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CHAPTER 1

The Fourier transform: Where can we define it?

Let n € N. We know that the spaces L”(R"), for 1 < p < +, are all distinct. However,
all of them contain the space of Schwartz functions S(R"), which is dense in every one
of these spaces (LP(R"), | - ||,). Recall that

S(R™) := {f € C*(R") : the function ¥ D™ f(z) : R" — C is bounded, for all ¥, ¢ 7%}

The Fourier transform on L' (R™). The Fourier transform ~ is first defined on L'(R"™)
as follows: For every f € L!(R"), we define fiR" > C by

~

(1) f(§) = fe_%i<£’x>f(:x) dr, forallzeR"

Observe that the above integral makes sense exactly because f € L!(R"). Indeed, the in-
tegral exists (in C) as the function e ~27“% ) f is (Lebesgue-)measurable and § |e=2™4& ) f| =
§|f| < +co. Therefore, L'(R™) is the correct space for the Fourier transform to be defined
on pointwise.

It is not too hard to show that, for every f € L*(R"), it holds that f € Cp(R™); that is, f is
continuous, and f(¢) — 0 as |¢] — +o0. There is no guarantee, however, that f € L*(R").
The simpler fact that f € L*(R") is trivial, as

@) Iflee < Ifl1 forevery f e L'(R"),
by the triangle inequality: for every £ € R”,

) = f e~ 2ED) £ (1) du <f\f<:c>rdx= I£11.

Note that (2) means that ~: L!(R") — L*(R") is a bounded linear operator.

A great property of the Fourier transform is that we in general can recover f from f via
the Fourier inversion formula: for every f € L'(R") such that f € L!,

f(z) = f(-z) = fe%i@’@f(f) d¢, fora.e. xeR™

Specifically, the inversion formula above holds at every Lebesgue point z of f, and there-
fore at every x € R" where f is continuous. If in particular f € S(R"), then the inversion
formula holds at every x € R".

The inversion formula is so useful that it is worth wondering whether we can extend
the definition of the Fourier transform to other spaces (different from L!(R")), in a way
that still allows us to recover f from f. This will gradually lead us to the discussion of
the Hausdorff-Young inequality, Fefferman’s ball multiplier theorem and Bochner-Riesz
means.

The Fourier transform on L2(R"™). For general f € L*(R")\L!(R"), the integral in
does not make sense. However, the Fourier transform has already been defined on the
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space S(R™) of Schwartz functions, which is dense in (L?(R"), | - ||2). Using this density,
we will be able to extend its definition to the whole of L?(R™). The useful fact here is that

TSR, [ 2) = (S(R™), | - ]2),
is an isometr i.e.
IFle =172 forall f e S(R™).

Thanks to this, we will manage to linearly extend the Fourier transform from S(R") to
the bigger space L?(R™), so that it remains an isometry, i.e. so that

(3) |fl2 = [ fl2 forall fe L*(R")
(known as Plancherel’s theorem).

[In fact, we will have that ~: L}(R") — L?(R") is a 1-1, onto, bounded linear operator
(an isometry), and that the inversion formula still holds: for every f € L?(R"),

~

f(z) = f(—a:) fora.e. z € R™.

This time however it is not obtained via an integral, but via density.]

— So, how do we extend = from S(R™) to the whole of L*(R™)?

Let f € L?(R"). There exists a sequence (gx.)ren of Schwartz functions with
lgg — fl2 =0 ask — +w (density).

This implies that (gx)ken is @ Cauchy sequence in (L*(R™),|| - |2), and by Plancherel’s
theorem (B) (i) ken is also Cauchy in (L2(R™), || - [2)-

Since (L?(R™), | -||2) is a Banach space, it follows that (gj)xen converges in (L2(R™), | - |2);
that is, there exists some f € L?(R") with

|Gk — fla —> 0 ask — +o.
We define f = f Note that this is a function defined a.e.

It is easy to see that f is well-defined, in the sense that using a different sequence
of Schwartz functions converging to f will not make any difference, and that for

fe LY(R") A L%(R™) (a dense subspace of L?(R™), the two so far definitions agree.

The following question is therefore natural.

Q1: On which other LP spaces can we define the Fouri@

1.1. The Fourier transform on L?, for p € (1, 2) - the Hausdorff-Young inequality

It is easy to see that, for any p € (1,2), LP < L' + L2. Indeed, for every f € L, we can
write

F=T-xur=0 + - xqp<1

11t is also onto S (R™).



where - xq7z1; € L', as

p>1
Jitxumsul = e[ e [1op < e
{I71=1} {I71=1}
and f “X{|fl<1} € LQ, as

_ p<2
j\f-xm<1}|2 _ f P =j e S j |frp<jf\p< o,
{Ifl<1} {Ifl<1} {Ifl<1}

Therefore, the Fourier transform can be defined on L?, as follows.

DEFINITION 1.1.1. Let p € (1,2). For every f € LP, we define
fi=h+h
where f1 = f : X{\f|>1} € Ll and fg = f : X{\f|<1} € LQ.
Now it makes sense to ask what properties the Fourier transform of an L? function has
- for instance, does it live in some LY, for appropriate ¢? Even better, is the Fourier

transform a bounded operator from L to some L9? The answer is yes, and is given by
the Hausdorff-Young inequality.

THEOREM 1.1.2. (The Hausdorff-Young inequality) For every p € [1,2], it holds that
4) | £l < I1fllp forall f e LP.

Note that we know () for p = 1 and p = 2. The statement for intermediate p follows
immediately by the Riesz-Thorin interpolation theorem, which we state without proof.

THEOREM 1.1.3. (Riesz-Thorin interpolation) Let 1 < p; < p2 < +00, and T be a linear
operator defined on LP* + LP?, satisfying, for some qi, g2 € [1, +0], that
T :LP* — L% is bounded, with |Tf|q < A1|f|p, forall fe L',

and
T : LP* — L% is bounded, with |Tf|4 < A2|fl|p, forall f e LP>.
For any p € [p1, p2], write

1 6 1-0
—=—
p N b2

(for the unique 0 € [0, 1] that works). Then, for the q given by
1 0 1-46
= 4 ,
9 @ 42

T is bounded from L to L9, and in particular
ITfll, < AJAY0| f|, forall fe LP.

Proof of Theorem We know that the linear operator * satisfies
I flw < |f]x forall ferL

and R
Ifll2 =[fl2 forall fe L

Therefore, we can apply the Riesz-Thorin interpolation theorem for (p1,¢1) = (1,0),

(p2,q2) = (2,2) and A; = Ay = 1. In particular, let p € (1,2). There exists (unique)

6 € (0,1) for which

1 6 1-60 1

p 1 2 2
7

L0
27



specifically § = %. For this 6, define ¢ via

1_
p

1 g 1—-0 1 6 1 1 1 1 1
—_—= et — = — — — = — — — :1_,:i
q 2 2 2 2 p 2 P

that is, ¢ = p’. By the Riesz-Thorin interpolation theorem,
1y < 1%- 170 flp = Ifll, forall fe L.

1.2. What happens for p > 2? Negative results via Khinchin’s inequality

Given any p € [1, +®), an idea that would help us linearly extend the Fourier transform
from S(R") to the whole of L? is the following. (Note that, by the Hausdorff-Young
inequality, the idea works for p € [1,2]. However, we write it down for general p €
[1, +00), as the strategy makes sense independently of the range of p.)

Idea: We will definitely be able to linearly extend the Fourier transform from S(R™) to
LP, for some 1 < p < +, if the operator

SH(SRY), [ llp) = (SR, |- g)
is bounded, for some q € [1, 4+0]; that is, if there exists ¢ € [1, +00] such that
(5) [Flg < Cpglflp forall f e S(R")

(where C}, ; > 0 is a constant depending only on p, ¢ and n). [By the Hausdorff-Young
inequality, we already know this to be true for p € [1, 2], in which case ¢ = p’ works.]

Note that the specific value of ¢ is not important here. All that matters is that, just like in
the case of L2, density of S(R") in LP combined with (5) allows us to linearly extend the
Fourier transform from S(R") to the whole of L”. Moreover, (5) will be automatically
extended to the whole of L”: we will have that

Hf”q < Cpyqlflp forall fe LP.

PROOF. Suppose that (5) holds. Let f € LP. There exists a sequence (gi)ren Of
Schwartz functions with

lgx — flp, =0 ask — +oo  (density).

This implies that (gx)ren is a Cauchy sequence in (L7, | - ||,), and by (), (g )ken is also
Cauchy in (L, | - |4)-

Since (LY, || - | ;) is a Banach space, it follows that (gj)ken converges in (LY, | - |4); that s,
there exists some f € L? with

|Gk — flqg — 0 ask — +o.

We define f = f(a function defined a.e.). It is now easy to see that ~ is a well-defined,
bounded linear operator from L? to L4. Indeed, by the above, for every f € LP we have
Flp-

~ 5)
= [ 7 < i =
Hqu kEToc Hngq < Cpyg kEToo Hngp Cp,k‘




Given this idea, we can ask a more precise question than Q1:

Q2: For which p does there exist ¢ € [1,+00] such that
I1fle<C for all f € S(R™)?

We have already answered this question for p € [1, 2]; for each such p, there exists ¢ for
which the above holds (¢ = p’). We will show however that, when p > 2, there is no g
for which the above holds. So, for p > 2, the above strategy of extending the Fourier
transform to the whole of L? does not work (and in general it is unclear what to do).

In our effort to answer Q2, it would be helpful to know, given some p € [1, +x), what
are the possible candidates ¢ for which (5) could hold. This is also useful for p € [1,2], as
it would tell us whether the Fourier transform of the arbitrary L? function could perhaps
be in LY, for other ¢ than just p'.

It turns out that only ¢ = p’ may work.

PROPOSITION 1.2.1. Let p € [1,+0), and suppose that, for some q € [1, +o0] and a constant
C > 0, we have that

(6) |flg < Clfly forall f e S(R™).
Then, q = p'.

PROOF. The proof is a classical scaling argument. Fix some non-zero f € S(R").
Then, | f], # 0and | f]s # 0.

For all A > 0, we define f : R®™ — C by
z n
In(x) = f <X) , forallzeR"™

Observe that this simply rescales the domain of f. Moreover, we know that f)\(ﬁ) =
A" f(XE), for all € € R™.

Now, we calculate | f)|, and | f,\Hq. We will then plug them into (6), to see what condi-
tions the freedom of A imposes on ¢. Indeed,

PNUP 2y ggp—pn 1/p
I = ([ (G o)) 2= (e an) - = v,

~ ~ 19 Ne—u, de=du 1/q o~
||fxlq=(f |A“f<As>|Qd£) Qowdogk (j Fae- ) — X1l

Therefore, assuming that (6) holds, it follows that, for this fixed f,
n_fﬂfﬂq C- )\"/prHp forall A > 0,

and

and thus that
7) AT <
where C’ > 0 is a constant (depending on f, but independent of ).

As A — +, (7) is possible only if n — 2 — 2 < 0.

As X — 0, (7) is possible only if n — & — 2 > 0.

n

Therefore, for (7) can only hold if n — ¢~ p = 0ieif % + % =1L

n
p



Therefore, for p € [1, 2], the story is complete: the Fourier transform is bounded from LP
to L alone. And we can reformulate Q2 as follows.

Q3: For which p > 2 do we have that Hpr/ < Gy|flp forall f e S(R™)?

The answer is: for none. So, we have not yet discovered a way to define the Fourier
transform on L?, for p > 2.

PROPOSITION 1.2.2. (Boundedness failure for p > 2) Let p > 2. Then, the Fourier trans-
form

SR, [ lp) = (SR, |- )
is not a bounded operator. In other words, there exists no constant C' > 0 with the property that

£l < Clflp forall f & SR™).

We will prove this probabilistically, via Khinchin’s inequality (which we now state and
discuss, but do not prove).

PROPOSITION 1.2.3. (Khinchin’s inequality) Let N € N and fix a1, as,...,an € C. Then,

forallp >0,
N » N p/2
n=1 n=1

where the w,, are independent random variables, each taking the values +1 with equal probability.

In the above, E denotes expected value. In other words,
N P 1 N
E nUn = 7T~
(Zeel) 55

@eQ
where Q := {—1,1}". The inequality is trivial (it is an equality in fact) when p = 2. We
see this by expanding out the square and using that E(w,) = 0foralln =1,..., N:

N 2
E ( Z Wnln, ) =E (Z Wiwj aiaj>
n=1 i
= 4t - E(wiw))
=

p
)

Wnan
1

n=

J
- Z |ai|* - B(w?) + Z a;a; - E(w;)E(w;)

i#j
N

= > lail®.
i=1

The proof for general p > 0 is more complicatedﬂ In any case, independently of p and the
proof’s difficulty, Khinchin’s inequality tells us that something better than the triangle
inequality and the Cauchy-Schwarz inequality holds (and, in fact, something like the
Pythagorean Theorem holds), as long as we are not too particular about our choice of
signs wy,. Indeed, it implies that there exists a choice of & € {—1, 1}" for which

N N 1/2
Z Wnln| < (Z |an|2> .
n=1

n=1
This is not obvious, for the following reasons:

’The proof for the case that interests us, specifically p > 1, can be found in Wolff’s lecture notes.
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e Forany given & € {—1,1}",

N
2, @ntin
n=1

N
< Z |an|
n=1

(with equality being possible, when for instance the a,, € Rforalln =1,..., N),

. . N 1/2
and the right-hand side is at least (Zn:1 \%\2) .
e For any given & € {—1,1}",

N N 12 , N 1/2 |1 foral N 1/2
wnp|=l1l10ralln
n=1 n=1 n=1 n=1

1/2
where again the right-hand side is much larger than (Zi\[zl lan |2> .

Proof of Proposition We first observe that, since the Fourier transform is 1-1 and onto
S(R™), any estimate of the form

|l < C|fl, forall f e S(R™)

is equivalent to the estimate

Ifly < C|fl, forall f e S(R™).

Therefore, since for p > 2 we have p’ < 2, our problem becomes showing that, for
1 < p < 2, the estimate

|£lp < C|fly forall f e S(R")
is false (that is, the Hausdorff-Young inequality cannot be reversed).
Therefore, fix1 < p < 2.
Fix some ¢; € C°, such that
¢1 =0, suppgp; < B(0,1), ¢1 =1on B(0,1/2).

Let NV € N, and consider translated copies ¢o, ..., ¢n of ¢1, so that the functions ¢4, ..., ¢n
have pairwise disjoint supports. In particular, setting k; := 0, we achieve this by choos-
ing ko, ..., kn € R" so that the balls B(k;,1), j = 1,..., N, are pairwise disjoint, and we
define

¢j:=¢(-—kj), forallj=1,...,N.

For an arbitrary choice of & € {—1,1}"V, we define
N
f = Z wj¢j-
j=1

Note that this f depends on NN, as well as on J; and thinking of & as a random variable
as in the statement of Khinchin’s inequality, f is a random function.

Observe that | f|, is independent of &. Indeed,

fw1¢1 on B(klal)a
w2¢2 on B(kza]-)a

wyeén on B(ky,1),
0 elsewhere
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Therefore,

¢ on B(ki,1),
¢2  on B(ka, 1),
=4 :
¢n on B(kn,1),
0 elsewhere
and the disjointness of the balls B(k;, 1) implies that

1/p
f|p=<2 f |¢J|P> =<N fB(OI)W) = NYP| ¢ .

On the other hand, due to Khinchin’s inequality, we can show that E|| 7 |y is very small
(so small that the estimate || f|, < C| f|,» cannot hold over all the possible choices of f).

Indeed,
N N
f=Y widi =D (- —kj),
j=1 j=1

SO

N
= Z wje_2”i<§’kﬂ7'> Zzﬁ(g) forall ¢ e R™.
=1

~ / p,
EIfIZ - E ( ... df)
. p, — /
(L B Z e TR o (9P dg)
_ —2mid€,kj) d
[ B (jle ) :

. . //2
Khmgchm j |¢1 (Z |e—2m<§ K >| ) d€
£eRn

/ — /
= NP5,

Therefore,
N

oy R (g

j=1
N

hence there exists a choice of & € {—1,1}" such that the corresponding f satisfies

1l < NY2|1,-

For every N, fix such an f and denote it by fx (so that we remember the dependence of
f on N). We have proved that, for every N € N,

Ifvlp = NY2)grl,  and | fwly < NY2[61,.
Therefore, if there existed C' > 0 such that
8) |5y < Cllfnly forall N eN,

it would follow that
NYP <" NY?2 forall N €N,

or equivalently
N2» >C" forall N e N,

12



for a constant C” > 0 that depends only on ¢; (and not on N). This is true as N — +o
only when % — % > 0, or equivalently p > 2. However, our p is smaller than 2 (see the
condition in blue earlier). Therefore, (8) does not hold.

O

13



CHAPTER 2

An interlude: The inverse Fourier transform

Let F be the Fourier transform on L! + L?. Just as we usually denote F by ~, we denote
the inverse F~! of F by 7. In other words,

(f) = forall feL'+I>2

Recall the Fourier inversion formula

flx) = f(—x) fora.e. x € R",

which is valid for every f € L%, and for every f € L' such that f € L'. It follows that, for
any g € L?, as well as for any g € L' that is the Fourier transform of an L! function,

g(x) = g(—z), fora.e. xeR".

If in particular g € L' is the Fourier transform of an L' function, it holds that
g(x) = Je%i@@ g(&) d¢, fora.e. xeR"

Note that the above integral also makes sense for every g € L!, even if g is not the
Fourier transform of an L' function. Therefore, we may extend the definition of ~ to L!,
as follows:

g(z) = J T8 (&) dE = §(—x), forallzeR"andallge L'

We now recall some properties of the Fourier transform, and translate them into proper-
ties of ~.

—> Properties of ~and ~

(P1) For every f, g € L?, the following hold:
fﬁ=fﬁ-

| 9= Foa-9a- |75

(P2) For every f,g € L?,

(P3) For every g € L?,

@
Qi
I
Q)

)

)

(P4) For every f,g e L' + L?, it holds that

frg=F-3, f+g9=73
and, for every f, g € L?, it holds that

—_ ~ — ~

f-9=fx*g, f-9=f=*g



(P4) For every f € L! and any a € R", the equalities

(f( -+ a))A@) = 2D f(g),

<f( -+ a)>v(£) = 7w [(g),

(e f)v(ﬁ) = fe+a)

hold for every ¢ € R". The same estimates hold a.e. when f € L2.
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CHAPTER 3

Do partial Fourier integrals converge?

3.1. An initial reduction

The Fourier inversion formula
fo) = [ o fi) ag

holds a.e. for every f € L' such that f € L'. What if f ¢ L'? The above integral is not
even well-defined. Can we still make some sense of the inversion formula?

An important observation is that, for all f for which we have defined the Fourier trans-
form, that is, for all f € LP with p € [1,2], it holds that f € L?. So, even though f may
notbe in L! (as p’ > 2), itis still in L] _ - and in fact the ‘partial’ integral

| e Fioag
U

is well-defined for every bounded, Lebesgue-measurable U < R", as

L Pl <[l - 1U1V7 < +o0

by Holder’s inequality. Therefore, the following question still makes sense.

Question. Do the integrals of the form

f @O F(¢) de
U

converge to f(x) as U gets larger and larger?
And what about other types of convergence?

Note that, as the sets U increase so that their union is R", the answer to the above ques-

tion is yes when f € L' and f e L', by the Fourier inversion formula and the Domi-
nated Convergence Theorem.

We will be particularly interested in the integrals

Spi(z) = f @O F(e) de

[_R’R]n
and

Si(z) = fB(O Lm0 de

16



which a priori we probably expect to have similar behaviour. Note that in the casen = 1,
these partial Fourier integrals are the same:

R . ~
Spf(z) = f T f () de.

-R
We reiterate that is important here is that the functions Sgf make sense for all f € LP
with p € [1, 2] (while {?™@& f(¢) d¢ may not). So:

We ask the following questions, all of which aim
to make sense of the Fourier inversion formula
when the integral SC27M<$’£> f(§)d€ may not exist.

e For p € [1, 2], Sk is an operator on the whole of L?. Let f € LP.

Do we have that Sg f P f pointwise a.e.?
—+00

Do we have that Sgf € L? for all R > 1, and that |Srf — f||, = 0?
—+o0

e For p > 2, Sy is a well-defined operator on the dense subspaces L' n LP and
L* A LP of LP. Our analysis will work no matter which of these spaces we start
with, but, for consistency with Fourier multiplier theory (upcoming), we view
Sr as an operator on LP n L? (which contains S(R")). Let f € L? n LP.

Do we have that Sg f P f pointwise a.e.?
—+00

Do we have that Sgf € L? for all R > 1, and that |Srf — f||, i 0?
—+a0

And

{Can we extend Sp to the whole of L?, and ask the same questions on LP?

3.2. Pointwise convergence

We will only state the results. For f € L! such that ferl (e.g., for f € S(R™)), we of
course have that

Spf(x) —— | e M @Of(€) d¢ (= f(z)forae. z)

R—+0

by the Fourier inversion formula and the Dominated Convergence Theorem. So, for such
f € L, the answer to our pointwise convergence question is yes.

It turns out that things can go very badly for other f € L!, even in one dimension:
THEOREM 3.2.1. (Kolmogorov, 1922) There exists f € L' (R) such that
Srf(z) -+ f(x)as R — +w, forae. xeR.

The following celebrated theorem states that p = 1 is exceptional in terms of the above
phenomenon.
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THEOREM 3.2.2. (Carleson-Hunt, 1966) Let p € (1,2]. Then, for every f € LP(R),

SRf m f a.e.

The proof follows by proving LP-boundedness of the Carleson maximal operator C, de-
fined by

€)= sup

, xelR.

R . ~
| emeofie ae
-R

There is also a way to extend the definition of C and the proof of these resultﬂ to all
p > 2.

3.3. LP-convergence

Let 1 < p < +o0. We denote

HSR”p—>p = sup HSRpr-
Ifllp=1, feLPAL?

This quantity is finite if and only if Sg is a bounded operator from L? n L? to LP.

The following proposition reduces our earlier questions to a single question about L?-
boundedness of Sk on LP n L2.

PROPOSITION 3.3.1. Let 1 < p < +00. The following are equivalent.

(i) It holds that
sup | Sy < +0.
R>1

(ii) For all R > 1, S extends to a bounded, linear operator Sp : LP — LP, so that, for
every f € LP, it holds that

ISrf — fllp P 0.

Note that, if (i) holds, the extension in (ii) is unique (by density of L? n L? in LP).

Observation: By a change of variables, it is easy to see that, for all R > 1,
[SRp—p = [Stlp—p-
Therefore,
Sup [Sglp—p = |51 /lp—p-
R>1

=

PROOF OF PROPOSITION[3.3.7] (i) = (ii): Since

sup sup |Srflp =: C < +0,
R>1|f|,=1, feLPAL?

it follows that, for all R > 1, Sgf € LP for every f € L? n L?, and that the operator
Sr: LP n L? — L? is bounded, with

ISefll, < C-|fl, forall feL? L

(It will be useful here that C' is independent of R.) Since each Sk is a bounded linear
operator on the dense subspace LP n L? of L?, it has a unique extension to a bounded
linear operator Sg : LP — LP, with the same norm.

ISee L. Grafakos’s book Modern Fourier Analysis, Chapter 11.
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Now, let f € L?, and let ¢ > 0. There exists g € S(R"), with g € C°(R"), such thatEI

If=glp <e
The reason we pick specifically such g € S(R") is that the desired estimate

ISrg = gllp 0

R—+
holds for it - in fact, |Srg — g/, = 0 for large R, as suppg < B(0, R) and thus

Sry(z) = f

B(0,R)

2w G(g) de = J62m'<w,£> G(€) d¢ EER®Y) g(xz) forall z e R".

Therefore,

ISrf = flp < ISrS = SrRYlp + [SRY = 9lp + 9 = Fllp < (C + DI = glp < (C + e,

for all large R. It follows that | Srf — f|, o 0.
—+00

(ii) = (i): This follows by the Uniform Boundedness Principle. The operators
SN : (Lpa H ’ Hp) - (Lp7 H ’ Hp)a NeN,

are all bounded operators, and their domain is a Banach space. Moreover, for every

f € LP, the set {||Sn f|p}nen is bounded, as (|Sn flp)nven is a convergent sequence in
R (it converges to | f|,). By the Uniform Boundedness Principle, the norms |Sx|p—p,

N e N, are uniformly bounded. However, all these norms are the same as each other,

and equal to |Sg|p—p for any R > 1. We conclude that the |Sg|,-, are all the same
number.

By all the above, our questions reduce to the followingﬂ

Question: Let 1 < p < +0o0. Is |S1|pmp < +0?

The answer is YES in one dimension, in which case of course
[-R,R]" = B(0,R) = [—R,R] :

THEOREM 3.3.2. (Riesz) Let 1 < p < +00. When n = 1, in which case

R
SRf<x>=f @O fle) e, weR,

—-R

it holds that
151]lp—p < +00.

The proof follows from the LP-boundedness properties of the Hilbert transform, and we
will not focus on it here.

So, in one dimension, the situation is fully resolved: For all 1 < p < 4+, Sk can be
defined on the whole of LP(R), and

|Srf — fllp = 0 forall f e LP(R).

What about higher dimensions?

2This is left as an exercise.

3We cannot hope for L'-boundedness of S:, as, via the above analysis, that would contradict Kol-
mogorov’s counterexample.

19



—> The case of cubic Fourier integrals. In the case where
Suf(e)i= [ e fe) de,
[,R7R]n

the situation in all dimensions n > 2 follows directly by induction on the dimension,
using the n = 1 case and Fubini’s theorem. So, in this case, again we have that, for all
1 < p < 4o, Sg can be defined on the whole of LP(R"), and

ISef — fllp, = 0 forall fe LP(R").
— The case of spherical Fourier integrals. In the case where
Suf(e)i= [ e fe) dg,
B(0,R)

the above tensorisation argument does not work - we cannot ‘separate’ variables this
time. So, we have to follow a different avenue. We view S from a different perspective:

Forevery 1 <p < +wand fe LP n L?,

~

Si1f(x) = fB(O . AT F(€) dé = fem‘@@ v (7€) d¢ = (xpon [) (@),

Therefore,
S1f = xBoy [

Every operator T defined on L? n L? by Tf = mf, for some bounded, Lebesgue-
measurable function m, is called a Fourier multiplier operator, and there is a whole theory
developed for these objects. The operator S is clearly a Fourier multiplier operator, for

m = XB(0,1)-

3.4. Fourier multipliers: the basics

Letn e Nand 1 < p < +00. Let m : R” — C be a bounded, Lebesgue-measurable
function, and define an operator 7,,, on L*(R") by

C//’;l\fsz forall f e L.

Observe that T}, is a well-defined, linear operator from L? to L?. Indeed, for all f € L?,
f e L? as well, and, since m is bounded and Lebesgue-measurable, we also have that
m f e L2. And, since the Fourier transform is 1-1 and onto L?, there exists a unique
ge L?sothatg =m f This g € L? is precisely T, f. In other words,

~

Tof =(mf)~.

DEFINITION 3.4.1. (LP-Fourier multiplier) Let m : R® — C be a bounded, Lebesgue-
measurable function. We say that m is an LP-multiplier (or an LP-Fourier multiplier) if
the operator T, restricted on LP(R™) n L*(R™), is LP-bounded. That is, m is an LP-multiplier

if
TnfelP forallfemeL2

and the operator T, : (LP n L?,| - |,) — (LP, | - ||,,) is bounded, i.e.
|Tnflp < Cp I flp forall feLP o L2

In this case, we also call T,,, an LP-Fourier multiplier operator.
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Thanks to its LP-boundedness property, an LP-Fourier multiplier operator 73, can be
uniquely linearly extended to an LP-bounded operator on the whole of L? (via the clas-
sical density argument that we have already seen in different contexts). This is true even

for p > 2, in which case fdoes not exist in general.

PROPOSITION 3.4.2. Every Lebesgue-measurable, bounded function m : R" — C is an L*-
multiplier.

PROOF. We have already explained that T}, is an operator from L? to L?. It remains
to show that it is L2-bounded. This holds by Plancherel’s theorem: for all f € L?,

|Tonfllz = 1T fll2 = [m fl2 < Imlowlfl2 = |mlolf2-

O

PROPOSITION 3.4.3. Let m : R™ — C be a Lebesgue-measurable, bounded function, and let
1< p< +o0. Then,

m is an LP-multiplier <  m is an L -multiplier.

PROOF. The proof that follows shows that, when 1 < p < +0o0, T : LY — L[* is the
adjoint of T3, : LP — LP. The result directly follows for such p, as then

| Tonllp—p = 1Tl —p = 1T llpr—p

(the last equality is trivial to show). However, this doesn’t work for p = oo (as L is not
the dual of L™), so we present the proof via the well-known formulae for p-norms of
operators and functions (which hold irrespective of p). In particular,

[T llp—p = sup | Ton o
9) Iflp=1, feLPnL2
( = sup sup (Tt 9);

Iflp=1, feLPnL?2 lgl,r=1, geLP’ AL?

where, forall f € LP n L2 and all g € LF' ~ L2,

Tnf, 9 —JTmﬂ

Q|

(P1) fm\fg_fmfg
L (Fom= (7 Gig = [ e
h=h Jf(mg)v

~ [ 7+ Tng
Plugging this into (9) and swapping the order of the suprema, we obtain

HTme—>p = sup Sup T gy
lgll,r=1, geLP AL2 | flp=1, feLPAL?

= sup | Tmgllp
lglr=1, geLP' A L2

= HTWHp’Hp“

It is easy to see that |15y = |Tin |y —p, and it is left as an exercise.
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PROPOSITION 3.4.4. Let m € S(R™). Then, m is an LP-multiplier, for every 1 < p < +o0.

PROOF. Let 1 < p < 400. Since m is in L?, it follows that
Tof = (mf)v:m*f, forall fe L? n LP.
Now, m € S(R™), hence m € S(R") < L', so |m|; < +o0. Therefore, for all f € LP n L?,

[T fllp = s fllp < iy - 1 £]p,

where |m||; < +c0. It follows that T;,, is LP-bounded, hence m is an LP-multiplier. O

More about Fourier multipliers can be found in Stein’s book Singular Integrals and Dif-
ferentiability Properties of Functions, Chapter 3.

3.5. Back to Si: Fefferman’s ball multiplier theorem

In this section we focus on R™” when n > 2.

Forall 1 < p < 400, the operator S is well-defined on L” n L? via the formula

5/*1\1" = XB(O,l)f> felPnL?

Since X g(p,1) is a bounded, Lebesgue-measurable function, S is LP-bounded if and only
if Xp(0,1) is an LP-multiplier.

— Since xp(o,1) is a bounded, Lebesgue-measurable function, S; is automatically
L?-bounded (that s, x g(g,1) is an L*-multiplier).

— Since xp(o,1) is not smooth, we cannot use Proposition to deduce that it is
an LP-multiplier for all other p.

Even so, it was an established belief in the community that xp(;) must be an LP-
multiplier for a wider range of exponents p. So, it came as a bit of a shock when Fef-
ferman disproved i in 1971.

It follows that on R", with n > 2, the spherical Fourier partial integrals Si behave badly:

— Sgis not LP-bounded, for any p # 2.
— For every p # 2, we cannot extend Sg to a bounded linear operator on L? so
that |Srf — f|, — 0as R — +o for every f € LP.

Fefferman’s proof is based on the Perron tree construction of Kakeya sets of measure
0. Other tools in the version of the proof that we will present here are the uncertainty
principle and Khinchin’s inequality.

4. Fefferman, "The multiplier problem for the ball’, Ann. of Math. (2), vol. 94., no. 2, pp. 330-336, 1971.
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3.6. The uncertainty principle

The uncertainty principle is the following heuristic, which can be made precise in several
ways, according to our goals every time.

The uncertainty principle (heuristic): If f is localised in
a ball of radius R, then |f]| is locally constant at scale R~

When we say that f is localised in a ball of radius R, we mean that the support of f is
contained in such a ball.

The heuristic can be made precise, for instance, via the statement of Heisenberg’s uncer-
tainty principle and Bernstein’s inequality. We will see a different, simpler perspective

here, which morally lets us discretise f at scale R~!, i.e. to write

(10) Il «=7 > erxa,
By,

where the By, are finitely overlapping balls of radius R71L.

A warmup. The uncertainty principle can be easily understood when f is a Gaussian
(which is essentially supported on B(0, 1)). In particular, let

o(x) = ez e R

Recall that ¢ = ¢. So, defining ¢ := ¢ (%), which is practically supported in B(0, R),
we see that ¢ = R”gg(R -) = R"$(R- ), which is practically supported in B(0, R™!).

’

9\ n n - 1 7
el xe " @P\“);p‘ @(R}):Il PRl TelR

A 3
B R
Ve o
" B(o,R) Bio,.R)
B — Ee]
R (-8

In this example, we see that for every e > 0 and N € N, due to the fast decay properties
of the Schwartz function ¢ (specifically, |¢(§)| < C - W), it holds that

[GR(©)] < OneR N for[¢] = R,
So, we can think of ¢p as being roughly constant (and non-zero) or each of the R™ =
RO() balls B(c, R~') with centres c at distance up to R'*¢ from the origin, and roughly
0 on the rest of the space.
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In this warmup, there is nothing too special about the Gaussian - we could have replaced
it with any bump function ¢ whose Fourier transform is non-negative. Note that such
functions exist, and they will be useful to us:

OBSERVATION 3.6.1. There exists a non-zero function ¢ € C(R™), such that

supp¢ < B(0,1), Jqﬁ—l

and

$=0
PROOF. Lety € CPX(R"), with

suppt  B0.1/2), =0, [ =1,

Then, the function ¢ := 1 = 1)(— -) (Where ¢(— -) is the reflection of ¢ around 0) has the
desired properties:

e suppg C suppy + suppy(— ) = B(0,1/2) + B(0,1/2) = B(0, 1).
¢ > 0, as it is the convolution of two non-negative functions.

We have that
Jo=[o-|u=a=[o-[v=1

e The Fourier transform gg is given by the formula

B(&) = D(E) - (= (&) = P(&) - V(&) = [d(&)]* =

where in the penultimate equality we used that ¢ is real—valued:
9@ = [ p(a) da
7Y J ™Y h(y) d

LR [t () dy = ).

O

— From balls to rectangles. In the above analysis there is nothing too special about
the ball B(0, 1) - things would have worked similarly if B(0, 1) was replaced by the rec-
tangle [—1, 1]™. The only difference would be that the Gaussian ¢ is roughly supported
n [—R, R]" and its Fourier transform is roughly constant on [-R~!, R~!]", i.e. the rec-
tangle with same main directions but reciprocal dimensions. We can similarly adapt the
analysis to any rectangle with dimensions ry, ..., r,, via a rescaling and a rotation.

Indeed, we first adapt it to [ [_,[~7;,7;]", by again using the Gaussian
o(z) = el g e R?
and defining

?bm,...,rn(x) =0 (fll, ey %) , reR"

Tn

a Gaussian now adapted on [ [7_;[~7;,7;]". Now,

¢7'/1,7n(€) :Tl""rn'$(T1€1)"'arn€n), £ERH7
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. . . -1 -1 .
Whl'Ch isa Gau'ssmr‘l roughly sgpported.over H?zl [—r;,7;7]", i.e. the rectangle through
0 with same directions but reciprocal dimensions.

Now, if R is any rectangle centred at 0, it is the rotation SRy of some rectangle Ry =
[T;=[=7j,7;]". We adapt ¢, .., to this rotated rectangle R, defining

o(2) := ppy. rn (STM2), wER™
Then, using the formula

Fo = det M| - Fo (-1
for M = S~1, we obtain

|det S|=1, ST=5"1

3(€) = |det ST g, 0 ST(€) Gy (S71E), €€ RY,

50 ¢ is a Gaussian adapted to the rectangle SRf, where R := [[}_, [—r;l, r;l]". As be-

fore, R is the rectangle with centre 0, same directions as Ry, and reciprocal dimensions.
We call this the dual rectangle to Ry. We may also refer to the dual rectangles to R as all
the rectangles parallel to Rj.

DEFINITION 3.6.2. Let R be a rectangle in R™. We denote by R*, and call the dual rectangle to
R, the rectangle in R™ with centre 0, same directions as R, but reciprocal dimensions. We may
also refer to any translation of R* as a dual rectangle to R.

a re&anzaeﬂ the dudl recfun%fe

P ) ‘
-1
U /rS. Y‘ -1

$ , o Goussion cuiu.y’(c::l
b a rec{nnﬁﬂe, fo the dual rec’(mrxafﬂ

el = =4

Motivated by this we write the following form of the uncertainty principle heuristic,
which still needs to be explained.
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The uncertainty principle (heuristic): If f is localised in a rectangle
Ro, then |f| is roughly constant on all rectangles dual to Ry.

This will allow us to write

(11) ] «=7 >lerxr,
T

over a family of disjoint rectangles (or tubes) 7" that cover R" and are all dual to Ry.
From now on we will be precise and try to make sense of the above.

Facts for non-negative functions with bounded support.

OBSERVATION 3.6.3. Consider non-zero ¢ € L'(R™), with
supp¢ < B(0, R), »=0.

1
B — .
on <O, 5OR>

This means that ¢ is roughly ¢ on B (0, z1z).

Then, for ¢ := ¢(0) (= { ),

~

¢ —dl <

N o

PROOF. Observe that { ¢ = (0). Therefore, we wish to show that, roughly R~!-close
to 0, the values of ¢ do not change too much.

For every £ € R",

56 30 = [ 7 o(a) o — [ 2502 o) a
< f |26 — 20T () das
<16 [ [ig.2) — 0.)lo(a) ds
<16 [ ] o] (o) da

So, if in particular £ € B (0, =35 ), and since in suppg = B(0, R), it follows that

3(6) = 50 <16+ 5 R+ 6= 5500

We can easily derive a similar fact by considering rectangles instead of balls.
OBSERVATION 3.6.4. Let R be a rectangle in R™, centred at 0. Consider non-zero ¢ € Ll(R”),
with

suppp € R, ¢ =0
Then, for ¢ := gg(O) (=59),



PROOF. Applying a rotation, we may assume that R has axis-parallel directions, so

R=[]l-rm
j=1
for some ry,...,r, > 0. For every £ € R",
36) = | et o(z) do
R
For every z € R and every £ € :--R* = [T/ [ %j, %],

121+ G| <G| 2|+ [Gn] - )

S S R S |

50n 71 50n 7,
1
%7

1 *
therefore, every ¢ € -5-R*,

\&9—&%<]WWW%wW®mew

<wﬁ@@wwm

O

A preliminary form of the uncertainty principle. Combining Observation(3.6.1|with the
above two observations, we readily obtain a precise, simple form of the uncertainty prin-

ciple for all compactly supported functions, whose interpretation agrees with our earlier
heuristics.

PROPOSITION 3.6.5. (The uncertainty principle via convolution)

(i) (Case of balls) There exists a ¢ € S(R™), with
=0, ¥~ 1onB(0,1/100),
so that for any R > 0 and any f € CF(R"™) with suppf < B(0, R), it holds that
J?Z f* ¢1/Ra
where 1/ := R™ - (R - ). Note that

1
~ R" B — .
¢y ~ R" on (O, 100R)

(ii) (Case of rectangles) There exists a 1) € S(R™), with
1 1"
= ) ~1 T TAN 11N )
¥=>0, ¢~lon [ 100 100]
so that for any rectangle R in R™ and any f € CL(R™) with suppf < R, it holds that

~ ~

f:f*qy[}R*v
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where, if R = S (]_[?Zl[—rj, rj]), where S is some rotation, then g« (£) =11 -1y -
zﬁ(ﬁ (ST, (Sflg)n). Note that

1
on —R*.

1
~ |R| =

We empasise that here, and usually in whatever follows, for any rectangle R in R™ and
any constant ¢ > 0, we will be denoting by c¢R the rectangle with same centre as R, same
directions, but dimensions those of R multiplied by c.

 XB(0,(100r)~1)
[B(0,(100R)~1)["

So, convolution of fwith Y1/R is roughly averaging f at scale 1/R. The above tells

Interpretation. In the case of balls, ¢ g is roughly R" - x p(0,(100r)-1)

us that this averaging doesn’t make any difference to f, therefore f must be roughly
constant at scale 1/R.

Similarly, in the case of rectangles, 1z« is roughly |XRL;“‘ So, convolution of f with

1r* is roughly averaging f of every translation of the rectangle R*. Since this ac-

tions makes no difference to the values of f, f must be roughly constant on every
rectangle dual to R.

PROOF OF PROPOSITION[3.6.5] (i) Fix some ¢ € C*(R"), with
suppg < B(0,2), ¢ ~1lonB(0,1), ¢=0

so that
¢=0

(we know that such ¢ exists, by Observation|3.6.1). Define ¢ := ¢ (5 ); this is ¢ adapted
to the ball B(0,2R), and in particular

¢r=1 onB(0,R).
So, for any R > 0 and any f € CZ(R"™) with suppf < B(0, R), it holds that
f=1-or,
hence
f=7Fxon.
It is easy to check that the function ) := ¢ has all the desired properties.
Assertion (ii) follows similarly, by Observation[3.6.4} This is left as an exercise. O

Discretisation of f for f supported on a ball. We have already seen what happens close

to 0, when f is non-negative and has compact support (Observations and [3.6.4). We
will now use this to see what happens is the general case.

— When f is supported in B(0,1). Let fy € L? be an arbitrary function supported in
B(0,1).

There exists ¢ € C(R") with

suppo = BO.2), 60, 6=1lonBO.1), [6-1.
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We fix this ¢ from now on in this section. Since suppfy € B(0,1) and ¢ = 1 on B(0,1), it
follows that
Jo=fo- 9.
By the Carleson-Hunt theoremﬂ the function fjy, which is also supported on [-2,2]",
satisfies
fo(x) = Z cxe?™ R forae. x e [-2,2],
keizn
hence
fo(z) = folx) - ¢(x) = > cxe®™ "™ ¢(z) forae zeR™

keLzn

Here, we may view the summands ck62”<k"> ¢ as mollified versions of the summands

cpe2™ik B(0,1), which we would get from the Fourier series of fj if we had not multi-
plied with the smooth function ¢. And we expect the mollified summands ¢ ¢

to have much better behaved Fourier transforms.

It follows by the above that

Therefore, denoting

P
and recalling by Observation thaiﬁ
¢ ~1 on B(0,1/100)
(that is, in practice, <E is a mollified version of x (g 1), and hence gg( - — k) is a mollified
version of x (1)), we obtain the following.

PROPOSITION 3.6.6. (An uncertainty principle for functions supported on B(0,1).)
There exists a function ¢ € S(R™), with

¥ ~ 1on B(0,1/100),
such that, for every fo € CL(R™) with supp fo < B(0,1),

fo = > rtr,
ketzn
where
Yp:=(-—k) forallke iZ".
The above is a precise version of the heuristic (10), in which the rapidly decreasing (i.e.,
Schwartz) functions 1, are replaced by unit balls centred at .

— When f is supported on an arbitrary ball centred at 0.

Let f € L? be an arbitrary function supported in B(0, R), for some R > 0. The rescaling
fo:= f(R-)of fissupported on B(0, 1), so, by Proposition there exists 1 as in the
proposition (and independent of f and R) so that

R = D e~ k).

keizn

5Here we are referring to the original form of the theorem, which was for Fourier series of 1-periodic
functions in L?(T™).
®The notation ¢ ~ 1 here means that $(0) > 0 and |$(£) — ¢(0)] < £

9 on B(0,1/100).
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L —

Since f(R - ) = 1= - f (3), it follows that

~ k k
Fo= Y RewRe—k) = Y cz'w(R'(s—R»: 3 c;wl/R(s—R>,
kelzn ke 7" kelzn

where ¢} := R"cj, and ¢/ := ¢)(R - ). Observe that each ¢, /z( - —k/R) is the translation
of 1 r by k/R € 1=2"1. Therefore, taking the sum over all elements of the form k/R €
ﬁZ", and relabeling the coefficients, we obtain

F=> atyr(-—k)
ke f=7n
for some coefficients ¢, € C.

Now, since 1) ~ 1 on B(0,1/100), it follows that

1

Moreover,

f%/R = jT/’(R'): % 'fw ~ % ~ JXB(O,}%)-

(In the above, the implicit constant technically depends on 1, however ¢ is fixed through-
out this analysis.)

Therefore, 1,/ may be viewed as a mollified version of x B(0, L) and /(- — k) as a
mollified version of x B(k1): Therefore, relabeling v/ by 1, we obtain the following
'R

analogue of (10).

PROPOSITION 3.6.7. (An uncertainty principle for functions supported on B(0, R).)
There exists a function » € S(R™), with

1 1
lDNIOTZB(O,mR> and fl/)’vm (ZJXB(O,R1)>7

such that, for every f € CL(R™) with suppf < B(0, R),
f= > iy,
ke =7zn
where

Ypi=vY(-—k) forallke EZ”.

It is of course useful to remember that, in the above analysis, ¢ in the above proposition
is actually a relabeling of ¢)(R - ), for the original ¢) from Proposition [3.6.6]

— When f is supported on any ball.

Let f € L? be an arbitrary function supported on B(w, R), for some w € R" and R >
0. The translation f(- + w) is supported on B(0, R), therefore there exists ¢ as in the
statement of Proposition [3.6.7)so that

(f(-+w))A= S e (-~ k).

1 7n
ke4RZ
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However, < fO-+ w)) (&) = e2miw:© F(¢), for all € € R™. Therefore,
D
ke =7

Note that, just like before, each ¥ ( - — k) is a mollified version of xg(; z-1). The only
difference is that the fact that the centre of the ball is not 0 is interpreted as a modulation
e~2mw, ) on any of these ‘characteristic function approximants’.

Heuristic: When suppf < B(w, R), roughly speaking, we can write
f Z e 2miw, - ) B,
2
where the B are essentially disjoint balls of radius R}, covering R™. In other

words, we may think of f as a sum of waves that do not interact much with
each other, each wave being supported on a different ball of radius R~!.

The precise statement is the following.

PROPOSITION 3.6.8. (An uncertainty principle for functions supported on B(w, R).)
There exists a function 1) € S(R™), with

1
¢~10nB<O,1OOR> and Jz/)~ <:JXB(O7R—1))7

such that, for every w € R, for every f € CF(R™) with suppf < B(w, R),
f= > cpe” 2L apy,

where .
Y =yY(-—k) forallke @Z :

We emphasise that the function ¢ here can be taken to be the same for all w € R™: it is an
adaptation, to B(0, R), of the function ¢ in Proposition [3.6.6]

Discretisation of f for f supported on a rectangle. The analysis here is completely anal-

ogous to the one for balls. To avoid tedious technicalities, we go through the analysis
quickly and simply state the results.

— When f is supported on [—1,1]™. Let f; € L? be an arbitrary function supported on

[—1,1]™
By Observation there exists a non-zero ¢ € C°(R"), such that

suppo < [-2,2]", ¢=0, ¢=1lon[-1,1]", fqb ~ 1.
Fix this ¢ from now on. Since suppfo < [—1, 1]" while ¢ = 1 on [—1, 1]", it follows that

fo=fo-o.

By the Carleson-Hunt theorem, the function fy, which is also supported on [-2,2]",
satisfies

fo(x) = Z xR forae. z e [-2,2]™
keizn
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Since both f and ¢ are zero outside [—2, 2]", it follows that

fo(x)

earlier

fo(x) - p(x) = 2 ere®™ kT () forae. x € R™.

keizn

We have therefore obtained something like a Fourier series of fy, however with sum-
mands ce?™¥: 2 ¢, which are molified versions of cze>™ =) x(_y 1jn.

It follows that
fo= D) ol —k).
ketzn
Therefore, denoting
V=6

and recalling by Observation that

~ 1 1
~1 .
¢ on { 100’100]’
we deduce the following.

PROPOSITION 3.6.9. An uncertainty principle for functions supported on [—1,1]™.
There exists a function » € S(R™), with

1 1"
Y~ 1lon [—100,100} )
such that, for every fo € L* with suppfo < [—1,1]",
fo= > e,
kelzn
where

Vp = (- —k) forall ke %Z”.

— When f is supported on any rectangle centred at 0. Let f € L? be an arbitrary func-
tion supported on R := H?zl[—rj, r;], for some ry,...,r, > 0. The rescaling fo(z) :=
f(riz1,. .., rxy) is supported on [—1,1]". Therefore, applying Proposition to this

fo and rescaling back, we conclude the following.

PROPOSITION 3.6.10. (An uncertainty principle for functions supported on R := [ [}, [-7;, 7;].)
There exists a function ¢ € S(R™), with

1
Y ~1lon —R* and Jw~|R*\,

o50n
so that
f= > Wk
ke Zx X gL
where
Y =Y(-—k) forallke;le cee X 4:%2.
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In fact, this ¢ is a relabeling of the function 71 - - - r, ¥ (r1&1, . .., &y, for the function
from the previous Proposition 3.6.9)

— When f is supported on any rectangle. Let R be a rectangle centred at 0. Then,

R=S H;L:l[_'rj, r;] ), for some rotation S and some 71, ...,7r, > 0.

Let f € L? be supported on R. Then, the function

for=f(S")
is supported on [ [7_,[—7;,7;], so its Fourier transform satisfies
fo = > ap( - — k)

1 1
kemZx-nx mZ

by Proposition 3.6.10, Since
fo=1ldetS|7t - fo(STHT = (S ),
it follows that

)

—~

o,
[I

> cr P(STHE — k)

1 1
kemZx X 4rnZ

- ¥ e (40 57)(€~ Sk)

1 1
keEZx X o Z

= > e (WoSTHE—k),

keS(G)
for the grid G = ;1-Z x --- X -7

Ary,

Relabeling ¢ 0 S~ = (S~ - ) by 1, we conclude the following.

PROPOSITION 3.6.11. (An uncertainty principle for functions supported on rectangles.
Let R be a rectangle with centre 0. Then, R = S (1—[;;:1 [—7}, rj]) , for some rotation S and some
T1y...,Tn > 0. Let

1 1
= T X x —T7.
g 4rqy X x 4r,

There exists a function ¢ € S(R™), with

1
v ~1lon %R* and f¢~|7€*|,

so that the following hold.

(i) Forany f € L? supported on R,

F=> av(-—k).

keS(G)
(ii) Forany f € L? supported on R + w, for some w € R,

F=>Y e @y k).

keS(G)

Each ¢( - — k) is a mollified version of x ;. Moreover, the rectangles R* — k , over all
k € S(G), are practically disjoint translations of each other. Therefore, we may view the
uncertainty principle in this case as follows.
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Heuristic: When f is supported on a rectangle R, then, roughly speaking, we

can write _
=Y or e K90y,

where the T are practically disjoint rectangles, which are all translated copies of
the dual rectangle R*, and together ‘tile’ R". In other words, we may think of f
as a sum of waves that do not interact much with each other, each wave being
supported on a different one of these parallel rectangles T'.

3.7. The proof of Fefferman’s ball multiplier theorem

Let 1 < p < +00. Recall that the operator S is well-defined on L” n L2, by

§1\f = XB(0,1) J?

The question was: For which p # 2is S; LP-bounded? In other words, for which p # 2 is
XB(0,1) an LP-multiplier?

THEOREM 3.7.1. (Fefferman, 1971) The function x p(o,1) is an LP-multiplier only when p = 2.

The rest of the section is dedicated to the proof of this theorem. We know that, for any
1 < p < 4%, xBo,) (and in fact any bounded, Lebesgue-measurable function) is an

LP-multiplier if and only if it is an L”" multiplier. Therefore, it suffices to show that:

@not an LP-multiplier, for aD

So, fix p > 2. We wish to show that | Si],—, = +00. Therefore, we have the following
goal.

Goal. For every M > 0, find fyy € LP n L? so that [Siful, > M - | fulp-

— What does S; do? It starts with a function f € LP n L?, then con51ders f then alters
f by restricting it to B(0, 1), and then returns back by Fourier-inverting f XB(0,1)-
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The point is to find functions f for which the final function S; f has much larger p norm
than f - e.g. has way more ‘peaks’ than f.

For simplicity we will work in two dimensions (n = 2), and then we will show that this
case easily implies Fefferman’s theorem in all dimensions.

Main idea. Suppose that fis supported in an annulus A which is a thin neigh-
bourghood of =L i) particular, with centre 0, inner radius 1 — R~! and outer
radius 1 + R~ L.

Multiplying with xp(g,1) restricts f to half the annulus, in particular to the annulus
with centre 0, same inner radius, but outer radius 1. So, f XB(0,1) has support ‘half’

of the support of . Note that this support reduction happens to all little rectan-
gles 6 comprising A (that is, along all directions normal to the sphere S"1).

So, taking inverse Fourier transforms of all the rectangular pieces of both f and

f XB(0,1) (to compare f with S f), the uncertainty principle tells us that S; f should
be ‘doubly spread out’ relative to f on all the dual rectangles (which point to all
directions normal to S*~1).

So, the strategy will be the following:

— Start with [ that is the sum of “indicators’ of little rectangles, which together form
a thin neighbourhood of S'. Then, f is a sum of waves, each evolving within a tube
through 0.
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— Giving appropriate oscillation to f within each little rectangle, we spread out the
above tubes as we wish: For any family of rectangles 7', we can make sure that f is a
sum of waves fr, each evolving in the rectangle 7'.

7z

— Multiplying x (9,1) with f (to obtain §1\f ), each of the original little rectangles is split
in half. Therefore, by the uncertainty principle, while each fr was large in magnitube
within the rectangle T, now S fr should be large in magnitude within 7%, where T* has
the same width as 7', but double the length.

— So, if we manage to find a configuration of rectangles 7" such that the T are disjoint,
while the T overlap a lot, then the waves fr don’t interact with each other, while the
waves S fr interact a lot with each other, allowing for the possibility of constructive
interference (which would mean that S f has a lot of peaks, while f does not). In such a
case, it is possible to have |Sf|, » | f|,-

Let us now make formal sense of the above. Fix some large parameter R » 1.

Step 1: Defining the support Ag of f. Consider the annulus

AR):={zeR": 1-R'<|z| <1+ R}
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We approximate A(R) by a union of disjoint R~'/2 x 2R~ rectangles (or ‘caps’) 6.

1/2

The base of each rectangle is a chord of length R~/ - then, the rectangle with this base
and height R~! is the smallest rectangle that contains the arc of S! with the same end-
points as the chord. We simply double each rectangle in height, so that essentially the
top half of each is outside B(0,1). (So, when we restrict to B(0, 1) later, each of these
rectangles will be essentially halved.)

Let O be the family of these rectangles (caps), which are R'/? in total. Define
AR = Ugeab.
This Ar (which is practically the original annulus) will be the support of our 7.

Defining f. For every § € O, denote its centre by wy.

Observation. For every 0 € O,

~

X9> « _o» 2w, we)
== ="¢ Xo* -
(|9|

Therefore, if
9 X6

f“ = 100
10l

6e©

7e=" Z e27ri<- , Wy Yo%
0e©

The 6* are R~1/2-separated R'/?> x R-rectangles with centre 0. This becomes pre-
cise when the yy and the yy+ are replaced by Schwartz versions.

then
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To be precise, fix a function ¢ € C°(R™), with

2°2

This function does not depend on R, and will be fixed from now on. By our earlier
uncertainty principle analysis, we know thaﬂ

. 11"
~1 _ .
¥ on [ 100’ 100}

11"
Supp¢g[_171]2v 1/}207 Tﬁ:lon[—a} .

Since additionally g is rapidly decreasing (as it is a Schwartz function), and 12
192 ~ 1, we may think of ) as a mollified version of x[_ .

For each 0 € ©, denote by 6y := 6 — wy the translation of § through 0.

We adapt ¢ to each 6, over all f € ©, via a rescaling and a rotation of v. So, for each 6y,
we obtain a g, € C°(R"™), with

1
suppvy, < o, g, = 0, g, = 1 on 590, J%O ~ 16o].

In other words, vy, is a Schwartz version of xg,. By Observation

1
(o) ~ (o) ( f Y~16o] on ——gz.

100
o ¢90 i
%me

W@g“’ ~ lon 100907 JW&;“ ~ 1651.

Therefore, the function

is a Schwartz version of xgx:

Note that 65 = 6*.

The cap 0 is a translation of 0y: § = 6y + wy, where wy is the centre of §. Therefore, we can
adapt each vy, to 0, via a translation:

g 1= g, (- — we).
It follows that o " )
9
~1 -
supp ’9| c 6, |9| =0, g on 29,

SO %"‘ is a Schwartz version of % W’ while

(W) _ o2, wp) (%) = 2 wo) =07 2miC- s wo)

10| o] 0
which is a Schwartz version of e2™< " ©0) y 44
Defining
[Z5S) |9‘
it follows that
=3 () = e g,
0e© 0O

7 As earlier, ¢ may take complex values, but they are all roughly 1 on this rectangle.
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which is a sum of waves, each practically supported in one of the rectangles 6*, which
all pass through 0 and their directions are R~'/?-separated (just like the normals to any
two caps of ©).

&\‘4'1&1?- '
f; j < L » L‘)ﬁﬁ %}': j/ %
Pe© be l'

i L., Wy >
A gy i 3 3

4 i e
/\ .
R -t
/B" -

Now observe that, by replacing each %" with an appropriate modulation of itself, we
can translate the waves in the above picture anywhere we wish. Moreover, we can ran-
domise f, by multiplying each summand with +1 at random. In other words, let {py}gco
be a collection of independent random variables, such that, for every 6 € O, pg takes the
values +1 with equal probability.

" W a.ﬂi,é"'\] YW 2 2 “ M f%l‘(' Vgt
- Gt bt O Y N Ay
sco 1 LT seo ¥ 161
Fa. 4
% +g!
- D n 1o
L - D> . & .
/\ W
™ Vg /;W
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Heuristic. For any choice of vectors vy € R", over all 6 € O, if

~ vy X0
f «_» po € 2mil -, vgy AU
2 )

then

f «__» Z Do 627ri< - —vg, Wy X0% +vp -
0O

The 6* + vy are R~'/2-separated R'/? x R-rectangles, each with centre vg.

To be precise, for every choice of vectors vg € R”, over all § € ©, it holds that

—omi( vy Yo\ _ (Yo . _
<e |9> - |9|>( )

_ 627ri< - —vg, LU(;> 7’7}’0*( L UG)
= 627T7;< T Ve, W9> J9*+v0’

where @Zg* fup 1= 1%*( - — wvg) is a Schwartz version of xgx,,, the characteristic function
of the rectangle 0* + vy (Which has centre vg). Therefore, the function

~ o Vo
f — Dy € 2mi -, vg)y O
9;9 0]
satisfies
F= Do €T T gy,
0e©
Of course, the rectangles 6* + vy, over all § € O, still form a maximal R~/
family of R'/? x R rectangles in R”.

-separated

Now, we switch our perspective to the rectangles instead. For every R/? x R rectangle
T in R", denote by ¢(T') the direction of T', by v(T') the centre of T, and by §(T') the
rectangle in © whose normal is the direction of 7. The earlier analysis can be translated
to the following:

Let T be a maximal family of RY 2—separa’ted RY2 x R-rectangles in R". Let {wr}rer
be a collection of independent random variables, each taking the values +1 with equal
probability. Then, we have shown a formal version of the following.

Heuristic. If Xo(T)
~ _ /o T
f «_» wr e 2mi -, v(T)) ——
2 o)
then _
f «__» Z wr 627rz<~ —(T), e(T)) XT-
TeT

Formally, we define

~ . Yo(T)
fi= wr 627rz< ,o(T)) ’
% 10(T)|
from which we conclude that
f Z wy 2wl o), D) 0
TeT
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- A 9. : -
f " o0 j/ "0 ) e?.ﬂl.lv- CfT),E(T] >,X % ’J:ﬂ j/ [DT yC’oa)ﬁ."ﬂ‘-'i‘,\J(l).} 18[—'—)
g ¥ T T 8¢l

A 1o
o |

,.

T 9(:')\,"“1

/yW'
9(1") o

= [ AR |
N
N\

We have a lot of freedom here: f depends on our choice T of maximal collection of R~1/2-

separated rectangles, as well as on the signs we choose each time. The goal is to make a
clever choice of these parameters, so that

[51£1lp > 1£1lp-

Understanding S f.

— A heuristic explanation.

Ignoring the randomisation of f, the above analysis is based on the fact that, for every
0 € © and vy € R", it holds that

and

>\ _ —2mi -, vg) @ _ 2mi - —vg, we)
() - (- IR o

where T := 0* 4 vg and the functions 1y, 17 are Schwartz approximations of xg and x7,
respectively. Since

~

0e©
it follows that _
F=F =% (Fn)
0e©
while

Sif = (XBo,1) f)v = Z <XB(071) f‘9>v'

0e©
So, to compare f with S; f, we need to compare (f |9> with (XB(O,I) f ‘9) foreachd € ©.
Let 0 € ©. We begin by comparing 7 0 With xp(0,1) f g- In other words, we compare
e—27ri< -, gy i/iTe‘ with XB(0.1) e—27ri< ©, vy %

While e 27 vo) ﬁ is localised on ¢, multiplying it with x p(o,1) localises it to the bottom
half of 0, i.e. to the rectangle 0 with the same base as 6, but with half the height.
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By the uncertainty principle, we expect the function

>\ —2mil -, v Q;[) i
(XB(O,I) f |9) = (XB(0,1)'€ 2mic- vo) |99|>

to be roughly constant in magnitude on all rectangles dual to 6, and thus on T := 8" + vy,
the rectangle with the same centre as 7, same width R'/2, but double the height:

1% s

Observe that, if x(g,1)¥s (Which is supported on ) was a smooth function ¢, then the
above would be obvious: we would conclude by the above analysis that

2\ —27i -, v, Py 1 —27i -, v, Pg 1 il - —vg, wgy L
(XB(O,l)’fw) - (XB(O,l)'e (s ve) W|) :2<€ 2mi -, vg) ’09|) 2562 (- —vp, wg) b7,

where ggf is a Schwartz approximation of yz. So, <X B(0,1) " f|9> ‘ would be roughly

constanton 7.

While x p(o,1)%s is not smooth, we will still be able to deduce that

) (XB(O,l) . f|9)v‘ is large on T,
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by Observation Hence, for all T' € T, it will hold that

‘ (fle(T)> ‘ is large on T.

—> A formal analysis. For every T € T, denote

fr = wr 627ri< - —v(T), e(T)>IZT-

We know that
F=> fr
TeT
and R .
F=> In
TeT
where y
r —2mi -, v O(T)
fr=wre 2mi -, o(T)y Z0U)
10(T)|
Of course,

Sif = Z Sifr = Z (XB(O,l) ' ﬁ) ;
TeT TeT

so we will try to understand each of these pieces separately.
CLAIM 3.7.2. Forevery T € T, it holds that

1 ~
7T7
100
where T is the rectangle with the same centre and axis as T', same width as T' (so, with width
RY/?), but double the height (so, with height 2R).

|Sifrl =1 on

PROOF. The proof follows by Observation For simplicity, we denote 0 := 6(T),
v:=v(T), e:=e(T). Note that T' = * + v. We can also ignore the sign wr, so that

fT _ e27ri< - —v, ey QZT
and "
f; — o 2mi( -, v) i’
6]
where 19 = g, ( - — wy) (recall, 0 is the translation of € so that it has centre 0). We are
interested in understanding

Sifr = (62m<"v> XB(0,1) Tgi) :

Yoo

—wp To| "

Observe that x g 1) % is a translation of ¢ := xp(0,1) Specifically,

XB(0,1) ‘1099’ = ¢( - —wp).

The function ¢ = Xxp(0,1)—w, %0' is practically %, but with its support ‘cut in half’. In
particular,

suppd < o, ¢ >0, f¢~1.

By Observationm if fy was centred at 0, we would obtain
- 1y o~

>1 — h =T —w.

6= on 10090 ,  where 6 v
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However, the rectangle 6 is almost, but not quite, centred at 0: in truth, 6o, which is very
thin, touches 0 on its boundary. So, we first consider the translated function ¢( - — w%),

which has all the above nice properties of ¢, butis also supported on the rectangle %—w%
which is centred at 0. By Observation 3.6.4}

1

(QS(-—%)VZl on ﬁﬁo .

Since ¢ is a translation of ¢( - — wy-), it follows that

- 1
>1 — 0Oy .
9| 2 on o5 b

And x (1) \Tﬂ is in turn a translation of ¢, so

Yo\ 1 —
o) [R1 — 0 .
(XB(0,1) 0] < on T
Finally, e =27+ y g 1) %‘i is a modulation of x (o 1) %ﬁ by e 27> 50
—2mi -, v Py i 1 —« 1 ~
<6 C ) XB(0,1) @ ) z1 on on ﬁ 0y +v= W T.

We have thus concluded that
1 ~

S z1 — T.

151721 % o0
A small adjustment. There is a small issue here: For each T" € T, we wanted |S; fr| to be
large on a tube twice as long as T (or at least elongated relative to 7'), so that, while the
fr may not really interact along the original tubes 7, the S fr interact a lot along their
elongations.

However, the statement of Claim does not guarantee this: T"is an RY2xR rectangle,

while ﬁT is a rectangle with the same centre as 7', and dimensions ﬁRl/ 2 x %R. So,

T is in fact contained in 7.
We easily solve this issue by adjusting a little our original definition of f (and thus of
f). In particular, instead of the original R~'/? x R~! rectangles 6 in the definition of f,

we use instead the R~/2 x 30R~! rectangles with the same bases as the originals, but 30
times the height.

The analysis in this case is the same as before, with the following differences:

o The tubes T € T have dimensions RY/? x & R.
e Restricting each 6 to B(0, 1) now reduces the height of # by a factor of
the same uncertainty principle considerations as earlier,

1 ~
S 21 on —T,
$1/7] 100
where T is the rectangle with the same centre and directions as 7', but with di-
mensions RY2 x 30R. Therefore, ﬁT has the same centre as T, but dimensions

1 pl/2 30
oot /" X 1o 1%

L
307

so, by

So, even though ﬁf is a little thinner than 7, it is considerably longer: it has length 9
times the length of 7T'.

44



We denote by T the tube we obtain as follows: We translate T downwards along its axis,

so that its bottom side touches the bottom side of ﬁf. We then multiply the width of

this tube by -, while preserving its central axis (so that it fits within WIOZN”).

We therefore have that T'is a 155 ?"/? x 2 R tube (it is a translated copy of T, only a little
thinner), and -
|Sl fT| = 1 on T.

The tube T is often referred to as ‘the reach’ of 7. It is a piece of an elongated version of
T where something good happens. We record this information:

CLAIM 3.7.3. For every T € T, it holds that
|Sifrlz1 on T.

Assuming disjointness of the tubes 7" and calculating | f||,. We assume from now on

that the tubes 7" in T are disjoint. This helps us calculate | f|,. Indeed, as we mentioned
earlier, our f depends on the family T of tubes 7" we have chosen:

[ = Z wr fr,

TeT

where

fT _ eZﬂ'i( - —o(T), e(T)) /(ZT'
Due to the fact that zZT is a Schwartz function adapted to 7" (it is a mollified version
of xr), it decays relatively fast outside 7', so in practice it is as if the fr have disjoint
supports. Therefore,

(12) g~ 3 12 = 3 o~ 3 [ixel = 3 121,

TeT TeT TeT TeT
Let us show the details. For every T' € T and every « € T, there are Oy (1) 77 € T
for which f7(x) is not tiny (those that intersect the Cy R'/?-neighbourhood of T, for
a constant Cy, that depends only on v - which is fixed throughout this analysis). In-
deed, let us call this family of tubes T7. For the rest of the tubes 77 € T\T7, we can
arrange them in increasing order according to their distance from 7. So, due to the
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disjointness of the tubes and the fact that we work in two dimensions, we can write
T\TT = {Tl,TQ, . ,Tm} so that

dist(z, T;) = (Cy +j)RV2, forallj=1,....m
Therefore, for some constant ¢, > 0 (independent of c),

}ZwaT ‘ Z\waT Z

—_

<.

m

<

= (R 1/2\dlst(a? T)])

.

m

G
Z Cw+3 CTbN

.
[y

Therefore, for each T € T,

P
f ‘ > wpfp| < IT) NJ |frlP < f|fT‘p'
T ey T

On the other hand, #(T\Tr) < 1, so, by Holder’s inequality,

j > wT'fT' s ), J‘fT"p

T'eT\ T T’e?l‘\'IF

Therefore, foreach T € T,

Lurs 3 fimr

T/eT\Tr
Since the tubes T" € T are disjoint, it follows that

Jir=3[r=y 3 [iswr

TeT TeT TeT\Tr

— Y #{TeT: T'eTr) f|fT/|P

T'eT

~ 3 [l

T'eT
Estimating |.S; f|,. We do this using Claim and Khinchin’s inequality. Since
f=> wrfr,

TeT

it follows that
p
E|S f|7 = EJ 3 wT-SlfT(a:)’ dx

zeR™ TeT

- LeRn £ ‘ D wr SlfT(ﬂf)’p dx

TeT

Khinchi p/2
77J (Z |SlfT(x)\2> dx
reR"

TeT

Z Sy frl?

TeT

p/2

p/2
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For every T € T, |S1 fr| = 1 on T. Therefore,
DSz Y xr
TeT TeT

pointwise, where both functions above are non-negative. Hence,

p/2 p/2
2 XT

=
p/2 TeT

Z St frl?

TeT

p/2
We conclude that

p/2
E|SifI5 2 | D) x7

TeT

p/2
hence there exists a choice of signs wy € {—1,1}, over all T € T, so that

p/2
D XT

TeT

ISvf[5 =

9

p/2

irrespective of our choice of family T for which
f=> wrfr
TeT
O

Determining T so that |S1 f||, » | f|p. We have shown that, irrespective of our choice
of our family T of rectangles, there exists a choice of signs wr, over all T' € T, so that the
function

[ = Z wr fr
TeT
satisfies
115~ T,
TeT
while
p/2 p/2
1S:f18 2 | D X7 = f (Z XT> :
TeT p/2 TeT
Therefore, in order to have
IS1£llp > [ fllps

it suffices to find a family T with the so far properties we have imposed (a maximal

family of disjoint R~!/2-separated R'/? x R-rectangles in R?), so that
p/2
(13) Z |T| « f (2 XT) .
TeT TeT

Note that this is a purely combinatorial problem: it has nothing to do with waves.
Let us try to understand our desired inequality a little better. Its LHS equals

X =T2€Tj>@ -| (2 XT> .

TeT
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Observe that Y ;.. x7 () simply counts the number of tubes T that pass through each
x € R", which in this specific case (where the tubes T" are disjoint) equals either 0 or 1.
Therefore, specifically for the families T that we are studying, the LHS of equals

LE | (T;TXT)W

(as 0P/2 = 0! and 17/2 = 11).

This expression is very similar to the one on the RHS; the only difference is that the
RHS involves the tubes T, the ‘reaches’ of the tubes 7. That is, the RHS also counts the
overlap of tubes (this time the tubes T') with multiplicity, however this multiplicity will
be much larger in general than 0 or 1, if the tubes T overlap a lot (unlike the tubes T'): in
that case, not only will the quantity ;. x7(x) be considerably larger than 1 for many
z, but the quantity (3, x7(x))?? will be even larger for those z, as is equals a natural
number raised to the power p/2 > 1 Therefore, in order to create an example

Idea. In order to force (13), we will look for a maximal family T of disjoint
R~!/2-separated R'/? x R-rectangles T, so that their ‘reaches’ T overlap a lot.

The existence of such a family T, for which holds, is guaranteed by the Perron tree
construction of Kakeya sets of arbitrarily small measure.

Finishing the argument. The key fact that we need is the following. It says that it is

possible for the reaches T of the tubes T to cover much less space than the tubes T,
which are disjoint. This must mean that they overlap a lot.

PROPOSITION 3.7.4. For every M > 0, there exists a maximal family T of disjoint, R~/2-
separated, R'/? x 5 R-tubes in R?, so that

(14) MT\ﬂZ.MT\.

We postpone the discussion of the proof of this proposition, to show that implies the
following quantified version of (as & > 1):

(15) 2Tl < (L)l f (Z xT>p/2-

TeT TeT

By our earlier analysis, this will mean that, for every M > 0, there exists (non-zero) f so
that

1)z "
72 (37) 161

whence |S1[p—p < +00. And we will be done!
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—> ([14)==(15): It holds that
|T|~|T| =
S L S- Y [

TeT TeT TeT

()

£>1, Holder 1-2
< f(Z XT) yT

[l
—

[NiS]
hSEIN]

TeT TeT
£ % 1-2 2
1\ 1-2
TeT TeT

Using that ’ Urer T ’ = Y et |T| and rearranging, we deduce that

() < (f(z)) ()
T;!Tm (&)g_l f(TZ;TxT> :

So, what remains is to prove Proposition This is done easily once one knows about
the Perron tree construction of Kakeya sets of arbitrarily small measure.

hence

as desired.

Kakeya sets of tiny measure: the Perron tree construction. A Kakeya set in R” is a com-
pact set in R™ that contains a unit line segment in every direction. In 1917, the Japanese
mathematician Soichi Kakeya asked how large Kakeya sets can be.

It turns out that Kakeya sets can have (Lebesgue) measure 0. The first construction of
Kakeya sets of arbitrarily small measure is due to Besicovitch (1919). The construction is
iterative and is known as a Perron tree. We explain the construction in two dimensions -
it can then easily be generalised to all dimensions.

We begin with an equilateral triangle. All the line segments emanating from its top
vertex and arriving at its base cover a 60°-worth of directions. We need to rearrange
these line segments, so that their union has very small area. Then, rotating the final
shape twice (so that we cover the remaining 120°-worth of directions), we will have
created a Kakeya set of very small area.

— We cut the triangle in half, and slide the two triangles a little bit along their bases.
Then, the original line segments will simply be rearranged, but their union (the union
of the two translated triangles) has smaller area than the original triangle. This is all
quantifiable, according to the amount by which we choose to slide, and in fact holds
for any triangle we begin with (independently of whether it is equilateral or not). In
particular, if we slide the two triangles by a factor of § (meaning that we slide until their
overlap has length ¢ times the original triangle’s base), then the new area will be smaller
than the original by a factor of roughly (1 — ¢).
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slide ba ?

o= (1-3) - (pink area)
Blue aveor ~ % (pink area)

Ve oven v (1-3) - msmaﬂ

At this first stage, we have managed to create a Kakeya set (technically, involving a 60°-
worth of directions), of smaller area than the original; in particular, area (1 — ¢) times the
original.

— We now perform the above idea on each of the two pieces of the triangle indepen-
dently, and then slide the two shapes together. More precisely, we cut the original tri-
angle in four pieces: two subtriangles in its left half triangle 77, two subtriangles in its
right half triangle 75. In each half, we slide the two subtriangles along their bases, by
the same factor ¢ as before. This way, we create two shapes, each with smaller area than
the original halves 7} and 75 (by a factor of roughly (1 — 6)). Moreover, the left shape
contains a triangle 77 similar to 77, and the right shape contains a triangle 77, similar to
T». We now slide the two shapes along their bases, so that the bases of 7] and T3 overlap
by a factor of §. One can then see that the final shape has area roughly a (1 — §)%-portion

of the original.

shide by - faddor New area: ~ (1-%) » or'uamdQ

Dew area: ~ (1-3)°+ origmal

We have thus created a Kakeya set (OK, involving a 60°-worth of directions), with area
much smaller than before, specifically roughly (1 — §)? times the original.
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— We apply the above idea, but this time splitting the original triangle into 2" sub-
triangles, rather than just 4, and iteratively splitting in consecutive pairs that we slide
together. Letting n go to infinity, we create a Kakeya set of arbitrarily small area. There
are log n steps until we end up with a single base and we stop sliding, and the final area
will be roughly (1 — §)!°¢™ times the original.

& — /AN

oy shde pairwise,
g ond so on...

Area ~ (A—S]stn . ori%i'naﬂ_

Details can be found in K. Falconer’s book ‘The Geometry of Fractal Sets’, Section 7.2, or
in T. Tao’s Math 245B Fourier restriction course, Lecture Notes 3.

Proof of Proposition 3.7.4|Let M > 0. There exists a Kakeya set K as in the above con-
struction, with

1
K|l < —.
K] <

This Kakeya set K comprises of 2" triangles (for some appropriate n € N), emanating
from a common base. All these triangles have base length 27", and height 1. Moreover,
the directions of any of the central axes of these triangles are 27 "-separated. So, if for
each of these triangles A; we consider the tube T;, with the same central axis as A;, but
with half the base and half the height, then we get a collection of 2" tubes, which are
27 "-separated and have dimensions %2*" X %, and are all contained in K. Therefore,

277/7 1
\i_UlTZ-!sM.
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We have not chosen the notation T; by chance: each T; is the ‘reach’ of a tube T;. We
‘thin” each T;, by multiplying all their widths by the same appropriate constant, so that
T;, overall i = 1,...,2", are pairwise disjoint. This is easy to achieve: if the bases of
two tubes TZ,T] do not overlap, then it is trivial that the 7;,7; do not meet either, as
their directions point outwards; if the bases of the tubes T, Tj overlap, then we use their
angular separation to see that further away they will be disjoint.

Therefore, the family T := {T; : i = 1,...,2"} is a disjoint family of 2" tubes, which are
27 "-separated and have dimensions c27" x % Therefore,

Uri- Y~

TeT TeT

It follows that .
UTl<+ U7
Ur<ar 1l

There exists R so that R~%/2 = 27", Dilating the space R? by R, we obtain a family T
of R1/2 tubes, which are RY 2—separated and have dimensions cR~1/2 x £ 5o that their

— 27
reaches 7T’ satisfy
= 1
U= 51U T
TeT M TeT
We slightly adjust the sizes of the original tubes to get our desired statement. This is left
as an exercise.

52



CHAPTER 4

The Kakeya conjectures

We have so far seen that, if we start with a function f supported in a small neighbour-
hood of a sphere, we can chop it up in its pieces fg, each supported on a different spher-
ical cap 0. By the uncertainty principle, fo is a sum of waves, each evolving inside a
different tube, dual to 6. As 0 varies, the corresponding dual tubes change direction. So,
in total, we obtain a big family T of tubes, so that f is a sum of waves, each evolving
inside a different tube of T. Whenever any tubes of T meet (which can only happen if
they have different directions), the waves that they carry interfere with each other - and
understanding this interference leads us to understanding 7.

It appears therefore that, in harmonic analytic problems, tubes that point in different di-
rections appear naturally - and that understanding their overlap helps with the original
harmonic analytic problems as well.

Understanding the overlap of tubes that point in different directions is the aim of the
Kakeya conjectures. These conjectures aim to control the quantities

J(zv)

for different p (for any family T of §-separated § x --- x § x 1-tubes in R"), and aim to
show that, in some appropriate sense, such tubes behave as if they are disjoint.

This of course needs to be explained (if only to understand why it doesn’t contradict the
existence of Kakeya sets of measure 0, which played an important role in the proof of
Fefferman’s ball multiplier theorem).

In this chapter, we will focus on the Kakeya set conjecture (which, if true, implies that
Kakeya sets have full Hausdorff dimension) and on the stronger Kakeya maximal operator
conjecture.

4.1. The Kakeya set conjecture

It all started in 1917, when Soichi Kakeya asked the following question:

Kakeya, 1917: How much area do we need, in order to continuously rotate a needle in
the plane in all 360°7?

Shapes within which such continuous rotation is possible are a disc of diameter 1, and an
equilateral triangle of side-length 1. The triangle has smaller area than the disc. Kakeya
had come up with a third space of even smaller area with this property, the deltoid.
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delboid

He believed that in fact the deltoid is optimal, in the sense that it achieves the smallest
area in which rotation of the needle in all directions is possible. He was quite wrong:

Besicovitch, 1919: We can continuously rotate a needle in all 360° in as little area as we
like.

In fact, if we don’t insist for the rotation of the needle to be performed in a continuous
manner, the above can even happen in zero area.

DEFINITION 4.1.1. (Kakeya set) A Kakeya set in R" is a compact subset of R", which contains
a unit line segment in every direction.

THEOREM 4.1.2. There exist Kakeya sets in R™ of Lebesgue measure 0.

Sketch of proof. There are several constructions of such sets, such as the following by
Kahane: in R?, take C x {0} and C x {1}, where C is the middle thirds Cantor set. Connect
with line segments every point of C' x {0} with every point of C' x {1}. The union K of
these line segments (united with appropriate O(1) rotations of itself) is a Kakeya set in
R? with measure 0. Moreover, for any n > 3, the set K x R"2isa Kakeya set in R" of
measure 0.

O

Even so, it feels that Kakeya sets should still be large: for every direction in "~ (that
is, for an (n — 1)-dimensional worth of directions), there exists a full unit line segment
(1I-dimensional) within K in that direction. In other words, it feels that the dimension
of any Kakeya set in R" should be (n — 1) + 1 = n, at least for an appropriate notion of
dimension.

CONJECTURE 4.1.3. (The Kakeya set conjecture) Every Kakeya set in R™ has Hausdorff (and
thus Minkowski) dimension equal to n.

Note that this conjecture is interesting exactly because there exist Kakeya sets in any
dimension with Lebesgue measure 0. Indeed, for any Kakeya set K with A\(K) > 0, we
automatically know that dimg K = n (and thus dimy; K = n).
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— Focusing on the Minkowski dimension. Let K be a Kakeya set in R". In order to
show that K has Minkowski dimension n, we wish to show that, even though K may
have volume 0, any J-neighbourhood of K has relatively large volume. In particular:

Kakeya set conjecture: |K°| X 1 for every § > 0.

To achieve this, we want to use the fact that K contains a unit line segment in every
direction.

This implies that K 9 contains a d-tube in every direction,

KS

where a J-tube is any tube with cross-section of diameter § and with length 1:

% > 1

¢ A sufficient condition. By the above, considering D to be any maximal set of -
separated directions on S"~! (by covering S"~! by O(1)-overlapping d-caps and con-
sidering their centres as the elements of D), we see that in particular the -tubes with
directions in D live inside K°.

Therefore, K° contains a maximal family T of -separated d-tubes. Note that

surface area of S" 1 1
surface area of a §-cap o7~

4T = #D =
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Therefore, in order to show that dim,; K = n, it suffices to show that, for any § > 0 and
any maximal family T of §-separated /-tubes in R", it holds that

’UT’gL

TeT

e A necessary condition. We will now see that the above condition is also necessary.
Indeed, consider any maximal family T of J-separated d-tubes in R". Then, every T' e T
contains a line segment of length > 1 in every direction e € S~ with |e — e(T)| < 6.

Therefore, | Jp.y T’ contains a Kakeya set. So, for the Kakeya set conjecture to hold, it
is necessary for any é-neighbourhood of | J,.y T" to have volume g 1. However, this 4-
neighbourhood is in turn contained in 2| ;. 7" (for small §, which are anyway the ones
that matter).

We conclude that, if the Kakeya set conjecture holds, then necessarily ’2 Urer T’ <1,

Ul

TeT
for any § > 0 and any maximal family T of /-separated é-tubes in R".

and hence

We have thus found an equivalent form of the (Minkowski version of the) Kakeya set
conjecture.

CONJECTURE 4.1.4. (The Kakeya set conjecture, an equivalent formulation) For any
d > 0, any family T of §-separated -tubes in R™ satisfies the estimate

‘UT’%I.

TeT

— Let us now understand the conjecture a little better. The quantity 1 on the right-hand
side equals

1

1= 5n—1

0" ~ #T - (volume of each tube in T) = Z T,

TeT
the sum of the volumes of the tubes, which is equal to the volume their union would
have if the tubes were pairwise disjoint.

So, the Kakeya set conjecture claims that, for any maximal family T of §-separated -

tubes in R",
‘ U T‘ Nl
TeT TeT
This seems counter-intuitive, as in fact the reverse inequality

( g T‘ <1

TeT TeT
trivially holds: the volume of the union is at most what it would be if the tubes were
disjoint. What the Kakeya set conjecture claims is that ’ Urer T ‘ is still comparable to
the bigger quantity > .. |T|, if we are not bothered to ‘slightly” decrease > ;. |T'| by
multiplying it with a power of (log 3) . In particular, it claims that there exist constants

¢n, Cp > 0 so that
Cn
1
‘UT‘>cn< ) T

1
log 5 TeT

56



The same is conjectured to be true for any family T of J-separated J-tubes in R", whether
it is maximal or not. We thus write a final form of the Kakeya set conjecture.

The Kakeya set conjecture. For any § > 0, any family T of d-separated §-tubes in R"

satisfies
’ U T’ ~ S |T.

TeT TeT

Moral of the Kakeya set conjecture: Tubes that point
in (truly) different directions behave as if they are disjoint,
in that their union is not too much smaller (in the ~
sense) than what it would be if they were disjoint.

The Kakeya set conjecture is only known in dimensions n = 2 (Davies, 1971) and
n = 3 (Wang and Zahl, 2025).

4.2. The Kakeya maximal operator conjecture

We will now see a stronger conjecture than the Kakeya set conjecture, known as the
Kakeya maximal operator conjecture. This conjecture claims again that tubes that point in
different directions should behave as if they are disjoint, but this time in terms of their
overlap.

In particular, let § > 0 and let T be a family of §-separated J-tubes in R™. Let us slowly
formulate the conjecture.

¢ Roughly speaking, the conjecture will claim that, in principle, < 1 tube of T will pass
through each point of R™.

e For every z € R",

Z x7(x) = #{tubes in T through z}.
TeT

Thus, a way to understand whether few of many tubes pass through z is to compare the

quantities
P 1
(Z XT(SU)> and (Z XT(@)

TeT TeT

for some p > 1. These quantities are equal exactly when either 0 or 1 tubes pass through
x, however they start to differ significantly the more tubes pass through = (with the p-th
power becoming much larger than the 1-power). Similarly, the quantities are comparable

in the ~-sense, i.e.
P 1
(Z XT($)> ~ (2 XT<37)> :
TeT TeT

exactly when 5 1 tubes of T pass through z.
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e The Kakeya maximal operator conjecture states that, for p = "4 (which is > 1), it
indeed holds that

Py 1
(Z XT(x)) A (Z XT(x)) for ‘most’ z € R",

TeT TeT
and that therefore indeed < 1 tubes of T should pass through ‘most” x € R"™.

Precisely, it claims that

P 1
LER" <7;T XT(x)) dr ~ LER" (7% XT(:U)) dzx.

¢ Observe that the > direction is trivial: it always holds that

n

iy 1
(Z XT(IL“)) > (Z XT(x)) for all z € R",

TeT TeT

hence

o 1
LeRn (TZE;T XT(JZ)> dr > LER" (T;T xﬂx)) dz.

Therefore, the interesting direction is the opposite one: to show that, even though the
LHS is larger than the RHS, we can still reduce it enough by multiplying it with an

appropriate power of (log %) ~! so that it falls below the RHS. Therefore, the essense of
the Kakeya maximal operator conjecture is the claim that

_n_ 1
n—1
J (Z XT($)> dx < f (Z XT(ZL‘)) dx.
eR™ \ e zeR™ \ 1o
o Finally, we observe that the RHS equals
f (Z XT) = Z JXT = Z |T| = #T . 5" L
TeT TeT TeT

We are now ready to formulate the conjecture.

The Kakeya maximal operator conjecture. For any § > 0, any family T of /-separated
d-tubes in R" satisfies

n

[(Z)™ s#reome

TeT

As we have already explained, the > direction trivially holds.

Moral of the Kakeya maximal operator conjecture: Tubes that point
in (truly) different directions behave as if they are disjoint, in the sense
that, in principle, < 1 tube of T passes through each point of R".
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The Kakeya maximal operator conjecture is only known to be true in R? (Cordoba,
1977).

— Remark: The Kakeya maximal operator. It is probably unclear to the reader where
the expression “‘maximal operator” is coming from here, as there is no maximal function
featuring in the above analysis. It turns out that there exists an equivalent formulation of
the conjecture, that involves the Kakeya maximal operator (or function).

In particular, for any § > 0, the Kakeya maximal operator K° is an operator that maps
any measurable function f : R” — R to the function K f : S"~! — [0, +oo], with

Kof(e) := sup STm, foralle e S" 1.
o-tubes T'||e |T|

In other words, K° f, evaluated at the direction e, gives the largest average of | f| on any
d-tube in R™ that points in direction e. The original formulation of the Kakeya maximal
operator conjecture states, for every n > 2, K° is a bounded operator from L"(R") to
L™(S"1), and in particular that

(16) |K°flln S Ifln forall fe L™(R™).

Now, L"-boundedness of the operator K° is equivalent to L7"1-boundedness of the dual

operator (as -5 = n’). When one finds the dual operator (which is easy), it is not too

hard to show that its L7-T-boundedness is equivalent to our formulation of the Kakeya
maximal operator conjecture. Therefore, our formulation (which involves only counting
how often tubes in R" that point in different directions meet) is equivalent to (L6), for
any dimension n > 2.

O

4.3. Kakeya max — Kakeya

The Kakeya maximal operator conjecture implies the Kakeya set conjectrure. We will
here prove this implication for the Minkowski dimension version of the Kakeya set con-
jecture. There exists a proof for the Hausdorff dimension version as well, however it
is more complicated and uses the Kakeya maximal function formulation that we just

discussed (so we choose not to present it here)

PROPOSITION 4.3.1. The Kakeya maximal operator conjecture in R™ implies the Kakeya set
conjecture in R™. In particular, it implies that Kakeya sets in R™ have Hausdorff (and Minkowski)
dimension n.

Proof for Minkowski dimension. Let n > 2. Let § > 0 and let T be a family of J-separated
d-tubes in R", for which

n

a7) | ( v XT> g uT o ( = |T|)-

TeT TeT

We will show that

(18) Jrlz X

TeT TeT

1Details can be found in Wolff’s lecture notes, p.74.

59



Indeed, we begin with our desired RHS and aim to bound it by the LHS above:

TZE;TT| = %fXT = f (%XT)

1

Hcs%aer“<T§TXT>ﬂ] B “UT:Z

TeT

n—1

2(xm) " yr

TeT TeT

1
n
’

and, by rearranging,

1 1
(Zim1)" <[]
TeT TeT
which is the desired estimate (18).

4.4. The Kakeya maximal operator conjecture holds in R?.

When n = 2, - = 2and 6"~ = 4. So, the Kakeya maximal operator conjecture states

that )
f(Zm) S #T-5,

TeT
for all § > 0 and every family T of J-separated §-tubes in R2.

It turns out that this can be easily proved, exactly because the power "5 is an integer,

and thus has a combinatorial interpretation (in this case, what we essentially need is
that, if we have n objects, n? is the number of pairs of these objects). The argument also
involves a dyadic decomposition, something very common in harmonic analysis.

THEOREM 4.4.1. (Cérdoba, 1977) The Kakeya maximal operator conjecture holds in R?. It
follows that Kakeya sets in R? have Hausdorff (and Minkowski) dimension equal to 2.

PROOF. Let§ > 0and let T be a family of §-separated d-tubes in R%. We wish to show

that
f(;KQ s#10 (= 2i).

TeT

By expanding out the square in the LHS, we obtain

J(2) = [(Zw) ()

TeT T'eT

= Z J XTXT" + Z J XTXT'

(T,T7)eT?: T£T' (T,T")eT?: T=T"
- > T AT+ ) |T).
(T,T")eT?: TAT' TeT

We have thus split into diagonal terms (I' = 7”) and off-diagonal terms (I" # T”). The
contibution of the diagonal terms is

DT (=#T-0),
TeT
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which is our desired RHS. So, the diagonal terms are harmless, and it remains to show
that the off-diagonal contribution is just as small (up to logarithms); that is, to show that

> T AT| SH#T-6
(T,T")eT2: TT"
as well. It is easy to see that, for any two d-separated d-tubes T, 7" that intersect,
52
TnT'| < —,
a

where « is the acute angle between the directions of the two tubes (with equality in the
~-sense if the tubes fully intersect). In other words,

, 5
(19) > TAT|< )] > Anglo(TT7)

(T,T")eT2: TAT TeT T'eT: T'#T
For any given tube T, the acute angle o at which any other tube in T can meet T is in the
interval [§, 7/2]. We split this interval into M dyadic groups [6, 25), [24, 2%5), [229, 236),
., [2M715,2M5), where 2M§ is the smallest dyadic multiple of § larger than 7/2. This
means that the number M of groups satisfies

oMs ~ 1,
andthusﬂ .
~ log - ~ 1.
og6

Therefore, for every fixed T'e T,

52 % 3 52
AcglalT TH ks
retier Angle(T) =, Angle(TT7) € 216, 285 20

(20)
M 5
~ ), #{T e T Angle(T,T') ~ 253} - .

It remains to see how many 7" € T can contribute to the inner sum above, that is, to
control

#{T" € T: Angle(T,T") ~ 2"5}.
These tubes are as many as their directions (as their directions are distinct). Now, these
directions all create angle ~ 2% with the direction e(T) of T, therefore they lie in an arc
of S! with length ~ 2*§ (and centre ¢(T')). At the same time, they are J-separated along
this arc; so they are in total

- length of the ~ 2¥§-arc ~ 2%§
N J J

Hence,
#{T" €T : Angle(T,T') ~ 286} <2, k=1,...,M.
Substituting this into (20), and recalling that M ~ log 3, we deduce that, for every fixed

TeT,
52

M 5 1
> Z . — = Mé~log=-8~ 4.
2k
T'eT: T'#T Angle T T, k=1 o

2This practically means that, even though there are many different angles at which tubes 7 € T can
intersect T', if we pretend that powers of log % are unimportant, it is as if all 7" intersect T at practically one
angle, so the calculations should be easier.
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Adding over all T' € T and recalling (19), it follows that the off-diagonal contribution is
also small:

> ITAT|S >, 6=#T-4

(T, T")eT2: T#AT" TeT
as desired.

O

1

In any dimension n > 3, the exponent —"5 in the LHS of the Kakeya maximal oper-
ator conjecture is not an integer, so it does not automatically grant the conjecture a
combinatorial flavour.

Of course, the real reason why the conjecture is harder to solve in higher dimensions
is that, the higher the dimension n, the less we expect that tubes pointing in different
directions should meet. This is reflected in the fact that - decreases as n increases.

4.5. The Kakeya problem in finite fields

As we have seen, the Kakeya set conjecture claims that, for any § > 0 and any maximal
family T of J-separated é-tubes in R", the tubes in T behave as if they are disjoint, in the

sense that
‘ U T‘ ~ M.
TeT TeT

The fact that the tubes have width really complicates matters, because the overlap of any
two tubes that meet depends on the angle between them. This is not true for lines: any
pair of intersecting lines meet at only 1 point.

We would therefore like to create an analogue of the problem in another appropriate
universe, where every J-tube has been replaced by a line, and every d-cube by a point.
However, every d-tube in R” can be covered by ~ % essentially disjoint 6-cubes. So, every
line in X must consist of ~ + (and hence finitely many) points. We are thus looking for a
space X so that:

=%
=<

3-cube point
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It follows that an appropriate universe X for the above to work is F”, where F is a finite
field with

1
#E ~ .
Indeed:
e In this universe, every line is of the form
lag = {@+th: teF}
for some @ € F" and some b € F"\{0}, where @ is a base point of the line (that is, a point

though which the line passes), and bis the direction of the line. Therefore, each line in F"
consists of #F ~ % points.

e The desired analogies with the Kakeya set conjecture in R" continue to hold in terms
of the number of directions involved:

— In R", we consider an arbitrary maximal family of §-separated J-tubes, hence the
directions involved are ~ 6”%1 (as many as the §-caps needed to cover S*1).

— In F7, there exist ~ #F" 1 (~ 57}71) distinct directions:

o the directions b = (by, ..., b,) € F" with b, # 0, which via rescaling (multiplying
each such b with the scalar b, ! € F) become vectors on the hyperplane F"~* x {1},

and
o the directions b = (b1, ...,b,) € F* with b, = 0, which live on F*~! x {0}.

/ R P iy

Y VR

By the above, the analogue of the Kakeya set conjecture in finite fields should be as
follows (replacing é-tubes in all J-discretised directions in R™ with lines in all possible
directions in F"):
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Let F be any finite field, and let £ be any family of lines in ", which contains one line in
each direction. Then,

1) #(Ue) ~ Y e
lel el

Note that the reason we propose ~ in this discrete setting, rather than ~, is that, in the
Kakeya set conjecture we expect the logarithmic losses of } to come only from the fact

that the tubes have thickness (which forces their overlap to depend on their angleﬂ In
the case of lines this is no longer the case, so we expect no logarithmic losses in terms of

4T.

Now, the RHS in equals the number of lines in £ (i.e., the number of distinct direc-
tions in F") times the number of points each line in F" can contain (i.e. #F). In other
words,

DUHL = HLHF ~ #F - H4F = #F"

el

Therefore, the Kakeya set conjecture in finite fields should claim that

#(J¢) ~#r,

lel

that is, that a set containing a line in each direction should cover a definite proportion
of the whole space F".

We are now ready to formulate the analogue of the Kakeya set conjecture in finite fields.

DEFINITION 4.5.1. (Kakeya sets in finite fields) Let F be a finite field and n > 2. A Kakeya
set in F" is any subset of F™ which contains a line in each direction.

CONJECTURE 4.5.2. (The Kakeya conjecture in finite fields) Let n € N. Then, there exists
a constant ¢, > 0, which depends only on n, so that

#K = Cp #]Fn7
for every finite field F and any Kakeya set K in F".

The finite field Kakeya conjecture was proposed by Wolff in the 1990s, and was
solved by Dvir in 2008. Dvir’s solution induced a revolution in the areas of discrete
geometry and harmonic analysis, because the method that he used was algebraic,
and therefore revealed that the Kakeya problem (and thus related questions, such as
the Fourier restriction conjecture) have an underlying algebraic nature. This was a sur-
prise, as the statement of the Kakeya conjecture doesn’t seem to have anything to do
with algebra.

Dvir’s solution was based on the polynomial method, which was first developed in the
early 1900s in the context of number theory and had been later used in the 1980s in
computer science. Dvir, a computer scientist himself, applied it in discrete geometry.
Since then, it has been further developed to have numerous applications in incidence
geometry, harmonic analysis and geometric measure theory.

3Recall from the proof of the Kakeya set conjecture in two dimensions that indeed the log(3) factor
came from the fact that we split dyadically the range of angles at which any two J-tubes can meet, and the
number of these dyadic groups was ~ log( ).
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4.6. The polynomial method: the basic idea

The basic idea behind the polynomial method is the following.
Suppose that we wish to count points in some finite set S < F" (where F is any field).

To that end, it might help to find a non-zero polynomial p € F[zy,...,z,], of low degree,
which vanishes on S.

(thatis, so that S € Z, := {Z € F" : p(Z) = 0}).

This surface 7, can perhaps reveal a lot of hidden structure that we couldn’t see before,
and this may help us count our points. Indeed, in the case where S lives on some lines
provided by our problem (e.g. the case of Kakeya sets), then:

For every line ¢, pj, is a polynomial of one variable; so, it is either the zero polynomial (in
which case ¢ = 7)), or it has < degp; < degp roots (in which case # (5 n () < degp).

In other words, either ¢ contains a small number of points (quantitative information about
S), or £ fully lives inside the zero set Z, of p (structural information).

Therefore, the original problem of counting the points of S reduces to counting the points
of S that live in lines fully inside Z,. This is much stronger information than the one we
started with (which was that simply S lives inside 7).

We can then study each point z in S n Z,, using the structure of the algebraic surface 7,
(for instance, according to whether the tangent space to 7, at = exists or not). So:

General polynomial method strategy: To count points in some set S that lives on
lines in a family £ within some F":

1. Find a low-degree non-zero p € F[z1,...,x,] that vanishes on S.
2. Check how the vanishing property propagates across the lines in L.
3. Exploit the structure Z,, reveals to count the points in S.

4.7. The proof of the finite field Kakeya conjecture

Dvir’s solution was based of the following.
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LEMMA 4.7.1. (Dvir’s vanishing lemma) Let F be an arbitrafy field, n € N, and S be a finite
subset of F". Then, there exists a non-zero polynomial p € F|x1, ..., x,], with degp < #Sn
which vanishes on S.

We emphasise that the implicit multiplicative constant here depends only on the dimen-
sion n, and not on FF or S.

Observations.

e The upper bound ~ #S%" on the degree of the vanishing polynomial depends only on
the number of points of S (and the ambient dimension n), but not on how S is distributed
in space.

e The upper bound ~ #S/™ on the degree of the vanishing polynomial decreases as the
dimension n increases.

For instance, let a; < a2 < ... < a,,, be m points in R. Let S := {ay,...,an}, a subset of
R:

0-1 0.3 rt d.m

We know that every p € R[z] that vanishes at ay,...,a,, has to be divisible by = —
ai,...,r — apy. Therefore, the non-zero polynomial p € R[z]| of minimal degree which
vanishes on § is (any scalar multiple of) (z —ay) - - - (* —a;,), which has degree m = #S*.
So, for n = 1, the upper bound ~ #5 1 on deg p cannot be decreased.

However, we may view S as a subset of R? as well (that is, we can consider S =

{(a1,0),...,(am,0)}):

Then, we see that the non-zero polynomial p € R|z, y]|, with p(z,y) = y, vanishes on S,
and has degree 1 (which is much smaller than #5).

e When S is a grid of points in R", it is easy to see that there indeed exists a non-zero
peR[zy,...,x,], with degp < #S5V/, vanishing on S.

For example, in R? we consider S = B x C, where B = {b; < ... < bﬁ} and C = {c; <
.. < ¢ /m}, for some square m € N:
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Then, #S = m, and a non-zero p € R[z, y] that vanishes on S is
p(a,y) = (@ =b1) - (2 = bym),
which has degree /m = #S5'/2. Indeed, it is easy to see that

Jm
Zp = U{(%y) D x = b},
i=1

the union of the vertical lines passing through (b1,0), ..., (b /s, 0).

— Before we proceed to the proof of the vanishing lemma, we clarify what we mean by
zero polynomial.

DEFINITION 4.7.2. We say that a polynomial p € F|z1,. .., x,] is the zero polynomial if all of
its coefficients are O (that is, if it is the zero element of the ring Flxy, ..., xy]).

For F = R, this is the same as saying that p vanishes on the whole of R". However, in
tields with positive characteristic, it is possible for a polynomial to vanish on the whole
of F" without being the zero polynomial, i.e. with having at least one non-zero coefficient.
An example is 2P — = € Zy[z], which, by Fermat's little theorem, vanishes at every z € F,
while it is clearly not the zero element of F[z].

With this definition, we are now ready to prove one of the simplest statements at the core
of the polynomial method.

LEMMA 4.7.3. If a polynomial p € Flzy, ..., x,] vanishes along a line { = (_ y (strictly) more
than deg p times, then the one-variable polynomial

-,

Pe(t) = p(@ + 15) € F[1]

is the zero polynomial (i.e., the zero element of F[t]).

Note that in this case p vanishes at every point of /. However, what the lemma asserts is
the stronger statement that all of the coefficients of p|, are 0.

PROOF. Itis easy to see that deg p, < degp. Therefore, if the one-variable polynomial
p|¢ has more than deg p > deg p), roots, then it is the zero polynomial (by the fundamental
theorem of algebra). O

PROOF OF DVIR’S VANISHING LEMMA. Let S := {yi,...,yn} be an arbitrary finite
set in F". We wish to show that there exists a non-zero p € Flxz1,...,z,], with degp <
m!/", that vanishes on S.
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A general polynomial p € F[z1,...,2,] of degree at most d is a sum of monomials of
degree at most d, i.e. has the form

— ai a
p($17...,$n) - Z Cal,...,anxl xnn
ai1+...+an<d

for some coefficients c,, ... 4, € F. We want to find d as small as possible and coefficients
Cay,...an € F, notall zero, so that

(22)

p(ym) = 0.
Then, the corresponding polynomial p will be non-zero, and will vanish on S.
For each j = 1,...,m, the equation p(y;) = 0 is a linear equation with unknowns the
coefficients cq, .4, (as the variables 1, ..., z, have been replaced by the precise values

of the coordinates of the point y; € ). Therefore, is a system of m linear equations,
with unknowns the coefficients, which are as many as the elements of the set

{(ar,...,an) €ZEy: a1 + ...+ a, < d},

and thus (":d) in total.

A system of linear equations has for sure a non-trivial (i.e. non-zero) solution if

# unknowns > # equations.

Therefore, our system of m linear equations with (d:”) unknowns has a non-trivial so-
lution if
d+
(23) ( ”> > m.
n

That is, for any d satisfying (23), there exist coefficients ¢, .. 4, € F, that are not all zero,
so that the corresponding polynomial p vanishes on y, ..., ym,. This p is non-zero (as it
has at least one non-zero coefficient), and has degree at most d.

In other words, for any d within the range of (23), there exists anon-zerop € Flz1, ..., z,],
with degp < d, that vanishes on S. To complete the proof, we apply this for d as low as
possible in the range (23). In particular,

<d + n) -
n
therefore the smallest d satisfying also satisfies that
d* ~m — d ~m'm,
Therefore, there exists a non-zero p € F[z1, ..., z,], with degp < m!/" = #S5'/7, vanish-

ingon S.

O

We now present Dvir’s proof to the finite field Kakeya conjecture.

THEOREM 4.7.4. (Dvir, 2008) The Kakeya conjecture holds in finite fields. That is, for every
n € N, there exists a constant c,, > 0, which only depends on n, so that

#K = ¢, - #F"
for every finite field F and any Kakeya set K in F".
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PROOF. Letn > 2, F a finite field, and K a Kakeya set in F". Assume for contradic-
tion that

(24) #K < c,#F",

for a constant ¢,, > 0 that will be determined soon.

Proof strategy: We find a polynomial p of very low degree, which vanishes on the lines
in K. The degree can be very low due to Dvir’s vanishing lemma, as we are assuming
here that K itself is very small. Then, we will show that another polynomial H,, with the
same degree as p, vanishes on all the translations of these lines through 0 € F", and therefore
vanishes on the whole of F". It turns out though that the degree of H,, is too small for
this to be possible (just like a low-degree polynomial in one variable cannot have too
many roots).

Greate Qnu-:lea(ee P Geate Qou-clea(ee H?
vo.nisﬁning on all ﬂi'ﬂés m K vo.nisﬂlinj on all ﬂ(nes {Q\TOIL%D’ 0

= HP vanishes wer\lswf\m. Bul ...

. 9 s 0
. °
] ® 9
P
 § ° ° o Y ° ®
o °
o ®
°
¥ °
o L ] L ® L ® ™y
™

& Too Low degree for this o be true!

e 1st step: Find a polynomial of low degree vanishing on the points we want to count.
By Dvir’s vanishing lemma, there exists a non-zero p € F[xy, ..., z,], with

degp < Cn#Kl/n < Cncyll/n - #F,

vanishing on K (where C,, is a constant depending only on n). We now fix ¢, to be so
small that C,,ci/™ < 1. Then,

(25) degp < #F.

¢ 2nd step: See how the vanishing property propagates to the lines carrying the set. Let
£ be a line with ¢ € K. Since p vanishes on K, it also vanishes on ¢, which consists of #[F
points. So, p vanishes on £ more times than its degree, and thus
p|g =0¢€ F[t]
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e We study more carefully what this implies. Let H, be the homogeneous part of p of
largest degree (that is, deg p). In other words, we know that

d d d d
p(xlv"‘vxn> = 2 Cdl,-.‘,dnxll Xyt Z Cd1,...,dnm11 SR

di+...+dp=degp di+...+dp<degp

for some coefficients ¢4, .. 4, € F. We define
. d d
Hy(x1,...,2zp) = Z Cdyodn @ T
di+...+dn=degp

This is a homogeneous polynomial in F[x, ..., z,], with deg H, = degp. We will now

show the following:

If p|, is the zero polynomial, then H), vanishes on the direction of the line /.

i BT O Flt @ @— Iy (B) = 0
2,0

‘“f H? ﬁwmosmews

"P vanishes on the Loanslatien

04 'Qﬁ.",_l: {—hrmuak 0

b
A\
\. . 0 L ] IO
\
\q & 0
‘Q_‘:—i: \
b .
\
» [ ]

Indeed, consider the line
KEE: {6+tb: tEF},

which has direction b € F\{0} and passes through @ € F”. We will now show that

-, -,

(26) p@@+th)=0eF[] —  Hyb) =0.

The reason is that Hp(l;) is the coefficient of t4°¢? in the expansion of p(a + th) as a poly-
nomial in ¢ (and must therefore vanish, as the latter is the zero polynomial). Indeed,

=,

p(@+tb) = play +tby,...,an + tby)
= Y caa(ar + b)) (an + thy)
di+...+dn<degp
Therefore, the coefficient of t4°3? on the RHS equals
2 Cdy,d UYL+ - D = Hyp (D).
di+...+dn,<degp
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=,

And since p(@ + tb) is the zero polynomial, it follows that

-

H,y(b) = 0.

e We combine the last two bullet points: For every line /_ ;- that is contained in K, it holds

that H,(b) = 0. And since H), is homogeneous, it vanishes on the whole line through 0 in
direction b. In other words:

If a line is contained in K, then H,, vanishes on the translation of the line through 0.

e Since K is a Kakeya set, it contains a line in any direction. Therefore:

H,, vanishes on all the lines of " through 0, and thus on the whole of F".

e However, H), has too small degree for this to be possible (and this leads us to a
contradiction). Indeed, the Schwartz-Zippel lemma guarantees that a polynomial in
F[z1,...,z,] cannot vanish at too many points if it has small degree:

LEMMA 4.7.5. (Schwartz-Zippel) Let g € F[x1, ..., x,] be a non-zero polynomial. Then,
#7, < degg - #F" 1.

We will not prove this, but let us discuss it:

— For n = 1, this is known: it says that a polynomial of one variable can have at most
as many roots as its degree.

— For n > 2, observe that #F" ! is the cardinality of any hyperplane in F". Therefore,
deg g - #F" ! is the cardinality of deg g parallel hyperplanes in F”. So, the Schwartz-
Zippel lemma states that g can have at most as many roots as it would have if it was a
product of linear terms. (Note that the zero set of the polynomial (z,, —a1) - - (x,, — am,)
is the union of m horizontal hyperplanes, F*~! x {a},...,F"1 x {a;,}.)

o

>

o de")%
) deg y hyperplones,

5 2 whose union is 23.

Returning to H,: By the Schwartz-Zippel lemma, H), can have at most
@)
deg H, - #F" 1 < degp - #F" 1 < #F . #F"~1 = #F"
roots inside F"”, so it cannot vanish on the whole of F".

This is a contradiction to the previous bullet point. The contradiction is due to the fact
that degp < #F, which followed from our initial assumption (24) that

#K < cp - #F"
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for some constant ¢, depending only on n. It follows that, for the constant ¢, in this
proof,
#K = cn - #E",

for every finite field I, and every Kakeya set K in F".
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CHAPTER 5

The Fourier restriction conjecture

5.1. The Fourier restriction problem: the basics

We know that, for all p € [1, 2], the Fourier transform of any LP-function is well-defined.
However, there is a crucial difference between the two extremes, p = 1 and p = 2:

For any f € L'(R™), f is well-defined pointwise, via the formula

~

fle) = fe—%“@@ fx)dr,  EcR”,

and is in fact a continuous function. Therefore, f makes sense on any subset of R™ of
measure 0.

On the other hand, for any f € L?(R"), f is defined as an L?-limit via density of Schwartz
functions in L2(R"), and is thus defined almost everywhere (in other words, it is a whole
equivalence class of functions that are equal a.e.). Moreover, -~ : L?(R") — L?(R") is
onto, therefore f can be any L2-function in this case (so, we cannot expect it to satisfy

additional agreeable properties, such as continuity). So, in general, f cannot be mean-
ingfully restricted on any subset of R™ of measure 0.

For every intermediate p € (1, 2), the Fourier transform is again defined via density of
Schwartz functions in LP(R") (or equivalently by writing every LP-function as a sum
of and L' and an L2-function, and adding up the corresponding Fourier transforms).
Therefore, for every f € LP(R"), fis again defined almost everywhere. Moreover, by
the Hausdorff-Young inequality, we know that > : LP(R") — L” (R™). However, this
time the operator - is not necessarily onto L” (R"), which means that we may expect f
to have some better properties, which would allow us to restrict it meaningfully on at
least certain subsets of R" of measure 0. Subsets of interest here are (compact patches of)
hypersurfaces 3 of R".

The Fourier restriction problem. For which p € [1, 2] and for which hypersurfaces
in R™ can we meaningfully restrict f on ¥, for all f € LP(R")?

Since ﬁg makes sense for all f € L!, but in general not for f € L?, we expect that, some-

where on the road between 1 and 2, ﬁ > should stop making sense. And, theoretically,
this threshold could change according to X.
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To even begin thinking about this question, we need to understand what fA’| s, could even
mean when f is not defined pointwise. We need to come up with a more ‘canonical’
definition, than simply choosing any values we wish for f on the 0-measure set ¥: this
would not be a meaningful restriction of fon X - on the contrary, it would be entirely
random. In particular, we need a definition of ﬁ s, that respects what happens when f is

well-behaved, e.g. an L!-function. For such functions f, ﬁz is clearly well-defined (as f
is defined pointwise). And, when f is close to some g € L”, we would like g, to be close

to J?IE' That is, for general g € LP we could attempt to define g|5; via density.

— How would we define ﬁg meaningfully, when fis defined almost everywhere?

Let p € [1,2] and X be (a compact patch of) a hypersurface in R". Denote by do the sur-
face measure on ¥ - that is, the Hausdorff measure H"~! restricted on the Borel subsets
of ¥ (multiplied with an appropriate constant). From now on, we consider X equipped
with the measure do.

Since all Schwartz functions are in L!, f x; is definitely well-defined (pointwise in fact)
forall f € S(R™).

Idea: Suppose that there exists some g € [1, +0] so that
(27) IFisliaes) < Cxpal flirany,  forall £ € S@R™).
Then, we can meaningfully define f s forall f e LP(R").

PROOF. Let f € LP(R™). There exists a sequence (gi)xen of Schwartz functions, with

— ny — 0.
lgk — fllLr@n) P

Since (gi)ken converges in (LP(R™), || - |), it is a Cauchy sequence in (LP(R"), | - |,). Due
to @7), (Gk |s;) ey 18 also a Cauchy sequence in (L4(X), | - [4). And since (L4(2), ] - [,) is

a Banach space, it follows that there exists f € LI(2) so that

Hg/;c = — fHLq(Z) m 0.

Given this, it makes sense to define

)
™M

i
)
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This is what one naturally perceives as the restriction of fon ¥, and itis an L-limit with
respect to the surface measure do of X (so, it is defined almost everywhere on ¥ with

respect to this measure)

O

Observe that, to be able to meaningfully restrict fonXforall f € LP(R") (at least via the
above argument), we need (27) to hold for some q. The precise value of ¢ is not important.

In other words, we need there to exist some ¢ so that the operator ~ is bounded from
LP(R™) to L4(X). The important exponent is the p (which appears in the domain), not
the ¢ (which appears in the target space).

We are now ready to reformulate the restriction problem.

The Fourier restriction problem. Let ¥ be a (compact patch of a) hypersurface in R".
For which p € [1, 2] does there exist ¢ € [1, + ] so that

27) Hfm”m(z) < Cspq | fllLr@ny, forall fe S(R")?

(These are the p for which the Fourier restriction f s, makes sense, for all f e LP(R").)

The Fourier restriction conjecture (which we will not state yet) specifies the pairs (p, q) for
which should hold, according to how curved X is (that is, according to the number
of non-zero principal curvatures of ¥).

e For p = 1: We already know that, independently of %, f is defined pointwise (and is

continuous) for every f € LY(R"), so f x; is definitely well-defined. And indeed,
holds for ¢ = +00: by the triangle inequality, for every { € R",

~

£ < I,
SO
| Fleo < 1 £11-
This bound holds on the whole of R™ (the domain of f), so it holds in particular on >

[f 12l < 13-

e For p = 2: We know that, independently of 3}, there should not exist any meaningful

restriction of f on ¥ for general f € L?(R"). This means that there should not exist any
q € [1, +o0] so that

Ifizle < Clfl2  forall f e S(R™).

We will soon see a proof of this, via a dual formulation of the problem (which has to do
with the Fourier extension operator, rather than the Fourier restriction operator ~y,).

e By the Riesz-Thorin interpolation theorem, if holds for some py between 1 and 2,
then it should hold for all p € [1, pg|. Therefore, we are looking for that critical exponent
po, on the left of which holds, and on the right of which it doesn't.

To sum up:

11t was via a very similar argument that we extended the definition of the Fourier transform from
Schwartz functions to the whole of L?, using the Hausdorff-Young inequality instead of (27).
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for  which p€L1,21  does thee exist q(:f!,‘roo] so that

“%“q $ I, VfeSm) 7

fis  Push p as Euaik as Possil:ﬂe. ’
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.|
0 =/ 3

5.2. A dual formulation via the Fourier extension operator

Instead of thinking about boundedness of the Fourier restriction operator ~ £, We can
instead think boundedness of its dual operator. It turns out that this dual operator,
known as the Fourier extension operator, starts instead with functions defined on ¥, and
converts them into functions defined on the whole of R™.

DEFINITION 5.2.1. (The Fourier extension operator “do) Let S be a (compact patch of a)
hypersurface in R™, and let do denote the Lebesgue surface measure on 3. The Fourier extension

operator associated to ¥ is the operator ~do, which maps each g € LY(X) to the function gdo -
R™ — C, defined by

gdo(z) = f 27w 0(&) do(¢), forall z € R™.

%
[R,n
— G 3
W m "%
 }
: 3 — ¢ ;:G:Rn—*d:,

@ 9 - [ M<K 8> yde (3)
yex

Observe the following;:

e gdo is simply the inverse Fourier transform of g, with respect to the measure of the
surface on which g lives.

e While each g in the definition is defined on 3, which is (n — 1)-dimensional, the in-
verse Fourier transform gdo is defined on R", which is a higher-dimensional space (it
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has dimension n). This motivates the term ‘extension’ operator for the inverse Fourier
transform - do.

e Since ¥ is a compact set, it has finite measure o(2). Therefore, L!(2) contains all the

other spaces L”(X), for all p > 1. Therefore, " do, as defined above, acts on any LP(X)-
function, for all p > 1.

PROPOSITION 5.2.2. Let p,q = 1. The estimate

1 5lzas) < A1 |zo@e) forall f € LP(RY)
holds if and only if

1900 1 oy < A+ 90wy forall g L7 ().

PROOF. For every f € LP(R") and every g € L9 (),

T e(© @ do ) = | ( [ e s d:n) 370 do(e)

eyl

Fubini f <J o 2miEa) g(&) dU(f)) f(z) dz
zeR™ §ex

| r@ ([ o g9 dote)) da
LER" <Lez )
_ f () gdo(e) d.

Therefore, the Fourier restriction operator
Sy LP(RY) — LA(X)
is (well-defined and) bounded if and only if the Fourier extension operator
“do: LY(X) - L' (R™)
is (well-defined and) bounded, and their norms are the same.

O

Note that p € [1,2] if and only if p’ € [2,+0]. And increasing p as much as possible
is equivalent to lowering p’ as much as possible. Therefore, an equivalent form of the
Fourier restriction problem is the following.

The Fourier restriction problem. Let 3 be a (compact patch of a) hypersurface in R".
For which p € [2, +] does there exist g € [1, +00] so that

(28) |Fdo | oo @n) < Cpall flrags), for all f e LI(E)?

(These are the p for which the restriction J?IE makes sense, for all f e LP' (R™).)

e In this dual formulation of the problem, the exponent that matters is the p on the LHS,
and the aim is to lower is as much as possible. The g on the RHS doesn’t matter: as

soon as holds for a given p and for some ¢ on the RHS, then f|z makes sense for all
feLr().
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e We know that, independently of %, holds at p = oo (for some q), as the Fourier
transform of all L!(R")-functions can be restricted on ¥. A reality check:

o (2)] < j F(©)] do(€) = | flprmy forallz e R™,

and thus

|fdo|emny < [ flris), forall fe L'(%).
e For p = 2, we know that, independently of ¥, there does not exist any ¢ for which
holds, as otherwise we would be able to restrict the Fourier transform of all L?(R"™)-

functions on ¥. We will prove this in a moment in another way (see Proposition
below).

e By Riesz-Thorin interpolation, if holds for some py, then it holds in the whole
interval [po, +]. So, we are looking for the critical exponent py € (1, +0], so that
holds on the right of it, and fails on the left.

Summing up, the question is:

Yor qu\iC'I. P{;[‘_ﬁﬁq_«.] does thee enist c!ﬁ Cl,foo] so that

N
s, < 0, Ve i) ?

Am: Push p as low as Possibﬁ.e '

—> Understanding the extension operator. A way to perhaps simplify calculations and
our view of the extension operator is to parametrise 3. Without loss of generality, since
¥ is compact, we may assume that ¥ is the graph of some differentiable function h, over
the unit ball B"~1(0, 1) with centre 0 in R"~%:

Y= {(w,h(w)) : we B"1(0,1)}.

We may also assume that |[Vh| <s 1 on B"1(0,1) (where the implicit multiplicative
constant is allowed to depend on X), as otherwise we may split the compact set ¥ in
smaller, Ox;(1) patches, so that an appropriate rotation of each patch is indeed a graph of
a function with controlled gradient.

Then, we may think of every function defined on X as a function defined on the set
B""1(0,1) ‘below” %, instead. And, on B(0, 1), integration is easier in terms of calcula-
tions, as it is done with respect to the usual Lebesgue measure in R 1,
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Indeed, for any f € L!(X), a change of variables gives

Fio(z) = f SO f(€) do ()

e
MJ 2z, (w,h(w)) F(w, h(w)) V1 + [VA(w)]? dw.
weB™=1(0,1)

In the integrand, we have the modulation 2T, (W h(w))) multiplied with a function that

now only depends on w (which lives in R"!). We call this function g : R*~! — C:
9(w) i= f(w, b)) V1+ VA@E xproiop(®), weR™L
We have thus show that, for this g (which, given ¥, only depends on f),

f/d\a(w) = f 2@ @h@)) () dw, forall z € R™.
weRn—1

This is reminiscent of the standard inverse Fourier transform of g (in n — 1 variables), but

there is an important difference: in the phase function (the exponent of the exponential)

we have the inner product of the frequency = with the arbitrary element of ¥ (rather than

the arbitrary element of R"~!). And, of course, the frequencies z in question live in R”,

rather than R"~1.

We now go one step further: we write each frequency x € R™ as (2/,t), where 2’ € R"™1
and t € R. We may think in fact of ¢ as a time variable. And something interesting

happens when we fix a “time’ ¢ and think of the values fdo takes at that ‘time’ (that is,

when we consider the values of fdo on the horizontal hyperplane {z, = t} inside R"):
Foreacht e R,

f/C-i\O'(:E,, t) = f p2mia w) 62m’th(w)g(w) dw = g/t(x/)’ 2 e Rn—l’
weRn—1

where ¢, := 2™()g . R*~1 — C, and Y is the standard inverse Fourier transform on
functions defined on R~ 1.

In other words, the extension operator .]%( - ,t) of f at any time ¢ is the usual inverse
Fourier transform (in n — 1 variables) of a function g, that depends on f and X in a very

precise way. Specifically at time t = 0, fdo(-,0) = § = §(— - ).

This means that, at time 0 (that is, on the horizontal hyperplane {z,, = 0}), j% is simply
the inverse Fourier transform of ¢ (and g is a slightly altered version of f). So, the values

of % at time O fully determine f (via Fourier inversion). Therefore, the values of ﬁd;’ at
all other times ¢ are also entirely determined by what happens at time 0. Even so, the

norm of ﬁd;’ is dramatically hard to control.
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We now see how this viewpoint can come in handy in calculations.

PROPOSITION 5.2.3. For every q € [1, +0] and every non-zero f € L1(X),
| fdo|L2@gny = +o0.

Therefore, there exists no q € [1, +o0] for which

Ifdolp2@mny Sq [flLacs)-

PROOF. Retaining the notation of the preceding discussion, we recall that, for every
teR,

fdo (2 t) = J ) 2@l w) 2mith(@) g () dw = Gi(2) forall 2’ € R",
weR"?—
where
9() i= £ (w.h()) VI + VAP xprs @), e R
and
g = e%ith(')g ‘R > C.
Therefore,

— -2 Plancherel |gt|=1g]
| 1@ o = [l S [ L {2

a non-zero quantity (as f is non-zero), independent of ¢. Therefore, further integrating
over all £ € R, we obtain

f\f/dT;P _—

—> A reformulation of the restriction problem, using a parametrisation of X.

As we have seen, we may assume that
¥ = {(w,h(w)): we B"0,1)}
for some differentiable h, with [Vh| <x. 1. And that, parametrising ¥ like this,

Fdo(z) — f TR £ (1, h(w)) /1T [Vh@)P do.
weB™—1(0,1)

Therefore the operator “do maps

fel'(®) — f 2@ @k £ h(w)) /1 +|Vh(w)? dw: R"— C.
weBn—1(0,1)

The Fourier restriction problem asks for which p there exists ¢ so that this operator is
bounded from L%(X) to LP(R™). What is quite annoying about the integrand of the RHS

is the quantity /1 + |Vh|2. However, it turns out that, since 4/1 + |Vh|? ~x 1 pointwise,
boundedness of this operator is independent of whether we keep this quantity inside the
integrand. In other words, we can delete it altogether.

DEFINITION 5.2.4. (The Fourier extension operator E) Let ¥ be a hypersurface in R™,
parametrised by

¥ = {(w,h(w)) : we B"0,1)}
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for some differentiable h, with |Vh| <x; 1. We define an operator E, which maps every f €
LY(B™1(0,1)) to the function Ef : R™ — C, with

Ef(z) := J 2mHE@RDIDD £ (W) dw, forall z € R".

weB™—1(0,1)

This operator is usually also referred to as the Fourier extension operator associated to 3.

By the above discussion, the precise relationship between “do and E is the following;:
For every f € L}(X),

(29) fdo = EJ,
where

flw) = f(w, h(w))\/1+ [Vh(w)[?, forallwe B"0,1).

We will now see that the Fourier restriction problem can be reinterpreted in terms of the
(perhaps simpler) operator E.

PROPOSITION 5.2.5. Let p,q € [1,+00]. The operator “dois bounded from L4(X) to LP(R™)
if and only if the operator E is bounded from LY(B"~1(0,1)) to LP(R™). In other words,

(30) Hf/d\UHLP(Rn) SSpa forall f e LYY)
if and only if
(31) IEf]ze@n) Sspq

(Br-1(0.1)) forall f e LY(B"1(0,1)).

PROOEF. Suppose that (30) holds. Given (29), this means that

\\EﬂLP(Rn) S | flza), forall fe LY(%),
where
Fw) = fw, h(w)V/1 + [Vh(w)]?, forallwe B"71(0,1).
Now, for every g : B"1(0,1) — C, define its ‘lift’ g5, on 3, as follows: For every ¢ € 3,
there exists a unique w € B"71(0,1) so that ¢ = (w, h(w)). Define g5 : & — C by
£=(w,h(w)) 9(w)
1+ [Vh(w)?’

9s(§) forall ¢ = (w, h(w)) € 2.

Observe that g = g3, therefore
x), forallge LYB"10,1)).

(32) 1Eg| zr®ny = I1EGE] 1 (rr) S5p.q

To show (B1), it remains to compare | gs | 1¢(x) With ||g|\Lq(Bn_1(0 1)

£=(w,h(w)) lg(w
9 do :J + Vh 2 dw
[l dote) oy ek VI V)

-
B»—1(0,1)
where the last estimate is due to the fact that /1 + |Vh|? ~x 1 pointwise. Therefore,

lgslzacsy ~= 19lLaBn-1(0,1))-
Plugging this into (32), we derive (31).

The implication (3I)=(30) is similar and is left as an exercise.
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The following reformulation of the Fourier restriction problem is therefore equivalent to
the earlier versions.

The Fourier restriction problem in terms of E. Let X be a (compact patch of a) hy-
persurface in R", parametrised by

2 = {(w, h(w)) : we B"1(0,1)},

for some differentiable h : B"~1(0,1) — R with |Vh| <x 1. For which p € [2, +o0] does
there exist g € [1, + 0] so that

(33) IEf|zo®n) < Cspgql

fHLq(anl(OJ))? for all f € Lq(Bn_l(O, 1))7

e Just as in the equivalent version of the problem expressed in terms of " do, there exists
such a ¢ for p = +0, but there exists no such ¢ for p = 2. Therefore, by Riesz-Thorin
interpolation, there exists some py between 2 and +o0, so that the answer is yes on the
right of pg, and no on the left of py. The problem is to find this critical exponent py. In
other words, the problem is to lower the p on the LHS as much as possible.

¢ Both equivalent versions of the Fourier restriction problem (expressed in terms of either

"~ do or E) are used extensively in the literature - each presents its own advantages, and
people choose which one to use according to the context.

5.3. The Fourier extension operator in PDE

The operators E and " do, associated to specific hypersurfaces, have a central role in
PDE. In particular:

— When ¥ is the paraboloid
L= {(w, ) : we B"7H(0,1)}

(in which case h(w) = |w|?), the corresponding extension operator F satisfies

Ef(a t) = J 2mi(@ wyttlw])) f(w) dw, forallz’ e R"! teR.
weBn-1(0,1)

Given any f € L}(B"1(0,1)), the function Ef( - ,t) happens to be a solution u( - ,t), at

time ¢, of the linear Schrodinger equation

Azu = 27i Opu,

with initial data u( - ,0) = f (observe that u = Ef satisfies both the PDE and the initial
condition).

Now, we know that the solution u to the linear Schrédinger equation has a very nice
physics interpretation: If |u( - ,0)|? is the probability distribution that describes the po-
sition of an electron at time 0 (meaning that the probability that the electron lives in
some set A = R"~! at time 0 is equal to §, [u( - ,0)[?), then |u( - ,t)|? is the probability
distribution that describes the position of an electron at time ¢.

So, the extension operator associated to the paraboloid satisfies that, if | f2=|Ef(-,0)
is the probability distribution that describes the position of an electron at time 0, then
|Ef( - ,t)|* is the probability distribution that describes the position of an electron at
time ¢. For a reality check, recall that, for every t € R,

Ef(2't) = f e2miCa! w) 2mitlw]? f(w) dw = ﬁ(x’), forall 2/ e R"!,
weB™=1(0,1)
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where f(w) := 2™l Therefore,

[ 1B 08 = [17E = [ 172 = [ 11

independently of ¢ (a property known as ‘preservation of energy’), a quantity which is

equal to 1 if |f|2 is a probability distribution. So, |Ef( - ,t)|? can also play the role of a
probability distribution, for every ¢.

(Note that energy preservation for E has nothing to do with the hypersurface being
specifically the paraboloid, and would have worked similarly for any h. It is the reason

that L2-restriction is not possible - a calculation we saw earlier in terms of " do instead
of F.)

—— When ¥ is the cone
S = {(w, o) : we Bi= B"(0,1)\B"1(0,1/2)}

(in which case h(w) = |w]), the corresponding extension operator E satisfies

Ef(2',t) = f 2@ wFtwl) £() dw, forall 2’ € R, teR.
weB

Given any f € L(B), the function Ef( - ,t) happens to be a solution u( - ,t), at time ¢, of

the half-wave equation
A=Ay u = 2widu.

—> When Y is the sphere S"~?, the functions fdo, overall f € L!(S"~1), are the solutions
u : R™ — C to the Helmholtz equation

Au = —47%y

(as, taking Fourier transforms, we see that these solutions are exactly those functions u
whose Fourier transforms @ are supported on S"~1, so  is given by Fourier inverting @
with respect to do).

Via the above examples, we see that showing LP — L?-boundedness of the extension op-
erator associated to specific hypersurfaces X is equivalent to finding what are known as
Strichartz estimates for solutions to PDE. These are estimates that control the size (norm)
of the solution by the size of the initial data. And, at least from the PDE perspective, the
paraboloid, the sphere and the cone should be hypersurfaces of particular interest when
it comes to the study of the extension operator.

5.4. The Fourier restriction conjecture

The Fourier restriction conjecture predicts, according to ¥, the exact pairs (p, ¢) for which

the associated Fourier extension operator “do (or equivalently E) should be LP — L4
bounded.

It turns out that the curvature of ¥ really matters. When ¥ is a hyperplane, restriction of
f on X is possible only for L'(R")-functions f, and not for any other L?(R")-functions.

PROPOSITION 5.4.1. There are no non-trivial Fourier restriction estimates when ¥ is a hyper-
plane. In other words, while it is true in this case that

IEf|zoo@ny < [ fllrgr-1(0,1y) forall fe LY(B"(0,1))
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(as this holds for all ¥2), for every p < oo and every q € [1, +0] the estimate

IEflprey < Cspg | flLar-10,1y) forall fe LYB"(0,1))
fails. In fact,
HEf”LF(IR{”) = +00
for all non-zero f € L'(B"1(0,1)).
PROOF. Via a translation and a rotation, we may assume that X is the horizontal
hyperplane through 0 in R™:
¥ = {(w,0): we B"1(0,1)}.
Letp € [1,+0). Forevery f € L'(B"71(0,1)) and every t € R,

B0 = |

weB"—1(0,1)

eZTri((ac’,t),(uJ,O)} f(w) dw :J e?ﬂi(x’,u)) f(OJ) dw = f(l‘/),

weB™—1(0,1)
for all 2/ € R"~!. In other words, at every ‘time’ t, Ef( - ,t) is the same function:
Ef(-,t)= f, forallteR.

This means that, as long as fis not the zero function (that is, f is non-zero), the p-norm
of Ef (which is given by an integral over 2’ and ¢, as opposed to the co-norm of Ef) is

infinite:
[ propat [ ([ (sraop i) a
TeR™ teR z’'eRn—1

o L 07

:+(X)7

~

as we are integrating, over R, the non-zero constant Sx, cn—1 | f(2")[P. Therefore,
|Ef| r»rny = +oo  for all non-zero f € LY(B"Y0,1)).
O

It was Stein who first noticed that, when ¥ has non-vanishing Gaussian curvature (in
which case all principal curvatures of ¥ are non-zero), things are very different. For
instance, the celebrated Stein-Tomas theorem states that the extension operator E asso-
ciated to the sphere S" ! satisfies

|Efle@n) < [ fl2s fe LX(B"H(0,1)),
2(n+1)

for all p > = —. In other words, in this case we can push the exponent p on the LHS of
much lower that +c0. We will see the proof of this in due time.

For now, let us acquire some intuition as to why the curvature of ¥ should even play a
role.

—> The flatter X is, the fewer restriction estimates we get.

More precisely, the flatter ¥ is, the higher p is forced to be on the LHS of (33). Flatness of
the hypersurface

S = {(w,h(w): we B"H(0,1)},

when h is smooth, can be understood in terms of the order of vanishing of the function
h (whose graph is ¥) at 0.
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DEFINITION 5.4.2. Let h : B"71(0,1) — R be smooth. We say that h vanishes at order k at
0 € R"~ ! when all partial derivatives of h of order 0,1, ...,k — 1 vanish at 0.

The higher the order of vanishing at 0, the flatter ¥ is. Equivalently, the lower the order
of vanishing at 0, the more curved X is. When ¥ is the horizontal hyperplane through
0 € R", then h = 0, so h vanishes at all orders at 0 (that is, the order of vanishing is +c0).
When X is the paraboloid of the sphere, h vanishes at 0 at order 2. We can imagine that
as we bend the paraboloid more and more, so that it becomes the horizontal hyperplane,
we pass through all the intermediate states: h starts to vanish at higher and higher order
at 0, until ¥ becomes flat.

Two comments:

o Why don’t we talk about order of vanishing 0 or 1? In terms of the Fourier restriction
problem, we may always assume that our ¥ is such that

h(0) =0 and Vh(0) =0,

i.e. that h vanishes at 0 at order > 2. (This is why, for our purposes, surfaces such as the
paraboloid and the sphere are optimally curved.) Indeed, 4(0) = 0 is simply achieved
via a translation of ¥. Moreover, (Vh(0), —1) is simply a normal vector to X at the point
(0,h(0)) = 0 € R™. Requiring for VA(0) to be 0 is therefore the same as requiring for the
normal to ¥ at 0 € R" to point in the vertical direction. This can further be achieved via
a rotation of X.

e Why do we only consider derivatives at O to understand flatness of ¥? Derivatives are only
controlled by local properties, so ¥ could be curved close to 0, but flat further out, which
could mess things up. This is indeed correct - however, to prove a restriction estimate
(e.g. of the form (33)) for the compact set &, we can cut up ¥ in smaller, finitely many
pieces (such as caps), on each of which the order of vanishing of the defining function is
fixed.

PROPOSITION 5.4.3. Let
Y= {(w,h(w)) : we B"10,1)}

be a smooth hypersurface in R", where h vanishes at 0 € R"~! at order k (with k > 2). Then,
any restriction estimate of the form

(34) |Fdo| Lony Sspq [ flLags), forall f e LI(S),

may only be true for
n+k—1,

>
p n—1

The quantity %ﬁ;lq’ increases with k. So, the flatter ¥ is (that is, the larger k is), the
stronger conditions are imposed on p, and thus the fewer restriction estimates we get.
When £ = 2 (e.g. when X is the paraboloid or the sphere, the hypersurfaces of most
interest when it comes to Fourier restriction), we get the most lenient conditions on p
from the above proposition. Even then, the restriction estimate may only be true
when

n+1,

=z —0q.
n—1

PROOF. The proposition is proved via what are known as ‘Knapp examples’. A
Knapp example is a function supported on a little cap of . In this case, for every small
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d > 0, we consider the J-cap 6 on X with centre 0, and a smooth function f, with
f=10n%0, 0< f<1, suppf < 0.
So, | f| =) = 1,and, for every q € [1, +0),
|l agsy ~ (617 ~ 5T

We now wish to understand ﬁB. We know that when a function has support on a little
rectangle, then its Fourier transform is large in magnitude on the dual rectangle through

0. We expect something similar to hold here for fdo, which is again an (inverse) Fourier
transform of sorts, just with respect to the surface measure of ¥. Indeed, we verify this

easily, by slightly fattening f, and then comparing fdo with the Fourier transform of the
fattened version:

First, we denote by 0 the smallest rectangle in R™ containing 6. This rectangle is hori-
zontal, and has dimensions § x --- x § x A\, where, crucially, the height A depends on the
curvature of X. In particular, since h vanishes at order k at 0, it follows that

|h(w)] < |w|k forallw e B”fl(o, 1).
Therefore,
A < 6F,

and equality is possible (e.g. if h(w) = |w|¥). Therefore, the best we can say is that 6 is
contained in a horizontal § x --- x § x ¢* rectangle in R". For simplicity, we denote by
the slightly larger § x - - x § x 26*-rectangle, with the same base and double the height.

We see that the §-cap 6 is contained in the rectangle §. Moreover, due to its slightly
enlarged height, 6 also contains all the vertical translations of ¢ of the form

6; := (0,...,0,t) + 0, 0<t<ék

The union 6, of these translations is a fattened version of # (fattened by a factor of o).
And it lives inside the rectangle 0.

We now consider a copy of f on each of these translated copies of §. More precisely, for
every 0 <t < 5%, we define f; : 6, — C, by

ft::f(' —(0,,0,t))
We have thus created a fattened version of f, fr.t : Oty — C, such that
f=fionf, forall0<t<d".

By Fubini, ff;(x) and f/d} are related. Indeed, for every = € R",

Fr() =f 2T g0 dy

YEOat
y=€+(0,...,0,t): £€0, te[0,5%] j
te[0,6%]

( J 2@ 2miant £(¢) J (¢) do(&)) dt
&eb

:j e2miTnt <J 827ri<ac,f> f(g)J(g) dg(g)) dt
te[0,0%] &eo

where J(§) = J(,1) is the Jacobian factor due to the change of variables, and which we
can see is independent of ¢ and satisfies J ~x 1 (the implicit constant depends on the
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curvature of ). First of all, this means that, if we start with f/J, rather than f, %(1:)
will appear in the integrand above:

(e @ = emer([ e s ante)) a

:J eQm’xnt f%.(x) dt
te[0,6%]

:]@(a@) . (J g?miznt dt) .
te[0,0%]

Considering = € R” with |2,0%| < 1, i.e. |z,| < &, we see that
g oF

f eQm':Ent dt
te[0,0%]

Therefore,

L
e

1

2mizn 8 _ eQm’an‘ ~o |$n5k - xn0| ~ ok,

|n]

— 1
~ 6k | fdo(x)|, forallz e R" with |z,| < —.

(5/7) @ =

Moreover, f/J is not too different from f, as J ~x 1. In particular,
sapp(f/Now 0, | (4D ~ I8
Thanks to our analysis on the uncertainty principle, we know that

(/) @

_ 1 _
2 |0‘ Onm‘0*7

where 8" is the dual rectangle of 6 through 0. Therefore,

— _ 1 _
|fdo| 2 67% 19| onﬁ-e*.

1/p
By |de|’”>

17 @ poqary > ( |

100

2 (670 (8)- 87|V

. 1 1\t
WENEREY

1 k— n+k’71
p
B (5)

Therefore, if holds for some p € [1,+o) and some ¢ € [1, +0], then there exists a
constant C' = C(%, p, q) so that

+k—1
k-2t
p

It follows that

(;) <C-6 for all small 6 > 0.

Equivalently, we should have
n—1

1 k— 7l+k}71+
(5) ! <C, forallsmall§ > 0.
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Letting 6 — 0, we see that this is only possible when the exponent on the LHS is < 0. So,
fails whenever
n+k-1 LNz 1

k
4 q

> 0,

or equivalently
n+k—1,

aq,

<
P n—1

as the proposition asserts.

For simplicity, we denote from now on by Ex;(¢ — p) a statement of the form
Ifdo|e@ny Sepg |fllLa), forall fe LI(X).

Moreover, we focus henceforth on hypersurfaces ¥ such as the sphere or the paraboloid,
which vanish only at order 2 at 0, and for which we know from the above that Ex,(¢ — p)
may hold for

n+1
(35) p=——d

n—1
(in other words, these are the hypersurfaces for which the above proposition imposes the
fewest conditions on p, and thus we hope to get the most Fourier restriction estimates).

— An additional condition.

At the same time, there is another condition on p that shows up, when we consider f = 1
identically on ¥. This condition shows up for all smooth ¥ of non-vanishing Gaussian
curvature, but traditionally it arose for ¥ = S*~L.

PROPOSITION 5.4.4. Let do be the Lebesgue surface measure on the sphere S*~L. Then,

|do(z)| ~ forall |z| = 1.

n—1

The proof of this is quite technical, and is based on the method of stationary phase, which
we aim to see later on in the courseﬂ For now we accept this as a fact, and we notice that
this means that, if Egn-1(¢ — p) holds for some p € [1, +0) (and some ¢ € [1, +0]), then
equivalently we have

|FdolLo(ny Sspq | flragn-ry, forall fe LIS,

so the LHS should be finite for every f € L¢(S"~!), and in particular for f = 1. In other
words, we should have that .

ldo|| ppgny < +00,
and thus, by the above proposition, that

1
n—1)p
|z|21 |x| 2

This works if and only if @ > n, or equivalently
2n
n—1

(36) p >

Notice that this lower bound is strictly larger than 2, which was our previous absolute
lower bound. So, this is a stronger condition than our original p > 2. This therefore

’The proof can be found in T. Tao’s Lecture Notes 1 (Proposition 5.3).
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becomes, after (35), the second necessary condition we have found for Eg.-1(¢ — p) to
hold for some p.

It turns out that is necessary not only when X is the sphere, but also any smooth
hypersurface of non-vanishing Gaussian curvature (such as the paraboloid). Indeed, the
method of non-stationary phase again gives that

|do(z)| ~

2=
for enough x far from 0 so that the above argument still applies.

— The Fourier restriction conjecture.

It is conjectured that conditions and are the only ones required for Ex.(¢ — p) to
hold, when X is a smooth hypersurface of non-vanishing Gaussian curvature.

The Fourier restriction conjecture (Stein, 1960s). Let ¥ be a smooth hypersurface in
R™, of non-vanishing Gaussian curvature. Then, the estimate

(37) HdeHLP(Rn) SEp.q ||f||LQ(2)7 for all fe L1(X)

holds for some p, ¢ € [1, +0] if and only if

2 1
n and p>n+ q.
n—1

p >

n—1

Some comments:

e Recall that the goal was to push p on the LHS of the restriction estimate as low as
possible. The ¢ was not so important in terms of the Fourier restriction problem (even
though, of course, the lower the ¢, the stronger becomes).

e We already know that we cannot push p on the LHS of below -2 (in fact, p cannot

n—1
2n
even touch =%).

o The additional condition p > 2*1¢’ may force p to be even larger (which is something
we don’t want). So, the most useful ¢ for Fourier restriction are those for which
2n n+1,
>

n—1" n—-1"

i.e. the ¢ for which
2n
n—1
Focusing on these ¢, the Fourier restriction conjecture simply states that

|Fdolro(ny Sspq |flroesy forall fe LI(S),

for all (p, q) with p > % and g > 2—”1 Therefore, the strongest form of the conjecture

pon
states that

q =

— 2n_
|Fdo| o) S 1], 2y forall £ € L5(S)

2n
whenever p > .

However, since the focus of the Fourier restriction problem is on the p on the LHS, we can
relax (that is, increase) the ¢ on the RHS. This is why it is common to see the conjecture
in the literature as saying that

| Fdol oy Sspq |Flesy forall f e LP(S)
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2n

7, 0r even in its weakest form, which asserts that

| Fdol ton) Sspq |flro) forall fe L(5)
2n

whenever p > =% At least in terms of the Fourier restriction problem (which focuses

on the p alone), all these forms are of similar interest.

whenever p >

—— The local version.

Instead of aiming to control f/d\a on the whole of R", one can aim to control it on every
big ball Br := B(0, R) in R™. In fact, we can ask for which p and ¢ the estimate

(38) |fdo|Lr(Br) Sspae B |flras) forall fe LX)
holds, for all R > 1 and all € > 0. With the same argument as earlier, we again see that
> L_'_lq’
n—1
is necessary, whenever 3 has non-vanishing Gaussian curvature. However, the earlier
condition p > % can now be relaxed to
2n

n—1

p=

(that is, in this case perhaps p can even touch the critical exponent -22-). Indeed, the
condition p > % arose earlier from the fact that

|c€5(x)| ~ forall [z| 2 1

n—1

x| 2

when & = S"~1. For do to live in L? (R™), in other words for H% to be LP-integrable
x| "2

on the whole of R", we needed ”("72_1) to be strictly larger than n. However, for the local

version (38) we only need to integrate on Bg. And requiring to hold for f = 1 (and

all R > 1 and e > 0) yields

1
€
J p(n—1) d$ SZ"LE R .
I<lz|<R |x|” 2

The LHS above equals

B L R 1
——r"" dr do(§) = f ———— dr,
LES"‘I J;—l rp( 2 = 1 r¥_(”_l)

and is <y 4 R forall e > 0 and all R > 1 if and only if

p(n—1)
2
(as, even when it equals 1, the integral is log ), or equivalently
2n
n—1

—(n—-1)>1

D=

The Fourier restriction conjecture (local version). Let ¥ be a smooth hypersurface in
R™, of non-vanishing Gaussian curvature. Then, the estimate

|Fdo)o(Bry Sspac B |flpaw), forall f e LI(S)
holds for all R > 1 and € > 0, for all
2n _nt 1,

and > )
n—1 P n—lq

p=
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The strongest form of the conjecture in this local form is acquired for the lowest possible

pand g, ie. forp = ¢ = 2%

n—1-

It turns out that the local and global version of the Fourier restriction conjecture are
equivalent. This is due an e-removal lemma by Tao, who showed that if the local estimate

| Fdo] oo () Stpae B[ flragsy, forall fe LU(S), R>1and e >0
holds for some py and g, then the global estimate
|Fdole(npy Sspq |flroesy, forall fe LI(X)
holds for all p > pg (and the same g).
In other words, the estimate

— 2n_
|Fdo, an; ,  Sspac RS, oy o forall fe LT(S), R>land e > 0

is equivalent to the Fourier restriction conjecture.

Connections with other problems. The Fourier restriction conjecture has been
proved for n = 2, but is open in all higher dimensions.

The Fourier restriction conjecture in R™ implies the Kakeya maximal operator conjec-
ture in R”, and thus that Kakeya sets have full Hausdorff dimension (for all n > 2).
It also has other implications in geometric measure theory (such as in Falconer’s dis-
tance set conjecture).

It has been shown by Tao and Carbery that, to an extent, the Fourier restriction con-
jecture is equivalent to the Bochner-Riesz conjecture.

Apart from its connection to PDE, the study of the Fourier extension operator E asso-
ciated to the paraboloid recently led to the resolution of the main conjecture in Vino-
gradov’s Mean Value Theorem from number theory (a revolutionary proof by Bour-
gain, Demeter and Guth from 2015).

5.5. Restriction implies Kakeya

We prove here that the Fourier restriction conjecture implies the maximal Kakeya op-
erator conjecture (and thus that Kakeya sets in R" have Hausdorff dimension equal to
n).

PROPOSITION 5.5.1. Let n > 2, and consider the sphere S"~! with associated surface measure
do. Suppose that

HdeHL%(BR

)
Then, for 6 > 0 and every family T of §-separated §-tubes in R™, it holds that

f < > XT) "< 67OV TIT,  foralle > 0.

TeT

<e R° HfHL%(E)’ forall f e L%(Z), R>1lande> 0.

PROOF. Recall that the RHS 6" 4T in the Kakeya maximal operator estimate we
are aiming for equals Y ;. |T|. Therefore, this Kakeya estimate is dilation-invariant.
Moreover, we may assume that the tubes it involves (which are all of width ¢ and length
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1) all live in B;. So, it suffices instead to show that, for every R > 1 and every family T
of R~'/2-separated R!/? x --- x RY/? x R tubes in By, it holds that

f(ZlXT>n_1 <e R° Z |T|, foralle> 0.

TeT TeT

The proof strategy is the same as the one in Fefferman’s theorem. Let T be such a family

of tubes. We will create a function f on S"~!, so that f/car is a sum of waves, each evolving
inside a different tube of T.

Indeed, consider a collection © of R~Y/ 2-c:aps on S”~ !, with normals the directions of the
tubes in T. Since the tubes are R~'/?-separated, the normals to the caps in © are also
R~'/2-separated. Due to the geometry of the sphere, this means that the caps in © are
essentially disjoint.

Denote by Tj the tube in T in direction normal to 6. For every 6§ € O, let 1y a smooth
function, which is a mollified version of xy; in particular,

1
suppyy < 0, 19 =1 on 59, 0< 1y < 1.

Denote by 0 the smallest rectangle containing the R~/

mensions roughly R™%2 x ... x R™Y2 x R™1).

-cap 6 (which we know has di-
Then, just like in the case where 6 is an actual rectangle (rather than a cap), we have that

(o)

and that, modulating the function % appropriately, its extension operator is large in

~1 on 7"
°" T00

magnitude in whichever translation of the tube ﬁ@* we wish. The tube -7} is such
a translation.

Indeed, let wy be the centre of § and define 6y := 6 — wy and g, := (- + wp) to be the
translations of # and 1)y at 0, respectively.

e To begin with,

(rae) - (o ae)

2mi{z,€) 1/}90 27rz<0 & wgo (5)
| emee Bl o) — [ o0 Bl o

<wdwmﬁﬁwwmmm@
0

16 o |, KOl ot

L [ s,

— do

2f|90|

1 1/}90 1 il
- do ) (0 f 1 0

2<|00 > (0) forallze 756",
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where the penultimate estimate is due to the fact that |[(z,£)| < z; for all 0" and

100n
& € 6y. And since
Yo, ) J%O
“=do| (0)=| - do ~1,
(o ae) © = [

it follows that
Vo, i 1
R >1 on——~0
‘ <|90| 7) @ 100n
e Since %9‘ is a translation of %, its extension operator should be a modulation of %

(and thus should also be large in magnitude on ﬁ@*). Indeed, for all z € R",

(g7 ar) o= [ e 28 e

ﬂf e2mi@ Yy +wo) Yoo (%) do(y)

y€90 |90 |

2627ri<:v,w9> e?m'(ac,y} weo (y) dcr(y)

yebo ‘90’

_ 2midx,we) %
i () @

Therefore,

e Finally, let v(6) be the centre of the tube Ty. We consider the modulation

90(5) — 6—27m'<v(9),.§> w|90(|£)’ fe gn—1

Then, for all z € R",

9/9(;7(;1;) = JQQﬂi<x,§> 67271'1'@(9)7@ ¢9(€) do‘(é)

6]
_ JQQﬂi<xv(9),§> ¢|99(|§) dO’(f)
= W(x —v(0)).
Therefore,
1 1

lgodo| = 1 on ()

= Ty.
T 100n" T 1000 "
e We wanted | Mﬂ to be large on Ty, rather than on its small dilation ﬁTg. This is
simply achieved by applying the above for caps 6 of dimensions cR™%2 x - .- x cR™Y/2 x

c?R~1, for an appropriate constant ¢ (which depends only on n). This way, for each such
6, we create a function gy supported on ¢, with

gedo| =1 onTy.
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Now, we switch our perspective to the tubes in T. For each T' € T, we rename gr := gy,
where 6 is the unique cap 6 € © with T' = Tj. Denote this cap by (7). Then, for (wr)T a
random choice of signs 1 (where the wr are independent random variables, each taking
values +1 with probability 1/2), we consider the randomised function

g:= Z wrgr on Snil,
TeT

which we have shown satisfies

suppgr < 0(T), L( )|gT| ~1, and \gT/d\a] zlonT, foreachT eT.
T

Suppose that the Fourier restriction conjecture holds for S"~!. Then, we must have that,
for all € > 0, there exists constant C, > 0 so that

(39) j gdo| 2 < CuRS f g7,
BR Sn—1

for all choices (w7 )7er of signs.
On the one hand, g = ;.7 wrgr, where all the functions g7 have disjoint supports (7).

Moreover, for each T € T, |gr| = rg?”)l Therefore,

f |g|n1da—2f 7|5 do
Sn

TeT
2n

-5 [ ()

~ Y 1) 1‘?—2 b()|~ "

TeT TeT
. z{] 1/2 n+} . }%n+l
TeT TeT
=217
TeT

which is our desired RHS.

— 2n
On the other hand, we can control the average of the integrals { B, l9do|=1, over all
choices (wr)rer of signs, using Khinchin’s inequality:

B ([ ot de) 22 [ g (gdao)| ) do
x€BR z€BR

2n
f ( Z gTda B > dx
Z‘EBR

TeT
n

n—1
Khlgf:hmJ‘ Z |gTdO'(IE)‘2 dx
:L‘EBR TeT

n

|ﬁ7\ZXT, vT n—1
R f Z xr(z) dz
ZEBR TeT
n—1
TCBpr, VT
:Rf Z xr(7) de.
zeR™ \ e
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So, there exists a choice of (wr)rer, so that the corresponding g = >, wrgr satisfies

nil
_— 2n
I ZEE| (Z ><T> ,
.’L‘EBR TeT

which is our desired LHS. Plugging this ¢ into (39), we obtain

f(Z xT)n1 < RS |TY,

TeT TeT

as we wished.

5.6. The Stein-Tomas restriction theorem

In this section we will prove, away from the endpoint, a celebrated Fourier restriction
theorem by Stein and Tomas.

THEOREM 5.6.1. (Stein-Tomas, 1975) Let n > 2, and do be the Lebesgue surface measure on
S™=1. Then,

Ifdo| seen S| flpe@nry, forall fe LA(S™7Y).
[ n—1 (Rn)
In other words, the Fourier restriction estimate Egn—1 (2 — ("H)) holds.

Some comments:

e How close is Stein-Tomas to the full Fourier restriction conjecture? Recall that the Fourier
restriction problem asked for which p there exists ¢ so that

(40) | fdo| ogn) < |flLan-1), forall f e LIES™ ).

In fact, the goal was to lower p as much as possible. The Fourier restriction conjecture

claims that we can make p as low as =% (+¢, for all € > 0). The Stein-Tomas theorem

asserts that we can lower p as much as 2("+11). The gap between 2("+11) and -2 gets

smaller and smaller as the dimension n increases, however it is very difficult to bridge.

e How sharp is Stein-Tomas? We know that the Fourier restriction conjecture is ex-
pected to hold if and only if

2 +1
" and p>n q.

P>

n—1 n—1

When p = 2("+1) , the admissible ¢ satisfy

, n—1 n—1 2(n+1)
q < p= : =2,
n+1 n+l n-1

hence ¢ > 2. Therefore, given that the Stein-Tomas theorem focuses on p = 2(n+11) , it is

sharp: the ¢ on its RHS cannot be lowered. Equivalently, if one insists on studying only
functions f € L?(S"!) in terms of Fourier restriction (and fixing ¢ = 2 on the RHS of

(40)), then the lowest possible p they can hope for in is the Stein-Tomas exponent
2(n+1)
n—1 °

In other words:
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The Stein-Tomas restriction estimate is the best possible
estimate of the form Eg.-1(2 — p) that one can hope for.

The proof of the Stein-Tomas theorem away from the endpoint is done using what is
known as ‘the TT* method’, which is widely used in analysis. The idea is that an oper-
ator T : L?(A) — LP(B) (for some measure spaces A and B) is bounded if and only if
the operator TT* : L (B) — LP(B) is bounded. For us, T is the Fourier extension oper-
ator E associated to the sphere S"~! (in which case of course the dual E* is the Fourier

restriction operatorﬂgnq ),and p = 2nt1)

n—1
—— The TT* method.

Let A and B be measure spaces, and 7" an operator that acts on functions f : A — C and
returns functions T'f : B — C. We know that

T : L*(A) — LP(B) is well-defined and bounded
if and only if
T* : L’ (B) — L?*(A) is well-defined and bounded,
as
HTHLQ(A)ALP(B) = HT*HLP’(B)_,Lz(A)-

The proof of this is very simple: it is based on the fact that
Tf.9)=<{fT"9

forall f € L?>(A) and g € L¥ (B).

(Here, we slightly abuse notation, to denote by (¢, ) the integral { f - g with respect to
the measure of the space on which f and g are defined, as long as f - g is integrable.)

We now use this to associate the norm of 7" with the an appropriate norm of 77*.
THEOREM 5.6.2. (The T'T"* method) It holds that
T : L*(A) — LP(B) is well-defined and bounded
if and only if
TT* : LV (B) — LP(B) is well-defined and bounded.
In fact,

Tl 224y 208) = A/IT* | o 3y Loy

PROOF. It suffices to focus on the claimed relationship between the norms of the two
operators T'and TT*. And since |T'|;2(a)—rr() = [T ||Lp/(B)_)L2(A), it suffices to show
that

IT*1 2 8y 12y = A/ 1T*| 207 By o8-

1T L )2y < 17T |t (3)— oy’
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HT*HLP (B)>L2(A) = sup HT*fH%Q(A)

fer? (B), | f],=1

= sup KT f, T 1)l
FeL?' (B), | fl,y=1

= sup |, TT )
feL? (B), | f],=1

Holder
< sup [l gy ITT*f o)
feL? (B), | f],y=1

< sup HfHLp’(B) ) HTT*HLPI B)—Lr(B HfHLp
feL? (B), | f],=1

:HTT*HLN(B)HLP(B)'
Therefore, if TT* : L” (B) — LP(B) is well-defined and bounded, then 7* : L” (B) —

L?(A) is also well-defined and bounded, and HT*HLP (B)L2(4) S < |TrT* HL,,/(B)HLP(B).

NI ot 3y 1o () < IT* 1700y 2y

ITT* o 3y Lr(my = sup |TT* fll o (5)
ferv' (B), Ifl,y=1

= sup sup {IT*f,9)
feL? (B), |fl,=1 geL? (B), g, =1

= sup sup (T*f,T*g)
feL? (B), |fl,y=1 geL? (B), g, =1

Hb&ier T T
< sup sup IT* fllz2ca) - 1T gl p2(a)

feL?(B), | fly=1 geL¥'(B), |gl,r=1

< ) sup ) sup HT*Hip/(B)*,LQ(A) ||f”L2(A) “gHLQ(A)
feL? (B), [ fly=1 geLP"(B), llgl,=1

2
= HT* HLp B)—L2(A)’

Therefore, if T* : LV (B) — L?(A) is well-defined and bounded, then TT* : L” (B) —
LP(B) is also well-defined and bounded, and |T'7* ||Lp/(B)HLp(B) <|T *HLP By L2(A)

O

——> The proof of the Stein-Tomas theorem.

We will here prove the Stein-Tomas theorem just off the endpoint. That is, we will show
that
2(n+1)

n—1"
The calculation to achieve the endpoint estimate is a bit more complicated (it uses com-
plex interpolation, rather than Riesz-Thorin interpolation).

Esn-1(2 — p) holds, for all p >

Letn >2and p > 2("+1) . From now on, let T' := - do, the extension operator associated

to the sphere (in Wthh case T™ is the Fourier restriction operator ~|g.-1). We wish to
show that

HT”L2(§"71)—>LP(R") < +00,
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or equivalently that
HTT*HLP’(Rn)_,Lp(Rn) <+
(by the TT™* method).
To prove this, it suffices to work with Schwartz functions, rather than the whole of

L (R™). So, our first job is to find a formula for the image TT*f, for every f € S(R™).
Fix such f. Then,

T*f = flgn
(a well-defined function), so T* f is the usual Fourier transform of f, just restricted on
Sn—t:
TR = [ D fy)dy, o5
yeR™
So,

TT" f(x) = f TS T (€) do(€)

fES"_ 1

:J e2miT,€) <J e 2miEy) f(y) dy) do(€)
geSn—1 yeR"
Fubini il T—

[ ([ e ao©) s a

yeR™ £eR™

- f do(z — ) f(y) dy
yeR™

—f x do(z).

In other words, T7T* is simply convolution with the function do (the Fourier extension
operator of the function 1 on S"~1). And our goal is to show that this operator is bounded
from (S(R"™), | - | ) to (LP(R™),] - |), i.e. that

(41) |f % dol| oy < 1] o gy, forall f e S(R™).
The function do is smooth, radial and bounded, and moreover

|do(z)| ~

for all |z| > 1.

n—1

€T 2

We chop up do in pieces K, one supported on B(0, 1), the rest supported in larger and

larger dyadic annuli (where |z| ~ 27, and thus |do ()] is controlled). It is helpful though
for these pieces to be smoothed out. So, we start with a smooth function vy, with

suppyo € B(0,1), o =1onB(0,1/2), 0<1y <1,

and for each j € N we define
T

T
V() == o (?j) — o <F> , TeR,
which is a smooth function with
suppy;  {z e R": 2772 < |z < 27},

Moreover, all the ¢; are dilations of the same smooth function v(x) := () — 10(22)
(whose support is in the annulus {1/2 < |z| < 1}):

bj(x) = 1) (2%) . zeR”

98



for all j € N. It is easy to see that

+00
1= 1/}0 + Z 1/)]',
j=1
S0
do =g do + ). b; do.
j=1
Let f € S(R™); recall that we are aiming for (41). By the above,

+o0
frdo=fx(odo)+ ), fx (1 do).

=1

Since each ), do is now supported on an annulus on which |do]| is controlled, we hope
to be able to control well each of the above convolutions independently, and then add
up. Indeed, by the triangle inequality,

+00
(42) |f = dUHLp’(Rn) < | f * (Yo dU)HLP’(Rn) + Z Lf = (b dU)”Lp’(Rn)-
j=1

Controlling f = (1o C/l;) Young’s convolution inequality states that, forall p, g, € [1, + ]
with

11 1
Sh =4,
p q T

the estimate
If * glzr@ny < [ fllzewn) - 190 pa@n)
holds, for all f € LP(R™) and g € L1(R"™).

Applying this for our f € S(R"), for g = vy do (which is a smooth, compactly supported
function), r = p’ and q = %, we obtain

1f (o do)| Lo gy < [ flzewn) - (Y0 doflLa@n) < |f|Lo@n)-

Controlling each f * (v; c/lg) The above argument still works for each v, do in place

of 1y do. However, if we then add up over all j € N, we will get an infinite quantity.
Instead, we wish to find an estimate of the form

(43) I * (5 ) ot ey < 279 o)
for some constant ¢ > 0 (independent of f and j), so that applying and adding up

these upper bounds we will obtain

+00

I @] gy < (1 + 2 Qje) I lzrary S 1)

j=1
as desired. We will achieve by showing that the convolution operator with each

; do is bounded from L' to L®, and from L? to L2, and then applying Riesz-Thorin
interpolation.

So, let j € N.

e Boundedness of the convolution operator - * (1); do) from L' to L. Again by Young’s
convolution inequality, for our arbitrary f € S(R") it holds that

[+ (s do)oo < [ fLrqny Iy dof ooy
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, , —~ j(n—1)
Now, suppy; S {z € R" : 2772 < |x| < 27}. Moreover, 0 < ; < 1, while |do| ~ i

on this annulus. Therefore,

~ i(n1)
1 do||pomny S 27 2

It follows that
—j(n—1)

If * (Y5 do)|pe@wny S27 2 [ flrr@n
(where the implicit multiplicative constant is independent of f).

e Boundedness of the convolution operator - (1 do) from L? to L2. By Plancherel’s theorem,
If* (5 do) pany = [ (F * (5 do)) | L2 @ny

= |7 ¥ o] 2z,

(44)

< Flz2ey - 15 40| oo ey

= [ flz2@ny - %5 * do| Lo wn),

where by g * do we denote the function defined by
gedo()i= | gl do(@), wcR"
£€Sn71

for any continuous g : R” — C. Indeed, let us verify the formula

—
—

gdo = g=do,

for any such g. For all x € R",

—

g do(z) =J e 2B g(y) do(y) dy
yeR™

= f e 2T g (y) (j T da(&)) dy
yER" §€S7L71

Fubini —onilo—
Jo g (7270 ) ) e
eSn—

| sa-9do)
&'egnfl
=g *do(x),
as desired.
We thus need to control H{b; # do|| po(mny in an efficient way. Recall that all the functions
Y satisfy ¢; = ¢ (55), for the same Schwartz function . Therefore, by = (2)h(2 )

for all j € N. Now, since 12 is also Schwartz, it satisfies bounds of the form

Cn

for all N € N. It turns out that our proof will work for N = n. In other words, we will
use that

~ C

9] < w(@) =

for some constant C' (which depends only on the fixed function v), and thus
5 = 2] < 2wl ).
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It follows that, for all j € Nand z € R",
0 * do(x)| <[] * do(x) < (2w (27 ) * do(z).

The idea now is that 2/"w (2’ - )) behaves like an approximate identity (as j — +o0),
so convolving it with the sphere essentially blurs out the sphere at scale 277, yield-
ing its 27/-neighbourhood N, ;S"~!. Since however the integral of the convolution
(27™"w(27 - ) = do is ~ 1 (as it is independent of j), (2/"w(2? - )) = do should be on
average equal to | N,—;S"~1|~! ~ 27 pointwise on its support N,—;S" . In other words,
at best we expect that
[(27"w(27 -)) * o] poo(rny < 2.
Let us prove this formally. For all x € R",

(27"w(27 ) x do(z) = J 2w (27 (z — €)) do(€)
&eSn—1

. 1
=C2J"J ‘ do
ot 1+ i — g 7
. 1
<CP™ — d .
Lesnllww—an 7
We will show that
. 1 .
4 2T — d <Y
(45) L o TrEg O =

(for an implicit multiplicative constant that depends only on n). We calculate the integral
by chopping up the sphere S"~! into disjoint pieces, according to their dyadic distance
from z (so that |z — | is controlled for all £ in each piece). In particular, let

Slarge 1= {£ € sn1. |z —&| > 1},

Ssmall = {5 € Sn_l : ’.’IJ - 5‘ < 2_j}7
and
Spi={€eS" 2 <z —¢| <27M VY forallme{1,...,j}.
Since S""\{z} = Slarge L Ssman U L]Zrl:1 S (as every point ¢ € S*~! different from z has
some positive distance from z), it follows that

. 1 J
QJ"J ————do(§) =1 + I + I,

geSn—1 1+ 23n’x - §|n (5) faree el mzzjl "
where Ij,5c involves the integral on Siage Only, Igman involves it on Sgyan, and I, in-
volves it on Sy, for all m = 1,...,j. It suffices to show that each of the three terms is
< 27. And indeed: Sjarge is inside S" 71, 50 | Siarge| < [S"7! < 1. Therefore,

) 1 . 1
Ilarge = QJHL S m dU(ﬁ) < 2" ‘Slarge’ = = |Slarge| < 17
Edlarge

2im

so trivially ljarge < 27. Now, Syman is the intersection of the sphere with a ball with
radius 277 (centred at x). Therefore, Syman lives inside a cap of S*~1 with radius 277,
hence |Syman| < 2771, Therefore,

4 1 . . . .
Toman = 27 - do(§) <2 |8 < 279ngin=1) — 9
small Lessman 1 + 2]n|$ o €|n 0’(5) | small| ~ 9
as desired. Finally, for every m = 1,...,7, S, is the intersection of S"—! with a ball of
radius 2-(m~1) (centred at x). So, S,, lives inside a cap of S"~! with radius 2~(™~1), hence
S| < 27 (m=D=1) L g=m=1) = forallm =1,...,j.
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Therefore,

J J
: 1
I, = 2" J ——— do(&
m; m; ges,, L+ 2w — " ©

J
. 1
<" Z ‘Sm‘ ' 9jn9—mn
m=1

[y

2—m(n—1) . gmn

—_

)
3

A
1 Do e i

¢
DN
<
—

again as we wished.
We have thus verified (@5). It follows that

[ % do| e @ny < 27 foralljeN,
and plugging this into (44) we obtain

If * (5 do) | L2@ny S 220l L2y

for our arbitrarily chosen Schwartz function f.

o Interpolation: Boundedness of the convolution operator - s (1; c/ig) from L to LP. We have
shown that

If * (5 do)|poo@mny < A [ fll L1 me)
and .

If = (5 do)|p2mny < B | fllL2@n)
for all f € S(R") (and thus for all f in L}(R") and in L?(R"), respectively, via density),
with

J(n—=1)

A~27 2 and B~ 2.
By Riesz-Thorin interpolation, it follows that

|f # (5 do)| poqny < A’BY0 [ ] gny,  forall f e LF (R"),

for all p € (2, +), for the 6 € (0, 1) which satisfies
1 6 1-6

p 2
ie ford=1-— % (in which case 1 — 0 = %). We conclude that for all p € (2, +0) and all
jeN,
_j("*l).(l_z
p

—~ 2j
1f (@ Aoy S0 27 7 P28 [ £l

i ((n=1)(p-2)-4)
=92 2p

|l gy, forall f e L (R™).
Recalling the triangle inequality (42)), we will indeed have that
| # do| o) Sp | Fl g gy forall f e L¥(R™),
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. . —-1)(p—2)—4) . o iy
as desired, as long as the quantity w in the exponent above is strictly positive,

or equivalently whenever
2(n+1)
n—1"
The proof is complete.

5.7. The Fourier restriction conjecture holds in R?.

We will prove now that the Fourier restriction conjecture is true in two dimensions. Since
restriction implies maximal Kakeya, this will be a new proof that the Kakeya maximal
operator conjecture holds in R?, and that Kakeya sets in R? have Hausdorff dimension
equal to 2.

In two dimensions, a hypersurface with non-vanishing Gaussian curvature is simply a
curve I', which is either strictly convex or strictly concave, and which we may assume is
defined over [—1, 1] and has a parametrisation

= {l(w) = (w,h(w)) : we [-1,1]},
where |1/ < 1. We assume from now on that our curve I has this property.

THEOREM 5.7.1. The Fourier restriction conjecture holds in R?. In other words, for any curve
T in R? with non-vanishing Gaussian curvature, the associated Fourier extension operator E
satisfies

1Eg]ar) Ser Rglpaq-1,1)
forall R>1,e> 0and g e L*([—1,1]).

An important ingredient for the proof (which in fact is valid for all hypersurfaces of non-
vanishing Gaussian curvature in all dimensions) is that I" has the following property:

For every & = T'(w1), & = T'(wp) € T, the normals Ng, I' = (—1,7/(w)) and
Ne,T' = (—1,h'(wy)) to T at the points &, £, respectively, have angle between them
~3 Jwr — wal.

Now, specifically in two dimensions, the Fourier restriction conjecture concerns the inte-
gral {; |Egl*, for all g € L*(T). Since 4 is a multiple of 2, the idea is to reinterprate

the question in terms of norms of |Eg|?, and to expand the square. Then, all pairs
(w1, w2) € [—1,1]? will appear, and we will arrange them according to their distance.

PROOF OF THEOREM[5.7.Tl We prove the restiction theorem in steps.

— A bilinear reduction. Observe that
1/2
1Egl13(80) = 1(E9) o5,
so our goal becomes to show that
(46) 1(E9)?|22(Br) Ser BNglTaq 11

forall R > 1,¢ > 0and g € L*([-1,1]). In fact, we may go for the stronger bilinear
estimate

(47) |Eg - Eh|r2(r) Ser R glaq—1,1p) |2l zaq=-1,1))
forall R > 1,e > 0and g,h € L*([-1,1]).
From now on, our goal is the bilinear estimate (47).
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— A Whitney decomposition. Fix R > 1, ¢ > 0 and g, h € L?([—1,1]). We wish to study

Eg - Eh, and the idea is analogous to expanding out the square in (Y} e XT)2 when
we were interested in proving 2d maximal Kakeya. In particular, we will chop up g and
h in pieces, according to the distance between their inputs, and then multiply out the
extensions E of the corresponding pieces to understand Eg - Eh. More precisely, for all
z € R"?,

Eg(z) - Eh(x) = (J 2mHBIW) g (w) dw) . (J @MW) py(y,) du)
we[—1,1] ue[—1,1]

(48) = f 2@ L@+ W) o) h(u) dwdu
(w,u)e[—1,1]2

_ J 2@ @)W o () h(u) dwdu,
(wvu)e[_Ll]Q\D

where D := {(w,u) € [-1,1]? : w = u} is the diagonal within the square. Observe
that this is now an integral with respect to the 2-dimensional Lebesgue measure on the
square [—1, 1]?. So, the reason the last equality holds is that the 2-dimensional Lebesgue
measure along the diagonal is 0.

We are now ready to perform what is known as a Whitney decomposition on the set
[—1,1]%\D. This decomposition will split the pairs (w, u) in this set into groups, accord-
ing to the distance between w and u (which is now non-zero):

Note that [—1,1] has length 2. So, for every k € N U {0}, we can split [-1,1] into 2¥*?
consecutive intervals, each of length 2-%_ We denote by Ay, the set of these intervals.

So, at Step 0 we split [—1, 1] into 2 equal pieces. At Step 1, each of the previous 2 pieces is
in turn split into 2 equal pieces, so [—1, 1] is split into 4 equal pieces. And so on: at each
new step, each of the intervals from the previous step (a parent) is split into two intervals
of equal length (its two children).

Now, let I, J be two intervals in A;. We say that I and J are k-close, and we denote by
I ~ J (or equivalently J ~y I)if I,J are not adjacent, but their parents are adjacent.
Note that, for every I € A, there exist at most 3 intervals J € A, that are k-close to I,
and, for each of these, dist(I, J) ~ 27

The crucial observation now is that, for every (w,u) € [—1,1]%\D, there exists a unique
k € N so that the intervals I and J in Aj, which contain w and u, respectively, are k-close.
Indeed, at Step 0, there are only two adjacent intervals, so these cannot be 0-close (hence
k = 0 is irrelevant). Now, since |w — u| # 0, there exists a unique k € N so that

2701 < w — | < 272,

Since the intervals in Ay, are all of length 27, the lower bound 2=+~ = 2. 27% above is
larger than the distance between any two points on consecutive intervals of Aj. So, since
lw —u| > 27*=1, & and u cannot live on consecutive intervals of A;. In other words,
they live in intervals I, J (respectively) in Aj, which are not adjacent. These intervals
of course have different parents I’, J/, respectively, in Aj_; (otherwise they would be
adjacent). The best of our knowledge for these parents I, J/, whose length is 2-(*~1),
is that dist(I’, J') < 2=(=2) = 2.2=(k=1) < 9=(k=2) je. smaller than the length of any
interval from Aj_o. Therefore, either I’, J" are adjacent, in which case I ~ J, or I', J’
are not adjacent but their parents are adjacent, in which case I’ ~;_; J'.
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We have shown that, for every (w, u) € [—1,1]%\D, there exists a unique k € N and unique
I,Je Apsothatwe I, ue Jand I ~; J. Therefore,

+00
[-1,1]AD = | | || 1xu
k=1 (I,J): I~yJ
This is what is known as the Whitney decomposition of [—1, 1]? off the diagonal.
— Returning to |Eg - Eh|2(p,,). Plugging this into (48), we deduce that
+00

Eg(z) - Eh(x) = Y

k=1 INICJ J(M,U)E]XJ

+00
(49) _ Z Z <J 627ri<x,1"(w)> g(w)dw) . <J e27ri<m,1"(u)> h(u) du>
uel wel

k=1 I~yJ

+o0
= > > Egxn)(@) - E(hx,) ()

k=1 I~yJ

627ri<m,r(w)+r(“)> g(w)h(u) dwdu

for all z € R2.

The idea now is to bound each |E(gx;) - E(hx.)|l12(B,) independently. In particular, we
will show a better estimate than (7)) for each I ~ J, of the form

(50) |1ECgx1) - E(hx)l 28Ry S QR K) gl r2ry 17l 20y,
for an efficient quantity Q(R, k) that depends only on R and k.

We recall that the extension operator E of any function ¢ is essentially the inverse Fourier
transform of a fat version of ¢. More precisely, we thicken I' upwards by R}, creating a
set 'p-1, and for every ¢ : I' — C we define ¢, : -1 — Cby

Prat (€ + (0,1)) = ¢(§), forall{eT.

We have proved that then, for all x € R? with |z2| < R, and thus for all z € Bg,

|Ef ()] ~ R |((f/H)tat) ()],

where H is a function that depends only on I'. Therefore, denoting by simplicity

(9X1/H )tat =: 91 fat (hxr/H)at =: hjgat,

we see that
|E(gxr) - E(hx)r2(sr) ~B2 (9r6at) * (hugat) | L2(sp)
=R? ||(g1.fat * hgat) | 22(85)
%Rz Hgl,fat * hJ,fatHL2(BR)7
while also
l9lz2ry = loxrlzeqiagy ~ BY? |91 tat ]2, IRl 2y = Ihxalz ooy ~ BY? [hugacl2

(where the RHS 2-norms are taken with respect to the usual Lebesgue measure in two
dimensions). Therefore, any estimate of the form

(51) 1970t * hagat| 225y S QR K) 91 gatl2 [Pgat]2
is equivalent to the estimate

(52) |E(gx1) - E(hxs) |28y < RQ(RK) |92y 7] 22(0),
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ie. to for Q(R, k) = RQ(R, k). It thus suffices to prove (51), for as small a quantity
@(R, k) as we can. Observe that this is just a bilinear estimate on R?, for functions that
are supported in the R~!-neighbourhoods of the arcs I and .J of T, respectively. We will

thus aim to show, more generally, that, for a small @(R7 k),
(53) lgr # hllr2Br) < QR K) |grl2 [hal2,

for all functions gy, h; that are supported in the R~!-neighbbourhoods of I and J, re-
spectively (and then the formula will automatically apply for g fat, hJtat, giving (51),

and thus (50)).

— Bilinear interpolation. Fix k € N and intervals I,.J with I ~; J. An estimate of the
form will follow by bilinear interpolation, which is based on the following theorem
(the analogue of Riesz-Thorin interpolation in the bilinear case).

THEOREM 5.7.2. (Bilinear interpolation) Let T be a bilinear operator, and let p1,p1, q1, g2, 71,
ro € [1,+0]. Suppose that T : LP*(R™) x L9 (R™) — L™ (R™) is well-defined and bounded,
with

1T Dl < Avlflipy Igllgn forall f,g € L (R™) x LT (R™),
and that T : LP*(R"™) x L% (R"™) — L"(R") is well-defined and bounded, with

ITCf9)lre < A2 [ fllpo lgllge  forall f,g€ LP2(R") x L#=(R").
Then, for any 0 € (0, 1), and for the exponents p, q, r given by

1 6 1-46 1 6 1-96 1 06 1-46
- + +

P:PT P2 QZQT @ roon 2
the operator T' : LP(R™) x L9(R"™) — L"(R™) is well-defined and bounded, and

ITCf, 9l < AT 1 flp lglg,  forall f,g€ LP(R™) x LI(R™).

Therefore, to show L? x L? — L2-boundedness of a bilinear operator 7, it suffices to
show L' x L' — Ll-boundedness and L® x L® — L®-boundedness. In our case, our
bilinear operator 7" acts on pairs (gy, h.y) of functions, where g7 is supported on the R71-
neighbourhood I, of I, and h; is supported on the R_l—neighbourhood Jrat Of J, by
convolving the functions:

T(gr,hy) == gr * hy.

Indeed, if we show that

(54) lgr = hly < A1 lgrla]hsly
and

(55) lgr * hyllo < Az [gr]allhs]oo

for all g7, hy as above, it will follow that
lgr * hylla < ATAS™ |grllalhsle,

for the parameter ¢ for which
1 6 1-—6

2 1 o0

ie. for @ = 1. Our objective thus becomes to show the bilinear estimates and (55),

for as small Ay, A, as possible.

— L' x L' — L'-boundedness. Here, we are aiming for the bilinear estimate (54). This
holds for A; = 1, by Young’s convolution inequality:

lgr =Ryl < lgrly Rl
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—> L® x L* — L*-boundedness. Here, we are aiming for the bilinear estimate (55)). This
is based on the geometry of I'. In particular, for all g;, h; bounded functions defined on
Itat, Jrat, respectively, and all x € R,

lgr * hy(x)| =

Jgf(rv —y)hs(y) dy‘

< f lg1(z = )| - [ ()] dy

suppgrSliat, supph S Jtat

< lorbellb sl | Xz =) e (0)

St * Xtaelloo [91]lo0 [ Prlloo-
In other words,
lgr = hlleo < X * Xrag loo |91 ]c0] [,

so the L* x L* — L* norm of our operator is at most ||x 7., * X, |« We now control
this norm. For every x € RZ?,

leat * XJfat (I‘) = fxlfat ('1: - y) : XJfat (y) dy

= J X (T — ) dy
yleat
= |Jfat @ (.17 - Ifat)|'

So, we are interested in how large this intersection can be, over all possible translations
of — I, in R2.

e The set J, is the R~ 1-neighbourhood of the arc J of I', which has length 27* and
some normal N;(§) at each of its points . So, we can think of Jg, as a curved tube, of
dimensions 27% x R~!. It is curved along its 2-*-long direction, and its normals along
its R~!-long direction are the normals to J.

e The reflection — I, around 0 looks a lot like It,g; it is the R~!-neighbourhood of the arc
—1I, which also has length 2=% and normal N, 1(€) at each of its points £. The set z — Iyt
is simply the arbitrary translation of —I,;. So, we can think of x — I, as a curved tube,
of dimensions 27% x R~!. It is curved along its 2~*-long direction, and its normals along
its R~!-long direction are the normals to I.

Therefore, we need to understand how large the intersection between two curved tubes
as above can be. There is of course a difference in the analysis, between which side is
longest, 2% or R71.

When R~! > 2% in which case k = log R: This case it treated trivially. Indeed, |Jgt N
(x — Itat)| is at most the size of any of the two curved tubes involved, and thus <r
2=k x R~1. In other words, for all such k, and all I ~;, .J, we have concluded that

lgr * hsloo <0 27" R (lgrleo Ry ]oo.

By bilinear interpolation between this and the earlier trivial L' x L! — L!-estimate, we
obtain
lgr * hallz <0 7RV il b2,

for all k in this range, and all  ~y, J.
When R~ < 27%, in which case k¥ < log R: This situation resembles the one where

we would be calculating the largest possible intersection between two straight tubes,
of thickness R~1, any length, and angle ~ 2-% between them.
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The reason is that, since I ~; J, we have that dist(/, J) ~ 2=% hence any two normals
N1 and N to the above curved tubes form angle ~r 2~k between thenﬂ Therefore, just
as for straight R~ !-tubes with angle ~ 2-F between them, we again have that, for all
x e R?,

R—2

|Jfat M (SU - Ifat)| <r F

We thus conclude that
—2

=% lgrllee [71]leo,

for all k£ in this range, and all / ~; J. By bilinear interpolation between this and the
earlier trivial L' x L' — L'-estimate, we deduce that

lgr = hylleo <r

_aN 1/2
R
lor st se (G ) ol Il

for all £ in this range, and all  ~, J.

— Bringing everything together. To sum up, we have derived an estimate of the form
(52). In particular, for all g, h € L*([—1,1]), it holds that

|E(9xr) - E(hx)ll sy ST RQR,K) ]2y |hlL2(s)s forall k e Nand T~y J,

where
N R(2~FR1)1/2 = R1/22-k/2  when 2F > R,
RQ(R’ k;) = R (R—2>1/2 _ 2]{/_/2’

o when 2% < R.

We now recall {#9). We split k in the above two ranges, so, by the triangle inequality,

|Eg- Eh|2, <| Y. D) Elgxi)- E(hxs)
keN: 2k>R I~y J L2(Bg)

> > Elgxn) - E(hxy)

keN: 2k <R I~y J
=1 + Is.

+

L2(BRr)

It remains to control each term.

Controlling I, the term with the large k. I; is easy to control, again by the triangle in-
equality. More precisely,

n< ) > 1E(gxn) - E(hxa)l2(sy)
keN: 2k>R I~y J

<o Y RN gleen Bl
keN: 2k>R I~pJ

We now observe that, for all £ € N,

Z lgllz2ry 1Bl 220y < l9lp2=11) 122 (=1,1))-
I~pd

3This is exactly where we are using that I' has non-vanishing curvature.
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Indeed, for each I € Ay, the J for which I ~;, J are all inside 101. Therefore,

Do gz Whleey < X5 D lgleeq IRl

I~ J IeA,, JeAy: JZ101
Z ”9HL2 HhHL2 101)
IGAk

< . l9lzzqon 17lz2qon
]EAk

1/2 1/2
Z |9”2L2(101)> (Z |hH%2(101)>
IeAyg Te Ay

~lgl e =11 1Pl L2 (1,1

Cauchy-Schwarz
<

Therefore,
Iy <r D RYR2R2 ) g peoag I a1
keN: 2>R
Finally, let M be the smallest £ so that 2% > R. Then, 2™ ~ R (so M ~ log R), and
M

Z RY29-k/2 _ R1/2 Z ( > R1/2 <1> _ R1/2 R R1/2 N
/oM 172

keN: 2k>=R V2 2M RY

It follows that

I <r gl ey 122117

By Holder’s inequality, this is even better than the desired estimate

I <Sr llglaq=1ay) 1Rlpe 1,1

Controlling I, the sum with the small k. Applying to I5 the triangle inequality as before

will not work (as this time adding up the corresponding RQ(R, k) will give something
huge). We need something more clever, and that comes from Fefferman, who noticed
that, for any given k, the functions E(gx;) - E(hyxy), over all different I, J with I ~j, J,
are essentially orthogonal in L2. Indeed, first we indeed apply the triangle inequality,
but only in terms of k:

I < Z

keN: 2k<R

Z E(gx1) - E(hx;)

I~ J

L%(Br)
The crucial observation is that, morally, for every k,

2

> E(gxr) - E(hxy)

I~pd

< D) 1B(gx1) - E(hx) |32 sy
2B T
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This inequality is not in fact true, but it is morally true, and it is better than the triangle
inequality. What precisely holds is that

2
~R* f
Br

).
<R4J Z (9r5at)  (Pyat)

I~pd

2

> E(gxi) - E(hxy)
I~pJ

D (grgat) + (hugat)

I~ d

2

2

=R4f Z (97,50t % Pgat)

I~pJ

2

Plancherel 4
Pt |52 gy
I~pJ

The important observation here is that each gy g, * Iy tat is supported in the sumset I, +
Jiat, and these sets are essentially disjoint (in fact, finitely overlapping) over all the pairs
(I,J) with I ~j, J. Therefore,

2
>} E(gxa) - E(hx) <SR* ' lgrae * hugasl3
[NkJ LQ(BR) INkJ
<R TS g3 gl
2
oy
JRZ 2 2
~R FR Z H9HL2(I) HhHL2(J)
Tord
=25 37 lglZecny 101320
I~pJ

Note that this is a better estimate than if we had simply applied the triangle inequality
(thanks to the existence of the square powers). We can now move towards 4-norms on
the RHS (which was our initial goal anyway). In particular, for all &,

> E(gxr) - E(hxy)
I~pJ

1/2
<p2k/? < >3 lglian h%%J))
L2(Bg) It

1/2
< k/2 2
2 (ng |9L2(101)> max I1h] L2 (101)

Holder

<r 2k/2||9”L2([71,1]) - nax |I|1/2HhHL4([71,1])
EAk

<22 gl paor,1) 272 IR0 pagen )

=lglzaq=11p 1Plzaq=117)-

Thankfully, we are now adding over a small number of k, and in particular those with
2k < R. Earlier we denoted by M the smallest k& with 2% > R, so we are now adding up
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overk e {1,...,M — 1}, where M ~ log R. Therefore,
M-1

I < ). lglzaqory 1Pz
s

<log R|gllpa—1,1p) IRl pa=1,1))
<CRgllpag=11)) [Plzag=1,17)-

5.8. The wave packet decomposition

In the proof of the 2D Fourier restriction conjecture, the norms of (Fg)? were controlled
by chopping up the domain of g(w)g(u) in pieces, according to the distance between the
inputs w and u.

The modern approaches to the Fourier restriction conjecture in any dimension involves
what is known as a wave packet decomposition of g. This simply decomposes g (rather
than a tensor product of g with itself). It is a more complicated decomposition, because
it doesn’t simply chop up the domain of g in disjoint pieces. However, it has a huge
advantage: the pieces are essentially pairwise orthogonal, and the extension operator of
each piece is practically a wave evolving inside a different tube.

In what follows, let n > 2, and let
Y= {(w,h(w)) : we B"1(0,1)}
be a hypersurface in R”, of non-vanishing Gaussian curvature, with |Vh| < 1.

Let R > 1. The idea is to decompose any g € L'(X) in a way that will help us understand

gdo inside By. To do this, we want to split ¥ into small caps 6, and to then use some
uncertainty principle on each piece gxy, as it has small support. Of course, we know the
uncertainty principle for the standard Fourier transform of functions supported on small
rectangles (and not for the extension operator). So, we will first reduce the restriction
problem to a problem that studies functions with support in the R~!-neighbourhood of
Y. And then we will decompose those functions.

—> Reducing the problem to functions supported in an R~1-neighbourhood of 3. Recall
that, for every integrable f : ¥ — C, we may define the function f,; on

Yot 1= U 2+ (0,...,0,t),
[0,R~1]
with

fran (€ +(0,...,0,8)) := f(§)  forall¢eX, te[0,R7].
Then,

((f/J)fat> (x) = ﬁd\a(ac) . (L B eZmiant dt) for all z € R",

where J ~ 1 (and depends only on the curvature of ), and

J e27ria:nt dt
te[0,R—2]

Sp:={zxeR": |z,| <R}
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Therefore, for all f € L}(%),

‘((f/*]>fat> ‘ ~ R_l\fd\a\ on Sp.

Thus, for all p, g € [1, +0),

‘Qﬁﬂm)

_1
H(f/J)fatHLq(Rn) ~g Roa ”f”Lq(E)-

~p R fdo| 1o(my)

LP(BR)

and

So, proving any restriction estimate of the form

1740 1o(5r) Spae BN lnaemy for all f e L(E)

is equivalent to showing that

o) Mmmm) vae BN Dt aqaey,  for all £ € LI(E).

LP(BR)

In other words, studying any local form of the Fourier restriction conjecture in B is
equivalent to studying an inequality of the above form, for the inverse Fourier transform
of functions defined on Np-1%, the R~!-neighbourghood of .

— Decomposing any g € L*(Ng-13X) into pieces supported in different caps 6.

We split Nz-1 ¥ into disjoint sets 6, each of them roughly the R~!-neighbourhood of an
R~'2-cap (so, each of them roughly an R~'/2 x ... x R™1/2 x R~'-rectangle). Let © be
the family of these sets 0. Then, for every g € L'(Np 1Y),

g:Zg67

0e®

where gy := gxp. The functions gy have disjoint supports, so they are orthogonal in
L*(R™). Our goal will be to further decompose each gy into functions that are also
roughly L?*(R")-orthogonal. From now on, we denote by 6 the smallest rectangle con-
taining the original set 6.

— Further decomposing each gg. Fix 6 € ©. Denote by Ny the direction normal to 6.

The dual rectangles to § have dimensions roughly R'/? x --- RY/2 x R, and direction Nj.
So, they are practically RY/? x --- RY? x R-tubes in this direction. Let T(#) be a O(1)-
overlapping family of such parallel tubes, which together tile R".

Now, we know that since gy is supported in the rectangle 6, gy is a sum of waves, each
practically evolving inside a different tube in T(#). We briefly recall the process that gave
this result, from our uncertainty principle chapter: We write gy as a Fourier series on 6,
and then multiply it with a Schwartz function v satisfying

suppyy € 260, Yyg=1onf, 0<yy<1.
Then,
90 =90 o = Y cx exp(k) v,

k
where the sum is taken over all the centres of the tubes in T(6), the functions exp(k) are
exponential functions that depend on k, and the ¢, are the Fourier coefficients. We have
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seen that this implies that

V@:;ck%«;@,

(Ck exp(k) 1/19)V

where 171/9 is a Schwartz function adapted to the dual rectangle 6* through 0 (in the sense
that it decays rapidly outside it). This rectangle is practically the tube in T(6) through 0.

As k ranges over all the centres of the tubes in T(0), ¢¥»( - — k) is simply adapted to the
tube of T(#) with centre k.

Therefore, denoting each
CL eXp(k) wé)fat =:9r,
for T' the tube in T(#) with centre k, it follows that

Z ar,

TeT(0)
where each g7 is supported on 6, and
go= ), 9
TeT(0)

where each g7 is a Schwartz function essentially supported in the tube T, in the sense
that it decays fast outside 7', and is thus negligible outside of, say, R°T":

710100,’1
lgr ()| < (Rl/zdist(a:’,T) + Rldist(xn,T)> lglle  forallz = (2, z,) ¢ T.

The supports of g7 are practically the tubes 7', which are finitely overlapping. It is thus
not very hard to show that the functions gz, over all T' € T(#), are practically orthogonal,
in the sense that

2
Yogr| < D) lgrl3, forall W < T(6).
Tew 2 Tew

By Plancherel’s theorem, the original functions g7, over all T’ € T(#), are also orthogonal,
even through they have the same support 6:

2
digr| s D lgrl3,  forall W< T(6).
TeWw 2 TeW

— Conclusion: the wave packet decomposition of g € L' (INg-1X). Denoting
T:= | | T),
0O
we have shown that every g € L!(3g,;) can be written as

g=>l9=>, > QT_ZQT

0e® 0O TeT(6 TeT

This is the wave packet decomposition of g at scale R. The tubes in each family T(#) are
parallel to each other (pointing in the direction normal to #). Tubes corresponding to
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different families T(6,), T(62) are ~ R Y 2-separated, due to the curvature of ¥. The
functions gr are essentially orthogonal in L?(R"™), in the sense that, for every W< T,

ZQT2= Z Z gr

TeWw 2 0€© TeWNT()

2

suppgr <6, VTeT(0)
PN DI
0€O (| TeWANT(H) 9

<2 2 lrle

0e© TEWANT(0)

=2, lorl®.

Tew

Moreover, for each T' € T, g7 is a Schwartz function, which is negligible outside RT". In
particular, using the decay that we know each g7 has, it is not too hard to show that, for
every z € R"”,

~ ~ _ 100
gloy = >, Gr(@) +cROTgl2.
TeT: xeRT

We record this information in the following proposition.

PROPOSITION 5.8.1. (The wave packet decomposition of any g € L?(Ny-1X) at scale
R) Let ¥ be a hypersurface in R™ of non-vanishing Gaussian curvature in R". Fix R > 1, and
let T be the family of RY/? x - - x RY/? x R-tubes in R constructed earlier. Let ¢ > 0. Then, for
all g e L' (Np-1Y), we can write

g = 2 ar,

TeT
so that the following hold.

(i) For each T € T, gr is supported in the R~/

T.

-rectangle in Nr-1% whose normal is parallel to

(ii) For each T € T, gt is essentially supported inside T, in the sense that
—101%0p
lg7(2)] < <R1/2dist($/,T) + Rldist(xn,T)) lgllz  forallz = (2',x,) ¢ T.

(iii) For each x € R™, the tubes of T that contribute to §(x) are essentially those that pass through

x, in the sense that
0100

ga)= 3 gr@) + R gl

TeT: xzeR<T
Therefore, for any p € [1,400),

+ CER—1000anH2_
LP(BR)

Y w

TeT: RTABr#J

1] e (BR) =

(iv) The functions gr are essentially orthogonal, in the sense that, for all W < T,

2
Yior| < ) lorls.

Tew 2 TeWw
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5.9. The polynomial method in Fourier restriction theory: a motivation

Recall (56)): to prove that the extension operator “do is L1(X) — LP(Bpg)-bounded, it

suffices to show that )
~ —1+1+
19 2o (Br) Spae BT 7 lgllg
for functions g supported on Ng-13. Considering the wave packet decomposition g =

Y et g1 of each such g at scale R, this becomes equivalent to showing that

—1+2+e

gr Spae It lglq

TeT: RETNBr#J Lr(BR)

for all such g. In other words:

We wish to control the total mass of a sum of waves, each es-
sentially evolving inside a different tube that intersects Bg.

This demostrates again how difficult Fourier restriction is: we have tubes, each carrying
a different wave. And whenever any of the tubes meet, the waves that they carry inter-
fere with each other. The goal is to show that in principle this interference is destructive,
so that the total wave contribution in Bp is quite small.

Even though this is very complicated, it is reminiscent of the Kakeya maximal operator
conjecture. There, we have tubes pointing in different directions, and the goal is to show
that they have small overlap. In this sense, the Kakeya maximal operator conjecture
is a simpler analogue of the Fourier restriction conjecture, where oscillation has been
removed.

Of course, the Kakeya maximal operator conjecture itself is very hard. So, people have
been trying to remove not only oscillation from the problem, but also volume: they
shrink the tubes down to lines, and hope to show that, under certain conditions, the
lines do not meet very often. This seems like a gross simplification, however we already
know that it was in this setting that the big revolution happened in 2008, when Dvir
solved the Kakeya problem in finite fields using the polynomial method, revealing that
the Kakeya conjectures have an underlying algebraic geometric nature that was not clear
before.

The reason that the polynomial method works so well with lines is that lines interact very
well with zero sets of polynomials: a polynomial p can either vanish along a line at most as
many times as its degree deg p, or the line fully lies inside the zero set Z, of p. And more
generally, if p has a certain algebraic property on many points of a line, it tends to have
the same property throughout the whole line.

However, in general, tubes do not interact well with zero sets of polynomials. For instance,
the zero set of a large degree polynomial can be fully compressed inside a small part of
a tube. So, we cannot claim that if a polynomial behaves in a certain way at many points
in the tube, then it will have behave similarly throughout the whole tube.

So, we need a different polynomial method, one where at least the computational bounds
that work for lines also work for tubes. This polynomial method is polynomial partition-
ing, and was developed in 2010 by Guth and Katz, for the solution of the Erds distinct
distances problem in R2. Since 2014, polynomial partitioning has been used to make
tremendous progress in the Fourier restriction problem, as well as related problems (e.g.
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Falconer’s distance set conjecture, Hormander’s problem on oscillatory integrals). It has
also led to major progress or resolution of numerous problems in incidence geometry,
as the degree of the polynomial it yields is in general better than the one coming from
Dvir’s vanishing lemma.
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CHAPTER 6
Polynomial partitioning

6.1. The advantage

Polynomial partitioning is a polynomial method developed by Guth and Katz in 2010,
for the solution of the distinct distances problem by Erdés. The method works only in
Euclidean space, and can be applied either to a finite set of points (like Dvir’s vanishing

lemma), or to the mass of an L!-function (like | g;l\a\p on Bg).
Let us compare Dvir’s polynomial method with polynomial partitioning.

— Dvir’s vanishing lemma claims that, for any finite set S in ", there exists a non-zero
polynomial p € F[z1, ..., z,], withdegp < (#S)l/", so that S lives on its zero set Z,,.

— Polynomial partitioning aims to find a much lower degree polynomial, achieving
roughly the same thing. It works only in Euclidean space.

At first glance, it is perhaps not clear how this works. Polynomial partitioning ensures
that, no matter which finite set S of points we start with in R”, and no matter which
degree d we choose (ideally, d « (#S)l/ "), we can find a polynomial p € Rlzy,...,z,],
with degp < d, whose zero set Z, splits S in smaller parts, in a nice, controlled way.
More precisely, Z, splits R" in a controlled number of pieces (the cells, i.e. the connected
components of R™\Z,,), each containing < #S points of S (so, each cell contains at most

Fcells
its fair share of points). Then, arguments tend to go this way:

— Cellular case. More than half of the points of S lie inside the cells. Then, we focus
our attention on a single cell of average behaviour. This is like a microscopic picture of
what we started from: we started with a picture of many points and perhaps many lines
through them, and we now focus on considerably fewer points and lines through them.
If we are lucky, this case is settled (we control #5S) via some inductive argument (e.g. on
the number of lines).

— Algebraic case. More than half of the points of S lie on Z,. This is better than what
we got from Dvir’s vanishing lemma, as now the degree d of the vanishing polynomial
is much smaller than (#5)"/"!

6.2. Statement and proof

We first write down the polynomial partitioning theorem in either case (points or masses).
The proof is particularly elegant, and relies on the topology of Euclidean space (specifi-
cally, on the Borsuk-Ulam theorem).

THEOREM 6.2.1. (Polynomial partitioning for points, Guth-Katz, 2010) Letne N, d > 1
and S a finite set of points in R™. Then, there exists a non-zero polynomial p € Rz, ..., zy],
with degp < d, so that Z, splits R" into ~ d" cells (these are the connected components of

R™\Z,, and some may be empty), each containing < Zﬁ—f points of S.
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THEOREM 6.2.2. (Polynomial partitioning for a mass) Let n € N, d > 1 and f € L*(R").
Then, there exists a non-zero polynomial p € R[z1, . .., x|, with deg p < d, so that Z, splits R™
into ~ d" cells C' (these are the connected components of R™\Z,,, and some may be empty), each

satisfying
_ g lfl SR IS
L\f\ T eells | dv

The proof for masses is in fact a little simpler than the one for points. They are both
based on the following continuous analogue of Dvir’s vanishing lemma.

THEOREM 6.2.3. (Polynomial ham-sandwich theorem, Stone-Tukey, 1942) Let M > 2,

and let Sy,..., Sy be subsets of R"™, of finite, positive volume. Then, there exists a non-zero
polynomial p € Rlxy, ..., x,], withdegp < M 1n whose zero set Z,, simultaneously bisects all
the Si, ..., Sy volume-wise, meaning that

|Si n {p >0} =1S;in{p <0}, foralli=1,..., M.

Notice that, since we are already talking about the signs of the values of p, we need to be
at least in a field with an order. The proof is in turn based on the Borsuk-Ulam theorem,
which is true thanks to the topology of Euclidean space.

THEOREM 6.2.4. (Borsuk-Ulam) Let f : S*~! — R~ be continuous and odd. Then, there
exists x € S"~! so that f(x) = 0.

Observe that an important condition for this to work is that the map f collapses the
sphere of R" to the horizontal hyperplane through 0.

PROOF OF THE POLYNOMIAL HAM-SANDWICH THEOREM. We know that each poly-
nomial of degree < d has the form

an

— al
p(xlv"'axn) - Z Cay,..an®y - - Ty,
a1+---+an<d

d+n
so it can be identified with its sequence of (d:”) coefficients, i.e. with a vector in Rr(" )

We equip this space with the Euclidean norm, and we consider its sphere s(“2")=1, This
is the set of polynomials of degree < d, whose vector of coefficients has Euclidean length
1. So, the polynomials in s(%") =1 are all non-zero,

We now define amap f : S("2") "1 - RM, with

p— <Slm{p>0}|—|Slm{p<0},...,|SMm{p>0}—|SMm{p<O}|>.

We see that f is continuous, because if the coefficients of p change by very little, then the
sets where p is positive and negative, respectively, also change little. Also, f is odd, as
{-p>0} ={p <0}and {—p < 0} = {p > 0}. So, as long as
d
(57) ( +”)—1>M,
n

the Borsuk-Ulam asserts that there existsap € s(“2")~1 5o that f(p) = 0. This polynomial
p is non-zero, has degree < d, and bisects each \S; volume-wise.

In other words, for every d satisfying (57), there exists a non-zero p € Rz1, ..., z,], with
degp < d, bisecting each S;. This still works for the smallest d in the range (57). Since

(d;n) ~ d", this smallest d satisfies
d" ~ M,
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and thus d ~ M"/". The proof is complete. O

THEOREM 6.2.5. (Discrete polynomial ham-sandwich theorem, Guth-Katz, 2010) Let

S1,..., S befinite sets of points in R™. Then, there exists a non-zero polynomial p € R[x1, ..., xy],
with degp < MY™, whose zero set Zy bisects all the Sy, ..., Sy simultaneously, in the sense
that
#(Sin{p>0}) < #ji and  #(S; n {p < 0}) < #2&, foralli=1,..., M.
PROOF. For each § > 0, we consider the d-neighbourhoods S¢,..., 53, of the sets
S1,...,Sm. Aslong as ¢ is small enough, each Sf is the union of #.5; disjoint J-balls.
By the polynomial ham-sandwich theorem, for d ~ M'/", there exists a polynomial
ps € S(d:n) -1 bisecting each S; volume-wise. We choose a sequence 6,, — 0 (e.g. § = %,

d+n
for n € N). Then, the sequence (ps, )nen lives inside the compact set S( " )_1, therefore

it has a subsequence that converges to some p € s~ (with respect to the Euclidean
norm). We will show that this p, which has degp < d ~ MY™, has the desired bisecting
property.

For simplicity, we denote the above subsequence by (p,,)nen. The fact that p,, — p means

that the vectors of coefficients of the polynomials p,, converge to the vector of coefficients
of p (coordinate-wise), so p, — p uniformly on compact sets.

Suppose now for contradiction that, for some i € {1,..., M},

#(S; n{p>0}) > #TSZ

In other words, p is positive on more than half of the points of S;. Let us denote these
points by x1, ...,z (Where k > #TSZ'). Since p is continuous on R”, and these points are
finitely many, there exists ¢ > 0 so that p is positive on the balls B(z1,¢),..., B(xg,€).
Since p,, — p uniformly on B(z1,€) U ... U B(zy,€), for large n each p,, is also positive
on B(z1,€) u...u B(xg,€), and thus on B(x1,6y), ..., B(zk, d,)) (as, for large n, d,, < ).
Moreover, these balls are disjoint for large n (as §,, — 0). This is a contradiction, as it
would imply that p,, is positive on more than half the volume of Sf "

O

We are now ready to prove the discrete polynomial partitioning theorem (whose state-
ment we recall):

THEOREM 6.2.6. (Polynomial partitioning for points, Guth-Katz, 2010) Let ne N, d > 1
and S a finite set of points in R™. Then, there exists a non-zero polynomial p € R[z1,...,zy],
with degp < d, so that Z, splits R™ into ~ d" cells (these are the connected components of

R™\Z,, and some may be empty), each containing < ﬁ—f points of S.

PROOF. We apply the discrete polynomial ham-sandwich theorem iteratively: First
we bisect S, splitting it into two parts, then we bisect each of these two parts, then we
bisect each of the four resulting parts, and so on. Each bisection happens with a polyno-
mial of low degree, and doubles the number of parts. We stop the process as soon as the
degree we have accumulated is roughly d.

Now for the details:
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By Theorem applied to S, there exists a non-zero polynomial p; € R[z1,...,zy],
with degp; < 1", whose zero set Zp, bisects S (in the sense of the theoremﬂ Le.,

R™\Z,, consists of 2! disjoint cells, {p1 > 0} and {p; < 0}, each of which contains < #
points of S.

By Theorem [6.2.5)applied to the two sets S n {p > 0} and S n {p < 0}, there exists a non-
zero py € Rz, ..., x,], with degp; < 21/n whose zero set Zp, bisects both S n {p > 0}
and S n {p < 0}. Le.,, R™\(Z,, U Z,,) consists of 22 disjoint cells, {p1 > 0} N {p2 > 0},
{p1 >0} n{p2 <0}, {p1 <0} n{p2 > 0} and {p1 < 0} N {p2 < 0}, each of which contains
< % points of S.

We continue in a similar way. By the end of the j-th step, we have produced non-zero
polynomials py, ..., p; € R[z1,...,2,], of degrees degp; < 20-D/" degpy < 22~V
degp; < 20~D/" so that R™\(Zp, U...u Z,,) consists of 2/ disjoint cells, each determined
by a choice of signs for the py,. .., p,, and each containing < #2&—]5 points of S.

An important observation is that Z,,, v ... U Z,, = Z,,..;,;, so the above partitioning of
R™ is achieved by the zero set of the single non-zero polynomial p; - - - p;, whose degree
is

deg(p1---p;) = degpr + ... +degp; < C’n(l(l_l)/n +...4 Z(j_l)/”),
for a constant C,, depending only on the dimension n.

We stop the partitioning process at the J-th step, where J is the largest integer so that
C, (21 42Uy g,

For this J,
o0=D/m 4y olU=b/n g
Since
J—1
2(1—1)/n + .+ 2(]—1)/n _ Z (21/n)k ~ (21/n)J—1 ~ 2J/n’
k=0

the J we are interested in satisfies 27/ ~ d, hence 2/ ~ d". This is in fact the number of
cells at the end of the .J-th step.

Therefore, at the end of this process, we have acquired a non-zero polynomial p :=
p1---py € Rlay, ..., 2,), with degp < d, whose zero set Z, splits R” into 27 ~ d" cells,

each containing < f—f ~ ﬁ—f points of S.

O

Sketch of proof of Theorem The proof of polynomial partitioning for a non-negative
mass f € L}(R") is a small adaptation of the above argument. We simply need to adjust
the polynomial ham-sandwich theorem to the measure f(x)dz, rather than the Lebesgue
measure dz. With a similar argument, we prove that, for any Si,..., Sy in R”, there
exists a non-zero polynomial p € R[xz, ..., x,], withdegp < M 1/n_which bisects each S;
with respect to the measure f(x)dz, meaning that

f f(z) dxzj f(z) dx, foralli=1,....M
Siﬂ{p>0} Siﬂ{p<0}

(with the implicit constant in the bound for deg p depending only on the dimension n).

Un fact, it is easy to see that p; may be taken to be a hyperplane.
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Then, polynomial partitioning for any non-negative f € L'(R") is proved similarly to
the discrete case: we first bisect the mass of f (on the whole of R"™), then we bisect each
of the two resulting masses, then each of the four resulting masses, and so on, each time
using a low-degree polynomial. We stop when we accumulate degree roughly d.

O

6.3. The numerology of the cellular case

Suppose that we wish to control the size of some finite set S in R", relative to #L, for
some family £ of lines containing S. Polynomial partitioning may help us with this,
especially if the points of S lie on certain lines given by our problem. It asserts the
following:

There exists a non-zero polynomial p € R[xz1,. .., z,], with degp < d, so that Z,, splits R"
into ~ d" cells, each containing < % points of S.

Then, independently of what d is, there are only two possible cases:

— The cellular case. = #S points of S (say, > 1% of the points in S) lie outside of Z,,
(i.e., inside the union of the cells).

— The algebraic case. X #5 points of S (say, > 90% of the points in S) lie on Z,,.

If for some d « (#5)'/" we can somehow deal with the cellular case, either by contra-
dicting it or by solving our problem in that case, then we can assume that we are in the
algebraic case. That is, the problem is reduced to a case where most of our points cluster
on the zero set of a polynomial of degree considerably smaller than (#S)'/™. This is much
stronger than what we would get from Dvir’s vanishing lemma.

Note that, a priori, there is no reason at all why one should be able to ‘deal” with the
cellular case for small d. Indeed, if there was a standard way to reduce to the algebraic
case no matter what problem we started with, it would mean that all point-line incidence
problems have an underlying algebraic nature, which does not have to be true.

There exists, however, a standard way to at least attempt to deal with the cellular case:
working with a cell with average behaviour, i.e. a cell that contains its fair share of
points, and is crossed by its fair share of lines in L.

The existence of such a cell is ensured by the following lemma.

LEMMA 6.3.1. (Numerology of average cell) Suppose that we have partitioned S — R" using
a polynomial of degree at most d, and that we are in the cellular case. Then, for any finite family
L of L lines in R", there exists a cell C of average behaviour, i.e. such that

C contains ~ ZE—E points of S

and

L
C'is crossed by < P lines in L.

— Why might this be useful? In a cell C' of average behaviour, we have a microscopic
picture of what we started with. In particular, we have fewer points (but not too few)
lying in fewer lines than those we started from. Therefore, induction on the number of
lines crossing C, or applying a known estimate inside C, may resolve the cellular case.
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The rest of this section is dedicated to the proof of Lemma The claim directly
follows from the following two:

(i) A definite proportion (say, 1%) of the cells are such that each contains ~ f—f
points of S, and

(ii) A large proportion of the cells are such that each is crossed by < # lines in
L. [By large proportion here we mean large enough so that, when added to the
proportion above, we get more than 100% (say, 99.5%).]

If (i) and (ii) hold, then there must exist a cell that satisfies both properties.

We now prove precise versions of (i) and (ii). By our assumption that we are in the
cellular case of polynomial partitioning, we know that there exist constants ¢;,ca > 0,
depending only on the dimension n, so that

each cell contains < ¢;

##6;1 points of §
and

> co#S points of S are in the cells.

Proving (i). For the above constants c; and ¢y, the following holds.

CLAIM 6.3.2. In the cellular case, > 2% of the cells have the property that each contains ~ #—S
points of S.

PROOF. Let us prove this claim. It suffices to show that > 2% of the cells have the
property that each contains > 0.0001cy % points of S (as #cells ~ d").

The proof is a simple counting argument. We will assume that this is false, and reach a
contradiction. Let

Coood = {Cells each containing > 0.0001cy points of S}

#S
#cells
and

Chaq = {cells each containing < 0.0001cz #751 points of S } .

F#cells
Our goal is to show that #Cgo0q > i—f%#cells.

A large proportion of S lies inside the cells:

(58) Z #{points of S in cell} + Z #{points of S in cell} > co#S.

cells in Cg0d cells in Cpaq

On the other hand, the bad cells contribute very few points in total, as each contains very
few points of S:

Z #{points of S in cell} < #Cpaq - 0.0001cy #5
, #cells
cells in Cy,aq
#S
< 0.
< #cells - 0.0001co Zicells

= 0.0001cs - #8S.
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If we now assume for contradiction that the good cells are very few, and in particular that
#Cgo0d < %’%#cells, it will follow that also the good cells contribute very few points:

. . #S
Z #{points of S in cell} < #Cyp0d - CIM

cells in Cgo0d

C2 #S
< =.0. .
S o 0.01 #cells - ¢; Jicells
= 0.01co - #8S.

This is a contradiction, as the good and bad cell contributions are not enough to yield
(58). So, our assumption that the good cells were very few must is false. In other words,
#Co00d > g—f%#cells, as desired. O

Proving (ii). We know that there exists a constant ¢y > 0, depending only on the dimen-
sion, so that

#cells = cpd”.

For this constant ¢y, the following holds (and in fact independently of whether we are in
the cellular case or not).

CLAIM 6.3.3. For any family L of L lines in R™, and for any o € (0,100), > a% of the cells

have the property that each is crossed by < Adn% lines of L, where A := %.

The precise value of A is unimportant here; all that matters is that it depends only on «
(which we are free to choose as we please) and on the ambient dimension n. Observe
that we are free to make the percentage of these nice cells as large as we wish (as long as
we appropriately increase the factor A).

The proof of Claim follows by a very simple double counting argument, which
in turned is based on the following lemma, which lies at the heart of the polynomial
method. This is why polynomial partitioning (that is, partitioning with the zero set of
a polynomial, rather than any other type of function), is so useful:

LEMMA 6.3.4. Any line in R™ enters at most d + 1 cells.

PROOF. Let /be aline in R™.

As ( passes from one cell to the next, it hits the zero set Z, of p (where p is the parti-
tioning polynomial). Indeed, recall that p is the product of polynomials p1, ..., p; which
appeared in the polynomial partitioning iteration, and that each cell is determined by a
different choice of signs for the py, ..., p;. Therefore, for any two cells C;, Cs, one of the
polynomials p; is, say, positive on C; and negative on (5. Now, suppose that ¢ enters
both €y and Cs. Then, the one-variable polynomial (p;), is positive on £ n C; and neg-
ative on ¢ n (Y, so, by the intermediate value theorem (it is continuous) it must vanish
in the transition between the ce lls. So, pj¢ must also vanish in the transition between the
cells.

Therefore, if £ entered > d + 2 cells, it would hit Z, > d + 1 > degp + 1 times, so £ would
lie fully inside Z,. This is impossible, as in this case ¢ would enter 0 cells (rather than
d + 2 of them).

It follows that ¢ enters < d + 1 cells. O

We are now ready to prove our earlier claim.
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PROOF OF CLAIM[6.3.3] Fix a € (0,100), and let £ be a family of L lines in R". The
proof is a double counting argument: since each line in £ enters a small number of cells,
the average cell must be entered by a small number of lines.

Let us first make a ’careless’” attempt at this. By the above lemma,

Z #{cells crossed by ¢/} < L - (d + 1) < Ld.
el

On the other hand, this sum also equals ), #{lines in £ crossing the cell}, so

cells

Z #{lines in L crossing the cell} < Ld.

cells

Since however there are ~ d" cells in total, some cell must contribute less than the aver-

age ~ % ~ d"% to the sum above. In other words, there must exist at least one cell that

is crossed by < dnL—,l lines.

This is not enough for us though; we wanted to show that a large proportion of the cells
(rather than just one cell) will have this property. So, we now run the argument with a
bit more care.

For A as in the statement, define

Csood 1= {cells each crossed by < A - lines of E}

dan— 1
and

L
Chad = {cells each crossed by > A - i lines of E} .

Our goal is to show that #Cyq0q > a%#cells.

By the above,
Z #{lines in L crossing the cell} + Z #{lines in L crossing the cell}
cells in Cgp0d cells in Cpaq
= Z #{lines in L crossing the cell}
(59) cells
= 2 #{cells crossed by ¢}
el

< L(d+1) < 2Ld.

In other words, both good and bad cells must contribute little to the sum. Let us now
assume for contradiction that #Cgo0q < a% #cells. This must force the bad cells to be
many:
#Chad = (100 — Oé)% #CBHS.
But this forces the bad cells’ contribution to (59) to be too large. Indeed,
L
Z #{lines in L crossing the cell} > #Cpaq - A T

cells in Cpaq
100 L
(100 — )% g dn—1

#cells=cod™ 1010 L
= 100 — d" - .
( @)% co (100 —a)% ¢y dnt

> (100 — )% #cells -

=10""Ld,
which contradicts (59). So, the assumption that F#Cyo0d < % #cells is false.
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O

Consider a € (0,100) so that a% + 2% > 100%. By the pigeonhole principle, there must
exist a cell satisfying the bounds in both Claims and This completes the proof
of Lemma

6.4. Dealing with the cellular case via induction

In this section we see how one may deal with the cellular case via induction, to then
reduce the problem of controlling #S to a problem where most of S lies on the zero set
Z, of the partitioning polynomial p.

REMARK 6.4.1. We emphasise here that induction is not the only way to deal with the
cellular case, and in fact it may be a crude way to do so. It may be more useful to
apply known, different estimates inside the average cell, rather than some inductive
hypothesis. We will soon see both approaches via a specific example (the joints problem,
a discrete analogue of the Kakeya maximal operator conjecture). However, since the
inductive proofs are by now streamlined, and are also used a lot in harmonic analysis,
we choose to dedicate this section to them alone.

O
Suppose that we have the following kind of problem.

Problem. Let (P) be some property, and let ¢ > 0. For every family £ of L lines in R",
denote
S(L) := {x e R" : the lines of £ meeting at z satisfy (P)}.
Show that
#5(£) s LY,
where the implicit constant depends only on the dimension n and on g.

— Examples.

e When
S(L) = {zr e R" : atleast 2 lines of £ pass through x=}.

In this case, (P) is the property of having cardinality > 2. And we know that
L
#S(L) < <2> ~ L%

so indeed a formula of the desired form works, for ¢ = 2.
e When

S(L) = {x € R" : the directions of the lines of £ through = span R"}.
These points are called joints formed by £, and we will soon see that
#5(C) < L7,

so again a formula of the desired form holds, for the magic exponent ¢ = -5
of the Kakeya maximal operator conjecture (whose double also features in the

Fourier restriction conjecture).

When trying to control S(£), we can of course apply polynomial partitiong to S(L),
using a partitioning polynomial p of any degree d we wish. We will see that, as long as
q > ;%5 and d is simply a large constant, we can deal with the cellular case by induction,
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and reduce to the case where most of S(£) lies on Z,. Note that the algebraic surface
Z, now has very low degree (a large constant, independent of #S5(L)). This reveals very
strong algebraic structure in our picture. In some sense, it is as if Z,, is just a union of
very few planes, or anyway slightly curved surfaces.

We encode this information in the following lemma (the notation refers to the full gen-
erality in the statement of the Problem above).

LEMMA 6.4.2. Let that ¢ > 5. When trying to show that

#S(L) S g,y LY,
for any family L of L lines in R", it suffices to show the estimate when L <,, 4 (py 1, and to then
assume that S(L) lies in the zero set Z,, of a polynomial p € R[x, ..., x,] with degp <pq 1.

PROOF. We are aiming for the estimate
(60) #S(‘C) < Cn,q,(P)Lq7
for an appropriate constant C,, , (p) that will be determined later. We proceed by induc-
tion on L:

e The base case. We first show for all families £ of lines in R" with L < A,, ; (p), for
some constant A,, ; p).

e The inductive hypothesis. Let £ be an arbitrary family of L lines in R", with L >
Ay, 4. (p)- We will aim to show for £, assuming that holds for any family of lines
with strictly smaller cardinality.

e The start of the argument: polynomial partitioning. We apply polynomial parti-
tioning to S(L), using an arbitrary degree d. We will then show that we can solve the
problem in the cellular case, as long as d is a large enough constant A,, ;. This will allow
us to reduce the problem to the algebraic case, where a large proportion of S(L£) lies on
the zero set of the partitioning polynomial (which has degree < A4,, ).

Indeed, let any d > 1. We apply polynomial partitioning to S(£) with degree d. This
yields a non-zero polynomial p € R[z1,...,z,], with degp < d, whose zero set Z, splits

R™ into ~ d" cells, each containing < %ﬁﬁ) points of S(L).
We now have two cases.

— The cellular case. > 50% of S(L) lies in the cells.

— The algebraic case. > 50% of S(L) lies in the zero set Z,,.

The point here is to find the lowest d for which we can get rid of the cellular case simply
via induction inside a cell of average behaviour.

Suppose that we are in the cellular case. We know that there exists a cell C' of average
behaviour, meaning that

#5(£)

dn

C contains ~ points of S(L),

and

L
C'is crossed by < z lines of L.
Denoting by Sc.;i the set of points of S(£) inside the cell C, by L.y the set of lines in £
entering C, and by Lcel := #Lcen1, the above means that

#5(£)
dn

#Scell = Cl
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and I
Lcell < C2W»

for some constants C;, Cy depending only on the dimension n. Now, two observations
allow us to apply our inductive hypothesis to Scen and Leen:

(1) Scenn € S(Leen), as the lines of L) are the only lines in £ that enter the cell, and
thus they must satisfy the property (P) whenever they meet at points of Scej;.
This further implies that

#5(£)

#S(['cell) = Cl dn

(2) Leen < L, aslong as d is larger than some constant depending only on n. Indeed,

L
Lcell < CZd < L

as long as d"~! > Cj, or equivalently
1
61) d>Cyt.

From now on, we assume that the d we are using has this property.

This means that we can apply the inductive hypothesis to L), to obtain that

#S( COH) C (P)Lcell
Replacing in this estimate the above bounds for #S(Leen) and Leey, we deduce that

S(L L \?
Cl#dr(z ) < Cn,q,(P) <C2dnl> 5

or equivalently that

30,
#5(L0) < Jai=n * Cnam LY
Note that the power g(n — 1) — n in the denominator is strictly positive, exactly because
q~—1
q > 5. Therefore, as long as d is a large enough constant, the factor % is smaller

than 1, and the desired estimate
#S(L) < Cn,q,(P) L1
is obtained in the cellular case. All we need is
dq(n—l)—n > C’gCl_l,
or equivalently
(62) d = (Cyoytyam= OE
Combining and (66), we see that, as long as our d was any integer d satisfying

d> Ay, = max{C’Q" L(cior D)am=D =y }7

the desired estimate
#S([’) < Cn,q,(P) L1
has been proved in the cellular case.

This works for any d in the above range, and thus for d ~ A, 4. Therefore, for such d,
the cellular case is resolved, and we may thus assume that we are in the algebraic case:
> 50% of S lies in Z,,, where now degp < A, 4.

O

127



In the next sections, we will see how to apply polynomial partitioning in a specific exam-
ple, the joints problem. This may be viewed as a discrete analogue of the Kakeya problem.

6.5. The joints problem

Recall that the Kakeya maximal operator conjecture claims that, for any n > 2, for any
0 > 0, and any family T of j-separated /-tubes in R",

#{tubes in T through =} 71 dz is small.

zeR™

This is known only for n = 2: in this case, the proof is quite simple, as % = 2, so the
multiplicity in the integrand represents the number of pairs of tubes through each z - in
other words, it has a combinatorial meaning. For all n > 3, this is no longer the case.

The Kakeya maximal operator conjecture is difficult because the tubes have volume. This
means that their overlap depends on the angle at which they meet - and things become
more complicated the more tubes meet at a point. It thus makes sense to create a discrete
analogue of the problem, where instead of tubes we have lines in R". Things are simpler
then: if two lines intersect, they do so at a single point.

In the Kakeya maximal operator conjecture, the separation of the tubes is due to their
thickness - it is necessary so that the tubes look distinct (even when they intersect). Lines
have no thickness, so, in our discrete analogue, it makes sense to not impose any sepa-
ration conditions on their directions.

The discrete analogue we will now discuss is the joints problem. This appeared com-
pletely independently in the 1980s, in the world of computer science. It was Thomas
Wolff who noticed that it is connected to the Kakeya problem.

DEFINITION 6.5.1. (Joints) Let L be a set of lines in R™. We say that a point x € R™ is a joint
formed by L if the directions of the lines in L that pass through x span R™. We denote by J (L)
the set of joints formed by L.

In R?, any two (distinct) lines that intersect form a joint at their intersection. In R3, a
family £ of lines forms a joint at a point z if the lines in £ that pass through z are not
coplanar. As n gets larger, it is harder and harder for a joint to be formed.

We can now create a discrete analogue of the Kakeya maximal operator conjecture:

Question. Let £ be a finite set of lines in R™. Is it true that

Z #{lines in £ through x}% is small?
zeJ (L)

Ideally, like in the Kakeya maximal operator conjecture, we would like to control the
above sum simply in terms of #£ (and independently of how the lines are distributed
in R™). Of course, if we want to answer this question, to begin with we should be able to
simply control #.J (L) (which is the same sum, but with power 0 in place of _").

The question of controlling the number of joints formed by L lines in R" appeared in
1983 in computer science, and it was solved in 2009 using the polynomial method (Dvir’s
vanishing lemma).
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THEOREM 6.5.2. (Quilodran, Kaplan-Sharir-Shustin, 2009) Let n > 2. There exists a
constant C,,, depending only on n, so that, for any family L of L lines in R",

#J(L) < Cp LT,

—— Observations.

e The joints estimate is trivial for n = 2. Indeed, for any family £ of L lines in R2, every
joint lies in at least 2 lines of £ (of course this is also true in all dimensions). Therefore,

#J (L) < #{pairs of linesin L} = <§> ~ L2

In other words, just as in the Kakeya maximal operator conjecture in two dimensions
(where the exponent -5 = 2 leads us to consider the overlap of pairs of tubes), in the
joints problem as well the same exponent leads us to consider intersections of pairs of
lines - so the problem is easy.

In all higher dimensions, however, the joints problem was open for about 30 years.

e The bound in the joints theorem is optimal in all dimensions, in the sense that, for every
n > 2, and every L € N, there exists a collection £ of ~,, L lines in R", so that

H#J(L) ~p LT,

This is easy to see; for example, consider axis-parallel lines, and the grid of points where
they intersect.

O

In the upcoming sections, we will see:

e the proof of the joints theorem using Dvir’s vanising lemma,
e the proof of the slightly weaker estimate

#J(L) Sne L1 foralle > 0

using polynomial partitioning (here we will get rid of the cellular case using
induction in the average cell, as in the previous section),
e astronger estimate, in particular the discrete analogue

Z #{lines in £ through x}% pS L2
zeJ (L)

of the Kakeya maximal operator conjecture in R3, using polynomial partitioning
(and a known theorem in the average cell, instead of induction, to get rid of the
cellular case). In the above, the $ notation hides multiplicative factors of the
form (log L)“".

6.6. Counting joints using Dvir’s vanishing lemma (Quilodrdn’s proof)
We first recall the joints theorem. The rest of the section is a presentation of Quilodran’s
proof.

THEOREM 6.6.1. (Quilodran, Kaplan-Sharir-Shustin, 2009) Let n > 2. There exists a
constant C,,, depending only on n, so that, for any family L of L lines in R,

#J(L) < Cp LiT.
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Quilodran’s proof is based on the following proposition, which demonstrates the alge-
braic nature of the joints problem.

PROPOSITION 6.6.2. Let L be a collection of L lines in R", and let J be a subset of J(L).
Suppose that a non-zero polynomial p € R[x1, . .., xy] vanishes on J. Then,

#J < L -degp.

PROOF. The proof is accomplished in two steps. The idea is that the estimate, roughly,
claims that each line contains < deg p joints. This is not actually true, however it is true
in terms of an iterative process: we will first find one line that contains < degp joints,
in the remaining collection of lines there will exist another line containing < deg p joints,
and so on. In the first step we find some line with few joints, and in the second step we
will count the joints by iteratively applying the first step.

Step 1. This step involves the core of the argument, i.e. the following.

CLAIM 6.6.3. There exists a line in L containing < degp joints of J.

We prove the claim by contradiction.
¢ Suppose that each line ¢ € £ contains > degp joints of J.

e We know that p vanishes on J (as it vanishes on the whole of J(£)). Therefore, for each
¢ € L, p vanishes along ¢ more times than its degree. This means that ¢ < 7, forall { € L.

Observe how the vanishing property of p has propagated from J to all the lines in L.
This is a key point in any polynomial method argument.

e The fact that all lines in £ lie in Z,, implies that, for each joint x € J, there cannot exist a
tangent space to Z, at x.

Indeed, let z € J. We know that z is a joint formed by £, so the lines in £ through x
have directions that span R". At the same time, these lines all live inside Z,,. So, if there
existed a tangent space to Z, at z, it would have to be tangent to all these lines, and
this would force all these lines to live inside this tangent space. Then, however, they
would not be able to form a joint at x: their directions would span something at most
(n — 1)-dimensional.

Observe how the fact that all our lines are in Z, implies further structural information,
specifically between the relationship of our joints with Z,. This is a huge advantage of
the polynomial method here: the revelation of the algebraic surface Z, inside our picture
reveals structure that was originally hidden from us.

e The above implies that, for each joint x € J, Vp(x) = 0.

Indeed, let « € J. If we had Vp(z) # 0, then there would exist a tangent space to Z, at =
(and Vp(x) would be its normal).

e Therefore, some there exists some non-zero polynomial g that vanishes on J and has lower-
degree than p.

Indeed, p is a non-zero function which vanishes somewhere (e.g. on J). Therefore, one of
its partial derivatives 0,,p, . . ., 0, p must be a non-zero polynomial (as if all these partial
derivatives were zero, p would be constant, and thus zero everywhere on R", which is
not true).

e The above would be a contradiction if we had started with p a non-zero polynomial of
minimal degree vanishing on J (which we may well have). So, we run our argument above
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with such a non-zero polynomial g in place of p (which of course satisfies deg g < deg p),
and we show by contradiction that some ¢ € £ contains < deg g (and thus < deg p) points
of J.

Step 2. We iteratively apply Step 1. We find a line in £ containing < deg p joints of J, and
we remove it (and the joints that it carries) from our collection. Amongst the remaining
lines, we find another containing < degp of the remaining joints of J, and we remove
it (and the joints that it carries) from our collection. And so on! Eventually we have
removed all the lines (and thus all the joints of .J) in < L steps, having removed < degp
joints of J at each step. So, it must be true that #.J < L - degp.

Now for the details:
e p vanishes on J, so, by Claim|[6.6.3] there exists ¢; € £ such that
#(J nty) < degp.

We remove /; from our collection of lines, and the joints in J n ¢; from our collection of
joints. In this step, we have removed < deg p joints of J.

The remaining joints of J are those in J; := J\(J n ¢1), and they are joints formed by
the remaining lines, i.e. those in £ := £\{/;} (since they are joints formed by £, but ¢;
doesn’t pass through them).

e Since p vanishes on J; (as it vanishes on the whole of J), by Claim there exists
Uy € L4 (i.e., aline in £ different from /1), so that

#(J1 N o) < degp.

We remove /5 from our collection of lines, and the joints in J; n /3 from our collection of
joints. In this step, we have again removed < degp joints of J.

The remaining joints of J are those in J\ (J n (¢1 U ¢3)), and they are joints formed by
the remaining lines, i.e. those in Lo := L\{/1, {2}.

o We keep repeating this argument, until there are no lines (and thus no joints) left. This
means that our iteration has L steps, at each of which we have removed < degp joints of
J. And by the end of the final step, all joints of J have been removed. Therefore,

#J < #(steps) - #(joints of J removed at each step) < L - degp.

O

The proof of the joints theorem (Theorem is now a simple combination of Proposi-
tion [6.6.2] (which tells us that we can count joints if some polynomial vanishes on them)
with Dvir’s vanishing lemma (which asserts that some polynomial, of quite low degree,
indeed vanishes on the joints).

PROOF OF THEOREM[6.6.1] Let £ be a family of L lines in R™.

By Dvir’s vanishing lemma, there exists a non-zero polynomial p € R[z,...,z,], with
degp < #J(L£)Y/", which vanishes on J(L).

By Proposition[6.6.2]
#J(L) < degp-L < #J(L)/™- L.

Rearranging, this gives



or equivalently

Something to remember. By Proposition as soon as we find some non-zero
polynomial p vanishing on some joints (formed by a collection £ of L lines), then
we know that the joints are < degp - L. So, the lower the degree, the better bounds
we get for those joints.

There exist of course collections £ of lines for which #J(L£) ~ L1, so Dvir’s de-
gree bound is optimal, if we look at the whole of J(L£) (for arbitrary collections L).
However, if we look at appropriate subcollections of J(£), with particular struc-
ture in space, then maybe we can find lower-degree polynomials that vanish on
those joints.

This idea will be useful later on, when we will show the discrete analogue

Z #{lines in £ through 2}3/? < 132
zeJ(L)

of the Kakeya maximal operator conjecture in R?® (a stronger estimate), using poly-
nomial partitioning.

6.7. Counting joints using polynomial partitioning

In this section we will prove, for practice, the following slightly weaker version of the
joints theorem, using polynomial partitioning (and specifically resolving the cellular case
using induction inside a cell of average behaviour).

THEOREM 6.7.1. Let n > 2. For every € > 0, there exists a constant C,, ., depending only on n
and e, so that, for every family L of L lines in R™,

#J(L) < Cpe Li1Te,

PROOEF. Lete > 0.

_n_

The idea is the following: Since the exponent "+ + € is strictly larger than "+, we know
that, if we apply polynomial partitioning to J(£), using as d simply a large constant D,, .,
then the cellular case will be resolved using induction inside a cell of average behaviour.
So, we will reduce the problem to the algebraic case, in which the majority of J(L£) lies
in the zero set of the partitioning polynomial. In this case, the partitioning polynomial
p, which has degp < d = D,,, will vanish on a large proportion of J(£). By Propo-
sition it will follow that #J (L) < L -degp ~n. L, which is even better than the
desired estimate. So, the algebraic case will also be resolved.

Let us see the details. We prove the desired estimate by induction on L.

e Base case. For all collections £ of lines in R", with cardinality L < 100, it holds that
L n n n
#J (L) < (2> ~ L* < Lw1100> 71 < Cp L1,

132



for an appropriately large constant C,,.

¢ Inductive hypothesis. Let L € N, and suppose that, for any family £’ of lines in R",
with #£’ < L, we have shown that

(63) #JI(L) < Cpe (HL)TT,

for an appropriate constant C;, . depending only on n and ¢, which is > C,, and will be
specified later (so that the induction will close).

e Inductive step. Now, let £ be a collection of L lines in R". We will show that
(64) #J(L) < Cpe L7TT
as well (for the same constant C), . that appears in the inductive hypothesis).

We perform polynomial partitioning on J(L£), using some degree d which will be spec-
ified later. Independently of the choice of d, this yields a non-zero polynomial p €
R[z1,...,2zy], with degp < d, whose zero set Z, splits R” in ~ d" cells, each contain-

ing < %ﬁﬁ) points of J(L).

There are now two cases:

— The cellular case: > 50% of the points of J(£) lie inside the cells.
— The algebraic case: > 50% of the points of J(£) lie on Z,,.

e Suppose we are in the cellular case. Then, there exists a cell C' demonstrating average
behaviour, meaning that

#J(£)

C contains ~
dn

points of J(L),

and

L
C is intersected by < 1 lines of L.

The implicit constants hiding above depend only on n. Therefore, denoting by J..;i the
points of J(L) n C, by Lcen the set of lines in £ that intersect C, and Lcey := #Lece1, the
above means that

#J(£)

#J cell = Cl dn

and

for some constants C'; and C5 that depend only on n.

The points in J.ep are joints formed by L. (since they are joints formed by £, but the
rest of the lines in £ do not enter the cell). Moreover, using d so that

d" "t = 20y,
or equivalently
(65) d > (205)71,
it follows that
Lcell<C2L <C L _L_g

a1 = 720, T 2
Therefore, the inductive hypothesis holds for L.y, and gives

7
o
#Jcell < Cn,e (LceH)"*1 ‘
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(for the constant C,, . that appears in the inductive hypothesis). Replacing in this esti-
mate the earlier bounds for #.J..; and L, we obtain

#J(L) L \mite
<
Cl dn = Cn,e C12 dnfl

9

or equivalently

e
n—1 -1

#J(E) < d(n—l)e . Cn,e LﬁJre,
which in turn is < C,, L1 if
C’g"jJrECl_l _
d(n—1)e =
or equivalently
T te woDe
(66) a= (e o)

Combining the two conditions and on the degree d, the desired estimate
#J(L) < Cpo Li1te

indeed holds (that is, the induction closes) in the cellular case, as long as we have used

2o te ﬁ
d> max{(ch)J—l, (CF* 0;1)< ) }

We fix d := D,, . from now on, the smallest integer satisfying the above. The cellular case
has been resolved for this d.

e It remains to show the desired estimate in the algebraic case (for d = D,, ().

In this case, we know that > 50% of the points of J(£) live in Z,. We denote by J this set
of joints. We have thus found a subset J of J(£), with

41 > S#I(L)
so that the partitioning polynomial p vanishes on J. And degp < d = D,, .
By Proposition it immediately follows that
#J <degp-L < DpoL <Dy, L1

and thus
#J(L) < (2 Dp) Ln—17°

So, the induction closes in this case too, as long as the multiplicative constant C), . that
we chose in our inductive hypothesis satisfies

Cne=2Dy .
Therefore, fixing
Ch,e := max{Cyp,2D,, .}

(where, recall, C,, is the multiplicative constant that appeared in the base case of our
induction process), the inductive argument closes in the algebraic case too, and the proof
is complete.

O
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6.8. Counting joints with multiplicities in R? (using polynomial partitioning)

In this section we will prove a stronger estimate for n = 3, specifically the discrete ana-
logue of the Kakeya maximal operator conjecture in R?, using polynomial partitioning.

PROPOSITION 6.8.1. For every collection L of L lines in R3, it holds that

Z #{lines in L through x}% <logL - L3
zeJ(L)

The idea here is to sort the joints in J(£) in ~ log L groups, according to how many
lines pass through each joint. In particular, the group J;, will contain the joints in J(L),
through each of which ~ k lines of £ are passing (specifically, > k and < 2k lines of £).
Then, we will control each #J;, independently: we will show that

#.J, k3/2 < L3/2.
Adding over the logarithmically many k will give the desired estimate.

To control each #.J, as above, we will apply polynomial partitioning to J;,. However,
since the exponent in the RHS is exactly 3/2, we know that induction inside a cell of
average behaviour will not resolve the cellular case. Instead:

e We will apply partitioning with a polynomial of more interesting degree (than just a large
constant),

e We will resolve the cellular case by applying a known theorem (which counts points)
inside the average cell.

In other words, this approach does not involve induction.

The theorem that will produce the interesting degree, and which we will also apply in-
side the average cell, is the Szemerédi-Trotter theorem. There are some simple proofs of the
Szemerédi-Trotter theorem (compared to the original one), e.g. a proof using the cross-
ing number inequality from graph theory, and another using polynomial partitioning.
We will not prove the Szemerédi-Trotter here, but we will discuss it, before proceeding
to the proof of Proposition[6.8.1] In fact, we present here a slightly weaker version of the
original theorem, since it is a bit more intuitive and serves our purposes.

THEOREM 6.8.2. (Szemerédi-Trotter, 1983) For any family L of L lines in R?, and every
k > 2, denote

Sp:={reR?: > kand < 2k lines of L pass through x}.

Then,
2

L L

The implicit constant above is independent of L and k.

— Observations.

e While the Szemerédi-Trotter theorem is phrased for R?, it actually holds inside any R™.
Indeed, any finite collection £ of lines inside R” can be projected to R?, in a way that the
number of projected lines remains the same, and so that the number of projected lines
that meet at each projected point of Sj, remains the same (in fact, a generic projection will
work).
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e There are two terms that control #5j: % and I];—j According to the range of k, one of
them is dominant. In particular,

2

~

. ifk < LY2,
ifk > LY2,

W

)

(67) #Sk < {

Ellaky

e Each of the above two bounds is non-trivial. Indeed, since k > 2, we know that at least
2 lines of £ pass through each point of S. So, a trivial bound would come from counting
the pairs of (distinct) lines in £ that pass through the points of Sj:

k
Y

= Z #{pairs of distinct lines in £ passing through =}

T€SE

< #{pairs of distinct lines in L}

()~

In other words, a trivial estimate is

2
#Sk < ﬁ

Both bounds in (67) are much stronger than this:

— The bound ’]i—j (which is dominant for small k) tells us that we can gain a whole extra
power of k in the bound’s denominator.

— The bound £ (which is dominant for large k) tells us that, at least numerogically, the
S}, behave like roots of distinct bushes, out of which ~ k lines of £ emanate.

We are now ready to prove Proposition [6.8.1}

PROOF OF PROPOSITION[6.8.T1 Let £ be a collection of L lines in R?. For each dyadic
k > 2,1i.e. any k of the form 2™, for some m € N, denote

Jiy:={xe J(L): > kand < 2k lines of L pass through z}.
Observe that

JL = L

dyadic ke[2,L]
as at least 3 and at most L lines of £ pass through each joint in J(L£). Therefore,
Z #{lines in £ through 2}3? ~ Z Ji k32
zeJ (L) dyadic ke[2,L]

Now, the number of dyadic & in 2, L] is ~ log L. Indeed, it equals ~ M, where M is the
smallest integer satisfying 2/ > L, in which case M ~ log L.

So, it suffices to show that
(68) #J,, k32 < 132

for each dyadic k € [2, L]. We will prove forall k € [2, L] (k being specifically dyadic
doesn’t matter in terms of this).

So, let k € [2, L].
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If k > L'/2: Then, by the Szemerédi-Trotter theorem,
L #21 (L[\%?
Jp < — < 7 )
et 2 ()
hence #J,k%? < L3/2, as desired. In other words, holds for ‘large’ k.

If k < L'/2: Then, by the Szemerédi-Trotter theorem,
2
ﬁ .
Therefore, for an appropriate absolute constant A (independent of £ and k), #J;, < A- %,
so the quantity

#J <

L2
=A
d Iy

is larger than 1, and can thus play the role of the upper bound for the degree of a parti-
tioning polynomial.

In particular, for this d, we apply polynomial partitioning to Jj. This yields a non-zero
polynomial p € R[zy,z2, 73], with degp < d, whose zero set Z,, splits R? in ~ d° cells,
each containing < % points of Jj.

There are now two cases:
— The cellular case. > 50% of the points of Jj, lie inside the cells.
— The algebraic case. > 50% of the points of J; lie on Z,,.

e Suppose that we are in the cellular case. Then, there exists a cell C, so that, denoting
Jicell := Jp N C,  Leen := {linesin L thatenter C}, and Leen := #Leel,

we have
#Jy L
3 a2
Each point in J, e lies in > k and < 2k lines of L.y (as the rest of the lines in £ do not
enter the cell). Therefore, by the Szemerédi-Trotter theorem,

# Sk cell ~ and Leen <

Lcell L2
J < + cell ,

#lhcel € ==+ 5
S0 )

L Lecen

#Jkcenl S ]gg“ or #Ikcell S Ze :
2

The estimate #Jj, cen < L,gg“ is impossible, as long as the large constant A in the definition

of d has been chosen to be appropriately large. Indeed, #Jj, cenn < ng“ would imply that

# e _ (L/d%)?
as =k

or equivalently
L2
d< =,
# i K
a contradiction for A larger than the multiplicative constant hiding above. So, making

2
sure that our A is this large, #Jj; cen < Leen jg impossible, and therefore

13
L cell

JCe S .
#Jk cell I
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This implies that

#Jp _ (L/d?)
a3~ k7
or equivalently
d~L723 L2
Jek<Ld N L.~
# k #Jk k3
whence
#J2 kY < L3,
Rearranging, we obtain the estimate
L3/2
#‘]k < ?7
13/2

which is even better than the desired estimate #J;, <

Therefore, holds in the cellular case.

k3/2 °

e It remains to deal with the algebraic case. In this case, denote by J the set of joints in
Jir, which lie on Z,; we know that #J 2 #Jj.
Since p vanishes on J, Proposition implies that

#J < L -degp.
Therefore, recalling that d ~ #JLT%&”’ we obtain

L2
Jo <L —
# k= #Jk k3a

or equivalently
,3/2
#J k< Wa

as desired. So, has also been proved in the algebraic case.

6.9. Polynomial partitioning in Fourier restriction theory: a taste

In this section, we explain the basics of how polynomial partitioning can be used in the
Fourier restriction problemﬂ

Thanks to the wave-packet decomposition of functions supported close to ¥, polynomial
partitioning works well for L?-based estimates, e.g. estimates of the form

(69) |fdo| Loy < CR|fl2, [ L3(S).

Moreover, perhaps it will not be a surprise (given our applications of polynomial parti-
tioning to discrete examples, as well as from the way Khinchin’s inequality turns Fourier
restriction estimates into Kakeya maximal operator estimates) that polynomial partition-
ing also works well when p > % (the Fourier restriction exponent).

Of course, we have seen the proof of for the best possible p (p = %), and without
any R¢-loss (the Stein-Tomas theorem). Even so, is still a very good toy model to test
polynomial partitioning, because:

’The ideas here are based on L. Guth’s article ‘A restriction estimate using polynomial partitioning’
(JAMS, 2016, https://arxiv.org/pdf/1407.1916).
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¢ Even when people are trying to show restriction estimates that are not L2-based, they
instead first tackle other estimates with polynomial partitioning, such as multilinear in-
equalities, which are L?-based (and then they transform these estimates into the Fourier
restriction estimates they want).

e The way they tackle these different L?-based estimates is very similar to the approach
we will see now for (69).

Here we go...
Polynomial partitioning approach to (69).

— Considering functions on Ng-1X. To begin with, recall that we can consider, in-
stead of f € L?(X), an appropriately fattened function fg,, for any R > 1, supported on
Np-1%, so that

[fdo| ~R|f|  onBp
and
1fllr2sy ~ RY2( fratll 2 -

Given this, it suffices to show that, for all € > 0, there exists C. > 0 so that

(70) 190208y < CRR™Y?|gl2,  ge L*(R"), suppg € Np-1%

for all such fattened versions g.

We now fix R > 1 and € > 0, and we aim for (70). For simplicity, we denote by D the
class of functions g that feature in (70), for this given R.

— Inductive hypothesis on the radius. We may assume that, forall 1 < p < &, itholds
that

71) |92(5,) < Cep"R™" g, forallge D.
The reason is that trivially holds for 1 < p < 100 (for C large enough), as

1/p
- 1 - 1 _
(1] 7 (Broo)) ” = <JB |9’p> < |Biool? “lgllzr v, 13y € INg-12Y2| g2 ~ B2 g2,
100

forall g € D.

— Recalling the wave-packet decomposition of g. Consider Tr = UpcoT(0), a col-
lection of RY/2 x --- x RY? x R tubes inside B, so that © consists of O(1)-overlapping,
R~/2-separated caps covering ¥, and the tubes in T(0) are all pointing to the normal to
6. Then, we can write

g= Y, 9r,

TETR

where each gr is essentially supported in 7" (in the sense that it decays quickly outside
ReT). Importantly, the g7 are essentially pairwise orthogonal, so

lgl3 ~ > llgrls,
TETR
so it suffices to show that

gr
TETR

LP(BR)

1/2
< C.R‘R™Y? (Z |ng|§>
TeT

(with perhaps a slightly altered constant C.).
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— Inductive hypothesis on the number of tubes in the wave-packet decomposition
of g. Let M € N, M < #Tpr. We may assume that, for any subcollection W < T, with
#W < M, the estimate

(72) gr

TeWw
holds. The reason is that holds when #W < 1. Indeed, let T' € Ty, and denote by
0(T) the smallest R~'/2 x - - - x R™Y/2 x R™!-rectangle along ¥, with normal the direction
of T'. Then, recall from the wave-packet decomposition section that

1/2
< C.R°R™V2 (Z \w%)

Tew

LP(BR)

g1 = cpexp(k)ig

for some k and some exponential function exp(k) of unit length pointwise, where v is a
smooth bump function adapted to 0. Therefore,

gr = cx|0lYr,

where 17 is a Schwartz function adapted to 7 (it is a smooth version of x7 that decays
quickly outside RT’). Therefore,

lgrlla = lex| - 6]/,
while
197 o) ~ lexl - 16] - [T]VP.
So, indeed
|97 Lo (Br) < CRR™? |gr 2
if and only if

0| - |T|"? < C.RER™Y% . |0|Y/2,
or equivalently (since 0| = |T'|71)

1< CRRV2 0] 2TV = CRRV2 T = CRRTV2 (RFY) 7

=
S =

which holds for all p > % (as then % — % > %H)

— The inductive step. We now fix g € D. Our goal is to show that, for any T < Tr
with #T = M,

(73)

1/2
<awﬁm<2mﬂ% .

TeT

N7

TeT

LP(BR)
Fix such T.

e Polynomial partitioning. Setting

fi=> gr

TeT

J\C/:ngT7

TeT

in which case

we see that our goal is to show that
7 —p/2
| 1< crreroR g,
R
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Since we wish to control || FlPx B, We apply polynomial partitioning to b2 Br, With
some degree d that will be decided later. This yields some non-zero polynomial p €
R[z1,...,z,], with deg p < d, whose zero set Z splits R" into ~ d" cells C, each satisfying

J P = SBR IfIP N SBR‘ﬂp
CrBg #cells a

o An issue: a tube can enter a huge number of cells. Our situation, at first glance, appears
nicer than the corresponding one in discrete problems:

- we only have a cellular case (the zero set Z contributes nothing to the total mass, since
it has measure 0), while also

- every cell contains exactly the same amount of mass.

To be able to run the cellular case as in the discrete setting, we would also like to know

that the average cell is intersected by < dff—i tubes in T. If that was the case, then we
would choose such an average cell C, we would apply our inductive hypothesis
inside C, and we would hope for our induction process to close.

We need to be careful though. In the discrete setting, given a family £ of lines in R",
we proved that the average cell is intersected by < df’f—fl lines of £ using that every { € L
enters < d + 1 cells.

In our continuous setting, this is no longer the case. Let T' € T. While every line ¢ inside T’
and parallel to 7" (such as its central axis) enters < d +1 cells, the tube 7" itself can enter as
many cells as it wishes (even all of them!). So, we cannot deduce that every tube enters
few cells, and thus we cannot conclude that the average cell is intersected by few tubes.

o An adjustment to partitioning, to fix the issue. To fix the above problem, we make
an adjustment to our partitioning. Motivated by the fact that each g7 is negligible out-
side R°T, we thicken Z by R'/?*¢, the width of the tubes R°T. So, instead of having a
partitioning surface Z, we now have a partitioning ‘'wall’

W = NlR1/2+€Z e BR,
2
and shrunken cells
C':= (C\W) n Bg,

(over all original cells C'). Therefore, while the partitioning polynomial has not changed,
we now use that
Br:=W U |_| c'.
shrunken cells C’

The number of new cells has also not changed: they are still ~ d" in total.

The advantage of this partitioning is that the following holds.
CLAIM 6.9.1. Every RY/2%¢ x ... x RY?*¢ x R-tube in R" enters < d + 1 shrunken cells C'.
PROOF. Whenever T enters a shrunken cell C’, then its central axis ¢ enters the orig-

inal cell C (as either / either enters C’ < C, or its distance from C’ is smaller than the
width RY2%¢ of T, and thus the width of the wall ).

Since / enters < d + 1 of the original cells, T" enters < d + 1 of the shrunken cells.
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Thanks to this, we will be able to deal with the cellular case as in discrete settings, using
induction inside a cell of average behaviour (both in terms of the mass it contains, and
in terms of the number of tubes entering it).

|1

— The cellular case. The LHS mass is mostly contained in the cells, meaning that the
term involving the cells is the dominant one:

[i7es [ 1
shrunken cells ¢’ V€’ w

J, i<z |,

— The algebraic case. The LHS mass is mostly contained in the wall W, meaning that
the term involving the wall is the dominant one:
|
Cl

| 1>
w shrunken cells C’

fBR fir <2 | 1

¢ Dealing with the cellular case. In this case, we know that more than 50% of the mass of
| /|P in Bp lies inside the cells C’. At the same time, each cell carries at most the average
of the mass. Therefore, similarly to the discrete setting, a definite proportion of the cells
each contribute roughly the average.

Let us see the details. It holds that

fBR e = | 1+

so we split in two cases.

shrunken cells C’

In this case,

shrunken cells C’

In this case,

CLAIM 6.9.2. In the cellular case, > 0.5% of the shrunken cells C' satisfy

[ i te
C'nBgr dr

Moreover, again as in the discrete setting, it can be proved that, since each RT" enters a
small number of cells (for all T € T), the average cell will be entered by few of the tubes
ReT. For simplicity, denote

RT:={RT: TeT}
CLAIM 6.9.3. Let a € (0,100). Then, > a% of the cells C' have the property that
#T

dn—l

C' is intersected by < A tubes of RT,

L 1010
where A = T00-a)%c0

#cells = cod™).

(for co a constant depending only on the dimension, and for which

We leave the proofs of both claims as exercises. However, we prove the following version
of Claim which states that the tubes entering the average cell will also carry little
mass in total.
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CLAIM 6.9.4. Let o € (0,100). Then, > a% of the cells C' have the property that

1
Z lgrl3 < A- P Z lgrl3,
TeT: RET enters C’ TeT

where A is as in Claim

PROOF. On the one hand, since each R¢T € R¢T enters < d+ 1 cells C’, it follows that

> > lgr|* < D (d+ D)]grl3 < 2d ), |grl3.

TeT cells C’ that R<T enters TeT TeT

Changing the order of summation on the LHS above, we obtain

(74) > > lgrl <24 ) lgrls.

cells ¢’ TEeT: R¢T enters C’ TeT
Now, let
1
/ : 2 2
Caood = {Cells C' for which > lorl < A~ = > gl
TeT: RT enters C’ TeT
and

Chad = {the remaining cells C'}.
Our goal is to show that #Cyo0q > a%#cells.

Suppose for contradiction that #Cyo0q < a%#cells. Then, #Chag = (100 — o) Y%o#cells,
hence

1
Z Z lgr(3 = #Chaa - A - T Z lgrl3
C'eChpq TET: ReT enters C’ TeT
1
> (100 — o) %otcells - A -~ > lgrl3
TeT
1010 1
> (100 — d- : 2
( Oé)% Co (100 - OZ)%C() dn_l Z HgT”2

TeT

>10"d ) |lgrl3,
TeT

which contradicts (74). Therefore, #Cyooa > a%#cells.
O

Choosing sufficiently large «, and combining Claims [6.9.2}6.9.3|and |6.9.4, we find a cell
of average behaviour in all three sensesﬂ

COROLLARY 6.9.5. In the cellular case, there exists a cell C' so that
f i~ Sl

o dan

#T

dn—l

1
Z lgr(3 < ) Z lgr (3.

TeT: RET enters C’ TeT

C' is intersected by < tubes of R°T

and

3To be precise, the second and third property of the corollary involve the tubes T" € T so that R°T enters
.
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The crucial observation now is that, since each g7 is negligible outside R°T’, within the
cell C’ the only tubes T € T that contribute to the mass are those for which R°T" enters
C'’. That is, modulo a negligible error,

f= Z Jr on C’.

TeT: RET enters C’

Therefore, defining

for = > gr,

TeT: ReT enters C'
we see that
f=fcr onC

(while also E/ is negligible outside C"’). Therefore, the first property in the above corol-

lary can be rewriten as
[ 1o~ diE
Bgr

ar ’

Moreover, due to the orthogonality of the wave packets g7,

> lgrl3 ~ > g7

TeT: RET enters C’ TeT: ReT enters C’

2

~ | fer 3,
2

while also
2

~[f13.

2

> lgrl3 ~

TeT

ZQT

TeT

Therefore, the third property in the above corollary can be rewritten as

1
1713

ol <

So, we rewrite the above corollary in this language, which reveals a direct analogy with
the cellular case numerology from discrete settings.
COROLLARY 6.9.6. (Cellular case numerology) For every cell C’, we define

Ter :={T € T: RT intersects C'}

and

fori=)) gr.

TeTq
Then, in the cellular case there exists a cell C' satisfying

P
fC' P~ 3
jBR| Pl

#T
#Tor < P

and
1
dn— 1
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We now fix a cell C’ satisfying these three properties (i.e., exhibiting average behaviour
in all three senses). For d a sufficiently large constant,

#Tcr < #T,
so we can apply our inductive hypothesis (72) with W := T¢. This yields

1/2
> ar < C.R°R™1/? ( > gT%) :

TETC/ p (BR) TGTC/
ie.
| forllo gy < C - CcRER™Y2| fera,
for some constant C' depending only on the dimension n. Equivalently,

f P < P CP RY R (| 1o 2)P.
Br

Using now the bounds from Corollary|[6.9.6, which relate fcr to f, we obtain

7 2
S <|f|%1 )p/
dn ¢ an— ’

where again C’ is a constant depending only on the dimension. Rearranging, we obtain

. ccr o
JB \f|p<W'Cpr R £,
R

Importantly, as long as
2n
n—1
the denominator is a positive power of d. So, as long as d is a large enough constant D,, ,,
(depending only on n and p), we have that

P>

hence
f P < cp ree RV £,
Br

or equivalently

[£l2o(B) < CRR2| f]2,
as desired.
So, as long as p > -2 (the critical exponent for Fourier restriction) and the degree d of
the partitioning polynomial is a large enough constant (depending only on n and p), the
induction closes in the cellular case. We fix such d from now on, and we can thus reduce the
problem to the algebraic case.

e Dealing with the algebraic case: a sketch. We give a quick overview of how the alge-
braic case can be approached. Recall that in this case

| a1
Br w
therefore it suffices to show that
-, ct
| 1< S R R 11
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Denoting
Tw :={T €T: R‘T intersects W},

we see that, modulo a negligible error,

szg\;% on W.

TeTw
So, defining
hi= > gr,
TeTw
it suffices to show that
75) | 1hp < ccr 7 B2 11,

for an explicit constant ¢ (perhaps small) that has arisen from the argument so far.
We now outline the rest of the argument (with some white lies):
— Cover W by a finitely overlapping family B of balls B of radius p := R,
—For every B € B, we split the tubes T" € T (for which R°T intersects B) into two groups:

Thang. = {T € Ty : (RT) n B< W}
(the set of tubes that are ‘tangential’ to W inside B), and

Tir,B := {T € Tw\Ttang,5 : RT intersects B}
(the set of tubes that are ‘transverse’ to W inside B). Then,
h= h;an&B + h;r,B onBnW,

where
htang,B = Z gr, htr,B = Z gr-

TeTtang,B TGTtang,B

— By the above,

JNWstmmw+2fm®@
w BeB B B

BeB

So, we need to control each of the two terms above.

—— The transverse term. This can be treated by using the radial inductive hypothesis
inside every B € B (since each such B has radius R'~¢, much smaller than R), combined
with the claim belowh

CLAIM 6.9.7. Every T € T can belong to Ty, p for at most d» balls B.

“This claim is highly non-trivial, and requires ideas from algebraic geometry. For it to hold, we actually
need Z to be a smooth hypersurface (we can assume this by Sard’s theorem, which allows us to appro-
priately perturb the partitioning polynomial p without changing its degree too much). This means that
a tangent space exists to Z at every one of its points. So, we can talk about the angle at which a tube T'
intersects .

In particular, if a tube T is transverse to W inside B, then R“T must intersect W at angle > R~
somewhere inside B (as otherwise (R“T") n B would fully lie inside W, so T' would be tangential to W inside
B, a contradiction). Then, one can prove that R°T" cannot cross W at such a large angle too many times
across its length.

1/2+4€/2
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This can be viewed as an analogue of the fact that each tube R°T" enters a small number of
cells (only now, instead of cells, we have small balls). And, instead of using the inductive
hypothesis (on the number of tubes) inside every cell, we use the inductive hypothesis
(on the radius) inside each B. The argument closes very similarly to the cellular case:

For each B € B, by the inductive hypothesis on the radius, we have that

| st < €2 Rl
B
SO

D fB e plP <CP PR Y [ 2

BeB BeB
p
=t RN Y
BeB TeTyy, 5 2
p/2
orthogonality _
< PR D el
BeB \TeTy
' p/2
p/2>1
< CPP RPN D orl3

BeB TE']l‘tr’B

p/2
—CP ppeR—P/2 (Z #{BebB: TeTy,pn}- |9T||§>
TeT

p/2
Claim[6.9.7]
<

< CPpRTPRgAE LY
TeT|gr3
SCP (pd™%) R77P| |15,
The induction now closes because, thanks to the fact that p = R!~¢ is much smaller than
R, while also d is simply a large constant, we have

v
pPedinz « RPE.

—— The tangential term. This is the hard part, and is usually handled in ways that
we cannot address here. The idea is that the tubes 7' tangential to the wall W have
restricted directions, so the corresponding wave packets g7 are supported in certain ‘slices’
of Np-1%, which thus have lower dimension than .

This case is handled through different techniques than the ones we have seen so far, e.g.
decoupling arguments or multilinear estimates along these slices.

In any case, we can keep the following moral out of this story:

Moral. In the Fourier restriction problem, the most
interesting wave packets are those that evolve tan-
gentially to algebraic hypersurfaces of low degree.
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