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Xetriowol optopol
> YuvnOne Awapopikt E&lowon (AE), téd&ewc n ovopdleton
omotadnfmote alyePpik’ oxéon Tne nopeic
_dy
T odxf

Foay,yW, o ymy=0, yi i=01,... (1)
(ne y(0 = y) petod0 plag aveEdptnong petoPAntic x, prog
egoptnpuévng petoAntic y(x) ko Tapay®dywv ovtic.

> H AE éxe emuluBel 1 ohokAnpwBel av éxer Bpebel 1y = y(x) 1 ev
YEVEL 1) CUVOLPTNOLOKY) OXECT TWV X KOL Y.

> ‘Eotw étL n AE pmopel va ypagtel oe pith popet, SnAadh e
KOTAAANAOUG HUETALOXNILALTLONOUE KTEOPEL VoL YpaLYTel wg
TIOAUMVULO TWV X KAl Y (X) KO TV Tpoydywy:

Av y(") glvo M vPnAbTePNC TéENC Tapdywyog otn AE, o
ovvtedeothic n ovopdleton T&én tng AE.
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» H AE sivow Mpappiky n-ootfc téewe, av pe katdAAnAoug
METOLOXNLATIONOUG WUTTOPEl Vol YpalYTel w¢ TTOAVOVULO w¢ £&1¢

Y- a0y = Q) @)

ko w1 [poupikt) o kéBe dAAN Tepintwon.

> Av Q(x) =0, téte n AE Méyetou opoyevig ypappuky AE.



K. ZOETXO0OX MoaOgpotikés MéBodor duvaikig

Amiéc teyviréc enlluong
Av yio pioe AE Ing td&ne tng popyiic

Y (x)B(x,y) +Alx.y) =0 & A(x,y)dx+ B(x,y)dy =0, 3)
woyVeL 6t
JA 0B
o (4)

t61e 1 e€lowon umopel vor ook ANpwbOst.

> ‘lowg xperaoBel vaw ToMamhaotdooupue T (3) pe vy
ohokAnpwtikd Topdyovta. Ebypnotol kawvédveg [Aoknom):

" A A 9B
y  ax Bf (x)  Af(y) , (5)
0 ohokAnpwTikdg Tapdyovtag eaptdTal o’ To x 1 TO V.
> Av
0A 0B
Yy (xA—yB)f(xy) , (6)

T6Te 0 OAOKANPWTLKEC TP yovTaG EAPTATAL AT TO XY.
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> Ocwpeiote TV Ing Tdewe AE
Y +f(x)y=g(x) . (7)
2 oLUTHY TN TEPITTWOTN 0 OAOKATPWTIKOC TtoLp&ywv ivou

Alx) = el &F0x)

> Mepikéc popéc xpeldleTon vorg LeTAOXNLATIONAG Yol Vol
ypaupkotolnBet woe AE. T.x n e&lowon Bernoulli

Yy +f(x)y =gx)y", (9)

ypoppikoToteitan aAN&lovtac petaAnTh wc u = y1 =", Téte
maipvoupe pae AE tng popytig (7) pe

fx) = @=nf(x), gx)—=(1-nglx). (10)
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> Mux ouvdiptnon n petoBAntodv f(x) ovopdletan opoyevic Bobpod
rowv
f(ax) = a"f(x) . (11)
> M AE tng popetig (3) otnv omola oL cuvaptiioeic A kou B etvou
opoyevic Tou 18lov Babuod ovopdleton opoyeviic AE.
> Av QLVTIKATOLOTOOVE
y(x) = xu(x)
KOl XPTOLLOTIOLiOOVUE OTL

A(x,xu) = x"A(1,u) , B(x,xu) = x"B(1,u) ,
Talpvoupe TNV

du A1, u) o
Ei_u_B(l,u)' x =e", (12)

Tov eivail Ing Tééng um ypappiky, ev yével, AE.
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» M yevikevon sivan M wooBapfic AE av

A(ax,amy) = a"A(x,y) , B(ax,amy) = a" ™ 1B(x,y) . (13)
> AvtikaBiotvtog
y =x"u,
KO XPMOLLOTIOLOVTOLG OTL
A(x,xMu) = x"A(1,u) , B(x,xMy) = x'7m+1B(1, u),

Tallpvoupe TNV

du A1, u) x— et (14)

a - ™7 B

Tov elvail Ing Tééng un ypopikt, ev yével, AE.
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Wéxvovtag yia 6Aeg Tig Moseig o AE mpémel va ipocote
TIPOCEKTIKOL MOTE VoL UMV XAOOUKE TIC W1 Tpopavelc €& AuTAV.
Xopoktnplotikd Topddeiypo amotedel n e&icwon Clairaut

y=x/"=f(y). (15)
> Av TNV TopaYWYloOUUE EXOULE
YIF )+ =0
> H mpotn SuvatdTnTa
y'=0 = y=ax+f(a), (16)

6mov a eivau otabepd odokAfpwong ko étov 1 Seltepn TéToL
otabepd Tpoadiopiotnke avtikaBlotdvtog T Adon otnv (15).
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> M 8eltepn amopovepévn Aoom Byaiver av
F(y)+x=0. (17)

Amohotpovtag o’ auti kaw T (15) tnv y/, Bplokoupe o
aopovwprévn Ao pe un ouBalpetec otabepéc.

» Qc topddelypa Bewpodue Ty f(z) = 22

emAdooupe TV

OTOTE £XOVME VO
y—x/'=y"?.
> H Abon mov avtiotouxel otnv (16) eivou
y(x) = ax+a° .

» A’ v (17) éxoupe 6L ¥y = —x/2, ondre am’ tnv (15) 7
amopovwiévn Adom givan M
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Eydha vy AE 2n¢ téEng
» H AE 2n¢ té&nc tne popeic
y'=fxy), (18)
ME TOV LeToXMUoTiond u = y', urtoPiBdleton o Inc T&éne
v ="f(xu).
» Mo oOvBeTec eivan oL tepittosic AE 2n¢ td&ne tne popyihc
y'=fy.y). (19)

TroBiBdlovtal og 1ng T&Ene pe To peTooxuatiopd u =y’ H
g€dptnom ot To X eival Héow TOV ¥ Kol éXOUUE

oy dudy
d W= dy dxiudy '

Ométe
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> OQewpolpe T Ypapky AE 21¢ tdéng
y"+p(x)y’ +q(x)y =0, q(x) =0, Vx. (20)

AM&lovtog peTaANTh we
z= /dx 2 (x) ,

auTh petaoynuatileton otnv

d? ! 2 d
Tg q'(x) +3/12)(X)q(><) b0,
z 2¢3/?(x) dz
Apat av
q'(x) +2p(x)q(x) = orabeps x ¢*/2(x) ,

téte malpvoupe o AE 2n¢ téEne pe otabepolc ouvteheoTéc.
M.x. H tapandve oxéon eranBedeton av p(x) = 2/x ko
q(x) =1/x2.
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> OQewpolpe T un opoyev ypappiky AE 2n¢ tédéng
y'+f(x)y +ex)y = ¢(x) . (21)
AM&lovtoc petaANTh we

Tallpvoupe

P P

> Av p(x) etvou ANbon tng opoyevoug eficwong otnv (21), téte o
Tedevtaiog 6pog oo apLotepd pérog umoPiBdlovtag Tnv T&EN TG
e&lowong, og Ing T&&ng otnv .

> Av ekAéfoupe

p(x) = e~z [ dxf(x) ,
o0 6poc 1’ amalolpeTon ko éxovpe e€lowon approvikod TAAAVTWTY
pe ouyvéTnTa efoptduevn ot to x, kabdg ko e§wtepik? SOvaun.
Av auth peToBEAANETOL CpY S LTTOPOUE VAL EQAUPIOCOVLE
TpooeyyloTikég pefddouc.
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AE 2n¢ tééne xou e&lowon tou Schrodinger

» Yty KBovtikh Mnyovik 1 povodidotatn e&iowon tou
Schrédinger yiat otatikd Suvaukd Taipvel T Lopen
d>y
———F + VY =EY 22
—+ , (22)
AT UtV KTtopoUpe VoL eEQYOUE XPTHOLLO CURTEPALOILOTO YLOL TT)
pop@n Tng AIoNE KoL TOV EVEPYELAKOU QAonatoc E akdpo ko av
dev N ANoooupe emakpfoc.
> Me katdAnAoug petaoxNuoatiopode M yeviky popeh kébs 2ng
Té&nc AE ypdpetol we

dii (f‘;—f) +(Eh+p)® =0, (23)

6movu f, h kow p eivo cuvapthosilc Tou x ko E otabepd,
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» OpiCouue
f'
F=th, H=;
ko cAA&lovpe petaAnTéc we
dx = HY2dz ,  ®=F Y%y

» H (23) petaoyxmuartileton otnv e&lowon tou Schrodinger (22) pe
duvaluikd

h 42— h T FAdx

dx

ko evépyela E. To Suvoyuikd pmopei va ekppaoBel dpeoa wg
ouvapTnom Tou Zz pévo av n AE

2r-l/4 1/2
V:7£+,_——1/4d":/ p  HY2d (H1/2il_—1/4)

dx
& e,

uropel vor emAvBel ko m Adong the va ypagtel wg x = x(z).
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Fpopuixéc opoyevele AE n-ootic té€ng

Yt Puowkt ypappuikéc AE tng popypiic (2) tailovv mpwtedovta pdho
YLoL TNV KOTOVONON TPOLYLATIKOV CUOTNATWY 1 KO WG TPWTT
TPOCEYYLON OTNV VTLLETOTLOT U1 YPOUMKOV TPORARULATWV.
E€etdlovpe mpdTal TNV opoyevy e€iowon

Zan ; dx, Y —o, (24)

> TroBétoupe étL ag(x) # 0 TorutoTikd, dpor puropolpe va Béooupe
ag(x) = 1.

> H Aoon ypoppukodv AE sivo povoadiks yiol opodéc opXikég
oLVOTKES YLaL TNV ¥ KOl TIG TAPOLY®YOUS TNG éwe Tééng n — 1.
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> H mé yevikn Mon g (24) elvon o ypopuikés cuvduoopde n
YPOUKAG aveEapthitwv Aooswv y;, i = 1,2,..., n. Anladi

y(x) = Zn: CiYi - (25)
i-1

Ou otaBepéc ¢; Tpoodiopilovtal atm’ Tig ap)ikés cuvBrikeg.

> I MuovTikd pdho oty katavdnot ypopkov AE Tailer
Wronskian. T n ouvaptioeis y;(x), elvon n opilovoa

" Yoo o Yn
y{ yé e y'/1
w=| : N : . (26)

)’1(”71) y2(n71) o y’gnfl)
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> Kévovtag xpfon kovovev Ttopaydytong optlloucmv amodsikvisTtol
4tL av o y; euAbouv tnv (24) woxdel bt

W(x) = Woe Ja(x)dx (27)

Tov eival To Bedpnuat Tou Liouville.

> Yy pdén m otabepd Wy mpoodiopiletan ar’ tnv opilovoa ot
KATIOLOL GLOUUTITWTLKT TEPLoX T, OOV 0 UTLOAOYLOMAOC TN slvou
g0koAoC.

> Av omoleadfmote ot TIC ¥; sivorl Yok e€apTnuéveg TOTE
W = 0. Emiong, av ou y; elvow Aoeig tne ypapppukic AE (24) ko
W = 0, téte autéc elvall Ypolppk®dc eEoptnuévec.
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> Egpappoy twv tapatdve ot 2n¢ tééng opoyevic AE givor étu
at’ tov oplopd ko to Bedpnua tou Liouville éxoupe 6t

Y1yh — yoyi ~ e Jabdx (28)

‘Av éxoupe PBpel pa Aom (.. TNV y1) apéows pe oamAn
ohokAfpwon Bplokovpe ko TNV dedTEPN YPUUMIKOEC aveE&pTnTn
Noon (tnv y2). To amotéleopa sivou

!
x a1 (X”)dX”

x e
R e T (29)
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Cpopuixéc un opoyevelc AE n-ootic tééne
Mo tnv Td yevikf Adom tng um opoyevoic eiowaong

Z an—i( dx’ =Q(x) . (30)
TpokOTITEL oy ATADG TipooBéToupe pia pepik Aoong T yp(x) ot
yevikf) Moom g opoyevoic pe Q(x) = 0.

» H o yevikn ko aopoarfc nébodoc eivan 1 pébodoc twv
petoBadopevay Topopétpwy. pdipoupe

- ;1 vi(x)yi(x) (31)

émov y;(x) elvon ypoppikaog aveldptnteg Aoelg TG opoyevoig
e€lowone. ‘O okomdc elvar va Tpoadiopicoupe Toug pf otabepoic
ouvtedeotéc vi(x), i=1,2,...,n
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> Avtkabiotovracg otnv (30) Bplokoupe tehikd to cdoTnuo

Vivi+vhyo + -+ viya =0,
Vivi +vays vy, =0,

(32)

i " v =0,

in VY Y = Q)
To cbotnua yix Tig v; éxel povadikn Aoon yiatt 1 Wronskian tou
ovothpatoc W # 0.

» H uéBodoc auth ouvibwc amoutel apketéc alyeBpikéc Tpdieic ko
TeAkd n amAéc ohokAnpooeic. Mo outd, dmwe Bar Sodpe, Yo
yoopukéc AE pe otaBepoic ouvteheotéc a; éxouv avattuyBOel
dMeg péBodol.
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Fpopuixéc AE n-ootic 18éne pe otadepolc cuvteheotég

> Av oL ouvtedeotécg a;(x) tng opoyevoug AE (24) elvon otabepéc,
téte 1 Yevikh Avom tne Pploketow avtikabioTdvtog Ty

n
y(x) = Z ciemix (33)
i=1
ko Tpoodiopifovtog Toe m; we ANoeLg TNG
n .
Z a,_im' =0. (34)
i=1
> To mapamdvw eivo cwotd av dhec oL Noslg givor SlapopeTikéc.
Av pioe Moo, TT.x. n my, eppavileton k = 2 popég téte M (33) dev

elvol owotn yroti mepéyel pévo n — k + 1 < n yYpoypuLKAG
avegdptnrec Aoelg.
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> [aipvovtog kaTdANAaL SpLat, katd Tow ool oL pileg auTég
yivovtou tedikd ioeg, étL téTe awvtiotoiyol k dpol otnv (33)
avtikaBiotavtol amd to

k-1

Z cix' | emx (35)
i=0

AT6delln: Ac Bewphiooupe TNV aAAoVOTEPT TWV TEPLTITOOEWY [UE

k = 2. Ac vrtoBéooupe btL apyikd o avtioTtoiyeg pileg stvon
SaipopeTikéc. O oxetikdg dpog otn Adon sivor

c1e™X 4 cpe™X |

> ‘Eotw 6tL my = my + €. Avartdooovpe oe oelpd Taylor yio pikpd
€
(c1 4 c2)e™* + coxee™> + O(€?) .
> Av Oéoouvpe c1 + ¢ — c1 ko kpatHoovpe otabepd cre — ¢ oTo
6pLo € — 0 maipvoupe

(c1 + cox)e™> .
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AMec péBodol edpeone tne peptkfic Aoomne: Mo vaw Bpodue Tn pepikn
AOoom yp UTOPOUUE QUOLKE VL XPNOULOTIOLHOOVUE TN YeVikT péBodo Ttng
RETABOAAG TWV TAPUETPWY. 2& TTOANEC TEPLTITMOOELS SUWE glvoll
TPUKTLKOTEPT M XPNoN dAAwV Tid £0xpnoTwv puefddwv avddoya pe T
pope® Tne ouvdptnone Q(x) otnv (30).

> Av
Q(x) = e pn(x)(c1 sin Bx + ¢z cos Bx) , (36)
émov py(x) modvwvupo N-ootol Babuol, Sokiudlouue tn Abon
N . N .
yp = e sin Bx Z bix" + e cos Bx Z dix' . (37)
i=0 i=0

> AvtikaBiotdvtog otnv (30) dev avatapdyovtan véol dpot. Ou
dLdlpopol cuvteheotéc PpiokovTal Gote val ikavotoLeitan n AE.
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Ouord xon avedpoha onuetlar: Optopol xou tavouton

¥ & ToANéC mepittoetg Xperdleton vor Bpodpe T Aiom oG YpoupLkic
AE ot yertond gvéc onueiov pe avdTTuEh TNG 08 ATIELPOTELPA YVPW
am’ autd. H oupmepipopd tne Aong e€aptdton amd autt Twv
ouvtedeotov tng AE oto onueio autd.

> Qo emukevipwbolue o ypopukéc AE 2n¢ td&ne

d’y dy
a2 P(Z)E‘FQ(Z)Y:O- (38)

> Y& e@oppoyéc N peTaPAnTd z eivan cuvAbwe TpaypaTiky, A&
v emekteivoupe og dho to pyadikd emimedo.
> Ou ovvaptioeis p(z) ko g(z) elvar cuvRBwg TpoypoTikéG.
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Y uviiOn onpeto: ‘Eva onpelo zg ovopdleton odvnbeg tne (38) awv ot
p(z) kaw g(z) eivow avahuTIkéG OTO Zz = Zp KL OTT) YELTOVL& TOV. LToL
ouviiBn onueia n Aoom tng AE eiva povétium ko ovadutikt omdte
ptopel v ekppacBel we

Y(z) = i an(z—29)" . (39)

O ouvtedeotéc ap mpoodiopilovtan pe:

> Avtikatdotaon otnv (38).

> Me mapdMnAn avédmrugn twv p(z) kou g(z) oe Suvopooepd ko
TeAkd Bétovtoc oTo undév Toug CUVTEAECTEC TWV SUVAIEWY TOU
z—Zz9.
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Avopaho onueio: ‘Ever onueio zg ovopdleton avidporo te (38) av
TovAdyloTov pia ek twv p(z) kow q(z) slvow ph avahutiky oe auTd.
Trdpyouvv 800 aveEdptnrec Aosig:

> 7 TPWTN €K TWV oTolwv TNG LopYNg

(o)

Yi(z) =(z—2) Y cn(z—20)" (40)

n=—0o0
> Kol M Seltepn:
> Av
av  p1 — P2 F PN—APVNTLKOG OKEPALOG = S , (41)
téte

Yo (z) = (z — z9) Z dn(z—29)",

n=—oo
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> (ouvéxeia)
>
av  p1 — P2 = UN—opvNTIKOG aKEPALOG = S (42)

To1E

Y2(z) = gY1(z) In(z — z9) + (z — z0)F Z dn(z —20)" ,
n=-—oo
> Ou ovvtedeoTéc p1, P2, Cn, bn, g TpooBiopilovtan pe
aviikotdotaon otn AE ko odykpion twv Suvdpewy tou
(z—20)".
> Mopatnpeiote 6TL Yewikd n Aoom Sivetow og osipd Laurent.
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» Tnd ovykekpuuévee ouvBfkec oL Ttopamdve ostpéc Laurent
TEPLEXOUV TETEPALOEVO aLplBO SpwV e aLPVNTIKEG dUVALUELG.
> Téte amepdbpolopo apyilel pe tov épo n = 0 kaBbTL M pukpdrepn
apvnTikt SOvaun pmopel vaw cuvBuaotel pe Toug Tapdyovteg

(z—2z9)P.
> Av s = 0 téte To dBpolopa otnv Yo pmopsel va apxiler pe Tov 6po
n=1.

» Abosic autol tou idouc ovopdlovton oparéc. H amapaitnrn ko
avaykoior ouvBikn yiow v éxoupe opahég AOoELG oTT YELTOVLE
£vo¢ onueiov z = zp sival oL ocuvaptoslg

(z—20)p(z) «au (z—2)3%q(z), (43)

vo gfvall volAUTIKEG OTO Z = Zg KOl OTT| YELTOVLA TOVL.

> ‘Eva avidpodo onueio Tou tkavottotel tn (43) ovopdleton
KOLVOVLKS ovdpalo onpelo, elddAAwe ovolddec avopalo onueio.
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YUUTERLPOPE. GTO GTELRO

H ouvpmepipopd oto z = oo xpflel W8iaitepng avtipetdmong. Oétovrag
t = 1/z, apkel va pedetioovpe tn oupmeptpopd oto t = 0. Téte 1
(38) madpvel TV iBLar popen, AAAE pe TTAPALYDYOUG WG TLPOG t KO [E
¢ ouvaptioe p(z) ko g(z) va avtikabioTavton ot Tig

p0=2-%0(3) . an-na(}) (44)

> ‘Eval avopado onueio oto dmepo Ba gival kovovikd oy
zp(z) kai z%q(z) enai analutikic sto z — oo . (45)

» Emionc éva onueio oto dmepo Ba iva odvnbec av

e =2+0(%) a@=0(%) (46)
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E&iohoeic tonouv Fuchsian
M e&iowon pe Sha Tow avdpoo onpeiot Tng opohd ovopudleton
tomov Fuchsian. ‘Eotw 6tL atutd giva oto onueia z = aj,
i=1,2,...,n Kol Z = 00.

> H yevikn popyn twv ouvteAeoT®OV sivol

n
y A
=1z—a,
n
G
= (z-a) z—a,-'

(47)

» Emedf z = oo sivow kaevovikd avopoalo onpeio éxoupes ot Tnv
(45), 6T

Y. G=0. (48)
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> Aev propodue va tpooBéoovpe oto de&l pédog twv (47) o
avodutikf ouvéiptnon f(z).
> Emeld? 1o z = o0 elval kavovikd avodpado onueio awth Ba mpémel

va TAnoldlel to 0 oto z = 0.
> ‘Opwg téte am’ to Bedpnua tov Liouville éyovpe f(z) = 0.

> Y& éval Kavovikd ovdUaAo onuelo oL TTAPRUETPOL TNG TELPAG P12
amotedodv Avoelc tn¢ 20-Bdbuiac e&iowone 1 omola kaBopileTout
AT TOUC TS AVARAAOUE Spoug TNE Ko ovoudleTon
xopaktnelotiky e€lowon

PP+ (A—-1p+B =0, i=12..,n. (49)

> 310 &Tepo M avtioTtoyn e&iowon sivau
9 n n
Y +<12A,~>p+2(8;+aic,-):0. (50)
i=1 i=1

Tne omolag oL Aboelg avaupépovtol otov ekbétn tov t = 1/z oty
petaoxnpatiopévn e&iowon.
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lox0ouv oL akdhouBeg yevikég TtopaTnpnoELg
> To &Bpowopa twv pllodv twv (49) kau (50) etvow n — 1.

> Av z = oo sivow éval cOvnBec omueio TéTE oL akdAovBec cuvBTKkec
TPETEL VAL UTLALKOVOVTOL:

Mo
>
[
N

I
-

s
o
|
o

Il
—

AngE

(Bi+aiC;)=0, (51)

Il
—

AhgE

(2a;B; + a2C;) =

I
—
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AE pe tplo opokd avoduoio onueta
H ocuvnBéotepmn katnyopioe AE Tou gpupaviletan og puoilkd
TpoPAiuato elval otutéc e Tplal OpAAE avpaAa onueio.
» ‘Eotw a, b, ¢ TaL onuetar autd Tow ool stvar Sidpopa petald twv
ko Tou ateipov To otoio Bewpeiton 6tL slva odvnBec omueio.

» H AE sivau tnc popyic

d?y 1—wg — 1—81— 1—v — dy
{ a2 S B1 132+ Y1 — 72

dz2 z—2 z—b zZ—cC dz
n [alag(az—_bl(a —c) n ﬁl'B2(bZ__C1))(b —a) (52)
Y172(c —a)(c - b) Y _
+ z—c ](z—a)(z—b)(z—c)_o'

> Ou ekBéteg twv aveldptntwv Moewv sivon (a1, a2), (B1, B2) ko
(71.72)-
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> Emedn to dmepo sivow odvnBeg onueio éxouue 6t
artax+pr+Po+ri+r2=1. (53)

> Av KAVOUUE TO PLETAOXNUATIONS

x— w L Y(z2) = (Z_")M (Z_b)ﬁl F(x), (54)

zZ—C zZ—C

téte n ouvdptnon F(x) wavotosel tnv vrepyewpetpikt eélowon

d?F dF
x(l—x)ﬁ-i-[’y—(uc-l—,B—&-l)x}E—txﬁF—O, (55)
ME TTOLPUUETPOVG
a=v1+a1+p1, B=72+a1+p1, Y=14a1 —az.

Avutt éxel Tplae opohd avopoda onpeio, ta z = 0,1, 00, ue
avtiotolyoug ekBéte (0,1 — ), (0,7 —a — B) kou (&, B).



K. ZOETXO0OX MoaOgpotikés MéBodor duvaikig

> Av kdmola ot TIG TTUPAUETPOUC elvoll ALTELpT , TT.YX. N € = 0o ToTE
7 (52) yivetow

d2Y+[1—1x1—tX2+1—‘31—ﬁ2:|dl

dz2 z—a z—b dz
+ {alai(ja_ b) + '31’322(_1); 2) +7172}
Y
X =2 =b) 0. (56)

> Téte éxoupe Tplo opodd avopodo onpeio a, b kaw oo, dnAad1 to
z = o0 dev sivow TLd obvnbec onueio.
> To avdloyo tou petaoyxnuatiopov (54) Tov Ba Sdoet
UTEPYEWHETPLKT e&lowan elval
z—a
b—a'

Y(z) = (z—a)"(z— b)P1F(x) . (57)
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> OL ouvtedeoTég TNG UTepyewpeTplkhc e&lowong didovtow amd

x+f=a1+p1—ar—P2+1,
af=7172+ (a1 +p1)(1—az —B2) , (58)
Yy=1+a; —as.

» H Aoon malpver T popen (55) apkel vou tkavototeitan n (53).

> To Ce0yn Twv XoUPAKTNPLOTIKOV ekBsTOV ota onueia a, b ko oo
givou (a1, 22), (B1, B2) ko (71,72)-
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Yuppéovoa Trepyewpeteuny| e€liowaon
‘Otawv 800 avoporo onpeio prog AE mhnoldoouv kow evtédel
ToutiotoOv To anotédeopa ivan wioe AE pe éval Aydtepo aviopoaio
onueto, pe WBLéTNTEG TUTIKA LS oOVBETEC OTO KOWS onpeio.
H mepintwon tng vrepyewpetpikic e&lowong (55) stvou Tutikd
Tapdderypa. ‘Eotw étu

> Kdvoupe tqv adhayfy x — x/ B kou Stapodpe tnv (55) pe B.

> lNaipvoupe to éplo f — co.
To anotéeopa giva:

d?y

dY
XW+(')’7X)$7WY—O, (59)

Tov glvall 1) oUppPEOVOAL UTLEYEWIETPLKT £&lowon).
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Avt éxeL:

> ‘Eva kavovikd avopao onueio oto x = 0, 8o pe avtd tne
apxkiic e€lowong, pe ekBéteg, ar’ v (49), toug p = 0 ko 1 — 7.

> ‘Eval un kavovikd onueio oto x = 00, w¢ ATOTEAECAL TOV Opiov,
Twv 800 apXIKOV cLVHDWY ALVORAAWY oNueiwY YLoL x = 1, 00,

» H umepyempetpikn ko n ouppéovoa uTepyewpeTpLkt| e&lowon
QVTLOTOLYOUV, e KUTAAANAEG EKAOYEG TWV TIUPAUETPWY OF TOAAEG
yvwotéc AE, .x. Legendre, Jacobi, Hermite, Laguerre, kAT.
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[Mopdderyua 1o
Oa Bpolue TN yevikni Adom tng AE
d?y

(-0 xP y=-x2. y=y0.  (6)

Noon: Tpdyoupe tTnv AE otnv popen
Y ()Y +g(x)y = ¢(x) (61)

153
X 1
o) =12 g =—tr.  p)=1-x.
H y = x amotelel Moon tng opoyevoig AE. Emopévwe, n ad oyt

neToBANTC

y(x) = xv(x),
odnyel otV Ing Té&ng wg b TV Tapdywyo v/ (x)

P (2. x a1
dx? x 1—x)dx x ’




K. ZOETXO0OX MoaOgpotikés MéBodor duvaikig

Xpnotpotoldvtog tn KéBo8o Twv OAOKANPWTIKOV TapaySVTwy

dv 1—x X_~_x271
— =c——5—¢€ ,
dx x2 x2

6movu ¢ otabepd. Me a1y odokAfpwon
y(x) = —ce*+ax+x>+1, (62)

6movu ¢q 1M deltepTn otabepd OAOKATPWONC.
Ou evBidpeoa vroloylopol agfvovton &¢ [Acknom].
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[Topdderyyo 20
Oa Bpovue TN yeviknf Adom tng AE
d?y

XW+2%+H2X)/:S“1(«UX . y=y(x). (63)

6Tou w ko n sivou Tporypatikéc otabepéc.
Noon: Tpdupoupe tn AE otn popen (61) pe

5 .
=2, eb=n. ¢0)="0
H oMoy
y(x) = V(XX) ,
odnyel oty
d?v

W—&—nzv:sinwx.
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H Adon tnc opoyevoig vy, siva tpopavig kaw M peptk’ Abom givo

sin wx

Vp(X) = m f (64)
ov W n Ko
# Ko X COS nx
vp(x) = I v (65)

av w = n. H yevikf Ao divetan amd to dbpolopa v = vp + vp.
Ou evBildpeoa voloylopol agfivovton &¢ [Acknom).
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[Mopdderypo 3o
Otwpolpe tn AE
d%y 1
it A - = . 66
dx2 (X2 +y2)2 ' y y(X) ( )
Bpeite pepikoic 6poug puag TpooeyyloTikfic A0ong Tou va ekppdlet
v y(x) yoe x > 1.
Noon:
> TroBétovrog 6t 1 y(x) Topapével Temepaopévn Yo x 3> 1,
pTopolue Ypddoupe TPoooeYYLOTIKE
%y
dx?

1 1/6
=4 = Y(X)ZXT-

Ex’ tou amoteMéopatog, 1 udBeon Aoy cwot.
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» [No vao vtodoyicoupe SlopBiosic ypdupoupe

y() = 22 4 hx)

émov 1 ouvdptnon h(x) < 1/x% yua x > 1.

> AvtikaBiotodue otn AE kou avartoouvpue os osipd Taylor
Taipvovtag

1 1 2h
— - h// - =
0 (18X10 * ) + < 432x16 + 3X8>
(A h LAY (L
11664x22  18x14 = x6 x28 )

» H h Ba slvon dBpolopa bpwv avtiotpopwv duvdpewy Tou x pe
avaTTUEN TNG HopPPTiG

a
h(X)*Xé+ Tt 20+0( )
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MoaOgpotikés MéBodor duvaikig

» AvtikaBiotdvtog Bplokouue to alyePpikd chotnua

jary
o

x1
1

x1
1

X2

(o))

1 Abom Tou oToiov sivou

1
a) =

T 1206

1
TS + 7281 =0 ,
1 2a1
1 EN 5>  2ap .
m T8+231+T+42023—0,
11 4079

%27 816480 © 23T T 12345177600
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[Topdderyyo 40
Ocwpolue T AE

d?
F=r- . y=y(). (67)

» Evtomiote tnv meploxn otnv omola n Mon tng (67) sivou appovikh
TaAdvtwon kol 8ei&te 6TL 1 amdvtnon avdystol otn Avon TG
vnepBatiknc e&iowong

a? = e% | (68)
Awkaodoynfote btL M povadikf Avom tng teAsvtaiag sival Tétola
wote —1 <a<0.

> Aci€te 6TL 1 oUYVOTNTAL TOV MKPDOV TOAAVTOOEWY KOVTE TNV

TieptoX 1 auTn elvor
w?=2(a—1)a. (69)
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Nbon:

> [0pw amd éva onueio WoooppoTiag ¥y = a N TUP&YWYOS TNG ¥
elvor pndév. ‘Apa pokdmrel ) (68). Amd awth Taipvoupe dvo
Nooelc SiétL e = +a:

> Emeldf n ouvdptnon f1(a) = e? — a éxeL eNdiyioto 1 oto a =0,
elval ad0vato va tkavomoljocoupe thv £ = 0.

» H f_(a) = e? + a elvau povotdvwg adEovoa kou éxouvpe f(0) =1
ko f-(—1) = —1+1/e > —1. Apa mpokdTTEL M AWVIOSTNTAL
—-1<a<0.

> H apBunrtikhi Aon tng e? + a = 0 givow a ~ —0.567.

> Oftoupe
z=a+gq(x), g(x)<a, Vx,

avtikaBlotolpe kol avamttoooupe oe oelpd Taylor kpoatdovtog Tov
Ypoppkd 6po oto g(x).
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> Bpiokoupe tnv AE

2
%+2a(a—1)q=0 .
TIOU TLEPLYPELPEL QLPILOVIKES TUAAVTWOELS, ATO TNV OTolo TPOKUTITEL
1 {nToduevn cuyvéTnTa.
Eivow 8e Otk Myw tng aviodtntag —1 < a < 0 ko aptBuntikd
w ~ 1.333.
> levikbtepa &v to de&i péhog tng AE (67) eiye wow ouvdptnon
f(y), téte:
> To a Ba Swétav and v f(a) = 0 ke w? = —f/(a).
> Oua elyope appoviky kivnon ko evotdbeia pévo av f/(a) < 0.
> Ytnv avtiBetn mepintwon n Aomn oto onueio z = a kpivetan wg
aotadric SuéTL M Sratapaxh g(x) owvEdveton pe to x.
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[Togdderypo bo
Bpeite tn Mon tng AE Riccati

X
WV
o

X
Ey’+xy2+y=1, y=y(x), (70)

KO LEAETHOTE TN CUMTIEPLYOPE TTC.
Nbon:

> AvtikatoBiotous émov

omodte £xovue tn AE

xz'+27 —4z=0.
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> OewpoUpe KATOTILV TO LETULOYNULATIONO
2(x) =x"f(y),  p=pP

ko Tpoadlopiloupe Tig otabepéc a, B ko 7y ol wote M F(1) va
tkorvoTrotel pLa yvwoty, edv Suvatédv, AE.
> ‘Exoupe oL Tig TTolpory@d@youg

7 =ax* 1 4 ,B’yx“ﬂg*lfc ,
Kol
2 = (e —1)x*72f 4 By(2a + p— 1)xTP2F
S BRo2xit2p-2f
4Tou 1 TeEAElo TTAPLOTAVEL TTAPAYDYLON WG TPOG 4.

> Téte n (71) ypdupeton

df
/32 2 2ﬁd’72+‘5,),(2a+‘3+1) ﬁdﬂ+(p¢2+p¢—4x)f:0.
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> Yuykpivovtoc pe tnv AE tpomomoinuévne Bessel 1nc téénc

2 d2f

2 _
’7d17 17d;7 m*+1)f =0,

TtOLi,pVOU}J.E
K= —= ‘B = = =4
2 ’ 2 ' ’Y -

> Apa n yevikh) Moo yrae Ty z(x) elvou

z(x) = x~1/2 [c1h (4V/x) + 2K1(4V/X)] |

> XPNOLLOTIOLOVTOG TLG TUUTOTNTES

1 (4v/x) h(4vx) + R(4Vx) |

1
s
Ki(4vx) = vKl( Vx) = K2(4/x)

Bpiokoupe étL 1 yevikn Aoon g (70) eivou

y(x): _1/2/2(4f)_CK2(4f)
h(4y/x) 4+ cK1(4y/x)

c=c/cy .
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> Aoéyw tov 4tL
1,2 1 )
11,2(’7) ~ T, K1,2(77) ~ W , étav 57 — 0,
mpémer ¢ = 0 yra vau glvan m Aom memepaopévn oto x = 0.
> Apol KOADE CUUTLEPLPEPSEVT AVOT elvall

:X_1/2 I2(4\/)><) (71)

X .
y() h(4v/x)
‘Exouue tn oupmepLpopd:

> [Na pkpd x
2
) =1- 51063,

> Emlong Moyw tov 6t 11 2(1) ~ €1//2mty, v 7 > 1,

y(x)~xY2 50, 6ty x — 00 .



