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Optopol xar xpitriplor aOYXAONG
Amelpooeipéc ppavilovtol ovyvétata os Shoug oToug kKA&Boug tng

DUoIKTC KOl TWV EPAPIOYDV TNG MECW AANWV ETILOTNUAOV.
Mo amtelpooslpd opileton attd to dbpolopa

(o)
Z an , pe Tnv umtdBeon 6tL lim a, < oo . (1)
n:1 n—oo

H akolouBial pyadikdv, ev yével, aplbumv a, kabopilel Tig LdLéTNTEC
o0yYkALoNG TNG.

» M attelpooelpd sivail cuykAlvovoa oy LooUToL e TIETIEPALOUEVO
apLBud.
» Eivo amolitwe cuykAivouoo av 1 amelpooelpd

i\a,ﬂ < . (2)

> Av 1 (2) amtokhiver eved 1 (1) ovykhivet, TéTe Mépe dtun Y o g an
ovykAivel uTté cuvBrkec.
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» M oelpd tng omoiog oL 6pol gival Sradoyikd Betikol ko
apvrrikol aplBpol ovopdleton evalhoooduevn. Téte
ap = (—1)"by, 6mou by, Betikol aplBpol.

Av 1 ateloopelpd TNV omolal LeAeToVpe dev umopel vor vtoAoyloTel
emokpLBag sivor onuavtikd var yvwpiloupe oy M oslpd givou
ouykAivovoa 1 atokAivovoa.

Opodotolobpe ko tapabétoupe tar Sudpopor kpithplar oOykAoNG:

Keutrjplo 1: X0yxpion oelpnv un apvnmixy 6pmy
‘Eotw 800 akohoubiec tétolec wote by, > 0 ko a, >0,V n > N,

OnAadn sivow Betikéc amd évary dpo kol TépaL.
loxVouv ta e€Mic:

» Av ap < bp, V n > N kow n Y, by ovykAiver, téte kou M Y, an
eTionc ouykAivet.

> Av avtilbétwe ap = bp, V n > N ko n Y, by atokAiver téte ko 1
Y, an eniong amokAivet.
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Qc opddelypo 0tw oL osipéc optldpevec ot Tic akohoubieg

| 1
an = % ) b, = = (ovykAivovoa) ,
‘Exoupe:
» Inn < L <
nn<nkol —— < —.
2m —1 ~ nd

> Apa ap < b ko Y., ap < co.

Keutrjplo 2: Xdyxeion Aoyou Gelpiy un apvnTixdy 6pmy
‘Eotw 800 akohoubiec TéToleg wote

an=0, b,>0, kou lim —=A.

n—oo bn

loxVouv ta e€Mic:

(3)

> Av A #£ 0, co, TdTE OL OELpéc an Kol by, elvaw ko o 8vo eite
n n

ovykAivovoecg eite amokAivovoeg.

» Av A =0, téte av Y, by cuykAivel Téte Ko M Y, an OUYKAVEL

emlomng.
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» Av A = oo, téte av Y, by atokAiver Téte ko 1 Y, ap oTtokAivel
gTomNG.

[Siaitepar xpfowun sivow m oOykplon pe t) ospd by = 1/nP. Av
an~1/nP yia n — oo, tétE Y, an ouyKAivel Yol p > 1 kot alTtokAivel
v p < 1

T.X. YLOL YLOL TT) OELpdL

i " +n+3

—a 5 — ||m nap=1.
n3 +2n2 n—oo 1

n=1
Enedn p = 1, n ospd
i n+n+3

n342n2 ' (4)

n=1

oLTtOKALVEL.
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Kpitrpto 3: Kpithplo tou ohoxhneduatog

Av f(x) etvou ouvexnfc, Betikh kou povétova wbivovoo cuvdptnom yio

x > N kou tétola wote f(n) = ap, V n > N, téte 1 (1) ovykhiver 1

ATEOKALVEL 0LV TO OAOKATIPWOL

/Noodx f(x),

ouykAivel 1) atokAivel, avtioTouya.
M.x. oL oelpéc

1
nlnn’

agh
3
N
+ S
—_
hgk

n=1 n=2

ad 2
> ne
n=1

aokAivouv, amokAivouv ko ouykAivouv, avtiotouyo, £meldn To auTd

LoXOEL VLol TOL OAOKATPOIOLTOL

0 X o 1
d , / d
/1 Xx2+1 J2 *XInx

2
xe

=1In(x2+1)|P=00 =In(Inx)|3=c0

, /ocdx
JO

1
2
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Keutriplo 4: Keutriplo Yol eVOAACOOUEVES GELRES
Miat evadhaooduevn oelpd ocuykAivel ov

lan+i| <lan|, n>1 and lim a,=0. (6)

n—oo

Q¢ apadsiypota Ti¢ Oewpodue osipée

(o)

3

(B)

n4

n2—|—1 (n2+1)5/3°

Mg HM8 HMS

(v)

n=1

Ou (o) kou (B) ouykAivouv (umtd cuvBiikeg) ko 1 (y) ocrrokAbvet.
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AT T tapadeiyportor autd, aAAd kow yevikdTEpPQL, TPOKUTITOUV:
> H gvad\oooduevn oslpd Tov avtiotolyel og pd amokAsivovoo
ospd BeTikdV bpwv pTopsl va sivall cuykAivovoa.
> Av o oglpd BeTikdv 6pwv ouykAivel 1 TaxvTnTo oUYKALONE TNS
avtioTolyng evaAhaoobdpuevne oepdig atvEdveto.
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Kewtheto 5: Kputrpio tou D" Alembert

> Av

a
ntl «p <1, V>N,

an

émov r ave€dptnto Tov n, TéTE M Y., 3 OUYKALVEL.

> Av

dn+1
an

TéTE M Y, an OLTIOKALVEL.

>1, Vn>N,

Mua oprock?) TeepimTwom tou kprtnplov, éxel we e€fc. ‘Eotw

. a
lim 2L —

n—oo  ap

» Av L < 1 téte n Y, an ouykhivet.

> Av L > 1 téte 1 Y, anp amokAivel.
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» Av L = 1 to kpitfiplo Sev g@opuodleTan.
> Y& auTéc TIC TEPITTOOoELS {owg éXOUpE apt1/an < 1 yio SAa To
meepaopéva n, ol B r < 1, aveE&pTNTo TOU N YioL APKETE
peydAeg Tiwég TOv, MOTE TaVTo Vo tkavoTiote{ta 1 (7).
» T.X. apn=1/n, apy1/an=n/(n+1) < 1, al\& o 4pLo mdeL oto
1, étoev n — oo.
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Ketthplo 6: Keithiplo tou Cauchy 1y xprthiplo tne pllag
Av
a/"<r<1,VYn>N, (10)

pe r ave&dptnTo Tou n, Téte M Y., ap oLYKAIVEL KoL 0LV
at/">1, Yna>N, (11)

TOTE M Y, an OLTIOKALVEL.
Mo oprakty Tepitttwon tou kpitnplov, éxel we e€fc. ‘Eotw

lim at/" =1L . (12)
n—oo

» Av L < 1 téte n Y, an ouykhivet.

> Av L > 1 téte 0 Y, anp amokAivel.

> Av L =1 8ev spapudleton yiow Adyoug TopdoLoUE e AuTog Tov
TLPOVOLACTNKAV 0TOo KpLTHpLo Tou D' Alembert.
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Keutrplo 70 Keutiplo tov Kummer

‘Ectw ap ko b, Betikéc akohovbiec. loyxlouv T e€1c:

> Av R
bp—"— — b1 =>2C>0, Yn=N, (13)
an+1
téte To &Bpotopa Y, an ovykAivel.
> Av R
bp—"— — b1 <0, V=N, (14)
an+1

Ko mn Yy, b,jl atokAivet, Téte To dBpoopa Y, ap atokAivel emtiong.
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To kptthpto ouyvd TapouotdleTal e TV OpLOKT TOU LOPYT
vrtoloyilovtag TpoTal

lim (b,, an fbnﬂ) =C. (15)

n—co an+1
Av C > 0 téte 1 YL, an ouykhivel kaw av C < 0 kow n Y, b, 1 evou
atokAivouoa, TéTe Ko M Y, ap ATOKALVEL.

> H oprok popy1 Tou kpienplou elvan toodovoun pe tig (13) ko
(14).

» To kprthiplo dev epoppdletan av C = 0.
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Kewtheto 8: Keuthpto tou Raabe

To kpithpro autd amotelel eldikn eappoyt Tov kprtnpiov Tov Kummer
av xpnoototfooupe T by, = n. ‘Exouue

> Av
n(a" —1>>P>1, Yn>N, (16)
an+1
téte To &Bpolopa Y, an ovykAivet.
> Av
n(a” —1)<1, Vn>N, (17)
an+1

téte To dbpolopa Y, an oToKAveL.

To kptthplo ouyvd TapouotdleTol e TV OPLOKT TOU LOPYT
vrtoloyilovtac TphTa

lim n(an 71)25. (18)
n—oo an+1

H oepd Y, an ovykhiver av s > 1 ko amtokAivel av s < 1, gved av
s =1 8ev epopudleta.
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Kettreo 9: Keitriplo tou Gauss
Av ap > 0 yuoe Aot T TETEPALOEVOL N1 KOLL

142450 1
+o+ 7 (19)

otnv omola By elvall gpotypévn cuvaptnomn Tou N OTav To N — 0.
» To &Bpowopa Y, ap ovykhiver av h > 1 ko ocrtokAiver av h < 1.
» Eivou onpovtikd 6tL To kprthiplo autd Tévta spappéleTot.

» H anédelln tou yia h £ 1 otnpileton oto kpitriplo Tov Raabe ko
yioe h = 1 gpappédlovtoc to kpLthplo Tov Kummer yio by, = ninn.
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Awnhéc oelpée xon emavadLdtolt Toug
O 8iméc osipég éxouv TN popet

Z Za,,,,,. (20)

m=0 n=

‘Omwg ko oTtNV TEPIMTWOTN TwV SITAGOV OAOKANPWUATWY TOANEG Popéc
oupépeL vau eTtavadlotdoupe Toug 6pouc BTAGY oslpidv yiotl étal
ptopel va givail eukoétepo var vtohoytotel. Mapabétoups Tig
TEPLTITWOELG:

» H mpotn Suvatdtnta sivo va kédvoupe Tnv ooy
n=q=>0, m=p—q=>0, (21)

Talpvoupe OTL

© o p
Y Zan,m:Z Zaqp q - (22)
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> Mud Seltepn Suvatdtnra stvor voo adAdEoupe deiktec we
n=s>0, m=r—2s>0. (23)

Tote

agh

o] [e] [F/2]
Z an,m = Z Z s,r—2s - (24)
r=0 s=0

n=0n=0
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O yetaoynuotiopds Sommerfeld—Watson
‘Evolg TpdTog uToAOYLOWOU ATELPWY CELPOV ivall Kol Eow TNG
petatpotic Toug ot pyadikd odokAnpopoto. Mopopopphdvovtog Tov
avtioTtolyo dpdpo propolue var utohoylooupe To OAOKANPWIAL KO KoL
TNV Amelpn oelpd. Autdg elvol 0 PETHOXNUATIONOG TWV
Sommerfeld-Watson.
‘Eotw 1M ouvdptnon f(z) n omolo:
> MnSeviletou ypmyopdtepa amd 1/|z| btav z — 0.
> ‘Exel memepoopévo aptbud méHAwv os onueia z, oto pryadikd
emimedo pokpld o’ Tov Tpaypatikd dova ko otw Ry ToL
avtiotolyo oAokANpwTIka uttdrotma ¢ f(z).
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Mmopolpe v utoloyicoupe taw abpolopota:

>
00

Z fn= —ﬂZRk cot 7tz . (25)
n=—oo k
| 2
— n _ Rk
n;m(—l) £, — —n;sinm . (26)

‘Exovpe Béoel f, = f(n).
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[Topddelypo UTOAOYLOUOL BUVOROCELRAS
Troloyiote To dmelpo &bBpolopa

-3

n=1

n+1 2 2n 1

27
2n—1)! (27)
Noon
Oal XPMOULOTOLHCOURE TNV oLVATITUEN TOV Sin X o¢ oelpd YOpw atd to
x =0, n omola elvar

] _ = (_l)kx2k+1
S'”X‘k;i(zkﬂ)! .

AN\&Lovtog deiktn we k = n— 1 7 oepd (27) ypdupeTon

f(x): i (_1)kX2k+1

k=0 :
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pdipovtac Toug Tpeic dpoug Eexwplotd éxoupe
f(X) _ =] (_1)kx2k+1
= (2k+ 1)!
d 00 k 2k
& ZO 2k + 1)!
d & 1 k 2k
“ax o W

>dsinx x?>d dsinx
= sinx+x"—

dx x 4dxdxx

L2d
4d

3 1
= Zxcosx—l—z(l—xz)sinx ,

TOV £IVOLL KO TO TEALKO XTLOTEAECHAL.
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Iopdderypo 1o oelpdc pe ohoxANE® TG UTOAOLTA
Aci&te 6t

i 1 3
Z ﬁ:ltanhi ) (28)
p=ent+n2+1 /3 2
Nbon
Ou téAol divovtow ot Tig pileg Tng 24+ 7224+1 =0 ko eivor oL
7 = eni/3 i 7= e27'[1'/3 '

kB¢ kol oL pyodikol oulnyol Toug. Apal XPNOUYLOTOLOVTOG TO
petooxMuatiopd Sommerfeld-Watson kow tnv (25) éxoupe

ad 1 2 cotnz cot Tz}
Y o = () 3 4 3 e
n*+nc+1 4zg +2z,  4z° +2z,

n=—oo k=1

T hrc\/§
-

an
V3

Ou Aemttopépieg aprivovton wg [Aoknom).
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Iopdderypo 20 GeLRdS Ye OMOXANEOTIXE UTTOAOLTAL
Aci&te 6T

> 1 1
n;) ol (1+ macoth a) | (29)
émov a mpaypotikt) otobepd. Mdpte TpooekTikd To dpro a — 0.

Abon
O dhou Stvovtan ot Tic pilec tne z2 + a2 = 0 ko efvon athol TTéNoL
ota onpela z = Fia. ‘Apal XPNOLLOTOLOVIAG TO LETALOXNULATIONS
Sommerfeld-Watson kow tnv (25) éxoupe
> 1 T . T
Z ———5 = —-cotima= —cothma.
n<+a a a

n=—oo

Mpdpovpe YO (--+) =259 o(-++) — 1/a% kow amoSetkvioupe to
{nrodpevo yiott Elw(~ ) =Y.
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Mo va Tdpoupe To 6plo a — 0 avartioouue TphTo To Se&i wéhog
1 2
(14 macoth wa) = ) + o +0(a%) .

2a2
Agapmvtog tov 6po pe n = 0 ar’ to aplotepd pérog Bplokouue btu
2

©
;—2:”— (30)

O AemtTopépleg aprivovton wg [Aoknom).
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Iopdderyyo 30 oelRdc Ye OMNOXANEOTIXE UTTOAOLTAL
Aci&te 6t

e L 1 ma

D n? + a2 7g<1+sinhna> ' (31)
Mé&pte mpooekTikd to bplo a — 0.

Ndon

Ou téol divovtow ot Tic pilec Tn¢ 72 + 22 = 0 kou etvow oethol AL
ota onuelat z = Fia. ‘Apa XPNOLLOTIOLOVTOG TO ETAOYNUATLONO
Sommerfeld-Watson kow tnv (26) éxoupe

i (-  =m 1 = 1
n?+a2  jasinima  asinhma’

n=—oo

‘Omeg kow Tptv ypdupovpe Y (+++) =25% () — 1/a° ko
aTodeikviouue o {nrodpevo yiatk YL (o) = Y- ).
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Mo va Tépoupe To 6plo a — 0 avartioouus TphTo To Se&i Léog

1 Ta 1 2
— % V=S - 402
2a2 < sinh 7Ia> a2 12 +0(a%)

Agaupmvtog de Tov 6po pe n = 0 o’ to aplotepd pnéhog Ppiokoupe bt

i (_l)n — T ) (32)

n? 12

O AemtTopépleg aprivovton wg [Aoknom).
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O tVnoc twwv Euler—-Maclaurin
O timoc touv Euler—Maclaurin avadeikviel pe ovotnuatikéd tpdmo T
Sratpopd petag evde Slakpitol abpolopatog ko Touv avtioTolyou
OANOKATPOMOLTOC.

> ‘Eotw 1 akohovbio f kaw M avtiotorxn ouvdptnon f (k).

> To memepaopévo dBpolopal xeL TNV LOUUTTOTIKY oLVETTTUEN

; g f(a) + f(b)
k;afk vk ) ¢ SRR
(o) B B -
+k§1 (2?;! [f(Zk 1) () — f(2k 1)(3)] , (33)

4mov a ko b stvou aképool ko By elvon aplBuot Bernoulli.

> Y& TOAMEC TEPLTITOOELS TO OAOKATIpWAL UTtopel va utoloyioBel av
KO QLUTO WTtopel val umv sivor duvatd yia T ospd. ‘Apa téte 1)
OLOUWTTOTLKT oglpdl utopel vor utohoyloBel e otouyelddelg
OUVOLPTHOELG.
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> To moAvavupa Bernoulli opi€ovton art’ tnv avdmruén

te*t & th
= L By (34)
O apBuoi Bernoulli opifovton am’ tn oxéon
Bn = Bn(0) = By(1) . (35)
O pdytoL €€ autdv stvon
1 1 1 1
Bo=1, 31275, Bzzg, B3 =0, B4:f3—0, Bezﬁ.
> Qc¢ mopdderypa éxoupe
ad 1 e dn 1 ad B>,
~ - 4+ . 36
Yo~ h Grmrtaat Lo (36)
—_——
=1/z

Mo z = 1 mpdkelTow YL TNV ALOUUTITOTLKY AVATTUEN TG TELpdc
Y% 1 1/k? = 7?/6 (Euler 1735).
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"Anelpa yivoueva
‘Eva dmelpo ywvépevo opileton wg

ﬁ an , 37)
n=1

gppavilovton de otn Ltotiotikh Puoikt, og YeWUeTPIkE oot
padnuatikav, os Bewpicg Tedlov ko xopdhv ko dANoug kA&Boug Twv
BeTikOV eTLOTNLOV.

> M ouvdptnon avadutikn os dAo to puyadikd eminedo
ovopdletol ohkt. Xto dmelpo dev Xpeldletal val sivall vaAuTIKY
yioetl téte o’ To Bedpnuat tou Liouville sivor otaBep. Mevikd oto
dmelpo pmopet vou stvou gite ONog site ovoLddNG avewpoion (dTwe
oL eZ kauw sin z).

» ‘Eotw f(z) ohk1 ouvdptnon pe pndevikd mou divovtar ar’ tnv
A&melpn, un ovykAicovoa, akolouvbio ap, n =1,2,..., to kabéva
pe TTOAATASTITOL M.
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Téte woydel

flo) , z mp
=0 < (1 2 )] -
n=1 an
1 oTtola BonBd va ekPpAooUUE AUTIELPOL YIVOUEVAL E YVWOTEC
OUVALPTHOELG.
> To onueio z = 0 sivon adBaipeto apkel va unv avtiotouet oe
undevikd.
> Av 1 f(z) elvou pepopopyikt cuvdptnon téTe pmopet vou ekppaoTel
¢ 0 AéYog 800 OAK@V cUVAPTHOEWY, YLol KaBepLd ot Tig oToieg
uTOpoUpE Vo Xpnouototicoupe tnv (38).
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> Q¢ opdderypo Bewpolpe tnv f(z) = cosz. ‘Exoupe £(0) = 1,
£'(0) = 0. Ta undeviké tng Slvovtaw o’ Ty a, = (n — )7,

2
n=—o,...,0,1, 0c0. Xpnowonoi®vrag 6Tl a_p41 = —an

Bplokoupe 4L

© 472
= R —
cosz ]:[1( (2,1_1)2”2)

> ‘AN tapdpota topadeiypartae ([Aoknon]) eivou:

= n T

21 ﬁrﬁ—lig
n2+1  sinhm’ a5+l 37
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[Mopddelyuo UTOAOYLOUOU GELRE Ond GMELPO YIVOUEVO
XpMOLLOTIOLOVTOC TNV VATAPdoTooT Tov uttepBoAikol Muitévou ot
ATELPO YLVOUEVO,

(o)

sinh x -1i <1+ n27r2) | (39)

vo attodeiytel 6tL
il 2x

1
cothx == Lar e (#0)
=

Nbon
Modipvovtog to hoydpBupo twv 8o uepdv tng (39), katadfiyoupus otnv

) 2

X

Insinh x — | 22 In{1+ —5—
nsinhx — Inx n( +n27-[2)

n=1

Napaywyilovrag Tnv Tedevtalo oxéon amodeikvisTal To {NTOVUEVO.



