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The parallel postulate was intensively studied in the medieval Islamic tradition
from the ninth century on, and more than ten “proofs” have come down to us [12,
pp. 42-90]. This paper is about an early Islamic proof of the parallel postulate by
Abu’l-‘Abbas al-Fadl ibn Hatim al-Nayrizi,! a mathematician and astronomer who
originated from the city of Nayriz in Iran and who worked in Baghdad. Since he wrote
a treatise on meteorology for Caliph al-Mu‘tadid, who reigned from 892 to 902, he
must have lived around 900, Following Suter [17, p.45], many authors have stated
that al-Nayrizi died in or around the year 310 of the Hijra (922/3 CE), but I have
not found evidence for this date in medieval sources.? As we will see below, al-Nay1izi
probably influenced Thabit ibn Qurra (836-901),> so we can assume that the main
activity of al-Naytizi was in the second half of the ninth century CE.

Al-Nayrizi wrote two texts relating to the parallel postulate. The first is a short
treatise, entitled On the Proof of the Famous Postulate of Euclid. This treatise has
not been published previously, except in two Russian translations, one by Grigorian
in 1971 [6],* and one by Abdurakhmanov and Rosenfeld in 1982 [1]. The treatise has
been briefly summarized by Sabra [14, p. 6, col. 2] and by Rosenfeld [12, pp. 56-57], a
more extensive Russian summary with figures is in |13, pp. 42-45]. An edited Arabic
text of the treatise with English translation can be found in this paper. The treatise
is not found in the collections of texts on the parallel postulate which were published
by Jaouiche {8], [9]

The second text is al-Nayrizi’s commentary to Euclid’s Elements which is extant in
a medieval Latin translation by Gerard of Cremona [3], [2]; a slightly different version
has been preserved in part in an Arabic manuscript together with an Arabic trans-
lation of the Elements attributed to al-Hajjaj (ca.830 CE) [3].® In this commentary
to the Elements, al-Nayrizi renders a proof of the parallel postulate by a late Greek
geometer who is known under the arabicized name Aghanis and who was a contempo-
rary of Simplicius (fifth century AD). The proof by Aghanis is not otherwise extant,
but it is well-known in the modern historical literature since its publication by Curtze
in 1899,

Al-Nayrial's proof in the short treatise is related to the proof by Aghanis but the
two proofs are not the same. I now discuss the most important differences in modern
notation and terminology.® The proofs by Aghanis and al-Nayriz1 are based on the
concept of equidistant lines. Their definitions of this concept are unclear but amount
to the following: Two straight lines ¢ and m are called equidistant if (1) the distance
from any point P on £ to line m is the same, (2} the distance from any point ¢} on

1 On al-Nayrizi see [16, vol. 5, pp. 283-285; vol. 6, pp. 191-192].

2 In his Cerman translation of a chapter of the Fikrist [18, p.67], Suter says: “Weitere Angaben
fiber sein Leben habe ich nicht gefunden, da er aber fiir al-Mu‘tadid ein Werk verfasst hat, so
muss er ums Jahr 900 zur Zeit Tabits gelebt haben.” I therefore suspect that tbe date 310/922-3
is an invention of Suter.

3 On Thabit see {16, vol. 5, pp. 264-272].

4 Grigorian reads the name of al-Nayrizi as al-Tabrizl

5 The differences between the Arabic and the Latin versions are discussed in [4].

6 For the text of the proof of Aghanis see [3, vol.1 pp.118-131], [2, pp-55-61}, for a French
translation see [9, pp. 129-136], and for a summary see e.g. [12, pp. 43-44].
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m to line £ is the same, and (3) the distances in (1 and (2 - i
providwes-a philosophical motivation for the existenc(e )of equi(di)sgr?t {i?r?eas.l AN
. Agl;ams and al-Nayrizi begin with proofs of a few simple propositions on equidistant
Imf?s. In these propositions they both assume that for any straight line ¢ and an
point P not on ¢ there exists a straight line mn through P equidistant té £ They
prove among other things that two straight lines are equidistant if and ODI}"}f they
have :h COMImnon perp‘fndicujar. Aghanis uses the term “parallel lines”® but al-Nayﬁz:y;
uses the expression “lines which ' i ” whi
rmclated ooy which preserve the distance between them,” which I have
The main difference between the proofs by Aghanis and a)- 171 i i
final propositions {Figure 2, notation a.daptid fo al-Naygz?,I (I;.aggrzpﬁp Tt)a;arli)v]:rl) thelr
Assume that two straiglit lines AB and GD are intersected by a third line A.G in
such a way that ZBAG + ZAGD < 180°. Without loss of genelrality we can 'assum
that ZAGD is acute. By Elements I:11-12 one can draw perpendiculars AFE ont:;
GL? and A? (?nto AFE, now AZ and GD are equidistant according to the propositions
which _Aghams and al-Nayrizi proved before. Choose an arbitrary point H on AB
Aghanis drops the perpendicular HE onto AE. He then bisects AE. then biseci;
the half ,:Jf AE, and s0 on, unti! he arrives at a point E’' between 4 and’ F ’(We hav.:
AE = 2% AF' for some number k > 1). He then draws perpendicular E’P; to AF ¢
intersect AH at point P’ and he defines P on AB such that AP = 2*AP'. He theo
proves tha:tﬁP is also on GD, so the point of intersection has been found - i
AI—NF ayrizi draws a perpendicular THK to AZ and GD. He then deﬁ'nes point L
on TK such that TL = n. TH is the smallest multiple of TH which is equal to or
greater than TK. (Figure 2 is drawn for the case 7, # K). Draw SL peri)endicular
to HI, then SL is equidistant to G'D and to AB. Al-Nayrizi defines C' on AB such
t.hat. AC =n- AH and he proves that ¢ is also on the si.raight line SL, so AB and
ST intersect. He concludes that GD intersects AD between points an;i A.

Fig. 2
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The main difference between the proofs of Aghanis and al-Nayrizi is related to their
constructions of E' and L respectively. Aghanis obtains point E' is by successive
bisection of AE, and the existence of E’ follows from Elements X:1 [7, vol. 3, pp. 14~
15]. Euclid’s proof of this proposition is based on the assumption that AF and AF are
magnitudes of the same kind according to Elements V, definition 4. The existence of
the multiple of T H greater than T K also follows from the assumption that TH = AF
and TK = AE are magnitudes of the same kind. Thus one can say that al-Nayrizi
eliminated the continuous bisection process of Elements X:1. This may make the
construction a bit more elegant, but I cannot see a fundamental advantage in al-
Nayrizi's approach. Hence I think it is fair to say that al-Nayrizi’s proof is a variation
on a theme of Aghanis, but nevertheless a variation which deserves to be recorded,
because it is certainly more than a textual modification.

I now turn to the possible influence of al-Nayrizr’s proof on other Islamic proofs
of the parallel postulate. A strong connection exists between the proof of al-Nayrizl
and a proof in one of the two treatises by Thabit ibn Qurra on the parallel postulate,
namely the Treatise on the Fact That Two Lines Draum at Angles Less Than Two
Right Angles Meet.'® In this treatise Thabit also begins with a philosophical demon-
stration of equidistant lines, but he introduces motion in geometry. His mathematical
discussion i more profound than that of al-Nayrizi and Aghanis. Thabit begins with
a straight line £ and he then obtains (by a philosophical argument) a straight line m
which is equidistant with respect to £ in the sense that the distance of any point F of
M to £ is the same. He then proves that the distance of any point ! on £ to m is the
same as the distance of any point P on m to £. Al-Nayrizi and Aghanis simply assume
this property in their definition of equidistant lines. The final proposition of Thabit is
so close to the final proposition of al-Nayriz that they cannot be independent. Thabit
does not draw perpendicular T H K in the notation of Figure 2 but he finds a multiple
n-AF = AW > AE (dotted line in Figure 2) and then defines SL as the line through
W. The proof of al-Naynizi is somewhat defective in its wording {see the footnotes
below) but Thabit’s proof is clear. I therefore think that Thabit’s proof is a revision
of the proof of al-Nayrizi, not the other way around. Directly or through Thabit,
the proof by al-Nayrizi influenced other Islamic geometers as well. Al-Nayrizr’s proof
was known to “Umar al-Khayyami, who stated that al-Nayrizi based himself on an
assumption {(on equidistant lines) which was not simpler than the thing to be proved
(the parallel postulate) [9, pp. 185-186], [12, p. 57].

The following edition and translation of al-Nayrizi’s short treatise on the proof of
the parallel posiulate is based on two Arabic manuscripts: Tehran, Sepahsalar 597,
11b-12a (facsimile in [11, pp. 86-87]), and Paris, Biblicthéque Nationale, Fonds Arabe
2467, 1.89a-90a [20, p.593]. The Tehran manuscript is dated 784 H./1380 CE and
provided with figures. The Paris manuscript is undated, poorly legible and the figures
have not been drawn. Jaouiche only had access to the Paris manuscript and decided
not to add the treatise by al-Nayrizl to his collections [9, p. 16], {8]. Numerous scribal

10 See for an English translation of this treatise [15, pp. 19--27], for a French translation [9, pp. 151-
160} and for a discussion (12, pp.52-56]. This treatise is called Thabit’s first treatise by Sabra
and Thabit’s second treatise by Rosenfeld and Jaouiche. Manuscripts of the two treatises are
listed in [16, vol. 5, p. 268 no. 6].
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errors in the Paris manuscript have been noticed in the apparatus at the end of
the edition. Sezgin mentions two other manuscripts of al-Nayrizi’s treatise [16, vol. 5,
p.284 no.2]. According to Rosenfeld [12, p.56] and Jaouiche [9, p.16], the Berlm
manuscript was lost during the second world war. The Hyderabad manuscript was
not available to me,

In the edition I have adapted the orthography to modern usage but I have not
corrected grammatical errors. My own explanatory additions to the translation are
in parentheses. The Arabic letters in the geometrical figures have been transcribed

according to the following system (I render the letters in the order of i increasing
numerical values):

= A o =B2a=G =D o-E,=W, ;-7 r=Hb-T =K J-1L
= MOo-Np=8¢=02=F »-C35=Q,=R =X o=t
o= d.
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Translation
In the name of God, the Merciful, the Compassionate.

Treatise by Fadl i its 3 = 11
Euclid y Fadl ibn Hatim al-Nayrizi'! on the Proof of the Famous Postulate of

He said: OU.I: knowledge of unequal things comes after our kmowledge of equal things
because frquahty is by {its) nature prior to inequality. For they {equal things) beloi ,
t.o the th.mgs which follow the course of nature, and inequality is outside nature Thui
lines whlch. maintain the distance between them, since it!2 ig GVEI]_EIBSS‘ are th;\ ones
who are prior to lines which do not maintain the distance, since it is mor,e appropriate
for natural things to be found than for things outside nature. For the things mIJ)tside
nature go (only) with them (i.e. the natural things), and if this were nogt S0 j:lO
could the unnatural exist if the natural were not prior to it? Thus it is n'ece‘asar , th‘:
there are lines which maintain the distances between them.!3 R

11 The Paris manuscript reads “al-Tabrizi.”

12 The reference is presumably to the “nature” (tab’) of these equidistant lines

13 He.nceforth 1 will use the word equidistant in my translation. AJ-Na?ﬁzT;.&ssum ti f th
existence of equidistant straight lines is equivalent to Euclid’s parallel postulate prion o the
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<1>1 One of the first theorems which are established is the following: For every
pair of equidistant lines in one plane which do not meet even if they are produced
indefinitely,’ such as AB, GD in these four propositions, the distance'® between
them is perpendicular to them.

(Figure 3) Since infinitely many lines can be drawn from any point on one of the two
lines to the other line, it is necessary that the distance between them is the shortest
of these, for example EZ. Then it is the distance between them and similarly the
shortest line among the lines drawn from any (other) point, since the distance is
preserved; so the distances are equal. T say that these distances are perpendicular
to them.!” If this is not the case, let EH be perpendicular to AB, then H is (a)
right {(angle), and Z is greater than it, since EH is longer than EZ, s0 Z and H are
(together) greater than two right angles, contradiction.!®

Or, since every two angles of the triangle are (together) less than two of them (two
right angles), and H is a right angle, Z is less than it, so EH is shorter than EZ ¥
but we assumed it to be longer, contradiction. Thus EZ is perpendicular to both of
them, and that is what was desired.

Fig. 3

<2> (Figure 3) Perpendiculars falling between them such as EZ are the distance
between them, that is to say that they are the shortest lines.2® If this is not the case,
let the distance be EH, then it is the shortest line, and (hence) perpendicular to both
of them. So (angles) Z, H in triangle EZH are two right angles, contradiction.?! So
EZ i3 the distance between thermn, and this is what was desired.

< 3 > (Figure 3) Every perpendicular to one of them, such as EZ {perpendicular)
to AB, is perpendicular to the other. If this is not the case, let EH be perpendicular
to GD, then it is the distance between them by proposition 2,%% so it is equal to EZ

14 The proposition numbers, which are missing in the manuscript, are analogous to the numbers
in the Ruasian translation in [1].

15 The fact that the lines do not meet i3 a consequence of their equidistance.

16 For al-Naymzi, who did not have the modern concept of a real number, a distance is always a
line segment.

17 This is the first theorem of Aghanie [3, pp. 120-123] [2, pp. 56-57] {9, p. 131].

18 According to Elements 1:17 “in any triangle two angles taken together in any manner are less
than two right angles” [7, vol. I, p.281].

19 According to Elements 1:19 “in any triangle the greater angle is subtended by the greater side”
I7, vol. 1, p. 284].

20 This is part of the second theorem of Aghanis [3, pp. 122-123] [2, p. 57} [9, pp. 131--132].

21 The contradiction is with Flements 1117,

22 This argument rests on the following assumption: the distance to GD of any point H on line
AB is equal to the distance to AB of any point E on line GD,
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since this is also the distance between them by proposition 2. Therefore H is a right
angle and equal to Z, contradiction. Thus EZ is perpendicular to both of them, and
this i3 what was required.

<4> (Figure 3) If a line is perpendicular to two straight lines, the two (lines} are
equidistant.? I this is not the case, let EH and AB be equidistant® and let EZ be
perpendicular to AB and to GD rather (than GH). Then it is perpendicular to BH
by proposition 3. Therefore the part ZEH is (a) right angle and equal to the whole
ZED. This is impossible.?” Thus only GD is equidistant to AB, and this is what was
required.

<5> (Figure 4) If one draws from one of two straight equidistant lines, such as
GD, two perpendiculars EH, ZT to the other (straight line}, the (segment) HT
between their meeting points with the other (straight line) is equal to the segment
EZ of the first line between them.?® For the two perpendiculars are equidistant by
proposition 4,27 and that is what was required.

b Z E G

Fig. 4

<6> (Figure 4) If AB and GD are equidistant and W H?® falls on them, the two
angles on one side are {together) equal to two right angles.?® Since the two perpen-
diculars WT, EH are equal because they are the distance between them (AB, GD),
HT is equal to EW, and HW is common, therefore® angle EW H is equal to angle
WHT.3 but EWH together with HW D is equal to two right angles,®? thus in the

23 This is part of the second theorem of Aghanis {3, pp. 122-123] {2, p.57] {9, pp. 131132}

24 In Figure 3 the reference is to the line through point E and the point H which is not on
line AB. Here al-Nayrizi assumes that for any given straight line AB and any point E not
on AP there exists a straight line through E which is equidistant to AB. In non-Euclidean
(hyperbolic) geometry two non-intersecting straight lines have a unique common perpendicular,
and equidistant straight lines do not exist.

25 According to Common Notion 5, “The whole is greater than the part” [7, vol. 1, p. 155].

26 Aghanis also proves thig fact in the course of his third propesition [3, pp. 122-125] {2, pp. 57-58]
[, pp. 132-133].

27 More precisely: Lines ZT and EH are equidistant gince they have a common perpendicular EZ,
and the two common perpendiculars EZ, TH are equal because they are the distance between
ZT and F'H by proposition 2.

28 The point W corresponds to the point Z in Figure 4. The letters Z and W are similar in Arabic,
but the manuscripts have clearly Z in proposition 5 and W in propesition 6.

29 The same theorem is proved in the third proposition of Aghanis [3, pp. 122-125] [2, pp. 57-58]
{9, pp. 132-133). .

30 According to Elements 1:8 “if two triangles have the two sides equal to two sides respectively,
and have also the base equal to the base, they will also have equal the angles which are contained
by the equal straight lines” [7, vol. 1, p. 261].

31 Both manuscripts have EHT here.

32 Elements 1:13 [7, vol. 1, p. 275}
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same way DW H and BHW are (together) equal to two right angles, and that is what
was desired.

<7> {Figure 5) If a straight line AG falls on two straight lines AB, G D and makes
the sum of the two interior angles on one side, such as GAB, AGD less than two
right angles, then the two {lines) meet on that side.3?

For since the two angles are less than two right angles, AB and G D are not equidis-
tant.** So we drop perpendicular AE onto GD and AZ onto AE,? then it is equidis-
tant to GD.*¢ We take from AB some magnitude AH and we drop the perpendicular
HT onto AZ and (we extend it) to (point) K on GD. Then either HT measures
TK? or it* exceeds it by an excess such as LK, then HT measures TL, let it be
three times, at H and M .3* We draw perpendicular LSN to LT and we extend AE
to R and AG to §.1

Then SN and AZ are equidistant, and similarly SN and GD. If we prove that AB
meets SN it will be evident that it meets G D before it.

We divide AB and its rectilinear extension BC into parts (equal to) AH, namely
HO, OC %2 We join SQC;* it is a straight line which meets AB at C. For we let pass
through O the distance between AZ, SN, let it be X@Q. Then AR, TL, X} are the
distances between AZ, SN, so they (AR, TL, XQ) are equidistant and do not meet.
We let pass through H the distance between AR, X, let it be FHd, and similarly
through O, let it be OM¢t.** Then, since AH, HO are equal, (angles) d, F are right
and AHF, OHd are (angles™® between) two intersecting (lines), Od is equal to AF,*®

33 This i3 Euclid’s parallel postulate. Compare the final proposition in the proof by Aghanis in i3,
pp. 126-131}, {2, pp. 59-61], and [9, pp. 134-135] and my own discussion of the differences in the
introduction to this paper.

34 This is a consequence of Proposition 6.

35 The constructions are explained in Elements 1:12 [7, vol. 1, pp. 2T0-271].

36 Line AZ i3 equidistant to G I by Proposition 4,

37 The text means that T K is an integer multiple of HT.

38 The text is unclear, perhaps as a result of scribal error. Al-Nayrizi must have meant: there is a
multiple of HT which exceeds it (i.e. TK) ...

39 Ak-Nayrizt means that there exists an integer multiple of HT, namely n - HT = TL, which is
either equal to or greater than TK. This follows from the assumption that HT and TK are
quantities of the same kind, as in Elements V definition 4. He assumes n = 3 in the rest of his
exposition but the reasoning can be adapted to other values of n. The point A is defined by
HT =TM=ML.

40 In the figure in the Tehran manuseript, point L is between points S and N, 30 it would be more
correct to say SLN or NLS.

41 Al-Nayrizi does not prove that AG and LN intersect. The existence of the point of intersection
S is not essential in the rest of the argument.

42 Point C' is defined as the point on AR or its rectilinear extension, such that AH = HO = O,
Here it is understood that the number of “parts” AH, HO, OC is n, that is 3 in this exposition.

43 The text is unclear. It would have been more correct to first define point ¢ on line SN, then
join QC and prove that QC is on the same straight line as SQ.

44 The text is confusing. Tt is more correct to call the distance through € lne (. since point A
had already been defined above as the point on TK such that TH = HM. That line Ot passes
through the point Af has to be proved, see the next two footnotes.

45 These angles are equal because of Elements 1:15.

46 Here al-Nayriz1 uses Elements 1:26 [7, vol. 1, pp. 301-303]. He haa now proved that the distance
AF between AX and dF is equal to the distance Od between dF and Ot. It follows that Ot
pasges through the point M.
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that is Xd, because of what has been proved in proposition 5. But Xd is equal to
TH and dO is equal to HM, so XO is equal to TM. Thus, by subtraction, OQ is
equal to ML, or rather to Af H, or rather to Od. Angle COQ is equal to angle HOd,
5017 QC is equal to dH and OQC is (a) right (angle), equal to HdO, but QQL was
(a) right (angle). Therefore SQC is a straight line which meets AR at C. Therefore
AB meets GD before it meets SC. That is what was desired, and that is what we
wanted.
The treatise has ended.%®
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