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1 Elements of differential calculus

Let a Cartesian system of coordinates (x,y, z) as in the Fig.

Figure 1: Cartesian system of coordinates with indicated unit vectors.
The position of a point in IR? with these coordinates will be denoted as
r=x¥+yj+zZ, (1.1)

where (%, 7, 2) are the corresponding orthogonal unit vectors.

The volume element in Cartesian coordinates is

dv = d°r = dxdydz . (1.2)

The gradient operator is defined by its action on a function ®(r) as

ob, o0d, 09D,
Vo = gx—l—@y—l—gz. (1.3)

If we move the point at x by a small vector to a new position r + dr the function
changes as
AP =V - dr. (1.4)

In the following A and B are vectors. In addition, it will be convenient to denote the
Cartesian coordinates x,y,z by x;, i = 1,2,3. Accordingly the components of a vector

Ay, Ay and A; will be denoted by A;, Az and Ay, respectively.

The divergence of a vector is given by

A, A, DA,
VA= g S (L5)
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The curl of a vector is given by

2 7 Z
) d )
V x A = det x Jy oz
The Laplace operator on a function ®(x) acts as
V2P =V -V =0,0;P. (1.7)
An arbitrary unit vector is of the form
A . 5 2, 24 2
A = n X +nyf+n.2, nx+ny+nz—1. (1.8)
Then the directional derivative along 7 is defined as
d
—=10-V. 1.9
5y Vv (1.9)
The ith component of the outer product A x B is given by
(A X B)l‘ = eijkAjBk p (1.10)
for any two vectors in IR®,

Exercise: Using properties of determinants prove that the definition

A

xr 7 2z
AxB=det| A Ay Az P (1.11)
B1 By Bs

is consistent with (1.10).
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Exercise: Using (??) show (some of) the following identities
V(A-B) = (A-V)B+(B-V)A+AXx(VXxB)+Bx(VxA),
V(®PA) = PV -A+A- VD,
V- (AxB) = B-(VxA)—A-(VxB),
VXx(®PA) = P(VxA)+VIPxA,
Vx(AxB) = A(V-B)—B(V-A)+ (B-V)A—(A-V)B, (1.12)
Vx(VxA) = V(V-A)—-V?A,
Vx(V®) = 0,

V- (VxA) = 0.

Exercise: Show that

Ax(BxC)=(A-C)B— (A B)C,

(AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C) (1.13)
and that the exterior product is non-associative, but the Jacobi identity is obeyed

AxXx(BxC)+Bx(CxA)+Cx(AxB)=0. (1.14)

2 Fundamental theorems

2.1 The fundamental theorem for gradients

Consider the infinitesimal change (1.4) along a curve from the point a to the point b
The total change in ® is

/b V. dr = d(b) — d(a). 2.1)

This states that the total change of a function depends on the difference of values of
the function at the end points and not on the details of the path between them. If the

path is closed then the integral vanishes.
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Figure 2: A curve C with end points a and b. Arrows indicate small tangent displace-
ments.

2.2 The fundamental theorem for divergences

Consider a volume V bounded by a surface S. The divergence (or Gauss’s) theorem

states that
/dvv-A:deﬁ-A, 2.2)
v 5

Figure 3: The divergence of a vector A over a volume V can be computed from its
projection on the normal f (pointing outwards) to the surface S bounding V.

2.3 The fundamental theorem for curls

Consider a surface S bounded by a closed curve C. The curl (or Stoke’s) theorem states
that

/d5ﬁ~(V><A):j£CA.dr. (2.3)
3 Curvilinear coordinates

In many problems there are present special symmetries we would like to take ad-

vantage in trying to solve them. Hence, using Cartesian coordinates is not always
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%

Figure 4: The projection of the curl of a vector A on the normal fi to a surface S can be
computed from the circulation of A on the curve C (anticlockwise) bounding S.

the most convenient choice. The most common other coordinates systems are the so

called cylindrical and spherical.

3.1 Cylindrical coordinates

The change of variables from Cartesian coordinates is

X=pcos¢, y=psing, z=1z,

p=0, 0<¢<2m, —00 <z <00, (3.1)
The relation between the orthogonal unit vectors is

cosp X +sing 7,

=
Il

—sing X +cos¢ 7, (3.2)

>
Il

N>

= Z.

s
~(/g/
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. ]
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Figure 5: Cylindrical coordinates and the corresponding volume element.

Then for a function ® = ®(p, $,z) and a vector A = Ayp + Agpd + A2 we have the

6
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following operations
Vo = 0,9p+ %a¢q>43 + 0,92,

1 1

V-A = Eap (0Ap) + 58¢A¢ +0;A;,
1 . 1

VXA = 5(8¢AZ — 0z Ap)p + (02Ap — dpAz)¢p + 0 [90(pAg) — 09 Ap] 2,
Vo = 1o (09,P) + iazq>+azq> (3.3)
- 0 p\ 0% pz ¢ z> :

By replacing in (3.2) the unit vectors by vector components, p — Ap, etcand £ — Ay,
etc, we get the relation between components of vectors in the Cartesian and the polar

coordinate systems.

The volume element in polar coordinates is

dv = d°r = pdodzd¢ . (3.4)

In cylindrical coordinates the normal unit vector on the curved surface of a cylinder is

fi = 0, whereas on the upper (lower) cap is i = Z (A = —2).

3.2 Spherical coordinates
The change of variables from Cartesian coordinates is

x =rsinfcos¢, y=rsinfsing, z=rcos@,

r>0, 0<60<m, 0<¢p<2m. (3.5)

The relation between the orhtogonal unit vectors is

? = sinfcos¢ £ +sinfsing §J+cosb Z,
= cosfcos¢ £+ cosfsingj—sinf 2, (3.6)
$ = —singf—+cos¢py.
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Figure 6: Spherical coordinates and the corresponding volume element.

Then for a function ® = ®(r,6,$) and a vector A = A,# + Agf + Ay we have

.1 A 1 N
Vo = 8r<I>r + ;8QCI>9 + rsinga¢q)4) ’
1., . 1
V-A = r—za,(r Ar) + rsineag(smBAg) + rsin@a‘PA‘P ,
1 ) . 1 . A
VXA = Ssin 0 [89(811’1 QA(P) — 8¢A9] v+ rsinf [aqur — sm()ar(rAq,)} 6
1 n
+-[0:(rAg) — A/ $, (8.7)
Ve — 1 (r20,®) + L 5 (sin 005®) + 1 e
2 r2sin@ ¢ 0 r2sin20 ¢

By replacing the unit vectors in (3.6) by vector components, # — A;, etcand £ — Ay,

we get the relation between components of vectors.

The volume element in polar coordinates is
dv = dr = r’drdQy,  dQ = sin0dod¢ . (3.8)

The element d() is the elementary surface of the unit sphere, i.e. the sphere of radius.

The finite element is called solid angle and is depicted in Fig. [l Also note that

27T 7T
/dQ :/ d4>/ d0sin 6 = 471 . (3.9)
0 0

In spherical coordinates the normal unit vector on the surface of a sphere is fi = 7.
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