
SPHERICAL AVERAGES OF FOURIER TRANSFORMS
OF MEASURES WITH FINITE ENERGY; DIMENSION

OF INTERSECTIONS AND DISTANCE SETS

PERTTI MATTILA

§1. Introduction. Let (j, be a positive Radon measure with compact sup-
port in the euclidean /i-space R". Introducing the Fourier transform

and the averages over the spheres S(r) = {x: \x\ = r},

SO)

we can write the a-energy, 0 < a < n, of n as

= c2 r"  xa-(n)(r)dr,

where the positive constants cx and c2 depend only on n and a. The second
equality is based on the Plancherel formula and the fact that fcn_a = cka where
ka(x) = \x\a~". Thus if 7a(/x)<oo, we have for many large x and r,

-a, (1)
a. (2)

In general these inequalities need not hold for all large x and r. As for (1),
for no a, 0< a < n, does the finiteness of /„(/*) even force A£(X) to tend to
zero as |x| -> oo. But the averages behave better. In Section 3 we shall prove that

(T(iu,)(r)^cIa(iJ.)r~a for all 0<r<oo, 0 < a ^ | ( n - l ) .

We shall also show that this is no longer true for a >\{n — 1), and we derive
a weaker estimate in this case.
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208 P. MATTILA

In Section 4 we study the influence of the above averages on what we call
the distance measure 8(/x, v) of two measures fi and v;

*, v)(A) = n x v{(x, y): \x-y\ e A}, AcR.

We shall give bounds for the L°°- and L2-norms of the Radon-Nikodym-
derivative of 5(/u., v) and for the energy-integrals of d(/x, v) in terms of the
energies of fx. and v and the behavior of the averages O-(/A) and cr(v). By
approximation, these problems are reduced to smooth functions / and g, and
we are led to derive a priori  inequalities for

- \ ( \
S(f,g)(r) =

In Section 5 we apply the results of the earlier sections to distance sets.
For Borel subsets A and B of R", their distance set is

D{A,B) = {\x-y\:xeA, yeB},

with D{A, A) = D(A). In [F2] Falconer proved that the Lebesgue measure
5£lD(A) > 0 if the Hausdorfi dimension dim A > \{n +1), and that dim D(A) s»
dim A-5(71-1) if  dim As£j(" + 1)- We improve this by showing that if
dim B=£|(n-1), then

dimA + dim£>w implies ^D(A, B)>0, and (3)

dim A + dim B=s n implies dim D(A, B)s=dim A + dim B-n + 1.
(4)

It is not known whether the condition dim B^^(n — 1) is really needed in (3)
and (4). But we can replace it by the condition that B supports a measure v
for which the averages <r{v){r)  decay at nearly optimal rate as r-»oo. To
explain this, recall that dim B can be defined as the supremum of the numbers
a such that B supports a Radon probability v with Ia(v)<oo. B is called a
Salem set if  the stronger condition holds that for any a < dim B, B supports
a Radon probability v with |£(x)|2= O(|xpa). Our condition is weaker than
this, namely that for all a < dim B, B supports a Radon probability v with
<j(v){r)  = O(ra). We call such sets B generalized Salem sets. We shall prove
that (3) and (4) are valid if  B is a generalized Salem set.

Although deterministic Salem sets are in some sense scarce, they abound
as random sets. Kahane has shown that if  F c U is compact, its images under
n-dimensional Brownian motion and many other stochastic processes, are
almost surely Salem sets, see [Kl, Chapter XV]. In [KR] Kaufman found
deterministic number-theoretic Salem sets. As for generalized Salem sets, the
results of Section 2 show that all Borel sets in W of dimension at most \(n-l)
are such, and that there are also Borel sets which are not generalized Salem sets.

For intersections it was proved in [M2] that if  A and B are Borel sets in
R", y<dim A + d imB-n and if  dim B>j(« + 1), then dim AnfB^y for
many isometries / It is not known whether the condition dim B>\{n + 1) is
redundant, but we shall show that it is in case B is a generalized Salem set.
Earlier it has been known that this assumption is not needed if  B is sufficiently
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 209

•mooth , e.g., a C1 submanifold, [Ml], or if one uses larger transformation
;roups, e.g., similarities, [K2], [Ml], in place of isometries.

§2. Preliminaries. Throughout the whole paper n will be a positive integer,
ind a and fi will  be positive numbers with 0 < a <n, 0 < (3 <n. Always
\ c,, c2,... will denote constants depending only on n, a and /8. By 3) or
7£{W) we mean the space of non-negative, compactly supported, infinitely
lifferentiable functions on the euclidean w-space R". Mostly the results stated
or functions in 3b hold in much greater generality. As usual, Lp stands for
he Lebesgue space of the /?th power integrable real-valued functions on R".

A measure in this paper will always mean a Radon outer measure on R".
fhe set of all such measures /x with /xR" <<x>  and with the support of /x, spt fx,
:ompact is denoted by M or Ji(W). The Lebesgue measure on R" is if".

Absolutely continuous measures will be identified with functions, and vice
'ersa, any locally integrable non-negative function/ on R" with the measure
\-*\Afd5£". Thus for example the notation /x e L" means that /x is absolutely
:ontinuous with Radon-Nikodym derivative in Lp. The Fourier transform of
ieM is

/*(*) =

Let A be a subset of R". The a-capacity of A is

Ca(A) = sup {Ia(/x)~l: fieJt, spt /x <= A, /xA =

vhere

-II
s the a-energy of [i. We define the capacitary dimension of A by

dim A = sup{ae(0, n): Ca(A)>0},

vith sup 0 = 0. It agrees with the Hausdorff dimension if  A is a Suslin set.
lecall that all Borel sets are Suslin sets.

Let Jp be the Bessel function of order p, see [W]. The basic estimates we
leed are: for 0< f <oo,

\jp(t)\^cr'/2, (2.1)

\JP(t)\^cf. (2.2)

Ne shall frequently work with Ji(n_2), when n s*2, and fix the notation

§3. Spherical averages. For 0 < r < oo and x e R", let

S(x, r) = {yeU":\x-y\ = r}  and S(r) = 5(0, r).
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210 P. MATTILA

For /A and v in M, we define the averages of fi,v and |/2|2 over S(r) by

^V)(r)= J

= J
By Holder's inequality

|O-(/i,i')(r)| 2«cr(/i)(rMi')(r). (3.1)

Sometimes the weighted averages

)(r) = ri ("-1V(A1, f)(r), (3.2)

and 2 ( M ) = K/*>  M) wiU be more convenient.
Let {<p£}e>0 be an approximate identity of the form <pe(x) = e~"<p(x/e) such

that <pce2d(W) with

j  Edi?" = 1 and 0«&s*l.

For any fieJt the convolutions /u. *  <p£ belong to ® and converge weakly to
M, M * <pE -> " M, as e 10. Also

and for n,veM and 0 < r < oo,

lim o-(/i * <pe, v * <pj(r) = GT(M, ^)(r). (3.3)

The mutual a-energy of /A and v in J< is

4 (M, ") = I I \x-y\~adfjLxdvy.

Suppose Ia(ft) < oo and /„(»')< oo. Then, c/ the proof of [L, Lemma 1.2, p. 82],

lim Ia(ii*<p e,v*<ps) = Ia(fi,p). (3.4)
ej.0

Using this, Plancherel's formula and the fact fcn_a = cka, where ka(x) = |x|a~",
[L. Section I.I], one easily verifies

OO

/*(/*,  ") = ci }  |xr-"M(*)l^y<fe = c2 J r " - ^ , . , v){r)dr. (3.5)
o

By Holder's inequality,

From now on we shall assume, unless otherwise explicitly stated, that ns?2.
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 211

3.7. LEMMA. For fj,, veJt and 0<r<oo,

<7(M, v)(r) =

Proof. Since the integrand is bounded and continuous by (2.2), we may,
approximating as above, assume that p=f, v = g e 2>. The normalized surface
measure rr on S(r);

= J
has the Fourier transform

and the measure fdrr is the transform of c2f * fr in the sense of distributions.
Hence by Parseval's formula

<r(f,  g)(r) = J f§drr = c3^(f* rr)gd^n

{r\x-y\)* 2n-n)J{r\x-y\)f{x)g{y)dxdy.

For a«5( / i - l ) we have the following sharp inequality.

3.8. THEOREM. For 0<a=s(n- l ) /2 , fj,,veM and 0<r<oo,

Proof. For a=^(n-l) this follows immediately from Lemma 3.7 and
(2.1). If a < j (« - l ) , we assume, as we may, that /x =f i> =  ge<3), and define
y by 2-y = |(n -1) - a, and let fc7 and <pE be as before. Set fE = {f*  ky)$E and
gf = (g*ky)<Pe- T h e n L = (fK)*(pe and ge = (gky)*  cpe. Recalling that
kT(x) = c,|xp'1', we obtain

We shall apply the case a = |(« -1) and the formula (3.5) to/e and gE although
they are not compactly supported. But this is easily seen to be legitimate as
they are smooth and rapidly decreasing. Hence

\r2yo-(L, &)(r)| « c2r
2i'-i ("-1)/i(lI _1)(/., g.)

= c3r-"  J \x\*n-l)-"({fky) * cpe)(x)((gky) * <pe){x)dx

^c4r~
a J \xr"f

as e|0, and the theorem follows.
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212 P. MATTILA

3.9. Remarks. Theorem 3.8 gives the best possible asymptotic estimate.
If a « K " - l ) and /„(/*) <oo, then

= O(ra) as r-»oo.

This and Theorem 3.8 fail for a> | (n —1), see Example 3.12. However, see
Theorem 3.10.

In particular, O-(/A)(/-)-»0 as r-»oo if  Ia(fi)<oo for some a >0. But this
is easily seen to hold much more generally.

If /x, VEM and /x{y} = 0 for v almost all y E W, then l i m ^ ^ o-(/x, v){r) = 0.
In fact, given e > 0 the continuity condition on /J, yields 5 > 0 such that

J fi{x: \x — y\ =s 8}dvy < e. Splitting the integration in the formula of Lemma
3.7 into |x-j>|«5 and \x-y\>8, and using the estimates (2.1) and (2.2), we
find

\<r(lt,  p)(r)\ Ĉl \ fi{x: x-y\ « S}dvy +c2(rS)i{l-n)fi(U")v(W) <2e

for sufficiently large r.

3.10. THEOREM. Let /xeM and suppose that the diameter of spt/x is at
most 1. Then for 0 < r <  oo,

Proof. We assume a ̂ \{n + 1), since otherwise Theorem 3.8 gives a better
estimate. Let y = ja+l(n-5). Then a - y 3= 1. Again we may assume fi = / e
S>. Let

Then
CO

'~lr(r)dr, (1)= c1 J
and T(T)« / „ ( / ) / C; for some r in every interval [fc, fc+1], /c3=l. Hence it
suffices to verify the required estimate r(r)^cla(f) at a point ro>2 where T
has a local maximum. If  r(r0) > 2/a( /) /c, , we find r,, r0< r,« 2r0, such that
T(rl) = T(r0)/2 and T(r,)«x(r) for r o« r ^ r , . Then as r'(ro) = 0,

k(r o ) = - J  T ' ( r )dr=-  j J T" (2)
J J J

By Lemma 3.7

T(r) = cr* ^ {r\x-y\)^-n)J{r\x-y\)f{x)f{y)dxdy.

Differentiating twice, using the identities

dt
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 213

and

jp{r pjp(t)) = rpjp+2(t) - r'-'j^M,

cf. [W, Section 3.2], recalling the assumption diam (spt/*)=£ 1, and applying
the estimate (2.1), we see that for f s= 1,

Inserting this in (2) we get

«c3/o( / ) r r i ( n" 1 )( r1- r0)2.

Hence, by (1),

which gives the required estimate.

3.11. Remarks. The assumption diam (spt /u)=s 1 was used to guarantee
Iy(/j,)^ Ia(/j.) for y<a. Without it a more complicated estimate involving
lower order energies would follow.

As noted in the proof, Theorem 3.10 improves Theorem 3.8 only when
a >\{n +1). I don't know what is the best possible exponent. The following
example in the plane presents some limitations. It shows in particular that
when n = 2, the asymptotic estimate given by Theorem 3.8 for /J. with Ia(/ji)  < oo
and as?\;

= O(r~i) asr->oo,

is best possible for |=s a < 1.

3.12. EXAMPLE. For each a, 0 < a < l , there is ixaeM{U2) such that
and

lim sup r5c7-(/i,a)(r) > 0.
r-»oo

For each a, a', 1 «= a < a', there is /j,a  ̂e M(U2) such that Ia{pa,a) < oo and
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214 P. MATTILA

Proof. Let 0 < a < 1. There is /JL = /*„  e Jt(R2) such that

spt fi^{(x, y): y = 0}, Ia(fi) <oo and /x(x, 0)T*0 as X->OO.

In fact, if a < /3 < 1 and /3 = log 2/log (\/d), we take as p. the natural probabil-
ity measure on the Cantor set constructed by deleting the mid-interval of length
(1 ~2d)l from intervals of length /. The formula for the Fourier transform of
this measure can be found in [KS, p. 15]. Since (L is Lipschitz continuous and
since p.(x, y) = jl(x, 0) for JC, y e R, we can find arbitrarily large numbers r for
which |/x(x, y)\> a for xe[r — a, r]  and y£R, where a is a positive number
independent of r. The length of the arc S(r)n{{x, y): r -as=x=s r} is at least
br1 for some b > 0 independent of r. It follows that

J
S(r)

and the first assertion is proved.
Let a=p + y, a' = p + y', 0</8< l , 0 < y < S < e < i 7 < y ' < l with

1 + r) = a'. From [KS, pp. 14-15] we see that we can choose /x e M(R) with
the following properties.

p13 for XGR, 0<p<oo, (1)

and there are a > 0 and (> 1 such that for every k = 1,2,... there is rke [tk, tk+l]
with

|/2(x)|>a for xe[rk-a,rk]. (2)

We also find v = M{U)  such that

v[y-p,y + P~\^ps for yeK, 0<p<oo, (3)

and Ie(v) = oo. As e < 17 and

we must have, by a geometric series argument, for arbitrarily large k

y^t^~^\ (4)I
where b > 0 as in the first part of the proof.

We show that fj.aa= /JLX v has the required properties. First for any disc
2

by (1) and (3). As a<fl + 8, an easy calculation, like that in the proof of
Theorem 6.3 in [Fl], shows then that Ia(fj,xp)<cc. Secondly, note that
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 215

x v) (x,y) = /2(x)v(y). If k is as in (4) and r= rk, we have by (2) and (4),

J
S(r)

br1'2

0(y)\2dy 5* ^

and the second assertion follows.

§4. Distance measures. For /x, veM(U") we define the distance measure
8(fi, v) G M(U) of ix and v by

I (pdSi/ji, P)=\ I <p(\x-y\)dij,xdvy

for continuous functions tp on U. That is, S(/J., v) is the image o f / i xy under
the distance map. Sometimes it will be convenient to use the weighted measure
A(/i,, v) determined by

, v) = J >)s. (4.1)
J J

Note that

w

w w

whenever /A, * /x, vt » v and the supports of /xf and v{ are contained in
a fixed compact set, and that

(4.2)

4.3. LEMMA. Iff,ge3>, then 8{f, g) is continuous with compact support,
)(s) = 0fors^0, andforO<s<co,

= J ( J f(£)d^Jg(x)dx
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216 P. MATTILA

Proof. It is clear that 8(f g) is continuous with compact support and that
it vanishes for s^O. Also the first and third identities are immediate. To
prove that the first member equals the third, let <p be continuous with compact
support, and let ip be the radial function tj/(x) = <p(|x|) on U". Then

J <p{\x-y\)f(x)g{y)dxdy

= J
By the formula for the Fourier transform of a radial function, see [SW, p. 155],

oo

Hx) = c4\x\i(2~n) J v

whence

<pd8(fg) = c5 I <p(s)sin I \x\^-n}J(s\x\)f{x)'gWdxds,J
and the lemma follows.

4.4. THEOREM. Suppose ix,veM, Ia(p.) <°o, Ip(v)<oo, and a
n + l. Then 8(n, i>)  e L°° and for 0<s<co,

Proof Approximating by ix * i/»e and v * cpE we reduce to the case fi=f
v = geSl. Then by Lemma 4.3 for 0 < s < oo

OO

8{f g)(s) = Cls5" j A"J(sr)<r(f, g)(r)dr = 5,(5) + 8(s)

where S^s) is the integral from 0 to 1/s and 52(s) from 1/s to oo. We use
(2.2), (3.1), the fact \(a + fl)<n, Holder's inequality and (3.5) to estimate

1/s

J
o
1/s

J
r->(/,g)(r)|dr

0

1/s

J
o

1/s

J
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 217

—a-
Similarly using (2.1), (3.1), the fact n +1 *£ a + /3, Holder's inequality and (3.5),

CO

f
2 S ^C4S J

l / s

The combination of these_ estimates completes the proof. Note that a-(/x, v)
is bounded since it has compact support. **

4.5. Remark. If  /J. = v, Theorem 4.4 tells us that Si^eL™ provided
7i(n+i)(/Li)<oo. The example 2.2 in [M2] shows that for no a< | (n + l) does
4 ( A 0 < 0 ° imply S(/j.)e L°°.

Next we study L2-relations between 2 and A; for the definitions recall
(3.2) and (4.1).

4.6. THEOREM. For f, g, h, ke3),

oo oo

A(f,g)(s)A(h,k)(s)ds = c Z(f,g)(r)Z(h,k)(r)dr.
J J
0 0

Proof. Let S = 1(f, g) and T = 2(h, k). Using Lemma 4.3 and Hankel's
Theorem, see [W, p. 456], we compute

OO OO 00

A(/, g)(s)A(h, k)(s)ds = c spiJ(sp)S(p)r*J(sr)T(r)dpdrds

0 0 0 0

CO OO OO

= c r*T(r) sJ(sr) pJ{sp)p~^S{p)dpdsdr

0 0 0

CO

0
CO

"I S(r)T(r)dr.
o
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218 P. MATTILA

4.7. COROLLARY. Forf,ge2,
00

J Mf,
oo

J A(f)(s)A(g)(s)ds = c JA(f)(s)A(g)(s)ds = c J 2(/)(r)Z(g)(r)dr.

Introducing the notation

<r a(fi)=  sup ratr(M)(O for / i e i , (4.8)
0<r<oo

we get a corollary for measures.

4.9. COROLLARY. Suppose ix,veM, Ia((j.)<<x and o-n_a(v)<cc. Then
, v) e L2 and

f

Proo/ We may again assume n=f, v = ge3). By Corollary 4.7, (3.2),
(3.1) and (3.5), we have

00 00

J A(f,g)(s)2ds = C

0 0

ra-l<T(f)(r)dr=c 2trn^(g)Ia(f).

4.10. Remark. In the case when /A = v, we get A(/i)eL2, and hence
8(fj,)eL2, provided Jin(/x)<oo and o-n̂(/u,)<oo. I don't know if 7a(/t)<oo
implies 5(/i)£L2 for some a, |w=s a <K« + 1) That it does not for a<\n
follows from the examples in [F2].

Our next goal is to estimate energy-integrals of A(/x, v). For this we need
to have a closer look at the Bessel function /.

4.11. LEMMA. For 0<t<oo

J(t) = at'^cos t+bt^s'm t + R(t),

where the constants a and b are not both zero, and
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 219

This follows immediately for example from [SW, p. 158].
Recall that if n = 3, then J(t) = bt~  ̂sin t, and some of the calculations

below would simplify.

4.12. Notation. We define the sign-function sgn by sgn(f) = l for t>0
and sgn (f) = -1 for f =sO, and the even and odd extensions of 1 to IR by

)(|r|) and 22(M , p)(r) = sgn ( r ) ^ , v)(\r\) for reU.

We consider the operator

A

where / is the identity and H the Hilbert transform, that is Hf = i sgn/ for
fe L2. Since the functions r->\r\~ y, 0=£y<l, satisfy Muckenhoupt's A2 condi-
tion, "X is continuous between the corresponding weighted L2-spaces, that is,
see [M],

OO OO

j \r\-Tj%<p(r)\2dr^c(y) j \r\^\<p{r)\ 2dr. • (4.13)

4.14. LEMMA. For f, geSd, A(/, g) has the decomposition

Hf, g){s) = F(f, g)(s) + K(f, g)(s)

where F(f,g)(s) = K(f,g)(s) = 0fors^0, and for reU and 0<s<oo

F(f, gf(r) =

= c3si | AR(sr)l(f,g)(r)dr.

Proof. Let 2 = 2 ( / g), 2,- = 2,-(/ g) for i = 1, 2. Using Lemmas 4.3 and
4.11 we obtain this decomposition with K(f, g) as required and, for 0 < s < oo,

OO

F(f,g)(s) = c4 (a cos (sr) + b sin (sr))Z(r)dr

o

= \ac4 cos (sr)1.1(r)dr + jbc4 sin(sr)i2(r)dr

= 2a, eI s rS1(r)dr + 251 ei s r5;2(r)dr

with a, =3ac4 and bt =\bcji. Then we can write for all seU

F(f, g)(s) = aA eisr-L1(r)dr+a1 sgn (s) j eisr^(r)dr

+ bt I e^COdr+fc, sgn (s) J eisr
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220 P. MATTILA

Since Hf= i  sgn/, we obtain by the inversion formula

F(f, gf = 2-TraxWlx +2irb l^CL2.

4.15. LEMMA. Iff, ge 3) and n - l « a+/3=s « + l, then for 0<s<oo ,

mr, g)(s)\ ̂  «i (o+fl—"/.(/^(gji.
/n particular, K(f, g) and sK(f g){s) are bounded.

Proof. Let 8 = \{n + \-a-ft). Then
(3.1) and Holder's inequality

1. By Lemmas 4.14, 4.11,

\K(fg)(s)\ = s'i J r-n
R(sr)o-(fg)(r)dr

Us

• } , - > «if, g)(r))dr
1/.5

1 / J

l / s

r* a+'»-1\<r(f,gKr)\dr

oo

J

The last statement follows with a= /?= f ( / i - l ) and a= (3 =|(« + 1).

4.16. THEOREM. 7/"/3=S|(M-1) and 0< y = a + f3-n + l<  1, then for

Proof. We may assume n=f, v = ge2. Using Lemma 4.14 we write
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 221

We set

Iy(G,H)= \\\s-t\-yG(s)H(t)dsdt

for all functions G and H on R for which the right-hand side is defined. Then

Iy(G) = Iy(G, G) = Cl J \r\^l\G(r)\2dr

provided Jy(|G|)<oo. From the identity

A(s)A(t) = F(s)F(t) + A(s)K(t) + A(t)K(s)-K(s)K(t),

we see that

since Iy(K)^0. As A is bounded with compact support, Lemmas 4.14 and
4.15 show that F and sF(s) are bounded. Elementary calculations then reveal
that Iy(\F\)<oo. Thus using Lemma 4.14, (4.13), (3.1) and Theorem 3.8, we
have

OO

r^l(f,g)(r)2dr=c2 J ^+""V(/,  g)(r)2dr

\c2

ra-icr(f)(r)dr=c4la(f)k(g).

To estimate Iy(A, K), we use Lemma 4.15, the elementary fact

OO

t^-^s-t^dt--•c ss " ,

(4.2) and (3.6) to obtain

\Iy(A,K)\ = A(s)K(t)\s-t\-ydtds

0 0

<X) CO

J ^ ' I s -

 20417942, 1987, 2, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/S0025579300013462 by U
niversity O

f A
thens, W

iley O
nline L

ibrary on [27/03/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



222 P. MATTILA

:g)(s)ds

The theorem follows from these estimates.

4.17. THEOREM. If 0<y = a+ (3- n + l<n, then for /x, veM,

Recalling the definition of o-p{v) from (4.8), the proof is almost identical
with that of Theorem 4.16.

4.18. Remark. I don't know if  the inequality of Theorem 4.17 holds
without the term o-p(v) unless f$ ^ l(n — 1), which is the case of Theorem 4.16.

5. DISTANCE SETS. The distance sets of sets A, £<= U" is

D(A,B) = {\x-y\:xeA,yeB}.

For ix, ve M we clearly have

spt 8{(j,, v) = D(spt ix, spt v).

The following contains part of Falconer's result in [F2, Theorem 2.2].

5.1. THEOREM. LetAandBbesubsetsofRn.Ifa + (3^n + l,
and Cl3(B)>0, then 5ExD{A, B)>0. In particular, dim A + dim B> n +1
implies 5£}D(A,B)>0.

Proof. Assuming Ca(A)>0 and Cp(B)>0, we find measures IX,V&M

with spt/ icA, sptf<=B, fiA=vB=l, Ia(fx)<ao and I0(p)<cx>. Then
spt 8(fi, v) cz D(A, B) and S(fx, v)(D(A, B)) = l, whence by Theorem 4.4,
%lD(A, B)>0.

Although capacity formulations follow as easily, we state the remaining
results on distance sets only in term of dimensions.

5.2. Definitions. In order to formulate further results, we shall introduce
some new concepts. Let AcR". Recall that the Fourier dimension of A,
dimF A, is the supremum of the numbers a such that A supports a / x e l with
fiA = 1 and for some C < oo

\fi(x)\2^C\x\-a forxeR".

A is called a Salem set if  dimF A = dim A. (For these see [Kl].) Analogously
we define (as a convenient working term and not a proposal for a new concept
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 223

of dimension) the spherical Fourier dimension, dimSFA, to be the supremum
of the numbers a such that A supports a /x e M with /AA = 1 and aa ( /JL ) < oo,
that is,

^Cra forO<r<oo.

We call A a generalized Salem set if  dimSF A = dim A. Note that always

dimF A =s dimSF A =s dim A.

Thus Salem sets are generalized Salem sets. By Theorem 3.8 all sets A in U"
with dim A =£ |( n — 1) are generalized Salem sets, while Example 3.12 indicates
that this is no longer true beyond the borderline \(n — 1). However, when
dim A^ j ( n - l ) , Theorems 3.8 and 3.10 give

dimSF A 3= max {\{n -1) , \ dim A + \{n- 5)}.

5.3. THEOREM. Let A and B be subsets of R". If dim A + dimSFB> n,
then i?'D(A, B)>0. In particular if B is a generalized Salem set and
dim A + dim B>n, then ̂ Di A, B)>0. . „,

Proof. This is an immediate consequence of Corollary 4.9.

5.4. COROLLARY. If A and Bare subsets of R" such that dim A + dim B> n
and dim B^\(n-1), then %XD{A, B)>0.

The following result contains the remaining part of Falconer's Theorem
2.2 in [F2].

5.5. THEOREM. If A and. B are subsets of W such that dim A + dim B^n
and dim B=s|O- l ) , then

dim D(A, B) s dim A + dim B - n + 1.

Proof. Apply Theorem 4.16.

I don't know whether the condition dim B^^(n — 1) in Theorems 5.4 and
5.5 is redundant. It is if  B is a generalized Salem set.

5.6. THEOREM. Let A and B be subsets of W. If dim A + dimSF B =£ n, then

dim D(A, B) s= dim A + dimSF B - n +1.

In particular, if B is a generalized Salem set and dim A + dim B =s n, then

dim D(A, B) & dim A + dim B-n + l.

This follows from Theorem 4.17.

5.7. Remark. Theorems 5.3 and 5.6 hold also in R1. Then
dimSFJ? = dimFB, and generalized Salem sets are Salem sets. In fact, in R1 it
suffices to prove the conclusions for the difference set

{x-y: xe A, ye B}
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224 P. MATTILA

in place of the distance set D(A, B). The corresponding difference measure
of two measures /x. and v is /x * v where v(E) = v{-x: x G £}. Then

Consequently, if  7a(/u,)<oo and |£(>)|2=s C\x\ 'fi, n*veL2 in the case
a+ /3 3= 1, and Ia+p{/Ji  *  j/)<oo in the case a + fi < 1.

§6. Intersections. To derive results for intersections, we are led to estimate
integrals like

CO

I s-?A(f)(s)A(g)(s)ds,

For y = 0 this was done in Section 4. The kernels

fcy(s) = |5|r" ' for sen, 0 < y < l

satisfy the well-known identities

ky*ks = c(y, S)ky+S for y, 5 e (0, 1), y + <5<l. (6.1)

6.2. LEMMA. Let (peS(R) be such that J tp =s 1 and

<p*k ŝ c(8)ks for 0 < 5 < l .

If a, f5e{\{n-\), \{n + l)) and 0< y = a + 0 - « < 1, thenforf,ge2(R")
CO

J s-yMf)(s)(<p *  A(g))(s)ds« da(f)(IP(g) + <r P(g)).

, Proof Using the decomposition of Lemma 4.14 for A(/) and A(g), we
write. 4

Then

D(s)E(t) = F(s)G(t) + K(s)E(t) + D(s)L(t)- K(s)L(t),

and the left hand side of the asserted inequality is dominated by
IU where

CO

/ ,= s~yF(s)(<p * G)(s)ds,
0

I2= I s-yK(s)(<p*E)(s)ds,
0
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 225

oo

I3= j s-yD(s){q>*L){s)ds,

o
OO

I4= \ s-yK(s){<p * L)(s)ds.

o

> Writing S = £( / ) and T = S(g), we see from the proof of Lemma 4.14 that
I OD OO

\ F(s) = cl cos (sr)S(r)dr + c2 sin{sr)S{r)dr,

\ 0 0

oo oo

G(s) = Ci cos (sr)T(r)dr + c2 sin (sr)T(r)dr.

• 0 0

: Inserting these into the formula
oo

/ ,= s~yF(s) G(s-t)<p(t)dtds

I 0

\ and using the addition formulae for trigonometric functions, we find that /,
: is a sum of constant multiples of terms like

OO OO CO

S(p)T(r) <p(t) sin trdt s~y cos sp sin srdsdpdr

0 0 0

\ with other combinations of sines and cosines. The absolute value of the
/-integral is bounded by 1 and of the s-integral by c3|;?-r|T~1, as the use of
product formulae for trigonometric functions shows. Hence

OO

| / i |«c 4 J
o o

S{p)T(r)\p-r\y-ldpdr.

I Using (4.8) and (6.1) we obtain

S(p)(ty(n+l)-.p*ky)(p)dpI
0

CO

I
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226 P. MATTILA

To estimate I2 we use Lemma 4.15, the assumption on <p, (4.1) and (4.2)
to get

s~YK(s)((p*E)(s)ds

'C7Ia(f) s-y+a-i(n+l)(<p * E)(s)ds

0

; <hh(f) I (<P * ka_y_x(n )̂)(s)E(s)ds

hi(n+l)_l3(s)E(s)ds

D

Similarly,

Finally, estimating as above, using Lemma 4.14 and Lemma 4.11,

\h\^c7la(f)

CO

:„/„(/)  J si""" J A\R(sr)\T(r)drds
0

oo oo

J si"-^|H( Sr)|dsdr

oo

0 0

1/r

6.3. LEMMA. For i, ve M,

\x-u\»28
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 227

Proof. We may assume /x =/ , v = ge3). Letting K = 8{f) and A = S(g),
the left-hand side divided by 8 equals

\(t)dtK(s)ds.

28 s-8

If a ^\{n + 1), we obtain by Theorem 4.4
oo  s - f  <5

-1 -
28

OO

A(
s

s-S

t+8

max {28,t—8}

-pdsdt

oo

io(f) J

and similarly if /3 ^\(n + \). If a and /3 are both less than \{n + \), they are
also greater than \(n -1), as a + /3 & n, and we can apply Lemma 6.2. Choose
ip 6 2> as in Lemma 6.2 such that <p(s) s* 1/(45) for |s |« 5. Then 7 is dominated
by c4 times the integral of Lemma 6.2, and the desired inequality follows.

With the aid of Lemma 6.3 the arguments of [Ml] and [M2] may be used
to obtain intersection results as in those papers. Letting 6n be the Haar measure
on the orthogonal group O(n), they yield for example:

6.4. THEOREM. Let A and B be subsets of R" and let e > 0 . If
y = dim A + dimSF B — n, then for 6n almost all rotations geO(n ) ,

In particular, ifB is a generalized Salem set, this holds with y = dim A + dim B — n.

6.5. THEOREM. Let B^U" and 0< fi <dimSFB, and suppose
a+p-n>0. Then there is c(B), 0<c(B)<oo, such that for any

c(B)Ca(A)

where J denotes lower integral. In particular, if B is a generalized Salem, this
holds for 0 < /3 < dim B.

In Theorem 6.5 we can take c(B) = c(I0(v) + o-p(v)) for a probability
measure v with spt v<=- B and 7/3(i') + a/3(^)

6.6. Remarks. The analogues of Theorems 6.4 and 6.5 hold also in R1.
Recalling 5.7 one easily derives the required estimate for the integral 7 appear-
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228 SPHERICAL AVERAGES OF FOURIER TRANSFORMS

ing in the proof of Lemma 6.3. Of course, in R1 we can restrict to translations
and for example the statement corresponding to Theorem 6.4 is as follows.

IfA,BaU\ e>0 and -y = dim A + d imFB- l , then

£l{zeUK. dim An(B +z)  ̂ y-e}>0.

I don't know whether Theorems 6.4 and 6.5 hold with dimSF^ replaced
by dim B when n3=2. For n = l, they don't hold, see [K2] or [Ml]. There
are some, but perhaps not so promising, hopes to sharpen the present Fourier-
analytic method to solve this problem as well as the earlier-mentioned problems
on distance sets. These hopes are based on the observation that in all estimates
above the uniform bound o-p(v) could be replaced by suitable //-norms of
the function rl3cr(p)(r). The question is whether such //-norms could be
dominated by appropriate energy-integrals of v. The discouragement comes
from the measures fi.a in Example 3.12. Evidently r^a{^a)(r), being Lipschitz
(by the proof of Theorem 3.10) and not vanishing at infinity, cannot belong
to any U for p<oo. But could some weighted inequalities work?
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