extract a subsequence of {j1i} as in A.1 
which has the required convergence properties.) 
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Let Jl], (IX= 1, ... , m) be the scalar components of jlj and let Jl.}+, Jl.}­
be the positive and negative part of Jl.). We have 

and hence, by A.l, for every IX = 1, 2, ... , m we can find Radon measures 
Jl.a + and Jl.a- such that 

If we define 

where /l+(g) is the vector with components Jl.a+(g) and Jl.-(g) is the vector 
with components f.la-(g), 11 is as a vector-valued Radon measure. Moreover, for 
every bounded Borel set E such that 

IX=l, ... ,m, 

we have 

f.l(E) = lim f.lj(E). 
j-+oo 

Thus if we call 11* the positive measure 

we have 

f.l(E) = lim Ji.j{E) 
j-oo 

for every bounded Borel set E such that Jl.*(oE) = 0. Clearly I Jl.l (E)~ 11*(E). 
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A.3 Theorem A.l for Caccioppoli Sets 

Now consider A.2 in the particular case where Fi are Caccioppoli sets in 
IR" and 

Suppose that 

lim (/)Fi = (/)F 
j-+ 00 

and that 

As in A.l we may extract a subsequence from {Fi} such that Dq>F. con-
}• 

verges to some Radon measure p,. Then by the definition of Dq>F we must 
have that 

p,(g) = Dq>F(g) for g E C A{IR"). 

Since CA{IR") is dense in C8(1R") we have that 

and 

for g E C8(1R"). 

We may also conclude, as in A.2, that there exists a Radon measure p,* 
such that, for every set E with p,*(oE) = 0, 

Moreover we can show 
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In particular, asp.* is a Radon measure we have, for almost all p, p.*(oBp) = 0 
and so 

for almost all p. 



Appendix B. The Distance Function 

(\N:(i.JX>i..-:·,~ ' 

We shall gather here some results concerning the distance function: 

d(x) = dist(x, an). 

For a detailed discussion see [GT]. 
Let n be a bounded open set with Ck boundary an, k ~ 2. It is clear that 

for every point yEan there exists a ball B c n such that B nan = {y }. Since 
an is compact, the radius of the biggest ball with this property is bounded 
below by some positive constant R0 independent of y. It is easily seen that R0 1 

gives an upper bound for the principal curvatures of an. 
If we set for t > 0: 

St = {xen:d(x) < t} 

rt = {xen:d(x) = t} 

then for t < Ro every point X ESt has a unique point at least distance in an; i.e. 
a point y(x) such that d(x)= lx- y(x)l. The points x andy are related by 

x = y + d(x) v (y) 

where v(y) is the inner normal unit vector to an at y. 
Now let Yo E an; we can suppose that Yo = 0 and that the tangent plane to 

an at Yo is the horizontal plane Xn = 0. Then in a neighborhood v of 0 E IR"- 1' 

an is the graph of a function Yn = f(y), y = (y 1, Yz, ... , Yn- 1 ), such that Df(O) = 0. 
With a possible rotation around the Xn-axis we may suppose that the matrix 

D2f(O) is diagonal; if we suppose that n lies below the graph off we have 

(B.l) D2/(0) = diag[ -k1, -kz, ... , -kn-1] 

where kl, ... ' kn-1 are the principal curvatures of an at 0 (we choose the sign 
in such a way that the principal curvatures are ~ 0 if n is convex). 

For (Y, d)e V x IR we define 

g(y, d) = y + v(y)d, y = (y,f(.y)); 
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we have g E ck- 1, and recalling that 

(B.2) Vn(Y) = -(1+Df(yf)- 112 ; Va(Y) = -vn(y)Daf(y)(cx = 1, 2, ... , n-1) 

we have from (B.l ): 

(B.3) Dg(O, d)= diag [1 - k1d, 1- kzd, ... , 1 - kn-1d]. 

If d < R0 the determinant of the Jacobian matrix Dg(O, d) is non-zero and 
therefore we may write y and d as ck- 1-functions of x iQ a neighborhood of 
xd = (0, d), and hence for x E SRo· Moreover Dd(x) is the unit normal vector to 
rd(x) at X, and hence 

(B.4) Dd(x) = v(y(x)) = v(x) 

. Since the right-hand side of (B.4) is a ck- 1-function, we conclude that d(x) is 
of class Ck in SRo· Also from (B.4) it follows that the mean curvature of the 
surface rd(x) at X is given by: 

1 -1 
- --D;v;(x) = --/}d(x). 

n-1 n-1 . 

We can estimate the last quantity using again (B.4). We have: 

and if we suppose that y(x) = 0 and' that (B.l) holds we find, taking into account 
(B.2): 

n-1 

/}d(x) = - L k;/(1 - k;d(x)). 
i= 1 

We remark in particular that /}d decreases when x moves along the normal 
towards the interior of n, and therefore if the mean curvature of an is non­
negative we have /}d ~ 0 in SRo· 



Appendix C. Elliptic Equations of 
the Second Order 

We shall state here the principal results, concerning in particular the regularity 
of the solutions of elliptic partial differential equations of second order, that 
we have used throughout these notes, giving where it is possible an outline of 
the proofs. For a more detailed discussion we refer to standard books on the 
subject; we mention in particular [GT], [LU2] and [GE4]. 

We consider weak solutions of the equation 

(C.1) div A(x, Du) = 0 in Q; 

namely, functions u E Wf;c2(Q) such that for every tp E C~(Q): 

(C.2) J A;(x, Du)D;cpdx = 0. 

The vector field A(x, p) is supposed to satisfy the inequalities: 

(C.3) \A(x, p)\ ~ c1\PI + \f(x)\ 

(C.4) v\~\2~i.tl~;;~i~i~A\~\2 

with f E Lfoc(Q) and v > 0. 
In particular we shall be interested in the case 

A(p) = T(p) = p/(1 + \p\2)112 

(see Chapter 12), or else 

A;(x, p) = aij(X)Pi-f;(x) 

with aij = aii· In both cases we have 

oA; oAj 

opj op; 

an assumption that, although not necessary, will sometimes simplify the proofs. 
We note that in virtue of (C.3), equation (C.2) holds for every cp E WL 2(Q) with 
compact support. 
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C.l. Theorem: Let u E W/;;c2 (0.) be a weak solution of equation ( C.2), and suppose 
that (C.3) and (C.4) are satisfied, and moreover 

(C.5) loA;/oxj{.x, p)l ~ ctiPI + 1/(x)l. 

Then u E Wi;;/(0.), and every derivative w = D.u satisfies the equation 

(C.6) J {a;j{x)Diw + b;(x)}D;cpdx = 0, 'v' qJ E Cg'(O.) 

where 

!l 

oA; 
a;i(x) = -;-(x, Du(x)); 

upi 

oA; 
b; = -;-(x, Du(x)). 

UXs 

Proof: We use the difference quotients: 

rh,su(x) = h -t [u(x +he.)- u(x)] 

where e. is the unit vector in the x.-direction. If ryECg'(O.) and lhl < 
idist(iJO., spt ry) we may take cp = r-h(ry 2 rhu) in (C.2). If we remark that 

we obtain 

where we have suppressed the index s, and we sum over repeated indices (not 
over h, of course!). We have: 

where 

f, 1 oA· 
();i = ~(x + the., Du + thrhDu)dt 

o upj 

f, 1 oA· · 
g; = ~(x + the., Du + thrhDu)dt. 

0 UXs 
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Inserting these in (C.7) we find with simple calculations (here we use the 
simplifying assumption eij = eji): 

where we have set v = rhu. 

Using (C.4) and the inequality 2ab ~ 6a2 + 6- 1 b2, 6 > 0, we easily obtain 

Consider now four open sets nl cc n2 cc n3 cc n4 = n, and let I hI be 
smaller than each of the distances dist(O;, oil;+!). Let 1]EC(;'(Q2) with 17 = 1 
on 01. We have: 

J IDvl 2 dx ~ c3 {J v2 dx + J g2 dx}. 
n, n2 n2 

On the other hand, since u E Wl;;}(Q) we have (see e.g. [GE4]) 

J v2 dx ~ C4 J IDul 2 dx; 
n 2 n 3 

moreover from (C.5) we can easily show: 

J g2 dx ~ cs J (1Dul 2 + j 2 )dx 
n2 n3 of' 

and in conclusion 

J IDvl 2 dx ~ c6(Q!). 
n, 

The last estimate implies (see [GE4]) that u E W2 •2 (Ql), and therefore, since 
n1 is arbitrary, u E W~·}(Q). Finally, taking cp = D.t/1 in (C.2) and integrating by 
parts we have at once (C.6) 0 

The next theorem is one of the cornerstones of the theory of elliptic partial 
differential equations. For its proof we refer to [MJ] (see also [GE4]). 
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C.2 Theorem (Harnack's inequality): Let ue Wl.;/ be a positive weak solution 
of the equation 

(C.8) D;(aii(x)Dju) = 0 

in a ball BR, with bounded measurable coefficients a;j satisfying the inequality 

Then for every a < 1 there exists a constant c depending on a, but not on u, 
such that: 

(C.lO) supu ~ c(a)infu 
B~R B~R 

As a consequence of the Harnack's inequality we can prove the regularity 
theorem of De Giorgi [DG3] and Nash [NJ]: 

C.3 Theorem: Let u be a solution of equation ( C.8) with conditions ( C.9). Then 
u is Holder-continuous in Q. 

Proof: Let x0 eQ and let BR(x0 ) cc n. For r < R we set: 

m(r) = inf u 
B,(x0 ) 

M(r) = sup u 
B,(x0 ) 

w(r) = M(r) - m(r) 

The functions 

v(x) = u(x)- m(r) 

w(x) = M(r)- u(x) 

are positive solutions of (C.8) in B,(x0 ). From (C.10) with a = 1/2 we have 
therefore 
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M(r/2)- m(r) ~ c{m(r/2)- m(r)} 

M(r)- m(r/2) ~ c{M(r)- M(r/2)}. 

Adding these two inequalities we find: 

w(r) + w(r/2) ~ c{w(r)- w(r/2)} 

and hence 

c-1 
w(r/2) ~ c + 1 w(r). 

If we set () = c - 1 we obtain by induction 
c+1 

and therefore, since w is increasing: 

w(r) ~ e-t(rjR)-log6flog2w(R). 

Non-Parametric Minimal Surfaces 

This inequality implies that uEC0 •1, withy= -1og()j1og2. D 

A second consequence of Harnack's inequality is the strong maximum 
principle. 

C.4 Theorem: Let u be a weak solution of the elliptic equation ( C.8) in a 
connected open set Q. If u has an interior minimum point it is constant in Q. 

Proof: Let m =min u = u(x0 ),and let BzR c Q be a ball centred at x 0 . Fore:> 0, 
u- m + e is a positive solution of (C.8) in B2 R, and therefore from (C.10) with 
ex= 1/2: 

sup(u- m +e)~ cinf(u- m +e)~ ce. 

This implies m ~ u ~ m + (c- 1)e in BRand since e is arbitrary, u =min BR. We 
can therefore conclude that the set 
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{xen:u(x) = m} 

is both open and dosed, and hence u(x) = m in n. D 

The same conclusion holds if u has an interior maximum point, since in this 
case - u has a minimum at the interior of n. 

A similar result holds for super and sub-solutions. We shall state it only for 
supersolutions, i.e. for functions wE Wl;;/(n) such that 

'v'cp E CQ'(n), 

We have 

C.5 Lemma (Weak maximum principle): Let w be a supersolution inn, and let 
w ~ 0 on an. Then w ~ 0 in n. 

Proof: Let 

A= {xen:w(x) < 0}. 

If A is non-empty we may take cp = max(O, -w) in (C.ll), obtaining 

v J IDwl2 dx ~ J a;iD;wDiwdx ~ 0 
A A 

and hence Dw = 0 in A. Since w = 0 on aA we have w = 0 in A, contradicting 
the definition of A. D 

C.6 Lemma: Let w be a supersolution in a connected open set n, with w ~ 0 
on an. 

Ifw(xo) = Ofor some x 0 en, then w = 0 inn. 

Proof: Let BR c n be a ball centred at xo, and let uE Wl.2(BR) be the solution 
of the equation (C.8) taking the values won aBR. Since w- u is a supersolution 
we have w- u ~ 0 and hence 

0 ~ u(x) ~ w(x). 
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On the other hand w(x0 ) = 0 and therefore u(x0 ) = 0, so that by Theorem C.4 
u = 0 in BR. This implies that w = 0 on aBR, and since R is arbitrary w = 0 in 
a neighborhood of x 0 • The set where w = 0 is then open and closed, so that 
w=Oin!l 0 

If w is a supersolution and v is a subsolution, w - v is a supersolution and 
therefore if W ~Von an and w(xo) = v(xo) for some XoEn We conclude that 
w=vinn. 

The same result holds for non-linear equations. 
As above, a supersolution of (C.l) is a function wE W1~/(n) satisfying 

J A;(x, Dw)D;cpdx ~ 0 'v'cp E CQ'(n), ({) ~ 0. 

There is a similar definition for subsolutions. 

C.7 Theorem (Strong maximum principle): Let w and v be a super- and a sub­
solution of (C.l), with conditions (C.4), and suppose that w ~ v on an, and 
W(Xo) = v(xo) for some Xo En. Then W = V. 

Proof: We have 

J[A;(x, Dw)- A;(x, Dv)]D;cpdx ~ 0 'v'cpEC0(n), cp~O. 

On the other hand: 

Jl d 
A;(x, Dw)- A;(x, Dv) = 

0 
dt A;(x, Dv + t(Dw- Dv))dt 

with the coefficients 

flaA-
= -'(x, Dv + t(Dw- Dv))Dj{w- v)dt = a;j{x)Dj{w- v) 

o api 

f1 aA· 
a;i(x) = ~(x, Dv(x) + t(Dw(x)- Dv(x)))dt 

o upi 

satisfying (C.9). We can therefore apply the preceding lemma to the function 
z = w - v, and conclude that w = v in n. 0 

The following consequence of Theorem C.2 is also worth stating. 
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· C.S Theorem (Liouville's Theorem): Let u be an entire solution of equation (C.8) 
in IRn, with condition (C.9). Suppose that u(x) ~a in IRn. Then u is constant. 

The proof of this result is essentially the same as that of Theorem 17.5, and 
we shall not repeat it here. Of course the same result holds if u(x) ~ b in IR". 

Let us turn now to the non-homogeneous equation 

(C.12) J{ aii(x)D iu - f;} D;<pdx = 0 V<p E CQ'(O). 

We shall investigate the regularity of the solutions in the Sobolev spaces W"'· 2 

and in the Holder space cm,a. 

C.9 Theorem: Let u E Wl;;c2(0) be a solution of (C.12), with the coefficients aii 
satisfying the ellipticity condition ( C.9). If the coefficients aii are of class em and 

f; E WZ:~2 (0), the solution u belongs to the space wz:: 1. 2 (0). 

Proof: If m = 1 the result follows from Theorem C.l. Suppose it holds for m 

and let aiiEcm+l, andf;Ewr;::1.2. The function u is in wz:: 1 •2 (0), and its 
derivative w = D.u satisfies equation (C.6) with 

_ oaii of; .2 b; - -;--D jU - -;- E WZ:c (0). 
ux. ux. 

We may therefore conclude that wE wz:: 1. 2 and hence u E wz:: 2 •2 (0). D 

C.lO Theorem: Let uE Wlo'c2 (0) be a solution of (C.12) with conditions (C.9). 
Suppose that the coefficients aii and the functions Ji are of class cm·a(O). Then 
uEcm+l,a(O). 

In the case m = 0 the result is usually obtained by means of a representation 
of the solution (see e.g. [LU1], Ch. 3). A different proof, with a method that 
has proved useful in several circumstances, is due to Campanato [CS], and can 
be found in [GE4]. The general case follows by induction as above. 

In particular, if the coefficients and the fi's are infinitely differentiable, the 
solution u will be of class Coo. 

The following regularity result for non-linear elliptic equations is also worth 
stating. For simplicity we shall only deal with the case where the coefficients 
A; are independent of x. 
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C.ll Theorem: Let u E Wf,;c2 (0.) be a weak solution of equation ( C.l) with con­
ditions ( C.2) and ( C.3), and with coefficients independent of x. Suppose that the 
functions A; are of class em·"'. Then u is of class em+ 1·"'. 

Proof: By Theorem C.l the function w = D.u is a solution of the equation 

with 

oA; 
a;j{x) = -;-(Du(x) ). 

upi 

'v'cpEC0(Q) 

By De Giorgi-Nash theorem C.3, w is Holder-continuous with some exponent 
p, and hence uEC 1·P. 

Now let m = 1. We have aiiEC 0 ·a for some a> 0, and by Theorem C.lO 
UE C 2 ·a(O.). But now aijE C 0 ·"' and, again by Theorem C.lO, UE C 2 ·"'. The theorem 
is thus proved if m = 1. Suppose now that the result holds for m, and let A;(p) 
be of class em+ 1·"'. The inductive step gives u E em+ 1·"'(0.) and hence the coeffi­
cients aij are in cm·"'(O.). A further application of Theorem C.lO gives wE em+ 1·"', 

and therefore u E em+ 2·"'(0.). D 

In particular, if the functions A; are of class coo, the same is true for u: 
Moreover, if the coefficients are (real) analytic, the solution u will be analytic, 
a result whose proof can be found in [MCBl]. 

Similar theorems hold for the boundary regularity of solutions of the Dirichlet 
problem. If we add to the assumptions of Theorems C.l 0 and C.ll the hypothesis 
that 80. and cp are of class em+ 1 ·"', then the solution to the Dirichlet problem 
with datum cp at the boundary will be of class em+ 1·"'(!1). 
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