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1 Di�fora jewrhtik� jèmata

1.1 H sun�rthsh Dedekind

H sun�rthsh Dedekind η orÐzetai wc

η(τ) = q
1
24

∞∏
n=1

(1− qn) = q
1
24

∞∑
n=−∞

(−1)nq(3n
2−n)/2 , (1.1)

ìpou

q = e2πiτ , Imτ > 0 . (1.2)

EÔkola apodeiknÔetai ìti

η(τ + 1) = e
πi
12η(τ) . (1.3)

EpÐshc

η

(
−1

τ

)
= e−

πi
12τ

∞∑
n=−∞

(−1)ne−
πi
τ
(3n2−n)

= e−
πi
12τ

(
∞∑

n=−∞

e−2πin(6n−1)
1
τ −

∞∑
n=−∞

e−2πi(2n+1)(3n+1) 1
τ

)
, (1.4)

ìpou èqw qwrÐsei to �jroisma se �rtiouc kai perittoÔc. Katìpin efarmìzoume epan�jroish

Poisson ta dÔo mèrh xeqwrist� kai paÐrnoume

η

(
−1

τ

)
=

√
−iτ

2
√

3

∞∑
n=−∞

e
πiτ
12
n2
(
e−

nπi
6 − e

5nπi
6

)

=

√
−iτ

2
√

3

∞∑
n=−∞

5∑
s=0

e
πiτ
12

(6n+s)2(−1)n
(
e−

πis
6 − e

5πis
6

)
, (1.5)

ìpou qrhsimopoÐhsa ìti k�je akèraioc gr�fetai wc n = 6n′ + s, s = 0, 1, . . . , 5. EÔkola

brÐskoume ìti oi ìroi me s = 0, 2, 4 dÐnoun mhdèn, o kajènac qwrist�. Gia s = 3 paÐrnoume

ènan ìro an�logo tou
∞∑

n=−∞

(−1)ne
3πiτ
4

(2n+1)2 = 0 . (1.6)

Oi ìroi me s = 1 kai s = 5 dÐnoun

η

(
−1

τ

)
=

√
−iτ

2
√

3

∞∑
n=−∞

e
πiτ
12

(6n+1)2(−1)n
(
e−

πi
6 − e

5πi
6 − e−

5πi
6 + e

25πi
6

)
, (1.7)
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ìpou gia s = 5 �llaxa n kat� 1. O ìroc sthn parènjesh isoÔtai me 4 cos π
6

= 2
√

3 kai

all�zontac n→ −n sthn �jroish paÐrnoume

η

(
−1

τ

)
=
√
−iτ η(τ) . (1.8)
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1.2 Je¸rhma Green

JewroÔme duo sunart seic φ kai ψ entìc ìgkou V me sÔnoro epif�neiac S. Ap' to je¸rhma

Stokes èqoume ∫
V

dV∇ · (φ∇ψ) =

∮
S

dSn̂ · φ∇ψ .∫
V

dV∇ · (ψ∇φ) =

∮
S

dSn̂ · ψ∇φ .
(1.9)

ìpou n̂ to monadiaÐo di�nusma k�jeto sthn epif�neia me for� proc ta èxw. Afair¸ntac

kat� mèlh èqoume ∫
V

dV (φ∇2ψ − ψ∇2φ) =

∮
S

dSn̂ · (φ∇ψ − ψ∇φ) , (1.10)

pou eÐnai to je¸rhma Green.

jewroÔme th sun�rthsh Green G(x, x′) pou ikanopoieÐ thn

∇2G(x, x′) = −4πδ(3)(x− x′) . (1.11)

H genik  lÔsh thc mporeÐ p�nta na grafteÐ sth morf 

G(x, x′) =
1

|x− x′|
+ F (x, x′) , (1.12)

ìpou ∇2F (x, x′) = 0 kai h F epilègetai ètsi ¸ste na ikanopoioÔntai oi kat�llhlec su-

noriakèc sunj kec sthn S. H F mporeÐ na eidwjeÐ wc na aporrèei apì fortÐa ektìc tou

ìgkou V , ìpwc gÐnetai me th mèjodo twn eid¸lwn. EpÐshc èqoume G(x, x′) = G(x′, x) kai

h antÐstoiqh sun�rthsh Φ epilÔei thn exÐswsh Poisson.

Epilègoume φ = Φ kai ψ = G. Ap' to je¸rhma Green èqoume∫
V

dV ′
[
Φ(x′)∇′2G(x, x′)︸ ︷︷ ︸

−4πδ(3)(x−x′)

−G(x, x′)∇′2Φ(x′)︸ ︷︷ ︸
−4πρ(x′)

]

=

∮
S

dS ′n̂′ ·
[
Φ(x′)∇′G(x, x′)−G(x, x′)∇′Φ(x′)

]
.

(1.13)

'Ara brÐskoume ìti

Φ(x) =

∫
V

dV ′ρ(x′)G(x, x′) +
1

4π

∮
S

dS ′n̂′ ·
[
G(x, x′)∇′Φ(x′)− Φ(x′)∇′G(x, x′)

]
,

(1.14)

ìpou x ∈ V .
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1.2.1 Dirichlet oriakèc sunj kec

Autèc eÐnai

GD(x, x′)
∣∣∣
x′∈S

= 0 (1.15)

kai epilègontai ìtan èqoume kajorismènec sunoriakèc sunj kec gia thn Φ(x) gia x ∈ S.
Tìte

Φ(x) =

∫
V

dV ′ρ(x′)GD(x, x′)− 1

4π

∮
S

dS ′n̂′ · Φ(x′)∇′G(x, x′) . (1.16)

1.2.2 Neumann oriakèc sunj kec

'Eqoume ap' thn exÐswsh Green∮
S

dS ′n̂′ · ∇′G(x, x′) = −4π . (1.17)

'Ara h sunj kh gia thn par�gwgo prèpei na ikanopoieÐ thn parap�nw sunj kh. H bolikì-

terh epilog  eÐnai

∇′GN(x, x′) = −4π

S
n̂′ . (1.18)

ìpou S h olik  epif�neia tou sunìrou. Tìte

Φ(x) =

∫
V

dV ′ρ(x′)G(x, x′) +
1

4π

∮
S

dS ′n̂′ ·G(x, x′)∇′Φ(x′) + 〈Φ〉S , (1.19)

ìpou

〈Φ〉S =
1

S

∮
S

dSΦ(x) , (1.20)

eÐnai h mèsh tim  tou dunamikoÔ sthn epif�neia.
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2 Lumènec ask seic

2.1 'Askhsh: Ex. Laplace se kÔlindro me dihlektrikì

Orjìc kÔlindroc aktÐnac R èqei �xona pou sumpÐptei me ton �xona twn z, kai ekteÐnetai

sto q¸ro me z > 0. EpilÔste thn exÐswsh Laplace ∇2Φ = 0 entìc tou kulÐndrou e�n sthn

epÐpedh pleur� tou èqoume th sunoriak  sunj kh

Φ
∣∣
z=0

= V , (2.1)

ìpou V stajer� kai mhdèn sthn kuklik  pleur� tou.

LUSH

H lÔsh eÐnai thc morf c

Φ(ρ, z) = (Aekz +Be−kz)J0(kρ) , (2.2)

ìpou k h stajer� diaqwrismoÔ twn metablht¸n kai J0 h sun�rthsh Bessel. Epeid 

Φ(R, z) = 0 èqoume ìti mìno oi timèc tou k pou ikanopoioÔn thn

J0(xn) = 0 , xn = knR , n = 1, 2, . . . , (2.3)

epitrèpontai. Ta shmeÐa xn ìpou h J0 mhdenÐzetai prosdiorÐzontai me arijmhtikèc mejìdouc

kai èqoun kataqwrisjeÐ se pÐnakec. AjroÐzontac se ìlec tic timèc tou n èqoume th genik 

lÔsh

Φ(ρ, z) =
∞∑
n=1

Ane
knzJ0(knρ) , (2.4)

ìpou èqoume  dh exasfalÐsei ìti h lÔsh eÐnai peperasmènh gia z →∞. Lìgw thc Φ(ρ, 0) =

V èqoume
∞∑
n=1

AnJ0(knρ) = V , (2.5)

opìte me qr sh thc orjogwniìthtac twn sunart sewn Bessel

An =
2V

R2J2
1 (xn)

∫ R

0

dρρ J0(knρ) =
2V

x2nJ
2
1 (xn)

∫ xn

0

dx xJ0(x) . (2.6)

Epeid  xJ0(x) = (xJ1(x))′, to olokl rwma upologÐzetai eÔkola kai èqoume

An =
2V

xnJ1(xn)
. (2.7)

H lÔsh telik� gr�fetai

Φ(ρ, z) = 2V
∞∑
n=1

e−knz

xnJ1(xn)
J0(knρ) . (2.8)
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2.2 'Askhsh: Ex. di�qushc metaxÔ plak¸n �peirhc epif�neiac

DÔo par�llhlec pl�kec apeÐrwn diast�sewn tèmnoun ton �xona twn x sta shmeÐa x = 0

kai x = L. Jermìthta eisèrqetai apì thn pl�ka st' arister� en¸ h dexi� eÐnai tèleioc

monwt c. H arqik  jermokrasÐa eÐnai pantoÔ T0.

a) Gr�yte th diaforik  exÐswsh pou prèpei na epilÔsete kaj¸c kai tic sunoriakèc kai

arqikèc sunj kec. Qrhsimopoi ste to ligìtero dunatì arijmì paramètrwn.

b) UpologÐste thn jermokrasÐa pantoÔ sto q¸ro kai gia k�je qronik  stigm . Poi� h

kat�stash stajer c jermokrasÐac kai pwc ermhneÔetai fusik�?

g) DeÐxte ìti an apì th dexi� pl�ka exèrqetai jermìthta, tìte me kat�llhlo metasqhma-

tismì thc jermokrasÐac to prìblhma an�getai se autì thc perÐptwshc a).

LUSH

a) Ja prèpei na lÔsoume th monodi�stash exÐswsh di�qushc

∂2T

∂x2
=
∂T

∂t
, T = T (x, t) , (2.1)

me tic akìloujec sunoriakèc kai arqikèc sunj kec

T (x, 0) = T0 , ∂xT |x=0 = −Q , ∂xT |x=L = 0 . (2.2)

An h di�stash tou x eÐnai m koc, tìte h di�stash tou t eÐnai (m koc)2. H di�stash tou

Q > 0 eÐnai (jermokrasÐa)/(m koc).

b) To prìblhma me tic sunoriakèc sunj kec eÐnai ìti den epitrèpoun apeujeÐac lÔseic me

th mèjodo tou qwrismoÔ twn metablht¸n. All�zoume anex�rthth metablht  wc

T (x, t) = T0 + Tp(x, t) + Tc(x, t) , (2.3)

ètsi ¸ste kai oi dÔo ìroi na ikanopoioÔn thn (2.1) me sunoriakèc sunj kec

∂xTp|x=0 = −Q , ∂xTp|x=L = 0 , ∂xTc|x=0 = ∂xTc|x=L = 0 . (2.4)

Gia thn Tp eÔkola blèpoume ìti h lÔsh

Tp(x, t) =
Q

2L
(x− L)2 +

Q

L
t , (2.5)

ikanopoieÐ tic sqetikèc sunoriakèc sunj kec. H Tc prèpei na ikanopoieÐ thn arqik  sunj kh

Tc(x, 0) = − Q

2L
(x− L)2 . (2.6)
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H exÐswsh (2.1) gia thn Tc epidèqetai lÔseic me th mèjodo tou qwrismoÔ twn metablht¸n

thc morf c

Tc ∼ e−n
2π2t/L2

cos
nπ

L
x , n = 0, 1, . . . , (2.7)

oi opoÐec opoÐec ikanopoioÔn tic arqikèc sunj kec sthn (2.4). H genikìterh lÔsh eÐnai

grammikìc sundiasmìc thc morf c

Tc(x, t) =
∞∑
n=0

Ane
−n2π2t/L2

cos
nπ

L
x . (2.8)

Qrhsimopoi¸ntac thn arqik  sunj kh (2.6) paÐrnoume

− Q

2L
(x− L)2 =

∞∑
n=0

An cos
nπ

L
x , (2.9)

ap' to opoÐo brÐskoume touc suntelestèc An wc

An = − Q
L2

∫ L

0

dx (x− L)2 cos
nπx

L
= − 2

n2π2
QL , n = 1, 2, . . .

A0 = − Q

2L2

∫ L

0

dx (x− L)2 = −1

6
QL . (2.10)

Blèpoume ìti gia t � L2, h jermokrasÐa aux�netai grammik� me to qrìno. O lìgoc eÐnai

ìti ap' to sÔnoro sto x = 0 eisrèei se mìnimh b�sh jermìthta.

g) H mình diafor� eÐnai ìti ∂xT |x=L = −Q′. Jètontac T̄ = T +Q′x, parathroÔme ìti h T̄

ikanopoieÐ ìlec tic sunj kec thc perÐptwshc a) me Q→ Q−Q′.
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2.3 'Askhsh: Tropopoihmènh Ex. di�qushc se sfaÐra

H diaforik  exÐswsh

∇2T + g = ∂tT , (2.11)

perigr�fei di�qush jermìthtac parousÐa phg c parametropoioÔmenh ap' th sun�rthsh

g(x, t). Mia sfaÐra aktÐnac R brÐsketai arqik� se mhdenik  jermokrasÐa, h de epif�-

nei� thc krateÐtai se mhdenik  jermokrasÐa kajìlh th di�rkeia. BreÐte th jermokrasÐa

thc sfaÐrac wc apotèlesma thc jermìthtac pou genn� h phg , jewr¸ntac thn aploÔsterh

twn peript¸sewn kat� thn opoÐa h sun�rthsh g=stajer�.

LUSH

Lìgw summetrÐac èqoume T = T (r, t) se sfairikèc suntetagmènec. 'Ara h ex. (2.11)

gr�fetai wc
1

r2
∂r
(
r2∂rT

)
+ g = ∂tT , (2.12)

me sunoriakèc kai arqikèc sunj kec

T (R, t) = 0 , T (r, 0) = 0 . (2.13)

Lìgw tou ìti ap�getai jermìthta ap' thn epif�neia tou kulÐndrou, gia polÔ meg�louc qrì-

nouc apokajÐstatai stajer  wc proc to qrìno jermokrasÐa T∞(r). H teleutaÐa ikanopoieÐ

thn (2.12) me to dexÐ mèloc mhdèn, dhlad 

1

r2
∂r
(
r2∂rT∞

)
+ g = 0 (2.14)

kai sunoriak  sunj kh

T∞(R) = 0 . (2.15)

H peperasmènh lÔsh thc sto r = 0 eÐnai

T∞(ρ) =
gR2

6

(
1− r2/R2

)
. (2.16)

Gr�foume th genik  lÔsh thc (2.12) wc T (r, t) = T∞(r) + Tc(r, t) me thn Tc na ikanopoieÐ

thn exÐswsh di�qushc
1

r2
∂r
(
r2∂rTc

)
= ∂tTc , (2.17)

me arqik  kai sunoriak  sunj kh

Tc(R, t) = 0 , Tc(r, 0) = −T∞(r) = −gR
2

6

(
1− r2/R2

)
. (2.18)
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Me qwrismì metablht¸n h (2.17) epidèqetai lÔseic thc morf c

Tc(r, t) ∼ F (r)e−k
2t , (2.19)

ìpou h F (r) ikanopoieÐ thn

F ′′ +
2

r
F ′ + k2F = 0 . (2.20)

H genik  lÔsh thc teleutaÐac eÐnai thc morf c F = (A sin kr + B cos kr)/r. Gia na eÐnai

peperasmènh sto r = 0 jètoume B = 0, en¸ h oriak  sunj kh F (R) = 0 shmaÐnei ìti

kn = nπ/R, n = 1, 2, . . . . 'Ara h genik  lÔsh thc Tc(r, t) gr�fetai wc

Tc(r, t) =
1

r

∞∑
n=1

An sin knre
−k2nt . (2.21)

Ap' thn arqik  sunj kh brÐskoume ìti

An

∫ R

0

dr sin2 nπr

R
= −gR

2

6

(∫ R

0

dr r sin
nπr

R
− 1

R2

∫ R

0

dr r3 sin
nπr

R

)
=⇒ An = 2

(−1)n

(nπ)3
gR3 . (2.22)

Telik� h genik  lÔsh gia thn jermokrasÐa eÐnai

T (r, t) =
gR2

6

(
1− r2/R2

)
+ 2

gR3

r

∞∑
n=1

(−1)n

(nπ)3
sin knre

−k2nt , kn =
nπ

R
. (2.23)
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2.4 'Askhsh: Tropopoihmènh Ex. di�qushc kai stajerìthtac se sfaÐra

Jewr ste ìti h puknìthta netronÐwn entìc doqeÐou dedomènou sq matoc ikanopoieÐ thn

exÐswsh

∇2n+ λn =
∂n

∂t
, (2.24)

me n = 0 sthn epif�neia tou. O 2oc ìroc tou aristeroÔ mèlouc parist�nei paragwg  ne-

tronÐwn an�logh tou plhjusmoÔ touc kai mporeÐ na odhg sei se ast�jeia tou sust matoc,

me thn ènnoia ìti n ∼ et/τ , kai epakìloujh èkrhxh. Autì sumbaÐnei ìtan oi diast�seic tou

doqeÐou xepernoÔn k�poio kritikì ìrio.

Jewr ste sfairikì doqeÐo aktÐnac R. BreÐte thn Rcr sÔmfwna me ta parap�nw sqìlia.

LUSH

EÐnai profanèc ìti me th mèjodo tou qwrismoÔ twn metablht¸n up�rqoun lÔseic thc morf c

n(x, t) = η0(r) e
−k2t , (2.25)

ìpou h aktinik  sun�rthsh η0(r) upakoÔei thn

1

r2
d

dr

(
r2
dη0
dr

)
+ (λ+ k2)η0 = 0 , 0 6 r 6 R , η0(R) = 0 . (2.26)

H peperasmènh lÔsh thc sto r = 0 eÐnai

η0(r) ∼
sin
√
λ+ k2 r

r
. (2.27)

H oriak  sunj kh sto r = R epilègei diakritèc timèc gia thn stajer� k wc

k2n =
n2π2

R2
− λ , n = 1, 2, . . . . (2.28)

Eust�jeia thc lÔshc shmaÐnei ìti k2n > 0, ∀ n. 'Ara

R ≤ Rcr =
π√
λ
, (2.29)

pou antistoiqeÐ sthn tim  n = 1. 'Ara o kritikìc ìgkoc, pèran tou opoÐou èqoume ast�jeia,

eÐnai

sfaÐra : Vcr =
4π4

3

1

λ3/2
' 129.9

λ3/2
. (2.30)

11
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2.5 'Askhsh: Ex. di�qushc se sfairikì kèlufoc

a) Na brejeÐ h jermokrasÐa T (θ, t) sfairikoÔ kelÔfouc aktÐnac R me arqik  jermokrasÐa

T (θ, 0) = Q
δ(θ)

2πR2 sin θ
, (2.31)

ìpou θ ∈ [0, π] h polik  gwnÐa se sfairikèc suntetagmènec, δ(θ) h δ-sun�rthsh kai Q

stajer�.

b) ProsdioreÐste th jermokrasÐa stajer c kat�stashc gia t→∞.

g) DeÐxte ìti sto ìrio R→∞ paÐrnoume ta gnwst� apotelèsmata gia di�qush jermìthtac

sto epÐpedo.

LUSH

a) Lìgw summetrÐac T = T (θ, t). Me qwrismì metablht¸n eÔkola brÐskoume ìti h jermo-

krasÐa prèpei na eÐnai thc morf c T = Θ(θ)e−k
2t. Antikajist¸ntac sthn exÐswsh di�qushc

thc jermìthtac brÐskoume ìti h sun�rthsh Θ(θ) ikanopoieÐ thn

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+ k2R2Θ = 0 , (2.32)

h opoÐa eÐnai h exÐswsh Legendre me k2R2 = `(`+ 1). 'Ara h genik  lÔsh gr�fetai wc

T (θ, t) =
∞∑
`=0

A`P`(cos θ)e−`(`+1)t/R2

. (2.33)

Qrhsimopoi¸ntac thn arqik  sunj kh

Q
δ(θ)

2πR2 sin θ
=
∞∑
`=0

A`P`(cos θ) . (2.34)

Gia ton prosdiorismì twn stajer¸n A` qrhsimopoioÔme thn orjogwniìthta twn poluwnÔ-

mwn Legendre ∫ π

0

dθ sin θP`(cos θ)P`′(cos θ) =
2

2`+ 1
δ``′ . (2.35)

Lìgw tou ìti P`(1) = 1, èqoume

A` =
Q

2πR2

(
`+

1

2

)
. (2.36)

Telik�

T (θ, t) =
Q

2πR2

∞∑
`=0

(
`+

1

2

)
P`(cos θ)e−`(`+1)t/R2

. (2.37)

12
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b) H jermokrasÐa stajer c kat�stashc brÐsketai gia t→∞, opìte sto parap�nw �peiro

�jroisma mìno o ìroc me ` = 0 suneisfèrei. BrÐskoume

T∞ = T (θ,∞) =
Q

4πR2
. (2.38)

g) Ja p�roume to ìrio R→∞. Tìte jètoume ` = kR kai qrhsimopoioÔme ìti

lim
R→∞

PkR

(
cos

ρ

R

)
= J0(kρ) . (2.39)

Tìte

T (ρ, t) =
T0
2π

∫ ∞
0

dk kJ0(kρ)e−k
2t =

e−
ρ2

4t

4πt
, (2.40)

pou eÐnai to swstì ìrio gia th lÔsh thc exÐswshc di�qushc se ìlo to epÐpedo me arqik 

sunj kh T (ρ, 0) = T0
δ(ρ)

2πρ
.

13
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2.6 'Askhsh: DE me miktèc oriakèc sunj kec

JewreÐste to diaforikì telest 

L = − d2

dx2
, 0 6 x <∞ . (2.41)

Jèloume na prosdiorÐsoume tic idiosunart seic Ψ(x) kai tic idiotimèc tou E me thn auto-

suzug  oriak  sunj kh

Ψ′(0) = Ψ(0) cot θ , (2.42)

ìpou θ stajer  gwnÐa.

a) DeÐxte ìti an tan θ < 0 tìte ektìc ap' to suneqèc mèroc tou f�smatoc up�rqei mìno

mia epiplèon kanonikopoi simh idiosun�rthsh me arnhtik  idiotim  entopismènh kont� sto

x = 0. UpologÐste aut n thn idiosun�rthsh kanonikopoi¸ntac th sth mon�da.

b) DeÐxte ìti oi idiosunart seic tou suneqoÔc f�smatoc eÐnai thc morf c

Ψk(x) = Ak sin(kx+ δ(k)) , eiδ(k) =
1 + ik tan θ√
1 + k2 tan2 θ

, (2.43)

ìpou Ak stajer� kanonikopoÐhshc.

g) DeÐxte ìti oi idiosunart seic tou suneqoÔc kai aut  pou antistoiqeÐ sthn arnhtik 

idiotim  eÐnai orjog¸niec.

LUSH

a) Mia idiosun�rthsh thc morf c

Ψ0 =
1

2κ
e−κx , κ > 0 (2.44)

èqei idiotim  Eκ = −κ2 kai eÐnai  dh kanonikopoihmènh sth mon�da. Efarmìzontac thn

oriak  sunj kh èqoume

−κ = cot θ < 0 . (2.45)

b) Oi suneqeÐc idiosunart seic paÐrnoun profan¸c th dojeÐsa morf  sthn (2.43) me idiotim 

Ek = k2. H oriak  sunj kh dÐnei

tan δ(k) = k tan θ =⇒ e2iδ(k) =
(cos θ + ik sin θ)2

cos2 θ + k2 sin2 θ
. (2.46)

Oi dÔo lÔseic thc teleutaÐac eÐnai h dojeÐsa sthn (2.43) kaj¸c kai h Ðdia me to dexÐ mèloc

thc pollaplasiasmèno me eiπ. 'Omwc aut  aporrÐptetai giatÐ gia θ = 0, h oriak  sunj kh

eÐnai Ψ′(0) = 0, dhlad  δ(k) = 0.

14
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g) 'Eqoume ìti ∫ ∞
0

dxΨ0(x)Ψk(x) ∼ Im

(
eiδ(k)

∫ ∞
0

dxe−(κ−ik)x
)

= Im

(
eiδ(k)

κ− ik

)
∼ Im

(
(κ+ ik)eiδ(k)

)
(2.47)

= κ sin δ(k) + k cos δ(k) = 0 ,

met� apì antikat�stash gia tic stajerèc κ kai δ(k).
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2.7 'Askhsh:F�sma tou telest  d4/dx4

BreÐte tic idiosunast seic kai idiotimèc tou telest 
d4

dx4
:

a) Sto di�sthma x ∈ [0, 1] me sunoriakèc sunj kec

Ψ(0) = Ψ(1) = Ψ′(0) = Ψ′(1) = 0 . (2.48)

b) Sto di�sthma x > 0 me sunoriakèc sunj kec

Ψ(0) = Ψ′(0) = 0 (2.49)

kai peperasmènh sumperifor� gia x → ∞. Se aut  thn perÐptwsh elègxte tic sunj kec

orjogwniìthtac kai plhrìthtac.

LUSH

'Eqoume thn exÐswsh
d4Ψ

dx4
= EΨ . (2.50)

O telest c eÐnai ermitianìc kai sta dÔo diast mata, �ra E ∈ R.

a) E = k4 > 0: Tìte h lÔsh dÐnetai ap' thn

Ψk(x) = c1 cosh kx+ c2 sinh kx+ c3 cos kx+ c4 sin kx . (2.51)

Oi sunoriakèc sunj kec gia x = 0 apaitoÔn c3 = −c1 kai c4 = −c2 en¸ autèc sto x = 1

dÐnoun to sÔsthma

(cosh k − cos k)c1 + (sinh k − sin k)c2 = 0 ,

(sinh k + sin k)kc1 + (cosh k − cos k)kc2 = 0 . (2.52)

Gia na èqei mh mhdenik  lÔsh ja prèpei h orÐzousa na eÐnai mhdèn. 'Ara

cos k cosh k = 1 , (2.53)

h opoÐa èqei thn analutik  lÔsh k = 0 pou antistoiqeÐ se

Ψ0(x) = const. , (2.54)

kaj¸c kai apeirÐa lÔsewn pou brÐskontai arijmhtik�. Epeid  Ψ−k(x) = −Ψk(x) mporoÔme

na periristoÔme sto di�sthma k > 0.

16



KwnstantÐnoc Sfètsoc, Majhmatik  Fusik : Tm ma Fusik c, 7o Ex�mhno

E = −4k4 6 0: Tìte h lÔsh dÐnetai ap' thn

Ψk(x) = (c1 cosh kx+ c2 sinh kx) cos kx+ (c3 cosh kx+ c4 sinh kx) sin kx . (2.55)

Oi sunoriakèc sunj kec sto x = 0 dÐnoun c1 = 0 kai c3 = −c2   k = 0 (pou ìmwc

aporrÐptetai giatÐ odhgeÐ se mhdenik  lÔsh), en¸ autèc sto x = 1 dÐnoun to sÔsthma

(cos k sinh k − sin k cosh k)c2 + sin k sinh kc4 = 0 ,

−2k sin k sinh kc2 + (cos k sinh k + sin k cosh k)kc4 = 0 . (2.56)

H sunj kh mhdenik c orÐzousac dÐnei thn uperbatik  exÐswsh

sinh k = sin k , (2.57)

h opoÐa èqei lÔsh gia k ∈ R, mìno thn k = 0 pou èqei  dh aporrifjeÐ.

To apotèlesma èprepe na to perimènoume giatÐ

0 6 〈Ψ′′|Ψ′′〉 = 〈Ψ|Ψ(4)〉 = E〈Ψ|Ψ〉 , (2.58)

pou shmaÐnei ìti E > 0.

b) Se aut  thn perÐpwsh prèpei sthn (2.51) na p�roume kai c2 = −c1 opìte h lÔsh eÐnai

Ψk(x) = c1(e
−kx + sin kx− cos kx) , k, x > 0 . (2.59)

'Eqoume

1

c21

∫ ∞
0

dkΨk(x)Ψk′(x) =

∫ ∞
0

dk
[
e−(k+k

′)x +
(
λe−(k−ik

′)x + c.c.
)

+
(
λe−(k

′−ik)x + λ2ei(k+k
′)x + |λ|2ei(k−k′)x + c.c.

)]
=

1

k + k′
+

λ

k − ik′
+

λ∗

k + ik′
(2.60)

+
λ

k′ − ik
+ λ2

[
πδ(k + k′) + iP (

1

k + k′
)
]

+ |λ|2
(
πδ(k − k′) + iP (

1

k − k′
)
]

+
λ∗

k′ + ik
+ λ∗2

[
πδ(k + k′)− iP (

1

k + k′
)
]

+ |λ|2
(
πδ(k − k′)− iP (

1

k − k′
)
]
,

ìpou λ = −(1 + i)/2. Epeid  k+k′ 6= 0, èqoume ìti δ(k+k′) = 0 kai eÔkola deÐqnoume ìti

o ìroc an�logoc tou
1

k + k′
eÐnai mhdèn kai to Ðdio gia touc ìrouc an�logouc twn

1

k ± ik′
.

O suntelest c tou δ(k − k′) eÐnai π opìte epilègoume th stajer� c1 =
1√
π
. Telik�∫ ∞

0

dkΨk(x)Ψk′(x) = δ(k − k′) . (2.61)

Gia th sqèsh plhrìthtac apl¸c enall�soume to k me to x.
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2.8 'Askhsh: Sun�rthsh Green gia d4/dx4

a) EpilÔste thn diaforik  exÐswsh gia th sun�rthsh Green

d4G

dx4
= δ(x−x′) , G = G(x, x′) , 0 6 x, x′ ≤ 1 , (2.62)

me oriakèc sunj kec

G
∣∣
x=0

= G
∣∣
x=1

=
dG

dx

∣∣∣∣
x=0

=
dG

dx

∣∣∣∣
x=1

= 0 . (2.63)

b) Gr�yte to apotèlesm� sac wc th lÔsh gia th sun�rthsh Green sto di�sthma −∞ <

x, x′ < ∞ sun mia lÔsh thc omogenoÔc kat�llhla epilegmènh gia na ikanopoioÔntai oi

oriakèc sunj kec.

g) BreÐte tic idiosunart seic tou telest  d4/dx4 gia x ∈ [0, 1] me tic parap�nw oriakèc

sunj kec. BreÐte th sunj kh pou prosdiorÐzei tic antÐstoiqec idiotimèc kai d¸ste mia

proseggistik  lÔsh thc.

LUSH

a) Gia x < x′ (x > x′) h G eÐnai polu¸numo 3ou bajmoÔ sto x (antÐstoiqa sto (x − 1) )

qwrÐc to stajerì kai grammikì ìro ètsi ¸ste na ikanopoioÔntai oi oriakèc sunj kec. 'Ara

G(x, x′) =

{
c1x

3 + c2x
2 , x < x′

c3x
3 + c4x

2 , x > x′

}
. (2.64)

Ap' th sunèqeia thc G kai thc pr¸thc kai deÔterhc parag¸gou thc sto x = x′ èqoume thc

exis¸seic

c2x
′2 + c1x

′3 = c4(x
′ − 1)2 + c3(x

′ − 1)3 ,

2c2x
′ + 3c1x

′2 = 2c4(x
′ − 1) + 3c3(x

′ − 1)2 , (2.65)

c2 + 3c1x
′ = c4 + 3c3(x

′ − 1) .

Ap' thn asunèqeia thc 3hc parag¸gou, dhlad  ap' thn

d3G

dx3

∣∣∣
x=x′+

− d3G

dx3

∣∣∣
x=x′−

= 1 , (2.66)

èqoume

6(c3 − c1) = 1 . (2.67)
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EpilÔontac to sÔsthma paÐrnoume telik�

G(x, x′) = −1

6

{
x2(x′ − 1)2(x+ 2xx′ − 3x′) , x 6 x′

(x− 1)2x′2(x′ + 2x′x− 3x) , x > x′

}
, (2.68)

ParathroÔme ìti G(x, x′) = G(x′, x).

b) IsodÔnama mporoÔme na gr�youme

G(x, x′) =
1

12
|x−x′|3− 1

12

[
x3 + x′3 + 4x2x′2(xx′ + 3)− 3xx′(x+ x′)(1 + 2xx′)

]
. (2.69)

O pr¸toc ìroc ikanopoieÐ thn exÐswsh Green se ìlh thn pragmatik  eujeÐa kai o deÔteroc

ìroc ikanopoieÐ thn antÐstoiqh omogen  exÐswsh.

g) H genik  lÔsh thc exÐswshc idiotim¸n (o telest c eÐnai ermitianìc kai wc ek toÔtou

èqei mh arnhtikèc idiotimèc)
d4Ψ

dx4
= k4Ψ , (2.70)

eÐnai

Ψ(x) = c1 cos kx+ c2 sin kx+ c3 cosh kx+ c4 sinh kx . (2.71)

ParathroÔme ìti mporoÔme na epilèxoume k ∈ R. H idiotim  −k2 odhgeÐ sthn Ðdia akrib¸c

lÔsh. Oi sunoriakèc sunj kec gia x = 0 dÐnoun c3 = −c1 kai c4 = −c2. Autèc gia x = 1

odhgoÔn se èna omogenèc grammikì sÔsthma gia tic stajerèc c1 kai c2

c1(cos k − cosh k) + c2(sin k − sinh k) = 0 ,

c1(sin k + sinh k)− c2(cos k − cosh k) = 0 . (2.72)

pou gia na èqei mh mhdenik  lÔsh ja prèpei na isqÔei h sunj kh

cos k cosh k = 1 , (2.73)

Oi lÔseic thc uperbatik c aut c exÐswshc eÐnai

kn = π(n+
1

2
)− (−1)n

cosh π(n+ 1
2
)

+ · · · , n = 1, 2, . . . , (2.74)

O parap�nw proseggistikìc tÔpoc isqÔei praktik� wc isìthta gia n > 2.
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2.9 'Askhsh: Sun�rthsh Green gia thn Ex. di�qushc

Jewr ste perioq  tou n-di�statou EukleÐdiou q¸rou kai thn diaforik  exÐswsh

LxT = ∂tT , T = T (x, t) , T (x, 0) = δ(n)(x) , t > 0 , (2.75)

se aut , ìpou Lx kat�llhloc diaforikìc telest c. H epÐlush tou probl matoc epib�llei

kai an�logec me th fusik  perÐptwsh sunoriakèc sunj kec sto sÔnoro autoÔ tou q¸rou.

DeÐxte ìti h exÐswsh Green

LxG+ δ(n)(x− x′)δ(t− t′) = ∂tG , G = G(x− x′, t− t′) , (2.76)

epidèqetai lÔseic pou mhdenÐzontai gia t < t′ thc morf c

G(x− x′, t− t′) = T (x− x′, t− t′)Θ(t− t′) . (2.77)

a) Jewr ste thn monodi�stath exÐswsh di�doshc thc jermìthtac ìpou Lx = ∂2x kai −∞ <

x <∞. Poi� h lÔsh twn (2.164) kai (2.76)?

b) Jewr ste ìpwc sto a) th monodi�stath exÐswsh di�qushc thc jermìthtac all� me

0 6 x <∞ kai Dirichlet oriak  sunj kh G
∣∣
x=0

= 0. Poi� h lÔsh twn (2.164) kai (2.76)?

g) Jewr ste ìpwc sto a) th monodi�stath exÐswsh jermìthtac all� me 0 6 x < ∞ kai

oriak  sunj kh ∂xG
∣∣
x=0

= −Q. Poi� h lÔsh twn (2.164) kai (2.76)?

LUSH

H apìdeixh ìti h (2.76) ikanopoieÐ th diaforik  exÐswsh sthn (2.164) basÐzetai sto ìti h

merik  par�gwgoc ∂t sthn (2.164) dÐnei ènan ìro thc morf c

T (x− x′, t− t′)∂tΘ(t− t′) = T (x− x′, t− t′)δ(t− t′) = δ(n)(x− x′)δ(t− t′) , (2.78)

lìgw thc arqik c sunj kh sthn (2.164).

a) JewroÔme thn diaforik  exÐswsh

∂2xT = ∂tT , T = T (x, t) , T (x, 0) = δ(x) , −∞ < x <∞ (2.79)

kai thn an�ptuxh Fourier

T (x, t) =
1

2π

∫ ∞
−∞

dx Tk(t)e
ikx . (2.80)
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Oi suntelestèc ikanopoioÔn thn

dTk
dt

= −k2Tk , Tk(0) = 1 , t > 0 , (2.81)

me lÔsh Tk = e−k
2t. 'Ara ap' thn (2.80) èqoume

T (x, t) =
1

2π

∫ ∞
−∞

dx eikx−k
2t =

1√
4πt

e−
x2

4t . (2.82)

'Ara

G(x− x′, t− t′) = T (x− x′, t− t′)Θ(t− t′) . (2.83)

b) Gia to shmeÐo x = x′ jewroÔme to eÐdwlì tou sto x = −x′ opìte

G(x− x′, t− t′) = [T (x− x′, t− t′)− T (x+ x′, t− t′)] Θ(t− t′) . (2.84)

g) Se aut  thn perÐptwsh

G(x− x′, t− t′) = −Qx+ [T (x− x′, t− t′) + T (x+ x′, t− t′)] Θ(t− t′) . (2.85)

O pr¸toc ìroc perigr�fei thn kat�stash isorropÐac apousÐa thc shmeiak c stigmiaÐac

phg c sto x = x′ kai gia t = t′.

Shmei¸nw ìti an prospaj soume na elènxoume ìti oi lÔseic (2.84) kai (2.85) upakoÔoun

thn Green diaforik  exÐswsh paÐrnoume ton epiplèon ìro δ(x + x′)δ(t− t′). 'Omwc autìc
mhdenÐzetai kajìti x+ x′ 6= 0.
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2.10 'Askhsh: LÔsh thc Ex. di�qushc mèsw summetri¸n

JewreÐste thn monodi�stath èxÐswsh di�qushc

∂T

∂t
=
∂2T

∂x2
. (2.86)

ParathreÐste th summetrÐa thc k�tw apì allag  klÐmakac

t→ λ2t , x→ λx . (2.87)

a) BreÐte poi� prèpei na eÐnai h ex�rthsh thc jermokrasÐac ¸c proc tic metablhtèc autèc

ètsi ¸ste na paramènei analloÐwth kai parousi�ste th genik  thc lÔsh, agno¸ntac proc

tic e�n eÐnai dunatìn na ikanopoihjoÔn tautìqrona arqikèc  /kai sunoriakèc sunj kec.

b) JewreÐste thn Ðdia exÐswsh gia x > 0. To �kro thc diathreÐtai se jermokrasÐa T0

an� p�sa qronik  stigm , en¸ h arqik  thc jermokrasÐa eÐnai mhdèn. Qrhsimopoi¸ntac to

apotèlesma tou erwt matoc a) breÐte thn jermokrasÐa se k�je shmeÐo thc wc sun�rthsh

tou qrìnou.

g) JewreÐste p�li to er¸thma b) all� me thn sunoriak  sunj kh ìti ap' to �kro thc

r�bdou eisèrqetai jermìthta me stajerì rujmì (eidik  perÐptwsh eÐnai to �kro na eÐnai

monwmèno). MporeÐ na epilujeÐ to prìblhma me to apotèlesma tou a) kai giatÐ? To Ðdio

er¸thma an h r�bdoc eÐnai peperasmènh kai èqei kat�llhlh sunoriak  sunj kh sto �llo

�kro.

LUSH

a) EÐnai profanèc ìti h ex�rthsh prèpei na eÐnai thc morf c

η =
x√
t
. (2.88)

UpologÐzoume ìti

∂tT = −1

2

η

t

dT

dη
, ∂xT =

1√
t

dT

dη
, ∂2xT =

1

t

d2T

dη2
, (2.89)

opìte h exÐswsh di�qushc gÐnetai

d2T

dη2
+
η

2

dT

dη
= 0 . (2.90)

H genik  thc lÔsh eÐnai

T (η) = A

∫ η

0

dye−y
2/4 +B , (2.91)
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ìpou A kai B eÐnai stajerèc olokl rwshc.

b) Oi arqik  kai sunoriakèc sunj kec eÐnai

T (0, x) = 0 , T (t, 0) = T0 . (2.92)

'Ara gia thn metablht  η èqoume

T (0) = T0 , T (∞) = 0 . (2.93)

Me b�sh autèc h lÔsh eÐnai

T (η) = T0

[
1− erf

(η
2

)]
, (2.94)

ìpou erf(x) =
2√
π

∫ x

0

dye−y
2

, eÐnai h sun�rthsh l�jouc.

g) 'Estw ìti h jermìthta eisrrèei ap' to shmeÐo x = 0. 'Eqoume

∂T (t, x)

∂x

∣∣∣∣
x=0

= −Q . (2.95)

Se aut  thn perÐptwsh h sunoriak  sunj kh sp�ei thn ex�rthsh mìno ap' th metablht  η.

H perÐptwsh Q = 0, dhlad  ìtan to �kro eÐnai monwmèno, den sp�ei th sunoriak  sunj kh,

all� ektìc an up�rqei mia mh tetrimènh arqik  katanom  jermokrasÐac, den all�zei tÐpota

se aut . An h arqik  jermokrasÐa eÐnai thc morf c T (0, x) = f(x), tìte den mporoÔme na

perimènoume lÔsh pou na exart�tai apokleistik� ap' to sunduasmì (2.88).

An�loga sqìlia isqÔoun epÐshc kai ìtan èqoume peperasmènh r�bdo me sunoriak  sunj kh,

èstw gia x = a.
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2.11 'Askhsh: ExÐswsh di�qushc me kÔma jermìthtac

Jewr ste th monodi�stath exÐswsh di�qushc jermìthtac gia x > 0. To �kro x = 0 èqei

elegqìmenh jermokrasÐa θ(t). Arqik� h jermokrasÐa gia x > 0 eÐnai mhdenik .

a) ProsdiorÐste th jermokrasÐa T (x, t) gia genik  sun�rthsh θ(t). To apotèlesma mporeÐ

na ekfrasteÐ mèsw oloklhrwm�twn. Prosèxte h lÔsh na eÐnai peperasmènh kaj¸c to

x→∞.

b) JewroÔme wc θ(t) kÔma jermìthtac

θ(t) =
∑
n=1

θn cosωnt , (2.96)

ìpou ωn dedomènec suqnìthtec. ProsdioreÐste th jermokrasÐa T (x, t) epakrib¸c.

g) Jewr ste wc θ(t)

θ(t) = q0δ(t) , (2.97)

ìpou δ(t) h δ-sun�rthsh. ProsdioreÐste th jermokrasÐa T (x, t) epakrib¸c.

Na lujeÐ to parap�nw prìblhma me qr sh thc genik c jewrÐac twn sunart sewn Green.

e) Na lujeÐ to parap�nw prìblhma me qr sh summetrÐac k�tw apì metasqhmatismoÔc

klÐmakac.

LUSH

a) Me qwrismì metablht¸n sthn
∂T

∂t
=
∂2T

∂x2
. (2.98)

èqoume

T ∼ Re
(
eaxeikt

)
, a2 = ik = eiπ/2k , k > 0 (2.99)

BrÐskoume a = ±
√

k
2
(1+i).1 Epizht¸ntac lÔseic peperasmènec kaj¸c x→∞, epilègoume

to arnhtikì prìshmo. H genik  lÔsh eÐnai thc morf c

T (x, t) = Re

(∫ ∞
0

dkAke
−
√

k
2
(1+i)xeikt

)
(2.100)

kai èqw p�rei to pragmatikì mèroc. Me kat�llhlh metanomasÐa twn stajer¸n gr�foume

th lÔsh wc

T (x, t) =

∫ ∞
0

dke−
√

k
2
x

[
ak cos

(√
k

2
x− kt

)
+ bk sin

(√
k

2
x− kt

)]
. (2.101)

1
Αν υποθέσουμε χρονική εξάρτηση της μορφής e−kt

, με k > 0, βλέπουμε ότι δεν υπάρχει δυνατότητα

για πεπερασμένη λύση καθώς x→∞.
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Ap' thn oriak  sunj kh

θ(t) =

∫ ∞
0

dk(ak cos kt− bk sin kt) , (2.102)

opìte

ak =
1

π

∫ ∞
0

dt θ(t) cos kt , bk = − 1

π

∫ ∞
0

dt θ(t) sin kt . (2.103)

b) Se aut  thn perÐptwsh bk = 0 kai oi suntelestèc ak epilègoun tic suqnìthtec ωn. H

lÔsh eÐnai

T (x, t) =
∞∑
n=1

θne
−
√

ωn
2
x cos

(√
ωn
2
x− ωnt

)
. (2.104)

g) Se aut  thn perÐptwsh

ak =
q0
π
, bk = 0 . (2.105)

'Ara

T (x, t) =
q0
π

∫ ∞
0

dke−
√

k
2
x cos

(√
k

2
x− kt

)
=

q0
2
√
π

x

t3/2
e−

x2

4t . (2.106)

Shmei¸nw ìti T (0, t) = q0δ(t), ìpwc apaiteÐtai ap' thn oriak  sunj kh.

Gia x stajerì h jermokrasÐa megistopoieÐtai gia t = x2/6 kai eÐnai

Tmax(x) = T (x, x2/6) = 3e−3/2
√

6/π
q0
x2
' 0.93

q0
x2

. (2.107)

d) H genik  lÔsh me sun�rthsh Green sto di�sthma x ∈ [a, b] eÐnai

T (x, t) =

∫ b

a

dx′ G(x, x′, t)T0(x
′)

+

∫ t

0

dz

(
G(x, x′, t− z)

∂T (x′, z)

∂x′
− T (x′, z)

∂G(x, x′, t− z)

∂x′

) ∣∣∣
x′=b
− (2.108)

(same term with)
∣∣∣
x′=a

, (2.109)

ìpou T0(x) eÐnai h arqik  jermokrasÐa, pou eÐnai sthn perÐptws  mac mhdenik . H sun�r-

thsh Green pou ikanopoieÐ Dirichlet sunoriakèc sunj kec eÐnai h

G(x, x′, t) =
1√
4πt

(
e−

(x−x′)2
4t − e−

(x+x′)2
4t

)
, (2.110)

ap' thn opoÐa upologÐzw (a = 0 kai b→∞)

∂G(x, x′, t)

∂x′

∣∣∣
x′=0

=
x

2
√
πt3/2

e−
x2

4π . (2.111)
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Telik�

T (x, t) =
x

2
√
π

∫ t

0

dz
θ(z)

(t− z)3/2
e
−x2

4π(t−z) . (2.112)

Gia θ(z) = q0δ(z) paÐrnoume thn (2.106).

e) Ap' thn oriak  sunj kh blèpoume ìti h oriak  T (0, t) = q0δ(t) lÔsh k�tw ap• ton

metasqhmatismì x → λx kai t → λ2t metasqhmatÐzetai me b�roc −1. Autì proteÐnei thn

allag  suntetagmènwn

η =
x√
t

=⇒ ∂x =
1√
t
, ∂t = −1

2

η

t
∂η + ∂t . (2.113)

Opìte h exÐswsh gr�fetai wc

∂2ηT +
η

2
∂ηT = t∂tT . (2.114)

Jètontac T (η, t) = F (η)
t
, èqoume

F ′′ +
η

2
F ′ + F = 0 =⇒ F =

q0
2
√
π
ηe−η

2/4 , (2.115)

ìpou h pollaplasiastik  stajer� prosdiorÐsthke ¸ste na upakoÔetai h oriak  sunj kh.

H lÔsh telik� eÐnai p�li h (2.106).
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2.12 Swm�tio se dunamikì δ-sun�rthshc se peperasmèno

di�sthma

Jewr ste to prìblhma Schrödinger

−d
2Ψ(x)

dx2
− kδ(x)Ψ(x) = EΨ(x) , |x| 6 1 , Ψ(±1) = 0 . (2.116)

a) EpilÔste th exÐswsh kai breÐte thn sunj kh pou kajorÐzei to energeiakì f�sma.

b) DeÐxte ìti up�rqei tim  thc stajer�c k gia thn opoÐa up�rqei energeiak  kat�stash

mhdenik c enèrgeiac.

g) BreÐte trìpo na p�rete to ìrio ìpou to prìblhma epekteÐnetai se ìlh thn pragmatik 

eujeÐa kai deÐxte ìti prokÔptoun gnwst� apotelèsmata.

LUSH

a) Gia jetikèc enèrgeiec E = µ2 h lÔsh eÐnai thc morf c

Ψ<(x) = A< cosµx+B< sinµx , gia − 1 6 x 6 0 ,

Ψ>(x) = A> cosµx+B> sinµx , gia 0 6 x 6 1 . (2.117)

Oi oriakèc sunj kec kai oi

A< = A> , µ(B> −B<) + kA< = 0 , (2.118)

ap' thn sunèqeia thc Ψ kai thn asunèqeia twn parag¸gwn sto x = 0 dÐnoun èna grammikì

sÔsthma tess�rwn exis¸sewn gia Ðdio arijmì agn¸stwn. H lÔsh tou eÐnai

B< =
k

2µ
A , B> = − k

2µ
A , A< = A> = A , (2.119)

ìpou A stajer� kanonikopoÐhshc kai up�rqei an h orÐzousa tou sust matoc mhdenÐzetai.

Aut  h sunj kh dÐnei thn uperbatik  exÐswsh

tanµ =
2µ

k
, (2.120)

h opoÐa èqei �peiro arijmì diakrit¸n lÔsewn. H stajer� kanonikopoÐhshc eÐnai

A2 =
µ sin2 µ

µ− sinµ cosµ
. (2.121)

Sunoptik� h lÔsh gr�fetai

Ψ(x) =

√
µ

µ− sinµ cosµ
sinµ

(
cosµx− k

2µ
sinµ|x|

)
=

√
µ

µ− sinµ cosµ
sinµ(1− |x|) , −1 6 x 6 1 , (2.122)
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ìpou qrhsimopoÐhsa thn (2.120). Ektìc ap' autèc, tic �rtiec wc proc thn p�ritu katast�-

seic, up�rqoun kai oi perittèc me

Ψ(x) =
1√
π

sinnπx , n = 1, 2, . . . , En = π2n2 , (2.123)

oi opoÐec eÐnai anaÐsjhtec sthn parousÐa thc δ-sun�rthshc.

Gia arnhtikèc enèrgeiec E = −µ2 kai h lÔsh eÐnai thc morf c

Ψ< = A< coshµx+B< sinhµx , gia − 1 6 x 6 0 ,

Ψ> = A> coshµx+B> sinhµx , gia 0 6 x 6 1 . (2.124)

Ergazìmenoi ìpwc prÐn   kai me analutik  sunèqish µ → iµ brÐskoume thn uperbatik 

exÐswsh

tanhµ =
2µ

k
. (2.125)

An k > 2 aut  èqei mìno mia lÔsh kai an k < 2 kammÐa. Gia na to dèixoume autì Jewr ste

th sun�rthsh f(µ) = tanhµ − 2µ/k gia thn opoÐa f ′(µ) = 1/ cosh2 µ − 2/k. Epeid 

f(0) = 0 èqoume ìti, an k < 2, f ′(µ) < 0, ∀ µ kai den up�rqei perÐptwsh na mhdenisteÐ

xan� h f(µ). Gia k > 2, h exÐswsh f ′(µ) = 0 èqei mìno mi� lÔsh pou eÐnai mègisto thc

f(µ). Gia k�poio megalÔtero µ èqoume f(µ) = 0 kai met� h sun�rthsh p�eri sto −∞
qwrÐc na mhdenisteÐ xan�. 'Otan k > 2, h lÔsh eÐnai

Ψ(x) =

√
µ

sinhµ coshµ− µ
sinhµ

(
coshµx− k

2µ
sinhµ|x|

)
=

√
µ

µ− sinhµ coshµ
sinhµ(1− |x|) , −1 6 x 6 1 . (2.126)

b) Sthn eidik  perÐptwsh me k = 2 èqoume th lÔsh mhdenik c enèrgeiac me kumatosun�rthsh

Ψ(x) =

√
3

2
(1− |x|) , −1 6 x 6 1 . (2.127)

Parathr seic:

• MporeÐ na deiqjeÐ ìti oi katast�seic (2.122) eÐnai orjog¸niec gia diaforetikèc timèc

tou µ pou ikanopoioÔn thn (2.120). EpÐshc se perÐptwsh pou k > 2, opìte up�rqei h

kat�stash arnhtik c enèrgeiac (2.126), mporeÐ na deiqjeÐ ìti aut  eÐnai orjog¸nia stic

(2.122).

• EÐnai endiafèron na deiqjeÐ ìti oi parap�nw lÔseic ikanopoioÔn th sqèsh plhrìthtac.

Eidik�, pwc gia k > 2 eÐnai anagkaÐo na sumperilhfjeÐ kai h dèsmia kat�stash. Sthn
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apìdeixh ja èqoume ajroÐsmata thc morf c

∞∑
n=1

µn
µn − sinµn cosµn

eiµnx = ? , (2.128)

ìpou µn oi diakritèc lÔseic tic (2.120).

g) Gia ta p�roume ta dedomèna tou probl matoc se ìlh thn pragmatik  eujeÐa paÐrnoume

to ìrio

x→ x/L , k → kL , E → EL2 (µ→ µL) , L→∞ . (2.129)

Tìte h mình lÔsh gia thn (2.125) eÐnai µ = k/2. EÔkola brÐskoume ìti h dèsmia kat�stash

(2.126) gÐnetai

Ψ(x) =

√
k

2
e−k|x|/2 , k > 0 , −∞ < x <∞ , (2.130)

me E = −k2/4. To antÐstoiqo ìrio gia tic perittèc katast�seic eÐnai tetrimmèno, all� ìqi

kai gia tic �rtiec.
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2.13 Sun�rthsh Green gia dunamikì me δ-sun�rthsh se pe-

perasmèno di�sthma

Jewr ste to prìblhma eÔreshc thc sun�rthshc Green

d2Ψ(x)

dx2
+ kδ(x)Ψ(x) = δ(x− x′) , |x| 6 1 , (2.131)

me Dirichlet oriakèc sunj kec sta �kra tou diast matoc. EpilÔste thn exÐswsh genik�.

Katìpin p�rte ta ìria k → 0 kai k →∞ kai ermhneÔste se k�je perÐptwsh to apotèlesm�

sac. GiatÐ to ìrio k → 2 den orÐzetai?

LUSH

Qrhsimopoi¸ntac th sunèqeia thc G(x, x′) kai thn asunèqeia twn parag¸gwn thc (ìpwc

kajorÐzetai ap' (2.131} sta shmeÐa x = 0 kai x = x′ brÐskoume ìti

G(x, x′) =
1

k − 2



(x+ 1)[1 + (k − 1)x′] , x 6 x′ 6 0

(x′ + 1)[1 + (k − 1)x] , x′ 6 x 6 0

(x′ − 1)[(k − 1)x− 1] , 0 6 x 6 x′

(x− 1)[(k − 1)x′ − 1] , 0 6 x′ 6 x

(x+ 1)(1− x′) , x 6 0 6 x′

(x′ + 1)(1− x) , x′ 6 0 6 x


. (2.132)

a) Gia k → 0 brÐskoume ìti

G(x, x′) =
1

2

{
(x+ 1)(x′ − 1) , −1 6 x 6 x′ 6 1

(x′ + 1)(x− 1) , −1 6 x′ 6 x 6 1

}
, (2.133)

pou eÐnai h sun�rthsh Green me Dirichlet oriakèc sunj kec apousÐa thc δ-sun�rthshc sto

x = 0.

b) Gia k → 2 to ìrio den up�rqei giatÐ ìpwc èqoume deÐxei sthn prohgoÔmenh �sksh

up�rqei enèrgeia mhdenik c kat�stashc gia ton telest  d2x + kδ(x) me apotèlesma na mhn

èqei antÐstrofo. Se aut  thn perÐptwsh

G(x, x′) ' 1

k − 2
(1− |x|)(1− |x′|) , (2.134)

eÐnai dhlad  pr�gmati an�logh sto ginìmeno twn kumatosunart sewn mhdenik c enèrgeiac

(2.127) sta shmeÐa x kai x′. Ap' th stajer� kanonikopoÐhshc brÐskoume ìti h qamhlìterh
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energeiak  kat�stash mhdenÐzetai wc E ' 3(k − 2)/2. Autì eÐnai sumbatì me to gegonìc

ìti se aut  thn perÐptwsh h uperbatik  exÐswsh tanhλ = 2λ
k

pou dÐnei thn enèrgeia wc

E = λ2 èqei lÔsh λ2 ' 3(k − 2)/2 gia k → 2.

g) Gia k →∞ brÐskoume

G(x, x′) =



(x+ 1)x′ , −1 6 x 6 x′ 6 0

(x′ + 1)x , −1 6 x′ 6 x 6 0

(x′ − 1)x , 0 6 x 6 x′ 6 1

(x− 1)x′ , 0 6 x′ 6 x 6 1


, (2.135)

pou eÐnai h sun�rthsh Green sto dÔo mis� thc pragmatik c eujeÐac me Dirichlet oriak 

sunj kh sto x = 0. Sto ìrio autì h δ-sun�rthsh energeÐ wc adiapèrastoc toÐqoc.

d) Gia na lÔsoume to Ðdio prìblhma gia th sun�rthsh Green sthn pragmatik  eujeÐa

paÐrnoume to ìrio

x→ x/L , x′ → x′/L , k → kL , G→ G/L , L→∞ . (2.136)

BrÐskoume

G(x, x′) =
1

k



1 + kx′ , x 6 x′ 6 0

1 + kx , x′ 6 x 6 0

1− kx , 0 6 x 6 x′

1− kx′ , 0 6 x′ 6 x

1 , x 6 0 6 x′

1 , x′ 6 0 6 x


, (2.137)

to opoÐo gia k →∞ dÐnei

G(x, x′) =



x′ , x 6 x′ 6 0

x , x′ 6 x 6 0

−x , 0 6 x 6 x′

−x′ , 0 6 x′ 6 x


, (2.138)

pou eÐnai h sun�rthsh Green sto dÔo mis� thc pragmatik c eujeÐac me Dirichlet oriak 

sunj kh sto x = 0. 'Opwc prin sto ìrio autì h δ-sun�rthsh energeÐ wc adiapèrastoc

toÐqoc.
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2.13.1 Enallaktikìc trìpoc epÐlushc (N. Karaòskoc)� Den èqw pro-

beÐ se emperistatwmèno èlegqo

Se graf  telest¸n to prìblhma gr�fetai

HG = δ(x− x′) ,

ìpou

H = H0 +H1 ≡
d2

dx2
+ kδ(x) ,

kai G0 h sun�rthsh Green tou "adiat�raktou� probl matoc

H0G0 = δ(x− x′) .

H G0 eÐnai dhlad  h

G0 =
1

2
(θ(x′ − x)(x+ 1)(x′ − 1) + θ(x− x′)(x′ + 1)(x− 1)) .

Se graf  telest¸n loipìn èqoume

G = H−1, G0 = H−10 .

H sun�rthsh Green isoÔtai tìte me

G = H−1 = (H0 +H1)
−1 =

[
H0(1 +H−10 H1)

]−1
= (1 +H−10 H1)

−1H−10 = (1 +G0H1)
−1G0

= (1−G0H1 +G0H1G0H1 + · · · )G0

= G0 −G0H1G0 +G0H1G0H1G0 − · · · (2.139)

= G0 −G0H1(G0 −G0H1G0 + · · · )
= G0 −G0H1G .

Pern¸ntac sth x-anapar�stash, dhlad 

ψ(x) = 〈x|ψ〉, G(x, x′) = 〈x|G|x′〉 ,
δ(x− x′)H1(x) = 〈x|H1|x′〉,

∫
dx|x〉〈x| = 1 , (2.140)

èqoume

G(x, x′) = G0(x, x
′)−

∫
dx1dx2〈x|G0|x1〉〈x1|H1|x2〉〈x2|G|x′〉

= G0(x, x
′)− k

∫
dx1dx2G0(x, x1)δ(x1 − x2)δ(x1)G(x2, x

′)

= G0(x, x
′)− kG0(x, 0)G(0, x′) . (2.141)
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Gia ton upologismì thc G(0, x′), jètoume sthn parap�nw exÐswsh x = 0, antikajistoÔme

sthn èkfrash gia th G(x, x′) kai brÐskoume telik�

G(x, x′) = G0(x, x
′)− kG0(x, 0)G0(0, x

′)

1 + kG0(0, 0)
. (2.142)

H sun�rthsh Green G(x, x′) èqei ekfrasteÐ loipìn wc sun�rthsh thc sun�rthshc Green

G0 tou ��eleÔjerou�� probl matoc. Apì th G0(x, x
′) upologÐzoume tic ekfr�seic

G0(0, x
′) =

1

2
(x′ − θ(x′) + θ(−x′)) ,

G0(x, 0) =
1

2
(x+ θ(−x)− θ(x)) , (2.143)

G0(0, 0) = −1

2
.

Eis�gontac tic parap�nw ekfr�seic sth sqèsh pou dÐnei th G(x, x′) èqoume

G(x, x′) =
1

2
[(x+ 1)(x′ − 1)θ(x′ − x) + (x′ + 1)(x− 1)θ(x− x′)]

+
k

2

(x+ θ(−x)− θ(x))(x′ − θ(x′) + θ(−x′))
k − 2

. (2.144)

ParathroÔme amèswc ìti h sun�rthsh Green den orÐzetai gia k = 2. EpÐshc, amèswc

faÐnetai oti sto ìrio k → 0 paÐrnoume thn G0(x, x
′), ìpwc ja èprepe. Sthn perÐptwsh

ìpou k →∞, h èkfrash pou paÐrnei kaneÐc eÐnai h

G(x, x
′) =

1

2
[(x+ 1)(x′ − 1)θ(x′ − x) + (x′ + 1)(x− 1)θ(x− x′)

+(x+ θ(−x)− θ(x))(x′ − θ(x′) + θ(−x′))] . (2.145)
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2.14 'Askhsh: Kleist  alusÐda qhmik¸n antidr�sewn

Jewr ste mia kleist  alusÐda qhmik¸n antidr�sewn me n diaforetik� stoiqeÐa. An Ni(t),

i = 1, 2, . . . , n eÐnai oi plhjusmoÐ twn, h qronik  touc ex�rthsh dièpetai ap' to sÔsthma

diaforik¸n exis¸sewn 1hc t�xhc

dN1

dt
= λnNn − λ1N1 ,

dN2

dt
= λ1N1 − λ2N2 ,

... (2.146)

dNn

dt
= λn−1Nn−1 − λnNn ,

ìpou λi, i = 1, 2, . . . , n oi stajerèc met�bashc, oi opoÐec en gènei eÐnai diaforetikèc metaxÔ

touc. Wc arqik  sunj kh jewroÔme mìno èna stoiqeÐo, dhlad  isqÔei ìti

N1(0) = N , N2(0) = · · · = Nn(0) = 0 . (2.147)

a) EpilÔste to sÔsthma (2.146) me qr sh tou metasqhmatismoÔ Laplace twn plhjusm¸n

L(Ni) = Fi(s).

b) BreÐte th sumperifor� twn Fi(s) gia mikrèc kai meg�lec timèc tou s kai apì aut  th

sumperifor� twn plhjusm¸n Ni(t) gia meg�louc kai mikroÔc qrìnouc.

g) JewreÐste thn perÐptwsh λi = λ, ∀i. UpologÐste touc plhjusmoÔc gia n = 2, 3, 4.

Sqedi�ste touc gia thn perÐptwsh me n = 4.

LUSH

a) Parathr¸ katarq n ìti
n∑
i=1

Ni(t) = N . (2.148)

Qrhsimopoi¸ntac thn idiìthta tou metasqhmatismoÔ Laplace gia thn par�gwgo sun�rth-

shc, paÐrnoume to sÔsthma

(s+ λ1)F1 = λnFn +N ,

(s+ λ2)F2 = λ1F1 ,

... (2.149)

(s+ λn)F1 = λn−1Fn−1 .
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Gia na lÔsoume to sÔsthma orÐzoume

Λi =
i∏

j=1

λj , Πi(s) =
n∏
j=i

(s+ λj) , (2.150)

me th sunj kh ìti Λ0 = Πn+1 = 1. Katìpin, jewroÔme mia ap' tic parap�nw exis¸seic

(2.149) (pl n thc 1hc) pou eÐnai thc morf c

(s+ λi+1)Fi+1 = λiFi . (2.151)

Aut  epilÔetai ap' thn èkfrash

Fi(s) = A(s)Λi−1Πi+1(s) , (2.152)

ìpou h sun�rthsh A(s) upologÐzetai antikajist¸ntac sthn 1h ek twn (2.149). H sqetik 

lÔsh eÐnai

A(s) =
N

Π1(s)− Λn

. (2.153)

'Ara

Fi(s) = N
Λi−1Πi+1(s)

Π1(s)− Λn

, i = 1, 2, . . . , n . (2.154)

b) Gia mikrèc timèc tou s èqoume ìti Λi−1Πi+1(0) = Λ1/λi kai

Π1(s) = Λ1

(
1 + s

n∑
j=1

1

λj

)
+O(s2) , (2.155)

opìte

Fi(s) =
N

λi
∑n

j=1
1
λj

1

s
+O

(
1

s2

)
. (2.156)

Ap' th jewrÐa to ìrio autì antistoiqeÐ se sto ìrio t→∞. 'Ara

Ni(∞) =
N

λi
∑n

j=1
1
λj

. (2.157)

To apotèlesma autì ja mporoÔsame to p�roume kai epilÔontac to algebrikì sÔsthma pou

prokÔptei ap' tic (2.146) jètontac tic qronikèc parag¸gouc sto mhdèn.

Gia meg�lec timèc tou s èqoume ìti Πi(s) ' sn−i+1, opìte

Fi(s) ' N
Λi−1

si
. (2.158)

Ap' th jewrÐa to ìrio autì antistoiqeÐ sto ìrio t→ 0, opìte

Ni(t) ' N
Λi−1

(i− 1)!
ti−1 . (2.159)
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g) Gia Ðdiec stajerèc λi = λ, èqoume ìti

Fi(s) = N
λi−1(λ+ s)n−i

(λ+ s)n − λn
. (2.160)

Ap' th sqèsh aut  antistrèfontac to metasqhmatikì Laplace brÐskoume ta Ni(t). 'Eqoume

gia n = 2

N1(t) =
N

2

(
1 + e−2λt

)
, N2(t) =

N

2

(
1− e−2λt

)
, (2.161)

gia n = 3

N1(t) =
N

3

(
1 + 2e−3λt/2 cos

√
3

2
λt

)
,

N2(t) =
N

3

[
1 + e−3λt/2

(
√

3 sin

√
3

2
λt− cos

√
3

2
λt

)]
, (2.162)

N3(t) =
N

3

[
1− e−3λt/2

(
√

3 sin

√
3

2
λt+ cos

√
3

2
λt

)]

kai gia n = 4

N1(t) =
N

2
e−λt (coshλt+ cosλt) , N2(t) =

N

2
e−λt (sinhλt+ sinλt) ,

N3(t) =
N

2
e−λt (coshλt− cosλt) , N4(t) =

N

2
e−λt (sinhλt− sinλt) , (2.163)

1 2 3 4 5

0.5

1.0

1.5

Sq ma 1: Grafik  par�stash twn plhjusm¸n ap' thn (2.163) kanonikopoihmènwn ètsi ¸ste

N = 4 kai me th stajer� λ = 1. Oi grammèc apì p�nw proc ta k�tw, prin autèc arqÐzoun

na diastaur¸nontai, antistoiqoÔn se i = 1, 2, 3, 4.
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2.15 'Askhsh: DE Riccati kai Bessel

Jewr ste thn diaforik  exÐswsh Riccati

x

2
y′ + xy2 + y = 1 , y = y(x) , x > 0 . (2.164)

a) Antikatast ste ìpou

y =
z′

2z
, z = z(x) , (2.165)

kai deÐxte ìti

xz′′ + 2z′ − 4z = 0 . (2.166)

b) Jewr ste katìpin to metasqhmatismì

z(x) = xαf(η) , η = γxβ (2.167)

kai prosdioreÐste tic stajerèc α, β kai γ ètsi ¸ste h f(η) na ikanopoieÐ thn tropopoihmènh

diaforik  exÐswsh Bessel 1hc t�xhc.

g) Poi� eÐnai telik� h genik  lÔsh thc y(x) kai poi� aut  pou eÐnai peperasmènh gia x = 0?

Poi� h sumperifor� thc teleutaÐac gia x→∞?

LUSH

a) PaneÔkolo

b) 'Eqoume

z′ = αxα−1f + βγxα+β−1ḟ ,

z′′ = α(α− 1)xα−2f + βγ(2α + β − 1)xα+β−2ḟ + β2γ2xα+2β−2f̈ , (2.168)

ìpou h teleÐa parist�nei parag¸gish wc proc η. Tìte h (2.166) gr�fetai

β2γ2x2β f̈ + βγ(2α + β + 1)xβ ḟ + (α2 + α− 4x)f = 0 . (2.169)

SugkrÐnontac me thn diaforik  exÐswsh tropopoihmènhc Bessel 1hc t�xhc

η2f̈ + ηḟ − (η2 + 1)f = 0 , (2.170)

paÐrnoume

α = −1

2
, β =

1

2
, γ = 4 . (2.171)
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g) 'Ara h genik  lÔsh gia thn z(x) eÐnai

z(x) = x−1/2
[
c1I1(4

√
x) + c2K1(4

√
x)
]
, (2.172)

Qrhsimopoi¸ntac tic tautìthtec

I ′1(4
√
x) =

1

4
√
x
I1(4
√
x) + I2(4

√
x) ,

K ′1(4
√
x) =

1

4
√
x
K1(4

√
x)−K2(4

√
x) , (2.173)

brÐskoume ìti h genik  lÔsh thc (2.164) eÐnai

Genik  lÔsh : y(x) = x−1/2
I2(4
√
x)− cK2(4

√
x)

I1(4
√
x) + cK1(4

√
x)

, (2.174)

ìpou c = c2/c1. EnjumoÔmenoi ìti

I1,2(η) ∼ η1,2 , K1,2(η) ∼ 1

η1,2
, ìtan η → 0 , (2.175)

gia na eÐnai h lÔsh peperasmènh sto x = 0 ja prèpei c = 0. 'Ara

Peperasmènh lÔsh gia x = 0 : y(x) = x−1/2
I2(4
√
x)

I1(4
√
x)

. (2.176)

Epeid  I1,2(η) ∼ eη/
√

2πη, èqoume ìti y(x) ' x−1/2 → 0, ìtan x→∞.
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2.16 Armonikìc talantwt c me diaforetikèc suqnìthtec

EpilÔste thn exÐswsh Schrödinger gia ton armonikì talantwt  me diaforetikèc suqnìthtec

tal�ntwshc gia x > 0 kai x < 0, èstw ω+ kai ω−, antÐstoiqa.

LUSH

H exÐswsh Schrödinger gr�fetai wc

−d
2Ψ

dx2
+
ω2

4
x2Ψ = EΨ , (2.177)

ìpou an�loga me to an to an to x eÐnai jetikì   arnhtikì h suqnìthta ω eÐnai ω+   ω−.

Me allag  suntetagmènhc

z =
ωx2

2
, Ψ = e−z/2F (z) , (2.178)

sun�rthsh F (z) ikanopoieÐ thn DE

z
d2F

dz2
+

(
1

2
− z
)
dF

dz
+

(
E

2ω
− 1

4

)
F = 0 . (2.179)

H lÔsh sundiasmìc twn dÔo anex�rthtwn lÔsewn

1F1

(
1

4
− E

2ω
,
1

2
, z

)
, z1/21F1

(
3

4
− E

2ω
,
3

2
, z

)
. (2.180)

'Ara stic arqikèc metablhtèc

x > 0 , Ψ(x) = e−ω+x2/4

[
c1 1F1

(
b+,

1

2
,
ω+x

2

2

)
+ c2 x1F1

(
b+ +

1

2
,
3

2
,
ω+x

2

2

)]
,

x < 0 , Ψ(x) = e−ω−x
2/4

[
c1 1F1

(
b−,

1

2
,
ω−x

2

2

)
+ c2 x1F1

(
b− +

1

2
,
3

2
,
ω−x

2

2

)]
,(2.181)

ìpou b± = 1
4
− E

2ω±
. Oi suntelestèc c1 kai c2 eÐnai Ðdioi lìgw tou ìti h kumatosun�rthsh kai

h par�gwgìc thc eÐnai suneqeÐc sto x = 0. K�nontac qr sh thc asumptwtik c èkfrashc

1F1 (a, c, x) ' Γ(c)

Γ(a)
exxa−c , x� 1 , (2.182)

paÐrnoume tic sunj kec

c1
Γ(b+)

+

√
2

ω+

c2
Γ(b+ + 1

2
)

= 0 ,
c1

Γ(b−)
−

√
2

ω−

c2
Γ(b− + 1

2
)

= 0 . (2.183)
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Gia mh tetrimmènh lÔsh h orÐzousa mhdenÐzetai, dÐnontac th sunj kh

Γ(b−)Γ(b+ + 1
2
)

Γ(b+)Γ(b− + 1
2
)

+

√
ω−
ω+

= 0 , (2.184)

ap' thn opoÐa prosdiorÐzontai arijmhtik� oi idiotimèc thc enèrgeiac. EÔkola brÐkoume èna

k�tw ìrio gia tic idiotimèc. Gia na èqei lÔseic h parap�nw uperbatik  exÐswsh ja prèpei o

pr¸toc ìroc na eÐnai arnhtikìc. Epeid  oi Γ-sunart seic eÐnai arnhtikèc mìno gia arnhtik�

orÐsmata èqoume wc anagkaÐa sunj kh ìti

E >
1

2
min(ω+, ω−) . (2.185)

Ja jèloume na prosdiorÐsoume tic idiotimèc thc enèrgeiac se di�forec oriakèc peript¸seic:

a) 'Estw ìti oi suqnìthtec eÐnai sqedìn Ðsec. 'Estw ω− = ω kai ω+ = ω + ε, me ε � ω.

Akrib¸c gia ε = 0 to sÔsthma (2.183) èqei lÔseic

En = E0,n = ω

(
n+

1

2

)
, with c2 = 0 (for n = 0, 2, . . . ) , c1 = 0 (for n = 1, 3, . . . ) .

(2.186)

Gr�fontac

ω− = ω , ω+ = ω + ε , En ' E0,n + λε , (2.187)

brÐskoume ap' thn (2.184) ìti

λ =
n

2
+

1

4
. (2.188)

Blèpoume ìti h prosèggish eÐnai kal  mìno gia ìlouc touc kbantikoÔc arijmoÔc. To

apotèlesma èqei mia apl  exÐghsh. H mikr  diafor� suqnot twn mporeÐ na grafteÐ wc

diataraq  δV sthn Hamiltonian  tou armonikoÔ talantwt  me suqnìthta ω gia x ∈ R,
dhlad 

δV =
1

2
ωεx2 =

(
2ε

ω

)
V (x) , V (x) =

1

4
ω2x2 , x > 0 . (2.189)

H diìrjwsh sthn enèrgeia eÐnai

δEn = 〈n|δV |n〉 =

(
2ε

ω

)
1

2

1

2
E0,n = ε

(
n

2
+

1

4

)
, (2.190)

pou eÐnai h Ðdia me th diìrjwsh pou brÐskoume ap' thn (2.188). Sthn parap�nw sqèsh

oi par�gontec 1
2
eÐnai exaitÐac tou ìti prìkeitai gia th anamenìmenh tim  thc dunamik c

enèrgeiac kai giatÐ eÐnai sto misì di�sthma me x > 0.

b) 'Estw ìti ω− � ω+ = ω. Akrib¸c gia ε = 0 to sÔsthma (2.183) èqei lÔseic

En = E0,n = ω

(
2n+

3

2

)
, with c1 = 0 , n = 0, 1, . . . . (2.191)
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Gr�fontac

ω− =
ω

ε2
, ω+ = ω , En ' E0,n + λωε , (2.192)

brÐskoume ap' thn (2.184) ìti

λ = 2
Γ
(
1
4

)
Γ
(
3
4

) (−1)n

n!Γ
(
−n− 1

2

) . (2.193)

To mètro |λ| ∼
√
n, gia n � 1, opìte h prosèggish eÐnai akìma kalÔterh gia meg�louc

kbantikoÔc arijmoÔc.

g) Gia meg�lec enèrgeiec all� aujaÐretec gwniakèc suqnìthtec ω± èqoume qrhsimopoi¸n-

tac ton tÔpo tou Stirling

Γ
(
3
4
− x
)

Γ
(
1
4
− x
) ' √x cotπ

(
x+

1

4

)
, x� 1 . (2.194)

Tìte h (2.183) proseggÐzetai me thn

cot
π

2

(
E

ω+

+
1

2

)
tan

π

2

(
E

ω−
+

1

2

)
+ 1 ' 0 , (2.195)

h opoÐa epilÔetai ap' thn

En ' ω

(
n+

1

2

)
,

1

ω
≡ 1

2

(
1

ω+

+
1

ω−

)
. (2.196)

To Ðdio apotèlesma dÐnei kai h prosèggish WKB.
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