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CHAPTER 1

The Fourier transform: Where can we define it?

Let n P N. We know that the spaces LppRnq, for 1 ď p ă `8, are all distinct. However,
all of them contain the space of Schwartz functions SpRnq, which is dense in every one
of these spaces pLppRnq, } ¨ }pq. Recall that

SpRnq :“ tf P C8pRnq : the function xk⃗Dm⃗fpxq : Rn Ñ C is bounded, for all k⃗, m⃗ P Zně0u.

The Fourier transform on L1pRnq. The Fourier transform p̈ is first defined on L1pRnq

as follows: For every f P L1pRnq, we define pf : Rn Ñ C by

(1) pfpξq :“

ż

e´2πixξ,xyfpxq dx, for all x P Rn.

Observe that the above integral makes sense exactly because f P L1pRnq. Indeed, the in-
tegral exists (in C) as the function e´2πixξ, ¨ yf is (Lebesgue-)measurable and

ş

|e´2πixξ, ¨ yf | “
ş

|f | ă `8. Therefore, L1pRnq is the correct space for the Fourier transform to be defined
on pointwise.

It is not too hard to show that, for every f P L1pRnq, it holds that pf P C0pRnq; that is, pf is
continuous, and pfpξq Ñ 0 as |ξ| Ñ `8. There is no guarantee, however, that pf P L1pRnq.
The simpler fact that pf P L8pRnq is trivial, as

(2) } pf}8 ď }f}1 for every f P L1pRnq,

by the triangle inequality: for every ξ P Rn,

| pfpξq| “

ˇ

ˇ

ˇ

ˇ

ż

e´2πixξ,xyfpxq dx

ˇ

ˇ

ˇ

ˇ

ď

ż

|fpxq| dx “ }f}1.

Note that (2) means that p̈ : L1pRnq Ñ L8pRnq is a bounded linear operator.

A great property of the Fourier transform is that we in general can recover f from pf via
the Fourier inversion formula: for every f P L1pRnq such that pf P L1,

fpxq “
p

pfp´xq “

ż

e2πixx,ξy
pfpξq dξ, for a.e. x P Rn.

Specifically, the inversion formula above holds at every Lebesgue point x of f , and there-
fore at every x P Rn where f is continuous. If in particular f P SpRnq, then the inversion
formula holds at every x P Rn.

The inversion formula is so useful that it is worth wondering whether we can extend
the definition of the Fourier transform to other spaces (different from L1pRnq), in a way
that still allows us to recover f from pf . This will gradually lead us to the discussion of
the Hausdorff-Young inequality, Fefferman’s ball multiplier theorem and Bochner-Riesz
means.

The Fourier transform on L2pRnq. For general f P L2pRnqzL1pRnq, the integral in (1)
does not make sense. However, the Fourier transform has already been defined on the
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space SpRnq of Schwartz functions, which is dense in pL2pRnq, } ¨ }2q. Using this density,
we will be able to extend its definition to the whole of L2pRnq. The useful fact here is that

p̈ : pSpRnq, } ¨ }2q Ñ pSpRnq, } ¨ }2q,

is an isometry1, i.e.
} pf}2 “ }f}2 for all f P SpRnq.

Thanks to this, we will manage to linearly extend the Fourier transform from SpRnq to
the bigger space L2pRnq, so that it remains an isometry, i.e. so that

(3) } pf}2 “ }f}2 for all f P L2pRnq

(known as Plancherel’s theorem).

[In fact, we will have that p̈ : L2pRnq Ñ L2pRnq is a 1-1, onto, bounded linear operator
(an isometry), and that the inversion formula still holds: for every f P L2pRnq,

fpxq “
p

pfp´xq for a.e. x P Rn.

This time however it is not obtained via an integral, but via density.]

ÝÑ So, how do we extend p̈ from SpRnq to the whole of L2pRnq?

Let f P L2pRnq. There exists a sequence pgkqkPN of Schwartz functions with

}gk ´ f}2 Ñ 0 as k Ñ `8 (density).

This implies that pgkqkPN is a Cauchy sequence in pL2pRnq, } ¨ }2q, and by Plancherel’s
theorem (3) p pgkqkPN is also Cauchy in pL2pRnq, } ¨ }2q.

Since pL2pRnq, } ¨ }2q is a Banach space, it follows that p pgkqkPN converges in pL2pRnq, } ¨ }2q;
that is, there exists some rf P L2pRnq with

} pgk ´ rf}2 Ñ 0 as k Ñ `8.

We define pf :“ rf . Note that this is a function defined a.e.

It is easy to see that pf is well-defined, in the sense that using a different sequence
of Schwartz functions converging to f will not make any difference, and that for
pf P L1pRnq X L2pRnq (a dense subspace of L2pRnq, the two so far definitions agree.

The following question is therefore natural.

Q1: On which other Lp spaces can we define the Fourier transform?

1.1. The Fourier transform on Lp, for p P p1, 2q - the Hausdorff-Young inequality

It is easy to see that, for any p P p1, 2q, Lp Ď L1 ` L2. Indeed, for every f P Lp, we can
write

f “ f ¨ χt|f |ě1u ` f ¨ χt|f |ă1u,

1It is also onto SpRn
q.
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where f ¨ χt|f |ě1u P L1, as
ż

|f ¨ χt|f |ě1u| “

ż

t|f |ě1u

|f |
pą1
ď

ż

t|f |ě1u

|f |p ď

ż

|f |p ă `8,

and f ¨ χt|f |ă1u P L2, as
ż

|f ¨ χt|f |ă1u|2 “

ż

t|f |ă1u

|f |2 “

ż

t|f |ă1u

|f |p|f |2´p
pă2
ď

ż

t|f |ă1u

|f |p ď

ż

|f |p ă `8.

Therefore, the Fourier transform can be defined on Lp, as follows.

DEFINITION 1.1.1. Let p P p1, 2q. For every f P Lp, we define

pf :“ pf1 ` pf2,

where f1 :“ f ¨ χt|f |ě1u P L1 and f2 :“ f ¨ χt|f |ă1u P L2.

Now it makes sense to ask what properties the Fourier transform of an Lp function has
- for instance, does it live in some Lq, for appropriate q? Even better, is the Fourier
transform a bounded operator from Lp to some Lq? The answer is yes, and is given by
the Hausdorff-Young inequality.

THEOREM 1.1.2. (The Hausdorff-Young inequality) For every p P r1, 2s, it holds that

(4) } pf}p1 ď }f}p for all f P Lp.

Note that we know (4) for p “ 1 and p “ 2. The statement for intermediate p follows
immediately by the Riesz-Thorin interpolation theorem, which we state without proof.

THEOREM 1.1.3. (Riesz-Thorin interpolation) Let 1 ď p1 ă p2 ď `8, and T be a linear
operator defined on Lp1 ` Lp2 , satisfying, for some q1, q2 P r1,`8s, that

T : Lp1 Ñ Lq1 is bounded, with }Tf}q1 ď A1}f}p1 for all f P Lp1 ,

and
T : Lp2 Ñ Lq2 is bounded, with }Tf}q2 ď A2}f}p2 for all f P Lp2 .

For any p P rp1, p2s, write
1

p
“

θ

p1
`

1 ´ θ

p2
(for the unique θ P r0, 1s that works). Then, for the q given by

1

q
“

θ

q1
`

1 ´ θ

q2
,

T is bounded from Lp to Lq, and in particular

}Tf}q ď Aθ1A
1´θ
2 }f}p for all f P Lp.

Proof of Theorem 1.1.2. We know that the linear operator p̈ satisfies

} pf}8 ď }f}1 for all f P L1

and
} pf}2 “ }f}2 for all f P L2.

Therefore, we can apply the Riesz-Thorin interpolation theorem for pp1, q1q “ p1,8q,
pp2, q2q “ p2, 2q and A1 “ A2 “ 1. In particular, let p P p1, 2q. There exists (unique)
θ P p0, 1q for which

1

p
“
θ

1
`

1 ´ θ

2
“

1

2
`
θ

2
,
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specifically θ
2 “ 1

p ´ 1
2 . For this θ, define q via

1

q
“

θ

8
`

1 ´ θ

2
“

1

2
´
θ

2
“

1

2
´

ˆ

1

p
´

1

2

˙

“ 1 ´
1

p
“

1

p1
,

that is, q “ p1. By the Riesz-Thorin interpolation theorem,

} pf}p1 ď 1θ ¨ 11´θ}f}p “ }f}p for all f P Lp.

□

1.2. What happens for p ą 2? Negative results via Khinchin’s inequality

Given any p P r1,`8q, an idea that would help us linearly extend the Fourier transform
from SpRnq to the whole of Lp is the following. (Note that, by the Hausdorff-Young
inequality, the idea works for p P r1, 2s. However, we write it down for general p P

r1,`8q, as the strategy makes sense independently of the range of p.)

————————————————————–

Idea: We will definitely be able to linearly extend the Fourier transform from SpRnq to
Lp, for some 1 ď p ă `8, if the operator

p̈ : pSpRnq, } ¨ }pq Ñ pSpRnq, } ¨ }qq

is bounded, for some q P r1,`8s; that is, if there exists q P r1,`8s such that

(5) } pf}q ď Cp,q}f}p for all f P SpRnq

(where Cp,q ą 0 is a constant depending only on p, q and n). [By the Hausdorff-Young
inequality, we already know this to be true for p P r1, 2s, in which case q “ p1 works.]

Note that the specific value of q is not important here. All that matters is that, just like in
the case of L2, density of SpRnq in Lp combined with (5) allows us to linearly extend the
Fourier transform from SpRnq to the whole of Lp. Moreover, (5) will be automatically
extended to the whole of Lp: we will have that

} pf}q ď Cp,q}f}p for all f P Lp.

PROOF. Suppose that (5) holds. Let f P Lp. There exists a sequence pgkqkPN of
Schwartz functions with

}gk ´ f}p Ñ 0 as k Ñ `8 (density).

This implies that pgkqkPN is a Cauchy sequence in pLp, } ¨ }pq, and by (5), p pgkqkPN is also
Cauchy in pLq, } ¨ }qq.

Since pLq, } ¨ }qq is a Banach space, it follows that p pgkqkPN converges in pLq, } ¨ }qq; that is,
there exists some rf P Lq with

} pgk ´ rf}q Ñ 0 as k Ñ `8.

We define pf :“ rf (a function defined a.e.). It is now easy to see that p̈ is a well-defined,
bounded linear operator from Lp to Lq. Indeed, by the above, for every f P Lp we have

} pf}q “ lim
kÑ`8

} pgk}q
(5)
ď Cp,q lim

kÑ`8
}gk}p “ Cp,k}f}p.

□

————————————————————–
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Given this idea, we can ask a more precise question than Q1:

Q2: For which p does there exist q P r1,`8s such that

} pf}q ď Cp,q}f}p for all f P SpRnq?

We have already answered this question for p P r1, 2s; for each such p, there exists q for
which the above holds (q “ p1). We will show however that, when p ą 2, there is no q
for which the above holds. So, for p ą 2, the above strategy of extending the Fourier
transform to the whole of Lp does not work (and in general it is unclear what to do).

In our effort to answer Q2, it would be helpful to know, given some p P r1,`8q, what
are the possible candidates q for which (5) could hold. This is also useful for p P r1, 2s, as
it would tell us whether the Fourier transform of the arbitrary Lp function could perhaps
be in Lq, for other q than just p1.

It turns out that only q “ p1 may work.

PROPOSITION 1.2.1. Let p P r1,`8q, and suppose that, for some q P r1,`8s and a constant
C ą 0, we have that

(6) } pf}q ď C}f}p for all f P SpRnq.

Then, q “ p1.

PROOF. The proof is a classical scaling argument. Fix some non-zero f P SpRnq.
Then, }f}p ‰ 0 and } pf}q ‰ 0.

For all λ ą 0, we define fλ : Rn Ñ C by

fλpxq :“ f
´x

λ

¯

, for all x P Rn.

Observe that this simply rescales the domain of f . Moreover, we know that pfλpξq “

λn pfpλξq, for all ξ P Rn.

Now, we calculate }fλ}p and } pfλ}q. We will then plug them into (6), to see what condi-
tions the freedom of λ imposes on q. Indeed,

}fλ}p “

ˆ
ż

ˇ

ˇ

ˇ

ˇ

f
´x

λ
dx

¯

ˇ

ˇ

ˇ

ˇ

p˙1{p x
λ

“y, dx“λndy
ùùùùùùùùùùù

ˆ
ż

|fpyq|pλn dy

˙1{p

“ λn{p}f}p

and

} pfλ}q “

ˆ
ż

|λn pfpλξq|q dξ

˙1{q λξ“u, dξ“ du
λn

ùùùùùùùùùù λn
ˆ

ż

| pfpuq|q ¨
du

λn

˙1{q

“ λ
n´n

q } pf}q.

Therefore, assuming that (6) holds, it follows that, for this fixed f ,

λ
n´n

q } pf}q ď C ¨ λn{p}f}p for all λ ą 0,

and thus that

(7) λ
n´n

q
´n

p ď C 1,

where C 1 ą 0 is a constant (depending on f , but independent of λ).

As λ Ñ `8, (7) is possible only if n´ n
q ´ n

p ď 0.

As λ Ñ 0, (7) is possible only if n´ n
q ´ n

p ě 0.

Therefore, for (7) can only hold if n´ n
q ´ n

p “ 0, i.e. if 1
q ` 1

p “ 1.

□
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Therefore, for p P r1, 2s, the story is complete: the Fourier transform is bounded from Lp

to Lp
1

alone. And we can reformulate Q2 as follows.

Q3: For which p ą 2 do we have that } pf}p1 ď Cp}f}p for all f P SpRnq?

The answer is: for none. So, we have not yet discovered a way to define the Fourier
transform on Lp, for p ą 2.

PROPOSITION 1.2.2. (Boundedness failure for p ą 2) Let p ą 2. Then, the Fourier trans-
form

p̈ : pSpRnq, } ¨ }pq Ñ pSpRnq, } ¨ }p1q

is not a bounded operator. In other words, there exists no constant C ą 0 with the property that

} pf}p1 ď C}f}p for all f P SpRnq.

We will prove this probabilistically, via Khinchin’s inequality (which we now state and
discuss, but do not prove).

PROPOSITION 1.2.3. (Khinchin’s inequality) Let N P N and fix a1, a2, . . . , aN P C. Then,
for all p ą 0,

E

˜

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

p
¸

„

˜

N
ÿ

n“1

|an|2

¸p{2

,

where the ωn are independent random variables, each taking the values ˘1 with equal probability.

In the above, E denotes expected value. In other words,

E

˜

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

p
¸

“
1

#Ω
¨

ÿ

ω⃗PΩ

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

p

,

where Ω :“ t´1, 1un. The inequality is trivial (it is an equality in fact) when p “ 2. We
see this by expanding out the square and using that Epωnq “ 0 for all n “ 1, . . . , N :

E

˜

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

2
¸

“ E

˜

ÿ

i,j

ωiωj ¨ aiaj

¸

“
ÿ

i,j

aiaj ¨ Epωiωjq

“
ÿ

i

|ai|
2 ¨ Epω2

i q `
ÿ

i‰j

aiaj ¨ EpωiqEpωjq

“

N
ÿ

i“1

|ai|
2.

The proof for general p ą 0 is more complicated2. In any case, independently of p and the
proof’s difficulty, Khinchin’s inequality tells us that something better than the triangle
inequality and the Cauchy-Schwarz inequality holds (and, in fact, something like the
Pythagorean Theorem holds), as long as we are not too particular about our choice of
signs ωn. Indeed, it implies that there exists a choice of ω⃗ P t´1, 1un for which

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

À

˜

N
ÿ

n“1

|an|2

¸1{2

.

This is not obvious, for the following reasons:

2The proof for the case that interests us, specifically p ě 1, can be found in Wolff’s lecture notes.
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‚ For any given ω⃗ P t´1, 1un,
ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

ď

N
ÿ

n“1

|an|

(with equality being possible, when for instance the an P R for all n “ 1, . . . , N ),

and the right-hand side is at least
´

řN
n“1 |an|2

¯1{2
.

‚ For any given ω⃗ P t´1, 1un,
ˇ

ˇ

ˇ

ˇ

N
ÿ

n“1

ωnan

ˇ

ˇ

ˇ

ˇ

ď

˜

N
ÿ

n“1

|an|2

¸1{2 ˜

N
ÿ

n“1

|ωn|2

¸1{2
|ωn|“1 for all n

ùùùùùùùùùùù N1{2 ¨

˜

N
ÿ

n“1

|an|2

¸1{2

,

where again the right-hand side is much larger than
´

řN
n“1 |an|2

¯1{2
.

Proof of Proposition 1.2.2. We first observe that, since the Fourier transform is 1-1 and onto
SpRnq, any estimate of the form

} pf}p1 ď C}f}p for all f P SpRnq

is equivalent to the estimate

}f}p1 ď C} pf}p for all f P SpRnq.

Therefore, since for p ą 2 we have p1 ă 2, our problem becomes showing that, for
1 ď p ă 2, the estimate

}f}p ď C} pf}p1 for all f P SpRnq

is false (that is, the Hausdorff-Young inequality cannot be reversed).

Therefore, fix 1 ď p ă 2.

Fix some ϕ1 P C8
c , such that

ϕ1 ě 0, suppϕ1 Ă Bp0, 1q, ϕ1 “ 1 on Bp0, 1{2q.

LetN P N, and consider translated copies ϕ2, . . . , ϕN of ϕ1, so that the functions ϕ1, . . . , ϕN
have pairwise disjoint supports. In particular, setting k1 :“ 0, we achieve this by choos-
ing k2, . . . , kN P Rn so that the balls Bpkj , 1q, j “ 1, . . . , N , are pairwise disjoint, and we
define

ϕj :“ ϕp¨ ´ kjq, for all j “ 1, . . . , N.

For an arbitrary choice of ω⃗ P t´1, 1uN , we define

f :“
N
ÿ

j“1

ωjϕj .

Note that this f depends on N , as well as on ω⃗; and thinking of ω⃗ as a random variable
as in the statement of Khinchin’s inequality, f is a random function.

Observe that }f}p is independent of ω⃗. Indeed,

f “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ω1ϕ1 on Bpk1, 1q,

ω2ϕ2 on Bpk2, 1q,
...
ωNϕN on BpkN , 1q,

0 elsewhere

.

11



Therefore,

|f | “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

ϕ1 on Bpk1, 1q,

ϕ2 on Bpk2, 1q,
...
ϕN on BpkN , 1q,

0 elsewhere

,

and the disjointness of the balls Bpkj , 1q implies that

}f}p “

˜

N
ÿ

j“1

ż

Bpkj ,1q

|ϕj |
p

¸1{p

“

˜

N

ż

Bp0,1q

|ϕ1|p

¸1{p

“ N1{p}ϕ1}p.

On the other hand, due to Khinchin’s inequality, we can show that E} pf}p1 is very small
(so small that the estimate }f}p ď C} pf}p1 cannot hold over all the possible choices of f ).
Indeed,

f “

N
ÿ

j“1

ωjϕj “

N
ÿ

j“1

ϕ1p¨ ´ kjq,

so

pfpξq “

N
ÿ

j“1

ωje
´2πixξ,kjy

xϕ1pξq for all ξ P Rn.

Therefore,

E} pf}
p1

p1 “ E

˜

ż

ξPRn

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

ωje
´2πixξ,kjy

xϕ1pξq

ˇ

ˇ

ˇ

ˇ

p1

dξ

¸

“ E

˜

ż

ξPRn

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

ωje
´2πixξ,kjy

ˇ

ˇ

ˇ

ˇ

p1

¨ |xϕ1pξq|p
1

dξ

¸

“

ż

ξPRn

|xϕ1pξq|p
1

¨ E

˜

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

ωje
´2πixξ,kjy

ˇ

ˇ

ˇ

ˇ

p1
¸

dξ

Khinchin
À

ż

ξPRn

|xϕ1pξq|p
1

˜

N
ÿ

j“1

ˇ

ˇe´2πixξ,kjy
ˇ

ˇ

2

¸p1{2

dξ

“ Np1{2}xϕ1}
p1

p1 ,

hence there exists a choice of ω⃗ P t´1, 1un such that the corresponding f satisfies

} pf}p1 À N1{2}pϕ1}p1 .

For every N , fix such an f and denote it by fN (so that we remember the dependence of
f on N ). We have proved that, for every N P N,

}fN}p “ N1{p}ϕ1}p and }xfN}p1 À N1{2}xϕ1}p1 .

Therefore, if there existed C ą 0 such that

(8) }fN}p ď C}xfN}p1 for all N P N,
it would follow that

N1{p ď C 1 ¨N1{2 for all N P N,
or equivalently

N
1
2

´ 1
p ě C2 for all N P N,

12



for a constant C2 ą 0 that depends only on ϕ1 (and not on N ). This is true as N Ñ `8

only when 1
2 ´ 1

p ě 0, or equivalently p ą 2. However, our p is smaller than 2 (see the
condition in blue earlier). Therefore, (8) does not hold.

□

13



CHAPTER 2

An interlude: The inverse Fourier transform

Let F be the Fourier transform on L1 ` L2. Just as we usually denote F by p̈, we denote
the inverse F´1 of F by q̈ . In other words,

`

pf
˘

q

“ f, for all f P L1 ` L2.

Recall the Fourier inversion formula

fpxq “
p

pfp´xq for a.e. x P Rn,

which is valid for every f P L2, and for every f P L1 such that pf P L1. It follows that, for
any g P L2, as well as for any g P L1 that is the Fourier transform of an L1 function,

qgpxq “ pgp´xq, for a.e. x P Rn.
If in particular g P L1 is the Fourier transform of an L1 function, it holds that

qgpxq “

ż

e2πixx,ξy gpξq dξ, for a.e. x P Rn.

Note that the above integral also makes sense for every g P L1, even if g is not the
Fourier transform of an L1 function. Therefore, we may extend the definition of q̈ to L1,
as follows:

qgpxq :“

ż

e2πixx,ξy gpξq dξ “ pgp´xq, for all x P Rn and all g P L1.

We now recall some properties of the Fourier transform, and translate them into proper-
ties of q̈.

ÝÑ Properties of p̈and q̈

(P1) For every f, g P L2, the following hold:
ż

pfg “

ż

fpg,

ż

qfg “

ż

fqg.

(P2) For every f, g P L2,
ż

fg “

ż

pfpξq pgp´ξq dξ “

ż

pf qg.

(P3) For every g P L2,
pg “ qg, qg “ pg.

(P4) For every f, g P L1 ` L2, it holds that

zf ˚ g “ pf ¨ pg, ~f ˚ g “ qf ¨ qg,

and, for every f, g P L2, it holds that

yf ¨ g “ pf ˚ pg, }f ¨ g “ qf ˚ qg.

14



(P4) For every f P L1 and any a P Rn, the equalities
ˆ

fp ¨ ` aq

˙

p

pξq “ e2πixξ,ay
pfpξq,

ˆ

fp ¨ ` aq

˙

q

pξq “ e´2πixξ,ay
qfpξq,

ˆ

e2πixa, ¨ y f

˙

p

pξq “ pfpξ ´ aq,

ˆ

e2πixa, ¨ y f

˙

q

pξq “ qfpξ ` aq

hold for every ξ P Rn. The same estimates hold a.e. when f P L2.

15



CHAPTER 3

Do partial Fourier integrals converge?

3.1. An initial reduction

The Fourier inversion formula

fpxq “

ż

Rn

e2πixx,ξy
pfpξq dξ

holds a.e. for every f P L1 such that pf P L1. What if pf R L1? The above integral is not
even well-defined. Can we still make some sense of the inversion formula?

An important observation is that, for all f for which we have defined the Fourier trans-
form, that is, for all f P Lp with p P r1, 2s, it holds that pf P Lp

1

. So, even though pf may
not be in L1 (as p1 ą 2), it is still in L1

loc - and in fact the ’partial’ integral
ż

U
e2πixx,ξy

pfpξq dξ

is well-defined for every bounded, Lebesgue-measurable U Ď Rn, as
ż

U
| pf | ď } pf}p1 ¨ |U |1{p ă `8

by Hölder’s inequality. Therefore, the following question still makes sense.

Question. Do the integrals of the form
ż

U
e2πixx,ξy

pfpξq dξ

converge to fpxq as U gets larger and larger?
And what about other types of convergence?

Note that, as the sets U increase so that their union is Rn, the answer to the above ques-
tion is yes when f P L1 and pf P L1, by the Fourier inversion formula and the Domi-
nated Convergence Theorem.

We will be particularly interested in the integrals

SRfpxq “

ż

r´R,Rsn
e2πixx,ξy

pfpξq dξ

and

SRfpxq “

ż

Bp0,Rq

e2πixx,ξy
pfpξq dξ,

16



which a priori we probably expect to have similar behaviour. Note that in the case n “ 1,
these partial Fourier integrals are the same:

SRfpxq :“

ż R

´R
e2πixξ pfpξq dξ.

We reiterate that is important here is that the functions SRf make sense for all f P Lp

with p P r1, 2s (while
ş

e2πixx,ξy
pfpξq dξ may not). So:

We ask the following questions, all of which aim
to make sense of the Fourier inversion formula
when the integral

ş

e2πixx,ξy
pfpξqdξ may not exist.

‚ For p P r1, 2s, SR is an operator on the whole of Lp. Let f P Lp.
$

’

’

&

’

’

%

Do we have that SRf ÝÝÝÝÝÑ
RÑ`8

f pointwise a.e.?

Do we have that SRf P Lp for all R ě 1, and that }SRf ´ f}p ÝÝÝÝÝÑ
RÑ`8

0?

‚ For p ą 2, SR is a well-defined operator on the dense subspaces L1 X Lp and
L2 X Lp of Lp. Our analysis will work no matter which of these spaces we start
with, but, for consistency with Fourier multiplier theory (upcoming), we view
SR as an operator on Lp X L2 (which contains SpRnq). Let f P L2 X Lp.

$

’

’

&

’

’

%

Do we have that SRf ÝÝÝÝÝÑ
RÑ`8

f pointwise a.e.?

Do we have that SRf P Lp for all R ě 1, and that }SRf ´ f}p ÝÝÝÝÝÑ
RÑ`8

0?

And
!

Can we extend SR to the whole of Lp, and ask the same questions on Lp?

3.2. Pointwise convergence

We will only state the results. For f P L1 such that pf P L1 (e.g., for f P SpRnq), we of
course have that

SRfpxq ÝÝÝÝÝÑ
RÑ`8

ż

e´2πixx,ξy
pfpξq dξ p“ fpxq for a.e. xq

by the Fourier inversion formula and the Dominated Convergence Theorem. So, for such
f P L1, the answer to our pointwise convergence question is yes.

It turns out that things can go very badly for other f P L1, even in one dimension:

THEOREM 3.2.1. (Kolmogorov, 1922) There exists f P L1pRq such that

SRfpxq ­ÝÑ fpxq as R Ñ `8, for a.e. x P R.

The following celebrated theorem states that p “ 1 is exceptional in terms of the above
phenomenon.

17



THEOREM 3.2.2. (Carleson-Hunt, 1966) Let p P p1, 2s. Then, for every f P LppRq,

SRf ÝÝÝÝÝÑ
RÑ`8

f a.e.

The proof follows by proving Lp-boundedness of the Carleson maximal operator C, de-
fined by

Cfpxq :“ sup
Rě1

ˇ

ˇ

ˇ

ˇ

ˇ

ż R

´R
e2πixx,ξy

pfpξq dξ

ˇ

ˇ

ˇ

ˇ

ˇ

, x P R.

There is also a way to extend the definition of C and the proof of these results1 to all
p ą 2.

3.3. Lp-convergence

Let 1 ď p ă `8. We denote

}SR}pÑp :“ sup
}f}p“1, fPLpXL2

}SRf}p.

This quantity is finite if and only if SR is a bounded operator from Lp X L2 to Lp.

The following proposition reduces our earlier questions to a single question about Lp-
boundedness of SR on Lp X L2.

PROPOSITION 3.3.1. Let 1 ď p ă `8. The following are equivalent.

piq It holds that
sup
Rě1

}SR}pÑp ă `8.

piiq For all R ě 1, SR extends to a bounded, linear operator SR : Lp Ñ Lp, so that, for
every f P Lp, it holds that

}SRf ´ f}p ÝÝÝÝÝÑ
RÑ`8

0.

Note that, if (i) holds, the extension in (ii) is unique (by density of Lp X L2 in Lp).

Observation: By a change of variables, it is easy to see that, for all R ě 1,

}SR}pÑp “ }S1}pÑp.

Therefore,
sup
Rě1

}SR}pÑp “ }S1}pÑp.

PROOF OF PROPOSITION 3.3.1. (i) ñ (ii): Since

sup
Rě1

sup
}f}p“1, fPLpXL2

}SRf}p “: C ă `8,

it follows that, for all R ě 1, SRf P Lp for every f P Lp X L2, and that the operator
SR : Lp X L2 Ñ Lp is bounded, with

}SRf}p ď C ¨ }f}p for all f P Lp X L2.

(It will be useful here that C is independent of R.) Since each SR is a bounded linear
operator on the dense subspace Lp X L2 of Lp, it has a unique extension to a bounded
linear operator SR : Lp Ñ Lp, with the same norm.

1See L. Grafakos’s book Modern Fourier Analysis, Chapter 11.
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Now, let f P Lp, and let ϵ ą 0. There exists g P SpRnq, with pg P C8
c pRnq, such that2

}f ´ g}p ă ϵ.

The reason we pick specifically such g P SpRnq is that the desired estimate

}SRg ´ g}p ÝÝÝÝÝÑ
RÑ`8

0

holds for it - in fact, }SRg ´ g}p “ 0 for large R, as supppg Ď Bp0, Rq and thus

SRgpxq “

ż

Bp0,Rq

e2πixx,ξy
pgpξq dξ “

ż

e2πixx,ξy
pgpξq dξ

gPSpRnq
ùùùùùùù gpxq for all x P Rn.

Therefore,

}SRf ´ f}p ď }SRf ´ SRg}p ` }SRg ´ g}p ` }g ´ f}p ď pC ` 1q}f ´ g}p ď pC ` 1qϵ,

for all large R. It follows that }SRf ´ f}p ÝÝÝÝÝÑ
RÑ`8

0.

(ii) ñ (i): This follows by the Uniform Boundedness Principle. The operators

SN : pLp, } ¨ }pq Ñ pLp, } ¨ }pq, N P N,
are all bounded operators, and their domain is a Banach space. Moreover, for every
f P Lp, the set t}SNf}puNPN is bounded, as p}SNf}pqNPN is a convergent sequence in
R (it converges to }f}p). By the Uniform Boundedness Principle, the norms }SN}pÑp,
N P N, are uniformly bounded. However, all these norms are the same as each other,
and equal to }SR}pÑp for any R ě 1. We conclude that the }SR}pÑp are all the same
number.

□

By all the above, our questions reduce to the following.3

Question: Let 1 ă p ă `8. Is }S1}pÑp ă `8?

The answer is YES in one dimension, in which case of course

r´R,Rsn “ Bp0, Rq “ r´R,Rs :

THEOREM 3.3.2. (Riesz) Let 1 ă p ă `8. When n “ 1, in which case

SRfpxq “

ż R

´R
e2πixx,ξy

pfpξq dξ, x P R,

it holds that
}S1}pÑp ă `8.

The proof follows from the Lp-boundedness properties of the Hilbert transform, and we
will not focus on it here.

So, in one dimension, the situation is fully resolved: For all 1 ă p ă `8, SR can be
defined on the whole of LppRq, and

}SRf ´ f}p Ñ 0 for all f P LppRq.

What about higher dimensions?

2This is left as an exercise.
3We cannot hope for L1-boundedness of S1, as, via the above analysis, that would contradict Kol-

mogorov’s counterexample.
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ÝÑ The case of cubic Fourier integrals. In the case where

SRfpxq :“

ż

r´R,Rsn
e2πixx,ξy

pfpξq dξ,

the situation in all dimensions n ě 2 follows directly by induction on the dimension,
using the n “ 1 case and Fubini’s theorem. So, in this case, again we have that, for all
1 ă p ă `8, SR can be defined on the whole of LppRnq, and

}SRf ´ f}p Ñ 0 for all f P LppRnq.

ÝÑ The case of spherical Fourier integrals. In the case where

SRfpxq :“

ż

Bp0,Rq

e2πixx,ξy
pfpξq dξ,

the above tensorisation argument does not work - we cannot ‘separate’ variables this
time. So, we have to follow a different avenue. We view S1 from a different perspective:

For every 1 ă p ă `8 and f P Lp X L2,

S1fpxq “

ż

Bp0,1q

e2πixx,ξy
pfpξq dξ “

ż

e2πixx,ξy χBp0,1qpξq pfpξq dξ “

´

χBp0,1q
pf

¯

pxq.

Therefore,
yS1f “ χBp0,1q

pf.

Every operator T defined on Lp X L2 by xTf “ m pf , for some bounded, Lebesgue-
measurable function m, is called a Fourier multiplier operator, and there is a whole theory
developed for these objects. The operator S1 is clearly a Fourier multiplier operator, for
m “ χBp0,1q.

3.4. Fourier multipliers: the basics

Let n P N and 1 ď p ď `8. Let m : Rn Ñ C be a bounded, Lebesgue-measurable
function, and define an operator Tm on L2pRnq by

zTmf “ m pf for all f P L2.

Observe that Tm is a well-defined, linear operator from L2 to L2. Indeed, for all f P L2,
pf P L2 as well, and, since m is bounded and Lebesgue-measurable, we also have that
m pf P L2. And, since the Fourier transform is 1-1 and onto L2, there exists a unique
g P L2 so that pg “ m pf . This g P L2 is precisely Tmf . In other words,

Tmf “ pm pfq .

DEFINITION 3.4.1. (Lp-Fourier multiplier) Let m : Rn Ñ C be a bounded, Lebesgue-
measurable function. We say that m is an Lp-multiplier (or an Lp-Fourier multiplier) if
the operator Tm, restricted on LppRnq X L2pRnq, is Lp-bounded. That is, m is an Lp-multiplier
if

Tmf P Lp for all f P Lp X L2

and the operator Tm : pLp X L2, | ¨ }pq Ñ pLp, } ¨ }pq is bounded, i.e.

}Tmf}p ď Cp }f}p for all f P Lp X L2.

In this case, we also call Tm an Lp-Fourier multiplier operator.
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Thanks to its Lp-boundedness property, an Lp-Fourier multiplier operator Tm can be
uniquely linearly extended to an Lp-bounded operator on the whole of Lp (via the clas-
sical density argument that we have already seen in different contexts). This is true even
for p ą 2, in which case pf does not exist in general.

PROPOSITION 3.4.2. Every Lebesgue-measurable, bounded function m : Rn Ñ C is an L2-
multiplier.

PROOF. We have already explained that Tm is an operator from L2 to L2. It remains
to show that it is L2-bounded. This holds by Plancherel’s theorem: for all f P L2,

}Tmf}2 “ }zTmf}2 “ }m pf}2 ď }m}8} pf}2 “ }m}8}f}2.

□

PROPOSITION 3.4.3. Let m : Rn Ñ C be a Lebesgue-measurable, bounded function, and let
1 ď p ď `8. Then,

m is an Lp-multiplier ðñ m is an Lp
1

-multiplier.

PROOF. The proof that follows shows that, when 1 ď p ă `8, Tm : Lp
1

Ñ Lp
1

is the
adjoint of Tm : Lp Ñ Lp. The result directly follows for such p, as then

}Tm}pÑp “ }Tm}p1Ñp1 “ }Tm}p1Ñp1

(the last equality is trivial to show). However, this doesn’t work for p “ 8 (as L1 is not
the dual of L8), so we present the proof via the well-known formulae for p-norms of
operators and functions (which hold irrespective of p). In particular,

}Tm}pÑp “ sup
}f}p“1, fPLpXL2

}Tmf}p

“ sup
}f}p“1, fPLpXL2

sup
}g}p1 “1, gPLp1

XL2

xTmf, gy,
(9)

where, for all f P Lp X L2 and all g P Lp
1

X L2,

xTmf, gy “

ż

Tmf ¨ g

pP1q
ùùùù

ż

zTmf ¨ qg “

ż

m pf ¨ qg

qg“pg
ùùùù

ż

pf ¨m pg “

ż

pf ¨ pm pgq “

ż

pf ¨ pTmgq
p

ph“
qh

ùùùù

ż

pf ¨

´

Tmg
¯

“

ż

f ¨ Tmg

“ xf, Tm gy.

Plugging this into (9) and swapping the order of the suprema, we obtain

}Tm}pÑp “ sup
}g}p1 “1, gPLp1

XL2

sup
}f}p“1, fPLpXL2

xf, Tm gy

“ sup
}g}p1 “1, gPLp1

XL2

}Tmg}p1

“ }Tm}p1Ñp1 .

It is easy to see that }Tm}p1Ñp1 “ }Tm}p1Ñp1 , and it is left as an exercise.
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□

PROPOSITION 3.4.4. Let m P SpRnq. Then, m is an Lp-multiplier, for every 1 ď p ď `8.

PROOF. Let 1 ă p ă `8. Since m is in L2, it follows that

Tmf “
`

m pf
˘

“ qm ˚ f, for all f P L2 X Lp.

Now, m P SpRnq, hence qm P SpRnq Ă L1, so } qm}1 ă `8. Therefore, for all f P Lp X L2,

}Tmf}p “ } qm ˚ f}p ď } qm}1 ¨ }f}p,

where } qm}1 ă `8. It follows that Tm is Lp-bounded, hence m is an Lp-multiplier. □

More about Fourier multipliers can be found in Stein’s book Singular Integrals and Dif-
ferentiability Properties of Functions, Chapter 3.

3.5. Back to S1: Fefferman’s ball multiplier theorem

In this section we focus on Rn when n ě 2.

For all 1 ă p ă `8, the operator S1 is well-defined on Lp X L2 via the formula

yS1f “ χBp0,1q
pf, f P Lp X L2.

Since χBp0,1q is a bounded, Lebesgue-measurable function, S1 is Lp-bounded if and only
if χBp0,1q is an Lp-multiplier.

ÝÑ Since χBp0,1q is a bounded, Lebesgue-measurable function, S1 is automatically
L2-bounded (that is, χBp0,1q is an L2-multiplier).

ÝÑ Since χBp0,1q is not smooth, we cannot use Proposition 3.4.4 to deduce that it is
an Lp-multiplier for all other p.

Even so, it was an established belief in the community that χBp0,1q must be an Lp-
multiplier for a wider range of exponents p. So, it came as a bit of a shock when Fef-
ferman disproved it4 in 1971.

Fefferman: χBp0,1q is not an Lp-multiplier, for any p ‰ 2!

It follows that on Rn, with n ě 2, the spherical Fourier partial integrals SR behave badly:

ÝÑ SR is not Lp-bounded, for any p ‰ 2.
ÝÑ For every p ‰ 2, we cannot extend SR to a bounded linear operator on Lp so

that }SRf ´ f}p ÝÑ 0 as R Ñ `8 for every f P Lp.

Fefferman’s proof is based on the Perron tree construction of Kakeya sets of measure
0. Other tools in the version of the proof that we will present here are the uncertainty
principle and Khinchin’s inequality.

4C. Fefferman, ’The multiplier problem for the ball’, Ann. of Math. (2), vol. 94., no. 2, pp. 330-336, 1971.
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3.6. The uncertainty principle

The uncertainty principle is the following heuristic, which can be made precise in several
ways, according to our goals every time.

The uncertainty principle (heuristic): If f is localised in
a ball of radius R, then | pf | is locally constant at scale R´1.

When we say that f is localised in a ball of radius R, we mean that the support of f is
contained in such a ball.

The heuristic can be made precise, for instance, via the statement of Heisenberg’s uncer-
tainty principle and Bernstein’s inequality. We will see a different, simpler perspective
here, which morally lets us discretise pf at scale R´1, i.e. to write

(10) | pf | “ “ ”
ÿ

Bk

ckχBk
,

where the Bk are finitely overlapping balls of radius R´1.

A warmup. The uncertainty principle can be easily understood when f is a Gaussian
(which is essentially supported on Bp0, 1q). In particular, let

ϕpxq “ e´π|x|2 , x P Rn.

Recall that pϕ “ ϕ. So, defining ϕR :“ ϕ
`

¨
R

˘

, which is practically supported in Bp0, Rq,
we see that xϕR “ RnpϕpR ¨q “ RnϕpR¨ q, which is practically supported in Bp0, R´1q.

In this example, we see that for every ϵ ą 0 and N P N, due to the fast decay properties
of the Schwartz function ϕ (specifically, |ϕpξq| ď CN ¨ 1

p1`|ξ|qN
), it holds that

|xϕRpξq| ď CN,ϵR
´N for |ξ| ě R´1`ϵ.

So, we can think of pϕR as being roughly constant (and non-zero) or each of the Rnϵ “

ROpϵq balls Bpc,R´1q with centres c at distance up to R1`ϵ from the origin, and roughly
0 on the rest of the space.
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In this warmup, there is nothing too special about the Gaussian - we could have replaced
it with any bump function ϕ whose Fourier transform is non-negative. Note that such
functions exist, and they will be useful to us:

OBSERVATION 3.6.1. There exists a non-zero function ϕ P C8
c pRnq, such that

suppϕ Ď Bp0, 1q, ϕ ě 0,

ż

ϕ “ 1

and
pϕ ě 0.

PROOF. Let ψ P C8
c pRnq, with

suppψ Ď Bp0, 1{2q, ψ ě 0,

ż

ψ “ 1.

Then, the function ϕ :“ ψ ˚ ψp´ ¨q (where ϕp´ ¨q is the reflection of ψ around 0) has the
desired properties:

‚ suppϕ Ď suppψ ` suppψp´ ¨q “ Bp0, 1{2q `Bp0, 1{2q “ Bp0, 1q.
‚ ϕ ě 0, as it is the convolution of two non-negative functions.
‚ We have that

ż

ϕ “

ż

ψ ¨

ż

ψp´ ¨q “

ż

ψ ¨

ż

ψ “ 1.

‚ The Fourier transform pϕ is given by the formula

pϕpξq “ pψpξq ¨ {ψp´ ¨qpξq “ pψpξq ¨ pψpξq “ | pψpξq|2 ě 0,

where in the penultimate equality we used that ψ is real-valued:

{ψp´ ¨qpξq “

ż

e´2πixξ,xy ψp´xq dx

´x“y
ùùùùù

ż

e2πixξ,yy ψpyq dy

ψpxqPR @x
ùùùùùùùù

ż

e´2πixξ,yy ψpyq dy “ pψpξq.

□

ÝÑ From balls to rectangles. In the above analysis there is nothing too special about
the ball Bp0, 1q - things would have worked similarly if Bp0, 1q was replaced by the rec-
tangle r´1, 1sn. The only difference would be that the Gaussian ϕR is roughly supported
on r´R,Rsn and its Fourier transform is roughly constant on r´R´1, R´1sn, i.e. the rec-
tangle with same main directions but reciprocal dimensions. We can similarly adapt the
analysis to any rectangle with dimensions r1, . . . , rn, via a rescaling and a rotation.

Indeed, we first adapt it to
śn
j“1r´rj , rjs

n, by again using the Gaussian

ϕpxq “ e´π|x|2 , x P Rn

and defining

ϕr1,...,rnpxq :“ ϕ

ˆ

x1
r1
, . . . ,

xn
rn

˙

, x P Rn,

a Gaussian now adapted on
śn
j“1r´rj , rjs

n. Now,

{ϕr1,...,rnpξq “ r1 ¨ ¨ ¨ rn ¨ pϕpr1ξ1, . . . , rnξnq, ξ P Rn,
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which is a Gaussian roughly supported over
śn
j“1r´r´1

j , r´1
j sn, i.e. the rectangle through

0 with same directions but reciprocal dimensions.

Now, if R is any rectangle centred at 0, it is the rotation SR0 of some rectangle R0 “
śn
j“1r´rj , rjs

n. We adapt ϕr1,...,rn to this rotated rectangle R, defining

ϕpxq :“ ϕr1,...,rnpS´1xq, x P Rn.

Then, using the formula

{f ˝M “ |detM |´1 ¨ pf ˝ pM´1qT

for M “ S´1, we obtain

pϕpξq “ |detS´1|´1 ¨ {ϕr1,...,rn ˝ ST pξq
|detS|“1, ST “S´1

ùùùùùùùùùùùùùù {ϕr1,...,rnpS´1ξq, ξ P Rn,

so pϕ is a Gaussian adapted to the rectangle SR˚
0 , where R˚

0 :“
śn
j“1r´r´1

j , r´1
j sn. As be-

fore, R˚
0 is the rectangle with centre 0, same directions as R0, and reciprocal dimensions.

We call this the dual rectangle to R0. We may also refer to the dual rectangles to R0 as all
the rectangles parallel to R˚

0 .

DEFINITION 3.6.2. Let R be a rectangle in Rn. We denote by R˚, and call the dual rectangle to
R, the rectangle in Rn with centre 0, same directions as R, but reciprocal dimensions. We may
also refer to any translation of R˚ as a dual rectangle to R.

Motivated by this we write the following form of the uncertainty principle heuristic,
which still needs to be explained.
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The uncertainty principle (heuristic): If f is localised in a rectangle
R0, then | pf | is roughly constant on all rectangles dual to R0.

This will allow us to write

(11) | pf | “ “ ”
ÿ

T

cTχT ,

over a family of disjoint rectangles (or tubes) T that cover Rn and are all dual to R0.
From now on we will be precise and try to make sense of the above.

Facts for non-negative functions with bounded support.

OBSERVATION 3.6.3. Consider non-zero ϕ P L1pRnq, with

suppϕ Ď Bp0, Rq, ϕ ě 0.

Then, for c :“ pϕp0q p“
ş

ϕq,

|pϕ´ c| ď
c

2
on B

ˆ

0,
1

50R

˙

.

This means that pϕ is roughly c on B
`

0, 1
50R

˘

.

PROOF. Observe that
ş

ϕ “ pϕp0q. Therefore, we wish to show that, roughlyR´1-close
to 0, the values of pϕ do not change too much.

For every ξ P Rn,

|pϕpξq ´ pϕp0q| “

ˇ

ˇ

ˇ

ˇ

ż

e2πixξ,xy ϕpxq dx´

ż

e2πix0,xy ϕpxq dx

ˇ

ˇ

ˇ

ˇ

ď

ż

|e2πixξ,xy ´ e2πix0,xy| ϕpxq dx

ď16

ż

|xξ, xy ´ x0, xy|ϕpxq dx

ď16

ż

|ξ| ¨ |x| ϕpxq dx.

So, if in particular ξ P B
`

0, 1
50R

˘

, and since in suppϕ Ď Bp0, Rq, it follows that

|pϕpξq ´ pϕp0q| ď 16 ¨
1

50R
¨R ¨

ż

ϕ ď
1

2
pϕp0q.

□

We can easily derive a similar fact by considering rectangles instead of balls.

OBSERVATION 3.6.4. Let R be a rectangle in Rn, centred at 0. Consider non-zero ϕ P L1pRnq,
with

suppϕ Ď R, ϕ ě 0.

Then, for c :“ pϕp0q p“
ş

ϕq,

|pϕ´ c| ď
c

2
on

1

50n
R˚.
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PROOF. Applying a rotation, we may assume that R has axis-parallel directions, so

R “

n
ź

j“1

r´rj , rjs

for some r1, . . . , rn ą 0. For every ξ P Rn,

pϕpξq “

ż

R
e2πipξ1x1`...ξnxnq ϕpxq dx.

For every x P R and every ξ P 1
50nR

˚ “
śn
j“1

“

´ 1
rj
, 1
rj

‰

,

|ξ1x1 ` . . .` ξnxn| ď |ξ1| ¨ |x1| ` . . .` |ξn| ¨ |xn|

ď r1 ¨
1

50n
¨
1

r1
` . . .` rn ¨

1

50n
¨
1

rn

“
1

50
,

therefore, every ξ P 1
50nR

˚,

|pϕpξq ´ pϕp0q| ď

ż

|e2πixξ,xy ´ e2πix0,xy|ϕpxq dx

ď 16

ż

|xξ, xy|ϕpxq dx

ď
16

50
¨

ż

ϕ

ď
1

2
¨ pϕp0q.

□

A preliminary form of the uncertainty principle. Combining Observation 3.6.1 with the
above two observations, we readily obtain a precise, simple form of the uncertainty prin-
ciple for all compactly supported functions, whose interpretation agrees with our earlier
heuristics.

PROPOSITION 3.6.5. (The uncertainty principle via convolution)

piq (Case of balls) There exists a ψ P SpRnq, with

ψ ě 0, ψ „ 1 on Bp0, 1{100q,

so that for any R ą 0 and any f P C8
c pRnq with suppf Ď Bp0, Rq, it holds that

pf “ pf ˚ ψ1{R,

where ψ1{R :“ Rn ¨ ψpR ¨ q. Note that

ψ1{R „ Rn on B
ˆ

0,
1

100R

˙

.

piiq (Case of rectangles) There exists a ψ P SpRnq, with

ψ ě 0, ψ „ 1 on
„

´
1

100
,

1

100

ȷn

,

so that for any rectangle R in Rn and any f P C8
c pRnq with suppf Ď R, it holds that

pf “ pf ˚ ψR˚ ,
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where, if R “ S
´

śn
j“1r´rj , rjs

¯

, where S is some rotation, then ψR˚pξq “ r1 ¨ ¨ ¨ rn ¨

ψ
´

r1 ¨ pS´1ξq1, . . . , rn ¨ pS´1ξqn

¯

. Note that

ψR˚ „ |R| “
1

|R˚|
on

1

50n
R˚.

We empasise that here, and usually in whatever follows, for any rectangle R in Rn and
any constant c ą 0, we will be denoting by cR the rectangle with same centre as R, same
directions, but dimensions those of R multiplied by c.

Interpretation. In the case of balls, ψ1{R is roughly Rn ¨ χBp0,p100Rq´1q „
χBp0,p100Rq´1q

|Bp0,p100Rq´1q|
.

So, convolution of pf with ψ1{R is roughly averaging pf at scale 1{R. The above tells
us that this averaging doesn’t make any difference to pf , therefore pf must be roughly
constant at scale 1{R.

Similarly, in the case of rectangles, ψR˚ is roughly χR˚

|R˚|
. So, convolution of pf with

ψR˚ is roughly averaging pf of every translation of the rectangle R˚. Since this ac-
tions makes no difference to the values of pf , pf must be roughly constant on every
rectangle dual to R.

PROOF OF PROPOSITION 3.6.5. (i) Fix some ϕ P C8
c pRnq, with

suppϕ Ď Bp0, 2q, ϕ „ 1 on Bp0, 1q, ϕ ě 0

so that
pϕ ě 0

(we know that such ϕ exists, by Observation 3.6.1). Define ϕR :“ ϕ
`

¨
R

˘

; this is ϕ adapted
to the ball Bp0, 2Rq, and in particular

ϕR “ 1 on Bp0, Rq.

So, for any R ą 0 and any f P C8
c pRnq with suppf Ď Bp0, Rq, it holds that

f “ f ¨ ϕR,

hence
pf “ pf ˚ xϕR.

It is easy to check that the function ψ :“ pϕ has all the desired properties.

Assertion (ii) follows similarly, by Observation 3.6.4. This is left as an exercise. □

Discretisation of pf for f supported on a ball. We have already seen what happens close
to 0, when f is non-negative and has compact support (Observations 3.6.3 and 3.6.4). We
will now use this to see what happens is the general case.

ÝÑ When f is supported in Bp0, 1q. Let f0 P L2 be an arbitrary function supported in
Bp0, 1q.

There exists ϕ P C8
c pRnq with

suppϕ Ď Bp0, 2q, ϕ ě 0, ϕ “ 1 on Bp0, 1q,

ż

ϕ “ 1.
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We fix this ϕ from now on in this section. Since suppf0 Ď Bp0, 1q and ϕ “ 1 on Bp0, 1q, it
follows that

f0 “ f0 ¨ ϕ.

By the Carleson-Hunt theorem5, the function f0, which is also supported on r´2, 2sn,
satisfies

f0pxq “
ÿ

kP 1
4
Zn

cke
2πixk,xy for a.e. x P r´2, 2sn,

hence
f0pxq “ f0pxq ¨ ϕpxq “

ÿ

kP 1
4
Zn

cke
2πixk,xy ϕpxq for a.e. x P Rn.

Here, we may view the summands cke2πixk,¨y ϕ as mollified versions of the summands
cke

2πixk,¨y χBp0,1q, which we would get from the Fourier series of f0 if we had not multi-
plied with the smooth function ϕ. And we expect the mollified summands cke2πixk,¨y ϕ
to have much better behaved Fourier transforms.

It follows by the above that
pf0 “

ÿ

kP 1
4
Zn

ck pϕp ¨ ´ kq.

Therefore, denoting
ψ :“ pϕ

and recalling by Observation 3.6.3 that6

pϕ „ 1 on Bp0, 1{100q

(that is, in practice, pϕ is a mollified version of χBp0,1q, and hence pϕp ¨ ´ kq is a mollified
version of χBpk,1q), we obtain the following.

PROPOSITION 3.6.6. (An uncertainty principle for functions supported on Bp0, 1q.)
There exists a function ψ P SpRnq, with

ψ „ 1 on Bp0, 1{100q,

such that, for every f0 P C8
c pRnq with suppf0 Ď Bp0, 1q,

pf0 “
ÿ

kP 1
4
Zn

ckψk,

where
ψk :“ ψp ¨ ´ kq for all k P

1

4
Zn.

The above is a precise version of the heuristic (10), in which the rapidly decreasing (i.e.,
Schwartz) functions ψk are replaced by unit balls centred at k.

ÝÑ When f is supported on an arbitrary ball centred at 0.

Let f P L2 be an arbitrary function supported in Bp0, Rq, for some R ą 0. The rescaling
f0 :“ fpR ¨ q of f is supported on Bp0, 1q, so, by Proposition 3.6.6, there exists ψ as in the
proposition (and independent of f and R) so that

{fpR ¨ q “
ÿ

kP 1
4
Zn

ckψp ¨ ´ kq.

5Here we are referring to the original form of the theorem, which was for Fourier series of 1-periodic
functions in L2

pTn
q.

6The notation pϕ „ 1 here means that pϕp0q ą 0 and |pϕpξq ´ pϕp0q| ď
pϕp0q

2
on Bp0, 1{100q.
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Since {fpR ¨ q “ 1
Rn ¨ pf

`

¨
R

˘

, it follows that

pfpξq “
ÿ

kP 1
4
Zn

Rnck ¨ ψpRξ ´ kq “
ÿ

kP 1
4
Zn

c1
k ¨ ψ

ˆ

R ¨

ˆ

ξ ´
k

R

˙˙

“
ÿ

kP 1
4
Zn

c1
k ψ1{R

ˆ

ξ ´
k

R

˙

,

where c1
k :“ Rnck and ψ1{R :“ ψpR ¨ q. Observe that each ψ1{Rp ¨´k{Rq is the translation

of ψ1{R by k{R P 1
4RZ

n´1. Therefore, taking the sum over all elements of the form k{R P
1
4RZ

n, and relabeling the coefficients, we obtain

pf “
ÿ

kP 1
4R

Zn

ckψ1{Rp ¨ ´ kq

for some coefficients ck P C.

Now, since ψ „ 1 on Bp0, 1{100q, it follows that

ψ1{R “ ψpR ¨ q „ 1 on B
ˆ

0,
1

100R

˙

.

Moreover,
ż

ψ1{R “

ż

ψpR ¨ q “
1

Rn
¨

ż

ψ „
1

Rn
„

ż

χBp0, 1Rq.

(In the above, the implicit constant technically depends onψ, howeverψ is fixed through-
out this analysis.)

Therefore, ψ1{R may be viewed as a mollified version of χBp0, 1Rq, and ψ1{Rp ¨ ´ kq as a
mollified version of χBpk, 1Rq. Therefore, relabeling ψ1{R by ψ, we obtain the following
analogue of (10).

PROPOSITION 3.6.7. (An uncertainty principle for functions supported on Bp0, Rq.)
There exists a function ψ P SpRnq, with

ψ „ 1 on B
ˆ

0,
1

100R

˙

and
ż

ψ „
1

Rn

ˆ

“

ż

χBp0,R´1q

˙

,

such that, for every f P C8
c pRnq with suppf Ď Bp0, Rq,

pf “
ÿ

kP 1
4R

Zn

ckψk,

where

ψk :“ ψp ¨ ´ kq for all k P
1

4R
Zn.

It is of course useful to remember that, in the above analysis, ψ in the above proposition
is actually a relabeling of ψpR ¨ q, for the original ψ from Proposition 3.6.6.

ÝÑ When f is supported on any ball.

Let f P L2 be an arbitrary function supported on Bpω,Rq, for some ω P Rn and R ą

0. The translation fp¨ ` ωq is supported on Bp0, Rq, therefore there exists ψ as in the
statement of Proposition 3.6.7 so that

ˆ

fp ¨ ` ωq

˙

p

“
ÿ

kP 1
4R

Zn

ck ψp ¨ ´ kq.
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However,
ˆ

fp ¨ ` ωq

˙

p

pξq “ e2πixω,ξy
pfpξq, for all ξ P Rn. Therefore,

pf “
ÿ

kP 1
4R

Zn

cke
´2πixω, ¨ y ψp ¨ ´ kq.

Note that, just like before, each ψp ¨ ´ kq is a mollified version of χBpk,R´1q. The only
difference is that the fact that the centre of the ball is not 0 is interpreted as a modulation
e´2πixω, ¨ y on any of these ‘characteristic function approximants’.

Heuristic: When suppf Ď Bpω,Rq, roughly speaking, we can write
pf “

ÿ

k

cBe
´2πixω, ¨ y χB,

where the B are essentially disjoint balls of radius R´1, covering Rn. In other
words, we may think of pf as a sum of waves that do not interact much with
each other, each wave being supported on a different ball of radius R´1.

The precise statement is the following.

PROPOSITION 3.6.8. (An uncertainty principle for functions supported on Bpω,Rq.)
There exists a function ψ P SpRnq, with

ψ „ 1 on B
ˆ

0,
1

100R

˙

and
ż

ψ „
1

Rn

ˆ

“

ż

χBp0,R´1q

˙

,

such that, for every ω P Rn, for every f P C8
c pRnq with suppf Ď Bpω,Rq,

pf “
ÿ

kP 1
4R

Zn

cke
´2πixω, ¨ y ψk,

where

ψk :“ ψp ¨ ´ kq for all k P
1

4R
Zn.

We emphasise that the function ψ here can be taken to be the same for all ω P Rn: it is an
adaptation, to Bp0, Rq, of the function ψ in Proposition 3.6.6.

Discretisation of pf for f supported on a rectangle. The analysis here is completely anal-
ogous to the one for balls. To avoid tedious technicalities, we go through the analysis
quickly and simply state the results.

ÝÑ When f is supported on r´1, 1sn. Let f0 P L2 be an arbitrary function supported on
r´1, 1sn.

By Observation 3.6.1, there exists a non-zero ϕ P C8
c pRnq, such that

suppϕ Ď r´2, 2sn, ϕ ě 0, ϕ “ 1 on r´1, 1sn,

ż

ϕ „ 1.

Fix this ϕ from now on. Since suppf0 Ď r´1, 1sn while ϕ “ 1 on r´1, 1sn, it follows that

f0 “ f0 ¨ ϕ.

By the Carleson-Hunt theorem, the function f0, which is also supported on r´2, 2sn,
satisfies

f0pxq “
ÿ

kP 1
4
Zn

cke
2πixk,xy for a.e. x P r´2, 2sn.
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Since both f0 and ϕ are zero outside r´2, 2sn, it follows that

f0pxq
earlier

ùùùùù f0pxq ¨ ϕpxq “
ÿ

kP 1
4
Zn

cke
2πixk,xy ϕpxq for a.e. x P Rn.

We have therefore obtained something like a Fourier series of f0, however with sum-
mands cke2πixk, ¨ y ϕ, which are molified versions of cke2πixk, ¨ y χr´1,1sn .

It follows that
pf0 “

ÿ

kP 1
4
Zn

ck pϕp ¨ ´ kq.

Therefore, denoting

ψ :“ pϕ

and recalling by Observation 3.6.4 that

pϕ „ 1 on
„

´
1

100
,

1

100

ȷ

,

we deduce the following.

PROPOSITION 3.6.9. An uncertainty principle for functions supported on r´1, 1sn.
There exists a function ψ P SpRnq, with

ψ „ 1 on
„

´
1

100
,

1

100

ȷn

,

such that, for every f0 P L2 with suppf0 Ď r´1, 1sn,

pf0 “
ÿ

kP 1
4
Zn

ckψk,

where

ψk :“ ψp ¨ ´ kq for all k P
1

4
Zn.

ÝÑ When f is supported on any rectangle centred at 0. Let f P L2 be an arbitrary func-
tion supported on R :“

śn
j“1r´rj , rjs, for some r1, . . . , rn ą 0. The rescaling f0pxq :“

fpr1x1, . . . , rnxnq is supported on r´1, 1sn. Therefore, applying Proposition 3.6.9 to this
f0 and rescaling back, we conclude the following.

PROPOSITION 3.6.10. (An uncertainty principle for functions supported on R :“
śn
j“1r´rj, rjs.)

There exists a function ψ P SpRnq, with

ψ „ 1 on
1

50n
R˚ and

ż

ψ „ |R˚|,

so that
pf “

ÿ

kP 1
4r1

Zˆ¨¨¨ˆ 1
4rn

Z

ckψk,

where

ψk :“ ψp ¨ ´ kq for all k P
1

4r1
Z ˆ ¨ ¨ ¨ ˆ

1

4rn
Z.
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In fact, this ψ is a relabeling of the function r1 ¨ ¨ ¨ rnψ pr1ξ1, . . . , rnξnq, for the function ψ
from the previous Proposition 3.6.9.

ÝÑ When f is supported on any rectangle. Let R be a rectangle centred at 0. Then,
R “ S

´

śn
j“1r´rj , rjs

¯

, for some rotation S and some r1, . . . , rn ą 0.

Let f P L2 be supported on R. Then, the function

f0 :“ fpS ¨ q

is supported on
śn
j“1r´rj , rjs, so its Fourier transform satisfies

pf0 “
ÿ

kP 1
4r1

Zˆ¨¨¨ˆ 1
4rn

Z

ckψp ¨ ´ kq

by Proposition 3.6.10. Since

pf0 “ |detS|´1 ¨ pf ˝ pS´1qT “ pfpS ¨ q,

it follows that
pfpξq “

ÿ

kP 1
4r1

Zˆ¨¨¨ˆ 1
4rn

Z

ck ψpS´1ξ ´ kq

“
ÿ

kP 1
4r1

Zˆ¨¨¨ˆ 1
4rn

Z

ck
`

ψ ˝ S´1
˘

pξ ´ Skq

“
ÿ

kPSpGq

c1
k

`

ψ ˝ S´1
˘

pξ ´ kq,

for the grid G “ 1
4r1

Z ˆ ¨ ¨ ¨ ˆ 1
4rn

Z.

Relabeling ψ ˝ S´1 “ ψpS´1 ¨ q by ψ, we conclude the following.

PROPOSITION 3.6.11. (An uncertainty principle for functions supported on rectangles.
Let R be a rectangle with centre 0. Then, R “ S

´

śn
j“1r´rj , rjs

¯

, for some rotation S and some
r1, . . . , rn ą 0. Let

G “
1

4r1
Z ˆ ¨ ¨ ¨ ˆ

1

4rn
Z.

There exists a function ψ P SpRnq, with

ψ „ 1 on
1

50n
R˚ and

ż

ψ „ |R˚|,

so that the following hold.

piq For any f P L2 supported on R,

pf “
ÿ

kPSpGq

ck ψp ¨ ´ kq.

piiq For any f P L2 supported on R ` ω, for some ω P Rn,

pf “
ÿ

kPSpGq

ck e
´2πixω, ¨ y ψp ¨ ´ kq.

Each ψp ¨ ´ kq is a mollified version of χR˚`k. Moreover, the rectangles R˚ ´ k , over all
k P SpGq, are practically disjoint translations of each other. Therefore, we may view the
uncertainty principle in this case as follows.
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Heuristic: When f is supported on a rectangle R, then, roughly speaking, we
can write

pf “
ÿ

T

cT e
´2πixω, ¨ y χT ,

where the T are practically disjoint rectangles, which are all translated copies of
the dual rectangle R˚, and together ‘tile’ Rn. In other words, we may think of pf
as a sum of waves that do not interact much with each other, each wave being
supported on a different one of these parallel rectangles T .

3.7. The proof of Fefferman’s ball multiplier theorem

Let 1 ă p ă `8. Recall that the operator S1 is well-defined on Lp X L2, by

yS1f “ χBp0,1q
pf.

The question was: For which p ‰ 2 is S1 Lp-bounded? In other words, for which p ‰ 2 is
χBp0,1q an Lp-multiplier?

THEOREM 3.7.1. (Fefferman, 1971) The function χBp0,1q is an Lp-multiplier only when p “ 2.

The rest of the section is dedicated to the proof of this theorem. We know that, for any
1 ă p ă `8, χBp0,1q (and in fact any bounded, Lebesgue-measurable function) is an
Lp-multiplier if and only if it is an Lp

1

multiplier. Therefore, it suffices to show that:

χBp0,1q is not an Lp-multiplier, for any p ą 2.

So, fix p ą 2. We wish to show that }S1}pÑp “ `8. Therefore, we have the following
goal.

Goal. For every M ą 0, find fM P Lp X L2 so that }S1fM}p ą M ¨ }fM}p.

ÝÑ What does S1 do? It starts with a function f P Lp X L2, then considers pf , then alters
pf by restricting it to Bp0, 1q, and then returns back by Fourier-inverting pfχBp0,1q.
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The point is to find functions f for which the final function S1f has much larger p norm
than f - e.g. has way more ‘peaks’ than f .

For simplicity we will work in two dimensions (n “ 2), and then we will show that this
case easily implies Fefferman’s theorem in all dimensions.

Main idea. Suppose that pf is supported in an annulus A which is a thin neigh-
bourghood of Sn´1; in particular, with centre 0, inner radius 1 ´ R´1 and outer
radius 1 `R´1.

Multiplying with χBp0,1q restricts pf to half the annulus, in particular to the annulus
with centre 0, same inner radius, but outer radius 1. So, pfχBp0,1q has support ‘half’
of the support of pf . Note that this support reduction happens to all little rectan-
gles θ comprising A (that is, along all directions normal to the sphere Sn´1).

So, taking inverse Fourier transforms of all the rectangular pieces of both pf and
pfχBp0,1q (to compare f with S1f ), the uncertainty principle tells us that S1f should
be ‘doubly spread out’ relative to f on all the dual rectangles (which point to all
directions normal to Sn´1).

So, the strategy will be the following:

ÝÑ Start with pf that is the sum of ‘indicators’ of little rectangles, which together form
a thin neighbourhood of S1. Then, f is a sum of waves, each evolving within a tube
through 0.
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ÝÑ Giving appropriate oscillation to pf within each little rectangle, we spread out the
above tubes as we wish: For any family of rectangles T , we can make sure that f is a
sum of waves fT , each evolving in the rectangle T .

ÝÑ Multiplying χBp0,1q with pf (to obtain yS1f ), each of the original little rectangles is split
in half. Therefore, by the uncertainty principle, while each fT was large in magnitube
within the rectangle T , now S1fT should be large in magnitude within T ˚, where T ˚ has
the same width as T , but double the length.

ÝÑ So, if we manage to find a configuration of rectangles T such that the T are disjoint,
while the T ˚ overlap a lot, then the waves fT don’t interact with each other, while the
waves SfT interact a lot with each other, allowing for the possibility of constructive
interference (which would mean that Sf has a lot of peaks, while f does not). In such a
case, it is possible to have }Sf}p " }f}p.

Let us now make formal sense of the above. Fix some large parameter R " 1.

Step 1: Defining the support AR of pf . Consider the annulus

ApRq :“ tx P Rn : 1 ´R´1 ď |x| ď 1 `R´1u.
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We approximate ApRq by a union of disjoint R´1{2 ˆ 2R´1 rectangles (or ‘caps’) θ.

The base of each rectangle is a chord of length R´1{2 - then, the rectangle with this base
and height R´1 is the smallest rectangle that contains the arc of S1 with the same end-
points as the chord. We simply double each rectangle in height, so that essentially the
top half of each is outside Bp0, 1q. (So, when we restrict to Bp0, 1q later, each of these
rectangles will be essentially halved.)

Let Θ be the family of these rectangles (caps), which are R1{2 in total. Define

AR :“ YθPΘθ.

This AR (which is practically the original annulus) will be the support of our pf .

Defining pf . For every θ P Θ, denote its centre by ωθ.

Observation. For every θ P Θ,
ˆ

χθ
|θ|

˙

q

“ “ ” e2πix ¨ , ωθy χθ˚ .

Therefore, if
pf “ “ ”

ÿ

θPΘ

χθ
|θ|
,

then
f “ “ ”

ÿ

θPΘ

e2πix ¨ , ωθy χθ˚ .

The θ˚ are R´1{2-separated R1{2 ˆ R-rectangles with centre 0. This becomes pre-
cise when the χθ and the χθ˚ are replaced by Schwartz versions.
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To be precise, fix a function ψ P C8
c pRnq, with

suppψ Ď r´1, 1s2, ψ ě 0, ψ “ 1 on
„

´
1

2
,
1

2

ȷn

.

This function does not depend on R, and will be fixed from now on. By our earlier
uncertainty principle analysis, we know that7

qψ „ 1 on
„

´
1

100
,

1

100

ȷn

.

Since additionally qψ is rapidly decreasing (as it is a Schwartz function), and } qψ}2 “

}ψ}2 „ 1, we may think of qψ as a mollified version of χr´1,1s2 .

For each θ P Θ, denote by θ0 :“ θ ´ ωθ the translation of θ through 0.

We adapt ψ to each θ0, over all θ P Θ, via a rescaling and a rotation of ψ. So, for each θ0,
we obtain a ψθ0 P C8

c pRnq, with

suppψθ0 Ď θ0, ψθ0 ě 0, ψθ0 “ 1 on
1

2
θ0,

ż

ψθ0 „ |θ0|.

In other words, ψθ0 is a Schwartz version of χθ0 . By Observation 3.6.4,

pψθ0qq „ pψθ0qqp0q “

ż

ψ „ |θ0| on
1

100
θ˚
0 .

Therefore, the function

rψθ˚
0
:“

ˆ

ψθ0
|θ0|

˙

q

is a Schwartz version of χθ˚
0

:

| rψθ˚
0

| „ 1 on
1

100
θ˚
0 ,

ż

| rψθ˚
0

| „ |θ˚
0 |.

Note that θ˚
0 “ θ˚.

The cap θ is a translation of θ0: θ “ θ0 `ωθ, where ωθ is the centre of θ. Therefore, we can
adapt each ψθ0 to θ, via a translation:

ψθ :“ ψθ0p ¨ ´ ωθq.

It follows that
supp

ψθ
|θ|

Ď θ,
ψθ
|θ|

ě 0, ψθ „ 1 on
1

2
θ,

so ψθ
|θ|

is a Schwartz version of χθ
|θ|

, while
ˆ

ψθ
|θ|

˙

q

“ e2πix ¨ , ωθy

ˆ

ψθ0
|θ0|

˙

q

“ e2πix ¨ , ωθy
rψθ˚

0

θ˚
0 “θ˚

ùùùùùù e2πix ¨ , ωθy
rψθ˚,

which is a Schwartz version of e2πix ¨ , ωθy χθ˚ .

Defining
pf :“

ÿ

θPΘ

ψθ
|θ|
,

it follows that

f “
ÿ

θPΘ

ˆ

ψθ
|θ|

˙

q

“
ÿ

θPΘ

e2πix ¨ , ωθy
rψθ˚ ,

7As earlier, qψ may take complex values, but they are all roughly 1 on this rectangle.
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which is a sum of waves, each practically supported in one of the rectangles θ˚, which
all pass through 0 and their directions are R´1{2-separated (just like the normals to any
two caps of Θ).

Now observe that, by replacing each ψθ

|θ|
with an appropriate modulation of itself, we

can translate the waves in the above picture anywhere we wish. Moreover, we can ran-
domise f , by multiplying each summand with ˘1 at random. In other words, let tpθuθPΘ

be a collection of independent random variables, such that, for every θ P Θ, pθ takes the
values ˘1 with equal probability.
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Heuristic. For any choice of vectors vθ P Rn, over all θ P Θ, if

pf “ “ ”
ÿ

θPΘ

pθ e
´2πix ¨ , vθy χθ

|θ|
,

then
f “ “ ”

ÿ

θPΘ

pθ e
2πix ¨ ´vθ, ωθy χθ˚`vθ .

The θ˚ ` vθ are R´1{2-separated R1{2 ˆR-rectangles, each with centre vθ.

To be precise, for every choice of vectors vθ P Rn, over all θ P Θ, it holds that
ˆ

e´2πix ¨ , vθy ψθ
|θ|

˙

q

“

ˆ

ψθ
|θ|

˙

q

p ¨ ´ vθq

“ e2πix ¨ ´vθ, ωθy
rψθ˚p ¨ ´ vθq

“: e2πix ¨ ´vθ, ωθy
rψθ˚`vθ ,

where rψθ˚`vθ :“ rψθ˚p ¨ ´ vθq is a Schwartz version of χθ˚`vθ , the characteristic function
of the rectangle θ˚ ` vθ (which has centre vθ). Therefore, the function

pf :“
ÿ

θPΘ

pθ e
´2πix ¨ , vθy ψθ

|θ|

satisfies

f “
ÿ

θPΘ

pθ e
2πix ¨ ´vθ, ωθy ψθ˚`vθ .

Of course, the rectangles θ˚ ` vθ, over all θ P Θ, still form a maximal R´1{2-separated
family of R1{2 ˆR rectangles in Rn.

Now, we switch our perspective to the rectangles instead. For every R1{2 ˆ R rectangle
T in Rn, denote by epT q the direction of T , by vpT q the centre of T , and by θpT q the
rectangle in Θ whose normal is the direction of T . The earlier analysis can be translated
to the following:

Let T be a maximal family of R´1{2-separated R1{2 ˆ R-rectangles in Rn. Let tωT uTPT
be a collection of independent random variables, each taking the values ˘1 with equal
probability. Then, we have shown a formal version of the following.

Heuristic. If
pf “ “ ”

ÿ

TPT
ωT e

´2πix ¨ , vpT qy
χθpT q

|θpT q|
,

then
f “ “ ”

ÿ

TPT
ωT e

2πix ¨ ´vpT q, epT qy χT .

Formally, we define

pf :“
ÿ

TPT
ωT e

2πix ¨ , vpT qy
ψθpT q

|θpT q|
,

from which we conclude that

f “
ÿ

TPT
ωT e

´2πix ¨ ´vpT q, epT qy
rψT .
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We have a lot of freedom here: f depends on our choice T of maximal collection ofR´1{2-
separated rectangles, as well as on the signs we choose each time. The goal is to make a
clever choice of these parameters, so that

}S1f}p " }f}p.

Understanding S1f .

ÝÑ A heuristic explanation.

Ignoring the randomisation of f , the above analysis is based on the fact that, for every
θ P Θ and vθ P Rn, it holds that

pf |θ “ e´2πix ¨ , vθy ψθ
|θ|

and
´

pf |θ

¯

q

“

ˆ

e´2πix ¨ , vθy ψθ
|θ|

˙

q

“ e2πix ¨ ´vθ, ωθy
rψT ,

where T :“ θ˚ ` vθ and the functions ψθ, rψT are Schwartz approximations of χθ and χT ,
respectively. Since

pf “
ÿ

θPΘ

pf |θ,

it follows that

f “ p pfqq “
ÿ

θPΘ

´

pf |θ

¯

q

,

while

S1f “
`

χBp0,1q
pf

˘

q

“
ÿ

θPΘ

´

χBp0,1q
pf |θ

¯

q

.

So, to compare f with S1f , we need to compare
´

pf |θ

¯

q

with
´

χBp0,1q
pf |θ

¯

q

for each θ P Θ.

Let θ P Θ. We begin by comparing pf |θ with χBp0,1q
pf |θ. In other words, we compare

e´2πix ¨ , vθy ψθ
|θ|

with χBp0,1q e
´2πix ¨ , vθy ψθ

|θ|
.

While e´2πix ¨ , vθy ψθ
|θ|

is localised on θ, multiplying it with χBp0,1q localises it to the bottom
half of θ, i.e. to the rectangle θ with the same base as θ, but with half the height.
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By the uncertainty principle, we expect the function
´

χBp0,1q ¨ pf |θ

¯

q

“

ˆ

χBp0,1q ¨ e´2πix ¨ , vθy ψθ
|θ|

˙

q

to be roughly constant in magnitude on all rectangles dual to θ, and thus on rT :“ θ
˚

`vθ,
the rectangle with the same centre as T , same width R1{2, but double the height:

Observe that, if χBp0,1qψθ (which is supported on θ) was a smooth function ϕθ, then the
above would be obvious: we would conclude by the above analysis that
´

χBp0,1q ¨ pf |θ

¯

q

“

ˆ

χBp0,1q ¨ e´2πix ¨ , vθy ψθ
|θ|

˙

q

“
1

2

ˆ

e´2πix ¨ , vθy ϕθ
|θ|

˙

q

“
1

2
e2πix ¨ ´vθ, ωθy

rϕ
rT
,

where rϕ
rT

is a Schwartz approximation of χ
rT
. So,

ˇ

ˇ

ˇ

´

χBp0,1q ¨ pf |θ

¯

q

ˇ

ˇ

ˇ
would be roughly

constant on rT .

While χBp0,1qψθ is not smooth, we will still be able to deduce that
ˇ

ˇ

ˇ

´

χBp0,1q ¨ pf |θ

¯

q

ˇ

ˇ

ˇ
is large on rT ,
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by Observation 3.6.4. Hence, for all T P T, it will hold that
ˇ

ˇ

ˇ

´

pf |θpT q

¯

q

ˇ

ˇ

ˇ
is large on rT .

ÝÑ A formal analysis. For every T P T, denote

fT :“ ωT e
2πix ¨ ´vpT q, epT qy

rψT .

We know that
f “

ÿ

TPT
fT

and
pf “

ÿ

TPT

xfT ,

where
xfT “ ωT e

´2πix ¨ , vpT qy
ψθpT q

|θpT q|
.

Of course,

S1f “
ÿ

TPT
S1fT “

ÿ

TPT

´

χBp0,1q ¨ xfT

¯

q

,

so we will try to understand each of these pieces separately.

CLAIM 3.7.2. For every T P T, it holds that

|S1fT | Á 1 on
1

100
rT ,

where rT is the rectangle with the same centre and axis as T , same width as T (so, with width
R1{2), but double the height (so, with height 2R).

PROOF. The proof follows by Observation 3.6.4. For simplicity, we denote θ :“ θpT q,
v :“ vpT q, e :“ epT q. Note that T “ θ˚ ` v. We can also ignore the sign ωT , so that

fT “ e2πix ¨ ´v, ey
rψT

and
xfT “ e´2πix ¨ , vy ψθ

|θ|
,

where ψθ “ ψθ0p ¨ ´ ωθq (recall, θ0 is the translation of θ so that it has centre 0). We are
interested in understanding

S1fT “

ˆ

e´2πix ¨ , vy χBp0,1q

ψθ
|θ|

˙

q

.

Observe that χBp0,1q
ψθ
|θ|

is a translation of ϕ :“ χBp0,1q´ωθ

ψθ0
|θ0|

. Specifically,

χBp0,1q

ψθ
|θ|

“ ϕp ¨ ´ ωθq.

The function ϕ “ χBp0,1q´ωθ

ψθ0
|θ0|

is practically ψθ0
|θ0|

, but with its support ‘cut in half’. In
particular,

suppϕ Ď θ0, ϕ ě 0,

ż

ϕ „ 1.

By Observation 3.6.4, if θ0 was centred at 0, we would obtain

qϕ Á 1 on
1

100
θ0

˚
, where θ0

˚
“ rT ´ v.
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However, the rectangle θ0 is almost, but not quite, centred at 0: in truth, θ0, which is very
thin, touches 0 on its boundary. So, we first consider the translated function ϕp ¨ ´ ωθ0q,
which has all the above nice properties of ϕ, but is also supported on the rectangle θ0´ωθ0
which is centred at 0. By Observation 3.6.4,

´

ϕp ¨ ´ ωθ0

¯

q

Á 1 on
1

100
θ0

˚
.

Since ϕ is a translation of ϕp ¨ ´ ωθ0q, it follows that

|qϕ| Á 1 on
1

100
θ0

˚
.

And χBp0,1q
ψθ
|θ|

is in turn a translation of ϕ, so
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

χBp0,1q

ψθ
|θ|

˙

q

ˇ

ˇ

ˇ

ˇ

ˇ

Á 1 on
1

100
θ0

˚
.

Finally, e´2πix ¨ , vy χBp0,1q
ψθ
|θ|

is a modulation of χBp0,1q
ψθ
|θ|

by e´2πix ¨ , vy, so
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

e´2πix ¨ , vy χBp0,1q

ψθ
|θ|

˙

q

ˇ

ˇ

ˇ

ˇ

ˇ

Á 1 on on
1

100
θ0

˚
` v “

1

100
rT .

We have thus concluded that

|S1fT | Á 1 on
1

100
rT .

A small adjustment. There is a small issue here: For each T P T, we wanted |S1fT | to be
large on a tube twice as long as T (or at least elongated relative to T ), so that, while the
fT may not really interact along the original tubes T , the S1fT interact a lot along their
elongations.

However, the statement of Claim 3.7.2 does not guarantee this: T is anR1{2ˆR rectangle,
while 1

100
rT is a rectangle with the same centre as T , and dimensions 1

100R
1{2 ˆ 1

50R. So,
rT is in fact contained in T .

We easily solve this issue by adjusting a little our original definition of pf (and thus of
f ). In particular, instead of the original R´1{2 ˆ R´1 rectangles θ in the definition of pf ,
we use instead the R´1{2 ˆ 30R´1 rectangles with the same bases as the originals, but 30
times the height.

The analysis in this case is the same as before, with the following differences:

‚ The tubes T P T have dimensions R1{2 ˆ 1
30R.

‚ Restricting each θ to Bp0, 1q now reduces the height of θ by a factor of 1
30 , so, by

the same uncertainty principle considerations as earlier,

|S1fT | Á 1 on
1

100
rT ,

where rT is the rectangle with the same centre and directions as T , but with di-
mensions R1{2 ˆ 30R. Therefore, 1

100
rT has the same centre as T , but dimensions

1
100R

1{2 ˆ 30
100R.

So, even though 1
100

rT is a little thinner than T , it is considerably longer: it has length 9
times the length of T .
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We denote by T the tube we obtain as follows: We translate T downwards along its axis,
so that its bottom side touches the bottom side of 1

100
rT . We then multiply the width of

this tube by 1
100 , while preserving its central axis (so that it fits within 1

100
rT ).

We therefore have that T is a 1
100R

1{2 ˆ 1
30R tube (it is a translated copy of T , only a little

thinner), and
|S1fT | Á 1 on T .

The tube T is often referred to as ‘the reach’ of T . It is a piece of an elongated version of
T where something good happens. We record this information:

CLAIM 3.7.3. For every T P T, it holds that

|S1fT | Á 1 on T .

Assuming disjointness of the tubes T and calculating }f}p. We assume from now on
that the tubes T in T are disjoint. This helps us calculate }f}p. Indeed, as we mentioned
earlier, our f depends on the family T of tubes T we have chosen:

f “
ÿ

TPT
ωT fT ,

where
fT “ e2πix ¨ ´vpT q, epT qy

rψT .

Due to the fact that rψT is a Schwartz function adapted to T (it is a mollified version
of χT ), it decays relatively fast outside T , so in practice it is as if the fT have disjoint
supports. Therefore,

(12) }f}pp „
ÿ

TPT

ż

|fT |p “
ÿ

TPT

ż

|ψT |p „
ÿ

TPT

ż

|χT |p “
ÿ

TPT
|T |.

Let us show the details. For every T P T and every x P T , there are Oψp1q T 1 P T
for which fT 1pxq is not tiny (those that intersect the CψR1{2-neighbourhood of T , for
a constant Cψ that depends only on ψ - which is fixed throughout this analysis). In-
deed, let us call this family of tubes TT . For the rest of the tubes T 1 P TzTT , we can
arrange them in increasing order according to their distance from T . So, due to the
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disjointness of the tubes and the fact that we work in two dimensions, we can write
TzTT :“ tT1, T2, . . . , Tmu so that

distpx, Tjq ě pCψ ` jqR1{2, for all j “ 1, . . . ,m.

Therefore, for some constant cψ ą 0 (independent of cψ),
ˇ

ˇ

ˇ

m
ÿ

j“1

ωTjfTj pxq

ˇ

ˇ

ˇ
ď

m
ÿ

j“1

|ωTjfTj pxq| “

m
ÿ

j“1

| rψT pxq|

ď

m
ÿ

j“1

cψ
`

R´1{2|distpx, Tjq|
˘2

ď

m
ÿ

j“1

cψ
pCψ ` jq2

ď
cψ
Cψ

„ 1.

Therefore, for each T P T,
ż

T

ˇ

ˇ

ˇ

ÿ

T 1PTzTT

ωT 1fT 1

ˇ

ˇ

ˇ

p
À |T | „

ż

T
|fT |p À

ż

|fT |p.

On the other hand, #pTzTT q À 1, so, by Hölder’s inequality,
ż

T

ˇ

ˇ

ˇ

ÿ

T 1PTzTT

ωT 1fT 1

ˇ

ˇ

ˇ

p
À

ÿ

T 1PTzTT

ż

|fT 1 |p.

Therefore, for each T P T,
ż

T
|f |p À

ÿ

T 1PTzTT

ż

|fT 1 |p.

Since the tubes T P T are disjoint, it follows that
ż

|f |p “
ÿ

TPT

ż

|f |p À
ÿ

TPT

ÿ

T 1PTzTT

ż

|fT 1 |p

“
ÿ

T 1PT
#tT P T : T 1 P TT u

ż

|fT 1 |p

„
ÿ

T 1PT

ż

|fT 1 |p.

Estimating }S1f}p. We do this using Claim 3.7.3 and Khinchin’s inequality. Since

f “
ÿ

TPT
ωT fT ,

it follows that

E}S1f}pp “ E
ż

xPRn

ˇ

ˇ

ˇ

ÿ

TPT
ωT ¨ S1fT pxq

ˇ

ˇ

ˇ

p
dx

“

ż

xPRn

E
ˇ

ˇ

ˇ

ÿ

TPT
ωT ¨ S1fT pxq

ˇ

ˇ

ˇ

p
dx

Khinchin
ùùùùùùù

ż

xPRn

˜

ÿ

TPT
|S1fT pxq|2

¸p{2

dx

“

›

›

›

›

›

ÿ

TPT
|S1fT |2

›

›

›

›

›

p{2

p{2
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For every T P T, |S1fT | ě 1 on T . Therefore,
ÿ

TPT
|S1fT |2 Á

ÿ

TPT
χT

pointwise, where both functions above are non-negative. Hence,
›

›

›

›

›

ÿ

TPT
|S1fT |2

›

›

›

›

›

p{2

p{2

ě

›

›

›

›

›

ÿ

TPT
χT

›

›

›

›

›

p{2

p{2

.

We conclude that

E}S1f}pp Á

›

›

›

›

›

ÿ

TPT
χT

›

›

›

›

›

p{2

p{2

,

hence there exists a choice of signs ωT P t´1, 1u, over all T P T, so that

}S1f}pp Á

›

›

›

›

›

ÿ

TPT
χT

›

›

›

›

›

p{2

p{2

,

irrespective of our choice of family T for which

f “
ÿ

TPT
ωT fT .

□

Determining T so that }S1f}p " }f}p. We have shown that, irrespective of our choice
of our family T of rectangles, there exists a choice of signs ωT , over all T P T, so that the
function

f “
ÿ

TPT
ωT fT

satisfies
}f}pp „

ÿ

TPT
|T |,

while

}S1f}pp Á

›

›

›

›

›

ÿ

TPT
χT

›

›

›

›

›

p{2

p{2

“

ż

˜

ÿ

TPT
χT

¸p{2

.

Therefore, in order to have
}S1f}p " }f}p,

it suffices to find a family T with the so far properties we have imposed (a maximal
family of disjoint R´1{2-separated R1{2 ˆR-rectangles in R2), so that

(13)
ÿ

TPT
|T | !

ż

˜

ÿ

TPT
χT

¸p{2

.

Note that this is a purely combinatorial problem: it has nothing to do with waves.

Let us try to understand our desired inequality (13) a little better. Its LHS equals

ÿ

TPT
|T | “

ÿ

TPT

ż

χT “

ż

˜

ÿ

TPT
χT

¸

.
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Observe that
ř

TPT χT pxq simply counts the number of tubes T that pass through each
x P Rn, which in this specific case (where the tubes T are disjoint) equals either 0 or 1.
Therefore, specifically for the families T that we are studying, the LHS of (13) equals

ÿ

TPT
|T | “

ż

˜

ÿ

TPT
χT

¸p{2

(as 0p{2 “ 01 and 1p{2 “ 11).

This expression is very similar to the one on the RHS; the only difference is that the
RHS involves the tubes T , the ‘reaches’ of the tubes T . That is, the RHS also counts the
overlap of tubes (this time the tubes T ) with multiplicity, however this multiplicity will
be much larger in general than 0 or 1, if the tubes T overlap a lot (unlike the tubes T ): in
that case, not only will the quantity

ř

TPT χT pxq be considerably larger than 1 for many
x, but the quantity p

ř

TPT χT pxqq
p{2 will be even larger for those x, as is equals a natural

number raised to the power p{2 ą 1 Therefore, in order to create an example

Idea. In order to force (13), we will look for a maximal family T of disjoint
R´1{2-separated R1{2 ˆR-rectangles T , so that their ‘reaches’ T overlap a lot.

The existence of such a family T, for which (13) holds, is guaranteed by the Perron tree
construction of Kakeya sets of arbitrarily small measure.

Finishing the argument. The key fact that we need is the following. It says that it is
possible for the reaches T of the tubes T to cover much less space than the tubes T ,
which are disjoint. This must mean that they overlap a lot.

PROPOSITION 3.7.4. For every M ą 0, there exists a maximal family T of disjoint, R´1{2-
separated, R1{2 ˆ 1

30R-tubes in R2, so that

(14)
ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
ď

1

M
¨

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
.

We postpone the discussion of the proof of this proposition, to show that (14) implies the
following quantified version of (13) (as p

2 ą 1):

(15)
ÿ

TPT
|T | À

ˆ

1

M

˙

p
2

´1

¨

ż

˜

ÿ

TPT
χT

¸p{2

.

By our earlier analysis, this will mean that, for every M ą 0, there exists (non-zero) f so
that

}S1f}pp Á

ˆ

1

M

˙

p
2

´1

¨ }f}p,

whence }S1}pÑp ă `8. And we will be done!
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ÝÑ (14)ùñ(15): It holds that

ÿ

TPT
|T |

|T |„|T |
ùùùùùù

@ TPT

ÿ

TPT
|T | “

ÿ

TPT

ż

χT

“

ż

˜

ÿ

TPT
χT

¸

p
2

ą1, Hölder
ď

¨

˝

ż

˜

ÿ

TPT
χT

¸

p
2

˛

‚

2
p

¨

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ

1´ 2
p

(14)
ď

¨

˝

ż

˜

ÿ

TPT
χT

¸

p
2

˛

‚

2
p

ˆ

1

M

˙1´ 2
p

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ

1´ 2
p
.

Using that
ˇ

ˇ

ˇ

Ť

TPT T
ˇ

ˇ

ˇ
“

ř

TPT |T | and rearranging, we deduce that

˜

ÿ

TPT
|T |

¸
2
p

À

¨

˝

ż

˜

ÿ

TPT
χT

¸

p
2

˛

‚

2
p

ˆ

1

M

˙1´ 2
p

,

hence

ÿ

TPT
|T | À

ˆ

1

M

˙

p
2

´1 ż

˜

ÿ

TPT
χT

¸

p
2

,

as desired.

So, what remains is to prove Proposition 3.7.4. This is done easily once one knows about
the Perron tree construction of Kakeya sets of arbitrarily small measure.

Kakeya sets of tiny measure: the Perron tree construction. A Kakeya set in Rn is a com-
pact set in Rn that contains a unit line segment in every direction. In 1917, the Japanese
mathematician Soichi Kakeya asked how large Kakeya sets can be.

It turns out that Kakeya sets can have (Lebesgue) measure 0. The first construction of
Kakeya sets of arbitrarily small measure is due to Besicovitch (1919). The construction is
iterative and is known as a Perron tree. We explain the construction in two dimensions -
it can then easily be generalised to all dimensions.

We begin with an equilateral triangle. All the line segments emanating from its top
vertex and arriving at its base cover a 60˝-worth of directions. We need to rearrange
these line segments, so that their union has very small area. Then, rotating the final
shape twice (so that we cover the remaining 120˝-worth of directions), we will have
created a Kakeya set of very small area.

ÝÑ We cut the triangle in half, and slide the two triangles a little bit along their bases.
Then, the original line segments will simply be rearranged, but their union (the union
of the two translated triangles) has smaller area than the original triangle. This is all
quantifiable, according to the amount by which we choose to slide, and in fact holds
for any triangle we begin with (independently of whether it is equilateral or not). In
particular, if we slide the two triangles by a factor of δ (meaning that we slide until their
overlap has length δ times the original triangle’s base), then the new area will be smaller
than the original by a factor of roughly p1 ´ δq.
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At this first stage, we have managed to create a Kakeya set (technically, involving a 60˝-
worth of directions), of smaller area than the original; in particular, area p1´ δq times the
original.

ÝÑ We now perform the above idea on each of the two pieces of the triangle indepen-
dently, and then slide the two shapes together. More precisely, we cut the original tri-
angle in four pieces: two subtriangles in its left half triangle T1, two subtriangles in its
right half triangle T2. In each half, we slide the two subtriangles along their bases, by
the same factor δ as before. This way, we create two shapes, each with smaller area than
the original halves T1 and T2 (by a factor of roughly p1 ´ δq). Moreover, the left shape
contains a triangle T 1

1 similar to T1, and the right shape contains a triangle T 1
2, similar to

T2. We now slide the two shapes along their bases, so that the bases of T 1
1 and T 1

2 overlap
by a factor of δ. One can then see that the final shape has area roughly a p1 ´ δq2-portion
of the original.

We have thus created a Kakeya set (OK, involving a 60˝-worth of directions), with area
much smaller than before, specifically roughly p1 ´ δq2 times the original.
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ÝÑ We apply the above idea, but this time splitting the original triangle into 2n sub-
triangles, rather than just 4, and iteratively splitting in consecutive pairs that we slide
together. Letting n go to infinity, we create a Kakeya set of arbitrarily small area. There
are logn steps until we end up with a single base and we stop sliding, and the final area
will be roughly p1 ´ δqlogn times the original.

Details can be found in K. Falconer’s book ‘The Geometry of Fractal Sets’, Section 7.2, or
in T. Tao’s Math 245B Fourier restriction course, Lecture Notes 3.

Proof of Proposition 3.7.4 Let M ą 0. There exists a Kakeya set K as in the above con-
struction, with

|K| ă
1

M
.

This Kakeya set K comprises of 2n triangles (for some appropriate n P N), emanating
from a common base. All these triangles have base length 2´n, and height 1. Moreover,
the directions of any of the central axes of these triangles are 2´n-separated. So, if for
each of these triangles ∆i we consider the tube Ti, with the same central axis as ∆i, but
with half the base and half the height, then we get a collection of 2n tubes, which are
2´n-separated and have dimensions 1

22
´n ˆ 1

2 , and are all contained in K. Therefore,

ˇ

ˇ

2n
ď

i“1

Ti
ˇ

ˇ ď
1

M
.
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We have not chosen the notation Ti by chance: each Ti is the ‘reach’ of a tube Ti. We
‘thin’ each Ti, by multiplying all their widths by the same appropriate constant, so that
Ti, over all i “ 1, . . . , 2n, are pairwise disjoint. This is easy to achieve: if the bases of
two tubes Ti, Tj do not overlap, then it is trivial that the Ti, Tj do not meet either, as
their directions point outwards; if the bases of the tubes Ti, Tj overlap, then we use their
angular separation to see that further away they will be disjoint.

Therefore, the family T :“ tTi : i “ 1, . . . , 2nu is a disjoint family of 2n tubes, which are
2´n-separated and have dimensions c2´n ˆ 1

2 . Therefore,
ˇ

ˇ

ď

TPT
T

ˇ

ˇ “
ÿ

TPT
|T | „ 1.

It follows that
ˇ

ˇ

ď

TPT
T

ˇ

ˇ À
1

M
¨
ˇ

ˇ

ď

TPT
T

ˇ

ˇ.

There exists R so that R´1{2 “ 2´n. Dilating the space R2 by R, we obtain a family T
of R1{2 tubes, which are R´1{2-separated and have dimensions cR´1{2 ˆ R

2 , so that their
reaches T satisfy

ˇ

ˇ

ď

TPT
T

ˇ

ˇ À
1

M
¨
ˇ

ˇ

ď

TPT
T

ˇ

ˇ.

We slightly adjust the sizes of the original tubes to get our desired statement. This is left
as an exercise.
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CHAPTER 4

The Kakeya conjectures

We have so far seen that, if we start with a function f supported in a small neighbour-
hood of a sphere, we can chop it up in its pieces fθ, each supported on a different spher-
ical cap θ. By the uncertainty principle, pfθ is a sum of waves, each evolving inside a
different tube, dual to θ. As θ varies, the corresponding dual tubes change direction. So,
in total, we obtain a big family T of tubes, so that pf is a sum of waves, each evolving
inside a different tube of T. Whenever any tubes of T meet (which can only happen if
they have different directions), the waves that they carry interfere with each other - and
understanding this interference leads us to understanding pf .

It appears therefore that, in harmonic analytic problems, tubes that point in different di-
rections appear naturally - and that understanding their overlap helps with the original
harmonic analytic problems as well.

Understanding the overlap of tubes that point in different directions is the aim of the
Kakeya conjectures. These conjectures aim to control the quantities

ż

˜

ÿ

TPT
χT

¸p

for different p (for any family T of δ-separated δ ˆ ¨ ¨ ¨ ˆ δ ˆ 1-tubes in Rn), and aim to
show that, in some appropriate sense, such tubes behave as if they are disjoint.

This of course needs to be explained (if only to understand why it doesn’t contradict the
existence of Kakeya sets of measure 0, which played an important role in the proof of
Fefferman’s ball multiplier theorem).

In this chapter, we will focus on the Kakeya set conjecture (which, if true, implies that
Kakeya sets have full Hausdorff dimension) and on the stronger Kakeya maximal operator
conjecture.

4.1. The Kakeya set conjecture

It all started in 1917, when Soichi Kakeya asked the following question:

Kakeya, 1917: How much area do we need, in order to continuously rotate a needle in
the plane in all 360˝?

Shapes within which such continuous rotation is possible are a disc of diameter 1, and an
equilateral triangle of side-length 1. The triangle has smaller area than the disc. Kakeya
had come up with a third space of even smaller area with this property, the deltoid.
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He believed that in fact the deltoid is optimal, in the sense that it achieves the smallest
area in which rotation of the needle in all directions is possible. He was quite wrong:

Besicovitch, 1919: We can continuously rotate a needle in all 360˝ in as little area as we
like.

In fact, if we don’t insist for the rotation of the needle to be performed in a continuous
manner, the above can even happen in zero area.

DEFINITION 4.1.1. (Kakeya set) A Kakeya set in Rn is a compact subset of Rn, which contains
a unit line segment in every direction.

THEOREM 4.1.2. There exist Kakeya sets in Rn of Lebesgue measure 0.

Sketch of proof. There are several constructions of such sets, such as the following by
Kahane: in R2, takeCˆt0u andCˆt1u, whereC is the middle thirds Cantor set. Connect
with line segments every point of C ˆ t0u with every point of C ˆ t1u. The union K of
these line segments (united with appropriate Op1q rotations of itself) is a Kakeya set in
R2 with measure 0. Moreover, for any n ě 3, the set K ˆ Rn´2 is a Kakeya set in Rn of
measure 0.

□

Even so, it feels that Kakeya sets should still be large: for every direction in Sn´1 (that
is, for an pn ´ 1q-dimensional worth of directions), there exists a full unit line segment
(1-dimensional) within K in that direction. In other words, it feels that the dimension
of any Kakeya set in Rn should be pn ´ 1q ` 1 “ n, at least for an appropriate notion of
dimension.

CONJECTURE 4.1.3. (The Kakeya set conjecture) Every Kakeya set in Rn has Hausdorff (and
thus Minkowski) dimension equal to n.

Note that this conjecture is interesting exactly because there exist Kakeya sets in any
dimension with Lebesgue measure 0. Indeed, for any Kakeya set K with λpKq ą 0, we
automatically know that dimH K “ n (and thus dimM K “ n).
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ÝÑ Focusing on the Minkowski dimension. Let K be a Kakeya set in Rn. In order to
show that K has Minkowski dimension n, we wish to show that, even though K may
have volume 0, any δ-neighbourhood of K has relatively large volume. In particular:

Kakeya set conjecture: |Kδ| Ç 1 for every δ ą 0.

To achieve this, we want to use the fact that K contains a unit line segment in every
direction.

This implies that Kδ contains a δ-tube in every direction,

where a δ-tube is any tube with cross-section of diameter δ and with length 1:

‚ A sufficient condition. By the above, considering D to be any maximal set of δ-
separated directions on Sn´1 (by covering Sn´1 by Op1q-overlapping δ-caps and con-
sidering their centres as the elements of D), we see that in particular the δ-tubes with
directions in D live inside Kδ.

Therefore, Kδ contains a maximal family T of δ-separated δ-tubes. Note that

#T “ #D “
surface area of Sn´1

surface area of a δ-cap
„

1

δn´1
.
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Therefore, in order to show that dimM K “ n, it suffices to show that, for any δ ą 0 and
any maximal family T of δ-separated δ-tubes in Rn, it holds that

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
Ç 1.

‚ A necessary condition. We will now see that the above condition is also necessary.
Indeed, consider any maximal family T of δ-separated δ-tubes in Rn. Then, every T P T
contains a line segment of length ě 1 in every direction e P Sn´1 with |e´ epT q| À δ.

Therefore,
Ť

TPT T contains a Kakeya set. So, for the Kakeya set conjecture to hold, it
is necessary for any δ-neighbourhood of

Ť

TPT T to have volume Ç 1. However, this δ-
neighbourhood is in turn contained in 2

Ť

TPT T (for small δ, which are anyway the ones
that matter).

We conclude that, if the Kakeya set conjecture holds, then necessarily
ˇ

ˇ

ˇ
2

Ť

TPT T
ˇ

ˇ

ˇ
Ç 1,

and hence
ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
Ç 1,

for any δ ą 0 and any maximal family T of δ-separated δ-tubes in Rn.

We have thus found an equivalent form of the (Minkowski version of the) Kakeya set
conjecture.

CONJECTURE 4.1.4. (The Kakeya set conjecture, an equivalent formulation) For any
δ ą 0, any family T of δ-separated δ-tubes in Rn satisfies the estimate

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
Ç 1.

ÝÑ Let us now understand the conjecture a little better. The quantity 1 on the right-hand
side equals

1 “
1

δn´1
¨ δn´1 „ #T ¨ (volume of each tube in T) “

ÿ

TPT
|T |,

the sum of the volumes of the tubes, which is equal to the volume their union would
have if the tubes were pairwise disjoint.

So, the Kakeya set conjecture claims that, for any maximal family T of δ-separated δ-
tubes in Rn,

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
Ç

ÿ

TPT
|T |.

This seems counter-intuitive, as in fact the reverse inequality
ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
ď

ÿ

TPT
|T |

trivially holds: the volume of the union is at most what it would be if the tubes were
disjoint. What the Kakeya set conjecture claims is that

ˇ

ˇ

ˇ

Ť

T PT T
ˇ

ˇ

ˇ
is still comparable to

the bigger quantity
ř

T PT |T |, if we are not bothered to ‘slightly’ decrease
ř

TPT |T | by
multiplying it with a power of

`

log 1
δ

˘´1. In particular, it claims that there exist constants
cn, Cn ą 0 so that

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
ě cn

˜

1

log 1
δ

¸Cn

¨
ÿ

TPT
|T |.
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The same is conjectured to be true for any family T of δ-separated δ-tubes in Rn, whether
it is maximal or not. We thus write a final form of the Kakeya set conjecture.

The Kakeya set conjecture. For any δ ą 0, any family T of δ-separated δ-tubes in Rn
satisfies

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
«

ÿ

TPT
|T |.

Moral of the Kakeya set conjecture: Tubes that point
in (truly) different directions behave as if they are disjoint,
in that their union is not too much smaller (in the «

sense) than what it would be if they were disjoint.

The Kakeya set conjecture is only known in dimensions n “ 2 (Davies, 1971) and
n “ 3 (Wang and Zahl, 2025).

4.2. The Kakeya maximal operator conjecture

We will now see a stronger conjecture than the Kakeya set conjecture, known as the
Kakeya maximal operator conjecture. This conjecture claims again that tubes that point in
different directions should behave as if they are disjoint, but this time in terms of their
overlap.

In particular, let δ ą 0 and let T be a family of δ-separated δ-tubes in Rn. Let us slowly
formulate the conjecture.

‚ Roughly speaking, the conjecture will claim that, in principle, Æ 1 tube of T will pass
through each point of Rn.

‚ For every x P Rn,
ÿ

TPT
χT pxq “ #ttubes in T through xu.

Thus, a way to understand whether few of many tubes pass through x is to compare the
quantities

˜

ÿ

TPT
χT pxq

¸p

and

˜

ÿ

TPT
χT pxq

¸1

for some p ą 1. These quantities are equal exactly when either 0 or 1 tubes pass through
x, however they start to differ significantly the more tubes pass through x (with the p-th
power becoming much larger than the 1-power). Similarly, the quantities are comparable
in the «-sense, i.e.

˜

ÿ

TPT
χT pxq

¸p

«

˜

ÿ

TPT
χT pxq

¸1

,

exactly when Æ 1 tubes of T pass through x.
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‚ The Kakeya maximal operator conjecture states that, for p “ n
n´1 (which is ą 1), it

indeed holds that
˜

ÿ

TPT
χT pxq

¸
n

n´1

«

˜

ÿ

TPT
χT pxq

¸1

for ‘most’ x P Rn,

and that therefore indeed Æ 1 tubes of T should pass through ‘most’ x P Rn.

Precisely, it claims that
ż

xPRn

˜

ÿ

TPT
χT pxq

¸
n

n´1

dx «

ż

xPRn

˜

ÿ

TPT
χT pxq

¸1

dx.

‚ Observe that the ě direction is trivial: it always holds that
˜

ÿ

TPT
χT pxq

¸
n

n´1

ě

˜

ÿ

TPT
χT pxq

¸1

for all x P Rn,

hence
ż

xPRn

˜

ÿ

TPT
χT pxq

¸
n

n´1

dx ě

ż

xPRn

˜

ÿ

TPT
χT pxq

¸1

dx.

Therefore, the interesting direction is the opposite one: to show that, even though the
LHS is larger than the RHS, we can still reduce it enough by multiplying it with an
appropriate power of

`

log 1
δ

˘´1 so that it falls below the RHS. Therefore, the essense of
the Kakeya maximal operator conjecture is the claim that

ż

xPRn

˜

ÿ

TPT
χT pxq

¸
n

n´1

dx Æ

ż

xPRn

˜

ÿ

TPT
χT pxq

¸1

dx.

‚ Finally, we observe that the RHS equals
ż

˜

ÿ

TPT
χT

¸

“
ÿ

TPT

ż

χT “
ÿ

TPT
|T | “ #T ¨ δn´1.

We are now ready to formulate the conjecture.

The Kakeya maximal operator conjecture. For any δ ą 0, any family T of δ-separated
δ-tubes in Rn satisfies

ż
ˆ

ÿ

TPT
χT

˙
n

n´1

Æ #T ¨ δn´1.

As we have already explained, the ě direction trivially holds.

Moral of the Kakeya maximal operator conjecture: Tubes that point
in (truly) different directions behave as if they are disjoint, in the sense
that, in principle, Æ 1 tube of T passes through each point of Rn.
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The Kakeya maximal operator conjecture is only known to be true in R2 (Cordoba,
1977).

ÝÑ Remark: The Kakeya maximal operator. It is probably unclear to the reader where
the expression ‘maximal operator’ is coming from here, as there is no maximal function
featuring in the above analysis. It turns out that there exists an equivalent formulation of
the conjecture, that involves the Kakeya maximal operator (or function).

In particular, for any δ ą 0, the Kakeya maximal operator Kδ is an operator that maps
any measurable function f : Rn Ñ R to the function Kδf : Sn´1 Ñ r0,`8s, with

Kδfpeq :“ sup
δ-tubes T∥e

ş

T |f |

|T |
, for all e P Sn´1.

In other words, Kδf , evaluated at the direction e, gives the largest average of |f | on any
δ-tube in Rn that points in direction e. The original formulation of the Kakeya maximal
operator conjecture states, for every n ě 2, Kδ is a bounded operator from LnpRnq to
LnpSn´1q, and in particular that

(16) }Kδf}n Æ }f}n for all f P LnpRnq.

Now, Ln-boundedness of the operatorKδ is equivalent to L
n

n´1 -boundedness of the dual
operator (as n

n´1 “ n1). When one finds the dual operator (which is easy), it is not too
hard to show that its L

n
n´1 -boundedness is equivalent to our formulation of the Kakeya

maximal operator conjecture. Therefore, our formulation (which involves only counting
how often tubes in Rn that point in different directions meet) is equivalent to (16), for
any dimension n ě 2.

□

4.3. Kakeya max ùñ Kakeya

The Kakeya maximal operator conjecture implies the Kakeya set conjectrure. We will
here prove this implication for the Minkowski dimension version of the Kakeya set con-
jecture. There exists a proof for the Hausdorff dimension version as well, however it
is more complicated and uses the Kakeya maximal function formulation that we just
discussed (so we choose not to present it here).1

PROPOSITION 4.3.1. The Kakeya maximal operator conjecture in Rn implies the Kakeya set
conjecture in Rn. In particular, it implies that Kakeya sets in Rn have Hausdorff (and Minkowski)
dimension n.

Proof for Minkowski dimension. Let n ě 2. Let δ ą 0 and let T be a family of δ-separated
δ-tubes in Rn, for which

(17)
ż

ˆ

ÿ

TPT
χT

˙
n

n´1

Æ #T ¨ δn´1

ˆ

“
ÿ

TPT
|T |

˙

.

We will show that

(18)
ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
Ç

ÿ

TPT
|T |.

1Details can be found in Wolff’s lecture notes, p.74.
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Indeed, we begin with our desired RHS and aim to bound it by the LHS above:
ÿ

TPT
|T | “

ÿ

TPT

ż

χT “

ż
ˆ

ÿ

TPT
χT

˙

Hölder
À

«

ż
ˆ

ÿ

TPT
χT

˙
n

n´1

ff
n´1
n

¨

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ

1
n

(17)
Æ

ˆ

ÿ

TPT
|T |

˙
n´1
n

¨

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ

1
n
,

and, by rearranging,
ˆ

ÿ

TPT
|T |

˙
1
n

Æ

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ

1
n
,

which is the desired estimate (18).

□

4.4. The Kakeya maximal operator conjecture holds in R2.

When n “ 2, n
n´1 “ 2 and δn´1 “ δ. So, the Kakeya maximal operator conjecture states

that
ż

ˆ

ÿ

TPT
χT

˙2

Æ #T ¨ δ,

for all δ ą 0 and every family T of δ-separated δ-tubes in R2.

It turns out that this can be easily proved, exactly because the power n
n´1 is an integer,

and thus has a combinatorial interpretation (in this case, what we essentially need is
that, if we have n objects, n2 is the number of pairs of these objects). The argument also
involves a dyadic decomposition, something very common in harmonic analysis.

THEOREM 4.4.1. (Córdoba, 1977) The Kakeya maximal operator conjecture holds in R2. It
follows that Kakeya sets in R2 have Hausdorff (and Minkowski) dimension equal to 2.

PROOF. Let δ ą 0 and let T be a family of δ-separated δ-tubes in R2. We wish to show
that

ż
ˆ

ÿ

TPT
χT

˙2

Æ #T ¨ δ

ˆ

“
ÿ

TPT
|T |

˙

.

By expanding out the square in the LHS, we obtain
ż

ˆ

ÿ

TPT
χT

˙2

“

ż
ˆ

ÿ

TPT
χT

˙

¨

ˆ

ÿ

T 1PT
χT 1

˙

“
ÿ

pT,T 1qPT2: T‰T 1

ż

χTχT 1 `
ÿ

pT,T 1qPT2: T“T 1

ż

χTχT 1

“
ÿ

pT,T 1qPT2: T‰T 1

|T X T 1| `
ÿ

TPT
|T |.

We have thus split into diagonal terms (T “ T 1) and off-diagonal terms (T ‰ T 1). The
contibution of the diagonal terms is

ÿ

TPT
|T |

`

“ #T ¨ δ
˘

,
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which is our desired RHS. So, the diagonal terms are harmless, and it remains to show
that the off-diagonal contribution is just as small (up to logarithms); that is, to show that

ÿ

pT,T 1qPT2: T‰T 1

|T X T 1| Æ #T ¨ δ

as well. It is easy to see that, for any two δ-separated δ-tubes T, T 1 that intersect,

|T X T 1| À
δ2

α
,

where α is the acute angle between the directions of the two tubes (with equality in the
„-sense if the tubes fully intersect). In other words,

(19)
ÿ

pT,T 1qPT2: T‰T 1

|T X T 1| À
ÿ

TPT

ÿ

T 1PT: T 1‰T

δ2

AnglepT, T 1q
.

For any given tube T , the acute angle α at which any other tube in T can meet T is in the
interval rδ, π{2s. We split this interval into M dyadic groups rδ, 2δq, r2δ, 22δq, r22δ, 23δq,
. . ., r2M´1δ, 2Mδq, where 2Mδ is the smallest dyadic multiple of δ larger than π{2. This
means that the number M of groups satisfies

2Mδ „ 1,

and thus2

M „ log
1

δ
« 1.

Therefore, for every fixed T P T,

ÿ

T 1PT: T 1‰T

δ2

AnglepT, T 1q
„

M
ÿ

k“1

ÿ

T 1PT: AnglepT,T 1q P r2k´1δ, 2kδs

δ2

2kδ

„

M
ÿ

k“1

#tT 1 P T : AnglepT, T 1q „ 2kδu ¨
δ

2k
.

(20)

It remains to see how many T 1 P T can contribute to the inner sum above, that is, to
control

#tT 1 P T : AnglepT, T 1q „ 2kδu.

These tubes are as many as their directions (as their directions are distinct). Now, these
directions all create angle „ 2kδ with the direction epT q of T , therefore they lie in an arc
of S1 with length „ 2kδ (and centre epT q). At the same time, they are δ-separated along
this arc; so they are in total

ď
length of the „ 2kδ-arc

δ
„

2kδ

δ
“ 2k.

Hence,
#tT 1 P T : AnglepT, T 1q „ 2kδu À 2k, k “ 1, . . . ,M.

Substituting this into (20), and recalling that M „ log 1
δ , we deduce that, for every fixed

T P T,
ÿ

T 1PT: T 1‰T

δ2

AnglepT, T 1q
À

M
ÿ

k“1

2k ¨
δ

2k
“ Mδ „ log

1

δ
¨ δ « δ.

2This practically means that, even though there are many different angles at which tubes T 1
P T can

intersect T , if we pretend that powers of log 1
δ

are unimportant, it is as if all T 1 intersect T at practically one
angle, so the calculations should be easier.
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Adding over all T P T and recalling (19), it follows that the off-diagonal contribution is
also small:

ÿ

pT,T 1qPT2: T‰T 1

|T X T 1| Æ
ÿ

TPT
δ “ #T ¨ δ,

as desired.

□

In any dimension n ě 3, the exponent n
n´1 in the LHS of the Kakeya maximal oper-

ator conjecture is not an integer, so it does not automatically grant the conjecture a
combinatorial flavour.

Of course, the real reason why the conjecture is harder to solve in higher dimensions
is that, the higher the dimension n, the less we expect that tubes pointing in different
directions should meet. This is reflected in the fact that n

n´1 decreases as n increases.

4.5. The Kakeya problem in finite fields

As we have seen, the Kakeya set conjecture claims that, for any δ ą 0 and any maximal
family T of δ-separated δ-tubes in Rn, the tubes in T behave as if they are disjoint, in the
sense that

ˇ

ˇ

ˇ

ď

TPT
T

ˇ

ˇ

ˇ
«

ÿ

TPT
|T |.

The fact that the tubes have width really complicates matters, because the overlap of any
two tubes that meet depends on the angle between them. This is not true for lines: any
pair of intersecting lines meet at only 1 point.

We would therefore like to create an analogue of the problem in another appropriate
universe, where every δ-tube has been replaced by a line, and every δ-cube by a point.
However, every δ-tube in Rn can be covered by „ 1

δ essentially disjoint δ-cubes. So, every
line in X must consist of „ 1

δ (and hence finitely many) points. We are thus looking for a
space X so that:
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It follows that an appropriate universe X for the above to work is Fn, where F is a finite
field with

#F „
1

δ
.

Indeed:

‚ In this universe, every line is of the form

ℓ
a⃗,⃗b

:“ ta⃗` t⃗b : t P Fu

for some a⃗ P Fn and some b⃗ P Fnzt0u, where a⃗ is a base point of the line (that is, a point
though which the line passes), and b⃗ is the direction of the line. Therefore, each line in Fn
consists of #F „ 1

δ points.

‚ The desired analogies with the Kakeya set conjecture in Rn continue to hold in terms
of the number of directions involved:

ÝÑ In Rn, we consider an arbitrary maximal family of δ-separated δ-tubes, hence the
directions involved are „ 1

δn´1 (as many as the δ-caps needed to cover Sn´1).

ÝÑ In Fn, there exist „ #Fn´1 p„ 1
δn´1 q distinct directions:

‚ the directions b⃗ “ pb1, . . . , bnq P Fn with bn ‰ 0, which via rescaling (multiplying
each such b⃗with the scalar b´1

n P F) become vectors on the hyperplane Fn´1ˆt1u,
and

‚ the directions b⃗ “ pb1, . . . , bnq P Fn with bn “ 0, which live on Fn´1 ˆ t0u.

By the above, the analogue of the Kakeya set conjecture in finite fields should be as
follows (replacing δ-tubes in all δ-discretised directions in Rn with lines in all possible
directions in Fn):
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Let F be any finite field, and let L be any family of lines in Fn, which contains one line in
each direction. Then,

(21) #
´

ď

ℓPL
ℓ
¯

„
ÿ

ℓPL
#ℓ.

Note that the reason we propose „ in this discrete setting, rather than «, is that, in the
Kakeya set conjecture we expect the logarithmic losses of 1

δ to come only from the fact
that the tubes have thickness (which forces their overlap to depend on their angle)3. In
the case of lines this is no longer the case, so we expect no logarithmic losses in terms of
#F.

Now, the RHS in (21) equals the number of lines in L (i.e., the number of distinct direc-
tions in Fn) times the number of points each line in Fn can contain (i.e. #F). In other
words,

ÿ

ℓPL
#ℓ “ #L ¨ #F „ #Fn´1 ¨ #F “ #Fn.

Therefore, the Kakeya set conjecture in finite fields should claim that

#
´

ď

ℓPL
ℓ
¯

„ #Fn,

that is, that a set containing a line in each direction should cover a definite proportion
of the whole space Fn.

We are now ready to formulate the analogue of the Kakeya set conjecture in finite fields.

DEFINITION 4.5.1. (Kakeya sets in finite fields) Let F be a finite field and n ě 2. A Kakeya
set in Fn is any subset of Fn which contains a line in each direction.

CONJECTURE 4.5.2. (The Kakeya conjecture in finite fields) Let n P N. Then, there exists
a constant cn ą 0, which depends only on n, so that

#K ě cn ¨ #Fn,

for every finite field F and any Kakeya set K in Fn.

The finite field Kakeya conjecture was proposed by Wolff in the 1990s, and was
solved by Dvir in 2008. Dvir’s solution induced a revolution in the areas of discrete
geometry and harmonic analysis, because the method that he used was algebraic,
and therefore revealed that the Kakeya problem (and thus related questions, such as
the Fourier restriction conjecture) have an underlying algebraic nature. This was a sur-
prise, as the statement of the Kakeya conjecture doesn’t seem to have anything to do
with algebra.

Dvir’s solution was based on the polynomial method, which was first developed in the
early 1900s in the context of number theory and had been later used in the 1980s in
computer science. Dvir, a computer scientist himself, applied it in discrete geometry.
Since then, it has been further developed to have numerous applications in incidence
geometry, harmonic analysis and geometric measure theory.

3Recall from the proof of the Kakeya set conjecture in two dimensions that indeed the logp 1
δ

q factor
came from the fact that we split dyadically the range of angles at which any two δ-tubes can meet, and the
number of these dyadic groups was „ logp 1

δ
q.
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4.6. The polynomial method: the basic idea

The basic idea behind the polynomial method is the following.

Suppose that we wish to count points in some finite set S Ď Fn (where F is any field).

To that end, it might help to find a non-zero polynomial p P Frx1, . . . , xns, of low degree,
which vanishes on S.

(that is, so that S Ď Zp :“ tx⃗ P Fn : ppx⃗q “ 0u).

This surface Zp can perhaps reveal a lot of hidden structure that we couldn’t see before,
and this may help us count our points. Indeed, in the case where S lives on some lines
provided by our problem (e.g. the case of Kakeya sets), then:

For every line ℓ, p|ℓ is a polynomial of one variable; so, it is either the zero polynomial (in
which case ℓ Ď Zp), or it has ď deg p|ℓ ď deg p roots (in which case #pS X ℓq ď deg p).

In other words, either ℓ contains a small number of points (quantitative information about
S), or ℓ fully lives inside the zero set Zp of p (structural information).

Therefore, the original problem of counting the points of S reduces to counting the points
of S that live in lines fully inside Zp. This is much stronger information than the one we
started with (which was that simply S lives inside Zp).

We can then study each point x in S X Zp using the structure of the algebraic surface Zp
(for instance, according to whether the tangent space to Zp at x exists or not). So:

General polynomial method strategy: To count points in some set S that lives on
lines in a family L within some Fn:

1. Find a low-degree non-zero p P Frx1, . . . , xns that vanishes on S.
2. Check how the vanishing property propagates across the lines in L.
3. Exploit the structure Zp reveals to count the points in S.

4.7. The proof of the finite field Kakeya conjecture

Dvir’s solution was based of the following.
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LEMMA 4.7.1. (Dvir’s vanishing lemma) Let F be an arbitrafy field, n P N, and S be a finite
subset of Fn. Then, there exists a non-zero polynomial p P Frx1, . . . , xns, with deg p À #S1{n,
which vanishes on S.

We emphasise that the implicit multiplicative constant here depends only on the dimen-
sion n, and not on F or S.

Observations.

‚ The upper bound „ #S1{n on the degree of the vanishing polynomial depends only on
the number of points of S (and the ambient dimension n), but not on how S is distributed
in space.

‚ The upper bound „ #S1{n on the degree of the vanishing polynomial decreases as the
dimension n increases.

For instance, let a1 ă a2 ă . . . ă am be m points in R. Let S :“ ta1, . . . , amu, a subset of
R:

We know that every p P Rrxs that vanishes at a1, . . . , am has to be divisible by x ´

a1, . . . , x ´ am. Therefore, the non-zero polynomial p P Rrxs of minimal degree which
vanishes on S is (any scalar multiple of) px´a1q ¨ ¨ ¨ px´amq, which has degreem “ #S1.
So, for n “ 1, the upper bound „ #S1 on deg p cannot be decreased.

However, we may view S as a subset of R2 as well (that is, we can consider S “

tpa1, 0q, . . . , pam, 0qu):

Then, we see that the non-zero polynomial p P Rrx, ys, with ppx, yq “ y, vanishes on S,
and has degree 1 (which is much smaller than #S).

‚ When S is a grid of points in Rn, it is easy to see that there indeed exists a non-zero
p P Rrx1, . . . , xns, with deg p À #S1{n, vanishing on S.

For example, in R2 we consider S “ B ˆ C, where B “ tb1 ă . . . ă b?
mu and C “ tc1 ă

. . . ă c?
mu, for some square m P N:
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Then, #S “ m, and a non-zero p P Rrx, ys that vanishes on S is

ppx, yq “ px´ b1q ¨ ¨ ¨ px´ b?
mq,

which has degree
?
m “ #S1{2. Indeed, it is easy to see that

Zp “

?
m

ď

i“1

tpx, yq : x “ biu,

the union of the vertical lines passing through pb1, 0q, . . . , pb?
m, 0q.

ÝÑ Before we proceed to the proof of the vanishing lemma, we clarify what we mean by
zero polynomial.

DEFINITION 4.7.2. We say that a polynomial p P Frx1, . . . , xns is the zero polynomial if all of
its coefficients are 0 (that is, if it is the zero element of the ring Frx1, . . . , xns).

For F “ R, this is the same as saying that p vanishes on the whole of Rn. However, in
fields with positive characteristic, it is possible for a polynomial to vanish on the whole
of Fn without being the zero polynomial, i.e. with having at least one non-zero coefficient.
An example is xp ´ x P Zprxs, which, by Fermat’s little theorem, vanishes at every x P F,
while it is clearly not the zero element of Frxs.

With this definition, we are now ready to prove one of the simplest statements at the core
of the polynomial method.

LEMMA 4.7.3. If a polynomial p P Frx1, . . . , xns vanishes along a line ℓ “ ℓ
a⃗,⃗b

(strictly) more
than deg p times, then the one-variable polynomial

p|ℓptq :“ pp⃗a` t⃗bq P Frts

is the zero polynomial (i.e., the zero element of Frts).

Note that in this case p vanishes at every point of ℓ. However, what the lemma asserts is
the stronger statement that all of the coefficients of p|ℓ are 0.

PROOF. It is easy to see that deg p|ℓ ď deg p. Therefore, if the one-variable polynomial
p|ℓ has more than deg p ě deg p|ℓ roots, then it is the zero polynomial (by the fundamental
theorem of algebra). □

PROOF OF DVIR’S VANISHING LEMMA. Let S :“ ty1, . . . , ymu be an arbitrary finite
set in Fn. We wish to show that there exists a non-zero p P Frx1, . . . , xns, with deg p À

m1{n, that vanishes on S.
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A general polynomial p P Frx1, . . . , xns of degree at most d is a sum of monomials of
degree at most d, i.e. has the form

ppx1, . . . , xnq “
ÿ

a1`...`anďd

ca1,...,anx
a1
1 ¨ ¨ ¨xann

for some coefficients ca1,...,an P F. We want to find d as small as possible and coefficients
ca1,...,an P F, not all zero, so that

(22)

$

’

’

’

’

&

’

’

’

’

%

ppy1q “ 0

ppy2q “ 0
...
ppymq “ 0.

Then, the corresponding polynomial p will be non-zero, and will vanish on S.

For each j “ 1, . . . ,m, the equation ppyjq “ 0 is a linear equation with unknowns the
coefficients ca1,...,an (as the variables x1, . . . , xn have been replaced by the precise values
of the coordinates of the point yj P Fn). Therefore, (22) is a system of m linear equations,
with unknowns the coefficients, which are as many as the elements of the set

tpa1, . . . , anq P Zně0 : a1 ` . . .` an ď du,

and thus
`

n`d
n

˘

in total.

A system of linear equations has for sure a non-trivial (i.e. non-zero) solution if

# unknowns ą # equations.

Therefore, our system of m linear equations with
`

d`n
n

˘

unknowns has a non-trivial so-
lution if

(23)
ˆ

d` n

n

˙

ą m.

That is, for any d satisfying (23), there exist coefficients ca1,...,an P F, that are not all zero,
so that the corresponding polynomial p vanishes on y1, . . . , ym. This p is non-zero (as it
has at least one non-zero coefficient), and has degree at most d.

In other words, for any dwithin the range of (23), there exists a non-zero p P Frx1, . . . , xns,
with deg p ď d, that vanishes on S. To complete the proof, we apply this for d as low as
possible in the range (23). In particular,

ˆ

d` n

n

˙

„ dn,

therefore the smallest d satisfying (23) also satisfies that

dn „ m ùñ d „ m1{n.

Therefore, there exists a non-zero p P Frx1, . . . , xns, with deg p À m1{n “ #S1{n, vanish-
ing on S.

□

We now present Dvir’s proof to the finite field Kakeya conjecture.

THEOREM 4.7.4. (Dvir, 2008) The Kakeya conjecture holds in finite fields. That is, for every
n P N, there exists a constant cn ą 0, which only depends on n, so that

#K ě cn ¨ #Fn

for every finite field F and any Kakeya set K in Fn.
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PROOF. Let n ě 2, F a finite field, and K a Kakeya set in Fn. Assume for contradic-
tion that

(24) #K ă cn#Fn,

for a constant cn ą 0 that will be determined soon.

Proof strategy: We find a polynomial p of very low degree, which vanishes on the lines
in K. The degree can be very low due to Dvir’s vanishing lemma, as we are assuming
here thatK itself is very small. Then, we will show that another polynomialHp, with the
same degree as p, vanishes on all the translations of these lines through 0 P Fn, and therefore
vanishes on the whole of Fn. It turns out though that the degree of Hp is too small for
this to be possible (just like a low-degree polynomial in one variable cannot have too
many roots).

‚ 1st step: Find a polynomial of low degree vanishing on the points we want to count.
By Dvir’s vanishing lemma, there exists a non-zero p P Frx1, . . . , xns, with

deg p ď Cn#K
1{n ď Cnc

1{n
n ¨ #F,

vanishing on K (where Cn is a constant depending only on n). We now fix cn to be so
small that Cnc

1{n
n ă 1. Then,

(25) deg p ă #F.

‚ 2nd step: See how the vanishing property propagates to the lines carrying the set. Let
ℓ be a line with ℓ Ď K. Since p vanishes on K, it also vanishes on ℓ, which consists of #F
points. So, p vanishes on ℓ more times than its degree, and thus

p|ℓ “ 0 P Frts.
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‚ We study more carefully what this implies. Let Hp be the homogeneous part of p of
largest degree (that is, deg p). In other words, we know that

ppx1, . . . , xnq “
ÿ

d1`...`dn“deg p

cd1,...,dnx
d1
1 ¨ ¨ ¨xdnn `

ÿ

d1`...`dnădeg p

cd1,...,dnx
d1
1 ¨ ¨ ¨xdnn ,

for some coefficients cd1,...,dn P F. We define

Hppx1, . . . , xnq :“
ÿ

d1`...`dn“deg p

cd1,...,dnx
d1
1 ¨ ¨ ¨xdnn .

This is a homogeneous polynomial in Frx1, . . . , xns, with degHp “ deg p. We will now
show the following:

If p|ℓ is the zero polynomial, then Hp vanishes on the direction of the line ℓ.

Indeed, consider the line
ℓ
a⃗,⃗b

“ ta⃗` t⃗b : t P Fu,

which has direction b⃗ P Fnzt0u and passes through a⃗ P Fn. We will now show that

(26) pp⃗a` t⃗bq “ 0 P Frts ùñ Hpp⃗bq “ 0.

The reason is that Hpp⃗bq is the coefficient of tdeg p in the expansion of pp⃗a ` t⃗bq as a poly-
nomial in t (and must therefore vanish, as the latter is the zero polynomial). Indeed,

pp⃗a` t⃗bq “ ppa1 ` tb1, . . . , an ` tbnq

“
ÿ

d1`...`dnďdeg p

cd1,...,dnpa1 ` tb1qd1 ¨ ¨ ¨ pan ` tbnqdn .

Therefore, the coefficient of tdeg p on the RHS equals
ÿ

d1`...`dnďdeg p

cd1,...,dnb
d1
1 ¨ ¨ ¨ bdnn “ Hpp⃗bq.
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And since pp⃗a` t⃗bq is the zero polynomial, it follows that

Hpp⃗bq “ 0.

‚ We combine the last two bullet points: For every line ℓ
a⃗,⃗b

that is contained inK, it holds

that Hpp⃗bq “ 0. And since Hp is homogeneous, it vanishes on the whole line through 0 in
direction b⃗. In other words:

If a line is contained in K, then Hp vanishes on the translation of the line through 0.

‚ Since K is a Kakeya set, it contains a line in any direction. Therefore:

Hp vanishes on all the lines of Fn through 0, and thus on the whole of Fn.

‚ However, Hp has too small degree for this to be possible (and this leads us to a
contradiction). Indeed, the Schwartz-Zippel lemma guarantees that a polynomial in
Frx1, . . . , xns cannot vanish at too many points if it has small degree:

LEMMA 4.7.5. (Schwartz-Zippel) Let g P Frx1, . . . , xns be a non-zero polynomial. Then,

#Zg ď deg g ¨ #Fn´1.

We will not prove this, but let us discuss it:

ÝÑ For n “ 1, this is known: it says that a polynomial of one variable can have at most
as many roots as its degree.

ÝÑ For n ě 2, observe that #Fn´1 is the cardinality of any hyperplane in Fn. Therefore,
deg g ¨ #Fn´1 is the cardinality of deg g parallel hyperplanes in Fn. So, the Schwartz-
Zippel lemma states that g can have at most as many roots as it would have if it was a
product of linear terms. (Note that the zero set of the polynomial pxn ´ a1q ¨ ¨ ¨ pxn ´ amq

is the union of m horizontal hyperplanes, Fn´1 ˆ ta1u, . . . ,Fn´1 ˆ tamu.)

Returning to Hp: By the Schwartz-Zippel lemma, Hp can have at most

degHp ¨ #Fn´1 ď deg p ¨ #Fn´1 (25)
ă #F ¨ #Fn´1 “ #Fn

roots inside Fn, so it cannot vanish on the whole of Fn.

This is a contradiction to the previous bullet point. The contradiction is due to the fact
that deg p ă #F, which followed from our initial assumption (24) that

#K ă cn ¨ #Fn
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for some constant cn depending only on n. It follows that, for the constant cn in this
proof,

#K ě cn ¨ #Fn,
for every finite field F, and every Kakeya set K in Fn.

□

72



CHAPTER 5

The Fourier restriction conjecture

5.1. The Fourier restriction problem: the basics

We know that, for all p P r1, 2s, the Fourier transform of any Lp-function is well-defined.
However, there is a crucial difference between the two extremes, p “ 1 and p “ 2:

For any f P L1pRnq, pf is well-defined pointwise, via the formula

pfpξq “

ż

e´2πixξ,xy fpxq dx, ξ P Rn,

and is in fact a continuous function. Therefore, pf makes sense on any subset of Rn of
measure 0.

On the other hand, for any f P L2pRnq, pf is defined as anL2-limit via density of Schwartz
functions in L2pRnq, and is thus defined almost everywhere (in other words, it is a whole
equivalence class of functions that are equal a.e.). Moreover, p̈ : L2pRnq Ñ L2pRnq is
onto, therefore pf can be any L2-function in this case (so, we cannot expect it to satisfy
additional agreeable properties, such as continuity). So, in general, pf cannot be mean-
ingfully restricted on any subset of Rn of measure 0.

For every intermediate p P p1, 2q, the Fourier transform is again defined via density of
Schwartz functions in LppRnq (or equivalently by writing every Lp-function as a sum
of and L1 and an L2-function, and adding up the corresponding Fourier transforms).
Therefore, for every f P LppRnq, pf is again defined almost everywhere. Moreover, by
the Hausdorff-Young inequality, we know that p̈ : LppRnq Ñ Lp

1

pRnq. However, this
time the operator p̈ is not necessarily onto Lp

1

pRnq, which means that we may expect pf
to have some better properties, which would allow us to restrict it meaningfully on at
least certain subsets of Rn of measure 0. Subsets of interest here are (compact patches of)
hypersurfaces Σ of Rn.

The Fourier restriction problem. For which p P r1, 2s and for which hypersurfaces Σ

in Rn can we meaningfully restrict pf on Σ, for all f P LppRnq?

Since pf|Σ makes sense for all f P L1, but in general not for f P L2, we expect that, some-
where on the road between 1 and 2, pf|Σ should stop making sense. And, theoretically,
this threshold could change according to Σ.
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To even begin thinking about this question, we need to understand what pf|Σ could even
mean when pf is not defined pointwise. We need to come up with a more ‘canonical’
definition, than simply choosing any values we wish for pf on the 0-measure set Σ: this
would not be a meaningful restriction of pf on Σ - on the contrary, it would be entirely
random. In particular, we need a definition of pf|Σ that respects what happens when f is
well-behaved, e.g. an L1-function. For such functions f , pf|Σ is clearly well-defined (as pf
is defined pointwise). And, when f is close to some g P Lp, we would like pg|Σ to be close
to pf|Σ. That is, for general g P Lp we could attempt to define pg|Σ via density.

ÝÑ How would we define pf|Σ meaningfully, when pf is defined almost everywhere?

Let p P r1, 2s and Σ be (a compact patch of) a hypersurface in Rn. Denote by dσ the sur-
face measure on Σ - that is, the Hausdorff measure Hn´1 restricted on the Borel subsets
of Σ (multiplied with an appropriate constant). From now on, we consider Σ equipped
with the measure dσ.

Since all Schwartz functions are in L1, pf |Σ is definitely well-defined (pointwise in fact)
for all f P SpRnq.

Idea: Suppose that there exists some q P r1,`8s so that

(27) } pf |Σ}LqpΣq ď CΣ,p,q}f}LppRnq, for all f P SpRnq.

Then, we can meaningfully define pf |Σ for all f P LppRnq.

PROOF. Let f P LppRnq. There exists a sequence pgkqkPN of Schwartz functions, with

}gk ´ f}LppRnq ÝÝÝÝÑ
kÑ`8

0.

Since pgkqkPN converges in pLppRnq, } ¨ }pq, it is a Cauchy sequence in pLppRnq, } ¨ }pq. Due
to (27),

`

pgk |Σ

˘

kPN is also a Cauchy sequence in pLqpΣq, } ¨ }qq. And since pLqpΣq, } ¨ }qq is
a Banach space, it follows that there exists rf P LqpΣq so that

} pgk |Σ ´ rf}LqpΣq ÝÝÝÝÑ
kÑ`8

0.

Given this, it makes sense to define

pf |Σ :“ rf.
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This is what one naturally perceives as the restriction of pf on Σ, and it is an Lq-limit with
respect to the surface measure dσ of Σ (so, it is defined almost everywhere on Σ with
respect to this measure).1

□

Observe that, to be able to meaningfully restrict pf on Σ for all f P LppRnq (at least via the
above argument), we need (27) to hold for some q. The precise value of q is not important.

In other words, we need there to exist some q so that the operator p̈ is bounded from
LppRnq to LqpΣq. The important exponent is the p (which appears in the domain), not
the q (which appears in the target space).

We are now ready to reformulate the restriction problem.

The Fourier restriction problem. Let Σ be a (compact patch of a) hypersurface in Rn.
For which p P r1, 2s does there exist q P r1,`8s so that

(27) } pf |Σ}LqpΣq ď CΣ,p,q }f}LppRnq, for all f P SpRnq?

(These are the p for which the Fourier restriction pf |Σ makes sense, for all f P LppRnq.)

The Fourier restriction conjecture (which we will not state yet) specifies the pairs pp, qq for
which (27) should hold, according to how curved Σ is (that is, according to the number
of non-zero principal curvatures of Σ).

‚ For p “ 1: We already know that, independently of Σ, pf is defined pointwise (and is
continuous) for every f P L1pRnq, so pf |Σ is definitely well-defined. And indeed, (27)
holds for q “ `8: by the triangle inequality, for every ξ P Rn,

| pfpξq| ď }f}1,

so
} pf}8 ď }f}1.

This bound holds on the whole of Rn (the domain of pf ), so it holds in particular on Σ:

} pf |Σ}8 ď }f}1.

‚ For p “ 2: We know that, independently of Σ, there should not exist any meaningful
restriction of pf on Σ for general f P L2pRnq. This means that there should not exist any
q P r1,`8s so that

} pf |Σ}q ď C}f}2 for all f P SpRnq.

We will soon see a proof of this, via a dual formulation of the problem (which has to do
with the Fourier extension operator, rather than the Fourier restriction operator p̈ |Σ).

‚ By the Riesz-Thorin interpolation theorem, if (27) holds for some p0 between 1 and 2,
then it should hold for all p P r1, p0s. Therefore, we are looking for that critical exponent
p0, on the left of which (27) holds, and on the right of which it doesn’t.

To sum up:

1It was via a very similar argument that we extended the definition of the Fourier transform from
Schwartz functions to the whole of Lp, using the Hausdorff-Young inequality instead of (27).
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5.2. A dual formulation via the Fourier extension operator

Instead of thinking about boundedness of the Fourier restriction operator p̈ |Σ, we can
instead think boundedness of its dual operator. It turns out that this dual operator,
known as the Fourier extension operator, starts instead with functions defined on Σ, and
converts them into functions defined on the whole of Rn.

DEFINITION 5.2.1. (The Fourier extension operator z¨ dσ) Let Σ be a (compact patch of a)
hypersurface in Rn, and let dσ denote the Lebesgue surface measure on Σ. The Fourier extension
operator associated to Σ is the operator z¨ dσ, which maps each g P L1pΣq to the function ygdσ :
Rn Ñ C, defined by

ygdσpxq :“

ż

Σ
e2πixx,ξy gpξq dσpξq, for all x P Rn.

Observe the following:

‚ ygdσ is simply the inverse Fourier transform of g, with respect to the measure of the
surface on which g lives.

‚ While each g in the definition is defined on Σ, which is pn ´ 1q-dimensional, the in-
verse Fourier transform ygdσ is defined on Rn, which is a higher-dimensional space (it
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has dimension n). This motivates the term ‘extension’ operator for the inverse Fourier
transform z¨ dσ.

‚ Since Σ is a compact set, it has finite measure σpΣq. Therefore, L1pΣq contains all the
other spaces LppΣq, for all p ą 1. Therefore, z¨ dσ, as defined above, acts on any LppΣq-
function, for all p ě 1.

PROPOSITION 5.2.2. Let p, q ě 1. The estimate

} pf |Σ}LqpΣq ď A ¨ }f}LppRnq for all f P LppRnq

holds if and only if

}ygdσ}
Lp1

pRnq
ď A ¨ }g}Lq1

pΣq
for all g P Lq

1

pΣq.

PROOF. For every f P LppRnq and every g P Lq
1

pΣq,
ż

ξPΣ

pf |Σpξq gpξq dσpξq “

ż

ξPΣ

ˆ
ż

xPRn

e´2πixξ,xy fpxq dx

˙

gpξq dσpξq

Fubini
ùùùùù

ż

xPRn

ˆ
ż

ξPΣ
e´2πixξ,xy gpξq dσpξq

˙

fpxq dx

“

ż

xPRn

fpxq

ˆ
ż

ξPΣ
e2πixξ,xy gpξq dσpξq

˙

dx

“

ż

xPRn

fpxq ygdσpxq dx.

Therefore, the Fourier restriction operator

p̈ |Σ : LppRnq Ñ LqpΣq

is (well-defined and) bounded if and only if the Fourier extension operator

z¨ dσ : Lq
1

pΣq Ñ Lp
1

pRnq

is (well-defined and) bounded, and their norms are the same.

□

Note that p P r1, 2s if and only if p1 P r2,`8s. And increasing p as much as possible
is equivalent to lowering p1 as much as possible. Therefore, an equivalent form of the
Fourier restriction problem is the following.

The Fourier restriction problem. Let Σ be a (compact patch of a) hypersurface in Rn.
For which p P r2,`8s does there exist q P r1,`8s so that

(28) } yfdσ}LppRnq ď Cp,q}f}LqpΣq, for all f P LqpΣq?

(These are the p for which the restriction pf |Σ makes sense, for all f P Lp
1

pRnq.)

‚ In this dual formulation of the problem, the exponent that matters is the p on the LHS,
and the aim is to lower is as much as possible. The q on the RHS doesn’t matter: as
soon as (28) holds for a given p and for some q on the RHS, then pf |Σ makes sense for all
f P Lp

1

pΣq.
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‚ We know that, independently of Σ, (28) holds at p “ 8 (for some q), as the Fourier
transform of all L1pRnq-functions can be restricted on Σ. A reality check:

| yfdσpxq| ď

ż

|fpξq| dσpξq “ }f}L1pΣq for all x P Rn,

and thus

} yfdσ}L8pRnq ď }f}L1pΣq, for all f P L1pΣq.

‚ For p “ 2, we know that, independently of Σ, there does not exist any q for which
(28) holds, as otherwise we would be able to restrict the Fourier transform of all L2pRnq-
functions on Σ. We will prove this in a moment in another way (see Proposition 5.2.3
below).

‚ By Riesz-Thorin interpolation, if (28) holds for some p0, then it holds in the whole
interval rp0,`8s. So, we are looking for the critical exponent p0 P p1,`8s, so that (28)
holds on the right of it, and fails on the left.

Summing up, the question is:

ÝÑ Understanding the extension operator. A way to perhaps simplify calculations and
our view of the extension operator is to parametrise Σ. Without loss of generality, since
Σ is compact, we may assume that Σ is the graph of some differentiable function h, over
the unit ball Bn´1p0, 1q with centre 0 in Rn´1:

Σ :“ tpω, hpωqq : ω P Bn´1p0, 1qu.

We may also assume that |∇h| ÀΣ 1 on Bn´1p0, 1q (where the implicit multiplicative
constant is allowed to depend on Σ), as otherwise we may split the compact set Σ in
smaller, OΣp1q patches, so that an appropriate rotation of each patch is indeed a graph of
a function with controlled gradient.

Then, we may think of every function defined on Σ as a function defined on the set
Bn´1p0, 1q ‘below’ Σ, instead. And, on Bp0, 1q, integration is easier in terms of calcula-
tions, as it is done with respect to the usual Lebesgue measure in Rn´1.
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Indeed, for any f P L1pΣq, a change of variables gives

yfdσpxq “

ż

ξPΣ
e2πixx,ξy fpξq dσpξq

ξ“pω,hpωqq
ùùùùùùùù

ż

ωPBn´1p0,1q

e2πixx,pω,hpωqy f
`

ω, hpωq
˘

a

1 ` |∇hpωq|2 dω.

In the integrand, we have the modulation e2πixx,pω,hpωqqy, multiplied with a function that
now only depends on ω (which lives in Rn´1). We call this function g : Rn´1 Ñ C:

gpωq :“ f
`

ω, hpωq
˘

a

1 ` |∇hpωq|2 χBn´1p0,1qpωq, ω P Rn´1.

We have thus show that, for this g (which, given Σ, only depends on f ),

yfdσpxq “

ż

ωPRn´1

e2πixx,pω,hpωqqy gpωq dω, for all x P Rn.

This is reminiscent of the standard inverse Fourier transform of g (in n´1 variables), but
there is an important difference: in the phase function (the exponent of the exponential)
we have the inner product of the frequency xwith the arbitrary element of Σ (rather than
the arbitrary element of Rn´1). And, of course, the frequencies x in question live in Rn,
rather than Rn´1.

We now go one step further: we write each frequency x P Rn as px1, tq, where x1 P Rn´1

and t P R. We may think in fact of t as a time variable. And something interesting
happens when we fix a ‘time’ t and think of the values yfdσ takes at that ‘time’ (that is,
when we consider the values of yfdσ on the horizontal hyperplane txn “ tu inside Rn):
For each t P R,

yfdσpx1, tq “

ż

ωPRn´1

e2πixx
1,ωy e2πithpωqgpωq dω “ qgtpx

1q, x1 P Rn´1,

where gt :“ e2πithp¨qg : Rn´1 Ñ C, and q̈ is the standard inverse Fourier transform on
functions defined on Rn´1.

In other words, the extension operator yfdσp ¨ , tq of f at any time t is the usual inverse
Fourier transform (in n´ 1 variables) of a function gt that depends on f and Σ in a very
precise way. Specifically at time t “ 0, yfdσp ¨ , 0q “ qg “ pgp´ ¨ q.

This means that, at time 0 (that is, on the horizontal hyperplane txn “ 0u), yfdσ is simply
the inverse Fourier transform of g (and g is a slightly altered version of f ). So, the values
of yfdσ at time 0 fully determine f (via Fourier inversion). Therefore, the values of yfdσ at
all other times t are also entirely determined by what happens at time 0. Even so, the
norm of yfdσ is dramatically hard to control.
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We now see how this viewpoint can come in handy in calculations.

PROPOSITION 5.2.3. For every q P r1,`8s and every non-zero f P LqpΣq,

} yfdσ}L2pRnq “ `8.

Therefore, there exists no q P r1,`8s for which

} yfdσ}L2pRnq Àq }f}LqpΣq.

PROOF. Retaining the notation of the preceding discussion, we recall that, for every
t P R,

yfdσpx1, tq “

ż

ωPRn´1

e2πixx
1,ωy e2πithpωqgpωq dω “ qgtpx

1q for all x1 P Rn´1,

where
gpωq :“ f

`

ω, hpωq
˘

a

1 ` |∇hpωq|2 χBn´1p0,1qpωq, ω P Rn´1

and
gt :“ e2πithp¨qg : Rn´1 Ñ C.

Therefore,
ż

Rn´1

| yfdσp ¨ , tq|2 “

ż

|qgt|
2 Plancherel

ùùùùùùùù

ż

|gt|
2 |gt|“|g|

ùùùùùù

ż

|g|2,

a non-zero quantity (as f is non-zero), independent of t. Therefore, further integrating
over all t P R, we obtain

ż

| yfdσ|2 “ `8.

□

ÝÑ A reformulation of the restriction problem, using a parametrisation of Σ.

As we have seen, we may assume that

Σ “ tpω, hpωqq : ω P Bn´1p0, 1qu

for some differentiable h, with |∇h| ÀΣ 1. And that, parametrising Σ like this,

yfdσpxq “

ż

ωPBn´1p0,1q

e2πixx,pω,hpωqy f
`

ω, hpωq
˘

a

1 ` |∇hpωq|2 dω.

Therefore the operator z¨ dσ maps

f P L1pΣq ÞÑ

ż

ωPBn´1p0,1q

e2πixx,pω,hpωqy f
`

ω, hpωq
˘

a

1 ` |∇hpωq|2 dω : Rn Ñ C.

The Fourier restriction problem asks for which p there exists q so that this operator is
bounded from LqpΣq to LppRnq. What is quite annoying about the integrand of the RHS
is the quantity

a

1 ` |∇h|2. However, it turns out that, since
a

1 ` |∇h|2 „Σ 1 pointwise,
boundedness of this operator is independent of whether we keep this quantity inside the
integrand. In other words, we can delete it altogether.

DEFINITION 5.2.4. (The Fourier extension operator E) Let Σ be a hypersurface in Rn,
parametrised by

Σ “ tpω, hpωqq : ω P Bn´1p0, 1qu
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for some differentiable h, with |∇h| ÀΣ 1. We define an operator E, which maps every f P

L1pBn´1p0, 1qq to the function Ef : Rn Ñ C, with

Efpxq :“

ż

ωPBn´1p0,1q

e2πixx,pω,hpωqqy fpωq dω, for all x P Rn.

This operator is usually also referred to as the Fourier extension operator associated to Σ.

By the above discussion, the precise relationship between z¨ dσ and E is the following:
For every f P L1pΣq,

(29) yfdσ “ E rf,

where
rfpωq :“ f

`

ω, hpωq
˘

a

1 ` |∇hpωq|2, for all ω P Bn´1p0, 1q.

We will now see that the Fourier restriction problem can be reinterpreted in terms of the
(perhaps simpler) operator E.

PROPOSITION 5.2.5. Let p, q P r1,`8s. The operator z¨ dσ is bounded from LqpΣq to LppRnq

if and only if the operator E is bounded from LqpBn´1p0, 1qq to LppRnq. In other words,

(30) } yfdσ}LppRnq ÀΣ,p,q }f}LqpΣq for all f P LqpΣq

if and only if

(31) }Ef}LppRnq ÀΣ,p,q }f}LqpBn´1p0,1qq for all f P LqpBn´1p0, 1qq.

PROOF. Suppose that (30) holds. Given (29), this means that

}E rf}LppRnq ÀΣ,p,q }f}LqpΣq, for all f P LqpΣq,

where
rfpωq :“ f

`

ω, hpωq
˘

a

1 ` |∇hpωq|2, for all ω P Bn´1p0, 1q.

Now, for every g : Bn´1p0, 1q Ñ C, define its ‘lift’ gΣ on Σ, as follows: For every ξ P Σ,
there exists a unique ω P Bn´1p0, 1q so that ξ “ pω, hpωqq. Define gΣ : Σ Ñ C by

gΣpξq
ξ“pω,hpωqq

ùùùùùùùù
gpωq

a

1 ` |∇hpωq|2
, for all ξ “ pω, hpωqq P Σ.

Observe that g “ ĂgΣ, therefore

(32) }Eg}LppRnq “ }EĂgΣ}LppRnq ÀΣ,p,q }gΣ}LqpΣq, for all g P LqpBn´1p0, 1qq.

To show (31), it remains to compare }gΣ}LqpΣq with }g}LqpBn´1p0,1qq:
ż

ξPΣ
|gΣpξq|q dσpξq

ξ“pω,hpωqq
ùùùùùùùù

ż

ωPBn´1p0,1q

|gpωq|q
a

1 ` |∇hpωq|2
q

a

1 ` |∇hpωq|2 dω

„Σ

ż

Bn´1p0,1q

|g|q,

where the last estimate is due to the fact that
a

1 ` |∇h|2 „Σ 1 pointwise. Therefore,

}gΣ}LqpΣq „Σ }g}LqpBn´1p0,1qq.

Plugging this into (32), we derive (31).

The implication (31)ñ(30) is similar and is left as an exercise.

□
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The following reformulation of the Fourier restriction problem is therefore equivalent to
the earlier versions.

The Fourier restriction problem in terms of E. Let Σ be a (compact patch of a) hy-
persurface in Rn, parametrised by

Σ “ tpω, hpωqq : ω P Bn´1p0, 1qu,

for some differentiable h : Bn´1p0, 1q Ñ R with |∇h| ÀΣ 1. For which p P r2,`8s does
there exist q P r1,`8s so that

(33) }Ef}LppRnq ď CΣ,p,q}f}LqpBn´1p0,1qq, for all f P LqpBn´1p0, 1qq?

‚ Just as in the equivalent version of the problem expressed in terms of z¨ dσ, there exists
such a q for p “ `8, but there exists no such q for p “ 2. Therefore, by Riesz-Thorin
interpolation, there exists some p0 between 2 and `8, so that the answer is yes on the
right of p0, and no on the left of p0. The problem is to find this critical exponent p0. In
other words, the problem is to lower the p on the LHS as much as possible.

‚ Both equivalent versions of the Fourier restriction problem (expressed in terms of either
z¨ dσ or E) are used extensively in the literature - each presents its own advantages, and
people choose which one to use according to the context.

5.3. The Fourier extension operator in PDE

The operators E and z¨ dσ, associated to specific hypersurfaces, have a central role in
PDE. In particular:

ÝÑ When Σ is the paraboloid

Σ “ tpω, |ω|2q : ω P Bn´1p0, 1qu

(in which case hpωq “ |ω|2), the corresponding extension operator E satisfies

Efpx1, tq “

ż

ωPBn´1p0,1q

e2πipxx1,ωy`t|ω|2qqy fpωq dω, for all x1 P Rn´1, t P R.

Given any f P L1pBn´1p0, 1qq, the function Efp ¨ , tq happens to be a solution up ¨ , tq, at
time t, of the linear Schrödinger equation

∆xu “ 2πi Btu,

with initial data up ¨ , 0q “ qf (observe that u “ Ef satisfies both the PDE and the initial
condition).

Now, we know that the solution u to the linear Schrödinger equation has a very nice
physics interpretation: If |up ¨ , 0q|2 is the probability distribution that describes the po-
sition of an electron at time 0 (meaning that the probability that the electron lives in
some set A Ď Rn´1 at time 0 is equal to

ş

A |up ¨ , 0q|2), then |up ¨ , tq|2 is the probability
distribution that describes the position of an electron at time t.

So, the extension operator associated to the paraboloid satisfies that, if | qf |2 “ |Efp ¨ , 0q|2

is the probability distribution that describes the position of an electron at time 0, then
|Efp ¨ , tq|2 is the probability distribution that describes the position of an electron at
time t. For a reality check, recall that, for every t P R,

Efpx1, tq “

ż

ωPBn´1p0,1q

e2πixx
1,ωy e2πit|ω|2 fpωq dω “ qftpx

1q, for all x1 P Rn´1,
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where ftpωq :“ e2πit|ω|2 . Therefore,
ż

|Efp ¨ , tq|2 “

ż

| qft|
2 “

ż

|ft|
2 “

ż

|f |2

independently of t (a property known as ‘preservation of energy’), a quantity which is
equal to 1 if | qf |2 is a probability distribution. So, |Efp ¨ , tq|2 can also play the role of a
probability distribution, for every t.

(Note that energy preservation for E has nothing to do with the hypersurface being
specifically the paraboloid, and would have worked similarly for any h. It is the reason
that L2-restriction is not possible - a calculation we saw earlier in terms of z¨ dσ instead
of E.)

ÝÑ When Σ is the cone

Σ “ tpω, |ω|q : ω P B :“ Bn´1p0, 1qzBn´1p0, 1{2qu

(in which case hpωq “ |ω|), the corresponding extension operator E satisfies

Efpx1, tq “

ż

ωPB
e2πipxx1,ωy`t|ω|q fpωq dω, for all x1 P Rn´1, t P R.

Given any f P L1pBq, the function Efp ¨ , tq happens to be a solution up ¨ , tq, at time t, of
the half-wave equation

a

´∆x u “ 2πiBtu.

ÝÑ When Σ is the sphere Sn´1, the functions yfdσ, over all f P L1pSn´1q, are the solutions
u : Rn Ñ C to the Helmholtz equation

∆u “ ´4π2u

(as, taking Fourier transforms, we see that these solutions are exactly those functions u
whose Fourier transforms pu are supported on Sn´1, so u is given by Fourier inverting pu
with respect to dσ).

Via the above examples, we see that showing Lp ´ Lq-boundedness of the extension op-
erator associated to specific hypersurfaces Σ is equivalent to finding what are known as
Strichartz estimates for solutions to PDE. These are estimates that control the size (norm)
of the solution by the size of the initial data. And, at least from the PDE perspective, the
paraboloid, the sphere and the cone should be hypersurfaces of particular interest when
it comes to the study of the extension operator.

5.4. The Fourier restriction conjecture

The Fourier restriction conjecture predicts, according to Σ, the exact pairs pp, qq for which
the associated Fourier extension operator z¨ dσ (or equivalently E) should be Lp ´ Lq

bounded.

It turns out that the curvature of Σ really matters. When Σ is a hyperplane, restriction of
pf on Σ is possible only for L1pRnq-functions f , and not for any other LppRnq-functions.

PROPOSITION 5.4.1. There are no non-trivial Fourier restriction estimates when Σ is a hyper-
plane. In other words, while it is true in this case that

}Ef}L8pRnq ď }f}L1pBn´1p0,1qq for all f P L1pBn´1p0, 1qq
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(as this holds for all Σ), for every p ă 8 and every q P r1,`8s the estimate

}Ef}LppRnq ď CΣ,p,q }f}LqpBn´1p0,1qq for all f P LqpBn´1p0, 1qq

fails. In fact,
}Ef}LppRnq “ `8

for all non-zero f P L1pBn´1p0, 1qq.

PROOF. Via a translation and a rotation, we may assume that Σ is the horizontal
hyperplane through 0 in Rn:

Σ “ tpω, 0q : ω P Bn´1p0, 1qu.

Let p P r1,`8q. For every f P L1pBn´1p0, 1qq and every t P R,

Efpx1, tq “

ż

ωPBn´1p0,1q

e2πixpx1,tq,pω,0qy fpωq dω “

ż

ωPBn´1p0,1q

e2πixx
1,ωy fpωq dω “ qfpx1q,

for all x1 P Rn´1. In other words, at every ‘time’ t, Efp ¨ , tq is the same function:

Efp ¨ , tq “ qf, for all t P R.

This means that, as long as qf is not the zero function (that is, f is non-zero), the p-norm
of Ef (which is given by an integral over x1 and t, as opposed to the 8-norm of Ef ) is
infinite:

ż

xPRn

|Efpxq|p dx
Fubini

ùùùùù

ż

tPR

ˆ
ż

x1PRn´1

|Efpx1, tq|p dx1

˙

dt

“

ż

tPR

ˆ
ż

x1PRn´1

| qfpx1q|p
˙

dt

“ ` 8,

as we are integrating, over R, the non-zero constant
ş

x1PRn´1 | qfpx1q|p. Therefore,

}Ef}LppRnq “ `8 for all non-zero f P L1pBn´1p0, 1qq.

□

It was Stein who first noticed that, when Σ has non-vanishing Gaussian curvature (in
which case all principal curvatures of Σ are non-zero), things are very different. For
instance, the celebrated Stein-Tomas theorem states that the extension operator E asso-
ciated to the sphere Sn´1 satisfies

}Ef}LppRnq À }f}2, f P L2pBn´1p0, 1qq,

for all p ě
2pn`1q

n´1 . In other words, in this case we can push the exponent p on the LHS of
(33) much lower that `8. We will see the proof of this in due time.

For now, let us acquire some intuition as to why the curvature of Σ should even play a
role.

ÝÑ The flatter Σ is, the fewer restriction estimates we get.

More precisely, the flatter Σ is, the higher p is forced to be on the LHS of (33). Flatness of
the hypersurface

Σ “ tpω, hpωqq : ω P Bn´1p0, 1qu,

when h is smooth, can be understood in terms of the order of vanishing of the function
h (whose graph is Σ) at 0.
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DEFINITION 5.4.2. Let h : Bn´1p0, 1q Ñ R be smooth. We say that h vanishes at order k at
0 P Rn´1 when all partial derivatives of h of order 0, 1, . . . , k ´ 1 vanish at 0.

The higher the order of vanishing at 0, the flatter Σ is. Equivalently, the lower the order
of vanishing at 0, the more curved Σ is. When Σ is the horizontal hyperplane through
0 P Rn, then h “ 0, so h vanishes at all orders at 0 (that is, the order of vanishing is `8).
When Σ is the paraboloid of the sphere, h vanishes at 0 at order 2. We can imagine that
as we bend the paraboloid more and more, so that it becomes the horizontal hyperplane,
we pass through all the intermediate states: h starts to vanish at higher and higher order
at 0, until Σ becomes flat.

Two comments:

‚ Why don’t we talk about order of vanishing 0 or 1? In terms of the Fourier restriction
problem, we may always assume that our Σ is such that

hp0q “ 0 and ∇hp0q “ 0,

i.e. that h vanishes at 0 at order ě 2. (This is why, for our purposes, surfaces such as the
paraboloid and the sphere are optimally curved.) Indeed, hp0q “ 0 is simply achieved
via a translation of Σ. Moreover, p∇hp0q,´1q is simply a normal vector to Σ at the point
p0, hp0qq “ 0 P Rn. Requiring for ∇hp0q to be 0 is therefore the same as requiring for the
normal to Σ at 0 P Rn to point in the vertical direction. This can further be achieved via
a rotation of Σ.

‚ Why do we only consider derivatives at 0 to understand flatness of Σ? Derivatives are only
controlled by local properties, so Σ could be curved close to 0, but flat further out, which
could mess things up. This is indeed correct - however, to prove a restriction estimate
(e.g. of the form (33)) for the compact set Σ, we can cut up Σ in smaller, finitely many
pieces (such as caps), on each of which the order of vanishing of the defining function is
fixed.

PROPOSITION 5.4.3. Let

Σ :“ tpω, hpωqq : ω P Bn´1p0, 1qu

be a smooth hypersurface in Rn, where h vanishes at 0 P Rn´1 at order k (with k ě 2). Then,
any restriction estimate of the form

(34) } yfdσ}LppRnq ÀΣ,p,q }f}LqpΣq, for all f P LqpΣq,

may only be true for

p ě
n` k ´ 1

n´ 1
q1.

The quantity n`k´1
n´1 q1 increases with k. So, the flatter Σ is (that is, the larger k is), the

stronger conditions are imposed on p, and thus the fewer restriction estimates we get.
When k “ 2 (e.g. when Σ is the paraboloid or the sphere, the hypersurfaces of most
interest when it comes to Fourier restriction), we get the most lenient conditions on p
from the above proposition. Even then, the restriction estimate (34) may only be true
when

p ě
n` 1

n´ 1
q1.

PROOF. The proposition is proved via what are known as ‘Knapp examples’. A
Knapp example is a function supported on a little cap of Σ. In this case, for every small
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δ ą 0, we consider the δ-cap θ on Σ with centre 0, and a smooth function f , with

f “ 1 on
1

2
θ, 0 ď f ď 1, suppf Ď θ.

So, }f}L8pΣq “ 1, and, for every q P r1,`8q,

}f}LqpΣq „ |θ|1{q „ δ
n´1
q .

We now wish to understand yfdσ. We know that when a function has support on a little
rectangle, then its Fourier transform is large in magnitude on the dual rectangle through
0. We expect something similar to hold here for yfdσ, which is again an (inverse) Fourier
transform of sorts, just with respect to the surface measure of Σ. Indeed, we verify this
easily, by slightly fattening f , and then comparing yfdσ with the Fourier transform of the
fattened version:

First, we denote by θ the smallest rectangle in Rn containing θ. This rectangle is hori-
zontal, and has dimensions δ ˆ ¨ ¨ ¨ ˆ δ ˆ λ, where, crucially, the height λ depends on the
curvature of Σ. In particular, since h vanishes at order k at 0, it follows that

|hpωq| À |ω|k for all ω P Bn´1p0, 1q.

Therefore,
λ À δk,

and equality is possible (e.g. if hpωq “ |ω|k). Therefore, the best we can say is that θ is
contained in a horizontal δ ˆ ¨ ¨ ¨ ˆ δ ˆ δk rectangle in Rn. For simplicity, we denote by θ
the slightly larger δ ˆ ¨ ¨ ¨ ˆ δ ˆ 2δk-rectangle, with the same base and double the height.

We see that the δ-cap θ is contained in the rectangle θ. Moreover, due to its slightly
enlarged height, θ also contains all the vertical translations of θ of the form

θt :“ p0, . . . , 0, tq ` θ, 0 ď t ď δk.

The union θfat of these translations is a fattened version of θ (fattened by a factor of δk).
And it lives inside the rectangle θ.

We now consider a copy of f on each of these translated copies of θ. More precisely, for
every 0 ď t ď δk, we define ft : θt Ñ C, by

ft :“ f
`

¨ ´p0, . . . , 0, tq
˘

.

We have thus created a fattened version of f , ffat : θfat Ñ C, such that

f “ ft on θt, for all 0 ď t ď δk.

By Fubini, }ffatpxq and yfdσ are related. Indeed, for every x P Rn,

}ffatpxq “

ż

yPθfat

e2πixx,yy ffatpyq dy

y“ξ`p0,...,0,tq: ξPθ, tPr0,δks
ùùùùùùùùùùùùùùùùùùù

ż

tPr0,δks

ˆ
ż

ξPθ
e2πixx,ξye2πixntfpξqJpξq dσpξq

˙

dt

“

ż

tPr0,δks

e2πixnt
ˆ

ż

ξPθ
e2πixx,ξy fpξqJpξq dσpξq

˙

dt

where Jpξq “ Jpξ, tq is the Jacobian factor due to the change of variables, and which we
can see is independent of t and satisfies J „Σ 1 (the implicit constant depends on the
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curvature of Σ). First of all, this means that, if we start with f{J , rather than f , yfdσpxq

will appear in the integrand above:
´

pf{Jqfat

¯

q

pxq “

ż

tPr0,δks

e2πixnt
ˆ

ż

ξPθ
e2πixx,ξy fpξq dσpξq

˙

dt

“

ż

tPr0,δks

e2πixnt yfdσpxq dt

“ yfdσpxq ¨

˜

ż

tPr0,δks

e2πixnt dt

¸

.

Considering x P Rn with |xnδ
k| ď 1, i.e. |xn| ď 1

δk
, we see that

ˇ

ˇ

ˇ

ˇ

ˇ

ż

tPr0,δks

e2πixnt dt

ˇ

ˇ

ˇ

ˇ

ˇ

„
1

|xn|
¨
ˇ

ˇe2πixnδ
k

´ e2πixn0
ˇ

ˇ „
1

|xn|
¨ |xnδ

k ´ xn0| „ δk.

Therefore,
ˇ

ˇ

ˇ

ˇ

´

pf{Jqfat

¯

q

pxq

ˇ

ˇ

ˇ

ˇ

„ δk ¨ | yfdσpxq|, for all x P Rn with |xn| ď
1

δk
.

Moreover, f{J is not too different from f , as J „Σ 1. In particular,

supppf{Jqfat Ď θ,

ż

θ
pf{Jqfat „ |θ|.

Thanks to our analysis on the uncertainty principle, we know that
ˇ

ˇ

ˇ

ˇ

´

pf{Jqfat

¯

q

pxq

ˇ

ˇ

ˇ

ˇ

Á |θ| on
1

100
¨ θ

˚
,

where θ˚ is the dual rectangle of θ through 0. Therefore,

| yfdσ| Á δ´k ¨ |θ| on
1

100
¨ θ

˚
.

It follows that

} yfdσ}LppRnq ě

˜

ż

1
100

¨θ
˚

| yfdσ|p

¸1{p

Á pδ´k |θ|q ¨ |θ
˚
|1{p

„ δ´k ¨

ˆ

1

δn´1
¨
1

δk

˙1{p´1

“

ˆ

1

δ

˙k´n`k´1
p1

.

Therefore, if (34) holds for some p P r1,`8q and some q P r1,`8s, then there exists a
constant C “ CpΣ, p, qq so that

ˆ

1

δ

˙k´n`k´1
p1

ď C ¨ δ
n´1
q , for all small δ ą 0.

Equivalently, we should have
ˆ

1

δ

˙k´n`k´1
p1 `n´1

q

ď C, for all small δ ą 0.
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Letting δ Ñ 0, we see that this is only possible when the exponent on the LHS is ď 0. So,
(34) fails whenever

k ´
n` k ´ 1

p1
`
n´ 1

q
ą 0,

or equivalently

p ă
n` k ´ 1

n´ 1
q1,

as the proposition asserts.

□

For simplicity, we denote from now on by EΣpq Ñ pq a statement of the form

} yfdσ}LppRnq ÀΣ,p,q }f}LqpΣq, for all f P LqpΣq.

Moreover, we focus henceforth on hypersurfaces Σ such as the sphere or the paraboloid,
which vanish only at order 2 at 0, and for which we know from the above thatEΣpq Ñ pq

may hold for

(35) p ě
n` 1

n´ 1
q1

(in other words, these are the hypersurfaces for which the above proposition imposes the
fewest conditions on p, and thus we hope to get the most Fourier restriction estimates).

ÝÑ An additional condition.

At the same time, there is another condition on p that shows up, when we consider f “ 1
identically on Σ. This condition shows up for all smooth Σ of non-vanishing Gaussian
curvature, but traditionally it arose for Σ “ Sn´1.

PROPOSITION 5.4.4. Let dσ be the Lebesgue surface measure on the sphere Sn´1. Then,

|xdσpxq| „
1

|x|
n´1
2

for all |x| Á 1.

The proof of this is quite technical, and is based on the method of stationary phase, which
we aim to see later on in the course.2 For now we accept this as a fact, and we notice that
this means that, if ESn´1pq Ñ pq holds for some p P r1,`8q (and some q P r1,`8s), then
equivalently we have

} yfdσ}LppRnq ÀΣ,p,q }f}LqpSn´1q, for all f P LqpSn´1q,

so the LHS should be finite for every f P LqpSn´1q, and in particular for f “ 1. In other
words, we should have that

}xdσ}LppRnq ă `8,

and thus, by the above proposition, that
ż

|x|Á1

1

|x|
pn´1qp

2

dx ă `8.

This works if and only if pn´1qp
2 ą n, or equivalently

(36) p ą
2n

n´ 1
.

Notice that this lower bound is strictly larger than 2, which was our previous absolute
lower bound. So, this is a stronger condition than our original p ą 2. This therefore

2The proof can be found in T. Tao’s Lecture Notes 1 (Proposition 5.3).
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becomes, after (35), the second necessary condition we have found for ESn´1pq Ñ pq to
hold for some p.

It turns out that (36) is necessary not only when Σ is the sphere, but also any smooth
hypersurface of non-vanishing Gaussian curvature (such as the paraboloid). Indeed, the
method of non-stationary phase again gives that

|xdσpxq| „
1

|x|
n´1
2

for enough x far from 0 so that the above argument still applies.

ÝÑ The Fourier restriction conjecture.

It is conjectured that conditions (35) and (36) are the only ones required for EΣpq Ñ pq to
hold, when Σ is a smooth hypersurface of non-vanishing Gaussian curvature.

The Fourier restriction conjecture (Stein, 1960s). Let Σ be a smooth hypersurface in
Rn, of non-vanishing Gaussian curvature. Then, the estimate

(37) } yfdσ}LppRnq ÀΣ,p,q }f}LqpΣq, for all f P LqpΣq

holds for some p, q P r1,`8s if and only if

p ą
2n

n´ 1
and p ě

n` 1

n´ 1
q1.

Some comments:

‚ Recall that the goal was to push p on the LHS of the restriction estimate (37) as low as
possible. The q was not so important in terms of the Fourier restriction problem (even
though, of course, the lower the q, the stronger (37) becomes).

‚ We already know that we cannot push p on the LHS of (37) below 2n
n´1 (in fact, p cannot

even touch 2n
n´1 ).

‚ The additional condition p ě n`1
n´1q

1 may force p to be even larger (which is something
we don’t want). So, the most useful q for Fourier restriction are those for which

2n

n´ 1
ě
n` 1

n´ 1
q1,

i.e. the q for which

q ě
2n

n´ 1
.

Focusing on these q, the Fourier restriction conjecture simply states that

} yfdσ}LppRnq ÀΣ,p,q }f}LqpΣq for all f P LqpΣq,

for all pp, qq with p ą 2n
n´1 and q ě 2n

n´1 . Therefore, the strongest form of the conjecture
states that

} yfdσ}LppRnq ÀΣ,p,q }f}
L

2n
n´1 pΣq

for all f P L
2n
n´1 pΣq

whenever p ą 2n
n´1 .

However, since the focus of the Fourier restriction problem is on the p on the LHS, we can
relax (that is, increase) the q on the RHS. This is why it is common to see the conjecture
in the literature as saying that

} yfdσ}LppRnq ÀΣ,p,q }f}LppΣq for all f P LppΣq
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whenever p ą 2n
n´1 , or even in its weakest form, which asserts that

} yfdσ}LppRnq ÀΣ,p,q }f}L8pΣq for all f P L8pΣq

whenever p ą 2n
n´1 . At least in terms of the Fourier restriction problem (which focuses

on the p alone), all these forms are of similar interest.

ÝÑ The local version.

Instead of aiming to control yfdσ on the whole of Rn, one can aim to control it on every
big ball BR :“ Bp0, Rq in Rn. In fact, we can ask for which p and q the estimate

(38) } yfdσ}LppBRq ÀΣ,p,q,ϵ R
ϵ }f}LqpΣq for all f P LqpΣq

holds, for all R ě 1 and all ϵ ą 0. With the same argument as earlier, we again see that

p ě
n` 1

n´ 1
q1

is necessary, whenever Σ has non-vanishing Gaussian curvature. However, the earlier
condition p ą 2n

n´1 can now be relaxed to

p ě
2n

n´ 1

(that is, in this case perhaps p can even touch the critical exponent 2n
n´1 ). Indeed, the

condition p ą 2n
n´1 arose earlier from the fact that

|xdσpxq| „
1

|x|
n´1
2

for all |x| Á 1

when Σ “ Sn´1. For xdσ to live in LppRnq, in other words for 1

|x|
n´1
2

to be Lp-integrable

on the whole of Rn, we needed ppn´1q

2 to be strictly larger than n. However, for the local
version (38) we only need to integrate on BR. And requiring (38) to hold for f “ 1 (and
all R ě 1 and ϵ ą 0) yields

ż

1ď|x|ďR

1

|x|
ppn´1q

2

dx ÀΣ,q,ϵ R
ϵ.

The LHS above equals
ż

ξPSn´1

ż R

r“1

1

r
ppn´1q

2

rn´1 dr dσpξq “

ż R

1

1

r
ppn´1q

2
´pn´1q

dr,

and is ÀΣ,p,q R
ϵ for all ϵ ą 0 and all R ě 1 if and only if

ppn´ 1q

2
´ pn´ 1q ě 1

(as, even when it equals 1, the integral is logR), or equivalently

p ě
2n

n´ 1
.

The Fourier restriction conjecture (local version). Let Σ be a smooth hypersurface in
Rn, of non-vanishing Gaussian curvature. Then, the estimate

} yfdσ}LppBRq ÀΣ,p,q,ϵ R
ϵ }f}LqpΣq, for all f P LqpΣq

holds for all R ě 1 and ϵ ą 0, for all

p ě
2n

n´ 1
and p ě

n` 1

n´ 1
q1.
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The strongest form of the conjecture in this local form is acquired for the lowest possible
p and q, i.e. for p “ q “ 2n

n´1 .

It turns out that the local and global version of the Fourier restriction conjecture are
equivalent. This is due an ϵ-removal lemma by Tao, who showed that if the local estimate

} yfdσ}Lp0 pBRq ÀΣ,p,q,ϵ R
ϵ }f}LqpΣq, for all f P LqpΣq, R ě 1 and ϵ ą 0

holds for some p0 and q, then the global estimate

} yfdσ}LppBRq ÀΣ,p,q }f}LqpΣq, for all f P LqpΣq

holds for all p ą p0 (and the same q).

In other words, the estimate

} yfdσ}
L

2n
n´1 pBRq

ÀΣ,p,q,ϵ R
ϵ }f}

L
2n
n´1 pΣq

, for all f P L
2n
n´1 pΣq, R ě 1 and ϵ ą 0

is equivalent to the Fourier restriction conjecture.

Connections with other problems. The Fourier restriction conjecture has been
proved for n “ 2, but is open in all higher dimensions.

The Fourier restriction conjecture in Rn implies the Kakeya maximal operator conjec-
ture in Rn, and thus that Kakeya sets have full Hausdorff dimension (for all n ě 2).
It also has other implications in geometric measure theory (such as in Falconer’s dis-
tance set conjecture).

It has been shown by Tao and Carbery that, to an extent, the Fourier restriction con-
jecture is equivalent to the Bochner-Riesz conjecture.

Apart from its connection to PDE, the study of the Fourier extension operator E asso-
ciated to the paraboloid recently led to the resolution of the main conjecture in Vino-
gradov’s Mean Value Theorem from number theory (a revolutionary proof by Bour-
gain, Demeter and Guth from 2015).

5.5. Restriction implies Kakeya

We prove here that the Fourier restriction conjecture implies the maximal Kakeya op-
erator conjecture (and thus that Kakeya sets in Rn have Hausdorff dimension equal to
n).

PROPOSITION 5.5.1. Let n ě 2, and consider the sphere Sn´1 with associated surface measure
dσ. Suppose that

} yfdσ}
L

2n
n´1 pBRq

Àϵ R
ϵ }f}

L
2n
n´1 pΣq

, for all f P L
2n
n´1 pΣq, R ě 1 and ϵ ą 0.

Then, for δ ą 0 and every family T of δ-separated δ-tubes in Rn, it holds that
ż

ˆ

ÿ

TPT
χT

˙
n

n´1

Àϵ δ
´ϵ δn´1#T, for all ϵ ą 0.

PROOF. Recall that the RHS δn´1#T in the Kakeya maximal operator estimate we
are aiming for equals

ř

TPT |T |. Therefore, this Kakeya estimate is dilation-invariant.
Moreover, we may assume that the tubes it involves (which are all of width δ and length
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1) all live in B1. So, it suffices instead to show that, for every R ě 1 and every family T
of R´1{2-separated R1{2 ˆ ¨ ¨ ¨ ˆR1{2 ˆR tubes in BR, it holds that

ż
ˆ

ÿ

TPT
χT

˙
n

n´1

Àϵ R
ϵ

ÿ

TPT
|T |, for all ϵ ą 0.

The proof strategy is the same as the one in Fefferman’s theorem. Let T be such a family
of tubes. We will create a function f on Sn´1, so that yfdσ is a sum of waves, each evolving
inside a different tube of T.

Indeed, consider a collection Θ of R´1{2-caps on Sn´1, with normals the directions of the
tubes in T. Since the tubes are R´1{2-separated, the normals to the caps in Θ are also
R´1{2-separated. Due to the geometry of the sphere, this means that the caps in Θ are
essentially disjoint.

Denote by Tθ the tube in T in direction normal to θ. For every θ P Θ, let ψθ a smooth
function, which is a mollified version of χθ; in particular,

suppψθ Ď θ, ψθ “ 1 on
1

2
θ, 0 ď ψθ ď 1.

Denote by θ the smallest rectangle containing the R´1{2-cap θ (which we know has di-
mensions roughly R´1{2 ˆ ¨ ¨ ¨ ˆR´1{2 ˆR´1).

Then, just like in the case where θ is an actual rectangle (rather than a cap), we have that
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

ψθ
|θ|

dσ

˙

p

ˇ

ˇ

ˇ

ˇ

ˇ

Á 1 on
1

100
θ

˚

and that, modulating the function ψθ
|θ|

appropriately, its extension operator is large in

magnitude in whichever translation of the tube 1
100nθ

˚ we wish. The tube 1
100nTθ is such

a translation.

——————————————————————————————————————

Indeed, let ωθ be the centre of θ and define θ0 :“ θ ´ ωθ and ψθ0 :“ ψp ¨ ` ωθq to be the
translations of θ and ψθ at 0, respectively.

‚ To begin with,
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

ψθ0
|θ0|

dσ

˙

p

pxq ´

ˆ

ψθ0
|θ0|

dσ

˙

p

p0q

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

e2πixx,ξy ψθ0pξq

|θ0|
dσpξq ´

ż

e2πix0,ξy ψθ0pξq

|θ0|
dσpξq

ˇ

ˇ

ˇ

ˇ

ď
1

|θ0|

ż

ˇ

ˇe2πixx,ξy ´ e2πix0,ξy
ˇ

ˇ ψθ0pξqdσpξq

ď 16 ¨
1

|θ0|

ż

θ0

|xx, ξy| ψθ0 dσpξq

ď
1

2

ż

ψθ0
|θ0|

dσ

“
1

2

ˆ

ψθ0
|θ0|

dσ

˙

p

p0q for all x P
1

100n
θ

˚
,
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where the penultimate estimate is due to the fact that |xx, ξy| ď 1
50 for all 1

100nθ
˚ and

ξ P θ0. And since
ˆ

ψθ0
|θ0|

dσ

˙

p

p0q “

ż

ψθ0
|θ0|

dσ „ 1,

it follows that
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

ψθ0
|θ0|

dσ

˙

p

pxq

ˇ

ˇ

ˇ

ˇ

ˇ

Á 1 on
1

100n
θ

˚
.

‚ Since ψθ
|θ|

is a translation of ψθ0
|θ0|

, its extension operator should be a modulation of ψθ0
|θ0|

(and thus should also be large in magnitude on 1
100nθ

˚). Indeed, for all x P Rn,
ˆ

ψθ
|θ|

dσ

˙

p

pxq “

ż

ξPθ
e2πixx,ξy ψθpξq

|θ|
dσpξq

ξ“y`ωθ
ùùùùùùù

ż

yPθ0

e2πixx,y`ωθy ψθ0pyq

|θ0|
dσpyq

“e2πixx,ωθy

ż

yPθ0

e2πixx,yy ψθ0pyq

|θ0|
dσpyq

“e2πixx,ωθy

ˆ

ψθ0
|θ0|

˙

p

pxq.

Therefore,
ˇ

ˇ

ˇ

ˇ

ˇ

ˆ

ψθ
|θ|

dσ

˙

p

ˇ

ˇ

ˇ

ˇ

ˇ

Á 1 on
1

100n
θ

˚
.

‚ Finally, let vpθq be the centre of the tube Tθ. We consider the modulation

gθpξq :“ e´2πixvpθq,ξy ψθpξq

|θ|
, ξ P Sn´1.

Then, for all x P Rn,

zgθdσpxq “

ż

e2πixx,ξy e´2πixvpθq,ξy ψθpξq

|θ|
dσpξq

“

ż

e2πixx´vpθq,ξy ψθpξq

|θ|
dσpξq

“ zψθdσ
`

x´ vpθq
˘

.

Therefore,

|zgθdσ| Á 1 on vpθq `
1

100n
θ

˚
“

1

100n
Tθ.

‚ We wanted |zgθdσ| to be large on Tθ, rather than on its small dilation 1
100nTθ. This is

simply achieved by applying the above for caps θ of dimensions cR´1{2 ˆ ¨ ¨ ¨ ˆ cR´1{2 ˆ

c2R´1, for an appropriate constant c (which depends only on n). This way, for each such
θ, we create a function gθ supported on θ, with

|zgθdσ| Á 1 on Tθ.

——————————————————————————————————————
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Now, we switch our perspective to the tubes in T. For each T P T, we rename gT :“ gθ,
where θ is the unique cap θ P Θ with T “ Tθ. Denote this cap by θpT q. Then, for pωT qT a
random choice of signs ˘1 (where the ωT are independent random variables, each taking
values ˘1 with probability 1{2), we consider the randomised function

g :“
ÿ

TPT
ωT gT on Sn´1,

which we have shown satisfies

suppgT Ď θpT q,

ż

θpT q

|gT | „ 1, and | zgTdσ| Á 1 on T, for each T P T.

Suppose that the Fourier restriction conjecture holds for Sn´1. Then, we must have that,
for all ϵ ą 0, there exists constant Cϵ ą 0 so that

(39)
ż

BR

|ygdσ|
2n
n´1 ď CϵR

ϵ

ż

Sn´1

|g|
2n
n´1 ,

for all choices pωT qTPT of signs.

On the one hand, g “
ř

TPT ωT gT , where all the functions gT have disjoint supports θpT q.
Moreover, for each T P T, |gT | “

ψθpT q

|θpT q|
. Therefore,

ż

Sn´1

|g|
2n
n´1 dσ “

ÿ

TPT

ż

θpT q

|gT |
2n
n´1 dσ

“
ÿ

TPT

ż

θpT q

ˆ

ψθpT q

|θpT q|

˙
2n
n´1

dσ

„
ÿ

TPT
|θpT q|

1´ 2n
n´1 “

ÿ

TPT
|θpT q|

´n`1
n´1

“
ÿ

TPT
pR´1{2q

´pn´1q¨n`1
n´1 “

ÿ

TPT
R

n`1
2

“
ÿ

TPT
|T |,

which is our desired RHS.

On the other hand, we can control the average of the integrals
ş

BR
|ygdσ|

2n
n´1 , over all

choices pωT qTPT of signs, using Khinchin’s inequality:

E
ˆ

ż

xPBR

| {gdσpxq|
2n
n´1 dx

˙

Fubini
ùùùùù

ż

xPBR

E
´

| {gdσpxq|
2n
n´1

¯

dx

“

ż

xPBR

E

˜

ˇ

ˇ

ˇ

ˇ

ÿ

TPT

zgTdσpxq

ˇ

ˇ

ˇ

ˇ

2n
n´1

¸

dx

Khinchin
„

ż

xPBR

˜

ÿ

TPT
| {gTdσpxq|2

¸
n

n´1

dx

|{gT dσ|ÁχT , @T

Á

ż

xPBR

˜

ÿ

TPT
χT pxq

¸
n

n´1

dx

TĎBR, @T
ùùùùùùùù

ż

xPRn

˜

ÿ

TPT
χT pxq

¸
n

n´1

dx.
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So, there exists a choice of pωT qTPT, so that the corresponding g “
ř

TPT ωT gT satisfies

ż

xPBR

| {gdσpxq|
2n
n´1 dx Á

ż

˜

ÿ

TPT
χT

¸
n

n´1

,

which is our desired LHS. Plugging this g into (39), we obtain

ż

˜

ÿ

TPT
χT

¸
n

n´1

ď CϵR
ϵ

ÿ

TPT
|T |,

as we wished.

□

5.6. The Stein-Tomas restriction theorem

In this section we will prove, away from the endpoint, a celebrated Fourier restriction
theorem by Stein and Tomas.

THEOREM 5.6.1. (Stein-Tomas, 1975) Let n ě 2, and dσ be the Lebesgue surface measure on
Sn´1. Then,

} yfdσ}
L

2pn`1q
n´1 pRnq

À }f}L2pSn´1q, for all f P L2pSn´1q.

In other words, the Fourier restriction estimate ESn´1

´

2 Ñ
2pn`1q

n´1

¯

holds.

Some comments:

‚ How close is Stein-Tomas to the full Fourier restriction conjecture? Recall that the Fourier
restriction problem asked for which p there exists q so that

(40) } yfdσ}LppRnq À }f}LqpSn´1q, for all f P LqpSn´1q.

In fact, the goal was to lower p as much as possible. The Fourier restriction conjecture
claims that we can make p as low as 2n

n´1 (`ϵ, for all ϵ ą 0). The Stein-Tomas theorem

asserts that we can lower p as much as 2pn`1q

n´1 . The gap between 2pn`1q

n´1 and 2n
n´1 gets

smaller and smaller as the dimension n increases, however it is very difficult to bridge.

‚ How sharp is Stein-Tomas? We know that the Fourier restriction conjecture (40) is ex-
pected to hold if and only if

p ą
2n

n´ 1
and p ě

n` 1

n´ 1
q1.

When p “
2pn`1q

n´1 , the admissible q satisfy

q1 ď
n´ 1

n` 1
p “

n´ 1

n` 1
¨
2pn` 1q

n´ 1
“ 2,

hence q ě 2. Therefore, given that the Stein-Tomas theorem focuses on p “
2pn`1q

n´1 , it is
sharp: the q on its RHS cannot be lowered. Equivalently, if one insists on studying only
functions f P L2pSn´1q in terms of Fourier restriction (and fixing q “ 2 on the RHS of
(40)), then the lowest possible p they can hope for in (40) is the Stein-Tomas exponent
2pn`1q

n´1 .

In other words:
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The Stein-Tomas restriction estimate is the best possible
estimate of the form ESn´1p2 Ñ pq that one can hope for.

The proof of the Stein-Tomas theorem away from the endpoint is done using what is
known as ‘the TT ˚ method’, which is widely used in analysis. The idea is that an oper-
ator T : L2pAq Ñ LppBq (for some measure spaces A and B) is bounded if and only if
the operator TT ˚ : Lp

1

pBq Ñ LppBq is bounded. For us, T is the Fourier extension oper-
ator E associated to the sphere Sn´1 (in which case of course the dual E˚ is the Fourier
restriction operator p̈|Sn´1), and p “

2pn`1q

n´1 .

ÝÑ The TT ˚ method.

Let A and B be measure spaces, and T an operator that acts on functions f : A Ñ C and
returns functions Tf : B Ñ C. We know that

T : L2pAq Ñ LppBq is well-defined and bounded

if and only if

T ˚ : Lp
1

pBq Ñ L2pAq is well-defined and bounded,

as

}T }L2pAqÑLppBq “ }T ˚}Lp1
pBqÑL2pAq

.

The proof of this is very simple: it is based on the fact that

xTf, gy “ xf, T ˚gy

for all f P L2pAq and g P Lp
1

pBq.

(Here, we slightly abuse notation, to denote by xϕ, ψy the integral
ş

f ¨ g with respect to
the measure of the space on which f and g are defined, as long as f ¨ g is integrable.)

We now use this to associate the norm of T with the an appropriate norm of TT ˚.

THEOREM 5.6.2. (The TT ˚ method) It holds that

T : L2pAq Ñ LppBq is well-defined and bounded

if and only if

TT ˚ : Lp
1

pBq Ñ LppBq is well-defined and bounded.

In fact,

}T }L2pAqÑLppBq “

b

}T ˚}Lp1
pBqÑLppBq

.

PROOF. It suffices to focus on the claimed relationship between the norms of the two
operators T and TT ˚. And since }T }L2pAqÑLppBq “ }T ˚}Lp1

pBqÑL2pAq
, it suffices to show

that

}T ˚}Lp1
pBqÑL2pAq

“

b

}T ˚}Lp1
pBqÑLppBq

.

‚ }T ˚}2
Lp1

pBqÑL2pAq
ď }TT ˚}Lp1

pBqÑLppBq
:
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}T ˚}2
Lp1

pBqÑL2pAq
“ sup
fPLp1

pBq, }f}p1 “1

}T ˚f}2L2pAq

“ sup
fPLp1

pBq, }f}p1 “1

|xT ˚f, T ˚fy|

“ sup
fPLp1

pBq, }f}p1 “1

|xf, TT ˚fy|

Hölder
ď sup

fPLp1
pBq, }f}p1 “1

}f}Lp1
pBq

}TT ˚f}LppBq

ď sup
fPLp1

pBq, }f}p1 “1

}f}Lp1
pBq

¨ }TT ˚}Lp1
pBqÑLppBq

}f}Lp1
pBq

“}TT ˚}Lp1
pBqÑLppBq

.

Therefore, if TT ˚ : Lp
1

pBq Ñ LppBq is well-defined and bounded, then T ˚ : Lp
1

pBq Ñ

L2pAq is also well-defined and bounded, and }T ˚}2
Lp1

pBqÑL2pAq
ď }TT ˚}Lp1

pBqÑLppBq
.

‚ }TT ˚}Lp1
pBqÑLppBq

ď }T ˚}2
Lp1

pBqÑL2pAq
:

}TT ˚}Lp1
pBqÑLppBq

“ sup
fPLp1

pBq, }f}p1 “1

}TT ˚f}LppBq

“ sup
fPLp1

pBq, }f}p1 “1

sup
gPLp1

pBq, }g}p1 “1

xTT ˚f, gy

“ sup
fPLp1

pBq, }f}p1 “1

sup
gPLp1

pBq, }g}p1 “1

xT ˚f, T ˚gy

Hölder
ď sup

fPLp1
pBq, }f}p1 “1

sup
gPLp1

pBq, }g}p1 “1

}T ˚f}L2pAq ¨ }T ˚g}L2pAq

ď sup
fPLp1

pBq, }f}p1 “1

sup
gPLp1

pBq, }g}p1 “1

}T ˚}2
Lp1

pBqÑL2pAq
}f}L2pAq }g}L2pAq

“}T ˚}2
Lp1

pBqÑL2pAq
.

Therefore, if T ˚ : Lp
1

pBq Ñ L2pAq is well-defined and bounded, then TT ˚ : Lp
1

pBq Ñ

LppBq is also well-defined and bounded, and }TT ˚}Lp1
pBqÑLppBq

ď }T ˚}2
Lp1

pBqÑL2pAq
.

□

ÝÑ The proof of the Stein-Tomas theorem.

We will here prove the Stein-Tomas theorem just off the endpoint. That is, we will show
that

ESn´1p2 Ñ pq holds, for all p ą
2pn` 1q

n´ 1
.

The calculation to achieve the endpoint estimate is a bit more complicated (it uses com-
plex interpolation, rather than Riesz-Thorin interpolation).

Let n ě 2 and p ą
2pn`1q

n´1 . From now on, let T :“ y¨ dσ, the extension operator associated
to the sphere (in which case T ˚ is the Fourier restriction operator p̈ |Sn´1). We wish to
show that

}T }L2pSn´1qÑLppRnq ă `8,
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or equivalently that
}TT ˚}Lp1

pRnqÑLppRnq
ă `8

(by the TT ˚ method).

To prove this, it suffices to work with Schwartz functions, rather than the whole of
Lp

1

pRnq. So, our first job is to find a formula for the image TT ˚f , for every f P SpRnq.
Fix such f . Then,

T ˚f “ pf |Sn´1

(a well-defined function), so T ˚f is the usual Fourier transform of f , just restricted on
Sn´1:

T ˚fpξq “

ż

yPRn

e´2πixξ,yy fpyq dy, ξ P Sn´1.

So,

TT ˚fpxq “

ż

ξPSn´1

e2πixx,ξy T ˚fpξq dσpξq

“

ż

ξPSn´1

e2πixx,ξy

ˆ
ż

yPRn

e´2πixξ,yy fpyq dy

˙

dσpξq

Fubini
ùùùùù

ż

yPRn

ˆ
ż

ξPRn

e2πixx´y,ξy dσpξq

˙

fpyq dy

“

ż

yPRn

xdσpx´ yq fpyq dy

“f ˚ xdσpxq.

In other words, TT ˚ is simply convolution with the function xdσ (the Fourier extension
operator of the function 1 on Sn´1). And our goal is to show that this operator is bounded
from pSpRnq, } ¨ }p1q to pLppRnq, } ¨ }pq, i.e. that

(41) }f ˚ xdσ}LppRnq À }f}Lp1
pRnq

, for all f P SpRnq.

The function xdσ is smooth, radial and bounded, and moreover

|xdσpxq| „
1

|x|
n´1
2

for all |x| ě 1.

We chop up xdσ in pieces Kj , one supported on Bp0, 1q, the rest supported in larger and
larger dyadic annuli (where |x| „ 2j , and thus |xdσpxq| is controlled). It is helpful though
for these pieces to be smoothed out. So, we start with a smooth function ψ0, with

suppψ0 Ď Bp0, 1q, ψ0 “ 1 on Bp0, 1{2q, 0 ď ψ0 ď 1,

and for each j P N we define

ψjpxq :“ ψ0

´ x

2j

¯

´ ψ0

´ x

2j´1

¯

, x P Rn,

which is a smooth function with

suppψj Ď tx P Rn : 2j´2 ď |x| ď 2ju.

Moreover, all the ψj are dilations of the same smooth function ψpxq :“ ψ0pxq ´ ψ0p2xq

(whose support is in the annulus t1{2 ď |x| ď 1u):

ψjpxq “ ψ
´ x

2j

¯

, x P Rn,
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for all j P N. It is easy to see that

1 “ ψ0 `

`8
ÿ

j“1

ψj ,

so

xdσ “ ψ0
xdσ `

`8
ÿ

j“1

ψj xdσ.

Let f P SpRnq; recall that we are aiming for (41). By the above,

f ˚ xdσ “ f ˚ pψ0
xdσq `

`8
ÿ

j“1

f ˚ pψj xdσq.

Since each ψj xdσ is now supported on an annulus on which |xdσ| is controlled, we hope
to be able to control well each of the above convolutions independently, and then add
up. Indeed, by the triangle inequality,

(42) }f ˚ xdσ}Lp1
pRnq

ď }f ˚ pψ0
xdσq}Lp1

pRnq
`

`8
ÿ

j“1

}f ˚ pψj xdσq}Lp1
pRnq

.

Controlling f ˚ pψ0
xdσq. Young’s convolution inequality states that, for all p, q, r P r1,`8s

with
1

p
`

1

q
“

1

r
` 1,

the estimate
}f ˚ g}LrpRnq ď }f}LppRnq ¨ }g}LqpRnq

holds, for all f P LppRnq and g P LqpRnq.

Applying this for our f P SpRnq, for g “ ψ0
xdσ (which is a smooth, compactly supported

function), r “ p1 and q “
p1

2 , we obtain

}f ˚ pψ0
xdσq}Lp1

pRnq
ď }f}LppRnq ¨ }ψ0

xdσ}LqpRnq À }f}LppRnq.

Controlling each f ˚ pψj xdσq. The above argument still works for each ψj xdσ in place

of ψ0
xdσ. However, if we then add up over all j P N, we will get an infinite quantity.

Instead, we wish to find an estimate of the form

(43) }f ˚ pψj xdσq}Lp1
pRnq

À 2´jϵ}f}LppRnq

for some constant ϵ ą 0 (independent of f and j), so that applying (42) and adding up
these upper bounds we will obtain

}f ˚ xdσ}Lp1
pRnq

À

˜

1 `

`8
ÿ

j“1

2´jϵ

¸

}f}LppRnq À }f}LppRnq,

as desired. We will achieve (43) by showing that the convolution operator with each
ψj xdσ is bounded from L1 to L8, and from L2 to L2, and then applying Riesz-Thorin
interpolation.

So, let j P N.

‚ Boundedness of the convolution operator ¨ ˚ pψj xdσq from L1 to L8. Again by Young’s
convolution inequality, for our arbitrary f P SpRnq it holds that

}f ˚ pψj xdσq}8 ď }f}L1pRnq }ψj xdσ}L8pRnq.
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Now, suppψj Ď tx P Rn : 2j´2 ď |x| ď 2ju. Moreover, 0 ď ψj ď 1, while |xdσ| „ 2´
jpn´1q

2

on this annulus. Therefore,

}ψj xdσ}L8pRnq À 2
´jpn´1q

2 .

It follows that
}f ˚ pψj xdσq}L8pRnq À 2

´jpn´1q

2 }f}L1pRnq

(where the implicit multiplicative constant is independent of f ).

‚ Boundedness of the convolution operator ¨ ˚pψj xdσq fromL2 toL2. By Plancherel’s theorem,

}f ˚ pψj xdσq}L2pRnq “
›

›

`

f ˚ pψj xdσq
˘

p

›

›

L2pRnq

“
›

› pf ¨
{

ψj xdσ
›

›

L2pRnq

ď } pf}L2pRnq ¨
›

›

{

ψj xdσ
›

›

L8pRnq

“ }f}L2pRnq ¨ }xψj ˚ dσ}L8pRnq,

(44)

where by g ˚ dσ we denote the function defined by

g ˚ dσpxq :“

ż

ξPSn´1

gpx´ ξq dσpξq, x P Rn,

for any continuous g : Rn Ñ C. Indeed, let us verify the formula

z

g xdσ “ pg ˚ dσ,

for any such g. For all x P Rn,

z

g xdσpxq “

ż

yPRn

e´2πixx,yy gpyq xdσpyq dy

“

ż

yPRn

e´2πixx,yy gpyq

ˆ
ż

ξPSn´1

e2πixy,ξy dσpξq

˙

dy

Fubini
ùùùùù

ż

ξPSn´1

´

e´2πixx´ξ,yy gpyq dy
¯

dσpξq

“

ż

ξPSn´1

pgpx´ ξq dσpyq

“pg ˚ dσpxq,

as desired.

We thus need to control }xψj ˚ dσ}L8pRnq in an efficient way. Recall that all the functions
ψj satisfy ψj “ ψ

`

¨
2j

˘

, for the same Schwartz function ψ. Therefore, xψj “ p2jqn pψp2j ¨ q

for all j P N. Now, since pψ is also Schwartz, it satisfies bounds of the form

| pψpxq| ď
CN

1 ` |x|N
, x P Rn,

for all N P N. It turns out that our proof will work for N “ n. In other words, we will
use that

| pψpxq| ď wpxq :“
C

1 ` |x|n
, x P Rn

for some constant C (which depends only on the fixed function ψ), and thus

|xψj | “ 2jn| pψp2j ¨ q| ď 2jnwp2j ¨ q.
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It follows that, for all j P N and x P Rn,

|xψj ˚ dσpxq| ď |xψj | ˚ dσpxq ď
`

2jnwp2j ¨ q
˘

˚ dσpxq.

The idea now is that 2jnwp2j ¨ q
˘

behaves like an approximate identity (as j Ñ `8q,
so convolving it with the sphere essentially blurs out the sphere at scale 2´j , yield-
ing its 2´j-neighbourhood N2´jSn´1. Since however the integral of the convolution
`

2jnwp2j ¨ q
˘

˚ dσ is „ 1 (as it is independent of j),
`

2jnwp2j ¨ q
˘

˚ dσ should be on
average equal to |N2´jSn´1|´1 „ 2j pointwise on its support N2´jSn´1. In other words,
at best we expect that

}
`

2jnwp2j ¨ q
˘

˚ dσ}L8pRnq À 2j .

Let us prove this formally. For all x P Rn,
`

2jnwp2j ¨ q
˘

˚ dσpxq “

ż

ξPSn´1

2jnw
`

2jpx´ ξq
˘

dσpξq

“C2jn
ż

ξPSn´1

1

1 ` |2jpx´ ξq|n
dσpξq

ďC2jn
ż

ξPSn´1

1

1 ` 2jn|x´ ξ|n
dσpξq.

We will show that

(45) 2jn
ż

ξPSn´1

1

1 ` 2jn|x´ ξ|n
dσpξq À 2j

(for an implicit multiplicative constant that depends only on n). We calculate the integral
by chopping up the sphere Sn´1 into disjoint pieces, according to their dyadic distance
from x (so that |x´ ξ| is controlled for all ξ in each piece). In particular, let

Slarge :“ tξ P Sn´1 : |x´ ξ| ą 1u,

Ssmall :“ tξ P Sn´1 : |x´ ξ| ď 2´ju,

and
Sm :“ tξ P Sn´1 : 2´m ă |x´ ξ| ď 2´pm´1qu, for all m P t1, . . . , ju.

Since Sn´1ztxu “ Slarge \ Ssmall \
Ůj
m“1 Sm (as every point ξ P Sn´1 different from x has

some positive distance from x), it follows that

2jn
ż

ξPSn´1

1

1 ` 2jn|x´ ξ|n
dσpξq “ Ilarge ` Ismall `

j
ÿ

m“1

Im,

where Ilarge involves the integral on Slarge only, Ismall involves it on Ssmall, and Im in-
volves it on Sm, for all m “ 1, . . . , j. It suffices to show that each of the three terms is
À 2j . And indeed: Slarge is inside Sn´1, so |Slarge| ď |Sn´1 À 1. Therefore,

Ilarge “ 2jn
ż

ξPSlarge

1

1 ` 2jn|x´ ξ|n
dσpξq ď 2jn |Slarge|

1

2jn
“ |Slarge| À 1,

so trivially Ilarge À 2j . Now, Ssmall is the intersection of the sphere with a ball with
radius 2´j (centred at x). Therefore, Ssmall lives inside a cap of Sn´1 with radius 2´j ,
hence |Ssmall| À 2´jpn´1q. Therefore,

Ismall “ 2jn
ż

ξPSsmall

1

1 ` 2jn|x´ ξ|n
dσpξq ď 2jn |Ssmall| À 2´jn2´jpn´1q “ 2j ,

as desired. Finally, for every m “ 1, . . . , j, Sm is the intersection of Sn´1 with a ball of
radius 2´pm´1q (centred at x). So, Sm lives inside a cap of Sn´1 with radius 2´pm´1q, hence

|Sm| À 2´pm´1qpn´1q „ 2´mpn´1q, for all m “ 1, . . . , j.
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Therefore,
j

ÿ

m“1

Im “ 2jn
j

ÿ

m“1

ż

ξPSm

1

1 ` 2jn|x´ ξ|n
dσpξq

ď 2jn
j

ÿ

m“1

|Sm| ¨
1

2jn2´mn

“

j
ÿ

m“1

|Sm| ¨ 2mn

À

j
ÿ

m“1

2´mpn´1q ¨ 2mn

“

j
ÿ

m“1

2m

„ 2j ,

again as we wished.

We have thus verified (45). It follows that

}xψj ˚ dσ}L8pRnq À 2j for all j P N,

and plugging this into (44) we obtain

}f ˚ pψj xdσq}L2pRnq À 2j}f}L2pRnq,

for our arbitrarily chosen Schwartz function f .

‚ Interpolation: Boundedness of the convolution operator ¨ ˚ pψj xdσq from Lp
1 to Lp. We have

shown that
}f ˚ pψj xdσq}L8pRnq ď A }f}L1pRnq

and
}f ˚ pψj xdσq}L2pRnq ď B }f}L2pRnq

for all f P SpRnq (and thus for all f in L1pRnq and in L2pRnq, respectively, via density),
with

A „ 2´
jpn´1q

2 and B „ 2j .

By Riesz-Thorin interpolation, it follows that

}f ˚ pψj xdσq}LppRnq ď AθB1´θ }f}Lp1
pRnq

, for all f P Lp
1

pRnq,

for all p P p2,`8q, for the θ P p0, 1q which satisfies
1

p
“

θ

8
`

1 ´ θ

2
,

i.e. for θ “ 1 ´ 2
p (in which case 1 ´ θ “ 2

p ). We conclude that for all p P p2,`8q and all
j P N,

}f ˚ pψj xdσq}LppRnq Àp 2
´

jpn´1q

2
¨p1´ 2

p
q
2

2j
p }f}Lp1

pRnq

“ 2
´j

`

pn´1qpp´2q´4

˘

2p }f}Lp1
pRnq

, for all f P Lp
1

pRnq.

Recalling the triangle inequality (42), we will indeed have that

}f ˚ xdσ}LppRnq Àp }f}Lp1
pRnq

for all f P Lp
1

pRnq,
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as desired, as long as the quantity
`

pn´1qpp´2q´4
˘

2p in the exponent above is strictly positive,
or equivalently whenever

p ą
2pn` 1q

n´ 1
.

The proof is complete.

5.7. The Fourier restriction conjecture holds in R2.

We will prove now that the Fourier restriction conjecture is true in two dimensions. Since
restriction implies maximal Kakeya, this will be a new proof that the Kakeya maximal
operator conjecture holds in R2, and that Kakeya sets in R2 have Hausdorff dimension
equal to 2.

In two dimensions, a hypersurface with non-vanishing Gaussian curvature is simply a
curve Γ, which is either strictly convex or strictly concave, and which we may assume is
defined over r´1, 1s and has a parametrisation

Γ :“ tΓpωq :“ pω, hpωqq : ω P r´1, 1su,

where |h1| À 1. We assume from now on that our curve Γ has this property.

THEOREM 5.7.1. The Fourier restriction conjecture holds in R2. In other words, for any curve
Γ in R2 with non-vanishing Gaussian curvature, the associated Fourier extension operator E
satisfies

}Eg}L4pBRq Àϵ,Γ R
ϵ}g}L4pr´1,1sq,

for all R ě 1, ϵ ą 0 and g P L4pr´1, 1sq.

An important ingredient for the proof (which in fact is valid for all hypersurfaces of non-
vanishing Gaussian curvature in all dimensions) is that Γ has the following property:

For every ξ1 “ Γpω1q, ξ2 “ Γpω2q P Γ, the normals Nξ1Γ “ p´1, h1pω1qq and
Nξ2Γ “ p´1, h1pω2qq to Γ at the points ξ1, ξ2, respectively, have angle between them
„Σ |ω1 ´ ω2|.

Now, specifically in two dimensions, the Fourier restriction conjecture concerns the inte-
gral

ş

BR
|Eg|4, for all g P L4pΓq. Since 4 is a multiple of 2, the idea is to reinterprate

the question in terms of norms of |Eg|2, and to expand the square. Then, all pairs
pω1, ω2q P r´1, 1s2 will appear, and we will arrange them according to their distance.

PROOF OF THEOREM 5.7.1. We prove the restiction theorem in steps.

ÝÑ A bilinear reduction. Observe that

}Eg}L4pBRq “ }pEgq2}
1{2
L2pBRq

,

so our goal becomes to show that

(46) }pEgq2}L2pBRq Àϵ,Γ R
ϵ}g}2L4pr´1,1sq,

for all R ě 1, ϵ ą 0 and g P L4pr´1, 1sq. In fact, we may go for the stronger bilinear
estimate

(47) }Eg ¨ Eh}L2pBRq Àϵ,Γ R
ϵ }g}L4pr´1,1sq }h}L4pr´1,1sq,

for all R ě 1, ϵ ą 0 and g, h P L4pr´1, 1sq.

From now on, our goal is the bilinear estimate (47).
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ÝÑ A Whitney decomposition. Fix R ě 1, ϵ ą 0 and g, h P L2pr´1, 1sq. We wish to study
Eg ¨ Eh, and the idea is analogous to expanding out the square in

`
ř

TPT χT
˘2 when

we were interested in proving 2d maximal Kakeya. In particular, we will chop up g and
h in pieces, according to the distance between their inputs, and then multiply out the
extensions E of the corresponding pieces to understand Eg ¨ Eh. More precisely, for all
x P Rn,

Egpxq ¨ Ehpxq “

˜

ż

ωPr´1,1s

e2πixx,Γpωqy gpωq dω

¸

¨

˜

ż

uPr´1,1s

e2πixx,Γpuqy hpuq du

¸

“

ż

pω,uqPr´1,1s2
e2πixx,Γpωq`Γpuqy gpωqhpuq dωdu

“

ż

pω,uqPr´1,1s2zD
e2πixx,Γpωq`Γpuqy gpωqhpuq dωdu,

(48)

where D :“ tpω, uq P r´1, 1s2 : ω “ uu is the diagonal within the square. Observe
that this is now an integral with respect to the 2-dimensional Lebesgue measure on the
square r´1, 1s2. So, the reason the last equality holds is that the 2-dimensional Lebesgue
measure along the diagonal is 0.

We are now ready to perform what is known as a Whitney decomposition on the set
r´1, 1s2zD. This decomposition will split the pairs pω, uq in this set into groups, accord-
ing to the distance between ω and u (which is now non-zero):

Note that r´1, 1s has length 2. So, for every k P N Y t0u, we can split r´1, 1s into 2k`1

consecutive intervals, each of length 2´k. We denote by Ak the set of these intervals.

So, at Step 0 we split r´1, 1s into 2 equal pieces. At Step 1, each of the previous 2 pieces is
in turn split into 2 equal pieces, so r´1, 1s is split into 4 equal pieces. And so on: at each
new step, each of the intervals from the previous step (a parent) is split into two intervals
of equal length (its two children).

Now, let I, J be two intervals in Ak. We say that I and J are k-close, and we denote by
I „k J (or equivalently J „k I) if I, J are not adjacent, but their parents are adjacent.
Note that, for every I P Ak, there exist at most 3 intervals J P Ak that are k-close to I ,
and, for each of these, distpI, Jq „ 2´k.

The crucial observation now is that, for every pω, uq P r´1, 1s2zD, there exists a unique
k P N so that the intervals I and J in Ak, which contain ω and u, respectively, are k-close.
Indeed, at Step 0, there are only two adjacent intervals, so these cannot be 0-close (hence
k “ 0 is irrelevant). Now, since |ω ´ u| ‰ 0, there exists a unique k P N so that

2´pk´1q ď |ω ´ u| ă 2´pk´2q.

Since the intervals in Ak are all of length 2´k, the lower bound 2´pk´1q “ 2 ¨ 2´k above is
larger than the distance between any two points on consecutive intervals ofAk. So, since
|ω ´ u| ą 2´pk´1q, ω and u cannot live on consecutive intervals of Ak. In other words,
they live in intervals I, J (respectively) in Ak, which are not adjacent. These intervals
of course have different parents I 1, J 1, respectively, in Ak´1 (otherwise they would be
adjacent). The best of our knowledge for these parents I 1, J 1, whose length is 2´pk´1q,
is that distpI 1, J 1q ă 2´pk´2q “ 2 ¨ 2´pk´1q ă 2´pk´2q, i.e. smaller than the length of any
interval from Ak´2. Therefore, either I 1, J 1 are adjacent, in which case I „k J , or I 1, J 1

are not adjacent but their parents are adjacent, in which case I 1 „k´1 J
1.
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We have shown that, for every pω, uq P r´1, 1s2zD, there exists a unique k P N and unique
I, J P Ak so that ω P I , u P J and I „k J . Therefore,

r´1, 1s2zD “

`8
ğ

k“1

ğ

pI,Jq: I„kJ

I ˆ J.

This is what is known as the Whitney decomposition of r´1, 1s2 off the diagonal.

ÝÑ Returning to }Eg ¨ Eh}L2pBRq. Plugging this into (48), we deduce that

Egpxq ¨ Ehpxq “

`8
ÿ

k“1

ÿ

I„kJ

ż

pω,uqPIˆJ
e2πixx,Γpωq`Γpuqy gpωqhpuq dωdu

“

`8
ÿ

k“1

ÿ

I„kJ

ˆ
ż

uPI
e2πixx,Γpωqy gpωqdω

˙

¨

ˆ
ż

ωPI
e2πixx,Γpuqy hpuq du

˙

“

`8
ÿ

k“1

ÿ

I„kJ

EpgχIqpxq ¨ EphχJqpxq

(49)

for all x P R2.

The idea now is to bound each }EpgχIq ¨EphχJq}L2pBRq independently. In particular, we
will show a better estimate than (47) for each I „k J , of the form

(50) }EpgχIq ¨ EphχJq}L2pBRq À QpR, kq }g}L2pIq }h}L2pJq,

for an efficient quantity QpR, kq that depends only on R and k.

We recall that the extension operatorE of any function ϕ is essentially the inverse Fourier
transform of a fat version of ϕ. More precisely, we thicken Γ upwards by R´1, creating a
set ΓR´1 , and for every ϕ : Γ Ñ C we define ϕfat : ΓR´1 Ñ C by

ϕfat
`

ξ ` p0, tq
˘

“ ϕpξq, for all ξ P Γ.

We have proved that then, for all x P R2 with |x2| ď R, and thus for all x P BR,

|Efpxq| „ R
ˇ

ˇ

`

pf{Hqfat
˘

q

pxq
ˇ

ˇ,

where H is a function that depends only on Γ. Therefore, denoting by simplicity

pgχI{Hqfat “: gI,fat, phχI{Hqfat “: hJ,fat,

we see that

}EpgχIq ¨ EphχJq}L2pBRq „R2 }pgI,fatq
q ¨ phJ,fatq

q}L2pBRq

“R2 }pgI,fat ˚ hJ,fatq
q}L2pBRq

Plancherel
ùùùùùùùùR2 }gI,fat ˚ hJ,fat}L2pBRq,

while also

}g}L2pIq “ }gχI}L2pr´1,1sq „ R1{2 }gI,fat}2, }h}L2pJq “ }hχJ}L2pr´1,1sq „ R1{2 }hJ,fat}2

(where the RHS 2-norms are taken with respect to the usual Lebesgue measure in two
dimensions). Therefore, any estimate of the form

(51) }gI,fat ˚ hJ,fat}L2pBRq À rQpR, kq }gI,fat}2 }hJ,fat}2

is equivalent to the estimate

(52) }EpgχIq ¨ EphχJq}L2pBRq À R rQpR, kq }g}L2pIq }h}L2pJq,
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i.e. to (50) for QpR, kq “ R rQpR, kq. It thus suffices to prove (51), for as small a quantity
rQpR, kq as we can. Observe that this is just a bilinear estimate on R2, for functions that
are supported in the R´1-neighbourhoods of the arcs I and J of Γ, respectively. We will
thus aim to show, more generally, that, for a small rQpR, kq,

(53) }gI ˚ hJ}L2pBRq À QpR, kq }gI}2 }hJ}2,

for all functions gI , hJ that are supported in the R´1-neighbbourhoods of I and J , re-
spectively (and then the formula will automatically apply for gI,fat, hJ,fat, giving (51),
and thus (50)).

ÝÑ Bilinear interpolation. Fix k P N and intervals I, J with I „k J . An estimate of the
form (53) will follow by bilinear interpolation, which is based on the following theorem
(the analogue of Riesz-Thorin interpolation in the bilinear case).

THEOREM 5.7.2. (Bilinear interpolation) Let T be a bilinear operator, and let p1, p1, q1, q2, r1,
r2 P r1,`8s. Suppose that T : Lp1pRnq ˆ Lq1pRnq Ñ Lr1pRnq is well-defined and bounded,
with

}T pf, gq}r1 ď A1 }f}p1 }g}q1 for all f, g P Lp1pRnq ˆ Lq1pRnq,

and that T : Lp2pRnq ˆ Lq2pRnq Ñ Lr2pRnq is well-defined and bounded, with

}T pf, gq}r2 ď A2 }f}p2 }g}q2 for all f, g P Lp2pRnq ˆ Lq2pRnq.

Then, for any θ P p0, 1q, and for the exponents p, q, r given by

1

p
“

θ

p1
`

1 ´ θ

p2
,

1

q
“

θ

q1
`

1 ´ θ

q2
,

1

r
“

θ

r1
`

1 ´ θ

r2
,

the operator T : LppRnq ˆ LqpRnq Ñ LrpRnq is well-defined and bounded, and

}T pf, gq}r ď Aθ1A
1´θ
2 }f}p }g}q, for all f, g P LppRnq ˆ LqpRnq.

Therefore, to show L2 ˆ L2 Ñ L2-boundedness of a bilinear operator T , it suffices to
show L1 ˆ L1 Ñ L1-boundedness and L8 ˆ L8 Ñ L8-boundedness. In our case, our
bilinear operator T acts on pairs pgI , hJq of functions, where gI is supported on the R´1-
neighbourhood Ifat of I , and hJ is supported on the R´1-neighbourhood Jfat of J , by
convolving the functions:

T pgI , hJq :“ gI ˚ hJ .

Indeed, if we show that

(54) }gI ˚ hJ}1 ď A1 }gI}1}hJ}1

and

(55) }gI ˚ hJ}8 ď A2 }gI}8}hJ}8

for all gI , hJ as above, it will follow that

}gI ˚ hJ}2 ď Aθ1A
1´θ
2 }gI}2}hJ}2,

for the parameter θ for which
1

2
“
θ

1
`

1 ´ θ

8
,

i.e. for θ “ 1
2 . Our objective thus becomes to show the bilinear estimates (54) and (55),

for as small A1, A2 as possible.

ÝÑ L1 ˆ L1 Ñ L1-boundedness. Here, we are aiming for the bilinear estimate (54). This
holds for A1 “ 1, by Young’s convolution inequality:

}gI ˚ hJ}1 ď }gI}1 }hJ}1.
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ÝÑ L8 ˆL8 Ñ L8-boundedness. Here, we are aiming for the bilinear estimate (55). This
is based on the geometry of Γ. In particular, for all gI , hJ bounded functions defined on
Ifat, Jfat, respectively, and all x P R,

|gI ˚ hJpxq| “

ˇ

ˇ

ˇ

ˇ

ż

gIpx´ yqhJpyq dy

ˇ

ˇ

ˇ

ˇ

ď

ż

|gIpx´ yq| ¨ |hJpyq| dy

suppgIĎIfat, supphJĎJfat
ď }gI}8}hJ}8

ż

χIfatpx´ yq ¨ χJfatpyq dy

ď}χIfat ˚ χJfat}8 }gI}8}hJ}8.

In other words,
}gI ˚ hJ}8 ď }χIfat ˚ χJfat}8 }gI}8}hJ}8,

so the L8 ˆ L8 Ñ L8 norm of our operator is at most }χIfat ˚ χJfat}8. We now control
this norm. For every x P R2,

χIfat ˚ χJfatpxq “

ż

χIfatpx´ yq ¨ χJfatpyq dy

“

ż

yPJfat

χIfatpx´ yq dy

“ |Jfat X px´ Ifatq|.

So, we are interested in how large this intersection can be, over all possible translations
of ´Ifat in R2.

‚ The set Jfat is the R´1-neighbourhood of the arc J of Γ, which has length 2´k and
some normal NJpξq at each of its points ξ. So, we can think of Jfat as a curved tube, of
dimensions 2´k ˆ R´1. It is curved along its 2´k-long direction, and its normals along
its R´1-long direction are the normals to J .

‚ The reflection ´Ifat around 0 looks a lot like Ifat; it is the R´1-neighbourhood of the arc
´I , which also has length 2´k, and normal NIpξq at each of its points ξ. The set x ´ Ifat
is simply the arbitrary translation of ´Ifat. So, we can think of x ´ Ifat as a curved tube,
of dimensions 2´k ˆR´1. It is curved along its 2´k-long direction, and its normals along
its R´1-long direction are the normals to I .

Therefore, we need to understand how large the intersection between two curved tubes
as above can be. There is of course a difference in the analysis, between which side is
longest, 2´k or R´1.

When R´1 ě 2´k, in which case k Á logR: This case it treated trivially. Indeed, |Jfat X

px ´ Ifatq| is at most the size of any of the two curved tubes involved, and thus ÀΓ

2´k ˆR´1. In other words, for all such k, and all I „k J , we have concluded that

}gI ˚ hJ}8 ÀΓ 2´kR´1 }gI}8 }hJ}8.

By bilinear interpolation between this and the earlier trivial L1 ˆ L1 Ñ L1-estimate, we
obtain

}gI ˚ hJ}2 ÀΓ p2´kR´1q1{2 }gI}2 }hJ}2,

for all k in this range, and all I „k J .

When R´1 ă 2´k, in which case k À logR: This situation resembles the one where
we would be calculating the largest possible intersection between two straight tubes,
of thickness R´1, any length, and angle „ 2´k between them.
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The reason is that, since I „k J , we have that distpI, Jq „ 2´k, hence any two normals
NI and NJ to the above curved tubes form angle „Γ 2´k between them3. Therefore, just
as for straight R´1-tubes with angle „ 2´k between them, we again have that, for all
x P R2,

|Jfat X px´ Ifatq| ÀΓ
R´2

2´k
.

We thus conclude that

}gI ˚ hJ}8 ÀΓ
R´2

2´k
}gI}8 }hJ}8,

for all k in this range, and all I „k J . By bilinear interpolation between this and the
earlier trivial L1 ˆ L1 Ñ L1-estimate, we deduce that

}gI ˚ hJ}2 ÀΓ

ˆ

R´2

2´k

˙1{2

}gI}2 }hJ}2,

for all k in this range, and all I „k J .

ÝÑ Bringing everything together. To sum up, we have derived an estimate of the form
(52). In particular, for all g, h P L2pr´1, 1sq, it holds that

}EpgχIq ¨ EphχJq}L2pBRq ÀΓ R rQpR, kq }g}L2pIq }h}L2pJq, for all k P N and I „k J,

where

R rQpR, kq “

$

&

%

Rp2´kR´1q1{2 “ R1{22´k{2, when 2k ě R,

R
´

R´2

2´k

¯1{2
“ 2k{2, when 2k ă R.

We now recall (49). We split k in the above two ranges, so, by the triangle inequality,

}Eg ¨ Eh}L2pBRq À

›

›

›

›

›

›

ÿ

kPN: 2kěR

ÿ

I„kJ

EpgχIq ¨ EphχJq

›

›

›

›

›

›

L2pBRq

`

›

›

›

›

›

ÿ

kPN: 2kăR

ÿ

I„kJ

EpgχIq ¨ EphχJq

›

›

›

›

›

L2pBRq

“: I1 ` I2.

It remains to control each term.

Controlling I1, the term with the large k. I1 is easy to control, again by the triangle in-
equality. More precisely,

I1 ď
ÿ

kPN: 2kěR

ÿ

I„kJ

}EpgχIq ¨ EphχJq}L2pBRq

ÀΓ

ÿ

kPN: 2kěR

R1{22´k{2
ÿ

I„kJ

}g}L2pIq}h}L2pJq.

We now observe that, for all k P N,
ÿ

I„kJ

}g}L2pIq }h}L2pJq À }g}L2pr´1,1s }h}L2pr´1,1sq.

3This is exactly where we are using that Γ has non-vanishing curvature.
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Indeed, for each I P Ak, the J for which I „k J are all inside 10I . Therefore,

ÿ

I„kJ

}g}L2pIq }h}L2pJq ď
ÿ

IPAk

ÿ

JPAk: JĎ10I

}g}L2pIq }h}L2pJq

ď
ÿ

IPAk

}g}L2pIq }h}L2p10Iq

ď
ÿ

IPAk

}g}L2p10Iq }h}L2p10Iq

Cauchy-Schwarz
ď

˜

ÿ

IPAk

}g}2L2p10Iq

¸1{2 ˜

ÿ

IPAk

}h}2L2p10Iq

¸1{2

„}g}L2pr´1,1s }h}L2pr´1,1sq.

Therefore,

I1 ÀΓ

¨

˝

ÿ

kPN: 2kěR

R1{22´k{2

˛

‚}g}L2pr´1,1s }h}L2pr´1,1sq.

Finally, let M be the smallest k so that 2k ě R. Then, 2M „ R (so M „ logR), and

ÿ

kPN: 2kěR

R1{22´k{2 “ R1{2
`8
ÿ

k“M

ˆ

1
?
2

˙k

„ R1{2

ˆ

1
?
2

˙M

“
R1{2

?
2M

„
R1{2

R1{2
„ 1.

It follows that

I1 ÀΓ }g}L2pr´1,1sq }h}L2pr´1,1sq.

By Hölder’s inequality, this is even better than the desired estimate

I1 ÀΓ }g}L4pr´1,1sq }h}L4pr´1,1sq

Controlling I2, the sum with the small k. Applying to I2 the triangle inequality as before

will not work (as this time adding up the corresponding R rQpR, kq will give something
huge). We need something more clever, and that comes from Fefferman, who noticed
that, for any given k, the functions EpgχIq ¨ EphχJq, over all different I , J with I „k J ,
are essentially orthogonal in L2. Indeed, first we indeed apply the triangle inequality,
but only in terms of k:

I2 ď
ÿ

kPN: 2kăR

›

›

›

›

›

ÿ

I„kJ

EpgχIq ¨ Ephχjq

›

›

›

›

›

L2pBRq

.

The crucial observation is that, morally, for every k,

›

›

›

›

›

ÿ

I„kJ

EpgχIq ¨ EphχJq

›

›

›

›

›

2

L2pBRq

À
ÿ

I„kJ

}EpgχIq ¨ EphχJq}2L2pBRq.
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This inequality is not in fact true, but it is morally true, and it is better than the triangle
inequality. What precisely holds is that

ż

BR

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

I„kJ

EpgχIq ¨ EphχJq

ˇ

ˇ

ˇ

ˇ

ˇ

2

„R4

ż

BR

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

I„kJ

pgI,fatq
q ¨ phJ,fatq

q

ˇ

ˇ

ˇ

ˇ

ˇ

2

ďR4

ż

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

I„kJ

pgI,fatq
q ¨ phJ,fatq

q

ˇ

ˇ

ˇ

ˇ

ˇ

2

“R4

ż

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

I„kJ

pgI,fat ˚ hJ,fatq
q

ˇ

ˇ

ˇ

ˇ

ˇ

2

Plancherel
ùùùùùùùùR4

ż

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

I„kJ

gI,fat ˚ hJ,fat

ˇ

ˇ

ˇ

ˇ

ˇ

2

.

The important observation here is that each gI,fat ˚hJ,fat is supported in the sumset Ifat `

Jfat, and these sets are essentially disjoint (in fact, finitely overlapping) over all the pairs
pI, Jq with I „k J . Therefore,

›

›

›

›

›

ÿ

I„kJ

EpgχIq ¨ EphχJq

›

›

›

›

›

2

L2pBRq

ÀR4
ÿ

I„kJ

}gI,fat ˚ hJ,fat}
2
2

ÀΓR
4 R

´2

2´k

ÿ

I„kJ

}gI,fat}
2
2 }hJ,fat}

2
2

„R4R
´2

2´k
R´2

ÿ

I„kJ

}g}2L2pIq }h}2L2pJq

“2k
ÿ

I„kJ

}g}2L2pIq }h}2L2pJq.

Note that this is a better estimate than if we had simply applied the triangle inequality
(thanks to the existence of the square powers). We can now move towards 4-norms on
the RHS (which was our initial goal anyway). In particular, for all k,

›

›

›

›

›

ÿ

I„kJ

EpgχIq ¨ EphχJq

›

›

›

›

›

L2pBRq

ÀΓ2
k{2

˜

ÿ

I„kJ

}g}2L2pIq }h}2L2pJq

¸1{2

ď2k{2

˜

ÿ

IPAk

}g}2L2p10Iq

¸1{2

max
IPAk

}h}L2p10Iq

Hölder
ÀΓ 2k{2}g}L2pr´1,1sq ¨ max

IPAk

|I|1{2}h}L4pr´1,1sq

À2k{2}g}L4pr´1,1sq 2
´k{2}h}L4pr´1,1sq

“}g}L4pr´1,1sq }h}L4pr´1,1sq.

Thankfully, we are now adding over a small number of k, and in particular those with
2k ă R. Earlier we denoted by M the smallest k with 2k ě R, so we are now adding up
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over k P t1, . . . ,M ´ 1u, where M „ logR. Therefore,

I2 ď

M´1
ÿ

k“1

}g}L4pr´1,1sq }h}L4pr´1,1sq

À logR}g}L4pr´1,1sq }h}L4pr´1,1sq

ďCϵR
ϵ}g}L4pr´1,1sq }h}L4pr´1,1sq.

□

5.8. The wave packet decomposition

In the proof of the 2D Fourier restriction conjecture, the norms of pEgq2 were controlled
by chopping up the domain of gpωqgpuq in pieces, according to the distance between the
inputs ω and u.

The modern approaches to the Fourier restriction conjecture in any dimension involves
what is known as a wave packet decomposition of g. This simply decomposes g (rather
than a tensor product of g with itself). It is a more complicated decomposition, because
it doesn’t simply chop up the domain of g in disjoint pieces. However, it has a huge
advantage: the pieces are essentially pairwise orthogonal, and the extension operator of
each piece is practically a wave evolving inside a different tube.

In what follows, let n ě 2, and let

Σ :“ tpω, hpωqq : ω P Bn´1p0, 1qu

be a hypersurface in Rn, of non-vanishing Gaussian curvature, with |∇h| ď 1.

LetR ě 1. The idea is to decompose any g P L1pΣq in a way that will help us understand
ygdσ inside BR. To do this, we want to split Σ into small caps θ, and to then use some
uncertainty principle on each piece gχθ, as it has small support. Of course, we know the
uncertainty principle for the standard Fourier transform of functions supported on small
rectangles (and not for the extension operator). So, we will first reduce the restriction
problem to a problem that studies functions with support in the R´1-neighbourhood of
Σ. And then we will decompose those functions.

ÝÑ Reducing the problem to functions supported in an R´1-neighbourhood of Σ. Recall
that, for every integrable f : Σ Ñ C, we may define the function ffat on

Σfat :“
ď

tPr0,R´1s

Σ ` p0, . . . , 0, tq,

with
ffat

`

ξ ` p0, . . . , 0, tq
˘

:“ fpξq for all ξ P Σ, t P r0, R´1s.

Then,
ˆ

pf{Jqfat

˙

q

pxq “ yfdσpxq ¨

˜

ż

tPr0,R´1s

e2πixnt dt

¸

for all x P Rn,

where J „ 1 (and depends only on the curvature of Σ), and
ˇ

ˇ

ˇ

ˇ

ˇ

ż

tPr0,R´2s

e2πixnt dt

ˇ

ˇ

ˇ

ˇ

ˇ

„ R´1

on the strip
SR :“ tx P Rn : |xn| ď Ru.
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Therefore, for all f P L1pΣq,
ˇ

ˇ

ˇ

ˇ

ˆ

pf{Jqfat

˙

q

ˇ

ˇ

ˇ

ˇ

„ R´1| yfdσ| on SR.

Thus, for all p, q P r1,`8q,
›

›

›

›

ˆ

pf{Jqfat

˙

q

›

›

›

›

LppBRq

„p R
´1} yfdσ}LppBRq

and
}pf{Jqfat}LqpRnq „q R

´ 1
q }f}LqpΣq.

So, proving any restriction estimate of the form

} yfdσ}LppBRq Àp,q,ϵ R
ϵ}f}LqpΣq for all f P LqpΣq

is equivalent to showing that

(56)
›

›

›

›

ˆ

pf{Jqfat

˙

q

›

›

›

›

LppBRq

Àp,q,ϵ R
´1` 1

q
`ϵ

}pf{Jqfat}LqpRnq, for all f P LqpΣq.

In other words, studying any local form of the Fourier restriction conjecture in BR is
equivalent to studying an inequality of the above form, for the inverse Fourier transform
of functions defined on NR´1Σ, the R´1-neighbourghood of Σ.

ÝÑ Decomposing any g P L1pNR´1Σq into pieces supported in different caps θ.

We split NR´1Σ into disjoint sets θ, each of them roughly the R´1-neighbourhood of an
R´1{2-cap (so, each of them roughly an R´1{2 ˆ ¨ ¨ ¨ ˆ R´1{2 ˆ R´1-rectangle). Let Θ be
the family of these sets θ. Then, for every g P L1pNR´1Σq,

g “
ÿ

θPΘ

gθ,

where gθ :“ gχθ. The functions gθ have disjoint supports, so they are orthogonal in
L2pRnq. Our goal will be to further decompose each gθ into functions that are also
roughly L2pRnq-orthogonal. From now on, we denote by θ the smallest rectangle con-
taining the original set θ.

ÝÑ Further decomposing each gθ. Fix θ P Θ. Denote by Nθ the direction normal to θ.

The dual rectangles to θ have dimensions roughly R1{2 ˆ ¨ ¨ ¨R1{2 ˆR, and direction Nθ.
So, they are practically R1{2 ˆ ¨ ¨ ¨R1{2 ˆ R-tubes in this direction. Let Tpθq be a Op1q-
overlapping family of such parallel tubes, which together tile Rn.

Now, we know that since gθ is supported in the rectangle θ, qgθ is a sum of waves, each
practically evolving inside a different tube in Tpθq. We briefly recall the process that gave
this result, from our uncertainty principle chapter: We write gθ as a Fourier series on θ,
and then multiply it with a Schwartz function ψθ satisfying

suppψθ Ď 2θ, ψθ “ 1 on θ, 0 ď ψθ ď 1.

Then,
gθ “ gθ ¨ ψθ “

ÿ

k

ck exppkq ψθ,

where the sum is taken over all the centres of the tubes in Tpθq, the functions exppkq are
exponential functions that depend on k, and the ck are the Fourier coefficients. We have
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seen that this implies that

qgθ “
ÿ

k

ck |ψθp ¨ ´ kq
loooooomoooooon

`

ck exppkq ψθ

˘

q

,

where |ψθ is a Schwartz function adapted to the dual rectangle θ˚ through 0 (in the sense
that it decays rapidly outside it). This rectangle is practically the tube in Tpθq through 0.
As k ranges over all the centres of the tubes in Tpθq, |ψθp ¨ ´ kq is simply adapted to the
tube of Tpθq with centre k.

Therefore, denoting each

ck exppkq ψθfat “: gT ,

for T the tube in Tpθq with centre k, it follows that

gθ “
ÿ

TPTpθq

gT ,

where each gT is supported on θ, and

qgθ “
ÿ

TPTpθq

|gT ,

where each |gT is a Schwartz function essentially supported in the tube T , in the sense
that it decays fast outside T , and is thus negligible outside of, say, RϵT :

||gT pxq| À

ˆ

R´1{2distpx1, T q `R´1distpxn, T q

˙´10100n

}g}2 for all x “ px1, xnq R T.

The supports of |gT are practically the tubes T , which are finitely overlapping. It is thus
not very hard to show that the functions |gT , over all T P Tpθq, are practically orthogonal,
in the sense that

›

›

›

›

›

ÿ

TPW
|gT

›

›

›

›

›

2

2

À
ÿ

TPW
}|gT }22, for all W Ď Tpθq.

By Plancherel’s theorem, the original functions gT , over all T P Tpθq, are also orthogonal,
even through they have the same support θ:

›

›

›

›

›

ÿ

TPW
gT

›

›

›

›

›

2

2

À
ÿ

TPW
}gT }22, for all W Ď Tpθq.

ÝÑ Conclusion: the wave packet decomposition of g P L1pNR´1Σq. Denoting

T :“
ğ

θPΘ

Tpθq,

we have shown that every g P L1pΣfatq can be written as

g “
ÿ

θPΘ

gθ “
ÿ

θPΘ

ÿ

TPTpθq

gT “
ÿ

TPT
gT .

This is the wave packet decomposition of g at scale R. The tubes in each family Tpθq are
parallel to each other (pointing in the direction normal to θ). Tubes corresponding to
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different families Tpθ1q, Tpθ2q are „ R´1{2-separated, due to the curvature of Σ. The
functions gT are essentially orthogonal in L2pRnq, in the sense that, for every W Ď T,

›

›

›

›

›

ÿ

TPW
gT

›

›

›

›

›

2

2

“

›

›

›

›

›

›

ÿ

θPΘ

ÿ

TPWXTpθq

gT

›

›

›

›

›

›

2

2

suppgT Ďθ, @TPTpθq
ùùùùùùùùùùùùùù

ÿ

θPΘ

›

›

›

›

›

›

ÿ

TPWXTpθq

gT

›

›

›

›

›

›

2

2

À
ÿ

θPΘ

ÿ

TPWXTpθq

}gT }2

“
ÿ

TPW
}gT }2.

Moreover, for each T P T, |gT is a Schwartz function, which is negligible outside RϵT . In
particular, using the decay that we know each |gT has, it is not too hard to show that, for
every x P Rn,

qgpxq “
ÿ

TPT: xPRϵT

qgT pxq ` cϵR
´10100n}g}2.

We record this information in the following proposition.

PROPOSITION 5.8.1. (The wave packet decomposition of any g P L2pNR´1Σq at scale
R) Let Σ be a hypersurface in Rn of non-vanishing Gaussian curvature in Rn. Fix R ě 1, and
let T be the family of R1{2 ˆ ¨ ¨ ¨ ˆR1{2 ˆR-tubes in Rn constructed earlier. Let ϵ ą 0. Then, for
all g P L1pNR´1Σq, we can write

g “
ÿ

TPT
gT ,

so that the following hold.

(i) For each T P T, gT is supported in the R´1{2-rectangle in NR´1Σ whose normal is parallel to
T .

(ii) For each T P T, |gT is essentially supported inside T , in the sense that

||gT pxq| À

ˆ

R´1{2distpx1, T q `R´1distpxn, T q

˙´10100n

}g}2 for all x “ px1, xnq R T.

(iii) For each x P Rn, the tubes of T that contribute to qgpxq are essentially those that pass through
x, in the sense that

qgpxq “
ÿ

TPT: xPRϵT

|gT pxq ` cϵR
´10100n}g}2.

Therefore, for any p P r1,`8q,

}qg}LppBRq “

›

›

›

›

›

ÿ

TPT: RϵTXBR‰H

|gT

›

›

›

›

›

LppBRq

` cϵR
´1000n}g}2.

(iv) The functions gT are essentially orthogonal, in the sense that, for all W Ď T,
›

›

›

›

›

ÿ

TPW
gT

›

›

›

›

›

2

2

À
ÿ

TPW
}gT }22.
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5.9. The polynomial method in Fourier restriction theory: a motivation

Recall (56): to prove that the extension operator z¨ dσ is LqpΣq Ñ LppBRq-bounded, it
suffices to show that

}qg}LppBRq Àp,q,ϵ R
´1` 1

q
`ϵ

}g}q

for functions g supported on NR´1Σ. Considering the wave packet decomposition g “
ř

TPT gT of each such g at scale R, this becomes equivalent to showing that
›

›

›

›

›

ÿ

TPT: RϵTXBR‰H

|gT

›

›

›

›

›

LppBRq

Àp,q,ϵ R
´1` 1

q
`ϵ

}g}q

for all such g. In other words:

We wish to control the total mass of a sum of waves, each es-
sentially evolving inside a different tube that intersects BR.

This demostrates again how difficult Fourier restriction is: we have tubes, each carrying
a different wave. And whenever any of the tubes meet, the waves that they carry inter-
fere with each other. The goal is to show that in principle this interference is destructive,
so that the total wave contribution in BR is quite small.

Even though this is very complicated, it is reminiscent of the Kakeya maximal operator
conjecture. There, we have tubes pointing in different directions, and the goal is to show
that they have small overlap. In this sense, the Kakeya maximal operator conjecture
is a simpler analogue of the Fourier restriction conjecture, where oscillation has been
removed.

Of course, the Kakeya maximal operator conjecture itself is very hard. So, people have
been trying to remove not only oscillation from the problem, but also volume: they
shrink the tubes down to lines, and hope to show that, under certain conditions, the
lines do not meet very often. This seems like a gross simplification, however we already
know that it was in this setting that the big revolution happened in 2008, when Dvir
solved the Kakeya problem in finite fields using the polynomial method, revealing that
the Kakeya conjectures have an underlying algebraic geometric nature that was not clear
before.

The reason that the polynomial method works so well with lines is that lines interact very
well with zero sets of polynomials: a polynomial p can either vanish along a line at most as
many times as its degree deg p, or the line fully lies inside the zero set Zp of p. And more
generally, if p has a certain algebraic property on many points of a line, it tends to have
the same property throughout the whole line.

However, in general, tubes do not interact well with zero sets of polynomials. For instance,
the zero set of a large degree polynomial can be fully compressed inside a small part of
a tube. So, we cannot claim that if a polynomial behaves in a certain way at many points
in the tube, then it will have behave similarly throughout the whole tube.

So, we need a different polynomial method, one where at least the computational bounds
that work for lines also work for tubes. This polynomial method is polynomial partition-
ing, and was developed in 2010 by Guth and Katz, for the solution of the Erdős distinct
distances problem in R2. Since 2014, polynomial partitioning has been used to make
tremendous progress in the Fourier restriction problem, as well as related problems (e.g.
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Falconer’s distance set conjecture, Hörmander’s problem on oscillatory integrals). It has
also led to major progress or resolution of numerous problems in incidence geometry,
as the degree of the polynomial it yields is in general better than the one coming from
Dvir’s vanishing lemma.

116



CHAPTER 6

Polynomial partitioning

6.1. The advantage

Polynomial partitioning is a polynomial method developed by Guth and Katz in 2010,
for the solution of the distinct distances problem by Erdős. The method works only in
Euclidean space, and can be applied either to a finite set of points (like Dvir’s vanishing
lemma), or to the mass of an L1-function (like |ygdσ|p on BR).

Let us compare Dvir’s polynomial method with polynomial partitioning.

ÝÑ Dvir’s vanishing lemma claims that, for any finite set S in Fn, there exists a non-zero
polynomial p P Frx1, . . . , xns, with deg p À p#Sq1{n, so that S lives on its zero set Zp.

ÝÑ Polynomial partitioning aims to find a much lower degree polynomial, achieving
roughly the same thing. It works only in Euclidean space.

At first glance, it is perhaps not clear how this works. Polynomial partitioning ensures
that, no matter which finite set S of points we start with in Rn, and no matter which
degree d we choose (ideally, d ! p#Sq1{n), we can find a polynomial p P Rrx1, . . . , xns,
with deg p ď d, whose zero set Zp splits S in smaller parts, in a nice, controlled way.
More precisely, Zp splits Rn in a controlled number of pieces (the cells, i.e. the connected
components of RnzZp), each containing À

#S
#cells points of S (so, each cell contains at most

its fair share of points). Then, arguments tend to go this way:

ÝÑ Cellular case. More than half of the points of S lie inside the cells. Then, we focus
our attention on a single cell of average behaviour. This is like a microscopic picture of
what we started from: we started with a picture of many points and perhaps many lines
through them, and we now focus on considerably fewer points and lines through them.
If we are lucky, this case is settled (we control #S) via some inductive argument (e.g. on
the number of lines).

ÝÑ Algebraic case. More than half of the points of S lie on Zp. This is better than what
we got from Dvir’s vanishing lemma, as now the degree d of the vanishing polynomial
is much smaller than p#Sq1{n!

6.2. Statement and proof

We first write down the polynomial partitioning theorem in either case (points or masses).
The proof is particularly elegant, and relies on the topology of Euclidean space (specifi-
cally, on the Borsuk-Ulam theorem).

THEOREM 6.2.1. (Polynomial partitioning for points, Guth-Katz, 2010) Let n P N, d ě 1
and S a finite set of points in Rn. Then, there exists a non-zero polynomial p P Rrx1, . . . , xns,
with deg p ď d, so that Zp splits Rn into „ dn cells (these are the connected components of
RnzZp, and some may be empty), each containing À

#S
dn points of S.
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THEOREM 6.2.2. (Polynomial partitioning for a mass) Let n P N, d ě 1 and f P L1pRnq.
Then, there exists a non-zero polynomial p P Rrx1, . . . , xns, with deg p ď d, so that Zp splits Rn
into „ dn cells C (these are the connected components of RnzZp, and some may be empty), each
satisfying

ż

C
|f | “

ş

Rn |f |

#cells
„

ş

Rn |f |

dn
.

The proof for masses is in fact a little simpler than the one for points. They are both
based on the following continuous analogue of Dvir’s vanishing lemma.

THEOREM 6.2.3. (Polynomial ham-sandwich theorem, Stone-Tukey, 1942) Let M ě 2,
and let S1, . . . , SM be subsets of Rn, of finite, positive volume. Then, there exists a non-zero
polynomial p P Rrx1, . . . , xns, with deg p À M1{n, whose zero set Zp simultaneously bisects all
the S1, . . . , SM volume-wise, meaning that

|Si X tp ą 0u| “ |Si X tp ă 0u|, for all i “ 1, . . . ,M.

Notice that, since we are already talking about the signs of the values of p, we need to be
at least in a field with an order. The proof is in turn based on the Borsuk-Ulam theorem,
which is true thanks to the topology of Euclidean space.

THEOREM 6.2.4. (Borsuk-Ulam) Let f : Sn´1 Ñ Rn´1 be continuous and odd. Then, there
exists x P Sn´1 so that fpxq “ 0.

Observe that an important condition for this to work is that the map f collapses the
sphere of Rn to the horizontal hyperplane through 0.

PROOF OF THE POLYNOMIAL HAM-SANDWICH THEOREM. We know that each poly-
nomial of degree ď d has the form

ppx1, . . . , xnq “
ÿ

a1`...`anďd

ca1,...,anx
a1
1 . . . xann ,

so it can be identified with its sequence of
`

d`n
n

˘

coefficients, i.e. with a vector in Rpd`n
n q.

We equip this space with the Euclidean norm, and we consider its sphere Spd`n
n q´1. This

is the set of polynomials of degree ď d, whose vector of coefficients has Euclidean length
1. So, the polynomials in Spd`n

n q´1 are all non-zero.

We now define a map f : Spd`n
n q´1

Ñ RM , with

p Ñ

ˆ

|S1 X tp ą 0u| ´ |S1 X tp ă 0u, . . . , |SM X tp ą 0u| ´ |SM X tp ă 0u|

˙

.

We see that f is continuous, because if the coefficients of p change by very little, then the
sets where p is positive and negative, respectively, also change little. Also, f is odd, as
t´p ą 0u “ tp ă 0u and t´p ă 0u “ tp ą 0u. So, as long as

(57)
ˆ

d` n

n

˙

´ 1 ě M,

the Borsuk-Ulam asserts that there exists a p P Spd`n
n q´1 so that fppq “ 0. This polynomial

p is non-zero, has degree ď d, and bisects each Si volume-wise.

In other words, for every d satisfying (57), there exists a non-zero p P Rrx1, . . . , xns, with
deg p ď d, bisecting each Si. This still works for the smallest d in the range (57). Since
`

d`n
n

˘

„ dn, this smallest d satisfies
dn „ M,
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and thus d „ M1{n. The proof is complete. □

THEOREM 6.2.5. (Discrete polynomial ham-sandwich theorem, Guth-Katz, 2010) Let
S1, . . . , SM be finite sets of points in Rn. Then, there exists a non-zero polynomial p P Rrx1, . . . , xns,
with deg p À M1{n, whose zero set Zp bisects all the S1, . . . , SM simultaneously, in the sense
that

#pSi X tp ą 0uq ď
#Si
2

and #pSi X tp ă 0uq ď
#Si
2
, for all i “ 1, . . . ,M.

PROOF. For each δ ą 0, we consider the δ-neighbourhoods Sδ1 , . . . , S
δ
M of the sets

S1, . . . , SM . As long as δ is small enough, each Sδi is the union of #Si disjoint δ-balls.
By the polynomial ham-sandwich theorem, for d „ M1{n, there exists a polynomial
pδ P Spd`n

n q´1, bisecting each Si volume-wise. We choose a sequence δn Ñ 0 (e.g. δ “ 1
n ,

for n P N). Then, the sequence ppδnqnPN lives inside the compact set Spd`n
n q´1, therefore

it has a subsequence that converges to some p P Spd`n
n q´1 (with respect to the Euclidean

norm). We will show that this p, which has deg p ď d „ M1{n, has the desired bisecting
property.

For simplicity, we denote the above subsequence by ppnqnPN. The fact that pn Ñ p means
that the vectors of coefficients of the polynomials pn converge to the vector of coefficients
of p (coordinate-wise), so pn Ñ p uniformly on compact sets.

Suppose now for contradiction that, for some i P t1, . . . ,Mu,

#pSi X tp ą 0uq ą
#Si
2
.

In other words, p is positive on more than half of the points of Si. Let us denote these
points by x1, . . . , xk (where k ą

#Si

2 ). Since p is continuous on Rn, and these points are
finitely many, there exists ϵ ą 0 so that p is positive on the balls Bpx1, ϵq, . . . , Bpxk, ϵq.
Since pn Ñ p uniformly on Bpx1, ϵq Y . . . Y Bpxk, ϵq, for large n each pn is also positive
on Bpx1, ϵq Y . . .YBpxk, ϵq, and thus on Bpx1, δnq, . . . , Bpxk, δnqq (as, for large n, δn ă ϵ).
Moreover, these balls are disjoint for large n (as δn Ñ 0). This is a contradiction, as it
would imply that pn is positive on more than half the volume of Sδni .

□

We are now ready to prove the discrete polynomial partitioning theorem (whose state-
ment we recall):

THEOREM 6.2.6. (Polynomial partitioning for points, Guth-Katz, 2010) Let n P N, d ě 1
and S a finite set of points in Rn. Then, there exists a non-zero polynomial p P Rrx1, . . . , xns,
with deg p ď d, so that Zp splits Rn into „ dn cells (these are the connected components of
RnzZp, and some may be empty), each containing À

#S
dn points of S.

PROOF. We apply the discrete polynomial ham-sandwich theorem iteratively: First
we bisect S, splitting it into two parts, then we bisect each of these two parts, then we
bisect each of the four resulting parts, and so on. Each bisection happens with a polyno-
mial of low degree, and doubles the number of parts. We stop the process as soon as the
degree we have accumulated is roughly d.

Now for the details:
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By Theorem 6.2.5 applied to S, there exists a non-zero polynomial p1 P Rrx1, . . . , xns,
with deg p1 À 11{n, whose zero set Zp1 bisects S (in the sense of the theorem)1. I.e.,
RnzZp1 consists of 21 disjoint cells, tp1 ą 0u and tp1 ă 0u, each of which contains ď

#S
2

points of S.

By Theorem 6.2.5 applied to the two sets S X tp ą 0u and S X tp ă 0u, there exists a non-
zero p2 P Rrx1, . . . , xns, with deg p1 À 21{n, whose zero set Zp2 bisects both S X tp ą 0u

and S X tp ă 0u. I.e., RnzpZp1 Y Zp2q consists of 22 disjoint cells, tp1 ą 0u X tp2 ą 0u,
tp1 ą 0u X tp2 ă 0u, tp1 ă 0u X tp2 ą 0u and tp1 ă 0u X tp2 ă 0u, each of which contains
ď

#S
22

points of S.

We continue in a similar way. By the end of the j-th step, we have produced non-zero
polynomials p1, . . . , pj P Rrx1, . . . , xns, of degrees deg p1 À 2p1´1q{n, deg p2 À 2p2´1q{n, . . .,
deg pj À 2pj´1q{n, so that RnzpZp1 Y . . .YZpj q consists of 2j disjoint cells, each determined
by a choice of signs for the p1, . . . , pn, and each containing ď

#S
2j

points of S.

An important observation is that Zp1 Y . . . Y Zpj “ Zp1¨¨¨pj , so the above partitioning of
Rn is achieved by the zero set of the single non-zero polynomial p1 ¨ ¨ ¨ pj , whose degree
is

degpp1 ¨ ¨ ¨ pjq “ deg p1 ` . . .` deg pj ď Cnp1p1´1q{n ` . . .` 2pj´1q{nq,

for a constant Cn depending only on the dimension n.

We stop the partitioning process at the J-th step, where J is the largest integer so that

Cnp2p1´1q{n ` . . .` 2pJ´1q{nq ď d.

For this J ,
2p1´1q{n ` . . .` 2pJ´1q{n „ d.

Since

2p1´1q{n ` . . .` 2pJ´1q{n “

J´1
ÿ

k“0

p21{nqk „ p21{nqJ´1 „ 2J{n,

the J we are interested in satisfies 2J{n „ d, hence 2J „ dn. This is in fact the number of
cells at the end of the J-th step.

Therefore, at the end of this process, we have acquired a non-zero polynomial p :“
p1 ¨ ¨ ¨ pJ P Rrx1, . . . , xns, with deg p ď d, whose zero set Zp splits Rn into 2J „ dn cells,
each containing ď

#S
2J

„
#S
dn points of S.

□

Sketch of proof of Theorem 6.2.2. The proof of polynomial partitioning for a non-negative
mass f P L1pRnq is a small adaptation of the above argument. We simply need to adjust
the polynomial ham-sandwich theorem to the measure fpxqdx, rather than the Lebesgue
measure dx. With a similar argument, we prove that, for any S1, . . . , SM in Rn, there
exists a non-zero polynomial p P Rrx1, . . . , xns, with deg p À M1{n, which bisects each Si
with respect to the measure fpxqdx, meaning that

ż

SiXtpą0u

fpxq dx “

ż

SiXtpă0u

fpxq dx, for all i “ 1, . . . ,M

(with the implicit constant in the bound for deg p depending only on the dimension n).

1In fact, it is easy to see that p1 may be taken to be a hyperplane.
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Then, polynomial partitioning for any non-negative f P L1pRnq is proved similarly to
the discrete case: we first bisect the mass of f (on the whole of Rn), then we bisect each
of the two resulting masses, then each of the four resulting masses, and so on, each time
using a low-degree polynomial. We stop when we accumulate degree roughly d.

□

6.3. The numerology of the cellular case

Suppose that we wish to control the size of some finite set S in Rn, relative to #L, for
some family L of lines containing S. Polynomial partitioning may help us with this,
especially if the points of S lie on certain lines given by our problem. It asserts the
following:

There exists a non-zero polynomial p P Rrx1, . . . , xns, with deg p ď d, so that Zp splits Rn

into „ dn cells, each containing À
#S
dn points of S.

Then, independently of what d is, there are only two possible cases:

ÝÑ The cellular case. Á #S points of S (say, ą 1% of the points in S) lie outside of Zp
(i.e., inside the union of the cells).

ÝÑ The algebraic case. Á #S points of S (say, ą 90% of the points in S) lie on Zp.

If for some d ! p#Sq1{n we can somehow deal with the cellular case, either by contra-
dicting it or by solving our problem in that case, then we can assume that we are in the
algebraic case. That is, the problem is reduced to a case where most of our points cluster
on the zero set of a polynomial of degree considerably smaller than p#Sq1{n. This is much
stronger than what we would get from Dvir’s vanishing lemma.

Note that, a priori, there is no reason at all why one should be able to ‘deal’ with the
cellular case for small d. Indeed, if there was a standard way to reduce to the algebraic
case no matter what problem we started with, it would mean that all point-line incidence
problems have an underlying algebraic nature, which does not have to be true.

There exists, however, a standard way to at least attempt to deal with the cellular case:
working with a cell with average behaviour, i.e. a cell that contains its fair share of
points, and is crossed by its fair share of lines in L.

The existence of such a cell is ensured by the following lemma.

LEMMA 6.3.1. (Numerology of average cell) Suppose that we have partitioned S Ă Rn using
a polynomial of degree at most d, and that we are in the cellular case. Then, for any finite family
L of L lines in Rn, there exists a cell C of average behaviour, i.e. such that

C contains „
#S

dn
points of S

and

C is crossed by À
L

dn´1
lines in L.

ÝÑ Why might this be useful? In a cell C of average behaviour, we have a microscopic
picture of what we started with. In particular, we have fewer points (but not too few)
lying in fewer lines than those we started from. Therefore, induction on the number of
lines crossing C, or applying a known estimate inside C, may resolve the cellular case.
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The rest of this section is dedicated to the proof of Lemma 6.3.1. The claim directly
follows from the following two:

(i) A definite proportion (say, 1%) of the cells are such that each contains „
#S
dn

points of S, and
(ii) A large proportion of the cells are such that each is crossed by À L

dn´1 lines in
L. [By large proportion here we mean large enough so that, when added to the
proportion above, we get more than 100% (say, 99.5%).]

If (i) and (ii) hold, then there must exist a cell that satisfies both properties.

We now prove precise versions of (i) and (ii). By our assumption that we are in the
cellular case of polynomial partitioning, we know that there exist constants c1, c2 ą 0,
depending only on the dimension n, so that

each cell contains ď c1
#S

#cells
points of S

and

ě c2#S points of S are in the cells.

Proving (i). For the above constants c1 and c2, the following holds.

CLAIM 6.3.2. In the cellular case, ą c2
c1
% of the cells have the property that each contains „

#S
dn

points of S.

PROOF. Let us prove this claim. It suffices to show that ą c2
c1
% of the cells have the

property that each contains ą 0.0001c2
#S

#cells points of S (as #cells „ dn).

The proof is a simple counting argument. We will assume that this is false, and reach a
contradiction. Let

Cgood :“

"

cells each containing ą 0.0001c2
#S

#cells
points of S

*

and

Cbad :“

"

cells each containing ď 0.0001c2
#S

#cells
points of S

*

.

Our goal is to show that #Cgood ą c2
c1
%#cells.

A large proportion of S lies inside the cells:

(58)
ÿ

cells in Cgood

#tpoints of S in cellu `
ÿ

cells in Cbad

#tpoints of S in cellu ě c2#S.

On the other hand, the bad cells contribute very few points in total, as each contains very
few points of S:

ÿ

cells in Cbad

#tpoints of S in cellu ď #Cbad ¨ 0.0001c2
#S

#cells

ď #cells ¨ 0.0001c2
#S

#cells
“ 0.0001c2 ¨ #S.
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If we now assume for contradiction that the good cells are very few, and in particular that
#Cgood ď c2

c1
%#cells, it will follow that also the good cells contribute very few points:

ÿ

cells in Cgood

#tpoints of S in cellu ď #Cgood ¨ c1
#S

#cells

ď
c2
c1

¨ 0.01 #cells ¨ c1
#S

#cells
“ 0.01c2 ¨ #S.

This is a contradiction, as the good and bad cell contributions are not enough to yield
(58). So, our assumption that the good cells were very few must is false. In other words,
#Cgood ą c2

c1
%#cells, as desired. □

Proving (ii). We know that there exists a constant c0 ą 0, depending only on the dimen-
sion, so that

#cells ě c0d
n.

For this constant c0, the following holds (and in fact independently of whether we are in
the cellular case or not).

CLAIM 6.3.3. For any family L of L lines in Rn, and for any α P p0, 100q, ą α% of the cells
have the property that each is crossed by ď A L

dn´1 lines of L, where A :“ 1010

p100´αq% c0
.

The precise value of A is unimportant here; all that matters is that it depends only on α
(which we are free to choose as we please) and on the ambient dimension n. Observe
that we are free to make the percentage of these nice cells as large as we wish (as long as
we appropriately increase the factor A).

The proof of Claim 6.3.3 follows by a very simple double counting argument, which
in turned is based on the following lemma, which lies at the heart of the polynomial
method. This is why polynomial partitioning (that is, partitioning with the zero set of
a polynomial, rather than any other type of function), is so useful:

LEMMA 6.3.4. Any line in Rn enters at most d` 1 cells.

PROOF. Let ℓ be a line in Rn.

As ℓ passes from one cell to the next, it hits the zero set Zp of p (where p is the parti-
tioning polynomial). Indeed, recall that p is the product of polynomials p1, . . . , pJ which
appeared in the polynomial partitioning iteration, and that each cell is determined by a
different choice of signs for the p1, . . . , pJ . Therefore, for any two cells C1, C2, one of the
polynomials pi is, say, positive on C1 and negative on C2. Now, suppose that ℓ enters
both C1 and C2. Then, the one-variable polynomial ppiq|ℓ is positive on ℓ X C1 and neg-
ative on ℓ X C2, so, by the intermediate value theorem (it is continuous) it must vanish
in the transition between the ce lls. So, p|ℓ must also vanish in the transition between the
cells.

Therefore, if ℓ entered ě d` 2 cells, it would hit Zp ě d` 1 ě deg p` 1 times, so ℓ would
lie fully inside Zp. This is impossible, as in this case ℓ would enter 0 cells (rather than
d` 2 of them).

It follows that ℓ enters ď d` 1 cells. □

We are now ready to prove our earlier claim.
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PROOF OF CLAIM 6.3.3. Fix α P p0, 100q, and let L be a family of L lines in Rn. The
proof is a double counting argument: since each line in L enters a small number of cells,
the average cell must be entered by a small number of lines.

Let us first make a ’careless’ attempt at this. By the above lemma,
ÿ

ℓPL
#tcells crossed by ℓu ď L ¨ pd` 1q À Ld.

On the other hand, this sum also equals
ř

cells#tlines in L crossing the cellu, so
ÿ

cells

#tlines in L crossing the cellu À Ld.

Since however there are „ dn cells in total, some cell must contribute less than the aver-
age „ Ld

dn „ L
dn´1 to the sum above. In other words, there must exist at least one cell that

is crossed by À L
dn´1 lines.

This is not enough for us though; we wanted to show that a large proportion of the cells
(rather than just one cell) will have this property. So, we now run the argument with a
bit more care.

For A as in the statement, define

Cgood :“

"

cells each crossed by ď A ¨
L

dn´1
lines of L

*

and

Cbad :“

"

cells each crossed by ą A ¨
L

dn´1
lines of L

*

.

Our goal is to show that #Cgood ą α%#cells.

By the above,
ÿ

cells in Cgood

#tlines in L crossing the cellu `
ÿ

cells in Cbad

#tlines in L crossing the cellu

“
ÿ

cells

#tlines in L crossing the cellu

“
ÿ

ℓPL
#tcells crossed by ℓu

ď Lpd` 1q ď 2Ld.

(59)

In other words, both good and bad cells must contribute little to the sum. Let us now
assume for contradiction that #Cgood ď α% #cells. This must force the bad cells to be
many:

#Cbad ě p100 ´ αq% #cells.
But this forces the bad cells’ contribution to (59) to be too large. Indeed,

ÿ

cells in Cbad

#tlines in L crossing the cellu ě #Cbad ¨A
L

dn´1

ě p100 ´ αq% #cells ¨
1010

p100 ´ αq% c0
¨
L

dn´1

#cellsěc0dn

ě p100 ´ αq% c0d
n ¨

1010

p100 ´ αq% c0
¨
L

dn´1

“ 1010Ld,

which contradicts (59). So, the assumption that #Cgood ď α% #cells is false.
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□

Consider α P p0, 100q so that α% ` c2
c1
% ą 100%. By the pigeonhole principle, there must

exist a cell satisfying the bounds in both Claims 6.3.2 and 6.3.3. This completes the proof
of Lemma 6.3.1.

6.4. Dealing with the cellular case via induction

In this section we see how one may deal with the cellular case via induction, to then
reduce the problem of controlling #S to a problem where most of S lies on the zero set
Zp of the partitioning polynomial p.

REMARK 6.4.1. We emphasise here that induction is not the only way to deal with the
cellular case, and in fact it may be a crude way to do so. It may be more useful to
apply known, different estimates inside the average cell, rather than some inductive
hypothesis. We will soon see both approaches via a specific example (the joints problem,
a discrete analogue of the Kakeya maximal operator conjecture). However, since the
inductive proofs are by now streamlined, and are also used a lot in harmonic analysis,
we choose to dedicate this section to them alone.

□

Suppose that we have the following kind of problem.

Problem. Let pPq be some property, and let q ą 0. For every family L of L lines in Rn,
denote

SpLq :“ tx P Rn : the lines of L meeting at x satisfy pPqu.

Show that
#SpLq À Lq,

where the implicit constant depends only on the dimension n and on q.

ÝÑ Examples.

‚ When

SpLq “ tx P Rn : at least 2 lines of L pass through xu.

In this case, pPq is the property of having cardinality ě 2. And we know that

#SpLq ď

ˆ

L

2

˙

„ L2,

so indeed a formula of the desired form works, for q “ 2.
‚ When

SpLq “ tx P Rn : the directions of the lines of L through x span Rnu.

These points are called joints formed by L, and we will soon see that

#SpLq À L
n

n´1 ,

so again a formula of the desired form holds, for the magic exponent q “ n
n´1

of the Kakeya maximal operator conjecture (whose double also features in the
Fourier restriction conjecture).

When trying to control SpLq, we can of course apply polynomial partitiong to SpLq,
using a partitioning polynomial p of any degree d we wish. We will see that, as long as
q ą n

n´1 and d is simply a large constant, we can deal with the cellular case by induction,
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and reduce to the case where most of SpLq lies on Zp. Note that the algebraic surface
Zp now has very low degree (a large constant, independent of #SpLq). This reveals very
strong algebraic structure in our picture. In some sense, it is as if Zp is just a union of
very few planes, or anyway slightly curved surfaces.

We encode this information in the following lemma (the notation refers to the full gen-
erality in the statement of the Problem above).

LEMMA 6.4.2. Let that q ą n
n´1 . When trying to show that

#SpLq Àn,q,pPq L
q,

for any family L of L lines in Rn, it suffices to show the estimate when L Àn,q,pPq 1, and to then
assume that SpLq lies in the zero set Zp of a polynomial p P Rrx1, . . . , xns with deg p Àn,q 1.

PROOF. We are aiming for the estimate

(60) #SpLq ď Cn,q,pPqL
q,

for an appropriate constant Cn,q,pPq that will be determined later. We proceed by induc-
tion on L:

‚ The base case. We first show (60) for all families L of lines in Rn with L ď An,q,pPq, for
some constant An,q,pPq.

‚ The inductive hypothesis. Let L be an arbitrary family of L lines in Rn, with L ą

An,q,pPq. We will aim to show (60) for L, assuming that (60) holds for any family of lines
with strictly smaller cardinality.

‚ The start of the argument: polynomial partitioning. We apply polynomial parti-
tioning to SpLq, using an arbitrary degree d. We will then show that we can solve the
problem in the cellular case, as long as d is a large enough constant An,q. This will allow
us to reduce the problem to the algebraic case, where a large proportion of SpLq lies on
the zero set of the partitioning polynomial (which has degree ď An,q).

Indeed, let any d ě 1. We apply polynomial partitioning to SpLq with degree d. This
yields a non-zero polynomial p P Rrx1, . . . , xns, with deg p ď d, whose zero set Zp splits
Rn into „ dn cells, each containing À

#SpLq

dn points of SpLq.

We now have two cases.

ÝÑ The cellular case. ą 50% of SpLq lies in the cells.

ÝÑ The algebraic case. ą 50% of SpLq lies in the zero set Zp.

The point here is to find the lowest d for which we can get rid of the cellular case simply
via induction inside a cell of average behaviour.

Suppose that we are in the cellular case. We know that there exists a cell C of average
behaviour, meaning that

C contains „
#SpLq

dn
points of SpLq,

and
C is crossed by À

L

d2
lines of L.

Denoting by Scell the set of points of SpLq inside the cell C, by Lcell the set of lines in L
entering C, and by Lcell :“ #Lcell, the above means that

#Scell ě C1
#SpLq

dn
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and
Lcell ď C2

L

dn´1
,

for some constants C1, C2 depending only on the dimension n. Now, two observations
allow us to apply our inductive hypothesis to Scell and Lcell:

(1) Scell Ď SpLcellq, as the lines of Lcell are the only lines in L that enter the cell, and
thus they must satisfy the property (P) whenever they meet at points of Scell.
This further implies that

#SpLcellq ě C1
#SpLq

dn
.

(2) Lcell ă L, as long as d is larger than some constant depending only on n. Indeed,

Lcell ď C2
L

dn´1
ă L,

as long as dn´1 ą C2, or equivalently

(61) d ą C
1

n´1

2 .

From now on, we assume that the d we are using has this property.

This means that we can apply the inductive hypothesis to Lcell, to obtain that

#SpLcellq ď Cn,q,pPqL
q
cell.

Replacing in this estimate the above bounds for #SpLcellq and Lcell, we deduce that

C1
#SpLq

dn
ď Cn,q,pPq

ˆ

C2
L

dn´1

˙q

,

or equivalently that

#SpLq ď
Cq2C

´1
1

dqpn´1q´n
¨ Cn,q,pPqL

q.

Note that the power qpn ´ 1q ´ n in the denominator is strictly positive, exactly because

q ą n
n´1 . Therefore, as long as d is a large enough constant, the factor Cq

2C
´1
1

dqpn´1q´n is smaller
than 1, and the desired estimate

#SpLq ď Cn,q,pPqL
q

is obtained in the cellular case. All we need is

dqpn´1q´n ě Cq2C
´1
1 ,

or equivalently

(62) d ě pCq2C
´1
1 q

1
qpn´1q´n .

Combining (61) and (66), we see that, as long as our d was any integer d satisfying

d ě An,q :“ max

"

C
1

n´1

2 , pCq2C
´1
1 q

1
qpn´1q´n

*

,

the desired estimate
#SpLq ď Cn,q,pPqL

q

has been proved in the cellular case.

This works for any d in the above range, and thus for d „ An,q. Therefore, for such d,
the cellular case is resolved, and we may thus assume that we are in the algebraic case:
ą 50% of S lies in Zp, where now deg p À An,q.

□
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In the next sections, we will see how to apply polynomial partitioning in a specific exam-
ple, the joints problem. This may be viewed as a discrete analogue of the Kakeya problem.

6.5. The joints problem

Recall that the Kakeya maximal operator conjecture claims that, for any n ě 2, for any
δ ą 0, and any family T of δ-separated δ-tubes in Rn,

ż

xPRn

#ttubes in T through xu
n

n´1 dx is small.

This is known only for n “ 2: in this case, the proof is quite simple, as n
n´1 “ 2, so the

multiplicity in the integrand represents the number of pairs of tubes through each x - in
other words, it has a combinatorial meaning. For all n ě 3, this is no longer the case.

The Kakeya maximal operator conjecture is difficult because the tubes have volume. This
means that their overlap depends on the angle at which they meet - and things become
more complicated the more tubes meet at a point. It thus makes sense to create a discrete
analogue of the problem, where instead of tubes we have lines in Rn. Things are simpler
then: if two lines intersect, they do so at a single point.

In the Kakeya maximal operator conjecture, the separation of the tubes is due to their
thickness - it is necessary so that the tubes look distinct (even when they intersect). Lines
have no thickness, so, in our discrete analogue, it makes sense to not impose any sepa-
ration conditions on their directions.

The discrete analogue we will now discuss is the joints problem. This appeared com-
pletely independently in the 1980s, in the world of computer science. It was Thomas
Wolff who noticed that it is connected to the Kakeya problem.

DEFINITION 6.5.1. (Joints) Let L be a set of lines in Rn. We say that a point x P Rn is a joint
formed by L if the directions of the lines in L that pass through x span Rn. We denote by JpLq

the set of joints formed by L.

In R2, any two (distinct) lines that intersect form a joint at their intersection. In R3, a
family L of lines forms a joint at a point x if the lines in L that pass through x are not
coplanar. As n gets larger, it is harder and harder for a joint to be formed.

We can now create a discrete analogue of the Kakeya maximal operator conjecture:

Question. Let L be a finite set of lines in Rn. Is it true that
ÿ

xPJpLq

#tlines in L through xu
n

n´1 is small?

Ideally, like in the Kakeya maximal operator conjecture, we would like to control the
above sum simply in terms of #L (and independently of how the lines are distributed
in Rn). Of course, if we want to answer this question, to begin with we should be able to
simply control #JpLq (which is the same sum, but with power 0 in place of n

n´1 ).

The question of controlling the number of joints formed by L lines in Rn appeared in
1983 in computer science, and it was solved in 2009 using the polynomial method (Dvir’s
vanishing lemma).
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THEOREM 6.5.2. (Quilodrán, Kaplan-Sharir-Shustin, 2009) Let n ě 2. There exists a
constant Cn, depending only on n, so that, for any family L of L lines in Rn,

#JpLq ď Cn L
n

n´1 .

ÝÑ Observations.

‚ The joints estimate is trivial for n “ 2. Indeed, for any family L of L lines in R2, every
joint lies in at least 2 lines of L (of course this is also true in all dimensions). Therefore,

#JpLq ď #tpairs of lines in Lu “

ˆ

L

2

˙

„ L2.

In other words, just as in the Kakeya maximal operator conjecture in two dimensions
(where the exponent n

n´1 “ 2 leads us to consider the overlap of pairs of tubes), in the
joints problem as well the same exponent leads us to consider intersections of pairs of
lines - so the problem is easy.

In all higher dimensions, however, the joints problem was open for about 30 years.

‚ The bound in the joints theorem is optimal in all dimensions, in the sense that, for every
n ě 2, and every L P N, there exists a collection L of „n L lines in Rn, so that

#JpLq „n L
n

n´1 .

This is easy to see; for example, consider axis-parallel lines, and the grid of points where
they intersect.

□

In the upcoming sections, we will see:

‚ the proof of the joints theorem using Dvir’s vanising lemma,
‚ the proof of the slightly weaker estimate

#JpLq Àn,ϵ L
n

n´1
`ϵ, for all ϵ ą 0

using polynomial partitioning (here we will get rid of the cellular case using
induction in the average cell, as in the previous section),

‚ a stronger estimate, in particular the discrete analogue
ÿ

xPJpLq

#tlines in L through xu
3
2 Æ L

3
2

of the Kakeya maximal operator conjecture in R3, using polynomial partitioning
(and a known theorem in the average cell, instead of induction, to get rid of the
cellular case). In the above, the Æ notation hides multiplicative factors of the
form plogLqcn .

6.6. Counting joints using Dvir’s vanishing lemma (Quilodrán’s proof)

We first recall the joints theorem. The rest of the section is a presentation of Quilodrán’s
proof.

THEOREM 6.6.1. (Quilodrán, Kaplan-Sharir-Shustin, 2009) Let n ě 2. There exists a
constant Cn, depending only on n, so that, for any family L of L lines in Rn,

#JpLq ď Cn L
n

n´1 .
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Quilodrán’s proof is based on the following proposition, which demonstrates the alge-
braic nature of the joints problem.

PROPOSITION 6.6.2. Let L be a collection of L lines in Rn, and let J be a subset of JpLq.
Suppose that a non-zero polynomial p P Rrx1, . . . , xns vanishes on J . Then,

#J ď L ¨ deg p.

PROOF. The proof is accomplished in two steps. The idea is that the estimate, roughly,
claims that each line contains ď deg p joints. This is not actually true, however it is true
in terms of an iterative process: we will first find one line that contains ď deg p joints,
in the remaining collection of lines there will exist another line containing ď deg p joints,
and so on. In the first step we find some line with few joints, and in the second step we
will count the joints by iteratively applying the first step.

Step 1. This step involves the core of the argument, i.e. the following.

CLAIM 6.6.3. There exists a line in L containing ď deg p joints of J .

We prove the claim by contradiction.

‚ Suppose that each line ℓ P L contains ą deg p joints of J .

‚ We know that p vanishes on J (as it vanishes on the whole of JpLq). Therefore, for each
ℓ P L, p vanishes along ℓ more times than its degree. This means that ℓ Ď Zp, for all ℓ P L.

Observe how the vanishing property of p has propagated from J to all the lines in L.
This is a key point in any polynomial method argument.

‚ The fact that all lines in L lie in Zp implies that, for each joint x P J , there cannot exist a
tangent space to Zp at x.

Indeed, let x P J . We know that x is a joint formed by L, so the lines in L through x
have directions that span Rn. At the same time, these lines all live inside Zp. So, if there
existed a tangent space to Zp at x, it would have to be tangent to all these lines, and
this would force all these lines to live inside this tangent space. Then, however, they
would not be able to form a joint at x: their directions would span something at most
pn´ 1q-dimensional.

Observe how the fact that all our lines are in Zp implies further structural information,
specifically between the relationship of our joints with Zp. This is a huge advantage of
the polynomial method here: the revelation of the algebraic surface Zp inside our picture
reveals structure that was originally hidden from us.

‚ The above implies that, for each joint x P J , ∇ppxq “ 0.

Indeed, let x P J . If we had ∇ppxq ‰ 0, then there would exist a tangent space to Zp at x
(and ∇ppxq would be its normal).

‚ Therefore, some there exists some non-zero polynomial g that vanishes on J and has lower-
degree than p.

Indeed, p is a non-zero function which vanishes somewhere (e.g. on J). Therefore, one of
its partial derivatives Bx1p, . . . , Bxnpmust be a non-zero polynomial (as if all these partial
derivatives were zero, p would be constant, and thus zero everywhere on Rn, which is
not true).

‚ The above would be a contradiction if we had started with p a non-zero polynomial of
minimal degree vanishing on J (which we may well have). So, we run our argument above
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with such a non-zero polynomial g in place of p (which of course satisfies deg g ď deg p),
and we show by contradiction that some ℓ P L contains ď deg g (and thus ď deg p) points
of J .

Step 2. We iteratively apply Step 1. We find a line in L containing ď deg p joints of J , and
we remove it (and the joints that it carries) from our collection. Amongst the remaining
lines, we find another containing ď deg p of the remaining joints of J , and we remove
it (and the joints that it carries) from our collection. And so on! Eventually we have
removed all the lines (and thus all the joints of J) in ď L steps, having removed ď deg p
joints of J at each step. So, it must be true that #J ď L ¨ deg p.

Now for the details:

‚ p vanishes on J , so, by Claim 6.6.3, there exists ℓ1 P L such that

#pJ X ℓ1q ď deg p.

We remove ℓ1 from our collection of lines, and the joints in J X ℓ1 from our collection of
joints. In this step, we have removed ď deg p joints of J .

The remaining joints of J are those in J1 :“ JzpJ X ℓ1q, and they are joints formed by
the remaining lines, i.e. those in L1 :“ Lztℓ1u (since they are joints formed by L, but ℓ1
doesn’t pass through them).

‚ Since p vanishes on J1 (as it vanishes on the whole of J), by Claim 6.6.3 there exists
ℓ2 P L1 (i.e., a line in L different from ℓ1), so that

#pJ1 X ℓ2q ď deg p.

We remove ℓ2 from our collection of lines, and the joints in J1 X ℓ2 from our collection of
joints. In this step, we have again removed ď deg p joints of J .

The remaining joints of J are those in Jz pJ X pℓ1 Y ℓ2qq, and they are joints formed by
the remaining lines, i.e. those in L2 :“ Lztℓ1, ℓ2u.

‚ We keep repeating this argument, until there are no lines (and thus no joints) left. This
means that our iteration has L steps, at each of which we have removed ď deg p joints of
J . And by the end of the final step, all joints of J have been removed. Therefore,

#J ď #pstepsq ¨ #pjoints of J removed at each stepq ď L ¨ deg p.

□

The proof of the joints theorem (Theorem 6.6.1) is now a simple combination of Proposi-
tion 6.6.2 (which tells us that we can count joints if some polynomial vanishes on them)
with Dvir’s vanishing lemma (which asserts that some polynomial, of quite low degree,
indeed vanishes on the joints).

PROOF OF THEOREM 6.6.1. Let L be a family of L lines in Rn.

By Dvir’s vanishing lemma, there exists a non-zero polynomial p P Rrx1, . . . , xns, with
deg p À #JpLq1{n, which vanishes on JpLq.

By Proposition 6.6.2,

#JpLq ď deg p ¨ L À #JpLq1{n ¨ L.

Rearranging, this gives

#JpLq
n´1
n À L,
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or equivalently
#JpLq À L

n
n´1 .

□

Something to remember. By Proposition 6.6.2, as soon as we find some non-zero
polynomial p vanishing on some joints (formed by a collection L of L lines), then
we know that the joints are ď deg p ¨ L. So, the lower the degree, the better bounds
we get for those joints.
There exist of course collections L of lines for which #JpLq „ L

n
n´1 , so Dvir’s de-

gree bound is optimal, if we look at the whole of JpLq (for arbitrary collections L).
However, if we look at appropriate subcollections of JpLq, with particular struc-
ture in space, then maybe we can find lower-degree polynomials that vanish on
those joints.
This idea will be useful later on, when we will show the discrete analogue

ÿ

xPJpLq

#tlines in L through xu3{2 Æ L3{2

of the Kakeya maximal operator conjecture in R3 (a stronger estimate), using poly-
nomial partitioning.

6.7. Counting joints using polynomial partitioning

In this section we will prove, for practice, the following slightly weaker version of the
joints theorem, using polynomial partitioning (and specifically resolving the cellular case
using induction inside a cell of average behaviour).

THEOREM 6.7.1. Let n ě 2. For every ϵ ą 0, there exists a constant Cn,ϵ, depending only on n
and ϵ, so that, for every family L of L lines in Rn,

#JpLq ď Cn,ϵ L
n

n´1
`ϵ.

PROOF. Let ϵ ą 0.

The idea is the following: Since the exponent n
n´1 ` ϵ is strictly larger than n

n´1 , we know
that, if we apply polynomial partitioning to JpLq, using as d simply a large constantDn,ϵ,
then the cellular case will be resolved using induction inside a cell of average behaviour.
So, we will reduce the problem to the algebraic case, in which the majority of JpLq lies
in the zero set of the partitioning polynomial. In this case, the partitioning polynomial
p, which has deg p ď d “ Dn,ϵ, will vanish on a large proportion of JpLq. By Propo-
sition 6.6.2, it will follow that #JpLq ď L ¨ deg p „n,ϵ L, which is even better than the
desired estimate. So, the algebraic case will also be resolved.

Let us see the details. We prove the desired estimate by induction on L.

‚ Base case. For all collections L of lines in Rn, with cardinality L ď 100, it holds that

#JpLq ď

ˆ

L

2

˙

„ L2 ď L
n

n´1 1002´ n
n´1 ď Cn L

n
n´1

`ϵ,
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for an appropriately large constant Cn.

‚ Inductive hypothesis. Let L P N, and suppose that, for any family L1 of lines in Rn,
with #L1 ă L, we have shown that

(63) #JpL1q ď Cn,ϵ p#L1q
n

n´1
`ϵ,

for an appropriate constant Cn,ϵ depending only on n and ϵ, which is ą Cn and will be
specified later (so that the induction will close).

‚ Inductive step. Now, let L be a collection of L lines in Rn. We will show that

(64) #JpLq ď Cn,ϵ L
n

n´1
`ϵ

as well (for the same constant Cn,ϵ that appears in the inductive hypothesis).

We perform polynomial partitioning on JpLq, using some degree d which will be spec-
ified later. Independently of the choice of d, this yields a non-zero polynomial p P

Rrx1, . . . , xns, with deg p ď d, whose zero set Zp splits Rn in „ dn cells, each contain-
ing À

#JpLq

dn points of JpLq.

There are now two cases:

ÝÑ The cellular case: ą 50% of the points of JpLq lie inside the cells.

ÝÑ The algebraic case: ą 50% of the points of JpLq lie on Zp.

‚ Suppose we are in the cellular case. Then, there exists a cell C demonstrating average
behaviour, meaning that

C contains „
#JpLq

dn
points of JpLq,

and

C is intersected by À
L

dn´1
lines of L.

The implicit constants hiding above depend only on n. Therefore, denoting by Jcell the
points of JpLq X C, by Lcell the set of lines in L that intersect C, and Lcell :“ #Lcell, the
above means that

#Jcell ě C1
#JpLq

dn

and

Lcell ď C2
L

dn´1
,

for some constants C1 and C2 that depend only on n.

The points in Jcell are joints formed by Lcell (since they are joints formed by L, but the
rest of the lines in L do not enter the cell). Moreover, using d so that

dn´1 ě 2C2,

or equivalently

(65) d ě p2C2q
1

n´1 ,

it follows that

Lcell ď C2
L

dn´1
ď C2

L

2C2
“
L

2
ă L.

Therefore, the inductive hypothesis (63) holds for Lcell, and gives

#Jcell ď Cn,ϵ pLcellq
n

n´1
`ϵ
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(for the constant Cn,ϵ that appears in the inductive hypothesis). Replacing in this esti-
mate the earlier bounds for #Jcell and Lcell, we obtain

C1
#JpLq

dn
ď Cn,ϵ

ˆ

C2
L

dn´1

˙
n

n´1
`ϵ

,

or equivalently

#JpLq ď

¨

˝

C
n

n´1
`ϵ

2 C´1
1

dpn´1qϵ

˛

‚¨ Cn,ϵ L
n

n´1
`ϵ,

which in turn is ď Cn,ϵ L
n

n´1
`ϵ if

C
n

n´1
`ϵ

2 C´1
1

dpn´1qϵ
ď 1,

or equivalently

(66) d ě

´

C
n

n´1
`ϵ

2 C´1
1

¯

1
pn´1qϵ

.

Combining the two conditions (65) and (66) on the degree d, the desired estimate

#JpLq ď Cn,ϵ L
n

n´1
`ϵ

indeed holds (that is, the induction closes) in the cellular case, as long as we have used

d ě max

#

p2C2q
1

n´1 ,
´

C
n

n´1
`ϵ

2 C´1
1

¯

1
pn´1qϵ

+

We fix d :“ Dn,ϵ from now on, the smallest integer satisfying the above. The cellular case
has been resolved for this d.

‚ It remains to show the desired estimate (64) in the algebraic case (for d “ Dn,ϵ).

In this case, we know that ą 50% of the points of JpLq live in Zp. We denote by J this set
of joints. We have thus found a subset J of JpLq, with

#J ě
1

2
#JpLq,

so that the partitioning polynomial p vanishes on J . And deg p ď d “ Dn,ϵ.

By Proposition 6.6.2, it immediately follows that

#J ď deg p ¨ L ď Dn,ϵ L ď Dn,ϵ L
n

n´1
`ϵ,

and thus
#JpLq ď p2 ¨Dn,ϵq L

n
n´1

`ϵ.

So, the induction closes in this case too, as long as the multiplicative constant Cn,ϵ that
we chose in our inductive hypothesis satisfies

Cn,ϵ ě 2Dn,ϵ.

Therefore, fixing
Cn,ϵ :“ maxtCn, 2Dn,ϵu

(where, recall, Cn is the multiplicative constant that appeared in the base case of our
induction process), the inductive argument closes in the algebraic case too, and the proof
is complete.

□
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6.8. Counting joints with multiplicities in R3 (using polynomial partitioning)

In this section we will prove a stronger estimate for n “ 3, specifically the discrete ana-
logue of the Kakeya maximal operator conjecture in R3, using polynomial partitioning.

PROPOSITION 6.8.1. For every collection L of L lines in R3, it holds that
ÿ

xPJpLq

#tlines in L through xu
3
2 À logL ¨ L

3
2

The idea here is to sort the joints in JpLq in „ logL groups, according to how many
lines pass through each joint. In particular, the group Jk will contain the joints in JpLq,
through each of which „ k lines of L are passing (specifically, ě k and ă 2k lines of L).
Then, we will control each #Jk independently: we will show that

#Jk k
3{2 À L3{2.

Adding over the logarithmically many k will give the desired estimate.

To control each #Jk as above, we will apply polynomial partitioning to Jk. However,
since the exponent in the RHS is exactly 3{2, we know that induction inside a cell of
average behaviour will not resolve the cellular case. Instead:

‚ We will apply partitioning with a polynomial of more interesting degree (than just a large
constant),

‚ We will resolve the cellular case by applying a known theorem (which counts points)
inside the average cell.

In other words, this approach does not involve induction.

The theorem that will produce the interesting degree, and which we will also apply in-
side the average cell, is the Szemerédi-Trotter theorem. There are some simple proofs of the
Szemerédi-Trotter theorem (compared to the original one), e.g. a proof using the cross-
ing number inequality from graph theory, and another using polynomial partitioning.
We will not prove the Szemerédi-Trotter here, but we will discuss it, before proceeding
to the proof of Proposition 6.8.1. In fact, we present here a slightly weaker version of the
original theorem, since it is a bit more intuitive and serves our purposes.

THEOREM 6.8.2. (Szemerédi-Trotter, 1983) For any family L of L lines in R2, and every
k ě 2, denote

Sk :“ tx P R2 : ě k and ă 2k lines of L pass through xu.

Then,

#Sk À
L

k
`
L2

k3
.

The implicit constant above is independent of L and k.

ÝÑ Observations.

‚ While the Szemerédi-Trotter theorem is phrased for R2, it actually holds inside any Rn.
Indeed, any finite collection L of lines inside Rn can be projected to R2, in a way that the
number of projected lines remains the same, and so that the number of projected lines
that meet at each projected point of Sk remains the same (in fact, a generic projection will
work).
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‚ There are two terms that control #Sk: L
k and L2

k3
. According to the range of k, one of

them is dominant. In particular,

(67) #Sk À

#

L2

k3
, if k À L1{2,

L
k , if k Á L1{2.

‚ Each of the above two bounds is non-trivial. Indeed, since k ě 2, we know that at least
2 lines of L pass through each point of Sk. So, a trivial bound would come from counting
the pairs of (distinct) lines in L that pass through the points of Sk:

#Sk k
2 „

ÿ

xPSk

ˆ

k

2

˙

“
ÿ

xPSk

#tpairs of distinct lines in L passing through xu

ď #tpairs of distinct lines in Lu

“

ˆ

L

2

˙

„ L2.

In other words, a trivial estimate is

#Sk À
L2

k2
.

Both bounds in (67) are much stronger than this:

– The bound L2

k3
(which is dominant for small k) tells us that we can gain a whole extra

power of k in the bound’s denominator.

– The bound L
k (which is dominant for large k) tells us that, at least numerogically, the

Sk behave like roots of distinct bushes, out of which „ k lines of L emanate.

We are now ready to prove Proposition 6.8.1.

PROOF OF PROPOSITION 6.8.1. Let L be a collection of L lines in R3. For each dyadic
k ě 2, i.e. any k of the form 2m, for some m P N, denote

Jk :“ tx P JpLq : ě k and ă 2k lines of L pass through xu.

Observe that
JpLq “

ğ

dyadic kPr2,Ls

Jk,

as at least 3 and at most L lines of L pass through each joint in JpLq. Therefore,
ÿ

xPJpLq

#tlines in L through xu3{2 „
ÿ

dyadic kPr2,Ls

Jk k
3{2.

Now, the number of dyadic k in r2, Ls is „ logL. Indeed, it equals „ M , where M is the
smallest integer satisfying 2M ě L, in which case M „ logL.

So, it suffices to show that

(68) #Jk k
3{2 À L3{2

for each dyadic k P r2, Ls. We will prove (68) for all k P r2, Ls (k being specifically dyadic
doesn’t matter in terms of this).

So, let k P r2, Ls.
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If k ě L1{2: Then, by the Szemerédi-Trotter theorem,

#Jk À
L

k

L
k

ě1

ď

ˆ

L

k

˙3{2

,

hence #Jkk
3{2 À L3{2, as desired. In other words, (68) holds for ‘large’ k.

If k ă L1{2: Then, by the Szemerédi-Trotter theorem,

#Jk À
L2

k3
.

Therefore, for an appropriate absolute constantA (independent of L and k), #Jk ď A¨L
2

k3
,

so the quantity

d :“ A ¨
L2

#Jk k3

is larger than 1, and can thus play the role of the upper bound for the degree of a parti-
tioning polynomial.

In particular, for this d, we apply polynomial partitioning to Jk. This yields a non-zero
polynomial p P Rrx1, x2, x3s, with deg p ď d, whose zero set Zp splits R3 in „ d3 cells,
each containing À

#Jk
d3

points of Jk.

There are now two cases:

ÝÑ The cellular case. ą 50% of the points of Jk lie inside the cells.

ÝÑ The algebraic case. ą 50% of the points of Jk lie on Zp.

‚ Suppose that we are in the cellular case. Then, there exists a cell C, so that, denoting

Jk,cell :“ Jk X C, Lcell :“ tlines in L that enter Cu, and Lcell :“ #Lcell,

we have
#Jk,cell „

#Jk
d3

and Lcell À
L

d2
.

Each point in Jk,cell lies in ě k and ă 2k lines of Lcell (as the rest of the lines in L do not
enter the cell). Therefore, by the Szemerédi-Trotter theorem,

#Jk,cell À
Lcell

k
`
L2
cell

k3
,

so

#Jk,cell À
L2
cell

k3
or #Jk,cell À

Lcell

k
.

The estimate #Jk,cell À
L2
cell
k3

is impossible, as long as the large constantA in the definition

of d has been chosen to be appropriately large. Indeed, #Jk,cell À
L2
cell
k3

would imply that

#Jk
d3

À
pL{d2q2

k3
,

or equivalently

d À
L2

#Jk k3
,

a contradiction for A larger than the multiplicative constant hiding above. So, making

sure that our A is this large, #Jk,cell À
L2
cell
k3

is impossible, and therefore

#Jk,cell À
Lcell

k
.
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This implies that
#Jk
d3

À
pL{d2q

k
,

or equivalently

#Jk k À Ld
d„ L2

#Jk k3

„ L ¨
L2

#Jk k3
,

whence
#J2

k k
4 À L3.

Rearranging, we obtain the estimate

#Jk À
L3{2

k2
,

which is even better than the desired estimate #Jk À L3{2

k3{2 .

Therefore, (68) holds in the cellular case.

‚ It remains to deal with the algebraic case. In this case, denote by J the set of joints in
Jk which lie on Zp; we know that #J Á #Jk.

Since p vanishes on J , Proposition 6.8.1 implies that

#J ď L ¨ deg p.

Therefore, recalling that d „ L2

#Jk k3
, we obtain

#Jk À L ¨
L2

#Jk k3
,

or equivalently

#Jk À
L3{2

k3{2
,

as desired. So, (68) has also been proved in the algebraic case.

□

6.9. Polynomial partitioning in Fourier restriction theory: a taste

In this section, we explain the basics of how polynomial partitioning can be used in the
Fourier restriction problem2.

Thanks to the wave-packet decomposition of functions supported close to Σ, polynomial
partitioning works well for L2-based estimates, e.g. estimates of the form

(69) } yfdσ}LppBRq ď CϵR
ϵ}f}2, f P L2pΣq.

Moreover, perhaps it will not be a surprise (given our applications of polynomial parti-
tioning to discrete examples, as well as from the way Khinchin’s inequality turns Fourier
restriction estimates into Kakeya maximal operator estimates) that polynomial partition-
ing also works well when p ą 2n

n´1 (the Fourier restriction exponent).

Of course, we have seen the proof of (69) for the best possible p (p “
2pn`1q

n´1 ), and without
anyRϵ-loss (the Stein-Tomas theorem). Even so, (69) is still a very good toy model to test
polynomial partitioning, because:

2The ideas here are based on L. Guth’s article ‘A restriction estimate using polynomial partitioning’
(JAMS, 2016, https://arxiv.org/pdf/1407.1916).
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‚ Even when people are trying to show restriction estimates that are not L2-based, they
instead first tackle other estimates with polynomial partitioning, such as multilinear in-
equalities, which are L2-based (and then they transform these estimates into the Fourier
restriction estimates they want).

‚ The way they tackle these different L2-based estimates is very similar to the approach
we will see now for (69).

Here we go...

Polynomial partitioning approach to (69).

ÝÑ Considering functions on NR´1Σ. To begin with, recall that we can consider, in-
stead of f P L2pΣq, an appropriately fattened function ffat, for any R ě 1, supported on
NR´1Σ, so that

| yfdσ| „ R | qf | on BR
and

}f}L2pΣq „ R1{2}ffat}L2pRnq.

Given this, it suffices to show that, for all ϵ ą 0, there exists Cϵ ą 0 so that

(70) }qg}LppBRq À CϵR
ϵR´1{2}g}2, g P L2pRnq, suppg Ď NR´1Σ

for all such fattened versions g.

We now fix R ě 1 and ϵ ą 0, and we aim for (70). For simplicity, we denote by D the
class of functions g that feature in (70), for this given R.

ÝÑ Inductive hypothesis on the radius. We may assume that, for all 1 ď ρ ă R
2 , it holds

that

(71) }qg}LppBρq À Cϵρ
ϵR´1{2}g}2, for all g P D.

The reason is that (71) trivially holds for 1 ď ρ ď 100 (for Cϵ large enough), as

`

}qg}LppB100q

˘1{p
“

ˆ
ż

B100

|qg|p
˙1{p

ď |B100|
1
p ¨ }g}L1pNR´1Σq À |NR´1Σ|1{2}g}2 „ R´1{2}g}2,

for all g P D.

ÝÑ Recalling the wave-packet decomposition of g. Consider TR “ YθPΘTpθq, a col-
lection of R1{2 ˆ ¨ ¨ ¨ ˆ R1{2 ˆ R tubes inside BR, so that Θ consists of Op1q-overlapping,
R´1{2-separated caps covering Σ, and the tubes in Tpθq are all pointing to the normal to
θ. Then, we can write

g “
ÿ

TPTR

gT ,

where each xgT is essentially supported in T (in the sense that it decays quickly outside
RϵT ). Importantly, the gT are essentially pairwise orthogonal, so

}g}22 „
ÿ

TPTR

}gT }22,

so it suffices to show that
›

›

›

›

ÿ

TPTR

|gT

›

›

›

›

LppBRq

ď CϵR
ϵR´1{2

˜

ÿ

TPT
}gT }22

¸1{2

(with perhaps a slightly altered constant Cϵ).
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ÝÑ Inductive hypothesis on the number of tubes in the wave-packet decomposition
of g. Let M P N, M ď #TR. We may assume that, for any subcollection W Ď TR, with
#W ă M , the estimate

(72)
›

›

›

›

ÿ

TPW
|gT

›

›

›

›

LppBRq

ď CϵR
ϵR´1{2

˜

ÿ

TPW
}gT }22

¸1{2

holds. The reason is that (72) holds when #W À 1. Indeed, let T P TR, and denote by
θpT q the smallest R´1{2 ˆ ¨ ¨ ¨ ˆR´1{2 ˆR´1-rectangle along Σ, with normal the direction
of T . Then, recall from the wave-packet decomposition section that

gT “ ckexppkqψθ

for some k and some exponential function exppkq of unit length pointwise, where ψθ is a
smooth bump function adapted to θ. Therefore,

|gT “ ck|θ|ψT ,

where ψT is a Schwartz function adapted to T (it is a smooth version of χT that decays
quickly outside RϵT ). Therefore,

}gT }2 “ |ck| ¨ |θ|1{2,

while
}|gT }LppBRq „ |ck| ¨ |θ| ¨ |T |1{p.

So, indeed
}|gT }LppBRq ď CϵR

ϵR´1{2 }gT }2

if and only if

|θ| ¨ |T |1{p ď CϵR
ϵR´1{2 ¨ |θ|1{2.

or equivalently (since |θ| “ |T |´1)

1 ď CϵR
ϵR´1{2 ¨ |θ|´1{2 ¨ |T |´1{p “ CϵR

ϵR´1{2 ¨ |T |
1
2

´ 1
p “ CϵR

ϵR´1{2
´

R
n`1
2

¯
1
2

´ 1
p
,

which holds for all p ě
2pn`1q

n´1 (as then 1
2 ´ 1

p ě 1
n`1 ).

ÝÑ The inductive step. We now fix g P D. Our goal is to show that, for any T Ď TR
with #T “ M ,

(73)
›

›

›

›

ÿ

TPT
|gT

›

›

›

›

LppBRq

ď CϵR
ϵR´1{2

˜

ÿ

TPT
}gT }22

¸1{2

.

Fix such T.

‚ Polynomial partitioning. Setting

f :“
ÿ

TPT
gT ,

in which case
qf “

ÿ

TPT
|gT ,

we see that our goal is to show that
ż

BR

| qf |p ď CpϵR
pϵR´p{2}f}

p
2.
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Since we wish to control
ş

| qf |pχBR
, we apply polynomial partitioning to | qf |pχBR

, with
some degree d that will be decided later. This yields some non-zero polynomial p P

Rrx1, . . . , xns, with deg p ď d, whose zero set Z splits Rn into „ dn cellsC, each satisfying

ż

CXBR

| qf |p “

ş

BR
| qf |p

#cells
„

ş

BR
| qf |p

dn
.

‚ An issue: a tube can enter a huge number of cells. Our situation, at first glance, appears
nicer than the corresponding one in discrete problems:

- we only have a cellular case (the zero set Z contributes nothing to the total mass, since
it has measure 0), while also

- every cell contains exactly the same amount of mass.

To be able to run the cellular case as in the discrete setting, we would also like to know
that the average cell is intersected by À

#T
dn´1 tubes in T. If that was the case, then we

would choose such an average cell C, we would apply our inductive hypothesis (72)
inside C, and we would hope for our induction process to close.

We need to be careful though. In the discrete setting, given a family L of lines in Rn,
we proved that the average cell is intersected by À

#L
dn´1 lines of L using that every ℓ P L

enters ď d` 1 cells.

In our continuous setting, this is no longer the case. Let T P T. While every line ℓ inside T
and parallel to T (such as its central axis) enters ď d`1 cells, the tube T itself can enter as
many cells as it wishes (even all of them!). So, we cannot deduce that every tube enters
few cells, and thus we cannot conclude that the average cell is intersected by few tubes.

‚ An adjustment to partitioning, to fix the issue. To fix the above problem, we make
an adjustment to our partitioning. Motivated by the fact that each |gT is negligible out-
side RϵT , we thicken Z by R1{2`ϵ, the width of the tubes RϵT . So, instead of having a
partitioning surface Z, we now have a partitioning ’wall’

W :“ N 1
2
R1{2`ϵZ XBR,

and shrunken cells
C 1 :“ pCzW q XBR,

(over all original cells C). Therefore, while the partitioning polynomial has not changed,
we now use that

BR :“ W \
ğ

shrunken cells C1

C 1.

The number of new cells has also not changed: they are still „ dn in total.

The advantage of this partitioning is that the following holds.

CLAIM 6.9.1. Every R1{2`ϵ ˆ ¨ ¨ ¨ ˆR1{2`ϵ ˆR-tube in Rn enters ď d` 1 shrunken cells C 1.

PROOF. Whenever T enters a shrunken cell C 1, then its central axis ℓ enters the orig-
inal cell C (as either ℓ either enters C 1 Ď C, or its distance from C 1 is smaller than the
width R1{2`ϵ of T , and thus the width of the wall W ).

Since ℓ enters ď d` 1 of the original cells, T enters ď d` 1 of the shrunken cells.

□
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Thanks to this, we will be able to deal with the cellular case as in discrete settings, using
induction inside a cell of average behaviour (both in terms of the mass it contains, and
in terms of the number of tubes entering it).

Let us see the details. It holds that
ż

BR

| qf |p “

ż

W
| qf |p `

ÿ

shrunken cells C1

ż

C1

| qf |p,

so we split in two cases.

— The cellular case. The LHS mass is mostly contained in the cells, meaning that the
term involving the cells is the dominant one:

ÿ

shrunken cells C1

ż

C1

| qf |p ě

ż

W
| qf |p.

In this case,
ż

BR

| qf |p ď 2 ¨
ÿ

shrunken cells C1

ż

C1

| qf |p.

— The algebraic case. The LHS mass is mostly contained in the wall W , meaning that
the term involving the wall is the dominant one:

ż

W
| qf |p ě

ÿ

shrunken cells C1

ż

C1

| qf |p.

In this case,
ż

BR

| qf |p ď 2 ¨

ż

W
| qf |p.

‚ Dealing with the cellular case. In this case, we know that more than 50% of the mass of
| qf |p in BR lies inside the cells C 1. At the same time, each cell carries at most the average
of the mass. Therefore, similarly to the discrete setting, a definite proportion of the cells
each contribute roughly the average.

CLAIM 6.9.2. In the cellular case, ą 0.5% of the shrunken cells C 1 satisfy
ż

C1XBR

| qf |p „

ş

BR
| qf |p

dn
.

Moreover, again as in the discrete setting, it can be proved that, since each RϵT enters a
small number of cells (for all T P T), the average cell will be entered by few of the tubes
RϵT . For simplicity, denote

RϵT :“ tRϵT : T P Tu.

CLAIM 6.9.3. Let α P p0, 100q. Then, ą α% of the cells C 1 have the property that

C 1 is intersected by ď A
#T
dn´1

tubes of RϵT,

where A :“ 1010

p100´αq%c0
(for c0 a constant depending only on the dimension, and for which

#cells ě c0d
n).

We leave the proofs of both claims as exercises. However, we prove the following version
of Claim 6.9.3, which states that the tubes entering the average cell will also carry little
mass in total.
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CLAIM 6.9.4. Let α P p0, 100q. Then, ą α% of the cells C 1 have the property that
ÿ

TPT: RϵT enters C1

}gT }22 ď A ¨
1

dn´1

ÿ

TPT
}gT }22,

where A is as in Claim 6.9.3.

PROOF. On the one hand, since eachRϵT P RϵT enters ď d`1 cells C 1, it follows that
ÿ

TPT

ÿ

cells C1 that RϵT enters

}gT }2 ď
ÿ

TPT
pd` 1q}gT }22 ď 2d

ÿ

TPT
}gT }22.

Changing the order of summation on the LHS above, we obtain

(74)
ÿ

cells C1

ÿ

TPT: RϵT enters C1

}gT }22 ď 2d
ÿ

TPT
}gT }22.

Now, let

Cgood :“

#

cells C 1 for which
ÿ

TPT: RϵT enters C1

}gT }22 ď A ¨
1

dn´1

ÿ

TPT
}gT }22

+

and
Cbad :“ tthe remaining cells C 1u.

Our goal is to show that #Cgood ą α%#cells.

Suppose for contradiction that #Cgood ď α%#cells. Then, #Cbad ě p100 ´ αq%#cells,
hence

ÿ

C1PCbad

ÿ

TPT: RϵT enters C1

}gT }22 ě #Cbad ¨A ¨
1

dn´1

ÿ

TPT
}gT }22

ě p100 ´ αq%#cells ¨A ¨
1

dn´1

ÿ

TPT
}gT }22

ě p100 ´ αq% c0d
n ¨

1010

p100 ´ αq%c0
¨

1

dn´1

ÿ

TPT
}gT }22

ě 1010d
ÿ

TPT
}gT }22,

which contradicts (74). Therefore, #Cgood ą α%#cells.

□

Choosing sufficiently large α, and combining Claims 6.9.2, 6.9.3 and 6.9.4, we find a cell
of average behaviour in all three senses3.

COROLLARY 6.9.5. In the cellular case, there exists a cell C 1 so that
ż

C1

| qf |p „

ş

BR
| qf |p

dn
,

C 1 is intersected by À
#T
dn´1

tubes of RϵT

and
ÿ

TPT: RϵT enters C1

}gT }22 À
1

dn´1

ÿ

TPT
}gT }22.

3To be precise, the second and third property of the corollary involve the tubes T P T so thatRϵT enters
C 1.
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The crucial observation now is that, since each |gT is negligible outside RϵT , within the
cell C 1 the only tubes T P T that contribute to the mass are those for which RϵT enters
C 1. That is, modulo a negligible error,

qf “
ÿ

TPT: RϵT enters C1

|gT on C 1.

Therefore, defining

fC1 :“
ÿ

TPT: RϵT enters C1

gT ,

we see that
qf “ |fC1 on C 1

(while also |fC1 is negligible outside C 1). Therefore, the first property in the above corol-
lary can be rewriten as

ż

BR

| |fC1 |p „

ş

| qf |p

dn
,

Moreover, due to the orthogonality of the wave packets gT ,

ÿ

TPT: RϵT enters C1

}gT }22 „

›

›

›

›

›

ÿ

TPT: RϵT enters C1

gT

›

›

›

›

›

2

2

„ }fC1}22,

while also
ÿ

TPT
}gT }22 „

›

›

›

›

›

ÿ

TPT
gT

›

›

›

›

›

2

2

„ }f}22.

Therefore, the third property in the above corollary can be rewritten as

}fC1}22 À
1

dn´1
}f}22.

So, we rewrite the above corollary in this language, which reveals a direct analogy with
the cellular case numerology from discrete settings.

COROLLARY 6.9.6. (Cellular case numerology) For every cell C 1, we define

TC1 :“ tT P T : RϵT intersects C 1u

and
fC1 :“

ÿ

TPTC1

gT .

Then, in the cellular case there exists a cell C 1 satisfying
ż

BR

| |fC1 |p „

ş

| qf |p

dn
,

#TC1 À
#T
dn´1

,

and

}fC1}22 À
1

dn´1
}f}22.

144



We now fix a cell C 1 satisfying these three properties (i.e., exhibiting average behaviour
in all three senses). For d a sufficiently large constant,

#TC1 ă #T,

so we can apply our inductive hypothesis (72) with W :“ TC1 . This yields
›

›

›

›

›

›

ÿ

TPTC1

|gT

›

›

›

›

›

›

LppBRq

ď CϵR
ϵR´1{2

¨

˝

ÿ

TPTC1

}gT }22

˛

‚

1{2

,

i.e.
} |fC1}LppBRq ď C ¨ CϵR

ϵR´1{2}fC1}2,

for some constant C depending only on the dimension n. Equivalently,
ż

BR

| |fC1 |p ď Cp Cpϵ R
pϵ R´p{2

`

}fC1}22

˘p{2
.

Using now the bounds from Corollary 6.9.6, which relate fC1 to f , we obtain
ş

BR
| qf |p

dn
ď CCp Cpϵ R

pϵ R´p{2

ˆ

}f}22

dn´1

˙p{2

,

where again C 1 is a constant depending only on the dimension. Rearranging, we obtain
ż

BR

| qf |p ď
CCp

dpn´1q
p
2

´n
¨ Cpϵ R

pϵ R´p{2 }f}
p
2.

Importantly, as long as

p ą
2n

n´ 1
,

the denominator is a positive power of d. So, as long as d is a large enough constant Dn,p

(depending only on n and p), we have that

CCp

dpn´1q
p
2

´n
ď 1,

hence
ż

BR

| qf |p ď Cpϵ R
pϵ R´p{2 }f}

p
2,

or equivalently
} qf}LppBRq ď CϵR

ϵR´1{2}f}2,

as desired.

So, as long as p ą 2n
n´1 (the critical exponent for Fourier restriction) and the degree d of

the partitioning polynomial is a large enough constant (depending only on n and p), the
induction closes in the cellular case. We fix such d from now on, and we can thus reduce the
problem to the algebraic case.

‚ Dealing with the algebraic case: a sketch. We give a quick overview of how the alge-
braic case can be approached. Recall that in this case

ż

BR

| qf |p ď 2

ż

W
| qf |p,

therefore it suffices to show that
ż

W
| qf |p ď

Cpϵ
2
Rϵp R´p{2 }f}

p
2.
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Denoting
TW :“ tT P T : RϵT intersects W u,

we see that, modulo a negligible error,

qf “
ÿ

TPTW

|gT on W.

So, defining

h :“
ÿ

TPTW

gT ,

it suffices to show that

(75)
ż

W
|qh|p ď cCpϵ R

ϵp R´p{2 }f}
p
2,

for an explicit constant c (perhaps small) that has arisen from the argument so far.

We now outline the rest of the argument (with some white lies):

– Cover W by a finitely overlapping family B of balls B of radius ρ :“ R1´ϵ.

– For every B P B, we split the tubes T P T (for which RϵT intersects B) into two groups:

Ttang,B :“ tT P TW : pRϵT q XB Ď W u

(the set of tubes that are ‘tangential’ to W inside B), and

Ttr,B :“ tT P TW zTtang,B : RϵT intersects Bu

(the set of tubes that are ‘transverse’ to W inside B). Then,

qh “ hq

tang,B ` hq

tr,B on B XW,

where
htang,B :“

ÿ

TPTtang,B

gT , htr,B :“
ÿ

TPTtang,B

gT .

– By the above,
ż

W
|qh|p À

ÿ

BPB

ż

B
|hq

tang,B|p `
ÿ

BPB

ż

B
|hq

tr,B|p.

So, we need to control each of the two terms above.

ÝÑ The transverse term. This can be treated by using the radial inductive hypothesis
inside every B P B (since each such B has radius R1´ϵ, much smaller than R), combined
with the claim below4.

CLAIM 6.9.7. Every T P T can belong to Ttr,B for at most dAn balls B.

4This claim is highly non-trivial, and requires ideas from algebraic geometry. For it to hold, we actually
need Z to be a smooth hypersurface (we can assume this by Sard’s theorem, which allows us to appro-
priately perturb the partitioning polynomial p without changing its degree too much). This means that
a tangent space exists to Z at every one of its points. So, we can talk about the angle at which a tube T
intersects W .

In particular, if a tube T is transverse to W inside B, then RϵT must intersect W at angle ą R´1{2`ϵ{2

somewhere inside B (as otherwise pRϵT q XB would fully lie inside W , so T would be tangential to W inside
B, a contradiction). Then, one can prove that RϵT cannot cross W at such a large angle too many times
across its length.
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This can be viewed as an analogue of the fact that each tubeRϵT enters a small number of
cells (only now, instead of cells, we have small balls). And, instead of using the inductive
hypothesis (on the number of tubes) inside every cell, we use the inductive hypothesis
(on the radius) inside each B. The argument closes very similarly to the cellular case:

For each B P B, by the inductive hypothesis (71) on the radius, we have that
ż

B
|hq

tr,B|p ď Cpϵ ρ
pϵR´p{2}htr,B}

p
2,

so
ÿ

BPB

ż

B
|hq

tr,B|p ďCpϵ ρ
pϵR´p{2

ÿ

BPB
}htr,B}

p
2

“Cpϵ ρ
pϵR´p{2

ÿ

BPB

¨

˝

›

›

›

›

ÿ

TPTtr,B

gT

›

›

›

›

2

˛

‚

p

orthogonality
À Cpϵ ρ

pϵR´p{2
ÿ

BPB

¨

˝

ÿ

TPTtr,B

}gT }22

˛

‚

p{2

p{2ą1
ď Cpϵ ρ

pϵR´p{2

¨

˝

ÿ

BPB

ÿ

TPTtr,B

}gT }22

˛

‚

p{2

“Cpϵ ρ
pϵR´p{2

˜

ÿ

TPT
#tB P B : T P Ttr,Bu ¨ }gT }22

¸p{2

Claim 6.9.7
ď Cpϵ ρ

pϵR´p{2dAn¨
p
2

¨

˝

ÿ

TPT}gT }22

˛

‚

p{2

ÀCpϵ pρpϵdAn¨
p
2 q R´p{2}f}

p
2.

The induction now closes because, thanks to the fact that ρ “ R1´ϵ is much smaller than
R, while also d is simply a large constant, we have

ρpϵdAn¨
p
2 ! Rpϵ.

ÝÑ The tangential term. This is the hard part, and is usually handled in ways that
we cannot address here. The idea is that the tubes T tangential to the wall W have
restricted directions, so the corresponding wave packets gT are supported in certain ‘slices’
of NR´1Σ, which thus have lower dimension than Σ.

This case is handled through different techniques than the ones we have seen so far, e.g.
decoupling arguments or multilinear estimates along these slices.

In any case, we can keep the following moral out of this story:

Moral. In the Fourier restriction problem, the most
interesting wave packets are those that evolve tan-
gentially to algebraic hypersurfaces of low degree.
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