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Why Read a Primary Math Text?

I have compiled this free, modern edition of Introduction to Arithmetic to encourage schools (especially high schools) to
use primary math texts in the classroom. Mathematics is not just method and algorithm; in fact, it really isn't those
thingsatall. Mathematics is, first and foremost, the art of knowing the beauty and order of creation through number.

Number is, as Nicomachus states, “in the mind of god.” Unlike Nicomachus, Christians know this God in the person
of Jesus Christ. Number is inherent in the way Christ holds the universe together, so to know what number is and
what the relations are between numbers (not just how or why to use them) is imperative for a Christian mathematics
education. Although modern math textbooks are good for several things (a structured elementary understanding of
the current body of mathematics, number skills important for everyday life and future mathematical occupation),
they also necessarily obscure the what of mathematics to accomplish their structure.

Primary math texts, on the other hand, exist within a rich history—a history which, although messy and unfinished,
tackles the what of mathematics head-on. When we see giants of mathematical history like Nicomachus deal with
the big questions of math, we learn how to better pursue the answers ourselves.

Introduction to Arithmetic is one such historical writing. Its writer, Nicomachus of Gerasa (c. 60—c. 120 AD) was a Greek
mathematician highly influenced by both Pythagorean and Platonist philosophies. This work is a treatise on what
numbers are, how they interact with each other, and how they are an integral part of nature rather than an invention
of man. Introduction to Arithmeticis to Greek arithmetic what Euclid’s Elements is to Greek geometry: a potent summary
of how people of the West perceived this branch of mathematics for centuries.

This writing is, in my opinion, a gold nugget for schools, because many primary math texts are quite lengthy and
complex, requiring higher mathematical understanding than the average high schooler may have. Introduction to
Arithmetic, on the other hand, needs little to no watering down for a well-read teenager to pick up and read, or at least
to follow along with his teacher.

My hope is that this classroom edition of Introduction to Arithmetic makes more readily available to teachers and stu-
dents one more beautiful piece of mathematical history and philosophy.

Please enjoy studying this cornerstone of mathematical history!

In Christ,

Nathanael Hahn
stoicheiamath.com
lutheranmathemagician@gmail.com
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Notes on this Edition

Although I believe in keeping a text as pure as possible for students, I have taken the liberty in a very few places to
add commas, parentheses, math symbols, or other punctuation to make reading smooth and clear in highly complex
areas. Any words in [brackets] are also my addition, to clarify archaic words in modern terms where I deemed it
necessary (which was, again, not often).

I have also supplied the section groupings and titles, chapter titles, introductory paragraphs, footnotes, images, and
problems. Unless otherwise noted, any mathematical tables within the text can be found in the Greek manuscripts.

Some chapters (although valuable) do become quite technical, and for the high school level are, in my opinion, un-
necessary for a full experience of the text. I have noted the omitted chapters in the table of contents and in the text
itself. Occasionally a chapter will be abridged and noted in the text as well.

So as to preserve the whole of Nicomachus’ work, and in case the teacher sees fit to include more of it than I did in
his lesson plans, I have placed all the omitted material in Appendices A and B.

How to Use this Edition as a Curriculum

I have structured this edition to be useable as a supplement to a regular math curriculum. To finish it in one school
year requires only around 30-45 minutes a week (1-2 chapters per class). I've written the introductory paragraphs to
dampen the shock of the old mathematical language that students may not be used to; this also helps students have
an idea of what's coming without having to figure it out on the fly, which can often be difficult in this work.

I have also added questions for review at the end of chapters; these usually ask things directly related to the text and
serve as an assessment of comprehension. There are also occasionally questions labeled “for further thought”; these
are meant to serve as springboards for further classroom discussion and to lead students to ask deeper questions
about the subject matter.

I recommend the following structure for a session of Nicomachus:

e Read aloud the introductory paragraph together.

e  Read Nicomachus’ text together.

e Asyouread, have students keep important ideas in a notebook for easy reference (e.g., the characteristics
of triangular numbers, or the difference between quality and quantity).

e  Work through the questions together or have students consider them on their own first.

I highly recommend that the teacher read through each chapter prior to teaching it. Although most of Nicomachus’
topics are probably familiar to any high school math teacher, he is ultimately of a different mind than the modern
mathematician, and his philosophical musings especially will catch those off-guard who aren’t prepared.
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BOOKI

BEGINNINGS

Chapter 1: Philosophy of Mathematics

Nicomachus was a Pythagorean; simply put, that meant his philosophy of existence itself was interwoven
with philosophy of number. He begins his exploration of numbers by talking about the root of mathematics:
philosophy. Philosophy means “love of wisdom,” or the love of knowing the truth. Nicomachus also briefly
outlines the thought that ideas are the highest reality, and that material things are only a shadow of what is
real. This idea is a core tenet in the philosophy of Plato.

The ancients, who under the leadership of Pythagoras first made science systematic, defined phi-
losophy as the love of wisdom. Indeed, the name itself means this, and before Pythagoras all who
had knowledge were called “wise” indiscriminately—a carpenter, for example, a cobbler, a helms-
man, and in a word anyone who was versed in any art or handicraft. Pythagoras, however, re-
stricting the title so as to apply to the knowledge and comprehension of reality, and calling the
knowledge of the truth in this the only wisdom, naturally designated the desire and pursuit of
this knowledge philosophy, as being desire for wisdom.

He is more worthy of credence than those who have given other definitions, since he makes clear
the sense of the term and the thing defined. This “wisdom” he defined as the knowledge, or sci-
ence, of the truth in real things, conceiving “science” to be a steadfast and firm apprehension of
the underlying substance, and “real things” to be those which continue uniformly and the same
in the universe and never depart even briefly from their existence; these real things would be
things immaterial, by sharing in the substance of which everything else that exists under the
same name and is so called is said to be “this particular thing,” and exists.

For bodily, material things are, to be sure, forever involved in continuous flow and change—in
imitation of the nature and peculiar quality of that eternal matter and substance which has been
from the beginning, and which was all changeable and variable throughout. The bodiless things,
however, of which we conceive in connection with or together with matter, such as qualities,
quantities, configurations, largeness, smallness, equality, relations, actualities, dispositions,
places, times, all those things, in a word, whereby the qualities found in each body are compre-
hended all these are of themselves immovable and unchangeable, but accidentally they share in
and partake of the affections of the body to which they belong.

*“Accidental” here means “not essential.” “Wooden-ness” is only an accident of a chair because a chair can be
plastic and still be a chair. “Sittable-ness” is essential to a chair because if you can't sit in it, it stops being a chair!
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Now it is with such things that “wisdom” is particularly concerned, but accidentally also with
things that share in them, that is, bodies.

Questions:
o What is wisdom, according to Nicomachus?
o What characteristics do real things have, according to Nicomachus?

+ Would Nicomachus say that numbers ave veal or only accidental?
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Chapter 2: Magnitude & Multitude

After a little more philosophy, Nicomachus divides the qualities of things into two groups: magnitude and
multitude. Magnitude is something that can keep being divided into pieces smaller and smaller, and multi-
tude is something that can be counted up greater and greater.

Those things, however, are immaterial, eternal, without end, and it is their nature to persist ever
the same and unchanging, abiding by their own essential being, and each one of them is called
real in the proper sense. But what are involved in birth and destruction, growth and diminution,
all kinds of change and participation, are seen to vary continually, and while they are called real
things, by the same term as the former, so far as they partake of them, they are not actually real
by their own nature; for they do not abide for even the shortest moment in the same condition,
but are always passing over in all sorts of changes.

To quote the words of Timaeus, in Plato, “What is that which always is, and has no birth; and what
is that which is always becoming but never is? The one is apprehended by the mental processes,
with reasoning, and is ever the same; the other can be guessed at by opinion in company with
unreasoning sense, a thing which becomes and passes away, but never really is.”?

Therefore, if we crave for the goal that is worthy and fitting for man, namely, happiness of life—
and this is accomplished by philosophy alone and by nothing else, and philosophy, as I said, means
for us desire for wisdom, and wisdom the science of the truth in things, and of things some are
properly so called, others merely share the name—it is reasonable and most necessary to distin-
guish and systematize the accidental qualities of things.

Things, then, both those properly so called and those that simply have the name, are some of them
unified and continuous, for example, an animal, the universe, a tree, and the like, which are
properly and peculiarly called “magnitudes”; others are discontinuous, in a side-by-side arrange-
ment, and, as it were, in heaps, which are called “multitudes,” a flock, for instance, a people, a
heap, a chorus, and the like.

Wisdom, then, must be considered to be the knowledge of these two forms. Since, however, all
multitude and magnitude are by their own nature of necessity infinite for multitude starts from
a definite root and never ceases increasing; and magnitude, when division beginning with a lim-
ited whole is carried on, cannot bring the dividing process to an end, but proceeds therefore to
infinity and since sciences are always sciences of limited things, and never of infinites, it is ac-
cordingly evident that a science dealing either with magnitude, per se, or with multitude, per se,
could never be formulated, for each of them is limitless in itself, multitude in the direction of the
more, and magnitude in the direction of the less. A science, however, would arise to deal with

2 In other words, things that are subject to change aren’t truly real, and things that aren't changeable are real.

3
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something separated from each of them, with quantity, set off from multitude, and size, set off
from magnitude.

Questions:

o Nicomachus builds upon Chapter 1 regarding wisdom and truth. Can a Christian hold to some of these
claims? Are there some claims a Christian couldn’t hold to?

+ With Nicomachus’ definitions in mind, what are some more examples of magnitudes and multitudes?

For further thought: In Section 5, Nicomachus claims that there isw't a way to know something that is infi-
nite (“sciences are always sciences of limited things”). Do you agree that this is the case?
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Chapter 3: The Quadrivium

Nicomachus will start talking about numbers in a moment, but first he decides to classify four ways of doing
mathematics: arithmetic, geometry, music, and astronomy. These four ways were known as the quadrivium
(quad + via). Bear in mind that these four ways were broader ideas than we think of them today.

Again, to start afresh, since of quantity one kind is viewed by itself, having no relation to anything
else, as “even,” “odd,” “perfect,” and the like, and the other is relative to something else and is con-
greater,” “smaller,” “half,”

” «

ceived of together with its relationship to another thing, like “double,
“one and one-half times,” “one and one-third times,” and so forth, it is clear that two scientific
methods will lay hold of and deal with the whole investigation of quantity: arithmetic (absolute

quantity) and music (relative quantity).

And once more, inasmuch as part of “size” is in a state of rest and stability, and another part in
motion and revolution, two other sciences in the same way will accurately treat of “size,” geometry
the part that abides and is at rest, astronomy that which moves and revolves.

Without the aid of these, then, it is not possible to deal accurately with the forms of being nor to
discover the truth in things, knowledge of which is wisdom, and evidently not even to philoso-
phize properly, for “just as painting contributes to the menial arts toward correctness of theory,
so in truth lines, numbers, harmonic intervals, and the revolutions of circles bear aid to the learn-
ing of the doctrines of wisdom,” says the Pythagorean Androcydes...2

Questions:

o Which of the four ways (arithmetic, geometry, music, astronomy) correspond to multitude, and which cor-
respond to magnitude?

o Does it seem that these four ways include all of math as we know it, or can you think of some kinds of math
that don't fit?

3 Sections 4—7 have been omitted; see Appendix A for the full chapter. I have abridged this chapter because its
ideas are potent and require clear, mature thinking. I highly encourage reading the whole chapter with students
ready to tackle philosophical ideas.
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Chapter 4: Arithmetic & Geometry

Nicomachus describes the first two ways in the quadrivium: arithmetic (which has to do with numbers by
themselves), and geometry. He is particularly interested in which kind of math is the source of all the others.
Nicomachus will continue to be concerned with origins, roots, and basic elements of things throughout the
rest of his work, so keep an eye out for this idea.

Which then of these four methods must we first learn? Evidently, the one which naturally exists
before them all is superior, and takes the place of origin and root and, as it were, of mother to the
others.

And this is arithmetic, not solely because we said that it existed before all the others in the mind
of the creating god like some universal and exemplary plan, relying upon which as a design and
archetypal example the creator of the universe sets in order his material creations and makes
them attain to their proper ends; but also because it is naturally prior in birth, inasmuch as it
abolishes other sciences with itself, but is not abolished together with them.

For example, “animal” is naturally antecedent to “man,” for abolish “animal” and “man” is abol-
ished; but if “man” be abolished, it no longer follows that “animal” is abolished at the same time.
And again, “man” is antecedent to “schoolteacher”; for if “man” does not exist, neither does
“schoolteacher,” but if “schoolteacher” is nonexistent, it is still possible for “man” to be. Thus, since
it has the property of abolishing the other ideas with itself, it is likewise the older.

Conversely, that is called younger and posterior which implies the other thing with itself, but is
not implied by it, like “musician,” for this always implies “man.” Again, take “horse”; “animal” is
always implied along with “horse,” but not the reverse; for if “animal” exists, it is not necessary

that “horse” should exist, nor if “man” exists, must “musician” also be implied.

So it is with the foregoing sciences; if geometry exists, arithmetic must also needs be implied, for
it is with the help of this latter that we can speak of triangle, quadrilateral, octahedron, icosahe-
dron, double, eightfold, or one and one-half times, or anything else of the sort which is used as a
term by geometry, and such things cannot be conceived of without the numbers that are implied
with each one. For how can “triple” exist, or be spoken of, unless the number 3 exists beforehand,
or “eightfold” without 8? But on the contrary 3, 4, and the rest might be without the figures exist-
ing to which they give names.

Hence arithmetic abolishes geometry along with itself, but is not abolished by it, and while it is
implied by geometry, it does not itself imply geometry.
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Questions:

o Nicomachus talks about classes of things that “abolish” other things (if we get rid of “animal,” we also get
rid of “man,” but not the other way around). What are other examples of this kind of relationship?

o Why does Nicomachus declare that geometry couldn’t exist without arithmetic (that geometry is “abol-
ished” with it)?
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Chapter 5: Music & Astronomy

Nicomachus describes the last two ways in the quadvivium: music (which has to do with the relationships
between numbers) and astronomy (which has to do with the geometric movements of the heavens). He ar-
gues why arithmetic is the root for these kinds of math too.

And once more is this true in the case of music; not only because the absolute is prior to the rela-
tive, as “great” to “greater” and “rich” to “richer” and “man” to “father,” but also because the musical
harmonies, diatessaron, diapente, and diapason,* are named for numbers; similarly all of their
harmonic ratios are arithmetical ones, for the diatessaron is the ratio of 4:3, the diapente that of
3:2, and the diapason the double ratio; and the most perfect, the didiapason, is the quadruple
ratio.’

More evidently still astronomy attains through arithmetic the investigations that pertain to it, not
alone because it is later than geometry in origin—for motion naturally comes after rest—nor be-
cause the motions of the stars have a perfectly melodious harmony, but also because risings, set-
tings, progressions, retrogressions, increases, and all sorts of phases are governed by numerical
cycles and quantities.

So, then, we have rightly undertaken first the systematic treatment of this, as the science naturally
prior, more honorable, and more venerable, and, as it were, mother and nurse of the rest; and here
we will take our start for the sake of clearness.

Questions:
o Why does Nicomachus say that arithmetic is prior to music?

o Why does he say that arithmetic is prior to astronomy?

*These are the Greek words for the musical intervals of a fourth, a fifth, and an octave, respectively.

5You can see this relationship between ratios and music in the behavior of musical instruments. For example, if
one string on a harp is twice as long as another, both will sound notes an octave (diapason) apart. If their lengths
have a 3:2 ratio, they will sound notes a fifth apart. New ratios create new musical intervals. The musical side to ra-
tios will be discussed more in depth in Chapter 26 of Book II.

8
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Chapter 6: In Summary

Nicomachus recognizes the mathematical ovder present in all nature, and he realizes the order can only be
attributed to a divine creator. Note, however, that although he speaks of a “world-creating god,” he is by no
means referring to the true God, even if he does say that numbers have a divine origin.

All that has by nature with systematic method been arranged in the universe seems both in part
and as a whole to have been determined and ordered in accordance with number, by the fore-
thought and the mind of him that created all things; for the pattern was fixed, like a preliminary
sketch, by the domination of number preexistent in the mind of the world-creating god, number
conceptual only and immaterial in every way, but at the same time the true and the eternal es-
sence, so that with reference to it, as to an artistic plan, should be created all these things, time,
motion, the heavens, the stars, all sorts of revolutions.

It must needs be, then, that scientific number,® being set over such things as these, should be
harmoniously constituted, in accordance with itself; not by any other but by itself.

Everything that is harmoniously constituted is knit together out of opposites and, of course, out
of real things; for neither can non-existent things be set in harmony, nor can things that exist, but
are like one another, nor yet things that are different, but have no relation one to another. It re-
mains, accordingly, that those things out of which a harmony is made are both real, different, and
things with some relation to one another.

Of such things, therefore, scientific number consists; for the most fundamental species in it are
two, embracing the essence of quantity, different from one another and not of a wholly different
genus, odd and even, and they are reciprocally woven into harmony with each other, inseparably
and uniformly, by a wonderful and divine Nature, as straightway we shall see.

¢That is, numbers we can know.
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Questions:

o In Section 3, what does Nicomachus say are the qualifications something needs to be in harmony with
something else?

o Nicomachus says that numbers are “preexistent in the mind of the world-creating god.” Could we say this
about the true God?

For further thought:

o The word “harmony” came up in Chapter 5 too. Why do you think Nicomachus uses this word to describe
numbers?

10
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Chapter 7: Even & Odd

Nicomachus begins to classify numbers; first, into even and odd. Note that his definitions of “even” and “odd”
have to do with the numbers themselves, not with an alternating pattern of counting numbers, even though
he does recognize the pattern at the end.

Number is limited multitude or a combination of units or a flow of quantity made up of units;
and the first division of number is even and odd.

The even is that which can be divided into two equal parts without a unit intervening in the mid-
dle; and the odd is that which cannot be divided into two equal parts because of the aforesaid
intervention of a unit.

Now this is the definition after the ordinary conception; by the Pythagorean doctrine, however,
the even number is that which admits of division into the greatest and the smallest parts at the
same operation, greatest in size and smallest in quantity, in accordance with the natural contra-
riety of these two genera; and the odd is that which does not allow this to be done to it, but is
divided into two unequal parts.”

In still another way, by the ancient definition, the even is that which can be divided alike into two
equal and two unequal parts, except that the dyad [2], which is its elementary form, admits but
one division, that into equal parts; and in any division whatsoever it brings to light only one spe-
cies® of number, however it may be divided, independent of the other. The odd is a number which
in any division whatsoever, which necessarily is a division into unequal parts, shows both the two
species of number together, never without intermixture one with another, but always in one an-
other’s company.

By the definition in terms of each other, the odd is that which differs by a unit from the even in
either direction, that is, toward the greater or the less, and the even is that which differs by a unit
in either direction from the odd, that is, is greater by a unit or less by a unit.

7 The smallest division in quantity (dividing into two parts) also means that you'll end up with the largest parts.
The more pieces you have, the smaller they are. Evens are the only numbers that allow you to divide into those few-
est, but largest, parts.

8 That is, either even or odd.

11
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Questions:

+ How does Nicomachus define even and odd numbers?

o What is the Pythagorean definition of even and odd numbers?
o What is the “ancient definition” of even and odd numbers?

o Are there any numbers that we recognize as even or odd that Nicomachus wouldn't have recognized as
even or odd?

12
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Chapter 8: Even-Times Even

Nicomachus starts to classify even numbers (he'll do odds later). The first kind is the even-times even num-
ber; you might already be familiar with this series of numbers.

Every number is at once half the sum of the two on either side of itself, and similarly half the sum
of those next but one in either direction, and of those next beyond them, and so on as far as it is
possible to go.

Unity [1] alone, because it does not have two numbers on either side of it, is half merely of the
adjoining number; hence unity is the natural starting point of all number.

By subdivision of the even, there are the even-times even, the odd-times even, and the even-times
odd.® The even-times even and the even-times odd are opposite to one another, like extremes, and
the odd-times even is common to them both like a mean term.

Now the even-times even is a number which is itself capable of being divided into two equal parts,
in accordance with the properties of its genus, and with each of its parts similarly capable of di-
vision, and again in the same way each of their parts divisible into two equals until the division of
the successive subdivisions reaches the naturally indivisible unit.

Take for example 64; one half of this is 32, and of this 16, and of this the halfis 8, and of this 4, and
of this 2, and then finally unity is half of the latter, and this is naturally indivisible and will not
admit of a half.

It is a property of the even-times even that, whatever part of it be taken, it is always even-times
even in designation, and at the same time, by the quantity of the units in it, even-times even in
value; and that neither of these two things will ever share in the other class.

Doubtless it is because of this that it is called even-times even, because it is itself even and always
has its parts, and the parts of its parts down to unity, even both in name and in value; in other
words, every part that it has is even-times even in name and even-times even in value.

There is a method of producing the even-times even, so that none will escape, but all successively
fall under it, if you do as follows:

As you proceed from unity, as from a root, by the double ratio to infinity, as many terms as there
are will all be even-times even, and it is impossible to find others besides these; for instance,

? It is interesting to note that over 300 years before Nicomachus lived, Euclid gave different definitions of these
terms in Elements, Book VII.
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1,2, 4,8,16,32, 64,128, 256, 512, ...

Now each of the numbers set forth was produced by the double ratio, beginning with unity, and
is in every respect even-times even, and every part that it may be found to have is always named
from some one of the numbers before it in the series, and the sum of units in this part is the same
as one of the numbers before it, by a system of mutual correspondence, indeed, and interchange.

If there is an even number of terms of the double ratio from unity, not one mean term can be
found, but always two, from which the correspondence and interchange of factors and values,
values and factors, will proceed in order, going first to the two on either side of the means, then
to the next on either side, until it comes to the extreme terms, so that the whole will correspond
in value to unity and unity to the whole.

For example, if we set down 128 as the largest term, the number of terms will be even, for there
are eight in all up to this number; and they will not have one mean term, for this is impossible
with an even number, but of necessity two, 8 and 16. These will correspond to each other as factors;
for of the whole, 128, 16 is one eighth and conversely 8 is one sixteenth. Thence proceeding in ei-
ther direction, we find that 32 is one fourth, and 4 one thirty-second, and again 64 is one half, and
2 one sixty-fourth, and finally at the extremes unity is one one-hundred-twenty-eighth, and con-
versely 128 is the whole, to correspond with unity.

If, however, the series consists of an odd number of terms, seven for example, and we deal with
64, there will be of necessity one mean term in accordance with the nature of the odd; the mean
term will correspond to itself because it has no partner; and those on either side of it in turn will
correspond to one another until this correspondence ends in the extremes. Unity, for example,
will be one sixty-fourth, and 64 the whole, corresponding to unity; 32 is one half, and one thirty-
second; 16 is one fourth, and 4 one sixteenth; and 8 the eighth part, with nothing else to corre-
spond to it.

It is the property of all these terms when they are added together successively to be equal to the
next in the series, lacking one unit, so that of necessity their summation in any way whatsoever
will be an odd number, for that which fails by a unit of being equal to an even number is odd.

This observation will be of use to us very shortly in the construction of perfect numbers.* But to
take an example, the terms from unity preceding 256 in the series, when added together, are
within 1 of equaling 256, and all the terms before 128, the term immediately preceding, are simi-
larly equal to 128 save for one unit; and to the next terms the sums of those below them are simi-
larly related. Thus, unity itself is within one unit of equaling the next term, which is 2, and these

' Nicomachus says “shortly,” but he’s going to make us wait until Chapter 16 for perfect numbers!

14



14

BOOKI | ABSOLUTE QUANTITY

two together fail by 1 of equaling the next, and the three together are within 1 of the next in order,
and you will find that this goes on without interruption to infinity.

This too it is very needful to recall: If the number of terms of the even-times even series dealt with
is even, the product of the extremes will always be equal to the product of the means; if there is
an odd number of terms, the product of the extremes will be equal to the square of the mean. For,
in the case of an even number of terms, 1 x 128 is equal to 8 x 16 and further to 2 x 64 and again to
4 x 32, and this is so in every case; and with an odd number of terms, 1 x 64 equals 2 x 32, and this
equals 4 x 16, and this again equals 8 x 8, the mean term alone multiplied by itself.

Questions:

o In Sections 1-2, Nicomachus observes an interesting fact about counting numbers. Does it work for all of
them?

o What makes a number even-times even?

o In Sections 12-13, Nicomachus shows a neat addition pattern in the even-times evens. Extend the series a
bit farther than 512, then use a larger even-times even number to test out his pattern.

o In Section 14, Nicomachus shows a multiplication pattern, too. Try it out with a different even-times even
number.

For further thought: Why do you think these patterns work? Section 10 might help you think.

15
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Chapter 9: Even-Times Odd

The next kind of even number is the even-times odd number—the opposite of the even-times even number.

The even-times odd number is one which is by its genus itself even, but is specifically opposed to
the aforesaid even-times even. It is a number of which, though it admits of the division into two
equal halves, after the fashion of the genus common to it and the even-times even, the halves are
not immediately divisible into two equals, for example, 6, 10, 14, 18, 22, 26, and the like; for after
these have been divided their halves are found to be indivisible.

It is the property of the even-times odd that whatever factor it may be discovered to have is oppo-
site in name to its value, and that the quantity of every part is opposite in value to its name, and
that the numerical value of its part never by any means is of the same genus as its name. To take
a single example, the number 18: its half, with an even name, is 9, odd in value; its third part,
again, with an odd designation, is 6, even in value; conversely, the sixth part is 3 and the ninth
part 2; and in other numbers the same peculiarity will be found.

It is possibly for this reason that it received such a name [even-times odd], that is, because, alt-
hough it is even, its halves are at once odd.

This number is produced from the series beginning with unity, with a difference of 2, namely, the
odd numbers, set forth in proper order as far as you like and then multiplied by 2. The numbers
produced would be, in order, these: 6, 10, 14, 18, 22, 26, 30, and so on, as far as you care to proceed.
The greater terms always differ by 4 from the next smaller ones, the reason for which is that their
original basic forms, the odd numbers, exceed one another by 2 and were multiplied by 2 to make
this series, and 2 x 2 makes 4.

Accordingly, in the natural series of numbers the even-times odd numbers will be found fifth from
one another, exceeding one another by a difference of 4, passing over three terms, and produced
by the multiplication of the odd numbers by 2.

They are said to be opposite in properties to the even-times even, because of these [even-times
odds] the greatest extreme term alone is divisible [by 2], while of these former [even-times evens]
the smallest only proved to be indivisible [by 2]*; and in particular because in the former case the

" In other words, you can always keep cutting even-times even numbers until the last part; but you can only cut
even-times odd numbers once at the very start. Here’s an example to illustrate: when you take an even-times even
number (let’s say, 16), and start to halve it, you get many parts. First, 16, the first “part” of 16. Cut it in half, and you
get the next part, 8. Keep cutting in half until 1, the last part of 16. Finally, you have a part that can’t be cut in half.
Now, for an even-times odd number (let’s say, 18), again start with the first “part,” 18. That part can be cut in half.
But the next part is 9, which can’t be cut in half any further. Even-times even and even-times odd are opposites in
this way!
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reciprocal arrangement of parts from extremes to mean term or terms makes the product of the
former equal to the square or product of the latter; but in this case by the same correspondence
and comparison the mean term is one half the sum of the extremes, or if there should be two
means, their sum equals that of the two extremes.

Questions:
o Why are the even-times odds always separated by four?
o Why are the even-times odds always divisible by 2, but only once?

+ In Section 6, Nicomachus brings up the multiplication pattern from last chapter, having to do with the
middle term(s) and the bookends in a series of even-times even numbers. Now, with an even-times odd series,
he points out a similar division pattern. Try testing this pattern twice—once with 4 even-times odds in a row,
then with s.

17
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Chapter 10: Odd-Times Even

The last kind of even number is the odd-times even number—the “mean” between the other two kinds. Ni-
comachus has already brought up means between extremes. Get ready for more as you keep reading, because
the mean is a central idea in this work.

The odd-times even number is the one which displays the third form of the even, belonging in
common to both the previously mentioned species like a single mean between two extremes, for
in one respect it resembles the even-times even, and in another the even-times odd, and that
property wherein it varies from the one it shares with the other, and by that property which it
shares with the one it differs from the other.

The odd-times even number is an even number which can be divided into two equal parts, whose
parts also can so be divided, and sometimes even the parts of its parts, but it cannot carry the
division of its parts as far as unity. Such numbers are 24, 28, 40; for each of these has its own half
and indeed the half of its half, and sometimes one is found among them that will allow the halving
to be carried even farther among its parts. There is none, however, that will have its parts divisible
into halves as far as the naturally indivisible unit.

Now in admitting more than one division, the odd-times even is like the even-times even and
unlike the even-times odd; but in that its subdivision never ends with unity, it is like the even-
times odd and unlike the even-times even.

It alone has at once the proper qualities of each of the former two, and then again properties
which belong to neither of them; for of them one had only the highest term divisible, and the other
only the smallest indivisible, but this neither; for it is observed to have more divisions than one in
the greater term, and more than one indivisible in the lesser.

Furthermore, there are in it certain parts whose names are not opposed to their values nor of the
opposite genus, after the fashion of the even-times even; and there are also always other parts of
aname opposite and contrary in kind to their values, after the fashion of the even-times odd. For
example, in 24, there are parts not opposed in name to their values, the fourth part, 6, the half, 12,
the sixth, 4, and the twelfth, 2; but the third part, 8, the eighth, 3, and the twenty-fourth, 1, are
opposed; and so it is with the rest.

This number is produced by a somewhat complicated method, and shows, after a fashion, even in
its manner of production, that it is a mixture of both other kinds. For whereas the even-times
even is made from even numbers, the doubles from unity to infinity, and the even-times odd from
the odd numbers from 3, progressing to infinity, this must be woven together out of both classes,
as being common to both.
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Let us then set forth the odd numbers from 3 by themselves in due order in one series:

3,5,7,9,11,13,15,17, 19, ...

and the even-times even, beginning with 4, again one after another in a second series after their
own order:

4,8,16,32, 64,128, 256, ...
as far as you please.

Now multiply by the first number of either series (it makes no difference which) from the begin-
ning and in order all those in the remaining series and note down the resulting numbers; then
again multiply by the second number of the same series the same numbers once more, as far as
you can, and write down the results; then with the third number again multiply the same terms
anew, and however far you go you will get nothing but the odd-times even numbers.

For the sake of illustration let us use the first term of the series of odd numbers and multiply by it
all the terms in the second series in order, thus: 3 x 4,3 x 8,3 x 16, 3 x 32, and so on to infinity. The
results will be 12, 24, 48, 96, which we must note down in one line.” Then taking a new start do the
same thing with the second number, 5 x 4, 5 x 8, 5 x 16, 5 x 32. The results will be 20, 40, 80, 160.
Then do the same thing once more with 7, the third number, 7 x 4,7 x 8, 7 x 16, 7 x 32. The results
are 28, 56, 112, 224; and in the same way as far as you care to go, you will get similar results.

Now when you arrange the products of multiplication by each term in its proper line, making the
lines parallel, in marvelous fashion there will appear along the breadth [columns] of the table the
peculiar property of the even-times odd, that the mean term is always half the sum of the ex-
tremes, if there should be one mean, and the sum of the means equals the sum of the extremes if
two. But along the length [rows] of the table the property of the even-times even will appear; for
the product of the extremes is equal to the square of the mean, should there be one mean term,
or their product, should there be two. Thus, this one species has the peculiar properties of them
both, because it is a natural mixture of them both.»

[Nicomachus’ table is on the next page]

2You can follow along with these results in the rows of the chart on the next page.

© Nicomachus is showing us a fundamental mathematical fact: that even though multiplication makes some-
thing new, that new thing inherits some characteristics from both factors that multiplied to make it.
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Odd 3 5 7 9 11 13 15
Even-times-even 4 8 16 32 64 128 256
12 24 48 96 192, 384 768
= | 20 40 80 160 320 640 1280
Odd-times-even § 28 56 112 224 448 896 1792
3 36 72 144 288 576 1152 2304
44 88 176 352 704 1408 2816

Length

Questions:

o Inwhatways are the odd-times even numbers like the even-times even numbers?
o Inwhat ways are the odd-times even numbers like the even-times odd numbers?
o Asan exercise, add one more column and one more row to Nicomachus’ table.
For further thought:

o Why isitthat, as Nicomachus says, the columns work like the even-times odds, and the rows work like the
even-times evens? Try to come up with a reason using arithmetic.

o Can you find any other interesting patterns in the table? (In the diagonals, sums, differences, etc. Be crea-
tive!)
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Chapter 11: Prime Odds

Nicomachus has finished classifying the even numbers, so it’s time for him to move on to the odd numbers,
starting with prime numbers. Once again, Nicomachus will classify the odds into three categories: two “ex-
tremes,” and one “mean” category between them.

Again, while the odd is distinguished over against the even in classification and has nothing in
common with it, since the latter is divisible into equal halves and the former is not thus divisible,
nevertheless there are found three species of the odd, differing from one another, of which the
firstis called the prime and incomposite, that which is opposed to it the secondary and composite,
and that which is midway between both of these and is viewed as a mean among extremes,
namely, the variety which, in itself, is secondary and composite, but relatively is prime and incom-
posite.

Now the first species, the prime and incomposite, is found whenever an odd number admits of
no other factor save the one with the number itself as denominator, which is always unity; for
example, 3, 5,7, 11, 13, 17, 19, 23, 29, 31. None of these numbers will by any chance be found to have
a fractional part with a denominator different from the number itself, but only the one with this
as denominator, and this part will be unity in each case; for 3 has only a third part, which has the
same denominator as the number and is of course unity, 5 a fifth, 7 a seventh, and 11 only an elev-
enth part, and in all of them these parts are unity.

It has received this name because it can be measured® only by the number which is first and com-
mon to all, unity, and by no other; moreover, because it is produced by no other number combined
with itself save unity alone; for5is 5 x 1, and 7is 7 x 1, and the others in accordance with their own
quantity. To be sure, when they are combined with themselves, other numbers might be pro-
duced, originating from them as from a fountain and a root, wherefore they are called “prime,”
because they exist beforehand as the beginnings of the others. For every origin is elementary and
incomposite, into which everything is resolved and out of which everything is made, but the
origin itself cannot be resolved into anything or constituted out of anything.

“When Nicomachus says a number has a “denominator,” it makes us modern mathematicians assume the
number is part of a fraction. That's not the case. In this work, a denominator is a possible divider, or divisor, which
results in another factor after the original number is cut up. For example, take 20. One of its denominators is 10,
which gives the factor of 2. Another is 4, which gives a factor of 5. It is also its own denominator, because dividing
20 by 20 gives a factor of 1. It’s interesting to note that Nicomachus doesn't count 1as a denominator, because divid-
ing by 1 doesn't actually divide the number at all!

s When a number can be “measured” by another number, it is in the sense that the second number can count
up to the first exactly. For example, 15 is measured by 5 three times. On the other hand, 21 can’t be measured by s,
because 5 can't count to 21 exactly.
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Questions:
o Is Nicomachus’ definition of prime numbers the same as ours? If not, what’s the difference?
o Nicomachus classifies prime numbers as odd numbers. Why is it that all the prime numbers are odd?

o Why does Nicomachus say these numbers are called “prime”?
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Chapter 12: Secondary Odds

Nicomachus continues to define the second class of odd numbers: composite numbers.

The secondary, composite number is an odd number, indeed, because it is distinguished as a
member of this same class, but it has no elementary quality, for it gets its origin by the combina-
tion of something else. For this reason, it is characteristic of the secondary number to have, in
addition to the fractional part with the number itself as denominator, yet another part or parts
with different denominators, the former always, as in all cases, unity, the latter never unity, but
always either that number or those numbers by the combination of which it was produced. For
example,

9,15, 21, 25,27, 33,35, 39, ...

Each one of these is measured by unity, as other numbers are, and like them has a fractional part
with the same denominator as the number itself, by the nature of the class common to them all;
but by exception and more peculiarly they also employ a part, or parts, with a different denomi-
nator; 9, in addition to the ninth part, has a third part besides; 15 a third and a fifth besides a
fifteenth; 21 a seventh and a third besides a twenty-first, and 25, in addition to the twenty-fifth,
which has as a denominator 25 itself, also a fifth, with a different denominator.

It is called secondary, then, because it can employ yet another measure along with unity, and be-
cause it is not elementary, but is produced by some other number combined with itself or with
something else; in the case of 9, 3; in the case of 15, 5 or, by Zeus, 3;and those following in the same
fashion. And itis called composite for this, or some such, reason: that it may be resolved into those
numbers out of which it was made, since it can also be measured by them. For nothing that can
be broken down is incomposite, but by all means composite.

Questions:
o According to Nicomachus, what is a secondary, or composite, number?
o Continue the series of composite numbers another three or four places.

For further thought: Is there any regular pattern in the composite numbers?
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Chapter 13: Relatively Prime Odds

You might have noticed that at this point, all the odd numbers have been accounted for, under either the
prime numbers or the composite numbers. That means that this third category has to be one of comparison:
numbers that don’t share factors (velatively prime numbers).

There is a lot in this chapter. After defining the third category of odds, Nicomachus explains the famous Sieve
of Eratosthenes, an easy way to find primes and composites. Next, he outlines a method of determining
whether two numbers are relatively prime.

Now while these two species of the odd are opposed to each other, a third one is conceived of
between them, deriving, as it were, its specific form from them both, namely the number which
is in itself secondary and composite, but relatively to another number is prime and incomposite.
This exists when a number, in addition to the common measure, unity, is measured by some other
number and is therefore able to admit of a fractional part, or parts, with denominator other than
the number itself, as well as the one with itself as denominator. When this is compared with an-
other number of similar properties, it is found that it cannot be measured by a measure common
to the other, nor does it have a fractional part with the same denominator as those in the other.

As an illustration, let 9 be compared with 25. Each in itself is secondary and composite, but rela-
tively to each other they have only unity as a common measure, and no factors in them have the
same denominator, for the third part in the former does not exist in the latter nor is the fifth part
in the latter found in the former.

The production of these numbers is called by Eratosthenes the “sieve,” because we take the odd
numbers mingled together and indiscriminate and out of them by this method of production sep-
arate, as by a kind of instrument or sieve, the prime and incomposite by themselves, and the sec-
ondary and composite by themselves, and find the mixed class by themselves.

The method of the “sieve” is as follows. I set forth all the odd numbers in order, beginning with
3,in as long a series as possible, and then starting with the first I observe what ones it can meas-
ure, and I find that it can measure the terms two places apart, as far as we care to proceed. And I
find that it measures not as it chances and at random, but that it will measure the first one, that
is, the one two places removed, by the quantity of the one that stands first in the series, that is, by
its own quantity, for it measures it 3 times; and the one two places from this by the quantity of the
second in order, for this it will measure 5 times; and again the one two places further on by the
quantity of the third in order, or 7 times, and the one two places still farther on by the quantity of
the fourth in order, or 9 times, and so ad infinitum in the same way.

* In this chapter’s question section, there’s an odd number chart you can use to follow along.
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Then taking a fresh start I come to the second number and observe what it can measure, and find
that it measures all the terms four places apart, the first by the quantity of the first in order, or 3
times; the second by that of the second, or 5 times; the third by that of the third, or 7 times; and
in this order ad infinitum.

Again, as before, the third term 7, taking over the measuring function, will measure terms six
places apart, and the first by the quantity of 3, the first of the series, the second by that of 5, for
this is the second number, and the third by that of 7, for this has the third position in the series.

And analogously throughout, this process will go on without interruption, so that the numbers
will succeed to the measuring function in accordance with their fixed position in the series; the
interval separating terms measured is determined by the orderly progress of the even numbers
from 2 to infinity, or by the doubling of the position in the series occupied by the measuring term,
and the number of times a term is measured is fixed by the orderly advance of the odd numbers
in series from 3.

Now if you mark the numbers with certain signs, you will find that the terms which succeed one
another in the measuring function neither measure all the same number—and sometimes not
even two will measure the same one—nor do absolutely all of the numbers set forth submit them-
selves to a measure, but some entirely avoid being measured by any number whatsoever, some
are measured by one only, and some by two or even more.

Now these that are not measured at all, but avoid it, are primes and incomposites, sifted out as it
were by a sieve; those measured by only one measure in accordance with its own quantity will have
but one fractional part with denominator different from the number itself, in addition to the part
with the same denominator; and those which are measured by one measure only, but in accord-
ance with the quantity of some other number than the measure and not its own, or are measured
by two measures at the same time, will have several fractional parts with other denominators be-
sides the one with the same as the number itself; these will be secondary and composite.

The third division, the one common to both the former, which is in itself secondary and composite
but primary and incomposite in relation to another, will consist of the numbers produced when
some prime and incomposite number measures them in accordance with its own quantity, if one
thus produced be compared to another of similar origin. For example, if 9, which was produced
by 3 measuring by its own quantity, for it is 3 x 3, be compared with 25, which was produced from
5 measuring by its own quantity, for it is 5 x 5, these numbers have no common measure except
unity.

We shall now investigate how we may have a method of discerning whether numbers are prime
and incomposite, or secondary and composite, relatively to each other, since of the former unity
is the common measure, but of the latter some other number also besides unity; and what this
number is.
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Suppose there be given us two odd numbers, and someone sets the problem and directs us to
determine whether they are prime and incomposite relatively to each other or secondary and
composite, and if they are secondary and composite what number is their common measure. We
must compare the given numbers and subtract the smaller from the larger as many times as pos-
sible; then after this subtraction subtract in turn from the other, as many times as possible; for
this changing about and subtraction from one and the other in turn will necessarily end either in
unity or in some one and the same number, which will necessarily be odd.

Now when the subtractions terminate in unity, they show that the numbers are prime and incom-
posite relatively to each other; and when they end in some other number, odd in quantity and
twice produced, then say that they are secondary and composite relatively to each other, and that
their common measure is that very number which twice appears. For example, if the given num-
bers were 23 and 45, subtract 23 from 45, and 22 will be the remainder; subtracting this from 23,
the remainder is 1, subtracting this from 22 as many times as possible you will end with unity.
Hence, they are prime and incomposite to one another, and unity, which is the remainder, is their
common measure.

But if one should propose other numbers, 21 and 49, I subtract the smaller from the larger and 28
is the remainder. Then again, I subtract the same 21 from this, for it can be done, and the remain-
der is 7. This I subtract in turn from 21 and 14 remains; from which I subtract 7 again, for it is
possible, and 7 will remain. But it is not possible to subtract 7 from 7;7” hence the termination of
the process with a repeated 7 has been brought about, and you may declare the original numbers
21 and 49 secondary and composite relatively to each other, and 7 their common measure in ad-
dition to the universal unit.

Questions:
o What does it mean for two numbers to be relatively prime?

+ Give an example of two relatively prime numbers (besides 9 and 25).

 Nicomachus is not considering zero to be a proper number, as was common for his time. This is because zero
can't be used to count anything.
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o+ Follow Nicomachus’ instructions to build a Sieve of Eratosthenes (Sections 3-7) for the numbers 1-100. Use

circles to mark numbers. If a number gets circled more than once, make sure you can tell there’s more than

one circle!

3 5
31 33
59 61
87 89
115 117

35 37 39 41 43 45 47 49 51 53 55 57
63 65 67 69 71 73 75 77 79 81 83 85
91 93 95 97 99 101 103 105 107 109 111 113

119 121 123 125 127 129 131 133 135 137 139 141

o From your Sieve of Eratosthenes, identify some prime numbers and some composite numbers.

o The method Nicomachus uses in Sections 10-13 is called the Euclidean Algorithm, because Euclid outlined
the same process over 300 years before in Elements (Book VII, Proposition 2). It’s most likely even older than

that. Not only does the method show whether or not two numbers are velatively prime, but it also shows what
number is the common measure (greatest common factor) between the two. Pick two numbers and try the

Euclidean Algorithm yourselfl (You can see a couple examples below.)

Nicomachus uses only odd numbers, but the Euclidean Algorithm works for any two numbers:

51and 14:
51
51-14=37
37-14=23
23 -14=9
14-9=5
9-5=4
5-4=1

L start taking out groups of 14 from 51.

I can take out 14 again.

I can take out 14 again.

I can't take out 14 again, so I start taking out groups of 9 from 14.
I can’t take out 9 again, so I start taking out groups of 5 from 9.

I can’t take out 5 again, so I start taking out groups of 4 from of 5.

I've reached 1, so these numbers ARE relatively prime!

(see next page for another example)
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49 and 21:
49

49 — 21=28
28 —21=7

21-7=14

BOOKI | ABSOLUTE QUANTITY

I start taking out groups of 21 from 49.

I can take out 21 again.

I can't take out 21 again, so I start taking out groups of 7 from 21.

I can take out 7 again.

I can take out 7 again.

I can’t subtract anymore, so these numbers are NOT relatively prime.

Their common measure (greatest common factor) is 7.

2.8
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Chapter 14: Superabundant Numbers

Nicomachus has finished distinguishing the various types of odd and even numbers. Now he focuses on even
numbers again, this time in a different way. In the next few chapters, he will define three more categories:
superabundant, deficient, and perfect numbers. These have to do with the factors of numbers and how those
factors interact. (You should know that although the word “superabundant” is used in this translation, the
modern word for these numbers is simply “abundant.”)

To make again a fresh start, of the simple even numbers, some are superabundant, some defi-
cient, like extremes set over against each other, and some are intermediary between them and are
called perfect.

Those which are said to be opposites to one another, the superabundant and deficient, are distin-
guished from one another in the relation of inequality in the directions of the greater and the less;
for apart from these no other form of inequality could be conceived, nor could evil, disease, dis-
proportion, unseemliness, nor any such thing, save in terms of excess or deficiency. For in the
realm of the greater there arise excesses, overreaching, and superabundance, and in the less need,
deficiency, privation, and lack; but in that which lies between the greater and the less, namely, the
equal, arevirtues, wealth, moderation, propriety, beauty, and the like, to which the aforesaid form
of number, the perfect, is most akin.™

Now the superabundant number is one which has, over and above the factors which belong to it
and fall to its share, others in addition, just as if an animal should be created with too many parts
or limbs, with ten tongues, as the poet says, and ten mouths, or with nine lips, or three rows of
teeth, or a hundred hands, or too many fingers on one hand. Similarly, if, when all the factors in
a number are examined and added together in one sum, it proves upon investigation that the
number's own factors exceed the number itself, this is called a superabundant number, for it over-
steps the symmetry which exists between the perfect and its own parts. Such are 12, 24, and cer-
tain others, for 12 has a half, 6, a third, 4, a fourth, 3, a sixth, 2, and a twelfth, 1, which added
together make 16, which is more than the original 12; its 4 parts, therefore, are greater than the
whole itself. And 24 has a half, a third, fourth, sixth, eighth, twelfth, and twenty-fourth, which
are 12, 8, 6, 4, 3, 2, 1. Added together they make 36, which, compared to the original number, 24,
is found to be greater than it, although made up solely of its factors. Hence in this case also the
parts are in excess of the whole.

*® Notice that once again, Nicomachus brings up two extremes with a mean between them.
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Questions:

o The three new classifications in this chapter are superabundant, deficient, and perfect. Which are the ex-
tremes, and which is the mean between them?

o Whatis a superabundant number?

+ Find your own superabundant number. You might have to try a few times before you find one.
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Chapter 15: Deficient Numbers

Nicomachus moves on to the opposite of superabundant numbers: deficient numbers.

1 The deficient number is one which has qualities the opposite of those pointed out, and whose
factors added together are less in comparison than the number itself. It is as if some animal
should fall short of the natural number of limbs or parts, or as if a man should have but one eye,
as in the poem, “And one round orb was fixed in his brow”; or as though one should be one-
handed, or have fewer than five fingers on one hand, or lack a tongue, or some such member.
Such a one would be called deficient and so to speak maimed, after the peculiar fashion of the
number whose factors are less than itself, such as 8 or 14. For 8 has the factors half, fourth, and
eighth, which are 4, 2, and 1, and added together they make 7, and less than the original number.
The parts, therefore, fall short of making up the whole.

2 Again, 14 has a half, a seventh, a fourteenth, 7, 2, and 1, respectively; and all together they make
10, less than the original number. So, this number also is deficient in its parts, with respect to
making up the whole out of them.

Questions:
+ According to Nicomachus, what makes deficient numbers the opposite of superabundant numbers?
o Find your own deficient number.

For further thought: Are there more superabundant numbers or more deficient numbers?
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Chapter 16: Perfect Numbers

Nicomachus defines the mean between superabundant and deficient numbers: the perfect numbers. Perfect
numbers have a long history in mathematics and are notorious for being hard to find. Euclid gave a method
for finding perfect numbers, and that’s the one Nicomachus uses in this chapter.

While these two varieties are opposed after the manner of extremes, the so-called perfect number
appears as a mean, which is discovered to be in the realm of equality, and neither makes its parts
greater than itself, added together, nor shows itself greater than its parts, but is always equal to
its own parts. For the equal is always conceived of as in the mid-ground between greater and less,
and is, as it were, moderation between excess and deficiency, and that which is in tune, between
pitches too high and too low.

Now when a number, comparing with itself the sum and combination of all the factors whose
presence it will admit, neither exceeds them in multitude nor is exceeded by them, then such a
number is properly said to be perfect, as one which is equal to its own parts. Such numbers are 6
and 28; for 6 has the factors half, third, and sixth, 3, 2, and 1, respectively, and these added to-
gether make 6 and are equal to the original number, and neither more nor less. Twenty-eight has
the factors half, fourth, seventh, fourteenth, and twenty-eighth, which are 14, 7, 4, 2 and 1; these
added together make 28, and so neither are the parts greater than the whole nor the whole greater
than the parts, but their comparison is in equality, which is the peculiar quality of the perfect
number.

It comes about that even as fair and excellent things are few and easily enumerated, while ugly
and evil ones are widespread, so also the superabundant and deficient numbers are found in great
multitude and irregularly placed for the method of their discovery is irregular—but the perfect
numbers are easily enumerated and arranged with suitable order; for only one is found among
the units, 6, only one other among the tens, 28, and a third in the rank of the hundreds, 496 alone,
and a fourth within the limits of the thousands, that is, below ten thousand, 8,128. And it is their
accompanying characteristic to end alternately in 6 or 8, and always to be even.>

¥ Unfortunately, Nicomachus doesn’t seem to have had the time to calculate more perfect numbers past the
fourth. In fact, the fifth wasn't discovered until the 1400s! If Nicomachus had known the next couple perfect num-
bers, he would have found that the end does not keep alternating between 6 and 8. Nicomachus would be happy to
know, though, that perfect numbers were proven to always end in either 6 or 8.

20 This is a conjecture which has not yet been proven! Using the method in Section 4, you will get all the even
perfect numbers. But no one has ever proven that there isn’t an odd perfect number out there somewhere. Whether
or not an odd perfect number exists is the oldest unsolved problem in math. We do at least know that if there is one,
it will be immensely huge, more than 1022°°!
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There is a method of producing them, neat and unfailing, which neither passes by any of the per-
fect numbers nor fails to differentiate any of those that are not such, which is carried out in the
following way. You must set forth the even-times even numbers from unity, advancing in order in
one line, as far as you please:

1,2,4,8,16,32, 64,128, 256, 512, 1,024, 2,048, 4,096...

Then you must add them together, one at a time, and each time you make a summation observe
the result to see what it is. If you find that it is a prime, incomposite number, multiply it by the
quantity of the last number added, and the result will always be a perfect number. If, however, the
result is secondary and composite, do not multiply, but add the next and observe again what the
resulting number is; if it is secondary and composite, again pass it by and do not multiply; but
add the next; but if it is prime and incomposite, multiply it by the last term added, and the result
will be a perfect number; and so on to infinity. In similar fashion you will produce all the perfect
numbers in succession, overlooking none.*

For example, to 1 I add 2, and observe the sum, and find that it is 3, a prime and incomposite
number in accordance with our previous demonstrations; for it has no factor with denominator
different from the number itself, but only that with denominator agreeing. Therefore, I multiply
it by the last number to be taken into the sum, that is, 2; I get 6, and this I declare to be the first
perfect number in actuality, and to have those parts which are beheld in the numbers of which it
is composed. For it will have unity as the factor with denominator the same as itself, that is, its
sixth part; and 3 as the half, which is seen in 2, and conversely 2 as its third part.

Twenty-eight likewise is produced by the same method when another number, 4, is added to the
previous ones. For the sum of the three, 1, 2, and 4, is 7, and is found to be prime and incomposite,
for it admits only the factor with denominator like itself, the seventh part. Therefore I multiply it
by the quantity of the term last taken into the summation, and my result is 28, equal to its own
parts, and having its factors derived from the numbers already adduced, a half corresponding to
2;a fourth, to 7; a seventh, to 4; a fourteenth to offset the half; and a twenty-eighth, in accordance
with its own nomenclature, which is 1 in all numbers.

When these have been discovered, 6 among the units and 28 in the tens, you must do the same to
fashion the next.

Again, add the next number, 8, and the sum is 15. Observing this, I find that we no longer have a
prime and incomposite number, but in addition to the factor with denominator like the number
itself, it has also a fifth and a third, with unlike denominators. Hence, I do not multiply it by 8,

2 This is the method set forth by Euclid in Elements, Book IX, Proposition 36. Nicomachus is correct that this
method won't miss any perfect numbers—so long as we're talking about even perfect numbers. Interestingly,
though, we still don’'t know whether or not there are infinitely many perfect numbers!
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but add the next number, 16, and 31 results. As this is a prime, incomposite number, of necessity
it will be multiplied, in accordance with the general rule of the process, by the last number added,
16, and the result is 496, in the hundreds; and then comes 8,128 in the thousands, and so on, as far
as it is convenient for one to follow.

Now unity is potentially a perfect number, but not actually; for taking it from the series as the very
first I observe what sort it is, according to the rule, and find it prime and incomposite; for it is so
in very truth, not by participation like the rest, but it is the primary number of all, and alone
incomposite.

I multiply it, therefore, by the last term taken into the summation, that is, by itself, and my result
is1;for1x 1equals 1.

Thus, unity is perfect potentially; for it is potentially equal to its own parts, the others actually.

Questions:
o Whatis a perfect number?

o Why are perfect numbers considered by Nicomachus to be the mean between superabundant and defi-
cient?

o Asan exercise, use the method outlined in Section 4 to get the perfect number 8,128.

For further thought: Why is 1 only perfect “potentially”?
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Chapter 17: Equal, Greater, & Less

Nicomachus is finished talking about numbers that stand on their own (absolute quantity), so now he dives
into how numbers behave when they’re compared to one another (velative quantity). Nicomachus is particu-
larly interested in equality and inequality, which he says are the main two types of comparison.

Now that we have given a preliminary systematic account of absolute quantity we come in turn to
relative quantity.

Of relative quantity, then, the highest generic divisions are two, equality and inequality; for eve-
rything viewed in comparison with another thing is either equal or unequal, and there is no third
thing besides these.

Now the equal is seen, when of the things compared one neither exceeds nor falls short in com-
parison with the other, for example, 100 compared with 100, 10 with 10, 2 with 2, a mina with a
mina, a talent with a talent, a cubit with a cubit, and the like, either in bulk, length, weight, or any
kind of quantity.

And as a peculiar characteristic, also, this relation is of itself not to be divided or separated, as
being most elementary, for it admits of no difference. For there is no such thing as this kind of
equality and that kind, but the equal exists in one and the same manner.

And that which corresponds to an equal thing, to be sure, does not have a different name from it,
comrade,” so also “equal”; for it is equal to an equal.

” «

but the same; like “friend,” “neighbor,

The unequal, on the other hand, is split up by subdivisions, and one part of it is the greater, the
other the less, which have opposite names and are antithetical to one another in their quantity
and relation. For the greater is greater than some other thing, and the less again is less than an-
other thing in comparison, and their names are not the same, but they each have different ones,
striker” and “struck,” “teacher” and “pupil,” and the like.

” « ” «

for example, “father” and “son,

Moreover, of the greater, separated by a second subdivision into five species, one kind is the mul-
tiple, another the superparticular, another the superpartient, another the multiple superparticu-
lar, and another the multiple superpartient.?

22 Dom't worry about understanding all these terms; the following couple chapters will outline the simplest of
these species. The rest of the species are laid out in Chapters 20—23, which you can find in Appendix A if you want
to read them.
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8 And ofits opposite, the less, there arise similarly by subdivision five species, opposed to the fore-
going five varieties of the greater, the submultiple, subsuperparticular, subsuperpartient, sub-
multiple-superparticular, and submultiple-superpartient; for as whole answers to whole, smaller

to greater, so also the varieties correspond, each to each, in the aforesaid order, with the prefix
“Sub'.”

Question:

o What are the divisions of relative quantity Nicomachus lays out in this chapter? He has several subdivi-
sions too; draw some sort of picture to organize the kinds of division here.
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Chapter 18: Multiple & Submultiple Numbers

Nicomachus explains the simplest comparisons of number: the multiple and submultiple. The multiple is the
simplest way a number can be greater, and the submultiple is the simplest way a number can be smaller.

Once more, then; the multiple is the species of the greater first and most original by nature, as
straightway we shall see, and it is a number which, when it is observed in comparison with an-
other, contains the whole of that number more than once. For example, compared with unity, all
the successive numbers beginning with 2 generate in their proper order the regular forms of the
multiple; for 2, in the first place, is and is called the double, 3 triple, 4 quadruple, and so on; for
“more than once” means twice, or three times, and so on in succession as far as you like.

Answering to this is the submultiple, which is itself primary in the smaller division of inequality.
It is the number which, when it is compared with a larger, is able to measure it completely more
than once, and “more than once” starts with twice and goes on to infinity.

If then it measures the larger number that is being compared twice only, it is properly called the
subdouble, as1is of 2; if thrice, subtriple, as 1 of 3; if four times, subquadruple, as 1 0of 4, and so on
in succession.

While each of these, the multiple and the submultiple, is generically infinite, the varieties by sub-
division and the species also are observed naturally to make an infinite series. For the double,
beginning with 2, goes on through all the even numbers, as we select alternate numbers out of the
natural series; and these will be called doubles in comparison with the even and odd numbers
successively placed beginning 5 with unity.

All the numbers from the beginning two places apart, and third in order, are triples, for example,
3,6,9,12,15,18, 21, 24. It is their property to be alternately odd and even, and they themselves in
the regular series from unity are triples of all the numbers in succession as far as one wishes to go
on with the process.

The quadruples are those in the fourth places, three apart, for instance, 4, 8, 12, 16, 20, 24, 28, 32,
and so on. These are the quadruples of the regular series of numbers from unity going on as far
as one finds it convenient to follow. It belongs to them all to be even; for one needs only to take
the alternate terms out of the even numbers already selected. Thus, necessarily it is true that the
even numbers, with no further designation, are all doubles, the alternate ones quadruples, those
two places apart sextuples, and those three places apart octuples, and this series will go on, on
this same analogy, indefinitely.

The quintuples will be seen to be those four places apart, placed fifth from one another, and them-
selves the quintuples of the successive numbers beginning with unity. Alternately they are odd
and even, like the triples.
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Questions:

o Whatis a submultiple?

o What is the subtriple of 24? The subquadruple of 60?

o Would we say that 19 has a subtriple? Would Nicomachus?

o Why are the multiples always located in the places corresponding to their name (e.g., triples are always in
every third place)?

o Why are the doubles and quadruples always even, but the triples and quintuples alternately even and

odd?

For further thought: Why do you think the multiple is the way “most original by nature” for something to be
greater?
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Chapter 19: Superparticular Numbers

Now Nicomachus gets into the more complicated kinds of numbers, starting with the superparticular, a type
of greater number. These numbers are larger by a half (or a third, or a fourth...) of the smaller number. These
numbers also each have “sub-”variations, which behave in the opposite way.

The superparticular, the second species of the greater both naturally and in order, is a number
that contains within itself the whole of the number compared with it, and some one factor of it
besides.

If this factor is a half, the greater of the terms compared is called specifically sesquialter, and the
smaller subsesquialter; if it is a third, sesquiter-

tian and subsesquitertian; and as you go on | Superparticular Names: )
sesqui- -alter (greater by 3 of the smaller)

throughout it will always thus agree, so that these

. 1
species also will progress to infinity, even though -tertian (greater by 7 of the smaller)

they are species of an unlimited genus.

Add “sub-” (less by % of the smaller)

For it comes about that the first species, the ses-
quialter ratio, has as its consequents the even numbers in succession from 2, and no other at all,
and as antecedents the triples in succession from 3, and no other.

These must be joined together regularly, first to first, second to second, third to third—3:2, 6:4,
9:6, 12:8—and the analogous numbers to the ones corresponding to them in position.

If we care to investigate the second species of the superparticular, the sesquitertian (for the frac-
tion naturally following after the half is the third), we shall have this definition of it—a number
which contains the whole of the number compared, and a third of it in addition to the whole. We
may have examples of it, in the proper order, in the successive quadruples beginning with 4 joined
to the triples from 3, each term with the one in the corresponding position in the series, for ex-
ample, 4:3, 8:6, 12:9, and so on to infinity.

It is plain that that which corresponds to the sesquitertian but is called, with the prefix “sub-”,
subsesquitertian, is the number, the whole of which is contained and a third part in addition, for
example, 3:4, 6:8, 9:12, and the similar pairs of numbers in the same position in the series.

And we must observe the never-failing corollary of all this, that the first forms in each series, the
so-called root numbers, are next to one another in the natural series; the next after the root-forms
show an interval of only one number; the third two; the fourth three; the fifth four; and so on, as
far as you like.

Furthermore, that the fraction after which each of the superparticulars is named is seen in the
lesser of the root numbers, never in the greater.
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That by nature and by no disposition of ours the multiple is a more elementary and an older form
than the superparticular we shall shortly learn, through a somewhat intricate process. And here,
for a simple demonstration, we must prepare in regular and parallel lines the multiples specified
above, according to their varieties, first the double in one line, then in a second the triple, then the
quadruple in a third, and so on as far as the tenfold multiples, so that we may detect their order
and variety, their regulated progress, and which of them is naturally prior, and indeed other cor-
ollaries delightful in their exactness.

Let the diagram be as follows:

4 8 12 16 20 24 28 32 36 40
5 10 15 20 25 30 35 40 45 50
6 12 18 24 30 36 42 48 54 60
7 14 21 28 35 42 49 56 63 70

10 20 30 40 50 60 70 80 90 100

10 Let there be set forth in the first row the natural series from unity, and then in order those species

11

of the multiple which we were bidden to insert.

Now then in comparison with the first rows beginning with unity, if we read both across and up
and down in the form of the letter gamma [I'], the next rows both ways, themselves in the form of
a gamma, beginning with 4, are multiples according to the first form of the multiple, for they are
doubles. The first differs by unity from the first, the second from the second by 2, the third from
the third by 3, the next by 4, those following by 5, and you will find that this follows throughout.
The third rows in both directions from 9, their common origin, will be the triples of the terms in
that same first row according to the second form of the multiple; the cross-lines like the letter chi
[X], ending in the term 3 in either direction, are to be taken into consideration.

12 The difference, for these numbers, will progress after the series of the even numbers, being 2 for

the first, 4 for the next, 6 for the third; and this difference nature has of her own accord interpo-
lated for us between these rows that are being examined, as is evident in the diagram.

40



13

14

15

16

17

18

19

BOOKI | RELATIVE QUANTITY

The fourth row, whose common origin in both directions is 16, and whose cross-lines end with the
terms 4, exhibits the third species of multiple, the quadruple, when it is compared with that same
first row according to corresponding positions, first term with first, second with second, third
with third, and so on. Again, the differences of these numbers are 3, 6, then 9, then 12, and the
quantities that progress by steps of 3. These numbers are detected in the structure of the diagram
in places just above the quadruples, and in the subsequent forms of the multiple the analogy will
hold throughout.

In comparison with the second line reading either way, which begins with the common origin 4
and runs over in cross-lines to the term 2 in each row, the lines which are next in order beneath
display the first species of the superparticular, that is, the sesquialter, between terms occupying
corresponding places. Thus, by divine nature, not by our convention or agreement, the superpar-
ticulars are of later origin than the multiples. For illustration, 3 is the sesquialter of 2, 6 of 4, 9 of
6, 12 of 8, 15 of 10, and throughout thus. They have as a difference the successive numbers from
unity, like those before them.

The sesquitertians, the second species of superparticular, proceed with a regular, even advance
from 4:3, 8: 6,12: 9, 16:12, and so on; having also a regular increase of their differences.

And in the other multiple and superparticular relations you will see that the results are in har-
mony and not by any means inconsistent as you go on to infinity.

The following feature of the diagram, moreover, is of no less exactness. The terms at the corners
are units; the one at the beginning a simple unit, that at the end the unit of the third course, and
the other two units of the second course appearing twice; so that the product (of the first two) is
equal to the square (of the last).

Furthermore, in reading either way there is an even progress from unity to the tens, and again on
the opposite sides two other progressions from 10 to 10.

The terms on the diagonal from 1 to 100 are all square numbers, the products of equals by equals,
and those flanking them on either side are all heteromecic?, unequal, and the products of sides
of which one is greater than the other by unity; and so the sum of two successive squares and
twice the heteromecic numbers between them is always a square, and conversely a square is al-
ways produced from the two heteromecic numbers on the sides and twice the square between
them.

2 Heteromecic numbers are the same thing as rectangular numbers (or pronic numbers), and they are like
square numbers. The difference is that the sides of a rectangle are different (“hetero-"). So, a square number must
be the product of two identical factors, and a heteromecic number must be a product of two numbers that differ by
1.
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20 An ambitious person might find many other pleasing things displayed in this diagram, upon
which it is not now the time to dwell, for we have not yet gained recognition of them from our
Introduction, and so we must turn to the next subject. For after these two generic relations of the
multiple and the superparticular and the other two, opposite to them, with the prefix “sub-”, the
submultiple and the subsuperparticular, there are in the greater division of inequality the super-
partient, and in the less its opposite, the subsuperpartient.

Questions:
o What is the sesquialter of 62 What is its subsesquialter?
o What number is 12 the sesquitertian of? What is 12 the subsesquitertian of?

o What s the pattern in all the sesquialter ratios (3:2, 6:4, 9:6, ...)? Why does the pattern behave in that
way?

For further thought:

o There is a very neat pattern in Section 19 involving the square numbers in the chart and the heteromecic
numbers touching them. Can you figure out why this pattern exists? The best way is to experiment with ex-
amples and notice the factors of each number.

+ Be “an ambitious person” and try to find another pattern in the diagram!
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Chapter 20: Superpartient Numbers

Nicomachus continues with the next kind of greater number, the superpartient. It means that a number is
than the smaller by more than one part of the smaller.

It is the superpartient relation when a number contains within itself the whole of the number
compared and in addition more than one part of it; and “more than one” starts with 2 and goes on
to all the numbers in succession. Thus the root-form of the superpartient is naturally the one
which has in addition to the whole two parts of the number compared, and as a species will be
called superbipartient; after this the one with three parts besides the whole will be called super-
tripartient as a species; then comes the superquadripartient, the superquintipartient, and so
forth.»

The parts have their root and origin with the third, for it is impossible in this case to begin with
the half. For if we assume that any number contains two halves of the compared number, besides
the whole of it, we shall inadvertently be setting up a multiple instead of a superpartient, because
each whole, plus two halves of it, added together makes double the original number. Thus it is
most necessary to start with two thirds, then two fifths, two sevenths, and after these two ninths,
following the advance of the odd numbers; for two quarters, for example, again are a half, two
sixths a third, and thus again superparticulars will be produced instead of superpartients, which
is not the problem laid before us nor in accord with the systematic construction of our science.

After the superpartient, the subsuperpartient immediately is produced, whenever a number is
completely contained in the one compared with it, and in addition several parts of it, 2, 3, 4, or 5,
and so on.*

Questions:
o What number is a superbipartient of 302 (There’s more than one right answer.)

o What number is the supertripartient of 30? (There’s only one right answer.)

2 For example, 5 has one 3 inside it, in addition to two thirds of three. Since 5 contains one and two-thirds 3s, it
is the superpartient of 3 (specifically the superbipartient, since contains has two parts of 3). This is different from the
superparticular, which only ever means that one part of the smaller number is contained in the larger.

25 For example, 3 is contained once and two-thirds times inside 5, so it is called subsuperbipartient of 5. This is
just the “backwards” version of the superbipartient.
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Chapter 21: Superpartient Numbers (continued)

Nicomachus continues discussing the superpartient numbers, this time supplying helpful table.

The regular arrangement and orderly production of both species are discovered when we set forth
the successive even and odd numbers, beginning with 3, and compare with them simple series of
odd numbers only, from 5 in succession, first to first (that is, 5 to 3), second to second (that is, 7 to
4), third to third (that is 9 to 5), fourth to fourth (that is, 11 to 6), and so on in the same order as far
asyou like. In this way the forms of the superpartient and the subsuperpartient, in due order, will
be disclosed through the root-forms of each species, the superbipartient first, then the supertri-
partient, superquadripartient, and superquintipartient, and further in succession in similar
manner; for after the root-forms of each species the ones which follow them will be produced by
doubling, or tripling, both the terms, and in general by multiplying after the regular forms of the

multiple.
TABLE OF THE SUPERPARTIENTS
Root-forms 5 3 7 4 9 5 11 6 13 7
10 6 14 8 18 10 22 12 26 14
15 9 21 12 27 15 33 18 39 21
20 12 28 16 36 20 44 24 52 28

25 15 35 20 45 25 55 30 65 35
30 18 42 24 54 30 66 36 78 42
35 21 49 28 63 35 77 42 91 49
40 24 56 32 72 40 88 48 104 56
45 27 63 36 81 45 99 54 117 63

It must be observed that from the two parts in addition to the whole which are contained in the
greater term, we are to understand “third”; in the case of three parts, “fourth’; with four parts,
“fifth”; with five, “sixth”; and so on, so that the order of nomenclature is something like this: su-
perbipartient, supertripartient, superquadripartient, then superquintipartient, and similarly
with the rest.?S

Now the simple, uncompounded relations of relative quantity are these which have been enumer-
ated. Those which are compounded of them and as it were woven out of two into one are the fol-
lowing, of which the antecedents are the multiple superparticular and multiple superpartient,
and the consequents the ones that immediately arise in connection with each of the former,

2¢ In other words, the double columns of the chart represent once and two thirds, once and three fourths, once
and four fifths, once and five sixths, and so on.
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named with the prefix “sub-”; together with the multiple superparticular the submultiple super-
particular, and with the multiple superpartient the submultiple superpartient. In the subdivision
of the genera the species of the one will correspond to those of the other, these also having names
with the prefix “sub-.">

For further thought: Are there any ratio relationships that Nicomachus is missing?

Chapter 22 has been omitted.*®

7 Chapters 22 & 23 explain these “multiple” relations. Since the superparticular is once-and-one-part, and the
superpartient is once-and-many-parts, the multiple relations are called the multiple superparticular and multiple
superpartient. For example, twice-and-one-part is the double superparticular, or thrice-and-many-parts is the triple
superpartient.

28] have omitted Chapter 22 for conciseness. The ratios in the chapter are interesting, but not necessary for a
classroom-level understanding of Nicomachus. To read Chapter 22, see Appendix A.
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Chapter 23: Three Rules

Nicomachus concludes Book I by showing that the root of all relative quantity is equality; after all, that
seems to be the most basic relationship two numbers can have towards each other. Nicomachus demonstrates
his claim with a method that can create, out of equality, all the other kinds of relative quantity.

..2Thus we come to the end of our speculation upon the ten arithmetical relations for a first In-
troduction. There is, however, a method very exact and necessary for all discussion of the nature of
the universe which very clearly and indisputably presents to us the fact that that which is fair and
limited, and which subjects itself to knowledge, is naturally prior to the unlimited, incomprehen-
sible, and ugly, and furthermore that the parts and varieties of the infinite and unlimited are given
shape and boundaries by the former, and through it attain to their fitting order and sequence,
and like objects brought beneath some seal or measure, all gain a share of likeness to it and simi-
larity of name when they fall under its influence.*

For thus it is reasonable that the rational part of the soul will be the agent which puts in order the
irrational part, and passion and appetite, which find their places in the two forms of inequality,
will be regulated by the reasoning faculty as though by a kind of equality and sameness.

And from this equalizing process there will properly result for us the so-called ethical virtues, so-
briety, courage, gentleness, self-control, fortitude, and the like.

Let us then consider the nature of the principle that pertains to these universal matters. It is ca-
pable of proving that all the complex species of inequality and the varieties of these species are
produced out of equality, first and alone, as from a mother and root...

Now you must have certain rules, like invariable and inviolable natural laws, following which the
whole aforesaid advance and progress from equality may go on without failure. These are the di-
rections: Make the first equal to the first, the second equal to the sum of the first and second, and
the third to the sum of the first, twice the second, and the third.

For if you fashion according to these rules, you would get first all the forms of the multiple in order
out of the three given terms of the equality, as it were, sprouting and growing without your paying
any heed or offering any aid.* From equality you will first get the double, from the double the

» This chapter has been abridged, again, for the sake of conciseness in the classroom. See Appendix A for the
full chapter.

3 Arithmetic has a peculiarly good ability to give shape to thoughts and ideas which would be otherwise incom-
prehensible to us (if you're a calculus student, you can especially appreciate the ability of ratios to “give boundaries”
to the infinite).

3 Refer to Table A at the end of the chapter as you continue for a visual guide to what he’s about to explain.
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triple, from the triple successively the quadruple, and from this the quintuple in due order, and
so on.*

From these same multiples in their regular order, reversed,* there are immediately produced by
a sort of natural necessity through the agency of the same three rules the superparticulars, and
these not as it chances and irregularly but in their proper sequence; for from the first, the double,
reversed, comes the first, the sesquialter; and from the second, the triple, the second in this class,
the sesquitertian; then the sesquiquartan from the quadruple, and in general each one from the
one of similar name.

And with a fresh start, if the superparticulars are set forth in the order of their production [which
would be from least to greatest], but with terms reversed [now from greatest to least], the super-
partients which naturally follow them are brought to light: the superbipartient from the sesqui-
alter, the supertripartient from the sesquitertian, the superquadripartient from the sesquiquar-
tan, and so on ad infinitum...

The following must suffice as illustrations of all that has been said. hitherto, the production of
these numbers and their sequence, and the use of direct and of reverse order...>*

TABLE A: Summary of the Three Rules

Using the rules Using the rules, but revers-
makes: ing the order, makes:
Multiple Multiple Superparticular
Superparticular Multiple Superpar- Superpartient
perp ticular Perp
. Multiple Superpar- )
Superpartient dent Superpartient

32 Here's the idea: if you start with 1, 1, 1 (equality), then you can follow the three rules to obtain a new set of
three. The new first term is the same as the original (1). Your new second term is the sum of the original first two
terms (1+1=2). Your new third term is the sum of the original first, twice the original second, and the original
third (1 +2X1+1=4). So your new set of three is 1, 2, 4, the doubles. Using the three rules on the doubles, you will
get the triples, and so on!

# The double and triple would be 1, 2, 4 and 1, 3, 9. This paragraph is now using them in reverse (4, 2,1and 9, 3,
1) to get more species of ratio. Try it yourself!

3 If you want to see Nicomachus’ numerical examples that follow, you can read the unabridged chapter in Ap-
pendix A.
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Questions:
o Use the three rules on the following sequences of numbers:

3,9, 27 (triples, or x3)
8, 12, 18 (sesquialter, or x1%)
9, 15, 25 (superbipartient, or x1%5)

Remember, the three rules are:

1. Your first term is the same as the first term.

2. Your second term is the sum of the first and second terms.

3. Your last term is the sum of the first term, third term, and twice the second.

o What s the relationship in each of your new series? Whatever they became should match the chart above.
o Now use the three rules on each of the original series, but reverse the order of the numbers before you start.

+ Now what is the relationship in each of your new series? Whatever the reversed versions became should
match the chart above.
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Chapter 1: Elements

To start off Book I1 of his work, Nicomachus states that his goal will be to show that the most basic element of
relative number is equality.

An element is said to be, and is, the smallest thing which enters into the composition of an object
and the least thing into which it can be analyzed. Letters, for example, are called the elements of
literate speech, for out of them all articulate speech is composed and into them finally it is re-
solved. Sounds are the elements of all melody; for they are the beginning of its composition and
into them it is resolved. The so-called four elements of the universe in general are simple bodies,
fire, water, air, and earth; for out of them in the first instance we account for the constitution of
the universe, and into them finally we conceive of it as being resolved.

We wish also to prove that equality is the elementary principle of relative number; for of absolute
number, number per se, unity and the dyad are the most primitive elements, the least things out
of which it is constructed, even to infinity, by which it has its growth, and with which its analysis
into smaller terms comes to an end.

We have, however, demonstrated that in the realm of inequality advance and increase have their
origin in equality and go on to absolutely all the relations with a certain regularity through the
operation of the three rules. It remains, then, in order to make it an element in very truth, to prove
that analyses also finally come to an end in equality. Let this then be considered our procedure.

Questions:
o Whatis an element, according to Nicomachus?

For further thought: How do you think Nicomachus could go about showing that equality is the “elementary
principle” of relative number?
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Chapter 2: Getting Down to Equality

Nicomachus is interested in math on a philosophical level; here he once again shows how he has been influ-
enced by ideas from both Pythagoras and Plato. He begins this chapter with an argument for equality being
the basic element of relative number: with any series of three terms, you can follow a quick method to boil the

series down to three equal numbers.

Suppose then you are given three terms, in any relation whatsoever and in any ratio, whether
multiple, superparticular, superpartient, or a compound of these, multiple superparticular or
multiple superpartient, provided only that the mean term is seen to be in the same ratio to the
lesser as the greater to the mean, and vice versa. Subtract always from the mean the lesser term,
whether it be first or last in order, and set down the lesser term itself as the first term of your new
series; then put as your second term what remains from the second after the subtraction; then
after having subtracted the sum of the new first term and twice the new second term from the
remaining number—that is, the greater of the numbers originally given you—make the remain-
der your third term, and the resulting numbers will be in some other ratio, naturally more prim-
itive.»

And if again in the same way you subtract the remainder from these same terms, it will be found
that your three terms have passed back into three others more primitive, and you will find that
this always takes place as a consequence, until they are reduced to equality, whence by every ne-
cessity it appears evident that equality is the elementary principle of relative quantity.

There follows upon this speculation a most elegant principle, extremely useful in its application
to the Platonic psychogony [philosophy] and the problem of all harmonic intervals; for in the Pla-
tonic passage®® we are frequently bidden, for the sake of the argument, to set up series of intervals
of two, three, four, five, or an infinite number of sesquialter ratios, or two sesquitertians, sesqui-
quartans, sesquioctaves, or superparticulars of any kind whatsoever, and in each case three, four,
or five of them, or as many as may be directed.

It is reasonable that we should do this not in an unscientific, unintelligent fashion, it may be even
blunderingly, but artistically, surely, and quickly, by the following procedure.

3% Here are the steps in order: (1) Copy the first term to your new series. (2) Subtract the smallest term from the
middle term and add the result to your new series. (3) Add your first new term to twice your second new term; then
subtract that sum from the original greatest term and add the result to your new series.

3¢ Nicomachus is referring to Plato’s influential writing, Timaeus, in which Plato crafts a mythological account
of the creation of the universe involving the Platonic forms of “Sameness” and “Difference.” Nicomachus shows here
that his philosophical ideas about equality and difference are largely influenced by Plato.
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Questions:

o Pick a series of three numbers in a ratio to each other, like Nicomachus describes in Section 1 (for example,
a quadruple series would look like 5, 20, 80; or a sesquialter series would look like 8, 12, 18). Then, follow Ni-
comachus’ instructions from Section 1 to see whether you get a simpler ratio.

o Use Nicomachus’ method again on your new series, and again, until you can’t anymore (remember, 0
doesn’t count as a number!). What is the ratio in your final series?
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Chapter 3: The Shape of Ratios

Nicomachus gives us an interesting triangle involving the double ratio. Travelling across the triangle, you
find the double ratio; travelling vertically, you find the sesquialter (3:2) ratio; and travelling diagonally
through it, you find the triple ratio.

1 Every multiple will stand at the head of as many superparticular ratios corresponding in name
with itself as it itself chances to be removed from unity, and no more nor less under any circum-
stances.

The double ratio
in the breadth of the table

1 2 4 8 16 32 64
3 6 12 24 48 96 E_a
9 18 36 72 144 | .. 2
S5 o
2.7 54 108 216 o 4
o g
/012 (J [1,[‘.01 81 162 324 o 5
Rthe ,er, 243 486 |2 8
6}‘,@ ‘0 5 ~
Oteb 729 &
ll,ye 5

2 The doubles, then, will produce sesquialters: the first, one; the second, two; the third, three; the
fourth, four; the fifth, five; the sixth, six; and neither more nor less, but by every necessity when
the superparticulars that are generated attain the proper number, that is, when their number
agrees with the multiples that have generated them, at that point by a divine device, as it were,
there is found the number which terminates them all because it naturally is not divisible by that
factor whereby the progression of the superparticular ratios went on.

From the triples all the sesquitertians will proceed, likewise equal in number to the number of the
generating terms, and coming to an end, after the independence of their advance is lost, in num-
bers not divisible by 3. Similarly the sesquiquartans come from the quadruples, reaching a culmi-
nation after their independent progression in a number that is not divisible by 4.

3 Asan example, since doubles generate sesquialters corresponding to them in number, the first
row of multiples will be 1, 2, 4, 8, 16, 32, 64. Now since 2 is the first after unity, this will be the
origin of one sesquialter only, 3, which number is not divisible by 2, so that another sesquialter
might arise out of it.

The first double, therefore, is productive of but one sesquialter, and the second, 4, of two. For it
produces its own sesquialter, 6, and that of 6, 9, but there is none for 9 because it has no half.
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Eight, which is the third double, is father to three sesquialters; one its own, 12; the second, 18, the
sesquialter of 12; and third, 27, that of 18; there is no fourth one, however, because of the general
rule, for 27 is not divisible by 2..

Sixteen, the fourth double, will stand at the head of four sesquialters, 24, 36, 54, and finally 81, so
that they may of necessity be equal in number to what generated them; for 81 by its nature is not
divisible by 2. And this, as you go on, you will find holds true in similar fashion to infinity.

For the sake of illustration let there be set down the table of the doubles, thus:

[The table has been moved to the beginning of the chapter]

Questions:

+ Remember, Nicomachus is always interested in the elements of numbers. What are the basic elements of
the doubles at the top of the triangle (specifically, their factors)?

+ Consider the 16 at the top of the triangle, then think of it as a storehouse of 2s. Why does it become four
other numbers as we increase it by the 3:2 ratio, but then stop?

o Why does the triple ratio run along the bottom diagonal?

For further thought: Why does the triple ratio run along every diagonal? And the double ratio along every
row?
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Chapter 4: The Shape of Ratios (continued)

Nicomachus continues the ideas from Chapter 3 and applies them to the triples instead of the doubles. In a
way, Nicomachus is framing these ratios as paths from multiple to multiple.

We must make a similar table in illustration of the triple:

The triple ratio
in the breadth

1 3 9 27 81 243 729
4 12 36 108 324 972
16 48 144 432 1296
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In the foregoing table we shall observe that in the same way the first triple, 3, stands at the head
of but one sesquitertian ratio, 4, its own sesquitertian, which immediately shuts off the develop-
ment of another like it; for 4 is not divisible by 3, and hence will not have a sesquitertian.

The second triple is 9, and hence will begin a series of only two sesquitertian ratios, 12, its own,
and 16, that of 12; but 16 cuts off further progress, for it is not divisible by 3 and hence will not have
a sesquitertian.

Next in order is the triple 27, three times removed from 1, for the triples progress thus: 1, 3, 9, 27.
Therefore this number will stand at the head of three sesquitertian ratios and no more. The first
isits own, 36; the second the sesquitertian of 36, 48; the third that of the last, 64, and this no longer
has a third part and therefore will not admit of a sesquitertian.

The fourth leads a series of four sesquitertians and the fifth, of course, five.

Such, then, is the illustration; and for the other multiples let the manner of your tables be the
same. Observe that likewise here, as we found to be true in our previous discussion, Nature shows
us that the doubles are more nearly original than the triples, the triples than the quadruples, these
latter than the quintuples, and so on throughout. For the highest rows of figures, across the
breadth of the tables, if they are doubles, will have doubles lying parallel to them, and the numbers
lying diagonally, on the hypotenuse, will be of the next succeeding variety, greater by 1, that is,
triples, seen also in a series of parallel lines. If, however, there are triples across the breadth, the
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diagonals will by all means be quadruples; if the former are quadruples, then the latter are quin-
tuples, and so forth.

Question:

+ Nicomachus made a triangle with the doubles on top, and the 3:2 vatio vertically. Then he made a similar
triangle with the triples and the 4:3 ratio. Make your own triangle like this with the quadruples on the top
and a 5:4 ratio.

For further thought: If the 3:2 vatio is a path from the doubles to the triples, and the 4:3 ratio is a path from
the triples to the quadruples, what ratios do you think are the paths between those ratios? Is there a pattern
there, too?
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Chapter 5: Ratio Combinations

Nicomachus concludes his discussion of ratios for the time being, finishing off by showing how various kinds
of ratios can stack onto each other to form other ratios.

It remains, after we have explained what other ratios are produced by combination of ratios, to
pass on to the succeeding topics of the Introduction.

Now the first two ratios of the superparticular, combined, produce the first ratio of the multiple,
namely, the double; for every double is a combination of sesquialter and sesquitertian, and every
sesquialter and sesquitertian combined will invariably produce a double.

2 3 4
sesquialter sesquitertian

For example, since 3 is the sesquialter of 2, and 4 the sesquitertian of 3, 4 will be the double of 2,
and is a combination of sesquialter and sesquitertian. Again, as 6 is the double of 3, we shall find
between them some number that will of necessity preserve the sesquitertian ratio to the one and
the sesquialter to the other; and indeed 4, lying between 6 and 3, gives the sesquitertian ratio to 3
and the sesquialter to 6.”

It was rightly said, then, that the double, when resolved, is resolved into the sesquialter and the
sesquitertian, and that when sesquialter and sesquitertian are combined there arises the double,
and that the first two forms of the superparticular combined make the first form of the multiple.

But again, to take another start, this first form of the multiple which has thus been produced,
together with the first form of the superparticular [that is, the sesquialter], will produce the next
form of the same class, that is, the second multiple, the triple; for from every multiple and sesqui-
alter combined a triple of necessity arises.

6 12 18 6 9 18

double ! sesquialter \ sesquialter ! double

For example, as the double of 6 is 12, and the sesquialter of this is 18, then immediately 18 is the
triple of 6; and to take another method, if I do not care to make 12 the mean term, but rather 9,

the sesquialter of 6, the same result will come about, without deviation and harmoniously; for
while 18 is the double of 9 it will preserve the triple ratio to 6. Hence from the sesquialter and the

37 In other words, in the middle of any double, you can find a number that’s the sesquialter of one and the ses-
quitertian of the other! (like 2, 3, 4 or 3, 4, 6)

56



BOOK I | RATIO

double, the first forms of the superparticular and the multiple, there arises by combination the
second form of the multiple, the triple, and into them it is always resolved.

For look you; 6, which is the triple of 2, will have a mean term 3, which will exhibit two ratios, the
sesquialter with regard to 2, and the double ratio of 6 to itself.

But if this triple ratio, likewise, the second form of the multiple, is combined with the sesquiter-
tian, which is the second form of the superparticular, there would be produced from them the
next form of the multiple, namely, the quadruple, and this also will of necessity be resolved into
them after the same fashion as the cases previously set forth;

3 9 12 3 4 12

triple sesquitertian sesquitertian triple
quadruple quadruple

and the quadruple, taking into combination the sesquiquartan, will make the quintuple,

4 16 20 4 5 20

quadruple ! sesquiquartan sesquiquartan ! quadruple

and, once more, the latter with the sesquiquintan will make the sextuple,

5 25 30 5 6 30

quintuple I sesquiquintan sesquiquintan I quintuple

and so on to the end. Thus the multiples in regular order from the beginning with the superpar-
ticulars in regular order from the beginning will be found to produce the next larger multiples.
For the double with the sesquialter makes the triple, the triple with the sesquitertian the quadru-
ple, the quadruple with the sesquiquartan the quintuple, and as far as you wish to proceed no
contrary result will appear.

For further thought: Why do you think it is that the ratios can be combined in either order to get the same
result? (For example, you can combine the triple and sesquitertian to get the quadruple, regardless of which
order you combine them in.)
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Chapter 6: Number & Dimension

After thoroughly discussing relative quantity, Nicomachus returns to absolute quantity. The Greeks saw ge-
ometry, not arithmetic, as the most rigorous mathematical study, but in the coming chapters, Nicomachus
shows that arithmetic is still fundamental. Watch for a use of shapes (even three-dimensional ones!) to de-

scribe various types of numbers.

Up to this point then we have sufficiently discussed relative number, by a process of selection
measuring out what is easily comprehended and appropriate to the nature of the matters thus far
introduced. Whatever remains to be said on this topic will be filled in after we have put it aside
and have first discussed certain subjects which involve a more serviceable inquiry, having to do
with the properties of absolute number, not relative. For mathematical speculations are always to
be interlocked and to be explained one by means of another.

The subjects which we must first survey and observe are concerned with linear, plane, and solid

” « ” o«

numbers, cubical and spherical, equilateral and scalene, “bricks,” “beams,” “wedges,” and the
like,*® the tradition concerning which, to be sure, since they are more closely related to magnitude,
is properly given in the Geometrical Introduction.” Yet the germs of these ideas are taken over into
arithmetic, as the science which is the mother of geometry and more elementary than it. For we
recall that a short time ago we saw that arithmetic abolishes the other sciences with itself, but is
not abolished by them, and conversely is of necessity implied by them but does not itself imply

them.

First, however, we must recognize that each letter by which we indicate a number, such as iota,
the sign for 10, kappa for 20, and omega for 800, designates that number by man’s convention
and agreement, not by nature. On the other hand, the natural, unartificial, and therefore simplest
indication of numbers would be the setting forth one beside the other of the units contained in
each.

For example, the writing of one unit by means of one alpha will be the sign for 1; two units side by
side, that is, a series of two alphas, will be the sign for 2; when three are put in a line it will be the
character for 3, four in a line for 4, five for 5, and so on. For by means of such a notation and

38 These are names for the three-dimensional numbers, which you can read about in Chapter 15 of Book II.
% Unfortunately, we have lost Introduction to Geometry, Nicomachus’ geometry counterpart to this book.
+ The Greeks always used letters to represent their numbers.

“In other words, it's more natural to think of numbers in the context of counting single things, rather than
seeing numbers as objects in their own right.
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indication alone could the schematic arrangement of the plane and solid numbers mentioned be
made clear and evident, thus:

The number 1, o

The number 2, oo

The number 3, o oo

The number 4, oo oo
The number s, oo oo

and further in similar fashion.

Unity, then, occupying the place and character of a point, will be the beginning of intervals and of
numbers, but not itself an interval or a number, just as the point is the beginning of a line, or an
interval, but is not itself line or interval. Indeed, when a point is added to a point, it makes no
increase, for when a non-dimensional thing is added to another non-dimensional thing, it will
not thereby have dimension; just as if one should examine the sum of nothing added to nothing,
which makes nothing.+

We saw a similar thing also in the case of equality among the relatives; for a proportion is pre-
served as the first is to the second, so the second is to the third—but no interval is generated in
the relation of the extremes to each other, as there is in all the other relations, with the exception
of equality. In exactly the same way unity alone out of all number, when it multiplies itself, pro-
duces nothing greater than itself.

Unity, therefore, is non-dimensional and elementary, and dimension first is found and seen in 2,
then in 3, then in 4, and in succession in the following numbers; for “dimension” is that which is
conceived of as between two limits.

The first dimension is called “line,” for “line” is that which is extended in one direction. Two di-
mensions are called “surface,” for a “surface” is that which is extended in two directions. Three
dimensions are called “solid,” for a “solid” is that which is extended in three directions, and it is
by no means possible to conceive of a solid which has more than three dimensions, depth,
breadth, and length. By these are defined the six directions which are said to exist in connection
with every body and by which motions in space are distinguished, forward, backward, up, down,
right and left; for of necessity two directions opposite to each other follow upon each dimension,
up and down upon one, forward and backward upon the second, and right and left upon the third.

# Interestingly, some mathematicians in the sixteenth and seventeenth centuries began to argue that o, not 1,
corresponded with the idea of a point, because o is the number that makes no change when you add it. Nicomachus
did not see 0 as a number, and in the next paragraph you can see that he’s really thinking about multiplication, not
addition. When you multiply by 1, there is, of course, no change.
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The statement, also, as it happens, can be made conversely thus: if a thing is solid, it has by all
means three dimensions, length, depth and breadth; and conversely, if it has the three dimen-
sions, it is always a solid, and nothing else.

That which has but two dimensions, therefore, will not be a solid, but a surface, for the latter ad-
mits of but two dimensions. Here too it is possible similarly to reverse the statement; directly
stated, a surface is that which has two dimensions, and conversely, that which has two dimen-
sions is always a surface.

The surface, then, is exceeded by the solid by one dimension, and the line is exceeded by the sur-
face by one, for the line is that which is extended in but one direction and has only one dimension,
and it falls short of the solid by two dimensions. The point falls short of the latter by one dimen-
sion, and hence it has already been stated that it is non-dimensional, since it falls short of the
solid by three dimensions, of the surface by two, and of the line by one.

Questions:
o Towhat geometrical object does Nicomachus compare unity (1)?

o Weusually think of a dimension as a dirvection. This isn’t completely different from Nicomachus’ defini-
tion, but what exactly is his definition of a dimension?

60



BOOK II | GEOMETRIC NUMBER

Chapter 7: Plane Numbers

Nicomachus introduces the plane numbers, which you will probably recognize; the most familiar to you are
probably the perfect squares. But there are others besides the squares: triangular numbers, pentagonal num-
bers, or any polygon at all has a matching set of plane numbers.

The point, then, is the beginning of dimension, but not itself a dimension, and likewise the be-
ginning of a line, but not itself a line; the line is the beginning of surface, but not surface; and the
beginning of the two-dimensional, but not itself extended in two directions.

Naturally, too, surface is the beginning of body, but not itself body, and likewise the beginning of
the three-dimensional, but not itself extended in three directions.

Exactly the same in numbers, unity is the beginning of all number that advances unit by unit in
one direction; linear number is the beginning of plane number, which spreads out like a plane in
one more dimension; and plane number is the beginning of solid number, which possesses a
depth in the third dimension, besides the original ones.

To illustrate and classify, linear numbers are all those which begin with 2 and advance by the ad-
dition of 1in one and the same dimension; and plane numbers are those that begin with 3 as their
most elementary root and proceed through the next succeeding numbers. They receive their
names also in the same order; for there are first the triangles, then the squares, the pentagons
after these, then the hexagons, the heptagons, and so on indefinitely, and, as we said, they are
named after the successive numbers beginning with 3.

The triangle, therefore, is found to be the most original and elementary form of the plane number.
This we can see from the fact that, among plane figures, graphically represented, if lines are
drawn from the angles to the centers each rectilinear figure will by all means be resolved into as
many triangles as it has sides; but the triangle itself, if treated like the rest, will not change into
anything else but itself.

Hence the triangle is elementary among these figures; for everything else is resolved into it, but
it into nothing else. From it the others likewise would be constituted, but it from no other. It is
therefore the element of the others and has itself no element. Likewise, as the argument proceeds
in the realm of numerical forms, it will confirm this statement.
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Question:

o Why are triangles the “most original and elementary form of the plane number”? Try for yourself what
Nicomachus describes in Section 4.
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Chapter 8: Triangular Numbers

Nicomachus begins his discussion of plane numbers with the most basic kind of plane number: triangular
numbers.

Now a triangular number is one which, when it is analyzed into units, shapes into triangular form
the equilateral placement of its parts in a plane. 3, 6, 10, 15, 21, 28, and so on, are examples of it;
for their regular formations, expressed graphically, will be at once triangular and equilateral. As
you advance you will find that such a numerical series as far as you like takes the triangular form,
if you put as the most elementary form the one that arises from unity, so that unity may appear
to be potentially a triangle, and 3 the first actually.

Their sides will increase by the successive numbers, for the side of the one potentially first is unity;
that of the one actually first, that is, 3, is 2; that of 6, which is actually second, 3; that of the third,
4; the fourth, 5; the fifth, 6; and so on.®

The triangular number is produced from the natural series of number set forth in a line, and by
the continued addition of successive terms, one by one, from the beginning; for by the successive
combinations and additions of another term to the sum, the triangular numbers in regular order
are completed. For example, from this natural series, 1, 2, 3, 4,5, 6,7, 8,9, 10,11, 12, 13, 14, 15, I take
the first term and have the triangular number which is potentially first, 1,

/A

then adding the next term, I get the triangle actually first, for 2 + 1= 3. In its graphic representa-
tion it is thus made up: two units, side by side, are set beneath one unit, and the number three is
made a triangle:

Then when next after these the following number, 3, is added, simplified into units, and joined to
the former, it gives 6, the second triangle in actuality, and furthermore, it graphically represents
this number:

# Nicomachus will explain shortly.
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Again, the number that naturally follows, 4, added in and set down below the former, reduced to
units, gives the one in order next after the aforesaid, 10, and takes a triangular form:

o
o A
a o A
o a o a

5 after this, then 6, then 7, and all the numbers in order, are added, so that regularly the sides of
each triangle will consist of as many numbers as have been added from the natural series to pro-
duce it:

Side s

Question:
o After 28, write down the next several triangular numbers.

For further thought: The pattern that generates the triangular numbers, according to Nicomachus, is that
the number you add increases by 1 after every new number. Can you find at least one other pattern in the se-
ries of triangular numbers?
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Chapter 9: Square Numbers

Nicomachus continues his discussion of plane numbers, this time exploring square numbers. These numbers
are what we know as the perfect squares.

The square is the next number after this, which shows us no longer 3, like the former, but 4 angles
in its graphic representation, but is none the less equilateral. Take, for example, 1, 4, 9, 16, 25, 36,
49, 64, 81, 100; for the representations of these numbers are equilateral, square figures, as here
shown; and it will be similar as far as you wish to go:

a o a a od A

a o a A a o a ada ada A

o o a o o oA a o a a od A

4 a a o a A a o a a oda A

A o o o a o o oA a o a a od A
1 4 9 16 25

It is true of these numbers, as it was also of the preceding, that the advance in their sides pro-
gresses with the natural series. The side of the square 1 (potentially first) is 1; that of 4 (the first in
actuality) 2; that of 9 (actually the second) 3; that of 16 (the next, actually the third) 4; that of the
fourth, 5; of the fifth, 6, and so on in general with all that follow.

This number also is produced if the natural series is extended in a line, increasing by 1, and no
longer the successive numbers are added to the numbers in order, as was shown before, but rather
allthose in alternate places, that is, the odd numbers. For the first, 1, is potentially the first square;
the second, 1+ 3, is the first in actuality; the third, 1+ 3 + 5, is the second in actuality; the fourth, 1
+ 3+ 5+ 7, is the third in actuality; the next is produced by adding 9 to the former numbers, the
next by the addition of 11, and so on.

In these cases, also, it is a fact that the side of each consists of as many units as there are numbers
taken into the sum to produce it.
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Questions:

o Both in this chapter and in the previous one, Nicomachus describes unity as being “potentially” triangu-
lar or “potentially” square. Why does he do this?

For further thought: Can you find any more patterns in the squares besides the one that Nicomachus points
out in this chapter?
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Chapter 10: Pentagonal Numbers

Pentagonal numbers are the last group of plane numbers that Nicomachus discusses in detail.

The pentagonal number is one which likewise upon its resolution 1 into units and depiction as a
plane figure assumes the form of an equilateral pentagon. 1, 5, 12, 22, 35, 51, 70, and analogous
numbers are examples.

Each side of the first actual pentagon (5) is 2, for 1 is the side of the pentagon potentially first (1);
3 is the side of 12, the second of those listed; 4, that of the next, 22; 5, that of the next in order, 35,
and 6 of the succeeding one, 51, and so on.

In general the side contains as many units as are the numbers that have been added together to
produce the pentagon, chosen out of the natural arithmetical series set forth in a row. For in a like
and similar manner, there are added together to produce the pentagonal numbers the terms be-
ginning with 1to any extent whatever that are two places apart, that is, those that have a difference
of 3. Unity is the first pentagon, potentially, and is thus depicted:

(=)

5, made up of 1 +4, is the second, similarly represented:

12, the third, is made up out of the two former numbers with 7 added to them, so that it may have
3 as a side, as three numbers have been added to make it. Similarly, the preceding pentagon (5)
was the combination of two numbers and had 2 as its side. The graphic representation of 12 is
this:

R

R R KR
R R KR
R R KR

The other pentagonal numbers will be produced by adding together one after another in due order
the terms after 7 that have the difference 3, as, for example, 10, 13, 16, 19, 22, 25, and so on. The
pentagons will be 22, 35, 51, 70, 92, 117, and so forth.
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Question:

* Before moving on to Chapter 11, can you deduce what the hexagonal numbers would be? How about the
heptagonal numbers? Octagonal?
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Chapter 11: More Plane Numbers

Nicomachus extends the plane numbers already discussed into higher and higher orders, up to the octagonal
numbers. By now you might start to notice a pattern between the kinds of plane numbers; Nicomachus will
begin to explain some of those patterns in Chapter 12.

The hexagonal, heptagonal, and succeeding numbers will be set forth in their series by following
the same process, if from the natural series of number there be set forth series with their differ-
ences increasing by 1.

For as the triangular number was produced by admitting into the summation the terms that differ
by 1and do not pass over any in the series; as the square was made by adding the terms that differ
by 2 and are one place apart, and the pentagon similarly by adding terms with a difference of 3
and two places apart (and we have demonstrated these, by setting forth examples both of them
and of the polygonal numbers made from them), so likewise the hexagons will have as their root-
numbers those which differ by 4 and are three places apart in the series, which added together in
succession will produce the hexagons. For example, 1, 5, 9, 13, 17, 21, and so on; so that the hexag-
onal numbers produced will be 1, 6, 15, 28, 45, 66, and so on, as far as one wishes to go.

The heptagonals, which follow these, have as their root-numbers terms differing by 5 and four
places apart in the series, like 1, 6, I1, 16, 21, 26, 31, 36, and so on. The heptagons that thus arise are
1,7,18, 34,55, 81,112, 148, and so forth.

The octagonals increase after the same fashion, with a difference of 6 in their root-numbers and
corresponding variation in their total constitution.

In order that, as you survey all cases, you may have a rule generally applicable, note that the root-
numbers of any polygonal differ by 2 less than the number of the angles shown by the name of the
polygonal—that is, by 1 in the triangle, 2 in the square, 3 in the pentagon, 4 in the hexagon, 5 in
the heptagon, and so on, with similar increase.

For further thought:
o Without looking ahead, what patterns can you deduce between the kinds of plane numbers?

+ Do you have any ideas how one might think about numbers in three dimensions? (Like a perfect 3D trian-
gle, or a perfect cube?)
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Chapter 12: Building Shapes

Here Nicomachus takes the ideas from the last several chapters and points out a fascinating pattern that ex-
ists both in the plane numbers and in their corresponding polygons.

Concerning the nature of plane polygonals, this is sufficient for a first Introduction. That, however,
the doctrine of these numbers is to the highest degree in accord with their geometrical represen-
tation, and not out of harmony with it, would be evident, not only from the graphic representa-
tion in each case, but also from the following:

Every square figure diagonally divided is resolved into two triangles and every square number is
resolved into two consecutive triangular numbers, and hence is made up of two successive trian-
gular numbers. For example, 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, and so on, are triangular numbers,
and 1, 4,9, 16, 25, 36, 49, 64, 81, 100, squares.

If you add any two consecutive triangles that you please, you will always make a square, and hence,
whatever square you resolve, you will be able to make two triangles of it.

Again, any triangle joined to any square figure makes a pentagon, for example, the triangle 1
joined with the square 4 makes the pentagon s5; the next triangle, 3 of course, with 9, the next
square, makes the pentagon 12; the next, 6, with the next square, 16, gives the next pentagon, 22;
10 and 25 give 35;and so on.

Similarly, if the triangles are added to the pentagons, following the same order, they will produce
the hexagonals in due order, and again the same triangles with the latter will make the heptago-
nals in order, the octagonals after the heptagonals, and so on to infinity.

To remind us, let us set forth rows of the polygonals, written in parallel lines, as follows: the first
row, triangles, the next squares, after them pentagonals, then hexagonals, then heptagonals, then
if one wishes the succeeding polygonals.

Triangles 1 6 10 15 21 28 36 45 55
9 16 25 36 49 64 81 100
12 22 35 51 70 92 117 145

15 28 45 66 91 120 153 190

Squares 1
Pentagonals 1

Hexagonals 1

N o Lt AW

Heptagonals 1 18 34 55 81 112 148 189 235

You can also set forth the succeeding polygonals in similar parallel lines.
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In general, you will find that the squares are the sum of the triangles above those that occupy the
same place in the series, plus the numbers of that same class in the next place back; for example,
4=3+1,9=6+3,16=10+6,25=15+10,36=21+15, and so on.

The pentagons are the sum of the squares above them in the same place in the series, plus the
elementary triangles that are one place further back in the series; for example, 5=4+1,12=9 +3,
22 =16+ 6,35=25+10, and so on.

Again, the hexagonals are similarly the sums of the pentagons above them in the same place in
the series plus the triangles one place back; for instance, 6=5+1,15=12+3,28 =22+ 6,45 =35 +
10, and as far as you like.

The same applies to the heptagonals, for 7 is the sum of 6 and 1,18 =15 + 3,34 =28 + 6, and so on.
Thus, each polygonal number is the sum of the polygonal in the same place in the series with one
less angle, plus the triangle, in the highest row, one place back in the series.

Naturally, then, the triangle is the element of the polygon both in figures and in numbers, and we
say this because in the table, reading either up and down or across, the successive numbers in the
rows are discovered to have as differences the triangles in regular order.

For further thought:

o Can you think of a reason why adding triangles to other polygons “upgrades” the polygons to the next
level?

o Ifyou haven't already, try to find another pattern in the polygonals besides the one pointed out by Ni-
comachus.

Chapters 13—18 have been omitted.*

# These chapters are incredibly fascinating (albeit a little dense), but to keep the amount of content of this edi-
tion manageable, I have moved them to Appendix B.
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Chapter 19: Squares & Rectangles

Nicomachus move on to discuss the various patterns that exist between square numbers and their close cous-
ins, the rectangular (heteromecic) numbers. Remember that a rectangular number is one that is a product of
two factors which are one number apart (e.g., 4 x 5 =20).

That we may be clearly persuaded of what is being said, namely, that things are made up of war-
ring and opposite elements and have in all likelihood taken on harmony—and harmony always
arises from opposites; for harmony is the unification of the diverse and the reconciliation of the
contrary-minded—Iet us set forth in two parallel lines no longer, as just previously, the even num-
bers from 2 by themselves and the odd numbers from 1, but the numbers that are produced from
these by adding them successively together, the squares from the odd numbers, and the heter-
omecic from the even. For if we give careful attention to their setting forth, we shall admire their
mutual friendship and their cooperation to produce and perfect the remaining forms, to the end
that we may with probability conceive that also in the nature of the universe from some such
source as this a similar thing was brought about by universal providence.

Let the two series then be as follows: that of the squares, from unity... and that of the heteromecic
[rectangular] numbers, beginning with 2 and proceeding thus:

Square |1 4 9 16 25 36 49 64 81 100 121 144 169 196 225..

Rectangular‘ 2 6 12 20 30 42 56 72 90 110 132 156 182 210 240..

In the first place, then, the first square is the fundamental multiple of the first heteromecic num-
ber; the second, compared to the second, is its sesquialter; the third, sesquitertian of the third;
the fourth, sesquiquartan of the fourth; then sesquiquintan, sesquisextan, and so on similarly ad
infinitum. Their differences, too, will increase according to the successive numbers from 1; the dif-
ference of the first terms is 1, of the second 2, of the third 3, and so on.

Next, if first the second term of the squares be compared with the first heteromecic number, the
third with the second, the fourth with the third, and the rest similarly, they will keep unchanged
the same ratios as before, but their differences will begin to progress no longer from 1, but from
2, remaining the same as before, and according to the advance observed in the former compari-
son, the first to the first will be the first (or root-form) multiple, the second to the second the sec-
ond sesquialter from the root-form, the third to the third the third sesquitertian from the root-
form, and the succeeding terms will go on in similar fashion.

Furthermore, the squares among themselves will have only the odd numbers as differences, the
heteromecic, even numbers. And if we put the first heteromecic number as a mean term between
the first two squares, the second between the next two, the third between the two following, and
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the fourth between the two next succeeding, therein will be seen still more regularly the numerical
relations in groups of three terms. For as 4 is to 2, so is 2 to 1; and as 9 is sesquialter to 6, so is 6 to
4; and as 16 to 12, so is 12 to 9, and so on, with both numbers and ratios regularly advancing. As
the greater is to the mean, so will the mean be to the lesser, and not in the same ratio, but always
a different one, by an increase.

In all the groupings, too, the product of the extremes is equal to the square of the mean; and the
extremes, plus twice the mean, by exchange will always give a square. What is neatest of all, from
the addition of both there comes about the production of the triangles in due order, showing that
the nature of these is more ancient than the origin of all things, thus:1+2,2+4,4+6,6+9,9+
12,12 + 16, 16 + 20, and by this process the triangles, which give rise to the polygons, come forth in
order.

Questions:

o Section 3 outlines many patterns: why do you think the ratios show up in order in this chart? (Think about
how the numbers are made.)

For further thought:
o Why do you think the difference between the squares and rectangles increases by one as you move forward?

o Why do you think the squares have odd differences and the rectangles have even differences, as pointed out
in Section 42

o Why do you think that the sums of the squares and rectangles add up to triangles (at the end of Section 4)?
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Chapter 20: Squares & Rectangles (continued)

This section digs a bit into Platonic number philosophy. Without getting too much into the weeds, the idea of
“otherness” is key to numbers being able to exist at all. Because of this, “otherness” and “sameness” became
valuable ideas for the Greek mathematicians. Here, Nicomachus points out the connection that “2” and
“even” have with “otherness” (after all, you can’t have 2 things without one of them being the “other” one!)
and the connection that “1” and “odd” have to do with “sameness.”

Still further, every square plus its own side becomes heteromecic, or by Zeus, if its side is sub-
tracted from it. Thus, “the other” is conceived of as being both greater and smaller than “the same,”
since it is produced, both by addition and by subtraction, in the same way that the two kinds of
inequality also, the greater and the less, have their origin from the application of addition or sub-
traction to equality.

This also is sufficient evidence that the two forms partake of sameness and otherness, of other-
ness in an indefinite fashion, but of sameness definitely, 1 and 2 generically, but the odd of same-
ness after the manner of a subordinate species because it belongs to the same class as 1, and the
even of otherness because it is homogeneous with 2.

There is also a still clearer reason why the square, since it is the product of the addition of odd
numbers, is akin to sameness, and the heteromecic numbers to otherness because it is made up
by adding even numbers; for as though they were friends of one another, these two forms share
in their two rows the same differences when they do not have the same ratios, and conversely the
same ratios when they do not have the same differences. For the difference between 4 and 2 in the
double ratio is found between 6 and 4 as a superparticular; and again the difference between 9
and 6, as a sesquialter, is found between 12 and 9 as a sesquitertian, and so on. What is the same
in quality [multiplication] is different in quantity [addition], and just the opposite, what is the
same in quantity [addition] is different in quality [multiplication].*

Again, it is clear that in all their relations the same difference between two terms will necessarily
be called fractions with names that differ by 1, and be the half of one and the third of the other, or
the third of one and the quarter of the other, or the fourth of one and the fifth of the other, and so
on.

But what will most of all confirm the fact that the odd, and never the even, is preeminently the
cause of sameness, is to be demonstrated in every series beginning with 1 following some ratio,
for example, the double ratio, 1, 2, 4, 8, 16, 32, 64, 128, 256, or the triple, 1, 3,9, 27, 81, 243, 729, 2187,

+ In other words, if you add the same thing to two numbers, the new numbers can’t also be the result of multi-
plying by the same number. On the other hand, if you multiply two numbers by the same thing, the new numbers
can't also be the result of adding the same thing to both numbers.
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and as far as you like. You will find that of necessity all the terms in the odd places in the series
are squares, and no others by any device whatsoever, and that no square is to be found in an even
place.

But all the products of a number multiplied twice into itself, that is, the cubes, which are extended
in three dimensions and seen to share in sameness to an even greater extent, are the product of
the odd numbers, not the even, 1, 8, 27, 64, 125, and 216, and those that go on analogously, in a
simple, unvaried progression as well. For when the successive odd numbers are set forth indefi-
nitely beginning with 1, observe this: the first one makes the potential cube; the next two, added
together, the second; the next three, the third; the four next following, the fourth; the succeeding
five, the fifth; the next six, the sixth; and so on.

Questions:

o What do squares have to do with “sameness,” and what do rectangles have to do with “otherness,” accord-
ing to Nicomachus in Section 3?

o Inthe double and triple series (Section 5), why are squares found only in the odd places? Is this true for
other series too, like the quadruples?

For further thought: If you're feeling adventurous, imagine the perfect squares (1, 4, 9, 16, ...) and the perfect
cubes (1, 8, 27, 64, ...), then try to imagine what numbers would count as the “perfect fourths”? Does the pat-
tern at the end of Section 5 somehow apply to those too? What about the “perfect fifths”?
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Chapter 21: Proportion

When someone today thinks of a proportion, he probably thinks of something that looks like % = % or

maybe something like A:B :: C:D. Don't be thrown off by Nicomachus’ notation; his proportions look like se-
ries of numbers separated by commas. Proportion is a weighty topic in math, and Nicomachus points out
that its weight makes it a fitting subject for his finale.

After this it would be the proper time to incorporate the nature of proportions, a thing most es-
sential for speculation about the nature of the universe and for the propositions of music, astron-
omy, and geometry, and not least for the study of the works of the ancients, and thus to bring the
Introduction to Arithmetic to the end that is at once suitable and fitting.

A proportion, then, is in the proper sense, the combination of two or more ratios, but by the more
general definition the combination of two or more relations, even if they are not brought under
the same ratio, but rather a difference, or something else.*

Now a ratio is the relation of two terms to one another, and the combination of such is a propor-
tion, so that three is the smallest number of terms of which the latter is composed, although it
can be a series of more, subject to the same ratio or the same difference. For example, 1:2 is one
ratio, where there are two terms; but 2:4 is another similar ratio; hence 1, 2, 4 is a proportion, for
it is a combination of ratios, or of three terms which are observed to be in the same ratio to one
another.

The same thing may be observed also in greater numbers and longer series of terms; for let a
fourth term, 8, be joined to the former after 4, again in a similar relation, the double, and then 16
after 8 and so on.

Now if the same term, one and unchanging, is compared to those on either side of it, to the
greater as consequent and to the lesser as antecedent, such a proportion is called continued; for
example, 1, 2, 4 is a continued proportion as regards quality [multiplication], 2 for 4:2 equals 2:1,
and conversely 1:2 equals 2:4. In quantity [addition], 1, 2, 3, for example, is a continued proportion,
for as 3 exceeds 2, so 2 exceeds 1, and conversely, as 1 is less than 2, by so much 2 is less than 3.

If, however, one term answers to the lesser term, and becomes its antecedent and a greater term,
and another, not the same, takes the place of consequent and lesser term with reference to the
greater, such a mean and such a proportion is called no longer continued, but disjunct. For

#This is an important thing to note. Nicomachus is saying that a proportion doesn't necessarily have to do with
multiplication; it could use addition instead, as you'll see in Section 5.
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example, as regards quality, 1, 2, 4, 8; for 2:1 equals 8:4, and conversely 1:2 equals 4:8; and again 1:4
equals 2:8, or 4:1 equals 8:2.#

And in quantity, 1, 2, 3, 4; for as 1is exceeded by 2, by so much 3 is exceeded by 4; or as 4 exceeds 3,
so 2 exceeds 1, and by interchange, as 3 exceeds 1, so 4 exceeds 2; or as 1 is exceeded by 3, by so
much 2 is exceeded by 4.

Questions:

+ Give an example of a continuous proportion with respect to quality (multiplication). Write it the way
Nicomachus would.

+ Give an example of a continuous proportion with respect to quantity (addition).

+ Give an example of a disjunct proportion with respect to quantity (addition).

4 In other words, if there are more than three numbers being compared, the proportion is called “disjunct.”
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Chapter 22: Proportion (continued)

True to form, Nicomachus once again sets out to divide an idea into kinds. This time the idea is, of course,
proportion. For the Pythagoreans, there end up being ten kinds of proportion, but the most important kinds
are arithmetic, geometric, and harmonic. Nicomachus also mentions types of means in this chapter, each
mean corresponding to a kind of proportion. He'll focus on the mean in Chapter 27.

The first three proportions, then, which are acknowledged by all the ancients, Pythagoras, Plato,
and Aristotle, are the arithmetic, geometric, and harmonic; and there are three others subcon-
trary to them, which do not have names of their own, but are called in more general terms the
fourth, fifth, and sixth forms of mean; after which the moderns discover four others as well, mak-
ing up the number ten, which according to the Pythagorean view is the most perfect possible. It
was in accordance with this number indeed that not long ago the ten relations were observed to
take their proper number, the so-called ten categories, the divisions and forms of the extremities
of our hands and feet, and countless other things which we shall notice in the proper place.

Now, however, we must treat from the beginning, first, that form of proportion which by quantity
reconciles and binds together the comparison of the terms, which is a quantitative equality as
regards the difference of the several terms to one another. This would be the arithmetic propor-
tion, for it was previously reported that quantity is its peculiar belonging.

What, then, is the reason that we shall treat of this first, and not another? Is it not clear that Na-
ture shows it forth before the rest? For in the natural series of simple numbers, beginning with 1,
with no term passed over or omitted, the definition of this proportion alone is preserved; more-
over, in our previous statements, we demonstrated that the Arithmetical Introduction itself is ante-
cedent to all the others, because it abolishes them together with itself, but is not abolished to-
gether with them, and because it is implied by them, but does not imply them.

Thus, it is natural that the mean which shares the name of arithmetic will not unreasonably take
precedence of the means which are named for the other sciences, the geometric and harmonic;
for it is plain that all the more will it take precedence over the subcontraries, over which the first
three hold the leadership.

As the first and original, therefore, since it is most deserving of the honor, let the arithmetic pro-
portion have its discussion at our hands before the others.
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For further thought: Nicomachus says in Section 3 that arithmetic proportion is by nature the primary kind
of proportion. Why do you think that is?
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Chapter 23: Arithmetic Proportion

Nicomachus always deals with first things first—in this case, arithmetic proportion. Keep in mind the char-
acteristics of arithmetic proportion as you read, because those characteristics will help you compare arithme-
tic proportion to other kinds of proportion later.

It is an arithmetic proportion, then, whenever three or more terms are set forth in succession, or
are so conceived, and the same quantitative difference is found to exist between the successive
numbers, but not the same ratio among the terms, one to another. For example, 1, 2, 3, 4, 5, 6, 7,
8,9, 10, 11, 12, 13; for in this natural series of numbers, examined consecutively and without any
omissions, every term whatsoever is discovered to be placed between two and to preserve the
arithmetic proportion to them. For its differences as compared with those ranged on either side
of it are equal; the same ratio, however, is not preserved among them.

And we understand that in such a series there comes about both a continued and a disjunct pro-
portion; for if the same middle term answers to those on either side as both antecedent and con-
sequent, it would be a continued proportion, but if there is another mean along with it, a disjunct
proportion comes about.*

Now if we separate out of this series [1, 2, 3, 4, ...] any three consecutive terms whatsoever, after
the form of the continued proportion, or four or more terms after the disjunct form, and consider
them, the difference of them all would be 1, but their ratios would be different throughout.

If, however, again we select three or more terms, not adjacent, but separated, separated never-
theless by a constant interval, if one term was omitted in setting down each term, the difference
in every case will be 2; and once more with three terms it will be a continued proportion; with
more, disjunct. If two terms are omitted, the difference will always be 3 in all of them, continued
or disjunct; if three, 4; if four, 5; and so on.

Such a proportion, therefore, partakes in equal quantity in its differences, but of unequal quality;
for this reason it is arithmetic. If on the contrary it partook of similar quality, but not quantity, it
would be geometric instead of arithmetic.*

A thing is peculiar to this proportion that does not belong to any other, namely, the mean is either
half of, or equal to, the sum of the extremes, whether the proportion be viewed as continuous or

8 For example, 3, 4, 5 is a continued proportion since there’s only one number (4) between the two extremes (3
and 5). But if there is more than one mean between the two extremes (3, 4, 5, 6), then the proportion is disjunct.

# This distinction will be made clearer in the next chapter. Remember that “quantity” refers to additive things,
and “quality” refers to multiplicative things.
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disjunct or by alternation; for either the mean term with itself, or the mean terms with one an-
other, are equal to the sum of the extremes.

It has still another peculiarity; what ratio each term has to itself, this the differences have to the
differences; that is, they are equal.

Again, the thing which is most exact, and which has escaped the notice of the majority, the prod-
uct of the extremes when compared to the square of the mean is found to be smaller than it by the
product of the differences, whether they be 1, 2, 3, 4, or any number whatever.

In the fourth place, a thing which all previous writers also have noted, the ratios between the
smaller terms are larger, as compared to those between the greater terms. It will be shown that in
the harmonic proportion, on the contrary, the ratios between the greater terms are greater than
those between the smaller; for this reason the harmonic proportion is subcontrary to the arith-
metic, and the geometric is midway between them, as it were, between extremes, for this propor-
tion has the ratios between the greater terms and those between the smaller equal, and we have
seen that the equal is in the middle ground between the greater and the less. So much, then, about
the arithmetic proportion.

Questions:

o In Section 1, Nicomachus claims that in an arithmetic proportion like 1, 2, 3, 4, the differences between
terms are always the same, but the ratios between the terms are always different. Will this always be the case
for this kind of proportion?

o Look at Section 4 again; why is it that arithmetic proportion “partakes in equal quantity in its differences,
but of unequal quality”? Compare the quantitative and qualitative differences between 3, 4, and 5, for exam-

ple.

o Test out what Nicomachus describes in Section 5, both with a three-number (continuous) proportion and
with a four-number (disjunct) proportion.

o In Section 6, Nicomachus notes that the ratios between smaller terms are larger (for example, 3 is only
once and a half of 2, but 2 is the double of 1). What happens to the ratios as you compare larger and larger
terms? (for example, 100, 101, 102, ...)
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Chapter 24: Geometric Proportion

Nicomachus continues to the next kind of proportion. Keep the properties of arithmetic proportion in mind so
you can compare arithmetic and geometric proportion as you read.

The next proportion after this one, the geometric, is the only one in the strict sense of the word to
be called a proportion, because its terms are seen to be in the same ratio. It exists whenever, of
three or more terms, as the greatest is to the next greatest, so the latter is to the one following,
and if there are more terms, as this again is to the one following it, but they do not, however, differ
from one another by the same quantity, but rather by the same quality of ratio, the opposite of
what was seen to be the case with the arithmetic proportion.

For an example, set forth the numbers beginning with 1 that advance by the double ratio, 1, 2, 4,
8, 16, 32, 64, and so on, or by the triple ratio, 1, 3, 9, 27, 81, 243, and so on, or by the quadruple, or
in some similar way. In each one of these series three adjacent terms, or four, or any number
whatever that may be taken, will give the geometric proportion to one another; as the first is to
the next smaller, so is that to the next smaller, and again that to the next smaller, and so on as far
as you care to go, and also by alternation.

For instance, 2, 4, 8; the ratio which 8 bears to 4, that 4 bears to 2, and conversely; they do not,
however, have the same quantitative difference. Again, 2, 4, 8, 16; for not only does 16 have the
same ratio to 8 as before, though not the same difference, but also by alternation it preserves a
similar relation—as 16 is to 4, so 8 is to 2, and conversely, as 2 is to 8, so 4 is to 16; and disjunctly,
as 2 is to 4, so 8 is to 16; and conversely and in disjunct form, as 16 is to 8 so 4 is to 2; for it has the
double ratio.

The geometric proportion has a peculiar property shared by none of the rest, that the differences
of the terms are in the same ratio to each other as the terms to those adjacent to them, the greater
to the less, and vice versa. Still another property is that the greater terms have as a difference,
with respect to the lesser, the lesser terms themselves, and similarly difference differs from dif-
ference, by the smaller difference itself, if the terms are set forth in the double ratio; in the triple
ratio both terms and differences will have as a difference twice the next smaller, in the quadruple
ratio thrice, in the quintuple four times, and so on.

Geometric proportions come about not only among the multiples, but also among all the super-
particular, superpartient, and mixed forms, and the peculiar property of this proportion in all
cases is preserved, that in the continued proportions the product of the extremes is equal to the
square of the mean, but in disjunct proportions, or those with a greater number of terms, even if
they are not continued, but with an even number of terms, that the product of the extremes equals
that of the means.
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As an illustration of the fact that in all the relations, all kinds of multiples, superparticulars, su-
perpartients, and mixed ratios the peculiar property of this proportion is preserved, let that suf-
fice and be sufficient for us wherein we fashioned, beginning with equality, by the three rules all
the kinds of inequality out of one another, when they were in both direct and reverse order; for
each act of fashioning and each series set forth is a geometric proportion with all the aforesaid
properties as well as a fourth, namely, that they keep the same ratio in both the greater and the
smaller terms.

Moreover, if we set forth the series shared by both heteromecic and square numbers, one by one,
containing the terms in both series,*® and then selecting the terms by groups of three beginning
with 1, examine them, in each case setting down the last of the former group as the starting point
of the next, we shall find that from the multiple relation—that is, the double—all the kinds of
superparticulars appear one after the other, the sesquialter, sesquitertian, sesquiquartan, and so
on.

It would be most seasonable, now that we have reached this point, to mention a corollary that is
of use to us for a certain Platonic theorem: for plane numbers are bound together always by a
single mean, solids by two, in the form of a proportion. For with two consecutive squares only one
mean term is discovered which preserves the geometric proportion, as antecedent to the smaller
and consequent to the greater term, and never more than one. Hence, we conceive of two intervals
between the mean term and each extreme, in the relation of similar ratios.

Again, with two consecutive cubes only two middle terms in proper ratio are found, in accordance
with the geometric proportion, never more; hence there are three intervals, one, that between the
mean terms compared to one another, and two between the extremes and the means on either
side.

Thus, the solid forms are called three-dimensional and the plane ones two-dimensional; for ex-
ample, 1and 4 are planes, and 2 a middle term in proportion, or again 4 and 9, two squares, and
their middle term 6, held by the greater and holding the lesser term in the same ratio as that in
which one difference holds the other.

The reason for this is that the sides of the two squares, one belonging peculiarly to each, both
together produced this very number 6. In cubes, however, for example 8 and 27, no longer one but
two mean terms are found, 12 and 18, which put themselves and the terms in the same ratio as
that which the differences bear to one another; and the reason of this is that the two mean terms
are the products of the sides of the cubes commingled, 2 x 2 x3and 3 x 3 x 2.

s° That is, the series 1, 2, 4, 6,9, 12, 16, 20, 25, 30, 36, 42, ... which alternates between square numbers and rec-
tangular numbers.
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10 Ingeneral, then, if a square takes a square, that is, multiplies it, it always makes a square; but if a

11

square multiplies a heteromecic number, or vice versa, it never makes a square; and if cube mul-
tiplies cube, a cube will always result, but if a heteromecic number multiplies a cube, or vice versa,
never is the result a cube. In precisely the same way if an even number multiplies an even number,
the product is always even; and if odd multiplies odd always odd. But if odd multiplies even, or
even odd, the result will always be even and never odd.

These matters will receive their proper elucidation in the commentary on Plato, with reference to
the passage on the so-called marriage number in the Republic introduced in the person of the
Muses. So then let us pass over to the third proportion, the so-called harmonic, and analyze it.

Questions:

o Write out a continued proportion following whatever ratio you want. Test what Nicomachus says in Sec-
tion 3, that the differences between the terms have the same ratio with each other that the original terms
have.

o In Section 4, Nicomachus lays out the relationship of the extremes in a proportion to the mean(s). Test this
out for a three-term (continued) proportion and for a four-term (disjunct) proportion. Why do you think this
happens?

o Try multiplying two squares together and two cubes together. Is your result what Nicomachus predicts in
Section 102 Why do you think this happens?
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Chapter 25: Harmonic Proportion

Nicomachus calls this third kind of proportion harmonic because it is a harmonization of arithmetic and
geometric proportions. This proportion will likely seem less familiar to you; Nicomachus points out some of
its notable qualities.

The proportion that is placed in the third order is one called the harmonic, which exists whenever
among three terms the mean on examination is observed to be neither in the same ratio to the
extremes, antecedent of one and consequent of the other, as in the geometric proportion, nor
with equal intervals, but an inequality of ratios, as in the arithmetic, but on the contrary, as the
greatest term is to the smallest, so the difference between greatest and mean terms is to the dif-
ference between mean and smallest term.*

For example, take 3, 4, 6, or 2, 3, 6. For 6 exceeds 4 by one third of itself, since 2 is one third of 6,
and 3 falls short of 4 by one third of itself, for 1 is one third of 3. In the first example, the extremes
are in double ratio and their differences with the mean term are again in the same double ratio to
one another; but in the second they are each in the triple ratio.

It has a peculiar property, opposite (as we have said) to that of the arithmetic proportion; for in
the latter, the ratios were greater among the smaller terms, and smaller among the greater terms.
Here, however, on the contrary, those among the greater terms are greater and those among the
smaller terms smaller, so that in the geometric proportion, like a mean between them, there may
be observed the equality of ratios on either side, a midground between greater and smaller.

Furthermore, in the arithmetic proportion the mean term is seen to be greater and smaller than
those on either side by the same fraction of itself, but by different fractions of the terms that flank
it; in the harmonic, however, it is the opposite, for the middle term is greater and less than the
terms on either side by different fractions of itself, but always the same fraction of those terms at
its sides, a half of them or a third; but the geometric, as if in the midground between them, shows
this property neither in the mean term exclusively nor in the extremes, but in both mean and
extreme.

Once more, the harmonic proportion has as a peculiar property the fact that when the extremes
are added together and multiplied by the mean, it makes twice the product of themselves multi-
plied by one another.

The harmonic proportion was so called because the arithmetic proportion was distinguished by
quantity, showing an equality in this respect with the intervals from one term to another, and the

st In other words, the smaller term is smaller by some part of itself, but the larger term is larger by the same part
of itself.
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geometric by quality, giving similar qualitative relations between one term and another, but this
form, with reference to relativity, appears now in one form, now in another, neither in its terms
exclusively nor in its differences exclusively, but partly in the terms and partly in the differences;
for as the greatest term is to the smallest, so also is the difference between the greatest and the
next greatest (or middle) term to the difference between the least term and the middle term, and
vice versa.

Questions:
o Create at least one of your own harmonic proportions.

For further thought: Test out the idea in Section 4 which explains the relationship between the extremes and
the mean of a harmonic proportion. Why do you think this relationship exists?
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Chapter 26: Music

One important connection the Pythagoreans made between existence and number was music, a connection
which Nicomachus brings to light in this chapter. Nicomachus specifically shows how certain mathematical
ratios are bound up in musical intervals like the fourth, fifth, and octave.

In the classification of Being previously set forth we recognized the relative as a thing peculiar to
harmonic theory; but the musical ratios of the harmonic intervals are also rather to be found in
this proportion. The most elementary is the diatessaron [fourth], in the sesquitertian ratio, 4:3,
which is the ratio of term to term in the example in the double ratio, or of difference to difference
in that which follows, the triple, for these differences are of 6 to 2 or again of 6 to 3.5

Immediately following is the diapente [fifth], which is the sesquialter, 3:2 or again, 6:4, the ratio
of term to term. Then the combination of both of these, sesquialter and sesquitertian, the diapa-
son [octave], which comes next, is in the double ratio, 6:3 in both of the examples, the ratio of term
to term.*

The following interval, that of the diapason and diapente together,* which preserves the triple
ratio of the two of them together, since it is the combination of double and sesquialter, is as 6:2,
the ratio of term to term in the example in the triple ratio, and likewise of difference to difference
in the same, and in the proportion with double ratio it is the ratio of the greatest term to the dif-
ference between that term and the mean term, or of the difference between the extremes to the
difference between the smaller terms.

The last and greatest interval, the so-called di-diapason [double-octave], as it were twice the dou-
ble, which is in the quadruple ratio, is as the middle term in the proportion in the double ratio to
the difference between the lesser terms, or as the difference between the extremes, in the example
in the triple ratio, to the difference between the lesser terms.

s2This takes a little explaining. Nicomachus is calling back to the two harmonic proportions he introduced in
Section 1 of the previous chapter (6, 4, 3 and 6, 3, 2); he just leaves out the middle terms to show that their extreme
terms make the double and triple ratios. How are these related to the sesquitertian (4:3) ratio? Well, 6, 4, 3 has the
ratio from term to term, and the differences in 6, 3, 2 have the same ratio (that is, 6 — 2 =4 and 6 — 3 = 3). This is Ni-
comachus’ argument for the fourth interval being the most elementary, since it is connected to the simplest ratios
of the double and triple.

53 In other words, that harmonic proportion inside the double (6, 4, 3) contains both a sesquialter (6:4) and a
sesquitertian (4:3) ratio. In music, this is exactly why a fifth and a fourth stack on top of each other to make an oc-
tave (you can hear it in the first three notes of the Strauss piece famously played in 2001: A Space Odyssey).

54 S0, an octave and a fifth.
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2 Some, however, agreeing with Philolaus,* believe that the proportion is called harmonic because
itattends upon all geometric harmony, and they say that “geometric harmony” is the cube because
it is harmonized in all three dimensions, being the product of a number thrice multiplied to-
gether. For in every cube this proportion is mirrored; there are in every cube 12 sides, 8 angles and
6 faces; hence 8, the mean between 6 and 12, is according to harmonic proportion, for as the ex-
tremes are to each other, so is the difference between greatest and middle term to that between
the middle and smallest terms, and, again, the middle term is greater than the smallest by one
fraction of itself and by another is less than the greater term, but is greater and smaller by one
and the same fraction of the extremes.

And again, the sum of the extremes multiplied by the mean makes double the product of the ex-
tremes multiplied together. The diatessaron [fourth] is found in the ratio 8:6, which is sesquiter-
tian, the diapente in 12:8, which is sesquialter; the diapason, the combination of these two, in 12:6,
the double ratio; the diapason and diapente combined, which is triple, in the ratio of the differ-
ence of the extremes to that of the smaller terms, and the di-diapason is the ratio of the middle
term to the difference between itself and the lesser term. Most properly, then, has it been called
harmonic.

For further thought:
o In Section 2, what does Nicomachus mean by harmony? (Cubes obviously don’t make any sound)

o Ifharmony isn’t necessarily sound, what is the connection between harmony and the music played by an
instrument?

55 A Greek Pythagorean philosopher.
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Chapter 27: The Mean

In this chapter, Nicomachus compares the different means that correspond to the kinds of proportion. He
gives examples of each kind of mean, then explains how to find each kind if you are given two extremes.

Just as in the division of the musical canon, when a single string is stretched or one length of a
pipe is used, with immovable ends, and the midpoint shifts in the pipe by means of the finger-
holes, in the string by means of the bridge, and as in one way after another the aforesaid propor-
tions, arithmetic, geometric, and harmonic, can be produced, so that the fact becomes apparent
that they are logically and very properly named, since they are brought about through changing
and shifting the middle term in different ways, so too it is both reasonable and possible to insert
the mean term that fits each of the three proportions between two arithmetic terms, which stay
fixed and do not change, whether they are both even or odd.

In the arithmetic proportion this mean term is one that exceeds and is exceeded by an equal
amount; in the geometric proportion it is differentiated from the extremes by the same ratio, and
in the harmonic it is greater and smaller than the extremes by the same fraction of those same
extremes.

Let there be given then, first, two even terms, between which we must find how the three means
would be inserted, and what they are. Let them be 10 and 40.

First, then, I fit to them the arithmetic mean. It is 25, and the attendant properties of the arith-
metic proportion are all preserved; for as each term is to itself, so also is difference to difference;
they are in equality, therefore. And as much as the greater exceeds the means by so much the latter
exceeds the lesser term; the sum of the extremes is twice the mean; the ratio of the lesser terms is
greater than that of the greater; the product of the extremes is less than the square of the mean
by the amount of the square of the differences; and the middle term is greater and less than the
extremes by the same fraction of itself, but by different fractions regarded as parts of the ex-
tremes.

If, however, I insert 20 as a mean between the given even terms, the properties of the geometrical
proportion come into view and those of the arithmetic are done away with. For as the greater term
is to the middle term, so is the middle term to the lesser; the product of the extremes is equal to
the square of the mean; the differences are observed to be in the same ratio to one another as that
of the terms; neither in the extremes alone nor in the middle term alone does there reside the
sameness of the fraction concerned in the relative excess and deficiency of the terms, but in the
middle term and one of the extremes by turns; and both between greater and smaller terms there
is the same ratio.

89



BOOK II | PROPORTION

5 ButifI select 16 as the mean, again the properties of the two former proportions disappear and
those of the harmonic are seen to remain fixed, with respect to the two even terms. For as the
greatest term is to the least, so is the difference of the greater terms to that of the lesser; by what
fractions, seen as fractions of the greater term, the mean is smaller than the greater term, by these
the same mean term is greater than the smallest term when they are looked upon as fractions of
the smallest term; the ratio between the greater terms is greater, and that of the smaller terms,
smaller, a thing which is not true of any other proportion; and the sum of the extremes multiplied
by the mean is double the product of the extremes.

6 If, however, the two terms that are given are not even but odd, like 5, 45, the same number, 25, will
make the arithmetic proportion; and the reason for this is that the terms on either side overpass
it and fail to come up to it by an equal number, keeping the same quantitative difference with
respect to it. 15 substituted makes the geometric proportion, as it is the triple and subtriple of
each respectively; and if 9 takes over the function of mean term it gives the harmonic; for by those
parts of the smaller term by which it exceeds, namely, four fifths of the smaller, it is also less than
the greater, if they be regarded as parts of the greater term, for this too is four fifths, and if you
try all the previously mentioned properties of the harmonic ratio you will find that they will fit.

7 And let this be your method whereby you might scientifically fashion the mean terms that are
illustrated in the three proportions. For the two terms given you, whether odd or even, you will
find the arithmetic mean by adding the extremes and putting down half of them as the mean, or
if you divide by 2 the excess of the greater over the smaller, and add this to the smaller, you will
have the mean.

As for the geometric mean, if you find the square root of the product of the extremes, you will
produce it, or, observing the ratio of the terms to one another, divide this by 2 and make the mean,
for example, the double, in the case of a quadruple ratio.

For the harmonic mean, you must multiply the difference of the extremes by the lesser term and
divide the product by the sum of the extremes, then add the quotient to the lesser term, and the
result will be the harmonic mean.
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Questions:

o Following Nicomachus through Sections 3, 4, and 5, make sure you understand each mean’s relationship
to the extremes. What are those relationships? (There are a lot of them!)

+ Choose two extreme terms (besides 10 and 40) and find all three kinds of means between them using Ni-
comachus’ instructions in Section 7.

o+ Ifyou got fractions or decimals for some of your means, can you find a different pair of extremes which will
end up with only whole numbers as means? (Nicomachus chooses such a pair of extremes because he believes
only counting numbers are truly numbers.)

Chapter 28 has been omitted.>

¢ Chapter 28 gets a bit too technical, in my opinion, for classroom use. To read Chapter 28, see Appendix B.
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Chapter 29: The Most Perfect Proportion

Nicomachus brings everything together in one final beautiful relationship, the “most perfect proportion.” It
serves as an abbreviation of sorts, containing many kinds of numbers and relationships discussed in past
chapters. Since it contains so much about what numbers are and how they relate to one another, Nicomachus
states that this proportion is “most useful for all progress in music and in the theory of the nature of the uni-
verse.”

It remains for me to discuss briefly the most perfect proportion, that which is three-dimensional
and embraces them all, and which is most useful for all progress in music and in the theory of the
nature of the universe. This alone would properly and truly be called harmony rather than the
others, since it is not a plane, nor bound together by only one mean term, but with two, so as thus
to be extended in three dimensions, just as a while ago it was explained that the cube is harmony.

When, therefore, there are two extreme terms, both of three dimensions, either numbers multi-
plied thrice by themselves so as to be a cube, or numbers multiplied twice by themselves and once
by another number so as to be either “beams” or “bricks,”” or the products of three unequal num-
bers, so as to be scalene, and between them there are found two other terms which preserve the
same ratios to the extremes alternately and together, in such a manner that, while one of them
preserves the harmonic proportion, the other completes the arithmetic, it is necessary that in
such a disposition of the four the geometric proportion appear, on examination, commingled
with both mean terms—as the greatest is to the third removed from it, so is the second from it to
the fourth; for such a situation makes the product of the means equal to the product of the ex-
tremes.

And again, if the greatest term be shown to differ from the one next beneath it by the amount
whereby this latter differs from the least term, such an array becomes an arithmetic proportion
and the sum of the extremes is twice the mean. But if the third term from the greatest exceeds
and is exceeded by the same fraction of the extremes, it is harmonic and the product of the mean
by the sum of the extremes is double the product of the extremes.

Let this be an example of this proportion: 6, 8, 9, 12. 6 is a scalene number, derived from 1 x 2 x 3,
and 12 comes from the successive multiplication of 2 x 2 x 3; of the mean terms the lesser is from
1x 2 x 4, and the greater from 1 x 3 x 3. The extremes are both solid and three-dimensional, and
the means are of the same class. According to the geometric proportion, as 12 is to 8, so 9 is to 6;
according to the arithmetic, as 12 exceeds 9, by so much does 9 exceed 6; and by the harmonic, by

7 These are the three-dimensional version of rectangular numbers. Chapter 15 of Book II deals with these more
extensively.
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the fraction by which 8 exceeds 6 (viewed as a fraction of 6), 8 is also exceeded by 12 (viewed as a
fraction of 12).

Moreover 8:6 or 12:9 is the diatessaron, in sesquitertian ratio; 9:6 or 12:8 is the diapente in the
sesquialter; 12:6 is the diapason in the double. Finally, 9:8 is the interval of a tone [whole step], in
the superoctave ratio, which is the common measure of all the ratios in music, since it is also the
more familiar, because it is likewise the difference between the first and most elementary inter-
vals.

And let this be sufficient concerning the phenomena and properties of number, for a first Intro-
duction.

For further thought: Can Christians agree with Nicomachus that this most perfect proportion “is most use-
ful for all progress... in the theory of the nature of the universe”? Why or why not?
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APPENDIX A

CHAPTERS OMITTED FROM BOOK I

Chapter 3: The Quadrivium (unabridged)

The removed parts of this chapter explain in greater detail the underlying philosophy that motivates Ni-
comachus to pursue mathematics. This was removed because, while these thoughts are extremely relevant to
Nicomachus’ work and to the history of mathematics, they are ideas that need to be handled with care. Py-
thagoreanism and Platonism offer enlightening and exciting ideas on the nature of Creation, but they also
lie at the root of harmful heresies, Gnosticism in particular. Gnostics held that anything material is evil and
believed many horrific things about the Gospel—you can probably think of harmful ideas in certain Chris-
tian denominations and in the world today which stem from the same sort of Gnostic, anti-material philoso-
phy. As with any philosophy, you should digest what Nicomachus says, consider what insights it provides,
identify what potential problems it has, and measure it with the Word of God.

Again, to start afresh, since of quantity one kind is viewed by itself, having no relation to anything
else, as “even,” “odd,” “perfect,” and the like, and the other is relative to something else and is con-
ceived of together with its relationship to another thing, like “double,” “greater,” “smaller,” “half,”

” «

“one and one-half times,” “one and one-third times,” and so forth, it is clear that two scientific
methods will lay hold of and deal with the whole investigation of quantity; arithmetic (absolute

quantity) and music (relative quantity).

And once more, inasmuch as part of “size” is in a state of rest and stability, and another part in
motion and revolution, two other sciences in the same way will accurately treat of “size,” geometry
the part that abides and is at rest, astronomy that which moves and revolves.

Without the aid of these, then, it is not possible to deal accurately with the forms of being nor to
discover the truth in things, knowledge of which is wisdom, and evidently not even to philoso-
phize properly, for “just as painting contributes to the menial arts toward correctness of theory,
soin truth lines, numbers, harmonic intervals, and the revolutions of circles bear aid to the learn-
ing of the doctrines of wisdom,” says the Pythagorean Androcydes.

Likewise Archytas of Tarentum, at the beginning of his treatise On Harmony, says the same thing,
in about these words: “It seems to me that they do well to study mathematics, and it is not at all
strange that they have correct knowledge about each thing, what it is. For if they knew rightly the
nature of the whole, they were also likely to see well what is the nature of the parts. About geom-
etry, indeed, and arithmetic and astronomy, they have handed down to us a clear understanding,
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and not least also about music. For these seem to be sister sciences; for they deal with sister sub-
jects, the first two forms of being.”s®

Plato, too, at the end of the thirteenth book of the Laws, to which some give the title The Philosopher,
because he investigates and defines in it what sort of man the real philosopher should be, in the
course of his summary of what had previously been fully set forth and established, adds: “Every
diagram, system of numbers, every scheme of harmony, and every law of the movement of the
stars, ought to appear one to him who studies rightly; and what we say will properly appear if one
studies all things looking to one principle, for there will be seen to be one bond for all these things,
and if any one attempts philosophy in any other way he must call on Fortune to assist him. For
there is never a path without these; this is the way, these the studies, be they hard or easy; by this
course must one go, and not neglect it. The one who has attained all these things in the way I
describe, him I for my part call wisest, and this I maintain through thick and thin.”

For it is clear that these studies are like ladders and bridges that carry our minds from things
apprehended by sense and opinion to those comprehended by the mind and understanding, and
from those material, physical things, our foster-brethren known to us from childhood, to the
things with which we are unacquainted, foreign to our senses, but in their immateriality and eter-
nity more akin to our souls, and above all to the reason which is in our souls.*

And likewise in Plato's Republic, when the interlocutor of Socrates appears to bring certain plau-
sible reasons to bear upon the mathematical sciences, to show that they are useful to human life—
arithmetic for reckoning, distributions, contributions, exchanges, and partnerships; geometry
for sieges, the founding of cities and sanctuaries, and the partition of land; music for festivals,
entertainment, and the worship of the gods; and the doctrine of the spheres, (or astronomy) for
farming, navigation and other undertakings, revealing beforehand the proper procedure and
suitable season—Socrates, reproaching him, says: “You amuse me, because you seem to fear that
these are useless studies that I recommend; but that is very difficult, nay, impossible. For the eye
of the soul, blinded and buried by other pursuits, is rekindled and aroused again by these and
these alone, and it is better that this be saved than thousands of bodily eyes, for by it alone is the
truth of the universe beheld.”

58 These “first two forms of being” are the “whole” and the “part.”

52 This is typical of Platonist and Pythagorean philosophy, which greatly influenced Nicomachus. The physical
world of senses is, to a Platonist, not ultimate reality. Nicomachus calls physical things our “foster-brethren” be-
cause in his view, since the senses can be doubted, the soul and the immaterial “world of the forms” was truer real-
ity, only accessible by reason. So, mathematics, he says, is a bridge from material and opinion to reason and under-
standing.
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Chapter 22: Multiple Superparticular Numbers

Nicomachus continues with a compounded version of the superparticular numbers. This time, the numbers
aren't just once and a half or once and a third, but twice or thrice and some fraction of the smaller.

Now the multiple superparticular is a relation in which the greater of the compared terms con-
tains within itself the lesser term more than once and in addition some one part of it, whatever
this may be.

As a compound, such a number is doubly diversified after the peculiarities of nomenclature of its
components on either side; for inasmuch as the multiple superparticular is composed of the mul-
tiple and superparticular generically, it will have in its subdivisions according to species a sort of
diversification and change of names proper both to the first part of the name and to the second.
For instance, in the first part, that is, the multiple, it will have double, triple, quadruple, quintuple,
and so forth, and in the second part, generically from the superparticular, its specific forms in
due order, the sesquialter, sesquitertian, sesquiquartan, sesquiquintan, and so on, so that the
combination will proceed in somewhat this order:

Double sesquialter, double sesquitertian, double sesquiquartan, double sesquiquintan, double
sesquisextan, and analogously.

Beginning once more: triple sesquialter, triple sesquitertian, triple sesquiquartan, triple ses-
quiquintan.

Again: quadruple sesquialter, quadruple sesquitertian, quadruple sesquiquartan, quadruple ses-
quiquintan.

Again: quintuple sesquialter, quintuple sesquitertian, quintuple sesquiquartan, quintuple ses-
quiquintan, and the forms analogous to these ad infinitum. Whatever number of times the greater
contains the whole of the smaller, by this quantity the first part of the ratio of the terms joined
together in the multiple superparticular is named; and whatever may be the factor, in addition to
the whole several times contained, that s, in the greater term, from this is named the second kind
of ratio of which the multiple superparticular is compounded.

Examples of it are these: 5 is the double sesquialter of 2; 7 the 3 double sesquitertian of 3; 9 the
double sesquiquartan of 4; 11 the double sesquiquintan of 5. You will furthermore always produce
them in regular order, in this fashion, by comparing with the successive even and odd numbers
from 2 the odd numbers, exclusively, from 5, first with first, second with second, third with third,
and the others each with the one in the same position in the series.

The successive terms beginning with 5 and differing by 5 will be without exception double sesqui-
alters of all the successive even numbers from 2 on, when terms in the same position in the series
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are compared; and beginning with if all those with a difference of 3 be set forth, as 3, 6, 9, 12, 15,
18, 21, and in another series there be set forth those that differ by 7, to infinity, as 7, 14, 21, 28, 35,
42,49, and the greater be compared with the smaller, first to first, second to second, third to third,
fourth to fourth, and so on, the second species will appear, the double sesquitertian, disposed in
its proper order.

Then again, to take a fresh start, if the simple series of quadruples 4 be set forth, 4, 8, 12, 16, 20,
24, 28, 32, and then there be placed beside it in another series the successive numbers beginning
with 9, and increasing by 9, as 9, 18, 27, 36, 45, 54, we shall have revealed once more the multiple
superparticular in a specific form, that is, the double sesquiquartan in its proper order; and any-
one who desires can contrive this to an unlimited extent.®

The second kind begins with the triple sesquialter, such as 7:2, 14:4, and in general the numbers
that advance by steps of 7 compared with the even numbers in order from 2.

Then once more, 10:3 is the first triple sesquitertian, 20:6 the second, and, in a word, the multiples
of 10 in succession, compared with the successive triples.

This indeed we can observe with greater exactitude and clearness in the table studied above, for
in comparison with the first row the succeeding rows in order, compared as whole rows, display
the forms of the multiple in regular order up to infinity when they are all compared in each case
to the same first row.

And when each row is compared to all those above it, in succession, the second row being taken
as our starting point, all the forms of the superparticular are produced in their proper order;

And if we start with the third row, all of those beginning with the fifth that are odd in the series
when they are compared with this same third row, and those following it, will show all the forms
of the superpartient in proper order.

In the case of the multiple superparticular, the comparisons will have a natural order of their own
if we start with the second row and compare the terms from the fifth, first to first, second to sec-
ond, third to third, and so on, and then the terms of the seventh row to the third, those of the
ninth to the fourth, and follow the corresponding order as far as we are able to go.

It is plain that here too the smaller terms have names corresponding to the larger ones, with the
prefix “sub-,” according to the nomenclature given them all.

¢ In other words, Nicomachus points out that any relation between two basic numbers will carry through to
the relations between multiples of those numbers.
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Chapter 23: Multiple Superpartient Numbers & Three Rules
(unabridged)

Nicomachus continues by explaining the final kind of relative quantity, the multiple superpartient, which is
similar to the multiple superparticular from before.

He concludes Book I by showing that the root of all relative quantity is equality; after all, that seems to be the
most basic relationship two numbers can have towards each other. Nicomachus demonstrates his claim with
a method that can create, out of equality, all the other kinds of relative quantity.

The multiple superpartient is the remaining relation of number. This, and the relation called by a
corresponding name with the prefix “sub-,” exist when a number contains the whole of the num-
ber compared more than once (that is, twice, thrice, or any number of times) and certain parts of
it, more than one, either two, three, or four, and so on, besides.®

These parts are not halves, for the reasons mentioned above,* but either thirds, fourths, or fifths,
and so on.

From what has already been said it is not hard to conceive of the varieties of this relation, for they
are differentiated in the same way as, and consistently with, those that precede, double superbi-
partient, double supertripartient, double superquadripartient, and so on.

For example, 8 is the double superbipartient of 3, 16 of 6, and in general the numbers beginning
with 8 and differing by 8 are double superbipartients of those beginning with 3 and differing by
3, when those in corresponding places in the series are compared, and in the case of the other
varieties one could ascertain their proper sequence by following out what has already been said.
In this case, too, we must conceive that the nomenclature of the number compared goes along
and suffers corresponding changes, with the addition of the prefix “sub-.”

Thus we come to the end of our speculation upon the ten arithmetical relations for a first Introduc-
tion. There is, however, a method very exact and necessary for all discussion of the nature of the
universe which very clearly and indisputably presents to us the fact that that which is fair and
limited, and which subjects itself to knowledge, is naturally prior to the unlimited, incomprehen-
sible, and ugly, and furthermore that the parts and varieties of the infinite and unlimited are given
shape and boundaries by the former, and through it attain to their fitting order and sequence,
and like objects brought beneath some seal or measure, all gain a share of likeness to it and simi-
larity of name when they fall under its influence.

¢ As opposed to containing the whole of the number only once.

¢ Chapter 20, Section 2 contains those reasons.
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For thus it is reasonable that the rational part of the soul will be the agent which puts in order the
irrational part, and passion and appetite, which find their places in the two forms of inequality,
will be regulated by the reasoning faculty as though by a kind of equality and sameness.

And from this equalizing process there will properly result for us the so-called ethical virtues, so-
briety, courage, gentleness, self-control, fortitude, and the like.

Let us then consider the nature of the principle that pertains to these universal matters. It is ca-
pable of proving that all the complex species of inequality and the varieties of these species are
produced out of equality, first and alone, as from a mother and root.

Let there be given us equal numbers in three terms, first, units, then 2s in another group of three,
then 3s, next 4s, 5s, and so on as far as you like. For them, as the setting forth of these terms has
come about by a divine, and not human, contrivance, nay, by Nature herself, multiples will first
be produced, and among these the double will lead the way, the triple after the double, the quad-
ruple next, and then the quintuple, and, following the order we have previously recognized, ad
infinitum.

Second, the superparticular, and here again the first form, the sesquialter, will lead, and the next
after it, the sesquitertian, will follow, and after them the next in order, the sesquiquartan, the
sesquiquintan, the sesquisextan, and so on ad infinitum.

Third, the superpartient, which once more the superbipartient will lead, the supertripartient will
follow immediately upon it, and then will come the superquadripartient, the superquintipartient,
and according to the foregoing as far as one may proceed.

Now you must have certain rules, like invariable and inviolable natural laws, following which the
whole aforesaid advance and progress from equality may go on without failure. These are the di-
rections:

Make the first equal to the first, the second equal to the sum of the first and second, and the third
to the sum of the first, twice the second, and the third. For if you fashion according to these rules,
you would get first all the forms of the multiple in order out of the three given terms of the equal-
ity, as it were, sprouting and growing without your paying any heed or offering any aid. From
equality you will first get the double, from the double the triple, from the triple successively the
quadruple, and from this the quintuple in due order, and so on.

From these same multiples in their regular order, reversed, there are immediately produced by a
sort of natural necessity through the agency of the same three rules the superparticulars, and
these not as it chances and irregularly but in their proper sequence; for from the first, the double,
reversed, comes the first, the sesquialter; and from the second, the triple, the second in this class,
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the sesquitertian; then the sesquiquartan from the quadruple, and in general each one from the
one of similar name.

And with a fresh start, if the superparticulars are set forth in the order of their production, but
with terms reversed, the superpartients (which naturally follow them) are brought to light: the
superbipartient from the sesquialter, the supertripartient from the sesquitertian, the superquad-
ripartient from the sesquiquartan, and so on ad infinitum.

If, however, the superparticulars are set forth with terms not in reverse but in direct order, there
are produced through the three rules the multiple superparticulars, the double sesquialter out of
the first (the sesquialter); the double sesquitertian from the second (the sesquitertian), the double
sesquiquartan from the third (the sesquiquartan), and so on.

From those produced by the reversal of the superparticular (that is, the superpartients) and from
those produced without such reversal (the multiple superparticulars) there are once more pro-
duced, in the same way and by the same rules, both when the terms are in direct or reverse order,
the numbers that show the remaining numerical relations.

The following must suffice as illustrations of all that has been said. hitherto, the production of
these numbers and their sequence, and the use of direct and of reverse order.

From the relation and proportion in terms of the sesquialter, reversed so as to begin with the larg-
est term, there arises a relation in superpartient ratios, the superbipartient; and from it in direct
order, beginning with the smallest term, a multiple superparticular relation, the double sesqui-
alter. For example, from 9, 6, 4, we get either 9, 15, 25 or 4, 10, 25.

From the relation in terms of sesquitertians, beginning with the greatest term, is derived a su-
perpartient, the supertripartient; beginning with the smallest term, a double sesquitertian. For
example, from 16, 12, 9 comes either 16, 28, 49 or 9, 21, 49.

And from the relation in terms of sesquiquartans, when it is arranged to begin with the largest
term, is derived a superpartient, the superquadripartient; when it starts with the smallest term,
a multiple superparticular, the double sesquiquintan; for instance, from 25, 20, 16 comes either
25, 45, 81 0r 16, 36, 81.

In the case of all these relations that are thus differentiated, and of the one from which both of
the differentiated ones are derived, the last term is always the same and a square; the first term
becomes the smallest, and invariably the extremes are squares.

Moreover the multiple superpartients and superpartients of other kinds are made to appear in
yet another way out of the superpartients; for example, from the superbipartient relation ar-
ranged so as to begin with the smallest term comes the double superbipartient, but, arranged so
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as to start with the greatest, the superpartient ratio of 8:5. Thus from 9, 15, 25 comes either 9, 24,
64 OF 25, 40, 64.

From the supertripartient, beginning with the smallest term, we have the double supertripar-
tient, and, beginning with the largest, the ratio of 11:7. Thus, from 16, 28, 49 comes either 16, 44,
1210t 49, 77, 121.

Again, from the superquintipartient, as, for example, 25, 45, 81, beginning with the lesser term,
we derive the double superquintipartient in the terms 25, 70, 196, but beginning with the greater
a superpartient again, the ratio of 14:9, in the terms 81, 126, 196. And you will find the results anal-
ogous and in agreement with the foregoing in all successive cases to infinity.

SUMMARY OF THE THREE RULES

Using the rules Using the rules, but
makes: reversing the order, makes:
Multiple Multiple Superparticular
. Multiple )
Superparticular . Superpartient
Superparticular
. Multiple )
Superpartient . Superpartient
Superpartient
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Chapter 13: Triangular Pyramid Numbers

Nicomachus continues his connection of arithmetic to geometry by jumping into another dimension: three-

dimensional space. Pyramids, beams, bricks, wedges, spheres, and parallelepipedons—he will explain all

these kinds of number in the following chapters. Note how he shows that these numbers come from the two-

dimensional numbers; Nicomachus is always concerned with showing the source and origin of mathemati-
cal ideas.

From this it is easy to see what the solid number is and how its series advances with equal sides;
for the number which, in addition to the two dimensions contemplated in graphic representation
in a plane (length and breadth), has a third dimension, which some call depth, others thickness,
and some height—that number would be a solid number, extended in three directions and having
length, depth, and breadth.

This first makes its appearance in the so-called pyramids. These are produced from rather wide
bases narrowing to a sharp apex, first after the triangular form from a triangular base, second
after the form of the square from a square base, and succeeding these after the pentagonal form
from a pentagonal base, then similarly from the hexagon, heptagon, octagon, and so on indefi-
nitely.®

Exactly so among the geometrical solid figures; if one imagines three lines from the three angles
of an equilateral triangle, equal in length to the sides of the triangle, converging in the dimension
height to one and the same point, a pyramid would be produced, bounded by four triangles, equi-
lateral and equal one to the other, one the original triangle, and the other three bounded by the

\

And again, if one conceives of four lines starting from a square, equal in length to the sides of the

aforesaid three lines.

square, each to each, and again converging in the dimension height to one and the same point, a

¢ These are descriptions of the shapes of three-dimensional numbers, which Nicomachus will explain shortly.
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pyramid would be completed with a square base and diminishing in square form, bounded by
four equilateral triangles and one square, the original one.

5 And starting from a pentagon, hexagon, heptagon, and however far you care to go, lines equal in
number to the angles, erected in the same fashion from the angles and converging to one and the
same point, will complete a pyramid named from its pentagonal, hexagonal, or heptagonal base,
or similarly.

6 So likewise among numbers, each linear number increases from unity, as from a point, as for
example, 1, 2, 3, 4, 5, and successive numbers to infinity; and from these same numbers, which
are linear and extended in one direction, combined in no random manner, the polygonal and
plane numbers are fashioned—the triangles by the combination of root-numbers immediately
adjacent, the square by adding every other term, the pentagons every third term, and so on.*

7 In exactly the same way, if the plane polygonal numbers are piled one upon the other and as it
were built up, the pyramids that are akin to each of them are produced, the triangular pyramid
from the triangles, the square pyramid from the squares, the pentagonal from the pentagons, the
hexagonal from the hexagons, and so on throughout.®

8 The pyramids with a triangular base, then, in their proper order, are these: 1, 4, 10, 20, 35, 56, 84,
and so on; and their origin is the piling up of the triangular numbers one upon the other, first 1,
then 1, 3, then1, 3, 6, then 10 in addition to these, and next 15 together with the foregoing, then 21
besides these, next 28, and so on to infinity.

¢ Remember this addition pattern in the polygonal numbers from Chapters 8—10 of Book II.

¢ In other words, just like the polygonal numbers came from adding normal numbers together in order, in that
same way the three-dimensional numbers come from adding together polygonal numbers together in order, as Ni-
comachus will describe,
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1
20
- 1 10 _ .
4 - 1 - 3
= 1 - 3 - - 6
- _ 3 - = 6 % = 5 10

It is clear that the greatest number is conceived of as being lowest, for it is discovered to be the
base; the next succeeding one is on top of it, and the next on top of that; until unity appears at the

apex and, so to speak, tapers off the completed pyramid into a point.

9
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Chapter 14: Square Pyramid Numbers

Nicomachus continues his discussion of three-dimensional numbers with the next kind of pyramid: those
with a square base.

The next pyramids in order are those with a square base which rise in this shape to one and the
same point. These are formed in the same way as the triangular pyramids of which we have just
spoken. For if I extend in series the square numbers in order beginning with unity, thus, 1, 4, 9,
16, 25, 36, 49, 64, 81,100, and again set the successive terms, as in a pile, one upon the other in the
dimension height, when I put 1 on top of 4, the first actual pyramid with square base, 5 is pro-
duced, for here again unity is potentially the first.

14

2 Once more, [ put this same pyramid entire, composed of 5 units, just as it is, upon the square 9,

3

and there is made up for me the pyramid 14, with square base and side 3—for the former pyramid
had the side 2, and the one potentially first 1 as a side. For here too each side of any pyramid what-
soever must consist of as many units as there are polygonal numbers piled together to create it.

Again, I place the whole pyramid 14, with the square 9 as its base, 3 upon the square 16 and I have
30, the third actual pyramid of those that have a square base,

30

= % o < 16
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and by the same order and procedure from a pentagonal, hexagonal, or heptagonal base, and even
going on farther, we shall produce pyramids by piling upon one another the corresponding po-
lygonal numbers, starting with unity as the smallest and going on to infinity in each case.

From this too it becomes evident that triangles are the most elementary; for absolutely all of the
pyramids that are exhibited and shown, with the various polygonal bases, are bounded by trian-
gles up to the apex.®

But lest we be heedless of truncated, bi-truncated, and tri-truncated pyramids, the names of
which we are sure to encounter in scientific writings, you may know that if a pyramid with any
sort of polygon as its base, triangle, square, pentagon, or any of the succeeding polygons of the
kind, when it increases by this process of piling up does not taper off into unity,” it is called simply
truncated when it is left without the natural apex that belongs to all pyramids; for it does not
terminate in the potential polygon, unity, as in some one point, but in another polygon, and an
actual one, and unity is not its apex, but its upper boundary becomes a plane figure with the same
number of angles as the base. If, however, in addition to the failure to terminate in unity it does
not even terminate in the polygon next to unity and the first in actuality, such a pyramid is called
bi-truncated, and if, still further, it does not have the second actual polygon at its upper limit, but
only the one next beneath, it will be called tri-truncated, yes, even four times truncated, if it does
not have the next one as its limit, or five times truncated at the next step, and so on as far as you
care to carry the nomenclature.

truncated bi-truncated tri-truncated
S 4
ST ST
- --'..‘ = - --'..‘ G - --'..‘ s

% In other words, no matter what kind of pyramid you build, the sides will always be triangles.

¢ In other words, a pyramid that looks like the top of it was cut off.
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Chapter 15: Cube Numbers

Nicomachus is going to describe more kinds of three-dimensional numbers in the following chapters. These
will correspond with solids that have quadrilaterals for faces, or as we call them today, rectangular solids—
also spheres, which he will explain in Chapter 16.

While the origin, advance, increase, and nature of the equilateral solid numbers of pyramidal ap-
pearance is the foregoing, with its seed and root in the polygonal numbers and the piling up of
them in their regular order, there is another series of solid numbers of a different kind, consisting

” « ” «.

of the so-called cubes, “beams,” “bricks,” “wedges,” spheres, and parallelepipedons, which has the

order of its progress somewhat as follows:

The foregoing squares 1, 4, 9, 16, 25, 36, 49, 64, and so on, which are extended in two directions
and in their graphic representation in a plane have only length and breadth, will take on yet a third
dimension and be solids and extended in three directions if each is multiplied by its own side; 4,
which is 2 times 2, is again multiplied by 2, to make 8; 9, which is 3 times 3, is again increased by
3 in another dimension and gives 27; 16, which is 4 times 4, is multiplied by its own size, 4, and 64
results; and so on with the succeeding squares throughout.

Here, too, the sides will be composed of as many units as were in 3 the sides of the squares from
which they arose, in each case; the sides of 8 will be 2, like those of 4; those of 27, 3, like those of 9;
those of 64, 4, like those of 16; and so on, so that likewise the side of unity, the potential cube, will
be 1, which is the side of the potential square, 1.

1

B

In general, each square is a single plane, and has four angles and four sides, while each several
cube, having increased out of some one square multiplied by its own side, will have always six
plane surfaces, each equal to the original square, and twelve edges, each equal to and containing
exactly the same number of units as each side of the original square, and eight solid angles, each
of which is bounded by three edges like in each case to the sides of the original square.
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Chapter 16: More Solid Numbers

Back when Nicomachus was explaining square numbers, he expanded the idea by introducing rectangular
numbers. He is about to do the same thing here for cubes by introducing scalenes and parallelepipedons, two
more kinds of three-dimensional numbers.

Now since the cube is a solid figure with equal sides in all dimensions, in length, depth, and
breadth, and is equally extended in all the six so-called directions, it follows that there is opposed
to it that which has its dimensions in no case equal to one another, but its depth unequal to its
breadth and its length unequal to either of these, for example 2 x 3 x 4, 0r2 x 4 x 8, 0r3 x 5 x 12,
or a figure which follows some other scheme of inequality.

Such solid figures, in which the dimensions are everywhere unequal one to another, are called
scalene in general. Some, however, using other names, call them “wedges,” for carpenters’, house-
builders’, and blacksmiths’ wedges and those used in other crafts, having unequal sides in every
direction, are fashioned so as to penetrate; they begin with a sharp end and continually broaden
out unequally in all the dimensions. Some also call them sphekiskoi, “wasps,” because wasps’ bodies
also are very like them, compressed in the middle and showing the resemblance mentioned. From
this also the sphekoma, “point of the helmet,” must derive its name, for where it is compressed it
imitates the waist of the wasp. Others call the same numbers “altars,” using their own metaphor,
for the altars of ancient style, particularly the Ionic, do not have the breadth equal to the depth,
nor either of these equal to the length, nor the base equal to the top, but are of varied dimensions
everywhere.

Now whereas the two kinds of numbers, cube and scalene, are extremes, the one equally extended
in every dimension, the other unequally, the so-called parallelepipedons are solid numbers like
means between them.% The plane surfaces of these are heteromecic numbers, just as in the case
of the cubes the faces were squares, as has been shown.

cube parallelepipedon scalene

% In cubes, all dimensions have the same length, and in scalene solids all dimensions are different. On the
other hand, in parallelepipedons some dimensions have the same length and some don't, as you'll see in the next
chapter; that’s why Nicomachus calls these shapes a mean between the extremes.
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Chapter 17: Solid Numbers, Sameness, and Otherness

Nicomachus connects the ideas of “sameness” and “otherness” to the various kinds of solid numbers (bricks,
beams, wedges, and cubes), as well as to “spherical” numbers.

Again, then, to take a fresh start, a number is called heteromecic [or rectangular]® if its represen-
tation, when graphically described in a plane, is quadrilateral and quadrangular, to be sure, but
the sides are not equal one to another, nor is the length equal to the breadth, but they differ by 1.
Examples are 2, 6, 12, 20, 30, 42, and so on, for if one represents them graphically he will always
construct them thus: 1 x 2 equals 2, 2 x 3 equals 6, 3 x 4 equals 12, and the succeeding ones simi-
larly, 4 x 5,5 x 6,6 x 7,7 x 8, and thus indefinitely, provided only that one side is greater than the
other by 1 and by no other number. If, however, the sides differ otherwise than by 1, for instance,
by 2, 3, 4 or succeeding numbers, asin 2 x 4,3 x 6, 4 x 8, or however else they may differ, then no
longer will such a number be properly called a heteromecic, but an oblong number.

For the ancients of the school of Pythagoras and his successors saw “the other” and “otherness”
primarily in 2, and “the same” and “sameness” in 1, as the two beginnings of all things, and these
two are found to differ from each other only by 1. Thus “the other” is fundamentally “other” by 1,
and by no other number, and for this reason customarily “other” is used, among those who speak
correctly, of two things and not of more than two.”

Moreover, it was shown that all odd number is given its specific form by unity, and all even num-
ber by 2.” Hence we shall naturally say that the odd partakes of the nature of “the same,” and the
even of that of “the other”; for indeed there are produced by the successive additions of each of
these—naturally, and not by our decree—by the addition of the odd numbers from 1 to infinity
the class of the squares, and by the addition of the evens from 2 to infinity, that of the heteromecic
numbers.”

There is, accordingly, every reason to think that the square once more shares in the nature of the
same; for its sides display the same ratio, alike, unchanging and firmly fixed in equality, to them-
selves; while the heteromecic number partakes of the nature of the other; for just as 1is differen-
tiated from 2, differing by 1 alone, thus also the sides of every heteromecic number differ from
one another, one differing from the other by 1 alone.

% Heteromecic means “different length.”

7 The philosophical/mathematical idea of “sameness” and “otherness” was typical of Pythagoreans. It is further
explained in Chapter 20 of Book II.

7 Nicomachus is referring to Chapter 7 of Book I.

72 This is further explained, again, in Chapter 20 of Book II.
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To illustrate, if I have set out before me the successive numbers in series beginning with 1, and
select and arrange by themselves the odd numbers in the line and the even by themselves in an-
other, there are obtained these two series:

13,5,7,9,11,13,15,17,19, 21, 23, 25, 27
2,4,6,8,10,12,14, 16,18, 20, 22, 24, 26, 2.8

Now, then, the beginning of the odd series is unity, which is of the same class as the series and
possesses the nature of “the same,” and so whether it multiplies itself in two dimensions or in
three it is not made different, nor yet does it make any other number depart from what it was
originally, but keeps it just as it was.” Such a property it is impossible to find in any other number.

Of the other series the beginning is 2, which is similar in kind to this series and imitates “other-
ness”; for whether it multiplies itself or another number, it causes a change,” for example, 2 x 2,
2%3,

Butin cases like 8 x 8 x 2, or 8 x 8 x 3, such solid forms are called “bricks,” the product of a number
by itself and then by a smaller number; if, however, a greater height is joined to the square, as in
3x3x7,3x3x8,0r3x3x9,or however many times the square be taken, provided only it be a
greater number of times than the square itself, then the number is a “beam,” the product of a
number by itself and then by a larger number. The “wedges,” to be sure, were the products of three
unequal numbers, and cubes of three equal ones.

brick beam wedge

Among the cubes, some of them, in addition to being the product of three equal numbers, have
the further property of ending at every multiplication in the same number as that from which
they began; these are called spherical, and also recurrent. Such indeed are those with sides 5 or 6;
for however many times I increase each one of these, it will by all means end each time in the same
figure, the derivative of 6 in 6 and that of 5 in 5. For example, the product of 5 x 5 willend in 5, and
so will 5 times this product, and if necessary, 5 times this again, and to infinity no other conclud-
ing term will be found except 5. From 6, too, in the same fashion 6 and no other will be the con-
cluding term; and so 1 likewise is potentially spherical and recurrent, for as is reasonable it has

7 In other words, multiplying by 1 doesn’t change anything, no matter how many times you multiply.

7+ As opposed to 1, which doesn’t change anything when you multiply by it.
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the same property as the spheres and circles. For each one of them, circling and turning around,
ends where it begins. And so these numbers aforesaid are the only ones of the products of equal
factors to return to the same starting point from which they began, in the course of all their in-
creases. If they increase in the manner of planes, in two dimensions, they are called circular, like
1,25,and 36, derived from1x 1,5 x 5, and 6 x 6; but if they have three dimensions, or are multiplied
still further than this, they are called spherical solid numbers, for example 1, 125, 216, or, again, 1,
625,1,296.
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Chapter 18: More Sameness and Otherness

Nicomachus continues his discussion of sameness and otherness in the context of even and odd numbers, as
well as the polygonal numbers.

Regarding the solid numbers this is for the present sufficient. The physical philosophers, however,
and those that take their start with mathematics, call “the same” and “the other” the principles of
the universe, and it has been shown that “the same” inheres in unity and the odd numbers, to
which unity gives specific form, and to an even greater degree in the squares, made by the con-
tinued addition of odd numbers, because in their sides they share in equality; while “the other”
inheres in 2 and the whole even series, which is given specific form by 2, and particularly in the
heteromecic numbers, which are made by the continued addition of the even numbers, because
of the share of the original inequality and “otherness” which they have in the difference between
their sides. Therefore it is most necessary further to demonstrate how in these two, as in origins
and seeds, there are potentially existent all the peculiar properties of number, of its forms and
subdivisions, of all its relations, of polygonals, and the like.”

First, however, we must make the distinction whereby the oblong (promecic’) number differs
from the heteromecic. The heteromecic is, as was stated above, the product of a number multi-
plied by another larger than the first by 1, for example, 6, which is 2 x 3, or 12, which is 3 x 4. But
the oblong is similarly the product of two differing numbers, differing, however, not by 1 but by
some larger number, as 2 x 4,3 x 6, 4 x 8, and similar numbers, which in a way exceed in length
and overstep the difference of 1.

Therefore, since squares are produced from the multiplication of numbers by their own length,
and have their length the same as their breadth, properly speaking they would be called “idiome-
cic” or “tautomecic”;” for example, 2 x 2, 3 x 3, 4 x 4, and the rest. And if this is true, they will
admit in every way of sameness and equality, and for this reason are limited and come to an end;
for “the equal” and “the same” are so in one definite way. But since the heteromecic numbers are
produced by the multiplication of a number by not its own, but another number’s length, they are
therefore called “heteromecic,” and admit of infinity and boundlessness.

In this way, then, all numbers and the objects in the universe which have been created with refer-
ence to them are divided and classified and are seen to be opposite one to another, and well do the
ancients at the very beginning of their account of Nature make the first subdivision in their cos-
mogony on this principle. Thus Plato mentions the distinction between the natures of “the same”

75 Nicomachus will do this in Chapter 20 of Book II.
76 “Promecic” means something like “to more lengths.”

77 These terms mean “one’s own length” or “the same length.”
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and “the other,” and again, that between the essence which is indivisible and always the same and
the one which is divided; and Philolaus™ says that existent things must all be either limitless or
limited, or limited and limitless at the same time, by which it is generally agreed that he means
that the universe is made up out of limited and limitless things at the same time, obviously after
the image of number, for all number is composed of unity and the dyad, even and odd, and these
in truth display equality and inequality, sameness and otherness, the bounded and the boundless,
the defined and the undefined.

78 A Greek Pythagorean philosopher.
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Chapter 28: The Ten Proportions

Nicomachus has already explained the three main proportions (arithmetic, geometric, and harmonic). Now,
he goes on to briefly explain the other kinds of proportion: three more that the ancients used, and four more
that were apparently newer inventions, but still worth mentioning. Each kind has to do with looking at the

ratios between terms and ratios between the terms’ differences.

So much, then, concerning the three proportions celebrated by the ancients, which we have dis-
cussed the more clearly and at length for just this reason, that they are to be met with frequently
and in various forms in the writings of those authors. The succeeding forms, however, we must
only epitomize, since they do not occur frequently in the ancient writings, but are included merely
for the sake of our own acquaintance with them and, so to speak, for the completeness of our
reckoning.

They are set forth by us in an order based on their opposition to the three archetypes already de-
scribed, since they are fashioned out of them and have the same order.

The fourth, and the one called subcontrary (because it is opposite to, and has opposite properties
to, the harmonic proportion) exists when, in three terms, as the greatest is to the smallest, so the
difference of the smaller terms is to that of the greater, for example 3, 5, 6. For the terms com-
pared” are seen to be in the double ratio, and it is plain wherein it is opposite to the harmonic
proportion; for whereas they both have the same extreme terms, and in double ratio, in the former
the difference of the greater terms as compared to that of the lesser preserved the same ratio as
that of the extremes, but in this proportion just the reverse, the difference of the smaller com-
pared with that of the greater. You must know that its peculiar property is this. The product of the
greater and the mean terms is twice the product of the mean and the smaller; for 6 x 5 is twice 5
x 3,

The two proportions, fifth and sixth, were both fashioned after the geometrical, and they differ
from each other thus. The fifth form exists, whenever, among three terms, as the middle term is
to the lesser, so their difference is to the difference between the greater and the mean, as in 2, 4,
5; for 4 is the middle term, the double of 2, the lesser, and 2 is the double of 1—the difference of
the smallest terms as compared with that of the largest. That which makes it contrary to the geo-
metric proportion is that in the former, as the middle term is to the lesser, so the excess of the
greater over the mean is to the excess of the mean over the lesser term, whereas in this proportion,
on the contrary, it is the difference of the lesser compared to that of the greater. Nevertheless it is
peculiar to this proportion that the product of the greatest by the middle term is double that of
the greatest by the smallest, for 5 x 4 is twice 5 x 2.

7 That is, the two extremes (3 and 6).
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The sixth form comes about when, in a group of three terms, as the greatest is to the mean, so the
excess of the mean over the lesser is to the excess of the greater over the mean, for example1, 4, 6,
for both are in the sesquialter ratio. There is in this case also a reasonable cause for its opposition
to the geometrical; for here, too, the likeness of the ratios reverses, as in the fifth form.

These are the six proportions commonly spoken of among previous writers, the three prototypes®
having lasted from the times of Pythagoras down to Aristotle and Plato, and the three others, op-
posites of the former, coming into use among the commentators and sectarians who succeeded
these men. But certain men have devised in addition, by shifting the terms and differences of the
former, four more which do not much appear in the writings of the ancients, but have been spar-
ingly touched upon as an over-nice detail. These, however, we must run over in the following fash-
ion, lest we seem ignorant.

The first of them, and the seventh in the list of them all, exists when, as the greatest term is to the
least, so their difference is to the difference of the lesser terms, as 6, 8, 9, for on comparison the
ratio of each is seen to be the sesquialter.

The eighth proportion, which is the second of this group, comes about when, as the greatest is to
the least term, so the difference of the extremes is to the difference of the greater terms, as 6, 7, 9;
for this also has sesquialters for the two ratios.

The ninth in the complete list, and third in the number of those subsequently invented, exists
when there are three terms and whatever ratio the mean bears to the least, that also the difference
of the extremes has in comparison with that of the smallest terms, as 4, 6, 7.

The tenth, in the full list, which concludes them all, and the fourth in the series presented by the
moderns, is seen when, among three terms, as the mean is to the lesser, so the difference of the
extremes is to the difference of the greater terms, as 3, 5, 8, for it is the superbipartient ratio in
each pair.

To sum up, then, let the terms of the ten proportions be set forth in one illustration, for the sake
of easy comprehension:*

First:1,2,3 Sixth:1, 4,6
Second:1, 2, 4 Seventh:6, 8,9
Third: 3, 4, 6 Eighth:6,7,9
Fourth:3,5, 6 Ninth: 4, 6,7
Fifth:2, 4,5 Tenth:3,5, 8

% The arithmetic, geometric, and harmonic proportions.

8 Notice that there are ten proportions; 10 was the most perfect number for the Pythagoreans, because
1+2+3+4=10.
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ANSWERS FOR BOOK1

Chapter1

Questions:
o What is wisdom, according to Nicomachus?

Wisdom isn’t any ordinary “art or handicraft”; it’s knowledge of reality and knowledge of truth, specifically
knowledge of the reality of immaterial ideas. [Sections 1-2]

o What characteristics do real things have, according to Nicomachus?

According to Nicomachus, immaterial things are what is real, because they don’t change. (Nicomachus is referring
to the Platonic forms.) [Section 2]

+ Would Nicomachus say that numbers are real or only accidental?

Nicomachus would say that numbers are real. (At least, he would say that the counting numbers are real.) On the
other hand, he would say that material (which makes up physical things we can count) is accidental. [Sections 2—3]

Chapter 2

Questions:

+ Nicomachus builds upon Chapter 1 regarding wisdom and truth. Can a Christian hold to some of these claims? Are there some
claims a Christian couldn’t hold to?

The Word of God is ultimately what is true, and that is unchangeable; on the other hand, because of Christ’s incar-
nation, we would never say that nothing physical is real. Nevertheless, thinking in terms of unchangeable forms
can still be very useful, and even true.

+ With Nicomachus’ definitions in mind, what ave some more examples of magnitudes and multitudes?

Answers may vary. Magnitudes are anything that can be cut up as much as you want (time, distance, lines, area),
and multitudes are anything that can be counted with whole numbers (trees, sheep, students).

For further thought: In Section 5, Nicomachus claims that therve isn't a way to know something that is infinite (“sciences are always
sciences of limited things”). Do you agree that this is the case?

Some discussion points might be: Is God limited or unlimited? What can be known by science and reasoning? What
other things are limited or unlimited, and can they be known by reason?
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Chapter3

Questions:
o Which of the four ways (arithmetic, geometry, music, astronomy) correspond to multitude, and which correspond to magnitude?

Arithmetic and music correspond to multitude (quantity), and geometry and astronomy correspond to magnitude.
[Sections 1-2]

o Does it seem that these four ways include all of math as we know it, or can you think of some kinds of math that dow’t fit?

These encompass many kinds of math, but one kind of math that has historically refused to fit into these categories
is algebra.

Chapter 4

Questions:

+ Nicomachus talks about classes of things that “abolish” other things (if we get rid of “animal,” we also get rid of “man,” but not the
other way around). What are other examples of this kind of relationship?

Answers may vary. [Section 2]

Chapter s

Questions:
+ Why does Nicomachus say that arithmetic is prior to music?

Since music deals with ratios, and ratios can’t exist without numbers, arithmetic has to be prior to music. [Section

1]

o Why does he say that arithmetic is prior to astronomy?

Arithmetic is prior because astronomy is based on geometry, and arithmetic is prior to geometry. Also, astronomy
has all sorts of cycles, revolutions, and rotations that can be counted. [Section 2]

Chapter 6

Questions:
o In Section 3, what does Nicomachus say are the qualifications something needs to be in harmony with something else?

Things need to (1) exist, (2) need to be different from one another, and (3) need to have soe relation to each other.
[Section 1]

+ Nicomachus says that numbers are “preexistent in the mind of the world-creating god.” Could we say this about the true God?

Yes; since God created the world, then it is certainly possible to say that the concept of number could be in the mind
of God, just like, for instance, the idea of man was. This is, however, part of the common debate: is math created,
discovered, or both?

[continued]
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(Chapter 6 continued)

For further thought:
+ The word “harmony” came up in Chapter 5 too. Why do you think Nicomachus uses this word to describe numbers?

One helpful idea for this discussion is the fact that according to Nicomachus, harmony needs similarity and differ-
ence at the same time in order to exist; and those are the exact kinds of characteristics that Nicomachus is giving to
numbers.

Chapter 7

Questions:
+ How does Nicomachus define even and odd numbers?

Even numbers are those that can be divided in two without any extra in between. Odd numbers can’t be divided in
two without something extra in the middle (for example, 7 can be divided in two, but only with an extra 1 in the
middle: 3+1+3). [Section 2]

+ What is the Pythagorean definition of even and odd numbers?

Evens are the only numbers allowed to be divided into the smallest number, but the largest size, of parts. Odds have
to divide into at least three parts. [Section 3]

o What is the “ancient definition” of even and odd numbers?

Evens can be divided into equal parts, and those parts will both be the same kind (both even or both odd). Odds can’t
be divided into equal parts, and those parts will both be different kinds. [Section 3]

o Are there any numbers that we recognize as even or odd that Nicomachus wouldn’t have recognized as even or odd?

We recognize 1as odd, but since Nicomachus says an even number needs to be able to be split up, he wouldn’t have
counted 1as an odd or an even number. We also recognize o as even , and Nicomachus didn’t even recognize it as a
number, since “nothing” doesn’t count anything. (Also, Nicomachus wouldn’t have included any negative numbers,
since he didn’t count any of those as numbers either.

Chapter 8

Questions:
o In Sections 1-2, Nicomachus observes an interesting fact about counting numbers. Does it work for all of them?

It does! (Interestingly, it even works if you count zero and negatives as numbers, something Nicomachus didn’t do.)

o What makes a number even-times even?

A number is even-times even if it can be divided in half again and again until reaching 1. [Sections 4-5]

+ In Sections 12-13, Nicomachus shows a neat addition pattern in the even-times evens. Extend the series a bit farther than 512,
then use a larger even-times even number to test out his pattern.

E.g.,1+2+4+8+16+32+ 64 + 128 + 256 + 512 + 1024 = 2047 (which is one less than the next even-times even number,
2048)

[continued]
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(Chapter 8 continued)

o In Section 14, Nicomachus shows a multiplication pattern, too. Try it out with a different even-times even number.

E.g.,1x32 =2x16 = 4x8 for an even number of terms, or 1x16 = 2x8 = 4x4 for an odd number of terms.

For further thought: Why do you think these patterns work? Section 10 might help you think.

One way to understand Sections 12-13 is to divide an even-times even number, say 8, into its two parts (4 + 4), then
divide one of the parts (2 + 2 + 4), and do it again (1 + 1+ 2 + 4). Yow'll always have one extra 1, which is why the sum
always falls short.

One way to understand Section 14 is to count the number of 2s in each product. 1 x 32 has five 2s, 2 x 16 also has five
2s,asdoes 4 x 8.

Chapter 9

Questions:
o Why are the even-times odds always separated by four?

The odd numbers are all separated by 2, and the even-times odd numbers are a result of multiplying the odds by 2.
That means the difference between them also gets multiplied by 2, so their difference is 4. [Section 4]

o Why are the even-times odds always divisible by 2, but only once?

They are only divisible by 2 once because they only have one factor of 2 in them.

+ In Section 6, Nicomachus brings up the multiplication pattern from last chapter, having to do with the middle term(s) and the
bookends in a series of even-times even numbers. Now, with an even-times odd series, he points out a similar addition pattern. Try
testing this pattern twice—once with 4 even-times odds in a row, then with 5.

6,10,14,18
6+18=24
and the two means 10 and 14 also add to make 24.

6,10,14,18,22
(6+22)+2=14
(10+18)+2=14

and 14 is the mean term.

Chapter 10

Questions:
+ Inwhatways are the odd-times even numbers like the even-times even numbers?

It can be divided in half more than once [Section 3]; when you divide it, you can get more even numbers [Section 5].

o Inwhat ways are the odd-times even numbers like the even-times odd numbers?

It can’t be divided in half all the way down to 1 [Section 3]; when you divide it, you can get odd numbers [Section 5].

[continued]
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(Chapter 10 continued)

* Asan exercise, add one more column and one more row to Nicomachus’ table.

Row (from left to right): 52, 104, 208, 416, 832, 1664, 3328
Column (from top to bottom): 1536, 2560, 3584, 4608, 5632

For further thought:

o Why is it that, as Nicomachus says, the columns work like the even-times odds, and the rows work like the even-times evens? Try
to come up with a reason using arithmetic.

On explanation is that the nature of multiplication is to retain some properties of both numbers multiplied (in this
case, odd and even-times even).

o Canyou find any other interesting patterns in the table? (In the diagonals, sums, differences, etc. Be creative!)

Answers may vary.

Chapter 11

Questions:
o+ Is Nicomachus’ definition of prime numbers the same as ours? If not, what’s the difference?

Almost, but not quite. Most modern definitions don’t restrict prime numbers to the odds (i.e., we include 2 as a
prime number). [Section 2]

+ Nicomachus classifies prime numbers as odd numbers. Why is it that all the prime numbers are 0dd?

If there was an even prime number, it would be divisible by 2 and would therefore not be prime.

+ Why does Nicomachus say these numbers are called “prime”?

They are called prime because they can only be measured by unity, and all other numbers are measured by them,
“originating from them as from a fountain and aroot.” “Every origin is elementary and incomposite,” just like these
numbers. [Section 3]

Chapter 12

Questions:
+ According to Nicomachus, what is a secondary, or composite, number?

A secondary, composite number is one that has atleast one more fractional part besides itself and unity. [Section 1]

+ Continue the series of composite numbers another three or four places.

...45, 49, 51, 55, 57, 61,... [Section 1]

For further thought: Is there any regular pattern in the composite numbers?

Answers may vary.
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Chapter 13

Questions:
+ What does it mean for two numbers to be relatively prime?

It means that the numbers can’t both be measured by the same thing (besides unity). [Section 1]

+ Give an example of two relatively prime odds (besides 9 and 25).
Examples: 15 and 49; 21 and 25; 9 and 35.

+ Follow Nicomachus’ instructions to build a Sieve of Eratosthenes (Sections 3-7) for the numbers 1-100. Use circles to mark num-
bers. If a number gets circled more than once, make sure you can tell there’'s more than one circle!

The prime numbers will all be left uncircled: 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89,
97,101, 103,107, 109, 113, 127, 131, 137, 139

+ From your Sieve of Eratosthenes, identify some prime numbers and some composite numbers.

Answers may vary.

+ The method Nicomachus uses in Sections 10-13 is called the Euclidean Algorithm...

Examples are given in the text (pp. 27-28). Answers may vary.

Chapter 14

Questions:

+ The three new classifications in this chapter are superabundant, deficient, and perfect. Which are the extremes, and which is the
mean between them?

Superabundant and deficient are the extremes, and perfect is the mean between them. [Section 1]

o What is a superabundant number?

It is a number whose factors (besides itself) add up to more than the number itself. [Section 3]

+ Find your own superabundant number. You might have to try a few times before you find one.

Some examples besides the ones in the text are 18, 20, 30, 36, and 40. (Students might conclude that all superabun-
dant numbers are even, because the first sixty are all even. There are indeed odd examples, but the first one is 945!)

Chapter 15

Questions:
+ According to Nicomachus, what makes deficient numbers the opposite of superabundant numbers?

In deficient numbers, the factors add up to less than the number itself, which is the opposite of how superabundant
numbers work.

+ Find your own deficient number.

The first several (not including 1) are 2, 3, 4, 5,7, 8,9, 10, 11, 13, 14, 15, 16,... (8 and 14 are already mentioned in the text.)

[continued]
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(Chapter 15 continued)

For further thought: Are there more superabundant numbers or more deficient numbers?

Technically, there are infinitely many of each (in fact, the same order of infinity), so by modern standards, there are
an equal number of each. However, students will probably notice that superabundant numbers do happen more
frequently. This might serve as a fun segway into how infinity works.

Chapter 16

Questions:
+ What is a perfect number?

It is a number whose factors add up to be exactly that number. [Section 1]

+ Why are perfect numbers considered by Nicomachus to be the mean between superabundant and deficient?

They are a mean between the two because equality is the mean between greater and less. [Section 1]

+ Asan exercise, use the method outlined in Section 4 to get the perfect number 8,128.

You will need to add all the way to 64 to get 8128:
1+2+4+8+16+32+64=127 (127 is prime.)
127 % 64 = 8128

For further thought: Why is 1 only perfect “potentially”?

It is only potentially perfect because it is only measured by itself. So technically, the “sum” of all its factors is itself,
but then again, since there is only one number to add, it doesn’t really count as adding.

Chapter 17

Question:

o What are the divisions of relative quantity Nicomachus lays out in this chapter? He has several subdivisions too; draw some sort
of picture to organize the kinds of division here.

One example of a straightforward organization: [Sections 2-8]
¢ Equality (no divisions—which is just what yow'd expect from equality!) [Section 4]
e Inequality

o Greater
= Multiple
=  Superparticular
=  Superpartient
= Multiple superparticular
= Multiple superpartient
o Less (add “-sub” to the above names)
= Submultiple
=  Subsuperparticular
=  Subsuperpartient
= Submultiple-superparticular
=  Submultiple-superpartient
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Chapter 18

Questions:
o Whatis a submultiple?

It is a number that measures another number a certain number of times (e.g., 3 is a submultiple of 12 because it
measures it 4 times). [Section 2]

o What is the subtriple of 24? The subquadruple of 60?

The subtriple of 24 is 8 (since 8 x 3 =24).
The subquadruple of 60 is 15 (since 15 x 4 = 60).

+ Would we say that 19 has a subtriple? Would Nicomachus?

We might say that the subtriple of 19 is 6%5; but Nicomachus certainly wouldn’t accept 6% as a number, so he would
say 19 has no subtriple.

o Why are the multiples always located in the places corresponding to their name (e.g., triples ave always in every third place)?

Every triple is a multiple of 3, so the triples will all be three apart, or in every third place.

o Why are the doubles and quadruples always even, but the triples and quintuples alternately even and odd?

Any number multiplied by an even number (doubles, quadruples, etc.) will be an even number. But odd numbers
don’t change the parity (evenness or oddness) of what they multiply. So 3 x1is odd, 3 x 2 iseven, 3 x 3is odd, 3 x 4 is
even, etc—an alternation between odd and even.

For further thought: Why do you think the multiple is the way “most original by nature” for something to be greater?

Ultimately, Nicomachus speaks this way because he is talking about numbers measuring each other, and the sim-
plest way for a number to measure another is for it to measure it a whole number of times.

Chapter 19

Questions:
o What is the sesquialter of 62 What is its subsesquialter?

91is the sesquialter of 6 (One and a half 6s make 9).
4is the subsesquialter of 6. (One and a half 4s make 6).

o What number is 12 the sesquitertian of? What is 12 the subsesquitertian of?

16 is the sesquitertian of 12 (One and a third 12s make 16).
9is the subsesquitertian of 12 (One and a third 9s make 12).

o What is the pattern in all the sesquialter ratios (3:2, 6:4, 9:6, ...)? Why does the pattern behave in that way?

The pattern is that each first number is a multiple of 3, and each second number is a multiple of 2. [Section 3]

One explanation of this pattern is that, so long as you have the same number of 2s and 3s (e.g., three of each in 9:6),
the ratio can be “reduced” back down to 3:2.

[continued]
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(Chapter 19 continued)

For further thought:

+ Thereis avery neat pattern in Section 19 involving the square numbers in the chart and the heteromecic numbers touching them.
Can you figure out why this pattern exists? The best way is to experiment with examples and notice the factors of each number.

Using for an example the square numbers 9 and 16, and their adjacent number 12, one common geometrical expla-
nation would look like this:

3 4
3 9 12
4 12 16

Because the sides of the sum of all four numbers are equal, the sum will be a square. This is the same concept illus-
trated by Euclid in Elements, Book 11, Proposition 4, as well as the algebraic idea of (a + b)*= (a* + 2ab + b?).

+ Be “an ambitious person” and try to find another pattern in the diagram!

Answers may vary.

Chapter 20

Questions:
+ What number is a superbipartient of 30? (There’s more than one right answer.)

The superbipartients of 30 are:
50 (One and two thirds of 30)
42 (One and two fifths of 30)
34 (One and two fifteenths of 30)

Any reduceable relation (like one and two sixths) doesn’t count as a superbipartient (because one and two sixths is
the same as one and a third). [Section 2]

o What number is the supertripartient of 302 (There’s only one right answer.)

48 is the supertripartient of 30 (One and three fifths of 30). There’s only one right answer because any other three
fractional parts of 30 will be equivalent to a different relation: one and three thirds is just two (the double), one and
three fifteenths is just one and a fifth (the sesquiquintian).

Chapter 21

For further thought: Are there any ratio relationships that Nicomachus is missing?

Nicomachus covers all possible rational relationships with the categories he has laid out (including the ones laid
out in Chapter 22).
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Chapter 23

Questions:

o Use the three rules on the following sequences of numbers:
3,9, 27 (triple, or x3)
8,12, 18 (sesquialter, or x1%2)
9, 15, 25 (superbipartient, or x1%3)

Remember, the three rules are:

1. Your first term is the same as the first term.

2. Your second term is the sum of the first and second terms.

3. Your last term is the sum of the first term, third term, and twice the second.

Results should be:
3,9,27+3,12,48
8,12,18 > 8,20, 50
9,15,25> 9,24, 64

o What is the relationship in each of your new series?

3,12,48 is the quadruple, or x4 (the next multiple)
8,20,50 is the double sesquialter, or x24 (a multiple superparticular)
9,24, 64 is the double superbipartient, or x2%: (a multiple superpartient)

+ Now use the three rules on each of the original series, but reverse the order of the numbers before you start.

Results should be:
27,9,327,36,48

18,12, 8 > 18, 30, 50
25,15, 9 » 25, 40, 64

+ Now what is the relationship in each of your new series?

27,36, 48 is the sesquitertian, or x1% (a superparticular)
18, 30, 50 is a superbipartient, or x 1% (a superpartient)
25, 40, 64 is a supertripartient, or x 1% (a superpartient)
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Chapter1

Questions:
o What is an element, according to Nicomachus?

The smallest part of an object, the least thing you can analyze it into. [Section 1]

For further thought: How do you think Nicomachus could go about showing that equality is the “elementary principle” of relative
number?

Answers may vary. Nicomachus will get to answering that himself in Chapter 2.

Chapter 2

Questions:

+ Pick a series of three numbers in a ratio to each other, like Nicomachus describes in Section 1 (for example, a quadruple series
would look like 5, 20, 80; or a sesquialter series would look like 8, 12, 18). Then, follow Nicomachus’ instructions from Section 1 to see
whether you get a simpler ratio.

Answers may vary; the ratio will always become something simpler. One example would be:

81218 (sesquialter, or x1%4)

First term: Smallest term is 8. 8 __
Second term: Mean minus smallest. 12 -8 =4 84 _
Third term: 18 - [8 + 4(2)] =2 8 4 2 (It has become the double ratio)

+ Use Nicomachus’ method again on your new series, and again, until you can’t anymore (remember, 0 doesn’t count as a number!).
What is the ratio in your final series?

If you continued from the above example:

8 4 2 (double, but reversed)

First term: Smallest term is 2. 2
Second term: Mean minus smallest. 4-2=2 2
Third term: 8 - [2 +2(2)] =2 2

N 1

(It has become equality)

Chapter 3

Questions:

+ Remember, Nicomachus is always interested in the elements of numbers. What are the basic elements of the doubles at the top of
the triangle (specifically, their factors)?

2s are the basic elements of the top row.

+ Consider the 16 at the top of the triangle, then think of it as a storehouse of 2s. Why does it become four other numbers as we
increase it by the 3:2 ratio, but then stop?

[continued]
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(Chapter 3 continued)

The 3:2 ratio decreases the number by a factor of two, then increases it by a factor of 3. So every time the ratio is
applied, youlose a2 and gain a 3. Since there are four 2s in 16, the ratio can only be applied four times before running
out of 2s.

o Why does the triple ratio run along the bottom diagonal?

The numbers along the diagonal are the result of applying the 3:2 ratio repeatedly. That means they will all be com-
posed of purely 3s, resulting in the triple ratio.

For further thought: Why does the triple ratio run along every diagonal? And the double ratio along every row?

One explanation is that, since each row has some two-ness still in it from the top, it will still behave in that way. And
again, since each diagonal gradually gets three-ness, the diagonals behave that way. One could also give a more
numerical explanation by looking at the powers of two and three contained in each number.

Chapter 4

Question:

+ Nicomachus made a triangle with the doubles on top, and the 3:2 ratio vertically. Then he made a similar triangle with the triples
and the 4:3 ratio. Make your own triangle like this with the quadruples on the top and a 5:4 ratio.

If done correctly, the new triangle will have the quintuple ratio along the bottom diagonal.

For further thought: If the 3:2 vatio is a path from the doubles to the triples, and the 4:3 ratio is a path from the triples to the quad-
ruples, what ratio do you think is the path between those ratios? Is there a pattern there, too?

A good way to do this would be to create a triangle with the 3:2 ratio along the top and the 4:3 ratio along the hypot-
enuse. Students may be able to figure out without the triangle that the bridge between these two ratios needs to be
8:9. Here’s an example of a triangle that illustrates this:

4:3 ratio

216 288 384 512
324 432 576
486

o11e1 8:6

3:2 ratio

The top left number has to contain at least a few 2s and at least a few 3s so it can survive multiple applications of
either ratio (e.g., 216 = 2° - 3%).

Chapter s

For further thought: Why do you think it is that the ratios can be combined in either order to get the same result? (For example, you
can combine the triple and sesquitertian to get the quadruple, regardless of which order you combine them in.)

One explanation could be that multiplication is commutative, but Nicomachus doesn’t think of ratios as fractions
you can multiply by. A more Greek way to see it is that, given two ratios (let’s say, 3:2 and 4:3), 3 and 4 will both have
to multiply by your number at some point, and 2 and 3 will both have to divide by your number at some point, re-
gardless of the order in which you apply the ratios.
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Chapter 6

Questions:
+ Towhat geometrical object does Nicomachus compare unity (1)?

He compares it to a point. [Section 3]

o Weusually think of a dimension as a divection. This isw't completely different from Nicomachus’ definition, but what exactly is
his definition of a dimension?

He says that a dimension is something between two limits. [End of Section 3]

Chapter 7

Question:

o Why are triangles the “most original and elementary form of the plane number”? Try for yourself what Nicomachus describes in
Section 4.

Triangle numbers are the most elementary plane numbers because triangles are the most elementary plane shapes. You can make
any polygon out of triangles; triangles are like the atoms of polygons.

Chapter 8

Questions:
o After 28, write down the next several triangular numbers.

The next several are 36, 45, 55, and 66.

For further thought: The pattern that generates the triangular numbers, according to Nicomachus, is that the number you add
increases by 1 after every new number. Can you find at least one other pattern in the series of triangular numbers?

Answers may vary.

Chapter 9

Questions:

”

o Both in this chapter and in the previous one, Nicomachus describes unity as being “potentially” triangular or “potentially”
square. Why does he do this?

The number 1 fits into the pattern, but as Nicomachus pointed out in Chapter 6, 1 is dimensionless. Triangles are
shapes and have dimension, so although 1 fits the arithmetical pattern, it doesn’t fully count as a triangular number
here.

For further thought: Can you find any more patterns in the squares besides the one that Nicomachus points out in this chapter?

Answers may vary.
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Chapter 10

Question:

+ Before moving on to Chapter 11, can you deduce what the hexagonal numbers would be? How about the heptagonal numbers?
Octagonal?

The differences between the hexagonal numbers will start at 5 and increase by 4 each time. The differences will
therefore be +5, +9, +13, +17, ..., so the hexagonal numbers will be1, 6, 15, 28, 45, ....

The differences between the heptagonal numbers will start at 6 and increase by 5 each time. The differences will
therefore be +6, +11, +16, +21, ..., so the heptagonal numbers will be 1, 7,18, 34, 55, ....

The differences between the octagonal numbers will start at 7 and increase by 6 each time. The differences will
therefore be +7, +13, +19, +25, ..., so the hexagonal numbers will be 1, 8, 21, 40, 65, ....

Chapter 11
For further thought:

+ Without looking ahead, what patterns can you deduce between the kinds of plane numbers?

Answers may vary.

+ Do you have any ideas how one might think about numbers in three dimensions? (Like a perfect 3D triangle, or a perfect cube?)

Answers may vary, but Chapters 13-17 (Book II) in Appendix C deal with 3D numbers.

Chapter 12

For further thought:
+ Canyou think of a reason why adding triangles to other polygons “upgrades” the polygons to the next level?

One way to understand this is geometrical: if you line up a triangle with a pentagon, together they’ll make a hexa-
gon. This always happens with adding triangles to polygons. That, of course, is only an analogy, and it is worth the
time to explore why this is also the case with numbers.

o Ifyou haver't already, try to find another pattern in the polygonals besides the one pointed out by Nicomachus.

Answers may vary.

Chapter 19

Questions:

+ Section 3 outlines many patterns: why do you think the ratios show up in order in this chart? (Think about how the numbers are
made.)

The factors of, for example, 9 and 12, are 3x3 and 3x4. The rectangular number swapped out a 3 for a 4 as a factor, so
the 4:3 ratio ends up being the relation between them.

[continued]
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(Chapter 19 continued)

For further thought:
+ Why do you think the difference between the squares and rectangles increases by one as you move forward?

The next numbers used are 4 and 5 instead, then 5 and 6, and so on; this creates that ever-increasing pattern of ra-
tios.

o Why do you think the squares have odd differences and the rectangles have even differences, as pointed out in Section 4?

Answers may vary. One explanation that comes up in the next chapter is that the squares are related to equality, just
like 1 is; rectangles are related to inequality, just like 2 is.

+ Why do you think that the sums of the squares and rectangles add up to triangles (at the end of Section 4)?

Answers may vary.

Chapter 20

Questions:

o What do squares have to do with “sameness,” and what do vectangles have to do with “otherness,” according to Nicomachus in
Section 3?

Squares are made by adding up odd numbers, which are also related to sameness. Rectangles are made by adding
even numbers, which are also related to otherness.

+ Inthe double and triple series (Section 5), why are squares found only in the odd places? Is this true for other series too, like the
quadruples?

Squares have to be made up of pairs of equal factors, like 22 - 3* - 5. The odd places in the double and triples are the
only places where you have even numbers of factors to pair up.

For further thought: If you're feeling adventurous, imagine the perfect squares (1, 4, 9, 16, ...) and the perfect cubes (1, 8, 27, 64, ...),
then try to imagine what numbers would count as the “perfect fourths”? Does the pattern at the end of Section 5 somehow apply to
those too? What about the “perfect fifths”?

Answers may vary. The perfect fourths would be 2¢, 34, 4%, 5¢, etc.

Chapter 21

Questions:
+ Give an example of a continuous proportion with respect to quality (multiplication). Write it the way Nicomachus would.

Answers may vary. One example would be 4, 16, 64 (multiplying by 4 each time).

+ Give an example of a continuous proportion with respect to quantity (addition).

Answers may vary. One example would be 3, 8, 13 (adding 5 each time).

+ Give an example of a disjunct proportion with respect to quantity (addition).

Answers may vary. One example would be 5, 8, 11, 14 (adding 3 each time).

130



APPENDIX C | ANSWERS FOR BOOK II

Chapter 22
For further thought: Nicomachus says in Section 3 that arithmetic proportion is by nature the primary kind of proportion. Why do
you think that is?

Answers may vary. One explanation could be that addition is simpler than multiplication, since the natural order
of numbers (1, 2, 3, 4, etc.) is the result of addition. Nicomachus also makes a connection to the quadrivium in Sec-
tion 4, recalling that arithmetic is “antecedent to all other” mathematical arts.

Chapter 23

Questions:

+ In Section1, Nicomachus claims that in an arithmetic proportion like 1, 2, 3, 4, the differences between terms are always the same,
but the ratios between the terms are always different. Will this always be the case for this kind of proportion?

Yes it will (unless yow're adding o, but again, Nicomachus doesn’t count o as a number).

+ Look at Section 4 again; why is it that arithmetic proportion “partakes in equal quantity in its differences, but of unequal quality”?
Compare the quantitative and qualitative differences between 3, 4, and 5, for example.

This calls back to Chapter 20, Section 3, where Nicomachus gives the example of comparing the two pairs of num-
bers 4 and 2, and 6 and 4. They have the same quantitative difference (+2) but have different qualitative differences
(the double and the sesquialter). This is always the case.

o Test out what Nicomachus describes in Section 5, both with a three-number (continuous) proportion and with a four-number
(disjunct) proportion.

One example could be:
In 2, 3, 4, the sum of the extremes (6) is equal to the mean term (3) added to itself.
In 2, 3, 4, 5, the sum of the extremes (7) is equal to both the means (3 and 4) added together.

o In Section 6, Nicomachus notes that the ratios between smaller terms are larger (for example, 3 is only once and a half of 2, but 2
is the double of 1). What happens to the ratios as you compare larger and larger terms? (for example, 100, 101, 102, ...)

As the terms get larger, the ratios between them get smaller.

Chapter 24

Questions:

+ Write out a continued proportion following whatever ratio you want. Test what Nicomachus says in Section 3, that the differences
between the terms have the same ratio with each other that the original terms have.

One example could be:
4, 6,9 has a ratio of 3:2 between terms. The differences between the terms are 2 and 3 in order, which also have the
3:2ratio between them.

(continued)
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(Chapter 24 continued)
o In Section 4, Nicomachus lays out the relationship of the extremes in a proportion to the mean(s). Test this out for a three-term
(continued) proportion and for a four-term (disjunct) proportion. Why do you think this happens?

Examples could be:

In3,9,27,the product of the extreme terms is 81, and the mean term times itselfis also 81. This is because 27is made
up of three 3s, and 3 is made up of one 3. Together they make four 3s. This is the same result as when 9, which has
two 3s, is multiplied by itself to get, again, four 3s.

In 2, 6,18, 54 (triple ratio), the product of the extreme terms is 108, and the product of the two mean terms (6 and 18)
is also 108. The same reasoning as above can be applied here when you examine what factors make up the numbers
in the series.

o Try multiplying two squares together and two cubes together. Is your result what Nicomachus predicts in Section 102 Why do you
think this happens?

One example to illustrate the reason is the multiplication of 22 by 32, both square numbers. Since the result will
have two 2s and two 3s as factors, those numbers can be paired up as (2 - 3)2, which is also a square number.

Chapter 25

Questions:
+ Create at least one of your own harmonic proportions.

One example could be 6, 8, 12. (6 is smaller than 8 by a third of itself, and 12 is greater than 8 by a third of itself.)
Another way to picture this is like a “mirror” proportion, made up of a 3:2 ratio, but then a 2:3 ratio.

For furtherthought: Test out the idea in Section 4 which explains the relationship between the extremes and the mean of a harmonic
proportion. Why do you think this relationship exists?

One example could be, using the above example proportion:
Given 6, 8,12,
(6 +12) x 8 =144, and twice of (6 x 12) is also 144.

You might encourage any algebra students to try this out with variables to get a better grasp of why this works.

Chapter 26

For further thought:
+ In Section 2, what does Nicomachus mean by harmony? (Cubes obviously dow't make any sound)

In talking about harmony, it is helpful to return to Nicomachus’ definition that “harmony is made [from things]
both real, different, and things with some relation to one another.” [Book I, Chapter 6, Section 3]

o Ifharmony isn't necessarily sound, what is the connection between harmony and the music played by an instrument?

Following Nicomachus’ definition, the “difference” could be thought of as the different sounds and timbres made
by various instruments, but the relation between the instruments that needs to exist comes from the related notes
that they play.
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Chapter 27

Questions:

+ Following Nicomachus through Sections 3, 4, and 5, make sure you understand each mean’s velationship to the extremes. (There
are a lot of them!)

See Sections 3-5.

o Choose two extreme terms (besides 10 and 40) and find all three kinds of means between them using Nicomachus’ instructions in
Section 7.

For example, take 20 and 8o.

Arithmetic mean: (20 + 80) +2=50
Geometric mean: V(20 x 80) =40
Harmonic mean: [(80 — 20) x 20 + (80 + 20)] + 20 =32

+ Ifyou got fractions or decimals for some of your means, can you find a different pair of extremes which will end up with only whole
numbers as means? (Nicomachus chooses such a pair of extremes because he believes only counting numbers are truly numbers.)

It’s wise to start with Nicomachus’ example and multiply those extremes by some factor (the above example is just
the double of his example).

Chapter 29
For further thought: Can Christians agree with Nicomachus that this most perfect proportion “is most useful for all progress... in
the theory of the nature of the universe”? Why or why not?
A couple helpful talking points:

1. This proportion contains a large amount of the proportion theory that Book II has been dedicated to, so it is cer-
tainly helpful in understanding a lot of number philosophy.

2. The math involved certainly brings to light some of the nature of the universe, but students need to remember
that at the end of the day, math is still a science, that is, a pursuit of knowledge through reason. Unless you believe
that “all is number” like the Pythagoreans did (and many modern scientists today still do), there will be parts of the
universe that even math can’t describe. Christ the Word is the ultimate Light that brings us to true knowledge.
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