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Preface

This book is an outgrowth of a course which I gave at Orsay during
the academic year 1966-67.* My purpose in those lectures was to pre-
sent some of the required background and at the same time clarify the
essential unity that exists between several related areas of analysis.
These areas are: the existence and boundedness of singular integral op-
erators; the boundary behavior of harmonic functions; and differentia-
bility properties of functions of several variables. As such the common
core of these topics may be said to represent one of the central develop-
ments in n-dimensional Fourier analysis during the last twenty years,
and it can be expected to have equal influence in the future. These pos-
sibilities are further highlighted by listing some of the fields (which are
not treated here) where either the particular results of this book, or
ideas closely related to the techniques presented here are continuing to
find significant application. These include partial differential equations,
holomorphic functions of several complex variables, and analysis on
other groups, either non-commutative or commutative.

In this connection we should point out that the book Introduction to
Fourier Analysis on Euclidean Spaces** details some of these applica-
tions, as well as much background and related material. It may there-
fore not be inappropriate to view the present volume as a companion to
Fourier Analysis. Both books, however, may be read independently. In
fact an effort has been made to make the present volume essentially
self-contained, requiring only elementary facts from integration theory
and Fourier transforms as prerequisites.

A brief description of the organization of the book is as follows. The
first three chapters deal primarily with material which, for the most part,
is beginning to find its way into several advanced texts and monographs,
namely covering lemmas and maximal functions, the Marcinkiewicz in-
terpolation theorem, singular integrals generalizing the Hilbert transform,
and harmonic functions represented as Poisson integrals. In the last five
chapters the topics are of a more advanced nature, including the Little-
wood-Paley theory, multipliers, Sobolov spaces and their variants, ex-
tcnsion theorems, further results about harmonic functions, and almost-
cverywhere differentiability theorems. Here part of the material is sys-
tematically organized for the first time, and, for example, the last two
chapters contain several results whose details were hitherto unpublished.

* For the published lecture notes of this course see Stein [10].

** This work of G. Weiss and the author is referred to as Fourier Analysis in
the rest of the text.



PREFACE

In any enterprise of this kind the author is faced with the task of
balancing two aims which unfortunately are not always compatible. On
the one hand there is the desire to facilitate the task of the serious stu-
dent by providing all the background material and by presenting proofs
in a way so that all details, no matter how unenlightening, are fully given.
On the other hand there is the need to get on with the essential job of
developing the basic ideas of the subject. In doing the latter it is some-
times best to be brief about certain technical details, and also at times
to forego the urge to pursue various possible generalizations which could
be formulated. Others may surely find fault with how I have weighed
these alternatives. My justification would be based either on the ground
of personal predilection (which allows no argument) or, in a more seri-
ous vein, in terms of my view of the present subject: that it has ad-
vanced to a high degree of sophistication and is still rapidly developing,
but has not yet reached the level of maturity that would require it to be
enshrined in a edifice of great perfection.

It is my pleasant task to acknowledge with gratitude those who have
helped me in writing this book: Norman Weiss, who prepared the lec-
ture notes (unpublished) of a course given at Princeton University in
1964-65, where an earlier version of some of this material was presented;
Messrs. Bachvan and A. Somen who wrote the published lecture notes
already alluded to; Misses Elizabeth Epstein and Florence Armstrong
who typed the bulk of the manuscript; and Messrs. W. Beckner.
C. Fefferman, and S. Gelbart who helped both mathematically and in
proofreading. To all those and others unnamed, I express my thanks.

September 1970 E. M. STEIN



Notation

Principal Symbols

dx—Lebesgue measure on R*; also m(£)—measure of the set £
L?(R")—the L? space with respect to the measure dx

C*—the class of functions which have continuous derivatives up to and
including total order k

&—the space of indefinitely differentiable functions with compact support
&—the space of indefinitely differential functions all of whose derivatives
remain bounded when multiplied by any polynomial

¢E—complement of the set £

The symbols that follow are listed according to their first
and other principal occurrence.

Chapter I, §1
B(x, r)y—ball of radius r centered at x
M(f)—maximal function
§2
o(x) = o(x, F)—distance of x from the set F

I(x), I, (x)—integrals of Marcinkiewicz involving the distance function
(See also Chapter V111, §3.)

§3
O ..., O, ... —cubes; also Q = ,0,

Chapter 11, §1

Co(R"), #A(R")—continuous functions on R* vanishing at infinity and the
dual space of finite Borel measures

(= g * i,—the convolution of measures g, and w,

./A'(.r) = .7 (f)(v)—Fourier transform of f

ix



X NOTATION
§3
H(f)—Hilbert transform. (See also Chapter III, §1.)

§4
S$"~1, do—the unit sphere in R” and its induced element of volume

§5
L?[R", #)—L? space of functions which take their values in #

Chapter 111, §1
R,—Riesz transforms

Cp = F(n ;' 1)/77.(n+1)/2

§2
R —the upper half-space {(x, y) e R**:xeR", y > 0}
P(x) = ) Poisson kernel

(|x|2 + yz)(n+1)/2
A—Laplacean (see also Chapter VII), where it is used in the context of
R+, or in Chapter 111, §3, where it is used in the context of R"

§3
A —solid spherical harmonics of degree k
H,—surface spherical harmonics of degree k

Chapter 1V, §1
g 81, 8 gx—Variants of the Littlewood-Paley g functions

§2
g%—another variant. (See also Chapter VII, §3.)
I'—cone {(x, y):x eR", |x| < y} (See also Chapter VII, §1.)
S—area integral of Lusin. (See also Chapter VII, §§2 and 3.)

M) = (M(f*P, 2> 1

§3
T,,—multiplier transformation with multiplier m
M ,—algebra of L? multipliers

§4
S,(f)—"partial sum’ operator
Sg(f)—analogue of above corresponding to a family of rectangles

§5
r,—Rademacher function. (See also Appendix D.)



NOTATION Xi

Chapter V, §1
I.—Riesz potential

§2
L2(R")—Sobolov space
§3
T (f) = G(f)—Bessel potential
Z7(R")—space of Bessel potentials
 ,(1)—L? modulus of continuity
@ ,(t)—second-order L? modulus of continuity

§4

A (R")—Lipschitz space
§5

A2 9(R")—Besov space

Chapter VI, §1
A(x)—regularized distance

§2

&,—Whitney extension operators

§3
L»(D)—Sobolov space for the domain D
&—extension operator for the domain D

Chapter VII, §1
I (x%)—cone {(x, y) € R, |x — x9| < oy}
I'"—truncated cone, I'(x%) = I',(x®) N {0 <y < A}
A = |J I'(x°). (See also Chapter VIII, §2.)
20€E
§3
H? space—space of conjugate harmonic functions satisfying an appropri-
ate L? inequality
S,—variant of the area integral
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CHAPTER 1

Some Fundamental Notions of
Real-Variable Theory

The basic ideas of the theory of real variables are connected with the
concepts of sets and functions, together with the processes of integration
and differentiation applied to them. While the essential aspects of these
ideas were brought to light in the early part of our century, some of their
further applications were developed only more recently. It is from this
latter perspective that we shall approach that part of the theory that
interests us. In doing so, we distinguish several main features:

(1) The theorem of Lebesgue about the differentiation of the integral.
The study of properties related to this process is best done in terms of a
“maximal function’ to which it gives rise; the basic features of the latter
are expressed in terms of a “weak-type’” inequality which is characteristic
of this situation.

(2) Certain covering lemmas. In general the idea 1s to cover an arbitrary
(open)set in terms of a disjoint union of cubes or balls, chosen in a manner
depending on the problem at hand. One such example is a lemma of
Whitney, (Theorem 3). Sometimes, however, it suffices to cover only a
portion of the set, as in the simple covering lemma, which is used to prove
the weak-type inequality mentioned above.

(3) Behavior near a “‘general” point of an arbitrary set. The simplest
notion here is that of point of density. More refined properties are best
expressed in terms of certain integrals first studied systematically by
Marcinkiewicz.

(4) The splitting of functions into their large and small parts. This
feature which is more of a technique than an end in itself, recurs often. It
is especially useful in proving L? inequalities, as in the first theorem of
this chapter. That part of the proof of the first theorem is systematized
in the Marcinkiewicz interpolation theorem discussed in §4 of this chapter
and also in Appendix B.
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1. The maximal function

1.1 According to the fundamental theorem of Lebesgue, the relation

) im—— [ fo)dy = f(x)

r—0 m(B(x, I‘)) Dlz,r)
holds for almost every x, whenever fis locally integrable function defined
on R*. The notation here used is that B(x,r) is the ball of radius r,

centered at v, and m(B(x, r)) denotes its measure. In order to study the
limit (1) we consider its quantitative analogue, where “lim” is replaced by

r—0
“sup”; this is the maximal function, Mf. Since the properties of this

>0
function are expressed in terms of relative size and do not involve any
cancellation of positive and negative values, we replace f by |f|. Thus we
define

: 1
@ M) EEE m(B(x, r)) .[:(m,r)[f(y)l 4y
It is to be noticed that nothing excludes the possibility that (Mf)(x) is
infinite for any given x.
The passage from a limiting expression to a corresponding maximal
function is a situation that recurs often. Our first example here, (2), will
turn out to be the most fundamental one.

1.2 We shall now be interested in giving a concise expression for the
relative size of a function. Thus let g(x) be defined on R" and for each «
consider the set where |g| is greater than «,

fxilgol > al.

The function Z(«), defined to be the measure of this set, is the sought-for
expression. It is the distribution function of |g|.

In particular, the decrease of Z(a) as o grows describes the relative
largeness of the function; this is the main concern locally. The increase of
A(o) as o tends to zero describes the relative smallness of the function ““at
infinity”; this is its importance globally, and is of no interest if, for
example, the function is supported on a bounded set.

Any quantity dealing solely with the size of g can be expressed in terms
of the distribution function A(e). For example, if g € L”, then

f,,[g(,l’)l" dy = —J‘wm” dA(a)
R 0
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and if g € L™, then
gl = inf {o, (o) = O}.

A related fact concerning the distribution function will have immediate
application. It is this: If g is integrable, then

Mo) < Afo. where A =f gl dy.
R
In fact

fnn 180 dy > fl g0 dy > 0o,

which proves the assertion.

1.3 With these definitions we can state our first theorem. It gives the
main results for the maximal function, and has as a corollary the differenti-
ability almost everywhere of the integral, expressed in (1).

THEOREM 1. Let f be a given function defined on R"

(a) If fe LP(R™), 1 < p < o, then the function Mf is finite almost
everywhere.

(b) If fe LY(R™), then for every o. > 0

A
mix N > o) < 4] iria,
where A is a constant which depends only on the dimension n (4 = 5" will
do)
(©) If fe L>R™), with1 < p < o, then Mf e LP(R") and
1M1, < 4,015
where A, depends only p and the dimension n.

CoroLLARY 1. If feLPR™), 1 < p < oo, or more generally if f is
locally integrable, then

lim
r~0 B(x, r)
Sfor almost every x.

f fdy = f(x),
B

1.4 Before we come to the proof of the theorem we make some
clarifying comments.

(1) Tn contrast with the case p > 1, when p = 1 the mapping f— M(f)
is not bounded on LYR™). Thus if f is not identically zero Mf is never
integrable on all of R*. This can be seen by making the simple observation
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that Mf(x) > ¢|x|™", for |x| > 1. Moreover even if we limit our con-
siderations to any bounded subset of R”, then the integrability of Mjf
holds only if stronger conditions than the integrability of f are required.
(See §5.2 below.)

(i) The result that is obtained, namely estimate (b), is weaker than the
statement that /— M(/) is bounded on L'(R"), as the remarks in §I.2
show; for this reason (b) is referred to as a weak-type estimate. This
estimate is the best possible (as far as order of magnitude) for the distri-
bution function of M(f), where fis an arbitrary function in L*(R"). That
this is so can be seen by replacing the measure | f(y)| dy in definition (2)
by the measure du, whose total measure of one is concentrated at the
origin; (du is the “Dirac measure”). Then M(du)(x) = c|x|™", where
¢! = volume of the unit ball. In this case the distribution function A(a)
is exactly 1/«. But we can always find a sequence {f,,(x)} of positive
integrable functions, whose L! norm is each one, and which converge
weakly to the measure du. So we cannot expect an estimate essentially
stronger than (b), since in the limit a similar stronger version would have
to hold for M(du)(x).

1.5 Proof of Theorem 1 and its corollary. Here we shall prove the
theorem and its corollary, taking for granted the covering lemma of
“Vitali-type’’ stated in §1.6 and proved in §1.7 below. With the definition
of Mf, and with

E, = {x:Mf(x) > o}

then for each x € E, there exists a ball of center x, which we call B,, so
that

3 fB ()] dy > am(By).

But on the one hand (3) gives m(B,) < (1/o) || fli;, for all such x; on the
other hand when x runs through the set E, the union of the corresponding
B, covers E,. Thus using the covering lemma (1.6) below from this family
of balls we can extract a sequence of balls, which we designate by {B,};
these balls are mutually disjoint and have the property that

@) i m(By) > Cm(E,),

(e.g. the bound C = 57" will work). Applying (3) and then (4) to each of
the mutually disjoint balls we get

f IS dy > o« > m(B,) > aCm(E,).
U B k
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But since the first member of this inequality is majorized by | /], on
taking A = 1/C we obtain the assertion (b) of the theorem; (and thus also
part (a), when p = 1). We shall now prove simultaneously assertion (a)
(the finiteness almost everywhere of M(f)(x)), and assertion (c) (the L?
inequality), for 1 < p < co. The case p = oo is of course trivial, and here
the bound is 4, = 1. Let us therefore suppose that I < p < co. We shall
use a simple example of the technique of splitting a function into its large
and small parts, alluded to at the beginning of this chapter. Let us define
S1(x) by fi(x) = f(x), if |f(x)] > /2, and f;(x) = 0 otherwise. Then we
have successively |f(x) < |1fi(x)] + 2/2; M(f)(x) < M(f)(x) + «/2,
therefore
{1 M(f)(x) > o} = {x: M(f)(x) > o2},

and finally
m(E,) = m{x:Mf() > o} <22 1Al
which is
2A4
(5) m(E,) = m{x:Mf(x) > o} <~ . |f] dx.
o Jifl>as2

The last inequality is obtained by applying conclusion (b) of the theorem
which we may since f; € L' whenever f'€ L?. We now set g = M(f), and
A the distribution function of g. Then using the observations in (1.2)
together with an integration by parts we have

fnﬂ(Mf ) dx = —f“” di(e) = pfowa”-lz(a) da

In particular, because of (5),

Mriz = p [ oty do < p [ Tor (* f, s da

The double integral is evaluated by interchanging the orders of inte-
gration and integrating first with respect to «. The inner integral is then

[ = (=) eor

0

since p > 1. So the double integral has the value
24 _
—— f 11217 dx = (Ap)”f /17 dx,
which proves conclusnon (). Calculating the constants we get

_2(5”), 1<p< .
p—1
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It is useful, for certain applications, to observe that

A, = O(——l—), as p—1L

p—1

We now come to the proof of the corollary. We easily reduce the

consideration to the case p = 1, by multiplying our original function by

the characteristic function of a ball, and then exhausting R* by a de-
numerable union of such balls. Let us denote by f, the function

1
6) X)=——— dy, r>0.
¢ Jx) m(B(x, r)) B(m,r)f(y) Y
We know* that if »r —0, || f, — fIl; — 0, whenever f€ L'(R").
Therefore f, — f, almost everywhere for a suitable sequence {r;} — 0.
What remains to be seen, therefore, is that lim f.(x) exists almost

>0
everywhere. For this purpose let us denote for each g € L', and x e R*
0 Qg(x) = [lim sup g,(x) — lim inf g,(x)|
=0 70

where g, is defined like f,. Qg represents the oscillation of the family
{g.},asr—0.

If g is continuous with compact support, then g, — g uniformly, and
thus Qg is identically zero in this case.

Next if g is in L!(R"), then by conclusion (b) of the theorem

mix:2M(®) > ¢} <22 gl

However clearly

Qg(x) < 2Mg(x),
thus

®) m{x:Qgx) > e} < 2—”‘ Igh, g e LARM.

Finally any f € L'(R") can be written as f = 4 + g, where 4 is continuous
with compact support and where the L! norm of g is at our disposal. But
Qf < Qh + Qg, and Qh = 0 since 4 is continuous. Therefore (8) shows
that

m{x:Qf(x) > ¢} < 2‘: lgll-

* This is a particular property of approximations of the identity. See Chapter 11,
§2.2 for a detailed discussion; the relevant part of that section can be used without fear
of circularity.
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Since the norm of g can be chosen to be arbitrarily small we get Qf = 0
almost everywhere, which means that lim f,(x) exists almost everywhere.
—

The following summarizing comment agout the proof of the corollary is
worth making. The argument used was of a very general nature and occurs
often. That is, the almost everywhere convergence is proved as a com-
bination of two parts, one which is deep and already contains the essence
of the result; it is expressed in terms of a maximal inequality like part (b)
(or (c)) of the theorem. The second fact is usually much simpler to estab-
lish but it is just as essential. It is the convergence almost everywhere for a
dense subset of the function space, in this case the continuous function on
R™ with compact support.

1.6 A covering lemma. We have therefore completed the proof of
Theorem | and its corollary, save for the crucial step of the covering
lemma, which we postponed until now. Not only the simplicity of its
statement, or the application we use it for, but also the many variants of it
that can be found in the mathematical literature attest to the fundamental
character of this lemma. The reader should note that its statement and
proof are closely related to a more refined but probably better known
lemma of Vitali.*

LemMa. Let E be a measurable subset of R* which is covered by the
union of a family of balls {B}}, of bounded diameter. Then from this family
we can select a disjoint subsequence, By, B,, . .. By, . . ., (finite or infinite)
50 that

2 m(By) > Cm(E)

k
Here C is a positive constant that depends only on the dimension n; C = 57"
will do.

1.7 We begin the proof of the lemma by describing the choice of
B, B,,...B,,... . We choose B, so that it is essentially as large as
possible; that is so that the diameter of B; > } sup {diameter B;}. Of
course the choice of a B satisfying these conditions, as well as the later
choices of the other B,, is not unique; but this non-uniqueness is of no
consequence to us. Let us now suppose that B, B,, . .. B, have already
been chosen. We are now forced to select B, , from those balls in the family
{B,} which are disjoint with B, B,, ... B,. We choose one that again is
essentially as large as possible. That is we take B,,, to be disjoint from
B,,...B,, and the diameter of B, , > &{sup diameter of B,, with B,
disjoint from By, B,, . .. Bi}. i

* The lemma of Vitali may be found in §5.4 below.
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In this way we get the sequence B,, B,, . .. B,, . . . of balls. In principle
this sequence could be finite, and terminate at B, ; this would be the case if
there were no balls in {B;} disjoint with By, B,, ... B,.

Now two cases present themselves, depending on whether 3 m(B,) = «©
or 3 m(B,) < . In the first case we have attained our conclusion
whether m(E) is infinite or finite. Let us therefore consider the case when
2. m(By) < 0.

For this purpose we denote by B the ball having the same center as B,,
but whose diameter is five times as large. We claim that

) U,B! > E.

To prove (9) we have to show that U, By = B,, for any fixed B; in our
given family which covers E. We may certainly assume that our fixed B; is
not one of the sequence By, B,, . .. B, . . ., for otherwise there is nothing
to prove. Since > m(B,) < oo, then diam (B,) — 0, as k —> o0, and so we
take the first k, with the property that diam (B,,;) < %(diam B)).
Now the ball B; must intersect one of the k previous balls By, B,, . .. B,
or it should have been picked as the k + 1'" ball instead of B,.,, since its
diameter is more than twice that of B,,;,. That is B, intersects B, , for
some 1 < j, <k, and }(diameter of B;) < dlameter of B;. From an
obvious geometric consideration it is then evident that B; is contamed in
the ball that has the same center as B, , but five times the diameter of

B; ;ie. B; < B}.

Thus we have proved (9), and so

m(E) < 3 m(Bf) = 5"3 m(B,),

which proves the lemma.

1.8 Lebesgue set. The differentiation theorem just proved refers to
the limits of averages taken with respect to balls. But this theorem has, as
a rather simple consequence of itself, a generalization where the averages
are taken over more general families of sets.

Let & be a family of measurable subsets of R*. We shall say that this
family is regular, if there exists a constant ¢ > 0, so that if S &, then
S < B, with m(S) > c¢m(B), where B is an appropriate open ball centered
at the origin. Examples of such regular families are: (1) the family # of
all sets of the U, 0 < & < oo, (which are the dilations of a fixed set U),
where U is bounded and m(U) > 0. (2) the family of all cubes with the
property that their distance from the origin is bounded by a constant
multiple of their diameter. (3) any subfamily of such a family &#. In
analogy with the special case of the family of all balls centered at the
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origin, we defined the appropriate maximal function

o]
x—yld
s) Js If(x = »ldy
Then clearly Mz(f)(x) < ¢ *Mf(x), and therefore M satisfies the
same conclusion as those in theorem 1 for M. So a repetition of the argu-
ment of the corollary leads to the fact that whenever f is locally integrable

(10) ff(x = y)dy = f(x),
se:zv m(S
m(8)—+0
for almost every x.

All of this is very simple, but is not completely satisfying for the follow-
ing reason. Given a fixed locally integrable function f, we have proved that
the relation (10) holds almost everywhere, but the exceptional set (of
measure zero) depends on the given family %. It would be better if we
could find one exceptional set of measure zero (depending on f), so that
outside of it the relation (10) would hold for every regular family. This is
the role of the complement of the Lebesgue set of f, where the latter set is
defined as those x for which

. 1
(i) i [ o) = ety =
(Recall that B(x, r) is the ball of radius r centered at x)

To see that the limit (11) is realized almost everywhere, we consider the
relation

M _(f)(x) = sup

, . 1
) gm0 = eldy = 1) = e
which holds for each constant ¢, for almost every x. That is, there is an
exceptional set E,, with m(E,) = 0, so that (11’) is valid whenever x ¢ E,.
Letc, ¢y, ... c,, . .. be an enumeration of the rationals. If x ¢ E = U,E, ,
then (11") holds for any rational ¢, and so by continuity for every real c.
In particular, x in the complement of the set E are in the Lebesgue set of
f that is, for those x, (11) is valid.

But

f fox = ) dy — f(0)| =

pors ( g f fx— ) — f()] dyl

< "nis“) L 1(x = 3) — f()] dy

st 1

m(B(x, r)) — f(0)ld
m(B(x, r)) L(T’T)I.f(y) f(x)|dy,
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so that differentiability with respect to any regular family is established at
every point of the Lebesgue set of f.

For a discussion of the case of non-regular families, see §5.3 below.

2. Behavior near general points of measurable sets

2.1 In this section we wish to treat various properties of measurable
sets of positive measure which confirm the observation that a *“‘general”
point of such a set is almost completely surrounded by other points of the
set. The simplest concrete example of this heuristic principle is contained
in the notion of a point of density.

Suppose E is a given measurable set, and x € R*. Then we say that x is
a point of density of E, if

12) lim m{E N B(x, r} -1
r~o0  m{B(x, r)}

Of course for general x the limit need not have value 1, or may not even
exist; but if the limit in (12) has value 0, then according to our definition
x is a point of density of the complement of E. Let us now apply the
differentiation theorem (the corollary to theorem 1 stated in §1.3), to the
case when f is y, the characteristic function of the set E. This gives us
immediately the following proposition.

PROPOSITION 1. For almost every point x € E, the limit (12) holds;
that is almost every point x € E is a point of density of E, and almost every
point of the complement of E is not a point of density of E.

Notice that if we had restricted our attention to the points of the
Lebesgue set of 3, we should have obtained instead of Proposition 1 a
similar but stronger conclusion. The balls in (12) could then have been
replaced by regular families, in the sense of §1.8.

2.2 In order to continue, we shall now limit ourselves to sets E which
are closed, but are still otherwise arbitrary. The reason for this limitation
is obvious: In what follows the results will be expressed in terms of the
distance from E; if E is not closed the distance from E is in reality the
distance from E, the closure of E, and clearly £ and £ may be quite
different measure-theoretically. However, the limitation to closed sets is
not a serious obstacle in applications. Closed sets are sufficiently general;
in particular, any measurable set may be approximated by the closed sets
it contains, so that the respective difference sets have measure as small as
we wish.
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To reflect our newly imposed restriction we shall denote a general closed
subset of R” by F, and we let (x) = 0(x, F) represent the distance of the
point x from F. Of course d(x) = 0 if and only if x € F. Now it is clear
that if x € F, d(x 4+ y) < |yl, since x is a point in F whose distance from
x + yisequal to]y|. However in general, this estimate of the distance from
F can be improved; that is d(x + y) = o(|y|), for most x in F. The
relation of “little 0’ means that given any ¢ > 0, there exists a = 7,,
so that d(x + y) < elyl, if [y] < n.

PROPOSITION 2. Let F be a closed set. Then for almost every x ¢ F,
O(x + y) = o(lyl). This holds in particular if x is a point of density of F.

We have formulated this proposition mainly because it is a simple
illustration of the notion of point of density. We shall, however, also
find an application for this proposition, but this is not until much later.

Figure 1. The point of density argument. The larger ball is B(x, |y| + ¢ {yl),
and the smaller ball is B(x + y, ¢ y]).

To prove the proposition, let x be a point of density of F and suppose ¢
is given, £ > 0. Consider the “‘small’* ball of center x + y, and radius
#]y|; and the *‘large™ ball of center x and radius |y| + & |y|. Obviously
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B(x + y,elyl) < B(x, |yl + ¢ly]). We claim that if |y| is sufficiently
small then there exists a z € F, so that z € B(x + y, €]y|). For otherwise
FNnBx+y elyl)=a,and
m(F O B(x, [yl +elyl) _m(B(x, [y + ¢ ly]) — m(B(x + y, elyl))
m(B(x, |yl +elyl) m(B(x, |yl + ¢ 1y])

sl—( : )
1 4+¢

which contradicts (12) if |y| is small enough. Thus there exists a z in F
which also is in B(x + y, £]y]); this means that within a distance of ¢ | y|
from the point x 4 y we can find a point of F, i.e. 6(x + y) < €|yl

2.3 Integral of Marcinkiewicz. We shall now present another expres-
sion of the principle that a general point of a measurable set is almost
completely surrounded by other points of the set. This form will be
independent of the theorem of differentiation, but for many problems it
will have a significance which is equally important. In fact, the integrals
considered below, first treated systematically by Marcinkiewicz, intervene
in a decisive way in the theory of singular integrals, as discussed in the
following chapter, as well as other problems treated in this book.

We consider as before a closed set, F; d(x) denotes the distance of x
from F, and we shall study the integral /(x) given by

(13) I(x) = f] Ax+ 1)

v|<1 |y|"+1

THEOREM 2. (a) When x € complement of F, then I(x) = oo.
(b) For almost every x € F, I(x) < 0.

The conclusion (a) is evident, since the complement of F is an open set.
Then if x belongs to this complement é(x + y) > ¢ > 0, for a neighbor-
hood of the origin in y. The conclusion (b) is the interest of this theorem,
and it states in effect that the estimate d(x + y) = o(|y|) of Proposition 2
can be refined on the average, so as to lead to the convergence of the
integral (13). But this is not to say that the convergence of (13) for a given
x implies 0(x + y) = o(|y]).

The theorem will be a simple consequence of the following lemma,
which is a more quantitative expression of the same fact.

LEmMMA. Let F be a closed set whose complement has finite measure.
With 0(x) defined as above we let

(14) l*(x)=[ (M—y)dy

Jr® 'V'"'l
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Then I (x) < oo for almost every x € F. Moreover
(15) fl*(x) dx < ¢ m(°F).
F

2.4 In proving the lemma, we observe that it suffices to prove (15)
since the integrand is positive. Also by the same positivity we can inter-
change the orders of integration in evaluating the left side of (15). This
will accomplish the proof. In detail:

f «X) dx ff 6(x|:1y)dy dx = ffk e 6(y)|n+1 dy dx

ffl’ Ix i()}}’)l"” “ =J:zv(LI—XTd);_FJ:) ) dy.

Now consider
f _dx with y e °F.
7 'X _ y'n+1

The smallest value of [x — y| (as x varies over F) is of course d(y),
which is the distance of y from F. Thus

dx f dx _
—_— < < ¢(d
fF lx — pI"™ T i e x| AN~
This shows that

f I4(x) dx Sfc <(d(y)™" o(y) dy = em(°F),
F ¥

and the lemma is proved.

Theorem 2 is obtained from this lemma as follows. Let B,, denote the
open ball of radius m center at the origin, and let F,, = F U °B,,. Then
F,, is closed but its complement has finite measure (since it is contained in
B,). Thus we can apply the lemma to F,. So let §,, denote the distance
from F,,, and ¢ the distance from F. Observe that (x + y) = 0,,(x + y),
if |yl <1 and x € B,,_,. Hence the lemma implies that I(x) < oo, for
almost every x € F N B,,_,. Letting m — o0 we get the desired result.

Among the several variants of the theorem and the lemma we present
here one. (Another variant is discussed at the end of this chapter in §5.)
We can replace [(x) by

*x + )

I().)(x) = — s
i1 |y|"tA
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where 4 > 0. Similarly /, (x) can be replaced by

2
IL:‘)(X) =J‘ "é..(in;._t)_y) dy, A>0.
R |yl

In both cases similar conclusions are obtained with the above methods.

3. Decomposition in cubes of open sets in R"

3.1 The decomposition of a given set into a disjoint union of cubes
(or balls) is a fundamental tool in the theory described in this chapter. We
have already used this type of notion, in very rough form, in the covering
lemma, §1.6.

3.1.1 We now pose ourselves the following related general problem
which, however, does not involve measure theory, but deals with the
geometric structure of general closed sets £ in R*: Can the complement
of F be realized as a disjoint union of cubes in a canonical way? For
n = 1 the answer is of course yes, since every open set is in a unique way
the union of disjoint open intervals. For n > 2, the situation is no longer
that simple, since we can realize an arbitrary open set in an infinity of
different ways as a disjoint union of cubes (by cubes we now mean closed
cubes; by disjoint we mean that their interiors are disjoint). However
there are decompositions, which while not canonical, are very satisfactory
and useful substitutes. We have in mind the idea first introduced by
Whitney and formulated as follows.

THEOREM 3.  Let F be a non-empty closed set in R". Then its complement
Q s the union of a sequence of cubes Q,, whose sides are parallel to the axes,
whose interiors are mutually disjoint, and whose diameters are approxi-
mately proportional to their distances from F. More explicitly:

Q= F= ,U 0.
k=1
(i) Q)N QY= & if)j # k.

(iii) There exist two constants ¢y, ¢, > 0, (we can take ¢, =1, and
¢, = 4), so that

¢, (diameter Q,) < distance Q, from F < ¢, (diameter Q,).

3.1.2 Our intention for stating the theorem at this stage is obviously
pedagogical. We shall not, strictly speaking, need to apply it until later
(Chapter VI), and since its proof is a little intricate we postpone it until
that point. ’
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. :

Ql(
3

Figure 2. The decomposition of the complement of F into cubes, whose
diameters equal approximately their respective distances from F.

A related reason we have presented the theorem here is because it will
help to clarify the meaning of the theorem immediately following. We are
referring to a fundamental lemma of Calderén and Zygmund which can be
used to give another approach to the theory of the maximal function of
§2, but whose main importance for us will be its application to singular
integrals in the next chapter.

3.2 THeoReM 4. Let f be a non-negative integrable function on R",
and let o be a positive constant. Then there exists a decomposition of R"
5o that

HR*=FUQ FNQ=g.
(1) f(x) < o almost everywhere on F.

(iii) L is the union of cubes, Q = |J Q,, whose interiors are disjoint, and
e
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so that for each Q,

(16) a <

1
dx < 2",
(Qk) Qkf(x) §

3.3 We decompose R” into a mesh of equal cubes, whose interiors

1
are disjoint, and whose common diameter is so large that — f f<La
for every cube Q' in this mesh. m(@)

Let Q' be a fixed cube in this mesh. We divide it into 2" congruent

cubes, by bisecting each of the sides of Q'. Let Q” be one of these new
cubes.

First case: ” f Sfdx Lo
m(Q )

1
d. .
e’ L”f x> o

In the second case one does not sub-divide Q" any further, and Q"
is selected as one of the cubes Q, appearing in the statement of the theorem.
One has for it the inequality (16), because

(Q”)f 14 (Q)f Sy < 2

In the first case we proceed with the sub-division of Q”, and repeat this
process until (if ever) we are forced into the second case. We denote by
Q = Y, O, the union of cubes obtained from the second case, where we
start the process with all possible cubes Q’ of our initial mesh. We claim
that f(x) < « almost everywhere in F = Q. In fact for almost every point

x € F we have because of the theorem of differentiation (see the variant in
§1.8), that

Second case:

X) = 11m —

70 = tim— [ 70y,

where the limit is taken over all cubes Q which contain x, and the diameter
of Q tends to zero. But each of the cubes that enter in our decomposition
which contains an x € F, is a cube for which the first alternative holds.
This proves the theorem.

3.4 We now state an immediate corollary, whose interest is that it
contains that part of the theorem that we shall apply in the next chapter.

COROLLARY. Suppose f, o, F, Q, and Q, have the same meaning as
in Theorem 4. Then there exists two constants A and B (depending only on
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the dimension n), so that (i) and (ii) hold and

(a) m(£2) < 11

(b) f dx < Bo.

m(Qy) Jox
In fact by (16) we can take B = 2", and also because of (16)

1 1
m@ = Sm@) <! [ swax<tisn.
oaJQ o
This proves the corollary with 4 = 1, and B = 2.

3.5 1t is possible however to give another proof of the corollary
without using Theorem 4 from which it was deduced, but by using
Theorem 1, the maximal theorem, and also the theorem about the de-
composition of an arbitrary open set as a union of disjoint cubes. This
more indirect method of proof has the advantage of clarifying the roles
of the sets F and Q into which R* was divided. We know that in F,
f(x) < «, but this fact does not determine F. The set F is however deter-
mined, in effect, by the fact that the maximal function satisfies Mf(x) < «
on it. So we choose F = {x:Mf(x) < o}, and Q = E {x:Mf(x) > a}.

Then by Theorem 1, part (b) we know that m(Q) g ||f||1, with in fact

A = 5" Notice that since by definition F is closed, we can choose cubes
0, according to Theorem 3, so that Q = |J Q,, and whose diameters are
approximately proportional to their distances from F. Let Q, then be one
of these cubes, and p, a point of F so that

distance (F, Q,) = distance (p;, Q).

Let B, be the smallest ball whose center is p, and which contains the
interior of Q,. Let us set

_ m(By)

e = .

m(Q,)

We have because p, € {x: Mf(x) < o},
aZ(Mf)(P)>-—— fdx x.
* m(By) Jn. )’Lm(Qk) Qlcf
But elementary geometry and the inequality (iii) of Theorem 3 then
m(B;)

show that y, = < constant, for all k. Thus we have another proof

m(Qy) —

of the corollary.
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Notice that this second proof of the lemma also rewarded us with an
unexpected benefit: the cubes Q, are at a distance from £ comparable to
their diameters.

3.6 A final remark about the affinity of the present theorem with
Theorem 1. It may be seen that the former also implies the latter, without
the use of the covering lemma in §1.6. For this see §5.1 at the end of this
chapter.

4. An interpolation theorem for L

4.1 We wish here to formalize a part of the reasoning used in the proof
of Theorem 1. What we have in mind is that part of the argument that
took us from the inequality (b) to the L? inequality. This idea will lead us
to the Marcinkiewicz interpolation theorem—or more precisely, a basic
special case of that theorem. The more extended form of that interpolation
theorem will be presented later in Appendix B.

We shall require several definitions. Let 7 be a mapping from L?(R")
to L(R"), 1 < p < 0,1 <qg< oo. Then Tis of type (p, q) if

(1" 1Tl < 4 1S1,  fe R
where 4 does not depend on f. Similarly T is of weak-type (p, q) if

(18) m{x:|Tf(x)] > a} < (é—]l—(&)q, when g < oo

where 4 does not depend on for a, a > 0.

If g = oo we shall say that T is of weak-type (p, q) if it is of type (p, 9).
Notice that (17) implies (18) so that the notion of type (p, g) is stronger
than the notion of weak-type (p, g). In fact, if g < oo,

a'm{x:|Tf(x)] > «} < Lﬂ |Tf1*dx = | If 1 < (4 [ f1],)"

It will also be necessary to treat operators T defined on several L? spaces
simultaneously. Thus we define L*1(R™) 4+ L?*(R") to be the space of all
functions f, so that f=f; + f;, with f; € LP(R*) and f, e L?*(R").
Suppose now p; < p,. Then we observe that L?(R") < L*(R") +
L»2(R™), for all p such that p; < p < p,. In fact let f€ L?(R™) and let y
be a fixed positive constant. Set

fG) i 1] > y
fl(x)_{o it 1l <y

{f(x) if () <y
fz(x) = A
0 if | f(x)] > v.
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Then [|fi(x)1?tdx = [ | ()7 |f1(x)]”*? dx < y*177 [ | f(x)|” dx, since
p1— p < 0. Similarly

J‘Ifz(X)lm dx =f|fz(X)l”|fz(X)|”2“”dx < V“_”J‘II(X)I”dx,

so fie LP and f, € L7, with f = f, + f,.
The idea we have just used of splitting finto two parts according to their
respective size, is the main idea of the proof of the theorem that follows.

4.2 THEOREM 5. Suppose that 1 < r < co. If T is a sub-additive
mapping from LY(R"”) + L'(R™) to the space of measurable functions on
R™ which is simultaneously of weak type (1, 1) and weak-type (r,r), then T
is also of type (p, p), for all p such that 1 < p < r. More explicitly: Suppose
that for all f, g € LY(R™) + L"(R™)

@O 1T + )| < Tf)] + | Tg(x)]

() m{c|TfD)] >} <D ISl feBRY

o
(i) m{x:|Tf(x)| > a} < (A; Ilfllr), feLRY

(if r < c0; when r = o0 we assume that the form (17) holds). Then

ITOI, <A, 1 fll,,  fe LP(RT)
forall1 < p < r, where A, depends only on Ay, Ay, p, and r.

4.3 We prove the theorem under the restriction that r < co. In the
case r = o0 the argument presented below needs a slight modification
which we leave as an exercise to the interested reader; this case is anyway
contained implicitly in the proof given in §1.5.

Let fe L?(R"). We wish to estimate the distribution function A(x) =
m{x:|Tf(x)| > a}. Fix « for the moment. As we saw above we can split
f=/fi+fz, so that f; € L}(R™) and f, € L"(R") where the splitting was
obtained by cutting | f], in effect, at the altitude y, y > 0. At that stage y
was arbitrary but we now fix it to be equal to a. Since |T(f)(x)| <
| TH(x)| + |Tfa(x)|, we have

{xTf (x)] > o} = {x:|TH(x)] > a2} U {x:|Tfa(x)| > a2}

SO

Ma) = m{x:|Tf(x)| > o} < m{x:|T(X)] > a/2} + m{x:|Tf(x)| > «/2}
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and therefore by the assumptions (ii) and (iii)

Ma) < — X dx
(@) < /2f|f<x>| +(/ .

Because of the definitions of f; and f, we get

f /)" dx

(19) <[ i+ E s
ox JIfl>a o 1f1Sa

Now we know that

f ATf17dx = — fwa” di(o) = pfoooc”_ll(oc) do,
R Jo 0

so we need only multiply both sides of (19) by p«®~! and integrate with
respect to «. To do this observe that

) 1£1
f oc”_loc_1= f /] dx}doc _ f ] f o072 dot dx
0 1fl>a R" 0

1 _
= | 111 dx
p—1Jr

since p > 1. Similarly

f ocp_la_'f f1" dx do f wf 27V o dx
0 1f1Sa 111

= [ s
r—pJr
since p < r. Putting the two together we get

"
ITUN, < A, 1l with (4,7 =240 4 24T

p—1 r—p

One should remark that as in the case of the maximal function, the bound
A, satisfies the inequality A, < A/(p — 1), as p— 1.

One example of this theorem is of course Theorem 1, part (c). Part (b)
of Theorem 1 tells us that the operator f— M(f) is of weak-type (1, 1),
while the fact that f— M(f) is of type (o, c©0) is obvious. Another
important application of the Marcinkiewicz interpolation theorem occurs
in the theory of singular integrals, which are the subject of the next
chapter.

5. Further results

5.1 Theorem 4 (in §3), may be used to give another proof of the fundamental
inequality for the maximal function in part (b) of Theorem 1. In fact for /' > 0,
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S€L'R™and « > 0, let Q = |J Oy, be as given in Theorem 4. Then

1
m(Q) < - ffdx.
Let Q% be the cube with the same center as Q,, but with twice the diameter. Then
clearly m(U Q*) <— ffdx, and it can be seen that Mf(x) < ca,if x ¢ |J QF,

2n
for an appropriate constant c¢; that is m{x:Mf(x) > ca} < — J‘ fdx. For
details see Calderon and Zygmund [1], pp. 114-115.

5.2 (a) Suppose that f is supported in a finite ball B = R". Then M(f) €
LY(B) if | f]log (2 + | /1) is integrable over B. In fact

f Mfdx < m(B) +f Mfdx
B A

Mf=1
while
f Mfdx = f Ma) du + (1),
Mr>1 1
2A4
where 4(2) = m{x: Mf(x) > o} < — 1f1dx, by (5) in §1. See Wiener
(11 11> al2

(b) The above inequality for A(x) can be reserved, essentially. In fact for an
appropriate positive constant, ¢, m{x:Mf(x) > ca} > g;flf >¢I fldx. To
prove this apply Theorem 4 to |f| and «. This leads to the cubes Qy, where
2ne > |f1dx > o Thus if x € Qy, M(f)(x) > c«, and so

m(Qx) Jo,
2—n
m{x:M(f)(x) > ca} >3 m(Qy) > TLJ‘U /1 dx.
kQx

But | f(x)] < a if x ¢ Y Qs hencef Lf]dx > f |f1dx. This establishes
the desired inequality. UQ: s1>a

(c) Part (a) has a converse. If f'is supported in a ball B, then M(f) < L'(B)
implies that | f] (log (2 + | f1) is integrable over B. To prove this integrate the
above inequality for m(x:Mjf(x) > ca} in part (b) as in the direct part of the
theorem. For (b) and (c) see Stein [12].

(d) More generally, if f'is supported in B, then

M(f)log @ + Mf) € L'(B)<>|f] (log 2 + | /) € LY(B),  k > 0.
5.3 We consider the question whether

* lim f f(x — y)dy = f(x), almost everywhere, with S € #
diam (8)- om(S)

where # is an appropriate family of rectangles containing the origin.
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(@) When # is the family of all rectangles, (*) may be false even if f is
bounded. See O. Nikodym [1], and Busemann and Feller [1].

(b) When # is the family of all rectangles with sides parallel to the axes, (*) is
false for some integrable f. See Saks [1].

(c) However, for # the family of all rectangles with sides parallel to the axes,
(® holds if f& LP(R™), p > 1. In fact if we define

M(f)(x) = sup ) ~flf(x -nldy,

for such a family then M [, < A,|fll, 1 <p < . This inequality can be
proved by an n-fold application of the one-dimensional L? maximal inequalities
of Theorem 1.

(d) Let # be a one parameter monotonic family of rectangles with sides
parallel to the axes, i.e. # = {Si}g<;c o, With Sy, = Sy, if 1; <t

Then (*) holds for f& L?(R™), 1 < p. This follows from the fact that for such
a monotonic family of rectangles an analogue of the covering lemma (1.6) holds.

For (c), (d), and further related results see Zygmund [8], Chapter XVIIL.

5.4 Vitali covering theorem. Suppose that a measurable set E is covered by a
collection of balls {B,}, in the sense that for each x € E, and each ¢ > 0, there
exists a B, €{B,}, so that x& B, . and m(B,) < . Then there is a disjoint
subsequence of these balls B, Bz, ..., By, ..., sothat

m(E — U By) =

For this and related generalizations see Saks [2], Chapter 4.

5.5 (F. Riesz,) Let F(x) be a real-valued continuous and bounded function

defined on the line R!, and suppose « is positive. Let Q be the set of those
— e

x, for which sup —F(—x-i-——}z——f—()—c—) > a. Then Q = |J I, with I}, = (a, by),
h>0 k=1

g Flw) — Fla)

b, — ay
dimension, if we set F(x) = [¢ f(¢) dr. The inequality (16) is then replaced by the

= «. This lemma gives another proof of Theorem 4, in one

1
identity m—(—[k—) fz fdx = a. See Riesz and Nagy (1], Chapter 1.
k

5.6 (a) A strengthened form of the inequality (15) is as follows: Let y > 0,
then {4 L, (x)w(x) dx < ., (My)(x) dx, where My is the maximal function
of y. This shows that/, (x)e L"(F) for all 1 < p < . If we use (§5.2)
for y log(2 + v) integrable (but otherwise arbitrary), then it also shows that
fre™ dx < o, for an appropriate a > 0.

ox + y)dy
re Y1+ o +p))+t
el (x), x € F; (ii) #,(x) < = for almost every x € R"; (iii) Further there

(b) A variant of I (x)is #,(x) = . Then (i) # ,(x) >
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exists a positive constant a, so that for every finite ball B, {,, e*”+(® dx < .
In this connection see Carleson [3].

5.7 Suppose that fe L?(R"), 1 < p < . Then a slight modification of the
argument of §1.8 shows that

1
im ——————— ) — f(x)N?dy =0 for almost every x.
r—0 m(B(x, r)) B(m.r)lf y) f 4 Y
58 Letf1,fs,...,fn - be asequence of functions in LP(R") with the
1
property that (z lf j(x)lz)’e L”(R™). Denote by Mf; the maximal function of f;.

J
3 ]
[(zmar)'], < 4 [(15e)
j F)
are A, =0((p — )™, as p — 1, and 4, = O(p?) as p — o. These are best
possible. If the f; are taken to be the characteristic functions of disjoint cubes,
then the above result essentially contains §5.6. See Fefferman and Stein [1].

Then

|p, 1 <p < w. The estimates for 4,

Notes*

Section 1. For the basic facts about integration and differentiation, see Saks
[2]. The original maximal theorem, for n = 1, is due to Hardy-Littlewood
[1], and its n-dimensional version is in Weiner [1]. For the covering lemma
in §1.6 see Weiner [1] and Marcinkiewicz and Zygmund [3]. The reader may
find it instructive to compare this lemma with a more refined version found in
Fourier Analysis, Chapter II, section 3, which is based on further ideas of
Besicovitch. See also Edwards and Hewitt [1] and Stein [11] for other
generalizations.

Section 2. The integral of Marcinkiewicz arose first in Marcinkiewicz [I],
[2], and [3]; see also Zygmund [8], Chapter IV. A systematic use for its n-di-
mensional form is found in Calderén and Zygmund [7].

Section 3. The decomposition theorem in §3.2 is in Calder6n and Zygmund
[1]. Its close connection with the Whitney decomposition seems to have been
pointed out first in Stein [10].

Section 5. The interpolation theorem 5 is due to Marcinkiewicz [5]. The
more general version presented in Appendix B is due to Zygmund, but the proof
given there is that of R. Hunt [1). See also the more extended treatment given
in Fourier Analysis, Chapter V.

* Fourier Analysis refers to Stein and Weiss [4].



CHAPTER 11

Smgular Integrals

A basic example which lies at the source of the theory of singular
integrals is given by the Hilbert transform. This transformation of f is
defined by

T J—0 y

where the non-absolutely convergent integral is interpreted by a suitable
limiting process. We shall here single out several features of the theory of
the Hilbert transform so that in terms of their aspects we can describe the
n-dimensional singular integrals treated in this chapter.

(a) The L? theory. We are dealing here, as in the general case, with an
operator that commutes with translations. For this reason the tools of
convolution, Fourier transforms, and Plancherel theorem—in brief, the
basic implements of harmonic analysis in R*—are unavoidable; it is with
a resumé of these that we begin the development in this chapter.

(b) The L® theory. A fundamental property of the operator (1), as
well as the generalizations we treat, is that each is a bounded operator on
L?, 1 < p < 0. In the case of Hilbert transforms this classical theorem
was proved by M. Riesz, using complex function theory. This approach is
inappropriate in the general context, and there the L? theory will be
obtained as a consequence of the L! theory.

(c) The L' theory. The Hilbert transform is not a bounded operator on
L' There is for it, however, a substitute result, namely that it is of weak-
type (1, 1). There is a similar situation in the general case. The (real-
variable) techniques for proving the weak-type result were initiated by
Besicovitch and Titchmarsh in the case of the Hilbert transform, and were
further developed by Calderon and Zygmund’s treatment of the n-
dimensional theory. It is the presentation of those methods that may be
said to represent the core of the present chapter. Needless to say, we shall
make decisive use of the general real-variable theory of Chapter I.

(d) Special properties of the Hilbert transform. Among these are:

(i) The operator (1) commutes not only with translations, but also with
dilations x -» dx, & > 0. It is therefore not surprising that the theorems

26
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describing the n-dimensional generalizations are essentially invariant under
dilations. Further, those operators which, like (1), are left fixed by dilations
represent an important sub-class for which the theory is more explicit and
far-reaching. These are the subject matter of §4.

(ii) The connection with analytic functions. There is a special relation
between the transform (1) (or certain of its n-dimensional variants), and
analytic functions (or their generalizations). The meaning of this relation
and its concomitant properties of invariance with respect to rotations
will be described in the next chapter.

1. Review of certain aspects of harmonic analysis in R"

We state here, without proof, certain elementary facts taken from the
theory of harmonic analysis in R", which incidentally find their natural
generality in the setting of locally compact abelian groups.

‘1.1 Together with the spaces L?(R"), 1 < p < oo already used, we
consider the space Co(R") of continuous functions tending to zero at
infinity, with the usual supremum norm; also its dual space #(R"),
which as is well known can be identified with the Banach space of all
finite measures du, with norm ||du| = fg» |du|. The space L'(R") can
be identified as a subspace of Z(R™) by the isometry f(x)— f(x)dx,
where dx is Lebesgue measure.

A basic operation is that of that of convolution. Thus if u,, us € %,
then u = p, * pu, is defined by

W) =[]+ 3 de) )

We have p *pto = iy * iy and || < [l pall. The operation of
convolution when one of the factors is restricted to L}(R") has its range

also in L'(R™). Hence if fe LY(R"), g=f*u= [gn f(x —y)du(y)
converges absolutely for almost every x, and g € L}(R") with

gl < U7 allgell-
Similarly if fe LP(R") then [g- f(x — y)du(y) is also in L? and
llgl, < IfH,lull. It is to be noted that the transformation
[=1f(x = y)du(p),

with u€ 4, which we have just asserted is bounded in L?(R"™), also
commutes with translations, x — x + A. This class of transformations is
characterized in the following theorem.
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1.2 ProposITION 1. Let T be a bounded linear transformation mapping
LY(R™) 1o itself. Then a necessary and sufficient condition that T commutes
with translations is that there exists a measure u in Z(R") so that T(f) =
f*u, for all f € L'(R"). One has then |T|| = |ull.

1.3 For each measure u € #(R") we can define its Fourier transform
fi(y) by

i(y) = f 27 ().
Rfl

In particular, the Fourier transform is defined for all fe L'(R™), with
F(y) = frn €"=¥f(x) dx € C,(R"). The Fourier transform has the fun-
damental property that if 4 = u, * u,, then A(y) = f4,(»)i(p).

If feL'(R™) N L*R™), then feL*R") and |[f|,=|fll,. The
Fourier transform can then be extended to all of L% R") by continuity, so
that it is unitary on L?(R"). By continuity we also have thatif g = f* u,

with fe L2(R") and u € Z(R"), then g(») = F (NA().
1.4 The L? analogue of Proposition 1 is the following theorem.

PROPOSITION 2. Let T be a bounded linear transformation mapping
L*(R™) to itself. Then a necessary and sufficient condition that T commutes
with translation is that there exists a bounded measurable function m(y)
(a “multiplier’) so that (Tf)(y) = m(y)f(y),for all fe L*(R"). One has
then | T|| = |m| .

Notice that in the special case where T'is also bounded on L!(R"), then
m(y) = f(y), where Tf = f* u.

2. Singular integrals: the heart of the matter

2.1 The two propositions above show that the structure of translation
invariant transformations that are bounded on L! or L? is both simple and
well understood. The study of translation invariant operators that are
bounded on some L?, p # 2, but not all p, is both more arduous and still
unfinished. However, for an important class of transformations much has
been done. This class consists of convolution operators with a singular
kernel, each having its only singularities at a finite point (the origin), and
at infinity. The analogous study of kernels whose singularities are situated

* The conventional choice of the factor {-2= in the exponential should be taken
into account when comparing formulae which occur below with those in other texts.
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on varieties more general than isolated points is an important problem
which it seems must be left to a future theory.

The theorem below represents the essence of the main result. It is
stated, however, with somewhat less generality than the fuller develop-
ment in §3. We have here set ourselves this less exacting task, since it will
facilitate the understanding of the main ideas of the theory.

2.2 THroreM 1. Ler K€ L*R"). We suppose.
(a) The Fourier transform of K is essentially bounded

(1) |K(x)| < B.

(b) K is of class C* outside the origin and

2 IVK()| < Bjlx|™.

For fe L' N L?, let us set

® (W = [ K = 010 dy.
Then there exists a constant A, so that

C)) 7Ol < 40115, 1 <p< oo

One can thus extend T to all of L? by continuity. The constant A, depends
only on p, B, and the dimension n. In particular, it does not depend on the L*
norm of K.

It is important to make the following remark. The assumption that
K € L? is made for the purpose of having a direct definition of Tf on a
dense subset of L? (in this case L' N L?), and it could be replaced by other
assumptions (such as K e L + L2).

In the applications the hypothesis K € L? is of no consequence since it
can be dispensed with by appropriate limiting process; and this is because
the final bounds in Theorem 1 do not depend on the L2 norm of K. See
Theorem 2 in §3.2 below.

2.3 PROOF: FIRST STEP. T is of weak type (2, 2).

If we use the Fourier transform we see that (T)(y) = K(»)f(y), for
fe L' N L2 and so by assumption (a) and the Plancherel theorem,

©) 1Tl < B 11 f -

Because of (5) T has unique extension to all of L2, where (5) is still valid.
So by the remarks in §4.1 of Chapter I we obtain

(6) m{x:|Tf(x)| > a} < (Bz/az)fkn If12dx,  fe LXR™.
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2.4 SeconD sTeP: T is of weak type (1, 1).

We treat Tf, for fe L'(R"), by decomposing f, as f = g + b, where g
is “good” and is equal to f on the set where f is essentially small; b is the
“bad” part, carried on the set where fis essentially large. The good part g
turns out to be in L%R"), and the L2 result above, (6), then gives an
appropriate estimate for T(g). One can already perceive the idea that is
used for dealing with the large part b, when one considers a portion of the
Hilbert transform. Thus in the integral

L
L X—Y

the principal obstacle to an elementary (but favorable) estimate is the
appearance of the logarithm when one integrates 1/x, that is the fact that

Ly
f ;" ~ log 1/h, when & — 0. The idea is to replace (7) by

h

® [ 25 - ora

1 1
which we may if {£, b(y) dy = 0. Observe that pra ~ when
x is clearly separated from the interval [—L, L], (say, for example, if
d.
x| > 2L), and on the other hand L f Z<
|z|>2L X

In this way one can avoid the difficulty of the logarithm if the integrals
of b on suitable intervals (cubes in the case of R") are zero. This is the
property of b expressed in (11) below.

Once we have replaced (7) by (8), we must add the analogues of (8),
taken for each cube that occurs. The resulting sum turns out to be
majorized by the integral of Marcinkiewicz concerning the distance
function ((14) of Chapter I), and an appeal to the lemma of §2.3 in that
chapter will then supply the necessary information to complete our esti-
mates.

2.4.1 We turn to the details. We need to find a constant C so that*

©  m{x(T) >} < f f /@)l dx:  fe LR

* In order to facilitate the writing of inequalities we shall adopt the following con-
vention that until the end of this chapter, C will denote a general constant (not neces-
sarily the same at different occurrences) but which depends only on the constant B of the
hypothesis of the theorem and the dimension n.
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To do this fix «, and for this « and | f (x)| apply the corollary of Theorem
4 in Chapter I, §3.4. Then we have R"=F U Q, FNQ = &;|f(x)| <

a, x€F; Q= \J Q;, with the interiors of the Q; mutually disjoint;

m(Q) < SL” |f|dx, and %Q;) J;?i |f(x)] dx < Ca.
We therefore set
f(x), for xeF
(10) g =1{ 1
m(Q;) Jos

which defines g(x) almost everywhere. This and the fact that f(x) =
g(x) + b(x) has as a consequence

f(x)dx, for xeQf

b(x) =0, for xeF

(11)
f b(x) dx = 0, for each cube Q;.
Q;

Now since Tf = Tg + Tb, it follows then that
m{x:|Tf (x)| > a} < m{x:|Tg(x)| > «/2} + m{x:|Th(x)| > «/2}

and it suffices to establish separately for both terms of the right-side
inequalities analogous to our desired inequality (9).

2.4.2 Estimate for Tg: One has g € L%R"), because by (10)
gl =f"|g(x)|2dx =f |50 d +f 1800 dx
R F Q

< f « 1f ()] dx + Com(Q)
F
< (€ + Da|f]..

If we now apply inequality (6) of the L? theory to g, we obtain

(12) m{x:|Tg)| > o2} < f 151,

2.4.3 Estimate for Th: Let us write
bx), xeQ,

bix) =
0, X ¢0Q;
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Then b(x) = 3, b,(x), and (Th)(x) = 3, (Th)(x), with

(13) Thix) = fo K(x — y)by(y) dy.

We shall be able to obtain a favorable estimate of (13) when x € F
(= the complement of |J Q,). First,
i

T, = [ 1K(x = ) = Kix = Y)lb,0) .

with )7 the center of the cube @, since {, b,(y) dy = 0. Because |VK| <
diameter (Q,)

|x — yoIm+
where 7’ is a (variable) point on the straight-line segment connecting 7
with y (€ Q).

Next we use the remark made in §3.4 of Chapter I that the diameter of
Q; is comparable to its distance from F. This means that if x is a fixed
point in F the set of distances {|x — y|}, as y varies over Q;, are all com-
parable with each other. Hence

B|x|="-1, it follows that |K(x —y) —K(x —)’)| <C

|Thy(x)| < C diameter (Qj)f TlM—
Q;

x — y|m

However [o (b0 dy < fo, 1/l dy + Cafg, dy, so [ 16()ldy <
(1 4+ C)am(Q;). This has the following consequence. If d(y) denotes the
distance of y from F, because diameter(Q,)m(Q,) < C [, 6(y) dy, then

ITbj(x)IgCaf ——(S—(—}-)—)mdy, xeF.
o lx —yl
Finally,

(14) (TbY)| < caﬁﬂl;—j—(%ﬁ dy, xeF.

This majorization of T in terms of the Marcinkiewicz integral is what
we promised earlier. The rest is now relatively easy.
Using the lemma in §2.3 we are led to the fact that

(15) fF|Tb(x>| dx < Cam(Q) < C || Il

From the inequality it follows immediately that

N

(16) mi{x € F:|Tb(x)| > 2} < Zf TiR
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C L
Since, however, m(°F)=m(Q) < —||fl,, we have obtained the
estimate for Th, that is ®

m{x:|Th(x)| > a/2} < f I/l

If we combine it with (12), which is the similar result for Tg, we get (9),
that is T is of weak-type (1, 1).

2.5 FINAL STEP: THE L? INEQUALITIES.

(a) For p = 2, see §2.3.

(b) For 1 < p < 2, it suffices to verify the hypotheses of the inter-
polation theorem (§4.2 in Chapter I), for the case r = 2. T is well defined
for LY(R") + L*(R") and is also linear. It is of weak-type (1, 1) by §2.4
and of weak-type (2, 2) by §2.3, with bounds that depend only on B and
the dimension n; (B appears in the hypothesis of the present theorem).
Thus the interpolation theorem shows that

TN, <Al flly, 1 <p<2, felL?

where 4, depends only on B, p, and n.

(c) For 2 < p < oo, we will exploit the duality between L? and L?,
1/p + 1/g = 1, and the fact that the theorem is proved for L% Observe
the following: if a function y is locally integrable and if sup |{ yo dx| =
A < oo, where the sup is taken over all continuous ¢ with compact
support which verify ||¢ll, < 1, then y € L? and |y|, = 4.

This being so, take fe L' N L?, (2 < p< ), and ¢ of the type
described above. Since K € L?, and because of our choice of fand ¢, the
double integral

L[ &6 = psrwy ax ay
R'JR

converges absolutely; its value is therefore

1= [ ([ K6 = e x) o

But the theorem is valid for 1 < ¢ < 2 (with the kernel K(—x) instead
of K(x), but with the same constant A4,). Therefore fg» K(x — y)g(x) dx
belongs to L?, and its L? norm is majorized by 4, || ¢|, = 4,. Holder’s
inequality then shows that |fg- (Tf)@ dx| = |I| < A, | f|i,, and taking
the supremum of all the ¢’s indicated above gives the result that

ITfl, < 4 1 fl,,  2<p< o

We have, therefore, completed the proof of the theorem.
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3. Singular integrals: some extensions and variants of the preceding

3.1 The hypotheses of Theorem 1 were of two different kinds. One
dealt with the L? theory, that is hypothesis (a); it was already formulated
in the most general, but not the most useful, way. The second hypothesis,
(b), which is used to deal with the weak-type (1, 1) estimate may be
improved somewhat. The interest in formulating this improvement is that
it represents what seems to be essentially the weakest condition for which
the type of argument used in Theorem 1 holds. The condition is the
following

@ [ Ke=» - K@lx<B, 11> 0

That condition (2) implies (2") is a simple matter that the reader may
verify without difficulty. We have the following corollary of the method of
proof of Theorem 1.

COROLLARY.  The results of Theorem 1 hold with condition (b) (equation
(2)) replaced by (2') above, and with the bound B’ replacing the bound B.

The argument is the same as that of Theorem 1, except that in the proof
of the weak-type (1, 1) inequality certain changes are made which we shall
now indicate.

In this variant of the argument we shall not use the observation that
diameters of the cubes Q, are comparable with their distances from

F= (U Q,.) , (if only because we want to show that this fact is not really
J
necessary here!). We get around this point by the simple device of con-

sidering for each cube Q; the cube QF which has the same center )7, but

which is expanded 2n* times. We have:

(i) Q; < OF; if Q*= U Q¥ Q< Q* and m(Q*) < 2nby'm(Q); if
F* = <Q* then F* < F.

(i) If x ¢ QF, then |x — y?| > 2|y — 7| for all y € Q,, as an obvious
geometric consideration shows.

The other difference is that we do not majorize |Tb(x)| by the distance
integral, but we estimate it directly; as a consequence a favorable estimate
is obtained on the set F*, instead of F.

As in the theorem,

Th,(x) =L [K(x — y) — K(x = y)b,(9) dy
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we get

[msoras <5 [ [ ke =3 - K = )0 b dy ax
7 JatQ,; JVEQ,;
However by (ii) for y e Q,,

f |K(x — y) — K(x — y")ldx < f |K(x" = y") — K(x)| dx" < B’
xEQ)*

[e[=2]v

if we invoke the hypothesis. So

an [ ecorax <o s | iornay < cus.

This brings us back to (15) in the proof of Theorem 1, and the rest is
then as before.

3.2 There is still an element which may be considered unsatisfactory
in our formulation, and this is because of the following related points:
The L? boundedness of T has been assumed and not obtained as a con-
sequence of some condition on the kernel K; an extraneous condition such
as K € L% subsists in the hypothesis; and for this reason our results do not
directly treat the ‘““principal-value” singular integrals, those which exist
because of the cancellation of positive and negative values. However,
from what we have done it is now a relatively simple matter to obtain the
following theorem which covers the cases of interest.

THEOREM 2.  Suppose the kernel K(x) satisfies the conditions

IK(x)| < BIx|™, 0 < x|

1

19 [, K= = KOldx < B, 0 <
and =
(19) f Kx)dx=0, 0<R,<R,< w.

Ri<|z|<R2

For fe L?(R"), 1 < p < , let

(20) T(f)x) = f fx — PKG)dy, &> 0.
Then A
@ TN, < 4, 11

with A, independent of f and ¢. Also for each fe L"(R"), lim T,(f) = T(f)
e-0

exists in L? norm. The operator T so defiued also satisfies the inequality
(21).
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The cancellation property alluded to is contained in condition (19).
This hypothesis, together with (18), allows us to prove the L2 boundedness
and from this the L? convergence of the truncated integrals (21).

3.3 For the L? boundedness we have the following lemma.

LemMA.  Suppose K satisfies the conditions of the above theorem with
bound B.

K(x) if |x|>e. 2on
Let K, (x) = { it x| < e Then obviously K, € L*(R™); for
the Fourier transforms we have the estimates
(22) sup |[K(»)| < CB, >0

where C depends only on the dimension n.

We prove the inequality (22) first for the special case ¢ = 1.

Observe, and this requires only a semi-trivial estimate, that K;(x)
satisfies the same conditions (18) and (19) as K(x), except that the bound
B must be replaced by CB, where C depends only on the dimension ».

Next,

R(y) = lim ETFVK (x) dx

R- o J|z|<R

= VK, (x) dx + lim f ¥ VK (x) dx
|| <1/]%| R-x
/¥l <zl <R
= 11 + 12.

However, f|,1<1/1, €7 K (%) dx = [|,1<iy [€27%Y — 1] Ky (x) dx,because
K, satisfies condition (19). Hence | ;] < C || fiq<11 X1 [Ki(x)| dx < C'B,
in view of (18).

To estimate I, choose z = z(y) so that "> = —1. This choice can be

1y 1 )

realized if z= -, with |z| =——. But n Ky (x)e¥™ V' 2dx =
1 fre [Ki(x) — Ky(x — 2)]e*™¥ dx, so

lim Ki(x)e™=" dx
R—-
1/lvl<|zl=R

= % lim f [Ki(x) — Ky(x — z)]et™=¥ dx
R
vlZ|z| 2R

K, (x)e™* v dx.
{1/|v|(|x II}

N | =
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The last integral is taken over a region contained in the spherical shell,
11yl < |xl £ 1/|y|,andisbounded since | K;(x)| < B|x|~™. The first integral
on the right hand side is majorized by } ||~ [Ki(x — 2) — K;(x)| dx.
Butsince|z| = (2]y])™*, the condition analogous to (18) applied to K, shows
this integral is also bounded by CB. If we add the bounds for 7, and 7, we
obtain the proof of our lemma for K;. To pass to the case of general X,
we use a simple observation whose significance carries over to the whole
theory presented in this chapter.

Let 7, be the dilation by the factor ¢, ¢ > 0, that is (7,f)(x) = f(ex).
Thus if T'is a convolution operator T(f) = ¢ * f = [g= @(x — »)f(¥) dy,
then 7,.Tr, is the convolution operator with the kernel ¢,, where
@.(x) = e "p(e7'x). In our case if T corresponds to the kernel K(x),
7,177, corresponds to the kernel e"K(¢~1x). Notice that if K satisfies the
assumptions of our theorem, then e="K(¢~'x) also satisfies these assump-
tions, and with the same bounds. (A similar remark holds for the assump-
tions of all the theorems in this chapter.) Now with our K given, let
K’ = £"K(ex). Then K’ satisfies the conditions of our lemma with the

same bound B, and so if K] = {Kl(x) i 1¥ > 1 then we know that

|K;(»)] < CB. The Fourier transform of ¢7"K;(¢7'x) is K;(ey) and this is
again bounded by CB; however e"K;(¢~'x) = K,(x), therefore the lemma
is completely proved.

3.4 Wecan now prove Theorem 2. Since K satisfies the conditions (18)
and (19), then K,(x) satisfies the same conditions with bounds not greater
than CB. We pointed this out for K, in the proof of the lemma, and the
passage from K; to K, follows by the dilation argument also given there.
Clearly however, each K, € L*R"), ¢ > 0. So an application of the
corollary in §3.1 proves (21); that is, the L? norms of the operators are
uniformly bounded. Next suppose f; is a continuous function with compact
support which has one continuous derivative. Then

TR = | KM= ndy

= fl I>1K(y)fl(x —y)dy +L| I>£K(y)[f1(x — y) — £i(®)] dy,

because of the cancellation condition (19). The first integral represents an
L® function since it is the convolution of an L function, f;, with an L?
function K(y), since |K(y)| < Bly|™™, if |yl > 1. The second integral is
supported in a fixed compact set of x, and converges uniformly in x as
# >0 because | fi(x — y) — fi(x)| < A4 |yl, in view of the differentiability
of f;. To summarize, T,(f,) converges in L? norm, if £ — 0.
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Finally an arbitrary f€ L? can be written as f = f; + f, where f; is of
the type described above and | f,|, is small. If we apply the basic in-
equality (21) for f, in place of f we see that lim T,(f) exists in L? norm;

&0

that the limiting operator T also satisfies the inequality (21) is then obvious,
and this completes the proof of the theorem.

We should point out that the kernel K(x) = ix , X €RY, clearly
.

satisfies the hypotheses of Theorem 2. We have therefore proved the exist-
ence of the Hilbert transform in the sense that if fe L?(RY), | < p < oo,
then

imd [ LE=0y,

£-0 T J]y| = y
exists in the L? norm and the resulting operator is bounded in L?. A
closer study of this example and certain important n-dimensional analogues

will be taken up in the following section.

4. Singular integral operators which commute with dilations

4.1 A basic class of operators in any abelian group is the set of
operators that commute with (group) translations. However R" is not
only an abelian group, and so besides translations possesses certain other
distinguished groups of transformations that act on it and which are
related to its Euclidean structure. The transformations we have in mind
here are the dilations 7,:x — £x, € > 0 and their corresponding action on
functions 7, f (x) = f(ex), discussed before.

We shall be interested in those operators which not only commute with
translations but also with dilations. Among these we shall study the class
of singular integral operators, falling under the scope of Theorem 2.

If T corresponds to the kernel K(x), then as we have already pointed
out, 7,1 T, corresponds to the kernel e "K(e7'x). So if 7,.:Tr, = T we
are back to the requirement K(ex) = ¢ "K(x), ¢ > 0; that is, K is homo-
geneous of degree —n. Put another way
@) K =20,

|x["
with Q homogeneous of degree 0, i.e. Q(ex) = Q(x), ¢ > 0. This con-
dition on Q is equivalent with the fact that it is constant on rays emanating
from the origin; Q is, in particular, completely determined by its restriction
to the unit sphere S™~1. Let us try to reinterpret the conditions of Theorem
2 in terms of Q. First, by (18), Q(x) must be bounded, and consequently
integrable on $™~1, The cancellation condition (19) is then the same as the
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condition
24 Qx)do =0
Sn—l

where do is the induced Euclidean measure on S™~. The precise condition
(18) is not easily restated in terms of Q; what is evident, however, is that
it requires a certain continuity of Q. Here we shall content ourselves in
treating the case where Q satisfies the following “Dini-type” condition
suggested by (18):

(25) if sup |Q(X) _ Q(x')l = a)(é), then fl w((;) do <
0

Of course any Q which is of class C?, or even merely Lipschitz con-
tinuous, satisfies the condition (25)*.

4.2 THEOREM 3. Let Q be homogeneous of degree 0, and suppose that
Q satisfies the cancellation property (24), and the smoothness property (25)
above. For | <'p < oo, and f€ LP(R") let

e =] S0 st = yay
(a) Then there exists a bound A, (independent of f or €) so that

TN < Ay 1 f 115
(b) lim T(f) = T(f) exists in L? norm, and

e~0
17O < A4, 1/ 1.
(c) If fe LA(R™), then the Fourier transforms of fand T(f) are related by

(Tf )A(x) = m(x)f(x), where m is a homogeneous function of degree 0.
Explicitly,

(26)
i
m(x) = LE sign (x - ) + log (1/]x - yl)] Q) do(y),  IxI=1.
The conclusions (a) and (b) of the theorem are immediate consequences

Q(x)
X
satisfies f|,)=q, [K(x — y) — K(x)|dx < B, if Q is as in condition
(25). However

Q(x — Q(x 1
Kex =) = K9 = (280 4| — L.
lx — yI” Ix —»I*  Ixl
* For a generalization of this condition see §6.10, at the end of this chapter.

of Theorem 2, once we have shown that any K(x) of the form ——=
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The second group of terms satisfies the correct estimate, since

f 1
Izl =21yl

Pe—ym
and Q is bounded. To estimate the first group of terms, we notice that the
distance between the projections of x — y and x on the unit sphere,
x P—

y X , is bounded by C 2
=yl Ixl x
corresponding to the first group of terms is dominated by

¢/2
c'f w(cm)i”i=c"f @) 45 < oo,
2] = 2]y [x]/|x]" 0 é

4.3 Since T is a bounded operator on L? which commutes with trans-
lations, we know by the proposition in §1.4 that T"can be realized in terms
of a multiplier m, so that (Tf)" is obtained by multiplying f by m. For such
operators, the fact that they commute with dilations is equivalent with the
property that the multiplier is homogeneous of degree 0. For our particular
operators we have not only the existence of m but an explicit expression of
the multiplier in terms of the kernel. This formula is deduced as follows.
Let

dx < C

, if [x] > 2|yl|. So the integral

Qx) .
0<e<n <o, and K,,(x) = |x’ it e <lxl<n
0 otherwise

Clearly K, , € L'(R"). If f€ L2(R") then (K,, *f)" = K, (W)

We shall prove two facts about K./, (»).
(i) sup |K.,(x)] < A, with 4 independent of ¢ and 7,
(i) if x # 0, lim K./, (x) = m(x), (see (26)).
e—0
-0
For this purl;'ose it is convenient to introduce polar coordinates. Let
x=Rx',R=|x|,x'=x/|x| € 8", and y=r),r=|y|, )y =y/lyl € S .
We shall also need the auxiliary integral

n
I,(x,y") =f [exp (2mi Rrx'- y') — cos (27 Rr)] irf, R>0.

" sin 2@ Rr(x"- y’
Its imaginary part, f g‘—ﬁ—r—————r(xy)

shows, uniformly bounded, and converges to

dr, is as an integration by parts

w0 -
(f _s%t dt) sign (x"- y') = 127 - sign (x'- y').
0
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Its real part is bounded in absolute value by C log 1/|x" - y'| + C, asagain
an integration by parts shows. Also lim Re(/, ,(x.y") = log 1/|x" - y'|,

&0
Th(Ary — h 1o
since lim Lf-)r—(’lir—)dr = h(0) log (u/A), if u, A >0, and & is an
e—>(p V&
n—00

appropriate function. In this case h(r) = cos 2nr, A = R |x’ - )'|, and
4 =R

n w d
Now K;:,'(x) — f (f e2miRray Q(y') -—r) do‘(y'). Since
n_-1 F r

‘LH Q(y)ydo(y’) =0

we can introduce the factor cos 2777 R (which does not depend on y') in the
integral defining K., (x). This gives

K0 = [ | s, 79907 o),

Because of the properties of /, , just proved

KAl < A L [+ log LI, 111907 do(y)

which proves (i) (the uniform boundedness of the K., (x)), since Q is
itself bounded. In view of the limit of 7 ,(x), as ¢ >0, 5 —> oo just
ascertained, and the dominated convergence theorem, we get

lim K:,,(x) = m(x),
£-0
n—o

if x # 0, that is (ii).

By the Plancherel theorem then, if f € L*R"), K, , * f converges in L?
norm as 7 — oo, and ¢ —> 0, and the Fourier transform of this limit is
m(x) f(x). However if we keep ¢ fixed and let 7 — oo, then clearly

K, ,»f(x — y)dy converges everywhere to [, K(y)f(x — y)dy,
which is T,(f).

Letting now & — 0, we obtain the conclusion (¢) and our theorem is
completely proved.

4.4 [tis to be noted that the proof of part (c) holds under very general
conditions on Q. Write Q = Q, + Q, where Q, is the even part of Q,
Q,(x) = Q,(—x), and Q,(x) is the odd part, Q,(—x) = —Q,(x). Then
because of the uniform boundedness of the sine integral we required only
fon 112,00 do(y') < oo, ie. the integrability of the odd part. For the
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even part, the proof requires the uniform boundedness of

f 1Q,(y") log 11, y'| dat(y).

This observation is suggestive of certain generalizations of Theorem 2,
(see §6.5).

It goes without saying that the transformations described in Theorem 3
are not bounded on either L'(R™) or L*(R"). In the case of the Hilbert
transform this can be seen immediately by the explicit example of the
transform of the characteristic function of the interval (a, b), which has the

1 —b
value —log x Ak Other examples are described in §6.1.
kg

45 Theorem 3 guaranteed the existence of the singular integral
transformation

@7 im | W yyay

e-0 J]y| zI In

in the sense of convergence in the L? norm. The natural counterpart of this
result is that of convergence almost everywhere. In the classical case
corresponding to the Hilbert transform the results of almost everywhere
convergence predated the L? results, and the former were obtained as a
consequence of Fatou’s theorem guaranteeing the boundary values almost
everywhere of bounded harmonic functions. In our present situation the
almost everywhere results will be, in effect, a consequence of the existence
of the limit (27) in the L? norm, already proved. As in other questions
involving almost everywhere convergence, it is best to consider also the
corresponding maximal function.

THEOREM 4. Suppose that Q satisfies the conditions of the previous
theorem. For fe L?(R"), | < p < oo, consider

Q
nw=[  B2se-nan e>o
(The integral converges absolutely for every x.)

(@) lim T (f)(x) exists for almost every x.
e=0

(b) Let T*(f)(x) = sup [T.()). If f € LY(R"™), then the mapping

-0
f— T*fis of weak type (1, 1).
(©) If1 <p < oo, then [T*(NH, <A, 1/,
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4.6 The argument for Theorem 4 presents itself in three stages. At
first there is the proof of inequality (c) which can be obtained as a relatively
easy consequence of the L? norm existence of lim 77, already proved, and

&0

certain general properties of “approximations to the identity.” We shall
therefore postpone the proof of (c) to the next chapter where we deal with
these matters more systematically.

4.6.1 This brings us to the second, and most difficult stage of the
proof, leading to conclusion (b). Here the argument proceeds in the main
as in the proof of the weak-type (I, 1) result for singular integrals, in
particular the variant given in §3.1. We review it with deliberate brevity so
as to avoid a repetition of details already examined. For a given « > 0,
we split f = g + b as in §2.4. We also consider for each cube Q; its mate
Q;, which has the same center 3’ but which is expanded 2n# times. The
following additional geometric remarks concerning these cubes are nearly
obvious.

(iii) Suppose x € °Q™ (in particular this is so if x € F*) and assume that for
some y € Q;, |x — y| = &. Then the closed ball centered at x, of radius
¥a€, contains Q;; i.e. B(x,r) > Q,, if r = y,¢.

(iv) Under the same hypotheses as (iii), we have that [x — y| > y/ e, for
every y € Q,.

¥, and y, depend only on the dimension #, and not the particular cube

Q.

4.6.2 With these observations, and following the development in §2.4
we shall prove that if x € F*,

(28) sup (NI <2 L'IK(X — ) — K(x = y)l bl dy

1
+ C _— b(y)jdy,
Srgg m(B(x, r)) B(cc,r)l 1 dy
Q(x)

x|

Thus the addition of the maximal function to the right side of (28) is the
main new element of the proof. To prove (28), fix x € F*, and ¢ > 0.
Now the cubes Q; fall into three classes:

(a) forallye Q,, |x —y| < e

(b) forall ye Q;, [x — y| > ¢

(c) thereis a y € Q;, so that |x — y| = e.
We now examine 7.b(x).

(29) b0 =3 | Kitx = b0 dy.

with K(x) =



44 1I: SINGULAR INTEGRALS

Case (a). K,(x —y)=0if [x — y| < ¢, and so the integral over the
cube Q; in (29) is zero.

Case (b). K, (x —y)= K(x — ), if |[x — y| > ¢, and therefore this
integral over Q; equals

|| ko= e ay = || 1k = 9 = ke = v
Qi QJ

This term is majorized in absolute value by
Q_IK(X — ) — K(x = y)16(y)| dy,

which expression appears in the right side of (28).
Case (c). We write simply

[ ke =] <[ 1Kx = i1
Qi Q.

= f K, (x — )] 160)] dy,
Blz,rNQ;

Q(x — )| B
x| = G,

by (iii), with r = y,e. However |K,(x —y)| <
by (iv) and the fact that Q is bounded. So

1
— C —————
fq,-K‘(x »b(y) dy' < P

f ()] dy
Blz,r)NQj;

in this case. If we add over all cubes Q; we finally obtain

ITAOISS [ 1K= 3) = Kex = )1 ) dy

+C [b(y)| dy,  r = p.e.

B(x, r) JBtan

The taking of the supremum over ¢ gives (28).
This inequality can be written in the form

|T*b(x)| < Z + CMb(x), xe€F*,
and so

m{x € F*:[T*b(x)| > «/2} < m{x € F*:Z > o/4}
+ m{x € F*:CMb(x) > o/4}.
The measures of both sets appearing in the right-hand side of the just-

. . . 4 ..
written inequality are bounded by — ||b]};. In the first case this is because an
o
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inequality similar to (17) of §3.1 holds for Z; for the second set it is be-
cause of the weak-type estimate for the maximal function M (theorem in
§1.3, Chapter 1). The weak type (1, 1) property of T* then follows as in
the proof of the same property for 7, in §3.1 (or in greater detail in §2.4
following equation (15)).

4.6.3 The final stage of the proof of the theorem, the passage from the
inequalities of T* to the existence of the limits almost everywhere, follows
the familiar pattern described in §1.5 of Chapter I. More precisely, for any
feL?R"), 1 <p < o, let

A = lim sup T(f)(x) — lim sup T,()H()].

Clearly A(f)(x) < 2(T*f)(x). Now write f = f; + f; where f; has com-
pact support and is of class C*, and || fo|l,, < 6. We have already remarked

in §3.4 that T,f, converges uniformly as ¢ —0, so Afj(x) =0. But
AN < A + A(fD(), so

A, <24, \1fall, 24,0, if 1<p < oo,

This shows Af, = 0, almost everywhere, thus Af = 0 almost everywhere,
and so lim 7, f'exists almost everywhere if | < p < co. Inthecasep = 1,

£—0

we get similarly

mmMm>@sfmms§,

and so again Af(x) = 0 almost everywhere, which implies that hm T.(f)(x)
exists almost everywhere.

S. Vector-valued analogues

5.1 It is interesting to point out that the results of this chapter, where
our functions were assumed to take real or complex values, can be ex-
tended to the case of functions taking their values in a Hilbert space. We
present this generalization because it can be put to good use in several
problems. An indication of this usefulness is given in the Littlewood-
Paley theory in Chapter IV.

We begin by reviewing quickly certain aspects of integration theory in
this context.

Let 5% be a separable Hilbert space. Then a function f(x), from R" to
A is measurable if the scalar valued functions (f(x), ¢) are measurable,
where (-, -) denotes the inner product of 5, and ¢ denotes an arbitrary
vector of . If f(x) is such a measurable function, then |f(x)| is also
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measurable (as a function with non-negative values), where |-| denotes the
norm of 5. Thus L?(R", 5) is defined as the equivalence classes of
measurable functions f(x) from R™ to 5, with the property that the norm
11, = (fgn |f(X)|? dx)!7 is finite, when p < co; when p = oo there is a
similar definition, except || /||, = ess sup | f(x)|.

Next, let 5, and ', be two separable Hilbert spaces, and let B(+#, ;)
denote the Banach space of bounded linear operators from 5, to ¢,
with the usual operator norm. We say that a function f(x), from R" to
B(A#,, #,) is measurable if f(x)g is an # ,-valued measurable function
for every ¢ € 5. In this case also | f(x)| is measurable and we can define
the space L?(R", B(#',, #';)), as before; (here again |-| denotes the norm,
this time in B(#,, 55)). The usual facts about convolution hold in this
setting. For example, suppose K(x)e L‘R", B(s#,, #’,) and f(x)€
L?(R", #)). Then g(x) = [g:K(x — y)f(y)dy converges in the norm of
H, for almost every x, and

8091 < [ 1K= sl dy <[ 1KG = i1l ay,
Also Igl, < KISl i 1r = 1p + 1/g — 1, with 1 < r < co.

5.2 Suppose that f(x) e LY(R", ). Then we can define its Fourier
transform f(y) = fgn ¢*™*7f(x) dx which is an element of L*(R", ).
If feL'(R", )N LAR", #), then f(y)e LX(R", #) with |f], =
lif1s. The Fourier transform can then be extended by continuity to a
unitary mapping of the Hilbert space L*(R", /) to itself.

These facts can be obtained easily from the scalar-valued case by
introducing an arbitrary orthonormal basis in 7.

5.3 Now suppose that #, and ., are two given Hilbert spaces.
Assume f(x) takes values in J#;, and K(x) takes values in B(J#,, #,).
Then

710 = [ K0t = » dy.
whenever defined, takes values in J#,.

THEOREM 5. The results in this chapter, in particular Theorem 1, its
corollary, and Theorems 2 to 4 are valid in the more general context where f
takes its value in H#,, K takes its values in B(H#, #,) and (If) and
T,(f) take their value in H',, and where throughout the absolute value
|| is replaced by the appropriate norm in H'\, B(H 'y, H'y) or H 'y re-
spectively.
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This theorem is not in any obvious way a corollary of the scalar-valued
case treated. Its proof, however, consists in nothing but an identical
repetition of the arguments given for the scalar-valued case, if we take
into account the remarks made in the above paragraphs. This seemingly
bold assertion may, in fact, be verified without difficulty by a patient
review of the proofs; but if the reader is not so disposed, he may find the
necessary details in the literature cited at the end of the chapter.

Several clarifying observations emerge from such a verification:

(a) The final bounds obtained do not depend on the Hilbert spaces
Ay or H,, but only on B, p, and n, as in the scalar-valued case.

(b) Most of the argument goes through in the even greater generality of
Banach space-valued functions, appropriately defined. The Hilbert space
structure is used only in the L? theory when applying the variant of
Plancherel’s formula described in §5.2.

The Hilbert space structure also enters in the following corollary:

COROLLARY. With the same assumptions as in Theorem 5, if in addition
IT(HIle = cllfle,  ¢>0,  feLl*R", #y)
then | fll, < A, I ()l if f€ LAR™, #1), if 1 <p < .

Proof. We remark that the L2(R", 5#;) are Hilbert spaces. In fact, let
(,); denote the inner product of 5, j = 1,2, and let (,), denote the
corresponding inner product in L2(R*, #;); that is

g = (7 s, dx.

Now T is a bounded linear transformation from the Hilbert space
L*(R", 5#)) to the Hilbert space L3*(R", #,), and so by the general
theory of inner products there exists a unique adjoint transformation T,
from L2(R", #,) to L*R", ), which satisfies the characterizing

property N
<Tf19f2>2 = <_f1’ T_f2>1’ With _f] € L2(Rn’ ”j).

But our assumption is equivalent with the identity
(Tf, Tg)s = ¢Xf, g0, forall f,ge LER", H).

Thus using the definition of the adjoint, (TTf, g1 = ¢Xf, gh, and so the
assumption can be restated as

(30) TTf= &, fe L}R*, #).

T is again an operator of the same kind as T but it takes function with
values in %, to functions with values in 5, and its kernel K(x), is
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R(x) = K*(—x), where here * denotes the adjoint of an element in
B(fla '%2)‘
This is obvious on the formal level since

(T foe = f ] L (K< — DAOMfe dy dx

=[]0 K= = sicon ax
= <fl’ Tf2>l‘

The rigorous justification of this identity is achieved by a simple limiting
argument. We will not tire the reader with the routine details.

This being said we have only to add the remark that K*(—x) satisfies
the same conditions as K(x), and so we have for it similar conclusions as
for K (with the same bounds). Thus by (30),

ANl = 1TTf N, < 4, 1 TS 11,

This proves the corollary with 4] = A4,/c%

This corollary applies in particular to the singular integrals of §4; then
the condition required is that the multiplier m(x) have constant absolute
value. This is the case, for example, when T is the Hilbert transform,

1
K(x) = — , and m(x) = isign x. For a generalization of this remark see
X

§6.6 below.
6. Further results

Q(x
6.1 Let K(x) = —I—;:F) be as in Theorem 3, with Q 0.

(a) If fe LY(R™), f > 0, then Tf ¢ L'R™), if f # 0. Hint: m(x)f(x) cannot be
continuous at 0, since m(x) is homogeneous of degree 0 and non-constant, and
f@©) >o.

(b) There exists a continuous f, which vanishes outside the unit ball B, such that
T(f) is unbounded near every point of B.

6.2 (a) If 4, is the L? bound for T in Theorem 1, 2, or 3, then 4, Sp—lj—l
forl <p <2and A4, < Ap,for2 < p < «. (See the remark at the end of §4,
Chapter 1.)

(b) If fis supported in a ball B, and | f| log (2 + |f1) is integrable over B, then
Tfis integrable over B.
(c) If f is bounded and supported on B, then e!T7! is integrable over B, for

an
suitable @ > 0. Hint: Write J‘ el Til dy =% — I17f1I7; and use part ().

(d) The same result holds for the maximal operator T'* of Theorem 4. For these
results see Calderon and Zygmund [1], and Zygmund [8], Chapter XII.
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A
6.3 Let (Tf)(x) = lim | |, -.K(x, p)f(y) dy, with [K(x, )| < m

e—0
Suppose T is bounded on L*(R™). Then T is bounded on the L? space taken with
respect to the measure |x|* dx, (instead of dx) where —n < « < n(p — 1). See

Stein [2]; this easily implies the same result for (1 + |x{)*dx
6.4 The following approach unifies the maximal function and differentiation
theorems of Chapter I, and many of the singular integrals of the present chapter
Let L(x) be integrable on R", and suppose L(x) = 0, if x| > 2,
f L(x)dx =0,
Rll

and
f IL(x — y) — L()| dx < Byl
kij 2" (2%x). Write

; by L;;(x) =
k=—i

For any pair of integers /,j, define L;,
T;;f = L; 5 f Then if T*f— supIT‘ ;S (0 we have

(@ f~>T,fisof weak-type (l 1)
T,fisboundedon L?,1 < p <
lim T; , f exists almost everywhere, and also in L?

(b) f~
©iffelr,1 <p < w,

j—©

norm, if 1 < p
Two interesting examples are:
() L(x) =1 -2, for |x] <1 and L(x) =1, for 1 <|x|] <2, 0 otherwise
(x =ydy —2"f| | fGx =y dy

y| <1

Then

(Tr0f)(x) = 2‘"‘f A
|yl <e2it?
( X) for 1 < |x] <2, 0 otherwise. Then

x>
Qo .
Iyl fx =y dy.

(i) L(x) =
(T:;)x) = A
2“‘5'@'52”’1

(For details see Cotlar [2].)
6.5 (a) Let y’ be a unit vector in R*. The Hilbert transform in the direction

v’ can be defined as lim H{(f)(x), where
[fx =yt —f(x +y'Dldr

&e—0
fx =yndt f
t A t
i » independent

HE(f)(x) = f
|t =e
Then [HEf1l, < 4, fll, for f€ LP(R™),1 < p < , with 4

of y’ and ».
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(b) Suppose Q(y') is homogeneous of degree 0, is integrable over the unit
sphere S*~! and is odd, i.e. Q()') = ——Q(—y’). Let

T.()(x) = J‘

1),111 f(x —y)dy.

Then
T, =% f QONHE do(y),
S"—l

and so
1Tl < (gAp L 1)l do( y’)) 1f U

(c) A similar but more difficult result holds if 2 is even. It is then required that
1Q2(y) log (2 + |22()")]) be integrable over S™L.
(d) The behavior of T,(f) for fe L*(R™), for these general Q considered here,
remains open.

For details on (a), (b), and (c) above see Calderén and Zygmund [3]. This part
of the theory is also presented in Fourier Analysis, Chapter VI, in somewhat
lesser generality.

6.6 Suppose m(x) is homogeneous of degree 0, and continuous on $™~1. For
f€ LAR™) define Tf by (Tf)"(x) = m(x)f (x). Suppose | T(f)ll, < Ayl f I, for
feL? N L for some p, 1 <p < . If [m(x)| > ¢ >0, then also [f |, <
By\ITf |- (See Calderon and Zygmund [4], Hormander [1], Benedek, Cal-
derdn and Panzone [1].

6.7 Let T be the Hilbert transform (1), and gz denote the characteristic
function of a subset E of R!, of finite measure. Then the distribution function of
Ty g depends only on the measure of E; more precisely if A(«) is this distribution

2m(E)

on, 2
function, then A(x) = P

. See Stein and Weiss [1].

6.8 As already pointed out, the dilations x — ex = (exy, exy, . . ., €x,) play
an important role in this chapter. There are variants of many of the results of this
chapter where this type of homogeneity is replaced by a non-isotropic one, i.e.
x — dox = (e1x,, 692x,, . .., e%nx,), Where aj,ay,...,a, are fixed positive
exponents and ¢ > 0. Then the action on the kernels K (x) — "K(ex) is replaced
by K(x) — e“K(eox) where a = a, + a, - - + a,. For details see Jones [1],
Fabes and Riviere [1], Kree [1], and Besov, I’in, and Lizorkin [1].

Q(x)
x[™

and f'is a continuous function of compact support which satisfies

[flx + 1) — f(x)] < Alr]

6.9 Let T and K(x) =

be as in Theorem 3. Suppose that 0 < « < 1,
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Then if g(x) = T(f), we also have |g(x + 1) — g(x)| < B|#|*. (Hint: If Q is
sufficiently smooth the proof is “elementary”; see Privalov [1], Calderén and
Zygmund [2], and in general, Taibleson [1].

6.10 Let Q2 be homogeneous of degree 0, integrable on the unit sphere and
Jsn-1 Qdo =0. Suppose that sup fgn-1]|Q(r(x")) — Q(x) do < w(d), with
lr|<é

€ w(d) dé . . ..
3 < oo. Here r designates rotations about the origin, and |r| denotes

0 .
the distance of r from the identity rotation, measured by any smooth Rieman-
nian metric on the group of rotations. Then

(@) [gn2[Qflogh [Q| do < 0. Therefore the L? theory of §6.5 applies.

Q
(b) If K(x) = —l)-%-) , then fi, 15, 1K(x —y) — K(x)|dx < B, and so the L'

theory of §3.1 also applies. See Calderén, M. Weiss, and Zygmund [1].

6.11 A slight modification of the argument of §3.3 proves the following.
Suppose K(x) is a given function which satisfies the assumptions

(i) ~f|:.;|5_1|e|x| |K(x)| dx < BR, O0<R<w
(iii) | f K(x)dx| < B, 0 <R, <Ry < 0.
Ri<|z|<Rg
Let K, ,(x) = K(x) if ¢ < |x| < 7,
= 0 otherwise.
Then |K, ,(x)] < CB, with C independent of ¢ and 7. See Benedek, Cal-
derdn, and Panzone [1].

6.12 Suppose f is bounded and has bounded support. Let I°(f)(x) =
fref(x = p) 1yl~ntetitdy, ¢ >0, s = o + it. Then for each ¢ > 0
P @) = [l <e {fGx =) = fIATdy + [, 15 f(x — ) Iy dy
+ wn_y(&[s) f(x).
This shows that I*’f(x) = lim I°Tit(f)(x), exists if t 3 0 and if in addition f'is of

a—0
class C*. Finally we may apply §6.11 above with K(x) = |x|™""*?, and Theorem 1
of the present chapter. This shows that the operator

1) = f fx = ity
lulz&
is bounded on L?(R"), 1 < p < o, uniformly in ¢, By choosing an appropriate
\sequence of ¢ tending to zero (i.e. such that &** — 0, for fixed ¢t % 0) we see that
I'* can be extended to be a bounded operator on L?(R™), 1 < p < . It can
also be seen that by the use of §3.3 of Chapter Il we have

(BN = 7o, 0t 1XI7H (%),
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I'(i1/2)
I'(nf2 —itf2)"

For related results see Muckenhoupt [1].

with Yo,it = 7hi2—it

Q Q
6.13 Let K,(x) = T;c(lTX)’ and Ky(x) = ;‘(:)

considered in §4, defined respectively for R* and R™. On L?(R™*™) define the
transformation f — T, ;(f), by T, ; = T! ® T% where

TG = f 0N

fze [V

2 2
and T§(f)(x2) —_ J‘ MLSC_'L)
l4# 26 Ly
composition of 71 acting on the first » variables, and T2 acting on the last m
variables of functions on R**t™)
(@) If fe LP(R**™), then lim T, ;(f)(x) = T(f)(x) exists almost everywhere and
&0
5
in L? norm, when 1 < p < ooo‘
(See Sokol-Sokolowski [1], and Cotlar [1]. The latter paper however con-
tains an inaccurate deduction in the case of L log L).
(b) There is also a similar but more refined result which holds if f'is in the class
Llog L. For the case when T! and T2 are one-dimensional Hilbert transforms,
see Zygmund [3]; his method, however, uses complex function-theory. For
the general case see Fefferman [2].

be two kernels of the type

[ =yhadyl,

dy®. (T, , can be taken to be the

6.14 Let K be a distribution of compact support, which equals a locally
integrable function away from the origin, and suppose that its Fourier transform
K is a function. Assume that for a fixed 6, 0 < 6 < 1, we have

@@ K@) < Al + |x[)y~no2
(i) j K(x — y) — K(x)|dx < A.

|zl =2ly[1—¢
Then the operator f — K x f, initially defined on C* functions with compact
support, extends to a transformation which is of weak-type (1, 1) and is bounded
on L’ 1 < p < . Fefferman [1].
An example arises for the operator limf K(y)f(x — y)dy, where
eslyl<a

&0
K(x) = |x{= exp {i |x|7?}, with » > 0. This is closely related to the multiplier
transformations described in §7.4 of Chapter IV.

Notes

Section 1. A detailed exposition of the material reviewed in this section may be
found in Fourier Analysis, Chapter 1. For a treatment from the point of view of
abstract locally compact abelian groups, see Rudin [1], and Hewitt and Ross [1].
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Sections 2, 3, 4, and 5. The first approach (in one-dimension) was by complex
function-theory methods. For details see Zygmund (7, Chapter VII] and
[8, Chapter VII], where further historical references may be found. The real-
variable theory for the Hilbert transform goes back to Besicovitch [1] and
[2], Titchmarsh [1], and Marcinkiewicz [1]. The present n-dimensional theory
originates in Calder6n-Zygmund [1]. It was elaborated by Cotlar [2], Stein
[3], Hormander [1], Schwartz [1], and Benedeck, Calderén, and Panzone (1],
among others. The reader is also referred to the survey papers of Zygmund
[5] and Calderdn {7].



CHAPTER III

Riesz Transforms, Poisson Integrals, and

Spherical Harmonics

The reader who has followed us to this point has already had to deal
with some of the more technical aspects of the theory. He has had to
climb, step by step, in a direction that might well have seemed dry and
unrewarding. It is understandable if at several places he has possibly felt
reluctant to continue.

The purpose of the present chapter is in part to reassure the reader by
scanning with him the landscape he has already mastered. At the same time
we will take the opportunity to introduce him to some of the tools we will
need in our further efforts.

Thus our presentation here will naturally differ in manner from that of
the first two chapters. In fact, major stress will be laid on the significant
formal aspects of the theory, and certain important examples will be
studied in detail. In back of these formal aspects and special examples lie
two considerations, which we briefly indicate. It is in the nature of things
that the group of rotations that acts on R should play a decisive role in
its harmonic analysis, as do the groups of translations and dilations. If
from this point of view we consider the simplest, non-trivial, “invariant’
operators we are lead to the Riesz transforms. Related to this is the inti-
mate connection of classical harmonic analysis (that of R') with complex
function theory. The attempts to extend this as far as possible to R™ via
the theory of harmonic functions leads us back to the Riesz transforms.

1. The Riesz transforms

1.1 We begin by some observations about the Hilbert transform

Hf(x) = lim L jlx——-l)dy.

e=0 7 J|y|>e y

54
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1

Here we are in the case of R}, with K(x) = 1/=x, Q(x) = — sign x =
1

Iil Then according to formula (26) of §4.2 of the previous chapter we
see immediately that in terms of the Fourier transform, (Hf)"(x) =
m(x) f(x), where the multiplier m(x) is given by m(x) = i sign x. From
this, it is clear that H is unitary on L%(R!), and HZ = — .

Recall now the operation of dilation (7,;f)(x) = f(dx), which in the
case of one variable we find convenient to define for all non-zero 4,
positive and negative. Then as is obvious, if 6 > 0,

(Hry)f(x) = lim L f0x = op) ,

e=0 7T J|y|=¢ y

—timt | IO =D gy s,
& =0 7T J|y[>¢ y
so Hrs = 7,H; and it is equally obvious that 7,H = — Hr;, if 6 < 0.
These simple considerations of dilation “invariance’’ and the obvious
translation invariance in fact characterize the Hilbert transform.

ProPOSITION 1. Suppose T is a bounded operator on L*(RY) which
satisfies the following properties:
(a) T commutes with translations
(b) T commutes with positive dilations
(c) T anticommutes with the reflection f(x) — f (—x).
Then T is a constant multiple of the Hilbert transform.

The proof involves no difficulties. In fact since 7" commutes with
translations, then according to the proposition in §1.4 of the previous
chapter there is a bounded function m(x), so that (Tf)"(x) = m(x) F(x).
Let us also denote by & the Fourier transform, % f = f. Then

(Fr: /) = f ) X" (x) dx

—~o0

=187 [ @) dx = 01 i F ),

s0 Fry =051 F.

The definition of the multiplier may be written symbolically as F T =
m% , (where by m we mean the operator of multiplication by m!). How-
ever the assumptions (b) and (c) may be rewritten as Tr; = sign (8)7,7,
which when inserted in the above gives

T = TsF TF 1 = ||\ FrTF = 6 F Tryn F 1
= sign (0)F TF 175 = sign (O)mr,.
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So Tym = sign (O)mr,, which means m(dx) = sign (d)m(x), if 6 0.

This shows that m(x) = constant X sign (x), and the proposition is
proved.

The proof of the proposition shows incidentally that the only bounded
linear transformations on L?(R') which commute with all the operations
described, namely translations and positive and negative dilations, are
constant multiples of the identity operator. This remark together with the
proposition attest graphically to the special role of the Hilbert transform
in harmonic analysis of Rl.. We now look for the operators in R* which
have the analogous structural characterization.

1.2 We begin by making a few remarks about the interaction of
dilations and rotations with the n-dimensional Fourier transform. With
Ff=Ff,and 6 >0

(Frf 0 = [ ererion ay

=6 f £ (3) dy = 8 (1 F)f ().
R
So, symbolically,
0)) Fry= 0" F.

Next let p denote any rotation (proper or improper) about the origin in
R™. Denote also by p its induced action on functions, p(f)(x) = f(p~'x)
Then

(Fp)f(x) = fanez"f“'”f(p-‘y) dy

=f L) dy =f LT () dy = (6 F)f (),
R R

and
)] Fp=pF.

We shall also need the following elementary observation. Let m(x) =
(my(x), my(x), . . ., m,(x)) be an n-tuple of functions defined on R". For

any rotation p, write p = (p;;) for its matrix realization. Suppose that m
transforms like a vector. Symbolically this can be written as

m(p~'x) = p(m(x)),
or more explicitly

3) mip'x) = pumdx),  for every rotation p.
k
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LEMMA. Suppose m is homogeneous of degree 0, i.e. m(éx) = m(x),

for 6 > 0. If m transforms according to (3) then m(x) = ¢ — for some
constant c; that is Il

@) my(x) = cx—’—.
|x

To prove the assertion we notice that it suffices to consider x on the unit
sphere. Now let e;, e,, ..., e, denote the usual unit vectors along the
axes. Set ¢ = m;(e,). We can see that m;(e;) = 0, if j 5 1. In fact, for any

rotation p having e, fixed (3) gives us that m;(e,) = E p,km,c(el) Jj=

2, ,n. That is, the » — 1 dimensional vector (mg(el) mg(ey), .
m,,(el)) is left fixed by all the rotations on this » — 1 dimensional vector
space. So my(e,) = my(ey) -+ + = m,(e;) = 0. Inserting this again in (3)

gives m,(p~le)) = pnmy(e)) = cp;. But if p7le; = x, then p; = x,, so
m;(x) = cx;, (|x| = 1), which proves the lemma.

It is curious to observe that the full group of rotations is needed only in
the case » = 1, and n = 2. In the case n > 3 the proper rotations would
have sufficed, since then the subgroup of proper rotations in one less
dimension is still transitive on its unit sphere (S"~2).

We are now in a position to define the n Riesz transforms. We set for
fEL’®R), 1<p < oo,

® RO =lme[  Fse-pan j=1.n

£=0
F(n + 1)
. 2,
with ¢, = g
Thus R, is defined by the kernel K;(x) = ’( X) and Q,(x) = ¢,

X I I

We shall next derive the multipliers which correspond to the Riesz
transforms, and which in fact justify their definition. Let us recall the
formula (26) of §4.2 of the previous chapter. It is

©) mo) = [ | T 900 doty),  1xl =

with I'(¢) = %’ sign t + log|1/t|. Notice that the mapping (6) from Q to m

commutes with rotations, and this is nothing but an immediate con-
sequence of the fact that the kernel A(x - y) depends only on the inner
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product of x and y. It is clear however that the kernels

X1 Xg Xn
Ki(x),...,K,(x)) =c, 5 S
(Ki(e) o Ko = (2, T )
satisfy the transformation law (3) (with K in place of m,). Then, in view of
the commutability of the mapping K; — m; with rotations just alluded to,
it follows that the multipliers also satisfy (3). However the m; are each

X
homogeneous of degree 0, so the lemma shows that m;(x) = cl—’I . In
x
this particular case (and because our choice of the constant ¢,) we have
¢ = i. By evaluating the m; at a fixed point in (6) this last assertion is

equivalent with
o (”_i_l)

2
A(nt9)2 =fs""‘ |cos 6] do(y)

where 6 denotes the angle made by the variable unit vector y with a fixed
direction. One may either evaluate this integral directly, or this calcula-
tion can be avoided by appealing to the general result, Theorem 3,
proved below. In either case we get

(7

(8) (Rf) (x) = il—xfl fx), j=1,...,n

We can express the transformation law (3) acting on the Riesz trans-
forms in a more intrinsic manner. More precisely

) pR;p7Yf = %pm R.f,

which is the statement that under rotations in R, the Riesz operators
transform in the same manner as the components of a vector. The verifi-
cation of (9) is immediate. It may be done using the direct definition (5) of
the Riesz transforms or, because of (8), in terms of their Fourier trans-
forms. Thus if we denote symbolically R" = m;,, then (9) becomes
p(m;p(f)) = 2 parf which is m;(p~'x) = 3 p;um(x). These obser-
vations have a converse.

ProposITION 2. Let T= (T, T, ..., T,) be an n-tuple of bounded
transformations on L*(R™). Suppose
(a) Each T; commutes with the translation of R"
(b) Each T; commutes with the dilations of R™
(c) For every rotation p = (ps) of R, pTyp7f = 24 puTwf-
Then the T; are a constant multiple of the Riesz transforms, i.e. there
exists a constant ¢, so that T, = cR;, j=1,...,n.
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All the elements of the proof have already been discussed. We bring
them together: (i) Since the T; are bounded on L*(R") and commute with
translations they can be each realized by bounded multipliers; symboli-
cally 7" = mj. (ii) Since the 7; commute with dilations and because of the
relation (1) between dilation and the Fourier transform, we see that
m;(0x) = m;(x), 6 > 0; that is, each m; is homogeneous of degree 0. (iii)
Finally, assumption (c) has as a consequence the relation (3), and so by
the lemma we can obtain the desired conclusion.

1.3 An application. One of the important applications of the Riesz
transforms is that they can be used to mediate between various com-
binations of partial derivatives of a function. This service of the Riesz
transforms will be particularly striking in Chapter V. We shall here content
ourselves with two very simple illustrations, which examples have an
interest on their own and have already the characteristic features of a
general type of estimate which can be made in the theory of elliptic
differential operators.

PROPOSITION 3. Suppose f is of class C? and has compact support.
n 02
Let Af=3 E?C Then we have the a priori bound
i=1 j

*f
0x; 0x,,

S A8l 1<p< .

P

(10)

This proposition is an immediate consequence of the L? boundedness of
the Riesz transforms and the identity

of
11 = —R,R, Af.
(D 0x; 0x; R B

To prove (11) we use the Fourier transform. Thus if F(x) is the Fourier
transform of f, f(x) = [rne*"*¥f(y) dy, then the Fourier transform of

of . :
a; is —2mix; f(x), and so

( axig )(x) — 4y, %, ()

ix;\ (ix
= () ()= eiri = —R,Rean),
which gives (11).

Another application of interest, this time for potential theory in two-
dimensions, is the following.
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PROPOSITION 4. Suppose f is of class C* in R? and has compact support.
Then we have the a priori bound

o Lid
dx, 0x,

o I

1 <p< 0.
8x1 ax2 P

r

P P

Needless to say, this proposition is significant only if £ is complex valued.
The proof of Proposition 4 is very much like that of the previous one,
except that here the identity used is

—a'-f-: = —R:‘(Rl le)( af )’ J=12.
ox; 0x, ax2

A more systematic presentation of these particular facts will be given
in §3.5, below.

2. Poisson integrals and approximations to the identity

2.1 We shall now introduce a notion that will be indispensable in
much of our further work. We have in mind the theory of harmonic
functions. The setting for the application of this theory will be as follows.
We shall think of R* as the boundary hyperplane of the (n + 1) dimen-
sional upper-half space R%'. In coordinate notation,

R = {(x,y):xeR", y > 0}

We shall consider the Poisson integral of a function f given on R". This
Poisson integral is effectively the solution to the Dirichlet problem for
R7*1: find a harmonic function u(x, y) on R}*1, whose boundary values
on R" (in the appropriate sense) are f(x).

The formal solution of this problem can be given neatly in the context
of the L? theory.

In fact, let f € L2(R™), and let f be its Fourier transform. Consider

(12) utx, y)=f FOe ey >0,
tER

This integral converges absolutely, because f € L*(R™), and e 2"tV is
rapidly decreasing (in |¢]), for y > 0. For the same reason the integral
above may be differentiated with respect to x and y any number of times
by carrying out the operation under the sign of integration. This gives

Au=——+2'——

¥=10x;

because the factor e“z”"‘"e‘?”"“’ satisfies this property for each fixed 7.
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Also by Plancherel’s theorem u(x, y) —f(x) in L*R") norm, as
y—0.

This solution of the problem can also be written without explicit use of
the Fourier transform. For this purpose define the Poisson kernel P,(x) by

(13) P(x) = f e itz 2t gy y>0.
Rn
Then the function u(x, y) obtained above can be written as a convolution
(14) u(x, y) =f LOf(x — 1 dr.
R

We shall say that u is the Poisson integral of f.
The Poisson kernel has an explicit expression.
PROPOSITION 5.

n+l? n

ntro ntl
(Ix]* + y* 2 2

9

(15)

¢, is the same constant that appears in the definition of the Riesz
transforms ((5) above). The well-known formula (15) may be proved as
follows. We use two identities:

(2) f P T L e L L

» e‘y————f ———-e”““du y > 0.

The first, («), is 1mmed1ately reducible by a change of variables to the
very well-known special case 6 = 1. The second, (f), expresses the
exponential ¢”” as a weighted average of the family of exponential e7 7"/,
0 < u < oo, and is an important instance of the principle of subordina-

ei}/z
1 1+ x?
factor T as [Ce (= u gy, This leads to the double integral ™=

1 ©
tion.* To prove (f), write ¢ ——f ———, dx, and express the

1 *© * . ] . . . -
- f e (J etvteTuE dx) du which after evaluation of the inner integral
0

w —

gives (B). This being done we return to P,(x). We have by (#) and (13):

e
w 173

* See Bochner 2], Chapter 4.
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. wy?
Then apply («) with 6 = gt We get
© _lzlu n—1 y © n—1
P(x) = "+1f ele vy "u 2du= ————"“f e "u 2 du,
e (m()x| 2+ y2) =

which is the desired formula for the Poisson kernel.

We list the properties of the Poisson kernel that are now more or less

evident:

(i) P,(x) > 0.

(i) frnP,(x)dx =1, y > 0; more generally, P, (x) = e *"!*!l* by an
application of the Fourier inversion formula to (13).

(iii) P,(x) is homogeneous of degree —n:P,(x) = P,(x[e)e™", ¢ > 0.

(iv) P,(x) is a decreasing function of |x|, and P, (x)e L*(R"),
I1<p<L .

(v) Suppose fe L?(R"), 1 < p < oo, then its Poisson integral u,
given by (14), is harmonic in R?*1, This is a simple consequence of
fact that P,(x) is harmonic in R»*; the latter is immediately
derivable from (13).

(vi) We have the “semi-group property” P, * P, =P, ., if y; >0
and y, > 0. This follows immediately from the Fourier transform
formula in (ii).

The boundary behavior of Poisson integrals is already described to a

significant extent by the following theorem.

THEOREM 1. Suppose fe L*(R"), 1 < p < o, and let u(x,y) be its
Poisson integral. Then:
(a) sup |u(x, y)| < Mf(x), where Mf is the maximal function of Chapter I,
v>0

§1.
(b) lim u(x, y) = f(x), for almost every x.

v—0
(© Ifp < o, u(x, y) converges to f(x) in L*(R™) norm, as y — 0.

The theorem will now be proved in a more general setting, valid for a
large class of approximations to the identity.

2.2 Let ¢ be an integrable function on R", and set ¢ (x) = e "p(x/e)s
e > 0.

THEOREM 2. Suppose that the least decreasing radial majorant of ¢ is
integrable; i.e. let p(x) = sup |@(y)|, and we suppose [gnp(x)dx = A < o,
Then with the same A, V! "%
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(a) sup I/ * @)(¥)] < AM(f)(x), f€ L*R™), 1 < p < 0.

(b) If in addition fp.@(x)dx = 1, then lim (f * ¢, )(x) = f(x) almost
everywhere. 0
(©) Ifp < o, then || f* ¢, — fll,— 0, as e > 0.

We have already considered a special case of this situation in Chapter I,

with ¢(x) = x> the characteristic function of the unit ball B,

(B)
divided by the measure of that ball. The point of the theorem is to reduce
matters to this fundamental special case.

We begin with the proof of (c). It is to be remarked that the proof
actually holds under the weaker assumption that ¢ is merely integrable.
(Of course the normalization fgnp dx = 1 is still required.) First we
point out that if fe L?(R"), p < o, and [ f(x — ) — f(X)l, = A(p),
then A(y) -0, as y — 0.* If f; is continuous with compact support, the
assertion in that case is an immediate consequence of the uniform con-
vergence f1(x — y) — f1(x), as y — 0. In general write f = f; + f;, where
f11s as described and | f;|, < d; this is possible since such f; are dense in
L?, p < . Then A(y) = Ay(y) + Aq(y), with A,(y) -0, as y -0, and
Aq(y) < 26. This shows that A(y) — 0 for general fe L?(R"), p < oo.

Now fx ¢, — f = [p[f(x — ») — f(x)]@,(y) dy, because

f @(x) dx =f p(x)dx = 1.
Rn R”
So

15 59— 1, <[ 80) 10 dy = [ A lo)1dy—0;

the latter fact is by the Lebesgue dominated convergence theorem and the
fact that A(ey) > 0, as ¢ — 0. This proves assertion (c) of the theorem.
We shall now prove assertion (a). With a slight abuse of notation, let us
write p(r) = p(x), if |x| = r; it should cause no confusion since p(x) is
anyway radial. Now observe that | w(x)dx > 9(r) [ dx=

ri2<|z|<r rl2< [zl <r

w(r)er™. Therefore the assumption y € L!, (and the fact that y(r) is de-
creasing) proves that r*yp(r)— 0, as r > 0, or r - o©. To prove (a) we
need to show that

(16) (f * p)(x) < AMSf)(x)

where f >0, fe LP(R*), | < p < o0, &> 0, and 4 = [ p(x) dx.
Since the assertion (16) is clearly translation invariant (with respect to

* This statement is the continuity of the mapping y — f(x — y) of R* to L*(R").
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f) and also dilation invariant (with respect to ), it suffices to show that

(7) (f * )(0) < A(Mf)(0).
In proving (17) we may clearly assume that Mf(0) < co. Let us write
)“(r) = j‘zeS"‘lf(rx) dO‘(x), and A(r) = j‘lzlSrf(x) dx, so

A(r) = f Ao dr.
We have ’

N N
=lim | AP)w(r)r"tdr =1lm — | A(r) dy(r).
£-0 Je -0 £
Now Nowo

The passage to the last equality is by integration by parts. This intro-
duces the error A(N)p(N) — A(e)p(¢); but this term tends to zero as
e —0, and N — oo in view of our observation regarding y and the fact
that A(r) = f|,<,f(x) dx < Vr"Mf(0), where V is the volume of the
unit ball. Thus

7 %910 = [ "A0) =) < Y MO [ d—oon.

So (17) and hence (16) is proved.

The almost everywhere convergence (a) is then proved in the familiar
way as follows. First, one verifies that if f; is continuous and has compact
support, (f; * ¢.)(x) — fi(x) uniformly as ¢ — 0. Next one deals with the
case fe L*(R"), 1 < p < oo, by writing f = f; + f; with f; as described
and with the L? norm of f, small. The argument then follows closely that
given in §1.5, Chapter I, after equation (6). Thus we get that lim f,(x)

£—0

exists almost everywhere and equals f(x). To deal with the remaining case,
that of bounded f, we fix any ball B, and set ourselves the task of showing
that lim (f * ¢.)(x) = f(x) for almost every x € B. Let B, be any other

-0
ball which strictly contains B, and let é be the distance from B to the

f(x), xeB
complement of B,. Let fi(x) = { 0 x¢B ; f(x) = f1(x) + fo(x). Then

fi(x) € L*(R™), and so the appropriate conclusion holds for it. However
for x € B,

I(f * @)(X)| = Uf(x = VeLy) dy‘ Sf,yp-»olf(x — N ¢y dy

< "f"oof lg(»)| dy — 0,
ly| -é/¢

as &¢—0.
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Theorem 2 is then completely proved. Theorem 2 then applies directly
to prove theorem 1, because of properties (i)—(iv) of the Poisson kernel;
in this case ¢(x) = y(x) = Py(x).

There are also some variants of the result of Theorem 2 which, of
course, apply equally well to Poisson integrals. The first is an easy adap-
tation of the argument already given, and is stated without proof.

COROLLARY. Suppose f is continuous and bounded on R". Then
(f * @) (x) = f (x) uniformly on compact subsets of R".

In particular this shows that if fis a given bounded and continuous
function in R”, we can find a function u(x, y) which is continuous on the
closure of R%*1, harmonic in the interior, and whose restriction to the
boundary is the given f. Thus Dirichlet’s problem is resolved in this case.

The second variant is somewhat more difficult. It is the analogue for
finite Borel measures in place of integrable functions, and is outlined in
§4.1.

2.3 Conjugate harmeonic functions. We shall now tie together the
Riesz transforms and the theory of harmonic functions, more particularly
Poisson integrals. Since we are interested here mainly in the formal
aspects we shall restrict ourselves to the L? case. (The L? case and related
results are stated in §4.3. and §4.4.)

THEOREM 3. Letr fand fy, ..., f, all belong to L*R™), and let their
respective Poisson integrals be uy(x,y) = P, *f, uy(x,y) = P, *f1,...,
u,(x, y) = P, * f,,. Then a necessary and sufficient condition that

(18) fi=R(f), j=1,...,n,
is that the following generalized Cauchy-Riemann equations hold:
n iu_] —o
=0 0x; ’
19 J
(19) 2

=—, j # k, with x,=y.
ax,  ox, 0=
It is to be noted that, at least locally, the system (19) is equivalent with
the existence of a harmonic function H (of the n + 1 variables), so that
oH
U, == ,j=0,1,2,...,n
T ox, )

The theorem is one of that class whose proof is nearly obvious but

whose statement is nevertheless of some interest.
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Suppose f; = R;(f), then f,(z) = %f(r), and so by (12)

(x y) J‘ f(t) l; —2mtz —21r|t|1/ dr, ] =1,...,n

The equations (19) can then be immediately verified by differentiation
under the integral sign, which is justified by the rapid convergence of the
integrals in question.

Conversely, let wuy(x,y) = frefi@e2miteg2mltlv gy j=0,1,...,n

Then the fact that _8149 = gu_ = a_u ,J=1,...,n, shows that
ox;, 0x, Oy

7

—2mit fy(e N = 2 1| f(0)e 271,

”
thereforef,.(t) = ;—t—’lﬂ,(t), and so

Ji=R;(fo) = R;(f), Jj=1,...,n

The theorem indicates that it should be of interest to study harmonic
functions satisfying the system (19) in analogy with complex function
theory. We shall return to this point of view in Chapters V, VII, and VIIL

2.4 A digression. We shall now digress from our main topic in order
to return to a point left open in our treatment of singular integrals in §4.6
of Chapter II. The situation there was as follows: We considered the

Q
kernel K(x) = |—x(|)f"2
restriction to the unit sphere satisfied the cancellation property (24) and
the smoothness property (25) (see page 39). We were concerned with the
almost everywhere existence of

, where Q was homogeneous of degree 0, and its

lim T,(f) = lim fl Qs yy ay.

£ 0 e 0 J|y|> a| |n

We used, without proof, the following lemma.

LemMA. If T*f(x) = sup |T()(x), then

>0

IT*fll, <A, 1fl,, 1<p< oo

Let T(f)(x) = lim T,(f)(x), where the limit is taken in the L? norm.
&0
Its existence is guaranteed by theorem 3 in §4.2 of Chapter Tl. We shall



§2. POISSON INTEGRALS 67

prove the lemma by showing that

T*(f)(x) < M(Tf)(x) + CM(f}(x).

Let ¢ be a smooth non-negative function on R”, which is supported in
the unit ball, has integral equal to one, and which is also radial and
decreasing in |x|. Consider

Q(x)
K(x) = { Ix|"
0 if |x|<e

, if |xI >

This leads us to another function @ defined by

(20) grK— K =0,
where ¢ * K = lim ¢ * K, = lim §|__,,... K(x — »)p(p) dy.
£—-0 -0

We shall need to prove that the smallest decreasing radial majorant of @
is integrable (so as to apply Theorem 2). In fact if |x] < 1, ® = ¢ x K
whichis [ K(»)p(x — y) dy or [g-K(»)[@(x — y) — @(x)] dx and hence is
bounded on account of the smoothness of ¢. When 1 < |x| < 2, then
®(x) = K+ ¢ — K(x) which is again bounded by the same reason.
Finally when |x| > 2,

D(x) =L”K(x — Ye(y)dy — K(x) =f: I<l[K(x —y) — K(®)]¢(y) dy
(c/|x]) )

)"

1 w(d
is increasing and f w(a)dé
0

about @. From (20) it follows, because the singular integral operator
@ — ¢ » K commutes with dilations, that

2] g, * K — K, = ®,, with D,(x)=e"D(x/e).
Now we claim that for any fe L?(R"), 1 < p < oo,

22) (@ * K)* f(x) = T(f) * @.(x),

where the identity holds for every x. In fact we notice first that

(23) (pe * K5) * f(x) = T5(f) * ¢.(x), forevery 6 >0

because both sides of (20) are equal for each x to the absolutely convergent
double integral { g« [, s K()f(z — p)g.(x — 2z) dz dy. Moreover
¢. € LY(R"), with ]| <g < ooand 1/p + 1/g =1, s0 ¢, * K > ¢, * K in

so |[P(x)| L C’ , by the estimate in §4.2 of Chapter II. Since w(d)

< o, we have proved here our assertion
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L*norm, and T5(f) — T(f) in L? norm, as d — 0. This proves (22), and
so by (21)
T.(f) = (Tf) » g. — f* D.. ~

Passing to the supremum over & and applying Theorem 2, part (a), we
get our asserted majorization for T*f. The L? estimates for f— Tf and
the maximal function M then prove the lemma.

3. Higher Riesz transforms and spherical harmonics

3.1 We return to our subject proper, the consideration of special
transformations of the form

(24) Ty =tim | 29D — yyay,

e—0 Jly|:e I I"
where €2 is homogeneous of degree 0 and its integral over S"~! vanishes.

We have already considered the example Q,(y) = cl——I j=1..
For n = 1, Q(y) = csign y, and this is the only possible case. To study
the matter further for » > 1 we recall the expression (see (6), p. 57),

., n

m) =T 000) o), 11 = 1

where m is the multiplier arising from the transformation (24).

We have already remarked that the mapping Q — m commutes with
rotations. We shall therefore consider the functions on the sphere S™—!
(more particularly the space L%(S™')) from the point of view of its
decomposition under the action of rotations. As is well known, this
decomposition is in terms of the spherical harmonics, and it is with a brief
review of their properties that we begin.

We fix our attention, as always, on R”, and we shall consider poly-
nomials in R™ which are also harmonic. Thus we shall define ¢, to be the
linear space of homogeneous polynomials of degree k which are harmonic:
the solid spherical harmonics of degree k. It will be convenient to restrict
these polynomials to the surface of the unit sphere S*~!, and there to
define the standard inner product,

(P, Q) = L PO do().

We can then affirm:
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3.1.1 The finite dimensional spaces {5} are mutually orthogonal.
In fact if P € 5, and Q € ¢, then

G-, pedoe=[ (0%~ P%) docr

~[ _1oar—ragiax=o
2| <1

by Green’s theorem, where — denotes differentiation with respect to the

dv

n g2
outward normal, and A = ) Fpe is the Laplacean.
i=1 3

3.1.2 If Pis any homogeneous polynomial of degree k (not necessarily
harmonic) then P = P, + |x|2P,, where P, is homogeneous of degree k,
P, is homogeneous of degree k — 2, and P, is harmonic. To prove this we
argue as follows. Let &, denote the linear space of all homogeneous
polynomials of degree k. We write P(x) =) a,x*, where « =
(g, dgy ooy 2y), %y + % - + a, = k and x™ = xJix32 - - - x7". To each
such polynomial corresponds its dual object, the differential operator

d a\ Y\ ! d V=
P(a‘)=2(5") where (a—) = (T) (a—) On & we

define a positive inner product (P, Q) = P(aix) 0. Notice that two distinct

monomials x* and x* are orthogonal with respect to it, and (P, P) =
> laj?a! where a! = (a)(!) - -+ ().

Let |x|22,_, be the subspace of &, of all polynomials of the form
|x|2 P,, where P, € &,_,. Then its orthogonal complement (with respect to
(-,*)) is exactly 5. In fact P, is in this orthogonal complement if and

0 -
only if (|x|?P,, P;) = 0 for all P,. But (|x|?P,, P,) = (P2 (ﬁ)A)Pl =
(Py, APy), so AP, is null and thus &, = #, @ |x|2Z,_,, which proves

the assertion (ii).

3.1.3 Let H, denote the linear space of restrictions of 5, to the unit
sphere. The elements of H, are the surface spherical harmonics of degree k.

0

Then L*(S™') = ) H,. The L? space is taken with respect to usual meas-
k=0

ure, and the infinite direct sum is taken in the sense of Hilbert space

theory. Since we have already proved the mutual orthogonality of the
subspaces H,, we need only observe that every f'€ L2(S"') can be approxi-
mated in the norm, by finite linear combinations of elements from H,.
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That this is possible can be seen as follows. Use §3.1.2 and apply it again
to P,, repeating this process. This shows that if P is a polynomial then
P(x) = Py(x) + |x|2Py(x) + |x]|*Px(x) ..., where each of the P; are
harmonic polynomials. When we set [x| = 1, we see that the restriction of
any polynomial on the unit sphere is a finite linear combination of spherical
harmonics.

Since the restrictions of polynomials are dense in L2(S™!) in the norm,
the assertion is then established. It may also be restated as follows. If
f€ L¥(S™1), then f has the development

(25) fx) = E Y(x),  YeeH,

k=0

where the convergence is in the L2(S"!) norm, and

[ v =3 [ meordeeo.
S k¥ JS

3.14 Let Ag denote the spherical Laplacean. If Y,(x)€ H,, then
AgYi(x) = —k(k + n — 2)Y,(x). In fact if Y(x) is any function defined
on the sphere, then AgY(x) equals the restriction of the ordinary La-
placean applied to Y(x), but where Y(x) is now defined in the neighborhood
of this sphere by considering it as homogeneous of degree 0. Thus we must
calculate A(|x|™*P,(x)), where P, € 5#,. But this is

|x|*AP, + P, A(Ix| %) + 23 XA IXI“"i
#=10x; Ox;

If we carry out the required differentiation, and use the fact that

(Euler’s theorem for homogeneous functions), then we obtain our
assertion.

= kP
axj P *

3.1.5 Suppose f has the development (25). Then f (after correction on a
set of measure zero, if necessary) is indefinitely differentiable on S*! if
and only if

(26) g1 | Yi(x)|2do(x) = O(K™), as k— oo, for each fixed N.
To prove this write (25) as f(x) = z a, Y§(x), where the Y} are normalized;

our assertion is then equivalent W1th a, = O™ ?), as k > 0. If fis of
class C?then an application of Green’s theorem shows that

 AfFdo =j" FAgTRdo.
.

S—-l
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Thus if fis indefinitely differentiable,

f (B Fdo = f G TY do = a—k(k + n — 2T,

by §3.1.4. So a, = O(k~?) for every r and therefore (26) holds. To prove
the converse we note that (26) implies not only that fe L?(S™1), but that
for every positive integer r, (Ag)"f, (When suitably defined) also belongs to
L2*(S™1). That this implies that fcan be corrected on a set of measure zero
so as to become indefinitely differentiable will not be proved here; the
rather technical argument will be given in Appendix C.

3.2 Thus, after this rapid review of some of the fundamental facts
concerning spherical harmonics, we return to the study of special singular
integral transforms. First we deal with the interelation of spherical har-
monics and the Fourier transform which is in reality the study of the
decomposition of the space L?*(R™) under the simultaneous action of
rotations and the Fourier transform. At its source is the beautiful identity
of Hecke.

THEOREM 4. Suppose Py(x) is a homogeneous harmonic polynomial of
degree k. Then

@7 F(Px)e ™) = *P(x)e """,

The identity to be proved can be rewritten as

(28) f P(x) exp [— 7 |x|® + 2mix - y]dx = i"Pk(y)e""""z.
Rﬂ
It is clear however that the left side of (28) equals Q(y)e”"“"2 where Q is a

0
polynomial which we see when we apply the differential operator Pk(a—)
to both sides of the identity Yy

f exp [—7|x|® + 2mix - y] dx = exp (— |y|?).
Rﬂ

The problem is therefore to show that Q(y) = P.(iy). But Q(y) =
SraPi(x) exp —7{(xy — 1) + (%2 — ipg)®- - * (x, — iy,)?} dx. However
this integral is equal to [gaPy(x + iy)e =!I’ dx, after a shift of the
contours of integration in C*, which is justified by the analyticity of

P.(x)exp [—= z x2], and its rapid decrease. For the same reason we can

replace iy by y Th1s gives Q(p/i) = [roPy(x + p)e™1?1* dx. Now P, is
harmonic, so its mean value over any sphere centered at y has the value
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P.(»); the factor e™!#I" is constant on such spheres, while its total integral
over R" is 1. Thus Q(y/i) = P,(y), which proves the theorem.

The theorem implies the following generalization of itself, whose interest
is that it links the various components of the decomposition of L*R"),
for different n.

If fis a radial function, we write f = f(r), where |x| = r.

COROLLARY. Let Py(x) be a homogeneous harmonic polynomial of
degree k in R™. Suppose that f is radial and P,(x)f(r) € LXR"). Then the
Fourier transform of Pi(x)f(r) is also of the form P,(x)g(r), with g a radial
Sunction. Moreover the induced transformation f—g, F, .(f) =g,
depends essentially only on n + 2k. More precisely, we hare Bochner’s
relation

(29) g"—n,k = ikg:n%*%,o

Proof. Consider the Hilbert space of radial functions

o =111t = [ I OF e < o,

with the indicated norm. Fix now P,(x), and assume that P, is normalized,
i.e., fgi-1 [Py(x)|?> do(x) = 1. Then there is an obvious unitary corre-
spondence between the elements f of # and the elements f(|x|)P;(x) in
L*(R™), and f(|x|) in L3(R"*%) respectively. What we have to prove is
that

(30) (F o f)r) = i,"ym.z/c,o(f)("),

for each f € #. First, if f(r) = e ™", then (30) is an immediate consequence
of the theorem (see (27)). Now consider next e 7% for a fixed 6 > O.
Because of the homogeneity of P, and the interplay of dilations with the
Fourier transform (see (1) in §1.2), we get successively,

eg’_(Pk(x)e—rrélI[z) _ O‘k/z"j/r(Pk(é%X)e7 7"5|T|2)
= iF 5 HEp, (x[o)e T = oTE 1P (x)g T,

This shows that F (e 70") = i*6-*—"2¢="/3 and so proves (30) for
fr)y=e" 86>0.

To conclude the proof of the corollary it suffices to see that the linear
combination of {e*""’g}o <5< are dense in #. Suppose the contrary.
Then there exists a non-zero g € #, so that L’:;°e—“"'zzg'(r)r”‘”""—JI dr =0, for
all 4 > 0. Making the change of variables 2 — r brings us back to the
Fourier-Laplace transform, and by a very well known argument we can
show that g = 0, concluding the proof of the corollary.
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3.3 We come now to what has been our main goal in our discussion
of spherical harmonics.

THEOREM 5. Let Pi(x) be a homogeneous harmonic polynomial of
degree k, k > 1. Then the multiplier corresponding to the transformation

P,
(24) with the kernel #(:3 is

0
. Pk(xk) , where y, = L 2 ,
|x okt n)
(5

Notice that if k > 1, P,(x) is orthogonal to the constants on the sphere
(§3.1.1), and so its mean value over the sphere is zero.
The statement of the theorem can be interpreted as

P\ Py(x)
31 RllASAZ /A A2
o (|x|’“+") C
As such it will be derived from the following closely related fact,
Pux) \" Pux) . o owe D(K[2 + af2
(32) ( fﬁ——,l) = Via "E& with yy, = i7" (k/ _/ )
x| [ x| L(kj2 + nj2 — «/2)

/

LemMA.  The identity (32) holds in the sense that

(33) LD ) dx = 7 DL ()

e x4 P
for every @ which is sufficiently rapidly decreasing at o, and whose Fourier
transform has the same property. It is valid for all integral k and for 0 <
o < n.

Observe that both-the left and right side of (32) are locally integrable in
therange 0 < « < n, and so the integrals in (33) both converge absolutely.

1t should be pointed out that both the theorem, and the lemma from
which it is deduced, are in effect special cases of the general law (29);
however here the context of L* is replaced by that of ““generalized func-
tions.” Still other generalizations of (29) present themselves, but we shall
not pursue this point further.

3.4 We turn to the proof of the lemma. We have already observed in
§3.2 that F (P,(x)e ™1=I") = *6-"—"2P,(x)e~"!=I"1%, s0 we have

J P (x)e P H(x) dx = i 6"“‘""2f P(x)e ™21 g(x) dx,
R™ R”
ifd>0.
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We now integrate both sides of the above with respect to o, after

having multiplied the equation by a suitable power of ¢, ('™, B =
k+n—o

2 , to be precise).

If we use the fact that [Pe™21=I*6/1do = (= |x|2)"T(B), if B > 0, we
k+n—a« o Py(x)
get I‘(_—2__)7T—(k+n )2 IR" k

|x|k+n—a

¢(x) dx for the integral on the

left side. The corresponding integration for the right side gives

k+d —~( a) Pk(x)

which leads to identity (33). It is to be observed that when 0 < « < n and
both ¢ and ¢ decrease sufficiently rapidly (the estimates |@(x)| <
A(l + |x])7", and |¢(x)] < A(1 + |x|)~" suffice), then the double integrals
that occur in the above manipulation converge absolutely. Thus the formal
argument just given establishes the lemma.

To prove the theorem we make the assumption that k > 1, and we
-testrict @ further by supposing that ¢ is also smooth (the differentiability
of ¢ near the origin will suffice). Then,

(34) lim |, |P| ZS‘)_ #) dx =1tim | f;’fk’?n #(x) dx.
a>0

In fact, since the integral of P, over any sphere centered at the origin is
zero, then

fk,, | XI;::Ei_)__a ¢#(x) dx =fm IPII;“S")‘ [¢(x) — ¢(0)] dx

Pk(x)
+f[ @(x) dx.

o|>1 | x|FH e

Passing to the limit as « — 0 we get for the first integral on the right
side,

— 0)] dx = lim dx,
f[z]il |xlk+,n [(P( ) (P( )] JR N |x|k+n q)(x) X
which proves our assertion (34). Finally, let f be any sufficiently smooth
function with compact support, and for fixed x, set f(x —y) = ¢(»).

Then since (¢)” (y) = ¢(—y), we see that p(y) = f(y)e‘z’"“ and so our
assertion is in this case

(35) lim f l{?"f(x — y)dy = ka Pk(y)f (D)e~2=Y dy.

e~0 Jjyl o |yl* R" | y|*
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Now by the definition of the multiplier m, we have

lim P

ol =e |y

25 f(x — y) dy —Lm(y)f (Ve 2=V dy

where the convergence of both integrals is in the L? sense. Because the
P(y)

Iyl

type of f just described is dense in L2, we get m(y) = y, —
establishes the theorem.

For fixed k, k > 1, the (finite-dimensional) linear space of operators

which

P
(24), where Q(y) = G)('},) ) and the P, range over the homogeneous har-

monic polynomials of degree k, form a natural generalization of the Riesz
transforms; the latter arise in the special case k = 1. Those for k > 1, we
call the higher Riesz transforms;* they can also be characterized by their
invariance properties (see §4.8).

3.5 We now consider two classes of transformations, defined on
L*(R") (which can later also be defined on L?(R"), 1 < p < ). The
first class consists of all transformations of the form

(36) Ty =i | SOy d.

c is a constant; { is a homogeneous function of degree 0, which is in-
definitely differentiable on the sphere S"~!, and whose mean value on that

sphere is zero. The second class is given by those transformations 7 for
which

(37) TN () = m(y) f»)

where the multiplier m is homogeneous of degree 0 and is indefinitely
differentiable on the sphere.

THEOREM 6. The two classes of transformations, defined by (36) and (37)
respectively, are identical.

Suppose first that T is of the form (36). Then according to the theorem

in §4.2 of Chapter 2, (see also the formula (6) of the present chapter), 7'is
of the form (37) with m homogeneous of degree 0 and

69 =+ [ T Qo) da)  Ixl=1.

* We refer to k as the degree of the higher Riesz transform.
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Now write the spherical harmonic developments
20 0
Q(y) =23 Y(»), m(x) = Zo Y(x) and
r=1 p

(39) > v
Q400 =3 V0, my() =3 Tulx).
k=1 -

Then by the theorem we have just proved, if Q = Q,, then m(x) =
my(x), with _
Yi(x) = v Yi(x), 1 < k.

But my(x) — my(x) = fgn-1l'(x - ¥)[Q3,(y) — QN (»)] do(y). Moreover
3
sup, lmy(x) = my(o)l < (sup [ INGx - )1 doty)
2€ n—1 z Sn 1

x (L’n—l lgljl - £2A\'|2 dU(y)) - 05

as M, N — 0, since
sup [ 106 itdon) = [ 106 daty)

=c + czf |log |cos 6] |? (sin 6) 2 d6
0
< o

in view of the fact that I'(z) = 7—;—1 sign t 4 log 1/|¢]. This shows that

m(x) = ¢ + 3y (0.
=1

Now by the indefinite differentiability of  we have that

[ e do = o)
S

as k — oo for every fixed N. However by the explicit form of y,, we see
that y, ~ k"2, so m(x) is also indefinitely differentiable on the unit
sphere.

Conversely, suppose m(x) is indefinitely differentiable on the unit
sphere and let its spherical harmonic development be as in (39). Set

- 1 -
c= Yy, and Y, (x) = o Y, (x). Then Q(y), given by (39), has mean value
k

zero in the sphere, and is again indefinitely differentiable there. But as we
have just seen the multiplier corresponding to this transformation is m;
so the theorem is proved.

As an application of this theorem and a final illustration of the singular
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integral transforms we shall give the generalization of the estimates for
partial derivatives given in §1.3.

Let P(x) be a homogeneous polynomial of degree k in R*. We shall say
that P is elliptic if P(x) vanishes only at the origin. For any polynomial P
we consider also its corresponding differential polynomial. Thus if

0 0\* o\* 0\
ng)ak > a,x*, we wnteP(ax) zad(a—x) where (ax) = (a—x—l)
(8_) , and with the monomials x* = xt---x’* (which are of degree
X
lof = oy + oy 0 + ).
COROLLARY. Suppose P is a homogeneous elliptic polynomial of degree

a a
k. Let (a—) be any differential monomial of degree k. Assume f is k times
x

continuously differentiable with compact support. Then we have the a

priori estimate
AW 0
G, <2

To prove this we note, as in §1.3, the following relation between the

Fourier transform of (—az)fand P(ai) '8

p(y)[(a—i)“f} ) = (=2mivy(P( )f) .

4

y
P(y)
degree 0 and is indefinitely differentiable on the unit sphere. Thus

AN 0
—|\f=T{\P{)f).
(ax)f ( (ax)f)
where T is one of the transformations of the type given by (37). By
Theorem 6, T'is also given by (36) and hence by the results of Chapter 11,

we get the estimate (40). An extension of this result is indicated in §7.9 of
the next chapter.

(40) <A,

»

, 1 <p<oo.

p

Since P(y) is non-vanishing except at the origin, is homogeneous of

4. Further results

4.1 Our purpose is to show that certain results for L1(R") may be extended
to the finite Borel measures on R”, i.e. #(R"):

(a) Let di e #(R™), and M(du)(x) = |du]. Then

SUP B ) Jiin

A
mix:M (di)(x) > o} < ;f \dp].
RII
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The argument is the same as in the case of integrable functions.
(b) If du is purely singular, then

1
lim ———— du = 0 for almost every x.

o MBX, 1) Jp(0.0)
Hint: Write die = dp, + duy where dy, is supported on a closed set F of measure
zero and ||du,|l < 6. Then

1
Iim ———— du, = 0 for every x ¢ F.
r—0 m(B(x’ r) Bla.r) ' y ¢
A more general result of this type holds for any approximation of the identity
of the type occurring in Theorem 2, in particular for Poisson integrals.

Qx — y)
(0) Let To(du)(x) = f —);
a—ylze 1X = )
of Theorems 3 and 4 of Chapter I1. Then lim T(du)(x) exists almost everywhere.
)

du(y), where Q satisfies the conditions

See e.g. Zygmund [8]; Calderén and Zygmund [1], for part (c).

4.2 Let u(x, y) be harmonic in R72+1,
(a) If 1 < p < o, u(x, y) is the Poisson integral of an L?(R") function if and
only if sup {lu(x, V), < .
¥>0
(b) u(x, y) is the Poisson integral of a measure in #(R") if and only if
sup flulx, yi, < ».
y>0

See c.g. Siein and Weiss [2]. See also §1.2.1 in Chapter VII

4.7 Suppose f€ LAR"), f; = R,(f), and «,(x, y) is the Poisson integral of
HE ‘iner

(%, y) = f QUXNYf (x — 1) dt,
R’"
vheie

Q?(IJ)(x) =cC, _—x]_m .
(x> + %2

4.4 This result, as well as that of Theorem 3 in §2.3, generalizes to L?(R"),
1 < p < . For details see Horvath [1]; see also §3.2 in Chapter VIL. The case
n = 1is trzated in Titchmarch [1), Chapter 5.

4.5 [t 1s worthwhile to observe the following easily proved facts:
(a) Let = be -.he algebra of operators on L*(R™) which is (algebraically) gener-
ated by the Riesz transforms R;. R,.... R Then every higher Riesz transform
telong: to o/,
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(b) The closure of & (in the strong operator topology) is identical with the alge-
bra of bounded transformations on L2(R™) which commute with translations
and dilations.

4.6 1In §4.6to 4.8 we shall assume that n > 3. (The cases n = 1, 2 would need
minor modifications.) We let SO(n) denote the group of proper rotations in R”,
and SO(n — 1) the subgroup of those rotations leaving the direction along the
x, axis fixed. Then, for every k, the subspace of the polynomials Py(x) € #,
which are fixed by SO(n — 1), i.e. for which P(p71x) = Pi(x), p € SO(n — 1),
is exactly one-dimensional. See Fourier Analysis, Chapter IV.

4.7 Let V be a finite dimensional Hilbert space and p — R, a continuous
homomorphism from SO(#n) to the group of unitary transformations on V. The
couple (R,, V) is called a representation of SO(n). It is irreducible if there is no
non-trivial subspace of V invariant under the R,, p € SO(n). Two represen-
tations (R(V, Vy) and (R(?, V;) are equivalent if there is a unitary correspondence
U, U: V<> Vy, so that U'RPU = RV,

(a) Let V' =, (the linear space of homogeneous harmonic polynomials of
degree k). Define

(R,P(x)) = P(p7*x), p€ SO(n), P #,.
This representation is irreducible.
(b) Anirreducible representation (R, V) of SO(n) is equivalent to one obtained
from the spherical harmonics, as above, if and only if there exists a non-zero
v € Vso that

R,(v) =v,all p SO(n — 1).

For the general theory of representations of the rotation group see Weyl [1],
Boerner [1). §4.7 can be deduced from §4.6 by using the Frobenius reciprocity
theorem for compact groups. For the reciprocity theorem see Weil [1].

4.8 Let (R,, V) be an irreducible representation of SO(n) as in §4.7 above.
Suppose f — T(f) is a bounded linear transformation from L*(R") to L*(R", V);
thus T takes complex-valued functions to functions which take their values in V.
(a) Suppose T commutes with translations and dilations and transforms
according to (R,, V) in the sense that

pTp X(f) = R,Tf.
Then T =0 unless (R, V) is equivalent to a representation obtained from
spherical harmonics as in §4.7(a).
(b) If (R,, V) arises from the spherical harmonics of degree k, then T is deter-
mined up to a constant multiple. In particular if 8y, f,, ..., fy is a basis for the

linear functionals on V, then each §;(Tf) is a higher Riesz transform of degree &,
if £ > 1 (when k = 0, T is a constant multiple of the identity).

4.9 The following observation will be useful later: Suppose u(x, y) is the

d
Poisson integral of f, f& L”(R"). Then sup |y a—xu (x, y)‘ < AMEHH(X).
Y0 j
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0
Hint: Apply Theorem 2 to the case ¢(x) = o [P1(x)].
7
A more general result of this kind is that sup |y!* Du(x, y)| < A,Mf(x),

y>0
where D is any differential monomial in x and y of total degree |«|.

Notes

Sections 1 and 2. The connection of singular integrals (of the *“Riesz trans-
form™ type) with estimates like those in §1.3 have a long history. See e.g. Fried-
richs [1], for p = 2; also Calderén and Zygmund [1] for the case of general p.
The identification of Riesz transforms with conjugate harmonic functions
(in §2.3) goes back to Horvath [1). For the Fourier analysis of the n-dimensional
Poisson integral see Bochner [1], [2], and Bochner and Chandrasekharan [1].
The relation with the maximal function, which generalizes the classical result
of Hardy and Littlewood, is in K. T. Smith [1]. The argument in §2.4 comes
from Calderén and Zygmund [1].

Section 3. The main results are Theorem 4 and its corollary. The first is implicit
in the work of Hecke [1]and was made explicit by Bochner, who also deduced
the corollary; see Bochner [2]; also Calderén and Zygmund [5), and Calderén
[3). A more elaborate treatment of some of these topics, in particular spherical
harmonics and the connection with Bessel functions, may be found in Fourier
Analysis, Chapter 1V. In comparing the present formulae with those in
Fourier Analysis one should keep in mind that the Fourier transform defined
here corresponds to the inverse Fourier transform in Fourier Analysis.

The germinal idea of the calculus of singular integrals in terms of their
“symbols™ is given in §3.5, although the latter notion is not explicitly defined
there. For further details see Mihlin [1], and Calderén and Zygmund [5). Later
developments involving partial differential operators are in Calderén (3], [5],
Seeley [1], Kohn and Nirenberg [1], Unterberger and Bokobza (1], and Hor-
mander [2]. A sketch of the history of the subject may be found in Seeley [2].
Thereader is urged to consult it for the work of earlier writers; of particular note,
in this connection, are the contributions of Giraud.



CHAPTER 1V

The Littlewood-Paley Theory
and Multipliers

The Littlewood-Paley theory of one-dimensional Fourier series, and its
applications, represents one of the most far-reaching advances of that
subject. The theory originally proceeded along three main lines, each
interesting in its own right:

(i) The auxiliary g-function which, aside from its applications, illustrates
the principle that often the most fruitful way of characterizing various
analytical situations (such as finiteness of L? norms, existence of limits
almost everywhere, etc.) is in terms of appropriate quadratic expressions.
(ii) The “dyadic’” decomposition of a function in terms of its Fourier
analysis.

(iif) The multiplier theorem of Marcinkiewicz which gives very useful
sufficient conditions for L? multipliers.

This theory was developed in the main between 1930 and 1939 by
Littlewood and Paley, Zygmund, and Marcinkiewicz, but it depended on
complex function theory and so its full thrust was limited to the case of
one-dimension. The n-dimensional theory is more recent and was inspired
in part by the real-variable techniques presented in Chapters I and II.

We should, however, not want the reader to be left with an over-
simplified picture of the above. Thus it was realized early that significant
n-dimensional results could be deduced from the one-dimensional theory.
Moreover, the n-dimensional theory is only partly successful in comparison
with the one-dimensional case, and much remains to be done in the general
context. (The latter point is taken up again §6.2.)

There are by now several possible approaches to the main results which
we present, but we have purposely not chosen the shortest and most direct
way; we hope, however, that the longer route we shall follow will be more
instructive. In this way the reader will have a better opportunity to
examine all the working parts of the complex mechanism detailed below.

81
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1. The Littlewood-Paley g-function

1.1 The g-function is a (non-linear) operator which allows one to give
a useful characterization of the L? norm of a function on R" in terms of
the behavior of its Poisson integral. This characterization will be used not
only in this chapter, but also in the succeeding chapter dealing with
function spaces. The g-function is defined as follows. Let fe L?(R") and
write u(x, y) for its Poisson integral

u(x, y) =f POSf(x — 1) dt
R
as defined in Chapter III, §2. We let A denote the Laplace operator in R7?+1,
2 n az
that is A = _8 + 3 =—; Vis the corresponding gradient, |Vu(x, y)|2 =
dy* 5 0x,

oul? nlou | . .
=— | + |Vou(x, p)|2, where |V u(x, )2 = Y | =—| . With these notations
oy =
we define g(f)(x), by
o0 1/2
(1 g(NHx) = (fo |Vu(x, y)I® y dy) .

The basic result for g is the following.

THEOREM 1. Suppose fe LP(R™), 1 < p < . Then g(f)(x) € L°(R™),
and

2 AN < 18HI, < 4, 11f 1,

1.2 1t is best to begin with the simple case p = 2. With fe L%(R"),
we have [g(NI2= [, fr=yIVu(x, p)|2dxdy. The double integral
may be treated either by Green’s theorem (as we shall see later in §2.1) or
by Plancherel’s formula, when we integrate first with respect to x. In
fact, in view of the identity

u(x, v) =J F(pyetriteg=2altl gy
Rn

we have
Ou =J —2at] f(p)e it eI gy,
ay R”

and

u =f —2ait, f(He t e MY gy
ox; R"
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Thus
Lﬂ |Vu(x, y)|*dx =Lﬂ87r2 R F@OREE M d, y >0
and so

183 = f ol 2{8w2|r|2 f ? iy dt} — ) 1T
R 0
Hence,
(3) l(Dlls = 27 £

It may be appropriate here to introduce the following two ‘“‘partial”
g-functions, one dealing with the y differentiation and the other with the
x differentiations,

2 1/2
yd.v) ;

a0 = ([ 3
0 y
[ 1/2
£ = [ 1% ity )
Note that g2 = g2 4 g2, and what is more interesting, the proof of (3)
also shows that

C)

g () = lig(Nla = 2 I fll2:

The whole theory could be based just as weil on g, or g, instead of g,
and anyway the three are closely related by the Riesz transforms (see
§7.1.

1.3 The L? inequalities, when p 5= 2, will be obtained as a corollary
of the theory of singular integrals in the context of Hilbert space-valued
functions, as given in §5 of Chapter 1I. We define the Hilbert spaces 5,
and ', which are to be considered now. #, is the one-dimensional
Hilberr space of complex numbers. To define /', we define first #J as the
L? svace on (0. 0o) with measure y dy. i.e.

~

A= 5/‘:|f|2=j Ly dy < 00}
[y 0

we let #, be the direct sum of n + 1 copies of #°{’; so the elements of
', can be represented as (» + 1) component vectors whose entries belong
to #Y. Since | is the same as the complex numbers, then B(# ;, 5 ,) is
,of course identifiable with #,. Now let ¢ > 0, and keep it temporarily
“fixed.
Define

(
Kt(x) — (aP,er, X) aP:' s(x) aPers(x))

e,
dy 7 oxq 0x;,
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Notice that for each fixed x, K,(x) € 5 ;. This is the same as saying that

© 19 2 “opP 2
f P, (%) ydy < oo andf __”ifgg ydy < oo, forj=1,...,n.
o ay 0 ax:,-

However it is easily seen from the explicit formula (on p. 61) for the

oP oP
Poisson kernel that both —— and —— are bounded by

oy ox

n+1-

(IxP+y 2

d
y < A, and < A |x|]*".

So* |Ka(x)|2 = A2(n + 1) J{; (lez + (y + 6)2)H+l -

Thus
(%) |K(x)| € E(R".
Similarly
aKt(x) 2 fm y dy fm y y — ’ |x|—2n—2
ax; | = T do (IxPH G )T o (Ix)F 4y '
Therefore,
© |a-’ﬁ"—) < AJlx,
0x;

with 4 independent of «.
Now consider the operator T, defined by

T = [ K= e

The functions f are complex-valued (take their value in J#)), but the
T.f (x) take their values in ;. Observe that

<o) 1/2
™ I TN = ( f Vu(x, y + o)ty dy) < ().
Hence || T,f (x)]ls < 272 | f|l,, if f€ L%R™), by (3); therefore

®) |R(x)| < 277,
(which could also be verified directly).

Because of (5), (6), and (8) and in view of Theorem 5, Chapter 1X, we
can apply the Hilbert space version of Theorem 1, Chapter II. The con-
clusion is | T.(Nll, < 4, [ fl,, 1 <p < oo with A, independent of &.
By (7), for each x, |T,(f)(x)| increases to g(f)(x), as ¢ — 0, so we obtain
finally

©) g < 4, 1f 1, 1T<p< o

* Notice that here the symbol {K,(x)| denotes the norm in .#, of K (x), for cach x.
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1.4 We should have liked to derive the converse inequalities,

(10) A 11, S gDl 1< p < oo,

directly from (9) and the corollary in §5.3, Chapter 1I. But this would have
required a preliminary argument, since the operator corresponding to g
has been obtained as a limit, and this limit is not a principal value arising
from the truncation of kernels, (see (7)); in fact, the limiting approach
used here is a little more natural, since principal values are not really
relevant in this context. Nevertheless, matters can be settled directly and
without any difficulty. Take g, instead of g. Then the equality ||lg,(f)[. =
(1/2) I f llg, for f€ L%R™), leads by polarization to the identity

4J;1n aul( y)_ (x, y) dy dx —f Si(x)fex) dx,

where f}, f € L® R“), and where u; are the Poisson integrals of f;, j = 1, 2.
This identity, in turn, leads to the inequality

S x| < [ s D dx

Suppose now in addition that f; € L*(R™) and f, € LY(R") with | f3], < 1,
and 1/p + 1/q = 1. Then by Holders inequality and the result (9),

an | [ peosicn ax

Now take the supremum in (11) as f; ranges over all function in L% N L9,
with | f2], < 1. We obtain therefore the desired result (10), with 4, =
4/A,, but where fis restricted to be in L2 N L?. The passage to the general
case is provided by an easy limiting argument. Let f,, be a sequence of
functions in L2 N L?, which converge in L? norm to f, (a general element
of L?). Notice that |g(f,)(x) — g(fL)X)| < g(f, — fu)(x). So g(f,)
converges in L? norm to g(f), and we obtain the inequality (10) for fas a
result of the corresponding inequalities for f,. We have incidentally also
proved the following, which we state as a corollary.

< 1 lgUDIy gl < 144 18215

COROLLARY. Suppose fe€ LXR™), and g,(f)(x) e LPR"™), 1 < p < .
Then f€ L*(R"), and A, | 1, < [Nl

! 1.5 There are some very simple variants of the above that should be
pointed out:
(1) The results hold also with g,(f) instead of g(f). The direct inequality
lg. ()N, < A4, Ifll, is of course a consequence of the one for g. The
converse inequality is then proved in the same way as that for g;.
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(ii) For any integer k, k > 1, define

1/2

2lc -1 dy)

Then the L? inequalities hold for g, as well. Both (i) and (ii) are stated more
systematically in §7.2, below.

gl N(x) = f l——(x ¥)

(iii) For later purposes it will be useful to note that for each x,
g:()(x) > A,g,(f)(x) where the bound 4, depends only on k.

It is easily verified from the Poisson integral formula that if fe L?(R"),
1 <p< o, then

ak
M—»O for each x, as y — oo.
dy"
Thus
aku(xv y) — © ak+1u(x, S) Sk iﬁ
oy" v os*! st

By Schwarz’s inequality, therefore,

14 2 ool Ak+1 2 0
Q__’_ Sf a__ﬂf_’_ﬂ s2k ds(f g2k ds) )
v 1

ay* dst+!
(gk +1(f, x))?, and the assertion is proved by

Hence (g.(f; x))* <

induction on k. T2k 1

2. The function g7

2.1 The proof that was given for the L? inequalities for the g-function
did not in any essential way depend on the theory of harmonic functions,
despite the fact that this function was defined in terms of the Poisson
integral. In effect, all that was really used is the fact that the Poisson
kernels are suitable approximations to the identity. (See the remarks at the
end of the previous section, as well as §7.2.)

There is however another approach, which can be carried out without
recourse to the theory of singular integrals, but which leans heavily on
characteristic properties of harmonic functions. We present it here (more
precisely, we present that part which deals with 1 < p <2, for the in-
equality (9)), because its ideas can be adapted to other situations where the
methods of Chapter II are not applicable. Everything will be based on the
following three observations.

LemMa 1. Suppose u is harmonic and strictly positive. Then

(12) A@W)? = p(p — DuP~2 |Vul%
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LEMMA 2. Suppose F(x, y) is continuous in R7*1 is of class C*in R},
and suitably small at infinity. Then

(13) f y AF(x, y) dx dy — f F(x, 0) dx
R:—(-l R®
LemMa 3. If u(x, y) is the Poisson integral of f; then

(14) sup [u(x, Y)| < (Mf)(x).

The proof of Lemma 1 is a straightforward exercise in differentiation.
Its main interest is that the right-hand side of (12) does not involve any of
the second derivatives of u.

To prove Lemma 2, we use Green’s theorem

f(uAu—uAu)dxdy= (u@—ua—u)da

D ap\  Ov ov

where D = B, N R**!, with B, the ball of radius r in R"+! centered at the
origin. We take v = F, and ¥ = y. Then we will obtain our result (13) if

f yAF(x, y)dx dy —>J‘ Yy AF(x, y)dx dy
D RT‘I
and

oF dy
J;Do(y dv  Ov ) do ar

Here 9D, is the spherical part of the boundary of D. This will certainly
be the case, if for example AF > 0, and |F| < O((|x| + y)™°) and
IVF| = O((]x] + y)~""17%), as |[x| + y — oo, for some ¢ > 0,

The third lemma is of course a majorization with which the reader is by
now familiar. (See part (a) of the theorem in §2.1, Chapter III).

Once these facts have been set down, the proof of the inequality
lg(NHl, < A, IIfll,, 1 <p <2, can be accomplished in a few strokes.
Suppose first that £ > 0, is indefinitely differentiable and has compact
support. An examination of the Poisson kernel shows that the Poisson
integral u of fis strictly positive in R7+1, and the majorizations u(x, y) =
O(|x] + y)™ and |Vu| = O(]x| + y)™, as [x| + y — oo are valid. We
 have

-

o(f, X = f Y IVux P dy = - P A dy

(pl—- 1).’0

1 2—p ? ?
< s [Ty s dy
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first using Lemma 1, then Lemma 3, and the hypothesis 1 < p < 2. We
can write this as

(15) g(f, x) < C,(Mf(x)*72(U(x)"?,
where

I(x) =f y Au® dy.
0
However,

(16) f I(x) dx =f yAu?dxdy =f u™(x, 0) dx = | f|2,
R™ R R™

by Lemma 2. This immediately gives the desired result for p = 2. Suppose
now 1 < p < 2. By (15)

Jle 07 dx < ez ooy as

<o [ oworac ) ([ aoax)”.

where we have used Holder’s inequality with exponents r and r’
lr+1/r=1, 1<r<?2),

which is made possible by the fact that (z—z—f) pr' =p,and rp/2 = 1, if
r=2/p.

By (16) the last factor of the equation is || f|2/"; the next to the last
factor is majorized by C, | /]2’ "', according to the maximal theorem of
Chapter I. Inserting these two estimates gives [g()ll, < 4, [fI,.
1 < p < 2, whenever fis a positive function which is indefinitely differenti-
able and of compact support. For general f € L”(R") (which we assume for
simplicity to be real-valued), write f = f*+ — f~ as its decomposition into
positive and negative part; then we need only approximate in norm f+
and f/~, each by a sequences of positive indefinitely differentiable functions
with compact support. We omit the routine details that are needed to
complete the proof.

2.2 Itis unfortunate that the elegant argument just given is not valid for
p > 2. There is, however, a more intricate variant of the same idea which
does work for the case p > 2, but we do not intend to reproduce it here. *

We shall, however, use the ideas above to obtain a significant general-
ization of the inequality for the g-functions. We have in mind the in-
equalities for the positive function g¥ defined as follows,

0 in
17 * 2 _ Y \vj _ 2 1-n )
an @ = [ (2) Ve = ol

* See the literature cited at the end of this chapter, and also the argument in §3.3.2,
Chapter VIL
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2.3 Before going any further, we shall make a few comments that will
help to clarify the meaning of the complicated expression (17).

First, gf(f)(x) will turn out to be a pointwise majorant of g(f)(x).
To understand this situation better we have to introduce still another
quantity, which is roughly midway between g and g7. It is defined as
follows. Let I' be fixed proper cone in R%*™ with vertex at the origin and
which contains (0, 1) in its interior. The exact form of I" will not really
matter, but for the sake of definiteness let us choose for I' the right-
circular cone:

I'={(ty)eR:t < y,y > 0}

For any x € R", let I'(x) be the cone I translated so that its vertex is at
x. Now define the positive function S(f)(x) by

(18) IS = fn Ity dy d

= [[19ue — 1, 2y ay ar
JI

We assert, as we shall momentarily prove, that

(19) g(N)x) < CS()x) < Cgl( ).

What interpretation can we put on the inequalities relating these three
quantities? A hint is afforded by considering three corresponding ap-
proaches to the boundary for harmonic functions.

(a) With u(x, y) the Poisson integral of f(x), the simplest approach to
the boundary point x € R* is obtained by letting y — 0, (with x fixed).
This is the perpendicular approach, and for it the appropriate limit exists
almost everywhere, as we already know.

(b) Wider scope is obtained by allowing the variable point (¢, y) to
approach (x, 0) through any cone I'(x), (where vertex is x). This is the
non-tangential approach which will be so important for us later (in
Chapters VII and VIII). As the reader may have already realized, the
relation of the S-function to the g-function is in some sense analogous to
the relation between the non-tangential and the perpendicular approaches;
we should add that the S-function is of decisive significance in its ownright,
but we shall not pursue that matter now.*

(c) Finally the widest scope is obtained by allowing the variable point
(t,y) to approach (x,0) in an arbitrary manner, i.e. the unrestricted
approach. The function g¥ has the analogous role: it takes into account
the unrestricted approach for Poisson integrals.

Notice that gF(x) depends on 1. For each x, the smaller A the greater
£X¥(x), and this behavior is such that the L? boundedness of g depends

* See Chapter VIL
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critically on the correct relation between p and Z. This last point is prob-

ably the main interest in g¥, and is what makes its study more difficult
than g (or S).

After these various heuristic and imprecise indications let us return to
firm ground. The only thing for us to prove here is the assertion (19). The
inequality CS(f)(x) < C,g¥(f)(x) is obvious, since the integral (17)
majorizes that part of the integral taken only over I', and

(2 y)“ > (112"

[t| +

there. The non-trivial part of the assertion is:

g < CS(N)H(X).

It suffices to prove this inequality for x = 0. Let us denote by B, the
ball in R%"! centered at (0, y) and tangent to the boundary of the cone I';

the radius of B, is then proportional to y. Now the partial derivatives

0 . . .
-Eand bl are, like u, harmonic functions. Thus by the mean-value
dy 0%,

theorem
1
( »= m(B,) Jn, 3y
(where m(B,) is the n 4+ 1 dimensional measure of B,, i.e. m(B,) = cy™*!
for an appropriate constant ¢). By Schwarz’s inequality

(x, s)dx ds

2
9u(©, ) < ! f @(x, $) dx ds.
dy m(B,) Jr, | Oy
If we integrate this inequallty we obtain
f dy gf c‘2y‘"(f 2 (x, 9) dx ds) dy
0 B, 0y

However (x, s) eBy clearly implies that ¢;s < y < ¢,s, for two positive
constants ¢; and ¢,. Thus, apart from a multiplicative factor, the last
integral is majorized by

J Lo )5yl

This is another way of saying that,

f clvgc'f —
v

Y

dx ds

p' T dx dy.
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d
The same is true for the derivatives % ,j=1,...n, and adding the
i

corresponding estimates proves our assertion.
2.4 We are now in a position to state the result concerning g7.

THEOREM 2. Let A be a parameter which is greater than 1.
Suppose f € L*(R™). Then

(a) For every x € R", g()(x) < C,g5(f)(x).

(b) If 1 < p < o, and p > 2[4, then

(20) kNI, < A, 1 f 1,

Part (a) of the theorem has already been proved.

The inequalities for p > 2 will turn out to be rather easy consequences
of the corresponding inequalities of the g-function. This we shall now see.
For the case p > 2, only the assumption 4 > 1 is relevant.

Let w denote a positive function on R"; we claim that

@) [ GO dx < 4 [ @) dx
The left-side of (21) equals

f f y | Vu(e, y)lz[f wOllt — x| + y]=*"y*" dx} dt dy
y=0 JteR" r€R™

so to prove (21) we must show that

(22) sup L" YOIt — x|+ yT 4"y dx < A;M(p)(0).

y>0

However we know by Theorem 2, §2.2, of Chapter III, that
sup (p * @ )(1) < AM(y)(1)
>0

for appropriate ¢, with ¢, (x) = ¢ "¢(x/e). Here we have in fact ¢(x) =
(1 4+ {x])7*", ¢ = y, and so with 2 > 1 the hypotheses of that theorem are
satisfied. This proves (22) and thus also (21).

The case p = 2 follows immediately from (21) by inserting in this
inequality the function y = [, and using the L? result for g. Suppose now
2 < p; let us set 1/g + 2/p = 1, and take the supremum of the left side
- over all y > 0, such that y € LY(R™) and |y|, < 1. The left side of (21)
then gives |lg7(/)l|2; Holder’s inequality yields as an estimate for the right
side:

A lg(HIE Myl
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However by the inequalities for the g-function, [g()ll, < 4, fll,;
and by the theorem of the maximal function |Myl, < A;’ lvl, = 4,
sinceq > 1,if p < co. If we substitute these in the above we get the result:

IgZNl, < 4, fll,,  2<p<o0,  A>1

2.5 The inequalities for p < 2 will be proved by an adaptation of the
reasoning used in §2.1 for g. Lemmas 1 and 2 will be equally applicable in
the present situation, but we need a more general version of Lemma 3, in
order to majorize the unrestricted approach to the boundary of a Poisson
integral.

It is at this stage where results which depend critically on the L7 class
first make their appearance. Matters will depend on a variant of the
maximal function which we define as follows. Let u > 1, and write
M ”(f )(x) for

1 Yp
@3) M,(f)00) = (sup —L [ o dy)

r>0 m(B(x, 1)) JB(a.n

Then M,(f)(x) = M(f)(x), and M, (f)(x) = (M |f[*)(x))"/*. From the
theorem of the maximal function it then immediately follows that

(23) MM, < A 1l for p > u
This inequality fails for p < u, as in the special case 4 = 1.

2.5.1 The substitute for Lemma 3 is as follows

LemmAa 4. Let feL?R"), p 2> u, u>1; if u(x, y) is the Poisson
integral of f, then

4) u(x — 1, ) < A (1 + %I)nM(f)(x)’
and more generally

nfu
Q4) lu(x — 1, y)] < Au( |+ %) M (f)(x).

We begin by deducing (24).
One notices that (24) is unchanged by the dilatation (x,¢,y)—
(x4, td, yd); it is then clear that it suffices to prove (24) with y = 1.

Cn

Setting y = 1 in the Poisson kernel, we have P,(x) = and

1‘1’_1 ’
(I + [x?) =
u(x —t, 1) = f(x) * Py(x — t), for each r. Theorem 2 of Chapter III (in
§2.2) shows that |u(x — 1, )] < 4, (Mf)(x), where 4, = | Q,(x) dx, and
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0,(x) is the smallest decreasing radial majorant of P,(x — t), i.e.
1

Q(x) = ¢, I:c |>|x|{(l + |x — tlz)(n+1)/2}

For Q,(x) we have the easy estimates, Q,(x) < ¢, for |x| <2 ¢ and
—n—1

Q.(x) < A'(1 + |x|®) 2 , for |x| > 2 [t], from which it is obvious that

A; < A(1 + |z])"* and hence (24) is proved.

Since u(x — 1, y) = feeqn P(s)f(x — t — s)ds, and [p-P,(s)ds =1,
we have |u(x — £, ¥ < feqn P () |f(x —t = s)|#ds = U(x — 1, ),
where U is the Poisson integral of |f|#. Apply (24) to U; this gives

lu(x =1, y) | < AYH(L + [2][y)" MM fIH)E)H™
= A1 + [tl[y)"=M (f)(x),
and the Lemma is established.

2.5.2 We shall now complete the proof of the inequality (20) for the
case 1 < p < 2, with the restriction p > 2/A.
Let us observe that we can always find a x4, 1 < u < p, so that if we
2 -
set ' =i—=_2 , then one still has 2’ > 1. In fact if 4 = p, then
A—2 H
e — p > 1since A > 2/p; this inequality can then be maintained by

a small variation of w. With this choice of u we have by Lemma 4

nlu
(25) lu(x — ty)l( ) < AM(fXx)

+ 1t
We now proceed as in §2.1, where we treated the function g.

An
26) (@) = ) u*®|Au?| dt dy

— 1)J® "*’ (y + 1]
< AP2(M () ()21 *(x),

where

A'n
I*(x =f 1‘”( b4 ) AuP(x — t, y)dtd
(x) g Y m ( y)dtdy

It is clear that

A'n
I*(x) d —j f ( ) Au(t, y) dx dt d
f (x) X n+ 1 :ceR" y+|t—x| u( y) X y

= C”,L"*‘ yAu(t, y)dtdy.
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The last step follows from the fact that

Mn
n y dx e
yf( ) dx=f ———,—n=C,<oo, if A > 1.
R \y 4 x| RO [x

So, by Lemma 2

@ [ dx=coui

Thus (26) takes the role of (15) and (27) that of (16).
The proof is then concluded as in §2.1 if we make use of the L? bounds
for M, (f) in (23"), instead of those for M(f).

3. Multipliers (first version)

3.1 The first application of the theory of the functions g and g¥
will be in the study of multipliers. The theorem presented below (Theorem
3) will be a “preliminary” version of the multiplier theorem. A ‘“final”
form will be presented in §6, where a comparison of the two variants will
also be made.

Let m be a bounded measurable function on R®. One can then define
a linear transformation 7,,, whose domain is L*(R") N L?(R"™), by the
following relation between Fourier transforms

(28) (T f) (x) = m(x)f(x), feL®nLe.

~ We shall say that m is a multiplier for L? (1 < p < o0) if whenever
feL? N L? then T, fis also in L?, (notice it is automatically in L?), and
T, is bounded, that is,

29) IT.(Dl, <4Ilfll,, feL*nL?, (with 4 independent f).

The smallest 4 for which (29) holds will be called the norm of the
multiplier. Observe that if (29) is satisfied, and p < oo, then T, has a
unique bounded extension to L?, which again satisfies the same inequality.
We shall also write T,, for this extension.

We denote by # , the class of multipliers with the indicated norm. It
is clearly a Banach algebra under pointwise multiplication.

We begin with some examples. The observation that the operators T,
commute with translations, together with the propositions in §1.2 and
§1.4 of Chapter II, lead directly to the following.

Example (i). #, is the class of all bounded measurable functions and the
multiplier norm is identical with the L*(R"™) norm.

Example (ii). #, is the class of Fourier transforms of elements of
Z(R™), (the finite Borel measures), and the norm of .#, is identical with
the norm of Z(R™).
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The theory of singular integrals of Chapters II and III allows us to
assert the following:
Example (iii). Suppose m is homogeneous of degree 0. If either m is
indefinitely differentiable on the sphere, or more generally, if m is rep-
resentable in the form of equation (26) of Chapter II, (up to an additive
constant), then me A ,, 1 < p < .

We now return to some general considerations.

A basic duality property (which we have already used in somewhat
different terms in §2.5, Chapter II) and which reflects the duality of L?
spaces, is contained in the proposition that follows.

PROPOSITION,  Suppose 1/p + 1/p’, 1 <p < oo, then M,=H,
with an identity of norms.

Proof. Let o denote the involution o(f)(x) = f(—x). As is immediately

verified 671T,,0 = T-; therefore if m belongs to .#, so does #7; moreover

7 has the same norm as m. Now by Plancherel’s formula,
[Tt dx = [ w0020 dx = [ Feomee) ax

=fn" fT,.g dx, whenever f, g € L}(R")

Assume in addition that fe L* (R"), g € L?(R"), and | gii, < 1. Then

f T, f¢ dx
R”

where 4 is the norm of the multiplier m (or /) in 4. Taking the supremum
over all indicated g, gives

1Tof 1o < A NS

Therefore m belongs to # ,, and its .#, norm is no larger than its
A , norm; since the situation is symmetric in p and p’, the two norms are
identical.

We have already pointed out that if » is a multiplier (in .#,), then the
transformation T,,, which is bounded in L?(R"), commutes with trans-
lations. The converse also holds: Suppose that 7" is a bounded linear
transformation on L?(R"), p < oo, which commutes with translations;
then there exists an m € 4, so that T,, = T. The proof of this fact will
be outlined in §7.3 below.

After these clarifying comments about multipliers we should warn the
reader that the deeper structure of the class of multipliers .#, (except in
the “trivial” cases corresponding to p = 1,2, 0r o) is still to a large

< 1 1Tugl, < ANf s
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extent unknown, even in the context of R!. What we shall obtain below,
however, is an important sufficient condition, which incidentally contains
to a large extent the results cited in example (iii).

3.2 THEOREM 3. Suppose that m(x) is of class C* in the complement of
the origin of R"™, where k is an integer > n[2. Assume also that for every
. . AN .
differential monomial (—) , o= (o, Olg, . .. 0,), With || = oy + oy -,
+ o, we have Ox

< Bx|712L whenever |a| < k.

(30) ‘ (i)“m(x)
Ox
Thenme M ,, 1 <p < oo;thatis |T,fll, <A, lIfl,

The proof will show that the bound 4, will depend only on B, p, and n.
The proof of the theorem leads to a generalization of its statement.
This we formulate as a corollary.

COROLLARY. The assumption (30) can be replaced by the weaker
assumptions,

Im(x)| < B’
(31) sup R2lel+n f ‘ (ai)am(x)
X

0<R<w
RE|r|<2R

2
dx < B/, lo] < k.

We mention now two illustrations of the relevance of the theorem:
Example (I). m(x) = |x|*, where ¢ is a real number. This example has
connection with the Riesz potentials of §1, Chapter V. See also §6.12 in
Chapter I1.

Example (2). m(x) is homogeneous of degree 0, and is of class C* on
the unit sphere. (See also §3.5 in Chapter III.)

The theorem (and corollary) will be a consequence of the following
lemma. Its statement illuminates at the same time the nature of the multi-
plier transformations considered here, and the role played by the g-
functions and their variants.

LEMMA. Under the assumptions of Theorem 3 (or its corollary), let us
set for each fe L*(R")
F(x) = (T,f)().
Then

(32) &(F, x) < B,g%(f, x), where 1 = 2k/n.
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Thus in view of the lemma, the g-functions and their variants are the
characterizing expressions which deal at once with all the multipliers
considered. On the other hand, the fact that the relation (32) is pointwise
shows that to a large extent the mapping 77, is ““semi-local.”

The theorem is deduced from the lemma as follows. Our assumption on
k is such that 4 > 1. Thus Theorem 2 shows us that

g3 (fs 0, <A, 1fl, 2<p<o if fel?n L
However by Theorem 1, (see the corollary in §1.4), A, ||F||,, < [Ig1(F, X)llp;
therefore

IFl, = 1 Twfll, < A4, fll,, if 2<p<oc and felL®n L>
That is, me #,, 2 < p < . By duality, the proposition in §3.1, we
have also me A ,, 1 < p < 2, which gives the assertion of the theorem.

3.3 We shall now prove the lemma.

Let u(x, y) denote the Poisson integral of f, and U(x, y) the Poisson
integral of F. Then with " denoting the Fourier transform with respect to
the x variable, we have

i(x, y) = e 117 (x),
and

U(x, y) = e F1F(x) = e *m(x) f(x).

Define M(x, y) = frne 2@l lvm(t) dr. Then clearly M(x,y) =
e~27lzlvp(x), and so

U(x, 1 + p2) = M(x, p)i(X, y,),  y=y1+ p2, 3 > 0.
This can be written as

U, 31+ 0 = [ MO yute = 1)

We differentiate this relation k times with respect to y; and once with
respect to y,, and set y; = y, = y/2. This gives us the identity

G) UG = [ MO D — 1 )
(The superscripts denote differentiation with respect to y.)

3.3.1 With the aid of this identity it will not be difficult to prove the
lemma. The assumptions (30) (or (31)) on m need be translated in terms of
M(x, y). The result is:

(34) IM® (¢, )| < B'y"*
(34') [ om0, )2 de < By

R”
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In fact, by the definition of M, it follows that

IM(k)(X, y)| S B(Zﬂ_)kJ;n |tlke—2ﬂ|t]v dt = BIJ rke—2ﬂ1'yrn—1 dr = Bﬂy—n—k’

0

which is (34).
To prove (34') let us show more particularly that

fnnlt"M”“’(t, »I*dt < By,
whenever o = (o, o, ..., ®,), so that oy + oy - + «, = k, with

t1 — t:ltgz P t:n.

By Plancherel’s theorem

=M@ (e, p)ll; =

71_2Ir iu k —2rjxfy
@) (ax)(IXI m(x)e2r1e1)

2

But
yzrfR'n |x|7e v dx < Cy, for 0L,

and by the hypothesis (30) and Leibniz’s rule <

(2 axtmeey

B’ |x[*712l with |« < k. So using Leibniz’s rule again to evaluate

(6_ax)a(‘xlk m(x)e=2711v),

we get
leMP(, s < By, el =k

which proves the assertion (34).

3.3.2 Return to the identity (33), and for each y divide the range of
integration into two parts, [t| < y/2 and [t| > y/2. In the first range use
the estimate (34) on M** and in the second range use the estimate (34').
This together with Schwarz’s inequality gives immediately

U, )2 < Ay f UD(x — 1, /D) di

It <v/2

Wy 2
+Aywnf [UD(x — 1, y[2)|*dt
|

t|>v/2 |t|2k

= Li(y) + ().

Now
2

(i (F, X)) = f U x, pPPy™tdy =3 f L(y)y™" " dy.
0 JO

41
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However

~

| noway < Bf [UD(x — 1, y 2Py di dy
0 ltI<v/2

< f Vu(x — 1, )" di dy
r

= B'(S(F, x))* < B,g*(F, x).
Similarly

f LY dy < B f Y V(e — 1, )| de dy
0 1t =y

< B"g¥%(F, x), with ni = 2k.

This shows that g, ,(F, x) < B,g%(f, x). However by §1.5 (see remark
(iii)), we know that g,(F, x) < A,g.1(F, x). Thus the proof of the lemma
is concluded, and with it that of Theorem 2.

It is to be noted that the proof of the corollary is the same as that of the
theorem, except for one slight change: In the lemma, the estimate
P o |x|Zre747laly dx < Cy—", must be replaced by the estimate

y? J x| mg(x) %471 dx < €'y,

whenever m, satisfies the inequality

sup R°™" f |my(x)|?dx < 1.
O<R<o
RE|ol<2n

4. Application of the partial sums operators

4.1 We shall now develop the second main tool in the Littlewood-
Paley theory, (the first being the usage of the functions g and g*). It is here
already that the n-dimensional theory is so much more restricted than the
one-dimensional case, but we postpone further discussion of this point
until §4.3.

Let p denote an arbitrary rectangle in R". By rectangle we shall mean
(in the rest of this chapter) a possibly infinite rectangle with sides parallel
to the axes, i.e. the Cartesian product of » intervals. For each rectangle p
denote by S, the “‘partial sum operator,” that is the multiplier operator
with m = y, = characteristic function of the rectangle p. So

(35) S,(NH*=7,-f.  feL*R") N LR

For this operator we have the following theorem.
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THEOREM 4.
1S, < A, 1SN, feL2n Ly

if 1 < p < 0. The constant A, does not depend on the rectangle p.

We shall need however a more extended version of the theorem which
arises when we replace complex-valued functions by functions taking their
values in a Hilbert space.

Let # be the sequence Hilbert space, # = {(c;)=,:(3,lc;)t =
le| < oo}. Then we can represent a function f'€ LP(R", ), as sequences
Jx) = (fix), ... fu(x),...), where each f; is complex-valued and
lf)l =G, | £,(x)2)%. Let R be a sequence of rectangle, R = {piti,.
Then we can define the operator Sy, mapping L2(R", ) to itself, by the
rule

(36) Su(f) = (S,, (/)5 -+ S,,(f3), ), where f= (fi,fo- s[5 0)

The generalization of Theorem 4 is then as follows:

THEOREM 4'. Let f€ L¥XR", ) N\ L*(R", ). Then

where A, does not depend on the family R of rectangles.

4.2 The theorem will be proved in a series of steps, the first two of
which already contain the essence of the matter.

4.2.1 First stage: Here n = 1, and the rectangles py, po, ... pjs .. .
are the semi-infinite intervals (— oo, 0).

We recall the Hilbert transform f— H(f), which corresponds to the
multiplier / sign x (see Chapter I1I). Then clearly,

I +iH
2
where [ is the identity, and S(_.. ,, is the partial sum operator correspond-

ing to the interval (—co, 0). Everything will depend on the following
lemma.

(38) Sicwy =

LEMMA. Let f(x) = (fi(x),...fi(x),...) € L3R, &) N L*R", ).
Set Hf (x) = (Hf\(%), . . . Hf;(x), .. .). Then

(39) A7, < 4,071, 1<p<oo

where A, is the same constant as in the scalar case, i.e. when S is one-
dimensional.
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We use the vector-valued version of the Hilbert transform, as is de-
scribed more generally in §5 of Chapter II. Let the Hilbert spaces 5, and
A, be both identical with #. Take in R, K(x) = I - 1/=x, where I is the
identity mapping on 5. Then the kernel K(x) satisfies all the assumptions
of Theorem 5 and Theorem 3 of Chapter II. Moreover

lim K(»)f(x — y) dy = H(f)(%),
e~ 0 J|yl>e
and so our lemma is proved. (Another proof is indicated in §7.12 below.)
Now if all the rectangles are the intervals (— oo, 0), then because of (38),
I+ i
2

and so because of the lemma the theorem is proved in this case.

Sg =

4.2.2 Second stage: Here n = 1, and the rectangles are the intervals
(—00, @), (—OO, ), . ( 0, ai)

Notice that (f(x)e'%w or=f (x + a), therefore H(e 2"aof)*=
i sign xf(x + a), and hence [e 2"*VH(e 2"*%f)]* = isign (x — a)f(x)
From this we see that

fj + le2mz a,H(e—fz;nz ajf)
2
If we now write symbolically e 27 f for (e 2"@f;, ... e 2ri@%f . ),
where = (f1,...f;, ...), then (40) may be rewritten as
f+ ie2nim-aﬁ(e~2niz-(y)
2

and so the result again follows in this case by the lemma.

(40) (Sewapfi)x) =

(41) Swf =

4.2.3 Third stage: General n, but the rectangles p; are the half-spaces
X < ajie p;={x:x; < a

Let S(1, , , denote the operator defined on L2(R™), which acts only on
the x, variable, by the action given by S_, ,,,- We claim that

(42) S,, =S

(—0,a;)
This identity is obvious for L? functions of the product form

f,(xl)f”(x29 R xn);

since their linear span is dense in L? the identity (42) is established.
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We now use the L” inequality, which is the result of the previous stage,
for each fixed xg, x3, ..., x,. We raise this inequality to the p™ power
and integrate with respect to x,, . .. x,. This gives the desired result for
the present case. Notice that the result holds as well if the half-space
{x:x; < a;}]2,, is replaced by the half-space {x:x, > a;}*,; or if the role
of the x, axis is taken by the x, axis, etc.

4.2.4 Final stage: Observe that every general finite rectangle of the
type considered is the intersection of 2n half-spaces, each half-space
having its boundary hyperplane perpendicular to one of the axes of R".
Thus a 2n-fold application of the result of the third stage proves the
theorem, where the family R is made up of finite rectangles. Since
the bounds obtained do not depend on the family R, we can pass to
the general case where R contains possibly infinite rectangles by an
obvious limiting argument.

4.3 Some problems. We wish to make some remarks about the
limitations of Theorems 4 and 4’. When n = 1, the theorems deal with the
partial sum operators taken with respect to intervals. Not much more can
be wished for in the one-dimensional case since intervals are the only
“regular’” sets in R': they are the only convex sets, the only connected
sets, etc.

However when n > 1, the situation changes radically. The rectangles
with sides parallel to the axes are now only very special sets, and the fact
that we consider only those is a serious limitation of the generality of the
theorems. Thus what we have proved is only an n-fold superposition of the
one-dimensional results, and is not genuinely an n-dimensional result.

To clarify the situation, we wish to describe two particular test problems
for an essentially n-dimensional theory. These problems are interesting in
themselves, but the solution of each would surely have many further
consequences.

PROBLEM A. Let B be the unit ball in R". Can we replace the rectangle
p by the ball B in Theorem 47

It is known that the answer can be affirmative only in the range

<
2n n+1
p< i but there is no positive result, except when p = 2. See §7.7

and §7.8 below.

PROBLEM B.  Can the rectangles of Theorem 4’ be replaced by rectangles
that are each arbitrarily rotated ?

It can be shown that the positive solution of Problem A would imply
the resolution of Problem B for the same p. It can also be shown that the
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answer to Problem B is in the negative for p outside the interval

2n n+1
*
p<n—1'

4.4 We state here the continuous anologue of Theorem 4’. Let (I, dy)
be an abstract measure space, and consider the Hilbert space 5 of square
integrable functions on I', i.e. # = L%(I', dy). The elements

feL*R", )
are the complex-valued functions f(x, y) =f,(x) on R” x I', which are
jointly measurable, and for which (fg-(f1 |f(x, p)[2dy)?/2 dx)l/? =
If1, < oo, (if p < o0). In analogy with §4.1 let R = {p,}.., and suppose
that the mapping y — p, is a measurable function from I' to rectangles;
that is, the numerical-valued functions which assign to each y the com-
ponents of the vertices of p, are all measurable.

Suppose '€ L2(R", #). Then we define F = Sy, f by the rule

F(x,y) =S, (£)x),  (f,0)=[f(x, 7).
THEOREM 4",

(42) ISufll, <4, 1f1l,, 1<p<o
for fe LAR*, H) N L*(R", H), where the bound A, does not depend on
the measure space (1", ), or on the function y — P,

The proof of this theorem is an exact repetition of the argument given
for Theorem 4’. The reader may, if he wishes, also obtain it from Theorem
4’ by a limiting argument.

S. The dyadic decomposition

5.1 We shall now consider a cannonical decomposition of R” into
rectangles. First, in the case of R' we decompose it as the union of the
“disjoint™ intervals (that is, whose interiors are disjoint) [2%, 2¥+1], —c0 <
k < oo, and [—2F+!, —2F], —o0 < k < oo. This double collection of
intervals, one collection for the positive half-line, the other for the
negative half-line, will be the dyadic decomposition of R!. (Strictly
speaking, the origin is left out; but for the sake of simplicity of terminology
we still refer to it as the decomposition of R'.) Having obtained this
decomposition of R*, we take the corresponding product decomposition
for R™. Thus we write R* as the union of “disjoint” rectangles, which
‘rectangles are products of the intervals which occur for the dyadic de-
composition of each of the axes. This is the dyadic decomposition of R™.

* Y. Meyer, personal communication.
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The family of resulting rectangles will be denoted by A. We recall the
partial sum operator S,, defined in (35) for each rectangle. Now in an
obvious sense, (e.g. L% convergence)

D sea S, = Identity.

Also in the L2 case the different blocks, S,(f), p € A, behave as if they
were independent; they are of course mutually orthogonal. To put the
matter precisely : The L2 norm of f can be given exactly in terms of the L2
norms of the S,f, that is

(43) 2oeallSof 1z =l fl2,

(and this is true for any decomposition of R*). For the general L? case not
as much can be hoped for, but the following important theorem can
nevertheless be established.

THEOREM 5. Suppose f€ L?(R"), 1 < p < oo, Then
(Spea IS/ (X))} € LPR™), and the ratio [(Z,en 1S, )DE1L/1/ 11,

is contained between two bounds (independent of f).

5.2 The Rademacher functions provide a very useful device in the
study of L? norms in terms of quadratic expressions. These functions,
ro(), n(t), . . ., ru(t),... are defined on the interval (0, 1) as follows:
ro(t)=+1, for 0 <t <1/2, and ry(t) = —1 for 112 <t <1; ry is
extended outside the unit interval by periodicity, that is ro(t + 1) = re(?).
In general r,(t) = ro(2™t). The sequence of Rademacher functions are
orthonormal (and in fact mutually independent) over [0, 1]. For our
purposes their importance arises from the following fact. Suppose
33 lanl® < o and set F(t) = 3%_ a,r,(t). Then F(t)e L?[0, 1] for
every p < o0, and for p < o

) A, IFl, < 1Fls = ( 3 Jau) < 8,171,

for two positive constants 4, and B,.

Thus for functions which can be expanded in terms of the Rademacher
functions, all the L? norms, p < o0, are comparable.

We shall also need the n-dimensional form of (44). We consider the unit
cube Q in R*, Q ={t=(t),1,...1):0<¢t;<1}. Let m be an n-
tuple of non-negative integers m = (my, ms, . .., m,). Define r,(t) =
Py (1) g (82) - = = 1 (2,). Write F(2) = 3 a,,r,(t). With

1/p
IFil, = ( f F(o)” dt) ,
Q



§5. DYADIC DECOMPOSITION 105

we also have (44), whenever 3 |a,,|> < 0. The proof of these facts is not
overly long, but it will be best not to digress at this point. For this reason
we postpone it until later, and present it in an appendix. *

5.3 We come now to the proof of the theorem itself. It will be pre-
sented in several steps.

5.3.1 We show here that it suffices to prove the inequality

(31500 )]

PEA

43 L A lifll,, 1<p<

for fel*R") N L*(R"). To see this let ge L%¥R") N LYR"),
1/p + 1/g = 1, and consider the identity:

pze:A R"Sp(f)S’,(g) dx =fm Jgdx

which follows from (43) by polarization. By Schwarz’s inequality and then

Hélder’s inequality
3
f (z |spf\2) (2‘ |spg\2) dx
P)

fons
< ‘ (315, ) ,, (§|Spg|2)%

Taking the supremum over all such g with the additional restriction that
lglly <1, gives [ fli, for the left side of the above inequality. The right
side is majorized by [(3 ISRf|2)‘}]|pAq, since we assume (45) for all p, (in
particular ¢). Thus we have also

a

(46) B, fll, £

(g1l

To dispose of the additional assumption that /€ L%, for fe L? take
f; € L2 N L7 so that || f; — f| ,-> 0; use the inequalities (45) and (46) for
f; and f; — f,.; after a simple limiting argument we get (45) and (46) for /
as well.

5.3.2 Here we shall prove the inequality (45) for n = 1. We shall need
first to introduce a little more notation. We let A, be the family of dyadic
intervals in R', as explained in §5.1; we can enumerate them as [, [, . . .,

I, ... (the order is here immaterial). For each /€ A, we consider the
partial sum operator S;, and a modification of it that we now define. Let

* Appendix D.
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@ be a fixed function* of class C* with the following properties:
px)=1 if 1<x<2
px)=0 if x<1/2, or x>4.

Suppose [ is any dyadic interval, and assume that it is of the form [2%, 2%+1].
Define S, by

(47) SN x) = 927*x) J(x) = ¢,(x)/(x).

That is, S}, like Sy, is a multiplier transformation where the multiplier is
equal to one on the interval [; but unlike S}, the multiplier of S, is smooth.

A similar definition is made for S; when I = [—2"+!, —2*]. We observe
that

(48) 88 =Sy,
since S; has as multiplier the characteristic function of 1.
Now for each ¢ € [0, 1], consider the multiplier transformation

o0

Tt = z_orm(t)glm
That is, T, is for each ¢ the multiplier transformation whose multiplier is
n,(x), with
(49) myx) = 2 (D)@, (%)-

By the definition of ¢, it is clear that for any x at most three terms in
the sum (49) can be non-zero. Moreover we also see easily that

< B[l

(50) m < B, |9 (x)
dx

where B is independent of t. Thus by the multiplier theorem (Theorem 3
in §3)

(51) ITfl, < A4, 1Sl for felL>n Le

and with 4, independent of ¢. From this it follows obviously that

(f nf,(f)n::dt)”"s A, 111,

However

f: 1T de =£1fkl 13 7@, ()17 dx dt
>, [ (Z181reor)

m

* It is kept fixed in the rest of this argument.
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by the property (44) of the Rademacher functions. Thus we have

(% |§1,,,(f)|2)%

Now apply the general theorem about partial sums, Theorem 4', with
R = A, here; and using (48) we get

(15,000}

which is the one-dimensional case of the inequality (45), and this is what
we had set out to prove.

(52)

< By Sl
D

(53)

S Cp ”f”ps
b

5.3.3 We are still in the one-dimensional case, and we write 7, for the
operator

T; = 2 rm(t)slm'
Qur claim is that

(54) 17O, < A4, 0/l 1 <p < oo,

with 4, independent of ¢, and f€ L2 N L?.

Write TV = 3N _ r (1S, , and it suffices to show that (54) holds,
with 7% in place of T, (and with 4, independent of N and ¢). Since each
S;,. is a bounded operator on L2 and L?, we have that T fe L* N L? and
so we can apply (46) to it, which has already been proved (in the case

n =1). So

N 3
B, I T3, < H(z 1.1
using also (53). Letting N — oo, we get (54).

<GS
»

5.3.4 We now turn to the n-dimensional case and define Tt‘l“, as the
operator 7, acting only on the x; variable. Then by the inequality (54)
we get

59 [ ITEIG e )P < 43 [ G
R
for almost every fixed x,, x5, ...x,, since x;—f(xy, Xp,...X,)€

L2(RY) N L?(RY) for almost every fixed x,, . . . x,,if f€ L2 (R™) N L?(R").
If we integrate (55) with respect to x,, . . . x,, we then obtain

(56) 1T, € A ISl felZN D,

with A, independent of ¢,. The same inequality of course holds with x;
replaced by x., or x3, etc.
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5.3.5 We come now to the final step of the proof. We first describe the
additional notation we shall need. With A representing the collection of
dyadic rectangles in R", we write any peA,asp =1, X1, ,...x 1,
where Iy, I,,...1,,... represents the (arbitrary) enumeration of the
dyadic intervals used above. Thus if m = (m,, m,, . ..m,), (with each
m; > 0), we write p,, =1, X 1, " X1, .

We now apply the operator 77! for the x, variable, and successively its
analogues for x,, x5, etc. The result is

(57) ITNN> < A 1 f 15
Here .
T, = 2 ra0S,,
PmEA
with r,, (1) = rml(tl) e r,.(t,) as described in §5.2. The inequality holds
uniformly for each (t;, t,, . . . £,,) in the unit cube Q.

We raise this inequality to the p™ power and integrate it with respect

to ¢, making use of the properties of the Rademacher functions cited in
(44). We then get, as in the analogous proof of (52), that

( > IS,,mfI2)%

PmEA

. <A, 01l

if fe LA(R™ N LP(R™). This together with the remarks of §5.3.1 con-
cludes the proof of Theorem 5.

6. The Marcinkiewicz multiplier theorem

6.1 We now present the second version of the multiplier theorem.
This form is to a large extent the synthesis of the ideas developed in §4 and
5, and as such is one of the most important results of the whole theory.
For the sake of clarity we state first the one-dimensional case.

THEOREM 6. Let m be a bounded function on R, which is of bounded
variation on every finite interval not containing the origin. Suppose

@) Imx)] < B, —0<x< o
(®) §7 |dm(x)| < B, for every dyadic interval I.
Thenme M ,, 1 < p < ©; and more precisely, if fe L2 N L?

1T DN < Ay £
where A, depends only on B and p.

To present the general theorem we consider R! as divided into its two
half-lines, R? as divided into its four quadrants, and generally R™ as
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divided into its 2" ““octants.” Thus the first octant in R* will be the open
“rectangle’”” of those x all of whose coordinates are strictly positive. We
shall assume that m(x) is defined on each such octant and is there con-
tinuous together with its partial derivatives up to and including order 7.
Thus m may be left undefined on the set of points where one or more
coordinate variables vanishes.

Forevery k < n, we regard R* embedded in R” in the following obvious
way: R¥ is the subspace of all points of the form (x;, x5, . .., X, 0, ...0).

THEOREM 6'.  Let m be a bounded function on R” of the type described.
Suppose also

(a) Im(x)| < B
(b) foreach0 < k <n

sup [
Lleslveens Tn o/ p

as p ranges over dyadic rectangles of R*. (If k = n the “‘sup” sign is
omitted.)

(c) The condition analogous to (b) is valid for every one of the n! per-
mutations of the variables x,, x,, . . . , x,,.

Then me M ,, 1 <p< co; and more precisely, if feL*NLP,
1 Tofll, < A, ILf Nl ,, where A, depends only on B, p, and n.

oFm

———|dx; - dx, < B
0%, 0xy - - - Ox, | k=

6.2 Comments. Before we come to the proof of the theorem we need
to clarify certain matters of a technical nature; also the relation of this
theorem with the first multiplier theorem, treated in §3.

6.2.1 Theorem 6 appears stronger than Theorem 6’ for the case n = 1,
because the hypotheses of the second theorem require that m(x) is con-
tinuously differentiable away from the origin, while Theorem 6 requires
only that m is of bounded variation in intervals separated from the origin.
However, in reality, both results are equally strong, since whenever m
satisfies the hypotheses of Theorem 6, we can find a sequence {m;(x)}
(with m1;(x) in fact indefinitely differentiable away from the origin), for
which the bounds of Theorem 6’ hold uniformly in j, and so that m;(x) —
m(x) almost everywhere. It then follows that T -— T, and in this way
the assertion can be established. We leave the details to the interested
reader.

6.2.2 Another pedantic remark is the following. As the reader may
have surmised, there is nothing indispensable about the role of the powers
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of 2 in the definition of the dyadic rectangles in Theorems 5, 6, and 6.
The dyadic rectangles could in fact be replaced by other rectangles; for
instance, those whose vertices have coordinates {— 4,}*Z%_, and {4, }}=%_,
instead of {—2F}*Z% and {2}kZ%_, with 4;,,/A4, > r > 1, all k. However
the conclusions obtained this way are no stronger than in the dyadic case.
(See also §7.10 below.)

6.2.3 It is more interesting to compare Theorem 6’, with our first
multiplier theorem, Theorem 3 and its corollary. It is clear that for n = 1
Theorem 6’ is the stronger. However for n > 2, they overlap and neither
includes the other. This difference for n > 2 is also illustrated by simple
invariance considerations. Thus the class of multipliers treated by Theorem
3 is invariant under dilations, m(x)— m(ex), ¢ > 0, and also under
rotations, m(x) - m(p~1x). The set of multipliers of Theorem 6’ is not
invariant under rotations, but is however invariant under a larger group of
dilations, m(x)-— m(e 0 x), where (g 0 X) = (&1X1, €3X5, . . . , £,X,), X =
(xy, ..., x,) and the ¢; are independent non-zero quantities.

6.2.4 Nevertheless, in various applications Theorem 6’ seems to be
the more useful of the two. For example for those multipliers which arise
typically in elliptic differential equations (see Chapter I1I, §1.3, §3.5, and
also §7.9 of this chapter) both theorems apply equally well.

X1
xy 4 (2 + x2- 0 4 x2)
parabolic equations falls under the scope of Theorem 6’ only. The same
can be said of the multiplier

lelallxﬂ“ e IX,,I“"
(4 x3

which is not untypical of a class arising in connection with the study of
spaces of fractional potentials. (Compare with §3.2 in Chapter V.)

However the multiplier

which appears in

a=a; +oy "+, with «; >0,

6.2.5 Finally, both theorems have very definite shortcomings. This
is already so because of the matters raised in §4.3. What seems to be
needed is a more far-reaching theory which gives sufficient conditions for a
multiplier to belong to some 4, p # 2, without implying also that it
belongs to all A ,, 1 < p < . Few tools seems to be available for this
difficult task. The only thing that readily suggests itself is a possible
development of the ideas centering about the function g7.

6.2.6 The limitations of Theorems 3 and 6’ may be further illustrated
by the following remark. Consider the characteristic function of an
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arbitrary polyhedron in R”. By the use of the same considerations as
that of Theorem 4 we may show that it is a multiplier for L?, 1 < p < co.
But this simple example does not fall under the scope of either Theorem 3
or Theorem 6’

6.3 Proof. It will be best to prove Theorem 6’ in the case n = 2, This
case is already completely typical of the general situation, and in doing
only it we can avoid some notational complications.

Let fe L*(R*) N L?(R*), and write F=T,f, that is F(x)* =
m(x) f (x).

Let A denote the dyadic rectangles, and for each pe A, write f, =
S,f,F,=S,F, thus F,=T,f,

In view of the theorem of dvadic decompositions (Theorem 5) it

suffices to show that
3 i
( » IF,,I2) <c (z lf,,|2)
pPEA » PEA P

The rectangles in A come in four scts, those in the first, the second, the
third, and fourth quadrants respectivaly. In estimating the left side of (58)
consider the rectangles of each quadrant separately, and assume from now
on that our rectangles belong to the first quadrant.

We will express F, in terms of an integral involving f, and the partial
sum operators. That this is possible is the essential idea of the proof.

Fix p and assume p = {(x;%,):2* < x; < 2% 2! < x, < 2"}, Then
for (x,, x,) € p, we have the identity

(58)

a*m(1,t
m(xli x2) = Jzk J;l a’:(;lt:) ,tl dtz +f m(’ls 21) dt

J — m(2%, t,) dt, + m(2F, 2%,

Now let S, denote the multlplier transformation corresponding to the
rectangle 2* < x; < t;, 2! < x, < t,. Similarly let S! denote the multi-
plier corresponding to the rectangle 2* < x; < #;, similarly for §{2. Thus
in fact S, = S!1 - §{2). Then the above equation is obviously

(59) S,T, _f f a a dt, dt2+f S}l m(tl,2)dt1
2

+ Jl <+ m(2%, 298,
2

Now use the fact that S,T,f=F,, and S{’S,=SD, §¥S, = s
S,8, = §,, together with Schwarz’s inequality and the assumptions of the
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theorem. This gives

IF,? <B’= f IS 2 |80m(ty, 21

ot

dty diy + f BROAE 1,

6 6

m(2" ty)

(60) + f ISP diy + |f,,|}
= 3,§+3,%+S,‘§+3,,, with p=1; x I,.

To estimate ||(3, |F,}[,, we estimate separately the contributions of
each of the four terms on the right side of (60) by the use of Theorem 4”
in §4.4. To apply that theorem in the case of 3} we take for I' the first
*m(,, 1)

quadrant, and dy =

dt, dt,; the functions y — p, are constant

dt,0t,
on the dyadic rectangles. Since for every rectangle,
*m(ty, t ,
[[r = [ | Pl ar, < . shen 13, 19591, < €, IE 1M
1 2

Similarly for 3%, 33, and 3%, which concludes the proof.

7. Further results

7.1 Suppose that Ry, R,, ... R are the Riesz transforms. Then

@ (g(fs 0P = (g1(NCP + D) (g1(R; (X))
(6) g2(Nx) < 3, (£, (RHX))P

7.2 (a) Suppose ¢ continuously differentiable in R" and
M) ()] <A1 +Ixh="F2,

| 2
(ii) \—. < A(1 + |x)~"=% for eachj=1,...,n

(ili) f

Define f,(x) = f* ¢,, where ¢ (x) = ¢ "@(x/e). Then

s} af‘ 2 3
( e = de) <Ay I filp feLr, 1 <p< oo
0 o¢ » ’
)
If, in addition, a—}:‘

(<3l )

inequality holds. Similarly for (f €
0

(x +1)— — (x)dx < Alt)® for some § > 0.

= C [|fllz, C > 0, then also the converse
2

2
Je

R
Panzone [1] for closely related results.)

3
de) . (See Benedek, Calder6n, and
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(b) Anexample in R is given by (f 5

@ F(x +1) + F(x —t) — 2F(x)|? dt)%
0 y
where F(x) = % f(r) dr. See Marcinkiewicz [2], Zygmund [1]; also Stein [3],

Hormander [1] for generalizations.

7.3 Let T be a bounded linear transformation of L?(R”) to itself, 1 <
p < o, which commutes with translations. Then there exists a bounded function
m so that (Tf)" (x) = m(x) f(x), whenever f€ L? N L?,

Outline of proof. (i) Since T commutes with translations (7f) * g = T(f* g),
for appropriate fand g. Thus Tf*g = f* Tg.

(ii) Let 1/p + 1/g = 1, and suppose that f and g both belong to L”(R™) N
L?(R™). Then the convolutions Tf* g and f * Tg represent continuous functions,
and so they are equal at every point, in particular the origin. Hence

Tr(TH(X)g(—x) dx = [gn(Tg)(x)f(—x) dx.

The usual duality argument then shows that T is bounded on L?, and by the
interpolation theorem (Theorem 4, Chapter I) T is also bounded on L2. Finally
apply the Proposition in §1.4, Chapter IL. See also Fourier Analysis, Chapter L.

7.4 §7.4-§7.6 give interesting illustrations of multipliers which cannot be
treated by the methods of this chapter.

eilxl*
(1 +[xP?
a > 0, f > 0, where @, is a smooth function which vanishes near the origin and
Is 1 for sufficiently large «. Assume that not both n =1 and « = 1.

(a) If |1/2 — 1/p| < 6, then m(x) €.#4,,. Here 6 = 2p/an.
(b) If [1/2 — 1/p| > 6, then m(x) & A ,.
In the exceptional case (n =1, « = 1),
(@) With g =0, me A ,<=1 <p < o,
(b)) With 8 >0, me .4, all p.
See Hirschmann [2], Wainger [1], Hormander [3]}, Stein [8], and Fefferman [1].

Let m(x) be a function in R” which is of the form m(x) = @4(x)

7.5 Suppose that m(x) € #,(R™), and is continuous at each point of R,
k < n (R* is considered as a subspace of R™). Then m(x) restricted to R*
belongs to .#,(R*). deLeeuw [1].

7.6 Suppose m(x) = (my* my)(x), where m; € L'(R"), and m, € L"'(R"),
with 1/r +1/r' = 1. Then me A, if |12 — 1/p] < 1r, if 2 <r < . See
Hahn [1].

7.7 (a) Let x,, be the characteristic function of the unit ball of R™ Then

. 2n
Zl:¢”//t: |fp Sn +

it p> 2" See Herz [1]
lorlp_n—_'i. €e rerz .
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(b) More generally: suppose m(x) is a radial function and suppose m €&
2n 2n . .
A,(R"). Then if p < ——, or p > ——, then m is continuous everywhere,
n

+1 n—1
2n

except possibly the origin. Hint: Suppose f€ L?(R"), p < and f'is radial.

n+1
Then fis continuous except possibly at the origin. To prove this assertion use the
representation of f in terms of Bessel integrals, as in Fourier Analysis,
Chapter IV.

7.8 Consider the question of whether the function
(1 =[x, if [x <1
o, if x|l >1

is a multiplier for L”(R™), i.e. whether m; € .#,. For 6 = 0, this is Problem A
discussed in §4.3 above, and also in §7.7. The following positive results are
known.

-1
@) if & > ("T) Il = 2/pl, then m, €.4,. See Stein [1].

ma(x) = {

(b) This has recently been significantly improved in Fefferman [1]. A
particular result of his is that m; € A4, if n =2, 6 > 2(n — 1)|1/p — 3/4|, and
1 < p < 6/5. This result is in the nature of best possible, for p in the range
1 < p < 6/5. For n dimensions, n > 3, there are similar results, in the nature of
best possible, when 1 < p < 4n/(3n + 1).

7.9 Let P(x) be a polynomial in R™ of degree k. Suppose P(x) is elliptic in
the sense that its part of homogeneous degree & is non-vanishing except at the
origin. Let f be any k times continuously differentiable function in R™ with
compact support. Then we have the inequality

@7l =)

aslong as || < k.

Hint: Let ¢(x) be a smooth function which vanishes in a neighborhood of the
x¢
P(x)
satisfies the conditions of the multiplier Theorems 3 or 6'; x*(1 — @(x)) is the
Fourier transform of an L* function, and finally, x2f(x) = x*(1 — @(x)) f(x) +
xd
P(x)
Nirenberg [1].

+ ufup], 1<p<w,
P

zero set of P, and which is 1 outside a sufficiently large ball. Then ¢(x)

o(x) - P(x)f(x). See also §3.5 of Chapter III, and Agmon, Douglis and

7.10 (a) The conditions (a) and (b) of Theorem 6 are equivalent with the
statements
Im(x)| < B’

1
sup ﬁf |x| ldm(x)] < B’
lwl- I

o R
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(b) What is the analogous reformulation of the conditions of Theorem 6'?

7.11 The result of Theorem 2 in §2.4 can be strengthened as follows. Let
1 <p <2 and p = 2/A Then the mapping f —g¥(f) is of weak-type (p, p).
See Fefferman [1]. An earlier result (for an analogous maximal function) is
stated in §4.5 of Chapter VIL

7.12 Let T be a bounded operator of L?(R") to itself, 1 <p < oo. Let #
be any Hilbert space. Then 7 has a unique ‘“‘extension” to an operator T ® I,
taking L?(R™, #) to itself, with the property that (T ® N(¢f(x)) = ¢ * Tf (x),
for any ¢ € 5, and f€ L?(R"). Moreover the norm of T ® I on L?(R", #) is
the same as the norm of T on LP(R™). Marcinkiewicz and Zygmund [1],
Zygmund [8], Chapter XV.

Notes

Section 1. The classical theory (which used complex methods) is described in
Chapters XIV and XV of Zygmund [8]; further historical references will be
found there. The theorems for the g-function in n-dimensions are in Stein [3];
further generalizations were given by Hormander [1], Schwartz [1}, and
Benedeck, Calderén, and Panzone [1].

Section 2. The function g* was studied systematically by Zygmund in [1],
and the n-dimensional theory by Stein [6] and [10]. The particular approach,
described in §2.1 is taken from Stein [10]; a related idea was independently
developed by Gasper [1]. This approach is a starting point for various generali-
zations of the theory, as in Stein [13].

Section 3. The original Marcinkiewicz multiplier theorem is in Marcinkiewicz
[4], where it is given in the periodic set-up. Non-periodic variants of this
theorem are due to Mihlin [2], Hormander [1], and Kree [1]. The statement
of Theorem 3 is identical with Hormander’s; the present proof however, as it
uses comparison with the ¢ and g* functions is different, and can be adapted in
various other circumstances, as in Chapter VII below.

For a general discussion of multipliers, see also Edwards [1].

Sections 4, 5, and 6. The one-dimensional version of Theorem 4’ is in Zygmund
[8, Chapter XV]. The more general version given here is in reality a simple
consequence of this special case.

The proof given for Theorem 6’ is a simple adaptation of the original periodic
argument given in Marcinkiewicz [4]. See also Lizorkin [1] and Kree [1].



CHAPTER V

Differentiability Properties in

Terms of Function Spaces

In this chapter we shall study properties of differentiability and smooth-
ness that can best be described in the context of Banach spaces of functions.

One of the motivations for this study is based on the wide scope of its
applications, as a useful tool in a variety of problems in analysis,
although much of what we do is in reality suggested by the ideas and
methods already developed. In fact such techniques as the interpolation
theorem of Marcinkiewicz, the application of harmonic functions, and
the Littlewood-Paley g-function, are essential parts of the theory detailed
below.

The function spaces we shall treat are the following:

(1) The Sobolov spaces, L¥(R"). These are useful in many questions
and consist of all functions on R™ whose derivatives up to and including
order k belong to L?(R™); k is, of course, a non-negative integer.

The two other types of function spaces that will be considered are
attempts to “‘generalize” the Sobolov spaces to the case when k is not
integral.

(2) The potential spaces, £*(R"), consisting of all “potentials’” of
order « of L? functions. When o is integral and 1 < p < oo, these spaces
are equivalent with the Sobolov spaces.

(3) The spaces A7?. These are function spaces defined in terms of the
L? modulus of continuity. As such they represent a more easily defined
“generalization” of the spaces LZ(R"), and because of this are very useful
in applications. They are, however, not a genuine generalization of the
Sobolov spaces and so a comparison between them and the spaces A?-¢(R™)
and .Z2(R") is called for. This comparison may be viewed as one of the
central problems treated in this chapter, and it is here where the Little-
wood-Paley theory of Chapter TV is applied.

We shall begin by studying the fractional powers of the Laplacean,
(—A)*/2 This, together with its variant (/ — A)*/2, represents an important
formal device that we shall use.

116
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1. Riesz potentials

1.1 The Fourier transform of a function f which is sufficiently smooth,

n_ g%

and small at infinity, and its Laplacean, Af = > g—]; , are related by
i=1 x,‘

M (=AN"(x) = 4 |x2](x).

From this it is only one step to replace the exponent 2 in |x|*> by a
general exponent f, and thus to define (at least formally) the fractional
power of the Laplacean by

@ (=8N = @m 1x)f(x).

Of special significance will be the negative powers f in the range,
—n < B < 0. For these there will be a realization of the formal operator
(2) as an integral operator. That is, with a slight change of notation we
shall have

3) L) = (=07*f), 0<a<n
where we have defined the Riesz potentials by

@) (LG === | 1x = yIm™=r () dy,
y() Jr™
with

@) = 7"22T(2)2) / p(; _ ;)

The formal manipulations have a precise meaning,

For this purpose it is convenient to use the class % of functions ¢,
which are indefinitely differentiable on R” and all of whose derivatives
remain bounded when multiplied by polynomials.

LemMMA 2. Let 0 < « < n.
(a) The Fourier transform of the function |x|™"** is the function
y(e)(27)~* |x|=%, in the sense that

® [ sy = |y e ax,

whenever g € L.
(b) The identity (If)* = (27 |x|)"% (x) holds in the sense that

f LX) dx = f J ()@ 1x1) "8 Cx) dx
R" R'n
whenever f, g € & .
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The first part of the lemmais merely a restatement of the result in Chapter
I, §3.3, since y(«x) = yo_,(2m)".
Part (b) follows immediately from part (a) by writing

(2m)° f S =)yl dy =J;"f(—y) |yl e 2= v dy,
P(e) Jrr
(which is a rephrasing of (5)) and then integrating both sides of this
identity after multiplying through by g(x).

We state now two further identities which can be obtained from Lemma
1 and which reflect essential properties of the potentials I,.

(6) Iaz(Iﬂf)= az-h?(f)’ fey’ “>0’ ﬂ>0’ “+ﬂ<”'
M) AWLS) =LA =—L(), [fe&' n>3, n>a22

The deduction of (6) and (7) offer no real difficulties; these are best left
to the interested reader to work out.

A simple consequence of (6) is the n-dimensional variant of the beta
integral,

1 — yI ey 8 dy = y____(oc)y(ﬂ)
®) fR”I yImTm y Ao+ B)

with0 <o, 0 < B, a+8<n

1.2 L7 inequality for potentials. Up to this stage we have considered
the Riesz potentials only from a formal point of view; in particular, we
have operated only with very smooth functions which are suitably small at
infinity. But since the Riesz potentials are integral operators it is natural to
inquire about their actions on the spaces L?(R").

For this reason we formulate the following problem. Given «, 0 < o <
n, for what pairs p and g, is the operator f — I,(f) bounded from L?(R"™)
to LYR™)? That is, when do we have the inequality

© (e < A4lfl5,?

There is a simple necessary condition, which is merely a reflection of the
homogeneity of the kernel (p(«))~* |y|™**. In fact, consider the dilation
operator 7,4, defined by

T(f)x) = f(6x), 6> 0.
Then clearly
(10) rslgs =01, 6>0.
Also

(1) lrs(lla = 67" 1l llrs L (Ol = 0™ N,
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Thus (9) is possible only if
(12) l/g=1/p — a/n.

We shall see below that this condition is also sufficient, save for two
exceptional cases.

The two instances arise when p = 1, (then ¢ = n/(n — «)) and when
g = o, (then p = nfa). Let us consider the case p = 1. It is not hard to
see that the presumed inequality

(13) =y < A NS N5

cannot hold. If in fact (13) were valid, we could put in the place of f a
sequence {f,} of positive integrable functions whose common integral is
one and whose supports converge to the origin (an “approximation to the
identity’’). A simple limiting argument then shows that this implies that
” — |x|7" <A<,

()

n/(n—a)

which means

f |x|7"dx < o0,
Rﬂ

and this is a contradiction.

The second atypical case occurs when ¢ = co. Again the inequality of
the type (9) cannot hold, and one immediate reason is that this case is
dual to the case p = 1 just considered. The failure at § = oo may also be
seen directly as follows: Let f(x) = |x|~%(log 1/|x|)~'*/m1+a for|x| <
1/2, and f(x) = O, for |x| > 1/2, where ¢ is positive but small. Then f'e
L?(R"), p=nla, since [, < lx|7"(log 1/|x])™*"*dx < co. However,
I(f) is essentially unbounded near the origin since

LYO) = = | 17 og 1y 0 dx = o,
as long as (a/n)(1 + ¢) < 1.

After these observations we can formulate the positive theorem: The
Hardy-Littlewood-Sobolov theorem of fractional integration.

THEOREM 1. Let0 < a <n, 1< p <g < o, 1l/g=1/p — a/n.
" (a) If fe L?(R"), then the integral (4), defining I(f), converges ab-
solutely for almost every x.

(b) If, in addition, 1 < p, then

(e < Ay 115
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©) If fe L*(R™), then m{x:|L,| > 1} < (A ”Afnl)q, for all A. That is,

the mapping f — L (f) is of “weak-type” (1, ¢q), (1/g = 1 — a/n).

1.3 Proof of Theorem 1. Let us write K(x) = |x|7"**, and we shall
consider the transformation f— K « f, instead of f— I,(f) from which it
differs by a constant multiple. Let us decompose K as K; + K, where

Ki(x) = K@) if |x|<p, K@) =0 if |x|>p
Ko(x)=K(x) if {x|>p, Kx)=0 if [x]<p

At this instance u is a fixed positive constant which need not be specified.
We have K *f= K, +f+ K, =f. The integral expressing K; * f con-
verges absolutely almost everywhere since it represents the convolution
of an L! function (K;) with an L? function. Similarly the integral represent-
ing K, * f converges everywhere since it is a convolution of a function in
L®, (f), and another in the dual space L”, (K,,). In factif 1/p + 1l/p’ =1,
then (K 1% = fiu., X779 dx < oo, since (—n + a)p’ < —n s
equivalent with ¢ < co. Thus part (a) of the theorem is proved.

We shall show next, by a similar but more detailed reasoning, that if
1<p<qg< ,and l/g=1/p — afn, then the mapping f— K * fis of
weak-type (p, g), in the sense that

(14) mix:|K«f] > 2} < (AM %)ﬂ felXR™), all 2> 0.
We notice first that it suffices to prove the inequality (14) with 24 in
place of 4 in the left side of this inequality, and with || f]|, = 1. Now
m{x:|Kxf| > 24} <mi{x:|K; =« f| > A} + m{x:|K_ = f| > 2},
since K+ f= K; «f+ K, = f. However
1Ky Sl KIS IR

m{x:|Ky = f} > A} <

ks - ykd AP
But
1Kyl =J|\x1"\u X7 dx = cyu.
Next
1Ko * flle < WKl 111, < HK M
However,

, 1/»

“Kwup, = (Jl\ l (lxl-n-{-a)p dx) — Czlu—n/q,
x| cu

and so |K |l , = 4, if cqu"/0 = 4, i.e., if u = ¢34 ¥*. Choose, therefore,

w to have this value. Then || K, = 1|, < A,and so m{x:|K, =f| > 1} = 0.
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Finally then

a\ p q

mi{x:|Kxfl > 21} < (cl ’%) =c "= c4(ﬂ%’)

(since || f]|, = 1). This is (14), and so the mapping f — K « f is of weak

type (p, q). The special case for p = 1 then gives part (c) of the theorem,

and part (b) follows by the Marcinkiewicz interpolation theorem. (See
Appendix B.)

1.4 Comment. The following retrospective comment about the proof
of the theorem is in order. In the proof of Theorem 1 for the operator
f— K f what was decisive was not the specific structure of the kernel K.
The only thing that really mattered was the distribution function of K (in
the terminology of Chapter I.) A more detailed examination would show
that we only needed the fact that m{x:|K(x)| > 2} < AA=/(»==); that is,
the kernel is of ““weak type” nf(n — «).

If we had the stronger assumption that K e L"/(*~* we would have
obtained a fortiori the result

IKxfl,< AIfl,, with 1jg=1p + 1jr— 1, r=nj(n — d).

This is essentially the more familiar Young’s inequality, which is also
valid when p = 1 or ¢ = c. (See Appendix A.)

2. The Sobolov spaces, L'(R")

We come now to the study of the relation of a function and its partial
derivatives. The concept of the partial derivative that will be used is the
general notion given us by the theory of distributions, and the appropriate
definition is stated in terms of the space & of all indefinitely differentiable
functions on R”, each with compact support.

aa aa1+a2+ ceetay

Let — = R
ox*  Oxy10xg:- - - Ox%n
order is || = a; + a5 + <+ + o,. Suppose we are given two locally
0%
ox®
whenever this is necessary to avoid

be a differential monomial, whose total

integrable functions on R”, fand g. Then we say that

= g, (we add the

>

designation “in the weak sense,’
ambiguities), if

(15) f f(x)—aa—a%(x)dx=(—l)'“' f g(x)g(x) dx, forall ¢e .
R X R"
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Integration by parts shows us that this is indeed the relation that we
would expect if f had continuous partial derivatives up to order |«|, and
of
ox*

It is of course not true that every locally integrable function has partial
derivatives in this sense: consider, for example, f(x) = ¢*/I*I", However
when the partial derivatives exist they are determined almost everywhere
by the defining relation (15).

For any non-negative integer k, the Sobolov space LZ(R™) = L? is

defined as the space of functions f, a{
o/ | o

exist and ppe € L?(R") in the above sense, whenever |«| < k. This space

= g had the usual meaning.

of functions can be normed by the expression

ox*

(16) Iz = 2 “
le] Sk

The resulting normed space is complete. The proof of this is as follows.
0«
If {f,.} is a Cauchy sequence in L%, then for each «, {— fm} is a Cauchy

sequence in L?, |«| < k. If now

(the limit taken in L?
norm), then clearly fRnfa - @ dx = (—1)""‘}' «f'@dx, for each

@ € 2 and the assertion is proved.

It is often convenient to use an equivalent characterization of the
functions of LZ(R™), which does not explicitly involve the notion of the
weak derivative given in (15).

PROPOSITION 1. Let 1 < p < 0. Then f € LY if and only if there exists a
sequence {f,.}, so that

(a) each f,, € Y

®) If = ful,—0

aa
(c) For each o, { a){:’} converges in L? norm, for |a| < k.

That the conditions (a), (b), and (c) are sufficient is readily obvious. In

fact let £ = lim == f"‘ , 19 = f; then since

’o ..
dx = (—1
ffm ox* *=(=1 f ox*
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we get

ffaa ?dx = (— 1)1“lff<a>¢ dx;
this shows that f e L?.

The converse is more interesting. The argument that is required for its
proof is typical of a great deal of similar reasoning which involves the
device of regularization.

For this purpose let ¢ be a fixed element of 2, with the property that
frop(x)dx = 1. For every & > 0, consider yp,(x) defined by yp,(x) =
e "p(x/e), and for each f € L?, set f, = f * y,. The family {f,} is a regular-
ization of f: In the present context this means

@ If;—fl,—0,ase—0

(b) each £, is indefinitely differentiable
oyf
ox*

()2,
ox* Ox ax"‘
(a) is valid under the more general condition that y is integrable as we
have already seen in Chapter III, §2.2.
(b) Since f,(x) = jknf(y)we(x — y)dy, it is clear by differentiation

under the integral sign that f, is indefinitely differentiable.
(c) Let us carry out this differentiation. Then

(c) if f has a partial derivative

(in the weak sense), then

Z f0 ff(y)—(wxx ) dy

= 0 10) - it = .

For each x, the function y — y,(x — y) is in 2, and hence an appli-
cation of the definition (15) gives

(x >—f( “f)w,(x — yydi = (a)f) "
o

and we see that

o0%f,

ox*

~ verges in L? norm as & — 0. Thus the functions {f,} give the required
approximation, except that they do not each have compact support, and
hence a final modification is called for. Let # be a fixed indefinitely
differentiable function of compact support with #(0) = 1 and consider
the two-parameter family {n(dx)f,(x)}, € >0, 6 > 0. Choose then &

con-
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fof are sufficiently close to their limits. Next, with ¢ fixed,
o

choose ¢ sufficiently small so 0

of, JOxr .

5;;' Since each #7(dx)f,(x) is indefinitely differentiable with compact

support the proposition is then proved.

There is a parallel proposition dealing with case p = oo, but it requires
the usual modification since smooth functions are not dense in the L*(R")
space.

Alternative characterizations in the case n = 1 for all 1 < p < o, and
in the case of general n for p = oo, may be found in §6.1 and §6.2 below.

first so that

(n(dx)f.(x)) are sufficiently close to

2.1.1 As far as the proof of Proposition 1 is concerned, the require-
ment that y have compact support is not absolutely necessary. We could,
e.g., have carried out the proof (with a little sacrifice of elegance) by

cn
(1 + )7
where u(x, y) is the Poisson integral of f. (See Chapter 111, §2.)

setting p(x) = Then f, = f* 1y, would equal u(x, ¢),

It is in other problems (see for example, Chapter VI, §3.2.4.) that the
regularization with a y of compact support plays a more essential role.
This type of regularization has the property that f,(x) depends only on the
values of fin a small neighborhood of x.

2.2 Sobolov’s theorem. The importance of the Sobolov spaces just
considered is that in terms of them we can account in a relatively simple
way how restrictions on the “size’” of partial derivatives imply correspond-
ing restrictions on the functions in question. A general theorem may be
formulated as follows.

THEOREM 2. Suppose k is a positive integer, and 1/q = 1/p — k/n.

() If ¢ < o (ie. p < nfk), then LR LYR") and the natural
inclusion map is continuous.

(i) If ¢ = oo (ie. p = nfk), then the restriction of an fe LY(R") to a
compact subset of R" belongs to L"(R"), for every r < oo.

(iii) If p > njk, then every f € L2(R™) can be modified on a set of zero
measure so that the resulting function is continuous.

2.3 To prove the theorem it is required that we find an appropriate
way of expressing a function in terms of its partial derivatives. To do this
let us proceed in a purely formal way, operating always with functions of
the class & (or 2).
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With the testing function f we consider its Fourier transform 7. Then the

0
Fourier transform of 9 is —2mix, f (x). Now recall the Riesz transforms

0x;
of Chapter 111, §1.2. The effect of R; is multiplication on the Fourier trans-

form side by % (see formula (8)). Thus

(Rj(if)) ") = 27 l’%f‘(x).

In view of formula (3) we then get

This identity, which expresses f in terms of its first partial derivatives,
contains two elements: the Riesz transforms and the potential of order
one. The former are operators which preserve the class Z?(R"), and the
latter maps L?(R™) to LYR™), for appropriate p and ¢ (by Theorem 1).
This glimpse reveals the essential mechanism behind the present theorem.

There is, however, a simpler approach which is closely related to the
identity (17), but avoids the use of the rather deep theory of the Riesz
transforms. 1t is based on the elementary identity

13 0
(18) fo= 3| Ly 2y,
W,_y 7=1Jr" 0X; [yl
where w, _ is the “area’ of the sphere ™.

The formula (18) is proved as follows. We start with the one-dimen-
sional formula,

f(0) = f e — 0y di

which is certainly valid whenever f is a testing function. Its n-dimensional
analogue is an immediate consequence of itself, namely

(19) 1) = [ = 0, o
where & is any unit vector, and Vf'is the vector with components
(1 A _ai)
ox, ox,”ox,)

"We integrate (19) over & ranging on the unit sphere. This gives
1

0,

fx) = ﬁ - L (Vf(x — &), &) dt de.
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Changing from polar coordinates to rectangular coordinate yields (18).
The formula (18) will be applied below. It may be worthwhile, however,
to take this opportunity to point out some other identities of the same
kind as (17), each of which is transparent on the formal level.

First, suppose we wish to express f in terms of its second partial deriv-
atives. Then we can do it in terms of the particular combination

of o oY
AT T A
Ox} + ox2 + + Ox? f
The identity is
f=—L®)

which is just a special case of formula (7). We get in this way a classical
formula of potential theory.*
Another useful observation is:

(20) If F=IL(f), then a—F=—Rj(f).
0x;

0
In fact according to Lemma 1, with g = a—f , we have
f)

fll(f) Z—z dx = ff(x)(Z-rc |x|)“27riqu‘a(_x) dx

- f )i li‘x—l §(x) dx = f R,(/) dx.

a -—
So f L(f) % dx = fR,(f)q‘a dx, and therefore (20) is proved, at least
J

when fe &
It is also possible to extend (20) to wider classes of functions, as the
need may arise (see §6.3 below).

2.4 We prove the theorem first in the case k = 1, and where 1 < p,
g < . Assume that f€ 2. Then the identity (18) shows that

seor<a3 [ 2L - ey

Therefore by Theorem 1, (the case « = 1), we get

&) <43 |2 tg=tp—1n.

1D

9
0x;

* At least in the case n > 3. The case n = 2 must then be studied separately by a
limiting argument, and gives the representation in terms of the logarithmic potential.
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Let now f be any function in L7(R"). According to Proposition 1,
there exists a sequence of elements of 2, {f,,}, so that f,, — f'in L? norm,

0 n 0
and L converges in L? norm. The limit lim B{c must equal -l , since
m—> 7

ox,
llmf ¢dx——llmffma¢d =—ffa¢ dx = afgvdx for
every ¢ e 2. Substituting in (21) we get

& Of . Ofm
3 o

b
iZ10x, Ox,lly
3 3

1o = fullg < A7

and so the sequence f,, also converges in L‘(R") norm, and this limit
must also equal f. Thus f€ LY(R"), and

11l <A w5 feLi(RY).

3
This shows that f€ LYR") and the inclusion mapping of L?(R"™) into
L(R™) is continuous.

We consider next the situation when k = 1, butg = oo (p = njk = n),
or p > nlk = n. In both instances the relevant conclusions of Theorem
2 (that is, (ii) and (iii)) are local in character and so we may simplify
matters by reducing to the case when f (and therefore its partial derivatives)
have compact support. Thus given any fixed compact set, K, let 7 be a
function in 2 which is one on that set. If f€ L?(R"™), consider 7 - f.

It will be enough to prove the conclusions (ii) and (iii) for #f, which
incidentally also belongs to L?(R"). To see that nf € L”(R”) it syffices to
of

0
verify that the derivative F (17/ ), in the weak sense, equals = f + = P
;

However
2 dx=—|nf % dq
fax,.("f)(p x f"fax, x

=—ffmdx+f¢f@dx
0x;

o
= d
f (a f+nz, ) x
and this assertion is proved.

We start therefore with fe L?(R") and its approximating sequence
{f=} given by Proposition 1. Thus clearly %f,, is an approximating sequence
to nf. Now choose an R so large that if K] is the (compact) support of 7,
then the set K; — K; is contained in the ball of radius R about the origin.
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It then follows again by the identity (18) that

a(n(x)f)
ox

We now use Young’s inequality which states that if

(x — y)| Iyl dy, x € K.

(22) X fu(0)] < A3,

=1J|Y|SR j
60 =[x = 90 .
then ll%ll 2|, | #|,, where 1/r=1/p+ 1/s — 1. We set & =

A z (nfm ’ s B(y) = |yI=™if, |yl < R, #(y) = 0otherwise;and we
let s be any exponent < n/(n — 1). Notice that then || %], < oo, since
1815 = §,1<p Iy dy < o, because (—n + 1)s > —n.
Hence Young’s inequality shows that
onf,
f [ fn |’dx<f|77fm|’dx <€l <A z| ’7f [H’

Simllarly,

% 001 m — S)
0x;

So we see that the sequence {f,}, which converges to fin the L? norm,
also converges in the L" norm, when restricted to the set K. Thus fisin L,
when restricted to K.

In the present case p = n, and so the condition s < n/(n — 1), is the
same as r < o, since 1f/r = 1/p + 1/s — 1. Therefore the assertion (ii)
of the theorem is proved (assuming of course k = 1).

The argument for the proof (iii) is very similar to that just carried out,
except here we use the estimate

sup |€(x)| < 11, 121, 1p+1/p =1

f o = el dx < A
K

=1 D

which follows trivially from Holder’s inequality. Notice that if p > n,
then |Z|2 = [, 1<p IV 7" dy < o, so we get, in analogy with the
above

< _ fm‘)
0x;
This shows that the continuous functions {f,,(x)} converge uniformly on
every compact set and hence f may be taken to be continuous.

suP |fm(x) fm’(x)l S A’

r€ Il

=1 D

2.5 The case p = 1. With the assumption that k = 1, the assertions
of the theorem have been completely proved save for the exceptional case
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p = 1. The argument used so far will of course not work in this case
because conclusion (b) of Theorem 1 fails for p = 1. A different idea is
needed in this circumstance and it is contained in the following elegant
inequality:

n

23) Ifll, < (II

7=1

of
0x
We prove (23) by induction on n. The case n = 1 is trivial because it
states || f] . < [If’[l1, which follows immediately from f(x) = [ f'(¢) dt.
We assume therefore that the inequality (23) is valid for n — 1. For the

purposes of the induction, we write x € R", as x = (x, x"), with x" €
R"™1, x, € RL, We set

f

d
I N =
1(x) J;l ax

1/n
) , /g =1—1/n, feD.
1

i

dx’, j=2,...,n,

a ’
gfj (xls X )
and

5o (e x| dxy.

1

Suppose now that ¢ is the index that corresponds to n, (¢ = n/(n — 1))
and ¢’ the index that corresponds to n — 1, (¢’ = (n — 1)/(n — 2)). Then
by the case n — 1, we have

(24) (Joos 100007 )™ < (T 1)

Clearly, however, |f(x)| < I,(x") (this is the one-dimensional case
again!), so |f|? < (I,(x)Y/V |f|, since

/{n—1)

\

q= + 1.

n—1
Thus

f e dx < f LG [f] dx
R 1 R™1

1/(n—1) BNV
< ( f I(x") dx') ( f It dx')
R71 R"1

by Holder’s inequality with the conjugate exponentsn — 1, and ¢'.
Substituting (24) in the above gives

1/{n—1) /_n 1/{n—-1)
f 17 dx’ < ( f L(x) dx’) (H Ij(xl)) .
RA-1 R7-1 j—2

We integrate this with respect to x; and use Holder’s inequality again, to
wit,
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n
=11
=2

1/{n—1)

J;ﬂ( I_nI I,-(xl))l/("_l) dx; < }E (leIj(xl) dxl)
9

j=2
)1/(”—1)
0x; I,

which is the desired inequality (23), since ¢ = n/(n — 1).
If we use the fact that

1/(n—1)

of
Ox;

1

The final result is

[ irras < (1T

j=1

n 1/n n
(H aj) Slza;’a if aj209
Jj=1

nj=1

then as a consequence of (23) we have
of
axa 1

This result and the reasoning used in §2.4 above, shows that L/(R*) <
L}(R™), and that the inclusion map is continuous.

<i3 |2 sea tg=1-1n

2.6 To conclude the proof of the theorem we can argue by induction
and show that the case of kK > 2 can be reduced to the case k = 1. Let us
take, for example, the assertion (i) of the theorem. The assumption

0
S€ L2(R") clearly implies that fe L?  (R") and _5){— € L? _(R™). Hence
F)
the case of the theorem for k — 1 implies that fe L“(R") and % €
5

, k—1
L7(R"), where ljg'=1/p — ( " )
k=1 then implies that fe LYR"), with ljg=1/¢ —1/n=1/p —

k—1
(—n———) — 1/n = 1/p — k/n. The corresponding inclusion mappings are

. That is, fe LY(R"). The case

also continuous. The cases (ii) and (iii) can be argued similarly.

A final remark is in order. Theorem 2 is valid for p = 1, unlike the
closely related Theorem 1. However when ¢ = oo, (the case (ii)), it is not
true that in general fe L*; (here the situation is again similar to that of
Theorem 1). For further details see §6.3 at the end of this chapter.

3. Bessel potentials

3.1 The Riesz potentials I, lead to very elegant and useful formulae,
as we have already seen. Nevertheless the present formalism suffers from
a shortcoming which may be explained as follows. The importance of the
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potentials I, lies above all in their role as “smoothing operators.” While
—n+a

the Jocal behavior, (]x| — 0), of the kernels X

is suited to this purpose,

the global behavior (]x| — o0) is less favorable and leads to increasing
awkwardness the greater « is.

A way out of this dilemma is by a modification of the Riesz potentials
which maintains the essential local behavior but eliminates the irrelevant
problems of infinity. There are several roughly equivalent ways of doing
this, but the simplest and most natural approach consists in replacing the
‘““non-negative’” operator —A, by the “strictly positive” operator I — A,
(I = identity) and defining the Bessel potentials ¢, by

L= — D"
in analogy with
Ia = (_A)—a/2‘

To put matters in logical order, we must begin by deriving the kernel of
the Bessel potential, that is the presumed function G,(x), with the property
that (G,(x)) = (1 + 4=%|x|3) /2,

The startin.g point for this derivation is the idea (already used in Chapter
LI, §3.2) that a “‘general” function of |x| can be expressed in terms of the
{e~™1=I",_ . In this instance we have a simple identity, namely

1 © L el dé
25 4 —a/2 1 4 2 2y-a/2 _ f — g (147" [2]®) 61/2_ R > 0
(25) (@m) (1 + 477 |x]%) I(a2) Jo € 50

which is nothing but a rephrasing of the fact that
%= 1 f e—to &% d_é
T'(a) Jo 0
with a = «/2 > 0.
We therefore set down the following table, where the entries on the right

are the Fourier transforms of the corresponding entries on the left, with
a = of2.

Q) et e rlal?
(i) el —rlal?/o iz
(lll) fooe—"olwlz 6“ El_a fwe——rlif‘|2/0 6—7)/2 6@ @
0 é 0 p)
(iv)  T(a)m|x|®)™ I'(n)2 — a)(m |x|By/2e
By (25) and (ii)
2 LUNIS S L dé
1 4 4772 | x|?y f —7lz|"/0 —d/am §-—mta)/z EC
WD T b & 5
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Therefore we define G,(x) by

—7[1[2/6e—0/47r a(—n+a)/2 ‘!é.
(4m )“’ ? F(01/2) Y

(26) Gx) =
PROPOSITION 2.
(1) For each o > 0, G,(x) € L'(R").
(2) G,"(x) = (1 + 4= |x|?)*/2,

Proof.
Since fgne™"!*I¥* dx = "2, Fubini’s theorem applied to (26) shows
f Ga(x) dx = _:_ f 6_6/477 6&/2@ = 1, o > Oy
R" 4y PT(e/2) Jo 0

and so the first conclusion is demonstrated. To prove the second con-
clusion we use the reasoning schematized by (i}-(v) above. In fact if we let
fstand for one of the entries on the left and f for the corresponding entry
on the right, we have whenever ¢ € &

@ | @i ax = [ feoso as.

First we take f(x) = e™ls1*, 2(x) = e~"l*°6-7/2  then [ (x) = e~Mme~lel?,
7o) = elame=mlzI*0gnl2 With this choice of f and f we integrate both
sides with respect to 6*/2 dd/ (see (25)). An interchange of the order of
integration (validated by Fubini’s theorem) then shows that

f (1 + 47% | x>y **p(x) dx =f G, (x)P(x) dx.
R" R"
Since G, € L(R") this shows that G,(x) = (1 + 4n? |x[2) %2,

A result similar to (26) which also follows from the above table is
|7t 1 1 fweﬂnm/a stnrare dé .
7@ @m70()2) Y

If we use the fact that e ®4" = 1 4 o(e™*7), § —> 0, we get, upon
comparing (28) with (26), that

29) Gyx) = X7

. 7()
if0<a<n

A straightforward examination of the integral defining G,(x) also shows
that

(30) G, (x) = 0(e ") as |x| > oo, forsome ¢ >0,
so that the kernel G, is rapidly decreasing as |x| — co.

(28)

+ o(lx|7"™), as |x|—0,
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Notice that e "!¢!%/%™%/47 has as a maximum value e~'*! (which it attains
at 0 =27 |x|). Also if |x| > 1 then clearly e ™#I¥sg=%r < g%/,
Combining the two gives, when |x| > 1, e ™Ie*% %47 < g~ lel/2gn/zog=0I8m,
Now inserting this in the defining formula (30) yields

(477)5'/21_‘(0(/2)01()() S e——!x[/2f e——fr/26e—6/8n 6(«;1+a)/2 45
0

which is (30), with ¢ = 1/2.

3.1.1 The kernel G, may also be given another integral representation
which shows that it is essentially a Bessel function of the ‘““third kind”
(see §6.5 below); that was the original derivation. We shall, however, not
need any of the properties of the Bessel functions and so the terminology
of “Bessel potential’’ has for us only a vestigial significance.

3.2 Relation between Riesz and Bessel potentials. It may be surmised
from its very definition, and also from the asymptotic relation (29), that
there is an intimate connection between the Bessel potentials and the
Riesz potentials. This affinity between the two is given precision in the
following lemma.

LeMMA 2. Let oo > 0.
(i) There exists a finite measure u, on R" so that its Fourier transform

us is given by

o) = — 2T —

(1 + 472 lxl2)az/2 :
(ii) There exist a pair of finite measures v, and 2, on R" so that

(1 4+ 4% x P2 = 93(x) + 27 [x|F2).

The first part of the lemma states in effect that the following formal
quotient operator is bounded on every L?(R"), 1 < p < o0,

(=Ay"

(I——A)“E’ o> 0.

(31)
The second part states also to what extent the same thing is true of the
operator inverse to (31).
To prove (i) we use the expansion

(32) (1= =1+ 3 A,

m=1
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which is valid when [7| < 1. All the A, , are of constant sign for m
sufficiently large, so > |4,,,] < o, since (1 — £)*/2 remains bounded as

. 1
t—»l,(lfocZO).Lett=T—+-Tﬂ_2—|x—|2.Then
477_2|x|2 a2 oo
33 e D, ¢ el 1L )
(33) (l+4772|x|2) +rn2=l AL+ 477

However G,,,(x) > 0 and fgn Gy (x)e*™@V dx = (1 + 472 |y[>)™™.
We noticed already that | G,,(x)dx = 1and so [G,,|l, = 1.
Thus from the convergence of 3 |A4,, ,| it follows that if u, is defined by

(34) fa= 8 + ( élAm,aGm(x)) dx

with &, the Dirac measure at the origin, then u, represents a finite measure.
Moreover by (33),

2m[x])
(1 + 4 [x|*7*
We now invoke the n-dimensional version of Weiner’s theorem, to wit:
If , € L'(R") and o7 1 () + 1 is nowhere zero, then there exists a @,

L‘(R") so that (D] (x) + D =@ (x) + 1.
For our purposes we then write

(35) (%) =

l(x) z Am aGZm(x) + G (x)
Then by (35) we see that
Qnlxl) + 1
(1 + 47*|x[H**’
which vanishes nowhere. Thus for an appropriate @, € L1,

(1 4 4n2|x|922 = (14+Qn|x )P, (x) + 11,
and so we obtain the desired conclusion with v, = 4, = §, + D,(x) dx.

O (x)+ 1=

3.3 Spaces ;. Itis now our intention to study more systematically
the one-parameter family of operators { Z,},.

For any « > 0, and f€ L?(R"), 1 < p < oo, we can define #,(f), as
L) =G, xf, ifa>0,and #,(f) = f Inview of the fact that |G,||, =
1 (= [g* G,(x) dx), we see that the convolution is in fact well-defined
and

(36) 1200 < 1 fl 1<p< o
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It is also apparent that
(37) ja’fﬁ=fa+ﬂa “209ﬁ20

since G, * G; = G, 4, as Proposition 2 shows.
The main definition that we wish to make here is that of the potential
spaces, £®. Symbolically we write

(38) LR = FRY)), 1<p<Lo, «a>0.

In other words, Z?(R") is a subspace of L?(R"), consisting of all f
which can be written in the form f = £ ,(g), g € L*(R"). The £? norm of
fis written as || ||, ,, and is defined to be the L? norm of g, i.e.,

(39) I s = gl if f= Fu2).

To see that this gives a consistent definition of || f, , we must observe
that if #,(g)) = #.(g.), then g, = g,. However, if ¢ € &,

f F(g)e(x) dx = f f Gx — »)ga()g(x) dx dy = f g1.7 (@) dx,
by Fubini’s theorem. So £ ,(g,) = #,(g,) implies

Ln(gl — 8 gAP)dx =0, al ¢ge.

Now the mapping ¢, is actually an onto mapping of % to itself. In fact,
suppose p € &% is given, and take @(x) = P(x)(1 + 472 |x|?)~*/2. Then
since ¥ € &%, so is ¢, and hence ¢ € . But $(x) = ¢(x)(1 + 472 [x[2)*/2,
Therefore y = £ ,(¢). This shows [ (g, — g2)y dx = 0 for all p € & and

therefore g; = go.
It is an immediate consequence of the definition and (36) that

(40) Lp<= Ly and |\fly. < Ifl,p if B> a
Also

41) is an isomorphism of £ t0o L2, if «>0,8>0.
B -+

After this rehearsal of the routine related to the spaces £?, we come
back to matters of greater consequence. We return to the germinal idea,
already exploited in §2: that of the connection between potentials and
partial derivatives. In the present context it takes the form of a close
connection between the scale of potential spaces #?(R™) and the scale of
Sobolov spaces L2(R™).

THEOREM 3. Suppose k is a positive integer and 1 < p < oo, Then

ZUR") = LY(R")
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in the sense that fe L?(R") if and only if f€ L*(R"), and the two norms,
given respectively in (39) and (16), are equiralent.

This identity between the spaces £ and L? fails when p = 1 orp = oo.
See the discussion in §6.6 below.

3.4 Proof of Theorem 3. The proof of the theorem is based on the
following lemma.

LEMMA 3. Supposel <p < o, and o > 1. Then f € £*(R") if andonly
d
if fe£?_ (R*)and for each j, a—f € Z£>_ (R"). Moreover, the two norms,

”f“naand ”f”pa 1 + z

are equiralent.
p.a—1

ax

2

Assume first that fe #?(R"). Then f = £,(g) with g € L?.
We claim that

(42) aa—f = 7,87, where g’ = —R,u xg), if f= 9.

J
This is immediately verifiable when g (and then f) are in &. In fact, in
that case

(aaxf) (x) = —2mix,f(x)

= —2mix (1 + 47%|x|*)™*%¢(x)

— (1 + 477_2ix“2)—(a—1)/2g1(x)’
ix; (2 |x]) i .
ﬁ (YR g(x). This proves (42), when g € <.
In the general case, if g € L”(R"), there exists a sequence g,, € %, so that
gm — g 1n L? norm. The mapping g — y, * g, and consequently the map-
ping g — R,(u, * g) is bounded in the L? norm. The first is bounded since
w1 is a finite measure, according to Lemma 2; the second is bounded since
when I < p < oo, the Riesz transforms R, are bounded (see Chapter II,

where ¢/(x) = —

and Chapter III, §1). This shows that the sequence { Z{c m} converges in the
&7  norm and that (42) holds. Thus —fei’l’ and Z aaf
Xsllp

x—1
a a—1

i g, < A4, lgh, =4, 1fll, . Combmmg this wnth the trivial
=1
estimate that | /|, ., < 1 fl,.0 (see (40)), we get

(43) 1 a1 + Z

<Al

p.a—1

ax,
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. g .
To prove the converse we first observe that if f, and the g are all in
£r_, then 9%

a—1°

(44) f=Fs(g), and é‘ =S ( x,.)

og
where the a— exist in the weak sense and g and §£ belong to L*.
X x

J

ad .
In fact, suppose % = #,.1(g"). We let ¢’ and ¢ € &. Then

f So'dx =f F ()9 dx =f g8faa(") dx.
R" R" R"

9
Similarly A @dx = f g9 7, () dx. But
R" ax] R”"

f f—dx— —f ﬂ(pdx;
r" 0x,

7

this holds whenever ¢ € Z; and a simple limiting argument extends it to ¢

0
which are in . Therefore, with ¢’ = a—(p ,
X

f ¢ (Frag)dx = — f ¢ £, A7) dx
R Ox; R"

0
since gfplW) fa_l( ) for each ¢ in &, as can be verlfied by
E

taking the Fourier transform. However, the mapping ¢ — _#,_;(¢) is onto
all of % as we have already observed, and so we get that whenever y € &
(in particular if y € &)

f ga—w dx = —f g7y dx,
rR" Ox R™

7

which proves (44).

Since ge LP, we can approximate it according to the proposition in
§2.1; this gives us a sequence {g,,} in &, (hence in &), so that g,, — g and

0
gim ag norm. We can write g,, = #,(h,), h, € <. According

to Lemma 2, part (ii), with o = 1,

hm =V %8, + j'l * (zRa(i gm))
= T\,
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and so [|h,, < A,,[Hgmll,, + 2>

=1

28m :I, for1 < p < oo, since the R;
ox; ||»
are bounded in that range.

However f,, = Z,(h,), because f,, = £, 1(gm), 50 [ ful,u= lhul,-
Thus

fulon < A, [ugmn + z uag,,,

The same inequality holds with f,, replaced by f,, — f,.., and g,, replaced
by gn — &m- This shows that the sequence f,, also converges in the £

norm; in the limit we get f€ #? and
Dy u—l:l .
This together with (43) concludes the proof of Lemma 3.
The proof of Theorem 3 is now immediate. The identity between L?
and #? is complete, and obvious, when « = k = 0. However, it is clear

1l < A,,[ugup

%8 ] [l|f||“«1+z

X5

ax,

that if £ > 1, then fe L2(R") if and only if f and aa_xfEL;f—l(R")’
j=1,...,n The two norms ”f”ch"(R") and 9

Lzl(R}

are also obviously equivalent. Thus Lemma 3 extends the identity of L?
and £? fromk =0tok=1,2,... .

3.5 Modulus of continuity. Suppose that feL?(R"). We introduce
again the L” modulus of continuity: w,(¢) = || f(x + ¢) — f(x)l,, where
the L?(R™) norm is taken with respect to the x variables. We know that
w,(t)—0as [z| > 0 when 1 < p < oo (see Chapter III, §2.2).

We ask ourselves the following natural question. Can the property that
f€ZL?(R*) be characterized in terms of the order of smallness of w,(t),
as |t| — 07 If so this would give a simple characterization of the elements
of #% in terms of their smoothness.

Unfortunately this hope cannot be realized, except in certain special
circumstances. The particular situations when the spaces £% can be
characterized in terms of moduli of continuity are simple and worth
recording. These circumstances occur only when « is integral (then p may
be arbitrary), or when p = 2 (then « may be arbitrary). We set down the
details only in the cases of small o, which cases are already entirely
typical.
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ProposITION 3. Suppose 1 < p < co. Then fe LR") if and only if
fe LP(RY), and w,(t) = O(|t]), as |t| — O.

Suppose fe Z. If ¢t = |¢|t’, with |t'| =1, then f(x + ) — f(x) =
§YV(Vf, ¢")(x + st’)ds. Therefore by Minkowski’s inequality

(45) 1/ G+ 0 —fCl, < el E

axa P

The approximation technique of §2.1 (Proposition 1) allows us to
extend (45) to any fe L?(R"). By Theorem 3 this holds whenever f€
Z?R"), 1 < p < o, and so fe L?(R") implies w,(r) = O(|¢]).

Conversely if w ,(¢) = O(Jt]), as |t| — O, then if e; is the unit vector along
the x; axis, the sequence

{f(x + ei/m) *f(x)}
1/m

is uniformly bounded in the L?(R") norm. By the weak compactness of
the unit sphere for L? (1 < p), we can find a subsequence {m,}, and an
f? e L”(R), so thatf(x *+efmd) = /(x)

— f weakly. In particular

1/m,
S5 + efm) = £ _ o(x — efm) — ¢x)]
J;l" [ 1/m;, }p(X) dx _fnﬂf(x)[ 1/m, }
N T .
R" R” ax,
This shows that a—a){: € L”(R"), and so f € L?(R") = Z?(R")

PROPOSITION 4. Suppose 0 < o. < 1. Then f € LIR") if and only if
fe Lz(Rn) andj (w2(t)) dt < o
R"

| |n+2t1

It is to be noted that because w,(r) < 2| fl,, only that part of the

(wx(2)) L
integral dt near the origin is critical.

|t|n+2

In view of Plancherel’s theorem, the fact that f = #,(g), g € L*(R"), is
equivalent with the statement that

(46) [ 17000t + sty < o
Rﬂ
Now again by Plancherel’s theorem

(D)) = I f(x + 1) — fOl3 = L ) |F(x)|2 e 2 — 1] %dx.
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Therefore
(1)) f 2
=t = x)|° F(x)dx,
Ln s LIPS dx
with
—2Tixt __ 2
(47) s =| =1

R® , t,n+2a

An evaluation of the integral £ (x) is easy. First #(x) = .#(px), where
p is any rotation about the origin. Therefore #(x) = #((]x|). Next, by
homogeneity # (x) = |x|**°# (7)), where 7 is any fixed unit vector. Clearly
the constant #(n) satisfies the properties that 0 < .# (%) < co; finiteness
of #(n) follows because |e 2"t — || < 2, and |e7 2"t — || < ¢ |¢], sO
the integral giving #(7) converges. Therefore the conditions fe L%(R")

(wq(2))?
R® |t|n+2:z
frnl f(®)I2dx < o and fgn |x]2*| f(x)2dx < oo. These two together
are clearly equivalent with (46) and so the proposition is proved.

and

t < oo are equivalent with the statements that

3.5.1 It is interesting to observe that Proposition 3, forp = 2, a = 1,
is not (at least in the way things are stated) a limiting case of Proposition 4,
as o — 1. There is however a statement of the case « = 1, in the spirit of
Proposition 4, whose form anticipates some of the expressions that will
interest us later.

We consider a modified modulus of continuity, @, (), given by @,(7) =
W+ 18) + f(x — 1) = 2f(x)],. The point is that & ,(¢) is never really
larger than w ,(¢), because & ,(t) < w,(t) + »,(—¢). On the other hand it
may sometimes be effectively smaller than w ,(¢).*

PROPOSITION 5. Suppose 0 < o < 2. Then fe LR if and only if
2(PH ((’7)2(t))2 dt
f € L3R™) and < oo
R'l

|t|1t+2az

The proof of this proposition is nearly identical with that of the previous
one. The only difference is that the integral (47) (which converged only
when 0 < o < 1) is replaced by

b4

J’ |e—2ﬁim-t+ eZﬂim-i_ 2|2 1
dat
Rﬂ

|t|'n+2:z

wy(t)
Il

f = 0. However, @,(t) = O(|t]%), as [t| =0, always. For a deeper insight see §4.3.1
below.

* For example, suppose f€ &. Then w,(t) = O(|t]); but if

— 0, as |t| — 0, then
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which converges when 0 < « < 2. (See also the proposition in §5.2 of
Chapter VIIIL.)

3.5.2 While in general the space #?(R™) cannot be characterized in
terms of the modulus of continuity, there are nevertheless some interesting

relations, as we shall see in §5 below. Suppose that 0 < « < 1. Then if
f€ &> we shall have

(w, (1)) dt .
2L L o if > 2,
R |t|'n+a1) p_
and

(w,(1)* dt

|t|n+2zz

<o if pL2.

Rﬂ
Conversely, suppose f€ L?, then fe £ if

(w, (1) dt
| t | n+ap

< o when p <2,
Rﬂ

or if
(w,y(1))? dt

1]+

< o when p> 2.

R”

This indicates that it would be interesting to study function spaces
defined in terms of their moduli of continuity. We begin by considering
the simplest and most familiar example of such a function space, the
space of “Lipschitz”’ (or ““Holder”’) continuous functions.*

4. The.spaces A, of Lipschitz continuous functions

4.1 We start with the case 0 < « < 1. We define A, as follows.

A, ={fifeLl”R"), and o, @) =|/(x+1)—[(Ol, < 4]7}
The A, norm is then given by

/x40 =l
(48) I/ lae = I/l + sup / - Sl .
1t]>0 Itl
The first thing to observe is that the functions in A, may be taken to be

continuous, and so the relation | f(x + 1) — f(x)| < A |f|* holds for every
x. More precisely,

ProposiTION 6. Every f e A, may be modified on a set of measure zero so
that it becomes continuous.

* The terminologies of functions satisfying a ‘““Hoélder condition” or a “Lipschitz
condition™ are equally common. Our personal preference is for the latter.
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The proof can be carried out by using the device of regularization of
§2.1. Any smooth regularization will do, and we shall use here that of the
Poisson integral (see Chapter III, §2). Thus consider

_ ey
u(x, .V) _J;“ Pﬂ(t)f(x - t) dt’ Pﬁ/(t) - (|t|2 + y2)(n+1)/2 .
Then
ux,3) = 16 = | POLs = 0 = fon
and so
_ o (— S L
s, ) = FON < [ Pt (=0 e < ey || st

— A/ya

(if « < 1). In particular |lu(x, y;) — u(x, yo)l, — 0, as y, and y, —0, and
since u(x, y) is continuous in x, then u(x, y) converges uniformly as
y — 0. Therefore f(x) may be taken to be continuous.

4.2 A characterization. Contrary to the situation just considered, the
particular properties of the Poisson integral will play a more decisive role
in the reasoning that follows. We begin by giving a characterization of
fe€ A, in terms of their Poisson integrals u(x, y).

PROPOSITION 7. Suppose fe L*(R"), and 0 < o. < 1. Then fe A, (R™)
if and only if

(49) du(x, y)

dy

ADDENDUM: If A, is the smallest constant A for which (49) holds, then
Il + Ay and |\ f| y, give equivalent norms.

- S Ay—l-ka.

o8]

We make use of the following readily verified facts about the Poisson
kernel:

(50) f P 4y < cfy: PN 4 =0, y>o.
Jre| 9y r* 0y
The first holds because of the obvious estimates for ai;’ s
R L P
dy dy
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The second holds because fgn P,(x) dx = 1. Thus

(x y) = f 0= 0 di = f 2O = )~ fCldr

< < Al f

The converse, although not much more difficult, is far more enlighten-
ing, as it reveals an essential feature of the spaces in question. This insight
is contained in the lemma below and the comments that follow.

Hence
ou

ayll. = [ fla y7

Lemma 4. Suppose fe L“(R™) and 0 < o < 1. Then the single con-
dition (49) is equivalent with the n conditions

u(x, y)

< Ayt j=1...,n
Ox;

(51) ’

[« o)

ADDENDUM: The smallest A in (49) is comparable to the smallest A’ in
(51).

u q ou Ou  Ou .
@ » an ox,’ 0x,’  Ox, 18
implemented by the Riesz transforms; see Chapter IIT, §2.3. However the
Riesz transforms do not preserve the class of bounded functions (see
Chapter 11, §6.1, (b)), and so there would be no identity between con-
dition (49) and (51), when « = 1. The meaning of the lemma is that,
nevertheless, the Riesz transforms are effectively bounded on the A,.
(The elementary proof for this stands in sharp contrast to the difficult
proof for the case of the boundedness for L?, 1 < p < 0; see also Chap-
ter 11, §6.9.)

To prove the lemma we use the following estimates

We know that the relation between

opP,

— < eyt (y > 0).
0x;

—_— 3

1

oP
52 ]
(2 H oy

The first already appears in (50), and the second is proved the same way.
Because P, =P, *P,, y =y + )2 y;>0, we get u(x,y) =
P, *u(x, y;), and therefore with y, = y, = y/2,

32u — (aPy/z) (au)
dy 0x; Ox; aylue
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ou
Thus by (52) the assumption ay H < Ay " implies the fact that
0%u
53 < Ay e
&) l dy ox; |l
However,
oP oP,
"I < ¢ —1
2| = | Zes] < |t < i
by (52). So
9 u(x,y) -0, as y— oo
0x;
and therefore
u(x,y" .,
— u(x, dy
a (e y) = f dy o,
(53) the gives us that
du < Ay i a < 1.
axi 0
Conversely suppose that (49) is satisfied. Reasoning as before we get
o2
that 3 l: g Agy™***, j=1,2,...,n However since u is harmonic,
that is because
Pu_ 3
ay2 Srox?
aZ
we therefore have _u Ayy~2**, and a similar integration argument

then shows that

_lLa
ay s Asy

We can now prove the converse part of Proposition 7. Suppose

0
” @ u(x,y)|| < Ay~'**.Thenthelemmaalso shows that

A'y 12 We write
S+ 1) = f(x) = fulx + 1, y) — ulx, »)}
+ U+ 1) —ule + 1,0} — {f(x) — ulx, y)}.
Here y does not necessarily depend on ¢ but it is best to choose y = [¢].

Now |u(x + 1, y) — u(x, Y)| < §1Vu(x + s, y)| ds where L is the line
segment (of length |¢]) joining x with x 4 r. Thus

tu(x + 1, y) — u(x, y)| < |t 21 (% Wy < A5 11177 = A5 ]¢]%
e
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Also
. L]
SO A1) — u(x + 1, y) = —f L ux+ )y,
o gy

and so

|f<x+z)—u(x+r,y)13yf

3y’ Nl
With a similar estimate for f(x) — u(x, y) the proof of the proposition
is concluded.

dy' < Agy* = Ag |t]"

4.2.1 The reader should have no difficulty in verifying that the reason-
ing of Lemma 4 also proves the following lemma.

LEMMA 5. Suppose fe L*(R"), and O < . Let k and | be two integers,
both greater than o. Then the two conditions

o u(x, y) 0'u(x, y)
ay* oy'

are equivalent. Moreover, the smallest A, and A, holding in the above
inequalities are comparable.

< Aly—l+az

< Ay and \

o 0

The utility of this lemma will be apparent soon.

43 A, all « > 0. We can now define the space A, (R") for any
o > 0. Suppose that k is the smallest integer greater than «. We set
S Ay—k+a}

(54) A =|re . (s, )

If 4, denotes the smallest 4 appearing in the inequality in (54), then we
can define the A, norm by

(55) fla, = 1flw + 4

According to Proposition 7, when 0 < o < 1, this definition is equi-
valent with the previous one and the resulting norms are also equivalent.

L
Lemma 5 also shows us that we could have replaced the ——— ( y) by the
l
corresponding estimate for éy - Y) where / is any integer greater than o.

A remark about the condition in (54) is in order. The estimate

ok
| S 4
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ak
is of interest only for y near zero, since theinequality l —a—yTC u(x,y)
(which is stronger away from zero) follows already from the fact that

feL®, (as the argument of Lemma 4 shows). This observation allows us
to assert the inclusion A, © A, if « > «'.

The definitions (54) and (55) for A,, when « > 0 have a rather artificial
appearance when compared with the definition given in thecase 0 < o« < 1
in §4.1. The reader should not be troubled about this point because the
definitions just given are temporary expedients. The natural character-
izations are formulated in the two propositions below.

We consider first the situation 0 < « < 2. We shall need to consider
second differences, as in Proposition 5 in §3.5.1.

<Ay™

ProposITION 8. Suppose 0 < « < 2. Then fe A, if and only if fe
L*R") and | f(x + 1)+ f(x — ) — 2f()l, < A [t|*. The expression

If&x + 0+ f(x — 0 = 2f (9],

el

Il + sup
1t[>0
is equivalent with the A, norm.

We need the following observations about the differentiated Poisson
kernel:

%P, (1) )
(a) NEF dt =0;
2 2p
(b) 0 P"E” _ 0P (—1) :
ay 9y*
9°P (1) 5
c —t—= i Loy
© 5 | S
0°P (1) e
(d) ——a-;z—" <Lcly™?*
The details of the calculation giving (c) and (d) are best left to the reader
F*P,(1) .

but it may be helpful to point out that
degree —n — 2.
With these remarks we see that
0° 1 0
Sute ) = | —— POUf(x+ 0+ flx — 1) —2f(x)]dr,
ay 2 Jrn ay
and so

is jointly homogeneous of

0y*

0*u(x, y)
dy*

Al s eea)
o 2 Ity It w j
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Therefore

0*u

oy?
To prove the converse, write (A2F)(x) = F(x +t) + F(x —t) —

2F(x), and observe that if F has two continuous derivatives, then

<Ay 4 < 2.

[t] 2
A%F(x):f { d—(F(x+zT))dT} ds, where 1 = f/lt].
0
%F

- dr*
It follows immediately that
0x; 0x; w}.
By the definition (54) it is clear that if fe A, = fe A,,, where o’ < o If
we choose an o' < 1, then by the results in Propositions 6 and 7 we get
(57 JuCx,y) = f)lle >0, and y |u,(x, I, —~0 as y-—0.
Now the identity

(56) 1A, < 1:12{g “

@y ’)2
is obtained by noticing that the derivative with respect to y of the extreme

right-hand side vanishes, and by the use of the end-point conditions (57).

However, the arguments of Lemma 4 and 5 show that the inequality
o2

(58) f(x) = u(x, 0) = f u(x, ') dy’ —y%(x, ¥) + u(x, y)

37 mg Ay~?"* implies the estimates

0%u
0x, 0x; |l
Thus by (56) and (58)

< Ay ” AU
- ' 0y 0x;0x; ll™

I8l < | [yorsay + o o)

Taking y = [t gives the desired result

1A flle < A"[el%if 0 <

PROPOSITION 9. Suppose o > 1. Then fe A, if and only if fe L” and
af of

cA,wj=1,...,n The norms |f1 Ay and | fl.+ Z 3x

i=1

Agor
arc equivalent.



148 V: DIFFERENTIABILITY PROPERTIES

Let us suppose for simplicity that 1 < o < 2; the other cases are
argued similarly. 5 f
Observe first that =—— € L*. We have

3

< Ay~*+*, which implies,

axj ay3 w
3.
as we know, ayz—gx, wg Ay=3* We restrict to 0 < y < 1, then we see
P
that || — J < Ay~F, where < 1. An integration in y then gives
oy? 0x; ||«
u
<Ay +4
0y 0x; || + ll dy ax,]y=1
Another integration then shows that {-a—a— u(x,y)} is Cauchy in the L®
X; a
norm (as y — 0) and so its limits can be taken to be gj: . The argument
also gives the bound X1
0
| Z] <curin
0
af . :

Since the (weak) derivative of fis =— F , the Poisson integral of the latter

ou 3 X
is 8-x—, But layz—gx, wg Ay, Therefore a—f;eA,_l. The converse

implication is proved the same way.
The last proposition reduces the study of the spaces A, to those a such
that 0 < o < 1.

4.3.1 An example. Concerning the A,, 0 < « <1, the following
additional remarks are in order. First, when 0 < a < 1, Proposition 8
shows that if /e L® the two conditions | f(x + ) — f(x), < 4 t|* and
1+ 1)+ f(x — 1) —2f (x)l, < A" [t|* are equivalent. However this
is not the case when o = 1.

EXAMPLE. There exist f€ L*(R") so that
If&x+0+f(x—1) = 2f()ll, < Alel, 1] >0,
but so that || f(x + t) — f(x)|, < A" |t] fails for all A'.

One can construct such f by lacunary series, and more particularly as
Weierstrass-Hardy non-differentiable functions. To do this we consider

0
the function of one variable x, given by f(x) = 3 a*e*"i*s, Here a > 1;
k=1
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for simplicity we take a to be an integer and this makes f periodic.* Now
FO 4+ 0+ fx — 1) — 2(x) = 23 aMcos 2mat — 1]e*%,
Therefore
IfG+D+ == 2AWN. <2, a*A@n*+4 3 a* <Al
a1 a*ilz1
We have used merely the facts that |cos 2ma*t — 1] < A(a*t)?, and < 2.

If however we had ||f(x + 1) — f(x)ll, < A"|t|, then by Bessel’s
inequality for L2 periodic functions we would get

1
mw&zﬁuw+o—ﬂmwx
— za——%leZﬂiakt_ 12> kz Iezm"t_ 112

a [t[<1
In the range a* |[t| < 1 we have le2mia*t — 1|2 > ¢(a*1)?, and so we would
arrive at the contradiction
Aty >clt* > 1.
a |t <1
44 J, A, A, We shall now connect the Bessel potentials
F s with the Lipschitz spaces, A,.

THEOREM 4.  Suppose o >0, # > 0. Then ¢z maps A, isomorphically
onto Ay g

We should explain that by “isomorphism’” in this case we do not mean
that the norms || ]| 5, and || Z,f|| Agyp 2TE identical, but only that they are
equivalent.

We have already noted in §3.3 that the mapping #, is one-one. To
prove that the image of A, under ¢, lies in A,,;, and that the mapping is
continuous, we argue as follows. Let # equal the Poisson integral of f, and
U be the Poisson integral of #,(f) = Gy*f Then u = P, xf, and
U=P,xGg*f Thus U(x,y) = Gy(x, y) * f(x), where Gy(x,y) is the
Poisson integral of Gyz(x). The following property of Gg(x,y) will be
proved in §5.4 below.

Suppose | is an integer and | > B. Then

alGﬂ(x’ y)
oyt

However, we know that P, ., =P, xP,, y1>0, y, > 0; conse-
quently,

U(x’yl + yZ) = Pyl+yg *Gﬂ *f= Pyl* Gﬁ *Pyg *f= G[i(xy yl)*u(x’ y2)'

* The result also holds if a is non-integral.

(59)

< Ay WA y>0.
1
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Let k be the smallest integer larger than o, and differentiate in the above
/ times with respect to y; and k times with respect to y,. The result is
' U(x,y) @

o*
- -a_y_]_; Gy(x, yy) * é;;é u(x, ys), y=yi+ye

Thus in view of (59), with y; = y, = % , we obtain

—l+8 —k+a
S A (Z) . A, (X) ’
. 2 2

ak
e u(x, y)’ < Ay™***; (see the definition (59)).

Moreover, clearly, #,(f)€ L”, since fe L®. Therefore Zyfe A, ,
and the proof also shows that || Zsf 5, , < C [ fla,

We claim next that the image of A, under ¢, is all of A,,,. To see this
let fe A, Then fe A,; also Af e A,, the latter fact is a consequence of
Proposition 9 in §4.3. Therefore (I — A)fe A,. However Z,[(I — A)f] =
[ To prove this identity it suffices to verify that

[a—nnpa=] rpa

whenever ¢ € <. But

[t -npsar=| a-mpsaax
R" R"

' U(x, y)
ayk+l

Now f€ A, implies that

=ff(1 —A) Z,b dx =ff¢> dx,

since obviously (1 — A)Z,¢ = ¢ as the Fourier transform shows.
Because ., is onto, #, sisone-one, and £, = #, 5 #,, for0 < f <2,
then #, must be onto, for that range of 8. Finally by superimposing such
F 4 we arrive at the conclusion that # is onto for any positive f and the
theorem is then proved if we appeal to the closed graph theorem.*

5. The spaces A>?

5.1 Inanalogy with our definition of A,, and motivated by Proposition
4 in §3.5 we define the spaces A%, where 1 < p, g < co. We begin with
the case 0 < « < 1. Then A29(R™) consists of all function fin L?(R")
* We defer to the closed-graph theorem only so that we may give a quick proof of the

continuity of the mappings inverse to 4. But as the reader may guess, with a little
extra effort the matter could have been treated directly.
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for which the norm

(60) uﬂu+(kwﬂx+0—fumymf«

| t| n+aq
is finite. When ¢ = oo, the expression (60) is interpreted in the normal
limiting way, namely

LG+ 0 = J),

e]*

(60") £, + |§:J>po

We see therefore that AY* = A,, and that Proposition 4 states, in
effect, that A22 = £2 0 < o < 1. (The identity A22 = £2 will later be
seen to be valid for all «.)

The basic properties of the spaces, A,, given in Propositions 7, 8, and 9,
Lemmas 4 and 5, and Theorem 4 hold with the obvious modifications for
the space A2% We formulate this generally, but prove it in detail only for
the direct part of the analogue of Proposition 7.

ProposiTioN 7'.  Suppose fe L*(R"), and 0 < a < 1. Then fe A2 if
and only if
© q 1/q
(61) U'Qr )2) <
0 o/ Y

The AP norm is equivalent with the norm
)a dy 1/q
J5)

wm+(f@“ Qu

dy
0P, (t
2= “)U<—o—ﬂmm
X R®

2 e y)

We have

P,(1)
ay

9P,(1)

and therefore by the elementary estimate %

¢’ ||, already used, we see that

‘ <y,

%an

ey ILK ILf(x + O — f(X)], dt

D

+ C’fll If(x 4+ 0 = fll, =
Next set t = r§ € R*, with r = |¢|, and |&| = 1. Then with
I/ (x+ 1) = f(), = 0,(t) = o,rf),

|n+1
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we write Q(r) = fgn-1 w,(r§) d&. The inequality above becomes
Lcy™ f Qryr"tdr + c’f Q(ryr2dr
ay v

(because dr = d&r™—1 dr)
Therefore by the Hardy inequalities (see Appendix A)

(37 s ot

However, Q(r)? < ¢ fgn1 (w(r§))?dé, by Holder’s inequality.* Sub-
stituting this in the above leads to the bound

c”( L f w(w(rf))ﬂr—aqdjrds)l/a= . ( f ae Tr 1?+; SOOI dt) '

In the same way we can prove

LEmMMA 4. Suppose fe L?(R"), 0 < o < 1. Then the single condition
(61) is equivalent with the n conditions

© q 1/
(© (f (y“‘l o )ﬂ)q“"’ j=12...,n
0 axfp y

The norm which results if we replace the quantity in (61) by the sum of
the n quantities in (62) is equivalent with the original A2? norm.

Before going further it will be well to record the more general assertion
which is in back of Lemma 4’. It is the inequality
o*u )“ d y)l/"
o ¥ .

@) ([ o 2 < a( () 5

Here k is a positive integer, 0 < o < k, and D* is any differential mono-

mial in x;, X5, ..., X, y, of total order k. The proof follows by the same
arguments.

Proceeding as before we define next the spaces A2¢(R") for any o > 0.
Let k be the smallest integer greater than o. We set

(63) A:"’(R"):{ feL”(R”):( ﬁ m(y"‘"‘ g D)qiyy-)l/q< oo}

ay*
Then A2 norm is defined by
)a dy)lla
o Y

112 = 1f 1+ ( f m( y

* Use Q(r) < sup w(r, &), wheng = .
§

i 0'U
oy*
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We should remark, as we did in the special case of A,, than an equiv-
alent definition and equivalent norm would have been obtained had we
replaced the integer k by any other integer /, with / > o. (This is already
implicit in (62").) In complete analogy with Propositions 8 and 9 and
Theorem 4 we state the following.

ProposiTION 8'. Suppose 0 < o < 2. Then fe A%? if and only if
fe L*(R") and
( US4+ +fx =0 = 2/()N,)°
R”

|t|n+aq

1/qa
dt) < oo.

The expression

CLEDESAELEL R

n |t|n+aq

1+ (o

is equivalent with the A»® norm.*

PROPOSITION 9" Suppose o > 1. Then fe A2 if and only if fe L?(R")
af‘ n a
and aTc,.E A24. The norm 1fla, jpe and Iifl, + Zl “ g;af ‘
equivalent.

are

Ag_170

THEOREM4'.  Suppose o > 0, f > 0. Then ¥ ymaps A2+ isomorphically
onto z\gjfﬁ.

5.2 A further look at A2, After these rather mechanical prelimi-
naries we intend to make some more interesting observations about the
space A>e. The first question is, what are the roles of the indices o, p, and
g? The answer is roughly as follows. First the index p indicates the basic
norm that is used; next « gives the order of smoothness involved, and the
index g represents a second-order (and rather subtle) correction to this
order of smoothness. A precise result is as follows.

ProposiTION 10.  The inclusion AZ:%(R") < AL9(R™) holds if either
(a) if ay > oy (then q, and q, need not be related), or (b) if oy = o, and
7 L G

* For ¢ = oo, we interpret

(f (fx+0+fx—1)— 2f<x)n,,)«dt)"°
Rn

tntae

as

sup [fx+ D+ fx —1) = 2f®)]»

lt]>0 [t]a
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The proof is based on the following lemma, which in reality is nothing
but a variant of the usual maximum principle for harmonic functions.

LemMA 6. Suppose feL?(R"); then for any integer k the function
k

' 0

W u(x, y) || is a non-increasing function of y for 0 < y < co.
»

Consider first the case k = 0. Since P, * P, = P, ,,, we have

(64) ”(%)’1 +}’2) = Pyl*"(x’)’2)’

and so llu(x, y; + p)ll, < IP, [l lu(x, yo)l,. Because [P, ;=1 we
obtain |u(x, y; + pu)ll, < lu(x, p,)ll, and the assertion is proved in this
case. To prove the general case of the lemma, differentiate the identity (64)
k times with respect to y, and argue similarly.

Let us now prove part (b) of the Proposition (part (a) is argued similarly,

and anyway that conclusion is even less delicate). Assume ¢, < oo, and

°9) 13 q1 1/a1
(65) U (ya—k Fu )d_y) -4
0 oy ll,)
Then
on y(a—khn Q’_c_l’_:_c ’“_d_y S A,
vo/2 3y p Y

14
— || takes its minimum value at the end point
W ||»

(¥ = yo) of the above integral. So we get

However, by the lemma

k a1 {vo
gay‘k u(x, yo) f lzy‘“"“""? < A9,
Yo
that is ?
k
(66) T4 < cayree
yell,

In other words f € A»a implies also that f € A?*. Combining (66) with
(65) shows easily that

(1

and so fe Are,
For other inclusion relations of this type see also §6.7 below.

Fu

dy

a2 1/az
) d—y) <w, 424
P y

5.3 Comparison of .#? with A%:? We come now to one of our main
goals whose interest justifies much of the preparatory work described in
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§4 and §5. The comparison between the potential spaces #7 and the
Lipschitz spaces A2 achieves the deepest insight in this chapter and
incidentally the only one which uses the Littlewood-Paley theory of
Chapter IV. The result is as follows

THEOREM 5. Suppose 1 < p < oo and o > 0. Then
(A LI AP? if p22
(B) LI A if p<L2
© A2y if pL2
D) A2y if p22

The fact that sharper inclusion relations of this type are not possible is
contained in §6.8 and §6.9 below.

Because of the isomorphisms given by the operators ¢, (see Theorem
4, and (41) in §3.3), it suffices to prove the inclusion relations for any
particular value of o. It will be convenient for us to take « = 1. In view of
Theorem 3 of §3.3 the space -7 is equivalent with L?, (when 1 < p < o0)
and we have therefore reduced considerations to the proof of the in-
clusion relations for « = 1, and with .#’? replaced by L?2.

The norms in AP are expressed in terms of quantities which involve the
second derivatives of u, with u the Poisson integral of f. It is for this reason
we consider the following variants of the Littlewood-Paley functions:

g = ({o1vuex Y it p< o
(67) P = Y > Y y) s p
G o(x) = sup y |V2u(x, y)|

y>0

Here
N n n 82 2 X
|V u(x’ )’)l)=z u(xay) ) Wlth x0=y'
k=0 =0 | O0x; 0x;
i . . . .
Assume that Be e L?(R"), j=1,...,n Then since u is the Poisson

integral of f, the Poisson integral ofaa—){ is a—axf-l , as we have already pointed

j j
out in §4.3. Recalling the definition of the g-function, (see Chapter 1V,
§1.1), we see that

[g( aif,.)(x)]:é owy

2

0
0x; 0x;

2
u(x, y)| dy, Xo = ).
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2y

R

7
However, — z , and therefore

J

709 < eZ ()0
By §4.9 of Chapter 111

7 i
sup y2 z - u(x, y)’ <A,§1M(ax,.)(x)
Thus
(68) 1%, < A i
i=1 xJ' D
and
(69) 1990, < 4, z
8x

The inequality for %, holds because of Theorem 1 in Chapter VI, and
that for &, is a consequence of the maximal theorem in Chapter 1. Now
it is clear that 2(x) < F2(x)97 %(x), if p > 2. Hence

G,(x) < G7(x) GI(x) = G3 (NG (),
(with 6 = 2/p).
Therefore by Holder’s inequality (68), and (69),

d
19, < NG 1 G < 4,3 | L
itlp
We have then that in particular
] 2, I
f (}’ ou )ﬂ<oo, if 2<p< w.
0 dy y

This shows that if 2 < p < o, then L?(R*) < A»?(R"), and con-
clusion (A) is proved.

To prove (B) apply Minkowski’s inequality for integrals in the form
that if F(x, ) > 0, andr > 1

a [ froe sy dy)ms [ ,,(ff e, )y dy)l"dxl,

to the effect that the norm of an integral is not greater than the integral of
the norms. Take r = 2/p (here p < 2), and F(x, y) = |Vu(x, y)|*. Then
(70) can be rewritten as

[“rivuizay < ( [y dx)z’”,
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and the latter is finite by (68), if f € L?. Therefore fe £7? = fe AP2, if
p <2 and (B) is proved.

The arguments above also show that || f| 5,00 < A, [ fll,2» With g = p,
f2<p<ow,andg=2,ifl <p <2

We shall prove the converse inclusions, (C) and (D) by establishing the
a priori inequalities

() 1z < Ap [ f1l a0

withg = pif 1 < p <2,andg = 2, if2 < p < oo, under the assumption
that f belongs to L?.

This turns out to be merely an inversion of the arguments just given.
In fact when r < 1, then Minkowski’s inequality for integrals shows that
(70) holds with a reversal of the sign of inequality. Thus we get

2/p -]
([ @oorax) "< [y vz ay, it p>2.
\/R 0

< [|92(x)],, according to the converse of Theorem
P

1 of Chapter IV, we obtain (71) for 2 < p < .

. d
But since A4’ ” —f—
7| 0x,

Similarly if 1 < p < 2, then Fy(x) < g;(x)g};“(x), with 6 = p/2, and
therefore by Holder’s inequality

195, < 19,03 11 () 57°.

Again by the Littlewood-Paley Theorem, |%,||,exceeds A,
then by (69)

and
b

of
ox,

” ﬂ
(A Z “ ax;

© d 1/p
1%, = ( f » ||v2u||z—y)
0 y

e 2. ||» 1/p
<e([ |25 L) "< estan
0 oy*ll, y
This is because of (62') and the definition of the A?:) norm. Therefore (71)
is also proved for 1 < p L2

Finally, to lift the restriction f€ L?, we consider u(x, ¢) instead of 1
with ¢ > 0. Then clearly u(x, &) € L?(R"), if fe A?¢ (since then f €
L*(R™). Therefore by (71)

luCx, )l z,> < Ay lu(x, &)a,>2 < Ay [ fla,?2

]
) < 19,0912

However,
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So the family u(x, &) converges in L? norm to f, and its L? norm remains
uniformly bounded. From this, we see that for each j,

0 f o9
fR" F u(x, €)o dx . Jx) Ec: dx,

0 .
whenever ¢ € 2, and that the linear functional (p——)f f a—:de is
R” 7

bounded in the norm dual to that of LP(R™). Therefore by the Riesz
representation theorem there exists a g; so that

9%
= | godx,
o) 5%, o 519X
with g, € L*. This shows that fe L? and the theorem is completely proved.

5.4 Apointleft open. We return to the proof of (59) we had postponed
until now. If we look back to the definition of A%? given in §5.1 we see
that what we need to show has the following interpretation:

72) Gy(x) eAF>, if B>0.

Let us first consider the case 0 < 8 < 1. Since G, € L*(R"), we must
see, according to Proposition 7, that

L" |Ga(x + 1) — Gy(x)| dx < Alt|P.
We write
fﬂIGﬁ(x+t)—-Gﬂ(x)|dt= || dt + || dr.
R Je| <2[t] || > 2t
The first integral can be estimated by
[, UG+ o+ 1Gwias <2 1Gwids
|z <2]¢ 3[¢|

lz| <

Because Gg(x) < ¢ |x|™*# (see (29) and (30) in §3.1) we see that

2 (G, dx < Al
PRI

Next by differentiating the formula (26) in §3.1 we are led quickly to the
bound
9G,
0x;

ds

[se}
2
= ¢ x| f e il 18p=0/4n §lf—n—2)/2 5
0

© alels s(p—n-22d0 —ntp—2
gc|xj|0e”“/6ﬂ" 3=C|x;~||x|"ﬁ

S ¢’ |x|—n+ﬁ—l
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Therefore |Gg(x + 1) — Gp(x)| < " |¢] |x|7*-1, if |x| >2¢| and
hence §|,i5,1 1Gs(x + 1) — Gp(x)| dx < A|t)%, if 0 < f < 1. Thus (59)
and also (72) are proved when 0 < 8 < 1.

To pass to the general case we observe that wherever r is a positive
integer, Gy, = Gy * Gg * * * * x Gg, (r factors), and P, = P, x P, - %P, ,
ify=y 4y + y, and y, > 0. Consequently

G, ("5 ) = Gy(s y1) * Gp(*, y2) =+~ * Gp(*, y»)
Now differentiate this relation once with respect to each of the variables
Yi» Yoo - - -5 ¥y, and then set y; = yp * * * y, = y/r. The result is
0’ Gy,
oy

Since 0 < B < 1, and is otherwise arbitrary we get the required estimate
(for fr in place of B) in (59); this also implies (72).

(x, ») H < Ay

6. Further results

6.1 fbelongs to LP(R™) if and only if f € L?(R™) and (i) f can be modified
on a set of measure zero so that it is absolutely continuous in the sense of

g
Tonelli; (ii) a—J{:eL”(R"), j=1,...,n (the derivatives eXist almost every-
i

where).

6.2 fbelongs to L?(R"), k > 1 if and only if f can be modified on a set of
measure zero so that either of the following two equivalent conditions are
satisfied.

(@) f has continuous partial derivatives of total order < k — 1. Moreover,

wheneverg = STI; ,|la] <k —1,then
lg(x) — g(x)]
sup Ig(X)I < oo and SUP g—l'ﬁ

(b) There exists a sequence {¢,}, , € Z, so that ¢, — f uniformly on every
compact set and

4
sup sup Tn
le|<k = 0x*

(Hint: See the proof of Proposition 3 in §3.5, and Proposition 1 in §2.1 respec-
tively.)

< oo,
o0

6.3 Suppose 1 <p < o, and 1/p = k/n. Then there eXists an f € L2(R")
which is essentially unbounded in the neighborhood of every point.
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Hint: Consider, for example, the case n =2, k =1, (then p =2). Let
@(x) = |x|72log 1/|x1)72, if |x] < 1/2, ¢ = 0, otherwise. Set f, = I;(¢). Then
fo

construct a similar f,, more directly by taking f,(x) = log log 1/|x|, for small x,
and f, positive, smooth, and with compact support, away from the origin.

o0
Finally set f(x) = > 27f,(x — ry), where {r;} is dense set in R".

k=1

= Ry(¢) € L?. However, f, is not bounded near the origin. One may also

6.4 The following is the generalization of inequality (23) in §2.5. Suppose
1<k <n
Then with 1/g =1 — k/n, f€e 9,

orf ) ()
”f”q < (u.-,[Tik axil e axi;c 1
n n! o -
where the product ranges over the ( k) =R ways of picking distinct
I, 09y vy ipfrom1,2,... 1
. . . an—f
Hint: Consider, for example, K = n — 1. Write I;(x;) = Lk ax"— dx;,

where the symbol %, indicates that the variable has been omitted. Clearly
I fO) £ Ii(x5), and so | f(x)" < HI i(x,). Integrate. (If we start with the identity
flx) = %f sign(x — 1)f"(r) dt, mstead of f(x) = f Sf'(t) dt, then the above
inequality—ls improved by a factor of 27*.)

6.5 An alternative formula to (26) for the Bessel kernel is

© (n—a—1)/
G.(x) = c ool f e—mt(t + 2—) i for 0<a<n+l
0

n—o+1
tn-1y/2afe T I —— ).

See Aronszajn and Smith [1].

6.6 The following describe the possible inclusion relations between L? (R™)
and £2(R"™), in the extreme cases p = 1, and p = o,

(@ When n = 1, then L?(R") = #2(R"), when k is even and p = 1, or .

(b) When n > 1, then L2(R") < Z2(R™), when k is even, and p =1 or ow;
the reverse inclusion fails for both p = 1 and p = o,
(©) Foralln, if k is odd then neither L2(R™) = £2(R™) nor £2(R™) < L2(R™).

d? dj
Hints: For (a) usethefact that f'e Ll’(Rl)and EL”(RI) lmplles f eL”(Rl)

To show that #2(R") ¢ LP(R"), use the unbOundedness of the hlgher Riesz
transforms for L' and L® (see §6.1 in Chapter II). To see, eg that
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LY R™ €£7(R"), use the function G, ,(x). From formula (26) it follows

Gn+1
axi 1
since G, (x) ~ log i ,as|x| =0, and so G, ¢ L*. The fact that G, ~ log ]

easily that G, ; and

€ L*, thus G, € LP. However, G, ., ¢ Z7(R"),

as |x| — 0 also follows from (26), in the same way as (29) is proved. Special
functions useful in this connection are studied in Wainger [11.

6.7
@) APLaR™) © AP2a(RY) if 2y > apand oy — — = oy — —
ay as 1 = %2 1 P1_2 P
(b) Iff€ A274(R") wherej =0, 1, then f€ A24(R"), where
% =0yl — ) + ,0,
1 1 7] 1 1 [/]
—==0-6+—, —==(1=-6+-—,
P Po P 9 4 41
for each 0 < 6 < 1. See Hardy-Littlewood [2], Taibleson [2].

0
6.8 Suppose that f, ,(x) = e~ - 3 a kak~o%2mia"z x € R, where a is an
=1
integer > 1.

1
() fro ELERN) <=0 >§, forl <p < .

1
(D) fr o€ ADIRY) <0 > ;, (for1 <p < ).

Thus #2RY) ¢ Aza(RY) if ¢ <2, and AzeRY) ¢ LIRY if ¢ > 2.

6.9 Let g, (x) = [x|**/7(log 1/]1x])~¢ for |x] < % , and assume that g, 5 ,
is smooth away from the origin and has compact support. Assume « < n/p.

(i) §us,,€LIRY<>0p > 1

(i) gx.6,€ AP UR™) <09 > 1

Thus Z2(R") ¢ A2eR™ if ¢ <p, and ApeR™) ¢ £3(R") if g >p. For
examples closely related to §6.8 and §6.9 see Taibleson [2].

6.10 Suppose 0 < « < 2. Then f€ LL(R™)<=-f€ L? and

t —
() lim1, = limf w] dt converges in L? norm, if
£=>Q e—pJt] > ltl”
1 <p< .

(ii) I. remains bounded in L* norm, whenp = . See Stein [7]; also
Wheeden [2].
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t) —
Hint: Verify that if fe 9, lim jBT_tV)‘-FTfLX) dt = c,(—A)*2f. Con-
e Jlt|>e

versely, suppose f = #,(g), with g € L?. Then f = I.(y), y € L”. (See §3.2).
Also
X +1t) —
feth ~7) 1)u+<x /) dt = f K.(@)y(x + 1) dt,
[t]=e It]
where K, (t) = e ™K(t/¢); it can be shown that [K(x)| £ A4 |x|~"**and |K(x)| £
A |x|=nte=2_ thus K € L'(R?).

6.11 (a) The space Z(R") is an algebra under pointwise multiplication if
and only if every element of #%(R") is continuous. This holds if and only if
p> nfo.

(b) Let xx be the characteristic function of an arbitrary convex set K < R™.
Then the mapping f — xx - f is continuous in £%(R"™) when 0 < « < 1/p. For
these and related results see Strichartz [1]. For p = 2, see also Hirschmann
[2].

6.12 Suppose F = I,(f),and 0 < « < 1.

|F(x +t) — F(x)I2 \v2
(ZF)x) = (J;n |£|n+2> t)

A 51()(x) < D(F)(x) < Bg¥(f)(x)

where 4 < 1 + 2a/n, and the functions g, and g, have been defined in Chapter
1V, (§1.2 and §2.2 respectively). 4, and B, are appropriate constants.

Hint: Write U(x, y) and u(x, y) for the Poisson integrals of Fand frespectively.
Since

Then

a2
oy f % (1) F(x + 1) — Fol dt,

2 2

simple estimates show that f y3tee dy < ¢;(2,(F))®. Next
0

i
1 [=eU

Ou
a( »y) = A== a)}2(xy+s)sds

= I‘_(l_——ot) f,, 87 (x, s)(s — y)»*ds

d ® 2U
Thereforef yl au ‘ dy ¢ f yiree “ai_é_

D (F)(x). Conversely, we have

2

dy, and so A,g:1(f)(x) <

\FGx +1) — Fl < | VU ds + | |VU|ds + | |VU|ds
Ly Ly L3
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where L,, L,, and L, are respectively the line segments joining (x, 0) with (x, y);
(x +1,0) with (x +¢,y); and (x + ¢, y) with (x,y). However U(x,y) =

l 0
— | u(x,y + s)s~1+* ds, therefore
T fo &,y + 9

1 o
|VU(X,}’)| < F_(;SJ:, |Vu(x,y + )| sH+* ds.

If we substitute this estimate in the above, set y = [¢|, and carry out the indicated

integrations, we get after some further reduction the result Z,(F)(x) <
2

B,g¥(f)(x), with & <1 + == See also the bibliographical references in §6.13

below. n

6.13 (a) Suppose that 0 < « < 1, and

< p <  (the latter holds in
n + o

particular if 2 <p < ). Then fe£2(R") if and only if fe L?(R®) and
2,(f)e LP(R™. Also [ f]i,,, is comparable with |[f{i,+ 12, ().
(b) The similar result holds in the larger range 0 < « < 2 if Z_(f)(x) is

replaced by
(J’ If&x+0) +f(x —1) — 2f(x)|2dt)”2
Rn

|t|n+2a

The results of §6.12 and §6.13 (a) and (b) are stated in Stein [7]. For the earlier
(one-dimensional) theory see Marcinkiewicz [2], Zygmund [1], and Hirsch-

. . - 2n
mann [1]. For a recent stronger result, dealing with the critical case p =

see Fefferman [1]. n+oa
(c) A variant of (a)aboveholdsforallpinl < p < « if Z,(f) is replaced by

a0 2 dr 1/2
(f {f |f(X+l‘t)—f(X)l dt} 'T_m)
0 B

where B is the unit ball. See Strichartz [1].

6.14 Let 8 > «. Then T is a bounded linear transformation from A (R")
to A_(R") which commutes with translations if and only if T is of the form
Tf = K« f, with K€ Ap%(R"). See Zygmund [6] for the case n =1, and
Taibleson [2] for the general case.

6.15 (a) Suppose T is of the type discussed in §6.14 above. Then T maps

L"(R™ boundedly into L*R") if 1 <p, ¢ < © and l/g =1/p — @ ; a).

(b) However, there exists a T commuting with translations and mapping
AL(R™) to A (R™ boundedly, but which is not bounded on LP(R"), for
p # 2. See Stein and Zygmund [2]; earlier results in this direction are in Hardy
and Littlewood [3].
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6.16 The last set of results deal with the space of functions of bounded mean
oscillation; it illustrates the fact that this class arises often as a substitute for the
space L® in the usual limiting cases where results break down for L=.

(a) Suppose f is defined on R™. Then it is said to be of bounded mean oscil-
lation (on R™), (abbreviated as BMO), if there exists a constant M, so that

1
— flf(x) — agldx < M, for every cube Q in R"*; ag is the mean-value
m(Q) Q

of fover Q. Notice that every bounded function is BMO; however, the function
log |x| can be seen to be BMO, so the converse does not hold. That this example
is to a certain extent typical can be seen by the fact that it is possible to make the
estimate

m{x € Q:|f(x) — agl > «} < e **Mm(Q), every « >0.

In particular if f is BMO, then fe“'f l'dx < o, for every cube Q, for appro-

priate positive a. See John and Ni?enberg [11.

(b) Let T be one of the singular integrals transforms dealt with by Theorem 1,
its corollary, or Theorems 2 and 3 of Chapter II. Suppose f is bounded. Then
Tf is BMO. See Stein [8].

6.17 (a) Suppose fis in BMO. Then 7 fc A (R") for « > 0.

(b) Suppose fis of weak type p; thatis m{x:|f(x)] > A} < AT 7,0 <1 < o,
with 1 < p < . Then £ (f) € BMO, if o = n/p. (Compare with Theorem 1
in this chapter.)

See Stein and Zygmund [2].

6.18 Suppose f'€ A2 That is, suppose f€ L*(R") and

_ — 2
J' IfGe+0) +flx —1) 2f(x)llaodt<oo
Rfl

It|n+2

of
=~ €BMO,j=1,...,n
Then ax, € BMO, , n
Hint: Using the reasoning of §4 and §5, the assumptions can be shown to
imply the existence of a function d(s) on 0 < s < o, so that

(i) 6(s) is non-decreasingon 0 < s < ®
152

Gi) f © 45 <
0

s

i) fx +1)+f(x—1) = 2f() e Llt] ().
With this done one can then adapt the reasoning in John and Nirenberg [1]

—1/2—¢
given for the case d(s) = (log ;) , €>0 (s <1/2). An earlier related
result is in M. Weiss and Zygmund [1].
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Notes

Section 1. For the Riesz potentials see M. Riesz [2], and an earlier one-
dimensional version in Weyl [1]. The L? inequalities of Theorem 1 are due to
Hardy and Littlewood [2], when = 1, and to Sobolov [1] for general n. The
fact that the fractional integration mapping is of weak-type (1, n/(n — o) appears
first in Zygmund [4]. For a general treatment in terms of Lorentz spaces see
O’Neil [11; the simple proof given in the text is taken from Muckenhoupt and
Stein [1].

Section 2. Theorem 2 goes back to Sobolov [1]. The case p = 1, was however
not dealt with until later by Gagliardo [2] and Nirenberg [1].

Section 3. The Bessel potentials and the corresponding spaces #2 were intro-
duced by Aronszajn and Smith [1], and Calderén [4]. Lemma 2 connecting the
Bessel and Riesz potentials is stated in Stein [7]. The identification of #2 with
L2, 1 <p < =, is proved in Calderdn [4], and the characterization of #2
given by Proposition 4 is taken from Aronszajn and Smith [1].

Sections 4 and 5. For the case n =1 most of the results given here were
formulated and proved in one form or another (and sometimes only implicitly)
by Hardy and Littlewood [2], and [3], Zygmund [6], and Hirschmann [1]. For
the first explicit treatment of the spaces A2.2 (in n-dimensions) see Besov [1];
this was preceded however by a significant paper of Gagliardo [1]. The presen-
tation given in these two sections leans heavily on the systematic treatment of
Taibleson [2]; Theorems 4’ and 5 in particular are due to him. The reader may
also consult the earlier survey paper of Nikolskii [1].



CHAPTER VI

Extensions and Restrictions

If we want to apply the results of harmonic analysis of R" to a variety
of other problems we are often faced with the following situation. Let S
be a subset of R”, (the nature of S will be specified later), and consider
one of the Banach spaces of functions on R* we have already studied.
Two problems then arise. The restriction problem: What is the space of
functions that arise by restriction to S of the functions in the given
Banach space? There is also the closely related extension problem:
Given an appropriate space of functions defined on S, how can these
functions be extended to R™?

The techniques and results differ depending on the nature of the set S,
although there is some overlapping. We shall single out three cases which
seem to be of genuine interest.

(i) The set S is an arbitrary closed set F. The appropriate function
spaces are those composed of functions which have continuous partial
derivatives up to a certain order, together with bounds on their moduli of
continuity. The type of extension considered goes back to Whitney and
we follow his construction except for details.

(ii) The set S is a domain (open subset of R*) whose boundary satisfies
a certain minimal smoothness condition. If the domain had a smooth
(say C®) boundary the extension result would be much easier and a
simpler construction would do the job. The main point of the given
extension is that one needs to assume what amounts roughly to only one
order of differentiability of the boundary, and obtain extensions for all
orders of differentiability. The presentation we shall give (in §3) will be
based on ideas different from the one initially introduced by Calderén in
this context. The gist of his method is outlined in §4.8 below.

(iii) The set S is a linear sub-variety R™ of R". Looked at from the
point of view of the restriction problem, there is in general a loss of smooth-
ness in going from appropriate functions on R” to functions on R™,
Since R™ has Lebesgue measure zero in R", there is also the problem of
giving the functions in R™ their natural definition on R™, so that the
restriction may be well defined. This kind of difficulty did not arise in

166
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case (i) because there continuous functions are dealt with exclusively. For
the present problem the functions considered may be discontinuous at
every point, but they do have certain average continuity. A striking aspect
turns out to be the fact that the function spaces appropriate for R™ (for
the restrictions), may in character be quite different from those appropriate
for R™

We begin this chapter by giving the details of the decomposition of an
arbitrary open set in R" into a suitable ““disjoint” union of cubes. The
usefulness of this decomposition has already been indicated in Chapter 1.
Here we apply it again, and the partition of unity based on it, as the main
tool in the extension of the type (i). It arises again, if only implicitly, in
the extension of type (ii).

1. Decomposition of open sets into cubes

In what follows, F will denote an arbitrary non-empty closed set in R”,
Q its complement. By a cube we mean a closed cube in R, with sides
parallel to the axes, and two such cubes will be said to be disjoint if their
interiors are disjoint. For such a cube Q, diam (Q) denotes its diameter,
and dist (Q, F) its distance from F.

1.1 Theorem 1. Let F be given. Then there exists a collection of
cubes F, F = {Q4, Qs, .- -0y, ...} s0 that

) ll;J 0, =Q = (F),
(2) The Q, are mutually disjoint,
(3) ¢y diam (Qy) < dist (Qy, F) < ¢, diam (Qy).

The constants ¢, and ¢, are independent of F. In fact we may take ¢, = 1
and ¢, = 4.

1.2 Consider the lattice of points in R” whose coordinates are integral.
This lattice determines a mesh #,, which is a collection of cubes: namely
all cubes of unit length, whose vertices are points of the above lattice.
The mesh #, leads to a two-way infinite chain of such meshes {#,}=,,
with A, = 27%M,.

Thus each cube in the mesh ., gives rise to 2" cubes in the mesh
. /.., by bisecting the sides. The cubes in the mesh .#, each have sides of
length 27 and are thus of diameter Vn 2+,

In addition to the meshes .#, we consider the layers Q,, defined by
Q, = {x:c27% < dist (x, F) < c271}; ¢ is a positive constant we shall fix
momentarily. Obviously Q = |J €.

ke=—0
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We now make an initial choice of cubes, and denote the resulting
collection by # . Our choice is made as follows. We consider the cubes of
the mesh .#,, (each such cube is of size approximately 2-%), and include a
cube of this mesh in Z if it intersects ,, (the points of the latter are all
approximately at a distance 2% from F). That is we take

Fo=U{Qe,:Q0 N Q, 0}
k
We then have

Uo=2qQ
. . Qe,?fo
For appropriate choice of ¢,
3 diam (Q) < dist (Q, F) < 4 diam (Q), Qe F,

Let us prove (3) first. Suppose Q € .#,; then the diameter of Q =
Jn 27k Since Q €%, there exists x€Q N Q,. Thus dist (Q, F) <
dist (x, F) < 27", and dist (Q, F) > dist (x, F) — diam (Q) > ¢27% —
Vn 27k 1f we choose ¢ = 2v'n we get (3).

Then by (3) the cubes Q € F are disjoint from F and clearly cover €.
Therefore (1) is also proved. Notice that the collection &, has all our
required properties, except that the cubes in it are not necessarily disjoint.
To finish the proof of the theorem we need to refine our choice leading to
F,, eliminating those cubes which were really unnecessary.

We require the following simple observation. Suppose Q; and Q, are
two cubes (taken respectively from the mesh .4, and .#, ). Then if Q,
and Q, are not disjoint, one of the two must be contained in the other.
(In particular Q; < Q,, if k; > k,.)

Start now with any cube Q € %, and consider the maximal cube in
&, which contains it. In view of the inequality (3) for any cube Q" in F,,
which contains Q in &%, we have diam (Q") < 4 diam (Q). Moreover any
two cubes Q' and Q" which contain Q have obviously a non-trivial
intersection. Thus by the observation made above each cube Q € #, has a
unigue maximal cube in &, which contains it. By the same token these
maximal cubes are also disjoint. We let # denote the collection of maximal
cubes of #,. Then obviously

M Ue=4q
QEF
(2) The cubes of # are disjoint,

() diam (Q) < dist (Q, F) < 4diam (Q), Qe Z.

Theorem 1 is therefore proved.

1.3 A partition of unity. We shall now make a few observations about
the family & of cubes whose existence is guaranteed by Theorem 1. Let
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us say that two distinct cubes of %, Q, and Q,, touch if their boundaries
have a common point. (We remind the reader that two distinct cubes of
& always have disjoint interiors.)

PropPosITION 1. Suppose Q, and Q, touch. Then
(1/4) diam (Q,) < diam (Q,) < 4 diam (Q»).

We know that dist (Q,, F) < 4diam (Q,). Then dist (Q,, F) <
4 diam (Q,) + diam (Q,) = 5 diam (Q,), since @, and @, touch.
But diam (Q,) < dist (Q,, F), therefore diam (Q;) < 5 diam (Q,). How-
ever diam (Q,) = 2* diam (Q,) for some integral k, thus diam (Q,) <
4 diam (Q;), and the symmetrical implication proves the proposition.

We now set N = (12)". The exact size of N needed in what follows is of
no importance; what matters is that it can be chosen to depend only on
the dimension #, and in particular to be independent of the closed set F.

" PROPOSITION 2. Suppose Q € % . Then there are at most N cubes in F
which touch Q.

If the cube Q belongs to the mesh .#,., then as is easily seen, there are
3" cubes (including Q) which belong to the mesh .#; and touch Q. Next,
each cube in the mesh .#, can contain at most 4" cubes of &, of
diameter > (1/4) diameter of Q. If we combine this with Proposition 1
we get the proof of Proposition 2.

Let now @, denote any cube in & . Write x* as the center of this cube and
/;, the common length of its sides. Then of course diam (Q,) = Jn I,. For
any e, 0 < &£ < 1/4, which is arbitrary but will be kept fixed in what
follows, denote by Q; the cube which has the same center as Q; but is
expanded by the factor 1 4 &; that is, QF = (1 4+ £)[Q; — x*] + x*.
Clearly Q) < Qy, and the cubes Q¥ no longer have disjoint interiors.
However the following holds:

ProrosITION 3. Each point of Q is contained in at most N of the cubes

o

Let Q and Q, be two cubes of #. We claim that Qf intersects Q only if
Q, touches Q. In fact consider the union of Q, with all the cubes in &
which touch Q,; since the diameters of these cubes are all > (1/4) diam-
cter of Q, it is clear that this union contains Qy. Therefore Q intersects
QF only if Q touches Q,. However any point x € Q belongs to some cube
Q, and therefore by Proposition 2 there are at most N cubes Q; which
contain x.
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The proof also shows that every point of Q is contained in a small
neighborhood intersecting at most N cubes Q.

Now let @, denote the cube of unit length centered at the origin. Fix a
C* function ¢ with the properties: 0 < ¢ < 1; @(x) =1, x € Qy; and
g(x) =0, x ¢ (I + ),

Let ¢, denote the function ¢ adjusted to the cube Q,; that is

Pux) = w(x — xk)

L

Recall that x* is the center of Q, and /, is the common length of its sides.

Notice that therefore ¢,(x) = 1 if x € Q, and ¢, (x) = 0 if x ¢ QF. Itis to
be observed that

Ay . _
(4) ' (5) pu(x) | < A(diam @)1=,
We now define ¢¥(x) for x € °F by
gr(x) = gix) , where @(x) = Y gx).
q)(x) k
The obvious identity
%) > efx) =1, xeF
k

then defines our required partition of unity.

2. Extension theorems of Whitney type

2.1 The regularized distance. The ideas of the extension theorem of
Whitney are implicitly contained in the partition of unity (5) just de-
veloped, and are further suggested by the construction of the regularized
distance function which we shall now describe.

Let F be an arbitrary closed set in R", and following the notation of
Chapter I, let 6(x) denote the distance of x from F. While this function is
smooth on F (it vanishes there) it is in general not more differentiable on
°F than the obvious Lipschitz-condition-inequality [6(x) — é(y)| <
[x — y| would indicate.

For several applications it is desirable to replace d(x) by a regularized
distance which is smooth for x € °F, as x stays away from F. In addition
this regularized distance is to have essentially the same profile as 4(x).

Its existence is guaranteed by the following theorem.
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THEOREM 2. There exists a function A(x) = A(x, F) defined in °F such
that

(@) ¢ 0(x) < A(x) < ¢y 8(x), x€°F
(b) Ax)is C* in °F and
aa

A
o (x)

B,, ¢, and ¢, are independent of F.

< By(o(x))' .

The construction of A(x) is given in one stroke. In fact we can set
(6) A(x) = 3, diam (Qp) ¢i(x).
k

Observe that if xeQ,, then d(x) = dist(x, F) < dist (Q,, F) +
diam (Q,) < 5 diam (Q,) by inequality (3). Also if x € Q¥, then 6(x) >
dist (Q,, ) — 1/4 diam (Q,) > (3/4) diam (Q,), because of (3). To sum-
marize:

(7) If x € Qthen 8(x) < Sdiam (Q,). If x € QF, then 6(x) > (3/4) diam (Q,)-

However if x € Q,, then ¢,(x) = 1, so A(x) > diam (Q,) > Es-(;c—) On the
other hand, any given x lies in at most N of the QF, and thus A(x) <

> diam () < (4/3) N 8(x).

%Ve have therefore proved conclusion (a) with ¢; = 4 and ¢, = (4/3)N.

To prove conclusion (b) we argue similarly but invoke inequality (4),
and the observation (analogous to (7)) that if x € QF, then 4(x) <
6 diam Q,. This gives the desired result with B, = A,N 6/*1-1,

We shall not follow up this construction now, and defer its application
unti] §3. We wish here to remark that the bounds given by (b) on the
derivatives of A(x), although they blow up as x approaches F, are in
general the best possible under the circumstances. This can already be
seen in the case of R! if we take for F the complement of the open set

e

U (27,277,

j ---00

’ On each interval the regularized distance function must rise from zero
to at least ¢,277-1, in passing over a distance of length 2-/~1 and so the first
derivative must attain a size at least as large as ¢;; by the same token the
first derivative must attain a size smaller than —¢,, and so the second
derivative must somewhere in that interval be at least as large as ¢, 2+,
cte.

2.2 'The first extension operator, &,. Let F be a closed set in R". Our
purpose here will be to describe an operator &, which extends functions
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defined on F to functions defined on R". Its main properties are express-
ible in terms of function spaces involving one order or less of differenti-
ability. As such &, is the simplest of a hierarchy of extension operators
required for differentiability of higher order.

The definition of &, is as follows. Consider the set F and the family of
cubes {Q,} given in Theorem 1. For each cube Q, fix a point p; in F with
the property that dist (Q,, F) = dist (Qy, p)-

Such a point p;, of course exists since F is closed. While it is not unique
any fixed choice of a point of minimum distance from F will do. In fact
any choice of a point p, € F with the property that the distance of p, to 0,
is comparable to the distance of O, from F would do just as well, but it is
somewhat simpler if we specify p, as above.

Let now f be given on F. Consider the function &,(f) defined by
Eo(N)(x) = f(x), x€ F, and

®) Eof(f)x) = %f (PPE(x), x€°F,

where {¢[(x)} is the partition of unity described at the end of §1.3.

It is to be observed that if x € °F, then it belongs to at most N cubes QF,
and since the ¢} are supported in Q, the sum in (8) is really a finite sum
and thus &y(f)(x) is well-defined. The first properties of &, will now be
given.

PROPOSITION.  Suppose f is a given function on F. Then &(f) is an
extension of f to R". Assume, in addition, that f is continuous on F. Then
Eo(f) is continuous on R*, and in fact is C® in °F.

That &4(f) is an extension of f'is by definition. To prove the continuity
of &4(f), and to make later estimates it is convenient to use the following
notational convention: Suppose 4 and B are two positive quantities;
then we write A ~ B to mean that 4 and B are comparable. In the context
of this chapter this means that there exist two constants ¢; and ¢, so that
;A < B < ¢,A4; it will be understood that these constants, ¢; and ¢,
may depend on the dimension », but are otherwise independent of the set
F, the cubes Q,, the function f, etc.

With this notation we observe first that

C)] if xeQF, then |x — p,|~ diam (Q,).
Also
(10) dist (Q), F) ~ diam (Q,), (see (7).

Now if y € F, x € QF, then |y — p,| < |y — x| + | p; — x|. But clearly
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|y — x| > dist (QF, F), and therefore by (9) and (10):
11 if yeF and xeQf then |y—p|<cly— x|

We are now ready to prove the continuity of &4(f). We have already
observed that each point of x € °F belongs to a neighborhood which
intersects at most N of the cubes Q. Since each of the functions ¢ are
C® in °F, this shows that &(f)(x) is C* in °F, and hence certainly
continuous in °F.

Now let y be a fixed point of F. We want to prove the continuity of
Eo(f)(x) at x = y. Consider therefore &(f)(y) — Eo(f)(x) = f() —
&o(f)(x), with x — y. For those x which belong to F this difference is
f(y) — f(x) and matters are reduced to the given continuity of f on F.
Suppose therefore that x — y, with x € °F. Then

JSO) = EdN) = fO) = Zf Do) = Z(fB) — f(P)Pi(x),
because Y @i(x) = 1, x €°F.

We now use the observation (I11) together with the fact that ¢;(x) is
supported in Q* to see that

/() — )] < sup Lf») = fO)I—0,
as x—y, with |y—y|<cly— x|

2.2.]1 Theorem 3. It is desirable to go further and express the con-
tinuity properties of the linear operator f'— &y(f) in terms of Banach
spaces. The most appropriate function spaces are those given in terms of
the modulus of continuity, and in particular the Lipschitz spaces. For this
purpose let 0 < y < 1, and define

Lip (7, R") = {fi| f)| < M, | f(x) = fO)I < M |x — yI", x, y € R"}.
Lip (v, R") becomes a Banach space if we take for norm the smallest M
in the above definition.*

It is to be noted that when 0 < v < 1, then Lip (y, R™) is equivalent
with the space A, = A?-® studied in Chapter V, §4. However it is im-
portant to point out that in the present context we have a different tran-
sition as y — 1. Namely Lip (1, R™) is isomorphic to L;°(R") the space of
bounded function on R" whose first derivatives are bounded, and not to
Ay(= AP-®); see §4.3.1 and §6.2 of Chapter V.

If Fis any closed set we define Lip (v, F)similarly as consisting of those
/ defined on F for which

(1) fI<M and |f(x) —f)I<MIx—yl', x,yeF.
Again Lip (y, F) is a Banach space, with the smallest M as norm.

* When y > I, the space defined above consists of constants only.
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THEOREM 3. The linear extension operator &, maps Lip (y, F) con-
tinuously into Lip (y, R"), if 0 < y < 1. The norm of this mapping has a
bound independent of the closed set F.

2.2.2 In order to prove the theorem we begin by recording the
inequality

—a- er(x) | < Aj(diam Qk)"[“

a g
It can be derived as an easy consequence of the analogous inequality (4)
for ¢, in §1.3; we leave the straightforward details to the reader.

Now let us assume that f satisfies the inequality (12) with M = 1. We
have already observed that whatever fis, &(f) is C* in °F. Here we shall
need the quantitative estimate

(13)

(14) < c(d(x)) 1 i=1,...n x€°F;

ai Eof))
X;

and d(x) denotes the distance of x from F.
In fact

aix_ BN = 31 (p T a%( )= 3 (o — 100 22 a% ()

1 i

in view of the fact that 2 O7i (x) = 0, by (5). For any x € °Fchoose y to

be a point in F closest to x, that is [x — y|l = 6(x).

Consider next those cubes Q; so that x € Q. There are at most N of
these and we always have |y — p,| < ¢ [x — y| = cd(x) for these cubes,
as was observed in (11) (see §2.2). Therefore

| 2 547
X;

<A 3 1) —10)] (diam Q)

Clearly, however, if x € Qf then d(x) ~ diam (Q,). Thus

2 &)
ox,

< A'( 2. |- yl’) i(x) < ¢ d(x)

xeQr
which proves (14).

The estimate (14) is the appropriate one for points away from F. For
points near F we observe that if y € F, x € °F, then

EL)Y) — Ef)x) = f(y) — Eof(x) = kZ(f(y) — [P (%);
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therefore by (11)
(13) 18N )y) = Eo( /)] Sl sup lIf(y) —fp)I < cly — x|,

y—pr| Scely—a
if yeF, xe‘F.

Suppose now that both y and x are in °F. Let L be the line segment
joining them and we consider the two cases: (i) the distance of L from F
exceeds the length of L (= |x — y|), (ii) the distance of L from F is not
larger than the length of L. In the first case we have simply

L)) — ELN L |y — x] S:Ip V&K )X
< cly — x[sup (5(x"))",
x'el

by (14) since in this case 6(x") > |y — x|, x" € L. We obtain as a result
1€o()(Y) — E(/)(x)] < c|ly — x|*. In the second case we can find a
point x" € L, and a point ) € F so that |x" — y'| < |y — x|. Therefore
Y —xl<2ly—=xl and |y =y < 2|y —x. If we apply (15 to
E(NY) — E(N(x) and E(N(Y) — Eo(f)(y) we get again

€D = ELNH < e’ |y — x].

Finally if x and y € F we have trivially |6(/)()) — &o()(x)] < |y — x|".

Observe also that if the absolute value of fis bounded by 1, then the
same is true for the absolute value of &y(f). Theorem 3 is therefore
completely proved if we note that all our bounds are independent of the
closed set F.

2.2.3 A corollary. The proof of Theorem 3 leads to a simple generali-
zation of itself. Let w(d), 0 < 0 < <o, be a modulus of continuity, that is,
a positive increasing function of d; assume it is regular in the sense that:

o
) %) is increasing as 6 — 0, and (2) w(20) < cw(d). (The first con-
dition among other things excludes w(d) = 67 for y > 1. The second
condition makes the statement of the result neater.) Define Lip (w, F) =
(1f ] < M, |f(x) — f()| < Mo(1x — y)), x,y € F} with norm the
smallest M. Then:

COROLLARY. & is a continuous mapping of Lip (w, F)into Lip (w, R™).

The proof is merely a repetition of that of Theorem 3. Notice that the
condition w(20) < cw(d) and its non-decreasing character implies that for
every positive ¢, there exists a positive ¢, so that w(c;0) < c,0(d), 0 <
0 < .
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2.3 The extension operators &,. In generalizing the results of §2.2 to
higher derivatives the first requirement is the corresponding definition of
Lip (¥, F) when y > 1. For this purpose let £ be a non-negative integer
and assume that k <y < k + 1.

We shall say that a function f, defined on F belongs to Lip (y, F) if
there exists functions ', 0 < |j| < k defined on F, with f® = f, and so
that if

(i+1
(16) = 3 LWy g Rye )

ense 1!

')
1
then

(A7) 1fP@)| <M and |Ry(x, y)| < M |x — y|""Vl all x,y€F,
ljl < k.

Several explanations are in order concerning this definition. j and /
denote multi-indices j = (i, ja, - - -5 ju)s | = (b, by ..., 1) with j! =
]1']2'jn',and |]'=]1 +j2... +jn;xl=xl11xé2"'x£,"'

It is to be noted that the function f = f® does not necessarily determine
the 9, (0 < |j| < k), uniquely; (consider, for example, the case of an f
defined on F, where Fis a finite set). Thus in order to avoid this ambiguity,
when speaking of an element of Lip (y, F) we shall mean in fact the
collection {f(x)}, ;- The nofm of an element in Lip (y, F) will then be
taken to be the smallest M for which the inequality (17) holds. In the
definition just adopted we make an exception if ¥ = R". By Lip (y, R")
we shall then mean the linear space of the f = £ only; for which, of
course there exists £ satisfying (16) and (17).

Again the norm is taken to be the smallest M satisfying (17). This
convention, which is adopted purely for a notational ease is consistent
with the general definition of Lip (y, F), since it can easily be seen that the
f9, 1 < |jl, are uniquely determined by f, if F = R™.

More particularly if f€Lip (y, R") according to the definition just
given, then f is continuous and bounded and has continuous bounded

. 0’ .
partial derivatives of order not greater than k; furthermore a—]: = fu),
X

|jl < k, and the functions f, for |j| = k belong to the space
Lip (y — k, R") considered in §2.2.1. The converse is also true and easily
established. Therefore if y is not integral Lip (y, R") is equivalent with
A,; see Chapter V, §4, and Proposition 9, page 147, in particular. When y
is integral, y = k + I, then Lip (k + 1, R") is equivalent with L% (R™);
see §6.2 in Chapter V.

Let now {f“} .., be a collection of functions defined on F. The
linear mapping &, will assign to any such collection a function &,( ")
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defined on R, which will visibly be an extension of f® = fto R". For
simplicity of notation we shall denote this extension by f also. Our defin-
ition of &, is as follows:

éc'k(f(;i)) =f(0)(x)’ xeF
(18) S = 3 P(x, p)o(x),  xe°F

P(x, y) denotes the polynomial in x giving the Taylor expansion of f
about the point y € F, that is

(D Y
P(x, y) — zf (y)(x y) , xER", y 1= F.
" I
p:1s as in §2.2, a point in F of minimum difference from the cube Q,.
Finally the symbol >’ indicates that the summation is taken only over
those cubes Q; near F; more precisely, those whose distance from F'is not
greater than one.

THEOREM 4.  Suppose k is a non-negative integer, k < y < k + 1, and
F a closed set in R™.

Then the mapping &, is a continuous mapping of Lip (y, F) to Lip (y, R")
which gives an extension of f© to all of R". The norm of this mapping has a
bound independent of F.

2.3.1 Inaddition to the notation P(x, y) just introduced it is convenient

"(G+1)
to write P(x,y) for > / (y)(
i+l <k )
Sf9(x) = Pi(x, y) + Ri(x,), x,y € F. We have P(x, y) = Py(x, y), and
so consistent with this we set R(x, y) = Ry(x, y).

x — ), |j| £ k. Then of course

LEMMA. Suppose b, a € F, x € R", then

me—m&@=zmmwﬁ}y,
l<k

and more generally

Pyx,b) — Pyx,a) = ) E R, (b, a)

livi|<k

(x — b)
no

To prove the lemma we expand the polynomial in x, P(x, b) — P(x, a),
— b
Gl

0 a
then 30 (P(x, b) — P(x, a)],._, However — (P(x y)) = P,(x,y), and

in its Taylor expansion about the point b. The coefficient of

P,(b, b) = f(b) which proves the lemma for/ = 0. The case for j = 0
can of course be considered as a special instance of the case already proved.
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Let us now turn our attention to the sum >’ and see how it differs from
. The observations we have already made, see (7), (10), and property (3)
show that

(19) if xeQf, then &(x) = dist(x, F) ~ dist (Qy, F) ~ dist (Qf, F).

Therefore if 6(x) < ¢,, for some appropriate positive ¢,, which is
sufficiently small, then the sum >’ is the full sum taken over all cubes. If
d(x) > c,, for another positive constant which is sufficiently large, then
there are no terms in the sum ', and thus f vanishes for d(x) > c,.
Finally if ¢, < 6(x) < ¢, then only a bounded number of terms occur,
and in view of the bounds of the derivatives of ¢*(x) given by (13) and the

bounds on [ given by (17), we see that there F (f(x))l < AM, all «.

Because of this we shall be able to limit our considerations to x close to
F, namely d(x) < ¢;. We shall also assume the normalization M = .

2.3.2 We now claim that the following hold:

@ |f(x)—P(x,a)| < 4|x —al, for xeR", aeF

@) |fPx)— Pyx,a)| < Alx—a|" V!, for xeR" acF, |j|<k
(®) 1YV < 4, for |jl <k,

(b £ X)) < AB) T+, for xe°F, |jl=k + 1.

To prove (a) notice first that it holds for A = 1, when x € F, as a result
of our assumptions. Suppose that x € °F, and d(x) < ¢, (otherwise
matters become obvious in view of the remarks made earlier). Then
f(x) — P(x,a) =Y {P(x, p,) — P(x, a)}¢;(x). We invoke now the lemma

z

and get in view of our assumptions
|f(x) = P(x,a)| < 3 3 |p; — al” 1jx — a|
RS

where the inner (un-indexed) sum is taken over those cubes Q,, (there are
at most N), so that x € QF. By (11), |p, — a| < ¢; |x — a], and therefore
(a) is proved.
In proving (a’) we may restrict ourselves again to points x € °F with
o
o(x) < ¢;. Here fU(x) = (3—£) (x). Thus

f""(x) = z (ai)j(P(x, p)¢F(x) + other terms.
X X
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;
If we disregard the ‘“‘other terms” and notice that (-;—)P(x, p) =
x

P;(x, p,) then we get (a") just as (a). The other terms are themselves sums of
expressions like

(20) S P, (x, pz)(ai) PH)
i X

a l
where 0 < |/|, and /, < j;, i=1,...,n Since X (-a—) ¢¥(x) =0, then
these sums are in turn equal to ¢ N\0x

a 1
@1 S (Py-x p) = Pt @5 ) 170,
The same argument as before together with the estimate (13) for
l
(8—ax) @7, and the inequalities (19) then prove (a’).

Inequality (b) (again for §(x) < ¢,) is an immediate consequence of
(a’) if for the point a we take a point in F of bounded distance from x.
(Incidentally it was at the stage of the proof of inequality (b) that it really
mattered that we defined fin terms of z P(x, p)o¥(x) instead of the full
sum over all cubes.)

Finally we come to the proof of (b"). If we carry out the differentiation
for §(x) < ¢; then we get that /*)(x) equals a sum of expressions of the
form (20). Since |j| =k + 1, it must follow that |/| > 0, otherwise
P(x, p;) = 0. Thus each sum can be rewritten as one of the form (21),
where we choose a to be a point in F of minimum distance from x. In view
of the lemma, and inequalities (11), (13) and (19) we gei that each sum
(21) is dominated by a finite sum of terms of the form A |p, — a|?~1il+11l
(6(x))" ' < 4’8(x)"*, and (b") is also proved.

2.3.3 Having disposed the inequalities (a), (a"), (b), and (b’) we can
now finish the proof of Theorem 4. The case k = 0 is of course Theorem
3 (§2.2.1). We shall consider in detail the case k = 1, which is already
entirely typical; we have then 1 < y < 2.

The inequality (a) shows that the function f has first partial derivatives
at every point of F, and these are the f/'(x), with |j| = 1. However f is

J
C” in °F, and thus (a—ax)f=f‘f’ exists for each point in °F. Inequality
(a") shows that the resulting /', | j| = 1 are continuous through R”. Now
let g denote one of these first partial derivatives, then (a") and (b") respec-
tively imply that

lg(x) — g(a)| < A|lx —al™, xeR",a€F
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and

—a—g(x) < AO(x)y  i=1,...,n, xe°F.
0x;
These two inequalities are of the same form as (15) and (14) in the proof
of the theorem for &k = 0, (but with y instead of y — ). Following the
argument given there it follows that each g(x) € Lip (y — I, R”) and this
is the desired result when k& = 1. The proof for k > 2 can then be carried
out by induction, the inductive step being very similar to the case k = 1
just given.

For the variant of the theorem analogous to the corollary in §2.2.3
see §4.6 below ; see also §4.7 where another version is given.

3. Extension theorem for a domain with minimally smooth boundary

Let D be an open set in R*. Our purpose will be to describe an operator
& which extends functions defined in .D to R*. The operator that will be
given will be universal in the sense that it will simultaneously extend all
orders of differentiability. This is to be contrasted with the hierarchy of
operators &, of increasing complexity in k, that we needed to perform
the job for an arbitrary closed set F. The construction of € will be possible
if the boundary of .D satisfies some minimal smoothness property, which is
approximately equivalent to saying that it is of class Lip 1. It will be seen
momentarily that this condition cannot really be relaxed. What is striking
therefore is that one order of differentiability of the boundary is roughly
speaking just the right requirement to allow extension of all orders of
differentiability.

3.1 Statement of the theorem. The appropriate function spaces to be
used here are the Sobolov spaces L?(.D), defined in analogy with the special
case D = R™ as follows. Let Cy° (D) denote the class of C* functions with
compact support, lying in D. Then a locally integrable function f defined

in D has a (weak) derivative

J.1

If g € L?(D), then we say

3 = 8 which is locally integrable, if

9 @ dx = (_1)|“|f gp dx, forall ¢e Cy(D).
ox* D

f

0x*

e L?(D). Now if k is an integer then

LYD) = {fe L”(D):g%; e I%(D), all |a| < kl.
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The norm, on the resulting equivalence classes is given by
of

Iflm = 2 |35 )

laf=e || 0x* || "o

Our objective will be to prove the following theorem.

THEOREM 5. Let D be a domain whose boundary satisfies the minimal
smoothness condition given by (i), (ii), and (1) in §3.3. Then there exists a
linear operator & mapping functions on D to functions on R™ with the
properties

@) €(f) |p =f, that is, € is an extension operator.

(b) € maps L7(D) continuously into L2(R") for all p, 1 < p < oo, and
all non-negative integral k.

Notice that for these domains the theorem also solves the restriction
problem for L2(R"). In factif D isany domain in R" it is obvious that the
restriction to D of any element of L2(R") belongs to L2(.D).

3.2 Abasicspecial case. The main element of the proof of the theorem
is contained in a substantial special case which we formulate and discuss
separately.

For this purpose it is convenient for the sake of notation to change our
setting from R” to R"*1, We consider the points in R"*! as pairs (x, y),
where x € R", and y € R%. The domains D (now open sets of R"*1) we
shall consider are the special Lipschitz domains defined as follows.

Let ¢:R" — R! be a function which satisfies the Lipschitz condition

(22) lp(x) — ¢(x) < M|x — x|, all x,xeR"

In terms of this function we can define the special Lipschitz domain it
determines to be the set of points lying above the hypersurface y = ¢(x)
in R*1 je.,

(23) D = {(x,y) € R":y > @(x)}.

The smallest M for which (22) holds will be called the bound of the
special Lipschitz domain .D.
The special case we have in mind can be formulated as follows.

THEOREM 5. Let D be a special Lipschitz domain in R**1. Then there
exists a linear extension operator € taking appropriate functions on D to
functions on R"'* with the property that € maps L(D) continuously into
LR, 1 < p < oo, k integral. Moreover the norms of these mappings
have bounds which depend only on the number n, the order of differenti-
ability k, and the bound of the special Lipschitz domain.
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We shall first point out that the Lipschitz condition (22) for the bound-
ary of the domain is in the nature of the best possible. Suppose we con-
sider in R? the domain where ¢(x)=[x|", y <1, that is D=
{(x,y):y > |x|"}. Here ¢ satisfies a Lipschitz condition of order y, and
violates condition (22) near the origin only. Let us set f(x, y) = y# in D
near the origin, f € C* away from the origin and suppose f has bounded

1
support. Notice that f € L272( D) for some e > Oassoon as; +26—1 >

—1, which can always be achieved with negative f, no matter how close
visto 1. However if the extension theorem were valid for this type .D then
the extended f would have to be in L}*2(R?), and so by Sobolov’s theorem
(Theorem 2 in §2.2 of Chapter V) it would have to be continuous, which
is a contradiction,

3.2.1 Outline. Let us consider the domain D, and the points (x, y)
which lie outside its closure. Our problem is to define €(f)(x, y), (here
y < ¢(x)), where f'is given in D. For fixed x we shall define €(f)(x, y) for
@(x) > y in terms of a suitable average of the values of f on the segment
where ¢(x) < y. Two things are needed so that we can implement this
idea. First, an appropriate weighting function in terms of which the
averages will be defined. Secondly, a device to get around the difficulty
that the difference ¢(x) — y allows for at most one order of differentiation
(in x). Matters are taken care of by the following two lemmas.

LeMMA 1. There exists a continuous function vy defined on [1, c0) which
is rapidly decreasing at oo, that is (1) = O(}™), as 4 — oo for every N,
and which satisfies in addition the properties

rw(z)d1=1, fzkw(z)d;:o, for k=1,2,....
1 1

LemMA 2. Let F= D. Suppose A(x,y) is the regularized distance
from F, as given in Theorem 2, in §2.1. Then there exists a constant c,
(which depends only on the Lipschitz bound of D), so that if (x, y) € °F, then
cAlx, y) 2 o(x) — y.

For simplicity of notation we shall write 6*¥ = 2cA, so then d*(x, y) >

2p(x) = ).
We now write down what will turn out to be the extension operator for
D. If (x, y) € °D, we will set

24) (f)(x, 9) =f°f<x, y + 484k, )p(R) d,

where the integral will be defined in an appropriate limiting sense.
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The plan of how we are to proceed is as follows, First in §3.2.2 we give
the proof of the two lemmas. Next we show that the operator € defined by
(24) accomplishes the goal of Theorem 5’, namely the extension when D
is a special Lipschitz domain. Finally the € corresponding to the more
general domain considered will be constructed in terms of the operators
corresponding to the special domains.

3.22 Proof of Lemmas I and 2. An elementary function can be
given which satisfies the conclusion of Lemma 1, namely

1/4

W) = £ Im (e—ow 1Y
wh

where w = e /4,

In fact we consider the single-valued analytic function e~©="1"" in the
complex plane which is slit along the real axis from 1 to + co, In this
connection we take the contour y which goes from + co to 1 above the slit,
makes an mﬁmtesnmal half-loop about 1 and returns to + co below the slit.
Then since e~ 1" decreases rapidly as z — oo we get by Cauchy’s
theorem that

14

(!

(a1 14 Cwiz_1y1/4 _
_ : e (z—1) 6122 — ®(z—1) =¢ 1
2mi z

=0
while

k 4
2—1—' ZeeeMaz =0, if k=1,2,..
Tl

To prove Lemma 2 we use a simple geometrical interpretation of the
Lipschitz condition for the boundary of D. Let I'_ be the (lower) cone
with vertex at the origin given by I'_ = {(x, y): M |x| < |y|, y < 0}. For
any point p € R"*1, denote by I"_(p) the cone I'_ translated so that its
vertex is p.

Now it is immediate that the Lipschitz condition (22) implies that if p
is any point on the boundary of D, i.e. p = (x, y;), with y; = @(x,),
then I' (p) = ¢D = °F. Next, let (x, y) denote any point in D, and let
p = (x, ¢(x)) be the point on the boundary of D lying above it. Then of
course (x, y) € I'_(p), and no point of D is closer to (x, y) than the bound-
ary of I'_(p). Clearly (x, y) lies along the central axis of the circular cone
I"_(p), and a simple geometrical argument shows that this minimum

¢()—
]L{ 2

distance must be at least ———====". Therefore

dx, ) 2 (1 + M7 q(x) — ),
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\\

}

N

— (x,¥)

Figure 3. The Lipschitz domain D, and the exterior cone I' (p).

and hence cA(x, y) > @(x) — y, with ¢ = 5(1 + M~2)12 because by
Theorem 2 we have ¢;6 < A, and the proof of theorem shows we may
take ¢; = 1/5; (see §2.1).

3.2.3 Armed with Lemmas | and 2 and the resulting definition (24)
for € we come now to the proof of Theorem 5'. We assume that f € L2(D);



§3. A DOMAIN WITH MINIMALLY SMOOTH BOUNDARY 185

we suppose also that fis C* in D and it, together with all its partial deri-
vatives are continuous and bounded in D. The last set of conditions are of
course not satisfied for all f€ L2(.D). But it will be our intention to show
that for such f we have the inequality

(25) IENILzwm+y < A oM IS L2

With this a priori inequality we shall be able to treat the general fin L2(D)
by a passage to the limit.

Now define €(f)(x,y) =f(x,»), if (x,y)eD and E(f)(x,y) =
§2 v f(x, y + 20*(x, y)) dA, for (x, y) € °D. Notice that in view of the
fact that 6*(x, y) > 2(@(x) — y), we get that

Y+ 0%, ) 2y + 2p(x) = y) = p(x) + @(x) =y > @(x),if 4 > 1.

This, and the assumed boundedness of f, shows that the integral giving €
is well defined.

We are now faced by the following situation: let D be as before and

D_ = {(x, y): p(x) > y}, that is those pomts lymg strictly below our
Lipschitz hypersurface. Then of course D U D_ = R", but D and D_
intersect. The properties of / that we are momentarily takmg for granted
assure that €(f) is continuous with all its partial derivatives in D. Next
observe that for such f, €(f) is C* in D_ and all its partial derivatives are
continuous (and bounded in D_). The argument is entirely typical for say,
*€(f)

0x?

. Carrying out the differentiation gives

L =" rwir az + [ o1t @
(26)
= [ spre an + [ ronapn ar
We have used the following abbreviation: the notation f;; means —Z—; ;

similarlyg—g is designated by f,. The (-) stands for (x, y + A6%).
In view of the assumed differentiability of f/ in D the above shows

02

3 ; C(f)(x, y) is well defined for (x, y) € D_. (In fact it is just as obvious
that Cf (x, y)is C* in D_.) Next let (x, y) tend to a boundary point of D_,
namely (x° y°)€ D_ N D. Then 6*(x,y)—0 and since ¢F remains
bounded (see conclusion (b) of Theorem 2) while

f w(A) dA =1, f Ap(2) di =0, f A2p(2) di = 0,
1 1 1
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the first three terms on the right side converge to a total which equals

2

. 0
lim == (x, y).
(z.wED  0X5
() = 2"y°)

The difficulty with the last term is that it involves more than one de-
rivative of the regularized distance d*, which is then no longer bounded.
However we can write

Sulxsy + 20%) = fi(x, y + 8%) + (A — 1)0*f,(x, y + %)
+ O([(2 — DO*P).

Substituting in the last term gives two further integrals which vanish
identically together with a remainder, which is

o(((s*)2 5, ., fl "0 = DB dz).

Now p is rapidly decreasing, therefore by Theorem 2 we have that the
whole quantity is O(9) — 0, as (x, y) — (x°, y°).

To summarize, since fis continuous (and bounded) with all its partial
derivatives in D, then the same can be said about €f in D_, and f and €f
agree on D N D_, together with all their partial derivatives. This shows
also that €f € C*(R"+), which in effect means that the two pieces of €f,
one coming from D, the other from D_, have in reality been joined
properly. Let us prove this by first showing that €f is of class C*. (The
continuity of €f has already been demonstrated.)

It will be necessary to show that

E(N)w) = C(N©) = (u — o) (VEN W) + o(lu —vl),

for any point v € R*+', as 4 — v. There is nothing further to prove if v is
in either D or D_. Assume therefore that v is on the (common) boundary
of these two domains. Suppose u € D_; the argument if u € D is entirely
similar. We claim that v and u can be joined by a broken line segment
which except for v and u is entirely in D_, and its total length is not
greater than c|v —u|. In fact there exists a we D_, so that the
segments joining v to w, and w to u have the required property. To find
this w, notice that either u € I'_(v), (then we can pick w = u) or else the
cones I'_(v) and T'_(v) must intersect. The nearest point of the intersection
will do for w. Now €(f) (1) — C(f)w) = (u — w)(VEf) (1) + o(lu — wl),
and C(f)(w) — C(f)(v) = (w — v)(VE )W) + o(lw — v|). Adding the
two and using the fact that (VEf)(w) — (VEf)(v) = o(1), as [u — v| — 0
in D gives the required result. Similarly it is seen that €f € C*(R**!) for
every k.
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The next step is to prove the inequality (25), which we will do by
proving a corresponding inequality for each fixed x, and then integrating
the result in x.

Consider first the case k& = 0. Let us fix on x® and assume (for notational
convenience) that ¢(x% = 0. Then

«© di
lwwwmsAﬁva+a&»§, y <0,

We are of course using the fact that [p(4)| < A4/42 Since d* > 2(@(x) — y),
we have 6* > 2|y| in this case. Also of course in general ¢(x) —y >
distance (x, y) from D, therefore in this case * < a|y|. Puts = y + 1%,
with y fixed, then ds = dA and the above inequality becomes

|@uﬂnsAﬁfﬂﬂwa—w4w, y <0,
Therefore .

@7 |&nu%msAmwfwu%m§, y <.

Hardy’s inequality (see Appendix A, p. 272) then shows that

/D

Clene, ordy) < a4 [1ree pr ay)
(I, ) <],

If we drop the condition that ¢(x°) = 0, which we may after a suitable
translation in y, we get

Raising both sides to the p'™ power and integraiing for x°€ R" then
gives the inequality (25), for k = 0. The proof for k > 0 is similar.

2

0*¢
Consider for example the case k = 2. Here the consideration of Fr is

again typical. The first three terms in the right side of (26) are handled in
the same way, except that now we use |p(1)] < A/A%, A > 1. Only the last
term needs to be dealt with separately. We write

28 fi =£G5y + 0% +fv:iéﬁm(x°, ) dt
v+

and substitute this in (26). The contribution of the integral involving
J£x% y + 6*) vanishes identically by the orthogonality condition on v,
and we are reduced to estimating

0 [yt+Ais®
Iyl"‘f U | fou%, D) d:}ﬂ .

vis*
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An interchange of the order of integration reduces this to the earlier
case (analogous to the right-side of (27)), and disposes of the case k = 2.
For general k, if we carry out the differentiation under the integral sign
in (24), then we will get various orders derivatives of f. Whenever the total
order appearing in fis less than k, (it may be as low as 1), then we write
the Taylor expansion of this derivative about the point (x°, y + 6*);
carry it up to order k with integral remainder, and then proceed as above.
In fact assume the order of differentiation appearing in f is k,, with
ko < k. Let g be that partial derivative of f of order k,. Then we write

-1 _ *Vi i
g(x% y + A 6%) = Eﬁi—iblla 4
i=0 J! 8y (x°,y+5%)
+-1 AJ(A&* 0“4j¥ (x%y + t)dt
I a8
with ko+ 1=k

Only the integral gives a non-zero contribution, but it is dominated by

A 59 f

6.

as* 1

0
ﬁgﬂy+0Vn

and the argument is then as before.

We should notice that in all these calculations, leading to the proof of
(25), the only effect the region D has on the bounds that appear is via its
Lipschitz bound M of (22).

3.2.4 The last step of the proof of Theorem 5" will be to remove the
restriction that f is C* in D and it and all its partial derivatives are
continuous in D and bounded.

For this purpose suppose 7 € C*(R"*!) is non-negative, has total
integral 1, and that the support of 7 lies strictly in the interior of the cone
I'_. For any ¢ > 0 write 5,(x) = e " 5(ule), (uc R*"+Y), and f,(v) =
§ flu — v)n,(v) dv, where f is given in L2(D). Notice that if u€ D, the
integral involves only ¥ — v € D, and so is well-defined. Moreover since
the support of 7, is strictly inside I'_, we see that the integral defines f,(u)
in a neighborhood of D, and f, is C* there, It is also clear that

D o
ox* llz?p ox* P

therefore

(29) I fellzooy < Nflexeo-

Now if p < o, we know that f, — f in the norm of L?(D). For p = «©
it suffices to content ourselves with the weaker statement that if Kk > 1,
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then f, — fin the L> | norm. (See the closely related facts, §2.1 and §6.2 of
Chapter V.)
Now let €,(f) = €(f.), then we have by (25) and (29) that

(30) €N Limey < A (M) 11 2

Now clearly |If, — folizz ,p— 0, as & & —0. Therefore E(f) is
Cauchy in L?_ (R™*1), and its limit also satisfies (30), which means we have
proved the existence of an operator € = lim €,, extending our € defined
originally on C® functions on D. This is obviously the required extension
operator satisfying (25). Theorem 5’ is therefore completely proved.

3.3 The general case. Having disposed of the case of the special
Lipschitz domain, we leave the setting of R"+! and return to R", It will be
convenient to modify our terminology slightly by referring to rotations of
these domains also as special Lipschitz domains. The notion of the
Lipschitz bound of such domain is then defined in the obvious manner,
and is of course rotation invariant.

Now let D be an open set in R", and let 0.D be its boundary. We shall
say that 0D is minimally smooth, if there exists an ¢ > 0, an integer N,
an M > 0, and a sequence U, U,, ... U, ... of open sets so that:

(i) If xe dD, then B(x, &) < U,, for some i; B(x, ¢) is the ball of
center x and radius &.
(ii) No point of R" is contained in more than N of the U,’s.

(iii) For each i there exists a special Lipschitz domain D, whose bound

does not exceed M so that

U,ND=UND,

Some examples of the above are:

Example 1. Suppose D is a bounded domain in R” whose boundary is
C! embedded in R”. In this case only finitely many U,’s are needed.

Example 2. D is any open bounded convex set. Again only finitely many
U/’s are required.

Example3. D < R!, and D = U I, where [, are disjoint open intervals.

The conditions (i)-(iii) are satisﬁeJd if there exists a 6 > 0, so that length
I, > é,and dist (I}, I,) > 8, if j # k. In this example an infinite number of
U,’s are required if there are infinitely many 7,. The conditions length 7, >
M, dist (1,, I,) > & are also necessary. The reader can easily verify that the
condition length /; > ¢ is required if we are to have a bounded extension
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for L1, while the condition dist (/;, I;) > 6 is needed in order to have a
bounded extension for L.

3.3.1 We shall prove Theorem 5 by reducing it to Theorem 5" for
special Lipschitz domains. The argument however is somewhat tricky.
For any set U < R" and any ¢ > 0, denote by U* = {x:B(x, ¢) < U}.
Notice that U* < U and the condition (i) can be restated by saying
U U: © 9D. Let 5(x) denote a fixed C* function in R” of total integral

one, whose support is contained in the unit ball, and denote #,(x) =
e"5(x/e). Suppose that g, is the characteristic function of U3¥4, and let

A(x) = (x; * 77;/4)(")-

The following properties of the A; are now evident:

(a) each 4; is supported in U,;

(b) 4,(x) = 1, if x € U2, and so in particular if x € U¢;

(c) each 4, € C* has bounded derivatives of all orders and the bounds
of the derivatives of 4; can be taken to be independent of i. (These depend
only on the L' norms of the corresponding derivatives of 7,,.)

Consider in addition three other open sets, covering respectively a
neighborhood of D, the boundary of D, and that part of the interior of D
away from the boundary, namely

U, = {x:dist (x, D) < ¢/4}
U, = {x:dist (x, dD) < (3/4)¢}
U_ = {x € D:dist (x, dD) > ¢/4}.

Write x,, x,, and y_ for the characteristic functions of these sets and
regularize the functions as above, to wit 25 = x4 % 7,4, A, = X4 * %o,
and A_ = y_*#,,. Then clearly A(x)=1, if xe D; A, (x)=1 if
dist (x, 0D) < ¢/2; and A_(x) =1 if xeD and dist (x, dD) > ¢/2.
Moreover the supports of 4,, 4,, and A_ lie respectively in the ¢/2-
neighborhood of .D, the e-neighborhood of 6.0, and in D. Also the func-
tions are bounded in R” together with all their partial derivatives. Now set

A+=Ao( A ) and A_=lo( A )
2+ A RS

We see that 4, is supported in the set where 4, + A_ > 1. Therefore A
and A_ also have all their derivatives bounded in R*, and A, + A_ =1
if x € D, while A, + A_ = 0 outside the ¢/2-neighborhood of D.

Recall that the open sets U,, U,, ... U, ... covering the boundary of
D had special Lipschitz domains Dy, D,, .., D;, .. associated with them.




§3. 4 DOMAIN WITH MINIMALLY SMOOTH BOUNDARY 191

Let @ be the extension operator for L2(D,) whose properties are given by
Theorem 5.

After all these preliminaries we can finally write down the required
extension operator € for D. In fact for f € L?(D) define

2 e
(1) @)(x) = Ay ()| Z—5— | + A(DS(%).
PRHC

Observe the following facts:

(d) For x in the support of A, (more generally if dist (x, 9D) < ¢&/2),
then x € U¢2 for at least one i, and thus > 22(x) > 1 there. (See (b) above.)

(e) For each x the sum (30) involves at most N + 1 non-vanishing
terms (because of the condition (ii) on the covering {U,});

(f) The term A_(x)f(x) is well-defined since the support of A_ is
contained in D;

(g) The terms Ei(A,f) are well-defined since the Z,f are given in the
special Lipschitz domains D;;

(h) It is evident that (€f)(x) = f(x) for x € D.

In order to prove the basic inequality

(32) €N Ew") < Aen(D) | fl L2y, if f€ LY(D)

we require the following remark.
a0

PROPOSITION.  Suppose A(x) = > a(x), and for each x at most N of the

=1

terms {a,(x)} are non-vanishing. Then
1/p
4G, < NS laolz) it p< e

and
14Nl < N sup [la(x)lla, if p= oo

The symbol |-||, denotes the standard L? norm. The case L* of this is
trivial as well as the L! case. The general case is not much more difficult,
and follows from the observation that

|AR)[® < N** glai(x)lﬁ

which is in turn an obvious consequence of Holder’s inequality.
We prove first (32) when k& = 0. Using properties (a)-(c) of the 4;, and
then (d) to (h), together with the Proposition and the case (k = 0) of
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Theorem 5" we get, if p < oo,

1671, < N “"”(;L/l@"(bf)l”dx)”"+ ( [ e axf”

< ano(s [ as) "+ ([ &)
< AN(flel’J dx)m+ (J\lel’J dx)w, since (zz: Ai)wg Nz,

A similar reasoning holds for p = oo. This proves (32) for k =0. A
very similar argument works for all k since every fixed partial derivative of
the 4;,,i =1,2,..., A, and A_ are all uniformly bounded. The proof of
Theorem 5 is therefore concluded.

4. Further results

The following paragraphs §4.1 to 4.5, deal with the restriction of functions in
Z2(R™) to linear sub-varieties.

4.1 Let f be a locally integrable function on R™ We shall say that f can be

strictly defined at x°, if lim ——— ( B)
s—0 M

ball of radius ¢ centered at the origin. In this case we redefine (if necessary) f to
have this value at x° If this is done at each point x® where this is possible we
say that f is strictly defined. Thus by the fundamental theorem of Chapter I
every locally integrable function can be strictly defined, and agrees with the
original function, almost everywhere. For the study of the restrictions of #2 the
following lemma is important.

LemMA. Suppose f€ LER™), f = G, * @, with o > 0, 1 < p < . Suppose
x® is a point where the integral [gn G, (x — Dp(t) dt = f(x) representing f
converges absolutely. Then

f S (x® — 1) dr exists, where B, denotes the

m(BQf‘f(xo_t) —f(%dt -0, as &—0.

Thus f can be strictly defined at x°.

4.2 We consider a linear m-dimensional sub-variety of R™. It will be no loss
of generality to assume that it is the subspace R™ of R" of points whose first m
coordinates are arbitrary, and whose last n — m coordinates vanish. Now assume
that « > (n — m)/p, 1 < p < o, and f'€ £2(R"). Then f can be strictly defined
at all points of R™, except for a subset of R™ of m-dimensional Lebesgue
measure zero. If we denote this restriction by #(f), then #(f) € LP(R™), and
the mapping f — Z(f) of £%(R") to L?(R™) is continuous, i.e.

1 Iommy < A I g gy
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4.3 The #2(f) described above belongs not only to LP(R™), but also to an
appropriate A space. More precisely, let f =a — (n —m)[p > 0, and 1 <
p < o If fe ZH(R™), then Z(f) € Ap»(R™), and the mapping [ — Z(f) is
continuous, that is

1R rzmeny < A If gy

4.4 The converse to §4.3 also holds. Thus the restriction of elements of

n—m
Z5(R™ to R™ consists of exactly Agw(R"‘), with f = « — ¢ )

. We give

an explicit description of this converse for the case m = n — 1. Let ¢ be a fixed
C® function on R”! with compact support, such that fga—y @(x)dx = I.
Let % be a fixed C* function on R! with compact support, so that %(0) = 1. For
each locally integrable function f on R"~! consider its extension to R™ given by

(Ef)(x, _y) = 77(_}7) j‘Rn—lf(x - }t)tp(t) dt, (x, _y) €R"*! x R! = R".
It can then be shown that f€ Agm(R"—l) implies that Ef € £2(R"), and
”E(f) ”.”fcx”(R") <4 |!f||1\ﬂﬂ,ﬂ(nn—1).

Here it is assumed that 8 = « — 1/p > 0.
A more precise form of this extension is as follows. Let k& be the largest
integer not greater than 8. Let #4(y), ..., m(y), be C= functions on R! with
A

d
compact support, with the property that @ 7;(y)

=0, 0<j, I<k
=0
Assume that f; € Ap2R™), 0 < < k. Set ’
k
F(x,p) = 3 0;,(p) frnt fi(x — y0)o(0) dt.
=0
Then Fe £2(R"), ’

k
Pl ey < AL S 1y o).
p:

0F(x, y) . .
and 2| ———) = f;(x),j =0,..., k, where # denotes the restriction to the
ay’
hyperplane y = 0. For the above results see Stein [7], and the later treatments
in Aronszajn, Mulla, and Szeptycki [1] and Lizorkin [2]. For the background
see Gagliardo [1] and Aronszajn and Smith [1].

-m
4.5 Analogous results hold for the space A2e (R™). If « > (n )

, then

the restriction of an element in Ag’v(R") to R™ belongs to A7-¢(R™) where

”=a_(n—m)

. Conversely every function in A2%(R™) can be extended to

R" so that it is an element in A2-¢(R™). For details see Besov [1], and Taibleson
[2].
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4.6 Let w(d), 0 <4, be a regular modulus of continuity as defined in
§2.2.3 above. For any closed set F and every non-negative integer k define the
space Lip (k + o, F) as in §2.3 (equations (16) and (17)), except that the
assumption on R; should read

IR (x, ) S M lx = ylilax = y)).
Then the operator &), gives an extension from Lip (k + @, F)to Lip (k + o, R®).

4.7 In the extension theorem of §2.3, assume y = k and in addition

Ry(x, y) = o(|x — y|Ftlal),

in the sense that for any X € F, and any ¢ > 0, there exists a > 0, s0 that
|# —x] <6, |% — y| <9, and x, y € F, implies that [R;(x, y)| < &lx — p|¥lil,
Then &, (f) € C*(R"). This is essentially the original extension theorem of the
type. in Whitney [1].

4.8 The first extension theorem for functions in L2(D), where D is a region
of the kind treated in §3, was proved by the following argument.

In giving an outline of this argument we shall limit ourselves to a special
Lipschitz domain D < R" (as defined in §3.2 for R™*), For our purpose all we
need as a consequence of this definition is the existence of a fixed cone T, so that
wherever x € D, then x + I' < D. Now fix £k > 1 in the rest of this discussion.
We choose a fixed function ¢ supported in —T, with the following additional
properties: (1) ¢ has bounded support. (2) Near the origin ¢ equals a function
which is homogeneous of degree —n +k. (3) ¢ is C* in R" —{0}. (4)
lim fsn-x e *p(ex’) da(x’) = 1/(k — 1)!. (Observe that in view of the assumed

8—0

homogeneity of ¢ near the origin, the integral is actually constant for small &.)

’ a r ’ ’ .
Let v(py') = (67) (" e(py)), (v = py', Iyl = p). Then y vanishes near
the origin, and so is C* everywhere (and of course has bounded support). Let

0 \*
€Hx) = f p(py")pm (a)f(x — py)dpdy

-f w(py) f(x — py)p"tdpdy'.

The first integral may be rewritten as

k! 0\
(*l)"fm<1)(,v)l gk a—!y“(a—x) [ =) yl~*dy

while the second integral clearly equals

an(y)f (x —y)dy.
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a o
We remark that f, and (a) f,lal = k, are given to us only in D. For the

X
purposes of the integral formula defining §f, we set fand (62) [ equal to zero
outside D. x

It can then be verified that Efindeed extends f, and

”@f”LkP(R”) SAp,k ”f”LkP(D)’ 1 <P < oo.

The latter fact is proved by observing that a differentiation of order & applied
to the first integral defining Ef leads essentially to a singular integral operator
of the kind treated in §4 of Chapter II. This explains the occurrence of the
limjtation 1 < p < . The reader should consult Calderén [4] for further
details.

We make two further remarks about this extension. The operator € depends
on the particular &, and so is not universal, in the sense that the extension given
in §3 is. On the other hand it has the interesting property that away from D, Ef
depends only on the part of f near the boundary of D. This means that if f€
Lp(D), and f vanishes near the boundary of D, then Ef(x) = 0, if x ¢ D.

Notes

Sections 1 and 2. The fundamental paper is Whitney [1]. The particular form
of Theorem 1, is in Stein [10]; Theorem 2 is in Calderén and Zygmund [7].
See also Glaeser [1].

Section 3. The extension theorem for functions defined in domains with
Lipschitz boundaries originates in Calderén [4]. Some of the ideas used were
implicit in Sobolov [2]. Calderon’s extension does not apply to the limiting
cases p =1, or p = oo, since it relies on the L? boundedness of the singular
integrals treated in Chapter II. For the present version, see Stein [10]. Ideas
related to the present extension and applied to the case p = 2 can be found in
Adams, Aronszajn and Smith [1].



CHAPTER VII

Return to the Theory of

Harmonic Functions

We return to the theory of harmonic functions to make a deeper study
of some of its aspects and in particular with that part dealing with the
notion of conjugate harmonic functions first discussed in Chapter III.
The main threads of our development will be as follows:

(A) The notion of non-tangential convergence. While Theorem 1 in
Chapter III guarantees the existence almost everywhere of boundary
values for the perpendicular approach for Poisson integrals, the more
general non-tangential limits also exist, and this is fundamental in what
follows. It allows for a wide extension of the classical Fatou theorem to a
purely “local” setup. These matters are dealt with in §1.

(B) The “area integral” of Lusin. This object was already pointed out
in §2 of Chapter 1V, but our attention there was focused on the closely
related g and g* functions.

The basic role of the area integral is due to the fact that it serves to
characterize at once both non-tangential convergence and also L? and H?
norms. The characterization of non-tangential convergence for harmonic
functions will be taken up in §2 and will find important application to the
study of differentiability properties of functions in Chapter VIIL

(C) H? theory for conjugate harmonic functions. The notion of con-
jugacy was previously introduced in the generalized Cauchy-Riemann
equations in §2.3 of Chapter III, in connection with the Riesz transforms.
Here we shall see that by using it, a certain subharmonicity, and the area
integral of Lusin we can study the analogue for p = 1 of various results for
singular integrals operators and multiplier transformations. One of the
ideas (characterizing the L? boundedness of these operators in terms of g,
or g*) was already used in §3 of Chapter IV.

1. Non-tangential convergence and Fatou’s theorem

1.1 We shall use the following notation: R?*1 is the n + 1 dimensional
half-space of points (x, y), with y > 0, x € R". Its boundary {(x, 0)} is

196
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identical with R™. For any x*e R", and « > 0, I',(x®) will denote the
(infinite) cone, T',(x%) = {(x,y) € R7:|x — x° < ay}, whose vertex is
at x% If u(x, y) is defined at those points in R?™ near a boundary
point (x° 0), then u has a non-tangential limit (which equals /) at (x?, 0)
if for every « > 0 the conditions (x,y) € I',(x?) and (x,y)— (x° 0)
imply that u(x, y) — 1.

The basic result about non-tangential convergence for Poisson integrals
is contained in the following extension of Theorem 1 of Chapter III (see
p. 62).

THEOREM 1. Suppose fe L*(R"), 1 < p < oo, and let u(x, y) be its
Poisson integral. Assume that « is a fixed positive number. Then

sup _u(x, y)| < AM(HHY,
(a) (z.v)€Ta (")
where Mf is the maximal function of Chapter I, §1. A, is independent of f.
(b) lim_ u(x, y) = f(x),
()2 (z,0)
(z.y)€la(x")

or almost every x°, and in particular for every point x° in the Lebesgue set
Y X5, D yp

of f-

This theorem is actually a relatively easy consequence of the cor-
responding theorem in Chapter III.
To prove (a), recall that

(x) $at

VT (x4 e
(Proposition 1, Chapter III). Therefore as is easily seen,

(1) P(x — 8 <AP,(x) if [t]<ay.
However,
u(x® — t,y) =f "P,,(x" —t —z, ) f(2) dx.
Therefore )
| tslligylu(X" -ty =, lu(x, )
< sup f P =t =z, ) 1 (2) 14z

< 4, sup f P — 2) 1 (2)] dz
v R7

< A,Mf)(").
Thus (a) is proved.
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Incidentally, the simple property (1) can in effect be re-expressed in the
fact that if P;(x) = @(x), then sup ¢(x — t) < Ap(x) for some constant

A independent of x. (With this rletln;rk the reader should have no difficulty
in formulating and proving a general non-tangential version for the
approximations f * ¢,, analogous to Theorem 2 of §2.2, Chapter I11.)

To prove (b) assume that x? is a point of the Lebesgue set of f. Thus for
any € > 0, there exists a > 0 so that

1
m(B(r))
whenever r > §; B(r) denotes the ball of radius r about the origin. Now

set g(x) = f(x) — f(x%), if |x — x° < 6 and g(x) = 0 if |x — x° > 4.
Notice, therefore, that M(g)(x®) < &. We have, however,

[ 1f(® = 2) — f(x9)] dz < e,
J Bir)

u(x® = 1, y) — f(x) = f Pz = DU = 2) — ()] dz.
So by (1), if || < ay,

ux® = £,3) = SO < A, P16 = 2) = [0 dz
- A“{J;,,<,+J;,,2,}'

fmqsfm” SDIg0° — 2)ldz < M(@(x) < e,

Now

by Theorem 1 (part (1)) in Chapter III1. However,

j R = 2~ SO dz 0, as y—0
zl>4

which follows immediately from the fact that

(], per )" < ay—o,

for 1 < g < oo, where g is chosen to be successively the exponent dual to
p, and then 1. Therefore lim sup |u(x® — 2, y) — f(x%)| < A,e, which

[tf <ay,y—0
proves the required non-tangential convergence at every point of the

Lebesgue set of f. Since almost every point is a point of the Lebesgue set
(see §1.8 in Chapter I) we have therefore concluded the proof of the
theorem.
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1.2 Fatou’s theorem. We characterize first bounded harmonic
functions in R7*.

PROPOSITION 1. Suppose u is given in R}*'. Then u is the Poisson
integral of a function in L*(R") if and only if u is harmonic and bounded.

That the Poisson integral of a bounded function is (harmonic) and
bounded follows from the considerations in §2 of Chapter I11.
To prove the converse assume that u isharmonic and |u| < M in R7H.,

1
For each integer k set fi(x) = u(x, z) , and let u,(x, y) be the Poisson

1
integral of f;. Finally let Ay(x, y) = u(x,y + Z) — ;(x, y). Notice the

following obvious properties of A,. First, A, is harmonic in R%*!; also

8 <[ulx.y + 2
the corollary (on p. 65) in §2.2 of Chapter III, since f; is continuous and
bounded, u,(x, y) is continuous in R%7*! and u(x, 0) = fi(x); thus A; is
continuous in R%*! and A,(x, 0) = 0. We want to conclude on the basis of
these properties that A, = 0. To do this it suffices to show that A,(0, 1) =
0, since our assumptions are invariant under translation in the x variables
and dilations jointly in the x and y variables and any point in R%*! can be
mapped to (0, 1) by a product of those transformations. For fixed ¢ > 0
consider the function

Ux, y) = Au(x, y) + 2Mey + G[H cosh (4 e ,)] cos (%ﬂ y)

+ lux, )| < 2M, so A, is bounded. Finally by

which is clearly harmonic in R?*!, and continuous in R7*1. We restrict
our attention to the cylindrical section £ = {(x,y):O <y< %, [x] < R},
where R is sufficiently large. On that part of the boundary of £ where
y =0, we have that U(x, y) > 0 since A, = 0 there; where y = é , We

have U(x, y) > 0 since |A,| < 2M. Finally if R is sufficiently large, then
again since A, is bounded, we have U(x, y) > 0 on that part of the bound-
ary. Thus by the maximum principle (see Appendix C) we have that
U(0, 1) > 0, which means that A (0, 1) > —(2M + 1)e; a similar con-
clusion holds with —A, in place of A,, and as a result A, = 0 as desired.
This can be rewritten as

(2) u(x, y + i) =Ln P, (x — Dfi(t) dt.
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)
ufx, -
(.

Therefore by a familiar weak-compactness argument, there is an
feL®, | fllo < M, and a subsequence {f;.}, so that f,. —f weakly in
the sense that fg«fi.¢ dt — [ga f@ dt, for any ¢ e L'(R"). For fixed
(x,y) € R**1, choose ¢(r) = P,(x — t). Then (2) becomes in the limit

Now recall that

I fellew = <M.

e, ) = Px—0r@ at

which means that u is the Poisson integral of the bounded function f. The
proposition is therefore completely proved.

When we combine the proposition and Theorem 1 we immediately get
the n-dimensional version of a classical theorem of Fatou.

THEOREM 2. Suppose u is harmonic and bounded in R?**. Then u has
non-tangential limits at almost every point of the boundary (R") of R%:"1.

1.2.1 Proposition | quickly leads to a generalization of itself.

COROLLARY. Suppose u is harmonic in R"", and 1 < p< . If
sup [[u(:, Pl »rn) < ©, then u is the Poisson integral of an f € L*(R"), if

v>0
1 < p. If p =1, u is the Poisson integral of a finite measure.

This result was stated without proof in §4.2, Chapter III. The easy
converse is contained in §2.2 of that chapter. To prove the corollary,
assume p < oo. For each (x, y) € R**! let B be the ball whose center is
(x, y) and radius is y. By the mean value theorem

1
m(B)
However, B < {(x',y): 0<y <2y}, and m(B) = cy"*'. Therefore

lu(x, Y)IP < f G, )17 dx dy

2y
lu(x, Y)I? < ¢y~ f f (e, y)1? dx’ dy’,
0 R™

and
lux, NI < "y
For each positive integer k we can therefore apply Proposition 1 (and

1
Theorem 2) and obtain u(x, y+ ,%) =P, xf,, with fi(x) = u(x, l;) .
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However, by assumption sup | f;l, < oo, and thus the familiar weak
k

compactness arguments apply. More specifically, if p > 1, there exists an
f€L?(R") and a subsequence {f;-}, so that f;, — f weakly. For p =1
there exists a finite measure du and a subsequence {f,.} so that f;, — du
weakly. In either case it follows that u(x,y) =P, «f or u(x,y) =
P, x du respectively. Observe that | f|l, = sup [u(-, y)Il,,, if p > 1, and
Idull = sup JuC, »)s. w0

v>0

1.3 A local version. We define first the appropriate notion of non-
tangential boundedness. For any « > 0, and /£ > 0, we let I'2(x®) denote
the truncated cone T%(x,) = {(x,y) e RM*1:|x — x| < ay, 0 <y < A}
If u is defined in R7?*, we say that u is non-tangentially bounded at x° if
for some « and 4,

sup |u(x, y)| < oo, (x, y) € PHx").

Notice the non-tangential boundedness at x° requires a condition with
respect to only one truncated cone whose vertex is x°, while the existence
of the non-tangential limit at x® (as described in §1.1 above) requires a
condition for all cones at x°.

The main result of this section is the following local analogue of Fatou’s
theorem (Theorem 2).

THEOREM 3. Suppose u is harmonic in Rt*'. Let E be a subset of R"
and suppose that u is non-tangentially bounded at every x° € E. Then u has a
non-tangential limit at almost every x° € E.

1.3.1 A preliminary argument allows us to uniformize the situation.

LEMMA. Let u be continuous in R%™, and suppose it is non-tangentially
bounded at every point of the set E, E < R™. Then for ¢ > 0, there exists a
compact set E, with:

(1) E;< E,m(E — E) < e

(2) For any o. > 0, h > 0, there is a bound M = M(«, h, €), so that
lu(x, )| < M, (x, y) e T2(x9), x* € E,.

Proof. 1Ist step. By considering only « and 4 with rational values, we
can find an E,, with m(E — E;) small (say m(E — E,;) < ¢/3), so that
lu(x, )| < M, (x, y) € T%(x%, x° € E,, with some fixed « and 4. We may
assume that E; is also compact.
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2nd step. With this E, fixed and k a large integer we shall choose a
further subset Ey, Eyy < E,, with m(E, — E,,) < &/3 so that

|u(x’ .V)| g M,’ (X, y) € PI’::: xO), x0 EE00'

To do so we proceed as follows. If n < 1 and &/3 are given, there exists
a d > 0, and a subset Ey, so that m(E, — Ey) < ¢/3 and

m(B(x, r) N Ey)
mB(x,r) ="

for x € Eg, and r < §; this is because almost every point of E, is a point of
density. Our required boundedness on E,, will hold if we show that for
some § sufficiently small we have

(3) M%) < U I'(x’), all x°e Ey.
z'€E

To prove (3) assume for simplicity that x® = 0. We must therefore
consider pairs (x, y) in the cone |x] < ky (with y < §). Fix such a pair
(x, ). We want to show that there exists an x’ € Ey, so that |x — x| < ay.
Suppose, on the contrary, that for this x (and y) there is no such x’. Then
the ball [x — x'| < ay is in °E,. This is a ball of radius oy to be compared
with the (large) ball of radius ky (centered at the origin). Since the origin
is in Ey, by assumption, the relative measure in the large ball is at most
1 — a/k, which would be a contradiction if we had chosen n > 1 — o/k.
Thus for sufficiently small y we can find a required x’, and (3) is proved,
with § = d/k. In view of the continuity of it is clear that u is bounded for
points at a positive distance from R”. Notice that we can also choose E,
to be compact.

Step 3. For each integer k we construct a subset E,, of this type. An
appropriate intersection of a countable collection of such Eg, gives the
required set E;.

1.3.2 With E any compact subset of R*, we define the open region #
by

) 2 = U Iix).
x €K

A moment’s reflection shows that the above lemma allows one to reduce
Theorem 3 to its essential core: Assume u is harmonic in R?* and |u] < 1
for (x,y) € R. Then for almost every x° € E the limit, lim u(x, y) exists as
(x,y)— (x°,0), and (x, y) € Z. This we now proceed to prove.
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xO

Figure 4. The region %, which is the union of cones I'(x%), x’€ E.
1.3.3 For each m > 0, we define the function ¢,, on R* as follows:
1\ ..{ ! .
Pr(X) = u(x, ;1) , if (x, ;) €X; ¢,, = 0 otherwise. Let ¢, (x, y) be the

Poisson integral of ¢,,, that is ¢,,(x, y) = (P, * ¢,)(x). Define v, (x, y)
by

(%) u(x, y+ n%) = @u(X, ) + pu(x, ¥).

Now the sequence of functions {g,,(x)} are uniformly bounded in the
L= (R™) norm, and thus we can find a ¢(x) € L* (in fact |¢(x)| < 1), and
a subsequence {¢,.} so that ¢, — ¢ weakly. Let ¢(x,y) = Poisson
integral of @. Then clearly ¢,,.(x, y) — ¢(x, y) at each point (x, y) € R7*1;
also u(x, y+ %) — u(x, y)and so p,,.(x, y) converges pointwise to p(x, y)
and we have
() u(x,y) = ¢(x, ) + p(x, y)-

The function @(x, y) is the Poisson integral of a bounded function and
so non-tangential convergence almost everywhere holds for it. The function
y is constructed to have zero boundary values on E, and this is what we in
fact intend to prove about it in terms of a simple inequality. To do this we
consider an auxiliary harmonic function H(x,y) with the following
properties in the region #. We divide the boundary of Z into two parts:
we write 0% = # = B, A, where B, is the part of the region which
intersects the boundary hyperplane R”, and 4, is that part of the bound-
ary lying above R". That is %, = {(x,0)e % — %}, and %, =
(x, NER— R,y > 0}

H will have the following properties:

(i) H is harmonic in R7*!
(ii)) H > 0 in R7*1, (this is appropriate for %)

(iii) H >2on A,

(iv) as (x, y) — (x° 0) non-tangentially, H(x,y)— 0, for almost all
W CE.
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The construction of H is simple. Let y denote the characteristic function
of the complement of E. For a constant ¢ to be determined momentarily
we write H(x,y) = ¢{(P,* x)(x) + y}. The properties (i) and (ii) are
obvious; (iv) is an immediate consequence of Theorem 1 of this chapter;
the only one that requires further examination is (iii).

Now the boundary #, can be further decomposed into its “trivial”’
part namely that part for which y = A, and its non-trivial part, that for
which 0 < y < A. For the trivial part we can always assure (iii) by taking

2 . . .
¢ large enough (c > 71) It remains to consider the non-trivial part of the

boundary Z,. It should be observed, and this is also important for later
considerations, that the part of the boundary in question is a part of the

Lipschitz hypersurface given by y = ldist (x, E). We can therefore
«

conclude that for such points (x, y), the ball B in R* whose center is x
and which has radius ay lies outside E. Hence

x(1) f
P, x=anv dt > ¢, o dt
(Py* 1)) = ey | (=1 4 yAor v,
= cn)’f —2—1¥‘2’—t(——lm = constant.
itl<av (|22 4+ Y™

The fact that the last integral is a constant can be seen by an obvious
change of variables. Again taking ¢ large enough we see that all the
properties of H have been verified. We shall now prove that for fixed m

Q) [vm(x, I < H(x,y) when (x,y)€ .

In view of the harmonic character of v, and H and the maximum
principle if this were not so there would exist an ¢ > 0, and a sequence of
points (x;, y;) converging to a point on the boundary of # so that
[Wm (X Vi)l > H(xy, ) + € First u and ¢, are both bounded by 1 in
absolute value, and therefore |y,,(x, )| < 2 and so by property (iii) the
limit of {(x,, y,)} cannot be on Z,. However, ¢,(x,y) is the Poisson
integral of a function which is continuous on an open set containing E,

1
and its values there are u(x, r?) Thus by Theorem 1, part (b)

. 1 .
lim {u(xk, Ve + —) — Pm(xp yk)} = lim y,,(x;, y) = 0,
k m k

and again we obtain a contradiction, this time by (ii). We have therefore
proved (6), and we can now let m — oo through the subsequence {m’}.
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The result is

(6) lp(x, I < H(x, y)

Property (iv) then gives us the required convergence of y (to zero) as
(x,y)— (% 0), (x,y) € Z, for almost every (x°, 0) € E. This concludes
the proof of Theorem 3.

1.3.4 1t is interesting to point out that this theorem and many other
results of this chapter (in particular Theorem 5 below) do not have valid
analogues if non-tangential convergence is replaced by perpendicular
convergence to the boundary. See §4.12 below.

2. The area integral

2.1 The theorem we have just proved shows that for a harmonic
function in R7}*! the properties of non-tangential boundedness and
existence of non-tangential limits are almost everywhere equivalent.
Looked at from a broad point of view the two properties (boundedness
and existence of limits) are not so very different. There is, however,
another condition, almost everywhere equivalent with the first two, which
has a different character, and finds its expression in a certain quadratic
integral introduced by Lusin.

We fix the shape of our typical truncated cone I'%; (that is we fix « and
h). Whenever u is given in R3*! (or sub-region of R7*! which contains
the part near the boundary R") we define

1/2
™ S(u)(x%) = ( J po IVl dy dx) :
(This is to be compared with the variant occurring in §2.3 of Chapter IV;
see p. 89.)
Here
oul* & |ou [
Vul>=|—| +3|—],
IVul oy gl Ox;

and we have written a double integral in (7) to emphasize that we are
dealing with an n 4+ 1 dimensional integration in distinction to certain
n-dimensional integrations to be carried out below. The reason for the
name “‘area integral’’ arose when n = 1. Then (S(u)(x%))? represents the
area (points counted with their multiplicity) of the image in R? of the tri-
angle T%(x%) under the analytic mapping z — F(z), where the real part
of Fis u. When n > 1, S loses this simple interpretation, but we shall
nevertheless continue to use the terminology of the case n = 1. The
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characterization of non-tangential convergence in terms of the area integral
is as follows.

THEOREM 4.  Let u be harmonic in R3**. Then except for a set of points
x® of zero measure in R™, the following two conditions are equivalent :

(1) u has a non-tangential limit at x°

2) S(u)(x*) < o

2.1.1 A word of explanation is needed about the statement of the
theorem. The proof that (1) => (2) will show in fact that except for a subset
of measure zero, at the points x° where the non-tangential limit exists we
have S(4)(x°) < oo, no matter what choice of the parameters « and 4 we
make that determine the shape of the truncated cone.

Conversely suppose that we have S)(x°%) < oo for x° in a given set,
where the truncated cones may vary from point to point. Then the proof
of the theorem will show that # has non-tangential limits at almost every
point of the set.

In particular it follows that assuming the finiteness of S for variable
cones is almost everywhere equivalent with assuming the finiteness of S
for all truncated cones. (This last point, however, is quite elementary and
could be proved directly if one wished.)

2.2.1 The proof of the theorem will depend on an application of
Green’s theorem to the region Z defined in §1.3.2, (p. 202). The boundary
of this region has just barely the required regularity to utilize Green’s
theorem and so it is convenient to approximate # by a family of regions
{Z.} with very smooth boundaries. The family 0, have a certain uniform
smoothness which reflects the minimal smoothness of 0.

LemMMA.  There exists a family of regions {.}, ¢ > 0, with the following
properties:

() .= R, R, < R., if &<e.

B) B, > Rase—0(e. VA, = RB).

(y) the boundary 0R.= 7. of the region is the union of two parts
B U B2, so that B2 is a portion of the hyperplane y = h — ¢ and

(8) A is a portion of the hypersurface y = a8 ,(x) where 6, € C*, and
94,
Ox;

<1, j=1i...,n

Set d(x) = dist (x, E). Then clearly [8(x) — d(x")| < [x — x|, if
x, x" € R™. Suppose ¢ € C*(R"), ¢ has compact support, is positive, and

f p(x) dx = 1.
R”
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Write §,(x) = g, * 8, with @,(x) = #n"@(x/7). Thus it is clear that §, &
C* and

ax < 1; also §,— 6 uniformly as 5 — . It is then easy to see
i

that with an appropriate choice of » and #’ (»’ is a constant > 0) the
functions 6,(x) = 4,(x) + n° and the corresponding regions %, =
{(%,):0x) < oy, 0 <y < h— ¢}, satisfy all the conclusions of our
lemma.

2.2.2 For fixed « and & we have our typical truncated cone I'? = I'%(0).
It will be necessary in what is done below to consider another truncated
cone strictly containing it. We fix it by fixing § and k, with 8 > «, and
k > h. Then clearly I'} = I'}, and the only point that the boundaries of
these cones have in common is their common vertex.

LEMMA.  Suppose u is harmonic in T%
() If 1l < 1in T%, then |yVul < c in T,

(i) Ifj'j'r « |Vul2pt"dx dy < 1, then |yVu| < cin T2 c is a constant
which depends only on «, B, h, k and the dimension n.

Observe that there exists a constant ¢;, ¢; > 0, with the property that if
(x,y) is any point of the smaller cone, I'%, the ball B whose center is
(x, y) and has radius ¢,y lies in I';. Now by the mean-value property of
harmonic functions we can assert the following inequalities (see Appendix
C):

- (Vi) (x, ) < cor™ sup Ju(x, y)|
(z,v)€B
and

[(Vi)(x, DI < e f IVl dx dy

where r = radius of B (= ¢,y).

The first of these two inequalities gives conclusion (i) immediately. To
prove the second conclusion observe that for (x',y’) € B, the value y’
remains comparable to the radius of B and more particularly r > c3)’,
and so y > ¢,y". Thus

Vi Vu? < fo |Vul®> y " dx’ dy < qff |Vu|®y*~"dx'dy.
The lemma is therefore proved.

2.3 Proof of the direct part, (1) = (2). Suppose « and 4 are given. It
suflices to show that at almost every point x® of a given compact set E, we
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have § {* .0, [Vu|2 yt™" dx dy < oo, if we assume that
®) sup sup - Ju(x, y)l <1
2%€E (¢.v)ergh(a®)

for some fixed § > «, k > h. Indeed assuming that » has non-tangential
limits at a given set, we can always find compact subsets whose measure is
arbitrarily close to the given set, and where the uniformity leading to (8)
would hold, (after multiplication by a suitable non-zero constant).

We therefore write # = |J T'5(x°), (in the same way as

z0eE

R = mol;JEI‘ﬁ(x'))).

Our assumption becomes, therefore, that |u| < I in R.
In order to show that S(u)(x%) < oo almost everywhere in E it suffices to
show that §, S*(u)(x®) dx® < co. This integral equals

[T xSt ot sy

where o is the characteristic function of the set {|(x — X% < ay, 0 < y <
h}. However

f P x, 3) dx® < dx® = ey,
K

|| <ay

thus we want to see why
©® [[L, 7 19ute ity < o
R

We replace now # by the approximating regions %, and then (9) is
equivalent with

9) H yIVulPdxdy < A4 < o
R

with 4 independent of ¢. To evaluate (9') we use Green’s theorem in the
form
0B aA) dr,

(10) H (AAB—BAA)dxdy:f (A———B——~
R, @, \ On, on,

indicates the

for the region with smooth boundary 0%, = #,, where o

directional derivative along the outward normal and dr, is the element of
2

“area” of 0, Now let B = 2—”— ,and 4 =y, then AB = |Vy? and

AA = 0. Since 0%, < 2 the estimate (1) of the lemma holds there. That
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is, < con #,. Similarly, since <1we

0B AJB oy
5};‘ < |u] |Vul, and so o, o

1
< 5 Altogether then the integrand of the integral on &, in

&

Boy

on,
(10) is uniformly bounded, and so

f (AaB - Ba—“‘) dfe\ <c| dn,
Be

on, on, 7,

have

However,

dr, = dr, + dr,
Be B B2

where % is a portion of the hyperplane y = h — ¢, and %! is a portion of

the surface y = a71,(x). On #? we have dr, = dx, while on %!

n 2 -
dr, = (./1 +°t'22(§_6£)) dx <1 + o ?n dx
j=1 X

J
by property (0) of the lemma in §2.2.1. Since in any case # and thus %,
is contained in a fixed compact set, it then follows that {, dr, < con-
stant < oo, and so (9) is proved.

2.4 Proof of the conmverse part, (2)=-(I). We may reduce our
assumptions to the following. We can assume that for certain § and k
(which may be small), and a given bounded set E, we have

ffk AVul yl"dxdy < 1, for x°E,.
l‘ﬂ(ac)

Now let E be chosen as follows: E < E,, E is compact and m(E, — E) is
small; also there exists an # > 0, so that if x® € E, then

m{{ix — x°| <r} N Eg} 2 dm{lx — x% <r},

for 0 < r < 5. At the end of the proof we let m(E, — E) — 0.

Such choices of E are possible since almost every point of Ej is a point
of density of E.

Now suppose o and # are fixed with « < f, 2 < k. We shall then study

uon = |J I''(x*). We will now try to reverse the logical chain used
x0cE

in the direct part, and our first objective is the proof of (9).
Since we assumed that E, was bounded, we get

(11) f {ff |Vu|? y'=" dx dy} dx® < .
Eo l‘:g
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It is now necessary to estimate f 1, P(Xo, X, y) dx° from below for
(x,y) € #. Here ¢ is the characteristic function of {|x — x,| < By, 0 <
y < k}. Now (x,y) e £ means there exists a z € E, so that |x — z| <
ay, 0 < y < h. Hence we see that

f P(Xg, X, ¥) dx® > f dx®.
B EoN{lz’~2] < (f—a)v}

By the property of relative density not less than 4, which was assumed
for E, we get that the second integral exceeds cy”, for some constant c.
Substituting this in (11) then gives (9). But (9) is equivalent with (9") and
in turn this is the same as

( ou? 2dy) &
on, on) ¢

However, #,= %' U #?, and %2 is at a strictly positive distance
from the set {y = 0}, and is also compact. Thus the contribution in (12)
coming from #. is bounded and hence we have

(12) <c < oo,

ou’ 2 8y)
’ — —u*—=\d < 0.
(12) L ;‘(y el EAEY
oy 0
Now on &%, = 23, < < —a(a? + n2)12 In fact " is the outward normal
& ns

derivative to the surface whose equation is F.(x, y) = ay — 0,(x) = 0.

The direction of — is then given by the unit vector with the same direction

as on,
_ 9. OF, 3_F) = (—y 2 aa,)
( dy “ox,’ ox, ( Yox,T T ox,)
Since @—s ‘ < 1 we see that ﬁ}- < —a(a? 4 n?)7tle,
0x; on,

Next let #2 = {4 1u? dr,. According to what we have just said

ffﬁclf lul y | 22| dr, + 0 by (12).
B2 on

Now At < R = U T%(x%), thus by the conclusion (ii) in the lemma

x%€E

of §2.2.2 we see that y gnil < y|Vu| < c there. Hence

[, July

3

1/2
dr, < cf lu| dr, < cy,(f dfa) < oot
Bl Bl

a_
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Altogether this gives #2 < c.#, + ¢,, and hence .#, is bounded in e,
We have therefore

(13) f u® dr, < constant.
B

2.4.1 We continue with the proof of the converse direction (2) = (1).
We seek to majorize the function u by another, », whose non-tangential
behavior is known to us. We proceed as follows. The surface A is a
portion of the surface y = «~14,(x). Let f,(x) be the function defined on
y = 0 which is the projection on y = 0 of the restriction of u to %!, and
zero otherwise. That is

Sux) = u(x, 07" 8,(x))

for those (x, 0) lying below %!, and f,(x) = 0 otherwise. Since clearly
dr, > dx, we have that

f G dx < f ()l dr, < c.
R" Bl

Let now v,(x, ) be the Poisson integral of | f,|. We shall show that for two
appropriate constants ¢; and ¢,

(14) lu(x, Y)| < ewy(x,y) + c2, with (x,y)e Z#,

~ By the maximum principle for harmonic functions it suffices to show
that the above inequality holds for points on the boundary %, of %,.
We have #, = #: U #2, where 2 is a portion of the hyperplane
y = h — ¢ lying in a fixed sphere. Since v, > 0 we can satisfy (14) on
Z? by choosing c, large enough (and independent of ¢).

It remains to consider points (x, y) € #.. Since #: < # = |J '(x%)

l)eE
we can find a constant ¢ > 0 so the ball B of center (x, y) andx radius ¢y

lies entirely in |J T (x°), where « < a* < f and & < A* < k. Recall
2€F

that for the cones I'j(x®) we have the property

” IVul? y'=" dx dy < 1.
g%

Therefore by the lemma in §2.2.2 we have that y |Vu| < ¢, for all points
in the ball B. Now |u(p,) — u(p2)| < |p1y — psl sup |Vu| where [ is the line
l

segment joining (p;, p,); thus if p; = (x, y), and p, is any other point of
the ball B, |p; — p.| < radius of B = ¢y and hence

(15) lu(p1) — u(p2)l < co
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Next suppose S, is that portion of the surface #! which is contained in
the ball B. Write |S,| = L@zln p dr,. Then because of (15) we clearly have

el < 5= [ 10 o) + c

Because dr, > dx and B has radius cyitis clear that |S,| > ay”, where a
is an appropriate constant, @ > 0. Recalling the definition of f,(x) and the
fact that dr, < c dx, we then get

lu(p)l = [u(x, )| < by™ f! )] dz + cs

z—x|<cy

The Poisson kernel P, has the property that

Pz) 2 ci'by™", for |z| < cy
(for an appropriate constant c;).
If we substitute in the above, since v, is the Poisson integral of | f,| we
get
|u(x’y)| S Clvz(xa y) + Co for (xa y) € ‘@z-

In view of the uniform boundedness in the L2 norm of the |f,| we can
select a subsequence | f,/| which converges weakly to an fin L*(R"). Let v
denote the Poisson integral of f; thus v.(x, y) converges pointwise to
v(x, y), for (x,y) € Ri*L Finally since #, — £ we get from (14) that

(14%) lu(x, p| < eo(x,y) + 2y (x,y) €A

In that v is the Poisson integral of an L? function, it is by Theorem 1
non-tangentially bounded at almost every point of R™ and hence almost
everywhere at E. Because of (14") the same is true for u, and therefore in
view of Theorem 3, u has non-tangential limits at almost every point of E.

2.5 Application to non-tangential convergence. Let uy, u,...,u,
be a system of conjugate harmonic functions in the sense of Chapter III,
§2.3. For simplicity of notation we write y = x,. Then these n 4 1
functions satisfy the equations

* ou
—i =0,
25
and
Ou; Ouy
— = 0L k,j .
ox, 0x; skjsn

Our purpose now will be to prove the following theorem which is
itself implied by the theorem for the area integral just proved.
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THEOREM 5. The following two statements are equivalent for any set
E < R™:
(@) u, has a non-tangential limit at almost every point of E.
(b) wy, uy, . .., u, all have non-tangential limits at almost every point of
E.

The reader will have no difficulty in deducing the following consequence
of Theorem 5.

k

0
COROLLARY. Suppose H is harmonic in R}, and 3 H has non-
y
tangential limits at almost every point of a set E, E < R". Then the same is

true of P(@%) H, where P(a—ax) is @ homogeneous polynomial in

9 9 9
Ox, 0x, T ox,
of degree k.

Because of the interpretation of conjugate harmonic functions in terms of
Riesz transforms (as described in Chapter III, §2.2), Theorem 5 can be
~viewed in the following light. Namely, it is a local version, dealing with
behavior almost everywhere in arbitrary sets for Riesz transforms; the
global version, the one giving L?(R™) inequalities, was of course treated
in Chapters IT and III.

The case n =1 is exceptional in the proof of Theorem 5, since then
clearly |Vuy|? = |Vuyl?, and thus S(up)(x) = S(u;)(x). In that case,
therefore, the theorem is an immediate consequence of Theorem 4.
However, in the general case the fact that S(uy)(x) dominates the S(u,)(x),
j=1,...,n, requires an extra argument, which we shall now give.

2.5.1 A lemma.

Lemma. Let U and T} be a pair of truncated cones (for simplicity we
assume that their vertices are at the origin). Suppose o < 8, h < k, and so
I' js strictly contained in I'. Assume that

I,

2

yrdxdy < 0, j=1,...,n.

2
yYrdx dy < oo.

ou
oy
Then

u

ox,

Ik
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We proceed as follows. We let p denote any unit vector of direction
determined by the smaller cone I':; that is p is any unit vector so that
ps € I'* for some s > 0. Let s, denote the least upper bound of s so that
ps € I'". Then clearly we always have & < s, < h* where A* is a constant
which depends on the cone I'* only. For any function U defined in I'"* we
denote its restriction to the ray determined by p as U,; more precisely
U,(s) = U(ps). We shall show

h ] 0u (s
[(s]
o X
where the constant A4 is independent of the direction p in question. An

integration over all relevant p will then give our conclusion.
We write

2

ds < A<

J

ou " 9% 0

16 —=— x, 7)dr + AL x, h
(16) 0x; v 0X; ay( mdr ax,~( )
The second term on the right side is harmless since it is uniformly

ou
0x;
the boundary of the larger cone I'¥). We therefore need to deal with only
the integral on the right side. For this we use the following estimate which
is a consequence of the mean-value theorem (see Appendix C).

d%u

(an 7,2 Al

Here B is a ball centered at the point (x, 7) whose radius is r. We now

choose a constant ¢, with the property that if (x, 7) € I'* then the ball B

of radius r = ¢, lies entirely in the larger cone I'5. With this choice (17)
l 0*u

becomes
du
—(n+3)/2 2
i ay(x,r) L 6ot (ﬁB P

Now call S, the “layer” in the larger cone I'} given by
C={Ly)ix] < By, r—oar <y < T+ oth

Then clearly since B < I';, we have B < S, and hence if we write

2],

the inequality (17") becomes
o*u
0x; 0y

bounded; (it represents values of taken at points strictly away from

2

dx' dy'.

2
(x, T) <

du
dy

(7)

2 1/2
dx’ dy')

J

2
dx" dy’

ou
dy

< cz,r—(n+3)/2 }/2’

(17 (%, 7)
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Figure 5. 'The situation in the proof of lemma §2.5.1.
We call 6 the angle that p makes with the y-axis. Since this direction
is contained in the cone [x| < ay, y > 0, it follows that cos § > a, =
(1 + «®)~12 > 0. With this observation we can insert (17”) in (16). The

result is

~

Ou,(s)

h
S caj T—(n+3l/2j:/2 dr + ca.
ax, sao

Now use the Hardy inequality (see Appendix A) and we get

h a 2 "h
fs 0uy(5) dsgc,,J L dr
o | 0x; o
However,
h h au 2
f g, dr = f T-"{ f f LN dy’} dr
0 0 .1 dy

2
{f‘r_"x(‘r, x',y") dr} dx' dy'.

ou
sﬁr,’é dy

where  is the characteristic function of the layer S, in I'}. But

y/(1—c1)
JT_nX(T, X', y)dr < f T Mdr = . r rdr = 'y "L
wl(1+c
r—c1T<y<ricyr !
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Inserting this in the above gives

[ o] 2]

and a final integratlon over p concludes the proof of the lemma.

Y rdxdy + ¢

2.5.2 For further reference we state two closely related inequalities.
In this connection we let I', denote the infinite cone T, = {(x, y):Ix] < ay}.
We consider also I'y, with 8 > «. For each positive k we denote by
[V¥u|? the square of the k™ gradient of v, namely that positive definite
quadratic expression in the partial derivatives of order k£ which is re-
cursively defined by

n
lvkulz — z

7=0

Vk—l i‘

2
axj ’ (xo = ,V)'

LemmaA 1. Suppose u is harmonic in Uy, then for each k > 1
ff VR 2 %" dx dy < C"”"‘ff [Vul? y'=" dx dy.
rs

LeMMA 2. Suppose u is harmonic in Ty, and |Vu| — 0 as y — oo, for
(x,y) € I'y. Then for each k > 1

ff [Vulyt=dx dy < ¢, "’ff [ VEy|? y2k=n=1 dx dy,
r'g ’ I'g

To prove Lemma 1 we use the inequality

—2(70—1)
(18) 1VEu(x, )12 < ¢ ffiVui dx’ dy’

where B is a ball of radius r = ¢;7 centered at (x, 7); the rest is then as in
§2.5.1.

To prove Lemma 2 we observe that [Vu] — 0 implies by (18) that
[V¥u| — 0 as y — oo, for any proper sub-cone of I'y. Now if k > 1, then

u(x, )y — T)?‘“z dr

ou -1 J ©
19 — (X, y) =
19) axj( ») (k — 2)! Jy 0y*ox;
By the inequalities for integral operators with homogeneous kernels
(see Appendix A) we get from (19) that

J‘oo
|zl/B

o)

l-n dy < ¢
|2l/8

ak
oy*~" ox;

-a—-(x y) (x, y) y* " tdy

0x;
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. _ . . ou .
and a final integration in x gives the desired result, for o A similar
X
u 3
argument works for 3

Y
The lemma in §2.5.1 as well as those in §2.5.2 tell, among other things,

that as far as the basic properties of the area integral are concerned we
could have used higher derivatives as well as first derivatives. However,
it is important to note that we could not have used the zero derivative. In
fact, observe that the analogue for the area integral for k = 0 is infinite
even when u is a constant!

3. Application of the theory of H” spaces

We intend to study further the notion of conjugacy given by the general-
ized Cauchy-Riemann equations
(18) z Ql‘l" =0, and

=0 0x;

ouy _ 0wy
3x, 0x,

One of the tools will be a certain result of subharmonicity which is
subsumed in the following lemma.

Xo = Y.

. 3.1 A subharmonic property of the gradient. We write F =
(4o, ty, . . . , u,), where the u, satisfy the Cauchy-Riemann equations (18)
in some open set. (Observe that this implies that in some neighborhood
of each point of this set the vector F is the gradient of a harmonic function
H in that neighborhood.) For certain technical reasons it will be convenient
to assume that the u; take their values in a fixed finite-dimensional inner
product space (i.e., Hilbert space) over the real numbers. We write |-| for
the norm in that space and u; - u] for the inner product of the u; with u;.
We write also

1/2 n az
2

Pl = (Zlu,-ﬁ) and A=3 .
=0 j
~1
LeMva. Suppose |F| > 0 ar a point. If ¢ > "—n— then A(JF|) > 0

there. More precisely, if ¢ > 2;—1 , then

(19) C, [FI*|VF|* 2 A(IFI®) 2 ¢, |[FI**|VF}?
for two positive constants C, and c,.*
* The proof will show that we may take C, = q(¢9 — 1), ¢, = ¢, ifg >2and C, =g,
-1
o= q[l +(@ -2 (—_'l'_—-l):l if ¢ < 2. The condition g > ~
n
dition ¢, 2 0. Observe also that C; = ¢, = 2.

is exactly the con-
n
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To understand the thrust of this lemma we remark that the assertion
that A [F|¢> 0, if ¢ > 1, is a consequence of the fact that each u; is
harmonic, and does not otherwise depend on the differential relations (18)
for the u;. The particular usefulness of this lemma is that it holds for some

g < 1. The actual range of g given, ¢ >
examples show.

The inequality (19) should also be compared to the following two
simpler identities. First

(20) Au® = q(q — Du** [Vul?,

whenever u is harmonic and u > 0. We have already used this identity in
Chapter IV, §2.
The second identity is

is best possible as simple

(21) AIF[ = ‘;— [F|*"2 |VF|® = g% [F|*® [F']?,

in the case when n =1 and F = u, — iy, is a holomorphic function of
Xo + ixq.

3.1.3 To prove the lemma we use the notation F-G = u,- v, +

v, + o+ u, v, where F = (up, iy, ..., U,), G= (04015 - - -, Vyp);
oF n 0
also F, = _—; then |VF2P=3|F. |2 Now —(F-G)=F, -G+
10X i ox; i

F- Gm,; therefore

53; |F|* = a%(F CF)"* = q|F"*F,, - F).
Hence, ’ ’

a 7 IFI“ =q(q — 2) IFI"“(F,, - F)* + q [F|"*{|F,|* + F,,,, " F}.

Adding with respect to j and taking into account the fact that F,, +
Foo," "+ F . = 0we obtain

AlFI'=q |F|“*‘{(q ~ )3 (F, I+ IF S IE)
It is therefore only a matter of com’paring
(22) (61—2);(F71‘F)2+ lFlzgl}?z,lz
with [F[2 |[VF]2 = [F]2 Y |F, [
i



-

§3. APPLICATION OF H® SPACES 219

By Schwarz’s inequality 3 (F, - F)* < |F*3 |F,|* and so (22) is

J 7
certainly dominated by |F|2|VF|%, if ¢ < 2, and (g — 1) |F|? |F|?ifg > 2.
This shows that A |F|* < C,|F|*2 |VF|2. Similarly the bound of A |F|?
from below is simple wheng > 2, and does not use the full thrust of the
Cauchy-Riemann equations (18). We now assume that ¢ < 2. Then the
heart of the matter is contained in the following improvement over
Schwarz’s inequality

(23) 3 (F,, < ( )||2|F|

which we shall prove momentarily. Assuming (23) we see that (22) is
bounded from below by

IFI* 2 IR, {”’(q_z)( +1)}

Inserting this in the above gives A |F|*> ¢, |F|*2|VF|?, with ¢, =
q{l +@—-2 (—%)}, if ¢ < 2. The lemma will then be proved once
n

we have established the inequality (23), which makes full use of the
generalized Cauchy-Riemann equations.

3.1.2 We observe first that it suffices to prove (23) in the special case
when the functions u,, vy, . . . , u, are real-valued, that is when the Hilbert
spaces in question are one-dimensional. The passage to the general case
considered is then effected by introducing any orthonormal basis.

Let now # = (my) be an (n+ 1) x (n+ 1) matrix with (real)
entries m;,. We will consider two norms on such matrices. First the
ordinary norm ||.#|f = sup |#(F)|, taken over all vectors F of length 1.
Also the Hilbert-Schmidt norm, [|.Z|||, given by [|.Z||2 = 3 |m,/®. By

ik
Schwarz’s inequality it is clear that ||| < [|.#]|. Suppose now that we
assume that the matrix .# is symmetric and has trace zero. Then we can
strengthen the above inequality to read

(23) la)? < (n n 1) i

To prove (23’) we observe that both norms are orthogonal invariants and
after a proper choice of basis in the n + 1 dimensional Euclidean space we
can assume that the symmetric matrix .4 is diagonal, with diagonal

n
entries 2y, 4, ..., 4,. Since the trace of .# vanishes we get > 1, = 0.

i=0
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Therefore 2, = — > 2;; so by Schwarz’s inequality 22 < n 2 2%, and con-
sequently i*io i#do

=22 < (-2 ) 22,
Sl:p ’o—(n+1 ; ].n

This is (23°) in case of a diagonal matrix, and thus by what has been said
already (23') is proved for any symmetric matrix of trace zero. With

F=(uy,...,u,),let my = Then the generalized Cauchy-Riemann

Ouy
ox;
equations (18) state exactly that the matrix .# = (m,,) is symmetric and
has trace zero. It is then easy to see that (23") implies (23) and the lemma
is completely proved.

3.2 HP” spaces; in particular H'. In analogy with the classical theory
we define the n-dimensional form of the Hardy space H?” as follows.
Suppose F = (uy, Uy, . . . , U,) satisfies the generalized Cauchy-Riemann
equations (18) in R For p > 0 we say that F € H? if

1/p
(24) sup ( |F(x, y)I* dx) < ©
y>0 R™
We shall write | F||, for the quantity appearing above. It is a norm when
p>1
Because of the lemma in §3.1 it will be shown that some of the classical

-1
theory (n = 1) of H? spaces extends to n-dimensions when p > ——n—- ,

and what is most interesting for our purposes, is that this contains the
case of p = 1. To understand better the implications of the latter point we
consider first the H” spaces when 1 < p < 0.

Suppose therefore that F'€ H?. Then by the corollary in §1.2.1 there
exist fo, f1, f2 - - - o fn, €ach in LP(R"), so that wu,(x, y) is the Poisson
integral of f;, j=0,...,n Also by §4.4 of Chapter III f; = R,(f),
where R;, R,,..., R, are the Riesz transforms. Conversely, suppose
So€ LP(R"), and let f; = Ry(fy), and u;(x, y) be the Poisson integrals of
fi» j=0,...,n Then F= (uy, uy,...,u,)e H?; moreover ||fil, <
IFl, < A, 1 follye

To summarize: for 1 < p < oo the space H” is naturally equivalent with
the space L?(R").

For p = 1 this identity no longer holds and we may view the space H*
as a substitute for LZ!(R"). Our purpose will be to show that in this context
various results which break down for L! have correct versions for H. In
this way the H! theorems may be thought to be in some sense analogous
and complementary to the results involving weak-type (1, 1) which occur
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in Chapters I and II. Our first theorem of this kind deals in effect with the
maximal function.

THEOREM 6. Let Fe H'. Then lim F(x, y) = F(x) exists almost every-
y—0

where and in L*(R"™) norm. Also

| sup PG i dx < asup [ 1Rl dx = 11
R™ y>0 v>0JR"

Before we come to the proof of this theorem we shall formulate several
corollaries which will indicate more clearly what is actually involved.

Let du, be a finite measure on R”. We shall say that the Riesz transform
R;(du,) is also a measure, say du,, if the identity

(25) fi(x) = 1 7 fi o)
|x|
holds, where £, and £, denote respectively the Fourier transforms of the
measure du, and du;. This is of course consistent with the usual definition
in view of identity (8) in Chapter III, (see p. 58).
As a special case of this definition we can assume that du, = f; dx
where f, € L}(R"). We say then analogously that R;(f;) € L*(R") if there

exists an f, € L}(R") so thatf,-(x) = 1’%}’0@).

COROLLARY 1. Suppose du, is a finite measure and all its Riesz trans-
forms Ry(du) are also finite measures, Ry(du,) = du,, j=1,...,n. Then
there exist I} (R™) functions fo, f1, . .. ,f,, so thatdu, = f;dx, j=0,...,
n.

The space H* is naturally isomorphic with the space of LX(R"™) functions
fo which have the property that R,(f,) € L\R"), j=1,...,n The H*

norm is then equivalent with || fyll, + 3 | R;(fo)l1-
=1

This space of f, consists in effect of the “real parts” of the boundary
values of Fin H'. It is tempting to refer to this Banach space as H* also,
whenever this does not cause confusion with the parent space of F
initially defined.

COROLLARY 2. Suppose focLYR") and R(fy) € L\R™), Ri(fy) =
finj=1,...,n Then

>3 f sup lu,(%, )| dx < A3 flh.
70 Jpn w50 i=o
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3.2.1 We prove Theorem 6 and its corollaries. To begin with let us
suppose, as we did earlier, that if F = (4, ..., u,), each of the u;’s take
their values in a fixed finite-dimensional Hilbert space; we call this inner-
product space ¥;. We shall also need another finite dimensional Hilbert
space ¥, and we consider V' = V; P F,, their direct sum; ¥, and V, are
orthogonal complements in V.

We next find a fixed function in R?™, @(x, y) = (ve(x, ¥), 01(x, ¥), - ..,
v.(x, ¥)), so that the »;’s take their values in ¥, and

(i) The v, satisfy the Cauchy-Riemann equations (18).

(i) 1O(x, y)| = ¢[(x,y + D™ = e(lxf + (¢ + D2k,

To do this let ¥, denote the standard coordinate space of (n + 1)
dimensions; let H(x,y) be the harmonic function |(x,y + 1)|7"*! =
(x| + (¥ + H?) V2 * For every j, 0 < j < n set

v,(x )=( O'H )n
A Y 0x; 0% /o
Then
n n aZH 2
D, MP=3 > )
iZ0 k=0 | Ox; 0xy

It is therefore easy to verify (i) and (ii) with ¢ = (n? — 1)(n* — n).
Next, for every ¢ > 0 we define F, by

(26) F(x,y) = F(x,y + &) +£0(x, y).
If we write F,(x,y) = (ui(x,y), ..., u}(x,y)), then

ui(x, ) = u;(x,y + &) + ev,(x, »),
and so the u° take their values in ¥, ® ¥, = V. Observe also that the
components u¢ of F, satisfy the Cauchy-Riemann equations, and that F, is
continuous in R7*1.

Now because of our assumptions on F, and in view of the corollary in
§1.2.1 of this chapter, we can assert that each u;(x, y) is the Poisson
integral of a finite measure. Thus it is easy to see that for every fixed &
each u;(x, y + ¢) tends to zero as |(x, y)| — o, for (x,y) eR7"L The
same is true for the components of @ (by property (ii)) and so |F.(x, y)| —
0 as |(x,y)| — oo in R In addition to this we have |F(x,y)|* =
[F(x,y + €)|2 + €2 |D(x, )|2 > 0, because of the orthogonality of ¥; and
V,in V. Thus |F,|? is smooth, and we can apply the lemma in §3.1 with

q= n , obtaining A(|F,|?) > 0 everywhere. Set
g:(x) = |Fy(x, 0)|* = (|F(x, &) + % |D(x, 0)[)¥%

* We assume here and in the rest of this chapter that n > 1. The argument for n = 1
needs certain slight modifications.
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Then
27) f (g.(x))" dx = f |F(x, 0)] dx < | Fll + | D]
R™® R”

where p = 1/q, and it is important that as a result p > 1. Let g,(x, y) be
the Poisson integral of g,. We claim that

(28) [F(x, I* < g, y), (x, y) eRT™

To verify (28) observe that both £, and g, are continuous in ﬁf’l and F,
vanishes at infinity. We have A(|F,|¢ — g,) > 0, and therefore in view of
the maximum principle of Appendix C it suffices to verify (27) on the
boundary, y = 0, for which the equality sign holds. Therefore (28) is
proved.

We now select a subsequence of the family {g.(x)}, ¢ — 0, which con-
verges weakly to a function g in L”(R"). Because of (27) we have [g]? <
[Fl,. If g(x, y) denotes the Poisson integral of g then (28) leads to

(28") [F(x, pI* < g(x,»)

However, by the maximal theorem for Poisson integrals (see Chapter
III, p. 62) we have sup |F(x, )Y < sup g(x, y) < (Mg)(x), and therefore

>0 y>0

L sup [F(x, )l dx < [ (Mg ax < 43 f () dx < A [F ..

" oy>0
This proves the main conclusion of Theorem 6. That lim F(x, y) exists
—0

almost everywhere follows because the Poisson integral of a finite measure
has this property (see §4.1 of Chapter III). The almost everywhere con-
vergence can also be proved by appealing to (28’) which shows that the
F(x,y) is almost everywhere non-tangentially bounded, and then by
using Theorem 3 of this chapter.

Finally the convergence in the L! norm is a consequence of the almost
everywhere convergence and the maximal inequality just proved which
shows that |F(x, y)| is majorized by a fixed integrable function.

To prove Corollary 1 we merely notice that if u;(x, y) are the Poisson
integrals of du; and du; = R,(dy,), then F = (u, ..., u,) satisfies the

Cauchy-Riemann equations. Also sup [lu;(x, y)Il; = lldu;|l < oo, and so
>0
Fe H Let fi(x) = lim u,(x, y), wﬁere the existence of this limit (in the

-0
L! norm) is guaranteed by the theorem. If /i; and f; are the Fourier trans-
forms of du, and f; respectively, we have (u(x, y))* = fi,(x)e ?"1=Iv. Thus
fi(x)e2m=lv 5 F(x), as y —>0; therefore ji,(x) = =f,(x) and du; = f; dx.
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Corollary 2 follows from the above once we notice that if du; = f;(x) dx,
then [|du;il = [ fill..

3.3 The area integral and H'. If fe L?(R"), we have studied in
Chapter IV, and also in part in the present chapter, three related auxiliary
expressions, namely

gNE), SN, and  gHNE).

These were defined as follows. If u(x, y) is the Poisson integral of f, then

g(N)x) = (Lwy |Vu(x, y)I* dy)l/2

g0 = (f f |V — &) (I 1+ y)my T dy)m

To define the area integral S we need to fix the cone entering in its
definition. In what follows it will be convenient to fix this cone as the
usual right circular cone. Thus we take S to be given by

S(f)(x) = (J:‘;tliv [Vu(x — ¢, y)|2 y*~" dt dy)m,

We observed in Chapter IV that g(f)(x) < eS(f)(x) < g5 ()(x), and
proved in Theorems 1 and 2 that
B, I fll, < g(Pll» < ealga(Nly < 4,0 11

if 1 <p < o, when 2 > 2.

Our purpose will be to formulate the extension of these facts for p = 1
in the context of the H* spaces, and then to apply this in §3.4 below.

Let Fe H?, 1 < p, and define S(F)(x) and gy (F)(x) in analogy to the
above, namely

S(F)(x) = ( f f _IVFG = 1)y dr dy)m

nai 1/2
g0 = ([[Ivre = (= )y dea)
1+ v
Again, of course, S(F)(x) < ¢,gF(F)(x). Our results are as follows:

and

THeOREM 7. If FeH”, 1 < p < oo, then |g5(F)ll, < A4, ,IFli,, as
2
long as p > E In particular |S(F)|, < 4, I|IFl,.

THEOREM 8. Suppose F € H?, 1 < p < . Then B, I\F|, < [S(F)],.
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It can be shown that results of this kind are also valid for p > ’ITI ,
(see §4.9 below), but in its present formulation the theorem and proof are
already fairly typical of the general case. The interest in these theorems is
for us the case p = 1, since the case in that part of the theorem when
p > 1 is contained in the results of Chapter IV. In the arguments that
follow we therefore limit ourselves to p = 1.

3.3.1 Proof of Theorem 7. For the proof of this and the succeeding
theorems it will be very convenient to restrict our attention to an appro-
priate sub-class of H” which we now define.

Let HY consist of all F such that

(i) FeH”
(i) Fis continuous in R7*1; it is also rapidly decreasing, that is pF is
bounded in R7*! for every polynomial p in the x;, ..., x, and y

(ii1) Property (ii) holds also for every order partial derivative of F in
the x,, ..., x, and y.
What will be important for our purposes is the following fact.

LEMMA. H}isdensein H,1 < p < .

When 1 < p < oo the proof of the lemma can be given by a rather
straightforward limiting argument since the Riesz transforms R, are
continuousin L?. The lack of continuity for p = 1 complicates the situation
for that basic special case, and it is just this case which concerns us here.
However, to come directly to the presentation of both Theorems 7 and 8
we shall postpone the proof of the lemma to §3.3.3 below.

Assuming the truth of this lemma, we are therefore faced with the task
of showing that

(29) Ig5(F) < A4; I Flly, 4 > 2, F € Hy.

It will be useful at this stage to make a further reduction of our problem
by replacing F by F + e®, in analogy to the proof of §3.2.1. It is to be
recalled that the components of the ® are orthogonal to those of F, that
they also satisfy the Cauchy-Riemann equations, and that |®(x,y)| =
¢ |(x,y + D[7"L. (For later purposes it is to be observed that |[V®| = -
¢’ [(x,y + DI7"2)

The main point of introducing the perturbation ¢® is of course to
climinate the zeroes of F; in fact we have |F + e®|2 = |F|2 + £ |®2 > 0.
Our objective will therefore be (29) with F replaced by F + ¢®.
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Our argument will be a modification of the presentation for p > 1 given
in §2 of Chapter IV, and in particular in §2.5.2 of that chapter. Let us
draw the parallel in detail.

Lemma 1 (p. 86) will be replaced by the inequality

(30) CiIFITHVF2 > A(IF) 2 e |[FI7H | VF?

which is merely a special case of the lemma in §3.1 of the present chapter.

Lemma 2 (p. 87) will be restated with a slight modification as follows.

Suppose G is continuous in R, , G is of class C? in R%, y AG €

LRI, dy dx), |G(x, y)| < [(x, »)|~"¢, and

IVG(x, W < Al(x, )75
with € > 0. Then
(3D J:L"ﬂ yAG dxdy =J;ﬂG(x, 0) dx.

Finally for the maximal Lemma 3, and its variant inequality (24), (see
p. 92), we shall have
For any fixed u, u sufficiently close to 1, u < 1,

(32) 1F(x — t, y)| < (1 + 1) " FE(x), with L FA0dx < A, |IF]l,.

In fact by the inequality (24) of Chapter IV we have

g — 1, )| < A(l + '—;')"M<g><x>,

where g(x, y) is the Poisson integral of an arbitrary function g(x). We now
invoke the majorization (28"), namely |F(x, y)|* < g(x, y) with g(x) =
|F(x, 0)]* where we choose ¢ = p < 1. Then

|F(x — 1, )| = A1 + t]/y)""M**(g),

and (32) is proved with
F*(x) = AVEMY(g)(x),

when we recall that if p = 1/g, then | g||2 < ||F|;.
Now whatever fixed 4, 4 > 2 we start with, we canfinda 2’ > 1,and a
u < 1, u sufficiently close to 1, so that I’ = 1 — 1/u. We set

A'n
re = y( y ) AG(x — 1, y) dt dy,
JRY v+l

where G(x,y) = |F(x,y) + eP(x, y)|. Observe (as in §2.5.2 of Chapter
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1V) that
f I*(x)dx = c,l,‘”‘”H yAG(t, y)dtdy = C"'J‘ G(t, 0) dt
R" R, R"

= c,vf |F(x, 0) + ®(x, 0)| dx,
Rﬂ

as soon as we verify that G satisfies the requirements given for (31). Now
since F € H}, it is rapidly decreasing together with all its partial derivatives;
also |®(x, y)l = ¢ |(x,y + D™ and |[V®| = ¢’ |[(x, y + 1)|7"~% There-
fore by (30) for F + &® in place of F we have

AlF+ ¢ < A|(x,y+ D3
This shows y AG € LY(R%*, dy dx). Similarly
G, I < Al(x, y + DT
and |VG(x, y)l < 4 |(x, y + D72
Next by (30) again

sF + 00 <a'[[ () Gacaray
R, Y+t

The latter is majorized by ¢/ *(x)F,’f’e(x), because of (32); here

.__«V_n/”G - = F*
sup (y+|t|> (x—ty) (%)

t.y
and

[Fidly S A, IF + @,
Thus by Schwarz’s inequality
f ga(F + eD)(x) dx < e *cf* | F + e®|);.
Rﬂ
Letting £ — O proves our desired inequality (29) and thus Theorem 7.

3.3.2 Proof of Theorem 8. 1In addition to the operator S we want to

consider a whole family of variants, defined for any ¢, with g > }—1—;—1 .

We set
A0 = (Hm,y‘”%(!Fl“)(y, ) dy dt)l/q

where 1'(x) is our basic cone,

I(x) = {(t, y):lx — 1| <y}
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G, (F) is well-defined, since

AQF >0  for g>2=1
n

by the lemma in §3.1. We make the following observations about &,.

(@) Sy(F) = V2 S(F)

because A |F|* =2 |VF[?, by the lemma in §3.1. In addition S, satisfies
a certain convexity property in g, namely

® By(F) < e(So(F))' UG, ()

whenever g; > (n — 1)/n, and 1/g = (1 — 0)/q, + /g, where 0 < 6 < 1.
¢ is a constant which depends on g,,¢; and 6, but is independent of F.
Inequality (f) is a consequence of Holder’s inequality and of the lemma in
§3.1. This lemma states, in effect, that A |F|? is comparable with

|F|*=® |VF]?

and so, in effect, S,(F) behaves like a g" norm of |F|.

After these preliminaries we come to the main point. In proving the
inequality
(33) BIIF|, < ISP,  Fe H

we shall make the same reduction we did in the proof of Theorem 7.
That is, we assume that in place of F we have F 4 ¢®, where F € H}, and
® is as above. In order to simplify the notation we shall assume that F
already has the required form. Write now G(x, y) = |F(x, )| and we
apply the identity .~ y AG dx dy = [z G(x, 0) dx again, which we
already saw was perfectly legitimate. In fact

— 1-n
L &y(F) dx = Ln ([ fm)A \F(t, )| =" dy dt) dx
- cﬂ y A F(x, )l dx dy = cf IF(x, 0)] dx.
R, R"
Thus, |F|, = ¢ ||&,(F)|, and hence by (f) we have using Holder’s
inequality
(34) |Fly < ¢ ISP (SF)N N < ¢’ ISP 18P

1
<n<l,

. n
where 7 is an arbitrary, but fixed exponent in the range
and 6’ is chosen accordingly.

If we can prove the inequality

(35) 1S, (F)l. < ¢ IIFlx

n
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then substituting this in (34) gives ||F||; < ¢’ [|G,(F)!;, which is (33). We
turn our attention therefore to (35).

The question whether G (F) e L'(R") is the same as that whether
S, (F)" € LY"(R™), and since 7 < 1, the exponent 1/7 is greater than one.
Let r be the index conjugate to 1/, namely 1/r + n = 1. Then what we
need to do is estimate

sup LHG,,(F Y(x)p(x) dx

where ¢ ranges over an (appropriate) dense subset of elements in L"(R™),

with {l¢], < 1.
For our ¢ we choose the non-negative C* functions on R”, each with

compact support, and so that [ ¢{, < 1. Now
S,(F)'(x) = f f AGFY (1, )y dr dy
e

- f f (5, V) AQFP (2, )y di dy
R,

with y(x, t, y) the characteristic function of the cone I'(x) = {|x — t| < y}.
If P,(x) is the Poisson kernel then y(x, t, y)y™" < cP,(x), therefore

o [ surree s <e [ ot AR Iy dxdy

with @(x, y) the Poisson integral of ¢, that is ¢(x, y) = (P, * ¢)(x). We
next observe the following differential identity: if A(4) = 0

294 B

i=0 0x; 0x;

Set A = ¢(x, y), B = |F(x, y)I", (y = x,), then the right side of (36) is
majorized by a constant multiple of

AA(B) = A(4B) — 2

ﬂmA(qa |FI")y dy dx + ZHMIV IFI") - Vol y dy dx.
JRy R+

The integral on the left of the above can be evaluated by the identity (31)
whose application is again legitimate in view of the assumed form of F.
Its value is then [gn |F(x, 0)|" ¢(x, 0) dx, and this is majorized by

IFIT el < IF1.
The integral on the right equals a constant multiple of

(a7) f { f f IV (5, 9) |+ | Veplt, )] Y= di dy) dx.
R™ ()
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Now |V |F|"| < constant |F|""* |VF|. Also by the maximal inequality

((32), p. 226) we have sup |F(z, )| < cF*(x), with fga F*(x)dx <
t, el (x)
A|F|,. Finally A|F) Zvconstant |F|"~2|VF|%. Altogether then, using

Schwarz’s inequality, we see that (37) is majorized by a constant multiple
of

f (F*()"(S (F))"S(5) dx

R’ﬂ

To this integral we apply Holder’s inequality in the form
f Adydy dx < [ sl 1Al [4sll e
R”

where 1/p, + 1/p, + 1/p; = 1, with p, = p, =2/, and p; =r (recall
1/r + n = 1). The majorant is then |F*||7/2 |G (F)|7? | S(¢)l, which in
turn is dominated by a constant multiple of | F|[7/2 | S (F)II”/ 2 this is true
on two counts, first since [|S(@)]l, < 4 ¢|, < 4 by the results of Chapter

III (here r > 1), and also | F*|; < A ||F||, as already pointed out.
In summary we have obtained the following:

ISP = sup f &, (FYg dx
¢ n

S IFIT + A NFI" 1S,(PI7*

This implies inequality (35) and therefore inequality (33), giving the
desired conclusion for our F of the special form F + ¢®, with F € H;}. The
limiting passage to general F in H' is then routine.

3.3.3 Proof of the density lemma. We dispose here of the lemma which
was stated without proof in §3.3.1 above. We are going to prove that H} is
dense in H*.

We suppose f€ L'(R"), and f has the property that the R,(f) = f; all

belong to L}(R™). (The assumption means of course that i,—;j f(x) each are

Fourier transforms of L functions; observe that as a consequence f(0) =
f0)=0,j=1,...,n)

Our proof of the lemma will be in two steps. First we shall see that for
each f of the above kind we can find a sequence {f®)}, € L*, so that f ®
has support which is compact and at a positive distance from the origin,
and so that f® — fand R,(f*)) — R,(f) in the L* norm, as k — oo.

Let us choose a fixed C® function in R* with compact support, @,
with the additional property that ®(x) = 1, for |x| < 1. For each § > 0,
define the transformation T; on LMR™ by (T,/)"(x) = O(x/d)f(x).



§3. APPLICATION OF H® SPACES 231

Clearly
T,(N)(x) = 6"Ln S(x = y)p(dy) dy

with ¢ = ®. It is also to be observed that |T,(f)]; < 4 || f[, with 4
independent of d or f. Consider Ty(I — T,)f. As N— oo and ¢ —0 it
converges to fin L*(R™) norm, if f belongs to the closed subspace L} of
L'(R™) consisting of functions whose Fourier transform vanishes at the
origin. To prove this assertion it suffices, in view of the uniform bounded-
ness of the operators Ty(I — T,), to verify it for a dense subset of this
subspace. An appropriate such subset consists of L(R") functions whose
Fourier transform has support which is compact and is at a positive
distance from the origin. For those f, obviously Ty(I — T,)f = f for N
sufficiently large and ¢ sufficiently small. That such fare dense in the closed
subspace L} can be proved directly by elementary computation, or one
can appeal to Wiener’s theorem characterizing the maximal ideals of
LY(R™). In any case then we take T.(I — Ty,.)f =™, so f*® — fin !
norm. Also R,(f®) = T, (I — Ty;)R,(f), so R,(f*)— R,;(f) and we
have achieved the first step.

We may assume now that f€ L'(R") and that the support of f is a
compact set K disjoint from the origin. Consider a standard regularization
of f given by f * k™y(kx) where y is C* with compact support, fg. y dx =
1. Observe that the f * k™y(kx) belong to C*, and if k is sufficiently large
they have a common support contained in a compact set K’ which is at a
positive distance from the origin. If ¥"*(x) = y(x) then ¥(0) = 1 and
F* k™p(kx) is the Fourier transform of f(x)¥(x/k) = f, which clearly
converges to fin L*(R™) norm. We claim that R;(f,) — R;(f) also. In fact
for each compact set K’ of the type described there is a C* function m,(x)
so that m;(x) = i% for x € K'. Let M, be the L* function determined by

M,(x) = my(x). Then M*f, = R,(f).

The convergence of R;(f;) to R,(f) in the L*(R") norm is then obvious. It
is also apparent that the element of H! whose boundary values are
(fir Ri(fo)s - - - » R,(fx)) is in fact in H}. This proves the lemma.

It will be useful to record the essence of the lemma as follows. Consider
the Banach space {f e L*(R"); R,(f) e LX(R"),j =1, ..., n}, with norm

n
I/ =111y + 2 I R;,()l;. Then we have proved above:
i=1
COROLLARY. The collection of f whose Fourier transforms are C* and

which have compact support strictly disjoint from the origin is dense in the
whole Banach space.
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Let us call by H} the corresponding subspace of F in H'. We have of
course H)) < H} < H', and we have shown that H} is dense in H™.

3.4 Muitiplier transformations in H'. After all the exertions of the
previous pages in dealing with the functions S(F) and g} (F) we come now
to some results which indicate that these efforts were justified. We intend
to show that many of the singular integral operators (more broadly:
multiplier transformations) studied in Chapters II, III, and IV extend to
bounded operators on H'.

We require a definition. Let m(x) be a function defined on R”. Suppose
that whenever F € H! we can find another element of H*, namely F, with
the property that if lim F(x, y) = F(x, 0) = (fo(x), fi(x), . . ., fu(X)), and

F(x,0) = (fy(x). ... fo(x)), we have

(3%) (F)rx) =mx)fx), j=0,1,...,n

The function m will then define a mapping T,, of A" to itself, given by
F= T, (F).If T,,isbounded on H' *' we shall say that m is a multiplier
for H'. The matter can be put in another way. We can say that m is a
multiplier for H* if there exists a constant 4 with the following property:
whenever fy, fi,...,f, are LY(R") and f, = R,(f,), then there exists
L'(R") functions fy, /1, . . . , f, defined by (38) so that

Sifilh < AT ISl
j=0 j=0
Our theorem is as follows:

THEOREM 9. Suppose that m(x) is of class C'"*1) in the complement of
the origin of R". Assume that

3 2
(39) sup REl*-n f ‘(-Q) m(x)| dx < B
0<R<x ox
R<|z|<2R
. , A
for every differential monomial ) where o = (o, &g, ..., 2,) and

lal =ay + ag* -+ a, <n+ 1. Then m is a multiplier for H'; that is,
(40) I T, (E)ly < A [ Flly.
* The assumption that T, is bounded on H* is strictly speaking unnecessary since it

follows automatically from the closed graph theorem and the assumption that T, is
defined on all of H*.
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Among the operators that are covered by this theorem are the following;
(i) The operators of the kind

ftim [ S g 5y ay

e=0 Jjv[=e [y]"

if Q is a sufficiently smooth homogeneous function of degree 0 with
vanishing mean-value on the unit sphere. Operators of this type arose in
§4 of Chapter II, and contain the class of operators described in Theorem
6 (p. 75) of Chapter III. The latter class includes of course the Riesz
transforms and the algebra they generate.

(ii) A substantial sub-class of the multipliers arising in the L? multiplier
theorem (Theorem 3 and its corollary) in Chapter IV (see p. 96).

Incidentally the proof will show that 4 < CB, where C is some absolute
constant; thus the theorem leads directly to a slight extension of itself
where the condition of C"*1) is relaxed to some condition involving
differentiality in the L? context. We shall however, not pursue this
refinement.

3.4.1 Thetheorem will be a direct consequence of the following lemma:

LeMMA. Suppose F belongs to the dense subspace Hy,. Then T, (F) ¢ H*
and

(41) S(T(F)(x) < A'GHF)(x), with 7=20+2

n

The lemma is proved in much the same way as the corresponding lemma
in §3.2 of Chapter IV.

First since F € HY,, each f; is C* and has compact support away from

the origin. Hence in view of the fact that m is C***1 away from the origin
it follows that m(x)f,(x) is of class C***1 and has compact support, and
therefore is the Fourier transform of an L! function. Thus by definition
(38) T, (F)e H.

Let us define the harmonic function M(x, y)y > 0, by

M(x, y) =f e tmimte= 2ty (1) dt,
R'n
Then following the argument in §3.3 of Chapter IV we have
F(x,y) = (T,.F)(x, y) =f M(t, y)F(x — t,y5)dt,  y = y1 + s,
Rn
and therefore
() IV )< [ MG D) G = s dr
Rn

where V* denotes the k*" gradient.
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The conditions (39) may be reinterpreted in terms of M. Following the
same reasoning used in Chapter IV we get

(43) [VEM(1, )| < B'y™*
(43" f 1|2 |VEM (2, p)|2dt < B'y™", for k =n+ 1.
Rn

In proving the inequality (41) it suffices by translation invariance to
consider the origin only. Inserting (43) and (43’) in (42) and using
Schwarz’s inequality gives (with k = n + 1)

[VED By, p)|2 < Ay""—%f IVF(x — 1, y[2)|* dt

Jt)<2v
+ Ay [ VRGPl
1t >2v
= Li(x,y) + L(x, y)

Thus
2
H |VEEx, pP y**dx dy <3 ﬂ I(x, p)y* " dx dy
lel<v B B I
To evaluate
f f Ii(x, y)y* ' dx dy
|| <v

observe that [¢| <2y and [x| <y implies that |x —¢| < 3y. Thus a
simple computation shows that this integral is dominated by a constant
multiple of

f f IVE(x', y)? y'=" dx’ dy.
j2'| <6y
Similarly the integral
f [ 1o ax dy
|| =v

is dominated by a constant multiple of

y 2k
[[L, Jvee e yer(cL ) axay
2| =2y |x'|

Both of these results are of course majorized by a constant multiple of

2 2
(g3 (F)(0))?, where 1= % Since k=n+1, we get A= n:— .
n

Altogether we have verified that

f f TR, Ity dy < AT PO
x| <y
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We now invoke Lemma 2 in §2.5.2 of the present chapter (see p. 216).
As a result we get

S(F)(0) = S(T,,F)(0) < Ag%(F)(0)

and after a translation by an arbitrary x this is (41), and the lemma is
proved.

The proof of Theorem 9 is then concluded as follows. Theorems 7 and 8
now show immediately that ||T,,(F)|, < 4 | F]l,, whenever F'€ H},, with
A independent of F.

The bounded operator T, defined on H} then has an abstract exten-
sion as a bounded operator to all of A It is then a trivial matter to see by
a limiting argument that this extension satisfies the defining property (38).
Theorem 9 is therefore completely proved.

4. Further results

4.1 The results of §1 have analogues when the upper half-plane R»*1 is

replaced by the unit ball B"*! in R*! with its boundary the unit sphere 5. Let
1 —|x|?

#(x, y)bethespherical Poisson kernel #(x, y) = C"lx—-}[JT’!Tl’ (x| <1,lyl =1,
and do(y) be the induced Lebesgue measure on S™. For every f € L?(S", do), its
Poisson integral is u(x) = fgn 2(x, y)f(y) do(y). One then has the following.
Suppose « is harmonic in B*+L,

(a) u is the Poisson integral of an L?, 1 < p < w function if and only if

sup (fg, lu(r)|? do(y)'? < oo

0<r<1
(b) u is the Poisson integral of a finite measure on S if and only if

sup fgn lu(ry)l do(y) < o

0<r<1

(¢) u is the Poisson integral of a finite positive measure on S™ if and only if
u > 0in Bnl,
Under any of the three above conditions the (appropriately defined) non-
tangential limits of « exist almost everywhere on S™.

4.2 Suppose u(x, y) is harmonic in R%+1. Then u(x, y) > 0 if and only if it
is of the form

u(x,y) =f P,(x — t)du(t) + ay, a>0
Rﬂ

where dpt is non-negative Borel measure for which

dnu(t)

Wﬁ; < o, (Hint: use §4.1(c)).
R" -
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4.3 The fact that non-tangential boundedness implies at almost every point
the existence of non-tangential limits (Theorem 3) has been generalized in
several directions.

(a) It suffices to assume that at the points in question, the given harmonic
function is non-tangentially bounded from below. (Carleson [1])

(b) These results can be extended to domains which have a Lipschitz bound-
ary. (R. Hunt and Wheeden [1])

44 Let du be any non-negative measure on R7+1 with the property that
#(Q) < c(diam Q)" for any cube Q in Rffl which touches the boundary, R™.
Let u(x, y) be the Poisson integral of an LP(R™) function. Then

1/p 1/p
(ff lu(x,y)l”du) < cA,,(J‘ lf(x)l”dx) , 1 <p<Loo,
Rnt1 R"

See Carleson [2]; also Hérmander [4].

That this result is in reality a consequence of the usual maximal theorem
(Theorem 1, Chapter I) can be seen as follows. Let ®(x, y) and ¢(x) be non-
negative functions in R?*1 and R” related by the non-tangential inequality

sup ®(x', y) < o(x). Then u{(x, y):® > o«} < cm{x:¢ > «}for each «, and

e -l <y
'U Q? du £ cJ‘ @?(x) dx
R R"

as a result

Once this is observed, we need only take @(x, y) = |u(x, y)|, (x) = AM(f)(x).

The non-tangential inequality sup ®(x’,y) < @(x) is then contained in
le—a'l<y

Theorem 1, and the result follows from the L? inequality for M(f).

4.5 There is another type of maximal inequality for Poisson integrals. It has
some of the features of the g¥ function in that there is a critical L? class depending
on /. Define 4, by

y ni \1/2
M (f)(x) = sup (J‘R"lu(x —L)Py™ (|f| +y) dt)

¥>0

Notice that () (x) > ;M(f)(x), if f>0.Let1 < <2,
(@) If p = 2[4 the mapping f — A,(f) is of weak-type (p, p)

(b) If p > 2/2
(N1, <4, If1,

(¢) If p < 2[4, there exists an f'€ LP(R™) so that #;(f)(x) = o« everywhere.
See Stein [4].

|Gx, p)I=m+t

4.6 Let H be the harmonic function
—-n+1

(),2 + x% e 4 x:)1/2).

, n > 1, (with |(x, )| =
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oH aH oH
Set F=VH = ( —) Then |F| = |(x, y)I™™, and A |F|? =
ay x; 0x

n—1
nglng — n + 1] 1(x, )’)l”"q—2 Thus if g >0, A[F|? 20 only quz( n )

4.7 The L? inequalities for fractional integration (see §1.2 in Chapter VI) are
valid for p =1 in the context of H. If fe L'(R") and R;(f) € L'(R™), j =
1, - +,n Then

1 _f»

d € LY(R"
7@ S 15 = e Y ELRY

L(f) =

and 14Nl < 4,0/l + 3 IRl with 1jg =1 = ajn, and 0 < « <.
See Stein and Weiss [2]. 7

4.8 Suppose f > 0, f€ L}(R™). Define R;(f) by

lim ¢,

( - )d s
e—0 J‘}y[>e |_yln+1f Ny
which we know exists almost everywhere (see Theorem 4, Chapter I).

Suppose each R;(f) is integrable on each compact set. Then | f| log (2 + | f1])
is also integrable on each compact set. (Hint: use Corollary 2 of Theorem 6 in
§3.2 of this chapter, together with §3.2(c) in Chapter I. For details see Stein
[121)

n—1
4.9 Theorems 6 to 9 have extensions to H?, forp > W by much the same
methods as those given here for p = 1.
(@) If Fe H?, then lim F(x + iy) = F(x) exists almost everywhere,

v-—>0
f |F(x + iy) — F(x)|? dx -0,
R”

as y -0, and ,fm sup [F(x + iy)[?dx £ Ar ]|F||g. Stein and Weiss [2].
v>0
(b) B, |Fl, <|IS(F)|l, £ 4, |F]|,. Calderén [6], Segovia [1] and also
Gasper [1]
© lgZ B, < A4, , IFll, if p>2/2
(d) m is a multiplier of H? if |m(x)] < B and

0
sup Rzlal—nJ‘ ( ) m(x)
0<R<® R<lal<er |\ 9%

where |a| <k, and k& > n/p, (p < 2). For (c) and (d) see Stein [9].

2
dx < B
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4.10 Suppose a(x) is defined on R* and ja(x) — a())] < M[x — )|, x, y€R™L
a(x) — a(y)
Let T.(f)(x) = ———— (/O dy. Then TN, < 4, [/l

-yizel (X —))?
1 <p < o, with 4, independent of e. This result can be proved as an appli-
cation of Theorem 8. For details and further results of this kind see Calderdn
[61.

4.11 Let u(x, y) be harmonic in R71. Then at an individual point x° the
three conditions

(1) u is non-tangentially bounded at x°;

(2) « has a non-tangential limit at x°; and

) [frio, 1Vul? 1 dedy < oo
may all be independent, except that of course (2) implies (1).

To see this take the case n = 1. Consider the three functions u(x, y) given by
e~z ev1o8z and (log z)! —® where y is real, 1/2 < 6 < 1; each are single valued
and holomorphic in z = x + iy for (x, y) €R2. Let x® = 0. For the first we
have (2) (and (1)) but not (3); for the second we have (1), but not (2) and (3);
and for the third function we have (3), but not (2) or (1).

4.12 That many of the results of this chapter do not hold when the non-
tangential approach is replaced by perpendicular convergence to the boundary
can be seen by the use of the following theorem.

THEOREM. Let E be a set of the first category (and possibly of full measure) in
R'. Suppose ®(x,y) is any continuous function in R2. Then there exists an
analytic function F(z), z = x + iy in R2 so that lim {Fx +iy) — @x,»} =0
for each x € E. (See Bagemhil and Seidel [1]). ¥—0

(a) By the aid of this theorem, choosing an appropriate ® which is bounded
but oscillates as y —0, we see that the analogue of Theorem 3 in §1.3 for
perpendicular approach is not valid. Similarly by choosing a @ which in addition
is purely real-valued, we see that the analogue of Theorem 5 in §2.5 also fails.

(b) For fixed ¥'(y), let ®(x, y) = ¥'(}), and suppose that f(z) is analytic in
R?%, with the property that f'(x +iy) —¥'(y) >0, as y ~0, x€ E. Then
clearly f(x + iy) —¥(y) —limit, as y -0, x€ E. If we choose ¥(y) =
yeilV, we see that f(x + iy) can tend to a limit almost everywhere, as y — 0, but
fey1f/(x + iy)i?dy = o almost everywhere. Conversely, if we choose ¥'(y) =
(log 1/yy°, (0 < 6 < 1/2) for y < 1, then we see that jgy |f'(x + iy)|* dy can be
finite almost everywhere, without lim f(x + /y) existing almost everywhere.

-0
This shows that the perpendicular alaalogue of the area theorem (in §2) is also
not valid.

Notes
Section 1. The local version of Fatou’s theorem (when n = 1) was proved by

Privalov using complex methods. See Zygmund [8, Chapter XIV]. The general
version, and proof, given here are taken from Calderdn [I].



§4. FURTHER RESULTS 239

Section 2. The area integral introduced by Lusin when (# = 1), and in this
case Theorem 4 is due to Marcinkiewicz and Zygmund and Spencer (see Zyg-
mund [8, Chapter XIV]). For the case of general n see Stein [5], but one
direction of the implication had been proved earlier by Calderén [2]. Theorem
5, dealing with non-tangential convergence of conjugate harmonic functions
(which will be a key tool in Chapter VIII) goes back to Plessner, when n = 1.
The argument using complex methods can be found in Zygmund [8, Chapter
XIV]. The general case is in Stein [5], as well as the lemma in §2.5.1 used to
prove it.

Section 3. The classical theory of H? spaces may be found in, for example,
Zygmund [8, Chapter VII], and K. Hoffman [1]. The n-dimensional real
theory was begun in Stein and G. Weiss [2], and is based on a variant of the
lemma in §3.1. Theorem 7 was announced in Stein [9]. The argument of
Theorem 8 is a simplification of the original proof given by Segovia [1]. For
the chain of ideas leading up to Theorem 8 and the reasoning presented here see
also Zygmund [8, Chapter XIV], and the significant refinement in Calderén
[6].

Theorem 9, which extends to H? many of the singular integral theorems, is in
Stein [9]. For the extension of the theory of H” spaces to systems generalizing
(18) see Calderdn and Zygmund [8], Stein and G. Weiss [2], and Fourier
Analysis, Chapter VI.



CHAPTER VIII

Differentiation of Functions

In the present chapter we want to bring together various techniques
developed in this monograph to study differentiability properties of
functions of several variables. In keeping with our approach we shall not
aim at the greatest generality, but we will instead pick out certain salient
features of a theory which has not yet reached maturity. We shall be
concerned with the following problems.

(A) What are conditions that guarantee that a function has derivatives
almost everywhere? This is a special case of a further problem which is
central in our considerations here.

(B) What are the conditions on a function relative to a given measurable
subset E of R", that guarantee that this function is differentiable at
almost every point of E?

We adopt the following viewpoint with respect to the second problem.
We look first for the appropriate global analogue of our problem. Here the
result is usually stated in terms of identities or inequalities that involve
norms of function spaces and are valid everywhere (or almost everywhere)
for all of R". The derived /ocal analogue, which is often deeper, is then
given by similar conditions and conclusions, but relative to an arbitrary
measurable set E.

We have already dealt with one example of this global and local pairing
in Chapter VII (in §1.2), where we considered two versions of Fatou’s
theorem on boundary values of harmonic functions.

We have made it our goal in this chapter to present three local theorems
giving conditions for differentiability. Their global analogues are the
following: the differentiability almost everywhere of Lipschitz functions;
the boundedness of singular integral transformations on L%(R"),
1 < g < oo; and the characterization of the L? class of a function in terms
of the L? class of the g-function or Lusin integral.

In addition to the global results already alluded to, the main technical
ingredients turn out to be as follows.

(i) Generalizations of the ordinary definition of differentiability.

240
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(if) A basic splitting lemma into “good’” and “bad” parts which in some
sense may be viewed as the local analogue of the corresponding global
splitting used in the study of singular integrals in Chapter 11.

(iii) An argument of desymmetrization which allows one to go from
symmetric assumptions to non-symmetric conclusions.

The ideas (i) and (ii) are presented in §1 and §2 and (iii) is detailed in
§4.

We add a pedantic comment. It is in the nature of the subject matter
considered here that in principle we cannot exclude the possibility that
non-measurable sets enter at certain stages of the argument. While this is
an awkward point it does not impede the development that follows. We
shall return to this in greater detail in §3.1.1 later, but let us at this point
already make the following convention. When the words “function” or
“‘set” are written below we will mean Lebesgue measurable function or
Lebesgue measurable set, unless there is an explicit qualification to the
contrary.

1. Several notions of pointwise differentiability

1.1 Suppose that f is defined in an open neighborhood of a set E in
R”. Let x®€ E. We shall say that f has an ordinary derivative (or is
differentiable) at x°, if there exists a linear function A = A so that
(D S+ =1+ Ay + o(lyD

as |y| — 0, or what is the same that

uplf(x0 +y) T{(x") — A
lyl<r y

tends to zero with r.
On the other hand if fis (say) locally integrable we can define its first
partial derivatives in the weak sense (the distribution sense) as in Chapter

V, §2.1, by saying that —?j: —f,c, k=1,...,n, with the f; locally
integrable if

@) | fa"’ di= [ fwds

for every smooth function ¢ whose support is compact and is strictly inside
the domain of definition of f.

The first important question that arises is whether as a consequence of
the second definition f has a derivative in the pointwise sense (1) for
almost every x°.
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In the case of one dimension the answer is of course yes since such f
are locally absolutely continuous on R! (see §6.1 of Chapter V). The
situation however differs when the dimension is greater than one. The

example in §6.3 of Chapter V shows that the aa—xf may exist in the weak
k

sense and be in L7(R"), with p < n; at the same time f'may fail to have a

derivative in the sense of (1) at every point x°, since f may be unbounded

near every x° We are therefore motivated to relax the requirement in the

definition of the derivative so as to conform with the type of behavior we

can expect of f. We shall say that f has a derivative at x° in the L? sense,

with | < g < oo, if

1/q
3 (h-" f O+ y) — f(X")—A(y)I"dy) — o(), as h-»0,
Jl<n

This is clearly a generalization of the initial definition (1).
Tke following result clarifies the significance of the notion just intro-
duced. We assume that n > 1.

THEOREM 1.  Suppose f is a locally integrable function given in an open

a
set Q, with the property that the % ,j=1,..., nexist weakly there, and f
F) j
and the 5{ belong locally to L*(R"), withj =1, ... n.
Xj
(a) If n < p, f has an ordinary derivative (in the sense (1)) for almost
every x°, when f has been suitable modified on a set of measure zero.
(b) If | < p < n, then f has a derivative in the L° sense with 1/qg =

l/p — /n, for almost every x°.

1.2 Proof of Theorem 1. After multiplying by a smooth function with
compact support we may assume that fitself has compact support and that

d . . I
fand the 51 are in L?(R"), with the latter taken in the sense of distri-
X
butions; this means that f€ LY(R"). We can also suppose that p < oo,
since the result in the case p = oo is then a consequence of the case
n<p< oo,

If f were in & we would have the identity

» r=1(2R ()
(See §2.3 of Chapter V.)

Now our fis in L?(R”), so it can be approached in the norm of that
space by a sequence {f,,} of such elements (see §2.1 of Chapter V),
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since each 561: also belongs to L”'(R") for every p’ < p, the proof of the
X5
approximation argument also shows that
%—»if in Lp,(Rn).
Ox; 0x;
Recall also that the R; are continuous from L7(R"™) to itself, if
1<p <o and I, is continuous from L7(R") to L7(R")if
g =1/p" — 1/n, 1 < p" <n, (see §1.2 of Chapter V). Thus altogether
we have that the identity (4) holds for our f. For our purposes this can be
restated as follows.
— g(.V) : p’ n ’
(%) flix)= ————| dy, with geI”(R"), I <p'<p
Rﬂ

yI* !

Here we have set
L3 (r2Y )
g0 = 53 (R )

Of course the integral (5) converges absolutely for almost every x, (this
can be seen by taking p’ < n). Redefine f to be the value of this integral
wherever it converges absolutely, and for other points of x (if there be
such) we may define f arbitrarily.

Next, since g € L?(R") the following two properties hold for almost
every x0:

(6) Ln lg(x® — y) — g(x%|* dy >0, as r—0.
re oyl =r
N lim f : g(x® — y)dy exists.
220 Jlul > elyl"+

The property (6) is merely a restatement of §5.7 of Chapter I; (7) is a
special case of the theorem of the existence almost everywhere of singular
integrals given in §4.5 of Chapter 1.

It is at an x° where (6) and (7) hold simultaneously that we shall prove
the existence of the appropriate derivative of f.

In order to simplify the notation we shall assume that x® =0 and
g(x®%) = 0. This can be achieved first by an appropriate translation and
then by replacing g(x) by g(x) — g(x®)¢(x), where ¢ is a smooth function
with compact support and with ¢(x®% = 1. It is clear that the result with g
replaced by g — g(x®¢ implies the desired result for g.

After these preliminaries are out of the way we see that our assumptions
are reduced to

1
(6" 5, l0lrdy >0, as r—o
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and
(7 a,=lim(n — 1) g(y) cdy  exists.
£ lvize " |y l”+
n
We set A(x) = > a;x;, with x = (x,, ..., x,,). We remark that in view

=1
of the oft-mentioned estimation at infinity, namely that ge L?(R"),
1 < p' < p, and the majorization (6') near the origin, then the integral

f lg?y )1 dy which represents f(0) converges absolutely.
R* [ y|"™
It will be our purpose to find the appropriate measure of smallness of

S(x) —f(0) — éoc,-xj, as |x] —O0.
By (5) we have =

f(X) —f(O) =f g(y) Ix — y|~n+1 dy _ g(y) |y|——n+1 dy
el [v| <2 (2|
+f g{Ix =yl — |yI7"* 1} dy
|¥|=>2 ||
1.2.1 Study of the integral C,. We deal with
C.= g{Ix — yI™™ = Iy 7"} dy;
[} >2 (x|

it will be the dominant term of the difference f(x) — f(0). We shall see
that as

n
|x| — O, C, =zloc,-x, + o(|x]).
=

Now the Taylor development of |x — y|[~"*! in powers of x;,...,x,
shows that

lx — ™" — |y = (—n + 1)zx 5 I"*‘ + R(x, y),
where
IRGs 1 < 4 ||"|+1’ for |yl > 2|xl.
Therefore
Cac=(_n+ l)zx:lf (y) n+1dy+Raca
=1 e [yl
where

IR, <AIXsz lsWldy

=2zl |y|**!
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For any 6 > 0 we have
XIf leWldy _ |4 f lg(y)ldy+|xf le)ldy
| |

MEIET DY ke [y vizs |yt
6>|v]>2|z|

The first integral is majorized by a constant multiple of 0= [, 1g(»)| dy,
which tends to zero with d by (6'). Once 4 is fixed the second integral
clearly tends to zero with |x|. Altogether we see therefore that

(8) C,=2>a;x; + o(|x]), as |x|—0.
=1

1.2.2 Majorization of A, when n < p < . Let us consider 4, =
Si<212/80) |x — y|7"*1dy. We apply Holder’s inequality with the
exponents p and r, 1/p + l/r = 1; the hypothesis n < p is equivalent
with (n — I)r < n, and that |y|="*' is locally in L7(R™). Thus since
|x — y| < 3|x| in this integral we have

1/p 1/r
@s(f |mww)0' ﬁ%“w)
Jy|<2|z| lv[<3|z|

— 0(|x|n/p) X {C |x|(n+(—-n+1)r)/r}
= o(|x|).
To summarize

9 4, =o(|x]) as [x|—0.

1.2.3 Majorization of A, when 1 < p <n. For each n> 0, let
2,(y) be the characteristic function of the ball |y| < A. Then assuming
|x] < h, we have

A ”l_U; O _dy

v<2pel |x — y|*t

< f gD ()

R |x — y|"
Hence by the L? theorem on fractional integration in §1.2 of Chapter V we
have

A, £ Allgxell,, where 1/g =1/p — 1/n.
That is,
a/p
Jadrax<a(] lsoras]” = ot = oo,
[z|<h Jy[<2n

by property (6').

We obtain therefore

1 1/q
(10) (h—" |Am|de) = o(h), as h— 0.
lz|:"h
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1.2.4 Majorization of B,. Since

g(y) d

T i< [y~
we have that

[B,| < 2 27t < 2 @7 IxDT (27 Ix)™)
N
by property (6"). Thus
B, = o(|x]) X 277,
j—=—1
and therefore ’

(1) B, = o(|x]) as |x|—0.
The combination of (8), (9), (10), and (11) then shows that

F(x) = £(0) —g"lajxj = o(Jx])
if n < p, and ”

(=]
|zl <h

This proves our theorem.

q 1/q
dx) =o(h) if l<p<n.

£ = £0) = Sz,

1.2.5 The theorem is also valid in the case p = 1 although the proof
must be modified. This and other generalizations are stated in §6 below.

2. The splitting of functions

2.1 Derivatives in the harmonic sense. We come now to one of the
main techniques used, a certain splitting of functions into their “good”
and “bad” parts. Since we shall also be appealing to the theory of harmonic
functions in an essential way it will be important to be able to achieve this
splitting in the context of a notion of differentiability deriving from that
theory. The idea we have in mind is in fact still more general than the
definitions given in §1, and is described as follows.

Let f be a locally integrable function defined in an open set Q. For a
fixed x° € Q we modify f outside a bounded open set containing x°, by
setting it equal to zero. For the resulting f (now in L'(R™) we take its
Poisson integral, u(x, y) = P, * f. We shall say that f has a harmonic

ou Ou ou

=— = ,...,=— have non-tangential limits at
0x, ’ 0x, 0x,,

derivative at x°, if u and
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xo. In this case, we define

f(x% = lim u(x,y), and if—(xo) = lim a—u(x, »)
(@.0)~(2",0) Ox; (@~ (%0)0x,

where the variable point (x, y) converges to (x°, 0) non-tangentially.

We need to make the following clarifying remarks about this definition.

(i) The notion of harmonic derivative is well defined in the sense that it
is independent of the modification we have subjected f to strictly away
from x°. In particular it is easy to verify that if fisin L'(R") and vanishes
in a neighborhood of x°, then « and all its partial derivatives with respect
to the x; have non-tangential limits zero at x°

(ii) If f has derivative in the ordinary sense at x°, or more generally in
the L7 sense (as defined by (3)) then f has a derivative in the harmonic
sense and the values of these derivatives coincide at x°. To see this it
suffices to assume that f has a derivative in the L sense. For appropriate
constants A,, «,, . ., o, we have that if

S+ y) =4, + zloc,-y,- + &(y),
then =
f le(»)| dy = o(r**), as r—0.
lyl<r

Observe that it is immediate from this that if we take f(x°) to be A4, then
x° is a Lebesgue point for f, and hence by Theorem 1 of Chapter VII (see
page 197) it then follows that u has 4 as non-tangential limit at x°. Next

du ; _
st =[ Puose—na

with
d ,
P;(t) = a: Py(t), ] = L...,n
Thus
x4, y) = [P+ s = v a
X5

- f Pt + WA dt +3 [ Pit + B)ags, dr
k=1

+ J Pi(t + h)e(r) dt.

The first term vanishes and the second group of terms equals a;. This can

0
be seen by a simple argument of passing the derivative Fn from P,(t) to A
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and Y a1, respectively. That leaves only the last term; for this we take
|#] < ay for some a (this is the non-tangential condition) and rewrite the
integral as

(12) f Pi(t 4 h)e(t) dt +f Pi(t + h)e(t) dt
t<v 1>¢|>y

+f Pi(t + h)e(t) dt.
ftlz1

Since
) A
Py(t) - (|[|2 + yz)(n+l)/2 )
L OP,(t + h) . : L
it is clear that I bounded by the following two expressions, if
i

[l < ay; first cy=~1, and secondly cy/|t|"+2. We insert the first estimate
for P; in the first integral and we get therefore that it is bounded by a
constant multiple of y="* f,_ |&(¢)| dt, which tends to zero with y.
Similarly the second integral is bounded by a constant multiple of

f el 4, < 5, le(0)] dt

[l Jemee
1>tz 2F 1S g > 2y
where the sum is taken over all non-negative integral k so that 2y < 2.
By assumption on ¢ we get that each term of this sum is
Y@ o)) = 270(1);

and therefore this integral tends to zero with y. The third integral
trivially converges to zero with y, since &(z) is the sum of term which 1s
bounded by c |f| and a function in L'(R"). This proves our assertion.

(iii) Our last comment about the notion of harmonic derivative is this.

0

Our definition does not require anything about the behavior of @ u(x, y).

ou
%
consequence of ordinary differentiability at x°. If however we had the
differentiability (ordinary, in the L7 sense, or harmonic) for a set of x° of
positive measure, we could conclude that for almost all such x° the non-
ou

dy

In fact the existence of a non-tangential limit of — at a given x° is not a

tangential limits of =— exist. We shall return to this deeper fact momen-

tarily.
2.2 The splitting. Our theorem is as follows:

THEOREM 2. Suppose f is a given locally integrable function, and that
for every point x° in a set of finite measure E, f has a derivative in the
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harmonic sense. Then given any € > 0 we can find a compact set F, so that
F < E, m(E— F) < ¢, and we can also write fas f = g + b where

(1) g L7 (RY)

(2) b is zero on F.

Observe that g is the “good” function. In view of Theorem 1 it has an
ordinary derivative almost everywhere. (By definition it also has essentially
bounded first derivatives in R* taken in the weak sense.) While b is the
“bad” function, it has the useful redeeming feature that it vanishes on the
set F.

We shall now give the proof of Theorem 2. After reducing to a bounded
subset of E if necessary (for simplicity we call this subset also E), we may
assume that f vanishes outside a neighborhood of this set; thus f e L!(R").
Let u(x, y) be the Poisson integral of f, and then according to our assump-

d d
tions a: R . , have non-tangential limits at every point of E. It
! ou
then follows by Theorem 5 of Clmpter VII, page 213, that —— has non-

oy
tangential limits for almost every x° in E. Also u has non-tangential limits
at almost every x° € E as we have seen (in particular at points of the
Lebesgue set of f). Let us fix the parameters « and 4 and consider the
truncated cones I:(x% = {(x, y):[x — x°| < ay,0 < y < h}. Then in
view of what has been said and because of the uniformization lemma in
§1.3.1 of Chapter VII (page 201) we can conclude that we can find a

0
compact set F' with the property that F = E, m(E — F) < £ and u, a—;and
d
e ,. . ,—u are all uniformly bounded in Z = U I":(x?). We can also
axl axn z%F

assume that u has the non-tangential limit f(x°) at every point x° € F. Now
in place of the truncated cones I"*(x°) consider the infinite cones I',(x°) =
{(x, y):]x — x° < ay}. Since u is the Poisson integral of an L! function,

0
it follows also that u, u Ou R ou are all uniformly bounded in the
N ax,,
half-space y > A, and thus in addition to # are also bounded in R =
U I, (x%.
z%eF

Let us now look more carefully at A. A is an open subset of R"+!
whose boundary is given by the hypersurface y = a~14(x) with d(x) =
dist (x, F), being the distance from x to F. Since d(x) clearly satisfies the
condition |d(x) — d(xY)| < |x — x!| we see that Ris a special Lipschitz
domain in the terminology of §3.2 of Chapter VI, and therefore the
extension theorem in §3.2 applies to u restricted to . More explicitly let
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U(x, y) denote the restriction of u to 2. Then of course U is C* in # and
U and its first partial derivatives are bounded in A thus U e L;"’(@). Let
®(U) be the extension of U to all of R*"*!. We have therefore that
®(U) e LY (R™1). Finally set g to be the restriction of G(U) to R™.
Since the restriction of a function in LP(R™) is in L (R") (this is an
immediate consequence of §6.2(a) in Chapter V), we see that g € LY (R").

Because u has a non-tangential limit equal to f(x°) at every point (x°, 0)
in R, where x° € F, so does U; and since ®(U) is continuous it follows
that ®(U)(x°, 0) = f(x?), for every x° € F. Hence the same is true of g, its
restriction to R™ = {(x, 0}; that is g(x° = f(x°) for each x°e F. Writing
then b(x) = f(x) — g(x), we have achieved the desired conclusion.

3. A characterization of differentiability

3.1 Boundedness of difference quotient. Our first application of these
techniques will be to prove a theorem which characterizes almost every-
where the notion of differentiability.

The reader should not overlook the striking analogy of the theorem
stated below and the local version of Fatou’s theorem (Theorem 3, p. 201
in Chapter VII). The application of this theorem on harmonic functions is
a main idea in the proof that follows.

THEOREM 3. Let f be given in an open neighborhood of a given set E,
then f is differentiable (in the ordinary sense) at almost every point of E if
and only if

(13) S+ —f(x)=0(y) as |yl -0,

for almost every x° € E. It is of course not assumed that the constant
appearing in the “O” above is uniform in x°.

The fact that differentiability at a given x° implies (13) is trivial, so we
turn to the converse.

If we restrict ourselves to a subset E, of E where f is bounded and (13)
applies, then it is apparent that outside an open neighborhood of this
subset f'is still bounded, and we can modify f so as to vanish outside this
neighborhood. It will suffice to take E, to be bounded and the appropriate
neighborhood of E, to be bounded also. Then it will be enough to show
that the modified f is differentiable almost everywhere in E,. For ease of
notation replace E, by E; and call the f which is modified also f. Then this
fe LY(R") and we let u denote its Poisson integral. Just as in the argument
Ou
0x;
non-tangentially bounded at x°. This is merely a repetition of the argument
on page 248, with the appropriate o’s replaced by O’s. Therefore by the

of (ii) of §2.1 we see that at every point x° where (13) holds the are
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Theorems 1 and 3 of Chapter VII the non-tangential limits of » and

du du ou . . .
= .5 ,-...,5— €xist at almost every point of E; thus fhas a harmonic
0x, ~ 0x, ox,,

derivative at almost every point of E. We can now invoke the splitting
theorem of §2.2 above. Therefore for every ¢ > 0 there exists a compact
set F, F< E, m(E — F) < ¢, and a splitting f = g + b, withg = fon F.
Since g € L?(R"), then Theorem 1 in §1.1 shows that g has an ordinary
derivative for every point in R” and hence it suffices to show that b is
differentiable at almost every x € F. However b vanishes at all points of F
and thus we get in place of (13)

(13) b(x*+ ) = O(ly), as |y|—0 for almost every x° € F.

We wish now to uniformize the relation (13). For every integer k
therefore let F;, be the set

Fp = {x%1b(x* + )| < k |yl [yl < k5.

<

Clearly |J F, contains all points where (13”) holds and we are reduced to
k=1

considering what happens for x° € F,.

3.1.1 We must digress now because we have reached an unpleasant
point in the argument; namely, the set F,, since it is given by a continuum
of inequalities is not necessarily Lebesgue measurable. One could have
gotten around this difficulty by assuming f to be everywhere continuous to
begin with, but this assumption is an artificial one in the general context of
our problems.

We proceed instead by the observation that the statement “almost
every point of E is a point of density of E”’ holds under suitable modifi-
cation for non-measurable sets. In fact for any not-necessarily-measurable
set E, denote by m,(E) its exterior (or outer) measure; by definition
m,(E) = inf m(F), E < F, where F ranges over measurable sets. Clearly
for any set E there exists a measurable set £, so that m,(E) = m(E) and
more generally m,(E N F) = m(E N F) for every measurable set F.

Next we say that x° is a point of (exterior) density of E if

m(E N B(x°, r))

—1 as r—0
m(B(x°, r))

where B(x?, r) is the ball centered at x° of radius r. Obviously x? is a point
of exterior density of E if and only if it is a point of density of E. Thus
except for a subset of E of Lebesgue measure zero, the points of E are
points of exterior density of E.
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3.1.2 To conclude the proof of the theorem we need therefore only
prove that at every point x° which is a point of exterior density of F, we
have b(x® + y) = o(ly|) as |y| — 0. For then b is differentiable at this
point of F,; and by taking the union over k, b is differentiable except for a
set of measure zero of F.

The argument now is merely a repetition of the ideas already anticipated
in Chapter I in the proof of Proposition 2 (in §2.2, page 13). For a point
x° of exterior density of F;, and for a given ¢ > 0, we consider the ‘“‘small”
ball of center x + y, of radius ¢ | y|; also we consider the “large” ball of
center x and radius | y| + £|y|. Now by that argument of point of density
there exists a z € F,, belonging to the small ball, if |y| is small enough.
This means that within a distance of ¢|y| from the point x° 4+ y we can
find a point of F,. Thus [b(x + y)| < ke |y|, by the definition of F;, and
since ¢ is arbitrary this shows that b(x + y) = o(|y|) as y — 0.

3.2 A refinement of the splitting. Before we come to the next appli-
cation we need to refine the conclusions of the splitting theorem in §2.2.
Let | < g < oo, and suppose that f has at every point of the set E a
derivative in the L? sense (as defined in §1.1), and thus f has at every point
of E a derivative in the harmonic sense. Let £ > 0. According to the
theoremin §2.2wecanfindaset F, F< E,m(E — F) < candf =g + F,
so that g € L (R") and b(x°) = 0 for x° € F. We can state more:

COROLLARY (OF THEOREM 2).  For almost every x° € F

(14) f' Mdy < .

TR bl

Proof. 1In view of the fact that g € L?(R"), we get that g has at almost
every point an ordinary (and thus also L% derivative. Hence b, which
vanishes on F, has almost everywhere a derivative in the L? sense on F;
that is in particular

(15) -l_nf [b(x* + y)|"dy = O(+7), as r-—>0
roJylse

for almost every x° € F.

We can also assume that after an easy modification (of the type made in
the proof of Theorem 3) that fe LYR"™). Thus after a further trivial
modification of g we can suppose that b € LY(R™).

Now let F), be the closed set given by

F, = {x":-l f [B(x° + »|*dy < kr', 0 < r < l/k}.

r*Jyy|<r

(Observe that in this case the sets F, are automatically measurable!)
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We shall show that if d(x) denotes the distance of x from the closed set
F, we have the inequality

(] ()]
(16) f |b(x + yl)l dy S cf (S(X + yl) dy , x0 EF
ES T $Y i<t |y|™*

and therefore our corollary will follow from the theorem about the finite-
ness of the integral of Marcinkiewicz given in §2.3 of Chapter I, page 14.
To carry out the argument we write the complement of F; as a ‘“‘dis-
joint” union of cubes {Q,} whose diameters are comparable to their
distances from F, in accordance with Theorem 1 of Chapter VI.
We then have

f [6(x* + pldy _ f [b(y)| dy
PSS Y [x® — y|*+!
Frn{|z®—y| <1}
_ |b(y)| dy
z Ixo _ yln+1 "

Q;N{|z"—y|<U)

Now if x® € F, then the quantity
ranges in Q;; that is

[ is roughly constant in y, as y
J

< Cy lnf

YT ey fx 0=yt

su
vEQ; lxo

Also each Q; is contained in a ball B; centered at some point of F, with
radius of B; comparable to the diameter of Q;. Thus by the definition of
F, it follows that

fo 1617 dy < cm(Q,) /"

and then by Holder’s inequality

fQ 16()] dy < cm(Q,)"

Finally the diameter of Q, is comparable to the distance of any point in Q;
from Fy. Thus f, [b(y)| dy < cm(Q;) 3(y), y € Q. Altogether then

|6(y)| dy < ()
|x0 _ y|n+1 Ixo . y|n+1 .
Q;N{|a—y| <1} Q;N(|a’—y| <1}

Adding in j we obtain (16) and hence our corollary.
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REMARK. The argument above also proves that:
0 a
(17) f 6" + )" dy < oo, for almost every x°¢ F.
st y| ™
The integral (17) is majorized by
f CEET
st |y|™*?

as the reasoning of the corollary shows.

At every point x® where (17) holds we evidently also have the con-
clusion

Y,

(18) . f 1b(x® + y)I*dy = o(r"), r—0.
|y} <r

rn
This has the interpretation that not only does & vanish on F, but also at
almost every point of F the first derivatives of b in the L? sense are zero.

3.3 Preservation under the action of singular integrals. We next
consider a local analogue of the facts concerning the boundedness of
singular integrals on operators LY(R™). We shall show that the pointwise
notion of a derivative in the L? sense is stable almost everywhere under the
action of appropriate singular integrals transformations.

We deal with the following class of operators; their kernels K(x)
satisfy:

(i) K is of class C! away from the origin
(ii) [K(x)| < 4/Ix]", VK| < A4]]x|"*, x # 0
(i) if T,(f) = §,,>. K(»)f(x — y) dy, then for some fixed ¢,

1Tl < 4 1S 1o

for fe LY(R"), where A, is independent of &. We also assume that T, f
converges in the L? norm to a limit Tf, as ¢ — 0.

Among the examples of such transformation are those with K(x) =
Q
|_(|):'—) where Q is homogeneous of degree 0, is of class C! on the unit
X
sphere, and its mean-value on that sphere vanishes. This class of course
includes the Riesz transforms, and the higher Riesz transforms of Chapter
II1.

THEOREM 4. Let 1 < g < 0. Suppose f € LR"), and f has a derivative
in the LY sense at every point of a set E. If T is a singular integral trans-
formation of the above kind, then Tf has a derivative in the L* sense at
almost every point of E.
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It is natural to ask whether the notion of the ordinary derivative is also
stable under the action of singular integral operators. However this is not
so even for n = 1; see §6.8 below.

3.3.1 Proof. Letusremark first that if f vanishes in a fixed neighbor-
hood of a given point x°, then it is easy to see that Tf, (after a suitable
correction on a set of measure zero) has an ordinary derivative at every
point of that neighborhood, and in particular at x°. This remark shows
that the question of whether Tf'is differentiable at x, depends only on the
behavior of f near x,. We can therefore assume that the set E is bounded.
Using the splitting theorem we write f=g + b, where ge LP(RY),
b=0onF, F< E, with m(E — F) small. It is easy to see that we can
modify g and b in such a way so that g has compact support without
changing any other of the stated properties. Thus g in addition belongs to
L2(R™). Since T is a bounded operator on L?, we have therefore that T(g)
belongs to LI(R™). In fact the question whether a given L? function is in LJ
is a matter completely determined by the L? modulus of continuity of that
function (see page 139); this is obviously preserved by T because T is
bounded on L% and is translation-invariant.

Now that we know that T(g) € LI{(R") we obtain from Theorem 1 of
this chapter that T(g) has at almost every point of R* a derivative in the L?
sense. It therefore suffices to consider T() and show that it has an L?
derivative at almost every point of the set F. We shall show that it indeed
happens at every x° where the following two hold:

Ln [6(x* + y)|?dy = o(r), as r—0;
r ly|<r

1 [CEE

(vl <1 |y|n+l

We know by the discussion in §3.2 that (19) is valid for almost every x°
in F. Observe that because b € LY(R") we get from the finiteness of the
integral in (19) in addition that

dy < oo.

20) 6+ Dl gy < o ang [ 1O+
R yl" R y™?
For simplicity of notation let us take x® = 0. Let us momentarily fix a
positive number . Then

(o) = [Kex = by = [ KGe= 0p0)

dy < oo.

+ lim fku<MMWﬂmen
e—0
e e~y 2r
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The integral giving I1(x) converges absolutely; I? converges in the L¢
norm by assumption, and I? = (T — T,,)(b). Let us look at I? more
carefully. If we make the restriction that |x| < r then the integrand in /7
involves only those y for which |y| < 3r. Thus we can modify b(y) by
replacing it with b(y)ys,(y), where 73, is the characteristic function of the
ball |y| < 3r. Hence

[ eorax <[ 1T = Bt ax < a3 b0 dy
[z <r R" R™

=4[ 1 dy = oG
|y[=3r

Here we have used the uniform boundedness of the T, in LR") norm,
and the first property in (19) with x® = 0. We have therefore succeeded in
showing that

(21 f [2(x)|? dx = o(r"*%), as r—0.
lz| <7

To study I} we use Taylor’s expansion on K in the form K(x — y) =
K(—y) + (x, VK(=y)) + (r) |x]/ly|***. Here |x| < r, |x —y| > r, and
e(r) tends to zero with r. We insert this in the integral defining I} and we
have

@) Lo=] Ko+ fl L VK0 dy
LIC21\

ly I"+1

+ £'(r) x|

The first integral is equal to
b

f K(=y)b(y)dy + OU LQ%' dy>~

R jvi<ar |y]
That [g= K(—y)b(y)dy converges absolutely follows from the first in-
equality in (20) with x® = 0. We also get easily from (19) that

f 16l dy = o(r), as r—0.
E VI

The second integral in (22) is handled in the same way. It is equal to
< 0K(—
S| =00 dy + 00,
=1 Jrn 0Oy,

as r — 0 and these integrals converge by the second inequality in (20).
For the same reason the third integral in (22) is also finite. Altogether then

(23) I:(X) = A, + zlxjAj +o(lx]), as x—>0
j=
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with
0K(— .
A0=f K(—y)b(y)dy,A,~=f ; y)b(y)dy, j=1...,n
R" R™ Vi

Combined with (21), we see that (23) implies our desired result.

4. Desymmetrization principle

We shall consider the idea of desymmetrization first in a rather general
but abstruse form. Afterwards we will make various comments and give
several illustrations to help clarify its meaning.

4.1 A general theorem. We shall be concerned with a function
U(x,y), (x,y)eR* x RL =R"1; U is measurable in the (n+ 1)
dimensional upper-half-space, and for simplicity (since we are concerned
with the behavior near y = 0) we shall assume that U vanishes when
y > h, for some fixed A, # > 0, and that U is square integrable on every
bounded subset of R7*! which is at a positive distance from the boundary
R".

THEOREM 5. Suppose that we are given a set E < R", and that for
every x° € E the following two conditions hold:

(24) f P IUGE, )l dy < o
0

(25) ﬂ YU 4 1, y) + U(x® — ¢, y)|Pdtdy < o
[t[=y

Then we can conclude that for almost every x° € E we have
(26) ff YUK + ¢, y)|Pdt dy < oo.
1<y

By the usual arguments we may assume (upon reducing E to a possibly
smaller subset F) that F itself is a compact set, and that the integrals (24)
and (25) are uniformly bounded as x° ranges over F. It will then suffice to
prove that (26) holds for almost every x° in F. That is we assume that

(24) f VUGS, yltdy < M, if x°eF
0

(25" f[ YTRUGK® + 4, y) + U(xX® — ¢, y))Pdedy < M, x’eF.
Jit|- v

We integrate the inequality (25') over F and make the change of variables
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x® 4+t = u and x® — 1 = v. This gives

du dv f UG, y) + Ulw, ) y*="dy < .
(utv)/26F |u—v| <2y

If we reduce the domains of integration by restricting the variable v to
lie in F we certainly have

(26) ff du dv f {U(u, y) + U(v, p)|*y ' "dy < 0.

(u+4v)/2€F wER |u—v| < 2¥

Let us next integrate the inequality (24") for x® over F, but making the
change which is appropriate here, by setting v in place of x°. This gives

e [ [(vworyayas < .
JUEF JO
Now let
I= ff du dv f [U(v, y)IF y*"dy
(28) (u+v)/2€F ,vEF |u—v| <2¥
S = ff du dv f [U(u, y)? y*"dy.
(u40)/2€F vEF [u—w|<2¥

We can majorize I by dropping the restriction that (u + v)/2 € F. Hence

Isf duf dvf [U(v, y)I* y'~" dy
R" vEF |[u—v| <2¥

=f fw(u,y)ﬁ{f du}duyl*”dy.
vEF JO |u—v| <2¥

Since the integral in brackets equals cy™ we get that I < oo by (27).
Therefore in view of (26) we have that . < co.
Clearly # can be rewritten as a double integral,

(29) 5= f f UG, )1 s y)y*=" du dy,
R™ JO

where

o(u, y) = f dv.

(u+v)/2€F v€
Ju—v|<2v

That is for fixed y > 0, and u € R, o(u, y) denotes the measure of the set
of points v in R” lying in the ball of center u and radius 2y, and further
restricted by the conditions that v € Fand (u + v)/2 € F.
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The turning point of the proof will be to show that if #° is a point of
density of F, then o(u, y) ~ m(B(u, 2y)) = c,y", as the variable point
(u, y) tends to (u°, 0) non-tangentially.

Suppose for simplicity of notation that #® = 0 is a point of density of F.
At this point #°, the non-tangential approach will for us mean the restric-
tion |u| < y. Let y be the characteristic functionof the set Fand 7 =1 — g
that of the complementary set. Then

wwy = onwropde=| - waw

u—v| <2y u—v| <2¥

_f, Aot | HO + 0)f2) dudo.

o]
The second integral on the right-side of course equals m(B(u, 2y)) =
¢, y™; it is therefore enough to show that the last three integrals are each
o(y™). Recall that |u| < y. Thus the second integral is dominated by

f A(v) dv = m(°F N B(0, 3y)).
o] <3y

which is o(y™) since 0 is a point of density of F. The third integral may be
rewritten as f), ., #(x) dx, which is dominated by .., 7(x) dx and is
likewise o(y*). The fourth integral is of course dominated by the second
integral and so is o(y"). Thus o(u, y) = ¢;y" + o(y™), as y — 0 with
|ul < y and the assertion that o(u, y) ~ ¢, y" is proved.

It follows that there is a closed subset Fy of Fwith m(F — F) fixed but
arbitrarily small, so that o(u, y) > cop", if ju — 1] < yand 0 <y < ¢,
for appropriate positive constants ¢, and ¢;. Now let # = 0U ol"is(u"),

u%eF
where ['*3(u) is the truncated cone given by I'{3(u3) = {(u, y):{u — uy| < y,
0 < y < c3}. The finiteness of (29) and what we have proved about ¢ then
implies the finiteness of

f U, y)t y du dy.
&
However, by a very simple reasoning we have already used in Chapter

VI, (see page 208) the finiteness of the last integral implies the finiteness for
almost every u® € F,, of

f (UG, y)® 3" du dy = f \UG® + 1, y)* y*" dt dy.

Ju—ul| <y |t <y
¥<rc3 y<cg

The full integral. ff,,.. , |Uu® + 1, )| y*~* dt dy then converges because
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of the local square-integrability of U that we assumed. Since the set F,
differed from F by a subset of arbitrarily small measure the proof of the
theorem is therefore complete.

4.2 Remarks.

4.2.1 The first set of comments are of a rather trifling nature. By the
usual arguments (or by a closer examination of the proof) it can be seen
that the assumption (25) can be replaced by the weaker assumption that

ﬂ ) UG L)+ UG — 6 p)Ifdrdy < o
|t] <ay

where the constant « which determines the opening of the cone may vary
with the point x°. One can also obtain the conclusion (which is only
stronger in appearance) that

[[ oy 106+ dray < a0
[ <By
for every 5, as x° ranges over almost all points of E.

There are also simple (and immediate) variants of the theorem where the
sum U(x®+ t,y) + U(x® — ¢, ) is replaced by other combinations
such as U(x®+t,y) — U(x® — t, y); also the square which appears
may be replaced in (24), (25), and (26) with y|U(x°, y)|7,
YU U + ¢, p) + U(x® — ¢, p)|? and y=" |U(x® + ¢, y)|? respectively,
with p < oo. The variant for p = oo is stated separately below.

4.2.2 Suppose that for every x°in a set £
sup [U(x’, y)l < o and sup [UK" +1,y) + U’ —1, )| < .
v>0 NE

Then for almost every x° in E, sup [U(x® + ¢, y)| is also finite. The proof
<y
of this statement is similar to that of Theorem 5, and is conceptually

even simpler. The reader should have no difficulty in carrying out the
details of the argument. The one point here which may involve non-
measurable sets is disposed of as in §3.1.1.

4.2.3 There is a consequence of the statement in §4.2.2 which is worth
treating separately. Suppose f'is defined near x°. We consider the significant
condition

(B0) SO+ 1)+ f(x* — 1) — 2f(x®) = O(lt]) as (—0.
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This condition is certainly satisfied if f has an ordinary derivative at x°,
but the converse is not true. It can be shown, moreover, that there are f
which satisfy (30) uniformly for all x® without having an ordinary deriv-
ative at any x°

It turns out that while (30) by itself does not imply differentiability, it
does play the role of a “Tauberian condition,” allowing one to refine one
form of differentiability to another form. We formulate one such result.

CoOROLLARY. Suppose that f has a derivative in the harmonic sense at
every point x° of a given set E. (This would hold in particular if f were
differentiable in the L? sense for each x° € E). Assume also that (30) holds for
each x° € E. Then f has an ordinary derivative for almost every x° € E.

The proof is an easy application of what we have already done. By the
splitting theorem in §2.2 we can write f = g + b, where g is differentiable
almost everywhere in the ordinary sense, and where b vanishes on F, with
F < E,and m(E — F) small. It will suffice to show that 5 has an ordinary
derivative almost everywhere on F. Since g is differentiable almost every-
where it satisfies condition (30) almost everywhere, and so & satisfies
condition (30) at almost every point of F. The crucial fact is that b vanishes
on F. Therefore the conditions becomes

b(x® + t) + b(x* — t) = O(|t]), t—0.
b(x)

Now let U(x, y) = T Thus by the vanishing of b, we have

sup [U(x’, y)| = 0

y>0

for almost every x° € F, and

sup |U(x® + 1, p) + U(x® — 1, y)| < oo,

It <y

for almost every x°® € F. By the statement in §4.2.2 we conclude that

sup |UX® + t,y)| < oo,

which is ltl=v
(]
Suplb(x + 1) < o,
t#0 ]
ie.

b(x* + 1) =0(t]), as t—0,

again for almost all x® € F. Theorem 3 in §3.3 now allows us to conclude
that b has an ordinary derivative almost everywhere in F.
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5. Another characterization of differentiability
5.1 The theorem we intend to prove is as follows.
THEOREM 6. Suppose f& L:R"). Then for almost every x° € R" the

Sfollowing two conditions are equivalent:
(i) f has a derivative in the L? sense at x°.

(i) L S+ 1)+ f(xX° — 1) — 2f(x*)|* dt <

L™+

[coN

A consequence of this theorem is the following corollary.

COROLLARY. Suppose f is given in an open neighborhood of a set E.
Then f has an ordinary derivative at almost every x° € E, if and only if the
Sfollowing two conditions hold for almost every x° € E.

@ f&++fx"—0—=2/(x>=0(t]), as t-—>0

b [ DI =0 = YGIPd

Itln+2

< ©

jt1<6

where 6 is a sufficiently small positive number (depending on x°).

5.2 We shall need to establish a fact which may be viewed as the
*“global”” analogue of our theorem (the relevant notions of global and local
are discussed in the introductory remarks of this chapter).

PROPOSITION.  Suppose [ € L3(R"). Then
'_ — 2 n
31 f f lfx+ 0+ fx — 1) = 2f(0)] dxdt = a, zﬂ
R™ JR" R" j=1

Th& = fox,

2
dx.

The proof of this is best carried out by the Fourier transform. Thus let
7 =f femerdx,  flx) = f Fyemizvdy,
R" R"

taken in the L* sense. By Plancherel’s theorem, and the properties of the
Sobolov spaces L#(R") we then have

f Py = 4ﬂ2f I, B L7 (01 dix.
R™ X . R”

L" lf(x + ) + f(x — ) — 2f(x)|Pdx = 4fnﬂ [F()F |1 — cos 2mx-t|%dx.

Also
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Hence

[ o s =0 —2orax i = [ 17er oo s,

with

|1 — cos ZﬂX'tlzd
|t|"+2 L.

F(x)= 4f

ft1ze
Now it is clear that as ¢ — 0, #,(x) increases monotonically to

|1 — cos 2mx - 1]?
|t|n+2

F(x) = 4f dt,

Rﬂ
which is obviously radial in x and homogeneous of degree 2. Thus

Il — COS 277[1'2
|t|n+2

SF(x) = b, |x|>, with b, = 4f

R’Il
Hence the left-side of (31) is b,, fgn |x|2 |  (x)|2 dx, while the right side is
a,47% fgn |X|2 |/ (x)|2dx. The proposition is therefore proved with
a, = b,/4n*. The reader should compare this proposition with Prop-
osition 5 in §3.5 of Chapter V.

5.3 A moment’s reflection shows that it suffices to prove the theorem,
and its corollary, under the assumption that f vanishes outside a bounded
set. We shall therefore make this assumption about f. Assume that f'has a
derivative in the L? sense at each point of a set E. Then in view of the fact
that this implies that f has a harmonic derivative at each such point we get
by Theorem 2 in §2.2 that we can split fas f= g + b with g € L?(R"),
and b =0 on F, where F < E and m(E — F) is small. Nothing will be
changed if we assume that g (and thus ) also vanishes outside a bounded
set. Since g has bounded support then g € L¥(R"), and therefore by the
above proposition

(] o __ .\ 0\[2
f lgG® + 1) + g(° — 1) — 260N ), o
R’Vl

2

(32)

for almost every x° € R™.
Further, g also has an ordinary derivative at almost every point in R
(see Theorem 1), and therefore b has a derivative in the L2 sense for almost
every point of £, and hence for almost every point of F. Since b vanishes
. [b(x* + 1)

on F we get by (17) in §3.2 that fl —_—

TRE dt < oo, for almost
-1
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every x® in F. Since in any case b € L%(R"™) we see that for these x°,

b(x’ + n)I?
(33) f 5"+ OF 4y ¢ o
U
If we combine this with the fact that 5(x?) = 0 and (32) we obtain the
conclusion (ii) of the theorem.

5.4 Wenowcometo theconverse part of Theorem 6. Let u(x, y) = P, * f
2

be the Poisson integral of /, and consider — . For this purpose we need a

e 9y?
favorable estimate of . Since
ay2
J°P, r 9°
— = P
o Ao PO
it suffices to observe that
0° e e
P P(x)| <y " %(x/y) where w(x) < A(1 + |x])™2

We remark also that
aZ
— P,(x)dx = 0,
fR" ay* %)

0%P,
and what is crucial, that — (x) is radial, and hence even in x. In view of

these facts ay
ey Tu_! PyOLF(x + 1) + f(x — 1) — 27(0)] di
day*  2Jr* a 2y
and hence
(35) Z‘; <y Iddi 4y f l'l,:iadz—n(y)wz(y)
t| <y y

Here we have set A, = f(x + 1) 4+ f(x — 1) — 2f(x). We estimate
24,12

f y g;t dy in terms of similar integrals for I, and I,. By Schwarz’s
0

inequality,

o < @pyes([ S ([ )

_ A2
=B 3f 1A dt
Y fep <o et
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Therefore

f "y ILG)dy < B f Ty f Y P f 1AL 4,
0 ) <y 2"+t rr 1]

A similar argument works for I, and altogether this gives

© 1l A+ D+ =1 = 2 ()
(36) J;y PR dy_<_Bf TS dt.

. P . o
In view of the evenness of—a—2 we can also modify (34) and write it in a
more extended form y
u

G4) —=x+7y)+ a—ZL“I(X—" )
a9y ay* ’

R"

= Z e e+ 04 s = 0 = Aol

where 7 is arbitrary. Now if |7| < y we can make similar estimates on
2

0
—3}7 P,(t 4 7) and get that

0% d%u .
(357 5;2(36 + 7,9+ a—y—z(x -, 0| < A{LY) + Ly}, if |7 < y.

Therefore by the same argument we obtain instead of (36) the conclusion
that

0 [l

We can now invoke the desymmetrization theorem in §4.1 at each point
where the condition (ii) of the statement of Theorem 6 is valid. Here we
2

E
have set U(x, ) = a—Z (x,y) with U = 0, if y > 1. The conclusion is that
y

2 2
_—u(x+7'>y)+a_%(x_7ay)
dy

d
0y*®
If(x + 0 4+ f(x = 1) = 2f(0))* dr.

|t|n+2

2
y'rdr dy

_<_B[

JR%

at almost all such points x°

mo ]

Jri<y.y=s2

and therefore by the theory of the previous chapter (see §2.5, in particular

2
Y drdy < o

2

0
p. 213), 2 has a non-tangential limit for almost all such x°; and finall
oy y
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because of §2.5 in Chapter VII, u has a harmonic derivative at almost all
points where condition (ii) holds.

We can now split fas g 4 b, where gisin L?(R"), and by the above we
know that the integral condition holds almost everywhere for g instead of
/- Thus it holds for almost all relevant points for b; but b also vanishes for
these points. In summary we obtain that

[6(x° + ¢) + b(x* — 1)|?
lt'n—i»z

(38) dt< o, bx")=0 x"eF

R’n
where F < E, and m(E — F) is small.

We now again involve the desymmetrization theorem, this time with
U(x,y) = y~%(x), if y < 1. Then we in fact have

f y UGS, p)|Pdy =0, x*eF
0
and

[[ =106+ 0+ U6 = 0 drdy < oo
It1<y
as easy consequence of (38). The result is then that

f [b(x° + n)[®
1tj<71

e dt < o,

for almost all x® in F, and at such points clearly

f b(x® + 02 dt = o("*?), as r—»0
ft]<r

which means in particular that b has a derivative in the L? sense. The
converse is therefore also proved. The corollary is an immediate con-
sequence of the theorem and the corollary in §4.2.3, page 261.

6. Further results

6.1 Most of the results in this chapter have analogues for derivatives of
higher order. The appropriate definitions are as follows. Let & be integral,
k > 1. We say that f has an ordinary derivative of order k at x° if there exists a
polynomial of degree < & in y, P, (), so that

GO+ y) =P () = o(ylh), as y 0.

Similarly f will be said to have a derivative of order k in the L' sense if

h‘”fl | (X0 + y) = P (T dy = o(h*),
yl<hn
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as h — 0. Finally if we assume fto be integrable near x°, and set equal to zero
outside a neighborhood of x% we shall say that it has a harmonic derivative of

X
order k at x° if the gx—’: (x,y)} , all have non-tangential limits at x°.
o) <

The generalization of Theorem 1 is the statement: If 1 < p < «, and f€
L2(R™), then fhas an ordinary derivative of order & for almost all points of R”,
if p > njk; however if p < njk, then f has a derivative of order & in the L?
sense for almost all points, where 1fg = 1/p — k/n. The generalization of
Theorem 2 is the splitting f =g + b, where g€ L”(R"), b vanishes on F,
where F < E, m(E — F) < ¢, and f'is assumed to have a derivative of order &
in the harmonic sense for all points of E. In generalizing Theorem 3 it suffices to
assume that for each x, € E, there exists a polynomial of degree < & — 1in y,
P, (), so that

S+ =P () =00y, as y—o0.

Then f has an ordinary derivative of order & for almost every x° € E.
The condition (ii) for the kernel K(x) which arises in Theorem 4 should be
amplified to read
V'Kl < Aflx™*, 0 <r <k;

with this modification the singular integrals in question also preserve almost
everywhere the differentiability of order & in the L7 sense.

Finally if fe L%(R") the condition characterizing the existence of derivatives
of order £ in the L? sense is given by the finiteness for almost all points in

question of
AP
—=___ dt
n ]t|n+2k

Here f(x0 +1) - P%(t) = Rx,,(t), and Aﬁo(t) = Rwo(t) + (—l)’""leo(—t). For
the above see Calderon and Zygmund [7], Stein and Zygmund [1], and Stein
[8].

6.2 The result of Theorem 1 holds also for p = 1, but requires a different
argument. (Compare however the inequality in §2.5 of Chapter V, and the
identity (18) in §2.3 of that chapter.) A further consequence of the above is the
following theorem. If fis of bounded variation on R” in the sense of Tonelli,
then for almost every point fhas a derivative in the L? sense, where

g =n/(n —1).
See Calderon and Zygmund [6].

6.3 The splitting theorem (of §2.2) can be given in somewhat sharper form if
we assume differentiability in the sense of L% We formulate the result for deriv-
atives of order 1. Suppose f€ L%(R"™), 1 < g, and for each point x® € F, with F
compact,

h "f L +y) = fON)*dy < Ah, 0<h< o
lul b
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with 4 independent of x°. Then f = g + b, where g is continuously differentiable
and it and its first partial derivatives are bounded; b = 0 on F. For the general
formulation for higher derivatives and further details see Calderén and Zygmund

(8].

6.4 In view of the measurability difficulties discussed in §3.1.1 it may be of
interest to state the following theorem. Suppose fis Lebesgue measurable on R™
Then the set of points where fhas an ordinary derivative is Lebesgue measurable
(see Haslam-Jones {1]).

x + h) —
The fact that the set E = {x: lim sup /L———})I—L(f-)
h—0
measurable may be seen as follows: For each integer & let

={x:|f(x+h —fX)| <klhl, forall |hl <1/k}.

Then E = |JE,; also because we have taken the open balls |4] < 1/k, it follows
thathEk is continuous and E, is closed.*

< 00} is Lebesgue

6.5 Suppose k is odd. We shall say that f has a symmetric derivative of order
k, in the L1 sense, at x°, if there exists a polynomial P, (y),iny of degree < k,
such that

= fl | fCrg + ) — flxg = 3) — Poy (D dy = o(H*9)
yl=h

as y — 0. If £ is even we make the same definition except that f(x, + y) —
f(x, — y) must be replaced by f(x, + y) + f(xy —

THEOREM:  Suppose that for each x° € E, f has a symmetric derivative of order
k in the L2 sense. Then for almost every x"in E, f has a derivative of order k in the
L* sense.

Forn =1,k =1, and for the ordinary notion of differentiability, this theorem
goes back to Khintchine {1]. For the one-dimensional form see M. Weiss [1].
The general formulation can be deduced from the methods of the present chapter.
Assume for example that k& = 1. Let u be the Poisson integral of fand consider

ou aP P
— = *f Since the kernel — is odd we can write
ax ax] xa

ou ou 0
E(x + 7, +a—xj(x -7,y = fR"a_ij"(t + Df(x + 8 — flx — O] dt

2
ou ou
and our assumption shows that . *® + 7,y *t o (x0 — 7,)) tends to a
J
limit as |7| < y and y — 0, for x® € E. Thus by the desymmetrlzatlon theorem in
ou
§4.2.2 we get that — is non-tangentially bounded at x°, for almost all x° € E.

Therefore f has a harmomc derivative of order 1 almost everywhere in E and
hence by the splitting lemma one can reduce matters to the special case where f
vanishes on E.

* I am indebted to H. Federer for this argument.
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aku k
More generally for £ even we consider -@1 x+7y + —a}-;cu(x -7, ));

while for odd k£ one takes

ok ok

u(x+7,y)+m-u(x—7,y), j=],...,ll;
J

ay"_l ox,
then one applies the results of Chapter VII to show that fhas almost everywhere
on E a harmonic derivative of order &, thus reducing matters to the special case
where f vanishes on E. For this special case, which is much easier, the kind of
arguments used in §4 apply; see for instance Stein and Zygmund {1, Lemma 14].

6.6 Suppose f has a derivative in the L7 sense at each x° € E. Then the first
partial derivatives in the L* sense of f exist for almost every x°€ E. More
particularly if

1 )
w e & + ) -—f(xo)—ZocioyjI”dy=o(hq), h—0
y|<h
for x° € E, then if e, is the unit vector (0,...,1,0,...,0)

1 ' -
h fly |<n e+ ey) —f(x) — (x;oyjlfl dy, = o(h?)
for almost all x° € E. For this and related results see M. Weiss [2] and [3].

6.7 Suppose 2 < g < . Let f& LY(R™). Then f has a derivative of order
one in the L7 sense for almost all x° € Eif and only if the following two conditions
are satisfied for almost all x° € E:

G+ D+, =0 —2f (X)) dt <

™ | T o
S+ + 0 — 1) = 2f(xY))2
2 - lf(x ) .I}E‘an ) f(x ) dt <

See Stein and Zygmund [1]; also Wheeden [1], Neugebauer [1].

6.8 The following example shows that Theorem 4 in §3.3 does not extend to
the notion of the ordinary derivative (i.e. the case g = »). We consider the case
of R!, with T the Hilbert transform.

Consider first a function Fy(x) defined on R! with the properties: (1) Fy(x) =
(log 1/1x)1~ for |x| < 1/2, (0 < & < 1); Fy(x) vanishes outside a compact set
and is smooth away from the origin; also Fy(x) >0, xR Let Fy(x) denote
the Hilbert transform of F,. It is not difficult to see that F, (after a suitable
modification on a set of measure zero) is absolutely continuous on R! and

dF, , .
e € L'(R). Write F(x) = 3 27*Fy(x + r;), where ry, ry, ry, . . . is an enumer-

ation of the rationals. Then F =¥ 27%Fy(x + r) is the Hilbert transform of F
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dF ~ .
and is absolutely continuous, with Tx € LY(RY). Thus F has an ordinary deriv-

ative for almost every x, but since F is unbounded near every point, it has an
ordinary derivative nowhere.
For the periodic analogue of F, we may take f; with

oS nx sin nx

fi~3 fo) ~ 3

%, n(log n)*”’ =, n(log n)*’

For a treatment of these series see Zygmund (8, Chapter V].

Notes

Section 1. The notion of a function differentiable at a given point in the L?
sense was first studied systematically by Calderén and Zygmund [7]. Part (b)
of Theorem 1 is due to them, but part (a) dealing with the ordinary derivative is
older; see for example Cesari [1]. The reader is also referred to the work of
Federer [1] for a variety of topics related to the material in this chapter.

Section 2. The idea of splitting of functions, in the context of ordinary differen-
tiability of one variable appears first in Marcinkiewicz [1]. This basic technique
was extended to #-dimensions in Calderén and Zygmund [7]; the presentation
given here, which is based on the theory of harmonic functions, has several
essential advantages over the previous methods. It is due to Zygmund and the
author, and is sketched in the author’s survey, Stein [8].

Section 3. Theorem 3 is a famous theorem of Denjoy, Rademacher and Step-
anov; see Saks (2, Chapter IX].

The proof given here is, of course, not the standard one, relying as it does on
the notion of the harmonic derivative. For §3.2, as well as variants of Theorem
4, see Calderon and Zygmund (7).

Section 5. The original proof of Theorem 6 and its corollary is in Stein and
Zygmund (1]; see also Wheeden [1]. The argument given here is also due to
Zygmund and the author, and is sketched in Stein [8].



Appendices

A. Some inequalities

We shall summarize here some well-known inequalities that are used syste-
matically above. Further details may be found in Zygmund (8], Chapter I,
and Hardy, Littlewood, and Polya [1].

A.1 Minkowski’s inequality for integrals states in effect that the norm of an
integral is not greater than the integral of the corresponding norms. In explicit
form, for the case of LP spaces, this can be restated as follows. Let 1 < p < o,

then
4 1/p 1/p
(f (f [F(x, p)| dx) dy) sf (f IF(x,y)l”dy) dx.
v \Jx Z\J#

Here F(x, y) is a measurable function on the o-finite product measure space
Z X ¥; dx and dy are the measures on £ and ¥ respectively.

A.2 Young’s inequality for convolutions is as follows: Let & = f* g, then

Il < If1p Ig e

where 1 <p,g,r < oand ljg=1/p + 1/r — L

Two noteworthy special cases arise; first » = 1, then p = g; also when r is the
conjugate index to p (namely 1/p + 1/r = 1), then ¢ = co. In this case it can
also be shown that 4 is continuous.

A.3 The following is a general integral inequality of wide application.

Let (Tf)(x) = )7 K(x, y)f(y)dy. Here K is assumed to be homogeneous of
degree —1; that is K(4x, 4y) = 271K(x, y), for 2 > 0. In addition we assume
that [ |K(1, y)| y1/?dy = 4. < ». Then

“Tpr S AI\" ”f”p-

Here the norms |||/, are those of L?(0, w;dx),and 1 < p < oo.

To prove this we write (Tf)(x) = J¢° K(1, y)f(yx) dy and use Minkowski’s
inequality for integrals.

An interesting special case, the Hilbert integral, arises if K(x,y) = xTy
271
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A.4 Another useful instance of §A.3 is the pair of inequalities due to Hardy

[oo) T » i/p » n
(f (f fo "y) " dX) <plr ( f GOyt dy) ,
0 w Y o » n 0 . 9
(f (f f dy) xr1 dx) < p/r( f Gf Oy dy) ]

0 x 0

Here f > 0,p > 1,and r > 0.

B. The Marcinkiewicz interpolation theorem

B.1 We extend here the theorem given in §4 of Chapter I. We assume that
Pos P1> 9o §1 are given exponents, with 1 < p; < ¢, < o, py < p;, and ¢, # ¢;.
T is a sub-additive transformation which is defined on LPo(R") + L71(R?). We
recall the definition that T is of weak type (p;, q). This means that there is a
constant A4;, so that for every f€ L".(R")

i
s

mix: |TF > o} < (ﬁ@) all @ >0,

If g; = o, it means that {|Tf{, < A4; [fil,.
THEOREM. Suppose T is simultaneously of weak-types (py, qo) and (py, qy)- If

(I -9 (1 -9 .
0<6<1,andllp = ’ + 0/ps, llg = + 0/qy, then T is of type

(p,q), namely

ITflg <A lflp  fELPRY.

Here A = A(A;, p;, q;, 6), but it does not otherwise depend on T or f.

From the proof given below it is easy to see that the theorem can be extended
to the following situations: First the underlying measure space R* of the
L™(R™), can be replaced by a general measure space (and the measure space
occurring in the domain of T need not be the same as the one entering in the
range of T). Secondly the sub-additivity condition can be replaced by the more
general condition |7(f; + f)(x)| < K{|Tfi(x)| + |Tfa(x)|}. A less superficial
generalization of the theorem can be given in terms of the notion of Lorentz
spaces, which unify and generalize the usual L spaces and the weak-type spaces.
For a discussion of this more general form of the Marcinkiewicz interpolation
theorem see Fourier Analysis, Chapter V.

B.2 Suppose & is a given measurable function on R". We have already used
the notion of its distribution function A(«), defined by A(a) = m{x:|h(x)| > o},
with m Lebesgue measure on R". For the proof of the above theorem and in
other situations it is useful to consider the concept of the non-increasing re-
arrangement of A. This is a function A*, defined on (0, o) which has the same
distribution function as 4, but which is non-increasing on (0, ). £* is defined as
h*(H) = inf {«, A(x) < t}. Both A* and A are non-negative non-increasing
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functions, and are continuous on the right. #* and 4 have the same distribution
function, since the set where A*(f) > « is the interval 0 < ¢ < A(«), which of
course has measure A(x). Thus

© 1/p 1/p
IB* ()il = (f Ih*(t)l"dt) = (( lh(x)l”dx) =[],
0 < R%

B.3 We shall also make use of some integral inequalities for functions on
(0, ).

The first is the set of Hardy inequalities given in Appendix A.4. In addition we
also need the observation that

0 “1/q E 1/q
(f [t”"h(t)]%‘it) "< A( f [t”"h(t)]“d—t) !
0 t 0 t

wherever k is a non-negative non-increasing function on (0, ), 0 <p L o,
and ¢; < ¢, < 0. 4 = A(p, ¢;,¢,) does not depend on . To prove this in-
equality assume that the integral on the right side is normalized to be one.
Integrating only between #/2 and ¢ in this integral (and using the fact that # is at
least A(f) in that interval) we get sup £/ 7/i(f) < A;. This is the desired result for

0=t
g» = . The general result, where ¢; < ¢, < o, then follows by writing

ol d PO
f [P/ S < sup (/7RG f [t”"h(t)]ﬂd{.
0 t 0

B.4 We come now to the proof of the Marcinkiewicz theorem. We let o
denote the slope of the line segment in R™ joining the points (1/p,, 1/gy) with
(1/p1, 1/g2). Since (1/p, 1/g) lies on this segment, we have

s = Mo —lg _ g = g
Upy = 1p  1jp = 1p’
For any ¢ > 0, we split an arbitrary function f€ L*(R") as follows:
f=r+h
where f{(x) = f(x), if |f(x)] > f*(19), and f'(x) = O otherwise; f, = f — f*.

It follows easily that

(fO*P) <f*Q), if 0Ly < and

fH*( =0, if y>r.

Also
(f*) £ f*¢%), if y <t and

(f)*p) <), if y =1
Now if f = f; + fs, then as is easily verified
(TO* ) S (TF*)2) + (TR*()2).



274 APPENDICES

The weak-type (py, ¢o) assumption on T implies that whenever f€ L7(R"),
then (fT)*(1) < Agt*/eo | f v, Similarly if f€ L"(R™), (TF)*(1) < A0 [flln,
We now use the decomposition f = f* + f,, f€ L"(R™), and since p, < p < py,
fte L%(R™), and f, € L”1(R™). Inserting this in the above gives

T(f)*(1) < Ap2IDYuo [ f iy + AsQIDYVar [ £l

However, [T(f){, = | Tf ¢, and by the inequality in §B.3 the latter is major-
ized by a constant multlple of

@ \1/p
(f (zl/"(m*(r»"‘é') ,
0

since p < g, because p; < gq,.

Applying the previous estimate for (7f)*(r), reduces the majorization of
/Tf |, to a constant multiple of

1/ 1/p
[tl/q-l/qu et r ! 1/g=1/q, || »__ ] '
J = J [z 5]

In view of the estimate (f)*(y) < f*(y), lfy <t%and (fH*(y) =0, if y > ¢
made earlier, we have that

oo d 1/ p, o) s
Sty = (f OY7eCfO* (e f) " < constant f yl/»n(f")*(y)’—vy
0 0 K

10

{
< constant x f YU PfE(Y) 4
0 | Y

We insert this estimate for !If*|, in the first bracket in (1) above. After the
indicated change of variables (* — ), and the application of the first of the
Hardy inequalities (in Appendix A.4), we see that the first term in (1) is majorized
by a constant x [ f ;. A similar argument for the second term concludes the
proof of the theorem.

C. Some elementary properties of harmonic functions*

C.1 A useful form of the maximum principle can be stated as follows.
Suppose u is a real-valued function of class C? in a bounded region #, and let u be
contintious in A. We assume that A(w) 20in 2. If u < 0 on the boundary of £,
then u < 0, throughout .

In proving this assertion it is convenient to make the stronger assumption that
Au > 0 in #. We can reduce to this special case by considering instead of u«,
u + €|x|2 — 0, where ¢ > 0, & > 0 and both ¢ and ¢ are small. Let us assume
then that Ay > 0 in #. If it were not true that # < 0in #, then u would have to
attain a positive maximum at some point x’ € 4. Since (Au)(x°) > 0, it must be

* For a discussion of the elementary properties of harmonic functions se¢ also Fourier
Analysis, Chapter IL
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2 ou
true that — (x") > 0 for at least one j. By the maximum property P (x°) =0

and so by Taylor s theorem
&2 32
u(x® + &e)) — u(x") = 3 8_2 (x") + 0($?),

where e, is the unit vector along the X; dlrectlon and & is small. This of course
contradicts the fact that «#(x") is the maxlmum value of  in #.

C.2 Suppose that « is harmonic in .#. Then

(x% =

f u(x® + v'r) do(y").
n—1 J8§"1

Here do(y") is the element of volume on the unit sphere S*1in R"; w,_, is the
total volume of that sphere; and r is sufficiently small so that the ball of
radius r with center x° lies entirely in #. This is the mean-value property of

harmonic functions. This fact follows, as is well-known, from Green’s identity

udv  vou
(Av — v Ay dx = —_— ——)dr
o ag \ On on

where ¥ is the region contained between the spheres of radius » and radius ¢
centered at the point x° (e is small); 7 is the surface element on 3%, which is the

2
union of these two spheres, and F is the differentiation in the outward normal
¥

direction. We take v(x) = |x — x*|7""2 = y~7%2, S0 Ap =0 in & and » = 0 on
larger of the two boundary spheres. Letting ¢ — 0 and collecting terms gives the
desired result.

C.3 The mean-value property and the device of regularization lead immedi-
ately to a variety of useful estimates for harmonic functions. Let ¢ be a fixed C*
function in R™, which is radial, is supported in the unit ball, and is normalized,
namely j'Rn ®(x) dx = 1. Then by integration we get as an immediate con-
sequence of the mean-value property,

u(x"y = f u(x — yyp,(y) dy,
R"l

where ¢,(y) = r"g(y/r).
Here we assume that as before the distance of x° from the boundary of £
exceeds r. The above can be rewritten as u(x?) = j‘R., u(»)@,(x" — y) dy and thus

3 \x
(5;) 1(x") =f u(y)( )(p,(x‘ — »)dy. From this and Schwarz’s in-

equality we get the following inequality for harmonic functions in n variables,

2\
(—) "(X")i < ApmEl (J‘ i V)|2tly)1'2.
ox « o .

B, denotes the ball of radius r centered at x°.
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C.4 We prove here the assertion made in §3.1.5 of Chapter 111, namely that
if f has the spherical harmonic development

[ ~3 Y(x)
and fgi-1 | Y,(x)2do(x) = O(k™Y), for every N as k — oo, then f can be cor-
rected on a set of measure zero so as to be a C* function on S" 1. To prove this
it suffices to verify the inequality
8*Y3(x)

x'x

* sup

le|=1

< A;k<m’2+l-"*i>(f | Yi(x)|? da(x)) 1,
gn-1
Let us normalize Y;, by assuming that g1 | Y, (x)|2 do(x) = 1. Y, is of course

homogeneous of degree 0. If we set P,(x) = |x|*Y;(x), then P, is a solid har-
monic of degree k. Now

1+
f |Pp(0)|2dx = (f IYk(X)lzdﬂ(x)) f rtnlide < (1 4 e)2htn,
|zl <1te s*1 0

We invoke here the final inequality of §C.3, and take v = P,, with x° any point
on $™ ! and B, a ball of radius ¢ centered at x°. The result is

a\* 0
(a_x) Pk(x )

¢ is at our disposal and we choose it to be equal to 1/k. Then (1 + &)k+n/2 <

constant, and we have
a %
('a’;) P k(x)

(**) sup
lzl=1

Finally since Y;(x) = |x[™ P,(x), the Leibnitz identity shows that (**) implies

*).

SA1£-15/2—|‘X|(] + &)htn/2,

< A:kn/2+|°ﬁ|.

D. Inequalities for Rademacher functions

It is our purpose here to provide a proof for the inequalities for Rademacher
functions asserted in §5.2 of Chapter 1V. See also Zygmund [8], chapter V.

D.1 Let s, aq,ay,. - - ,dy, be real numbers. Then because the Rademacher
functions are mutually independent variables we have

1 N AY 1
f exp i Z a,r,(t)dt = H exp ua,r, (t)dr.
0 m=0 m=0 Jg
However in view of their definition, [§ e/anrn(®) df = cosh ua, . If we now make
use of the simple inequality cosh x < e»*, we obtain
1
eFO dr <exppyal,

with F(r) = ¥ a,r, (o). ’
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AY
D.2 Let us make the normalizing assumption that ¥ a® = 1. Then since
e'lFl < e'F 4 71 we have n=0

1
J‘ e\ Fl dr < 20,
0

Let A(x) = mfr:|F(f)| > «}, be the distribution function of |F|. If we take
;o = a2 in the above inequality we have i(x) < 2e(2°~(*/21% and so i(a) <
2¢7**/4, From this it follows immediately that

1 1/p
(J‘ [F(D]? dt) = |Fl, <A, < Ap1/2, for p<
0

and so in general
1/2

AY
IFOl, < A,.,(z |a,,L|2) . p<a
m—o

D.3 We shall now extend the last inequality to several variables. The case of

two variables is entirely typical of the inductive procedure used in the proof of
the general case.

We can also limit ourselves to the situation when p > 2, since for the case

p < 2 the desired inequality is a simple consequence of Hglder's inequality and
the orthogonality of the Rademacher functions.
We have

NN
F(th fz) = z zamlmzrml(tl)rmg(tz) = Z le(t’)rml(tl)'
00
Now by what has just been proved

1
J‘ |F(ty, t)|? dty < AD(Z] m(tz)lz) 2,
0

nmi

Integrate this with respect to f,, and use the fact that for any sequence of

functions
1 1 2/ P\p/2
f (z [le(t2)[2)p/2 dtz < (Z (J‘ lle(t2)l" ‘lfz) )
0 mi 0

This assertion is merely a restatement of a special case of Minkowski’s in-
equality (in Appendix A.1) for the exponent p/2, and the function |F_ ()2

However F,, (t;) = 3 @, ,..5,,,(t2), and therefore the case already proved
shows that m2

1 2/
( f lle(tz)I"dtg) AT
0

Inserting this in the above gives

11
f f [F(, )" dtydy < 42> 3 a2,
0 Jo

ma my
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which leads to the desired inequality
IFl, < A |Fy  p < .
D.4 The converse inequality
IFll, £ B, IFj,, p>0

is a simple consequence of the direct inequality.

In fact for any p > 0, (here we may assume p < 2) define the exponent r > 2
by the rule that the exponent 2 should be midway (in the appropriate sense),
between p and r. That is, take 1/2 = (1/2)(1/p + 1/r). By Holder’s inequality

[Fll, < IF 2 | F|y2.
We already know that [[F|, < Ar’ [ Flly, r > 2. We therefore get
IFily < (422 |IFY,,

which is the required converse inequality.
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INDEX

Almost-everywhere convergence, 9, 42,
63

Approximation to the identity, 62
see also regularization

Area integral of Lusin, also S function,
89, 205, 224, 265

Bessel potentials, 130, 133, 149
see also potential spaces
Bounded mean oscillation, 164

Calderén and Zygmund lemma, 17
Cone, 89, 197
truncated, 201
Conjugate harmonic functions, 65, 143,
212
Convolutions, 27
Covering lemma, 9

Decomposition of open sets into cubes,
16, 167
Derivatives,
in the harmonic sense, 246
in the L1 sense, pointwise, 242
ordinary, pointwise, 241
symmetric, 268
in the weak sense, 121, 180, 241
Desymmetrization, 257, 265
Dilations, 37, 50, 55, 110, 118
Distance function, 8(x), 13, 170
Distribution function, 4, 21, 50, 121,
272
Domain with minimally smooth bound-
ary, 189. See also Special Lipschitz
domain
Dyadic decomposition, 103

Elliptic differential operators, 77, 114
Extension operators,

&, 171

& 176

€, 182, 191, 194

E, 193

Fatou’s theorem, 199
local version, 201
Fourier transform, 28, 56, 71
Fractional integration, see Riesz po-
tentials

Function spaces, see Lipschitz spaces,
potential spaces, Sobolov spaces

Yoa, (=(2m)" %y (a)), 73, 117
Green’s theorem, 69, 87, 208

Hardy inequalities, 272

Harmonic functions, 60, 68, 78, 196-
239, 274-76

Hecke’s identity, 71

Hilbert transform, 26, 30, 38, 42, 49,
50, 54

Hr spaces, 220-35

Integral of Marcinkiewicz involving the
distance function, 14, 32, 253

Laplacean, A, 59, 60, 69, 117
Lebesgue,

theorem, 4

set, 10, 197
Lipschitz spaces,

A, 141, 163

Av.a, 150, 161, 193

Lip (v, F), 173, 176
Littlewood and Paley functions,

g, 82, 112, 155

g, 83, 112

g, 83,96, 112, 162

2. 86

g;, 88, 96, 115, 162, 224, 233

Maximal functions, 4, 22-25, 42, 62, 87,
92, 197, 221, 236

Marcinkiewicz multiplier theorem, 108,
114

Minkowski’s inequality for integrals,
271

Modulus of continuity,
Lr norm, 138, 140
regular, 175

Multiplier transformations, 28, 43, 75,
94, 108-14, 232

Non-measurable sets, 251
Non-tangential boundedness, 201

Non-tangential convergence, 197, 213,
236, 246



INDEX

Operators commuting with translations,
see multiplier transformations

Partial sum operator, 99

Partition of unity, 170

Point of density, 12, 251, 259

Poisson integral, 61, 82, 87, 92, 142,
197

Poisson kernel, 61, 142, 146, 197

Potential spaces,#r, 135, 154, 161-62,
192-93 ¢

Principal-value integrals, 35

Rademacher functions, 104, 276-78

Rectangle, 99

Regular family, 10

Regularization, 123

Regularized distance, 170, 182

Restriction to linear sub-varieties, 192-
93

Riesz potentials, 117-21, 130, 133

Riesz transforms, 57, 65, 75, 78-79, 112,
125, 136, 143, 213, 242
Rotations, 56, 79

Singular integral operators, 26-53, 66,
80, 83, 232, 254

Sobolov spaces, Lr, 122, 135, 159-60,
180 :

Sobolov’s theorem, 124

Special Lipschitz domain, 181, 249

Spherical harmonics, 68, 71, 73

Splitting of functions, 246, 267

Strict definition of a function, 192

Symbol, 80

Vector-valued functions, 45

Weak-type estimates, 6, 20, 29-33, 42,
115, 120, 272

Young’s inequality, 271



