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» 0 IMpoPoAukds Mivaxag

» Mé£Bodog ¢ OmeBompoBoArs (Backprojection)

» Avtiotpo@) pe ™ MéBodo Fourier

» H Topoypa@u Avaxkataokeur) oav Mpappko MpofAnua

» EmavaAnmtikés MeBodotl Avaxkataokeuis Topoypa@uis Ewkovag

» H AlyeBpucy MéBodog Avaxkataokeung - Algebraic Reconstruction
Technique (ART)
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The tomographic solution: Inverse Radon Transform
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H évvoia tov IpofoAkov IMivaxka (Projection Matrix)
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[1660 cUPBAAAEL TO SLAKPLTOTIONUEVO
otolxeio (i, j) Tov mivaka f (x,y) otnVv
mpofoAn p(r, ) ™G akTivag r yla
Soopévn Ywvia 6;
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H évvoia tov IpofoAkov IMivaxka (Projection Matrix)

[1660 cupPaArAeL To SLAKPLTOTIOUEVO
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H évvoia tov IpofoAkov IMivaxka (Projection Matrix)

Tpadk Avanapdotaon

Noyikn Mdkplong — Yrohoytopdg Epfadol

4
Aoyikeg Ekppdasic:
Av A=0°= E= (c—x(1))*1
AvE<O = E=0
AvEx1=F=1
1
4 3
Aoyikeg Exppdasts:
Av A=90°= E= c—y(1))*1
AvE<O = E=0
AvE>1=F=1
1 2
Mpoopioudvec Aoyixec Ekgppdosic
‘ 3 MetaBAntéc ¥(1) < ye< y(4)
T ¥(2) < ye<y(3)
x:=x(1) .
Ve=x:. K+C Eubabé ey
121 - _ o e~ Ve2
e X2 =x(2) E=(m—y@)*1+7
Ve =Xz. K+ C
1 2
4 T 3 Noywé Exgpagelg
x(4) < x: < x(3)
(1) < xe2 <x(2)
Mpoopiougvee .
MeraBAntéc fubabo
B = (xr, - x(1)) s 1+ -2t
1 b ¥e =¥(3)
U 4
‘ k
4 3 ye=y(1)
_Ya2—C Aoyuée Exgpdosig
Y2 =T x> x(2)
Xe2 > x(2)
Eubabc
1 2 E=1
4
Aoy} Exppaon: y(3) =k.x(3)+c
EuBabs: E=1
1 2
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YmoAoylopog
eupadov 6Awv Twv
SLVVATWV CAPWOEWV
akTivas — kuPeAidag
Ttivaka.

3

Aoyikec Ekppdosic: y(4) =k . x(4) + ¢
k=-1

EuBads: E=0,5

Aoyieg Exppdost: y(4) =k . x(4) + ¢
k>-1

Oplouce MetabAntwv: x. = x(2)
v =k.x(2)+ C

yi4)—¥e

EuBass: E = (v, —y(2)) * 1 +70 "

Aoyikeg Ekgppdosig: y(4) = k. x(4) + ¢
k<-1

Opwopég MetaBAntwv: v, =

EuBabo: E = ——

Aoyikég Exppaoeig: y(2)=k.x(2) +c
k>-1

Opioude MetaBAntav: x, = x(1)
ye=k.x(1)+ €

Eubads: E =2

Aoyikec Exppaosic: y(2)=k.x{2) +c
k<-1

Opraude MeraBAntav: v, = y(3)
-

EuBabé: E = (x, —x(1))* 1+ x(2)—wr

2

T2

Aoyikeéc Exppaasic
Npaopiapévec
MeraBAntec x(4) < x; < x{3)
¥(2) < ya < y(3)
ye =y(4)
L _yemC Eubads
: k E=(x,—x)*=1+
*2=x(2) (ve = ye2) (e — 1)
yz=k.xaz+c +
+(vez = ve)(xe2 — x2)
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Zuppetpia tov [MpofoAwkov Mivaka

EpBadov Ztowxelov IMpoBoAiwkov IMivaka
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MéBodog AmArig OmioBotmpofoArg
(Simple Backprojection)

H xataypageioa évtaorn oto Huttovoypapua (Sinogram) p(r0)
Stapotpaletal tiow (omoBompofdAietal) otov mivaka f (x,y) wooTooQ,
OTw¢ KaBopiletal amd Ta otoyela ToL TIPOoLOALKOV TTivaKa.
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MéBodog AmAng OmioBompofoArg (Simple Backprojection)
[TAPAAEITMATA

Original Matrix Sinogram

MM := READPRN ("t1.mtx") SN := READPRN ("t1.sin")

100 150

BM := M_Recon (128, SN)

50
100

50 100

50
MM

50 100

BM

Reconstructed with the BackProjection Method
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MéBodog AmAng OmioBompofoArg (Simple Backprojection)
[TAPAAEITMATA

Original Matrix Sinogram

MM := READPRN ("t2.mtx") SN := READPRN ("t2.sin")

-+

100 150

BM := M_Recon (128, SN)

100
50

100 50

50 100

50

MM SN

50 100

BM

Reconstructed with the BackProjection Method
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MéBodog AmAng OmioBompofoArg (Simple Backprojection)
[TAPAAEITMATA

Original Matrix Sinogram

MM := READPRN ("t2e.mtx") SN := READPRN ("t2e.sin")

150

100
BM := M_Recon (128, SN)

50
100
50 100 50
MM
50 100
BM

Reconstructed with the BackProjection Method
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MéBodog AmAng OmioBompofoArg (Simple Backprojection)
[TAPAAEITMATA

Original Matrix Sinogram

MM := READPRN ("t3.mtx") SN := READPRN ("t3.sin")

100 150

BM := M_Recon (128, SN)

50
100

50 100

50
MM

50 100

BM

Reconstructed with the BackProjection Method
Stathis STILIARIS, UoA 2026 -12-



The Inverse Radon Transform
109 Years of the Radon Transform

SITZUﬁG VOM 30. APRIL 1917.
On the Determination of Functions from their Integrals
along Certain Manifolds
| Véﬂ

Jouanx Rapox.

A, Bestimmung einer- Punktifunktion in der Ebene aus ihren
geradlinigen Integralwerien. G T Roamee.

1. Es sei f(x, y) eine fiir alle reellen Punkte P = [z, y] er-
kliirte reelle Funktion, die folgende Regularititsbedingungen erfiille: Johann Radon (1887-1956)

a,) fz, y) sei stelig.
b,) Bs konvergiere das fiber die ganze Lhene su erstreckende

Doppelintegral | £l ) |
— e dy.
SISVt R$CAM

JOHANN - RADON-INSTIT E

El} -"vird fiir Ein&n he}iahlwen Piln]:t‘ P= [:Lﬂ: 'IJF] ﬂnd -]E"].Eg J-g D FOR COMPUTATIONAL AND APPLIED MATHEMATICS

frlr)= 51]}‘@4—1 cos @, ¥ -+ reinglde
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The Inverse Radon Transform

Projection-Slice Theorem

R

f(x,y)

£ £

y

I
Pk ky) [ p(k,0)

[interpolation]

R : Radon Transform f— p
F,: One-Dimensional Fourier Transform r — k

F,: Two-Dimensional Fourier Transform (x,y) — (k,, k,)
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The Inverse Radon Transform

Projection-Slice Theorem

f(x,y) p(r,0)

R

R

F, R7=F7]F, £y

= v
¥ - -
= i l[interpolation]

]

- o
k ﬁ ‘ - ‘. i ~~‘ y - y 4 -~ >;>‘ i .‘
o 3 2 b 43 % ¥

R : Radon Transform f—0p
F;: One-Dimensional Fourier Transform r — k

F5: Two-Dimensional Fourier Transform (x,y) — (k,, k,)
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The Inverse Radon Transform

F, Transform - Interpolation Problems
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The Inverse Radon Transform

F, Transform - Interpolation Problems

“A function f{x,y) of compact support in R? is uniquely determined by any infinite set,
but by no finite set, of its projections .“
(Smith, Solmon and Wagner, 1977)

“May be the most important result of pure mathematics in this area since Radon’s

original work.”
(Gordon, 1977)

The discrete nature of the projections in any realistic problem gives rise to subtle
and difficult questions

Classification of Image Reconstruction Algorithms

* Direct Fourier methods

 Signal space convolution and frequency space filtering
* [terative

* Series methods with orthogonal functions

Stathis STILIARIS, UoA 2026
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Avakataokeun pEow avtiotpo@ns Fourier

50 100

E"(F)
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BAZKCE), AR Teld ‘T
[MPOBOAIKOX TINAKAZ P

i,je{1,2,..N}

NP: ApiOuég IMpoforwv (Twviwv) /
Number of Projections (Angles)

NR: AplOuog Aktivwv / Number of Rays

P(NPxNR,N2)
[ e,
o [
Oy { ST I
Onp { T
\

Projection Matrix
Stathis STILIARIS, UoA 2026

Mmopel va ypagel
ooV HovVoSLaoTATOS
mivakag (vector)
unkouvg NxN

f(i,j)
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[w¢ poxvmTel TO Hprrovoypappa; f(i,j)
NZ
S, => P.xQ,
i=1
NP: Number of Projections (Angles) ) ‘ R

NR: Number of Rays

S(NPxNR) P(NPxNR,N?2)
() (S ) (2]
- :l .....................................
: = | | ssssssssssssansnsnsnsnnnnnnns Q. ...... X
\ = J \ lllllllllllllllllllllllllllllllllllllll ) \ - J
Sinogram Projection Matrix f(i,j)
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BAJKEY ARKED “IF

Topoypaoia cav I'pappiko MpoAnua ITivakwv f(i,j)
— P % (CL
NP: Number of Projections (Angles) ) i ‘ R
NR: Number of Rays @ i
S(NPxNR) P(NPxNR,N?) Q(N?)
(0 ) [ e A (7:])
I _ ETTTT— Sa x
\ : ) e, ) L - )
Sinogram Projection Matrix f(i,j)
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BAJKEY ARKED “IF

f(i,j)

S=P X Q

I R
]P):]l X ]P) X (Q Mmopel 0 avtioTpo@og

tpofoAikog mivakag Pt
va §waoeL Ao 0To

TOHOYPAPLKO
TPOBANU;

(CL: P'wx S = f ((x)y) ‘

Stathis STILIARIS, UoA 2026 -23-
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Topoypagpia oav Tpappuxo MpopAnpa Mvakwy "‘Ah‘. f (i, ))

e R;
Awdotaon tov mivaka P
o€ £Va TUTILKO S
TONOYPAPIKO TPOPBAN U | e Jrr—
@ \ J
Projection Matrix
LEIPEX: [IpoPolés x Aktives = 36 x 128 Mpaxtikd adVvatog o
YTHAEZX: Avdotaon Mivaxa f=N x N = 1282 : UTTOAOYLOUOG TOV
Avdotaon Mivaka AVTLOTPOPOV TivaKa
P=36 x 1283 =36 x (27)3 = 226 p-1

Stathis STILIARIS, UoA 2026
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Algebraic Reconstruction Methods

NZ
R, = lepij xQ,
=

NP: Number of Projections (Angles)
NR: Number of Rays

R(NPxNR) P(NPxNR,N2)
() (S ) (2]
- :l .....................................
: = | | sessssmsnsnssnsmnnnnnnnnnnnnn Q. ...... X
\ - J \ lllllllllllllllllllllllllllllllllllllll ) \ - J
Calculated Rays Projection Matrix Reconstructed

Stathis STILIARIS, UoA 2026 Matrix
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Apxn ™¢ EmavaAnmtiknig AAyeBpkns Texviknig

ApXKOG 1n
(Ayvwotog) Mivakag EmavaAnyn
0 1 2 3 1 1 1 3
1 12 2 15 > 5 5 5 15
1 4 1 6 2 2 2 6
?
2 17 5 $ > 8 8 8
2N
ErmavaAnyn

0 4 0 4 )
3 8 4 15
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Algebraic Reconstruction Technique (ART)

[terative solution of the linear system of equations

R. Gordon, R. Bender and G.T. Herman: "Algebraic Reconstruction Techniques (ART) for three-

dimensional electron microscopy and X-ray photography”
Journal of Theoretical Biology 29 (1970) 471-481

Back-Projection

S RY
Qk-l—l Qk sz

Z P P

J=1

D)y +ay, LHi=p
Equivalent graphical solution for the

two-dimensional problem as adapted
by Rosenfeld and Kak (1982).

= (0"

Stathis STILIARIS, UoA 2026
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Algebraic Reconstruction Technique (ART)

O1 := READPRN ("t5.mtx") S1:= READPRN ("t5.sin")

100 150

RM := READPRN ("t5_ART_1.mtx")

100
50
50
50 100
01 S1

50 100

RM

Reconstructed with the Algebraic Reconstruction Technique

Stathis STILIARIS, UoA 2026 -28-



COMPUTED HOMUGRAREN

The Shepp-Logan Head Phantom

Original Phantom Traditional ART NR-ART + ALL

Matrix Dimension: N x N = 128x128
Number of Projections: NP = 36 in the angle range (0°... 180°)

S. Angeli and E. Stiliaris: “An Accelerated Algebraic Reconstruction Technique based on the Newton-Raphson Scheme” IEEE NSS-MIC
(2009) 3382-3387

Stathis STILIARIS, UoA 2026 -29-



COMIPUTHD
Photographic Image Reconstruction!

Number of Projections NP = 72

Original Photo Sinogram

Reconstruction quality in the case of a photographic image (128x128).

Stathis STILIARIS, UoA 2026

-30-



COMIPUTHD
Photographic Image Reconstruction!

Number of Projections NP = 72

Original Photo ART-NR Reconstructed
8 Iterations

Reconstruction quality in the case of a photographic image (128x128).

Stathis STILIARIS, UoA 2026
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Photographic Image Reconstruction!

Number of Projections NP = 72

Difference Matrix ART-NR Reconstructed
8 Iterations

Reconstruction quality in the case of a photographic image (128x128).

Stathis STILIARIS, UoA 2026
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COMPUTED FOMCOCRAREL

Avatouwka Emtimeda

Frontal / Coronal Plane
Metwmaio / Zre@aviaio Emimedo
A: Anterior - [Ip6c61lo0 Mépog
P: Posterior - OmicBio Mépog

Transverse Plane
Eykapaowo (Op{6évtio) Emimedo
S: Superior - Avwtepo Mépog
I: Inferior - Katwtepo Mépog

Sagittal Plane
OBeAwaio Emimedo
L: Left - Apiotepo Mépog
R: Right - Ag€16 Mépog

Stathis STILIARIS, UoA 2026

Sagittal
plane

~=y]

Frontal
(coronal)
plane

Transverse
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Superior

Avatouka Emtimeda Sagittal

Frontal / Coronal Plane
Metwmaio / Zre@aviaio Emimedo
A: Anterior - [Ip6c6l0 Mépog
P: Posterior - OmticBlo0 Mépog
Posterior

Transverse Plane Right
Eykapaowo (Op{6évtio) Emimedo
S: Superior - Avwtepo Mépog
I: Inferior - Katwtepo Mépog

Transverse
Left

Anterior

Sagittal Plane
OBeAaio Emimedo
L: Left - Aplotepd Mépog
R: Right - Ag€16 Mépog

Coronal

Stathis STILIARIS, UoA 2026 Inferior -34.
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[Mapaderypa
TpofoAns ota Tpla
QVOTOULKA ETTITTES X

TOUOYPAPIKIG
AUMG pe aktives X
(X-Ray CT)

A = Anterior
P = Posterior
S = Superior
I = Inferior
R = Right

L = Left

Transverse
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