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Kegpdhaio 1

Y maxoAovVieg xal Booixeg
AXOAOVLVIEC

1.1 Yraxolovdiec

Opwopéde 1.1.1. Eow (a,) pa axorovdia mpayyatixdy aptducdy. H axoloudia
(bn) Myetan vmaxodovdia tng (a,) av undpyet Yvnoiws adZouca axohoudio QUoLXDY
oapliumdy ky < kg < - <kp < kpy1 <o OOt

(1.1.1) by, = ak, yw xde n € N,
Me dhha Moy, ot bpot e (by) elvor oL @k, Qkys - - Ak, s - -y OTIOU kg < kg < -+ <
ky < kpt1 < ---. Devind, wa axohovdia €yer mtodéc (ouvidng dnepes to A Yoc)

drapopeTinée umaxohovdiec.

IMapadeiypota 1.1.2. Eotw (a,) wo axohovdia nporypotixdy aptdudy.

(o) H vraxohovdia (ag,) twv «dptiov 6pwvy tne (ay) €xel Gpouc Toug
as, 4,06, .. ..

E36, ky, = 2n.

(B) H unoxorouvdia (a2n—1) v «meptttdy dpwvy g (an) €xel bpoug Toug
ai,as,as, . ...

Eb6, ky = 21 — 1.

(v) H umaxohouvdia (a,2) e (an) éxer dpouc toug
ai,0a4,09,....
Eb6, k, = n?.

(8) Kdde tennd tuAud (am, Gmt1, Gmt2, - --) ™S (an) ebvor utoxohovdior e (an).
Ebw, k, =m+n — 1.

IMopathenon 1.1.3. Eow (k) o yvnolnwg adZouoa axoroudia guotxdy aptduody.
Térte, ky > n v xd9e n € N.



2 - TMAKOAOYOIES KAI BASIKEY AKOAOTOIEY

Anddeén. Me enaywyr: agob o ki elvon guowde apriude, etvar gavepd 6t ki > 1.
T to emarywyind Bra unodétouye Ot Ky, > m. Aol 1 (ky,) elvon yvnolwe adZouvoa,
EYOVUE ki1 > km, dpa kpy1 > m. A@ol ol kpp1 xon m elvon guoixol apriuof,
gnetan 0Tt kg1 > m~+ 1 (Quundeite éti avdyeca otov m xow otov m+ 1 dev undpyel
dMhoc puotxdc). O

H enduevn [pdtaon detyver ot av pua axohouvdiar cuyxhivel e TpayUATIXG op-
Wuoé to6te OheC oL umaxolovdlec T efvon cuyxhivoucec xar cuyxiivouv cTov (Blo
TEAYHATIXG aptIud.

Ilpétaom 1.1.4. Ay a, — a téte ya kdOe vmaxodovdia (ay,) s (an) wxlea
ak" — Q.

Anédaén. 'Eotww € > 0. Agol a,, — a, undpyet ng = no(e) € N ye my e&hc didnro
T xédde m > ng woyle |amy — al < e.

Ané v Hapathipnon 1.1.3 v xdle n > ng €yovpe ky, > n > ng. Oétovioag Aowmdy
m = k, otnVv nponyoluevn oyéon, TalpVouyE:

T x&de n > ng woylet |ag, —al < €.

Auté anodexvier 6t ag, — a: v 10 VYOV € > 0 Berxape ng € N dote dhot ol

OpoL ak,, s Ak, s+ TNS (ak,) Vo avixouv oto (a —€,a + ¢). m

IMapatrhenor 1.1.5. H mponyotuevn Ilpdtacy elvor oAl yperiown av Y9éhovue v
delZouye OTL e axohouvdia (ay,) dev cuyxhivel ot xavévay tpaypatind aptdud. Apxel
va Bpolue dVo uraxohoudies e (a,) oL omolec va éxouv dragopeTind Gpla.

T mopdiderypa, ac Yewpricoupe ™y (a,) = (—1)™. Téte, ag, = (—1)*" =1 —1
XL Gop_1 = (—1)2"71 = -1 — —1.

Ac vnodéoouye 6Tt ay, — a. Ot (agy) xat (agn—1) elvon unaxoloudiec tne (ay),
TPETEL NOLTOY Vo oY UEL Agp — 4 XU dap—1 — @. AT TN povadixdtnta Tou oplov
e (agn) malpvouue a = 1 xon and ) povadxdtnta Tou oplou e (azn—1) Tolpvouye
a = —1. Anadih, 1 = —1. KatahiZaye oe dtono, dpa 1 (a,) dev ouyxhiver.

1.2 @eo')p'qp.cx Bolzano-Welierstrass

Ocdpnpa 1.2.1 (Bolzano-Weierstrass). KdUe gpayuévn axolovdia éxer tovddyio-
Tov pia vmaxolovdia mov ouykAivel o€ mpayuatiké apiud.

Oa ddoouye dVo amodellec autol Tou Oewpriuatoc. H mpdtn Pouociletar oto
yeyovde 6t xdde yovétovn xon @eaypévn axorouvdior cuyxiver. o va Bpolue cuy-
xhlvouca uaxohoudia wag eaypévne axoloudiog apxel vo Peolue plo ovdtovn
unaxoroudion ne. To teleutaio toylel eviehd yevixd, Omwc Belyvel TO ETOUEVO
Oedpnuo:

Ocewpnua 1.2.2. Kde akolovdia éyer touddyiotor uia povétovn vrakodovdia.
Anddeln. Oo ypelaoTOVUE TNV €vvola Tou oNUelou xopuPRC Wiag axoloudiog.

Opopéde 1.2.3. ‘Eow (a,) pa axohovdia mporypotindy optduody. Aéue 6Tt 0 an,
elvan onpeio xopLPAc e (an) AV G, > ay Y X80 1 > m.

[T va eZowetweite ye tov oplopd eréyEte o e€hic. Av 1 (a,) elvor pHvouoa téte
x&9e 6pog tng elvon onueio xopupric ™e. Av 1 (ay,) elvan yvnolwg abouoa t6te dev
€yel xavéva onuelo xopuphc.]
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‘Eotw (an) wo axohovdia mpoypotixdy aptdudyv. Ataxpivouue 300 TeptntdoeLc:
() H (ay,) éxa drepa to mAidos onueia kopugris. Tote, undpyouy guowxol aprduol
ki <ky < - <kp <kpgr <--- OOTE ONOL OL OQOL Gy .- ., G,y - - - VO ElVOL OTUElRL
%x0pLPHC ™S (an) (e&nyhote yiatl). Agol ky, < kpt1 yio xdde n € N, n (ag, ) elvon
uroxohoudiot e (ay). Ao Tov oplopd Tou onueiou xopughc Brémouue OTL yior xdde
n € N woylel ax, > ak,,, (Exovue knp1 > kp xou 0 ay, eivon onueio xopuprc g
(an)). Anhadi,

(121) (17N > Ak, Z cee > ag,, Z akn+1 >

Apa, ) utoxohoutdio (ak, ) elvar @iivouoa.
(B) H (ay,) éxe menepaouéva to mAndos onueia kopvpng. Téte, undpyer N € N pe
v e&hc Wiotnta: av m > N ttE 0 ay, dev elvon onueio xopuphc tne (ay,) (ndpte
N =k +1 émov ax 10 tehevtalo onuelo xopuehic e (a,) A N =1 av dev undpyouy
onuelo xopLPhc).

Me Bdon tov opioud tou onueiov xopupric autd onuaiver 6t av m > N 10TE
UTAPYEL N > M WOTE Gy, > Qpy-

Egoapuéloupe dradoyixd to mapandvew. Oftouvue ki = N xau Beloxoupe ko > kq
WOTE a, > a,. Katomyv Peloxovye k3 > kg dote ap, > ap, xou oUtw xadenc.
Trdpyouv dnhadh) k1 < kg < -+ < kp < kpi1 < -+ doTE

(1.2.2) Ay < Apy < -+ < ap, <ag, ., < .

n+1
Tore, 1 (ag,) ebvon yvnolwe adovoa vraxorovdia e (ay,). O
Mrnopolue tpa va anodeifovue 10 Oetdpnua Bolzano-Weierstrass.

Anddaén tov Ocwpnpatos 1.2.1. 'Eotww (a,) ppoyuévn axorovdia. And to Oedpnua
1.2.2 7 (a,,) éyet povétovn unoxoroudia (ax, ). H (ag, ) elvon povétovn xa poryuévn,
OUVETIWOC GUYXAIVEL OE TRayHATXo aptdud. g

1.20 Amnédeidn pe yenon tng apyns Tov xiBwTiopold

H Beltepn anddeln tou Oewpripatoc Bolzano-Weierstrass ypnowonotel v apy!
Y XPoToEVeY dotnudtov. Eotw (a,) pwa epoyuévn axohoudio mporydatindy
aprdumy. Téte, undpyer xhetotd ddotnua [b1, ¢1] oT0 onolo avixouy 6ot oL GpoL ay,.

Xwpilouye 10 [b1, c1] o€ 800 Sradoyixd draoThdata TOL €YoLY To (Blo urixog %:
o [by, bl%} xau [bl%, c1]. Kémow ané autd 1o d0o dacthyota meptéyeL dneipous
10 mAdoc bpoug e (an). Halpvovtoag cav [be, co] autéd T0 LTOBLECTAUY TOUL (b1, €1]
éyouye deiel o e€nc.

Trdpyet xhewotéd ddotnua [be, ca] C [b1,c1] T0 onolo nepiéyet dnerpoug
6pouUC NS (Gn) Ol EYEL UAXOS

b
(1.2.3) Co — by = ClTl

Yuveyiloupe pe tov Bto tpéTo: ywplloupe To [ba, c2] ot 800 dradoyxd diaoTAuaTa
uxoue %: o [bo, bz%] %ol [1’2%, cz2]. Aol 7o [by, ca] TepiéyEL dmetpouc Gpouc
e (ap), xdmowo and autd o dVo dracThaTa TEPLEYEL dNELpous T0 TARDOS GpouC NS

(an). alpvovtac ocav [bs, c3] autd To UTOBLEoTNUA TOU [be, ca] Exouue dellel To e€tc.
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Trdpyet xheloté ddotnua [bs,c3] C [be, c2] 0 onolo mepLéyet dmelpoug
6poug NS (an) xat €xeL urixog

02—b2 :Cl—bl
2 22

(124) C3 — b3 =

Suveyilovtac pe tov Bio tpémo opilovye axorovdia ([by,, cm])meN YAELOTOV OL-
aoTNUdTOY ToL eavorotel Ta e€Rg:

(i) Tw xdde m € N woyler b1, Cmt1] C [bms Cm)-
(ii) Tw xdde m € N woylet ¢y — by = (c1 — by) /2™ L.
(ili) T xdde m € N vndpyouv dnetpol dpot e (ay,) 070 (b, Cm.

Xpnowonowdvtag ™y teltn cuvlixn, uropolue va Bpolue unaxorovda (ag,,)
™me (an) pe Ty Wiétnta: v xdde m € N woylet ak,, € [by, cm]. pdypott, undpyel
ki1 € N dote ag, € [bi,c1] — yio tnv axp(Beta, 6hot ot bpot e (a,) Bploxovton oo
[b1,c1]. Todpu, apold o [ba, ca] Tepyet dnelpous dpouc NS (ay,), XAmoLog and AVTOUS
€yet delxtn yeyohltepo and ki. Anhadi, undpyet ke > k1 OOTE ag, € [ba, c2]. Me tov
(B0 tpdmo, av €youy oploTel ki < -+ < Ky, WOTE ag, € [bs,cs] Y xdde s =1,...,m,
UTopoUUE VoL BEOUUE Kpt1 > Ky OOTE ag,, .y € (b1, Cmg1] (010TL, 10 [byyp1, Cougt]
TepLEyeL dnetpouc 6pouc e (an)). Etol, opileton wa vrnaxoroudia (ay,,) e (an)
mou txavorotel To {ntolyevo.

Ou det&oupe 6 N (a,, ) ouyxhiver. Atd Ty opyh TwV XPOTIOUEVWY SLaGTNUETWY
(o Noyw tne (ii)) undpyer povadxéc a € R o omolog avixer oe 6o To ¥AEWOTY
drao AT [byy, G ]. Ouundeite 6Tt

lim b, =a= lim c¢,,.

m—00 m—00
Aol by, < ag,, < ¢y Y X80 M, TO XPLTAPLO TWV LGOGUYXALYOUGKY aXONOUILDY
Oelyvel 6T ag,, — a. O

1.3 AvoTepo xot XaATWTEEO O0plo axolovdiag

Yxomég pag o authAy Ty Lopdypago elvon va UEAETHOOUUE MO TPOCEXTIXA TIC UT-
axohoutieg pag peaypévne axohovdiag. Quundeite bt av noaxoroudio (a,) cuyxiivel
o€ xdmotov mpaypatxd aprdud a téte N xatdotoon eivol oA anhf. Av (ag,) elvou
tuyoloa uraxolovdia e (an), TOTE ag, — a. Anhadh, 6Aeg ot uroxolovdieg wag
ouyxAivoucag axorovog cUYXAVOUY oL UAMOTA GTO 6plo TNC axoloudiac.

Optopéc 1.3.1. 'Eotw (ay,) wa axolovda. Aéue 6Tt o = € R elvon oplaxd onueio
(f vraxolouvdaxd 6elo) e (a,) av undpyet utaxorovdia (ay,) e (a,) Gote
ag, — .

Ta optaxd onueio wrac axoroudiog yapaxtnpllovtat and to endpevo Afuuo.

Adppa 1.3.2. O x efvar opiaxd onueio tng (a,) av kar pévo av ya kdde € > 0 kai
yia ki m € N vndpyer n > m dote |a, — x| < €.

Anddedn. Yrodétoupe tpdta 6Tt 0 x elvar optoaxd onuelo e (a,). Trdpyet Aotndy
vroxohouttia (ak,) e (an) dote ak, — .
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‘Eotw ¢ > 0 xaw m € N. Trdpyet ng € N dote |ag, — x| < € yia xdde n > ng.
Ocwpolye tov n; = max{m,ng}. Téte ky, > ng > m xoaw ny > ng, dpa |a;€n1 —xz| <
€.

Avtiotpoga: Ioalpvoupe € = 1 xou m = 1. Ané v unddeon undpyet k1 > 1 dote

lag, — x| < 1. T ouvéyewr malpvouye € = 1 xu m = ki + 1. Egapuélovtac tnv

urnéeon Beloxoupe ky > ki + 1 > ki dote |ay, — x| < 3.
Enaywywd Beloxovpe k1 < ks < -+ <k, <--- ©OtE

1
|ak, —a| <~
n
(xdvete ubvor oug to enaywyxd Bua). Elvar govepd ot ag, — . ad
‘Eotw (an) wa gpaypévn oxolovdia. Anhady, undpyet M > 0 dote |an| < M
via xdde n € N. Oewpolue 10 lvolo

(1.3.1) K ={z € R: z givor optaxd onpeio e (an)}.

1. To K etvar un kevd. Ané to Oedpnuo Bolzano-Weierstrass undpyel touAdylotov
wla umaxohovdia (ax,) ™ (an) moL cuyxhiver oe mparypatixd aprdud. To dplo g
(ak,, ) elvat €€ oplopol otouyelo Tou K.

2. To K elvar gpaypévo. Av x € K, undpyet ax, —  xat agod —M < ayp, < M yw
xde n, éneton 6t —M < x < M.

Ané 1o aioya tne mAnpdTTac mpoxdntel 6t undpyouv ta sup K xou inf K. To
enduevo Aruua Setyvet 6t to K éyel péyloto xau ehdyloto otolyelo.

Appa 1.3.3. Eotw (a,) gpayuévn akolovdia kai
K ={z e R: z elvar opiaxé onueio tns (an)}.
Tére, sup K € K ka1inf K € K.

Andoeiln. Eoww a = sup K. ©¢loupe va delouue 6Tt 0 a elvar oplaxd onuelo tng
(an,), o oOu@uva e 1o Aduua 1.3.2 apxel va Sodue 6t yio xdde € > 0 xou yio xdde
m € N undpyel n > m &oTe |a, —a| < €.

‘Eotw e > 0 xaw m € N. Agol a = sup K, undpyer x € K wote a — § <z < a.
O z eivor oproxd onueio g (ay,), dea undpye n > m Gote |a, — x| < 5. Téte,

e €
(1.3.2) \an—a|§|an—x|—|—|w—a|<§+§:5.

Me avdloyo tpéno delyvoupe 6t inf K € K. g
Opowée 1.3.4. 'Eow (a,) wa gpaypévn axohoudio. Av
K ={z € R: z elvar optaxd onuelo e (a,)},
opllouye
(i) limsupa, = sup K, 10 avedtego dpto e (ay),
(ii) liminfa, = inf K 1o xatdtepo 6pto e (an).

Yopgpova ye to Afppa 1.3.3, to limsupa, elvor 10 yéyioto otoyelo xou To
liminf a,, eivor 10 ehdyloto oToyelo Tou K avtictouyo:
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Ocdenua 1.3.5. Eotw (ay,) ppayuévn akodovdia. Tolimsup a, €ivai o peyaditepog
Tpayuatikés aprduds x ya tov onolo vndpyel vrakodovdia (ax, ) tng (an) pe ax, — .
To liminf a,, efvar o puxpdrepos mpaypatikés apduds y ya tov omolo vndpyer um-
axodovdia (a;,) tng (an) pe a;, — y. O

To avidTepo o TO *ATWOTEPO Gplo Piag PpayUévne axohoutiag TeplypdpovTal
HEOW TWYV TEPLOY WY TOUC WS EERG:

Ocedpnpa 1.3.6. FEotw (ay,) gpayuévn axolovdia mpayuatidy apidudy kar éotw
x € R. Tdre,

(1) z < limsupa, av ka1 pévo av: ya kdde € > 0 o ovvolo {n € N:z —e < a,}
efvar dreipo.

(2) z > limsup a,, av ka1 pévo av: ya kdde € > 0 o otvolo {n € N: z +e < ap}
efval memepaopévo.

(3) z > liminfa, av ka1 pévo av: ya kdde € > 0 to ovvolo {n € N: a, < x + ¢}
efvar dreipo.

(4) z < liminfa, av ka1 pévo av: ya kdde € > 0 to ovvolo {n € N: a, < x — ¢}
efvar memepaopéro.

(5) = limsupa,, av ka1 uévo av: ya ki e >0t {n € N:x —¢e < a,} elvar
drepo kar to {n € N: x4+ ¢ < a,} elvar nenepaopévo.

(6) z = liminf a,, av ka1 pévo av: ya kde e > 0 w0 {n € N:a, < x+¢} eva
drepo kair to {n € N:a, < x — e} elvar nemepaopévo.

Andébaén. (1:=) Eow ¢ > 0. Trdpyer vnaxorovda (ak,) e (a,) e ar, —
lim sup a,,, dpa vdpyeL Ny GOTE Yo Xdde n > ng

(1.3.3) ay, > limsupa, —€ >z —e¢.

‘Enetot 6Tt 10 {n: a, > x — e} elvar drerpo.

(2:=) Eow ¢ > 0. Ac vnodéooupe 6Tt vndpyouy ky < ko < -+ < ky < ---
ue ag, > x +e. Tote, n vnaxohoudia (ak,) e (an) €xel bhouc Touc bpouc g
peyahbtepoug and x +¢e. Mropolue va Bpolue cuyxhivouca utaxohowdia (ag, ) tne
(ar,) (am6 to Oewpnua Bolzano-Weierstrass) xa 161€ ax,, — y > x +e. Ouwc
TOTE, N (ag,, ) sivon unaxoroudia e (a,) (e€nyhote yiatl), ondte

(1.3.4) limsupa, >y >z +e > limsupa, +¢.

Aut6 elvon dromo. Apa, w0 {n:a, > x + e} elvon nenepaopévo.

(1: <) Eoww 6t & > limsup a,. Tote undpyel € > 0 dote av y = & — € va €YOUUE
x>y > limsupa,. Ané v vrnddeot| poc, o {n € N:y < a,} elvu dnewpo. ‘Ouwnc
y > limsup a,, onéte and my (2: =) 10 obvoro {n € N:y < a,} elvow ntenepaoyévo
(vyedpte y = limsupa, + €1 v xdnow €1 > 0). O dVo wyvptopol épyoviar o
avtigaon.

(2:<=) Opouwr, unodétouvpe 6t & < limsupa, xou Bploxovpe y wote ¢ < y <
limsupa,. Agol y > z, cvunepaivoupe 61t 10 {n € N : y < a,} elvon nenepao-
pévo (auth elvan 1 unddeon poac) xou agol y < limsupa, ouunepaivoupe 6T TO
{n e N:y < a,} evou dreo (and v (1:=).) 'Etol xataljyoupe oe dtono.

H (5) eivon dueon ouvéneo twv (1) xou (2).

T e (3), (4) xou (6) epyalbpacte duota. O

Mo evaloxtixh neptypag; twv limsupa, ot liminfa, OSlvetow and to enduevo
Yewdpnua:
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Oedenua 1.3.7. Eotw (a,) gpayuévn axoloviia.
(o) Oérouue by, = sup{ay, : k > n}. Tdre, limsupa,, = inf{b, : n € N}.
(B) Oérovue v, = inf{ay : k > n}. Tdre, liminf a,, = sup{y, : n € N}.

Anddaén. Acelyvoupe mpdta 6t ol aprduol inf{b, : n € N} xou sup{y, : n € N}
opllovton xahd:

Ta xdde n € N, woylet v, < a, < b, (e€nyfote ywtl). Enlong, n (by) elvan
pdHvouoa, evedd 1 (ay,) elvon abZouvoa (e&nyhote yiatl). Aol 1 (ay,) elvon gpaypévn,
énetan OtL 1 (by) elvor pdivouoa xar xdtw ppayuévn, evéd N () elvon adZouca xou
Gvew qpayuévn. Amd to edpnua cUYXMOTC LOVOTOVWY oXOAOUTOY GUUTEQAUIVOUUE
6t by, — inf{b, : n € N} := b xou v, — sup{y,, : n € N} :=~.

Ou del€ouye 6Tt limsup a,, = b. And o Afupa 1.3.3 vndpyet vnaxorovdia (ag,, )
e (apn) YE a, — limsupa,. Ouwc, ak, < by, xou by, — b (e&nyhote ywtl). ‘Apa,

(1.3.5) limsup a,, = limay, <limb;, =b.

T v avtiotpogn avicdtnta delyvouye 6t o b elvon optaxd onueio e (a,). Eotw
€ > 0 xu éoww m € N. Agol b, — b, undpyer n > m Gdote [b— b,| < 5. AN\,
b, = sup{ax : k > n}, dpa undpyet k > n > m oote by, > ap > by, — 5 Snhodr

|bn — ar| < 5. Enetou 6t

(1.3.6) |b—ak\§|b—bn|+|bn—ak|<g+§:s.

Ané 1o Afjppa 1.3.2 0 b elvar optaxd onuelo tne (an), xar cuvendg, b < limsup ay,.
Me avdroyo tpéno delyvoupe 6t liminf a,, = 7. O

KXelvouye pe évav yapaxtneioud tng o0yxAong i @payHévee axoloudiec.

Ocdpnua 1.3.8. Eotww (ay) ppayuérn axoovdia. H (ay) ovykdive av ka1 puévo av
lim sup a,, = liminf a,,.

Anddaén. Av a,, — a té1e Y xdde unoxohoudio (ak,) e (an) éxovpe ak, — a.
Enopévwe, o a givor to povadixd optaxd onueio e (a,). Eyxovue K = {a}, dpa

lim sup a,, = liminf a,, = a.

Avtiotpoga: éotww € > 0. And to Oedpnua 1.3.6 o apdudéc a = limsupa, =
liminf a,, éyer v e&hc WLoTHTOL

Toa obvora {n € N:a, < a—c} xu{n € N:a, >a+ e} ehu
TETEPAOUEVAL.

Anhadn, 1o clvoho

(1.3.7) {neN:|a, —al > ¢}

elvon memepacyévo. Ioodivayua, undpyet ng € N ye v bt Yo xdde n > ny,
lan, —a| < e.

Ago0 o € > 0 Aoy TUYOY, EneTan OTL a4, — a. g
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Ioeathpnon 1.3.9. Ac vrnodéooupe étL n axohoudia (ay,) dev elvar pporyuévn. Av
(an) dev elvon dvo gpaypévn, téte undpyet vaxohovdia (ak, ) e (a,) Gote ay, —
+0o (doxnon). Me dhha Aoy, o +0o elvon «oploxd onueloy e (an). Xe authy
v mepintwon elvon Aoyixd va oploouye limsup a, = +o0o0. Evteddc avdroya, av
N (an) Bev elvon xdtw @poyuévn, téte undpyer umaxohoudia (ak,) e (a,) GoTE
ag, — —0o0 (doxnon). Anhadr, o —oo elvon «optaxd onueioy g (ay,). Tére, opllovue
lim inf a,, = —o0.

1.4 Axohouvdieg Cauchy

O oplopde g axoroudiog Cauchy €yel cav agetnpio v eEf¢ Tapathpenon: ag un-
oVéoouye 6Tt a,, — a. Toéte, oL Gpol e (ay,) elvar TENXE «xovTdy 070 a, dpa elvol
TEMXA Xt UETAED Toug xovTdy. T'io va expdooupe avotned auth Ty Topathenon,
ac Yewprioovpe tTuydy € > 0. Trdpyer ng = no(e) € N dote v xdde n > ny va
woylel la, —a| < 5. Téte, yia xdde n,m > ng €xoupe

€ S
(141) |an_am| S |an—a|—|—|a—am| <§+§:8.

Ogtopdg 1.4.1. Mo axohoudia (ay,) Aéyetor axolovdio Cauchy (¥ Baoixnh axolov-
Do) av vy x&de & > 0 undpyet ng = no(e) € N dore:

(1.4.2) av m,n > ng(e), e |an — am| < €.

IMapathenon 1.4.2. Avn (a,) givor axohouvdia Cauchy, téte yia xdde € > 0 undpyet
ng = no(e) € N dote

(1.4.3) av n > ng(e), 10T€  |an — ant1| < e.

To avtiotpogo dev toyleL: av, and xdmowov debatn xou tépa, dladoyxol dpol etvor xov-
Td, Sev éneton avayxaotxd 6t 1 axoloudio eivon Cauchy. o nopdderypa, Yewpriote
™mv

1 1
(1.4.4) an:1+ﬁ+-~-+%.
Torte,
(1.4.5) Upt1 — Gp| = ! -0
n+1
OTaY N — 00, UL
(1.4.6) L +--~+L> i @—>—|—oo

Qon — G| = —— — =
[a2n = an| Vi1 Von = Von 5

6ty N — 00, an’ 6mou PAénovpe 6 1 (ay,) dev elvan axorouvda Cauchy. Ipdyuar,
av 1 (an) fHrov axorhouvdia Cauchy, o énpene (epopudlovtoac tov optoud pe € = 1)
yia geydo n, m = 2n va oy Vel

@

(1.4.7) lagn — an] <1 Smhadn G

<1,

70 omolo odnyel oe dtomo.



1.4 AKOAOYTOIEY CAUCHY - 9

Yxonde yag eivon va det€ouye ot plar axohoudo mporyloTixdy aprduody eivo cuy-
xAlvovoa o xat povo av etvat axolovdo Cauchy. H anddetn yiveton oe tplo friwata.

IMpétaot 1.4.3. KdUe axodoviia Cauchy eivar ppayuévn.

Anddaén. Eow (a,) axoloudior Cauchy. IIdpte e = 1 > 0 otov optopd: undpyet
nog € N OOTE |ay — am| < 1 yio x40 n,m > ng. Eldbtepa, |an — an,| < 1 yio xdde
n > ng. Anhadi,

(1.4.8) lan| <14+ |an,| Yo xdde n > ng.
O¢tovge M = max{|ail,...,|any|; 1 + |any |} xor ebxora emakndedouye 6t
jan] < M
yia xdde n € N. a

Ilpétaon 1.4.4. Av qua axodovdia Cauchy (ay,) éxer ouykAivovoa vnakodovdia, téte
n (an) ovykAiver.

Anddeikn. Ynodétouvue 6t 1 (ay) elvar axoloudia Cauchy xau étt 1 vnaxoloudia
(ak, ) ovyxhiver oo a € R. Oa deifouvye 6t a, — a.

‘Eotw € > 0. Agol ag, — a, undpyet n1 € N dote: yia xdde n > nq,

(1.4.9) lax, —a| < %

Aol 1 (ay,) elvar axorouvdia Cauchy, undpyet ng € N dote: yia xdde n,m > ng

(1.4.10) lan — am| < g

O¢toupe ng = max{ni,na}. Eotw n > ng. Téte ky, > n > ng > ny, dpa

(1.4.11) lax, —al < %
Eniong k,,n > ng > ng, dpa

€
(1.4.12) ar, —a| < 3.
Ereton 611

e €

(1.4.13) lan, — a| < |an, — ag, | + |ak, —a| < 5—1—5 =e.
Anhady, |an, — a] < € yia xdde n > ng. Auté onuaiver 6t a, — a. O

Oeopnpo 1.4.5. Mia axodovdia (a,) ovykAiver av xar udvo av eivar axoloviia
Cauchy.

AndoeiEn. H pio xateduvon anodelytnxe otny elooywy) auTHS TNG Topayedpou: av
unodéoouye 6T a, — a xat av Yewprioouvde Tuy6v € > 0, undpyet ng = no(e) € N
®oTe Yo x8de n > ng vo oyl |a, —al < 5. Tote, yio xdde n,m > ng €xouue

3

2:(5.

(1.4.14) lan — am| < |an — a| + |a — am| <§+
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Apa, 1 (an) elvar oxohouda Cauchy.

T v avtiotpopn xatedduvon: éotw (a,) oaxoloudioa Cauchy. Anéd tny Mpdroaon
1.4.3, n (an) evor gpoyuévn. Amd to Oedpnua Bolzano-Weierstrass, 1 (ay) €xet
ouyxAivouvoa vraxohouvdia. Téhog, and tny Hpdtoon 1.4.4 énetar b1 n (an,) cLYXAVEL.
O

Auto 1o xptriplo oUyxAong elvar oD yeriowo. IIolkég gopéc Véhoupe va e&-
aopakicovpe TNy UtapEn opiou yio yta axoroudion ywelc va pog evOLapEpEL 1) YT TOU
oplou. Apxel va detfoupe 6Tt 1 axohovdia elvar Cauchy, dniady| 6Tt ot dpot e elvar
«OVTA» Yol HEYSAOUC BelXTES, ATl TTOL JeV amattel Vo LovTEPOUUE EX TWY TPOTEPWY
Tol6 elvar o Opto. Avtideta, yior vor SOUAEPOUUE UE TOV 0pLoS TOU 0plov, TEETEL NN
va E€poupe mold elvar o umodrplo bplo (cuyxplvete toug dVo oployols: «a, — a»
xat «(ap) axoroudio Cauchyy.)

1.5 *Iapdetnua: culhtnon yio To afiwpa tng TAneoTnToS

‘'ONn pog 1 Souletd Eexvdet ue Ny «mopadoy iy 61l 1o R elvon éva Stortetarypévo oty
mou wavorolel o a&lwua e TANEGTNTAC: XAVE Un xEVE, dvw QpaYUEVO UTOGUVOAG
TOU €YEL ENAYLOTO Avw Ppdyua. XpnowonotwyTog TNy Utopén supremum Sel&oye tny
Apyundetor otoTnTOL

(*) Av a € R xou € > 0, undpyet n € N dote ne > a.

Xpnowomowhvtag xot mdAL To adiwyo TS TAnpdtnTag, delape 6Tt xdle povotovn
xar Qpoyuévn axohoudia cuyxAiver. Yoav cuvémeia mhpoue o Ocwpnuo Bolzano-
Weierstrass: xde ppaypévn axohoudia éyel cuyxhivovoa unaxohoudia. Autd ye
oelpd Tou pog enétpede va delfouye Ty «dtotTar Cauchyy twv mpayuatindy aprduoy:

() Kde axoroudio Cauchy mpayuatindy aptdumyv cuyxhivel ot tpary-
patixd aptdud.

e authv v Tapdrypago Yo del€ouue 6T To alwua Tng TAnpdTNTaC eivor Aoyixn
OLVETELX TV (*) xo (xx). Av dnhadn Seytolpe o R ooy éva SUTETAYHEVO OOUA TOV
€yer Ty Apyhdeta itotnto xan Ty WidtnTar Cauchy, tote unopolue vo anodel&ouvye
10 «o&lwpa g TANpdTNTICY cav Vempnua:

Ocwpnua 1.5.1. Eoww R* éva datetayuévo odua mov nepiéyer to Q kair éyel, emi-
TAéov, TS akddovOes 1616TNTES:

1. Av a € R* xa1e € R*, ¢ > 0, tdre vndpyer n € N dote ne > a.

2. KdOe axolovlia Cauchy ortoryelwy tov R* ovykAiver o€ otoweio tov R*.

Téve, kdle pn kevé kair dvw ppayuévo A C R* éyer eddyioro dvw ppdyua.

Andden. ‘Eotww A un xevd xou dve @paypévo utocivoho tou R*.

Eexwdpe pe tuyov otoyelo ag € A (undpyet agol A # (). Eotw b dvew gedyua tou
A. Ano v Zuvinm 1, undpyet k € N yio tov onolo ag + k > b. Anhady, undpye
Quode k PE TNV WBLOTNHTA

(1.5.1) yiaxdde a € A, a<ag+k.

And v apyr, Tou ehaylotou énetan 6Tl uTdpyEL EAd loTOC TETOLOC QUOIXES. A Tov
nolpe ki. Tote,
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o T xdde a € A woylel a < ag + k1.
o Yrdpyet a1 € A &ote ag + (k1 — 1) < ay.

Enaywywd o Beolue ap < a1 < ... < ap < ... o0 A xu k, € N mou
XVOTOWLY T eERC:

o I'a xdde a € A woyle a < ap—1 + 2’2—21

kn—1
® ap—1+ 2:,— < ap.

Anddeiln tov emaywyrcot Bripatog: ‘Eyouvpe a, € A xou and tny Luvddixm 1 undpyet
ENAYLOTOC QUOLXOC Kpy1 UE TNV IOTHTOL Yo xde @ € A,

kn
(1.5.2) a < an+ 2:1 .
Auté onpaiver Tt UdPYEL Apt1 UE
kpi1—1
(1.5.3) an + glin < Gny1.

Ioyvpwopoe 1: H (a,) etvar axoloudia Cauchy.
Mpdypatt, éyouue

k,—1 ky,
(1.5.4) n—1+ 50— Sap <apo1+t on—1°
dpat
1
(1.5.5) |an — an—1| < gn—1°

Av hownév n,m € N xar n < m, t61¢

‘am_an| S ‘am_am71|+‘am71 _am72|+"'+|an+1_an

1 1 1 1
Av ta n, m elvar apxetd yeydia, autd yivetar 660 Véloupe wixpo. Ilo ocuyxexpéva,
av pog ddoouy € > 0, utdpyet ng € N t.w 1/2~1 < ¢, ondte yia x&de n,m > ng
EYOUUE |am — an| < €. O

< 2m71

Agob 1o R* éyel tnv WBiotnta Cauchy, undpyet o a* = lim ay,.
Ioyvpiopog 2: O a* eivon 10 eNdyloTo dve Ppdyua Tou A.

() O a* elvar dve @edyua tou A: og vnodéooupe 6t undpyer a € A ye a > a*.
Mmnopolpe va Bpolue € > 0 dote a > a* + . ‘Ouwg,

kn 1
(1.5.6) a<ap—1+ Sn—1 < an+ on—1
v x89e n € N. Apa,
at+e<a,+ F

= a"+e<lim|(a Jri
— n on—1

= a"+e<a’,
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70 orolo elval dToTmo.

(B) Av a** elvan dvw @pdyua tou A, téte a** > a*: éyovpe a** > a,, yia xdde n € N,
dpat

(1.5.7) a** > lima, = a".

Ané ta (o) xou (B) eivar cagéc 611 a* = sup A. O

1.6 Aoxvoe
Oudda A’. Epwthcelg xatavénong

EZetdote av o napoxdtw npotdoes elvar adndelc 1 Peudeic (awtiohoyhiote mhipwc
™V andvINon ouC).

1. a, — 400 av xat gévo av yia x&0e M > 0 vndpyouv dreor Gpot e (ay) Tou
elvan peyohitepol and M.

2. H (a,) dev elvon dvw gporyuévn av xou uévo av undpyet vraxorovdia (ak,) tne
(an) Gote ay, — +oo.

3. Kdie vrmaxolouvdia prac cuyxiivoucoc axohoudloc ouyxAlvel.

4. Av yo axohoudia dev €yet piivovoa unaxohovdia TéTe Exer pa yynolwe av&ovoa
vraxorovdia.

5. Av 7 (an) elvon gpaypévn xou a, 7 a té1e UndpyouY b # a xou uraxohoudia (ag,, )
e (an) Gote ag, — b.

6. Trdpyet ppayuévn axorovdo mou dev €xel ouyxhivovoa unaxohoudio.
7. Av n (a,) Sev elvon gporyuévn, téte dev €xel ppayuévn utaxoloudio.
8. Eow (ay,) adZovoa axohoudia. Kdade unaxoroudia tne (ay,) elvar ad&ouoa.

9. Av 7 (a,) svar abovoa xou v xdnow vraxorovHa (ak,) e (an) €xoupe
ay, — a, T0T€ a, — a.

2

10. Av a,, — 0 t61e undpyet urtaxoroudia (ag, ) e (an) Gote nay, — 0.

Opéda B’

11. ‘Eotww (a,) wa axoloudio. Aceilte 61t ap — a av xou p6évo av ot vaxohouvdiec
(asgr) xor (agk—1) ouyxAivouv 610 a.

12. Eow (ay,) wa axohovdia. YTrodétoupe ét ov unoxohoudies (agy), (agk—1) %t

(ask) ouyxhivouv. Aeigte bt

() lim agg = lim agr—1 = lim agg.

k—oo k—oo k—oo

(B) H (an) ouyxhiveL

13. Eow (ay) pa axoloudia. Yrodétouvye 61 agy < agpyo < dopt1 < A2n—1

v x¢de n € N xou 6t lim (agn—1 — az,) = 0. Téte n (an) ouyxhiver oe xdnotov
n—oo

TeaypaTixs aptdud a mou avonolel TV agz, < a < ag,—1 Yo xdde n € N,
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14. Eow (a,) o axohoudio xou €otw (zx) axoloudia optaxdv onuelwy e (ay).
Trodétouvye ot zp — x. Aei&te otl 0 x elvon oploxd anuelo g (an).

15. Aci€te 6t n axoloudio (a,) 8ev ouyxhivel otov mporydatind aprdud a, av xat
povo av umdpyouv € > 0 xon uraxohouvdia (ak, ) e (a,) Gote |ag, —al > € v xdde
n € N.

16. Eotw (a,,) axohoudia mporyuatixdy aptdudy xat é0tw a € R. Aellte 6t a, — a
av xou Hovo av xdie uraxorovdia e (an) €xer unaxolovdia Tou cuYXAvel GTO a.

17. Opilouye pia axohoudio (ay) pe a1 > 0 xou

2
14+a,

An41 =1+

AgZte 6Tt oL umaxohovdiec (agy) xon (azk—1) elvol Lovotovee xan ppayuéves. Bpelte,
av UTAEYEL, To lim ay,.
n—oo

18. Bpelte 10 avidTEPO XL TO XATOTERO 6pLO TWV AXOAOVILGDY

1
- — _177,+1 1 - ,
o = (1 (141
™ 1
= ()
cos 3 +n+1
oA ()" + 1) +2n+1
T = n+1 '

19. Eotww (an), (bn) @payuévec axohovdiec. Aellte ot

liminf a,, + liminfb, < liminf(a, + b,)

< limsup(a, + b,) < limsup a,, + limsup b,,.
20. 'Eotww a, >0, n € N.
(o) Aci&te ot
a a
lim inf —2+2 < liminf {/a, < limsup /a, < limsup ntl
Qnp ap

(B) Av lim =2 =, téte {/a, — .

21. 'Eow (a,) gpoyuévn axorovdia. Aellte ot

limsup(—ay,) = —liminfa, xw liminf(—a,)= —limsup a,.

22. 'Eow (a,) @poyuévn axorovdia. Av
X ={z eR:z <a, yw dneouc n € N},
det&te 6Tt sup X = limsup a,,.
23. XpnowonowvTag Ty avooTnTa
1 1 i

n+1+n7+2+.”+2n
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delEte 61t N axohoudiat a, = 1+1+-- -+%L dev elvar axohouvdo Cauchy. Xuunepdvate
6t a,, — +oo.

24. 'Eow 0 < p < 1 xon axohoudia (ay) yio v onola toyVet
lant1 — an| < plan —an—1], n>2.

AefZte 6t 1 (a,) elvar axohoudio Cauchy.

25. Opiloupe a1 = a, ag = b xat apy1 = %

axolouvdia Cauchy.

, n > 2. EZetdote av ) (ay,) elva

Owdda I
26. 'Eotww m € N. Bpelte pa axohoudia (a,,) n onola va €yet axpBids m Slopopetinés
uTaxohoudiec.

27. 'Eotw (a,) wo axohovdia. Av sup{a, :n € N} =1 xou a, # 1 yia xd9e n € N,
té1e UTdpPYEL YVNolwe adZovoa utaxohoudia (ak,) ™ (an) dote ak, — 1.

28. 'Eoww (a,) axohouvdia detixndv aptdundy. Oewpolye 10 oivoro A = {a, : n € N}.
Av inf A =0, dellte 6 1 (ay) €xel pdivouoa vraxohoudia Tou cuyxhivel oto 0.

29. OplCouye wa axohovdio we e€hc:

1 a2p—1
ap =0, agp41= B + agpn, ag, = —

Bpeite 6ha to optaxd onpeia tng (ay,). [Tmédaén: Teddte toug déxa mpdtous 6poug
e axohoutioc.]

30. Eotw (x,) axoloudio ye TRy BTNt Tpp1 — Ty, — 0. Av a < b elvon d0o oproxd
onuela e (x,,), deilte 6Tt xde y € [a,b] elvar opraxd onueio tne (x,). [Yrédedn:
Anaywy? oe dromo.]

31. (o) Eotw A apriyfiowo vrnoctvoro tou R. Aceifte 6t undpyet axorovdia (ay,)
oote xd¥e = € A va elvon optaxd onuelo e (ay).

(B) Aei&te 6u undpyer axolovdia (z,) dote xdle z € R vo elvor oplaxd onuelo tng
32. Eotww (ay) pwa axoloudia. Opillovue

bp = sup{|anir — an| : k € N}.

AelZte 61 1 (ay) ouyxhiver av xou pévo av b, — 0.

33. 'Eow a,b > 0. Oplloupe axoroudio (a,) ve a1 = a, az = b xou

4“71“7_% n=1.2

Ap42 = 3 5 gLy

EZetdote av 1 (an) ovyxhiver xar av vai, Beelte 1o 6pi6 Trg.



KegpdAaio 2

2IELPEC TEAYMOATIXWY APLUUWYV

2.1 X0yxhiom oelpds

Optopdg 2.1.1. 'Eotw (ag) wa axohoudia mpayatix®dy aptducy. Oswpolue thy
axoloudio

(2.1.1) Sp=a1+ -+ ap.
Anhady,
(2.1.2) s1=ai, Sx=a;+as, S3=a;+as+as,

o0 n
To cbuBoho > ai elvar n oeipd ye k-05t6 6po tov ai. To ddpoopa s, = > ax
k=1

k=1
o0
elval 10 n-00té uepikd dfporwopa tne oepde Y ax xou 1 (sp) elvar 1 akodovlia twy
k=1

o0
Hepikdy afpoopdtwy Tne oelpdc Y ay.
k=1
Av 1 (s,) ouyxhivel oe xdmotov mpaypatind aprdud s, TOTE YPAPOUUE
oo
(2.1.3) s=a1+a+--+a,+--- A S:Zak
k=1

xoL Mpe 6t N oelpd ovykAive (oo s), o 8¢ dplo s = lim s, elvar to dfpoopa tng

n—oo
oelpdc.
oo o8]
Av s, = 400 fav s, — —00, TOTE YPAPOUYE Y ar = +00 1 aj = —00 %o
k=1 k=1
(o]
Npe 6t n oeipd Y ay amokAiver oto +00 1§ 0To —o0 avtioTolyd.
k=1

o0
Av n (sn) Bev ouyxhiver oe mpaypotind apdud, téte Mue 6t n oepd Y ay
k=1
anokAivel.

Iopatnefoeg 2.1.2. (o) Iodéc @opéc e€etdloupe T oUYXAOT GEWRGOY TNS HopPnc
o0 o0

doag Y, ag émou m > 2. Xe authv Ty meplntwon VETOUE Syl = ao + a1 +
k=0 k=m
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ot an A Spemt1 = Gm + Gma1 + - F an (Yo n > m) avtiotoya, xo eetdloupe
™ abyxhion e axohouvdiag (sy).
(B) Ané touc oplopole Tou dwoape elvon pavepd Gt yia va eZeTAoOLUE TN GUYXALON
1 andxhon wog celpde, arhag eetdlovue T cOYXAoN 1) andxhion yiog axoroudiog
(tng axohoudiog (s,) Twv pepxdv adpolopdtoy g oelpds). O n-ootde duws 6pog
e axohouttiog (s,) elvon éva «dbpoloua e oloéva auEavouevo Uixocy, 1o omolo
aduvatolue (ouVHYnS) Vo Ypdoupe o XAELOTH Uop@T. LUVENWCS, 1 EVPEST ToU 0plov
s= lim s, (étav autéd undpyet) eivar TOAD cuUYVE avépueTn. Exonde pag elvor hotndy

n—oo
var avamTOEOUUE Xdmotor Xpttiiptal Tot omolol Vol Lo EMLTRETOUY (TOUAIYLOTOV) Vo TOVUE
av N (sn) oLYXAVEL oE TporyUaTixd apriud B Oyt

ITow npoxwpﬁooups o€ ncxpochtioctoc Yo doluE xdmoteg amAég TpoTdoElg Tou Yo
yenowonoloLue ehebdepa o'm ouvsxsta

Av €youpe dVo celpéc Z ay , Z by, umopolue va oynuaticovye Tov ypouuixd
k=1

GLYBUAOUG TOUC Z (Aay + pby), émou A, € R.
k=1

o0 o0
Ipértaon 2.1.3. Av > ar = s ka1 » by =1, tdte
k=1 k=1

(2.1.4) Z Aag + pb) = As + ut = AZak—Fquk.
k=1

n n n
Anddalén. Av s, = 3 ak, tn, = Y b xow uy = Y (Aag + pbg) ebvar o n-ootd
k=1 k=1 k=1
pepd adpolopata TV oep®Y, TOTE Uy = AS, + pt,. Autd npoxinter edxola and
TIC WLOTATEC TNE TEOoUEDTC XAl ToL ToAamAAGtacUoD, apol €youue adpolouata e
TENEPACUEVOUC T0 TARYOC 6poug. ‘Ouwe, s, — § xat b, — t, dpot u, — As+ ut. Ané
Tov optopd tou adpolopatog oelpdc énetal 1 (2.1.4). O

Ilpétacn 2.1.4. (o) Av anadetpouue memepaouévo mAidos «apxikdyy Spwv pnag
oepdg, dev ennpedletar n oUykhion 1 anékAion) Tng.

(B) Av aMdéovue memepaouévous to mAiflos dpovs uas oepds, Oev emnpedletar n
ovykAion 1 andklion tns.

Anddaén. (o) Oewpolye T oepd > ak. Me ) @pdon «anaheipoue Toug apyixols
k=1

o0
OPOUS A1, G2, . . ., Qm—1» EVVOOUUE OTL YEWPOVUE TNV Xouwvolpyla oepd Y ag. Av
k=m
OUUPBOMGOUYE PE Sy AL Ly, TO N-00TA Uepxd adpolopata Ty 500 GELPWY AVTIGTO K,
ToTE Y xdUe n > m €YouuE

(2.1.5) sp=a1+as+-+am_1+tam+--+a,=ar+ -+ am-1+tn—mr1-

Apa 1 (85) oLYXAVEL v XU WOVOV OV N (Er—imp1) OUYXALVEL, SN v XaL HOVOY oy
n (tn) ouyxhiver. Eniong, av s, — s xat &, — ¢, 10t€ s =a1 +ag + -+ + am—1 + t.
Anhody,

(2.1.6) dar=ar+-tama+ Y a
k=1 k=m
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(B) Ocwpolye tn oed Y. ap. AMGLoupe Tenepacuévous to TARdoc bpouc e (ak).
k=1

Ocewpolpe dnhadY| gL véo oelpd Z b, mou Guwe éxer v e€hc WoTNTA: UTdPYEL
=1
m € N dote ap = by yio xdde k > m. Av anaAeidouye toug TpwToug m — 1 dpoug
v 800 oelpy, TpoxinTe 1) (Bl oepd Z ag. Topa, epapudlovpe 10 (). O
k=m

o)
Ilpétaom 2.1.5. (o) Av > ap = s, tdte a, — 0.

k=1
(B) Av n oepd Z ax ovykAve, téte ya kdle € > 0 vndpyet N = N(e) € N dore:
yia kde n > N

o0

>

k=n-+1

(2.1.7) <e.

n
Anddaén. (o) Av s, = > ak, TOT€ 85 — $ XU Sp—1 — S. Apur,
k=1

(2.1.8) p = Sp — Sp_1 — s —s=0.

XNV TRAYUATIXOTATA, AUTO TOU XEVOUUE 00 elvon vor JewpioouUe Wia BEDTERT) AXONOL-
Ol (t,,) n omola opileton we e€hc: divoupe avdalpetn TR otov ¢ — Yo Tapdderyua,
t1 = 0 — xou vy xdde n > 2 ¥étouvye t, = sp_1. Téte, t, — s (doxnon) xa yia
xdde n > 2 €youye a, = S, —t, — s — s =0 (eZnyfote Ty TEGOT™ WoéTNTA).

‘Evog diog tpdmog Yo va anof)siioups ot a, — 0 elvar pe Tov oplopd. Eotw
€ > 0. Aol s, — s, utdpyel n1 € N @ote |s, — 5| < § yia xdde n > ny. Oétouye
ng = ni + 1. Téte, vy xdde n > ng éyovue n > n1 xae n — 1 > ny. Buvenwg,
|s —sp| < § % |s —sp_1] < 5, an’ énov €neton 6Tt

€
lan] = |sn — 8n_1] < |80 — 8]+ |s — sn_1| < §—|—§:€
yia xdde n > ng. Me Bdon tov optopd, a, — 0.
oo
(B) Av > ar = s, 6t and v (2.1.6) éyouue
k=1

(2.1.9) Boi= Y axr=s5—s,—0

k=n-+1

xadde 10 N — 00. And tov oploud tou oplou axohouvdoc, yio xdde € > 0 undpyel

N = N(e) € N oote: vy xdde n > N, |5,] < €. |

Ynpeiwon. To pépoc (a) tne Mpdtaone 2.1.5 ypnowonolelitor cav kpitrjplo andk-
o0

Awong: Av i axohoudio (ai) dev ocuyxdiver oto 0 tétE 1 oERd > ap avayxaoTixd
k=1
ATOXAIVEL.
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IMTopadeiypoto
(o) H yewperpixn oepd pe ANoyo x € R elvar 1 oeipd

(2.1.10) > at,
k=0
Anhadh ap = 2%, k=0,1,2,.... Avae =1161€ 5, =n+ 1, evd av & # 1 éyoupe
n+1 71
(2.1.11) Sn=l+z+a2+ - +a"=" :
z —

Auwxpivouye 800 TEQLTTOCEL:

(1) Av |z| > 1 w6t |ag| = |2|F > 1, Snhadh ax /4 0. Anéd tnv Hpdraon 2.1.5(«)
BAémoupe 6T 1 oepd (2.1.10) amoxhiver.

(i) Av [z| <1 téte 2" — 0, omdre 1 (2.1.11) delyver 6Tt s, — T—. Anhadd,

(2.1.12) ixk S

1—2a
k=0

(B) TnAeokomixés oepés. TroVétoupe bt 1 axohoudtio (ax) xavorotel Ty

(2113) ap — bk - bk+1

o0
v x&0e k € N, énou (by) war dAn axorouda. Téte, n oepd Y ap oLYXAVEL oy
k=1

xou pévov av N axohouda (by) ouvyxhiver. Ipdyuatt, éyovyue
(2114) Sp=a1+ -+ a, = (bl — bg) + (bg — bg) —+ -4 (bn — bn+1) = b1 — bn+1,

onote by, — b av xat pévov av s, — by —b.

Tay nopdderypo Yewpolue ) oelpd Y m Tére,
k=1

1 11
2.1.15 S
(2.1.15) ST kD) Kk kg1 kT O

6mou by = 1. Apa,

Sp, = a1+---+an
IO AU U AU S
N 2 2 3 n n+l
— _ -1
n+1
Anhady,
(2.1.16) i;—l
o E(k+1)
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Qeopnpo 2.1.6 (xpithpro Cauchy). H cepd > ap ovykAiver av kair udvo av
k=1

7

wyvel to €&rjs: ya kde e > 0 vndpyet N = N(e) € N ddote: av N < m < n tdre

n

D,

k=m-+1

(2.1.17) = |ams1+ - +an| <e.

Anddeln. Av s, = a1 +ag + - + ap elvar 10 n-06T6 PepS d¥potoua TG oElpdc,
7 oepd LY XAVEL oy XaL HOVOY av 1 (Sy,) ouyxAiver. Anhadr, av xow pévov av 1 (sy,)
elvar axorovda Cauchy. Autéd duwe eivon (and tov optoud tne axohouvdiang Cauchy)
toodlvopo pe to €€hc: Y xdde ¢ > 0 undpyer N = N(e) € N dote v xdde
N<m<n,

(2.1.18) |amy1+-+an| =@+ +an) — (@14 +am)| =|sph —sm| <e. O

IMapdderypo: H appovicry oepd Y %
k=1

‘Eyoupe a, = ¢ T xdde k € N. Hapotnpolue 6t av n > m téte

1 1 1 n—m
2.1.19 m h=——  ——— e = > )
( ) Gm+1 + ta m+1 m—|—2+ +n n

Eqgopuoloupe 10 xputrplo tou Cauchy. Av n appovixh oglpd cuyxAivel, tote, Y
e =1, npéner va undpyer N € N dote: av N < m < n t61€

1
Eméyovye m = N xaw n = 2N. Toérte, ovvdudloviac tic (2.1.19) xon (2.1.20)
nalpvouyue
IN-N

1 1
2.1.21 — > —
( ) >any1 + + ason 2 ON 2’

4
mou elval dtomo. ‘Apa, 1 aplovxr] oeLEd AmOXAIVEL.
Ynpeiwon: To nopddelypo tne appovixic oetpde detyvel Tl to avtiotpogo e Hpo-
[ee]

taong 2.1.5(a) dev toylel. Av ai — 0 dev elvar anapaitnia owoto 6Tt 1 oewd Y ag
k=1
OLYXALVEL.

2.2 Xelpég pe un apynTixols 6poug

Ye auth T mapdypapo culNTAUEe TN CUYXALOY 1 ATOXAICT| GELRQOY UE U1 apVNTX0o0S
6pouc. H Boaow napathenon eivar 6t av yioo ty axoroudia (ai) €xyovue ap > 0
v xdde k € N, téte 1 axoloudia (s,) TV uepxdv aldporoudtony elvar adZovoa:
Tpdyyatt, yia xdde n € N éyouue

(2.2.1) Snt1—Sn=(a1+ -+ an+ant1) — (@1 + -+ an) =any1 >0.

oo}
Oeopnpa 2.2.1. Eotw (ai) akolovlia pe ar, > 0 yia kdle k € N. H oeipd >, ay
k=1
ouykAver av ka1 pévov av n akolovllia (s,) twv uepikdy alpoioudtwy evar dvo
o0

gppayuévn. Av n (sp) Oev efvar dvw gpayuévn, téte Y ap = +o0.
k=1



20 - YEIPEY IPATMATIKON APIOMOQN

Anddaén. H (sy) elvon ab&ouvoa axohoudio. Av elvar dve @poayuévn t6te ouyxhivel
oe mpaypotixd aptdud, dpo n oewpd cuyxhivet. Av 1 (s,) dev elvar dvew @paryuévn
ToTE, Aol eivon adEovoa, £YOUVUE S, — +00. O

Ynuetwon. Eidoue 6Tt o ogtpd ye pn apvntixolc 6pouc ouyxhivel ¥ aroxAiivel 1o
o0
+00. Emotpégovtac oo mopdderypo Tne appovixic oepde > +, BAémoude 6L, apol

k=1
0ev ouyxAlvel, anoxiiver oto 40o0:

(2.2.2) i % = +oo0.

O dwoovye pio ameudelac anddelln Yol T0 yeyovoe 6t n axohovdia s, = 1+ % +
-+ + + zelvel oo +oo. Iho cuyxexpuéva, Yo delfovye ye enaywyh 6Tt

n z
(%) Son > 1+ 5 Y@ x&9e n € N.
T n =1 1 avioétnto woyler wg wotnto: s = 1+ . Trodétoupe 6t 1 (x) woyle
yia xdmoov guoxd n. Tote,

1 1 1

TS T I TET

Son+1 = Son +

Mapatneriote 6Tt 0 Sgn+1 — Son elva éva ddpotopa 2™ 10 TAHdog apriumy xou 6Tl o
uxpo6TEPOC amd auToUC Efval o 271% Yuvenae,
n+1

S LN
gntl ~ T o =Ty Ty T 2

Son+1 Z Son —|— 27L .

Apa, 1 (*) toylet v tov guoxd n + 1. ‘Eneton 61t s9n — +00. Agol 1 (s;,) elvan
abZouoa xai €yel unaxohoudia Tou Telvel 6TO 400, CUUTERAVOLUE OTL Sp, — +00.

2.20" Xepég pe @divovtee pn aevnTixolc 6poug

o0
IToM\éc opéc CUVAVTAUE OELREC Y. ay TwV omolwy ot dpot ay @divour Tpoc to O:
k=1
ar+1 < ap Y xde k € N xou ap, — 0. 'Eva xpitipto oUyxiiong mou e@apudletol
OoUY VA OE TETOLEC TEPIMTWOELC EVAL TO KPITAPL0 OUUTUKYWONS.

IIpétaom 2.2.2 (Kewthpro ocuundxvwong - Cauchy). Eoww (ax) pa ¢Oivovoa
&)

axodovdia pe ap > 0 kat a, — 0. H oeipd >, a, ovykAiver av ka1 udvo av n o€ipd
k=1

o0
3 2K agr ovykdiver,
k=0

Anddaén. Ymodétoupe mpwta 6T 7 i 2k aqgn ouyrxhiver. Téte, n axohovdia Twv
HEPIUAY alpOloudTwY =

(2.2.3) t, = a1 +2as +4as + -+ 2"aon

elvan dvw gpayuévn. ‘Eotw M éva dve cppdw%gc e (tn). Ou dei&ouue 6Tt 0 M elvan

Gvew gedypa yior ta yepxd adpolopata tne Y ax. Eotww spm = a1+ - + am. O
k=1
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aptipog m Beloxeton avdpeso oe 500 dladoyés dSuvdyelc Tou 2: Udpyet n € N dote
2" < m < 27Tl Tére, ypnowonowdviac Ty unddeon 6t 1 (ag) eivor pdivouoa,
€Y OLUE

Sm = a1+ (az+a3)+ (ag+as+asg+ar)+---+ (agn-1+ -+ agm_1)
+(agn + -+ am)

a1+ (a2 +as) + (ag+as+ag+a7)+ -+ (agn-1+ -+ agm_1)
+(agn + -+l + -+ agnt1_q)

< ai+2as+4ag+---+ 2"_1a2n71 =+ 2"a2n
< M.
o0
Aol 1 Y ag €xer un apynTixoie 6pouc xat 1) axohoudior WY PEPIXGY alpoloudTwyY
k=1

o0
e elvon dvew Qpayuévr), to Oewpnua 2.2.1 delyver ot 7 Z aj, OUYXAIVEL.

Avrtiotpoga: vrnodétovye 6L 1 Z ap ouyxhivel, dnhadh OtL N (sp,) elvon dvw
poayuévn: undeyer M € R dote sm S M yw xdde m € N. Téte, vy 0 TUYOV
wepd dpotopa (t,) NS oepdc Z 2k agr éyouye

k=1

tn, = a1 +2as+4as+ - +2"%agn
< 2a1+2a2+2(a3+a4)+~--+2(a2n71+1+--~—|—a2n)
= 282n §2M

Aol 1 (t,) eivor v ppayuévr, To Oedpnua 2.2.1 detyver 6t n Y. 2Fase cuyxhiver.
k=0
O

IMopadeiypata

(@) 3 &, 6mou p > 0. Eyovye ar, = 7. Agol p > 0, 1 (ai) @diver mpoc o 0.
k=1
Ocwpolye Ty

o0 oo 1
(2.2.4) D 2ap =) 2 ——
k=0 k=0 (2

> 1

- kZ:O <2P—1)k'

H rs)\surouoc oelpd elval YEWUETEWT CELpd UE AOYO T = 2p s Eidoape 6Tt ouyxiiver av
Tp = 5ot < 1, Snhodh av p > 1 xou omoxhiver av , = 5 > 1, dnhadf av p < 1.

Ané 1o xprtiiplo cupminvwong, N celpd Z 75 OLYXAveL av p > 1 %o amoxAiver
k=

oto oo av 0 <p < 1.

o0
®) kz m, omou p > 0. 'Eyouue aj = m. Agol p >0, 1 (ar) @divel tpog
=2

10 0. Oswpolye Ty

o0 o0 1
(225) ;2%2’“ Z 2 log (29)) 1og2 1;1?
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Ané to mponyoluevo mopdderypa, auth cuyxhivet av p > 1 xon amoxhiver av p < 1.
o0

Ano 1o xprthpto oupTdxywong, 1 oed m cuyxhiver av p > 1 xou amoxhivel
k=2

oto oo av 0 < p < 1.

2.2B° O apwdpog e

‘Exouue oploel tov aprdud e wg 1o 6pto e Yvnolne adloucac ot dve Qeayuévng
I 7 ’,
axolouvdioc ay, 1= (1 + %) " adde To n — 0o.

IIpétaom 2.2.3. O apiuds e ikavornoiel tny

(2.2.6) e=>Y_ %

Anddeadn. Ouundeite 6t 0! = 1. Tpdpouye s, yia 0 n-00td Yepixd ddpooua tne
oelpdc oto de€i6 péhoc:

2.2.7 1yl !
(2.2.7) sn=l+qtg ot

Ané 10 Buwvuixd avdmTuyua, €YouuE

1\" n\ 1 n\ 1 n\ 1
14— = 1+ -+ — t T+ —
n 1/n 2/n n/ nm

O = L
+1'n+ 2! n2+ k! nk
nn—1)---2-11
T [ nn
n n
1 1 1 1 1 n—1
= 14+-+-(1-= —{1-= 1—
() ) ()]
< 1 1 1 1
R TR TR
dnhadh,
(2.2.8) o, < Sp,.

‘Eotw n € N. O mponyoluevoc unohoyloudc delyvel 6Tt av k > n toH1e

(o) = e s o)) ()
+”+;[@_;>”(hw%1”
b (o)) )

Kpatovtoc 1o n otadepd xow agrvovtog 1o k — 0o, BAénouye 6Tt

k
. 1 1 1 1
(229) ekhj};o<1+k> 21+i+5+"‘+a:5n.
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Agol n abouvoa axolouvda (s,) elvar dvw @payuévn and tov e, €netal 6Tt 1 (sy)
ouyxhiver xou lim s, < e. And v dAAY Theupd, 1 (2.2.8) Belyvet 6t e = lim a, <

lim s,. Apa,
2.2.10 =1 3!
(2.2.10) e—nLH;OSn—Zg7
k=0
onwg toyvpileton 1 Mpbdtaom. a

Xpnowonowdvtag authy Ty avanapdotact Tou e, Ya delfouue ot elvon dppntog
apriuoc.

IIpétaon 2.2.4. O e eivar dppnros.

Andoeiln. Trodétouye 6 o e elvan prtde. Torte, undpyouvy m,n € N dote
m = 1
2.2.11 =—= —.
(221 P By
k=0
Anhady,

(22.12) :z(1+11!+---+;!>+(mil)!+~-~+(nis)!+---).

MoMamhaotdlovtag ta 0o péln tne (2.2.12) pe n!, ynopolue va ypddouye

0<A = o |2 1+l+...+l
n 1! n!

1 1 . 1 .
nrl A Dmr2) T ) ()

IMopatnerote 6T, and Tov TeoTo 0pLool Tou, O

(2.2.13) A:n!{m—<1+1+-'-+1>}

n 1! n!

elvar puowde aprduoe. ‘Ouwe, yia xdde s € N éyouue

! + L 4ot 1 < 1+1+i+ +i
n+l (n+1)(n+2) m+1)---(n+s) — 2 6 23 2s
2 11
< 3tglm
k=0
_2,1_n
T3 412
Apa,
1 1 1 11
2.2.14 + 4+t Lo < =
( ) n+l (n+1)(n+2) (n+1)---(n+s) ~ 12

‘Enetor 61t 0 Quotxdg aprdude A uxavornotel tny

11
2.2.15 0<A< —
( ) sAs 12

%o €youue xotaAfEel oe dtomo. m]
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2.3 Tevixd xprtripla
2.3 AmnoAutn olyxAioT oelpdc

o0 &)
Ociopde 2.3.1. Aéue é6u n oepd >, ap ovykAiver aroddtws av n oepd Y |ag]
k=1

k=1
o0
ovykAivel. Aéue éu n oapd Y ap ovykAiver uvnd ourdrikn av ouykAiver aAdd ey
k=1

OVYKATVEl amodUTws.
H endpevn mpdtaon delyver 61 n andiutn odyxhon elvar toyvpdtepn and ™y (amhr)
oUyXAoN.
o0 (oo}
Ilpétacn 2.3.2. Av n oepd Y. ap ovykAivel anodUtws, téte n oeipd Y, ap OUyk-
k=1 k=1
Alveu

Anddaén. Ou delfouye 61 wavornoteiton To xptthiplo Cauchy (Oedpnua 2.1.6). 'Eotw
o0

e > 0. ApoV n oed > |ax| ouyxhiver, undpyer N € N dote: yio xdde N < m < n,
k=1

n

(2.3.1) > akl <.

k=m+1

Téte, yio xdde N < m < n €youvue

(2.3.2) Z ar| < Z lag| < e.
k=m-+1 k=m-+1
Apa n oepd Y ay wavorotel 1o xpithplo Cauchy. And to Oedpnua 2.1.6, cuyxivel.
- k=1
Hopadeiymotoa
o0 —
(o) H oerpd (_2# ouyxhivel. Mnropolue va ehéyEoupe 6Tt cUYXAIVEL aTONITWS:
k=1
€y 0uuE
o] (71)16_1 os] 1
(2.3.3) > —a | = Zﬁ
k=1 k=1

o0
xou 1) TeheuTalor oelpd Guyhivel (efvan e wopgrhc Y. 15 pe p =2 > 1).
k=1

(B) H oepd > % dev ouyxAivel amohlTwG, Ao
k=1

(_1)k—1

k

T =

(2.3.4) i

k=1

o]
k=1
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(appovixh oetpd). Mropolue duwe vo del&ouue 6Tl 1 oepd cuyxhlivel uTd cuVDAX.
BOewpolye TEHOTA TO YUEEXS dlpoloUa

o 2m (_1)k71
k=1 k
= 1_14_1_1_1_...4_ 1 _L
2 3 4 2m—1 2m

! 1 1 1

T T2 t3atse T T emonom
‘Encton 611
(2.3.5) Som42 = Som + L > Som,

(2m+1)(2m +2)

dnhadh, n unoxohoudior (s2,,) evar yvnolwe abouca. Ilupatnpolue eniong 6t 1
(52m) elvon dve gpayuévn, ool

1 1
(2.3.6) Som < —= + —= + — + -+

xow 1o SeZi6 uéhog e (2.3.6) ppdooetar and to (2m — 1)-00té pepind ddpolopa tng
o8]

cedc Y. 7= 7 omola cuyxhiver. Apo 1 unoxohoudia (S2m) CUYXAIVEL OE XdToLOV
k=1

npw{par&é apriuod s. Tote,

1
(2.3.7) Som—1 = Som + % —s+0=s.

Aol ot uaxohovHee (Sam) X (S2m—1) TWY EETLOY XUL TWVY TEPLTTOV 6wV TNS (Sp,)

OUYXALVOUV OTOV S, GUUTEPAIVOUNE OTL Sy, — S.

2.33" Kpithpia cOyxplong

00
bk;

o0
Oewpnua 2.3.3 (xprthAeto oVYxplong). Ocwpolue T oepés > ay Kai
k=1 k=1

omov by, > 0 yia kdOe k € N. YrmoOérovue ot vndpyer M > 0 dote

o) o0
yia kdOe k € N ka1 éut n oepd >, by ovykdiva. Tdte, n oepd > ap ovykdiver
k=1 k=1

anoAUtwg.
ArdbeiEn. Oétovue s, = kzn: lag| o t, = kzn: bi. Ané v (2.3.8) éneton 6Tt
=1 =1
(2.3.9) Sn <M -ty
yio xdde n € N. Agov n oepd k§1 by, ouyxhivel, 1 oxohoudia (t,) etvar dve Pparyévn.

Ané my (2.3.9) ouvurepaivouye bt xat 1 (Sy,) elvar v gpaypévn. Apa, n Y |ak]
k=1

oLYXAlveL. O
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Ocedpnpa 2.3.4 (optaxd xpithpto cOYxpionc). Ocwpolue Tis oepés Y ay kai
k=1

118

by, émov by, > 0 ya xdOe k € N. Ymolérouue ot

k=1
(2.3.10) lim 2% — /e R
k—oo O
ka1 6t n oeipd Y, by ovykdiver.. Tdte, n oeipd > ai ouykdiver antoAUTeg.
k=1 k=1

Andoaén. H axoloudia (Z—:) ouyxhivel, dpa elvon @poaypévr.  Anhady, undpyel
M > 0 &ote

ag

2.3.11
(23.11) .

<M

v xdde k € N. Tére, wavonoweltar 1 (2.3.8) xou unopolue va eQopUdCOUUE TO
Oedprnua 2.3.3. O

&) o0
Oenpnua 2.3.5 (10odOvaurn cuprepipopd). Ocwpolic Ti§ oePés > ay kat » by,
k=1 k=1

omov ay, by, > 0 ya kdOe k € N. Trolérouue ot

. ag
3.1 — = .
(2.3.10) klirglo by £>0

o0 (oo}
Téte, n oepd Y by, ovykAivel av ka1 pévo av n oeipd Yy, aj ovykAlvel
k=1 k=1
Anédatn. Avn Y p by cuyxkliver, TotE N Yoo | ak cUYXAVEL amd o Oedpnua 2.3.4.
Avtiotpoga, ac vnodécovue 6T n > po ; ap cuyxhiver. Agol 5 — >0, €youue
Z—i — 4. Evol\dooovtog touc pohous v (ag) xou (br), Bhémouvye 6t 1 Y or; by
ouyxhive, Ypnotwonowwvtag avd to Oedpenua 2.3.4. O

Hopadeiypote
(o) E€etdloupe tn obyxhion tne oepde > w, onou z € R. Iopatnpodue 6t
k=1
sin(kx)
2

(2.3.12) <

1
?.

o0
Aol Y 1%2 oLYXAVEL, ouumepaivoude (amd TO XpLTHPLO cLYXELONG) OTL 1 CELPd
k=1

— sin(kx)
Y. Tz OUYXAIVEL amONDTWC.
k=1

o0
(B) E€etdloupe tn obyxhion tng oelpds > % HMapatnpolue 61t av ap =
k=1

ag E* 4+ k3
—_—= e —>
b, k*+Ek243
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o0
Agol 1 Y 5 ouyxhiver, ouurnepaivoupe (amb To opaxd xputhplo clYXplong) 6Tt 1
k=1

o0
> b ouvdvel.
k=1

o0
(v) Téhog, eZetdlovye N cLYXMOT TN OELPLC kz_:l kk;jrlQ. 'Onwe 010 TEOoNYOoUUEVO

Tapddeyua, av Yewphicouye Tic axohoudiec by, = F55 X ap = §, t61E

ag k2 + 2
9.3.14 9% _ 1> 0.
(2.3.14) e R4k

o0 o
An6 1o Oedpnua 2.3.5 énetan 6t Y k@t_z éyeL TN (Blot CUUTEPLPOPY PE TV Y £,
k=1 k=1

onAad” amoxAlver.
2.3y" Kettieo Aoyou xau xpttielo pilog

Oehpnua 2.3.6 (Ketthpio Aoyou - D’ Alembert). Eotw Y, aj jua ocpd pe
k=1
Un undevikovs Gpovg.

o0
(o) Av klim L <1, tre n Y ax ovykAiver amodUtos.
—oo k=1

oo}
> 1, téte n Y ai amokAivel
k=1

(B) Av lim

k—oo

Ap+41
ay

Arddein. (o) Tnodétouue ot klim =¢< 1. Eowz>0uel <z <l

Ak+41
ag

Téte, undpyer N € N dote: || < @ yid xdde k > N. Anhodi,

ag

(2.3.15) lan 1] < zlan|, |anio| < zlani] < 22lan| O

Enoywyixd delyvouue 6Tt

- lan|
(2.3.16) lag| < 2" Nay| = N -ak
yi&d xdde k > N.

Yuyxpivoupe Tic ogtpée Y ax| xow Y. k. Ané v (2.3.16) Brérouye b1
k=N k=N
(2.3.17) lag| < M - zF

o0
. Hoepd > 2% ouyxhiver, Bt mpoépyetor ané
k=N

via xde k > N, émov M = \gxl
o0

Y yeouetph oepd Y. zF (ue amodolph Ty TpdTwY bpwv Tne) xot 0 < x < 1.
k=0

o0 o0
Apa, n > |ag| ovyxhiver. 'Enetow 6t n > |ag| ouyxhiver xt auth.
k=N k=1

Q41
ak

> 1, undpyer N € N dote > 1y xdde k > N. Anhodn,

(B) Aot klim

Ak+1
a

(2318) |(lk| > |ak,1| > 2> |aN| >0
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v xdde k > N. Téte, ap 4 0 xou, and v Mpbdtaon 2.1.5(a), 1 D ax amoxiveL.

k=1
O
Ynueiwon. Ay klim L] = 1, mpémet vo e€eTdo0UPE aAMADS TN oUYXMON H ambxhion
—00
o) o) o)
me Y ak. Hopatnpriote 61t n Y. 1 amoxhiver xou GZ—:I = kL_H —1levon Y &
k=1 k=1 k=1
ouyahiver xou | “EE | = ﬁ — 1.
ITopddetypa
o0
EZetdlouye ) olyxhion g oepdc Y. 5. ‘Exouue
k=0
Ak+1 k! 1
2.3.19 = = 0<1.
(2:3.19) an | k+D! k+1

Apa, 1 oelpd cuyxAiveL.

IMapatienon. H anddeln tou Oewpripatoc 2.3.6, ywelc ovolactixf| yetatpomny), divel

10 €€ toyupbdtepo anotéreoua: ‘Eotw Y ay wa oepd pe undevixolc Gpouc.
k=1

() Av limsup
k—o0

Yewpnoovye © > 0 ye £ < = < 1, t61€ and Tov yopaxTnelopd tou limsup, undpyet
N € N dote

k41
k

k
a

o0
< 1, téte 1 oepd Y ap ovyxhivel anohUtwe. Ilpdyuatt, av
k=1

ar

Wﬂ‘ <z vy xdde k > N. Zoveyilovye tnv anddeln 6nwe mpw.

o8]
a 7 7 7 7 z
ot | > 1, téte 1 oepd kal ay, amoxAiver. Ipdypott, av Yewprioouvue
x>0upe >z > 1, t6te and tov yapoxtnelopd tou liminf, undpyer N € N dote

Ak+1
ag

(B) Av 1ikm inf

> x> 1y xdde k > N. Tuveyilouye tnv anddeiln 6nws mpiv.

Oenpnua 2.3.7 (xprthpro pilac - Cauchy). Eoww Y ay e oepd mpayupatikdy
k=1

ap1udv.

(o) Av klim ¥/ |ak| < 1, téte n oepd ouykAiver anodUtws.

(B) Av klim ¥/ |ax| > 1, téte n oepd amoxAiver
— 00
Anddaén (o) Emiéyoupe = > 0 e v Wbidtnta klim ¥/ |ak| < x < 1. Tére, vndpyel
— 00
N e N oote {/|ag| <z vy xdde k > N. Ioodbvapa,
(2.3.21) lag| < 2*
(&) o0
yio xdde k > n. Suyxpivoupe Tic oetpée Y. ag| xow Y aF. Agol x < 1, 1 dedtepn
. k=N k=N
oelpd ouyxhivel. Apan > |ag| ouyxdiver. Enetat 61t n Y ap ouyxhiver anoAdtwe.
k=N =

k=1
(B) Agob klim ¥Nag] > 1, vndpyer N € N dote ¥/|ag] > 1 v xdde k > N.
— 00

&)
Anhadh, |ax| > 1 tehxd. Apa ar /4 0 xow 1 Y, ap amoxAVeL. O
k=1
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Ynuetwon. Av lim ¥/ |ax| = 1, npénet va e€etdooupe aAMdC TN o0yxAoT R andxhon

(o]
me Y ak. T e Z = Z = &yovue V/]ag] — 1. H mpdtn amoxhiver eved m
k=1

68()'{85‘!} GUYXALVEL.

Hopadeiypata

(o) EZetdlouye tn oOyxhon tne oelpdc Z % omouv z € R. 'Eyoupe {/|ak| =

?} |z|. Av |z|] < 1, t6te hm Y \ak| = |x| < 1 xou 1 oglpd ouyxhivel anohbTLC.
Av |z| > 1, tote khm {“/|ak| = || > 1 xou n ogpd anoxhivet. Av |z| = 1, 0
— 00

xputnpto pllac dev diver oupnépaoya. T z = 1 noalpvouye v appovixy celpd Z %
k=1

o0
n omola amoxhivel. T x = —1 malpvoupe ™y «evalhdooovoo cepdy >
k=1

(1)

n

omofa cuyxhivel. ‘Apa, 1 oelpd cuyxhivel av xat wévo av —1 <o < 1.
00 L
(B) Egetdloupe ) olyxhon tne oelpde ». %k, omou € R. 'Eyoupe ¥/|ax| =
k=1
5722 — 22 "Apa, klim ag] = 2%, Av |z| > 1 7 oepd anoxdhiver. Av |z < 1 7
—00
oepd ouyxhiver amohdtwe. Av || = 1 1o xputhplo pilac dev diver cuutépaoua. Ltny
o0
nepintwon @ = +1 7 oepd Talpver TN popeh Y. 7, dNAadH cuyxhiver. Apa, 1 oelpd
k=1

ouyxAivel anolUtwe dtay |z| < 1.

IMapatienon. H anddeiln tou Oewpripatoc 2.3.7, ywplc ovolactixf eTatpomny), divet

10 €€ toyupbdtepo anotéreoua: ‘Eotw Y ai pa oepd ye undevixolc bpouc.
k=1

(oo}
() Av limsup {/|ax| < 1, t6te 1 oepd Y, ar ovyxhiver anohbtwe. Hpdyuatt, av
k—oo k=1
Yewprioouye £ > 0 ye £ < = < 1, 161 and Tov yopuxTnplopd Tou limsup, undpyet
N € N dote |ax| < 2% yio xd9e k > N. Tuveyllovye tnv anddeilrn 6mee e,
&)
(B) Av limsup {/|ax| > 1, t6t€ n oepd Y ai amoxhiver. Hpdypott, av Yewprioouue
k—o0 k=1

x>0pe l >z > 1, 16t€ and Tov yopaxtneowd Tou limsup, umdpyouv dmeipol
delxtec ky < kg < -+ < kp < k1 < --- OOTE |ag, | > 2F > 1y xdde n € N.
Apa, an 7 0 xou e@oapudletal T0 XpITHELO andxMoNC.

2.38" To xpeithipro Tov Dirichlet

To xptthpo tou Dirichlet eZacgouiiler (ueptnéc popéc) ™ clyxhon Wac OEdC 1
omola dev cuyxhivel anohitwe (cuyxhiver Ut cuVDxT).

Adppo 2.3.8 (d9poion xatd wéen - Abel). Eoww (ay) kat (by) 6Vo axolovdies.
Optlovue sy, = a1 + -+ an, So =0. I'a kdBe¢ 1 < m < n, wyve n 1w0étnTa

n—1

(2.3.22) Z = sk(br = brg1) + Snbn — Sm—1bm

k=m
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Anéoeién. Tpdpoupe

n

Z arby = Z (Sk — Sk—1)bx
k=m

k=m
n n
= g Spbr — g Sp—1by,
k=m k=m
n n—1
= E sby — E Skbr41
k=m k=m—1
n—1
= E Sk(bk - bk—i—l) + Spbn — Sm—lbm7
k=m
mou elva o {nTolyevo. O

Ocdenua 2.3.9 (xertiero Dirichlet). Eotw (ay) xar (by) 600 axolovdies pe g
e&ng 1016TnTeS:
(o) H (br) éxer Oetixots dpous kar gdiver mpos to 0.

(B) H axodoviia twv uepikdy alpoioudtwr s, = a1+ - -+ay, s (a) €lvar ppaypévn:
undpyer M > 0 dote

(2.3.23) [sn| < M
yia kd9e n € N. Tdre, n oeipd Y, apby ovykiive
k=1

Anddeln. Ou ypnowonoicouvde to xprthpto tou Cauchy. Eotww € > 0. Xpnot-
ponodvtac Ty undleon (o), Bploxovpe N € N dote

€
(2.3.24) m > by > bN+1 > bN+2 > >0
Av N <m < n, t61¢
n n—1
> arbi| = | sk(br = brs1) + Snbn — Sm—1bm
k=m k=m
n—1
< Z [skl[br = br1] + |snl[bn] + [Sm—1][bn]
k=m
n—1
< MY (bk = biga) + Mby + Mby,
k=m
— 2Mb,, <2M-—
B " 2M
E.
Ané to xpithplo tou Cauchy, 1 oepd Y arby ouyxhiver. O

k=1
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TMapdderypo (xprthpto Leibniz)
(&)
Sepés e evallaoodueva tpéonpa Y. (—1)" by, émou n {bi} ¢divar mpog o 0.
k=1
Ta pepixd adpoiopata tne ((—1)F1) eivon ppayuéva, agol s, = 0 av o n ei-
vou dptioc xat S, = 1 av o n elvow meptttdc. Apa, xdde tétown oepd cUYXAIVEL.
Moapdderyya, n oepd > %

2.3e" *Aexadun TapdoTACT) TEAYRATIXGDY AptdLMdY
Xxondg pog ot auTHY TNV Tapdypao etvon vo del€ouue OTL xde TporydaTinog aptiuog
el dexaduer, mopdotaon: elvon dnhady| ddpooua oelpdc TNC Hop@hic

(2.3.25) S g+ 2

6mov ag € Z xou ay, € {0,1,...,9} vy xdde k > 1.
HMapatneriote 61 xdde oelpd auTAS TG Hopghc cuyxhivel xou opllel évay mpay-
o]

o0
, 7 _ ag / 7 7 1 ’
potxd apdud x = kzo 1or- Hpdypott, 1 yewpetpxh oepd kzo Tor OUYXAiver xou

o0
emed 0 < 2 < 5% yw xdde k> 1, 1 oepd Y 2 ouyxhiver oUUgwva [E To
k=0

XELTHPLO CUYXPLONG OELPMV.

Adppa 2.3.10. Av N > 1 ka1 a, € {0,1,...,9} ya kdOe k > N, téte

(2.3.26) i Tk —.

H apioteptj aviodtnra 10y Vel oay 1wdétnta av kair puévov av ap = 0 ya kdde k > N,
evdd n 6e&id aviodtnta wyvel oav 1w0étnta av kai povor av ap =9 ya kdde k > N.

AndoeEn. ‘Eyouvue
k=N k=N

Av ap =0 v xd0e k > N, t61e

g

ap 7 7
105 = 0. Avtiotpoga, av amy, > 1 v xdmotov

m > N, téte

> a > a
ag m k
" — 7m+ "

;V 0k 10 %10’6

1 =0
> R
> qgn t 2 18
hm
1
= — >0
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Anéd v &AM mhevpd,

= ag =9 9 1 1 1
2.3.28 k< B (TR T NN R
( ) ;;v 105 — Z;V 10k — 10N ( Tt ) 10N-1

Av ar =9 yia xde k > N, t61¢
= a =9 1
2.3.2 Il I )
( 3 9) Z 10k Z 10 10N-1
k=N
Avtiotpoga, av an, < 8 v xdnowy m > N, tdte

> a a > a

k m k
2 0 = fom T2 oF
k=N

ktm

o0 oo
LI U I TN S S
k=N

IA

10m™
k#m k#m
o0

1 9
= ot 2 1o
10m " 210
Lo,
10m " 10N-1
1

< 10N—1’

XL OUTO CUUTANEAOVEL TNV anddeln tou ARuuatoc. O

Adppo 2.3.11. Eoww n un apynuikds axépaios kai éoww N > 0. Tére vndpyovy
axépaiot po, p1,. .. pn oze: pp € {0,1,...,9} yia 0 <k <N —1, py >0 ka1

(2.3.30) n=10"py + 10N "py_1 + -+ + 10p1 + po.

Anédaén. Awnpdvtoc dadoyxd pe 10 talpvoupe

n = 10g1 +po, o6mou 0<py <9 xa ¢ >0
g = 10g2+p1, o6mou 0<p; <9 xou @g2>0
g2 = 10g3+p2, o6mou 0<py <9 xou g3 >0
gnv-1 = 10py +pn_1, O6mou 0<pny_1<9 xa gy =>0.

Enayoywd, €youye:
n = 10g +po = 10%gs + 10p1 + po = 10°q3 + 10*ps + 10p; +po = - -
= 10Vgn + 10N 'px_1 + 10p1 + po.

Octovtag pn = gn €xouue To {nToluEvo. O

Xpnowonowdvtag o Afupata 2.3.10 xar 2.3.11 Yo del€oupe 6T xdde mpoypaTindg
apripog Exel BEXAOXT TAPdCTACT).
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Oedpnuo 2.3.12. (o) Kdde mpayuaticés apiuds © > 0 ypdpetar oav dfpoopa
«Oekadikng oepdgy:

> a a a
(2.3.31) =) hmagt

omov ag € NU{0} ka1 a € {0,1,.. .,9} yia kdOe k > 1. Téte, Aépe ot 0 x éxer
dexadikn) mapdotaon ¢ = ap.G1G203 -« - -
m

(B) On aprpot g popens © = 15w 6mov m € N ka1 N > 0 éyovr akpipas 6o
dexadikés mapaotdoer:

(2.3.32) T =ag.a1as---an9999--- = qg.a1a0 - aN_l(aN + 1)000 cee
‘OAot o1 dAAot un apvnuixol mpaypactikol aptdjof éyovy povadikr) dekadiki) napdotaot).

Anéoaén. (o) Eow x > 0. Trdpyet yn apvntixde axépaioc ag, 10 axépato uépog
0L T, OOTE:

(2.3.33) ap < x < ap+ 1.
XoplZoupe to didoa [ag, ag + 1) o€ 10 {oa unodactiaTa uhxous 15. O @ avixer
oe éva and autd. ‘Apa, utdpyet a1 € {0,1,...,9} dote
+1
2.3.34 =+ < -
(2.3.34) a0+10 x < ag+ 10
Xcopt(oups T0 VEO aUTO &cxornpoc (mou éyel pnxog 5) o€ 10 (oo Uno&aompaw urxoue
. O z avixer ot éva and autd, dpa undpyet ag € {0,1,...,9} dote

a9 + ].
2.3. — +—= — .
(2.3.35) +10+102_ <a0+10+ 102
Tuveyilovtag enaywywxd, vy xdde k > 1 Beloxovue ax € {0,1,...,9} dote

ap +1

2.3.36 — < —
(2:3.36) G0t gt g ST <@t g+

o0
An6 TV xataoxeut|, Ta pepixd adpolopata s, TNC OERdc Y {ar M omola SnulovpYei-
k=0

T, t@ovomololy TNy s, < T < Sy, + 10”. Apa,
(2.3.37) 0< < 1
3. T— S, < —.
- 10
‘Enetot 6Tt 5, — x, OnAadh
00 an
(2.3.38) T = kz_o ToF

(B) Ac vnodéooupe 6Tt xdmotog © > 0 €yel TOUAIYLOTOV B0 dtapopeTinée dexadinéc
napaotdoets. Anhad,

(2339) X = ap.a1a2 - = bo.blbg'“ s
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6mov ag, by € NU {0}, ag, b, € {0,1,...,9} yia x&de k > 1, xou undpyer m > 0 pe
Y WBLOTNTA Ay, 7 by
‘Eotw N > 0 o e\dytotog m yiol ToV 0nol0 Gy, 7 b Anhady,

(2.3.40) ag = bo, ay = bl, ey, AON—1 = bN—l, an 75 bN.

Xwplg Teploplopd g yevixétntag unodétoupe Ot ay < by. Ao tny

o] a 00 bk;
k=N k=N

xot and 1o Afjppa 2.3.10 éneton ot

1 bN —an
0Ny — 10N

e e] a ee] bk
Y X 1o
k=N+1 k=N+1

1
10N
1
10V

-0

IA

Apa, 6heg ot avobtnTeg elvar lodtnTeg. AnAady,

(2.3.42) bN —anN = 1
o
> ag 1 > bk
2.3.43 —_—= — =0.
( ) Z 10k 10N Z 10k
k=N+1 k=N+1

Ané 1o Afppa 2.3.10,

by = any+1,
ar = 9, avk>N+1,
bp = 0, avk>N-+1.

Apa, av o x €xel TeplocdTEpES Ao Ulol SEXABDINES TUPACTATELS, TOTE EYEL AXEYBOS 6V0
TUPACTATELS, TS AXOAOUTEC:

(2.3.44) x = ag.a1a2---an999--- =ag.a1azs---an—1(ay +1) 00---

Térte, o x woltan ye

a a an— a 1
v = aot 1t Tt oo Tox
~ 10%ag + 10N "tay + -4+ 10an_1 +an + 1
B 10V
- m
o 10N

yia xdnotougc m € N xar N > 0.
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Avtiotpoga, éotw 6Tt T = 15w, 6mou m € N xow N > 0. Ané 1o Afupa 2.3.11
uTopoVUE VoL YpdPoupEe

(2.3.45) m =10"py + 10¥"py_1 + -+ + 10p1 + po,

6mov py € NU {0} xou pr, € {0,1,...,9} yia 0 < k < N — 1. Av p,, elvar 0 npddtoc
un undevixog 6pog tng axohovdiac po, p1, .- .,PN—-1,PN, TOTE

10%py + -+ + 10™py,

10N
PN-1 Pm
10 Tt 10N-m

= PN-PN—-1 meOO :PN~PN71"'(Pm — ]_) 99...

= pN+

Autéd ohoxhnpwver Ty anddeln tou (B). O

2.4 Avvapooelpég

O¢topéc 2.4.1. Eotw (ai) wo axohoudia mpaypatixay aptdudy. H oepd

(2.4.1) Z apa®
k=0

AéyeTal Ouvapooe€lpd YE CUVTEAECTES Q.

O z elvor wa mapduetpoc and o R. To mpdBinua mou Yu culnthiooupe €86
elvan: v dodeioa axorovda cuvtereotdv (ag) v Beedoldy ol Twée Tou T Y TG
orofec 1 avtiotoyn duvapooepd ocuyxhiver. Lo xdde tétow = Aye 6T n) Suvapooeipd
OVYKAlvel 0To .

&)
IMpétaon 2.4.2. Eoww Y. arpx® pna dwapoocepd jie ovrtedeotés ay.
k=0

() Av n Sduvvapooepd ovykdiver oto y # 0 ka1 av |x| < |y|, tére n duvapooepd
OUYKATVEL amodUTws 0To T.

(B) Av n duvapocepd anokAiver oto y kai av |x| > |y|, tére n duvapooeipd arokAiver
0T0 .

Anédaén. (o) Apob n Y ary® ouyxhiver, éxoupe ary® — 0. Apa, undpyer N € N
k=0

WoTE

(2.4.2) lary®| <1 vyia x4 k > N.

‘Eotw z € R pe |z| < |y|. T xdde k > N éyovue

k

x x
(2.4.3) larz®| = |ary®| - |=| < |=
Y
0 k
H yvewpetpd oepd > |Z]  ouyxhivel, diott 7| < 1. And o xpurfplo abyxplone

k=N
€METAL TO CUUTEPAUOUOL.
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(B) Av 1 duvapooelpd cuvéxAve 6o x, and To (o) Yo CLVEXALVE ATONTWS GTO Y,

dromo. O
o0

Eotww Y. arz® pa duvopooeipd pe ouvtereotée ax. Me Bdon v Hpbtaon 2.4.2

pnopo()ﬁsovoc del€ouye 6Tt T0 GUVOAO TwY oMuElwy oTa omola GLYXAVEL 1) BuVOUOGELRS

elva «ouotaoTINdy Evar BtdoTnua cUPPETEXO we Tpog To 0 (A, evdeyopévue, To {0} 7

70 R). Auté gaiveton we e€hc: opillouye

(2.4.4) R :=sup{|z| : n Suvapooepd cuyxiiver oto z}.

To cOvolo oo Bedld péhog elvar pn xevo, apod 1 duvauooelpd cuyxiiver oto 0. H
Hpbraon 2.4.2 Selyver 6T av |z| < R tdte 1 Suvapooelpd cuyxhivel anohltws oo .
Mpdypatt, and tov opopd tov R undpyel y ye R > |y| > |z| dote n duvagooeipd
va oUYxAiver 6To Y, ondte epapudletar 1 Mpbdtaon 2.4.2(x) oto z. And tov opioud
Tou R elvou qavepd 6t av |z| > R tétE 1 duvapooepd amoxhiver oto x. ‘Apa, 1
duvapooepd ouyxhivel oe xale x € (—R, R) xou anoxAiver o xde = ye |x| > R.

To dwdotnua (—R, R) ovopdletaw Sidotnua oUykAions tne duvayooeipdec. H
oulftnon mou xdvoyue delyvel 6Tl 1o oUrodo oUykAiong TN BUVAUOCELRES, dNAadH
70 GUVONO OAWY TWV oNuEinY 6T omolal cLYXAVEL, TpoxUTTEL and 0 (—R, R) pe tny
npoo¥fxn (lowe) tou R # tou —R # wwv £R. Tty neplntwon tou R = 400, 1
duvapooelpd cuYXAVEL e xdle € R. Ynv nepintwon tou R = 0, n duvapooelpd
ouyxAivel uévo oo onuelo = = 0.

To mpdBAnua elvor Aotndy tipa T0 e€RAS: OGS UToPOUUE VoL TEoGdop{COVYE TNV ak-
tiva oUyKkA1omg ULog SUVOOGELRAC CUVAETNOEL TWY CUVTEAEST®Y TNg. Mo andvinom
o Biver to xpithpto g pilag yio TN alYXMGT GELPGOY.

Ochpnpa 2.4.3. Eotw Y. apx® ua duvapooepd pe ourteeotés ay,. Trodérovue

k=0
6t vndpyel to klim Y/]ar|] = a ka1 9¢rovpe R = L e wn obpBaon éu % = 400 Ka1
— 00
1
T = 0.

(a) Av z € (—R, R) n durapooeipd ouykAiver atoAltws oo x.

(B) Av z ¢ [-R, R] n duvapooepd anokAiver oo x.

Andoaén. Egoapudlovye 1o xpitrpio tng pilag yio T obyxhion oelpwdv. E&etdloupe
povo v mepintwon 0 < a < 400 (oL tepinteoelc a = 0 xot ¢ = +00 agrivoviat coy
doxnon).

() Av |z] < R t61e

]

(2.4.5) klim \/ lagzk| = |z| klim Vlak| = |z|a = R < 1.
Ané o xpithpo e pilac, n Y. arrk cuyxiver anoldtwc.
k=0
(B) Av |z| > R t6te
(2.4.6) lim \/|agpzk| = Jzl > 1.
k—oo R
&)
Ané 70 xpithpo e pilac, Y. agx® amoxhiver. O

k=0
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IMapatienon 2.4.4. To Oedpnua 2.4.3 Sev YaC EMTEENEL VO CUUTEPAVOUUE OUEGWC
¢ oudPaiver otar «dxpa =R tou dlaothpatog chyxhongy. ‘Onwe delyvouy to endueva
napadelypaTa, unopel 1 BuVAPOCELRE Vo cUYXAIVEL OE €va, OE xavéva 1) xol oTo BUo
dxpa.

o0
L Tty Y 2% edéyyoupe 61t R = 1. D 2 = +1 éyouue Tic oelpéc
k=0

oo

Z 1% o z:(—l)]’C
k=0 k=0
Ol OTIOLEC ATTOXAIVOUV.
2. T v kX_:O ﬁ ehéyyoupe 6Tt R = 1. T z = £1 éyouye Tic oetpéc
DoaiE D aie
— (k+1) — (k+1)
oL onolec ouyxAlvouv.

3. iy > lf—:l eréyyouue 6Tt R = 1. T & = £1 €youpe ti¢ oelpéc
k=0

S = (-1)"
S r e X

k=0

H mpcdytn amoxhiver, evad 1 dedtepn ouyxhiveL.

Avtiotoyo anotéhecyo TEOXOTTEL OV YPNOOTOCOUUE TO XELTARLO TOU AGYOU
ot ¥éon tou xprtnplov tne pilac.

o0
Ochpnpa 2.4.5. Eotw Y. apz® ja dvvapooepd pe ovvteleotés ay # 0. Tmodé-
k=0
ak+1
k

Toupe dt1 undpyer To kh—>Holo

= a xa1 Oérovpue R = L.
a

() Av x € (=R, R) n durvapooeipd ouykdiver atoAltwg 0to .
(B) Av x ¢ [—R, R] n duvauooepd anokAiver oto x.

Arndden. Epupudéote 10 xpttiplo Tou AGYoU Yo T GUYXMOT| GELPGY. a
2.5 Aoxvocg
A’ Opdda. Epwrtrioeic xatavonone

Eotww (ag) pla axohoudio tpaypatindy aptdudy. EEetdote av oL napaxdtw tpotdoec
elvar adndelc 7 Peudelc (awtiohoyAote TAMpwe TNV Andvinon cug).

1. Av a;, — 0 t61€ 1) axohovdial 5, = ag + - - - + ap, elvor Qporyuévn.

o0
2. Av naxoloudial s, = a1 + -+ + a,, elvon Qporyuévn TOTE N GEWRA Y | A GUYXAIVEL
k=1
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(o]
3. Av |ag| — 0, té1E N oERd D ag cuyxhiver amohdTwE.
k=1

(&) o)
4. Av noepd Y |ak| ouyxdive, téte n oepd Y ap oUYXAIVEL
k=1 k=1

5. Avarp > 0 yia xdde k € N xaw av 0 < % < 1 yw xde k € N, t6te 1 oepd
oo

> ag ouyxAivel.

k=1

o0
6. Av ay > 0 v %x89e k € N xou av lim 2L = 1, té1e 1 oepd ap oATOXAVEL.
Y % an ) e
—00 k=1

o0
7. Avap > 0 vy xd0e k € N xon av a;—il — 400, TOTE 1 1) OELPd. Y, @k ATOXAIVEL.
k=1

8. Av ay — 0, t6te n oepd Y. (—1)*ay oupdiver.
k=1

o0 o0
9. Av a > 0y xdde k € N xow av n oepd Y ay ouyxAiver, T6te 1 oepd Y, \/ak
k=1 k=1

OLYXAVEL.
o0 &)

10. Av noepd > ap cuyxhivel, T6te N oepd Y. ai cuyxAiveL.
k=1 k=1

o0
11. Av noepd > ar ovyxhiver xow av (ag, ) elvon o utaxohovdia tne (ay, ), téte 7

k=1
o0

oElpd Y ak, OUYXAIVEL.
k=1

(o] o0
12, Av ap > 0 vy x80¢e k € N o av 1 oe1pd > ag ouyxhive, téte 1 oewpd > af

k=1 k=1
OLYXALVEL.

o0
13. H oewpd > 2'4'6,;7'!'(%) oUYXALVEL.

k=1

14. H oepd > po; k(1 + k?)P cuyxhiver av xou pévo av p < —1.

B’ Ouédo

15. Actéte 6T av klim b =btéte > (b, — bpy1) = by —b.
—00 k=1

16. Actéte 6T

= 1 _ 1 o 2643F _ 3 o~ kH1-VE _
(@) kzlm—i ®) X ==—=3 (Y)Zw—-
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17. Yroloyiote 10 dlpoopa tne oepde > m
k=1

o0
, p . , , , , 1
18. EZetdote yio moLég TS TOL TparydarTixol aptduol o cuyxhivel 1) celpd k§_1 TaF

19. Egopudote ta xpitripta Adyou xow piloc otic axdrouvdec oelpéc:
o0 o0 k o0 k o0
@ YK @B X HFE X E @)Xk
k=1 k=0 k=1 k=0
CIDIR-CANNCOINE
k=1

k=0

o Kk o k02
Q > 3rd (ﬂ) > I

k=0 k=1
Av yio xdmolec téc tou & € R xavéva and autd ta 500 xpithpta Sev divel andvtnon,
e€etdote T oOYXAoN 1) AnoOXAoN NG GELRAC UE GAAO TPOTO.

20. E&etdote av ouyxAivouy 1) anoxhivouy oL celpéc

O P T S
27372232 "28 73 "1 "3

pd
: LIRS S R N ES S O
2 8 4 32 16 128 64 )

21. Na Beedel wavh xor avoryxaia cuvdixn — yia Ty axoloudio (a,) — GoTe va
ouyxAivel i oelpd
ay—ayt+az—az+az3—az+---.

o0

22. EZetdote av ouyxhiver 1) amoxAiver 1) oelpd D ak 0TI TopoXdTe TEPLTTOOEL:
n=1

(@) ax=vVE+1-vVk @) ar=VI+k?—k
() ax = LEEE (§) gy = (V- 1)

23. E&etdote av ouyxAivouy 1) anoxhivouy oL celpéc

>k k > > 2k >k
iR ST /ST SRR -3
k=1 k=1 k=1 k=1

24. E&etdote w¢ npog tn obyxhon Ti¢ napaxdtw oewpéc. ‘Omnou eugaviovtar ot
TapdeTEoL p, g, € R va Beedolv ol tiég toug yio Ti¢ omoleg oL avticTolyeg oelpég
OLYXAVOULV.

@ > 1+1)" Gﬁé;ﬁﬁwo<m (ﬂéig%m(0<q<m

8

k=1
o0 o0 o0 _1\k
@ Xy @)X ptE O<a<p (09 X HEE

© ffm(ig— ) m>§im(v%i?—2¢%+v%ii)
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oo
25. 'Eotww 6t ar, > 0 ywa xdde k € N. Aci€te 6t ) oepd kzl H‘}Ci’gak cLYXAVEL.

26. Opilouye pia axohoudio (ax) we e€hic: av o k elvon tetpdywvo @uotxol aptduod
Vétoupe ar = 4 xou av o k dev efvan TeTpdywvo guoxol apuiuod Vétoupe aj = .

o0
EZetdote av ouyxhivel 1 oepd > ak.
k=1

oo}
27. Efetdote av ouyxhive # amoxhiver 1) oepd Y. (—1)* 25, émou p € R.
k=1

28. Eotww {ar} @divousa axoroudio tou cuyxiver oto 0. Opiloupe

5= Z (—1)*1ay.

k=1
AgfZte 611 0 < (=1)"(s — sp) < any1-
o0
29. 'Eow (ar) @divouca axohoudio detixdv apdudv. Aceite 6t av n Y ag

k=1
ouvyxiiver tote kay — 0.

o0
30. Eotw 6t ar, > 0 yia xd9e k € N. Av n > ap ouyxhiver, dellte 6t ol
k=1

Zak? Zl—kak’ Zl+a

2
k=1 k=1 k=1 k

ouyxiivouv eriong.

(&)
31. YTroVétoupe 6Tt ap > 0 yia xdde k € N xou b1 n oepd Y ax ouyxhivel. Aellte
k=1
[e.e]
ot M oepd Y \/ararr1 ouyxhiver. Aeilte ott, av 1 {ai} evar gpdivousa, téte toyleL
k=1

xaL To avTioTEOYO.

(o]
32. Trnoétoupe 6Tt ap > 0 yia xdde k € N xou b1 n oepd Y ax ouyxhivel. Aellte
k=1

o0
7 7 ak 7
6TL M oELRd k21 Y5 OUYXAVEL.

o0

33. Trolétoupe 6t a > 0 yia xdde k € N xou 6t 1 oepd Y ay amoxhiver. Aei&te
k=1

ot

;(1+a1)(1+ag)m(1+ak) =1
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I Opdda
34. 'Eow (ax) @divovco axoroudia detindv aprdudyv pe ar — 0. Aeite ot av 1

> ay amoxhivel téte
k=1

[e'e] ) 1
me{ak, k:} = +00
k=1

o0
35. Trnodétouue 6T ap > 0 v x&de k € N xau 61t 1 Y. ay, amoxhivet. Oftouye

k=1
Sp,=a1taz+ -+ an.
o0
() Aefte 6tn > - omoxhivel.
k=1
(B) Aei&te 6t vy 1 <m < n,
Am+1 a s
mil s
Sm+1 Sn Sn
oo
X0 CUUTEPAVOTE OTL N Y5 & omoxhiveL.
1 1 =
(v) Aellte 6t 5 < o~ — o- %o oUPTEPAVOTE OTL T D] ‘;—% oLYxAveL.
z e n &

o0
36. Trnodétouue 6Tt ap > 0 yia xdde k € N xou 1t Y. ar ovyxhiver. Oétouye
k=1

o0

Tn = Y. Q.

k=n

(a) Asgiéte 6t yio 1 <m < mn,

a a T
g > ntl
m Tn m

o0
X0l CUUTIEPAVOLTE OTL 7] 3 5 omoXAIVEL.
k=1

o0
(B) Asifre 6n G <2 (/T — \/Tnt1) %ou oupmepdvate 6TLn > i ouyaiveL.
" k=1

37. Eow (ag) axohovda mpoypatixdv apdumy. Aellte d av n oepd Y. ag
k=1

o0
amoxhivel TOTE xou 1 oelpd Y, kay oamoxAiver.
k=1

38. 'Eow (ax) oaxohoudio Jetixdv mpaypotixdy aptdudy. Acite 6 av n oepd
k

&) (o)
Y ap ouyxhive,, TOTE xaL N Y ap ' ouyxiver.

k=1 k=1



42 - YEIPEY IPATMATIKON APIOMQON

39. Eotw (ax) n axohovdia nov opiletar and Tic

1 1
Aok—1 = — XAl Qo = —¢.
2h-1= 2k = o5F
o0
EZetdote av noepd . (—1)F"tay ouyxhiver.
k=1

40. YroVétouue 6Tt ag > 0 yia xdde k € N. Opiloupe

2k
1
bk = — E Qo -
k
m=k+1
o0 o0
AelZte 6un D ar ouyxhiver av xar poévo av n > by ouyxhiver. [Yrdbaén: Av s,
k=1 k=1
xa ty, ebvan o ueped ardpolopota Twv 500 GELEMY, SOXIUACTE Vo GUYXEIVETE Ta Sap,

Xo ty,.]

41. 'Eow (ag) axoloudio YeTixdv mpayuatix®y aptdudy. Oewpolue v axorovdia

a1+ 2ag + - + kay,

b = k(k+1)

o0 (&)
AelZte 6t av n Y. ap ovyxhiver, T6teE 1 oepd Y by cuyxiiver xot ta adpolopota

k=1 k=1
Twv dVo oepny elvat (oo.

&)

42. 'Eotw (ai) axohovdia Yetindv aptdudy dote > ar = +oo xat a — 0. Acei&te
k=1

ottav 0 < a < B té1e LTdpEYoLY Yuoixol m < n WoTE

n
a < Zak<ﬁ.
k=m

43. AceiEte 6tt av 0 < a < § td1E UNdpyoLY puaxol m < N WOTE

1
a< —+——+-+—<f.
m n



Kegpdiowo 3

Ouotopoppn cuveyela

3.1 Opoidpopypn cuvéyeta

ITpwv 8dcoupE TOV OpIOPO TNS OUOLOUOPYPTC CLVEYEWCS, Vo EEETACOUUE MO TPOC-
eXTXd 00O ATAG TAPADELYHATO GUVEY WY CUVOPTHCEWY.

(o) Oewpolye tn ouvdptnon f(z) =z, z € R. Tvwpilovpe 61t n f elvon cuveyic
oto R, xdt nou edxola emBeBoldVOUUE AUOTNEA YENOWOTOWYTIS TOV OPIOHO TNG
CUVEYELIC:

Eotw 29 € R xou éotw € > 0. Zntdpe 6 > 0 dote
(3.1.1) |z —zo] < 6 = |f(x) — f(zo)| <&, dhadh |z — zo| < e.

H emoy?| tou 6§ elvan mpogavic: apxel va ndpoupe d = €. Hoapatneriote 6Tt T0 § TOL
Beraye eCoptdtol Lovo amd 10 € mou dOUNHE xou Oyl amd TO CUYXEXPWEVO oNuEio
zo. H ouvdptnon f petaBdiietar ye tov «ibo pududy» oe ohéxANEO TO TEdiO 0PLOUOU
e av 2,y € Rxo [z —y| <e, t6te |f(x) — f(y)] <e.

(B) Bewpolue thpa T cuvdptnon g(z) = 22, x € R. Elvou téh yvewoté 6t 1 g
elvar ouveyhc oto R (agob g = f- f). Av Yehficouye va to emPBeBatddcoupe pe tov
edrovuxd oplopod, Yewpolpe o € R xau € > 0, xou {ntdpe § > 0 pe v 16T

(3.1.2) |z — x| < 6 = |2° — 2| <e.

‘Evac tpémoc yio var emAéEoupe xatdhinho § elvar 0 e€c. Lup@wvolue and tny apym
ot Ya ndpoupe 0 < § < 1, ondte

|22 — 23| = |z — ol |z +zo| < (|| + |xo]) - |z — 2ol
(2]mo| + 1)z — z0]-

IA

Av howndy emié€oupe

(3.1.3) 5=min{ 5},

1,
2|£E0| +1
167T€E

(3.1.4) |t — 0| < 6 = |2 — 22| < (2|lzo| +1)6 < e.
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Apa, n g elvor ouveyhic oto xo. Iapatnerote duwe 6t 0 § ov emAé€ape Bev
efoptdTon wévo amd to € mou pag d60nxE, aAAd xou and to onueio xy oTo omolo
ehéyyoupe Ty ouvéyeta tne g. H emthoynh mou xdvape otny (3.1.3) delyver 6t 600
o paxpld Beloxetal o z¢ and 10 0, 1600 Mo Pixpd TeEnEL Vo EMAEEOVUE TO J.

Oa unopoloe BéPata vor meL xavelc 6Tt lowe undpyel xaAOTEPOS TEOTOC ETAOYHS
ToU 0, axoua xou aveEdptntog and to onueio zo. Ag Solue to (Blo mPOBANUA pE
évav deltepo TpdéTmO.  Oewpolpe zo > 0 xou € > 0. Mnopolue vo unodécouue
6T e < xd, agod T wixpd € elvor auTd Tou Tapouctdlouy evdlapépoy. Mnopolue
enfonc vo xoutdue poévo = > 0, agold pag evdagpéper Tt yivetar xovtd ot0 xo TO

onolo éyel unotedel Yetixd. H aviodnta |22 — 2| < € wavonoweitor av xar uévo av

23 —e < 2% < a2d + e, Snhadh av xou uévo av

(3.1.5) \Vad —e <z <yJzi+e.

Iood0vapa, av

(3.1.6) —<:c0— CC%—E)<1’—.’£Q<\/CC%+E—:EO.

Avuté oupPalver av xar pévo av
| : 2 2
x—xo| < minqxg T5— €4/ TG +€— X0

. 3 g
min ;
Vit —e+mo Jai+e+ao
€
Vit e+ ao
0 0

. , 2 ’
TroVéoape dt x5 > €. Apa,

i
< — = Xg.

5 - 3
Vai+e+azg Jrd+te+wzo  To

Av dowdy |z — x| <

(3.1.7)

e ’ ’
—F—, TO0TE |T — X < 9 = = > 0 %ot o mponyoLUEvo
ISJrEJrIo ’ | O| 0 p TTY P’ c

uTohoYtop6e delyver 6t [x? — 2| < e, Anhadh, av 0 < € < xf T6TE N xoAlTEPN
emAoyn Tou § oTo ornuelo g elvan

€

(3.1.8) d=6(e,20) = ——=—=—o7-.
Vad+e+ao
Aev pnopolpe vo e€aopalicovye Ty (3.1.2) av emAé€oude peyalitepo 6.

Av ta tponyolueva dVo emyeipiuato dev elvar amoAITWS TELoTXd, divouue Xt Eva
Tpito.
Ioyvpopés. Oswpolye Ty g(z) = 22, 2 € R. Eotw € > 0. Aev undpyet § > 0 pe
v ot av @,y € R xa |y — 2| < & téte |g(y) — g(z)| < e.

Mapatnehiote 6Tl 0 tWoyuptoUdS Elval 1odUVAUOC Ye To e€Ng: yiot 500y € > 0 dev

UTIAPYEL XATOLL OUOIGUOPPT) €TIAOYTH) TOU § TOU Vo HOG ETLTPETEL VoL EAEYYOUUE TNV
(3.1.2) oe kdle xo € R.
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Anéodein wov 1oy uptopod. Ac vnodéoouye ot undpyet § > 0 wote: av z,y € R xou
ly—a| < 6 t6te [g(y) —g(2)] < e. Agol yio xdde z € R éyoupe |z + s - x| = 8 <,
npéneL, yia xdde € R va woyle 1

5 2
<-T/+2> —172

Ewwdtepa, yio xdde x > 0 mpénet var woyleL 1

(3.1.9) <e.

5 5\
(3.1.10) 5x<5m—|—zz (w—|—2) —2% <e
‘Ouwe tote, ya xdde z > 0 Yo elyope
(3.1.11) z< <.
0
Auté elvar drono: 1o R Yo Arav dvw @payuévo. ad

Ta mopadetypata mou dwoope Belyvouy po «TUPIAeLP» PAC OTOV 0pLoPO NG
ouvéyelac. ‘Evag mo mpooextindg optopog Yo frav o e€RC:

Hf: A — R eva ouveyric oto 2o € A av yia xdde € > 0 undpyet
d(g,x0) > 0 wote: av x € A xau |z — xo| < 9, t61€ |f(2) — f20)] < €.

O oupPoroude d(e, zo) Yo €deryve 6Tt T0 § e€aptdton 1600 and To € 660 XAt And TO
onueio zg. O ouvapthcec (dnwe n f(z) = ) MoV Yag EMTEETOLY VoL EMAEYOUUE TO
0 ave€dpnTo and TO To AEYOVTUL OUOIOLOPPa TUVEXELS:

Ogwowoeg 3.1.1. Eow f: A — R o ouvdptnon. Aéue 6t 1 f elvon opotdpoppa
cuvexhs oto A av v xdde € > 0 unopolue va Bpolue § = d(e) > 0 wote

(3.1.12) av z,y€A kar |x—y|<d tore|f(x) — f(y)] <e.

IMopadeiypate
(o) H f(z) = x elvar opotéuoppa ouveyric oto R.
(B) H g(z) = 2* dev elvor opotbpoppa cuveyrc oto R.

(Y) Oewpolpe ™ ouvdptnon g(z) = 2% tou (B), nepropouévn dUwe 070 XAEWOTH

dtdotnua [—M, M|, 6mou M > 0. Tére, yia xdde x,y € [—M, M| éyovue
(3.1.13) l9(y) = 9(@)] = |y* —a®| = |z +yl| - Jy — 2| <2M - |y — 2.

Aivetor € > 0. Av emhéZouye d(e) = 5537 t6t€ 1 (3.1.13) Belyver 6T av ,y €
[—M, M] xou |z — y| < § éyoupe

(3.1.14) lg(y) — g(z)| < 2M - |y — x| < 2M§ =&.

Anhadn, n g elvar opotduoppa cuveyfic oto [—M, M].
To nopdderypo () odnyel otov e€hc oplopd.

Optopoée 3.1.2. Eow f: A — R wo ouvdptnon. Aéue 6t n f elvan Lipschitz
ourexns av undpyet M > 0 dote: v xdlde xz,y € A

(3.1.15) [f (@) = f(y)l < Mz —yl.



46 - OMOIOMOP®H £YNEXEIA

IMeétaom 3.1.3. KdOe Lipschitz ovvexns ouvdptnon eival opoidpoppa ouvexris.

Anddeiln. Eotww f: A — Rxuw M > 0 dote |f(z) — fly)| < M|z — y| yio xdde
r,y € A. Av yag dooouv € > 0, emhéyouue 6 = 5. Toéte, yio xdde z,y € A pe
|z —y| < & éxoupe

(3.1.16) F(@) — ) < Mz —y| < M3 = <.

‘Enetar 6T 1 f elvon ogodpoppa cuveyric oto A. O

H enduevn Ilpbdtaoy pac diver éva ypriowo xpithpto i vo eEacpalilouye 6T pia
ouvdptnon elvar Lipschitz cuveyhc (dpa, opodpoppa cuveyhc).

Igétaon 3.1.4. Eoww I éva Srdotnua ka1 éotw f : I — R napaywyioun ovvdptnon.
YroOérouvpe éti n f' elvar ppayuévn: vrdpyer otadepd M > 0 doze: |f'(x)] < M yua

kdOe eowtepikd onueio x tov I. Tére, n f elvar Lipschitz ovvexns e otalepd M.

Anéoeién. 'Eotw x <y oto 1. Ané 1o Yedpnua péong tuic vrdpyet € € (z,y) dote

(3.1.17) fly) = f@) = )y — ).

Torte,

(3.1.18) [f () = f@)] = 1O |y — 2] < Mly — .

Yougwva ye tov Oploué 3.1.2, n f etvan Lipschitz cuveyhc pe otodepd M. O

Ané ™ cul¥tnom mou TeonyInXE Tou OPIEUOY TNS OUOLOUOPYPTC CUVEYELIC, Elval
Aoyx6 va TEpLUEVOUUE OTL 0L opoLbpoppa cuVEYElC cuvapTHoE elvan cuveyeic. Auto
amodexvOETOL PE ATAY) CUYXELOT TV BU0 OPLOUGV:

IMpétaon 3.1.5. Av n f: A — R elvar opoibuoppa ovvexns, téte eivar ouveyrns.

Anddeén. Hpdypot: éoww x9g € A xou € > 0. And T0ov 0plopd NG OPOLOUOEPNG

ouvéyetag, Undpyet 0 > 0 dote av z,y € A xau |x — y| < 6 tote |f(z) — f(y)] < e.
Emuléyoupe autéd 10 6. Av z € A xou |z — x| < 9§, w61 | f(2) — f(20)] < € (NdpTE

y = p). Apol 10 € > 0 tav tuydy, 1 f elvon cuveyric 6To Xo. 0

3.2 Xopaxtnelopds Tng OUOLOOEYPNG CUVEYELNS LECL ALXOANOL-
ey

Ouundeite tov yapaxtneloud e cuvéyelag uéow axohoudwy: av f: A — R, téte
n f elvon ouveyhc oto zg € A av xar wévo av yia xdde axohoudio (z,) pe z, € A
XL Ty, — To, LoyVe f(zy) — flzo).

O avtiotorog YopaxTNeIoddc Tne OUOIOUOPENG CUYVEYELNS ExEl we e&NG:

Ocopnua 3.2.1. Eow f: A — R a ovdptnon. H f efvar opoiduoppa ovvexng
oto A av ka1 pévo av yua kdOe Levydpr akohovtidy (xy,), (Yn) 070 A p€ Tp —yn — 0
10X Vel

(3.2.1) f(@n) = f(yn) — 0.
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Anddaén. Trodétoupe mpdta 6t 1 f elvar opotbpopga cuveyhc oto A. Eoww (z,,),
(yn) 800 axorovdiec 610 A ye 2, — yp — 0. Ou deilouvye 61t f(x,) — f(yn) — O:
‘Eotww € > 0. And tov 0ploud tng ouotduoppns cuvéyetag, utdpyet § > 0 dote

(3.2.2) avz,y € Axan lx —y| <d téte |f(x) — fly)| <e.

Agob x, — yn, — 0, undpyet no(0) € N dote: av n > ng t61€ |2, — Yp| < 0. Eotw
n > ng. TOtE, [Ty — yn| < 0 Xt Xy, ypn, € A, ondte 1 (3.2.2) divel

(3:2.3) [f(@n) = fyn)| <e.

Agob 0 € > 0 Aav tuydy, cuunepaivouue 6t f(x,) — f(yn) — 0.
Avtiotpoga: ac utodécouue 6Tt

(3.2.4) AV T, Yn € A xolt Ty —yp, — 0 o€ f(20) — f(Yyn) — 0.

Oa deiloupe 6L 1 f elvon opolopopea cuveyrc oto A. Eotww 6t dev elvar. Térte,
urmdipyel € > 0 e v e€rg WioTnTA:

T x&de § > 0 vndpyowv s, ys € A pe x5 — ys| < 6 ol |f(xs) —
flys) =z .

Enéyovtac dtadoyxd § =1 1 L

50y e e Pploxoupe Ceuydpio Ty, yn € A GoTE

(325) o =gl < ¢ & [f(on) = Slo)] > .

Ocwpole Tic axohoudies (x,,), (Yn). AT TNV xATAOKEVT, €YOVUE Ty — Yy — 0, AANS
and ™V |f(zn) — f(yn)] > € v x80e n € N Brénovye bt dev pmopel vo toylel 1
f(xn) — flyn) — 0 (e€nyhote yiatl). Auté elvar dtomo, dpo n f elvon opotduogpa
ouveyTfic oto A. ad

IMopadeiypato
() Oewpolye ) ouvdptnon f(z) = L oo (0,1]. H f elvan cuveyfic ahM& dev elvan
opotbpopypa ouveyhc. T va 1o dolue, apxel va Bpolue Vo axohoudies (), (yn) o0

(0, 1] oL VoL IXAVOTOLOVY TNV Ty, — Y, — 0 AAAG VO UMV IXAVOTIOLOOY TNV 1 _1 .
Tn Yn

Hofpvoule & = + xou yn = 5. TéTE, T, yn € (0,1] xou

1 1
2. Ly = — =
(3:26) R T 0
oANG
1 1
(3.2.7) flzn) — flyn) = el n—2n=-n— —o0.

(B) Oewpolye 0 cuvdptnon g(z) = z* oto R. Opiloupe z, = n+ L xou y, = n.

Tote,
3.2.8 a:n—n:l—ﬂ)
Y
n
NN

2
(3.2.9) g(xn) — glyn) = (n + i) —n?=2+ % —2#0.
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Apa, 1 g dev elvon opotduoppa cuveyrc oto R.

(Y) OpiCouue f(x) = cos(z?), z € R. H f elvou ouveyhc oto R xou |f(z)] < 1 v
xdde x € R. Anhady, n f elvon emmhéov @payuévn. Oupwe 1 f der elval opoiduoppa
ouveyric: vl va To Sefte, Yewpriote Tic axoloudieg

(3.2.10) Tp, =+ (n+ 1)1 xu y,=+/nn.
Tore,
(3.2.11)
(n+1)m —nw ™
Ty —Yn =+ 1)m—/nw = = — 0,
Y (n+ ) = Vin+)r+ e /(n+ D7+ /nm
AN
(3.2.12) [f(@n) = f(yn)| = | cos((n + 1)7) — cos(nm)| = 2

vy xdde n € N. And 1o Oedpnuo 3.2.1 énetar 10 ouunépacya. Yrdpyouv Aoitdy
ppaypévec ouveyelc ouvapTrhoelc Tov dev elvon opolduopga cuveyelc (oyeddote
Ypaguxt| Tapdotaon e cos(z?) yia va delte o Aoyo: yia peydha x, v f avePaivel
andé ™y 1 —1 oty Tn 1 xon xatefaiver and v uy 1 oty T —1 6ho xou mo
Yenyopa - 0 pududs petaforic g yivetar mOAO peydloc).

3.3 Xvuveyeic cuvapToel 08 XAEICTA SLLCTARALTA

Yy nopdypago §3.1 eldope 61t n ouvdptnon g(xz) = z? dev elvor opolbuoppa
ocuveyhic oto I = R ahhd elvon oyoldpopga cuveyric o xdide ddotnua Tng HopPnc
I=[-M,M], M > 0 (ocodhnote peydro xt av eivar 1o M). Auté nou toylel yevixd
elvan 61t xdde ouveyhic ouvdptnon f : [a,b] — R elvar opotdpoppa cuveyhc:
Ocdenua 3.3.1. Eotw f : [a,b] — R ouvexns ovvdptnon. Tdrte, n f eivar opoid-
Hoppa ovvexris oo [a,b].
Anddeén. Ac vnodécouye 6L 1 f Sev elvan oyotduopga cuveyrc. Tote, dnwe oty
an6delZn tou Oewphuatog 3.2.1, unopolue va Peolue € > 0 xot dVo axoloudies (x,),
(Yn) 070 [a,b] YE T — Y — O xout | f(xn) — f(yn)| > € yia x89e n € N.

Agol a < xp,yn < by xd0e n € N, o (z,,) xo (yn) lvor PporyUéves axolov-
Oiec. Ané 1o Oedpnua Bolzano-Weierstrass, undpyel utaxoloudio (xg, ) e (x,) N

ornola ouyxhivel oe xdmowo x € R. Agol a <z, < b yia xdde n, cuunepaivouye bt
a <z <b. Anhody,

(3.3.1) xR, — x € [a,b].
Iopatnerote 6T o, — Yk, — 0, dpa

(3.3.2) Yk, = T, — (Tk, — Yk, ) > ¢ —0=1x.
Ano ™ ouvéyela e f oto x énetan Ot

(3.3.3) flog,) = fx)  xa flyr,) = f(2).
Anhody,

(3.3.4) flzr,)— flyg,) =z —2=0.



3.3 XINEXEIY SYNAPTHEEIY XE KAEISTA AIASTHMATA - 49

Auté elvar drono, agol |f(xk,) — flyk, )| > € yia xdde n € N. Apa, n f elvon
opoLbpopypa cuveylc oo [a, bl. O

Iapatrjpnon. To yeyovos b n f frav opopévn 010 xAewotd ddotnue [a,b]
yenowornotfdnxe pe 8o tpémouc. llpdtov, unopéoaue va Bpolue cuyxAlvouceg uT-
axohoudies v (z,), (yn) (Vedpnua Bolzano-Weierstrass). Aeltepov, unopovooye
val ToUUE OTL TO %06 6pLo T AUTRY TwV LUTaXoAoUDLOY eaxoloulel va Bploxetar oo
nedio opiopol [a,b] e f. Xpnowonotioaue dnhadr to e&hg:

(3.3.5) ava<z, <bxuwz, —z t6tca<z<bh.

To endpevo Yedpnuo anodevieL 6TL 0L OUOLOUOPPA GUVEYEIS CUVAPTACELS £XOUY TNV
eZhc «xohr BtotnToy: anewxovilouy axolovdieg Cauchy oe axoloudiec Cauchy. Autd
oev Loxlk')a v Ohec TiC oLveyEel ouvapThoel: Yewprote TNV f(x2 =107 (0,1. H
T, = + e axohovdia Cauchy oo (0,1], duwc n f(x,) = n dev eivon axohouvdia

Cauchy.

Oeopnpa 3.3.2. FEotw f: A — R opoiduoppa ouvexris ovvdptnon kai éotw ()
axolovdia Cauchy oto A. Tdre, n (f(xy,)) efvar akodovdia Cauchy.

Anddaén. Eow ¢ > 0. Tndpyet 6 > 0 wote: av z,y € A xu |z —y| < § t6t€
|f(z) — f(y)] <e. H (x,) elvar axoroudia Cauchy, dpa undpyet ng(d) dote

(3.3.6) avm,n > ng(d), TOTE |Tp — Tm| < 0.

O to1e,

(3.3.7) ) = Flom)] <&

Bevxaue ng € N ye tnv 1di6tnta

(3.3.8) avm,n >ng(d) 1ot |f(xn) — flom)] <e.

Agol 10 € > 0 Aray Tuydy, n (f(z,)) elvou axohoudio Cauchy. O

Edaye 6t xdde ouveyric cuvdptnomn f oplouévrn oe xheloTtéd ddotnua elvar opoLo-
nopgpa ouveyhc. Oa eZetdoouye to e€fc epwtnuar Eotww f : (a,b) — R ouveyic
ouvdptnon. Ilodg unopolye vo edéyZouue av 1 f elvar opolbuoppa cuveyhic oto (a, b);

Oeopnpa 3.3.3. Eoww f : (a,b) — R ouveyns ovvdptnon. H f elvar opoiduoppa
ouvexns oto (a,b) av kai pévo av vrdpyour ta 1irn+ f(z) ka1 lil'il f(z).
Tr—a r—0"

Andoeiln. Trodétovue mpdtar OTL LUTEEYOLY T lim+ f(z) nan hr?, f(z). Opiloupe
wa «eméxtaony g e f oto [a,b], ¥érovtac: g(a) = lim+ f(x), gb) = lilil f(z)
r—a r—0"
xat g(z) = f(x) av x € (a,b).
H g eivar cuveyfic oto xhetotéd ddotnua [a, b] (eEnyhote yitl), dpo opotduoppa
ouveyhc. Ou delloupe 6t N f elvar x auth opotduopga cuveyhc oto (a,b). Eotw
e > 0. Aol 1 g elvon opodpoppa cuveyhc, undpyer d > 0 Gote: av z,y € [a,b] xou

|z —y| <& <be |g(z) — g(y)| <e.
Oewpolye 2,y € (a,b) pe |z —y| < 6. Tote, and 10V 0plod NS g €YOUNE

(3.3.9) |f(x) = f(y)] = lg(x) — g(y)| <e.
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Avtiotpoga, unodétovye 6t 1 f elvon ouotbuoppa cuveyfic oto (a,b) xou delyvouye
6t undipyel to lim, .+ f(z) (n Omapén Tou dhkou Theuptxol oplou amodevieTal UE
Tov (B0 TpéTOo).

Ou delZoupe 6Tt av (x,) elvar axolovdia oto (a,b) e z, — a, t6t€ N (f(24))
ouyxhiver. Autd elvon dueco and to Oedpnua 3.3.2: 1 (x,) ouyxhivel, dpa N (x,,) elvor
axohoutio Cauchy, dpa 1 (f(zy)) elvar axohoudio Cauchy, dpa 1 (f(zy)) cuyxiivel
o€ xdmolov meaypaTxd aptdud L.

Eniong, o 6pto e (f(xn)) elvar aveEdptnto and v emhoyh e (z,): éotw
(yn) i dAAY axohoudia oto (a,b) pe y, — a. Téte, x, —y, — 0. Anéd T0 Oedpnua
3.2.1,

(3'3'10) f(-rn) - f(yn) — 0.

Eépouye Hdn 6T lim f(x,) = ¢, dpa

(3.3.11) Flyn) = f(@n) = (f(@n) = f(yn)) = £+ 0=L.
Ané v apyf e petapopds (Y to dplo cuvdptnong) énetan 6t lim f(z) = 4. O
Hopadeiypotoe

(o) Oewpolpe tn ouvdptnon f(z) = /z oto [0,1]. H f elvor ouveyhic oto [0, 1],
enopévwg etvar opotdpoppa cuveyhic. ‘Ouwe, 1 f dev elvan Lipschitz cuveyric oto
[0,1].

Av Yray, Ya uneye M > 0 dote

(3.3.12) [f (@) = f(y)| < Mz —y|

v xdde z,y € [0,1]. Edixdrepa, v xdde n € N Yo eiyope

(3.3.13) ‘f (;) - f(o)‘ _ % —n.

1 1
Logean |4

Anhadn, n < M vy xdde n € N. Auté elvon dtomo: 1o N da fjrav dvew @payuévo.

(B) H ouvdptnon f(x) = /z elvon Lipschitz cuveyhc oto [1,400), dpa opoiduopgo
ouveyrhe. Hpdyyatt, av & > 1 téte

-

)| = 1
(3.3.14) |f'(x)| = 5= =5

S

—

dnhadh m f éxer ppayuévn mapdywyo oto [1,+00). And v Hpbtaon 3.1.4 eivo

Lipschitz cuveyhc pe otadepd 1/2.
(v) Ac Bolue tdhpa v Bo ouvdptnon f(z) = /x oto [0,+00). H f dev elvan
Lipschitz cuveyfic oto [0, +00) olte unopolyue va epapudécouue 0 Oetdpnuo 3.3.1.
Eidape bpwe 6t n f elvan opolbpoppa cuveyhc oo [0, 1] xat opolbuoppa cuveyHe To
[1,+00). Autd @tdver yio vo deiloupe 6T eivon opotduoppa cuveyfic oto [0, +00):

Eow ¢ > 0. Trndpyer 61 > 0 ¢ote: av z,y € [0,1] xou | — y| < §; té1E
|f(z) = f(y)] < § (and v ogoduopen cuvéyeta tne f oto [0, 1]).

Enfong, undpyet d2 > 0 wote: av z,y € [1,+00) xou |z —y| < d2 to1€ |f(2) —
f)| < § (and v opotduopgn cuvéyewa tng f oo [1,+00)).

O¢toupe § = min{d1,d2} > 0. Eotw = < y € [0,400) pe |z —y| < J. Avoxpi-
VOUUE TEE(C MEPITTOOELC:
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(i) AvO <z <y<lxw|zr—y| <§, tote|r—y| <ddea|f(z)—fly) <5 <e.
(i) Av1<z <yxw |v—y| <§, tote |z —y| < d dpa |f(z) — f(y)| < § <e.
(ili) Avz <1 <y x|z —y| < J, napatnpodyue 6t | — 1] < 6 xou |1 —y| < 4.

Ouog, x,1 € [0,1] xar 1,y € [1,+00). Mnopolue howndv va ypddouue

(@) = F@)] < 1f(@) = O+ 1FQ) = FWl < 5 +5 =&,

3.4 Xvotoléc — Jewpnua otadepol onuciov

Opopog 3.4.1. M ouvdptnon f : A — R Myeton ovotodn av undpyet 0 < M < 1
wote: vy xdde z,y € A

(3-4.1) [f(@) = F(y)l < Mla —yl.
Mpogavax, xdde cuctoly elvon Lipschitz cuveyic.

Ocdpnuo 3.4.2 (Jedpnua otadepod onueiov). FEoww f : R — R cvoodr.
Yndpyet povadiké y € R pe tnr 1016tnta

(3.4.2) fly) =y

AnddeiEn. And ty vnddeon undpyet 0 < M < 1 dote |f(z) — f(y)| < M|z — y| yw
xdde z,y € R. H f eivon Lipschitz cuveyrc, dpa opotduoppa cuveyric. Emiéyouue
oyov z1 € R. Opiloupe wa axoloudia (x,) péow e

(3.4.3) Tp+1 = f(zn), neN

Tore,

(3.4.4) [@nst — Zal = 1F(@n) = F@a1)] < My — 0y
yia xdde n > 2. Enoyoywxd anodetxvioupe 6t

(3.4.5) |Tni1 — 2n| < Mg — 2]

yia xdde n > 2. 'Enetor 6Tt av n > m oto N, té1€

|$n_xm| < |33n_xn—1‘+"'+|xm+1_xm|
< (MPTE e MY — 1
1—-Mr—m
= 717]\4, Mm_1|$2—.’L‘1|
Mmfl
§ 1_M|ZL'27ZL’1|.

Agob 0 < M < 1, éyouge M™ — 0. Apa, yio doUév € > 0 unopolue vo Bpoldue
no(e) dote: av n > m > ng T61€ %h@ — 1] < &, %o CLVETS, [Ty — Tp| < E.
Enopévag, n (z,) ebvar axohoudio Cauchy xat autéd onuaiver 61t ouyxhiver: undp-
Yet y € R dote z, — y. Ou deiloupe 61t f(y) = y: and v T, — Y XL TN CUVEYELL
e f oto y Prémovpe 6t f(x,) — fy). Ouws Tpt1 = f(an) xot Tpp1 — y, dpa
f(zn) = y. And ) povaddnra tou oplou axorovdiac npoximtel 1 f(y) = y.
To y elvar 1o povadid otadepd onuelo tne f. Eotw z # y ye f(z) = 2. Tére,

(3.4.6) 0<lz—yl=1f(z) = fly)] < M]z—y],

onradh 1 < M, to omolo elvar dtomo. g
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3.5 Aoxvocg
Opada A’

1. Aci&te to Yedpnua U€YoTNE Xot ENAYIOTNG TWAS YLoL Lot cLVEYTH cuvdpTtnon f :
[a,b] — R ypnowonowdvtac to Yedpnua Bolzano—Weiertstrass:

(o) Ael&te mpwta 6t undpyer M > 0 dote |f(x)] < M yio xdde x € [a, b], ye anoy-
Y1 o€ drono. Av ot dev oy Vet unopolye vo Bpolye z, € [a,b] dote |f(zn)| > n,
n=12,.... H(z,) ée vraxohovdia (z,) dote xr, — o € [a,b]. Xenowonowh-
ote Y apyf TN LeTagopdc (1 f elvar cuveyc 0To Tp) YL Vol XATUAAEETE OE dToTo.
(B) Ané o (a) éxouue M :=sup{f(z) : = € [a,b]} < co. Téte, unopolye vo Bpolue
Ty € [a,b] dote f(x,) — M (egnyhote yatl). H (x,) éxet utaxorouvdio (xf, ) dote
Ty, — Zo € [a,b]. Xenowonoote v apyh e petagopds (1 f elvar cuveyfc oto
xo) Yoo vo ouvunepdvete 6t f(zg) = M. Autd anodewxvier bt n f nalpver péyot
T (o070 x0).

(v) Epyalouevol buowa, deilte bt 1 f malpver eNdytotn T,

2. Eow X C R. Aéue 6n ma ouvdptnon f : X — R xavonoel cuvixn Lipschitz
av undpyet M > 0 dote: yo xdde z,y € X,

If(x) = f(y)| < M - |z —y].

Aelte 6Tt av n f + X — R wavonoel ouvdixn Lipschitz téte elvar opoldpopea
ouveyrc. loylel To avtiotpogo;

3. Eotww f : [a,b] — R ovuveytc, tapaywylown oto (a,b). Acilte 6t n f wavornoel
ouviun Lipschitz av xat yévo av n f etvon pporypévn,.

4. BEow n € N, n > 2 %o f(z) = 21/", 2 € [0,1]. Aelfte 6 1 ouvdptnon f dev
iavorotel cuvdxn Lipschitz. Eivow ogolduopgpa cuveyrc;

5. E€etdote av oL mopaxdte cLVapTACELS txavoroloby auvdrxr Lipschitz:

(@) f:10,1] = R pe f(z) =axsin = av & # 0 xau f(0) = 0.

B) g:[0,1] = R pe g(z) =2?sin 2 av z # 0 %o g(0) = 0.

6. 'Eotww f : [a,b] — [m, M] xou g : [m, M] — R opotéuoppo cuveyeic cuvaptioelc.
Ael&te 6L m g o f elvar ogolduoppa cuveyic.

7. 'Eow f,g9: 1 — R opowduoppa cuveyelc ouvaptrioec. Aeilte ot
(o) n f + g elvou opolbpopypa cuveyhc oto 1.

(B) n f-g Bev elvan avoryxaotixd opoldpoppa cuveyhc 6o I, av duwe ot f, g unotedody
xaL ppayUéveg TOTe 1) f - g elvon oyoldpoppa cuveyric oto I.

8. Eow f : R — R cuveync ocuvdptnon ye tnv e&rg Wwiotnta: v xdde € > 0
umdpyer M = M(e) > 0 dote av |z] > M <6t |f(z)| < e. Acilte 6u n f evo
oUoLOUOopQA GUVEYHC.

9. Eotww a € R xau f : [a,+00) — R ouveyhic ouvdptnon Ue v eZfc dotnta:
UTdPYEL TO liril f () xou elvan mporyportinds aprdude. AelZte bt f elvon opolduopga

ouveYTC.
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10. Eoww f: R — R opotduopga cuveyhc ouvdptnon. Acite 1L undpyouvv A, B >
0 dote |f(2)] < Alz| + B yw xdde = € R.

11. 'Eow n € N, n > 1. Xprowonowwvtag tnyv nponyoluevn Aoxnon deilte 6 1)
ouvdptnon f(z) = z", z € R Jev elvon opolbuopgpa cuveynhc.

12. (o) Eotw f : [0, +00) — R ouveyhc ouvdptnon. Trodétouvue bt undpyer a > 0
dote 1 f va elvar opolbpoppa cuveyfic oTo [a, +00). Aci&te 6Tt 1 f elvon oyotduoppa
ouveyhc oto [0, +00).

(B) Aeite 6u n f(z) = /z elvon ogotdpopgpa cuveyhc oo [0, +00).

13. Eow f : (a,b) — R opobuopga cuveyhc ouvdptnon. Aei&te 6t undpyet
ouveyhc ouvdptnon f : [a,b] — R dote f(x) = f(x) yw xdde = € (a,b).

14. E€etdote av ol napaxdtw cuvapTAcELS Eivol OUOLOLOp@a GUVEYELC.

(i) f:R—=Rupe f(z) =3x+1.

1[-2,0] = Rye f(z) = -

R - Rye f(z) =zsinx.

(i) f:[2,+00) = R e f(x) = 1.
(ifi) f:(0,7] — R pe f(z) = Lsina.
(iv) f:(0,00) = R pe f(z) =sin L.
(v) f:(0,00) > R ye f(z) = zsin .
(vi) f:(0,00) — R pe f(x) = oz,
(vii) f:(1,00) = R pe f(z) = <)
(vili) [:R—Rye f(2) = 4.
(ix) f:R—Rue f(gg):%m|
) f
i) f
i) f

: [0, +00) — R pe f(z) = Coxs(fl ),

Owdda B'. Epwtrocic xatavonong

EZetdote av ov napaxdte mpotdoelc eivon ainlelc B Peudelc (atiohoyhote mAfpwg
Y AndvInon cog).

15. H ouvdptnon f(z) = 22 + L elvan opoibpopga ouveytic oto (0,1).
16. H ouvdptnon f(z) = —15 elvor opowbpopga cuveyhc oto (0, 1).

17. Av 1 ouvdptnon f Sev eivon gpayuévn oto (0,1), téte n f dev elvan opotduoppa
ouveyhc oto (0,1).

18. Av 7 (z,) elvon axorouvdia Cauchy xou 1 f elvon opotduopga cuveyrc oto R,
t6te N (f(zy)) ebtvow axoroudio Cauchy.
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19. Av 7 f elvar opotbpoppa cuveyhc oto (0, 1), téte to lim (%) UTtAEYEL.

n—oo

20. Oewpolye tic f(z) = = xaw g(x) =sinz. Ov f xou g elvon opobuoppa cuveyeic
oo R, buwe 1 fg dev elvar opotduopga cuveyrc oto R.

21. H ouvdpmon f : R = Rye f(z) =z avz > 0 xa f(z) = 2z av z < 0, elvo
ouotépop@a cuveyhc oto R.

22. Kde gpayuévn xou cuveyrc ouvdptnon f : R — R elvar ogoldpoppo cuveyrc.

Opada I
23. Aci&te 6t novvdptnon f : (0,1) U(1,2) - Ryue f(z) =0 avz € (0,1) xa
f(z) =1 avx e (1,2) elvor ouveyhc ahhd Sev elvon opolbuopgpa cuveyhc.

24. Eow f : [a,b] — R ouvveyfic ouvdptnon xot éoww € > 0. AelZte 6Tl unopolye
va ywplooupe 1o [a, b] oe nenepacuéva 1o TAYoc Sadoyixd unodtacthata Tou Wiov
UAxoUS €TOL WOTE: av Ta T, Y avhxouy 6To (Blo utoddotnua, téte |f(z) — f(y)| < e.

25. Eotww f: R — R ocuveyrc, ppayuévn xat povotovn ocuvdptnon. Aceite ot n f
elvar opoLouoppa cuveyhg.

26. Eotw f : R — R ouveync xat nepodixhy ouvdptnon. Anhadh, undeyet T > 0
oote f(z+T) = f(z) yia xdde x € R. AeiZte 6t n f elvon opoduopga cuveyic.

27. Eotww X C R gpaypévo alvoro xau f: X — R ogolduoppa cuveyic cuvdptnon,.
Aei&te 6t n f elvar gpaypévn: undpyet M > 0 wote |f(x)| < M yo xdde z € X.

28. 'Eotww A un xevd unoctvoro tou R. Opllovue f: R — R ye
flx)=inf{|Jx —a| : a € A}

(f(x) elvor n «anbotaony tov x and o A). Aceilte 6T

(@) [f(2) = f(y)] <]z =yl v xdde z,y € R.
(B) n f elvon opolbuopgpa cuveyhc.



Kegpdiowo 4

OAoxArpwua Riemann

4.1 O opiopoég touv Darboux

Ye authv TNV Topdypapo divouue Tov oploud Tou oAoxnewuatoc Riemann yio gpay-
WEVES GLVPTAHTELC oL opllovTal oe éva xhelotd ddotnua. o yio pporypévn cuvdptnon
[ a,b] — R pe un apvnuxée twée, da Véhaue 1o ohoxhfipwua va divel to epBadov
Tou ywplou Tou TEpAelETAL AVAUESH GTO YPAPNUO TNS CUVEETNONS, ToV 0ptloVTlo
GZova y = 0 xat Tig xataxdpupes evlelec © = a xat = = b.

Optopdée 4.1.1. (o) Eotw [a,b] éva xhewotd ddotnua. Awopéplon tou [a,b] da
Méue xdde TENEPACUEVO UTIOGOVONO

(4.1.1) P={zp,21,...,2,}

Tou [a,b] pe z9 = a xou x, = b. Oa vnodétoupe Tdvta OTL o x € P elvon dratetary-
péva g e€nc:

(4.1.2) a=x9g <Xy < < T < Tpy1 << xTp=">
Oa ypdpouue
(4.1.3) P={a=zp<z1 < - <mp =0}

vt var tovioouye authy axpBog ) dudtal. Iapatnperiote 6t and tov optopod, xdde
dopépton P tou [a, b] mepéyel touldytotov dVo ornuelo: t0 a xol o b (tor dxpa Tou
[a, B]).

(B) Kéde diapéplon P = {a = 29 < 21 < -+ < z,, = b} yowpllel 10 [a,b] oe n
unodtaothuata [k, Zr41], K = 0,1,...,n — 1. Ovoudlouye mAdTOG Tng Stapépiong
P 10 yeyahltepo and tar uixr autedy Twv utodlaoTudTwy. Anhadh, to TAdTOS TG
dlapéplone LoovTon UE

(4.1.4) |1P]| := max{x1 — zg, T2 — T1,. .., Tn, — Tp—1}-

Hapoatnpriote 6t Bev amattolyue va tloaméyouvy ta zy (to n unodlacthuata Sev €youy
anopaltnTa T0 (Blo urxoq).

(v) H dopépton Py Aéyetar exhéntuvon tne P av P C Pi, dnhadh av n Py npoxintet
and ty P ye v npoodrixn xdmowwy (nenepaopévey 1o tAhlog) onueinv. e avthy
v nepintwon Adue enfong ot ) Py elvon Aemtdrepn and ty P.
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(8) Eoww Py, Py 800 dlauepioeic tou [a,b]. H xown exhéntuven wy Pi, P; elva n
dropépton P = Py U Py, Edxola BAénouye 6t 1 P elvon Siapépion tou [a, b] xat 6Tt oy
P’ etvon o Siapéplon Aentotepn té6oo and tny P oo xar ané tny Ps tote P’ O P
(dnhadh, n P = P; U Py elvan 1 pixpdtepn duvath| dropépton tou [a, b] mou exhentivel
Tautéyeova TNV P xan TNy Py).

Ocwpolue Thpo Yo ppaykévn ouvdptnon f : [a,b] — R xo wa Swpépion P =
{a =29 <z1 < - <xp=>} w00 [a,b]. H P dwpepilet 10 [a,b] oto unodiaotiyata
[0, 1], [X1,22), - oy [Ths Thog1]s - -+ [Tn—1,2p]. Tt xdde k= 0,1,...,n—1 opilovue
TOUC TRALYHATIXOUS aptduole

(4.1.5) my(f, P) = mp = inf{f(x) : 2 <z <zpi1}
pects
(4.1.6) My (f,P) = My, =sup{f(z) : o <z < Zpy1}.

‘O)ot avutol ot apripol opilovtan xald: 1 f elvon pporyuévn oo [a,b], dpa elvon ppory-
wévn oe xde unodldoTnua [Tk, Tr1]. Do xdde k, to odvoro {f(z) 1z <z < Tp41}
elvon un xevéd xou gpaypévo unocbvoro tou R, dpa €yel supremum xou infimum.

T x8de Bropépton P tou [a, b] optloupe thpa T0 dve xat 10 xdtw ddpolopo e
f ¢ mpog v P pe tov e&€rc tpomo:

n—1

(4.1.7) U(f, P) = Z Mk(Ik+1 — xk)
k=0

elvat to dvew ddpotopa tne f we mpog P, xou

n—1
(4.1.8) L(f, P) = Z mk(xkﬂ — .%'k)
k=0

elvar To xdTw ddpoopa Tne f wg mpog P.

Anb e (4.1.7) xou (4.1.8) BAémovpe 6t i x&de drapéplon P oy el
(4.1.9) L(f,P) <U(f,P)

agol my, < My xat 241 —xp >0, k=0,1,...,n — 1. Xe oyéon ye 10 «cufoadovy
Tou TpooTadolUE Vo 0plOOUUE, TPETEL VO OXEPTOUAOTE TO XdTw ddpoopa L(f, P)
ooy Wa poaéyyion and kdtw xot To dve ddpowopa U(f, P) cav yo tpooéyyion ard
Tdvow.

Ou dei€oupe 6Tt oy deL Pl ToAD o toyven avicdtnta and ty (4.1.9):

Ilpétaocn 4.1.2. Eoww f : [a,b] — R gpayuévn ouvvdptnon kar éotw Py, Py 600
dapepioes tov [a,b]. Tdre,

(4.1.10) L(f,P) < U(f, Py).

Moupatneriote ot N (4.1.9) eivon elduxr nepintwon e (4.1.10): opxel va mdpouye
P =P =P, oy llpbtaon 4.1.2.

H anédeln e Ipdtaong 4.1.2 Yo Baciotel oo e€hg Afuua.
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Appa 4.1.3. Eotw P={a =29 <21 < -+ < 2 < Tpy1 < -+ < &y, = b} ka1
T <Y < g1 yia kdwowo k=0,1,....n—1. Av PL=PU{y}={a=2¢ <z <
< T <Y < Tpgq < o0 < xp = b}, ToTE

(4.1.11) L(f,P) < L(f, P,) < U(f,P)) < U(f, P).

Anhadn, ue v npociiixn evég onuelou y oty dapéplon P, 1o dve ddpotoua tne f
CUIXEAEVELY EVA TO XATe GYPOIoUA TN f CUEYORDVEL.

Anééaén tov Afjupatog 4.1.3. Oétouue

(4.1.12) m,(cl) =inf{f(z):2p <2 <y}
xou
(4.1.13) mf) =inf{f(x):y <z <zp41}.

Tote, my, < mg) ot my, < m,(f) (doxmon: av A C B t6te inf B < inf A). Tpdgouyue

L(f,P)) = [mo(zy —mo)+---+m(y—zp) +m

+mn—1(xn - xn—l)}
> [mo(z1 —z0) + - +mp(y — zx) + mp (g1 —y) + -+

+mn71 (xn - $n,1)}

(oh1 =)+

= [mo(r1 —x0) + -+ mp(Tpt1 — k) + -+ M1 (T — Tp—1)]
= L(f,P).
‘Opora detyvouye 6t U(f, Py) < U(f, P). o

Anddbaén tng Ipdraons 4.1.2. T vo anodeilouue v (4.1.10) Yewpolue Ty xowy
exMéntuvon P = PL U Py, tov Py xaw P, H P mpoxOmnter and tny P ye dado-
Y0 Tpocdrixn nenepaouévey to TARloc onuelwy. Av epapudcouue to Afuua 4.1.3
nenepaopévec to nhfdoc gopéc, nalpvouue L(f, P1) < L(f, P).

‘Opow Brénovpe 6t U(f, P) < U(f,P2). Anb v &\ mheved, L(f,P) <
U(f, P). Yuvdudlovtac To Tapamdve, €YOUUE

(4.1.14) L(f, P\) < L(f, P) < U(f, P) < U(f, Py). o

Oewpolpe THpa T UTocUVOAX Tou R

(4.1.15) A(f) = {L(f, P) : P dapépion tou [a,b]}
xou
(4.1.16) B(f) = {U(f,Q) : @ dopépion Tou [a,b]}.

Ané v Ilpbraon 4.1.2 éyouvye: yio xdde a € A(f) xou xéde b € B(f) woylet a < b
(e&nyhote yotl). Apa, sup A(f) < inf B(f) (doxnom). Av howndv opicouye cov
&ty ohoxAfpwpa e f oTo [a,b] To

b
(4.1.17) / f(z)dx = sup {L(f, P) : P Swpépion tou [a, b]}
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XL ooy ave ohoxAfpwpa e f oto [a,b] To

b
(4.1.18) / f(z)dx = inf {U(f, Q) : Q Swpépion Tov [a, b]},
€youue
b b
(4.1.19) / flz)dz < / f(x)dx.
Optopée 4.1.4. M gporyuévn ouvdptnon f : [a, b] — RAéyetow Riemann ohoxAnedouun
av
b i
(4.1.20) / flz)de =1= / f(x)dx.

O apriudc I (n xowh Tl Tou x4t Xat ToL dve ohoxinpouatoc e f oto [a, b))
Aévetar ohoxAfpwpo Riemann e f 010 [a, b] xou cuyfoliletar e

(4.1.21) /abf(x)dx A /ab f.

4.2 To xprtiplo ohoxAnpwoindétntac Touv Riemann

O oplopdc 10UV OAOXATNEGUATOC IOV BWCAUE GTNY TEOTYOUUEVT Topdy pao elvar d0oYENOTOC:
0ev elvat eOXONO VoL TOV YENOWOTOUAGEL XAVELC VLAl VoL BEL OV Lol QEOYUEVY) GUVAPTNOT

elvow ohoxhnpddown 1 dyt. Buvidwg, YenotdoToloVUe 10 axdAoLdo XELTHPLO ONOXANEWGLUOTT-
TaC.

Oevpnua 4.2.1 (xprthero touv Riemann). Eotw f : [a,b] — R gpayuévn
ovvdptnon. H f eivar Riemann olokAnpdoiun av kai pévo av ya kdfe ¢ > 0
pmopoUue va Bpovlue dapépion P tou [a,b] dote

(4.2.1) U(f,P.) — L(f,P.) < e.

Anddeln. Trodétouye mpdta 6Tt 1 f elvor Riemann ohoxhnpddown. Anhadn,

(4.2.2) /ab fla)dx = /abf(;v)dx = /:f(x)dac.

Eow ¢ > 0. And t0v 0optopgd T0U x4 OAOXANEOUITOC w¢ supremum tou A(f)
X0l o6 TOV €-Y0pAXTNELoUd Tou supremum, undpyet dtoapéplon Py = Pi(e) tou [a, b]
WoTE

b €
(4.2.3) / Fla)dz < L7, P2) + &

Opolnc, and Tov optopd Tou dvew oAOXANPOUATOS, LTdpyEL Sapépion Po = Pa(e) Tou
[a, b] dote

b 13
(4.2.4) / Fla)dz > U(F, 7o) — =
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Oewpolye TV xowh exiéntuvon P. = Py U Ps. Téte, and v Ilpbdtaon 4.1.2 éyoupe

U(P) =5 < ULP) -5
< /abf(:c)dx = /abf(x)dx
< LULP)+S < LR+
an’ 6mou €netar OTL
(4.2.5) 0<U(f,P.)— L(f,P.) < e.

Avtiotpoga: unodétouue dtL v xdde € > 0 undpyer dauépion Pe tou [a, b] hote
(4.2.6) U(f,P.) < L(f,P.)+e.

Téte, yio xdde € > 0 éyouvue

b b
/f(x)dng(f,Ps)<L(f,Ps)+5§/f(x)d:nJre.

Emedr) o € > 0 Arav Tuydy, €netar 6T

(4.2.7) /abf(x)dxg/abf(x)dx,

xon ool 1 avtioTeopn avicodTnTa Loy Vel TdvTa, 1 f elvar Riemann ohoxdknpdoiun. O
To xpithpo Tou Riemann Srotundveton wwodlvopa we e€hc (eEnyhote yrotl).

Oewpnua 4.2.2 (xprtheo touv Riemann). FEotw f : [a,b] — R gpayuévn
owvdptnon. H f elvar Riemann odokAnpdoiun av kai uévo av vrdpyer akolovdia
{P,, : n € N} dapuepioewr tou [a,b] dote

(4.2.8) lim (U(f,P,) — L(f,P,)) = 0.

IMopadeiypoto. Oo ypnotuonoioouvde To xptthpto Tou Riemann yio vor e€etdooupe
av oL Topaxdtw cuvapThoelc ivar Riemann ohoxAnpdoiued:

(o) H ouvdptnon f 1 [0,1] — R e f(z) = 2% T x&de n € N Jewpolue ) dopépton
P, tou [0,1] oe n oo unodiacthyata uhxous 1/n:

1 2 1
(4.2.9) Pn{o<<<~~<" <”1}.
n n n n

H ouvdptnon f(x) = 22 eivar adfouoa oto [0, 1], enouévec

pe) = fogf () n s (M)

1 12 22 (n—1)2
= —(0+5+5++—5—
n n n n

_ P24 4 (1) (n—1)n(2n—1)

n3 6n3
Mm2—3n4+1 1 1 1

6n2 3 on " on2
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xol
vir) = f(5)arf(2) st (B)s
n n n’/n
1 /12 22 n?
- n<nz+nz+'“+nz>
124224402 nn+1)2n+1)
- n3 - 6n3
22 +3n+1 1 1 1
= T 623 e
"Eneta 6Tt
(4.2.10) U(f, Py) — L(f, P,) = % 0.

Ané 1o Oedpnua 4.2.2 cuurnepaivoupe 6t 1 f elvow Riemann oloxhnpdowrn. M-
TopOUUE PdAloTa Vo Bpolue TV Twr) Tou ohoxAnpwuatoc. o xdde n € N,

1 1 1
- ——+— = L(f P,
3 2n + 6n2 (f, Pn)
1 1 s
< / z2dx :/ z2dx :/ 22 dx
JO 0 0
< U(f,P)
1,11
3 2n 6n?’
Agol
1 1 1 1 1 1 1 1
4.2.11 -t — — = — -
(42.11) 3 o Tz T3 ™ 3t e Ty
gnetal OTL
1 ! 1
(4.2.12) - < / idr < =,
3 0 3
Anhady,
! 1
(4.2.13) / 2ide = ~.
0 3

(B) H ouvdptnon u : [0,1] — R pe u(z) = /z. Mnopeite vo ypnolonotioete Ty
axoroudio SapeplcewY TOL TEONYOVUEVOL ToEAdEYHATOC Yia Vo del€eTe OTL IxavomoLel-
Tat To xpithpto Tou Riemann.

Y70 {810 GUUTEPAOUN XAUTAAAYOUUE AV YETOULOTIOLACOUUE (L DIUPORETIXTH UXONOU-
Yo Sopepioewy. o xdde n € N Jewpolyue 1 Soépion

1 22 (n—1)% n?
(4.2.14) P":{O<n?<n2<”'<n2<nz: .

H u eivar ad&ouoa oto [0, 1], emouévenc

. RSO

3
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o
n—1
- k41 ((k+1)* K
(4.2.16) U(u,Pn)—Zn( -
k=0
‘Eneton 61t
— k+1 k+1 k2
U(U,Pn)_L(uaPn) = Z( ) <( 2) 2)
= n n
B !i k+1 2
on = n?
= l—>0.
n

Ané 10 Oedpnua 4.2.2 cuunepaivouue 6Tt 1 w elvar Riemann oloxinpddowun. Agr-
VOUPE Gav doxnon va Beléete ot

2
(4.2.17) lim L(u,P,) = lim U(u,P,) = 3
H ouyxexpuévn emhoyt diaueploewy mouv xdvoue €xeL TO TAEOVEXTNUA OTL UTOpElTE
gbxoha va ypdete o L(u, P,) xou U(u, Pp,) oe xhelot woppn. Anéd vy (4.2.17)
gneton OTL

(4.2.18) /0 V7 do = ;

(v) H ouvdptnon tou Dirichlet g : [0,1] — R pe

|1 avaxentég
9(z) = { 0 av z dppnrog

dev elvar Riemann ohoxnpdon. Eotw P={0=20 < 21 < -+ < 2 < Tpy1 <

- <z = 1} tuyolou dopépton tou [0,1]. Trohoyilouvue t0 %dtw ot T0 dvew
ddpooua g g we mpog v P. T xdde k = 0,1,...,n — 1 undpyouv pntédc gx
xat dpentoc oy 010 (Tk, Try1). Aol glgr) =1, glax) =0 xu 0 < g(zx) < 1 oto
[k, Thy1], oupmepaivoupe 6t my, = 0 xou My, = 1. Zuvend,

n—1 n—1

(4.2.19) L(g, P) =Y mp(ars1 —2x) = Y _ 0+ (Tpy1 — 21) =0
k=0 k=0

pidei’
n—1

(4.2.20) U(g,P) =Y My(zpp1 —ax) = »_ 1+ (wpp1 — 2x) = 1.
k=0 =

Agol n P frav tuyoboa drapéplon tou [0, 1], malpvoupe

(4.2.21) /0 g(x)dz =0 Xow /0 g(x)dx = 1.
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Apa, 1 g dev elvon Riemann ohoxAnpdotun.

(8) H ouvdptnon h: [0,1] — R pe

h(z) = T oV T PNTOC
1 0 avz dpentog

dev elvar Riemann ohoxhnpdowun. Eotww P ={0=12¢ < 21 < --+ < ) < Tp1 <
< <z = 1} tuyoloa dlapéplon tou [0,1]. T xéde k = 0,1,...,n — 1 undpyet
dppnroc o 610 (T, Trt1). Aol h(ar) = 0 xow 0 < h(z) < 1 ot0 [Tk, Tht1],
oupnepatvoure 6t my, = 0. Xuvenag,

(4.2.22) L(h,P) =0.

Enione, undpyet pntéc qr > (zx + Tp+1)/2 ot0 (Tk, Try1), Spo My > h(qr) >
(2 + k41)/2. Emnecton ot

I
-

n n—1

T + Tk 1
U(h,P) > %(wlﬁ-l —xp) = 5 Z(fciu —a3)
k=0 k=0
_ g1
= 5 =5
Agol
1
(4.2.23) U(h,P)— L(h,P) > 3

yioo x&0e Sropépton P tou [0,1], 10 xpithpto Tou Riemann 8ev ixavornoweiton (ndpte
e =1/3). Apa, n h dev elvor Riemann ohoxhnpdowun.

(e) H ouvdptnon w : [0,1] — R ye

3 ocvxz%, p,g €N, MKA(p,q) =1

w(a:):{ (1) vz éQRz=0
elvor Riemann ohoxhnpdoiun. Edxoha ehéyyouue 6t L(w, P) = 0 yio xdde Sopépton
P ou [0,1].

‘Eotww ¢ > 0. IHopatnpoldye 6t 10 obvoro A = {z € [0,1] : w(x) > e} elvar
nenepacpévo. [Hpdypat, av w(x) > e 61 © = p/q xou w(x) = 1/q > € Inhady
g < 1/e. Ouvpnrol tou [0, 1] mou ypdpoviar coy avdywyd XAGOUATO UE TOUPOVOUAOTY
T0 TMOAU (o0 ye [1/¢] elvan menepaouévor o TARBog (évar dvw @edyua yio To TARYog
Toug elvat 0 aprdude 14+ 2 + -+ - 4 [1/e] — e&nyhote yatl)].

Eow 21 < 22 < -+ < 2y pla apidunon twv otoiyeiwy tou A, Mnropolue
va Bpolpe Eéva unodlaotiyata [a;, b;] tou [0,1] mou éyouy phxn b; — a; < €/N xou
avonowoly Ta eEhc: a1 > 0, a; < z; < b av i < N xatay < zy < by (napatnpriote
ot av e < 1 16te 2y = 1 ondte npéner va emiéZoupe by = 1). Av Jewphioovue
olapéplon

(4.2.24) P.={0<a1 <by<ay<by<---<any<by <1},
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€Y OLUE

Uw,P.) < e-(a1—0)4+1-(by—a1)+e-(aa—b1)+--4+1-(by—1—an—1)
+5-(aNbe_1)+1o(beaN)Jre(lbe)

< et o)t (o = by + (1= b))
N
+>_(bi - a:)
< 25.1_

T to tuy6v € > 0 Berraye dropépion P. tou [0,1] pe tnv Biétnta
(4.2.25) U(w, P;) — L(w, P.) < 2e.

Ané 10 Oeddpnua 4.2.1, n w elvar Riemann ohoxnpdowun.

4.3 Abo xhdoeig Riemann oAoxAnpmolpwy cuvapTHoE®yY

Xpnotwomowhvtac to xpithpto Tou Riemann (OQedpnua 4.2.1) Yo del€ouue 6Tt oL yovo-
Tovec xou ot ouveyeic ocuvaptioes f : [a,b] — R elvor Riemann ohoxhnpdotuec.

Oedpnpa 4.3.1. Kde povérovn ovvdptnon f : [a,b] — R eivar Riemann odokAnpdoiun.

Andoeiln. Xwplc neplopiogd tng yevixdtntag unodétovye ot 1 f eivon av&ouvoa. H
[ elvon tpogavae geayuévn: yia xdVe x € [a,b] éyouue

(4.3.1) fla) < f(z) < f(b).

Apa, éxel vonua va egetdooupe Ty OapEn oAoxAnpwuaTtog Yot Ty f.
‘Eotw € > 0. Ou Bpolue n € N apxetd yeydho dote yia T Slapéplon

b— 2(b— b—
(4.3.2) Pn:{a,a+ a7a—|— ( a),...,a+M:b}
n n n

0V [a, b] oe n (oo uTodtaoTAUATY Vo Loy VEL

(433) U(fa Pn) 7L(fa Pn) <e.

O¢touye

(4.3.4) st PO 01
n

Téte, agod 1 f elvar ad€ovoa €youpe

n—1 n—1

U(f,Pa) = > My(wgpn —an) = Zf(%ﬂ)b_ -
k=0 k=0
b—a

= (f(@) + -+ fan),

n
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EVG
n—1 n—1 b—a
L(f, Pn) = ka(karl —Tk) = Zf(wk) "
k=0 k=0
= 28 (o) b+ Flan)).
Apa,

135) UG Py — L(f, Py — L) = 1)l —a) _ [10) = f@)6—a)

n n

)

T0 onolo yiveton pxpdTepo and to € > 0 mou yag 369nxe, apxel To 1 va elvan dpxETd
peydho. Ané to Oedpnua 4.2.1, n f elvow Riemann ohoxAne®otun. O

Ocdpnua 4.3.2. Kdbe ouvexns ovvdptnon f : [a,b] — R efvar Riemann oAokAnpdoiun.

Anddaén. Eow e > 0. H f elvar ouveyric oto xheotd ddotnua [a,b], dpo elvor
ouotouopa cuveyric. Mropolue Aowdy va Beolue § > 0 ye v e€hc WtoTnTos

Av 2,y € [a,b] x|z —y| <6, ot | f(2) — f(y)| < 35-

MnopoUye eniong va Bpotue n € N dote

b—a
n

(4.3.6) <4

Xwpiouye 10 [a,b] oe n vnodlacThuTA TOU 1BloV URxoLE b_Ta. Oewpolye dnAadh
Oapépton

b— 2(b — b—
(4.3.7) Pn—{a,a—|— a,a+ ( a),...,a+n( a): }
n n n
Opioupe
k(b —
(4.3.8) T =a+ ( a)’ k=0,1,...,n.
n
Eow k=0,1,...,n— 1. H f elvar ouveyric oto xhetotd dBldotnua [Tr, Trr1], dpa

nafpver péytotn xar eNdytotn Tuh oe autd.  Yndpyouv dnhady YL, vy € [Tk, Tri1]
woTe

(4.3.9) My, = f(yk) xou mi = f(yi)-
Emniéov, 10 ufixoc Tou [z, zj11] bvar (oo pe =2 < 5, dpa
(4.3.10) lyh. — yr| < 6.

Ané v emhoyn Tou § nadpvoupe

(4.3.11) My —my = f(y) = fi) = f (i) = Fwi)] < ﬁ
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Enetat 6Tt
n—1
U(f, Po) = L(f, Pn) = (M — mu)(Ths1 — k)
k=0
n—1 c
< b ({L‘k+1 — {Ek)
—a
k=0
- bfa(b—a) —c.
Ané 10 Oeddpnua 4.2.1, 1 f elvar Riemann ohoxAnpdown. ad

4.4 I86tnteg Touv ohoxnpwpatog Riemann

e authy TNy Topdypapo anodeXVOOUPE AUCTNEE UEELXES amd TIC o BACIXES WBLOTNTES
Tou ohoxAnpouatoc Riemann. Ov anodel€elc twv unololnwy elvar gior xahh doxnon
noL Yo cag Bondrioer va eZouxeiwieite pe tic dlapeploets, o dvw o xdtw adpolopota
XAT.

Oedpnua 4.4.1. Av f(z) = ¢ ya kdle x € [a,b], tdre

b
(4.4.1) / f(@)dx = ¢(b—a).

Aréden: Eotw P={a=x0 <z <- - <z, = b} pa dopéplon tou [a,d]. T
x&e k=0,1,...,n— 1 éyovue my = My = c. Apa,

(4.4.2) L(f.P) = U(f.P) = ni (st — ax) = clb— a).

Bretan 6n -

(4.4.3) / @) = e(b— a) = / ' ().

Apa,

(4.4.4) / " H)de = (b — a). o

Oedpnua 4.4.2. Eotw f, g : [a,b] — R odoxAnpdoipues ovvaptioes. Tore, n f + g
efvar odokAnpdoun kat

b b b
(4.4.5) /[f(x)+g(x)]dx:/ f(:z:)der/ g(z)dzx.

Anddaén. Eow P ={a=1zp <x1 <--- <z, = b} dropépton tou [a,b]. T xdde
k=0,1,...,n—1 opiCoupe

mr = Inf{(f+g)(x): 2 <x<xRp1}
M, = sup{(f+9)(@): 2x <o < Tp41}
my, = inf{f(z):z <z <aR41}
M, = suplf(z): e <7< api}
my = inf{g(z):zx <z <zpy1}

M = sup{g(z):zr <z < Tpyr)-
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T %89 x € [zg, xp41] xovpe my, +my < f(x) + g(x). Apa,

(4.4.6) my, +my < my.

Oupolwe, vy xdVe & € [zk, xp11] €govpe M|, + M]! > f(z) + g(x). Apa,
(4.4.7) M, + Mj > M.

‘Ereton 611

(148) L, P)+ (g, P) < L(f +,P) < U(f +9,P) <U(f, P) + Ulg,

‘Ectww € > 0. Trndpyouv dwpepioec Py, P tou [a, b] dote

. b
(4.4.9) U(f,P)— 3 < / f(z)dz < L(f,P) + =
xou

€ b £
(4.4.10) U(g, P2) — 3 < / g(x)dr < L(g, P2) + 3

Av Jewpricouye v xown toug exhéntuvon P = Py U Py éyoupe

Uf,P)+U(g,P)—ec < U(f,P)+U(g,P2)—¢

< /f dm+/ g(z)dx

< L(f,P)+L(g,P) +¢
< L(f,P)+ L(g,P) +e.

Tuvdudlovtag pe tnv (4.4.8) BAénoupe 6Tt

b b b
/ (f+a)@)de—c < U(f+g.P)—c< / f(x)dz + / o(x)dz

b
< Lq+gjn+gg/Xf+m@mx+a

Aol 10 € > 0 Aty TuydY,

b b b b
@i [ o< [ f@dsr e [(f+ g

"Ouowx,

(4.4.12) /ab(f+g / (f+9)(=

Apa,

(4.4.13) /(f+g dxf/ f(z dx+/ :/ (f+9)(z

‘Enetat to Oedpnua.

P).
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Oedpnua 4.4.3. Eoto f : [a,b] — R ookAnpdoun kai éotw t € R. Tére, n tf
efvar odokAnpdoun oo [a,b] ka

b b
(4.4.14) / (tf)(x)dx:t/ f(z)dz.

Arébein. Ac vnodéooupe tpodta 61t > 0. Eotwo P={a=20 <21 < -+ < & =
b} dwaépion tou [a,b]. Av yi k=0,1,...,n — 1 opioouye

(4.4.15) my =inf{(tf)(z) :zr <z < xpy1}, My =sup{(tf)(x) :ap <z < zpi1}
xou
(4.4.16)  my, =inf{f(x):2x <z < TR11}, Mj, =sup{f(z): 2 <2 < xp41},

elvor Qavepd 6Tl

(4.4.17) my = tmy, xou My = tMj,.

Apa,

(4.4.18) L(tf,P)=tL(f,P) xu U(tf,P)=1tU(f,P).
Enetat 6T

(4.4.19) /b (tf)(z)dz =t /b fla)dz xa / b(tf)(:c)dx:t / bf(z)d:c.

Agob 1 f elvar ohoxhnpwotun, €youue

(4.4.20) /b f(x)dz = /abf(:z)d:c.

‘Emnetar 61t ) tf elvar Riemann ohoxhnpwoiun, xat

b b
(4.4.21) / (tf)(x)dx:t/ f(z)dx.

Av t <0, n uévn alhayy| oto tponyoluevo emyeipnua eivon 6t Thpo my, = tM], xou
M}, = tm),. Suuninpdote v anbdelln pévor cog.

Téhoc, av t = 0 éyovpe tf = 0. Apa,

(4.4.22) /abtf:ozo-/abf. O

A6 to Oewprpota 4.4.2 xou 4.4.3 TpoxUTTEL GUECA 1) KYPUUXOTITA TOU ONOXANEE-
HATOC .

Oehpnua 4.4.4 (Yeoppxdtnta ToL ohoxAnpwpatoc). Av f g : [a,b] — R evar
dvo oAokAnpdopes ovvaptioeas kai t, s € R, téte n tf + sg elvar odokAnpdoun oo
[a,b] ka1

b b b
(4.4.23) / (tf + sg)(z)dx = t/ fz)dx + s/ g(x)dx. O
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Ocdenua 4.4.5. Eoww f : [a,b] — R gpayuévn ovwdptnon kar éotw ¢ € (a,b).
H f etvar ohokAnpdoun oto [a,b] av ka1 pévo av eivar odokAnpdoiun oza [a, c] kai
[e,b]. Tdre, 1w0xUe

(4.4.24) /: f(z)dx = /ac f(x)dx + /cb f(z)dx.

Anddaén. Trodétoupe mpdta 61 1 f elvon ohoxdnpdoyn ot [a, ¢] xou [¢, b]. Eotw
e > 0. Trdpyouv dupeploeic Py tou [a, c] xau Ps tou [, b] dote

(4.4.25) L(f, Pr) g/cf(x)dng(f,Pl) xaw U(f,P1) — L(f, P)) <

N ™

prde i

N | ™

b
(4.4.26) L(f,PQ)g/ F@)dz < U(f, Py) xa U(f, Py) — L(f, Py) <

To olvoho P. = Py U P eivan draéplon tou [a, b] xou woybouy ol
(4.4.27)  L(f,P.)=L(f,P\) + L(f, P2) xu U(f, P-) = U(f, P\) + U(f, P»).
Ané Tic nopandve oyéoec malpvouue

U(f, Pe) = L(f, P:) = (U(f, 1) = L(f, 7)) + (U(f, P2) = L(f, P2))
< g + g =e.

Aol 1o € > 0 Arav Tuydy, 1 f elvon ohoxhnpwotun oo [a, b] (xpithpo tou Riemann).
Emmiéov, v Ty P €youue

(4.4.28) L(f,P.) < / b f(x)dz < U(f, P:)

xa, and T (4.4.25), (4.4.26) xon (4.4.27),

(4.4.29) L(f,P.) < / f(a)da + /Cb f(x)dz < U(f, P).
Eropévec,

b c b
(4.4.30) \ [ #ado - ( [t [ f(x)dm) \ <U(f,P) — L(f, P.) < =,
xat ool To € > 0 fTay TUYOY,

(4.4.31) /ab flz)dx = /ac f(z)dx + /Cb f(z)d.

Avtiotpoga: vnodétouye 6t 1 f elvon ohoxknpewotun oto [a, bl xat Yewpolue € > 0.
Trdpye Swpéplon P tou [a, b] dote

(4.4.32) U(f,P)— L(f,P) <e.
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Av c ¢ P Yétovye P’ = P U {c}, ondte ndh €youpe
(4.4.33) U(f,P") = L(f,P") U(f,P) - L(f.P) <e.

Mmnopolue hoimdy vo, unodécovpe 61t ¢ € P. Opilouye Py = P NJa,c] xow Py =
P Neb]l. O Py, P eivar Sopeploeic twv [a, ¢] xau [c, b] avtioTtoya, xou

(4.4.34) L(f,P)=L(f,P1)+ L(f. P») , U(f,P) = U(f, 1) + U(f, P2).
Agob

(44.35) (U(f, P1) — L(f, 1)) + (U(f, P2) = L(f, P2)) = U(f,P) = L(f, P) <&,
gneton 6T

(4.4.36) U(f,P)) — L(f,P,) < & o U(f, B) — L(f, Ps) < e.

Agob 1o € > 0 Aty TuY GV, TO XpLTHplo Tou Riemann delyvet 6t 1 f elvon ohoxhnpddouun
ot [a, c] xau [¢, b]. Tdpa, and 10 npdTo Pépoc TN anddeine nalpvoupe Ty wodTnTa

(4.4.37) /ab f(zx)dx = /acf(x)dm + /Cb f(z)dz. O

Ocedpnua 4.4.6. Eotw f : [a,b] — R olokAnpdowun ovvdptnon. Yrodérovue dtr
m < f(x) <M ya kdOe x € [a,b]. Tdre,

b
(4.4.38) m(b—a) < / f@)dx < M(b— a).

Ynueiwon. O apriuoc

b
(4.4.39) bia/ f(x)dx

elvat n péom Ty e f oto [a, b).

Anéde&n. Apxel vo damotdoete oL yia xdle Swpépion P tou [a, b] toyle
(4.4.40) m(b—a) < L(f,P) <U(f,P) < M(b—a)
(to orolo eivar TOA) €0%0NO). a

ITépwopa 4.4.7. (o) Eoww f : [a,b] — R olokAnpdoun ovvdptnon. Yrodérovue
ot f(x) > 0 ya kdOe x € [a,b]. Tdre,

(4.4.41) /b f(x)dx > 0.

(B) Eoww f,g: [a,b] — R odokAnpdoipes ovvaptrioeg. Ymodérovue du f(x) > g(x)
yia kdOe x € [a,b]. Tdre,

(4.4.42) /ab flz)dz > /abg(x)dx.
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Anddaén. (o) Egapuélovue 1o Oedpnua 4.4.6: unopolye va ndpoupe m = 0.

(B) H f — g elvar ohoxhnpddoun ouvdptnon xat (f — g)(z) > 0 v xdde z € [a, b].
Egapuéloupe o (o) yioe Ty f—g %o YenNotLOTOIOUUE T YROUUXOTTA TOU ONOXATRW-
yaTog. O

Oewpnuo 4.4.8. Eoww [ : [a,b] — [m,M] odokAnpdoun ovvdptnon kai éotw
¢ : [m, M] — R ouveynis ovvdptnon. Tote, n ¢o f :[a,b] — R eivar odokAnpdoiun.

Anéoeién. Eow ¢ > 0. Ou Bpolue dapépton P tou [a,b] pe v wbiotna U(d o
f,P)—L(¢o f,P) <e. To Lnrolpevo éneton and 1o xpithipto Tou Riemann.

H ¢ elvar ouveyic oto [m, M], dpo elvar gpaypévn: undpyer A > 0 wote |p(§)| <
A yw x&9e € € [m, M]. Enione, n ¢ elvon opotduopgo cuveyhc: av Yéooupe €1 =
e/(2A4+b—a) >0, undpyet 0 < 0 < €1 BoTE, Yoo xqVe &,n € [m, M] pe | —n| < 3§

oy e [$(€) = d(n)] < e
Egopuélovtag to xpitripto tou Riemann yia v ohoxAnewoiun cuvdptnon f,
Beloxouye dtapepion P ={a =20 < 21 < -+ < 2 < Tpy1 < -+ < &, = b} dote

n—1

(4.4.43) UL P) = L(f,P) = S (Mi(f) = mu()) @as — 1) < 6

k=0
Opioupe

I = {0<k<n-—1:M(f)—mg(f) <d}
J = {0<k<n—1: M(f)—m(f) > 6}

HMapatnpoltue ta e€rc:

(i) Av k € I, t6te ya x&%e z,2" € [xk, xpt1] Exouvpe |f(z) — f(2')| < Mi(f) —
my(f) < 4. Halpvovrac & = f(x) xow n = f(a'), éxovue &, 1 € [m, M] xou | —n] < 4.
Apa,

(9o f)(@) = (9o @) = [¢(&) — d(n)] < er.

Aol ta x, 2’ fTay TuydvTa 670 [Tk, Tkt1], oUUTEPaivoLuE Tt My (po f)—my(pof) <
1 (eZnynote yratl). ‘Eneton 6t

(4.4.44) Z(Mk(¢ of)—mi(do f))(xpr1 —xx) < EZ(ka —x1) < (b—a)e.

kel kel

(ii) T to J éyoupe, and v (4.4.43),

(4.4.45) 0> (s —ax) < D> (M(f) = mi(f) (@rr1 — z1) < 67,
keJ keJ
dpat
(4.4.46) > (whs1 — ) <5 <er
keJ
Enione,

(4.4.47) (@0 f)(@) = (o @) < (@0 @)+ |(¢o fl)] <24
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v x@e x, &’ € [Tk, Try1], dpa My (po f)—my(po f) < 2A vy xdde k € J. Eneton
ot

(4.4.48) Y (M(do f) —my(do f))(@wpyr —wx) <24Y (w1 — 2p) < 2421

keJ keJ
Ané e (4.4.44) xou (4.4.48) cuunepaivoupe Ot

n—1

> (Mo f) —mi(do f))(@hp1 — zx)

k=0

- Z(Mk(‘bo f)=mi(po ))(@rr1 — zx)

kel

+ 3 (Mi(po f) —mi(do f))(@hi1 — k)

keJ
< (b—a)ey +24e; =¢.

U(go f,P)=L(¢of,P)

Auto ohoxnpdver Ty anddedn. O

Xpnowonowdvtag 1o Oedpnua 4.4.8 uropolue va ehEYEoUPE EUXONA TNV ONOXANEWGLUOTT-
ToL SLoOEWY CUVAPTACEWY TOL TEOXVOTTOLY and TNV cUVIESY) UG OAOXANPACIUNC
ouvdpTnong f Ue xaTdAAnAeC ouveyelc ouvapTAoELC.

Oedpnua 4.4.9. Eoto f,g: [a,b] — R odoxAnpdoiues ovvaprrioe. Tdte,
(o) n | f] eivar odokAnpdoun xkai

(4.4.49) ‘ / " Fayde] < / (o).

(B) n f? etvar olokAnpdsorun.
(v) n fg eivar odokAnpdoun.

ArddeiEn. Ta (o) xou (B) elvar dueocec cuvénetee tou Bewphipatoc 4.4.8. T to (y)
yoddte

(f+9?—(f-9)°
1

(4.4.50) fg=

XL yenowonotfiote 1o (B) oe cuvduaoud pe to yeyovoe 6t ot f + g, f — g elvon
ONOUATPWOCLES. |

Mua cOpBac. ¢ thpa oploaye to f; f(z)dz uévo oy nepintwon a < b (doukebape
ot0 xhewotd ddotnua [a,b]). T mpoxtixolc Adyouc enexTelVOUUE TOV OploUd Xou
oty meplntwon a > b wg eie:

(a) av a = b, Oévoupe [ f =0 (yiot xdde f).
(B) ava>bxoun f:[b,a] — R elvar ohoxhnpiowun, opiloupe

(4.4.51) / ’ flx)de = — /b " F(@)da.
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4.5 O optopo6s touv Riemann*

O oploude mou SOGAUE Yol THY OAOXAPWCWOTNTA YIS QEAYUEVNS ouvdptnong f -
[a,b] — R ogeileton otov Darboux. O npttog auotneds 0ptouds Tne OhNoXANewoluétn-
Toc d6Unxe and tov Riemann ot elvar o e€nc:

Optopéde 4.5.1. 'Eotw f : [a,b] — R gpaypévn ouvdptnon. Aéue 6t n f elvan
ohoxAnpwowwn oto [a,b] av undpyet évac mpayuatinds apdude I(f) ye v eZhc
Lot TOL

T %80 € > 0 pmopolye va Bpolue 6 > 0 dote: av P = {a = 2o <
1 < -+ < xy = b} elvon Swapépion Tou [a, b] pe mhdtoc || P|| < & ot av
&k € [Tk, Tp+1), B =0,1,...,n — 1 elvon Tuyoloa emAoyH onuelwy and
Ta urodao Aot Tou optlel 1 P, tote

n—1

Zf(fk)(xkﬂ —x) —I(f)| <e.

k=0

Ye auth v mepintwon Mue 6t o I(f) elvon to (R)-ohoxhMpwua e f oto [a, b).

TupBoliopds. Zuviduc yedgouue = yia ty emhoy onueionv {&o, &1, .- -, {1} Xt
S(f, P,E) yw to ddpoloua

n—1
(4.5.1) > R (@rrr — k).

k=0

—_

Mupatneriote 6Tt tHpa T0 E «unewsépyetony 610 ouuBolioud Y (f, P,E) agol yi-
o v B Swopépion P umopolue var €Youue TOMEC BLQOPETIXEC emAOYEC B =
{507617 e 7€n—1} ue Ek S [xkaxk-i-l]-

H Boow wéa niow and tov optopd elvar ot

b
(4.5.2) / f(x)dz =1im > (f,P,E)

6ty 10 TAdToC NG P telvel oto undév xon ta & emhéyovton audalpeta ool UTOOL-
aothdata mou opilel i P. Enedn dev €youde cuvavtroel T€Tolou eldoug «oplay wg
TOPA, XATAPEDYOUUE GTOV EPLAOVTIXG OpLoUOY.

Yxondg authc TN Tapaypdeou elvon 1 andden Tne looduvapiac Twy d00 OpLoUMDY
ONOUATPWOLUOTTTAC:

Ocdenua 4.5.2. Eoto f : [a,b] — R gpayuévn ovvdptnon. H f elvar ohokAnpdsoiun
katd Darbouzx av ka1 pdvo av efvar odokAnpaoiun katd Riemann.

Anddeén. Trodétouue npddta 6T 1 f elvar ohoxinpeworun xatd Riemann. 'pdgouye
I(f) yw to ohoxMpwua e f pe Tov opoud tou Riemann.

‘Eotw ¢ > 0. Mnopolue va Bpolue wa dapépion P = {a = 29 < 1 <

- < @y = b} (e apxeTd Wixpd TAdTOC) WoTE Yl xd¥e emhoyy| onueiwy Z =

{€0,&1, -, En—1} YE & € [Tk, Trt1] Vo LOYVEL
n—1
(4.5.3) > FE) (@rgr — z) — I(f)] < Z

k=0
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T %de k= 0,1,...,n — 1 unopolue va Bpolye &, &) € [Tk, Trpt1] Gote
o € " €

(4.5.4) my > (&) H—a) o My < f( k)+4(b—a)'
Apa,

n—1 c c
(45.5) LU P) > 3 @) onen =) = 5 > 1) = 5

k=0
Ol

n—1 c c
(4.5.6) U(f.P) < kZ:O FED @rer = an) + 7 <I() + 5.
‘Emetat 6T
(457) U(f7P)_L(faP)<€a
onAad”) n f eivar ohoxhnpwotun xatd Darboux. Eniorng,

€ b P €

(158) 10) -5 < [t < [ f@nde <16)+ 5,
xon ool to € > 0 Aray tuyoy,

b b
(4.5.9) / F2)dz = / F@)de = 1(f).
Anhady,

b

(4.5.10) / f@)dx = I(f).

Avtiotpoga: unodétovpe 6t 1 f elvon ohoxnpdoyn pe tov optodd tou Darboux.
Eow ¢ > 0. Trdpyet dapépion P ={a =z < x1 < --- < 2, = b} 70U [a,b] dote

(4.5.11) U(f,P)— L(f,P) < i

H f elvar gpayuévn, dnhadh undpyer M > 0 wote |f(z)] < M v xdde = € [a,b].
Eméyouye

€
6nM

(4.5.12) § = > 0.

‘Ectw P’ dapépton tou [a,b] ye mhdtoc || P|| < d, n omola eivar xou exAéntuvon
e P. Téte, vy xde emhoyn E onuelwy and ta unodiaothuata tou opilet n P’
€Y OVUE

b
[ o= < weP) <L) < Y (4PE)

b
< UUP)SUGP) < [ fla)dot S,
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Anhady,

(4.5.13) ’Z(f, P',E) ~ /abf(w)dx

<<
%

Zndpe va del€oude to (B0 mpdyua Yo TuyoLvow dlauépion Py Ue TAATOC UixpdTERPO
and 6 (1 Suoxolio elvon 6Tt ptat Tétota Slapépton Bev €xel xovéva Aoyo va elvar exhén-
tuvor e P).

Eow P ={a =y <y < < yYpm = b} wo tétowa dtapépton tou [a,b]. Ou
«mpooécouuey otny Py éva-éva dha to onuela i e P to omolo Sev avixouy oTny
Py (autd elvar o ToNO 1 — 1).

Ac nolye 6t éva téTolo T, Pploxeton avdpeoa ota dadoynd onueio ¥ < Y41 TG
Py. Oewpolye tny Py = P U {3} xau tuyoloa emhoyh 2N = {&,&1,...,6n 1}
ve & € [y, yisal, L =0,1,...,m — 1. Emléyoupe 800 onuela & € [y, x| xau &' €
[k, Yi41] o Vewpolye TNy emhoyr| onueinv 2@ = {&,&,..., &1, .8, &m-1}
ToL avToTotyel 6Ty Pa. ‘Eyouue

’ Z(fv Pl’E(l)) - Z(fv PQaE(Q)) = |f(€l)(yl+1 - yl) - f(gll)(ajk - yl)

—f(&) (i1 =z
< 3Mmlax|yl+1 -yl <3M¢

£
on’

Avixadiotdviac T doopévn (Py, ZM)) e 6ho xor Aentérepec drapepioeic (Py, ZF))
TOU TEOXUTTOLY UE TNV mpootixn onuelwy g P, yetd and n to moAd Bruota
@tévoupe oe wa dapépion Py xou wa emhoyh onueiwy Z© ue tic eEfc WidtnTec:

(o) n Py elvon xown exhéntuvon wwv P xar P, xou €yet TAdTog Wixpdtepo and 4.

(B) agol n Py eivon exhéntuvon e P, 6nwe otny (4.5.13) éyoupe

b
(4.5.14) ‘ > (f, P, EY) - / f(w)da

<E
5

() ol xdvaye 1o ToAG n Bhuata Yo va @Tdoouue otny Py xou agod og xdie Bruo
o adpolopata anelyay 10 TOAD 5, EXOUUE

=(1)y _ =(0) £ _¢
‘Z(f,Pl,_ )= (f Po,E )‘<n2n—2.

Anhadn, v Ty Tuyoloa drauépon P mhdtoug < § xat yio TV TuyxoVoo ETLAOYY
EM onueiwv anéd o utodotiuata e Py, éxouue

‘ > (f, P, EW) - /ab f(a)dz

a

b
H Rz - [ e
(3

< +:
-t+ts=¢
2 2
‘Enetar 6Tt 1 f elvon ohoxhnpodowun pe tov optopd tou Riemann, xaddg xou otL oL

I(f) %o fab f(z)dz elvar (oo O
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4.6 Aoxnoeig
Oudda A'. Epwthoelg xatavénong

‘Eoww f : [a,b] — R. E&etdote av oL napoxdtw mpotdoeic eivar aindeic 7 deudelic
(wtiohoyhioTe TAM WS TNV AndvINon 6oc).

1. Av 7 f elvou Riemann ohoxAnpowun, tote 1 f elvon porypévn.

2. Av 7 f eivor Riemann ohoxAnp®oiun, tote naipvel Yéyiotn Tun.

3. Av 1 f elvor gporyuévr, téte elvar Riemann oloxhnpdowun,.

4. Av n |f] elvar Riemann oloxAnpwown, t6te 1 f elvon Riemann ohoxhnpdoun.

5. Av 1 f eivar Riemann ohoxAnpdotun, tote undpyet ¢ € [a,b] dote f(c)(b—a) =

f; f(x)dx.

6. Av n f elvar gpaypévn xaw av L(f, P) = U(f, P) v x&0e dayépion P tou [a, b,
tote 1 f elvan otadep.

7. Av n f elvon gporyuévn xar av undpyet dapépion P dote L(f, P) = U(f, P), téte
n f elvou Riemann ohoxhnpdotun.

8. Av 7 f eivau Riemann ohoxhnpwowun xou av f(z) = 0 yia xdde z € [a,b]NQ, téte

/a " faydz = 0.

Opada B’

9. Eow [ :[0,1] — R gpayuévn cuvdptnon e v dotnro: yia xdde 0 < b < 1
n f ebvar ohoxhnptowun oto ddotnua [b, 1]. Aellte 6w 1 f elvor ohoxhnpdoun oto
[0,1].

1
x

10. AmnodeiZte 6t n ouvdptnon f : [—1,1] — R e f(z) = sin
£(0) = 2 elvor ohoxhnpddotun.

av x # 0 xa

11. Eotww ¢ : [a,b] — R gpaypévn cuvdptnon. Yrodétoupe ot 1 g elvon cuveytic
TavToV, exToC and éva onuelo xo € (a,b). Acite 6n n g elvan ohoxAnpdon.

12. Xprnowonowdvtac to xpltrpio tou Riemann anodei&te 4Tt oL mopaxdtew cUVAETH-
oelg efval o oXANEWOoLES:
(@) f:[0,1] = Rye f(z) =
®) f:10,7/2] — R pe f(z) =sinz.

x.

13. EZetdote av oL mapaxdtw cuvopthoels elvar ohoxinpdoluec oto [0,2] xou ur-
oloylote T0 ohoxhipwud Toug (av UTdpyEL):

(@) f(z) =2+ [2].
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(B) f(x) =1ava = vy xdmowov k € N, xau f(z) = 0 adhac.

14. Eow [ : [a,b] — R ouveyfic ouvdptnon ue f(x) > 0 yia xdde x € [a,b]. Aei&te
ot

/abf(x)dm =0

av xaw pévo av f(z) = 0 vy xdde z € [a,b].

15. Eotww f,g: [a,b] — R ouveyelc cuvaptioeic Hote

/ab fl@)dx = /abg(x)dx.

AefZte 6t undpyer o € [a,b] wote f(xo) = g(zo).

16. Eow f : [a,b] — R ouveyhc ouvdptnon pe v Wibtnra: yia xdde ouveyn
ouvdptnon g : [a,b] — R woyle

b
[ t@garts o
AeZte 6t f(z) =0 vy xdde z € [a,b].

17. Eow f : [a,b] — R ouveyhc ouvdptnon pe v Wdtnra: i xdde ouveyn
ouvdptnon g : [a,b] — R tou wavornoel v g(a) = g(b) = 0, 1oylet

b
| H@gtwyiz =0,
AeEte 6t f(x) = 0 vy &0 = € [a, b)].

18. Eow f,g : [a,b] — R oloxinpdoiueg ouvapthoes. Aeite tny aviodtnia
Cauchy-Schwarz:

b 2 b b
( / f(:r)g(o:)d:v> < ( / f2(z)dw>~< / 92<z>dx>.

19. Eow f : [0,1] — R ohoxknpwotun ocuvdptnon. Aellte 6t

([ f(ar)dx)2 < [ Pwa

Ioyler 10 (B0 av avuxataothoouye o [0, 1] ye tuydy ddotnua [a, bl;

20. Eow f:[0,400) — R ouveyhc ouvdptnon. AelZte ot
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21. 'Eow f:[0,1] — R ohoxhnpdoiun cuvdptnon. Ael&te 6t n axolouvdia

-/ (3)

ouyxAlvel 6To fo z)dz. [Ymédaén: Xpnowonohote tov optopwd tou Riemann.]

22. Aciéte 6Tt
. VI+HV24+yn 2
lim = —.

23. 'Eotw f [0,1] — R ouveyhic ouvdptnon. Opilouue yro axorovda (a,,) YHétovtac
a, = fo ")dz. AglEte 6w a, — f(0).

24. AelZte 6t naxohowdic v, =1+ 5+ 14+ + L — [ Laz cuyaiver.

25. 'Eow f:[0,1] — R Lipschitz cuveyhc ouvdptnon daote

|f(x) = f(y)] < M|z —y|

yioo xdde z,y € [0,1]. Aeite 6t

1 n
1 k M
dr — — — )< =
[ =25 (D) <5
k=1
vy xd9e n € N.

Opéda T’

26. Eotw f: [a,b] — R yvnolwg abouca xou cuveyhic ouvdptnon. Aeilte 6t

/f £(6) - af(a) - Aﬁ%lwm.

27. 'Eotw f : [0,400) — [0, +00) yvnolwe abovoa, cuveyfic xou eTl cLVEPTNOY e
f(0) = 0. Aci&te bty xd%e a,b > 0

ab</f d:v+/f

e obdtnTa av xou wévo av f(a) =

28. Eow f : [a,b] — R ocuveyhc ouvdptnon ye tny eZnc witétnta: undpyet M > 0

WoTE

D<M [ Irola

v xdde x € [a,b]. Acilte én f(z) = 0 ywo xdde = € [a, b].
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29. 'Eoww a € R. AsefZte 61t dev undpyet detnh ouveyhc ouvdptnon f : [0,1] — R
WoTE

1 1 1
/0 flz)dr =1, /0 zf(z)dr =a xou /0 22 f(z)dx = a®.

30. Eow f : [a,b] — R ouveyrhc, un apvntixf ouvdptnon. Oétoupe M = max{f(z) :
x € [a,b]}. Aei&te ot n axohovdin

= ( / b[f(x)]”dl’>

ouyxAiver, xat limy, oo v = M.

1/n

31. Eow f : [a,b] — R ohoxinpdoyn cuvdptnon. Xxonde authc tne doxnong elvat
va Oel€ouye 6Tl 1 f €xel TOAAG onuelor cUVEYELXC.

(o) YTrdpyer Swpépion P tou [a,b] dote U(f, P) — L(f, P) < b—a (eZnyfote ytl).
Agi&te 6Tt undpyouv a1 < by 610 [a,b] dote by —a; < 1 xau

sup{f(z):a1 <z <b} —inf{f(z) :a1 <z < b} <1.

(B) Enaywywd opiote xifwtiouévo diaothuata [an,by] C (@n—1,bp—1) pe pfixoc
wxp6TEPo amd 1/n Gote

sup{ f(z) 1 an < < by} —inf{f(z) : an < 2 < by} < %

(v) H tour autdv tov xPotioyévey Sotnudtwy mepéyet axpBoe éva onuelo.
Ael&te 6t 7 f elvon cuveyrc o auto.

(8) Tedpa delEte bt n f €xet dmepa onuela ouvéyelag oto [a, b] (Sev ypeldleton epto-
obtepn douvhetd!).

32. Eow f : [a,b] — R ohoxinpdown (6t avayxaotixd cuveyic) cuvdptnon e
f(z) > 0y xdde x € [a,b]. AciEte bt

/ab f(z)dxz > 0.

Oudda A'. Suuninpopata tne Oewplog

Arnodeilte tic nopaxdte TEOTAoELS.

33. Eow f,g,h : [a,b] — R tpeic ouvapthoeic tou avorowoly ty f(z) < g(z) <
h(z) yw xde = € [a,b]. TroVétoupe du ov f, h elvar ohoxinpdoles xat

/abf(x)dx = /abh(:r)da: =1

Ael€te 611 1 g elvon ohoxhnpdouun xat

/abg(a:)dx =1
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34. 'Eocw f : [a,b]
Ouolwe, 6t 1 f2 elvor ohoxAnpdoLun.

elvon ohoxhnedGLun.
35. Eow f,g : [a,b] — R ohoxhnpwowec ouvapthoec. Aceilte éu n f - g elvon
ONOXUATIPOCLUT).

36. Eotw f: [a,b] — R ohoxknpwoiun. AciEte 6t

‘/abf(x)dx g/ab|f(x)|dx.

37. EBow f : R — R ouvdptnon oloxinpwowrn oe xdde ¥Aelotd BidoTnua Tng
pop(pv’]g [a b]. Asiirs ot

a) [i flx)de = [} fla— z)dz.

(5) f f( dl’:faf a+bfx)dx.

() [} f@)de = [/F¢ f(a — ¢)da.

®) [ f)dt = c [ f(ct)dt.

(e) [*, f(z)dz =0 av n f eivor mepiTh.

(o) [, flx)de =2 [ f(z)dx av 7 f evon dpTiat.

38. Eow f: [a,b] — R gpaypévn cuvdptnon.
(o) AefZte 6u n f elvar ohoxdnpdoyn av xat évo av yia xdde € > 0 unopolue vo
BpolUe XAUIXWOTES CUVEPTACELS ge, he : [a,b] — R pe g < f < h. xat

/: he(z)dx — /: ge(z)dx < e.

(B) AciEte 6t 1 f elvow ohoxhnpwotun av xot wévo av yio xdde € > 0 uropolue vo
Bpolue cuveyelc CUVOPTACEIC ge, he : [a,b] — R pe g < f < he xa

/ab he(x)dx — /ab ge(x)dx < €.






Kegdhalo 5

To VepeAwdeg Yewpnua Tou
AmelpoocTtinol Aoyiouol

e autd 1o Kepdhowo Yo Mpe bt wa ouvdptnon f : [a,b] — R elvar mapaywyionun
oo [a,b] av n napdywyos f'(z) undpye yio xdde = € (a,b) xou, emmiéoy, undpyouy
Ol TAEUPIXESC TAPAYWYOL

Fi@) = tim SO IOy gy = i (@S0

r—a™t r—a T—b~ r—>b

Yupgwvolue va ypdgouue f'(a) = f(a) xau f(b) = f.(b).

5.1 To dewpnua péong tov OhoxAnpwtixod Aoyiopnosd

‘Eow f : [a,b] — R wa Riemann ohoxAnpdown cuvdptnon. Xto meonyoluevo
Kegdhowo oploaue ™ péon tiun

1 b
(5.1.1) b—a/a f(x)dx
e f oto [a,b]. Av n f urnotedel cuveyng, téte undpye: £ € [a,b] pe ™y WoTTA
1 b
(5.12) 1) =5 [ fa)da,

O wyuptopodg autde elvan dueon cuVERELR ToU EENC YEVIXGTEPOL YEWpPNUATOC.
Ochpnua 5.1.1 (Yedpnpa wéong Tiwhc Tov ohoxAnpwtixol Aoyiopov). Eot-

o f @ [a,b] — R ouwvexns ouvvdptnon kar éotw g : [a,b] — R olokAnpdoiun
owvdptnon pe un apvnukés nués. Tndpyer € € [a,b] dote

b b
(5.1.3) / f@)g(@)dz = £() / o(x)d.
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Anddaén. Ou f xat g elvon ohoxhnpwotpes, dpa 1 f - g elval ohoxAnpdowun oo [a, b].
H f elvar ouveyhc oto [a, b], dpa nalpvel ehdylotn xou péyiotn . Eoww

(5.1.4) m=min{f(z): a <z <b} xu M =max{f(z): a <z <b}.
Aqgob 1 g malpvel un apvnTixég g, Eyouue
(5.1.5) my(x) < f(z)g(x) < Mg(z)

v x&0e © € [a,b]. Buvendce,

(5.1.6) m/abg(x)dac < /abf(x)g(x)da: < M/:g(x)dx.

Agob g > 0 o70 [a,b], éxovue f: g(x)dz > 0. Awxplvoupe 800 TEepInTWOES: oV

f; g(z)dx = 0, t6te and my (5.1.6) BAénouye 6Tt fab f(x)g(x)dx = 0. Apa, n (5.1.3)
oyVet Y kde & € [a, b).
Trodétouue Aowndy 4Tt f(fg(x)dx > 0. Tére, and v (5.1.6) cuunepaivouyue ot

b
< LS _
I, 9(x)dx

Aol n f elvon ouveyhic, 10 Oewpnua Evbidueone Twrc delyver 6t undpyet € € [a, b]

WOoTE

(5.1.7)

_ Ja f@)g(@)de
fabg(x)d;v

‘Enetat T0 ouumépaoua. O

(5.1.8) f€)

IIépwopa 5.1.2. Fotw f : [a,b] — R ouvexns ovvdptnon. Trdpyer € € [a,b] dote

b

(5.1.9) [ @ =r©o - a)

Anddaén. ‘Apeon ovvénelo tov Oewpruartog 5.1.1, av Yewpricouge ™y ¢ : [a,b] — R
pe g(z) = 1 vy xdde z € [a, b]. 0

Ty enduevn nopdypapo Yo del€ovye (Eavd) o Ilbpiopa 5.1.2, auth T @opd ooy
dueon cuvéneta Tou TEMTOU Vepehtddoue Yewprlatog tou Anepootixol Aoyiouov.

5.2 Ta Jepehodn Jewprpata Tov Ancipoctixod Aoyiopod

Ogiopde 5.2.1 (adpioto ohoxhfewpa). Eotw f : [a,b] — R ohoxhnpodotun
ouvdptnon. Eidaue 6t n f elvor ohoxknpdown oto [a,z] vy xdde z € [a,b]. To
adpioto odoxApwua tns f etvon ) ouvdptnon F : [a,b] — R nov opiletol and ty

(5.2.1) Flz) = / F)dt.

Xpnowomowdvtag to yeyovde ot xdde Riemann oloxhnpidoiun cuvdptnon eivon
peayuévn, Yo delouue 6Tl T0 AGPLOTO OAOXATIPWUA HLIC OAOXATPOCING GUVAETNOTG
elvar TdvTOTE GLYEYY|C CLVEPTNOT.
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Oedpnuo 5.2.2. Eoto f : [a,b] — R odoxAnpdoun ovvdptnon. To adpwoto
olokAnpwpa F tng f elvar ouvexnis ovvdptnon oo [a, b].

AndoeiEn. Agol 1 f elvan ohoxhnpwdaouun, elval €€ optopod @poayuévr. Anhadr, undpyet
M > 0 oote | f(z)] < M yw xdde = € [a, b].
‘Eoww = < y o10 [a,b]. Térte,

Y x y
po-rol = | [ i ["rwa| | [ o
y
< / |f(t)]dt < Mz —yl.
Apa, n F' elvan Lipschitz ouveyrc (pe otadepd M). O

Mmnopolue va deifoupe xdtt woyvpdtepo: ota onueia cuvéyewag e f, n F evo
Tapaywylown).

Oewpnua 5.2.3. Eotw f : [a,b] — R odokAnpdoun ovvdptnon. Av n f evar
ouvexris oto xg € [a,b], téte n F elvar napaywyionun oto xo kai

(5.2.2) F'(x0) = f(x0).
Andoaén. Trodétouye 61 ¢ < xg < b (o BVo mepintdoE g = a H g = b

eENEyyovTon dpow, Pe TN obuBaon tou xdvaue oty apyr Tou Kepohalov). Oftouye
01 = min{zg — a,b — x0}. Av |h| < d1, t61E

N  P(s zo+h Zo
F( OH}? F@) _ thg) = 2</a f(t)dt*/a f(t)dt> ~ f(=o)

ro+h ro+h
- ;(/ e~ [ f(fvo)dt>

zo+h
= [ U= s

‘Eotw e > 0. H f elvar ouveyhic oto zg, dpa undpyet 0 < § < §; dote av |z — x| < 0
tote | f(x) — f(wo)| <e.
‘Eotw 0 < |h] < 4.

() Av 0 < h <6, tote

F(xzo + h) — F(z)
h

— f(=o)

IA

IA
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(B) Av =6 < h <0, t61€
F(xzg+ h) — F(z)

1 %
R I A VCE N
1 [0
< Wl |f(t) = f(zo)ldt
1 o 1
S W - edt = T - (—=h)e =e.
‘Enetor 6t P B F
tim PO XD T _ i)
dnhadh F' (zo) = f(xo). O

Ayeorn ouvénewa elvar 0 mpdTo Jepedidrves Jecypnua tov Arepootikod Aoyiopod.

Ocdpnua 5.2.4 (tpdto Yepehinddeg Yedpnua Tov Anelpoctixod Aoyiopos).
Av n f : la,b] — R efvar ovvexris, téte to adpioto odokApopa F tng f elvar
Tapaywyloun ourdpTnon Kal

(5.2.3) F'(z) = f(x)
yia kdOe z € [a,b]. O

II6pwopa 5.2.5. FEotw | : [a,b] — R oguvexns ovvdptnon. Trdpye £ € [a,b] dote

b
(5.2.4) [ e = 10 a).

Andden. Egapudélouue 10 Yedpnua péone TWhAc Tou dtapopixod AoYlopol yua
owdptnon F(z) = [ f(t)dt oto [a,b]. O

Ac unoéooupe thpa 6t f : [a, b] — R elvon o ouveyhic ouvdptnon. Mia napory-
wylown ouvdptnon G : [a,b] — R Myetu mapdyovoa tne f (1 avtimapdywyog
me f) av G'(z) = f(z) vy & = € [a,b]. Tlugova ye to Oedpnua 5.2.4, 1
ouvdpTnon

F@) = [ s
elvan mapdryovoa e f. Av G elvon o S mopdyovoa e f, téte G (z) — F'(x) =

fx) = f(z) = 0 yia x&%e x € [a,b], dpa n G — F elvaw otadepn oto [a,b] (amhn
OULVETELY TOL Vewphatoc Yéomne Thc). Anhady, undpyet ¢ € R dote

(5.2.5) G(x) - Fla) = c
yia %8¢ 7 € [a.b]. Agod F(a) = 0, rafpvouue ¢ = G(a). Arhadt,
(5.2.6) / " Ft)dt = G(2) - Gla)

# ohicoc

(5.2.7) Glz) = Gla) + / o

v xdde = € [a, b]. Exoupe hotndy deilet to e€hc:
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Oedpnua 5.2.6. Fotw f : [a,b] — R ouwveynis ouvvdptnon kai éotw F(x) =
[ f(t)dt To adproto odokAApwpa s f. Av G : [a,b] — R efvar pua mapdyovoa
s f, tote

(5.2.8) Glz) = Fz) + Gla) = / " F(t)dt + Gla)

yia kdOe x € [a,b]. Eidikdtepa,

b
/ f(z)dx = G(b) — G(a). o

Enueiwon: Aev eivar owotéd 6t yio xdle napaywyiown ouvdptnon G : [a,b] — R
oy el N lodTnTA

b
(5.2.9) G() - G(a) = / & (2)da.

[ mopdderypa, av Yewphioovpe ) ouwvdptnon G : [0,1] — R pe G(0) = 0 xo
G(z) = #?sin 5 av 0 < z < 1, t6te 1 G elvor maporywylown oto [0,1] odlhé n G’
dev elvan ppayuévn cuvdptnon (eAéyEte t0) omdte dev Unopolue vor WAGUE Yl TO
ohOXN ALY f: G

Av buwc n G : [a,b] — R elvor mopayoyiown xa n G’ elvar ohoxhnpdowun
oto [a,b], t6te N (5.2.9) wyle.. Auté eivan 10 Seltepo Oepehidddes Jeddpnua tov
Areapootikoy Aoyiouo?.

Oehpnuo 5.2.7 (devtepo Fepehddec Yewdpnua tov Anepoctixod Aoyio-
wov). Eotw G : [a,b] — R mapaywyioun ovvdptnon. Av n G’ eivar odokAnpdoiun

0710 [a, b] téTe
(5.2.10) /b G'(z)dx = G(b) — G(a).

Anédaén. Bow P={a=xz) <21 <--- <z, = b} wo daépion tou [a,b]. Egap-
uolovtac o Oebdenua Méong Twihc oto [zk, 2p41], K = 0,1,...,n — 1, Beloxouue
&k € (T, Thy1) PE TNV BIOTNTA

(5.2.11) G(xp41) — Glar) = G'(§) (Tpt1 — T).

Av, yio xd9e 0 < k < n — 1, opicoupe
(5.2.12)
my = inf{G'(x) 12 <z <api1} xow My =sup{G'(z) : 2 <z < Tp41},

ToTE
(5.2.13) my < G'(&) < My,
dpat
n—1
(5.2.14) L(G', P) <Y G'(&) (ki1 — 2x) S U(G, P).

k=0
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Anhady,
(5.2.15) L(G', P) < E(G(xk_i'_l) —G(z)) =G(b) — G(a) <U(G, P).
k=0

Aol 1 P frav tuyovoa xat 1 G’ elvar ohoxhnpwotun oto [a, b], tafpvovtag supremum
w¢ wpog P oty aplotepr| avioétnta xou infimum w¢ npog P otny dedid avicdtnta
e (5.2.15), ocuurnepaivouye 6Tt

(5.2.16) /G’ ydz < G(b /G’

mou elvar o {nTolpevo. O

5.3 MEéJodol ohoxAjewong
Ta Yewpruata auTAC TNE TAPAYEAPOU KTEPLYEAPOLYY BUO YeNoWeS LeYOdOUC OAOX-
Mpwonc: TNV 0AoXApwseT xUTd UEET XL TNV OAOXATEOOT UE OVTIXATAGTACT).

SupBolicpwée. Av F: [a,b] — R, 161€ oLUQwVOUUE Vo YpaPoUUe

(5.3.1) [F(2)]) = F(x)|" := F(b) — F(a).

a

Ocdpnpa 5.3.1 (ohoxMjpwon xatd wéen). Eotw f,g : [a,b] — R napaywyioes
ouvaptrioes. Av ot f' ka1 g’ efvar odokAnpdoues, tdte

(5.3.2) /fg (fg)(z /fg

Eidixdrepa,

b b
(5.3.3) / f(@)g (@)de = [f@)g(@)], - / F(2)g(x)de

Anddeaén. H f - g elvar mapaywylown xat

(5.3.4) (f-9)(z) = f(x)g'(x) + f'(x)g(x)

o710 [a,b]. Ané v vnddeon, ot cuvapthoec fg', f'g elvar ohoxhnpdotues, dpo o 1
(f - g) elvon ohoxhnpwowun. Anéd to deltepo Jepehiddes Vedpnua tov ATelpooTixol
Aoyiopo0, v xdde = € [a, b] éxoupe

(5.3.5) / “td+ / " = / (o) = o)) — (fa)(a).

O Beltepoc Loyuplopds TpoxinTeL av Y€oouvue = = b. O
Mo eapuoy? elvon o «deUtepo Yewpnua Yéong Tiwng Tou oAoxANew o) Aoylo-

poLy.

IT6pwopa 5.3.2. Eotw f,g : [a,b] — R. Yrodérovue dt n f eivar ovvexns oo [a, b]
Kai n g elvar povdétovn kar ouvexss tapaywyionun oto [a,b]. Téte, vndpyel & € [a, b]
WoTe

b ¢ b
(5.3.6) / f(@)g(x)dz = g(a) / F(@)dz + g(b) /E f(@)dz
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Anédatn. Oewpolue to adpioto ohoxhpwua F(z) = [F f(t)dt tnc f oo [a,b].

a

Tore, to {nroduevo nalpvel Ty e€hc woper: undpyel & € [a, b] dote

b
(5:3.7) / F'(z)g(x)dz = g(a)F(§) + g(b)(F(b) — F(£)).

H g eivar ouveywe nopaywylown, dpo umopolue Vo EQAPUOCOUUE ONOXAHRWOT XAUTA
uéen oto aptotepd Yéroc. Eyouue

(5.3.8) / F'(2)g(2)dz = F(5)g(b) - F(a)g(a) - / F(2)g (z)da

agol F(a) = 0. Egopuélouvye 1o Yedpnua péone tunc tou Oroxinpwtixold Aoylo-
woU: 7 g elvon yovérovn, dpa 1 ¢’ Swatneel tpdonuo oto [a,b]. H F elvar ouveyrc xou
N g’ ohoxhnpwoun, dpa utdpyet € € [a,b] dhote

(5.3.9) / F(z)g'(z)dz = F(§) / g'(x)dz = F(£)(9(b) — g(a)).

Avuxadiotdviac oty (5.3.8) naipvoupe
(5.3.10)
b

/ F'(z)g(x) = F(b)g(b) — F(§)(g(b) — g(a)) = g(a)F(§) + g(0)(F(b) — F(£)),

dnhadh v (5.3.7). O
Qetpnpa 5.3.3 (mpdto Vewpnpo aviixatdotaorng). Eotw ¢ : [a,b] — R
napaywyioun ovvdptnon. Yrodétovue érin ¢’ eivar odoxkAnpdoun. Av I = ¢([a, b))
ka1 f : I — R eivar jua ovvexrs ovvdptnon, téte

#(b)

(5.3.11) / F(o()!(t) dt = /¢ s

Anddeikn. H ¢ elvar ocuveyric, dpa to I = ¢([a,b]) elvar xhetotéd ddotnua. H f eivor
ouveyric oto I, dpa eivon ohoxAnpwotun oto 1. Optlovue F : I — R ye

(5.3.12) F(z) = /¢: )f(s) ds

(napatneriote 6Tl 0 ¢(a) dev elvor anapaitnta dxpo tou I, dnhadh n F dev elvan
anapoftnTa T0 adptoto ohoxApwua e f oto I). Agol n f elvar ouveyhc oto
1, 10 mpddto Yeuehiddes Vedpnua tou Anepootixod Aoyiopod Belyver 6t n F elvon
nopaywyiown oto I xat F/ = f. Eneton 61t

b b
(5.3.13) / F(6(0)@' () dt = / F(6(1))d (¢) dt.
IMapatnpolue 6t
(5.3.14) (Flog) ¢ = (Fog).
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H (F' o ¢) - ¢ elvar ohoxhnpdoiun oto [a,b], dea n (F o ¢) elvarl ohoxhnpdowun oto
[a,b]. Ané 1o Sebtepo Yepehinddec Jedpnua tou Anelpootixol Aoyiopol malpvouye

b b b
(5.3.15) /(fo¢)~¢’:/ (F’O¢)-¢’=/ (Fo@) = (Fod)b)—(Fog)a).

Agol
¢(b) ¢(a) ¢(b)
5.3.16 Foqb b—Fo¢ = f— f= f,
(5.3.16) (F o 6)(b) - (F o d)(a) /M /M /M
nalpvoupe v (5.3.11). 0

Ocedpnpa 5.3.4 (deltepo Jemdpnua avtxatdotaong). FEotw ¢ : [a,b] — R
oUrexds tapaywyioun ovvdptnon, pe ' (x) # 0 yia kdle x € [a,b]. Av I = ¢([a,b])
ka1 f : I — R efvar pua ovvexns ovvdptnon, téte

b p(b)
(5.3.17) / () dt = / ()WY (s) ds.

¥(a)

Anddaén. H 9 elvoar ouveyhc xan dev pundevileton oo [a, b], dpa elvar mavtod detind
1 Tavtol apvnux| 670 [a,b]. Tuvende, n ¥ elvou yynolwe povétovn oto [a,b]. Av,
ywplc meploploud e yevixdtntag, vnovécouye Ot 1 ¢ elval yynolwg ad&ovoa tdte
opiletar n avtiotpoyn cuvdptnon =1 1 I — R tnc v oto I = 9([a,b]) = [¢(a), v (D)].
Egapuélouye 1o mpmto Yempnua avitxatdotaons v v f (¥ ~1) (rapatnerote 6t
7 (¥™1) etvar cuveyhc oo I). Eyouue

(a)
b
= [Gow) [y oul
b
= [Gew)-w oy
ab
~ [ 1w
Auté anodewevier ty (5.3.17). O

5.4 Tevixevpéva ONOXANEOUATA

Ye auTAY TNV TUPAYEAUPO ETEXTEIVOUNE TOV OPLOUO TOU OAOXATPOUATOS Yol GUVAETY|-
oelc Tou dev elvan pparyUeves 1 elval oplougveg oe daothpato Tou dev elval xAeloTd
xa ppayuéva. Oa apxecTOUUE o€ xATolEC Bactxéc Xt YENOWES TEQLTTWOELC.

1. TroYétouye 61t b € R 4 b =400 xau f: [a,b) — R elvan pla cuvdptnon tou elvat
ohoxAnpotun xatd Riemann oe xdde didotnua g popghc [a, x|, émou a < x < b.
Av urdpyer To

(5.4.1) Jim / " ryat

z—b—
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xat elvat mparypatinds aprdude, tote Mue 6t n f elvan ohoxinpdowun oto [a,b) xou
optlouye

/ b fWdi= tim [ @)t

z—b~ J,

Av 10 «6ploy oty (5.4.1) eivon £oo téte Mépe bt TO fab f(t) dt anoxhiver oo fo0.
Evtehde avdhoyo oplletar To YEVIXELUEVO ohoxMjpwia pac ouvdptnone f : (a,b] —

R (6mou @ € R a = —o0) 1ou elvar ohoxhnpwowun oo [z, b] yioa xdde a < z < b, va
elval to
b b
/ Ftydt = tim / () dt,
a rT—at Jyx

av To teAeuTalo Hplo UTAEYEL.

Hopadeiypoata
() Oewpodye ) ouvdptnon f : [1,00) — R ue f(z) = 5. T xdde & > 1 éyouue

1 1 1
/ St = =1
1 t t X

/Oof(t)dt: im [ f(#)dt= lim (11) 1
1 1

r— 00 r— 00

YUVEN®C,

() Oewpolye tn ouvdptnon f : [1,00) — R ue f(z) = L. N xdde z > 1 éyoupe
/ %dt =Int|j=lnz—Inl=Inx.
1

Yuvenwe,

/OO f(®)dt = lim Tf(t) dt = lim Inz = +o0o.
1

Tr—00 1 Tr—00

(v) ©zwpotye tn ouvdptnon f : (0,1] — R ye f(z) = Inz. Hopatnerote 6t n f dev
elval ppayuévn: lirgl+ Inz = —oo. T xdde o € (0,1) éyoupe

1
/ Intdt =tlnt—t|i=—-1—xlnz+z.

Yuvenwe,

1 1
/ ft)dt = lim / f@)dt= lim (-1 —zlnzx + ) =—1.
0 T

z—0*t z—0t

1
Vi-z®

oev elvar payuévn:  lim \/% = +o00. o xdde = € (0,1) éyoupe
z—1- -z

(8) Oswpolpe t ouvdptnon f : [0,1) — R pe f(z) = Mupatneote 6t N f

dt = —2/1—t [f=2-2V1—=.

® 1
L =
Yuvenwe,

/1f(t)dt: lim 3Cf(t)dt: lim (2—-2v1—z)=2.
0

z—1~ Jo r—1—
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(e) Oewpolye tn ouvdptnon f: [0,00) — R ye f(z) =sinz. T xdde > 0 éyouue
/ sintdt = —cost |§= cosx — 1.
0

Agol 10 bpto lim (cosz — 1) Bev undpyel, TO YEVXEUPEVO OAOXNAEWUNL fooo sint dt

r—00

Oev malpvel xdmota Ty,

2. Tro¥érovye 6Stb e RAb=4ocoxwwa € Rfa=—o0. Eow f:(a,b) - R wa
ouvdpTnon mou elvar ohoxhnpwotun xotd Riemann oe xdde xhetotd Sidotnua [z, yl,
omov a < x < y < b. Oewpolue tuy6Y ¢ € (a,b) xou e&etdlovue av vndpyoLY Ta

YEVIXEUPEVA OAOXANPOUATAL
c b
/ F(t) dt / () dt.

Av urndpyouv xat ta 800, T6TE AEUE GTL TO YEVIXEUPEVO OAOXA pWUA fj f(t) dt undpyet

xou ebvan (oo pe
b c b
/f(t)dtz/ f(t)dt+/ f(t)dt.

Mapatnerote 6tL, oe auTiv TNV TEplTTwoN, 1 Tt oL adpoloyatoc oto deld pé-
Noc dev eZaptdton and Ty emhoyy) Tou ¢ oo (a,b) (e&nyhote ywtl). Tuvende, to
YEVIXEUUEVO ONOXATpwUa 0plleTon xaAd Ye autdv Tov Tpémo. Av xdmowo and to 500
yevixeupéva ohoxknpduota [ f(t) dt xau fcb f(t) dt Bev éyer wun, 161 Mépe 6Tt 1O

b X . L . , ; / P
J, f(t)dt Bev opileton (Bev éxer n). Ltic nepntdoeic Tou xdmoto and ta 500 1 xa
ot 800 YEVIXELUEVO OAOXANEOUTA ATOXAIVOLY GTO £00 Loy ouy Tar GLUVADY Yid TIg
HOPQEC a £ oo.

IMopadeiypoto
() ©ewpolpe ™ ouvdptnon f: R — R pe f(z) = 57 Eyouue
i . Tt . In(2?+1)
/0 fit)ydt = wlggo ; ﬁdt = mhﬂngof = +oo.

‘Opora,
0
/ F(t) dt = —oo.

Suvenae, 0[O0 f(t) dt dev opileton: éyouye ampoodiépotn wopt| (+00) + (—o0).

1
241"

(B) Oewpolpe ) ouvdptnon f: R — R ye f(z) = "Eyouue

t)dt = lim ——— dt = lim arctanx = 7/2.
0 1) e—oo Jo t2 41 r—00 /

‘Oupora,
0
/ F(#) dt = 7/2.

1 0 1 >~ 1 T T
/_oot2+1dt_/_oot2+1dt+/o =gty =m

Yuvenog,
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5.4 To %xpiTelo TOL OAOXATEWUATOC

‘Eow [ : [a,00) — R un apvnuxf ouvdptnon, n onola eivor ohoxinpooiun oe xdde
ddotnua [a, z], 6mov = > a. e autAv TNV TEPITTWOoT, 1 CLVEETNON

F(zx):= /ﬂ” f@)dt

elvar a€ouca oto (a, +00). Luvenne, o

/ ft)dt = zlgrolo f(t)dt
UTdpyEt av Xow uévo av 1 F elvan dve @poryuévn. AlopopeTtixd, faoo f(t)dt = +oo.
Avtiotoyo anotéheoya elyope del yir TRV CUYXNOT CEIEMY Y pe | Gk YE UM
apvntixolg 6pouc. M tétol oelpd cLYXAVEL av xou uévo av 1 axorouvdia (sy)
TWV PEPWDY adpOloUATWwY TN Elvar dve Qeayuévn. AtapopeTtind, anoxiivel oto +00.
To enduevo Jewpnua divel Eva xptthplo GOYXALOTC YLol OELREC TTOU YPAQOVToL OTY
wopgh > oy f(k), 6mou f: [1,+00) — R elvon wa gdivouoa pn-apvntixs cuvdpeTtnor,.

Oewpnua 5.4.1. Eotw f : [1,+00) — R ¢livovoa ouvdptnon pe un aprnuxés
Tipés.  Oewpolue tny axolovdia (ar) pe ar, = f(k), k = 1,2,.... Tdte, n oepd
U apynTIKaY Spwv Y pey A CUYKAIvEL av kai uévo av to yevikeUpévo oAokAnipwpa
[° f(t) dt vrdpyer

Anddeiln. And 1o yeyovée 6t n f elvan @divouco mpoximter dueca bt f elvon
ohoxhnpwoun oe xdde didotnua [k, k + 1] xou

k+1
= f+ )< [ f0de< ) =

k

v x&e k € N. Av unodécouye 61t 1 oepd > oo | ax cuyxhivel, ToTe yia xdde z > 1
€Y OUUE

T p [z]+1 p [x] k+1 p 00
t)dt < t)dt = t)dt < ar < ar.
[ roas [ swa=> [ rma<y a<>a

k=1
"Enetan 6t 0
o0 x
/ f(t)dt = lim ft)dt
1

Tr—00 1

urdpyet. Avlotpoga, av 1o [ f(t) dt undpyet, yio x&de n € N éyoupe
n—1 k41
o= SR ) < f0 Y [ e
- Jk

— s+ [ roas i [T iwa.

Aol 1 axohovdia (sy,) TV UEPIXGOY adpOIOUETWY TNS D ey Gk ELVOL GV PEAYUEVT),
1 OElEd oLYXALVEL. 0.

IMopadeiypato
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(o) H oerpd Y5, 7157 omoxAiver duo

oS Inz
/ —dt = / — dt = lim Y — tim (In(lnz) — In(In2)) = 4o0.
2 (EHOO

tint =0 fino Y T—00

(B) H oewpd 377, paamyz OUYxhiver St

[e%S) T Inx
/ L gt = lim / L dt= lm / Wy (Lo LYo L
5 t(Int)? s—oo Jo t(Int)? o—o iy y2  @—oo\In2 Inz In2

5.5 Aoxrvocig

Ouéda A

1. 'Eow f : [a,b] — R ohoxhnpoowun ouvdptnon. Aellte dt undpyet s € [a, b] dote

/: F(t)dt = /sb F(t)dt

MnopoUue mévta vo emAEYOUPE €va TETOW § 6T0 avoxTto ddotnua (a, b);

2. Bow f:[0,1] - R o)\ox)\npmomn xow Yenx| ouvdptnon wote fo x)dx = 1.
AefZte bt yia xd¥e n € N vndpyet dapéplon {0 =ty < t1 < -+ < t, = 1} wote

ﬁtkk+1 f(x)dx: % ylo ){O,(ﬁs k:0717"'7n_ 1.

3. Eotww f:]0,1] — R ouveyhc ouvdptnon. AeiZte bt undpyet s € [0, 1] dote

/ f(z de—%.

4. Trod¥étoupe 6t n f:[0,1] — R eivon cuveyhc xon 6Tt

/0 " rydt = /x 1 F(t)dt

v x&0e « € [0, 1]. AeiZte 6u f(z) = 0 v xdde x € [0, 1].

5. Botww f,h:[0,+00) — [0,400). Trnodétovue 61t 0 h elvar cuveyhic xar 1 f elvan
nopaywylown. Opllouvue

f(=@)
Plz) = /O h(t)dt.
AglZze 6t F'(z) = h(f(z)) - f'(2).

6. 'Eotw f: R — R ouveyric xou éoww 6 > 0. Opilouye

x+0
o(z) = / F(t)dt.

=

Aei&te 61 1 g elvon naporywylown xou Beeite Ty ¢’
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7. 'BEow g,h: R — R napaywylowes cuvapthoeic. Optlouue
9(z)
G(z) = / t2dt.
h(z)

AelZte 61t n G elvon mopaywylown oto R xou Beeite my G7.

8. 'Eotw f : [1,+00) — R cuveyhic cuvdptnon. Opilouue

F(z) = /jf (%) dt.

Bpeite tqv F.

9. 'Eotw f :[0,a] — R ouveyhic. Aci&te 61, vy xdde x € [0, al,

/Ox Flu) (@ — u)du = /0 (/Ou f(t)dt) du.

10. Eow a,b € Rye a < bxo f : [a,b] — R ouveyde nopaywyiown cuvdptnon.
AvP={a=m<m <-- <z, = b} elvou drapépion tou [a, b], deite 61t

n—1 b
Z|f(93k+1)*f(93k)| S/ |f/(x)| dz.
k=0 a

11. Eotww f : [0, 4+00) — [0, +00) yvnolng ab&ouoa, cuVEYGOS tapaywyiown cuvdpetnon
pe f(0) = 0. Aei&te ott, yio x80e © > 0,

x f(z)
/ f(t)dt+/ £t dt = 2 f(2).
0 0

Opéda B’
12. Eow f : [0,1] — R ouveyds napaywylown ocuvdptnon pe f(0) = 0. AciEte 6t

yo xdde z € [0, 1] woyde
1 1/2
< ‘(t 2dt> :
i< ([ 1o

13. Eow f : [0,400) — R ouveyfic ouvdptnon ue f(x) # 0 yio xéde = > 0, n onola
avorotel Ty

f@r=2 [ s

0

v x&%e x > 0. Aellte 6t f(x) = z yio xdde x > 0.

14. Eow f : [a,b] — R ouveyde napaywylown ouvdptnon. AelZte ot
b b

lim f(z)cos(nx)de =0 xou lim f(z)sin(nx)dz = 0.

n—oo a n—oo
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15. Eetdote we npog ) cUyxAion T axoloudieg
™ ™
ap, = / sin(nx)dr xat b, = / | sin(nz)|dx.
0 0

16. 'Eotww f : [0, +00) — R ouveyde napaywylown cuvdptnon. Aellte 6t undpyouy
ouveyele, adZovoeg xat Yetixée ouvvapthces g, h @ [0, +00) — R wote f =g — h.



KegpdAowo 6

Teyvixec ohoxANpwong

Ye autd to Kegdhowo meprypdipoupe, ywelc rattepn avotnedtnta, T Bactixéc uedoddoug
UTOAOYLOUOU OAOXANpwUdTY. Afveton o cuvdptnon f xow Yélovye va Bpolue uia
avTinapdynyo e f, dnhadh wo cuvdptnon F' pe tny wdiétnta FY = f. Tére,

/f(x)dx — Fl2) +c.

6.1 OloxMipwon UE AVTIXATACTAOT

6.1a" IIivaxac oTOXELWDWY ONOXANEWUATHDY

Kdde tonoc napaydyione F'(z) = f(z) pac diver évav timo ohoxhfewoneg: n F el
var avtimapdywyog e f. MropoUue €tol va Sngtovpyiooude €vay mivoxa Bactxdy
ONOXANPWUSTWY, AVTIOTEEPOVTIS TOUE TUTIOUC TAPAYWYLONG TWY TO BACXOY GUVAPTTH-

OEWV:
a+1 1
/x“dx:%_i_r a# -1, /;dx:1n|x|+c

/e”dx:e‘”—i—c, /sinxdmz—cosx—i—c

1
/cosxdmzsinx—i—c, / 5~ dr =tanz +c¢
cos? x

dxr = arcsinz + ¢

1 1
dxr = —cotx + ¢, /7
/sinQ:r V1= 22

/ 1
—— dx = arctanz + c.
1422

6.13° TYnoloyiopdg tou [ f(¢(z))¢/(z)dx

H avuxatdotoon u = ¢(x), du = ¢'(z) dz poc diver

[ teand@ o= [ fwdn  u=ow).

Av 10 ohoxMpwya 8egld unoloyiletar euxohdtep, Yétovtag émov u v () un-
oloyiCoupe T0 OAOXAAPWUA APLETERA.
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IMTopadeiypoto

(o) Tt TOV UTIOAOYLIOUG TOU

arctan x
——dx
/ 1+ 22

. _ ’ _ dzx ’
Vétoupe u = arctanz. Téte, du = {55 xou avay6uacte 670
2
u
udu=—+c.
2
Enetar 6Tt
arctan z (arctan z)?
5~ AT = +c.
1+z 2

(B) Tt tov uTOAOYLIOUS TOL

sin x
/tanx dr = / dx
cosS X

Yétovue u = cosz. Tote, du = —sinz dx xo avayduacte oTo

1
—/fdu=—1n|u|—|—c.
u

Enetat 6Tt
/tanxdw = —In|cosz| + ¢

(v) T tov unoroytopd Tou
cos(v'z)
VT

5 — 4 __ _dz ’
Vétoupe u = /. Tote, du = 3.5 X AVoyOUAoTE 0TO

/2cosudu: 2sinu + c.

‘Ereton 6T

COS(\/\E/E) dr = 2sin(y/x) + c.

6.1y" Terywvopetpixd oAoxAnemuaTo

OroxAnpoduaTo Tou TEPLEYOUY BUVAUELS 1 YIVOUEVA TELYWVOUETELXWY CUVAPTHCEWY -
Topo0V VoL avaryYolV GE AMACUGTERA AV YENOWOTIOLNCOUKE TIC BACIXES TELY WVOUETOIXES
TAUTOTNTEC:

2 2 2 1

sin“x 4+ cos“x =1, 14 tan r=—

cos? x

1+ cos2x

1+cot’x = —5 0052x=+7

sin 2
1 —cos2x
sinzx:T, sin 2x = 2sinx cosx
cos(a — b)x — cos(a + b)x sin(a + b)z + sin(a — b)x

5 , sin ax cos bx = 5
cos(a + b)x + cos(a — b)x
5 .

sin ax sin bxr =

cos ax cosbx =
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IMopadeiypata

(o) Tt TOv LTOAOYLOPS TOU

/ cos? x dx

’ 2 _ 14cos2zx. 2
XPYIOWOTOLOVUE TNV COS™ & = 5 EYOLUE

1+ cos2x 1 1 T  sin2z
2 — [ — = —
/cos :cd:rf/ 5 dz 2/dm+2/cos2xda¢ 2+ 1 +c

Me Tov (B0 TpéT0 unopolue vo unhoyicoupe 1o [ cost z dx, yenowonowdvtag Ty

*4+ 2 + 4 *4+ 2 + 8

4 < 1+ cos 2x> > 1 cos2z  cos?2r 1 cos2r 1+ cosdw
cosr=|—5—) = .

(B) Tt Tov uToAoYlod TOUL

/sin5xdx = /sin4x sinz dx = /(1 — cos® x)%sinx da

elvor TpoTdTERT 1) v TIXATAGTAo U = cos x. Tote, du = — sinx dz xou avayouacTe
oTo 5 5
2u U
— (1 —-u*)du=—u+" - — +ec
3 5
Enetar 6Tt

2c0sz  cos®x

35
Trv Bl uédodo Umopolue va YENOWOTOLCOUUE Yiot OTOLOONTOTE OAOXARPWUA TNG

Hop@hc

/Sin5xdx = —cosx +

/ cos™ xzsin” x dx

av €vag and Toug exXVETEC m, n elvor TEPLTTOC Xt 0 dANog dpTioc. [ mopddetypar, av
m = 3 xat n = 4, Ypd@Qouue

/COS3 rsin® zde = /(1 — sin? ) sin® z cos x dz
X0, UE TNV OVTLXATACTOON % = SN &, avaYOUUOTE GTO ATAG ONOXATIPWUL

/u—ﬁm%w

(v) Abo ypriowa ohoxknpduato eivol To

/tan2 rdz xou/cot2 xdzx.
INa to TpKTo Yedpouue

1
/taandx:/(cos%c —1) dxz/[(tanx)’—l} dr =tanz — x + ¢,

%L, GUOLY, YLoL TO DEUTEPO YPAPOLYE

1
/cot2xdx:/< — —1) dm:/[(—cotx)'—l]dag:—cotx—aH—c.
sin®
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6.1 Yrnoloyiowéde Tou [ f(z)dr we Ty aviixatdotaon z = ¢(t)

H avuxatdotaon = ¢(t), de = ¢'(t) dt — 6mov ¢ avtioteédun ocuvdptnon — Wag
Olvel

[ t@yae= [ sowo

Av 10 ohoxhfpwua deEid unoloylletar euxohdTepa, Yétovtac bmou t Ty ¢~ (z) un-
ohoyiCoupe T0 OhOXAPLUA OPLETERT.

ITopadeiypato: TELYWVOUETPIXES AVTIIXATACTACELS

(o) e oroxAnpduata Tou Teptéyouy TNy Va2 — 2 Yétouye x = asint. Tore,

Va2 — 22 =acost xau dr = acostdt.

I mapdderypa, yio 1oV UToAOYLoUd TOL

dzx
229 — 22’

av Véoovue & = 3sint, t61e dz = 3costdt xou V9 — 2 = 3cost, xou avaryOUIGTE
OoTOo
/ 3costdt 1/ dt 1 b+
——s————=— [ —5— = ——cOo c.
9sin®t(3cost) 9 ) sin’t 9

cost \/1—Sin2t_ V9 — 22
- b

Tore, and v

cott = — = -
sint sint T

natpvouue
/ dzx _ V9-—a?
229 — a2 9z

+c.

(B) e oroxhnpduota tou teptéyouy Ty Va? — a? Vétoupe x = a/ cost. Tote,

asint
Va2 —a? =atant xoau dr = —— dt.

cos?t

INo mapdderyua, Yo 1oV UTOAOYLOUS TOL

/ Va2 —4
de,

t6te do = 288t gp = 2tant gy o /32 — 4 = 2tant, xau

cos? t cost

‘ _ 2
av Yéooupe T = 5,

AV YOUOOTE OTO

/ 2tant 2tant

———"——dt=2 [ tan®tdt = 2tant — 2t +c.
2/ cost cost /an an te

Va2—4
2

Agob t = arctan , T{PVOUUE

/22 — 4 Vaz—4
/de:\/x2—4—2arctanm7+c.
T
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(v) Ze ohoxhnpduata mou mepléyouy Ty Va2 + a? Vétouue x = atant. Tére,

a a
Vaiz+a2=—— xa dr = dt
cost

cos2t

I mapdderyya, Yo ToV UTOAOYIOUS TOU

Vaz+1
T

3 _ 7 _ 1 2 _ 1 /
av ¢oovue & = tant, T61€ drv = 77 dl xou vV + 1 = 5, xou avoyOUaoTe 610

/ 1 1 1 gt / cost &t 2 +
— - = - C.
cost tan*t cos? ¢ sin® ¢ 3sin®t

’ _ , , . _ _ x z ’
Ago0 t = arctan x, BAénouye 6Tt sint = tantcost = Ty Yo TeEAxd Talpvoupe

3.3 + c.

Va2 +1 (x2 +1)3/2
T =

6.2 OloxMjpwon xatd péen

O t0nog g ohoxhpwaong xatd uépr elval:

[ 1@ (@) dz = f@)g(a) - [ £@)gta)do.
xo TpoxUTTEL Gueoa and v (fg) = fg' + f'g, av ohoxhnpdooupe ta d0o uéhn tne.
Yuyvd, elvar EUXONOTEPO VoL UTOAOYIGOUUE TO OAOXATpwUA GTO BeEL0 UENOG.

Hopadeiypata
(o) T tov umohoyiopd tou [ xlogx dx ypdgovyue

1 2] 1 2] 2
/xlogaﬁdx:E/(xz)'logxdx:x ;gm—i/xdm: rosT T .

(B) T tov utohoyiopd Tou [ cosz dx Ypdgouue

/xcosxdx:/:E(sinx)’dx:msinx—/sinxdx:xsinx—l—cosx—l—c.

(v) T Tov vmohoyiopd tou [ € sinz dx ypdgpouyue

I= /e““’sinxdx /(e“’)’sinzdx: e’ sinx — /e“’cos:z:d:z:
= ezsinxf/(ez)’coszdx:ezsinxfe‘”costr/ez(cosx)’dx

= e%sinx—cosx)—/ewsinxdx:e"’”(sinx—cosx)—f.

‘Encton 6TL

. e*(sinx — cosx
/e“’smxdm = % + c.
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(3) Twet Tov utohoyiopé tou [z sin®zdr yproworowviae Ty TautéTNTe sin x =

1—cos(2z)
—== ypdpouue
/xbln mdm—/ dx / COS(ZT) dz.

INo 1o 8ebtepo ohoxhpwud, YENOWOTOLOUUE TNY AVTLXATACTAON U = 2T %Ol OAOX-
AMpwon xatd yépn énwe oto (B).
(e) Tt Tov uTohoYLoUS ToL [ log(z + /) dz Ypdpouue

/1og(:r+\/§) dx = /(x)’log(x—%-\/f) dx = xlog(m—h/f)—/ " +:r\/£ (1 + 2\1/§> dz.

Katémy, epopudlovye Ty avTixatdotaon u = /.

6.3 OloxMipwoT PNTOY CUVAETHOEWY

Ye auth v mapdypago meptypdpouue Wio pédodo pe tnv omolo pmopel xavel va
UTOAOY{OEL TO 06PLOTO OAOXANPWHA OTIOLUGONTIOTE PNTHC CLVAETNONG
p(x) anx™ + a1 1+ + a1z + ag

3.1 = = '
(6 3 ) f(x) Q(Z‘) bmx"l + bm—lmm_l +oe Tt blx + b()

H mpdtn napatipnon elvon 6t unopolpe mdvta va unodétoupe 6Tt n < m. Av o
Badude n tou aprdunth p(z) ebvar yeyahltepog 1 loog and tov Badud m tou napovo-
poot g(z), tote dronpolue to p(z) pe to ¢(x): vndpyouvy ToAudvupa m(x) xor v(x)
oote o Baduog tou v(x) va elvon pixpbdTEPOS amd m xal

(6.3.2) p(e) = n(@)a(x) + v(2).
Tore,

_ r@)a@) o) o)
(6.3.3) flz) = ) =m(z)+ o)

Buvende, Yo Tov bohoyoud tou [ f(z) dz unopolue TMpo var UTOAOYICOUUE YweLoTd
ot do (e

0 [7(z)dx (amhd ohoxhhpwua no)\ucovuptxng oLVEPTNONG) XAl TO f
ouvdpTtnon pe Ty tpdodetn Widtnta dtL deg(v) < deg(q)).

Trodétouue hotndy otn ouvéyewa 6t f = p/q xouw deg(p) < deg(q). Mnopolue
eniong va unodéoouue 6Tl a, = b, = 1. Xpnowwonowolue tdpa T0 YEYOVOS OTL
xde TOAUDVUUO avaAVETOL OF YIVOUEVO TewToBdduiwy o deuTepoBdduiwy dpwv.
To g(xz) =a™ +--- + bix + by YpdeTton TN Hopen

(6.3.4)  q(z) = (x—a)™ - (x —ap)™ (2% + iz +71)' --- (2 + Bz + )™

Ov a1, ..., af evar o1 mpaypatxée pilec tou ¢(x) (xou r; elvar 1 TOAATAGTNTA TNC
pllac aj) evey ou bpor z2 + Biw + ; elvon ta ywépeva (z — z;)(x — Z;) 6moL z; oL
uryadiés ptleg tou g(x) (xou s; elvon i molamhétta tne piac ;). Hopatnprote bt
x4 bpoc Tng wopghc 2 + Bix + y; éyer apvrTin daxpivouca. Emiong, ot k,s > 0
Xy + 44281 4 -+ 28 = m (0 Padude tou ¢(x)).
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Tedgouye v f(z) otn popph

"+ ap_12" 4 a1z + ag
@— a0 (@ —an) (@ + Bro + 1) o (2 Bo + )

(6.35) f(z)=

XL TNV <oVOAOOUUE GE ATA XAJGUOTAY: UTEEYOLY GUVTEAEGTES Ajt, Bit, I'yy dote

An Ao Aqp,
@) = T — oy + (x—a1)? et (x — )™
_|_ e
Ap1 Apa Apr,
+x—ozk + (x — ag)? ot (x — ag)m*
Bz +T'1 Biax +T'12 Bis,x + Ty,
224+ Biz+m (22 + Pz +m)? (22 + iz + 71)%
_|_ e
Bpx +T'p Bpx + T o Big,x + Ty,
224+ B+ (224 B+ )32 (22 + By + )5t

H elpeon twv ouvteheotdv yivetaw we e€nc: mohhamiactdlovye tor 00 UEAN Tng
wétnrac pe 1o g(z) (rapatneRote 6Tt 10o0TAL PE TO EAEYLOTO XOWO TOAMATALGLO
WY TAPOVOUASTRY Tou dellol péhoug). Ilpoximtel téTe Wit LlOOTNTU TOAUWVOULY.
E&iodvovtag touc UVTEAEOTES TOUC, TalpVOUNE €va oUOTNUO M EELCMOEWY UE M Y-
vootoug: toug Aj1, ..., Ajrys Bty ooy Bisyy Tiny oo Tisyy g = 1,00 ki = 1,001

Metd amd autd To B, YENOWOTOWYTAC TNV YRUUUXOTNTA TOU OAOXANPOUATOC,
OVOYOUOOTE GTOV UTONOYIGUO OAOXANEWUATOY TwV €V 800 LOpQMY:

() ONoxAnedpoto TNe ROPPHS fﬁdaz Avtd vnoloyilovtar dueco: ov
k> 2 16t

1 1
(6.3.6) /(a:—a)kdm D@ ay +c,

xor oy k=1 téte

1
(6.3.7) / de=Inlz —a|+ec
r—a

(B) OMoxhnpidpata e poppic [ %dm, 6mouv 0 % + b + 7y éyeL apv-
et dtaxpbvouoa. T'edgovtag Br + 1" = g(Qx +b)+ (T - %), VALY OUACTE OTA

ONOXATNOWOUATA

22+ 1
3. ——d —— dx.
(6.3.8) /(m2+bx—|—'y)k x %ol /(m2+bx+7)k x

To npwto unohoyileton ue TNV avixatdotaon y = % + br + v (e&nyhote yrott). [
2

70 delTepO, Ypdpouue TpwTo 12 +br+v = (x + %)24— 4"’4_17 XL UE TNV OV TIXATACTAOT

x + % = 424723/ avayéuaote (e€nyhote yiotl) oTov UTOAOYIOUS ONOXANEWUETWY

™S popPnc

(6.3.9) I = / ﬁdy.
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O unohoyloude tou I, Baolletar otnv avadpouixr oyéon

1y 2% — 1
6.3.10 ) p— Ii.
( ) T S A

T v anédedn tne (6.3.10) yenotponowotye ohoxhApwon xatd uéen. Ledgouue

dx 1 Y y?
L= | % = ’ dy = + 2k/ S N
k / W2+ 1)F /(y) W2+ 1)F Y 2+ 1)F (2 + 1)k Y
2
Y y*+1-1
= _— 2 —_—
(y2 +1)* - k/ (y2 + 1)k+1 dy

_ Y 1 1
R Qk/ TS 2k/ 7+ nFe Y

= 7?4 A +2kfk—2kfk+1.

(y?+1)

‘Enetar to {nroduevo. ['vwpilouye 6Tt
(6.3.11) I —/;d = arctany + ¢
R 1 — y2 4 1 Yy = Y )

Gpa, ypnowonowwvtog v (6.3.10), unopolue dladoyxd va Beolue ta Is, I3, . . ..
IMopadeiypoto

(o) Tt Tov UTOAOYLOPO TOU OAOXANEWUATOS

/ 322 +6 de 7/ 322 +6 e
w34+22-2r ) z(z-1)(x+2)

Untdpe a, b, c € R dote

322 +6 a b c

z(x —1)(z +2) x+x—1+m+2'
Ipdipoupe

322 +6 alz —1)(z+2)+bx(z+2)+cx(z—1)
r(x—1)(x+2) x(x —1)(x + 2)
(a+b+c)x®+ (a+2b—c)r —2a
z(x—1)(x 4+ 2) ’

xat AOvoupe o odoTnua
a+b+c=3, a+2b—c=0, —2a = 6.
H Ao elvan: @ = =3, b = 3 xou ¢ = 3. Tuvenwc,

322 +6 dx dx dx

D g = 3 Z 43 3
/a:(m—l)(x—i—Q) o /x + /$—1+ /x+2
= —3ln|z|+3lnjz—1]+3In|z+2|+ec.
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(B) Tt TOV UTOAOYLOUS TOL OAOXATNPDUITOS

/5z2+12x+1 /5:172+12x+1
234322 —4 (x=1)(z+2)2

Untdye a,b, c € R dote

5x2+12x+1_ a L b L c
(z—1)(z+2)?2 -1 2+2 (z+2)2
Fpdipouue
5z +12z2+1 a(z+2)?+b(z—1)(z+2)+c(z—1)
(x—1)(x+2)2 (x —1)(z+2)2

(a+b)x? + (da+b+c)x + (4a —2b —¢)
(z —1)(z+2)2 ’

xou AOvoupe To cOOTNUA
a+b=25, da+b+c=12, da —2b—c=1.

H Aoom elvon: a =2, b =3 xau ¢ = 1. Yuvenwg,

522 4+ 127 + 1 dz dz dz
———dx = 2 3
/(3:—1)(17+2)2 v /xfl—i— /x+2+/(17+2)2
1
2Injz — 1|+ 3njr+ 2| — —— + ¢
T +2

(v) Tt Tov unOAOYLOUS TOU OAOXATPWOUATOS

5 dz,

/ x+1 i / x+1

=[] —————
o — 223 — 222+ —1 (r—1)(22+1)
Untdye a, b, c,d,e € R wote

z+1 _a +ba:+c dx +e
(z—1)22+1)2 -1 2241 (224+1)2

KoataAfyouue otny
r+l=a(z®*+ 1)+ bz +c)(z—1)(z*+1)+ (dz+e)(z — 1)

xo AOvoupe 1o aboTNHUA

a+b=0, —b+c=0, 2a+b—c+d=0, —-b+c—d+e=1, a—c—e=1

H Mo elvan: a =1/2,b=—1/2, c=—1/2,d = —1 xou e = 0. Tuvendx,

z+1 d
25 a1 228 221107
1 d
_ f/ z fl/xfﬂd%/Ldz
2/ x—1 2) 22+1 (22 +1)2
1/ dx 1/ 2z 1/ dx 1/(a;2+1)’
= - R R PR R R
2) x—1 4) 22+1 2) 2241 2 ) (x241)2

1 1 1 1 1
= §1n|ac—1|—iln|m2+1|—§arctanw+§x27+l+c.
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6.4 Kanoleg YpHOWLES AVTIXATAOTAOELS

6.4 Pntéc ouvVapTAHOELS TwWV COST XaL sina

I Tov UTOAOYLEUO OAOXANEWULTWY TNG HOPPYIC
/R(cos x,sinx) dz

6mov R(u, v) elvan TnAix0o TOAWYOUWY PE UETOBANTES U X v, GUYVE YpNoULOTOl00UE
TNV AVTIXATACTAGT

; T
u = tan —.
2
Iopatnerote ot
cos® Z sin? L 1—tan?Z 1 —?
COST = T 2z = 2z 2
cos? § +sin” 3 1+ tan® § 14+u
Ol ) N
x x T T tan = 2u
sinz = 2sin = cos = = 2tan = cos® = = 2 —
2 2 2 2 1+ tan? s 1+w?
. 1+tan® ,
Enione, % = 2c0152 T = a2n Z, dnAad
2du
dr = .
14 u?

‘Etot, avayouaote 6To ohoxhpwia

1—u?  2u 2
R du.
/ <1—|—u2’1+u2>1—|—u2 “

Ny z 4 4 —_ 2 z 4 7
Aedopévou 6t 1 ouvdptnon F(u) = R (}JFZQ, 13&) 1+2u2 elvon pnTh ouvdptnom Tou

u, 10 TeAeuTaio oAoxhpwua utoloyileton ue T uédodo nou teptypddape otny Hopd-
yeago 6.3.

IMopadeiypato.

(o) Tt ToV UTOAOYLOPS TOU OAOXANEWUATOS

1+sinx

——dx

1—cosx
_2
14+u2

(1+w)?
[ was

70 omnolo unohoyiletan Ye avdAuoy o amhd xAdopoTa.

2 ’ —_ 2 . z
Vétoupe u = tan 5. Agol dr = du, cosx = ﬁ xol sine = avary OUooTE

GTO ONOXATiPWUL

2u
14u??

(o) Tt TOV UTONOYLOPS TOU OAOXANPOUATOS

/L.dff
1+sinx



6.4 KAIIOIEY XPHSIMEY ANTIKATAYXTAXEIE - 105

Vétouge u = tan 3. Aol dxr = H_zﬁdu xaL sinx = 13_#, AVAYOUUOTE GTO ONOX-
Apwuo
1 2 1
2 arctan U du = 4 [ arctan U du
I+ e 1+u (1+u)
1 !
= 4/arctanu (— ) du
1+u
arcta
= 4 reand du.

1
1+u +4/(1+u2)(1+u)

To tehevtaio ohoxAfpwpo utoloy(leton pe avdAuoT oe amAd xhdouaTo.

6.4B" OloxAnpopata aAYeEREIX®Y CLVAETACE®Y EWBXNC LopPNC

Ieprypdipouye €86 XATOLES AVTIXATAGTACELS TOU YENOLLOTOLOUVTAL YLdl TOV UTOAOYLO-
U6 ONOUATIPOUATWY TNG UOPPTIC

/R(x, V1= 22)dz, /R(x, Va2 — 1) da, /R(m, Va2 +1)dz,

omou R(u,v) elvar Tnhixo ToAUGVOUODY YE LETABANTES w XaL v.
(a) Tiot t0 ohoxhfpwpa [ R(z, V1 — x?) dz, xdvoupe mpmTa TV ok LeTaBAnThC
xz =sint. Apod V1 — 22 = cost xou dx = cost dt, avoryOUAoTE 0TO OROXNFPWUAL

/ R(sint, cost) costdt,

70 omo{o UToAOYILETOL UE TNV AVTIXUTACTAOT TNS TEOTYOVUEYNG UToTpaY pdpou (pNnTh
oLVEPTNOT TWVY cost xou sint).

(B) T t0 ohoxdMpwypa [ Rz, Va2 — 1) dx, wo 1déa elvar Vo ypnotuoToiGOUUE TV
adhayf) petafhnthc @ = 2. Téte, Va2 — 1= S2L yq dop = 8L 4t Avayépaocte
€101 0TO OAOXAHpWUA

1 int int
/R : ,ﬂ &dt:/Rl(cost,sint)dt
sint’ cost ) cos?t

Yoo xdmota pnth ouvdptnon Ri(u,v), to onolo unohoyiletow Ye TNV ovTXATIOTAON
NS TPONYOVREVNS LTOTPAYPAPoL (pNTh cuVdETNoN TwV cost xat sint).
Eivar épw¢ mpotiudtepo va Yenotdonolicoude tny e€AC allayr| petaAntic:

u=x+vVz2-1.

Tore,

u? +1 5 u?—1 u?—1
T = R r?—-1= , P —
2u 2u 2u?

Avayopaote €tol 6T0 pNTtd OhOXAHPWHA

/R u2+17u2—1 uQ—ldu
2u 2u 2u?

70 onofo unoAoY{leTon PE avVdALOT GE AAd XAdoUATL.
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(B) Tt 0 ohoxhfpwpa [ R(z,vVa? + 1) dz, po déa elvon var ypnotuonothcovue Ty
oMy petaPantic ¢ = —cott. Tote, Va2 —1 = xou dw = o dt. Avoryé-
MAOTE £TOL OTO OAOXAHPWUA

t 1 1
/R _C.i7.7 ﬁdt:/Rl(COStvSint)dt
sint’ sint /) sin“t

Yoo xdmowa pnth ouvdptnotn Ry(u,v), o onolo vnoloyileton Ye TNV avTXATAoTUO
NG TEONYOUMEVNE UTOTIAPAYpdpou (pntYi cuvdpeTtnom twy cost xat sint).
Etvou 6umc npotipdtepo va yprodonotiooude tny e€fc alhayn petafinthc:

1
sint

u=ux+\Vz2+1.

7

Tore,

2 2 2
-1 1 1
z:u , \/IQ—IZUJr , dz:LJr du.
2u 2u 2u?

Avayopaote €1l oo pntd ohoxAHpwud

/R u2—17u2+1 u2+1du
2u 2u 2u?

t0 onolo unohoy(letar ye avdhuorn oe anAd xAdouata.

IMopadeiypoto

(o) Tt TOV UTOAOYLOPS TOU OAOXANEWUATOS

/mdx

z ’ 2 7 27
Oétoupe 2% — 1 = (z — w)?. Ioodlvapa, z = Y7L Tote, dv = L51 du xou
1—u?

52— OTOTE AVAYOUAOTE GTOV LTONOYLOUO TOU
(2 —1)?
73 du.
4u

(B) Tt ToV UTOAOYIOUS TOL OAOXANEOUATOC

r—u=

1
—dx
/ zvz?+1
Vétovpe v = = + Va2 + 1. Tére,

w?—1 w?+1 w?+1
2u T T2

2
/uz—ldu

t0 onolo unohoy(letar ye avdhuorn oe anAd xAdouata.

Tr =

Avayopaote €10l 610 OhoXAHpWUA




6.5 AXKHXEIY - 107

6.5 Aoxvocig

Oudda A’

1. Troloylote ta axdrouvda ohoxinpduora:
2 20 +x+1 32% +3r 41
————dx, ——dx, dx.
22+ 2x+2 (x+3)(xz—1)2 3+ 2224+ 22+ 1

2. Troloylote ta axdroudo oloxAnpwuaTa:

/ dx / dx / dx / dx
zt+17 Vi + Jz’ ov/a? -1’ Vifer '
3. Troloyiote ta axdrouvda ohoxAnpouaTo:
d
/cos3xdac, /COSQSCSingiL'dl‘, /tanQ:vdﬂc, /7%, /\/tanxdﬂc.

costzx

4. Xpnowonowviac ohoxAfpwon xatd péen, del€te étu: vy xdle n € N,

/ dx _ 1 x . 2n—1 / dz
(x2 +1)n+l  2n (22 + 1)n 2n (2 4+ 1)
5. Troloyiote T axdrloudo ohoxAnpemuaTa:
x? 1
5 d —d logzd
/(x274)(x271) o /(1+x)(1+x2) v /“gw !
/xcosxdx, /e”sinmdw, /xsiandaz
1 z+4
log(z + V) dz /7dx, /—d:c
/ Bz +Va) g @+ D)@—1)
3
/ x' di | / c.os2 T ’ / dz '
1+sinz sin” z (22 + 2z + 2)?
6. Tnoloylote ta ohoXANpOUTY

/ sin(log ) da | / xjﬁ log(1 — z) da.

7. Troloylote ta ohoxAnp®uUATa

/marctanxdx / ze” d
(1+x2)2 ’ (14x)2 "
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8. Tmoloyiote to ohOXANPGUATA
/ e* dr / log(tan ) iz
14 e2® cos? x

9. Trnoloylote Tt OAOXATPGOUATY

E T tanz
3 dm s Tdiv
o COs“x _=x COS°XT

4
i
4

5
/ zlog (\/ 1+ J:Q) dr / ztan’ z dz.
0 0

10. Ymohoylote ta axdrouda eufadd:

(o) Tou ywplou mou Beloxetal 610 TEOTO TETUPTNUOELO XL PEACCETAL AT6 TIC YPUPIXES
TopaoTdoELS TV cuvapThoewy f(x) = v/, g(x) =  — 2 xou and Tov z-dZova.

(B) Tou yweiov mou ppdoceton and TG YPUPIXES TOPUOTACELS TWV CUVIPTAOEWY

f(x) = cosz xau g(x) = sinz ot0 didotnua [F, 2.

Opéda B’

11. Trnohoylote o ohoxAnpdUTa

/1+sinxd / 1 d / T d / 1 d
——dzx x ——dx ——dx
1—cosz '’ sinxz (14222 77 V1 — 22
1 T
———dzx, rarctanx dzx , ——dx, V2 —1ldz.
/ (L+a2)2 / / Nz /

12. Troloylote To oAoxAfpwua
x .
/ zsinz
o 1+ cos?zx
13. Trnohoyiote 10 ohoxhipwua

jus .
2 sinx
—dz
o SInx -+ cosx

14. Trnohoyilote 10 ohoxhipwya

™

/4 log(1 + tan ) dz.
0

15. Ael€te 611 10 YEVIXELUEVO ONOXA pwU

o0
/ xPdx
0
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dev elval temepacuévo yia xavéva p € R.

16. Trnohoyiote tor axdhovdor YEVIXELUEVA ONOXANPOUOTA:

(o) 5 1 d.%' 1
ze ¥ dx / —_— / log x dx .
/0 1V 1— 22 0

17. Aciéte 61, yio xdde n € N,

o0
/ e Tx"dx = n!
0

3 2

x 1 x
lim 2%~ / et dt , lim / el sint dt.
0 0

T—400 z—0+ x4

18. Bpeite ta 6pLa






KegpdAawo 7

Oewpnuo Taylor

7.1 Ocopnpa Taylor

Opwopée 7.1.1. Eotw f : [a,b] — R xou éoww xg € [a,d]. Trodétovye 6t n f elvan
n @opéc mapaywylown oto xg. To moluvdvupo Taylor téd&ne n tne f oto z
elvar 10 ToAudVLRO T}, £.4, : R — R mou opiletar we e€hc:

" k) (o
(1) T ga(@) = 3 T (o,
k=0 '
STAadY,
(7.1.2)

f(”)(aco)

n!

f”(ffo)

5 (= x0)’ 4t

T, f.00 () = f(0) + f'(20) (2 — m0) + (x —x0)".

To unéhowno Taylor téd&ng n wng f oTo T lvon 1 ouvptnon Ry, f.a, : [a, 0] — R
moL opiletan wg e€rg:

(713) Rn,f,xo (m) = f(x) - Tn,f,aco (x)

‘Otav z¢ = 0, cuvndiCoupe va ovoudlovye o T}, ¢,0 xat Ry, fo mohuGvugo MacLaurin
xou uréhotno MacLaurin tne f avtiotouyo.

Hapatienon 7.1.2. Iopaywyilovtag 10 T}, ¢ 2, BAémoLYE O

n (k)
Ty pan(@) = 3T (0w e T g (o) = Flao),

Pt k!
"L R (g B )
@) = YT @) g T (o) = £,
k=1 ’
" k) (o
T () = Y g o = a2, g T (a0) = £ o),
k=2 ’

ou T, (20) = f) (o).

jeS
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Anhad, to mohucdvupo Taylor 1d&nc n e f oto xp xxavornotel Tig

(7.1.3) T*)  (20) = f®(z0), k=0,1,...,n

n,f,x0
xatt ebvot To povadixd ToAuwvuuo Borduol o ToAD (cou Ye n Tou €xel AUTH TNV LOLOTNTA
(eZnyrote yratl).

IMapathenon 7.1.3. Eow f : [a,b] — R xo éotw z¢ € [a,b]. Yrodétoupe 6T

n f ebvar n — 1 gopéc napaywylown oto [a,b] xat n gopéc mapaywyiown oto xo.
Iopatnerote 6T

nfpk)

/ _ f (wO) k—1

(7.1.4) Ty, g (X) = ; W(ﬁf — o)

nolL

n—1
f(s+1) (1‘0) s
(715) Tn_ljf/7$0(.’13) = ; T(x — $0) .
Oétovtac k = s+ 1 oty (7.1.5) ocvunepaivoupe ot

(7.1.6) o fae = Tne1,f z0-

Ernctar 6t

(7.1.7) , = Rn—1,f -

n,f o
Ilpétaon 7.1.4. Eotww f : [a,b] — R ka1 éotw g € [a,b]. YTmoOérovue énin f etvar
n — 1 gopés mapaywyioun oo [a,b] kai n popés napaywyioun oto xg. Tdre,

(7.1.8) lim Linatoao ()

w0 (T —20)" 0
Anéoeitn. Me enayoyn og npoc n. o n =1 éyouye

Ry, f.00(2) = f(2) = f(20) = f'(20)(2 — 20),
dpat

Ry jug(@) _ f(2) = f(0)

r — X r — X

(7.1.9) — f'(xo) — 0
O6TAY T — T, ATO TOV OPLOUO TNG TAUPAYWYOL 6TO oNueio .

Trodétoupe 6Tl 1 mpodTAoT, WOYVEL Yi 1 = m xou Yl Xd¥e cuvdETNON Tou
wavonowe! Tic utodéoec. ‘Eotww f : [a,b] — R, m gopéc napaywyiown oto [a,d]
xar m + 1 @opéc mapaywylown oto xg. Tote,

(7.1.10) wlgglo Rint1,f.00 (%) = a;hl?o(x —20)" =0
ol
/
:Z: ’
(7.1.11) g Fmatgae@ L Bpae@)

w0 [z — 2o)™ ] +=z0 (m+ D) —20)”

and Ty enaywywr unddeon yioe v f/. Egopuélovtac tov xavéva I’'Hospital ohoxhnpdvouue
TO EMAYWYXO Priua. O
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Afppa 7.1.5. Eotw p modvdrupo fadiuod to modd ioov e n to onolo 1kavomolel tny

(7.1.12) lim &)

z—zo (x — 20)"

=0.

Tdéte, p = 0.

AndoeiEn. Me emaynyn we mpoc n. I'a 10 enaywywd BrAuo nagatnpolue mpodta 61t

. . x "
(7.1.13) p(xo) = zhﬂrgo p(x) = zlingo (xli(gg)o)n(x — )" =0,
Yuvende, p(xo) = 0. Apa,
(7.1.14) p(x) = (& — zo)p1(x),

6mou p1 moAudvLUo Baduod to TohD (cou pe n — 1 o omolo avorotel Ty

(7.1.15) fm 2@ o, P@
T—T0 (;C — 1‘0)" 1 T—T0 (I — .’,Eo)n
Av vnodécouue 6 1 Ilpbdtaom woyler yia tov n — 1, t61e p; = 0 dpa p = 0. 0.

H Ipétaon 7.1.4 xar 1o Afupo 7.1.5 anodexviouy tov e€fc Yapaxtnetonsd Tou
nohuwyOuou Taylor T}, 7 4,:

Qewpnpa 7.1.6. Eotw f : [a,b] — R ka1 éotw z¢ € [a,b]. Ymodérovue du n f
efvar n — 1 @opés mapaywyinun oo [a,b] ka1 n @opés tapaywyioun oo xg. Tdte, to
molvdvupo Taylor tdéns n s f oto xy efvar to povadiké modvdvuvpo T Baluot to
ToAU foov pe n to omolo 1kavomolel Tny

(7.1.16) lim

Anddaén. H Tlpbtaon 7.1.4 delyver 6t 10 T 54, txavonoel v (7.1.16). T
povadixdTnTa apxel Vo TopatneRoeTe 6Tl av 600 moAuwvupa 11, Th Boduod 10 ToAD
foou pe n avorowoly TV (7.1.16), té1e 10 TOALGVLPO p = T — T wavomotel Tny
(7.1.12). Ané to Afupa 7.1.5 ovunepaivoupe 6t Th = Th. a

IMapatrienon 7.1.7. To Oedprnuo 7.1.6 yac diver évav éuueco tpéTo Yo va Bplox-
oupe 1o mtohuwvuo Taylor td&nc n wag ocuvdptnone f ot xdnoto onuelo xo. Apxel
va Beolpe éva ToAudvuro Baduol 1o Toll icou ye n o otolo avornotel Ty (7.1.16).
(i) H ouvdptnon f(z) = 12 elvou drewpec popéc maporywyiown oto (—1,1) xau éxovpe

Ost 6L
1

1—x

Oa detlouye 6L, yia xdde n,

=14z+2?+ 2"+ yia xde |z < 1.

Tpgo(@) =Ta(z) =142+ - +a"
TMopatnpolye 6t
1 1 —gntl ontl

f(x) = To(2) = -

1—xz -z 1-z
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Apa,
lim f(x) — Tn(x)

z—0 xn z—01—x

xat to {nroduevo mpoxintel and 1o Osdpnua 7.1.6.

(ii) H ouvdptnon f(z) = H% elvon dmepec @opéc mapaywyiown oto R %ot €youye
OeL 6Tt

1

W:1—x2+x4+-~-+(—1)"m2”+~-~ yioo xdde |z] < 1.

Oa det€ouye 611, yia xdde n,
T2n7f70($) = T2n+17f70(1') = TQn(IE) =1- ZL‘2 —+ 1174 i (71)”3’]2”

IMopatneolue 61t

f(x) = To(z) = 11— (=pnfig?n+2 _ (—1)nt1g2n+2
’ Lta? 1422 1+ 22
Apa,
. f(z) = Tan(x) - (—1)" g B
ili% S gl T i{% a2 0,

xau (Tpopavix)

_ ) (—1)”+1J}2
T = 220l _ oy T T
xli}}) 1 =+ 332 ’

ondte 0 {Nrovuevo mpoxUnTel and to Oedpnuo 7.1.6.

To BOewpnua Taylor diver edypenotec exppdoeic yia to unéhoiro Taylor R, f .,
Ta€ng n wag ocuvdptnone f oe xdmolo onueio .

Oewpnua 7.1.8 (Oewpnuo Taylor). Eoww f : [a,b] — R pa ovvdpnon n+ 1
popés Tapaywyioun oo [a,b] ka1 éotw xg € [a,b]. Téte, yia kdde x € [a,b],

(i) Moggn Cauchy tou urohoinouv Taylor: Trdpyer & petaéd twv xo ka1 T bote

A3

(7.1.17) Ry t,20(2) ]

(z —&)"(z — z0)-

(ii) Mopg" Lagrange tou uroloinov Taylor: Trdpyer & petaéd twv xo kar x

A (3]

(7.1.18) R g0 () = "y (@ o)™

(iii) ONoxAnewTIX Lop®h Tou urohoirnov Taylor: Ay n V) eivar odorAnpdorun
owvdptnomn, téte

(7.1.19) Rty () = 1 / ’ FOHD () (@ — )™ dt.

ol
n. o
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Arndden. tadeponooue 10 x € [a, b] xa opllovue ¢ : [a,b] — R pe

nofk)
(71.20) 6(t) = Rugow) = f) - S T B o

k=0

Hapaywyilovtac we mpog t BAémouye 6Tt

n /D) (k)
S = Z( w0 SO o)
f<”+”()(

n!

x—t)",

apol to yecato ddpooua eivon tnieoxomxo. Iopatnerote eniong 61

(7.1.21) d(x0) = Rn,fz,(x) xat ¢(x) = Ry, f.5(x) = 0.

(i) T Ty poper) Cauchy tou unoloinou epapuélouvue to Oewdpnua Méone Thc yio
MY ¢ 0TO BWECTNUA PE dxpa T ol Xo: T Tdpyel £ petall Twy Zo XAl T OOTE

R f.00(x) = $(x0) — ¢(x) = ¢/ (&) (20 — ).

Ané v
(n+1)
s =2 gy
gneton OTL )
Ry g0 (@) = fT!@(x — &)™ (x — o).

(ii) T TV popyt, Lagrange tou unoloinou epapudlovue 10 Oewpenua Méone Twrc
tou Cauchy yio Ty ¢ xou o Ty g(t) = (x — )" ! oto ddoTnua pe dxpo T xon x¢:
Trdpyer € yetald TV T xaL T OOTE

R fao(x) _ d(x0) —0(x) _ ¢'(£)
(x — o)™t g(xo) —g(x) (&)

‘Ereton 6TL

JAMAIRI(3) n nt1
e ) T A (9) n
7(7’L+1)(CE75)" (l‘—xo) +1 _ (nijL 1)' (Jc—x ) +1.

(iil) T Ty ohoxhnpw x| Lop@r Tou uroholtou TapaTnEolUE 6Tt (and Ty unddeon
poc) @ elvar ONOXANPOOLUYN 6TO SECTNUN UE EXpal T XL Zg, ONOTE EQuEUOlETAL TO
deltEPO Vepehddec Yedpnuo tou Anepoatixol Aoyiouol:

Roganle) = o) ~oa) = [ ot
zo f£(n )
= &(aj—t) ndt
= / f(n+1) x—t) dt.

‘Etot, €youde TiC TEEIC YOpYES Yia TO LTBhOLTO Ry, ¢4, (). a

Rm.fﬂlo ($) =

Yty enopevn Hopdypago Ya yenowonoicouue 1o Oedpnua Taylor yia va Beoupe
TO QVATTUYUA OE SUVOLOCELRE TWV BACIXOY UTERBATIXWY CUVAPTHCEWVY.



116 - OEQPHM A TAYLOR

7.2  Avvapooeipéc xou avantiypota Taylor

7.200 H exdetixr cuvdptnon f(z) =e”

Mapatneotue 6t fF)(2) = € yia xdde © € R xou k = 0,1,2,.... Edxdérepa,
FR(0) =1 yia x&de k > 0. Suvende,

"L gk x? z"
(7.2.1) me:mm@:ZH:LM+E+W+ﬁ.

k=0

‘Eoww = # 0. Xpnowonowwvtog Ty doppy Lagrange tou unohoimou nafpvoupe
3
e

n+1
CES

(7.2.2) R, (z) = Ry to(x) =

v xdmoto £ wetadl twv 0 xow z. Lo vo extigrnooupe o undhoimo draxpivouue 500
TEPLNTWOELS.

o Avz >0 t6te

ef ea:anrl
R, = ntl < )
@)l = ™ S k)
o Avz <0, 16te € <0 ef < 1, dpa
3 | |n+1
e x
R, = ntl < )
B = G = Gy
Ye xdde mepintwon,
|:z:\| ‘n+1
el
7.2.3 R, < ——
(723 e
|| (. 1n
‘Eotww z # 0. E@apuélovtac 1o xpitrpto Tou Adyou yia Ty oxohovdia a, 1= %

BAémouye 6T
An+1 |£U|

an T n+2 -0
dpat
nh—>Holo |R.(z)| = 0.
Yuvenwg,
>k
(7.2.4) P nn_{go T (z) = Z %
k=0

v xde x € R.

7.28" H ouvdptnon f(z) =cosz

Mapatneotue 6t R (z) = (=1)* cos z xou fFH1)(2) = (—1)F sin 2 yio xdde € R
xu k=0,1,2,.... BEdwoérepa, fR(0) = (—1)% xar fEFHD(0) = 0. Tuvende,
n (—1)kx2k 322 1,4 (_1)n$2n

(7.2.5) Ton(z) :=Ton fo(x) = Z TR 1= TR (2n)!
k=0
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‘Eow z # 0. Xpnowonowwvtog v doppr; Lagrange tou unoloinou nafpvouue

f(2n+1) (f) x2n+1

(7.2.6) Ron () := Ran,g0(x) = (2n + 1)!

v xdmoto € yetold twv 0 xat z. o var extiuiooupe 10 undhoimo TopaTEOUUE dTL

|fE ()] < 1 (eivar xdmoto nuitovo 1 cuvnuitovo), dea
|x|2n+1
2. < —-.

2n+1
Egapuélovtag 1o xpithiplo tou Adyou yia v axolovdia a, 1= (;llﬂ , BAémouye 6t

lim |Ra,(z)| = 0.

n—oo

YUVETWC,
- x ( 1)kx2k
(7.2.8) cosw = lim Ton(z) = Z T

k=0

yio xde = € R.

7.2y" H ocuvdptnon f(z) =sinz

Mapatneotue 6t f2F) (1) = (=1)*sinz xor f*+D () = (—1)F cos  yia xdde € R
xaw k =0,1,2,.... BEdixdrepa, f9)(0) = 0w fEHD(0) = (=1)%. Tuvendc,
(7.2.9)

o

B0 = Tonenol®) = 2 Sy =275 s T
=0

n (_1)k$2k+1 3 5 (_1)nx2n+1

‘Eoww z # 0. Xpnowonowwvtog v doppy Lagrange tou urnohoinou nafpvouue

f(2n+2) (6) x2n+2

(7.2.10) Ront1(2) == Ranga,p0(7) = @n 1 2)!

vt xdmoto € yetold twv 0 xat z. o var extiuiooupe to undhoimo TopaTNEOUUE OTL
|fEH2) ()] < 1 (efvar xdmowo nuitovo 1 cuvnuitovo), dea
|x|2n+2

(7.2.11) |Rap1(2)] < ent o)

Eqgapuélovtag 1o xpithiplo tou Adyou yia v axolovdia a, 1= (‘;lz+2)' BAémouye 6t

lim \R2n+1(x)| =0.

n—oo
YUveEnQC,

> k 2k+1

(7.2.12) sinz = hm Tont1(z Z
—~ 2k+

vy xde = € R.
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7.28" H ouvdptnon f(z) =In(l+z), x € (—1,1]
ue b F) (p) — (EDEH(E=1)! ‘ —
Moupatnpotue 6t fU%(z) = gL yioo xé%e x> —1 xw k = 1,2,.... Ei-

ducdtepa, f(0) = 0 xar f)(0) = (=1)*1(k — 1)! yia x&de k > 1. Tuvendc,

- B n (_1)k:—1xk B 1'2 1'3 (_1)n—1xn
(7.2.13) T,(x) = Tn,f,o(x)_; ; -5+ +

Eotw x > —1. Xpnoonoidvtag TV ohoXANen T Lop@h Tou utololtou tafpvouue

T o(z—t)"

.2.14 n =R, =(-1" ———dt.
(7.2.14) Ru(@) 1= Rugolo) = (1" | G2
O¢étoupe u = ==, Téte, 10 u petafdihetar and = we 0 xou l‘f:t = l’fz (eNéyEte T0).
Yuvenwe,

0 _un

2.1 n(T) = du.

(7.2.15) R, (x) /w T

Auwxpivouye 800 TERLTTOCELC:

o Av -1 <z <0 thte

0 Ju| 1 [l 1 |af**!
R, < du < " du = .
| (Z‘)|_/:; 14+u u_l—i—x/o woa 1+xzn+1

e AvO<x<1 16t

x n x n+1
| R, (x) :/ 4 dug/ u" du = i
0 0 (n+1)

Ye xdde nepintwon,

lim |R,(z)] =0
Yuvenwe,

e B o0 (_1)k 1k
(7.2.16) In(1+2) = lim T,(2) = > —

v xé0e © € (—1,1] (oewpd Mercator).
Ewwortepa, vy = 1 nalpvouyue tov TOTO tou Leibniz

R N ) S B B (1)1
(7.2.17) 1n27; e =losdg gt

Acitepog Tpdénog: And n oyéon
t'n.

1
7.2.18 — =1t t2 .. -1 n—ltn—l _1)"
(7.2.18) +17 44 (1) D

14+¢

(t# 1)

€yYouue, Yl xdde z > —1,
(7 2.19)
3 n

2 =z x Togn
n(1 —dt = (D) () dt.
+2) /1+t i T S L St )/01+t
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Av ovopdoouye F,(z) t Sopopd

I2 IB "
2.2 m(l+a)— (e— 2+ 5 4.y (c1n!
(7.2.20) n(l + ) <x g Tyt (D) n)
€y ouUE
x tn
.2.21 FE = (=1 )
(7.2.21) n(z) = (=1) /0 Tt

Extudvtog 1o ohoxhripwua 6twg mptv, BAémouue 6t

/N n = )

v xd¥e —1 < z < 1. Buvendc, lim, o Fr(z) = 0. Encton 61t

n
n—1t_

NE

(7.2.23) In(l+z)=>) (-1)

n

I
-

n

mn

vz € (—1,1]. Hapatnpriote enlong ot lir% = 0, to omnolo amodetxviel 6Tt
xr—

Ful(e) = o po(a). n
‘Ot |z] > 1 7 oepd amoxhiver (apod 1 axoroudiar (£-) dev tebvel 070 0) %ot yiol
z = —1 eniong amoxhiver (appovinh cepd).

7.2¢” H dwwvupxy cuvdetnon f(z) = (1+2)% x> —1

H f opileton ané vy f(z) = exp(aln(l + z)). Av a > 0, 10 6po lim,_._q f(x)
urdpyel xat elvar (oo pe 0, Siétt In(l+x) = y — —oo xat exp(ay) — 0. Te avthiv v
neplntwon unopolue va enextelvoupe to medio oplopod g f oto [—1,00) Héroviag
f(—=1) = 0. Hupaywyilovtac BAénouye Ot

f® () =

ala—1)---(a—k+1)(1+x)**
f(k)(()) = a(a— 1)(a—k+1)
Suvenae,
(7.2.24) To(w) := Ty p0(z) = Z (Z) 2k
k=0
(7.2.25) (Z) _afa—1)- k'(a —k+1)

Hopatnehote 6t av a € N téte (§) = 0 v xdde k € N ye k > a, ondte

(7.2.26) (1+2)" = za: (Z) k.

k=0
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Trodétouye hotnéy 6t a ¢ N. Ou deilouye 61, 6tav |z| < 1, t6te T), s o(x) — f(x).
Xpnotyonolotue 1N popery Cauchy tou unohoimou: undpyel £ avdueoa oto 0 xaL oTo
T WOTE

(n+1) " ala—1)...(a—n ae(n "
Ra(w) = T8 gy = 0Dl gy oty gy
_afla—1)...(a—n) [z—-E\" a1
N n! 14¢ 1+ e
T va 8et€oupe 61t lim R, (x) = 0 étav |z| < 1, napatnpodue mpodta dTL
(7.2.27) x5‘<| bray |z] < 1
2. x o |z .
1+&|~

Mpdypartt, av 0 < € < x €youye

r—§| _ z-¢§ _
T7e| " Tve STre =2l

(7.2.28)

Av —1 <z <& <0 Yewpolye v cuVdpTnon gs : [x,0] — R ye

=& x+1 _

7 omnoia eivar pdivouca (agod x + 1 > 0) dpo €yer uéyotn Twh ™y g (z) = 0 %o
eNdylotn ™y g5 (0) = z ondte Y xdle t € [z, 0] éxoupe g2 (&) < 0 dpa

(7:2:30) TE| =0 < 00 = o=l
‘Enctat 6t
)] = | OO (226 e
< ala — l)ﬁ.'. (a— n)x” |(1 —|—§)‘“1x|
< ala — 1);!. (a— n)x” M(z)

6mou M(z) = |z| max(1, (1 4+ z)*~!) (doxnon), dpa apxel vo detfoupe bt

ala—1)...(a—n)

x"b
n!

— 0

Yn =

xadde n — oco. ‘Eyouue

al@a—1)...(a—n)(a—(n+1)) n! 2"t
ala—1)...(a—n) (n+ 1) an

Yn+1 _
Yn

a—n-+1 ‘
x
n+1

T xédde n > a — 1 éyoupe la — (n+1)| =n+1—a, dpa

a
|z = |2| <1

yn+1
7.2.31 =
( ) ”

a—(n+1) n+1-—
x| =
n+1 n+1
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6ty n — 00, dpat Y, — 0. Aellape 6Tt av |z| < 1 téte lim R,(x) = 0. Apa,
n—oo

(7.2.32) (1+2)" = i (Z) o

ya -1 <z <1
D |z| > 1 n oepd anoxAiver (xpithplo Aoyou). T |z| = 1 n ovuneplpopd

e€aptdTon and v TWh tou a. [ mapdderypa, otav a = —1, 1 oeled amoxAiver o
ota 800 dxpa (Yewuetpixh oelpd pe Aéyo x). Anodexvieton 6t 6ty a = —1/2 7
oetpd ouyxhivel yio & = 1 o anoxAiver yioo z = —1, xou 6ty a = 1/2 (xon yevixdtepa

6tav a > 0), n oepd cuyxhiver xar ota d0o dxpa.

7.2¢" H ouvdptnon f(z) = arctanz, |z| <1

T
1
arctanx:/ ——dt.
o 1412

Eexwdye and tny

Avti va mopaywyicouue n @opég tnyv arctan oto 0, lvon €UXONGTERO VA OAOXATIPW-
GOUYE TNV

(_1)n+1t2n+2
1+¢2

(7233) =1 t2 + t4 — t6 4+ (_1)nt2n +

1+ t2

onoTE

x 1 3 p2n+l . T 42n+2
(7.2.34) /0 Edt=e +et (-1) +(-1) /0 T

Av oploouye

3 p2nt1
(7.2.35) pu(@) ==t (D) gy
€y ouUE
T 42n42 || _— |27 +3
(7.2.36) |f(x) = pu(2)| = ’/0 thdt’ S/O s St

onote, 6tay |z| < 1, Brénoupe 6t lim p,(x) = f(z), dnhady

[eS)
I2n+l 3 5

oz
2. = —1" = - — 4+ ...
(7.2.37) arctan x g (-1) mrl %73 + 3 +

n=

vz € [—1,1].

7.3 XUVoPTNOEL TAPACTACULEG OE BUVALOCELRA

Yy Hapdypago 2.4 culntiooue yior TeodTN Qopd Ti duvopocepes. Eidaue dtu av
&)

> apx® eivon o duvapooelpd ue cLVTEAECTEC A, TOTE TO GUVORO TV ONUElLY oTA
k=0
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omola GuYXAlveL 1) BuVaOGELRd EiVAL KOUGLAGTIXEY EVOL DLACTNUN GUUUETPIXO WS TPOS
0 0 (¥, evdeyouévwe, 1o {0} # o R). Av oploouue

R :=sup{|z| : n duvapooepd cuyxiivel oto z},

T6TE 1) BUVOUOTELPA CLUYXAIVEL amOADTWE o€ Xdle © € (—R, R) xou anoxAivel oe xdlde x
e |z| > R. To ddotnua (—R, R) ovopdleton didotnua oUykAions Tne SUVHUOCELpdS.
To ovrolo oUyrAions tng duvapocelpds, dNAadr To cUVoAo GAWV TwV oNUElwy oTta
omola cuyxAiver, tpoxintel and to (—R, R) pe ty npocdinn (lows) tou R ¥ tou —R
N v £R. Yty neplntwon tou R = +00, 1 Buvauooelpd cuyxhivel oe xdde 2 € R.
Yy mepintwon mouv R = 0, n duvapooceipd cuyxAlvel uévo oto onuelo = = 0.

H enduevn Mpdtaom diver Evay «tOmoy yia Ty axtiva cOyXAoTC.

o0

IMeétaon 7.3.1. Eoww Y. apaz® jua duwapoceapd e ovvredeotés ap. H axtiva
k=0

ovykhions tng divetar and tny

1
 limsup |ag|V/*

(oo}
Arédaén. Acetyvoupe mpdta 6t av |z|limsup {/|ax] < 1, t6te n ompd S aga”
k—oo k=1

ouyxAiver anohdtwe. Hpdyuat, av Yewprooupe s > 0 pe |z|limsup ¥/]ax| < s < 1,
T6TE and Tov yapaxtnewoué tou limsup, undpyer N € N dote |apr®| < s* yia xdde

k> N, xoL 10 cuunépacua EneTal and TO %ELTHPLO CUYXELOTC.
o0
X ouvéyewa delyvouue 6t av |z| limsup {/|ak| > 1, 161 1 ogpd Y ay omox-

—00 k=1
Aver. Ipdypot, av Yewprioovye s > 0 ye |z|limsup {/|ax| > s > 1, t61€ and Tov
yopoxtneoud Tou limsup, undpyouv dretpol deixtec ky < kp < --- < Ky < kpgq <
- &ote |ag, zkn| > sk > 1 yia xdde n € N. "Apa, agaz® A 0 xo egoppéletor o
%pLTrplo amdxhoNC.
Yuvdudlovtac ta mapandve BAénouye 6Tl TO Otacrnpoz oUYxAoNG TNC duvauo-
oepdc elvaw — avayxaouxd — 1o (—R, R), é6mov R = O

lim sup \ak\l/k

Ogiopde 7.3.2. Aéue éu a owdptnon f : (=R, R) — R eivar mapaotdoun oe
Suvapooeipd e kévtpo to 0 av vndpyer akolovdia (ak)52, mpayuatikdy aptudy dote

oo
x) = Z apx®
k=0

yia kil x € (—R, R).

To Yedpnua mou axohovde! delyver 6Tl av wa cuvdpeTnon elval TAPAGTACIUY OF
duvapooepd oto (—R, R), téte elvar dnepes popéc mapaywylown xat oL tapdywyo!
¢ unohoyilovtal UE TOpAYWYIOT) TV 6pwY TN duVaHooEds. Avdloya, utohoyile-
o T0 OAOXApwUd Tng o xdde unodidotnua tou (—R, R).

Ochpnua 7.3.3 (Vedpnua napaymyione duvapooceipmy). Eotw Y o7 a,z"
ma duvvapooeipd mwov ouvykAiver oto (—R, R) ya kdmowy R > 0. Oecwpolue t
ovvdptnon f: (—R,R) — R pe

o0
= E akxk.
k=0
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Téte, n f elvar drepes popés mapaywyionun: ya kdle k > 0 ka1 yie kdOe |z| < R
10y Vel

oo
f(k) Znn—l “(n—k+ Dayz™™
n=k
Eriong,
(n)
an, ! (), n=20,1,2
n!

kai, ya kdOe |x| < R, n f elvar ohokAnpdoyun oo [0, x] ka

| s

Andoaén. Aelyvouue mpdta otL, v xdde x € (—R, R),

(1) fl(x) = Znanx”

Agol |z| < R, undpyet § > 0 dote |z| + 0 < R. 'Eneton (eZnyfote yiatl) ot

oo

> lanl(jz] + 6)" < +o0.
n=0

‘Eotww 0 < |t| < 6. Hopatnphote 6

n n n—1 _ . n n—kik| _ 42 . n n—k k—2
[(x+¢)" —a" —na" 't = Z<k>m t =1t Z<k>x t

k=2 k=2

< £~ (n n—kpk—252 < & (n n—k gk

k=2 k=2

tQ

< 5—2(|x| +4)".

Yuvenwe,
f(x—|—t Zna B (x+t)" — 2™ —na" 1t
TL - t

t
< S Z|an| 2] + o)
[atpvovtag to dplo xaddg o t — 0, BAémouue 6Tt

lim M Z nanz™ !,

t—0

0 onolo anodexvlet Ty (1).
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Xenowponotdvtac v Hpdtaon 7.3.1 BAérnovye 6Tt 1) duvapooelpd Y oo | naz™ !

€xer Ty Do octivor olyxhiong pe Ty Do apz™ (e€nyfote yiott). Egapuélovroc
Aotndv tov (8o cuNhoYLoud Yo TV f ot Yéon e f, BAénoupe dTL
fO(x) = Z n(n —1)a,z™ 2.
n=2
Yuveylovtag ye tov (Blo tpéTo, anodewxviouue 6Tl 1 f elvon dnelpec Qopéc mapay-
wylown xat 6t yor xdde k > 0 xat yia xdde |z] < R woylel
(2) R (z) = Zn(n— D (n—k+1a,z"".
n=~k
O¢tovtac x = 0 oty (2) Brénouye 6T
F®(0) = Klay,

yioo xdde k > 0 (nopatneriote 6t av Véoovue x = 0 oo deZld péhog tne (2), tote
olot ot bpol tou adpolouatog undeviCovtar, extég and exelivov mou avuoTtolyel oty
Th n =k xou wobton pe k(k—1)---2-1- axz® = klag).

Tt Tov TeheuTao oY UPLoUs, TapaTNEOUUE OTL 1 duvapooepd > - n“—ﬁx”“ ExEL
v Biar oxtivar oOyxhiong pe Ty >0 o apz™ (eEnyfote yiotl) xat mapaywyilovrog
6p0 TPOC 6p0 TNV

> Q.
F)=> ="
n:0n+1

oto (—R, R) maipvouyue
F'(z) = Zana:" = f(x).
n=0

Ané 10 Yepehiddeg Yedpnua tou Anelpootixol Aoylouol éneton 6t

/OI f(t)dt = F(z) = F(0) = F(z) = Y~ gn !
v xéde z € (—R, R). O

IIbpwopa 7.3.4 (Yemdpnpo pwovadwétntac). Eotw (ak), (by) axolovdies mpay-
patikdy amOudv pe tny €€ng 0igtnta: vrdpyer R > 0 dote

o0 o0
E ak.:rk = E bk:ck
k=0 k=0

yia kd0e x € (—R, R). Tdre,
ap =by ya kd0ek=0,1,2,....
Anddaén. Anbd to Oewpnua 7.3.3, v ™ ouvdptnon f : (=R, R) — R e

flx) = iakxk = i bx®
k=0 k=0

€y ouue
FHB(0) = Klay, = kb
vio x&%e k > 0. Yuvenwe, ar = by yio x&de k > 0. O
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7.4 Aoxvoeg

ITeddtn Opdda

1. Botww p(z) = ag+ a1z + - - - + anx™ tohudvugo Baduol n xou éotw a € R. Aei&te
oL undpyouy by, by, -+, b, € R Gote

p(x) =bg+bi(x—a)+ - +by(xr—a)" yaxdder € R.

Acelte 6T

2. Tpdte xadévo and 1o mapaxdte moluwdvuye ot wopeh by + bi(x —3) + --- +
b (z —3)™:

pi(x) =a% —4x -9, po(x) =2 — 122° + 442? + 22 + 1, p3(z) = 2°.

3. [N xdde pio and Tic Tapoxdte cuvapthoels, va Bpedel 1o tohuwvuyo Taylor T, f.q
TIOL LTOBELXVUETAL.

(T3,1,0) f(z) = exp(sinx)
(Tont1,7,0) flz)=(1+2*)""
(Tngo) & fl@)=Q0+z)""
(T, 1.0) fx)=2"+2°+ 2
(T6,£.0) flz)=2"+2°+2
(Ts,1,1) fl@)=2"+2"+=

4. Bow n > 1 xu f,g : (a,b) — R ouvaptrioeic n gopéc mopaywyloes oo

2o € (a,b) Gote f(zo) = f'(xo) = -+ = f V(o) =0, g(zo) = ¢'(xg) = -+ =
g("_l)(ﬂ;‘o) =0 xou g(") (x0) # 0. Aci&te 6T

fl@) _ f" (o)

lim 2 =4 \70/

a—wo g(z) g (20)

5. Ectw n > 2 xa f: (a,b) — R ouvdptnon n gpopéc napaywyiown oto xo € (a,b)
Gote fzo) = f(z0) = -~ = fP D (20) = 0 xan ) (x0) # 0. AelEte bt

(o) Av o n eivan dptioc xar f(™) (24) > 0, té1e 1 f éyEL TomAd ENdyIOTO GTO T

(B) Av o n eivar dptioc xan ™) (20) < 0, thTE 1 f éyEr TOTING PEYLOTO GTO T.

(v) Av o n elvor tepittde, TéTE N f Bev éxel Tomxd YéyioTto 00Te Tomxd ENGYLOTO GTO
Zo, A& TO T elvon onueto xaumhc Yoo Ty f.

6. Av f(z) = Inz, x > 0, Bpelte v mAnoéotepn evdela xou TV TANCECTERN
napoafol) oto ypdenua tne f oto onueio (e, 1).

7. Bpeite to toAudvugo Taylor T), ¢ o Yl Tn cuvdpTnom

f(z) = /Ox et (x €R).
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8. Bpelte 10 toAuwdvupo Taylor T, ro yio T ouvdptnon f : R — R mou opiletar wg
e€hc: f(0) = 0 xon
f(:r:):e_l/xz, z # 0.

9. Xpnowonowvtac 1o avartuypa Taylor tne cuvdptnone arctanz (—1 < z < 1)

unohoyiote To ddpolopa
o0

|
2 () 3n(2n 4+ 1)

n=0

10. Eotww f : R — R dnepec gopéc mapaywylown ouvdptnon. Tnodétoupe 6T
f" = Fwou f(0) =1, f(0) = f(0) = 0.
(o) Eotww R > 0. AciZte 6u undpyer M = M(R) > 0 wote: vy xdde © € [—R, R)
xou v xqde k=0,1,2, ...,

1/ ® (@)] < M.

(B) Beetite o nohuwvuyo Taylor Ty, 0 %o, YpNOWOTOLOYTOS TO (o) X0l OTOLoVENToTE
0o uToAoiTou, dellte 6T
3k

k=0

vy xde x € R.

11. Bpeite mpooeyylotinh Tt Ye opdhpa wixpdtepo tou 107°, yia xadévay and
Toug aptipole

2

sinl, sin2, sin—, e, e".

27
12. (o) Aci&te 6Tt
T ¢ ¢ 1
— = arctan = + arctan —
4 = arctan g+ arctan o

XL
T 1

— = 4arctan — — arctan —.

4 5 239

(B) AelZte 6t m = 3.14159 - - (ue Mo Aoy, Beelte mpooeyyiotxh Tun yio Tov
aprdud m pe opdhpa wixpdtepo tou 107°).



Kegpdiowo 8

Kuptec »at xolAeg
CUVOPTNOELG

8.1 Opoudeg
Ye auté 10 xepdhato, pe I cuuBohiloupe éva (XAELoTO, AvOLXTO 1 NULAVOIXTO, TETEPAO-
wévo 1 dmeipo) ddotnua oto R.

‘Eow a,b € R pye a < b. Y10 enduevo Afuua meptypdpoude to onuela Tou
eudOypappou Tuiuatoc [a, b).

Afppo 8.1.1. Ava <b oro R tére
(8.1.1) la,b] ={(1 —t)a+tb: 0 <t <1}
Eibixdrepa, ya kdle x € [a,b] éxouue

b—x erfa
= a
b—a b—a

(8.1.2) x b.

ArddeiEn. Edxola eléyyovue 61, yia xdde ¢ € [0, 1] oydet

(8.1.3) a<(l—-tha+thb=a+t(b—a)<b,
onhad”
(8.1.4) {1—ta+th: 0<t<1}C [a,b].

Avtlotpoga, xdde = € [a,b] ypdgetar otn Lopen

b—ux +mfa
= a
b—a b—a

(8.1.5) x b.

Mapatnpovtac 6 t:= (x —a)/(b—a) € [0,1] xav 1 —t = (b—z)/(b — a), Brénoupe

(8.1.6) [a,0] C{(1—t)a+tb: 0 <t <1}

To onuela (1 —t)a + tb tou [a, b] AMéyovtow kuptol ourdvacuol wwy a xot b. O
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Opwopog 8.1.2. 'Eoctw f: I — R pa ocuvdptnon,.
() H f Myetou kuperj ov

(8.1.7) F((L=t)a+th) < (1—t)f(a) + Lf(b)

v x8Ve a,b € I xou v xdde t € R pe 0 < ¢t < 1 (nopatneriote 61, agod 1o I elvan
didotnua, o Afupa 8.1.1 Belyver 61 1o onuelo (1 —t)a +tb € [a,b] C I, dnhadn 1
f opileton xahd oe avtd). H yewpetpwxh onuacio tou oplopol elvan 1 e€ric: 1 xopdn
Tou €yeL oav dxpa ta onuela (a, f(a)) xo (b, (b)) dev elvar Toudevd xdtw and To
Yedgnue e f.

(B) H f Myetu yrnoing kuptr] av elvo xUpTh XoL €YOUVUE YVAGCLYL avoOTNTOL GTNY
(8.1.7) v x&e a < b oto I xau yior xdde 0 < ¢t < 1.

(v) H f: I — R Myetu koidn (avtiotorya, yvnolwe xolkn) av n —f elvow xupth
(avtioTouya, yvnolng xupth).

IHapatrenorn 8.1.3. Ioodlvapol TpéToL Ye Touc omolouc umopel va meptypoagel 1
xuptotnta e f 1 I — R elvon ou e€7c:

() Ava,b,z € I xu a < x <b, to1€

b—=x T—a

(8.1.8) fl@) < g—fla) + o —

f(0).

Mapatneriote 61t 10 Bedtd PENOC AUTAC TNG AVICOTNTAS LGOUTAL UE

(8.1.9) fla) + ————=
B)Ava,belIxawavt,s>0puet+s=1,téte

(8.1.10) f(ta+ sb) <tf(a)+ sf(b).

8.2 Kuptég ocuvapTHOElC OPIOUEVES OE AVOLXTO BldoTNUa

e avth Vv Hopdypapo UEAETAUE WC TEOC TN CUVEYELL XL TNV TULAYWYLOWOTATA
Lo xUpTH ouvdpTnoT tou oplleto oe avoTo Bidotnua. ‘Ola Tol ATOTEAEGUOTA TTOU
Yo anodelouye elvar GUVETELES TOU UXOAOUTOU KAAUHOTOC TWV TEIWY YOPdOY»:

ITpétaon 8.2.1 (To Mppo Twv Tewwy yoedwv). Fotw f : (a,b) — R kypth
ouvdptnon. Avy < x < z oo (a,b), téte

[@) = JW) [ =1 _ f2) = f(z)

T—y z—y z—

(8.2.1)

Anéoein. Aol n f elvan xupty, €youue

zZ—X

F) + =212

(8.2.2) @ s -

Ané autr) ty avicdtnta BAénovye 6Tt

(823)  J@)-I) < T )+ L= f) = TG - f)
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70 onolo amodetxvieL TNV aplotept aviodtnta oty (8.2.1). Eextvadvtag Tl and Ty
(8.2.2), ypdpoupe

(8.2.4) fl@) = f(z) <

zZ—X r—z zZ—XT

) T SR = T ) - Fw))

an’ 6mou mpoxVnte 1) dedid aviodTnTa otny (8.2.1). a
Oa YpNoLOTOACOVUE ETioNG TNV €EAC ATAY CUVETEL TOU ANUUATOC TV TRLWOY YOPOWY.

Adppa 8.2.2. Eotw f : (a,b) — R xuptrj ovvdptnon. Avy < x < z < w 070
(a,b), tdre

52 fo) = 1) _ Jw) - 1)
x—y w—z
Arndden. Egapuélovrac v Ilpdtaon 8.2.1 v ta onpelo y < & < z, malpvouue

1) = ) _ f) = f@)

Tr—y - Z—x

(8.2.6)

Egopuélovtac médh v Hpdtaon 8.2.1 yio to onueia © < z < w, nalpvouye

f2) = f@) _ fw) = f()

Z—T w—z

(8.2.7)

'‘Enetat T0 oUUTEPAGUAL. a

Oceopnupo 8.2.3. Eotww f : (a,b) — R wxuptij owdptnon. Av x € (a,b), tdte
Udpxovy 01 TAEUPLKES Tapdyw)or

(8.2.8) f'(x)= lim fl@+h) - fl=)

o h Kai fﬁr(x): lim M

h—0*t h

Anddadn. Oa deiloupe 6L umdpyer N 8edid TAeLpLh Tapdywyos fi(z) (ue Tov
(B0 tpbéTo Soukelouue YioL TNV dpPLoTER| TAELEWY Tapdywyo f!(x)). Oswpolue ™
ouvdpTnon gs : (z,b) — R ou opiletar and v

(8.2.9) 9u(2) :=
H g, eivor adZovoa: av o < 21 < 2z < b, T0 Mo v Tpidv Yopddv delyver 6Tt

f(z1) — f(z) < f(z2) — f(z)

21— X - 29 — X

(8.2.10) gz(z1) =

= gm(22)~

Enfone, av dewphioovye tuydy y € (a,x), 1o Muua v Tptdy Yoedody (yia t y <
x < z) Selyvel 61t

f(x) = ) < f(z) = f(=z)

T—y z—x

(8.2.11) = g.(2)

yio xdde z € (z,b), Shadh 1 gz elvon xdTw @poayuévn. Apa, undpyel To

(8.2.12) lim go() = tim LG =S@ oy Seth) = f@)

z—axt z—xt zZ—X h—0+ h

Anhadn, undeyel 1 de&ud Theupixh tapdywyos f1 (). O
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Ocdenua 8.2.4. Eoww f : (a,b) — R xupti ouvdptnon. Or mheupikés napdywyor
fL, fL etvar avéovoes oo (a,b) kar fL < fi ovo (a,b).

Anddaén. Eow x <y oto (a,b). T apxetd yixpd detxd h éyovpe x £ h,y £ h €
(a,b) xw x + h <y — h. Ané v Ipdroon 8.2.1 xou and to Afuua 8.2.2 Brénouue
ot
(8.2.13)
fla) = flz—h) _ fle+h) = f(z) _ fly) = fly—h) _ fly+h)— fy)
h - h - h - h '

Holpvovag dpta xadide h — 07, ouurepaivouye 6t

(8.2.14) fL(x) < fi(x) < fL(y) < fi(y).

Ov aviedtntee f/(x) < fL(y) xou f(x) < fi(y) delyvouv ot ov f1, f elvon adE-
ouoec 670 (a,b). H apiotepr ovicbtnta oty (8.2.14) Selyver 6t f < f) o7o (a,b).
O

H Onapgn twy mievpix@y tapaywywy eCacpaiiler dtu xdle xupty| cuvdptnon f: I —
R elvar ouveyric 010 ecwtepnd Tou I:

Ocdenua 8.2.5. Kdde kupty ovvdptnon f: (a,b) — R elvar ouveyris.
Arnddeén. 'Eow z € (a,b). Téte, yia pxped h > 0 éyovue © + h,z — h € (a,b) %

fle+h) - fz)

(8:2.15)  f(z+h) = f(x)+ b

“h— f(z) + fi(z)- 0= f(x)
6tav h — 07, evd, teheloe avdhoya,

fle—h) - fz)

7 “(=h) = f(z) + fL(x) -0 = f(x)

(8.2.16) f(z —h) = f(x) +

6tay h — 07, Apa, 1 f elvon cuveyc oto . O

8.3 Iapaywyiowes xuptéc cuvapthoelg

Ytov Anewpoound Aoyioud I 869nxe évac dlapopetinds 0plopds TS XUPTOTNTOC Yiot
wa tapaywyiown ouvdptnon f @ (a,b) — R. T xéde z € (a,b), Yewphoaye tny
EQPOTTOUEVN

(8.3.1) u= f(z)+ f'(z)(u—x)

Tou ypaghuatoc e f oto (z, f(x)) xou elrape 6w n f eivar kyperi oto (a,b) av yia
x&9e x € (a,b) xo yio x&Ve y € (a,b) éxovye

(8.3.2) fy) =z f(z)+ f1(@)(y — ).

Anhadh, av 1o yeagpnua {(y, f(y)) : a <y < b} Bploxetar névew and xdde egantouév-
n.

To enduevo Yedpnua detyvel 6L, av TEPLOPIETOVUE GTNY XAAOT) TWV TAPAYWY IOV
CUVOPTHOEWY, OL «BU0 OpLoUoly CUUPWVOLV.
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Oedpenuo 8.3.1. Eotw f : (a,b) — R mapaywyioun ovvdptnon. Ta e&rjs eivai
1wodUvaja:

(o) H f etvar kupr.

(B) H f etvar atéovoa.

(v) Ia kdOe x,y € (a,b) wxda n

(8.3.3) fy) = f(z) + f'(@)(y — ).

Anddeln. YTnoVétouye ot 1 f elvan xupth. Agol n f elvon mopaywyiown, éyouue
f'=f. = fl ot (a,b). Ané 0 Oedpnua 8.2.4 ov ', f eivar ab&ouceg, dpa 1 f
elvar adEouoa.

Trodétovpe topa 6t 1 f' elvon adfouca. 'Eow z,y € (a,b). Av z < vy,
epapuélovtac to Yewpnua péone e oto [x,y], Beloxovue & € (x,y) dote f(y) =
f@)+ (&) (y—x). Apob & > x xou 1 f' elvar ab&ovoa, éyovue f/(€) > f'(x). Aol
y—x >0, éneton OTL

(8.3.4) f)=f@)+ (O —=2) = f@) + f2)(y — 2).

Av z > y, epoapudloviac to Yedpnua yéone tuhc oto [y, z], Beloxovue & € (y,x)
oote f(y) = f(x) + /(&) (y — ). Agob & < x xou 1 f elvar adovou, éyouue
(&) < fl(z). Agob y —x < 0, éneton TdA 611

(8.3.5) f) =f@)+ £y —=2) = f@) + f2)(y — 2).

Téloc, unodétouue 6t 1 (8.3.3) 1oy Vet yia x&e z,y € (a,b) xou Yo dei&ovye bt n f
elvar xvpt. Eotw < y 070 (a,b) xou é6tw 0 < ¢t < 1. Oétovpe z = (1 — t)z + ty.
Egopuolovtac v unddeon vy ta Leuydipta z, 2 xat Y, 2z, Talpvouue

(8.3.6) f@) = f2) + f1(2) @ —2) xau f(y) > f(2)+ f'(2)(y — 2).

A=t)f(@) +tfly) = Q=t)f(2) +tf(2) + ['(2)A =) (z = 2) +t(y — 2)]
= [+ @A -tz +ty -2
= f(2).

Amadt, (1— () +t£(y) > F(1 = D +1ty). D

Yy neplntwon mov 1 f elvar 800 gopéc mapaywyiown oto (a,b), n woduvopula
v (o) xou (B) oto Oedpnua 8.3.1 diver €vay amhd YapAXTNELOUS TNS XUPTOHTNTAS
p€ow Tng BedTEPNC TAPAYWYOL.

Ochpnue 8.3.2. Eoww f : (a,b) — R Vo popés napaywyionun ovvdptnon. H f
efvar kvptn av kai udévo av f''(x) > 0 ya kdOe x € (a,b).

Anéde&n. H f' elvar avZouvoa av xaw uévo av f” > 0 oto (a,b). ‘Opwg, oto Oedpnua
8.3.1 efdape ot 1 f elvon adZouoa av xaw povo av 1 f elvar xupTh. ad
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8.4 AviwcotnTa Tov Jensen

H avioétnra tov Jensen amodeixvOETOL UE ETAYWYY XAl KYEVLXEVEL TNV aviodTnToL
TOU 0pLoUol TNC XVPTAC CUVAETNONC.

ITpétacn 8.4.1 (avicétnta Tov Jensen). Eotw f : I — R kupth ovvdptnon.
Avzy,...,xm €1 karty, ...ty >0 pety + -+t =1, to’tezgltiwi e I ka1

(8.4.1) fltizy + -+ tpxm) <tif(z) + -+t f(2m).

Andédaén. 'Eow a = min{z1,...,2m} xou b = max{z1,...,zn}. Agol 1o I elva
dtdotnua xou a, b € I, oupnepaivouvye 6t {z1,...,Zm} C [a,b] C I. Agol t; > 0 xou
i1+ -+, =1, éxovue

onhad”, t1xy + -+ b € 1.

Ou delfoupe v (8.4.1) ye enaywynh wg mpog m. T m = 1 Jev éyouye tinota
va del€ouye, eved v m = 2 71 (8.4.1) wavornoltar and tov optopgd e xupThc
ouvdpTnong.

o 1o enaywywd BAua umodétovye OTL M > 2, Ti,...,Tm, Tmt1 € 1 xou
ti, ety tmg1 > 0pety+- -+t +tm41 = 1. MnopoUue va unodécoupe 6Tt xdnotog
ti < 1 (ahhde, n aviobdtnta toyvet tetpluuéva). Xwplc teptoptoud e yevxdtnrog
UOYETOVUE OTL b1 < 1. Oétovue ¢ =t + -+t = 1 — ¢ty > 0. Agotl

T1,. o T € o B Bn =1y emayoynd unddeor pac divel
t tm
xou
tl tm
(8.4.4) tf(x)=tf 70 +o 4+ - Zm <tif(zr) + -+ tmf(Tm)-

Egapuélovtag tédpa Tov 0ploud Tne xUpThS ouVApTNnoTg, tofpvoupe
(845) f(th + tm+1$m+1) < tf(ic) + tm+1f((£m+1).

Yuvdudlovtag Tic 500 TPOTNYOVUEVES OVIGOTNTES, EYOUUE

ftiwy + -+t + tmp1Zmr1) = f2 +tmp1Tmy)
< tif(zn) 4+t f ()
Ftm41f(Tm+1)- O

Xpnowomowdvtag Ty avicdtnta tou Jensen Yo del€ouUe xATOES YAACIHES AVGOTIT-
ec. H npdtn and autég yevixelet tny avicodtnto aptduntixol-yewUeTeLxol pécou.

Avicotnta aptdunTixol-yewUeTeixow wécov. Eotww x1,...,%, KA T1,..., Ty
Oetikol mpaypatixol apiduof pe ri + --- +r, = 1. Tdre,

(8.4.6) ﬁx: < irixi.
i=1 i=1
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Anédaén. H ouvdptnon = +— Inz elvar xoldn oto (0,+00). Agod r; > 0 xou r1 +
<41 =1, n avieémta Tou Jensen (Y v xupTh cuvdptnon — In) Selyver 6t

(8.4.7) rilnzy + - +rplnx, <ln(rz, + -+ rpzy).
Anhadi,
(8.4.8) In(zf' - apm) <lIn(rizg + - 4 rpx,).

To {nrobuevo mpoximntel dueoca and to yeyovog Ot 1 exdetiny| ouvdptnon = — e*
elvor ad&ovaoa. O
Ewlwéc nepintdoeic tne mponyolpevne aviodtntac elvar ot e€Xc:

(o) H xhaow| aviodmnta aptduntixol-yewpetpixod Yéoou

1 + [P + Ty

(8.4.9) (21 ---an)/™ < -

O~

TOU Z1,...,%, > 0, n onolo npoxdmter and ty (8.4.6) av mdpoupe r1 = =1, =

o

) H avicotnta tov Young: Av z,y >0 kart,s >0 pet+ s =1, tdre

(8.4.10) rly® <tx+ sy.
H (8.4.10) epgaviletar mohl ouyvd otnv e&hc popeh: av z,y > 0 kar p,q > 1 e
1+ 11, tbre
P g ’
p q
(8.4.11) < 4L
p q

. / . P ,q : 11 :
pdrypar, apxel va mdpoupe toug 2P, y¢ o Véon twv ,y xau Toug 7, - ot Véon

v t,s. Oup xow g AMyovioaw ouluyels ekUétes. XpnoulomoudyTag auTh TNV aviodTnTa
unopolyue vo Selfoupe TNV xhaox avicétnte touv Holder: Eotw p,q ovlvyels
exOéteg. Av ay,...,an ka1 by,. .., b, evar Oenixol mpayuaticol apiduol, véte

n n l/p n 1/(]
(8.4.12) > aib; < ( af> <Z b;?) .
=1 =1 =1

i i

Anddeaén. Oétovue A= (D1 a)'?, B = (30, b)Y yan z; = a; /A, y; = bi/B.

=1 =11

Téte, n Lnroduevn aviodtnta (8.4.12) malpver tn popyn
(8.4.13) > wmyi <1
i=1

Ané v (8.4.11) éyoupe

(8.4.14) Z%%SZ(Z-FZ) :7fo+gzyf.
i=1

i=1 p q p i=1 i=1

IMapatnpolue 6t

(8.4.15) 4 xfzipéale xou ny:éz:bgz
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Apa,
(8.4.16) iasy<1 1Jr1 1=1

A. 2 Wi s o . .
‘Eneton 1 (8.4.12). 0.
Eméyovtac p = ¢ = 2 nalpvouye tnv avicétnta Cauchy-Schwarz: av aq, ..., ay,
Kai by, ..., b, elvar Jetixol mpayuatixol apifuol, téte

n n 1/2 n 1/2
(8.4.17) > aib; < (Z a$> (Z b%) .
i=1 i=1 i=1

8.5 Aoxvoeg
Ouédo A’

1. Eow f, fn : I — R. YTrodétouge 6t xdde f, elvon xupth ouvdptnon xou 6t
fn(z) = f(z) yia x&0e x € I. Aeilte 6t n f elvon xupth.

2. Eow {f, : n € N} axohoudio xuptdv ouvapthoewy f, : I — R. Opiloupe
f:I—Rye f(z) =sup{fn(z) : n € N}. Avn f eivar nenepaopévn navtod oto I,
téte 1 f ebvan xvptH.

3. 'Eow f,9 : R — R xuptéc cuvaptrioeic. Trodétouye axdua 6t 1 g elvan ad€ouoa.
Aet&te 6t n g o f elvon xupth.

4. Eotw f: I — R xupth ouvdptnon. Aei&te dt

f(x146) = f(z1) < f(w2 +9) — f(22)

vio x80e 21 < o € I xow § > 0 vy 10 onoio x1 + 6,20 + 6 € 1.

5. Eotw f: [a,b] — R xupth ouvdptnon. Aeite ye éva napdderypa 6t n f Sev elvan
avaryxaotixd ouvdptnor Lipschitz oe ohéxinpo 1o [a, b], axdua ot av utoYEcoupe
ou n f elvan gpayuévn. Emnlong, del&te 6t n f Sev elvon avoryxaotxd cuveyhc oto
[a, b].

6. Eoto f: (a,b) — R xvpth ouvdptnom xa § € (a,b). AelZte otu

(o) av n f éxer ohxd péyioto oto € téte 1 f elvar otadepy.

(B) av n f éxer olxb ehdyoto oto £ tétE N f elvon pdivouca oto (a,§) o
abZouca oo (&,b).

(v) av 1 f éyet Touxb eNdytoto oto € TéTE €XEL OAXS EAdYLOTO GTO &.

(8) av n f elvon yvnolwe xupth, t6TE €Yel T0 TON éval onuelo ohxol ehayiotou.

7. Eow f : R — R xupth ouvdptnon. Av 7 f elvar dve gpayuévn, téte elvar
otadepy.

8. Acl€te 61 xdle xvpTh cuVAETNoT OploPéVn GE PEAYUEVO DdoTnua elval XAt
PPAYUEVT.
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9. Eow f : (0,400) — R xolkn, adfouou, dve @poyuévn xat moapoywylown
ouvdptnon. Aeléte ot
lim zf'(z) =0.

r——+00
Owdda B
10. Aellte 6w avn f: (0,400) — R elvar x0pTh XU Z1, ..., Ty Y1y -« Ym > 0,
t01e
Y1+t Ym Yi
(z1+ +xm)f(x1+~--+:z:m) ;xzf( )

AciEte 6t f(z) = (14+2P)MP eivon xupth oto (0, +00) btav p > 1, xou cuurnepdvate

ot
m

(14 + 2P+ (Y1 + - + Ym 1/”<Z P yl)tr.

11. Acef€te 61 n ouvdptnon —sinz elvar xvpth oto [0,7]. Xenowonowdvtog to
oetgte 6Tl N péYloTn TEP(UETPOC N-YWVOU OV EYYREAPETAL GTO Hovadialo xUxho glvor
2nsin(w/n).

12. 'Eotww aq, ag, . .., oy, Yetixol apdpol. Aeléte 6Tt

(L a1+ a2) - (L4 an) > (1+ (ar0z ) /")
[Tré6eién: opatnphote 6t 1 « — In(1 + e®) elvon xupTh.]
Opéda I’
13. 'BEow f: I — R Yeuxh xolhn ouvdptnon. Aeilte 6un 1/f elvouw xupth.

14. 'Eow f : [0,27] — R xvpth ouvdptnon. AelZte ot yio xdde k > 1,

1 27
— f(z) cos kxdx > 0.

™ Jo

15. Eow f : (a,b) — R ouveyrc ouvdptnon. Aeilte édtun f elvo xupth av xou uévo

ayv
m/ fa

yioo x&de ddotnua [x — h,z + k] C (a,

16. Eow f : (a,b) — R xvpt ouvdptnon xat ¢ € (a,b). Acite 6t n f elvan
TapAYWwY{oWn 0TO ¢ av XL UWOVO av

fo e+ fle—h) —2f(0

=0.
h—0t h

17. Eotww f : [0,400) xvpth, un apvnuxf ouvdptnon pe f(0) = 0. Opiloupe
F:[0,400) = R pe F(0) =0 xou
1 T
= - t)dt
L[ 1o

Aei&te ot n F elvon xupth.



