SPHERICAL AVERAGES OF FOURIER TRANSFORMS
OF MEASURES WITH FINITE ENERGY; DIMENSION
OF INTERSECTIONS AND DISTANCE SETS

PERTTI MATTILA

§1. Introduction. Let u be a positive Radon measure with compact sup-
port in the euclidean n-space R". Introducing the Fourier transform

Alx) =j e duy,

and the averages over the spheres S(r) ={x: |x|=r},

o(u)(r)= J |2 (rO)de,

S(1)

we can write the a-energy, 0<<a <n, of u as

=c | X" A(x)Pdx

L(p)= JJ |x = y|™*duxduy

=0 j r*la(p)(r)dr,

where the positive constants ¢, and ¢, depend only on n and a. The second

equality is based on the Plancherel formula and the fact that k,_, = ck, where
k. {(x)=1]x|*"". Thus if I,(u) <o, we have for many large x and r,

A= e(u)lx] ™7, (1)

o(u)(r)<c(p)r . (2)

In general these inequalities need not hold for all large x and r. As for (1),
for no a, 0< a <n, does the finiteness of I, () even force @(x) to tend to
zero as | x| » co. But the averages behave better. In Section 3 we shall prove that

a(p)r)<cl,(u)r for all O<r<om, 0<a<i(n-1).

We shall also show that this is no longer true for a>3(n—1), and we derive
a weaker estimate in this case.

[MATHEMATIKA, 34 (1987), 207-228]



208 P. MATTILA

In Section 4 we study the influence of the above averages on what we call
the distance measure 8(u, v) of two measures u and v:

8, V)(A) = x v{(x,y): [x—y|e A},  AcR.

We shall give bounds for the L™- and L’-norms of the Radon-Nikodym-
derivative of 8(u, v) and for the energy-integrals of 8(u, v) in terms of the
energies of u and v and the behavior of the averages o(u) and o(v). By
approximation, these problems are reduced to smooth functions f and g, and
we are led to derive a priori inequalities for

8(f, g)(r)=J< f f(()ds’)g(X)dX-
lg=x|=r

In Section 5 we apply the results of the earlier sections to distance sets.
For Borel subsets A and B of R", their distance set is

D(A, B)={|x—yl:x€ A, yeB},

with D(A, A)= D(A). In [F2] Falconer proved that the Lebesgue measure
£'D(A) > 0if the Hausdorff dimension dim A > }(n+1), and thatdim D(A)=
dim A—3(n—1) if dim A<i(n+1). We improve this by showing that if
dim B=<3(n—1), then

dim A+dim B>n implies F'D(A, B)>0, and (3)

dim A+dim B<n implies dim D(A, B)=dim A+dim B—n+1.
(4)

It is not known whether the condition dim B<%(n—1) is really needed in (3)
and (4). But we can replace it by the condition that B supports a measure v
for which the averages o(v)(r) decay at nearly optimal rate as r->o. To
explain this, recall that dim B.can be defined as the supremum of the numbers
a such that B supports a Radon probability v with I,(v)<oo. B is called a
Salem set if the stronger condition holds that for any ¢ <dim B, B supports
a Radon probability v with |$(x)|*= O(|x|™*). Our condition is weaker than
this, namely that for all « <dim B, B supports a Radon probability v with
o(v)(r)=0(r *). We call such sets B generalized Salem sets. We shall prove
that (3) and (4) are valid if B is a generalized Salem set.

Although deterministic Salem sets are in some sense scarce, they abound
as random sets. Kahane has shown that if F <R is compact, its images under
n-dimensional Brownian motion and many other stochastic processes, are
almost surely Salem sets, see [K1, Chapter XV]. In [KR] Kaufman found
deterministic number-theoretic Salem sets. As for generalized Salem sets, the
results of Section 2 show that all Borel sets in R" of dimension at most 3(n—~1)
are such, and that there are also Borel sets which are not generalized Salem sets.

For intersections it was proved in [M2] that if A and B are Borel sets in
R", y<dim A+dim B~n and if dim B>4n+1), then dim A~ fB= v for
many isometries f. It is not known whether the condition dim B>3(n+1) is
redundant, but we shall show that it is in case B is a generalized Salem set.
Earlier it has been known that this assumption is not needed if B is sufficiently
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 209

imooth, e.g., a C' submanifold, [M1], or if one uses larger transformation
;roups, e.g., similarities, [K2], [M1], in place of isometries.

§2. Preliminaries. Throughout the whole paper n will be a positive integer,
ind a« and B will be positive numbers with 0<a <n, 0<B <n. Always
5 €y, €2, ... will denote constants depending only on n, @ and 8. By & or
7(R") we mean the space of non-negative, compactly supported, infinitely
lifferentiable functions on the euclidean n-space R". Mostly the results stated
or functions in & hold in much greater generality. As usual, L? stands for
he Lebesgue space of the pth power integrable real-valued functions on R".

A measure in this paper will always mean a Radon outer measure on R".
[he set of all such measures p with uR" <00 and with the support of u, spt u,
:ompact is denoted by # or #(R"). The Lebesgue measure on R" is ¥".

Absolutely continuous measures will be identified with functions, and vice
rersa, any locally integrable non-negative function f on R" with the measure
4 —>IAfd§€". Thus for example the notation u € L” means that u is absolutely
:ontinuous with Radon-Nikodym derivative in L?. The Fourier transform of
cedlis

p(x) = J e”"dpuy.

Let A be a subset of R". The a-capacity of A is
C,(A)=sup{l(u) " pet, sptpcA, pA=1},

vhere
L(p)= JJ |x — y|”“dpxduy

s the a-energy of u. We define the capacitary dimension of A by
dim A=sup{a<c(0,n): C,(A)>0},

vith sup & = 0. It agrees with the Hausdorff dimension if A is a Suslin set.
Recall that all Borel sets are Suslin sets.

Let J, be the Bessel function of order p, see [W]. The basic estimates we
1eed are: for 0 <1< o0,

() <et™'?, (2.1)
|1 ()} < ct”. (2.2)
Ne shall frequently work with Ji,,_,,, when n=2, and fix the notation

J= ];(nfz).

§3. Spherical averages. For 0<r< o0 and xeR", let

S(x,r)={yeR": |x—y|=r} and S(ry=S5(0, r).
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210 P. MATTILA

For u and v in /, we define the averages of i and |i2]> over S(r) by

o (p, v)(r) = J A0 P(r0)de,

5(1)

o(p)(r)=o(p, p)(r)= J |E(ro)*de.
S5(1)

By Hoélder’s inequality

lo(p, v < a(pw)(r)o(w)(r). (3.1
Sometimes the weighted averages
3(u, v)(r) =" Ve (p, v)(r), (3.2)

and Z(u) =2(u, n) will be more convenient.
Let {¢,}.~o be an approximate identity of the form ¢, (x) = ¢ "¢(x/¢) such
that ¢, € Z(R") with

spt . ={x: |x|<e}, @.(x)=0.(—x), J¢sd$"=1 and 0<¢. <1

For any p € # the convolutions u * ¢, belong to & and converge weakly to
W, m* @, >" u, as £0. Also

(r* @) > i, (1 * @) | =|dé:|<|al,
and for u, ve M and 0<<r <o,

lim o(p * @e, v * .)(r) = (g, »)(r). (3.3)

The mutual a-energy of u and v in A is
L(p,v)= jj |x — y|™*duxdvy.

Suppose I, (1) <o and I, (v) <co. Then, cf. the proof of [L, Lemma 1.2, p. 82],
lig)l L(u*o.,v*e)=IL(uv). (3.4)

Using this, Plancherel’s formula and the fact k,_.= ck,, where k,(x)=|x|*7",
[L. Section 1.1], one easily verifies

L, v) =, j Ix|* "G (x)Fx)dx = ¢ f F o, v)(r)dr. (3.9)
o
By Holder’s inequality,
I%(a-*'B)(/“"a V)Sla(f‘l')l/zuﬁ(v)l/z- (3.6)

From now on we shall assume, unless otherwise explicitly stated, that n=2.
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 211

3.7. LeMMA. For p,ve# and 0<r<oo,
o, v)(r)=c ” (rlx~=yD®™"" 21 (r|x — y|) duxdwy.

Proof. Since the integrand is bounded and continuous by (2.2), we may,
approximating as above, assume that u =f, v = g€ 9. The normalized surface
measure 7, on S(r);

J pdr, = J e(re)de,
S(1)
has the Fourier transform

7.(x) = e, (r|x)* I (r]x]),

and the measure fdr, is the transform of ¢,f * 7, in the sense of distributions.
Hence by Parseval’s formula

o(f, g)(r) = j fédr, = ¢ f (f * 7,)gd 2"

=c JI (rlx = y¥*" "I (rlx = y|)f (x) g (y) dxdy.
For a <%(n—1) we have the following sharp inequality.
3.8. THEOREM. For 0<a<(n-1)/2, u,ve M and 0<r<oo,
lo(u, v)(r)| < er™ L (n, »).

Proof. For a =3(n—1) this follows immediately from Lemma 3.7 and
(2.1). If a <2(n 1), we assume, as we may, that u =f, v=ge %, and define
yby2y=in-1)—-a, and let k, and ¢, be as before. Set f,=(f*k,)¢. and
g =(g*k,)¢.. Then f —(fk y*¢@, and £, = (gk ) * ¢.. Recalling that
k,(x)= c1|x|“7, we obtain

llﬂ)l o (f., g)(r) = cia(f, g)(r).
We shall apply the case a = 3(n — 1) and the formula (3.5) to f. and g, although

they are not compactly supported. But this is easily seen to be legitimate as
they are smooth and rapidly decreasing. Hence

!rzyo-(.fe’ ge)(r)l = czrzy_%(n-l)I%(n—l)(.f;:y gs)

=" J |x[¥mD=1((F&,) * 0.)(x)((8K,) * ¢, )(x)dx

Iy J x> "f (x)E(x)dx = csr L. (f, 8),

as €0, and the theorem follows.
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212 P. MATTILA

3.9. Remarks. Theorem 3.8 gives the best possible asymptotic estimate.
If a<i(n—1) and I,(u) <o, then

o(w)(r)=0(r %) as r—co,

This and Theorem 3.8 fail for a >3(n—1), see Example 3.12. However, see
Theorem 3.10.

In particular, o(u)(r)>0 as r>o0 if I, {(u)<oo for some a>0. But this
is easily seen to hold much more generally.

If u,ve M and u{y} =0 for v almost all y e R", then lim,_, o(u, v)(r) =0.

In fact, given € >0 the continuity condition on n yields 8§ >0 such that
f w{x: |x —y|< 8}dvy <e. Splitting the integration in the formula of Lemma
3.7 into |x —y|< 8 and |x — y|> §, and using the estimates (2.1) and (2.2), we
find

lo(u, v)(r)|< e J pix: [x = y| < 8}duy +cy(r8) V(R ¥(R™) <2e
for sufficiently large r.

3.10. THEOREM. Let u € M and suppose that the diameter of sptu is at
most 1. Then for 0 <r <0,

o(u)(r) < cl,(p)rie s,

Proof. We assume a =3(n+1), since otherwise Theorem 3.8 gives a better
estimate. Let y=3a+4i(n—>5). Then a — y=1. Again we may assume u =f¢€
9. Let

m(r)=ro(f)(r).
Then

L(f)=c¢ J' r* e (r)dr, @3]

and 7(r)< I,(f)/c, for some r in every interval [k, k+1], k=1. Hence it
suffices to verify the required estimate 7(r) < cl,(f) at a point r,>2 where 7
has a tocal maximum. If 7(ry)>21,(f)/c,, we find r,, ry < r,<2r,, such that
7(r)) =7(ry)/2 and 7(ry) < 7(r) for ry<r=<r,. Then as 7'(ry,) =0,

Le(r)=— J (r)dr=— J J 7(t)dtdr. (2)

By Lemma 3.7
m(r)=cr” JJ (rlx =YD I (rlx = y))f () () dxdy.

Differentiating twice, using the identities

d i 4 — _ 4¢P
E(t ]p(t))_ t Jp+1(t)
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 213

and

2

d? _ o
W“ 2L () =t 7T, (1) — 777 L (1),

¢f. [ W, Section 3.2], recalling the assumption diam (spt n) =<1, and applying
the estimate (2.1), we see that for t=1,
7)< exlymy ()7 L (f) 077300,

Inserting this in (2) we get

T(ro)ﬂczla(f)J j 75D gedy
= Csla(f)rgm%(n_”(rl_ ro).
Hence, by (1), -

n

L(f)=¢q J r* " e (r)dr
To
Béclrg_ynl(rl =~ 15)7(ro)
= ¢y, (f) g 7Y ()3

= oL, (f) 21(r0)3,

which gives the required estimate.

3.11. Remarks. The assumption diam (spt u) =<1 was used to guarantee
L{n)<I,(u) for y<a. Without it a more complicated estimate involving
lower order energies would follow.

As noted in the proof, Theorem 3.10 improves Theorem 3.8 only when
a>3(n+1). I don’t know what is the best possible exponent. The following
example in the plane presents some limitations. It shows in particular that
when n =2, the asymptotic estimate given by Theorem 3.8 for u with I, (u) <o
and a =1%;

o(u)(r)=0(r?) asr-cw,
is best possible for 3< a < 1.

3.12. ExampLE. For each a, 0<a <1, there is u,€ M(R?) such that
I, (po) < and

lim sup rio (i, )(r)> 0.

For each a, a', 1< a < a’, there is g, o € M(R?) such that I,(ji, ) <0 and

lim sup r**'a (e o-)(r) > 0.

a ‘T 'L86T ‘2YBLIVOC

J/rsdny wouy

85U8017 SUOLUILLOD) aAIIER.D) 3|qeat dde ay) Aq peusenoh ae sspife YO ‘@sn JO SajnJ J0) ARiq1 Ul UO 43| UO (SUONIPUOO-pUR-SLLIBIALIO" A8 1M ARIq 1 BUI |UO//:STNL) SUONIPUOD PUe SWie | 8L} 89S *[9202/60/.2] uo ARiqi auluo A3|IM ‘sueuyly JO AsAIUN AQ Z9PETO00E6.SSZ00S/ZTTT 0T/I0P/W0D | IM"



214 P. MATTILA

Proof. Let 0<a <1. There is u = p, € #M(R’) such that
spt u < {(x,y): y=0}, I,(n) <o and f(x,0)#0 as x> 0.

In fact, if a <8 <1and B =1og2/log (1/d), we take as u the natural probabil-
ity measure on the Cantor set constructed by deleting the mid-interval of length
(1-2d)1 from intervals of length I The formula for the Fourier transform of
this measure can be found in [KS, p. 15]. Since g is Lipschitz continuous and
since d{x, y) = f(x, 0) for x, y € R, we can find arbitrarily large numbers r for
which |&(x, y)|>a for xe[r—a, r] and yeR, where a is a positive number
independent of r. The length of the arc S(r) n{(x, y}: r—a<x=<r} is at least
br for some b>0 independent of r. It follows that

a(u)(r)=2ar)™" J |&(O)Fde=(a’b/2m)r™,
S(r)

and the first assertion is proved.

Let a=8+y, a'=B+7%, 0<B<]l, 0<y<é<e<n<y <l with
1+ n=a'. From [KS, pp. 14-15] we see that we can choose u € #(R) with
the following properties.

wlx—p,x+pl<p® for xeR, 0<p<oo, (1)

and there are a > 0 and ¢ > 1 such that forevery k=1, 2, . . .thereis r, e [t*, t**']

with
[2(x)|>a for xe[rn.—a, r] (2)
We also find v = #(R) such that
vy—p,ytplsp® for yeR, 0<p<w, (3)

and [.(v)=0. As ¢ <7 and
I V"B dy = el.(v) = 0,

we must have, by a geometric series argument, for arbitrarily large k

btk/2

J |2(y)[Pdy = 617k, (4)
0

where b> 0 as in the first part of the proof.
We show that u, . = p X v has the required properties. First for any disc

B((x,y), p) = R?,
(uxv)B((x,y), p) < ulx—p,x+ple[y—p,y+pl=<p®°

by (1) and (3). As a <B+3§, an easy calculation, like that in the proof of
Theorem 6.3 in [F1], shows then that I,(u xv)<oco. Secondly, note that
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SPHERICAL AVERAGES OF FOURIER TRANSFORMS 215

(uxv) (x, y)=4A(x)#(y). If k is as in (4) and r = r,, we have by (2) and (4),

o(uxv)(r)=(2mr)"" J (X v)"(O)PdE

S(r)
bri/2

= a’2mr)™! J’ |5(y)|Pdy = a®(2ar) 10—k
0

= a?(2m) 7 VIO g2 )T O e
b

and the second assertion follows.

§4. Distance measures. For u, ve M(R™) we define the distance measure
8(u, v)e M(R) of u and v by

I edd(p, v)= JJ @(|x — y|yduxdvy
for continuous functions ¢ on R. That is, 5(u, v) is the image of p X v under

the distance map. Sometimes it will be convenient to use the weighted measure
A(u, v) determined by

J edA(u, v) =J s 1Mo (5)d8(u, v)s. (4.1)
Note that

8(u v)(R)= w(R"W(R"), 8w, v:) —> 8(p, v),

w w
whenever u; —> u, v; — v and the supports of y; and »; are contained in
a fixed compact set, and that

j s7dé(u, v)s =1, (u, v). (4.2)

43. LEmMA. If f,ge D, then 8(f, g) is continuous with compact support,
8(f,8)(s)=0 for s=<0, and for 0<s <0,

5(ﬁg)(S)=j< I f(§)d§)g(X)dx

S(x,s)

st f %[22 slx]) () FR dx

r"J(sr)a(f, g)(r)dr.

1
= CZSZ"

Og__,B
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216 P. MATTILA

Proof. 1t is clear that 8(, g) is continuous with compact support and that
it vanishes for s=<0. Also the first and third identities are immediate. To
prove that the first member equals the third, let ¢ be continuous with compact
support, and let ¢ be the radial function (x)= ¢(|x]) on R". Then

J edd(f, g) = IJ e (|x—y|)f(x)g(y)dxdy

= J (¢ * f)gd¥" = ¢ f GfgdL.

By the formula for the Fourier transform of a radial function, see [SW, p. 155],

P(x) = e x[ 07" J ¢ (s)J (slx[)s"ds,

whence
J @ds(f,g)=cs J @(s)s¥" _[ |x|2@ g (s]x]) f (%) §(x) dxds,
and the lemma follows.
4.4. THEOREM. Suppose p,ve M, I,(u)<oo, Iz(v)<oo, and a+B=
n+1. Then 8(u, v)e L™ and for 0 <s <o,
8(p, v)(5) < es* T () g (v)0

Proof. Approximating by u * i, and » * ¢, we reduce to the case u =,
v=ge%. Then by Lemma 4.3 for 0 <s <0

.

(S 8)(s)=cpst" J r"J (sr)o( f, g)(r)dr = 8,(s)+ 8,(s)

where 5,(s) is the integr-al from 0 to 1/s andi‘o‘z(gs from 1/s to . We use
(2.2), (3.1), the fact 2(« + 8) < n, Holder’s inequality and (3.5) to estimate

1/s

8i(s)=< Czs”—1 I rn_)'o'(f, g)(r)ldr

0
1/s

<" I " (f)(ria(g)(r)idt

(o]
1/s

= ¢yt J (sr)" B o (£) () (rf T o (g)(r))2dr

1/s
< gyt J (r* o ()P o (g)(r))dr
0

a ‘T 'L86T ‘2YBLIVOC

J/rsdny wouy

35UB017 SUOLILWOD aA1EaID) 3|gealjdde ay) Aq pausenob ake sapiie O ‘asn Jo Sa|n 1oy Akiq1 auluO A3|1IAA UO (SUO I IPLIOO-PUE-SLLIBIAL0D A3 | 1M Ale.q 1 U1 uo//SANY) SUOIIPUOD pue SWLB | 8L 88S *[9202/60/L2] uo AreiqiauliuQ /B|IM ‘suauyly JO AseAuN AQ ZovET000E6.SS200S/ZTTT OT/I0p/Wod A IM',



SPHERICAL AVERAGES OF FOURIER TRANSFORMS 217

fe o) 0
1

sczi(‘”’”_l(J r“_la(f)(r)dr>i<f rB_lo'(g)(r)dr>2

0 0
= ey T (f Y (8)"
Similarly using (2.1), (3.1), the fact n+1 =< a + 8, Holder’s inequality and (3.5),

<

82(5) < cus¥" 7Y j P Va(f)(r)io(g)(r)Hdr

1/s

= gy silerP! J (sr)Im 1B o (f)() (o (g)(r))dr
1/s

= Cssé(aﬂs)_lla(f)lﬁ(g)'

The combination of these estimates completes the proof. Note that 0’(/.1., v)
is bounded since it has compact support. N

4.5. Remark. If u=wv, Theorem 4.4 tells us that 6(u)e L™ provided
Iin+1y(p) <co. The example 2.2 in [M2] shows that for no a <3(n+1) does
I, (u)<ocoimply 6(u)e L™,

Next we study L*-relations between = and A; for the definitions recall
(3.2) and (4.1).

4.6. THEOREM. Forf, g h ke 3,

'[ A(f, 8)(s)A(h, k)(s)ds = c J 2(f, 8)(NZ(h, k)(r)dr.

Proof. Let S=3(f,g) and T=2(h, k). Using Lemma 4.3 and Hankel’s
Theorem, see [W, p. 456], we compute

o0
.

J A, g)(s)A(h, k)(s)ds = ¢ J '[ sptJ(sp)S(p)riJ(sr) T(r)dpdrds

[

=c | PT(r) j sJ(sr) ‘[ pJ(sp)p™*S(p)dpdsdr
0 0

o}
.

=c r%T(r)r_%S(r)dr

» 8

=c | S(r)T(r)dr.
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47. CoroLLARY. Forf,ge 9,

e}

J A(f, g)(s)ds=c J 2(f, g)(r)dr,

0

I A(f)(s)A(g)(s)ds=c J 2()()Z(g)(r)dr.
0
Introducing the notation
ou(p)= sup réo(u)(r) for ped, (4.8)
we get a corollary for measures.

49. CoroLLARY. Suppose u,ve M, I,(u)<o and o,_,(v)<oco. Then
Ap, v)e L? and

J’ A(p, v)(s)?ds < el (1)on—a(?).

Proof. We may again assume u=f, v=ge 9. By Corollary 4.7, (3.2),
(3.1) and (3.5), we have -

J A(f, g)(s)ds=c, | =(f, g)(r)’dr

I

r"la(f)(r)o(g)(r)dr

4]

/
[

RN

= Cla-n—a(g) J‘ ra_lo-(f)(r)dr: cZUn—a(g)Ia(f)'

4.10. Remark. 1In the case when w=w, we get A(u)e L? and hence
8(u)e L? provided I1,(u)<co and oy,(u)<co. I don’t know if I,(u)<oo
implies 8(u)e L* for some a,in<a <3}(n+1) That it does not for a <in
follows from the examples in [F2].

Our next goal is to estimate energy-integrals of A(u, »). For this we need
to have a closer look at the Bessel function J.

4.11. LEMMA. For 0<t<
J(t)= at”cos t+ bt *sin t+ R(t),
where the constants a and b are not both zero, and

|R(H)|<emin{t? 173},
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This follows immediately for example from [SW, p. 158].
Recall that if n=3, then J(z)=bt ?sin ¢, and some of the calculations
below would simplify.

4.12. Notation. We define the sign-function sgn by sgn (¢)=1 for t>0
and sgn (t) =—1 for t<0, and the even and odd extensions of = to R by
2i(u, v)(r) =2(p, ¥)(|r]) and  Z(u, »)(r) =sgn(r)Z(p, »)(Ir]) for reR.
We consider the operator

#=1-iH: LA(R)~> L*(R),

where I is the identity and H the Hilbert transform, that is Hf =i sgn f for
fe L. Since the functions r > |r|™?, 0=< y < 1, satisfy Muckenhoupt’s A, condi-
tion, 9 is continuous between the corresponding weighted L-spaces, that is,
see [M],

J. ||~ (1) dr < c(7) J Il (r)Pdr. - (4.13)

4.14. LemMA. Forf,ge D, A(f, g) has the decomposition

A(f, 8)(s)=F(f, g)(s)+ K(f, g)(s)
where F(f, g)(s)=K(f, g)(s)=0 for s<0, and for reR and 0<s <

F(f, 8) (r)=c,%E(f, 2))(r) + e H(Zo(f, £))(r),

o)

K(f, 8)(s) = c5s? I riR(sr)Z(f, g)(r)dr.

Proof. Let 2=X(f g), 2;=2,(f, g) for i=1,2. Using Lemmas 4.3 and
4.11 we obtain this decomposition with K (f, g) as required and, for 0 <s <o,

(o 0]

F(f,g)(s)=c4 J (a cos (sr)+ b sin (sr))S(r)dr

0

=lac, J' cos (sr)2,(r)dr+3bc, I sin (sr)2,(r)dr

=2a, J e™'S (r)dr+2b, J " Z,(r)dr
with a, =34ac, and b, =}bc,/i. Then we can write for all seR

F(fg)s)=a, J e™" 3, (r)dr+a, sgn (s) J' e T, (r)dr

+b, J e*"3,(r)dr+ b, sgn (s) I e“ 3,(r)dr.
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220 P. MATTILA
Since I’I?= i sgnﬁ we obtain by the inversion formula

F(f g) =2ma, %%, +27b, ¥3,.

415. LEMMA. Iff,geDandn—1<sa+B<n+1, then for 0<s <0,
[K(f, g)(s)| = est ™" VL () (g)".
In particular, K(f, g) and sK(f, g)(s) are bounded.
Proof. Let 6§=3n+1—a—B). Then 0<8=1. By Lemmas 4.14, 4.11,
(3.1) and Hélder’s inequality

e o]

cls% J r%"R(sr)a(f, g)(rdr

0

IK(f, 8)(s)| =

I

1/s ©
C J ri" Vg(f, g)(r)|dr+cys”! J r o (f, g)(r)|dr
0 /s

1/
1/s

=050 J (sr)°r"V=2) g (f, g)(r)]dr

0

s I (sr)° P00 g ( f, g)(r)]dr
/s

1

PN o ( f, g)(r)|dr

-8
= CHS

e (NP a(g)(F))idr

Y
< 58

f
f

o

< cps° ( J' r““a(f)(r)dr)z( "' r‘g"(r(g)(r)dr>i
0

0

= &5 L(f)*I5(2)
The last statement follows with o =8=%4(n—1) and a =8=3(n+1).

4.16. THEOREM. If B<3(n—1) and 0<y=a+B-n+1<1, then for
u,ve M,

I'y(A(l-Ls V)) = CIa(I'L)IB(V)-

Proof. We may assume p=f, v=gec 9. Using Lemma 4.14 we write
A=A(f,8)=F(fg)tK(f,g)=F+K
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We set
IL(G H)= JJ |s—t|7"G(s)H(t)dsdt

for all functions G and H on R for which the right-hand side is defined. Then
1(G)=L(G,G)=¢, J [r|” G (r)Pdr

provided I(|G]) <. From the identity
A(S)A()=F(s)F(t)+ A(s)K(t)+ A(1)K(s)— K(s)K (1),
we see that
I,(A)=L(F)+2I,(A, K)- L(K)<L,(F)+2I(A, K),

since I,(K)=0. As A is bounded with compact support, Lemmas 4.14 and
4.15 show that F and sF(s) are bounded. Elementary calculations then reveal
that I (|F|) <co. Thus using Lemma 4.14, (4.13), (3.1) and Theorem 3.8, we
have

L(F)=c¢ J |r|7'1|ﬁ(r)|2dr

<c j IS (S, g)(r)dr=c, j P20 (f, g)(r)2dr
<c J P2 (£)(r)o(g)(r)dr

= C3Iﬁ(g) J ra_lo'(f)(r)dr= C4Ia(f)Il3(g)'
0
To estimate I,(A, K), we use Lemma 4.15, the elementary fact

L - -1
2 s —t|7Vdt < 5577,

OL——’S

(4.2) and (3.6) to obtain

IL(8, K)|= l I J A(s)K(8)|s — t| "dtds

< ¢ L (f)Hs(g)} f A(s) [ 7Y s — 1| "dtds
0 0
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222 P. MATTILA

o

< L(f)1(g) J A(s)s™¥ds

=aauﬁ@@ﬁjsﬁwmwugxnm

= ¢, L () 1a(8) s (S, )
< e L(f)Is(g).

The theorem follows from these estimates.

4.17. THEOREM. If0<y=a+B—n+1<n, then for u,ve M,
L(A(p, v)) < cl,(p)(1g(v) + 0g(v)).

Recalling the definition of oz(») from (4.8), the proof is almost identical
with that of Theorem 4.16.

4.18. Remark. 1 don’t know if the inequality of Theorem 4.17 holds
without the term o5(») unless 8 <3(n— 1), which is the case of Theorem 4.16.

5. DisTANCE seTS. The distance sets of sets A, B R" is
D(A, B)={x—y|: x€ A, ye B}.
For u, ve M we clearly have
spt 8(w, v) = D(spt u, spt v).

The following contains part of Falconer’s result in [F2, Theorem 2.2].

5.1. THEOREM. Let A and B be subsets of R". Ifa+B8=n+1, C,(A)>0
" and Cz(B)>0, then ¥'D(A, B)>0. In particular, dim A+dim B>n+1
implies £'D(A, B)>0. —

Proof. Assuming C,(A)>0 and Cz(B)>0, we find measures u, ve
with sptuc A, sptvc B, puA=vB=1, [ (up)<oo and Iz(v)<co. Then
spt 6(u, v)< D(A, B) and 8(u, v)(D(A, B))=1, whence by Theorem 4.4,
ZL'D(A, B)>0.

Although capacity formulations follow as easily, we state the remaining
results on distance sets only in term of dimensions.

5.2. Definitions. In order to formulate further results, we shall introduce
some new concepts. Let A< R". Recall that the Fourier dimension of A,
dimpg A, is the supremum of the numbers « such that A supports a u € # with
pA =1 and for some C <

|&(x))*=< C|x|™* for xe R™

A is called a Salem set if dimr A= dim A. (For these see [K1].) Analogously
we define (as a convenient working term and not a proposal for a new concept
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of dimension) the spherical Fourier dimension, dimgr A, to be the supremum
of the numbers a such that A supports a w e #M with uA=1 and o,(n) <0,
that is,

o(u)(r)<Cr® for0<r<om,
We call A a generalized Salem set if dimgpz A =dim A. Note that always
dimpA<dimgrA<dim A.

Thus Salem sets are generalized Salem sets. By Theorem 3.8 all sets A in R”
with dim A <3(n—1) are generalized Salem sets, while Example 3.12 indicates
that this is no longer true beyond the borderline 3(n—1). However, when
dim A=%(n—1), Theorems 3.8 and 3.10 give

dimgr A=z max {4(n—1), 2dim A+(n—-35)}.
5.3. THEOREM. Let A and B be subsets of R". If dim A+dimgzB>n,

then ¥'D(A, B)>0. In particular if B is a generalized Salem set and
dim A+dim B> n, then £*D(A, B)>0.

Proof. This is an immediate consequence of Corollary 4.9.

5.4. CorOLLARY. IfA and B are subsets of R" such that dim A+dim B> n
and dim B<i(n—-1), then #'D(A, B)>0.

The following result contains the remaining part of Falconer’s Theorem
2.2 in [F2].

5.5. THEOREM. If A and B are subsets of R" such that dim A+dim B<n
and dim B<i(n-1), then
dim D(A, B)=dim A+dim B—n+1.

Proof. Apply Theorem 4.16.

I don’t know whether the condition dim B=<%(n~—1) in Theorems 5.4 and
5.5 is redundant. It is if B is a generalized Salem set.
5.6. THEOREM. Let A and B be subsets of R". If dim A+ dimgge B < n, then
dim D(A, B)=dim A+dimgrB—n+1.
In particular, if B is a generalized Salem set and dim A+dim B =< n, then

dim D(A, B)=dim A+dim B—n+1.
This follows from Theorem 4.17.

5.7. Remark. Theorems 5.3 and 5.6 hold also in R' Then
dimgr B =dimg B, and generalized Salem sets are Salem sets. In fact, in R' it
suffices to prove the conclusions for the difference set

{x—y:xe A, ye B}
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in place of the distance set D(A, B). The corresponding difference measure
of two measures u and » is u * 7 where ¥(E)=v{—x: xe E}. Then

[ 2) (O = A ) PIP(=)P.
Consequently, if I,(u)<oo and |#(x)?<C|x|™®, u*7elL® in the case
a+B=1, and [,,p(p * ) <0 in the case a+ B <1.

§6. Intersections. To derive results for intersections, we are led to estimate
integrals like

j sTYA(f)(s)A(g)(s)ds, 0<sy<l.

For y =0 this was done in Section 4. The kernels
k,(s)=|s]""" for seR, 0<y<l1
satisfy the well-known identities

k,* ks=c(y, 8)k,.s for v, 6€(0,1), y+8<1. (6.1)

6.2. LEeMMA. Let ¢ € D(R) be such that [ ¢ <1 and
¢ *ks<c(8)k, for 0<d<l1.

Ifa,Be(z(n—1),3%n+1)) and 0<y=a+B—n<1, then for f, g D(R")

J s YA ()@ * A(g))(s)ds < eI (f)(Ip(g) + os(g)).

. Proof. Using the decomposition of Lemma 4.14 for A(f) and A(g), we
write. ) i
D=A(f)=F(f)+K(f)=F+K,
E=A(g)=F(g)+K(g)=G+L.

Then
D()E(t)=F(s)G(t)+ K(s)E(t)+ D(s)L(t) — K(s)L(?),

and the left hand side of the asserted inequality is dominated by
|L|+|L]+| | +| L, where

L= J' s TF(s)(¢ * G)(s)ds,

L= J s "K(s)(@ * E)(s)ds,
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L= j s "D(s)(¢ * L)(s)ds,

_ J K ($)(g * L)(5)d.

0]
Writing S=2(f) and T =3(g), we see from the proof of Lemma 4.14 that

[= o}

F(s)=¢, J cos (s#)S(r)dr+c, | sin (sr)S(r)dr,

sin (sr)T(r)dr.

f
f

0
G(s)=¢, J cos (sr)T(r)dr+c,
0
Inserting these into the formula
I = J’ sTYF(s) J G(s—t)e(t)dids
[¢]

and using the addition formulae for trigonometric functions, we find that I,
is a sum of constant multiples of terms like

o0
0
with other combinations of sines and cosines. The absolute value of the

t-integral is bounded by 1 and of the s-integral by cs|p—r|”"", as the use of
product formulae for trigonometric functions shows. Hence

o0
|11|SC4J
(]

Using (4.8) and (6.1) we obtain

o0

|11|$c40'13(g) S(P)(k%(nﬂ)-ﬁ * ky)(P)dP

€ —y

S(p)T(r) J ¢(t)sin trdt J §~7 cos sp sin sr dsdpdr
0

S(p)T(r)|p—r|""'dpdr.

Sty

.8°L

=cso5(8) S(P)ka—%(n—l)(P)dP

~

=csag(g) | p* o (f)(p)dp = cso5(g) 1. (f).
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To estimate I, we use Lemma 4.15, the assumption on ¢, (4.1) and (4.2)
to get

|L| = ’ j s""K(s)(¢ * E)(s)ds

S lo(f) | s (g « E)(s)ds

< la(f) | (@ * kaeysn-1))(s)E(s)ds

<l (f) | kyns-p(s)E(s)ds

= el (f) | s7P8(g)(s)ds = co L (f)1Is(2).

o<__58'___,"._10¢ 8

Similarly,
|L]< clOIa(f)IB(g)~

Finally, estimating as above, using Lemma 4.14 and Lemma 4.11,

|L| < ¢, L. (f) J. kyniry-p(s)|L(s)|ds

<culL(f) | s I rélR(sr)lT(r)drds

& e}

=cnl(f) | PT(r) J s2"~P|R(sr)|dsdr

o
© 1/r o
< ¢, I (f) réT(r)<J rigin BT 4 J' rgsi"B‘gds) dr
(‘)’ 0 1/r
>
=cL(f) | PPIT () dr = cu L () Is(g).
0

6.3. LEMMA. Fora+B=n0<8<1 and u,ve M,

”J |x —ul'"*"Po{vt||x —u| - |y — v|| < 8}dvyduudux

|x—uf=28

= 8L (n)(Ig(v)+ oa(v)).
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Proof. We may assume u=f, v=geP. Letting «k =5(f) and A =5(g),
the left-hand side divided by & equals

=<} s+8
I=8" J' sto* P '[ A(t)dix(s)ds.
28 s—8

If @« =4(n+1), we obtain by Theorem 4.4

s+8

I<cl(f)s! J sA J A(t)dids
28 s—8
=c,L(f)8™" J A(t) J' s Pdsdt

max {28,t—8}
< ¢l (f) J t PN (D dt = c;1,(D1a(g),
0

and similarly if B =3(n+1). If @ and B8 are both less than j(n+1), they are
also greater than 3(n—1), as & + 8 = n, and we can apply Lemma 6.2. Choose
¢ €D asin Lemma 6.2 such that ¢(s)=1/(48) for |s| < 8. Then I is dominated
by c, times the integral of Lemma 6.2, and the desired inequality follows.

With the aid of Lemma 6.3 the arguments of [M1] and [M2] may be used
to obtain intersection results as in those papers. Letting 6, be the Haar measure
on the orthogonal group O(n), they yield for example:

6.4. THEOREM. Let A and B be subsets of R" and let £>0. If
y=dim A+dimgg B —n, then for 8, almost all rotations g € O(n),
F{zeR":dim An(g(B)+z)=y—¢e}>0.
In particular, if Bis a generalized Salem set, this holds with y = dim A+dim B —n.

6.5. THEOREM. Let BcR" and 0<pB<dimgeB, and suppose
a+B—n>0. Then there is c(B), 0<c(B) <0, such that for any A< R"

c(B)Ca(A)SJ, J‘ Corp-n({ANn(g(B)+2))db,gdL 2.

L 3
where | 4 denotes lower integral. In particular, if B is a generalized Salem, this
holas for 0 < B <dim B.

In Theorem 6.5 we can take ¢(B)=c(Iz(v)+os(v)) for a probability
measure v with spt v< B and Iz(v)+ op(v) <.

6.6. Remarks. The analogues of Theorems 6.4 and 6.5 hold also in R'.
Recalling 5.7 one easily derives the required estimate for the integral I appear-
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ing in the proof of Lemma 6.3. Of course, in R' we can restrict to translations
and for example the statement corresponding to Theorem 6.4 is as follows.
IfA, B<R', ¢>0 and y=dim A+dimy B—1, then

FHzeR:'dimAN(B+z)=y—¢}>0.

I don’t know whether Theorems 6.4 and 6.5 hold with dimgr B replaced
by dim B when n=2. For n=1, they don’t hold, see [K2] or [M1]. There
are some, but perhaps not so promising, hopes to sharpen the present Fourier-
analytic method to solve this problem as well as the earlier-mentioned problems
on distance sets. These hopes are based on the observation that in all estimates
above the uniform bound o(») could be replaced by suitable L”-norms of
the function r?o(v)(r). The question is whether such L”-norms could be
dominated by appropriate energy-integrals of ». The discouragement comes
from the measures u, in Example 3.12. Evidently rio(u. )(r), being Lipschitz
(by the proof of Theorem 3.10) and not vanishing at infinity, cannot belong
to any L” for p <oco. But could some weighted inequalities work?
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