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Book I
Chap. I
The Inter-
mediate
Status of
Mathemat-
ical Being

PROLOGUE: PART ONE

ATHEMATICAL being necessarily belongs neither
among the first nor among the last and least simple

of the kinds of being, but occupies the middle ground between
the partless realitiesl-simple, incomposite, and indivisible-
and divisible things characterized by every variety of com-
position and differentiation. The unchangeable, stable, and
incontrovertible character of the propositions about it shows
that it is superior to the kinds of things that move about in
matter. But the discursiveness of [mathematical] procedure,

its dealing with its subjects as extended, and its setting up of
different prior principles for different objects-fhsss give to
mathematical being a rank below that indivisible nature that
is completely grounded in itself.

It is for this reason, f think, that Plato assigned difterent
types of knowing to the highest, the intermediate, and the

lowest grades of reality.' To indivisible realities he assigned

intellect, which discerns what is intelligible with simplicity
and immediacy, and by its freedom from matter, its purity,
and its uniform mode of coming in contact with being is

superior to all other forms of knowledge. To divisible things
in the lowest level of nature, that is, to all objects of sense-

perception, he assigned opinion, which lays hold of truth
obscurely, whereas to intermediates, such as the forms studied
by mathematics, which fall short of indivisible but are supe-

rior to divisible nature, he assigned understanding. Though
second in rank to intellect and the highest knowledge, un-
derstanding is more perfect, more exact, and purer than opin-
ion. For it traverses and unfolds the measureless content
of Nous by making articulate its concentrated intellectual
insight, and then gathers together again the things it has

distinguished and refers them back to Nous.

1 3.5 lroord,oer,s.
2 3.16 Rep. 511b-e and 533e-534c. On the renderings of the Pla-

tonic terms in this passage see note at 10.27 below.
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Chap. II
The Com-
mon Prin-
ciples of
Mathemati-
cal Being.
The Limit
and the Un-
limited.

THE COMMENTARY

As the forms of knowing differ from one another, so also

are their objects different in nature. The objects of intellect
surpass all others in the simplicity of their modes of ex-
istence, while the objects of sense-perception fall short of
the primary realities in every respect. Mathematical objects,

and in general all the objects of the understanding, have an

intermediate position. They go beyond the objects of intellect
in being divisible, but they surpass sensible things in being
devoid of matter. They are inferior to the former in simplicity
yet superior to the latter in precision, reflecting intelligible
reality more clearly than do perceptible things. Nsvertheless

they are only images, imitating in their divided fashion the

indivisible and in their multiform fashion the uniform pat-

terns of being. In short, they stand in the vestibule of the

primary forms, announcing their unitary and undivided and

generative reality, but have not risen above the particu-

larity and compositeness of ideas and the reality that belongs

to likenesses; nor have they yet escaped from the soul's varied

and discursive ways of thinking and attained conformity with
the absolute and simple modes of knowing which are free

from all traces of matter. Let this be our understanding, for
the present, of the intermediate status of mathematical genera

and species, 8S lying between absolutely indivisible realities

and the divisible things that come to be in the world of matter.

To find the principles of mathematical being as a whole,

we must ascend to those all-pervading principles that gdnerate

everything from themselves: namely, the Limit and the

Unlimited.' For these, the two highest principles after the

indescribable and utterly incomprehensible causation of the

One, give rise to everything else, including mathematical

beings. From these principles proceed all other things collec-

tively and transcendentally, but as they come forth, they

appear in appropriate divisions and take their place in an

3 5.18 On the Limit (rdpas) and the Unlimited (d,trer,pou, d,rerpi,a)

as cosmogonic principles see Proclus' Elements of Theology, Prop. 89,

and Dodds' note (246-248). These speculations have their source in
Plato's Philebus 16cff. and 23cff.., which in turn professes its depend-

ence on the inspired wisdom of the "ancients."
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PROLOGUE: PART ONE

ordered procession,a some coming into being first, others in
the middle, and others at tht end. The objects of Nous, by
virtue of their inherent simplicity, are the first partakers of
the Lirnit and the Unlimited. Their unity, their identity, and
their stable and abiding existence they derive from the Limit;
but for their variety, their generative fertility, and their divine
otherness and progression they draw upon the Unlimited.
Mathematicals are the offspring of the Limit and the Unlim-
ited, but not of the prirnary principles alone, nor of the hidden
intelligible causes, but also of secondary principles that pro-
ceed from them and, in cooperation with one another, suffice

to generate the intermediate orders of things and the variety
that they display. This is why in these orders of being there
are ratios proceeding to infinity, but controlled by the princi-
ple of the Limit. For number, beginning with unity, is capable
of indefinite increase, yet any number you choose is finite;
magnitudes likewise are divisible without end, yet the ma$u-
tudes distinguished from one another are all bounded, and the
actual parts of a whole are limited. If there were no infinity, all
magnitudes would be commensurable and there would be

nothing inexpressible or irrational,6 features that are thought
to distinguish geometry from arithmetic; nor could numbers

exhibit the generative power of the monad, nor would they

have in them all the ratios-such as multiple and superpar-

ticular-that are in things.6 For every number that we exam-

ine has a different ratio to unity and to the number just before

it. And if the Limit were absent, there would be no com-

4 5.24 We shall frequently encounter in the Commentary this
doctrine of the procession (zrpdo0os ) of beings from their primary
source. For the intricate details of the processional order, as Proclus
conceives it, see his Elements ol Theology, passim.

6 6.21 d.ppt1rov, d\o7or. This is a reflection of Euclid's distinction
between two orders of irrationals (Bk.X, Deff. III and IV). "Appqrov
denotes a line incommensurable in length with a given (rational) line,
d)royov a line which is commensurable neither in length nor in square
with the given line.

I 6.25 On the elaborate classification in Greek arithmetic of nu-
merical ratios greater than unity see Nicomachus, Introduction to
Arithmetic, Chaps. 17-23; and for a convenient English listing Heath
r, 101ff.

-5-



Chap. III
The
Common
Theorems
Governing
Mathemati-
cal Kinds

THE COMMENTARY

mensurability or identity of ratios in mathematics, ro similar-
ity' and equality of figures, nor anything else that belongs in
the column of the better.s There would not even be any
sciences dealing with such matters, nor any fixed and precise

concepts. Thus mathematics needs both these principles
as do the other realms of being. As for the lowest realities,

those that appear in matter and are moulded by nature, it is

quite obvious at onse that they partake of both principles, of
the Unlimited as the ground that underlies their forms and of
the Limit by virtue of their ratios, figures, and shapes. It is

clear, then, that the principles primary in mathematics are
those that preside over all things.

Just as we have noted these common principles and seen

that they pervade all classes of mathematical objects, so let us

enumerate the simple theorems that are common to them

all, that is, the theorems generated by the single science that
embraces alike all forms of mathematical knowledge; and let

us see how they fit into all these sciences and can be observed

alike in numbers, magnitudes, and motions. Such are the

theorems governing proportion, namely, the rules of com-

pounding, dividing, converting, and alternating; likewise the

theorems concerning ratios of all kinds, multiple, superpar-

ticular, superpartient, and their counterparts;e and the the-

orems about equality and inequality in their most general and

universal aspects, not equality or inequality of figures, num-

bers, or motions, but each of the two by itself as having a

nature common to all its forms and capable of more simple

apprehension. And certainly beauty and order are common

? 7.2 ra,vr6rqs, translated here as similarity, i.e. identity of form,
to differentiate it from lodr4s, equality.

s 7.3 On the Pythagorean doctrine of the two columns (ovarotytot)

see Arist. Met.986a22-26. The ten members in each column, as listed

by Aristotle, are

Limit Unlimited Rest Motion
Odd Even Straight - Curved
One Many Light Dark
Rieht Left Good Evil
Male Female Square Oblong

The column on the right (i.e. the reader's left) is the "better."
s 7 .26 See note at 6.25.
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In What
Way These
Common
Theorems
Subsist
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PROLOGUE: PART ONE

to all branches of mathematics, &S are the method of pro-
ceeding from things better known to things we seek to know1o
and the reverse path from the latter to the former, the methods
called analysis and synthesis." Likeness and unlikeness of
ratios are not absent from any branch of mathematics, for we
call some figures similar and others dissimilar, and in the
same way some numbers like and others unlike. And matters
pertaining to powerslz obviously belong to general mathe-
matics, whether they be roots or squares. A1l these Socrates
in the Republic puts in the mouth of his loftily-speaking
Muses, bringing together in determinate limits the elements
common to all mathematical ratios and setting them up in
specific numbers by which the periods of fruitful birth and of
its opposite, unfruitfulness, can be discerned.

Consequently we must not regard these common theorems
as subsisting primarily in these many separate forms of being,
nor as later born and deriving their origin from them, but as

prior to their instances and superior in simplicity and exact-
ness. For this reason, knowledge of them takes precedence

over the particular sciences and furnishes to them their
principles; that is, these several sciences are based upon this
prior science and refer back to it. Let the geometer state
that if four magnitudes are proportional they will also be
proportional alternatelyl3 and prove it by his own principles,
which the arithmetician would not use; and again let the
arithmetician lay it down that if four numbers are proportional

10 8.6 I.e. from premises to conclusions, the characteristic feature
of demonstration as formulated by Aristotle, Post. Anal. 7Lb9-72b4,
whose language this passage echoes.

11 8.8 Proclus is fond of chiasmus and lists these two terms in the
reverse order of their preceding description. Analysis proceeds from
conclusions to the premises that will establish them, synthesis from
premises to the conclusions that follow from them. See 43.18-21 and
69.16-19.

Lz 8,12 6vvd,p"ets. In the context, this term obviously means mathe-
matical "powers," and since the following words Duyo p.Cvwv and 6vya-
arevop,Cvuv a;te echoes of Rep.546b, to which Proclus refers in the next
sentence, I have translated them in accordance with the rneaning which
Proclus himself gives them in his Commentary on the Republic rr,
36.9-12, Kroll. On the passage in the Republfc see note at23.Zl.

Ls 9.4 The theorem referred to is Euclid V. 16.
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they will also be proportional alternately and establish this

from the starting-points of his own science, Then whose

function is it to know the principle of alternation alike in
magnitudes and in numbers and the principles governing the

division of compound magnitudes or numbers and the com-

pounding of separate ones? It cannot be that we have sciences

of particular areas of being and knowledge of them but have

no single science of the immaterial objects that stand much
closer to intellectual inspection. Knowledge of those objects is

by far the prior science, and from it the several sciences get

their common propositions, our knowledge a$cending from
the more partial to the more general until at last we reach

the science of being as being.'o This science does not consider

it its province to study the properties that belong intrinsically

to numbers, nor those that ate common to all quantities;

rather it contemplates that single form of being or existence

that belongs to all things, and for this reason it is the most in-

clusive of the sciences, all of which derive their principles

from it.
Always it is the higher sciences that provide the first

hypotheses for the demonstrations of the sciences below them,

and the most perfect of the sciences out of its own store lends

to all others their principles, more general principles to some

and to others less general ones. This is why Socrates in the

Theaetetus,Ls minglirg play with seriousness, likens the forms

bf knowledge in us to doves. Some of them, he says, fly

in groups and others separately from the rest. The more

comprehensive and general sciences contain many special

sciences in themselves, whereas those that handle generically

distinct objects remain apart and have little to do with one

another, because they start from different first principles. One

science, however, must stand above the many sciences and

branches of knowledge, that science which knows the com-

mon principles that pervade all kinds of being and furnishes

t4 g.lg Aristotle's definition of the highest science; see Met.

1026a31, 1064a3,28, and b7.
15 10.2 Theaet . 197 d,
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Chap. V
The Organ
of Judgment
in Mathe-
matics

PROLOGUE: PART ONE

to all the mathematical sciences their starting-points. Here
let us end our remarks about this highest science.

Next we should see what faculty it is that pronounces
judgment in mathematics.lo On this doctrine let us again fol-
low the guidance of Plato. In the Republic tie sets on one
side the objects of knowledge and over against them the forms
of knowing, and pairs the forms of knowing with the types of
knowable things. Some things he posits as intelligibles (vorlrd),
others as perceptibles (aio?ryd); and then he makes a further
distinction among intelligibles between intelligibles and under-
standables (}mvoryd) and among perceptibles between per-
ceptibles and likenesses (eixaord"). To the intelligibles, the
highest of the four classes, he assigns intellection (vdno,,s) as its
mode of knowing, to understandables understanding (Idvow),
to perceptibles belief (o(,o*s), and to likenesses conjecture
(cixaoto)." He shows that conjecture has the relation to per-
ception that understanding has to intellection; for conjecture
apprehends the images of sense objects in water or other re-
flecting surfaces, which, as they are really only images of im-
ages, occupy almost the lowest rank in the scale of kinds,
while understanding studies the likenesses of intelligibles
that have descended from their primary simple and indivisible
forms into plurality and division. For this reason the knowl-
edge that understanding has is dependent on other and prior
hypotheses, whereas intellection attains to the unhypothetical
principle itself .

Since, therefore, mathematical objects have the status
neither of what is partless and exempt from all division and
diversity nor of what is apprehended by perception and is
highly changeable and in every way divisible, it is obvious
that they are essentially understandables and that understand-

1B 10.17 xptrrlprcv, "court," "tribunal"; frequently used by Hellen-
istic writers to denote the mental faculty that has competence to judge
a matter under consideration.

t7 L0.27 See note at 3.16. I have tried to preserve uniformity in all
translations of these terms; i.e. vo0s and v6qos are rendered as "nousr"
"intellect," or "intellection"; voqr&, as "intelligibles"; 6td,vot,o, as "un-
derstanding" (for both the faculty and the activity); and 6nvoqrd, as
"understandables."

11
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Chap. VI
The Being of
Mathemati-
cal Genera
and Species;
the Mode of
Their Sub-

sistence

THE COMMENTARY

ing is the faculty that is set over them, as perception is over

sense objects and conjecture over likenesses. Hence Socrates

describes the knowledge of understandables as being more

obscure than the highest science but clearer than the judg-

ments of opinion.ls For the mathematical sciences are more

explicative and discursive than intellectual insight but are su-

perior to opinion in the stability and irrefutability of their

ideas. And their proceeding from hypotheses makes them

inferior to the highest knowledge, while their occupation with
immaterial objects makes their knowledge more perfect than

sense-perception. Such, then, is the criterion of judgment in
all mathematics, as we have delineated it according to Plato's

thought: the understanding, a faculty higher in rank than

opinion but inferior to intellect.

Nextls we must ascertain what being can fittingly be as-

cribed to mathematical genera and species. Should we

admit that they are derived from sense objects, either by
abstraction, as is commonly said, or by collection from
particulars to one common definition? Or should we rather

assign to them an existence prior to sense objects, &s Plato

demands and as the processional orderzo of things indicates?

In the first place, if we say that mathematical forms are

derived from sense objects-that the soul, from seeing ma-

terial circles and triangles, afterwards shapes in herself the

form of circle and the form of triangle-whence come the

exactness and certainty that belong to our ideas?a Necessarily

either from sense objects or from the soul, But they cannot

come from sense objects, for then there would be far more

18 I 1 . 19 Rep. 53 3d.
ts 12.2 Kepler esteemed this passage so highly ( 12.2-17.4) that he

translated it in its entirety and incorporated it in his l{armonice Mundi
(l6tg), Bk. IV, Chap. 1. See Johannes Kepler, Gesammelte Yllerke,

ed. Max Caspar, vI, Munich, 1940, 218'221,
20 12.9 rp6o6os. See note at 5.24.
2L 12.14 trd7or. This term appears frequently in close proximity to

et6q in the following pages, and usually it is hard to distinguish any

difference in signification. Wherever they obviously refer to concepts,

forrns, or ideas, I have uniformly translated the former as "ideas," the

latter as "forms," in order to preserve for the English reader whatever

distinction Proclus intends between thern.

- 10-
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PROLOGUE: PART ONE

precision in sense objects than there is. They come therefore
from the soul, which adds perfection to the imperfect sensibles
and accuracy to their impreciseness. For where among sen-

sible things do we find anything that is without parts, or
without breadth, or without depth? Where do we see the
equality of the lines from center to circumference? Where
the fixed ratios of the sides? Where the rightness of angles?
Do we not see that all sensible things are confused with one

another and that no quality in them is pure and free of its
opposite, but that all are divisible and extended and changing?
How, then, can we explain that very stability which un-
changeable ideas have, if they are derived from things that
are ever changing from one state to another? For it is ad-
mitted that anything which results from changing beings

receives from them a changeable character. And how can we
get the exactness of our precise and irrefutable concepts from
things that are not precise? For whatever yields knowledge
that is steadfast has that quality itself in greater degree. We
must therefore posit the soul as the generatrix of mathematical
forms and ideas. And if we say that the soul produces them
by having their patterns in her own essence and that these
offspring are the projections'2 of forms previously existing in
her, we shall be in agreement with Plato and shall have found

"the 
truth with regard to mathematical being. If, on the other

hand, she weaves this enormous immaterial fabric and gives

birth to such an imposing science without knowing or having
previously known these ideas, how can she judge whether the
offspring she bears are fertile or wind eggs, whether they are
not phantoms instead of truth? What canons could she use

for measuring the truth in them? And how could she even
produce such a varied mass of ideas without having their
essence in herself? For thus we should be making their being
come about by chance, without reference to any standard.
If, therefore, mathematical forms are products of the soul
and the ideas of the things that the soul produces are not

22 13.10 rpopdrat. Proclus expounds at considerable length later
(51-56) this doctrine of mathematicals as projections by the under-
standing upon the screen of mathematical space.

11
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derived from sense objects, mathematicals are their projec-

tions, and the soul's travail and her oftspring are manifesta-

tions of eternal forms abiding in her.
In the second p1ace, if we collect our ideas in mathematics

from the lower world of sense objects, must we not say that
demonstrations using terms from the sense world are better
than those based on more general and simpler forms? For
we assert that the premises2s must always be of the same

family as the demonstrations we use in hunting a conclusion.
If, then, particulars are the premises of universal conclusions,
and sense objects the premises of conclusions about the ob-
jects of understandi.g, how can we take the universal as the

standard of demonstration rather than particulars and pro-

nounce the nature of understandables to be more akin to
demonstration than sensibles?2a If, we s&y, a man demon-

strates that the isosceles triangle has the sum of its angles

equal to two right angles and that the same is true of the

equilateral and the scalene triangles, he does not properly

understand these propositions; rather it is he who demon-

strates about any triangle without qualification that knows in
the strict sense of the term.25 Again we say that a universal

premise is better for demonstration than a particular, and

next that demonstrations from universals are more truly de-

monstrative, and that the premises from which demonstrations

proceed are prior and naturally superior to particulars as

causes of what is demonstrated. Therefore it is far from irue to
say that the demonstrative sciences attend to the second ary

and obscurer objects of perception, rather than being con-

cerned with objects known by the understanding which are

more perfect than those that are familiar to perception and

opinion.
In the third place, we affirm that those who speak thus

make the soul less honorable than matter. For in saying that

28 14.4 alrtoi cf. Arist. Post. Anal. 7lb20-32. This statement and

the other reminiscences of Aristotelian doctrine in this paragraph show
clearly against whom the present argument is directed.

24 l4.ll lbid. 85b23ff.
26 14.15 lbid. 73b28tr, 85b5ff.

- 12-
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matter receives from nature the substantial things that are

more truly existent and clearer, while soul out of them fabri-
cates in herself secondary images and later-born likenesses-
likenesses inferior in being to their originals, since the soul
has abstracted from matter things that are by nature in-
separable from it-do they not thereby declare the soul to be
less important than matter and inferior to it?26 For matter is
the locus of embodied forms, soul the locus of ideas. Soul,
then, is the locus of primary, . matter of second ary realities;
soul the locus of things preeminently real, matter of things
derivative from them; soul the locus of essential beings, matter
of things that come to be by afterthought. How, then, can we
say that the soul, which is the primary partaker of Nous and
intelligible being, imbibing her knowledge and'the whole of
her life from that source, is the receptacle for the murkier
forms of what has the lowest seat in the scale of existence and
is more imperfect in its being than all else? But it is super-
fluous to refute this doctrine, which has often before been
brought to an accounting.

If, however, mathematical forms do not exist by abstrac-
tion from material things or by the assembling of the common
characters in particulars, nor are in any way later-born and
derivative from sense objects, of necessity the soul must
obtain them either from herself or from Nous, or from both
herself and that higher intelligence. Now if she gets them
from herself alone, how can they be images of intelligible
forms? And how can they fail to receive some increment of
being from the higher realities, occupying as they do a middle
position between indivisible and divisible nature? And how
can the forms in Nous maintain their primacy as the first
patterns of all things?z? Yet if they come from Nous alone,
how can the inherent activity and self-moving character of
soul be preserved when she receives her ideas from elsewhere,

28 15.5 This third argument, like the two preceding ones, is aimed
at Aristotle; Cvutror trd7or and r6ros r6v ei66v are Aristotelian phrases
(see De An. 403a25, 429^27).

27 15.26 Sc. if mathematical concepts are not derivative from
them.

16
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like a thing moved by outside forces? And how will she

differ from matter, which is only potentially all things and

generates none of the embodied forms? There is left only the

conclusion that soul draws her concepts both from herself and

from Nous, that she is herself the company" of the forms,
which receive their constitution from the intelligible patterns

but enter spontaneously upon the stage of being. The soul

therefore was never a writing-tablet bare of inscriptions; she

is a tablet that has always been inscribed and is always writing
itself and being written on by Nous. For soul is also Nous,

unfolding herself by virtue of the Nous that presides over her,
and having become its likeness and external replica. Conse-
quently if Nous is everything after the fashion of intellect, so

is soul everything after the fashion of soul; if Nous is exem-

plar, soul is copy; if Nous is everything in concentration, soul

is everything discursively.

Realizing this, Plato constructs the soul out of all the

mathematical forms, divides her according to numbers, binds

her together with proportions and harmonious ratios, deposits

in her the primal principles of figures, the straight line and the

circle, and sets the circles in her moving in intelligent fash-

ion.2e All mathematicals are thus present in the soul from the

first. Before the numbers the self-moving numbers, before the

visible figures the living figures,*o before the harmonized parts

the ratios of harmony, before the bodies moving in a circle

the invisible circles are already constructed, and the soul is

the full company of them. This, then, is a second world-order

which produces itself and is produced from its native prin-

28 16.6 r\,i1pw1ta, i.e. "complernentr" "crew," "equipment." That this

company of ideas constitutes the essence of the soul is reiterated fre-
quently in the sequel; e.g. 16.27ff, 17 .6, 36.15, 45.22, 55. 18, 62.23.

zs 16.22 Tim. 35a-36c. For Proclus' full explanation we must go

to his Commentary on the Timaeus, esp. II, 237.11-246.11, Diehl,
where we learn that the "straight lines" are the two longitudinal
sections into which the Demiurge divided his "compound," and the

ends of which he bent around to form the two circles of the Same

and the Other.
30 16.24 The airorcwqrol dptl1t"oi and the far6rctrd. ayfipara are the

paradigms in the soul and in Nous of the mathematicals in the under-

standing. On these "self-moving ideas" see below, 140.13ff.
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ciple, which fills itself with life and is filled with life from
the Demiurge, in a fashion without body or extendedness; and
when it projects its ideas, it reveals all the sciences and the
virtues. fn these forms consists the essence of the soul. We
must not suppose number in her to be a plurality of monads,
nor understand the idea of interval as bodily extension,sl but
must conceive of all the forms as living and intelligible para-
digms of visible numbers and figures and ratios and motions-
as does the Timaeas, which in the construction and generation
of the soul equips her with the mathematical forms and
establishes in her the causes of all things. For the "seven
terms"32 contain in themselves the principles of all numbers,
whether linear, plane, or solid; the "seven ratios"B3 exist in
her as prior causes of all the ratios; the principles of the figures
are fundamental in her composition; and her primary motion
embraces all others and in its movement brings them into
being, for of all moving things the circle and circular move-
ment are the starting-point. The mathematical ideas that make
up the complement of souls are therefore substantial and
self-moving. By emitting and unfolding them the understand-
ing brings into being all the variety of the mathematical
sciences; and it will never cease generafing, bringing more
and more of them to light as it explicates the partless ideas
within itself. For it contains in advance all mathematical con-
cepts, since it is their originating principle, and by virtue of
its boundless power projects from these previously known
starting-points the varied body of mathematical theorems.

But from the being of mathematical concepts let us go back
to that unitary science which we showed to be prior to the
several mathematical sciences. Let us consider its function,
its powers, and the scope of its activities.

We must lay it down that the function of general mathe-
matics is, as we said earlier, dianoetic thinking.t* It is not the
kind of thought that characterizes intellect, steadfasity based

31 17.8 See 53 -54. 32 17.15 Tim. 35bc.
8s 17.l'l Tim. 36ab.
34 18.11 I.e. imaginative and discursive thinki.g, such as character-

izes Ed.von.

Chap. VII
The Func-
tion and
Procedures
of General
Mathemat-
ics; Its Scope
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on itself, perfect and self-sufficing, ever convergingtu upon
itself. Nor is it such as goes with opinion and perception, for
these forms of knowing fix their attention on external things

and concern themselves with objects whose causes they do not
possess. By contrast mathematics, though beginning with re-
minders from the outside world, ends with the ideas that it has

within; it is awakened to activity by lower realities, but its
destination is the higher being of forms. Its activity is not

motionless, like that of the intellect, but because its motion is
not change of place or quality, &S is that of the senses, but a
life-givirrg activity, it unfolds and traverses the immaterial
cosmos of ideas, now moving from first principles to con-

clusions, now proceeding in the opposite direction, now ad-

vancing from what it already knows to what it seeks to know,

and again referring its results back to the principles that are

prior in knowledge. Moreover, it is not, like Nous, above in-
quiry because filled from itself, nor is it satisfied, like percep-

tion, with matters other than itself ; rather it advances through

inquiry to discovery and moves from imperfection to per-

fection.

And its powers are manifestly of two sorts. Some develop

its principles to plurality and open up the multiform paths of
speculation, while others assemble the results of these many

excursions and refer them back to their native hypotheses.

Because it is subordinate to the principles of the One and the

Many, the Limit and the Unlimited, the objects under its ap-

prehension occupy a rniddle station between the indivisible

forms and the things that are through and through divisible.

Consequently it is only natural, I think, that the cognitive

powers operating in the general science that deals with these

objects should appear as twofold, some aiming at the unifica-

tion and collection of the manifold for us, others at dividing

the simple into the diverse, the more general into the par-

ticular, and the primary ideas into secondary and remoter

consequences of the principles. The range of this thinking

Bs 18.14 For ouyettoy in Friedlein read ouvveAov. This misspelling

occurs quite frequently in Friedlein's text, but I shall ignore later
instances.
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extends from on high all the way down to conclusions in the

sense world, where it touches on nature and cooperates with
natural science in establishing many of its propositions,
just as it rises up from below and nearly joins intellect
in apprehending primary principles. In its lowest applications,
therefore, it projects all of mechanics, 8s well as optics and

catoptrics38 and many other sciences bound up with sensible

things and operative in them, while as it moves upwards it
attains unitary and immaterial insights that enable it to perfect
its partial judgments and the knowledge gained through dis-
cursive thought, bringing its own genera and species into
conformity with those higher realities and exhibiting in its own
reasonings the truth about the gods and the science of being.
So much for these matters.

We can see at once that the applications of this science
range from the most commanding knowledge to the most
humble, The Timaens calls mathematical knowledge the 'way
of education,3? since it has the same relation to knowledge of
all things, or first philosophy, as education has to virtue. Ed-
ucation prepares the soul for a complete life through firmly
grounded habits, and mathematics makes ready our under-
standing and our mental vision for turning towards that upper
world, Thus Socrates in the Re publicss rightly says that, when
"the eye of the soul" is blinded and corrupted by other con-
cerns, mathematics alone can revive and awaken the soul
again to the vision of being, can turn her from imdges to
realities and from darkness to the light of intellect, can (in
short) release her from the cave, where she is held prisoner

by matter and by the concerns incident to generation, so that
she may aspire to bodiless and partless being. For the beauty

and order of mathematical discourse, and the abiding and

steadfast character of this science, bring us into contact with
the intelligible world itself and establish us firmly in the

8s 19.27 From xd,rorrpor, "mirror." On this science, see 40.16ff.
3? 20.10 This reference to the Timaeus appears to be a slip; Proclus

probably intended to write Republic, to which he refers in the im-
mediately following lines.

38 20.18 Rep. 527eff.

2l
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company of things that are always fixed, always resplendent
with divine beauty, and ever in the same relationships to
one another. In the Phaedrus Socrates presents us with three
types of persons who are moving upwards, each of them in
fulfiIlment of a primary vital impulse: Be the philosopher, the
lover, and the musician. The lover begins his upward journey
from the appearance of beauty and uses the intermediate
forms of lovely things as stepping-stones; the musician, who
is third in rank, moves from harmonies that he hears to
unheard harmonies and to the ratios that exist among them.
Thus for one of these persons sight is the organ of recollec-
tion, and for the other hearing. But whence does the philo-
sophic nature get its impulse toward intellectual understand-
ing and its awakening to genuine being and truth? For it like-
wise needs help, since its native principle is imperfect; its

natural virtue has its vision and its character undeveloped.
Such a man does indeed excite himself and flutter about be-
i.g, but he must be given mathematics, says Plotinus,oo if he
is to become familiar with immaterial nature; when he uses

this as a model, he can be led to the practice of dialectic and

to the contemplation of being in general.

From what we have said it is clear that mathematical
science makes a contribution of the greatest importance to
philosophy and to its particular branches, which we must
also mention. For theology, flrst of all, mathematics prepares

our intellectual apprehension. Those truths about the gods

that are difficult for imperfect minds to discover and under-
stand, these the science of mathematics, with the help of
likenesses, shows to be trustworthy, evident, and irrefutable.

3s 21.7 Phaedr. 249d ff. (?).
40 21.21 Enneads t. 3. 3. Plotinus, apparently Egyptian by birth,

taught philosophy in Rome from 242 until his death in 270. He was
the greatest of the Neoplatonists and perhaps the greatest philosophical
mind between Aristotle and Aquinas. He regarded his philosophy as

Platonism, but it was a Platonism considerably modified to meet the
needs of the Hellenistic age. His discourses, each of them based on
some theme or problem in Platonic philosophy, were edited after his
death by his friend and disciple Porphyry, who grouped them into six
books, each containing nine discourses, whence the title Enneads. See

56.24.
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It proves that numbers reflect the properties of beings above

being and in the objects studied by the understanding reveals

the powers of the intellectual figures. Thus Plato teaches us
many wonderful doctrines about the gods by means of
mathematical forms,al and the philosophy of the Pythagoreans
clothes its secret theological teaching in such draperies. The
same trait is evident throughout the "sacred discourse,"+z

in the Bacchae of Philolaus, and in the whole of Pythagoras'

treatise on the gods.

Mathematics also makes contributions of the very greatest
value to physical science. It reveals the orderliness of the
ratios according to which the universe is constructed and

the proportion that binds things together in the cosmos,

making, as the Timaeus somewhere says, divergent and
warring factors into friends and sympathetic companions.as

It exhibits the simple and primal causal elements as every-
where clinging fast to one another in symmeffy and equality,
the properties through which the whole heaven was per-

4L 22J1 We have, I believe, no writing of Plato's in which such
teachings can be found, and it is significant that Proclus does not name
any. He may be referring to versions of Plato's "unwritten doctrines."
Such accounts were easily subject to contamination in this era of re-
vived Pythagoreanism.

42 22.14 This is certainly a reference to the lepds trd7os that is cited
frequently by Iamblichus in his Lif e ol Pythagoras ( 146- 148 and
passim), by Syrianus in his Commentaty on Aristotle's Metaphysics
( 10.5, 123.2, 140.16, 175.6, Kroll), and by Hierocles, an Alexandrian
contemporary of Proclus, in his Commentary on the Carmen Aureum
(Mullach, Fragmenta Philosophorum Graecorum t, 464). See Holgen
Thesleff, The Pythagorean Texts of the Hellenistic Period, Abo, 1965,
164-168. Iamblichus of Chalcis in Syria was a pupil of Porphyry and
later the founder of a school of Neoplatonism in Syria. His writings
had a great influence on the Athenian School which arose during the
following century under Plutarch. Philolaus was z Pythagorean of
Croton or Metapontum during the second half of the fifth century B.c.
The authenticity of the fragments attributed to him is one of the most
disputed questions in early Greek philosophy. For the fragments of the
Bacchaf see Dielse r, 415-416. The next line in Proclus' text I interpret
as a general reference to the "Pythagorean" writings, rather than to a
specific treatise distinct from the lep0r )rd7os. For a list of these writings,
see Thesleff, Introduction to the Pythagorean Writings of the Hellen-
istic Period, Abo, 1961, 18-21.

43 22.22 Cf. Tim. 32c, 88e.
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fected when it took upon itself the figures appropriate to
its particular region; and it discovers, furthermore, the num-
bers applicable to all generated things and to their periods of
activity and of return to their starting-points, by which it is

possible to calculate the times of fruitfulness or the reverse
for each of them. All these I believe the Timaers sets forth,
using mathematical language throughout in expounding its
theory of the nature of the universe. It regulates by num-
bers and figures the generation of the elements, showing

how their powers, characteristics, and activities are de-
rived therefrom and tracing the causes of all change back to
the acuteness or obtuseness of their angles, the uniformity
or diversity of their sides, and the number or fewness of the
elements involved.44

How, then, can we deny that mathematics brings many

remarkable benefits to what is called political philosophy?

By measuring the periods of activity and the varied revolu-
tions of the All, it finds the numbers that are appropriate
for generation, that is, those that cause homogeneity or
diversity in progeny, those that are fruitful and perfecting

and their opposites, those that bring a harmonious life in
their train and those that bring discord, and in general

those that are responsible for prosperity and those that
occasion want. All this the speech of the Muses in the
Republico| sets forth when it makes "the whole geometrical

number" the factor that determines whether births will be

better or worse, and thus whether the manners of a state

will be preserved uncorrupted or a good polity degenerate

into unreason and passion. Everyone can see that it be-
longs to mathematics as a whole-not to a part of it, such

44 23.11 Tim.53ff.
46 23.21 Rep. 545e-547 a. The description of the "geometrical

number" in this passage early became proverbial for obscurity. For
an account of its difficulties and a plausible resolution of them see

James Adam (ed.), The Republic of Plato, Cambridge, 1929, II,
2A4-208, 286-312. Proclus himself deals with it at length in his Com-
mentary on the Republic u, 36-46, Kroll, though this passage contains
so many lacunae at critical points that Proclus' interpretation is itself
obscure to us. See also "Le Nombre G6om6trique de Platon" in f.
Dupuis' edition of Theon of Smyrna, Paris, 1892,365-400.
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as arithmetic or geomety-to furnish the knowledge of this
geometrical number that is spoken of here. For the ratios
that govern fruitful and unfruitful generation pervade all
mathematics.

Again it perfects us for moral philosophy by instilling
order and harmonious living into our characters; it furnishes
the gestures, songs, and dances appropriate to virtue by
which, as we know, the Athenian Stranger wishes those who
are to share in moral virtue to be perfected from their
youth onwards;nu it gives the proportions that characterize
the virtues-now in numbers, now in movements, now in
musical concords-and shows up by contrast the excesses

and deficiencies of vice, thereby helping us to make our
characters measured and ordered. For this reason Socrates

in the Gorgias, when reproaching Callicles for his unordered
and dissolute life, says "you are neglecting geometry and
geometrical equality"; and in the Republic he finds the in-
terval separating the pleasure of the tyrant from that of the
king to be analogous to that between a plane and a solid
numbet.ol

Finally, how much benefit mathematics confers on the
other sciences and arts we can learn when we reflect that
to the theoretical arts, such as rhetoric and all those like it
that function through discourse, it contributes complete-
ness and orderliness, by providing for them a likeness of a

whole made perfect through first, intermediate, and con-
cluding parts; that to the poetical arts it stands as a para-
digm, furnishing in itself models for the speeches that the
authors compose and the meters that they employ; and that
for the practical arts it defines their motion and activity
through its own fixed and unchangeable forms. In general,
as Socrates says in the Philebus, all the arts require the aid
of counting, measuring, and weighing, of one or all of
them;48 and these arts are all included in mathematical
reasonings and are made definite by them, for it is mathe-

Lo 24.9 Laws 672-673.
47 24.20 Gorg. 508a, Rep. 587d.
Ea 25.7 Phil. 55e.
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matics that knows the divisions of numbers, the variety of
measures, and the differences of rveights. These considera-
tions will make evident to the student the utility of general

mathematics both to philosophy itself and to the other
sciences and arts.

There are nevertheless contentious persons who endeavor

to detract from the worth of this science, some denying its
beauty and excellence on the ground that its discourses say

nothing about such matters, others declaring that the em-

pirical sciences concerned with sense objects are more

useful than the general theorems of mathematics, Mensura-
tion, they s&y, is more useful than geometry, popular

arithmetic than the theory of numbers, and navigation than

general astronomy. For we do not become rich by knowing
what wealth is but by using it, nor happy by knowing what

happiness is but by living happily. Hence we shall agree,

they Soy, that the empirical sciences, not the theories of the

mathematicians, contribute most to human life and conduct.

Those who are ignorant of principles but practised in dealing

with particular problems are far and away superior in meeting

human needs to those who have spent their time in the

schools pursuing theory alone.

To those who say these things we can reply by exhibiting

the beauty of mathematics on the principles by which Aris-
totle attempts to persuade us.4e Three things, he says, ate

especially conducive to beauty of body or soul: order, sym-

metry, and definiteness. Ugliness in the body arises from

the ascendancy of disorder and from a lack of shapeliness,

symmeffy, and outline in the material part of our com-

posite nature; ugliness of mind comes from unreasotr, mov-

ing in an irregular and disorderly fashion,uo out of harmony

with reason and unwilling to accept the principles it im-
poses; beauty, therefore, will reside in the opposites of
these, namely, order, symmetry, and definiteness. These

characters we find preeminently in mathematical science,

4s 26.13 See Met. 1078a33ff. But zrclflecv suggests that Proclus is

referring to one of the persuasive discourses, such as the Protrepticus.
60 26,19 An echo of Tim. 30a.
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We see order in its procedure of explaining the derivative
and more complex theorems from the primary and simpler
ones; for in mathematics later propositions are always de-
pendent on their predecessors, and some are counted as

starting-points, others as deductions from the primary hy-
potheses. We see symmetry in the accord of the demon-
strations with one another and in their common reference
back to Nous; for the measure common to all parts of the
science is Nous, from which it gets its principles and to
which it directs the minds of its students. And we see def-
initeness in the fixity and certainty of its ideas; for the
objects of mathematical knowledge do not appear now in
one guise and now in another, like the objects of perception
or opinion, but always present themselves as the same,
made definite by intelligible forms. If, then, these are the
factors especially productive of beauty, and mathematics is
characterized by them, it is clear that there is beauty in it.
How could it be otherwise when Nous illumines this science
from above and its earnest endeavor is to spur us to move
from the sense world into that intelligible region?

We do not think it proper, moreover, to measure its
utility by looking to human needs and making necessity our
chief concern, For so we should be admitting that theo-
retical virtue itself is useless, because it separates itself from
the affairs of men and prefers not to know anything at all
about the objects of their striving. Thus Socrates in the
Theaetetus, in his truly inspired description of the "leaders
of the philosophic chorus,"u' withdraws them from con-
nection with human life and lifts their thought to the moun-
taintop of being, emancipated from necessity and utility. We
must therefore posit mathematical knowledge and the vision
that results from it as being worthy of choice for their own
sakes, and not because they satisfy human needs, And if
we must relate their usefulness to something outside them, it
is to intellectual insight that they must be said to be con-
tributory. For to that they lead the way and prepare us by

6L 27 ,23 Theaet. l73c-177 a.

28
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purifying the eye of the soul and removing the hindrances

that the senses present to our knowing the whole of things.

Just as we judge the usefulness or uselessness of the cathartic
virtues in general by looking not to the needs of living, but
rather to the life of contemplation, So we must refer the
purpose of mathematics to intellectual insight and the con-

summation of wisdom. For this reason the cultivation of it
is worthy of earnest endeavor both for its own sake and for
the sake of the intellectual life. Evidence that it is intrin-
sically desirable to those who are engaged in it is, as Aris-
totle somewhere says, the great progress that mathematical
science has made in a short time, although no reward is
offered to those who pursue it, and the fact that even those

who gain but slight benefit from it are fond of it and occupy

themselves with it to the neglect of other concerns.s2 So

those who despise mathematical knowledge are they that
have no taste for the pleasures it affords.

Consequently instead of crying down mathematics for the

reason that it contributes nothing to human needs-for in its
lowest applications, where it works in company with material

things, it does aim at serving such nssds-vrs should, otr the
contrary, esteem it highly because it is above material needs

and has its good in itself alone. In general it was when men

had ceased to be anxious about the necessities of life that

they turned to the study of mathematics. This is as we should

expect; for men must first concern themselves seriously with
the things that are kindred and of one blood with them in
the world of generation, and afterwards with the things

that release the soul from the world of generation and

remind it of being. In this sense, then, necessities come

before things intrinsically valuable; that is, we seek out the

objects akin to perception before we pursue the ends ap-
prehended by Nous. In fact the whole of generation and the

soul-life that is implicated in it58 are so constituted by

52 28,20 I have not been able to identify this passage in Aristotle.
It is possible that Proclus is thinking of Rep.528bc.

53 29.10 Reading (apparently with ver Eecke) dv alrff for dv dinff in
Friedlein.
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nature as to move from the imperfect towards the perfect.

Let this be our answer to those who decry mathematical
knowledge.

Some persons from our own household, citing Plato in sup-
port of their views, will perhaps try to induce disdain for
mathematics among the more superficial students. For, they
soY, the philosopher himself in the Republic excludes mathe-
matical knowledge from the company of the sciences and
criticizes it for not knowing its starting-points. They cite
the remark about the study "whose starting-point is un-
known and whose middle premises and conclusions follow
from what is unknown" and all the other accusations that
Socrates throws out against mathematics in that book.6n

Now since we are arguing with friends, we shall remind
them that Plato himself clearly affirms that mathematics
purifies and elevates the soul, like Homer's Athena dis-
persing the mist from the intellectual light of the under-
standing, a light "more worthy of preservation than ten
thousand bodily eyes," and thus dispenses Athena's gifts as

well as those of Hermes.65 We would remind them, further-
more, that Plato everywhere calls it science and declares it
to be the source of the greatest happiness to those who
pursue it.

But what does he mean by denying it the name of science
in the Republic passage? I shall explain briefly, since my
present discourse is addressed to scholars. Plato often gives
the name "science" to any knowledge of universals, so to
speak, whether the manner of this knowing be scientific or
empirical, distinguishing it thus from perception, which ap-
prehends particulars. It is in this sense, I think, that he

uses the word "science" in the Statesman and the So phist,6.

including among the sciences that "high-born sophistic" that
Socrates in the Gorgias asserts to be only an empirical rou-

54 29 .24 Rep. 53 3b-d; cf. 5 10c.
55 30.5 Odyssey XI[I, 189-352, where Athena disperses the rnist

from the eyes of Odysseus so that he recognizes his native island. The
words in quotation marks come from Rep. 527e.

56 30.16 Soph. 23Lb.
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tine,5? as well as the menial type of sophistry and many
other procedures which are routines and not true sciences.

This apprehension of universals itself he divides into a kind
that knows and one that does not know causes; the former

he thinks deserves to be called a science, the latter a routine.

In this sense he sometimes gives the name "science" to the

arts, but never to routines. For "how could what is without
a logos be a science?" he asks in the Symposium.ss Conse-
quently every form of knowledge which apprehends the

logos, or cause, of the things it knows is a science. Again

this science that knows its objects through their causes he

divides into two types, one proceeding by guesswork and
aiming at a particular end, the other concerned with know-
ing abstract and unchanging being; and by this token he

separates science from medicine and all studies of material

things, whereas mathematics and in general all investigation

of eternal realities he calls science. Once more he would
divide this science, which we distinguish from the arts, into
a part that does and a part that does not proceed from
hypotheses. The unhypothetical science of the whole of

things mounts upwards to the Good, to the cause high above

all else, making the Good the goal of its ascent;5e but that

which shows what follows from previously determined start-
ing-points moves not towards a principle, but to a conclu-
sion. In this sense, then, he says, because mathematics uses

hypotheses, it falls below the unhypothetical and perfect

science. For genuine science is one, the science by which

we are able to know all things, the science from which

come the principles of all other sciences, some immediately

and some at further remove.

Let us, then, not say that Plato excludes mathematics

from the sciences, but only that he ranks it second to the

one highest science; nor that he declares mathematics to be

ignorant of its own principles, but says rather that it takes

its principles from the highest science and, holding them

67 30.19 Gorg. 464cff.
58 31.1 Symp. 202a.
5s 3l.l'1 For the language and thought here see Rep. 51lbc.

32
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without demonstration, demonstrates their consequences.

Similarly he sometimes allows that the soul, which is con-
stituted of mathematical ratios, is a source of motion and
sometimes that it receives its motion from intelligible things.
These statements are in full accord with each other; for the
soul is a cause of motion in things that receive their motion
from outside themselves, but not therefore the cause of all
motion. In the same way mathematics is second to the
highest science and imperfect as compared with it but
nevertheless is a sgisnss-not an unhypothetical science, but
one which, being capable of knowing the specific ideas that
are in the soul, exhibits the premises of its conclusions and
thus has reasons for the matters known to it. So much ro-
garding Plato's opinions about mathematics.

What may we require of the mathematician, and how
can we properly judge him? These questions must be dis-
cussed next. The man who has had a general educatior,
says Aristotle, can exercise critical judgment in any field,so
but he who has been trained in mathematics is a proper critic
of the correctness of mathematical reasonings. He must have
acquired certain standards of judgnent. In the first place,
he should know when he can make his demonstrations gen-
eral and when he must look to the properties of the species.
Often things that differ in species have identical properties;
for example, all uiangles have the sum of their angles equal
to two right angles. But there are many things that have the
same name yet whose common character differs in different
species; for example, similarity in figures and in numbers.
We should not therefore demand of the mathematician a

single demonstration in such cases, for the principles of
figures and numbers are not the same but vary with the
underlying genera. When, however, the essential property is

one, the demonstration should also be one. The property of
having angles equal to two right angles is common to all
species of triangles, and that in which this property inheres

is the same in them all, namely, the triangle and its definition.

60 32.24 Cf. Nic. Eth. 1094b28ft., and De Part. An. 639a1-5.
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Similarly the property of having external angles equal in
sum to four right angles belongs not only to triangles, but
to all rectilinear figures;61 hence the demonstration fits them

all as rectilinear. Each definition invariably brings with it
a specific property and character in which all things that fall
under the definition participate-as, for example, the defini-

tion of triangle, or of rectilinear figure, or of figure in general.

In the second place, we must ask whether the mathema-

tician's demonstration corresponds to the nature of his sub-
ject-matter, that is, whether he has given necessary and ir-
refutable reasons, and not arguments that are merely per-
suasive and full of probabilities. It is equally mistaken, says

Aristotle, to demand demonstration from a rhetorician and to

34 accept persuasive reasoning from a mathematlcian,G2 Every

man who knows his science or his afi should make his

arguments appropriate to the things with which he is deal-

ing. So Plato in the Timaezs rightly demands probable rea-

soning from the student of nature, since he is working on a
subject-matter that is not precise, but incontrovertible and

unshakeable arguments from one who is discoursing about

intelligibles and about stable being.6s Differences in subject-

matter at once produce differences in the sciences and the

arts that are concerned with them. Thus some things are

unchangeable, others changing; some simpler, others more
composite; some intelligible, others sensible. Even in mathe-

matics we cannot demand the sarne degree of accuracy in
all parts, If one part applies to sensibles and another is an

investigation of intelligible matters, they will not be equally
precise, but the latter more so than the former. This is why
arithmetic, we say, is more exact than harmonics. Nor should

we in general require that mathematics and the other sciences

use the same demonstrations. For the differences between

the subjects dealt with are not inconsiderable.

s1 33.16 This proposition does not occur in Euclid, but Aristotle
refers to it (Post. Anal.85b38, 99a19); thus it probably appeared in a
textbook used in the Academy. Heath (r, 340) judges it to be Pythag-
orean. Proclus refers to it again at 73.2 and demonstrates it at

382.24ff.
62 34.L Nic. Eth. 1094b25-27.

_28 
-

8s 34.7 Tim. 29bc.



35

Chap. XII
The Pythag-
orean
CIassifica-
tion of the
Mathemat-
ical Sciences

PROLOGUE: PART ONE

In the third place, we assert that he who is to judge

properly of mathematical arguments must also have studied
the nature of sameness and otherness, of essential and
accidental predication, of proportion, and all such matters.

For it is with respect to these that almost every mistake is

made by those who suppose they are giving a mathematical
proof when they are not really doing so, as when they
demonstrate by assuming the same to be different for each

species of the subject or the difterent to be the same, or
when they take an accidental attribute as essential or an

essential one as accidental, asserting, for example, that the

circle is more beautiful than the straight line or the equi-
lateral triangle than the isosceles; for such distinctions are

not the business of the mathematician.
In the fourth place, since mathematics occupies a middle

position between the intelligible and the sense worlds and
exhibits within itself many likenesses of divine things and

also many paradigms of physical relations, we must observe
the threefold character of its demonstrations, some being
more intuitive, some more discursive, and some approach-
ing the nature of opinion. Proofs must vary with the prob-
lems handled and be differentiated according to the kinds
of being concerned, since mathematics is a texture of all
these strands and adapts its discourse to the whole range of
things. But enough of these matters.

We must next distinguish the species of matheriratical
science and determine what and how many they are; for
after its generic and all-inclusive form it is necessary to
consider the specific differences between the particular sci-
ences. The Pythagoreans considered all mathematical science

to be divided into four parts: one half they marked off as

concerned with quantity (rroo6v), the other half with mag-

nitude (ryxi,xov); and each of these they posited as twofold.
A quantity can be considered in regard to its character by
itself or in its relation to another quantity, magnitudes as

either stationary or in motion. Arithmetic, then, studies

quantity as such, music the relations between quantities,36
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geometry magnitude at rest, sphericsoa magnitude inherently
moving. The Pythagoreans consider quantity and magnitude

not in their generality, however, but only as finite in each

case. For they say that the sciences study the finite in ab-
straction from infinite quantities and magnitudes, since it is

impossible to comprehend infinity in either of them. Since this
assertion is made by men who have reached the summit of

wisdom, it is not for us to demand that we be taught about

quantity in sense objects or magnitude that appears in bodies.

To examine these matters is, I think, the province of the
science of nature, not that of mathematics itself.

Now since, as the Timaeas has taught usruo the Demiurge
took in hand the unity and diversity in the universe, and

the mixture of sameness and otherness, to fill up the nature

of soul, and constructed her out of these kinds together

with rest and motion, let us say that it is by virtue of her

otherness, that is, the plurality and diversity of the ratios in
her, that the understanding, when she has been constituted

and has noted that she is both one and many, projects

numbers and the knowledge of numbers which is arithmetic;

and by virtue of the unity of plurality in her and the com-

munity of bond that binds her together, she projects music.

Hence arithmetic is elder than music, since the soul was

first divided by the Demiurge and then bound together by

ratios in the fashion explained by Plato. Again, her activities

being firmly rooted in her constitution, she produces geom-

etry out of her own nature, that is, the one essential figure

and the creative principles of all the figures, while by virtrre

of the motion in her she produces spherics. For she herself

revolves in circles but abides always the same by virtue of

the causes of the circle, namely, the straight line and the

circumference. Hence also geomehy comes into being before

spherics, as rest precedes motion.
The soul produces these sciences by looking not to her

84 36.2 I.e. astronomy. See Heath t, 11f.
sd 36.L7 Tim. 35a. At 36.22 read with Hultsch laurfiv for lavrb

in Friedlein.
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infinite capacity for developing forms, but rather to the
species within the compass of the Limit. For this reason, they
s&y, these sciences exclude infinity from plurality and mag-
nitude and concern themselves straightway with the Limited.
For Nous set in the soul the principles of all things, including
those of plurality and rnagnitude. Since she is through and
through homogeneous with herself, one and undivided, and
on the other hand differentiated and expressive of the ordered
world of forms, she possesses from the intelligible world a

share of both the primal Limit and the Unlimited. But she
thinks the Unlimited in accordance with the Limit and gives
birth to forms of life and ideas of all sorts through the
Unlirnited in her. Her thinking, however, constitutes these
sciences not after the fashion of the Unlimited that belongs to
life, but in accordance with the Limit inherent in these
sciences; for they bear the likeness of Nous, not of life. This,
then, is the doctrine of the Pythagoreans and their fourfold
division of the mathematical sciences.

But others, like Geminus,uu think that mathematics should
be divided differently; they think of one part as concerned
with intelligibles only and of another as working with percep-
tibles and in contact with them. By intelligibles, of course,
they mean those objects that the soul arouses by herself
and contemplates in separation from embodied forms. Of
the mathematics that deals with intelligibles they posit arith-
rnetic and geometry as the two primary and most authentic
parts, while the mathematics that attends to sensibles con-
tains six sciences: mechanics, astronooy, optics, geodesy,

canonics, and calculation. Tactics they do not think it proper
to call a part of mathematics, &s others do, though they
admit that it sometimes uses calculation, as in the enumera-

66 38.4 Geminus was apparently a Stoic philosopher from the
island of Rhodes and a pupil of Posidonius. He wrote a comprehensive
mathematical work, probably between 73 and 67 a.c., to which Proclus
refers no less than twenty times in this commentary. This work has
unfortunately been lost, but another treatise, oD astronomy, is still
extant (see Gow, 287). But on the uncertainties regarding his date
and birthplace, and even his name, see Heath \ 222f.
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tion of military forces,6? and sometimes geodesy, as in the

division and measurement of encampments. Much less do
they think of history and medicine as parts of mathematics,

even though writers of history often bring in mathematical

theorems in describing the lie of certain regions or in calcu-

lating the size, breadth, or perimeters of cities,u' and physi-
cians often clarify their own doctrines by such methods, for
the utility of astronomy to medicine is made clear by Hip-
pocrates and all who speak of seasons and places. So also

the master of tactics will use the theorems of mathematics,

even though he is not a mathematician, if he should ever want
to lay out a circular camp to make his army appear as small

as possible, or a square or pentagonal or some other form of
camp to make it appear very large.

These, then, are the species of general mathematics. Geom-

etry in its turn is divided into plane geometry and stereometry.

There is no special branch of study devoted to points and

lines, inasmuch as no figure can be constructed from them

without planes or solids; and it is always the function of
geometry, whether plane or solid, either to construct figures

or to compound or divide figures already constructed. In the

same way arithmetic is divided into the study of linear num-

bers, plane numbers, and solid numbers; for it examines

number as such and its various kinds as they proceed from
the number one, investigating the generation of plane num-

bers, both similar and dissimilar, and progressions to the third

dimension. Geodesyun and calculation are analogous to these

sciences,?o since they discourse not about intelligible but about

sensible numbers and figures. For it is not the function of
geodesy to measure cylinders or cones, but heaps of earth

considered as iones and wells considered as cylinders;

and it does not use intelligible straight lines, but sensible

6? 38.16 Reading with Barocius trdxc,rr instead of tr67c.rv in Friedlein.
See Tannery, Ix, 126.

68 38.22 Omitting with Barocius the dittograph rco,i inp,irpous n

reppfirous in Friedlein. See Tannery, loc. cit.
6o 39.20 Mensuration in general, not merely land-measuring.

Heath, t, 16.
10 39.21 I.e. to geometry and arithmetic.
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ones, sometimes more precise ones, such as rays of sunlight,
sometimes coarser ones, such as a rope or a carpenter's rule.
Nor does the student of calculation consider the properties of
number as such, but of numbers as present in sensible objects;
and hence he gives them names from the things being num-
bered, calling them sheep numbers or cup numbers.?t He does

not assert, as does the arithmetician, that something is least;
nevertheless with respect to any given class he assumes a least,
for when he is counting a group of men, one man is his unit.
Again optics and canonics?z are offshoots of geometry and
arithmetic. The former science uses visual lines and the
angles made by them; it is divided into a part specifically
called optics, which explains the illusory appearances pre-
sented by objects seen at a distance, such as the converglng
of parallel lines or the rounded appearance of square towers,
and general catoptrics,?3 which is concerned with the various
ways in which light is reflected. The latter is closely bound up
with the art of representation and studies what is called
"scene-paintirrg,"z* showing how objects can be represented
by images that will not seem disproportionate or shapeless

when seen at a distance or on an elevation. The science of
canonics deals with the perceptible ratios between notes of
the musical scales and discovers the divisions of the mono-
chord,?5 everywhere relying on sense-perception and, as Plato
says, "putting the ear ahead of the mind."?6

In addition to these there is the science called mechahics, a
part of the study of perceptible and embodied forms. Under it
comes the art of making useful engines of war, like the ma-
chines that Archimedes?? is credited with devising for defense

?1 40.5 Cf. the scholium to Plato's Charm. 165e and also Laws
8 19bc.

Tz 40.9 The mathematical theory of music.
73 40.16 See note at 19.27.
7r 40.19 rvqyoFf paewfi, i.e. applied perspective.
Td 40.23 xavdtv, whence the name "canonics."
rs 4l.l Rep. 53lab.
T7 41.6 Archimedes of Syracuse, who was killed during the capture

of Syracuse by the Romans in 212 B.c. His mathematical achieve-
ments are numerous and outstanding. He investigated the squaring
of the circle and of other curvilinear plane figures, and the computing
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against the besiegers of Syracuse, and also the art of wonder-
working, which invents figures moved sometimes by wind, like
those written about by Ctesibius and lferon,?8 sometimes by
weights, whose imbalance and balance respectively are re-

sponsible for movement and rest, as the Timaeus shows,Te

and sometimes by cords and ropes in imitation of the tendons

and movements of living beings. Under mechanics also falls
the science of equilibrium in general and the study of the so-

called center of gravity, as well as the art of making spheres

imitating the revolutions of the heavens, such as was culti-
vated by Archimedes, and in general every art concerned with
the moving of material things. There remains astrono*y,
which inquires into the cosmic motions, the sizes and shapes

of the heavenly bodies, their illuminations and distances from
the earth, and all such matters, This art draws heavily on

sense-perception and coincides in large measure with the

science of nature. The parts of astronomy are gnomonics,so

which occupies itself with marking the divisions of time by
the placing of sun-dials; meteorology, which determines the

different risings of the heavenly bodies and their distances

from one another and teaches many and varied details of

of the area of curved surfaces and of the volume of the sphere, cone,
and cylinder. fn mechanics he developed the theory of the lever and
of the center of gravity and invented the whole science of hydrostatics.
The mechanical inventions that Proclus mentions here and at 63.19ff,
were regarded by Archimedes as merely incidental and relatively un-
important. His works On the Sphere and Cylinder, Measurement ol a
Circle, On Plane Equilibriums, and several others are still extant. See

Heath r, 17 -103, and Gow, 221-244. An English translation of his
works was published by Heath in 1897 .

78 41.10 Heron of Alexandria should probably be placed in the
third century of our era, though the evidence is controversial; see

Heath [, 300-306. Besides the references in Proclus, there is other
evidence that he wrote a commentary on Euclid's Elemenrs (see Heath,
Euclid t, 2l-24). Ctesibius seems to belong to an earlier period, pos-

sibly to the second century B.c. There is, however, another tradition
that he was the teacher of Heron (see Heath t, 298), which would put
him much later.

7s 41.12 Tim. 57dff,
80 41,25 From 1vcbp,ut, "sun-dial."
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astronomical theory; and dioptrics,sl which fixes the positions
of the sun, moon, and stars by means of special instruments.
Such are the traditions we have received from the writings of
the ancients regarding the divisions of mathematical science.

Leaving these matters, let us look back and consider what
Plato meant in the Republic when he declared dialectic to be
the capstone of the mathematical sciences,t' and what is the
unifying bond among them reported by the author of the
Epinomis.ss Our answer is that, as Nous is set over under-
standing and dispenses principles to it from above, perfecting
it out of its own riches, so in the same way dialectic, the
purest part of philosophy, hovers attentively over mathemat-
ics, encompasses its whole development, and of itself con-
tributes to the special sciences their various perfecting, critical,
and intellective powers-the procedures, I mean, of analysis,
division, definition, and demonstration. Being thus endowed
and led towards perfection, mathematics reaches some of its
results by analysis, others by synthesis, expounds some mat-
ters by division, others by definitior, and some of its dis-
coveries binds fast by demonstration, adapting these methods
to its subjects and employing each of them for gaining insight
into mediating ideas. Thus its analyses are under the control
of dialectic, and its definitions, divisions, and demonsffations
are of the same family and unfold in conformity with the way
of mathematical understanding. It is reasonable, then, to say

that dialectic is the capstone of the mathematical sciences. It
brings to perfection all the intellectual insight they contain,
making what is exact in them more irrefutable, confirming the
stability of what they have established and referring what is

8L 42.4 From 6tdrrpa, all optical instrument for measuring angles
or altitudes. Reading r&s iroy&s, with Tannery rx, 126; the d in Fried-
lein's Mss apparently originated as a marginal correction for the a in
the erroneous d,zoyd,s.

82 42.11 Rep. 534e.
88 42.12 Reading with Barocius 6v 6 for 6y in Friedlein. This is a

reference to the 0eop6s of the mathematical sciences in Epin.99le. See
Novotny's note on this passage in his Commentary on the Epinomis,
Prague, 1960, 222-223.
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pure and incorporeal in them to the simplicity and immaterial-
ity of Nous, making precise their primary starting-points
through definitions and explicating the distinctions of genera

and species within their subject-matters, teaching the use of
synthesis to bring out the consequences that follow from
principles and of analysis to lead up to the first principles

and starting-points.
As for the unifying bond of the mathematical sciences,

we should not suppose it to be proportion, as Eratosthenes8a
says. For though proportion is said to be, and is, one of
the features common to all mathematics, there are many
other characteristics that are all-pervading, so to speak, and

infinsic to the common nature of mathematics. We should
prefer to say that the immediate bond of union between them
is that single and entire science of mathematics which contains
in itself in simpler form the principles of all the particular
sciences, that science which teaches their common nature as

well as their differences and what faits are the same in them

all and what belong to more or fewer of them. Those who
study mathematics in the proper way advance to this science

from the particular ones. But even higher than it, dialectic
could be said to be the bond of union among the mathematical

sciences or-to repeat Plato's designation in the Re public-
their capstone. For this perfects general mathematics and

sends it up towards Nous by means of its peculiar powers,

showing that it is truly a science and rendering it steadfast
and irrefutable. Yet highest in rank among the unifying bonds
is that very Nous which contains in itself all dialectical re-
sources in undifferentiated fashion, combining their variety in
simplicity, their partiality in completeness of insight, their
plurality in unity. Nous, then, wraps up the developments of
the dialectical methods, binds together from above all the
discursiveness of mathematical reasoni.g, and is the perfect

84 43.23 Eratosthenes of Cyrene, librarian at Alexandria in the
second half of the third century B.c. He was a man of varied scientific
attainments, to whom Archimedes dedicated two of his works. He is
best remembered for having calculated the circumference and diameter
of the earth, with surprisingly accurate results. See Heath rr, 104-109;
Van der Waerden, 228-234; Gow, 242-246.
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terminus of the upward journey and of the activity of know-
ing. So much for these questions.

As for the name itself that is applied to mathematics and
mathematical studies, from what source could we say the
ancients got it for these sciences, and what relevant meaning
could it have? In my opinion, such a designation for the
science of dianoetic reasoning did not come about by acci-
dent, as most names do. According to the tradition, the
Pythagoreans recognized that everything we call learning is

remernbering, not something placed in the mind from without,
like the images of sense pictured in the imagination, nor
transitory, like the judgments of opinion. Though awakened
by sense-perception, learning has its source within us, in our
understanding's attending to itself. They realized too that,
although evidences of such memories can be cited from many
areas, it is especially from mathematics that they come, as

Plato also remarks. "If you take a person to a diagram," he
says, "then you can show most clearly that learning is
recollection."8s This is why Socrates in the Meno uses this
kind of argument to prove that learning is nothing but the
mind's remembering its own ideas.ss The explanation is that
what remembers is the understanding. This part of the soul
has its essence in these mathematical ideas,s? and it has a
prior knowledge of them, even when it is not using them; it
possesses them all in an essential, though latent, fashion and
brings each of them to light when it is set free of the hin-
drances that arise from sensation. For our sense-perceptions
engage the mind with divisible things, the imagination fllls it
with moving shapes, and desires divert it to the life of feeling.
Every divisible thing is an obstacle to our returning upon
ourselves, every formed thing disturbs our formless knowl-
edge, and every feeling is an impediment to passionless ac-
tivity. Consequently when we remove these hindrances we
are able to know by understanding itself the ideas that it
has, and then we become knowers in actuality, that is, pro-

85 45.17 Phaedo 73b. 86 45.2t Meno 82bff.
87 45 .23 See below ( 5 ltr, ) for an exposition of this doctrine in its

wider context.
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ducers of genuine knowledge. But so long as we remain
in bondage, with the eye of the mind closed, wo shall never
attain the perfection to which we are adapted.

This, then, is what learning (p",i?r1ots) is, recollection of the

eternal ideas in the soul; and this is why the study that es-

pecially brings us the recollection of these ideas is called the

science concerned with learning (p"0qpartx$). Its name thus
makes clear what sort of function this science performs. It
arouses our innate knowledge, awakens our intellect, purges

our understanding, brings to light the concepts that belong

essentially to us, takes away the forgetfulness and ignorance

that we have from birth, sets us free from the bonds of un-
reason; and all this by the favor of the godtt who is truly the
patron of this science, who brings our intellectual endowments

to light, fills everything with divine reason, moves our souls

towards Nous, awakens us as it were from our heary slumber,

through our searching turns us back upon ourselves, through
our birthpangs perfects us, and through the discovery of pure
Nous leads us to the blessed life. And so, dedicating this
composition to him, wE proceed to delineate the theory of the

science of mathematics.8e

88 46.25 This god is probably Hermes, identified by the Greeks
with the Egyptian Thoth or Theuth, the inventor of writing and of all
the sciences and arts dependent on it (cf. Plato, Phaedr. 2'l4c-275b;
Phil. 18b). For the Hellenistic conception of the god Hermes-Thoth
and the origin of his appellation "thrice-great" see FestugiBre, La
Rdvilation d'Hermis Trism€giste r, 67-74. Cf. the reference at 155.24
to the "triadic god" whose appellation has been conferred by "the wise
men most familiar with theological mysteries."

8e 47.8 From these words one would infer that this first prologue
was intended to serve as an introduction to a general treatise on mathe-
matics. The beginning of the second prologue gives a different state-
ment of the author's subject, not general mathematics but geometry in
particular and more particularly Euclid's Elemenfs. Is it possible that
this first prologue was intended to be what these concluding words
suggest and that it later became detached from the larger project and
prefixed to the more specffic prologue to the commentary on Euclid?
See Supplementary Note at the end of this volume.
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T N THE precedit g discourse we have examined the com-

I mon characters pervading all mathematical science, fol-
lowing Plato's lead and also using thoughts collected from
other sources that are relevant to the present study. It fol-
lows next to speak of geometry itself and of the treatise on
the Elements that lies before us and for whose sake the whole
of this work has been undertaken.

That geometry is a part of general mathematics and occu-
pies a place second to arithmetic, which completes and defines
it (for everything that is expressiblel and knowable in geome-
try is determined by arithmetical ratios), has been asserted by
the ancients and needs no lengthy argument here. It would
be reasonable to begin our exposition of geometry with an
examination of its subject-matter, to see what rank it holds in
the scale of things and the kind of being it has. For when we
have examined this carefully, the power and utility of the
science that knows it will be evident, as will the good that it
confers upon those who learn it.

It is obviously difficult to decide in what class of things to
put the subject-matter of geometry without missing the truth
about it. If we regard the figures that the geometer talks about
as belongtng to the sense world and inseparable from matter,
how can we any longer say that geometry emancipates us from
sensible things, converts us to the realm of bodiless existence,
habituates us to the sight of intelligibles, and prepares us for
activity in accordance with Nous? And where among sensible
things have we seen the point without parts, the line without
breadth, the surface without thickness, the equality of the
lines from the center, or in general any of the polygonal and
polyhedral figures about which geomety teaches us? And

L 48.12 f4r6v, i.e. "commensurable" (see note at 6.21). This pas-
sage leaves out what Proclus elsewhere says is the characteristic feature
of geometry as distinct from arithmetic, that it deals with incom-
mensurable magnitudes and infinite divisibility (see 60.7ff. ).
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how can the propositions of this science remain irrefutable

when the figures and forms of sensible things are only more or
less what they are, moving and changing in every way and

full of all the indeterminateness of matter, when equality is
composed of its opposite inequality, and indivisibles parade

as divisible and separated?

But if the objects of geometry are outside matter, its ideas

pure and separate from sense objects, then none of them will
have any parts or body or magnitude. For ideas can have

magnitude, bulk, and extension in general only through the

matter which is their receptacle, a receptacle that accom-

modates indivisibles as divisible, unextended things as ex-

tended, and motionless things as moving. How, then, can we

still bisect the straight line or the triangle or the circle? Or
speak of the difference between angles, or of increase and

decrease of figures such as triangles or squares? How can we

talk of contact between circles and straight lines? A11 these

things indicate that the subject-matter of geometry is divisible

and not composed of partless ideas. Besides difficulties of this

sort, we must recall that Plato calls geometrical forms under-

standablesz and asserts that they separate us from sensible

things and incite us to turn from sensation to Nous-the ideas3

of the understanding being, as I said, indivisible and unex-

tended, in keeping with the peculiar character of the soul.

If we must formulate a theory in agreement both with the

facts themselves and with this teaching of Plato's, let us pro-

ceed by making the following distinctions. Every universal,

that is, every One that includes a Many, either appears in the

particularsa and has its existence in them and is inseparable

from them, holding its place in their ranks, moving as they

move and remaining motionless when they are stationary; or

2 50,11 6tavoqr&. See note at 10,27.
s 50,14 l6'yc.rr. See note at 12.14,
4 50.20 Omitting with Schcinberger r(Svrcev fi Sa,lvera4 which are

included, though with a question mark, in Friedlein's text. They do

not fit into the grammatical structure of the sentence, and I surmise

that they were once questions written in the margin regarding the

meaning of eavrd,{eo0at, and were later ineptly incorporated in the text.
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exists prior to the Many and produces plurality by offering its
appearances to the many instances, itself ranged indivisibly
above them but enabling these derivatives to share in its
nature in a variety of ways; or is formed from particulars by
reflection and has existence as an after-eftect, a later-born
addition to the Many, According to these three modes of
being, I think we shall find that some universals are prior to
their instances, some are in their instances, and some are
constituted by virtue of being related to them as their predi-
cate.

Of these three kinds of universal forms-briefly stated, the
universal shared in by its particulars, the universal in its
particulars, and the universal that supplements the particulars

-let us note that there are differences in the underlying
matter. If we assume two classes of things that participate in
the universal, namely, sense objects and objects that have
existence in the imagination (for matter likewise is twofold,
as Aristotle somewhere says: 5 the matter of things tied to sen-

sation and the matter of imagined objects), we shall admit
that the corresponding universals are of two kinds: one per-
ceptible, since it is participated in by sense objects, and the
other imagin&ry, as existing in the pluraliry of pictures in the
imagination. For imagination, both by virtue of its formative
activity and because it has existence with and in the body,
always produces individual pictures that have divisible ex-
tension and shape, and everything that it knows has this kind
of existence. For this reason a certain persono has ventured
to call it "passive Nous." Yet if it is Nous, how could it be
other than impassive (ilro;?fis) and immaterial? And if feeling
(o,iflos) accompanies its activity, has it any longer a right to
be called Nous? For impassivity belongs to Nous and intel-

5 51.L7 Punctuating, with Barocius and Sch6nberger, to close the
parenthesis with Qqot, not with rca06\ov as Friedlein does. Aristotle
distinguishes (Met. 1036a9-12) between fitr4 atalqrrl and firq vor1ni; but
Proclus' 0tr? gavraor,6v is justified, since Aristotle elsewhere (De An,
433a10) assumes that eovraota is a form of viqa,s.

B 52.3 The reference is to Aristotle; cf. De An. 430a24. For a
similar interpretation of Aristotle see Proclus' Commentary on the
Timaeus t, 244,20, and uI, 158.9, Diehl.
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lectual nature, whereas whatever can be affected (oo0qr,,x6v)

is far removed from that highest being. But I think he intended

rather to express the middle position it occupies between the

highest and the lowest types of knowledge and so called it at

the same time "nous," because it resembles the highest, and

"passive," because of its kinship with the lowest. For the

knowing which is not of shapes and figures has its intelligible
objects in itself, and its activity is concerned with these, its

own contents; it is itself one with the things it knows, free of

any impression or affection coming from elsewhere. But the

lowest forms of knowledge work through the sense organs;

they are more like affections, receiving their opinions from
without and changing as their objects change. Such is what

sense-perception is, the result of "violent affections," as Plato

says.? By contrast the imagination, occupying the central

position in the scale of knowing, is moved by itself to put

forth what it knows, but because it is not outside the body,
when it draws its objects out of the undivided center of its
life, it expresses them in the medium of division, extension,

and figure. For this reason everything that it thinks is a picture

or a shape of its thought. It thinks the circle as extended, and

although this circle is free of external matter, it possesses an

intelligible matter provided by the imagination itself. This is
why there is more than one circle in the imagination, as there

is more than one circle in the sense world; for with extension

there appear also differences in size and number among circles

and triangles.

If, then, in sensible circles there is a universal that makes

each of them a circle and all of them similar to one another

because conformed to a single idea, yet differing in size and in

their underlying subjects, so likewise in imaginary circles

there is a common element in which they participate by virtue

of which they all have the same form. They differ only on one

point, their imagined sizes.s For if you imagine several con-

centric circles, they will all have their existence in a single

7 52.20 Tim. 42a.
B 53.12 Proclus is thinking of concentric circles, as the following

sentence shows.
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immaterial substratum and their life inseparable from a simple
body that surpasses indivisible being only by being extended;
but they will differ from one another in that some will be
larger, some smaller, some encircling, and some encircled.

Let us, then, think of the universal in its instances as of two
sorts, the universal in sense objects and the universal in objects
of imagination, and likewise the idea of the circle--<r of the
triangle or of figure itself-as of trvo kinds, one presiding over
intelligible matter, the other over perceptible. Prior to both,
as we have seen, are the idea in the understanding and the
idea in nature, the former the support of imagined circles
and of the single form in them, the latter of perceived circles,
such as the circles in the heavens and all circles generated by
nature. As the idea in the understanding is undivided, so also
is the idea in nature. For extended things exist without ex-
tension in the realm of immaterial causes, and divided things
without division and magnitudes without magnitude, just as in
the opposite direction indivisible things are divided and ob-
jects without magnitude have magnitude in the region of
material causes. For this reason the circle in the understand-
ing is one and simple and unextended, and magnitude itself
is without magnitude there, and figure without shape;e for such
objects in the understanding are ideas devoid of matter. But
the circle in imagination is divisible, formed, extended-not
one only, but one and many, and not a form only, but a form
in instances-whereas the circle in sensible things is inferior
in precision, infected with straightness, and falls short of the
purity of immaterial circles.

When, therefore, geometry says somethirrg about the circle
or its diameter, or about its accidental characteristics, such as

tangents to it or segments of it and the like, let us not say that
it is instructing us either about the circles in the sense world,
for it attempts to abstract from them, or about the form in the
understanding. For the circle [in the understanding] is one,
yet geometry speaks of many circles, setting them forth indi-
vidually and studying the identical features in all of them; and

0 54.8 Punctuating with Barocius and Schdnberger to close the
parenthesis with roniro, not with d,oxrtp.d,rlcroy as in Friedlein.
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that circle [in the understanding] is indivisible, yet the circle

in geometry is divisible. Nevertheless we must grant the

geometer that he is investigating the universal, only this uni-
versal is obviously the universal present in the imagrned cir-
cles. Thus while he sees one circle [the circle in imagination],

he is studying another, the circle in the understanding, yet he

makes his demonstrations about the former. For the under-

standing contains the ideas but, being unable to see them

when they are wrapped up, unfolds and exposes them and

presents them to the imagination sitting in the vestibule; and

in imagination, or with its aid, it explicates its knowledge of
them, happy in their separation from sensible things and find-

ing in the matter of imagination a medium apt for receiving

its forms.lo

Thus thinking in geometry occurs with the aid of the imagi-

nation. Its syntheses and divisions of the figures are imaginary;

and its knowing, though on the way to understandable being,

still does not reach it, since the understanding is looking at

things outside itself. At the same time the understanding sees

them by virtue of what it has within; and though employing

projections of its ideas, it is moved by itself to make them

external. But if it should ever be able to roll up its extensions

and figures and view their plurality as a unity without figure,

then in turning back to itself it would obtain a superior vision

of the partless, unextended, and essential geometrical ideas

that constitute its equipment. This achievement would itself

10 55.6 The brackets in this passage indicate words not in Proclus
which I have inserted for the purpose of clarifying the pronouns in his
text. I.M. raises the pertinent question whether for Proclus mathe-
matical reasoning is about universals or about the pictures in the

imagination. I should reply that it is certainly about universals, but
about universals grasped by means of pictures in the imagination.
Obviously no picture in the imagination is a universal; but such pic-

tures enable us to understand the unpicturable universal in its variety
and complexity. This view of universals is not foreign to Plato, but it
may well be so to Aristotle; his polemic against the Platonic Ideas

suggests that it was. But whether or not Aristotle understood Plato's
conception of the universal, there is no doubt that Proclus interpreted
it in this way and that this is what he regarded as the eventual object
of mathematical reasoning. (On the identity of f.M. see the Preface.)
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be the perfect culmination of geometrical inquiry, truly a gift
of Hermes, leading geometry out of Calypso's arms,ll so to
speak, to more perfect intellectual insight and emancipating
it from the pictures projected in imagination.',

Every true geometer should cultivate such eftorts and make
it his goal to arouse himself to move from irnagination to pure
and unalloyed understanding, thus rescuing himself from ex-
tension and "passive nous" for the dianoetic activity that will
enable him to see all things without parts or intervals-the
circle, the diameter, the polygons in the circle, all in all and
each separately. This is why even in our imagination we show
circles as inscribed in polygons and polygons as inscribed in
circles, in imitation of the proof that the partless ideas exist in
and through one another. And this is why we use diagrams to
illustrate the structure and construction of figures, their divi-
sions, positions, and juxtapositions. We invoke the imagina-
tion and the intervals that it furnishes, since the form itself is
without motion or genesis, indivisible and free of all under-
lying matter, though the elements latent in the form are pro-
duced distinctly and individually on the screen of imagination.
What projects the images is the understanding; the source of
what is projected is the form in the understanding; and what
they are projected in is this "passive nous" that unfolds in
revolution about the partlessness of genuine Nous, setting a
distance between itself and that indivisible source of pure
thought, shaping itself after the unshaped forms, and be-
coming all the things that constitute the understanding and

the unitary ideas in us.

So much for what we have to say about the matter of
geometry. We are not unaware of what the philosopher
Porphyry" in his Miscellaneous Inquiries and most of the

\t 55.21 Cf. odyssey v, 55-147, where Hermes conveys to the
nymph Calypso the gods' command that she release Odysseus and
send him on his way homeward.

L2 55.23 Nicolai Hartmann (Des Proclus Diadochus Philosoph-
ische Anlangsgriinde der Mathematik, Giessen, 1909, 35) sees Proclus
in this passage anticipating Descartes' analytic geometry.

Ls 56.24 Porphyry of Tyre was a devoted disciple of Plotinus (see
21.21). He wrote a Lif e ol Plotinus and numerous commentaries on
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Platonists have set forth, but we believe that what we have

said is more in agreement with the principles of geometry and

with Plato's declaration that the objects of geometry are

understandables. These [principles and Plato's declarationJ

are in harmony with each other because, although the causes

of the geometrical forms in accordance with which the under-

standing projects its demonstrations about them exist previ-

ously in the understanding, the several figures that are divided

and compounded are projections in the imagination.

Let us next speak of the science itself that investigates these

forms. Magnitudes, figures and their boundaries, and the
ratios that are found in them, as well as their properties, their
various positions and motions-thsss are what geometry

studies, proceeding from the partless point down to solid

bodies, whose many species and difterences it explores, then

following the reverse path from the more complex objects to
the simpler ones and their principles. It makes use of synthesis

and analysis, always starting from hypotheses and first prin-

ciples that it obtains from the science above it and employing

all the procedures of dialectic-definition and division for

establishing first principles and articulating species and gen-

era) and demonstrations and analyses in dealing with the con-

sequences that follow from first principles, in order to show

the more complex matters both as proceeding from the simpler

and also conversely as leading back to them. It treats in one

part the definitions of its objects, in another the axioms and

the postulates that are the starting-points of its demonstrations,

and in another the demonstrations of the properties that be-

long essentially to its objects. Each science has its own class

of things that concern it and whose properties it proposes to

investigate, and also its own peculiar principles that it uses

in demonstration; and the essential properties likewise differ

in the various sciences. The axioms are common to all sci-

Plato, Aristotle, and other philosophers, most of which have disap-

peared. Among them was a commentary on Euclid, to which we have

references later in Proclus' text. He is best known now for his Intro'
duction to the Categories of Aristotle, which became an important
medieval textbook in logic and which is extant.
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ences, although each uses them in the fashion appropriate
to its own subject-matter; but the genus studied and its es-
sential properties are peculiar to each science.

Among the objects of geometrical inquiry are triangles,
squares, circles, figures, and magnitudes in general and their
boundaries; others are properties inherent in them, their parts,
ratios, and contacts, their equalities, excesses, and deficiencies
when laid alongside one another, and all such matters; still
others are the postulates and axioms through which all these
are demonstrated-for example, that it be permitted to draw
a straight line from any point to any other, and that if equals
be taken from equals the results are equal, and their conse-
quences. Hence not every problem or question is a geometrical
one, but only those that arise out of the principles of geom-
etry; and anyone who is refuted on these principles would be
refuted as a geometer; arguments not based on them are not
geometrical, but ungeometrical. The latter are of two kinds:
either they proceed from premises altogether unlike those of
geomety, such as a question in music, which we say is
ungeometrical because it arises from hypotheses quite dif-
ferent from the principles of geometry; or they use geometrical
principles but in a perverse sense, as when it is asserted that
parallel lines meet. Hence geometry also furnishes criteria
whereby we can discriminate between statements that follow
from its principles and those that depart from them. The
various tropes for refuting fallacies when they occur have
this function.

Geometrical principles yield consequences different from
those that follow from arithmetical ones. And why speak of
the14 . . . ? They are far inferior to these. For one science is

more accurate than another, as Aristotle says;1' that is, a

science that starts from simpler principles than one whose
starting-point is more complex, or one that states why a fact

t4 59,9 Betweel r.epl r6v znd rd.p"roltu a few words have been lost,
but the sequence of thought is clear. The same disturbing influence is
seen in lines ll-12, which express the exact opposite of what Proclus
must have written. I have followed Barocius in my translation here.

15 59.11 Post. Anal, 87a31-3'l .

-47 -



60

THE COMMENTARY

is so than one which says that it is so, or a science concerned

with intelligibles than one that applies to objects in the sense

world. According to these criteria of exactness, arithmetic is
more precise than geomety, for its principles are simpler. A
unit has no position, but a point has; and geometry includes

among its principles the point with position, while arithmetic

posits the unit. Likewise geometry is superior to spherics and

arithmetic to music, for in general they furnish the principles

of the theorems subordinate to them. And geometry is su-

perior to mechanics and optics, for the latter discourse about

objects in the sense world.
The principles of arithmetic and geometry, then, differ from

those of the other sciences, yet their own hypotheses are dis-

tinct from each other, in the sense mentioned hbove; never-

theless they have a certain community with one another, so

that some theorems demonstrated are common to the two

sciences, while others are peculiar to the one or the other.

The statement that every ratio is expressible belongs to arith-

metic only and not at all to geometry, for geometry contains

inexpressible ratios.'6 Likewise the principle that the gnomons

into which a square can be divided have a lower limit in
magnitude is peculiar to arithmetic;17 in geometry a least

magnitude has no place at all. Peculiar to geometry are the

propositions regarding position (for numbers do not have

position), the propositions about contacts (for contacts occur

only when there are continuous magnitudes), and the |ropo-
sitions about irrationals (for the irrational has a place only

where infinite divisibility is possible). Common to both sci-

ences are the theorems regarding sections ( such as Euc1id

presents in his second book), with the exception of the divi-

sion of a line in extreme and mean ratio. Of these common

theorems some18 have come to arithmetic from geomeffY,

others from arithmetic to geometry, while others are equally

16 60.9 On &ppqrol )\67or see note at 48.12.
1? 60.1 1 On the Pythagorean use of the gnomon in figured numbers

see Heath t,76-84, and Euclid t, 370f..
18 60.20 Reading with Barocius ri. for ri in Friedlein.

-48-



6L

PROLOGUE: PART TWO

at home in both because derived by them from generat mathe-
matics. The principles governing alternation, conversion,
composition, and division of ratios are thus shared by both.
The theory of commensurable magnitudes is developed pri-
marily by arithmetic and then by geometry in imitation of it.
This is why both sciences'e defi,ne commensurable magnitudes
as those which have to one another the ratio of a number to a

number, and this implies that commensurability exists pri-
marily in numbers. For where there is number there also is
commensurability, and where commensurability there also
number. The properties of the triangle and the square are

studied primarily by geometry, but arithmetic borrows them
and uses them analogically, for figures are contained in num-
bers as in their causes. Thus in seeking the causes of certain
results we turn to numbers, both when we see precisely the
same properties, such as that every polygon can be divided
into triangles, and when we are content with approximations,
as when, in geometry we have found a square double a given
square but do not have it in numbers, we say that a square
number is the double of another square number when it is
short by one, like the square of seven, which is one less than
the double of the square of five.2o

We have carried rather far this exposition of the community
between the principles of these two sciences and their differ-
ences. For the geometer must understand what common first
principles are required for their common theorems and what
are the principles from which their special theorems are de-
rived, so that he may distinguish between geometrical matters
and those that do not belong to geometry, assigning some to
one science, some to the othgr.

1e 61.1. Reading with Grynaeus and Schcinberger rodruv instead of
rortrq in Friedlein.

20 61.17 In Rep. 546c Plato refers to "rational and irrational
(lipparot) diameters of five" (i.e. diagonals of a square having five for
its side) and says that the square on the rational diameter is less by
one than that on the irrational diarneter. The rational diameter is

therefo re 7 , the irrational Vm
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Let us now turn back for another look at the science of
geometry as a whole, to see what its starting-point is and

how far it ranges from it, so as to get a view of the ordered

cosmos of its ideas. Let us note that it is coextensive with all
existing things, applies its reasonings to them all, and includes

all their kinds in itself. At the upper and most intellectual
height it looks around upon the region of genuine being,

teaching us through images the special properties of the

divine orders and the powers of the intellectual forms, for it
contains even the ideas of these beings within its range of
vision. Here it shows us what figures are appropriate to the
gods, which ones belong to primary beings and which ones to
the substance of souls. In the middle regions of knowledge it
unfolds and develops the ideas that are in the understanding;

it investigates their variety, exhibiting their modes of exist-

ence and their properties, their similarities and differences;

and the forms of figures shaped from them in imagination it
comprehends within fixed boundaries and refers back to the

essential being of the ideas. At the third level of mental ex-

ploration it examines nature, that is, the species of elementary

perceptible bodies and the powers associated with them, and

explains how their causes are contained in advance in its own
ideas. It contains likenesses of all intelligible kinds and para-

digms of sensible ones; but the forms of the understanding

constitute its essence, and through this middle region it ranges

upwards and downwards to everything that is or comes to

be. Always philosophizing about being in the manner of
geomefty, it has not only ideas but pictures of all the vi11us5-
intellectual, moral, and physical-and presents in due order

all the forms of political constitution, showing from its own

nature the variety of the revolutions they undergo,2'

In these areas its activity is immaterial and theoretical; but
when it touches on the material world it delivers out of itself a

variety of sciences-such as geodesy, mechanics, and optics-
by which it benefits the life of mortals. Through these sciences

zL 63.5 This is probably a reference to Plato's analogy between the

state and the individual soul, which provides the premise for his theory
of the successive stages of political degeneration in the Republic.
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it has devised instruments of war and defenses for our cities,

made familiar the succession of the seasons and the lie of
various regions, taught how to measure distances by land or
sea, constructed balances and scales for determining arith-
metical equality when a city needs it, invented models for
exhibiting the order of the whole heaven, and many things

incredible to men it has unveiled and made credible to all.
Recall what Hieron of Syracuse is said to have remarked
about Archimedes, who had built a three-masted vessel which
Hieron had ordered made for sending to King Ptolemy of
Egypt. When all the Syracusans together were unable to
launch it and Archimedes made it possible for Hieron alone

to move it down to the shore, he exclaimed, in his amazement:
"From this day forth we must believe everything that Archi-
medes says." Tradition has it that Gelon made the same
remark when, without destroying the crown that had been
made, Archimedes discovered the weight of each of its com-
ponent materials. Many of our predecessors have recorded
such things in praise of mathematics, and for this reason we
have presented here only a few of the many facts we might
have cited to show the range and utility of geometrical
knowledge.

Next we must speak of the development of this science

during the present era. The inspired Aristotlez2 has said that
the same beliefs have often recurred to men at certain regular
periods in the world's history; the sciences did not arise for
the first time among us or among the men of whom we know,
but at countless other cycles in the past they have appeared

and vanished and wilt do so in the future. But limiting our
investigation to the origin of the arts and sciences in the
present z$e, we say, as have most writers of history,2s that

22 64.9 6 iatpdvrcs'Lpororil,qs; so also at 76,8, 116.24,284.23. See
De Caelo 270b19, Pol, 1329b25; also Plato, Tim.22-zI, Critias 109d,
Laws 677b,

23 64.19 Herodotus II, 109; Diod. Sic. f, lxix, 5; Ixxxi, t-2; Strabo
XVU, Chap. 3. Aristotle (Met.981b23) credits Egypt with being the
birthplace of geometry but assigns a different cause, viz. the leisure
enjoyed by the priestly class. On Egyptian geometry see Heath r, l2l-
128; Van der Waerden, 15-36; Gow,124-133.
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geometry was first discovered among the Egyptians and orig-
inated in the remeasuring of their lands. This was necessary

for them because the Nile overflows and obliterates the boun-
dary lines between their properties. It is not surprising that

the discovery of this and the other sciences had its origin in
necessity, since everything in the world of generation pro-
ceeds from imperfection to perfection. Thus they would na-

turally pass from sense-perception to calculation and from
calculation to reason. Just as among the Phoenicians the

necessities of trade and exchange gave the impetus to the

accurate study of number, so also among the Egyptians the
invention of geometry came about from the cause mentioned.

Thales,2a who had travelled to Egypt, was the first to intro-
duce this science into Greece. He made many discoveries

himself and taught the principles for many others to his suc-

cessors, attacking some problems in a general way and others

more empirically. Next after him Mamercus,zs brother of the

poet Stesichorus, is remembered as having applied himself to

the study of geometry; and Hippias of Elis2s records that he

acquired a reputation in it. Following upon these men, Pythag-

24 65.7 The following account of the development of geometry
among the Greeks appears to be based on a history composed by
Eudemus of Rhodes, a pupil of Aristotle, which Proclus had at his
disposal but which has since been lost. For the evidence see Heath t,
118-120; and for Proclus'use of this source, Euclid r,35-38. Thales of
Miletus lived in the early sixth century B.c. and was universally
counted as one of the Seven Sages. Since he wrote nothing, our knowl-
edge of his geometrical discoveries is dependent on the traditions about
him recorded by later writers. Some of this evidence comes from
Eudemus, through Proclus; see 157.11, 250.20,299.4,352.15. For
estimates of his achievements see Heath I, 130-137; Gow, 138-145;
Van der Waerden, 85-90.

26 65.12 Of Mamercus nothing is known beyond this mention;
even his name is uncertain, for the Mss of Proclus contain variant
readings "Ameristus" and "Mamertius." Stesichorus belongs to the
late seventh and early sixth centuries.

2o 65.14 Hippias of Elis, the famous Sophist of the fifth century
8.c., the inventor of a curve known as the quadratrix which, originally
intended for the solution of the problem of trisecting any angle, also
served (as the name implies) for squaring the circle (272.7, 356.11).
See Heath t, 23, 182; Gow, 162-L64; Van der Waerden, 146.
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orasz? transformed mathematical philosophy into a scheme

of liberal education, surveying its principles from the highest
downwards and investigating its theorems in an immaterial2s
and intellectual manner. He it was who discovered the doc-
trine of proportionalsze and the structure of the cosmic fig-
ures.So After him Anaxagoras of Clazomenae3l applied him-
self to many questions in geometry, and so did Oenopides of
Chios,s' who was a little younger than Anaxagoras. Both these

men are mentioned by Plato in the Erastaess as having got a

27 65,16 Pythagoras of Samos, the founder of a school of philos-
ophy and mathematics in southern Italy in the fifth century B.c.
Pythagoras' own contributions are difficult to identify, since he left no
writings, and all the discoveries of the school are credited to him
(see note at 22.14 above). But he influenced Plato profoundly and
through him all later Greek science and philosophy down to the time
of Proclus. For a survey of Pythagorean achievements in arithmetic
see Heath r,65-117; and for Pythagorean geometry, 14l-169. See also
Van der Waerden, 92-105, and Gow, 147-158.

28 65.18 ciJl,ars, i.e. in abstraction from sensible things, but surely
not "without concrete representation," as Van der Waerden (90)
translates it.

2s 65.19 Reading d,va)r67wv for d.\67wv in Friedlein. See Heath r,
84f.

30 65.20 I.e. the five regular solids. For the controversies con-
cerning the contribution of Pythagoras or the early Pythagoreans to
the development of the theory of the regular solids see Heath r, 158-
162, and Kurt von Fritz, in R^8, .r.y. "fiieaitetos."

3L 65,21 Anaxagoras of Clazomenae lived at Athens during the
first half of the fifth century B.c., where his ideas made a great stir
and eventually brought about his indictrnent for impiety 6nd his
withdrawal to Lampsacus. We know practically nothing of his achieve-
ments in geometry, though the fragments of his book On Natare show
that he was a theoretical scientist of extraordinary ability. He used
the idea of infinite divisibility in his cosmology and was the first to
give the true explanation of lunar and solar eclipses.

sz 66.2 Two propositions in Euclid's first book are attributed by
Proclus to Oenopides of Chios, viz. XII (283.7) and XXIII (333.5).
These are very simple problems, and it is likely that his importance
in the history of geometry is due rather to improvements in method
that he instituted, such as the rule limiting constmction to the use of
the ruler and compass (see Heath r, 175). Von Fritz (in RE,.r.y.
"Oinopides") attributes to him also the recognition of the problem
as a kind of theoretical inquiry distinct from the theorem (see note
on 7*nodotus at 80. 15 ) .

33 66.3 Erastae 132a.
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reputation in mathematics, Following them Hippocrates of
Chios,sa who invented the method of squaring lunules, and
Theodorus of Cyreness became eminent in geometry. For
Hippocrates wrote a book on elements, the first of whom we

have any record who did so.

Plato, who appeared after them, greatly advanced mathe-

matics in general and geometry in particular because of his

zeal for these studies. It is well known that his writings are

thickly sprinkled with mathematical terms and that he every-
where tries to arouse admiration for mathematics among stu-
dents of philosophy. At this time also lived Leodamas of
Thasos,s6 Archytas of Tarentum, and Theaetetus of Athens,s?

by whom the theorems were increased in number and brought
into a more scientific arrangement. Younger than Leodamas

34 66.4 Hippocrates of Chios, a contemporary and fellow-citizen of
Oenopides. Proclus tells us later (213.3- 1 1 ) that he reduced the
problem of duplicating the cube to that of finding two mean pro-
portionals. Besides this achievement he is credited with having effected
the quadrature of lunes and with having proved that the areas of
circles are proportional to the squares on their diameters. See Heath r,
182-209; Gow, 164-172; Van der Waerden, 131-136. Part of the actual
text of Hippocrates' quadrature of lunes is preserved in Simplicius'
Commentary on Aristotle's Physics, CAG lx, 60,22-68.32, Diels.

85 66.6 Theodorus of Cyrene is said to have been the teacher of
Plato (Diog. Laert. III, 6). The Theaetetus of Plato has him present
in Athens during the last period of Socrates' life. This dialogue in fact
contains all the ancient evidence about him that is available; but for
its significance see von Fritz, in RE, s.y. "Theodoros."

3'6 66.15 Proclus tells us later (2ll.19-23) that Plato is said to have
taught Leodamas the method of analysis. Cf. Diog. Laert. III, 24.
Archytas was an older contemporary and friend of Plato (cf. Plato's
Epistle l/II 338c,350a), eminent as statesman and philosopher and as

author of the fir'st treatise on mechanics based on mathematical prin-
ciples. He solved the problem of finding two mean proportionals by a

remarkable construction in three dimensions (Heath l, 213-2L4,246-
249). "It is perhaps worth pointing out that Van der Waerden (153)
attributes Book VIII of the Elemenls to Archytas." (I.M.)

3? 66.16 Theaetetus was one of the two greatest mathematicians of
the fourth century B.c. He laid the foundations of the theory of ir-
rationals as we find it in Euclid's tenth book and distinguished their
main varieties; he also contributed substantially to the theory of the
five regular solids developed in Euclid's thirteenth book. See Heath r,
209-212, and von Fritz, in RE, .r.v. "Theaitetos."
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were Neoclides and his pupil Leon,38 who added many dis-
coveries to those of their predecessors, so that Leon was able

to compile a book of elements more carefully designed to take
account of the number of propositions that had been proved

and of their utility. He also discovered diorismi, whose pur-
pose is to determine when a problem under investigation is

capable of solution and when it is not. Eudoxus of Cnidus,3o
a little later than Leon and a member of Plato's group, was

the first to increase the number of the so-called general

theorems;nO to the three proportionals already known he

added three more and multiplied the number of propositions
concerning the "sectiorl"+1 which had their origin in Plato,

employing the method of analysis for their solution. Amyclas
of Heracleia,az one of Plato's followers, Menaechmus,a3 a

student of Eudoxus who also was associated with Plato, and

38 66.19 Of these men we know nothing more than is here stated
(Heath t, 319).

3s 67 .2 Eudoxus ranks with Theaetetus among the greatest mathe-
maticians of the fourth century. In astronomy he was the author of
the theory of concentric spheres for explaining the motions of the
heavenly bodies. His great contributions to geometry were the new
theory of proportion expounded in Euclid V and VI, the method of
exhaustion for measuring and comparing the areas and volumes of
curvilinear plane and solid surfaces, and the solution of the problern
of doubling the cube. See Heath r, 322-334; Gow, 183-185; Van der
Waerden, 179-190.

40 67 .4 It is a disputed question what these xa06\ov leuprip.ara a;te.
Theorems true of everything falling under the concept of magnitude?
Or axioms, such as those underlying the reasoning of Euclid V and
VI? "I am inclined to think that the words refer primarily to the
contents of Book V of the Elements, i.e. the Eudoxian theory of
proportion." (I.M.) See Heath r, 323f.., and Van der Waerden, 183.

41 67 .6 Does this refer to the sectioning of solids by planes or the
sectioning of a straight line in extreme and mean ratio? See Heath r,
324f.

42 67,8 Amyclas is otherwise unknown.
43 67.9 Menaechmus, as a pupil of Eudoxus and of Plato, must

have lived in the fourth century. From the saying of Eratosthenes
quoted at 1 ll.22f . it is generally inferred that Menaechmus discovered
the conic sections. Proclus' other references to him indicate that he
wrote also on the methodology of mathematics; cf. 72.24tr., 78.9ff.,
254.4. See Heath r, 251-255; Van der Waerden, 190f.; Gow, 185-187.
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his brother Dinostratus44 made the whole of geometry still
more perfect. Theudius of Magnesiaas had a reputation for
excellence in mathematics as in the rest of philosophy, for he
produced an admirable arrangement of the elements and

made many partial theorems more general.46 There was also

Athenaeus of. Cyzicus,n? who lived about this time and became

eminent in other branches of mathematics and most of all in
geometry. These men lived together in the Academy, making
their inquiries in common. Hermotimus of Colophon pursued
further the investigations already begun by Eudoxus and
Theaetetus, discovered many propositions in the Elements,

and wrote some things about locus-theorems. Philippus of
Mende,nt & pupil whom Plato had encouraged to study mathe-

matics, also carried on his investigations according to Plato's

instructions and set himself to study all the problems that he

thought would contribute to Plato's philosophy.
A11 those who have written histories bring to this point their

account of the development of this science. Not long after
these men came Euclid, who brought together the Elements,

system atizing many of the theorems of Eudoxus, perfecting
many of those of Theaetetus, and putting in irrefutable
demonstrable form propositions that had been rather loosely

established by his predecessors. He lived in the time of
Ptolemy the First, for Archimedes, who lived after the time of

the first Ptolemy, mentions Euclid. It is also reported that

44 67.11 Dinostratus applied Hippias' quadratrix to the squaring
of the circle. Heath \ 225-230; Van der Waerden, 19lf.

4s 67.12 From the fact that Theudius was a member of the

Academy in Plato's time it has been inferred that the propositions in
elernentary geometry cited by Aristotle come from his Elements
( Heath r, 321 ) ; but see von Fritz, in RE, s.v. "Theudius."

46 67.15 Reading with Barocius pr.eprrc6v instead of 6ptx6v. See von
F ritz, loc.cit .

47 67.16 Athenaeus of Cyzicus is otherwise unknown; and so also
is Hermotimus of Colophon, mentioned in line 20 below.

48 67.23 Philippus of Mende is undoubtedly the same as the
Philippus of Opus who edited and published Plato's Laws and who is

said to have been the author of the Epinomis (cf. 42.12). He wrote
numerous works, chiefly on astronoffiy, but also some mathematical
treatises whose titles are preserved. See von Fritz, in R^8, ,s.v. "Philip-
pos."

-56-



69

Chap. V
Euclid's
Mathemati-
cal Works

PROLOGUE: PART TWO

Ptolemy once asked Euclid if there was not a shorter road to
geometry than through the Elements, and Euclid replied that
there was no royal road to geometry. He was therefore later
than Plato's group but earlier than Eratosthenesne and Archi-
medes, for these two men were contemporaries, as Eratos-
thenes somewhere says. Euclid belonged to the persuasion of
Plato and was at home in this philosophy; and this is why he
thought the goal of the Elements as a whole to be the con-
struction of the so-called Platonic figures.

There are many other mathematical writings of Euclid, full
of remarkable precision and scientific insight. Such are his
Optics, his Catoptrics, his Elements of Music, and his little
book on Divisions. But we should especially admire him for
the work on the elements of geometry because of its arrange-
ment and the choice of theorems and problems that are worked
out for the instruction of beginners. He did not bring in every-
thing that he could have collected, but only what could serve as

an introduction. He also included reasonings of all sorts, both
proofs founded on causes and proofs based on signs,so but all
of them impeccable, exact, and appropriate to science. Besides
these the book contains all the dialectical methods: the
method of division for finding kinds, definitions for making
statements of essential properties, demonstrations for pro-
ceeding from premises to conclusions, and analysis for passing
in the reverse direction from conclusions to principles. The
various forms of conversion, both the simple and thd more
complex, can be accurately learned in this treatise.sl One
sees when conclusion and hypothesis can be interchanged as

wholes, when the whole with a part and a part with the whole
are interchangeable, and when only a part with a part. We
mark also the coherence of its results, the economy and or-
derliness in its arrangement of primary and corollary propo-
sitions, and the cogency with which all the several parts are
presented. Indeed, if you add or take away any detail what-
ever, are you not inadvertently leaving the way of science and

4e 68.18 on Eratosthenes and Archimedes see 41.6 and 43.23.
50 69.12 On this distinction see 206.15.
6L 69.22 On geometrical conversion see 252-254,409.1-6.
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being led down the opposite path of error and ignorance?

Since there are many matters that seem to be dependent on

truth and to follow from scientific principles but really lead

away from them and deceive the more superficial students,

he has given us methods for clear-sighted detection of such

errors; and if we are in possession of these methods, we can

train beginners in this science for the discovery of paralogisms

and also protect ourselves from being led astray.The work in

which he teaches us this apparatus he entitled Fallacies. It
enumerates in order the various methods of refutationsz and

for each of them provides exercise for our understandings by
a variety of theoreffis, setting the true beside the false and

adapting his refutations of error to the seductions we may

encounter. This book is cathartic and gymnastic, while the

Elements contains an impeccable and complete exposition of
the science itself of geometrical matters.

If now anyone should ask what the aim of this treatise is, I
should reply by distinguishing between its purpose as judged

by the matters investigated and its purpose with reference to

the learner. Looking at its subject-matter, we assert that the

whole of the geometer's discourse is obviously concerned with
the cosmic flgures. It starts from the simple figures and ends

with the complexities involved in the structure of the cosmic

bodies, establishing each of the figures separately but showing

for all of them how they are inscribed in the sphere and the

ratios that they have with respect to one another. Hence

somess have thought it proper to interpret with reference to the

cosmos the purposes of individual books and have inscribed

above each of them the utility it has for a knowledge of the

universe. Of the purpose of the work with reference to the

student we shall say that it is to lay before him an elementary

exposition (ororyrlrorc, as it is called) and a method of per-

fecting (re).ei.rorr) his understanding for the whole of geom-

etry. If we start from the elements, we shall be able to under-

stand the other parts of this science; without the elements we

cannot grasp its complexity, and the learning of the rest will

s2 70.L1 rp|rot, See 59.5.
5s7!.3 Proclus is presumably referring to editors of the Elements.
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be beyond us. The theorems that are simplest and most funda-
mental and nearest to first principles are assembled here in a
suitable order, and the demonstrations of other propositions
take them as the most clearly known and proceed from them.
In this way also Archimedes in his book on Spfr ere and Cylin-
der and likewise Apolloniusua and all other geometers appear
to use the theorems demonstrated in this very work as gen-
erally accepted starting-points. This, then, is its aim: both to
furnish the learner with an introduction to the science as a
whole and to present the construction of the several cosmic
figures.

But-to inquire briefly about its title-what is the meaning
of this very word orotyel,oors and of the word orotyeiov from
which it is derived? Some theorems we are accustomed to call
"elements" (ororyrio), others "elementary" (orotyer,iErT), and
others do not qualify for either designation. We call "ele-
ments" those theorems whose understanding leads to the
knowledge of the rest and by which the difficulties in them are
resolved. As in written language there are certain primal
elements, simple and indivisible, to which we give the name
ororyetass and out of which every word is constructed, and
every sentence, so also in geometry as a whole there are
certain primary theorems that have the rank of starting-points
for the theorems that follow, being implicated in them all and
providing demonstrations for many conjunctions of qualities;
and these we call "elements." "Elementary" propositions are
those that are simple and elegant and have a variety of appli-
cations but do not rank as elements because the knowledge of
them is not pertinent to the whole of the science: for example,

547I.19 Apollonius of Perga, in Pamphylia, belongs to the latter
half of the third century B.c. His rnonumental treatise on Conics is
one of the most imposing productions of ancient mathematics and
earned for him in antiquity the title of the "great geometer." It con-
sisted of eight books, of which the first four survive in Greek (ed.
Heiberg, 1891-1893 ), and the next three in an Arabic version, the
eighth having completely disappeared. See Heath rr, 126-196; Van
der Waerden, 237-263; Gow, 246-264. Almost nothing is known of
his life.

55 72.8 One of the many uses of the word orotyeia was to desig-
nate the letters of the alphabet.
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the theore.m that the perpendiculars from the vertices of a

triangle to the sides meet in a common point. Propositions
whose understanding is not relevant to a multitude of others or
which do not exhibit any grace or elegance-these do not
have the force of elementary propositions. The term "ele-
ment," however, can be used in two senses, os Menaechmus

tells us. For what proves is called an element of what is proved

by it; thus in Euclid the first theorem is an element of the

second, and the fourth of the fifth. In this sense many propo-

sitions can be called elements of one another, when they can

be established reciprocally. From the proposition that the

exterior angles of a rectilinear figure are equal to four right
angles we can prove the number of right angles to which the

interior angles of the figure are equal, and vice versa. An
element so regarded is a kind of lemma.56 But in another

sense "element" means a simpler part into which a compound

can be analyzed. In this sense not everything can be called an

element of anything [that follows from it], but only the more

primary members of an argument leading to a conclusion, as

postulates are elements of theorems. This is the sense of "ele-

ment" that determines the arrangement of the elements in

Euclid's work, some of them being elements of plane geome-

try, and some elements of stereometry. This also is the

meaning the word has in numerous compositions in arithmetic

and astronomy entitled "elementary treatises" (o"or1.r,ioer,s).

It is a difficult task in any science to select and arrange

properly the elements out of which all other matters are pro-

duced and into which they can be resolved. Of those who have

attempted itb? some have brought together more theoreffis,

some less; some have used rather short demonstrations, others

have extended their treatment to great lengths; some have

avoided the reduction to impossibility, others proportion;

some have devised defenses in advance against attacks upon

the starting-points; and in general many ways of constructing

elementary expositions have been individually invented. Such

6873.4 For Proclus' explanation of lemma see zll.lfr.
57 73.18 Sc. for geometry.
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a treatise ought to be free of everything superfluous, for that
is a hindrance to learning; the selections chosen must all be
coherent and conducive to the end proposed, in order to be of
the greatest usefulness for knowledge; it must devote great at-
tention both to clarity and to conciseness, for what lacks these
qualities confuses our understanding; it ought to aim at the
comprehension of its theorems in a general form, for dividing
one's subject too minutely and teaching it by bits make knowl-
edge of it difficult to attain. Judged by all these criteria, lou
will find Euclid's introduction superior to others. Its useful-
ness contributes to the study of the primary flgures;b8 its
method of proceeding from simpler to more complex matters
and its laying the foundations of the science on the "common
notiontrrtrs produce clarity and articulateness; and by moving
towards the questions under investigation by way of primary
and basic theoreffis, it makes the demonstration general.
The matters that appear to be omitted either can be
learned through the same methods as those it employs, like
the construction of the scalene and the isosceles triangles; or
they are unsuitable for a selection of elements because they
lead to great and unlimited complexity, such as the material
that Apollonius has elaborated at considerable length about
unordered irrationals;uo or they can be constructed from tra-
ditional premises, such as the many species of angles and
lines. These matters are passed over in this work, and though
they may receive rather fuller treatment in others, they can
be learned from sirnple premises. So much we thought it de-
sirable to record about the general nature of this elementary
introduction.

58 74.13 I surmise that Proclus' text has lost something here and
that what he wrote is that the usefulness of the book for the under-
standing of the dpx txd cyfip,ara contributes to the understanding of the
xool.ttxd, ayfip.dra, 3S he says at 83.1f.

5e 74.15 Korvai tvvotat. occurs frequently in Proclus but is nowhere
defined as a technical term. Cf. also rcowa'i. i,l,vo&,t (188.12).

8o 74.23 The Greek text of this book has been lost, but ver Eecke
(ad loc.) notes an attempted restoration of it from an Arabic manu-
script by Woepke, in Mdmoires prisentds d l'Acadimie des Sciences
KV, 658-720.
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The general arrangement of its propositions we should

explain somewhat, as follows. Since this science of geometry

is based, we say, otr hypothesis and proves its later proposi-
tions from determinate first principlss-fo1 there is only
one unhypothetical science, the other sciences receiving their

first principles from it-he who prepares an introduction to

geometry should present separately the principles of the sci-

ence and the conclusions that follow from the principles,
giving no argument for the principles but only for the theo-

rems that are derived from them. For no science demonstrates

its own first principles or presents a reason for them; rather

each holds them as self-evident, that is, as more evident than

their consequences. The science knows them through them-

selves, and the later propositions through them. This is the

way the natural scientist proceeds, positing the existence of

motion and producing his ideas from a definite first principle.

The same is true of the physician and of the expert in any

other science or art. Whoever throws into the same pot his

principles and their consequences disarranges his understand-

ing completely by mixing up things that do not belong

together.u' For a principle and what follows frorn it are by

nature different from each other.

First of all then, to repeat what I said, it was incumbent on

him to set apart the principles from their consequences; and

this is just what Euclid does in practically every book, besides

setting forth at the outset of his whole treatise the common
principles of the science. Next he divides them into hypothe-

ses, postulates, and axioms,02 for these are all different from

each other. Axiom, postulate, and hypothesis are not the same

thing, as the inspired Aristotle sornewhere says.63 When a prop-

osition that is to be accepted into the rank of first principles

is something both known to the learner and credible in itself,

such a proposition is an axiom: for example, that things

6L 75.22 An echo of Plato, Phaedo l0le.
6276.6 Note that Proclus describes Euclid as dividing the rcowdl

dpyal, Of geometry into firollaets, airi1pq,ro., and d.{,r.tbp.dro instead Of the

6pot, alri1p.ara, and xowq.l dvvotut of our Euclid text.
63 76.8 Post, Anal. 76a31-77a4.
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equal to the same thing are equal to each other. When the
student does not have a self-evident notion of the assertion
proposed but nevertheless posits it and thus concedes the
point to his teacher, such an assertion is a hypothesis. That
a circle is a figure of such-and-such a sort we do not know
by a comrnon notion in advance of being taught, but upon
hearing it we accept it without a demonstration. Whenever,
on the other hand, the statement is unknown and nevertheless
is taken as true without the student's conceding it, then, he
says, we call it a postulate: for example, that all right angles
are equal. This characteristic of postulates is evidenced by the
strenuous efforts that have been made to establish one of
them,6a as though nobody could concede it without more ado.
In this way axiom, postulate, and hypothesis are distinguished
according to Aristotle's teaching. Often, however, they are
all called hypotheses, just as the Stoics calt every simple state-
ment an axioffi,ut so that according to them even hypotheses
are axioms, whereas according to others axioms are hy-
potheses.

Again the propositions that follow from the first principles
he divides into problems and theoremS, the former including
the construction of flgures, the division of them into sections,
subtractions from and additions to them, and in general the
characters that result from such procedures, and the latter
concerned with demonstrating inherent properties belonging
to each figure. Just as the productive sciences have some
theory in them, so the theoretical ones take on problems in a

way analogous to production. Some of the ancients, however,
such as the followers of Speusippus and Amphinomus,uu
insisted on calling all propositions "theorems," consider-

84 7 6.21 This appears to be a reference to Post. V and to the
atternpts made in antiquity to demonstrate it. See 191.23tr and note.

65 77.3 See Diog. Laert. vII, 65; von Arnim u, 62-72; and Benson
Mates, Stoic Logic, Berkeley, 1961, 18.

68 77.16 Speusippus was Plato's nephew and his successor as head
of the Academy. Nothing otherwise is known of Amphinomus, who
is referred to later at 2A2.11,220.9, and 254,4. These references con-
firm the implication of this passage that he was a contemporary of
Speusippus.
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ing "theorems" to be a more appropriate designation

than "problems" for the objects of the theoretical sciences,

especially since these sciences deal with eternal things. There

is no coming to be among eternals, and hence a problem has

no place here, proposing as it does to bring into being or to
make something not previously existing-such as to construct

an equilateral triangle, or to describe a square when a straight

line is given, or to place a straight line through a given point.

Thus it is better, according to them, to say that all these objects

exist6? and that we look on our construction of them not as

making, but as understanding them, taking eternal things as

if they were in the process of coming to be. Flence we can say

that all propositions have a theoretical and not a practical

import. Others, on the contrary, such as the mathematicians

of the school of Menaechmus, thought it correct to say that all

inquiries are problems but that problems are twofold in
character: sometimes their aim is to provide something sought

for, and at other times to see, with respect to a determinate

object, what or of what sort it is, or what quality it has, or

what relations it bears to something else. Both parties are

right. The school of Speusippus are right because the prob-

lems of geometry are of a different sort from those of mechan-

ics, for example, since the latter are concerned with per-

ceptible objects that come to be and undergo all sorts of
change. Likewise the followers of Menaechmus are right be-

cause the discovery of theorems does not occur without

recourse to matter, that is, intelligible matter. In going forth
into this matter and shaping it, our ideas are plausibly said to

resemble acts of production; for the movement of our thought

in projecting its own ideas is a production, we have said, of

the figures in our imagination and of their properties. But it is
in imagination that the constructions, sectionings, superposi-

tions, comparisons, additions, and subtractions take place,

whereas the contents of our understanding all stand fixed,

without any generation or change.

There are, then, both geometrical problems and geometrical

theorems. But because theory is the predominant element in

67 78.4 For raird, in Friedlein read ra|ra, with Tannery lx, 126,
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geometry, as making is in mechanics, every problem has also
some theory in it; but the reverse is not true, for demonstra-
tions in general are the product of theory. A11 the propositions
in geometry after the first principles are obtained by demon-
stration, so that "theorern" is the more general term. And not
all theorems require the assistance of problems: there are
some which contain in themselves the demonstration of what
is sought. Those who distinguish theorem from problem say

that every problem admits the possibility of antithetical
predicates in its matter-the attribute sought as well as its
opposite-whereas a theorem admits only a given attribute,
not its antithesis also. (By "mattsr" here I mean the genus of
the thing being studied, such as triangle, square, or circle; by
"attribute" I mean sornething that is by itself accidental, such
as "equal," "divided into segments," "in such-and-such a po-
sition," or something similar. ) When, therefore, we propose
to inscribe an equilateral triangle in a circle, we call it a
problem, for it is possible to inscribe a triangle that is not
equilateral; or again to construct an equilateral triangle on a
given flnite line is a problem, for it is possible to construct
one that is not equilateral. But when a man sets out to prove
that the angles at the base of an isosceles triangle are equal,
we should say he is proposing a theorem, for it is not possible
that the angles at the base of an isosceles triangle should not
be equal. Thus if anyone were to set it up as a problem to
inscribe a right angle in a semicircle, he would be regarded as

being ignorant of geomet.y, for any angle inscribed in a
semicircle is a right angle. In general, then, all cases in which
the property is universal, that is, coextensive with the whole
of the matter, must be called theorems; but whenever the
character is not universal, that is, does not belong to the whole
genus of the subject, then it must be called a problem. The
proposal to bisect a given flnite line is a problem, for it can
also be divided into unequal segments; or to bisect a recti-
linear angle, for it can be divided unequally; likewise to de-
scribe a square from a given line, for we could construct a
figure that is not a square. All such questions belong to the
class of problems.
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On the other hand, the followers of Zenodotus,Bs who
belonged to the succession of Oenopides, although he was a

pupil of Andron, used to distinguish theorem from problem in
the sense that a theorem seeks to know what character is
attributed to the matter it is investigating, whereas a problem

asks under what conditions something exists. Hence the

followers of Posidoniusse likewise distinguished between a

proposition that inquires whether or not something exists and

one?o that seeks to know what or of what sort it is, maintaining
that the theoretical proposition ought to be stated in declara-

tive form (for example, "In every triangle the sum of two of
its sides is greater than the third," or "The angles at the base

of an isosceles are equal" ) , whereas the problematic proposi-

tion should be stated as a question (for example, "fs it
possible to construct a triangle on this straight line?" ) . For

there is a difterence, they said, between simply inquiring

in general whether it is possible to erect a perpendicular to

this line at this point and investigating the nature of the

perpendicular,
It is clear from these considerations that there is a distinc-

tion between a problem and a theorem. That Euclid's Ele-

ments contains both problems and theorems will be evident

from the individual propositions and from his practice of

placing at the end of his demonstrations sometimes "This is

what was to be done" and at other times "This is what was to

be proved." The latter is the mark of a theorem, although, as

we said, demonstration also occurs in problems; nevertheless

08 80.15 Zenodotus and Andron are otherwise unknown; but this
passage is an important part of the evidence that von Fritz presents

for the significant contributions to methodology made by Oenopides;

see note at 66.2 above.
69 80.21 Posidonius of Apamea was head of a school of Stoicism

at Rhodes in the late second century B.c. For his contributions to

mathematical geography and astronomy see Heath fi,219-222. Proclus

appeals to him frequently; cf. 143.8, 170.13, 176.6, 200,2, 216.20,
217.24.

To 80.22 Omittin g rpiBttqp,d in Friedlein, since to take it with the

immediately following rp6ro.aw would violate the distinction that
Proclus is expounding. It appears to be another marginal note that

has got into the text and at a most inappropriate place. See Tannery

rX, 126.
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sometimes the demonstration is used for the sake of the con-
struction-that is, we bring it in to prove that what was
proposed has been dons-vlhereas on other occasions it
deserves attention on its own account because it is able to set
forth the nature of the object investigated. You will find that
Euclid sometimes interweaves theorems with probleffis, using
them alternately, as in the first book; but sometimes one or
the other predominates. The fourth book consists entirely of
probleffiS, the fifth book of theorems. So much for these
matters.

Next we must define the aim of the first book and set

forth its several divisions, and then we shall be able to begin
the examination of the Definitions. What this book proposes
to do is to present the principles of the study of rectilinear
figures. Although the circle is naturally superior to the straight
line and the study of it a higher form of being and knowledge,
yet instruction in the nature of straight lines is more suitable
for us who are less than perfect intelligences and are striving
to convert our understanding from sensible to intelligible
objects. Rectilinear figures are akin to sensibles, but the
circle to intelligibles; for what is simple, uniforffi, and deter-
minate accords with the nature of being, whereas to be di-
versified and to possess indefinitely more containing sides is a
characteristis of sense objects. In this book, therefore, are
presented the first and most fundamental rectilinear figures,
the triangle and the parallelogram. For these are the genera

that include the causal principles of the elements, the isosce-
les and scalene triangles and their compounds, the equilateral
triangle and the square, from which the figures of the four
elements are constructed.?l We shall therefore discover how to
construct the equilateral triangle and the square, the one on a
given straight line, the other from a given line.?z The equi-

TL 82.20 }rotyeio- here means the four primary bodies, the elements
of the physical world. How these are related to the equilateral triangle
and the square is expounded in Plato's Tim.53c-55c.

72 82.22 This distinction between the constructing of an equilateral
triangle on a finite line and the describing of. a square lrom a given
line seems to have been traditional among Greek geometers, though
the reason for it is hard to see. Proclus observes it consistently (cf.
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lateral triangle?3 is the proximate cause of three of the ele-

msnfs-fire, air, yyzfs1-and the square the cause of earth.

Consequently the aim of the first book is dependent on the

entire treatise and contributes to the full understanding of
the cosmic elements. Furthermore, it introduces the learner to
the science of rectilinear figures by revealing their fust prin-
ciples and establishing them with precision.

The book is divided into three major parts. The first reveals

the construction of triangles and the special properties of their

angtes and their sides, comparing triangles with one another

as well as studying each by itself. Thus it takes a single triangle
and examines now the angles from the standpoint of the sides

and now the sides from the standpoint of the angles, with re-

spect to their equality or inequality; and then, hssuming two

triangtes, it investigates the same properties?n in various ways.

The second part?5 develops the theory of parallelograms, be-

ginning with the special characteristics of parallel lines and

the method of constructing the parallelogram and then dem-

onstrating the properties of parallelograms. The third part?o

reveals the kinship between triangles and parallelograms both

in their properties and in their relations to one another. Thus

it proves that triangles or parallelograms on the same or equal

bases have identical properties ;" it shows [what is the relation

78.7 above) and apparently sees some profound significance irf it (see

note at 423.20 ) .

7s 82.23 After ioililtevpov rplywvov the text of Grynaeus skips with'
out a break to tva ydp rb ,prqfi 6nord,v at 86.16. This same gap occurs

in several other Mss. Evidently the codex from which they are aII

derived had lost some of its pages. See C. Wachsmuth in Rheinisches

Museum xxlx, 1874,317:. and the note at 416-14.
74 83.14 f.e. equality and inequality.
?5 83.15 XXVII to XXXIV.
?6 83.19 XXXV to the end.
7T 83.24 I.e. are shown to be equal; the qualifying phrase "with

respect to their equality or inequality" (83.13f.) appears to govern the

whole passage. Proclus' statement is unusually loose, since triangles

on the sarne or equal bases are equal only when they lie between the

same parallels, a condition that must be taken as understood here.

See XXXV-XL.
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betweenl a triangle and a parallelogram on the same base,?B

how to construct a parallelogram equal to a triangl e,rn and
finally, with respect to the squares on the sides of a right-
angled triangle, what is the relation of the square on the side
that subtends the right angle to the squares on the two sides
that contain it.80 Something like this may be said to be the
purpose of the first book of the Elements and the division
of its contents.

As we begin our examination of details, we warn those who
may encounter this book not to expect of us a discussion of
matters that have been dealt with over and over by our
predecessors, such as lemmas, cases, and the like. We are
surfeited with those topics and shall touch on them but
sparingly. But whatever matters contain more substantial
science and contribute to philosophy as a whole, these we
shall make it our chief concern to mention, emulating the
Pythagoreans whose byword and proverb was "a figure and a
stepping-stone, not a figure and three obols."8t By this they
meant that we must cultivate that science of geometry which
with each theorem lays the basis for a step upward and
draws the soul to the higher world, instead of letting it de-
scend among sensibles to satisfy the common needs of mortals
and, in aiming at these, neglect to turn away hence.

78 84.1 This must refer to XLI, but some words have been lost or
else Proclus expressed himself most elliptically. I have filled out his
text with a clause identical to one which occurs four lines lat6r.

?e 84.1 XLIV.
80 84.6 XLVII.
81 84.17 2y6,p.a rai gdpo, dxN oi aTdpo rai rpt&Bo\ov. Taylor (r,

113) notes: "I do not find this aenigma among the Pythagoric sym-
bols that are extant; so that it is probably no where mentioned but in
the present work."
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I. A point is what has no parts.

TN ADVANCING from the more composite to the simpler

t figures, the geometer proceeds from the three-dimensional
solid to the plane that bounds it, from the plane to the line
that is its bound dty, and from the line to the point devoid of

all extension. This has often been said and is evident to

everyone. But since these limits, because of their simplicity,

are often thought to be more august than the complex

natures they delimit, and yet often resemble accidents in
having their existence in the objects bounded by them, we

must decide under which of these two classes of beings they

are to be considered.

I begin, then, by remarking that in immaterial things, which

subsist as ideas separate from matter and as forms grounded

in themselves alone, the substance of the simpler is always

more primary than that of the more composite. For this

reason both in Nous and in the intermediate orders of soulsl-
that is, those natures that directly breathe life into bodies-
the limiting factors have an essential priority over the things

that are limited, 3S being less divisible, more uniform, and

more sovereign; for among immaterial forms unity is more

perfect than plurality, the partless more perfect than what

proceeds in any way from it, and what bounds more perfect

than what gets its limit from something other than itself. On

1 86.1 On the intermediate position of souls and their life-giving
function see Proclus' Elements ol Theology, Props. 188-190. For the

basic principles governing the hierarchy of the intelligible world see

especially the first six propositions in the Elemenrs. To give references

for all the details of Proclus' cosmology, here and at later points in
this commentary, would extend these notes beyond all convenient
bounds. The reader who wishes to study them further is advised to
consult Dodds' comrnentary on the Eleme.n/s, the detailed exposition in
Ros6n, or the more summary accounts in Thomas Whittaker, The

Neo-Platonists, 2nd edn., Carnbridge, 1918, 157-180; and in Friedrich
Ueberweg, Die Philosophie des Altertuntr, ed. Karl Praechter, Basel,

1953 , 625-631 ,
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the other hand, the forms which, requiring matter, have their
foundation in what is outside themselves, and have departed
from their own nature to be dispersed among their several
subjects and possess only an imported unity, have been
allotted more complex ideas rather than simpler ones. Thus
in the objects that appear in imagination and in the matter of
imagined shapes, oS well as in perceptible things that are
generated by nature, the ideas of the bounded objects have
priority, the ideas of their boundaries being subsequent and,
as it were, adventitious. fn order that an object in three
dimensions may not stretch to an infinite size in our thought
or perception, it is limited on all sides by planes; and so that
the plane may not slip away into boundlessness, the line
comes to be in it to contain and define it; and the point does
the same thing for the line, these simples existing for the
compounds.

This also is clear, moreover, that in the forms separable
from matter the ideas of the boundaries exist in themselves
and not in the things bounded, and it is because they remain
precisely what they are that they become agents for bringing
to existence the entities dependent upon them. But in the
forms inseparable from matter the limits surrender themselves
to the things they limit; they establish themselves in them,
becoming, as it were, parts of them and being filled with their
inferior characters. This is why in this region the partless
partakes of divisible existence and the breadthless of breadth;
and the limiting elements are no longer able to preserve their
simplicity and purity, for they are altered by having come to
be in a substratum that is other than themselves. Matter
muddies their precision; the idea of the plane gives the plane
depth, that of the line blurs its one-dimensional nature and
becomes generally divisible, and the idea of the point ends by
becoming bodily in character and extensible together with the
things that it bounds. For all ideas when they flow into matter

-the 
ideas of the understanding into intelligible and those of

nature into perceptible matter-are filled with their sub-
strates: they forsake their native simplicity for alien com-
binations and extensions.
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But if all things in Nous and in the soul are without parts

or intervals, how does it happen that in the realm of matter

some of them are subject to division preeminently and others

because of the nature of matter? Is it not that among im-
material forms there is a gradation of rank between primary,

intermediate, and later forms? Some forms are more uni-
form, others more inclined to plurality; some hold their

powers together in concentration, others endeavor to scatter

theirs; some sit close to the Limit, others incline towards the

Unlimited. For although they all partake of these two prin-
ciples, yet some are more the offspring of one and have a
larger share of its nature, while others are similarly related

to the other. This is why in that higher region the point is

completely without parts and yot, although its being is deter-

mined by the Limit, it secretly contains the potentiality of

the Unlimited, by virtue of which it generates all intervals;z

and the procession of all the intervals does not exhaust its
infinite capacity. Body on the other hand-that is, the idea of
body-has a greater share of the nature of the Unlimited,

wherefore it belongs among the things bounded from without

and divisible to infinity in all directions. The forms inter-

mediate between these two, according to their distance from

one or the other extreme, belong respectively to the class of
things inclined more towards the Limit and to those that

enjoy boundlessness. Consequently these forms both bound

and are bounded: they bound insofar as, owing their existence

to the Limit, they are able to impose limits on other things;

and they are bounded insofar as, by their participation in the

Unlimited, they need to be limited by other things.

The point, then, being a limit, preserves its character when

things participate in it. But since it also secretly possesses

the nature of the Unlimited and strives to be everywhere in the

things that it bounds, it is present in them an infinite number

of times; and since in the intelligible world the Unlimited is a
power generative of extended bodies, So it is potentially such

2 88.5 Removing Friedlein's period after \norfip.ara and ending

the sentence with \itvapcw in line 7; the following ,b Ae is obviously the

correlate to rb p"tv in line 2.
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in the things that share in it. For among the higher realities-
the intelligibles-the Unlimited is the first creative cause and
generative power of all things, but in enmattered forms it is
imperfect and only potentially everything. In sum, those forms
that by their simplicity and absence of parts occupy the highest
station among first principles preserve their specific natures
when things share in them, but they do so in a lesser degree
than the more composite ideas. For matter is able to share in
the composite ideas more clearly; it is to them that it is
adapted, rather than to the simplest principles of being. For
this reason, although traces of the most exalted principles
descend into matter, yet the characters that it receives from
principles of the second and third ranks are much more clearly
evident. Hence it partakes more of the principle of body than
of the principle of the plane, of the plane more than of the
form of the line, and of the line more than of the point that
bounds and holds them together. For the idea of the point is
the first member of this entire series; it unifies all things that
are divided, it contains and bounds their processions, it brings
them all on the stage and encompasses them about. This is
why even in sensible likenesses, although different things have
different boundaries, the point is the limit of them all.

We should not suppose, as the members of the Stoic school
did, that these limits-I mean the limits found in body-exist
merely as the product of reflection. To be reminded that
natures of this sort with their creative presiding ideas exist in
things we need only look at the whole of the cosmos-at its
circular revolutions and the centers of these circuits, that is,
the axes that penetrate them all. For the centers actually
exist as holding together the spheres, unifying their extensions
and constraining and compressing their forces about the
centers. The axes wrap the spheres about them and, while
themselves remaining fixed, carry them around in revolutions
about themselves. And the poles of the spheres, which limit
the axes and from their positions control all the circuits-are
they not clear evidence that points have creative and con-
trolling powers capable of making a whole of the disparate
parts, providing them with their unity and their never-ceasing
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motion? This is why Plato declares that the substance of these

axes is as hard as adamant, thus indicating their irreversible,

everlasting, steadfast, unchangeable being. The whole "spin-
dle," he says, moves about these axes, celebrating their unity
in a dance.3 Other doctrines of a more secret kind assert that

the Demiurge who presides over the cosmos rideso upon the

poles and through his divine love turns the whole towards

himself. The Pythagoreans claimed that the pole should be

called "the seal of Rhea," as the place through which the

life-givirg goddess dispenses her mysterious and effective
power to the All; and the center they said is "the guard-
house of Zas," since Zeus set his creative watch in the

bosom of the cosmos and established it securely there about

the middle. For if the center remains fixed, the All likewise

maintains its orderly arrangement unperturbed and its revolu-

tion unendirg, and all things preserve their stations un-

changed. The gods that guard the poles have been assigned

the function of assembling the sep arate and unifying the mani-

fold members of the whole, while those appointed to the axes

keep the circuits in everlasting revolution around and around.

And if I may add my own conceit, the centers and the poles

of all the spheres symbolize the wry-necked godsu by imitating
the mysterious union and synthesis which they effect; the

axes represent the mainstays of all the cosmic orders, since

they hold together the unities and revolutions in the visible

cosmos, as the intelligible centers hold together the cosmos

3 90.11 This passage contains reminiscences both of. Rep. 616cff.

and of Tim. 40c.
4 90.13 lroyortp.eyov. This is a clear reference to the 6xqpo, or

vehicle, in which every soul, divine or human, is, so to speak, em-

bodied according to Neoplatonic thought. For this doctrine see Proclus'

Elements ol Theology, Props. 196,204-21 1, and Dodds' Appendix II'
313-321. Cf. 138.8.

5 91.3 risv iuyytxi:v 0e6u, Chaldaic divinities (see Kroll, 39'42,
73f..), apparently represented in the form of the bird called iryt (see

Aristotle's description in Hist. An.504al2-19), They are alluded to
elsewhere by Prrclus (e.g. Commentary on the Republic II, 213.1',

Kroll; Comrnentary on tlte Cratylus, 33.15, Pasquali), but these pas-

sages throw no rnore light on their nature and function than does the

present one. Barocius translates conciliantium deorum, and ver Eecke

des dieux conciliateurs.
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of the intelligibles; and the very spheres are likenesses of the
perfecting divinities, joining end to beginning and surpassing
all other figures in simplicity, uniformity, and perfection.

We have expanded somewhat largely on these matters in
order to show that points, and limits in general, have power in
the cosmos and that they have the premier rank in the All
by virtue of carrying the likenesses of the first and most sov-
ereign causes. For the centers and poles of the cosmos are not
limits such as exist in limited things; rather they have an

actuat foundation and a self-sufficient being and power that
extend throughout the whole of the divisible world. Most
people, observing that limits exist imperfectly in limited thitrgs,
have a confused conception of their being. Some say that they
are only abstracted by reflection from sensible things, others
that they have no existence apart from our thoughts. But the
forms of all of them do exist in the intelligible world, they
exist in the orders of soul, they exist in nature and, last of all,
in bodies. Let us then note how they have their being in
each class of things corresponding to the position of that
class. A11 limits exist preeminently in Nous, but partless and
without differentiation of kind, so that they all subsist covertly
and indivisibly in a single form under the idea of the point.
Likewise they all exist in souls, but under the form of the line;
that is the reason why Timaeus constructed the soul out of
straight lines and circles,u for every circle is only a line. And
they all exist in the things of nature, but under the idea of the
plane. This is why Plato thought it proper to exhibit the ideas
constitutive of natural bodies with the help of planes;? the
analysis of bodies into plane surfaces brings us to the proxi-
mate cause of their appearances. Finally, all the limits are
in bodies, since all the forms exist in them, but in a material
fashion in accordance with the divisible nature of bodies.

Consequently all the limits are everywhere, and each comes
to light in its proper place, their appearances varying accord-
ing to the power that prevails in them. As to the point, it is
everywhere indivisible and distinguished by its simplicity from

8 92.7 On the straight lines in the soul see note at 16.22 above.
7 92.11 I.e. in Tim. 53c-55c.
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divisible things; but as it descends in the scale of being, even

the point takes on the character distinctive of divisibles. Some-
times it has its seat altogether above them in keeping with the
superiority of its cause, sometimes it is ranged beside them,

and sometimes it takes up temporary residence among them

and, drinking as it were from the partibility of inferior beings,

relaxes its own partlessness. Just as the unit in one of its
aspects is generative of numbers and in another aspect serves

as the matter underlying numbers, and in neither case is

number itself but a principle of number in one or the other of
these ways, so likewise the point is sometimes the constitutive
principle of magnitudes and at other times a principle in a

different sense, but not as the generative cause.

But is the point the only thing that is without parts, or is
not this a characteristic also of the instant in time and of

unity among numbers? The answer is that the philosopher,

whose field of inquiry is the universe of beings, should exam-

ine everything that is in any way divisible as well as the

natures of the indivisibles that are sovereign over them,

whereas the scientist in a speci al area----conducting his inquiry
from certain limited starting-points to which alone he refers

his results, without attending to the procession of beings in

the cosmos-has the responsibility of examining and ex-

pounding only that indivisible nature which' is appropriate to
his first principles. It is his responsibility to see that simplicity
which is prim ary in the objects that he studies. In geometrical

matter, then, the point alone is without parts, and in arith-

metic the unit; and the definition of the point, though it may

be imperfect from another point of view, is perfect as far as

the science before us is concerned. The physician says that

the elements of bodies are f,re, water, and the like, and he

carries his analysis of bodies only thus far; but the physicist

proceeds to other elements simpler than these. The former

defines as element what is simple to sense-perception, the

other what is simple in thought; and each of them is right
with regard to his own science. We must not therefore con-

8 93.15 Reading with Barocius ,i for f and, in the next line, 6pd,u

for dpfl in Friedlein.
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sider the definition of point mistaken, nor judge that it is

imperfect; for with respect to the subject-matter of geometry
and the starting-points of this science, it is adequately given.
It all but clearly says that "what is without parts is a point for
my purposes and a principle for me; and the simplest object
is none other than this." In such fashion must we understand
the statement of our geometer,

By denying parts to it, then, Euclid signifies to us that the
point is the first principle of the entire subject under examina-
tion. Negative definitions are appropriate to first principles, as

Parmenides teaches us in setting forth the first and ultimate
cause by means of negations alone. For every first principle
is constituted by a different essence from that of the things
dependent on it, and to deny the latter makes'evident to us

the peculiar property of the principle. For that which is their
cause, but not any one of the things of which it is the cause,

becomes in a sense knowable through this method of ex-
position.

But someone may object: How can the geometer contem-
plate a partless something, a point, within the imagination if
the imagination always apprehends things as shaped and
divisible? For not only the ideas in the understanding, but also

the impressions of intellectual and divine forms, are accepted
by the imagination in accordance with its peculiar nature,
which furnishes forms to the forrnless and figures to what is
without flgure. To this difficulty we reply that the imagfnation
in its activity is not divisible only, neither is it indivisible.
Rather it moves from the undivided to the divided, from the
unformed to what is formed. For if the imagination were di-
visible only, it would be unable to preserve in itself the various
impressions of the objects that come to it, since the later
ones would obscure those that preceded them-just as no
body can at the same time and in the same place have a

series of shapes, for the earlier ones are erased by the later.
And if it were indivisible, the imagination would not be
inferior to the understanding or to the soul, which views
everythitg as undivided; nor could it exercise form-giving
functions. It is necessary therefore that its activity should
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start from what is partless within it, proceed therefrom to
project each knowable object that has come to it in concelt-

trated form, and end by giving each object form, shape, and

extension. If, then, it has a nature of this kind, the character

of indivisibility is in a certain sense within it, and it is pri-
marily by virtue of this character that we must say it contains
the being of the point; and by virtue of the same character

the form of line also exists wrapped up within it. Possessing

this double character of indivisibility and divisibility, the

imagination contains the point in undivided and intervals in
divided fashion.

Since the Pythagoreans, however, define the point as a unit
that has position, we ought to inquire what they mean by

saying this.0 That numbers are purer and more immaterial

than magnitudes and that the starting-point of numbers is

simpler than that of rnagnitudes are clear to everyone. But
when they speak of the unit as not10 having position, I think
they are indicating that unity and numbel tfuat is, abstract

numberrr-have their existence in thought; and that is why

each number, such as flve or seven, appears to every mind as

one and not many, and as free of any extraneous figure or

form. By contrast the point is projected in imagination and

comes to be, as it were, in a place and embodied in intelligible
matter. Hence the unit is without position, since it is im-
material and outside all extension and place; but the point

has position because it occurs in the bosom of imagination

and is therefore enmattered. Owing to its affinity with the

principles, the unit is simpler than the point;12 for the point, by

e 95.23 The purpose of the following paragraph appears to be to
dispute the Aristotelian interpretation (Met. l080bl6-20 and passim)

that the Pythagoreans considered numbers to have magnitude.
to 95.26 It is certain that ph has dropped out between ilCow and

(yovodv in 96.1, otherwise the contrast between ,h, pl, povd.6a and
zd Dt oqpeiov (96.6) is not expressed.

11 96.3 p"ovadr,xis. For the meaning given this term in the transla-
tion see note at 95.23.

t2 96.12 arqp.fi. This is the older word for "point," supplanted in
Euclid and his successors by oqpe?ov. Proclus ordinarily uses the
Euclidean term, os in the preceding sentence; but here and at 59.18
(both times in a historical context) he uses the earlier Pythagorean
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having position, goes beyond the unit. And additional deter-
minants in the bodiless concepts effect a lessening of being in
the things that accept them.

II. A line is length without breadth.rg

The line is second in order as the first and simplest exten-
sion, what our geometer calls "length," adding "without
breadth" because the line also has the relation of a principle
to the surface. He taught us what the point is through nega-
tions only, since it is the principle of all magnitudes; but the
line he explains partly by affirmation and partly by negation.
The line is length, and in this respect it goes beyond the un-
dividedness of the point; yet it is without breadth, since it
is devoid of the other dimensions. For everything that is

without breadth is also without depth, but the converse is not
true. Thus in denying breadth of it he has also taken away
depth, and this is why he does not add "without depth," since
this is implied in the absence of breadth.

The line has also been defined in other ways. Some define
it as the "flowing of a point,"r* others as "maguitude extended
in one direction." The latter definition indicates perfectly the
nature of the line, but that which calls it the flowing of a

point appears to explain it in terms of its generative cause and
sets before us not line in general, but the materialls line. This
line owes its being to the point, which, though without parts,
is the cause of the existence of all divisible things; and the
"flowing" indicates the forthgoing of the point and its genera-

term. Aristotle uses both, but orrtptt more often. Plato uses neither;
and Aristotle reports that he rejected the concept as a geometrical
fiction (Met, 992a20-22). See Ross's note on this passage (Aristotle's
Metaphysrcs, oxford, 1958, r, 203-207 ) and Heath, Euclid r, 155f.

13 96.16 Aristotle (Topics 143b11) cites this definition of the line.
It was therefore current before Euclid's time and perhaps should be
attributed to Plato and his school.

t4 97.7 Referred to by Aristotle in De An. 409a4. The definition of
line as "magnitude extended in one direction" is essentially Aristotle's,
as Heath notes (Euclid r, 158); see Met. 1020a1 l-l}.

15 97.11 The text reads du\or,, "immaterial," but this must be a slip,
since the line described in the immediate sequel is the material line,
and I have translated it accordingly, as does ver Eecke.
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tive power that extends to every dimension without diminution
and, remaining itself the same, provides existence to all
divisible things.

A11 these things are known to everyone. But let us recall the

rnore Pythagorean doctrine that posits the point as analogous

to the monad, the line to the dyad, the surface to the triad, and

the solid to the tetrad. On the other hand, considering them as

extended, we shall find that the line is one-dimensional, the
surface two-dimensional, and the solid three-dimensional;

hence Aristotle says16 that body comes to completion with the

nurnber three. It is no wonder that the point, because of its
partlessness, has been primarily associated with the monad;
but of the things that come after the point, although they

correspond to the numbers that arise from the monad and

keep the same relationl? to the point that the numbers have

to the monad, yet each participates in what is immediately

before it and has the same value in relation to its next and

successor as its antecedent has to it. That is, the line has the

rank of two with respect to the point, but of one with respect
to the surf ace; the surface has the rank of three with respect to

the point and the line, but of two with respect to the solid;

and so body is tetradic with respect to the point and triadic
with respect to the line.18 Both of these orderings have their
justification, but that of the Pythagoreans is closer to flrst
principles, for it starts from the top and follows the nature of
things. The point is twofold, because it exists either by itself

or in the line. As a limit only, and one, possessing neither

wholeness nor parts, it is a likeness of the very summit of

being and so is ranked as analogous to unity. For unity is
primarily there where ancestral unity dwells, 2s the Oracle

says.', Since the line is the first thing to have parts and to be a

a6 97.25 De Caelo 268a8.
1? 98.1 Reading with Barocius rottrov for rotrarv in Friedlein.
18 98.7f. The text here is puzzling, but I have not ventured to

emend it.
1e 98.18 rb )t67rcv. Kroll investigated the contents, origin, and date

of this Oracle to which Proclus and other late Neoplatonists refer
and brought together the fragments that can be rescued from these

citations. Proclus' interest in these Oracles is well attested by his
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whole, and since it is both monadic because unidimensional
and dyadic because of its forthgoing-for if it is an infinite
line it partakes of the indefinite dyad, and if it is finite it ro-
quires two limits, a whence and a whither2o-for these reasons
it is an imitation of wholeness and of that grade of being which
is extended oneness and generates duality. For this it is that
produces transformation into length,z' that is, into divisible
extendedness in one dimension together with participation in
duality. The surface is both triad and dyad; being the recep-
tacle of the primary figures as well as the first nature that
takes on form and shape, it resembles both the triad that
primarily bounds all beings and also in a way the dyad which
divides this triadic nature. But the solid, extended in three
directions and defined by the tetrad that cortrprehends all
ratios in itself,z' carries our thoughts to that intelligible
cosmos which by the aid of the tetradic property-that is,
the feminine and generative power-produces the separation
of the orders of bodily things and the division of the universe
into three.

These matters could be worked out further. Because the
line is second and owes its existence to the first change from
partlessness, the Pythagorean doctrine properly calls it dyadic.
That the point comes after the monad and the line after the

biographer Marinus; see the Introduction, "Proclus: His Life and
Writings." Both Porphyry and Iamblichus before him had'written
commentaries on the Chaldaean Oracles. Those who would like to
pursue this inquiry further should begin with Dodds' essay in the
Journal of Rontan Studies xxxvll, 1947, reprinted as Appendix II in
his The Greeks and the lrrational (Berkeley, 1951), where they wilt
find abundant references to the recent literature. For the Oracle cited
here see Kroll, 15. A new edition of the Chaldaean Oracles by Edouard
des Places is promised for the current year.

20 98.22 I can make nothing of zrpds rby d.f airfis in Friedlein, and
his conjecture rpisrov d,n' oirffs is little more intelligible. Either Baro-
cius did not have these words in his text, or if he did, he chose not to
translate them. I follow his example.

2L 99.2 Reading with Grynaeus trorq.6w for Cxzocly in Friedlein.
22 99.10 The first solid number, according to Pythagorean lore, is

four-three dots making the base and one the apex of a triangular
pyramid. The numbers 1, 2, 3, 4 yield the most consonant intervals in
the musical scale. See Van der Waerden, 95.
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dyad and the surface after the triad the Parmenides indicates

when it denies first plurality of the One and then wholeness;23

if plurality comes before wholeness, so also number comes

before the continuous, the dyad before the line, and the

monad before the point. For it is fitting to describe as "not
many" the monad that generates plurality [and as "neither
whole nor part" the point that brings the whole into beingl.2a

For of the whole it is said that it has parts.

So much can be said about the line on more speculative
grounds. But we should also accept what the followers of
Apollonius s&y, namely, that we have the idea of the line when

we ask only for a measurement of length, as of a road or a
wall. For breadth does not enter into our consideration, since

we reckon only the distance in one direction. Similarly when

we measure a plot of land we look only at the surface, and

when we are measuring a well, the three-dimensional cavity;

in this case we consider all the dimensions together and de-

clare that such-and-such is the volume of the well, according

to its length, breadth, and depth. And we can get a visual
perception of the line if we look at the middle division separat-

ing lighted from shaded areas, whether on the moon or on the

earth. For the part that lies between them is unextended in

breadth, but it has length, since it is stretched out all along

the light and the shadow.

III. The limits of a line are points.

Every compound gets its bound ary from the simple, and

every divisible thing from the indivisible. The principles of
mathematics provide images of these truths; for when Euclid

says that the line is limited by points, he is clearly making the

line as such unlimited, as not having any limit because of its
own forthgoing. So just as the dyad is bounded by the monad

and, when controlled by it, sets a term to its own unchecked

boldness, so also the line is bounded by points. And being dual

in nature, when it participates in the point, which contains the

23 99.22 Parm. 137c.
24 lOO.2 I have accepted with modifications Friedlein's suggestions

for filling up this lacuna.
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idea of unity, it does so in the fashion of a dyad. Now in
imagined and perceived objects the very points that are in the
line limit it, but in the region of immaterial forms the partless
idea of the point has prior existence. As it goes forth .from
that region, this very first of all ideas expands itself, moves,
and flows towards infinity and, imitating the indefinite dyad,
is mastered by its own principle, unified by it, and constrained
on all sides. Thus it is at once unlimited and limited-in its
own forthgoing unlimited, but limited by virtue of its partici-
pation in its limitlike cause. For as it goes forth, it is held by
itself within the compass of that cause and is bounded by its
unifying power. Hence also in [sensible] likenesses the points
that constitute the extremity and the beginning of a line are
said to bound it. In that upper realm, then, the limit tran-
scends what is limited, but here it is twofold, for it exists in
the limited thing itself. This affords a remarkable illustration
of the principle that the forms existing in themselves are
causally prior to the things that participate in them but, in
giving themselves to their participants, take on an existence
after their kind, becoming plural and divisible as their subjects
are, and enjoying their diversity.

This further fact we must also anticipate about the line:
our geometer makes a threefold use of it. Thus he takes it as

Iimited at both ends, as in the problem "IJpon a given finite
line to construct an equilateral triangle"'er then as unlimited
in one direction and limited in the other, as in the problem
"To construct a triangle from three straight lines that are
equal to three given straighl lipssrtzo (for in the construction
he says "given a straight line limited in one direction but
unlimited in the other" ) ; [and, lastly, as unlimited in both
directions, as in the problem "To a given infuiite line to draw
a perpendicular to it from a point lying outside the lin e,,1.zt
Thus line is understood in three senses by our geometer.

Besides these matters, this point also is worthy of attention
and should not be passed over: in what sense are points said

26 102.15 In I. 2s 102.18 As in XXII.
2T 102.20 I have adopted and translated Barocius' plausible filling

of the lacuna here. The proposition used as illustration is XII.
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to be limits of a line, and of what sort of line are they limits?
They cannot be limits of the infinite line, nor of every finite

line. For there is a line which is finite but does not have points

as its limits. The circle is such a line, bending back upon itself
and making no use of limits as does the straight line. Such

also is the ellipse.2s Perhaps, then, we should consider the

line only insofar as it is a line.zn For we can conceive a

segment of a circumference bounded by points and a part of
an ellipse likewise having points as its boundaries; but the

circle and the ellipse have another property by virtue of
which they are not only lines, but also productive of figures.
If, then, we consider both of them as lines, they have points

as limits; but if they are thought of as producing the sorts of
figures mentioned, then they bend back on themselves. And if
you think of them as they are being drawn, You will find

where they are bounded by points; but taking them as already

drawn, with their beginnings and their ends joined together,
you can no longer see their extremities.

IV. A straight line is a line which lies evenly with

the points on itself .

Plato assumes that the two simplest and most fundamental
species of line are the straight and the circular and makes

all other kinds mixtures of these two, both those called spiral,

whether lying in planes or about solids, and the curved lines

that are produced by the sections of solids. According to
Plato, the point, if we may say so, appears to bear the likeness

of the One, for the One also is without parts, as he has shown

in the Parmenides. Since there are three hypostasesso below

the One-namely, the Limit, the Unlimited, and the Mixed-
it is through them that the species of lines, angles, and figures

come to be. Corresponding to the Limit ffie, in surfaces, the

circular line, the angle bounded by circular lines, and the

28 103.6 0vpeis, "shield."
2s 103.7 This is a strange phrase, for it contradicts the statement

(101.7) that the line "as such" is unlimited. The point of this para-

graph is only to show that, il a line has limits, those limits are points.

See Heath, Euclid r, 165.
30 104.9 See notes at 3.5 and 5.18.
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circle;'' and, in solids, the sphere. To the Unlimited cor-
responds the straight line in all these groups, for it is found
in them all, presenting its characteristic appearance on each
occasion. And the mixtures in all of them correspond to the
principle of the Mixed. For there are mixed lines, such as

spirals; mixed angles, such as the semicircular and the horned
angles;32 mixed figures, such as sections of plane figures and
arches;33 and mixed solids, such as cones, cylinders, and the
like. Hence the Limit, the Unlimited, and the Mixed are
present in all of them. Aristotle's opinion is the same as

Plato's; for every line, he says, is either straight, or circular,
or a mixture of the two.34 For this reason there are three
species of motion-motion in a straight line, motion in a

circle, and mixed motions.

Some dispute this classification, denying that there are only
two simple lines and saying that there is also a third, namely,
the cylindrical helix, which is traced by a pointss moving uni-
formly along a straight line that is moving around the surface
of a cylinder. This moving point generates a helix any part of
which coincides homoeomerously with any other, as Apol-
lonius has shown in his treatise On the Cochlias. This charac-
teristic belongs to this helix alone. For the segments of a

spiral in a plane are dissimilar, as are those of the spirals
about a cone or sphere; the cylindrical spiral alone is hornoe-
omeric, like the straight line and the circle. Are there not,
then, three simple lines, instead of two only?

To this difficulty we shall reply by saying that this helix is

indeed homoeomeric, os Apollonius has shown, but is by no
means simple. For to have similar parts and to be simple are
not the same thing. Among natural bodies gold and silver

31 104. 13 These are chosen as examples of lines, angles, and
figures respectively, as is implied by rord, rd.yra ra}ra in line 14.

32 104.18 The former is the angle made by the diameter and the
circumference of a circle, the latter that made by the circumference
and a tangent to the circle; cf. 127.14. On the horned angle see Heath
I, 178, 382, and Euclid lr, 39ff.

33 104.19 dr,Li0es, i.e. arcs other than semicircles.
34 104.24 For Plato see Parm. 145b; for Aristotle be Caelo

268b17f. and Phys. 261b29.
35 105.3 Reading o4peiov for oqp.etov in Friedlein.
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consist of similar parts but are not for that reason simple.

The very mode of generating the cylindrical helix shows that
it is a mixture of simple lines, for it is produced by the move-

ment of a straight line about the axis of a cylinder and by the

movement of a point along this line. It owes its existence,

then, to two [dissimilar]3s simple motions, so that it is to be

classed among the mixed, not the simple lines. For what
comes to be out of diverse principles is not simple, but mixed;
and Geminus has rightly declared that, although a simple line
can be produced by a plurality of motions, not every such

line is mixed, but only one that arises from dissimilar motions.

Imagine a square undergoing two motions of equal velocity,
one lengthwise and the other sidewise; a diagonal motion in a

straight line will result. But this does not make the line a
mixed one, for it is not brought into being by a line different

from itself and rnoving simply, &s was the case with the

cylindrical helix mentioned. Nor is it true that a circular line
comes about by mixture if one imagines a straight line moving
in a right angles? and describing a circle with its middle point;

for when a straight line is moving thus, its extremities, moving

nonuniformly,u* describe straight lines, whereas the middle

point, moving nonuniformly, describes a circle, and the other

points ellipses.se So a circular line is generated as a result of

nonuniform motion of the middle point, under the condition

given that the line is moving not naturally, but with its ex-

tremities on the sides of a right angle.o0 But enough of these

matters.

3G 105.23 Consistency with 105.25 and 106.3 requires that d.udp"otot

be inserted here.
sz 106.10 I.e. with its extremities on the two sides of a right angle.
s8 106.13 Reading d.vop,d.)rus for dpatr6s here, after Tannery, who

has analyzed this example in lt, 36.
39 106.14f. Presumably this illustration is taken from Geminus,

who may have provided the demonstration for the interesting theorem
employed. For this demonstration see ver Eecke, 96, note 4.

40 106.19 The point of this illustration is not clear. It would appear

that the circle thus resulting is a mixed line, like the ellipse. Either
Proclus has incorrectly transcribed what he found in Geminus, or
Genrinus was himself not clear about the distinction between simple
and mixed lines. Elsewhere in Proslus' citation of Geminus' doctrine

-86-



LA7

108

DEFINITIONS

One might think that, although both the straight line and
the circle are simple lines, the straight line is the simpler. For
it contains not even any dissimilarity in thought, whereas
concavity and convexity in the circle indicate difference; and
the straight line does not suggest the circle, whereas the
circular line does bring to mind the idea of the straight line,
if not through its mode of generation , zt least by its relation
to a center. What, then, if someone should say that the circle
needs the straight line for its existence? For if one end of a
finite line remains stationary and the other moves, it will
describe a circle whose center is the stationary extremity of
the straight line. Should we not reply that what describes the
circle is not the line, but the point that moves about the
station ary point? The line only defines its distance from the
center, whereas what produces the circle is the point in
circular movement. But enough of this.

It appears that the circular line belongs with the Limit and
has the relation to other lines that the Limit has to all things;
for of the simple lines the circular alone is limited and makes
a figure, whereas the straight line belongs with the Unlimited
and hence can be projected indefinitely without end. So as all
other things arise from the Limit and the Unlimited, likewise
the whole class of mixed lines, both those in planes and those
about solids, come from the circle and the straight line. For
this reason the soul contains in advance the straight and the
circular in her essential nature, so that she may supervise the
whole array of unlimiteds as well as all the timited beings{1
in the cosmos, providirg for their forthgoing by the straight
line and for their reversion by the circle, leading them to
plurality by the one and collecting them all into unity by the
other. And not only the soul, but also he who constituted the
soul and furnished her with these two powers possesses in
himself the primordial causes. For "holding in advance the

of mixed lines there is unclearness, if not confusion. See notes below
at I 1 1.9 and 113.23.

4L 107.23 Reading with Grynaeus and apparently Barocius rrepa-
roe t6fi instead of repnroe fifi in Friedlein.
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beginnirg, middles, and ends of all things," says Plato, "he
bounds straight lines as he moves around by nature ."n2 He
goes forth to all things with his providential activity while he

is turned upon himself, "abiding in his accustomed nature," as

the Timaeus says.as The straight line is a symbol of the inflex-
ible, unvarying, incorruptible, unremitting, and all-powerful

providence that is present to all things; and the circle and cir-
cular movement symbolize the activity that returns to itself,
concentrates on itself, and controls everything in accord with a
single intelligible Limit. The demiurgic Nous has therefore
set up these two principles in himself, the straight and the

circular, and produced out of himself two monads,nn the one

acting in a circular fashion to perfect all intelligible essences,

the other moving in a straight line to bring all perceptible

things to birth. Since the soul is intermediate between sensibles

and intelligibles, she moves in circular fashion insofar as she

is allied to intelligible nature but, insofar as she presides over

sensibles, exercises her providence in a straight line. So much

regarding the similarity of these concepts to the order of

being.
Euclid gives the definition of the straight line that we have

'set forth above, making clear by it that the straight line alone

covers a distance equal to that between the points that lie
on it. For the interval between any two points is the length

of the line that these points define, and this is what is rneant

by "lying evenly with the points on itself."45 If you take two

points on a circle or any other kind of line, the length of the

42 108jl Laws 716a. Burnet's text of the Laws has ei0eig instead of
eitilelas in Proclus (line 6) which gives a different meaning.

43 108.10 Tim. 42e.
44 108.18 A rnonad, in Proclus' thought, is an originative prin-

ciple of a series of beings, as the number one is of the series of
numbers. See his Elernents of Theology, Prop. 21.

45 109.13 On the many attempts to explain the meaning of this
phrase see Heath, Euclid t, 166ff., and Tannery tt, 540'544. Proclus'

attempt to make it the equivalent of Archimedes' "definition"-the
shortest distance between two points-is hardly successful. Tannery

sees the expression as having its origin in the language of the everyday
craftsman, such as the carpenter evening a piece of wood, or the
stonemason levelling a surface by a stretched cord or dressing a

wall by means of a Plumb line.
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line between the two points taken is greater than the distance
between them. This seems to be a characteristic of every line
except the straight. Hence it accords with a common notion
that those who go in a straight line travel only the distance
they need to cover, as men S&y, whereas those who do not go

in a straight line travel farther than is necessary.

Plato, however, deflnes the straight line as that whose
middle intercepts the view of the extremes.46 This is a neces-
sary property of things lying on a straight line but need not be
true of things on a circle or any other extension. This is why
astronomers say that the sun is in eclipse at the tirne when
both it and the moon are on a straight line with our eye; for
then our view of it is intercepted by the moon which has come
between it and us. Perhaps this property of the straight line
affords a proof that in the realm of being, as things go forth
from their causes, the middle orders of things have the
property of differentiating the separateness4t of the extremes
from the community of nature that unites them, just as in the
process of reversion they draw back to their first causes the
entities that lie at intervals from themselves.

But Archimedes defined the straight line as the shortest of
all lines having the same extremities.as Because, as Euclid's
definition says, it lies evenly with the points on itself, it is the
shortest of all lines having the same extremities; for if there
were a shorter line, this one would not lie evenly with its own
extremities. In fact all other definitions of the straight line
fall back upon the same notion-that it is a line stretched to
the utmost, that one part of it does not lie in a lower and
another in a higher plane, that all of its parts coincide simi-
larly with all othgrs, that it is a line that remains fixed if its

46 t09.22 Parm. 137e. This is the only pre-Euclidean definition of
straight line that we hear of. Aristotle quotes it in Topics I48b27.
Heath (Euclid I, 168) suggests that Euclid's definition is based on
Plato's, changed to eliminate any implied appeal to vision, which, as a
physical fact, could not properly find a place in a purely geometrical
definition.

47 lLO.7 Reading with Barocius and Grynaeus d,roard.oews instead
of troard,aeus in Friedlein.

48 110.12 In his on the sphere and cylinder r, ad init.

-89-



111

THE COMMEI{TARY

end points remain fixed, that it cannot make a figure with
another line of the same nature.o' All these definitions express

the property which the straight line has by virtue of being

simple and exhibiting the single shortest route from one ex-

tremity to the other. So much for definitions of the straight
line.

Geminus divides lines first into incomposite and composite,

calling a composite line one that is broken and forms an

angle.50 Incomposite'l lines he then divides into those that
make figures and those that extend indefinitely. By those that
make figures he means the circular, the elliptical, and the
cissoid al;" and by those that do not, the section of a right-
angled cone, the section of an obtuse-angled cone,s3 the con-

choid, the straight line, and all such. Again, following another

method, he divides incomposite lines into simple and mixed.'n

And of simple lines some, such as the circular, make figures;

4e 1 10.23 The first, third, and fourth of these alternative "defini-
tions" are found in Heron, and the second and fifth are found in
Euclid himself (I. 4; XI, I ), though not as definitions (Heath, Euclid
r, 168).

50 I 1 1.3 Proclus gives us two classifications of lines from Ceminus.
The second appears at 111.9-112.18, to which a later passage (176.27-

177.23 ) adds some interesting details. On these classifications see

Heath, Euclid t, 160ff.
51 1 1 1.4 ot,y|erov is clearly a mistake for d.oriv?erov here.
52 ltt.6 The cissoid is the curve invented by Diocles (late second

or early first century B.c.) for solving the problem of doubling the

cube. On its construction see Heath t, 264-266, and Euclid t, L64.
53 111.8 I.e. the parabola and the hyperbola respectively. Before

Apollonius the conic sections were thought of as made by a plane at

right angles to one of the sides of the cone; hence a right-angled cone
yielded what was after Apollonius called a "parabola," an obtuse-

angled cone a "hyperbola," and an acute-angled cone an "ellipse." But
the older theory and its terminology persisted after Apollonius' time,

as Proclus' language shows. See note to 420.23 below. On the con-

struction of the conchoids see Heath, Euclid t, 160f.
14 1 1 1 .9ff, Tannery (n, 37 ) has pointed out that the classification

of lines and figures into simple and mixed, insisted on by Geminus,
does not occur in Pappus. Since this threefold classification of lines

into straight, circular, and mixed is traced by Proclus back to Plato
(103.2t-104.5), its origin, Tannery thinks, should be sought in an at-

tempt to return to Plato's ideas. This was an unfortunate encroachment
by philosophy on the domain of mathematics, for it could not result
in any rational classification either of lines or of figures.
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others, like the straight line, are unbounded. Of mixed lines
some lie in planes, others are on solids: of those in planes
some return upon themselves, like the cissoid, and others
extend indefuiitely; and of those in solids some come to our
attention through the sections of solids, and others lie around
the solids. For the helix on a sphere or a cone is around a

solid, but a conic or spiric section arises from such-and-such a

section of a solid. Some of these sections, in particular the
conic, were discovered by Menaechmus-and Eratosthenes
refers to this when he says, "Don't produce the conic section
triads of Menaechmus"ss-others by Perseus,tu who com-
posed an epigram on his discovery:

Having discovered three spirals on five sections
Perseus honored the gods with this dedication.

The three conic sections are the parabola, the hyperbola, and
the ellipse. Of the spiric sections one is interlaced like a

horse's hobble,s? another is broad in the middle and thins out
at the sides, and another is elongated and has a narrow middle
portion but broadens out at the two ends.U8 The other mixtures
are limitless in number, for the number of solid figures is
infinite and their sections are of numerous kinds. For if the
straight line in circular motion generates a surface, so also do
conic sections, and conchoids, and circular lines themselves;59
and as these resulting solids are cut in all sorts of ways, they
reveal the varied species of lines.

Of the lines that are on the surface of bodies some are

homoeomeric, like the spiral around a cylinder, but all the
others are anhomoeomeric. Hence from these distinctions it
may be gathered that the only three lines that are homo-

55 11 1.23 See Eutocius' Commentary on Archimedes (Heiberg,
A rchimedes trr, 112.20) .

56 11 1.24 Perseus is known to us only from this and another
reference in Proclus (356.12). On the spiric curves that he is said to
have discovered and investigated see Heath \ 203-206.

6T 112.5 I.e. like the figure 8.
58 112.8 on the corresponding spiric surfaces see 119.9-17,
5e 1 12.14 The translation of the preceding obscure sentence is

based on the interpretation of Tannery fi,24.
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eomeric are the straight line, the circle, and the cylindrical
helix. Two of them lie in a plane and are simple; one is mixed
and lies around a solid. This has been clearly shown by
Geminus, who had previously demonstratedoo that the two
lines drawn from a point to a homoeomeric line and making
equal angles with it are themselves equal. Ambitious students
should go to his writings for the proofs, since he also shows

how spirals, conchoids, and cissoids are generated.

We have given the names and classifications of these 1ines61

in order to encourage the able student to inquire into them;
we consider it superfluous in the present work, however, to
make a precise inquiry into each of them, since our geometer
has revealed here only the simple and fundamental lines, the

straight line in the definition before us and the bircumference

in his account of the circle (for there he will tell us that the

line that bounds a circle is a circumference). Nowhere does he

mention mixed lines. And yet he knows mixed angles, such

as the semicircular and the horned angles; mixed plane figures,

such as segments and sections; and mixed solids, such as

cones and cylinders. Of each of the others he has given the

three kinds,uz but of the line only these trvo, the straight and

the circular, considering that in a treatise on the elements

he should bring in only simple species; and all the other lines

are too complex.os Let us also, then, following our geometer,

end our classification of lines with these simple ones.

V. A surface is what has length and breadth only,

Next in rank after the point and the line comes the surface,

which is extended in two ways, length and breadth, but re-

mains without depth, thus possessing a simpler nature than

what is extended in three ways. Hence our geometer adds

8o t12.23 Despite Barocius and Grynaeus, Friedlein's rpoaroied{cs,
not Trpooanro6ei{crs, is the correct reading, as is shown by 251.8.

sL L13.7 Reading with Barocius ioropficap,ev for loropfioop.ev in
Friedlein.

62 l!3.20 The species corresponding to the Limit, the Unlimited,
and the Mixed.

63 11 3.23 Perhaps another reason is that Euclid did not consider
mixed lines of mathematical importance. See note at 111.9.
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"only" after the mention of the two dimensions, implying that
there is no third dimension in the surface. This word is indeed
equivalent to the denial of depth; and our author's purpose
here also is to indicate both the superior simplicity of the
surface as compared to the solid by using a negation (or an

addition equivalent to a negation) and its subordination to
the beings above it by using affirmative charactertzations.
Others have defined it as the limit of a body, saying in a

sense the same thing, for the bounding element falls short of
what it bounds by one dimension. Others define it as magni-
tude extended in two ways, and others still differenfly, but
meaning the same thing however they frame their definitions.

We have the notion of surface, it is said, when we measure
pieces of land and determine their boundaries' according to
length and breadth; and we get some perception of it when
we look at shadows. These are without depth, since they
cannot go under the ground, and have only breadth and
length. The Pythagoreans used to say that the surface is
related to the triad, because all the figures on it have the
triad as their first cause. For the circle, which is the principle
of all curvilinear figures, carries a hidden trinity in its center,
diameter, and circumference; and the triangle is the premier of
all rectilinear figures, as everyone can see, because it is deter-
mined by the number three and formed by it.

VI. The limits of a surface are lines.

If we take these propositions as likenesses, we can under-
stand that every being simpler than what immediately follows
it supplies a boundary and limit to its successor. Soul bounds
and perfects the activity of nature, nature does likewise for
the motion in bodies, and prior to both of them Nous measures
the revolutions of soul and the One measures the life of Nous
itself, for the One is the measure of all things. So also in
geometry the solid is bounded by the surface, the surface in
turn by the line, and the line by the point, for the point is the
limit of them all. In the realm of immaterial forms and partless
ideas the line, being uniform in its forthgoing, bounds and
contains the varied activity of the surface and irnmediately
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unifies its boundlessness, while in the realm of their [sensible]
likenesses the limiting factor belongs to the very thing that is
limited and in this way furnishes it with its boundary.

If someone here also6o should ask how lines can be the

limits of the surface in general but not of all finite surfaces

(for the surface of the sphere is limited, not however by lines

but by itself ), we should reply that, if we take surface as

extended in two dimensions, we shall find that it is bounded

by lines according to its length and its breadth; but if we

consider the spherical surface as itself shaped and invested

with an additional quality, we take it as having joined its end

to its beginning and rnade of its two extremities one, a unity
existing in potentiality only, not in actuality.su

VII. A plane surlace is a surface which lies evenly with the

straight lines on itself .

The older philosophers did not think to posit the plane

(ioloeEov) as a species of surface (ktg,i.v.ro) but took the two

terms as equivalent for expressing magnitude in two dimen-

sions. Thus the divine Plato said that geometry is the study of

planes (irio.Eo)uu and contrasted it with stereometry as if he

thought surface and plane were the same thing. Likewise

also the inspired Aristotle. But Euclid and his successors make

the surface the genus and the plane a species of it, as the

straight line is a species of line. This is why, by analogy with

the straight line, he defines the plane separately from the

surface. For the straight line, he says, is equal to the interval

that lies between its points, and the plane likewise occupies

o4 116.4 Recall the similar difficulty raised at 102.23 with respect

to points as limits of lines. Here Proclus is in effect contending only

that, if a surface has limits, these limits are lines.
s5 l l 6.14 I suspect that Proclus has inadvertently interchanged

"potentiality" and "actuality" here, and so apparently does ver Eecke.

But Barocius and Schdnberger adhere to the text, as I do.
s6 l 1 6.21 Plato, Rep. 528d. Aristotle uses both trt $dvew and

4rlre6ov for "Surface" (e.g. Cat. 5a3f. ). Plato, however, at least in
the dialogues, does not use the former term at all in the sense of
"surface." But Diogenes Laertius (III, 24) says that Plato was the first
philosopher to give a name to the plane surface (irtreiov trt'Qd,ve,o).

tt ir attribution may well be derived from some tradition about his

oral teachings. See Heath, Euclid t, 169.

-94-



118

DEFINITIONS

a place equal to that between two straight lines lying on it.
This is what is meant by "lying evenly with the straight
lines on itself." Others, meaning the same thing, have said

that the plane is a surface stretched to the utmost, and others
that it is a surface such that a straight line is congruent with
all its parts. And some would say that it is the least of all the
surfaces that have the same boundaries, or that it is one whose
middle parts intercept the view of the extremities; and one

could transfer all the definitions of the straight line to the
plane surface by merely substituting the genus surface.6?

For these charac{s15-the straight, the circular, and the mixed

-extend 
all the way from lines to solids, as we have said;

and they exist both in planes and in solids in an analogous
fashion.ot Hence the Parmenides says that every figure is
straight, circular, or mixed.6e If, then, you wish to consider
straightness in surfaces, take the plane, which the straight line
fits on in all ways; or if circularity, take the spherical surface;
or if the mixture of the two, take the cylindrical, or the conical,
or some similar surface.

But we must realize, says Geminus, that the mode of mixture
is different in a mixed line so-called and in a mixed plane.
Mixture in lines does not come about through composition,
nor through blending. For example, the helix, a mixed line,
does not have one part straight and another curved, like a

mixture resulting from composition; nor when cut does the
helix yield any trace of its simple constituents, as things that
are blended do; its terms have been destroyed and fused
together. So Theodorus the mathematician?, is wrong in

67 1 17 ,t3 On alternative definitions of plane surface in antiquity
see Heath I, l7lt.

68 I 17 .17 This language is strange, but what Proclus evidently
means by a "straight solid" is a solid which is bounded only by planes.

6e 1 17 .18 Parm. 145b; but note that this passage says nothing
about solids.

70 118.7 "Theodorus the mathematician" is certainly not the
Theodorus of Cyrene mentioned above (66.6), but probably the
Theodorus of Soli, in Cilicia, who is cited by Plutarch on certain
mathernatical difficulties in the Timaeus. See Plutarch, De Delectu
Oraculorum XXX[, 426F; De Animae Procreatione in Timaeo XX,
L022D; and Tannery rr, 37.
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assuming that mixture in lines is a blending. In the case of
planes, however, mixture arises neither by composition nor by
fusion, but rather by a kind of blending. If we think of a circle
lying in a plane with a point above it and from the point
project a straight line to the circumference of the circle and

set the line in revolution, we shall produce a conical surface,

which is mixed. Now if we cut it, we can resolve it back into
simple surfaces; by making a section from the apex to the base

we get a triangle, but by cutting it parallel to the base we get a
section that is a circular plane. Yet in the case of lines the
appearance does not show that mixture is the result of blend-
ing, for it does not take us back to the simple nature of the

elements, whereas surfaces when cut reveal immediately from
what sort of lines they have been produced. Thus the mode of
mixture in lines is difierent, as has been said, from that in
surfaces.

Just as with lines there were certain ones, as we saw, that
are simple, namely, the straight and the circular, of which
most people have a conception without being taught, though
the species of mixed lines required a more technical under-
standing, so also we have at once a notion of the most ele-

mentary kinds of surfaces, the plane and the spherical, though

it is only through science and scientific reasoning that we

discover the variety of surfaces that arise by mixture. What is

remarkable about them is that from the circle there can often

be generated a mixed surface. This is what we say happens in
the case of spiric surfaces,t' for they are thought of as

generated by the revolution of a circle standing upright and

turning about a fixed point that is not the center of the

circle.72 Thus three kinds of spiric surface are generated, for
the center?3 lies either on the circumference, or inside, or

outside the circle. If the center is on the circumference, the

continuous spiric surface is generated; if within the circle, the

71 119.9 Called "tores" in modern mathematics. On this passage

see Heath rr, 203-206, and Euclid r, l6?f.
72 119.12 I.e. about an axis that does not pass through the center

of the circle.
?3 1 1 9. I 3 The axis of revolution.
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interlaced spiric surface; and if outside, the open spiric sur-
face. And the spiric sections are three in number correspond-
ing to these different kinds of surface.?a But every spiric
surface is mixed, although the motion that generates it is one
and circular. Mixed surfaces are also generated, however, not
only from simple lines moving in the manner described, but
also from mixed lines. The conic lines,?t though three in
number, make four mixed surfaces, called conoids. By the
revolution of the parabola about its axis the right-angled
conoid is generated; by the revolution of the ellipse are pro-
duced the so-called spheroidsTe-the elongated spheroid if
the revolution is about the major axis, the flattened sort if
about the minor axis; and from the revolution of the hyper-
bola comes another conoid.??

It should be realized that sometimes we get the idea of
the surfaces from the lines and sometimes learn the lines from
the surfaces. For example, from the conic and spiric surfaces
we come to think also of conic and spiric lines. And we must
anticipate this further point of difference between lines and
surfaces: there are three homoeomeric lines, as was said
before, but only two homoeomeric surfaces, the plane and
the spherical-nst the cylindrical, for not all the parts of a
cylindrical surface coincide with one another.

We have said enough about the difterences between sur-
faces. Our geometer has chosen one of them, the plane, for
definition as the subject in which he will study the figures and

their properties, for his inquiry can proceed more easily with
this than with any other surface. On the plane it is possible to
think of straight lines, circles, spirals, and the sections and

contacts of straight lines and circles, os well as to make ap-

7 4 ll9.l7 Proclus is in error here; all three spiric sections (de-
scribed in 1L2,4-8) arise from plane sections of the open spiric sur-
face. See Heath, Euclid t, 163, and Tannery n,24-28.

75 119.21, Reading with BarociuS ra;vrrcct for KLv,qrLKd,i in Friedlein.
76 1 1 9.25 I.e. ellipsoids.
77 120.2 The obtuse-angled conoid, according to Barocius' text.

Grynaeus has the unintelligible CXurc.rvoerdis. The dhtro in Friedlein has
evidently replaced a word which was illegible or uninteUigible to some
copyist.
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plication of areas and construct the various kinds of angles.

Not all these matters can be investigated on any other surface.

For how could we understand a straight line or a rectilinear
angle on a spherical surface? Or how on a conical or cylin-
drical surface could we study the sections of circles or straight

lines? It is reasonable, then, that he should define this par-
l2l ticular surface and build his entire treatise upon it. For this

reason also he gives his work the subtitle "plane geometry."

And thus we must think of the plane as projected and lying
before our eyes and the understanding as writing everything

upon it, the imagination becoming something like a plane

mirror to which the ideas of the understanding send down
impressions of themselves.

122

V[I. A plane angle is the inclination to one another of two

lines in a plane which meet one another and do not lie

in a straight line.

Some of the ancients put the angle in the category of rela-
tion, calling it the inclination either of lines or of planes to

one another; others place it under quality, saying that, like

straight and curved, it is a certain character of a surface or a
solid; others refer it to quantity, asserting that it is either a

surface or a solid quantity. For the angle on a surface is di-
vided by a line, that in solids by a surface, and what is divided

by them, they so1l, can only be a magnitude; and it is not

linear magnitude, for a line is divided by a point. So it remains

that it is either a surface or a solid quantity.

But if it is a magnitude and all finite homogeneous mag-

nitudes have a ratio to one another, then all homogeneous

angles, &t least those in planes, will have a ratio to one an-

other, so that a horned angle will have a ratio to a rectilinear.

But all quantities that have a ratio to one another can exceed

one another by being multiplied; a horned angle, then, may

exceed a rectilinear, which is impossible, for it has been

proved that a horned angle is less than any rectilinear angle.?8

And if it is only a quality, like heat or coldness, how can

it be divided into equal parts? For equality and inequality

belong no less to angles than to magnitudes, and divisibility

78 122.7 For the demonstration see Euclid III. 16.
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in general is an intrinsic property of angles and magnitudes
alike. But if the things to which these properties intrinsically
belong are quantities and not qualities, then it is clear that
angles are not qualities. Of quality the relevant modifications
are more and less, not equal and unequal. We should then
have to refrain from saying that angles are unequal, one
greater than another, and instead call them unlike, one of
them more an angle than another. Anyone can see that this is
alien to the nature of mathematics; for an identical definition
applies to all angles, and one is not more an angle than
another.

As to the third possibility, if the angle is an inclination and
in general belongs to the class of relations, it will follow that,
when the inclination is one, there is one angle and not more.
For if the angle is nothing other than a relation between lines
or between planes, how could there be one relation but many
angles? If you imagin e a cone cut by a triangle from apex to
base, you will see one inclination at the apex of the half-cone,
that of the sides of the triangle, but two separate angles, one
the angle on the plane of the triangle, the other on the mixed
surface of the cone; and both of these angles are contained by
the above-mentioned two lines. The relation of these lines,
then, did not make the angle. And yet it is necessary that we
call the angle either a quality, or a quantity, or a relation.
Figures are qualities, the ratios between them are relations,
and so we must refer the angle also to some one of these
three genera.

Such are the difficulties. Now Euclid says the angle is an
inclination, whereas Apollonius calls it the contracting of a
surface at a point under a broken line, or of a solid under a
broken surface (this seems to be the way in which he defines
angle in general),to But let us follow our "head"8o and say

?e 123,18 Reading oitrws for oJros in Friedlein. Ver Eecke suggests
that Proclus is referring to a definition occurring in a work of Apol-
lonius which had probably disappeared from circulation.

80 123.19 This is clearly a reference to Syrianus of Alexandria,
who was head of the Academy during Proclus' early years in it (see
the Introduction, "Proclus : His Life and Writings" ) . There are a
score or more such references to Syrianus in the Commentary on the
Timaeus.
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that the angle as such is none of the things mentioned but
exists as a combination of all these categories, and this is why
it presents a difficulty to those who are inclined to make it
any one of them. The angle is not the only thing that has this
character. The triangle also has it: it partakes of quantity (a
triangle is said to be equal or unequal to another, and quan-

tity is, as it were, matter for these properties ) ; and quality also

belongs to it by virtue of its shape. This is why triangles can

be called similar and equal, deriving one attribute from one

category, the other from another. So the angle surely needs

the underlying quantity implied in its size, it needs the quality
by which it has something like a special shape and character

of existence, and it needs also the relation of the lines that

bound it or of the planes that enclose it. The angle is some-

thing that results from all of these, and is not just one of them.

It is divisible and receptive of equality and inequality by virtue
of the quantity in it, but it is not compelled to accept classifica-

tion among homogeneous magnitudes because it also has a

distinguishing quality that often makes angles incomparable

with one another. Nor is the angle made one if the inclination
is one, since the quantity between the inclined sides com-
pletes its being. Now if we observe these distinctions, we shall

be able to solve the difficulties. We shall find the peculiar

property of the angle is not that it is, as Apollonius said, a

contracting of a surface or a solid, although this contributes

to its nature, but rather that contracted surface itself at the

given point, contained by the inclined lines or by a single line
bent upon itself, or that contracted solid itself that underlies

the planes inclined towards one another. Thus one may deflne

it as a qualified quantity, constituted by such-and-such a rela-

tion,81 and not quantity as such, nor quality nor relation alone.

So much needed to be said about the nature of angles to

obtain a preliminary understanding of the whole genus before

we distinguish its species,s2

81 125.1 .Sc. of lines or planes.
sz 125.6 The promise in this apparently introductory sentence is

not fulfilled until 126.7 . I agree with Schcinberger that the passage

from 125.6 to 126.6 has been misplaced; its opening sentence suggests
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Such are the three opinions about the angle. Eudemus the

Peripatetic,ss who wrote a book on the angle, declared it to
be a quality. Looking at the way in which it is produced, he

says that it is nothing other than the fracture of a line; and if
straightness is a quality, so also is fracture; therefore, since

the angle has its origin in quality, it is certainly quality. But
Euclid, and all who claim it is inclination, classify it among

relations. It is made a quantity by those who say the angle is

"the first interval under the point." Plutarch8a is one of these,

and he insists that Apollonius held the same opinion. For
there must be, he argues, some first interval under the inclina-
tion8s of the containing lines or planes. Yet since the interval
under the point is continuous, it is impossible to determine the

fust intervat, for every interval is infinitely divisible. Besides,

even if in some way we could determine the first interval and

draw a straight line through it, we would produce a triangle,
not a single angle. Carpus of Antiochso says the angle is a

quantity, specifically, the distance between the containing
lines or planes. Although this is a distance "in one sense"

(i+'Er), the angle nevertheless is not a line, he contends, for

that it was designed to come at 123.14, after "to some one of these
three genera."

83 125.7 Eudemus of Rhodes (called "the Peripatetic" here and at
379.2) was the author of the history of geometry that Proclus evi-
dently used for the historical account beginning at 65.7 . He is cited
as Proclus' authority also at 299.3, 333,6, 352.14ff., 419.15. Eudemus
appears to have derived his conception of the angle as quality frorn
Aristotle: cf . Cat. 10a1 I with Phys. 188a25; and Heath, Euclid r,
r77f.

84 125.16 This is Plutarch of Athens, the teacher of Proclus and
the immediate predecessor of Syrianus as head of the Academy. See

the Introduction.
85 125.19 Reading with Barocius rtrdarv for rtrdarv in Friedlein.
8e L25 .25 Called later "Carpus the engineer" (24L 19 ) . fle is in-

cluded in Pappus' Collection, and Simplicius (in CAG vrr, 192.23,
Kalbfleisch) cites Iamblichus as including him among the "Pythag-
Lreans" who solved the problem of squaring the circle. Nothing is
known, however, of the "curve of double motion" which he used in
his solution (Heath t, 225 ). Tannery (rr, 554) is inclined to think that
he lived at the time of Heron, or a little later. On the date of Heron
see note at 4 1 . 10 above. Proclus quotes a passage of considerable
length from Carpus below (241.18ff.).
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not everything extended "in one sense" is a line. But this is the
height of paradox, if there is a magnitude other than a line that
extends in only one sense. But enough of this.

Of angles we must remark that some exist on surfaces,
others in solids; and of those on surfaces some are on simple,
others on mixed surfaces. That is, there can be an angle on a
cylindrical or a conical, 8s well as on a spherical surface or a
plane. Of those on simple surfaces some are on spherical
surfaces, and others have their existence on planes. For ex-
ample, the zodiacal circle at the equinoctial intersection makes
two angles at the tips of the intersecting circumferences. Such
angles lie on spherical surfaces. Of those on planes some are
contained by simple lines, others by mixed, and others by the
two combined. In the ellipse, for example, an angle is formed
between the axis and the boundary of the ellipse. One of these

lines is mixed, the other simple. And if a circle cuts an ellipse,
there will be an angle contained by its circumference and the
bound ary of the ellipse. Whenever cissoid lines converge to a
single point, as do ivy leaves (indeed the cissoids get their
name from this resemblance), they make an angle, one ob-
viously contained between mixed lines; and whenever the

hippopede, one of the spiric sections, makes an angle with
another,s? this angle also is contained within mixed lines. The
angles formed by straight lines and by circumferences are
contained by simple lines. Of these again some are con-

tained by similar lines. For two circumferences intersect-

ing or tangent to one another produce angles, and of
three sorts: either biconvex, when the convex parts of the

circumferences are outside;88 or biconcave, when both con-

cave segments are outside, angles that are called "scraper-
like"; or a mixture of convex and concave, like the angles of
lunes. And an angle may be contained also by a straight line

and a circumference, and in either of two ways: either by a
straight line and a convex circumference, such as the angle in
a semicircle; or by a straight line and a concave circumference,

87 127.1 Omitting r& in Friedlein. On the hippopede see 112.5.
88 lZ7 .8 See the diagrams in the next note.
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like the horned angle.sn The angles formed by two straight
lines will all be called rectilinear, and they also are differen-
tiated into three kinds.no

A11 these angles that are constructed on plane surfaces our
geometer defines in this treatise under the common designa-
tion of "plane angle," asserting that their genus is inclination
and their locus the plane (for angles have position), that they
are produced by two lines ( and not by three or more, as are
solid angles ) that come together not as parts of a straight
line extending in one direction, but at an inclinationsl to one

another and with an area contained between them. Now this
definition, in the first place, seems to deny that an angle can
be produced by a single line. Yet the cissoid, a single line,
makes an angle, and so does the hippopede. We call "cissoid"
the line as a whole, not its parts (for then we could say that it
is its parts converging on one another that make the angle);
likewise it is the whole spiric section, not its parts, that we
call the hippopede. Thus each of them, being one, makes an

angle with itself, not with another line. In the second place,

this definition appears to be mistaken in defining angle as

inclination; for how can there be two angles formed by one

inclination? How can we continue to speak of equal and
unequal angles? And there are all the other objections that are

customarily brought against this opinion. Thirdly, the con-
dition "not lying on a straight line" is unnecessary with regard

to certain angles, such as those formed by circular lines. The
definition is complete without it, for the inclination of these

8s 127.14 The following diagrams will illustrate the species of
angles mentioned. DCE is biconvex, ACB is biconcave, and ACD and
BCE are lunular angles. Of those formed by a circle and a straight
line CBD is the angle in a semicircle, and ABD is a horned angle.

e0 127.16 Obviously right, obtuse, and
e1 128.1 Reading with Barocius rtr/ars

acute. Cf. Deff. X-X[.
for xldors in Friedlein.
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lines to one another will make the angle, and it is at the outset

impossible that circular lines should lie in a straight line.

So much we had to say about Euclid's definition, in part
interpreting and in part exposing difficulties in it.

IX. When the lines containing the angle are straight,

the angle is called rectilinear.

The angle is a symbol and a likeness, we say, of the coher-

ence that obtains in the realm of divine things-of the

orderliness that leads diverse things to unity, divided things

to the indivisible, and plurality to conjunction and com-
munion. For the angle functions as a bond between the

several lines and planes, focussing magnitude upon the un-

extendedness of points and holding together every flgure that

is constructed by means of it. Hence the Oracles call these

angular conjunctions the "bonds"sz of the figures, because of
their resemblance to the constraining unities and couplings in

the divine world by which things separated are joined to one

another. Plane angles typify the more immaterial, the simpler,

and the more perfect modes of unification, whereas the angles

in solid bodies represent those unifying processes that go forth
even to the lowest realities and provide community for things

sundered and a congenial ordering for things that are utterly

dispar ate, Of plane angles some represent the primary and

unmixed unifying agencies, others those that contain the

infinity of their own progressions;g8 some the unifyingea'forces

of the intelligible forms; others those of sensible ideas; and

others the binding principles of intermediate things, Circular

angles imitate the causes that enwrap intelligible diversity in a

unity, for circular lines ever bending back upon themselves

are images of Nous and intelligible forms; rectilinear angles

represent the presiding causes in sensible things that bring

about the interdependence of their ideas; and mixed angles

show forth the causes that preserve the community between

sD 129,7 ouvoyrllDos. For the Oracles see note at 98.18 above; and

Kroll, 73.11-12, 74.2.
ss l2g.l7 A cryptic reference to the distinction between right

angles and obtuse or acute angles. See 131.13-134.7.
s4 l}g.tg Reading with Barocius tvozroro{ods for lvororcfrory in

Friedlein.
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sensible and intelligible forms in a single and unshakeable
unity.

We must therefore look to these paradigms also when as-
signing the causes of particular things. Among the pythag-

oreans we find some angles dedicated to certain gods, others
to others.es Thus Philolaus makes the angle of a triangle
sacred to some, and the angle of a square sacred to others,
assigning difterent angles to different gods, or the same angle
to more than one god and several angles to the same god,
according to the various potencies in him. And I think the
philosopher of Asinee' has in mind these features of the demi-
urgic triangle, the primary cause of all the order among the
elements, when he sets some gods at the sides and others at
the angles, the former presiding over the forthgoing and po-
tentiality of things, the latter over the unification of wholes
and the reassemblirg into unity of the things that have issued
forth. Thus do these features of the angle bring our thoughts
around to the contemplation of being.

If the lines are here said to containe? the angle, this is not to
be wondered zt, for in this world unity and partlessness are
introduced from without. And among the gods and in the
realm of the truly real, the complete and indivisible Good has
primacy over the things that are plural and separated.

X-XU. When a straight line set up on a straight line makes
the adjacent angles equal to one another, each of the equal
angles is a right angle and the straight line standing on the
other is called a perpendicular to that on which it stands. An
obtuse angle is an angle greater than a right angle. An
acute angle is an angle less than a right angle.

These are the three kinds of angles that Socrates in the
Republic says are accepted as hypotheses by geometers,es the

e5 130.10 This passage is supplemented by what is said at l3l.l7
and 167,1. On Philolaus see note at 22,14.

eo 130.15 Reading with Grynaeus and Barocius 'Aor,yaios instead
of Friedlein's emendation 'A.?qvai,os. This is clearly a reference to
Theodorus of Asine, an immediate disciple of Porphyry and of Iam-
blichus, whom Proclus calls d p.iyo,s oe66wpos in his Cornmentary on
the Timaeus (t,213.3 and passim, Diehl).

e7 130.23 See 3 1 8.13 and note.
e8 131.11 Rep.510c. On this use of the term "hypothesis" see note

at 178.3.
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angles produced when the rectilinear angle is divided into
species-the right, the obtuse, and the acute. The first of
them is distinguished by equality, sameness, and likeness; the

others are characterized by relative greatness and smallness

and in general by inequality, difference, and indefinite more-
and-less. Most geometers are unable to give a reason for this

classification but take it as a hypothesis that there are three

angles; and if we demand an explanation, they deny that we

have a right to ask it of them. But the Pythagoreans, who
refer the solution of this triple distinction to first principles,
have no difficulty in giving the causes of this difference among
rectilinear angles. For one of their principles is constituted
by the Limit which is the source of the definiteness and self-

identity of all things that have come to completion, the cause

also of equality and of everything in the better of the two
columns of contraries;se their other principle is the Unlimited
which produces progression to infinity, increase and diminu-
tion, inequality, and every sort of difference among the things

it generates, and in general is the head of the inferior column.

Therefore since rectilinear angles also come to be in accord-

ance with these principles, it is reasonable that the idea which
proceeds from the Limit should produce the one right angle,

ruled by equality and similarity to every other right angle,

always determinate and fixed in nature, not admitting of either
growth or diminution; whereas the idea that comes from the

Unlimited, being second in rank and dual in nature, reveals a

pair of angles about the right angle characterized by inequality
of greater and smaller, more and less, and subject to unlimited
variation, the one through degrees of obtuseness, the other

through degrees of acuteness.

For these reasons, therefore, they refer right angles to the

immaculate essences in the divine orders and their more par-

ticular potencies, as causes of the undeviating providence

that presides over second ary things-for what is upright, un-

inclined to evil, and inflexible accords with the character of
those high gods-whereas they say that obtuse and acute

angles are left in the charge of the divinities that supervise

ss 132.2 See note at 7.3.
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the forthgoing of things and the change and variety of their
powers. The obtuse angle is an image of the extension of the
forms to everything, while the acute is a likeness of the cause
that discriminates and activates all things. Furthermore, the
rightness that preserves identity of being is like the essence in
things themselves, whereas obtuseness and acuteness resemble

their attributes, for they are receptive of the more-and-less
and undergo indefinite change without end. Rightly, then, they
exhort the soul to make her descent into the world of genera-
tion after the undeviatirg form of the right angle, inclining no
more to one side than to the other, nor being affected more by
some things than by others, for the possession of fellow-feeling
drags her down into the error and indeterminacy of matter.
The perpendicular thus is also a symbol of directness, purity,
undefiled unswerving force,'oo and all such things, 3 symbol of
divine and intelligent measure. For by perpendiculars we
measure the altitude of figures, and it is by reference to the
right angle that we define the other rectilinear angles, since

they have no limiting principle in themselves; they are con-
sidered only as exceeding or falling short,1o1 each of them
being in itself indeterminate. Hence they say that virtue is

like rightness, whereas vice is constituted after the fashion of
the indeterminate obtuse and acute, possessing both excesses

and deficiencies and showing by this more-and-less its own
lack of measure. We shall therefore lay it down that the right
among rectilinear angles is the image of perfection, undeviat-
ing energy, intelligent limit and bound&ry, and everything
similar to them, and that the obtuse and acute angles are

likenesses of indeflnite change, irrelevant progression, difter-
entiation, partitioil, and unlimitedness in general. So much
for these matters.

To the definitions of the obtuse and acute angles1o2 we

must add the genus: each of them is rectilinear, one larger

and the other smaller than a right angle. Not every angle

smaller than a right angle is acute, for the horned angle is

100 133.14 Omitting Friedlein's comma after 6vvd.p.eus.
101 133,19 ,Sc. of the right angle.
102 134.8 ^Sc. as given at 131.7-8.
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smaller than any right angle-indeed smaller than any acute

angle-but is not acute; and likewise the semicircular angle

is smaller than any right angle but is not acute. The explana-

tion is that these are mixed, not rectilinear angles. Clearly also

many angles contained between circular lines appear to be

greater than right angles, but they are not for that reason

obtuse; for the obtuse angle must be rectilinear. f cafl atten-

tion to this and observe also that in defining a right angle our
geometer takes a straight line standing on another straight

line and making the adjacent angles equal to one another,

whereas he explains the obtuse and the acute angles without
assuming a straight line inclined towards one side, referring
instead to the right angle; for the right angle is the measure

of angles other than right, just as equality is the measure of
unequal things, and the lines inclined towards either side are,

as he saw, infinite in number, not one only as is the perpen-

dicular. Furthermore, his comment that the angles are equal

"to one another" I regard as a mark of his geometrical pre-
cision. For it would be possible for these angles to be equal

to other angles and not be right angles; hence it is because they

are equal to one anotherlos that they are necessarily right
angles. The addition of "adjacent" does not seem to me

irrelevant, as some have incorrectly supposed; it makes plain

the definition of the right angle. The reason why each of the

angles is a right angle is that they are adjacent and equal,

since the lack of inclination of the upright straight line

towards either side is the cause of the equality of both the

angles and of the rightness of each. It is, then, not simply
their equality to one another, but their being adjacent that,
together with their being equal, is the cause of the rightness of

the angles.

In addition to what has been said, I think it proper to recall

here also the purpose of the author of the Elements, that he is

discoursing about the figures constructed in a single plane.

Hence this definition of the perpendicular is not applicable to
all perpendiculars, but only to that which lies in the same

loa 135.3 d),l,ftracs is obviously misplaced; it is meaningless with
6p0&s but needed with the following [ocs.
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plane; this was not the occasion for a definition of the so-
called solid perpendicular. As he has defined the plane angle,
so also he defines the plane perpendicular, since the solid per-
pendicular necessarily makes right angles not on one line only,
but on all the lines that touch it and that lie in the plane; for
this is its property.

XIII. A boundary is what is the limit of something.

The term "boundary" (6pos) should not be applied to every
magnitude-the boundary of a line, for example, is rather a

"limit" (nipos)-but to plane areas and solids. In this work
our author calls "boundary" the line that encloses an area;
and it is a limit in this sense, not as the point is said to be the
limit of a line, but as that which shuts in and closes off some-

thing from what lies around it.104 The term has been at home
in geometry from the beginning, for geometry is the art by
which men were accustomed to measure lands and keep their
boundary marks (6pous) distinct; and it is from this activity
that they became aware of this science. Hence when the
author of the Elements calls the outer enclosing line a boun-
dary, he naturally calls it also a limit of areas. For everything
enclosed is limited by its enclosing line. Of the circle, for
example, the circumference is the boundary and limit, but the
plane surface itself is an area; and similarly with other
figures.

XIV. A fiSure is thot which is contained by any
boundary or boundaries.

Since figure has many meanings and is divided into differ-
ent kinds, we must first look at these differences in order to
arrive at figure as it is presented in this definition. A figure,
then, is something that results from change, arising from an

104 136.8 Proclus wishes to emphasize, first, that 6pos and r(pas
are not synonymous-the latter being the more general term, for
which reason it is used as genus in this definition-and, secondly, that
6pos had from the beginning a special application to areas, as it has in
the definition that immediately follows. Aristotle, however, uses the
two terms as synonymous; see Heath, Euclid r, 182, who cites De
Gen. An, 745a 6, 9.
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effect produced in things that are struck, or divided, or de-

creased, or added to, or altered in form, or affected in any

one of various other ways. There are figures produced by art
(for example, by modelling or sculpturing), in accordance
with the idea preexisting in the artist's mind, the art providing

the form and the matter receiving therefrom its shape, beauty,

and seemliness. More august and imposing figures than these

are the works of nature's craftsmanship, some of them con-

taining the constitutive proportions in the sublunary elements,

others in the heavens defining the powers and motions of the

heavenly bodies.lo' For the heavenly bodies, both in them-
selves and in their relations to one another, present a great

and marvellous variety of figures, exhibiting now one and now

another of the shapes that bear the likeness of intelligible
forms; and they copy in their rhythmic choruses the bodiless

and immaterial forces resident in the figures. Beyond these are

the figures of souls, the purest and most perfect in beauty, full
of life, by their self-motion preeminent over things that are

moved by external causes, and by their immateriality and

lack of extendedness superior to extended and embodied

things. About them the Timaeus has instructed us in revealing

the essentially demiurgic character of the figure that belongs

to souls.loo Even more divine than the figures of souls are the

intelligible figures; they are in every way superior to divided

things, shining everywhere with indivisible and intelligible

light, generating, eftecting, perfecting all things, being present

equally in all of them though themselveslo? steadfast and un-

moved, bringing unity to the figures of souls and keeping the

aberrations of sensible figures within appropriate bounds. And

high above all these are the perfect, uniform, unknowable,

and ineffable figures of the gods which, being mountedros

on the intelligible figures, impose limits upon the whole

universe of figures and hold everything together in their

unifying boundaries. Their properties have been represented

1o5 137 .12 Reading with Schcinberger q,itri)v for orir6v in Friedlein.
106 137 .24 Tim. 36b-d.
107 138.3 Reading with Schtinberger airois for airois in Friedlein.
108 138.8 inoyo|pevo. See note at 90.13.
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for us by the theurgic artloe in its statues of the gods, whom it
clothes in the most varied figures. Some of them it portrays
by means of mystic signs that express the unknowable divine
potencies; others it represents through forms and shapes,
making some standing, others sitting; some heart-shaped,
some spherical, and some fashioned still otherwise; some
simple, others composed of several shapes; some stern, others
mild and expressing the benigmty of the gods; and still others
fearful in shape. To these figures it adjoins various symbols
for different gods, as they are appropriate to the divinities
represented.

Figure, then, begins above with the gods themselves and
extends down to the lowest orders of beings, exhibiting even
in them its derivation from the first of causes. For the perfect
figures are necessarily prior to the imperfect, those grounded
in themselves prior to those that exist in other beings, and
those that preserve their nature undefiled to those that are
stufted with their own privations. Material figures partake of
the unshapeliness of matter and lack the purity that they
should have; the figures in the heavens are divisible and have
their existence in other things; the figures of souls admit of dif-
ferentiation and variety and every kind of development; the
intelligible figures, together with unity, contain progression to
plurality; and at the head of them all stand the very figures of
the gods, independent, uniform, simple, generative, having all
perfection in themselves and from themselves offering to all
things the perfecting agency of the forms.

We cannot, then, allow what is usually said, that figures in
the sense world are produced by additions or subtractions or
alterations. For such incomplete processes could not contain
the original and primary cause of their products. Nor would

1oe 13 8.10 |eovpyla, a kind of sympathetic magic practised for
religious purposes by some of the later Neoplatonists. By this "art" an
image invested with the symbols of a god, and duly consecrated, is
made capable of "participating in divinity," of moving and of speak-
ing (Proclus, Commentary on the Timaeus ilr, 1j5.18ff., Diehl).
Proclus' interest in theurry is abundantly attested (see the Introduc-
tion); but this is the only occurrence of the term in this Commentary.
For further details about theurgy in the Hellenistic 8g€, see Dodds,
The Greeks and the lrrational, Berkeley, 1951, Appendix II, "Ttleur-
Ellr" esp. 291ff,

111



140

THE COMMENTARY

we see the same figures produced by contrary causes: the

same shape, for example, could come about either by addition
or by subtraction. Rather we shall posit that the causes men-
tioned are subservient to others in the process of generation

and affirm that the end is defined for them by other and prece-

dent causes. Neither is it true, as some soy, that immaterial

figures lack reality and only material things exist; nor true
what still others Soy, that they exist indeed apart from matter,
but only in thought and by abstraction. For how could the

precision, beauty, and orderliness of these figures be preserved

if they were merely abstractions?110 Being of the same kind
as sense objects, they fall far short of certainty, precision, and

accuracy; and if they later take on accuracy, orderliness,

and perfection, from what source will these characters be

derived? From sense objects? But sense objects do not have

them to contribute. Or from intelligibles? But intelligibles have

them more perfectly, To say they come from nonbeing is the

most impossible of all; for nature has in no wise produced

imperfect beings and left the perfect ones nonexistent, and it
is impious to suppose that our soul generates things more

accurate, perfect, and better ordered than Nous and the gods.

Prior to sense objects, therefore, are the self-moving intel-

ligible and divine ideas of the figures. Although we are stirred

to activity by sense objects, we project the ideas within us,

which are images of things other than themselves; and by their

means we understand sensible things of which thby are

paradigms and intelligible and divine things of which they are

likenesses. As these ideas within us unfold, they reveal the

forms of the gods and the uniform boundaries of the universe

by which the gods, without command, bring all things back to

themselves and enclose them. The gods have a wondrous

knowledge of the universe of figures and a potency capable of
generating and supporting all secondary things; the figures in

the realm of nature have the power of creating appearances,

though they are devoid of knowledge and intelligent compre-

hension; individual souls have immaterial thought and spon-

taneous knowledge, but not the generative and activating

110 140.1ff. With this argument cf. the more extended one at

12.1off,

t4L
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cause. Therefore just as nature stands creatively above the
visible figures, so the soul, exercising her capacity to know,
projects on the imagination, as on a mirror, the ideas of the
figures; and the imagination, receiving in pictorial form these
impressions of the ideas within the soul, by their means affords
the soul an opportunity to turn inward from the pictures and
attend to herself. It is as if a man looking at himself in a

mirror and marvelling at the power of nature and at his own
appearance should wish to look upon himself directly and
possess such a power as would enable him to become at the
same time the seer and the object seen. In the same w&y, when
the soul is looking outside herself at the imagination, seeing

the figures depicted there and being struck by their beauty and
orderedness, she is admiring her own ideas from which they
are derived; and though she adores their beauty, she dismisses

it as something reflected and seeks her own beauty. She

wants to penetrate within herself to see the circle and the
triangle there, all things without parts and all in one another,
to become one with what she sees and enfold their plurality, to
behold the secret and ineffable figures in the inaccessible
places111 and shrines of the gods, to uncover the unadorned
divine beauty and see the circle more partless than
any center, the triangle without extension, and every other
object of knowledge that has regained unity. Clearly, then,
the self-moved figure is prior to what is rnoved by another; the
partless is prior to the self-moved; and prior to the partless is

the figure which is identical with unity. For all figures attain
consummation in the henads,'lz the source from which they
all entered into being.

111 I 41.23 Restoring Grynaeus' d.trlo.s for d.yyeio. . in Friedlein.
LLz 142,5 The doctrine of the divine henads is a development in

Neoplatonic thought after Plotinus. The henads are unities beside the
One and help to bridge the gulf between the One and reality. Syrianus
and Proclus gave the doctrine a theological interpretation by identify-
ing the henads with the gods of traditional Greek mythology. The
doctrine "represents an attempt to account for the existence of indi-
viduality by importing plurality into the first hypostasis, yet in such a
manner as to leave intact the perfect unity of the One." See Proclus'
Elements of Theology, Props. I 13-127, with the commentary of
Dodds, 259. On the relation of the divine henads to the figures
see 146.1ff.
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But we have drawn out at great length these matters of
Pythagorean doctrine. Our geometer, looking at the flgure in
imagination and primarily defining it ( although his formula
flts sensible things in a secondary way), says that figure is

what is contained by a boundary or boundaries. He takes it
at once as joined with matter and extended in imagination
and rightly calls it limited and bounded. For everything that
has matter, whether intelligible or sensible, has a boundary
coming from outside itself. Figure is not itself a limit, but
limited; it is not its own boundary (the bounding is other
than what is bounded), nor is it in it but contained by it. Since
it is born with quantity and subsists with it, quantity is its
substratum, while the definition of that quantity is the figure,

that is, its form and shape.rrs ps1 figure limits it, giving it a

character and such-and-such a boundary, either simple or com-
posite. Since figure too, like the idea of the angle, exhibits in
its own subdivisions the twofold progression of the Limit and

the Unlimited, it applies the single boundary and the simple

form to the things it bounds when it acts in accordance with
the Limit and the many boundaries by virtue of the Unlimited.
This is why everything figured has either one or more than

one boundary.
Euclid, then, calling figure the figured and enmattered thing

coexistent with quantity, naturally designates it as contained.

Posidonius, however, defines figUre as the containing limit,

separating the idea of figure from quantity and making it the

cause of definiteness, limitation, and inclusion; for the factor

that encloses is other than what is enclosed, the limit other

than what is limited. It seems that he is looking at the outer

enclosing bound zty, while Euclid is looking at the whole of

the object. So one of them says the circle is a figure by virtue

of the whole plane surface with its outer circuit, whereas the

other says it is a figure by virtue of the circumference. The

one shows that he is defining the figured and considering it
together with its substratum, the other that he wishes to ex-

113 142.22 I assume that rcal p,opgrl, if it belongs in the text at all,
has been misplaced.
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press the idea of figure itself as limiting and confining the
quantity.

If a captious logician should criticize Euclid's definition
because it defines the genus by means of the species (for what
is included within one bound ary and what is included within
more than one are species of figures), we must reply to him
that genera1l4 already contain in themselves the characters of
their species. Whenever the ancients wish to make clear the
nature of a genus from the powers it contaiils,tt' they appear
to proceed by way of the species, although in fact they are

explaining the genus from itself and from the powers it
contains. Thus this single definition of figure includes, by
virtue of the Limit and the Unlimited in it, the difierentiae of
the many particular figures; and he who defines it thus is not
out of order in including in his definition the differentiae of
its powers.

But whence comes the idea of figure and from what sort of
principles is it perfected? I answer, first, that it owes its being
to the Limit and the Unlimited and the Mixture of the two.
This is why it generates some kinds by virtue of the Limit,
others by reason of the Unlimited, and others according to
the Mixed. For circular figures it invokes the idea of the Limit,
for rectilinear that of the Unlimited, and for figures derived
from both the idea of the Mixed. In the second place, it is
perfected by the kind of wholeness that discriminates unlike
parts so that, when it applies wholeness to any form, it also
divides the figure into the different forms that constitute it.
The circle, for example, and every rectilinear figure can be

divided into parts unlike their ideas, a matter which the author
of the Elements himself takes up in his Divisions, where he

divides a given figure sometimes into like and sometimes into
unlike parts. Thirdly, it has the potency of thoroughgoing
plurality, and through this it exhibits all kinds of shapes and
generates rnultiform ideas of figures, unfolding unceasingly

114 143.?.5 Reading with Grynaeus and Schcinberger rol z& ^rCrq
for rari;., TCvq in Friedlein.

115 1 44.3 Putting Friedlein's comma after instead of before ot

zratrarod.
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until it has reached the end term and revealed every variety
of kind. Just as in the upper world it is shown that the One

coexists with being and being exists in the One, so also the
idea of figure shows that circular lines are implicated in
straight and straight in circular; that is, it projects its whole
nature in characteristic fashion in each thing, and all of them

are in all when the whole is simultaneously in all of them and

in each separately. And this power it possesses from that
higher ordering. In the fourth place, it receives from the
first number the measures applicable to the procession of the
kinds and thus constitutes all things accordirrg to numbers,
some by simpler, others by more complex numbers. Triangles,

squares, pentagons, and all polygonal figures issue forth in
company with the inexhaustible variations 'in numbers.

Through what cause this comes about most men do not know;
but to those who know the place of number and of figure the
explanation of the cause is transparent. In the fifth place, from
another and secondary kind of wholeness, that which divides

into similar parts, it is equipped to divide forms into parts

like one another, whereby it resolves the triangle into triangles

and the square into squares. This is just what we do, as I said,

when we exercise ourselves with [sensible] images of them; but
the procedure has its prototype in the first principles them-

selves.

When we attend to these explanations, we are able to inter-
pret many characteristics of figures by tracing them back to
the causes that are prior to them. The one universal figure has

the rank we have assigned to it, receiving its perfecting power
from all the causes mentioned. Thence it proceeds to the

species of the gods,11s distributing its shapes and acting differ-
ently towards the different gods, to some giving simple shapes,

to others mixtures of the simple one, allotting to some the

basic figures that are generated in plane surfaces, and to those

that mount"t upon solid masses the appropriate solid figures.

All of them are in all things, for the forms of the gods are

complete and endowed with all powers, yet each one has a

116 146.6 Omittin g rcar' after roi in Friedlein.
117 146.10 See note at 90.13.
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characteristic property assigned to it according to a specific
principle. One of them, for example, contains all things after
the manner of a circle, another in triangular fashion, and still
another after the fashion of a square; and similarly for the
solid flgures.

xV, xvl. .4 circle is a plane figure contained by one line
such that all the straight lines falling upon it from one point
among those lying within the fiSure are equal to one another.
And the point is called the center of the circle.

The first and simplest and most perfect of the figures is the
circle, It is superior to all solid figures because its being is of
a simpler order, and it surpasses other plane figures by reason
of its homogeneity and self-identity. It corresponds to the
Limit, the number one, and all the things in the column of
the better.118 Hence whether you analyze the cosmic or the
supercosmic world, you will always find the circle in the class
nearer the divine. If you divide the universe into the heavens
and the world of generation, you will assign the circular form
to the heavens and the straight line to the world of generation;
for insofar as the circular form is found in the changes and
figures of the world of generation, it is derived from above,
from the heavenly order. It is because of the circular revolu-
tion of the heavens that generation returns in a circle upon
itself and brings its unstable mutability into a definite cycle.
If you divide bodiless things into soul and Nous, you will say

that the circle has the character of Nous, the straight line
that of soul, This is why the soul, as she reverts to Nous, is
said to move in a circls.11g Soul bears to Nous the relation that
generation has to the heavens. For the heavens move in a

circle (he remarks that the circle is an imitation of Nous),rro

rLB 147 .5 See note at 7 .3,
11e 147.18 Sc. by Plato in the Laws and the Timaeus.
1'20 147.20 I suspect that the words put in parentheses by Friedlein

are what was formerly a marginal comment made by an editor. If
this supposition is correct, the intended subject of eqolv is Proclus,
not Socrates, as Barocius supposes. There is obviously a lacuna after
*uxfis in the following line; I have adopted the supplement suggested
by Barocius.

-117-



148

149

THE COMMENTARY

but the development of the soul [is in a straight line], because

her property is to come to be now in one and now in another
form. Again, if you distinguish body and soul, you will put

everything that is body on the side of the straight line and

make everything psychical partake of the identity and homo-
geneity of the circle. For the former is composite and possesses

varied powers, like the rectilinear figures; the other is simple

and intelligent, moving and acting of its own accord, turned
inwards, and occupied with itself. Hence the Timaeus, though

it constructs the primary bodies in the universe by means of
straight lines, gives them a circular revolution, that is, a form
derived from the soul which uses the cosmos as its vehicle.121

From what has been said it is clear that the circle every-

where has primacy over the other figures. But we must also

contemplate the entire series to which the circle gives rise.

Beginning above and ending in the lowest depth of things, it
perfects all of them according to their suitableness for par-
ticipation in it. On the gods it confers the power of reverting
to and being unified with their principles, of remaining in
themselves without departing from their own blessedness. The

highest unities among them it sets up as centers and aiming-

points for the secondary divinities, fixing the plurality of the

powers in them firmly about these centers and holding them
together by the simplicity of these unities. To intelligent
beings the circle gives the power of being continuously active

in relation to themselves, enabling them to be filled with
knowledge from their own store, to assemble the intelligibles

in themselves and perfect their insights from within. For Nous
always gives itself the object of its thought, and this object is,

as it were, its center; Nous clings to it, loves it, and becomes

one with it, converging upon it the whole of its intellectual
powers. Souls are illuminated by autonomous life and motion,

which enables them to revert to Nous and circle about it, en-
joying self-renewal through the special periodic revolu-
tions which unfold the partlessness of Nous. Here again

121 148.4 See Tim. 34c for the circular revolution and 53cff. for
the construction of the primary bodies. On the vehicle see note at
90. 1 3.
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the ranks of the intelligibles, like centers, will have
preeminence over souls, whose activity it is to revolve
about them. For every soul is centered in her intelligent part,
where she is truly and most fully one; but because of her
plurality she traverses a circle in her desire to embrace the
Nous within herself. On the heavenly bodies the circle con-
fers their likeness to Nous, their homogeneity and uniformity,
their function of enclosing the universe within limits, their
fixed and measured revolutions, their eternal existence without
beginning or end, and all such things. The sublunary elements
owe to the circle the cycle of their changes, their likeness to
the heavenly cycle, the presence of the ungenerated among
things generated, of the stationary amidst changing things, and
of the bounded amongst divisibles. All things exist eternally
through the cycle of generation, and the equilibrium among
them all is maintained by its balancing destruction; for it
generation were not recurrent, the order of things and
the whole cosmic scheme would soon have been dis-
solved. Animals and plants owe to the circle the likeness
between parents and offspring. For animals and plants are
born from seed and produce seed in their turn: generation
becomes reciprocal, with a recurring cycle of growth from
the immature to the fully grown and back again, so that decay
accompanies generation. On things that we call "contrary to
nature" the circle imposes order by limiting their boundless-
ness and regulating even them rightly by using the last traces
of the powers resident in it, Hence such unnatural events
recur at determinate intervals, and times of dearth as well as

of fruitfulness are based on the revolutions of the circles, &S

the myth of Muses has it."2 All evils may have been banished
from the divine to this mortal region, yet even they are in
revolution, as Socrates says,123 and have a share of cyclical
ordering. Hence nothing is unmixedly evil and abandoned by
the gods; rather the providence that perfects all things brings
even the boundless variety of evils under the limit and order
appropriate to them.

123 150.8 Theaet. l7 6a.

119-
122 150.5 Rep. 545eff.
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Thus the circle regulates all things for us down to its
humblest beneficiaries and has left nothing without a share in
its bounty, os it dispenses beauty, homogeneity, shapeliness,

and perfection. Even in numbers it controls the middle centers

of the whole procession as it unfolds from unity to the decad.

For the numbers five and six alone exhibit the cyclic power
by turning back upon themselves in the terms that are

derived from them, since when they are multiplied,lza they

end with themselves. Multiplication, as a reaching for plur-
ality, is a likeness of procession, while their ending with their
own forms is an image of reversion. The power of the circle
brings about both these processes by arousing the generating

causes of plurality from what is at rest as a center and by

enveloping, after its acts of generation, the plurality of its
products into their originating causes. Two numbers, there-

fore, at the center of the series possess this property: one of
them heads the whole class of things capable of reversion,

namely, the class of the male and the odd; the other summons

the female and the even and whatever belongs to the genera-

tive series back to their native causes, in conformity with the

power of the circle.
But let us make an end here of these matters and observer26

that the mathematical account of the circle reaches the height

of precision, The definition states that it is a figure (since

obviously it is limited and contained on all sides by a

.single bound zty, and hence does not belong to the nature of
the Unlimited, but to the column of the Limit), and more-
over a plane figure (for figures are found both in planes

and in solids ) , and the first of plane figures ( since not only

does it surpass solids in simplicity, but it also has the place of
primacy among plane figures, being contained within a single

line, without variety in its boundaries, and is thus akin to unity
and defined by unity), and a figure having all the lines equal

that are drawn to this bounding line from one of the points

n4 15A.22 ^Sc. 
by themselves.

125 15t.14 Reading with Grynaeus lewpriowp,ev instead of ilewptl-

noLlev in Friedlein.
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within i1.r26 For of the figures bounded by a single line some

have all the lines drawn from the middle equal and others do
not. The ellipse, for example, is contained by a single line,
yet not all the lines drawn to it from the center are equal, but
two of them only; and the plane figure delimited by the curve
of the cissoid has one surrounding line but no center from
which all lines drawn to it are equal. Then, since the center in
the circle is always one point (for more than one point cannot
be the center), he adds that the lines to the boundary "from
one point" are all equal; for though there are an infinite num-
ber of points within the circle, one only of this infinite number
has the character of the center. And since this one point from
which all the lines to the circumference are equal lies either
within or outside the circle ( for every circle has a pole from
which all the lines to the circumference are equal ) , he adds
further "of the points lying within the figure." It is not without
reason that he takes into account the center only, ignoring the
pole, because he wishes to restrict his consideration to what
lies in a plane, and the pole is above the plane assumed. of
necessity, therefore, he adds at the end that this point
which lies within the circle and from which all the lines drawn
to the circumference are equal is the center of the circle.
For there are only two such points, the pole and the center,
but one is outside the plane, the other within it. If you imagine,
for example, a gnomon stancling at the center of the circle,
then its extreme point is the upper pole, and all the lines
drawn from it to the circumference of the circle are demon-
strably equal to one another. Likewise in a cone the apex
of the whole figure is the pole of the circle at its base.

Now that it has been made precise what is meant by
a circle, its center, the cirsumference of the circle, and the
figure as a whole, let us once more ascend from these details
to the contemplation of their paradigms. Let us think of the
center among them, with its unitary, indivisible, and steadfast

r2B 152.3 The absence of Proclus' usual lucidity and precision
in this passage, coupled with its grammatical irregularities, suggests
that it has been corrupted.
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superiority in every instance; the distances from the center,

as the ways in which this unity issues forth as far as possible

into indefinite plurality; and the circumference of the circle,

as the element through which, in the reversion to the center

by the things that have gone forth from it, the many powers

are wrapped about their own unitary source, all pressing

towards it and desiring activity around it. As in the circle the

center, the distances, and the outer circumference all exist at

the same time, so also in the paradigms there are no parts

that are earlier in time and others that come to be later, but all

are together at once-rest, procession, and reversion. But the

figures differ from the paradigms in that the latter are without
parts or spatial intervals, whereas the figures are divided, the

center being in one place, the lines from the center in another,

and the circumference that bounds the circle in still another.

But up there they are all in one, If you take what sorresponds

to the center, you will find everything in it; if you take the
procession coming out of the center, you will find that this

also contains everything; and likewise if you take the rever-

sion. When you have seen that they are all of them in each

other, and have discounted the imperfection implicit in their

extendedness, and have banished from thought the spatial

position around which they are distributed, you will discover

the truly real circle itself-the circle which goes forth from it-
self, bounds itself, and acts in relation to itself; which is both

one and many; which rests and goes forth and returns to itself;

which has its most indivisible and unitary part firmly fixed, but

is moving away from it in every direction by virtue of the

straight line and the Unlimited that it contains, and yet of its
own accord wraps itself back into unity, urged by its own

similarity and self-identity towards the partless center of its
own nature and the One that is hidden there. And once it
has embraced this center, it becomes homogeneous with it
and with its own plurality as it revolves about it. What turns

back imitates what has remained fixed; and the circumference

is like a separate center converging upon it, striving to be the

center and become one with it and to bring the reversion

back to the point from which the procession began.
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Such is the character of the center everywhsre. It ranks as

a goal for the beings that have their existence around it and as

the source of the multiple processions from it. This is what the
mathematical center typifies, since it is the end point of all
the lines that lead to the circumference and presents equality
to them as the image of its own unity. It is thus that the
Oracles define it: "The center, from which all the lines to the
rim are equal , . . ."127 But as "from which" indicates the
source of the divergence of the lines, so "to which" indicates
the center of the circumference; for the circumference in all
its extent gathers itself towards the center.

If we must identify the first cause through which the circular
figure is brought to light and perfectd, I should say it is the
very highest of the intelligibles. For the center resembles the
principle of the Limit, while the lines from it, being indefinite
in number and length, typify Boundlessness, so far as in them
lies; and the line which bounds their indefinite extendedness

and gathers it back to the center is like the hidden cosmic
order they constitute, which Orpheuslzs describes as moving
in a circle:

The Boundless in a circle
Was moving unweariedly.

For since it moves in an intelligent fashion about the intel-
ligible and has that as the center of its motion, it is properly
said to work cyclically. Hence from this proceeds the triadic
god who comprehends in himself the primary cause of the
procession of the rectilinear figures; and from this comes the

appellalislrze placed upon this god by the wise men most

familiar with theologrcal mysteries. And the triangle is the first

127 155.5 Barocius' translation contains the beginning of the fol-
lowing line "and to which . . . ," which is missing in Friedlein. Some-
thing like this may have been in the original text to explain Proclus'
reference to this phrase in the following line. But Taylor notes that
zrpds 8 is wanting in all the published collections of the Babylonian
Oracles. Kroll (65) cites the text without this supplement.

128 155.18 otto Kern (ed.), orphicorum Fragmenta, Berlin, lgzz,
No. 7la.

12e 155.26 Tpop.dlloros (?).See note at 46.25.
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of the rectilinear figures. The figures, then, first come to light
in the successive hierarchies of the gods, but they have their
being in the preexisting hidden causes in the intelligible world.

XV[. / diameter of the circle is a straight line drm,vn

through the center and terminated in both directions by the

circumlerence of the circle; and such a straight line also

bisects the circle.

The author of the Elements himself makes it clear that he is

def,ning not every diameter, but the diameter of the

circle. The square also has a diameter, and so does the

parallelogram in general, and among solid figures the sphere.

But in these cases such a line is also called a "diagonal," and
in the case of the sphere an "axis" also, "diameter" alone

being used for the circle. Even for the ellipse, the cylinder, and

the cone we are accustomed to say "axis," "diameter" being

peculiar to the circle. The genus of diameter is straight line.
But there are many straight lines in the circle, as there are

indefinitely many points;'so and just as the center is one of
those points, so only that line is called the diameter which

goes through the center and which neither stops short of the

circumference nor goes beyond the boundary of the circle but
is terminated by the circumference in both directions. This

shows how the diameter is drawn. What is added at the end,

that it cuts the circle in half, indicates its peculiar eftect upon

the circle in comparison with all the other straight lines drawn

through the center but not terminated by the circumference

in both directions.
The famous Thales is said to have been the first to demon-

strate that the circle is bisected by the diameter. The cause of
this bisection is the undeviating course of the straight line

through the center; for since it moves through the middle and

throughout all parts of its identical movement refrains from
swerving to either side, it cuts off equal lengths of the cir-
cumference on both sides. ff you wish to demonstrate this

mathematically, imagine the diameter drawn and one part of

130 156.21f.. Omitting with Barocius the full stop after aqp"etwv and

pl, o$v after d.trctpwv,

124 -



158

DEFINITIONS

the circle fltted upon the other. If it is not equal to the other,
it will fall either inside or outside it, and in either case it will
follow that a shorter line is equal to a longer. For all the
lines from the center to the circumference are equal, and
hence the line that extends beyond will be equal to the line
that falls short, which is impossible. The one part, then, fits
the other, so that they are equal, Consequently the diameter
bisects the circle.131

But if from one diameter two semicircles are produced, and
if an indefinite number of diameters can be drawn through
the center, it will follow that the number of semicircles is twice
infinity.l'z This difficulty is alleged by some persons against
the indefinite divisibility of magnitudes. We reply that a mag-
nitude is indefinitely divisible, but not into an infinite number
of parts. The latter statement makes an infinite number actual,
the former merely potential; the latter assigns existence to the
infinite, the other only genesis.133 With one diameter, then,
two semicircles come into being, and the diameters will never

be infinite in number, even though they can be taken in-
definitely. So the number of semicircles will never be twice
infinity; those that are produced at any time will be twice a
finite number, for the diameters taken at any time are always
finite in number. And why should not every magnitude have

only a finite number of divisiors,"n seeing that number exists

before magnitude and sets bounds to its sections, thus fore-

stalling infinity by bounding at any time only what has come

into being?

131 158.2 "Presumably Proclus gives Thales' proof. Euclid's in-
corporating the assertion in a definition where it certainly doesn't
belong is probably due to a desire to avoid proofs in which a geometric
object is moved. In the same way Euclid probably states Post. IV to
avoid a proof in which motion is used, like the one given by Proclus
at 188.20ff. See von Fritz, in Archiv filr Begriffsgeschichte r, 76ff.."
(r.M.)

t32 158.5 "This is the earliest example known to me of an argu-
rnent relating to those paradoxical features of infinite collections which
Cantor was the first to straighten out." (I.M.)

133 158.10 There is more about the infinite below, at 278f. and
294ff.

134 158.16 Reading o0 ;u,d\l,er, for o0 pdler in Friedlein.
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XVUI, XIX.tss A semicircle is the figure contained by the

diameter and the circumference cut off by it. And the

center of the semicircle is the some as that of the circle.

From the definition of the circle our author discovered the

nature of the center, which differs from all the other points
in the circle; and from the center he defined the diameter and

distinguished it from the other straight lines drawn within the

circle. And from the diameter he teaches us what the semi-
circle is, that it is contained by two boundnliss-two boun-
daries always different from each other, a straight line and a

circumferencs-anfl that the straight line is not any chance
line, but the diameter of the circle. For a segment of a circle
less than and a segment greater than a semicircle wilt each be

contained by a straight line and a circumference; but such

segments are not semicircles, because the division of the circle
is not made through the center.

Now all figures of this sort are dyadic, os the circle is mo-
nadic, and are composed of unlike elements. For every figure

contained by two boundaries is contained either by two cir-
cumferences, like the lunule; or by a straight line and a cir-
cumference, like the figures just mentioned; or by two mixed

lines, as when two ellipses intersect ( for their boundaries will
cut off and enclose an area) '136 or by a mixed line and a

circumference, as when a circle cuts an ellipse; or by a mixed

and a straight line, such as the half of an ellipse. The semi-

circle, then, is formed of unlike parts, but of parts that are

simple and that are joined to one another by juxtaposition.

Quite properly, therefore, before the definition of triadic

figures, the exposition proceeds, after the circle, to the figure

formed by two elements. Two straight lines cannot enclose an

area, but a straight line and a circumference can; and so can

two circumferences, either making angles, os in the lunular
figure, or forming a figure without angles, 8s do two con-

135 I 58.21 These two definitions are numbered together as Def.
XVIII in Heiberg's text of Euclid.

136 159.18 Reading rb for r&" in Friedlein, and in the following
line yuplov for the impossible oqp,eiov.
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centric circles.ttsT The area cut off between them is contained

by two circumferences, the one inside, the other outside; and
they do not form an angle, for they do not cut one another,
as in the lunule and in the biconvex figure.'S8

It is clear, furthermore, that the center of the semicircle is
the same as the center of the circle. For the diameter with the
center upon it completes the semicircle, and from this center
all the lines to the circumference are equal; and the circum-
ference is also part of the circle, and lines drawn to all
parts of the circumference of the circle are equal when drawn
from the center. Hence the center of the circle and the center
of the semicircle are one. It should be noted that this alone of
the figures, that is, of plane figures, has its center on its perim-
eter. So one can summarize and say that there are three
positions for the center: either within the figure, as with the
circle, or on the perimeter, as with the semicircle, or outside
it, as with certain conic lines.

Therefore the semicircle has the same center as the circle.
What does this characteristic of the semicircle indicate to us,
and of what things is it a likeness? Does it not show that the
things which have not fully departed from first principles but
still have some share of them can be concentric with them
and participate in the same causes? For the semicircle has two
things in common with the circle, its diameter and its circum-
ference. This is why they have a common center. And so per-
haps the semicircle is to be compared with those beings of
secondary rank below the simplest principles which still par-
ticipate in them and because of their kinship with them,
though it is imperfect and halfway, can nevertheless be traced
back to being and to their primary cause.

137 160.5 These two possibilities are illustrated as follows in one
of our early manuscripts:

illustrative diagram above at 127.14.

-t27-
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XX-XXIII.13} Rectilinear figures are those which are

contained by straight lines, trilateral figures being those

contained by three, quadrilateral those contained by four,
and multilateral those contained by more than four
straight lines

After the figure with one bound tty, which has the relation

of a first principle to all the figures, and the semicircle with
its two boundaries, our author presents the procession of
rectilinear figures corresponding to the endless number series.

This explains why he mentions the semicircle, because with
respect to its boundaries it has something in common with
the circle on the one hand and with rectilinear figures on the

other, just as two is intermediate between unity and plur-
ality.roo Unity produces a greater quantity by addition than

by multiplication, whereas number has the reverse effect,

producing a greater quantity by multiplication than by ad-

dition; but the number two produces an equal quantity when

multiplied by itself and when added to itself. So just as two is
a mean between unity and plurality, so the semicircle has a

community with rectilinear flgures with regard to its base and

with the circle with regard to its circumference.

The rectilinear figures come forth in orderly fashion ac-

cording to the series of numbers from three to infinity. This

is why the author of the Elements begins here. He defines

"tri1ateral," "quadrilateral," and then figures called. by a

common name "multilateral." Trilateral figures are also multi-

lateral, but they have a special as well as the common desig-

nation, whereas for the others, since we are unable to follow

the endless procession of the numbers, we are content to

use the common designation. Our author mentions only the

trilateral and the quadrilateral, since three and four are the

first of the numbers, three being unmixedly odd among the

odd numbers and four the most even of even numbers. He

brings in these two for the construction of the rectilinear

figures in order to show their dependence on all the numbers,

13e I 61,13 Def. XIX in Heiberg's text.
r.4o 1 61.25 Literally "between unity and number." The Pythag-

oreans defined number as a plurality of units.
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both even and odd; moreover, because in the first book he is
going to explain triangles and parallelograms as the most
elementary figures, he naturally stops the particular enumera-
tion with them and includes all the others under the common
designation "multilateral." So much for this.

We must now begin afresh and say that of plane flgures
some are contained by simple lines, others by mixed, and
others by both sorts. Of those contained by simple lines some
are contained by similar lines, such as rectilinear figures, and
some by dissimilar lines, such as semicircles and segments
and arches that are less than semicircles. Of those contained
by similar lines some are bounded by circular, others by
straight lines; and of those contained within circular lines
some are bounded by one, others by two, and others by
several. The circle itself is bounded by one line; of those
bounded by two, some are without angles, like the "crown"
that is contained between the circumferences of two con-
centric circles, and others with angles, like the lunule; and
of those bounded by more than two there are an indefinite
number, for some figures are contained by three or four or
more circumferences. If three circles are tangent, for example,
they will cut oft a three-sided area bounded by three circum-
ferences; and if there are four tangent circles, there will be an
area bounded by four circumferences; and so on in the same
way. Of figures contained by straight lines some are bounded
by three, others by more. It is not possible for an area to be
contained by two straight lines, still less by one such; so
every area that is contained within one or two boundaries
belongs either to those bounded by mixed lines or to those
bounded by circumferences. "Bounded by mixed lines" can
mean either that mixed lines contain the area, such as the
area cut off by the curve of a cissoid, or that unlike boundaries
contain it, as with the arch. For rnixture may come about in
two ways, either by juxtaposition or by fusion.lnl Not every

141 164.4 Barocius' text at this point includes the following sen-
tence not contained in Friedlein: "Hence every rectilinear figure is
either triangular, or quadrilateral, or multilateral in varying degrees."
In the next line "or rnultilateral" is inserted after "quadrilateral."
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trilateral or quadrilateral figure is rectilinear, for such a

number of sides can occur in figures bounded by circumfer-
ences. So much for the classification of plane figures.

It has been said earlier that the straight line is a symbol of
procession, motion, and infinity and resembles those gen-

erating and diversifying deities in the hierarchy that are gauses

of change and motion. ft follows that rectilinear figures are

at home with those gods that preside over the generating

activity of the forms as they go forth into all things. This is
why the world of generation is primarily ordered in con-
formity with these figures; it derives its being from them,

since its existence is dependent on motion and change.

XXry-XXIX,'n' Of trilateral figures on equilateral triangle

is that which has its three sides equal, qn isosceles triangle
that whiclt has two of its sides alone equal, and a scalene

triangle that which has its three sides unequal. Further, ot
trilateral figures a right-angled triangle is that which has one

ol its angles a right angle, an obtuse-angled triangle that

which has one of its angles obtuse, and an acute-angled

triangle that which has its three angles acute.

The classification of triangles here is based partly on their

angles and partly on their sides. The classification based on

sides, being familiar, comes first; then follows the classifica-

tion based on angles, which is specifically characterizing; for
the three angles-right, obtuse, and nsufs-belong only to
rectilinear figures, whereas equality and inequality of sides

are obviously found also in nonrectilinear figures. He says

therefore that some triangles are equilateral, some isosceles,

and some scalene; for a triangle either has all its sides equal,

or all of them unequal, or only two of them equal. Then,

starting afresh, he says that some triangles are right-angled,

some obtuse-angled, and some acute-angled. The right-angled

triangle is defined as having one of its angles a right angle,

and the obtuse-angled similarly, for it is impossible that a

triangle should have more than one right or one obtuse

angle; and the acute-angled triangle is that which has all its

142 164.18 Deff. XX and XXI in Heiberg's text.
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angles acute. It is not sufficient in this case to say that it has

one acute angle, for thus all triangles would be acute-angled,
since any triangle whatever has two acute angles, the acute-
angled triangle alone having all three angles acute.

But it seems to me that, when the author of the Elements

makes a separate classification based on the angles and an-

other based on the sides, he is simply recognizing that not
every triangle is also trilateral. For there are four-sided tri-
angles, called "barb-like" by others,l''s but "ho11ow-angled"
by Zenodorus.144 Think of a ttree-sided figure having on one

of its sides two lines projecting inwards. It will have an area

bounded by the two outer [lines and the two inner ones, and it
will have one angle contained by the two outer linesltnt and
two others contained by the outer lines and the inner ones and
situated at the extremities where these two pairs of lines
converge. Such a figure is clearly a four-sided triangls.14o

It does not follow, then, whenever we find a figure with three
angles-whether all acute, or one right, or one obtuse-that
we have necessarily found a trilateral, that is, an isosceles
triangle or some other three-sided figure; for it could even be
four-sided. You could likewise obtain a quadrangle with more
than four sides. So we cannot at once declare from the number
of its angles how many sides a flgure has. But enough of this.

The Pythagoreans assert that the triangle is the ultimate
source of generation and of the production of species among
things generated. Consequently the Timaeus says that the
ideas of natural science, those used in the construction of the
cosmic elements, are triangles.ln? They are divided into three
kinds, bring into unity things that are in every way divided

143 1 65.23 I follow Friedlein's conjecture that rop' o0ro?s is a
corruption of oop' dtr\ors.

144 165.24 Zenodorus, a geometer of the second or first century
B.c. who wrote a treatise on isometric figures, considerable parts of
which have been preserved by Theon of Smyrna and by Pappus. See
Heath n,2A7-213; Gow, 271f".; Van der Waerden, 268f.

145 166.2f. There is another lacuna here. I have followed the
conjectural restoration of Friedlein.

146 166,6 For a diagram and discussion of this figure see 328.21ff.
and note at 329.7 .

14? 166.18 Tim. 53eff.
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and changeable, are full of the indefiniteness of matter, and

set up in advance the dissoluble bonds of material bodies, just

as triangles themselves are contained by straight lines and

have angles that bring together the plurality of these lines

and provide them an imported fellowship and contact with
one another. Rightly, then, Philolaus148 dedicates the angle

of the triangle to the four gods Kronos, Hades, Ares, and

Dionysus, since he includes within their province the entire

fourfold ordering of the cosmic elements derived from the

heavens or from the four segments of the zodiacal circle.
Kronos gives being to all the moist and cold essences, Ares
engenders every fiery nature, I{ades has control of all ter-
restrial life, and Dionysus supervises moist and warm genera-

tion, of which wine, being moist and warm, is a symbol. All
these are distinct as far as their action on secondary things is

concerned, but they are united with one another, and this is
why Philolaus brings them to unity under one angle. If the
differences between triangles contribute to the process of
generation, it is reasonable to admit that the triangle is the

chief agent in the production of sublunary things. The right

angle furnishes them with their essence and bounds the meas-

ure of their being, and the idea of the right-angled triangle
therefore is the essence{onstituting factor for the generated

cosmic elements. The obtuse angle furnishes them with ex-

tendedness in general, and the idea of the obtuse-angled tri-
angle enlarges the enmattered forms and increases their vari-

ety and extent. The acute angle renders nature herself subject

to division, and the idea of the acute-angled triangle prepares

the way for the endless distinctions that come to be. In short,

the idea of the triangle underlies the extended and completely

divisible being of material bodies. So much we thought it nec-

essary to observe regarding triangles.

From these classificationsl4e you can understand that the

148 1 67 .L On Philolaus see note at 22.14i and for other references

to him see 1 3 0. 10, 17 3 .ll , 17 4 .4.
14e 168.4 This phrase evidently refers back to the early part of the

commentary on this definition, 1,64.27-166.13, the material about the

Pythagoreans being in a sense a digression.
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species of triangle are seven in all, neither more nor less. The
equilateral triangle is one only and is acute-angled; but each
of the other two has three kinds. The isosceles is either right-
angled, obtuse-angled, or acute-angled; and the scalene like-
wise has the same three forms. If, then, each of these exists

in three species and equilateral triangles are of one kind only,
let us say that there are seven kinds of triangle in all. You can
also understand from the differences found in their sides the
analogy they bear to the orders of being. The equilateral
triangle, always controlled by equality and simplicity, is akin
to the divine souls, for equality is the measure of unequal
things, as the divine is the measure of all secondary things.
The isosceles is akin to the higher powers that direct material
nature, the greater part of which is regulated' by measure,
whereas the lowest members are neighbors to inequality and
to the indeterminateness of matter; for two sides of the isosce-

les are equal, and only the base is unequal to the others. The
scalene is akin to the divided forms of life that are lame in
every limb150 and come limping to birth filled with matter.

XXX-XXXIV.151 Of quadrilateral figures a square is that
which is both equilateral and right-angled, An oblong
that which is risht-angled but not equilateral, a rhombus
that which is equilateral but not right-angled, and a rhomboid
that which has its opposite sides and angles equal to one

another but is neither equilateral nor right-angled. Let
quadrilaterals other than these be called trapezia.

Quadrilaterals ought first to be divided into two groups,
one called parallelograms, the other nonparallelograms, and
parallelograms into some that are both right-angled and equi-
lateral, such as squares, others that are neither, such as

rhomboids, and others either right-angled and not equilateral,
such as oblongs, or equilateral and not right-angled, such as

rhombi. For parallelograms necessarily have either both
equality of sides and right-angledness, or neither of them, or
one of them only; and the last is possible in two ways, so that

150 168,23 yulte{ovor,, a play on the meaning of axd.)tqv6s, "lame."
l51 169.1 Def. XXII in Heiberg's text.
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parallelograms exist in four species. Of nonparallelograms

some have only two sides parallel and the other sicles not, and

some have no sides at all parallel; the former are called
trapezia, the latter trapezoids. Of trapezia some have the sides

that join the parallels equal, others have them unequal; the

former are called isosceles trapezia, the latter scalene. Hence

there will be seven kinds of quadrilaterals: the square, the

oblong, the rhombus, the rhomboid, the isosceles trapezium,

the scalene trapezium, and the trapezoid.162

Posidonius makes a perfect division of rectilinear quadri-
laterals by positing these seven species of them, as he does

also for the triangle.158 Euclid, however, cannot make the

division into parallelograms and nonparallelograms, since he

has not spoken of parallel lines nor taught us what the paral-

lelogram itself is. All trapezia and trapezoids he calls by the

general name "trapezia," thus setting them off from the other
four classes, to which he correctly assigns the property of
parallelograms, that is, of having their opposite sides and

angles equal. For the square, the oblong, and the rhombus

have their opposite sides and angles equal; but he adds this

only for the rhomboid, since to say that it is neither equilateral

nor right-angled would be to set it forth by mere negations.

When we are at a loss for specific char acterizing definitions,

we are compelled to use generic terms; and that he himself

shows this character to be common to all parallelograms we

shall learn later.
Thc rhombus resembles a square that has been shaken, and

the rhomboiC an oblong that has been set in motion; hence

152 | 7A.n The Munich codex

margin:
has the following diagrams in the

ISOSCELES
TRAPEZ I U M

SCALENE
TRAPEZ I UM

153 170.15
tioned.

\l
RHOMBOI O

[_]
Cf. 168.5-12 where, however, Posidonius is not men-
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they do not differ from the square and the oblong with respect
to their sides, but only in the obtuseness or acuteness of their
angles, the others being right-angled. If you imagine the
square or the oblong being pulled at opposite corners, you
will find these angles contracting and becoming acute, the
others spreading out and appearing obtuse. It seems that even
its name is applied to the rhombus from this motion. If you
imagine the square in revolution,lsa it will appear to be dis-
torted at its corners, just as the circle when twirled like a

sling appears to be an ellipse.
One might well ask why the square specifically has received

the designation "quadrangle."15s "Triangle" is the common
term for all three-angled figures, including those not equi-
angular or equilateral; and "pentagon" is similarly used.
Why, then, cannot "quadrangle" likewise be applied to other
four-sided156 figures? Our geometer indeed, when discussing
these other figures, employs such phrases as "equilateral
trianglsttts? and "a pentagon which is equilateral and equi-
angular,"t which indicate that the triangle or the pentagon
could be other than equilateral and equiangular. But the word
"quadrangle" at once means the equilateral and right-angled
figure. The reason is this. The square is the only area whose
very nature exhibits an ideal with respect both to its sides and
to its angles. [Its sides are equal, and] each of its angles, being
a right angle, holds the measure of angles, a measure per-
mitting neither increase nor decrease; because it is superior
in both respects, then, it has properly received the generic
designation. The triangle, even though it has equal angles,
has them all acute, and in the pentagon they are all obtuse.
Rightly, therefore, the square, being perfected by the equality

t5* 172.2 Pop,potp"eyoy. Cf. iLp\r, "twirl."
L66 172.5 rerpd.7wt,ov. This term was used alike for "square" and

for "quadrilateral" before and even after Euclid. His introduction of
rerpd.rltevpov enabled ambiguity to be avoided (Heath, Euclid t, 188),
yet the older use persisted. Even Proclus (166.10) has said that we
could have rerp&,yuva with more than four sides, and here the term
can hardly mean "squares."

156 172.10 Proclus should have said "four-angled."
t67 l72.ll E.g. in Def. XXIV (Heiberg's XX).
168 172.12 E,g. in Bk. IV, Prop. 11.
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of its sides and the rightness of its angles, has alone of all

quadrilaterals received this designation; for to those species

that excel we often apply eulogistically the designation of the
ggnus.

The Pythagoreans thought that this more than any other

four-sided figure carries the image of the divine nature, It is

their favorite figure for indicating immaculate worth; for the

rightness of the angles imitates integrity, and the equality of
the sides abiding power. Change is the offspring of inequality,
and steadfastness of equality; hence the causes of the firm
foundation of all things and of pure and impartial power are

naturally expressed by the square figure as an image of these

properties. Philolaus, moreover, in another of his reflections

calls the angle of the square the angle of Rhea, Demeter, and

Hestia. For since the square is the substance of earth and

the element nearest it, as we learn from the Timaeusr"n

and since the earth receives effiuenses and generative powers

from all these goddesses, he rightly dedicates the angle of the

square to these life-giving divine forces. For some call the

earth Hestia or Demeter, and they say that it partakes of all

that Rhea is, and in her are all the generating causes in earthly

fashion. Hence he declares that the single bond of unity

among these species of the divine is the angle of the square.

They also liken the square to the whole of virtue, since it has

four right angles, each of them perfect in the way in which

we say that each of the virtues is perfect and self-sufficient,

namely, os a measure and a landrnark for life, and all of thern

intermediates between the obtuse and the acute angles. We

must not omit to observe that Philolaus dedicates the angle of

the triangle to four gods and the angle of the square to three,160

showing their penetration of one another and the communion

of all in all, of odd numbers in the even and of even in the

odd. Hence a tetradic triad and a triadic tetrad that partake

1Eg 173.15 This passage implies that the construction of the pri-
mary bodies described in the Timaeus should be attributed to Philo-
laus. But see note at 22.14.

rco L7 4.5 Cf. 130.10-12, 167 .l-3.
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of the generative and creative goods maintain the whole order
of generated things. The number twelve, which is their
product, ascends towards a single monad, the sovereignty of
Zeus. Philolaus says that the angle of the dodecagon is the
angle of Zeus, because Zeus holds together in a single unity
the whole duodecimal number, In Plato likewise Zeus leads

"the twelve" and has absolute dominion over all things.1o1

So much we thought it necessary to say about four-sided
figures in order to bring out the thought of the author of the
Elements and also to provide starting-points for speculative
reflections to those who seek knowledge of the intelligible and
invisible world.

XXXV.102 Parallel straight lines are straight lines which,
being in the same plane and being produced indefinitely in
both directions, do not meet one another in either direction,

The basic propositions about parallels and the attributes
by which they are recognized we shall learn later, but what
parallel straight lines are is defined in the words above. They
must lie in one plane, he says, and when produced in both
directions do not meet but can be extended indefinitely. Lines
that are not parallel may be produced to a certain distance
without meeting, but what characterizes parallel lines is that
they do not rneet when extended indefinitely; and not simply
this, they are capable of indefinite extension in both directions
without meeting. Lines that are not parallel may be capable
of indefinite extension on one side but not on the other; as

they near each other on one side, they diverge more on the
other. The reason is that two straight lines cannot enclose
an area) and they would if they converged on both sides.
Further, the definition rightly adds that the straight lines
must be in the same plane; for if one of them should be in
the given plane and the other above it, they would always
be asymptotes to one another, whatever their position, but
they would not for this reason be parallel.

161 1 7 4.16 Phaedr, 246ef..
162 175.1 Def. XXIII in Heiberg's text.
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So the plane must be one, and the lines must be produced

indefinitely in both directions and meet in neither. When these

conditions obtain, they will be parallel straight lines.

This is the way Euclid defines parallel straight lines. But
Posidonius says that parallel lines are lines in a single plane

which neither converge nor diverge but have all the perpen-

diculars equal that are drawn to one of them from points

on the other. Those lines between which the perpendiculars

become progressively [longer or] shorter [intersect somewhere

because they]163 converge upon one another; for a perpen-

dicular can determine both the heights of figures and the
distances between lines. Hence when the perpendiculars are

equal, the distances between the straight lines are equal, but
when they become greater or less, the distance increases or

decreases and the lines converge on the side on which the

perpendiculars are shorter.

But we must understand that absence of intersection does

not always make lines parallel, for the circumferences of con-

centric circles do not intersect; the lines must also be extended

indefinitely. This characteristic can be found not only in
straight lines but in others as well. One can think of a helix

inscribed around a straight line which can be prolonged with
the straight line indefinitely and never meet it. Such cases

Geminus rightly distinguishes from the former ones at the

outset.164 Some lines, he says, are finite and enclose a figure,

like the circle, the perimeter of an ellipse, the cissoid, and

many others; others are unlimited and can be extended

indefinitely, like the straight line, the section of a right-angled

or an obtuse-angled cone,tut and the conchoid. Again of those

capable of being extended indefinitely some never enclose a

flgure, like the straight line and the above-mentioned conic

sections, while others come together and, after making a

163 1 7 6.11 Barocius has a fuller text here. I have included in
brackets the words taken from his translation.

164 176.26 The following account of Geminus' doctrine supple-

ments an earlier one at 111.3. See note at that point.
105 177,5 I.e. the parabola and the hyperbola. See note at I11.8.
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figure, then extend on indefinitely.rou of these some are
asymptotic, namely, those which however far extended never
meet, and others that do intersect are symptotic. Of asymp-
totic lines some are in the same plane with one another,
others not; and of the asymptotes that are in the same plane,
some are always equidistant from one another, others are
constantly diminishing the distance between themselves and
their straight lines, like the hyperbola and the conchoid.
Although the distance between these lines constantly de-
creases, they remain asymptotes and, though converging upon
one another, never converge completely. This is one of the
most paradoxical theorems in geometry, proving as it does
that some lines exhibit a nonconvergent convergence. Of the
lines which are always equidistant from one another those
straight lines which never make the interval between them
less and which lie in the same plane are parallel. So much I
have selected from Geminus' Philokalial|T to elucidate the
subject before us.

166 177 .9 Heath (Euclid I, 160f. ) suggests that the curve meant
here is a variety of the conchoid. See also Tannery tt, 23.

167 177.24 Is this the title of Geminus' comprehensive work or of
one of its books, of which there must havc been many? See Heath,
Euclid r, 39.
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t79

POSTULATES AND
AXIOMS

THE FIRST principles of geometry are divided into three

I groups: hypotheses, postulates, and axioms. We have

explained the difference between them in the earlier
portions of this work,1 but now let us examine particularly
and more precisely the distinction between postulates and

axioms, since they are the chief subjects of inquiry in the

present section. Hypotheses, or what are called definitions,

we have considered in the foregoing.

It is a common character of axioms and postulates alike
that they do not require proof or geometrical evidence but are

taken as known and used as starting-points for what follows.

They differ from one another in the way in which theorems

have been distinguished from problems.z Just as in a theorem

we put forward something to be seen and known as a conse-

quence of our hypotheses but in a problem are required to
procure or construct somethitg, so in the same wayt axioms

take for granted things that are immediately evident to our

knowledge and easily grasped by our untaught understand-

ings, whereas in a postulate we ask leave to assume something

that can easily be brought about or devised, not re{uiring
any labor of thought for its acceptance nor any complex

construction. Hence clear knowledge without demonstration

and assumption without construction distinguish axioms and

L t78.3 At 76.6fr.. Heiberg's text has 6pot instead of irofl/,ae$
and rcoryai Evyorut instead of Proclus' d{tcbp.ara. On these questions of
terminology and the substantive issues underlying them respecting the

foundations of Greek geometry see von Fritz, "Die APXAI in der
griechischen Mathematik," in Archiv liir Begriffsgeschichte I, 1955,

13-102, and Arp6d Szab6, "Anflnge der Euklidischen Axiomen-
systems," in O. Becker (ed.), Zur Geschichte der Griechischen Mathe-
matik, Darmstadt, 1965, 355-461.

2 178.13 See 77.7ff.
3 L79.2 Reading with Barocius xard, raitr& for xori:, raira in

Friedlein.
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postulates, just as knowing from demonstration and accepting
conclusions by the aid of constructions differentiate theorems
from problems.

Principles must always be superior to their consequences
in being simple, indemonstrable, and evident of themselves.
In general, says Speusippus, in the hunt for knowledge in
which our understanding is engaged we put forward some
things and prepare them for use in later inquiry without having
made any elaborate excursion, and our mind has a clearer
contact with them than sight has with visible objects; but
others it is unable to grasp immediately and therefore ad-
vances on them step by step and endeavors to capture them
by their consequences. For example, drawing a straight line
from a point to a point is something our thotight grasps as

obvious and easy, for by following the uniform flowing of the
point and by proceeding without deviation more to one side
than to another, it reaches the other point. Again if one of the
two ends of a straight line is stationary, the other end moving
around it describes a circle without difficulty. But if we should
wish to draw a one-turn spiral, we need a rather complicated
device, for the spiral is generated by a complex of motions;
and to construct an equilateral triangle will also require a
special method for constructing a triangle. Geometrical in-
telligence will tell me that, if I think of a straight line one end
of which is fixed and the other revolving about it, while a
point is moving along it from the stationary end, I describe a

monostrophic spiral; for when the end of the line which de-
scribes a circle has reached its starting-point at the same time
as the point completes its movement along the line, they
coincide and make me such a spiral. And again if I describe
two equal circles and join their point of intersection with the
centers of the circles and draw a straight line from one center
to the other, I shall have an equilateral triangle. It is far from
true, therefore, that these things can be done at first glance
and by simple reflection; we should be content to follow the
procedures by which the figures are constructed.

Whether such a construction is made easily or with diffi-
culty, or whether a demonstration proceeds through more or
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fewer middle terms, depends on the aptitudes of those who
use these methods; but that a demonstration or a construction

is needed at all results from the characteristic that con-

clusions lack the clarity of postulates and axioms. Both of

these, postulate and axiom, must be simple and easy to
grasp. But a postulate prescribes that we construct or provide

some simple or easily grasped object for the exhibition of a
character, while an axiom asserts4 some inherent attribute that

is known at once to one's auditops-5ush as that fire is hot,

or some other quite evident truth about which we say that
they who are in doubt lack sense organs or must be prodded

to use them. So a postulate has the same general character as

an axiom but differs from it in the manner described. For each

of them is an undemonstrated starting-point, one in one woy,

the other in another, as we have explained.

Some persons, however, insist on calling them all pos-

tulates, just as they call all inquiries problems. Thus Archi-
medes at the beginning of his first book On Equilibriau

says "we postulate that when equal weights are taken from

equal lengths the remainders are equally balanced." Yet one

might rather call this an axiom. Others designate all of them

axioms, 8s they call a theorem everything that requires a

demonstration. The same analogy, it seems, has led them to
transfer a term from a specific to a general use. Nevertheless,

just as a problem difiers from a theoreffi, so a postulate difters

from an axiom, even though both of them are undemon-

strated; the one is assumed because it is easy to construct,

the other accepteC because it is easy to know. This is the

ground on which Geminus distinguishes postulate from axiom.

Others would say that postulates are peculiar to geometry,

while axioms are common to alt sciences that deal with

quantity and magnitude. For it is the geometer who knows

that all right angles are equal and that a finite straight line may

be produced in a straight line, whereas that things equal to the

4 181.9 Reading, apparently with Barocius, tri7e c for trCyerr in
Friedlein.

5 181.18 Adopting Hultsch's emendation rott g loopporr,6a for rttv
d.vwopportitv (Rheinisches Museunr N.F. xlx, 1864, 450tr.).
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same thing are equal to each other is a common notion used

by the arithmetician and by all other scientists, each adapting
the common truth to his particular subject-matter. But
Aristotle, as we have saicl earlier,t maintains that a postulate
is demonstrable and, even though not accepted by the learner,
can still be taken as a starting-point, whereas the axiom is as

such indemonstrable and everyone would be disposed to
accept it, even though some might dispute it for the sake of
argument.

These, then, are the three ways in which postulate and
axiom are distinguished. According to the first-that which
bases the distinction on the fact that the postulate produces
and the axiom knows-clearly it is not a postulate that all
right angles are equal. Nor is the fifth, that when two straight
lines are intersected by a third making the two interior angles
on one side of it less than two right angles, then the straight
lines when extended will meet on that side on which the two
angtes are less than two right angles. For these statements

are not assumed for the sake of any construction, nor do they
demand that we produce anything; they only show a charac-
teristic belonging respectively to right angles and to straight
lines produced on the side on which the angles are less than
two right angles. According to the second mode of distin-
guishing them, it will not be an axiom that two straight lines
do not enclose an area, although some persons still list it as

an axiom. For this is a character that belongs to the subject-
matter of geometry, like the principle that all right angles are
equal. According to the third, the Aristotelian method, every-
thing that can be made convincing by proof will be a postulate,

and whatever is indemonstrable an axiom. It was therefore in
vain that Apollonius attempted to provide demonstrations for
axioms. Geminus aptly comments that the one party have

thought up demonstrations for indemonstrables and endeav-

ored to establish what everybody knows by means of less

well known middle terms, as Apollonius did when he tried to
demonstate the truth of the axiom that things equal to the

o 182.14 See 76.8 and note.
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same thing are equal to each other,T whereas the other party
include things that need demonstration among the undemon-
strated matters, as did Euclid himself with his fifth and his
fourth postulates. For some say that his fourth also is doubt-
ful and needs to be demonstrated. Is it not ridiculous that

theorems whose converses are demonstrable should be ranged

among the indemonstrables? For that the interior angles made

by intersecting straight lines are less than two right angles is
demonstrated by Euclid himself in the theorem "in every
triangle two angles taken together in any way are less than
two right angles."8 And it is also clearly demonstrable that
the angle equal to a right angle is sometimes not a right
angle.o We ought not to admit, then, says Geminus, that the

converses of these propositions are indemonstrable. Thus it
seems, according to his arrangement, that there are only three

postulates, the other two and their converses requiring to be

established by demonsEation, and that it is superfluous to
include among the axioms "two lines do not enclose an atea"
if it can be established by demonstration.

So much for the difference between postulates and axioms.

Returning to axioms, we note that some of them are peculiar

to arithmetic, some peculiar to geomefty, and some common

to both. That every number is measured by the number one

is an arithmetical axiom; to geometry belong the principles

that two equal straight lines will coincide with each other and

that every magnitude can be divided indefinitely; but that two

things equal to the same thing are equal to each other, and

similar axioms, are common to both sciences. But each of
them makes use of them only so far as its subject-matter re-

quires, geometry for magnitudes, arithmetic for numbers. Ill
the same way some postulates are peculiar to certain sciences,

others are common. That a number can be divided into least

? 183.20 See 194.20ff.
I L84.2 "This seems to me a low point in the commentary. Euclid

proves XVII because it is a weaker assertion than the parallel postu-

late. . . . His realization of the necessity for such a postulate despite
the provability of its converse may have been his greatest contribution
to geometry." (I.M.)

e 184.3 Proclus himself shows this at 189.12ff.
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parts we should say is a postulate peculiar to arithmetic, that
every finite straight line can be produced in a straight line
peculiar to geometry, and that quantity is capable of indefinite
increase common to both. For both number and magnitude
are capable of such increase.

PosruLArES I-III. Let it be postulated to draw a straight
line from any point to any point, to produce a finite
straight line continuously in a straight line, and to describe
a circle with any center and distance.

These three, because of their clarity and their demand
that we produce something, are necessarily ranked among the
postulates, at least according to Geminus. The drawing of a

line from any point to any point follows from the conception
of the line as the flowing of a point and of the straight line
as its uniform and undeviating flowing. For if we think of the
point as moving uniformly over the shortest path, we shall
come to the other point and so shall have got the first postulate
without any complicated process of thought. And if we take a

straight line as limited by a point and simitarly imagine its
extremity as moving uniformly over the shortest route, the
second postulate will have been established by a simple and
facile reflection. And if we think of a finite line as having one
extremity station ary and the other extremity moving about
this station ary point, we shall have produced the third postu-
late; for the stationary point will be the center and the straight
line the distance, and whatever length this line may have, such
will be the distance that separates the center from all parts of
the circumference.

If someone should inquire how we can introduce motions
into immovable geometrical objects and move things that are
without parts-operations that are altogether impossible-we
shall ask that he be not annoyed if we remind him of what
was demonstrated in the Prologue about things in the imagina-
tion,lo namely, that our ideas inscribe there the images of all
things of which the understanding has ideas and that this
unwritten tablet was the lowest form of "nous," the "passive.,'

10 186.3 See 51.13-54.14.
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This statement, however, does not remove our difficulty, for
the "nous" that receives these forms from elsewhere receives

them through motion. But let us think of this motion not
as bodily, but as imagin zty, and admit not that things without
parts move with bodily motions, but rather that they are

subject to the ways of the imagination. For "nous," though
partless, is moved, but not spatially; and imagination has its

own kind of motion corresponding to its own partlessness. In
attending to bodily motions, we lose sight of the motions that
exist among things without extendedness. Partless things are

free from material space and external movements, but an-
other kind of motion and another space coordinate with their
motion can be discerned in them. We say that the point has

position in the imagination and do not ask how something

can remain partless and still be moving somewhere and

surrounded by space; for the space of extended things is

extended, that of unextended things unextended. Conse-
quently the forms peculiar to geometrical objects are quite

other than the things whose existence comes from them. The

motion of bodies is one thing, the motion of objects conceived

in imagination is something else; and the space of extended

objects is other than the space of partless beings. We must
keep them separate and not confuse them, lest we disarrange

the natures of things.

It appears that of these three postulates the fust expresses

in an image how existing things are contained among their

more partless causes and bounded by them, and that they ate

cornprehended by them on all sides even before they come to

be. The straight line, for example, links already existing points

one to another, is bounded by them and included between

them. The second postulate shows how things can hold fast to

their own origins and yet go out to all things, preserving con-

tinuity with their principles and not being separated from
them, but ever driven by the all-powerful cause in them to

move forth. And the third postulate shows that whatever goes

forth turns back again to its own starting-point, for the revolu-

tion of the moving part of the line about its stationaty end

which generates the circle imitates the circular return.
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But we must understand that the character of being pro-
duced indefinitely does not belong to all lines. It belongs
neither to the circular nor to the cissoid,ll nor to any of the
figure-describing lines, nor even to all those that do not make
figures. For not even the monostrophic spiral can be produced
indefinitely, since it has its existence between two points; nor
can any other of the lines so generated. Nor is it possible to
join every point with every other by every line, for not every
line can exist between all points. So much for these matters;
let us pass on to what follows.

PosruLATE rV. And that all right angles are equal to
one another.

If we admit that this statement is self-evident and does not
require proof, it is not a postulate according to Geminus, but
an axiorn; for it attributes an intrinsic property to right
angles and does not ask that something be produced by
simple reflection. Nor is it a postulate according to Aristotle's
classification, for in his opinion a postulate requires a proof.
But if we say it can be proved and seek to prove it, neither
then, in Geminus' opinion, will it be classed among the
postulates.l2

Now the equality of right angles is manifest from our com-
mon notions; having the relation of a first term or boundls
with respect to the indefinite increase or decrease of the angles
on either side of it, the right angle is equal to every right
angle. For this is how we have produced the primary right
angle, by making equal the two angles on either side of the
upright straight line against which it stands. But if we must
provide a graphic proof of this postulate, let us assume two
right angles, ABC and DEF. I say they are equal. If they are
not, one of them will be greater than the other. Let this be the

LL 187.21 Heath (Euclid t, l64f .) notes that Proclus' conception of
the cissoid and of the single-turn spiral is peculiar in that he thinks of
the former as a closed curve and similarly regards the latter as stopping
short at the point reached after one complete revolution of the straight
line (187.22-23). On the latter see also Tannery rr, 39.

12 188.11 ,Sc. but rather among the theorems.
18 188.13 Reading with Barocius 6pou instead of Spov in Friedlein.
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angle at B. Then if DE be made to coincide with AB, the line
EF will fall within the angle, S&y, at BG.1{ Let BC be extended
to ff. Since ABC is a right angle, so also is ABH, and the

two angles are equal to one another (for a right angle is by
definition equal to its adjacent angle). Angle ABH, then, is
greater than angle ABG.'5 Now let BG be extended to K.
Since ABG is a right angle, its adjacent angle also will be a

right angle, equal to ABG. The angle ABK, then, is equal to
angle ABG, so that angle ABH is less than ABG. But it is
also greater, which is impossible. Hence it is false that a right
angle can be greater than a right angle.

This proof has been given by other commentators and

required no great study. But Pappus'6 has rightly pointed out

that the converse of this postulate is not true, namely, that the

angle equal to a right angle is always a right angle. Only if the

angle is rectilinear will it always be a right angle; it is possible

to show that an angle with circular boundaries is equal to a

iight angle, and clearly we should not call such an angle a

right angle, For in our classification of rectilinear angles we

assumed that a right angle is produced by a straight line which

stands upright with respect to the base line, so that an angle

14 189.1 Reading with Grynaeus and Barocius rurriro instead of
roreiu in Friedlein.

1s 1.89.5 Readingffi' for the obviously erroneous "p"/ 
in Friedlein.

16 189.12 Pappus of Alexandria lived at the end of the third and

the beginning of the fourth century. He is the author of several com-

mentaries, including one on Euclid, which have been lost, and of a

Collection in eight books covering the whole of Greek geometry,

which is extant and has been edited by Hultsch, 1876-1878. See Heath
tr, 355-439, and on Proclus' use of Pappus Euclid r,24-27; also Gow,
304-311; and Van der Waerden, 286-290-

H
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equal to a right angle will not always be a right angle unless

it is also rectilinear. Let us imagine two equal lines AB and

190 BC making a right angle at B, and let us describe with center
and distance two equal semicircles upon them, AEB and
BFC. Since the semicircles are equal, they will coincide with
one another and the angle EBA will be equal to the angle
FBC. Let ABF be added to each. Then the right angle as a
whole will be equal to the lunular angle EBF, and yet this
lunular angle is not a right angle. In the same w&y, if the
angle at ABC is an obtuse or an acute angle, it can be shown
that the lunular angle is equal to it, for this is the kind of
circular angle that can always be coordinated with rectilinear

angles. But we should note this: in the case of the right angle
and the obtuse angle we must add the angle included between
the straight line AB and the circumference BF, whereas in the
case of the acute angle it must be subtracted; for the straight
line AB cuts the circumference BFC. Both these cases are set
forth in the diagrams,

191 Let these proofs, then, be taken as showing both that all
right angles are equal to one another and that not every
angle equal to a right angle is a right angle. For if such an
angle is not even rectilin ear, how could it be called a right
angle?

r49 -



r92

THE COMMENTARY

This postulate also shows that rightness of angles is akin to
equality, as acuteness and obtuseness are akin to inequality.
Rightness is in the same column with equality,'? for both of
them belong under the Limit, as does likeness also. But
acuteness and obtuseness are akin to inequality, as is also un-
likeness; for all of them are the offspring of the Unlimited.
This is why those who look at the quantity of angles say that a

right angle is equal to a right angle, while others, looking at

the quality, say it is similar. For similarity has the same po-

sition among qualities that equality has among quantities.

PosruLATE V. And that, if a straight line faUing on two
straight lines makes the interior angles on the same side

less than two risht angles, the staight lines, it produced

indefinitely, will meet on that side on which are the angles

less than the two right angles.

This ought to be struck from the postulates altogether. For
it is a theorem-one that invites many questions, which
Ptolemy'8 proposed to resolve in one of his books-and
requires for its demonstration a number of definitions as well

as theorems.l0 And the converse of it is proved by Euclid

himself as a theorerl. But perhaps some persons might mis-
takenly think this proposition deserves to be ranked among

the postulates on the ground that the angles' being less than

two right angles makes us at once believe in the convergence

and intersection of the straight lines. To them Geminus has

given the proper answer when he said that we have learned

from the very founders of this science not to pay attention to

plausible imaginings in determining what propositions are to

1? 191,8 See note at 7.3.
18 191.23 Claudius Ptolemaeus, an Alexandrian astronomer and

geographer of the second century, author of the famous 2{vraf.ts
(known to us through the Arabs as the Almagest), a comprehensive
treatise on Greek astronomy in thirteen books. See Heath tt, 2'13-297;

Gow, 293-301 ; Van der Waerden, 271-27 4. For more about the book
mentioned in this passage see Proclus 365.7-368.23, and Heath II,
295-297.

1e 191.25 Cf. 365.7ff..
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be accepted in geometry. Aristotle likewise says that to accept

probable reasoning from a geometer is like demanding proofs
from a rhetorician.'u And Simmias is made by Plato to s&y,
*'f am aware that those who make proofs out of probabilities
are impostors."21 So here, although the statement that the

straight lines converge when the right angles are dimin-
ished is true and necessory, yet the conclusion that because

they converge more as they are extended farther they will meet
at some time is plausible, but not necess&ry, in the absence of
an argument proving that this is true of straight lines. That
there are lines that approach each other indefinitely but never

meet seems implausible and paradoxical, yet it is never-

theless true and has been ascertained for other species of lines.

May not this, then, be possible for straight lines as for those

other lines? Until we have firmly demonstrated that they
meet, what is said about other lines strips our imagination of
its plausibility. And although the arguments against the inter-
section of these lines may contain much that surprises us,

should we not all the more refuse to admit into our tradition
this unreasoned appeal to probability?

These considerations make it clear that we should seek a

proof of the theorem that lies before us and that it lacks the
special character of a postulate. But how it is to be proved,

and with what arguments the objections to this proposition

may be met, we can only say when the author of the Elements

is at the point of mentioning it and using it as obvious.22 At
that time it will be necessary to show that its obvious character

does not appear independently of demonstration but is turned

by proof into a matter of knowledge.

Axrovrs I-V. Things which are equal to the same thing are

also equal to one another; and if equals be added to equals

the wholes are equal; and if equals be subtracted from equals

the remainders ore equal; and the whole is greater than the

20 L92.ll ^ly'fc. Eth. 1094b26f,
2L 192.13 Phaedo 92d.
22 193 .7 See 364.1 3 and 37 I .10tr.
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part; and things which coincide with one another are equal
to one anotlter.2s

These are what are generally called indernonstrable axioms,

inasrnuch as they are deemed by everybody to be true and no

one disputes them. Often indeed premises in general, of what-
ever sort they may be, whether they occur to us with genuine
immediacy or require some supplementary teaching. are called

"axioms." The members of the Stoa, at least, are accustomed

to designate every simple affirmative proposition an "ax-
iom,"'n and whenever they write logical treatises for us

they entitle them "About Axioms."'u But some persons more
accurately distinguish axioms from other premises and call
"axiom" a premise that is immediate and self-evident because

of its clarity, &S Aristotle and the geometers say. According to

them, axiom and "common notion" mean the sarne thing.

We are therefore far from inclined to praise the geometer

Apollonius for furnishirg, as he thought, proofs of the

axioms, doing the precise opposite26 of Euclid; for Euclid

enumerated what is demonstrable among the postulates,

whereas Apollonius tried to discover demonstrations for in-

demonstrables. But demonstrables and indemonstrables differ

in nature from one another, as we saw; and the sciences

dealing with imrnediate premises that everywhere strike us

because of their clarity belong to a different class from the

sciences that employ dernonstrations, for these get their

starting-points from the former, taking and using them as

they are needed for establishing their own conclusions.

zs lg3.l4 Barocius' translation contains ten axioms; Heiberg's

Greek text contains nine, of which four are bracketed as presumably

later additions, leaving only the five listed by Proclus. But Axioms IV
and V in Proclus are listed in the reverse order in Heiberg; and in

Heiberg they carry the heading rcotvo,l {vvonr ('*common notions")
instead of d.fu&para ( "axioms" ) . On these variations in designation

and in content see note at 17 8.3 .

24 194.2 See note at 77.3.
25 L94.3 I follow Barocius here instead of the unintelligible text of

Friedlein. For this title see von Arnim tt, 5'6f.
28 194,12 Reading with Barocius d,revavrlus for d,revdvrto;s in

Friedlein.
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The proof that Apollonius was persuaded he had discov-
ered for the first of the axioms involves a middle premise that
is not better known than the conclusion, if indeed it is not
more doubtful. One can learn this from a passing glance at his

proof. "Let A be equat to B," he says, "and the latter to C.

I say that A is also equal to C. Since A, being equal to B,
occupies the same space as it, and since B, being equal to C,

occupies the same space as it, A also occupies the same space

as C. Therefore they are equal." This argument involves two
propositions that we must have previously accepted: one, that
things which occupy the same space as each other are equal;

the other, that things which occupy the sirme space as some

identical third thing also occupy the same space as each otfler.
Obviously these are far less clear than the proposed axiom.2?

For how do things fiIl the same space so as to be equal? Do
they occupy it simultaneously as wholes, or successively in
turn, or by sorne system of proportion? So it is altogether
unacceptable to shift attention to space, which is far more
unknown to us than the things in space. At any rate its nature
is controversial and difficult to discover. Not to multiply words
on this matter, wo must present all axioms as immediate and

self-evident, known from themselves alone, and trustworthy.
He who adjoins a proof to things already abundantly evident
does not confirm their truth but weakens the clarity that they

have when we accept them without instruction.
This, then, we must accept in advance as the criterion of

the peculiar character of axioms and understand that they all
belong to the common genus of mathematics. For each of
them is true not only of magnitudes, but also of numbers, of
motions, and of times. This is necessarily so. For equal and

unequal, whole and part, greater and less, are common char-
acters of both discrete and continuous magrutudes. The in-
vestigation of time intervals also requires that all these propo-
sitions be accepted as obvious; and so does the study of
motion, and number, and magnitude. In all these areas it is

2r l95,ll Von Fritz (Archiv filr Begriffsgeschichte r, 1955, 65,
100) suggests that Apollonius' purpose was rather to prove the transi-
tivity of congruence for lines than to prove the first a:riom.
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true that things equal to the same thing are equal to each

other, and so also is any other of the axioms that we may
assume. These axioms are common, but each individual uses

them with reference to his specific subject-matter and to the
extent which his subject-matter demands. One man applies
them to magnitudes, another to numbers, another to intervals
of time. In this wey, although the axioms are general, they
lead to specific conclusions in each science.

Furthermore, there is no need to reduce them to the lowest
possible number, as Heron2s does when he proposes three
only; for that the whole is greater than the part is also an
axiom, which our geometer often invokes for aid in his proofs,
and so too that things which coincide are equal, a principle
that immediately hereafter contributes to the proof of the
fourth theorem, Nor do we need to add others and then still
others, some peculiar to geometry (in violation of what we
have said about axioms as common principles), such as that
two lines do not enclose an area, or some that are only corol-
Iaries of those mentioned, such as that doubles of the same

thing are equal; for this last follows from the principle that if
you add equals to equals the sums are equal. For when
quantities equal'c to half of a given quantity add this very
half, they become double the same thing and are equal to one

another by virtue of the equal additions. And by this principle
not only doubles, but triples and any multiples of the same

things, will evidently be equal.
With these axioms Pappus says we should include "If un-

equals be added to equals, the excess of one sum over the
other is equal to the excess of one of the added quantities over

the other," and its complement, "If equals be added to un-
equals, the excess of one sum over the other is equal to the
excess of one of the original quantities over the other."
Although these principles too are evident of thernselves, yet

they can be demonstrated in the following fashion. Let A
and B be equals, and let unequals C and D be added to them,
C being greater than D by E. Then since A is equal to B and

28 196.16 On Heron see note at 41.10.
2s 196.27 Reading with Grynaeus toa for iaov in Friedlein.
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F equal to D, A and F together are equal to B and D. For if
equals be added to equals the sums are equal. Hence C and A
together exceed B and D by E only, the quantity by which

alone C exceeds D. Again let C and D be unequals, let equals

A and B be added, and let the excess of C over D be E. Then

since A is equal to B and A and F together are equal to B and

D, the sum of A and C will exceed the sum of B and D by E

alone, the amount by which C exceeds D.
These results are consequences of the axioms laid down

above and are rightly omitted in most copies.Eo And all the

others that he31 adds are anticipated in the definitions and

follow from them: for example, that all parts of a plane, and

all parts of a straight line, coincide with one another (for
everything that is stretched to the utmost has this character) ;
that a point divides a line, a line divides a plane, and a plane

divides a solid (for all these figures are divided by the ele-

ments by which their adjacent parts are bounded); and that
inf,nity in magnitude exists both by addition and by removal,

though potentially in each case (for every continuous magni-

tude is capable of indefinite division and indefinite increase).

30 198.4 Standard texts? Or lists of axioms? 197.6 suggests such a

standard list.
31 198.5 I.e. Pappus.
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I\TOW THAT we have summed up these matters, it re-

I \ mainsl for us to examine the propositions that come
after the principles. Up to this point we have been dealing
with the principles, and it is against them that most critics of
geometry have raised objections, endeavoring to show that
these partsz are not firmly established. Of those in this group
whose arguments have become notorious some, such as the

Sceptics,s would do away with all knowledge, like enemy

troops destroying the crops of a foreigu counffy, in this case a

country that has produced philosophy, whereas others, like
the Epicureans, propose only to discredit the principles of
geometry. Another group of critics, however, admit the prin-
ciples but deny that the propositions coming after the prin-
ciples can be demonstrated unless they grant something that is

not contained in the principles. This method of controversy

was followed by Zeno of Sidon,a who belonged to the school
of Epicurus and against whom Posidonius has written a whole
book and shown that his views are thoroughly unsound.

The disputes about the principles have been fairly well

disposed of in our preceding exposition, and Zeno's'attack
will concern us a little later.s For the present let us briefly

t 199.2 I follow Barocius in reading \.onr6v for trorzrriz. This section
of the text (to 200.18) in Barocius is continuous with the preceding
and constitutes the end of the Principia. Grynaeus also makes it con-
tinuous with the preceding but provides no separate heading for the
Propositions that follow.

2 199.5 To explain rd. p"ipr1 in Friedlein's text we must assume that
rd}ra. has dropped out just before these words.

3 199,9 'EQercrcrcod, the followers of Pyrrho of EIis, who advocated
withholding judgment in order to avoid falling into error. Diog. Laert.
I, 16; IX, 69-70.

4199.15 Zeno of Sidon, an Epicurean of the late second and early
first century 8.c., noted as a lucid and copious author. Diog. Laert.
VII, 35; X, 25; Cicero, Academica I, 46.

5 200.6 At 214.18ff.
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review the definitions of theorem and problem, the distinction
between them, the parts of each and the kinds into which
they can be divided, and then turn to the exposition of the
matters demonstrated by the author of the Elements. We shall
select the more elegant of the comments made on them by the
ancient writers, though we shall cut short their endless
loquacity and present only what is most competent and
relevant to scientific procedures, giving greater attention to the
working out of fundamentals than to the variety of cases and
lemmas which, we observe, usually attract the attention of the
younger students of the subject.

1.8 On a given finite straight line to construct an equilateral
triangle.

Science as a whole has two parts: in one it occupies itself
with immediate premises, while in the other it treats system-

atically the things that can be demonstrated or constructed

from these first principles, or in general are consequences of
them. Again this second part, in geometry, is divided into the

working out of problems and the discovery of theorems. It
calls "problems" those propositions whose aim is to produce,

bring into view, or construct what in a sense does not exist,
and "theorems" those whose purpose is to see, identify, and
demonstrate the existence or nonexistence of an attribute.
Problems require us to construct a figure, or set it at a place,

or apply it to another, or inscribe it in or circumscribe it
about another, or fit it upon or bring it into contact with an-

other, and the like; theorems endeavor to grasp firmly and

bind fast by demonstration the attributes and inherent prop-

B 200.19 There is no point in reproducing Friedlein's separate
numbering of problems and theorems, and I have merely assigned
numbers to the propositions, as does Heiberg in his edition of the
Elements. The distinction between theorem and problem is one to
which Proclus attaches great rnethodological importance; but although
he usually indicates at the beginning of his commentary on a proposi-
tion whether it is a problem or a theoreffi, yet in later references to
it he usually calls it a theorem, or more sirnply designates it by a

number, e.g. "the ninth," or "the fourth."
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erties belonging to the objects that are the subject-matter of
geometry,

Every kind of question that is a possible subject of inquiry
is considered by geometry, some of them being referred to
probleffis, others to theorems. Geometry asks the question

"What is it?" and that in two senses: it wants either the defini-

tion and notion or the actual being of the thing. I mean, for
example, when it asks "What is the homoeomeric line?" it
wishes to find the definition of such a line, namely, "the ho-
moeomeric line is a line all of whose parts fit upon each

other," or to grasp the actual species of homoeomeric lines,

that is, "it is either a straight line, a circular line, or a cylin-
drical helix." In addition, geometry asks "Does the object

exist as defined?" This it does most of all in diorismi, examin-

ing whether the question proposed is or is not capable of solu-

tion, to what extent it is so capable, and in how many ways.

And of course geometry asks "What sort of thing is it?" For
when it investigates the properties that belong intrinsically to

a triangle, or a circle, or to parallel lines, this is clearly an

attempt to determine what sort of thing it is.

Many persons have thought that geometry does not investi-
gate the cause, that is, does not ask the question "Why?"
Amphinomus is of this opinion, though Aristotle originated

it.z But you will find this question also included in geometry,

says Geminus. For is it not the task of the geometer to inquire

why it is that an indefinite number of equilateral polygonal

figures can be inscribed in a circle, whereas in a sphere it is
not possible to inscribe an indefinite number of polyhedra

with equal sides and angles and composed of similar faces?

For whose task would it be, if not the geometer's, to ask and

find the answer to this question? It is true that, when the

reasoning employs reduction to impossibility, geometers are

content merely to discover an attribute; and again when they

use a previous demonstration to prove a particular conclusion,

7 2}2.ll This reference to Aristotle is difficult to understand. The
Post, Anal. insists that dernonstration is reasoning that establishes
the cause (otrla or Dg& rt): cf. esp. 85b23tr. And the o,lrlo that Aris-
totle demands appears to be identical with the conception of Geminus,
as cited here.
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the cause is not evident, But if the conclusion is universal and
applies to all similar cases, the reason why is by that very
fact made manifest.

So much for the questions that geometry considers. Every
problem and every theorem that is furnished with all its parts
should contain the following elements: an enunciation, an
exposition, a specification, a construction, a proof, and a
conclusion.s Of these the enunciation states what is given and
what is being sought from it, for a perfect enunciation consists
of both these parts. The exposition takes separately what is
given and prepares it in advance for use in the investigation.
The specification takes separately the thing that is sought and
makes clear precisely what it is. The construction adds what
is lacking in the given for finding what is sought. The proof
draws the proposed inference by reasoning scientifically from
the propositions that have been admitted. The conclusion re-
verts to the enunciation, confirming what has been proved.

So many are the parts of a problem or a theorem. The most
essential ones, and those which are always present, are enun-
ciation, proof, and conclusion; for it is alike necessary to
know in advance what is being sought, to prove it by middle
terms, and to collect what has been proved. It is impossible
that any of these three should be lacking; the other parts are
often brought in but are often left out when they serve no
need. For example, both specification and exposition are
omitted in the problem "To construct an isosceles triangle
having each of its base angles double the other angle.'te Anfl
in most theorems there is no construction, because the ex-
position is sufficient, without the addition of anything else, to
prove the proposed conclusion from the given. When, then,
do we say the exposition is lacking? When the enunciation
contains no statement of what is given. For although enun-
ciation in general consists of what is given and what is sought,
this is not always so. Sometimes it states only what is sought,
that is, what must be known or constructed, as in the problem

8203.4f". The Greek terms here are respectively rp6racs, txteoc,
6toptap.6s, rcaraoxevrt, d.r66e$ts, oup,tr(poopa,

s 204.2 Euclid IV. 10.
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just mentioned. For that problem does not announce what is
the given from which we are to construct an isosceles triangle

having each of its equal angles double the remaining angle, but
simpty that we are to construct such a triangle. At the same

time even in this case we understand the proposal on the basis

of preexisting knowledge, for as it happens we know the

meaning of "isosceles," of "equality," and of "double"; and

such preexisting knowledge, Aristotle says,1o is the characteris-

tic feature of all discursive learning. Nevertheless there is no
specific hypothesis, as in other problems-for example, when
we are required to divide a given finite straight line into two
equal parts.11 For here a straight line is given, and we are

asked to divide it into two parts; so what is given is separate

from what is sought. When, therefore, the enunciation con-

tains both these elements, then we find both specification

and exposition; but when the given is lacking, so are these

others also. For the exposition is dependent on the given

and the specification will be identical with the enunciation.l2

For what else could you say in deflning the problem men-

tioned than that we are to construct an isosceles of such-and-

such a sort? But this is what the enunciation said. Whenever,

therefore, an enunciation does not contain a statement both

of what is given and of what is sought, the exposition is silent

because there is no given element to expound, and the speci-

fication is omitted in order not to repeat the enunciation. You

could find many other such problemS, particularly in the

arithmetical books and in Book X, where we are asked, for
example, to find two straight lines commensurate in square

that have a mean proportional between them,l3 and many

other cases of this sort.

Furthermore, everything that is given is given in one of the

following ways: in position, in ratio, in magnitude, or in
species. A point is given in position only; but the line and

to 204.17 Post, AnaI. Tlal-2.
tl 204.20 X below.
Lz 2A5.1 Omitting with Schcinberger the period and the

following sentence.
13 205.11 Euclid X. 28. The arithmetical books are VII,

IX,

7dp in the

VI[, and
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the other figures may be given in all these ways. When we
speak of a given angle [to be bisected] as rectilinear, we
declare its kind, that is, show what sort of angle is given,
namely, a rectilinear, so that we may not attempt to bisect a

curvilinear angle by the same method. When we are required
from two given unequal straight lines to cut off from the
greater a length equal to the lesser,14 our given is presented in
magnitude; for greater and less, finite and unbounded, are

predications peculiar to magnitude. When we say that if
four magnitudes are in proportion they will also be in propor-
tion alternately,ls what is given is an identity of ratios among
these four quantities. Whenever we are asked to place at a

given point a straight line equal to a given line,ls then the
point is given in position; and since the position may v&ry, the
construction admits of various possibilities. The given point
may lie outside the straight line, or on it and at either one of
its ends, or on the portion between its extremities. Since,
therefore, the given may be understood in these four ways,
clearly the exposition may be fourfold in kind. Sometimes two
or three of the ways of being given are combined.

What is called "proof" we shall find sometimes has the
properties of a demonstration in being able to establish
what is sought by means of definitions as middle terms, and
this is the perfect form of demonstration; but sometimes it
attempts to prove by means of signs.17 This point should not
be overlooked. Although geometical propositions alwiys de-
rive their necessity from the matter under investigation, they
do not always reach their results through demonstrative
methods. For example, when from the fact that the exterior
angle of a triangle is equal to the two opposite interior
angles it is shown that the sum of the interior angtes of a
triangle is equal to two right ang1es,18 how can this be called a
demonstration based on the cause? Is not the middle term
used here only a sign? For even though there be no exterior

74205.21 As in III. 16 206.1 As in V. 16.
n 2A6.4 As in II.
LT 206.15 rexp.riptd. See Arist. Prior Anal. 70b1-3.
Ls 206.22 As in XXXII below.

- 161_



207

208

THE COMil,IENTARY

angle, the interior angles are equal to two right angles; for it
is a triangle even if its side is not extended. But when we
demonstrate that the triangle constructed by the drawing of
circles is equilateral, our approach is from the cause. For we

can assert that it is the similarity and equality of the circles

that causes the equality of the sides of the triangle.

Furthermore, mathematicians ire accustomed to draw what
is in a way a double conclusion. For when they have shown
something to be true of the given figure, they infer that it is

true in general, going from the particular to the universal
conclusion. Because they do not make use of the particular
qualities of the subjects but draw the angle or the straight

line in order to place what is given before our eyes, they

consider that what they infer about the given angle or straight
Iine can be identically asserted for every similar case. They
pass therefore to the universal conclusion in order that we

may not suppose that the result is confined to the particular

instance. This procedure is justified, since for the demonstra-

tion they use the objects set out in the diagram not as these

particular figures, but as figures resembling others of the same

sort. It is not as having such-and-such a size that the

angle before me is bisected, but as being rectilinear and noth-

ing more. Its particular size is a character of the given angle,

but its having rectilinear sides is a common feature of all rec-

tilinear angles. Suppose the given angle is a right angle. If
I used its rightness for my demonstration, I should not be

able to infer anything about the whole class of rectilinear

angles; but if I make no use of its rightness and consider

only its rectilin ear character, the proposition will apply

equally to all angles with rectilinear sides.

Let us view the things that have been said by applying

them to this our first problem, Clearly it is a problem, for it
bids us devise a way of constructing an equilateral triangle.

In this case the enunciation consists of both what is given and

what is sought. What is given is a finite straight line, and what

is sought is how to construct an equilateral triangle on it. The

statement of the given precedes and the statement of what is

sought follows, so that we may weave them together as "ff
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there is a finite straight line, it is possible to construct an
equilateral triangle on it." If there were no straight line, no
triangle could be produced, for a triangle is bounded by
straight lines; nor could it if the line were not finite, for an
angle can be constructed only at a definite point, and an un-
bounded line has no end point.

Next after the enunciation is the exposition: "Let this be
the given finite line."'e You see that the exposition itself men-
tions only the given, without reference to what is sought.
Upon this follows the specification: "It is required to con-
struct an equilateral triangle on the designated finite straight
line." In a sense the purpose of the specification is to fi.x our
attention; it makes us more attentive to the proof by an-
nouncing what is to be proved, just as the exposition puts us in
a better position for learning by producing the given element
before our eyes. After the specification comes the construc-
tion: "Let a circle be described with center at one extremity
of the line and the remainder of the line as distance; again let
a circle be described with the other extremity as center and the
same distance as before;zo and then from the point of inter-
section of the circles let straight lines be joined to the two
extremities of the given straight line." You observe that for
the construction I make use of the two postulates that a
staight line may be drawn from any point to any other and
that a circle may be described with [any] center and distance.
In general the postulates are contributory to constructions and
the axioms to proofs. Next comes the proof : "Since one of the
two points on the given straight line is the center of the circle
enclosing it, the line drawn to the point of intersection is

1e 208.17 Euclid's construction is as follows. Since Proclus follows
Euclid's proof fairly closely in the commentary on this proposition, it
is unnecessary to reproduce Euclid's reasoning here.

20 2A9 3 This and the following line in Friedlein have obviously
been corrupted. Barocius had a better text, and I follow his translation.
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equal to the given straight line. For the same reason, since

the other point on the given straight line is itself the center
of the circle enclosing it, the line drawn from it to the point
of intersection is equal to the given straight line." These

inferences are suggested to us by the definition of the circle,

which says that all the lines drawn from its center are equal.

"Each of these lines is therefore equal to the same line; and

things equal to the same thing are equal to each other" by the

first axiom. "The three lines therefore are equal, and an

equilateral triangle [ABCJ'zl has been constructed on this

given straight line." This is the first conclusion following upon

the exposition. And then comes the general conclusion: "An
equilateral triangle has therefore been constructed upon the

given straight line." For even if you make the line double

that set forth in the exposition, or triple, or of any other length

greater or less than it, the same construction and proof

would fit it.
To these propositions he adds: "This is what it was re-

quired to do," thus showing that this is the conclusion of a

problem; for in the case of a theorem he adds: "This is what

was to be demonstrated." For problems announce that some-

thing is to be done, theorems that some truth is to be dis-

covered and demonstrated. fn general, then, our geometer

adds these words to his conclusions to show that what the

enunciation stated has been accomplished, joining the end to

the beginning in imitation of the Nous that unfolds itself and

then returns to its starting-point. But he does not always add

the same words: sometimes they are "This is what it was

required to do" and sometimes "This is what was to be dem-

onstrated," according to the difference between problems and

theorems.
We have thus exercised ourselves and clarified all these

distinctions by applying them to a single case, the fi.rst prob-

lem. The student should do this also for the remaining

propositions, asking which of the principal elements are in-

2t 209.23 Inserted from Euclid's text, which Proclus rnust have

used in his exposition, in order to mark the contrast between the two
conclusions drawn.
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cluded and which are left out, in how many ways the given is
formulated, and what are the principles from which we obtain
the construction or the proof. For a comprehensive survey of
these matters will provide no little exercise and practice in
geometrical reasoning.

Now that we have made these distinctions, let us briefly
run through certain things dependent on them, namely,
lemma, case, porism, objection, and reduction.22

The term "lemma" is often used to designate any proposi-
tion invoked for the purpose of establishing another, as when
we assert that a proof can be made from such-and-such a lem-
ma.23 But the specific meaning of "lemma" in geometry is "a
proposition requiring confirmation." Whenever for a con-
struction or a demonstration we assume something that has
not been demonstrated but needs to be proved, in such a case,

considering that the assumed proposition, though doubtful,
is worthy of inquiry on its own account, we call it a lemma. It
differs from a postulate and an axiom in being a matter for
demonstration, whereas they are invoked in their o\ryn right
without demonstration to establish other propositions. The
best aid in the discovery of lemmas is a mental aptitude for
it. For we can see many persons who are keen at finding
solutions but do so without method. Thus Cratistus,rn in
our own duy, was expert in arriving at the desired result from
first principles, and with the fewest possible; but it was
natural ability that led him to his discoveries. Nevertheless

there are certain methods that have been handed down, the
best being the method of analysis, which traces the desired
result back to an acknowledged principle. Plato, it is said,

taught this method to Leodam&S,,' who also is reported to

22 210.28f. The corresponding Greek terms are ttffppa, nr}to.r,,
r6po p.a, Cvaracc, d.ro1u7i1,

28211.4 Proclus gives an example below (216.1ft.) of the use of
a lemma and introduces and establishes a lemma at 319.5f. VII below
is also a lemma, he says (264.15), preparatory to the proof of VIII.

21 2l I .16 Nothing more seems to be known of Cratistus.
25 21L.22 Cf. Diog. Laert. lII, 24. That Plato taught the method

of analysis need not mean that he discovered it. See Heath r, 291f.,
and Euclid r, 134.
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have made many discoveries in geometry by means of it; A
second is the method of diaeresis, which divides into its natural
parts the genus proposed for examination and which aftords

a starting-point for demonstration by eliminating the parts

irrelevant for the establishment of what is proposed. This

method also Plato praised as an aid in all the sciences.26 A
third is the reduction to impossibility, which does not directly

show the thing itself that is wanted but by refuting its contra-
dictory indirectly establishes its truth. Such is the scientific
meaning of "lemma."

A "case" announces that there are different ways of making

the constructiotr, by changing the position of the points, lines,

planes, or solids involved. Variations in case are generally

made evident by changes in the diagram, wherefore it is called

"case," because it is a transposition in the construction.2T

"Porism" is a term applied to a certain kind of problem,

such as those in the Porisms of Euclid,28 But it is used in its
special sense when as a result of what is demonstrated some

other theorem comes to light without our propounding it.
Such a theorem is therefore called a "porism,"'n as being a
kind of incidental gain resulting from the scientific demon-

stration.
An "objection" prevents an argument from proceeding on

its way by opposing either the construction or the demonstra-

tion. Unlike the proposer of a case, who has to show that the

proposition is true of it, he who makes an objection does not

need to prove anything; rather it is necessary [for his op-

ponentl to refute the objection and show that he who uses it is

in error.

2o 212.1 The method of division (6rutpea,s) is emphasized in
almost all of Plato's later dialogues, particularly in the Phaedrus,

Sophist, Politiurs, and Philebus.
21 2l2,l0 Perhaps because zrr€toc, the noun corresponding to the

verb rtrru, often means a "fallr" e.g. of dice, as in Plato's Rep,604c.
28212.13 For further light on Euclid's lost Porisms see 301.21-

302.13,
zs 212.16 From ropl(w, "furnishr" "provide." For further explana-

tion see 3 03.5-17 .
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"Reduction" is a transition from a problem or a theorem
to another which, if known or constructed, will make the
original proposition evident. For example, to solve the prob-
lem of doubling the cube geometers shifted their inquiry to
another on which this depends, namely, the finding of two
mean proportionals; and thenceforth they devoted their ef-
forts to discovering how to find two means in continuous
proportion between two given straight lines. They say that the
first to effect reduction of difficult constructioris was Hippoc-
rates of Chios,*o who also squared the lune and made many
other discoveries in geometry, being a man of genius when
it came to constructions, if there ever was one.

So much for these matters. Now let us move on to the
problem before us. It is evident to everyone that the equi-
lateral is the most beautiful of triangles and most akin to the
circle, which has all its lines from the center equal and a
single simple line bounding it31 from without. And the en-
closing of the triangle by the two circles, by each of them
indeed only in part-for it is inscribed in the whole of neither
circle but only in the area consisting of segments of both'z_
seems to indicate in a likeness how the things that proceed
from first principles receive perfection, identity, and equality
from these principles. In this way too the things that move in
a straight line are carried about in a circle through the eternal
world-process, and souls, despite their movements from place
to place,33 are likenesses of the unmovable activity of Nous
because of their periodic return to their starting-points. It is

said also that the life-giving source of souls is bounded by a

twofold Nous. If, then, the circle is the likeness of intelligible
being, and the triangle the likeness of the first soul because of
the similarity and equality of its angles and its sides, it would
seem reasonable to demonstrate it by means of circles as an

30 213.8 On Hippocrates see note at 66.4 above.
st 213.17 Reading with Barocius dirby for airb in Friedlein.
32 213,20 Reading with Grynaeus and Barocius dr r€:v for trcrov in

Friedlein.
33 213.26 It is tempting to adopt Friedlein's ernendation voilaecs for

Grynaeus' xtvrioes. But see Proclus, Elements ol Theology, Prop. 198.
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equilateral middle area cut off in them. And if, furthermore,
every soul proceeds from Nous and returns to Nous and par-

ticipates in Nous in a twofold fashion, for this reason also it
would be proper that the triangle, which is a symbol of the

three natures in the constitution of the soul, should take its
origin from being comprehended by two circles.sa Let these

remarks, however, be taken only as reminders, through their
likenesses, of the nature of things.

Since some persons have raised objections to the construc-

tion of the equilateral triangle with the thought that they were

refuting the whole of geometry, we shall also briefly answer
them. The Zeno whom we mentioned abovess asserts that,
even if we accept the principles of the geometers, the later

consequences do not stand unless we allow that two straight

lines cannot have a common segment. For if this is not

granted, the construction of the equilateral triangle is not

demonstrated. Let AB be the straight line, he says, on which

we are to construct the equilateral triangle. f-et the circles be

drawn, and from their point of intersection draw the lines

CEA and CEB having CE as a common segment. It then

follows that, although the lines from the point of intersection

are equal to the given line AB, the sides of the triangle are not

equal, two of them being shorter than AB. But if their equality

is not established, neither are its consequences. Therefore,

says Zeno, even if the principles be granted, the consequences

do not follow unless we also presuppose that neither circum-

ferences nor straight lines can have a common segment.

84 214.13 For understanding the "periodic return," the "life-giving
sourcer" the "twofold Nous," and the "three natures in the constitution

of the soul" we must turn to Proclus'Elements of Theology, particu-

larly Props. 184-211, though Plato's Tfin aeus, one of the chief sources

of these doctrines, must always be kept in mind.
s6 214.18 At 199.15.
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To this we must reply first that in a sense it is presupposed
in our first principles that two straight lines cannot have a
common segment. For the definition of a straight line con-
tains it, if a straight line is a line that lies evenly with all the
points on itself. For the fact that the interval between two
points is equal to the straight line between them makes the
line which joins them one and the shortest; so if any line
coincides with it in part, it also coincides with the remainder.
For if each of the lines is stretched to the utmost, it must
necessarily, because it is the shortest, coincide as a whole with
the whole of the other. And, furthermore, this principle is also
evidently assumed in the postulates. For the postulate that a
flnite straight line may be extended in a straight line shows
clearly that the extended line is one and that its extension
results from a single motion.

But if this be taken as a lemma and we demand that it be
proved, let the line AB be, if possible, the common segment
of AC and AD, and let a circle ACD be drawn with center at
B and AB as distance. Then since ABC is a straight line
through the center, AEC is a semicircle; and since ABD is a
straight line through the center, AED is a semicircle. Hence
AEC and AED are equal to one another, which is impossible.

To this demonstration Zeno would reply that the proof we
gave36 that a diameter bisects its circle depends on our pre-
vious assumption that two circumferences cannot have a com-
mon segment. For we presupposed that one of the two cir-
cumferences would coincide with the other or else, not coin-
ciding, fall either inside or outside it. But there is nothing, he

says, to prevent its failing to coincide as a whole but coincid-
ing in part. And as long as it has not been proved that the

36 216.12 At 157.10tr.
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diameter bisects its circle, the proposition before us cannot be

demonstrated, To this Posidonius gave the right answer when
he made fun of the shrewd Epicureans? for not realizing that
the proof is valid even though the circumferences coincide

only in part. At the part where they do not coincide one

circumference is inside, the other outside, and the same ab-

surd consequences result when we draw a straight line from
the center to the outer circumference. For the lines, because

they are drawn from the center, will be equal, both that to the

outer circumference, which is longer, and that to the inner

circurnference, which is shorter. Then either they completely
coincide and are equal to one another, or one will coincide

with the other in part and diverge in part, or no part of one

will coincide with any part of the other; and if this last is the

case, the one circumference will lie either outside or inside the

other. All these alternatives are refuted in the same way. So

much for this argument.
Zeno has also constructed another proof, as follows, which

he tries to discredit. Let there be two straight lines, AC and
AD, having a common segment AB, and let BE be drawn at

right angles to AC. The angle EBC will then be a right angle.

If, then, the angle EBD is a right angle, they will be equal,

which is impossible; and if it is not a right angle, let FB be

drawn at right angles to AD. Angle FBA is then a right
angle; but angle EBA was also a right angle; therefore they are

equal to each other, which is impossible. This is the proof ; he

attacks it as presupposing something that is established later,

3't 216.2L Reading,
'Er I rcou pov ,

apparently with ver Eecke, 'Err,rco$pe r.ov for
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that one can draw a line at right angles to a given straight line
from a given point. Posidonius says that such a proof has
never appeared in an elementary treatise and that Zeno is

zLB slandering the geometers of his time in accusing them of using
a shabby proof. Nevertheless, he says, there is something to be
said for this proof, since one of two straight lines can clearly
be at right angles to the other; that is, any two straight lines
can make a right angle. This indeed we presupposed in defui-
ing a right angle; for it is by virtue of this particular inclination
alone that we construct the right angle. So let it be this one
that we have by chance erected. Besides, he adds, Epicurus
himself, and all other philosophers, admit that they have
proposed many possible as well as many impossible hypoth-
eses for the sake of examining their consequences.

So much for the equilateral triangle. We must also con-
struct the others, and first the isosceles. Let the line AB be

that on which an isosceles is to be constructed. Let circles be
drawn as they were for the equilateral triangle, and let the line
AB be prolonged in both directions to the points C and D.
CB is then equal to AD. With B as center and distance CB

let the circle CE be drawn; and again with A as center and
distance DA let the circle DE be drawn. From E, the point of
intersection of the circles, let lines EA and EB be joined to the
pornts A and B. Then since EA is equal to AD, and EB to
BC,rt and AD to BC, EA is also equal to EB. But they are

ss 218.25 Insertin E rfi before pr in Friedlein.
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also longer than AB. The triangle ABE is therefore isosceles;

and this is what we were required to construct.
Now let it be further required to construct a scalene

triangle upon the given straight line AB. Let circles be drawn
with centers and distances as before. Let a point C be taken

on the circle whose center is A, and let the connecting line AC
be drawn; upon this let a point D be taken and the line DB

be drawn. Then since the center is A and AB is equal to AC,
AB is longer than AD. B also is a center, and therefore EB is
equal to AB. DB thus is longer than AB, and AB is longer

than AD. The three sides DB, BA, and AD are therefore un-

equal. Hence the triangle is scalene, so that we have con-

structed the three kinds of triangle.
These matters are common knowledge. What is elegant in

these constructions is that the equilateral triangle, which is
equal on every side, can be constructed in only one woy,

whereas the isosceles, which has only two of its sides equal,

can be constructed in two ways; for the given straight line is
either shorter than either of the two equal sides, as in the

triangle we constructed, or longer than both. And the scalene,

having all its sides unequal, can be constructed in three ways;

for the given straight line is either the longest or the shortest

of the three or longer than one and shorter than the other.

The reader can practise himself by examining at length or
briefly each of these three hypotheses. For us what has been

presented must suffice.

In general we shall see that some problems have a unique
solution, others more than one, and some an indefinite num-
ber. We call "ordered," to use Amphinomus' term, those

that have only one solution, "intermediate" those that have

more than one but a flnite number and "unordered" those
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having an indefinite variety of solutions, How problems are
handled that are capable of one or more than one solution
is clear with regard to the triangles considered; the equilateral
triangle is constructed in a single way, and of the others one
has two solutions and the other three. Problems admitting
of an indefinite number of solutions would be such as the
followirg: "To divide a given straight line into three parts
in continued proportion." If the line be divided in a ratio of
two to one, and if then the square on the shorter length be
appliedse to the longer so as to fall short by a square figure,
it will have been divided into three equal parts. But if the
greater segment be more than double, sny, triple the lesser
and an area equal to the square on the lesser be applied to the
greater in such a way as to fall short by a square, the line will
have been divided into three unequal parts in continued pro-
portion. Since there are an indefinite number of ways in which
the line can be divided into two parts of which the greater is
more than double or triple the lesser-for the series of mul-
tiples proceeds to infinity-there are consequently an in-
definite number of ways in which the line may be divided
into three parts in continued proportion.

We must also recognize that "problem" is used in several
senses. Anything propounded may be called a problem,
whether it be put forward for the purpose of instruction or of
construction. But its special use in mathematics is to denote
something proposed for theoretical construction, since the
constructing carried out in mathematics is done for the pur-
pose of theory. Frequently things incapable of solution are

called problems; but more characteristically we use this desig-
nation for what is capable of solution and is neither excessive
nor deficient. A problem such as the following is excessive:
"To construct an equilateral triangle having its vertical angle
two-thirds of a right angle." For this brings in an unneeded
addition, since this property belongs to every equilateral fti-
angle. Of excessive problems those that exceed by containing

ss 220.19 On the "application of areas" used in this example see
4l9.15ff. and note at 420.23. The algebraic solution of the problem
here discussed is neatly given by Heath, Euclid r, l2B.
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inconsistent or unreal conditions are called "impossibles,"
while those that contain realizable conditions are called "more
than problems." A problem is deficient and is called "less

than a problem" when it needs to have something added to

make it deflnite and bring it into order and scientific deter-
minateness, such as "To construct an isosceles triangle." This
is insufficiently determinate and requires an addition specify-
ing what sort of isosceles is wanted, whether one having its
base greater or less than each of the equal sides, or one having

its vertical angle double each of those at the base, like the

half-square, or one having each of the base angles double the
angle at the vertex, or one having these angles in some other
ratio, triple or quadruple. One could vary the possibilities

endlessly. These examples show that problems properly so-

called aim at avoiding the indeterminateness that renders

them capable of an indefinite number of solutions; neverthe-

less even those that are deficient are called probleffis, for the

term is ambiguous. Clearly the very first problem in the

Elements is in this respect superior in that it is neither exces-

sive nor deficient nor indeterminate and thus having indef-

initely many solutions; for such should be the character of
what is to be an "element" of the others.

Il. At a given point to place a straight line equal to

a given straight line.

Some problems have no cases, while others have rnany;

and the same is true of theorems. A proposition is said to have

cases when it has the same force in a variety of diagraffis,

that is, can be demonstrated in the same way despite changes

in position, whereas one that succeeds only with a single posi-

tion and a single construction is without cases. For the pres-

ence of cases, whether in a theorem or a probleffi, generally

shows itself in the constructions. Now our second problem has

many cases. In it the point is given in position, and given only

in this way; but the line is given both in species (for it is not

simply a line, but this kind of line) and in position. We want

to plac e a straight line equal to this straight line with its ex-

tremity at the given point, wherever the point may lie. It is
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evident in any case that the point is in the assumed plane of
the straight line and not in a plane above it; for we must
assume one plane for all the problems and theorems of plane
geometry.

But someone may raise a difficulty: In what sense is it re-
quired that we draw a line equal to the given straight line?
What if the given line is infinite? The statement of the given
here applies equally to a finite and to an infinite line; and the
given shows in its entirety what is set forth and proposed to
us for inquiry. Euclid himself makes this clear by sometimes
saying "On a given finite line to construct an equilateral tri-
angle,"ao and again "To a given inflnite straight line to erect
a perpendicular."4l To anyone who raises this difficulty we
must say: Has he not at once made clear, in asking that we
place at a given point a line equal to a given line, that the
given line is finite? In any case the line drawn from the given
point will be bounded at that point itself, so that much more
will that line be finite to which the drawn line is to be equ al.4z

Consequently when he says "at a given point," he limits at the
same time both straight lines, that which is given as well as

that which is to be drawn equal to it.
It is clear that cases of this problem arise from differences

in the position of the point. The given point lies either out-
side the given straight line or on it; and if it lies on it, it will
be at one of the two extremities or between them; and if it
lies off the line, it will either be at one side, so that the line
joining it with the extremity of the straight line will make an
angle with it, or lie in the direction of the given line, so that
the line if prolonged will falt upon the point. Our geometer has
taken a point lying off the line and at one side;as but for the

40 223,23 I.e. in I. 41 223.24 I.e. in XII.
42 224.2 "Proclus' argument is obviously unsatisfactory, since the

line may be infinite in one direction. Euclid's use of the words 'finite'
and 'infinite' is quite careless. tlsually he omits both and assumes that
he is dealing with finite lines. Nothing he proves requires the use of
infinite lines." (I.M.) But see XII and Proclus' remarks in his com-
mentary on it (284.4-17 ) .

4s 224.15 In II Euclid assumes the straight line BC and the point
A, then draws AB, constructs the equilateral triangle DAB, and pro-
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sake of practice we must consider all cases, and we shall

choose the more difficult one to expound.

Let AB be the given straight line and C the given point,

lying on the line between its two extremities; and let there be

constructed, as in the proposition in the Elements, an equi-

lateral triangle DCA on the line CA. Let DC and DA be

produced. With A as center and distance AB let the circle

BE be described, and again with D as center and distance DE
the circle EF. Then since A is the center, AB is equal to AE,
and for the same reason DE is equal to DG; and of these

lines DC is equal to DA (for the triangle DAC is equilateral),

and hence the remainder AE is equal to CG. And AE was

equal to AB, as has been shown. CG is therefore equal to

AB. Consequently to the given point C a line has been drawn

equal to the line AB.
So many are the cases that arise from the position.of the

given point; and there are still many more resulting from

duces DA to E and DB to F; then with center B and distance BC he

describes the circle CGH, and again with center D and distance DG
the circle GKL. Then since BC is equal to BG; and DL is equal to

DG, and in them DA
the remainder BG and
constructed.

is equal to DB, the remainder AL is equal to
therefore equal to BC. This is what was to be
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variations in the construction of the equilateral, in the pro-
ducing of its sides, and in the describing of the circles. Let
point A be taken as in the proposition in the Elements, along
with the straight line BC, and let AB be joined. Then let an
equilateral triangle be constructed with its vertical angle not
above (for there is not room) aa but below, and let ADB be
this triangle. Then AD is either equal to BC or shorter or

FIG. I

longer. If it is equal ( Fig. 1 ) , the problem is solved. If it is

less, let a circle be drawn with center at B and distance BC,
and let the lines AD and BD be produced to F and G; and
with center at D and distance DG let a circle GE be described
(Fig. 2). Now since DG is equal to DE (for they are drawn
frorn a center) and AD is equal to BD (as sides of an equi-
lateral triangle), the whole line AE is equal to the whole
line BG. But BG and BC are equal, as lines drawn from a

FIG.2 FIG.3

44 225.16 A similar objection occurs at 275.7 and 289.21. Heath
(Euclid t, 23) notes that Heron in his commentary on the Elements
sometirnes used constructions alternative to Euclid's to obviate ob-
jections of this sort.
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center; therefore AE is equal to BC, which is what was to be

constructed. But if AD is longer than BC (for this is the

remaining alternative), Iet a circle CE be described with

center B and distance BC (Fig. 3 ). Circle CE will therefore

cut BD. Again with center D and distance DE let a circle be

described. Its circumference FE will therefore cut line AD.
Then since D is the center of circle FE, FD is equal to DE.
But DA was also equal to DB; therefore the remainder AF is
equal to BE. But BE is equal to BC, for they are drawn from

a center. Hence AF is equal to BC and is drawn frorn A,
which is what was to be constructed. There are many other
cases, but these are enough to record for the present. With
their help those who are diligent can exercise themselves

on the others,

There are some, however, who would do away with the con-

struction used in this proposition and its varieties, arguing as

follows. Let A be the given point and BC the given straight

line. With center A and distance equal to BC let a circle ED

be described and a straight line be drawn from A to the cir-

cumferense, namely, AD. This therefore is equal to BC, for

its distance from the center was taken equal to BC, and the

thing required has been done. Now anyone who reasons thus

begs the question. For when he says that circle ED is de-

scribed with center A and distance BC, he has already, in a

woy, taken a line equal to BC and placed its extremity at A;
that is, he has begged the questiona6 in using this extremity of

the distance as center and the remainder as radius of the

46 227.22 Reading with Grynaeus and Barocius Qdtd.rrwv for

ev)rd,rroy in Friedlein. On the impropriety of drawing the circle with
a "compass-carried distance" (as De Morgan puts it) see Heath,

Euclid t, 246.
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circle described. But in the problem before us the center of
the circle is not part of the distance, which lies elsewhere. We
shall therefore in no wise adopt this method of proof.

III. Given two unequal straight lines, to cut off from
the greater a straight line equal to the less.

This our third problem has two straight lines given unequal
in length and requires that we take away from the greater
a line equal to the less. This problem too has many cases.

For either the given unequal straight lines are separate from
one another, as in the proof presented by the author of the
Elements,ao or they meet at one of their extremities, or they
cut each other, or the extremity of one cuts the other, and that
in one of two ways, either the greater cutting the less or the
less the greater. Now if they meet at one extremity, the proof
is evident. F'or using the common extremity as center and the
lesser line ils distanco,n' you can describe a circle that will
cut the greater line and take from it a line equal to the less,

since whatever be the length of the greater line cut off by the
circle that crosses it, this will be equal to the lesser line, But
if one line at its extremity cuts the other, either the greater cuts
the less, or vice versa; and if they cut one another, they are
cut into equal or into unequal parts by each other, or one is
cut into equal and the other into unequal parts, and that in
two ways. All these possibilities provide a marvellous variety
for practice. Let us set forth a few of the many cases.

46 228.11 To solve III Euclid proceeds as follows. Taking as given
AB and C, the two unequal lines, he uses the construction in the
preceding problem to draw AD equal to C. Then with center A and
distance AD he describes the circle DEF. Since AE is equal to AD

and AD to C, AE is equal to C and is the length required to be cut
off from AB.

47 228.17 In this case the center is part of the distance used and
hence is not subject to the disqualification that ted to the rejection of
the construction suggested at the end of the previous problem.

c
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FIG. I

Let AB and CD be unequal straight lines. Let CD be the

greater, and let its extremity cut AB at C (Fig. 1). With A as

center and distance AB let a circle BF be described and an

equilateral triangle AEC be constructed on AC. Let lines EA
and EC be produced. Again with E as center and distance EF
let circle HGK be described. Again with C as center and

distance CG let circle GL be drawn. Now since EF and EG
are equal (for E is their center) and of these EA is equal to

EC, the remainder AF is equal to CG. But AF is equal to AB
(for A is their center), and CG to CL (for C is their center).

Consequenfly a distance CL equal to AB has been cut oft,

Now let CD be less than AB, and let its extremity cut AB
at C. It cuts AB, then, either at the midpoint or not at the

midpoint. First let it cut AB at the midpoint (Fig. 2). Then

either CD is half of AB and AC is equal to CD; or it is less

than half, and by drawing a circle with center C and distance

CD you can cut off from AC a line equal to CD (Fig. 3); or
it is greater than half, and by placing a line AF equal to CD

FIG. 3
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with its extremity at point A and describing a circle with
center A and distance AF you will cut off from AB a line
equaltoAF, thatis, toCD (Fig. 4). ButsupposeCDcutsAB
elsewhere than at the midpoint, and let AC be the part of it
that is greater than half . If, then, CD is half or less than half of

23I AB, using C as center and CD as distance you can cut off
from AC a line equal to cD (Fig. 5). or cD is greater than
half of AB and is either equal to AC (in which case the
problem is solved) or longer than it; and again by placing a

FIG, 5 FIG.6

232

line equal to CD at A you can do the same thing; for with A
as center and AF as distance you can describe a circle cutting
ofi from AB a length equal to AF, that is, to cD (Fig. 6).

And if they cut one another, like CD and AB, let a circle
AF be drawn with center B and distance BA (Fig. 7). Join
BC, and let BC be produced to F. Then since the two straight

FIG. 7

lines BF and CD are unequal and CD at its extremity cuts
BF, it is possible to take a length equal to BF from CD, or a

length equal to CD from BF; for both cases have been demon-
strated.4s Consequently it is possible also to take away from

*a 232.6 This passage has evidently occasioned considerable per-
plexity to the scribes, for the MSs variants are numerous. Its sense
will be clear, however, if we recall that rn229.4-23L 14 we considered

181-



233

THE COMMENTARY

AB a length equal to CD, or from CD a length equal to AB.
For AB and BF are equal to each other.

We have thus from a classification of cases tried to show

their variety. The proof given by the author of the Elements

is admirable, for it suits all the constructions mentioned;
that is, it is possible, for any position, to place at the ex-

tremity of the greater line a length equal to the less and, by

taking this extremity as center and the posited length as

distance, to describe a circle that will cut off from the greater

a length equal to the less, whether they cut one another, or
only one cuts the other, or however otherwise they may be

placed.

IV, If two triangles have two sides equal to two sides

respectively and have the angles contained by the equal

straight lines equal, they will also have the base equal to

the base, the triangle will be equal to the triongle, and the

remaining angles will be equal to the remaining angles

respectively, namely, those which the equal sides subtend.

This is the first theorem we are given in the Elements.

The propositions before it have all been probleffis, the first
concerned with the construction of triangles, the second and

third proposing to find a straight line equal to another straight

line; and of these one constructs an equal line from the non-

equal,ae the other finds the equal by subtraction from the

unequal. Now since equality, which is the first attribute in the

category of quantity, has been provided us with respect to

both triangles and straight lines,6o our geometer follows up

cases that arise when CD at its extremity cuts AB, first under the
sunposition that CD is the longer of the two lines (229,5-18 ) , and then

{229.19-231.14) under the supposition that CD is the shorter. These

are the two possibilities that recur in the present section (231.15-

232.9) when CD at its extremity is taken as cutting BF (-AB), hence

they do not need to be considered again. My translation does not
follow Friedlein's text exactly, for I have adopted suggestions con-

tained in his apparatus.
4s 233,16 I.e, from the point. Cf, 234,23f.
so 233.20 What Proclus means to say here is, as the following

lines show, that the existence of triangles and the equallty of lines
have been provided by the precedipg problems.
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these problems with this first theorem set forth above. For
unless he had previously shown the existence of triangles and
their mode of construction, how could he discourse about
their essential properties and the equality of their angles and
sides? And how could he have assumed sides equal to sides
and straight lines equal to other straight lines unless he had
worked these out in the preceding problems and devised a

method by which equal lines can be discovered? Suppose
someone, before these have been constructed, should say:
"If two triangles have this attribute, they will necessarily also
have that." Would it not be easy for anyone to meet this
assertion with "Do we know whether a triangle can be con-
structed at all?" And suppose one went on to assert: "And
if two triangles have the two sides equal to two sides, etc.,"
would not someone have questioned whether it is not possible
that no straight lines should be equal to one another? And
especially in geometrical forms that there should be inequality
but no equality at al[? We shall learn at least that the horned
angle is always unequal, never equal, to an acute angle, that
the szlme is true of the angle in a semicircle, and that the
transition from the greater to the less does not always pro-
ceed through equality, It is to forestall such objections that the
author of the Elemenls has given us the construction of tri-
angles, a common method for the three kinds, and also the
methods for producing equal lines, of which there are two, one
that produces the equal line when a line does not previously
exist at all, and the other that gets it by cutting it off from a

longer line. These propositions are rightly preliminary to the
theorem by which he proves that triangles having two sides
equal to two sides respectively, and the angles contained by
these equal sides equal, also have the base equal to the base,
the area61 equal to the area, and the other angles equal to the
other angles.

There are three things proved and two things given about
these triangles. One of the given elements is the equality of

6L 235.7 ip.Be66v (cf. 236.22). "It is interesting to note that this
word never occurs in Euclid's Elements. He just talks about figures
being equal." (I.M. )
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two sides (really two given sides, but obviously given in
ratio to one another) and the equality of the angles contained

by the equal sides. And the things to be proved are three: the

equality of base to base, the equality of triangle to triangle,
and the equality of the other angles to the other angles.62

Since it would be possible for the triangles to have two sides

equal to two sides and yet the theorem be false because the

sides are not equal one to another but one pair to the other

pak, he did not simply s&y, in his statement of the given, that

the lines are equal, but that they are equal "respectively." For
if it should happen that one of the triangles had one side of
three units and the other of four, while the other triangle had

one side of five units and another of two (the angle included

between them being a right angle), the two sides of the one

would be equal to the two sides of the other, since their sum

is seven in each case. But this would not show the one triangle
equal to the other; for the atea of the former is six, of the

latter five. The reason for this discrepancy is that the sides

are not also equal respectively. We often fail to watch out for
this in the distribution of plots of land; and many persons

have taken the larger of two plots and got a reputation for
justice as having chosen an equal portion, because the sum of
the boundaries is the same in both cases. We must therefore

take the sides as equal respectively, and whenever the author

of the Elements adds this phrase, wo should note that he does

so for a reason. Even when speaking of the equality of the

given equal angles, he adds "the angles contained by the equal

sides" in order that we may not be misled by imprecise lan-
guage into assuming that he means angles at the base. As to
the "base" of a triangle, when no side has previously been

named, we must' suppose it to denote the side towards the

observer, but when two sides have already been mentioned,

it must mean the remaining side. So here the author of the

Elements, having already taken two sides as equal to two

sides, calls the other sides the bases of the triangles.

E2 235.13f. Reading with Barocius i for fi in each of its three oc-

currences in these lines.
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Two triangles are said to be equal when their areas are

equal. It can happen that two triangles with equal perimeters
have unequal areas because of the inequality of their angles.

"Area" I call the space itself which is cut off by the sides of
the triangle, and "perimeter" the line composed of the three
sides of the triangle. These are different things, and triangles
with equal perimeters must also have the angles along one

side equal if the areas are to be equal. It happens in some
cases that, when the areas are equal, the perimeters are un-
equal and, when the perimeters are equal, the areas are
unequal. Consider two isosceles triangles, each having its
equal sides flve units in length, but one having a base of
eight, the other a base of six units. The person inexperienced
in geometry would say that the triangle having the base of
eight units is the greater, for its total perimeter is eighteen
units. But the geometer would say that the area of both is
twelve; and he can prove it by dropping a perpendicular
from the vertex of each triangle and multiplying its length
by half of the base. It is also possible, as I said, that triangles
with equal perimeters have unequal areas, and some persons
have wronged their associates in a distribution of lands by
relying on the equality of perimeters and in fact getting a
greater portion.

Base is said to be equal to base and generally a straight line
to another straight line when the congruence of their extrem-
ities makes the whole of the one line coincide with the'whole
of the other. Every straight line coincides with every other,
and in the case of equal lines their extremities also coincide.
A rectilinear angle is said to be equal to a rectilinear angle
when, if one of the sides containing it is placed upon one of
the sides containing the other, the second side of the first
coincides with the second side of the other. When the other
sides fail to coincide, that angle is greater whose side falls
outside, and that angle less whose side falls inside. For in the
one case the one angle includes the other, in the other case it
is included by the other. We shall infer the equality of two
angles from the congruence of their sides in the case of recti-
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linear angles, &s well as for others that are similar in form'8
. . . such as the lunular, the scraper-like, and the biconvex,
since it is possible for angles to be equal without having their
sides congruent. There is a certain lunular angle that is equal

to a right angle, and it is impossible that circumferences

should be congruent with straight lines.

This also must be understood in advance, that the side that
lies opposite an angle is said to subtend it. Every angle in a

triangle is contained by two sides of the triangle and subtended

by the other. This is why our geometer has added to "the
angles also are equal" the clause "which the equal sides sub-

tend," so that we may not think it indifferent what angle we

take and assert to be equal to any chance one of the other
two angles of the triangle but should call equal the angles that

equal sides subtend. And of the equal sides one subtends one

angle and the other the other.E4

So much, then, by way of preliminary explanations to
clarify the theorem. For the proof we must also assume in

239 advance that two straight lines cannot enclose a space. Our
geometer takes this for granted.ss For if the extremities of the

53 238.8 Something has dropped out between d,uoefitsv and otov. The

three angles mentioned are not examples of dp.oer8fi (cf.. 241.5-8 ), and

they are obviously cited as examples of angles whose equality does not
justify an inference of congruence. For these three varieties of angles
see 127.7tr.; and for the lunular angle that is equal to a right angle see

189.21ff.
64 238.24 Omitting pla r0tv rl.plexauottv, which makes sense only

as a marginal notation explanatory of ,1 plz that has improperly crept

into the text after ?i 61.

65 239.2 Euclid's proof of IV runs as follows. Given are two
triangles ABC and DEF having the two sides AB and AC equal
respectively to the two sides DE and DF and the angle BAC equal to
the angle EDF. If triangle ABC is applied to triangle DEF so that
point A is placed on point D, and the straight line AB on DE, then
B will coincide with E, because AB is equal to DE. Then if AB coin-
cides with DE, the straight line AC will also coincide with DF, because

the angle BAC is equal to the angle EDF. Hence C will also coincide
with F, because AC is equal to DF. And since B also coincided with
E, the base BC will coincide with base EF; for if it does not, two
straight lines will enclose a space, which is impossible. Hence the

whole triangle ABC will coincide with the whole triangle DEF and

will be equal to it, and the remaining angles will also coincide with the

remaining angles and be equal to them'

- 186-
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bases coincide, he says, the bases coincide; otherwise two
straight lines will enclose a space, How do we know that this
is impossible? Let ACB and ADB be two straight lines en-
closing a space, and let them be prolonged indefinitely. On B
as center and with distance AB let the circle AEF be de-

scribed. Since ACBF is a diameter, AEF will be half of the
circumference. Again since ADBE is a diameter, AE will be
half of the circumference. Hence AE and AEF are equal,
which is impossible.se Two straight lines therefore do not
enclose a space. This principle the author of the Elements
recognizes in the first postulate when he says "To draw a

straight line from any point to any point," which implies that
it is always one straight line and not two that can join the
two points. Several circular lines connecting the two points
can be drawn on the same side, as well as on the opposite
side. Thus it is that the extremities of a diameter are con-
nected by two circumferences but by one straight line; and it
is possible to draw an indefuiite number of circular lines both
inside and outside the semicircles uniting the given points. The
reason is that the straight line is the least of all the lines that
have the same extremities. Everywhere the least counts as a
unit and measure of other things; so just as the right angle,
being one, serves as measure of the infinitely many other
angles (for through it we discover them), so also the straight
line serves as measure of the lines that are not straight. So

much for these matters.
The proof of this theorem, as anyone can see, depends

58 239.15 "Proclus' reasoning here is inconclusive, since E and F
may coincide. It is perhaps worth noting that Heath (following
Heiberg) thinks the reference to two lines enclosing a space is not
genuine Euclid." (I.M.) See Euclid t,249.
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entirely on the common notions and grows naturally out of
the very clarity of the hypotheses. Because two sides are

equal respectively to two sides, they coincide with one an-

other; and because the angles contained by these equal sides

are equal, they also coincide. Since the angle coincides with

the angle and the sides with the sides, the lower extremities

of the sides also coincide; and if they coincide, the base coin-

cides with the base; and if three sides coincide with three

sides, so also does the triangle with the triangle and everything

with everything. Visible equality, therefore, in things of the

same form is manifestly the ground of the entire proof. For
there are two axioms here that comprise the whole procedure

of this theorem. One is that things which coincide are equal

to one another. This is true without qualification and does

not require a clarifying supplement, The author of the Ele-

ments uses it for establishing the equality of the bases, of the

areas, and of the other angles; for these, he says, are equal

because they coincide. The other is that things that are equal

coincide with one another. This is not true in all cases, but
only of things that are similar in form. Similar in form I call a

straight line to a straight line, a circular segment to another

segment of the same circle, and angles to other angles con-

tained by similar lines similarly placed. Because the things of
this sort that are given are equal, they coincide with one

another. So the whole proof could be summafized as follows.

Given these elements equal to those, that is, two sides to two

sides and the angles contained by them, they coincide with
each other; and if they coincide with one another, so does the

base with the base and every part with every part; and if they

coincide, they are equal, If, then, it is given that these ele-

ments are equal to those, it follows that every part is equal to

every part. This shows us the primary method of identifying

triangles that are equal in every respect. So much for the

proof in general.

Carpus the engineef,st in his work on astronoil!, has r,o-

vived the discussion about problems and theorems-u/hether

57 241.19 On Carpus of Antioch see note at 125.25 above.
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opportunely or not may be ignored for the present. Itr any
case he falls upon this distinction and says that problems are
prior in rank to theorems because problems discover the sub-
jects whose attributes are under investigation. And the enun-
ciation of a problem, he says, is simple, requiring no addi-
tional technical knowledge at all; it only demands that some-
thing clearly possible be done, such as constructing an isosce-
les triangle or, given two straight lines, cutting off from the
greater a length equal to the less. What is unclear or difficult
about these? But the enunciation of a theorem, he says,
is a laborious matter and needs much precision and scientific
acumen if it is not to appear redundant or lacking in some
element of truth, as is illustrated by this the first of the
theorems. And for problems one common procedwe, the
method of analysis, has been discovered, and by following it
we can reach a solution; for thus it is that even the most
obscure problems are pursued. But the handling of theorems is
a difficult matter, and no one to this d"y, he declares, has been
able to teach a uniform way of approaching them. Conse-
quently the ease also with which a problem can be handled
would make it the simpler form. Having made these distinc-
tions, he proceeds:

For these reasons, therefore, problems precede theorems
even in the Elements. The Elemenfs begins with them, and
the first theorem is fourth in order, not because the fourthEs
is proved by the previous problers, but because, even if
nothing from them is needed for its proof, they have to be
given the precedence because they are problems and this
is a theorem. In this theorem he relies entirely upon the
common notions, and in a sense takes the same triangle
as lying in different places; for congruence, as well as the
equality which is inferred from it, is completely dependent
on the clear judgment of sense-perception. Nevertheless,
despite the fact that the proof used in the first theorem is of
this sort, he rightly placed the problems before it, because
they in general have the prior rank.

58 243.L Reading with Barocius rlraproy for rl,p,nrov in Friedlein.
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Now problems rightly do come before theorems in order

of presentation, especially for those who are coming to science

from the arts concerned with sensible things; but in worth
theorems are superior to problems. All of geomety, it ap-

pears, where it touches on the various arts, operates by way

of problems; but where it borders on the highest science it
rises by way of theorems from problems to theoreils, from
second ary to prim ary things, from the more practical arts to

the more scientific insights, It is therefore vain to criticize

Geminus for saying that a theorem is more perfect than a
problem. Carpus himself gives problems the priority in order,

but Geminus judges prim acy in terms of worth and perfection.

And as for the fourth proposition, we have explained in what

way it requires the problems that precede it, by which we

have learned how to construct the triangle and to discover

equality. But we should add herese that, although this is the

simplest and most fundamental of the theorems (for it is

demonstrated without artifice from the primary notions

alone), yet a theorem that demonstrates some property about

triangles that have two sides equal to two sides and the

contained angles equal is rightly placed after the problems by

which the subjects of this property and the given elements in

general have been constructed.

Y . In isosceles triangles the angles at the base are equal;

and tt the equal straight lines are produced f urther,

the angles under the base will be equal.

Some theorems are simple, others composite, By simple

theorems I mean those whose hypotheses and conclusions

are indivisible, having one thing given and one thing to be

proved-ns if, for example, the author of the Elements said

"Every isosceles triangle has the angles at its base equal." A
composite theorem is one consisting of a number of parts,

having either its hypothesis composite, or its conclusion com-

posite with its hypothesis simple, or both hypothesis and

conclusion composite. Of composite theorems some are inter-

5s 244,1 Reading with Barocius rrpocxeia\u for rporcei,a1w in

Friedlein.
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woven and others entire,60 An entire theorem is one which,
though composite, cannot be divided into simple theorems.
The fourth, for example, has both a composite hypothesis
and a composite consequent, but you cannot divide the'given
and make simple theorems. For if triangles have only the [two]
sides equal or only the vertex angles, the conclusion does not
follow. Interwoven theorems are such as can be divided into
simple ones, like this: "Triangles and parallelograms with the
same altitude are to one another as their bases"; for it is
possible to divide it, saying "Triangles with the same altitude
are to one another as their bases," and make the same state-
ment for parallelograms. Of composite theorems some have a
composite conclusion derived from a single hypothesis, others
have composite hypotheses and draw a single conclusion from
them all, and others have both conclusion and hypothesis
composite. Thus in the fourth.t the conclusion is composite,
for three things are inferred in this theorem, namely, that the
bases are equal, that the triangles are equal, and that the
other angles, those subtended by the equal sides, are equal.
But the hypothesis is composite in the common theorem
about triangles and parallelograms with the same altitude.
And both are composite in this: "The diameters of circles and
of ellipses bisect both the areas and the lines that contain the
areas." Of interwoven theorems some are universal, whereas
others draw a general conclusion from particulars.o2 For
instance, if we say "The diameter bisects the circle and the
ellipse and the parallelogram," v./e do not take each of the
interwoven subjects universally but make a general state-
ment true of thern all. But if we say "In a circle all the lines
through the center bisect one another and make the angles of
all the segments equal," we are speaking universally. In the
case of the ellipse not all the angles of the segrnents are equal,
but only those that are made by the axis. fn general geometers

have made such composite propositions both with a view to

8o 244 .23 d,oit p.r)t e Kr q..

6L 245.15 Reading iv rQ 5 for ivro,ifla, as Friedlein conjectures.
82 245.26 For this distinction between a universal conclusion and

one that is merely general see Arist. Posr. Anal. 73a25-74b4.
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brevity and for the purpose of analysis; for often things left
uncompounded do not lend themselves to analysis and only

when put together provide an easy way of getting back to first
principles,

With the foregoing observations in mind we must certainly
call the fifth theorem composite, and composite in both mern-

bers, in what is given and in what is sought. The author of the

Elements indicates this by dividing the theorem, which itself

is one, into two parts and setting out separately for each what

is given and what is sought, saying "In isosceles triangles the

angles at the base are equal," and then immediately after-
wards, "and if the equal lines be produced further, the angles

under the base are equal." We should not think of this as two

theoreffis, but as one, though composite both in'what is given

and in what is sought, And each of the parts is true and

complete, wherefore the analysisGs also is true in each case.

For if the angles at the base are equal, the triangle is isosceles;

and likewise if the angles under the base are equal, the equal

sides have been prolonged and the triangle is isosceles. But
although the author of the Elements will establish the con-

verse as regards equal angles at the base, he does not do so

with respect to the equal angles under the base, although this

also is true.
The reason for this omission we shall speak of later;6a but

let us first inquire why he even includes in this theorem the

equality of the angles under the base. He is never going to use

this result for the construction or the demonstration of any

other problem or theorem. Since it will not be used later, why

was it necessary to bring it into this theorem? To this question

we must reply that, even if he was never intending to use

"and the angles under the base of an isosceles triangle are

equal" [in establishing later theorems], nevertheless it will be

useful in meeting objections to them and refuting their ad-

versaries. It is a mark of scientific and technical skill to
arrange in advance for the undoing of those who attack what

6s 246,23 I.e. the geometrical converse, or the inference of the

premises from the conclusion.
64 247.6 I.e. at 248.1 ltr. and 258.14ff.
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is going to be said and to prepare the positions from which one
can reply, so that these previously demonstrated matters may
later serve not only for establishing the truth, but also for
refuting error. You can understand from this the usefulness of
geometrical order for rhetoric. The man who is able to do this
in his speeches, foreseeing the arguments that will be brought
against the main points that he is going to make and, before
they are used, preparing for their refutation by seemingly un-
necessary rnaterial in his earlier statements, would be exhibit-
ing the surest method of winning a debate. And this in fact is
what the author of the Elemenls does; desiring to teach us, in
advance of the theoreils, the means by which we can refute
objections to them by using the proposition demonstrated
here, he also demonstrates "and the angles under the base of
an isosceles triangle are equal" and so prepares the way for
the refutation of unfounded objections. As we proceed it will
be clear that we can meet objections both to the seventh and
to the ninth theorems by this principle. This also explains why
the sixth does not contain also the converse of this part of the
fifth, since this part has no usefulness as a leading theoremos
but only incidentally contributes to our understanding of the
science as a whols.

If anyone should demand that we demonstrate the equality
of the base angles of an isosceles without prolonging the equal
sides66-for it is not necessary to demonstrate their equality

65 248.13 On the distinction between a "leading theorem" and its
converse see 254.6tr.

66 248. 1 8 Euclid's proof of v depends on producing the equal
sides AB and AC of the given isosceles triangle ABC. Taking a point
F at random on BD, cutting off from AE a length AG equal to AF,
and joining FC and GB, he proves by IV the equality of the two
triangles AFC and AGB, then the equality of triangle BFC to triangle

D

CGB. Thus angle FBC is equal
CBG. Then since the whole

E

to angle GCB and angle BCF to angle
angle ABG was proved equal to
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through the equality of the angles under the !ass-\a/s can

show the proposition to be true by altering the construction

slightly and putting the outer angles inside the isosceles. Let
ABC be an isosceles triangle, let any chance point, say D, be

taken on AB and a length AE equal to AD be taken from

AC, and let the lines BE, DC, and DE be drawn. Then since

AB is equal to AC and AD is equal to AE and angle A is

common, BE will be equal to DC, and the remaining angles

equal to the remaining angles, so that angle ABE is equal to

angle ACD. Again since DB is equal to EC and BE is equal

to DC and angle DBE is equal to angle ECD and the base DE

is common, all corresponding parts arc equal, so that angle

EDB is equat to angle DEC and angle DEB is equal to angle

EDC. Then since angle EDB is equal to angle DEC, when

equal angles DEB and EDC have been subtracted, their re-

mainders, angles BDC and CEB, are equal. But DB and DC

are sides equal respectively to EC and BE, and BC is the

common base, and all corresponding parts are equal;ut so the

remaining angles, those subtended by the equal sides, are

bqual. Angle DBC therefore is equal to angle ECB; for one of

them, DBC, is subtended by DC and the other, ECB, by EB.

Hence the angles at the base of an isosceles triangle are equal

even when the equal sides are not prolonged.

Pappus has given a still shorter demonstration that needs no

supplementary construction, as follows. Let ABC be isosceles

angle ACF, and in these angles CBG is equal to BCF, the remain-

ing angle ABC is equal to the remaining angle ACB, the angles at the

base of triangle ABC. And angle FBC was above proved equal to
angle GCB, and they are under the base.

67 249,13 For &pa in Friedlein read [oa; cf. lines 7-9.
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250 with side AB equal to side AC. Let us think of this triangle
as two triangles and reason thus: Since AB is equal to AC
and AC is equal to AB, the two sides AB and AC are equal
to the two sides AC and AB, and the angle BAC is equal to

251

the angle CAB (for they are the same); therefore all the
corresponding parts are equal, Bc to cB, the triangle ABC
to the triangle ACB,68 the angle ABC to the angle ACB, and
angle ACB to angle ABC. For these are angles subtended by
the equal sides AB and AC. Hence the angles at the base of
an isosceles are equal. It looks as if he discovered this method
of proof when he noted that in the fourth theorem it was by
uniting the two triangles so that they coincide with each other,
thus making them one instead of two, that the author of the
Elements perceived their equality in all respects. In the same
way, then, it is possible for us, by assumption, to see two
triangles in this single one and so prove the equality of the
angles at the base.

We are indebted to old Thales for the discovery of this and
many other theorems. For he, it is said, was the first to
notice and assert that in every isosceles the angles at the base
are equal, though in somewhat archaic fashion he called the
equal angles similar. But even more should we admire the
men of more recent times, of whom Geminus is one, who
have demonstrated something even more universal, namely,
that equal straight lines from any point falling upon a homoe-
omeric line make equal angles, so that whether the triangle
have a straight line or a circumference or a cylindrical helix as

sB 250.8 Readin e ^yP for ffi and in the next line 
"TB 

instead of

"pl (first occurrence in the line).

195 -



252

THE COMMEN T ARY

its base the angles at its base are equal. Geminus uses this

theorem in showing that there are three and only three lines

that are homoeomeric: the straight line, the arc of a circle,
and the cylindrical helix. And this is the genuine universaloe

to which this character primarily belongs, just as to have two
of its angles greater than the third is an attribute that belongs

essentially to every triangle, as will be shown later. Conse-

quently, although every isosceles triangle has its base angles

equal, this attribute does not belong universally to the isosce-

les, but to the straight lines falling upon a homoeomeric line,
for it is they that primarily have the property of subtending
equal angles.

VI. If in a triangle two angles are equal, the sides which

subtend the equal angles will also be equal.

This is the first of the theorems to exhibit the two pro-

cedures of conversion and reduction to impossibility. For it
is the converse of the theorem preceding it, and its proof

employs the reduction to impossibility. We must explain

both of them, so far as they are relevant to our present

undertaking.
Conversion among geometers has two meanings. In the

strict and primary sense it occurs when two theorems inter-
change their conclusions and their hypotheses with each other,

that is, when the conclusion of the fust becomes the hypothesis

of the second and the hypothesis of the first is addueed as

conclusion of the second. For example: "fn an isosceles tri-
angle the angles at the base are equal" (here the hypothesis

is "isosceles triangle," and the equality of the angles at the

base is the conclusion); and "Triangles having equal angles at

the base are isosceles." The latter is precisely what the sixth

theorem asserts, taking as hypothesis the equal angles at the

base and as conclusion the equality of the sides that subtend

those equal angles. The other form of conversion involves only

a certain interchange among the component parts. If, for
example, a theorem is composite and arrives at a conclusion

from several hypotheses, we take the conclusion and one

os 251.12 See note at 245.26.
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hypothesis and reach a conclusion consisting of one or more
of the other hypotheses. It is in this sense that the eighth
theorem will be the converse of the fourth. The fourth states
'oWhen the sides and angles are equal, the bases that subtend
them are equal"; the?' other "On equal bases equal sides
contain equal angles." Of these components "on equal bases"
was the conclusion of the former, while the positing of equal
sides was one of its hypotheses, Of these two forms of conver-
sion the primary type is uniform and determinate, but the
other is varied and can run to a great number of theorems;
there is not a single converse, but many, because of the plur-
ality of hypotheses in the composite theorem. Often, however,
we make a single converse of a theorem whose hypothesis
consists of two or more members, when they are not all
determinate, but some indefinite.

But we rnust also note in this connection that many con-
versions are made fallaciously and are not true converses. For
example, every hexagonal number is triangular,?1 but it is not
true that every triangular number is hexagonal. The reason is
that the former character is of more general, the latter of more
particular application; and one can be asserted of the other
only as true in every instance. But propositions about attri-
butes that a, subject has primarily and essentially can be
converted. These matters also have engaged the attention of
the mathematicians in the circle of Menaechmus and Am-
phinomus.

Among converse theorems themselves we are accustomed
to call some "leading theorems" and others "converses."
When, for example, we posit a genus and demonstrate its
property, this we call a leading theorem; but whenever, con-
trariwise, we make the property our hypothesis and our con-
clusion the genus to which this property belongs, such a

theorem we call a converse. "Every isosceles triangle has its

70 253.3 Reading rd for r& in Friedlein.
7L 253,78 'Iriangular numbers are obtained by adding successive

members of the series of integers (1, 2, 3, 4, . . .), i.e. 3, G, 10,
15, . . . ; hexagonal numbers are obtained by adding successive
rnembers of the arithmetical progression with a, difference of 4 ( l,
5,9, 13, 17, .. .), i.e. 6, 15,28, 45r. . . . See Heath \ 76-79.
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base angles equal" is a leading theorem, for its hypothesis is
what is naturally primary, namely, the genus itself, the isosce-

les triangle; but "every triangle having two angles equal also

has the subtending sides equal and is isosceles" is a converse,

for it exchanges the subject for its atfribute, making the latter
its hypothesis and proving the former from it. So much we

had to say regarding geometrical conversions.
Although reductions to impossibility lead us always to

something clearly impossible, that is, to something whose

contradictory is generally admitted, sometimes they lead us to

principles inconsistent with the common notions or postulates

or definitions, and sometimes to results that contradict some-

thing previously proved. This sixth theorem, for example,

shows its consequences to be impossible because it contra-
venes the common notion that says the whole is greater than

the part.Tz By contrast the impossibility at which the eighth

arrives is one that would overthrow not a common notion, but

something that has been demonstrated in the seventh theo-

rem; for what the seventh denies the eighth shows to be af-
firmatively asserted by those who do not accept its con-

clusion.

Every reduction to impossibility takes the contradictory of

what it intends to prove and from this as a hypothesis pro-

ceeds until it encounters something admitted to be absurd

and, by thus destroying its hypothesis, confirms the proposi-

tion it set out to establish. In general we must understand

that all mathematical arguments proceed either from or to the

starting-points, as Porphyryt* somewhere says. Those that

proceed from the starting-points are themselves of two kinds,

as it happens, for they proceed either from common notions,

that is, from self-evident clarity alone, or from things previ-

ously demonstrated. Those that proceed to the starting-points
are either affirmative of them or destructive. But those that

affirm first principles are called "analyses," and their reverse

procedures "syntheses" (for it is possible from those prin-
ciples to proceed in orderly fashion to the thing sought, and

7z 255.2 See Euclid's demonstration in note to 256.15.
78255.14 On Porphyry see note at 56.24.
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this is callec[ "synthesis" ) ; when they are destructive, they are

called "reductions to impossibility," for it is the function of
this procedure to show that something generally accepted and
self-evident is overthrown.T' There is a kind of syllogism in it,
though not the same as in analysis; for the structure of a
reduction to impossibility accords with the second type of
hypothetical argument. For example, if in triangles that have
equal angles the sides subtending the equal angles are not
equal, the whole is equal to the part. But this is impossible;
therefore in triangles that have two angles equal the sides that
subtend these equal angles are themselves equal. So much
regarding reductions to impossibility.

As we said, the author of the Elements employs con-
version in the enunciation, which takes the conclusion of the
fifth theorem as the given and its hypothesis as what is to be
proved, and reduction to impossibility in the construction and
the proof." Should it be objected that in cutting off from AC a
length equal to AB we should not cut it off from C but from A,
we can adopt this hypothesis and arrive at the same im-
possibility. Let AD be equal to AB. Then let BA be pro-

74255.26 f.e., if the proposed premise is accepted. Thus what is
overthrown is this initial premise (the ,ipxi in this sense), not one
of the generally accepted and self-evident dpydl Analysis confirms the
initial premise, if it can be confirmed, by tracing it back to first
principles, whereas the reduction to impossibility destroys it by show-
ing that its consequences contradict first principles or their conse-
quences.

76 256,15 For the proof of VI Euclid assumes triangle ABC with
angle ABC equal to angle ACB, with unequal sides AB and AC, of
which AC is the longer. By cutting off from AC a length DC equal to
AB and joining DB, he proves that triangle DBC is equal to triangle

ABC, the less to the greater, which is irnpossible. Hence it is incorrect
to assume that AB is not equal to AC, and it is therefore equal to it.
In Heiberg's text AB is taken as the greater side, but I have modified
his diagram to make it accord with the text that Proclus seems to
have had before him. The validity of the proof is of course not
affected.
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longed, and let AE be equat to DC. The whole of BE is then

equal to AC. Let EC be drawn. Now since AC is equal to BE

and BC is a common side, two sides are equal to two sides,

and the angle at B is equal to angle ACB by hypothesis. All
corresponding parts are therefore equal, by the fourth, so that

triangle EBC is equal to triangle ABC, the whole to the part,

which is impossible.

Now that the answer to this objection is clear, the next

thing is to demonstrate the other part of the converse, for
the author of the Elemerefs has in the sixth theorem as a whole

converted only a part of the fifth, and we must add the con-

verse that remains. This will be that which takes as hypothe-

sis that the angles under the base of a triangle are equal and

proves that the triangle is isosceles. Let ABC be the triangle

and the sides AB and AC be extended and the angles under

the base be equal. I say that ABC is isosceles. For let the

.point E be taken on AE, let CF be made equal to BE, and

let lines EC, BF, and EF be drawrl. Then since BE is equal to

CF and the line BC is common, two sides are equal to two

sides, and angle EBC is equal to angle FCB, for they are
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the angles under the base. All parts are therefore equal to
all the parts, by the fourth. Their bases EC and BF are
thus equal, the angle BEC is equal to angle CFB, and
angle CBF to angle BCE, for they are subtended by equal
sides. Now the whole of angle EBC was assumed equal to the
whole angle FCB, and of these the pafi FBC is equal to ECB;
therefore the remainder EBF is equal to the remainder FCE.
And BE is equal to CF, and BF is equal to EC, and these two
sides contain equal angles, and all corresponding parts are
equal, so that angle BEF is equal to angle CFE. Conse-
quently the sides AE and AF are equal, by this very sixth
theorem which is here demonstrated.?s And from these two
sides equal segmetrB, BE and CF, have been cut off, so that
the remainders AB and AC are equal. Therefore triangle
ABC is isosceles. Thus if a triangle has its trro angles equal,
it is isosceles; and if with its sides prolonged it has equal an-
gles under the base, again the given triangle is isosceles.

What, then, is the reason why the author of the Elements
did not also convert this second part? Is it not that it was
irrelevant even in the fifth theorem to show that the angles
under the base are equal, this being introduced for the
purpose o[ meeting other dfficulties, and that to prove a
triangle is isosceles when the angles under its base are equal
neither constitutes a leading demonstration?? nor helps him in
the solution of other questions? Besides, this converse is
evident from the following theoreffis, and they furnish him
the points of departure for proving that, when the angles
under the base are equal, the triangle is isosceles. For if
every straight line meeting another and making two angles
with it makes these angles equal to two right angles,?8 then
when the angles under the base are given as equal, the angles
on the base will of course also be equal; and since they are
equal, the sides that subtend them will also be equal. Using as

16258.7 Perhaps this remark is intended to forestall the criticism
(see Heath, Euclid r, 257 ) that he assumes the result of VI in proving
the converse of the second part of V.

77 258.19 For the meaning of "leading" see Z14.lff.
78 259.3 XIII below.

-20 1-



260

THE COMMENTARY

he does this theorem throughout his treatise, he was able to
infer that, when angles under the base are equal, the triangle
is isosceles, if ever it was needed for the proof of any

theorem. And very soon hereafter he will have clearly proved

that, if a straight line stands upon a straight line and makes

angles with it, it will make either two right angles or angles

whose sum is equal to two right angles. The theorems that
come before that one is established do not need this converse,

and those that come after can be proved by means of it, if
the need should arise.

VII. U pon an identical straight line, n two straight lines

have been constructed upon it, there cannot be constructed

two other straight lines equal respectively to the former two

and having the same extemities but meeting

at a different point on the same side.

This theorem has a character that is rare and not often

found in scientific premises; for to be framed negatively and

not affirmatively hardly suits their nature. At any rate the

enunciations of geometrical and arithmetical theorems are

usually affirmative. The reason is, as Aristotle says,?e that the

universal affirmative proposition is best fitted for science,

since it is more self-sufficient, needing no negative premise to

supplement it, whereas the universal negative needs an af'
firmative if it is to be proved. For without an affirmative

premise there is no proof nor syllogism; and this is why the

sciences that demonstrate do so affirmatively for the most

part and rarely make use of negative conclusions.

The enunciation of this theorem is remarkably full and

precise, and the many added phrases that make it irrefutable

and unambiguous safeguard it against the attacks of pettifog-

ging critics. First of all, our geometer stipulates "on the same

straight line" to prevent our misleading the users of this

premise by showing on a second straight line two straight

lines constructed equal respectively to the first two. In the

second place, given a single straight line, he does not say that

7e 260.1 Post. Anal. 79a17-32,
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the two straight lines constructed on it are simply equal to the
two straight lines (there would be no impossibility in that),
but that they are equal respectively. Would it be extraor-
dinary if we should construct a second pair of lines equal
together to the fust pair, with one of its members longer and
the other shorter? "Respectively" expresses the impossibility
intended. T'hirdly, he adds "meeting at another point." What
if we took two lines equal respectively to the two lines
already constructed and congruent with them and thus con-
structed both them and the two given straight lines meeting
at the same vertical point? For if the straight lines are equal,
of course their extremities coincide. Fourthly, there is the
phrase "on the same side." Could we not on the same given
straight line make the first two straight lines extend on one
side and the second two on the other, so as to make the
straight line the common base of two triangles with opposite
vertices? In order that we may not impute our own error to
the author of the Elements if. we are thus misled, he adds "on
the same side." Fifthly, he subjoins "having the same extrem-
ities as the given straight Iines." For it would be possible on
the same straight line to construct two lines equal respectively
to the two given lines and meeting at a different point on the
same side, using the whole of the straight line and construct-
ing the two lines upon it, when the two lines constructed do

not have the same extremities respectively as the two given

lines, but different ones. If we imagine two diagonals of a

square constructed on one of its sides, there will be two
lines equal to two lines, a side and a diagonal equal to the
parallel side and the other diagonal, yet these equal lines will
not have the same extremities; for neither the parallel sides

nor the diagonals, though equal, will have the same ex-
tremities. If we observe all these qualifications, the enunciation
is correct and the reasoning in its proof unassailable.so

80 262.3 Euclid's proof of VII runs thus: Given two straight lines
AC and CB constructed on the straight line AB and meeting at the
point C, if possible let two other straight lines AD and DB be con-
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But perhaps some persons, notwithstanding all these scien-

tific restrictions, will be bold enough to object and say that
what our geometer calls impossible is possible, even under
the conditions laid down. Let AB be the straight line, and on

it let lines AD and DB be constructed equal to lines AC and

CB, and let AD and DB be inside the others, so that they

meet at difterent points, C and D, and have the same extremi-
ties, A and B, as the given straight lines. Suppose, further,
AC equal to AD and CB to DB. To those who make this

objection we shall reply by drawing the line DC and extend-

ing AC and AD. From this construction it is clear that triangle
ACD is isosceles, since AD is equal to AC according to their

thesis and the angles under its base are equal, namely, ECD

structed on the same straight line AB, meeting at another point D and

equal to the former two respectively. I-et CD be drawn. Then since

AC is equal to AD, angle ACD is equal to angle ADC; therefore angle

ADC is greater than angle DCB, and hence angle CDB is still greater

than angle DCB. Again since CB is equal to DB, angle CDB is

equal to angle DCB. But it was also proved much greater than it,
which is impossible.

CD
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and FDC.81 Angle FDC is therefore greater than angle BCD;
much more, then, is angle BDC greater than BCD. But again
since DB is equal to CB and the angles BDC and BCD at
the base are also equal, then the same angle is both much
greater than and equal to another, which is impossible. This,
we see, is precisely what we said when commenting on the
fifth theorern, that the equality of the angles under the base
would be useful, if not for the demonstration of later theoreffis,
at least for the solution of objections to them. For now we
have refuted the objection by inferring that, if AC and AD
are equal, the angles ECD and FDC will also be equal. It will
be evident in the case of other theorems also, that this prin-
ciple contributes in the same way to the solution of difficulties
raised.

But suppose someone should say: "Let straight lines BD
and BC be constructed on line AB equal to lines AC and AD,
BC equal to AC and BD to AD, of difterent points, A and B,
and having the same extremities, C and D, with lines AC and
AD." What can we say to this argument? Obviously that
both the given straight lines constructed on the straight line
AB and the lines equal to them must be constructed on the
same straight line AB, for this is what the author of the
Elements says in his enunciation. But the straight lines AC
and AD are not constructed on the straight line AB; they are
constructed at a point on the straight line AB, but not on the
line. So the lines constructed on the straight line AB-that is,
AC, BC and AD, BD-are different from the lines posited in

8L 262.22 Friedlein's conjectural addition
necessary, and I have left it untranslated.

B

to the text is not really
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this argument and from the lines equal to them, though the
lines constructed were supposed to be equal to the lines con-
structed on the straight line AB.82 So much by way of answer
to this question.

It is clear that the author of the Elemenls demonstrates this
theorem by means of the reduction to impossibility and that
the impossibility contravenes the common notions that the
whole is greater than the part and that the same thing cannot
be both greater than and equal to another. It appears also that
this theorem is a lemma preparatory to the eighth theorem,
for it contributes to the proof of it and is neither an element
in the strict sense nor elementary.ss For its use does not extend
widely. At least we shall find that our geometer makes very
sparing use of it.

VIII. If two triangles have two sides equal to two sides

respectively and the base equal to the base, they will also

have the angles equal which are contained by the equal
straight lines.

The eighth theorem is the converse of the fourth, but not a

converse of the primary type, for it does not take as its conclu-
sion the whole of the hypothesis of the fourth and as its hy-
pothesis the whole of the conclusion. Instead it unites a part

of the hypothesis of the fourth with a part of the conclusion

and demonstrates one part of what was given. "Having two
sides equal to two sides" is a hypothesis in both theorems;

but "having the base equal to the base" was a part of the

conclusion of the forrner, though it is given in this one.

82 264.7 To understand Proclus' answer it is necessary to realize
that auyi,orao?u izri is the conventional phrase in Greek geometry for
constructing a triangle on a line, using the line itself as the base of the
triangle. Hence a Greek geometer should understand that the problem
of constructing two lines upon a given line and meeting at a point
means drawing them from the extremities of the given line. Heath,
Euclid t, 259. Thus in Proclus' diagram the lines constructed on AB,
in this sense of the terrns, are the two pairs AC, BC and AD, BD,
whereas the lines posited in this argument are AC and AD, to which
BC and BD are respectively equal.

ss 264.16 For the meaning of "lemmar" "elementr" and "ele-
mentary" see 211.1ff. and 72.3ft.
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And "having the [contained] angles equal" was given in the
fourth, but the eighth seeks to prove it. So the conversion is
effected merely by an interchange between the given elements
and elements in the conclusion.

If someone should want to know why it is eighth in
order and does not come immediately after the fourth as its
converse, as the fifth is followed by the sixth which is its
converse (indeed most converse theorems follow their lead-
ing theorems and are demonstrated immediately after them),
we must say that the eighth needs the seventh. For it is proved
by use of the reduction to impossibility, and the impossibility
involved is such as becomes known to us from the seventh.

And this in turn needed the fifth for its proof. Necessarily,
therefore, the seventh and the fifth were established before the
theorem now being proved. And since the converse of the fifth
could easily be proved from first principles, it was properly
placed immediately after the fifth, both because of its kin-
ship to it and because the impossibitity shown by the reduc-
tion depends on the common notions and not, as in the
eighth, upon another theorem. Propositions that contravene
the common notions are clearer means of refutation than
those that contradict theorems; for the latter are grasped
by demonstration, whereas our knowledge of the former
is superior to demonstration.

The author of the Elements, then, demonstrates the present
theorem by means of the seventh which he has just proved.sa

8*266.16 Euclid demonstrates VIII as follows: Given two triangles
ABC and DEF having sides AB and AC equal respectively to sides
DE and DF and the base BC equal to the base EF, he applies triangle
ABC to triangle DEF, placing B on E and BC on EF. Point C will

A DGA.A
BE

coincide with F, because BC is equal to EF. Then AB and AC will
also coincide with DE and DF; for if not, they will fall beside them,
Iike EG and GF, which is the construction that is shown by the pre-
ceding theorem to be impossible. So angle BAC will also coincide with
angle EDF and will be equal to it.
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But the school of Philon say that they can prove the eighth
without the use of the seventh.ss Let us suppose, they s&y, two
triangles ABC and DEF having two sides equal to two sides

and the base BC equal to the base EF. Place the triangle

ABC in the same plane with DEF, making their bases coin-

cide, but on the other side of the line EF, so that their vertices

are opposite. Instead of ABC let the triangle thus placed be

EFG, with EG equal to DE and FG equal to DF. FG will then

Iie either on a straight line with DF or not on a straight line,

and if not_on a straight line, making with it either an angle

opening inwards or an angle opening outwards. First let us

suppose it makes a straight line. Then since DE is equal

to EG and DFG is a single straight line, the triangle DEG

is isosceles, and the angle at D is equal to the angle at G. If
FG is not on a straight line with DF, let it make an angle

BE 266.18 Philon of Byzantiuffi, probably of the second century
B.c. See Heath r, 300-302. Philon's exposition and construction are

somewhat confused in Friedlein. I have drawn upon Barocius for my
translation of the flrst few lines.
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opening inwards, and let Iine DG be drawn, Then since DE
and EG are equal and they have a common base DG, angle
EDG is equal to angle EGD. Again since DF is equal to
FG and they have a cornmon base DG, angle FDG is equal
to angle FGD. But angle EDG was equal to angle EGD, and
hence the whole of angle EDF is equal to the whole of angle

268 EGF, which is what it was required to demonstrate. Thirdly,
let FG make an angle opening outwards with DF, and let
line DG be joined outside. Then since DE and EG are
equal and they have a common base DG, angles EDG
and EGD are equal. Again since DF and FG are equal and

they have a common base DG, angle FDG is equal to angle

FGD. But the whole angles EDG and EGD were equal to
each other; therefore their remainders, angles EDF and EGF,
are equal to each other, and we have found what was enunci-
ated, having demonstrated the theorem for every position of
the line FG without making any use of the seventh. Was it not,
then, superfluous, they soy, for the author of the Elements to
introduce it? For if it was only for the sake of the eighth that
we brought it in, and if the eighth can be demonstrated with-
out it, is not the seventh manifestly useless?

To this we must reply, as others have done before us, that
the demonstration of the seventh is of the greatest utility to
astronomers in the area of eclipses. For by the use of this
theorem they say they can show that three successive eclipses

cannot occur at equal intervals from one another, that is,

the third separated from the second by the same interval of
time as the second from the first. For example, if the second

269
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has occurred six months and twenty days after the first, the
interval before the third occurs cannot be this length of time
but must be either longer or shorter. They say that this is
demonstrated to be the case by the seventh theorem, and that
this is not the only theorem the author of the Elements has

demonstrated because it contributes to astronomy as a sec-

ondary aim, but many other theorems and problems as well.
Take the last theorem in Book IV, which shows how to in-
scribe the side of a fifteen-angled figure in a circle-what rea-
son can anyone suggest for his proposing it other than the
bearing of this problem on astronomy? For by inscribing this
fifteen-angled figure in the circle through the poles we get the

interval between the poles of the celestial equator and those

of the zodiacal circle, which are separate from each other by
the length of the side of a fifteen-angled figure, It seems, then,
that the author of the Elements, looking to astronoffiy, has

given us proofs of many matters that prepare us for that
science. And seeing that this seventh is proved from the fifth
and that it provides an uncomplicated proof of the eighth, he

gave it this position; for although Philon's procedure is

elegant, its use of a variety of cases makes it unsuited for an

elementary treatise. So much for our answer to this question.

If anyone should wonder why he did not add to the

eighth the other details included in the fourth, namely, the

equality of the triangles and of the remaining angles, our
answer is that, when the angles at the vertex were proved to
be equal, the equality of all parts to one another followed
through the fourth. This, then, was the only thing it was

necessary to prove independently; the rest could be inferred

as consequences of it.
It appears that what makes the angles at the vertex equal is

both the equality of their containing sides and the equality of
the bases. For when the bases are not equal, the angles do not
remain the same, even though the containing sides are sup-

posed [equal],tu but the shorter or longer the base, the smaller

or larger the angle. Nor when the bases are the same but the

8e 270.9 Reading with Barocius towv just before firorce q.tduuv in
Friedlein.
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sides become unequal does the angle remain the same; rather
it becomes greater as the sides become less and less as they
become greater, for the angles undergo a change of character
the reverse of that of their containing sides. Imagine yourself
dropping sides to a base of fixed length. If you decrease the
length of the sides, you will increase the size of the angle
which they contain by making the interval between them
greater; but if you raise them up and add to their length, you
make smaller the angle which they contain, for they meet at a
greater distance, since their vertex is further from the base. It
is safe to say, then, that both the identical length of the bases

and the equality of the sides determine the equality of the
angles.

IX. To bisect a given rectilinear angle.

He mingles theorems with problems and interweaves prob-
lems with theorems and, by using both, achieves a full treat-
ment of the elements, now providirg the subjects, now inves-
tigating their attributes. So having shown in the previous
theorems that in a single triangle the equality of the sides
implies the equality of the angles, and conversely, and having
done likewise for two triangles ( except that for two triangles
the method of conversion was different from that for one), he
now turns back to problems with the demand to bisect a given
rectilinear angle.

Clearly the angle here is given in kind, for it is a "recti-
linear" that is mentioned, not any chance angle, The bisection
of angles in general is not a matter for an elementary treatise,
since it is even questioned whether bisection of an angle is

always possible. One could doubt, for instance, whether we
can bisect the horned angle. Determinate also is the ratio of
the cut required, and this again with good reason. To divide in
any ratio that might be chosen-as into three, or four, or five
equal parts--goes beyond the present means of construction.
We can divide a right angle into three parts by using some of
the theorems that follow, but we cannot thus divide an acute
angle without resorting to other lines that are mixed in kind.
This is shown by those who have applied themselves to the272

-21 
1-



273

THE COMMENTARY

problem of trisecting a given rectilin ear angle. NicomedessT

made use of conchoids-a form of line whose construction,
kinds, and properties he has taught us, being himself the
discoverer of their peculiarities-and thus succeeded in tri-
secting the rectilinear angle generally. Others have done the

same thing by means of the quadratrix of Hippias and that of

Nicomedes, they too using mixed lines, namely, the quadra-

trices. Still others have started from the spirals of Archimedes
and divided a given rectilinear angle in a given ratio. The
thoughts of these men are difficult for a beginner to follow,
and so we pass them by here. We can perhaps examine them

more appropriately in the third book of the Elements, where

the author bisects a given circumference.s8 There one finds

the same method of inquiry employed not only for bisecting,

but also for trisecting; and his procedures for dividing a

circumference into three equal parts use the same lines as

those used by the ancients.se Rightly, then, our geometer,eo

who has mentioned only the straight line and the circurnfer-
ence, bisects only rectilinear angles and circumferences. Since

the species that arise from them by mixture are difficult to
enumerate and explain without a meticulous examination, he

passes them by, omitting all such questions as require the use

of mixed lines and restricting his inquiry to the primary and

simplest forms and to the matters that can be constructed or

studied by their means alone. Of this sort is the problem

before us, to bisect a given rectilinear angle. For his construc-

tion here he uses one postulate and the first and third theo-

rems, and for the demonstration only the eighth theorem. For

87 272.3 Nicomedes, of the third century B.c. For the little that we

know of hirn see Heath r, 225f., l, 199; and for the trisection of the
angle and the constructions referred to just below, Euclid r, 265-26'1.

88 272.16 Cf. Euclid III. 30.
8s 272.20 The reference to trisecting is puzzling. "The text here is

misleading, because the methods used throughout the Elements are

insufficient for trisecting a circumference, i,e. an arc of a circle."
(I.M.)

so 272.20f. The text of these lines has been corrupted. I assume

with Friedlein that yeop"bp4s, or some sirnilar word, has dropped out
after a in line 20; and for the rest I have made use of Barocius, who
found, or constructed, a more readable text.
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problems always require a demonstration, as we said earlier,
and get their scientific character from it.

Some may perhaps object to our geometer that the equi-
lateral triangle constructed by him does not have its vertex
between the two straight lines, but may have it on either of
them or outside both, and that this becomes clear from the
Elements.el Let the angle BAC be the angle which it is re-
quired to bisect. Take a point B on AB, cut oft a length CA
equal to BA, let BC be joined, and on this line construct an
equilateral triangle BCD. Clearly this point D will lie either
between lines AB and AC, or on AB, or on AC, or outside of
both. The author of the Elements takes it as lying between
them. To this they object and make difficulties with his proof,
saying that it may lie on one of the straight lines or outside
both of them, Let us suppose, then, that D lies on AB, in such
a fashion as to make BCD equilateral. DB is then equal to
DC, the angles at the base, CBD and BCD, are equal, and
thus the whole angle BCE is greater than angle CBD. But

since BA is equal to CA, triangle ABC is isosceles and has the
angles under its base BC equal. Hence angle BCE is equal to
angle CBD; but it was greater, which is irnpossible. It
is therefore not possible that the vertex of the equilateral
triangle should lie on the line ABD. In the same way we can
prove that it does not lie on line ACE. Let it then lie outside
both, if possible. Then since BD is equal to CD, the angles
at the base, BCD and CBD, are equal. Therefore angle BCD

st 273.15 Euclid's proof of IX can be so readily reconstructed from
Proclus' description that there is no need to reproduce it in a footnote.
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is greater than angle CBE, and hence angle BCF is greater

still than angle CBE. But it was also equal (for it lies under

the base BC of the isosceles triangle ABC), and this is im-
possible. Consequently point D does not lie outside the two

straight lines on this side. Similarly it can be shown that it
does not lie outside them on the other side. You see again

that we have refuted the objections by using the theorem that

27 5 an isosceles triangle has the angles under its base equal. This

is that proposition of which we have said earlier that many

assertions contrary to science can be shown to be unsound

and easily refutable by its means; and this useful function it
discharges for our geometer.

If someone should say that there is no room under the base

BC,nz we shall have to construct the equilateral triangle on the

same side as BA and AC. In that case it is necessary that its

sides either coincide with BA and AC, if these are supposed

equal to BC; or lie outside them, if BA and AC are shorter

than BC; or lie inside, if they are longer than BC. First let

them coincide and BAC be itself an equilateral triangle. Let D

be a point on BA; from AC cut off a length AE equal to AD;
and let the lines DE, BE, CD, and AF be joined. Then since

BA is equal to AC and AD to AE, the two sides BA and AE
are equal to the two sides AC and AD, and they enclose the

same angle, so that all corresponding parts are equal and

angle DBE is equal to angle ECD. And since line DB is equal

to line EC, and line BE to line CD, all corresponding parts

are equal, so that angle DEB is equal to angle EDC, for they

are subtended by equal sides. Line DF is then equal to line

sz 27 5.7 Reading clvu with Barocius and Grynaeus instead of
ellivo,t in Friedlein. See note at 225,16 above,
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EF, by the sixth. Then since AE is equal to AD and AF is

common and DF is equal to EF, the angle DAE has been
divided into equal parts, which is what it was required to do.
Now suppose the sides of the equilateral triangle lie outside

lines BA and AC. Let these sides be BD and DC, and let DA
be drawn and produced to E. Then since BD and DC are
equal and DA is a common side, and BA and AC are equal,
angle BDA is equal to angle CDA, by the eighth. Again since
BD and DC are equal and enclose equal angles with the
common side DE, as has been demonstrated, base BE is equal
to base EC, by the fourth. Then since BA is equal to AC and
AE is common, angle BAE is equal to angle CAE, which is
what it was required to prove. But if the sides of the equi-

lateral triangle, BD and DC, fall within the lines BA and AC,
again let AD be joined. Then since BA is equal to AC and AD
is common and base BD is equal to base DC, angle BAD is
therefore equal to angle CAD, by the eighth. So the angle at
A has been bisected, however the equilateral triangle be
placed.
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Now that we have completed these demonstrations, let us

take up the theorems that follow, adding only that an angle in
a hypothesis may be given in one of four ways: either in
position, as when we say that it lies on this straight line and
at this point and is so given in the hypothesis; or in kind, 3s

when we say it is a right angle, or acute, or obtuse, or in
general rectilinear or mixed; or in ratio, as when we say it is
double or triple another, or simply larger or smaller; or in
magnitude, as when we say it is the third of a right angle.

The angle here is given in kind alone.

X. To bisect a given finite straight line.

This too is a problem. It posits a finite straight line, since a

Iine unlimited in both directions can in no wise be made

determinate, and if it is without limit in one direction only,
any division will cut it into unequal segments, wherever the

point of section be taken, for the part that extends to infinity
will necessarily be greater than the remainder, which is lim-
ited. The remaining alternative, then, is that a line which is to
be bisected must be taken as finite in both directions.

This problem may move some persons to suppose that
geometers assume in advance as a hypothesis that a line does

not consist of indivisible parts. For if it did, a finite line would

consist of either an odd or an even number of parts. But if it
has an odd number of parts, it seems that when a line is bi-
sected the indivisible is bisected, since otherwise orie seg-

ment would consist of a larger number of indivisible parts and

be greater than the other. Consequently it will not be possible

to bisect a given line if its magnitude consists of indivisible

parts. But if it is not composed of indivisible parts, it will be

divisible to infinity. This, then, they S&Y, appears to be an

agreed principle in geometry, that a magnitude consists of

parts infinitely divisible. To this we shall give the reply of

Geminus, that geometers do assume, in accordance with a
common notion, that what is continuous is divisible. The

continuous, we say, is what consists of parts that are in con-

tact, and this can always be divided. But they do not assume

that what is continuous is also divisible to infinity; rather they
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demonstrate it from appropriate principles. For when geome-

ters demonstrate that there is incommensurability among
magnitudes and that not all magnitudes are commensurable
with one another, what else could we say they are demon-
strating than that every magnitude is divisible indefinitely
and that we can never reach an indivisible part which is the
least common measure of magnitudes? This, then, is demon-
strable, but it is an axiom that every continuum is divisible;
hence a finite line, being continuous, is divisible. This is the
notion that the author of the Elements uses in bisecting the
finite straight line, not the assumption that it is divisible to
infinity. That something is divisible and that it is divisible to
infinity are not the same. One could use this problem also to
refute the doctrine of Xenocratese3 that asserts indivisible
lines. For in general if there exists a line, it is either a staight
line and can therefore be bisected, or circular and greater than
some straight line-for every circular line has some straight
line shorter than itself-or mixed and hence even more
subject to division, since its simple components are divisible.
But these matters must be reserved for study elsewhere.

Our geometer bisects a given finite straight line by using
for his construction the first and the ninth, and for his proof
the fourth only, since he shows the bases to be equal by means
of the angles.sa Apollonius of Perga bisects a given finite
straight line in the following way. Let AB, he says, be the

es 279.5 Xenocrates of Chalcedon, a disciple of
the Academy after the death of Speusippus.

s4279.16 Euclid constructs on the given line
triangle ABC, bisects the angle ACB, and then by
line cD which bisects the angle also bisects the line

Plato and head of

AB an equilateral
IV proves that the
AB.
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finite straight line which is to be bisected. With A as center

and distance AB let a circle be described, and again another

circle with B as center and distance BA; and let the points of
intersection of the circles be joined by line CD. This line bisects

the line AB. For let lines CA and CB be drawn; then each

of them is equal to AB, DA and DB are equal for the same

reason, and CD is a common base; therefore angle ACD is

equal to angle BCD, so that AB is bisected in accordance with

the fourth. Such is the kind of proof of the present problem

given by Apollonius. It too starts from an assumed equilateral
triangle, but instead of proceeding from the bisected angle at
C it proves that the line is bisected because of the equality of
the bases. The proof given by the author of the Elements is

therefore much better, since it is simpler and proceeds from

the principles.es

XI. To dravv a straight line at right angles to a given

straight line from a given point on it.

Whether we take the straight line as limited in both direc-

tions, or unlimited in both, or unlimited in one and limited in

the other, with the point lying on it, the construction with

which our geometer solves this problem succeeds.s6 For even

if the given point lies on the extremity of the line, we can
produce the same construction by extending the straight line.
Clearly the point here is given in position, and in position only

as lying on the straight line; but the straight line is given only

in kind, for its length, ratio, and position are not determined.

The author of the Elemenls proves this proposition by using

the first and third theorems and one of the postulates (namely,

the first), and also the eighth theorem and the definition of a

95 280.1 I &rb riov d.py6v must mean here "in proper order from
principles." The criticism of Apollonius' procedure is not that he does

not have first principles, but that he does over again what has already
been done in IX. For a similar use of this phrase see 326.13 and 336.8.

e6 280.19 To prove XI Euclid assumes a straight line AB and a
point C on it, takes another point D at random on AC, cuts off on
CB a length CE equal to DC, and on DE constructs an equilateral
triangle FDE; he then proves by VIII and Def. X that FC is at right
angles to AB.EB

-21 
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line at right angles. If anyone should demand that we take the
point at the extremity of the line without extending the line
beyond it and draw the right-angled line from this point, we
can show that this also is possible. Let the line be AB and
the given point A, and let any point C on AB be taken and
from it a line CE at right angles to AB be constructed in the

manner taught in this theorem. And let a distance CD be
cut oft on CE equal to AC and the angle at C be bisected by
the line CF, and from D let a line be drawn at right angles to
CE meeting CF at F and from F to A the line FA be joined.
I say that the angle at A is a right angle. For since CD is
equal to AC, the side CF is common, and they enclose equal
angles-for the angle at C has been bisected-then DF is
equal to FA, and all corresponding parts are equal, by the
fourth, so that the angle at A is equal to the angle at D and
is therefore a right angle. Thus our problem is solved. But
the author of the Elements has no need of this device, for he
stipulates that the line be drawn "at right angles," not "at a
right angle." We should not, then, take the point at the
extremity of the line if the straight line is to make angles, not
an angle only, with the given line.

Apollonius draws the line at right angles in the following
way: e7

[I.et AB be the given line and C a point on it.] Take any
point D on AC, cut off from CB a length CE equal to CD,
then with center at D and distance DE let a circle be de-
scribed, &d again another circle be described with center
E and distance DE; and let a line be drawn from F to C.

s? 282,9 The words in brackets are added from Barocius.
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I say that this is the line at right angles. For if we draw

lines FD and FE, they will be equal; and equal also are

CD and CE, and FC is common, so that the angles at C are

equal, by the eighth. They are therefore right angles.

Once more you see that this proof, which requires the drawing

of circles, is more complex than that given by the author of

the Elements, since it was possible at once to erect an equi-

lateral triangle on DE and establish the theorem,es All other

features in the two proofs are identical. The proof by means

of the semicircle is not even worth mentioning, for it assumes

many of the later propositions and completely departs from

the order of the Elements.ss

XII. To a given infinite straight line, from a given point

which is not on it, to draw a perpendicular straight line,

This problem was first investigated by Oenopides,1oo who

thought it useful in astronomy. In archaic fashion, however,

s8 282.23 I.e. the method of constructing an equilateral triangle
has already been found in I, and to repeat it here is unnecessary. See

note to 280.11,
ee 283.3 From what Proclus says about this proof we can imagine

that it ran something like this. Given a line AB and a point C on it
from which it is required to construct a line at right angles, take a
point D, not on AB, nor on the extension of AB, and with D as

center and DC as distance draw a circle intersecting AB at a point E
other than C. From E draw through D a diameter of the circle to F.
The line drawn from C to F will be at right angles to AB, by III. 31.

too 283.7 On Oenopides see note at 66.2.
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he calls the perpendicular a line drawn "gnomonwise,"
because the gnomon also is at right angles to the horizon.
This "perpendicular" differs from the line drawn "at right
angles" only in relation to its point of origin, as the word for
perpendicular (xd"fleros) indicates, and not in substance.1ol
Again there are two kinds of perpendicular, plane and solid.
Whenever the line and the point from which a perpendicular
is dropped are in the same plane, it is called a plane perpen-
dicular, but when the point is above and outside the assumed
plane, a solid perpendicular. The plane perpendicular is
drawn to a line, the solid to a plane. Hence the latter neces-
sarily makes right angles not with one line, but with all the
linsstoz in the plane, for the perpendicular was drawn to the
plane. In this problem, then, the author of the Elements is
proposing that a plane perpendicular be drawn; for it is
proposed that it be drawn to a straight line, and the argument
proceeds on the assumption that all the elements involved
are in a single plane.

Now when considering the construction of a line at right
angles, wo had no need of the infinite, since the point was
taken as lying on the line itself; but in the case of the perpen-
dicular the given line is assumed to be inflnite, since the point
from which the perpendicular is to be dropped lies somewhere
outside the line. If the line were not infinite, it would be
possible so to take the point that it would lie outside the given
line, but on a straight line with it, so that the line when
prolonged would fall on it; and thus the problem could not be
solved. For this reason he posits the straight line as infinite,
so that if the point is taken only on one or the other side of
the line, there will be no place left in which it can lie in a
straight line with the given straight line and thus will lie out-
side and not on it.

ror J$l .12f. I.e. the line "at right angles" in the preceding propo-
sition was to be erected on the line, whereas the '*perpendicular" is to
be dropped upon fr. Reading g'rloi with Grynaeus and Barocius instead
of gaol in Friedlein, and rcd.aeros ("plumb line") instead of x6,0o6os
("descent"). There is a play on these words at 290.17fr..

Loz 283.21 .Sc. that meet it, as Proclus has more correctly said at
135.22. Cf. Euclid XI, Def. 3.
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This is the reason, then, why the line to which the perpen-

dicular is to be dropped is given as infinite. But it is worth
inquiring in what sense in general the infinite has existence.

It is clear that, if there is an infinite line, there will also be an

infinite plane, and infinite in actuality if the problem is to be a

real one. That in sensible things there is no magnitude indefi-
nitely extended in any direction has been sufficiently shown by
the inspired Aristoflelo3 and by those who derive their
philosophy from him. For it is not possible for the body

moving in a circle to be infinite, nor any other of the simple

bodies, for the place of each is determinate. But neither is it
possible that there should be an infinite of this sort among
separate and indivisible ideas; for if there is no extension nor
magnitude in them, there can hardly1o4 be infinite magnitude.

It remains, then, that the infinite exists in the imagina-

tion, only without the imagination's knowing the infinite.

For when the imagination knows, it simultaneously assigns

to the object of its knowledge a form and limit, and in know-
ing brings to an end its movement through the imagined ob-
ject; it has gone through it and comprehends it. The infinite

therefore, is not the object of knowing imagination, but of

imagination that is uncertain about its object, suspends

further thinking, and calls infinite all that it abandons, as im-
measurable and incomprehensible to thought. Just as sight

recognizes darkness by the experience of not seeing, so imag-

ination recognizes the infinite by not understanding it. It pro-

duces it indeed, because it has an indivisible power of pro-

ceeding without end, and it knows that the infinite exists be-

cause it does not know it. For whatever it dismisses as some-

thing that cannot be gone through,'ot this it calls infinite. So if
we supposed the infinite line to be given in imagination, exact-

ly like triangles, circles, angles, lines, and all the other geomet-

rical figures, should we not ask in wonder how a line can ac-

Los 284.24 Phys. 204a8-206a8; De Caelo 27lbl-276a17 .

104 285.5 Reading with Grynaeus and Barocius oxoLfi 7' &, instead

of axotrrt, d in Friedlein.
105 285.18 d,irctirqror, like ic/:gewt in 285.9, is an echo of Aristotle's

Phys. 204a2-7, 207b29.
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tually be infinite and how, being indeterminate, it associates

with deterrninate notions? But the understanding from which
our ideas and demonstrations proceed does not use the in-
finite for the purpose of knowing it, for the infinite is al-
together incomprehensible to knowledge; rather it takes

it hypothetically and uses only the finite for demonstration;
that is, it assumes the infinite not for the sake of the infinite,
but for the sake of the finite. If our imagination could see that
the given point does not lie on the extension of the finite line
and is so separated from it that no part of the line could
underlie the point, the demonstration would no longer need

the infinite. It is therefore that it may use the finite line
without risk of refutation or doubt that it posits the infinite,
relying on the boundlessness of imagination as the source
which generates it.

This is enough for the present concerning the hypothesis
of the infinite. Let us now move on to the objections that have
been brought against the construction used in this proble111.106

Let the straight line be taken as infinite, they s&y, and the
point C from which the perpendicular is to be drawn and the
point D on the other side of the line from C be given, as our
geometer says; but let us have the circle cutting the line AB
at A and B and also at F, as in the position diagrammed.lo?
To this argument we reply that what it says is impossible.
For let AB be bisected at H, join CH and extend the line to
the circumference [at D], and let CA and CB [and CF1'o'
be joined. Then since these are lines from a center, and AH is
equal to HB, and CH is a common side, all corresponding
parts are equal. CH therefore makes right angles at H. Again

106 286.15 Euclid's proof of XII goes as follows: Given an infinite
straight line AB and a point C not on it, he takes a point D at random
on the other side of the line and with center C and distance CD de-
scribes a circle cutting the given line at G and E. He then bisects GE,
draws a line from C to the midpoint H, and proves by VIII that CH
is perpendicular to AB.

1'07 286.22 This is a legitimate objection to Euclid's unexpressed
assumption that the circle cuts AB in only two points. Proclus tries to
answer the objection, but his refutation is inconclusive; see note at
289.6.

L08 287.2 The words in brackets are supplied from Barocius.
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since CA and CB are equal, they make equal angles at points

A and B. But CA is also equal to CF, so that angle CAF is
equal to angle CFA; and CB is equal to CF, so that angle

CFB is equal to angle CBF. Then since the angles at A and B

are equal, angle CFA is equal to angle CFB, and they are

adjacent and consequently right angles. Both of the angles at

H are right angles, and hence CH is equal to CF; but CF is
also equal to CD, for they are lines from a center; therefore

CH is equal to CD, which is impossible. Consequently the

circle does not cut the straight line AB at afiother point.

But if anyone should say that the circle described bisects

AB at F, again we can show the same impossibility. [Let alt

the lines be drawn as before, andll0e let FB be bisected at H.
Then since AF and FB are equal, CF is common, and base

CA is equal to CB, all corresponding parts are equal, so that

.the angles at F are right angles. Again since FH is equal to

HB and CH is common and the base CF (let it be drawn) is
equal to CB ( for they are lines from a center ) , the angles at

E

Los 287.17 From Barocius.
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H are right angles, for they are equal and adjacent. 'fhen since
each of the angles CFH and CHF is a right angle, CF is equal
to CH. But CF is equal to CE, for they are lines from a center.
Therefore cH is equal to cE, which is impossible.

There remains the third objection to be dealt with. Let the
described circle, they say, cut the straight line both at A and
B and at F and H. Then if we bisect AB at K and join CA,
CF, CK, and CB, we can show that this is impossible. For
since AK and KB are equal, CK commotr, and the bases CA
and CB equal, the angles at A and B are equal, and the angles
at K are right angles. But each of the sides CA and CB is
equal to CF; therefore the angles at F are right angles, for they
are equal and adjacent; and hence CF is equal to CK, for
they subtend right angles. But CF is equal to CD, for they are
lines from a center; therefore CD is equal to CK, which is
impossible. It is thus not possible for the described circle to
cut the straight line AB either at one or at two points other
than points A and 8.110

These, then, are the objections. There are also cases in the
construction involved in this problem, and these we must treat
separately from the objections. A case and an objection are
not identical; the case proves the same thing in another way,
but an objection is adduced to show absurdity in the proof
objected to. By not discriminating between these, commen-
tators have introduced them all together and have not made it
clear whether they are asking us to diagram cases or'objec-
tions. We therefore distinguish them and adduce the cases after
the objections. Let AB be the infinite straight line and C the

110 289.6 On the insufficiency of Proclus' refutation see Heath,
Euclid t, 272f.. "His method of proof only enables us to show that, if
the circle meets AB in one more point besides G, E, it must meet it in
more points still. We can always find a new point of intersection by
bisecting the distance separating any two points of intersection." One
consequence would be that there are an infinite number of perpen-
diculars from C to AB. "This in fact is possible under the Riemann
hypothesis; but for a proof that it is not possible in Euclidean space,
we have to wait until XVI. This involves no difficulty, since XII is
not used before." But Heath also shows how, if it had been necessary,
Euclid could have demonstrated this assumption by means of the
"invaluable" VII.
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given point, Someone may say there is no room on the other
side of the line, but only on the side on which C lies.l1l

Taking, then, point D on the straight line, and with C as

center and CD as distance, we can describe a circumference

290 DEF; then bisecting DF at H, we can join CD, CH, and CF.

Then since DH is equal to HF, CH commotr, and CD equal

291

to CF (for they are lines from a center), the angles at H are

equal adjacent angles and are therefore right angles. CH,
then, is the perpendicular to DF. Finally, if anyone should

say that the described circle does not cut the straight line AB
but is tangent to it, like the circle DE, wo can take a point F112

outside and, with C as center and distance CF, can reach the

desired result as in the case expounded above.

Enough about the cases of the problem, which have been

presented to provide exercise for our readers. If I may add

some reflections on these two probleffis, it seems that the line

erected at right angles is an imitation of life lifting itself to the

upper world from the hollows here below, rising undefiled

and remaining uninclined towards worse things, whereas the

perpendicular (xdfleros) is a likeness of life following the

path downwards (x,ifloEos) ua and holding itself free of the

indeterminateness in the world of generation. For the right

angle is a symbol of undeviating energy, held in control by

equality, definiteness, and boundaries. This is clearly why

the 7i maeuq in its account of the divine soul, calls the "circle

111 289.21 See note at 225.16.
LLz 2gO.lO rd E in Friedlein and Barocius is obviously an error.

What is needed is a point outside the circle DE. In line 12 read rQ

fr for ,,Q w
113 290.20f. See note at 283,12f-.
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of the other," that which contains the ideas of sensible things,
a right circle.lla In our souls it is fractured in all sorts of
ways and undergoes complex distortions because of its con-
nection with generation, but in the universe it is firmly set,
unwavering and undefiled, above sensible things. And if the
infinite straight line is a symbol of the whole world of becom-
ing in infinite and indeterminate change and of matter itself
which possesses no boundary nor shape, and if the point
lying outside carries the likeness of partless being devoid of
anything material, most certainly, then, the perpendicular
dropped frorn above would be an imitation of life proceeding
immaculately from the One and Indivisible into the world of
generation. And if, furthermore, the perpendicular cannot be
otherwise shown than through the use of circles, this too
would furnish an indication of the stability imparted through
Nous to living things. Although life itself, being essentially
change, is indeterminate, yet it acquires definiteness and is
filled with pure povrer when it partakes of Nous and goes

forward with it.

X[I. If a straight line set up on a straight line makes angles,
it will make either two right angles or angles equal to two
right angles.

Our author has returned to theoreffiS, in consequence of
what he has demonstrated in the problems. He has drawn a

perpendicular to a straight line at right angles to it, and the
next step was to inquire what angles will be rnade and
how they will be related to the straight line if the line standing
on it is not perpendicular.lls This theorem shows generally

LL4 29L.3 Cf. Tim. 37b: 6 roil la,rdpov rJrlos 6p0bs l&v and Proclus'
Commentary on the Timaeu.r il, 209.18, Diehl: rbv dplbv xdrc),,ov.

1,-52922 tiuclid proves XIII in the following manner: Given a
straight line AB set up on line CD and making angles CBA and ABD.
If these angles are equal, they are two right angles, by Def. X. If not,
let BE be drawn from B at right angles to CD, by XI. Therefore CBE
and EBD are two right angles. Now since CBE is equal to the two
angles CBA and ABE, let angle EBD be added to each. Therefore
angles CBE and EBD are equal to the three angles CBA, ABE, EBD,
by Axiom II. Again since angle DBA is equal to the two angles
DBE and EBA, let angle ABC be added to each; therefore angles DBA

v
DBC
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that every straight line standing on a straight line and making

angles with it makes either two right angles, if it stands

upright without inclining towards either end, or angles equal

to two right angles, if it inclines towards one and away from
the other end of the given straight line. For whatever amount

it takes away from one right angle by inclining to one side it
adds to the other by diverging from that side.

We should notice how much concern for precision our
geometer shows in this proposition also. For he does not
simply say that every straight line standing on another

straight line makes either two right angles or angles equal to

two right angles but adds "if it makes angles." For suppose it
stands at the extremity of the straight line and makes one

angle with it. Would it be possible for this to be equal to two

right angles? Obviously not, for every rectilinear angle is
less than two right angles, just as every solid angle is less

than four right angles. Even if you take the angle that seems

the most obtuse, you can only give it such a magnitude as will
still fall short of the measure of two right angles. We must

then so erect the straight line that it makes angles.

This, as I said, is a mark of his scientific precision. But what

does he intend when he adds that it makes "either two right

angles or angles equal to two right angles?" For when it
makes two right angles, it makes angles equal to two right

angles, since all right angles are equal to one another. Is it
not that the one expression denotes an attribute common to

both equal and unequalllo angles, the other a property of

equal angles only? Whenever both a general and a special

attribute can be affirmed truly of something,t" we are ac-

customed to indigate its character by the special attribute;

but whenever we cannot hit upon this, we are satisfied with

and ABC are equal to the three angles DBE, EBA, and ABC. But the

angles CBE and EBD were also proved equal to the same three angles;

therefore (bV Axiom I) angles DBA and ABC are equal to angles

CBE and EBD, i.e. to two rieht angles.
LLB 293.2 The sense required supports Friedlein's suggestion for the

insertion of xdi r6v d,vlcary.
rtt /)J.{ Putting Friedlein's comma aftet rcot,v6v, not after ,i\qilei\.
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the general character for the clarification of the things under
consideration. That adjacent angles are equal to [two]118 right
angles is a general statement that applies indeed to right
angles, but not to right angles alone; but that they are right
angles is a statement distinctive of their equality. Conse-
quently to say only that the angles are equal to two right
angles is to imply unequal angles, for to them alone is it
truly applicable, not to equal angles. And this the author of
the Elements has logically distinguished by "[equal] to two
right angles"; for this phrase in and by itself denotes a
pair of unequal angles.

From this we can see how equality is a measure and a
boundary of inequality as well. For even though the diminu-
tion and increase of the obtuse and acute angles is indefinite
and undetermined, yet this increase and diminution are said
to be limited and bounded by the right angle. And though
each of them departs in a different direction from likeness to
the right angle, yet both of them by a certain unity of nature
refer back to the standard of the right angle; and since they

are unable to equal the simplicity of the right angle, they
attain equality when it is doubled. The dyad, which is in itself
indefinite, is a paradigm of their indeterminateness. Here it
seems we have a manifest image of the forthgoing of the

primary causes which stand as a single bound ary line ever

the same about the indefiniteness of generation. For how

btherwise could the world of generation, which partakes of the

more-and-less and undergoes limitless change, be brought

into harmony with the intelligible world, and in a sense made

like to it, than by participation in those causeslle which with

their productive powers are always going forth and dupli-
cating themselves? For in their simplicity and partlessness

they completely transcend the world of generated things. So

much we can derive from this theorem for understanding

the whole of things.

na /)J.J Inserting duoiy before 6p0a,is, as in lines tl and 14 below.
Lrs 294.9 Reading with Barocius { before instead of after 6rri ,fis

p,e|(feas.
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XIV. It with any straight line, and at a point on it, two
straight lines adjacenfza to one another and not lying
on the same side make the adjacent angles equal to two
right angles, the two straight lines will be in a
straight line with one another.

This is the converse of the theorem just demonstrated.
Converses always follow their leading theorems. The pre-
vious theorem constructed a straight line on another and
showed that it makes the adjacent angles either two right
angles or equal to two right angles. This theorem assumes

angles making two right angles at a straight line and shows
that it is one straight line that makes them at the straight
line mentioned. What was given in the former is the con-
clusion in this, and it is proved by the reduction to i*pos-
sibility. This is the method ordinarily used for proving the
converse of a theorem, although in probleffiS, at least, our
geometer admits also leading constructions.

In this theorem too we can observe an unexcelled level of
precision in scientific expression. In the first place, after say-

ing "if with any straight line," he adds "and at a point on it."
Suppose, since the straight line has two extremities, a line
drawn at one end and another at the other made the angles

on the straight line equal to two right angles. Could they for
this reason be on a straight line with each other? How could
they be, being drawn from different points of the straight
line? For this reason he adds "and at a point on it," intending
that the two angles should lie at one point. Secondly, since

it would be possible for straight lines drawn from the same

point on a straight line not to be adjacent to one another (for
one could assume countless straight lines at a single point),
he adds "two straight lines adjacent to one another." Thirdly,
since lines adjacent to one another can be considered as

either on the same side or on both sides, but those adjacent on
the same side cannot be in a straight line with one another, he

has ruled this out and bidden us take the adjacent lines as

ua 294.16 The d{fs in Proclus is not found in our text of Euclid.
Most mathematicians would regard it as unnecessary. Schcinberger
remarks that Proclus is "more popish than the Pope."
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situated on opposite sides; for those are what can be proved

to lie on a straight line. Let lines BC and BD be two lines
standing on the straight line AB and on the same side of it.
These, moreover, are adjacent to one another, for there is
no other straight line between them. Things are adjacent to
one another when there is nothing of the same sort between

them. For example, we call columns adjacent to one another
when there is no other column between them. Of course there
is air between, but nothing of their kind. Because these lines
lie on the same side, they cannot have the property of being
in a straight line, even though the angles they make with AB
may be equal to two right angles-for there is nothing to
prevent the angle at ABD from being one and one-third of a
right angle and angle ABC being the remaining two-thirds.

So much for the enunciation. In the construction he uses

one postulate, the second ( that a finite straight line can be
extended in a straight line),t" just as in the proof he uses the
preceding theorem and two axioms ( things equal to the same
thing are equal to one another, and if equals be subtracted
from equals the remainders are equal); and for the reduction
to impossibility he uses the axiom that the whole is greater
than the part, for when the one common angle had been
subtracted, the whole was equal to the part, which is im-
possible.t22

r.zl296.18 "Post. IV is also used in this proof." (I.M.)
L22 296.24 Euclid's proof of XIV is as follows: With straight line

AB and at the point B on it, let two straight lines BC and BD not
lying on the sarne side make the adjacent angles ABC and ABD equal
to two right angles. Then BD is in a straight line with CB. For if it is

AV'CBD
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297 That it is possible for two adjacent lines drawn at the same

point on a straight line and lying on the same side of it to
make angles on the straight line equal to two right angles we

can demonstrate thus, after Porphyry. Let AB be a straight

line. Take any chance point on it, say C, and let CD be

drawn at right angles to AB, and let angle DCB be bisected

by CE.123 Let a perpendicular EB be dropped from E, let it be

extended, and let BF be equal to EB and CF be joined. Then

since EB is equal to BF, BC is common, and these sides

298

contain equal angles (for they are right angles), base EC is

equal to base CF, and all corresponding parts are equal,

Angle ECB is therefore equal to angle FCB. But angle ECB is

half of a right angle, for a right angle was bisected by EC;

hence FCB is half of a right angle. Angle DCF is therefore

one and one-half of a right angle. But DCE is half of a

right angle; therefore on line CD and at point C on it there

are two adjacent straight lines CE and CF lying on the same

side of it and making with it angles equal to two right angles,

CE making an angle equat to half of a right angle, and CF an

not, let BE be in a straight line with BC. Then since AB stands on the

straight line CBE, angles ABC and ABE are equal to two right angles.

But angles ABC and ABD are also equal to two right angles; there-

fore angles CBA and ABE are equal to angles CBA and ABD. I.et
angle CBA be subtracted from each; then the remaining angle ABE is
equal to the remaining angle ABD, the less to the greater, which is
impossible. Therefore BE is not in a straight line with CB. Similarly
we can prove that neither is any other line except BD. Therefore BD

is in a straight line with CB.
Lzs 297 .lO "This argument is strangely stated. AB is taken as given,

and CD drawn perpendicular to it. But CD should be given, and BC

drawn perpendicular to it." (I.M.)
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angle equal to one and one-half of a right angle. Thus to
prevent our drawing the impossible conclusion that CE and
CF, which make angles with DC equal to two right angles, lie
on a straigtrt line with one another, our geometer has added
the phrase "not lying on the same side." Hence the lines that
make with a line angles equal to two right angles must lie on
opposite sicles of the line, though starting at the same point,
one extending to this and the other to that side of the straight
line.

xV. If two straight lines cut one another, they make the
vertical angles equal to one another.

Vertical angles are different from adjacent angles, we say,

in that they arise from the intersection of two'straight lines,
whereas adjacent angles are produced when one only of the
two straight lines is divided by the other. That is, if a straight
line, itself undivided, cuts the other with its extremity and
makes two angles, we call these angles adjacent; but if two
straight lines cut each other, they make vertical angles. We
call them so because their vertices come together at the same
point; and their vertices are the points at which the lines124

converging make the angles.

This theorem, then, proves that, when two straight lines cut
one another, their vertical angles are equal. It was first dis-

covered by Thales, Eudemus says, but was thought worthy
of a scientific demonstration only with the author of the

Elements. Not all the principal parts are present in this dem-

onstration, for the construction is lacking. But the proof,

which is indispensable, depends on the thirteenth theorem

and uses also two axioms: one, that things equal to the

same thing are equal to each other; the other, that if equals

be subtracted from equals the remainders are equa1.125

L2+ 298.23 irireic^ here must be an error; eifleiat. or Tpap.pai is
obviously required, with a corresponding change in the preceding
participle. It is strange that neither Barocius, nor Taylor, nor Schon-
berger, nor ver Eecke seems to feel any scruples against reading
t'planes.t'

1'25 299.11 "Proclus fails to notice that Post. IV is also used in
this proof." (I.M.)
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Euclid's theorem is clear;126 and its converse is another

equally clear: if upon a straight line we assume two straight
lines not on the same side and making the vertical angles

equal, these lines lie on a straight line with each other. Let

AB be a straight line and C be any point on it, and at C let
two straight lines CD and CE be taken not on the same side

and making angles ACD and BCE equal. I say that CD and

CE lie on a straight line. For since CD stands on AB, it
makes angles DCA and DCB equal to two right angles. But
angle ACD is equal to angle BCE. Hence DCB and BCE
are equal to two right angles. Then since on a straight line BC

two adjacent straight lines CD and CE, not on the same side,

make with it adjacent angles equal to two right angles, CD

and CE lie on a straight line with one another. The converse

of the present theorem is therefore demonstrated. Our geom-

eter, it seems, omitted this converse because it is easily proved

by the same method of reduction to impossibility which we

used to prove the preceding theorem. Taking the same hy-

potheses as above, I say that CD lies on a straight line with
CE. For if it does not, let us take CF as lying on a straight

line with CI). Then since two straight lines, AB and DF, cut

one another, they make the vertical angles equal; hence angles

ACD and BCF are equal. But angles ACD and BCE were

726 299.12 Euclid's proof of XV (adapted to the lettering of Proclus'
diagram) points out that AC standing on ED makes angles ECA and

ACD equal to two right angles and that EC standing on AB makes

angles ECA and ECB equal to two right angles; hence angles ECA
and ACD are equal to angles ECA and ECB. Subtracting ECA from
each, ACD is equal to ECB. Similarly ACE can be proved equal to
DCB.
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equal. Therefore angle BCE is equal to angle BCF, the greater
to the less, which is impossible. Consequently there is no other
straight line that is on a straight line with CD, and CD and CE
therefore are on a straight line, assuming the vertical angles
to be equal. Since this is the same proof as that adduced in
the fourteenth theorem, would it not have been superfluous to
bring in this converse? For the sake of practice, however, we
have established it both by the reduction to impossibility and
by direct proof.

It seems that the force of this fifteenth theorem comes from
the homoeomery of straight lines and from their being
stretched to the utmost, since lines so characterized and cross-
ing one another necessarily have the same inclinations to
one another on both sides. Circular lines, and in general lines
that are not straight, do not necessarily make their vertical
angles equal when they cut one another, but sometimes
equal and sometimes unequal. For instance, if two equal
circles cut one another through their centers, or even at some
point other than their centers, they make the lunular angles
at the vertex equal, but of the other angles-that is, the bi-
convex and the biconcave-one is the greater.L?r But in the
case of straight lines their being stretched to the utmost
makes equal [on both sides] the divergence of the segments
of the one from those of the other.

127 301.15 See diagram at 127.14. ACD and BCE in this diagram
are equal, each of them, according to 333.15, being equal to two-thirds
of a right angle. Of the other two angles one, presumably ACB, is
greater than the other, DCE.
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Porusu. From this it is clear that, n two straight lines

cut one another, they make the lour angles

equal to f our right angles,

"Porism" is a geometrical term and has two meanings."t
We call "porism" a theorem whose establishment is an inci-
dental result of the proof of another theorem, a lucky find12e

as it were, or a bonus for the inquirer. Also called "porisms"
are problems whose solution requires discovery, not merely
construction or simple theory. We must see that the angles

at the base of an isosceles triangle are equal, and our knowl-
edge in such cases is about already existing things. Bisecting

an angle, constructing a triangle, taking away or adding a

length-all these require us to make something. But to fincl

the center of a given circle, or the greatest common measure

of two given commensurable magnitudes, and the like-these
lie in a sense between problems and theorems. For in these

inquiries there is no construction of the things sought, but a
finding of them. Nor is the procedure purely theoretical; for it
is necess ary to bring what is sought into view and exhibit it
before the eyes. Such are the porisms that Euclid composed

and arranged in three books.13'

But of such porisms we shall not speak here; the porisms

in the Elements are theorems that come to light along with
the demonstrations of other theoreffis, without being them-

selves the object of the preceding inquiry, like the one stated

here. For the question under investigation was whether the

vertical angles are equal if two straighi lines cut one another;

128 30 t.22 Cf. 212.12tr.
rzs 301.24 tpp.atovr "glft of Hermes," "windfall."
130 302.13 On the attempts to reconstruct from this and other

evidence the contents of Euclid's lost Porism,s see Heath ;431-438.
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and the proof of this also carries with it the proof that the
four angles are equal to four right angles. For when we said
"Let AB and CD be two straight lines cutting one another at
point E; then since AE stands on CD, it makes the adjacent
angles equal to two right angles; and again since BE stands
on CD, it makes the adjacent angles equal to two right
angles," then together with the conclusion drawn there we
also proved that the angles about E are equal to four right
angles.

A porism, then, is a theorem whose truth becomes evident
without eftort through the proof of another problem or
theorem. For we appear to hit upon porisms as it were by
accident, not as answers to problems or inquiries; hence we
likened them to lucky finds. And it may be that the masters
in mathematics gave them this designation in order to show
ordinary people, who get excited over some apparent gain,
that these, and not the sort of things they suppose, are the true
windfalls and gifts of the gods. For they are produced by the
resources we have within us; our prolific capacity for knowl-
edge adds them to the results of the preceding inquiries, thus
revealing the inexhaustible richness of the world of theorems.

Such, then, is the way in which the peculiar character of
porisms is to be described. They can be classified, first, by the
sciences in which they appear: some porisms belong to
geomet.y, others to arithmetic. The one before us is geo-
metrical, that which occurs at the end of the second theorem
in the seventh book arithmetical. Secondly, by the propositions
that precede them: some follow on problems, others on
theorems. The present one results from a theorem, but that
in the second [proposition of the seventh] book131 comes from
a problem. Thirdly, according to their methods of proof : some
are established by direct proof, others by reduction to impos-
sibility. The one before us is made evident by direct proof,
whereas that which is implied in the proof of the first theorem

73L 304.2 Barocius translates as if he read tv rQ ievrdpq roi lBiipov
p$l,,tov, which probably indicates a better text at his disposal and
certainly is what Proclus intended. The only porism in the second book
(that following II. 4) belongs to a theorem, not a problem. The porism
Proclus intends to refer to here is that mentioned four lines earlier, at
303.23.
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of the third book comes to light by a reduction to impossi-

bility. There are many other ways of classifying porisms, but
these are enough for us at present.

The porism that we are now discussing, in teaching us that

the space about a point can be divided into angles equal to

four right angles, forms the basis of that paradoxical theorem

which proves that only the following three polygons can fill up
the space about a point: the equilateral triangle, the square,

and the equilateral equiangular hexagon. The equilateral tri-
angle, however, must be taken six times, for six angles, each

two-thirds of a right angle, will make four right angles; the

hexagon three times, for each angle of a hexagon is equal to
one and one-third of a right angle; and the square four times,

for each angle of a square is a right angle. Hence six equi-

lateral triangles, meeting at their angles, complete the four

right angles, and similarly three hexagons, and four squares.

All other polygons, however they may be put together at their

angles, either fall short of or exceed four right angles; only

these, in the numbers mentioned, can equal four right angles.

This theorem is Pythagorean.

This porism also enables us to prove that, if more than

two lines-three, or four, or any number you like<ut one

another at a single point, the angles that result will be equal

in sum to four right angles, for they divide up the space of
four right angles. It is clear also that the angles will always be

double the number of the straight lines. Thus if two straight

lines cut one another, there will be four angles equal to four

right angles; if three lines intersect, six angles; and if four,

eight; and so on indefinitely, for the number of the straight

Iines is always doubled. But the angles, though increasing in

number, decrease in size, because the magnitude that they

divide remains the same, namely, four right angles.

XVI. In any triangle, if one ol the sides is produced, the

exterior angle is greater than either of the interior
and opposite angles.

Some persons have cited this enunciation elliptically,

without "if one of the sides is produced," and thereby have
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given occasion-perhaps to others and certainly to Philip-
pus,t3z as Heron the engineer tells us-fe criticize it. For the

triangle as such never has an exterior angle. But all who
desire to prevent this criticism state the proposition with the
addition of the omitted clause, since this accords with our
geometer's custom. For example, in the fifth theorem, wishing
to demonstrate that the angles under the base of an isosceles

triangle are equal, he adds: "when the equal sides are pro-
duced," the angles under the base are equal. Though this
theorem may appear elliptically in other texts, it certainly was

written in its full form by the author of the Elements.
What, then, does the enunciation say?133 That in any

triangle, if you produce one of its sides, you will find the
exterior angle constructed on it to be greater than either of
the opposite interior angles.lsa A little later'35 it will be

demonstrated that it is equal to both of them, and this proves
that it is greater than either. Of necessity he compares it with
the opposite angles, not with the adjacent one; for the ex-

terior angle can be either equal to or less than the angle adja-
cent to it, whereas it is always greater than either of the
others. For example, if the triangle is a right-angled one and
you think of one of the sides around the right angle as pro-
duced, the exterior angle will be equal to its adjacent angle.

And if it is an obtuse-angled triangle, it will be possible for
the adjacent inner angle to be greater than the exterior angle.

t32 305.24 This Philippus is probably the Philippus of Mende
mentioned at 67 .23.

133 306.9 Putting the question mark after rpirao*, as does Baro-
cius, and removing it in line 12.

134 306.12, Euclid proves XVI as follows: Let ABC be a triangle,
and let one side BC be produced to D. Let side AC be bisected at
E, let B and E be joined and BE produced in a straight line to F,
making EF equal to BE. Let F and C be joined and AC be drawn
through to G. Then in triangles ABE and CFE sides AE and EB are
equal to sides CE and EF respectively, and angle AEB is equal to
angle FEC (by XV); therefore the triangles are equal, and angle BAE
is equal to angle ECF. But angle ECD is greater than angle ECF, and
hence angle ACD is greater than angle BAC. Similarly if BC be
bisected, angle BCG (i.e.angle ACD, its vertical angle) can be proved
greater than angle ABC.

1sE 306.11 In XXXII.
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But with respect to the opposite angles-for the angle adja-
cent to the exterior one is but one of the angles within the
triangle, whereas there are two opposite angles-the exterior
angle is greater than either of them, though not greater than
the angle adjacent to it.

Some, however, have united two theoreffiS, this and the
one next to be demonstrated, and expressed the enunciation
as follows: "In any triangle, if one side is produced, the ex-
terior angle of the triangle is greater than either of the interior
and opposite angles, and any two of the interior angles taken
together are less than two right angles." There is some excuse
for their uniting the theoreffis, in that our geometer himself
does so later in the case of equal angles: "In any triangle the
exterior angle is equal to the two interior and opposite angles,

and the three angles of a triangle are equal to two right an-
gles."'3s So here they think it appropriate in a similar case to
unite the conclusions and make the enunciation composite. It
is clear that what is proposed for demonstration will be com-
posite, and the hypothesis, at least if it is presented with the
above-mentioned addition, will also be composite, for we must

suppose two things, the given triangle and one side produced.

And if it is stated without this addition, it is potentially com-
posite, though actually simple; for even if this addition is not
posited, it must always be understood as part of the given,
since the very fact of supposing that there is an external
angle assumes that the side has been produced. So mrich for
this.

The present theorem enables us to infer that it is im-
possible to have three equal straight lines falling from the

same point upon the same straight line. For let three straight

lines, AB, AC, and AD, drawn from one and the same point

to the straight line BD, be equal. Then since AB is equal to

AC, the angles at the base are equal, and angle ABC is
therefore equal to angle ACB. Again since AB is equal to
AD, angle ABD is equal to angle ADB. But angle ACB was

equal to angle ABC; therefore ACB is equal to ADB, the

1BG 307.12 In XXXU.
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exterior angle to the interior and opposite angle, which is
impossible. Thus three equal straight lines cannot be drawn
from the same point to the same straight tine.

By means of this theorem we can also demonstrate that
which says that, if a straight line falling on two straight lines
makes the exterior angle equat to the interior and opposite
angle, these straight lines cannot form a triangle, nor can
they intersect, since this angle will be both greater than the
other and equal to it, which is impossible. Let AB and CD
be straight lines, and let BE, falling on them, make equal
angles ABD and CDE. Then AB and CD will not intersect.
For if they intersect, the angles remaining equal, angle CDE
will be equal to angle ABD, though it is exterior and greater
than the interior and opposite angle. Necessarily, then, if they
intersect, the angles no longer remain equal, but the angle at

P in every case increases.ls? For if, while AB remains f,xed,

cA

B

187 309.4 More accurately,
of the three cases considered
crease.

"becomes relatively larger." fn only two
below does the angle at D actually in-
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you think of CD as movirg towards it in order that they may

intersect, you will make the divergence at angle CDE greater,

for the more CD moves towards AB, the more it diverges

from DE. And if you think of CD as remaining fixed and AB
as moving towards it, you will make angle ABD smaller, for

AB simultaneously moves towards CD and BD. And if you

make both of them move towards one another, you will find

that AIl, in moving towards BD, also contracts its angle,

while CD, in moving towards AB, diverges from DE and

thus increases the angle CDE. Of necessity, then, if a triangle
is produced and AB and CD intersect, the exterior angle will
be greater than the opposite interior one; for if the interior
angle remains the same, the exterior is increased, and if the

exterior remains the same, the interior is decreased, or both

change,'38 the interior contracting and the exterior expanding.

The cause of these changes is the motion of the straight lines,

the one moving towards the side where it makes the interior
angle, the other moving away from the side where it makes

the exterior angle. From this you can infer how constructing

things brings before our eyes the true causes of the con-

clusions.

XVII. In any triangle two angles taken together in any

manner ore less than two right angles,

The present theorem demonstrates generally that any two

angles of a triangle are less than two right angles; and the

sequel determines by how much they are less, namely, by the

third angle of the triangle. For the three angles are equal to

two right angles,'3e so that the two of them will be less than

two right angles by the third angle. The proof given by the

author of the Elemenls follows an obvious path, since it uses

the previous theorem.140 But here, as in the previous theorem,

138 310.1 Delete et in Friedlein.
1ss 310.16 This anticipates the conclusion of xxxll.
140 310.19 Euclid proves XVII as follows: Given the triangle ABC

with side BC produced to D, the exterior angle ACD is greater than
the interior and opposite angle ABC, by the preceding theorerl. Add-
ing ACB to each, we see that angles ACD and ACB are greater than

angles ABC and BCA. But angles ACD and ACB are equal to two

A

\---
B-_D
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we must look at the construction of the triangles in order to
31 1 discover the cause of this present character. So again let AB

and CD be lines at right angles to BD. If there is to be a
triangle, AB and CD must incline towards one another. But

CA

3t2

their inclination decreases the interior angles, so that they
become less than two right angles, for they were right angles
before the inclination. Similarly if we think of lines AC and
BD as standing on AB at right angles to it, the same conse-
quences will follow from the lines' being inclined to one
another, and the angles on AB wilt become less than two
right angles. And similarly for the remaining side.

This, then, is the cause, not that the exterior angle is greater
than either of the interior and opposite angles. For it is not
necessary that a side be produced, nor that there be any
exterior angle constructed; but it is necessary that any two of
the interior angles be less than two right angles. And how
can what is not necess ary be a cause of what is necess&ry?r+r
The cause is, as I said, the factor stated, namely, the inclina-
tion of the straight lines towards the base, which decreases
the angles. Since the author of the Elemenls demonstrates the
conclusion by means of the exterior angles, now let us estab-
lish the same result without producing one of the sides. Let
ABC be a triangle, let any chance point D be taken on BC,

right angles; therefore angles ABC and BCA are less than two right
angles. Similarly we can prove that angles BAC and ACB are less
than two right angles, and so also angles CAB and ABc.

141 311.21 In Aristotle's theory of demonstration a necessary con-
clusion can only be derived from necessary premises; see Post. Anol.
73a24 and passim. Necessity in the strict sense is not identical with
formal necessity.
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and let AD be joined. Then since one side, BD, of the triangle

ABD has been produced, the exterior angle AnC is greater

than the interior angle ABD. Again since one side, DC, of
Eiangle ADC has been produced, the exterior angle ADB is
greater than the interior angle ACD. But the angles about AD

are equal to two right angles, by the thirteenth. Therefore the

angles ABC and ACB are less than two right angles. Similarly

we can prove that angles BAC and BCA are less than two

right angles by taking a point on AC and joining a straight line

from B to the point taken. And once more we can show that

angles CAB and ABC are less than two right angles by taking

a point on AB and joining a straight line to this point from

C. The conclusion, then, has been demonstrated by the same

theorem without producing any of the sides of the triangle.

With the help of this theorem we can also prove that it is
impossible to draw two perpendiculars from the same point

to an identical straight line. For let AB and AC be two per-

pendiculars dropped from A upon BC. Angles ABC and ACB

are therefore right angles. But since ABC is a triangle, any

two of its angles are less than two right angles. Hence ABC

and ACB are less than two right angles. But they are also
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equal to two right angles because the lines are perpendicular,
which is impossible. Consequently it is not possible to draw
two perpendiculars from the same point to the same straight
line.

XVIII . In any triangle the greater side subtends the
greater angle.

We have learned through the fifth and sixth theorems that
the equality of the sides of a triangle makes equal the angles
subtended by them and that the equality of the angles likewise
shows the subtending sides to be equal. But that the inequality
of the sides implies the inequality of the subtended angles, and
conversely, we learn from this and the following theorem, that
is, the eighteenth and the nineteenth. The former proves that
the greater side subtends the greater angle, the latter that the
greater angle is subtended by the greater side. They are con-
verses of each other, considering in contrary subjects the same
attributes as do the fifth and sixth theorems. But obviously
with scalene triangles we shall take the terms "greater and
lesser sides" as relative and distinguish between the greatest,
the intermerliate, and the least sides; and likewise for the
angles. fn the case of isosceles triangles it will be enough to
distinguish merely the greater and the less, for it is one side
that is unequal to the two others, either greater or less, just as

in the treatment of equilateral triangles these propositions
have no place at all.Lnz

You see how the propositions that demonstrate equality of
angles or sides suit both equilateral and isosceles triangles,
and those that demonstrate inequality suit both scalene and
isosceles. The reason is that some triangles are the product of
equality alone, some of inequality alone, and some of both,
having one character by virtue of equality and another be-
cause of inequality. And there are some beings that are akin
to the Limit, others to the Unlimited, and others that are gen-

142 314J2 I adopt Schiinberger's supposition that 315.4-10 has
been misplaced in the text and was intended to follow at this point.
If this supposition is correct, it should be read before the following
paragraph.
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erated from both by the principle of the Mixed. Thus this

triad of principles permeates everything: lines, angles, figures,

and among figures the three-sided, the four-sided, and all their
successors. But the Limit in geometrical forms is sometimes

manifested through likeness, sometimes through equat$; the

Unlimited sometimes through unlikeness, sometimes through

inequality; and the Mixed sometimes arises out of likenesses

and unlikenesses, and sometimes out of equalities and in-
equalities.'ns The reason is that geometrical figures belong to
the categories of quantity and quality.

These being the two attributesl44 indicated, it is clear that,

when the author of the Elements says "in any triangle," he

does not mean the equilateral triangle, but "any triangle that
has a greater and a lesser side." For we must consider what is

given as the leading element, and the conclusion must be

thought of as conforming to it. Thus "Whatever triangle has a

greater and a lesser side, this will have its greater side sub-

tending its greater angle."
In his construction our geometer takes the triangle ABC

and the side AC as greater than the side AB; and in order to

prove that the angle at B is greater than the angle at C, he

cuts off from AC a length AD equal to A8.145 One could

maintain that the length cut oft should be at C; so let us

143 3 15,2 Reading instead of Friedlein's text the fuller one im-
plied in Barocius: dt,Lp.ororiTruv rcal d,voltorcrrirwv, it loorfirwv rcal dvwo-

riyruv.
L4* 3 t5.4 The two attributes are "greater" and "less," the terms

discussed in 314.5-12, which this comment seems intended to follow
(see note at 314.12).The text of the present passage has been cor-
rupted as well as displaced, but the general meaning is clear.

145 315.14 In the proof of XVIU Euclid assumes a triangle ABC
having the side AC greater than side AB, takes a length AD on AC
equal to AB, and draws BD. Then, by XVI, angle ADB is greater than
angle DCB. But angle ADB is equal to angle ABD; therefore ABD is

also greater than ACB, and hence ABC is greater still than ACB,
which is what was to be proved.
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prove the proposition before us on this hypothesis, after
316 Porphyry. Let DC be the length equal to AB, let AB be pro-

duced to E, and let BE be equal to AD. The whole of AE
is then equal to AC. Let EC be joined. Then since AE is equal
to Ac, angle AEC is equal to angle ACE, by the fifth.

317

Therefore angle AEC is greater than angle ACB. But angle
ABC is greater than angle AEC, for the side EB of triangle
CBE has been produced, and angle ABC, being exterior, is
greater than the opposite interior angle. Hence angle ABC is
even greater than angle ACB, which is what it was required to
prove.

Such are the geometrical proofs. But clearly the cause of
this attribute is the increase or decrease in length of the side
itself that subtends the angle. For when it is greater it spreads
out the angle, and when smaller it diminishes and contracts
the angle also. This is because of the full tension of the
straight line; being stretched to the utmost, it changes the size
of the angle accorditrg to its own increase or decrease. I make
these statements about a single triangle, since it is possible
for the same angle to be subtended by a longer or a shorter
line and for the same straight line to subtend larger or
smaller angles. For let ABC be any isosceles triangle, and
let a point D be taken on side AB, a length AE equal to AD
be taken on side AC, and DE be joined. The angle at A is

then subtended by both DE and BC, one of which is longer
and the other shorter; and by the same reasoning it is possible

to take countless other straight lines of varying lengths as

subtending angle A. Again let ABC be an isosceles triangle,
having BC shorter than BA and AC. On BC let an equilateral
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triangle BDC be constructed, and let AD be drawn and pro-

duced to E. Then since angle BDE is an exterior angle of
triangle ABD, it is greater than angle BAD; and in the same

way angle CDE is greater than angle CAD. The whole angle

BDC is then greater than angle BAC, and the same straight

line subtends both the larger and the smaller angle. And it has

been shown that the same angle can be subtended by longer

or shorter lines. In one and the same triangle, however, one

Iine subtends one angle, the greater line always the greater

angle and the shorter line the smaller angle. The cause of this

we have seen.

XIX, In any triangle the greater angle is subtended by

the greater side.

This theorem is the converse of the previous one. fn each

case both what is given and what is sought are simple. The

conclusion of that is the hypothesis of this, and the hypothe-

sis of that is the conclusion of this. That theorem precedes

because it takes as given the inequality of the sides, and this

one follows because its hypothesis is unequal angles; for the

sides of rectilinear angles are thought of as containing,lno the

angles as contained. And in that theorem the method of proof

is direct, but in this it proceeds by a reduction to impossibility.

Our geometer proves the impossibility by divisio11.14?

146 318.13 "As containirg," or "as superior tor" the verb rep#yew
having this double meaning, on which Proclus appears to play here.

1.47 318.16 I.e. by distinguishing the possible alternatives and dis-
proving each of them in turn, except the conclusion to be established.

The material given in quotation marks is not an exact quotation, but
rather a paraphrase, of Euclid's proof as we have it in our text.
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"When the angles are unequal," he says, "I say that the sub-
tending sides also are unequal, and the greater side subtends
the angle given as greater. For if the side that subtends the
greater angle is not greater than, it is equal to or less than the
other side. But if it is equal to it, the angles they subtend are
also equal, by the fifth; and if it is less, the angle it subtends
is the lesser angle, by the preceding theorem, for it has been
demonstrated that the greater side subtends the greater angle
and the lesser side the lesser angle. But the relation of these
angles is the reverse. Consequently the side that subtends the
greater angle is greater than the other side."

But it is also possible to demonstrate the present proposi-
tion without this use of division if we first prove a little lemma,
as follows:1a8

If an angle of a triangle is bisected and the straight line
bisecting it meets the base and divides it into unequal
parts, the sides that contain the angle will be unequal,
and the greater will be that which meets the greater
segment of the base, and the less that which rneets the
lesser.

I-et ABC be a triangle. Let the angle at A be bisected tby the
line ADl,140 let AD divide BC into unequal segments, and let
CD be greater than BD. I say that AC is greater than AB.

148 3 19.4 'fhis alternate proof and the lemma on which it depends
scem to have been contained in Heron's commentary. See Heath,
Euclid r, 285. Cf. 346.13.

14e 319.13 The phrase in brackets comes from Barocius, as does
the bracketed phrase in line 18.
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Let AD be produced [to E] and DE be made equal to AD.
And since CD is greater than DB, let DF be laid off equal to
BD, and let EF be drawn and produced to G. Then since AD
is equal to DE and BD to DF, two sides are equal to two

sides, and they contain equal vertical angles. Therefore the

base AB is equal to base EF, and all corresponding parts are

320 equal, so that angle DEF is equal to angle DAB. But this is

equal to DAG, so that side AG is also equal to EG, by the

sixth. Therefore AC is greater than EF. And EF is equal to

AB. Hence AC is greater than AB, which is what it was

required to prove.
Taking this lemma as established, we can prove that the

greater side subtends the greater angle. Let ABC be a triangle

having the angle at B greater than the angle at C. I say that

AC is greater than AB. Let BC be bisected at D, let AD be

drawn and produced so that DE is equal to AD, and let BE

32t

be joined. Then since BD is equal to DC and AD to DE, two

sides are equal to two sides, and they contain equal vertical

angles. The base BE is therefore equal to AC, and all cor-

responding parts are equal, so that angle DBE is equal to the

angle at C. But the angle at C is less than angle ABD.150

Hence angle DBE is less than angle ABD. Now let angle ABE

be bisected by the line BF. EF will then be greater than AF.

Then since in triangle ABE the angle at B has been bisected

by BF and EF is greater than AF, BE is greater than AB, by

the previously proved lemma. But BE has been shown to be

150 321.1 I.e. by hYPothesis.
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equal to AC. Therefore AC is greater than AB, and the
conclusion wanted has been proved.

It was obviously from a desire to avoid complexity in the
order of demonstration that the author of the Elements
avoided this method of proof, preferring to proceed by divi-
sion and reduction to impossibility because he wished to
establish the converse of the preceding theorem without any-
thing intervening. The eighth theorem, which is the converse
of the fourth, introduced considerable confusion in making
the conversion difficult to recognize. It is preferable to prove
a converse by the reduction to impossibility while preserving
continuity than to break the continuity with the preceding
demonstration. This is why he almost always proves a con-
verse by the reduction to impossibility.

XX. In any triangle two sides taken together in any mqnner
are greater than the remaining side.

The Epicureans are wont to ridicule this theorem, saying
it is evident even to an ass and needs no proof; it is as much
the mark of an ignorant man, they ssy, to require persuasion
of evident truths as to believe what is obscure without ques-
tion. Now whoever lumps these things together is clearly
unaware of the difference between what is and what is not
demonstrated. That the present theorem is known to an ass

they make out from the observation that, if straw is placed at
one extremity of the sides, an ass in quest of provender will
make his way along the one side and not by way of the two
others. To this it should be replied that, granting the theorern
is evident to sense-perception, it is still not clear for scientific
thought. Many things have this character; for example, that
fue warms. This is clear to perception, but it is the task of
science to find out how it warms, whether by a bodiless power
or by physical parts, such as spherical or pyramidal particles.

Again it is clear to our senses that we move, but how we
move is difficult for reason to explain, whether through a part-
less medium or from interval to interval, and in this case how
we can traverse an infinite number of intervals, for every
magnitude is divisible without end. So with respect to a
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323 triangle let it be evident to perception that two sides are

greater than the third; but how this comes about it is the

function of knowledge to say.

This is enough by way of answer to the Epicureans. We

must give a brief account of the other proofs of this proposi-

tion that the followers of Heron and Porphyry have con-

stnrcted without producing the straight line, as the author of
the Elements does.151 Let ABC be a triangle and let it be re-
quired to prove that AB and AC are greater than BC. Let

the angle at A be bisected tby the line AE1.to' Then since

angle AEC is an exterior angle of uiangle ABE, it is greater

than angle BAE. But angle BAE is equal to angle EAC.
Therefore angle AEC is greater than angle EAC, so that side

AC is greater than side CE. By the same reasoning AB is

324

greater than BE, for angle AEB is an exterior angle of triangle

AEC and greater than angle EAC, that is, greater than BAE,
so that AB is also greater than BE. Consequently AB and

AC are greater than the whole of BC. We can construct a
similar proof for the other sides.

Again let ABC be a triangle. If it is an equilateral triangle,

two of its sides will of course be greater than the third; for of

three equal quantities two of them, however chosen, will
atways be double the third. If it is isosceles, it has a base either
less or greater than either of the equal sides. If the base is less,

LdL 323.9 In proving XX Euclid assumes the triangle ABC, draws
BA through to D, making DA equal to AC, and joins DC. Then since

DA is equal to AC, angle ADC is also equal to angle ACD, by V;
therefore angle BCD is greater than angle ADC. And in triangle
DCB angle BCD is greater than angle BDC; therefore by XIX side
DB is greater than side BC. But DA is equal to AC; therefore BA and
AC are greater than BC. Similarly we can prove that AB and BC are

also greater than CA, and BC and CA greater than AB.
L62 323.12 From Barocius.

D

,4,
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again two sides will be greater than the third. But if the base
is greater, let BC be greater, and let a length BE be cut oft
equal to each of the other sides, and let AE be joined. Then
since angle AEC is an exterior angle of triangle AEB, it is

greater than angle BAE. By the same reasoning angle AEB
is greater than angle CAE. The two angles about AE are
therefore greater than the whole angle at A, and one of them,
BEA, is equal to angle BAE, since AB is equal to BE. There-
fore the other, angle AEC, is greater than angle CAE, so

that AC is greater than CE, But AB was equal to BE, and
hence AB and AC are greater than BC. If ABC is a scalene
triangle, let AB be the greatest side, AC the side of middle
length, and BC the least. Now the greatest taken together with
either of the others is obviously greater than the third, for by
itself it is greater than either. And if we want to prove that
AC and BC are greater than AB the greatest, we shall proceed
as in the case of the isosceles by cutting off from the greatest
side a length equal to one of the others, joining its extremity
with C, and making use of the properties of exterior angles.

325 Again let ABC be any triangle. I say that AB and AC are
greater than BC. For if they are not, they will be either equal
to BC or less than it. Suppose them to be equal, and take
away a length BE equal to AB. The remaining length EC is
thus equal to AC. Then since AB is equal to BE, they subtend
equal angles. Likewise since AC equals EC, they also sub-
tend equal angles. Hence the angles at E are equal to those at
A, which is impossible.l's Now suppose AB and AC to be

158 325.1 1 Because the angles at E are equal to two right angles?
"f suspect the impossibility is that angle CEA is greater than BAE
and AEB is greater than CAE, by XVI. Proclus uses this kind of
reasoning in his next argtrment (325.16ff.)." (I.M.)
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less than BC, and let BD be laid off equal to AB and CE
equal to AC. Then since AB is equal to BD, the angle BDA
is equal to angle BAD; and since AC is equal to CE, angle

CEA is equal to angle EAC. I{ence the two angles BDA and

CEA are equal to the two angles BAD and EAC. But since

angle BDA is an exterior angle of triangle ADC, it is greater

than angle EAC, for it is greater than DAC. By the same

reasonirg, since angle CEA is an exterior angle of triangle

ABE, it is likewise greater than angle BAD, for it is greater

than angle BAE. Angles BDA and CEA are [therefore]1sa

greater than the two angles BAD and EAC. But they were

equal to them above,155 which is impossible. Therefore AB
and AC are neither equal to BC nor less than it, but greater.

Similarly for the other sides.

XXI. If on one of the sides ol a triangle, lrom its extremities,

there are constructed two straight lines within the triangle,

the straight lines so constructed will be less than the remain'
ing two sides of the triangle but will contain a greater angle.

The meaning of the enunciation is evident, the proof given

by our geometer is clear, and the theorem follows from first

principles."6 It depends on two theoreffis, the one proved

L54 326.1 d,pa. is missing here. Barocius' translation suggests that
he found it in his text.

155 326.2 Taking Crei as having been displaced from its proper
position after a$rats.

Lls 326.13 Euclid's proof of XXI is: Given BD and DC two

straight lines constructed on side BC of triangle ABC and within the

triangle, let BD be drawn through to E. Then the two sides AB and

AE of triangle ABE are greater than BE, by XX. Let EC be added to
each; therefore AB and AC are greater than BE and EC. Again in
triangle CED the two sides CE and ED are greater than CD, Let

A

,4.
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before this and the sixteenth. For to prove that the lines
constructed within the triangle are shorter than the lines of
the triangle outside them, he requires the theorem that in any
triangle two sides are greater than the third; and for showing
that the angle they contain is greater than that contained by
the outer lines, he uses the proposition that in any triangle
the exterior angle is greater than the interior and opposite
angle.

It will furnish evidence of his geometrical precision and at
the same time be a reminder of the paradoxes in mathematics
if we show that it is possible to construct two lines within a
triangle on one of its sides-not on the whole of it, but on a

part-which will be greater than the outer lines and on the
other hand will contain an angle that is less than that between
the outer lines. The demonstration of this will make clear
why it was necessary that the author of the Elements add
that the lines constructed within the triangle must start "from
the extremities" of the common base, that is, must be con-
structed on one of the sides as a whole, not upon a part of
the whole. At the same time, as I said, it will reveal one of the
paradoxes in geometry. For is it not a paradox that the lines
constructed on the whole of the side are less than the outer
lines, whereas those constructed on a part of it are greater?

Let us suppose, then, a right-angled triangle ABC, having
the angle at B right; and let any point D be taken on BC, and
let AD be joined. AD is then greater than AB.1E? Let a

length DE be cut off on AD equal to AB, and let EA be
bisected at F and FC be joined. Then since ACF is a triangle,
AF and FC ere greater than AC. But AF is equal to EE, and

DB be added to each; therefore CE and EB are greater than CD and
DB. But AB and AC were proved greater than EB and CE; thus AB
and AC are still greater than CD and DB. Again in triangle CDE the
exterior angle BDC is greater than angle CED, by XVI. Likewise in
triangle ABE the exterior angle CEB is greater than angle BAC. But
angle BDC was proved greater than angle CEB; therefore it is still
greater than angle BAC.

167 327.17 "Angles ABD and ADB are less than two rights, by
XVII. Therefore ADB is less than a right, so less than ABD. There-
fore AD is greater than AB, by XIX." (I.M.)
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hence FE and FC are greater, than AC. But DE is equal to

AB; therefore FC and FD are greater than AB and AC, and

they are within the triangle. Again let ABC be an isosceles

triangle having its base BC greater than either of the equal

sides, and let a length BD be cut off on BC equal to AB. Let
AD be joined, and a point E on AD be taken at random and

joined to C by EC. Then since AB is equal to BD, angle

BAD will be equal to angle BDA; and since angle BDA is an

exterior angle to triangle EDC, it will be greater than the

interior and opposite angle DEC, so that angle BAD is $Seater

than angle DEC. Hence angle BAC is even greater than angle

DEC. And angle BAC is contained by the outer lines, and

angle DEC by the inner lines. Consequently DE and EC have

been constructed within the triangle containing an angle less

than that contained by the outer lines, and the proposition has

been demonstrated without the use of the parallel lines of the

commentators.'58 It is therefore necessary that the lines con-

158 328.16 It would be inappropriate to prove this proposition by

using the theory of parallel lines, which has not yet been established,

if some other procedure is available. Proclus' language suggests that
some of the commentators had been guilty of this error. According to

ver Eecke (see his note ad loc.), Pappus was one of them. The point
is well illustrated later at 340.5ff., where Proclus, in defending Euclid
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structed begin at the extremities of the base. For the lines
constnrcted on a part of the base have been shown to be
sometimes longer than the outer lines and to contain a smaller
angle. When they are thus constructed from the extremities,
they reveal the shape of the so-called barb-like riangle. This
also is one of the paradoxical problems in geomeffy, to find
a four-sided triangle, such as BAC. Though bounded by four
sides BA, AC, CE, and EB, it has three angles, one at B,
another at A, and a third at C. Consequently the figure here
presented is a four-sided triangle.15e

uc
XXII . Out of three straight lines which are equal to three
given stratght lines to construct a triangle: thus it is
necessary'u' that two of the straight lines taken together in
any monner should be greater than the remaining one.

We have gone over to problems again. He asks us to con-
struct, given three straight lines two of which are greater than
the third, a triangle with sides equal to the given straight lines.
He sees, first, that it is impossible to construct a triangle from
lines that already have a prescribed position, but possible

against certain objections, is compelled to assume what is to be
proved later, viz. this very theory of parallels, in order to show that
the theorems whose omission is cornplained of could not have been
established by Euclid at this stage of his exposition.

16s 329,7 Cf. 165.22ft. It was the practice of Greek geometers not
to recognize as an "angle" any angle not less than two right angles;
consequently the reentrant angle is ignored, and angle BEC is regarded
as outside the figure. Cf. 268.2, where the angle made by DF and FG
in the diagram is said to be "outside." See Heath, Euctid t, 263f..

180 329. 10 For De i 6a in Friedlein read 0e? 6i, since this is the
reading in our Euclid text and is required by the sense. See Heath,
Euclid t, 293.
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only from lines equal to them, and, secondly, that of the lines
which are to make the triangle two 'otaken together in any

manner" must be greater than the other, for in any triangle
two sides are greater than the remaining one, as has been

demonstrated. This is why he adds that two of the lines from
which we start must in every case be greater than the third,
or a triangle will not result from lines equal to them; and, be-

sides, this added clause alone serves to refute the objections

brought against his construction.
This problem, then, belongs among the determinate, not

the indeterminate ones; for, like theoreffis, some problems are

indeterminate and some determinate. If we simply say "Out of
three straight lines equal to three given straight lines to
construct a triangle," this is indeterminate and insoluble; but

if we add "two of them taken together in any manner are

greater than the third," it is determinate and soluble. This
fact also comes out: just as theorems are distinguished ac-

cording to truth or falsehood, so problems are differentiated
according to their manifest possibility or impossibility.

A little attention to the construction will teach us that the

objections brought against it can be answered by the restric-

tion stated. We shall follow the words of our geometer. "Let
A, B, and C be straight lines, of which two, taken together
in any manner, are greater than the other." And now we

must make the required construction , "Let a straight line DE
be laid out terminating at D in one direction but without

^l'l'r

limit in the other. Let there be laid off a length DF equal to

A, & length FG equal to B, and a length GH equal to C. With

F as center and distance FD let a circle K be described;

again with G as center and distance GH let a circle L be
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described; and let the two circles cut one another." This is
what the author of the Elements assumes.161 Someone may
ask: "From where does he get this? For perhaps the circles
are only tangent to each other, or not even in contact. For of
three positions, they rnust have one: they either cut each
other, or are tangent, or are separate from each other." Now
I say that they necessarily cut one another. I-et us first sup-
pose them to be tangent to one another. Then since F is the
center of circle K, DF is equal to FN; and since G is the

Ia\
F \G )

332

center of circle L, GH is equal to GN; then the two lines DF
and GH are equal to the one line FG. But they were assumed
to be greater than it, since A together with C is greater than
B and these lines are equal to those. Again, if it be possible,
let the circles be separate from one another, like K and L.
Then since F is the center of circle K, DF is equal to FN; and
since G is the center of circle L, GH is equal to GM. Conse-
quently FG as a whole is greater than DF and GH. For FG
exceeds DF and GH by NM. But DF and GH were posited as

greater than FG, as lines A and C are greater than B; for DF
is equal to A, FG to B, and GH to C. It is necesstr!, then,
that circles K and L cut one another. So the author of the

161 331.9 From this point Euclid proceeds to solve XXII by draw-
ing lines from F and G to the point of intersection of the circles and
then proving that the triangle which they make is the triangle required.
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Elements was right in assuming that the circles intersect, since

he had also posited that of the three straight lines two of them

taken together in any way are greater than, neither equal to

nor less than, the other one. If the circles are tangent, the two
lines must be equal to, and if separate must be less than the

third.

XXm, On a given straight line and at a point on it to
construct a rectilinear angle equal to a given

rectilineor angle.

This too is a problem, and the credit for its discovery be-

longs rather to Oenopides, as Eudemus tells us. It requires

us to construct on a given straight line and at a given point on

it an angle equal to a given rectilinear angle. For necess ary

reasons our geometer adds that the given angle is rectilinear,
since it is not possible to construct on a straight line an angle

equal to any angle whatever. It has been proved that only two

of the circular angles are equal to rectilinear angles, namely,

the "axe," which has been shown to be equal to any rectilineat

angle, and the lunular angle which is equal to two-thirds of a

right angle.'62 This species of lunule is produced when two

toz 333.15ff. This passage has confused all previous translators. The

first of these two species of circular angles that are equal to rectilinear

ones has been discussed at 189.23ff, where its equality to any recti-

Iinear angle is demonstrated. But there it is called p.r7uoet6is, "moon-

like" (190.8). Here, however, it is called the "axe" (zrilerus), Whereas

the second species mentioned here is called p,r1voe $4s. This has led

Barocius, Taylor, and ver Eecke in their translations to irnply that the

terms have been inadvertently interchanged, and Sch6nberger explicitly
to assert it. The truth is, however, that Proclus is referring to two
species of lunular angles, one that is equal to any rectilinear angle

(cf. 190. 12-14), and the other equal to two-thirds of a right angle.

The latter is a special case which results from two circles intersecting

each other through their centers, a point which Proclus mentions here

to differentiate it from the others. Both types were presumably also

called zrCl,erus, a fact which leads to the apparent confusion in Proclus'

exposition. Taylor (rl, L26) and ver Eecke (284) give a proof which

may be that which Proclus intended, showing that the second species

of lunule mentioned is equal to two-thirds of a right angle. Let the

circles AC and BD be drawn passing through their respective centers

A and B; and from the center C, with a radius CB equal to AB, de-

scribe the arc ABD and draw lines CB, CD, and CA. Then since
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circles cut one another through their centers. The requirement
that the construction be on a straight line makes determinate
the kind of angle to be constructed, not indeterminate, but
either rectilinear or mixed; and since no mixed angle can be
equal to a rectilinear, it is evident that this angle is rectilinear.

The author of the Elemenls has done what is required by
using without qualification the preceding problem to con-
struct a triangle from three straight lines equal to the three
given lines;163 but you could get the construction of the tri-
angle in a more instructive manner, as follows. Let AB be a

ACB is an equilateral triangle, os CBD is also, each of the angles
ACB and BCD will be equal to two-thirds of a right angle; and since
the mixed angle BCE is equal to the mixed angle DCF, the angle
ECF will be equal to angle BCD, i.e. to two-thirds of a right angle.

163 334.6 Euclid solves XXIII as follows: Given the straight line
AB and the rectilinear angle DCE, to construct on AB at A an angle
equal to DCE, he takes points D and E at random on CD and CE
respectively, joins DE, then constructs a triangle FAG on AB whose
sides AF, AG, and FG are equal respectively to CD, CE, and DE.
Then, by VILI, angle DCE is equal to angle FAG. Heath (Euclid I,
295) remarks that the construction of the triangle assumed in this

F

^+,c
proposition is not exactly the construction used in XXII. "We have
here to constluct a triangle on a certain finite straight line AG as base;
in XXII we have only to construct a triangle with sides of given length
without any restriction as to how it is to be placed." Hence the
consttuction of XXII cannot be used here without qualification.
Proclus modifies the method of XXII and thus constructs the triangle
in what he considers a "more instructive fashion." He appearc later
(335.15f.) to plume himself modestly on this contribution he has made
to Euclid's construction.
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straight line, A the given point on it, and CDE the given

rectilinear angle. Now let us do what is required. Let CE
be joined and AB be produced in both directions, to F and

G, and let FA be equal to CD, AB to DE, and BG to CE.
With A as center and distance FA let the circle K be de-

scribed; and again, as in the preceding problem, with center

N

B and distance BG let circle L be described. These circles

therefore intersect one another, as has been proved. Let them

then interse ct at points M and N, and from M draw lines to

the centers, and likewise from N. Then since FA is equal to

AM and to AN, and FA is equal to CD, AM and AN are

each equal to CD. Again since BG is equal to BM and to
BN, and BG is equal to CE, therefore BM and BN are each

equal to CE. But AB also is equal to DE. The two lines AB
and AM are therefore equal to DE and DC, and the base BM
is equal to CE; hence angle MAB is equal to the angle at D.

Again the two lines AN and AB are equal to the two lines CD
and DE, and the base BN is equal to the base CE; hence angle

NAB is equal to angle CDE. The task required has been done

twice: we have constructed not one only, but two angles equal

to the given angle, one on each side of the line AB, so that in

the sequel, otr whichever side we choose to make the construc-

tion, our result will be sure and unimpeachable.

This is our contribution to the construction given by the

author of the Elements. But we do not commend the proof

given by Apollonius, since it requires theorems proved in

Book III. He takes CDE as any angle and AB as the straight

line. With D as center and distance CD he draws an arc CE,

and likewise with A as center and distance AB the arc BF.

He then cuts off a.tength BF equal to CE, joins AF, and

declares A and D to be equal angles as standing on equal

336
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arcs. He must also assume that AB is equal to CD, in order
that the circles may be equal. Now such a construction em-
ploying later theoremsl64 we regard as alien to the nature of
an elementary treatise and prefer that of our geometer because
it is an orderly consequence of principles.

XXry. It two triangles have two sides equal to two sides

respectively but have one of the angles contained by the

equal straight lines greater than the other, they will also have
one base greater than the other.

He has gone over to theorems again and now presents
reasonings concerning inequality in two triangles similar to
those he has given about equality. Assuming two triangles
with two sides equal respectively, he posits at one time that
the vertical angles are equal and at another time that they are
unequal [and the bases at one time equal and at another time
unequellrer and shows that the equality of the vertical angles
implies the equality of the bases, that the equality of the bases

implies the equality of the angles at the vertex, and that in-
equality implies inequality. The present theorem is therefore
the opposite of the fourth; for that assumed equal angles at the
vertex of the triangles and this unequal angles, and that
proved the bases of the triangles to be equal, whereas this
proves them to be unequal, like the angles. This theorem is

also the leading theorem for the one followirg, for that pro-
ceeds from the bases to the angles which the bases subtend
and infers their inequality, whereas this proceeds conversely

164 336,6 Apollonius' solution requires the use of III. 28 and 29,
165 336.19 From Barocius.

c

E

F

337

-263 -



338

THE COMMENTARY

from the angles to the bases under them. 50166 the following
proposition, being the converse of this in the sense just de-

scribed, is the opposite of the eighth theorem; for the eighth

proves from the equality of the bases that the vertical angles

are equal, and this one shows from the inequality of the bases

that the angles also are unequal. Of these four theorems-the
fourth, eighth, twenty-fourth, and twenty-fifth-two, the
fourth and the eighth, are concerned with equality; two, this

and the following one, with inequality; two, the fourth and the

one we are now considering, start from the angles; and two,
the eighth and the one after this, start from the bases. But
common to all four is the necessary assumption that the two
triangtes have two sides equal respectively; for if they are

unequal, all inquiry is vain and subject to error.

So much in general about the propositions before us. Now

let us examine the construction that the author of the Ele-
ments gives for this theorem and supply what it omits. He
takes two triangles ABC and DEF having sides AB and AC
equal respectively to DE and DF and the angle at A greater

than the angle at D. To prove that BC is greater than EF, he

constructs on DE and at point D upon it an angle EDH equal

to the angle at A-the greater of the two angles A and D-
and draws DH equal to AC.16? Now when EF is produced,

AD

, '.E4.
L66 337.11 Reading with Schonberger t5ore attrb rd instead of tiorcp

o0 rd in Friedlein.
167 338.11 Despite Proclus' assertions at 340.10 and 14 that he is

following the diagram in Euclid's text, it is impossible to make either
his diagram or his lettering accord with those in our text of Euclid.
Proclus'diagram substitutes H (0) everywhere for G (a); and to add

to the cornplications the diagrams at 33 8. 1 4-339 .10 and at 340.7-343. 10

are the reverse of those in our Euclid. Instead of trying to bring these

two traditions into accord, I have left Proclus' text as it is, warning
the reader that he will have to rnake some accommodations in com-
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point H will lie either above the line, or on it, or below it,
The author of the E'lements takes it as lying above the line.
But let us suppose it to be on the line and prove it again
from this assumption. The two lines AB and AC are equal to
lines DE and DH, and they contain equal angles. The base

BC is then equal to EH. But EH is greater than EF, so that
BC is greater than EF. Now let us suppose that it lies below
EF. Then drawing line EH we shall say that, since AB and
AC are equal to DE and DH and they contain equal angles,

A

"4,
D

,1.
therefore BC is equal to EH. Now since within the triangle
DEH lines DF and EF have been constructed on DE, they are
less than the outer lines. But DH is equal to DF, for it is
equal to AC; hence EH is greater than EF. But EH is equal to
BC and hence BC is greater than EF. Thus the theorem has
been demonstrated for every position.

Since in the fourth theorem our author proved also that

paring it with the Euclid text to be given in this footnote. Euclid's
proof of XXIV is as follows: Given triangles ABC and DEF having
sides AB and AC equal respectively to DE and DF and the angle at
A greater than the angle at D, let there be constructed on DE at point
D an angle EDG equal to angle BAC, and let DG be drawn equal to

AD

.Ar.D,
F

AC, and join EG and FG. Then since AB is equal to DE, AC to DG,
and angle BAC to angle EDG, BC is equal to EG, by IV. Again since
DF is equal to DG, angle DGF is also equal to angle DFG, by V.
Therefore angle DFG is greater than angle EGF, and the angle EFG
greater still than angle EGF. And since EFG is a triangle having
angle EFG greater than angle EGF, side EG is also greater than side
EF, by XIX. But EG is equal to BC, and therefore BC is also greater
than EF, which is what was to be proved.
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the areas of the triangles are equal, why did he not add to
this theorem that the areas as well as the bases are unequal?

To this difficulty let it be said that the same reasoning does

not hold for unequal as for equal angles and bases. The
equality of the angles and the bases implies the equality of

340 the triangles, but when they are unequal, the inequality of the

areas does not necessarily follow. The triangles can be either

equal or unequal, and that which has the greater angle and

base may be greater or it may be less. For this reason the

author of the Elements omitted a comparison of the triangles,
particularly since the investigation of these matters requires

the doctrine of parallel lines. But if we must now make a com-
parison of the areas, let us do so, assuming in advance what is

to be proved later. Using the diagram of this proposition in the

Elements, we assert that, if the angles at A and D are equal to
two right angles, the triangles are demonstrably equal; if they

are greater than two right angles, that triangle which has the

greater angle is less; and if they are less than two right angles,

AH/K

,A.r&.

341

F

it is greater. Taking the constructions as given in the Ele-

ments,let ED and FD be produced [to K and H],'ut and let us

suppose angles BAC and EDF equal to two right angles. Then

since angle BAC is equal to angle EDG, angles EDG and

EDF are equal to two right angles. But angles EDG and KDG
are also equal to two right angles. Let the common angle EDG

be subtracted, and the remainder, angle EDF, is equal to
angle KDG. But angle EDF is equal to angle HDK (for they

are at the vertex), and therefore angle KDG [is equal to
HDKl.run And since angle GDH is an exterior angle to tri-
angle GDF, it is equal to the two opposite angles at G and F.

But these are equal to one another, for DG is equal to DF.

168 340.15 From Barocius.
L6e 341,2 From Barocius.

-266-



342

PROPOSITIONS: PART ONE

Angle GDH is therefore double the angle at G. The angle at
G is then equal to angle KDG, and they are alternate angles;
DE is therefore parallel to FG. Consequently triangles GDE
and FDE are on the same base DE and between the parallels
DE and F(i. Therefore they are equal. But triangle GDE is
equal to triangle ABC, and hence triangle DEF is equal to
triangle ABC.

You see that we needed three theorems from the doctrine
of parallels: one, that in every triangle the exterior angle is
equal to the two opposite interior angles; another, that if a
staight line falls on two straight lines making the alternate
angles equal, the straight lines are parallel; and the third,
that triangles on the same base and in the same parallels
are equal, The author of the Elemerrs knew this and there-
fore omitted this comparison of the triangles.

Now let angles BAC and EDF be greater than two right
angles, and carry out the same constructions. Then since
angles BAC and EDF, that is, angles EDG and EDF, are
greater than two right angles and angles EDG and GDK are
equal to two right angles, if the common angle EDG is sub-
tracted, angle EDF is greater than angle GDK; that is, angle
KDH is greater than angle GDK.lzo Angle GDH-that is, the

A\ K,4..Q'
F

double of the angle at G-is therefore greater than the double
of angle GDK. Angle GDK is then less than the angle at G.
Let angle DGL be constructed equal to angle GDK, and let
EL be drawll. Then GL and DE are parallel. Triangles GDE
and LDE are therefore equal. But triangle LDE is less than
triangle FDE; therefore triangle GDE is less than triangle

L70 342.4 The Greek text here is somewhat confused. I follow
Barocius, since his translation gives the sense required by the geo-
metrical reasoning.

-267 -



THE COMMEN T ARY

FDE. But triangle GDE is equal to triangle ABC. Therefore

triangle ABC, which has the greater angle, is less than triangle
FDE.

Now suppose, thirdly, that the unequal angles are less than
two right angles, and complete the same constructions. Then

since angles EDG and GDK are equal to two right angles, if
343 we subtract the common angle EDG, the angle EDF (that is,

KDH) is less than GDK; hence the whole angle GDH is less

than the double of angle GDK. But GDH is also double the

angle at G [that is, DGF]. Therefore the angle GDK is greater

A

344

L

than the angle at G. Let angle DGL be constructed equal to

angle GDK, let GL meet EF atL, and let DL be joined. GL is

then parallel to DE; hence triangles GDE and DLE are equal

to one another. But triangle DLE is greater than triangle

FDE, and GDE is equal to ABC. Consequently triangle ABC
is greater than triangle DEF.

Thus it has been proved that triangle ABC is either equal

to, greater than, or less than triangle DEF when the angles at

A and D are equal to, or greater than, of less than two right

angles. And all these are possible assumptions. For suppose

the angle at A is one and one-half times a right angle and that

at D half a right angle. Are they not then equal to two right

angles? Or if A is one and a half and D a right angle, ate they

not greater than two right angles? Or if A is one and a half

and D a third of a right angle, ate they not less than two

right angles? And in each of these cases A is greater than D.

All these comparisons''1 were possible for us only through

LrL 344.6 Friedlein's text has no substantive with r6,oar. I assume

with Barocius that something like ouyxploew is implied.
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the use of parallel lines, and this is why they are necessarily

omitted by the author of the Elements.

XXV. Il two triangles have two sides equal to two sides
respectively but have one base greater than the other, they
will also have one of the angles contained by the equal
straight line,r greater than the other.

This theorem is the opposite of the eighth and the converse
of the one before it. The author of the Elements has presented
these theorems in pairs, one pair concerning equality of angles
and bases, another concerning inequality, in each pair taking
a leading proposition and its converse and, for the leading
proposition, using direct proof and for the converse reduc-
tion to impossibility. In this way he proceeds for each kind
of triangle, now showing that the equality of the sides im-
plies the equality of the subtended angles, and inequality
inequality,"' and again conversely showing that the equality
of the angles implies the equality of the subtending sides, and
inequality inequality.

Coming now to the present theorem, we leave it to the eager
student to find out from the books how our geometer demon-
strates it, since his procedure is quite clear.l?3 But the proofs
that others have produced for the same proposition we shall
recount briefly, and first the proof discovered and set forth by
Menelaus of Alexandria.l?4 "Let ABC and DEF be two tri-

L72 345.6 ReadinE riv d,vw|rqra after rff d,vodrqrt, as in line 8.
173345,12 Euclid proves XXV indirectly, and by division (cf.

note at 318.16). Thus if the angle at A is not greater than the angle at
B, it must be either equal to or less than D. But it cannot be equal to
D, for then the bases of the two triangles would be equal, by IV; nor
can it be less than D, for then the base of its triangle would be less
than that of the other, by XXIV. Therefore the angle at A is greater.

174345.14 Menelaus of Alexandria, who lived during the latter
half of the first century, is important because of his contributions to
spherical geometry and trigonometry. He wrote a Spherica in three
books, preserved for us in an Arabic version, which defines the
spherical triangle and demonstrates the basic propositions about it
corresponding to Euclid's theorems about the plane triangle. He also
wrote an Elements ol Geometry. The proof cited by Proclus probably
comes from this work, See Heath u, 260-273, and Van der Waerden,
27 4-276.
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angles having the two sides AB and AC equal to the two sides

DE and DF and BC greater than EF. I say that the angle at A
is greater than the angle at D. Let a length BG be laid off on

BC equal to EF, let an angle GBH be constructed at B equal

to DEF, and let BH be equal to DE. Join HG, let the line be

produced to K, and let AH be joined. Then since BG is equal

to EF and BH is equal to DE, the two sides are equal to two

sides, and they contain equal angles. Consequently GH is

equal to DF, and angle BHG to angle EDF. And since GH
is equal to DF and DF to AC, then HG is equal to AC. HK
is longer than AC, so that even more is it longer than AK.
And angle KAH is therefore greater than angle KHA. Again

since BH, being equal to DE, is equal to AB, angle BHA is

equal to angle BAH. The whole angle BAK is hence greater

than the whole angle BHI(, and the whole angle BHK has

been demonstrated to be equal to the angle at D. Therefore
angle BAC is greater than the angle at D." Such is the proof

of Menelaus.

Heron the engineer proves the same theorem, without
using the reduction to impossibility, as follows. Let ABC and

DEF be triangles and the hypotheses the same as before.

Since BC is greater than EF, let EF be produced and EG be

made equal to BC. Similarly let ED be produced and DH be

made equal to DF. With D as center and distance DF let a
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347 circle be described going through H, namely, FKH. And
since AC and AB are greater than BC, and since they are

equal to EH and BC is equal to EG, a circle described with
center E and distance EG will cut EH. Let GK be the circle

that cuts it, and let lines KD and KE be drawn to the
centers of the circles from the point of their intersection. Now
since D is the center of FKH, KD is equal to DH, that is, to
DF and to AC. Again since E is the center of circle GK, KE
is equal to EG, that is, to BC. Then since the two lines AB
and AC are equal to the two lines DE and DK and BC is equal
to KE, the angle BAC is equal to the angle EDK. Therefore
angle BAC is greater than angle FDE.

XXVI . If two triangles have two angles equal to two angles
respectively and one side equal to one side, namely,
either the side adioining the equal angles or that subtending
one of the equal angles, they will also have the remaining
sides equal to the remaining sides and the remaining angle
equal to the remaining angle.

Anyone wishing to compare triangles with respect to their
sides, angles, and areas must either assr.wlo equal sides only
and inquire whether the angles are equal, or assume equal
angles only and inquire about the equality of the sides, or
take a combination of angles and sides. Now assuming equal

348
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angles only, he was unable to prove that the sides of the

triangles are also equal; for the smallest triangles may have

equal angles with the greatest and yet have sides and included
areas that fall short of the others, though they have each of
their angles one by one equal to theirs. But positing the sides

only as equal, he proved that all parts are equal by the eighth

theorem, which assumes two triangles having two sides equal

respectively and the base equal to the base and demonstrates

that they have equal angles and enclose equal areas. The
author of the Elements omits to add this last point, since it is
a necessary consequence of the fourth theorem and needs no

proof. Taking a combination of sides and angles, he had to
assume either one side equal to a side and one angle equal to

an angle, or one side and two angles of the triangles equal, or

vice versa one angle and two sides, or one angle and three

sides, or one side and three angles, or more than one side and

more than one angle. But he did not try with one side and one

angle to prove the proposed equality of the other parts. It is
clearly possible for two triangles that have only one side and

one angle equal to be unequal in all other respects. For exam-

ple, let AB be a straight line standing at right angles on CD,

with BD greater than BC, and let AC and AD be joined.

These triangles have a common side and an angle in one

a,
equal to an angle in the other, but they are in all other

respects unequal. But it was possible to take one side and two

angles and prove the other parts equal, and this he does in the

present theorem. But to take one side and three angles equal

was to posit too much, since the equality of the other parts can

be proved from two equal angles only. Again, taking one

angle and two sides, he proved in the fourth theorem that the

other parts are equal.t" But to take one angle and three sides

LTs 349.13 It is strange that neither here nor in his later comments

at 3 50.14-24 on the fourth theorem does Proclus mention the case in
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equal was superfluous, for the assumption of two equal sides
was enough by itself to show the equality of the other parts
Finally, to assume two equal sides and two equal angles, or
two sides and three angles equal, or two angles and three
sides, [or three angles and three sides]'zo-a11 these were un-
necess iltY, for what follows from fewer premises will certainly
follow also from more, assuming that the hypotheses are set
forth with the given qualifications.l?? Thus it is clear that
three hypotheses only needed to be examined: the hypothesis
of three sides only, the hypothesis of two sides and one angle,
and its opposite, that which takes one side and two angles;
and it is this last that our geometer now adds.1?8 This is why
we have only three theorems concerning equality in triangles
with respect to their sides and their angles, all'the other hy-
potheses being either insufficient to prove what is wanted or
sufficient but redundant, since the same things can be proved
on fewer assumptions.

Now just as our author, when he assumed two sides equal
to two sides and an angle equal to an angle, did not take any
chance angle but, as he there added, "the angle contained by
the equal straight lines," so also when he assumes two angles
equal to two angles and a side to a side, he does not take any
chance side but "either the side adjoining the equal angles or a
side that subtends one of the equal angles." For neither in the
fourth theorem is it possible by taking any chance angte as
equal, nor in this one by taking any side indifferently, to prove

which two sides and an angle opposite one of them are sufficient, under
certain conditions, to make the two triangles equal. It cannot have
been unknown to hirn, for Menelaus in his Spherica (I. 13) includes
the corresponding theorem in spherical geometry (see previous note ) .

For a discussion of this "ambiguous case" see Heath, Euclid t,306.
176 349.18 From Barocius.
L77 349.2L Reading with Grynaeus and Barocius dolivrwv instead

of 6e6vnoy in Friedlein.
t78 349.26 I omit the details of Euclid's proof of XXVI, since

Proclus makes no further reference to it. Euclid proceeds by division,
showing by reduction to impossibility that each alternative other than
that stated in the enunciation is false. This makes a lengthy and tedious
proof and is a remarkable illustration of Euclid's desire to avoid the
proof by superposition, which would have been very short and easy.
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that the remaining parts are equal. For example, let BC in the

equilateral triangle ABC be divided into unequal parts by the

line AD. This produces two triangles having sides AB and AD
equal to AC and AD and one angle, the angle at B, equal to

the angle at C. But the other parts, BD and DC, are not equal

(for they were posited as unequal), nor are the other angles.

The reason is that we have not taken as our equal angle the

angle contained by the equal sides. For the same reason, then,

the present theorem also will manifestly fail if we do not ob-

serve the restriction he lays down, to take as the equal side that

which subtends one of the equal angles or the side adjoining

the equal angles. Let ABC be a right-angled triangle having

its angle at B right and side BC greater than AB. Let AB be

produced, let there be constructed on BC and at point C on it
an angle BCD equal to angle BAC, and let AB and CD when

produced meet at D. ABC and BCD are then two triangles

having a common side BC and two equal angles, angle ABC

equal to CBD (for both are right angles), and angle

BAC equal to BCD by construction. Therefore the triangles

are equal, it seems; and yet it can be demonstrated that BCD

is greater than ABC. The reason is ttrat we have taken the
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common side BC, which in triangle ABC subtends one of the

equal angles, the angle at A, but in triangle BCD adjoins the
equal angles. It should have either subtended one of the equal
angles or adjoined the equal angles, in both cases. Because we
did not watch this, we have declared equal a triangle which
is necessarily greater. For how could BCD fail to be greater

than ABC? At point C on straight line BC let an angte FCB
be constructed equal to angle ACB, for angle BCD, like the
angle at A, is greater than angle ACB. Then since there are
two triangles ABC and BCF having two angles ABC and
BCA equal respectively to the two angles CBF and FCB and
a common side BC adjoining the equal angles, the triangles

are equal. And since BCD is greater than FCB, it is greater
than ABC. Our earlier proof that it is equal resulted from
taking the side at random. This contribution to the precise
understanding of the present matter comes from Porphyry;
but Eudemus in his history of geometry attributes the theorem
itself to Thales, saying that the method by which he is re-
ported to have determined the distance of ships at sea shows
that he must have used it.

From the analysis given above we can obtain a general
view of the whole theory of equality between triangles and
can explain the omission of certain hypotheses by proving
that they are erroneous or superfluous. At this point we shall
assume that the first section of the Elemenls comes to an end.
The author has constructed triangles and compared them
with respect to their equality or inequality, establishing their
existence by construction and their identitylTg and differences
by comparison. For existence involves three factors: Being,
Sameness, and Otherness, both quantitative and qualitative,
according to the individual characters of the subjects con-
cerned. Thus through these propositions as likenesses he has

shown us that everything is both identical with itself and

other than itself because of the plurality it contains; that is,

all are the same with one another and other than each other,
for equality and inequality have been discovered to exist in
each single triangle and in two or more.

1?e 353.3 Reading with Barocius ravrdrrlra for lo|rqrd in Friedlein.
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\f, f E HAVE learned from the foregoing all that it is

V V possible to say in an elementary treatise regarding the
construction of triangles and their equality or inequality.
Euclid next goes through the four-sided figures, primarily
instructing us about parallelograms but including in the theory
of them his teaching about trapezia. Earlier in our treatment
of the Hypothesesl four-sided figures were divided into paral-

lelograms and trapezia, and the parallelogram into its several

species, and the tapezium likewise. Since the parallelogram
is regular, through its participation in equaliry, while the tra-
pezium has not the same nor a similar regularity, it is logical
that he should first work out the doctrine of parallelograms

and examine the trapezium in connection with them. For
lrapezia are revealed by the sectioning of parallelograms, a

matter which will become clear as we proceed.

But again it is impossible to say anything about the con-
struction of parallelograms, or about their equality, without
the theory of parallel lines. For, as its name indicates, a paral-

lelogram is the figure contained by parallel straight lines

lying opposite one another. Hence of necessity he begins his

instruction with parallel lines and, after proceeding a short
w&y, turns from them to the theory of parallelograms, using

as a connecting link between these two portions of the

Elements a theorem that seems to be examining a property of

parallel lines but in fact furnishes the primary genesis of the

parallelogram. This theorem is "The straight lines joining

equal and parallel straight lines in the same directions are

themselves also equal and parallel."z Although this theorem

considers a property of lines that are equal and parallel, yet by

1 354.8 f.e. Deff. XXX-XXXIV.
2 355.16 XXXIII. See note at 385.2.
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the mention of "joining" it shows that a parallelogram is a

figure that has its opposite sides equal and parallel.
From this it is clear that the doctrine of parallel lines must

be taken up fi.rst. There are three inherent and essential
properties of parallel lines to be considered, properties which
are characteristic of them as such and convertible with them.

We must examine them, not only all three together, but
each of them separately from the others. One of them is that
when a straight line cuts parallel lines their alternate angles

are equal; another, that when a straight line cuts parallel
lines the interior angles are equal to two right angles; and the
third, that when a straight line cuts parallels the external
angle is equal to the interior and opposite angle. Each of these
properties when demonstrated is sufficient to show that the
straight lines are parallel.

This is the way in which other mathematicians also are
accustomed to distinguish lines, giving the property of each

species. Apollonius, for instance, shows for each of his conic
lines what its property is, and Nicomedes likewise for the
conchoids, Hippias for the quadratrices, and Perseus for the
spiric curves. After a species has been constructed, the ap-
prehension of its inherent and intrinsic property differentiates
the thing constructed from all others. In the same woy, then,
the author of the Elements first investigates the properties of
parallel lines.

XXVII. Il a straight line lalling on two straight lines makes
the alternate angles equal to one another, the straight lines
will be parallel to one another.

It is taken for granted in this theorem,s or rather in all
theorems in plane geomefry, that straight lines are in one
plane. I have added this remark because straight lines are
not always parallel when alternate angles are equal, unless
they lie in the same plane. If two straight lines are lyrng
crosswise to one another, one in one ptane and the other in

3 356.21 The text is intolerably elliptic here, if it has not been
corrupted. I translate, following Barocius, as if it read iil rott rpoKel-
ptivov bs d,no\oTodpevov rpoei\r1nru.
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357 another, there is nothing to prevent a straight line falling
upon them from making their alternate angles equal, while yet

the lines lying thus are not parallel. Thus it is presupposed

that everything that we write about in plane geometry we

imagine as lying in one and the same plane. Hence this addi-

tion was not necessary.

But about the word "alternate" we should know that our

geometer uses it in two senses, sometimes as referring to a
certain position, sometimes as denoting a certain sequence

of terms in proportion. It is in this latter sense that he uses

"alternate" in Book V and in the arithmetical books;n but it
has the former sense in this book and in all the others when

the topic is parallel lines intersected by another line. Angles

that are produced in different directionsr' and are not adjacent

to one another, but separated by the intersecting line, both of

thern within the parallels but differing in that one lies above

and the other below, he calls "alternate"0 angles. Thus if AB
and CD are straight lines and EF a line falling upon them, he

358

says that angles AEF and DFE, and again CFE and BEF, are

alternate, because their positions are the reverse of one

another.
We must also understand that, with the straight lines

situated thus, analysis reveals six possible combinations of

two angles; and of these our geometer assumes three only

and ignores three. We can take the angles as lying in the same

direction or not in the same direction; and if they lie in the

same direction, we must take them as either both within the

straight lines which the proof shows to be parallel, or both

outside them, or one outside and the other inside. And like-

wise if they are not in the same directioo, we must again take

4 357.L3 Books VII-IX.
i 357 .17 ph irt r&, a$ri,, i.e. on different sides of the transversal.
6 357 .20 izatrtrd{. Cf. dz4trtray p,ivus tyouods in line 25 below.
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them as either both outside the straight lines that are inter-
sected, or both inside, or one inside and one outside. An
identical diagram will make clear what I mean. Let AB and
CD be straight lines, and let EF fall upon them and be
producecl to H and K. Now if you take the angles as lying in

the same direction, you may take them as either both inside,
like BEF arrd EFD, or AEF and EFC; or both outside, like
HEB and DFK, or HEA and CFK; or one inside and one
outside, like HEB and EFD, or KFD and FEB, or HEA and
EFC, or KFC and AEF, for there are four pairs that meet
this condition. And if you take the angles as not lying in the
same direction, you may take them as either inside, like AEF
and EFD, or CFE and FEB; or both outside, like AEH and
DEK, or HEB and CFK; or one inside and one outside, and
here again we have four pairs, either AEH and EFD, or
HEB and EFC, or KFC and FEB, or KFD and FEA. Beyond
these there is no other way of taking them.

Of these six ways in which the angles can be taken, our
geometer selects three only, and their consequences reveal the
characteristic properties of parallel lines.? One of the three
assumes angles not lying in the same directior, and of these
only angles that lie inside the parallel lines (the angles that he
calls "alternate"), so that the combinations of two angles
outside and of one outside and one inside are ignored. Of the
hypotheses that take angles in the same direction he con-
siders the supposition that both angles are inside (which he
says are equal to two right angles) and that one angle is

7 359.8ff. The text is puzzling here. I suspect that ro;fird ets in line
8 is a corruption of rairas, and I have so translated it.
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inside and the other outside (which he says are equal),
omitting only the assurnption that they are both outside.

Now the omitted hypotheses, we maintain, yield the same

results. Let HEB and DFK be angles lying in the same direc-
tion and both outside. I say that they are equal to two right
angles. For if EFD is equal to HEB and BEF to DFK, and if
BEF and EFD are equal to two right angles, so also are DFK

and HEB equal to two right angles. Again assume two angles,

AEH and EFD, nots lying in the same direction, one inside

and the other outside. I say that they are equal to two right
angles, For if AEH is equal to BEF, and BEF and EFD are

equal to two right angles, then AEH and EFD are equal to

two right angles. Again let AEH and DFK be angles not lying
in the same direction and both of them outside the straight
lines. I say that they are equal to each other. For if AEH and

BEF are equal to each other and DFK is equal to BEF, then

AEH is equal to DFK, Consequently if one takes the results

of the three hypotheses that our geometer has taken, all the

same consequences follow as true which would follow from
the other three hypotheses, except that in the cases our
geometer has taken there are two which show the posited

angles equal to each other and one showing them equal to

two right angles; whereas, conversely, of the others two show

them to be equal to two right angles and one shows them to

be equal to each other. Thus of the six possible hypotheses

it follows from three that the angles are equal to two right
angles and from three that they are equal to each other. Hence

it is natural that the omitted hypotheses should have a con-

8 359.27 Readine pi instead of p'tu in Friedlein.
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verse relation to those that he has chosen to mention. It ap-
pears that our geometer chose from these hypotheses the ones
that are more affirmative or simpler; and this is why he took
from those not lying in the same direction only internal
angles, the angles he calls "alternate," and from those lying in
the same direction the case of two interior angles and the
combination of one interior and one exterior, avoiding the
other cases as requiring a more negative or a more complex
expression. But whether this or some other cause should be
assigned, it is clear from what we have said how many are
the consequences they involve.s

XXVIIL If a straight line f alling on two straight lines makes
the exterior angle equal to the interior and opposite angle in
the same direction, or the interior angles in the same direction
equal to two right angles, the straight lines will be parollel.

The preceding theorem proved that straight lines are paral-
Iel if [alternate] angles lying in different directions and within
the straight lines are equal to one another; this one proves the
same conclusion by putting forward the two other hypotheses,
one of them dividing the angles into one interior and one BX-

terior, the other supposing them both to be interior. It would
appear that the author of the Elements has divided his theo-
rems in a strange fashion. Either he should have taken the

I 36L.4 Proclus does not refer to Euclid's proof of XXV[, but
because of its importance for the general theory of parallels it is well
for us to have it before us. Given the straight line EF falling on the
two straight lines AB and CD and making the alternate angles AEF
and EFD equal to one another, to prove that AB is parallel to CD.
If they are not parallel, AB and CD when produced will meet either

in the direction of B and D or towards A and C. Suppose them to meet
in the direction of B and D at G. Then in triangle GEF the exterior
angle AEF is equal to the interior and opposite angle EFG, which is
impossible, by XVI. Similarly it can be shown that they cannot meet
towards A and C. But straight lines which do not meet in either
direction are parallel, by Def. xxxv (xxm in Heiberg's text).
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three hypotheses separately and made three theorems or
included them all in one, &s Aigeias of Hierapolis'o does in his
epitome of the Elements; or if he wished to divide them into
two, he should have made his division orderly by dealing in
one with the hypotheses that assume the angles to be equal

to one another and in another with that which takes them to
be equal to two right angles. But instead in one theorem he

posits the alternate angles as equal, while in the other he takes

an external angle as equal to an internal angle and the in-
ternal angles in the same direction as equal to two right angles.

What is the reason for such a division? Clearly it was not the
equality of the angles to each other, or alternatively their
equality to two right angles, that concerned him, nor did he

use this criterion for separating the theorems from one an-

other; rather it was whether the angles are taken as lying in
the same or in different directions. The preceding theorem

takes them as lying in difterent directions, for that is what
alternate angles are, whereas this one takes them as lying in
the same direction, as the enunciation makes clear.11

How the author of the Elements proves that when the in-
terior angles are equal to two right angles the straight lines are

parallel is evident from his book.12 But Ptolemy, in a book in

10 36L.21 Nothing further is known of Aigeias.
aL 362.11 As Heath points out (Euclid I, 31 1 ), the criterion of

XXVII is that actually used to prove parallelism and is, moreover, the
basis of the construction of parallels in XXXI, whereas XXVII only
reduces the other two hypotheses to that of XXVII. Thus precision of
reference, as well as clearness of exposition, is better secured by the

arrangement that Euclid adoPts.
L2 362.14 Euclid's proof of XXVIII is as follows: I-et the straight

line EF falling on the two lines AB and CD make the exterior angle
EGB equal to the interior and opposite angle GHD, or the interior
angles in the same direction, viz. BGH and GHD, equal to two right

angles. Then since angle EGB is equal to angle GHD and angle EGB
to angle AGH, by XV, angle AGH is also equal to angle GHD, and
they are alternate; therefore AB is parallel to CD, by XXV[. Again
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which he proposes to prove that straight lines produced from
angles less than two right angles meet in the direction in which
lie the angles less than two right angles, begins by proving this
theorem, that when the interior angles are equal to two right
angles the straight lines are parallel, and does so as follows.

Let AB and CD be two sfraight lines cut by a staight line
EFGH in such a fashion as to make angle BFG and FGD
equal to two right angles, I say that the straight lines are
parallel, that is, nonsecant.lE If possible, let FB and GD

be produced to meet at K. Then since straight line GF
stands on line AB, it makes angles AFG and BFG equal to
two right angles. Likewise since GF stands on CD, it makes
angles CGF and DGF equal to two right angles. Conse-
quently angles AFG, BFG, CGF, and DGF are equal to
four right angles, of which two, BFG and DGF, ire posited
as equal to two right angles; hence the other two angles,
AFG and CGF, are also equal to two right angles.la If,
then, when the interior angles are equal to two right angles
the lines FB and GD when produced meet one another at
K, so also FA and GC when produced will meet, for

since angles BGH and GHD are equal to two right angles, then since
AGH and BGH are also equal to two right angles, by XIII, if we sub-
tract angle IIGH from each, the remaining angle AGH is equal to the
remaining angle GHD. And they are alternate; therefore AB is
parallel to CD, by XXVII.

ts 362.27 d.o$p.rrwror,,
L4 363.12 "This seems to be a fallacy. Ptolemy wants to prove

that two lines satisfying certain conditions never meet. He cannot do
this by disproving the assumption that lines satisfying this condition
always meet. Ptolemy commits the same kind of fallacy again (366.1).
Proclus catches the second one (368.8)." (I.M.) See Heath, Euclid t,
204.
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angles AFG and CGF are also equal to two right angles.

The straight lines will meet either on both sides or on
neither if these, like those, are equal to two right angles.

Suppose, then, that FA and GC meet at L. Then straight
lines LABK and LCDK enclose an area, which is im-
possible. It is therefore not possible that the lines should
meet when the interior angles are equal to two right angles.

Therefore they are parallel.

XXIX . A straight line faUin7 on porallel straight lines makes

the alternate angles equal, the exterior angle equal to the

interior and opposite angle in the same direction, and the

interior angles in the same direction equal to two right angles.

This theorem is the converse of both the preceding ones,

for the conclusion of each of them is made the hypothesis

here, and what is given in them is proposed for proof. We

should note this additional difference among converses: a

converse may be the converse either of a single theorem, as

the sixth is of the fifth, or of more than one theorem, as this is

of those preceding it. In this theorem the author of the

Elemenls uses for the first tirne the postulate, "If a straight line

falling on two straight lines makes the interior angles in the

same direction less than two right angles, the straight lines if
produced will meet in that direction in which are the angles

less than two right angles."" As I said in the part of my

15 364.18 Post. V. It is used by Euclid in his proof of the first of
the three elements in the conclusion of XXIX, i.e. the equality of the
alternate angles, AGH and GHD in the diagram. If angle AGH is
unequal to angle GHD, one of them is greater. Let it be AGH. Let
angle BGH be added to each; then angles AGH and BGH are greater

than angles BGH and GHD. But angles AGH and BGH are equal to
two right angles; therefore angles BGH and GHD are less than two
right angles. But straight lines produced indefinitely from angles less

than two right angles meet, by Post. V. Therefore AB and CD, if

E
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exposition that precedes the theoreffis,tu not everyone admits
that this generally accepted proposition is indemonstrable.
For how could it be so when its converse is recorded among
the theorems as something demonstrable? For the theorem
that in every triangle any two interior angles are less than two
right angles is the converse of this postulate.l? Since also18 the
fact that two straight lines when produced approach one
another more and more nearly is not, as I said before,l' a

sign that they will meet, because other lines have been
discovered that converge towards one another more and more
but never meet.

Hence others before us have classed it among the theorems
and demanded a proof of this which was taken as a postulate
by the author of the Elements. Ptolemy is thought to have
proved it in his book entitled "That lines produced from
angles less than two right angles meet one another." His
proof employs many of the theorems established by the author
of the Elements prior to this one. In order not to add to our
labors, let us assume that these are all true and take it as a
little lemma that they have been proved by the previous
arguments. One of the propositions taken as previously
proved is this, that lines produced from angles equal to two
right angles never meet.2o

produced indefinitely, will meet. But they do not meet, for they are
by hypothesis parallel. Therefore angle AGH is not unequal to angle
GHD, but equal to it. Next since angle AGH is equal to angle EGB,
by XV, therefore angle EGB is also equal to angle GHD. Adding
angle BGH to each, we see that the two angles EGB and BGH are
equal to the two angles BGH and GHD. But angles EGB and BGH
are equal to two right angles, by XIII. Therefore angles BGH and
GHD are also equal to two right angles.

t6 364.19 At 191.21ff..
L7 364.25 XVII.
La 364.25 drrel rcl is puzzling here. I suspect a lacuna in the text,

the loss of a sentence (such as "Nor is it self-evident") which this
clause was intended to support.

Ls 365.4 lg2.l-193.2.
20 365.16 For Ptolemy's proof of this proposition see 362.20-

363.18. Ptolemy now attempts to prove Euclid's XXIX without the
use of Post. V.
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I say, therefore, that the converse also is true, namely, that

when parallel straight lines are cut by a straight line the

interior angles in the same direction are equal to two right
angles. For it is necessary that the line cutting the parallel
lines make the interior angles in the same direction either

equal to two right angles or less or greater than two right

angles. Let AB and CD be parallel lines, and let GF fall
upon them. I say that it does not make the interior angles

in the same direction greater than two right angles. For if
angles AFG and CGF are greater than two right angles,

the remaining angles, BFG and DGF, are less than two

right angles. But these same angles are also greater than

two right angles; for AF and CG are no more parallel than

FB and GD, so that if the line falling on AF and CG makes

the interior angles greater than two right angles, so also

does the line falling on FB and GD make the interior angles

gteater than two right angles. But these same angles are

less than two right angles (for the four angles AFG, CGF,

BFG, and DGF are equal to four right angles), which is

impossible. Similarly we can prove that the line falling on

the parallels does not make the interior angles in the same

direction less than two right angles. If, then, it makes them

neither greater nor less than two right angles, the only coll-

clusion left is that the line falling on them makes the in-

terior angles in the same direction equal to two right

angles. When this has been demonstrated, the proposition

before us21 can indisputably be proved. I say that, if a

straight line falls upon two straight lines and makes the

interior angles in the same direction less than two right

angles, the straight lines if produced will meet in that direc-

tion in which are the angles less than two right angles. For

zt 366,15 Euclid's Post. V, which was the subject of Ptolemy's

book.
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let us suppose that they do not meet. But if they are non-
secant in the direction in which are the angles less than two
right angles, much more will they be nonsecant in the other
direction in which are the angles greater than two right
angles, so that the straight lines will be nonsecant in both
directions; and if so, they are parallel. But it has been

proved that the line which falls upon parallels will make

the interior angles in the same direction equal to two right
angles. The same angtes are therefore both equal to two
right angles and less than two right angles, which is
impossible.

Having proved this, Ptolemy tries to add extra precision to
it and reach the proposition before us by proving that, if a

straight line falls upon two straight lines and makes the
interior angles in the same direction less than two right angles,
not only are the straight lines not nonsecant, as he has proved,
but also they will meet in that direction in which are the angles

less than two right angles, not in the direction in which they
are greater.

Let AB and CD be two straight lines, and let the line
EFGH fall upon them and make angles AFG and CGF
less than two right angles. Hence the other angles are
greater than two right angles. Now it has been demon-

strated that the straight lines are not nonsecant. But if they
meet one another, it will be either in the direction of A and
C or in the direction of B and D. Let us assume that they
meet in the direction of B and D at point K. Then since
angles AFG and CGF are less than two right angles and
angles AFG and BFG are equal to two right angles, if the

G
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common term, angle AFG, is subtracted, angle CGF will
be less than angle BFG. It follows that the exterior angle

of triangle KFG is less than the opposite interior one, which
is impossible. Consequenfly they do not meet in this

direction. But they do meet. Therefore they meet in the

other directior, that in which are the angles less than two
right angles.z2

This is Ptolemy's proof. It is worth pausing to see whether

there may not be a fallacy in the hypotheses that he has

adopted. I mean in those which assert that, when a straight
Iine cuts the nonsecant lines and makes four interior angles,

the angles in the same direction on both sides2s are either
equal to two right angles or greater or less than two right
angles.za His division is not exhaustive. There is no reason why

one who calls nonsecant the lines produced from angles less

than two right angles should not say that the angles lying in
the same direction on one side are greater than two right
angles and those in the same direction on the other side less

than two right angles, that is, that no single principle can be

22 367.27 "This argument is very messy, and I am dubious that
Proclus is reproducing Ptolemy accurately. The assumption (366.21)
that, if the two lines don't meet on the one side, they can't meet on
the other is unconvincing and unnecessory, since the next argument
(367.3ff.) proves they can't meet on the other. The whole argument
should be simply this: Using the diagram on 367, the two lines cannot

1neet at K for the reason given (367,10ff.). But they must meet,
because if they don't they are parallel, and by the preceding argument
( 3 65. 16 ) a straight line cutting parallel lines makes the interior
angles in the same direction equal to two right angles. Therefore the
two lines AB and CD meet on the side away from K." (I.M.) As to
I.M.'s doubt, note the occurrence of tri7co at 362.26, 365.16, 366.16;
i.e. Proclus professes to be quoting Ptolemy throughout.

23 368.5 ai iil rd. aird, Kqr' d,p,Q6repa, i.e. in the sarne direction on
both sides of the transversal.

24 368.7 Ptolemy justifies this assumption by saying (366.2-6 )
that FA and GC are no more parallel in one direction than FB and
GD are in the other; and this is equivalent, Heath says (Euclid r,206),
"to the assumption that through any point only one parallel can be
drawn to a given straight line. That is, he assumes an equivalent of
the very postulate he is endeavoring to prove." This equivalent is now
known as Playfair's Axiom and is often substituted for Euclid's
postulate in modern textbooks.
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admitted to cover them.z5 Since his division is not exhaustive,
the proposition under examination has not been demonstrated.
Furthermore, this also must be said against the proof, that it
does not show the impossibility to be one intrinsic to parallels.
For it is not because a straight line cutting parallels makes the
angles in the same direction on both sides greater or less than
two right angles that the hypotheses are reduced to absurdity;
it is because the four angles interior to the lines that are cut are
equal to four right angles that each of the hypotheses becomes
impossible, since even if one does not take the straight lines as

parallel the same consequences follow from assuming these
same hypotheses.

With these remarks we shall end our comments on Ptolemy,
for the weakness of his proof is evident from What has been
said. Now let us examine those who say it is impossible that
lines produced from angles less than two right angles should
meet. Taking two straight lines AB and CD and line AC
falling upon them and making the interior angles less than
two right angles, they think they can demonstrate that AB
and CD do not meet. Let AC be bisected at E, and let a length
AF equal to AE be laid off on AB, and on cD a length cG
equal to EC. It is clear that AF and CG will not meet at any
point on FG; for if they meet, two sides of a triangle will be

equal to a third, AC, which is impossible. Again let line FG
be drawn and bisected at H, and let equal lengths be laid off.
These likewise will not meet, for the same reasons as before.
By doing this indefinitely, drawing lines between the non-
coincident points, bisecting the connecting lines, and laying off

26 368.12 This sentence apparently refers to the reasoning of
Ptolemy quoted at 366.16ff.; but I suspect that it has lost something
that might have made its reference clearer.
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on the straight lines lengths equal to their halves, they say

they prove that lines AB and CD will not meet anywhere.
Such are their arguments. To them we must reply that what

they say is true but that it does not prove as much as they
think. It is true that it is not possible in this simple way to fix
the point at which intersection occurs. It is not true, however,

that the lines never meet at all. Let it be granted that AB and

CD do not meet when angles BAC and DCA are defined by
points F and G. But there is no reason why they should not
come together at K and L, even if FK and GL are equal to
FH and HG. For if AK and CL meet at K and L, the angles

KFH and LGH aro no longer the same; that is, some of FG
has come to belong to AK and CL; and thus in turn the lines

FK and GL are greater than the base by as much as they take

away from within the line FG.26 This also should be said. fn
affirming without qualification that lines produced from angles

less than two right angles do not meet, they are overthrowing
what they do not intend. Let the diagram be the same as

before. Now is it possible or not to draw a straight line from
A to G? If they say it is not possible, they are denying not

only the fifth postulate, but also the first, which claims the

right to draw a straight line from any point to any point. If
it is possible, let the line be drawn. Then since angles FAC
and GCA are less than two right angles, it is clear even more

that GAC and GCA are less than two right angles, Therefore

26 370.10 "Proclus certainly seems to have missed the point here,

as his last remark on this topic shows (371.7 ). Points L and K cannot
coincide, because if they did there would be a triangle, namely, FGL
(or FGH), with two of its sides equal to its third. The real point is,

of course, that the described process of extending AF and CG im-
poses a finite upper bound on their length. Their point of intersection
is beyond this bound." (I.M.)
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AG and CG meet at G, and they are produced from angles
less than two right angles. It is consequently not possible to
say without qualification that lines produced from angles less

than two right angles do not meet. On the contrary, it is clear
that some lines produced from angles less than two right
angles do meet, though the argument proving this of all such
lines is still to be found. Since "less than two right angles" is
indeterminate, one could say that with such-and-such an
amount of lessening the straight lines remain nonsecant,
whereas with another amount less2? than this they meet.

To anyone who wants to see this argument constructed,zs
let us say that he must accept in advance such an axiom as

Aristotle used in establishing the finiteness of the cosmos:2e
If from a single point two straight lines making an angle are
produced indefinitely, the interval between them when pro-
duced indefinitely will exceed any finite magnitude. At least he
proved that, if the lines extending from the center to the cir-
cumference are infinite, the interval between them is infinite;
for if it is finite, it is possibleso to increase the interval between
them, so that the straight lines are not infinite. Straight lines
extended indefinitely, then, will diverge from each other a

distance greater than any given finite magnitude. If this is

t- 
-.- BEc

laid down, I say that, if a straight line cuts one of two
parallel lines, it cuts the other also. Let AB and CD be
parallel lines and EFG a line cutting AB. I say that it also

27 371.10 llr,d,aaova, if it is not a slip on the part of the author,
or the corruption of an original l\d.rruorr, rnust be taken proleptically,
i.e. "another amount that still further decreases the angles."

28 37l.ll This argument is the ldTos referred to at 371.6, viz. the
proof of Euclid's Post. V.

2s 371.14 De Caelo 271b28ft.
8o 371.20 Reading with Barocius 6vvo.riv for d6:0varoy in Friedlein.
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cuts CD. For since there are two straight lines through point

F, when FB and FG are extended indefinitely, they will have

an interval between them greater than any magnitude and

hence greater than the distance between the parallel lines.

And so when they are separated from each other a greater

distance than that between the parallel lines, FG will cut CD,

Therefore if a straight line cuts one of two parallels, it cuts the

other also.

Having proved this, we can demonstrate the proposition
before us as a consequence of it. Let AB and CD be two
straight lines and EF falling upon them and making angles

BEF and DFE3' less than two right angles. I say that the

straight lines will meet in that direction in which are the angles

less than two right angles. For since angles BEF and DFE
are less than two right angles, let angle HEB be equal to the

excess of two right angles over them, and let HE be produced

to K. Then since EF falls upon KH and CD and makes the

interior angles equal to two right angles namely, HEF and

DFE, HK and CD are parallel suaight lines. And AB cuts

KH; it will therefore cut CD, by the proposition just demon-
373 strated. AB and CD therefore will meet in that direction in

which are the angles less than two right angles, so that the
proposition before us has been demonstrated.s2

XXX. Straight lines parallel to the same straight line are also

parallel to one alrcther.

In propositions concerning relations it is our geometer's

custom to show the identity pervading all things that have the

sL 372.14 Reading 5f. for tf in Friedlein.
32 373.2 Heath (Euclid t, 208) points out that the axiom borrowed

from Aristotle and the theorem proved by Proclus at 371.24ff.. hold
only for Euclidean space. The former is incorrect on the elliptic hy-
pothesis, the latter incorrect on the hyperbolic hypothesis. Thus
Proclus' proof begs the question by assuming Euclidean space, of
which the postulate to be established is a criterion.

A

K H

B

D
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same relation to the same thing. Thus in the Axioms he as-

serted that things equal to the same thing are equal to each

other, and in later propositionsss he will affirm that things
similar to the same thing are similar to each other and that
ratios that are the same with the same ratio are the same with
one another, So now also, in the same woy, he proves that
straight lines parallel to the same straight line are parallel to
one another. But it happens that this principle is not valid
for all relations. For things that are double the same thing
are not also double one another, nor are things that are one
and one-half times the same thing one and one-half times
one another. It seems that this principle applies only to
those relations that are unambiguouslys* convertible, namely,
equality, similarity, identity, and the position of parallel
lines. For a parallel is parallel to a parallel, as an equal is
equal to an equal and a similar is similar to a similar; and
parallelism is similarity of position, if we may so call it.

In his book, then, he asserts and proves that lines
parallel to the same line are in every case so related as to be
parallel to each other, Our author himself takes the lines
that are parallel to the same line as extremes and the line to
which they have a similar relation as lying between them, so

that the assertion may also be evident to us from a common
notion.35 For if the outer lines meet one another, most cer-
tainly they will intersect the line lying between them and no
longer be parallel to it. But it is possible also by interchanging
the positions of the lines to demonstrate the proposition by the

s3 373.9 I.e. V. tl and VL ZI.
34 373.18 ovvuvrtp"us. These relations are what modern logic calls

symmetrical.
8s 374.5 Euclid proves XXX as follows: Given AB and CD parallel

to EF, as in the accompanying diagram, to prove that AB is also
parallel to CD. Angle AGK is equal to angle GHF, by XXIX. Likewise

GHF is equal to angle GKD, by the same proposition. Hence angle
AGK, being equal to angle GHF, is also equal to angle GKD; and
they are alternate, so AB is parallel to CD.

B

F

D

A

E

c
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same procedures as those used by our geometer here. Thus
let us take AB, the line to which both CD and EF are parallel,
as lying above the other two lines, and not between them.so

For line HKL falling upon them will make each of the
angles HKD and KLF equal to angle AHK, because they are

alternate, so that it will also make angles HKD and KLF

equal to one another. Therefore CD and EF are parallel. If
someone should s&y, "Let AH and HB be parallel to CD, then

they are parallel to each other," we shall reply that AH and

HB are not two lines, but parts of one parallel line. For we
must think of parallel lines as produced indefinitely, and
AH when produced coincides with HB; it is therefore the

same as it, and not another line. Therefore all the parts

of a parallel line are themselves parallel to the straight

line to which it is parallel, both to the whole of it and

to its parts. Thus AH is parallel to KD and HB to CK;
for when produced indefinitely they remain nonsecant.

We had to add these remarkss? because of the difficulties

raised by sophists and the immature attitudes of students.

Most persons delight in turning up such fallacious inferences

and giving unnecessary trouble to scientific expositors.

There is no need to convert this theorem and prove that
lines parallel to one another are also parallel to the same

straight line. For if we posit one of them as parallel to another

8o 374.10ff. The text here is hopeless; neither Friedlein's nor
Schtinberger's suggested emendation commends itself to De, and
Barocius gives little help. Fortunately the general sense is clear.

8? 375.8 Reading ror}ro for ro$ror,s in Friedlein. "It is interesting
that what Proclus calls a fallacious inference involves a conception of
parallel lines more like the modern one than Euclid's or Proclus'. For
the modern every straight line is parallel to itself. See also 376.8."
(I.M.)
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line, that and the other parallel will both be parallel to the
same line, and we come to the orignal theorem.

XXXL Through a given point to draw a straight line parallel
to a given straight line.

It was necessary for us not only to be taught in the
Elements the essential properties of parallel lines, but also to
investigate their construction by geometrical methods and
ascertain how a straight line can be drawn parallel to another;
for in many cases construction makes clearer to us the
nature of the things investigated. This, then, the author of
the Elements eftects by means of the problem before us. He
takes a point and a straight line and draws through the point a
parallel to the straight 1ine.38 We must assume in advance that
the point necessarily lies outside the straight line. For since
he has said "through a given point," we cannot place the
point on the straight line itself, because a parallel drawn
through it will not be other than the straight line. So by
mentioning separately the point and the straight line, he has
shown that the point must be taken outside the straight
line. This is just what he made clear in the case of the per-
pendicular by adding a qualification: "To a given infinite
straight line, from a given point which is not on it, to draw a
perpendicular."se This, then, is one feature common to these
two problems. Another is that from the same point two per-
pendiculars cannot be drawn to the same straight line, nor
through the same point can two parallels be drawn to the
same straight line. This is why the author of the Elements,

38 37 6.4 Euclid solves XXXI as follows: Given a point A and a
straight line BC, to draw through A a line parallel to BC. Take a
point D at random on BC, draw AD, and on AD at A construct, by
XXI[, an angle DAE equal to angle ADC. Let the straight line AF

be drawn in a straight
shown by the equality
xxvII.

8s 37 6.14 XII.

line with EA. EF, then, is parallel to BC, as
of the alternate angles EAD and ADC, by
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using the singular, says "to draw a straight line," in that case

a perpendicular and here a parallel. There the uniqueness of
the line was proved, but here it is evident from what has just

been proved. For if two parallels to a straight line can be

drawn through the same point, there will be parallels inter-
secting one another at the given point, which is impossible.no

But we must note the difference between the premises

"from a given point" and "through a given point." In the

one case the point is the origin of the line drawn, and the

line is therefore drawn "from" it; in the other case it lies on
the drawn line itself, and the line is therefore drawn
"through" it. It is not as cutting the given point that the

straight line is said to go through it, but as falling upon it
and defining its own distance from the given straight line by

the interval between the point and the straight line. For what-

ever distance separates the given point from the given straight
line is the interval between the parallel and that straight line.

XXX[. In any triangle, if one of the sides is produced, the

exterior angle of the triangle is equal to the two interior and

opposite angles, and the interior angles of the triangle are

equal to two right angles.

What was lacking in the sixteenth and seventeenth theo-

rems our author adds in this, For we learn from it not only

that the exterior angle of a triangle is greater than either of

the opposite interior ones, but also how much greati:r; for,

being equal to both angles, it is greater than either by the

amount of the other. And not only do we know, as these

theorems showed us, that any two of the angles of a triangle

are less than two right angles, but also how much less, namely,

by the amount of the third angle. Those earlier theorems were

in a way less determinate, and this one gives scientific definite-

ness to them both. But we should not for this reason say that

they are superfluous. They have helped us towards a number

of proofs which we shall use in the present case. Furthertnore,

as our knowledge passes from imperfection to perfection, it

40 376.25 By XXX.
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necessarily moves from imprecise results to determinate and
irrefutable doctrines.

The author of the Elements proves each part of the con-
clusion by drawing a parallel outside the triangle.4l But it is

also possible to prove the same things by drawing a parallel

inside, changing only the order of the things demonstrated. I{e
first proves that the exterior angle is equal to the opposite
interior ones, and from this he establishes the rest; but let us
proceed in the reverse order. Let ABC be a triangle, and let
its side BC be produced to E. Let a point F be taken on BC
and AF be joined, and through F let a line FD be drawn
parallel to AB. Then since FD is parallel to AB and both
AF and BC intersect them, the alternate angles are equal, and
the exterior angle is equal to the interior one.{2 The whole
angle AFC is therefore equal to angles FAB and ABF.
Similarly we can prove, by drawing a parallel, that angle
AFB is equal to angles FAC and ACF. Thus the two angles
AFB and AFC are equal to the three angles of triangle ABC.
The three angles are consequently equal to the two right

4L 378.4 Euclid's proof of XXXII: Given triangle ABC with side
BC produced to D, Euclid draws CE parallel to AB. Then angles

AE

BAC and ACE are equal, being alternate angles between parallels
AB and CE; and ECD is equal to the interior and opposite angle
ABC; therefore the whole angle ACD is equal to the two interior and
opposite angles BAC and ABC. Let ACB be added to each; then
BAC, ABC, and ACB are equal to ACD and ACB, which are
equal to two right angles.

42 378.17 I.e. FAB and AFD are equal as alternate angles within
parallels, and DFC is equal to the corresponding interior angle ABF.
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angles, namely, AFB and AFC. But angles ACF and ACE
are also equal to two right angles. Let the common angle

ACF be subtracted; then the remainder, the exterior angle,

is equal to the interior and opposite angles. This, then, is
379 the way in which the theorem is demonstrated.

Eudemus the Peripatetic attributes to the Pythagoreans the

discovery of this theorem, that every triangle has internal

angles equal to two right angles, and says they demonstrated

it as follows. Let ABC be a triangle, and through A draw a

line DE parallel to BC. Then since BC and DE are parallel,

380

the alternate angles are equal, and angle DAB is therefore

equal to ABC and EAC to ACB. Add the common angle

BAC. Then angles DAB, BAC, CAE-that is, angles DAB
and BAE, which are two right angles 

-are 
equal to the three

angles of the triangle ABC. Therefor6 the three angles of a
triangle are equal to two right angles. Such is the proof of the

Pythagoreans.

But we must also examine the converses of our author's

theorem. The theorem is one, but its converses are two, since

the theorem is compound, with regard both to the conclusion

and to what is given. The hypothesis is twofold: a triangle,

and one of its sides produced. The conclusion is also a

double one: one part is that the exterior angle is equal to the

interior and opposite angles, the other that the three interior

angles are equal to two right angles. If, then, we posit that the

exterior angle is equal to the opposite interior angles, we

prove that the produced side is in a straight line with one of

the sides of the triangle; and if we posit that the three interior

angles are equal to two right angles, wo prove that the figure

is a triangle. Thus the conclusion as a whole is the converse of
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the whole of the given.ns Then let ABC be a triangle, with its
exterior angle ACD equal to the interior and opposite angles.

I say that BC has been produced to D and BCD is one
straight line, For since angle ACD is equal to the interior and
opposite angles, let angle ACB be added to both. The angles
ACD and ACB are then equal to the three angles of the
triangle ABC. But the three angles of the triangle ABC are

equal to two right angles; [and therefore angles ACD and
ACB are equal to two right anglesl.oo And if upon a straight
line and at a point on it two successive straight lines not on
the same side make adjacent angles equal to two right angles,
the straight lines are on a straight line with one another.4s

BC therefore is on a straight line with CD. Again let ABC be
a [rectilinearJnu figure having only three angles, A, B, C, equal
to two right angles. I say that it is a triangle and AC is one
straight line. For let BD be joined. Then since the angles in

each of the triangles ABD and DBC are equal to two right
angles, and since of these the angles in triangle ABC are
equal to two right angles, the remaining angles ADB and
CDB are equal to two right angles; and they are on the line

48 380.6 This is the first of the three kinds of conversion distin-
guished at 409.1-6. Cf . 252-253.

14 3 80. l6 From Barocius.
45 380.20 By XIV.
40 380.21 From Barocius.
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BD, so that DC and DA are on a straight line with each

other. [Similarly we can prove that AB and BC are straight
lines.la? Therefore if the figure be a rectilinear figure which
has its interior angles equal to two right angles, it is necessarily

a triangle.
Not that a figure is necessarily a triangle if it has its interior

angles equal to two right angles. For you can find a figure

bounded by circular sides with its interior angles equal to
two right angles. Let ABCD be a square; on one side AB
let a semicircle AEB be described inside it, and on the other

sides, and outside, the semicircles G, F, H. The figure

bounded by the semicircles will have two angles, GAE and

EBH, equal to angles CAB and DBA (this was proved in the

Postulates),nt and these are the only angles in this figure. It
is possible, then, for a figure not a triangle to have its interior
angles equal to two right angles.

So much about the converses. We can now say that in
every triangle the three angles are equal to two right angles.

But we must find a method of discovering for all the other

rectilinear polygonal figures-for four-angled, five-angled,

and all the succeeding many-sided figures-how many right
angles their angles are equal to. First of all, we should know

that every rectilinear figure may be divided into triangles, for
the triangle is the source from which all things are constructed,

as Plato teaches us when he says, "Every rectilinear plane

face is composed of triangles."os Each rectilinear figure is

47 381.4 From Barocius. 48 38 l.t7 At 189.17ff.
4e 382.5 Tim,53c: h 6p0h rffs irurdDou pd.ceus ix rpqobvuv ovv€,orqKev.

For an explanation of this cryptic text see A. E. Taylor, A Com-
mentary on Plato's Timaeus, Oxford, 1928,362.
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divisible into triangles two less in number than the number of
its sides: if it is a four-sided figure, it is divisible into two
triangles; if five-sided, into three; and if six-sided, into four.
For two triangles put together make at once a four-sided
figure, and this difference between the number of the

constituent triangles and the sides of the first figure
composed of ffiangles is characteristic of all succeeding fig-
ures. Every many-sided figure, therefore, will have two more
sides than the triangles into which it can be resolved. Now
every triangle has been proved to have its angles equal to
two right angles. Therefore the number which is double the
number of the constituent trianglesso will grve the number of
right angles to which the angles of a many-sided figure are

equal. Hence every four-sided figure has angles equal to four
right angles, for it is composed of two triangles; and every
five-sided figure, six right angles; and similarly for the rest.

This, then, is one inference that we can draw from this
theorem with regard to atl figures that are polygonal and recti-
linear. Let us briefly state another that follows from it: When
all the sides of a rectilinear figure are produced at one time,
the exterior angles constructed are equal to four right
angles.5l For the angles in both directions must be equal to
right angles double the number of the sides, since on each of
the extended sides angles are constructed equal to two right
angles; and if we subtract the right angles to which the in-
terior angles are equal, the remaining angles, the exterior
ones, are equal to four right angles. For example, if the figure
is a triangle and all its sides are produced at once, the interior
and exterior angles produced are equal to six right angles, and
of these the interior angles are equal to two, so that the
remaining angles, the exterior ones, are equal to four. If it is
a four-sided figure, the sum of them all will be eight right
angles, double the number of sides; and of these the interior
angles are equal to four, and therefore the exterior ones are
equal to the other four. If it is five-sided, all the angles will

50 382.15 Following Barocius and ignoring r0tt Twvttsv in Friedlein.
51 383.3 This diagram taken from Heath, Euclid r, 322, may be

helpful.
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equal ten right angles, the interior ones being equal to six

and the exterior to the other four. And so on indefinitely in
the same way.

Besides these, let us list the following consequences of this
theorem: that every equilateral triangle has each of its angles

equal to two-thirds of a right angle; that an isosceles triangle
whose verticat angle is a right angle has each of the other
angles half a right angle, as in the half-square; and that the

scalene half-triangle produced by dropping a perpendicular
from any angle of an equilateral triangle to the side which
subtends it has one of its angles right, another two-thirds of a
right angle (the angle already in the equilateral triangle), and

the third angle therefore one-third of a right angle, for the

three must together be equal to two right angles, I do not
mention these matters without a purpose, but because they
prepare us for the teaching of the Timaetts.62

Finally, we should say that the property of having its in-
terior angles equal to two right angles is an essential property

of the triangle as such. This is why Aristotle, in his treatise on

apodictic reasoning, when discussing intrinsic attributes uses

this as a ready example.ss Just as a primary and intrinsic
property of every figure is to be bounded, so also is it an

intrinsic property of every rectilinear triangle, though not of
every figure, to have its interior angles equal to two right

angles. The truth of this theorem seems to coincide with our

common notions. For if we think of a straight line with per-

pendiculars standing at its extremities and then think of these

perpendiculars as coming together to produce a triangle, we

see that in proportion to their convergence they reduce the

size of the right angles which they made with the straight

line, so that the amount which they took away from the

original right angles they gain at the vertical angle as they

converge and so of necessity make the three angles equal to

two right angles.

52 384.4 Cf. Tim. 53d-54b.
53 384.9 Post. Anal. 73b31ff.
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XXXIII. The straight lines ioining equal and parallel straight
lines in the some directionsia are themselves also
equal and parallel.

This theorem we calleds5 a kind of boundary between the
study of parallels and the study of parallelograms. It appears
to state a property of equal and parallel lines but it also gives
us, without openly doing so, the ruethod of constructing a

parallelogram. For a parallelogram is formed by the equal and
parallel lines assumed and the lines which connect them and
which are demonstrated likewise to be equal and parallel.60

Hence the next theorem proceeds at once, as if the parallelo-
gram had been constructed, to investigate the essential proper-
ties of such areas.

This is evident; but we must observe also the precision
of the enunciation. First, it was not sufficient to say that the
lines connected are equal, for lines that connect equal lines are
not always equal unless the assumed two lines are parallel
as well. In an isosceles triangle, ff a point is taken on one of
its equal sides and a line drawn through it parallel to the base,
this parallel to the base and the base itself connect equal sides

but are not themselves equal, for the lines that meet at the
vertex of the triangle were not parallel. Secondly, neither does
our author suppose that, when the posited straight lines are
parallel though unequal, he can make the lines connecting

64 385.2 iil rd oltrd pCpq.This phrase is not immediately clear to
an English reader. But Proclus' commentary (386. 12ff,) shows that
for a Greek geometer it meant "at the corresponding extremities."

65 385.5 Ar 355.9ff.
68 385.13 Euclid demonstrates XXXII as follows: Given AB and

CD as equal and parallel lines connected at their extremities in the
sarne directions by straight lines AC and DB; Iet BC be joined. Then
since AB and CD are parallel and BC has fallen upon them, the alter-
nate angles ABC and BCD are equal, by XXIX. And since the two
triangles have sides AB and BC equal respectively to sides DC and
BC and angle ABC equal to angle BCD, the base AC is equal to the
base BD, the triangle ABC is equal to the triangle DCB, and angle
ACB equal to angle CBD, by IV. And since the line BC falling upon
the two lines AC and BD has made the alternate angles equal to one
another, AC is parallel to BD, by xxv[. And it was also proved
equal to it.
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them parallel, This also is evident in the construction just

described for the isosceles triangle. The line drawn and the
base are parallel, but the lines connecting them are not par-
allel, for they are parts of the sides of the isosceles triangle.
Obviously it is necessary for the equality of the connecting

lines that the position of the lines they connect be parallel,

and for the position of the parallel lines we need the equality
of the connecting lines. For this reason the author of the
Elements includes both properties in his statement of the
lines that are connected-that is, that they are equal to one

another and are parallel-in order that he may demonstrate

both of them also with respect to the connecting lines. Third-
ly, we should add that, when the straight lines are given as

equal and parallel, the lines connecting them are not always

equal and parallel. For if we do not make these lines con-

nect extremities "in the same directions," it is impossible that

the connecting lines be parallel; instead they will intersect one

another, and they can sometimes be equal and sometitnes not.
If you take a square or an oblong area, such as ABCD, and
join AD and BC, the diagonals are indeed equal but not
parallel; and yet they connect equal and parallel lines, namely,

the opposite sides of the area described. And if you take a

rhombus or a rhomboid figure, the diagonats, besides not
being parallel, are not even equal. For since AB is equal to
CD, and AC is a common side, and the angle BAC is unequal

to angle ACD, so also the bases will be unequal. Quite prop-

erly, then, the author of the Elements requires that the lines

connecting equal and parallel lines make the connections "in
the same directions," in order that, supposing the equal and

parallel lines to be AC and BD, we do not take AD and BC

A

B

387
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as the connecting lines, but rather AB and CD. For these we
can demonstrate to be equal and parallel, but those we
could never prove to be parallel, and although we could show
them to be equal in the case of squares and oblong figures,
we could never demonstrate this for rhombi and rhomboids.
Rather the opposite can be demonstrated, that is, that they

are unequal because of the inequality of the interior angles

on the same side.

XXXIV. In parallelogrammic areas the opposite sides and
angles are equal to one another, and the diarneter bisects

them,

Taking the parallelogram as already constructed by the
precedirrg theorem, our author now examines the properties
that belong to it primarily, that is, the characteristics of its
special structure. Th ey arc these: the opposite sides are equal,

the opposite angles are equal, and the areas are cut in half by
the diameter. For it is to areas that the words "and the
diameter bisects them" refer, meaning that the area is the
whole that is bisected, not the angles through which the

diameter passes. These three traits, then, belong to parallelo-

grams as such: the equality of their opposite angles, the equal-

ity of their opposite sides, and the bisection of their areas by
their diameters. You see that he has obtained these specific
properties of the parallelogram from all its parts-from its

sides, from its angles, and from its are a.67

57 388.13 Euclid's proof of XXXIV takes as given the parallelo-
grammic area ABCD, with diameter BC. Since AB is parallel to CD,
the alternate angles ABC and BCD are equal, by XXIX. Similarly
since AC is parallef to BD, the alternate angles ACB and CBD are
equal. Therefore in triangles ABC and DBC the two angles ABC and
BCA are equal respectively to angles DCB and CBD, and the side BC
adjoining the two angles in each is common; therefore, by XXVI, side
AB is equal to side CD, and AC to BD, and angle BAC to angle CDB.
Thus the whole angle ABD is equal to the whole angle ACD. And the
angle BAC was also proved equal to angle CDB; so the opposite sides
and angles are equal. And since in triangles ABC and DCB the two
sides AB and BC are equal to the two sides CD and BC respectively
and angle ABC is equal to angle BCD, triangle ABC is equal to
triangle DCB. Therefore the diameter bisects the parallelogram ABCD.

^[-'

CD

- 305 -



389

THE COMMENT ARY

There are four kinds of parallelograms, which we dis-
tinguished in the Hypotheses,s8 namely, the square, the ob-

long, the rhombus, and the rhomboid. It is worth noting
further that, if we divide these four species into rectangular
and nonrectangular, we shall find not only that the diameters

of rectangular parallelograms bisect the areas, but also that
their diameters themselves are equal when the angles are

right angles and unequal when they are not, as was said in the

preceding theorem; and if we distinguish equilateral from
nonequilateral, again we shall find that in the equilateral
parallelograms not only are the areas bisected by the diame-
ters, but also the angles through which they are drawn; for
in the square and the rhombus the diameters bisect the angles

as well as the areas, whereas in the oblong and the rhomboid

they bisect the areas only, Let ABCD be a square or a

rhombus and AD its diameter. Then since AB and BD are

equal to AC and CD (for the sides are equal), and angles

ABD and ACD are equal (for they are opposite), and they

lxl
have a common base, therefore all corresponding parts are

equal, so that angles BAC and CDB are bisected. Now let
the figure be oblong or rhomboid. Then if angle CAB is bi-
sected, while angle CAD is equal to angle ADB,5' the result

will be that angle BAD60 is equal to angle ADB and AB equal

to BD. But they are unequal. [Therefore angle CAB is not

bisected by the diameter. Likewise angle CDB, which is equal

to it, is not bisected.]u' Let us sum it all up as follows. In the

square the diameters are equal because of the rightness of the

68 388.14 At 169.1off.
59 389.11 As an alternate angle between parallels.
0o 389.12 As equal to CAD on the assumption that CAB is bi-

sected.
01 389.13 These two sentences in brackets come from Barocius.
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angles, the angles are bisected by the diameters because of
the equality of the sides, and the area is divided into equal
parts by the diagonal because of the property common to all
parallelograms. In the oblong the diameters are equal tby
virtue of its being a rectanglel, the angles are not bisected by
the diameters [because it is not equilateral], but the division
of the area into equal parts is present, and this by virtue of
its being a parallelogram. In the rhombus the diameters are
unequal [since it is not rectangular],Bs but they bisect not
only the areas, because it is a parallelogram, but also the
angles, because it is equilateral. And in the remaining figure,
the rhomboid, the diameters are unequal because the figure is

not rectangular, they divide the angles unequally because it is
not equilateral, and only the areas on both sides of the
diagonal are equal because it is a parallelogram.

We have said this in order to bring out the differences that
exist between the four species of parallelograms. The follow-
ing technical point also comes to light in this theorem and
should not be passed over, namely, that some theorems are
universal and others not. What we mean by each of these
statements will come to mind if we divideBs the conclusion of
this theorem into a part that is universal and a part that is not.
Yet it would seem that every theorem is universal, that is, that
every attribute demonstrated by the author of the Elements
is a universal one, For example, this theorem seems to say
not only that to have opposite sides and angles equal is a

universal character of all parallelograms, but also that each of
them is bisected by the diameter. Nevertheless we affirm that
the former properties have been demonstrated universally, the
last not. fn one sense the term "universal" is used to denote a

statement true of all instances of its subject, in another sense

to mean a statement about everything to which the same

attribute belongs.B4 Every isosceles ffiangle has its three

angles equal to two right angles" is universal, because it is

62 390.1 All material in brackets comes from Barocius.
63 390.14 p.erdpyea|at appears to be a misplaced dittograph of

p,ep,eplo0at. I follow Barocius in ignoring it.
64 391.1 For this distinction see Arist. Po.rr. Anal. 73a25-74b4.
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true of all isosceles triangles. But universal also is "Every
triangle has its three angles equal to two right angles," because

it embraces everything to which as such this attribute belongs.
Hence we say we have proved that it belongs primarily to
the triangle to have its angles equal to two right angles. It is
in this sense of the term that we say some theorems are

universal and others not universal and say of this theorem

that one part of its conclusion has universality and the other
not. That parallelograms have,their opposite sides and angles

equal is universal, for this character belongs only to paral-
lelograms; but that the diameter of a parallelogram bisects

the atea is not a universal statement, because it does not
embrace alt the things in which this character is observed,

for it belongs also to circles and to ellipses.os Our earliest

conceptions of things appear to be of this partial sort, and

only as inquiry proceeds do we take in the whole. Thus the

ancients, having perceived that the diameter bisects the

ellipse, that it bisects the circle, and that it bisects the paral-

lelogram, proceeded to investigate what was common in these

cases.

A man may mistakenly suppose, Aristotle says,66 that

he is proving something universally when he is not, because

the common subject to which the character primarily belongs

has no name. For instance, it is not possible to say what the

common element is in numbers, magnitudes, motions, and

sounds, to all of which the rule of alternate proportion

applies. And it is difficult to set forth what is common to the

ellipse, the circle, and the parallelogram; for one is recti-

linear, another is circular, and the other is bounded by a

mixed line. This is why, when a man proves that the diameter

bisects the parallelo$&ffi, we think he is proving universally,

because we have not grasped the common subject of which
this statement is true. Sush a statement, then, about paral-

lelograms is not universal, for the reason stated; but the state-

ment that every parallelogram has its opposite sides and

angles equal is universal. For if we posit a figure that has its

65 391,17 Sc. to be bisected by their dia:neters.
66 39 L.23 Post. Anal. 7 4a5'7 4b5.
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opposite sides and angles equal, it can be proved that it is a
parallelogram. Let ABCD be such a flgure with a diameter
AD. Then since AB and BD are equal to AC and CD, and
the angles contained by them are equal, and they have a

common base, all corresponding parts are equal. If, then,
angle BAD is equal to angle ADC and angle ADB to CAD,
it follows that AB is parallel to CD and AC to BD, so that
ABCD is a parallelogram.

So much for this. It seems also that this very term "paral-
lelogram" was coined by the author of the Elements and that
it was suggested by the preceding theorem. For when he had
shown that the straight lines connecting equal and parallel
lines in the same directions are themselves equal and parallel,
he had clearly shown that both pairs of opposite sides, the
connecting and the connected lines, are parallel; and he
rightly called the figure enclosed by parallel lines a "paral-
lelogram," just as he had designated as "rectilinear" the
figure enclosed by straight lines.

It is clear also that the author of the Elements puts the
parallelogram among four-sided figures. But it is worth
reflecting whether every rectilinear figure with an even num-
ber of sides, when it is both equilateral and equiangular, ought
not to be called a parallelogram. For such a figure has its
opposite sides equal and parallel and its opposite angles

equal-for example, the hexagon, the octagon, the decagon.
For if you think of a hexagon ABCDEF and join A and C,
you can prove line AF to be parallel to CD. For since the
angle at B (and every other angle of the hexagon, if it is

equiangular) is one and one-third of a right angle, and since

AB is equal to BC (for the figure is posited as equilateral),
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then angles BAC and BCA will each be one-third of a right
angle, and consequenfly angles FAC and ACD are right
angles, so that AF is parallel to CD. Similarly we can prove

F

394

that the other opposite sides are parallel; and likewise for the

octagon and the others. If, then, a parallelogram is a figUre

included within opposite sides that are parallel, there will be

parallelograms that are not four-sided. But evidently for the

author of the Elements every parallelogram is four-sided. This

is clear above all in the theoremG? in which he asserts that a

parallelogram on the same base as a triangle and in the

same parallels is double the triangle, for this is true only of
four-sided figures.

XXXV. Parallelograms which are on the same base and

in the same parallels are equal to one another.

As we said that some theorems are universal and others

particular, and added the meaning of this distinction, and

that some theorems are simple and others compounq, and

explained what each of these types is, so now, following

another distinction, we say that some theorems are locus-

theorems and others not. I call "locus-theorems" those in

which the same property occurs throughout the whole of a

certain locus, and I call "locus" a position of a line or a

surface producing one and the same property. Some locus-

theorems refer to lines, others to surfaces; and since some

lines are plane and others solid-plane lines being those

which, like the straight line, lie in a plane and whose genera-

67 394.3 XLI below.

-310-



395

PROPOSITIONS: PART TWO

tion68 is simple, and solid lines those which are produced by
some sectioning of a solid figure, like the cylindrical helixee

and the conic lines-I should say further that of locris-theo-
rems referring to lines some have a plane and others a solid
locus. The theorem before us is therefore a locus-theoreffi, it
is one of the locus-theorems referring to lines, and it has a

plane locus. For the whole space between the parallel lines
is the locus of the parallelograms constructed on the same
base which the author of the Elemenls shows to be equal to
one another. An example of the so-called solid locus-theorems
is the following: "The parallelograms inscribed in the asymp-
totes and the hyperbola are eQual"'zo for the hyperbola is
clearly a solid line, since it is a section of the cone.

Chrysippus,?1 so Geminus tells us, likened theorems of this
sort to the Ideas. For just as the Ideas embrace the generation
of an indefinite number of particulars within determinate
limits, so also in these theorems an indefinite number of cases

are comprehended within determinate loci. Their equality is
shown to result from this limitation; for the height of the par-
allels,?2 which remains the same while an indefinite number
of parallelograms can be thought of on the same base, shows

all these parallelograms to be equal to one another.

The present theorem is the first locus-theorem that the

author of the Elemenls has presented. In his evident intent to
give us the utmost variety of theorems compatible with an

elementary work, he rightly did not omit this particular spe-

B8 394.22 Adopting ver Eecke's suggestion that v6,qcc in Friedlein
is a copyist's error for ydv€drs. Cf. ydveccs in the parallel statement in
line 23.

8s 394.25 "The inclusion by Proclus of the cylindrical helix among
solid loci, on the ground that it arises from a section of a solid figure,
would seem to be , . . due to some misapprehension" (Heath, Euclid t,
330).

70 395.1 1 This is, as ver Eecke notes, Prop. XII of the second book
of Apollonius' Conics.

7L 395.14 Chrysippus of Tarsus, of the third century B.c., the suc-
cessor to Cleanthes as head of the Stoa. He does not appear to have
made any contributions to mathematics, but this comment on the
Platonic Ideas is well worth Proclus' mention.

72 395.19 I.e. the distance between them.
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cies. But here, since this book is about rectilinear figures, he

gives us plane locus-theorems that refer to straight lines,
whereas in the third book, when he is concerned with circles
and their properties, he will teach us the circular lines involved
in plane locus-theorems. Such is the theorem in that book,
"The angles inscribed in the same segment of a circle are all
equal to one another," and the theorem, "The angles inscribed
in a semicircle are right angles."?3 For of the indefinitely nu-
merous angles that may be constructed within a segment of a

circle on the same base all are proved to be equal, [and of the
angles contained by the base and the circumference of a semi-
circle all are proved to be right anglesf.'n These figures are

analogous to triangles and parallelograms constructed on the

same base [and between the same parallels].tu This, then, is

the species of theorems that are next to be investigated, named

'olocus-theorems" by the ancient mathematicians.
It may seem a great pvzzle to those inexperienced in this

science that the parallelograms constructed on the same base

[and between the same parallels]re should be equal to one

another. For when the sides?? of the areas constructed on the

same base can be increased indefinitely-and we can increase

the length of these sides of the parallelograms as far as we

can extsnd the parallel lines-we may well ask how the areas

can remain equal when this happens. For if the breadth is
the same (since the base is identical) while the side becomes

greater, how could the area fail to become greater? This
theorem, then, and the following one about triangles belong

among what are called the "paradoxical" theorems in mathe-

matics. The mathematicians have worked out what they call

the "locus of paradoxes," as the Stoics have done in their

dogmas,"?S and this theorem is included among them, Most

7s 396.5 The theorems referred to here are III. 2l and 31.
74 396.7 From Barocius.
75 396.9 From Barocius.
78 396.14 From Barocius.
77 396.15 prfixos denotes the length of the sides other than the

base, r\d,ros the length of the base. See 397.11.
?8 397.2 6e[1para. The reference here is, so von Arnim (III,

547tr.) thinks, to the Stoic paradoxes regarding the wise man-that
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people at least are immediately startled to learn that multi-
plying the length of the side does not destroy the equality of
the areas when the base remains the same. The truth is,
nevertheless,'e that the equality or inequality of the angles is
the factor of greatest weight in determining the increase or
decrease of the area. For the more unequal we make the
angles, the more we decrease the are\ if the side and base
remain the same; hence if we are to preserve equality, we
must increase the side. Take any parallelogram,'o say ABCD,
and let AC be produced indeflnitely. Suppose it to be a rec-
tangular figure, and on the base BD let another parallelogram
BEFD be constructed. Clearly the side has been increased, for

BE is longer than AB, since the angle at A is a right angle.
And this increase was necess &ty, for the angles of the paral-
lelogram BEFD have become unequal, some acute, the others
obtuse; and this has happened because side BE is, as it were,
folded back on BD and contracts the area. Let a line BG be
taken equal to AB and GH be drawn through G parallel to
BD. Then the side of parallelogram BDGH is equat to the
side of ABCD, and the breadth is the same, but its area is
less, namely, less than that of BEFD. The inequality of the
angles has clearly made the area less, and the increase in the
side, by adding as much as the inequality of the angles has

he alone is f ree, beautiful, rich, happy, etc. But I find no hint of
6ei,1p.ara in these numerous fragments, whereas these paradoxes are
often called 66yp.ara. Our text should probably be amended, despite
the absence of any evidence of a variant reading.

7s 397.6 Reading with Barocius 6pc.rs instead of 6ytoi,ws in Friedlein.
80 397.13 For rri in Friedlein read rd.
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taken away, preserves the equality of the areas; and the limit
of increase for the side is the locus of the parallels. The

square is demonstrably greater than the oblong, when both
are rectangular [and have equal perimeters];81 and when both
are equilateral [and have equal perimeters], the rectangular

figure is demonstrably greater than the nonrectangular. For
the rightness of the angles and the equality of the sides are the

all-irnportant factors affecting the increase of the areas; and

this is why the square is manifestly greater than all others with
an equal length of boundaries, and the rhomboid is the least

of all.
But these matters we shall prove elsewhere, for they are

more appropriate to the hypotheses of the second book. With

regard to the theorem before us we must realize that, when it
says the parallelograms are equal, it means that the areas, not

the sides, are equal, for the statement is about the included

spaces, the areas; and also that in the demonstration of this

theorem our author for the first time mentions trapezia. This

shows that he was right in the Hypothesessz when, in explain-

ing what the trapezium is, he said that it is a species of four-

sided figure, but not a parallelogram. For a figure that does

not have both its opposite sides and its opposite angles equal

falls outside the class of parallelograms.

Now the author of the Elemenls demonstrates this theorem

by selecting the most difficult of the cases.83 But if someone

81 398.10 The bracketed words here and in the next clause come

from Barocius.
82 398.25 I.e. in Def. XXXIV, 169.8ff.
83 399.5 Euclid proves XXXV as follows: Let ABCD and EBCF

be parallelograms on the same base BC and within the same parallels

AF and BC. As opposite sides of parallelograms, AD is equal to BC

BC
and EF to BC, so that AD is equal to EF; and since DE is common,
the whole AE is equal to the whole DF. But AB is also equal to DC.
Therefore triangles EAB and FDC have two sides AE and AB equal
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should solr "Let ABCD and BCDE be parallelograms on the
same base DB, so constructed that DC is the diameter of
parallelogram AB," then we can prove at once that they are
equal. For triangle BCD is half of each of the two paral-
lelograffis, since DC is the diameter of AB and BC the
diameter of DE. The diameters of parallelograms bisect them,
and hence AB is equal to DE. Again if we suppose that DC
cuts the side of parallelogram AB and that the parallelograms

have the position of ABDE and BCDF in the diagram, we can
demonstrate that these also are equal. For since AE equals
CF (for each is equal to DB, the opposite side), let us sub-
tract the common portion CE. AC is then equal to EF. But
AD is equal to EB, and angle CAD is equal to angle FEB,
for AD is parallel to EB. Therefore the base CD is equal to
the base FB, and the whole triangle ADC is equal to triangle
EBF. Let the trapezium CB be added to them both. AB as a
whole is then equal to DF. You see that these three are the
only cases.sa For CD either cuts EB, as in the case assumed

by the author of the Elements, or falls upon E, as in the
preceding diagraffi,tt or cuts AE, as we assumed just now;

respectively to two sides DF and DC and angle FDC equal to angle
EAB, by XXIX; therefore the base EB is equal to the base FC, and
the two triangles are equal. I-et DGE be subtracted from each; then
the trapezium ABGD which remains is equal to the trapezium EGCF
which remains. I-et triangle GBC be added to each; then the whole
parallelogram ABCD is equal to the whole parallelogram EBCF.

84 400.7 Reading rrhoers instead of zrc.,s in Friedlein,
85 400.9 This is somewhat confusing, since the point designated E

in the last diagram corresponds to what was designated as C in the
preceding one; but the meaning is clear.
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and the theorem has been proved true for all cases. But we

must note that of the two kinds of trapezia, those that have no

side parallel to another and those that have one side parallel

to another, it is only the second species of trapeziathat is used

by our geometer and appears in the diagram here: for CE is
parallel to DB.

XXXVL Parallelogranns which are on equal bases and in
the same parallels ore equal to one another.

The preceding theorem took the bases as identical, whereas

this one takes them as equal though distinct from one another;
but common to both theorems is the assumption that the
parallelograms are in the same parallels. They must, then,

lie neither inside nor outside the given parallel straight lines.

Parallelograms are said to lie in the same parallels when

their bases and the sides lying opposite them coincide with
the same parallels. The author of the Elements proves the

theorem by assuming that the bases are completely separate

from one another.86 But there is nothing to prevent our

86 401.6 Euclid proves XXXVI as follows: Let ABCD and EFGH
be parallelograms on equal bases BC and FG and within the same
parallels AH and BG. Ioin BE and CH. Then since BC is equal to
FG and FG is equal to EH, BC is also equal to EH. But they are also

parallel; hence, bY XXXIII, the lines that join them, BE and CH, are

BCFG
equal and parallel, and EBCH is a parallelogram, by XXXIV. And it
is equal to ABCD, by XXXV, and also equal to EFGH, by the same

proposition, So ABCD is also equal to EFGH.
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assuming that they so lie as to have a common segment. Thus
let AB and CD be parallelograms on equal bases EB and

FD [having a common segment and in the same parallels].tt
I say that they are equal. Let EC and BG be drawn, Then
since EF is equal to BD (for EB is equal to FD), CF equal

to DG, and angle EFC equal to angle BDG (for CF is parallel
to DG), EC is also equal to BG and also parallel to it; and

CB is a parallelogram. And it has the same base as each of
the parallelograms AB and CD and is in the same paral-

KH

lels. AB is therefore equal to CD. And if we suppose the
bases of the parallelograms to have no common segment,

nor to be separate from one another but-the only remaining
alternative-touching one another at a point, as do AB and
ED, we shall say that BE is equal to EF and to CD, So that
CB is also equal to DE [and parallel to it].'* For the lines
joining equal and parallel lines are themselves equal and
parallel. BD, then, is a parallelogram on the same base and
in the same parallels as AB and DE. Therefore parallelograms
AB and DE are equal.

Thus on our first approach we have distinguished alterna-
tive constructions for the theoretn, saying that the bases either
have a common 'segment, or only touch one another, or are

separate from one another. But it is also possible, if they
touch, like BE and EF, to assume that the whole of DE
lies outside AE, or that the side CE coincides with AE,
or that CE cuts AH, or that CE falls as a diameter

on HE ( and then DF will also be the same as AF), or, with

87 401.10 From Barocius.
88 401.23 From Barocius.
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AH produced to K, that CE cuts it beyond H, with DF either
cutting AH or coinciding . . . 8e

[XXXVII. Triangles which are on the same base and in the
same parallels are equal to one another.]'o

, . . they show. For it has been proved that areas can be

unequal when theyel are equal and equal when they are un-
equal. Such a misconception is held by geographers who infer
the size of a city from the length of its walls. And the partici-
pants in a division of land have sometimes misled their
partners in the distribution by misusing the longer boundary
line; having acquired a lot with a longer periphery, they later

exchanged it for lands with a shorter boundary and so, while
getting more than their fellow colonists, have gained a repu-
tation for superior honesty. Let us suppose two isosceles

triangles, one of them having each of its equal sides five

ss 402.19 There is a lacuna in our text extending from this point
until after the beginning of Proclus' comment on XXXVI. None of
the uss notes this gap, iSoplt|{ouod,v at this point being followed with-
out a break by hoqalvovrat in 403.4. This suggests the loss of several
pages from the archetype from which our MSs are derived. Barocius
noted this gap and supplied the missing part of the commentary on
the present proposition with figures and explanations of his own. Since
the omitted matter, so far as we know, was only a further elaboration
of the various cases of this theorem, there is little reason for trans-
lating Barocius' conjectural supplement. But for convenience of refer-
ence the enunciation of the next proposition in Euclid's text is included
in my translation, and Euclid's proof appended in a footnote,

s0 403.3 Euclid's proof of XXXVI is as follows: Let ABC and
DBC be triangles on the same base BC and within the same parallels
AD and BC. I-et AD be produced in both directions to E and F.
Through B let BE be drawn parallel to CA, and through C let CF be

drawn parallel to BD. Then each of the figures EBCA and DBCF is a
parallelogram, and they are equal, by XXXV. Moreover, the triangle

BC
ABC is half of the parallelogram EBCA, by XXXIV, for the diameter
AB bisects it. Likewise triangle DBC is half of the parallelogram
DBCF. Therefore triangle ABC is equal to triangle DBC.

s1 403.4 The context shows that ixeivuv refers to the perimeters.

EADF
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units-cubits or fingerbreadths-in length and a base measur-
ing six of the same units, and the other with each of its equal
sides of five units and a base of eight of the same units. In
choosing between them the inexperienced person is likely to
be completely deceived. The one has a perimeter of eighteen,
the other of sixteen of the same units. But the geometer will
realize that their areas are equal, even though their perimeters
are unequal; for the area of each is twelve, That is, if you drop
a perpendicular from the vertex, you will bisect the bases and
in one have a half-base of three, in the other of four, and
conversely the perpendicular itself in the flrst case will be
four, in the other three; for the square on the side with a
length of five units must be equal to the square on the per-
pendicular and the square on half the base. Now when the
half-base is three, the perpendicular is four, and when the
half-base is four, the perpendicular is three. Then if you
multiply half the base by the perpendicular, you get the area
of the triangle; and this is the same in either case, whether
you make it three times four or four times three.

This has been said to show that we cannot at all infer
equality of areas from the equality of the perimeters; and so
we should not be am azed to learn that triangles on the same
base rnay have their other sides lengthened indefinitely in
the same parallels, while yet the equality of their areas re-
mains unchanged. But we can only regard triangles as in the
same parallels when, with their bases on one of the parallels,
they extend their vertices to the other, that is, when their
vertices lie on a single straight line parallet to the bases lying
on a single straight line.

XXXVIII. Triangles which are on equal bases and in the
same parallels are equal to one another.

This also is a locus-theorem like those about parallelo-
grams, positing the triangles as having equal bases. It appears
to me that of these four theorems-<f which two establish
properties about parallelograms and two about triangles, and
some assume that the base is the same and some assume the
bases to be equal-our author has given a single proof in the
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first theorem of the sixth book and that most people have

failed to notice that he does this. For when in that theorem he

proves that triangles and parallelograms with the same height
have to one another the ratio of their bases, he does nothing

other than demonstrate all these theorems more generally

from the principle of proportion. For to have the same height
is the same thing as to be in the same parallels, since all
figures in the same parallels have the same height, and con-

versely. For the height is the perpendicular from one of the

parallels to the other. In that proposition, then, it is demon-

strated by means of proportion that triangles and parallelo-
grams with the same height, that is, lying in the same parallels,

are related to one another as their bases are. When their
bases are equal, their areas are equal; when one is double the

other, so is its area; and whatever other ratio the bases

may have to one another, the areas will stand in that same

ratio. But here, since he could not use proportion, because he

has not yet taught us its principles, he is satisfied with equality
only, inferring it from the equality or identitv of the bases.

So these four theorems are surpassed by that one, not only

because it uses a single proof for all that these four theorems

contain, but also because it adds something more, the identity

of ratios even when the bases are unequal.ez

So much for that. This theorem also has many cases. It is
possible to assume, as in the case of the parallelograms, that

the bases of the triangles have a common segment, or have no

segment in common but meet one another at a single point,

or are completely separate and have a line between them.03

s2 406.9 Heath (Euclid t,334) qualifies Proclus' comments here by
noting that Euclid's VI. 1 does not prove the propositions of the first
book, as Proclus seems to imply; they are in fact assumed in order to
prove VI. 1.

e3 406.15 Le. the segment CE in Euclid's diagram below. The third
of the three alternatives mentioned by Proclus is the case chosen by
Euclid for demonstrating XXXVIIL His proof is as follows: Let ABC
and DEF be triangles on equal bases BC and EF and within the same

parallels BF and AD. Let AD be produced in both directions to G
G AD H
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It takes but little understanding to see this. It is also evident
that in all the cases, however the bases or the vertices may be
placed, we should follow the same procedure, that is, draw
parallels to the sides and make each of the triangles a paral-
lelogram and through them establish the equality of the
triangles.

XXXIX. Equal triangles which are on the same base and on
the same side are also in the same parallels.

When our purpose was to demonstrate equality, we con-
structed theorems four in number, two for parallelograms
and two for triangles,ea assuming them as lying either on the
same base or on equal bases. But now, in converting these
theoreffis, we have passed over the converses regarding paral-
lelograms and considered only the two about triangles as

needing attention. The reason is that, since the method of
proof is exactly the same for parallelograms, using reduction
to impossibility and a similar constructiotr, it is enough for us
to handle the simpler cases, that is, the triangles, exhibiting
the method and leaving it for the abler minds to carry through
the same reasoning in the other cases, since it is easy to see

that the same method is applicable to them; that is, we assume
equal parallelograms on the same or equal bases and affirm
that they are in the same parallels. For if they are not, one
figure will fall either inside or outside the produced parallels
bounding the other. In either case we shall assume it and the
parallels that bound it and prove,gu as in the case of the
triangles, that the whole is equal to a part of itself, which is
impossible.

and H. Through B draw BG parallel to CA, and through F draw FH
parallel to DE. Then GBCA and DEFH are parallelograms and are
equal to each other, by XXXVI. Triangle ABC is half of GBCA, for
the diaureter AB bisects it; and likewise triangle FED is half of DEFH,
for the diameter DF bisects it. Therefore triangle ABC is equal to
triangle DEF.

s4 407.7 Punctuating with a comma after rptytivwa, not after
)ra.p.Bdvoyrer, as in Friedlein.

s6 4O7 .23 Reading with Barocius ieifop,ev instead of ddel{ap,ev in
Friedlein.
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It is clear that the author of the Elemenls is right in adding

"and on the same side." For on a single base it is possible to

take equal triangles, one on one side and one on the other. But
such triangles never lie in the same parallels; nor need they

have the same height. This is the reason he added this phrase.

In the hypothesis that leads to absurdity there are two pos-

sible ways of drawing the parallel, [either inside or outside].06

Our author draws it insid o,n' but we shall draw it outside and

prove the same result. Let ABC and DBC be [equal]e8
triangles on the same base and on the same side. I say that
they are in the same parallels and that the line joining their
vertices is parallel to the base. Let AD be drawll. If it is not
parallel to the base, let AE, outside it, be the parallel. Let

CD be produced to E, and draw EB. Triangle ABC is then

equal to triangle EBC; but triangle ABC is equal to triangle

DBC. Therefore EBC is equal to DBC, the whole to the part;

but this is impossible. Therefore the parallel does not fall
outside AD. And it has been demonstrated by the author of
the Elemenfs that neither does it fall inside. Hence AD itself
is parallel to BC. Therefore equal triangles on the same side

oG 408.7 From Barocius.
s7 408.7 Euclid proves XXXIX as follows: Let ABC and DBC be

equal triangles which are on the same base BC and on the same side.

Join AD. If AD is not parallel to BC, draw AE parallel to BC, and
join EC. Then triangle ABC is equal to triangle EBC, by XXXVII.
But by hypothesis ABC is equal to DBC; therefore DBC is also equal

to EBC, the greater to the less, which is irnpossible, Therefore AE is

not parallel to BC; and in the same way we can prove that neither is
any other straight line, except AD.

e8 408.9 From Barocius.

ADm
BC
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are within the same parallels. Thus the other half of the
proof by reduction to impossibility has also demonstrated that
they lie in the same parallels.

It is wor:th remarking that there are three kinds of con-
verse theorems: the whole theorem may be the converse of a
whole theorem, such as the eighteenth of the nineteenth,
as we said; or the whole may be the converse of a part, as the
sixth is of the fifth; or a part may be the converse of a part,
like the eighth and the fourth, where it is not the whole of what
is givenes in the one that is the conclusion of the other, nor
the whole of the conclusion in one the given in the other, but a
part only. These theorems about trianglesloo appear to be of
this character. In the theorems preceding them the conclusion
was that the triangles are equal, But these not only take
equality as given, but add a part of what was hypothesis in the
former; for "on the same, or equal, bases" was given in those
as well as in these. But in these hypotheses he adds something
which does not appear in those, either as conclusion or as

hypothesis: "on the same side" is an extra assumption here.

XL. Equal triangles which are on equal bases and on the
same side ore also in the same parallels.

The type of conversion is the same in this, the proof is

similar, and what the author of the Elements leaves out in his

reduction to impossibility can be proved similarly, so that
there is no need to go over it again.101 Since there are three
parts in the preceding enunciations-that the figures are on

ee 409.6 Reading with Barocius 6e6op.ivov for DeDe typ.bov in Fried-
lein.

100 409.9 I.e. XXXIX and XL, which are the partial converses of
XXXVII and XXXVUI.

Lot 409,24 In his proof of XL Euclid draws his alternative line
inside the triangle, as in the previous proof, ignoring the case where
the line falls outside. Let ABC and CDE be equal triangles on equal
bases BC and CE and on the same side, and let AD be joined. If AD
is not parallel to BE, let AF be drawn parallel to BE, and join FE.
Then triangle ABC is equal to triangle FCE; hence DCE is also equal
to FCE, the greater to the less, which is impossible. Therefore AF is
not parallel to BE. Similarly we can prove that neither is any other
straight line, except AD.

BC
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equal bases or on the same- base, that they are in the same

parallels, and that they are equal, whether triangles or
parallelograms-glsarly we can convert in various ways by
taking two together and leaving out the third. We can sup-
pose the bases to be the same or equal and the triangles and
parallelograms to be in the same parallels and thus construct

four theorems; or take the figures as equal and the bases either
equal or the same and construct four others, of which the
author of the Elements omits the two dealing with paral-
lelograms and proves the two for triangles; or take the figures
as equal and in the same parallels and prove the third con-

dition, that they are either on the same base or on equal

bases, and thus make four others. These the author of the

Elements entirely omits, for the proof is the same for them,

except that two of the four are not true by themselves, for
equal parallelograms or triangles in the same parallels are not
necessarily on the same base. But the combined conclusion

from these hypotheses is true, namely, that they are on the

same base or on equal bases, though neither alternative
necessarily follows from the hypotheses adopted.

So of the ten theoremsloz in all, our geometer has included

six and omitted four, and this to avoid repeating himself, the

proof being the same. For example, let us prove about tri-
angles that, if they are equal and in the same parallels, they

will be on the same base or equal bases. For suppose it is not

so, and if possible, let triangles ABC and DEF with these

characteristics have unequal bases BC and EF, and let BC be

the greater. Subtract a length BH equal to EF, and draw AH.

Loz 410.23 There
last group reduces to

were three groups of four enumerated,
two, as explained above.

-324-
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Then since ABH and DEF are on equal bases, BH and EF,
and in the same parallels, they are equal. But ABC and DEF
are posited as equal. ABC and ABH are therefore equal,
which is irnpossible. Consequently the bases of the triangleS
ABC and DEF are not unequal. The same method of proof
can be used for parallelograms. Then since the method of
proof is the same and the resulting impossibility the same,
namely, that the whole is equal to the part, they are rightly
omitted by the author of the Elements. Thus we have said
that there are necessarily ten theoreffis, and we have shown
which are omitted and have given the reason for his silence
about them. Now let us go on to the next theorems.

XLL If a parallelogram has the same base with a triangle
and is in the sqme parallels, the parallelogram fs double
the triangle.

This also is a locus-theorem. It combines the structures of
triangles and parallelograms that have the same [base and]'03
height; so since we have considered parallelograms separately,
and again triangles, let us now take them both together and
consider in what ratio they stand to one another when they
have the same propertiesloa as in the preceding theorems. In
them it is the ratio of equality that is shown, for all triangles
on the sarne bases and in the same parallels are equal, and
likewise all parallelograms. But in these theorems what is

demonstrated is the first of the unequal ratios, the double;
for the parallelogram is proved to be double the triangle on
the same base and of the same height.

In proving the present theorem the author of the Elements

assumes the vertex of the triangle to lie outside the paral-

lelograffi,"' but we shall prove the same thing by taking it
on the other side of the parallelogram, that is, the side parallel

103 4 L2.7 The bracketed terms add a condition tacitly presupposed,
as is shown in line 13.

to4 4l?.9 Reading raird for roilr|v in Friedlein.
105 4 12.20 Euclid proves XLI as follows : Irt the parallelogram

ABCD have the same base BC with triangle EBC, and let it be within
the same parallels BC and AE. Join AC. Then triangle ABC is equal
to triangle EBC, by XXXVII. But ABCD is double the triangle ABC,
by XXXIV. llherefore ABCD is double the triangle EBC.

ADEw
BC
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to their common base. Since the base is the same for both,

these are the two cases of this theorem, for the triangle must

have its vertex either inside or outside the parallelogram.loB
413 Therefore let ABCD be a parallelogram and EDC a triangle,

and let E lie between A and B, and let AD be joined. Then

since the parallelogram is the double of ACD and ACD is

equal to triangle EDC, the parallelogram is double the

triangle EDC. Thus it is clearly shown that the paral-

4t4

lelogram is double the triangle when they have the same base.

And if the bases are equal, we can demonstrate the same

thing by drawing diameters of the parallelograms. For when

two triangles are equal, the double of one will be double the

other, and the triangles are equal because they have equal

bases and the same height. Our geometer has rightly left out

these cases, for the proof is the sarne; they will either have

an identical segment, or touch only at a point, or be separate

from one another; and regardless of these variations there is

one proof for all cases.

Finally, we can demonstrate the converses of this theorem

in the same way. One of the converses is "If a parallelogram

is double a triangle and they have the same base with each

other or equal bases, and if they are on the same side, they

are in the sanle parallels." For if this is not true, the whole is

equal to the part, that is, the same argument as above will

100 4 12.26 "ft is curious that Proclus does not mention (as he

usually would) the case where the vertex of the triangle and a vertex

of the parallelogram coincide. Probably the reason is that, as Proclus
points out (413.20), the position of the vertex of the triangle does not
matter in the proof." (I.M.)
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hold. For necessarily the vertex of the triangle will fall in the
parallels or outside them. Whichever it is, when a line is drawn
through the vertex parallel to the base, the same irnpossibility
follows. Another converse is "If a parallelogram is double a
triangle and in the same parallels, they will have the same

base or equal bases." For if they are on unequal bases, we
assume figures with equal bases and show that the whole is
equal to the part. Hence all the proofs of these theorems end
in this cornmon impossibility, For this reason the author of the
Elements has left it to us to track down the variety of cases

here and has given his attention to the simpler and more
fundamental ones.

Now that we have made these comments, let us for the sake
of practice take not a parallelogr&ffi, but a trapezium which
has only two parallel sides, having the same base with a

triangle and lying in the same parallels, and let us see what
ratio it has to the triangle. Clearly it will not have the double
ratio, for then it would be a parallelogram, since it is a quadri-
lateral. I say that it is either more or less than double. Of the
two parallel sides one must be greater, the other less, since if
they are equal the lines that join their extremities will be
parallel. Now if the triangle has the greater side as base, the
quadrilateral will be less than double the triangle, and if it
has the shorter side as base, it will be more than double. Let
ABCD be a quadrilateral, with AB less than CD, and let AB
be produced indefinitely, and let triangle ECD have the same
base CD as the quadrilateral, and let DF be drawn through
D parallel to AC. The parallelogram ACDF is then double

C

the triangle ECD, so

than double. Again let
that the quadrilateral ABCD is less

the triangle have AB as base, and let
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BF be drawn parallel to AC. Then ABCF is double the

triangle, so that quadrilateral ABCD is more than its double.

With these propositions demonstrated we assert that if, in a
quadrilateral which has only two of its opposite sides parallel,
straight lines are drawn from the midpoint of one of the

parallel lines to the other, the quadrilateral will be either

greater than the double of the resulting triangle or less than

its double; but if straight lines are drawn from the midpoint
of one of the lines joining the parallels to the other, the
quadrilateral will always be double the resulting triangle. Let
us demonstrate the latter theorem. Let ABCD be the quadri-
lateral, with AD parallel to CB, ffid let DC be bisected at E.
Let lines EA and BE be joined, and let BE be produced and

fall upon AD at F. Now since the angles at E are equal (for

they are at the vertex) and angle FDE is equal to angle

BCE,'o? FE will be equal to BE, and triangle DEF equal to

triangle BCE.108 Let triangle ADE be added to each. The

whole of triangle AFE is therefore equal to the two triangles

ADE and BCE. But triangle AFE is equal to triangle AEB,
for they are on equal bases, BE and EF, and are in the same

parallels.'oo Therefore triangle AEB is equal to triangles

ADE. r . .110

LoT 416.9 As alternate angles between parallels AF and BC.
1oB 416.10 As having side ED equal to side EC and the two

adjacent angles respectively equal.
10e 415.13 "If the parallel to BF through A is drawn." This

addition comes from the vts in which Barocius found the completion
of the proof lacking in our Mss. See next note.

110 4 t6.14 The remainder of Proclus' commentary on this propo-

sition, together with the whole of his commentary on XLII and the

beginning of his commentary on XLIII, are missing from all the Mss
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[XLII. To construct, in an angle equal to a given rectilinear
angle, a parallelogram equal to a given triangle.]111

which Barocius consulted, except one which contained the following
completion of the commentary on XLI:

. . . and BCE, and the quadrilateral ABCD is double the triangle
AEB, which is what was to be proved. In the same way we can prove
that for the case in which connecting lines are drawn to CD from
the midpoint of AB, the quadrilateral is double the resulting triangle.
Therefore when from the midpoint of either of the lines that join
the parallels, lines are drawn to the extremities of the other, the
quadrilateral is double the resulting triangle. This has been demon-
strated for the sake of practice. Now let us turn to the propositions
that follow.

Barocius infers from its contents that this supplement is not the work
of Proclus; Proclus' commentary, he thinks, would have been much
more extensive and would have dealt with cases not mentioned here.
Barocius' opinion is confirmed on more mechanical grounds when we
compare this lacuna with the earlier one at the end of XXXVI.
Neither lacuna is noted in the Mss; in each case the text that precedes
is followed without a break by the words following the lacuna (see
note at 402.19).This indicates the loss in each case of several pages
from the codex from which our Mss are derived; and in the present
case this loss rnust have included the concluding portion of the com-
mentary on XLI. Since these identical defects occur in all our Mss, the
loss of these two groups of pages must have been sustained by their
archetype at an early date. Another lacuna suggesting a similar loss in
the archetype of some of our MSs occurs at 82.23 (see note at that
point); but in that case the missing portion of the text is fortunately
supplied by other extant Mss.

LtL 416.17 The following is Euclid's proof of XLII, which is
included here for convenience of reference: Given the triangle ABC
and the rectilinear angle D, to construct in angle D a parallelogram
equal to triangle ABC. I-et BC be bisected at E and AE be joined. On
EC and at point E on it let angle CEF be constructed, by XXIII, equal
to angle D. Let AG be drawn parallel to EC and CG parallel to EF,vtv
by XXXI. Then FECG is a parallelogram. And triangle ABE is equal
to triangle AEC, by XXXVIII. Therefore triangle ABC is double the
triangle AEC. But parallelogram FECG is also double the triangle
AEC, by XLI. Therefore parallelogram FECG is equal to triangle
ABC, and it has the angle cEF equal to the given angle D.

-329-



THE COTI4MEN T ARY

[XLIU. In any parallelogram the complements of the

parallelograms about the diameter are equal to
one another.l"'

, . . that the parallelograrns do not touch one another at a
4L7 point.113 Because the cornplements are not quadrilaterals, we

must also expound this case in order to see that the same

consequence follows. In the parallelogram AB let parallelo-
grams CK and DL be inscribed about the same diameter,

with the straight line KL, a segment of the diameter, between

B

them. Now you can say the same things as before. Triangle
ACD is equal to BCD, triangle ECK to KCF, and triangle
DGL to DHL; therefore the remainder, the five-sided flgure

AGLKE, is equal to the five-sided figure BFKLH. And these

are the complements, Again if the parallelograms neither meet

at a point nor are separate from one another but overlap, the

sarne proof can be used, as follows. Let AB be a parallelogram
with diameter CD and parallelograms inscribed about it, one

of them ECFL and the other DGKH cutting the former. I
say that the complements FG and EH are equal. For since

LLz 416.21 The following is Euclid's proof of XLIII: Let ABCD
be a parallelogram and AC its diameter, and about AC let EH and
FG be parallelograms and BK and KD the so-called complements,
which are to be proved equal to each other. Triangle ABC is equal to
triangle ACD, by XXXN. Again triangle AEK is equal to triangle
AHK; and for the same reason triangle KFC is also equal to KGC.
Now since AEK is equal to AHK, and KFC to KGC, AEK together
with KGC is equal to AHK together with KFC. And the whole triangle
ABC is equal to the whole triangle ADC; therefore the complement
BK which remains is equal to the complement KD which remains.

113 417.1 As the proof in the preceding note shows, Euclid has

dealt with the case in which the inner parallelograms touch one an-
other. Evidently Proclus has announced that he will consider the
other possible cases of the problem. "So let us assume . . . ,"

418

U
=r-olv7
//\,

BG C

CF
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triangle DGK as a whole is equal to triangle DHK and a part
of it, triangle KLM, is equal to triangle KLN (for LK is a
parallelogram), the trapezium DLNH which remains is equal

to the trapezium DLMG. But triangle ADC is equal to
BDC, and triangle FCL in the parallelogram EF is equal
to triangle ECL, and trapezium DLMG is equal to DLNH;
therefore the remaining quadrilateral GF is equal to the
quadrilateral EH. The theorem has therefore been demon-
strated for all cases. There are three cases only, no more nor
less; for the parallelograms about the same diameter will
either cut one another, or touch one another at a point, or be
separated from one another by a segment of the diameter.

The term "complements" was derived by the author of the
Elements from the thing itself, since complements fill the
whole of the area outside the two parallelograms. This is why
he does not regard it as deserving of special mention in the
Definitions, It would have required a complicated explanation
to make us understand what a parallelogram is and what are
the parallelograms that are constructed about the same diam-
eter as the whole; for only after these had been explained
would the meaning of "complement" have become clear.
Those parallelograms are about the same diarneter which have
a segment of the entire diameter as their diameter; otherwise
they are not about the same diameter. For when the diameter
of the whole figure cuts a side of the interior parallelograrrl,

E

B

4t9

E
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then this parallelogram is not about the same diameter as the

whole. For example, in the parallelogram AB the diameter
CD cuts the side EH of the parallelogram CE. Hence CE is
not about the same diameter as CD.

XLry . To a given straight line to apply, in an angle equal to

a given rectilinear angle, a parollelogram equal to a given

triangle.

Eudemus and his school tell us that these things-the
application (rapaBoMi) of areas, their exceeding ($repBrLi),
and their falling short (ill,enl,s)-are ancient discoveries of
the Pythagorean muse. It is from these procedures that later
geometers took these terms and applied them to the so-called

conic lines, calling one of them "parabolar" another "hyper-
bola," and the third "ellipse," although those godlike men

of old saw the significance of these terms in the describing of
plane areas along a fuiite straight line. For when, given a

straight line, you make the given area extend along the whole
of the line, they say you "apply" the area:, when you make

the length of the area greater than the straight line itself,

then it "exceeds"; and when less, so that there is a part of the

line extending beyond the area described, then it "falls
short." Euclid too in his sixth 6ooLrre speaks in this sense of
"exceeding" and "falling short"; but here he needed "applica-
tion," since he wished to apply to a given straight line

an area equal to a given triangle, in order that we mii;trt Ue

able not only to construct a parallelogram equa1115 to a given

triangle, but also to apply it to a given flnite straight line. For

example, when a triangle is given having an area of twelve

feet and we posit a straight line whose length is four feet, we

apply to the straight line an area equal to the triangle when

we take its length as the whole four feet and find how many

feet in breadth it must be in order that the parallelogram may

be equal to the triangle. Then when we have found, let us say,

a breadth of three feet and multiplied the length by the

1'14 420.7 VI. 27 -29.
LL6 420.12 Reading with Barocius and Schiinberger [,oov instead

of {oov in Friedlein.
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breadth, we shall have the area, that is, if the angle assumed

is a right angle. Something like this is the method of "applica-
tion" which has come down to us from the Pythagoreans.lls

There are three things given in this problem: a straight
line along which the area is to be applied so that the line as a
whole becomes a side of the area itself, a triangle to which
the area applied must be equal, and an angle to which the
angle of the area must be equal. Again it is clear that, when
the angle is a right angle, the applied area will be either a
square or an oblong; and when it is acute or obtuse, the area
wi[ be either a rhombus or a rhomboid. The straight line
obviously must be finite, for it is not possible to apply an

ilrea to an infuiite line; so in saying that we are to apply an
area to "a given straight line," he makes it clear that the line
is necessarily finite. He uses for the construction in this
problem the constnrction of a parallelogram equal to the given
triangle.ll? Application and construction are not the same

tLB 420,23 The reader not familiar with Greek geometry should
supplement Proclus' brief account of this Pythagorean discovery with
the more extensive exposition in Heath r, 150-153, 394-396. It is an
essential part of what has appropriately been called "geometrical
algebra." On the reasons for the appropriation of the terms "parabola,"
"hyperbolar" and "ellipse" to designate the conic sections see Heath
Ir, 134-139, esp. 138f. Cf. note at 111,.8.

Ltr 421.12 Euclid's impressive solution of XLIV is as follows:
Given a straight line AB, a triangle C, and a rectilinear angle D, to
apply to AB in an angle equal to D a parallelograln equal to C. I-et
parallelogram BEFG be constructed, by XLII, equal to triangle C in
the angle EBG which is equal to D, let it be placed so that BE is in a
straight line with AB, let FG be drawn through to H, let AH be
drawn parallel to BG and EF, and let HB be joined. Then since line

FE

A ),M-
HA L

HF falls on parallels AH and EF, angles AHF and HFE are equal to
two right angles, by XXIX. Therefore angles BHG and GFE are less
than two right angles, and straight lines produced indefinitely from
angles less than two right angles meet; hence HB and FE when
produced will meet. Let thern be produced and meet at K. I-et KL be
drawn parallel to EA and FH, and let HA and GB be produced to
L and M. Then HLKF is a parallelogram; HK is its diameter, and
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thing, as we have said. Construction brings the whole figure
into being, both its area and all its sides, whereas application
starts with one side given and constructs the area along it,
neither falling short of the length of the line nor exceeding it,
but using it as one of the sides enclosing the area.

But why, you may ask, did he use theorems when demon-

strating the equality of triangles to triangles, but problems

when making triangles equal to parallelograms? Because, we

reply, the equality of things of the same species is natural and

can be determined by simple inspection, whereas equality be-

tween [dissimilarl"* things, because of the difference in
species, needs construction and artifice, since by itself it is

difficult to discover.

XLV, To construct, in a given rectilineor angle,

a parallelogram equal to a given rectilinear figure.

This problem is more general than the two in which he

investigates the construction and the application of paral-
lelograrns equal to a given triangle. For whether it be a

triangle that is given, or a square, or a quadrilateral in general,

or any other sort of multilateral figure, this problern will en-

able us to construct a parallelogfam equal to it. For any

rectilinear figure, as we said earlier, is as such divisible into
triangles, and we have given the method by which the number

of its triangles can be found."g Therefore by dividing the

given rectilinear figure into triangles and constructing a

parallelogram equal to one of them, then applying parallelo-

grams equal to the others along the given straight line-that
line to which we made the first appligstlon-\Me shall have the

parallelogram composed of them equal to the rectilinear flgure

AG and ME are parallelograms about HK; and LB and BF are the

so-called complements. Therefore LB is equal to BF. But BF is equal

to triangle C; therefore LB is also equal to C. And since angle GBE
is equal to angle ABM, angle ABM is also equal to angle D. Therefore
the parallelogram LB equal to the given triangle C has been applied
to the given straight line AB in the angle ABM which is equal to D.

Lt8 42L.22 After r6v Ea some word or words have dropped out,
such as dXXr,rv oI' p.t1 6p'oefi6v.

LLs 422.13 At 381.23ff.
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composed of the triangles, and the assigned task will have been
accornplished. That is, if the rectilinear figure has ten sides,
we shall divide it into eight triangles, construct a parallelo-
gram equal to one of them, and then by applying in seven
steps parallelograms equal to each of the others, wo shall
have what we wanted.lzo

It is my opinion that this problem is what led the ancients
to attempt the squaring of the circle. For if a parallelogram
can be found equal to any rectilinear figure, it is worth
inquiring whether it is not possible to prove that a rectilinear
flgure is equal to a circular area. Indeed Archimedes proved
that a circle is equal to a right-angled triangle when its radius
is equal to one of the sides about the right angle and its
perirneter is equal to the base.121 But of this elsewhere; let us
proceed to the next propositions.

XL\/I. On a given straight line to describe a square.

Our author particularly needs this problem for the estab-
lishment of the following theorem, but it seems that he also
wishes to give us the construction of the two best of the recti-
linear figures,122 the equilateral triangle and the square. He

Lzo 422,23 Euclid's solution of XLV, abbreviated, is as follows:
Given the rectilinear figure ABCD and the rectilinear angle E, to con-
struct in angle E a parallelogram equal to ABCD. Dividing ABCD
into two triangles, he constructs parallelogram FH equal to triangle

GL

HM

ABD in angle HKF which is equal to E, by the method shown in
XLII; he then applies parallelogram GM equal to triangle DBC to the
Iine GH in the angle GHM which is equal to E, by the method shown
in XLIV. KFLM is a parallelogram (by XIV, XXIX, XXXII,
XXXIV) and is the parallelogram whose construction is required.

LzL 423.5 In the Measurement of a Circle, Prop. I.
a22 423 .12 Reading with Barocius ei0v7 pd.pp.o$ instead of e$|v-

tp&ppq in Friedlein. Euclid's construction in XLVI is obvious. Given
a straight line AB on which it is required to describe a square, he
draws AC at right angles to AB, takes a point D on it such that AD
is equal to AB, through D draws DE parallel to AB, and through B
draws BE parallel to AD. ADEB is an equilateral parallelograrn by
construction, and it is shown to be right-angled by XXIX and XXXfV.
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obviously needs these rectilinear figures for constructing the

cosmic flgures, and especially the four that are subject to
generation and destruction; for the icosatredron, the octa-
hedron, and the pyramid are composed of equilateral triangles,
and the cube of squares.123 This is why, I think, he prefers to
speak of "constructing" the triangle and "describing" the

square.re* ffuese terms he obviously finds appropriate to these

figures, for the triangle, being put together of many parts, re-
quires to be constructed, while the square, since it is gen-

erated from one of its sides, requires to be described. We get

the square by multiplying the number of the given straight
line by itself, but it is not so with the triangle; we draw lines

from elsewhere to the extremities of the straight line and put
them together into one equilateral triangle, and the drawing

of a circle is needed to find the point from which the straight

lines must be drawn to the extremities of the given straight
line.125

This, then, is clear. But we must show that, when' the

straight lines are equal on which squares are described, the

squares themselves are equal. Let lines AB and CD be equal,

and on AB let a square ABEG be described, and on CD the

square CDFH, ffid let GB and HD be joined. Then since AB
and CD are equal, and also AG and CH, and they include

equal angles, then GB is equal to HD, triangle ABG is

12s 423.18 These are the four figures used in the Timaeus to ex-
plain the generation and transformations of water, air, fire, and earth
respectively.

L2+ 423.20 See note at 82.22. In the following pages of the Greek
text squares are always described as drawn lrom (not on) a line. My
translation ignores this peculiarity of Greek diction and conforms to
the modern mathematical idiom.

L25 424.6 "These remarks make no sense to me. Obviously Post.
III is presupposed in the construction of the square as well as in that
of the triangle." (I.M.)
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equal to triangle CDH, and the doubles of them are equal.
Therefore AE is equal to CF. And the converse is also true,
for if the squares are equal, the lines on which they are
described will be equal. l*t AF and CG be equal squares,
and let them so lie that AB is on a straight line with BC. Since
the angles are right angles, FB is also on a straight line with

425 BG. Let FC and AG be joined. Then since the square AF is
equal to the square CG, triangle AFB is equal to triangle
CBG. Let triangle BCF be added to each. Then the whole of
triangle ACF is equal to triangle CFG, and consequently AG
is parallel to FC. Again since angle AFG and angle CGF are

426

each half a right angle, AF is parallel to CG. Therefore line
AF is equal to line CG, for they are opposite sides of a paral-
lelogram. Then since ABF and BCG are two triangles having
alternate angles equal, lines AF and CG being parallel, and
one side AF equal to side CG, side AB will be equal to
side BC and side BF to side BG. Consequently it has been
demonstrated that the sides on which the squares AF and
CG have been described are themselves equal when the
squares are equal.

XLV[. In right-angled tiangles the square on the side
subtending the right angle is equal to the squares on the
sides containing the right angle.

If we listen to those who like to record antiquities, we shall
find them attributing this theorem to Pythagoras and saying
that he sacrificed an ox12s on its discovery. For my part,

L26 426.8 Reading with Barocius povilureiv for poulirqv in Fried-
lein.
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though I marvel at those who first noted the truth of this
theorem, I admire more the author of the Elements, not only
for the very lucid proof by which he made it fast, but also
because in the sixth book he laid hold of a theorem even

more general than this and secured it by irrefutable scientific

arguments. For in that book he proves generally that in righr
angled triangles the figure on the side that subtends the right
angle is equal to the similar and similarly drawn figures on
the sides that contain the right angle.t2? Every square is of
course similar to every other square, but not all similar
rectilinear figures are squares, for there is similarity in tri-
angles and in other polygonal figures. Hence the argument

establishing that the flgure on the side subtending the right
angle, whether it be a square or any other kind of figure, is
equal to the similar and similarly drawn figures on the sides

about the right angte, proves something more general and

scientif,c than that which shows only that the square is equal

to the squares. For there the cause of the more general propo-
sition that is proved becomes clear: it is the rightness of the

angle that makes the figure on the subtending side equal to
the similar and similarly drawn figures on the containing
sides, just as the obtuseness of the angle is the cause of its
being greater and the acuteness of the angle the cause of its
being less.

How he proves the theoremlzs in the sixth book will be

evident there. But now let us consider how he shows the

theorem before us to be true, rernarking only that he does not

prove the universal proposition here, since he has not yet

explained similarity in rectilinear figures, nor proved anything
in general about proportion. Hence many of the things here

proved in a partial fashionlze are proved in that book more
generally through the use of the above method. fn the present

t27 426.18 In VI. 31.
128 427.10 Reading with Barocius |e$pqp,a for 0earprip"an in Fried-

lein.
Lzs 427.14f. Something has evidently been lost here. I agree with

Schiinberger, following Barocius' translation, that the text must have
originally read zro\tr& r6v ivrai|d p"eptrcdtrepov 6eiet7p"lvwv iv drcei,vE

64,6etxr at. rco,Adtt,xtire pov.
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proposition the author of the Elemenls proves his conclusion
by means of the ordinary theory of parallelograms.lso

There are two sorts of right-angled triangles, isosceles and
scalene. In isosceles triangles you cannot find nurnbers that
fit the sides; for there is no square number that is the double
of a square number, if you ignore approximations, such as

the square of seven which lacks one of being double the
square of five. But in scalene triangles it is possible to find
such numbers,t" and it has been clearly shown that the
square on the side subtending the right angle may be equal to
the squares on the sides containing it. Such is the triangle in

L}o 427 .18 This "very lucid proof" of XLVII is as follows: Given
a right-angled triangle ABC, with angle BAC right, and squares in-
scribed on each of its sides according to the method shown in XLVI,
to prove that the square on BC is equal to the squares on BA and AC.
Through A let AL be drawn parallel to BD and CE, and let AD and
FC be drawn. Since BAC and BAG are right angles, it follows, by
XIV, that CA is on a straight line with AG; and for the same reason
BA is on a straight line with AH. Since angle DBC is equal to angle
FBA (for each is a right angle), let angle ABC be added to each.

Then the whole angle DBA is egual to the whole angle FBC. Then in
triangles ABD and FBC sides AB and BD are equal respectively to
sides FB and BC, and angle ABD is equal to angle FBC; therefore
the base AD is equal to the base FC, and the two triangles are equal,
by IV. Now the parallelogram BL is double the triangle ABD, by XLI,
and the square GB is double the triangle FBC. Therefore the parallelo-
gram BL is equal to the square GB. Similarly if AE and BK be joined,
the parallelogram CL can also be proved equal to the square HC.
Therefore the whole square BDEC is equal to the two squares GB
and HC; i.e. the square on BC is equal to the squares on BA and AC.

rtt 427.25 There is an unindicated lacuna in Friedlein's text after
\apeiv,long enough at least to contain a connective with the following
6eixvvrdr,. Barocius either had such a particle or saw the need and
supplied it.
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the Re public,"' in which sides of three and four contain the

right angle and five subtends it, so that the square on five is
equal to the squares on those sides. For this is twenty-five,
and of those the square of three is nine and that of four
sixteen. The statement, then, is clear for numbers.

Certain methods have been handed down for finding such

triangles, one of them attributed to Plato, the other to
Pythagoras. The method of Pythagoras begins with odd
nurnbers, positing a given odd number as being the lesser of
the two sides containing the angle, taking its square, sub-

tracting one from it, and positing half of the remainder as the

greater of the sides about the right angle; then adding one

to this, it gets the remaining side, the one subtending the

angle. For example, it takes three, squares it, subtracts one

from nine, takes the half of eight, namely, four, then adds one

to this and gets five; and thus is found the right-angled triangle

with sides of three, four, and five, The Platonic method pro-

ceeds from even numbers. It takes a given even number as one

of the sides about the right angle, divides it into two and

squares the half, then by adding one to the square gets the

subtending side, and by subtracting one from the square gets

the other side about the right angle. For example, it takes

four, halves it and squares the half, namely, two, getting four;

then subtracting one it gets three and adding one gets five, and

thus it has constructed the same triangle that was reached by

the other method. For the square of this number is equal to

the square of three and the square of four taken together.188

These remarks are somewhat outside our subject. But

since the proof given by the author of the Elemenfs is clear,

I do not think I should add anything superfluous but should

be content with what he has written, especially since those

tsz 428.1 Probably a reference to Rep, 546c.
1BB 429.8 By the Pythagorean method we get the three numbers

a (assumed to be odd), T' and ry' , which satisfy the equation

u,*#'_(a'il)s . The Platonic method yields 2a, a2-1, a2*1,

whichlatisfy the equation (2a)2+ ( v2- 1)': (a2* 1) 2. How "Pythag-
oras" and Plato respectively discovered these methods is discussed by
Heath, Euclid l, 356-360.
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who have made additions, such as the disciples of Heron
and Pappus, have been obliged to assume something proved
in the sixth book, and for no material purpose.lsa Let us then
proceed to what follows.

XLVIIL If in a triangle the square on one of the sides is
equal to the squares on the remaining two sides ol the

triangle, the angle contained by the remaining two sides of
the triangle is right.

This theorem is the converse of the one before it and is a
whole-to-whole converse. For if the triangle is right-angled,
the square on the subtending side is equal to the squares on
the other sides, and if the square on the subtending side is
equal to those on the other sides, the triangle is right-angled,
and its right angle is that which is contained by the other
sides. The proof given by the author of the Elements is
clear. He assumes a triangle ABC having the square on
AC equal to the squares on AB and BC and draws a line on
this triangle from B at right angles to BC.1'E If someone says

that the lin e at right angles should not be drawn in the direc-

Ls4 429.15 Heath (Euclid t, 366-368) gives an account of Pappus'
extension of XLVU and of Heron's proof that lines AL, BK, and CF
in Euclid's diagram meet in a point. The former is an "elegant"
theorem, and the latter, as proved by Heron, involves no use of any-
thing beyond Book I. It is likely, then, that Proclus' criticism is directed
against other members of their schools.

135 430.9 As Proclus says, Euclid assurnes in the proof of XLVII
a triangle ABC having the square on AC equal to the squares on AB
and BC; he draws BD at right angles to BC, makes BD equal to AB,
and draws CD. (The lettering on the diagram in Heiberg is slightly
different from that in Proclus' description, which I follow here. )
Then since BD is egual to AB, the square on BD is equal to the square
on AB. Let the square on BC be added to each. Then the squares on
DB and BC are equal to the squares on AB and BC. But by XLVII
the square on DC is equal to the squares on BD and BC; and the
square on AC is by hypothesis equal to the squares on AB and BC.
Therefore the square on DC is equal to the square on AC, so that side
DC is equal to AC. Then in the two triangles sides DB and BC are
equal respectively to AB and BC, and the base DC is equal to the
base AC; therefore angle DBC is equal to angle ABC, by VIII. But
DBC is a right angle by construction; therefore ABC is also a right
angle, which is what was to be proved.
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tion in which the author of the Elemenls draws it, but in the

opposite direction, we shall reply that the idea is impossible,

since the line136 cannot fall either within the triangle or outside

it but is identical with AB. For, if possible, let it fall as does

BE. Then since EBC is a right angle, CFB is acute, so that
the other angle, AFB, is obtuse. AB then is greater than BF.

Therefore let BE be supposed equal to AB, and let EC be

joined. Then since EBC is a right angle, the square on EC is
equal to the squares on BE and BC. But BE is equal to AB,

and consequently the square on EC is equal to the square on

AB and BC. But the square on AC was equal to the same

squares. Consequently the square on EC is equal to the square

on AC, and EC is therefore equal to AC. But BE was equal to
AB. Therefore the two lines BE and EC have been con-

structed on BC equal respectively to the lines AB and AC,
which is impossible.ls? Consequently the line drawn at right
angles does not fall within the triangle. But neither can it fall
outside, that is, on the other side of the line AB. If possible,

let it faIl as does BG, and let BG be equal to AB, and let

CG be joined. Then since angle GBC is a right angle, the

square on CG is equal to the squares on BG and BC. But BG

is equal to AB, and hence the square on CG is equal to those

on AB and BC. But the square on AC was also equal to the

squares on AB and BC. Therefore CG is equal to AC. But

BG was also equal to AB on the same straight line BC,

136 430.14 Reading with Barocius dirfiv for oizdv.
nr /,Jl), By VII.
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which is impossible."* Therefore the line drawn from B at
right angles to BC will fall neither inside nor outside. ft will
therefore coincide with AB itself, and angle ABC is conse-
quently a right angle. In this way the objection is answered.

With this theorem the author of the Elements completes
his first book. [fe has presented many species of conversion,
with numerous examples of whole-to-whole, whole-to-part,
and part-to-part converses; he has devised a variery of prob-
Iems, showing us how to bisect lines and angles, how to place
lines, construct figures, and apply areas; he has touched on
the so-called locus of paradoxes in mathematics and ac-
quainted us generously with locus-theorems themselves; he
has introduced us to both general and partial theorems and
taught the difference between determinate and indeterminate
problems-all of which wo, following his lead, have system-
atically expounded. He has directed the entire book to one

end, an introduction to the study of the simplest rectilinear
figures, finding their constructions and examining their es-

sential properties. As for us, if we are able to go through the
remaining books in the same fashion, we shall have much to
thank the gods for; but if other concerns draw us aside, we
ask those who are admirers of this science to expound the
remaining books by the same method, aiming always at what
is important and can be clearly divided, since the commen-
taries now in circulation contain great and manifold confusion
and contribute nothing to the exposition of causes, to dialec-
tical judgment, or to philosophical understanding.

138 43 1. l0 Again by VII.
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