The notion of a priority

Plato   (“Meno”) 

Innate mathematical notions

17th cent. 

· Descartes  (innate ideas – intuition – deductive proofs)

18th cent.

· Leibniz

Distinction: Analytic truths – contigent truths
(two ways to fix the distinction)

Mathematical truths as Leibniz’s analytic truths

· Hume

Statements concerning relations of ideas

Statements concerning matters of facts
(Mathematical true statements about relations of ideas)

· Kant

Distinction:    A priori – a posteriori

Distinction:  Analytic – synthetic judgments

Three kinds of true judgments:

i. A priori analytic              (examples)

ii. A priori synthetic           (examples)

iii. A posteriori synthetic    (examples)

· Mathematical truths as synthetic a priori 

A priori forms of intuition: space and time

Presuppositions of empirical knowledge

· A priori synthetic principles as necessary conditions of human knowledge

The reverse approach of Kant: the world must conform to the constitution of our faculty of intuition

Transcendental idealism

Kant and Euclidean geometry

Consequences of the evolution of non-euclidean geometrical systems

Mathematical Necessity: necessary truths
The notion of necessity and how it can be construed:
i. according to Leibniz

ii. according to Kant

iii. according to Frege

Frege’s objection to Kant: arithmetical truths are a priori analytic

Transformation of the notion of analyticity
Abstractness
Mathematical objects as abstract objects
(they lack spatiotemporal location and are causally inert)

Frege:

True mathematical statements

Singular mathematical terms occur in true mathematical statements

The mathematical terms refer to objects

Mathematical objects are the references of appropriate singular terms

Mathematical platonism/realism

Existence of mathematical objects

Gödel’ intuition as an intellectual ability
· The integration challenge

(how to integrate the metaphysics of mathematics (namely what mathematics is about) with the epistemology (how we come to settle our mathematical beliefs))

Benacerraf’ challenge 1973     (Princeton)

· Benacerraf, Paul (1973) Mathematical Truth, The Journal of Philosophy, 70: 661-679
Reprinted in the volume of Benacerraf & Putnam (1983) Philosophy of Mathematics , Cambridge University Press
Benacerraf: Two accounts of mathematical truth

· The first account concerns Standard Semantics 

Standard semantics deals with mathematical language and other languages  (for empirical domains) in similar ways.      (ADVANTAGE)
According to standard semantics, the abstract terms (arithmetical terms e.t.c) refer to certain objects of mathematics. This account fits realism which states that numbers are objects.

Benacerraf notes that the above account does not give a satisfactory answer to the question about how humans get access to abstract mathematical objects.

No causal interactions

No sensory experience

Remote from the most familiar means of human cognition

So, the first account is tied to mathematical realism and they cannot give a satisfactory epistemology about abstract mathematical reality.      (DISADVANTAGE)

· The second account: combinatorial approaches
Those accounts focus the attention on the syntactical aspects of mathematical language.

They neglect the semantical characteristics e.g. truth, reference.

They focus on proofs as they proceed only on the syntactical level:

No semantics       (DISADVANTAGE)

Combinatorial accounts solve the problem of epistemology trivially: they suggest we acquire knowledge by proving theorems. 

(ADVANTAGE)

· Benacerraf’s dilemma:

1.The first account is tied to a robust semantics which is uniform for mathematics and the other scientific domains. But it lacks a satisfactory reply to the epistemological questions concerning mathematics.

2.The second account replies trivially to the epistemological question but it lacks semantics.
Responses since 1973

· Apriorists’ defense of Gödel’s intuition

· Against the Causal theories of knowledge

· Naturalists’ epistemology as a response
· The Neo-Fregean account of abstraction
(See also D. Christopoulou’s (2017) book: Benacerraf’s dilemmas, Publications Oktw)
