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1 Ewaywy

H »Bovtind unyovixd; teprypdget T Suvauixh 0To Wxeoxoopo (NAexTtedvia, otopxol
TupnVeS, dToua, POPLR), EVE OTO PoxpdX0oUo cuvidng Bev mapatneolue ameuieliac
ABavTiny| CUUTERLPOPE, TaEd UOVO TIG CUVETELES TN o€ Otdpopa pouvoueva. H xBovtind
umnyovixn avomtOydnxe tig dexaetieg 1920 xan 1930 Aéyw tng amotuyiag Tng xAaoixric
Puoinhc vo eENyNoEL ULol OELRE TELQUUATIXWY BEBOPEVWY. XTIC dpyEs, TeoTdlnXay ad
hoc Poavtixéc urnodéoeic and toug Planck, Einstein, Bohr, x.o., ot onolec 06vynoov
TeElxd o€ pa puoxh) Vewplo. TTapodtew mapatiievton uepd TapadelypoTa QoUVOUEVLY
6mou amotuyydver xde andmelpa e&ynone pe Bdon v xhaotxr Puoweh. (Tékn 197

apyéc 20°° ouwva) .

o AxtwvoPolio péhavog oouatoc. Mélay odua yapoxtneileton €va GOUA TOU amop-
po@d OAN TNV axTvoBoiia Tou mpooTintel o awtd. H amoppogoluevn axtivooiia
ueTOTEENETAL OE VEPUOTNTA, XUl TO OOUO ENAVEXTEUTEL AOYw TNg Vepuoxpaoiag
Tou (Tumxd moapodeiypota eivar o HAog xon par uixer} onr o€ xohoTNTaL YE [o-
vopéva totyopoata). To PACUO TNG EXTEUTOUEVNS axTivoBohlag dev e&nyeiton amd
™V xhooixr) puoh). Epunveddnxe and tov Max Planck (1900) Bdoet xBavtixrc

umodeong.

o dwtonhextpixd awvopevo (1887). Xe autd, nhextpdvior exméumovion omd Ue-
TaAAXES ETLpAVELES AOYW ATOREOPNONG NAEXTEOUXYYNTXAC axTivoPoAlag. "Eva
TEOBANUA elvon OTL 1) EXTIOUTY OTUUATE OTAY 1) CUYVOTNTA TNG axTvoBohiog TEoeL
%4tw omd wo xplown Twr, govéuevo mou dev ednyeitan xhaoixd. Epunvedin-
xe an6 tov Albert Einstein (1905) Bdoet xBavtixfc unddeone. EmPefoucddnxe
netpopotixd omd tov Robert Millikan (1915).

o Pawvopevo Compton (oxéduom nhextpoviwv—putoviny). O xhaoixdc Timog yia
N YWV oxEBUOTG OEV CUUPWVEL UE Tar TeLpaaTxd dedouéva. H e€hynon d60nxe

ue Bdomn Ty xPBavtiny| Yewplo.

o YtadepdTnTa TWV ATOUMY. XTO XAACXO TAAVNTIKG JOVTENO, ToL NAEXTEOVIN TEQL-
O TEEQOVTOL GE TROYLEC YUPW amd To dToua, dea Bploxovton oe dlupxi| EmLTEyLVOT).
Adyw Tou goptiou Toug xat TN EMTAYLVOTC, Vot ETPETE VoL EXTEUTOLY NAEXTEOUO-
YT axTVOBOALL, Var YEVOUY DLIPXMG EVEQYELX, X0l VOL TEQTOLY GTOV TURYVA OF
nepimou 1 ns. Epunveddnxe and toug Niels Bohr xou Ernest Rutherford (1913)

Bdoer xBavtinhc utddeong.

e Moyvntiouds tng UAng oe xatdotaon Yepuoduvouxihc wopporiog. To dewenua

van Leeuwen (1919) Belyver 61t éva xhaoixd GOGTNUA XIVOUUEVKDY QOpTiwY OE

(WBX. m.y. S. Gasiorowicz, Kfavtiki ®uoikr, exdooeic Khewdprdpoc (2015), xeqp. 1.
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xatdo TooT) YepuoduvouLx|c Lloopporiog dev Umopel vor et poryvition. Elvou mpo-
povic 1 avtigoon pe Ty UToedn povidwy doayvtey. H e€hynon divetar ue Bdor
Vv xPovind Vewplo Tng VANG.

H xBavtind| unyovixt| teoBAEnet xatovopues mdavoTnTog 0To AmOTEAECUATO UETPNOE-
oV, ot avtileon ue TNV xAaotxr Unyavixr, Tou TeoBAénel To axplPéc amotéheoua xdie
uétenone. Iho ovyxexpwéva, oty xhaoixr Puowr| utodétouue to €€rc. 'Eotw ot
MTOPOUUE VO TROETOWACOUNE EVa 600 TNUA e aubodpeTa ey dhn axp{Betar xon vor xdvou-
ue pétpnom evog peyédouc A (Véom, opun, evépyeta, oTtpopopuy|, xhm.) e avdoipeTa
VMY SlaELTX| IXavOTNTOL, YGET OF XATIAANAES TELOUUAUTIXES TEYVIXES. AV TPOETOL-
udcoupe To GUC TN OTIC (Bleg axEBOC dPYIMEC CUVITXES TOANES POREC XU HAVOUUE
xde popd wa Yétenon tou A, t6te Yo Peolue xdide @opd To (Blo amotéheoua a, To
omofo Yo eCopTdTon UOvVo amd TIC apyInéC cUVITXEC.

Yy xBavtin Puowr| €youue to €€Xc parvouevo. ‘Eote xon Tl OTL €youpe TN
duvatdTnTa awdabpetar UEYIANG axpifelag oTNY TEOETOWAG{N TOU CUCTAUATOS oL OLo-
xpruxc wavotnag ot pétenon. llpoetowdlouue o cloTNUo TOAAES QopEs, E0Tw
N 7ov apriuo, otig Bieg axplBng apyixée ouvifxes. Metpdue xdlde @opd Evar uéyedog
A e duvatéc Twéc a € R xau Beloxoupe anotehéopata ay, as, ..., ay, €vo yioo xdie
uétenon. Kdmow and auvtd lowe tautiovton, xdmowa dapépouy uetald Toug. 'Eyouue
HLOL XOTOVOUY) ATOTEAECUATWY, 1) OTtola 0TO 6plo peydhou N Yo BiVEL Ular XAUTAVOUN TiL-
Yavétnroe Pa) (4 nuxvétnro mbavétnog p(a), av EYoude oUVEYES PACUA TGV GTO
péysﬂog). H xoatavour; mdavotnrac etvar duvatéy va bvon mohd eupela, dnAady| vor €yel
ueydhn doonopd (AA) yipw oand tn wéon th (A), 1 va eivon olela, dnhadh vo €yet
wxeY| OLOTORd, 1) axOuoL XL Var EYEL UNOEVIXT] OLoTopd, dNAXDY| a1 = as = - -+ = ay
xou (AA) = 0.

H xorovouy| miavétnroc P(a) e€aptdron and tic apyixéc ouvinxes npoetolposiog
xou and to péyedoc A. Anhodr, yio Sedopéveg apynéc oUVINXES, UTEEYOLY UETRHOLN
ueY€Un mou dlvouv peydhn dwomopd, dAAa Tou Bivouv wxeY| BlaoTopEd, xaL dAha Tou
6ivouv ouclaoTIXd UNdevixY| dlaomopd. Avtictpoga, xai Yo edouévo uéyedog A, v-
TdEyouV apyixéc cuVUTXES Tou Vo BWCOUY UEYAAY), 1) WixEn, 1) OUCLUGTIXE UNOEVIXT
OLoTOPd OTIG PETEHOELS TOU peYEVOUC.

Hpénel va Tovicouye 6T 1) Ul Slaomopds otny xPoavtcs) Puouxr| dev ogetheTon o€
xdmotar ATEAEL TOU TELRGUOTOS 1) XATAVOUT| OTIC 0pYIXES CUVITXES AOYW TEMEQUOUEVNC
oxpifetag, Omwe oty xhaowxr otatoTiny Puoiny|, oAAd elvon eyyevAg WBLOTNTA NG
Phone yioo xotdAANhoUS GLVBUAGUOUE dEYIXWY CUVINXGY PE peTErota eYEDT. AuTth
1 mopadoloTnTa Beloxetar oty xopdid tne xBaviinfc Puowrc. O cuvduaoudS aEYIXWY
oLVINU®Y pe peteroto péyedog mou dlvel dlaomopd ota anoteAéopota Unopel vo etvan

TOA) amAbg, Y., ouufaivel edv teldel wg apynr| cuvirnn 1 oTpoPoEUn EVOS ATOUOL UE



OedopEVY TWT| TEOPoATC oTnV xaTtebuvoT z xou 6T cLVEYELa uetenlel 1 TpoBoly| tng
oTEOPOopUNS oTNY Xatebiuvon .

H »Bovtindy pnyovixry dOvoton vor tpofBréder tny xatavopr; mdavotntag Pla) av
50000V oL apyxéc cuvirixeg, oAAd Oev BUVaTan var TeofAéder L amotéheopa Vo pEpel
xdie Eeywototy| p€tenon (extéc and Tig edinég TEPLTTWOELS TTIOU OEV €Y OUUE OLUCTIOPY,
omdTE OhEC Ol PETPNOELS Bivouv To (Blo amotéleoua). A’ boo unopolue vo yvwpelilouye,
0ev umdipyel uéodog TEOBAEYNS Yiol TIC UEUOVWUEVES UETPNOEIG: 1) XBavTiny) Py avix
amoTeAel 6,TL XAAOTEQO UTOPOUUE Vo XaTapépoule o eminedo TEOBAedng, dnhadt| vo
umohoyicoupe xatovopés TAVOTNTAS TWVY TEWUUAUTIXGDY ATOTEAECUATOV.

A¢ ecTido0UpE Yior AmAGTNTO 0TV TERITTWOT EVOS CLUATIOOL OE XATOL0 EEWTEPXO
medlo. XNy xhootxr| unyavixn, ot apyixéc cuVIxes, oTIC omoleC TEOETOWALETAL TIELOO-
HoTixd €vor OO TNUAL, XWOLXOTOLOUVTOL antd TN VECT T xou TNV OpUT| P EVOS CuUTLOMOL.
To civoho twv Leuy®yv (,p) anoteholy Tov YWeo Twv @docwy. Aéue ot éva (ebyog
(x,p), Onhady| éva oNUEio TOL YWBEOL TWV PUCENY, EXTPOCKTEL Uld XAUTAC TAGT) TOU CU-
othuatog. H yvoon autrig Tic xatdo taong EmTpEneL (o) NV TEOBAEdN NS xaTdo TAONS
o€ OTOLOONTOTE UEAROVTIXG Vo, ((t), p(t)), uéow evoc vouou ypovixrg eEEMENS Tou
exppdletar and ¢ e€lowoeic Hamilton, xau (B) tny npdéBredn tou anotedéoyatog xdie
pétpnonge, mou divetar we xdmotat cuvdpetnon f(x,p).

Yy wBovtind unyavixr, ot apyixéc cLVITKES EYOouY avayXxaoTIXG o TEpiTAOXN
EXQEAOT), DLOTL TEETEL VoL TEQLAAUBAVOUY OAEC TIC BUVITES XUTAVOUES THHUVOTNTUG OAWY
TV TELpoUdTLwY. Moadnuatixd, ot apyxéc cuvirres xwoxonolovvTol and €va dldvuoud
U povadtaiou uixoug to omolo elvon oTotyeio VO AmELROBLEGTATOU ULy ad00) YRUUULXOU
yeou Hilbert. To W avamapiotdton we ouvdptnon ¥(z) and 1o guoxd yweo tne Yéong
x otoug pyadxole aptiuolc xou cuvidne ovopdletar kuuatoovrdptnon. To cbvolo
TV cLVIETACEWY W TEPLEYEL TO GUVOAD TWV pyIX®OY SUVINXGY GTIC oToleg UTopEl va
TPOETOWOTEL TEWUUATING TO GUCTNUO XAl ETOUEVWS TO GUVOAD TOV XATACTUCEWY TOU
CUCTAUATOC.

H yvoon pog xatdotaong W emitpenet (o) NV TEOBAEdn TNE xATAG TAOTC OE OToLO-
Ofmote YeMovTIXG ypovo, Y (t), uéow evoc vouou ypovixic eEENENC Tou exppdleTtol
and v e&lowon Tou Schrodinger, av 0ev pecolaprioa pétpnon. Eniong, n yvoorn pag
xatdotaong W emtpEnel (ﬁ) ™V TEOBAEYN TOU GTUTIOTINO) ATOTEAECUATOS UETRHOEMY
evOC peyédoug, dnhady| Ty xotovour mdavotntac P(a) edv yeteniel todéc popéc to
uéyedoc A Zexwvaovtog xde gopd and tnv dio tpoetowacion. Me dhha Aoy, i W ex-
TEOCWTEL Lol GUANOYT| TUVOUOLOTUTIA TROETOWOOUEVKDY GLUOTNUATKY. 'vopilovtog tnv
U, xan emhéyovtag €va guoixd péyedog A, umopolue vo mpofBiédoupe To 6TUTIoTING
AMOTEAEOUA TOAWY PETENOEWY Tou A, ulag TéTolg oe xde TpocToYaoUEVO GO TN
Télog, n B xatavopr|) mbavotnrog Pla) pog diver () tic mdoavée véeg apyixés ouv-

Vfxec oTic omoleg dUvatan var tevel To cUCTNUO UETA amo wio uEtenon. Anladi, o vouoc



yeovixig e€éhéng mapofidletar e@ocov uecohaf3fioet ua Yétenot, xadng ToTe aAAdlEL
ATOTOUN 1) XUTACTACT, GE Lot VEA, TNV 0Tolol HOVO G TATIO TG UTOROUUE VoL YVwel{ouue
ue Bdon v P(a). Auth eivan SN wa Wantepdtnta tne xPovixic Puoixrc, n onofo
HEPES POPES expAaleTon AéyovTag OTL 1) UETENOY UTOYPEWTIXE EMNEedlel To oo TN

H »Bavtuch punyovinn ytiletar mévey oe 500 VeUehdOEC EVVOLES, TN YROUUXOTNTA
xou Ty afefondtnron. H ypopuxdtnta onuaivel mwe, Se00Uévey 600 XATUO TUCEWY EVOS
ovoTioTog, Wy xan Wy, undpyouv OAeg oL xaTac Tdoelg NG pop@hc c1 Wy + caWs, 6Tou
c1 o co pryodwol aprduol. H c; Wy + coWq, we podnuotind aviixelpyevo, aviiotolyel oe
opywég ouvifxeg oe xdmoto melpopo. Emeldy| we yadnuatind avtixelyevo eivon dlago-
eeTix) xou amd Y Wy xou amd Ty Wa, ot apyineg cLVIHXES TOU AVTIOTOLYOUY TNV
c1¥1 + Vs elvon SapopeTinég amd exelveg Twv dVo cuctatxwy TN H xBavtind un-
Yovixr) 0ev Jog divel Tig odnyieg yia va emtdyouue oto melpopo Ty ¢ Wy + ca W, Topd
uovov aliover Yewpntixd tny Omapdh tne. Evoéyetar o€ xdmoleg TEPITTOOELC Vo efvar
€0XOAY] 1) TEWUUATIXY] VAOTIOMNOT) qUT®V TV dpyov cuvinxey. ILy. oty nepintwon
mou 1 ¥y avTioTolyel oY oy xr] cUVITXY TEOCUVITOMOUOU TNG GTEOPOPUNAC EVOC
atopov c6Tov dfova z xou 1 Uy otov dfova x, 1) c1 Wy 4 co Wy avTioTolyel oty oyt
oLV XN TEOCAVATONGOMHOV TNG GTEOPORUNG OE dAAOY d&ova o omolog utoloyileton amd
TIC TWES TWV €1 XU C1. 2€ GANEC TEQITTWOELS, EVOEYETAL VoL £ivon DUGKOAT GXOUOL XoL
N %ot apyY RV ETVONOT EVOS TELRAUATOC TOU VoL AvTATOXEVETUL OTNY 0y IXr) cUVDTXT
a1V 4 Vs ANNd mdvTa ot Puoh| 0 o UATINOS POPUIMCUOE TWY XATAC TACEMY
UTEPPUIVEL TIG TEOXTIXEG BUVATOTNTESG TELRUUATIXYG LAOTONOTNG.

H évvowar e offefoudtnrog cuvdéeTon pe TNy amodtnot), yio xde XuPATocLYVAETNO
U (xon ¢ ex T00TOL Yol XS LOPMY| 0EYIXWY CUVINXMY TOU LAOTIOLOUVTAL TIELOUUATIXG),
VoL UTIERY0UY QUOLXS UEYEUT TV oTtolwy 1) HETENOT Vor BIVEL U1 Undevixy| dlaoTopd—
¢ €x ToUTOL X afefondTnTa 6To amotéheoua Tng xdde pétenone. O évvoleg tng
YEoUUXOTNTAC X0 TNG af3eBandtnTog cuvdEovTon HeTald Toug xou UTopet Xavel va ytioet

™ plo ot Bdomn g dAANG.



2 Ol QUOKES HATAC TACELS OTNV XPBAVTLXNT] U1} -
VXN

Oa Eexwviooupe TN oLLATNOT TWV XATACTACEWY GTNY xBavTixn unyovixy| Ye évo ma-
edderyua. ‘Eotw €va cwpatido mou xiveltan o wia ywewr| ddotaor, z € R. Ou »«fSo-
VTIXEC XUTUOTAOELS TOU GUCTHUATOG EVOL LY UOXES GUVUPTACELS, U(z) € C, ot onoiec

OVOUGLoVToL KUUATOTUVAPTATEIS XOL IXAVOTIOO0V T CUVITXT XAVOVIXOTOMONS

/R\If*(x)\lf(x)d:z: _1 (1)

Edv ot xupatoouvdptnon wavonoel t ouvdipnn 0 < [ ¥*(2)¥(z)dx = C' < oo, té1€
ovoudleton tetpaywrikd odokAnpdoun (square integrable). Edv C' # 1, n avtiotouyn
xPBavtiny| xatdotaor etvar 7 \/ia\ll Ye o xupatoouvdpetnon ¥ xwdixonoteiton To udéL-
Houl TNg TAnpogopiag Tou urtopel xavelg Vo EYEL Yol TO GUCTNUX WS TEOE OTOLOBHTOTE
uetpriowo uéyedog (V€om, opun, evépyela, x.0.x.).

Towe T0 amho0oTERo PuOLKS PEYEVOC TOU TEOXUTTEL A6 TNV XUUATOCUVEOTNOT) Elval
n katavour) mbavétnras (Y v axplBeia, mukrdotnta mbavitntas) p(x) va Peedei to
cwuotioo otn Yéon x:

pz) = W (2)¥(x) = [¥(2)[". (2)

Yuvenog, n mavotnta va Beedel To cwuatido evtog Tou dlaothuatog a < T < b eivon

b
P(a,b) = / U (2)|*dz. (3)

H e&. [I éxer tn guoud| epunveia 6L T0 cwpatidlo éyel miavotnta 1 va Beedel xdmou
0TO Y(QO.

Avagephixaue oe miavotnra, 1 onola el TNV EPUNVELN TNE OYETIXNC CUYVOTNTOC.
Auto, dibt n U Sev avtinpoonnevel Eva uévo cUoTnua, ahkd pa ouAdoyr) (ensemble)
armé ovoTnata, TpoeToacéva e tavouordturo tpomo. ‘Oco audveton o apriuds Twyv
OLUCTNUATWY TNG GUANOYTC, TOCO 1) GYETIXY CUYVOTNTA EDPECTIC CWUATIOWWY OE Lol TOAD
wxpt| eployf 0z ylpw and T Véom x npoceyyileton and v nocdtnta U (x)|?02.

Auto elvor Aowmdy éva Bactxnd yapaxTnEoTIXG TV XBAVTIXOY XATACTACEWY: OEV
OVAUPECOVTOL OE UEULOVWUEVA GUOTAUATA, MRS OE GUAAOYEC TAVOUOLOTUTIAL TIOOETOIO-
OUEVOY GUO TNUATOV.

g pmopolv va utoloylotoly dhheg tocdTnteg ue Bdon v ¥; e xde @uoxd

) Efvon duvortdy va xataoxeuoo el XUHATOCUVAQTNOY) ETOPXME EVIOTUOUEVT], (OOTE VoL OVOTUELC TS, TR0
xth BeBandtnra (mdovotnto 1) ebpeone xdde cwuatdiov tne culloyhc oty (Bl Yéon x; Nou, elvon
BUVATOV, WC OPLO EVTOTUOUEVWY XUUATOCUVIPTACEWY, EQOCOV TO GOCTNHUA TROETOWAC TEL XATAAANAAL.

Oo culntniel oto eddgio



uéyedoc avtiotolyel évag TEAEOTAC TOU PETUCY NUATICEL TNV XUUUTOCUVEQETNOT OF Uid
GAAT. Ac mdpouye, yia TopdderyUa, TNV opur. LuPBoiiCouue Tov TEAEGTY TG OPUNC UE
p. T Adyoug mou ev pépet avahbovtar 6to eddgo 5.1}, o opioude tou ebvon
L 0Y(x)

pW(x) = —ih———= 4

PU() = —ih @
ONA. CUUTTTEL UE TNV TUEAYWYO TNE XUUATOOLVAETNONG ETTL —ih, dTou i = h/2m ue h T
otodepd Tou Planek. LOUPWVOL UE AUTO TOV OPLOUOG, O TEAECTHC OPUNC UETAUOY NUATICEL
v ¥ og o dAAn xupotoouvdptnon, Ty (z) = —iha\g—(;). H »Bavtier) Yewplo pdc
UTAYOREVEL OTL 1) MEOT) TUY| TWV UETENOEWY TNG OPUNG OTN OLUAAOYY TOU avTIoToLyEl

otnv ¥ etvon

e = /R U () p U (2)de (5)

oV (x)
= —ih | V" (x)—=d 6
ih [ @) s (©
UE TEoQuvY| GUPPBOAOUS GTO UPLoTERS HENOG.

To {8i0, puowxd, uropolue va xdvouue xou Yo 1 Y€on tou cwpatdlov. ‘Onwg o
xdie puowd péyedog, €tol xan ot Véon avtiotolyel Evag Teheotrc. LupBohiletal ye &
xou Bpar todamAaotactixd: 2V (x) = z¥(z). ‘Etol, unopolye va utoloylooupe ) péon

T g Veorng

)y — /R\Il*(x)af:\If(w)da:
_ /\Il*(x)x\ll(x)dx

R
= [ [9()zdx (7)
R
o€ ouugovio xou pe Tov tomo ([2)).
"Hom Sropaiveton 1 onuasio tne uryodixic xuyatoouvdptnone ¥ (z), oe oyéon ue
T0 Vo elyape wévo wa mporypotixd| (Vetixr) muxvotnta mdavétntac oto yopeo p(x). H
| U (z)]* mepéyer eugavare hydtepn mhnpogopta and v W(z). Edv yeddoupe W(z) =
|U(z)]e?@ (0(x) € R), Brénovye 6t 1 pdon O(x) Yo cuveiopépel oTny opul Abyw Tne
noparyoytong (), mapdho tou otr Véomn ouvelopépel uévo N andhutn Tl | (z)|.
Qot600, xdie uétenom Puowol UueyEdoug TEETEL Vo BIVEL W¢ T EVOY TEOYUATIXG

aprduo, ETOUEVLS xan 1) Héon TWh Teémel va efvar mparypatixde aptduog. Autd eCacpo-

() To has 1,055 x 10734 Js eiven pia puowxs otodepd: eZ{oou YeuehddNC Ue TY ToITNTOL TOU PLTOHC
670 Xevo ¢. ‘Onwe 1 Yewpla NS oYeTUOTNTAG AMOXAAOTTEL T GOVOEST) TOU YWEOUL YE TO YPOVO HECK
Tou ouvteheoTh avoloyiag ¢, €Tol xou 1 ¥Povtinf Yewpla amoxahdntel T obvdes YpoOVoL-EvERYELOC,
1, axeBEoTtepa, oLUYVOTNTAC-EVERYELNS, HECW TOU GLUVTEAECTH avahoyiog A.
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AMCetan omod v €€hg amadtnon e xPoavtinrc Yewplag: oL TEAEGTEC TOU AVTIOTOLYOVV
oe petphotua yeyédn mpénet va ebvan epputiavol (hermitian). EE oplopol, évag tehectic
A Myeton epurtiavie, €dy TAnpol Tic axdhoudeg dvo mpobnovéoelc. Ilpwrov, va elvou
YEUUUIXOG, ONAadT|, Yl xupatocouvapthoelg Wy xo Wy xou (uryadixoie) apripole ¢ xou
C2, VoL LOYVEL

121(01\111 + W) = L AUy + AT, (8)

(umd v aipeom, BéPoua, vo Peloxovtor oL xupatoouvaptoe ato nedio optopol). Aeld-
Tepov, Yo xde ouvdptnon ¥ € C (tétola koTe Vo GuYXAivEL TO TopoXdTe OAOXAY -
uot), vor toy Vet

/ W () AU(2)dz € R. ()

Hopadetypoto epuitiovedy TEAEGTMY elvar oL teheotéc Veong xan opurc. Ipdryuort,

/R\IJ*(x)y?:\Il(x)dx:/R\IJ*(x)x\If(x)dx:/x]\I/(x)|2dx eR (10)

R

(ocho() ONEC Ol ONOXATPWTEES TOCOTNTES Elvan npocypomxég). EZénou,

[wwivwir — —in [ v 2
= B () ()], + i Ra‘yaf)* () de

— 04 (_m/RqJ*(x) a\gff)dx)
- (/R\I/*(x)ﬁ\ll(x)dx>*, (11)

ONAadY| 1 TY TOU aELoTEEOD UEAOUC LoOUTOL PE TO Uyodnd oLLUYES TNG, ETOUEVKC
elvor mporypaTr. Ed® yenotuonoioaue TopayovTiny) OhNOXAHiowoT) Xt TO YEYOVOS OTL
Ol XUPATOOUVIPTAHOELS Undeviovtar 6To & — :I:oo

TIC ¢ TP eEIOMOELS TAPOLOLALETUL GLY VA 1) EXPEACT) TOU TUTOU f U*ddr. Auvti

ovopdletar eowtepikd yvipervo tne W pe ) © xon cugBolileton we e€c:
(U, ) = /\II*(x)Cb(m) dzx. (12)

ILy., (V,A0) = [ () AU(z)dz. Bivaw ebxoro va omoderydolv ot axéroudeg di-

W Auté anoterel elhoyn guoh amaitnon, diét o |¥(z)|? ebvor muxvéTnte mdavéTnToc. Eivo
aBUVATOY VoL TETUYEL Xovelg TelpauaTind Wior TuxvotnTa miavdtntag yior T Yeomn evog owuatidiou, 7
omola va un undeviletan oo dnelpo. Tumixd, duwe, etval BUVITOV VO XATAOXEVACEL XAUVELS TETEOY VXA
ONOXATPOCIUY CUVEETNON 1) omola Vo Uny Lxavonolel auty TNy anaitnon. I'a tétoleg mpofinuotixéc

SUVOPTAGELS, 1) ATOBELEN AmOTUY Y SVEL.



OTNTEC TOU ECWTEPLXOY onpévou:

(U, @) = (0,0)"
(W,c1 @1 +c2Ps) = 1 (¥, D) + 2 (U, Py) (ypopuxdtnra we npog to 2° dptopa)(13)
(U1 + ¥y, ) = f (U, D)+ (Vy, @) (avrypoppxdTnTo ¢ mpog 1o 1° bptopa)

H rocétnra || = / (¥, ¥) ovoudleton vdpua tne ¥ xon ebvor mpodihwe Yetinr|, ov
U # 0, i undév, av ¥(z) = 0 (oe ho t0 TEdio 0ptoUoy TANY EVOEYOUEVKS BLaxELTEV
onueiowv). Avo xupoatoouvoapthoes ¥ xoa @ ovopdlovton opfoydries, av (V, ®) = 0.

Enlong, woydet n axdhovdn aviodriza C’auchy-Schwarz@
(. @) (P, ) > |(2,9)[ (14)

and TNy omolol TPOXUTTEL OTL, YLol XUVOVIXOTIOINUEVES XUPOTOCLVORTACEL (SN, (P, @) =
(W, W) =1), éyouvpe 0 < |(P,T)] < 1.
O cupPohioude Tou ECWTERIXOU YIVOUEVOU ETUTEETEL TNV axolouldn cuvtopoypeapio

YLOL TIC WOLOTNTEG EQULTIVGY TEAECTWY A:

(B,AT) = (AD,U), (16)

yio xéde @ xou ¥ oo nedlo opiopol. H mpdtn widtnta etvor cuvtouoypapia tng €. @

TOU 0pLOHOU, VG 1) OEVTEPT) TEOXVTTEL EUXOAX UTO TOV optopé.

) pbpAnuo
O TpbpAnuo
(D poBhnuo



3 H upgrpnon otnv xBavtinn unyovixn

‘Eotw eva chotnuo oto omolo ylvetan Uior oelpd and UETEHOELS, %ol TO OTolo mPo€Tol-
pdlovue mow and kdle pétpnon e tov 1610 tpéno ‘Onwe elnoye, 1 TAVOUOLOTUTN
TEOETOWAGTA UAS BIVEL Uiot GUALOYT) TOU exPEAlETOL, UadNUOTIXG, UE TNV XUUATOCUVER-
mon ¥. Auth Tepléyel, XWOLXOTONUEVT), TNV XATAVOUY| TOVOTNTAS Yol TIG THES OAWY
TV ToEaTNENoWeY Yeyedovy. Ac utodéoouue 6Tl ueTpdue xde Qopd To (Blo uéyevoc.
O tipée v petprioewy Vo topouctdlouy, ev YEVEL, Uiol SlaoTopd (TANY eldxmy Tepl-
Ttoeny Tou Yo oulntnlolv mo xdtw). Kdle yétenon Yo dwoet, tpopovic, wo pbvo
T, GAAG OTOLBHTIOTE PEUOVOUEVT T OeV elvor duvatov var teofiegiet ue Bdorn v
U. Mévo n xotovouy| mioavotntog unopet va mpoBiegiel (dnhadh, 1 oyetins ouyvotnt
mou mapovotdlel xdde T 6To GUVOAO TwV pe‘cpﬁcscov).

To yetpriowpo uey€0n avamaploToUVToL ono EPUITIOVOUC TEAEOTESC. AV A évoc T€Toloc
teheaThc, xou W (2) N XUUATOCUVARTNOT TTOU avTLoTOLYEl 6TV GUANOYY, TOTE 1) HEoT) TIUH

X0 Ol POTIEC TNG HATAVOUNS EXPEALOVTOL om(’)

(A)y = /R\If*(I)A\I/(x)de(\I/,A\I/)
(A% = /R\If*(x)AQ\I/(x)de(\I/,AQ\I/) (17)

A

xou yevxd:  (A™)g = /\Il*(:v) A" (z)dx = (U, A™T)
R

H n-oot d0vourn evog epuitiovol TEAEGTH emdEYETUL TNV oxOhoLdn Quotxy| epunvela:
TEOYHUTOTIOLOVUUE ULal HETENOT) XoU TAlOVOUUE TNV N-007TH SUVOUY TN UETENUEVNS TN,
a — a”. EnavalauBdvoupe TOAES QOpEC UE TAVOUOLOTUTY TEOETOWAG(O TOU GUGC TY|Uo-
TOG, MOTE VO ATOXTACOVUE GTUTIOTIXA EVTog TN ouhhoyhc W. Tote, o yécog bpog 1wy
a” ovamoptotéton, padnuotixd, and to (¥, A”\I/)

Or mopomdve e€LoMOELS XUTAUBEXVIOUY OTL Uiot OAXT| Qo) et (pe v € R po ota-

Uepd), dev moiler xavévo pdro ota mopatneriowo pueyédn. Edv xdvouue v adhoyn

(8)10080\10@0(, évat 6UVOAO Al TOVOUOLOTUTA GUGTHUOTY, TEOETOOoUEVE Xdde @opd ue Tov (Blo
TEoTO.

DAy o A eiva epimiavée, Snh. YT, (B, AT) € R, téte xau oL duvdpes A" civou eppmowm Avuto
gaiveton ¢ eic: T n = 2, (U, A20) = (v, JAD) = (AU, A\Il) = JAU|? € R, dpa 0 A2 eivan
cowniavée. Ton =3, (U, A3 W) = (AW, A[A ‘Il]) eR (cxcpou 0 A etvo epprtiavéc), dpa xon 0 A3 elvan
eotiavde. Lo avddtepeg Buvdpels TpoyweolUe Ue enaywyy, xat avohoylo e v neplntwon n = 2
YioL TIC dpTieg SUVAELS, Xou PE TNV Tepintwon n = 3 yia Ti¢ Tepittég duvdpelc. (IlpbBinua )

(10Me avéhoyo tpémo, av f(2) = co+c1z4caz?+- -+ wo avohutie cuvdetnom, opiloups Tov tTeheoth

R,
AA

f(fl) = co+ 1A+ A2+ Av oL cuvteheoTéc ¢, Elvon nparypoatxol, xou av A epuitiovoe, TOTE Xat 0
F(A) ebvan eppimiavée xon emdéyetan NV ox6hoLdn epunvelo: TEOYUATOTOLOUUE Wlal UETENOT), TolpVOUUE
anotéheopa a, xou vrohoyilovue v T f(a). EmavahouBdvouue molléc @opéc pe mavouoldtuny
TPOETOWAG(OL TOU CUOTAUATOS, OCTE Vo ANOXTACOUME OTUTICTIXY VIO NG cuAroyhc U. O péooc

bpoc twv f(a) avamopiotdar, wodnuortxd, ané to (U, f(A)W).



U(z) — W(x)e™, tote A"W(x) — A"U(z)e = eV A"U(z) Moye youpuxd e Tou

A you dpa tou A”, xou epdoov to 7 eivor otadepd. Eriong, U (z) — U*(z)e . Apa

oL Tapdyoviee €7e ahhnhoovoupolviol 0To TEMXG omOTENEOUN TWY EE.
Eqapuolovtog Ti¢ €€. yioo T 9€on AouPdvouue

(T)yg = /R\Il*(x)x\If(x)dx (18)
(g = /R U () 22 () da (19)

X.0.%., VO Y10 THY OpUA

. B N . . O¥(x)
Pe = /R\If () pV(z)dr = —zh/R\I! (x) e dx (20)
0*W(z)

P = [ V@i = np [ v e e

x.0.%x. Ané T¢ poméc mpoxUTTEL 1) xoTarvouy| THavoOTNTOG.
Ou EloaYEYOUUE, TOEA, Lol ELOXT XATNYOP EQUITIAVGDY TEAEGT®Y, TOUS TPOoPfoli-
koUs teAeotég. 'Evog mpofolnds TEAEGTAC TOU AVTIOTOLYEL GE Lol XOVOVIXOTIOWNUEVT

xupotooLVEETNON, éotw P ue (P, P) = 1, opileton we e€hc.
Py = ($,0)d, (22)

yio Tuyador U. Ye piol YEWUETELXY| EPUNVELN TOU Y(OPOU XATUC TUCEWY (WE OLVUOUATIXOU
Yweou, Ty onola Ya culnthcoune oTo xe@diono @, auth 1 TEdlN Sivel TNV TEoPoAn
¢ xupoatoouvdptnong ¥ ndve ot . Ou mpoPolixol TeAecTEC EYoUV TNV WOLOTNTY
P(% = JSq), ONAad) N amhy| eite TOAAATAY dpdon Toug €xel To (Blo anotélcoua. Eiva
elxoho va Oetlel xavelc 6Tl TpdXeLToL Yol EpULTIaVOUC TEAECTEC e WoTES O 1) 1
Emdéyovton tnv axdhouidn epunvela petpriowou yeyédous: E&etdlouvye pe yio pétenom
av 10 cvotnua Yo Beedel otny xatdotaon @ av vou, dlvoupue ©¢ UETENUEVN TY TO
1, dwpopetixd to 0. H évvoia tou mpoBohixol teAectr yevixeleton xou otnv Teofo-
A1) o€ UTOYWPEOUG TEPLOGOTERWY Do Tdoewy: av P, ¢ = 1,2, ... xuUuaTOCUVIPTACELS
opYoymvieg petall Toug, TOTE 0 aUTO T0 GUVOAO avTIoTOLYEL 0 TEOPBOAIXOS TEAEC TS

15:23@-15@ HEP\I/:((I)l,\I/)cI)1+((I>2,\IJ)(I>2+..‘_

UDH otodepd €7 éyer pétpo ) povéda, Gote dev ennpedlel ) voppa ||
() TpeBhnua
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3.1 IdioxatacTdoELS KAl LOLOTLUES

Etvan duvatov évo péyetog va unv mopoustdoet dlaonopd otny xatovour; Anladt, tvor
OLVATOV VO £YOUHE XATAVOUT| UETEHOEWY OUCLACTIXG EVTOTUOUEVT] OE L0l LOVODIXT| THLN;
Now: yia xdde péyedog, undpyouy xUUATOCLVIRTAGELS TOU EEUPTWVTOL IO AUTO, VIOl TIC
omoiec oy el elte 1 mheng amoucia dlaomopde, elte OTL 1 SlaoToped Yiveton awdalpeTa
uwer|. Topatneolue: Av Ao EQULTIAVOC TEAEGTAC Tou avTioToLyel oTo uéyedog, TOTE,

€otw 6T Pploxouye uo xatdAAnin xoatdotaon W 4, TETol WOTE VoL Loy VEL
A \I/A =a \I/A, (23)

6mou a aprdudc. Yo auvth t cuvdnxn, n ¥, ovoudletan wkatdotaon (eigenstate)
Tou A xau 0 aprdude a wtiur (eigenvalue) tou A. (‘Evag teheothc umopel vou yet
TOMEG DLUPOPETIXES LOLOXATACTACELS XU LBLOTLpég.)

H e uac diver opéowc (U4, AW,) = (T4,a¥;) = a (T4, ¥,) = a (Abyo
xavovmonoinong). Enedy| o A etvan EQULTIOVOC, TO OPLOTEPO UENOC TEETEL vou efvan
TEoYHaTXXO, doo a € R.  Muumepaivouue OTL 01 1010TIUES TWY €PUITIAVWY TEAEOTWV
etvai npay,uatmég. Ou wotég €youy xan pla emnmAéov eééyouca Véon ot Yewpla
uEtenomng tng xBavtinhc Puownhc: kdle pepovouévn puérpnon diver wg Tiun pua 10T
TOU TEAEOTI) TOU METPOUUEVOU yeyéﬁovg. Emougvee, vou Pev 0ev UTopoluE €V
Yével va tpofBAddoule To anoTtéleopa (e UEMOVWUEVNS UETENONG, AN YVwellouue
OTL TEETEL VoL AVAXEL GTO GUVOAO LBLO‘EL[J.(;)V.

A¢ e€etdoouye T SlooTopd TWOY, 6Tay To CUCTNUA BploXeTal OF WBIOXATICTAOT

tou A. Ouuiloupe 61t 1) daoTopd Tocotixonoteltar amd Ty TuTixr andhon (AA). T

(I3 Bi0Tipée umopolv va éxouy xou un eppitiavol Teheotée, ohhd auTéc Bev elvan XaT ovdyXY TEOY o
TIXEC.

(1110 eddglo Yo Solue 6t auty 1 anabtnon mpoxinTel xat and to adinpo TEofoirg.

(15) T rdoyouv epprtiavol teheatée, oL omoloL dev éxouv 1BLOXATACTATELS Xon WIOTUES, AN YopoXTr-
pllovton amd éva ouveyEG Paoua TIOY Tou UtopoLy va AauBdvouy to avtiotoya weyédn. T avtoie
unopolue vo Bpolue xataoTtdoelg tou tpoceyyilouy Ty WoTHTA TNC WloxatdoTtoong pe owdaipetn
axpBeta. BA. tn oulhnon oto ddgpio

(10T mopddetypa, T omy T0U Nhextpoviou éxel pévo dvo Wiotée: +h/2. M celpd petprioewy
Vo epavioet pLor XoTavour) AUTOY TV dud TW®Y: Toté dev Yo undpel yetenuévn Ty my. 0, av xou
N HEOT TN TV UETENOEWY EVOEYETOU, AVUAOYWE TNV XATACTACT), VoL EiVal OTOLIBTOTE 0TO BTN
[—Rh/2,h/2].
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tuyada xatdotaon W €youpe (e to oUuBolo (- - - ) umovolue péco 6po oty U, (- - )y)

(AAP = ((A-(A)?) (o6 opiouo) (24)
A2 - 2A(A) + (A (routotind)
fl)) + <121>2 (YeouuxoTnTo pé€one THunc)

(10 (A) eivan aprdude)
(

ané €. [17) (25)

I
N~~~
s
[\
|
[\
—~
N
—~

YNy €| tepintwon mou €youle WLoxaTdoTaoT, E0Tw W 4, UE WOLOTIIN @, TUEUTNEOVUE
6t A2 A= AA\IIA = /Ala\IfA = aA\I/A = a?¥ ;{17 Egopuoyn oy ( . Olvel
(AA)? =a? — a? = 0 (hoBdvovtac ut’ 6dm xow Ty xavovixonoinon (¥, ¥) = 1).

"Eotw 6t éva péyedoc éyel undevixd) duaonopd, (AA)? = 0. T euxohia, eZetédlovue
0 yéyedog fl’ — A — (A), 70 onoio éyet T Bl TuTA ombxon pe To A, WG péon
T undév|1®)] Tére: 0 = (AA)? = (U, A20) = (AT, A'0) = ||121’\Il||2 Snh. m
voouo | A’ | undevileton, to omoio eivan Suvoréy pévov av A’ T = 0. Enopévec, n U
TEENEL Vo elvoll BLOXATACTUOT) TOU A ue oty undév: 0 = AT =AT - (AT, dou
AW = (A) . Anpodh, n ¥ ebvor Broxatdotaon tou A pe oth a = (A).

Kotahyoupe: ‘Eotw pia ovAdoyn avartapiotoueryn and pia KUHatoowdptnon kal
évas eppmiavés teheatiis A. Tdte, autj n kupatoowvdptnon efvar idokatdotaon tou A,
av Kai jovo av 6€v vmdpyel 01aomopd TIUWY 0TI HETPNon Tou peyédous mou avtiotoryel
otov A.

Alvoupe, Téhog, Uiol IOTNTA TV EQULTIAVGY TEAEOTWYV: Idokataotdoes epuitiavol
TEA€OTH) TOU avTIOTOIYOUY O€ B1aPopeTikéS 1010TIHES elval oployavies petabv tovg. H
anooeln ebvor amhr: €0Tw A epptiavog teheothc xon Wi, Wy WBLoXATUCTACES TOU UE
WOoTWES a1, ag avtiotorya. Tére: (\111,121\112) = (V1,02 V3) = ay(¥q,¥y). Enionc:
(\Ifl,fl\IJQ) = (fl Uy, W) = (a1 ¥y, ¥s) = a1(Vy, ¥y) (to mpwto Brpo mpoxintel and
NV LOOTNTY TWYV EPULTIOVMY TEAECTOV %ot 0TO TEAELTALO Briua expeTalhevIxaue To
Yeyovoe 6t as € R). Apo, az(Vyq, Vy) = a1(Vy, Uy). Av ay # ag, 161, avoryxaotxd,
(Wq,Wy) =0, 0nA. ov ¥y, Uy elvon opdoymviee.

3.2 IlposTtolpaciot XATACTACNS XAl PLATEARLOUL

ITotou eidoug melpapaTinés BLaTdlelc Tapdyouy GUANOYES TOU AVTIOTOLYOUY GE LOLOXATO-
otdoelg TerecToy; To netpduata autd TEEREL var xdvouv Eva eldog Blahoyhc, 1) GLATEo-

plouatog, plag apytnfic CUANOYTHC, ETUAEYOVTUG VO XATIAANAO UTOGUVOAD GUG TNUATWY

(D Tevind, Ar Ui =a"V¥, 6nwe mpoxONTEL Ye ENAYWYT.

() TpoBnnue o]
(19) E-co deltepo Prpa ypnoonotfoope TV WBLOTNTY TWY EQULTLAVGY TeheoTov (W, Ad) = (AU, d)
8{ pe @ = AU,
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¢ veo ouAloyY|. TTapadetyuato:

o Hhextpdvia exnéumovtar and piar TNYr, ToTOVETNUEVT 6To YWeo o z < 0, mpog
ot pepPedvn mou ta otopatd oto eninedo xy (dnh. z = 0). Avolyoupe pia wxen
o) ot YeuPpdvn oto onueio x = y = 0, n onola emTEETEL OTA NAEXTEOVIAL VL
SiEMdouy. ‘Oca tepdoouv Ty omi, Beloxoviat, apéong apol nepdoouy (2 > 0 ah-
A& TOND pixpd), O€ %xaTdo Tao ToU Eivon UE TOMD XA TPOGEYYION LBLOXUTAO OO

TV TEAECTOY Véone & xou .

o Hhextpdvia exméumovton evdiypoupo omd ular Ty xou diépyovTon uéca amd yw-
owd evtomouévo poryvnuxd medlo. Adyw tng ddvoung Lorentz, amoxhivouv tng
Topelag Toug, UE TN Yovia amdxAlong Vo e€apTdTon and To PETEO TNG OpUNG TOUG
(Bnh. Vv xvnuxd) toug evépyetar). Emiéyovtac ta nhextpdvia mou €youv amo-
UMVEL UG GUYXEXPLUEVY YwVio (Xat OTOHOTOVTOS Tor UTOAOLTA), EYOUPE Wiol VEX
oUANOYY, 1 omtola avTioToLyEl Ue TOAD Xah) TEOGEYYLON OE LOLOXATAC TAUOT) TOU

TEASOTA TNG XVTIXTG EVEQYELXG.

o Atoya (nhextpd OUBETEPX) UE EOWTERIXY| MOy VITIXT| pOTY SlépyovTaL and ovo-
notoyeveg payvntixd medto. To medlo dluomd T GEoUT TWV ATOUWY XAl TAL UVU-
xatevdOveL, avdhoya P TN oyeTiXY| xaTtelYuvoT TG Loy YNTIXAS POTAG TPOS TNV
xateduvon tou tedlou. Emiéyovtag déoun ouyxexpyévng xatebuvorg, £youue

Lot VEOL CUAROYT|, TTOU OVTIOTOLYEL OE IBLOXATAC TAUOT) TOU TEAECTY| TNG LAY VITIXYS
pomhc[®]

o Atoua POyovton oe TOAD younhr VepUoxpaoior xon apiVoVTaL AEXETO YPOVO, HOTE
VoL ATWAEGOLY PUEGW oxTvoBollag TNy OTota EVERYELDL BLEYEQUEVGY G TYBE0WY. YTO
TENOC TNG OLadixaciog, £YOUUE Uid GUAAOYT UTOUWY TIOU AVTIGTOLYEl GTNY LOLOXO-

TdoTOOT TNG YAUNAOTEPNG DUVITYG EVEQYELIG.

3.3 XuvpLotd xouw acOuPato ueyedn

‘Eotw 611, yetd and xatdAANAo QUATEdELOUA, €YOUUE XATUAREEL OE Wiot GUANOYY| O
avTioTolyel o woxatdoTacn V4, UE WWOTWNA a, EVOS EQULTIAVOU TEAECTY) A. Eév ME-
TENOOLUE TP £Val dhho péyedog, Tou avTio Tolyel GTOV TEAEC T B, Yo Bpolie dlaoTopd
OTIC TYWES; LOUPOVA UE To TEONYOUUEVA, BeV Yo €Y0UNE BlICTIOPd GTO B av xou pévo

av 1 W4 tuyydvel Wwoxatdo taon xou Tou B.

(20)0 teheotic TN oy VNTIXAC POTC TEOXVTTEL 0md GUVBUAOUS TOU TEAEOTH TNS TEOYLXHC O Tpo-
pophc, L = & X P, xau e 61pogopufic omy. Lty mpdEn cLVEIGPEROUY EBG UOVO To NAEXTEGVIAL X0
oyt oL muprjveg. Ou Otto Stern xou Walter Gerlach yenowwonoinocoav to 1922 pia tétota didtaén yio va
anodei&ouv Ty ®Bdviwon e oTpopopunc.
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Efvor duvatdy duo TEAEGTES Vo uny €xouy oUTE Ulal xown Wioxatdotaor); Nat. Eotw
U o xowd| Bloxatdotacn twv A xow B, ue AW = a W xaw BY = bW, Tére, [A, B]U =
(AB—BA)U = Ab¥ — Ba¥ = bAV — aB ¥ = (ba — ab)¥ = 0. Anhady), n Spdon
TOU PETaET [A,B]= AB—BA 0TI CUYXEXPWEV XaTdoToo Bivel undév. Enopévac,
av 1) 0pdoT) Tou [A B] 0€ OA€§ TIC XUTAGTAOEL TOU TED{OU 0plonol Tou Bev Unoeviletal,
w6t ou A xau B Sev éyouv oUte i xown Woxatdotaon. Ilopdderypo anotedel to

Celyog tehecToyv Véong xou opuhc, Yiol To omolo (o€ pia OldoTao)
[, p] = ih, (26)

Onh. [2,p]¥ = ih ¥ vy xdde \I/ Zebyn peyed®y, TOU XAVOTOLY T o)yéon
[A, B] = ih, ovoudZovion kavovicd ovluyry (canonical conjugate). ‘ANho mopodety-
portor Leuy v mou Bev €youv oUTE Wit x0T Wloxatdotoon (ywels, amapaitnta, vo ebvat
HOVOVIXS, GUCUYT’]) elvon 1 9€om xan BUVAUES TNG OpUTg (T, Veomn xou xvnTixn evée-
Yew), B, yevixdtepa, ouvaptioelc Tne Véong xat oUVIPTACELS TNG OpUnc, Xxau avd 500 oL
CLUVIOTWOESC TOU BLVUOUATOS TNG CTROPORUNG (n)\nv TEPIMTWONG 1 XUUATOGLVEETNOT)
VoL £YEL GTEOQORUT oXEBOC UNOEY).

Auvo peyédr, mou avTimpoowredovTaL omd PETUTWIEUEVOUS EpULTIaVOUG TEAECTES XA
6 Bpdom TOUC OE OAES TIC XUUATOOLVOETAHCELS (BN [/1, é]\If = 0, V¥), ovoudlovto
ouppatd (compatible), oe drapopeTny| tepintwan ovoudlovton aoufata (incompati-
ble). (Efvar Suvatdy, 80o actuforto peyéin A xou B va €)OLY XATOLEC KOLVES LOLOXATO-
otdoelg, éotw V. Tote, n Spdon tou uetodétn Toug oe auTég undeviletow: [A, B]\I/ =0,
ahhd Yo umdpyouv GAAe, éotw P yio TiC onoleg [/i, B]Q) # 0.) "Evac guowde oplopde
TV ouufBatoy ueyedovy divetar uetd to akinyo Teofoinc, oTo €840 .

Adyw g Umopdng actufatonv yeyedny, napouctdletar otny xPovis) Puowr| 1
e&hc Wopoppia, 1 onola elvon aroloa otnv xhaoixy) Puow|. Eotw ot tpoetodlou-
ue to obotnuo (m.y. péow @uitpaplopoatog) ot wo Wioxotdotoon ¥, tou peyédoug
A. Téte, ynopolue va Peolue péyedog aclufoto pe to /1, ONADY| TETOLO OTE OL [e-
TENOELC TOU Vo TopouGtdlouy uToyeewTixd Sloonopd. H dlaomopd Adyw acupfatdtntac
oev oyetiCeton ye v axplBela Tou opydvou TN uETenong, oUTe pe TNV oxpeifelo TG
TeoeToAGIag TNG GLAAOYHS. LTny xhaoixr] Puoixr deyouaoTe we alinua OTL UTopo-
UME Vo TPOETOWACOUUE €val GUG TN ME emoexy| axpifela, xon emimpooUeta vor €yOouUe
emapxr| axpiBelo ot Yétenon, wote 1 dlaoTopd vo xodio Taton avdaipeTa uixer, 1 xou va
undeviCeton. XNy xBavting Puoixr, autd elvon addvatov petalld aclufatwy pueyedoy,
TV onolwy TNV UTapdn SeyOUAcTE, AT oucioy, a&iwUoTiXd.

[evixd, yio oolec0ATOTE V0 BLUPOPETIXES XUPATOCLVAPTHCELS BeV efval opYoydvieg

CO'Eyovpe [2,p|¥ = #(p¥) — p(2V) = —iha(0V/0z) + ihd(xV)/0x = il(—x0¥/dx + U +
x0W/0x) = ih¥, yio xdde dpopiowrn U.
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peto€l toug (dnh. 1 # (P, ¥)| # 0), oL avtiotoryol ntpofolixol Tekectés avTioToL 0LV
oe acOufBato yeyedn. Autd mpoximtel and T 6pdon Tou YetadéTn [Py, Py cite oTNV
U elte ot <I>

H Omopén actufotov peyedonv oty wBaviiny) Puow| endyeton an’ eudelag and
™V apy) TN EmadAniiog, yden oty onola uTopoUUE Vo xaTaoXEVACOUUE (edYog U
0pV0YOVIWY XUPATOCLUVIRTACKY antd 0molodNToTe (VYOS XUPATOCUVIRTACE®Y, OEXEL
auTég ebvon ypouuxd aveldptntes. Eotw Wi xar Wy 6V0 xuuatocuvapTtAcel mou a-
VTIOTOLYOUY OE OLUPORETINES CUAAOYESQ (Bn)\., oev elvan 1) Lot TOAAATAGGLO TN GAATG:
dev untdpyet otadepd ¢, tétolo wote ¥y = cVy). Kotaoxeudloupe tdpa, Yow EToA-
Anhlag, Wi VEo xupatoouvdptnon 1 omolo var aduvatel var efvon TauTtoypova opUoymvia
xor oty Wy xaw oty Wo: @ = a0y + aaWy, pe a1 # 0 # ax xou |ag]? + |aof* +
2Refajas(Vy, Uy)] = 1 dote va eivor xavovixomoinuévn [m.y., av ot ¥y xou Wy elvou
opoydwviee, ® = (1/v2)¥; + (1/v/2)Wy]. Téte, o mpofohixde teheothc tne P eivan
ueyedog aclufoto eite ye tov mpofohxd tekecty| g Wy elte ue excivov tng Wy elte
X0l UE TOUG 8\’)0

And o mapamdvey avadexvieTon 1) YepeAwodng onuacio Tng apynis TS emaAAnAiag
oty wPavties Yewplo. Kataoxeudloviag v xugatoouvdptnon ® = a1V + as¥s,
xatoAAEaE oY avoryxoudTnTor Umoeéne aclufotwy peyedoyv. Eivaw amapaltnto va
Tovicoupe 6Tt 1 @ eivon e&icou €yxupn xugatoouvdptnon ue Tic Wy xon Wy, H xdde
Hlot oo TIC TEELG AVTIOTOLYEL xou o€ Wit SLapopeTiny| TpoeTowacta tng oculhoyfic. H
® dev emdEyeTon epunvelo dyvolac: av 1 cuAloyr Beloxeton ot P, Bev pnopolue va
uno¥écouue 6TL elte Bploxeton oty ¥y elte otny Vs, xou 6TL amAdS oy VOOUUE GE ToLd
and Ti¢ 0Vo. Autd @alveton xoL Am6 TO YEYOVOS OTL OTOLUONTOTE XUPATOCUVERTNON
umopel var ypagel wg emaiinila 600 1 teplocdTEPWY dAAWY xUUKTOCLVaECTIoEWY. H
dour| Tne ®Bovtinrc Yewplag etvar Tétola Tou Vewpel OAEC TIC XUUUTOGUVORTHOELC LOBEIES

¢ TEOETOWAGIEC GUAAOYWV.

3.4 To afivpa tpoPoinc

Ac oulntrooupe ToHpa TN Sadxacto YETeNong. AVoPeEpOUIOTE O UETPTOELS OL OTOIES
OEV XUTAOTPEPOUV TO o\')cmpa. AeybuacTe OTL, xotd TN didpxeia TG HETENONS, TO
METEOUMEVO GUGTNUO OAANAETULORA UE T UETENTIXY) CUOXELY), 1| omolo elvon Evar devTe-
e0 cLoTNUa. XTo TéAog TNG Btadwactag, 1 AAANAETDEUCT, CTOUT, oL 1) UETENTIXT

ouoxeur| Oelyver Wt uh (m.y. péow tng Véong evbdg deixtn 1 onola avtioToyel oE

(22)0¢roupe Q(z) = [Py, Po]¥ xau uvroroyilouye (Q, Q) = |(®, T)]2 — [(®, ¥)[* > 0 [rpoxintet and
v avioétnta Cauchy-Schwarz agov 0 < |(@, ¥)| < 1], to onolo undevileton wévo av |(®, ¥)| =0
A 1, dmh. pévo av ou U xou @ eivon opoydviec 1 tawtilovton. (IIpdBrnua )

) TTpbBAnuo

CHYrgoyouv xon petprioeic Tou xaTacTEéPOLY To UeTpoluevo clotnua. TLy., 1 uétenon tne evép-
Yelg evog puwToviou YivETAl Y€K TNS AmopEdPNONE TOU, OTOTE XUl TO POTAOVIO XATUC TREPETAL.
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Tpaypotixd aptdud), v onoio xatorypdpoue. §2¢ amoTéAeoua auThg TNg dtadaotag,
TO GUCTNHO EVOEYETOL VO AARGEEL TNV XUTACTACT, TOU.  LUYEXQWIEVA, EQV 1) 0Oy XN
XUPATOCUVEETNOT avTioTolyel o uéyedog aoluPato pe to petpoluevo péyedog, TOTE
1 xotdotoon Yo ahhdEer olyoupa: 1) dladixacia TG YETENOoNS EMNEEALEL TNV XATAC TAO
TOU GUOTHUATOC.

ot 1 xatdotaon Tou cUCTHUUTOS auéowe HETE TN uétenor; H »Boavtu Yewplia
anavtd pe o aéiwpa mpoBolns (projection postulate): Avo aAdemndAAnles petprioerg
tou 1610v peyédouvs Oa dcxoovy Tny i tipn. Me Bdon doa elnaye we thHpA, auTtod o1
Hodvel OTL o UETENOT PEQVEL TO GUCTNUO OE XUPATOCLYARTNOT 1) oTolol avTio Tolyel o
LOLOXATAO TACT] TOU UETENUEVOU UEYEVOUS, TETOLL WOTE VA TNG AVTICTOLYEL 1) UETENUEVT
T w¢ WoTwh. Me dhha Adyia, €oTw Yéyedog A ue Celym 1BoXUTACTAOTC-LOLOTUAC
{U1, a1}, {¥s,as}, ... Eotw 611, edouévne uLag mpoetolasciog e UAOYHS oThY Xo-
tdoToon @, TeoryUaTOTOOUE Uial UETENOT) TOU A, Enavolopfdvovtag moAlég @opée, o
x&de cvo TN TN CLAAOYTS, Peloxouue BLUPOPETIES TUES {a;}. Eméyovtag exeiva
TOL GUOTAUATO YI0L TO OTOLY UETPHOUUE L0 CUYXEXQUIEVT] TWT|, T.Y. @1, ONULOURYOUUE
woe véa oLAROYY. AV emxevipwUolUe ot VEO GUAAOYT| Xat XAVOUNE ouéowe (et
TeoAdfer v e€ehy el ypovind 1 xocrdcowon) OEUTEQO OET UETPNOEWY TOU UEYEVOUC 121,
TOTE, GLUPLVA UE To okiwpa TeofBoirc, Vo LavaBpolue 6e OAEC TIC UETEY|OEIC TOU BEUTE-
EOU CET TNV TYWY| a1 Ywpelc dlaoTopd. MOUQ®Va Ue TO TEONYOUUEVO €04pLlo, 1 aroucia
OLoTOEdE CUVETdYETAL OTL 1) VEX GUAAOYT, 101 Tpwv T delTepn pETENOT, BeloxeTon o
LOLOXATAC TUCT] TOU A UE WOOTWH a1, onhadr Yo avTimpoowTEVETOL b TNV XUTAC TUO
U,. Biémouue oti 1 pétenon umopel vor epunveudel xou wg dradixacior gritpapioyatog
¢ xatdotaong Wy, H Swduacio ovopdleton Uepixés Qopéc xou avaywyn (reduction) 1)
katdppevon (collapse) tng xatdotaone ® oty Wq. H avoywyn eivor ypovind acuveyric
METOBOAT TNS XUUATOCUVEETNOTNG, oE avtideor ue Tn ypovixn e€EAEN Tou elvar GUVEYC
uetoBold (BA. xeq. [B)).

To a&lwpa meoPfolfic cuvadel ye v amaitnor xdle Yétenor va Blvel WLOTYT Tou
TEAEOTY| TOU AVTIOTOLYEl GTO UETPOVUEVO Uéyedog (B)\ €0dpLo Ibwrataotdoeg rkal
1010TI€G). Ac BoUue T8 TO TOPABELY Ol TNG TIEONYOUUEVNC Topay d@ou, BEYOUEVOL TO
a&ioua TEoBoAAC, AN Ywelc ot apy AV VoL ATUTACOUYE XAVE UETENOT Vo BIVEL IBLOTIIY.
Kévouue oeipd petpioewy tou A xou EMAEYOUUE WG VEX GUAAOYY| TO UTOGOVORO TWV
CLUCTNHATWY TTOU EYOLY BWGCEL a4 KOG UETENUEVY TN, LOugpova ue To alinuo TeoBoAc,
€dv xdvoue apEowe BelTeER UETENON 0T VEX GUANOYY|, Va Pploxoue xow TéAL uévov a
Ywelc dwomopd. H amovoio dlwonopde onuaivel 6Tt 1o a eivan wblotiuy| Tou 121, onAadn,
HETENOT EDWOE VoY XA TIXG WBLOTUYY| WC UTOTENECUAL.

‘Eotw ot xdvoupe yétenon tou yeyédoug A o€ éva oUCTNU TEOETOWACUEVO GTNY
xatdotoon ©. H mbavétnroe vo petofel to obotnua otny woxatdotaon Wy, xatd

HETENON (Bn)\o@r’] 1 OYETXT) CLUYVOTNTA EUPAVIONG TNG WLOTWNG @; OTIC UETPNOELS EVTOQ
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e oLMNOYNAC), Biveton Y€ow NG YOS TIAS TOU TEOPBONXOU TEAEOTY| TNG ‘I’A,z3

(Po; o =

(U4, @) (27)

Edw yenowonocoue tov 0ploud XL TNV WOLOTNTA TOU ECWTEQIXOU YIVOUEVOU
(@, ¥;,) = (¥, ®)". H nocédtnta ovoudleton mibavétnta perdfaons, Vo 1
wyodoeh toootta (W 4, @), Snhadh n mpoBohs) tne ® otny W4, ovopdletar mdrog
petdpaons. Ipogavoe, 1o ddpotopa twy mdovothtwy petdBoonc o 6hec tic (opdo-

YOVIEC PETOED TOUC) LBLOXATAC TEGELS TOL PETPOVUEVOU UeYEDoUC Ténet va Bivel povada:

D (Puy )o=YW 2)P = 1. (28)

)

Auth) n ot ta e€aopahiletar podnuatixd and 1o acpotixd Yedpnuo (spectral theo-
rem) NS CUVUPTNOLIXNAC AVEAUGTC.

H nopandve topadoyr wg n mbavotnta uetdBouorg dlvetar and tny Exppaot) <P\I’A,i>q>
oucantoroyeitan we e€hc. H uétpnomn tou npoBoiixol tekeoth P\IJA,i otvel v TN 1, edv
petpnlel Tuh a;, omdTe xou mpoxahetton petdBacn otny wioxatdotacn W4, f TNV T
0, edv petpniel onoladrmoTe GAAN TN, odTE TEOXAAELTAL PETAPOT, OF XAUTAC TAOT) Op-
Yoywvia 6Ty \I/AAJ. (ﬂupnﬁeirs OTL OL LOLOXATAG TUCELC TIOU AVTIG TOLY 00V OE OLOPOPETIXES
WOoTWES eppitiovedy Teheotodv ebvar oploywvieg). H mdavomnta P yetdfBaone e @

oty W 4, xou, 10odlvopa, PETENOMG TNG TS a;, L00UTAL PE TO XAdoU

P Apriuodg Ty petprioswy Tou A mou £dwoay a;
i

2UVoAn6S aprluog TWV UETPHCEWY

Apiude TV peTEioE®Y TOU Pq,Ai Tou é0woay 1 -
N LUVOAXOC 0ptiUOC TWV UETEHOEWY (29)

1-(Ap. petpoewy Tou Jf’\ym mou édwoayv 1)+0-(Ap. petproewy tou p\PAi Tov €dwoay 0)

YUVONXOS IO TWY UETPHOEWY

H teheutala éxqpaocr dev etvon GAAN and 0 Yéon TN <P\1;A’i>¢,.

Téhoc, ac dolue 10 adiwua TEoBorfc otV TeplntTwor ekpuAiouoy, dnAadY| 6o 1
TEPLOOOTERMY YRUUUIXE AVEEHQTNTOVY LOLOGUVIPTACEWY TOU UETPOVUEVOL UeYEdoug A,
Uy, Wy, ..., oL omoleg TUYYAVEL Vo avTioToly ol otny (Bl wioTipr a. Ag unodécouye
OTL PETEANE TO Péyedog A xa Beloxouue . Auth n mhnpogopio dev emopxel yio va

Eépoupe o€ moto and g Wy, Wy, . .. (1 o€ Tolov ypauuxd cuvduacud toug) Beloxeton o
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olotnua. Téte eyouue atehéc @uhtpdploua, 1 LAAOYT TOU TEOXVTTEL OEV AVTIOTOLYEL
OE XUUATOCLVAETNOY), XAl 1) UETENOT) TEETEL VoL GUVOBEUTEL amd Yétenorn dihou peyédouc
B, oudfotol Ue TOo A, dote 1 CUALOYT Vo EXAETTUVUEL TEQUUTERE %O VoL VTLOTOLYEL
TeEMxd ot xupatocuvdptnon. H uetenon tou B yiveTton ot (Bl cuoTHUUTH 6T OToLX
HeTEHUTXE TO 121, OOTE VoL EQUPUOCTEL EX VEOL To aiwpa Teoforrc. Evtog hoindy auto
TOU UTOGUVOAOU TGV UETENUEVODY CUCTNUATWY TOL HBT) Edwoay a, 1) UETENoT) ToU B a
dwoel anotehéopota B, B2, . ... EmAéyoviag uévo exelvo 1o GUCTANATA TOU £BLCAY
T.Y. B1, anoxtolue AoV Ui GUANOYY 1) omtola BeV €yl BLaoToEd OUTE S TEOS TO A
00TE WS TEOC TO B.

To debtepo péyevoc B meENEL v efvan ocupPatd pe To A dote 1 METENOT VoL Unv
EMNEEACEL T UETENUEVT LBLOTLW] tou A. Edv 0 B Aty acUuPato pe To A, t6te
uar ex véou pétenon tou A UeTd amd ouTy| Tou B 9 édive oluomopd. Apa 1 uéten-
o1 Tou B a MOC OTOUGXQEUVE amtd TS LOLOGUVUPTACELS TOU A Av OUWS TO B eiva
oupfotd Ye To A, OMA. [/1, B] = 0, n yétpnon agrvel T cLAhoYY OTO TPONYOUUE-
VO 6OVOLO (GTOV UTOYWEO YROUUIXGY CUVOLNCUMDY) TWY IBIOGUVIRTACENDY TOU A ue
™y O Wty a. Autdé 1o Zépoupe 6T, av N Y, avixel oTov UToYweo, OnA.
A\I/a = aV¥,, TOTE 1 XUPATOCLVAPTNON B\I/a elvow emlong BLOCUVEETNOT TOU A UE
Woth a: A(BY,) = BAV, = Ba¥, = a(BY¥,), dea avixel xou auTh 6Tov Undyweo
(0 undywpoc MEpAAUBAVEL OAEC TIC IBLOGUVIPTACELS TOU A ue v Bl Wity a). E-
TOUEVWCS, TO B TEoo@EpEL TNV emUUNTYH eXAENTUVOT PETAC) AUTWY, aExel Vo unv ebvor
X AUTO EXPUAICUEVO GTOV UTIOYKEO.

Edv untdpyouy xou exguliopéves Wlotpéc (€otw ) tou yeyédoug B, TOTE TPETEL Vo
yiver xou Tpltn YEtenon xdmolou xatdAAnhou é, oudfotol ue To A xou f?, X.0.%., €EOC
6Tou apdolv dhot ot exguliopol. Mo owoyevelo peyedov tou ananteltor xat” eAdytoto
vo petentolyv @ote va meoxOel xatdhAnhn GUALOYT TOU VoL AVTIGTOLYEL GE XUHOTO-
ouvdptnan ovoudleton mApes ovotnua petatidépevwy peyeldy (complete system of
commuting observables). 'Eva nopdderypa eivon o evepyetonéc otdiues tou atdpou
Tou Topoydvou: 1 evépyela xadoplleton amd Tov xVeto ®Bovtind aprdud n, eved oe 1olo-
Tin evépyelag L, avTioTol o0y TEPLOGOTERES XATAC TAGELS TTOL Sloxpivovton ue Bdon T
otpogopur). Ta petatriéuevo yeyedn mou anoterolv T0 TAPEG GOOTNUA OE QUTO TO
TEOPRANUL elvon 1) EVEQYELYL, TO UETPO TNG OTROPOPUNS, 1) CUVICTWOU 2 TNG OTROPORUTC,
XOL 1) CUVIOTOON 2 TNG 100 TpoYopuic (omtv) Tou nhextpoviou.

To mapomdve exppdlovton pordnuotind amd avtictolyo Yempnua, To onoto Yo SoVUE

oTo €84pLo .
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3.5 Puowxdg oplondg TV CLUBATHY UEYET WY

H cul¥tnon oto nponyoluevo €ddglo pog odnyel oe o IBLOTNTO TV CUUPATOV UEYE-
v, N omola S0varton v exhngiel we Aettoupynde (Snhadn guotxdc) optopdc. ‘Eotw
OTL peTEdUE Eva uéyedog A oe war GUANOYT| GO TNUATKY xat Beloxoupe TNV T a Ywelc
oloomopd. ‘Enetta, yetpdue éva péyedoc B ot B CUC TAUATA, OTIOU 1|01 UETPHOOUE TO
A. Téhog, EavayeTtpdue 0 A. Edv 1o 500 uey€dn etvan ouufotd, tote Yo CavaBpolue
TNV TEONYOUUEV TN a Ywelg dloTopd. [evixebovtog, €dv emavardBoude Tr SLodtxo-
ol v dhec tig duvatég Twée tou a (Tou avtioToryoly oE OLUPOPETIXES oLAOYEC),
xou xdde Qopd 1 evOLdUEST) PETENOT TOU B bev divel OloTopd oTNV TeEAeuTala UETENOT)
tou A, 161€ 0 ueyedn etvan olyovpa cuufotd. Evvoeiton 6Tt ot ahendAinieg petproels
TEENEL v Yivouy ywplc ouctacTind va pecohaffoetl ypdvoc.

Metd v mpdtn p€tenon, Aoyw tne amouciog dlaoTopds, BeloxduacTe elte ot Bto-
XATEO TACT) TOU A eite o¢ EXQPUALOUEVO UTIOYWEO WLOTWAC a. Av To B civon oot Ye
T0 fl, TOTE 1) axOhoLUN YETENON TOU B EVOEYETAL VoL EYEL 1) VoL UMY EYEL BLaoTIOPd, UG
aQVEL TN GUALOYTH GTOV TPONYOUUEVO UTOYweo (1 oty Woxatdotoon). Katd ndéoov
aUTO CUVEPT 1) OyL, DLUTOTOVETOL UE TNV TEAeuToda PETENOT TOU A xou NV anoucia 1
Oy domopde o oty [o v elvon T 800 peyédn cupfota ue Befondtnta, TpEnel va

ouufatvouy ta Teonyouueva Yo xdde BuVATH LWOLOTIY| TOU A.

3.6 Apyn tnc aBsfondtnTog

[oc peyédn actuforta, A xou E, elmoe OTL, TPOETOWALOVTAC TN GUAAOYT| GE LOLOXO-
TACTAOT) TOL EVOS, TORATNEOVUE OLUOTIORE OTT HETENOT) TOU dAAOU (vt Tic xatao TdoELC
Tou eV elvon xovéc 1dtoxaTac Tdoe). Ag utotécoude dTL TpoeTodLoVYE TN GUALOYT
o€ pa xatdotact, W, n onolo dev ebvan ot avdryxn LOOXUTAC TUCT XAVEVOS Umd ToL BLO
peyédn. Tote, amodewevieton 1 apyn s anpoodiopiotias (indeterminacy principle) 1
oAAOCS apyn TS afePaidtnTas (uncertainty principle):

(AA)4(AB)y > S[([A, Bl)u| (30)
Y UVTOUEDOLUE TNV amodeLln xaTapedyovTag Covd 0To TEYVIoUN Vo EEETAGOUNE Ta UE-
véon A = A — (A)y xu B' = B — (B)y, ta onola éyouv tnv B Tumneh oméiu-
oY UE TX A xa B, avtioTtorya, ohhd undevixr| péon Twr. T autd woydel, eno-
uévoe, (AA)Z = (AA)% = (A'?)y, xa aviiotoya yio to B, Eriong, wyder éu
LA, B = [A, B~ [A, (B)o] — [(A)e, B] + [{A)w, (B)e] = [4, B]—0-0+0 = [4, B,
OLOTL OL UETAVETEC TEAECTWY UE optiuolg (T] oty petadd Toug) undeviCovron.

H anédeiln mpoyweel oc 600 Pruata. I[lpdtov, eXUeTAAAELOUUCTE THY OVICOTNTA
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Cauchy-Schwarz ([14]):

(AA)L(AB), =
A2 W) (U, B2 D)
U, A" (B' U, B'¥)  [oand Buétnto €k, (16)]

(A", B'W)? (oméd avioétntor Cauchy-Schwarz)(31)

A/ 2>\II<B/2>‘1!
L

>

Ae0TEoV, EXUETAMEVOPAGTE TNV axdAoUDT] LOLOTNTA OTOLOLOATIOTE ULy odIXoU oELiUol
2 |2)? = |Rez|? + [Imz]? > [Imz|?, dnh. |2| > [Imz|. Oérovtac 2z = (AW, B'U),

€Y OLUE

. N 1
(A0, B'9)| > [lms] = SJz— 2"

1 - A . A
= 5|(A'x11,B’n11)—(B’xlx,,4’\1:)|
1 A R
— 5\(\1;,,4’3’@)—(\1/,3’14’\1:)\ [om6 WibtnTa €. (16)]

1 A oA A
= —|(V,[A'B"— B"ATW)| (ypouuxdtnta e66T. YVOUEVOL
5 PALXOTY M

1 Al D!

SHIA Bl (32)

Arné TLg Xo rpoxvntel (AA)%(AB)3 > (%|<[fl’, 33/]>\Il|)27 Tou etvor loodUvaun
ue v (30).

H apy?| tne ofefardtnroag 9€tel, Aowndy, éva ehdyloto o1 dlaomopd 600 Ueyedny,
peTpnuévowy g€ ovothuata s e ovAAoynS (Onh. o€ GUOTAUATA UE TOVOUOLOTUTY
npostowaoicx). Oa oculnTHooLUE TNV EpuNVela TN aEyAc 0TO Tapdderyua Tou (el-
Youg peYEVDY opunc-U€ong OTOV YMEO TWY XATUACTACEWY COUATIO0L O Uio BIdoTaoT
(z € R). T autd eldope ot toyler [T, p] = ih, oaveZdptnta TN XUUATOGUVERTNONG
otny onofo tou dpouv. Emouévec, [([Z,p])| = |ih(¥, V)| = A, aveldptnta tne W (apxel
|| =1). AopBdvouue tn oyéon afefoudtntoc Yéonc-opuhc:

(Az)(Ap) = Sh. (33)

N | —

Auth ) oyéor, dtunwuévn and to Heisenberg, eivar {owe 1 mo ddonun nepintwor

e apynhe e ofefadotnroac. Ilow ebvan 1 epunvelo tng; Eexwvdue ye wa cLUALOYY,

(25)TTpéner va tovicoupe 6T Bev avagepdpacte e dtodoyxh pétenon twy dvo peyeddv oto (Blo
cUOTNUO: T.Y., OEV OVaPEQOUAOTE O UETENOY TpwTa TNg YEoNe Xal TN CUVEYELDL TNV OPpUNC TOu
dlou Nhextpoviov. Avtideta, mpoetowwdlovue N nhextpdvia Ye tov (Blo TpoTo, xou o€ €va UTOGUVORO
ueTEdue TN Yéom, eV o€ GAAO LUTOGUVOLO TNV OpUH.
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TOU VTP TdToL amd xdmota xupatoouvdpetnon W. Metpdue oe xdmolo GuoTHUNTY
e ouloYhc T Véon, oe kdrowa dAAa cuo THUaTa TS GUAROYHC TNV opWY| (apxeTd oL-
o TAROTA, ot OTIC 800 TEQITTOOELS, WOTE VoL £YOUUE ETUPXEC HETENOELS YLl O TATIO TIXY)).
Téte, 1 omxh andxhion twv anotekeoudtwy otn Véon, (Az), xu otnv opuy, (Ap),
ovorowoOy Ty (B3): o ywouevd (Az)(Ap) éxer xétw gpdype. Evadhaxtid, alhd
070 (Bl0 TVEUUA, OO Lol APy CUAAOYT) ONULOUEYOVUE UE GLIATEELOUL ot UTOGUAAOYT)
ue Tumy) amoxhion ot Véon (Az). Metpdue o€ auTH| TNV LTOGUALOYT TNV OpUT| XAt
Beloxoupe v tum| andéxhion (Ap). To ywopevo (Az)(Ap) éxer xdtw gpdyuo.

Evdéyeton to yvouevo (Axz)(Ap) va etvon peyohdtepo amd $h. Autéd euptdton omd
™ cvhhoyh W. Aev undpyetl, 6Uws, GUAAOYY, 1) oTola Vo BIVEL YIVOUEVO UXEOTERO Omd
Lh,

Yuvenela Tne avicdTNTOC , 6G0 TO EVTOTUOUEVT efval 1) xoTavouy| oTo €va amd To
500 peyedn (Véon 1) opur)), GnAady, 660 o xovtd Beloxeton n ¥ oe WBLOXUTEOTAUCT EVOS
and T 600, 1060 UeYoAUTERT Elvor 1) BlaoTopd 6To dhho UEYEDOC (ACUPTTWTIXG, oV 1
OLOTOPd. TOU EVOC YIVEL AMELPOG T UXET|, TOTE 1) OLUCTIOP TOU GANOU owcapilsrou). Y To
000 oUTd YeyEln Bev avTioTOLYOLY LBLoxawordGELg Emoyévwe, dev evar duvatdv
vo undeviotel xavévo améd to (Az) xou (Ap). Qotéoo, ot yevinn neplntwon, n oyéon
ampocdloptoTiog oy Vet xou Yo uey€9n mou €youv wioxatactdoelc. Edv n ¥ thyel
va ebvon iioxatdoTaon T.y. tou A, tote to yvéuevo (AA)(AB) = 0 (xau, unoypewtixd,
T0 0e€L0 YéNog TG ‘} eniong pnt‘)svilswt). Edv, ouwg, n ¥ dev elvor tawtdypova
Wioxatdotaon xa tou B, téte 10 (AB) Ya eivon un undevixd.

3.7 Eilvow ta yivopeva xo oL LETAIVETES EPULTIAVOV TEAE-

CTWV EpULTIAVOL TEASC TEG;

To ywoéuevo epuitiovedy TeAecTtOV AB elvor epuitiavég TEAEOTAC, oy xaL Povo av ot A

xou B petatiievton. To vao amoderydel autd, €éotw 6T T0 Yvouevo AB elvon epuitiavog

20)BX. oulAtnon yio to peyédn ue ouveyéc PAoua TGOV X npé@)\nua@
(27)Hpéﬁ7\npa
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teheothc. H Spdom tou petadétn oe Tuyala xupatocuvdptnon @ oiver:

I[A,Bl®|* = (A, B|2,[A, B]®) (amb opioud vépuac)
= ([AB — BA]9,[A, B]®)
= (AB®,[A, B|®) — (BA®, [A, B]®) (om6 dibtrra €E.
= (AB®,[A, B|®) — (Ad, B[A, B]®) (o B civor epputiavie, Bh. €E.
= (AB®,[A, B|®) — (&, AB[A, B]®) (0 A eivau spurtiavée, B, €&,
— (AB®,[A, B]®) — (AB®, [A, B]®) (om6 unddeon 6w o AB eivan epprtiavéc)
0

yioe omoldritote W, €youue

(U,[A, B]¥) = (U,AB¥)— (U,BAVD)
= (U, ABW) — (BY, AV) (0 B civor eppitiovée)
= (U, ABY) — (ABW,T) (0 A eivon epprtiavéc)
= (U,ABU)— (U, ABU)*

2 Im(¥, AB W) (361 2z — 2* = 2iImz, Vz € C). (34)

Av [A, f?] = 0, 161 1 éxgppact undeviletar AdYw TOU APIETEPOL PEAOUS, ETOPEVKS TO
EOWTERIXO YIVOUEVO (¥, AB V) etvan TEOYUATIXOS 0ptdU6C, ToU €€ OPLOUOU GNUOLVEL OTL
TO YWVOUEVO AB eivau EQULTIAVOC TEAECTTC.

Ané v elowon TEOXOTTEL oaéowS xou To €€f¢ ouUTépaoud, To omolo Va
YEEIUOTOUUE apYGTEpa: Yo epurtiavolc Teheotéc A xau B, n mocétnta (W, i [A, B]W)

elvo TEVTOL TEAYHATIXOC 0ptlUOC, ETOUEVKC O TEAECTHC z[fl, é] elvon EpULTIVOC.

3.8 Ilapdptnuo: Mey€rn ue cuvVeEYES PACUA TLALY

‘Exyouv dlot ol epuitiavol TeAecTég WloxataotTdoelc xou Wwioteg; Oyl undpyouy on-
povtixée eConpéoetc. o mapdderyua, o teheotic Véong & xou o TeheoThc opphc p (oTo
Y(PO TOV XUUATOCLVARTHOENY OPIOUEVKY GTO R) 0EV £YOUV LOLOXAUTAC TAOELS H
OlamioTwon auTy| €yel TNV axdroudn guoixy epunvela. Meyédn onwg n Véor, ue ou-
VEYY), avTl Yol SLoELTY|, XATAVOUY| TV, Bev elvon duvatdv vo petentoly Ue amohuTr
oxpifBeta. OmoladmoTe YETENTINT GUOXELT|, 660 o3| xou var ebvar, Vo dlvel TWéS a ue

xdmota BLUoTIOPd EVTOS EVOS OLUC THUATOG [a—da,a+dal, ue 10 da va yivetar avdaipeTa

28)Qa dolue xon Topadelypata, 6mOU 0 TEAEGTAC OpURC éYEL WBIOCUVOPTACELS, T.Y. Yio CWUATIOO
TEQLOPLOUEVO OE BaXTUMO WE TEPLOBINES TLUVOPLAXES CLUVITXES.

(29 TTponuo o]
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UEo, ahhd moTé axpBng undév. ‘Ouota, oToladHTOTE TEOETOWAGIN 1} PLATOUELOMOL [ULOG
cLAMOYTC Yo Blvel plar avtioTotyn dlaomopd, E0Te xou oy auTh yivetar auvdoipeTo X
Autéd avtavaxAdTon 0TOV avTIGTOLYO EQULTIAVG TEAECTN A, o onoloc dev éyer WBroou-
VOPTAoELS ot WOTIES. Mmopel, duwe, Vo XUTAGKEVAOEL XAVEIS XUPATOCUVAPTHCELS Ol
omolec avtioTolyoly ot audalpeTo Uixer) andxAion YUpw amd wio emuunts T a, xou
ol onoleg eméyouy, uTd aVTH TO TEloUA, POAO TWV LBLOXATAC TACEWY UE WoTYWY a. ‘Eva

TOEABELY AL Yo TOV TeEAEo T VEong elvon 1) xupatocuvdptnon

12 _ 1 _ (@—ap)? 1/2 1 Ve _ (z=mg)?
D, (1) = [0-(x — x0)] /7 = \/ﬁe 222 = |52 e a2 | (35)

N onola avtiototyel oe yxaovuotavh xatavour mdavétotac |P(x)]? ue péon TR o xou
Tumxr| amoxhon € (mpogavee € > 0). Iafpvovtac € ohoéva uxpedTepo, amoxToUUE
Lot ONOEVAL TIO EVTOTUOUEVT] XUUXTOCUVEQTNON XOl Uldl OAOEVA XUADTEQRT, TROCEYYIOT| OF
xatdoToon Y amoucia dlaomopds. Aev umopolue, wotéco, va tdpoupe € = 0. ‘Ouota

TEOGEYYLON) ATOXTOVUE UE TNV XUUAUTOCUVEOTNOT)

1/\E, avx € [z — 5,20 + 3¢],

d, (z)=
0e() 0, AAALOC

(36)

%G xoU PE SANES ETUPUWE EVIOTUOUEVEG XUPATOCUVAPTHOELS UE EAEY YOUEVY] DLUOTO-
pctf*)

Me tn Bordeio Tou tehec | Véong, UTORPOUUE VoL XUATACHEVSCOUPE EQUITIOVOUC TE-
AEGTEC TIOL Va €Y OUV LOLOCLVURTACELS Xl IWBIOTIES XAl VoL £Y0LY, TNV TEAEN, TNV (Bla
puowct| onuacto e Tov Teheo T Véong. AvaAoyn SuvaTOTNTA UTEEYEL ol UE OAOUS TOUG
TEAEOTEC O avTIoToL 00V Ot PEYEDT GUVEYOUC PACUATOC TWUMV.

Oa dei€ouye €8¢ TN yevixr W6éa. Ac ovoudoouue Py, - T0V TEOPBONXS TEAEGTH OTNY
xupatoouvdetnon $,, - Tng €€, . [ xdde g €youpe Evay téTolo teheotr. H dpdon

Tou ot xudatocuvdetnon W etvor

P U(z) = (Dyye, V) Dy o()
_ { /R i)xova(m’)\lf(x’)dx'] B, (z)

1 Z‘0+€/2 . .
= / U(2)dx'| @y ()

7 0— 5/2
~ VeU(zg) Oy e ()
{ ), avax € [zg—e/2,x0 — /2]

, (37)
OLUPOPETIXG.

GO TTpéB Mo |14] xeep.
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H mpocéyyion tou mpoteheutalou Prjuatog yivetow Ohoeva xou axpiB3EcTepr), 60 UL
xpb6TERO hopfdvoule To € oE ayEan UE TO YopaxTNELoTXd urfxoc petaBolhc tne W (z).
Oewpolue THpo Yol Slapéplon Tou yhpeou (tng evdelag = and 10 —00 WS T0 +00) OE
OAAETGAANAGL EQATITOUEVA DLUCTALATO UAXOUG € XU XEVTPOU T3, ¢ € Z. Y& auTd To
otoo ThHaTa Yewpolue avtioToryee xupatocuvopthoe Py, -, oL onolec opiCovton oxpl-
B omwe N , uE TO x; oTn Véom Tou xo. Eriong, Yewpolue toug avtiotoryoug
TEoBoNX0UG TEAEGTEG pa:,e OplCouue otn cLVEYEW TOV TEAEOTH )A(,-’e = a:i]f’xi,a, 0
omolog dlaépel and Tov TEOBOAXS TEAECTY UOVO %oTd To OTL Blvel Tin x; excl émou o
TeoPBohxdg Tehecthg divel Twwn 1. Egdoov o Xi. TEOXUTTEL OO TOV TOANATAACLACUO
gpULTIAVOU TEAEOTA UE TparypaTxd aprdud, elvon entiong epuitiovog, Pe dVO0 OLOTWES: T;
xou 0.

And v AhoPdvouue OTL, Yoo € K 1, dnhadt oto dplo TuxviC Olopéplong,
X W(z) = 2; 9(x;), yia z € [x9 — £/2,20 — £/2], %o 0, dapopeTind. To teleutaio
Brua TOL GUAAOYLOUOU EYXELTAL GTO VO TIPOVUE TO dJPOLoUA TV TEASCTOY )A(m, WoTe
VoL XUAOTITETAL OMOC O YOG (é)\n 1 eudelo x) Moyw e Otouéplone: oplCoupe Tov
TEAEOTY

+o0
X=)>) X, (38)
i=—00

o omolfog efvor gpUITIVOC, W¢ dYpoloua puiTiavGy TEAecT®Y. [Ipoximtel toTE

~

XV (z) =2,V (z;) = 2¥(x) (39)

WE T; TO XEVTPO TOL dlacThdatog omou Peloxeton to x. H tedeutaio mpooeyyion yiveto
ONOEVaL oXEUBECTERY Yial TUXVOTERES DloePioELS (e — 0). Xe autd 10 0plO, ETOUEVKC,
0 TEAEOTIG X telver oTov teheot| Véong . Amo Tny GAAT, o X eivor Otoxpttd (otv xou
dmelpo) dlpoloua EPULTIAVEY TEAEGTOV UE XS OPIOUEVES LOLOXUTAGTAGELS Xat tOLOTHIES,
ETOUEVOC EYEL AMELPES aARS SlaxpLtég dtoxatacTtdoels (T Py, o) xou Wiotipée (Tic ;).
Me outd TOV TRPOTO TUPAUXGUTTOUUE TO TEOBANUA TNG ATOUGIAS LOLOXATUCTACEWY Kol
WOTYWOY Tou TEAETA Véorg.

H {8t prthocogpla mtou 0dynoe otov X’, ONAAOY| 1) OLUUERLDT) TOLU GUVEY 0V PAOUAUTOS
TGV, 0 0ploHOS avToTOLY WV TEOBOMXGOY TEAEGT®Y, Xou TEAOC 1) BloxpttoTolnon Tou
TeAeoTA, umopel vo exAemtuviel xan var yenotwortomiel xar oe TEASOTEG AAAWY UEYEV WY
ouveyoUg gdouatog. H avtioTouyn Yewplo 0dnyel otny elcaywyy| tng €vvolag Tou ga-
ouatikol pétpouv (spectral measure) xou oo Uedpnua gaouatikrs avdilvons (spectral

decomposition theorem) yio TEAE0TEC GUVEYOUS PACUATOC.
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3.9 IlpoBAruato

1.

o) IetoVeite yio Tic 18L6TNTES TOL EOWTERIXOV YIvouévou . B) Aei&te v avi-
oétnra Cauchy-Schwarz (14)). Trédeiln: AeiZte ot | [|¥[?|@]* — [(®, ¥)[*] =
II®[*P — (@, ¥)P] |* xou expetodheuteite To yEYOVOS OTL TO BECLS péhog ebva

Yetxd.

Aei€te 611 oL gppitiavol TEAEOTEG €Y0ouUV TNV 1WBIOTNHTA (\I/,ACI)) = (A U, P), v
xdie W xar & oto medlo oplouol Touc. YTmooeln: Cextviote and TNy anaitnom
Im(® + W, A (P + ) = 0 xon tautdypova Im(® + %, A (& +i¥)) = 0 (and tov
oplopo Tou gpuitioavol TeheoTy)). Enlong, Slmotdote Tl T0 YWVOUEVO YROUUIXDY

TEAEOTOV elval Yoouuixdg TEAEOTNAC.

Aei&te 611, av 0 teheothc A elvon eppitiovog, TOTe xar 0 A™ (n Yetixde axéponog)

elvon eputtiavoc.

AclZte 6T, av P mpoBolxdc tereotic, t6te P? = P. Erlong, delite 6T ol

mpoPBohixol Teheotéc ebvan epuitiovol pe wotwés 0 1 1.

. Aetgte ot av o teheotc A ebvan epitiovog, TOTE TO (Blo Loy UEL XU YioL TOV

FA) =3 c A" by ¢, € R xan €dv fz) = 32 ¢,a™ avahutixr cuvdeon,.

Ae{&te 6TL T0 péyedoc A= A— (A) €yl TNV (Bl TUTLXY) ATOXALOT) UE TO A, NN
HETT) T UNOEV.

Aciéte 6L, av 0o xataotdoeic W xou P (xupurocuvaptﬁoa@ UE Vopua 1) Sev
ebvar opoydviee (xau eniong Bev ebvar 1 pior ToAamAdo0 TN GAANG), TOTE oL
avtiotoryol tpoBolixol teheotéc Bev petotidevton. Tmédelln: Oéote Q(z) =
[Py, Ps]W xou 3eite 61 (Q, Q) > 0. Xpnowonoviote Ty aviobtnta Schwarz,

. 'Eotw 800 xuyatocuvaptoeg ¥y xon Wy e vopuo 1 xa TETOLEG WOTE VoL uny elvou

1 WLt ToAAAmAdGLo NG dhhng. Ocwpriote TV @ = a1V + ax Wy, Ye a; xon as un
undevixéc otadepéc xou |aq|? + az|* 4+ 2Re[atas (U, Us)] = 1. o) Aciite éTin @
elvoll XoVOVIXOTOLNUEYT. ﬁ) Aciéte 6Tt 1 ® Bev eivon TauTtody POV 0pTYOYMVIOL GTNV
Uy xou oty Yy. v) Totl 0 tpoBohinde tedeothc oty @ eivon uéyedog aobufato
elte pe Tov mpofoiixd teheoth oty W elte pe exclvov otny Uy elte xou pe toug

0vo;

Ael€te 6TL o1 teheoTéc Vé€ong xou OpUAC OEV €YOUV IBLOXUTACTUCEL, OTO YWEO
TV TETROYWVIXE OAOXANEOCULWY XUUATOCLVORTACEWY aTo R (Thny, guoixd, tng
Tetpupévne epintwone V(x) = 0, n onola dev avuiotoryel oe xatdotoon). (Y-

TOOELL T Yior TOV TEAEGTY) opunc: Peelte TIC WBLocLVUPTAHCELS TOU Xt BelTe OTL BeV
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10.

11.

12.

13.

14.

15.

16.

elvon TeTpory VIS o)\ox)\npo')owsg.) Aei&te 70 (D10 Yo TOV TEAEO TN TNG XWVNTLIXNAS

152
2mi”

evépyelag, T =

AciEte tnv oxéhoudn tautétrta petadetdv: [A, BC] = [A, B]C + B[A, C). Yu-
YXEIVETE PE TOV XaVEVOL TopayGYIOTC Yvouévoy ouvapthoewy, 2 [f(z)g(x)] =

[2 F(2)] g(x) + f(x) [Zg(x)]. ;

Troloyiote Tov petodetn Tou TEAEGTY| V€O UE TOV TEAECTH XIVNTLXNG EVEQYELXG,
1

2, 5=p?]. (Trodeiln: ypnothonoioTe TV TauTdTNTA TOU TPOPAAUATOS ) Edv

’ 2m

/, ;7 1 A~ ~ ’ ’ , .
EQUNVEVOETE TOV TEAEOTH| --P = U ¢ TEAESTH Toy UTNTAC, TL AoPAvETE;

Ocwpnote xivnom evég cwuatdlou oe TeEG Yweweg doTtdoelg. Ou TeAeoTeg
Véone & = (Fy, 7y, 72) o opuic P = (Da, Dy, P2) Ebvon Stavuouatixol. Apouv
ue mpogovy| yevixeuon g wac ddotaone: 7, ¥(r) = 1, U(r) xa p, ¥(r) =
—ih%\DT(:) (v € {z,y, 2}). Troloyiote touc yetadétec [y, pu), TOV TEAEGTH X1
VNTIXAC EVEQYELOG ﬁf)Q, xou o petodéTn [r,, ﬁf)Q]. Tu Siver o petadétng, edv

, ;7 1~ __ ~ ’ , ’, .
EQUNVEVCOULPE TOV TEAECTH| --P = V ¢ DLVUOUATIXG TEAECTH TayUTNTO;

OcwpnoTe 11 oyEon anpoodloploTiag . Trovéote 6tL n U elvon TéTOL0, OOTE
0 aplotepd péhoc vo undevileton: (AA)(AB) = 0. Aci&te, ye an’ evdeiac umo-
hoyiou6 e ntosétntoc ([A, B)y 6t xan 0 886 péhog undeviletar. (Trddeidn:
Yoo var undevileton o aploTtepd wéhog, W meémel va efvon UTOYPEWTIXG LLOXO-

TAoTAUOT EVOC TV 000 TEAECTOV. )

Ael€te 611, Yoo Vo IXOVOTIOLELTOL TO EAGYLOTO YIVOUEVO ampocdloploTiag, dnAadt
(AA)y(AB)y = %|<[A, B))wl, 9o npéner n U va eivan tétota bote on (A—(A)y) T
ou (B — (B)y)V va eivan ypopuxd efaptuéve, Sk (B — (B)g)¥ = iA(A —

(A)g)¥, pe A € R (YTnédeEn: eletdote mote n aviodtnror Cauchy-Schwarz

UETATEENETOL OE LOOTNTAL.)

Ocwphote cwypatidlo xtvoluevo oe pla didotoon oto didotnua (—oo,00). Y-
mo¥éote otL 1 W elvon TETPAYOVIXE OhOXANpKGn xatdoTaon. Acilte OTL 1)
MEOT) TWT| TNG XWVNTIXNG EVEQYELNG OTNY xatdoTaoT efvar mdvTo yvrioto Yetu:

v, %\If > 0. (TTEO’BELEY}: XAVETE OANOXATIPWOT) XUTH TOEEYOVTIES XAl YEYOLULO-

Tofote Ty WioTa W(z) — 0 %o a%\ll(x) — 0yt z — Foo. Evohhaxtixd,

YENOWOTOC TE TNV EQULTLOVY LOLOTNTA TOU TEAECTY) opw']g.)

Ocwpnote cwpatido oe amelpdfodo TNYddL duVaUOD, dNA. XWOUUEVO GTO Ot
dotnuo [—d,d] ye ¥(—d) = ¥(d) = 0. To owpatido Beloxetar oe xotdotoom
U(z) =c(z+d), yio x < 0, xu ¥U(x) = —c(z —d), yio & > 0. Bpeite v

xoTavour) TavOTNTAC TNG XVNTIXHS EVEQYELOG.
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4 H yewuetpxr] 00ur TOV XATACTACEWV: Y OEOS
Hilbert

4.1 Tesvixd

O xUPaTOCUVIPTACELS TNV XPAVTIXT UN)oVIXY| IXAVOTIOLOUY To o IOUOTOL TOU BLotVUoUaL-
TixoL ywpeovu. LuUPBoiilovye T0 GOVORO TWV TETEAYWVIXS OAOXANROOIWY ULYOBIXWY
ouvapthoeny oto R, Bnh. [o [¥(x)?dr < co (cuurneprhouBavépevng xou e otodepric
U = 0), ye L2(R). Opouwr, xou avohdywe T @lon tou TeoPhfuatoc, Yewpolue 1o
oOvVoho TwV xupatoouvapthoewy L2(]0, al) v cwpatidio tou xveltor o pia didotaom,
ah\& Teploplopévo oto ddotnua [0, al, To cvolo Twv xupatocuvapthoewy L2(R?) yio
owPATiBLO Tou xvelta oTIC TEELS Bl Tdoels, %.0.x. To pévo tou oAAdlel oo axdrouda,
AVOAOY WS TNV TERIMTWOT), Efvol To GpLOUA TNE XVUATOCLVAETNONG (2 0T pla Sido Taon,
r=(z,y,2) 0TiC TEEIG oo Tdoelc) xorddrg xou 1 METOBANTH %ou ToL 6Lt OAOXAPWONS OTO
eowtepd YWOEVo ([ du, [i dz, [ d*x, x.000) [PV T omhéTnra Do avapepbpacte
ouvidug otov L2(R).

‘Eotw U, U, U,y... € EQ(R) xou ¢ € C uryadwog apriuode. Tote, elvon oToryewddee

vor amodety Yoy to axdroudoa
o (U1 4+ Uy) € L2(R) (xhetotdTnTa ¢ TPOC TpboYEDT).
e cU e LYR) (xhe10TOTNTY WC TPOC TOAATAACLUOUS PE optdud).

Eniong, wavomolotvtar tar umoéroimor a&uwpata tou 0pilouy €va BLlvUoUATIXNG YOROo el
Tou owuatog C, ue undevixd ctoryeio v ¥ = 0. Emoyévee, ol xuudatoouvopTAoele
eMEYOLY TO POAO BLUAVUCUATOV.

O Bravuopotinds yohpog elvar e@odlacuévos ue ecwtepxd Yvouevo (@, ¥) (€&, [13),
and 1o onolo endyeton 1 vopua || = / (¥, ¥). H vépua epunvedetar o¢ uixoc tou
OLovuopoTog xou eniong opllet war ambéoTacy YETHE) OTOLWVOYTOTE BV dlovuoudtwy W

wou ®:
1/2

¥ —®|=/(V -0, —d) = U U (2) — ®(z)|*dx (40)

Edv | ¥ — ®| = 0, tdéTe tar 8V0 drovOouote Towtilovtor. Autd wabvetal amd TNV ohoXATN-
Y
owtéa nocttnTa | (x) — ®(x)]? > 0, n onola Teérel vor undeviletar, yior vor pndevio el

T0 ohoxhipwud, enouévee ¥(z) = ®(x)

GO ouvoplaéc cuvifixeg Tou emBEMNOUUE OTIC XUPATOCUVOPTAGELS TPOXUTTOLY Amd TO QUGG
npéBAnua mou tpoceyyiloupe xar nailouv oNPAVTIXG PONO GTOUC TEAECTEG TOL OVOTPLOTOUY QUOLXSL
peyédn. BA. mpdBhnua [T}

GDS v mpaypatiétnto, edv W(z) # ®(x) uévo oe diaxpitd onueio x (1 podnuotie) Sotinwon
elvon vmootvodo undevicot pérpov touv R), té1E T0 ONOXAApwMa M undevileton, ywpic v tautilovto
oL cuvopthoelc oe Oha Ta onuela. 261600, GUVOETACEC TOU BlaPEPOUY POVO oe Blaxpltd onueia
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H Onapln vopuog emtpénet vor WANoOUUE yior cUYXMGOT oxohoudiog cuUVIRTHOEWY.
Aéue ot o oxohovdion W,y mo= 1,2, ..., ouyxhivel ot @, av 1 axohovdio Yetinwy
apriudy ¥, — @[ (BnA. n andotaon petadd twv W, xou @) cuyxiiver oto undév O
IBOTNTES ECMTEPXOU YVOUEVOL Xl TANEOTNTAS, ToU YapoxTnei(ouy To BlavuoUATIXG
Yeo, Tou divouv dour| xwpou Hilbert,, o onolog cupforileton cuvidwe pe H.

OuuiCoupe 6Tt N Sovbopata yopaxtnellovton ypoupxd avedptnto petald Toug,
oy OV umopel Vo Yeapel xavEval amd ouTd WS YRUUUIXOS CUVOUNCHOS TV UTOAOLTOV.
Edv omowodnnote dAro Sidvuoua avamTIoCETL WC YEUUUIXOS GUVOLAOUOS AUTOY, TOTE
AEe OTL auTd amotehoLY o), xau 6TL 0 Yweog €yel didotaon V. Ta tov yopeo Hilbert
L2(R), mpoxdnter T 1 didotaon ebvon dmetpn aprduriown (No)

Ye menepacuévn dldoTaon, urmopel xavels, ywpeic TpoBinua, va emAEEEL OTOLBHTOTE
Bdon YL aVETTUY RO TWV BLVUCUATWY. L€ ATELRT) DIAOTACT), 1) XUTAC TUCT| TEQLTAEXETAL,
AOY®w TOU €V YEVEL dnelpou apolopatog Tou amouteiton yior vor avamtuydel €va Tuyalo
owdvuopa. O meplopiopol mou tidevton and v avdyxrn cUYXAIONG Tou drelpou opo-
loyarog, 0dnyoly oty anaitnon yia opfokavorvikr) fdon (orthonormal basis). Opilou-
ue Aotmov weg opdoxavoviny| Bdon oto yweo Hilbert H éva apriufoua dnepo chvoro

SLaVUOUETOV (XUUATOCUVARTAOEWY) U (Z), us(x), ... € H, tét010, (OTE:

(Uz‘, U,Z) =1

41
(wi,u;) =0, avi#j (41

[ue ouvtopoypagior (u;, u;) = d;5, 6Tou 1 cuvdptnon Kronecker §,; = 1, av i = 7, xou
= 0, Sropopetixd] xou emnpoodeta, Yo xdde W € H, vo undpyel oxorovdia c1, ¢y ... €

C, tétowa, wote
o
i=1

Ou mpyn e&lowor anaitel TNV xavovixomoinon Twv ototyeiwy Bdong xou 1 8edtepn
uetol toug optoywwidtnta. H tpltn epunvetetar w¢ olyxhion Tng dneleng oelpdc ¢
Teoc TN vopua tou H, dnhodh lim, e | D5, ciup — V| = (). Edv éyouye dedo-

UEVn ot xupatoouvdetnon W oxon uior opBoxavovixs Bdon {w;}, 16t oL cuvteheoTéc

BeyouaoTe 6Tl avtioTtolyolyv oTo (Blo Bidvuopa. Ot xotavoués mdavdtntog mou TepoxiTTovy and duo
Tétolec ouvapTHoelg TauTiCovton pordnuatixd, SLOTL Slapopés e dloxpltd onueia dev CUVELGPEPOLY OTO
J o AWdz, yia tov (810 Abyo mou Bev GuVELoPEROUY GTO [V — ®|*dz.

(33) AZ{Ze vor avapépoupe oyetind ta eEhe, av xou dev Vo pog amacyoricouy ed¢. Kat’ enéxtaon tne
évvolag tng alyxhong oplleton xau 1 évvola tng cuvéyetag. Enlong, opilovton axohouvdieg Cauchy, yia
T onoleg M vopua | U, — U | — 0 xadddc o n,m — 00, xou oL onolec GUYXAVOUY OE TETEAYWVLXS
ohoXApOOLES cuVapTHoELS. ()¢ ex ToOTOL, 0 YWEOC YapuxTtnelletar TAENS.

BGNTo Bio woyver xau yio toug L2(R3) xou L2([0,a]) (BL. mpofhhpara [2f xou .

(35) Autée o 0pLoUOC BLapopoToLElTol antd TOV Oplopd TNg xotd onpeio cUyxhione, clPPLWVA PE TOV
onolo limy, o0 D1y ¢ ui(z) = ¥(x).
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ovamTOYHATOS ¢; PBploxovial TolpvovTag TO E0WTEPLXO Ywépev
¢ = (u;, V) = /uf(x) U(z)dz. (43)

Luvenwe, N éxgpaon yedweton xou Y ooy (u;, ¥)u; = V. Ilopatnpolue 6Tt €56
eupovileTon 0 TEOBOMXOC TEAEGTAS 0T Uj, P, ue P, U = (u;, 0)uy [BA. Tov optoud
(22)]. Enopévwe, to avdmtuypo oe oploxavovixr Bdorn AauBdvel T wop®h

i P, U =10, (44)
=1

Tou elvon EUPavC YEVIXEUOT) TNG avdAUCTIC EVOC BLUVUCUATOS Y(MEOU TIETEPAUOUEVNS Ol
dotaomng o 0pVoYMVI0 GOCTNUA, UE TS CUVTETAYUEVES ¢; Vo divovtal € TNG TeoBoAYC
ToU BLavVopaTog 6Toug dEoveg. Ot xUpleg Blapopég elval, TEMTOV, TO ATELRO aVTl TETE-
CUCUEVO OVETTUYUA, Xt BEUTEROY HTL TO E0WTEPIXG YVOUEVO ¢; = (u;, V), mou exppdlel
NV TWh TS TeoBohng, elvon pryadinde, avtl mporylotinog, aptiuoc.

To yeyovog ot 1) €€, woyVel yioo xde W € H, ouvendyeton 6TL TO dUpoloua
TV TEOBOAX®Y TEAECTHOV BiVEL TOV TAUTOTIXO TEAEOTY) I :

S b, =1, (45)
=1

4 z / z 7 4 4 4
Avuth) ovoudleton oyéon mAnpdTntag, xan ex@edlel TNV WLOTNTU OTL TO GUVOAO TWV U;

Oev elvan HOVo Ypauuixd aveZdptnro, odd anotelel Bdor (tapdyet GAo To YWEOo 7-[)

GO TTpbBANuo

BNO tavtotde teheothc opiletor and Ty WbTyTe [ W = V.

(8)Ye nenepacpévn didotaon, o apude TV u; Tawtiletan pe T didoToom Tou yhpou. e dnelen
Bldotaon), duwe, lvon Buvatdv Ta u; Vo etval opBoxavovixd xau nelpat, ahAd VoL UV ETOEXOVY (OTE Vo
ToEdEouy Gha Tt Blovhouato Tou Yweou. Autd gaiveton 6T0 TOAD anAd ToEddELYUa TOU VoL VEWPiCOUME
N Bdon Ty tou uy. To evaropeivavta (ug, ug, . . .) eivon dnelpo xou opoxavovind, ahhd dev unopolyv
VoL TUEEEOUY TO U1 UE YRUUUIXG cUVBUOGHO, BLOTL elvon dha opdoydvia oe auTd.
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H vopuo tng U GUVOEETAL UE TOUG CUVTEAEOTES ¢ WG SET']C.

o) = (v,7)

- chuz,zcjuj

- ch chul,uj (B). 21 amé €&, )

- ch c;j(us, ;) (Bh. 3n amd €. )

- chci i, ;) (Bt (usyuy) =0, yiooi # 5)

— Z e (Dot (wy,uy) = 1). (46)

Suverde, 1 ancitnon [¥]? < oo ouvendyeta Ty amaitnon 3, [l < 0ol Anng
Loy Vel ot 10 avTioTeogo (Sivouue To anoTéheoya ywplc ambOEIZn): EGV YLol Lol AXOAOL-
Mo aprdpay {e;} woyter D, |e]? < oo, totE 1 Y, €Uy ouyxhiver.

Aedopévne woc opdoxavovixhc Bdone {w;}, to avdmtuypa , xaL Lood0VaUY TO
AVETTUY U , elvan povodxd. Anhadn, av unodécouue ot ) . cu, = ¥ = > du,,
T0TE, UTOYPEWTWXG, d; = ¢;, Vi.

‘Eyoupe uior TAfen avtiotolyio TV TETRAYWVIXE OAOXANEOO®Y cuvapThowy W €
H pe tc oxorovdies {¢;}, v g omoleg 10 Y. ciu; ouyxhivel. Av ¢ = {¢} xa
d = {d;} duo tétolec axohovdieg, ye ¥ = Y cu; xou ® = Y du;, tote (¥, D) =
Y. cd = (c,d) (ue mpogav) cuUBoAous TOU ECKTERIXOU YVOUEVOU axohoUMY),
UV4+@ = > (¢+d)u;, xu a¥ = Zi(aci)ui. Enoyévwe, ot axohouvdiec xou
Ol XUUUTOCLVORTHOELC Efvar 800 BlapopeTinol TEOTOL Exppacne TwV By XBavTinwy
xotaotdoewy. O yhpog Twv TeTpaynvxd adpoloywy axolouthov cupfoliletar e
(%(N) (egboov o deixtne i hopBdver Tyée otouc puoxolc), etvor 10dHopos ue Tov H

z /7 7’ 7. 7. .
X0, ETOPEVLCS, xavoTolel emlong To adiwpota Tou yweou Hilbert.

BNESG ypnowomootue xavévee menepaouévey adpolopdtwy ot dneipa adpolopata. Qo1600, T0
AMOTENECUA LoYVEL, OLOTL ATOBEXVIETOL UE TTROCEXTIXO YELPLOUO TV AMELRMY )pOloUETHV.

(10) AZ{ZeL va tovicoupe 6T 1 €E. elvan yevixeuorn tou mudaydplov Vewphuatog oe dnelpes dlo-
oTdoelc.

(1) pbBhnuo
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4.2  ITAneotnTa LBLOBLAVLUOUATWY Xall TLIAVOTY TR (eTABot-
ong

‘Eotw 6t pa xudatoouvdpetnor uropel va avoarmtuy el oe oploy®VIES IBLOXATACTICELS

EVOC EQULTIOVOU TEAEOTH fl, ONA.
V= Z C;Uj, (47)

e /Alul = a;u; xan (u;,uj) = 0;. Tote, n mbovoTnTo Pétenone e a; towtileton Ye

v havotnTo UETAPUOoNE OTNY XUTACTACT] U; (eC. :
P = |(u;, O)]* = |eif”. (48)

H péon tuy twv yetprioenmy tou A otn cuAoYh) W xou ot pomég NG xuTavourc To-

VOTNTOC TV PETEHoEWY Va elvon €€ oplool

<A>\p = ZP'CLZ Z |ci|a;
(A%)y = ZPa = Z eil*a (49)
won yevxd:  (AM)g = Z Paj Z lcilPayf

x.0.x. Ao v Gk, 1 e&lowon (1 . Slvel Yo TY n-00TH pOTN: (AM)y = (U, AMD) =
(> iy, A" Docug) = Doyc zcj(uwA ug) = D creiag(uiug) = 3o 2aj!, dedo-
uévne tne opoxavovixdtntac. Emouévne, o timog tng uéone Trc 1) CUUPOVEL UE
Tov T0no tNng mavoTnTag Yetdoorg.

Tideton TP 0 pdTNUA, €dv umopel va Peedel Eva avdmTuyua YloL OTtOLO-
or\mote xudatoouvdetnon W xot Yyl omolodrnoTe mopatneioyo uéyedog A, dote v
£QUEUOCTOOV Ol TUTOL xou (49). H amdvtnon ebvon apvnroad, Sedopévou 6t u-
Tdpyouv cppttiavol TEAEGTEC Tou Bev €youv Wtodlaviopota oto yopeo Hilbert (émwe
0 TENEC TG ﬁécng) 1 T LBLOBLVOGUATS TOUG BEV ETOEXO0UV YLl VO TIORAEEOUY TO Y(OEO
(6ev bivouv mAnedtnTa). To avtioToya peyédn éyouv cuveyéc @dopo TOY. Xe auty
TNV TEPIMTOOT, UTOPOUUE VoL XAVOUUE [lal aVIALCY) avaAoY T exelvng Tou edapiou
YETOULOTOLOVTOG Lol DLUEQRLOT] TOU GUVEYOUS (PACHATOS UE TOUG avTio TOLY0UG TEOPBOAL-
%0UC TEAEGTES, XL TPOTOTOWWVTAS TO UETPAOWO UEyedog xou Tov avTioTolyo TEAETTY,
OOTE Vo €YEL WBLOCLVAPTACELS ToL divouv TAnpotTnTa. O TpoToToINUEVOS TEAEG TS EYEL
OLOXELTO PAOHA, WC OLUHEPLOT) TOU GLVEYOUG PACUATOS, XaL Bivel xatavour) TavoTrnTag
elte an’ eudelac, cOUPLVA Ye Toug TOTOUC Ol , elte UEOW TV POTIAY, CUUPWVA

pe tov oo (17). 1o bplo tne muxvic Slauéplone, To PAoUO ETAVERYETOL GTO CUVEYEC,
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1 xoTovour) miavotnTog Telvel ot TuxvOTNTY TavOTNTOS, Xt TAEOV EQUEUOLETOL UOVO

o TOTog yioo va Beedel 1 xotorvou.

4.3 AvoanogdoToAoY] YREUAAXOY TEAECTWOV ANO TIVUXES

e avoamoptotodvTon oL ypap kol TEAEOTES (TT.y., OL EQUITLAVOL) GTO YDPO TV UXONOL-
tdv; Av {u; } o SrovOopartor Bdong, xou A YEUUUIXOC TEAEGTAHC, UTOPOUUE VO TTEQOUUE

TO EOWTEPIXO YIVOUEVO

~

Ay = (uy, Auy) = /uz(x)A u;(z) de. (50)

Av ¥ = Zj CjUj OTOLUONTOTE XUPATOCUVEQTNOT), TOTE 1) 0pACT) TOU AU = @ YedpeToN
AV = Zj c;Au; = ®. Iaipvovtog xon 1o avdntuypa e ¢ = Zk diug, howPdvou-
we > ciAu; = 3, dyug. Sympoatiloupe Topo TO E0KTEPIXG YIVOPEVO TNC U; WE TO
aploTEPS Xou 8egtd péhog tne teheutobog ediowong. Aedouévou 6t (u;, uk) = O (€.
, undevilovton 6hot ot 6poL TANY evéc ato Bedtd dpotoya Ej ¢ (ui,fluj) = d,.
Xenowwonotdvrag o oupBohopé (B0), xatohfyouye:

ZA,‘J' C; = dz (51)
J

Meéow autrc Tne éxgpaong peTaoyNUoTiCovTon Ol GUVTETAYHEVES UG XUUATOCUVARTN-
oMNG O€ exelveg ULog GAANG, AOYw TNg dpdomng evog teheoth. H éxgpaor elvon avticTouym
UE TOV TOMNATAACLOCUO EVOC TETpUy VX0 Tivaxa, Ye oTotyela A;j, ue évav mivaxo-
OTAAY, Ue oTotyela ¢;, BIVOVTaS ¢ amoTEAEoUa evay Tivaxa-othAn ue otovyela d;. H
uovY Blopopd etvan 6T €8¢ ot Tivaxeg €youv Slaotdoelc (0o X 00) (o A) xou (oo x 1)
(ot ¢ xou d). ‘Oco yua T Soun Twv TEAET TGOV, oL ubvol Vo meploptolol eivar o) vor efvou
Ypoawmo( Ol ﬁ) voL TEQLAUBAVOLY 6T0 TEDID 0PIGUOUY TOUC TIC CUVUPTHCELC U;, (WOTE
va eqappdéletan n €. (B0). Katd ta dhha, o1 teheotéc unopet va ebvon diapopixol (6mwe
N opuY)), ohoxhnewtxol, x.A.T., ywplc autd va eunodilel TNy avamopdo Tacy| Toug ond
Tcivcxxeg.

Eivar e0xolo va 0et xavelc 6Tl TO YVOUEVO YOUUUIXODY TEAEGTOV OVAUTUOIGTATAL oo

0 avtioTolyo Yvéuevo mvdxwvi

k

U ypoppedtnTa elvor omopadTnTn Yl TNV ovamapdoTooy TEAEOTOY omd Tivoxeg, dedouévou bl o
TOMATAUGLAOUOC TVEXWY elvar TévTol ypoputxy TedEn.

(43 Tp6B A |6}
) pspAnua

32



Ov eppitiavol tedectée exppdlovton amd Tvaxeg Ue WLiTepT) CUUMETEIXY doUT:
Ay = A, (ov xan u6vo av o A ebvan epurtiavic). (53)

Auth 10 BAénouue alpvovtae Ay = (ui, Aug) = (Aug,ug) = (uj, Au)* = A3, oo
deltepo Prpa yenowonooupe Ty Widtra (16)]. Avtiotpoga: éotw 611, yia xémotov
Yeouu6 teheoth A, woyver (u;, Aug) = (uj, Au;)* v xéide Lebyoc otowyeiov Bong
w; xou uj. Tote, unopolue vo deiloupe 6Tt o A etvou sppmocvég

4.4 Kowd 1d100tavOoUATA UETATIIEUEVWY TEAECTOV

Botw 800 epuitiavol teheotéc, A pe iodloviopata u; xon Wotée a; xu B e -
Sodtavioporta v; xou Wotwée f;. Eotw 6t 1o obvoho {u;} anotehel opoxavovixs
Bdon oto yweo Hilbert, xou 61t 10 (Bl 1oy ler yio 1o oUvoho {v;}. Téte, ol teheoTé
petotidevton oy xon povo av umopel vo Bpedel xovd GUVOAO LBLOBLUYUCUATHY TOUS TTOU
vo aoterel oploxavovixy| Bdon, dnhady|, av xot uévo av urdpyel opdoxavovixn Bdor
fi Tétow Gote Af; = o f; xon towtdypova Bf; = Bifi.

H pla xatediuvorn tne tooduvoplag etvor omhr otnyv anddeln. Av umdpyet optoxa-
vovuxt| Bdom f; tétowa hote /AlfZ = o fi xou Tawtdypova Efz = Bif;, tote onowdhnote
odvuopa W unopet va avartuydel oe auty| T Bdon: ¥ = > cifie Apdvtac ye toug A

xou B €youpe:

ABU = Zcifléfi = ZCiABz{fi = ZCiO/BZ{fi

Snhadh, ABY = BAV, 0.¢.5.

H avtidetn xateduvorn tng ooduvaplag civon mo meplmioxn otny anddeln. Av
AB = BA, 16T €€eTdloVUE Tl SLavioUaTa Bui, ONA. TN dpdon Tou B ot 1Bodu-
voouata u; Tou A. "Eyouue A(Buz) = BAu; = Boju; = Ozl(Buz) Anhodn, To
OLdvuoua Eu, elvo emtlong LOLOBEVLOUA TOU A ue TNV (Bl ot a;. Alaxpivouue 600
TEPLTTOOELS.

(o) Av 1 «; Bev elvon expuAtopévr, dnhadY, av Ta LOVoL LoBIVIoUATE TOU A uE
ot o; elvar TOAMATACLY TOU U;, TOTE AUTOUOTA TO Bu; eivor toAomdoo Tou
uj, ONAOY), Bu; = Biu; ywo xdmoto B, enouévme to u; eivor 1BtodtdvucUa Tou B xa
TowtileTon pe o {nToluevo f;.

(B) Av n a; elvon exquNoUévn, dnhadY av LTEEYOLY YRoUUXS aveEdpTrnTa WBLodt-

O p6pAnua
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)= .. =q, 6t

VOOUOTH SITIC = {u;} pe avtiotoyeg Wrotée foeg, a = ol
QTS TPy OUY EVOLY BLUVUCUOTIXG UTLOY w0 H, OTOL00NTOTE GToLYElo Tou onolou eivan
10l00LdvUo U TOU A ue ot a. Autog ovopdletar Oy wEOg WoTng a. T'io euxohio
OEYOUUCTE OTL O UTOYWEOG EYEL TEMEQUOUEVT dtdoTacr N (r] amoBEln yior AmELRT) Ol
doToom UTOYWEOL Elvol To TEpiTAoXN) xon 6Tt ToL uM @ etvor ovd SVo optoymvia
HETOED Toug, BnhadY| amote oy oploxavovixt| Bdon tou undyweou (edv dev eivor, ma-
edryoupe evxoha ot opdoxavovixn Bdon pe tn pédodo Gramm-Schmidt). Hopatnpolue
OTL oL BtavOouaTa Bu™ etvou LOLOOLVOOUATO TOU A WBOTWAC o, BLOTL 1) UETHIETIXOTNTA
wv A xa B Siver A(Bu®™) = BAu™ = a(Bu™), dnadh n Spdon tou B ota ul™
Hdg apriver evtog Tou undyweou Hy. MeEver va xataoxeudoouue N tov aprdud opdo-
AAVOVLXGL LBLOBLAYOOUOTA TOU B evtoc tou H', ta omola Yo ebvon tor {ntodueva f; evtdg

U H,. Ilpoc tolto, avantiocoupe 0 f = ) cnu™) yau Yedpouue v edicwor
LOLOTILOV Bf =p'f:
B Z cpu™) = Z cpu™),

ITatpvovtog 0 €owTERIXS YIVOUEVO amd UG TERS UE TNV u(”), xan haBdvovtog uT'odn T
oy€oT 0pUoXAVOVIXOTNTOC (u™, u™)) = 6, AowBavoupe Y (Bpp — B'0pn)cnr = 0,
6TOU YENOWOTOLGAPE TO GUUBONOUS By = (ul™, Bu(”/)). H teleutaio eiowon dio-
TGV o€ Pop®t| Tivaxa Exel un TETEWUEVES AUOELS av 1) avTioTolyn opllouca undevileTo,
Onh. av det(Bpy — '0pn) = 0. Ou pilec e e€iowong eivon ot {nrodueves 1BL0TYES.
H opilouca duwe eivar mohvwvupo ye N pilec B, ..., By (evdéyeton vo un Sapépouy
bhec petoll toug). Apa, xotooxeudlovion N Btapopetixd Wodlaviouata f; Tou B
otov H', o onola ebvor Tawtoy POV LBLOBLUVOCUATY TOU A. Acdouévou 61 o B eivan
EQUITIAVOG, Ta WBLobLavOopota elte elvon avd 500 opoydvia (av avTio ToLyolv oe BLopo-
PETIXES LBLO‘upég), elte unopolv va emAeyoly opdoyhvia (edv AVTIoTOLYOLY GTNV (BLat
oTYY Tou B’) Enavolopfdvovtag oe xdle umdywpeo exQUAGUEVNS WOLOTHNAS TOU fl,
X0l GUUTEQLAUUBAVOVTAC TIC 1) EXPUALOUEVES LOLOTIES (TEPITTWON &), XUTOAYOUYE OTO
cuUTERUGUN UTopENG x0Wo) GUVOAOL LBLOBLAYUOUAT®Y TOU omoTEAOLY 0pUdoxavovixT
Bdo.

H quow| onuacta tou napamdve dewpruatog otn Yewpla uétenone oyetiletou Ue

ot TP CLOTAUATY PETATLIEUEVOLVY PEYEDODY oL TapouGLAGTNXE GTo €6dguo [3.4]

4.5 Epuittavol ouluyelg teAsocteg

Or egpuitiavol TeAeotéc xou avtioTolyol Tvaxes lvat, xoTd Uiot €VVoLa, TO avehoYO TOV
TEOUYUOTIXWY ELIU®V: TOUG AVTIOTOLYEL TOUYUATIXY) UECT] TLT, TEUYUUTIXES LOLOTYIES,
X0l IXAVOTIOLOUV T1) OYECT) CUUUETELOG 1) 1 omola umopetl vo Wwiel we yevixevon tne

oyéong z = z*. H avoroyio yevixebeton xan o€ un epuitiovols Yeouuxols TEAECTEC:
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av A un epuitiavoe ypouuixoe tedectic, optlouue tov epputiavé ouvluyn (hermitian
adjoint) At e eghc:
(AT®,0) = (0, AT), VO, U. (54)

O opiouoe Tou At EYEL TNV WOLUTEPOTNTOL VO 1) OIVETAL EXTIEPEACUEVA, HECK TNG BEAOTGC

TOU O€ XUTACTAOELS, AhAGL EPUETA, UECK TNG OPACTC TOU OE EOWTEQIXY YIVOUEVAL.
QUo7600, 0 0ploPOS HAC EMTEETEL Vo Bpolue TN OpdoT Tou At oe oyt W, €dv

yYvwetlouye TN dpdom Tou A e XATUOTACELS. XQENOUWOTOLOUUE TO AVATTUYUO TNG Atw

oe wo opBoxavovixt| Bdon {u; } (ot anapaitnta Woxatactdoenmy tou A) xou Bploxoupe:

Al = Z(uz, AT\P)uz = Z(AT‘I’,%)* U; = Z(‘I’, Auz)* Uj (55)

(3 K3 7

210 TEOTO U EQapUOcaUE TOV TUTO Tou avamTOYUaTog otny optoxavovixr| o,
0TO OEUTEQO WIaL OO TIC IOLOTNTEC TOU ECWTERPXOU YIVOUEVOU, X0l OTO TplTo TOV OpL-
ouo6 tou epuitiavol oulUYoUC TEAEGTH At Méow tov ecwtepixdy ywouévey (U, Au;)
Beloxouye emouEvmg TO AT,

EZetdlovtac v eqappoyy tou optopol ot dlaviopoto opdoxavovixhc Bdone {u;},
o Détovtae @ = wu;, U = wuj, nodpvoupe (uj, Aug) = (ATuj,u;) = (u;, Atuy)*, 4
AAALODC

Al = Az, (56)

Anhady), o mivaxog mou avTloTolyel oTov epuitiovd oLLUYY| BIVETOL amd AVICTEOMY| XAl
Uy odixr) culuylo Tou apytxol Tivoxa.

Ewdyouue todpa €vay Boixd cupfohioud. Horn cuyfolioous ta otoryeio mivaa
TOU TEAEOTY) A ue A;; o T oTolyelar VAo TOL aVAOTEOPOL o Utyadxo) ouluyoUg
(On. epprtiavol ouluyolc) e Agj = A7 (€. . Twdetolye, avtioTolya, cuuBoloud
v g oxohoutieg mou opilouv xatactdoeic ¥ = ) . cu; e ¢ oupPolilouye, mépay
g axohoudiog {¢; }, Tov mivoxo-oTAAN oL TpoxUTTEL oo ToL oToty el TNE oxohoudiog.
Emmiéoy, ye cf optloupe Tov avdoTEo(o xou Uryadixd ouluyy| Tivaxa Tou ¢, Snhadt| Tov
mivoo-ypopur ue otovyeia ¢;. Egapuélovtog Toug xavOveES TOANATAAGIACUOU TVIXGY,
TO E0WTEPIXO YWOPEVO U0 xotootdoewy W = ) ciu; xau @ = ). d;u;mov opilovtan

HECL axoAouwY ¢ xou d, YedpeTal
(c,d) = (U,®) =) ¢id; = cld. (57)

Opolwce, 1 8pdon yeauuxol tTeleoTh| avanaplotdton and tov Tivaxa-oTiin (BA. €&.

d=Ac (58)
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oL T0 eowTeEpd Yvopevo (¢, Ad) = (Ale,d) ypdpeton oe popgh Tvdxwmy
(¢, Ad) = c' Ad = (Afe)' d, (59)

Ome¢ ebxolo enahniedeTon EQapuoOloVTaS TOUG XAVOVES TOAATAUCLUCUOU TIVAXWY.

O BOCOUYE THEA ETUTAEOY WOLOTNTES TWV EQPULTIOV®Y oLLUY®Y TEAEoTOY. Totw A
xau B ypopuixol teeotéc. Tote

1. O AT givon Hovadixoc (Bev umdpyouv 800 BlopopeTixol TENEGTEC TOU VoL Elvor €p-

wtiavol ouluyelc Tou fl)
2. (ANt = A.

3. 0 A eiva EQULTIAVOC TEAEOTAC, av At = A, O TEAEOTEC UE QUTH TNV WOOTNTY
ovopdlovtat avtooUlUyelS (. self-adjomt).

4. (AB)' = BIAT[]
5. Ot teheoTéc AAT xou ATA eivon sppmavoi

6. Ou teheoTéc %(121 + AT) xou %(fl — AT) elvon gpurtiovol xon avTioToL o0y TN
YEVIXEUGT) TOU TEAYUATIXOU X0 PUVTAOTIXO0) UEPOUS, aVTIOTOLY A, EVOS ULy adLX00
aprduo0. O teheotrg %(fl — Af) Méyeton avtieppitiovée, BioT yia onotdfrote ¥
Beloxouue 6Tt 0 aprduog (W, %(A — AN)W) eivor xadapd pavtaoTinog. Ievind évag
YEUUUIXOC TEAEOTHC YRAPETOL WS GUPOLOUO TOU EQULTINVOU X0 TOU AVTIEQULTLOVOU
uépoug: A = L(A+ Ah) +iL(A - At).

7. To ywouevo 500 TEAEGTOV YRAPETU 1S AIPOLGHUN TOU EPUITIAVOU XaL TOU AVTIER-
mLttorvol Tou époug o eENg: AB = %(AB + Bfl) + %[fl, B]

4.6 Movadiaiol tehecTtéc

Oa oplcouye TOEA TN YEVIXELGT) TV 0pV0YOVIKOY TVEXWY, oL oToloL Blatneoly To PETEO
XL TO ECWTEPUO YIVOUEVO BLOVUOUATOVY X0l AVTIOTOLYOUY Ot GTpopéc otov R™. Yto

yweo Hilbert, tic otpogéc exppdlouy ol povadiaior teAeotés (unitary operators). Fvoc

(46) ITp6BAnuo o}
(1) ¥e ydpoug dneipne ddotaome, o autoouluyelc TeleaTéc elvan uToxaTnyopia TV epuiTiovGy. B-
e To Yedpnuo pacuatixic avdiuong, amapaitnto yio Ty neoBiedm tng moavétnTag petdBaong,
oy Vel yior autoouluyeic, ahhd oyt amapadtnTo Yior epplTiavolg, T PUOLKS ueYEDN exnpocwrodvTaL omd
autoouluyelc TeAecTéC. 3TO TAGIOLO TOU THPOVTOC XEWEVOU, OUWC, BEV UTHEYEL avayXT) BldxEloNG TwY
8oo.

(48) An6deiln: yia tuyadec U xan & éyoupe (B, AB W) = (
(49 An6deiEn: yia tuyada U éyouye (U, AAT ) = (AT,

®,BV) = (BtAt &, W).

At
AT W) = |[AT 9|2 e R.
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YPapMUIKOS TEA€TTNS U Myeta povadiaios, av ebvar «1-1 xou enty (dnh. avtioteédutoc)

X0l LOOUETEIXOC, ONAadT| 1) OpdoT TOU GE OTOLONTOTE OLdvVUCUO BlaTneel Th Vopua:
|0w] =[] (60)

Ané tov oploud Tcpom')ms OTL OL LOVOdLaOL TEAECTEG DLUTNPEOLY XAl TO ECWTEQXO
Yvouevo:
(UW,UD) = (T,d) (61)

yioe Tuyateg Woxon @ € H. Katd ouveneia, diatneoly tny xatovoun mioavotnTog xatd T
uétenon (BA. €. . Aedopévou 6Tt oL xatavoués TiavoTNTaG GUVBEOUY TNV XPorvTixd
Yewpla ye Tic yeTprioele, ot povolalol Tehectéc maklouv xuplapyo pdho oTn pordnuoTix
EXQEOCT, TNG APYAC TNS oxsnxémwg Oa doVuE, entlong, 6Tl oL povadtafol TEAEGTES
aVTIoTOLY 0LV og aAlayr) opUoxavovixfic Bdong oto yweo Hilbert.

Mo Tuyaioug povadiaioug teheotéc U xou U’ amodetnviovton axdloudes iBtoTnTeg (52)

1. O avtioTtpogog oolTon e Tov gpuitiavd ouluYH: Ut = U0 =1 (6mou Io
TowTtoTiNGG TeheoTtic). O avtiotpogog evic povadiaiouv teheoth avtioTtoryel otny

avtiotpogn otpogt| oto Yweo Hilbert.
2. To ywoépuevo UU’ eivan povadiodoc.

3. Ou BoTiuég povadlodwy TEAEOTOVY €Y0UY YETEO TN Uovada, Onhadr, av U\IIU =

aly, t6te a =€, y € R.

4.7 MeTaoynuatiopnog opBoxavovixng Baong

H opdoxavoviny| Bdon dev elvar, mpogavae, povadxr. ‘Onwe xot 6ToUS YmpouS TETERI-
OUEVNC BIAC TOONG, YEAUUUIXOl GUVBLAGHOL TLV BLUVUCUATOY BAoTc uTopoly Vo TapdEouy
dmelpeg dlapopeTinég oploxavovixég Bdoeic. 'Evag yetacynuatiopoc uetallh opdoxavo-
oy Baoewy v = {ug,ug, ...} xou v = {vy,v,...} exppdleton and T0 EcWTEPINS
YVOUEVO

Uij = (vi, uy). (62)

Anhady), oe avahoyio ue TNV TEOBOAT OTOLNGONTOTE XUUATOCUVARTNONG OE BlotvOOUATO!
Bdomne, mou diver ¢; = (u;, U) (Ph. tic €&. 2] xon [A3)), avamtiocovyue xdde pia v
ouvapThoewy Bdong u; ot Baon {v;}. Av howndy Héhoupe va Bpolue Tic GUVTETOYUEVES
GO TpéBAnua

GDMe tov bpo «apyh TC GYETHOTNTACY BEV avapepdpacTe otn Jewplia tng oyetikdTntas Tou Ein-

stein, AN yYevixdtepa oTNY anaitnon CUPPWVINC PUOLXDY VOUKY YIX THEATNENTEC DLAPOPETIXWY GU-
CTNUATOV OVIPORHC.

G MpbBAnpa
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e ¥ =3, cjuy ot vea Baon {v;}, wote va AdBoupe to véo avdmtuypo U = 3. djuy,

TEETEL VoL XAVOULUE Tal oaxdhouda Briuota:

d; = (v;, ¥) = (v;, chuj) = Z(vi,uj)cj = ZUijcj. (63)
j j j

Enouévwe, o nivaxag U HETOOY NUATICEL TIC CUVTETAYHEVES TNEC XUPATOCUVARTNONG
and ) Bdon {u, } ot Bdon {v;}. Eniong, o nivaxac U avtiototyel 6o povodioio tTeAeoTh
U, o omolog opiCeton and v ameixévion xdie cuvdptnong Bdong v; otn cuvdpTnon
Bdone u;:

Uv,; = uj. (64)
Tpdyuam, o orovyeia mivaxa tou U eivan (v, U v;) = (v5,u5) = Uy, 08 ouggovia ue
™myv . Yuvenwg, o mivaxag U elvon 1 avamopdotacT Tou TEAEoT otn Bdon v.
ENUELOVOUPE To EAC: EVD 0 TEAEOTAC U uetaoynuatilel ta ototyela fdong amd oL v
oto u, o avtiotoryog mivaxag U petacynuatiCel tis ovvtetayuéves and tn Bdon u ot
Bdon v.

H amewdvion Uetvar 1 — 1 xou enl, OnhadY| avtioteégun. Eivor avopevouevo, xou
elxoho va Beryvel, 6Tl o U etvor uovoodtodog, d16TL 1 adhoryr| opdoxavovixic Bdong ex-
ppdlel orpocpr’] ANNG xon avtioTpoga, av €vag TeEheo T elvor povadtaiog, ToTe
anewoviCel omowdnnote opdoxavovixr| Bdon v oe dhhn opdoxavovixy| Bdon u, d6edo-
uévou 6Tt dlatneel TNV oploywvioTNTA Xou TNV Xxavovixonolnon twv oTolyeiwy Bdone

xou BedoUEvou OTL elvan avTIo TREPIOC.

4.8 XYEOT EQULTIAVOV X0 (LOVAOLOLWY TEAECTOV
Oupiloupe ot av f(z) = ¢ ezt 4 HLOL OVOAUTIXT| GUVHETNOT), XalL A UATTOLOC

Yeouux6e teheatic, opileton o (emiong yeouuuixée) teheathc f(A) = co+c1 A+ A%+

Me autéd ToV TPéTO0, UTOPOUUE Vo 0plcOUUE TNV axdAoudTn exdeTinr cuVdETNoT EVOC

YEUUUIXOU TEAECTH A:
A U R
eAA:1+)\A+§)\2A2+~--: A" (A e0). (65)
[TpoxOmTer Ot
M = MAFE) gy [A, B] = 0. (66)

¢ / ’ 4. AA AB _ A" An A™ m
o va tetotolpe Yo auto, avamticooude T exdetind: et et =3 S AT Y S B

[apatnpolue 6T, €pbOGOV oL TEAEOTEG UeTaTidevTan, Ta YIVOUEVA TV ETYELOUS OPWY

G3)TpbBAnua
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TWV OEROV OEV BLPOROTOOVVTAL POPUANOTIXG amtd To avTioTolya Yvoueva ou Yo
elyope, av ot A xaw B Hrov aprdupol. Enouévns, xatalyoude otny . Ewwotepa

€Y OUUE

edeid = 1. (67)

Av o A elvor epuitiovdg, TOTE oL TEAECTEC et g—id

iA

elvat, emnpoodeta, eppitiavol oulu-
velg (54) emouéveg o ' etvan povadtalog. Avtiotpoga, ot povadiaiot TEAEGTES YedpovTal

oTN Loy U= e, 6mou A XATIAANAOC EQUITIOVOC TEAECTHC.

4.9 llpofBApota

1. OewphioTe éva cwUATidLo Tou Xveltar o€ Uiot 518G TIoT), TEPLOPIGUEVO GTO BLAC TN
[0, a]. OvxupatocuvapTAGELS UTOY TOU TEOBAAUNTOS EVOL TETEAYWVIXE ONOXAT-
PWOWES GTO (B0 DIAC TN, foa |U|2dx = C' < oo, xa oL (PUOLXES XUTAC TAOELS
AVTIOTOLYOLY OF XUUATOCUVIQRTHOELS XUVOVIXOTIONUEVES oTN) povdda: C = 1. Ou
XATIAANAES GUVORLUXES GUVIAXES PETOBEANOVTOL AVOIAOY WS UE TO PUOLXO TEOBAT-
uo. EZetdote 600 Slapopetinéc TEQITTOGELS GUVOPLOXDY CUVITXGY: o) ETITEETO-
VIO OAEC OL TETEAYWVIXS ONOXATPOOIES XUPATOCUVAPTHCELS, 1) @) EMITEETOVTAL
HOVOV exelveg, Lo TIC OTtoleg U(0) = ¥(a) = 0. e EEetdote otic dlo TEQLTTWOELS,
(o) xou (), Tov TEAEOTH Oppfic P = —ifi xan TOV TEAECTH XIVITIXAC EVEPYELS
T = —hQaa—;, xaL YoeaxTNEloTE T0 GUVOAO TWV XUUATOCUVIRTHOEWY, YId TIS O-
molec elvon epuitiovol. Ouundeite OTL 1 Opdon Tou TEAEOTY TEETEL Vo TaPAYEL
CUVUPTACELS TOU IXOVOTIOLO0V TIC CUVORLIXES GUVUHAXES, ONAUDY| Vo TUPUUEVEL E-
VTOC TOU YMOPOU TWV QUOIXAOY XATAcTdoewy. o Bpeite, yio Tic nepimtdoeic (o)
xou (B), omd €va mopdBery o XUPUTOOUVERTNONG, Yiol TNV omtoio 1) dpdor Tou Tele-
O T TUEAYEL GUVEPTNOT) EXTOC YOEOU XAl 1) OTIOLAL, GUVETMS, OEV AViXEL 0TO TEDLD
optopol Tou TeEAecTY|. o Bpelte xupatocuvaptroelg, yio Ti¢ omoleg amhr dpdon
TOU TEAEGTY] VoL JEVEL EVTOG TOU YOEOU, €V OLTAY VoL UNV €lvol ETITEETTY), OLOTL
00nyel exTog Tou YWpeou. e Beelte xugatocuvopTthoELs, Yo TI¢ oTtoleg amhr dpdo
TOU TEAEOTH VL UEVeEL EVIOE TEBIOL 0ptopo) TOU TEAEGTY, EVG OLTAY| VoL 0dnyel o

XUUATOCUVEETNOT EVTIOS YWEOV, UAAY EXTOS TEBIOU 0PIOUOY TOU TEAEGTH.

2. Aci€te 611 o1 xupatoouvaptioel sin(nrz) (n = 1,2,...) anoteholv oploxovo-
v Bdon otov L2([0,1]) pe ouvoptoxéc ouvidfxec ¥(0) = ¥(1) = 0. (Xpnotuo-

oo te TNy avdhuon Fourier tuyoloc U € L£2([0,1]) oe cuvapthoeic nuitdvou.)

3. Bpelte wo opBoxavovixd| Béor otov L2(R). (Yrodelln: ypenotonothoTe wo dla-

uéplon oe dmelpa aprduriowa dtaoTAuata. Egopudote avdmtuyua Fourier oe xdie

BOAY 0 A sivan spumiavds, e A = (A1), dea (iA)" = (=AD" = [(iA)1]", axb omov
TpoxUnTEL, uéow Tne duvopooelpde, e A = [efA]f.
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OtdoTnuaL. )

. Aci&te 611 o1 ouvteheotéc avantiypotoc ¥ = Y ¢ u; (6mou {w;} opdoxavo-

vixt| Béon) ixavorooly ) oyéon ¢; = (u;, V).

. AciZte 6Tl 10 eowTEPS YIvopEVo xupatoouvopthoewy (U, ), ue ¥ = > cu;
xouw & = > chu;, endyer eowtepd ywopevo twv oaxohouthov ¢ = {¢} xa
d = {d}, ye i (c,d) = > . cic;. Aci€te 6T auth 1 gopen txavorotel Tig
LOLOTNTES TOU E0MTEPIXOV YIVOUEVOU TWYV XUPATOCUVHPTACEWY [ﬁ)\ €. : oVTL-
YEUUUXOTNTA (S TEOS TO TEWTO OELOUA (¢), YOUUUXOTNTA (S TEOS TO OEVTEQO

(), Yetnh vopua |c|? = (¢, ¢), xau (¢, ) = (', ¢)*].

. Oewphote Tov yopo L2(]0,1]) pe cuvoptaxéc ouvihxee U(0) = U(1) = 0 xou T

Bdon u,(x) = sin(nmzx) (n = 1,2,...). Beeite ta otovyeio nivoxa o) T}y, TOU
h2 92
~om 07

(Trddeln: Yo ouc yenowwevoe n tavtdtnto 2sin asin f = cos(a — ) — cos(a +

TEASOTY| TNG XUVITIXNC EVEQYELAS T = ol ﬁ) Tpm TOL TEAEOTY| VEOTC .

B). Ou ypetaotel OAoXNAEWOY xoTé ToEdYOVTES. )

. OEWPHoTE AVATTUYUA TWV XUUoTooLVoRTHoEwY ot Bdor. Acléte 6Tl 0 ToAAo-
TAUGLAGHUOG YROUUUXMY TEAEC TV OVATUPLO TATAL AN YIVOUEVO TVAXWY (evOE)0-
uévoc dneone didotaonc): C' = AB — Cy; = 3, AuwBy; (o . [Trooen:
[eddhte T0 avdmTuyua Tng Spdom Tou B o¢ wo U = >". c;u; xou TpoywenoTe o€
avoroyio ue TV anddeln tng oy. ]

. Trodéote 611, yioo xdmotov ypouuxd terect A, woyler (u;, Auj) = (uj, Au,)*,
omou u; xou uj Slaviopata Bdone. AeiZte 6t o A elvon eppitiavdc. (Tnodeln: o-
vamTOETE TUY Ao XUUOTOCLYAPTNOT) 0TY) OedoUEVT Bdor, ¥ = Zz Cill;, xoL ENEYETE

611 0 eowTepd Yvouevo (U, A W) eivan mporypatinGe aprdudc.)

. Acite Tig axdloudeg WBLOTNTES EQUITIOVGY GLLUYMY YENCHIOTOWVTIS THY aVo-

ToEAOCTACT) TOUG UE THVOXEC.

e O Af givan novadixoe (Sev undpyouv dvo OLapopeTXol TEAEGTES TTou Vot elval

epptttavol oLluYEelS Tou fl)

(A1) = 4.

O A civar EQULTIAVOC TEAEGTAG, OV XalL UOVO OV At = A,
e (AB) = BTAT.

Ot teheoTéc AAt o AT A eivon epuLTLOVOL.

Ou tekeoTtéc %(fl + A xau %(/1 — At) eivan epprtiavot.
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10.

11.

12.

13.

14.

ZEXWVOVTUC ATO TOV OPIOHO TWV UOVAOLUWY TEAEGTOV U (Brathpnon vépuog, €E.
, anodei&te 6TL N Bpdorn toug dotneel xou To EcwTEPXS Yvouevo (e&. .
(Trddeln: yio 800 Tuyaies xupatoouvapthoeic, ¥ xon P, eZeTdoTe Tic TooOTNTES
|U(F + ®)|? xou [U(Y +i®)|?.)

[Mo Tuyadoug povadlaloug TEAEOTEC U o U’, oetlte T axdroudeg WBIOTNTEC:

e O avtioTpogog 1ol Pe Tov epuLTiavd GLLUYN: UUt =00 =1 (6Tou I

0 TAUTOTIXOC TEAECTAC).
e To ywopevo UU’ elvon povodiotog.

o OLBLOTIIES LOVABLIEWY TEASOTWY EYOLY UETEO T1) LOVADL, DNAXDY, oV U\IIU =

¥y, tote a =€, y € R,

Aeléte 6Tl 0 TEAEOTAC YETAOYMUaTIoNoD Bdong U (€. etvon povaduaiog. (Y-
n6deiEn: efetdote ™ vopua |U W] yia tuyoia U = 3. d;v;.)

OcewpnoTte €va cwUATBlo Tou xvelTol G UOVOOLAGTaTo O BaxTOAO ovadLofag
nepupépetac. H ¥éon tou otny mepupépetlar Tou BoxTuAlOL TapAUETEOTOLELTAL, ONAd-
0, ané to = € [0,1), wote 10 bplo x = 1 va tawtileton e 10 & = 0. Enopévc,
10 obotnua yopoxtneiletoar and meptodinéc ouvoptaxéc ouvifxes, V(0) = U(1).

Teddte tov mivaxa Tou exgpdler v ahay” Bdore otov L2([0,1]) and

V2sin(2nmr), n <0
U, =4 1, n=>0
V2 cos(2nmxr), n >0

o€ v, = 2" n € 7. Efetdote av o mivoxac stvan novaodtaioc.

OewPNOTE TNV XUUATOCLVEETNON (xeq. B), Pupe(z). L10 bp10 € < 1: @)
0ct&te OTL 1 péorn Twn Tou TeAeo Ty Véong elvan T, EV® 1) TUTIXY AMOXALOT| TE-
fvel oto undév. P) umohoyiote ) vopua |2Py . — ToPuye|. Eetdote av
vopua Tebvel oto undév. Awonohroyeiton vo todue 6t n Oy o ebvan, mpooeyyloTi-
x4, WBloxatdo oo Tou TeAeoTh Yéone pe Wioth xo; v) Eletdote av 1 vépuo
|Pag,e = Pag,e/2| TEVEL 0TO UNdEV. Muar axohoudia amd xupatocuvaptioeg $qy .,
E ONOEVAL UELOUUEVO €y, €TOL OOTE limy, o0 €, = 0 (BNAadY), Ue Slaomopd vo Teivel
oTo Undév), ouyxhivet ato ywpeo Hilbert; Yuyxpivete pe to epdtnua (B) xou pe
0 poPhnua 9] Tou xeg. [3] xau oyohdoTe.
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5 Xpovixr e€EAEN TwV xaTtacTAcEWY: N e&low-
o7 Schrodinger

(¢ T WANCOUE YIaL TIC XAUTAC TUOELS, To HETEHOHA HEYEDT), xou T LodnUoTixr Toug
avVamaEdc Ao, Xe auTd To Xe@dhono Va efetdoouus TN ypovixt| eCEMEN TwY xoTa-
O TAOEWY.

‘Eoto uo GUAAOYT, avamoploToOUEYY), GE YeOVOo T = t1, Omd Lo XUUATOCLVARTON
U(ty) pe [¥(t1)] = 1. Agrvouge to clotnua vo e&ehydel oe ypdvo ty > t1. Me autd
TOV TPOTO, AMOXTOUUE iol VEo cUANOYT, Y (ts), 1 omola avtioTolyel otny tpoetotuacio
«mpoeTodlw TN cUAROYT oty xotdotaon W(t;) xou mepiuéve yedvo t =ty — 1y, e
%8vey OTIOLOATIOTE PETENOT).

Hpogaveg, uTdpyEL o ATMEOVIOY) TNG XATACTACTS O YPOVO 11 GTNY XATAGTACT| OF
YEOVO to. XTn HodnuoTixy TERPLYEupT|, OVOUGCOUNE oUTH TNV OTELXOVIOT) Z;{(tQ,tl). T
myv Y(ty) = Ulty, t1) U(t)) afibvouye o e€hc. Ilpdtov, |U(ta)| = [V (t)]| = 1, dote
VoL avTIGTOLY 0LV GE xataoTtdoelc. Asltepoy, va oy Vel 1) apy | TNG EmoAANAlag, dnhadH
N amewdvion U vo eivan oo Uty ty) (a® + b0) = ald (ty, t1) ® + bU(ty, t,) V.
Ané o 600 a€LduaTo TEOXOTTEL OTL O TEAECTHC U civou pova&aiog To ywouevo

Z/A{(tg,t1> :a(tg,tQ)a<t2,t1) (68)

etvan emtiong povadiolog TeheoThg (we Yvopevo povadiadmy) xat €yet eugovy epunveio: 1
AVOOVT] Y1l YEOVO (ta —t1) Xou TEPALTERE AVOOVH YioL Xe6Vo (s —ta) (ywelc eviidueon
pétpnon 1 dhhn odAAnhenidpoon pe To oVoTNUA) SiVEL TO (Blo UTOTENEGUO UE TNV OVAUOVT
Y ypovo (ts — t1).

O tekeotrc ypovixnc e€€MEng evoéyetan var Uny eCopTATOL A6 TOV aPYIXO YEOVO,
ToEd LOVOVY omd TN Blopopd ty — t = t. Anhadt, elte LextviCOUUE amd Uiol XATAC TAOT)
U e ypbvo t xou xEVOUUE UETPHOELS OE Yeovo ty + ¢, elte Eexwviooupe amd Tty (Blo ¥
oE YEOVO 1] # 11 %o XAVOUPE UETPNOEIC OE Ypovo t) + t, vo €youue To (Blol oToToTL-
%3 amoteAéopoTa. Ao QUOLXTC TAEUEAS, auT6 amantel var ur 0poUUE 0To GUCTNUA UE
Yeovixd. uetofolhoueveg duvdels 1 medio. Tote, Aéue 6TL €youpe oupjeTpia Xpovikng
HETATOMONS. Ye auTh TNV TEp(nTmon, Uty ty) =U(ts — t1) = U(1), onhad”, o (ova-
dradoc) TEAEOTAG Ypoving eCEMENE e€apTdral UOVO amd Wiar yeovixt| Tapducteo. Eriong
Loy VEL, NoYw TNe , U+t = URU[), xan mpogavie U(0) = 1. Téte o tereotic
yeovxhc eZENENG Yedyetar oTn wopyt| (Sivouue to amotéheopo ywpic anddelln)

U(t) = e (69)

GS)EE oplopol, o povadiofol teheoTée eivan avTioTpédipol, Ypoupwxol xa dlatneodv T vopue. EdG,
a€Ldoope T Slortienom TS VOpUaC Yol Tor SlavbouaTa Ue Jovodlaio vopuo, ohhd omd T YEUUUXOTHTA
TEOXUTTEL 1) SLATHENOY TNS VOPUOC YLot OAa Ta BlavOopaTaL.
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émou H EQULTLAVOC TEAECTHC TTOU ovoudleTtal XoUATOVIOVY TOU GUCTHUTOS XOL EQUN-
veleTol w¢ TEAec T Tng evépyelac. H otadepd Tou Planck A uneioépyeton €66 Yo TV

UETATEOT UOVABWY UETAED YpOVOU Xal evépyaag ‘Eyouue, hotndy,
Uty +1) =U() () = e (), (70)

Yo apy ey ouviinn W(t). Atagopilovtag we meog To yedvo, To extetind mpooeyyile-
ToL OO TOV TEWTO 0RO TNG OELRAC, e~ BtH/ — 1 _ @'575%]:.7 (0t — 0). AopBdvoupe hotmdy
00 = U(ty + 6t) — V() = —idtL HI (1), 4

_dU(t)
h—
R

= HU(t). (71)
Avuth ovoudleton eliowon tov Schridinger, 1 omola Teplypdpel Tn Ypovixy| eZEMNEN ToV
XATUOTACEWY TNV (BAVTIXH UNYoVIXT).

H B e&lowon TEOXUTTEL XOL OV OEV €Y OUUE CUPUETELN YPOVIXNAG UETATOTIONC,
aAAG, TOTE, O TEAEOTHC U eaptdrton amd 800 mapopéteoug (ta, t1) xou BEV GUVOEETOL UE TN
Xahtoviovt) H uéow g €. . Ac¢ Bolpe T YeVI| auTH TERIMTOOT). ZEXIVOVTAC OE
Yeovo t ue wa xupatoouvdetnon W (t), éyouue oe ypbévo t+0t tny W (t+0t) = W(t)+IU.

AZihvouue Ta axdrouda.

1. Awrrenon tne vopuoc |[W(t)| = [¥(t + 0t)| = 1, SéT xou o1 dYo exppdlouv

(PUOLXEC XATAOTACELC.

2. Yuvéyew, BOTL N yeovixn) eZENEN xatovounc mavoTNTIC TWV TURATNEHOHIWY
ueyedov ebvou cuvexv’]q.

3. Awpopiny| e€lowon TedTNe TEAENS WS TEOS TO YEOVO, BLOTL O YUPAUXTNELOUOS TNS
U(t) ¢ xatdotaong, onuaiver Tt TEPLEYEL OAN TN BuvATH TANPogopla Yol TO

CUOTNUO XL TEETEL VoL ETUPXEL WG apy XN ouvﬁr’]xn A6 auth) TV anoitnom

GOH oradepd h Yo unopotoe va amoppopndel atov opiouéd tou teheoth H. H exneppuopévn napousio
e oty e&lowaon €yel lotopixolc Abyoug.

GTESG toviloupe v epunvela QUTAC TNS TEATAONC. ZEXIVAYE e ot CUNAOYT X0l XEVOUPE PETPHOELC
og Ypovo t. Ipoetowdloupe (Lo TAVOUOLOTUTY) GUANOYY| xou XAVOUUE PETETOES Ot Ypdvo t + dt. T
emopxde Wxpd 0, to 8o oet petpRoewy telvouv oty Bia otatiotxr. Ilow dev efvar 1 epunvela:
AAVOUUE PETENOEC O YEOVO t xoL, OTA DTN UETENUEVO CUOTAUATI, XEVOUUE ETUTAEOV UETEVOES OF
xeovo t + 6t.

(58) 3¢ nepintwon dlagopinic e€lowong avodtepng t8Eng, Yo yeelalduaoToy xol TNV TUedYwYo d\zgt),
N X0 AVATEPES TAPAYDYOUS, w¢ apytx) ouvinxn. Téte, dung, n ¥ dev Yo xwdixonololoe TAfenC
TNV TPOETOHOG{O TOU GUOTAUATOS: Ol TapdywYoL exppdlouv 1 ypovixn yetoBoli e ¥ (t) oe tpoye-
VEGTEQOUS YPOVOUC XAl XWBXOTOOLY ETUONE TNV TpoeTodacia. e GUYXQLOT, GTNY XAACIXY| Uy ovixy,
1 xatdoTacy dev Teplypdpeton Uovo and tn Véom, ahhd and to Levyog Véonc-opurc, dniady Héong
X0l YPOVIXAC TOROYMYOU NS, TOU amoutolvTal w¢ apyixéc ouviixes. Aev ypeldleton, OUmS, Xou M
TEAY YOS TNG OPUNAC WS AEYIXT) SUVT M.
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TpoxUTTEL 6T, Yior Uixpd 0, 1 [0V Yo eivon emiong uxer|, xou Vo undevileto
Yoouuixd oTo 6pto ot — 0: oW o< dt.

4. Apyh tne emalknhioc: Av, oe Sidotnua 0t, ) Wy (t) e€ehiooeton oty Wy (t) + 9004
xou 1 Wa(t) oty Wa(t)+0Vs, tote n (1) = aly(t)+bWs(t) mpénet va e€eliooeTto
oty @(t) + 0P = aVq(t) + 0Vs(t) + adVy +boVs.

Ané o mopamdve o&idpato AoBdvoupe:

0 = Ju(t+a)]* — [T
= (U(t) + 00, U(t) +0V) — (W(t), ¥(t))
= (U(t),U(t)) + (oW, W(t)) + (V(t),0¥) + (60U, 0W) — (V(t), W(t))
= (U(t),00)" + (U(t),00) + (¥, 50)
= 2Re(V(t),0V) + \|5\11H2.

O dpoc [0 yiveton aperntéoc yio uxpd ot (ebvon avdhoyoc tou 6% Aéyw Tne Tpoo-
vapepeioag ypouuic oyéone 0V o 0t). Emopévoc, Re(¥(t),0V) = 0 OétovToc
0U = A(t) W(t), xou amontdovtog o A va ebvan ypoumxde, Aoy tne afinone tne apytc
g emalhnhiog, cuprepaivouye 6Tt 1) TtocotnTa (W, AW) = (U, 60) ebvor xordopd pavTa-
o6 péyedog, X, ahhde, 6t n tocdta i( W, A\I/) = (7, iA U) € R. Auté onuaivet
OTL 0 TEAEOTNC iA eivon eomttavog. Enlong, Adyw tou mpoavagepiéviog aluwuatog 3
(mpwTtoBdiutag Sapopinnc e&lowoncg), Teénet AU = §U 0t, ométe TEETEL A o 6t.
Me Béon autd, o epurtiavée Teheotic iA ypdpeta ot popwt iA(t) = %]:I(t)&, opiéel¥
ﬁ(t) epULTIAVOC TEAECTHC, Tov omtolo epunvedouue we T Xopatoviavr. Katodfyouye:
oW = —iL H(t) U t, dnh.
md‘z—? = H(t) U(t). (72)
Avtr eivon 1 €€. Schrodinger , ME T OLopopd OTL €06 1) XoUATOVIAVY] ETLTEETETAL
vo. gvol GUVAETNOT TOU YEOVOU: H = H(t). YNy e tepintwor, mou N H etvon
ave€dpTNTN TOU YEOVOoL, N TowtileTon pe TV . Tote, OAOXNPOVOVTAS WG TPOG
0 Ypovo ue apy ouviin U (ty), hapBdvouue we gopuokiotixd hoon v e&. (70).
Enouévwe, n e€. Schrodinger eivon avedptntn Tng cUUUETENG UETATOTIONG (OC TROC
T0 YPOVO, xou Bactletal ot aldPaTo CUVEYELC, BLoPopLxnc EElowang TEMTNG TAENS, XAl

emahAnAlog.

GO TTp6BMne
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5.1 Xpovixn €€dptnon UECWY TLUOV. ALaTNeOoVUEVA UE-
yein

Arné tny edloworn tou Schrodinger, mou pog dlvel T ypovinr| e£deTNoTN TWV XATUC TUOE-

0V, ETAYETOL TEOPAVHS XAl 1) YEOVIXT ECHPTNON TWV UECWY TYWY TEAECTOV, X0l ETO-

HEVODC TWV XATOVOUWOY TavOTNTAUC OAWY TOV PETEAC®Y PEYEDDY. AV A EQULTLOVOC

teheoThc, TOTE 1) péon Tr Tou oe yedvo t etvan (A), = (W(t), AW(t)), bmou W(t) 7

xatdoToon g cLAoYNC. AtapopllovTag ¢ Teog To Yedvo, AauBavouye:

SR = (Sw(), AU) + (@(0), A Sw)
_ (%I:I\I/(t),fl\lf(t))+(\I/(t),fl%ﬁ\11(t)) lomd €Z. Schrédinger]
_ —%(ﬁf W(e), AW(H) + - (W(1), A () [Srbores (13) <o yoopvou)
= (W), HAW) + o (U0, AB () [ereidii o chvan cpumanod]
= (W0, [A, 7] ()
= (ilA, A, (73)

Ed BAénouye wa e@apuoyt| tne dtamioTwong 6T, yiot 600 EPUITINVOUEC TEAEOTEG A you
H, 1 TOGOTNTO i[H, A] eivor eppmiavie tereothc [BA. oulhTnom uetd v e&. ]
Edv 1o pepoluevo péyedog €yel exneqpacuévn yeovixt| e€8eTnot), onh. A= A(t), T0TE

‘9—‘4\11(15)). AopBévouye:

npénet va hneiel ur’ ddn xau 1 mapaydyion (V(t), 5

A

1
TRk

Y = 3 (I A+

. (74)

Auti| ovopdleton ouyvd oxéon tou Ehrenfest.

Q¢ eappoyy| autol Tou anoteréopatog, efetdloupe TN peTaBoy Tng Véong evog
sopomdiou, yia to onolo H =T 4+ V = s=p? + V(z) ue HU = (—%8‘9—; + Vi(x))¥
(OnA. 1 Xaguhtoviovy) €xel 6po xvnuxic EVERYELIS Xot SUVaxo) Tou eZopTdton amd
™ 9éon). Eivor exoho vo unohoyiooupe toug petadétes [5-p?, &) = —ih% xou
[V(#),2] = 0. Avixadiotédviag oty , xou AopPdvovtag utt’ 6m 6Tl 0 TEAECTAC
Oev €yel ypovixr e€dptnor, houfBdvouue

) ®

ONAUOT| TN YVWOTH, xAaoixr| oyEon TayOTnTac-opung, p = mv. Ernlong elvar edxoro va

60 TpéBMue 11| Tou xeq.
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)xdcﬁoup TN oyeon

(Y, -

Epunvetovtoag tnyv nocodta 1 = —(a‘g—g”)) ¢ dLVOUT, O avTioTolylo UE TNV XA

unyavixr, 1 mponyoluevn e&icwon avtiotolyel oto devtepo Vouo tou Newton, F' =
dp/dt = m d*z/dt>.

And ta mopomdve TeoxOnTEL xat To oxohovdo Toh) onuavTixd moploua. Edv ya
kdrowo petpnouo uéyefog o avtiotoos tekeotrs petatietar ue tn Xapudtoviavn,
[ﬁ, A] = 0, wote n katavour) mbavétntag tov ueyédous dev addler ue to xpovo. Auto,
OLOTL, ambd TNV [ﬁ,/l] = 0 mpoxinTeL [H,A”] = 0, dnhad¥), Ohec oL SUVAUELC TOU A
petatiVevton pe ) Xophtoviavh. And tny eE. (ue DA/At = 0) mpoxinTer auéonc

d oo 1
A" =2 (lH, A") =0,

ETOUEVOC OAEC OL POTIEC TNS XoTavouc ebvan aveldpTnTeS Tou Xpévou. Meyédn, yi
o ool [H, A] = 0, ONAoY| Yeyel ouPutd e v evépyela, ovoudlovTal dtatnpo-
Uueva.

Edv to cOotnua Beloxeton og boxatdotaon tng XouAtoviavig, HU = EV, tote
ebvan 0xoho va et xaveic toc ([H, Ay = (U, HAY) — (U, AHV) = (HU, AV) —
E(W, AV) = 0, rodn d(A)y/dt = 0, aveZdptnta and to av to péyedoc eivor dortnpo-
Opevo 1 Oyt Anhadt|, oe WoxaTac TAoEG TG XoUAToviavAg SLITNEELTAL 1) TUXVOTNHTA
mdavotnTog onotoudnnote peyédoue, apxel auTtd Vo unv e€uptdton ENTd omd TO YEOVO.
Mo nopdderypa, oty tepintwon tou eAeiepou cwpatidiou, 1 Xauihtoviavr Tautileton
ue v xvnuxy| evépyeta. Tote 1 opur Sortnpetton ypovixd (Oyt Hovo 1 U€on T, ahhd

xou 6hn M xortovouy| mdavoTnTac), SloTt [ﬁ]}{ﬁ] =0.

5.2 Xyéomn ofSefardtnTag evépyelag-eovou

Yuvdudlovtag ) oyéon tou Ehrenfest ue v apyh tne afefordtnroc yiot
TNV eVEpYELa Xt xdmolo dhho péyedog 121, xot uTé TNV Tpolndieon 6Tl To A Bdev eop-
ton eNTd amd o Ypdvo, xotolyoupe oty oviootnta (AE)(AA) > %|([ﬁ], A =
Lhla(A)/dt], 1

(AA)

(AE)——") = (AE) 1 >

h
iy = GHT= o

urnodétovtoc Béfona bt d(A)/dt # 0, radr bt o péyedoc Bev eivan drtnpolpevo.
‘Ouwe 1 nocodtnta d(A)/dt eivor o pulude yetofolic tne Uéong TWAS, ETOREVKSC )

(D TpbpAnua

6D TTpbBAnuo
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(AA)
|d(A)/dt|
vor petonavnUel xotd pla Staomopd. Me dhho Aoyla, o T elvol 0 YopoxTNELOTIXOS YEOVOC

TOCOTNTA T = elvol 0 YapaxTNELOTIXOS YPOVOC Tou YEeldleTon 1) UECT) TUUT| YLot
ToU YEEWGCETOL Yior VoL YIVEL [Ulal ONUOVTIXT UETHB0AT 0TO (A). H rnopandve oVIoOTN T
ovoudletar oyéon apefaidtnrag evépyeiag-xpovou.

‘Evac tpémoc va duamiotwdel €dv xdmoto péyedog A civar OLaTNEOVUEVO, Efvor Vo
yivouv yetproelg Tou A e OLPOPETXOUE YPOVOUC t1, ta, . . . Xl vor LY XELWIEL 1) xorTavou)
THAVOTNTAC TOV UETENUEVOY TGOV O auTolS. Av auth Yével otadept|, TOTE TO A etvan
OLUTNEOVUEVO (n 1 xatdotaon U elvon LOoXaTtdoTooT TG H ). H oyéon afefoudtnrac
EVEQYELAC-YPOVOU ag Oivel Wi TEEN YeYEDoug TNG YPOVIXAC DLEPXELNG T TOU TEETEL Vol
ATEYOLV 1) TEOTN amd TNV TEAEUTA PETENOT), WOTE Vo elooTe BEPotol mwg dev uTdpyEL
adharyty. e ypovod dudpxeto 0t < 7 = h/2(AE), obugove ue ty (77), n uetaBold tou

(A) Vo ebvon opedntéa xon mdovdg un Topatnenotn, eite mpdxettar Yl Slatneoluevo

uéyedog elte oyt

5.3 Pelupa nmdavotnrog xon e&lowor cuveEyelog

H ypovixr) e€EMEN TV XUPATOCUYVAPTACEWY ETAYEL TO VOUO Yeovixg eEEMENS TNG TTLU-
xvéTa mdavéTTag 6t Yopeo, p(z) = U*(2)U(z) = [¥(z)[* (eZ.[2). Ac Yewphoouye
™V oY) TepinTwon TNg XoATOVIOVAG

H= oo+ V(@) = =55+ V(). (78)

Egbcov 1o Suvapixd eivan eppitiovoe tedeothc, npénet V(z) = V(x)*, dnh. V(z) € R.
OEWP®VTAS TNV XUPATOCUVIETNOT (G CUVAETNOY TOU YWEOU XaL Tou ypedvou, ¥ =
U(z,t), n €& Schrodinger (71)) ypdepeto

oV (z,t) i h? 0% (x,t)

ol |- V(@)U (1) (79)
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E&etdlouye tipa TN ypoviny| uetaBohn Tng muxvotntag miavotnTag:

op(x,t) 0
i = o)
_ } o 1) + U (z, )8\1/2:;5,75)
_ ﬁ{ h “’*“ —I—V(a:)\I/*(x,t)} U(x, 1)
_%\p( )[ 271 4 855 )+V( )\If(x,t)} [am6 €Z. (79))]
_ %[ ;Z@\If*a:t (e, )+Zh\p( )(9\18’;52715)]
19 B) 00 (x,t) . (—ih) OW(,t)
= 5_[ L }

0
%g [\IJ*(x t) % U(z,t) — U(x,t) % \I/*(:c,t)} :

OpiCovtog T0 apvnTd g mocoTNTaS 0To 0elld Puéhog we pelpa mbavétntag

RN TRV TR PN B IR
Jjlx,t) = 5 [\Il (x,t) - U(x,t) — U(z,t) - v (x,t)} = Re [\Il (x,t) - \Il(m,t)l
(80)
XATUATYOUUE OTNV €iowon ourvéyelas
op(x,t) 0 . B
9 +%](I7t> = 0. (81)

Ohoxhnpivovtag oe ddotnua [a,b] hopPdvoupe yio v mdavétnre, P(la,b],t) =
f: |0 (2, t)]? dz, Tnv ohoxhnpwtx popgh e ellowone cuvéyelac:

d : ,
S P la,0]:8) +5(b) = j(a) = 0. (82)
Ye Tpeic dloTdoelg, To pedpa miavoTnTag xou 1) €€lowaor cuvEyEls Aaufdvouy TN
OLLVUOUOTLXN popq)
A D B b .
J(I‘,t) = 9 v (I',t) m \I/(r’t) \I/(I',t) m v (I',t) (83)
Op(r,t
P gt ) Vi) =0, (84)
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Ohoxhnpwvovtog o€ 6yxo {2 TEQIMAEIOUEVO OE ETLPAVELX .S, X xAvovTag Yerior Tou Je-

wphuotog andxiong (Gauss) hopdvouue ThY OAOXANEGTXY LoE@T TNS €€. GUVEYELOC:

d
Lp@,t + / §(r,4)dS = 0, (85)
dt S

6mou P(Q,t) = [|W¥(r,t)[*dQ n mdovétnta va Beedel 1o cwpatidio otov dyxo Q

oTlYn t xou 1 0 povoc&oao otdvuoua xddeto otny emipdveln S TNy xateluUVoT TEOC
T0 €EWTEPLXO TOU GYXOU.

H e&loworn cuvéyelog exppdlet T Slothpnon e miavotnToag 6To Yeovo, GE avaho-
yio pe v elowon cuvéyelag 6ToV NAEXTEOUAYVNTIOUO, 1 omola expedlel T Swtreno
Tou @optiou. O mpdTog dpog avtioToyel oty ad&non tne miavotntag va Beedel To
owuatidlo ot évay 6yxo (A Bidotnue, o wa didotaon) yipw and T Véon r, eVE 0
OEVTEPOC HPOC AVTIOTOLYEL TNV €vvola TNG EoHc TaVOTNTUC Amd TOV OYXO TEOS To

EEw.

5.4 AvAmTUYUO OE LWBLOGLVAETNOELS TNG XUUATOVIAVAS

‘Eotw @, o wdoxatdotaon e Xothtoviavic Pe WoTiur Ky H®, = E,®,. Anb
v €&. éyouye:

ih—2 =H®, = E, ,, (86)

1 omola £yl w¢ Ado
D, (1) = e D, (0), (87)

o¢ WX TepltTwon TNe . Anhadh, 1 XUUATOCUVEETNOT) UEVEL AUETABANTY), UE TNV

Eny

'

e€aipean mtohhamhacLoouol Ye Evay TapdyovTo Qdong ue PéTpo TN povddo (|e” =
1, 8w E, € R wc oty epuittavod teheoth), o omolog dev moiler pélo yio 1o
TOEAUTNEHOLUO UEYEDT.

Ye 0evtepo PBriua, €otw Py, Py, ... aveldpTnTEC TOU YPOVOU IBIOGUVAPTACELS NG

Xoghtoviavhc (eniong avegdotntng Tou ypovou) ue Wotués Ey, Ey, ... xou
=> c(0)®, (88)

EVaC YPOUUUIXOS GUVBLAGUOC Toug GE Yeovo t = 0 ue ¢, (0) xdmotoug cuvteleotéc. Tore,

vyt >0 nocipvoup

\IJ(t) = ZthH \IJ ch Zt%f[ (I)n — Z Cn<0)€—i%t @n (89)

64X pnowonototpe v €&. . BA. xou Hpéﬁ)\npa
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OpiCovroc
a(t) = e ¢y (0), (90)

1 tereutaia e€loworn CovarypdpeTon
U(t) = cult)n. (91)

Enoyévee, and tn ypovixh e€EMEN TV GUVTEAEG TV ¢, (1), UTOPOUUE VoL ovacUVIEGO-
UE TNV XULUATOOLVAETNOY ot omolodnmote yeodvo t. H e&. ofvel 1oodUvop TNV

avtioTolyn Sapopint
den(t)

ihT = E,cn(t). (92)
e apy ) oLy ¢, (0) yioe t = 0.

L UUTERAUOUATIXG, TO OVATTUYHOL ULAS XUPATOCLUVERTNOTG OF LOLOXATUC TUOELS TNG Xo-
WATOVIAVAC ETITEETEL TOV UTOAOYIOUO TNG Yeovxhc e€EAENC UE amAd TeoOTO.

Oa GLULNTHACOVUE TWEA XATA TOCOV OTOLUONTOTE XUUATOCUVAQTNOT) UTOREL Vo Ypopel
ot popyt| (B8], dnhodr %ot téoov o1 WiocuvapThcec T Xophtoviavic omoteholy
opvoxavovixt| fdor. o vor cupfotvel autd mpEmel var tAnpodvTa dvo npobrodeoeig. H
TEWTY €lvo, oL WBLOXATACTAOES TNG XUUATOVIAVAG VoL IXAVOTIOOLY TEVTOTE T1) OYEON
opBoxavovxdtntag (P, @) = Opn. Etdixdtepa, epdoov mpdxerton yior Quotxéc xata-
otdoele, Vo toyler oiyoupa 1 ouvirixn xavovixoroinong (Pp,, ;) = 1. T ) cuvifxn
opYoywvotnrag, (Pp,, P,) = 0 vy n # m, napatneolue 6T woylel, av B, # E,,
ONAadY| av oL TYES dlapépouy. Autd To €youde BelCel yior TIC LOLOXAUTAC TUOELS OLo-
(POPETIXWYV OLOTGY Xdie puitiorvo0 Te)\sctﬁ. Av éva uTooOVOLO LBLOXATUC TAGEMV
{®,} avtiotoyel oy Bo WoTpn, Ey, Snhodh av ot BLoxatao TIoELS elvan expuAl-
Upézfeg TOTE AUTEC OEV elval UTOYREWTIXG 0pYoYWVIES, BLOTL, av T.Y. ol Py, P!\ elvou
0pVOYWVIES, UTOPOVUE VO XATACHEVACOUUE TNV \/LE((IJ,\ + @), n onola elvor eupoveg
1BloXATAC T PE TNV (Blar B0, aAkd Sev eivon oploydvior oe xaula ond tic Py, P.
e auTh TNV TEP(MTWOoT, WGTOG0, TO GUVORO EXPUALCUEVKY BLOXAUTAC TACEWY UE TNV
(Do LOOTYY| EYEL BOUT| YRAUUUXOU YOEOU, UTOYWEOU TOU YKOEOU Hilbert Téte, uro-
eoUe va emhé€oupe wio optoxavovxt| Bdon @y 1, Py 2, . .. 0TOV EXQUNCPEVO UTGYWEO.
[Mo omowdrmote emheypévn optoxavovixr) Bdon Tou ex@UACUEVOU UTOYWEOL oY VEL
TEOPAVAS 1) 0pYOYWVIOTNTO UETAED TWY OTOLYEIY TNG XL TKV LOLOXUTAC THOEWY TOU
AVTLOTOLYOVV OE GAAEC LOLOTIEC.

H 8ebtepn mpolnddeon elvar auty| Tng mAnedTntac, dnAadY| Vo ETaEX0oUV oL LBLoXa-

G5B, xeq. 3] tereutaia nopdypapo tou edagiou «IBloxatactdoeic o WloTécy Ge.

66)0 apriude TV yeopuxd aveZdpTnTwy WI0XATICTAoEWY Pe (Blo W0ty ovoudletal ekguAio)ids
e WBoThc, xou uropel va gival anhéc (=1), Simhde, x.0.x., 1 xou dnelpoc.

670 unbywpoc evdéyeton va éyel elte Tenepaouévn eite dnelpn didotaom.
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Taotdoelg TNe XogAtoviavic yia v topdéouy to yweo Hilbert. H amdvinon b etvor
oEVNTIXH OTN YEVXT TERITTWOT: Yia Toeddetyua, N Xathtoviovt) Tou eheblepou Gouo-
Tdlov, mou TEpEYEL Ubvo TNV xvTxd evépyeta otov L2(R), Sev éyel dloxatao ToEL
(oL WBoouvapToE TG BeV Elvor TETEAYWVIXA o)\ox)\npcbmpsg). (doT600, LTdEYOUV
Xoguhtoviavée, Ty, auth Tne xevnTixhc evépyetoc otov L£2([0, 1]), # Tou amhol apuovi-
%00 Tohavtw T (xepdhono [9), ot omolec byt pévov €xouv 1BloxaTac TYoELS, dAAd IOV oL
LOLOXATAC TAGELS TOUG amoTeEAOVUY oploxavovixy| Bdo.

H e&iowon wotoy tne Xagihtoviavic,
HU, =E,,, (93)

ovopdletar xou ypovikd avebdptntn e&iowon tov Schridinger. Y€ TenepacUévr 0186 To-
on N, n elioworn divel axpBng N yoouuxd aveldpTnTes LWBIOXATAC TUCELS, Ol OTOES,
ETMOUEVLS, anoteholy Bdor. Ilpoximtel duwe eva mpoBinua oto dplo N — oo. Ko-
V¢ To N augdvetar, ol IBOTYES EVOEYETAL VO OUUBOTOLOOVTAL XOL VO TUXVMVOUY GTOV
TEUYUOTIXG dEova, (oTe va oynuatiCouy, oTo 6plo N — 00, Tuxvé GUVORO GE GUVEYEC
oo tnuo. Edv cupPaiver autd, Tt anoxtolue Eva cuVEYES PAoUd, UAAS DEV IXAUVO-
motettar Théov 1 €€, ue ¥, evtog tou yopou Hilbert: o W, elvon Wbiocuvaptrosi,
OANG Oy TETEAYWVIXE OAOXANPWOLIES, dpa OEV amoteholy Bdor. 26T0C0, UE Uil YEVL-
XEUUEVT] £VVOLAL, TOREYOLY TO Y(MEO, X0k TIC YPTOULOTOLOUUE QPOPUUALO TIXA UE avAAOYO
TPOTO, OTWE T dlavouata Bdong. Lto emoueva 600 eddpla Yo GUINTACOVUE AUTO TO

Vépa amd QUOLXAC xot LoINUATIXHS TAEVEAS.

5.5 EAebUcpo cwuatidlo xo cuveyES EVERYELUXO PACUA

Ac yeketricoupe Ty mepintwon mou 1 Xopatoviavr TautieTon Ue ToV TEAEGTY| XVITIXHC
EVEQYELASG
P (94)
2m
o710 ywpeo L2([—1L,1L]) pe meprodiéc ouvoploxéc cuvirxes, dnhadh, copatdiou Te-
PLOPIOUEVOL GTO OLAC TN [—%L, %L], OpWe pe TdTIoT Tou onueiou +%L ue To omnuelo

—%L, oav vo xAetver daxtUAog. Ou woxatactdoeic Bploxovton edxoha:

1 2
w(z) = ﬁem, ue k = % nez. (95)
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xou ovopdlovta emimeda kUpata. H anaitnon k = %T” TEOXUTTEL AT TIC GUVOPLAXES
ouvirirec u,(—L/2) = ux(L/2). O botipég elvou
e, I (o S (96)
= — —_— —_—— PR— n
YT om 2m \ L ’
R . .
OTWS TEOXUTTEL Amd TN dEdoM f—mem = —%68—;2 ihr — %kz etkr - Kéde EVEQYELOXY)

wroTh, TAny autic ok = 0 (Ey = 0), etvon 1mAd exq@uMOUEVY, SLOTL TS AVTLOTOLY 00V
Ol LOLOXUTUOTAHOELS Uy XOL U_f.

Elxola Bploxel xavelg OTL 0L XUUATOCUVIQTY|OELC ug(z) ebvar opdoxavovixée, dnh.
(up, up) = Oppr. Emlone, mapdyouv onotadhnote cuvdptnom He Teptodinés GUVOPLOXES
ouvirixec oo [—%L, %L], omwe E€poule amd TNy avdiuon Fourier. Yuvende, anoteholy
opvoxavovixt| fdor oto yweo Hilbert. Ot evepyetanes D0TYWES amOTENODY XATAPAVES
EVOL OLOXELTO PACHAL.

EZetdloupe topa 10 6plo L — 00. A¢ unodécouye 6Tl 1) TEpoy T} 0TV onolo Ady-
Bdver ywpa to melpapa Boloxeton 610 Bdo TN [—%b, %b] To b ymopet vo ebvan yeydhro,
AXOUAL XOIL UAXPOOXOTIXO (TEPLAUPBEVOVTAS TOV EPYACTNELIXG YDPO OTOU TRaY oATO-
notefton to melpopa), oAAd otodepd xan, Tehxd, b < L. Omnowdrnote puowd mpory-

LOTOTIOOLUT) GUALOYY| TIEETEL VOl OVATUELO TATOL, OTNY TEAEY), Amd XupatoouvdeTnor W
b/2
b/2

unv elvan L&oouvdpmon e xwmwﬂqg svspyewg, YL TIC OTOLECS Tcpox()ma chxoha
o (@) Pde = & < 1.

To mpofinua avtiuetoniletor xUTaoXeUALOVTNUG XUUATOCUVIPTHOELS EVIOTIOUEVES

mou va efvan evtomiouévr oto dldotnua [—3b, 3b], Sk, [0, [P[Pde = 1 xou dpa va

610 [—3b, $b] péow emahnhiog eninedmy xupdTwy,
1 .
U= Cp UK = —= cy e, 97
Y ez Y )

Ebw, To mAdtog tng W elvor HOVOY Qouvouevixd avdhoyo Tou 1/\/Z LNV TEOYUATIXOTT-
o, TO W0¢ L TEENEL Vo AmUAElPETAL XU VO UNV UTIELOEPYETAL OTO UTOTEAECHOTA TWV
UTIOAOYIOUGY, Lot xon Tpoxeltol yio Bordntiny| napduetpo mou Yeoaue yior yadnuatix
oleuxdiuvon. Ipoywpeolue mpog auth TNV xateluVoT exPedloVTaC TO ¢ CUVIPTACEL

A

L/2
C = (uk, \I/> = / 71]%\1/ )d

L/2
b/2 . 1
= e (z)dr x —.
VI / b2 VL
210 TEOTO U YENOWOTONCUUE TNV 0pUOXAVOVIXOTNTA TWV Uy, OTO DEUTEQO TO
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avdmtuyuo e ¥ xow Tov 0plopd TV U, X0t 0To Telto To yeyovog ot n W mepl-
YedpeL owuaTidlo 0To YMEo Tou gpyacTneiou, dnhadr undeviCetar EXTOC TOU BlAC THUo-
oG [—3b, 1b].

Aedopévou 611 0 delxtng k = 2’%” obver o muxvy| dropéplon oto R oto dplo L —
00, UTOPOUUE VoL TOV TEOCEYYICOUUE UE Wiot CUVEYT UETUBANTY| xon vor Yetateédouue
10 dipoloua oe ohoxMjpwuo. Ané tn oyéon k = 2 mpoxintel 6T 1) Blopopd:
AN ALY onueiov b etvar Ak = 27”, ONA. %Ak = 1. Ialpvovtac to ddpoloya

ike _ ike L .
Dop ke =3 e LAk, hapBdvoupe

W) — %ch () LAk (98)

1 ,
= & > e VLA, (99)
k

O¢Ttouue TOPA fi, = V'L ¢, 0 onolo eiva aveldpTtnTo ToU L, BL0TL 0 GUVTEAECTHS ¢y,
6Tee eldaye wo téve, eivar avdhoyog tou 1/vV/L. Y10 bpo aneootol Ak — dk, o

GEOLOUOL UETATEETETOL OE ONOXHPWUAL

W) = o / fi ek d (100)

H olumtwon autig tng éxgpaong Ye to petacynuatiopd Fourier tng fp oty U(z)
ogethetor oTNY €W HopPY| TwV cuvopThHoEwY Bdone uk(z). H ypovixh eZéhin e
U npoxOmter and 1 Ypovixh) eZEMEN TV GUVTEAEGTOV ¢ (1o0d0vaua fi), U@V ue

TOV XOVOVOL :
L —iEyt/h
U(z,t) = 2—ckuk(x)e RO dk (101)
T
1 . .
— ?/fkelkzelEkt/hdk. (102)
T

Mot TéTola XUPATOCUVEETNOY), ETUEXME EVIOTUOUEVY OTO Y(MEO X UTOTEAOVUEVY] AT

ToMéEC (dmelpec) cuvioTdoee, ovoudleton kunatorakéto. Adyw Tou bpou ethre—iBit/h —
C peEC G, ¥ M Y e

) E
ezk(zfﬁ—’k@t)

, TO XUUOTOTAXETO eUpavileTon vo petaxiveiton Ue To ypeovo. Adyw tng dua-
PopETIXNG YPOVIXAC EEEMENC DLUPOPWY CUVIGTWOWY (SLUPORETIXT TIT| TOU %t yLo Ot
popeTxd k), To xupatonaxéto oAAdlel wop@n ue o ypdvo: potdlet vo droomelpeton. Ty
autd 0 A6YO0, 1 ouvdptnon By (BA. €&. ovopdletan oyéon owonopds. Edv n ou-
VépTnoT ¢ etvan WaiTEpa EVIOTIOUEVT YUPW amtd €val BEBOUEVO Kj, TOTE OL CUVIGTMOOES
€y 0uV GYEDOVY (Blar HETUPBOAT UE TO YPOVO xau 1) BlaoTopd: Elvar Y.

And uoxic TAgupdc avopévouue OTL 1) cuvoplaxr cUVINXTN 6To i%L O0ev Vo mod-

et poho, €dv BwGOLPE 6TO L TWES HEYUAVTEPES AN OTOLOBHTOTE TEUXTIXG UETENOULO
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unpog. Ipdxeitan yio Evar pardnuotind €y Vaoud, MOTE VoL TEOCEY YIGOUUE TIC GUVOPLAXES
CLVIAXES XL T1) GUVETIOLY OUEVY) TUXVY| XAUTAVOUT) IBLOTWUY, EVE OO QUOLXYC TAELEAS TO
nelpopor TeploplleTon o€ éva menepaouévo dldotTua [—1b, $b] Y0pw and o 0, pe b < L.
Me dAhor Aoyt oL TEQPLOBIXEG CLUVOPLUXEG CUVUTXES ME L — 00 TEENEL v divouv Ta
(Lo amoteEhéopata e To TEdBANUa cwuatdiou oto yohpo L2(R). Iapatnpolpe, eniong,
6TL oL ouvopThoelc FT etvar locuvapThioelc Tne Xophtoviavic (94)), top” 6L dev etvou
TETPAYWVIXA 0AOXANPOOWES o€ 6ho To R. Ao TNy mapamdve avdAuoT) TEOXUTTEL OTL
MTOPOUUE VOl TIG YPNOWOTOLCGOUUE YO VO OY NUATICOUNE TO YRUUUIXO CUVOUICHO ,
opxel 0L GUVTEAEGTEC fi, VoL elvarl XATHIAANAOL, (OTE VoL OYNUATIO TEL TETEAYWVIXG ONOXAT-
ewoun xupatooLvdeTNoT. Enopévewe, 1 Ty Tou L Tou UTEIGERYETUL 0TI TEPLOOLXES
oLVOpPLIXEG CUVITXES TEAXE amahelpeTar and To TEOBANUAL.

And v G, oL evepYELXES IBLOTIUES TUXVGVOUY 670 6plo L — 00, mop” OTL
ToEoEVOLY aptlufotueg Omwe xou o k. Edv Véooupe éva melpauatind dpto IE cu-
%plVELag 0TNY EVEPYELY, 0GODNTOTE UXEO, OL LOLOTHIES Vol TUXVOCOLY TEMXE TG00, HOTE
va eptéyeton avdoipeto peydhog (eZoptiuevog and to L) aprdude oty oto JE.
Téte, uropolue va mpooeyYicoupe TO TEOBANUN UE Uit GUVEYY| XATUVOUT EVEQYELUXOU
pdouaTog, OTws Teooeyyioaue To dlaxEltd b e Uiol GuVEY T xaTovou.

Téhoc, onuetdvouue OTL oL TEPLODIXEC CUVORLAXEC GUVUTXES BeV elvol amoEafTnTES
YU THY TOEAUTEVG avdhuoT), Taed UOVO BLEUXOAUVOUV AOYW TNG YEHoNG Twv Emine-
0wV XUUATOY ¢ WIoouVapTAoel Tne Xouhtoviavhc.  Oo xatadryoue ot (Bl oL-
UTEPAOUATO Y ENOLLOTOLOVTAUS CUVORLOXES GUVINXES UNOEVIOUOU TNG XUPATOCUVARTNONG

nrz

oToL OpLoL T = :I:%L, uévo mou téte o WocuvapTAces Yo Aoy u, (z) = \/%cos T o

2 i, NTT ’ ’ ’
\/;SIH I Y n TEEPLTTO xol O(p'EI.O, OCVTLOTOLXO( (n c N)

5.6 IIpoBoAuxol teAectég oTO CLUVEYES paoua. ['evixeu-

KEVES LOLOCLVAETAHOELS. AVATAPAC TACY) OPUNS

ITcoBoAixol TeAECTES OTO GUVEYES PATU

XpnoyomolovTag TNV €vvola Tou TEoBoAXoU TEAEGTH|, €YOUNE Lol EVO-TIPOC-EVOL OV TL-
ototylo TV 0ploYOVILY WBIOXATAC TACEWY uag Xogthtoviavhg, ®,,, ue toug avtioTol-
XOUG TEOBONXOUC TEAEOTEG ]5@”. Edv ot ®,, enapxolv ylo va anotehécouy opdoxavovi-
x1) Bdom, t6te Vo 1oy ler 1 €€, TAnedTNTAC : >on ]5% =1. Y oUTY| TNV TEPITTWON,
N Xawhtovavi taiover, poppohiotind, tn popeh H =3, E, Py, [0

OuuduooTe, TP, OTL oL Tpofolxol TeAec TG opllovTan xon 0TV TERITTWOT UTOY K-

ewv Oldotaong peyaruteeng tou 1. ILy., av €youue éva Ovoro amd POVOOLIC TUTOUC

68 Awbt unoVéoaue ThnEdTNTA v @, enoutvwg 1N Tuyade xotdoTtoon avahletu wg U=
Yon @ ¥ =5 (0,,0)0, =5 Ps, V. Apa, HVU =5 E, Py ¥, 0n\. H=) E,Ps,.
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TeoPolxolg Telec TG Tou peTatiievTo (to0d0voa, o Tpofdhhouvy ot oploymVIES pe-
100 Toug xupatoouvaptioec { P, }), tote To dpotoud Touc elvon TEOBoAXGS TEAEG TG
oToV UOY0EO PeYUAUTERNC BLldoTaong o ontolog mapdyetar and tic { P, } (BA. oulon
METd TNV €€. . Kadoe o n avldver otn oeipd Zn ]Sq)n, 10 dpoloua TpofdAiel oe
ONOEVAL EUPUTEQOUC UTIOYWEOUC: 0 UTOYWEOS OTou TEOPBAAAEL O ]54>1 TEPLEYETAUL OTOV
UTLOYWEO OTOL TEOPBAAAEL O Py, + Py, x.0.%., GoTOU XATOATYOUPE OTOV TUUTOTIXO TE-
AeoTh I= Zn ﬁq;n, o omolog eivon TEOBOAXOS TEASGTAG UE TNV TETPWHEVT EVVOLX BLOTL
amA®¢ avamapdyel onotodnnoTe ddvuoua. Eg@dcov ol P(pn uetotidevton petadh Toug,
70 (810 oupPaiver ot Ye Toug GpoUC TN axohoudiog PEPXGY A)EOLGUATWY Eg Ps,,
Ziv+1 p.:pn, ZQ“rQ pq;.n, X.0.X.

Edv, 6uwe, 1o 0Ovoho 6AwVY Tov wioxatactdony @, tne Xauhtoviavic dev enopxel
OOTE AUTES VoL amoTeAOVY BdoT), TOTE 1) TOVTOTNTA I = >on f%pn oV Loy Vel Qotboo,
oy Vet xdtL aviicTolyo, oto onolo Yo avapepolue €06 uévo meptypopixd. O oloTiuég
TN XoUATOVIAVAS TUXVMVOUY GTO GUVEYES TWV EVEQYELWY, ONA. ot dlaoTAuaTa Tou R,
ue teéTo avtioTolyo ue autdy oL TEpYpdape oTo eddgio 5.5 yia tov L2([—3 L, L L])
(L — 00). ITépay twv muxvdy wBoTey, 1 Xopgthtoviavh evoéyeto vor el xon Oto-
xpvtéc (un Tuxvéc) Wotwéc E,,. Ipoximter wor owoyévela petottdéueveny TEOBONXWY
TEAEC TV, pE, 1 omolo yopoxtnelleTton and CUVEYT TUPAUETEO F, w¢ EMEXTUON NG
OWOYEVELWIS TTPOBOAXMY TEAECTOVY 0TS Woxatactdoelg ®, mou yopaxtneilovton and
™ Staxprth mapduetpo E,. H oyéon minpdtnrac ) ]5% = I avtixadiotaron omd ™y

ox6hoLIN:
Zﬁ% +/ dPp =1, (103)
n cont

OTIOL GUVUTIAEY OV OL BLAXELTES LOLOXATUO TACELS UE TO GUVEYES PACUAL, X0l OTIOU TO ONO-
xhpoua AauBdveton oto cuveyég pdoua. H teheutala oyéon elvon cupBohindg tpdmog
Youpnc e oaxdhouing mpdtaong: yio Tuyale Wi, Wy TeETPAYWVIXS ONOXANEWOUIES,

Loy Vel

- - . (U1, Pp0s)
E U, Py U d(U,, Pp U = E Uy, Py U — 1 — 2 dF
(W, Py, Us) +/Cont (Vy, PpWs) (Vy, Py, Ws) +/Com IE

n n

= (U, 1T,)
= (U, Ty).

69)To cuvniéotepo mapdderypa civan N xvntxh evépyeio otov L2(R), dnhadh n nepintwon Tou ehe-
Udepou cwuatiou Tou xwveltow oe 6Ao To Yweo. Ot Blocuvaptroels elvon ol exp(ikx), x € (—oo, 00), ot
omolec Bev elvon TeTpayVIXE OhOXANEGOOLUES, doo Bev avixouv oto yweo Hilbert xou Sev amotelodv

Bdom.
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H Xopthtoviavr ypdpeton oot H= > Enqun +fc E dPE7 ue avtioTtotyn onuacia:

ont

(U, HU,y) = ZEH(%,P%\I/QH/ Ed(U,, Py 0,)
n cont

. d(U,, Pp ¥
= > B, (U, Py, \112)+/ E%dﬂ (104)
n cont

To clvoho twv daxpiteyv wiotuoy E, uall ye tic ouveyelc twéc £, ol onoleg amou-
ToUVTOL Yior Vo Ypugel 1) oy€omn TANedTNTAS Xou 1) avaAuoT TNG XoATOVIAVAG OF TEOo-
Bolwoig tedecTéc, ovoudleTon pdoua Tou TEAECTN H. H Umopdn TETOLS OWOYEVELAC
TEAEGTOVY TEOXVTTEL Amd TO VEWMENUA PACUATIXAC owd()\uong

Y10 moapdderypo Tou Tponyoluevou edagiou (ehevlepo cwuatidio), mpooeyyicoue
TO OLVEYEC YAoua PEGW Tou oplou L — oo. Ot mpofolxol TeEAeoTEC TOU GUVIETOLY 11|
XoATOVIOovY, YLol TETEPAUOUEVO L %o DlaxpLteg WOTWES, ival TN MopPrc ﬁk\Il(x) =
(ug, ©) ug(z), xou 1 Spdon e Xaphtovavhc yedpeta HU(z) = 37, Ey (ug, ©) ug ().
Iaipvovtog to 6plo L — 00, %L UETUTEETOVTOG TO d¥poloua o8 ONOXAHPWU, EYOUUE
HY(z) = [ L By (ug, W) up,(z) dk, 70 omolo gavopevixd pévo eoptdron and tny T

Tou L. Egocov ol 1blocuvapTthoelg etvan uy, = %e"’“, AoyBdvoupue

- 1 o .
HY(z) = %/Ek [/ e~ ke \I/(x/)dx/} ek d,

OTOTE 1) TWH| Tou L amodelpeton amd TNV Expeoo). 2XT0 ENOUEVO BUN, UETATEETOUYE TO
ohoxMfpwua we Teoc k og ohoxhhpwpa og tpoc E. ‘Eyouue dk = d[(2mE/h?)Y/?] =
(m/2h*)Y2E-12dE. Eriore, mpénet va MPouue unt’ b 61t oe xdlde E avtiotory oy
oVo WoTeg, £k = j:\/m/h, ONAadY 0 TEOPOAMXOC TEAEOTAG TOU AVTIOTOLYEL OF
evépyewa I mpofBdidel oe undyweo dUo dlactdocwy. Koatahryouue, yio 10 0wTepnd

ywépevo (U, HW,) 800 tetpaywvind ONOXANPOOYWY XUUATOCLVURTACEWY, 01O EENC:

. 1 m 1
U HY,) = [ B|— 2
( 1 2) / [277 2h2\/E

X // \I/T(l,) <€i~/2;lnE($—,7;’) + e—iAVQ;inE,(Z‘—x’)> \IJQ(x/>dl'/d.']):| dE

Enouévwe, 1 owxoyévelo mooBohxdy TEAEGTOV Py [y Ty axpifeto n toodTnTel TOU
dlveton TNV 1) % diE(\Ill, PE\IJQ)] opileton €8¢ amd TNV Exppoom UEGO OTNY ayXUAN
nopeviéon. To Sithd ohoxhpwuo TEoXOTTEL and TO ECWTERIXO Yopévo (W, PE\IJQ)

e €. (104)): éva ohoxhrpwua AoYw TOU E6KTERIXOU YIVOUEVOU X0t €VOL AOY® TNG

(TOBA. n.x. J. von Neumann, Mathematical Foundations of Quantum Mechanics, Princeton Univer-

sity Press (1955).
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0pdiong Tou TEOBOMXOU TEAEOTY).

‘Evag dhhog tpémog vor 00UUE TO amOTEAECUO Elvon Vo TEOUUE: (\Ifl,pk\lfg) =
(U, (ug, Ua)ug) = (¥, ug)(ug, ¥2). Ipoodétoviac tov aviictoyo 6po yio 10 —k,
xortodfyouue ato (W, PE\IIQ) = (Uy, (ﬁ’k + P_k)\IIQ). Ohoxhnpivovtag o Teog E xou
Aofdvovtag unédmn to cuvtedeoTh Yetatponic ueTald dE xan dk, @tdvoupe oty (Bl
elowon,.

H nocémrta n(E) = & %\/LE TOU TEPLAOPBAVETOL 0TV TUEATAVE EXPEUCT| OVO-
wileton mukrdtnTa kataotdoewy xoa o ohoxhpwud [ 5 *n(E)dE diver tov aptdud tov
1BoxaTao TéoEWwY TNG XoAToviovic UETal) Fy xon Fy avd povédo urixoug otov dfova
x () avd povdda 6yxou oTIC TRELC BLIo TACELS).

LNy mopomdve Qaouatixy avdiuor dev epgovieton To L. Me avtiotoyo tpomo
amokeipetar To L, €dv dev Eyouue ereliepo cwuatido ue ouvaptoelg Bdong eninedwy
HUUGTWY, 0AAG COUOTIO TOU GAANAETIOES UE DUVOULXO XL EYEL DLUPOPETIXES LOLOCU-
VapThoElS TNE XoAToviovAc. Oo UEAETACOUPE Uil TETOL TERITTWOT), YE CUVUTOREN

CLVEYOUC %ol BLIXELTOU PAOUATOC, OTO XEPEANLO @

I'evixeLUEVES LOLOCLVAETAHOELS. AVATALACTACY) OPUNS

Avdmtuypo tou tonoU oe mpoPohxolc TerecTég umopel var Bpedel oyt uévo Y
1 XoAToviavr), oA YEVIXOTEPX YLol Yol UEYSAN XAKOT EQUITIOVMY TEAECTOV. €
avTioTolylo ue TNV , ol ®@,, avtixadioTovtal and Tic WtoxaTAcTACEC Tou avTioTol-
You terec ), P, xan 1 peTOBANTY ohoxhApwone E avtixadiotatoar amd tny aviicTol-
X1 QUOLXY) TOCOTNTA @ OTO CUVEYES QACUN. XE QUTH TNV TEPITTWO), OUWS, EYOUUE
[ 1@u(2)|?dz = co. H ouvitun tetporyovinic ohoxhnpwotpdémroc [ |®,[2dz < oo

avTixodio toton amd T cuVIKN

|(®,, V)| = '/(IDZ(x)lIf(x)da: < 00 (105)

Yo xdde tepTory VNG ohoxhnewotun xuuatocuvdptnon W(z). O un tetpywvixd oho-
XANPOOWIES LBIOCUVIPTACELS EQULTIAVGY TEAECTOY TOU IXUVOTOLOUY oUTH T1 cuvUXT
ovopdlovton yevikeuuéves 10wouvrvaptrioers. Me tr fordeiol TwV YEVIXEUUEVKDY BLOGU-
VOPTACEWY EVOC TEAEGTH, UTOPOUUE VO XUTUOHEVACOUUE TETEAUYWVIXA OAOXANEMOLIES
XUUOTOCLVUETACELC Ol OToleg Vo lvon OYEBOV LOLOGUVAPTACELS TOU {BloU TEAEGTY|, WS
eChc:

O, = /f(a) D, da, (106)
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6mou f(a) > 0 yor xatavour teptoplopévn ot €vol 0TEVS BTN YOPW and TNV T

By, — / [ ! ]1/4exp {_M} B, da, (107)

2mn? 4n?

g, TY.

onou 1 > 0 avdaipetor uxEo.

Y€ EQEUOYT) TWV TUEATAVE OTOV TEAEG T TNG OPUTNG, £0TW CUGTNUO UE XIVNOT| OF
6ho 10 Yo, T € (—00,00), avti yiot UEYEAO 0AAE TETERPUOUEVO BLAG TN [—%L, %L},
ue omotodrimote Xapihtoviovy (Oyt amapoitnta Yl To eAeviepo owuatido). o tov

TeENEO T TN opphc AauPdvoupe Ty WoTWH p = Ak we ouVEY T LETUBANTA, UE (Un xavo-

VIXOTIOLACWEG) BLOCUVOPTACELS TIC Uk (T) = \/%76“”. Ipoximtel 1 cuveyfic ooyEvela
TEOBONXGY TEAEC TV Py ue
PV (z) = (ug, V) ug(x) = [/ dx’ \/%e_“m/\ll(x')} \/%eikx (108)

xan otovyelo Thvoxa

(\Ifl,f)k\h) = /dx Ui (x) [ dw'%e‘imllﬂg(:p’)} \/%76“” = 2 (W, e™) (e, 1,)

(109)
OOV, ATl TETEAYWVIXE OAOXANPOCIUMY XUPATOCUVARTACEWY Bdong, Yenoylonolo0vToL
Ol U1 TETPUYWVIXE OMOXANPWOUIES IBLOCLVAPTHCELS TNG OpUY|C, Ot omoleg elvon €8¢ oL
yYevixeuuéveg toouvapthoelc. H amattnon viveton | (ug, U)| < oo, yio xdie
TETPAY WYX OhOXATPGOGLUN xuUaToouvdptnon W. O mapdyovtog \/% TIOU CUVOOEVEL Tl
ex¥eTnd ogelheTon GTNY xavovixoTolnon f Pk dk = 1.

Edv yvopilouue touc ouvteheotéc U(k) = (ug, ¥) (ov omoior toutilovion ue 10
uetaoynueTiond Fourier tng xupatoouvdptnong V), unopolue TEOPAVAG VO UVACUV-
Yécouue v W. I't autd T0 Aoyo, 0 uetaoynuotiondc Fourier (k) ovopdleton Kuua-
toouvdptnon o€ avatapdotacn opuns, o€ avahoylo Ye T cuvilTn Kupatoourdptnon oe
avarapdotaon Yéons U (z).

Yo mpoPAfuata 6Tou e@upuoloVUE TNV avamaedc TaoT oppnc, cuvniileTton vo yen-
OWOTIOOUUE (¢ PETUBANTY TNV WoTW| TS oppnc p = hk avti Tou xupataprduol k. Me
aUTH TNV koY) UETOBANTAC O UETACYNUATIOUOC UETAED TOV oVATUPAC TAoEWY VEOTS

U(x) xou opunc \i’(p) opileton amd Tic oyéoelC

V() = A= /R U(p) e'idp, W(p) = A= /R U(z) e ko dr (110)

ES6, 1 odhary ) petontrc ahhdler tn otadepd xavovixonoinone and 1/v/2m oe 1/v/27h.

Ané v towtotnTa Parseval, mpoxOnTel 6Tt 1) XUPATOCUVERTNOY OE QVOTORAC TAOT) 0p-
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A avorotel Ty Bl cuvidxn xavovixonoinone 6nwe n W(x), dnh. [ dp|¥(p)|? =
1[™]

‘Eyet evdwgépov var 8o0UE TN 0pdom TV TEAEGTOVY VEONE %ol 0pUAS OTIC XUUATO-
CUVIPTAHOELS OE avVamopdo Toon opuhc. Apnvtog otny Tewtn e&ioworn twy (110) ye tov

teheo T Véone, hauBdvouue

2¥w) = o [ )y = A [ 90Ty

_ \/%(_m){[@(p)ei%x]i;_/ﬂ{%?eiﬁxdp}

ﬁéiha??elnxdp (111)

Edw, epoapudoous 0hOXAR6GT XaTd TapdyOVTES %ol EXUETUAAEVIXAUE TO OTL 1| T (p)
undevileton 0To £00, K¢ YeTacy NuaTiopde Fourier tetporywvind ohoxhneaoyung cuvdie-
™ong.

Apwvtoag ot deltepn twv (110]) ye tov TeEAeoTH 0puAc, Xou TOEATNEMYTAS OTL 1)

TOQUYWYIOT WG TEOG T Bpal 6TO EXVETIXO EVTOS TOU OAOXANPOUNTOS, AouBAvVOUlE:

~ Oei%x ~ ;P
N _ 1 ; _ 1 15T
pU(a) = i) [ ¥ = s [t ()
Yuvolilovtag,
A . aﬁ/(p) ilx N T ilg
TW(x) = \/;Th/th B e'ndp, pV(x)= ﬁ/ﬂ{plﬂ(p)e R dp. (113)
Enopévoc, o petaoynuatiopde Fourier tne & ¥(x) eiva —|—iha\g§7p), EVE O UETUOYNUOTI-

opée Fourier tne p ¥(z) elvau p\if(p). Aéue howmdy 611, TNV avamaEdc TooT opuic, O
Tehea g Véomng avomaplo TdTon (¢ dlaPopixoS TENEG TAC, :%\Tl(p) — —i—z’ha%ﬁf(p), EVO) 0O
TEAEO TG OPUNG OVATUPIO TATAL (G TOAATAAGIAG TiXOS TEAea TS, PY (p) — pY(p).
Kot" enéxtoor), elvon ebxoho va Bel xavelc 6Tl OAEC Ol BUVENEL TOU TEAEOTH TNC
OPUNC AVITORIGTOVVTAL ETHOTC TOMATAUCLAGTIXG 0TV AVATAEACTACT) OPUAC: ﬁ"‘i/(p) —
U (p), Brhadn, o uetaoynuatiopde Fourier tne 5" () etven 1 p™ ¥ (p) {7)| Enlong, o

E0WTERIXG YVOpEVAL UeTaoy Nuatilovton avtioTolyo:

@5 = [ @ v = [ (30)) 5 o). (14

(™o v amddeiEn pmopel o yenoporotndet n tautotnra [* dre'F=K)7 = 215(k — k).
(") TpoBAnua
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onou oty teAeutola oYEoT 0 TEAEoTHC P Exel aviatacToel and to p". Enopéveg,
€4V Lot XUPATOCGUVIETNOT BIVETOL GE AVATOEAoTAOT OpUnC, ival TOAY amAd va uTo-
hoylooupe v muxvotnTa miavotntag g opurc. H n-ooth pomh tng muxvéTnTag

mdoavotnTog ebvou

@@—AW@WW@M—AWW@WP (115)

X EWOXG 1) XIVNTIXT) EVERYELX Elva

<ﬂ=ﬁ4wwwwmm=ﬁéﬁ@@mp (116)

H ndovémnta vo petpndel n opun oto didotnua (pa, py) etvor

Py
Plow) = [ 19()dp (117)
Pa
H tehevtala oyéon Bev elvor Tod 1) E@apuoy ) Tou aliduatog TeoBohNC oTn UETENoT TNC
opunc. Edv elyoue neploploel to ywpo xivnong tou owuatidiov 6Tto [—%L, —{—%L] avti ylo
(—00,400), ue T0 L vor éyel TOND UEYEAT TYY), TOTE OL LBLOGUVIPTHTELS OpUhc Yo oy
XAUVOVIXOTIOLNUEVES, TO OAoxAfipwuo Fourier Yo yvoTay aprdurioluo ovamTUYud
U(z)=>, cnﬁeik”, XOlL OL GUVTEAECTEC \Tf(p) Vo avTLoToL 0000y GTOUC GUVTENEGTEC
Cn, V€tOvTOC p — hk,. H mbovétnro va petpriooupe oput| lon pe p = hk, Yo Aoy
\cn|2, Aoy Tou adiopatog Teoforfc. AvtioTorya €60, 1 TuxveTHTA TAVOTNTUS Vol
uetpriooupe opur| p eivan | (p)|?.

And podnuatixic mheupde, 1 Slopopd YeTaD Twv 800 TEpITTWoEWY, dnhodr (o)
[—3L,+3L] xou (B) (—o0, +00), elvan 611, oTnv TEepintwon (o), ot cuvopThoel %e"k"x
elvon opriunoluee o TAHYOC Xl XAVOVIXOTIOACUIES Xal AmOTEAOUY 010 GUVOAS TOUC
Bdom yia tov yweo Hilbert twv xotaotdoeny, eved oty tepintwon () oL cuvapThoELS
\/ﬁei’” = \/ﬁe"m/h etvor pn aprduroyec oe TAidoc (Aoyw g ouveyolc peToBhnThc
D), U1 XAVOVIXOTIOIOWES Xat BEV omoTehoUY Bdom, ahhd eivon YEVIXEUPEVES LBLOGUVOE-
™oelg e opuic. And Quoxic mheupde, M epunveio eivan 6Tt oty mepintwon (B)
€)Y OUME CUVEYEC QACUN TWOV TNG OPUNG, EMOPEVGS Lol UETENOT) OEV Dol Jog DWOOEL TNV
axEB Tl TG opuic, Topd HOVO évol EVPOC TWMY PETAEY [pg, Py, OTIOL TaL dxpal TOU
Ol TAUATOC Py 0L Pp ECOPTOVIOL UO TI) SLOXELTIXY IXOVOTNTO TNG TELRUUATIXNAC CGU-
oxeunfc. Autd exnpoowreiton podnuatixd and T GUVOAD TWV TEOBOMXMDY TEAEGTWY
EVTOC TOU DG THUUTOS, X0k O)L oo lol OVADIXT] XUUATOGUVEQTYOT).

To mopamdvey cuunepdouoTa €Youv IBETERT YENOWOTNTA GE TEOBAAUATH OXEDUOTC,
oTo oTolol 1) UEYIXT] XUUATOCUVIQETNOT AVTIOTOLYEl OE XUUATOTOXETO TOU TEOOTINTEL

o€ €va 01oY0 and UeydAn omootaor. ‘Oco o xuuatonaxeto Peloxetan poxpld amnd
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To 06TOY0, aviioTolyel oc ehellepo cwuatidlo, ondte eCumnpetel Vo xdvel xavelc éva
OVATTUYHOL TG XULATOCUVEOTNOTNG OE LOOCUVIPTACELS TG OpUTC.

S yevinh mepintoon epuitiavod teheath| A, 1) owoyéveia TpoBolxdy TEAEGTGY Sev
obveTon amd exVeTIXEC CUVOPTAOELG ek ahhd TpocdopileTon amd TNV e£lowoT BTV

Au, = au,.

5.7 XUvodn tng Yewplag pétenong xal Yeovixng sEEAEng

E86 divoupe yio oOvoln 66wy ypdgpnxay we tmea Yia T Yewpla UETENONG X0t YPOVIXHAS
eZéMENG oY APorvTid| unyovix.

1. Mot 6UAOYY| CUCTNUATWY, TEOETOWACHEVWY UE TOV (B0 oxp3tc TEOTO Xou UE
0G0 T0 BLVATOY UEYAAUTERY TIELOATIXT| oxEifBELa, exTpoomneltal porduoTind amd
wet xupatoouvdptnon ¥ (z) € C, pe (U, ¥) = [ |¥(z)]*de = 1. H ¥ ovopdleton

X0l XATAOTAOT).

2. Av ol xupartoouvopthoec Wy, Uy, .. . ebvan ypopuixd aveldptnteg (Gyt omopodtnTor
0pV0YOVIES) XAUTACTATELS, TOTE 0 YEuUUUXOC cuvOLooUds ¥ = ¢ Uy + Uy +. . .,
ue tuyatoug ouvieheotéc ¢, € C, elvan enlong xatdotaon, apxel ol ¢, va eivon
wrool dote (W, W) = 1. H U evdéyeton va empoownel pior oUNNOYT UE EVIEAMS

OLUPOPETING TEOTIO TOETOWAClag amd omoludr|toTte cuvicTtwod Wi, Uy, .. ..

3. O mpofiédec tne KPavtAc Mryavixrc agpopolv mdavotnta H€Tenong TYmy,
Oy BePandtnta anoteréopatog xdlde pétenong (mAnv e mepintwone Wloxata-

OTUOEWY).

4. To @uowxd petpoluevo UeYEdn exmtpoonmnolvTol Hodnuatixd and autoouluyeic

(spwnowo()g) TEAEOTEC A ue Tic e€NC BLOTNTEC:

(@) (A)g = (¥, A) € R eivon 1) péon tih twv uetphoswy tou A Sedopévng tne
v,
8) (A™) g etvou N N-00TH POTH TNG XorTavouric mioavotntoc. Ewbotepn, (AA)y =
A2 v — AV2 eivon 1 BLacTopd (TUTLXH amdC OTIC TWEC TV UETONOE-
{ w ebvoun g U U u petpr
V.
() H eZiowon botudv, Afn = a,fn N /lfa = af,, dlvel T0 cUvVoho, BloxpLtd
 ouveyée, Twv oy {a,} H {a} o xdmoo Bidotnua Tou R tou dovartan

VoL BOOEL 1) HETENOT), UTO TNV axohoudn tpolmdldeon yio tic fr, xan fq:

(8) Anod{detan @uoixd vonua oe exciveg Tic Woouvopthoe f tou A ol onoieg
elte avixouy 6To dtoxpitd gdopo, e (fy, fn) = 1, €lte ot0 cuveyéc @doua,

ue |(U, fo)| < 0o (yevixeupéveg Soouvaptioelc), yiow Tuyoda .
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10.

(e") Idoocuvapthoe mou avtisTotyolv oE OLUPOPETIXES IOLOTYES (PUOLXOU [E-

yédoug elvon oploymviee.

() Omnowdrnote xotdotaon W unopet va avomtuy el oe 1BLOGUVAPTACELS OTOLOU-

01\moTe Quoxol Ueyédoug A o¢ e&he:

U= Z(fww ) fou+ /Z(fa,u’ V) fauda,

.

OTIOL UTIELGERY OVTAL OL LOLOGUVOPTAGELS TOU BLAXEITOU X0l TOU GUVEY0UC (YA
10¢. To ohoxhpwua voeitoaw oto didotnua Tou R tou avtictolyel 6to cuve-
Yéc @dopoa. O detxtng p apriuct Tic optoydvieg peta€d ToUg LBLOXUTAC TUOELS

EXQPUALOUEVLV LBLOTIUGY, oy uTtdpyouv. H dpdon tou A divel

AV =S o W fu+ [ W) fo e

n,p

Mot pétpnon evég peyedoug divel wg BUVITES THIES HOVO LOLOTYIES TOU avTIGTOLY OU

TEAEOTH A.

. H pérpnon Yewpeiton axaptafo. Apéong uetd tn uétenor, To cuoTHUNTH UETOSulvEL

0 GAAY) XUTACTOUON) PE YPOVIXE AOUVEYT| TEOTO.

Y€ TEPIMTWON U1 EXPUALCUEVWY WBLOTHIWY, 1) THoVOTNTO UETENONE TNGS LWOLOTIUNG vy
Tou dlaxprtol glopatog etvar P, = |(fn, ¥)[*. H nuxvétnta mdavdtntog péten-
onc e e @ oto cuveyéc phopa ebvan pla) = |(fa, ¥)|?. Autéc ovopdlovto

xou mioavoTnTeg UeTdBoomng.

Ye TEPIMTWOT YN EXPUALCUEVWY IDOTYWOY, QUECKS UETE TN HETENOT], OL UTOGUA-
AOYEC CLUOTNUATKY OToU PETERUNXE 1) WoTWY| @, PeToBotvouv 1 xdde pio oTnV

avtioTolyn xatdotaot f.

. € TEPIMTWON EXPUAOUEVNC IBLOTWAC Ory, VEWpOUUE Wiar opfoxavoviny Bdon otov

avtioTolyo LTOYWEOo, BNAXDY| wlot Bdor opBoYWVIWY CUVIRTACEWY fr 1, fr2,- - -,
(fops fow) = O, Afw = apfuu (ue xowh Wotpn). H mbavétnro edpeong
e Wotrhc a, oe o pétpnon evor Py = 37 [(fu O)
Beloxouye Ty muxvoTRTa IIAVOTNTUC OTO GUVEYES QPAoU UE EXPUAOUS: plar) =

22 [ (o W)

Ye meplnTeon EXPUMCUEVGLY IBOTYWY, 1) LETENOT| TOUS BEV aEXEL Yiol VoL TpoadLo-

Evteloc avtiotorya

eloTel N Véa xatdotaoy. Anouteiton G par PETENOT), QUECKS UETE TNV TEWTN,

¥dmowou ueyédouc B oupBatol ue to A (3. [A, B] = 0), to onoio va aipet tov
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11.

12.

5.8

ex@uAlopd. MOAg yivel n ugtpnorn twv A xon B, 1o cLo TN OOV UETEUNXAY OL
TWES yy XU By, PETOPBalVOUY OTNV xOWVT IBOXUTACTUCT) TKVY 0V0 UEYEDDY, €0Tw
¢. Auth avTioTolyel OTIC HETENUEVES LOLOTYES, OMA. Ap = an¢ xou Tautbypova
B = Bnd. Av 100 300 HEYEDT OEV 0EXOVY YLt TNV TATIEY 8EOT TOU EXPUMGCHOU,

ouveyiCetar 1 Sladcacio Ue TepilocdTEPa GLUBAUTE UEYEDT.

H ypovinr| e€€hin tne xatdotaong, epdoov dev pecorofel uétonon, diveton omd
v e&lowon tou Schrodinger,
ov .
h— = HU
"ot ’
OTIOU O EPUITLOVOC TEAEOTHC H ovoudCeton XautAToviovs| xon €yeL Ty epunveia g

evépyewc. H eZlowon drotnpel tnv ohef mdavdtnra, (U, U) =1

Edv n Xopthtoviav 8ev €yet pnth e€dptnon amd o yedvo, 1 eéiowaorn tou Schrodin-

ger emdEyeTon TN Aoo

U(t) = e i Wo =Y (Guys Vo) €775, + / > (G5 Vo) e i, dE,
I

n,u

omou Wy 1 xuuatocuvdptnon o yeovo t = 0, ¢, ., B, ol 1blocuvapthcelg xon
LOLOTYES TOU BLoxELTo) QACUATOS TNG I;T, xaL @, 2 oL avtioToryeg Tou cuveyoic
(to ohoxhrpwua Aopfdveton oTNY TEELOY Y| TOU GUVEYOUG q)dcoptorcog). O Geixtne
e yopaxtneilel Tic opBoynvieg ueTadl TOUC BLOXATUACTICELS EXPUALCUEVLDY TULWDV

NG EVEQYELG, OV UTERYOUV.

IMTeoBAAuaTo

OewpPNOTE Wit ATELPOT T GTEOPH GTOV TELEOLIOTUTO ELXAEIDIO Yo (xou Yevi-
xotepa otov R™, n > 2), xotd tnv onolo €va opyixd didvucua T oTeéPETaL GTO
r +dr. Xto 6po dr — 0 Beilte 6Tt T T xan Or elvon opUoywwvia. Eetdote
av oy Vel To {Blo xou ot amelpooTéc oTpogéc oTo yweo Hilbert. Av oy, moia 1

OLopopEd;

’ ’ ’ 7 z 2 _ 1 ~2
- H Xopdtoviovi, yia cwpatidio mou xveiton oe duvopxd V(z), ebvon H = 5-p* +

V(i) = -2 L V(z). Acifte ™ oyéon % = —<8‘g—§f)>. (Trodeln: Acilte

2m Ox?

6T 0 peTodéTng Tne opunic He ot cuvdpTnom g Véong ebvan [p, V()] = —ih%—‘;.)

. o) Zexwdue Ue pla oLAOYY o€ ypdvo t = 0 xou XEVOUUE PETENOELS EVERYELOC

o€ yeovo t. Aoufdvoupe o xoatavour mavotntog g evépyelag. Acléte 6T

xorovour| etvon ave&dptntn omd to yeévo (vnodétoviag 6t 1 Xowdtoviavr dev
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10.

11.

€yel e€dptnon and 1o ypovo). ) I'a cbotnua ehediepou owuatidiou, Eextvdue
UE Wiar cLAROYT oE Ypovo t = 0 xou xdvoude peTprioels opunc o€ yeodvo t. Actlte

OTL 1) xaTovouT| TG opung lvor aveZdptnTn amd To Yedvo.

Ael€te T wop@n) TN €€. CUVEYELNG OTT BLPOPIXY| TNG LOPPT XL OTNY Olo-
XANEWTXY TNG LOPYT O€ TEELC Lo TAOELC.

Acigre 6t e H/S ¢ (0)D,, = 3, e B/, (0)D,, v 1 Xophtoviavh dev
eloptdton amd To yeovo xa €dv ot $,, eivon WwioxataoTtdoeg g H ye WoTuég
E,. (Tnédeln: oe mpwto Bruo detlte ot o D, elvon xoun LBLOCLVAPTACELS TOU

TeheoTh o—ith /h itEy /R

UE WOOTW e~

. XpNoWOTOAGTE TPOS TOVUTO TO AVATTUYUY

¢ exteTinAc ouvdpTNoNC.)

Aci&te 6L 1y tpdodeon pog otadepds ot Xagihtoviovy, dnhodt H— H+\I, ue
I tov TouTtoTN teleoth xou A € R otodepd aveldptntn Tou ypdvou, dev empépel

alhoryég oo UeTeRoo MEYEDT Xou ETOUEVMC OEV EYEL QUOLXY| OTUUGEAL.

[Moe XoguAtoviovy| Tng Lopgric H = ﬁﬁz + V(x), xou uné Vv polndieot) meg
n ouvdptnon V(z) éxer ehdytoto Vipin, Ollte OTL: o) M péomn Th tne evépyeLag
U, H¥) oe omowdnmote W dev unopel vo etvar wixpdtepn ond Vi, B) omola-

orimote oty e Xogphtoviavhic 8ev unopel vor ebvor wixpdtepn and Viin. (BA.

o xe. 3 mpoPhnua [19])

. AciEre to Yedpnua virial oe pio Sidotaon: (1), = +(x 0V (x)/0x),, bmov 1 yéon

T AoPdvetan ot ontotadrroTe Woxatdotaon W, tng XoAtoviovig H=T+V.
Tnodeln: e€etdote ) péon Tun Tou YeTodé ([]:I, TP| -

. ) Trohoyiote Ty xupatoouvdptnon ¥(z) = Ce™ ™ v > 0, o avomapdotaot

OpUTC, ool uToloyioeTe T oTadepd xavovixonoinong C.

B) ‘Evo ooyatidio yopaxtneileton and v xugatoouvdptnon tou (o). [iveto
uétenom g opung. Beelte v muxvétnta mavétnTnTag va Beedel 1 Ty po.
TrodeEn: [ e +bete = /rfaexp(b?/4a — c) pe a > 0 %o b,c € C.

Y) Evo oopatido yapaxtneiletor oamd Ty xULAtoouvdeTtnon Tou (o) xon a@rveta
ehellepo (Onh. ywplc TV enidpaon Buvoptxol) oto yweo. Metd and ypbvo t
yiveTon u€tpnom g opprc. Beelte tny nuxvétnta mbavétnTnTag va Beedel n tiun
po- (YT60e&n: av 1o duvouxd undeviletar, 1 opuY| etvon Sotnpoluevo péyedoc.)

a) Mewodelte yio to anoteréoporta [L10J113] B) Acilre 6t 1 avomopdotaon opurc
me PrU(2) ebvan 1 p U (p). TrddeiEn: Soxiudote anddein ye enoywyh.

) Trohoyiote Ty xupatoouvdpton W(z) = Ce e v > 0, k € R, oe

AVOTORAC TAOT) OPUNC, Aol uToloyloeTe TN otadepd xavovixoroinone C.
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12.

f)) Troloyiote tn Yéon T xau TN dlaomopd tne V€one xou tng opunc. Atomi-
OTOOTE OTL TO YVOUEVO affeBardtnrag etvan h/2.

Y) OewpnoTe 10 6plo OTOU 1) ToEAUETEOC 7 YiveTon TORD ey AlmotdoTe dTL
1 OwoTopd oty opuY| Yiveton emlong TOAD uxer|, SNAAOT OTL EYOUNE UL OYEDOY
LOLOXATAC TUOT| TNG OPUYIC.

0) AMOTOOTE 6Tl TO ECWTEPIXO YWVOUEVO UE TI YEVIXEUUEVY LOLOXOTEOTOO
e opuic €, telvel oto Pndéy, extéc av k & ¢ (mo ouyxexpéve, ov To
|k — q| ebvon g tEng tou /7 1 uxpdTepo). Tmodeln: ffooo eax’tbrte
V//aexp(V? /4a — ¢) ue a > 0 xou b, c € C.

OewPNOTE Lol XUUOTOCUVEQTNOT) OF AVATOEACTUCY) OPUAC TOU VoL Blvel oToept
TuxvoThTo Tavotntog Yétenone T opunc oc éva SidoTnua [po — 1, po + 1) xou
UNOEY exTOC BlaoThAUNTOS. Anhadt,

¥ T(po), po—n<p<po+9
0, AAALOC.

o) Koavovixonowiote tny 0, onhadr vtohoylote tn otadepd T(py).

B) Troloylote tn uéon T xar TN Swomopd e opuhc. AmMOTOOTE 6L, 01O
Oplo UxEo0 1, 1 SLoToRd oTNY OpWUY| YIVETOL TOAD Uixper, ONAAdY OTL €YOUNE ULa
OYEDOV LOOXATAOTACT) TNG OPUNS.

B) TroloyloTe TNV XUUATOCLVEETNON OTO YR TV VEGEWY. ALIMOTMOOTE OTL TO

xT 7.
, Telvel oTo

EOMTEPIXG YIVOUEVO UE TN YEVXEUPEVN WloxatdoTtacy g opuiic €
undév, extoc av k ~ g (mo ouyxexpuéva, av 1o |k — g| eivor e téd&ng tou 1 A
UXPOTERO).

Tnodelleic: Mekethote tn ouvdptnon sin(nz)/(nx), n onola Yo npoxdier xatd
Tov yetaoynuatiopd Fourier. AloamotdoTte mwe, 6T0 6plo Uixeny 17, elvor tepitou
otadept|, {on e ) wovéda, i éva Sidotnua e tdEng peyédouctou 1/n ylpw
ond 10 x = 0, eved Tahavtdveta @divovoo v z > 1/n. Xto Sidotnua 6mou
ikx

sin(nz)/(nx) ~ 1, n ¥(x) npoxtixd tavtileton ye v ™% (ent o otodepd).
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6 Xuvinoelrn OLaxpeltol XaL CUVEYOUS (PACII-

TOg: TNYASL duvVAULXOD

6.1 Ilepiypopr Tou mpolBArjuatog

Oa Abooupe ThHpa 10 €€AC TEOBANUA: cwuaTidlo xivelton ot Wio BidoToon UG TNV €-

Tldpaon XoAToviavAg TN Lopghc

= A2+V(A)——h2 82+V() (118)
~ om?P v = 2m Ox? .
e
\% 0 —d d
Viz) = o (<0), av <x< (119)
0, AAALOC.

Anhady), To duvouxd oynuotiCer éva Tyddt, Bddoug Vi xan mhdtoug 2d, ylpw améd 1o
z =0 (B\. oy. . Auto umopel vor 1Bedel xou we povtého atouou oe Wi WlkteEp

AmAOIXT) LORGY).

V(%)
E>0 ~—----------pF-----------
v=0
I IT ITT
F<QO - oo - _ L L L ______
V=V, <0
-d +d x

Yyfuor 1: Iy dde duvoguxol oe i Sidotoom.

Avalntolue Moeig tng ypovind aveldptntng €. Schrodinger, 1 omolo ypdpeTtan:

0? 2mE .

pye U+ 2 v = 0, r < —d (nepoyh I)
0? 2m(E — V) ,
pye U+ — v = 0, —d < x < d (neproyn 1I)

0? 2mFE )

pr) U+ 72 v = 0, d < z (meproyt I1I)

Oloxhnpdvovtog Ty €. Schrodinger oe éva uixpd didotnuo méyous 26 YOew and To

66



d, éyouue

0 = /dd+e{a—2\1:+2—m(E V(x ))\If} d

_e | Ox? h?
v om it om [
= |=— —F v - — v
[(%} = /_6 (x)dx h2V0 6 (x)dx
ov ov
— {— - = }4—0, yior e — 0.
Ov |, Ox |,

Y10 teleutaio Briua deydrpaue 6Tt p ¥ Bev aneplleton oto d. ECdhhov, egetdlovtag
¢ noodtnreg W(d —€) = fil;oe U (z)dx xou ¥(d+€) = fil:oﬁ V' (z)dx, xou deybuevol
6t n W' (z) dev anewpileton, BAénouye 6Tt W(d™) = U(dT), dnhodn n U eivon cuveyrc.
Evtehng avdroya ebvon xan to anotehéopota ot Véon —d.

Ané to mapamdvey cuumepalvoule To €€AC. XK€ OMuEio TETMEPACUEVNG ACUVEYELOG

ouvaUoV xatd Vo:
e 1 deltepn mapdywyos tne ¥ mapoucidler acuvéyeto 25V,
® 1 TPWTY ToEdYWYOS eivon GUVEYHC, Xl
o n VU elvan ocuveync.

Autd cuvdéovTan Ue To YEYOVOC OTL 1) Blapopint e€lowon etvan dedtepne tdéne. H yevixn
Moo og xdie neployy p € {1, 1L, IT} xou n napdywyde tne Sivovto, dnwg ebvat yvwoTo,

Ao TIC OYECELS

U, = a, e*® 4 b, e~ (120)
a\I] etk —ikyx
o B =ik, (a, e — b, e~ nT) (121)
ue ki = ki = 222 = ¢ xu kf = w = k?, 6nou anhonotficope 10 oUUBONL-

oud ewodyovtag o g xan k. Ov ouvieheotéc a, xan b, xou ol evépyelo K (ouvolixd
eNT dyvwoTol) npocdlopilovton amd TIC GUVORLIXES CUVINXES GUVEYELNS TNG XUUNTO-
CLVEETNOTG XU TNG THEAYWYOL ot —d %ot +d, and TG CUVOPLIXES CLUVIAXES TNG
XUPATOCUVEETNONG 0T0 £00, xat antd TN cUVIT XN XAVOVIXOTOINOTNG (entd e€lomoeL).
Ipwv mpoywericouue otny emthucn Tou CUCTAUATOS ENTY €SLOMOEWY UE EMTA o-
YVOOTOUG, TARATNEOVUE 6TL To TEOBANUa yapoxtneileton and cuuuetpla, 1 omola o-

mhomotel Tic e€lowoslc.

6.2 Xvppetpla opotipiog (vTIoTEOPAS Y WEOL)

H Xogiitoviavi| (118) ue to Suvapuxd (119) eivor avodhoiontn und T0 YETOOYNUATIONS
r — —x. Autd pac odnyel oto v oplooupe tov teheoth g opotiuias (parity) 1
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avTIoTPOPIiS YWpou (space inversion) P, ME
PY(r) = V(—r) (122)

f, oe pia ddotaon, PY(xr) = ¥(—z). O teleotic elvon gpuitiavoc: mpdTov, elvo
TEOBdNAaL YpouUxoe, xat deltepoy, exola Bploxoupe ot (U, P¥) € R. Eniong, edxoha
Beloxoupe 6t P2 = 1, 61 ou Bloxataoctdoelc Tou ebvon elte dptiec elte mepttée ou-
VOPTACELS XL OTL OL WOTWES Tou ebvan To 1 (Yo dpTieg ouvaprf]oslg) xou to —1 (Y

TEQPITTEC) .

Apolye e tov P o1 oLVEETNO HU(z): PHU(z) = P|— L L 0(2)+V (2)U(x)].

2m Ox2
H 8eltepn mapaywyton o mpog 1 V€om UEVeL avalholwTn and TO UETUCY NUATIONO T —
—x: a(?—i«)Z = 8722. To Buvaixd Tou dedouévou TEolArlaTog eivan dpTior GLVAETNOT TOU

z: V(—x) = V(z). Enoyévoe, PH U (z) = HU(—x) = HP U(x), drhoadh [P, H] = 0:
0 teheoTrc ouoTlag yetatiietan pe TNy dptior XogAtoviav).

Amé £8¢) TpoxUTTEL OTL OL LBLOXATAGTAGELS TNG XAUULATOVIOVAC UTOPOLY VoL ETLAEY 00V
UE TETOlO TPOTO, (OTE Vo Elvor ot LOLOXUTACTACEL TNE opoTiuiog. Av @ wbloxatdoTao
e Xophtoviavic ue ot E, tote HP®) = PH® = EPD (ot0 mpdto Bruo
YENOWOTOCOUE T UETAVETX WOLOTNTU TOV P xou ]:[), ONAadY| M P civon eniong
LOLOXATACTAOT TNG XoWLATOVIOVAG UE TNV (Ot LotoTuuY) (n Pd eVOEyeTon o vor TouTiCeTon
ue v ). Emopévec, ot xugatocuvopthoelg

D, = i(cb +PP) xou D= i(@ — PO) (123)
V2 V2
elvou emlong Woxatactdoelc TG XoATOVIAVAG, dAAd, Toautdypova, eival xal 1OLoXATo-
oTdoEC TN opoTioC: 75<I>Jr = \/Liﬁq) + \%752@ = \%75@ + \/LECID =&, xu PH_ =
%ﬁ@ — \%752(13 = \%75(13 — \%@ = —®_. (Xe nepintwon tov PO = &, 1 &_ unde-
vileton.)

Expetodievdyevol to mopandve cuumepdopota, Yo avalnticouue Aboeic tng €€.
Schrodinger ov onoleg va ebvan elte dptieg elte nepittée ouvaptroslc. Me autd Tov
TPOTO PELOVETAUL O UPIIUOC TOV AYVOOTOY OTIC ECIOWOELS TROE ETAUOT).

[evixdtepa, av n Xogthtoviavr petotideton Ye xdmotov epuitiavd TEAECTH, UTopoUUE
vt avall NTHOOUKE XOWEC LBLOGUVAPTHOELS, ATAOTOLOVTAS TNV ENLAUGT Tou TEOBATATOC.
ILy. navnmixd evépyela petotideton Ue TOV TEASGTA TNG OpUY|C, OTOTE ETMAEYOUUE TIC
LOLOCGUVORTNOELS TNG 0PUNG c et e Noelc. ‘Oupola, ot TpelC dlaoTdoeLS, €4V 1) XoyuATo-
vy vor petotideton UE TOV TEAEOTH TNG OTROYOPUNC, TOTE ETAEYOUNE VoL AOGOUUE TO
TEOBANUA OE BAOT) LOLOXATAC TUCEWY TNG GTEPOPOPUNG. 2E AUTES TIC TEPLTTWOELS, AEUE OTL

1 Xogpuhtoviavh utoxoler o€ o ouppetpla (8w, TN ouppeTpla Tng ogotyiog), n onofo

(M) TpéBAnua 4.10.
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eniong endryet €va SLotnEoUUeVo péyedog (€56, TY OMOTIUIN TWV XUPATOCUVIPTACENV:
doTiec eCehicoovTal ypovind o€ dPTIEC, TMEQITTEC OF nspwrég), OTwe oulnTRoUUE OTO
xe@ddano [f] To mieovéxtnua g yenong TV GUUUETEWOY elvan OTL OL IBLOXATAC TUCELS
ToUg UnopolV cuvhtng va Beedoly pe amhd emyepruota, o avtideon pe T Xouiito-
viavr, Tn¢ onolag To TEOBANUa WtoT®Y ivon cuvidwe o epimhoxo. T mapdderyua,
omolodrote XoWATOVIAVY| UE XVNTIXY EVEQYEL Xou dQTIOL GUVRTNOT BUVAULXOL EYEL
ouuueTpla opotiplog, aveldotnTa TNg axpl3ols wop@ric Tou duvauxol. H avaltnon i
OLOCUVIPTAGEWY TN XUUATOVIOVHC CEYWELTTA GTOV UTOYWEO TOV JETLWY Xt EEYWELOTA

TWVY TEPLTTWV CUVOOTACEWY UELWVEL TNV TOAVTTAOXOTNTO TOU TEOBAAUATOC.
e e M Y Yl POPAT

6.3 AfoulEg XATACTACELS

Hpoywpolue, tHpo, 0Ty EVPEST TWY CUVTIENEGTOV a,, b, xou tng evépyetag E (BA.
e€. xou TV mapdypago mou axohoudel). Tlowta e€etdlovue Aoeic déopwy
kataotdoewy (bound states) eXUETUANEUOUEVOL TH GUUUETEIO TWV XUUATOGUVOQPTHOE-
ov. Aéoutec ovoudlovton exeiveg oL LBLOGUVAPTACELS TNS XoUATOVIAVAC, Ol OToleC Elvalt
OUCLIOTIXY EVIOTUOUEVES OE TEMEPUCUEVO Yweo (undevilovton 1 méptouy exdetind yo
ueydha |z|).

"Hon xotodiZope k7 = k%, = ¢*. And 1 ouppetplo opotlag, ¥(—z) = £¥(z),
éyouue a; = by xou by = £ay; (4 Yy dptieg ouvaptioeg, — i teptttéc). Emlong,
arp = by = ¢/2, dnhady, oty mepoy) I éyovue § ¥ = ccos(kx) 1 csin(kz).
Enopévoc, 1 e&lowon YpdipeTon

ae® + be 1 ae® + be1* r < —d
U, =< ccos(kr) xw VU_ = ¢ csin(kx) —d<zx<d (124)
be'’* + qe"" —(be'™ + ae~"a*) d<ux

v g dotieg (W) xau tig meprttég (Vo) Aoec. To enduevo Briuo eivon var Y€couue
T ouvoplax cuviixn | (x)[> — 0 yio & — £oo, 1 omola TEénel v xavoToleiton amd
déouiec xotaotdoeic. Ouubpacte 6Tt ¢ = %‘E, EMOUEVLCS, TO ¢ Yo elvon TEoryUoTixd
yoo /> 0 xou govtaotxd vy F < 0. Av ¢ € R, 16t BAénovye auéows OTL Sev
undeviletan 1 xupatocuvdpTnon yio peydho z: Loz > d xou < —d, éyouvpe |V (z)]* =
la]? 4 |b?| + 2Re[a be*'7*], 1 omoto etvar TohavToluevy Teplodint| cuvdptnon. Eropévec,
meEneL avayxaotxd £ < 0, ®ote 1o ¢ va ebvan gavtactixde aprduog, €otw iq = 7,
v € R. ©étoupe v > 0 ywplc BASLT Tng yevixdTnTog, EQOCOV EUPavICETOL XU TO ¥ %ol
0 —y oty e&lowon. Tote, npénel va €youue b = 0, BLoTL, dlapopeTixd, Yoo & > d Yo

xLPLPY 0UCE 0 bpog be'l™ = be?™ — oo vl & — 00. Avdhoyo cupnépacpa Bydloupe
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v x < —d: xou wdht mpEmel b = 0. ‘Eyouue Aoindv 1o VOIIUECO ATOTEAEGUAL

ae’® ae’* T < —d
U, =4¢ ccos(kx) xou V_ =< csin(kr) —d<z<d (125)
ae ¥ —ae d<zx

ue v = /2m|E[/h xou k = /2m(E — Vi) /h. Ot Tpeic mopdUeTtooL Tou omouévouy,
a, ¢ xu B, mp€nel va mpoodlopla ToUY amd TIG CUVORLIXES GUVUTXEG GUVEYELNS XUUO-
TOGUVYPETNONG, CUVEYELNSG TOROY(YOU XU XUVOVIXOTOINGTS. Abyw e ouupetploc
U(z) = £V (—x), nonaitnon cuvéyelac ota onueio £d euneptéyet Ty dlo TAnpogopia,

ETMOUEVLG apxel var epapuooTel ot éva and to 0vo. ‘Eyouue, oto onuelo x = d,

Yoo Ty Wy oty Wt
c cos(kd) = ae 1 c sin(kd) = —ae™7? (126)
kcsin(kd) = yae™ e kccos(kd) = yae

H v ogipd mpoxOntel amd 0 GUVEYELL TNG XUPATOCLVAETNONG oL 1 X4Tw And 1

GUVEYELN TNG TOEOYWYOUL. ALpmVToG Xotd UEAT), AoPdvouue

iy W iy Wt

tan(kd) = tan(kd) = —& (127)

Aedopévou 6Tt a7y xou k lvon CUVOPTACELS TNG EVERYELOS, Ol TUPATAVG EEIGMOOELS, oV
Audolv w¢ mpog F, 6ivouv TIC BUVATEC LOLOTIIES TNG EVERYELUC YO HOTIEC XOU TEQLTTES
OEOULEG XUTAOTAOELS. 2TY) CUVEYELY, UE OVTIXUTAC TAUCT) TWV WOLOTHWY OTNV Ao
Bévouye to A6YOo a/c xau o tehevtaio B, e Yeron tne edlowone xavovixonoinong,
[ 1¥(z)]?dz = 1, hapPdvouye Tic TéS TV @ xot .

[poywpolue ot eniluor twv €L Mopatnpotpe 6t (kd)? + (vd)? =
[22:(E — Vo) + 22(—E)]d* = 22|V|d* = A? (e E < 0 xu Vo < 0), 6mov, Y
ouvtopio 670 cuuPoliod, oplooue TV aBLdGToTH TEAPETPO A2 = Qﬁf’?|V0|d2, A > 0.
Kdvoupe tdpa to petaoynuationd kd = Acosf, yvd = Asinf, mou Siver k/y = cot 6
xon v/k = tan 6, opilovtac étoL 10 O(E) = arcsin(y(E)d/\) = arcsin(y/|E/Vg|). O

e€. (127)) yivovtou

yioo Ty Wy vy Wt

(128)
tan(kd) = tan 6 tan(kd) = —cot § = tan(d — %)

Autéc ot e€lowoelg €youv Tic Moec (8edopévou 6Tt cosl = kd/A > 0, sinf = vd/\ >

(74)Axo)\om‘)o()p€ ™ pédodo mou napouctdleton oto BBAo Touv Ltégavou Teayavd, KBavtounyavikn
I, TTovemotnuoxés Exdooeic Keritne (1991) (xeqp. 3).
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1.5 ' -1 ' —
i cos0 | B |
I -k =
0.5 : | - K L -
0 N T ’ T
0 0, 0, 8, w2 086 6, 6,6, 6, 6 w2
0 0
Eyfua 20 Tpaguery Moo tng €€, (131) yiae A = ¥ 27;|V0‘d = 4 (opotepd) xow A = 8

(0e€1d). To onueia Touhc Twv eudeldy pe TNV xaumiAn cos avtiotoryolv oTic MIGELS
0,, otov dZova Twv 6.

0, mpoxinter 0 < 0 < 7)

iy W yioo Ty Wt
kd =0 +nm =04 2n7, kd=0—-%+nm=60+2n-1)5, (129)
(n=0,1,2,...) (n=1,2,...)

/7
mou cuvoilovTon 6NV

; U
kdz@—i—nz, (n=0,1,2,...) apuoc,n TR F (130)
2 Teptttd n oy Ty U
ANNG, kd = A cos O, emouévic
1 17
cosf(F) = XQ(E) + 13"
h h T

= —0(F)+ ———-n 131
Ve E o APE o

O Noewc we mpog 0 = 0, tne teleutaiog eiowong umopoly va Beedolv ypoupixd Ue
amAO TEOTO, K¢ oNueia ToPNE TNG XUUTOANG cos B ue Ty euldela %9(E) + %% A7 tic
0, (ﬁ)\ 2y [2) vrohoyilovTon ot oTiuég TNg EVEpYELaG:

7”12
By = —5 7" = —|Vo|sin® 6, = —[V| + Vo cos® 0. (132)
m

Hapatneolue tor oxdrovda:

e Ymdpyer Toukdytotov pla Aoor (v n = 0).
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‘Okec o1 Moeig €youv evépyeta ueyalbtepn amd V.

H evépyela twv Aoewv auldvetal Ue 1o n.

O apriuoc Moewv eivon nenepacpévoc. Acdopévou 6Tt cos f < 1, €YOUUE Npax + 1

ANIGELS, UE Nimax TO AXEEALO UEEOS TOU 2M/T.

O oprdude v Aoewy e€optdton omd To 1/ U€ow ToU YIVOUEVOU TKV TUEUUETEMY

1/(v/|Vold). Koadee to A aw&dveton, dnhady| yua peyohbtepo /| Vol d (Barditepa
1 mhatiTtepa Ty ddia), o aptiuds Twv hNcewy eniong auvgdveTon.

[ peydho A (ot0 6po /|Vold > h/v/2m), ou younhétepee evepyetoxd AOoELS
Stvovtan amo 6, = § — 66, ue 00, < 1. Hpooeyyilovtag cos(§ —d6,) = sin d6,, ~ 00,
n €& 1} Yodgetan 66, = (% — 66,) + +2n, A 60, = %1557/&% ~ 12(n+ 1).
Avtahiotdviag oty (132) 1o cos? 6, = sin? 66, ~ (86,,)?, mpoxinTel

h2

2
E, — Vi~ (1) (n+1)? n=012,... (133)

2d

2m

H anéotaon twv E, and 10 eAdyloto tou duvauixoL, Vo, ebvar 1 Bl pe i yvwotég
Aooele yio 1o owpatidio otov L2([—d, d]) e ouvoptoxéc ouvidiixec ¥ (—d) = ¥(d) = 0.

H xotdtotn wotyh evépyelac ovoudleton JepeAidons n faoixny ordOun xon n o-
vtiototyn xotdotaoy Jepelidons 1y faoikr) kardotaon (ground state). Iopotnpolue
oTL 1) Vepehwdng otddun etvon uPnAdTepn ToL EAdYLIoTOL TOL BuvaoD: Fy > V. Autd
OQEIAETOL OTNY oVarY XS TIxY| UTOEEN XIvNTIXTS evépysmg.

O déopiec xataotdoelc dielodouy otic mepoyég LI émou 1o duvouwd Vo = 0
unepPaiver Ty evépyewr F, < 0. Autd To garvouevo Bev mapouotdleTon 0TV XA
unyavxr|. ‘Omeg gatveton amd Ty €. 1 Wiocuvdptnom @iivel exdetind oe auTeg
TIC TEPLOYES, aeT*. 'Eva UETeo TNg Oleloduong ebvar 1 TocoHTNTA 1/, 1 omola €yel
Blaotdoeic uhroug xau ovoudleta Sddog dieioduong. Yto oo (/|Vold > h/v/2m),
0 Bédoc dieiobuone TV EVERYELOXE YOUNADY XUPOTOOUVAPTACEWY (Uxped 1) Yiveta
anepooto (1/7 < d), xon oL xUPUTOCUVAIPTAGELS TOEVOUY, TROCEYYIGTIX, TN HOE@H

e Aong Yo To TedBANnUa owuatidiov tepoplopévou oto [—d, d]

6.4 OcWENUATA VLU OECULES XATAUC TACELS O LOVOOLAC T~
Ta TEOBAUATA

Hapatneolue and ta TEONYOUUEVHL OTL Yl TO TEOBANUO TWV OECULWY XATACTICEWY

07O TYAdL duvoxol BV uTdpyet exguiiouds. Emlong mapatneolue dti 1 Yepehirong

(T5) B, xaq).ﬂéﬁ)\n °‘

(TO)TTpoBMuorta [2] %o
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xatdotaoy dev €yel xouBoug, N TEMTN dleyepuévn €xel Evav xoufo, x.o.x. Autd Ta
CUUTEQUOUATA YEVIXEVOVTOL VLol OECULES XATUOTACELS GE OVOOIAOTATO GUGTAUATOL.

® Y& HOVOBIICTUTO CUCTAUNTY, YLol OTOLOOY|TOTE BUVAULXO, Ol IBLOTYES TV OECULWY
XATUOTACEWY OEV EYOLY EXPUALCUO (8ev LTaEYOUVY BVO BECUIEC XUTUOTUOELS UE ™V (O
Ol evépyeLac. )
[ var To det&oupe ocuro’ Yewpolpe v optlouca Wronski 800 cuvapoioewy Wy (x)
xou Wo(z), W(z) = Uy (x)Vh(x) — ¥ (2)Wa(z). Av W(z) =0, tote V) /Uy = U, /Uy,
ané 6mou mpoxUntel - InWy(z) = LInWy(z), dnhadh Uy = ¥y, 6mou ¢ otadepd,
ONAadY| oL 6o cuvapthoelg elvon yoouuxd eCaptnuévec. ot o TEOBANUE pag, av oL
Uy 9 wavomoolv T ypeovixd aveldptntn €&. Schrodinger pe xowr wotiun E, tote
U, = 22V (z) — E]V1s(x). Téte, npoximter WY W, — U105 = 0. AMAd 1 éxgppoon
070 aploTepd péhoc Towtiletan pe Ty mopdywyo e opilovouc Wronski, dea W (x) =
0, dpa Wi(x) = Wyi(z)Why(x) — Wi (z)¥a(x) = otad.. Hopatnewvioc 6Tt oL déouLeg
xataotdoelg undeviCovtan Yo . — £00, mpénel 1 otodepd vor undeviCeTon, dnA. W(z) =
0. Apa, ot Uy o etvon yoopuuxd e€apTnUéVES xou avTIoTOL 00V oTNY (Bl XATAoTUOo.

IpoxOmtel To axdrouio mopLoUL:

® Y& UOVODLUOTATA GUCTAMUNTA, YLOL OTOLOOYTOTE DUVOUIXO, Ol XUPATOCGUVAPTHCELS
TWV OECULWY XATACTAGEWY UTOROLY VO YRUPOLY GE TOUYUATIXT| LOPPT).
[ty amddelln, napotneolue 6t av () 18locuvdptnor g XoAToviavAg UE WLOTLY
E, t6te xou ) U*(z) elvon rocuvdptnon pe tny Bl oty Autd npoxinTel and tny

elomon WBoTWOY xou TN uyadixy) culuyn Tne:

—h—Q‘I/”(x) +V(x)¥(z) = EY(z)

2m
—h—Q\If*”(x) +V(x)¥*(z) = EV*(x).
2m

H 6eltepn e€iowaon npoxintel and v mpmtn dedopévou 61t V(z) € R xouw £ € R. And
TO TOPOTAVE Yewpnua (amovoiog EXQPUALOUOU GE BECULES XATUOTACELS OF plal Bdeorocon)
mpoxUnTeL 0Tt ot W oxon WU* elvon yoouuuxd eCoptnuévee, onhadh U = c¥, omou c € C
otodepd. Edv ¢ # —1, Hétouue g @ to mparypotind pépog tng Ui @ = L(U + U*) =
(1+c)V eR, 1 omola elvon WBLOCLYAETNOT TNG H ue WwoTh E, wg ToAanAdco g
U, doa etvor 1 {ntoduevn. Edv ¢ = —1, ¥€toupe w¢ ® o gavtaotxd pépoc tne W:
® =Im¥ = (VU — U*) = 220 = —i¥ € R, 1 onolo ebvor Blocuvdptnon tne H uE
wotn F, wg toAanidoto tne W, dea etvon 1 {ntoduevn.

® Ocvpnua aoTNETC cUYXEIONS TOL Sturm. e PovVoddo TATY CUC TAUATY, EQY TO
OLVaULXO elvor cuveyEe, xou €dv B, < K, 10t puetall dVo xoufov tne ¥, undpyet

ToUAdy Lo TOV évag x0uPog g W,,. ¢ xépfo evvoolue éva onueio o 6TOU 1) xUUO-

TNIBA., m.y., Ltéeavoc Teayavde, Kfavtounyaviuch I, Tavemotnuonée Exdooeic Kertne (1991).
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Toouvdptnon undevileton xon ahhdler tpdonuo: eite W(xg) < 0 xau ¥(agd) > 0, elte
U(zg) > 0 %o U(zg) < 0.

® Ocwpnua Toddviwong (oscillation theorem) Tou Sturm ¥ Oewenua Sturm-Liouville.
23€ HOVOOLAO TUTA GUC THUOTAL, EQV TO BUVAUIXS ElVaL GUVEYES, 1) N-00TA xoTd OELRd DECULY
xotdotaon éyel n xéuBouc (n = 0,1,2,.. ) Ewdwotepa, 1 Vepehiddne xotdotaor)
OEV £YEL xépﬁoug.

Yy medén, ta teheutolor V0 VEWPAUATA HoG 00NYOUV OTO CUUTEQPUCHO WS 1
U1 €yer oaxpiBog évay xoufo o xdle didotnua xothlog e V,,. e dpTio duvouxo,
XATUATYOUUE TS 1) 0xohoLdiol TV LOLOGUVHPTACEWY UE abouoa EVERYELXL Elvor EVOUANGE
doTiol, TEELTTY), dETLOL, TEQLTTA, X.0.X., Lol X0 OL JPTIEC £YOUV XOthiot GTO UNBEY, EVE) OL

TEPLTTEG UTOYEEMTINE xOuP0.

6.5 Koataoctdoesic oxgEdaong

E&etalouye topa Adoeg tng €€. Schrodinger yi evépyeieg B > 0. Autég avrjxouv
070 OLVEYES Qdopa TNG XoATOVIAVAG xaL ovoudlovial Kataotdoes okédaons (scat-
tering states). H Yeuehcddng Slopopd twv BEOULOV XATACTECEWY Od TIC XOTOO TAGELS
ox€daong etvon 1 e€rc. Oewpolue XautAToviav) Ue BuVoUIXO TO oTtoto elvorl EVTOTIOUEVO
07O YWEO, dNAadY|, undevileton é€w amd €va BIACTNUO. 2TO UOVTEAO TOU CWUATLO0U
oL xwelton 670 didoTnua (—00, 00), UE YWeo xatactdoewy Tov L2(R), oL déopiec xo-
TAOTAOELS VoL TETPAYWVIXS OAOXANEMOLIES WOLOCUVUPTACELS TG XAUULATOVIOVAS, EVED
Ol XUTUO TAOELG OXEBOTG Ebvan WOlocuVaETHoES TNE XotAToviov i Tou dev efval TeTpo-
YOVIXE OAOXANEWOUIES (n VORUAL TOUG omstpilstoa), X0, ETOUEVOS, OVOUALOVTOL XOTa-
Yenotixd povov xatactdoeic. [lpooeyyilovtar, ouwe, pe yior €vvola, amd TETEoY VXS
OLNOXANPWOWIEG CUVOPTACELS. LTO UOVTEAD TOU OWUATIOOL Tou Xvelton 6To dLdo T
[—%L, %L], ue o L vo yiveton avdaipeta ueydho, ol BEGULEC XUTAC TACELS EfVaL TETEAY (-
VIXA ONOXANPWOIES WBLOCUVIPTATELS TNG XoATOVIOVY S TTou deV aArdlouy xade To L
QUEAVEL TEQOL UG Lol UEYGAT| TLT (mépo amd To Gplo b mou elyape oploet otn ouliTnon
TOU XEP. |9 VLo TO CUVEYES cpo’topoc), EV() Ol XUTAGTUOELS OXEBUONS OAAELOUY GUVEYMS
ue 1o L, ye v T touc va @iiver we W(z) 1/\/3

Ipotol mpoywenoovye otny e€étaon Twv AoEwY, Yo cLLNTHACOUUE To TELRQUOTA

TOoL CLVAYWE APOPOUY Ol XATACTAUCELS OXEDUOTNG XL TIC AVTIOTOLYEG GPYIXES XU CL-

(™8T 0o teheutoia Yewpruata awopoldv cuvapThoelc oplopévec oe didoTnua [a,b], ue cuvoplaxéc
ouviixec ¥(a) = T(b) = 0. And guowhic Theupds, 0 VeMpnua apopd TEAXTIXE OTOLOJHTOTE UO-
vodIdoToto uUOXd TpdBANue, BLoTL propolue va Vécovue a = —3L xau b = 2L pe L mohd peydho.
BX. N. A. Axdnog xou I'. H. Kohoyepdnouvhog, Yurnleas Awgopixés ESiodoers, exdooeic Liyypovn
Enoy, 2003. Enionc, B. Simon, Sturm Oscillation and Comparison Theorems, oto Sturm-Liouville
Theory: Past and Present, edited by W. O. Armein, A. M. Hinz & D. B. Pearson, Birkhauser
Verlag 2000.

()T va woyer 10 Yedpnua yio T Veuehddn xotdotaon, apxel To duvouxd va uny éyel dmetpn
aouvéyeio. B TlpoBAnua 6]
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voploxég ouvinxeg. e eva Telpopa oxEBAONC, CWUATIOI TOOETOLUAUOUEVO UE OQLOUEVT
opur xatevdivovTal Tpog éva 6TdY0, and Tov onofo oxeddlovton. H apyinr| xou n teht-
X ©oTdoTUOT TWV CLUATOIWY Peloxetal waxpld and To 6ToY0, exel 6TOL To CLUUTIOW
xwvolvTal 6Tov eheepo ywpo. Kotd tn didpxeia g oxedaong, ta cwpatidw dEyo-
VIO TNV ETOROGT, TOU BUVIUIXOU TOU GTOYOoU. ATO TNV XATOVOUT TWV OXEBUCUEVLY
cwpaTodlwy wg Teog Véor, opur|, xAT., Bydlel xavelc cUUTERGOUATA YLl TO SUVOULXO
XL YEVIXOTEQU Yol 11 dour| Tou oToyou. H dewpentind avtpetonion ebvar cuvideg
avtioTpogn: uTo¥ETovTag Wil Lop@Y| TOL BUVaULXOD, XoL YVeElovTag TNV aEy XY TEo-
eTOWao{a TOU CUGTAUNTOS (TNV aEYIXH XUPUTOGLYEETNOY), utohoyilouue TNV Tehxh
XOTAVOUT), Xl CUYXQEIVOUUE PE T UETENUEVY Xatavouy|. AV To amOTEAECUATO CUUPE-
voUV, TOTE €YOUUE Loy UET| EVOELET OTL To BUVIUIXO TIoU UTOVECUUE ovVTATOXEIVETOL GTNV
TEOY MO TIXOTNTAL

H ¢@0omn tou mpoPAfuatog emPBarel Vo eETACOUUE XUPATOCUVIRTHACELS TTOU XIVOUVTAL
TPOC TO GTOYO, ELCEPYOUEVES ATO UOXELE, XL OTO HOXEWVO TUEEADVOY BEV OAANAETLOPOUY
HE To Buvouxd (Snhady, oto cuyxexplévo TedBANUa Tou Tyadtod duvauxol, ebvat
APy EVTOTIOUEVES T.Y. OF ol Tepoyh & K —d xou xwvolvton mpog 10 = = 0).

TéToleC ®UUATOCLUVARTHOELC EIVAL TOL XUUATOTAXETA GTA OTOlaL AVUPEPUAXAUE OTO XEQ.

(<. [09):

1 .
— i(qr—Eqt/h)
U(x,t) = o /fqe dq,

Ac unodécouye 6Tl oL GUVTEREGTEC f,; Elvar evTOoTIoUEVOL YOPW ol XATOLO Gy OF BLIC TN~
uot (go — 0q, go + 6q) xou undeviCovton yia TYES ToU ¢ ExTOS ToL o THUTOS. Me autd
TOV TPOTO, TEQLYPAUPOUUE EVA XUPATOTUXETO TIOU Elvon GYEDBGV LBLOGUVEETNCT TNG OPUY|C
ue Wotn hgo (éxel Slaomopd oty opul| TN TEENS ToL 0p = hdq) xat efvat EXTETOPEVO
w¢ mpog T Véon oe apxetd peydho Sidotnua (€xel dlaomopd we mpog TN Yéomn e
W6Ene tou Az > h/(26p) = 1/(2dq), 6nwe npoxdntel and TN oyéon anpocdloploTiug
tou Heisenberg). H Hop@Y| Tou Yoldlel ue éva eminedo x0U TEQLOPIOUEVO GE DLAC TN
Az yOpw and xdmoto x, To onolo GPRVEL EXTOC TOU BLIC THUATOS, T.Y. Eva EN{TEdO xOUA
TOMATAACIACUEVO UE UId YXAOUGLaVY) GuVEETNoT edpouc Ax.

H @opd xivnong Tou xupaTtoTaxETou GUUPLVEL UE TO TROCTUO TOU ¢, OTWS QULVETAL

qrx—FEt/h

EX TEOTNG OPewe amd Tov bpo el ) ou 6TTeC Beloxouue vroloyiCovtog To pedua
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mhavotnTog Yoo xde eminedo xOua

—ih , 0 . , o .
jq (l‘, t) _ ( 2;” ) (e—z(qx—Et/h) %6z(qm—Et/h) . 6z(qx—E‘t/h) %e—z(qx—Et/h)>
h
= —q. 134
—q (134)

‘Oco 1o xuyatonaxéto Beloxeton poxpeld and 1o otdyo, ot meptoyn 6rnou V() =0,
UTOPOUUE VoL YPNOWOTOLACOUPE Yiol TN yeovixt| Tou eZEMEN elte Ty eheliepn Xoguih-
toviavi| (Hy = s=p?) elte T Xoguhtoviovh Tou TEPIEYEL TO BuvaUIXd TOU GTGYOU: TO
anotéheopo Vo etvon to Bo, 600 éyouue V(2)V(x,t) = 0. And tn ypovixh otryun,
buwe, tou Ya Eexvioet v toyler V(x) W (z,t) # 0, xadide o xupatonoxéto tAnotdlel
TO OTOY0, TEETEL VO YENOWTOTONGOUVUE TNV TATET XaUATOVIOVY H = Hy + V(z).
Téte, 1 Exgpoon Tne yeovixhic eEEMENS TOU XUUATOTAXETOU TEETEL VoL TEQLAUUBAVEL TIC

woocuvapthoel Yy xou avtioTolyeg WoTWES evépyelag Fy tng H:

1 .
Vo t) = oo [ V(o) e By (135)

[Na v tepintwon mou e€etdlouye, Tuyaivel To GUVEYEC UEQOC TOU EVERYELOXOU (QAGUO-
t0¢ (E > 0) vo tawtileton pe exeivo tou ehedlepou owuatidiou, ahld oL XUPITOCUVOE-

Toelg aAhdlouy, clugwva ye Ty €. (120):

are’® + bye=*, T < —d
v, = ape™® + e —d <z <d

CLHIBiqm + blnefiqx, d<zx

ue k = 2m(E — Vp)/h* xou ¢* = 2mE/h* > 0. Xe avtideon pe 1o npdfhnua déouemv
XATAOTACEWY, €00 Eyoupe AOoEl yio xde evépyew £ oto ouveyée gdoua. To g xan
xotd cuVETEL 1) EvEpyeEl By OeV ebfval &y VWOTEC TORAUETEOL TPOS TEOGOLOPLOUS UECH
TV ELIOWOENY, OANE DEDOUEVES TUPAUETEOL amd TNV oYXt cuVITxY, oL omola, TEAXA,
TEOGOL0PICEL X0t XETOOUG amtd TOUG GUVTEAECTES TNG TOEATAVG EEICKOTNC.

Adyw g ghone Tou TEOBAAUNTOC GXEBACTC, OEV TEOYWEOVUE GTNY XUTACKELT| Go-
TLWY XU TEPLTTWY MIOEWY, OTOG XAVAUE OTIC OECULEG XUTAC TUCELS, AAAS OTNY XATUOKEUT
AOGEWY TOU VoL IXAVOTIOL00V TNV aEyixT] SLUVITXY ELOEEYOUEVOU XUPATOTUXETOU TEOG TO
=0 ané 10 x K —d. Auth n apyw) cuvirxn xotaoxeudleTon and emaAANAla TwV
xuudTwy €%, g > 0, St ehxola Beioxouye 6Tt To pelua TdavdnToc ToL avTloToLyE

oty are'® (z < —d) etvor j(z) = |ar|*Lg > 0. (IoodOvapo Yo propodooye va etyoue

(B0)Se pro oxpUBh avTueTdTIoN, TEéTEL VoL TépOUPE To pelUa Tou avtioTotyel oty W(x, ) Tou xupato-

TAXETOU GTO OPLO TNE EVIOTUOUEVNC XUTAVOUNC fg YOpw antd To gp ot Vol XAToAEouUE oty TayOTNTA
ousdoc, vg, = L98| = L
HAOAS, Vgg = % ~qq lao = 7y 90
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OlohéZel Tar xOyoTa bre "% oG, ue q < 0.) ‘Eyoupe, eniong, avtopata by = 0, mou
ex@EAlel TO YEYOVOS OTL Oev EloépyeTon x0ua and 10 & > d. Autd mpoxUTTEL, OLOTL
T0 pedpo miavdTnTag Tou avietolyel 6T ouvdptnon bie " (x> d) vroroy{leton
e0xoha To¢ ebvon j(z) = b |* (—hAL) < 0.

Trdpyet, eniong, n owoyévela Acewy Ue apytxt) cLVINXT ELOEPYOUEVOLU XOUAUTOC
oo o x> d mpog 10 & = 0, yio Ty onola Yé€toupe, aviiotorya, ¢ < 0, by = 0. To
Tow amd TG Vo emhéyoupe, eCuptdton and To Telpaua mou YEAoUUE Vo TEpLyEdoUUE:
oo oL TAEVEE TPOCTUTTOLY Ta CLWUATIOW 0TO GTHYO.

Yuveytloupe e Ty mpodtn owoyévela ANoewy (¢ > 0, bip = 0). Oo npocdloplcoupe
TNV XUPATOCLVAPTNOT HECK TWV CUVORLAX®Y cuVINX®Y oTa = = *£d, Veétovtag ar = 1.
Auté umopolue va To xdvoule, BLoTL To ar Vo petvel 0To Téhog wg ehetlepn ueToBANTY,
1 omola Beloxeton amd TNV aEyxh Lopy| Tou xuuaToToxéToV: TO ap TavwTi(ETon YE TO
ouvteheo T fo/2m g €E. . O ouvteheothc 1 = by ovoudletar mAdtog avdikAaons
(reflection amplitude) xou o ouvteheoThc ¢t = arr ovopdleton mAdtog Oédevons (tran-
smission amplitude), dL6TL o TEMTOG OLVEL TO TAUTOG TOU OVOXAWUEVOU XUUATOG UTO TO
otoyo (re ™, ye j(z) = [r?| (—Lq) <0y 2 < —d), evéd 0 dediepog divel To ThdTog

Tou Blepyduevou xopatog (te %, e j(z) = [t?|Lq < 0 vz > d). Suvodilovrac:

el freTt x < —d
U, =1¢ ae*® +be v —d<z<d (136)
t el d<zux

Amhonooope Alyo to cupfolioud, ¥étovtag a = anp xou b = by, ‘Eyoupe téooepic
ayvwotoug (1, t, a, b) ot omolot xadopilovton and téooepic elodoelc (oUVEYEL NG

XUPOTOGLVEPTNONG X0 GUVEYELDL TNG TORAY (Y ou oTol onueior £d):

Yuveyea tne ¥ oto —d: e~d 4 peiad — g emikd 4 peikd
Youveyew tne ¥ oto —d: ¢ (e71d —pelad) = [ (ae ™ — peikd) (137)
Yuveyew tne ¥ o0 +d: aekd f peikd — ¢eigd

Suveyewr tne V' oto +d: k(ae®? —be k) = gteltd

Tap” 671 1) Moo Tou GUOTARATOC Bivel GAOUG TOUG GUVTEAECTES, OTA TELRAUOTA UETETOL
oLVAYWE TO TOCOGTO TWV CWUATOIWY TOU DLEQYETOL XAl TO TOCOOTO TOU AVOXAITOL.

Autd divovton and Tic tosdnrec ebvan ol [¢]? xou |r|?, avtloTouya. Alvouue €8¢ ubvo To
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TENXO AMOTEAEOUAL VIOl TOL T XOlL t:

2 2 :
_ ;,—2iqd (k* — ¢°) sin(2kd) 1
T Sk cos(2kd) — i(K2 + ¢2) sin(2kd) (138)

, 2kq
t = e 139
‘ 2qk cos(2kd) — i(k? + ¢?) sin(2kd) (139)

H moocotnta |t|2% oivel To pevpo TAVOTNTAC TOU ATMOPOXEUVETOL omtd TNV TEELOYN
TOU duvaUxol Tpog Ta & > d. AvtioTouya, 1 mooodTNTA —|7“]2%q otvel To pedua Tou
ATOUAXEUVETOL P0G Tl & K —d, EVE) 1) TOCOTNTA % T0 TEOOTINTOV PEVUA TEOERY OUEVO
ond o ¢ K —d. Autd gaiveton ebxoha, oy UTOROYIGOUUE TNV T Tou peduotog j(x)
OTIC GUVIPTACELC €1, te'® you re~ 4", Eniong, Aoy Tou 6Tt £Y0UUE GTUOIT xaTdoTooN
(18loouvdptnon e €&. Schrodinger) 1 omolo dev YeToBdAReTanL e TO YPOVO ToRd UOVO

MECK TOU TOEdyOovVTa QACTC eEt/h

UE UETPO T1 Hovdda, 1 mavotnta vo BploxeTon To

owuatidlo oto ddotnua [—d, d] eivan oTodepr oo Xpévo H e&lowon cuvéyelac oty
ONOXANEWTIXY| HOPPT TNG uoc Obver Aotmov

[t +[r* =1, (140)

10 omolo e éyyeTon xau ue on’ eudelag UTOAOYLOUO Xou Expedlel T Slothenon Tng mo-

votnrac. O ouvtekeothc Siéheuone |t]? mpoxintel (epbdoov Vy < 0, Snh. k2 > 0):

| |2 4]{52([2 4k2q2

= : = . 141
Ak2q? + (k? — ¢?)?sin®(2kd)  4k2¢2 + (2200) §in?(2kd) )

O cuvteheothc diéheuong dev TowtiCetan Ue TN wovdda. Autd elvon avtideto oty xAo-
o] QUOLXY|, 6TIou Eval avTloToLYO TNY AL BuVUIXOU Vol ETETEETE GE OTIOLOOATOTE GO0~

(oo ue B > 0 vo oélder ue BePondtnra, xon mnydlet and tny xudotixr) @Uor Twv xPo-

VIOV XATOCTACEWY. (26T660, GT0 6plo LPNAGY EVERYELDY, O 6pOC (2722‘/0 sin2(2kd))2
OTOV TaPOVOUNo TH Yiveton apehntéoc ot oyéon ue Tov dpo 4k*q? — 16m*E? /h*, ondte
Yo T0 ouvteheoth diéheuong mpoxintet [¢t? — 1.

Iapouctdler Wiadtepo evdapépov 6Tt oL cuvteheoTéc [t xou |r|* Bev efvor povédto-
vee ouvaptioelc e evépyetog (Y tou q). Mdhwota, vy 2kd = v (v = 1,2,3,...), 0
opriunThc TNe undeviletar xou o mapovouasthc e (139) e€iodveton pe Tov opLd-
unth. Tote, éyouue |r|? = 0 xou [¢]* = 1, dnhodh TAhen diéhevon. Auth n xotdoToon

ovoudleton ourtoriouds okédaons (scattering resonance). Eugaviletoan oe evépyeteg

BUB). S. Gasiorowicz, KBavtikry duoikrj, exdbéoeic Khewdprdpog (2015) (xep. 4). Lto cugfohioué
edw, ta k xau ¢ €youv aviadlayel oe oyéorn e to ouyPBolond tou Gasiorowicz.

(82) Auté 1oy et uev yio Ty locuvdptnon tne e€. Schrodinger, alhd byt 1ol T0 xUPATOTOXETO, TO OTOI-
0 npoxVTTEL amd enoAANAla WlocuvapTAcEWY (€. xau yopoxtneileton omd ypovixd petaBahhouevn
mdoavotnTa v Beedel To cwpatidio o onolodhrote nENEPUCUEVO BLAGTNUA.
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E, =

Vo + %kQ = Vo+ £ (%)21/2 (und v eobndldeon E, > 0), dnhadh, n o-

2m

TOGTAGT] TWV OTOIWY AT6 TO EALYLGTO TOU BUVAULXOU elvor (Blal UE TIG IBLOEVERYELES TWV

XOTOO TEOEWY TOU TNYOBLOU UE TAAEWS vaxhao Tixd ToLyduoto. (owpotidio neploptouévo

oto [—d,d]). Oo Eavadolue TO PUUVOUEVO GTO ENOUEVO XEPEANLO.

6.6 IlpofBAruaTa

1.

o tov teheoth) opotiog PV (z) = ¥(—x) Seilte tor oxdrovdor: a) eivon ep-
wTlovog, ﬁ) P? =1, Y) oL Wioxatactdoelc Tou eivar gite GoTIEG €lte TMEPITTES
OLVOPTAHCELS Xau B) oL tBtoTIéS Tou eivan To 1 (Yl dpTieg ouvapThoel) xou to —1

(v mepLTTEC).

Ocewpriote t0 TEOBANUa Tou opileton and T oyéoec (118) xa (119) oto dpto
[Vol|d? > h?/2m. AciZte 6L oL 1Bloxatao TdoELS Yopunhody evepyeldy E, Tpocey-

YiCouv exetvec Tou TpoPAuatoc cwuatdiou eyxheflouévou oto Sidotnua [—d, d,

onAaodY| o amelpdBado TNy doL.

. Eéetdote to Aeybuevo kAaoikd dpio oTo mnyddL duvaixol: 6tay 1 Hdlo ToU ok-

potidlou yiveton oD PEYEAT, 1 6Tay To A unopel vo Yewpniel ToAD wixpo, Bel&te
OTL OL LOLOTUIES EVERYELAC TOV DECULLY XUTAO TAOEWY YIVOVTOL TUXVES XUl ETOUEVS
yveton o xBavtiopévoc yapaxthpos touc. Ilpocdlopicte, oe oyéorn ue mola mo-
oOTNTA TEETEL Vo YIVEL TOND PEY AN 1) wdlaL, 1) Told TOCOTNTA TEETEL VoL YIVEL TOAD

MEYSAN o oyéon pe To R, Yo vor loybouy To Tapamdve.

. ITpocdlopiote 1 Veuehwdn otdiun xa 1o Bddog deloduong oty mepinTwor

myadlol duvauixol mhdtoue 2d = Inm (1077m) xou Bddouc Vy = —1eV (1.6 x
10719]) v o) éva nrextpdvio (me = 9.1 x 1073kg), B) éva mpwtévio (m, ~
1840m,), y) éva dropo Hhiov (mpye ~ 4my,), 8) éva dropo PouPidiou (mpp ~
85m,,). 1loco anéyel oe xdle nepintwon n Veyehddng otddun and to erdyloto

TOU BLVAUIXOU xaL TOGO amd Tr 6eVTEPY oTEUUN;

Ye myddt Suvopxod mhdtoug 2d = Inm (1077m) xou yeyddrou Bddouc evio-
miCouye €val cwPATIB 0T AP TERS WG Tou Tyudlol. Acilte 6Tl autd umopel
vo emiteuyVel, xatd mpocéyylor, Ye xotdhhnhn emahhniio Tng PactnAc xou NG
TEOTNG Oleyepuévng xutdotaong, Yo xou Wy, Edv mewv tov eviomioud 1o owuo-
tioto Peloxetar otn Yepehiddrn otddun, TeocdloploTe TNV EVERYELX TOU amanTelTon
Yo vor emitevy Vel 0 EVIOTIONOC oTNY TERITTWOTN ToU T0 cwpatidlo elvan o) €va
nhexteévio, B) éva mpwtévio, ) éva dropo Hhlou, 8) éva dtopo PouPidiou. (Y-

n6deln: yedpte WU = a¥y + b¥; pe |a?| + [B?] = 1 yio xavovixonolnon xou
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unohoYioTE xaTdAANAO cUVdLAOUS a xau b, dote 1 [W(x)]? va ebvon péyioTa &
VIOTIOUEVT oTny Teptoy) & < 0 xan eAdylota oty mepoy > 0, dnhadr, To

f?d |0 (2)|2dx vo yiveton péyioto.)

. Anodeilte 611 oe povodidoTata TEOBAAUATY, €4V TO BUVAULIXG BEV €YEL dmelen

AGLVEYELY, 1) VEUEALDONS XUTAGTAOT) OEV €yEL XOUBOoUC.

pogavng mpdxerton yio ansuieiog méplopa ToU VEWEAPATOS TOAEVTOONSG TOU
Sturm. Mrnopel vo amodetydel xon w¢ e€ic, axoroudnvtag W pédodo twv R.
P. Feynman xou M. Cohen. Oewpriote ma xatdotoon V(x) € R, dedopévou bt
Ol OECULES XUTAC TACELS YRAPOVTOL OF oy HoTixy| wop@r. Trovéote, ywpls BAILN
e yeviotntog, 6Tl N W éyel évay xouPo, €é6tw 6o x = 0, 61ou dANALEL TEOOT-
Ho amd Tor opvnTixd oo Yetind. Oa xotooxeudooupe wo P(x) ye younioteen

EVEPYELAL.

O©éoete P(x) = |V(x)|, extoc and éva ToAD 6Tevd ddotnua [—n, 7] Yoew and Tov
x0uPo. Xto ddoTtnua autod, Yewpriote Ty W g TOA) Xahf) TROGEYYIOT YEoUULXT,
onhadh) ¥ (z) = ax, x € [—n, 1], pe a > 0, xar Yéoete v () we wa topaBolxy
TopeBohny ou vor taptdler oty [ (£n)| e mpog T cuvéyEl TS cLUVEETNONC

XL TNG TEWTNG TOROLY WY OU:

b { CI0 ()], 2] > n .

C(ga2+%2), Jal<n

omou C' oTadepd xavovixonolnong Teog Teocdloptopd, utotétovtag 6t n W eivon
xovovixoronuévn. Ilpogavie ®(x) > 0, dnhadh n P dev Exel x6uBo oo Undév.
Trohoyiote thpa TN Oopopd oTnv evépyeta YEToE Twv ¥ xa ®. Eg@odcov o
|W(z)| xoau |P(z)] toawtilovtar extde Tou Braothdatog [—n,1n], 1 Swpopd oty
XTI EVERYELD TPOEPYETAL UOVO amd TO YwElo EVTOS TOU OLUCTAUATOC. XTIC
ex@pdoelc ue o P, unopeite va avantiéete T otadepd C' xotd Taylor yOpw omd

10 1 = 0 %0 Vo XPATACETE TOUG YAUUNAOTEPOUG OEOUC TOU EEUTNEETOLV.

[ v vy evépyeta, eCUTNEETEL Vol YPNOWOTOIACETE TNV EXPEAOT) <A> =
+2m f |0 (x |2dx OToU OAEC Ol TOCOTNTES Elvan ﬂsuxoc optopsvsg H éxgpaon o-
TOOELXVOETOL UE OAOXAARMOT) XAUTH TIORS Y OVTES: f U* ()W’ ( )de =
—% [\I/*(:c)\lf’(a:)\‘iooo ) \Il*'(x)\Il’(a:)dx} , 6TOL 0 TPWTOC bpo¢ undevileTtal e-
mewr) n ¥ undeviletar 010 £00. AMCTOCTE OTL Yol Th SLpopd TNS XVNTIXNG

evépyelac Loy el <T>q> — (T>\y < 0, xou ebvor TN TEENS TOU 7.

[t Bropopd tne Buvouxic evépyetag, Yewpriote xotd mpocéyyion o6t V(z) =
V(0) oto pxpd didotnuo [—n, 1], 610V, OE TERIMTWOT TENEPUOUEVNS OIOUVEYELIS

Tou duvouxol oto undéy, Hétouue V(0) = 3[V(04) + V(0-)]. Bpelte 6 v-
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oyver V(0) [<V>q> - (V)q,] < 0, Onhadh o TEdoNUO O BLapopd TNG BUVOIXNC
evépyetog e€optdton ond to npdonuo tou V(0). Beeite, wotéoo, bt ) nocdta
|:<V>q:. — <‘A/>\pi| etvon Trc wEne 7, SnhadA aofjuavin ot oyéon pe OLaupopd TNg

XVNTIXC EVEQYELG.

~ ~

Katahite oto oupnépaopa 6t (H)e < (H)w, apxel T 1 va givon enapxdde tixeo,

xou outtohoyriote yiatl n W dev umopel vou etvan Yedehlnddng.
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7T  Dpaypog BLUVUPLXOU KO POULVOUEVO CHEAY YOS

Oa UEAETHOOUUE TMPA TO TEOBANUA OXEBUOTG COLUATIOOL TOL XIVElTaL OE Lol BLdeTAoT
0TO (—00,00) X0t UTOXELTAL OE 0pUOYMBVIO QEotyUd SUVIUIXOU:
~ 1 5 A h* 0°
ue
Vo (>0 —d<wz<d
Viw)y={ 0 G0 v —d<e (144)
0, AAALOC.
H Xopuktoviave eivan (Btor pe exeivn tou mnyodot duvauxol (e&. xou [119)), pe
drapopd 6Tt €d Vo > 0 (Bh. oy. ). O Micewg divovran amé v €Z. ([136), tnv omolo

Eyfuor 3 Poaryudg duvouxol oe uio SldoTao.
eTAVOAUBAVOUUE EBW:

e fpeTT x < —d
U, =4 ac™ +be ™ —d<xz<d
t el d<uwz

ve ¢ = 2mE/h* xa k* = 2m(E — Vp)/h*. e avtideon pe exelvn v meplntwon,
e0w €youpe mdvta B > 0: onwe €dxolo Umopel vo Slamo Tioel xavelc ol AUoE e
E < 0 anepiCovton 010 £ — £00, %ot w¢ ex T00ToL anopplntovtat. Ot AUGELS Yo Toug

ouvteheaTéc avdxhaone ot dtéheuone divovton amd Tic €&. (138)) xou (139)), avtictorya.

Auaxpivoupe Tic €€g TERINTHOOELS:

o) e B> Vg (k € R) anhéde enavorouBavovton ot e€iothaoetc (138)), (139) xon (141)):
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(k? — ¢*) sin(2kd)

= e 2l 145
" e 2qk cos(2kd) — i(k? + ¢?) sin(2kd) (145)
, 2kq
= e 2igd 14
‘ 2qk cos(2kd) — i(k? + ¢?) sin(2kd) (146)
| |2 4k2q2 4k2q2

= . 147
Ak2q2 + (k? — ¢?)?sin®(2kd)  4k2¢2 + (220) in?(2kd) 147
‘Onwe oty nepintwon Vy < 0, €Tol xou 66 GUVAVTIUE GUVTOVIGUOUS OXEBUONGS, ONA.

[t|* =1, yw 2kd = v, dnh. ot evépyeleg

R N2,
E,,_%Jr%(%) y (148)

7 AMOOTACT] TWV OTOIWY ATO TO EAGYLOTO TOU DUVUUIXOU Elvor (BLol UE TIG LOLOEVEQYELES
TWV XATACTACEWY TOU TYUOLOU UE TAEWS AVAUXAACTIXG TOLY OUNTOL.
B) Tw E < Vp éyovue k* < 0. T amhétnta 9étoupe t6te th = v € R. O

e€. ((145) xau (146]) dev oArdlouv, mopd yetaoynuotilovton Ye Ty oAAayT| HeTaBANTHS
[cos(2kd) — cosh(2vd), sin(2kd) — isinh(2vd)]. O cuvtekeoti Siélevone yedpeTon

42 = 4¢*y° _ A¢*y°
4792 + (¢ + 7?)?sinh?*(29d)  4g*y? + (33 Vp)? sinh?(2yd)

BAnouye 611 undpyetl SlEeuoT) oxduo xou yia evépyeteg B < Vp, medyua adivatov 6Tny

(149)

oo Unyovixt). Auth 1 duvatétnto ovoudleton pawdpevo onjpayyas (tunnel effect).
H nopousia tou dpou sinh?(2yd) = sinh?(2,/2m|E — Vp|d/h) 610V Tapovopasth ovo-
OeVOEL OTL 0 CLVTEAEG TG BLEAEUOTG ExEl exVeTNT] eEAPTNOT A TNV EVERYELDL Xall ELValL
uxeh tocétnTe. $to oo vd > 1 (v/|E — Vold < h/y/m) éyoupe sinh(2vd) ~ 1e27¢

o 0 bpog 4¢*y? otov TapovouusTh yiveta oueAntéog oe oyéon e to 3% Tote
€Y OUE:

R\ h
t)? ~ (ﬂ> e vy VIE-Wld< T (150)

mVy

To onuaviixd oe autdv tov tomo ebvon 1) extdetind eZdptnon tou [t? amd to Tyoc xou
70 Oloc Tou gpdypatoc (vd = /2m|E — Vold/h). O époc otnv mapévieon éyet, ou-
Yxertxd, acdevr e€dptnon and to d xou Vo, H exdetinr| e€dptnon xdvel 1o pouvéuevo
ofparyyog eCoupeTind eualoUnTo OF YETABONES TWV TUPUUETEWY TOU QPEAYUATOS XOL TNG
udloc Tou owpom&ou. Hapdderypa tne evaoinoiag elvon o ypévoc (whc Twv Tu-
PHVWY TOU BLUOTIMVTOL EXTEUTOTAS owUATdW &, 0 onofog dlapoporoleiton xotd Tdele

ueyédouc.

(53 TTp6Bnnue
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7.1 Brpo suvaulxol. IToA oAy oxedao

Oa YeleTicOUNE TO TEOBANUA oXEdaoTC cwpaTdlou Tou xivelton oe plo SldcTocT 0TO

(—00, 00) xou mpooTinter o€ Prua duvoyuxol (Bh. oy. [):

e Ltpive=-2 v (151)
- 2mp = 2m Ox? .
HE
0 d
V) =4 » ®*s (152)
Vo, avae >d

H ypovixd aveldptntn €&. Schrodinger €yel tn yevixr; Ao

0 I IT
V=VO >0
D
V=0
d x

Yo 4: Brijwor duvouxol e Vo > 0.

(153)

(a) aelt® 4 re oy x <d
x) = ‘ .
te’*® 4 e~k gy x> d

ue ¢* = 22F xou k? = 22(E — Vp). Mnopolye ebxoha vor TeloTolue 6Tt 0 duvor
U0 BEV ETOEYETOL OECULES XUATACTACELS, Xo OTL AVTHETOTILOVUE UOVO €var TEOBANUA
oxédaorng. Eletdlouue mpbontwon and to x < d, ondte Vétoupe Won a = 1, b = 0, xan
XAAOUPAC TE VoL UToAOYIGoLUE Tor TAdTY avdehaong xou dlEhevong, 1 xon t. H cuvéyewa

NG WOLOCUVEETNONE Xl TNE TOEAYWYou 0To & = d divouy

el peTiat = peikd
q(e't — ey = [t eikd
oL omtoleg €youv TN Ao
, 2
¢ i(q—k)d q — pilg—k)d to (154)
q+k

o 2iqd q— k _ 2iqd
r = - ey 155
pt 0 (155)



émov ty = 2¢/(q + k) xou 7o = (¢ — k)/(q + k) ot avtiotoryec nocdtnres Yo Bripo
Suvoxol ot Véon d = 0. Awaxpivouye Tic tepimtwoeic o) Vo > 0 xou £ > Vg, B)
Vo > 0 xan B < Vp. H rmeplntoon Vo < 0 avtyetwniletar eviEADS avdloya.

a) Vo > 0 xon E > V4. Ye auth Ty nepintwon, ¢ € R xou k € R. "Eyoupe ev yépet

AVAXNACT| XAl EV PEPEL OLEAEVDT). ATO TOUC GUVTEAECTEC TROXUTTEL
2 2 2 ok
Ir[*q + [t]*k = g~ |r[* + [¢] 5217 (156)

’ L / / L . ’ iqr E ’
Y] OOl GXSOT} ETAYETAL Xoll ATTO TT]V EE. OUVEXELO(Q. TO pEUtJ.O( TT]Q (& glval mq7 TO pSUP.O(

me e etvon L (—q)|r|?, xeu to pedpa tne t e etvan L (K)|t|%.

B) Vo > 0 xu E < Vj. Xe auth v nepintwon, ¢ € R xaw ik € R . "Eyouye nhren
avéxhaon: evxoha BAénel xavele ot |r|* = 1. H xupotoouvdptnon yio z > d ebvo
te™7*, v > 0, xou To avtioTtotyo pedua undevileTou.

H npbontwon and 8edid (amd ta x > d npog x < d) avupetwniletor ye tov Bo
teomo. Ilpoxintouv o Blec edlowoelg xou [155)), pe 0 Bagpopd 6t T k xou g
ikz

(Bnh. 10 A0po otV mEptoy, 6mou Vy # 0) ebvou

TEETEL VoL avToAAaryoLy, OLOTL To €
TAEOV TPOOTITTOV, TO re ke AVIXAOUEVO, xot To e (Bnh. To xOpa oty TEpLoY Y,
émou Vy = 0) diepydpevo. Avtiotorya, npénet va tedel Rek < 0 xou Req < 0, AMoyw
NG amadTNONG Yiol TEOOTTWOT amd OEEL.

‘Eyet eviiogpépov vo det xavelc o mpdBinua tou gpoaryhol duvauxol (Bh. €E.
¢ Eva TEOBANUN ToOMAAmAYC ox€daong UeTalh 600 Bnudtwy duvauixol, evog oto —d
a6 V. =0o0e V =V xou evoc oo d andé V =V oe V = 0. 'Eotw 6T 10 10010
Briuo Exel TAdTY BLEAeuoNg th xou avéxhaong ry Yol TEOCTTWOY and To ApleTER X Ly,
71 Yo TEOOTTWOT and Oe€Ld, eV TO BEVTEPD €YEL TAATY OLEAEUOTC o XAl VEXAAOTS T2
Yoo TE6OTTOOT and aptoTepd. Tote 1 xupatocuvdpTnon mou e&épyetal oTa 6e€Ld Tou

BrAuatog 670 +d mpoxUTTEL amd enahAnAlo TV oxdhovdwy BrudTov:

1. diéhevor and aplotepd 6To —d, SLddooT XAl BLlEAEVST) 61O +d

2. Biéheuon amd aploTERd 6To —d, BLdd0CT XU avExhaoT oTo +d, BddooT TEOS To

aELOTERS XL avdxAaom 0To —d, BiddooT Tpog To 6edld xou SiEhevoT oTo +d
%.0.%., ABdvovtoc vt g TN BLTAY), TETEATAY, XAT., avéxhaon. Av t To cuvolxd

Thdtoc diéheuong, pe U (x) = t e yio x > d, hofdvoupe

t = tlltg—f—t/l<T2T1>t2+t/1<T2T1T2T1>t2+"'
=t [T+ (rer) + (rem)* + -] t2
= tll [1 — T TQ]_l tg (157)

6mou yenowonotfooue Tov TOTo d¥pOoLoNG YEWUETEIXAC OELRAC, Zn AT =1 — )\]_1.
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2kd o1 onoiol

2TOUG CUVTEAECTEG T2 TEQLEYOVTAL TUEAYOVIEC QPAONS TNG UORPHC €
meoxUTToLY and TN diddoon Yetald —d xou +d, oc avuroyio pe Ty €. , ANG
ue To k otn Y€on Tou ¢, BLOTL €B® TO T elvor EVTOEC TOL PBrUdTOg BUVOUIXOU, OTOTE
k* = 2m(E — Vp)/h?. ‘Ouowa, otoug cuvteheoTég t] xou ty o TEpLhaPdvovTon Topdyo-
VTIEC (AONG TNG LORPPTC e2ia=k)d F3¢ howmdy TEETEL VOU OVTIXOTOG THOOVUE ToL ), 712
xou ty vl 10 Briuel duvouxol ou tpoxvntovy and Tic €. (154I[I58), houPdvovrog
Ut 6m TNV TEOOTTWON amd BeCId 1 aploTepd ot d xan —d. MeTd and Alyeg mpdlelg

XATOAAYOUUE O0TO TAATOG DIEAEUOTC TOU TETPOY WVIXOU q)pocypo().

7.2 Ilpoocgyyion oTO QAUVOUEVO CREAYYIAS YL LYNAO 7
TAXT) eayY o

H €E. udg Blvel TN BUVATOTNTA TPOCEYYIONC TOU CUVIEAECTH DIEAEUOTC GTO (ol
VOUEVO GNROY YOS OO (1) TETEOYWVIXO QEAYO, aoxel Vo etval ETopxnS LYNAOS 1) Thatic
X0 VO TEQLYPAPETOL OO ETUPAWS OUAAY| CUVAETNOT).

Y€ mpwTo B, ToRUTNEOVUE OTL TO YIVOUEVO T T YiVETOL AEANTED, €4V TO YIVOUEVO
(Vo — E) d* ebvon peydho. Autd mpoxintel omd tny Exppoon , TEOGUPUOGUEVT] Yid
NV nepinTtwoT 6mou To TeooTinTov xoua efvar evidg Tou gpoyuol pe B < V. Téte, to

TEOOTENTOV X0 EYEL XUUUTAUPLIUO k %Ol TO DLEPYOUEVO ¢, OTOTE AVTUAAICGOUUE T ¢

xou k oty (155) xou Vétouue k = ivy, v € R. Bpioxoupe 11 = e 24 (iy + q) /(i — q).

‘Opota, 10 TAETOC T2 TéQTEL EXVETNS ¢ e~ 2%, dpor 7y 79 ox e~ 474

| 2

, oL yiveTow aueAnTEO.
Qc anotéheopa, t & tts, on6Te T0 |t|* = |¢)ta]? Siveton amd Tov tomo ((150).

Ye deltepo Prua, npooeyyiloupe o duvouxd V (z) ue ddpotopa @porypddv Suvapixol
oe N odendAhnho epantoueve Slo Aot [2;, x; + d;) ufixouc d; to xoéva: V(x) =
> Vixi(x), 6mov V; otadepd xan x;(z) =1, av 2; < o < z; + d; xou = 0, oc)\)\Lo’)g
Q¢ xy malpvoupe to onuelo 6mou Lexwvd 1 cLVITKN PavOUEVOL GHEaY YA, V(z) > E,
X WS Ty T0 oTuelo 610 onolo oTopATd 1 cUVITXY. ANAadY| XEVOUNE Lol BLUERLOT) TOU
Slotatog oto omolo V(x) > E xou npooeyyiloupe tn ouvdptnon V(z) ue wo xotd
oo thApata otadepr| cuvdptnon. H douépion, ouwe, dev yivetor 0AOEVA xou TUXVOTERT),
ahhG ebvon TETOLOL, (HOTE Tol DL TAPOTOL Var Efvol EToEXKE TAATL, 1 1) Stapopd V() — E
ETOEXAOC PEYSAN, GoTe vo toylet, avd ddotnua, o tomog (150). ITpogoavae, auth 1
Tpocéyyion dev unopel va yiver oe onowdhnote cuvdptnon V(x), tapd uévo oe apyd
METOPBUANOUEVES CUVUPTHCELS.

Ye tplto Brjua epapudloupe TO avEmTUYUA TOMATAYG OXEBAUOTG, OE avTIoToLY (o e
™y €€, , ot ahhemdhinha N + 1 Brpora duvauixol. Ta mAdtn avdxhaong €youv
apelnTéa oLVEIGYOPE, B6TL To Ywoéuevo Vid? elvor and unddeor peydho, ondte xo-

G TTpdBAnua
GIH y; () Myeton yapoxtneiotind cuvdptnon tou dlaotiatog [z, ; + 2d;).
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TAAAYOULUE Yior TO TAGTOG DLEAEUoTS ¢ GAou Tou @payuol: t = toly - --ty. T 10 ¢;
eQopuOlouUE Tov TUTO , HATIAANAOL TPOCUPUOCUEVO Yiol OXEDUOT) OE Briluo SUVOL-
%00 ot ¥éon z;. Avuxahotdviag Tov xupataptiud Tou Teoonintoviog Ye iy ol Tou
Siepyduevo e k;, hapBdvoupe t; = elFimi=kei(2, )/ (k) + k;). EdG duwc éyouue
mdvta V; < E, enouyévee Vétoupe ki = 15, 1 € R, v > 0. Ealpeon anotelolv o
k_1 = kn = g € R (6n\ad1 ot xupotoprdyol extéc @pdyuatod, Yo & < To X & > Ty ).

Enouévwg, n moavdtnta dieheuong ypdpeton (Tcapoc‘mpd)vwg OTL O TEWTOC X TEAEUTOL-

0¢ 6p0c Tou TAPOVOUISTH YpdpOVTA [q + ino[? = 2252 xau |g + iyn | = ZHEEL):
it~ |t [ta]? - |tn]?
= (2¢270 - -+ 29n-1)
2¥ (g + 71)2 - -+ (Vo2 + Y1) 22
Xe—2"{0xo€—2(’Y1—’Yo)x1 . 6—27N_1(93N_J;N_1)
= C(E)e*Q[’YO(Il7mo)+71(:1327961)---+»YN(;EN,IN_1)}
— C(E>672Z’Yi d;
TN
~ C(E)exp l—Z/ v(7) dx}
xo
_ 2m [N
= CB)exp | =24/ 55 (V(z) — E) dx (158)
zo

H €xqpoomn avadewviel Ty ex¥eTinr] cuUTERLPOEE TOU GUVTEAEGTY| BIEAEUOTC WS
TEOC TNV EVEPYELXL 0TO Pouvopevo arpayyos. O mopdyovtoc C(E) (to xhdouo aptotepd
Tou exdetixol) e€aptdton Pev amd TNy evépyeld, oA TOAD aolevéoTepa amd To exle-
TIX6. TNy TEAET, N EXPEAcT) YENOWEVEL WE TEWTY TEOCEYYLON Ot TEOBAYUAT 6ToU
Yvopiler xavele T Yevinr| pop@t| Tou duvouxol, ahhd ayvoel Tig Aemtopépeteg. Tétolo
mopdderypa ebvon o TOnog Fowler-Nordheim yior tnv exmour) nhextpoviwy and pétoahha

UTO TNV enidpaoT eEWTERIXOLU NAEXTEXOU TEBIOL Xat 0 TOTOC EXTOUTAC COUATIOIWY a

amd nupr’]veg

7.3 llpoBAAuota

1. Yto gawobuevo orpayyus, eEETUCTE TNV XUPATOCUVAETNOY EVIOC TOU (QEUYUOU
ouvouxol. Beeite 1o Bddog dieloduong. Eéetdote To cuvieheotr diéhevong o
oUyxplon Ue to Bddog Bieloduone. Mtn cuvéyela, e€eTdoTe TNV €£4ETNOT TOU GU-
vieheo Th diéhevong, [t[?, and ) pdla tou cwpatidiou. Luyxplvete To amotéheoyua

YLot NAEXTEOVLOL UE EXEVO Lol TToWTOVIL (1, A2 1840m,).

(B6)B). m.y. Stephen Gasiorowicz, Kfavtikij Gvoikr), exdboec Khewdpdpoc (2015) (xeqp. 4 xo
Topdptnua I16.).
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2. Bpelte ta mAdtn t], to xou 712 xou 10 TEAXO TAGTOC Séleuone t g €. (157)).
Yuyxpivete e v €&. (146).

3. Youatido evépyelag Yvwothg palag m xot dyvenoTtou goptiov ¢ > 0 mpoominTel

amd apIoTERS OE PEAUYUO SUVOUIXOD TNG LOPPNSG

0 <0
Viz)=1{ = o
—qDx+Vy, >0

ESw, D > 0 eivor nAextpixd medlo mou ehéyyet Ty 1oy ) Tou gparyuol. AeyouaoTte
ot Vo > 0 xau 6L 1 evépyela Tou cwpatdiou ebvar yvwotr| xa Bploxetar oto

odotnua 0 < B < V.

‘Eotw ot yivovton 800 yetprioeic Tou peduatog diéheuong J Ue Ty (Bl evERyEL
E. Yt mpotn, ue D = Dy Peloxovye J = Jy. Mtn deltepn, ye D = 2Dy,
Beloxouue J = 2J;. No unoloyiotel to @optio g.
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8 Avvouxd cuvdetnong o0

8.1 H ocuvdetnon
Ewdryoupe ) ouvdptnon 0 tou Dirac we dpto xatavoudy 6.(x) pe tic e€hc diotnec:

1. Tha tuyaia Ouvo'(pmon [ ouveyr| o Wi Teploy | YUew omd TO UNdEY,

lim. o [ f(2)d:(x) dz = f(0).

2. H 6.(x) ebvon audaipeto modéc @opéc Sagpoplotun.

And v mpdTn WoTnTa avaryvepilovde 6t M 0. (z) meéner va pndeviletar mpoxTixd
€€w amd évo ToA) 0Tevs ddotnua (—¢,€) Ylpw amd to Undév xou vor hopfdver udn-
Mc TWéc evtdg autol Tou BlooTAuaTog. LNy el mepintwon f(z) = 1, éyouue
lim, g f55(x) dxr = 1. M ouvdptnorn mou ixavorotel ta tponyolueve ebvar  I'noou-
olovn X .

d-(x) = Wefza? (159)

Yuvidwe mapodeitoupe, ydetv cuvtouiog, va yeddouue to Beixtn € xou to oluPo-

Ao lim._,g, xou ovapepduaoTe anA®s oty ouvdptnon 6(z). Qotdoo, N cuvdptnon
0 amoxtd vénpoc oty nsptkap@dvewt 0E ONOXAPWUA UE TO TPOoUvVAPeRYEY bpto, BnA.

f d(z) f(x) dr = lim._y f f(2)d0.(x) dx. And tov oploud mpoxintouy o ozxo)\ouﬁoc.

/ 5z — 20)f(x)dr = f(xo) (160)

/(5’(3: —xo)f(x)der = —f'(zo) (npoximtel ye maporyovtixh ohoxhipwon)(161)

/6” x—xo)f(x)de = +[f"(x) (162)
5@:) _ 0 (163)

Slaz) — ﬁd(az) (164)

@) = 3 f,(;ﬂa(x—xi) (165)

Z (166)

6mou z; ot pilec tng e&lowone f(z) = 0 (vnodétovtag 6Tt TEdxetton yio amhéc pilec) xou
omou 1 f elvan emopxg opakty cuvdptnorn. H dwpopioiudtnta tng xatavoung d. 0ev o-
TouTE(TOoL Yot OAES TIG LOLOTNTEG, ToRd WOVOV Lol EXEIVES TTOL TEPLAAUPBAVOUY ToEAY (Y OUC.

Enlong, n ouvdptnon 6 etvar 1 mopdywyog Tne cuvdpetnong uovadlatou Bructoc,

d(x) =6'(2), (167)

D Ip6pAnua
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pe O(z) =0, yio z < 0, xou O(z) = 1 yio z > 0. Ot povédec tne ouvdptnone o(x)
etvan 1/[x] (6mou [z] oL povddeg tou peyédoug &), 6mwe TEOXUTTEL omd TNV anaitnon To

ohoxMpwpa [ d(x) dr =1 va ebvon adLéotaro.

8.2 Avuvoauxo cuvdptnong o

Ocwpole THpa T0 duvouxd V(x) = %5(3:). Auté umopel vo exhngiel e opto
TOU TETPUYWVIX0U TNy adto) duvouxol, av Vo < 0, 1 georynold duvauixol, av Vo > 0,
btav exeivo eplopileton oe ohoéva Uixpdtepo didotnuo [—d, d| xon AaufBdver avtiotouyo

v T, H ypovind ave€dptntn €€. Schrodinger ypdigpeton

B h_262\11(x)
2m  Ox?

+ Vod(2)¥(2) = EV(x). (168)

H ocuvoptaxy) cuviixn oto = 0 PBeloxetar av ohoxhnpdooude v e&iowon oe éva

oTev6 ddoTnua [—1, 1] yopw and to undév xou ndpoule to Gpto n — 0.

2
2m J_, ox . -

R 0Y(x)
2m Oz

e [ vy [swuyar = B [ v ~

' dx + VoW (0) = E’/77 U(z)dx.

Egdcov n ¥ dev aneplleton, 10 6pto n — 0 undevilel 1o 6e€Ld uéhog xon divel

2mVy
72

U(0) +

, (169)

Onhadt), 1 TaEdYWYOSC TN IWBLOCUVAPTNONG TUEOUCLALEL TETEQUOUEVY) UCUVEYELL OTO
r = 0. OhoxAnpohvoviag TNy TopdywYo PE TETEQPUCUEVY ACLVEYELY, Bploxouue OTL
1 WOLOCLVEETNOT) EVOL CUVEYTHC OTO T = 0

Ocwpolue v nepintwon Vy < 0 xou avalntodue 6éouec xatootdoeic. H yevun

ANoon e ([168)) yedpetan

U(x) =

1qx b —1iqx <0
{ale +o0re x (170)

arr elr 4 brr e~ x>0

ve ¢ = 2mE/R?. Av E > 0, t61€ ¢ € R, ondte yio z < 0 |[¥(2)]? = |as|* +
|br]* 4+ 2Re[a;bje* 1], v onola efvon Teplodin| cuvdpTtnon Tou x ue Vetinéc Tyéc xou

0 0AOXMAPWPE TS oto (—00,0) oamoxhivel. Apa, Yo £ > 0 8ev éyouue déouteg

B8 Egpbdoov to V() éyer povédec evépyelac xon 1 §(z) povédec avtiotpopou phxoue, To Vo mpénetl va
€yeL povédec [evépyela] X [urxog].

B0 1BL6TNTEC CUVEYELIC TNE XUUATOCUVERTNONS BLAPOPOTOLODVTOL, EMOUEVKC, Amb EXEIVEC TNC Te-
plnTwone SuvaUixol e TEMEQUOUEVT, UOVOV OGUVEYELA.
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XATAOTACELS, OTWS elyoue Bpel xar oto TNYddL duvouxol. Av E < 0, t6te ¥étouue
ig = v € R, v > 0, xu n onodtnon yo pndeviopd e W(z) oto +oo emBdhhe
br = a;r = 0. Aedoyévou autol, 1 CLVEYEW TNG XUUATOCLVAETNONE 0To T = 0

emBdriel by = a; = a. Enopévac:

ae’”® <0

U(z) = { (171)

ae ™ x>0.

To v mpocdiopileton e@apudlovtag Tn cUVITXT ACUVEYELIG TN TEWTNG TR WYOU:

2mVj
72

a—+ay=—av,

_mWy

Snh. v = =52 Apa éyoupe plo pévo déowar xatdotoon ue evépyeo B = —h*y?/2m:

_mbg
2h2

E= (172)

Téhog, n mapduetpog a mpoodiopiletar elxoAa Y€ow TG CUVINXNG XavovixoTolnong:
1= ffoo |a|?(e7®)2dz + [ |al*(e™7)2dx = 2[a|? [;° e ®"dx = |af? /7, Snh. a = /7.
H edpeon twv xatactdoeny oxédaong etvon amhry xon BaciCeton otnv (Blor cuvoptaxt)

oLV CUVEYELIC TNG LOLOCLVAPTNONG XOU ACUVEYELWIS TNG TRMOTNG TUEUYWYOU OTO

x = 0[]

8.3 Ac¢couieg xatactdoelg o 800 duVOULH §

E&etdlouye tipa 800 duvouixd § o andotact 2d YTl Toug,
V(z)=Vod(x+d)+ Vod(z — d) (173)

ue Vo < 0 xou avalntolue Tig 0€opeg XaTaoTdoelS. ExuetahheuoyacTte 0 cuppeTeio
opotyiog Tou duvauxol, V(z) = V (=), xou avalnrolue Eeymptotd dpTiee xat TEPLTTEC
wocuvaptroelg, Wi xow U_. Ye avoroyio ue Ty TponyolUevn Tep(ntwo Yedpouue T
YEVIXY| AUOT) X0 GUUTERALVOUUE OTL 1) BEGHLA XUUATOCUVEETNOT) TRETEL VoL TEQTEL EXVETIXS
ot0 £00, emouevewe F < 0, xou OTL 1) XUPATOGUVEQTNOY TEETEL VoL €ivol GUVEYTC OTO

x = £d evdd N Tapdywyog Teénel vo éyel acuvéyeto h2Vy/2m oe x&de éva and to dlo

(0 TTp6B N
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S~

I

I/y—-1

(dzzﬁ_ LY+ (d=2) Y
Y_ ¥

;e

Yyfua 5: Fpopuery Aoom twv €. (175) yio d = 2 xou d = 4.

onueio. T'edpouue

a, ert® a_er-*, < —d
U, =< by cosh(yer) xou Vo =< b sinh(y ), —d<z<d (174)
ay e "+ —a_e %, x>d

ue v+ = /2m(—FEL)/h. H cuvdipen ouvéysiac oto d (0odivoya, 6to —d) divel by =
are 4/ cosh(yid) xou b = —a_e™7=%/sinh(y_d). Mével vo Tpocdloplotoldy To Y4
(H€ow TNC aoUVEYELS TN TPy Y oL Elte oo d elte 010 —d) o omd oUTY oL IBLOTLUES
g evépyetag xat T ax (U€ow tng ouvinxn xavovixoroinong). H cuviun acuvéyetag
NG TEOTNG Topay®wyou oTo d ypdpeton, OE avTioTtoyio pe TNV , 2’;;/0\I/(d) +
U'(d™) = '(d"), Snh.

2mVjy 2mVy

2 ptah(rd) = e — 2T coth(yd) = 5.
1 (epboov Vy < 0)
2m|Vy| 1 2m|Vp| 1
tanh(y,.d) = h|2 o T 1 xou  coth(y_d) = h|2 o i 1 (175)

Autéc ol edionoelg emdéyovtar apriunTixy 1 ypapixy Abon (@?\ oY. . [opartnpo-

OME OTL UTGEYEL TAVTA (o Gheg Tic TIWES TOU d) oaxelBme plar Abom vy yioe Ty deTlol
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XUUOTOCLYHETNOT, EVK TO TOAD Ula ADoT Y- Yot TNV TEQLTT XUUATOGUVEQTNON).
Do emapxc peydha d, tanh(y;d) ~ coth(y-d) ~ 1, onéte 74 = v- ~ m|Vy|/h?
%o oL WOLOTWES NG evépyelag elvon By = —%vi ~ —%/202 = Ey. Anhadr), av to onueia
+d elvar og Yeydhn amdoTacT), Eyouue 500 BOTWES OYEDOY (OEC UE TNV WOOTYWY NG
evépyelag Ey (eC. TOU AoV duVOLXOD: Tot 500 Buvoxd efval TeaxTixd aveldoTnToL
peTagd Toug. Xe auth) TV TepinTwor, av cuyfolicovue ye @ TNV WloocuvdpTnon

¢ mepintwong amhol duvouxol, Beloxouue edxola 6Tt

U~ %cp@: Ld)+ %(I)(:c _a), (176)
OTIOU O TOEAYOVTOG 1/v/2 ppovtiel yia xowovmorcoincn Ye auth) TNV TepinTwon,
ot ®(x + d) xou ©(z — d) elvon oyeddv opoydviee, Aoyw Tne PeYIANG amdotaons Twy
XEVTPWVY TOUG Xl TNG eXVETXAC TTWOoNEG xde Wiog HoxpLd amd To xEVTPo TNG: exel,
OTOL AMOXTA ONUAVTIXG TAdTOC 1) Wio, undeviletar mpoxTxd 1 dAAN. TTo auth TNV
TEOGEYYIOT), OTOLCOATOTE Ypauuxds cuvduaoud twv P(z +d) xou $(x — d) Tapopéver
Woouvdptnon. H emioyy avTIoTOLYEL 0TOUG 000 YRUUUIX00E GUYOLACUOUE TOU
elvat, THUTOYPOVA, LOLOCLVUPTHOELS TOU TEAEOTY| OUOTIUINC.
Kadog nandotaon 2d petdveTan, 1 Teoceyylon ol Vo .oy Vel xa Eyouue By < Ey,
E_ > Ey. Ou®(x+d) xu ®(x — d) moadouv va eivor opoymvieg oL oL ouVapTHOELS
0EV AMOTEAOUY TAEOV IBLOGUVORTYOELS, OUWS BVOUY UId TEMTY TEOCEYYLOT OTNY
oxeB3n woper Twv V.. H E} etvor ad€ovoa cuvdptnom tou d eves n E_ gdivouoca. Kdtw
a6 xdmotar xplowun Ty Tou d, yia Ty onolo B = 0, Todouue var €YOUUE oV TLOEOULXN
(W_) Séoma xatdotaon: emPudvel ubvo n deounr| (V).
H nopandve teptypapy| ebvon €vor Tpeyto B Yo TNV XotovonoT) Tou Y Nuxo) 0ecUoU.
Ac unodécoupe OTL TO BuVOLXO TEPLYPAPEL TNV AAANAETLOPAUOT) TWV NAEXTEOVIKY
UE TOUC TUPTVES BUO aTduwY ot plo BidoTaoT xot 68 andoTaoy 2d PETALY TWV ATOUMV.
Ac vrnodéoouye, emlong, ot oc xde dtopo avtioToyel Eva nhexTedvio. Ao TNV op-
¥1 Tou Pauli yvopiCouye 6Tt Tor 500 NAexTeoVIa umopoly vo Tonodetniody otny (Bla
XoTdo TaoT), LTd TNV TEolndvesT 6Tl €youv dlaopeTind omy. Tote, n Vepehddng xo-
TdoTooT Tou cuoTHdaToS Yo lvon aTY, TNV omola Tar BV NAEXTEOVLN ToTOVETOVVTOL
otnv W pe avtideto omv. H evépyeia tng Yepewdoug xatdotaong Yo etvan 2E, < 0.
Egécov 1o E eivon adfouca cuvdpTnon tng amdcTaong, T0 GUCTNUA UELWVEL TNV E-
VEpYELd Tou 660 Thnoldlouy Ta dtoua YeTald Toug. Me autd tov TpdTOo OrtovpyeiTol
ulat eEAxTixd tdom, N onola 0dNyel oTN Slodepwor cToepol woptou. Ilpogavng, otny
TEUYHATIXOTNTA TO TEOPANUL lvor e€uEeTXd To TepimAoX0: UTdPYEL 1) GmKOT) UETO-
E0 TV NAexpovimy xou Twv TueHvwy, 1 omola Vo e€looppon|oEl Xdmol GTLYUR TNV

ODTTp6BANua
ODH W, ovoudleton deapuxii xon n U_ avuibeapukij xotéotaom.
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tdomn v mpoceyyion. To mpofBinua meEnel vo avtwetwmotel oto yweo Hilbert 5Vo
nAextpoviwy xar 800 muprvewyv. Télog, To duvouxd Tng cuvdptnong 0 dev amoTeAeL
iavoToumn Ty Teocyylorn tou duvouxd Coulomb. Qotédto, N tdomn yia dnuovpyia de-
OULXMY XL AVTIDECULXMY XUUOTOCUVIRTACEWY X0l 1) ETaxOAoVT UElwoT TN EVERYELIC
emBudvel aveldptnTa and TNV TEOCEYYIoT xal anoTeEAEl Baoxd oTolyElo XaTaVONONC

TOU OUOLOTIOALXOU YN0 BECUOU.

8.4 IlpofBAAuata

1. AnodeiZte tic dotnec (160H167) tne ouvdptnone déhta. Enondetote ot d(a?—
a?) = ﬁ[é(m —a)+60(z+a)]. Tty BL6TNTOL 1} VewphoTe T0 OhoXhpwUa
[76(2)da’ xon ouyxpiveté to pe t B(z). Enpewdote toc 1 Ty 6(0) dev nailel

POLO €0W.

2. Abote 1o TpdBinua oxédouong yio duvouixd Vod(x). o) Beeite ta mhdtn xou toug
OUVTEAEG TEC DIEAEUOTIC X0l AVAXAACTG. B) Kot mécov dlagoponotetton 1 tepinte-
on Vo > 0 and v nepintwon Vy < 0; v) Hpoxdntouv cuvtoviouol oxédaonc; 6)

ot 1) popgh Tne [ (x)|* yio 2 < 0 xou x> 0; Lyohdote Tic dopopéc.

3. E&etdote Tic wotipég e evépyelog £y yio To SImAd duvouxd & (g. . o)
Aeléte 61t n B} ebvar ad&ouoa cuvdptnon xan 1 E_ @iivouca cuvdptnon tng
anéotaong 2d. ) Avote ypopxd to TeéBhnua e Wotuhic E_. Acite ot n
E_ undevieton vy d uxpdtepo 1 (60 xdmotou deis. Tu ouvufBaiver tote ye tov
ouvteheoth v—; Tu oupPaivel ue 1o urxog dieloduorg;

Tn6deln yio 1o (B): To oy. | dev e&unnpetel oty edpeon e Y- Yo Uixpd
d, 8ot 1o onuelo TounRg Twv xoumUAwy coth(y_d) xou % L — 1 JopBéver

Tol0 udmAiéc Twég otov dova y. I't autd, Eavarypddte Tn Bedtepn TRV ot

poper) tanh(y_d) = f(1-), pe [(7-) = 5l -/ (1= 5l ). Syedudore

TIC XUTUAES TOU dploTepol xat Oe€lol UENOUC xou ECETACTE GE TOLo BLAoTNUA

EVOEYETOL Vo TéUvovTaL, LTS TNy Tpolndldeon v- > 0. E&etdote tnv nopdywyo

h2

TV 000 xounOAWY 0T0 Y- = 0 xou uToAoYIoTE TNV derit = TVl

4. Yowpatidwo Peloxeton oe duvouxd Tng Hop@ng
V(z) = —gé(x) +Vi0(x), ¢,Vi>0

onhadh, V(z) = 0 yie z < 0, V(z) = Vi (otadepd) yioo 2 > 0, xou emmAéoy
V(z) = —go(z) axpidre oo xévipo. [B(x) =0y < 0 xou = 1, yie > 0,
elvar 1 ouvdpTnom povadtaiov Bruatoc.]

o) No umoloyloete v WoTun Tne evépyelag TS SECUING XUTEO TOONG.
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B) No def€ete 611, xadore 1o Vi augdvetan, @tdver pla xplown Tn, Téve and tny
omola dev mpoxOnTEL déouta xatdotaor. Na utohoyicete Tny xplown Ty xo vo

UTIOAOYHOETE TO AMOTEAECUAL.

. Ywpatido Beloxeton og duvouxd TG LopPNS

Viz) = { —g8(x), |a| < L/2

00, |z| > L/2

ue g, L > 0, onhadr, oc ancipdfodio gpéap SuvoUIXol UE ULl cLVEETNCT d 6TO
AEVTPO.

o) No Beedel n Jepehddne xatdotoon xou 1) avtiotoryn Wotun evépyetog Ey.
B) No Siepeuvniel yio moleg Tyéc tou g €youue Ly < 0.

v) Not Beetolv oL IBIOTWES TNE EVERYELNG OAWY TWYV TEQITTMY LOLOGUVAPTHOEWY Xl

va cuyxeroly pe Tic avtloTtotyeg Yo TNy Tepintwon g = 0.

. Oewphote TV xupatoowvdptnon V(z) = aexp(—y|z]). Adyw tnc acuvéyetag
NG TEWTNG TORAYWYOU GTO UNBEV, O UTONOYIOHOS TNG XIVITIXHC EVEQYELNS YPEL-
aleton e petayeipton. AlepeuvioTe To TEOBANUA Ye 800 TEOTOUC:

o) Peddte ty W(z) oty npoceyyiotny| wopeh ¥, (x) = V(x), yio |z > 1, xo
U, () = —bz*+ ¢, v [x] < 1. TrohoyloTe o b xou ¢ HGOTE var UTdpyEL CUVEYELX
e W, xan g meadTNg mearywyou ot onueio £n. TrohoyloTe TNV xvnTixy €-
vepyew g W, xa ndpte 10 dpto ) — 0.

B) Iedhte tyv ¥ ot popen ¥(z) = aexp(yz)d(—x) + aexp(—yz)f(z). Beelte
v U (x) epapuoloviag Toug xavovee mopayoytong tTne O(z) xo Tic wiotnTES
e d(x) xou énertor umoloyiote TV xwvnuixd evépyela. Téhog, ouyxpivete ye to

().
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9 O apuovixog TOAAVIWTNG

9.1 Ewoayowyuwd

O apuovindg TahavTwTig eivon HodNUoTind UTOBELY U PUOIXGY UG TIUATKY Tou Bploxo-
vt mAnctov xatdotaong wopponiac.  ‘Eyel eqopuoyéc otny xhooin xon xBovtixd
unyovixy), oe Yewpleg mediou, xAt.  Av unodéoouue 6Tl éva cwuatido pdlag m -
noxerton o€ duvopxd W(x) o xwveiton TAnoiov evog tomxol erdytotou, €0Tw 0o Ty,
6ote W'(zo) = 0, W"(x9) > 0 xou évo avdmtuypo oe uxpd (x — xo) dtver W(z) =
W (o) + 5 (x — 20)*W" (z0) + O((z — 3)?). Metaronilovtag tnv opyA Tou dova z 6To
To, OPUEOVTUG T1 GToERY W (xg) amd 1o duvouxd, xon oryvohvtac 6pouc AVOTEPNS
ENe and Ny tetparywvixh, Vétoupe V(x) = Wz — zg) — W(xo) xou hauBdvoupe
V(z) = leQ = lmcu%z, (177)
2 2
10 omolo elvar To duVoXO Tou dpUoVXoL TahaviwTh. H yevixdtnta egopuoyric tou
UTOBELYATOS TOU 0pUOVIXOU TOAAVTLTY) 0QelleTan 0TV eVpeia SuvaTOTNTA YPoNg AUTHC
¢ npocéyylone. H nocdtnra K = V7(0) > 0 ovopdleton otalepd eAatnpiov, Aoyw tng
mpoéheuone tne Vewplog and to vopo tou Hooke. Evo yopoxtneiotind tou xhaoixol
OEUOVIXOU TohaVTLTY| efvar OTL To cwpatidlo extelel Teplodxr xivnor, Ye v nepiodo
T = 2m/m/K vo eivor aveEdptntn tou mAdtoug (uéylotng amoudxpuvong). Ané exel
TEOXVTTEL Xou 1) BeUTEEN YPoupY Tou Suvauxo, e w = 271 /T TNy xuxhixh cuyvoTnTa.

9.2 AvoaAiuTtixn nédodog entAvong

O »Pavtinde opuovinde Tohavtnthc opileton amd T Xogthtoviov)

- 1 1
H = %ﬁz + §mw2§:2, (178)
ue e&iowon WoTPGY
R 0*°0 1

Mo guxohion epopudloupe TNV odhory stﬁknﬂ’]

T o= wymw/h (180)

E = E/hw

93Tty enthuon axoloudolue 1o BiBhio Tou Btégavou Teayavéd KBavtounyaviki I, Mavemo -
woéc Exdéoeic Kpne (1991).
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onote 1 e&iowon (L7Y)) yiveton adidototn:
U (7) + (2E — 7*)¥(7) = 0. (181)

Ou avalnrhcouue déoutee xataotdosic. D peydha T2, 1 evépyeia E oty (181) yiveto
apeNnTé OE CUYXELON PE TO T2, OTOTE EYoupE TNV axdroudn dagopxy| e&icwon mtou

xordopllel TNV ACUUTTWTIXT) CUUTERLPORE TG XUPATOCUVEOTNOTC:
U (z) -72°V(Z) =0, (T>F).
AuTh éyet aouunTeTéS Moew Tne wopwhic ¥ = cet /2 ¢ cswﬂspch Ao cet® /2

AMOPEITTETOL Yiot DEOULES XATUOTACELS, OLOTL AmELR(CEL TNV XUPATOOUVEETNOY GTO F00.

Z 7 7 2 7 _z2
Emoyevwe, n acupntmting cuutepipopd teenet va etvon W = ce™” /2

. T'edpouue howndy
U(T) =ce " ?h(T) (182)

6mou ¢ otadepd xavovixomoinone xou h(T) ocuvdpetnon mpog mpoodoptopgd. Avtixadi-

otdvtag oty (181) AowBdvoupe tnv oxdrovdn dapopxn egiowan yio ™y h(T):
r'(Z) — 2zh () + (2E — 1)h(T) = 0, (183)

YVLo T xon w¢ eéioworn tou Hermite. Yto nvelua tng uedodou Frobenius, emtyeipolue

eniAuom péow avanTiyUaTog oF oeELpd:

h(E) =) a
k=0

Hopayoyilovtag toug dpouc tne oepds xar avtxahotdviae otny (183), Peloxoupe:

> apk(k— D)7 =22y kT 4+ (2E-1)) a7 = 0.
k=2 k=1 k=0

Avadeixtodotolue Tov Tp@To 6po Ye k — k — 2, ondte 1o ddpoloya Eexvd tAéov and

0 k = 0. X7ov 0eUtEpO 600, 0 TUEAYOVTUC T EVOWUATWOVETUL 0TO ddpoloua divovTog
o0 —k ’ / / 7 / . z / 7

=23 0L, agk T, eved to dpotopa umopel v apyioet and k = 0, dedopévou 6Tt 0 bpog

k = 0 Ya uyndeviCeton oltwe 1 dAos. Aopufdvouye:

> apa(k+2)(k+ 1) —2) apkT + 2E - 1)) a7t =0.
k=0 k=0 k=0

2
DO T = ce™ /2 avonooty Tic efiodboeic ¥ — (T2 £ 1) = 0, oL onoleg, acugntwtnd (6Tay
z > 1), tebvouy oty U — 22 ¥ = 0.
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Ov cuvapthoelg zF etvon Yoouuxd aveldpTnTES, ENOUEVWC Ol GUVTEAECTEC TOUC TRETEL

vor e€lowdoly dUvour Teog dOvo):
ario(k+2)(k+1) — 2apk + (2E — 1)ag = 0.

KotoahfZope Aowmdv otny avadpouiny| oyéon

2k —2E +1
Apro = a 184
Auth ouvbéel petadl Toug Toug Gpouc pe k = 0,2,4, ... xa, EeywploTd, excivoug e
k=1,3,5,..., 0nhodY| AmEUTAEXEL TOUC CUVTEAEOTES TWV JOTIOV DUVIUEWY OO EXEl-

VOUC TWV TERLTTWY SUVAHE®Y. AuTo elvon ot cuPQEVio e To 6TL To duvoxd elvan dpTio,
ETOUEVWCS Ol 1looLVOPTHOELS Va elvor dpTieg 1) TepttTée, Omwe elye oulntniel otnv na-
edypapo UE CUVTEAEGTEC TOUC g, A2, A4, . . . XOL A1, a3, As, . . ., avTioTovya. [ va
optoTel 1 oxohovdiol ay, TEETEL Vo EMAEEOUNE Lol aEytxY| THLY Qg YLol TIC BPTIEC CUVOE-
THOEIC XL, EEYWELOTA, ap Yl TIC TEPITTES. Aedopévng Tng avadpoutxic oyéong, 6Aot ot
OUVTEAEG TEC ECUPTAOVTAL YRUUUIXG oo Tov apyxd. Emouévee, 1 emhoyr Tou opyixol
CLVTEAECTY| AVTIOTOLYEl OE TOAATAACLUOUS TNG CUVEETNONG UE o oTadepd, 1 omoia
oev maiCel poAo B16TL umopel var amoppogniel 6ToV OMXO GUVTEAEGTH XovoviXoToinome
oTo TéhOoC.

Ané 1 oyéon TEoXOTTEL 6TL 1) axohovia ay, TeéNEL v TEpUaTiETaN Yol XATOL0
k = n, on\. mpénel vo UTEEYEL N, TETOLO WOTE Apto = 0. Ata@opeTind, yio yeydio k,
EYOUUE gra/ar ~ 2/k, xou 1) oetpd S, arT® hapfdver aoupmtoTid T ok e JO%)
1 omofo, ToAATAAGIAlOUEVN YE TOV ToRdYOVTY e~ T/2 g €&. , diver U — e+7°/2
070 T — £00 xou efvan amapddexTtn we xuuatoouvdptnor. H cuviixn tepuationol e
OELRAS, Apta = 0, onualvel pndeviousd tou apriunty: 2n — 2F +1=0. Enavogépovtog
N UETAPINTA B = hwE, AopfBdvouye TNy amadtnom 1 eveépyeta vor AopfBdvel IBOTWES TNg
Loppric

E,=(n+ %)m. (185)

Auti| ebvar 1 axoroudior WoTGY eVEpyeLag Tou xBavTixol apuovixol TohovteTh. Ol
Noele tepuattlouevne oedc oto n, hy(T) = Y 1, apx", ovoudlovtat moAudyuua
Hermite (6mou oto ddpolopo houBdvoupe eite wévov to dptia ite UovVov Tol TEPITTd
k, 6w oulnmidnxe mo mévw). Qc apyxéc ouviixes tng avadpouxrc oyéone (184)

Vétoupe ag = 1 xan a3 = 2, OnA. ho(T) = 1 xou hy(T) = 27, ot ontolec elxoho BAénoupe

7 ’ ’ 7 ’ ’ =2 —]
95 Mropotye v ewoolye yi auté, avantiocovTac o oelpd To exdetind e = 3. L(7¥)? =

v !
>, 5T, Oftovtac k = 2v xu aj = ﬁ, éyouye €& = Dk domioc arT®. Toéte, apyo/ap =
(k/2)!/(k/2 + 1)! =~ 2/k v peydha k. T nepiocdtepec Aentopépetes, Bh. Stephen Gasiorowicz,

KPBavrikrj Puoikr, exdooeic Khewdprdpoc (2015).
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671 emandetouy T dagopied €€, (183) ue Eo = 1/2 xa By = 3/2. Ot diocuvepthoeic
divovtar Pe avtixotdotaon twv tohuwviuwy Hermite otnyv €Z. (182). Trohoyilovtac
xou TN otadepd xavovixomoinomg ﬁpioxoups

mw\1/4 1 mw 2
o, (o) = (2F) ho (™Y ) tme/2me |
(@) ={— o < - x) e (186)

H Yepehcddne xotdotooT etvon 1

mw\ 1/4 2
\Ifo(x):<ﬁ) o (mi/20) (187)

UE LOLOTUY| EVERYELOG %hw H Wy €yer v 816TnTa Vor eEAarylo TomoLel 1o YVOUEVO ofSe-
Bondtnte Véomc-opuric: (Ax)y, (Ap)w, = 3h, Snh. wovoroelton 1 10dtnTo 0TN OYEon

(33)

9.3 AMyeBpewn péYodog eniluong

To mpdéfAnua Tou apuovixol ToAaVTOTH emdEyeTon xan oAyefoixy| uédodo entluonc.

OpiCoupe ToUC TEAEOTES KaTaoTpogns kar dnuiovpyiag

mw 1
a = T+1 D 188
V 2h \/mehp (188)

1
ot = s 5 189
2h Qmwhp (189)

ol omofot etvar gpuitiovol oLLUYElS IAAAWY, OIS EUXORA QalveTal oTO TIC TUPATAVG
OYEOEIC XAl OO TO YEYOVOS OTL ot & xou P ebvan eppitiavol. Me Bdon toug a xou al, 1

Xoghtoviavy| (178)) yedepetan
2 i 1
H= (aTa + 5) hw. (190)

Edxoha Beioxouue 611 n péon tiun tng Xauhtoviovig (190) oe onoladrimote xotdotaon
U etvon Yetinh) xan pdhiotor peyahitepn and huw/2:
. hw

(U, HY) = hw(qz,&m\p)+7(\p,qf)

fuww
= hw(aV,aV) + 7(\11, W) (36Tt 0 @ eivor ouluyrc puitiavég tou al)

. hw 1
= ol + O > She, (191)

O6)BX. 1.y. A. Bohm, Quantum Mechanics: Foundations and Applications, 3rd ed., Springer 2003.
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86Tt 0 TEGTOC bpog elvor > 0 xar o dedtepog (oog ue fuw/2, epbdoov 1 || = 1.
Ané n petadetind oyéon [z, p] = ik Tcpom’)ms

a,a'] = 1 (192)
[H,4] = —hwa (193)
[H,a'] = hwal. (194)

Me ™ Bordeia TV mapamdve oyEoEwy, UTOPOUUE Vo TUPAEOUNE LOLOGUVUPTNOEL TNG
Xaphtoviavic, av €youue 6edouévr pio, €otw v Yg # 0, ye ot £, Aniody,
¢otw HUp = EVg. Bpioxoup

HaVy = (E—hw)a¥g (195)
Hilvy = (E+ hw)alvy (196)

Anhadn, to dlavooupato a¥ g xon ' etvan 1B1o0tovOopoTor (AR Oyt amapolTnTaL Xavo-
vixornounuéva) tne Xophtoviavic e oty (E—hw) xa (E+hw), avtiototya. H T
hw etvon 0 %Bdvto evépyelog Tou apuovixol Tahavtwty. Ot Topandve cyYEoElg dixoto-
AOYOUV TNV OVOUosio TV TEAEGTOV XATAc TROPNC Xat dnptovpylac Adyw Tng peiwong 1
e adnong, avtioTolya, Tou aptiuod XBaviny evépyelag xaTd plar Lovada.

Y ouvéyela detyvouue Ty Omapdn Yeueiiddoug otdiunc. Av emavaldBoupe me-
PLOCOTERES POREC T1 Bpdion Tou a oTo ddvuoua Vg, Yo AdBouue Véo 1BLodtavOoUTa e
ONOEVQL UELOVUEVT) BOTYY| evEpYElas. Ap®vTag m Qopéc hadvoupe To WBLodtdvucua
a™Vg pe Wotn (F — mhw). T m apxetd peydro, n wWotur Ya yiver apvnti-
. Apa, yio tétowo m Vo éyoupe (A" Vg, Ha™ V) = (E — mhw)(@" Vg, a"Vy) =
(E — mhw)|a™Vg|? <0, ye v wétnra vo toylel otny nepintwon |a™ Ve = 0. Av-
16 €pyetar o avtigaon pe TN oyéon , oLUPLVA UE TNV omolo 1) Yo Ty TN
XoUATOVIOVAC TOU OEUOVIXOU TUAXYTWTY| OE OTOLUOY|TOTE XAUTAO TAUOT) ELVAL VoY XAC TIX
Yetn|, extoc €dv [ W] = 0. Luvende, yio opxetd yeydho m, Yo loyOEL oavaryXooTi-
x4 |[a™VUg| = 0. Eotw n o péytotog duvatdc axépatog yio tov omoio a"Wg # 0, eved
A"t = a(a"Vg) = 0. Anhodh, to ddvuopa ¥y = a"Wg €xel T0 YopUXTNPLO TIXO
a¥y = 0. To ovoudlouye Vepehiddn xatdotaon. H wots evépyelag Ey = %hw ™me

Yepehddoug xatdotaong ovoudletar Yepehiddne otdiun xor urtohoyileton edxoha:
- AT" 1 1
H\I/() = hw(a a—+ 5)\110 = hw§\110,

6oL 0 TEWTOC OPO¢ Tou avpolopatog undevileton Adyw tng utddeong a¥y = 0.

O MeoBhnuo
O TTpbBANua

100



H ¥, eivor povaduer). Anhodr, av vrdeyer ¢ # 0 tétow, wote adPy = 0, tote
avoryxootixd WUy = c®y ye ¢ otodepd. Autd, 10 cuunepalvoupe amd To YEYOVOS OTL 1)
ot e evépyetag tne Po Vo etvon B pe exetvn g Wy (Moyw tne mapomdve amddet-
Eng) xou oTNV (BLat IBLOTLUT EVERYELIS BEV OVTIG TOLY 00V BLOPORETIXES BECUIES XAUTAUC TUOELS
oe povodidototo tpofAfuate (amousio exgulopol ot o &o’ccwcn). Enlong, and
ToL TEONYOUUEVY EIVAL TOOPAVES TG OEV UTHPYEL LOLOXATAC TUOT) YOUNAOTERNC EVERYELIC.

'Eyovtog 6el€et T povadixotnTo TNg VeUeAiddous XATdo TAOTS, TROYWEOUKE avTio Tpo-
o ot Topdryouue OAeg Tic Woxatactdoec W, (n = 0,1,2,...) e XauAtoviavig
dpdvtag oty Wy pe tov teresth (af)". Ilpwrtov, detyvouue 6L 1) Bpdon Tou al dev

undeviler onolodimote (un undevind) duévuopa. Anhadi, av [¥] > 0, téte |al¥| > 0:

latw|* =
, dT\II) (86Tt 0 @ ebvan ouluyhc eppLTIVOS TOU dT)

v a
U, (a'a+ 1))  (ané tn oy. petddeonc [192)
V. a

av,al) + (U, 0)
= [aP|*+|T]* >0

0edOUEVOL OTL 0 TEWTOS 6p0¢ eivar > 0 xaw o devtepog > 0.

Aeltepov, epdoov 1 Jeuehndng xatdotacn Vo eivan wbiodidvuoua tng XouATovia-
VAg, oy Vel YL auThAY 1 €€, , dnhadh, to didvuopa Uy = al¥g ebvor 1BLodiévuoua
ue Wt Ey = Ey + hw. Egapuélovtag to emyeipnua diadoywxd, Beloxouue to €&hg

GUVOAO LOLOBLVUOUATOV-LOLOTHIMY TNG XoWLATOVIAVAS:

HV, = E,V, (197)
U, = (&N, n=0,1,23,... (198)
1

(6mou utovoolue (a')° = 1). Apo, unopolue Vo TUpdEOUUE EmELp LBIODIVIOUTO TNC
Xapthtovavie, Eexvovtac amd T Veuehddn otdiun, tne omolog 1 Unapln meoxOTTEL
amd Ty undleon Unupdng EVOC TOUALYLOTOVY 1L00LvVUcUTOS. Autd elvon olyoupa op-
Yoyovia ueTalh) ToUg, BLOTL AVTIOTOLY0UV GE BLUPOPETIXES L&onpég.

Mrnopolue eniong va meiodolue 6L T0 olvoho elvon TARpeg, dNAadT, OTL OAa To
1OLodLaVUoUATO YRAUPOVTAL GTY LOP®Y (A mdovol molamAaclacuo) UE Wio
otoepd). ‘Eotw tuyaio 8iodiévucua ¥ ye Wotur E xou n o axéponog mou divel

ONBA. xeo. (oeN. .

(100 BX. xeq. [3] teheutaia nopdypapo Tou edupiou «IBloxatactdosic o WloTiécy (oeh. .
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a"Vp = Wy, And v €. mpoxintel 6Tt B = Ey + nhw, onh. £ = E, ye 10
oudolioud g €L, . Egéoov hoimév ov wiotiwée v Yy xou W, toutiovro
X €QOcoV o€ Ula SO TAOT) BEV UTORYEL EXPUAOHOS, Tor dtaviopata We xan W, etvor
Yoouuxd eCaptnuéva, dnhady| To €va TOMATAGGIO ToL dhhou, xou expedlouv TNV (Bia
xatdoTaon. NuuTEpaopatind, o olvoro davuopdtwy W, = (ah)"¥o, n = 0,1,2, ...,
Elvall YEUUUIXS avEEGOTNTO Xo TEQLEYEL OAOL ToL LOLOOIVUOUATA, GAAG EXXPEUEL 1) XUVOVL-
xomolnor Toug.

EZunnpetel va opicoupe tov tedeotri aptunons (number operator), i = a'a, mou
epgovieton ot XoutAtoviavn xou ebvon TEOBNA EpUITLOVOC. Luyxelvovtog UE Ti
OYEOELC O TEOXUTTEL OUECKG OTL ToL WOLodtaviopata TNG XouLATOVIOVS
elvor o 18LodlavOoUTa ToU TEAECTY| apldunong:

v, = alav, =nd,. (200)

Enopévog, o tehestic n opriuet tor xBdvta evépyetag (hw) mou meptéyovion 6Ty xo-
tdoToor tou dviouatog V.

Téhog, mpoywpeolue otny xavovixonoinon twv davuoudtwy ¥,. Egpdcov n olye-
Bewt| ueodog Bev BIVEL TN HOPPT TWV XUPATOCUVAPTHCENY, ToRd OV TNV oAYESpLx
TOUC OYEOT UECL TN Opdone TEAECTWY, TEETEL Vo ey Volpe 6Tl pla xatdoTooT etvor
XOVOVIXOTIOLNUEVT) XAl VOl TPOGOLOPICOUUE TOV GUVTEAES TH XAUVOVIXOTOINOTG TWV UTOAOL-
mwv o oyéon ue autrh. To amholoTtepo eivon vor a&dCGOUUE TNV XAVOVIXOTOMNGT) TNG
Vepehmdoue xatdotaong: Yo = (g, Ug) = 1. Téte, epapudloviag ) oyéon (198),
Beloxouye Yo n > 1:

(W, W) = ((a")"Wo, (a7)"Wo)
(@', _y,a"0, ;)
= (U,_q, d&T\I/n_l) (6161t 0 @ ebvan eppitiovde oLluYHC Tou dT)
= (U,_q, (&Td +1)W¥,—1) (ond o). petdieone
= (U, y,a'av, 1) + (U, 1, ¥, )
= n—1)(Vyq, V1) + (W1, ¥pq)  (omb o
= n(V, 1,V 1).

KorahhZope howndv oty avadpopxt| oyéon |V, |2 = nf|¥,_1]?, n onola, Sedopévne tne
rapadoyhc Yol = 1, diver |0, |* = n!. Anhadn, 1o xavovixonomuéve, LBLodLavicpaTo

e XopAtoviavic, Tou aroteholy xou opdoxavovixr Bdor, etvar To

1 ~T\N
v, = NG (a"" . (201)
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poximtet ehxoha 1 Spdion Twv a xou af oo draviopara opdoxavovirhc Béonc] oY)

a'd, = Vn+1d,,, (202)
ad, = V/nd, . (203)

9.4 IlpoBAruaTo

1.

Aci&te 611 1) péon TN TNG EVEPYELIC TOU OPUOVIXOU TUAUVTOTY EVaL UTOYPEWTL-
%8 Yeuxr|. Xenowonojote ) poppr) e Xophtoviavic (L78) xou to yeyovoc
OTL oL TEAeoTEC P xau T ebvan epuitiovol, ywelc vor xataplyeTe 6ToUC TEAEOTEG

ONUtoLEYLAC XL XATACTEOPTS.

. Arnodelgte ) oyéon (190) xau tic oyéoeic yetddeone (192H194) twv tekestdv a

xau a tou opuovixol Tahavtwth. Me Bdon autée, deilte Ty 1oyl TV e€lohoEwy

oty (195)) xou (195)).

. Mewodeite yio Ty 1oyl Twv oyéoewy (201H203)).

Beelte Ti¢ bloouvapTAoelg xon WoTYES Tng axdrouing Xauihtoviovic:

~ 1 1
H = %}32 + §mw2(:i’ — 330)2 + %,
uE To, Vo otodepec. Xpnowonoote yiL autod 1 YVwoTy| Yewpla Tou apuovixol

TOAAVTWTH UE XATIAANAOUC UETAGY NUATIONOUS, Ywelg vo EavahOoETe To TEOBANUL
amd TNV ey,

Aciéte 611, oc onowdAnoTe Woxatdotacy P, Tou apUoVIXOD THAAVTWTH, 1) UEoT

T TNG XVNTXAG EVERPYELNG Xt 1) HECT) TN TNG duvogxrc evépyetag elvon {oeg:

<T>n = (V}n = %En AclZte Y TEOTOON YE TEELC OLUPOPETIXOUS TROTOUC:

o) Me aneudeiog ONOXATIPWOT| TWY ECWOTEPLXWY YIVOUEVLY, ﬁ) YENOLOTIOLOVTOG
TOUG TEAEOTES BNUIOUEYING XU XATACTEOPAC, Y) Epapuoloviac to Jedpnua virial:

(T), = +{(xdV/0x), v Broxatdotacn ¥, onowcditote Xowhtoviavic.

(0D TTpeBAnua
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10 Kivnorn oe tpelc SLUCTACELS ®Al CTROPORUN

10.1 Ewayowyixd

LNy mEpLypapn TN xivnong cwpaTdlwy o TEEC OLIOTACELS, OEV OLIPOLOTOLOUVTAL
oL atporTor TS xBarvtounyavixic (YWeos xaTaoTdoENY, Tapatneoda HeYEDT, apyéc
UETenong, yeovixn eEEMEN xaTAoTACE®Y), Topd u6vo ahhdlet ent tne oucioug To medio
0PIOOY TV XUPATOoLVIPTACEY: elvon cuvapthoelc and To R? oto C, tetparyemvind

oAOXANEWOES. Anhadi:

/R3 W) dPr =1, r=(z,9,2). (204)

To eowtepind yvouevo opiletan emlong oe avohoyla Ye T LOVOOLAOTATY) TEQITTOON:

(W1,02) = [ Wi Wlo) (205)

Ye avohoyla e tn povodidotatn nepintwon, n mocétnta |U(r)[? diver Ty muxvéThToL
mdavotntag va peteniel 1o owyatido oty Yéon r. O tedeotic Véong, T = (2,7, 2)
elvon TAéov Bidvuoua Ye Teelc ouviotwoec. H xdle emuépouc ouviotwoo dpo ToANa-
mhaocloTxd, T.y., 2¥(r) = 2V (z,y, 2) = 2V (z,y, 2). O teheothc opuic eivor emione
OLVUCUOTIXT) TOGOTN T

0 0 0
S (5 A~ A~ (B B B N — ) 2

Ou oyéoeic petdleong mpoximtouy evxolia. MuuBoiiCovtag e 7, € {Z,9,2} v

[~O0TH) GUVIOTWOU TOU T, €YOUUE

[Fu, 7] = 0
[puaﬁV] = 0
['ﬁuaﬁu] = ih 5w/7 JR S {ZL‘, Y, Z} (207)

Or et oyéomn TEOXUTTEL amd TNV TOAATAACIACTIXT RO TWV 7,7y, 1 0e0TeERN amd

TN METOWETIXOTNTA TWV UEPLXMY TURAYWOYIOEWY ¢ TEOC BLUPORETIXES CUVTETAYHEVES
xou 1) Teltn Pe avtioTolyo TeoTo OTKe N avtloTolyn oyéon o uio SldoTuoT.

H »avntuer eveépyela etvon

1

T= (02 + 5y +P2) =

2= V2 2
o P v (208)

1
2m 2m
H ypovixd aveZdotntn e&. Schrodinger (elowon W8lotiuddv e evépyetog) Yo 10 ow-
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potiolo amoustior duvouxo) YpedpeTo

TUg(r) = —%VQ\I/E(r) = EVUy(r). (209)

[ty enthuon tne e€lonong doxdloupe ywploud petaBintédv. Fedgovtoe Wi (z,y, 2) =
Uy (2)Wa(y)Vs(2), AauPBdvouue

W (1) Ual) Us(2) 401 ()20 Wi ()01 ()W) W4 (=) = — 20 (1) W) s 2),
(210)
V() iy) () 2mE o)

Ui(z)  Waly)  Ws(2) h?
To €16 péhog tne ediowong elvon war otadepd, eved 1o aplotepd Yérog elvan dpoloua
TELOV CUVOPTACEWY OLopopeTx®V PETOBANTOY. O udvog TpdTog Vo txavomoleltal 1
elowon ywa x&de T Twv T,y, 2 var va eivon otadepdc o xdde 6pog Tou APLOTEEOY
uéroug. ‘Erot,

0 omE 24 mE. g 2mkE.
((x) _ 2mE, 2<y>:_m2 3(2):_7713’ ue By + By + By =E

Ui(z) R T Wy(y) h2 7 Wy(2) h?
(212)
O Mooelc auTtdv TV EloOoewmy elvat
Uy (z) = ™™ Wy(y) = ™Y, Uy(2) = e** pe k, = \/2mE,/h. (213)
Ané €86 xou mépa, 1 YV AOOT) YRAPETOL OTT| HOPGT
v = Z Ck1,k2,k3€i(k1x+k2y+k32) = Z Ckeik'ra (214>

k1,ka2,k3 k

untd T ouvixn ki + k3 + k3 = k* = 2mE/h?, pe tic otadepéc ¢ xou TIC ETITPETTEC
TWéS TV Ky, vo xadoptlovion and Tic cuvoplaXES GUVITXEC.

o mopdidetyya, €4y oL cuVopLaXES CUVUTXES BivovTal amd TANEWS UVOXANC TG TOL-
yopota oto enineda @ = 0,L, y = 0, L, 2 = 0, L, dnhadr av €youue T0 TEOWHOTATO
avéhoyo Ttou ametpdBadou mnyadol duvouxol ye W (z,y, 2) = 0 oc oautd to enineda,
TOTE AUBAVOUNE YRoUUIX00E GUVBUNOUOUE TV EXVETIXWY OOTE Vo oynuatilovta ou-
vapthoe W, (z) = sin(nymx/L), ¥,,(y) = sin(nemy/L), U, (2) = sin(ngmz/L), ye
N Yevixy| Abon

Up= Y Cupngnysin (”f‘r) sin (%) sin (""’Lm) o =1,2,3.4,... (215)

ninans
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uTo TN oLVITHN

R 2 2 2 2

H d&dpoion otn yevixh Aoon ugiotatar €dv neplocdtepes g Wiog TLUSES (ng, Ny, 1)
IXAVOTIOLOVY T1) SUVUTXT YLOL TNV EVEQYELX, OTIOTE X0l EYOUUE EXPUALCUEVT) LOLOTLUT.
(H T n, = 0 amoxheieton S16TL BIVEL UNBEVIXT XUPATOCUVARTNOT), EVE Ol TWES Ny <
0 mapoheinovtar, SLOTL Blvouv P6vVo Wiar aAAXYY| TEOGTUOU, dEd CUVUPTHOELS YRUUULXS
eCapTNUEVES Omd TIC OVTIOTOLYES E Ty > 0.)

Ye dhho mapdderyua, €4y UTOVECOUUE OTL €Y OUNE TEQLOBIXEC GUVORLAXES GUVUTXES
otz =0,L,y=0,L, z=0,L, 16t ol Mool YpdpovToL o Lopy , T
™ owvdnxn k, = 27, /L, n, € Z. (Ed8¢ emtpéneton ) tun n, = 0, mou diver ¥, = 1,
EVE oL GLVOPTHCELS UE My, < 0 o ny, > 0 ebvon ypouuxd aveZdptnrec.)

Téhocg, e€etdloude TO TUPIDELYUO TAROMC AVOXAACTIXWY TOLYWUATOY oTa ET{Teda
r=0,L, y=0,L xou ehebiepnec xivnong yio z € (—00,00). Autd eivon €vo LOVTELD
yioe TNV xlvnor o€ 00Ny o TeTpay xS dlatounc L X L xou dmeipou urxoug, Ty, yio Thy
xlvnomn nhextpoviou oe TOAD AETTO UETAAAXG aywYo. Ed® €youue Mioeg tng Lopgric

U, (z) = sin(nyma/L), U, (y) = sin(namy/L), ¥3(z) = €32, pe tn yevoe| Moo

> = . T . nam in'ksz
Uy = Z Z Z Cn1n2n/<k3)51n< lL )sm <2Ty>€ ks , on,ne=1,23,...

ni=1no=1n'==4+1

(217)
ME TNV eVERYELX Var AofBdivel T
R rmN? 2 Ry
En1n2(k3) = % <Z> (nl + ng) + %/{?3, kg € R. (218)

Edw, o xupatapriudc ks unopel vo TdpeL OTOLBATOTE TEAYUATIX TULY (6T ETMUTPETOLY
oL ouvoplaxéc ouvinxec), o avoloyla Ye ) mepinTwon ehediepou cwuaTdiov xvo-
Ouevou oe pio didctaon ywelc dALo Teploplond mépay NG EE. . To n' anoppo-
& T0 TEGONUO TOu xupaTaELIHO, BLOTL TEENEL Vo An@dolv uT'odn ol 8lo Ypouuxd

+iksz

aveldpTtnteg AUCELS e ot ornolec aviiotooly oty B evépyere. H eZ. (218))

dlvel pior mopaBot| yior xde Lebyog (ny, ng), YETATOTIOUEVT OTOV GEOVA TWV EVEQYELWDY

4 4 2 Ié 7/ 4 V4 4
%aTd TNV TOCOTNTY % (%) (n? +n?). H ehdyotn duvath Tph Tne evépyelag ebvou

2 , , ’
Ey = E11(0) = 2% (%) . Acdouévne wag evépyetag F > Ey, napouctdletal eXQUAL-
ou6¢ oL avTioTolyel oTov apliud TV TELEBWY (N1, Ng, k3) TOL tXaVOTOLOVY TN GYéoN

P18).
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10.2 H otpogopun

Ac¢ Yewprioovye cloTNUA EVOC CWUATIOOL GTOV TEWOLEAGTATO YWEO GTNY XUTACTAOT
Uy. E&etdloupe yio 0Tpogn TV GUGTALATOS CUVTETAYUEVGY XATd Ywvia v YOpw ond
dCova e, ye tov aviicTtowyo 3 X 3 oploymvio mivaxa 6Te0PHC Ry e, WOTE 1) V€01 OTO
Y&peo vo petooynuotiletar we r — 1’ = Rr. Tote n ouvdptnon ¥y petaoynuatileta,
EXPEACUEVN 0T0 VEO cVoTNnud, we W (r) = Uo(R, e r). [a euxolio emhéyoupe, ywplc
BAEBN NS yeEVIXOTNTAS, TOV LoV 2 XTd UX0C TOU GEOVO GTROPHC € Xou EXPEALOUUE

¢ Uy, ¥ oe ogapéc ouvietaypévee (1,6, ¢) ue
x=rsinf cosp, y=rsinfsing, z=r cosb. (219)

2 7 7 /. 2 7 102
Trotétouye 6t 1 cuvapthoe Yo(r, 0, ¢) xou W, (1,0, ¢) etvon avohutixée ouvocpmost
e ¢. Téte, BedoPEVOL OTL GTO EMAEYUEVO GUOTNUN CUVTIETAYMEVWY 1) Ywvio 7y elvon

oty xatebuver g @, xdvouue éva avdmtuyua Taylor:

n an
| 8¢”

0

_78_¢:| \IJO(T7 97 ¢)

= oo z (—zhaa(bﬂ Wo(r, 0, )

exXp Z%f/z] \IJ()(T? 07 ¢) (220)

Vo (r,0,9) = Vo(r,0,6+7) = ZV

Wo(r,0,9)

= exp

270 0e0TEPO B YENOWOTOACOUE TOV 0pLoUO ToU EXVETIXO) oVATTOYHATOC TOU Olo-
popw oV TeheaTh ¥(0/0¢) xou 6To TEAEUTULO OPICUUE TOV TEAETTI) OTPOPOPUIS WS TPOS

Tov déova z

A 0

Lo = —ihg . (221)
Eivor amhé va detéer xavelc 6Tt 36¢ = x ya Qlotd00, auth| elvon 1 Exppauct TG oL-
VIGTOOOC 2 TOU dlovOouatog T X V, Bn)\o@n TOU EWTEQOU YIVOUEVOU TWYV BLOVUCUATOVY
Véone xon Barduidac. XuunepthauBdvovtac tn otadepd —ih, xou YeNOWOTOLOVTIC TOV
OPIOUO TNG OPUNG OF TEELS OLUC TUOELS , Yedpouye: L. = (t x p)..

Auté 10 amotéreopa YEVIXEDETOL O OTEOPES YUPW amd onolovorrote dZova. Tvog
TpéTOC €lvan Vo UTohoY{ooUpE TO PETACYNUOTIONS Tou O/0¢ UeTOD Tou opytxol xat
EVOC OTPUUUEVOU CUCTANNTOC cLUVTETHYUEVWY. Efvar amholotepo va mapatnericouue
6T N tocdTT (T X P), = €, - (F X P) elvar T0 €0WTEPXO YVOUEVO TOU BLotvUGUATOS

(r X p) pe 1o povadio didvuoua otny xatebduvon z, e,. To ecwtepxd yvoUevo

(102) Autéc 0 meplopiopde dev elvar 0UGLOBNGC, BLOTL UTOPOUUE VoL EXPPAGOUUE OTOLBHTOTE TETEOY WVIXE.
ONOUATIPOCLUY CUVAPTNOT WS 6PLO AXOAOUHIAC AVAAVTIXMY CUVILTHOEWY.

107



etvan Bodum T TOCOTNTA, WS €X TOUTOL OV OAAACEL TYY| OE GTEOYPY| TOU GUOTAUNTOS
ouvtetayuévwy. Edv to exgpdoouue ot VEo GUGTNUA CUVTETAYUEVRY, WS TEOS TO OTolo
0 mponyoluevog d&ovag z Beloxetoan Théov oTNy xaTtedBuVoT €, XATUAYYOUUE OT1) YEVIXT

ExppaoT) 0TEOPNG xaTd Ywvin v YOpw and dova e,
B v _ ¢
Up(Ryer) = exp [z£ e (r xp)| Yo(r) =exp [zﬁ e- L} Uy(r). (222)

Edw, oploaye tov dtavuopatind TEAECTH TG 0TROPOEUYIS

A

L=fxp (223)
UE CUVIOTWOEC
> L 0 0
Lx:ypz_zpy = —ih (y&_za_y)
L,=%p,—ip. = —ih (z(% - x%) (224)
- s 0 0
L.=2p,—9yp, = —ih (ma—y— %)

O petooynuatiopds (222), Uo(r) — ¥, (r) = V(R4 e 1), Elvor pia 0Tp0@H GTO YOEO, N
ool aprver avadholwtn ) vopua [Pol? = [ |To2d®r = [T, |2d*r = |V, |?. Erione,
TEOXELTAL EUPAVAOS YLOL YRUUUIXT) omemdVIon, xon Exel TévTta avtioTpogn (Thy oTtpo®h
xotd —), Snhady eivar 1 — 1. Emopéveg, o TEAE0TAC YETOOYNUOTIONOD, eXp |if e - L ,
etvan povadlaiog. AeBopévng g PavTaoTiXrg Hovadas otov exdéty, 1 TocoOTNnTY %e .
L TEENEL Vo elvor gpuiTioveg teheothc.  Aopfdvovtag to e otic xatevdivoe T, v,
%, OUUTERAIVOUUE OTL OL TEELG CUVICTMOES TNG OTPOQopUnS elvon epuitiavol TeAeoTéc,
OIS QUIVETOL Xou amd TOV 0plopo ([224)), 6TIOL Ol CUVIGTHOOES TR YOVTOL OO YIVOUEVL
EQUITIAVOY TEAEOTMY ot omofot petatiVevtar (.y., [Z,p,] = 0). 1o B0 cuunépacpo

xoToyoupe av Tdpoude Ty e&lowon (221]) xon ohoxhnpdcoupEe xaTd TRy OVTES 0T
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yowvia ¢:

(U, L. %) = /027r U*(r,0, )L, U(r,0,¢)dp

m o _ G\Il(r,ﬁ,cﬁ))
= U*(r. 0 —ith—22" )
/0 (rv 7¢)( Z a(b ¢

27 *
= —ih[w*w}§”+m/ W\P(r,@,aﬁ)dgb
0

- 0+/2W (—m%’(f’@y@(r,e,@m
0

_ [ /0 " (—zh—a@(g;be’“b)) \I’*(T,G,gb)dgb}*
= (¥, L.0)

OTIOU 0 TEWTOG 6POC TNS OAOXANEWOTE XATH TUEAYOVTES UNOEVICTNXE ETELDY| 1) W TpETEL
va efvon govotun ouvdptnon tne yoviag ¢ (¥(r,60,0) = U(r,0,21)). Enopévec,
(U, L.0) € R, dnadh o L. sivon epumiavéc teheothc. Acdopévou 6t o L, xa
f/y amA®S ex@ealouy Tov ﬁz OE OTEUUUEVO GUCTNHA CLUVIETAYHEVWY OTO YWEO, CL-
urepaivouue OTL ebvan emiong eppitiavol, ywelc va emavardfBouue Tic Tpdlelc. XTo (o
CUUTERUOUN XAUTUAYOUUE TopatnedvTae 6Tl xdle cuVIoThoo e oTpopopuic (pe-
(PEY:AVYUOUCOUTIOVEVTS) OmOTERELTOL 0Tt YIVOUEVA UETATIIEUEVOV EQUITIAVADY TEAEGTOV.

Hepoutépn, opiCouye 10 PETEO TOU TETPAYMVOU TNG OTEOPORUNSG (G

~ A ~ ~

L’=Fxp)-(Fxp)=L2+L>+ L2 (225)

Adyw Tng epuiTioVOTNTOC TOV IAL:B, f)y, f)z, 0 TEAEOTHG L? et eniong eppitiovog.

Ov oyéoeic petdeonc Twv TehecT®V oTpogopurc (224) mpoxintouy aneuldelauc and
T oyéoelc Yetdieong twv cuvioToowy e Véang xou e opunic (207). Xenowomnot-
OVTOC TOV XAVOVAL PETAIETCV [AE, C’] = A [B, CA’} + [A, CA’} E, Beloxouue

f,x,f,y_ = zh[:Z
1, L. = ini, (226)
i..L,| = i,
mou cuvoilovTo
[EM,EV] = ih>" e L (227)
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omou eugaviCeton To avtiouuueTewd olpfolro Levi-Civita,

1, ovta (p,v, k) e dotio petddeon tov (2, Yy, 2),
€w = § —1, ov 1o (i, v, k) elvon neprtth yetddeon v (z,y, 2), (228)

0, av xdmowx and o (i, v, k) Tautilovio.

Enlong, Peloxouue edxola:
[ﬁ{ix] — [ﬁ{ﬁy} - [ﬁ{ﬁz} —0. (229)

10.3  Xulrtnon nepl Twv oYEocewy UETAVECTNS TWV TEAE-
CTWY CTEOPORUNS

Ané o mopamdvey, CUUTERAEVOUUE OTL OL GUVIGTMOES TOU BLAVUCUATOS TNG OTROPOPUTS
elvon aoluPBateg TOCOTNTES.  DUUPWVOL PE TO €04PLO AUTO GUVETAYETAUL OTL OEV
UTIEEYEL X0V GUGTNUA LBLOOLYUOUdTKY Tou Vo amotekel Bdorn oo yopeo Hilbert, av
xou Pmopel Vo Undpyouv xdmola xowd BLodtavhopoTo (UEALOTA, Ol XUPOTOCUVARTACELS
UNOEVIXNC OTEOYOPUNG TEOXUTTEL OTL EIVOL XOWVE LOLOOLAVICUNTO TV TELOY TEAECTOV
ue Woth pundév). Kotd cuvénelo, av oe éva meipapa @UATEAEOUPE TN GUALOYT, YLot
TORADELY A, OF XATAOTUOT) OEBOUEVNS TWAC TN TPOBOATC ﬁz, TOTE AVOUEVOUNE (n)\nv
sEoupéoscov) OLOTIOPE. OTIC METPNOELC TWV f/x WOl f/y.

Avtideto, 1 peTHdeTIOTNTA TOV TELOY CUVICTWOMY TOU L? ue OTIOLBATOTE TWV
TELOY CUVICTWOOV (EE. ornuotvel 6Tl UTdEYEL BAoT KoMDY IBLOBLAVUOUNTEDY TOU
L? xau f}x, GAAT BAoTn %OWVGY IBLOBLVUCUETLY TOU L? xa ﬁy, xou GAAT Bdorn xowyv
LOLOBLUVUOUATCY TOU L? v f)z (oL tpewc Bdoelg Bev ebvar duvatdy va Towtilovton). Ag
Yewpriooupe, ywels AN tng yevixdtnTog, TNV TepinTtwon xowng Bdorng L2y ﬁz
‘Oneg Yo doVue, pe e€aipeon TNV WOLOTYLY UNOEVIXTC 0TROQOoRUNS, x&E WloTiur Tou 12
avTIoTOLYEL OF TEPLOCOTERES TNG Wiag OLOTIHES TOU ﬁz. Enouévee, €dv o cuhhoy
PLATEUPLO TEL WG TEOC LBLOTLUY TOU L?, 10 puitedplopo etvar atehéc (Sev divel xuuato-
ouvdpmon), xou amonTelTan EMTALOV QUATEAPIONA (¢ TPOG TO PEYEYOS I:z Yiol VoL TROG-
olopto Tel TANpWS 1 xaTdoTaoT. A o avTioTEo)a, oV PUATEORIGTEL Lol GUANOYY| (¢
TEOG LOLOTT| TOU L., 10 putpdptopa ebvon eniong ateléc, B16TL uTdpyouv TohéC (dmet-
e, 6mwe Ya dolpe) WoTyés Tou L2 rou AVTIOTOLYOUY GE OEDOUEVT] LOOTYIT| TOU ﬁz
Oa ypewo el ToTE EMTAEOV PLATEAPIOUN WS TEOG To Uéyedog 12 YL Vo TeooOlopLo Tel
TARMC oL XUPATOCLUVARTNOT.  LUVETMS, Ol TEAECTEC L? xou I:Z aVIXOLY OE TARES
UG TN HETATWEUEVWY UEYEV®Y.

YTy meaypaTxotnTa, BEBata, N TAUTOYEOVY YV TV WOOTMY TWY L? xou L,
OeV opxel Yot TAHEYN TEOGOLOPIOUO TNG XUUATOCUVIOTNONG, OLOTL 1) oxTvixy| eC8oTNoT)

NG XVUATOOUVEETNONG ONUtoupYel ETITAEOV EXPUALOUO (Ypouxd aveEdpTNTES XUUATO-
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CLVUPTACELS EVOEYETOL Vo ToUTILOVTOL W TEOC TNV IBLOTWH TOCO ToU L% 660 xou Tou
ﬁz, 0edoEVOL OTL 1) 0TEOYOPUY| Yoo TNEilel To GUCTNUN UOVOY WS TEOS TN YWVLOXN
ouuneptpopd). Tote anartodvtan emimhéov peyedn (.y., N evépyeta) yLor vor cuumAnew et
10 TAfPEC oUoTNUa. AuTéC oL évvoleg Yo BlHCaPNVIOTOUY TEPLOGHTERO OTN UEAETY TOU

atouou tou Topoyoévou.

10.4 ISLodiavOoUaTal Xo LOLOTLES TNG COTEOPORUNS

Oa avalNTACOUPE TIC WOIOTIES XoL Tol XOWH IBLOBLAVICUITH TWY TEAECTMY ﬁz xou L2,
Ta 1BLodlVOoUUTA TWVY f)x, iy TEOXUTTOUY OO EXEVO TOU iz, (pEpVovTag ToV dEova 2
otov T 1 otov y pe yefon e oyéone (222), eved o avtiotolyec WioTiuéS TopaéVOLY
avaAAolwTeS, xaddg TEOXEITUL ATAMS YL EXPEAUCT) TNG DLlag TOCOTNTAC OE dALO GlOTNHUA
CUVTETOYUEVWV.

[a v e&lowon Wty Tou L. YENOWOTOLOUUE T1) Lop@N . Acdopévou 6T
0 TEAEOTAC TEPIEYEL T1) oTodepdt A, e€UTnEETEL Var opicouue TNV WoTWH we mh. Eyouue

A

Le ) =~ () = him n0) (230)
N omota €xel wg Non TV fin (@) = ™. Acdouévou ot f(27) = f(0), npéner m € Z.
Devixd, av o ouvdptnon W ypdgeton otn popgt| U(r, 0, ¢) = Wy(r,0)e™?, m € Z,
TOTE €lvor 1BLOBLEVUOUA TOU iz.

H e0peon twv 1DloTyoY Tou L? ebvor o mpin)\oxn [ Adyouc duotouc e mpLy,
eCunneeTel var opilouce Tig WBLOTWES WG \R? UE To A dyveoTo mpog evpeo. I'pdgovtog

NV €£lo0on IBOTOY WS
LY = L2Y + L2Y + L2Y = \R?Y, (231)

6mou Y 1 Woouvdpton, Prémoude elxoha 6Tt A > 0 MRA|Y |2 = MRA(Y)Y) =
(Y, L2Y) = (Y, L2Y)+(Y, L2Y)+(Y, L2Y) = (L, Y, L, Y)+(L, Y, L,Y)+(L. Y, L. Y) =
Lo Y? 4+ |L.Y|? + L. Y|? > 0, émou ypnowonothoaue Ty eomtiavi| L6t v
L;.

Mertaoynuatilovtag 1o L? omo AAPTECLAVES O CQUEIXEC CUVTETAYMEVES, XOL GU-
YXEIVOVTAC UE TO V2 eniong o€ CQALEIXEC CUVTETAYUEVES, TEOXOTTEL OTL 1) DPACT) TOU 12

etvon 7 (Lo pe oau T ToL Yool pépouc V (TAE0V ToU TOANATAACIAG TIXOU TSy OVToL

10)ESG axohovdolue tnv avohutd uédodo emiluone tne avtiotoyne diugopixhc e&icwong, eved
umdipyet xau 1) ahyeBpueh pédodog. O uédodol napoustdlovton m.y. oo Bi3iio Tou Stephen Gasiorowicz,
KBavtikrj Pvoixr], exdooeic Khewdpripoc (2015).
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—h? xou evég mopdyovia 12). H éxgpaon yio to V2 ebvou:

by 1O 1[1 0 av 1 &V
Vil = ror? o+ r2 |sind 90 sin 0 ol + sin? @ 0¢? (232)
19? (1) 1 -,

Tedgoupe howndy v e&lowon WBLotoy tou L? 66 6Qoupixéc cUVTETUYUEVES

) ) oy 1 Y
LY = —h? — |+ ——==| = \?Y, 234
h Lmeae (Smeae) * sin203¢2} ARTY, (234)

6TOU ALV Elvor Qavepd OTL Y = Y (0,¢). O xavévoe tne ahuoidac pall ye tprywvo-
19 _ o

METPWES OYETELS Udg Blvouv 058 = " Beess XU sm& ‘9 = (cos 6 — 1)86059, OTOTE M
Topandve e&lowon yetacynuatiletar oty €Ng Hopp:
0 Y 1 0?Y
1—cos*6 = —\Y. 235
dcosf {( o8 )80059] * 1 — cos? 6 0¢? (235)

ESe yvetan govepd 6t 1 Y e€aptdtan amd T 6 uévo péow tou cos . o cuvtoio ot

Yeopt|, optloupe T YeTofAnT u = cos §. Ilpoywpolue e ywpeloud UETUBANTOY,
Y(0,¢) = P(cos0) f(¢) = P(u)f(¢), —1<u<Ll (236)

HomamhaodZovtoc T d0o wéhn tne (235) pe (1 — u?) xou drowpddvtac ye ¥V = Pf,

AoBdvouue
oP 10%f

(1 —u2)F% [(1 )8u] + A1 —u?) = e (237)

To aplotepd péhoc authc e edlowong elval cUVAETNOT LOVO amd TOU U, EVE TO OEELO
uévo tou ¢. T vo toobvton ta BVo WEAN yior x8e (u, ) mpénet vo elvon (oo pe ot
otoepd Ai. Ao To 5edLd péhog €youpe

1 0°f(¢)

f(9) 0¢?

=\ (238)

Tou €yet we Aan f(¢) = eEVAe i Ny #£ 0, xu f(¢) = ad + b, yi Ay = 0. AW
npénet f(21) = f(¢), enopévec uéver uévo n duvatdmya eV ue /A =0,1,2, .. ..
Tiwodetwvtag o cudfoloud Tng (230)), Vétoupe £/ A = m € Z. T dedopévo m,

amd T 0V0 0pUOYWVIES CUVAPTHCELS etime

UECL YROUUIXGY GUVOLAOUMY UTOROUUE
va pTidgouye dmepa (VYT 0pUOYMOVILY CUVIRTACENDY TOU VA IXAVOTOOUY TNV (1238)
(m.y., Tic cosme xou sinme), ol mopatneolue 6Tt eldxd N emhoyy tou Lebyoug

em? \yoavomotel TawTdy POV xou TV (230)), ONA0OY| BiveL IBLOGUVIPTHOELS TWV L*xou L,

112



TUUTOYPOVO. XLUVETKOC, VIOVETOVUUE TIC

fn(®) =™, meZ (239)

ve v (237) va yivetar (avtixadiotdvtoe Ay = m?

(1 —u?)

070 0eCL6 PEAOC XAl DLOUEMVTOS UE

2 [(1 . u2>agi“)] ; (A - ’fiﬂ) P(u) = 0. (240)

A

‘Eyouue howndv, yio xdde oty m tou L, wo eglowon yio Ti¢ 1Bl0cUVIRTHOELS
Y (0,4) = P(cosf)e™® xou tc Wonpéc A ou L2, Oa ou{nthcoude TNV emiluon
™me (240) yio m = 0 %o Yo dcdooUYE TIC AMoELC VLo T # O.

[om =0, 7 YedpeTOL

(% {(1 — u2)ag—i“)] +AP(u) =0, —1<u<l. (241)

Emyeipovtag Mo exppacuévn o duvauooetpd, détouue
P(u) = apu. (242)
k=0
Me avtixatdotacn otny (241)) xou emavapiiuncn tou Tewtou 6pou, haufdvouus
> [k + 1) (k + 2)aps — (k(k + 1) + Nag] u* = 0. (243)
k=0

[ vou oy Oer 1) oyéon yio xdie u, meémel vor undevileton o cUVTEAESTAC Xdde BUVAUNC

uF. Auth 1 anaitnon diver Ty avadpopxd oyéon

C k(E+1)— A
W2 ek D)k +2)

Mok > A xow k> 1, n oyéon Siver agqo/ar, — 1. Tote, yio u — £1, n oepd Yo
ouunepLpépeTal ¢ Y, u” xon o amoxhiver. AXNE o dpto Tou P(u) yioou = cosf — +1
elvo 0VGLOOES Vo UTdEYEL, BLaPORETIXS TO amoTéAecya dev Vo opiletar Yo 6 = 0, 0 = .
To mpofinuo Adveton €8y amoutioOUUE Vo TepUatileTon 1) oelpd, Snhadt vor UTdEyEL
xdmowo k = [ té€tolo KoTe a9 = 0. Me auth Ty mepintwon, o apriuntrg Yo TeETEL Vo

undevieton, onAady| Vo umdpyet [ tétolo kote

A=1(1+1), 1=0,1,2,... (245)

(104 Axoroudolue to PBhio tou Stephen Gasiorowicz, KBavtixij duoixn, exdboeic Kheddprduoc
(2015).
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KotaAfjyouue 610 cuunepaoua 6Tt oL LBLOTIES TOU L2 yioem = 0 ebvan Tng poppric R21(1+
1),1=0,1,2,.... EE€&hou, napatnpolpe 6L n oyéaon ocuvoéel xdde Bedtepo k,
Onhad eite ta dptiar k petald Toug elte Ta tepttTd A ueTtokh Toug. AUTO CUUQWVEL UE TNV
WBOTNTA TV CLVTEAEGTOVY TN dapophc elowong (241)) va elvon doTieg ouvapThoelg
TOU U, ETOUEVKC oL Aoelg Ya elvon elte dpTieg elte mepittée, nepthaufSdvovtag elte uévov
GOTIEC ELTE YUOVOV TEQLTTEC DUVAHELC TOU U.

O tepuotionds NG oelpdc onNualvel TOAUWYLULIXES AUOELS, oL oToleg ovoudlovTal
roAvévupa Legendre. O ouvteheotic ag (Yl tar dptiar moAvmvuda) xou a; (Yo to
Teptttd) pmopel vo emieyel avdolpeta var efvon Lovdda, BLOTL 1 ETAOYY| OTOLGONRTOTE
GAANG TWAC AVTIOTOLYEL UMAGG OF TOAATAACLICUS TOU TOAUWVOUOU UE Lo oTtadepd,
oTwe abveTon amd TNV avadpourt| oyéon. Ta mpomta mohuwvupa Legendre (v I =
0,1,2,3) eiva

PO (U) = 1
P(u) = =z
Py(u) = %(SUQ —1)

1
Py(u) = 5(5u3 — 3u) (246)
To moducyvuua Legendre urnopolv va napaydolv and tn oyéorn tou Rodriguez

1 d

Pi(w) = oo

(u? — 1) (247)

X0 UTaXoUY TNV oaxdhoudn oyéon oploywvioTnTag:

1
2

Enouévwg, ol avtioTolyeg xavovixomonuéveg cuvapThoelg eivon oL

20+1
2

Bi(u) (249)

ol ontoleg amoteholV oploxavovixy| BAcT GTOV YMEO TWY TETEAY WYX OAOXATNEWCULLY

ouvapthoewy oto [—1,1]. H oyéon mhnpdtnroac eivar 1

> 5 i - Pi(u) Pr(u) = 0(u— u') = d(cos  — cos ). (250)
=0

[ m # 0, ot Moeic g Swpopinic e&iowong (240) elvon ta owvagr) moAvdvuua
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Legendre,

Pi(u) = (—1)(1 — w2y L _p)

du™
m >0, m<I (251)
(I —m)!
(I 4+ m)!

By (u) = (=1)" Lm (1)
O neproptopde [m| < 1 mpoxntet and To YEYOVOS OTL 1) M-00TH TPy WYLOT OTNV RO
e&iowon undevilel to amotéreoua yioo m > 1, pa xon 10 Py(u) ebvon tohuddvupo Borduod
[. (Tam =0, Po(u) = PF(u).)

Ou xowéc Wioouvapthoeic Y = P(cos) f(¢) twv L? xa L. unopodv miéov vo

Yeupolv v e€Ng:

204+ 1(l —m)! im
Y,m(e,qa):\/ = (Hm)!P,,m(cose)e  1=0,1,2,..., —1<m<I1 (252)

Autéc ou ouvopThoelc ovoudlovTton o@aipikés apjovikég. Ixavomololy Ty ToauToTNTA
1om = (=1)™Yi. T xdde Wiotyr [(14-1)72 tou L? éyoupe 2141 Woouvapthoeic Tou
iz, uem = —1l, —l+1,...,1=1,1. O oprduntixdc nopdyovtac unpocTd @eovtiCet yio TNy

XOVOVIXOTIOINGT] TWV GQULOIXMY OQUOVIXMY, TIOU IXAVOTIOLOUY TN OYECT, 0pU0YWVIOTNTAC

27 ™
/ ds) Yim(€7 gb)Yi’m’(ea ¢) = / d¢/ df sin 0 Yim(ev ¢)Y2’m’(97 Cb) - 5ll’ 5mm’7
0 0
(253)
N oyéon TANEOTNTOC

D> Y5(0,0)Yim(0, ) = (¢ — ¢') d(cos § — cos ') (254)

=0 m=—1

%o omoTeAOVY Ao 0TO YWOEO TWV TETEAYWVIXH OAOXANEOOLIWY CUVIPTHOENY OpL-
opévwyv ot wovadiada ogoipa. Xuvenme, onotodrirote cuvdptnon Y(6, ¢) avantbooeta

OE GQULOIXES UPUOVIXES (G

VO, 6) =D > amYim(0.9) (255)

=0 m=-1
HE
27 T
o = (Vi ¥) = [ do [ a0sin0¥;,6.0)(6.0). (256)
0 0
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Or mpddTeg PEpé oQaUEXES aPUOVIXES BIVOVTaL THEOXAT.

1
T i
3 .
Yiern = F S—Wsinﬁeiw
3
YLQ = E cos 0
15 ,
Yoio = Ion sin? g e
15 ,
Youu = F 8—7Tsm€cos€eiz¢
5
Yoo = Ton ——(3cos?0 — 1) (257)

10.5 ®Puvowxn epunveia Tou Pdouatog

Efdoue 6Tt T0 U€TRO Mo 1 CUVIGTOOA 2 TN OTEOPORUNS elvol XBavTIOUEVES TOGOTNTEC:
OEV UTOPOLY Vol Ad30UV OTOLABHTOTE TYT|, OLOTL TO PACUO TOUG Elvor BLoxpELTd.

Avopévoupe 611, og o pétenor, To PETPO TNG GTEOQOPUNG OEV uTopel vor ebvor
UXEOTERO OO TO PETEO TNG CUVIGTWOOS 2. Autd TEOXOTTEL HordNUoTiXd amd TOv TE-
ooptopud —l < m < I, o onolog cuvendyetar |mlh < lh < \/WR H nocédtnra

(I4+1)h EQUNVEVETOL WC LOLOTLUY TOU UETEOU TNG OTEOPOPUNE, OEDOUEVOU OTL TO
I(1 + 1)A? etvon 1) WBroTur| Tou L2, ‘Apa, yioe xde petenuévn T Tou PETEOL TNG GTEO-
(POPUNC, 1) METENUEVN TYY| TNG CUVOTOOUS 2 EfVaL QUG TNEY UXEOTERT) XAT ATOAUTY T
(ue wévn e€alpeon Ty xatdoToon UNdevinic ol oTpogopunc, I = 0, yio TNy omola
unoypentxd m = 0).

AlonoInTnd, autd onuadvel OTL 1 oTEoQoEUT TOTE deV Umopel Vo elvar TARpwe Ta-
edhAnhn oTov dlova z (7’] OTOLOOY|TOTE GEOVAL, ULl XoU O Z ETLAEYETOL avdaipeta). Autd
elvo Evar xadapd xBavTind QoUVOUEVO %ot CUVOEETAL UE TIC OYEOELS HETAVEOTC - WYV
Lx, [Ajy WOl L Egécov ot yetadétec dev undeviCovtal, plo GUAAOYT TEOETOWAOUEVN
OE OLOXATAC TACT) TNG L., ue L,U = mh¥, Ja éye unoypewtixd Siaomopd W meog
UETEHOELS TOV [:w WO ﬁy. Ou Tweég g dwomopdc otn dedopévn ¥ Jo ixavomolody T
oyéon ofefardtnroc (30):

A 2

=3 ’(xppr)} - |m]%. (258)

(ALAL) 2 3 (L L) = 5|intE

opddhnha, 1 péon th (L) xon (L) undeviletor oe wbioxartdotaon tou L., Sibt o
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oyéoelc yetdeonc (226)) divouv

ih(L,) = (L, L)) = (qf L, E]\p) (xpLL\D)—(quf,iy\p)
- (qf yxp) ( ) (259)

(xou opoa yior TNV (L,)). Suvendc, oL GUMOTMOOES T Xt Y NG OTEOYOPUNEC EYOUV
UTIOYPEWTIXE OLoTOPd TERL TO UNOEV OF LOLOXATACTACELS TNG ﬁz Axopo xou yioe ™
HEYLoTY SuvaT TEOPBOATY TG oTEoYoEUNC oToY dEova 2, m = [, oL yeTp|oeic Yo 6KGoLY
Un undeVIXY| TEOBOAY TNG GTEOPOPURAS OTOUC GEOVES T XAl ¥, dpd 1) TEOBOAY OTOV 2 TRETEL
vou ebvon uixpoTeen antd 1o PETpo Tng otpogopunc. Ilépav tng oycong ofefaurdtnTog,
UTOPOUUE Vo UToAOYICOUUE xat TO UETEO TNE TEOBOAYC TNS 0TEOPOoEUNC OTo Ninedo Ty.
Auté diveton amd Tov TEAECTH L2 ~|—L2 12— [E Emoyévwe, ot x0véC 1BLoXaTaoTUoELS

twv L? o LZ elvon emtlong LOLOXATACTAOEL TOU L2+ Li. Av Wy, wa TéTolo xaTdoTaoT)

ue L2y, = I(1+ 1)2h2V,, xou LUy, = mh¥,,, tote
(L2 + L)Wy, = (L* — L) Ty, = [I(1 + 1) — M2 B30y, (260)

Anhady), To p€Teo NG TEORBOAYS TNEG OTEOPORPUTC 0o ETinEdO XY v \/mh
e undevixn dtaonopd. H eAdytotn duvaty| Tyl Tou TpoxUtTel yia m = £l vo elvor Vih.

H oyéon APNVEL EVOL EQWTNHATIXG OE oyéon pe TNy meplntwon m = 0.
Mrmopel xavelc vo deilel 611 T0 pévo xowd Woddvucua ¥ tov I:Z won L2 Ylot TO O-
nolo (ALg)w(ALy)y = 0 eivon exeivo v 1o onolo | = m = 0. Hpdypott, av
(ALy)w(ALy)g = 0, t61€ évoc amd toug 800 mapdyovteg Yo undevileton. Xwpic BAGEN
NG YEVIXOTNTOG, E0TW (AL,)y = 0, ONnAadY| OEV LTdEYEL BlaoTOP TOU f/x oTn 0edo-
uévn W. Tote, n ¥ Yo elvon €& oplopol 18L00LEVUGU TOU f}x. Mmropotue va Bpolue
xou TV avtioTtoyn Wotuh: epdoov o mdve eidaue ot (W, L,¥) = 0 yu onoto-
0Y\TOTE LOLOBLEYUOUA TOU Lz, CUUTEQUVOUUE OTL L,V = 0, dnhadn 1 dedopevn ¥ avt-
otouyel o Wty undév. Muvodilovtag, we Topa Eyoupe Peet LZ\I/ = Lx\If = 0.
ANNG amd €06 Poloxouue xan Tn Bpdor TOU iy, a&LOTOLWVTAG TIC OYEoELS UeTdie-
onc: ihL,U = [ﬁz,ﬁm} U =1[0-m—m-0¥ = 0. Apa, ¥ eivor 1d1o8tdvuoua
XoL TOU f/y ue oty undév. Télog, and v yvwetloude NON OTL yior Vo €y0upE
(AL,)w(ALy)y = 0 npénet unoypewntxd m = 0, Snhadh n ¥ €yet undevixr oty xou
¢ TEOG TNV L.. Yuunepdvouye:

ﬁQ\If:(£§+£§+E§)W:(0+0+0)\PZO. (261)

KotoahAyouue 6t n ¥ ebvan dtodidvuoua tou L? undevixhc wotuie, dea I = 0.

To mapamdve woybouy xat yio Tig WocuvaeThoELlS eite Tou L, eite Tou L, otn deon
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TOV ﬁz, dedopEvou OTL 1) EMAOYT TOL d&ova z 6To Yeo Atay €& apyhc avdaioeTn.
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11 Ki\mon o€ xevcpm(') 8uvocp.(.xc')—'co o’c'copo ToOU

Y dpoyovou

11.1  Awxthenorn ITng CTeoYopuns

Ac Yewprioouue €va ooUaTiOo ot xEVTEIXG SuVOUIXG, SNAADT|, GE BUVAULXO YLl TO OTolo
V(r) = V(r) (r = |r]). To obotnua nopovotdlel wwotponia, dnhadr dev umdpyel
TpoTuntén XoteLuvan 6To Yweo ot Xauthtoviovn (xo cuVETOS oTn yeovixY eEEMEN).
Auté eivon Qovepd amd TN HOPGT TOU BUVAULIXOD Xou omO TO YEYOVOS OTL 1) XVNTIXT
evépyela elvan emtiong tootpominy.
‘Eoto po xugatoouvdptnon Wo(r; 0) oe ypdvo t = 0, n onofo e€ehiooetar ypovixd
oTnV
Wo(r;t) = e /My (1 0). (262)

E&etalouye mopdhAnha oty GAAT XUUOTOGUVAETNOT), 1 OToldl GUVOEETOL UE TNV TROTN

HECL UG OTROYPHC OTO YWEO Ry e xoTd YoVia 7 YOpw amd dlova e:
U (1;0) = Uo(Ryer; 0) = €7/ Wy (r; 0) (263)

oUUPwva Ue Tov TUTO ((222]).

Adyw tng 10oTpoTilac TOU CUGTHUATOS, OVUUEVOUUE OTL EITE TEPOUUE TN YEOVIXT
eZENEN TIC OTPUUUEVTC XUPATOCUVERTNOTS OE YPOVO t, EITE TEPOUUE TN Yeovixt| EEENEN
NG U1 OTEAUUEVNS X TN 0TEEPOUNE OE Ypovo t, Vu €xouue To (Blo anotéheoua. Anhadt
OVOUEVOUNE

U (1) = eV W (rs 1) (264)

AvtixohoTdvTog TIC EXPEAOELC 0TO dpLoTERS Xou BedLd uéhog, Aoufdvouue
e—iﬁt/h eiwei/h \IJO(I'; 0) _ eiwei/h e—iﬁt/h \I’O(I‘; 0) (265)

H wwétnto npénet va oy Vet Yo omotadnnote W, ETouEVRS €YOUUE LoOTNTA TWV TEAECTWY
oToL 000 UENN:
e—th/h 6z'ye-L/ﬁ — eweL/h G_IHt/h. (266)

A& auth 1 Exgpaon onuaiver 0Tt oL 500 povadlafol TEAEOTES, eXEiVOC TNG YPOVIXHC
eCéMing xau exelvog tng Tuyalag otpPogrc oTto Yweo, petatiievtar. [pdgovrog Tov
teheoTh ypoviric eEENENC Yia wxpd Yeovo, exp|—iHt/h] ~ 1 — i(t/h)H, xou exeivo
NG OTEOPNC Yio e Ywvid, explive - L/h ~ 1+ i(y/h)e - L, T TOEATAVE GYEOT)
yiveTon

Y g

1o . - . - 1o
(1 _ZﬁH)(1+Zﬁe'L) = (1+Z?_Le-L)(1 —zﬁH)
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am6 OOV TEOXUTTEL AUECKS He - L=e-L H, onAadt ol 600 eputtiavol TEAECTES, H
ot e - L uetotidevton. E@bécov autd toyler yia dlova meplotpognc Yopw and tuyaio
orevduvon e, Yo 1oy Vel yia xde GUVIOTOON TNG GTEOPOPUNS Ly, Ly, L.. Kotohfiyouue
AoLmov ot oYEoT

Vig}zo,ieay¢ (267)

AMN& auTh 1 oyéomn onualvel 6TL 1) oTpoPopUY| elvor dlatneoluevo péyedog (@7\ €ddpLo
B.1)). Enopévec, xatohfyoupe oto axdrovdo ovunépaoua: Ye wotpomikd ovotiuata,

Ka1 €101K0Tepa oTNY TEPITTWOT) KEVTP1KOU OUVapikoy, n oTpoPopun) €var 01atnpoluero

péyetos.

11.2  Kuwntixn evépyela xo CTEOQOpUN

Y10 eddgpro (L1.1)) xarodiZoue ot drathienon tne otpogopunc utd Ty npobnddeon ot
€y 0UpE t00TEOTUXG cloTNUA. 'Eva xevtpind duvound elvar Tpogaveg looTeomxd, OLOTL
eCopTdTaL UOVO ambd TNV AmOcTAoT And TO xEVTPO Twv alovey. H xvntd evépyela
ebvan enione wwotpomixd|, dott eoptdtan amd o P2 = P - P, 10 omolo elvar EcwTEPINS
YWOUEVO, ETOUEVLS HEVEL AVUANOIWTO OE OTPOPES GTO YWEO.

Ed Vo ypddouye tov tERecTh TNG aivnTXnC EVEPYELIC GE ALY uop@Y), 1 omoia
avadevUeEL TNV €E8pTNoT TNS amd T OTEoPopUY|. AuTo Yivetaw oe avoloylo pe TNy
oot Uy ovixt|, 6mou ywelouue To TEOBANUA TOU XEVTEIXOU BUVAULXO) O OXTIVIXT
xou ywvioxh) xivnon, opillovde Ty axTvixf cuviotdoa NS OpUAS, Pr = P - /7 xau
Yedgpouue TV xavnTind evépyew otn popgl| 5 (p2 + -5 L?), ue L 0 otpogopur|. ‘Opota,
€00 0pllOUPE TNV OXTIVIXT] CUVIOTMOO TNS OpUNS,

N D+ P r (268)
Pr = o\ 7 PP ,
10
= —ih——r. 269
! rarr (269)

H nocémta /7 eivor 0 tehectic mou avtiototyel 6to povodioio Sidvuouo TNy oxTi-
Vi) xorebduvor. Adyw tou OTL 1 opuny xou 1 ¥éon dev petativevton, 1060 0 TEMTOC
600 xou 0 BEVTEPOC 6pOC TOL OeZlol YENOUS TNG oev ebvar eputtiavol TEAEoTEC,
OUWC O CUUUETEOTOMNUEVOS TEAEGTAG Pr Ebvan epuitioavog. H popoy TEOXUTTEL
av yedhouue TV (268) o€ cPaupXéc CUVTETUYUEVES, YENOUOTOLWYTAC TNV avTioToLyN
noppr Tou V mou ureioépyeton oty opur. H dpdon tou OE XUPATOCLVHETNOT
U(r) dtver p,¥(r,0,¢) = —iht L [r¥(r,0,¢)]. T v xavnTxd evépyelo, ToU TEPLEYEL
TO TETPAYWVO TNE OpUNC, Vo YPELNGTOUUE TOV TEAEGTH

PR = —h?———r (270)



pe Bpdom j2 W (r,0,¢) = —h? L2 [ru(r, 0, ¢)] 1)
Aedopévou ot p? = —h*V?, uropolpe, pe Pdon tic e€. (233)) xou (270) va ypddoupe

P2 =p2+ L2 (271)

L? (272)

OOV 0 TEAOTOS 6EOC Tou BeEL0Y PéAOUE ECUPTATAL HOVOV Omd TO T XAl O OEUTEPOS UOVOV
ond T (0,¢). Autod elvon 10 ¥xBovtind avdhoyo g xhaoxhc Exppoong oTny onola
avapepfixoue otV apyY| Tou edaplov.

H éxgpaon elvol xaAd OploUEVT TovTo) EXTOC OO TNV oEyY) TOV oLOVLY,
Koyw Tou bpou 1/r 610 P2 xaw tou 1/1% mou cuvodeler to L2, Qc amotéheoyua, 1
Opdiom TN O XUUATOCLVEETNOT (XL EWBXOTERO XAUTA TNV EUPEC) IBLOCUVIPTACEWY TNG
chw)wowozw’]g) yeetdleton €eyyo oto 6po r — 0.

Yuvenelo TNE ExPEAOTS X0l TOU YEYOVOTOG OTL 0 6p0G ]33 eCopTdTal Hovov amod

TO T, EVO 1) OTPOYORUT Efvar aveldpTNTY TOU 7', XATUATYOUUE OTO CUUTEQUOUA
[T, L] - [T Lﬂ —0. (273)

T0 0T0[0 ELYAUE DIXUMONOYTHOEL GTO EOAPLO ue Bdon tn puowt| araitnor wotpomiug
e v evépyetag. Edv 1 Xauihtoviovy| Tepleyel xon xevtpixd duvauixo, ypedpeto

- 1
H=_—p>+
2m

L2+ V(r), (274)

2mr?

e amotéheoua vo petatideton e xdle cUVIGTOON XAl UE TO TETEAYWVO TNG OTEOPOPUTC:

[Er,ﬁﬂ [HL} —0, i€y 2. (275)

11.3 Xowplopog UeTaBANToOV xou axtvixn egicwon
H ypovixd ave&dptntn e€icwon Schrodinger yio owpatidio oe xevipind duvouxod Yedpe-
ToL TAEOV O TN HOPYY)

A

. 1
(T+V)U(r,0,¢) = |=—p>+

2m

1
2mr?

L2+ V()| O(r,0,¢) = EU(r,0,¢). (276)

(105) ; gy L 02— 02 L 20
YNUELOVOLUE OTL L 52T = 55 + 25,
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Enyepolye enthuon ue tn pédodo tou Bioywpelopot yetoBhntév. T'edgovrac ¥(r, 6, ¢) =
R(r)Yi,, (8, ¢), n e€iowon WBotudy yiveton
1

.9
—p2+
Qmpr

2mr21(l + D)2+ V()| R(r)Yi(0,¢) = E R(r)Yim(0, ¢), (277)
ML X0t 0 TEAEGTNAS L? Spa pévo ot ouvdptnom Yim (6, ¢), divovroc Ty Wotywh [(1+1) 2.
Ané Ty dAAn, 0 TehecTC P2 Bpa wdvo otny axtvixh cuvdpetnon R(r). Enopévoc, n Yy,
amhoroteiton xou AaBdvoupe v aktvikn eglowon o v R(r) eCaptduevn and tny
WtoTun [, 1) onolol UTEIGERYETOL (G TAUPAUETEOS Kol UE TNV OTolol 0TO €N BEUTOBOTOVUE
TNV XTIV oLVEETNOT, Yedpovtag Ry(r):

1 1

.2
—p? 4
2mpT 2mr?

I+ )R+ V(r)| Ri(r) = E Ry(r). (278)
Aviixadiotdvtag ™y éxgpac (270) v To p2, TolMamhactdlovtoc Pe 1 xon YETovtag
w(r) =rRy(r), (279)

AoyBdvouue
_h_28_2 211+ 1)

omor: | 2m  r2

+ V(r)| w(r) = Ewl(r). (280)

‘Eyouue hownév pa e€lowon yioe T cuvdpetnon w(r), 1 onolo elvar QopuahoTixd (Bior pe

™) povodidototn egiowon Schrodinger oto Sidotnua (0, 00), edv exeivn elye Suvopixd

R I(1+1)
Vet (1) = g E T V(r). (281)
To Ve (1) xoheltan evepyd dvvapird. O bpog %l(%l) etvan tévta Yetinde () undéy, yia

[ = 0) xou xohelton puyokerTpiicd durauiko, ot oavahoyio TEOC THY XAAGIXTH PNy oviXT.
Amhonololue Tepontépn TN wop@r Tng eiowong, VétovTag k* = 2mE /h?:
9 l(l+1)  2m

T T V)| u) =K u). (282)

Aigpedvnomn TNng axTIXNg cuvdetnong v 7 — 0

Atepeuvolle Tn cuuneptpopd Tne Abomg Yo — 0, 616t 1) Stapopint| eicwor dev oplle-
Ton Yev 610 1 = 0, GUOCS 1) XUPATOCLVARTNOT TEETEL VoL E(VOL TETEUY WVIXE OAOXATPOGLUT
o€ 6ho 10 YWeo, pall pe to 1 = 0. Kovtd 6to 7 = 0, yio Tor Suvouxd mou eetdlouye
(V(r) ~1/r 4 V(r) = (owd.) yie r — 0), 0 6poc tou duvotxol xo 0 6poc oo deitd

LELOC YivovTtow aeANTEOL OE OYEON UE TO QPUYOXEVTELIXG Suvauxd (vl > 0). "Eyouye
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T67TE

{ 82+l(1+1)

or? 72

Edv unodécouue 6t wy(r) — r°, xadode r — 0, unopolue va Bpolue tn otadepd s

} w(r) =0, ywr—0,1>1. (283)

UE avTIXOTdoTaon otV Topandve e&lowon xot vor xatahiiovpe s(s — 1) = I(1 + 1)
ue Aoec s = [+ 1 xau s = —1. E&etdlouye TNV TETRaywVIXT OMNOXANEWOLUOTNTO TV
Aooewy. To ohoxhpwua Tng | W2 evtoc wag oadpag uxeg axTivag a xovTd oTo Undev
ouprepipépeton g [ dr |2 ~ [Fdrr? |R(r)? = [ druw(r)*. Awxpivouye Tic 800
TEQPLTTWOOELS

e Avis=1+41, 0t [ driu(r)] ~ [ drr't! < oo, Snhodh éyouue tetparymvixd

ONOXANEWOYOTN T

o Avs=—l, wote [ dru(r)]> ~ [ drr~t = oo (ywl > 1), dnhadt| dev éyouye

TETEUY WVIXE OAOXATNPOGLUY) CUVAQRTNOT), ETOUEVWS 1) A)OT) amopplmTETaL.

I I = 0, to guyoxevtpwd duvauxd undevileton. Av V(r) — C = (otad.) yor — 0,
€Y OLUE
ug(r) + ¢*uo(r) =0, r—0, [ =0, (284)

omou ¢ = 2m(E — C')/h?, pe yoopuxd aveZdptntec AIoELC U = singr xow ug = cos qr,
Snhadh Ro(r) = singr/(qr) ~ r® xo Ro(r) = cosqr/(qr) ~ r~'. And autéc, n npo
elvall TETEAYWVIXE OAOXANEMOLUN 0TO UNdEY, epéoov Telvel oe o otadepd. H dedtepn
etvon enlong tetparywvixd ohoxdnpwowun, diote [ dr|r 2 ~ [Fdrr?r? = [Mdr < oo.
Qotdo0, N Mo =1 dev xavorotel ™ dopop eZiowon tou Schrodinger oe Teel
dootdoeic oTo eldd onuelo r = 0, SuéTL ebvor YVwot6 tee Vit = —47d(r). Apa
o AL BeYOUaoTE ubVo ANIGELS TS pop@hc ug(r) — 1, dnhadt| Ro(r) — ¥ = (otad.),
vy r — 0.

Mot dpota diepedvnon Yo ty nepintwon V(1) ~ 1/r xan [ = 0 diver ug(r) ~ r dpa
Ro(r) ~ 1% = (otad.).

Yuvodilovtog, xatahfyouue oto cuunépacpa ot av V(r) — (oto.) f V(r) —

C/r yw r — 0, 161€ oL anodextéc ANIGEIC EYOUV TNV ACUUTTWTIXT) GUUTERLPORS
w(r) ~ 't o Ry(r) ~7l, r—0, 1=0,1,2,... (285)

ALgpeLVNOT TNG ARTWVIXAS CLVAETNONG YL 1 — 00, av V(r) — 0

AlgpeLVOUUE OTN GUVEYELL T1] CUUTEQLPORE TNG AUOTG ACUUTTWTIXG, €AV TO SUVOULXO

V(r) = 0y r — oo (énee ebvor 1 tepintwon tou duvopxot Coulomb ¥ tou ehediepou

oopotdiov). Téte n eliowon ypdgeton uf (r) + k*uw(r) = 0, mou €xel v yevixh Aon
sin kr cos kr

w(r) =k ' (Asinkr + Bceoskr) xau Ri(r) = A o +B o " — 00, (286)
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6mou 1 otadepd k71 tédnxre yia Sieuxdhuvon apydtepa (Yo urnopoloe vo amoppogniet
ota A xou B).

11.4 H Adon yia to ehe¥epo cwpatidlo

H amholotepn e@apuoyr TV Topandve CUUTEQUOUGTLY YiVEToL oTnv TEpinTwoT Tou

ehelepou owpatdiov, V(r) = 0. H e&iowon (282)) ypdpeton

{ 0? +l(l+1)

) = Kt (287)

Ewdwd yio I = 0, éyoupe ug(r) + k*up(r) = 0 pe yevix ) Mo v (286) oe dho to
Sudotnuo (0, 00). EBw, n ouvoptons cuviixm emPBAAAEL Vo DEY TOUUE YOVO TOV 6RO
Asinkr/(kr), 816t ouyxivet oto r — 0 (sinkr/(kr) — 1), eved n Aoon B cos kr/(kr)
anoxhiver we B/(kr) yw r — 0 xou omoppinteton (Snh. mpénel B = 0).

Y1n yevidtepn nepintwon (I > 0), ow Moewe Ry(r) = w(r)/r mou cuyxhivouv oo

undév (xavortotolv v [285)) ovoudlovta opaipikés ouvaptrioes Bessel xou mopdyovtat

amd oxéo

Ru(r) = ji(kr) = (—1)!(kr)! (% - (ZT))Z (Siz fr) | (288)

O Mooeig e€optidvTon amd To Ywopevo kr, d1ott av dioupedoldy to 0o uéhn g e&. (287)
we k2, xou xdvouue Ty edhhayf petafanthc p = kr, k7202 /0r? = 0%/0p?, mpoxintel
[—02/0p* + 1(1 + 1)/ p*] wy = w, dnhadi) e€dpTnon Tne wy povo and to Yvopevo p = kr.

Ou mpwteg pepég ouvapthoelg Bessel etvou

sin kr
- _
jo(kr) kr
sinkr coskr
(k _ B
jr(kr) (kr)? kr
. 3 1 ) 3
j2<k7’) = = (W — H) sin kr — W cos kr (289)

EZéoon twv mapandve cuvapthoeny emPBefoudver t oupneppopd ji(kr) ~ (kr)! oto
opto kr — 0. Ilpdxettan yiar oanpixd xOuato urxoug xOUuTog 27 /k.

O ANoeig Tou ehetliepou cLUATIBOL TNV AVATUPAOC TAGT, CQULELXWY XUHATWY, ON-
Aod1| oL AIGEIC OE CQUEIXES CUVTETAYUEVES TOL EBOPE O0TO TOPOY EBAPLO, TEETEL VA

CLVOEOVTAL UE TIC AUOELC ETUTEDWY XUUATOY TIOU BplOXOUUE O XUPTECLUVEG CUVTETAY-

106)B). n.y. S. Gasiorowicz, Kfavtkij dvoikr, exddoeic Kheddprduoc (2015), xep. 8.
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uévec. H olvoeon yiveton péow tng tToautdtntog

0o l
e* T =am Y "> il ji(kr) Vi, (K) Vi (r), (290)
l

=0 m=—

6oL uToVOoElTaL TS AofBdvovTon 1) Tohxr xou 1) altpoution| ywvia, 0, ¢, Tou Slaviouo-

TOC GTO OPLOUAL TWV GPULPIUWDY UPUOVIXMYV.

11.5 Aboeig BECULLY XATAC TACEWY YL TO ATOWULO TOU Y-
0poYOVOoL

To dropo tou Topoydvou yopaxtneiletar and 1o eAxtind duvauxd Coulomb
V(r)=——, (291)

6mou e 1o Poptio Tou n)\exrpoviou. Aedopévou 6t V(r) < 0 xon V(r) = 0y
T — 00, AVOUEVOUUE OTL Ol AUOELG aipvnTixY|g evépyeLlag Yo apopolv To dtopuo tou Topo-
YOVoU, dNAadT NAEXTEOVIO DECUEUPEVO GTO BUVAULXO TOU TLETVA, EVEK Ol ADOELS VETINYC
evépyetag Yo apopolv To UG TNU NAEXTEOVIOU X0l TEWTOVIOU TOU AAANAETLOEOVY UEV
OAAG TEAXG amoponeUvovTaL HETAED Toug, dnhadY| enl Tng ouolag Bev amoteAolV GTOUO
Tdpoyovou. Avalntolue emouéveg Tig AJoelg tng €E. yioo < 0. ©¢touue v
cuvtouia
K* = w > 0. (292)
Téte, 1 wctvixd e&iowon nodpver tn) popgr| (282), ue —k* oty Véon tou k*:
o i) - Q_mé w(r) = —kZu(r). (293)

or? 72 h? r

OplCouye eniong v axtiva Bohr

2

h o
ap = — ~0,529A. (294)
me

(10T udpoyovoedr vt atouxol apdpol Z, m.y. to Het ye Z = 2 # 1o Li** pe Z = 3, w0
duvopxd yivetow —Ze? /r xou ) enthuon ebvon ovctaoTind (Biat.

19EFH  yenowonofdne To olotnua povddwv Gauss, oto omolo T0 €2 éyel povédec
[evépyew] x [uixoc]. 1o SI éyouvue V(r) = —e?/(4megr), Ye 9 TNV MAEXTEXY DIOTEEATAOTNTY TOU
%EVOL.

(10910 clotnua SI, n axtiva Bohr eiver ag = 4megh?/(me?).

2
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AreuxoluvouooTe opiloviag T VEa, adldoTaTy UETABANTY
p = 2kr, (295)

OmOTE 1) axTvinY| eElowaon YedpeTar oTNY adLdoTAUTY Lop@T

#  Il+1) 11 1
_ o w=o 2
37 a1 KL 0 (296)

H ot tne evépyetac mepiéyeton otn otadepd k.
Acuuntetind oto undéyv, épouue NoN amd TO €63PLO ot (p) ~ p'. Aouy-

TIWTXE 6T0 p — 00, oL bpoL avdhoyol tou 1/p? xau 1/p pndevilovtar, ondte éyoupe

1 +p/2
4

etvon amodex T, B1oTL N 1y ~ eTP/2 odnyel o un TETPUY VXY OROXANPMOLIT) GUVEETNOT.

u — 7y = 0, n onola €yer Aol g u; ~ e . Amo6 autéc, yovov 1 up ~ e—r/?
Cpdpoupe hotmdy T Abom 1y WG YIVOUEVO TELOY GUVIRTHOEMY,
I+1 _—p/2
w(p) = p e u(p), (297)

6mou vi(p) dyvwotn cuvdptnon Teog Tpocdloptold. Avixahotwvtoc otny (296) Aay-

Bdvoupe TNV axdrovln e&iowon Yo T v

Rag

[paa—;ﬂzzm—p)%— (z+1—i)} wlp) = 0. (208)

Emuyeipolye avdmtuyua tng Abong oe oelpd:
w(p) =D bip vi(p)=> bijp " v(p) =) bij(i—1)p"
j=0 j=1 j=2

Avtxohotdviac oty (298)) xou eZlodvovtag Toug cUVTEAECOTES OUOBAdUwY Gpwy,

XATUATYOUUE OTNV ovVaDEOUIXT| GYEO

[+j+1—(kag)™"
2U+2+5)G+1) 7

bij1 = (299)
Do peydheg Twée tou J (5> 1, § > (kag) ™) noyéon divet bjq/bj ~ 1/(j+1), drhodh
bj ~ 1/j!, ©¢ aouuntw T cuureplpopd. ANG téte, aouunteTixd, vi(p) ~ . p7 /il =
e?. Auté onpaiver 6t w(p) = p e P2y (p) ~ etP/2) omdte 1wy Yo mpoéxunte i
xavovixornoton. EZalpeon amotelel 1 meplnTtomon TepUATIOUOU TG OEWdS O %AmoLo

J, Onhadr exelveg oL TWéS Tou K Y TI¢ omoleg oupPaivel vo undeviletoan o apriunthc
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™™g (299) yio xdmowo | j = n'. Tote, 1 oepd ebvon €va toAvwvuuo Baduol n':

v(p) = ij P, vy (kag) Tt =14+n"+1. (300)

Avuti ebvor 1 ouviixn xPavtrong, Snhadr), 1 cuvixn Tou xadopllel TIC PUOLXE ATOOE-
XTEC, BloxpLTéC THEC Tou K xau emopévee Tne evépyelog. Bdoet tne (292)), n cuvinxn

YedpeTou:
h? h? 1
K = —
2m 2ma (I +n' +1)%’

n'=0,1,2,... (301)

O axépaoc n = +n' + 1 mou eugoaviletor GTOV TOEOVOUACTY| EIVOL XOVOC Yot GAOUC
ToUC oUVBLaoPoUC Twv axépawy [ > 0, n' > 0 mou divouv dlpotoua Vetixd axépato.
Autéd onuaiver expuliopd ¢ Teog Ta i oty Bl Ty evépyelag, BEBOUEVNS amd ToV
axépato Oetxtn n > 1, avtiotoyolyv dhec ot Tiwéc | = 0,1,2,...,n — 1, ye avtioTtoryec
Twéc ' =n—1,n—2,...,1,0. Emniéoy, undpyet exuMoUOC ¢ Tpog TiC BuvorTée
TIECS ‘co my = —l,...,+l, o thidog twv omolwy eivor (20 + 1) yio dedopévo .
Aopfdvovtag ut” 6m Tov oploud Tou ag, OL LOLOTWES TN EVERYELIS YEAPOVTOL
me? 1 l1e? 1

B,=-1C 1,23, 1=0,1,2,...n—1, my=—l,...1
2h2 n? 2 ag n? " " i

O exguliouode tne evépyelog E, etvor

|
—
—

n n—

i 1= (20 +1) =n% (303)

l m=—I l

Il
o
i
o

O axéponog n ovoudletan kUpiog kfavtikos apiuds. H Yepyehiwdng otddun etvon 1)

1e?
Ei=—-—=—-1Ry~ —13,6eV (304)
2 Qo
xou efvon U EXQUALOUEVT.
O oxTIVIXEC LBLOCUVOPTATELS TWY BECULLY XUTAOTIoEWY divovtar amd tny (297)), pe
TOUC GUVTEAEOTEG TOU TOAUGYLUOL vi(p) vor txavortotoly Ty avadpouxh oyéon (299)
xou TN ouvdrixn teppatiopol (300). Aedouévou 6Tt n = l+n'+ 1, n cuviixn yedpeta

16000V

n—I[—1
= Z bip', vy (kag)'=n=1,23,... (305)
=0

1100 yBaviinde aprindc tne WoThc Tou L. oupPohriletar 8 ye my, yior vo dlapoponotniel and
pala m.
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Continuu
| — — =/ —. T e (1/25)R
n=4 = - = T ... - y
n=3 (WORy e
“(1/ 16Ry
n=2 1/ 4)Ry
n=1 - lRy
1=0 1=1 =2 1=3 1=4
(s) (p) (d) ) (8)

Yyfuor 6: AvamapdoTtacT) Tou EVERYELOU QAcHaTog Tou atouou Tou Topoydévou. Ilo-
pouctdlovTal ol WTWES TNe evépyelac F, oc oyéon pe tov x0plo xBavtind oprdud
n=1,2,3,... xa Tov deutepetovta xPavtxd apriud tng otpoopurc I = 0,1,2,.. ..
Mo xdde Lebyoc (n, 1) undpyer expuhionde tdEne (21 4 1) héyw tou payvntixol xBo-
vioU apriuol m. H deyehwdng otddun etvar n By = —1Ry~ —13,6eV. Ia £ > 0
€Y OUUE TO GUVEYEC EVERYELUXO PAOUA TV XATAC TUCEWY EXEDAOTG.
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To moludvupa vi(p) ovoudlovtar ouvvagr) toAvdvupa Laguerre xou, yio Sedouévo n,
hapfsdvou POP‘P

n—Il—1

wl(p) = () = 3 (-1

j=0

(n—1—1)!20+1)!
(m—1—1—=)120+1+j)!]!

0. (306)

H axtivier) ouvdiptnon w; = rRy €yt n— 1 — 1 xouPBoug ya r > 0, (B Ty ye 1o Podud

To0U TOAULVOPOU ;. (TTdpyel xou évag emmAéov undeviouog oo 1 = 0 Adyw Tou 6pou

oL

H depehddne xatdotoon eivon n Wy o9 = RioYoo (6mou 1 Yoo = 1/vV47m Sev éyet

edptnomn and TiC YOVIES), UE
Ry = 2(ag) 3% e "/, (307)

6mou cuumeRtAdPBope xon Tr oTtadepd xavovixonoinong. Anéd autrv TeoxUTTOUY oL HECES

TWéC oyeTI{OUEVES UE TNV AMOGTACT ' TOU NAEXTEOVIOU amd TOV TUEHvaL:

& 3
(r)1o = /0 drr? Rio(r) =3 ag
(r’)1o = 3aj

3
(Ar)> = (r*)10—(r)io= 1 ag

B

Ané v Teheutala Exppact gaiveTar OTL 1 SuvoX EVERYELX TNG VEUEAMOOUE GTAUUNG
elvon, xotd uéom T, (BLor e T Suvoxr) EVERYELX XAAoLX00 NAEXTEOVIOU OE ATOGTAOT)
[ <V>170 = —62/CL0.

KAelvovTog, ONUELOYVOUPE OTL OL LBLOGUYVAPTACELS XOl LOLOTHIES EVEQYELIG UDROYOVOEL-
OWV ATOUWY, ONAAOY OVTWY Ue atouxd apdud Z > 1 aAld uévov €va nAexTedvio,
otvovtal amd Toug (Bloug TUTOUG UE TNV AVTLXATAO TUOT) e — Ze? (n avtatdotoon

TEETEL vou YiVEL xou oTov oplopd e axtivag Bohr ag, €. (294) ).

(DT ouvagh tohudvupa Laguerre divovtor o€ BLapopeTixéc, LoodOVIUES Loppéc amd DlopopeTinole
ouyyeageic. ot pwoper mou mapovoldleton €d¢d, Bh. A. Messiah, Quantum Mechanics, Vol. I,
North Holland (1991).

(12 H gxdhoudn ovopatoloyic uodeteitor 611 Qaopatooxomnio: ol xBaviixol aprduol [ = 0,1,2,3,4,5
ouuBohilovton ye s, p, d, f, g, h, avtiotoya. Ou xataotdoelc pe xPaviixoie aprduole (n,l) cupforilo-
vTow w¢ 1s,2s,2p, 3s, 3p, 3d, ¥\,

129



11.6 To &ropo ToLv Yopoyovou wg cloTNUA 00 XxBavTi-

XDV COUATLOIWY

To dropo tou TOEoYGVOL AVTIUETWTIGTNXE GTO EBAPLO o¢ Eva xBavTind couatiolo
(nhextpovio) oe duvouxd Coulomb. Auty ebvan pior oY) mpooéyylom, ywor xar 1 uéla
TOU TP VA (pc&lcx Tcpoﬂoviou) elvan meplnou 1836 @opéc peyolltepn and tn pdla Tou
niextpoviou. 201600, oTNY TEAYUATIXOTNTA TEOXELTAL Yo 000 ¥BavTind cwuatidia oe
oAMnhenidpaon. Ed®, Yo dolue mwg umopel var yivel axpi3€otepn avTUETOTION Tou
TeoPAfuaTog, Aaufdvovtag utodn autd To YEYOVOS.

Ac Yewpriooupe T0 OOTNUA TV 800 COUATIOIWY, TUEHVA, UE YWEIXEC CUVTETOY-
uéveg V€ong ry xou Palor My, xou NAEXTEOVIOU, UE YWEMES CUVTETAYUEVES VEONC T'e XAl
udla me. O YOPOS TV XATACTICEWY TOU GUCTAUATOS EVAL EXEVOC TWV TETEAYWVIX
ONOXANEWOIWY XUUATOCUVURTACENY €EL UETABANTOY (Tpto'av Amo TNV I'N XL TEUWY Ao
TNV Te):

U(ry,re) € C, pe /d3rN/d3re U (ry, r)|* = 1. (309)

To eowtepind yvouevo opileton xatd YeVIXEUOT NG MERITTWONG TOU EVOC CLHATIOIOU

amod TN oyéon
(0, Ty) = / P / ProW (rx, 1) Ua(rn, 12) (310)

O x®pog TV xATACTICEWY TUREYETAL A6 YIVOUEVY XUUATOCUVIPTACEWY EVOS COUNTL
dlou. Anhadh, av Un(ry) Qo XUPATOCUVERTNOT TOU TUPHVOL EGY TO NAEXTEOVIO ATOUGL-
dlet, o We(Te) W0l XUPOTOGLVEETNOY TOU NAEXTEOVIOL EGV O TUPYVOC amouGtdLEL, TOTE
ToL YVOUEVA TOU TUTOU

\I]prod(rN; I'e> = \IIN(rN)\Ife(re) (311)

elvoll XUPATOOUVORTHCEL TOU GUC THUATOS TeVY 000 GwUaTdlwy. ‘Ouwe, umopel xovels va
TAPEL YROUULXOUS GUVOUAOHOUS, TEMEQUOUEVLY 1 ATEL®Y G aptiud OpwV, omd XUUO-
TOGUVORTYOELS YIVOUEVA X0 VO XUTUOXEVAOEL VEEC XUUUTOCUVIRTACELS TOU GUC THUNTOS
ME TN HopPPTC
\I](rN7re) = E an\ijrod,n(rNare) = E aij\IjN,i(rN)\Ije,j(re) (312)
n Zv.]

ol omoleg deVv efval ToEUYOVTOTOLACUIES, ONAADT] DEV UTOROVY YEVIXE VAL YRUPOUV (G EVAL
YWOUEVO amd 600 XUUATOCUVIPTACELS, iot Tou TupHva xou o Tou nhextpoviou. (26Ttbéo0,
OTIOLOBHTOTE XVUATOGUVEQTNOY) TOU GUOGTAUNTOS U0 CWUATIOIWY, TapayovVTOTOM oW 1

U1, umopel var ypapel w¢ TETOLOS YRUUUXOS GUVOUAOHUOS.
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H opur| Tou muprvar xon Tou nhextpoviou divovtar, avtloTolya, and Toug TEAEOTES
Pxy = —thV N xou p, = —ihV, (313)

omou VN 0 TEAEGTHC TORAYWDYLONG WS TEOG TIC CUVTETAYUEVES TOU TURTVA,

0 0
Vn=e,— +e,— +e,—, 314
N GmN y@yN aZN ( )
%ot Ouola Ve 0 TEAEOTAG TOQUYWYIONE KOG TEOS TIG CUVTETAYUEVES TOU NAEXTEOVIOU.
H XopAtoviavA Tou custhuatog diveton amd Ty xvnTixn EVERYELX Tou xdde cwua-

TIdlou oLV TNV evepyela aAANAETIBpAOT,

R 1 1
H = H 2+ V(|re —
o PN T g Pe + Ve = rvl)
o, h_,
— —_ e e . ]'
2 V& = g Ve + V(e = 1) (315)

Yy tetpppévn mepintwon anovoiac odnienidpaone, V(|re — ry|) = 0, n ypo-
vixd aveldptntn e€lowon Schrodinger mpoogépeton yiot YwEIOU6 UETAUBANTOY, OTOTE 1)

LOLOGLVORTHOELS TNS H YedpovTar ot nop@n (311)):

h? h?
(— P, Vi — Qmevz) Un(rn)Ve(re) = EUn(ry)Te(re) (316)

1 omoio ovarypdpeTo

1 K2 1 K2
—Vi¥n(ry) —

20, (r,) = F 1
Un(rn) 2mn U, (ro) S, Ve (re) (317)

O uévog tpémoc va elvan o dipotoua Twv 500 Gpwy ToL KELoTEEOL Yéhouc atalepd (E)

yioe xGe T TWV Iy XAl T, €lvon Vo efvon 0 xdde dpog (cog pe wa otodepd. ‘Apa:

_#h_zvhp (ry) = E
\IIN(rN)ZmN NENAEN - N
1 R,
T (v) 2m Viv.r.) = FE. (318)

ue Bx + E. = E. H Mo autdv tov e€lo®oeny eiva

\I/N(I‘N) = exp(z’kN'rN)
Uo(r) = explik ) (319)

utd Tic ouwdixec k3 = 2mnEn/A? xou K2 = 2meEo/h?. Anody, amoucio duvoy-
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%00 ahAnienidpaong, ol edweg hoelg ebvon emtimedo xOpaTo xou 1 yevvixr) Abon elvon
emahAnAiol ETTEBWY xUPdTWY (Blag EVEPYELOC.

Av V(|re —rn|) # 0, 0 yoploude petaBAntdy tou tTimou dev ebvar duvatde ev
yével. ‘Oung, yden otny e€dpTnom Tou SuVoUXoU amd T BLlpopd I'e — I, TO TEOBANUA
TPOGPERETAL YLl EVOL UETACY NUATIOUO OE VEO GUOTYUN CUVTETAYUEVWY, GTO OTolo elvon
OLVATOHC O YwpELoUoe peToPBANT®Y. To véo chotnua elvor ol cuvtetaypéveg x€vipou

ualag, R, xou oyetinic Véong, r:

mNrN+mere myn Me
R = = —TrIN+ — T
my + me MM
r = r.—ry. (320)

Optloupe v o) wélo touv cuothpotog, M, xou tny avnypévn puéla, (reduced mass)

m, 0C

M = mx+me
mN Me

3
|

(321)

my + me
H avnyuévn pdlo ypdpetan xan wg

% = mLN + mie (322)
xat, Aoy Tou 6Tt my ~ 1836 me, elvon Alyo uixpdtepn and tn pdlo Tou nAexteoviou
(m ~ 0,99946 m,).

Q¢ mpog tic véeg ouvtetaypévee ((320) opiCovton ot avticTolyol TEAEGTEC Topoy WY L-
onc: Vem ©¢ TPog TIC GUVTETHYUEVES xEVTEoL udlag ot ot V. 0¢ TEOC TIC OYETIXEC
ouvtetayuévee. Mnopolue va Bpolue Tic avtloTolyeg expEdcels av avTIoTeEYOUUE TIC
oyéoeig ([320), expedlovtac To R xou r GUVAPTHOEL TV I'y XU Te, XOU YOTOYOTOLOVTAS
TOV Xavova ahuoldag otny tapayylon. Lo TNy v-00TH cuVloTOoa Tou Van €Y OUUE

(Vem), = (323)

0 aTN,,/ 0 87“671,/ 0
o, = { OR, Orny | OR, Orey |’

Vl

o to V €youue tny Bla oyéor, pévo ue to 1, otr 9éorn tou R,. Me Bdorn toug véoug

TEAEOTEC TPy WYLomg, opiloupe T ouluyn opur| we meog R xon w¢ r:
Poy = —ihVen xu p = —ihV (324)

poxOnter 1 axdhouvdn oyéon YETHEY TwV TEAEOTMOV OPUAS OTIC APYIXES XOL OTIC VEEC
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CUVTETOYHEVEC:

Pon = pN + f)e
MNP — MePy M m

b — - Tp -y 325
p o o Pe = 7 Py (325)

Anhad, Py ebva N oA opur} Tou cuoTAUATOC xaL P éva oTadulouévo dpoloua
OPUAY TOV 000 cwuaTdlwy. Aedouévou Tl m = me xauL m <K My, OVUUEVOUUE 1) OPUT
P va elvon oyedov {on ye v opur Tou NAexTEoviou, GE GUOTNUA AVAPORUS OTIOU TO
xévtpo udlac etvar axivnro.

Ané tov oplopd (313) mpoxdntouy o oyéoelc petdieonc Yéonc-opunc Yo To nhe-

XTEOVIO %O TOV TLET VAL
[fN,,uva,u] = ihauu [TAe,wﬁe,u] = ih(s;w (326)

xou ot urohoinot petardéteg ueto€d Héoewy, uetadld opumy, xou LeTall Teheo twv Véang/opunc
Tou TUERVaL Xat TERESTHV opunic/Véone Tou nhextpoviou undeviovtar. Anéd autéc Tic
oyéoelc petdieone, poll pe Tov oplouod 1, EVOANOIXTIXG, YENOULOTOLOVTIC TIC
OYEOELC noL EQUEUOLOVTOC XAVOVES UETAIETWY, XUTUAYOUUE OTIC OYECELS UE-
tddeong Véomng-opunc Yo To Lo TN xEvTpou pdlog xar oyeTixig xivnong. Beioxouue

[Ru, ﬁCM,y] = WS [ ] = O (327)

xa oL uTtohotnot YeTardéTeC UETOEY VECEWY, UETALY OPUWY, X0l UETOEY TEAEC TV ﬁéong/opmg
TOU GUGTAUATOC XEVTEOU PALOC %ol TEAECTWY oppﬁg/ﬂéonq TOU UG TAUATOS OYETXNS
xtvnong undeviovto.

IpoxdmTouy, enlong, ol axdhoudeg oyéoelg

mnme = Mm (328)

1 A2 1 D 1 ~ 2 1 A2
= — — 329
Ly+Le = L+1, (330)

6mou oploaye TN oTRoPopUY| Yo xdie emuépouc aloTnu (Tupriva, NAEXTEOVIOU, XEVTEOU

ualoc xou GYETAG xivnong):

~

LN:rNXf)Ny Le:rNxf)e
1

L =R x Pey, =i X P. (331)

Me (don ta mponyolueva, 1 XoAToViovT| ToU GUGTAUATOS PeTaoyTUaT(ETon 0TI
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véeg petaPhntéc we e€hc:

A 1
H = 2
2mNpN+
1 - 1
= — P+ —p : 2
Py s V() (332)

1
e V([ = v

Ye auth ™ pop@r| Tng XaAtoviavhc, 1 yeovixd aveldotntn e&ioworn tou Schrodinger
TEOGQEQETAL YL YWEIOUO METOBANTOV w¢ Teog Ti¢ Véeg uetaPAntée, R xou r. ©étovtac

YLoL TNV WBL0GLVAETNCT TNE XAUULATOVIOVHC
ey, 1) = U(R, 1) = B(R) 6(r), (333)

1 e€lowomn WBoTWoOY YedpeTo

R 1 - 1
HUV = (WP(%M + %ﬁ + V(r)) P(R)o(r)

= 00) 557 Pu®(R) + B(R); 4%0(x) + V(r)o(r)
= E®R) (). (334)

[Tpoximtouy Aowtdv dUo aveldptnteg eLOWOELS, Ula Yiol To GUOTNHN XEVTEOL Ualac Xo

o yroe T oyetnd| xivnon:

ﬁpéMCD(R) = Ecu ®(R)
%ﬁngﬁ(r)—i—V(r)d)(r) — Eu(r) (335)

ue ' = Ecom + Er v ohud evépyela. H mpdtn TV €€lo®oEmy €Yel TIC YVWOTES

Aooelg eninedwy xuudTwy,
®(R) = exp(iK - R), K?=2MEcy/l?, (336)

xou avtioToryel oty ehedlepn xivnon tou atdpou. H dedtepn elloworn elvor movopol-
btumn pe v e€iowon cwpatdiov o xevipkd duvauxd V(1) xou toodivoun ue Ty
eZiowon (2706), e ) daupopd b €8 eugovileton 1y aviypévn udlo otn Héom g pdlog
Tou cwuoTolou. Edv to duvauixd eivar autd Tou atéuou tou Topoydvou, ToTE oL AUoELS
NG elval TVOROLOTUTEG ME aUTEG Tou Yeddaue Yoo To dtodo tou Tpoydvou, Ue TNV
ovnypévn udla vo eggaviCeton ot Véorn tne pudlog Tou nhextpoviov. And tny e€.
BAémoude TS oL WoTES NG evEpYELag eivan euléng avdhoyeg TNg Ualag, ETOUEVGS
ToL PACHOTA EXTOUTAG XAl ATOPEOPNOTNG (&occpopd evépyelac Petoll otaduoy) Slauop-

pwvovtal avtioTorya. 01600, 1 UeTAB0AY elvar e, 6dopévou 6Tt m ~ 0,99946 m.
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Ynv nepintomon tou Aeutepiou (e éva VETEOVIO Xot VoL TEWTOVIO 0ToV Tuptiva, dnhad
uélo muprivar Tepimou Bimhdotor auTAS Tou atopou Y8poybvou), 1 Blopopd elvor oxdua

wuxpdTeen: excl, m ~ 0,99973 me.
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