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KEoArAIO O

EIZATOI'H

YTIC GNUELDGEI TTOL GKOAOVIOVY 0. TPOGTIOINGOVYE VO TAPOVGLAGOVLYE TOV BAGLKO
Kopud e Adlwuatikic Oewpiac XZvvodwy. Oa e€etdooupe TOLC AGYOLC TTOL VINGOY TOLC
HOINUOTIROVE VO KOTOTTLOGTOVUY e OGUTO TO EYXELONUQ, Do UeAeTNGovpe TO. AllOUATO TWV
Zermelo kat Fraenkel kot 0. dodpe T oromudtnTd TouC. Tédog, da mapovGidcovpe pept-
KEC BOGIKEC RUTOGKEVEG UTTOPOAITNTEG VIO TO. «ROINUEPWVA» UODINUOTIKA. ATIOTEPOC GTOYOGC
pog etvol va depellwcovpe o PodNPoTkG pe depédto Aldo v évvola Tov Guvolov. Autod
aTtartel PeYGAN LITOPOV] GITO TOV OVOYVOGTH KADWC Do YPELOGTEL VO 0PLGOVYE €K VEOU TTOA-
AEC €VVOlEC YVWOTEC GE GWTOV KL, GTIC TEPLGGOTEPEC TWV TEPLTTOGEWY, Ol OPLGUOL TTOL da
dwoovpe evdexetal va Tov EeviGouv 1 vo. Tov Ttapalevépouv. Evedriotolpe opwg 0Tt petd 1o
TEPOC OUTNG TNC SLodIkaGIaC Do PIToPEGEL TTAEOV ATTPOGROTITOC VO GLVEYIGEL TN KEAETN TOV
07O POONPOTIKG, pe BadUTEPN KOTOVONGN KOl GIYOLPO XWPIC VO TOAGVIZETOL OTTO TUYOV G-
@onpleg N avakplBeleg 060V aPoPad AeTTTO. «PIAOGOPIRA» {NTNUATO, OTIOC Y0, TOPAJELYU
«Tt etvar 6vvodo;», «Ti eivar apiduog;» N «Ti elvar ovvdptnon;». Ag Eekwvneovue oo 10
6006OTEPO OTTO QVTA.

0.1 T eivon GUVOAO;

H cdvtopn amdvinon eivar 611 6Uvolo eivol wlo. GUANOYN OVTIREWWEVOY. Me autdv Tov
AaGINTIRG 0PLGPO TTOPEVTNKAPE OAN PLOG TN (W1 KOl TPAYUATIKG oldel adtovonto 0Tt da
Tpémel vo. Tov avadewpncovpe! Ex’ oudevi Adyw dev €xovpe GrROTO va avatpépovpe 0AG-
KANEN TNV KOGRODEWPLO. POC, OUTE VA TEETAEOVPE GTOV KOAGDO TWV aXPNGTOV TO GUVOAO TWV
padnuatikev TTov yvwpitovpe (kal ayamdpe). Oa Aettovpyncouvpe péxpic evog 6odpot Gto
TOPAGKNVIO KOL 0. YEUIGOVPE TA KEVA TIOV TTPOKOAOVVTAL OTTO0 TOV TOPUTTOVE® LOLGONTIKO
0GP0 KA, KUPLKE, TOV TPOTO TTOV TOV EPUNVEVOVE YLd VO 0pltovpe 6UVoAa. Etot, oyt povo
TO OLKOSOUNUO TOV UOINUOTIROV D0 TIOPAUEVEL OVETIOPO, OAND DA TOL TTOPEXOVYE KOL ETTL-
TAéov oTNEEN pécw e allwparikng deuediwonce tov. Emmiéov, wg ddTumor ToMTIKOL
UNYOVIKOL D0 ROTOPTIGOVPE OAGL TO. ATTOPAITNTO «TEXVIKA GYEDIO» TOV ETLUEPOUC GTOLYELMY



Hapadoéa

tou (apyol, cuvapticelg KAT.).
Apyia mpémel vo. avtipetwTicovpe Ayo 1o 6o6apd Tov 6p0 GUVoAo. TOU@PVO. Ye Tov
Georg Cantor, T0v dewpeltal €v TOAOIC 0 TTaTEPaAC TNG Oewplag ZuvoAwY, To GUVOAO 0PILETOL

¢ e&ne:

Opwepog 0.1.1. Zvvolo eivar n GuvAAPOLGN DLOKEKPLUEV®Y GTOLXELWY TTOL TNV AVTLUETOTTL-
tovyue w¢ wa oAdTnTa.

Eivar 3nAadn pa 6uAhoyn aviikelévoy, arépo kot apnenpévev (my. opdpdy, avdpo-
TV, WEWV K.AT.), TOL TNV AVTLUETOTILOVYE KC £VO AKEPALO, EVIOIO avTIKeluevo. TN dewplo
mov da. avamtuovpe da Dewpovue Ta GUVOAA WC TO TTo GToEIWdeC avtikelyevo (dTTwe Yo
Tapddetypa avtipetomicovpe ta onueia otny Eukldeideia Tewpetoia ') kot da pehetioovpe
TIC 1OOTNTEC TOVC.

[a va cvpBolicovpe éva Guvolo Tapadoclokd ypnotpomolovpe aykVieg. 'Etol yia ma-
padewypa 10 6Uvoro A = {a,b, c} mepiéyer to. GToela a, b kou ¢. Ta Gtoelo evdg Guvohov
TO. ATTOROAOVYE KOl UEAN TOV KO Ypd@ovpe a € A ywa va dnAwcovye To yeyovog 0Tt To a elvol
uéhoc Tov A (ToAAéC Popéc To Yeyovie autd do. To dnhdvouvpe Aéyovtag Tt TO a aviKel GTO
A). Aev da opicovpe €30 TIC VITOAOLITEC £VVOLEC TTOV TAGLGLOVOULY £€vo. GUvoro (Suvapocy-
volo, £voon, Toun K.AT.) yio vo armo@iyovpe Tic emavainypelc (da Tic oplcovpe TUTKRG €V
ko). OVTwg 1 AN péxpig evog Badpot pag elval yvwoTéc.

0.2 IMapadoéa

To yeyovig o1t GOvolo dewpoivviav omotadnmote GUANOYN BLOKERPLUEVOY GTOLXEIWY 001
YNGE TOUC POAMUATIKOVC PUTITPOGTA Ge WLo. Gelpd. amod mapddola: Aoyikd Toplopato g de-
wplac (wov ypnoomodtav) mov dev elvar duvatdév uwc va eydouvv. Ta wapddofa outd
KAOVIGAY TO. DePéMo TOV PodNUOTIKOY, KODOC £€decav LTTO ap@ebintnon v o ™ dew-
pta. To DeTkd NTOV OTL GUVAPO. ROTESEENY TNV OVOYRALOTNTA TTPOGILOPLGUOV BOGIKGY ap OV
TAVL GTIC 0TToleC D0 TIPETTEL VO, DEPEM®IOVY €K VEOU TO. POINUOTIKA. AC doVpE PePIKA OTTO
ouTa o TOPadoa.

0.2.1 To mapadofo Twv Berry-Richard

Mo TOA) GUVNIIGUEVN TPAKTIKT TTOL YPNGLLOTIOLOVUE YLO VO 0PLGOVUE €VO. GUVOAO VO
vo. INAOGOVYUE TN GUYINKN TTOV DO TIPETEL VO, TTANPOL TO ERAGTOTE GTOLYELD YLO. VO, €IVOL UENOC
ToVL. e OUTHY TNV TEPIMTWGN T0 GUVOAO To Gupbolicovpe w¢ e&ng (ag vtodécovpe 6Tl 10
yoduuo P avtictowel oe kAmowa cuvdikn e16o5ov):

{z | To x TAnpol ™ cuvdikn P}
To Tapddeypo propodyue vo oplGovue T0 AKOAOVIO GUVOLO:

A = {z | To x elvar apdpo¢ TOL TEPLYPAPETOL GE Ula. YOOUWT }

' 01 tapoAnepol pe tnv Evkheldeia Tewpetpia da eivar modhol kadde amotehel éva omhd, ald oh) SNKTIKG,
TOPAdEY PO Ol POTIKNG dEwPLOG.

Tedevraia evnuépwon 18/2/2025, otig 10:49. 2



KEQPAAAIO 0. EIXAI'QI'H

Kamotog pmopel va @avtaoTel TTOAMG GToLEld TOV TTAPOTIAVE® GUVOAOL, OTIHC TIAPUIEYUOTOC
xopn:

1312
O x1\06TO¢ TPWTOC APPOC.
To TTANdOG OTOPWY GTO 0PATO GUYTIAV.

O 0pWPOC TTOV GREPTOUOL OUTIY TN GTLYPN.

Etvar voplgw eppovég 01t Do mpémel va déGoupe KATIOW OpLa. OGOV OPOPa TIC GUVINKEC
€16080V GTOoYElWY GE €va GUVOLO. A KAvoLpE OUWC Yio. Alyo akdpa ta 6Tpabad pdtio.

IMopatnpenote 61t 10 GUVoAo A pmopel va mepteyel ToAAOUC apduovg aANG oyt drtelpoug:
Mo ypappn xwpdet éva menepacpévo TAndog 6uuBoiwv (6uvndwg 70 pe 80) kot o GOUBoAa
elval memepacuéva oe TAndog (256 av ypdpovpe e UTF-8), cuvenog ot mdavol cuvdva-
opol eival Temepacpévol (Kot QUGLKA Ol TEPLGGGTEPOL UTTG GLTOVC eV TTEPLYPAPOVY KATTOLO
apdud). Emopévoc do vmdpyet kGTolo¢ uGIkdg apdudc mov Sev umopsl va meplypagel oe
pla yooppn. Tu cupBaivel Opog yia Tov 0kOA0LIO apdpo:

O e\IXIGTOC PUGLKOC TIOV deV TEPLYPAPETUL GE IO, YOOLUN.

Avnkel 6to 6ovolo A 1 oy

0.2.2 H yevikn Apxn tng TvunepiAnypng

Evloya kdrolog do. wé€er ™ 6uvdNKN €16030vV Yo, T0 TaPOTAve cuvolo. Ki dpwg o
Tp6T0C TOV Ot padnuatikol 6pigav (kat opigovy) Givoda dev Siépepe katd oA, H cuvidng
TPOKTIKN elval vo dnhovovpe plo optotiky ovvdnkn P, plo cuvdnkn dnladn mov, TEpay
omolacdnmote au@Boliog, eite elvar oAndng yia éva avtikelpevo x (ce avtiv ) mepintwon
yodpovpe P(x)) eite oy !, kot émetta va opitovue 10 Givolo:

{z| P(z)}

IoTtopikd N TOPOTAVL TEXVIRY avagépetol we Tevikn Apyxn ZvumepiAnpnc KoL eve Pold-
et va elvar avop@iebimnto cweth (edikd ov oplcovpe aweTNEG TNV €vvolo TNG OPLGTIKNAC
ouvdNKNC) umopel vo. nag odnyncel kat avty ce mapddola.

0.2.3 To napadogo tov Russell

Ac mdpovpe v (amélvta) opleTikn GUVINKN = ¢ x, dNAadn 10 = dev elvar péhog Tov
x. Kamowog @uoikd da et 01t avto e€o@dadpo dev propel vo. toyvet, dev patopel dnhadn vo
VTTAPYEL KATO0 GUVOAO T TTOV VO, OVNKEL 6TOV €0vtd Tov.'Eva mtopddetypo 1€Tolov 6uvolov
da. pmopovce va Nty 1o eENG:

U = {z| To x eivax 6Uvoro}

MOyt dnhadn kért Tov otk «To  evan apBP6e oL TEPYPdPeTaL Ge pia yoauun.» 1 «x evar 0 apdpuéc Tov
GREPTOPOL OUTAY TN GTLYPUN.».

3 Tedevtaia evnuépwon 18/2/2025, otic 10:49.



A&wuatikomoimon

[Mapatnpnote 61 U € U! Oa dovpe o1t 10 6Uvoho U dev pmopel vo vitdpgel, n 1o 6woTd Ot
H cvaldoyn U dev amotelel ouvolo. Tétolou eldoug GuANOYEC GUYVA TIC OTTORGAOVYE KATGELC.
Ac emtavéldovpe 610 Tapddofo Tov Russell kol ag dewpnoovpe T0 GUVOAO:

R={x|x¢x}

To R elte elvar pélog tou eavtov Tov elte Oxl. Av R € R 10t w¢ péhog tov R da mpémer
va. IkavoTolel T GLVINKN el6odov, dnhadn R ¢ R. Xtov avtimoda, av R ¢ R, apoV 10 R
IROVOTIOLEL TN GUVINKN €160d0V Do, TTPETeL vo. elval pélog Tov R, dnhadn R € R. Ko 611 dvo
TEPITTOGELC 0dNyovpacte 6e dtoro. O Adyoc dev elval 6TL | GUVITKY €GOS0V elval 0.6aPNC,
0AAG 611 vTTodEGapE eGPUApéva TTog To R amotelel 6vvolo.

Mia 0v6lacTIkN BeATinon TOV DA PITOPOVGAUE VO, ETULPEPOVIE GTNY GPXN TNC GLUTEPIAN-
Yne da NTAV VA, ATTOLTNGOVPE OTL TAL GTOLXELO. T NON OVIIKOVLY GE KATTOL0 GUYKEKPLUEVO GUVOAO.
Avti 1 apxN PHOLALEL OKOWUO TTLO TILGTEVLTH KADWOC OV EXOVPE £V0. GUVOAO KOL Il OPLGTIKY GUV-
INkn emdoyng pepikdv (1 kot GAwv Twv) GToelwv Tov, N GUAAOYH Tov do. PTIGEoupe dal
elvar kot avti €va abvolo (avté Tov apydtepa da Aépe vrocvvolo tTov apykov). @ ovo-
pdoovpe avtiv v apxi Afiwua Ataywpiouot (ce mpatn @don dexdelte awtdv 1OV TiTAO
amAd Gav éva dvoua):

Aflopa Ataywpiopov: Tia kdde civolo A kar optotiksy cuvdikn P vrdpyer 6vvodo B mov
mepLE el akplbwg ta atolyela Tov A yia ta omola wyver n P.

Avté 10 6Yvodo (da deiovpe apydtepa O1L) eivar povadikd kot 1o cuuBoAitovpe v :
B={xeA|P(x)}

Av viodetnoovpe ™y Bedtlwpévn apyn cvumepiinyng tote n 6vAloyn U mov oplcape dev
UIT0PEL vO. ElvaL GUVOAO KaDOC TOTE D0 PITOPOVGapE VO 0ploovpe T0 R o¢:

R={xeU|xé¢x}

omote A do. 0dnyovpactay 610 B0 ToPddoo. To yeyovig avtd pélel vo pog emnpedoet
OPKETO. GTN GUVEYELD. KODWC 0 «KOGPOC» PEGA GTOV 0TT0l0 Dl SOVAEVOLPE KOL DO TTAPGAYOUUE
HOINPUOTIRG dewpnuato dev Do €xel GUTO TTOV OTTOROAOVUE GUUTTAY, INAGdN £va. GUVOAO GTO
0TT0l0 aVNKOVY OAa. TO. GToelo TTov pehetovpe. H pn Vmapén avtol tov Guvolou €xer vg
GUVETELD, OTL TO GEIOUO DLOYOPLGUOV DEV PITOPEL VO, EPUPUOLETAL YEVIKA, TTOPA POVO ELOKA
KoL GE NON 0PLGUEVH GUVOAQ.

0.3 Awpatikomoinen

Mmopolpe va TNGOVPE Pe TN YEVIRN 0pYN GLPTTePAnyng; Puotkd, av pumopovue 6E6aia
va kGvoupe To 6TpaBa patia oe Topadolo oTwg to Ttopandve. H aindewa elvor 611 péypt
TOPA GUTN XPNGLLOTIOLOVGaUE YI0. VO, oplgovpe oVuvora. H «mpocéyyion» g Oewplog Xu-

VOA®V TIOV JEXETOL TN YEVIKN 00N GLUUTTEPIANYNG GLYNOWC avapépetal g Aeing Oswplia

Tedevraia evnuépwon 18/2/2025, otig 10:49. 4



KEQPAAAIO 0. EIXAI'QI'H

ZUvoAwv KoL, KODOC OTOTEAOVGE TN EWPLA TTOVL YPNGLLOTIOLOVGAUE dLoPOVIKA 6TNY eCEMEN
TOV POINUOTIKGOY, dEV GROTEEVOVPE €T 0VIEVL AOYW® VO TNV OITOPPIPOVE.

Avto Tov da kAvovpe €lvOL Vo TNV TIAGIGLOGOVYE Pe KatdAAnia Adiopara, TpoTacelg
7oV da TIg deXSUaGTE WC AANdeic XWPIC va ntaue kAo amédeln Touve |, Tov da détouv
TEPLOPIGUOVE GTOV TPOTO Tov opigovue cUvoda (1, av dédete, da Sievkpwigovy ToLEC GUA-
AOYEC aVTIREPEVDY 0TT0TEAOVY GUVOAQ Kou Toweg yviiotee kAdaerc). 'Etol, ta mapddola da
e€adelpdovv kat do avavewdel n ToTN pwag ota podnuatikd 2!

To meplecotepa aliwpata do ta dovpe ato Kepddawo 1. Oa avaBdlovpe opwg v Ta-
povciaon pepkov afiwudrwy (Afiwua Emiloyric, Aflwua Avtikardoracnc ko Afiwua Ka-
vovikOTHTAC) Y0, EMOPEVa. Kepdhata, kadog dev da ta ypetactodpe (o PO Pdon) Ka
(6WC NTOV ROAUTEPO VO TA. TTPOGIEGOLPE GRPBMOC TN GTIYUN TOV D0 YaC YIVOUV OTTOATOC
OTTAPOITNTO, KOTODEKVVOVTAC PE GUTOV TOV TPOTO TN 6Tovdadtntd toug. H aliwpariko-
moinon g Oewplag ZuvoAwv TTov da TAPOVGLAGoLUe urtodidetol atoug Ernst Zermelo ko
Abraham Fraenkel mov elonyoyav 1o Tepleeotepo. oo ta adwypata. Tn dewplo avtn da
™ cupBohitovpe pe ZF. Tio Toug dikovg pag okoovg da mpocdécovpe Kol 10 aflopa TN
eTmiloyne kat é16t da 0dnyndovue 6TV emkpaTéGTEPN alwpatikomoimen ZFC 3.

0.4 ’'Ola GUvolo!

Ye 6oa akohovdovv du acTacTovue T0 déypa 6Tt dAa eivar ctvoda * kat kat’ eméktacn
00 TIPOGTIAINGOVPE VO DEPUEMWGOVYE TO. YVOOTO UOINUATIKG OITTOKAEIGTIRG TTAV®D GTNY €V-
vola Tov 6uvoAov. Oa pmopovcape av dEAape Vo TPOGIEGOLYE GTN DeWPLO POC KOL ATOUC:
Avtikelpeva Tov dev elvarl 6Ovola oAAG da DEAape va To YENGLLOTIOMGOVUE WC UEAN TWV
GUVOA®Y PaC, OTIWC YLO. TOPASEY A TOUG PUGIKOVS apduovg (1] kot otdimote GALo: Ta €m-
AL TOV GTUTION O, TOUC PiAovg pag K.AT.). Etol da pmopovcaye avtoudtonc vo Ancovue
TOPODEYPATOC XAEN Y10 GUVOAD. 0pWPev. AvTl avtol do avTIETOLIGOVYE GUYKERPLLEVA G-
voha. (pe moAd Guykerpiuéveg 16TNTEC) GTOVC PUGIKOVC GPWUOVC KOl Ge OheC TIC AAAeC
€VVOLEC TIOV YPNGLUOTIOMGOVUE GTO. LodNUOTIKA. 'ET6L 0 «kROGUOC» pag da Topapeiver TToA
GTEVOC, KODOC da TepLEyel GUvola kot Timoto dAAo. EmimAéoy, pe autdv tov 1pom0 n dewplo
10V D0, AvaTTTUEOVPE 0L EVOL TTLO KOPWYN KOL [GWC TEPLGGOTEPO KOTAVONTH] OGOV UQOPd TN
Aoyikn TTov TN diETeL

""Onwg yio Tapddetypua otnv BukAeideia Tewuetpio mv mpétaon: Amd dvo onueia Sifoyetar akpiboc uia svdeia.

2 Bé6awa, da umdpyet Tvta o pehavd onpeio tov dewprpatog My-mAnpdttac ov Gédel..

3 TIoAAG amoteMéoparo. amd avtd Tov da dodue wydovy Kat xwpic 10 afivpo e emhoyic. Edistar ot 6i-
6Aoypo@io va. TOVILEToL aTd TO yeyovog Kat, yio. Adyoug mapddoong, da Tpdovpe avaAoyo KoL GE QUTEG TIG
onpeawceg. H povadikn eatpeon elvan 1o KepdAawo 6 6mov mpokepévov d6a Aépe va 1ox0ouv RODOAKA yLo
OAa Ta. GUVOda, dev Do DU WPIGOVPE TNV TEPITTTWGT TTOL eV YPNGLUOTIOOVPE TO AW IO ETAOYNC.

* Avth 1 apyf eival yvooth otn BilBAoypagia wc Apyhi Tne Ayvétitag.

5 Tedevtaia evnuépwon 18/2/2025, otic 10:49.
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KESAAAIO 1

TA ITPOTA AZIOMATA THX ZF

[ va amoBdlovpe 0It6 TOV KOGUO YOG TIC GUAAOYEC OVTIKELUEV®Y TTOV €lVOL «TTOAD pe-
YOAEC» YO VO, 0TTOTEAOVUV GUVOAO, D TIPETEL VO, 0PLGOVIE GUPNOC TL PTTOPEL VO OTTOTEAEGEL
6VOvoho kat Tt Oxt. Eival amoAditwg Aoyiko kamotog vo ore@Tel 6Tt pla 6GuAAoyn da eivar GUVOAO
VY UTTOPEL VO, TTEOLYPAPEL OKOAOVIWVTOC KATTOOLC GUYKRERPIUEVOLC Kovovee. H Umapln av-
NG NG Teptypapng da arotehel amodelln OTL N TEPLYPOPOUEVN GLANOYT aTtoTeEAel GUVONO.
To. va vhoTomcovpe avtiy Ty €0 da ypeiactovue VO TEAYUOTO:

1. ula Tumky yAocea ' ka

2. éva cUvoho kavévey 2.

A¢ ROTOTTOGTOVPE TTPWTO e TN YAWGGO.

1.1 H yAocco g Oewplag Xuvodnv

Qo Eekwvnoovpe avTo T0 KEPOAALO INAOVOVTOC PNTA TN YAWGGO TTOU da XENGLLOTIOM-
GOUPE GTO UTIOAOLTIO TWV GNPEIWGE®Y. Mia TUTIKY YAOGGO, OTTWC KoL Pio. QUGIKY YAOGGO,
TEPLEYEL KATIOLEC «AECEIC» KOL KATIOLOUG «GUVTOKTIKOUC» KAVOVEC TTOL KODOPILOVY T Yo~
POUV va. GLYALAGTOUY 0oL AEEEIC YO VO PTIAEOUV «PEAGELS» TTOV PEPOULV KATTO0 vonua. To
VOO TOV PPAGE®Y PUGLKA £E0PTATOL ATTOAVTA 0Tt0 TO vonua Twv Aé€ewv. Ta Ttapddeypa
TO VONua 0V QPEpeL n Ppacn o Tavvng eivar avdpwmog e€apTATE OO TO VONUO. TTOL PEPEL
n AEN dvpwitoc KAt KLPIWC ATIG TO «AVTIKE(UEVO» TOV avTigTotxel atn AéEn Tdvvng 3. Tia
TOUC GROTIOUG POG GE GUTEC TIC GNUELWGELS, 0 DEWPOVUE YWPIC KAULO ATTOAITWC Uvela OTL T
otoela TN YAWGGaC epunvevovIaL GOUPWVO. he TN cuvidn Toug eppnvelo (yio Tapdderypa

'MIpopavdg pio uoikn yAdcooa mepiéyer T6oec TOMEC aGdPeLec IOV dev UTOPEl va XENGHIOTIOMDEL YL TOLC
GROTIOUC [OC.

2 To a&idpara, 6eg 10 afopa Sluxwpepod Tov eldape 6TNY E16ayY, Do TAEOLY TOV POAO TOV KAVOVGY AVTGV.

3 AN 1 aAfdeta g ppdong av to Tidvvne aviiotoel otov [évvn AvtetokoUvpmo kat GAA av aviioTolyel oe
KATIOL0 TPY(WTO KOL XOPITOUEVO WO GLUVTPOPLAC.



H yAwooa ¢ Oewplag¢ Xvvolwv

10 6UPBONO € Do EPUNVEVETOL TTAVTO. WG AVIAKEL). TUVETWC KAl OL PEAGELS Do epunvevovIaL
pe T0 GuVNAN, DLOLGINTIKG pag TEOTO.

YN YAOGOO. pOg XPELLOROGTE KATIOWO OVOROTO e TO. OTIOL0. DO AVOPEPOPAGTE GTO. GU-
voha. Ta ovopota avtd PItopolv v evol «GTOTIKA», VO GVOQEPOVTaL INAUdN GE GUYKEKPL-
UEvo GUvolo, yia TTapadeyua £6tw A vvodo N va eval «Suvapikd», va TTalgovy dniadn Tov
poho petabintov. Ta cbpBola 1oV da YENGLUOTIOOVYE VIO, TO. OVOPOTA GUVNILE D, ElVaL
A, B,C, ... kot yia Ti¢ petabintéc a,b, ... ' Oa avapepdpacte 6ta mapamdve GUUBoAA ©C
T¢ uetabintéc g YAOGGaC pag 2.

O Aé&er¢ ¢ YAWGGOC pog da katackevdgovtal 6agovtag petald dvo petabAntov éva
arné ta akéAovda cvpBoda *:

- To cvubolo ¢ wwotnrac: =
- To ovubolo Tov avikew: €

Anladn yio tapddeypa oL ekppdcec a € AN A = B amoteholv Aé€eg Tng yA\wooog pog. Tig
ERPPAGELC OUTEC TIC OTTOROAOVUE ATOUIKOUC TUTTOVG, KOL, OTIK¢ KatahabBalvete, elte do elvou
oAndelg elte Pevdelc.

o vo 6uYBLAGOVPE TOUG ATOUIKOVE TUTTOVC KAL VO PTIAEOVUE ERPPAGELS e TTLO GUVIETO
VONPOTO D0 YPELAGTOVUE TOVC AOYIKOUC GUVOEGUOVC:

To ovu6oro ¢ dpvnong: —

To ovubolo tov dratevéng: v

To cvubolo Tov avéevéng: A

To ovuboldo Tov GuVveTAYWYNC: —

To cvu6odo Tov SITAnG cuVeTTaAYWYNG: <>
0T ETTIGNG KAL TOVC TTOGOOEIKTEC:
- Kadodikdg mocodeiktne: ¥V («yia kGdex»)
- Yrapéiardg mocodeiktng: I («umdpyer»)

Télog da xpnopomotovpe TIC TaPeVIEGELC (,) YO VO ATTOPVYOVPE TLXOV OUPLONLIEC.
Ot GUVTOKTIKOVC ROVOVEC TTOV YOG KADOPLLOVY TIOLEC ERPPAGELC D0 ATTOTEAOVV AOYIKOUC
TUTTOVC €lval povo dVo:

Kavovag 1: Ot atopikol ToTOL €lvon Aoyikol TOTTOL.

Kavovog 2: Av ¢, hoyol tUTtoL kou & petaBAnti 10Te Kat ot ekppdcelg (—¢), (¢ —

V), (dV ), (A1), (¢ < ), Vap, Ixd elvar Aoykol TUTOL

""Onwc kataddBare ané Tic Tehitoeg Ype1aidpacTe TOAG ard auvTd.

2 Mnv oag Ttapagevedel avtd 1o «16ovBdAacus. Ilpo@avde kat Ta ovépata GuvGALY da XENGLUOTIOLOVVTAL Ue
dUVaPIKG TPOTO, KODWG GE DUPOPETIKG TAGIGLO TO IDLO GVOPOL UITTOPEL VO AVOPEPETUL GE DLAPOPETIKG GUVONO.

3 Ta omola émwe mpoelmape da eppunvedovTaL e TOV GLVHDdN TPSTO.
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KEDPAAAIO L. TA IIPOQTA AZIOMATA THX ZF

Ot Aoykol TOTTOL 0. 0TTOTEAOVV TEMKA TIC ERPPAGELC TOV 0. PEPOVY VONUO. KOL DO, PITO-
povv va elvar eite aAndeic eite peudelc (dheg ot dAAec exkpEAGEC TNC YAWGGOC pog efval
dypnoteg). H yAocoa autn pag divel 1o Sikalwpo va er@paovpe pe amoAdTog TUTIRG TPOTOo
uodnuotikéc mpotdcelg (mmov oe PO PAGN da aPopodv GUVoAa) K¢ Aoytkovg TUTTOUC, Ot
0TI0L0L OTTOTEAOVV GAPWC OPLOUEVA LODNUATIKG OVTIKEUEVO.

Apyotepa. do. xpnopoTomcovpe Kot GAAG. GUUBOAO. IO, VO GITAOTTOMGOVYE TNV TTAPOV-
claon (6mwg m.y. 10 oVpboda €, U, N, <, K.AT). Mlo TPOKTIKA TOV €TIGNC GKOTTEVOLUE
VO, EQUEUOGOVYE EVAL VO TTOPUAEITIOVYE OGEC TEPLGGOTEPEC TIOAPEVIEGELS UTTOPOVYE, YW~
PIC OO VO, PTAGOVYE GTO GNUEID VO TTPOKOAEGOVPE KATOWO AU@IGNIC WC TTPOC TN GELPd
eQPOPUOYNE TOV Aoykwv cuvdéopwv. Tédog, da ypdpovpe (Ja € A)p kar (Va € A)p avtl
yio Jda(a € A - ¢) ko Ya(a € A — ¢) avtictoyo. [lapatnpenote 0Tt 6TIC ERPEPAGELC OUTEC
n petabAntn a elvor decuevusvn amo Toug Tocodelkteg. 'E1ot yio va edéyfovpe av o Ao-
YIKOC TUTOC €lvol aANdNG OVOYKAGTIRG Do TPETEL Vo, eAéyEovpe GV N GLVINKY TTOL OPILeL
0 TUTog ¢ wyveL Yo Gheg Ti¢ TIEG e petabintig (yio Gha ta 6Towelo Tov Guvélov A
dMAadn) 6TV TPWTN TEPIMTWGN, 1 AV VIGEYEL T YO TNV OTolo IGYVEL N GUVITKN GTN
devtepn mepimtnon. Auto dev cupbBalvel yio ™ petabAnt A n omola elvol eAevdepn peTo-
6Antn 6Tov TUTO. Q¢ €K TOUTOV N GANDELD TOL TUTIOV €EUPTATOL OITO TN GUYKEKPLLEVN TLUN
10V Do dodel ot petabinmn A L. Av o Aoyikde TOTOC ¢ TIEPIEYEL TIC EAEUDEPEC UETABANTEC
ai,az, ... ,ay da MAOVOLYE QUTO TO YeYOvog ypdpovtog ¢(ay, as, ..., a,). Otav mAéov éxouv
D00l TIUEC 6TIC eEAeVDEPEC PeTO.BANTEG, Yio TTapAdelyua oL Tipég A1, Ag, ..., Ay, o yodpouvpe
¢[A1, Ag, ..., Ay kou Do elpacte AoV Ge Déon va. e€akplBOGovYEe av 0 TUTIOC elvar 0ANdING
elte OyL.

Kdamoto¢ da avapwTiEtol pimwg Topo. Lo TTOV €XOVPE GTO. XEPLO KAC €VOV TTOAN) GUYKE-
KOLUEVO KOL TEPLOPIGUEVO TPOTIO VO. ERPPALOVUE GUANOYEC OVTIKELUEVOV EXOVUE KOTAPEPEL
va amoBdlovpe avtée mov dev amotehodv Guvoda. H amdvtnon eivar 6yt 2. Xpetatdpa-
OTE OTTOPOITNTA KAL KOVOVEC TOV D0, RODOPILOUY TOLEC OKRPIBWC ATTO OUTEG TIC TEPLYPAPES
avTIGTOL0VV Ge GUVOAQ KoL TToteg Teplypa@éc oyt (avtéc avtictowolv Ge yvijoiee kAdGeLC).
Mu\@vTag pe oA xovdpoeldn Kot dLoGdNTIKO TPOTI0, do. AEyape OTL 0TV €vag AOYIKOC TUTTOC
ERPOALEL 10 GLAAOYY] OVTIKEWWEV®Y, AVTN EIVOL GUVOLNO OTOV TO. GVTLKEUEVA TTOV TEPLEYEL NON
aviikoVV GE KATT0L0 GAN0 GUvolo (dTtwg ev OAiyNg pag emtdecet 10 alwpa doxwplopoy, Ze-
Ada 4). Tlapatnpenete 6Tt aVTOC 0 Kavévag dev entapkel amd pévog Tov, KAdOC TEOVHTTOIETEL
™V UIapEn evog GLVOAOL OANG 0 KOGUOC KaC KEYEL GTIYUNC eivan kevAg (Sev Tepiéyel kavéva
amohitwg 6vvoro)! O kavdveg Tov ypelodpacte eivar Guvolikd evvéa. Toug TpWToLC ATd
avTov¢ da. TOUG BOVPE GTIC TTOPAYPAPOVEC TTOV GKOAOVIOVV.

1.2 To afiopa e Ektacng

'OTTw¢ avaQEpape KAl GTNV EIGAYWYN, N TPOTOEYIKN £vvola 6t Oewplo Zuvolwv eval
n €vvola tov avikey. Mio e€lcov GNUAvTIKY €Vvvolo OpeG eval KoL 1 €VVOLo. NG LGOTNTAC
petald Vo cuvddwv. Av Vo civola elvar oo émetar mpo@avag 6t (agod yapaxtnpio-
VTOL OTTOKAELGTIKG, KOL GVO OTT6 T0. 6ToLelo. TOUG) da TTPETEL va. TepLéovy arplBog To. 1dia

! @upndeite 1o Tapddetypa g ppdong o Tdvvne eivar dvdpwoc.
2To {z |z ¢ x} amotedel pia xapd meptypagn Guvéiou!

9 Tedevtaia evnuépwon 18/2/2025, otic 10:49.



To a&iwua ¢ Extaonc

otoyela. To avtioTPo@o, To OTL dV0 GUVOAX TTOV TEPLEXOLV TO. IOLO. GTOLElD elval (GO, DV
elval e€loov poavég. ECetarovide 1o vt To TTplopa TNC AOYIKNG YITOPOVPE VO. GREPTOVYE
TIOAMEC TLOPOUOLEC KATAGTAGELS OTIOV ylo dVO GVTIKEIPEVA LoYVeEL Pio. Kown Wotnto aAld
avTo dev GuveTdyeTal OTL Ta. avTikelyeva Tavtigovtat. Eival cuvenwg amapaltnto va mpo-
cdécovue o1 dewpla pac eva aflwpa mov da ekppdler auto OV SLAGINTIKA DewWEOVUE

6woTo L.

I. Alwpo Ektacng: Avo cvvola eivar ica avv mepiéyovy ta idia akplbo¢ croyeia.

H mpdétaon avtn ek@pagetal TUTIKG pe ToV 0ROAOVIO AOYIKO TUTTO:

VAVB(A=B < (Yz(z e A< x € B)))
Oa dexdovpe TV aANdeLn CUTOV TOV TUTTOV YWPIC VO OITOLTNGOVIE TTPWTO VO, SOVPE KATTOLO
amodelln tov. O THI0¢ 0VTOC aTtoTelel TO TTPWTO alwpa TNE eWPLOC POC.

[ToAY Guyva avagépovpe kal TV €vvola Tov TTEPLEXecdal petald dV0 GUVOALV.

Opwopog 1.2.1. Av A, B civoha, 10 A mepiéyerar oto B (1 elvar vrocuvolo tov B), av
KGOe aToelo Tou A elvar koL 6Totyelo Tov B. ®a cuuBolifovpe aUTO TO YEYOVOC YOAPOVTAC
A ¢ B. Av grumiéov woyver 61t A # B da. ypdgovpe A c B.

‘Ocov a@opd v TuTKY pag YAoooa, da. ypagovpe A € B avtl ywa tov 1Omo Vz(x €
A - x € B). Tlopotnpnote 0Tt uTd¢ 0 THTTOC elvar oAndng avv 1o A elvol vIToGHVOAo Tov
B 2. TIoAb e0koha umopodpe va amodeifovpe ° Tic arkdhovdeg diéTnTeC.
IMpotacn 1.2.2. 'Eotw A, B, C 6Ovoha. Ioytovv 1o akdrovda:

1. AcA

2. AcBrae BcCtote AcC

3. AcBraa BC At6te A=B

Ia vo amodelfovpe TNV TPITN TPOTAGN O YPELAGTEL PUGLKA VO, KAVOLPE ETIIKANGN TOV
AGoparog L.

! Auté elvar 0 kowd poti6o ce GAa Ta agipato.

2 Mo 6wotd, T0 GUvoAo TTov éxovpue avticTorioel 6N petabAnTi A elvar UTOGUVOAO TOV GUVGAOL TOL ExOUpE
avteToyice ot petabintn B.

3 Am6deiEn ot yAdooo e Oewploc Tuvédev Tov opicaye elvar (Tumikéd) pio akohovdia AoykGY THTTOV GOV
KGde TUTOC TNG elte elvan allwpa, elte elval LVITODEGT, €lTe TPOKVITTEL OTTO TPONYOVPUEVOUC TUTTOUC PEGH TOV
kavova Modus Ponens: A6 toug TOI00¢ ¢ — 1) KO ¢ TTPOKRVTTTEL 0 TUTTOC . O TpéTter va dexdolpe emtiong wg
aiwopoata ta Aeyopeva Aoyika Aéiduara g Hpwrobddutag Aoyikric Twov kaDoplgouy Ti¢ WdTNTEC TTOL SLéTOVY
TOVC AOYIKOVE GUVSEGPOVC KAl TOUC TIOGOJEKTEC. AEV UTTALTOVPE OTTO TOV AVOYVOGTN VO, KOTOGKEVALEL TUTTIKES
aToSEeIEEIC Y10 TIC TIPOTAGELS TIOV UVOPEPOVYE GTIC GNUEIDoelg avTeC. O aTtodellelg pag da TaPOVGLALOVTaL pe
TOV GUVIAIN «(OAAPOG» TPOTIO Ttov da Bpeite e RADE PAdNUOTIKG Kelpevo. Oa GuveyiGoupe OUOC VO ATTOITOVPE
0Tl T0 KADE ETIYElPNUA TNG OTTODELENG GULTIONOYEITOL OITO TIC VTTOJEGELS 1] OTTO TO. OELOPOTAL.
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KEDPAAAIO L. TA IIPOQTA AZIOMATA THX ZF

1.3 To aflopa tov Kevov Xuvolov

‘Ontw¢ mpoeimtope dev o ELIGAYOVUE GTOV KOGUO UOC «EEWTEPIKA>» OVTIKELUEVO. AVTO PU-
OIKG. evEyeL ToV KiVOUVO 0 KOGUOG Uag TeAkd va mopopeivel kevog (ardpo kat av epleiye
€CWTEPIKA AVTIKEIUEVA OUOC UTTOPEL KOL TTAAL VO U1V TEEPLELXE TA. OVTIKELLEVO. TTOV €XOVY eVOLOL-
P€pov yia epdg, o auvora dnhadn). TV avtd yperatdpacte éva allwpa Tov da ekppdier TNV
UTtopln evog Tovhdytetov Guvolov. Tloov Guvolov Gpwg; Aoy dev popovye va €xouvye
€va 6OVOLO IOV TTePLEXEL OO TO. GUVOAD. ¢ TTEPAGOLUE GTO AANO GKPO KOL O¢ {NTNGOVYE VO
vTGpyet éva GUvolo Tov dev TepLéyeL Timota !

I1. ASiopo Kevod Zvvodov: Yrdpyer civolo mov dev mepiéyel kavéva Grotyelo.

'H oAog FAVz(z ¢ A). To obvolo avtd elvar povodikd cvppova pe 1o Allwpa 1. Oa
XENGLUHOTIOOVPE TO GUUBONO B YLa. va avapepdodue Ge auté 2. H akélovdn mpdtacn amotelel
plo. eVKkoAn TOpATNENGY.

Mpotacn 1.3.1. Ta kdde chvoro A wydet 61t & € A.

Towg 6og¢ aAveTaL Avey YONUOTOC VO. ETLYELPNGETE VO TOJEEETE OTL KADE GTOLELOV TOV
@ avikel 610 A, 0T0 TN GTIYPN IOV TO J deV TEPLEEL KAVEVA ATTOAITOE GTOLELD. ZuYVA Yio.
V0o, artodelfovpe pla TPATAGN TOU 0POPd TO KeVO GUVOAo pag Bodevel vo epappuoGoLue TN
Aeyopevn Amaywyn oe Aromo. Tlapodelypotog xGon TV TOPOTAVG TEOTOGY] UITOPOVYE VA
v amnodeifovpe wg eENG:

Anodeién g Iporacnc 1.3.1. "Ecte (wpog dromo) 61t Sev oyvel n oxéon @ € A. Avtd on-
palver 0Tl LITAPYEL GTOLKELD TOL & oL dev avnkel 610 A. Atomo, KODNC TO & dev TEPIEYEL
KaVEVO GTOLYELOD. O

Avti 1 amodektiky uédodoc (660v apopd 10 KeEVE GHVOLO) GUVAIWC LOLALEL TILO KITIGTIKN».

1.4 To aflopo tov Zgbvyoug

ArOpo Kot pe TNV UTTOPEN TOU KEVOL GUVOAOL 0 KOGUOC UOC TIOPOPEVEL ATEATILGTIRA
adelog. Oa xpelaoTel vo. elGAyovpe Yo GELPd OTT0 adlopata ToV do. eyyvovvTaL TNV VLITOEEN
KO GAA®Y GLVOAWLV. @0, PTOPOVGAUE VO, DOVPE AVTA TO. AELOPOTO KOL KOG RUVOVEC TTAPOYWOYNG
GLVOAWY OTT0 NION KATUGKEVAGUEVO. GUVOAQ. Oa dewpovpe 6UVOAD. arplBOC TIC GUANOYEC TTOV
TPORVITTOVY OIT0 GUTOVC TOUG KOvOveg. ‘Oheg Ti¢ Aotteég GLANOYEC Do TIC DewpPovpe YVNGLEG
kAGoelg (6w ylo topddeypo v KAdon dAwy Twv cuvddwy Tov edape 610 Kepdiato 0).

' Dioco@ikd. piAdvtag, da pmopovcape va Todue 6Tt T0 GUVORO AUTE TEPLEXEL GAA Ta GHVOAA TOL KGGUOV UG
péypL aVTAY TN oTIYpA.

2 @a. umopotoape eVOAAAKTIKG va dewpioovpe 10 GOUB0A0 @ e ™ povadiky otadspd e YAbeoa pog (ov
QUGG TNV eppnvedovpe wC To Kevé GUvolo TN daicdnoic pag) kat va mpocdécouvpe 6to Aflwpa I Tov im0
VA(Vz(z ¢ A) - A=0).
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To afiwua ¢ Evwonc

To Tp®TO 06 OVTA TA ALWRATO PaC EYYVATAL TNV VTTOPEN TOL GLVOAOL TTOV TEPLEYEL
akptBic dvo pén 1. Oa dhcovpe katevdelay Tov Aoyl TUTTO TOL EKPEALEL VTS TO YEYOVOC.

II1. A§lwpo Zevyovg: VrVyIdAVa(ae A< (a=zVva=y))

To 6ivodo avtd 1o amokalovpe Sicuvolo, eivar povadiké (Aéyw touv A&wpatog 1) kot 10
ovpBolicovpe pe {z,y}. [lapatnpnote otL av © = y T0TE €(0VLYPE TO povoovVolo {x}. Me 10
TOPATAVE OLlWPa 0 KOGUOC HOC OTERTNGE TTOMD KOWVOVPYLO. OVTIKEUEVO, UEPLKO OTO T

oTola. elval T
o, {2}, {{2}}, ..
0T KAl TO. (VYN PETOLL AVTOV:

{2 {2}} {2, {{z}}}, {2}, {{a}}),

KOL TO. ZeVYN TV {ELYWV, KOl OVT® KODECNC...

1.5 To alopo ¢ Evwong

Aocpévov 3o cuvohwv A, B evar TTOAD XpNGLLO va. €XOVUE €VO. GUVOAO TTOV TIEPLEXEL WC
pEAN akplBg T péAn Twv dVo GuVOAwV. Tn GuAAOYN CUTN GTOLEIVY TNV ATTOROAOVUE EVWON
twv A, B. Tinota duwg Sev pog eyyvdrar 61t elvar ghvoro. Oa Swcovpe pia yevikétepn (ko
1GYVEOTEPN) LOPPN TOV UELWUOTOC TTOV YPELALOUAGTE YIa va EVOGouUe dV0 GUVOAD. Ge €va
oUvolo. Oa mtnoovpe 1 évwon piac oAGKANENC otkoysvetac > Guvélwy va amotehel GHVOAO:

IV. AGopa’Evoong: VFIUVz(zeU < (3X € F)(x € X))

To Givoho auté eivar povodiké (Aéyw Tov Alidpatog 1) kat da 10 GupBoligovpe pe TOAAOUC
TpOTTOVC:

U = UF
— UIX|XeF)
= UX
XeF
= {zeX|XeF}

‘Otav éxovpe €voon petald 300 GUVOALY, OTTHC TAPUDEIYUOTOC YAPN GTNY EIGAYWOYIKN TTO--
pGypo@o, da ypapovpe A U B. Anhadn:

AuB=|J{4,B}

' H aaidewa etvar 6t dtav ddcoupe kat to afiwua tov aneipov (Zedida 36) 1o ativua avté dev da pag yperdtetar.
To avagépovpe Gpwg yatl pagl pe 10 allwpo keEvoy GuVOAOL aToTEAOVY Pio TTOAD KOAN KoL TPOGLTH 0.peTnpio
TNV OELWPOTIKY KOTUGKELT GUVOADV.

% popavée M owoyévela avt eivar cHvoro. Tov 6po otkoyéveia edG TOV YPNGIUOTIOLOVUE VIO VUL GTAGOVUE
KGTTWC TN povotovia. Apydtepa da opicouvpe TuTKG owoyévelee cuvérwv (TTapdypagog 2.3.1).
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KEDPAAAIO L. TA IIPOQTA AZIOMATA THX ZF

Meta oo 10 Allwpa IV o kdcpog pag dev Tepteyel povo PovoGUVOAD KOl SLGUVOAC.
Ieptéyer yia mapddetypo cOvola ue n Gtowyeia yo kGde uosd apdué n . O TAndwdc
apduoc TWV GUVOAWY 0. PaC OTTOGYXOAIGEL TTOA) 0 PYOTEPQ, KADWC 0 KOGUOC pogC Bploke-
TOL aROPO GE VNTILOKY @Aon Kot Sev Teptéyet oute kKav apduoig (1660 pdAAov TARAIKOUC
appovg).

1.6 To aflwpa Tov AuvopoGuvolov

‘Eotw cvvoro A. Eldape mpw mwg opltovtar 1o vitocvvora tov A (Opopdéc 1.2.1). H
GUAAOYN OUOC TWV VITOGUVOAW®Y TOV OTOTEAEl GUVOAO;

V. Afiopa Avvopocuvorov: YAIPYz(re P« x c A)

To G¥vodo avté elvar povadiké (Aéyw tov A&iwpartog I) kat To GupBolitovue wg P(A) 2.

Mopatnenon 1.6.1. Ioyde ot P(@) = @ kv P({@}) = {2,{2}}.

1.7 To aflopa AtoxwpiGpon

To aflwpa Siaywperopol (yvwotd km wg Afiwua Eéaidikevong i Afiwua Yrocuvolov) 1o
avo@épape KoL 6NV eloaywyn. O pOAOg TOL elval vo. TTEPLOPLLEL TN YEVIKT] 0.pXN GLUTEPIANYNG
KOL VO OC €YYLATOL, 0edopévov Guvolov A kot 0pleTikig cuvdnkng P, 6Tt To vIToGUVoAO
tov A OV TTEPIEYEL €VOL GTOYElD T avv P(x), amotelel 6uvolo. Evdeyopévwg kamolog va
éxel EVOTAGEIC WC TTPOC TNV OVAYKALGTNTA Tov >, Apkel g va TpooTadicel va oploel éva
GUYKEKQPLUEVO VTTOGUVOAO UEGH TOV LTTGAOTTLY allwpdTev yio va Teedel . ESo da dwcouvpe
UL TTLO ETTLGNPN KOL GVGTNEN DOTVTTOGN TOV.

Optopdg 1.7.1. Optotikii Guvdikn amokalovue KGde Aoyikd THTIo ¢ 2.

DUGIKA AUTO TIOL POC EVOLOPEPEL EVOL OV 1 OPLOTIKN] GUVONKN LOYVEL YLO. KATIOLO GU-
YKEKPIUEVO OVTIKEIPEVO. LUVETIOC GTOV TUTO ¢ 0. TPETEL VO. ERPUVIETUL RATTOLO. ENEVIEPT
petabAnTi TOv av avVTIKATAGTAdEL OTT0 TO €V AOY® OVTIKELUEVO DO KAvVEL TOV ¢ OAndY elte
Peudn.

! Mrtopeite va Bpeite kdmoto Tapaderypo;

2 Kémoieg popéc aupbolitetar kat o¢ 27, alld o cupuBohicude avtée oo Tapdy kelpevo pmopel va mpokaiécel
OUPLETLEG.

} Mg da pmopovcay Ta VITOGHVOAA evég GUVGAOL va Ny elvar GHVOAa;

* Av 10 UTTOGUVOAO Elval TETEPAGUEVO (GWC KATIOLOC ETTIUOVOC VOl UTT0pEGeL va 1o opicel. ‘OTav 10 LITOGHVOAO
Opwg elvar amelpo ta TPAypoTa duekoAevouY KOTA TOAY. [TpoTtpexovpe GUwS, RODWS dev PToPOLYE UROPO. VO
eyyundovpe v UTapn Grelpwy GuVGALY (Kot PuGIKE Sev éxovpe PARGEL Yo TNV TANIIKGTNTA TWY GLUVGAWY).

3 No. tovicoupe e3¢ 611 0 Aoyikde TUTTOC ¢ dev ypeldietal va eivan amokpiotuog, dnadh va vitdpxet dudwacia
mov vo. eEAéyyel av eivar ahndeic elte dy1. Mac apkel amhd 10 yeyovdg 6Ti eite efvar aAndig eite éy (mépav
omotacdnimote aupiBoliag).
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To aliwua Aiaywoicuov

VI. Aflopa Atoyowpiepov: ‘Eote opiotiki cuvdikn ¢(x) tote:

VAISYVz(z e S < (x e And(x))))

To 6Ovoro avtd elvar povadikd (Adyw Tov Adiwpoatog 1) kot 10 GupBolitovpe ypdpoviag:

{zeAlo(x)}

[Mopotnpnote 61t yia kAde TOTO P(x) €xovpe Kal Eva duopeTiko aflopa. To Alwua VI
oty ovola amotelel éva allwpatiko oynua. Ag dodpe puepkd TAPOSEYPATO EQAPPOYNG TOV.

Ocwpnpa 1.7.2. Ta kdde un kevn owkoyévelo GuVeAwY LTTAPXEL Lovadikd GHVOAO TTou Tre-
pLéxel akplBwg To GToLElD TTOV elval KOWA. 6e KADe PéAOC TNG.

Amodeiln. Oewpovpe tov Aoyiko tomo ¢(z) = VX (X € F - z € X). A 10 Allopa IV
mtalpvovpe 10 6Vvoho U F' kar antd 1o Allwpa VI 10 6ovoho I = {x e UF | VX (X € F -
x € X)}. Téhog 10 I etvar povadikd Adyw touv AGiwpatog 1. O

Opwopog 1.7.3. "Ecto owoyéveln cuvodwv F # . To 6hvolo Tov mepiéyet akplbog ta. 6ToL-
Yela TTov elval Kowd 6e kAde péhog Tov F' 1o asoralovye toun touv F kot 1o cupBolitovpe

pe N F.
Aot tpomol va. GupBolicovpe TNV Topn ToL Guvolov F elvar or akdiovdot:

I = ({X|XeF}

:ﬂX

XeF
= {zeJF|VXeF(zeX)}

‘Otav éyovpe Topn petald dYo cuvolwv da ypdgovpe AN B (dndadi An B =N{A, B}).
Opwopog 1.7.4. Avo civolo. A, B kahodvial Eéva av An B = @.

Oewpnpo. 1.7.5. '‘Ectw cdvola A, B. Yrdpyet povadikd civolo Tov mepléyel akplbog Ta
otoela Tov A mov dev avnkouvy ato B.

Amodeln. Amo 1o Aflwpa VI maipvovpe 10 6vvoro {x € A | x ¢ B} mov elvar povadikd
Aoyo Tov A&wpatog 1. O

Opiepog 1.7.6. 'Ecto civoda A, B. To 6hvolo mov meptéyet akplbwg ta ototyeia tov A mov
dev aviikouv 610 B 10 amokatovpe Stapopd twv A, B (N kaw 6yeTikd cuumijpoua ! tov B
w¢ Ttpog 10 A) Kkat 10 Guubolitovpe pe A \ B.

1 , , , , , , , , . ,
[MopatnpnaTe 0Tl «ATTOATO» GUUTTANPWP.O. OV PTTopEL vo. LTTAPLeL KODMS aVTO do. TPOVTTOIeTE TNV VITAPEN TOV
GUVOAOV OAWY TV GUVOAWV.
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KEDPAAAIO L. TA IIPOQTA AZIOMATA THX ZF

1.8 ‘Alye6po. GuVOAWYV

Ot a10delelg TV aROAOVIWY TTPOTAGEWY APTVOVTAL WC GGKNG.

Mpo6tacn 1.8.1 (Npor Avtipetadetikétnrac). ‘Ecto A, B civola. leybovv 1o akdrovda:
. AuB=BUA
2. AnB=BnA

[Mpotacn 1.8.2 (Ndpot Mpocetarpiotikétntag). ‘Ectw A, B,C cdvoda. loyxdovv 10 akd-
Aovdau

l. Au(BuC)=(AuB)uC
2. An(BnC)=(AnB)nC
IMpotacn 1.8.3 (Ndopor Empepiotikétnrac). ‘Eoto A, B, C civoda. loydouvv ta akdlovda:
. Au(BnC)=(AuB)n(AuC)
2. An(BuC)=(AnB)u(AnCQC)
IMpotacn 1.8.4 (Ndpor De Morgan). ‘Eotw A, B, C cOvola. loybouv ta akdlovda:
. Cx(AuB)=(C~A)n(C~B)
2.CN(AnB)=(C~A)u(C\B)

Ackncelg

r

1.1. Amodet&te v [Mpdraon 1.2.2.
1.2. Amodeite v Mapatnpnon 1.6.1.
1.3. Amodeite v potaon 1.8.1.
1.4. Amodeite v Ipdtaon 1.8.2.
1.5. Amodei&te v Ipdtaon 1.8.3.
1.6. Amtodeite v pdtaon 1.8.4.

1.7."Eotw oUvolo A. Aei€te 61t loyvovv ta akéhovda:
L. Ug =9

2. U{A} = A. loyber 61t UA = A4;
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Alye6oa cvvodwy

3. Aug=A
4. Ang=9g
5. AuUA=A
6. AnA=A

1.8."Eotw A, B, C cvvoha. Aeite o1t (AnB)uC =An(BuC) avv C c A.

1.9."Ecto cOvola A, B. Aeite 6Tt 0. akOAovdo. elvar 1GodUuvaua:

1. AcB
2. AuB=1B
3. AnB=A

1.10."Ectw cvvora A, B pe A c B. Tote UA € U B. Av emumdéov A + @, tote N B ¢
N A.
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KEDAAAIO 2

YXEXZEIX KAI ZYNAPTHXEIX

‘Ontwg do. dovpe, PIopovpe vo. KOADPOLPE TOAD dPOPO pe TO TPOTO €8l adlopoTa TNG
ZF. Avartopevkto oumg da pTAGOLPE Ge £€va GNPelo TToL da g XPEWGTOVY KUl TO. LTTO-
Aowrto. Méypt va €pdet autn n VPO, Do 0PLGOVYE OGO TTEPLGGOTEPT. UOINUATIRG, AVTIKEIUEVA
kot évvoteg pog divetal n duvatdtnta. [a v akpiBela, avtd oL do KAVOVUE eval VO ava-
TOPAGTHGOVYUE TO. OVTIKELLEVO. TTOV DEAOVUE VA 0PIGOVUE PEGH KATIOLWYV GUVOAWY, €XOVTOGC
TAVTO. ©OC GTOXO KOG TO. GUVOAG GUTA VO LKOVOTIOLOVV TIC WDIOTNTEC TTOV LKAVOTIOLOUY T, OV TL-
KelpEva OV avaTopleToyv. e ToAEC Tepticelg ouwg (av oyt oe Gheg) Ta. GHvora da
IRAVOTIOLOUY KOl KATToleg TopdmAsvpec ddtnteg (Tov (6w vo unv éxouv olvte Kav vénuo
ylo. Ta. avTikelpevo, ovTd Kadeavtd). Avth n emumAéov Soun Twv GUVOAwY umopel va elvat
apKetd evoyAnTikn Al ce kGde mepimtwon eivar akivduvn . Oa emavéAdovpe 610 dépa
otav da £X0LUE 6T YEPLO UG KATIOWO. GUYKERPLUEVO TTOPODEYUATAL.

2.1 Awatetoypevo {evyn

Q¢ YVOOTOV TO GTOLEl TWV GUVOAWY deV €YOUV KATOWO. GUYKERPIWEVN Gelpd. Ta To-
pddetyua yia omowadnmote a, b weyvel 6t {a,b} = {b,a} 2. Kadoc eldiotar ota podnpatid
va. opitovpe oyéoelg kal GuVapTHGEC péow datetayuévov fevydy (] n-adwv) da Tpémel vo
Bpovye kATTOLOV TPOTIO VO BAAOVYE GE GELPA TO. GTOLYELD, VLo TTAPAdELypa Tov Guvolov {a,b}.
"Et6t da propodye vo WAGUE YLO. TNV TOWTN KOL YL0. TN SEVTEON GUVTETAYUEV] TIOV POLL OTTO0-
Tigovv 10 datetaypévo evyog (a,b). H Baoikn Wbidtnta mov amartodpe va oyveL ylo. avto
TO OVTIKEIPLEVO OVAPEPETOL GTNY TPOTAGY] TTOV GKOAOVIEL.

Mpotaon 2.1.1. T k&de a,b, c,d wyder 61t (a,b) = (¢, d) avv a = ¢ kar b = d.

H €tepn 1810tnT0. TOL TPETEL UTOPAITNTA VO, EXOVV TO. JOTETAYUEVO. LEVYN, YE TPOTO

1 , , , , , , , , , , ,
Y1t v €vvota 0Tt dev da Loy vEL KATOLO. IBLOTNTO TWV AVTIKELUEVWY, ECALTIOC TNG ETTAEOV doPNg, TTOV eV LGYVEL
OTNY TPAYUATIKOTNTA.

2 . ,

Mmopeite va 10 amodeilers;
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Awaretayuéva tevyn

oToLelo amo To 6uvoho A kat devtepo Ao 1o 6Uvoho B, elvar 6Tt 1 GUAAOYN TOUC OTToTEAEL
GUVOMo.

Mpétacn 2.1.2. ‘Ecto un keva cvvoda A, B !, Yrndpyet povadiké civoro mov amoteheita
arpBoOC aTo T0. datetaypéva evyn g popeng (a,b) pe a € A kar b € B.

TUVETWC, YIO. VO ELGAYOVUE DOTETAYUEVO VYN GTN DEWPLO YOG OPEINOVPE VO. OLVOTIOL-
paotioovpe To Levyog (a,b) pe TPomOV TWa ©oTe Vo kovomotovvtar ot [lpotdoeg 2.1.1
kot 2.1.2. O akéhovdog oplopog anodidetar 6tov Kazimierz Kuratowski.

Opopog 2.1.3. Awatetayuévo {evyoc pe mo@dTn GUVTETAYUEYN T KoL SeUTEEN 1 KAAOVUE TO
ovvodo (z,y) = {{z},{z,y}}.

Ac ehéyCoupe ot 0 Oplopdg 2.1.3 wavomotel TIC OTNTEC TTOV ETDVUOVYE.

Amodeén e Mporaonc 2.1.1. Tio 1o evdV, Tapotnpovpe 61l av a = b t1e:

(a,a) = {{a},{a,a}} = {{a}, {a}} = {{a}}

Axo v vrodeon wyver ot (¢, d) = {{a}}, dnradn {{c},{c,d}} = {{a}}. O pdvog 1pdI0OC
va woyvel autd evar v éxovpe {c} = {c,d}, dnhadn ¢ = d, ko {{c}} = {{a}}, ondte TeAa
a=b=c=d.

Av a £ b, a@ov (a,b) = (¢,d), énetar 6Tt

{{a},{a, b3} = {{c}, {c, d}} (2.1

Apa. vitapyovy dV0 TEPUTTOGEL YLO. TNV TPOTN cuvteTaypévn tov (a,b): {a} = {c} 1 {a} =
{¢,d}. H deitepn mepimtwon dev pmopel va oydel kadog t0Te do. TPETEL va €xovpe ¢ = d,
on6te (pe avdloya emyeipiuota pe ew) da loyve 61t a = b = ¢ = d. Tuvenog (amd 10
Allwpa 1) énetar 61 a = c.

Azté 1 (2.1) mpokiITOUY KAt dV0 TEPUTTOCELS Yio. TN SevTepn Guvtetaypévn Tov (a,b):
{a,b} = {c} 1 {a,b} = {c,d}. H mpdtn mepintwon amoppintetar (kaddg a # b) kot ard v
devtepn, agov a = ¢, (amd 1o Aliwpa 1) mpokintel 611 b = d.

To avtioTPOPO TNE TTPOTOGNC EVOL TIPOPOVEC. O

Arnodeién e poraong 2.1.2. Ané 10 Allwpo IV vrdpyer 10 6hvolo A U B kot a6 10
Alopa V 1a givora P(Au B) kat P(P(Au B)). Am6 1o Agiwpa VI vidpyet o 6vvodo:

{zeP(P(AuB))|(JacA)(3be B)(x={{a},{a,b}})}
70 0TT0l0 €lval Povadiko Adyw Tov Adiwuatog 1. O

Opopog 2.1.4. ‘Eotw un kevd odvodra A, B. To kapteciavo yivouevo A x B tov A enl tov
B elvar 10 6vvolo Tov amoteheltar akplBoO¢ a1to Ta datetaypéva evyn g popeng (a,b) ue
a€Axobe B.

LAnhadi A + @ ko B + @.
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KEDPAAAIO 2. YXEXEIY KAI XYNAPTHXEIXY

Yuyva 1o 6Uvolo A x B 1o cupBolicovpe wg:
AxB={(a,b)|acAxabe B}

A¢ emavéldovpe 6e 660 GuNTOLGOUE GTNV 0PYN TOL Kepalalov. [lapatnpnoete 6t VY-
ewva pe tov Oploud 2.1.3 n PO cuvtetaypévn Tov Levyoug (a,b) elvar vITOGUVOAO NG
devtepng, N akopa {a,b} € (a,b)! Autéc puowkd elval WLOTNTEC TTOVL eV TIC €XOLV TO. dlate-
TayUEVa {eVyN TTOV YPNGLUOTIOLOVPE GTO LadNPUOTIRG. OGO GRETTTIKIGTNC KOL VA EVOL KATTOLOC,
elval EPPOAVEC OTL, EQOGOV 0 0PLOPOC TOL LeVYOULC TTov dwaape tavomotel v [lpotaon 2.1.1,
UTTOPOVUE VO 0yVONGOVYE TNV eTULITAEOV SOUN] KOL VO, GUUTTEPLPEPOROGTE GTA {eVYN Ue TOV
oVYNIN TPOTI0. AVLTO D0. pog 0dNYNGEL OKPLBWC GTIC IBLEC GUVETIELEC TWV PODNUOTIKOV UE TO
fwe TOPA YYOGTA pag evyn L.

EOKkOAG pItopolpe vo. YEVIKEVGOVUE TOV 0PLGUO TOV EVYOUC GE N-AdEC OVTIKELUEVWY KOL
TOU KOPTEGLOVOD YWVOUEVOU VO GLUVOAWY GTO YLVOUEVO N GLVOAWV.

Optopog 2.1.5. Tia kGde 1,29, ..., Ty, OOV N PUGIKGC pe N > 3, N N-G8a. (T1, T2, ..., Ty)
opleTaL 0vadPopIKka w¢ eENg:

(1’1,1‘271}3) = ('rla ($27$3))

(.’,12‘1,.1‘2, awn) = (1'17 (x27 7xn))

Opwopog 2.1.6. Tio kGde un kevd cOvoha Aq, As, ..., A,, 6TOV N PUGIKGC pe n > 3, TO
KOPTEGLOVO Yvopevo Ap x Ag x - x A, opltetar avadpopird o¢ e&ng:

A1><A2><A3:A1><(A2><A3)
AlXAQX..-xAn:Alx(AQX...XAn)

TvpBoMcpog 2.1.7. ‘Otav éxovpe 10 KAPTEGLAVS YIVOPEVO £vOC PN Kevoh GuvOlou A pe Tov
€0UTO TOV N POPEC, OTIOV N PUGLKOC Pe N > 2, Do. YPNGLIOTIOOVYE TO Kopypotepo A™.

2.1.1 Zévn evoon

Mio. xpnown évvola ywa 6co. da dovye 61N GLVEXELD elval N Evvola NG EEVNC Evwon .
Ouundeite 611 dVo clvoda A, B eivan &éva avv An B = @ (Opioudc 1.7.4). Te avtiv v
Tepitwon N évwon A U B mepiexel akptbwg 1060 6Totyelo. 060 T0 ADPOLGUA GTOLYELWY TOV
A kot tou B. Kamoleg @popég Ypeladpacte vo TApovpe €vo. GUVOAO TIOL €)el TNV TOQOTTAVK
WoTNTO. aKROpa kar 6tov ta. A, B dev elvar Léva.

Opwepog 2.1.8. 'Ectw pn keva civoda A, B. Oplovpe ™ EEvp £vooi] Toug, GuUB0ALGUAG
A+ B () Aw B av 10 6bpBolo + propel va mpokadécel aupionuio), o¢ 10 6hvolo:

A+ B = ({g} xA)u({{g}} xB)

"'To pévo mov trdpe ard Tov avayvdoTn Ge OVTEC TIC GNUEIOGELS, GE GYEoN pe boa HiEepe amd 10 TapPeAdSY,
elvar va dupdtor pepikd mapamdve afidpoata kat vo. Sexvdel pepikéc apamdve (axpelacteg) Widtnteg TV
OVTIRELPEVOV.
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Xyéoelc

Duoikd 1 emdoyn v cuvodwv {F} kar {{@}} oTov mapamdve opoud evar evieAdg av-
daipetn (apkel uévo va elvar Eva).

Mo onpovTikg TOEOTAENCN TV da. TPETEL VA TTPOGECOLYE elval OTL dev Loyvet 0Tt A ©
A + B. Auto elval 10 Tipnpo Tov YPELAeTNKE Vo TANPWGOLYE Yo VO «Kavoupe» T0. A, B
&eva.

2.2 Xyxecelg

E@ocov avamnapaoctnoape 1o dlatetaypeva (evyn 6Tn 9enplo. Pag YIToPOVKE VO 0PIGOVUE
GXECELC KAL GUVAPTNHGELS KOTA Ta. YVWoTd. XT0. padnuatikd (SipeAic) oxéon R eivar 1o 6ivoho
TWV SIOTETAYREVOY ELYWY, OTIOV 1 TTPWOTI GUVTETOYUEVT] «GYETILETAL» e TN deTEPN. AV 1GYVEL
om (a,b) € R cuvndwg 10 dnhavovpe ypapoviag aRb (6mov otn déon oL Gupbslov R
@avTacTelTE KATO0 YVOPLUS Gag GuuBolo Gyéong, TT.y. < 1) =).

Opwopog 2.2.1. ‘Ecto pn kevd cVvoha A, B. Awediic oxéon (1 okéto oxéon) amd 10 A 610
B kaleitar omotodnmote vitocuvolo R € A x B.

Mo oxéon @uotka anotelel 6Ovoho Adyo tov Afiopatog VI.

Opiopog 2.2.2. Xxéon oo (un kevo) cdvoro A kadeltar omolodnmote vItocivolo R € Ax A.
"Exouvpe ndn oploel kGmoleg GYEGELC TTAV® GE £€va TUYOY GUVoOAo A. A¢ Tic duundolye.

Mapdderypo 2.2.3. 'Ecto un kevé givoho A L,

- Xyéon wortnrac oto A: H oyéon wotnrog petald tov otoyelov Touv A elval 10 6Ovolo
=a={(z,y) e AxAlz=y}.

- Xyéon tov mepiexecdar oto A: H oxéon tov meptéxecdat petald dVo vItoGuvVoAmY Tov

A etvar 10 6Uvoho Su= {(X,Y) e P(A)xP(A) | X cY}.

- Xyéon tov avikewy oo A: H oyéon tov avnkew petald evog ototyelov KL evog LITo-
6vvolov 1ov A elvar to 6Uvolo €4= {(z,Y) e AxP(A) |z eY}.

Duoikd av eivar Eerddapo e moo A avagepdpoacte (1 dev €xel ko 1don onuocia) do
avagepduacte oTic oyéoelc Tov Hapadelypuaroc 2.2.3 ypdpovrag amhd =, €, € 2.

Ev3ia@£pov Tapoucidel 1o «aviieTpopo» epdtnua: Aocpévng plag oxéong R (mtov dmog
TPOE(TOPE GTA LAdNUOTIRG elval va GUVOAO SLaTETAYUEVOY LELYOPLOV) VTIGEYEL GOVONO TOV
otolov va amotelel oyéon (cVp@wva pe Tov Oplopd 2.2.2);

! Tlapotnpnote 611 ot évvoleg TNC 1GGTNTOC, TOL AVIKELY KL TOL TEPLEYEGDAL AV DV TEPLOPIGTOVY GE KATOLO
ovvolo dev amotedovv oxéon! O AGyog elvar OTL dev PItopel va TTPORVPEL ROPTEGLAVO YIVOPEVO, VTTOGUVOAO TOV
otolov da elvar aut N GYéon. AuTo dev onuaivel PUGIKA OTL dev PUTTOPOVPE VO, XPNGLLOTIOOVPE Ta. GUUBOA
=, ¢, € yia yevikd covoda (dupndeite 611 oplcape T0 voNa T0UC TEW 10 AvaPEpovpE we GYéaelc). AuTtég sival
0 AGyog Tov 3@ To. epmhovutiovpe pe Tov delktn A, kadwg déAovpe va Tovicoupe OTL Ta BAéToLPE W GUUBOAN
oyéong.

2 H dumhy epunveia 1ov cupboiev =, S kat € (o¢ obubola ¢ YAdocag ka o cVubora oxéone) dev da mpo-
KaA€ceL TTPOBANPO. GE 66O, AKOAOVIOVV.
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KEDPAAAIO 2. YXEXEIY KAI XYNAPTHXEIXY

IMpotacn 2.2.4. 'Ecto oxéon R kot éoto A =UJUR. Téte Rc A x A.

Arnodeén. Tapatnpovye 6t av (a,b) € R téte (amd tov Opopd 2.1.3) {{a},{a,b}} € R.
Yvvertog {a} € UR kar {a,b} e UR, dpa a,b e UUR, 1 ahag a,b € A. Avto onpatver ot
(r,y) e Ax A, apa Rc A x A. O

SUVETIOC YO VO GITTOVTNGOVPE GTO TOPOTTOVD EpOTNUO apKel vo. avapépovpe o1t 10 UU R
agotedel GUVoAo Adyw Tov AGwuatog IV. H mapandve mwpdtacn pog diver 10 «dkalwuos»
va opltovpe Géoelg xwPIlg va ovagépovpe PNTa T0 6UVOAO 6To omolo opitovtat. 'Etot, tov
KEVTPIRO POAO Do TOV £)eL N GYEGT KaL OYL TO UNTPKO GUVOAO.

Optopog 2.2.5. 'Eotw oyéon R kat éot0 A = UU R. Opltovpe 0. axéhovda civola. :
1. To medio opiouov ¢ R elvar 1o 6uvoro dom(R) = {z € A | Jy((z,y) € R)}.
2. To medio Tipwv ¢ R evar 1o bvodo ran(R) = {y € A| Jz((x,y) € R)}.

To yeyovog o1t ta dom kau ran elvor 6UvoAa. Tnydget and ta ASwpota IV ko VI. Khetvovtag
ag 0pleovue TIC n-pelelg oyécelg, yio n > 3.

Optopog 2.2.6. 'Ecto cdvoro A. Ta kdde @uokd n > 3, n-uedi¢ oxéon oto A rkalelton
omolodnmote vtocgvvoho R € A™.

2.2.1 TeleGTéC GYEGEWV

Ye autnv TV TOPAYPa@o da doVpe KATTOLOUC TEAEGTEC TTOV —dPWVTAC TOV® GE GYEGEC—
pog divouvv kawvovpyleg oxéoel. Toug TePLGGOTEPOVC OITG QVTOVE DOl TOUC YPNGLUOTIOOVUE
uévo hvew oe cuvapticeic (pla eldikn katnyoplo Gyécewv). Ouwc eival 6tTn VoM TOV Padn-
UOTIROY, OTOV PTTOPOVY VO, YEVIKEVGOUV Wi €VVOLO. 1] V0. ATTOTEAEGUA, VO PNV OVTIGTEKOVTOL
GTOV TELPAGUO.

Evar 1o karpdg va atopatneovpe vo Sikaloloyovpe yatl plo GuAAoyN oTtotelel GUVOAO.
Ye 660, arkoAOVIOVY Da avaPEpovpe OTL KATL VAL GOVOAO, PNVOVTOC TNV TUTIKT] ALTIOAGYNGN
(c1wTNEd) vg GoKNGN TPOC TOV AVOYVHGTY.

Optopog 2.2.7. 'Eotw pn kevd oivoda A, B ko oxéon R € A x B. H avtictpopn oyéon tng
R elvau n oyéon R = {(y,2) e Bx A| (z,y) € R}.

Optopog 2.2.8. 'Ecto un kevd ocbvoha A, B, oxéon R € A x B kar S ¢ A. O mepiopioudc
¢ R oto S evaunoyéon RS ={(z,y) e R|zeS}

Opiopog 2.2.9. ‘Ecotw pn kevd civoha A, B, oyéon R c Ax B kar S ¢ A. H ewdva tov S
péow g R elvar 10 ovvoro R[S| ={y e B| (3z € S)((x,y) € R)}.

Optopog 2.2.10. ‘Eotw pn kevd ovvodla A, B,C kat oyéoeig R € Ax Brar S € BxC. H

ovvdeon g S pe v R etvan n oyéon So R = {(z,y) e AxC'| (3z € B)((z,2) e RA(z,y) €

S)}.

! @ewpriote 611 éxovue TPOGIEGEL TOV GLUBOMGUG TOV LEVYOUC GTOV KATAAOYO PE TIC GUVTOUEUGELS TS YADGGaC
pag.
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2.2.2 Idi0tNTEC GYEGEWY

IToAY GuYVa oL GYEGELC TTOU 0PILOVUE KOL PEAETAPUE €XOVY KATIOEC WIOTNTEC TTOV TOUC
TPOGAIDOVV KATIOLOV GUYKEKPLUEVO «XOPAKTNEO>. [0 Tapddetypa, yio. Tn 6Y€oN TNG LGOTNTOC
TPORVTTTEL OTL & = T, N OTL OV T = Yy T0Te iy = X, N OTL OV & = Y ROL Yy = 2 TOTe & = Z.
ZYEGEIC VIO TIC OTOlEC LGYVOLY AVTIGTOKEC WOOTNTEC e TNV LGOTNTO €XOVY TOV YXOLAKTINEO
™G toodvvaulag. ANNeC GYEGELS, OTIOC VIO TOPAJELYIO N GYECT] TOV KUIKPOTEPOL ELTE (GOL
GTOLC PUGLROVC APLOPOVC, TPOGOIBOLY GE €v0. GUVONO KATOL0. £vvola didtalng. Xe auTny TNV
TOPAYPAPO Do DOGOLYE OVOPATO. GE UEPIKEC ATIO TIC IBLOTNTEC GYEGEWV.

Opepog 2.2.11. ‘Ecto oxéon R 610 6vvoro A. Oa Aépe 61t n R eivan:
1. Avtomradng avv yo kade x € dom(R) woyver 61t z Rz,
2. Zvppetpikn avy ywo kade x,y € dom(R), av woyvel o1t z Ry 1ote 1oy vel eniong ot y Rz,

3. Meta6atikn ovv ywo kade x,y,z € dom(R), av woydel 61t Ry kar yRz to1e 10y Ve
emiong ot xRz.

Mopaddeypa 2.2.12. ‘Ectw un kevé 6dvoro A.
- H oyéon w6otntog 610 A elvar avtomadng, GURUETPIRN KoL WeTABOTIRY.
- H oyéon tov mepiéyecdat 6o A elvar automadng kot petabotikn.

- H oyéon tov avikew 610 A pmopel va elvar uévo petabotiki, kadog T ¢ T yio. kOde
1
reA’.

Opwepog 2.2.13. Mia oxéon R 610 clivoho A elvar avricuuuetoks avy yio kGde x,y €
dom(R) av xRy kot yRx émeton 611 © = y.

To va docovue €vo TOPASEYUO. OVTIGUUUETPIKNG GYEGNC TTOL KOC EVOL YVOPLUO OTT0
TO, LOINUOTIKA DO XPELAOTEL VO «SOVELGTOVUE OTTO TO UEANOV>». ATV TNV TPUKTIKA D0 TNV
enavaldBovpe OROUA UEPIKEC POPEC, OAAA UOVO YO €VO. GOVTOUO YPOVIKO SLAGTNUA.

Mopadeypa 2.2.14. H oyéon < 100 pikpdtepov eite (6ov 6ToUC PUGIKOVC 0.pWPOVS efval
OVTIGUPUETOIKT, KODWE WC YVOOGTOV av . < m KoL m < n TOTE 1 = M.

Opopog 2.2.15. Mia oxéon R S A x B eivar I-1 avv yia kGde y € ran(R) vmdpyet povadikd
x € dom(R) této10 wote (2,y) € R. H R elvan el tov B avv ran(R) = B.

Mopadetypa 2.2.16. ‘Ecto pn kevd civoro A. Tote:

'H aaidewa eivar 611 dev pmopodpe va omodeifovpe 61t & ¢ x (extdc omé pepikée eldikéc TePUTTHoELC, deC
‘Acknon 3.6 kat [pdraon 5.1.8). Oa ypewactel va mpocdécovye éva aglvpa mov 10 e€ac@uliter auTd:

Aglopo Kavovikotnrag (1 Oepedioong): VA(A+ @ — (Jac A)(an A = 2))

To aflopa TNG KAVOVIKOTNTAG dev oL HOg XPELOGTEL GE TTPOTN PAGT, VIO AVTO TO OVUPEPOVIE TPOGWPWA UGVO
©C VTTOGNPELWG.
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- H oxéon ¢ wotntag 610 A eivon 1-1.

- H oxéon 1ou mepiéyecdat 6to A eivan emtl (aAAG 6yt 1-1). To (Bio woydet kau yio T Gxéon
TOV PKPOTEPOV ETE GOV GTOVC PUGLKOV.

- H oxéon touv aviikew 610 A dev eivar ovte eml (Adyw Tov @) ovte 1-1.

2.2.3 Xxfceig 1Godvvapiog

Optopog 2.2.17. Mia oxéon R 610 6ivoho A elvar ayéon toodvvapiac oto A (1] 6réTo oyéon
16odvvauiag, av 10 givoho A evvoeltal amd 1o cuuppeaidueva) avv dom(R) = A kar elvar
AUTOTIOING, GLUUETPIKN Kat petaBatikn |

Y10 Mopddeypo 2.2.12 eldape 611 n 6Yéon wotntag 610 A eivan oxéon weoduvapiog (pd-
AGTO elval N «IKPOTEPN>» —mC TTPOC TN GXEGN TOL LVITOGUVOAOL— GYEGN LGODVVOUIOC TOV A,
Acknon 2.5). O 6yéoelg 16oduvauiag propovv vo. pog Swcovy pe oA QUGG TPOTo Pl
aTTOGUVIEGN TOV GLVOAOL Ge EEVO. 0va dVO GUVOAA, OTIOL N €VKGT TOUC TIEPLEXEL OAC. TO. GTOL-
¥eto. Tov Guvodou. O GPOC TTOVL XPNGLUOTIOLOVUE VIO GUTEC TIC GITTOGUVIEGELS elvaL OtauepIon.
H 316tnto. auti elvol ToAD XenoLun Yo Toug GROTTOUG KOG KODOC dNULOVPYEL KOVOVPYLA GU-
vola azto Ndn vrdpyovto. Io va 1o dodpe avtd do. XPelacTel Vo, SMGOVUE TPWTO, KATTOLOUG
0pLGPOVC.

Optopog 2.2.18. 'Ecto pn kevé ovvoro A. Eva civoro P pn kevev vocuvolwv tov A
KOAETOL Staueoion ovv:

1. yio kGde a € A vitdpyer S € P této10 wote a € S kau
2. ya kade S, T € P av S + T tote 10. S, T elvan E€va

Optopog 2.2.19. ‘Ecto oxéon R 610 civoho A ko z € A. Oewpoipe 10 6Ovolo [z]g = {y €
A| xRy} 2. Tty mepintwon 6mov n R eivar 6yéon wwoduvapiag o [x]r 10 kKahodue kAdon
16odvvauiac v T .

H ak6Aovdn tpoTtacn elvar po. GUecn GUVETELD TOV OPLGROY TWV KAGGEWY LGODVVUUIOG.

Mpotacn 2.2.20. ‘Eotw oxéon wodvvaplog R 610 civoho A kar z,y € A. Tote xRy avv
[z]r = [y]r. Extlong, = € [y|r avv [x]r = [y]r.

Optapog 2.2.21. "Ecto oxéon wwodvvapiag R 610 6dvoro A. Opltovpe 10 gvodo mniiko tng
Rwc A/R={[z]gp e P(A) |z € A}.

Elpacte mAéov 6 déon va datuntwcovpe 10 Osuehiddec Oedpnua twv Xyécewv Icodv-
‘4
vautac *.

! Kdmotog tovnpde da oreqrel 611 av pia oxéon eival GupUeToR: Kot petabatiki Téte do. elval Kal aVTOTOdNC.
Avtd dev oyvet ev yéver (Aoknon 2.6).

% To [x]r evar Gtvoro Aéyo tov A&iduatoe VI yia tov Aoyké tomo ¢(y) = (z,y) € R.

3 0 bpog «kMdon» éyel emikpothcel otn BlBMoypapia, TapPGAo TOL AVAPEPSUAGTE Ge éva GHYOAO.

* TToAS Baphydouto Gvopa yia éva GYETIKG. 0mAG ATOTEAEGUAL...
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Ocwpnua 2.2.22 (Oepehiddec Oevpnua Zyécewv looduvapiag). ‘Eotw cyéon wwodvvapiog
R o710 6uvodo A. To cdvoho A/R amotelel diapépion tou A.

Amodeln. Tapatnpovpe 61t yia kGde x € A woydel ot x € [z|r. 'Eotw [z]R, [y|r € R/A pe
[]r # [y]r kRt éoT0 (TPOC GTOTO) 611 [T|R N [Y]R #+ @."EoT0 2 € [X]R N [Y]R, TOTE TRZ KAL
yRz 1, AMoyw ¢ ovppetpwotrog ¢ R, zRy. A v petabotikotnto tng R €metar 01t
xRy, dpa y € [z] g, ko and v [pdtaon 2.2.20 énetar on [z|g = [y]r. Atomo. O

Ioyver emtiong kat 10 «aVTIGTPOPO» Tov Oewpnuatog 2.2.22:

Oevpnpo 2.2.23. 'Ecto P dwopépion tov cuvolov A. Yrdpyet oxéon wodvvapiog R oto A
we A/R = P.

Amodeiln. Oewpovpe ™ oxéon R = {(z,y) e AxA| (IS e P)(x e SAye S)}. HR
Tpo@avag elvar Gxéon wodvvapiag yo v omola el 61t A/R = P (Aéyw g Tpdtng
Widtnrag Tov Opiepoy 2.2.18). O

Oa NTav TOA) YENGLLO VO, UTTOPOVGaPE VO eTAECoVUE YI0. KGDe GUVOAo A plag dapé-
pong P évav avrimpoocwito, dnhadn éva ctowelo a € A, kol vo gTidoupe €161 €vo. GUVOAO
QVTITIPOGHTTWY. 10, 0G0, £XOVUE DEL PEYPL TOPA TITTOTO. DEV PG EYYVATOL OTL AUTO ELVOL EPIKTO.
‘060 SIGTAKTIKOL Kat av eipacte da TEETEL va TPOGIEGOLYE éva Kavovpylo alloua .

VIL(i) ASiwpo Emloyng: Kdde Siauéoion éxet 6Uvodo aviimpochmwy.

Oa emavéNdovpe 610 afivpa emhoyic e Aiyo 2.

2.2.4 Xyéceg datolng

Mmopovdpe vo TOVPE OTL Ol GYEGELC LGODLVAULOG YEVIKEVGOY VTIO Wl0. €VVOLO. TN GYEoT
NG LGOTNTOC. XE VTNV TNV TAPOYPAPO 0. ETXELPNGOVPE VO. YEVIKEVGOVYE TN GXEGTN TOU
CMKRPOTEPOV elTe 1GOL»: Oa. oploovye TIC Aeyoueveg oyécelc diaralng, oL omoleg Baovy Ge
celpd. (peptkd 1 6Aa) 0. GToyela evog Guvolov. Edkola propel va yiver avtiAnmtd 61t yio
va uTtopel va To Kkdvel auté wa oxéon da meémel va elvar avtomadic 3, uetabatiki ¢ kot

AVTIGUUPETPIKT .

Opepog 2.2.24. Mia oyéon R 610 6ivolo A elvar axéon pepwkic didracng ( oréto did-
taén) tov A avv elval 0vToTadNg, petaBoTIKN KoL AVTIGUUUETPIKY. Z€ GUTAY TNV TEP(MTWGN
da Aépe emiong 61t 0 6UvoAo A elvar pepika¢ datetayuévo vg mpog Ty R.

Mopadeypa 2.2.25. H oyéon < eivar 6yéon Stdtaing 6Toug gueikoic aptduoc.

O 06p0¢ peptkn YPNGLLOTIOLETAL £3® KADWC DEV EVOL UTTOPAITNTO VA LoYVEL OTL OTOLOON-
1t0Te 3V0 GTOLYELD. TOV GUVOAOL GYETICOVTOL AUTO elval EPPAVEC GTO OROAOVIO TTOPADELYUAL.

' Tévta da mpémet va eipacte Si6TAKTIKOL GTO Vo TPOGIEGOLUE KATTOW afiwpo 61N dewpla Uag.

2 @a emavéldovye kat apy6tepa 610 Kepdawo 5, BAémovtag kamoleg oatd Tic BUGIKEC EPOPUOYEC TOV..

3 To oroiyelo = elvar Tetpppéva eite uetd and 1o = elte oy Bia déon pe avTd.

* Av 10 y efvat petd amté 1o = KAl 1o z Petd ard o y, Téte 10 2 da eivar (akdua TT0) petd and To .

> Av 10 i efvat petd omé 10 ¢ Kot T0 & petd amd 1o y TéTe Ta ¢,y da elvar oty Bla déon, dpa da Tavtigovrar.
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Maopadeiypo 2.2.26. ‘Ectow pn kevé oivoro A. H oxéon tov mepiéyecde oto A (Iapd-
dewypa 2.2.3) elvar didraln. ‘Opwg pmopel va vrdpyxovv X, Y € P(A) yo ta omolo va ynv
wyvet 61t X €Y ovte o1t Y € X (mhpte yo mopddeypo dvo EEva vtocivora touv A).

Opiopog 2.2.27. Mo oyéon didtane R 610 civoro A kadeltar odwri Sidra&n (h yoauuiki
Sara&n) tov A avv kdde dVo croyeia Tov A elvor cuykpica, Snhadn o kGde z,y € A
wyvel ot xRy 1 61t yRx. Te avtnv v Teplrtwon da Adue 0Tl T0 GUVOAO A elvar odikd
diaretayuévo wg mpog v R.

Moapadeypa 2.2.28. Oewpnote 10 GHVOLO (LYOV PUOIKOV APWPOV KoL TN ddTaln R pe:
(a,b)R(c,d) avwa<ckab<d!

H dwdtagn avtn dev elvar ohikn, kadwog to tevyn (0,1) kou (1,0) dev elvon cuykplotpa: Av
toyve ot (0,1)R(1,0) n (1,0)R(0,1) tote da €mpeme va woyver ot 1 < 0.

Mapadeypa 2.2.29. OewpioTe T0 GHVOAO (ELYOV PUGIKGY GPWPGY, GAAG AUTAY TN POPA
ue ™ dwataln R pe:

(a,b)R(c,d) avv elte a<c, elte a =c rar b< d

H diataln avtn etvar ohikn. Tn didraln avtny v amokadovye Aefikoypapikn didraén yotl
duulger Tov TPOTO TTOL Srevdetovpe TIC Aé€elg oTa Aegikd.

TvpuBoAopog 2.2.30. Kadoc ot Slatdlelc «TarTomoloUv» 10 6Totyelo evoC GUVGAOL G KA-
010, GELPA, elval TOAD BoNANTIKG VO, XPNGLUOTIOLOVPE TOV TAPOGTATIKO GLUUBOMGUO < 4 vl
Yl0. TO KATWC Kevo vonpoto¢ R. Me avtdv 1ov 1pomo yivetar dpeca avTiAnitd otL av yio
Tapddeypo x <4 y 10TE 10 = Bploketan morv (1] elvar wikEOTEPO) OT6 TO Y, GUUPWVO TAVTOL
pe ™ <4.°010av 10 A gvvoeltar and Ta cup@paopeva. da amhoroovpe Tov GuuboMopd ypd-
@ovtag = < y 2. Av yia 800 ctowyela z,y € A yvopiiovpue 61t x <y Kot 6TL 2 # i Do ypdpouvpe
x < Y, OTILC eTIONG AV yvwpliovpe 0Tt dev toyveL 0Tt x < Yy da. ypapouvpe T £ .

Zuvndwg KOg eVILOPEPOVY BOPEC TTOL ATTOTEAOUVTOL OTTO €vo. GUVOAO Kot pio didtaln ce
avTd. AVTEC TIC DOUEC PTTOPOVYUE VA TNG OVATIOPAGTNGOVIE UEGW EVOC DLATETAYUEVOU LEVYOUC
(oVt0¢ WeTE KA AVTEG VO ATTOTEAOVY GUVOMO).

Optopog 2.2.31. "Eoto oxéon didralng < 610 ativoro A. Karovpe  dopn (A4, <) (pepwd)
<) oAikd dare-

, <
Satetayuévo yipo *. Av emmhéov 1 < efvar ok 6T KaAovpe TN doun (A,
TAYUEVO YDPO.

Ba ypelacTel vo. avoTtTOEOLYE TNV ATTAPCITNTN 0POAOYLO. TTOV TAGIGLOVEL TOUC JLATETAY-
HEVOUC XWPOVC.

! Egetdote av dvtwg amotehel Sidraln.

2 To yeyovée 6Tt xpnotpoTolodye 10 GOIBOAO TOL «UIKPGTEPOV EiTe (GOV» TV PUGIKGY aPWUGY dev eval Tuxaio.
Aev mpémel dpwg va 60g TPOoKaAel GUYXLoN auTh N katdyenon cupBodiouod. OUtwg 1 GAAwg Sev €xouvpe opioel
OKOPO. PUGIROVG 0PPOVE, 0VTe KATIOW DGTAln G AVTOUC.

3 Avotuxde oty eAdnviki 6l6Aoypagia dev LITdpxel GLYTOPGTEPO Gvopa yia aUTHY T Sopn. Ttal ayyAikd xpn-
GLUOTIOLEITOL 0 OPOC poset TOL TPOEPYETAL OTTO TN GUVTPNGT Twv Aé€ewv partially ordered set.
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Opwopog 2.2.32. ‘Eotw (A, <) datetaypévog yopog kat a € A. To a rodeltar edayiotiko
OTOLYEID TOV YOPOL OVV Y0, KGDE aTotyelo x € A woyVeL OTL T £ a, KAl UEYIGTIKO GTOL(ELD OVY
yio kGde otoyelo x € A woydet 6t a £ x.

Opopog 2.2.33. 'Eoto (A, <) datetaypévog xwpog kat a € A. To a kodeltar eAdyioro oToL-
XEI0 TOV XWPEOV avv Yo KGDE GToelo - € A 1oyVeL OTL a < X, KoL UEYIGTO GTOL(EID AVY YL
KGOe oToelo x € A woyvel 011 x < a.

Mopadeypa 2.2.34. ‘Ecto pun kevé 6Ovoho A kot 61w S4 1 6xéon Tou meptéyecde 1o A.
Oewpnote tov dotetaypevo x0po (P(A),C4). Tote 10 & elvar EAGXIGTO GTOLELO TOV XWEOL
Kot T0 A péyioTo.

Mopadeypa 2.2.35. ‘Ecto pn kevd civoro A kot éotw A = {X e P(A) | (Vz e X)(Vy €
X)(z = y)} (3nhadi 10 6Uvoro Twv povocuvolwv pe ototela amd 1o A). Oewpiote Tov
datetaypévo xwpo (A1, S4,), 0Tov C4, N oxéon Tov TePLExecde oto Aj. Tote kAde oTOKELD
oV Aj elvar eAayIGTIKG KOl TOUTOYPOVO. UEYIGTIKO, eV eV LTTAPYOVY EAGXIGTO 1] UEYLGTO
oTOLYELC.

Mopatnpnon 2.2.36. 'Evag datetaypévog x0pog propel va éxet ToAG ehaytoTIkG 1] peyt-
GTIRG GTOL(ELDL, OV OPWC €XeL EAAYIGTO 1] PUEYIGTO GTOLKElD CUTO Do elval povadiko, AOYw TNG
OVTIGUUUETPIKOTNTOC.

Opopog 2.2.37. 'Ecto (A4, <) dwatetaypévog yopog kot a € A. Kalodpe apyikd turpa tov
a 10 oVvvohro seg_(a) = {x € A | x < a}. KAewot0 apyiko tunua tov a kKoAovpe T0 GUVolo
seg<(a) = seg(a) L {a}.

Mopadeypa 2.2.38. o kGde PGS apWWd n > 1 wyve dttseg (n) = {0,1,2,...,n—1},
eve yia n = 0 woxvet 61t seg (0) = @. Opowg seg (0) = {0}.

Zuyva TO EVILOPEPOY POC GTPEPETUL GE EVOV VITOYWPEO €VOC LUTETAYPUEVOV XBPOV KOL GTO
OV OUTOC £XEL UEYIGTO 1 EAAYLGTO GTOLYELO.

Opiepog 2.2.39. Ecto (4, <) dwtetaypévog ywpog kat S € A. Tov yopo (S, <g) émov <g =
<Nn(S x §) tov amokahodue vTaywpEo Tov xWpou (A, <).

YvpBaon 2.2.40. ‘Otav éxovpe évav datetaypévo xwpo(A, <) kat évav vrtéywpd tov (S, <g)
da. ypnotpomolodpe (kataypenotikd kot AL 10 6OUBoAo < 1660 yia T ddTaln Tov YHEoL
0G0 KOl yLo. TOL LITOYWPEOoL. ETtiong, Do avapepduooTe GTOV VITOXWPO GNUELOVOVTOC UOVO TO
obvoro S (ta vidhoura da evvoodvtar amd TPATEPN AVAPOPG TOL YWPEOL).

Opopog 2.2.41. 'Ecto (A4, <) datetaypévog xopog kot a € A. To a kalelton dvw @odypa
€VOC LITOYWEOV S avv yio. kKGdE GToelo = € S wyveL OTL & < a, ROL RATW QPOAYUC OVV YL
KGOe atotyelo x € S woyveL 6Tt a < .

Opopog 2.2.42. 'Eoto (A4, <) dutetaypévog x0pog kat S vrtdywpdg tou.’Eva ave @pdypa
a € A tov S kahelton eddyioro dve pedyua ( supremum) tov S avv wGyveL 6t a < b yo
KGde GANO Gvw @EAaypa b Tou S.
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Optopog 2.2.43. 'Ecto (A, <) Satetaypévog x0pog kot S vitdywpog tov.’Eva kato gpdypo.
a € A tov S kodeltar uéyiero kdrw gedyua (M infimum) tov S avv Gyvel 611 b < a yia kGde
aANo KAT® PEAyRa b Tou S.

Mopadeypa 2.2.44. OewpnoTe TOV SOTETAYUEVO XDPO TV PUGLKWV 0ROV, UE TN GLVAIN
diartagn, kat Tov VITEYWEO seg (1), Yo KAV PUGIKS 1 > 1. Téte KADE PUGIKAC M pe m > 1
elval Ave @eaypa Tov seg_(n) eved To supremum Tov ival 0 1 TOL lval KAl PEYIGTO GTOL L.

Mopadeypo 2.2.45. Oewpnote TOV SIOTETAYUEVO XWPO TOV GUVOAOL LELYOPLYY PUGIKGOY
apuov g poperc (1,n), pe ™ AeCikoypagwn didtaln (Mapdderypa 2.2.29). Tote kGde
cevydpr g popeng (0,m) elvar kGtw @paypa, evo 1o (1,0) evar infimum kot eAdyioTo
oToyelo.

Mopatnencn 2.2.46. To supremum kat 10 infimum evéc vdywpov (av vdpyxovv) eivar
novadikd, (stdAL AGyw TNG OVTIGLUPETPIKGTNTOG).

Optopog 2.2.47. Evag viidywpog S evig datetaypévou ywpou (A, <) kakelton alveida tov
YWPOL 01OV elval OMKE dlatetayuévog K¢ TEOC TV <.

[Mapaderypa 2.2.48. o omolovdimote @uotkd n > 1 o vdxwpog seg.(n) amotedel ahv-
otda.

Aev da ddcovpe dAlovg oplopoig (€xovpe dwoer 18N Thpa TOAAOVG). ‘OTL TEPAITEPW
YOELAGTOVYE AVOPOPIKG e TIC Gxécelc ddralng da 1o oplcovpe entl 1émov (6Aéme Keqd-
Aaio 5).

2.3 XuvapTtneelg

Qo oploovpe TNV €VVOLQ TNC GVVAPTNGNC KC GXEGT OTTOV VL0, KADE TIPWOTN GUVTETUYUEVN
TV PeAOV TIC vTTapyel povadikn devtepn cuvtetaypévn. 'Etol yio kGde doioua g cuvap-
TNONG 0. LITAPYEL POVODIKN EIKOVA TOV 1] OAAOC POVADIKY TLun.

Optapog 2.3.1. 'Ecto pn kevd odvora X, Y. Zvvdptnon and 10 X o10 Y elvar pia oyéon
f <X xY ywa v omola wyvdet 61t yio kAde x € dom(f) 1o f[{z}] elvan povocivodo.

YvpBohcopog 2.3.2. Avti yia f € X x Y cuvndwg ypdgovpe f : X — Y. Emiong, cuuBohi-
tovpe pe f(x) to povadikd otoyelo tov f[{z}].

[Tépa amd Tov TOPATAve GUUBOAIGUO da XENGLLOTIOLOVPE KAl dLAPOPOVE GAAOUG TPO-
TI00¢ ylaw va. dnhwcovpe pla cuvaptnon. Na wapdderypa da ypdpovye f(x) = H tun ¢
ovvdptnong yia 1o x 1 (av 60pOpacTeE va avoQEPOLPE GROUO KOl TO GVOUC TNG GLUVAETN-
ong) (z — H s tov x).

O Opwopog 2.3.1 dev elvar aOANTOC GUUP®VOC Pe TNV OVTIANYN TOU €ovpe YO TIC
ovvaptnoeg. Mio ouvapTNoN «KAveL KAT»: AVTIOTOLEL €va OPLOPO GE PLO. EIKOVA, GUVN-
dw¢ PHEow KRATTO0V KOVOVO. Elval dnhadn €va «evepynTikO» AVTIKEPEVO KOL OXL KOTL GTUTIKO
omw¢ éva ouvolo! Ekel ov amotuyydver o Opiopdg 2.3.1 elval 6To Vo, OvaTTapaGTNGEL TOV
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KAVOVO, €0PEGNC TNG EKOVOAC, KODOC GTTOTLTIOVEL OVO TN GLANOYN TOV {ELYOV OPLOPA-TLUN.

I 4 , , Suoh . 1 _ (z+1)!
10, TOPAJELYPOL Ol GUVAPTNGELS GTOUC PUGIKOUG apduovg pe f(z) = x+1 kar g(z) = 5+

OVOTTOPLOTOVTOL e TO (810 GUVOAO, OL KAVGVEC VITOAOYLGPOU TOUC OUOC DLOPEPOVY KOTA TOAD.

Bé6aia, yio Toug GROTONVEC GUTOY TOV GNUELWGEWLY, N ovaTtapaetach Tov Opeuov 2.3.1 etvar

vmepapketh L.

Opiepog 2.3.3. "Ecto un kevd civoha X, Y. Opitovpe 10 GUVOAO TOV GUVOPTAGEWY AT6 TO

X 610 Y wc e&hc: 2
(X =>Y)={feP(XxY)|(VzeX)3lyeY)((z,y) € f)}

Mopatnpnon 2.3.4. To civoro (X — V) eivor pepika¢ dlotetaypévo wg Tpog T GYéon
Tov TEpLEyecdaL 6to P(X x Y).

"Exovue 131 opicel 6Aec tic (yvwotég) évvoleg mov agopoivv pia cuvdptnon: To medio
0p1GUoY KoL To TEdio TV opicTnkav 6tov Opioud 2.2.5, N avticTpoen Guvae™on > Kat N
ovvdeon cuvoptioeny oty Mapdypago 2.2.1, kot ot évvoteg 1-1 ko extl 6tov Opoud 2.2.15.

H ak6hovdn mtpdtacn €netol Apeco. oIto TOLC 0PLGROVC.

Mpdétacn 2.3.5. 'Eotw cuvdpmon f: X x Y. H f! efvar ouvdpon avy n f eivar 1-1.

Opopog 2.3.6. 'Ectw pn kevo ovvoro X. H tavtotiki cuvaptnon tov X elvar n uvaptnon
ldx : X - X pe ldx(z) = x yio kdde z € X.

Mio. évvola Tov da. pag Qovel XPNGLUN GTN GUVEXELD, EIVAL I EVVOLO. TNC YAPAKTHOICTIKIC
oVVAETNONG EVOC GUVOAOU.

Opwopog 2.3.7. 'Ectw un kevé civoho A. H yapartnoiotiki cuvdptnon tov A elvor n 6u-
vapton xa: A - {@,{0}} pe:

{@}, avzeA

€Tr) =
xa(e) z, aANOC

IMpémel vo. onueiwcovye dVo TEAYUOTO Yo, TOV TOPATTAvL 0ptoud. ITpotov, oplcaye Tn G-
VAPTNON PEGA OTTO TOV KOVOVA EVPEGNC TOV TGOV TNC, KOL OXL dNA®YVOVTAC TO. GTOLXELD TNC.
AvTo elvar kAT TTOV DO, KAVoLpE GUYVA OTI0 DK KOl 6TO e€NC. AevTepov, da TTPETeL va diev-
kpwicovpe 0Tt N emhoyn Tov Guvolov {F,{@}} dev Nrav wa otypn Tapageocviving. 1o
Kepdlawo 3 da avoamopacticovpe 1ov 0p0uo 0 pe 10 6Uvolo & kol Tov apduo 1 ue 1o
ovvoro {@}. Apa 6TNY TPAyROTIKOTHTA 6YVEL OTL:

1, avzeA

xTr) =
xa(@) 0, oA\og

Etvar ToA) voplc arOpO. OpOC YO VO TO YPOWOLPE e GUTIV TN HOpQT].

' Yrdpyouv oAhof TpéTor va avamapacTicovpe GuVapTAGELS PéGw Tov Kavéva vITohoylopos Toug (av PuotKkd
vrdpyet). To medio Twv podnuatikodv Tov e€etdel avtiv T duvatdtnta ovopdietar Ocwpia AvaSoourc.

2 E8¢ ypnotpomotodue 1o ovubodro 3! (rrov drabdietar «umdpyet povadikés) o¢ cuvtdpevon. Mmopeite va Gpeite
ToLavoy TOTTOL GLVTOpeLoN elvar o Ilzd(x);

3 Na onpetwcovpe edw 0Tt av f cuvdptnon tote 71 dev etva amapaitnto cuvdptnon (deg Mpéracn 2.3.5).
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2.3.1 XUvoldo SEIKTOV KOL OLKOYEVELEC GUVOAWYV

Evar ToA) 6uyvo 10 @avopevo n elkOVo. TNG GUVAPTNGNC VO TALLEL TTLO OVGLOGTIKO POAO
amé v o ™ ouvaptnon. [o mapddetypo dewpnote ™ GuvapTNoN f GTOUC PUGIKOVE e
f(z) = 2%+ 1. Ovéc e 1,2,5,10,17, ... (kar n 6e1pd ToUG) elvar GNUAVTIKGTEPEC TS TOV
Tp0m0 MOV AVTéC TTPoNAdav. Otav cupbaivel auTo Yo va To TovIGovpe da YENGLLOTIOLOVYE
dapopeTkG GLUBOAGUO.

YvpBohcpog 2.3.8. ‘Eoto cuvdptnon F : [ - X kavi € I. Avti ywo F(i) da ypdgovpe F;.
Emiong pmopovye va dndwvovpe v F ypapovtag (F;)ier 1 ko okéto (F;), av 1o I evvoelta
OO TA. GLUPPOLOPEVAL.

H opoloyla mov ypnotporoteital o cuyva elvor n e€ng: To I 1o kododpe cvvolo SekTov,
10 oTowyela i € I Seikteg kar ™ ovvapToN (F;)ier owoyevera cuvolwy. O cupBoMepog avTog
pog divel peyolitepn evelflo 660V aQOPa TNV €VWGT KOL TN TOWN].

Optapog 2.3.9. ‘Eotw owoyévela 6uvelov (F;)icr. Opiltovpe v évoon g og eEng:
UFi={xzeF|icl} (=ran(F))
iel
Emumhéov, av I # @ oplgovpe TV TOpN TNG OKOYEVELOC WC eENG:
NF={reUR| (vieDweR)} (=Nran(F)
iel iel

‘Opwg oe 1L da@épet o (TumikGg) Gpog okoYEvELD GUVOAWY OTTG TOV BP0 TTOL XPNGLUO-
momocape oty Hapdypago 1.5 kot 6tov Opopd 1.7.3; O tpomoC TTOUL 0plGaue TOV 0PO GE
VTNY TNY TTAPAYPOPO TPOVTOIETEL TNV VTTAPEN PLOC GLVAPTNGNG KOl PUGIKG €VOC GLUVOAOL
dewktov. Av C' elvar pla «OLKOYEVELD, GUVOA®VY» TOTE UTTOPOVPE VO DEWPNGOVUE KC GUVONO
dewktwv 10 B0 10 C KAl OC Guvaptnon F v tautotikn cuvaptnon lde kat €161 da Ta-
povpe v owoyéveln (F;)ec mov tavtigetar pe ™ C! Ao edw kot 610 e€ng da cuyy€ovye
TOV TUTIRO 0PO Pe TOV P TUTTLKO. OUTOE N GAAWC, OTWC ElTTaPE GTNY 0PXN TNG TOPAYPAPOV,
KATTOLEC POPEC N TIéS TNE cuvdptnong (n owoyévela C' dnhadn) elvar o onpovtikég amd
™V B TN GLVAPTNGN.

Mmopodpe P€6w TOV OIKOYEVELDY GUVOA®Y VO, YEVIKEVGOULE TO. KEPTEGLOVA. Yvopeva. Ao-
delong owoyéverag (F;)ier d€Novpe va 0ploovpe TO GUVOAO TTOL TEPLEXEL OAEC TIC «TTAELAdEC
otoelwv Tov User Fy, 00V KADE OPOC TOUC AVIKEL KOL GE €Vva. dlapopeTikO Fj. 1Ny owko-
vévelo dpwc (apov elvar éva 6ivoho) dev vitdpyel ddraln petald twv pueAdv e, Apa Tta
GTOWYElD TOV KEPTEGLAVOD Yyvopévoy dev da pmopovaav va eivar TAeddeg . H pdvn cuvetn
eTIAOYN €lVAL TO KOPTEGLAVO YWVOUEVO TNG OLKOYEVELOC VO, Tieptéyel okoyéveleg (H )iy 0mov
yia kGde delktn i € I 10 H; elvon otoyelo tov F.

Optopog 2.3.10. ‘Ecto owoyévela cuvohwv (F;)ier pe F; # @, ya i € I. Opitovpe 10 ROPTE-
olavO YIVOUEVO TNC w¢ eENC:

X Fi ={(Hi)ier € (I > UF;) | (Viel)(HeF;)}
iel iel
VEva dAo pé6inua evar 61t 10 6hvodo dewtév I pmopel va evar drelpo, ontdte da xpelotduactay mhetddeg
ue amelpeg cuvtetaypéveg. BéBata, timota 6N péypt Twpa dewplo pag dev dnpovpyel drelpo Guvolo!
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Mopadeypa 2.3.11. "Ecto pn kevd civoha X, Y kat éotw I = {1,2}. Téte 10 kapTEGLOVS
ywopevo g owoyevelog (F;)ier pe F1 = X kar Fy =Y elvar 10:

XF,={(Hj)ierc(I>X0Y)|(H e XAHyeY)}
iel

Mmopodpe eUROAG va 0plGovpe pla 1-1 kot 7Tl GLYAPTNGN ATO TO GUVOAO X F; 610 X XY,
yio. mapddetypo ™ ovvaptnon ((H;)er — (Hi, H2)). Etol @alvetar o1t o Opopdg 2.3.10
amotedel wo. (fpeon) yevikevon tov Oplopotv 2.1.4. Ta va mapapeivovpe dpwg Tumikol Sev
da ypawovpe 1ote 0Tt Xy F; = X x Y.

2.3.2 To aflopo g EmAoyng

O KOVOVPYLOC TPOTIOC VO. OPLLOVPE KAPTEGLOVA. YIVOUEVO. LOC INULOVPYNGE KOL KOLVOVPYLOL
TtpoBApaTa: Av TTGPOVYE LI OIKOYEVELD. PN KEVOY GUVOAWY SEV PTTOPOVIE VO YVWPILOVPE OTL
TO KROQPTEGLAVO YIvOueVo NG da elvan un kevo. [a va @nidfovpe pia owoyévera (H;)ier t0L
YWOUEVOL DL TTPETTEL VO, pItopovpe vo. eTAECoV e €va. aTowElo ToL x; € F; étoL wote H; = x;.
Evtuymg dev da ypewnotel vo Tpocdiécovpe Kol TTAAL kAo aflwpo 6t dewplo pog. Oa
xoewotel uévo va avadiaturidcovpe 1o Aflopa VIL(G):

VIL(ii) ASlopo EmAoyng: To KapTeciavo yivouevo piag OROYEVELAS Un KEVGY GUYOAwY
elval un Kevo.

Amo@edyovpe va OGOLPE TOV TUTIKO 0pLGUO Yapw opop@ig. Ovtng n GAAwg auth
dev elvan pla Wraitepo Aertovpyikn ekdoyn Tov alwpatog emAoyng. o dovpe pla aropa
eVOANGKTIRY €KOOYN TOV, TTOV YUITOPEL VO EQUPUOGTEL GE TIEPLGGOTEPEC TIEPLTTTOGELC.

Opopog 2.3.12. 'Ecto okoyévela pn kevey cuvohwv F, pla cuvdptnon f : F - UF pe
f(A) € A yio kGDe A € F kalettor ovvdptnon emdoyng yo. v F.

[Mapotnenote 0Tl Pio. GUVAEPTNGN ETAOYNG «ETIAEYEL» aKRPLBOC €vo. GTOLED YO KADE
GUVoAo TNe owoyévetag. H Umapln tétolag cuvdptnong ce KATOEC TEPITTTOGELS V0L TTPO-
@ovng. Ta mopddetypo a¢ mapovpe plo owoyévewa Aq, Ag, ... PN KEVOV GUVOA®Y PUGIKOY
appov. H cuvaptnon emloyng f omov f(A4;) evar to eldyioto 6Toelo tov A; mpo@a-
vie ! umdpyer (av dewpncovpe 6Tt éxovpe AVATIOPAGTAGEL KATIOC TOL PUGIKOUC APWUOC).
O AGyo¢ TTov LTTAEYEL GUTH N GLVAPTNGN EVAL OTL VTTAPYEL KOVOVAC ETAOYNG €VOC GTOLELOV
a7t6 kGde Guvoho. Ta va avorrtiovpe T dewplo pog OPwC TPETEL N VITAPEN GLVAPTNONG
emloyng va elvar aveldptnn g VTEPENG KOvOva. emthoyng. Ag dodpe o avodoTinwon
tov AGwpatog VILGi).

VIL(iii) A&iopo Emdoyng: Kdde owoyéveia un keviv Guvodwv emdéyetar cuvdptnon -
Aoyng.

! Aoknon 3.1.
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O1 tperg ekdoyég Tov Al PATOC ETAOYNC TTOV EXOVYE DOTLTTOGEL —TTAPOAO TTOV POLALOUV
e1epORANTEG— elvar 160dUvopeg (deg Aoknon 2.16) kai, pe Tov évav 1 ye Tov dAlo TP,
erEacovy v o apyn. H o amn e€nynon tov aflopatog eA0YNE KAl TOL TPOTTOV TTOV
avTo ypnoomoteltal, lowg éxel dodel and tov Bertrand Russell:

Av pag dwcovy dieipa {evydpla TaToUTGLa VITAPYEL TOOTTOC va emiAéovue Eva
TamOVToL aT6 KAde Levydpl: ATIAA eTTIAEYOVUE YO TTOPADEIYUA TO QPIGTEQOD TTA-
TTOUTOL Ao KAde {evydpl. Av pac S0GovY Ouw¢ Amelpa (evydpla amo KAATGEC,
yia va emdélovpe pla kalroa amo kdde tevydpl ypelatopacte 10 allopa ¢
emAoyng.

Kdmowog da avapotiétat av 1o Aflwpa VIL(iii) eivar 6we1d, kodd¢ pag Sivel v Vrapin
Wag GUVAPTNGNG eTAOYAC XWPIC va pag TV Katackevdter . ESG dev éyel onuacia Tt de-
wpovpue 6wGTo N Oxt. Epdcov 1o Aflwpa VIL(iii) ypeidgetar 2 otnv aflwpotikn depehimon
¢ Ozwplog Zuvddwv Tou emixelpovpe (kat kAt eMERTOON TWV PAdNUOTIKOV) da. TO TTPO-
6découvpe 61N Mota Twv allwudtov pog (ZFC).

Mia éM\n évetaon Tou kATolog propel vo €xel elvar ott, kadog 1o Alwpo VIL(ii)
er@EAteL kATl 6VVIeTO (KO OYL KATL TeTPLUPévO Omwe Tapadelypotog xdpn 10 Allwua 1),
UTTOPEL Y10, KATIOLOV PUGTIPLO AOYO vo. aTtotedel GuvETELD Twv aflwpdtov e ZF. Méca opwg
amnd ™ dovdewd twv Kurt Godel kor Paul Cohen mpokimter 011 elvar aveEaptnto and to
afiouata g ZF 3.

Acknocelg

g 1

2.1.’Ectw A, B,C, D cOvoha. Aeite ot
. (AuB)xC=(AxC)u(BxC(C)
2. (AnB)x(CnD)=(AxC)n(BxD)
3. (ANB)xC=(AxC)\ (Bx(C)

2.2.’Eoto oxéoeg R, S, T. AeiCte otu
1. dom(R™) = ran(R)
2. ran(R™') = dom(R)
3. (R =R

' TIoA) suyvéd oto padnpatiké ol amodeifeig Tov XpNoipoToIYY T0 afivpa T™C eTAoyNRe dev pIopodv va «amio-
T0mNAOUV» GE KATAGKREVAGTIKES 0t0dellelg, 0modellelc SnAad] TOV TAPEXOVY KOL TOUC TPOTIOVG KOTAGKEVNG
YL0. OAOL TO. AVTIKELUEVO TTOV XPNGLLOTIOLOVY. AUt €lval amopaiTnTo AV RATTO0C dENeL Vo PeTATPEPEL TNV aTto-
delln oe alyopduo.

2 01 Aéyot Tov pag evar oTapaitnTo o Pavouv oA apydTepa.

3 Aev pmopel otte va amoderydel ovte va drawevedsl ané avtd.
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4. (RoS)t=8"1oR!
5. Ro(SoT)=(RoS)oT

2.3.’Eotw oxéon R ko givoda A, B. Aei€te ot
1. R[Au B] = R[A]UR|B]
2. R[AnB]c R[A]n R[B]
3. R[A]~ R[B] < R[AX B]
Aeite emtiong o1t av n R evar 1-1 oo dYo televtalo. VITOEPWTNUATO LIGYVEL N LGOTNTOL.

2.4. AeiCte 6L av Sexdovpe 10 Allwpa Kavovikdtnrag (Yroonpeiwon 1 6t 6ehida 22)
ToTE dev vITapyel GUvodo X yio. To oTtolo vo. eyver 0Tt X € X.

2.5."Ectw 6Uvolo A. Aellte 611 n 6yéon wétntag 6to A elvon n pikpdtepn (wg mpog
™ GYéon Tov VITOGVVOAOL) Gxéon Woduvapiag Tov A. Aeilte emiong 61t n peyaditepn
elval n oyéon A x A.

2.6. Aeifte 6T av pio oxéon R oe €vo 6Ovolo A elvol GUUPETPIRN Kol petaBoTikn
101 elvan oxéon wwodvvaplog 6to ovvoro dom(R) U ran(R). Ioyvel 61t elvar 6yéon
tGoduvoplag 6to A;

2.7. Amodei&te v Ipotaon 2.2.20.
2.8."Eoto (A, <) dwtetaypévog xopog. Aeite 61t yio kdde x,y, z € A woydel otu:
L xdzx
2. Avz <y tote y £ .
3. Avz <y koL y < z 10TE X < 2.
4. Av 1 < eivar ohikn diatan Tote WoyveL akplBOg éva amd ta aréhovda: T < ¥,

x =y Ny <z (Nopog Tpyoropiag).

2.9.'Eoto (A, <4) kot (B, <p) datetaypévol ywpol, €61 cuvdptnon f : A - B té€towa
0GTE Yo RAJE X,y € A:
x<ayov f(z) <p f(y)

kat €6tw cuvoho C' € A. AeiEte ot
1. C ahvoida tov A avv f[C] alvcida tTov B.

2. Av 1o C €xet Gvo @pdypa tote kot 10 f[C] €xel Gvw @pdypo.
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3. Av 10 f[C] éyer Gvo @paypo ko 1 f elvar entl tote kaw T0 C' €xeL AV PEAYUO.
2.10.’Ecto civoda X, Y. Aei€te o1t T0. ak6Aovdo. elvar 1GodUvoua:

1. Yrdpyer 1-1 cuvaptnon f: X - Y.

2. Ymapyer ouvdptnon g : Y - X emi tov X.
2.11."Eoto ovvaptioeg f: X - Y kar g : Y — Z. Aei€re ot

1. H oyéon g o f elvar cuvaptnon.

2. dom(g o f) = {x € dom(g) | g(x) € dom(f)}.
3. T kade x € dom(g o f) wyver ot (go f)(z) = f(g(x)).

2.12."Ecto cuvaptnoeg f: X - Y kat g : Y — Z. Aeilte otu
1. Av ot f, g etvar 1-1 t01e kOU N g o f evon 1-1.

2. Av ol f, g etvar emtl T0te ka1 g o f etvar 1 el

2.13."Ectw cOvoha A, B,C, D 1éto10. wote A€ C, B¢ C kar An B = @, kot €670
ouwvdptnon f: C — D. Aeite 61t av n f eivar 1-1 tote f[A]n f[B] = @.

2.14.’Ecto 1-1 ouvdptnon f: X — Y. Aeite otu
1. Av x e dom(f) téte f1(f(x)) = .
2. Avyeran(f) t6te f(f(y)) =y.
2.15.’Eotw ouvoha A, B kar C' advcida tov xwpou ((A - B),<). Aeite otu:
1. To cuvoho U C' elvar Guvaptnon.
2. Av n C mepigyel povo 1-1 cuvaptneeg tote n UJC evan 1-1.
2.16. Amtodeilte 0Tt 0L 0ROAOVLIEC TIPOTAGELC EVAL LGOSVVOUEC:
1. Kdde drapépion €xel €va 6GHVOAO OVTIITPOGOTIOV.
2. To KaPTEGLOVO YIVOPEVO PLOC OLKOYEVELOS PN KEV®Y GUVOA®V ELVOL N KEVO.

3. Kdde owoyévela pn kevov 6uvOAwV eTUIEXETAL GLVAPTNGT ETLAOYNC.

2.17. Aei€te 61t 10 aflwpa emAoyng elval 16odvvapo pe Ty akoAovdn mpotaon: [a
kGde oyéon R vmapyer ovvaptnon f € R pe dom(f) = dom(R).

2.18."Eotw cuvdptnon f : X — Y Aei€te ot vmdpyer ouvdpmon h : Y - X pe
foh=Idy avvn f etvaw exti Tov Y. (Ynodeiln: Oa ypeiacteire v Acknon 2.17.)

2.19.'Eoto f,g € (X - Y). Aet€te o1t av dom(f) = dom(g) kot f € g t61e f = g.
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To emopevo peydho pog eyyelpnpo elvol va OVaTTOPOGTNGOVPE TOUC OPWUOVC 6TV 08lo-
potikn dewpla pog. Oa dovdpe avoluTIKG TNV OVATOPAGTACN TOV PUGIKOY KOl YEVIROTEQO.
e otoElwdng apuntikig (pdeig, oyéoeig KAL), eVvH GOV APOPG TOVC aKkEpalove, PN-
TOUG KOL TOAYUATIKOUC D0 SOGOVYE WOVO TNC GVOTTAPUGTAGELS KAL TIC EUPUTEVGELC TOV EVOC
GULVOLAOV €GO GTO OUECHC YEVIKOTEPO GUVOMO.

3.1 ®ucwkol

‘OTtwg TTPOELTIOPE GTNV ELGAYWYY], 0. UTTOPOVGAUE VO ETITPEPOVPE GTOV KOGUO WUOC KOl
avtikelpevo Tov dev eivar 6Uvoda. ‘Etol mpocdétovtag toug guaikoig (GuuBolitovpe pe
N 10 6Uvoho 1wV QUGIKOV TNC «aedNGNC» pag) Kal kaToleg 6Toelwdec mpagelg (otnv
TPOUYUATIROTNTO, LOC XPELGLETOL PGVO N TTPAEN TOV ETTOUEVOD) DO PTOPOVGOUE VO, EVTAOLUE
™My apunTikn 61N dewpla pog. Ipopaveg dpng Ta afiopata Tov éxovpe elcayet dev da
NTtav apkretd, RODWC dev KODOPILOLY TIC WIOTNTEC TWV OVTIRELUEVOY TTOV deV £vVaLl GUVOAC.
Ta Bacikd afibuato e apuNTIKAG eivar ta Aeydueva A&wuara tov Peano ': (ue S(n)
cvpuBolitovye Tov EMOUEVO TOL N)

A&wpato Peano:
Pl 0eN
P2 Avn e N 1dte kat S(n) € N.
P3 Ta kade n € N woyver ot1 S(n) + 0.

P4 Tia kade n,m € N wyver ot av S(n) = S(m) tote n = m.

Eyel emikpathcel va avagépovial uévo pe 1o dvoua tov Giuseppe Peano. Stnv mpaypatikétra Spweg 8acito-
viat 6e TPOTtepn dovAeld tov Richard Dedekind. T vo. elpacte akptBodikatol, da tipncovpe tov Dedekind
TOPOVGLALOVTOAC TOV TPOTO TTOV AVTOC OPLGE TOVC TPAYUATIKOVG APdpoVC.
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P5 Av yia 10 ovvodo P < N woyver o1t 170 0 € P, kat yia kdde n € P woyver o1t S(n) € P,
tote 0 P = N (Apyn ¢ Eraywyic).

(@0 mapatnpicate 61t amo@Uyope va ypdwpoupe katt 6ov Yn(S(n) # 0). Mnv Eeyvare 6t 0
KOGUOC POC TEPIEYeL Kat GUVOAA )

Mévovtag TieTol 6T0 dOYUa dAa GuUvoda, Do. eELGAYOLYE TNV GPWPNTIKN GTN dE®ELO KOC
L€ avTIGTOL0 TPOTIO e AVTOV TTOL e yape To. datetayuéva evyn otnv Iapdypogo 2.1: Oa
OVOTOPAGTNGOVPE TOVC PUGIKOVC e GUVOAA, OTIWC ETTIGNC KOL TNV TTPAEN TOU ETOPEVOU, e
TPOTTOV TVA WGTE TO. 0.llOpaTo Tov Peano va propoiv va agtoderydovv o1td 1o alopoTd phog.
Bé6ata. o1 puaikol pag da €xovv moAEG TaPATAVe «averdUunteg» WidtnTeg (wg Glvola),
yto. Tic omoieg do. mpémel (tehkd) vo kGvouvpe 10 6TPBA pdtia. Oa TIC XPNGLLOTONGOVUE
OPOC KATA KOPWV PEXPL VO 0plGovPe KoL vo. arodellovpe Oleg TG BOGIKEC WBOTNTEC TWV
PUGIKOV OPDUOW.

OpIGPOC TV PUGIKGY TTOV DO, TTOPOVGLAGOVYE elval dovAeld Tov John von Neumann.
Oa yperaotovpe dVO ELGOYWYIKOVC 0PLGROVC.

Optopog 3.1.1. O exduevog evéc civolov A eivar 10 civoro AT = Au {A}.
Opwopog 3.1.2. ‘Eva 6dvolo A kaleltar emaywyiko avv:

. oA
2. (VaeA)(at € A)
Mopadeypa 3.1.3. To civolo:
w = {e, o, (@) (e))7 ..}
= {Qa {@}, {Q, {@}}7 {Qa {®}7 {®7 {@}}}7 }
£lVaL ETTOYOYIKO.

Y10 TOPOTAVL TOPAdelypa €xoupe KAvel éva oA peyddo @aovl: ‘Exovue oploel €va
G6OVONO YENGLLOTIOLOVTOC OTToGLOTNTIKG (...) Yo va mapalelpovpe v avagopd. KATowy
GTOEL®Y TOV. AVTOC 0 UGOPNG TPOTIOC OPLGROV €T 0VAEVI Adyw dev dikaloloyeltal oo T
aflopata pag. Oa ypelaoTel AoTov va avaoplGoupe T0 GUVOAO W TLO TUTTKA, POV TTPOTO

SpLC E16AYoLPE Eva aropa afloPa TOU pag eyyvaTal TNV VITAEEN ETAYLYIKOY GUVOAOL 2.

VIIL. Alopo Anelpov: Yrdpyel emaywyko aivolo.

Avté 10 emaywyid chvolo ogeilel va Tepiéyel T0 @, dpa kot 10 @ dpa kat to ()T
K.0.K.. TUVETOG do efvar «dmetpox . Ed® 10 Gmelpo ypnoctpomnoteitar amhd o¢ EKQEacn Kat
Oyt 0¢ padnuotikdg dpoc. Oa opicovpe TuTTkG TNV (podnuaTiky) évvola Touv ameipov op-
YoTEPa. Xe 660, aROAOVIOUV yla Plo. aROPO. POPA Do KAVOLYE KOTAXPNGT GLEBOMGUOY Kat
da ypnopomolovpe Toug appovg 0,1,2, 3, ... yla va avanapactneovpe GUVOAQ Tov evdLa-
PEPOVTOC pog.

' @a mpémel va mpocdécovpie Kot KATTOI0 KATRYCPNIE TOV VA UAC ETULTPETTEL TN SIAKPLON UETAEY Twv S¥0 eldGy
OVTIKELUEVDV.

2 AueTuytC dev pItopolye ue Lebyn, EVOGEIC KAl SUVAPOGUVOAT Y KATUGKEVAGOVUE ETOYWYIKG GOVOAO.

3 E€ov kat 10 6vopa Tov afldpotoc.
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Tup6ohcpog 3.1.4. Tupbolicovpe pe 0 10 6UVOAo @ Kot yevikd pe n 10 givoro ((@h)t.-)T
OTIOV €Y0LPE EPAPUOGEL TOV ETTOPEVO N POPEC, OToL N € N.

Avto elval 0 TpOTI0¢ TTOV Dol AVOTTOPLGTOVE TOVC PUGLKOVE 0ol 6t Oewpla Xv-
VOAwV. ‘OTtwg yivetol ovTIANmTo N TPAgn S Tov emOUEVOL TV PUGIKOV ERPEALETOL UECH
e mpaéng T Tov embuevou evéc Guvdhou. Aev éxovue Suwc Tedetdoel (yia v akpibela
dev éyovpe ovte kav apxicel). Aev VITGEXEL OKOPO GTOV KOGUO KOG TO GUVOAO T®V (PUGIKOV
appov! Nat pev vrdpyet (Adyw tov Alidpatog VII) emaywyikd 6ivolo, 0ANG avtd umopel
va TepLéyel kot GAA0. TTOAG GToyEla TTov dev AVOTTOPLETOUY PUGLKOVC appovg. Mia on-
HovTIKN Kot Wiartépwe BondnTiky Tapatnencn evar 6Tt 1o GUvoda Tov ZvpuBohicpov 3.1.4
AVNKOUVY GE KADE ETOYWYIKO GUVOAO.

Opopoc 3.1.5. Puoikdg elvar €va GHvolo Tov OVIKEL G OAa TO. ETOYWYIKA GUVOAQL.

Ta k4de n € N 10 6hvolo n efvar puatkée ' Aev yivetar va vitdpyet emaywyké cHvolo
10V dev Tepiéyel To 6VVoro n, kadWS avtd da mepiyel (e€ opropov) 1o 0 kAl GAoVg TOLG
emopevoug Tov (Gpa kot 10 n).

Oeovpnpa 3.1.6. Yrdpyel povadiké GUvolo Tov TEPEYEL arREPLBOC TOVG PLGLIKOVC.
Amodeln. Mropovpe va ekppdcovpe T 6uvdNkeg Tov Opiopov 3.1.2 pe tov TiTo:!
p(X)=aeXA(VA(Ae X - AT € X))

E@ocov 10 6Uvolo Tou avagntdpe TepLEyel GUVOAD. TTOV OVIIKOLY GE OACL TO. ETTOYWYIKG GU-
vola. émeTon OTL da elvaL VITOGVVOAO £VOG OTTOLOLINTIOTE ETAYWYIKOV GLUVOAOV. TéTolo Guvolo
urtapyel Aoy tov Adiopatog VIL.’Eotw A emaywywo cuvolo, 1oTe TO:

(ne A|YX(H(X) = neX)}

glvar 10 {nrovpevo cvvoro (elvar Givoho AGyw tov A&wpatog VI kot povadikd Adywm tov

A&opartoc 1). O
Optapog 3.1.7. Opitovpe w vo. eivar T0 GHVOAO TV PUGLKOW.

E@ocov o mtapactotikog opopog tov w tov Iapadetypotog 3.1.3 dewpeltar w¢ pn yevo-
pevog, do. TpéTel va amodelfovpe TAEOV TUTIKG OTL TO W ELVOL ETTOYWYLKO.

Ocopnpa 3.1.8. To w eival emaywykd, KoL pAAGTO £VOL VITOGYVOLO CAWY TWV ETTAYWYIKGY
GUVOAWV.

Amodeiln. Oupndelte 0Tl T0 W TEPLEYEL PUGIKOVG 0PWROVC, dNAad] GUVOAA TTOL OVIIKOLY
oe KODE eTAYWYIKO GUVOAO. ALTO RODIGTA TO YEYOVOC OTL TO W E€IVAL VITOGUVOAO O AWV TWV

1 , , , , , , , ;o ,
Ye avtiv v mpotacn o cuubolicudg yivetar apketd ap@ionpog. e 6o arohovdolv dpwg da éxovpe va
KAVOLpE PoVvo pe 6Uvoha. OTdte dtav BAémetal kAol GUUBOAO PUGLKOV DO, EVVOOUYE TO GVTIGTOLXO GUVOMO.
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EMAYOYIKOV GLVOAWY TTPoPUvEC. Emtiong mpo@avag woyvel 011 & € w. Téhog:

new N PUGLKOC

N AVNKEL G RADE ETOYWYIKO GUVOAO

nt aviker ce kGde emAYLYIKG GUVOAO

N PUGLKOC

n+€w ]

L

Oa delfovpe TWPO OTL TO GUVONO W, EPOJAGUEVO e TNV TTPALN TOL ETOPEVOV TTOV 0L~
oape atov Opiopog 3.1.1, ikavomotel to. afiopato Touv Peano.

IMpotacn 3.1.9. loyver 6tu
Pl Oew
P2 Avnew 16te kT € w.

P3 Tia kdde n € w woyvel 6t n™ £ 0.

+

P4 Tia kdde n,m wyvel 6t av nt =m™ 1é61e n = m.

P5 Av 1o P cw elvar emaywyko tote P = w.

Anddeién. Apod w emaywyws 0 € w (P1) kot av n € w t6te n™ € w (P2). Hapatnpodue 61t yia
kGde civolo A oyvel 61t AT # @ (P3) kadag A € AT, Tia 1o P5, Adyw Touv @swpnpatog 3.1.8
oyvet 6Tt w € P, dpa P = w (Adyw ¢ [pdracnc 1.2.2).

Ia va det€ovpe 10 P4 ypedtetar mpota va delfovpe T0v akOA0LIO LGYVELGUO:

Ioyvoiouoc: T kGDe n € w woydeL O0TL av m € n 10te m C n. [pdypatt, av dewpncovpe 10
c6vvolo:
P={new|(Vmen)(mcn)}

tetptupéva 0 € P, kot av n € P 1é1e yio kKGde m € nT = nu {n} émetan 61 elte m = n elte
m € n. Tnv mpatn Tepimtwon (e€ opiopov) m = n € nt, evd otn devtepn, apod n € P kau
m € n, émetar 61t m € n € n', dpa (Adyw g Mpdracng 1.2.2) m € nt. Avtd onpaiver 6t
kot n € P, dpa 10 P eivan emaywywd kot (amé 1o P5) P = w.

Topa, av nt = m* té61e nu {n} = mu {m}.’Ecte (wpo¢ dromo) é1t n # m. Ané 10
Alwpa I éxetar 6tL n € m ko m € n. Bacel tou 160p16p0L Tov amodelfape avTto onuaivel
6t € m kot m € n, Gpo. (amd v Mpdtaon 1.2.2) n = m. Aroro. O

H mpdtaon P5 1ov mopandve dewpnpatog avtiotowel oty Apyn ¢ Emaywyng g
dewplag pog. O TN YENGLLOTIONGOVUE YLO. VO, ATTOSEIEOVUE IO OROPO IDLOTNTO TWV PUGLKGV.

IMpotocn 3.1.10. T kGde n € w elte n = 0 elte VIAPYEL PUOIKGC M € W TETOLOC WGTE
— T
n=m".
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Amnodeiln. Oewpovye T0 GUVONO:
P={new|n=0v(3mew)(n=m")}

Aoyw tov P5 apkel va delfovpe 611 10 P elvar emaywywo kot 1ote da woyvel ot P = w.
Hpopavig @ = 0 € P kot av n € P 1é1e elte n = 0 elte vwdpyer m € w pe n = m™.
Tty pdtn mepintwon nt = 07 evd ot devtepn nT = (M) . Ko o1i¢ dv0 mepuntdoeig

nT e P. O

[Tpotov aAldfovpe TTAPAYPAPO D0 TPETEL (GOC VO, TOVIGOVPE KATOEG <OTEAELEC» TV
PUGIKOY T0V oploape. [TpWTOV, TEPLEYOLY OVETIAVUNTEG DLOTNTEC OTIVEC YLO. TOPADELYPO. OTL
1 €2k 1C2. Oa ypelaoTel yio pla arOpo Qopd. va. kortdgovpe GANOL Kat va dewpolpe 0Tt
avtég oL WoTNTEC dEV LITAEYOLV. AevTepoY, dev pag dvouv (dpeca) Ty €vvola TG TOGATNTOG.
[N Tapddeypa, 0 QUGIKOC 2 €xel OTwg da dovpe OAeG TIC BLOTNTEC TOL OPWPOV dVo, dev
avtietoel duwc (dueca) ce dvo avtikelpeva. Avté 1o TPdBAnua da Awdel dtav da oplcovue
TOUC TANIIKOVG OPWPOVE, KADWC TOTE o pavel OTL TEAKA 0 PUGIKOC 2 OvTIGTOLEL GE dVO
avTikelpeva: To yéAn Tov Guvodov 2. Av KATIOLOC GRETITIKIGTNC TGTEVEL OTL OUTE AVTO Elval
GPKETO Y10, VO, OTTOTVTTWIEL 61N dewpla Lo N DaledNGN pag yLo Tov apdpd dVo, uropel TavTo
va TPOGAEGEL TOUC APOVC GAV AVTIKEUEVD GTOV KOGUO Pac (KOl va KAVEL TIC OTTapaiTNTEC
aAAayEC 6TNY OSLWPOTIKOTTOMGT] TOL).

3.1.1 To Ozwpnpoa Avadpopng

Evar ToA) 60vndeg 6Ta odnPatikG vo. 0plfovue W0 GUVAPTNOT PEGK KATOLOL 0vadpo-
ptkoV TOTTOV. A TEPLOPLGTOVPE GTOUC (PUGLKOVC GPIWKOVC YLo. apXN Yo a¢ dovye €va. oA~
dewypa: Mropovye va oploovpe T Guvdptnon Tov apayovtikov (tn cuvaptnon (n — n!)
dNAad)) péow Tov avadpowkod TUTTOV:

{ f0)=1
fln+1)=f(n)-(n+1)

Av cag dwoovv évav uokd apdud n Tote pmopeite va Bpette TNV TN f(n) voloyitovtag
mpwta 6heg Ti¢ ponyovpeveg Tpeg: f(0), f(1),..., f(n —1). Me avtdv tov 1poTO Pmopeite
V0. VTTOAOYLGETE OAEC TIC TWEC TNG GLUVAPTNGNC. ALTO TTOV (GHOC IEPVYE TNC TTPOGOYNG GOG
€lVOL OTL VTTAPYXEL TO EVIEYOPEVO AVTA TO. «KGKOPTILO» {EVYAPLO OPLGUOTOC-TIUNG, OV TO. JOVYE
GUVOALKG, Vo, unv amotedovy uvdptnon! Autd akplbog pog e€acpaliger 10 Oewpnua Ava-
Spoung.

Ocwpnpa 3.1.11 (Oevpnua Avadpopnc 61o w). ‘Ecto cdvoro A, a € A kot cuvdptnon
h: A — A. Yrapyer povadikn cuvaptnon f : w - A ov wovorotel Ty e€lowon:

{ f(0)=a
fnT)=h(f(n)) , yarddenew

H am6deitn tov dewpnpotog avadpopng eivat pio KOAN eQoppoyn TNG 0pXNG TG ETOY®-
YN¢. Avto dev arotedel KADOAOV EKTANEN KADWC GTOV OPILOLYE EVA OVTIKEIPEVO Pe avadpoun,
yia vo. amodeifovpe TI¢ SIOTNTEC TOV YPNGLLOTIOIOVPE TIGVTO ETTAYOYN.
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Hpwtn anodein Ocwpnuarog 3.111. Oewpovpe T0 GHVOLO:

C={RcwxA|dom(R)=w
A (0,a) € R
A (Vnew)(Yue A)((n,u) e R— (nt,h(u) e R)}

To 6¥voho autd elvar pn kevd kadog yo mapddeypo w x A € C. BéBara, n oyéon w x A
TEPLEYEL TO. LEVYAPLA TOV YPELALOROGTE VIO VO, «PTIAEovpe» TNV f, GANG TepLéyel KL TTapa
TOAAG Ttopamtdve (Y autd ko dev amotelel cuvdptnon). o xpelacTel va TEPLOPLGTOVYE
670 GUVOMO:

F=(C

[Mopatnpnote 61t F' € C: Tlpopavwg dom(F') = w kot (0,a) € F. Eniong, av (n,u) € F 101¢
(n,u) € Ry kdde R € C, dpa yio kde R € C éxovpe (n™, h(u)) € R, onéte (n*, h(u)) € F.
Yuventog n oxéon F mepiéyel ta tevydpto mtov déhovpe.

Ba deifovpe TOPO OTL aTToTeEAEL GLVAPTNGN, INAGIN OTL Y10 KADE N € W LTTAPYEL LOVADLKO
u € A 11010 0o1e (n,u) € F. Oewpodpe 10 6Uvoho:

P={new|3ueA)((nu)eF)}

"Eotw (mpog dromo) 61 0 ¢ P, dnhadn vdpyet b € A pe b # a kar (0,b) € F, Auté onpaivet
ot (0,b) € R yia kGde R € C. Av mdpovpe ™ oxéon F' = F ~ {(0,b)} edroha BAémovpe Ot
F' e C. Arormo kodwg F' c F, dpa. 0 € P.

‘Eotw twpa n € P, pe n # 0, kat €6T0 u € A 170 povadikd oToLelo ylo. 10 0Tolo oY VEL
(n,u) € F. Apo¥ (n,u) € F énetar dtikon (n™, h(u)) € F. Av (spog dromo) viipye u’ € A pe
u' # h(u) kot (nt,u') € F, 1618 (100 T0PW) 70 Yeyovdg 6t n oxéon F/ = Fx{(n,u')} avikel
oo C pag odnyel e dromo. Apa. 10 h(u) elvar 1o povadikd croweio 1ov A pe (n', h(u)) € F.
Yuvermoe nt e P kat dpa (Aéyw tov P5 e Mpdraong 3.1.9) P = w.

Méver va detouvpe 61t n F elvar n povadikn cuvaptnon oo C. Tapatnpenoete o1t yio kGde
cvvdptnon G € C (Adyw 10U TP6TOL 0pLGRoY Tov F) 1eydet 61t F € G, kat dpa (Adyw tng
Acknong 2.19) F =G. d

XNV TOPOTave oTtodelln KaTacrevacoue T cuvaptnon F malpvovtag Ti¢ 6yéceg mov
TEPLEYOVV TO. LEVYAPLO. OPLOUA-TIUN TOL dEAovpe KOl aTT0BAANOVTOC TO. (ELYAPLO TTOV dEV
délovpe, £161 OGTE TEAKA OUTO TTOV DAL ATTOPEIVEL VO ATTOTEAEL GLVAPTNGT. B0 PToPOVGOUE VO
KAvovpe kat TNV avtiotpoen dudikacia: No mdpovpe otadakég mpooeyyioerc g F', dniadn
GUVOPTNGELC TTOV TEPLEXOLV UEPIRA OTTO TO. {evydpla TTov DEAOLUE, KOL VO, TIC EVOGOUUE GE
pla GLVAPTNGN TIOV DO TTEPLEXOVV OAA TO. LELYAPLO. TTOV DENOVE.

Aevtepn amédeln Oewonuaroc 3.111. Oewpovpe T0 GUVOAO:

C={ge(w—A)|0edom(g) > g(0) =a
A (Ynew)(n™ edom(g) - nedom(g) Ag(nt) = h(g(n))}

KOl TO GUVOAO:

f=yc
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[a vo ohokAnpwdel n anddeln apkel va deilovpe o1t f € C, 61t dom(f) = w kot 611 av
untdpyet g € C pe dom(g) = w 1618 g = f (Aoknon 3.8). O

Q¢ TpwTN e@appoyn Touv Oewpnuoatog 3.1.11 da dovpe €va mépLEPa-TTOPAANAYN TOV TTOV
00 LOC POVEL XPNGLLO GTNY TTUPAYPOPO TOU OKOAOVIEL

Moptcpa 3.1.12 (Avadpops| pe mapdpetpo). ‘Botw 6ivodo A kot GuvapTtioelc g : w — A kat
h:Axw— A Yrapye povadikn cuvaptnon [ : w x w — A Tov yio kKAde m € w KAVOTOLEl
v eflowon:

f(0,n) = g(n)

f(m*,n)=h(f(m,n),n) , yokddenew

Amodeén. Ta kade n € w oplgovpe ™ cvvdptnon hy, @ A - A pe hy(a) = h(a,n). Amo 1o
Oewpnpo. 3.1.11 TPOKRVTTTEL OTL YL0. RADE N € W VITAPYEL KOVOADIKN GVVAPTNGN fr @ w = A TOL
IkOovoTtotel T e€lowon:

{ fa(0) = g(n)
fa(m™®) = hy(fu(m)) = h(fn(m),n) , yio kGde m € w

H ouvdptnon f:wxw — A pe f(m,n) = f,(m) evar n gnrodpevn O

Yrdpyouv kot GAAeg ypnotpeg mapailayéc tov O@ewpnuoatog 3.1.11 (Seg Acknoeg 3.11, 3.15
kot 3.16.)

3.1.2 Apduntikn

H avormapdotacn Tov uotkov TTov d0oape oIt hovn NG dev eTOPKEL yLa Vo, KAVOLE
apuNTkY, KAdOC TS Aeimovy ol croelwdng mpdeic g (wPdadeon, ToOANATAUGIAGUAC,
apalpeon K.AT.). Aev xpedgetal ToA) GréYPN yio. va KatoAdBel kGmolog 6Tt oL TPdec 6TV
ovoia dev elvar Timota GANO a6 GUVAPTNCELS PeTal) PUGIKOV apBpev. Kadwg o kocpog
uac Ndn weptéyel cuvaptioelc PuGkeY (agpol TAZov TEPIEYEL KOl TOUC PUGIKOUC) dev da
elval aitepa dVGKOAO va TIC oploovpe. APwYOC GTO eYYELPNUA PaC OVTO Da €lVOL TO TTaVL-
GY VPO €PYUAELD KATAGKELNC GUVOPTNGEWY TToV eldape 6Tto Oewpnua 3.1.11. Ta va elpacte
aTTOATA GYOAAGTIROL DO. TIPETTEL ETUTAEOV VO EAEYXOLUE OTL OAEC OL LLOTNTEC TTOV TTAULGLWVAY
TIC AVTIGTOLEC TIPALELC TN APWPNTIKNG LGYVOLY KAL VL0 TG GUVOPTNGELS TTOV 0PLLOVYE.

Optapog 3.1.13. Opitovpe T GUVAEPTNON + : W X W — W TOL IKavoTolel TNV e&lowon:

Tn Guvdptnon avtiv v kahovue mdcdeon .

YvpBohopog 3.1.14. Avti yia +(m,n) da ypdgovpe m + n.

' To yeyovéc 611 vidpyet n suvdpmon + ogeidetar ato [dpiopa 3.1.12 av 1o epuPUGGOLYE VIO TIC GLVAPTAGEIC

grw—-wpegn)=nkuh:wxw-—>wyeh(p,n)=ph.
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H anédeiln e mapardte mpétacng agivetal w¢ doknon .
Mpo6tacn 3.1.15. Ioydouvy ta arkéAovda:

1. H mtpo6deon yevikevel Tn Guvaptnon tov entdpevou: Ta kdde m € w woyveL ot m—+1 =
+

m
2. To 0 elvar 10 ovdeTepo aroryeio T TPoGdeonc: Ta kAde m € w oyveL ot m+ 0 = m.

3. H mpocdeon elvan avripetadetikn: Tio kGde m,n € w woydel 6TL m +n =n + m.

4. H mpdcedeon eivar mpocetaiprotikn: o kGde m,n,p € w wyvel 6tt (m +n) +p =
m+ (n+p).

Opopog 3.1.16. Opitovpe TN GUVAPTNGN - : W X W — W TOV kAvoToLEl TNV e€lGwoN:
(0,n)=0
(m*,n) = (-(m,n)) +n
Tn GuvdpTnen avtiv ™V KaAovpue ToAdariaciacud 2.
YupBoiiopog 3.1.17. Avti yia -(m,n) da ypdpovye m - n.
Kot 1 amédeiln Tov i8lotNtewv Tov TOAAATAAGLOGUOL aPpNVETAL W¢ GGKNGN.
IMpotacn 3.1.18. Ioybouv ta akdAovda:

1. To 1 evar 10 0VdETEPO GTOLYEIO TOL TOAATAGGLOGUOL: Tlo KADE M € w GyYveL OTL
m-1=m.

2. O moA\amAaGlaopog evar avriuetadetikoc: o kGde m,n € w Vel OTL M- N = n - M.

3. O mOAAOTIAOGLOGPOC elvaL TTPOCeTaLPLoTIKOC: Ta kGDE M, N, p € W 1GYVEL OTL (M-N)-p =
m-(n-p).

Oa agodelfovpe TV OKOAOVIN TPOTAGN KC TOPASEYUO TNC PeDOBOV EPYUGLOC POC.

Mpotacn 3.1.19 (Empepotiki widmmta). Ta kdde m,n,p € w wydel 61t m - (n +p) =
(m-n)+ (m-p).

Amodeln. Oewpovye 10 GUVOLO:
P={pewl|(Ym,new)(m-(n+p)=(m-n)+(m-p))}

Adyw tov P5 ¢ Ipotaong 3.1.9 apkel va deifovpe 01t T0 P elvar emaywywo. o kade
m,n € w €YOvYE:

' ®vpndeite 611 apov oploaye ™v Tpdodeon pe avadpopn do Tpénel va amodeifovpe TIC IGTNTEC TNC Pe £TT0-
yoyn.

% To yeyovdg 611 vitdpyet n cuvdptnon - ogeihetar 610 Mépopa 3.1.12 av 10 epUPUGGOLYE YIOL TIC GLVAPTAGEIC
g:w->wpegn)=0kmh:wxw—wye h(p,n) =p+ n, 60V + N Guvdptnon mov 1ov Opiopov 3.1.13.
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m-(n+0) = m-n [0 ovdéTepo GToLelo TPOGIeGNC]
= (m-n)+0 [0 ovdétepo aTorelo TPGGAeGNC]

= (m-n)+m-0 [Opwpog 3.1.16 kar avtipet. ToA/cpov]

Apa 0 € P.
"Eotw twpa p € P. Ta kGde m,n € w €yovue:
m-(n+pt) = m-(n+p)t [Opopog 3.1.13 kar avtipet. Tpocdeonc]

= m-(n+p +m [Opiopoc 3.1.16 kou avtipet. oA/ Gpov]
= (m-n+m-p)+m [peP]
= m-n+(m-p+m) [IlpocetarpiotikétTnTa TPOGIEGNC]
= m-n+m-p" [Optopdc 3.1.16 kar avtipet. TOA/Gpov]

Apa kar pT € P. O

3.1.3 Awotaén puGlkwv

Evat yvoo16 611 10 6Uvolo Tov @uotkey apdpov N elval oAkd SlOTeTaypévog XOPog
(wg poc T cuvindN Sidtaln). Oa Arav KaTacTPOPN v dev popovcape vo. opicovpe Gyéon
ohkng datagng oto w. Evtuyodg o von Neumann ftov daltepa Tpovontikog 0tav Opiie
TOUC PULGIKOUC KAl £TGL UTTOPOVUE VO, 0PIGOVUE DATALN GE AVTOVUC, KOL UAAIGTO UE APRETOVC
1p6TOVC. Mia Aoyikn emidoyn da frav n oyéon € | kadag éxer Ghec Tic amapaitnteg iéTNTEC
wlag ddralne (etvar avtomadng, petabotikny kol ovTiGuupetpkn). Qo umopovcape emiong
VO KAVOVPE PO TTLO EKKEVTPIKT ETTLAOYN KOL VO XPNGLLOTIOWGOVUE TN GYEGN € Ye M € N OVY
elte m € n elte m = n. Kat o1 800 auvtég 18éeg elval 60GTEC GAAG XPNGLLOTIOLOVY LOTNTES
TOV PUGLKOV TTOV TTAPLGTAVOLYE OTL dev vTTdpxovv. Mia TplTn Kal (6K TTLO KOPYN eTAoyn
do. NTav vo ppndovpe T GLYNIN SATOEN TV PUGIKOY CPWUOY KAL VO 0PLGOVYE M < N AV
VTIAPYEL S € w TETO WeTE N + s = M. H Tapoakdten mpotacn amodelkviel 0Tl KOL Ol TPELC
TPOTTOL TEAIKA, EVOL LGOSVVOOL.

IMpotacn 3.1.20. Tio kGde m,n € w Ta. akélovda. elvar lGodVvapa:
. men
2. mcn
3. Yndpyer s € w pe s # 0 1€1010 ©6TE M+ S =N
H om6deiin tng elvon pla kKaAn eQoppoyn ¢ apxng ¢ enaymyng y outod apnvetul og

doknon (Acknoec 3.3 kat 3.19). Epelc da emdéCovpe tov 1pito Tpdm0, 0mdTe . oplcovue
™ JATOEN TOV PUGIKOV B eENC:

1 , , , , , , , , ,
310 RATO KATO TN YPUPNG TO W TEPLEYEL GUVOAG KOL GV YLOL 171, L € W IGYVEL M € M TOTE TO N elval «PUeYOADTEPO>»
GUVOAO OTto TO M.
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Optopog 3.1.21. Opitovpe ™ oyéon <,= {(z,y) cwxw | (Isew)(m+s=n)}. Avm <, n
Do Aépe OTL 0 M elval PIKPOTEPOC €ITE (GOC aTTo TOV N Av eTumAéov m # n do. Aépe OTL 0 M
eWVOL UIKPOTEPOC ATTO TOV N KOL D0, YOOPOULYE M <,y M.

E€urmakovetal 6Tt 610 LTOAOITTO TN TaPOYPAPOL Do ypdeovpe < KoL < OvTl Yo <,
Kat <,. To 0Tt n oxéon avtn elvor dGToln propel va amodeydel Gueca pe T YENoN TNG
[pétacng 3.1.20 kat tov yeyovétog 6t 1 € eivar Sidraln . Mével va Seiovpe 611 n oyéon
ouTN IKAvoTIotEl TIC WIOTNTEC TTOV IKAVOTIOLEL 1] SLATAEN TOV PUGLKOV GPUOV.

Ocopnuo 3.1.22. H idraén < 610 w efvar ohwkn.

Amodeln. Tlpémel va delovpe OTL yia kADe m,n € w wVeL M < n N n < m. Oewpodye TO
GUVOMO:
P={mew|(new)(m<nvn<m}

[Mpogpavog 0 € P (yio kGde n € w woyder 0 +n = n, dpa 0 < n).’Ecto m € P, 161e yo. kGde
n € w woxver m <n N n < m. LIV TPOTN TEPITTTWON EXOVPE OTL VTTAP)EL S € W TETOLO OGTE
m+s=n.Av s =0 1618 m = n kat TPoPaveg n < mT. Av s # 0, and v Ipdracn 3.1.10
untdpyel t € w Tétowo ote s = t1. Apa:

m+s=n = m+tt=n
= m+t+1=n [Illpétacn 3.1.15]
= m+1+t=n [Avrperadetkdtnra Tpdcdeong]

= mt+t=n [[Tpotaon 3.1.15]
Tuverdg mt < n.
Té\og yio ™ devtepn mepimtwon éxovpe 61t n < m kar m < mt (kadog amd Mpé-
taon 3.115 wydet 61t m™ =m + 1), cuvendg n < mT (agoi < petabatikn). O

Aueco mopiopa’ eivar o Aeyduevoc Nouoc e Tpwotouiac tov puokdv: Ta kdde m, n €
w oYveL arPLBOC €vo. 0Tto T0. GROAOVDO. M <n | m =n N n < m.
Mio. GAAn 7oA Bacikn WIOTNTA TV PUGIKOY 0OV elvar N Apxn EAayictov.

Oevpnpo 3.1.23 (Apxn Edoyxictov). Kdde pn kevd 60volo Quoikav €xel eAdytoto GTouyelo.

Anddeén. ‘Eotw (mtpog dromo) pn kevd M S w mov dev €xel ehdyioto oTotyelo. Oewpoipe 10
6UVoho:
P={new|(Vmew)(m<n—->m¢M)}

[Mopatnpnote 611 (apov o M Sev éyel ehdyioto ctoyeio) MNP = @. Av Selovpe 61t P = w
T0TE avaykraoTika M = & mou elvan drtoTo.

Mpogavag 0 € P (apob avm <0 téte m = 0 ko 0 ¢ M yoti da fitav eAdyloto 6T0txelo).
‘Ecto n € P, dn\adn yia kGde m < n éxovue m ¢ M. Avtd onpaiver 61t yio kGde m < nt
éxovpe m ¢ M. Tuvenag, av deifovue o1t kot n ¢ M da émetar dtun™ € P. Tlapatnpicte 611

! Mmopel puatkd va amodeydel kat ave&dpmra amd v [pétacn 3.1.20 (Acknon 3.20).
2 Aec Aoknon 2.8.
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av nt e M 1é1e avaykactikd da frav edyieto ctoweio Touv (apod n € P yia kéde m € M
éxovpe 61t n < m, dAadn nt £ m), mpdypa mov avtibaivel 6to yeyovdg 6t to M dev éxel
eAGLoTO. GTOLYELO. O

To Oewpnpa 3.1.23 propel va xpnowoTomdel yia vo amodelovpe TV apyn g TA7-
onc (1 oxvpric) emaywyne (deg¢ Acknon 3.22 yia meplecdtepeg Aemtopépetec). Mag divel
ETIONC ROL €VOV eVTEAMC EVOANOKTIKO TPOTIO VO YPNGLLOTIOOVUE ETTAYWYN: Av déAovpe vo.
det€ovpe 611 10 P C w elvon 6NV ovasla 1o B0 10 w, avTl vo delfovpe OTL elval eTAYOYIKO, Do
dewpnoovpe 10 6uvoro C = w \ P 10v avrimapadeyudroy kot do. delfovpe OTL elvar KeVO,
delyvovtag ot dev pmopel va £yel ehdyioto atoyelo (eddyioto avrimapdderyua).

3.2 Akgpauot

Oo GuvelGovPE TNV GVOTIPAGTAGN TOV UOINUOTIKOV 6TN dewPlo, LOC 0PLLOVTAC TTPWTO.
TOUC OREPOIOUC KAL ETELTO. TOLC EPNTOUC KOL TOUC TPOYUATIKOVC. Aev Do eppelvoupe Oung
TIOAD G€ OWTEC TIC KATUGKEVEC KODWC €YOVUE TTOAAG OKOUO. VO DOVUE KAL GUAVTIKA.

I'vopltovpe 01t T0 6Uvoho N TOV PUGIKOV CPWBPOY VoL VTTOGUVOAO TOL GUVOAOL Z TV
aRePUiwY 0OV, XN kN pog dewplo auTtd dev elval amapaltnTo, apPKel PUGLKA VA VITAP-
YEL UTTOGUVOAO TOV OKEPAIOV KOG TIOV VO €VaL «IGOpoP@Po» pe 10 w. O Adyog elvar OTL
uItopovpEe TOAD OTIAG GVTL VO, GVOTIAPLGTOVUE TOUC PUGIKOVC e TO. GTOLYELD. TOV W VO TOUG
AVOTTOPIGTOVYE UE TO AVTIGTOLG TOUC PEGU GTO GUVOAO TV arepaiwy |

H 6acwkn mapoatnpnon €d® eivar 0TL UmOPOVYE VO OVOTTGPUGTNGOVUE EVAV GREPOLO
apPo PEow dVO PUGIKOV CPLDUOV.

Mopatnencn 3.2.1. Ta kGde 2z € Z vrdpyovv a,b € N 1é1010. wo1e 2 = a — b.

[Mpaypatt, av z detkog 10T 2 € N ROl QUOIKG 2z = 2z — 0, VO av z apvNTIKOC ToTe —2 € N
kot z = 0 - (—=2). H aAndeta elvor 611 0v 0 2 YOQOKTNPILETAL e TOV OOV TPOTO ATto TO
tevydpt (a,b) Tote YopoKkTNEETAL KOL 0TTO OAa TO. Levydplo. TNG popPng (a + n,b + n) ya
n € N. Tt kowo €xovv 0o autd 1o gevydpra; H diagpopd toug eivar ton. Avto pag opltet plo
oxéon wodvvaplog R petald tov otoeivv Tov Nx N omov (a,b)R(c,d) avv a—b = c—d. Oa
UIT0POVGOPE KAANGTO OVTL VIO, TOV OKEPOLO OPWWO Z VO TIGPOLPE TNV KAAGT LGOduVapLag
TT0V avikel To Levydpt (z,0) av z detikog N (0, —2z) av z apvNTIKOC.

Mmopovpe vo. kKAvovpe To Do Ka Yo, T0. Levydpla Tou w x w; Kdrolog da mapatnpovce
61t 1 Sapopd dvo apduwv dev éyel vénua 610 w 2. Avté dev evar Kol T6GO GNUAVTIKG
TPO6ANUO. XT0 KATW KAT® TNG YPAPNC av WoYVeL 0Tt a — b = ¢ — d T0te woyveL eniong OTL
a+d=>b+ c To pévo mov da ypewoTeL VO KAVOLPE elval vo. oploovpe TN 6xéon R Alyo
LAPOPETIKA.

Optopog 3.2.2. 'Eoto Rz € w x w n oxéon pe (a,b)Rz(c,d) avv a+d = b+ c.

IMpotacn 3.2.3. H oyéon Rz elvar 6yéon woduvapiag.

! Auté Sev kaDIGTA TOV 0pLGUS TOL W PdTALO, KADOC DO YPNGIUOTIOGANE TO W YLa Vo 0p{GOVYE TOVG aKEPaIOUC!
2 Mrmopodpe va opicovpe dpwe ™ cuvdptnon e Ackneng 3.14.
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Opopog 3.2.4. Opitovpe w¢ GUVONO argEai®Y T0 GUVOAO TNAkO Z = w X w/Ry7.

Moapadeypa 3.2.5. O axéparog apdpdc 1 avamapotdtar amd o cuvoro [(1,0)] g, evod o

apudg -1 and 1o abvoho [(0,1)]g,.

74

YupBohopog 3.2.6. T va amhomomicovpe tov cupboAoud da ypdgovpe [a,b] avil yo
[(a7 b) ]Rz .

Mével va oploovpe TNV TPOGIEGN, TOV TTOMUTAAGLOGUO KOt TN DIATUEN TOV AKEPAL®V KA
n avanapdoetocn pog da elvol TANENG.

[a v mpocdeon mapatnencte ot (a — b) + (¢ = d) = (a + d) - (b + d). Zvverdg
AVOITOPLOTATAL 0TI TNV KAGGN Tov Cevyaptov (a + d, b+ d).

Opepog 3.2.7. Opltovpe wg mpocdeon akepaivv ™ cuvdptnon +z : ZxZ — Z ye [a,b] +z
[c,d] = [a+d,b+d].

[MpakTikG TEETEL va. TTApovpe Evav OvTIITPOCKLTIO 0I0 TI¢ KAGGELS tsoduvaplag [a, b] ko
¢, d] (¢va omolodnmote GTotyelo pag kével 1) yia va opicovpue v kAdon [a+d, b+ d]. Evkoda
prtopovpe va edéylovpe OTL N +7 kOVOTIOLEL OAEC TIC WLOTNTEC TNG TTPOGOEGNC TWV OKEPAIOV
WOV OV 0. TEPLUEVOYLE.

ZupBoAtopog 3.2.8. Oa guuBolicovpe pe —z tov povadikd 2 aképawo pe z +z —z = [0,0].
o tov moAMardactaoud mapatnpnote ot (a—b) - (c—d) = (a-c+b-d) - (a-d+b-c).

Opopog 3.2.9. Opitovpe w¢ moAdamdaciacud akspaiwv T cuvdptnon -z : Zx Z — Z pe
la,b] -z [c,d]| =[a-c+b-da-d+b-c].

Kat 0 moAastAaciacudc ikavorotel Tic BOTNTEC TTOV D0 TIEPLUEVOUE.
Yke@reite Twpa 0t a —b < ¢ —d avv a + d < ¢+ b. Autdg elvar o kavovag Tov da
YOENGLLOTIOIOVPE Y0, VO GLYRPIVOLUE VO GREPALOVC.

Opopog 3.2.10. Opitovpe ™ oxéon <zS Z x Z pe [a,b] <z [¢,d] avwa+d < c+b.

Evkolo prtopovpe va delovpe 0Tt elvar 6éeNn oMKNG dtdtaing 610 Z Kot PdAeTo 1oy Vel
kot N ovtiotoyn opxn ehayiotov (deg Oewpnuo 3.1.23), apkel 10 GUVOAO Vo €xel KATO
Ppayp.

KAelvovtag tnv mapdypapo do mpemel vo. deifovpe 0Tt T0 GUVONO Z «TEPLEYEL» GUVONO
ovTieTowo pe 10 w. Oa detfovpe 611 vdpyel 1-1 cuvdptnon E @ w — Z mov 6é6etal TIg
mpaelg kou N ddTaln Tov w.

Oevpnpo 3.2.11. Oewpoipe T cuvapton E : w — Z pe E(n) = [n,0]. loyde 61t n E elvau
1-1 kot yto. kGOE M, N € w:

. E(m+mn)=E(m)+z E(n)

! Aev ypeagduacte £6 1o Afiwua VIL() kaddc pmopodue va emihéEovpe w¢ aviimpdono mapadelypatoc xdon
10 £Adylo10 GToyelo TNG KAGoNg Gp@wva pe T AeCikoypagiki ddtaln (IMapddeypa 2.2.29). Mropeite va
del€ete OTL TAVTO LVITAPYEL AVTO TO EAAYLGTO GTOLKELD;

2 ,

Tot;
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2. E(m-n)=E(m)-z E(n)
3. m<navv E(m) <z E(n)

H anédeén tov dewprpatog agrvetar wg doknon (Acknon 3.24)

3.3 Pqrot

Tnv Bl axpLBoc Aoy da. arkoAovdnnGovpe yia va opicovpe pntovg apdpoig (to civolo
1wV omolwv 10 cuuBolitovpe pe Q). H Bacikn mapatipnon 3o eivon n e€Ac:

Mapatipenon 3.3.1. Tia k4de g € Q viapxovy a € Z kar b € Z \ {0} tétoa dote ¢ = ¢.
KOL QUGG § = S avv a-d =c-b.

Opopog 3.3.2. 'Eotw Rq € Z x (Z ~ {0}) n oxéon pe (a,b)Rq(c,d) avv a-zd =c-zb.

[potaocn 3.3.3. H oyéon Rq eivar oxéon wwoduvapiog.

Opopog 3.3.4. Opitovpe wg 6Uvoro pnTeY T0 GUvoro Ttnhiko Q =Z x (Z ~ {0})/Rq.

Mopadeypa 3.3.5. O pntdg apdudg —% AVOTAPLETATAL OTTO TO GUVOAO:

[([(07 _1)]Rz7 [(37 0)]RZ)]RQ

evVo 0 appog 3 a6 10 GLVOAO:

[(I(3,0)] R, [(1, 0)] r,)] g

TupBoiiopog 3.3.6. Oa plordGpovpe TNV TEOKANGN ap@PoNUOY ypdgovtag [a,b] avti yo
[(@,b)] ry- No Tovicovpe Suwg 611 €36 10 a, b elvar axépator apdpol, ue b # [(0, 0)] r,. Eniong,
D0, YPNOLLOTIOLOVE TOV OKEPALO CPWDUO 2 YLO. VO AVOPEPIOVUE GTNY KAGGN LGODVVOUIOG TTOU
TOV avamopletd. Anhadn, 670 Tapandve Tapddetypo do éxovpe 10 6Ovoho [-1, 3] Tov ava-
TOPIGTA TOV — = Kat T0 GUvolo [3, 1] Tov avamaplatd tov 3. Oa kpathcovue T0v GLEBOAGUS

3
+7 KOl -z YO VO LOC DVWIZEL TO YEYOVOC OTL AVOUPEPOUAOGTE GE OKEPOLOVC.

[a vo. opleovpe TNV TPOGIEGT KOL TOV TTOAAGTTAUGLOGUO OKEPALWY DO, XPNGLLOTIONGOVUE
TIC TOVTOTNTEC:

a ¢ a-d+c-b
v TdT T bd
a c_ac
b d b-d

Opwopog 3.3.7. Opitovpe wg mpdodeon pnrwv T Guvdpton +q : Q x Q — Q pe [a,b] +q
[c,d] =[(a-zd)+z(c-zb), b-zd].

Opwopog 3.3.8. Opitovpe wg moAdamdaciacud pntév ™ cuvapton - : Q x Q - Q pe
[a,b] -q [c,d] =[a-zc, b-zd].
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Ot TTPALEIC GTOVC UKREPOLOVC LKAVOTIOLOVY OAEC TIC BLOTNTEC TTOV DO TTEPLUEVAE.

Yvp6ohopog 3.3.9. Oa cupbolitovpe pe —g Tov povadikd pnto pe ¢ +q —q = [0, 0] ko pe
% TOV povadiké pnto pe ¢ -q —q = [1,1].

[Mapotnpnote T 10 €€Ng, 0v ot b kar d elvar deTikol TOTE:
c
d
Av kdGmolo¢ a7té Toug dVo dev elvar JETIKOC TO TPAyUoTa TEPTTAERoVTAL ‘Oung epocov
€Yovpe VA KAVOLYE pe KAGGELS LGOdUVAPLAG UTTopovpe KAAMGTO Vo eTAEYOLUE TTAVTO LEV-
yo¢ akepaiwv (a,b) pe 0 <z b w¢ avtimpocwmo g kKAdong, kadwg [a, b|Rq[-a, —b].

%S avw a-d<c-d

Optopog 3.3.10. Opltovpe T oxéon <q< Q x Q pe [a,b] <q [¢e,d] avva-zd <z c-zb.

Evkola pmopovpe vo. del€ovpe oTL elvon oyéon ohkng diataing oto Q.
KAelvovtog va ava@épovpe Tov TpOT0 TTou eu@utetoval oL aképatol (ko kot emERTOoN
KOL OL PUGLKOL) GTOLC PNTOVC.

Ozwpnpa 3.3.11. Oewpoiye ™ cuvdptnon E : Z — Q pe E(z) = [z, 1]. loybel 61t n E elvar
1-1 ko ywo kGde T,y € Z:

L E(z+zy) = E(x) +q E(Y)
2. E(x-zy) = E(z) q E(y)

3. x<zyavw E(z) <q E(y)

3.4 Ipoaypatikol

To va avoTtopacTNGOLPE TOUG TIPOYUOTIROVC D0 XPELOGTEL VO, EPUOUOGOVUE L0 PTG
drapopeTiki Tpocéyyien . Oa xpncomomcovpe Tic Aeyduevee Touée Dedekind: ®a ava-
TOPAGTIGOVPE TOV KADE TPOUYUOTIKO apUd Ye T0 GUVOAO OAWY TOV PNTOV GEWDUOV TOU
evar yviota pikpdtepot amé avtév 2. H Bacikn mapatipnon mov kdvel avtiy ty 1déa va
dovAevel elvan To yeyovog 0Tt 10 6UvoAo Q elvar TVKVO 6TO GUVOAO TOV TTPUYUOTIKOV APDUGY

R:

Mopatnenon 3.4.1. Avdpeca ce kGde dVo TpaypaTikovg apPBPods LVITGEYEL TAVTO PNTOC
0pudC.

Yuvenwg, yio Sla@opeTikovg apdpoig &,y € R 1o 6Uvola Tov pnTtev TOV VoL PkpOTEPQ.
orté avtovg da evar droopetikd. Ot Topée Dedekind dev elvar o povadikog TpOTOC Ova-
TAPAGTAGNC TOV TPUYUATIKGV, Giyovpd Sueg eival o 1o amAdg . A¢ dodpe TOUC TUTTIKOUC
0pLGUOVC.

I Apovo av pmopodeaye vo yoparmpicovpe KGde TPOYUOTIKG apdud pe dvo pntovc. Avté do orpawve 6L
vIdpyouv 10 o TARIoC TpayuaTikol Kol pntol apuol, kAt mov (elte Eépoupe eite Qavtagduacte é11) dev
wyvet. To yeyovog avto do to amodeifovpe 6o Kepdiawo 6.

2 AnAadn oTnv oveia o kGde TPOYUATIKGE XUPURTNE{ETAL ard ula dmelpn akoAovdia prTHv.

3’Evac dAog 1odd yveotée Tpémog avamapdotacng eivar pécw tov akodovdwv Cauchy. O evdiapepduevog
avoyvooTng da ypelactel va avatpéel 6tn BilBAloypapla Yo TEPLGGOTEPEC TTANPOPOPIEC.
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Optopog 3.4.2. 'Eva abvodo C < Q kadeltan Tour; Dedekind avv:
L. C+graC#Q,
2. avz e C ko yia 10 y € Q woyvet 611 y <q ¥, 101 Y € C' kO
3. 10 C' dev €yel péyloTo GToLxelo.

Hapadeypo 3.4.3. To aivoro {q € Q | ¢ <q [([(0,0)]r,,[(0,0)]r,)]ry} amoterel Topn
Dedekind.

IMpo@avwg kot TEémel vo. aAa@EUVOLUE TOV GLUBOAGUO.

Yvu6oAicpog 3.4.4. Oa ypncigomooVue Tov PNTé aEWUd g yo va avagepdodue 6Ny
KAGGN 1GOBLVORIOC TIOV TOV AVOTTaELGTA. ANAadN, 6T0 TAPOTIAVE TOPASEYIO DO, EXOVUE TO
avvoro {q € Q| ¢ <q 0}. Ag amromomcovpe kat GAAO T0v GUUBOMGUO YENGLLOTIOLWVTAC TO
oVpBoro Or avtl yia v topun Dedekind tov Iapadetypoatog 3.4.3.

Opw6pog 3.4.5. Oplovpe w¢ GUVOLO TOAYUATIKGY TO GUVOMO:
R={Ce¢P(Q)|C topun Dedekind}

TUYXWPEGTE POC TOV ATVTIO 0PLGPO TOL GLUVOAoL R.’OTorog €xel ap@iBolieg yio To Katd
16cov 10 R amotedel civolo apkel vo aviikataotnoet 10 «C' topn Dedekind» touv Opt-
opov 3.4.5 pe 1i¢ WdiotnTee Touv Opepod 3.4.2.

Mmopovpe vo. 0plovpe TNV TPOGIEGN GTOUC TPAYUOTIKOUG XWPEIC Wialtepn dVGKOAL.

Optopog 3.4.6. Opltovpe wg mEOGAeon TpayuaTik®y ™ cuvdptnon +r : Rx R - R pe
r4+ry={q+reQlgexnrey}

Ducikd da pémel vo. eAéyEovpe OTL GVTWC TO GUVOAO T +R Yy aTotelel Topn Dedekind.
Yvpu6oAicpog 3.4.7. Oa cupBoligovye pe — 10V LoVOSIKG TTPOYRATIKG Ue T +r —2 = OR.

O TTOAAOTIAAGLOGUOC TIPOYROTIKGOY dVGTUXWC dEV 0PIETAL e RATIOL0V KOPWYO TpOT0. Md-
Aot TPOTOU TOV oploovpe Do xpeloTel va oploovpe TN dATALN TOV TPOYROTIKGOV. AvTn
dev elval TIIToTo. TOPUTTAve amtd T 6YEoN Tov TepLExecdal 6to auvoro R. T Adyoug opoto-
pop@log da xpNoLpoTolVPE T0 GVUBoAO <R VTl yl0. TO CR.

IMpotacn 3.4.8. H oyéon <g eivar oyéon ohikig ddraing oo R.
B0 XPELUGTOVPE ETTGNE TNV ATTCAVTN TIUN TOV TTPAYUOTIROV.
Optapog 3.4.9. Opltovpe w¢ amdivtny Tiun ™ cuvdptnon | |r : R - R pe:
r ,ov0p<zx
|z|R = ,
-z, OANOG

Télog, da xpelaGTEL VO 0PIGOVPE TO GUVOAO TOV Un AOVNTIKOY TOAYUOTIKGY ETGL OGTE VO
0PLGOVYE TPWTO TOV UEOIKO TIOAATAGGLOGUO TIPOYUOTIKOY GE GUTO TO GUVOAO.
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Op16p6¢ 3.4.10. Oewpodpe 10 GUVOAO TwV Un apviTIRGY Tpayuatikey o¢ RT = {z € R |
Or <R :L‘} L

Opiopog 3.4.11. Opltovpe TEOTO. TOV TOAATAAGLOGUS UETAL) UN GOVNTIKOV TTOOYUATIRGY
g+ : RT xRT - RT wc e&n¢ :

z re Yy=0rU{q:qreQ[(0<qq A gex) A (0<qr A rey)}

KO €TTEITA TOV TOAAQTTAAGIAGUO TPayuatikewv R : R x R > R w¢ e&ng:

TRt Y , v x,yeRT
zrY=1-(z|gr Rt |YlR) , ovelte z ¢ RT elte y ¢ RT
zlr e lylR oAb

Ketvovtag o@ellovpe vo ava@épovye TOV TPOTIO TOU EUPUTEVOVIGL OL PNTOL GTOVC
TPAYUATIKOVC.

Oeopnpa 3.4.12. Ozwpodpe ™ cuvdptnon £ : Q > R pe E(q) = {r e Q| r <q q}. loyder
ot n E elvar 1-1 kou yio kGde x,y € Q:

l. E(x+qy)=E(z)+r E(Y)
2. E(zqy)=E(z)rE(y)

3. x<qy avw E(z) <g E(y)

Ackncelg

' w

3.1. Oewpnote owoyéveln A1, Ag, ... pn KEVOV GUVOAWY QUGIK®Y. Aellte OTL N GLVAP-
ton emhoyng f omov f(A;) elvar 1o eAdyioTo GTOKELD TOV A; LTTAPYEL.

3.2. Aei€te 611 yio kGDE N € w GYveL bt £ nT.
3.3. Aeite OTL Y10 KADE M, N € W WGYVEL M € N OVY M, C M.

3.4. Aeite 611 yio kKGAe n € w wyde 6t n ¢ n. (Ynodaén: Oa ypeiacteite v
Aocknon 3.3.)

3.5. Aeite 611 av n € w t6te N c w. (Yrodeln: Oa ypeacteite ™y Acknon 3.4.)
3.6. Acilte 61 w ¢ w. (Yrddeln: Oa ypeiacteite ny Acknon 3.5.)

3.7. Aei€te 6Tt yia kGde n € w wyve 6t w ¢ n. (Yrddeén: Oa ypewacteite vy
Acknon 3.6.)

1 , ’ , , , ,
To 6Uvolo autd dev da TPETEL VA GUYYEETAL Pe TOV EMTOUEVO TOV GLVOAoL R.
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3.8. ZuumAnpwote ™ Sevtepn amdden 1ov Oswpnupotoc Avadpopng oto w (Te-
Alda 40).

3.9.’Eotw 6voho A, a € A kor uvdptnon h: A — A pe a ¢ ran(h). Aeite 6Tt avn h
etvan 1-1 101 kaw n povadikn cuvaptnon f : w — A mov avorotel Ty e€lcwon:

f0)=a
f(n™)=h(f(n)) , ywa kddenew
elvar 1-1.

3.10 (Exdetiki} Zuvaptnon). Oplote ™ cuvaptnon exp : N x N —» N pe exp(m,n) =
n™ 6710 w.

3.11. (Avadpoun ue to dpioua w¢ mapdustpo) Ecto civolo A, a € A kot Guvdptnon

h:Axw — A. Aei€te 611 vitdpyer povadikn cuvaptnon f : w — A 1ov yio kGde m € w
IKOVOTIOLEL TNV €ElGLGN:

f(nT)=h(f(n),n) , ya rédenew

3.12 (Tlapayovtikd). Opicte Tn cuvdptnon ! : N - N pe:

| 1 ,avn=0nn=1
n! =
1-2----(n-1) , oA\wg

o10 w. (Ynode&n: Oa ypeiacteire v Acknon 3.11.)

3.13 (Zvvdptnon tov Iponyovuevov). Opicte ™ cuvdptnon pd : N x N pe:

0 ,ovn =20
pd(n) = ,
n—-1 , alog

oo w. (Ynodeién: Oa ypeiacteire Tnv Aoknon 3.11.)

3.14 (A@aipeon ctoug pucikoig). Opicte T cuvdptnon = : N x N - N pe:

m-n ,ovnsm
=(m,n) = ,
0 , AANOG

ot0 w. (Ynodeén: Oa yoeiacreite ™y Aoknon 3.13.)
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3.15 (ApoBaia Avadpoun).’Ectw civodo A, ctowxela ai,as € A kot GuvapTHGElC
hi,ho € (Ax A — A). Aei€te 611 vnidpyouvv povadikég cuvaptnoe fi, fo € (w - A)
OV IKAVOTIOLOVY TNV e€lGwoN:

S
+
~—
I
>
—
—~
=R
S
~
IS
S
=

3.16 (Eppwievpévn Avadpoun). Ectw civoho A, cuvdptnon g : w — A, cuvdptnon
h: Axwxw — A kol 6uvapmon 7 : wxw — w. Ael€te 6TL LITAPYEL LOVODIKT GLVAEPTNGTN
f:wxw—> A mov yo kGde m € w KavoTolEel TNV e€lowon:

{ £(0,n) = g(n)
f(m+7n) = h(f(mvT(mvn))vmvn)

3.17. Amodeire v [Mpdrtaon 3.1.15.

3.18. Amodeitte v Ipotaon 3.1.18.

3.19. Aei€te 611 yio. RGDE M, M € W LGYVEL T € M GVY VTTAPYEL S € W PE S # 0 TETOL0 WoTE
m-+s=n.

3.20. Aei€te 0Tt n G6Y€oN < TWV PUGIKOV elvaL DATAEN YWPLC VO XPNCLUOTOMNGETE TNV
[Mpotaon 3.1.20.

3.21. Aei€te otL seg (n) = n Yo RGIE n € w.

3.22 (ITAnpng Emaywyn). AeiEte 61t av yio 10 P € w weydet 6t
1. 0e P ko

2. 0v TO YeYyovog OTL yio. KGde m < n woyveL 0Tt m € P cuventdyetal otL n € P,

tote P = w.

3.23. Anodei€te v Ilpotaon 3.2.3.
3.24. Anodeifte 10 Oewpnua 3.2.11.
3.25. Amodeite v Ipotaon 3.3.3.
3.26. Amtodeilte to Oevpnpua 3.3.11.
3.27. Amodeilte v Ipotaon 3.4.8.

3.28. Amodeilte 10 Oewpnua 3.4.12.
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KE®ANAIO 4

I[TAPAAEIIIOMENA

[Tpotov GuvelGOLPE GTO KUPLO KOUUATL TOV GTUELOGEWY D0 TTPETEL VO, UVAPEPOVPE KO-
oL TPAYPOTA Y TIC Gyéoelc ddtadng ov Tapaeipaue and v Mapdypago 2.2.4 . Q¢
A4 payetag 1o aflwpo emthoyng da epgaviotel kow TAA koL do pag Bondneel vo. amodeifovpe
S0 1o Badid dewpnpata 6ty Oewpia Adralnc.

4.1 Awtogng mopoldetmopevo

H ol didtan evog xopov dev elvan 0pKeTA KOAN YLO. TOUG GROTTOUC PaC. XPELLORAGTE
ula. akopa koAOTEPN ditataln.

4.1.1 KoAa diatetaypévol ywpot

Optopog 4.1.1. ‘Evag dwatetaypévog ywpog (A, <) kakelton kadd datetayuévog avv kGde
pn kevo vrocuvolo X € A €yel ehdyloto otolelo. Xe avtnyv TNV TePImTwon da Aéue OTL 1
didraln < elvar kaAn.

Mopadeypa 4.1.2. Ac Sovue Vo moapadelypuoto KOAG SOTETAYUEVEDY XOPWV:

- Zto Oeopnpo 3.1.23 dellape 0Tl 0 XWPOC w pe TN NATOEN TWV PUOIKGV €VaL KOAD
dloTeTaypevog.

- O yopog (w,<), 6mov n <" m avv n < m, ya k4de n,m € w~ {0}, ko n <" 0, yia kGde
n € w, elval KOAG datetaypévoc. Ilpdypartt, €otw pn kevo A € w. To A elte da mepieyet
10 0, elte oL XNV TPWTN TepinTwon 10 A €yel eAdyLoTo GTOoLKEl0 WC TTPOC TN daTaln
TOV PUGIKWOY, dpa kat wg TTpog v <’ (Seg [Tpdtaon 3.1.20), eved n dedtepn mepimTOGN
avayetar oVGLOGTIKG TNV TPWTN dewpwvtag To cUvoho A \ {0} (extdc av A = {0},
OV QUG TOTE TPOPOVAOC VTTAPYEL ENGXIGTO GTOLED).

' KoAd da ftav o avayvdotng mpotol cuveyicer T UeAéTn TOL va KAVEL Wio eTovaAnpn GTIC $VVOLeg Kal TOV
cvpBoiiopd avtng g Hopoaypdeov.
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Awaraéne mapalemopeva

Mapadeypa 4.1.3. O ydpor Z, Q, R pe 1i¢ Sratdeig mov oploape 610 Kepdawo 3 dev eivar
kald Satetaypévor .

Mopatnpnon 4.1.4. Av o (A, <) eivan koG dotetaypévog T0Te KAt 0 VITdYwpEog S € A da
elval KaAd dlaTteTayuevoc.

[Mpdypott kGde pn Kevé vITOGHVOLO Tov S da el ehdyloTo Gtolyelo (kadwg elvar vito-
cvvolo Kkat tov A).

TvpBoMcpog 4.1.5. 'Ecto kaAd Siotetaypévog x0pog (A, <) kat un kevé X ¢ A. To ehdyioto
ctoxeio Tov X da 10 cupBoligovpe pe ming X (] okéto min X av o A evvoeitar and 1o
GUUPEULOPEVA) KOL TO eEAGYLGTO GTotelo Tou A pe 0 4. O cupBoMopdc avTdc dev OTOTUTTWVEL
™ Stdraén Tov xwpov aAdd (evtuywc) 6e 660 akolovdodv dev da yxpelactel va mdpovue dvo
KOAEC datdlelg 6Tov B0 YWPO.

Mopatnenon 4.1.6. Mio kaAn Sidtaln etvar wévto oAk,

O Adyog etvar tpoavig: To omoadnmote 8o ctoyeld a, b to distvoro {a,b} €xer ehdyoto
oToelo. Avto onpaivel 0Tl T0. a, b elval GLYKPLGLUA.

Kdvovtag pla avadpopn 6o mponyolpevo ke@dhaio 2, ac duundovue 61t n apyh eha-
x{6T0V 610 W pag édwoe pla TOAY 1GYVEN aTodelkTk] PEdodo: v TAEN emaywyn (deg
Aoknon 3.22). Me Alya Adyio. n TARPNG eTTaywyn popel va meplypagel o¢ e€ig:

Av 10 071 yia KAde apYIKO TUNUA PUOIKGY, aTto T0 0 UEYpL Kat Tov n, IoYVEL pla
ootnTa. €xer w¢ amotédecua ott n dloTnTa 1IGYVeL Kat yia Tov n + 1, 10te 1
1010TNTA AVTN IGYVEL VIO OAOVC TOUC PUGLKOVC.

A@ov e kGDe KAAG dLOTETAYUEVO XOPO LGYVEL 1] apyN EAaYIGTOV, avapévouue OTL Do LGYVEL
KATTOL0. avTIoTOLN LoP®N ETTAYOYNGS. TNV eTT0y0YN GUTNY TNY OTTOROAOVYE VITEQTTETTEQACUEYN
KADWC TO APXIRG TUNUATO GTOV YOPO UITOPEL VO, EIVOL KOL ATTELPC, KOL O YDPOC GUTOC RODOVTOV
V0L TEEPLEYEL TIEPLOGOTEPA GTOLYELDL OTTO TO W.

Oevpnpo 4.1.7 (Apyn Yrepnenepaopévne Enayoyic). ‘Eotw kaAd dwutetaypévog xwpog
(A, <) kot €010 vVIOGUVOAO P C A. Av yia k4de a € A 0 OtU:

seg (a) € P ovvemayeton 01t a € P
101e P = A.
Oa TapovGLdcovpEe TNV OTOIEEN TOV DEWPNUUTOC TTAPOAO TOV KIVUVO Va TTPOdDGOVUE

™V amavtnoen oty Acknon 3.22.

Amodeaién Ocwprjparog 4.1.7. 'Eotw (mpog dromo) 61t 10 6hvoro A \ P elvar pn kevo. Agov
n < elvon koA ddtan €metan OTL T0 GUVOLO avTd da. €xel eAdyLoTO GTOElD, £6TL a. loyvet
ot seg (a) € P, onote a € P. AtoTo. O

‘OTtO¢ ROL Y10 TNY TEPITTOON TOV W, PTTOPOVUE V0. EPUOUOLOVUE TNV VITEPTIETEPAGUEVN
emtoywyn mtaipvovtag 1o (VToTdéuevo) eAdyieTo avtimapddetypa: Yrodétouvpe (mtpog dromo)
611 10 GUvoho A N P elvor pn kevd kot Sefyvovpe 01t Sev €xel ehdyioto ctotyelo (wg d@eide).

! Auté Sev onuaivel Quotkd 61t dev uTdpxoLY KaAéC DOTGEEIC Yo aVTOVE TOVC YWEOUC!
% No pun intended...
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4.1.2 Ymnepnemepocpévn Avadpopn

"Eva. GAAo o) 16yvp6 gpyaldelo Tov TTopouctdcTtnke 610 Kepdhato 3 ntav 1o Oewpnuo
Avadpopng (Oedpnpa 3.1.11), mov pag €dwe ™ duvatdtnto va opicovpe plo GuVAETNON
f:w — A péow plog avadpomkng eglowong, dnAadn malpvovtag v tun f(n) yo éva
oToElD N € W OO TNV TN TC f Y0 TO OPEGWE TTPONYOVPEVO GTOLELD. Xe YL0. TIPOGTIO-
dela va emertelvovpe avtd 10 amotélecua ce kAde KaAd datetayuévo xwpo A (dnhadi va
oploovpe cuvaptnon f: A - A), 10 w10 TEG6ANUa TTov da. TPETEL Vo LeTEPAGOVYE EVaL
T0 yeyovog Tt evIEYETOL VO UNV LTIAPXEL Apécwe TTponyoduevo ctoweio (dmwg yio Tapd-
dewypa 10 oToyelo 0 otov kaAd datetaypévo xwpo (w,<’) tov MMapadelypatog 4.1.2). Avtd
10 TPOBANPO pmopel va Eemepaotel amartovtog N TN f(a) ywo To otorelo a € A va Baol-
tetar 6TIC TWWEG TNC f Yoo OAGL TO. GTOLYELD. TTOL EVOL LIRPOTEPC. ATTO TO a, dONAGST OVGLAGTIKA
amé tov meplopopd e f oto seg (a) (avtd 1o cupBolicape wg f | seg (a) otnv Tapd-
yoapo 2.2.1). Av éxouv 161 10 Tpdypata da mpémel n Guvdptnon h uécw tng omolac da
pog divetar n emdpevn T f(a) va déxetan wg dpopa 1o f | seg (a), dradn pla dAAn
ovvaptnon. Na v akpiBeia n f | seg (a) evar avtd mov Aépe pepikn cuVAETNON, KODWC
oyver ott dom(f | seg_(a)) c dom(f) = A.

Opiopog 4.1.8. Mepikii cuvdptnon amd 1o civolo A 6to 6hvoho B kaleltar omoladnmote
ovvaptnon f pe dom(f) < A kar ran(f) ¢ B.

Eidiotar va amokatovpe Ti¢ cuvaptioeg pe dom(f) = A odwég cuvaptnoeig. Ilpopavog
pla OAKT] GUVAETNGT EIVOL KAL PEPIKT] GUVAPTNGT.

Mapadeypa 4.1.9. Towg 10 1o owkelo Tapdderypo (yviolag) pepkig Guvaptnong elvar n
owdpmon ./ R > Rpe Vo =yavyry=z (1o medio oplopov TG evar 10 GUVOLo
R*, 8ec Optopé 3.4.10)."Eva 4o owkelo pog mapddetypo peplkig 6uvaptnong efvat 1o kevo
ovvoho!

Tvp6oAopog 4.1.10. ZvuBolitovpe T0 GHVOAO TOV UEPIKOY GLUVAPTNGEWY a6 TO GUVOAO A
670 GUvolo B wg e€nic (A —~ B) L.

"Emeita and v avdiuen mov kavope 10 Oempnpo Avadpopng yia kKoAd diotetaypévog
XOPOLC Do TPETEL Va. €XEL TNV EENC LOPPN:

Ocwpnua 4.1.11 (Oedpnuo Yrepmemepoouévne Avadpounc). ‘Ecto koAd datetayuévog
xwpog (A, <), obvoro B kot cuvaptnon h : (A — B) - B. Ymdpyet povadik 6uvaptnon
f: A~ B mov wovomotel v eflowon:

fla)="h(f | seg.(a)), yia kade a € A

[a va amodeifovpe avtd 1o dewpnpa (6mwg kot yia 10 Oewpnuo 3.111) vidpyovv dvo
dpopor: O TpoTOC elval vo TTdpovpe «ROTAANAES» GYécelg 6To A x B kot €merta TV Topun
TOUC KOL 0 OEVTEPOC VO TTAPOLYE KTTPOGEYYIGELC» TNC f KOL ETELTO. TNV VOGN TOUC.

' Na avagépovpe ula akdua @opd 6t (A - B) c (A — B).
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Tpdrn anodeiln Oewpnuaroc 4.1.11. Oa kohodpe 10 6Uvodo R € A x B kleloté w¢ mPog
™mv h avv:

av yio a € A kat g € (seg.(a) - B) wyvet o1t (z,g(x)) € R yia kdde x € seg_(a),
t01¢ (a,h(g)) € R.

[Tpo@aveg vTapYouvv GUVOAA KAEGTA K¢ Ttpog h, To A x B yio mtapddeypa eivat €vo oIt
avtd. Oewpovpe 1o (Un kevd) Guvolo:

C ={Rc Ax B| R k\eio16 w¢ mtpo¢ h}

KaL TN GYEoN:

F=NOC

[Mopatnpnote ot F € C: Av yia kGde x € seg_(a) woyvel ot (z,g(x)) € F, t61¢ (2,9(x)) € R
yia kade R € C. Omote ko (a, h(g)) € R yia kdde R € C. Zvvenog (a,h(g)) € F.

Oa detfovpe TOPA Ye VITEPTETEPAGUEVN ETTOYWYN OTL TO GAuvolo F' elvar Guvdptnon.
Oewpovpe T0 GUVOLO:

P={acA|(3eB)((a,b)ecF)}

kat (tpog dromo) ehdyioto Gtorxeio a € A N P, dnhadn ya k4de x < a vidpyel povodiké
y € B tét010 O01e (2,y) € F. L& autnv NV TEPIMTOON WoXVeL 61t 10 6Uvoho F | seg_(a)
amotelel Guvaptnon omo 1o seg.(a) 6to B, éotw 1 g. [lapatnpnote 6t (x,g(x)) € F yo
kGe x € seg (a), ondte (apob F € O) (a,h(g)) € F. Exovpe viodécer dpwg o1t a ¢ P
ovvenog vrtapyet kon b € B pe b # h(g) této0 vote (a,b) € F.

Apkel va dellovpe 61t 10 ghvoro F' = F \ {(a,b)} elvan kAewot6 0¢ TTpog h, kadog tdte
da éyovpe 011 F' € C ran 611 F' c F, yeyovdg mov avtiBaivel 6tov TpoTo TTov oploape 10 F.
Ac amodelovpe OUTOV TOV LGYVPIGPO:

‘Ectw c € Ak g’ € (seg (c) - B) tétol0. wote yio. kGe x € seg_(c) va xovpe (z, g’ (z)) €
F'. Apo¥ F' c F émetar 61 (2,9’ (x)) € F rar, kodog F khewoté wg mpog h, émetan ot
(c,h(g")) € F. Av ¢ # a 6Aénovpe dpeca 6t (¢, h(g")) € F' (apod mpopavag (c,h(g’)) #
(a,b)). H «mtpoBAnpatiki» mepintwon eivar 6tav ¢ = a. Tote vmdpyel o kivduvog va oydet
ot (a,h(g")) = (a,b), 1 ahhwg 61t h(g') = b. O Aéyog Tov awTd dev propel va cupbel elvar
ot ¢’ = g, ondte h(g') = h(g) ko Tpoyevéatepa éxovpe vITodécer 6Tt b # h(g). Opwg yotl
wyveL ot g’ = g;

Eidape mpw o1t yio. kGde = € seg_(a) €xovpe (x,¢'(x)) € F, dpa g’ € F. T tnv akpibelo
wyveL ot g’ € F I seg_(a) = g. Zuvenog (amd v Aoknon 2.19) f = g.

o vo ehéyCovpe Ot n ouvdptnon F kavoroel v eflowon:

F(a) = h(F I seg.(a)), ywa kdde a € A

Oo epappocovpe ava emoywyn: 'Eoto eAdyioto avtmapddeypo a € A, dnhadn woydetl 611
F(z)=h(F | seg.(z)) ywo kGde = < a, eve F(a) # h(F | seg (a)). Auto conpaiver 61t yia ™
ovvaptnon g = F I seg_(a) € (seg.(a) - B) wyvdet o1t (z,g(x)) € F ya kdde = € seg_(a).
A@ov F e C émetan 61t (a,h(g)) € F, dnhadn F(a) = h(g) = h(F | seg.(a). Atomo.

[a va odokAnpocovpe v amddelln Tov dewpnuatog Tpemel vo. delfovpe 0TL N GUVAP-
mon F' elvar n povadikn pe avtny v didtnto. 'Ecte o1t vmdpyer kot GAAn cuvdptnon
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G : A - B pe v 00OV WDOTNTO KOl €6Tw a € A TO €AAYLGTO GTOLXEIO YLO. TO OTOLO
F(a) + G(a). Apov yo kdde x < a €xovpe F(x) = G(x), énetaw o1t F' | seg (a) = G |
seg (a), kar apa h(F | seg (a)) = h(G | seg.(a)). Auto @uoika enpaiver 61t F'(a) = G(a).
Atoto. O

TNV TOPOTIOVE OTTOdEEN YONGLUOTIOMNGOPE TPELS POPEC TNV APXN] VITEPTETEPOUCUEVNG
ETOYWYNG, Ue OAO KOL TTLO YOAAPO TPOTIO TNV KADE Popd. ATo €d® kot 6TO £€ng da LVIdeTN-
covpe 1oV Tedevtalo (kot YaAaPGTEPD) TPOTO EPUEOYNG TNG.

Agvtepn amodeln Ocwpnuaroc 4.111. 'Ecto a € A. Kalovpe pla cuvaptnen g : seg (a) —
B mpocéyyion éug kat 10 a avv yio kGde x € seg (a) woyver ot g(z) = h(g | seg.(x)).
Av a € A 10 eEAGYLOTO GTOLYEID TOV YOPOV, €V TOPADELYKO. TTPOGEYYLGNC €VAL I GLVAPTNON
g:{a} > Bype g(a) =h(@) = h(g ! seg.(a)). Ocwpodpe 10 (un KeVA) GVvOlO:

C ={ge (A~ B)| Yndpyer a € A 1€1010 WGTE g TPOGEYYLON €WC KOL TO @}

KaL TN oYéon:

F=JC
Méver vo. delouvpe OTL:
1. F' cuvdptnon,
2. ywo ke a € dom(F) wyver 61t F(a) = h(F I seg.(a)),
3. dom(F) = A ka
4. n F elvaw n povodikn pe autny v diotnTo.
H cuvéyelo tng amédeiing agpnvetal wg doknon (Acknon 4.4). O

MMopiopa 4.1.12 (Yrepmenepacpévn Avadpopr] pe mtopapetpo). ‘Eoto kodd dutetaypévog
xopog (4, <), cuvoho B kat cuvaptnon h: (A — B) x A - B. Yndpyel povadikn cuvaptnon
f: A - B mov wavomotel Tnv e€lowon:

fla) =h(f | seg.(a),a), yia kdde a € A

H amode&n tov elvar evtedwg avtiotoyn pe v ormodeln tov Ioplopatog 3.1.12. Xdaptv
£€AGKNONG TNV £)X0VUE TTPOGIEGEL 6TN AMGTO TwV aGKNGEWY Tov Ke@olaiov (Acknon 4.5).

Mio evdiagépovoa kot dpeon epappoyn Tov Oewpnuoatog 4.1.11 elvar n ak6Aovdn TTPO-
TO.0N.

MMpotacn 4.1.13 (ITApeng Avadpopn 610 w). ‘Eotw 6hvoro B kat cuvdptnon h: (w —~ B) —
B. Yrapyer povadikn cuvaptnon f : w — B movu wavomotel Ty e€lowon:

f(n)=h(fIn), yo rGde n €w
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H am6deln elvor pla amin epappoyn tov Oewpnpatog 4.1.11 yia 1ov ROAG dloteTaypévo
x0po (w, <) (Quundeite emiong 611 seg_(n) = n yo kAde n € w, Aoknon 3.21). Iapatnprcte
10 €&Nng:

-
—~
—
S~—
I
>
—~
=
S~—
I

>
—~~
~
=)
-
—
(=)
S~—
—~
S~—

KoL Yevika N TN f(n) vitoloyietonr 646N OA®V TOV TPONYOVUEVOY VITONOYLGUEVDY TLUOV.AC
dovye plo eQappoyn Tov.

Opwopog 4.1.14. 'Eva 6hvodro A elvar petabatikd avv yio. kGde a € A woydel 61t a c A.

O 6p0¢ petaBaTikO TPOKVITTEL ATTO TO YEYOVOC OTL 1] GXEGN TOL GVNKEW elval heTaBatikg
610 A kadOC ov x € y koL y € A 1618 T € A. Tleplepyn Widtnto, aAdd (6mog do dodue) dev
elval KadOAOV GTIAVI0. GE AVTEC TIC GNPELOGEL!

Mopadeypa 4.1.15. Téco 10 GToxeio. Tov W 660 kAL To (B0 T0 W eival petabatikd cHvola
(dupmdeite v IMpdracn 3.1.20 kow Tnv Acknon 3.5).

Oevpnpo 4.1.16. T kGde cdvoro A vrdpyer petabatikd civoho B tétoo kote A € B.

Amodeiln. Oewpovue n pepkn cuvdptnon h: (w -~ P(A)) - P(A) pe:

A, av g=2a
h(g) ={Ug(n), avg:nt —>P(A), ya kdmow n € w
a, OAMLOC

A6 v pdtaon 4.1.13 émetar 611 vtdpyer Guvaptnon f : w — P(A) tétowa wote:

A, avn=20

f(n) =h(f Fn)Z{

Uf(m), avn=m', yia kémowo m ew
Oewpovpe 10 6Uvoho B = U{f(n) e P(A) | n € w} kar mapatnpodpe ot
1. f(0) c B, dpa A € B, ko

2. av y € B kot 1 € y, 1618 UTAEXEL N € W TéTOW WoTe Y € f(n), dpay < U f(n) = f(nT),
cvvendg z € f(nt) c B. 0

Mmopovpe va delovpe 0TL T0 GUvoro B tng amddelng tov Oewpnpatog 4.1.16 eivar 1o
eAdytoto pe avtiy v Wiotnto (Acknon 4.6).

Opopog 4.1.17. "Ecto cbvoro A. H perabatiki kAeiototnra 1ou A, cupbohiopog A, etva
10 eAdy16T0 petabaTikd 6hvolo TTov TTePLEXEL To A w¢ LITOGUVOAO.
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4.1.3 OpolotnTo SLOTETAYUEVOV YWPOV

Optopog 4.1.18. Avo dutetaypévol xopor (A,<4) kar (B,<p) kahodvtar duotor, GupBol-
opog (A,<4) 2 (B,<p), avy vrtapyet 1-1 kot entt ouvdptnon f : A — B 1€tol0. 0oTe yio ke
x,y € A
x<ayav f(z) < f(y)

Tn cuvdptnon f v kaAodue opoloTnTa.

Mopadeypa 4.1.19. Oewpnote 10 6hvoro E = {new | (Im e w)(n = 2-m)}. O yopog
(E, <), 6mov < n Sidtaén tov w, elvar (kaAd) Siatetaypévog yHpog 6potog pe tov(w, <), kadog
eUKROA pTtopovpe va edéyCovpe 0Tt n ovvaptnon f :w — E pe f(n) = 2-n elvar opotdtnro.

Mapdderypa 4.1.20. O (kod) datetaypévog yopoc (wt, <) émov <’ 1 ddraln pe n <’ m
avv n < m, yo. kGde n,m € w, kot w <’ n, ylo KGAAE n € w, elvor dpolog pe Tov (w, <) KAdWC
£UKOAO. umopovpe va edéyEovpe 6Tt uvdptnon f 1w — w™ pe:

w ,ovn =20
fn) = ,
n+1 | oliog

elval ouoLoTNTO.
H mpdtaon mov akolovdel elvar dpeon artoppoto. tou Optopov 4.1.18.

Mpotaon 4.1.21. "Ecto dutetaypévor xopol (A, <4), (B,<p) ka (C, <¢). Ioybouy ta axd-
Aovda:

L (A,<4)2(A,<4)
2. Av (A,<4) 2 (B,<p) 101 RO (B,<p) = (A, <4).
3. Av (A,<4) 2 (B,<p) kat (B,<p) 2 (C,<¢) 1018 (A,<4) 2 (C,<0)

Mopaderypa 4.1.22. Oa deifovpe 611 0 (kaAd) dotetaypévog (wh,€) Sev elvar dpotog pe
10v (w, <).’Eotw (wtpo dromo) opodtnra f : wh — w. Mopatnpehote 61 10 W eivar péyieto
ototyelo Tov yWpov (w,€), duwg kudOC f(w) € w, wydet 61 f(w) < f(w) + 1. Apa da
Tpémel va. 1oyvel 61t w € fH(f(w) + 1). Atomo, kaddg yia kGde n € w oyver 61 w ¢ n (Seg
‘Acknon 3.7).

Méoa amd 1a Hapadelypota 4.1.20 ko 4.1.22 cupmepaivovpe o1t (kaAd) Siatetoypévor
YWpoL ue arplBa¢ Ta Bio. aTotela dev etvar kot avaykn opotot. Tia va elvar duotol do. tpémel
ot dlatdelc Toug vo. £youvv avtictoyn popen (timo Sidralng), va. éxovv dnhadi 6ty ovcia
™V O «dopn». Auto @alvetal kat o TNV arROAOLIN TEOTUG.

IMpotaocn 4.1.23. 'Eoto datetaypévol xopor (A,<4) kat (B,<p) tétoiol dote (A,<y)
(B,<p). loyver otu:

1. <4 oAk} avv <p OMKN
2. <4 kO] avv <B KO

H anédeién apnvetar wg doknon (Acknon 4.8).
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Ocwpnpo Xvykpcpotrag Koala Atatetaypeévov Xopwv

Ot opoloTNTeG PETA) RUAG SLOTETOYUEVODV XWPWV EYOVV UEPIKEC TTAPO. TTOA) KOAEC LOLO-
mreg. H onpoavtikdtepn amd autég elvar 1o Aeyopevo Oedpnua ZvykplopotnTag, Tou ov-
GLOGTIKA pog delyvel 0Tt oTTotodnTTote ROAG datetayuévol xwpol eivar ovykptoor Eite da
elval dpotot efte 0 €vag da. eflvar dpolog pe kATolo apykd TpRua Tov dAov (omdte n Stdtadn
1oV da. «emerTeEvVEL> TN ddTagn Tov TPWOTOL). MTToPOVYE va. amodelovpe GUTO TO dedpnua
YONGLUOTIOIOVTUC VITEPTETEPAGUEVN avadpopn |, aAAd Tpotod To kdvoupe avté da Sovue
UEPLREC OTTO TIC LITOAOLTTEC OLOTNTEC TNC OUOLOTNTOC KOAD SLOTETAYUEV®V YOOV,

IMpotacon 4.1.24. 'Ectw kald dutetaypévog xwpog (A, <) ka éoto f: A > A opodtnra.
Tote a < f(a) yia kGde a € A.

Anodeién. ‘Eotw (mpog dromo) b ehdyioto avtutapddeypa, dnhadn f(b) < b evd yio kGde
a < b wydet 61t a < f(a). Apod f opodtnra da éxovpe 6t f(f (b)) < f(b) (apod f(b) < b)
aAda ko f(b) < f(f (b)) (apod ya a < b woydel 61t a < f(a)). Atomo. O

H mapamndve mpotacn woyvel aképa kot ov n f etvor amthd plo edivovea cuvdptnon:

Optopog 4.1.25. Mia cuvdptnon f : A » B petald Vo datetaypévov yopov (A4,<4) ka
(B,<p) kadettar @divovea avv ya kGde x,y € A:

av x <qy 1ot f(x) <p f(y)

[Mpotacn 4.1.26. 'Ectw kald dwotetaypévog yopog (A, <) kot é6to @divovsa Guvaptnon
f:A— A Tote a< f(a) yuo kGde a € A.

H anédeien e Mpdtacng 4.1.26 eivar akptBog ida pe avtnyv e Mpdtaong 4.1.24 2.

Mpotaon 4.1.27.'Eoto kold dwtetaypévol xopot (A, <4) ko (B, <p). Av (4,<4) 2 (B,<p)
T6TE LTIAPYEL povadikn opototnTa f : A — B.

Arnoden. ‘Eotw opowotnreg f : A > B kav g : A —» B. Ilapotnpnote 611 n 6uvapTnon
g lof: A Aevar opordtna, dpa amé v Ipdtacn 4.1.24 yo kGde a € A wyder 61t
a < g (f(a)), onére kaw g(a) < f(a). Avtictoa n f1og: A - A eivar opotdtnTa yo v
otola yta kGde a € A woydel ot f(a) < g(a). Avto onuaiver o1t f(a) = g(a), yio kGde a € A,
dnhadn ot f = g. O

Optopog 4.1.28. 'Ecto (A4, <) kadd Satetaypévog xwpog kat a € A. Kahobye tov vidywpo
(seg.(a),<q), 0mov <, = < N(seg.(a) x seg_(a)) apyd vdywpo N (koTaxENGTIKA) GEYIKG
Tunua tov xopov (deg kar Oplopd 2.2.37) .

MMpotacon 4.1.29. ‘Ecto kaAd dwotetaypévog xopog (A, <). Na kdde a € A woyder otu:

(4, <) # (segc(a), <a)

! Aev pag evar omapaitnty Suog (dec Acknon 4.14).
2 XperdigeTal pévo va avtikatacTioovue T AEEN opotdtnTa pe ™ AéEn @divovaa.
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Anodeiln. 'Eotw (mpog dromo) opodtnra f : A — seg_(a). Téte da mpémer va woyder 6t
f(a) e seg.(a), dnhadn 61t f(a) < a. [apatnpnote dpwg 61t 1 f ©¢ Guvdptnon oto (A — A)
elvat pa @divouvea, apo amo v [pdtaon 4.1.26 wyvel o1t a < f(a). Aroro. O

Zic amodeifelg Twv enopevov dvo amotelecudtwy da ypdgovpe f, aviiyvia f | seg. , (a).
O 6uPBOMGUOC aVTOC €xel OTTOAITWC TOTIRG YAPURTNEO. Kal dev da EavaypnoLhomomdel 61
GLVEYELQ.

IMpotacn 4.1.30. 'Ecto kald Swatetaypévor yopor (A,<4) ko (B,<p) kat cuvaptnon f :
A — B.H f etvar opordtnta petald tou (A, <4) kot evog apykov tpnpatog tov (B, <p) avv
kOovoTotel T e€lowon:

fla) = mBinB N f seg., (a)[seg. , (a)], yia kGde a e A !

Anddeién. ‘BEoto f opodtnto tov (A,<4) ka (seg. ,(b),<p), €610 a € A kau:

m=min B\ fuseg., ()]

Hapatpnote 6t (agod n f eivar eni Tov seg. . (b), dpa kat exi Tov B) vmdpyer a’ € A pe
f(a") = m. Aéyw tov TP6TTOL 0PLGUOD TOL M dev umopel va woydel ot a’ € seg_, (a), Gpa
a <4 a, omote (apov n f Satnpel ™ didraln) da éxovpe f(a) <, f(a’), dnradi f(a) <, m.

"Eoto (pog dromo) 6t f(a) <p m. Mapatnpnete ot f(a) ¢ B\ fa[seg. , (a)], apod to
m eivar 1o eAdy1oTo GTolElo awTov Tou Guvohov. Apa f(a) € falseg. , (a)] dnhadn vmdpxet
v eseg., (a) pe f(r) = f(a) 2, Atomo kodoc n f efvan 1-1 kow = <4 a.

Avtictpo@a T0pa, elval eDKOAO va eAéyEovpe OTL Pio GLUVAPTNGN TTOV IKAVOTIOLEL QLTI
v eflowon etvar 1-1 kot datnpel ™ dataln tov (A, <4). Av woyde ot f[A] = B 161e n f
elvar opototnto petal (A,<4) kat (B,<p). Av f[A] c B dewpoiye To:

by = mBl)nB N fIA]

kot da Seiovpe 6 f[A] = seg. (by), omote  f da elvan opordTnTa petagh (A, <4) kar ToV
apxwod tunpatog (seg.  (bo), <p,)-

"Ecto (stpog dromo) 61 seg. , (bo) € f[A], dnhadn vrdpyet b’ <p by tétow0 dote b ¢ fA].
Téte Spwg b’ € B\ f[A], yeyovdg mouv avtiBaiver 6tnv eAaytoTikOTNTA TOL by

Av (spog dromo) seg. . (bo) c f[A] tote da vmdpyer a € A pe f(a) ¢ seg., (bo), dnhadn
bo <p f(a). Kadag duwg by € B\ fu[seg., (a)] (apod by € B\ f[A]), kaw n f wavomotel
™y e€lowon g ekPOVNONG, toyvel ot f(a) <p by. Omote katanyovpe o1t f(a) = by, TOL
avtiBaivel 610 yeyovog ot by ¢ f[A]. O]

Ocopnpa 4.1.31 (Oedpnuo Zvykpopétniag Kodd Awretaypuévov Xopwv). ‘Ectw kold
datetaypévol ywpot (A, <4) kat (B,<p). Tote eite (A,<4) = (B, <p) elte €vag amd toug 800
elval OoLoC Pe KATIOW0 apyIKO TUNPO Tov dAAov.

' Anhadi n f avadétel 1o a € A v ehdyiotn and Sheg TIC «duvatécm TIuéC.
2 [Tpopavég ot Tiéc Twv f KAt fo TOUTICOVTAL Yia 10 T € seg. , (a).
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H 3éa tng amddeing elvar va. avtietoyovpe otolela tov A pe otoyela tov B pe tov
aKkoAovdo TpoTo: Avtictoryovpe 1o 04 670 Op, petd 1o ehdyoto Tov A\ {04} 610 EAd)IGTO
tov B\ {05} k.0.k.. Mg autév 10V Tp0OT0 Opigovpe plo 1-1 cuvdptnon mov udiota datnpel
kot T ddraln. ‘Etol, av e€aviAncovpe kot Toug V0 YOPOULE TAVTOXPOVA OL XWPOL Do, eVl
opotol. e avTideTn TEPITOGN 0 YWPEO¢ TTov do. e§avtAndel TPWTOC da elvaL OUOOC pe Eva
apxko Tpnpa Tov dAhov. Tnv 13éa avtv v ypnotporomoope kot otnv Ipotaon 4.1.30,
6e6aua ekel Eépape R TV TPOTEPWY TTOLOC YWPOC D0, e€0VTANdEL TPWTOC.

Amodeién Oswpnuaroc 4.1.31. Oewpovpe ™ cuvaptnon h: (A - B) x A - B pe:

h(g.a) ming B\ g[seg. , (a)] , av B\ g[seg.,(a)] # @
,a) = ,
g Op , GAAOC

Axé v Tpdéracn 4.1.12 vrdpyet (povadikn) cuvdptnon f : A - B mov wavorotel v
eClowon:

f(a) =h(f | seg.(a),a), yia kdde a € A
Yrdpyovv dV0 mepITTOGELC:

1" epimtwon: f[A] ¢ B, dnhadn B\ f[A] # @. Avto onpaivel 0Tt n devtepn TEPITTOON TOV
opwopoV ¢ f cvpbalver névo yio 1o otorxeio 04 kot 6Tt N f wovomotel v e€lwen NG
[MTp6taong 4.1.30. Zuventog o (A, <4) elvol Opolog pe KATo apyko tunpa tov (B, <p).

2" mepimtwon: f[A] = B. Av dev vnidpyer a # 04 pe f(a) = Op 10TE 16xVvOLY OKPLBOC
660 elTtape oTNY TPONYOLPEVN TePItTwon. Xuventwg o (A,<4) elval dpolog pe tov (B, <p).
Av épwg vidpxet a # 04 pe f(a) = O !, emidéyoupue 10 eAdyi6TO AN AVTG, £6TW Ay KL
napatnpodue 61t N cvvdptnon fu, = f I seg., (ap) wavomotel v eicwon g Ipdra-
ong 4.1.30, dpa o xwpog (seg. , (ap), <) elvar dpotog pe éva apyké tpnua tov (B, <p), €610
10 (seg. , (D), ). Oa deifovue 6t seg. . (b) = B.’Eotw (mtpog dromo) x € Brseg.  (b). Kadag
faolseg. , (ao)] = seg. ,(b) émetar 61 B\ fy,[seg. , (ao)] # @, dpa f(ao) # 0p. Atoro. O

To Oewpnpa 4.1.31 pag Aéer 61t 0TTOLOWONTTOTE dVO KOG DLATETOYUEVOL XBEOL UITTOPOVV
va. avtiapabindotv (wg mpog Tic datdelc Toug) €161 HGTE va Sovpe TOLOC VAL TTLO «Ua-
KEUC». AUTO elval Tpopepd XPNOLO0, KADWC, OTTwC D0 SoVPE, Yo KADE GUVOAO LITAPXEL KAAN
ddraln, dpa n epappoyn Tov Oewpnuoatog 4.1.31 eivar kadoAkn. XpNoLpoToLOVTOS QLT
™V évvola «pdrpoug» (Kal avTimpocOToue yio. Kade StapopeTikd OO0 Stdradng) apydtepa
D0 UITOPEGOVPE VA GLYKPIVOLPE KaL TOV TTANIIKO GPOUO TwV GUVOA®Y, TOV GPUO GTOLYEIWY
Tovg dnhadi 2.

1 , , , , , , , . ’

Avuto onpaiver o1t e€avtAncaye tov (B, <p) kat and e8¢ kot 670 €€ng da avticTooLUE Ta GTOLXElD Tov A GTO
0B.

2 , , ’ , , , ’ ’ , , ’ ,
Kodo¢ 1o 6Uvola pmopodv va mepléxouvy mapa TOAAD GTOLYELD. EVOL AVAUEVOUEVO OTL Ol PUGLKOL 0pdpol dev
@TAvouv Yo autnv T Sovleld. AvTog elval 0 AGYog TOU TIPETEL VO. PTTOVPE GTOV €ETPO. KOTIO VO, 0PIGOVIE TOUG
SlataKTIkOUC aptduovg.

Tedevraia evnuépwon 18/2/2025, otig 10:49. 62



KEDPAAAIO 4. ITAPAAEITIOMENA

4.2 A&opoatog Emloyng napoleimopevo

Yrdpyouv oAlol TpdTtoL va amodelovpe 0Tt Yo kAde GUVolo LTaE)el KOAN didtaln. Ze
ULOL TTPOGTIADELD VO, PNV ETTERTADOVYE OO TWPO. 6TN DEWPLA TWV SIATAKTIKWY GPLOUWY, OANG
00Te va. avopepdovpe e Oewpnuara Xtadgpov Enueiov, da 0modelfoVpe GUTO TO OTTOTENE-
opo Baclopévol ce oTL €xovpe NN oploel. TTpotpémovpe Opwg depUd TOVG AVAYVOGTEC VO
avatpeéfovv 6N BiBALoypO@lo KAl va. peAeTRGOVY TIC dtapopeg evaAlakTikég ortodellelc. To
KOO GUGTOTIKG Ge OAeg TiC amodeifeic Tov Oewpruaroc Kadic Awdrainge (W Apxi kalic
Awdraéne i Oedpnua tov Zermelo) elvar n xpNon 1ov alldpatog emAoyng, eite Omwg 10
datuntwoope oto Kepddato 2, efte pe kamowa aAAn toodvvapn dotvmtwon. H aindeta elvou
OTL OEV PITOPOVPE VO. EXOVPE VTNV TNV WEALO. WBLOTNTO. av dev evTaovpe TO OlWU0 ETIAOYNG
o dewpla pac L.

o va anodetlovpe 0 dewpnuo kROANG ddtalng da xpnoLwoTomGoLuE €va e€lGov 61-
HOVTIRG amotédecpa g Oewplac Ardraine To Ajuua tov Zorn 2.

4.2.1 To Anppo tov Zorn 3

Oa Eextviicovpe SLOTLTTHVOVTAC T0 KOl £mterta Do avagépouvpe Toug (ToTTKOVE) 0PIGPOUC
KL GLUBOAGPLOVC IOV . YPELUGTOVYE.

Ozopnpo 4.2.1 (Aqupa Tov Zorn). Av kGde alucida evig dotetaypévou yHpov €xel vo
PEAYUO. TOTE 0 YWPOC EYEL YUEYLIGTIRO GTOLYELO.

YvpBohcpog 4.2.2. ‘Ecte dutetaypévog xwpog (4, <). To 6vvolo tov 0AuciBwv Tou X®pou
da 10 GuuBoAlgovE pe:
chaing = {C e P(A) | C oivoida}

Optopog 4.2.3. 'Eoto (A, <) dwutetaypévog xopog, S vitéywpog kat a € A. To a kadelto
aveTnEG dvw edyua Tov S avv ylo kGde ctoyelo T € S woyveL OTL x < a.

[Mapatnpnote 61 6e évav dotetaypévo x0po (A, <) mov dev €xel peyloTiko 6Toyelo KAde
aAvcida C Tov €xel Gve PPAYUa EXEL KOL YVNGLO VO QEAYUOL.

Optopog 4.2.4. ‘Ectw dwtetaypévog xopog (A, <) mov dev €xel peyotikd crowelo. Mia
ovvaptnon f : chaing - A tétoia wote 10 f(C) va elvar yvoto dve @pdaypo g C' kodelto
oVVAETNON Ve POAYUATOG.

YvpBohopog 4.2.5. ‘Eoto dutetaypévog x0pog (A, <), C € chaing ko ¢ € C. Oa cuuBohi-
tovpe 10 apxko TpNpa tov ¢ ot C pe segq(c) ={z e C' |z < c}.

Optopog 4.2.6. 'Eoto dutetaypévog x0pog (A, <), mou dev éxel ueyloTikd 6Touyelo, KoL 6u-
vapTNoN Gve @paypotog f. Mia aiveido C kadeltar ibavikn w¢ mpo¢ v [ avv:

! To dedpnua kadic Sidragng eivar 16odvvapo pe to aflopa emhoyic, kat 6w avapépaue 6t Ilapdypapo 2.3.2
10 aflopo emhoyng dev propel va amodedel and ta allopota g ZF.

2 To Afjppa tov Zorn elvar kot ovtéd 16080vapo pe 1o affvpa emtoyiic (deg Aoknon 4.15 kot kot emékTAGN Pe
70 dedpnuo ROAG datagng.

> H améden mov da Sodue opeitetar 6tov Jonathan W. Lewin (dec [9]).
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1. n < elvan koA dataln tov C' kau
2. ywa kdde ¢ € C woyve 011 10 ¢ = f(segq(c)).

[Mapatnpnote o1t kGde pn kevog datetaypevog xopog (A, <), mov dev €xel YUeyIoTIKO
oTouyelo, TEPLEXEL WAVIKES aAaLdeg WG TTPOC doopevN GuvapTnon ave @edypotog f:'Eotw
a= f(2) ! 161e {a} Wavikn adveida we mpoc f, 6wg eniong, av LVILGEYoLY GToLEld YYRGLOL
peYOAUTEPD TOV a GTOV XWPO, T0 {a, f({a})} elvar Wavikn aAvcido wg Tpog ™V f, K.0.K..

Mopatnenon 4.2.7. 'Ecto Waviki alvcida C' ywa ™ cvvdptnon ave @pdypatog f. Téte
ke CU{f(C)} elvar W@avikn aivcido.

Méca amd auth TV TOEATNENGN GYVOPAIVETAL UI0 TTOAD eVALOPEPOLGO. IBOTNTA TWV
WOVIKOV GAVGIDWOV.

IMpotacn 4.2.8. 'Eotw C, D Savikéc ahvoideg w¢ Tpog Ty Guvaptnon Gve @eaypatog f
evog dutetaypévou xwpov (A, <) mou dev €xel peyotiko otoyelo. Av C' + D 1ote n plo elvor
OPYIKO TUNPO TNG GAANC.

Anddeén. ‘Eotw (ywpilc 6MG6n g yevikdtntag) 61t C' N D # @ ko 61w x = min(C \ D).
Oa dei€ovpe 01t seg(x) = D.

"Eoto (mtpog Gromo) ot ¢ € seg(x) \ D. Tote c € C'\ D kau ¢ < x, yeyovog mov avtibaivel
610V TPOTI0 eTmhoyng tov z. Apa sego(x) € D.

"Eoto 10po (mpog dromo) ot D N seg(z) + @ kot €610 y = min(D N segq () kot
z=min(C \ segp(y)).

Qo delovpe ot segp(y) = segq(z). ‘Boto (mpog dromo) ot ¢ € sego(2) \ segp(y).
Tote ¢ € C ~ segp(y) ko ¢ < z, yeyovog mov avtiBaivel 6Tov TPOTO €AOYNG TOL 2. Apa
seg(2) € segp(y). Topa av (mpog dromo) d € segp(y) N segq(2), da woyvel 6t d € segq(z)
(oMog da efyape d € D N segq(x) kon d < y)y. Extiong d < z kadag d # z (d € segp(y) evo
z ¢ segp(y)) kav av z < d 101e 2 < y (0o d < y) ko z € D (apo) d € seg (), z < d ka
del€ape o1t segq(x) € D), yeyovdg mov avtiBaivel 6Tnv €AoY TOL Y.

Ao segp(y) = segq(2), émetan 61t f(segp(y)) = f(segn(2)) ka dpa y = z (agod
C, D Wavikéc aleideg wg pog v f). Opwg = ¢ D ko dpa z ¢ segp(y), omdte Adyw g
eAUIGTIRGTNTAC TOV 2 €xovpe 0Tt 2 < z. Entlong, 2 € D (a@ob y € D) eve) x ¢ D, ondte = # 2.
Zuvenag z € sego (). Auto onpatvel 6Tt kKot Y € seg(x) Tov elvan dToTo. O

Méca amtd oty TNV TEOTOGT PITOPOVUE EVKOAD. VO, GUUTIEPAVOVILE TO. AKROAOVICL.

Mapatnencn 4.2.9. 'Ecto C Saviki ahvcida, c € C kot x < c. Tote eite x € C elte 10 x Sev
aviKel 6e AAAN Wavik oAvcida.

[Mpdypatt, av 10 T avike ce Wovikn ahvcido C' # C, and v pdtacn 4.2.8 da énpene
ette C" apyd tpipa C' (dromo kadwg t6te C' ¢ C ko x € C' odNG z ¢ O) elte C apyid
tunpo C’, dnhadn vrdpyer y € C’ 1éto10 dote C' = segq(y) (dromo kadog T6Te Yy < T KA
c<y.

1 ’ , ” )
To @ elvan teTpIppéva alvcida Tou YOEOL.
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Anppo 4.2.10. H évoon plag owkoyévelag F 18avikdv aAvcBov eivor Tdvta doviki aAucida.

Anodeén. ‘BEotw U = JF. H < etvar ohikny didtaln tov U (omowadimote Vo ctotyeia tov
€lVOL GUYKPLGLO. KODOG aVNKOLY G dV0 0AVGISEC TIOV elte elval (Geg elTe N Wlo. elval ap)IKO
TuRuo g dAANC), dpo U olvcida. Av A ¢ U elvar pn kevd 161e 0v 10 a € A dev elvan
eAGY16TO GTOElD TOL A, TOGO T0 a 0G0 KOL OA0. T0. & € A pe = < a do. GVIIKOVY Ge LBAVIKN
atvcida (Adyw tne IMapatnpnong 4.2.9), éotw v C. Apov n C elvar kaAd Swatetaypévn
éreton 0Tt 10 {x € A |z < a} € C da éyer eAdy16T0 GTOYED TO OT0l0 0. ElvaL ENAYLGTO KOL
ya 1o A.

Télog, Ttapatnenete 0Tt av ya v Wovikn ahucida C woyver 61t C € U 16te vt elvar
apxiko Tunua Tov U, kadog av vitmpyav d € U pe d ¢ C ror c € C pe d < ¢ t01e 10 d do.
aviikel e pla Wavikn alveido D mov eite da eivan apykd tunpa g C (dtomo yotl 1éte
d € D) gite n C da. elvar apykd tpipa avtig (Gromo ywati d < ¢ kaw ¢ € C, dpa ko d € O).
Avto onpatver 0Tt yio kGde u € U woydet o1t u = f(segy (u)), kadwg yra kGde Wavikn alvcida
C c U mov mtepiéyet 10 u woyvel 6t u = f(sego(u)) ko segy(u) = sege(u) (apod C apyo
Tunpa tov U). O

Av vodécovpe (Ttpog GToTo) 0Tl 0 XWPOC TNC ekPWVNoNG Tov Ocwpruatoc 4.2.1 dev
€YEL UEYLGTIKO GTOLXELD, KAL ETULITAEOV LITAPYEL GLUVAPTNGT AV PEAYUOTOC [ Yo GUTOV TOTE
£xouvpe amoden!

Amodeién tov Oewpnuaroc 4.2.1. 'Eoto f cuvdptnon dve @pdypotog. @ewpovye 10 GUVOLO:
U = J{C € chainy | C Wdavwn wg mpog f}

To U elvar davikn aAvcida wg wpog v f (Adyn touv Anppoatog 4.2.10).'Ecte = = f(U),
161e 076 v [Mapoatnenon 4.2.7 kat 1o Uu{z} eivar daviki advoida. Onote z € U (agpov 10
U elvar 1 £voon GAev Tov 18avik®v aAvcidwv) Kol TavTéYpova To T elval YYiclo dve Qpaypo.
touv U. Atomo. O

To povo «pehavod» onuelo 6TNY TAPOTTOVE aTodelln eval To0 KATd TOGOV LTTAPYEL GU-
VAPTNGT AV PEAYUOTOC GTNY TEPLTTTWGTN OTIOV EVOC XWPOC OEV €XEL UEYLGTIKO GTOLELD EVO
KGde aAVGIBO TOV €xel Avw PEAyRa. MIAGVTOC TTLo OTTAG, TO EPOTNUA VAL OV PTTOPOVUE YLO
KGde aAvGida va eTAéCovpe €va OTTO TO. YVNGLO AV PEAYUATE TNC. Oa Pmopovce KATTOL0C
va ore@Tel va TTaPEL Yo KAdE aAVGId0 TO EAAYLETO YWNGLO Gve QEAyPa. Autd OpwC PItopel
VO, unv LTTAEYEL KADWC 0 YOEOC dev elval amapaltNTO KOAG Statetayuévoc. Ta va kdvouvpe
aVTEC TIC ETAOYEC DO XPELOGTEL VO KAVOLpE ETIKANGN 670 Oflwpa emAoyNg:

Oswpovue yia kdde C € chainyg 10 ovvolo Fo = {x e A| (Vce C)(c< x)}, kat
my owoyeveia F = {Fc ¢ A| C € chaing}. Av o diatetayuévog ywpoc dev Exel
UeytoTo kat kade alvaida Tov Exel dvw ppdyua, Tote kKAde Fo elvar un Kevo.
Svverd¢ and 1o Aflwpa VIL(iii) vrdpyer ouvdptnon emdoyic yia v F mov
elval GUVAPTNON Ve PEAYUATOC.
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4.2.2 To Oewpnpo Koing Atataéng

"Exovtag amodeilfer o Anppo. Tov Zorn 1 omtodelln tov dewpnuatog KOANG didtaing elvar
eOKOAN VTTOdEGT.

Bcewpnpo. 4.2.11 (Oedpnua Koiic Ardraine). Tia kdde ivodlo vidpyet koA ddtaln.

To pooyédio Tng at6dergng elvat to e€ng: Oa opltoovpe t0 Guvoro W o Tepiexet GAoug
TOUC KOAG DLATETAYUEVO VTTOXWPOUC TOV GUVOAOVL Pag. AvTol PIToPOvV va datoxdovv petald
toug (WG TTPOC TO TTOLOC EIVOL APYIKG TUNKO TTOLOV) KoL ETLITAEOV ptopodpe va. delovpe OTL
kGde alvoida tov (W, <) €xet dvo @paypa. Xuvenog and 1o Oevpnuo 4.2.1 da vrdpyel
peyloTikd ototyelo 6to (W, <) mov avaykaotika da tavtigetar pe tov (W, <).

[Tpotov mepdcovpe TNV OTOdEEN a¢ AVOTTTUEOVUE TTEPAITEP® KATIOL0. GNUELC. TOV TO-
POTTAVW TPOGYEdIOUL.

Opi6pog 4.2.12. 'Ecto 6dvoro A. Ocwpoiye 10 GUVOA0 OAwV TwV KaAd SLaTETAYUEVOY VITO-
XwPwV TV A:

Wy ={(5,<5) e P(A) x (Ax A) | <g roln ddragn tov S}

[Mopatnpniote 61t 10 6Uvoho W 4 elvar pn kevo, kadog mopadelypotog xdon (3, 3) € Wa n
(av A pn kevd) ({a},{(a,a)}) e W4 yio kGde a € A.

YvpBohcpog 4.2.13. Oa ypdgpovpe (A,<4) < (B,<p) 61av 0 KOAG SLATETOYPEVOS XOPOC
(A, <4) elvar opk6 Tunpa tov (B, <p).

Mopatnencn 4.2.14. H oyéon < elvar didraln tov W 4.

Amodeién Oswpnuaroc 4.2.11. 'Ecto 6Ovolo A kot €610 C' 0Avcida Tov SoTeTaypévon Yo-
pov (W4, <). @ewpovye 0 GHVOAO:

U=U{S(5<s)eC}
Kal ™ oyéon dartang <y pe:
s <y t avv vndpyet (S,<g) € C 1ét010 Wote 8,1t € S kROl S <g t

yio kGOe s,t € U. Oa delovpe 61t autn n dataln evar KoAn.

‘Eotw pn kevd V ¢ U, 161e umdpyer (S,<g) € C tétor0 wote V N S # @. To 6hvoho avtd
elval pn Kkevo vtocuvolo tov S dpa €xel eAdyioTo GTolElo, £0Tw v. Oa delfovpe OTL TO v
elvan ehdyioto kot yo 10 V. 'Ecto (mpog dromo) 61t vmdpyer v’ € V' tétoo dote v £y v
kot €0tw (S',<g7) € C pe v’ € S’ Apod C advoido émetan omt efte (S,<g) < (57, <gr) elte
(S',<57) < (S,<5). (A6 v Acknon 4.9) otv TPWTN TEpiTTOGN £Yovpe v,v" € S’ kot
v’ <gr v, Gpa kar v’ <g v !, eve) 6t devtepn v, v’ € S kar v’ <g v. Ko otic dvo mepuntdoelg
n Vapn touv v’ avtibaivel GTNY EAAYIGTIROTNTA TOV .

" Agov (S, <s/) enértaon (S,<s), v € S kv’ <gr v, émetan 6T v € S.
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Enopévag (U, <py) € Wy. Oa detlovpe 61t 0 yopog (U,<y) evar Gve @paypo g C,
dnAadn da delovpe 61 av (S,<g) € C 1o1e (9,<9) < (U,<py) (mwah pag Boreder va ypnot-
uomotcovpe TNV Acknon 4.9).

Mpogavog S € U. Av ya 1a z,y € U woydel 61t x <y y ko y € S, 1618 (016 TOV TP6TO
opopob ¢ <) vidpyer (S’ <g) € C tétoog dote x,y € S kv x <gr y. Apov C alvoida
émetan Ot elte (S, <g) < (S, <) elte (S, <gr) < (S, <g). Kat o11¢ 800 Mepintaoelg mporvitTel
éttzeSkur<gy .

A@ov kdde advctda tov Wy éxet Gvw @paypa, oo 1o Oewpnua 4.2.1 émetor 0T 0 YOEOC
(W4, <) €xer peyotiko ototyelo, €otw (M, <pr). Apkel va del€ovpe 0Tt A = M kow 10te 1 <pf
do. elvar koAn ddtaln tov A.

‘Ectw (mtpog dromo) 6t umdpyet a € A N M. @ewpodpe 10v KOAG dotetoygévol XWpo
(M u{a},<y,) 6mov z <, y avv z <pr y, yo ke x,y € M, kav x <, a, yia kéde x € M.
Apa (M u{a}, <)) € Wy kar mpogavag (M, <pr) < (M u{a}, <)), yeyovog mov avtiBaivet
ot peyoTkotnta 10V (M, <)1), O

To Oewpnuo 4.2.11 pag diver évov amAd TPOTO vo. eTAEYOLUE €VO. GTOED OTT0 KADE
GUVOLO P0G OKOYEVELOC PN KEVOV GUVOAWY: AQOU KADE GUVOLO TNG OKOYEVELOC UITTOPEL VO
dwotaydel ROAG, uropovpe TTAvTa vo. eTAEEovUE TO EAXIGTO GTOLELD TOL GUVOAOL!

Ocvpnpa 4.2.15. To Oedpnpa 4.2.11 wydet avv woyver 10 Alwpa VIL(ii).

Amodeén. To avtiotpo@o elvar n art6derln tov Oevpnua 4.2.11, 6ty omola éyovpe LVITOEEL
6t eyvet 1o Aflwpa VIL(ii) 2.

['a 10 €VdV, €0TL OWKOYEVELD PN KEVOY GUVOAwY F. @ewpovpe plo koA didtaln <p TOv
F xar m ovwvdptnon f: F - UF, pe f(A) = ming A, yia kdde A € F. lopatnpnote 61t n
f elvar ouvaptnon emhoyng ywa v F. O

"Exovpe Aowmov tpelg 1oodvvapeg mpotdoeg: To Afiwpa Emidoyng, 10 Anjpua tov Zorn
kot 10 Oewpnua Kalng Aaraéng. Oa pmopovcape vo dexdovpe w¢ a.Llwpo. 0TToL0dINTTOTE ATTo
TIC TPELG, eTMAECape OPOC TO aflwpa emAoyNg AOYw TNC ATAGTNTAC TOL KOl TOV YEYOVOTOGC
6Tt potdiget o «eVAoyo» amé ta GAka S

[Mapotnpnote eniong 61t 10 Oevpnuo 4.2.11 VITOJEKVVEL OTL PTTOPOVYE VO YPNGLLOTIOL-
NGOVYE VTTEPTIETIEPAGUEVT AVOUIPOUN GE OTOLOINTIOTE GUVOAO, PTAVEL PUGLRA. TPWTO. VO T~
pouvpe wlo koA ddtaln Tov.

' To tnrovpevo mpokumter dueca oty Sedtepn TEPITTOEN, EVEH GTNY TEOTH TPOKVITTEL A6 To yeyovée 6T y € S
KOl X <g7 Y.

2 @uundeite 611 TO YPNOWOTIOMGUE VL0 Vo oTtodeioupe T0 Oedpnua 4.2.1.

3 Evau yapaktnplotiki n akéloudn prion tov Jerry L. Bona:

The Axiom of Choice is obviously true, the well-ordering principle obviously false, and who
can tell about Zorn’s lemma?
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Ackncelg

4.1."Eoto (A, <) ohwd datetaypévog x0pog. Aei€te 0Tt n < elvan koA ddtaln avy
dev vmdpyel cuvdptnon f 1w — A pe f(nT) < f(n) yia kéde n € w.

4.2."Eotw 6Ovoho A, (B, <p) kald datetayuévog yopog kot 1-1 suvaptnon f : A - B.
Aeilte 6mL n oxéon <4 pe x <4 y avv f(z) <p f(y), yro kAde x,y € A, elvar kaln
didraln tov A.

4.3.’Ecto (A, <) ohwd datetaypévog xopog. Aeilte otL av ya kGde B € A ya 10
omolo oyveL OTL:
seg.(x) € B = x € B, ywo. kide x € A

éneton 01t B = A, 161¢ 1 < elvon kan dataln tov A.

4.4. Yuumhnpwote TN devtepn amodelln tov Oewpnuotog Yrepmenepacuévng Ava-
dpoung (ZeAida 57).

4.5. AnodeiCte 1o [opiopa 4.1.12.

4.6.'Ectw B 10 6Uvolo mov oploaue 6tnv amodele tov Oewpnuatog 4.1.16. Aeirte
ot av C petaBotiko cuvoho tétoo wote A € C, tote B ¢ C.

4.7. AmodeiCte v [Mpotaon 4.1.21.
4.8. Amodeilte v Ipdtaocn 4.1.23.
4.9.'Eoto koAd datetaypévol xopot (A, <) kar (B,<p). Aeigte 611 0 (A,<4) elvan
apxko tpnua tov (B,<p) avw A € B kat av ywa 10 2,y € B woyel 011  <p y KoL

yeAtotex e Aroux<yy.

4.10. @zwpnote 10 cUvoho F = {f ¢ A x B | f 1-1 cuvdptnon}. Aei€te 6t av n f
elval PeyloTko otoyelo tov xwpou (F, <) tote eite dom(f) = A elte ran(f) = B.

4.11 (Apyn Meyiotou tov Hausdorff). Aei€te 611 yio kGde datetaypévo ywpo (A, <)
T0 GUVOAO TOV GAVGIBWY TOV €XEL UEYLGTIKO GTOLELD W TTPOC TN GYéan C.

4.12 (Apyn Emértaonc Adtagne tov Szpilrajn). Aeite 611 yia kdde Siatetayuévo
xwpo (A, <) vitdpyer 6xéon ohkng diaralng <’ tétown vote < € <

4.13."Eoto (A, <) ohkd dratetayuévog x0pog. Aeilte ott av yio kGde a € A 0 VIO L-
pog (seg.(a),<) elvar kOAG Sratetaypévog 10T KoL 0 YWpPog (A, <) elvar kald dote-
Tayuévoc.
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4.14. Anodeilte 10 Oewpnpo 4.1.31 ywplc T xenon tTov Oewpnuatog 4.L11.
4.15. Anodeifre 10 A&lwpa VIL(ii) ypnowpwomoidviag o Oevpnua 4.2.1.

4.16. Amodellte 10 10 Oenpnuo 4.2.1 ypnoiponowwviag 10 Oevpnpa 4.2.11.
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KEDAAAIO D

ATATAKTIKOI API®OMOI

Oewpnote 10 6uvoho w' (10 emduevo GHvodo Tov w dNAadH), kol émelTa To eMOPUEVO
aVTOU TOV GUVOAOV K.0.K.. Me QUTGV TOV TPOTIO PTLAYVETUL ] 0KOAOVDIO GLYOAWV:

w, wh, wtt, Wttt
[MapoAelpope PePLREC TAPEVIEGEIC VIO VO KAVOUUE TOV GUUBOAMGUO TTLO TAPUGTOTIROC. A
yivoupe 0RO TTLO TOAPNEOL KOL a¢ GUKBOAIGOVPE TO. GUVOAD QUTO KC:

w, w+1, w+2, w43, ..

Yrdpyer €vag moA) oToyelddng TpoTog va datdfovpe autd To. 6Uvoha: Ouundelte 6Tt ylo
kGde Gvvoro A woyvel 6Tt A € AT kar A ¢ AT. Auté pag Sivel To ddppoc va pavtagduacte
6Tt auTh 1 akohovdia emekTeivel TNV ap@pNon TEPa amd TOUC PUGIKOUC |

undev, éva, dvo, 1pia, ... , drelpo, drewo+1, drewo+2, drelpo+3, ...

To epdtnuo OV Do YyeVVNINKE GTO PLOAO TOV OVOYVWOTN Glyovpa elvar o eEng: Ttarl pag
xoedieTal va petpdue kol wEpa amo 1o dmelpo; Evag 6a6iko¢ Aoyog evar 0Tt G TTAPO. TTOA-
AEC TEPUITTOGELG YPELALETOL VO YVWPLLOLPE TTOGO. GTOLELD €XEL £V0. GUVONO, KOL OTIKG eldape
VTAPYOUY GUVOAD. e «ATelpa» GTtolela 1| kol pe akdpa meplocotepa. (yia mapddeyua 1o
6Uvolo w + 1 €yel «amelpox» GToLelo. GuV ardpa £va, 10 w). Xpelagduacte Aomoy dara-
KTIKOUG QpIOUOUC, TTEPO. OIT0 TOUG PUGLKOVGC, VIO VO, UETPNGOVUE TO. GTOLYELD. TOU EKAGTOTE
ovvolov. TTwg da petpnoovpe PO TO. GTOLYELD. TOV GUVOAOL OTAV TO. GTOLXELD. TOV JEV €YOLV
KATTOL0. GELPAL;

Ta epwtnuoata avtd, petald Aoy, do amavtndovv 6To ke@dialo Tov Bplorépacte. Ei-
dape otnv Mopdypago 4.2.2 611 0. GTOKElD KADE GUVOAOL PTTOPOVV VO, daTadOVV KOAGC.

! Avadoyioteite 611 dtav petpdue dev Sivoupe onuacio 610 TARIOC AVTIKELUEVOY TIOV OVTITIPOGOTEVEL 0 APIUOC
OV AvaPEpovpe, 0ANG 6N Gelpd Tov Bploketar avtdg. ‘EtoL 10 dmeipo+1 dev ypeldetar va avtieTolel oe
KATOLOL TTOGOTNTO., OPKEl TOL BPIGKRETAL LETA TO dTTELOO.

71



Awarakticol apduol

Ed® da delovpe 0Tl KADe GUVONO €lVOL OPOLO e KATOOV DLATOKTIKO apdPd, TOU PEGO GE
M\ «kotaypders kat To TARJOC GTolElwy Tou Guvélou . Ot diataktikol apuol £xouv
(QPUOIKA PeYAAN oNPOGlo KoL aveEdpTnTa Ao TOug TANIKOUC aptdUovE, KADWE OIOTEAOVY

éva kaDOMKS TPOTO avaTTaPAGTaAGNC TOV TVTOV TN MATAENG evic dratetayuévou XHeov 2.

5.1 AwotokTikol o.ptdpol

A@ov taktomomoope 610 Ke@alalo 4 TI¢ eKKPEUOTNTEG TTOV EYAPE OPNGEL YUP® OTTO
v évvora g didtang, uropodpe mAéov va mapovctdcovpe (évav tpémo va oplcouvue)
TOVC SLOTARTIKOVC aPpovg. OTIwg avapépaye 6TV ELGOYOYN N TPODEoN Pag elvaL va. eTte-
KTEVOLUE TNV 0PIDPNGT KAl TNV TPALN TOV YETPNUATOC TEPA OTTO TO KATELPO>.

YvpBohopog 5.1.1. ‘Ecto 6ivoho A. O ypdgouvpe x €4 y avy elte x €4 y eite © = y. Otav
dev ypeldgetar vo Tovicoupe To GUvolo A do. ypdgovye T € y.

3

Mopatnpnon 5.1.2. H oyéon € eivan oyéon Sidragng oe éva petabotikd ° cdvoro A.

Mpdypatt, eivar avtomadig (Adyw tng w6étnTag), petabatikh (kadog 10 A eivon peta-
Batikd) kot ovTicuupetpkn (RODWC yo T,y € A, ov T € y koL y € T 10Te Aéyw NG petabatt-
kéTNTaC Tov A da 1eyveL 6T elte T C Y KL Y C T, TTOL Elval GToTIO, elte T = Y).

Opiopog 5.1.3. "Eva 6ivolo o kadelton SiatarTikoc aptdudg avy etvar uetaBotikd Kot KOAd
JlOTETAYUEVO WC TTPOC TN GXEGN €,,.

Ocwpnpa 5.1.4. Kdde puoikdg n € w elvor SLaToRTIRGC apdPOC.

Amodeln. Ané v Tlpdtaocn 3.1.20 mpokvmTer 611 T0 N elvar petabotikd. Av A € n t01e
kGIe m € A elvar QUGIKGC wkpdTEPOC Tov N (TG amd v Mpdtacn 3.1.20). Tuvemdg To
cUvolo A elvar pn kevd 6Uvolo QUGIKOV Kal €xel eAdyloTo oTotxelo wg Ttpog TV <, (Adyw
T0v Ozwpnpatog 3.1.23), 1o omoio da elvar edyioTo Ko wg PO TY €, . O

Ocwpnpa 5.1.5. To w elvar SloTakrTIKGS CPEOUAC.

H amnodeln tov mopomndve Oewpnpotog elvol evieAwg ovIieToyn e ouTth Tov Oewpn-
uotoc 5.1.4 (lowg kot 7o amAn).

_l’_

[Mpotacn 5.1.6. Av o a elvar SlatakTikdg T0TE KoL 0 ' elvar SlOTAKTIKAGC.

Anddeién. To aivodo ot = a u {a} eivar mpopavie petabatiké > Botw Acat. Av Aca
TOTE €€l EANAYLOTO WG TTPOC TNV €, GPU KAl O TPOC €+, Ve av « € A 161e 10 A\ {a} €xel
eAdXI0TO WC TTPOC TNV €, TO OTOLO €lval EAGYIGTO KAl WE TTPOC TNV €+, KADWC Y0 KADE a € v
(mpopavig) wyvel 6t ae, + a. O

' T v akpiBera da xpnotpomootye peptkods uévo SIaTarTIKOUC apPPoUE yia auth T SovAed, KadOC, 6TL
PavTaLeaTe, 0V €va GUVOLO el dmrelpo+1 GToyela T0Te GTNY 0VLGLA €YeL ATELPA GTOLYEL.

2 AN pop@n da éxel yia Tapdderypo. 0 XOPOC w av Tov TPoGdEGoupe Eva GToyElD UKPGTEPO Tov 0 Kat AR
av Tov TTPocdécovpe £va otoelo M pe n < M, yuo kGde n € w.

3 @uundeite Tov Opiopd 4.1.14.

* Av oag Eeviger o oupBohiopde da Tpémer vo. avatpéete 6 Lopbaon 2.2.40.

5 ;7 , , ;.
Avto €metal amo ™m LJ.ST(IGU.TIKOTT]TO. TOV (¥ KOl TO YEYOVOG OTL (x C Oé+.
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Mapatnencn 5.1.7. Ta civola:

w, wh, wtt, Wttt

TOV OVAPEPOPE GTNV ELGAYWOYN TOV KEPAAGLOV €IVOL DLATUKTIKOL,

5.1.1 ISiotnTeg SLATOKTIKOV

Mio amd 1i¢ o BuGIKES WBOTNTEC TOV DLATOKTIKGY V0L OTL KOVEVOC DLOTUKTIROC dev
OVY]KEL GTOV E0VTO TOV.

IMpotacn 5.1.8. Av o Siotaktikdg téTe 1GYVEL OTL @ ¢ .

Av dexdovpe 10 aflwpa kavovikdtntag (Yrnoonueloon 1, ZeAida 22) n mpdtacn avti Sev
D0 GUVELGPEPEL RATL OVGLOGTIKO GTN Yv®OoTn pog. Mmopodue va 1o artodelfovpe Opng GPeco.
KoL aveEpTNTo. 016 10 AlWPa KAVOVIKOTNTOC. AUTO GROTIEVOVYE VO TTPALOVE:

Amodeién Ipotaong 5.1.8. Av (mpog Gromo) « € a, 1é1e 090V 10 o elvar petabatiké Ghvolo
EMETOL OTL (¥ C (v TTOV ELVOL (ATOTTO. O

To ar6hovdo Mppa do pog @ovel Wioltepa YENGLWo Yo va ogodelfovpe TIC BAGIKEC
WOotNTEG TOV dotakTikOV. H amnddeln tov elvan apeon ovvemela tng Aoknong 2.8 kat tou
YEYOVOTOC OTL N 6Y€0M € elvar OMKN dATaln evog dLaTuKRTIKOV.

Anppo 5.1.9. ‘Eoto Siataktikdg o kot z,y, 2 € a. loydovv ta akéAovda:
l. xéx
2. Avxeytotey ¢x

3. AVreyraLy €2 10TE T € 2

NN

. Toybel akplBo¢ €va amo ta e T €y, t=Yy Ny Ex
[Mpotacn 5.1.10. Kdde ctoryeio evig Slatartikov elval SLaToKTIKGC.

Amodeiln. 'Ecto dlaToRTIKOC @, €6Tw A € a, y € A kaw € y. Oa deifovpe 011 x € A. Adyw
ToV 611 T0 v elvar petaBatikd émetar 61t ¥ € o (apod A € o) ka 61t T € o (agod ¥ € a).
A76 10 Adppa 5.1.9 (1o 4.) vrdpyovv Tpeg Tepuntwceac: A € x, A = x ko z € A. Av (mpog
dromo) A € x, téte amd 10 3. 10V Afppatog 5.1.9 da elyoue 61t A € y mov avtiBaivel 6To
yeyovdg 6t y € A (Adyw tou 2. Tov Afppotog 5.1.9). Av (wpog dromo) A = x, 161 06 1O
3. Tov Afupatoc 5.1.9 da elyape 611 y € x oL ovTIBaivel 6To yeyovdg 61t x € i (Adyw Tov 2.
touv Afppotog 5.1.9). Zuvenwg z € A kot Gpo 10 A elvon petoBaTikd.

Télog, n didtagn € 4 eivar koA didraln Tov A kadog N €, elvar kali ddtagn Tov a (ko
agov A € o émetan 611 A € ). O

AT0o €30 koL 6TO0 €€NC OPEINOVYE VO XPNGLUOTIOLOVUE TIEC EAANVIRG YOAUUATO VIO, TO
GTOLYELD. TWV DATARTIKOV KOOMC KAl GUTA OITTOTEAOVY SLOTOKRTIROVC.
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MMpotacn 5.1.11. Av a, 8 dwtaktikol kow o € 8 1618 v € 3.

Amodeln. A@ov a c 5 10 6OvoNo [\ v elval pn Kevo, Gpa €xel EAAYLOTO GTOLXED WG TTPOC
™y €4, €010 7. Oa delfovpe 6TL v = 1.

"Eotw 6 € v\ a.. Tote § € B\ a kan § € B yeyovog mov avtiBaivel 6NV eAaXIGTIKOTNTA TOU
~v. Apo o € 7.

‘Ecto 16p0. § € a \ 7. Téte apov § ¢ v pévouv ot e&nc dvo mepimtocec (amd 1o 4. Tov
Afppatog 5.1.9): § = kar vy € 8. Av § = v T61E ¥ € @ KO POV ¢ T 7y EMETAU OTL Y € ¥ TTOV
avtiBaiver oty [pdétacn 5.1.8. Av v € § t61e (apod § € a kot a petabotikd) éxovue v € a,
OTIOTE OTIWC KOL TPV 0dNYOVUAGTE GE GTOT0. ZUVETIOC 7y € A O]

5.1.2 Awatoén daTokTIKOV

Ot dwotoxTikol IOV Oploope Do NTOV Avev aLlag v dev PTOPOVGAUE VO OPIGOVUE WUldL
oyéon ddralng petald Toug 1 oTtolo. PAAMGTO Do TTPETEL VO, €XEL KAL TIC KAAEC IBLOTNTEC TTOV
éyer n ddtaln Tov @uokev. H évvola tov endpevou dlatakrTikoy KATWE Kog TPodedeL yio
™ Lop®N 7oL da. XL OUTN N GYEON. YTAPXEL OPC Wwio afemépaotn duokolia: Aev propovpe
V0. 0plGoVE GYEGELG UETOLD SLOTAKRTIKGOV Yo TOV TTOAD atAd AGyo 0Tt dev LTTAPYEL GVVOAO TTOL
va meptéyel arpbue Toug dtatoktikovg (dntwe da pog dellet To Oewpnua 5.1.21). Mio Aon
6e aUTO DA NTAV VO, ETUTPEPOVPE GTOV KOGUO LOC GVTIKELUEVO. TTOV deV aToTEAOVY GUVOAX,
KAvovTtag Eerddapn Opwe TN dArELoN PeTalL GUTOY KoL TOV GLVOAWY. @0 pmopovcoye d1-
Aadn va opteovpe v kKAaon ON Tov SIOTOKTIKGOY KoL £TTELT0. va oploovpe TN 6YEoN ddTaEng
TGVO G AULTNY. L€ GUTIY TNV TEPITTTWoN do. UIopovce KAAMGTO N Gxéon ddtaln va elvou
n 6Yéon €gy-

"Evag «tapadpopog» 1ov da uag 0dnyncel 6To Bo amotélecpa elval o e€ng: Oa xpnot-
HOTIOMNGOVPE TNV €VVOLO TNG OPOLOTNTOC PETALY KOAG DOTETAYUEVLY YOPWY. ATO To Oed-
onua 4.1.31 yia kGde dvo Srataktikoie a, B (apod avtol eivar kald Statetaypéva Givola)
da. oYVl OTL elTe elval OUOLOL ELTE 0 €vag €lVOL OPOLOC e KATIO0 GPXIKO TUNPO TOU GAAOU.
Avté pmopel va pog dwoet pio (ohikn) didtaln petald toug. Bé6aia pe avtév tov tpdmo da
Ntav oA «3VGKOAO» va. edéyEovpe TTOTE EvOC SLOTOUKTIKOC EVOL IKPOTEPOC» OO KATOLOV
éMo L. To akéhovdo dewpnua cav amé punyavig dede épxetar Tpog Bondetd pac.

Ozwpnua 5.1.12. 'Ecto dwutaktikol a, 8. Av (o, €,) & (B,€5) 1618 @ = B.

Anodeiln. ‘Eoto [ : a — [ opoidtnta. Oa delfovpe 0Tt yio kGe 7y € av oyvet o1t f(y) = 7.
Avto onpalver 0Tt fla] = a kat, agov 1 f elvar et Tov 3, ot o = .

"Eoto 7y ehdyioto avtinapddetypa, dnhadn f(7y) # v eve ya kade 0 € v woyvet 6t f(J) = 9.
[N kGe J € 7y woyver emtiong 61t f(8) € f(y) (apo? f elvar opodtnTa), dpa v € f(7).

Av (mtpog dromo) woyvet 6ty  f(7), 161e dewpovue § = ming(f(y) \ 7). Apov n f
elval el Tov [ vdpyer 1 € o tétoo wote f(n) = 4. Ao to Aqupa 5.1.9 vdpyovv TpElg
TEPUTTWGELC VIO, TOUC 7) KOL s

1M nen, 10t f(n) =, dpo. 0 € v yeyovog Tov avTiBalvel GTOV TPOTIO €TAOYNG TOL 0.

1 , , , , , , , , , , ,
Qo émpeme va Bpodpe opoldtnta petald Tov TPWTOL KAl evOC aEyIKOD TPNKOTOC TOU SELTEPOV. ZUYKEIVETE
OQVTOV TOV EAEYXO Pe TOV OTTAG EAeYX0 TOV AV 0 €vag amoTtelel GToElo Tov AAAOV.
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2" =, 1618 § = f(7) kw f(7) € f(7) yeyovig wov avnibaiver oty pdracn 5.1.8 (kaddg
10 f(7) elvar dotakTikGg wg oTotelo Tov 3) .

3" v e n, 101e (o f eivan opowdtnra) f(7) € f(n), dhadi f(v) € 4. Kaddg dpwg 6 € f(7)
(a@ob B petaBatiké 6dvodo) émetar 61t f(7) € f(y) mov dmwg TPy pag odnyel oe dromo. [

Yuvdvatoviag o Oevpnuo 5.1.12 pe 10 Oevpnpa 4.1.31 TPokVTTEL OTL OV YL TOLE dLaL-
TOKTIKOUC v, B 1o Vel OTL (v # 3 TOTE 0 €vag eVOL OPOLOC e OPYIKO TPNPaA Tou GAAov. Avtd
(PUGIKG OEV GNUALVEL ATOPATNTO. OTL elval APXIKO TuNua Tov aAlov. Av delfovpe OTL KODE
QPG TPNPO evOg SlatakTikoL eivar Stataktikdg 1ote (Il arté 10 Oedpnua 5.1.12) avtn
N opoLOTNTO DO PETOTPATEL GE TOVTOTNTO.

IMpo6tacn 5.1.13. Kdde apyikd tunua StatoxTikod eival SLOTARTIRGC.

Amodeiln. ‘Eoto dotaktikol o, 5 tétolor wote a € . Oa delfovpe 0Tt T0 GUVONO seg, ()
elvar petabotikd. 'Eotw v € seg (o) kot €610 § € 7, omdte kot § € a (apoV a petabatiko).
Avté onpaivel 611§ € seg (), dpa v c seg, () (dev pmopel va 1oyveL o1t v = seg, () koD
161€ Do elyope v € ).

Télog, agov 1 € 5 elvan kaAn diataln tov B da elvar kot kKaAn ddraln Tov seg (). [

Iopicpa 5.1.14. ‘Ecto Siataktikol o, 3 pe a # 3. Téte 0 évag elvon apyikd tpiua Touv dAhov.

TUVETOG PITopovpe vo. oplcovpe TNV ok6AoLIN (0Akn) didrtaln petald Siatoktikdv. No
TOVIGOLPE KOl TTAAL OTL dev aTotedel oxéon datang rudMC dev LTTAPYEL GUVOAO TTOV VO
mepiéyel GAovg Toug dtataktikovg (edpnua 5.1.21).

Opiopog 5.1.15. ‘Ectw dataktikol o, 3. @a AMue 611 0 « elvar uikpdtepog amd tov 3, Gup-
Bohopdc o < B 1, avv o a elvan apxiké Tpnpa tov B.

A¢ delovpe TOpa 61t avtn N ddtaln < TOV UIKPOTEPOV €iTe (GO €xEL TIC WIOTNTEC TTOV
€yel wlo kaAn ddtaln. Te avto da pog Qavel XPNGLLO TO GKOAOVIO ANUUC.

Anppa. 5.1.16. ‘Ecto dotaktikol o, B pe o # 3. To akohovdd eivar 1Godvvapa:
l. aef
2. acf
3. a apyo tunua 3

Amoderén. Av o apy ko TuNpa Tou 3, T0Te TPoPaveg « ¢ 3. Av a c B amo v [pdtacn 5.1.11
émeton 01t v € B. Av o € 8 kau (pog dromo) B apykd Tunpa Tov « tétE da elyope oL B C «
kot a7t v [pdtacn 5.1.11 61 B € a, dpa ko « € a (apov a petabotikd). Atomo, GuVeTdg
a apXO Tpnua S. O

[Mpotacn 5.1.17 (Awdtagn Awataktikav). ‘Ecte Siotaxktikol «, 3, 5. Ieybovv ta akdélovda:

l. o<«

! Akdpa wa katdypnon cup6oAcpod...
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2. a<fro <y 1oTE 0 <AL

3. a<frafB<atotea=}.

4. Toyver akplBog éva oo ta akolovda: a < B, f<an a = L.
5. Kdde pn kevo 6UVOAO JLOTAKTIROV €XeL EAAYIGTO GTOLYELO.

Amnodeién. Oi 1pelg TPOTEC TPOTAGELS EIVOL TTPOPAVEIC, EVW 1 TETOPTN TTPOKVITTEL APEGT OTTO
10 [Topiopa 5.1.14. Ta Tnv mépmntn potacn, dewpovue A # & GUVOAO SIOTARTIKGOV Kal o € A.

Av Ana =@, tote yio kAde [ € A €metan 01t B ¢ . AuTtO onpaivel 6Tl 0 o elval aPXIKO
tunpa tov B (aAdg arté 1o Anppo 5.1.16 da émpeme va 16yveL B € a) GUVETIHC 0 (v VoL TO
e\d16TO GTOLKElD TOUL A.

Av Ana # @, 161e 10 6Uvoro Ana éxel elayioto wg Ttpog Ty €, (wg vItoetvolo Tou ),
¢otw £. To [ elval To eAdyioTo KOl TOL A, AAMOC To eAdYIGTO ToV A, €6TW 7, da TPémeL va
ATV 0PXIKG TEARa Tov 3, dpa amd 1o Anppa 5.1.16 da elyope v € 3, dpa kot v € a (apod a
peta6oTikG). Tuvendg v € A N kat v € B yeyovig mov avtiBaivel 6NV eAUXIGTIRGTNTO TOV
B (wg Tpog ™V €,). O

Qo YwPIGoVYE TOUC SLOTARTIKOVG GE TPELC KUTNYOPLeC: 6Tov 0, TOUC ETTOUEVOVC KOL TOUC
0pLAKOUC.

Opwepog 5.1.18. 'Evag datoktikée a # 0 kadeltar emduevoc (1 Siadoyog) avv vmdpyel
SrataxTikGe B Tétoloc Kote o = BT, Te avtidetn TepimTwon kadeltal optakdc.

Mopadeypa 5.1.19. Tlpogavag dhot ot pucikol 610 w \ {0} elvar emdpevor Siataxtikol. O
w elval 0pLako¢ AaTarTIKOC. Ta va 1o Sovpe avTd apkel Vo TOPOTNENGOVYE OTL OV VTTNEYE
datakTikée o TéTolog WoTe w = T, Téte da elyope 6TL o € w, KAWC SULC TO w elval
eMaywYIKS GOvolo, da elyaue emiong 6t at € w, dnAadn 61 w € w.

Mapatnenon 5.1.20. To kGde 0plokd StotakTikd A toydet 6T av o < A 161e o < \. Emtiong
woyveL 0Tt A = sup{a | a < A}

KAelvovtag avtny v mopdypago da arrodellovpe 0Tt dev VITAP)EL GYVOAO TTOV VO. TTEPLE-
y€L 6Aovg Toug dlaTakRTIKOVC. MéypL va yivel n afiwpatikn depellwon Tng Oewplag ZuvOorwy
OUTN N TPOTOGN OTOTEAOVGE €VO. OO TO. EVOYANTIKA TTOPAS0E0 TTOV TPOERVITTAY OTO TIC
TPOKTIKEC TTOV YENOLLOTIOLOVVTAV.

Ocwpnpa 5.1.21 (Bewpnua Burali-Forti). Aev undpyet 6ivolo mov va meptéyel GAouC TOUg
JLOTOAKTIKOVC.

Amodeén. ‘Eoto (rpog dromo) dtt vitdpyer 1é1010 6Uvoho A. Téte pmopodue va oploovye 10
GUVOAO:
B ={a € A|«a datoxTikog}

Oo. delovpe OTL T0 GUVOAO B elvar dlotakTikOG, 0TtoTe da £xovpe B € B, yeyovog mov avTi-
Baiver otnv Ipdtaon 5.1.8.
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‘Ecto B € B kat v € B. Ané v Tpéracn 5.1.10 émetar 61t o € B, dpa B c B 1. Tuvendg
10 B elvon petaBatiko.

Téhog, n oyéon € etvan (ohikn) ddraln oto B Adyw tng Ipdraong 5.1.10 kar Tov Afu-
uatog 5.1.16. Emiong 10 C # @ vrmocivoho tov B €xel eAdyioto 6toweio we mpoc < (Adyw
tov 5. ¢ [pdracng 5.1.17), éoto a. Av (mtpog Gromo) vrdpyer B € C 1ét010 hoTe (v ¢ 3,
1618 (Adyw 10UV Afjppatog 5.1.16 kar tov Topiopatog 5.1.14) da mpémer 10 B va eivor o,pxIKé
TUNPO. TOVL (v, YEYOVOC TTOV avTiBalvel 6TNY eAaLOTIROTNTO. TOL (. Apa To v elvol EAGXLGTO
KOL WG TTPOC TN GXEGT E. O

5.2 To Oewpnuo Aptduncng

Ot 310TOKTIKOL ATTOTEAOVY AVOTIOPAGTUCT TV KOAG SIOTETAYUEVOV YOPWV UE TNV OKO-
Aovdn évvowa:

Oevpnpa 5.2.1 (Oedpnua Apidunong). Kdde kadd Swatetaypévog x®pog eivar duotog pe
arpLBOC €vav SLOTAKTIKO.

Oa amomepadovpe pio arddeln tov Oewpnuatog 5.2.1. O Adyog ToV TNV ATOROAOVUE
OTTOTELPA €IVOL OTL 6T ETLYELPNUOTO TTOV AKOAOVIOVV YPNGLUOTIOOVYE €V GUVOAO TTOVL —
TAPOAO TTOL SUGKOAN KATIOLOC Do EPePve OVTIPPNGT GTNY VLTTOPEN ToOL— deV PITOPEL VO TTPO-
KUOWPEL 0TT0 TO. AELOPOTA TTOV EYOVPE ELGAYEL €0C TWPO. Agv Do TTPODDGOVYE TIOLO EVAL YLO. VO
KOOTNGOLYE TOV OVAYVOGTN GE EYPNYOPON.

Anorneipa Arodeiéne Oewpnuaroc 5.2.1. 'Eotw (A, <) koAG datetaypévog xwpog Kat €6Tw
T0 GUVOAO:
B={aecA|(seg.(a),<) 6polo pe DATUKTIKO}

[Mapatnpnote 6Tt av b € B 10Te UTAPXEL POVOUIIKOC DLOTAKTIKOC TOU €VOL OUOLOC e TOV
vntdywpo seg. (b) (Aéyw Tou Oewpnpatog 5.1.12). Avtdv tov dotaktiké da Tov Gupbolitovpe
ue ap.

[Mapatnpnote eniong 6tLav b € B kat a < b tote kat a € B. [Tpdypoti av fy, : seg (b) — ay
elval n opoloTNTA TwY dV0 XWPWV ToTE N GLVAPTNGEN f;, | seg_(a) elvar opodtnta Tov seg_(a)
UE KATTOL0 0pYIKG TUARPa Tov oy TTov (Adyw tne Ilpdtacng 5.1.13) eivar Siataxtikde. EmmAdoy,
loYVEL OTL (g < p.

Bewpovye 10 GUVOAO:

S={ap|be B}

kow ™ ovvaptnon f : B - S pe f(b) = ap. H f elvar opodtnta kKadog Tpopavag evar 1-1 kat
ertl ko OTwg detape o av a < b 1ote f(a) < f(b), yro kGde a, b € B. I'a va ohokAnpocovye
™y andédeln apkel vo delovpe dVo TPaypoTa: 6Tt T0 S elval SoTaRTIKOC KoL 0Tt B = A.
[a 10 TPWTO, €0TW Oy € S KaAL 7Y € . AV fj, elvarl n opodTnto TOL seg_(b) pe Tov Ay KoL
c= f~1(y), téte n couvdptnon f. = f; | seg_(b) elvar opoétnta tov seg.(c) pe Tov 7 2, dpa

' Zavd, av B = B téte da eiyaue 3 € .

2 , ’ . ,
[Tpoomadnote va 1o deifete AVTO TUTIKA.
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To Oewpnua Aptdunonc

v € S. Tuvemae ap ¢ S !, dnhadn S petaBatiké. Emione, n oyéon € eivar kaln Sdraln tov
S 2

Ta 1o devtepo, omwg delape mpw, av b € B kat a < b 101e kAL @ € B. Auto onpatver 0Tt av
(mtpog dromo) A + B 161 B = seg_(a) yio. k4mowo a € A."Opwg 6e avtiv v epintwon a € B
(a@ob t6te 1 f da elvar opodtnTa 1oL seg_(a) pe tov drataktiké S), oL elvar dtomo. [

H afla tov Oewpnuotog 5.2.1 elvol 0Tl POC ETGNUGIVEL TN YENGT TOV SLOTOKTIKGOY 0O
UETPO GUYKPLGNG TOVL «PARPOLC» dV0 KOAG dotetaypévov xwpwv: H didtaln evog xwpou
(A,<4) elvar T PHOKRELA OTTO GUTAY ToV XWEOL (B, <p) av o dloTtakTikog Tou A elvar peya-
Atepog amtd autév Tov B. AuTo QUGIKG KATL VTTOVOEL KaL Y10, TO TTANDOC GTOLEIwY TwV dVO
6vvOAwv (da 10 avadicouvue 0VTG GTO £TTOUEVO KEPAANLO), GANG KLPIWC ULOC aTToGaPNVITEL
Tov TUT0 TNE ddtadng Twv Vo XWEwv.

Opopog 5.2.2. 'Ecto kaAd datetaypévog xopog (A,<4). O timog ddraéng tov (A, <4)
€LVOL 0 LOVODIKOC SLUTOKRTIROC TTOV €lVOL OUOLOG UE CUTOV.

Na tovicovpe 8@ 611 av oANGEer N koA didtaln 6to GUvoho A ToTe GANGLEL KOt O TUTIOC
didragng (kaddg aAldter o xwpog).

5.2.1 Aflopo AVTIKOTOGTO.GNG

Ac emovéNdovpe OTTHC 6TNY amoTElPd pog va oamodelfovpe 10 Oevpnua 5.2.1 kol ag
€0TIACOVPE GTN GLAAOYN GTOLELWV:

S:{Otb“)EB}

[Tapolo mov kAde GToLKELD TOV S ElVOL GOPHC OPLOUEVO, O YOPOKTNPIGROC TOV KC GUVOLO dev
uropel va dikarohoyndel and ta afiwuata 3. H katdotaon evar n e&nc: ‘Exovpe ota xépta
nag €va (6agdg optopévo) civoro (1o B) kat évav 1pdmo va avtietolicovpe 6e KGde €va
amd 10 cToyElo Tov €va ovvolo (vav SOTOKTIKG GTNY TPoKelwévn Tepimtwon). Av avri-
KOATOGTGOVUE TO. GTOLYELD. TOU GUVOAOV PE TA OVTIGTOLXG. TOUC GUVOAD. TOTE DO. TIEPLUEVOUE
n GuAAOYN aUTGOY TeY GLVOALY va Gxnuaticer Ghvoro 4. To aflwuatiké oynua g Aviika-
1A6TAONC PO €EOGPUALLEL OTL N GLANOYY] TTOV TPOKVTITEL PEGW AVTNG TNG dadkOGIOC Elval
GUVOMo.

VIIIL. Aflopa Avtikatactoong: Eotw opotiki cuvdikn ¢(z,y) 1ét010 dote yia kdde
vITdpyeL povadiko y mov kaver ™ ouvdnkn aindn. Tote yia kade cvvolo A vrapyer ovvolo
B 1éto10 dore:

B={y|(3zeA)d(z,y)}

' Kot €avé, av ap = S 161 dat elyape ap € .

2 H amédean sivar evieddc dpota pe v avticTonn amédeln yio 10 6uvolo B otny amédeln tov Oswpnua-
to¢ 5.1.21.

3 Av 1 kKAdon ON ftav 6ivolo TéTe LIPYE TPOTTOC Vo To opicovue YpPNoLpoToLVTac 10 Affwua VI.

* ¥10 KGTO KATO TNC YPOPAC AUTH N GLAAOYY Sev da propovce va eival «uTepBOAKG peydAn» GoTe vo unv
pmopsl vo. amotedécel Guvoho (GTnv TpaypaTkéTnTe o éxeL To (Bto puéyedog pe 10 apxkd GHVOAOD).
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v meplntoon Tov Oewpnuoatog 5.2.1, 1 0pLoTIKN GLYINKN lval 0 AoykOg TUTTOC O(X, )
OV ERPPALEL TO YEYOVOC:

Eite x € B kat y elvar 0 povadikog SlatakTikoe ouotog pe 1o seg.(x), eite x ¢ B
katy = .

H ouvdnkn autn avadétel e kAde oToLEl0 £VOC GUVOAOL UKRPIBWC €VO. GTOLELD, KUL PUGLKA
oy veL oTL:

S={y|(FzeB)d(z,y)} ={a|be B}

[Tpocdétovtag 10 Allwpa VIII otn dewplo pog, €metar 6Tt n GLAAOYN S elvol GUVOAO KOl
OLVETWC N OTTOTELPO. OTtOdEENg Tov Oewpnuatog 5.2.1 TeAKG GTEPETAL Pe eTTUYLO.

[Mapatnenote 0Tt yia KGde 0pPLoTIKN GUVINKN G(x, ), OTIOL Y0 KADE X VTTAPXEL PLOVOIIKO
Y TOV KAVEL TN GLVONKN OANDY], WITOPOVPE VO 0PLGOVLVE €vav 0pLGTIKO Tedeatn F' €161 vote
F(x) = y. Me 10ov (510 TpOTI0 PIT0pOVYE VO 0PIGOVE KOL OPLGTIKOVC TENEGTEC e TTEPLGGOTEPEC
amo pla petabAntéc.

Oa pmopovcape hotrtov va draturtwcovpe 10 Allwpa VIII mo kopwd o¢ e&ng:

A&lopa Avtikatactaong: [la kdde opiotikd tedectny F kat ovvolo A n ewdva:
FlA] = {F(z) |z € A}

amotelel cuvolo.

KAetvovtag ™ ovgntnon ya to Aflopa VIII opeidovpe va avagpépovpe 61t 0TT0TE TTPO-
GOETOVPE KRATIO0 KAWVOVPYLO OElwua TIPETEL Vo dlepevvolye TWC AVTO eMNEEdeEL To. NN
VTTAPYOVTO. ACLOPATO. KAL, PUGLKA, TO ROTO TTOGOV UITOPEL VO, TTPOKVYEL aTtd autd. Ewdikd e
VTN TNV TEPITTTWGN OTOL TO GLlVUO EVAL TOGO LGYXVPO TOL KONGTA RATIOW. a0 TO. aflo-
poto mov éyovpe dexdel mepttd! B0 pIoPOVGOPE VO TO OPOLPEGOVPE OTO TN AOTO TOV
alopdtov pog oAd dev da To KAvoupe, TPWTOY, Y0 16TOoPWKOUC Adyoug (ta Tpota agiw-
poto Tov Zermelo dev meptetyav 1o Aflwpa VIII, yio v akpiBeia outd 1o allwpa evat o
A6yoc mov amokatovue ™ dewpla pac ZFC 1) kar, devtepov, yiati efvar evvotohoyikd amhd
kot BoNdNGaY Ta PEYIGTO. GTNV aPXN TNC ONULOVEYLOC TOU KOGUOV WOC.

Evloya kamowo pmopel vo awcddvetor aBora pe 1o Allwpa VIII, kodog avtod emekteivel
TOV KOGPO pag dpapotikda. Emtiong ebhoyeg elvat Tuxov eveTAGEIS OGOV apOopd TN XPNGLUOTNTA
TOU GTO. «ROINUEPWVA» ROINUOTIRA. Ol GNUEIOGELS OUTEC DEV €YOVV GKOTIO VO, ETERTUIOVV
oe tétoleg ounTNoelg. Mévovpe GTo yeyovog OTL eQOGOY EVOL ATOPAITNTO YO TOUG GROTTOVC
uag dev gntdpe emBeBaiwon ovte TIC XPNGUOTNTAC TOL 0¥TE TN AANdOPavELde Tov 2.

' To A&lwpa VIII mpotédnke amé tov Abraham Fraenkel yia vo kadbyet 10 kevd TTov dpnvay To aSidpaTo. Tov
elye mpotelvel o Ernst Zermelo.
2 0 evdlaepbuevoe avayvhotng Tapotpvvetal va avatpélet oo [7].
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5.3 ApdunTikn SOTOKTIKOV

A¢ vrodécovpe 01 pag €xovv dodel dvo dataktikol ar, B kot dENovpE VO 0plGovpE TOV
dataktiké a+ 6 1./ Towce 0 TEHTO MOV PaC EpxETAL GTO PLAAS evar va TTapadécovue Toug dVo
JLATARTIROVC, PTLAYVOVTUC EVAV <UOKPVTEPO> BLUTETAYUEVO YOPO KAL ETELTC VA TIAPOVUE TOV
SLOTAKTIRG IOV EVAL OPOLOC e AVTOV TOV X0E0. To TTPdBANUe. PUGIKA elvar OTL To. GUVOAD. o, 3
dev elvan &€va. Tlapoha autd propovye vo TApovpe T EEVN €VWGN TOUC XPNGLUOTIOLOVTOG
mv 1éa g Hapaypdeov 2.1.1, kot va dewpncovpe 1o cvvoro C' = ({@} xa)u ({{@}} x 3).
Ta gevyn Tov C' pmopovue va 1o Statdouvue XpNGILoOTTOLOVTAG TN AeSikoypa@ikn StATagn <jee
tou ITapadelypatog 2.2.29, n omolo. eVKOAO. aTTodelkvieTaL OTL elvat kKaAN ddrtaln. Etol da
UITOPOVGOUE VO, 0PIGOVYE TNV TIPOGIEGN dVO DLATOKTIKOY WC:

a+ 3 = O povadikdg dataktikdg opotog ue tov (C, <jee)

Méca amé v TPOGIEGN DATAKTIKOV UTOPOVYE, TPMTOY, VO JIKAIOAOYHGOVYE 2 TOV
cupBoMauo:
swwtl w42, w43,

GTNV ELGAYWYT] TOV KEPOAALOV KAL, DEVTEPOV, V0. 0PIGOVIE TOVC GROAOVIOUC BLOTARTIKOVC:
s wtw, wtw+l, wtw+2, L, wtwtw, wtwtw+ 1,

Oa mpémel vo. Tovicovpe €d® 61t N VIapEn TovV doTaKRTIKOV W + W, Tov Guvérov {0, 1, ..., w,
w+1,... } dnhadn, opeldetar 610 Allwpa VIIL: @ewpovpe tov 0ploTiké tedeotn F pe

w+n, OoOvVnew

F(n) = ,
0, OAALG
omote 1 ewovo F[w] etvar 6vvoho, dpa 1o cuvoro U F[w] elvar 1o nrovpevo. Mével kamotog
va del€el 611 T0 GYvoro avtd eivar dotakTikdg (Seg Aoknon 5.2). O w + w elvar o devtepog
0pLaKAC DLOTARTIRGC TToL Guvavtape (de¢ Mapdderypa 5.1.19). AALot oplakol elvar ot w—+w—+w,
W+ w+w+ W K.O.K.
Me avdAoyo TpoTT0, UTTOPOVUE VO 0PIGOVPE TO YVOUEVO - 3 B0 SLOTUKTIKMY TAPVOVTUC
T0 GDPOLGPA TOV (v Pe TOV €VTO TOL 3 Popéc.'Evag tpdTtog va To Tetuyovpe 0vTo elvat vo.
ndpovpe ta EEva aivora A, = ax {7}, yia kdde v € 3, kat va ta TaPadEGOVYE OTILG KAVapE
mtpwv.’Evag ohd 1o amhdg tpoémog eivar mdpovpe to 6uvoro C' = arx B kot va 1o datafovpe
XPNGLUOTIOWVTAG TNV avTiGTpo@n Aeikoypapikn ddtaln: (7v,6) <ga (1,0) avv eite § < 0,
elte § = 0 kar a < 7. Etou

a- = O povadikég dataktikog ouotog pe tov (C) <g)

' T Adyoug ouvémelae pe ti¢ pdeic Tov oploape 6to Kepdhaio 3, da kpathcovue tov (1o cupBoAioud yia
™V TPGGIEsT, TTOPGAo TTov TAEoV To GUPBOAO + dev avtieToel 6e GuvAPTNoN OAAG Ge évav Tedecti] pe dVo
uetaBANTEC.

2 Aec Aoknon 5.15.
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XENOLOTIOLOVTOC TOV TTOMOTIAAGLOGUO UITOPOVPE VO, GITAOTIOMNGOVYE TOV GUUBOAIGUO
TOV TAPOKATO SIOTARTIKGOY

L, we2, w241 w242 L, w3, w341,

OANG KOL VO, 1IGAYOVUE KAVOVPYLOVC DLATARTIKOVC:
o, W w2—|—1, w2 WP
Omov pe w" GLUBOAILOLYE TO YWVOPEVO TOU W UE TOV ECUTO TOV N POPEC.

O! Tapaméve GUVOLOEIWPNTIKEG KATUGKEVEC £lval OTTOMITOC GOGTEC |, dev emapKovY
OUOC YO, VO 0plGOVYE TIC DVVAPELC BLOTARTIKOV. AVTOC elval 0 AGyo¢ Tov TeMKA Do, LIode-
TNGOLPE €VAV UVASPOWKO TPOTIO OPIGROY TWV TPACEWY, OTIOG URPIBMOC KAVOUE KOL VL0 TIC
TPACELC TWV PUGLKOV.

Avotuyog 10 Oewpnpa 4.1.11 dev pmopel vo. xpNoLLoTomdEL yLlo. AVTOV TOV GROTIO KOO
TPOUTI0dETEL TNV VTTOPENG EVOC DUTETAYREVOL YOPOV. Opw¢ OTIOGC EDAPE Ol SLATUKRTIKOL TTaL-
P60 1OV PIToPOVV va. dataydotv Sev amotehodv dutetoypévo xwpo (kaddg dev amotelotv
oUTe KoV GHVoL0). Oa ypelactel Aowmdv va opicovpe €va véo Gynpa avadpounc mtov da. diev-
detel T WOInTePOTNTEG TV doToKTIRGY. TTapadociakd da Cerkvnoovpue avVOPEPWVTOC TNV
Apxn Emaywync Alataktikov.

Ozopnpoa 5.3.1 (Apy Emaywyng Awotaxtikdv). ‘Eoto opiotiki cuvdikn ¢(x). Av yo kGde
SOTaKTIRG o 1oyveL OTL:

(VB <)9(B) - ¢(a)

10T Plar] aAndNG Yo KADE SLATOKTIKG (v

Anddeén. 'Eotw (mtpog Gromo) 61t vdpyet SloTakrTkGg o Tov dev kaver ™ ¢(x) aAndn. Awo
10 5. g Ipotaong 5.1.17 1o obvvoro P = {3 € a | ¢[B] wevdng} €xer ehdyioto oTowyelo, €6Tw
7. Opwg o1 Yi0. KADE & < ¥ N G[0] da elvar aAndiig, dpa (amd v VIddeon) ko n ¢[y] da
elvar aAndng. Aroro. O

Oevpnpa. 5.3.2 (Oedpnua Avadpounc Atotaktikev). Ta kGde oploTikd tedectny H vidpyet
povadikog tedestng F' mov wavoTotel v e€lowon:

F(a) = H(F ! ), yio. KGDe SLATOKTIKO (v
omov F' ta={(8,F(B))| B < a}.

Anddei€n. Oa Mpe 1 pla cuvdptnon f eivar Tpocéyyion éwg kat Tov B avy dom(f) = B
kot f(y) = H(f | ) yia kGde v < 5. Oa delovpe pe en0ywyn 6TOUE SOTURTIKOVE OTL yLo
KGDE JLOTAKTIKG 5 LILAPYEL POVODIKN TTPOGEYYLON €0C KAl TOV [3.

Yrodétovpe 411 yio kGDe DaTAKTIRG ¥ < [ VITAPYEL POVODIIKN TPOGEYYION €WC KOL TO 7Y
Kkat dewPOVYE TO GUVOO %

C = {fy | fy mpocéyyon éw¢ kat 7 yia kamow v < 3}

' Av 0 avayvéotng to emdupel umopsl va e€etdoel Tic AemTopdpetec oL Exouv TOPAANPDEL.
2 B3¢ emkatovpoote Eavd 1o Afiwua VIIIL.
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Oewpovpe eniong o ovvoro g = JC. Oa delovpe OTL TO GUVOLO AVTO €lVOL GLUVAPTNGN.
HMopatnpeiote 6tLav fs, fr € C kar (xwpic 6AG6N TG yevikéTntag) & < 1), 16T & C 7). Emuméow,
av (;pog Gromo) o 6 elvar 0 eldyoTog SratorTikeg pe 6 < § yo tov oTolo wyder 6t f5(6) #
In(8), tote f5 10 = f, 1 6, dpa H(fs 1 0)=H(f, !0)xmu tehicd f5(6) = f,(6)! Zuvemdg
Y k@de y < 8 av (4, f5(7)) € C ket (7, fol)) € C w6 f5(7) = Fo().

[Mapatnenote 61t dom(g) = U{dom(f) | f € C'}, cvventdg dom(g) = 5. Avto onpaiver
61t 10 medio optopod g cuvaptnong fz = g U {(B,H(g))} evar 10 7. Edkoha pmopoiue
va delfovpe 611 N f3 elvar TTPOGEYYIGN €0C KL TO 7y KOt UAAGTA OTL elval N LOVAdIKN.

Oewpovye TOV TEAEGTN:

F(x) fz(z), av z SlatakrTIKOC KL f; N TPOGEYYLON €WC KOL TOV X
xTr) =
@, aA\Og

Kot tapatnpodpe o1t yio kGde dotartikd « woyvet o1t Fa) = fo(a) = H(fo | @), Spog
Flta=fy,ladpa F(la) = H(F | a). Téhog, pe enaywyn 6Toug DOTOKTIKOVC delyvoupe
OTL 0 TEAEGTNC GUTOC EVOL PLOVADIKOC. O

Xpnowomnowwvtag 10 Oevpnuo 5.3.2 (yio v akpibea Tnv Acknon 5.9), ymopoipe va
arodelfovpe TNV VTTOPEN TOV TEAEGTOV +, - TTOV 0PILOVTAL GROAOVINC:

Opwopog 5.3.3 (ITpdcdeon Awatoxtikev). ‘Eotw «, 3, X Stotaktikol. Tote:
Lat0=a
2. a+(B+1)=(a+8)+1
3. a+ A=sup{a+v|y<A}!, av X oplaxdc

Opepog 5.3.4 (TloAhamhaciacpoc Awataktikadv). ‘Eoto a, 8, A Siatoktikol. Tote:
L a-0=0
2.a-(B+1l)=(a-B)+«
3. a-A=sup{a-v|y <A}, av A optakdg

EmumAéov, (xpnowomowdvtag mdAt 1o Oewpnua 5.3.2) piopolue vo. 0pIGOVUE KAl TIC
duvapels SIOTARTIKOV KOG eENG:

Opwepog 5.3.5 (Avvdpeg Awataktikadv). ‘Eoto a, 8, \ Siatoktikol. Tote:
La’=1

3. o =sup{a” | v <A}, av \ oplakdc

! Hapatnpniote 6t 10 {a 4+ |7 < A} elvar 6Hvolo Adyw tov AGduatog VIIL H yprion Tov da elvar extevic oe
060, AKOAOLDOVV.
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O tedevtalog optopog dikatoloyel T0v GUUBOAGUO W™ TOV eldape TPV KoL POC TTaPAYyeL
TOVC €ENG SLATOKRTIKOVC:

w w w
W, W W

H mpaypotikotnta elvor 0TL da XpetasTovpe TOAD peyoAITEPOVC SLUTOKTIKOVE OO OVTOVG
YLO. V0. 0PLGOVUE GTO ETTOUEVO KEPAAULO TOVC TIANDIKOVC APOPOVC.

KAelvovtag, va avagépovpe 0Tt LlGYVOUV 0L TTEPIGGOTEPEG «GUYNIELC» WLOTNTEC YLOL TOVC
TEAEGTEC TTOV 0PLGOPE GE GUTIY TNV TTaPAYPaPo. Kaddg oung dev woyvouv dleg da mpémet
TGvTa va elpacte TpoGekTIKol 1.

5.4 Xwpevtikn lepapyio

Evar EerGdapo 6Tt 0 ROGPOG pag Eerlvnee pe £va LovadikO GTOLELD TO & KOL ETTELTOL ETTE-
KTOONKE KOTO «KOPOTO» 6Aon Tov aflopdtov mov dexdnkaope. Me yovpoplotikn dddeon
da Aéyape OTL N dnpovpyla Tov B amotélece T0 Big Bang ylo Tov KOGUO pog. XN GUVE-
Yelo. Tepdcope wlo chvtopn Teplodo émov 1 dnuovpylo cuvodwy (péca amd Ta TpwTa emTTd
alOpato) NTav «apyn», KoL ETETa UINKaPE GTNY TTepiodo Tov TAndwetcuot 6mov 0 PudPGE
g dnpovpylag cuvolwv erktoledtnre Spapatkd (e v ewcaywyi Tov ASwpatog VIID).
"Etot dnpovpyndnke 1o Aeyopevo Xvumav tov von Neumann.

TNV Tapaypa@o avtn da opleovue TIC «KAAGEIS» TG Zwpevtikng lepapyiag kar do.
amodeifovpe 0Tl KGDe GUVOLO aviiKkel Ge kAol amd avtég. Me avtov Tov TpoTO dar pIto-
PEGOVUE VO <UETPNGOVPE» TNV «TTOATIAOKOTNTO» €vO¢ GuvOlov. Ta va emitiyovpue AvTOV
TOV GKOTIO D0, YPELAGTEL VO TTPOGIEGOLPE OKROpO. €va allwpa, To Tehevtalo g ZFC.

Xpnotpomolnvtag 10 Oewpnuo 5.3.2 yopovpe vo 0plGovpe To 0ROAOVIA GUVONOL:

Optapog 5.4.1 (O1 KAdoewg g Zopevtikig lepapyiag). ‘Eotw a, A dwotaktikol. Tote:
. w=o
2. Voy1 =P(Va)
3. Vi =U{Va | a <A}, av A oprakdg

IMpotob amoTelPadovye Vo, ATEROVIGOVUE TIC KAAGELS GUTEC GE €va. DLAYPauPo. D0 YPEL-
otel va amodellovpe KRATIOEC WLOTNTEC TWV TOPUTAVED GLUVOALV. Ot aTtodellelc elvor aTAEg
EPAPPOYEC ETTOYWYNG TWV SLOTARTIKOY YU aVTO da. amodeifovpe YOvo TNV TEWTN KoL D0 0PN-
GOVYE TIC VTTONOLTTEG WC AGKNGN YLO. TOV OVAYVOGTY.

Mpo6tacn 5.4.2. Tia kdde SiatoxTikd o 10 Guvodo V, elvan petaBatikd.

Arnodeén. ‘Ecto v ehdyioto avumapadeypo. ITpopavog v > 0 kadwg 10 & elval TETPLLUEVOL
petaBoTiko. ATTOpEVOUY 0L 0ROAOVIEC VO TEPLITTOGELS:

1" v = a+ 1 ywo kamowov dotaxtikd a. 'Eotw y € Vo kot z € y. Agod Vo = P(Vy),
émeton 0Tty € Vi1, 0m0TE € Vo iq.

1 , , , , , , , ,
YTIC AGKNGELS TOV Ke@OAaiov da Oelte TOPAdElYPOTO TOV WIOTNTOV OV LGYVOLY, OAAG KOl QUVTOV TOL Jev
1 voLvV.
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2Zwpevtikn Iepapyia

Xyriua 5.4.1: H Xwpsvtici) Iepapyia.

2": v oplakdg, dnhodn Vo, = U{V, | @ < v}."Eoto y € Vy kot x € y. Apov y € Vv vitdpyer
a < 7y €100 KoTE Y € Vg, ROL 0OV a < ¥ (Gpa V, petaBotikd) émetar 61t x € V,. Zuvendg
xeVn. O

IMpotacn 5.4.3. [a kAde dotakTikd o oyveL 6Tt o € V,.
Ipotacn 5.4.4. Ta kdde datokTikG o woydel 1L o € Vg \ V.
MMpotaocn 5.4.5. Ta kGde dataxtikoig a, 3, av B < a to1e Vi € V.

H Zwpevtikn lepapylo amewovicetor 6to Iynua 5.4.1. ‘Ontwg do dovpe, kGde GUVOAO
o@ellel vo. eppavifeton 6e avTo 10 daypappa. I1poto 10 KGvovpe Ouwg da ypelacTel va
agrodellovpe €va Backo AMppa.

Anppa 5.4.6. 'Eoto cOvoho A. Av yio kéde = € A vitapyet StotarTikdg [ tétolog wote © € Vg,
TOTE VITAPYEL DLOTORTIROC (@ TETOOC WGTe A € V.

Anddeén. Oewpoipe 10 6vvoro (Adyw touv AGiwpatog VIID):
C = {f| B o ehdyioTog dratakTikog TéTol0¢ KoTe € Vi, yia v € A}

Oewpovpe tov dotoxtikd v = JC (de¢ Aoknon 5.2). Mopatnpnote 61t av x € A 161e
vntdpyet B € C wote x € V3. Opwg S < v (apod f € v), ouventag and v [pdracn 5.4.5
Vg €V, dpa x € V.. Auto onuatver o1t A €V, kauw dpa A e P(V,) = V1. O

Ocwpnpa 5.4.7. Tio kG civoro A vitdpyel SlatokTIKGC a TéTol0g Wate A € V.

Amodeén. 'Eoto A* n petabotikn khetototnta tov A. Antd 1o Anppa 5.4.6 apkel va deifovpe
0Tl ylo kGde x € A* vmdpyet dtatakTikdg [ TéTolog KoTe x € Vi, kadwg 16te A* € V,, ya
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RATT010 SIATOKRTIKG v, Gpa ko A* € V,, (apod V,, petabotkd), omdte A €V, (apod A c A*)
kow tedwed A € P(Vy,) = Va1,
"Ectw (;wpog dromo) 611 10 6hvoho:

B={zxeA" |z ¢ Vs ya kGde dotaxtid G}

elval un kevo. Ag vtodécovpe 0TL LTTGEYEL oTotelo b € B tétolo wote bn B = @. [apatnpnote
ot b e A" ko, apov A* petabotiko, wyvel ot b € A*. Onodte yo kGde = € b Do vIapyet
dataktikdg [ tétolog wote = € Vi (agod z ¢ B), dpa (tdh omtd 10 Afdpua 5.4.6) vidpyel
dwatarTikog o wote B € V,, mov avtibaivel 6To yeyovog ot b € B. O

Qo TOPATNENGOTE OTL GTNY TAPOTAVE® OTTOSELEN KAVOuE U0, VITODEGN Yo TNV oTtola dev
dvoape kopla artloAoynon:

Yrodéoaue ot yia kade ouvolo B vrdpyel atoryeio b € B tétoi0 wote bn B = @.

H aAndeia elvan 0Tt dev pmtopovpe vo. SIKALOAOYNGOVPE AUTO TO YEYOVOC €GO OTI0 TO. ALOPATOL
10V €)0vpE dexdel fwg Twpa. H ¥tapn avto tov oToyelov dev amotedel kadOAov TTo.PAAOYN
T0pad0YN OPWC, EWIKA OV OVOAOYLIGTEL KOVEIG OTL EPOGOV DEV LITAPYEL TTAVTA TETOLO GTOLXELD
da pmopovce kKAAMGTA Vo TTPokVeL éva Guvolo B pe B e B 1!

Ba el6Gyovye TNY TOPOTTAVO TEOTO.GT WC TO TEAEVTAO GlwPa TNG DewPLOg UaC:

IX. A§lopo Kavovikomnrag: VA(A + 2 > (Jae A)(an A = @))

Mag ypeldgetor opwg oty TEAaln autd 1o allopo; H alndewo elvar 011 @rdcape mapo
TIOA) POKPLE XWPLC GUTO KAL, OXL LOVO KOTOPEPUUE VO, OTTOPUYOLPE TO. TTOPAdoEa TTov ava-
@épape 610 Kepahawo 0, aAAG kotapEpaye va oplcovpe 0N TO. GUVOAO. KOL TO. OVTIKEL-
LEVO. TTOV XPNGLUOTIOLOVUE GTO UODNUOTIRG. AUTO GNUOVEL €V OAYNG OTL OV ETIITPETIOUE TNV
VTTOPEN TTODOYOVOY GUVOA®Y TTOV AVIKOLY GTOV €0UTO TOUC, AVTO dev Do emnEEaLe KADOAOL
TIC GUYNDEIC TIPUKTIKEG TIOV EQUPUGLOVYE GTO POdNUOTIKA 2.

Y1ov aviioda opwg, av artobalape 10 Alwpa IX n Oewpla pag dev da Nty T0G0 KOpy.
To Tapddeypa, dev da loyve 0Tt KADE GUVOLO OVNKEL GE L0 KAAGN TNG GWPEVTIKNG LEPAPYLOC.
Anladn, pe GANa Aoyla, dev da elyape TNV WOTNTA OTL KADE GUVOAO KOTUGKEVALETAL PEGA
amoé plo aAAniovylo SuVOPOGUVOA®Y KOL EVOGEWY OV Lekwvdel amd To kevo cuvolro. H alla
OVTOV TOV YEYOVOTOC EYKELTOL GTO OTL TTPOGOIDEL L0 EVVOLO. «TTOAVTIAOKOTNTOC» KOUTOGKEUNG
oe KGDE GUVONO:

Optopog 5.4.8. H 1dén evog cuvérov A, cvpbohopdg rank(A), 1codtar pe tov eAdyioto
SlaTakTIKO @ TéTolo wote A € V.

[Mapatnenote ot ov rank(A) = « 10te A € Vo y1 KoL €161 Popovpe vo. SLokpivovpe
akplBO¢ G OO GTADI0 TNG GWEEVTIKNC LEPUEYEC TPWTOERPAVIGTNKE T0 GUvolo A (ko
G GUVETELD TIOGEC (POPEC XPELUGTNKE VO TAPOVPE DLVAROGUVOND. KL EVWGELS YO VO. TO
KOTAGKEVAGOVUE).

' Av B ¢ B 1éte yia 10 6Ovoho { B} émetan 6 Bn {B} = @.
2 Yiyovpa kapla amé boec spapudoape uéxpt kat 0 Oedpnua 5.4.7.
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Ackncelg

e '

5.1. Antodeite to Oewpnpa 5.1.5.

5.2."Ecotw pn kevd ovvoho dwataktikov C. Aei€te 61t 100 6vvoha UC kar NC elvar
OLOTOKTIKOL.

5.3. Aeite 0Tt KADe PeTO.BATIKO GUVOAO SLOTOKRTIKWY €VAL SLOTORTIKOC.

5.4."Ectw dataktikol «, 5 kot 1-1 cuvdptnon f: a — (. Aeifte oL av S < o t01e 1 f
eivan e7tl Tov f.

5.5. Aei€te OTL dev LITAPYEL GUVOAO TTOV VO, TIEPLEXEL OAOVC TOUC ETTOUEVOUC OLOTOKTL-
KOUC.

5.6. Aeite o1t 10 Allwpa VI pmopel va amodeydel a6 ta vItoAoTTa AlOUOTA.
5.7. Aei€te o1t 10 A&lwpa 111 pmopel va amodeydel oo 0. LITOAOLTO. ALIOPATOL.

5.8 (@ewpnua Avadpopn Awtaktikov pe Tlapduetpo). Ta kGde oploTkG Teheotn H
dv0 petabAntev vtapyel povadikog Tehectng F 30 petabAnNTov Tov IROVOTIOEL TNV
eClowon:

F(a,x) = H(F | a,x), yia kGe DOTAKTIKG (v KOL GUVOAO T
5.9. [a kdGde optoTikovg tedectégc Hi, Hay, Hy 300 petaBAntov vidpyel povadikog

tedeoTtig F dV0 petabAnTov mov tkovoTolel v e€lowon:

Hy(0,x), av a=0
F(a,x) =4 Hy(8,x), av o endpevog kol o = (31
Hs3(F ta,x), av a 0plokog

ylo. RGDE DLOTAKTIRG @ KOL GUVOAO Z.

5.10. Aei€te 0Tt Y10 KADE SLOTURTIKO
L. 0+a=a
2.0-a=0

3. arl=1-aa=«

5.11. Aei€te o1t yio kGDe StoTAKRTIKOVG v, 3, s
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L (a+B8)+y=a+(B+7)
2. (@-B)-y=a-(8-7)
3. a-(B+7)=(a-B)+ (a-7)

5.12. Aei€te 0Tt yi0 KAe SLoTORTIKOVG v, 3, 7:
L B<yawa+B<a+7y
2.ava+0t0te B<yoawa-S<a-y
3. ova+f=a+y10te f =7

4. aovaz0kaa-f=a-v 10t B =7

5.13. Aeite OtL o kAde SroToRTIRKOVC v, B,y pe 2 < a

L oPtr =aP. o

2. (aP)Y = b

5.14. Aei€te 0Tt Y10 KADE DLATAKTIKOVC v, 3,77 pe 2 <
L. ava® =a" 161e B =1~
2. B<vyawal <a?

5.15. Aeilte 0Tt 0 W+Nn LGOVTOL e TOV DLOTOKTIKO TTOV TTPOKVITTEL 0LV TTAPOVYE 1 POPEC
TOV ETOPEVO TOV W.

5.16."Eo1o kald dwatetaypévol yopot (A, <4) kot (B,<p) 6potol pe Toug SLaTaRTIKOVS
a kat 3 avtictoo. Aeite 61t 0 KaAG dratetaypévog xWEog (A + B, <ee), OTOV <jee
n Ae€ikoypa@ikn dtataln, eivar OpoLog Pe ToV SIATARTIKO o + 3.

5.17."Eotw koA dotetaypévol xwpot (A, <4) kot (B, <p) opotol pe Toug SLaToRTIROVS
a kat f avticTora. Aei€te 61t 0 KaAd datetaypévog x0Pog (A x B, <g), 610V <gay N
avtioTpo®n Aefioypapikn ddtaln, elvar Opolog pe TOV SIUTARTIKG « - [3.

5.18. Aeifte 611 1 +w = w KA OTL 2 W = w.

5.19. Aeite 611 n TTPAGIEGN KAL O TTOAATAAGLAGUOC SLOTAKTIKOV DEV VAL OVTLUETA-
OeTIkOL TEAEGTEC.

5.20 (Agaipeon Awtoxtikev).’Ecte Sotaktikol o, 8 pe a < 3. Aeite é1t vidpyet
povadIKOC DLOTOAKTIKOC Y TETOLOC WGTE (v + v = 3.
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. ol wtarTikov). Eoto dataxticol . Aei€te 611 LTTA
5.21 (Awipeon Awotaktikdv).’Ecto Stotaktikol o, pe & # 0. Ael€te 611 vITdpEYOLY
HOVOIIKOL SLOTOKTIKOL 7T, U TETOLOL OGTE v = T+ § + U KoL U < I.

5.22. Amodeite v Ipotacn 5.4.3.

5.23. Amodeilte v [potaon 5.4.4.

5.24. Amodei€te v [lpdtaon 5.4.5.

5.25. Aeifte 611 10 Allwpa IX cuverdyetar Ti¢ arkOAOVIEC TPOTAGELC:
1. Aev vrapyet Givoro A pe A € A.

2. Aev vapyouvv cuvola A, B pe A € B ko B € A.

3. Aev vrdpyet cuvdptnen f : w — A, yia kdmolo 6hvolo A, tétowa wote f(nt) €
f(n), yio kGde n € w.

5.26. AeiCte 6T yio kGDe SratakTiKG O WoYVEL 0L, V, € Vo1 N Vo, (ywplc va ypnow.o-
momoete 10 Aflwpa I1X).

5.27. AeiEte 61 yio kGDe GUVOLO A:
1. Tia kade a € A woyver ot rank(a) < rank(A).

2. rank(A) = sup{rank(a) +1|a e A}.

5.28. Amtodeilte 10 Oewpnpa 4.2.11 ypnopomoiwviog 10 Oewpnua 5.3.2.
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[ToAY Guva 6Ta POIMPATIRG EIVOL OTTOPOITNTO VO, GUYKPIVOUPE TO UeYedog dVO GUVOAWV.
AtoGINTIKG 0 TPOTIOC VO TO KAVOLYE GUTO EIVOL VO BVTIGTOLXIGOVPE TO KADE GTOLXELD TOV €VOC
pe akplBog €va atotyelo Tov GAhov. Autd do. pog dwoel pla ekOvo. yio To TTolo amtd 1o dVo
oUvola £yel Ta TEPLEGOTEPD. GToLXElR. e TOANEG e@apuoyic opng (edikd dtov widdye yo
TemEQGUEVa 6GOVOLL) GUTO eV elval apKeTd, RADDC UOC YPELGLETAL KOL £VO. «XELPOTILAGTO
UETPO TOV peyédouc Tov Guvdlov, Snhadn évac TARdiKAc apdudg .

Y10 Ke@dhaio 5 emeTelvape T0 PETPNUA TEPO. GITO TOUC PUGLKOVE APWUOVC, 0PILOVTOC
Toug daTakTIkOVC appove. Emiong eldape 611 kGde GUvolo pmopel vo dwotoxdel KAAOC
(@edpnpo 4.2.11) kar dpa eivar dpolo pe kATowov dataktikG 0ppd (Oedpnua 5.2.1). Ou
SLOTAKRTIROL APWPOL OUWC DO UTTOPOVGOE VO TTOVUE OTL GTNV OVGLO PeTPAve TN AGTALN KoL
oyt T0 6UVoAo. o aUTO KaL dev OVTIKATOTITPILOVY OITOAVTO. TNV €VVOLA TOV TANIIKOV apLdPov
(efvar oA «evaicdnto» yia avtdv 10v 6roTd). AuTd PUGLKG Sev onualivel 61t Sev LITAEYEL
TpoT0¢ va Toug adlomomicovpe (av dxt 6T0 GYVOLS TOUG, TOVAGXIGTOV KATOW0 LEPOC TOUC).

Oa ywploovye T0 KEPAAALO GUTO Ge dVO evOTNTEC. TNV TTPOTN D0 AGYOANDOVYE Ye TOV
SencdINTIKG TPOTO GUYKPLGNS TOL TANDOVC GTOLELWY TWV GUVOAWY, EV® 6TN devTepn da. opi-
covpE TOVC TANIIKOVE GPWPOVC KOL TNV GEWUNTIKY TOUC.

6.1 IcomAndnkotnTa

Ot 0ptGpol KOl TO. ATTOTEAEGUOTA GUTAG TNC TTUPAYPAPOL €lval Alyo €w¢ TTOA) Ge GAoLC
YVOOTA 010 TPOTEPN EVAGYOMGN pe Ta padnpotikd. Q¢ ek TouTov dev da ypelaoTel va Ta
avolvoovpe ei¢ 6adog.

Optopog 6.1.1. Avo civoha A, B elvar icomAndikd avv vrapyet 1-1 kar entl guvdptnon f :
A - B. Xe avtiv v Tepintwon do. ypaovpe A =, B.

1 , , ’ , , , ’ , ’
Pavracteite 0Tt dlopyavwvete pio deClwon kot O€AeTe va KODOPIGETE TIC TTOGOTNTEC TWV OVUWUKTIKWV. X OV-
TNV TNV TEPITTTOON N YVOON OTL TO GUVOAO TWV TOPEVPLGKOUEVOY DO EVAL T.Y. LGOTANIIKG Pe TO GUVOAO TV
TPOGKANGEWY OV aTteaTdANGay dev da cag NTav Wialtepa YeNoLwo. Xpeldieote ToV apdUo TwV ROAEGUEVOV.
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H amdde&n g akolovdng mpotaong apnvetor o¢ aoknon.
IMpotacn 6.1.2. Ta kdde civoda A, B, C oyvel ot

. A= A

2.ovA=,Btote B=_A

3. ovA=,Bku B=.C 161ce A=,C

To axolovdo dewpnua (GO evaL TO TO YVWOTO 0TT0TéAEGpO TNG dovheldg Tov Georg
Cantor.

Oevpnpo 6.1.3. To w dev elvar l6omAndo pe 1o R.

Anédeiln. "Eoto (mpog dromo) 1-1 kot emti guvdptnon f : w — R. @ewpodye T0v Tpaypotikd
apuod d pe aképato pépog 0 kat To n-06To dekadiko Ynelo (oo pe 1, av 10 n-610 deradiko
ynelo tov f(n) evon 0, kaw 0 alhwg. Elvar pogavég 6t d ¢ flw], dpa n f dev propel va
elval eTl. O

H pédodog mov ypnoipomomoope 6Ny TapOTAVE 0Todeln elval yvoot o¢ Atayovio
Ermiyeipnua tov Cantor. Me outnv 0 p€dodo propovue va agtodelovpe kol To arOA0LIO:

Oevpnpo 6.1.4. Kavéva 6Ovolo Sev eivor lGOTANIIKG pe T0 duvapoGUuvoAd Tov.

Anddeén. 'Eotw clivoho A kar éoto (mmpog Gromo) 1-1 ko entl cuvdptnon f : A - P(A).
Ozwpovpe 10 cbvoro B = {z € A |z ¢ f(z)}. Apob B € A kav 1 f etvan el tov P(A),
vrtdpyet b € A tétoo vote f(b) = B.'Opwg t6te b e B avv b ¢ B. Atoro. O

To yeyovog 611 éva 6Ovolo dev elvar LIGOTANOIKG pe RATIO0 GAAO dev pag Topexel OAn
™y TAnpo@opia mov da. ddape. o mapddetypo dev pog vVITOdNAWVEL TToLo Ao TO. dVO ExeL
peyoAlTtepo TANdoC GTotyelwv. Oa xpelaoTel va enertelvovpe Aowrtdv tov Opleud 6.1.1.

Opopog 6.1.5. ‘Eotw civoda A, B. Oa Aépe 611 10 A elvan pikpdtepo eite (6o mainducd omd
10 B avv vndpyet B’ ¢ B této10 wote A =. B’. Te autiv v mepintwon da ypdgouue
A <. B kot A <. B ov emumhéov yvopigovpe ot A £, B.

Mapatencn 6.1.6. 'Ectw civola A, B. Ioydel 61t A <. B avv vmdpyet 1-1 cuvdptnon
f:A-B.

Yuvdvagovtag Tnv Aoknon 2.12 pe ta Oewpnpata 3.2.11, 3.3.11, 3.4.12 kot TRV TO.LOTAVG
TOPOTNPENGT PTTOPOVPE VO aTtodelfovpe TNV AKOAOVIN TTEOTUGT.

Mpotacn 6.1.7. w <. R.

‘Otav avakdAvye autd 10 yeyovog o Cantor, Tov 0mtwg Do dodyue €Xel WG GUVETELD, TNV
UTTOPEN dV0 DLOPOPETIKOY ATTELPWY TANIIKOY OGPV, OVOPOTNONKE OV VTAPXEL GUVOAO
TPAYUOTIR®Y 7oV TANOIKA Bploketol petald tov w kot R.’Etor odnyndnke otn datimwon
¢ aroAovdng ewkaclog to 1878.

! ¥y amdédeiEn do xpnoIOTOGOUUE YVOOTEG UAC EVVOLEC YI0L TOUC TIPAYUNTIKOVE TTOL deV TIC avaTTHEape 6TNY
[Mopdypapo 3.4.
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Ewoaota 6.1.8 (Ynddeon Zuvexoig). Aev umdpyet 6ivoro A c R 1ét010 dote w <. A <. R.

H ewaocio avtn «todomopnce» tov Cantor, AN KoL YEVIKOTEQO TN KOONUATIKY KOL-
vomnta, péypet 10 1963 émov o Paul Cohen (emekteivovtag mpoyevéotepa omotedécuata
touv Kurt Gédel) €deile 61t n Ewkocia 6.1.8 dev pmopel ovte va amodeydel 6tn ZFC, aAhd
0UTe KoL VO dlapevcdel. Avto onpaivel 0Tt do PITOPOVGOPE KAANGTO VO TNV TPOGIEGOLYE
ot Aot Tov allwudtey hag, N Vo TPOGIEGoVUE KATO0 GAAO allopo TTov vo. eE0GPaliieL
v 0pd6tNTd TN¢ (TT0V 0. elvan ATTAPPEOLA. TNG SLALGINTIKAC POC aVTIANYNG TEP! GUVOAWY).
Tétoleg amomelpeg €yvav 610 TOPeAdGV 0ANG dev €Tvyav peyaing vrootnpEng. No ava-
@Epouvpe OTL GTOV avTiTodo. VTINEEAY PWVEC TTov elte voeTNELLoy 0Tt N Ekaocia 6.1.8 dev
woyvet ({lowg 10 o TPUvd Tapddetypa va eivar o Stog o Kurt Godel), eite woyvpitovtoy o1t
dev £yel 1edel pe TPOTTO0 WGTE VO. ATOTEAEL «OPLGTIRO>» LOINUOTIKG TTPOBANUA.

Mpotacon 6.1.9. Ta kGde civoro A wyvel 61t A <. P(A).

Amodeién. Apkel va dewpnoovpe ™ ovvaptnon f 1 A - P(A), pe f(a) = {a}, yia kade
acA ]

H amdéde&n g aroAovdng Tpotacng agnvetar v¢ AeKrNoN.
Mpotacn 6.1.10. Ta kdde civora A, B, C eyvet otu:

1. A<, A

2. avA<.Bka B<.C to1e A<. C

ZOpQoVo. pe TN daledNeT pog eVKOAA Do, dEXOUAGTOY OTL LGYVEL KOL 1] «OVTIGUUETOLRN>
WiotnTas

Ozwpnpa 6.1.11 (Schroder-Bernstein). ' "Ectw covoha A, B. Av A <. B kat B <. A 161
A=,.B.

Ba mpotpéovpe Alyo kal do. avaPEPovpe OTL PTTOPOVUE VO, ATTODEIEOVYE TO TTAPATTAVK
dedpnuo. xpnopwomotvtag TV €0 TS akéhovdng Tapatipnong (tov mpokvTTEL dueco. av
ouvdudcovpe ta Qevpnua 4.2.11 kot 5.2.1):

Mopatnencn 6.1.12. Kdde 6dvolo eivar 1GomAndikd pe vov SLoTakTiko.

[Mapotnenote Opwg OTL AVTOC 0 DATUKRTIROC dev elvar oTtapaltnta povadikog! Eaptdra
apeco. amoé TNV emAoyn ¢ KaAng ddtafng tov Guvolov. Ag dovpe évo mapadetypa: O
xpo¢ (w,<’) Tov Hapadelypatog 4.1.2 efvar dpotog ue Tov datarTiké w + 1 2. Bplokéuacte
AOLTTOV PUTTPOGTA GTO OVETIIVUNTO YEYOVOC OTL TO W EIVOL LGOTTANIIKG pe dV0 dLaPopeTIROVG
JLOTOKTIKOVC, TOV w KOl ToV w + 1! Oa Tpémel vo elpaoTe GUVETIOC WOLAITEPO. TTPOGEKTIKOL

' Auté eivar éva axdpa Tapdderypo dmov n 1otopia 61édNKe Gdkn TPog Tov Richard Dedekind: Evé fitav o
TPWOTOC TTOV OTEDELLE OLTO TO DeWPNUA, TO DeWpENUa dev avapépetal pe To dvoud Tou. X1n 6il6hoypapio pmopel
va avoepdel ko wg Cantor-Schréder-Bernstein 1 Cantor-Bernstein. H mpaypotikdtnra 6¢6ara elvan 61t 0
Georg Cantor om\d 1o dotvmwaoe, evo n amodeln tov Ernst Schroder ntav Addoc.

2 Oewpiote T GLVApTNON f 1w = w pe fO)=wxka f(n+1)=n,yanecw.
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06OV 0POPA TNV ETAOYN TOV LATUKTIKOV TTOL d0 AVTITPOGHTEVGEL TOV TANIIKO apdYo Tov
GULVOAOV.

Ae 3o avomtTiovpe TEPULTEPW TNV TOPOTAVL €A GE GUTNV TNV TAPAYPOPO, KOO
GROTIOC KOG €vaL vo. TTapouGtdcovpe wovo Tic Baoikéc Widtnteg g toomAndikdtnrag (da
cuvexlGovpe aVTHY TN GLLTATNON G610 devtepo Pépog Tov Kepadaiov). Ovtwe N GAAWG Ge
TPOTN @aocn dev pog elval aTapaitntn, PItopovpe vo. arodelfovpe TI¢ BOGIKEC WIOTNTEC
NG LGOTANIIKOTNTOC YENGLAOTIOLOVTOC UOVO OTIAG GUVSVAGTIKG ETLYELPNUATOL L& UEPIKEC
TEPIMTOGELC UAAGTO dev Ypelagopacte ovte kKav 10 Aflwpo VII, ontwg yio mapddetypo 6tnv
amt6deln Tov Oewpnuatog 6.1.11.

[Tpotov dovpe v amddeln Tov Oewpnuoatog 6.1.11 do ypewactel vo amodelfovpe TO
OKOAOVIO AN

Anppo 6.1.13. 'Ecto cbvodo. A, B ye B<€ A. Av A<, B 161¢ A =, B.
Amodeén. 'Eoto 1-1 ouvdptnon A — B. Apkel va oploovpe dwapépion C, D tov B 1ét010
wote (Seg Tyua 6.1.1):
flClcC (6.1)
fl[ANC]=D (6.2)

flx), avzeA~NC
g9(x) = ,
x, OAALOG

da elvar 1-1 kar eml Tov B (1-1 Adyw tov 011 1 f elvan 1-1, kat emi Adyw tng Zxéong (6.2) kau
tov 61t N g | C etvau el Tov O).

o va opleovpe 10 6OvoAo D da. YpeL0GTOVUE TTPWTA VO, OPIGOVUE Pe avadpoun GTo w
™ ovvdptnon h:w — (A - B):

{ h(o) = f
h(nt) = f(h(n)) , yia kGde n € w

Oa cuvpbolicovpe ™ ouvaptnon h(n) : A - B pe hy. Oewpolye Aoty ) dapépton Tov
B:
D c| J{hn[AN B] |new}
C=B\D
Ac edéyEovpe 611 Ta GUvoAa. avtd ikavomotovv Tic Xyéaewc (6.1) kot (6.2). Tlapatnpnote ot
fIANC) = f[(AN B) + D]
= f[AN B]+ f[D] [Adéyw g Aoknong 2.13]
= holAN B] + | J{hn[A~ B] | new}
=UJ{h[AN B] | new}
= fID]
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Xyriua 6.11: Ta cvvoda A, B,C, D otnv anddeén tov Ajuparog 6.1.13.

Eriong, av (wpog drtomo) vmdpyet ¢ € C' 1éto10 wote f(c) € D, agpov (pohg deiape 1) n
f P ANC elvar ent tov D da vrdpyet a € AN C pe f(a) = f(c) kot, kadog n f evon 1-1, da
éxovpe o1t c € A\ C! Zyvenwg F[C] < C. O

Amodeién Oswpnuaroc 6.1.11. "Eotw 1-1 cuvaptnoeg f : A - B kar g : B — A. llapotnpnote
ot 1 g elvan eml Tov g[B], dpa g[B] =, B. Hopotnpnote eniong 6t n go f : A — g[B] evan
1-1 (Aéyw g Aoknong 2.12) dpa A <. g[B]. Tvvenag, omd 10 Afppa 6.1.13 émetar om
A =, g|B] kot axto v [pdtaon 6.1.2 o1t A =, B. O

Emiong cVpuva pe T dialednon do Sexopaotay 0Tt PITopovPe TTAVTO. VO, GUYKPIVOVUE
300 G6Uvola. yio. vo. Sovpe TTolo amtd auTd €XeL TO UeyoAUuTePO TTANDOC GTOLELWDV.

Ocwpnpa. 6.1.14 (Oevpnua IIAndikic Zuykpionudotnrag). Ta kGde civoha A, B oyvet A <.
BnB<. A.

Amodeln. Oewpodpe 10 GHVOAO:
F={fe(A-B)|f11}

Oa deifovpe 0Tt KADE alvaida C' tov yvpou (F,C) €xel Gvo @paypa. Ao tnv Acknon 2.15
n cuvaptnon g = U F elvan 1-1, kaw tpo@aveg woyvel o1t f € g yio kGde f € F. Ao 10 Oew-
ponpa 4.2.1 énetar 611 0 yOpog (F, C) éxel peyloTtiko aTowyelo, €6Tw h, kat a1to v Acknon 4.10
ont ette dom(h) = A eite ran(h) = B. Tnv mpotn wepintwon h: A - B dpa A <. B (a@od
h 1-1), eve) 6t devtepn bt : B — A kaw B <. A (agov h™! 1-1). O

To Oewpnpo 6.1.14 elvar kKoL VTG PEAOC TNC EKTEVIC OLKOYEVELAC TOV «IGODVVAP®Y SLOTL-
nwoewv» T0v Altopatog VI Oa delfovpe 6Tt pmopel va xpnolpomomdel yio. vo. arodelfovpe
10 @ehpnua 4.2.11 1. Oa ypelaotel Spwc va deifovpe mpoTa éva AMppa.

! Bdiovrdc 1o euBéhpa oty ahvoida: A&lwpa VILIii) = Oedpnpa 4.2.1 = Oedpnua 6.1.14 = Oedpnua 4.2.11
= Oedpnua 4.2.1 = Aflwpo VIL(ii).
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Anppo. 6.1.15 (Apdudc Hartogs). Ta kGde 6Ovodo A vmdpyet SloTaKRTIKOC o TETOLOC HGTE
a fe A

Amodei€n. Ag viodécovpe 6Tt 1 akGAovdn Guldoyh efvar Govoro !
C = {p| B dataxtkog pe 5 <. A}

Qo deiovpe 611 10 C elvar petabotikd (6Vvolo datakTkGv), dpa amd v Acknon 5.3 da
amotelel dloTakrTikd, 610 10V (. lpo@avag wydet 6Tt a £, A (aAhog da elyape 61t C € O).
‘Ectw B € C rat v € 8. Apod v ¢ B kaw B <. A émetan 61t ko v <. A (yia v Bra
6VVapTNGN ToV pog e§acoligel 61t B <. A), dpa v € C.
Méver va. detovpe 611 0 C' elvar 6Ovoro. Oewpovue TOV TEAEGTN:

F(z) {ﬁ av x = (B, <) ywa kodd dwatetaypévo xopo pe B € A kat (B, <) =
€Tr) =

0, aA\og
(o F elvar teheotng Adyo Tou Oewpipatog 5.2.1), kat 10 civoro (Adyw tov A&iwpatog VIID:
C' = (F((B,9) | (B.) e P(A4) x P(Ax A))

Apkel va deifovpe 011 C' € C', dnhadi 61t yia kdde B € C viapyer B € A kar kaAn ddtaln <p
610 B é161 wote 2 (B,<p).”Eoto 1-1 cuvdptnon [ : § - A kat é610 B = f[f]. Oewpoipe
™ didtaln <p pe:

z<pyaw [ () < fH(y)

H <p elvar koA Aoyw g Aoknong 4.2 kor 1 f evar opodtnto. twv 5 kat (B, <p). O

Mopatnencn 6.1.16. O dwotaktikée o IOV opicape 6Ty amddeln tov Anpuatoc 6.1.15
elval 0 eAdyetog pe avtiy v Widtnta (kadog av B < a 1é1e B € a = O). Tov StotakrTIKG
avtov Tov kKohovpe Aptduo Hartogs tov cuvolov A, kat tov cupBohitovpe pe Hartogs(A).

Amnodeién tov Oswpnuaroc 4.2.11 yéow tov Ocwpnuaroc 6.1.14. "Ecto civoro A. Adyw Tov
Oewpnpatog 6.1.14 émetan ot A <. Hartogs(A). ’Eoto 1-1 ouvaptnon f : A - Hartogs(A).
Oewpovpe ™ ddtaln <4 Tov A pe:

x<ayav f(z) < f(y)

n omola eivar koA Adyw tng Acknong 4.2. O

6.1.1 Ilenepocpeva GHVOAa

Opi6pog 6.1.17. 'Eva 6ivoho A kaleltar memepacudvo ovv A =, n yia kGIT00 N € W. Av 10
A dev elvol TEMEPUGUEVO TOTE DOL TO UITTOROAOVYE AITELPO.

[Tpo@avdg oL PUGLKOL elvol TeTepacueéva. oUvola. Oo Teppévape OTL €V0. VITOGUVOAO
€VOC TIETEPUGPUEVOL GUVONOL elvar TeTtepacpévo. Oa deifovpe apyikd 0Tl avtn 1 WOTNTO
1oyveL yia Toug PuGtkovg (pdhioTa da Selovpe KATL TTO 1GYVEO).

! Mlapotnpnote 611 Sev pmopovpe va emikalestovpe €3¢ 10 Aflwpa VIII.
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Anppo 6.1.18. 'Ectw @uoikég n ko A ¢ n. Tédte A =, m 6mwov m QUGIKGC pe m < n.
Amodeién. Oa xpNoWOTOMGoLYE TNV CPXN ETAYOYNC TOV QUGIKOV. Oewpovye T0 GVVOLO:
P={new| ya kdde A c n woydel 61t A =, m yo kGIOO M < N}

pogaveg 0 € P.’"Eoto n € P kot A c n™. Atakpivovye Tpeic mepuntdcelc:
1": A c n. Tote 10 gnrovyevo woyvel kadwg n € P.
2" A = n. Téte mpopavac A =, n (ko n <n™).

3" n e A. Tote AN {n} cn ko (kaddg n € P) woydet 61 vdpyet m < n pe A~ {n} =, m.
‘Eotw 1-1 ko exti ouvdptnon f : AN {n} - m, dewpodpe ™ cuvdptnon f' : A — m™ ue
f'(n) =mxa f'(z) = f(x) va z € AN {n}, n omola eivar 1-1 kav enl (kav m™ <n<n™). O

IMpotacn 6.1.19. Kdde vtocivolo evig Temepacpévou GuVGAoL eival TETEPAGPEVO.

Amodeln. ‘Eoto memepacpévo aovoro A kaw B € A.’Ectw emiong 1-1 kot enl cuvdptnon
f A= nyw kdmowv guowd n. H g = f | B etvan 1-1 kar entt tov g[B]. AgoV g[B] ¢ n
émeton 0Tt g[B] =, m yio kATOWOV PUGIKO M < M, Apa Aoyw g [potaong 6.1.2 émeton ot
B =.m (agob B =, g|B)). O

Ba delfovpe eTionNg OTL KADE TETEPUGPEVO GUVOAO £Vl LGOTIANOIKO Ue arplBwg €vov
@uotko. To yeyovog auto woduvapel pe v Apyn tov Iepiotepwva, ™ 6aGIKNA TPOKTIKN
IOV YENGLUOTIOLOVUE OTOY DOVAEVOVUE Ue TIETEPAGUEVO GUVOAC.

Oewpnpoa 6.1.20 (Apxn Mepotepova). Aev vrdpyet 1-1 cuvdptnon and éva cdvolo ce éva
YVNGLO UTTOGUVOAS TOV.

Qo Lexkvnoovpe TAAL GITOSEKVVOVTAC TNV O.PXN TOV TEPIGTEPOVO. YLOL TOVC (PUGLKOVC.
’ ’ ’ ’ 7 ’ ’ ’ ’ ’
Anppoa 6.1.21. Aev vmdpyet 1-1 GuvdpTNon aTd €vOov PUGIKO GE €VO. YYNGLO VTTOGUVOAO TOV.

Anddeén. ‘Eotw n € w ko B ¢ n.’Ectw eniong (mpog dromo) 1-1 cuvdptnen f : n — B. Oa
dellovpe pe emaywyn 6Toug PUGkovE 0Tt ran( f) = n, yeyovog mov avtibaivel 6to o1t B c n.
Oewpovpe T0 GUVOLO:

P ={new| Na kdde 1-1 cuvaptnon f : n — n wyde 61t ran(f) =n}

pogavac 0 € P.’Ectw n € P kot 1-1 ouvdptnon f : nt — n™. Mopatnphcete étun f I n:

n—nT eivar 1-1. Alakpivovpe dvo TEPITTOGELC:
1" f(n) = n. Tote ran(f I n) € n, aAAG a@oV n € P da. éxovpe ot ran(f | n) = n. Apa

avOoyRaGTIRG WoVet 6L ran(f) = n'.

2" Yrdpyer m < n pe f(m) = n. Tote, dewpovyue v 1-1 guvdptnon f':nt - nt pe:

fn), oavz=m

() =14n, avr=mn
f(z), alhog
yio. TV omola woyvel 6t ran( f') = ran(f). [apatnpodpe 61 yio v [/ epappdteton n O™
nepinTwon, dpa ran(f') =n'. O
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Amodeién Ocwprjparog 6.1.20. 'Ecte civola A, B pe B ¢ A kau (stpog dromo) 1-1 cuvdptnon
f: A > B.Eoctw entiong uokog n t€tolo¢ wote A =, n kat 1-1 kar extl cuvdptnon g : A - n.
Bewpolye TN GUVAPTNGN:

h=gofogl:in->n

Azté v Aoknon 2.12 n h eivar 1-1, yio v omola wyver ot ran(h) ¢ n, koA yio KADe
a € AN B oyde 61t g(a) ¢ ran(h). Auté avtiBaiver 6to Anppa 6.1.21. O

[Mopepa 6.1.22. Kavéva memepacpévo 6hvolo dev elvar lGomAndik pe €va yvinolo vioGu-
VOAO TOv.

‘OGov 0@Qopa T0. TETEPAGUEVO. GUVOAA dev €xovpe TO TPOBANUA TTOL OVOPEPUUE GTNY
TPONYOVPEVN TTAPAYPOPO, KOIDC KADE TETMEPUGUEVO GUVONO €lVOL LGOTIANIIKO pe aKkPLBOC
€VaV JLATOKRTIKO.

IMopiGpa 6.1.23. Kade menepacpévo 6Hvolo elvor lGomAndiks pe arplBag £vov QuGIKO.
Avto pag Sivel To DIKALWPO. VO, 0PIGOVIE TOUC TPWTOUG TANIKOVC GPIDKOVG.

Opopog 6.1.24. Tia kGde memepacpévo oivoho A o TAndikdc aptdudc Tov, GuUBOMGUOC
|Al, 16oUtar pe Tov povadikd QUGG n € w yia Tov omolo toyvel o1t n =, A. Toug TANIKOVC
0PWPOVC AVTOVE TOVC ATTOROANOVUE TTETTEQUCUEVOUC.

Mopatnencn 6.1.25. "Ectw nenepacpévo aivoro A kar B € A. loyder ot | B| < |A].

6.1.2 Apwduncipa cGuvola

H mponyobpevn mopdypagog hog €dmee pLa «YeVeN» YLO. TO TTOE VAL TO. GITELPC. GUVOA.
H avtidetoavtiotpogn tov Iopicpatog 6.1.22 pog Aéet 1o e€ng:

Moapatnencn 6.1.26. Av €vo 6Uvolo eival lGOTANIIKG e KATTOL0 YVAGLO LITTOGUVOAS TOV TOTE
elvar Gmelpo.

Mopadeypa 6.1.27. To cUvolo w elvar drmepo kadog n cuvapton f : w — w \ {0} ue
f(n) =n+1, yio kGde n € w, elvar 1-1 kaw emtl. Tuvenwg w =, w \ {0}.

Opwepog 6.1.28. ‘Eva civoho A kodelton apiduncipwc dmepo ovv A =. w. Eva civolo
KOAETOL GpIOUNGLUO av €VoL aPPNGILOE ATTELPO 1 TIETEPAGUEVO.

[Mopatnenon 6.1.29. Tia kdde apdunoio civoro A vidpyet 1-1 cuvdptnon f: A — w.

[Mpaypott, ov A =, w ovtd €netol €€ oplopo, eve av A memepacpévo, dnAadn vtapye
n € w kat 1-1 kow et ouvaptnon f : A — n, tote n f elvau kat 1-1 Guvdptnon amno 1o A 610 w.
Agev o TopadEcovpE TIC IBOTNTEC TOV OPWDPNCLUOY GLVOALY €3®, DO TIC APNGOVYE YL,
TNV EVOTNTO. TWY UGKNGEWY GTO TEAOC TOL Ke@alaiov. Oa avapépovye povo pla, 1 amodeln
¢ ottotag amartel To Alopa VII. To apaxdro amotédecpo anodidetat 6tov Georg Cantor.

Oevpnpo 6.1.30. ‘Eotw owoyéveln apduncipowv 6uvodwv (4;)ic,. H évoon A = Uje, A;
elval apduneLun.
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Amodeifn. Oewpovpe TV owoyeveld (F)ie, 0mou:
Fi={fe(4;>w)| n fevar 1-1}
A@ov ya kGde i € w 0 A; elvar apdpnotpo, N (F;)iew €val 0KOYEVELD PN KEVOV GUVOAGV.

Tuvenag emdEYETOL GLVAPTNONG eTAOYNG, €6Tw ¢. Oa cvpBolitovpe T cuvdptnon ¢(i) :
A; — w pe g;. Entlong, dewpovpe ™ ovvaptnon f: A - w pe:

flw)=2"-8
6mov i = min{i e w |z € 4;} kv j = gi(x). H f elvar mpopavaoe 1-1 1, cuvende and v

Aoknon 6.9 énetal 0TL 10 A elvar apdpnotyo. O]

Moéptcpa 6.1.31. ‘Ecto apduncipo civoro A, této10 doTe kGde a € A va eival apduncipo.
Téte T0 Gvhvodo U A elvar apdpnatpo 2.

6.1.3 Ymepopduncipo covola
Optopog 6.1.32. 'Eva 6hvoro A kaheltar vepaptduniowo avv dev elvar apdpnictyo.

Amo v IMapotnpnon 6.1.29 émetar 01t €va 6Uvolo A elvol vTTepaPWPNGLLO avy dev
vrtapyet 1-1 cuvdptnon f : A - w.Eva dpeco tépiopa e [potaong 6.1.7 elvar 1o aroAovdo:

MMoppa (tng Mpotacng 6.1.7). To R eivar vtepapdynotpo.

H am6deln énetar and v Acknon 6.9. Zav pio Tpotn epappoyn touv Oewpnuatog 6.1.11
da delfovpe 61t P(w) =, R. Apkel va amodeifouvpe ta akéAovdo dvo AMppata.

Anppo 6.1.33. P(w) <. R

Anodeén. Ano v Acknon 6.16 émetan ot (w - {0,1}) =, P(w), ovvenog apkel vo del-
Sovpe 61t (w = {0,1}) <. R. ®ewpodpe cuvaptnen h: (w — {0,1}) = R ue h(f) =y, omov
o 1y €xer aképato pépog 0 kat T0 n-06T0 deradiko yngio (Go pe f(n), yia n € w. H h elvar
npopaveg 1-1. O

Anppa 6.1.34. R<. P(w)

Amodeiln. Amo v Acknon 6.15 émeton o1t w =, Q, koL amo v Acknon 6.17 émeton OTL
P(w) = P(Q). Zuverog apkel va detlovpe 61t R <. P(Q). Oewpodpe T cuvdptnon [ : R —
PQ) pe f(r) ={qe Q| qg<r}, yo kdde r € R. Amo v apatipenon 3.4.1 éxeton otL 1 f
etvae 1-1. O

Yuvdvagovtag to Anppota 6.1.33 kot 6.1.34 pe 10 Oeopnua 6.1.11 0dnyovpocte GTO
aKOAOVIO:
Oewpnpa 6.1.35. P(w) =R

YNV eTOPEVN TTAPAYPOPO da delfoupe OTL VTTAPYOLY Kol AAAG VITEPOPDPNGLULC. GUVOAQ,
KOl PAALGTO pe TANIKO 0pdUO TTOAD PeYOAUTEPO OTTO GUTOV TOU GUVOAOL TWYV TTPOYUOTIKOV.

" B3¢ expeTaAM\evduacTe GUGIKA TNV LOVASIKOTITO TNG OVAALGNC GE YIVEUEVO TIPHTOY TUPAYOVIOV TV PUGIKGY
apPOV.
2 Agc kat Acknon 6.4.
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6.2 IIAndwcol o.ptdpol

"Hpde n vpo va avomtofovpe v déa tng Mopatnpenong 6.1.12. ‘Ontwg avagépape ce
TPOYEVEGTEPN TLOPAYPOPO D0, 0PIGOVPE TOUG TIANDKOVG APIPOUG YPNGLLOTIOLOVTUC KOTOA-
AnAovg dLlaTakTIKOVC.

Opopog 6.2.1. 'Evog S1atokTikGg K Kodeltar TAndikde aptdudc avy dev elvor LGoTTANdIKGS
Y€ KATOLOV DLATARTIKO YVNGLO KPOTEPO TOV.

Mopatnencn 6.2.2. O k eivar TARIIKAC avv yo kGde daTaktikG o < Kk dev vmdpye 1-1
ovvapton 610 (K - ).

IMpdypott, av o k dev elvol TANIIKOC TOTE VTTAPYEL DIOTAKTIKOC @ < K UE A =, K, GUVETTOC
vrtapyet 1-1 ouvaptnon oto (k — «). Avtiotpo@a, av vtdpyet 1-1 uvdptnon f : kK - «, 6mov
a < Kk, 1018 K <0 a ko Tpo@aveg (Adyw Tng TavtoTikng Guvdptnong oto (a = K)) a <. K.
YuventHg Aoyw tov Oewpnpoatog 6.111 émetar 0Tt av = K.

IMoapatnpenote 6Tt Adyw ¢ Acknong 2.10 woyvel emtiong oTL:

Mopatnenon 6.2.3. O k eivor TANIKOC avv yio kADe SOTAKTIKG v < K Sev LILAP)EL el
ovvapon 610 (a - K).

Ao 1o Tlopiopa 6.1.22 émetol 6Tt kAde PUGLKOC elvar TTANdIkOC. ETtiong, kadwg to w elvar
ATELPO KOL KADE DLATARTIKOC UIKPOTEPOC TOV EIVAL TIETEPOUGUEVO GUVOAO, ETTETOL OTL KUL TO W
elvat TANAKOC. ATtodekvieTal 0Tt KADE ATTeElPOC TANDIKOC €V OPLOKROC DLOTOKTIKOC.

IMpotacn 6.2.4. Kdde dmelpog TANdIKGC eivon 0pLarGC SLATOKTIKOC.

Amodaién. ‘Ecto K Gmeipog TANdkdg kot éotw (mpog dtomo) 61t k = a + 1 yo kGToov
JOTOKTIKG (. Oewpovpe TN cuvapoN f @ Kk — « pe:

0, v Tr=a
fl@)={2z+1, avzew

x, aANOC

H f etvar 1-1, yeyovdg mou avtiBaivel 670 0TL 0 K elvar TANIIKOC. O

Oa aVOPWTIETOL KATOLOC OV VTTAPYOULY ATTELPOL TTANILKOL 1 AKOUO. OV VTTAPYEL GUVOAO TTOU
TepLéyel OAovg Tovg TANAWKoVC. [lo vo. aTTavINGoVYE GE OUTA TO EPWTNKATO DO XPELOGTEL
TPWTA VO, AVTIGTOIGOVYE G KADE GUVONO KOl €vav Povadikd TAndwo. T 1o apdunoipa
GUVOAa avTo €xel NdN yivel. Mével va To KAVOLYE KOL VIO TO. VITEPOPIPNGLLC GUVOAQ.

Op6pog 6.2.5. O mAndikdg aptdudc Tov cuvdiov A, cupbolicudg |Al, 1covtar pe tov eAd-
YLOTO DLATOKRTIKO TOV €lVaL IGOTANIIKOC pe T0 A.

O |A| elvar povadidg (Adyw g povadkotntag Tou ehaylotov). Oa delfovpe emimAéov
ot 0 |A| etvon TANAKGC. Auté da. dikanoloynaet Ty TavTion Tov dVo evvoldv (TTpo@avdg vag
TANIIKAC elval kat TANIIKAC EVEC GUVOAOV, TOL £0VTOV TOV, Uével va Selfovpe T0 vT{GTPOPO).
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IMpotacn 6.2.6. 'Ecte civoho A. O |A| elvar Tindikdg.
Arnddeién. "Eotw (mpog dromo) 1 umdpyer a < |A| tét010 dote o =, |A|. Autd da orpaive

ot a =, A (Méyw ¢ Mpdraong 6.1.2), yeyovig mov avtibaivel 6TV eAOYLGTIKOTNTO. TOV

Al O

IMpotacn 6.2.7. ‘Ectw civoha A, B. Téte:
1. A<, Bavv |A|l<|B]
2. A=.Boavv|A|=|B|
3. A<, B avv |A|<|B|

H amddeiln émetan dpeco amd toug opiopodg (Acknon 6.24). Ag amavticovpe Aoy 6Ta.
EQWTNUOTA TTOV DEGUUE TIPLV.

[Mpotacn 6.2.8. o kAde TANAKS K LVILAEXEL TANIIKAGC A TETOLOC WGTE K < .

Amodeién. Ano 1o Anppo 6.1.15 émetar 61t vmapyet dwataktikog Hartogs(k) té€tolog wote
Kk <. Hartogs(k). Zuvemdg woydet 61 K < |Hartogs(r)| (Aéyw g IMpdtaong 6.2.7). O

[Mapatnenote 61t ypnowomotwvtog tov apud Hartogs evog mAndikod K OTw¢ oTNY
TOPATAVE TPOTAGT, PTTOPOVUE VO 0PIGOVPE TO GKOAOVIO GUVONO:

{\ < |Hartogs(k)| | A mAindwdg kar k < A}
Avuté da pog Qavel YpNoLUo Yo TOV ETOUEVO OPLGPO.

Optopog 6.2.9. ‘Ecto £ dmeipog mindikdg. O emduevog mAndukoc tov k, cupboliopdc S(k),
elvaL 0 eEAAYLETOC TTANIIKOC PeyaliTEPOC TOL K, dNAadN:

S(k) = min{\ < |Hartogs(x)| | A TAndkdg kaw k < A}

‘Ocov a@opd ™ duvatoTnTa VITOPENG GLUVOAOV TTOV TEPLEXEL OAOVC TOVC TANDIKOVG, EIVOL
OVOUEVOUEVO OTL 0 TANOIKOC 0.dUOC Tov Do OPele vo. elval PheyoAUTEPOC a0 OAOVC TOUC
TANAKOVC. Autd KAIGTA TN GUAAOYN aVTH LITEPBOAIKA «PeYAAN>» YLO VO. OITOTENEL GUVONO.
Ocvpnpa 6.2.10. Asv vtdpyet GUVOAO TTOL Va. TEPLEXEL GAOLC TOUC TANAIKOVC.

Amodeén. ‘Ecto (mtpog Gromo) A éva 1étoio 6Ovoho. Tote yia kGde TAndikd K da. 1oyveL Gt
k S UA, dpa k <. U A, ondte (amd v Tpdracn 6.2.7) da €xovpe 61t k < |U A|. Opwg amd

v [pdtaon 6.2.8 vidpyer TANddg A tétolog wote |U Al < \. Atoro. O
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6.2.1 ApunTikn TANIKOV

AveTuymg dev pTopovye Vo XPNGLUOTIOMGOVUE TIC TTIPALEIC UETOLY SIOTOKTIKGY TTOL 0pL-
cape oty [apdypago 5.3 kadwg dev pag eyyvouvtal OTL TO UITOTEAEGUA Toug da elval Katd,
OvayKN TANDIRGC. Oa. YPELGTEL VO TIC 0PIGOVYE €K VEOU.

Optopog 6.2.11. ‘Ecte mndikol £, A. Opitovpe Toug akélovdoug tedectéc '
1. (ITpdodeon MAndikav) K+ X = |k )|
2. (oAdamAaciacudg MTAndikdv) k- X = |k x \|
3. (Avvdpeic MAndwev) K* = |(\ - k)|

IMopatnpenote 611 oL TEALEC TOV TANDIKOV GLUPOVOUY PE TIC TTPALEIC TWV PUGIK®Y TTOU
oploape 610 Kepdhao 3. Ou 8i6tnreg tov mpdlewv avapépovion otig acknceg (Ackn-
celg 6.25, 6.26, 6.27 kat 6.28).'Omwc da delte 6yvet kAl N ovTIpETODETIKOTNTA, GE avTideon
pe 61t loyve yio Toug dataktikovg (Aoknon 5.19). Oa avagépovpe povo Toug Nouovg Amop-
POPNGNC, OL OTTOLOL DLEVKOAVVOVY KATA TTOAD TOV UTIOAOYIGUO 0DPOLGUATMV KOL YIVOUEVWY GTO
OTIOl0. GUUPETEYEL ROL KATIOLOC ATTELPOC TIANIIKOC.

Mpotacn 6.2.12 (Néuot Amoppdenong). ‘Ectw k, A mindwol dagopetikol touv 0. Av tou-
AGy16TOV €vag aTto Toug V0o elval ATTELPog TOTE:

K, OVA<K

EK+A=K-A= ,
A, adog

Amodeén. Ynodétouvpe (ywpic 6AG6N TnC yevikdtntag) 6t K < A. Amé v Acknon 6.27
énetoL OTL:

ASEFASK-ASAA

Kot aTto TV Acknon 6.22 611 A - A = A Zuvenog 1o Vel To INToVUEVO. O

6.2.2 To Alep

O Georg Cantor ypncipomolovce 10 6OuBolo R (daBdgetar dAeg) yio va cuubolicel
TOVC GTTELPOVC TANAKOVC. AUTO GROoTIEVOLYE VO, TTPALovYE KAl gelg, dlvovTag Opmwg Vo ovo-
poto 6Tov 010 drotarTikG apuo: 'Eva yio vo avagepdpacte 6e autov pe Ty dTnTo. T0U
JLATORTIKOV KOL V0L VIO VO, OVOPEPOROGTE GE OVTOV e TNV WIOTNTA TOV TANIIKOV.

Opi6pog 6.2.13. Xpnopomowwviag 1o Oedpnua 5.3.2 opitovpe Toug arGAoLIOUC StoTakTL-
KOVG:
Wy = w
Wat1 = S(wq)

wy = sup{wy |y <A}, av A optakdg

1"Omnwe frav avapevépevo, da ypnotponocovye Ta (B GUPBOAR TOL XPNGLUOTIOMGAUE KAl YIOL TIC TPAEELC TV
dlotorTIROV. O AvoyvOGTNG Do TPETEL VO, GUUTIEPULVEL GE TIOLOV OTT0 TOUG dV0 TEAEGTEC avaPEPeTaL TO RGDE
VU600 BLaBALovTag To GUUPEALOPEVQ.
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To emopevov Tov mpémel va kKAvovpe elvar va delfovpe OTL avTol Ot SLUTOKTIKOL elval
TANOLKOL.

IMpotacn 6.2.14. o kGde SOTARTIKG @ 0 W, eVAL TTANIKAC.

Amodeién. H povn mepimtwon mov éxovpe vo ehéyCouvpe elvar 0tav o a elvat 0plokog.’Eoto
EAAYLOTO OVTITTOPAdELYO. A, dNAadN VTTAP)EL DLATORTIROC & < W) TETOLOC WOTE 0 =, W). AQOV
0 wy elvat 10 EAAXIGTO Gve PEAYUA TOL GUYOAOL {w., | ¥ < A}, émetar 6TL T0 § dev elvar Avew
ppdypa tov, dMAadn § < wy yra kAToo ¥ < X. Opwg 10te § % w,y (KAdOG wy TANAKAC), Gpa
lwa| < Jwy| kL [wy| < |wy| (KaBOC wy < wy). Atomo. O

Mpotacn 6.2.15. Tia kGde dmelpo TANIIKG K LIAPYEL DOTARTIKOC (v TETOLOC WOTE K = Wy
To v amédelln TN TOPOTTAVL TPOTUGNC DO YPELUGTOVUE TO GKOAOVIO ANUUC.

Anppa 6.2.16. Tio kéde dotartikd S kar yia kGde drelpo TANAIKG Kk < wg VILApYer data-
KTIROC (v < 3 TETOLOC WGTE Kk = We.

Amodeén. '‘Eoto [ eldyoto avuimapddetypo. [popavog 0 < B. Awakpivovpe d0o Tepimto-
oelg:

n e , , . . , , _ ,
1": B = v + 1."Eoto dmepog mAndikdg k < wg. Tote |k| < |w,|, dpa elte k = wy (agpob kat
ot 3%o elvar TANDAEWUOL), elte K < W, OTGTE VITAPXEL (v < 7y < B TETO0 WGTE K = Wq. ATOTIO
(kado¢ yia kGde Gmepo TANDIKG K < wg TEAKG LTLAPYEL SOTAKTIKOC @ < [ TETO0¢ VOTE
K = W, ev6) 0 3 elvar avtiapddeypua).

2™ B oprakdg. 'Ectw ameipog mindikog k < wg. Kadwg o wg elvar 1o ehdyioto dvew gpdyua
0V {w, | 7 < o} émetar 611 K < Wy YO KATIO0 Y < @, OTOTE OTWE TPV 0dNYOVUAGTE GE
artoTo. O

Amodeién Tporaong 6.2.15. Apkel va delovpe OTL LITAPYEL DATORTIKOC [ TETOLOC VOTE K <
wg. Tvwpitovpe 611k < Hartogs(k) kat 61t Hartogs(k) < Whartogs(r) (AOy® g Ackneng 6.29).
O

IMpotacn 6.2.17. 'Ectw dwotaktikol o, 5, pe a < (. Tote wq < wp.

Amoderén. Amé v ENOYIGTIROTNTA TOV Wy, Wa KOL TO YEYOVOC OTL a € 3 €metat 0Tt Wy < wg,
eve amo v Acknon 6.30 0Tt wy # wg. O

Ac dovpe mwg dutdocovtal ot dotaktikol Tov Opleuo 6.2.13 e oyéon pe toug data-
KTIKOUC Tov avapepape 610 Kepdhato 5. Amté 1o Oewpnua 6.2.12 €metor 0Tt RKOvEVAS 010
TOUG SLOTOKRTIKOVC TTOL 0PILOVTOL PEGW PLOC OROAOLDIAC TTPOGIEGEWY, TIOAATAGGLAGUOV KAl
VPOGEWY Ge SVvapn oo 1o w dev eivan TANAGPot (GAa avtd T GUVOAa elvar apPNGLLa).
YUVETIOC 0 W1 £TTETAL OAWY TOV SLOTURTIKGOY TToL EEpape Uéypl Twpa. H Guvolikn ekdva eivar
n e&ne:

0,1,2, ... ,w,w+1, ..., w-2, ...,w-3, ...,w" ...,w, . ..,w" ..,

OTOV Y10 TOUC TEAEVLTALOVC SLOTOUKRTIKOVC TO. «OAUOTA» PeTOEL TOUC elval TepdoTial
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Yvpu6oAicpog 6.2.18. Ou cupBolicovue TOV SIOTAKTIKG Wy PE Ry OTAV AVAPEPOUOCTE GE
OUTOV Pe TNV WBLOTNTO. TOV TANDKOV.

6.2.3 H Ynodeon tov Xuveyovg

Mopatnenon 6.2.19. ‘Ecto mindwdg k. Tote 27 = |P(k)|.

[Mpaypatt, oo v Acknon 6.16 émetar ot (k = 2) =. P(kK), dpa 2" = |P(k)|. Zuvdud-
tovtog v Topotnenon outy pe v [pdtaon 6.1.9, wpokvmtel OTL

[Mpotacn 6.2.20. TNo kAde TANAKS K woyveL 0Tt K < 2,

Edikétepa, yo kGde dreipo TARIIKS toydet 4Tt Ry, < 28 "Eva ToA) evdlapépov epdtnua
elval 10 1L oYéon éxet 0 TANIIKAC 28 ue Tov Ry 1. [vopitovpe 61t (Adyw Tng ehayiTikéTNTAC
TOV Rgt1) Rap1 < 2%, O cantor mioteve 61t yio a = 0 woyvel n wéTTaL !

Ewoacio 6.2.21 (Yndédeon Tuvexoig, 21 Siatdmwon). 280 = Ry
H ewaocio autn yevikevetot kot 6e kKADe ATELPO TANIIKO:
Ewoota 6.2.22 (Tevikevpévn Yrodeon Tvveyoic). 20 = R, 1, ylo kGDe SlOTAKTIKG (.

‘Onwg n Ewacla 6.1.8, €161 kot n Ewkacla 6.2.22 evar ave€aptntn oo 10 adlopoto g
ZFC. Aev propovpe dnhadn va LEpovpe v LoxVEeL N Ol e GUTNY TNV TEPITTOON OPWC LoYVEL
kAT evlapépov: Av Sexdodue v Ekacia 6.2.22 wg viddeon (kar Sexdodue emiong 6ha ta
vréhowa afiwpata g ZF) umopodue va anodeiovpe 10 Aflwua VII 2! Na tovicouue o1t
TO aVTIGTPOPO dev 1GYVEL. TUVETTWC, OV TNV TPOGIEGOLYE GTO. ASOUOTE UaC OVTL Yo TO
Alwpa VII, 61t avapépape 6 OUTEC TIC GNUELWCELS D0 GUVEYIGEL VO LGYVEL.

Ackncelg

e N

6.1. Antodei€te v Ipotaon 6.1.2.
6.2. ArodeiEte v Ipotaocn 6.1.10.

6.3."Eoto koG datetaypévog xopog (A, <). H < kadettan ibavikn avv seg_(a) <. A,
yio kGde a € A. Aeite ot

1. Kade koAd dratetoypévog xmpog emdeyetol Wovikn ddtaln.

2. ’Ecto kala dwatetayuévor xopot (A,<4), (B,<p) 0mov ot <4, <p eval ISaVIKEC.
Av A =, B 161¢ 01 Y0poL elval opotoL.

! Hopatnpnote 61, ané v IMapatipnon 6.2.19 émetar 61 250 = |P(wp)| kaw amé 10 Oedpnua 6.1.35 1
[R| = 2%,
2 H omddeien ogeihetar atov Wackaw Sierpiriski kau 1o [4] pmopeite va 0 Gpeite petappacpévn 6ta ayyAkd.
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6.4. Aeilte OTL N €VWOT TETMEPAGUEVOL TTANDOVC TETEPUGPEVWY GUVOAWV ElvaL TTETTE-
paGUEVN.

6.5.'Eotw A memepacpévo cuvolo. Aeifte 61t 10 P(A) elvan Temepacuévo.
6.6. Amtodelte 1o [opopa 6.1.23.

6.7. Aeite OTL TO ROPTEGLAVO YIWVOUEVO TIETEPAGUEVOU TANOOVC APOUNGLUL®OY GLUVOAWY
elval apldunctpo.

6.8. Armodeilte 1o [opopa 6.1.31.

6.9.'Ectw cOvoda A, B kat 1-1 cuvdptnen f : A — B. Aeifte 611 av 10 B elval apd-
pnoLpo ToTe Kat 10 A elvar apdpnctyo.

6.10.'Eotw oVvoha A, B kot cuvaptnon f : A — B emni tov B. Aeifte 61t av 10 A evan
0pWPNGLUo T0Te Kat T0 B elvar apduncipo.

6.11. Aeilte 0TI KGDE VITOGUVOLO EVOC TEETEPAGUEVOV GUVOAOV ELVAL TIETTEPAGUEVO.

6.12."Ectw appnoipo cuvoro A. Aeilte 6t 10 (n - A) elvar apdpnolpo ylo kade
n e w.

6.13."Ecto apdunoctpo 6dvoro A. AelCte 61t 10 Upe,, (n — A) elvar apdpiiowpo. (Yro-
deién: Oa ypeiacteite tnv Acknon 6.12.)

6.14. Aei€te 0TI T0 GUVOAO OAWV TWV TETEPUGUEVHDY VITOGUVOA®Y EVOC GPLIUNGLUOV
Guvolov eivan appiowo. (Yrddeaén: Oa ypeiacteite v Acknon 6.13.)

6.15. Aeilte 011 Z =, w rOw 011 Q =, w.

6.16. Aeigte ot (A - {0,1}) yio kGde avvoro A.

6.17. Aei€te 6T av A =, B t61e P(A) =. P(B).

6.18."Eo1o cvvola A, B,C, D tétowa wote A =. B kar C =, D. Aei€te 611
. AvAnB=CnD=g1t0te AuB=,CuUD.

2. AxB=.CxD
3. (A- B)=.(C—> D)

6.19.'Eoto ovvola A, B, C'. Aeite otu
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. AVAnB =g 161e (AuB) > C)=.(A—-C)x(B-C).
2. (A-> (Bx(C))=.(A->B)x(A- ()
3. (A= (B=0))=:((AxB)-C)

6.20. Aeigre 611 (w > w) xw =; (w = w). (Yrddeiln: Oa ypeiacteite Ti¢c Ackroeic 6.18
kat 6.19.)

6.21. AeiCre o1
l. P(w)xP(w)=cPw)
2. RxR=.R

(Yrnodeiln: Oa ypeacteite 1i¢ Ackncerg 6.16, 6.18 kat 6.19.)

6.22. Ta kAde dmelpo civoho A woyvel 61t A x A =, A. (Yrnddeién: Oa ypeiacteite
™mv Acknon 6.3.)

6.23. Aeile OTL TO ROPTEGLAVO YIVOUEVO PIOC OPOUNGIPOC GITELONG OKOYEVELOS GUVO-
Awv, 60V T0 KADE £va OO ALTA TEPLEXEL TOVAGYIGTOV dVo GTOoLEla, eV elval apLd-
pnaoyo.

6.24. Amtodei&te 1o [Mopopa 6.2.7.
6.25.'Eoto K, A, p1 TAndwol. Aei€te ot

Lk+A=A+k

2. K- A=Ak

3. k+(A+p)=(k+A)+p

4 k(o) = (50 -

50 6-(A+p)=(k-A)+ (k- p)
6.26."Ecto K, \, 1 TAndikol. Aeilte ot

L kMHE =g g

2. (K- A)HF=gF-AH

3. (KMH = pMH

6.27."Ecto K, A, i1, v TANDIKOL TETO0L ©GTE K < A Kow p < v. Aeilte ot
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L k+pu<i+v
2. K- <AV
3. k+pusAv

4, gHF <N

6.29. Aei€te 011 yio RADE SLOTOKTIKO (v LIGYVEL OTL v < Wy

6.28. Aeilte 611 yia kGDE GTTELPO TANDAEWUO K 1GYveL OTL K™ = 2.

6.30. Aeifte 611 Yo KGADE DNATOKTIKOVGS @, 3 TETOLOUG BOTE Wy = Wy LGYVEL OTL (v = f3.

105
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