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Bloypagiko Ynueiopa

O Ywhiavog K. TInywpidng yevvibnke otnv Abnva otig
18 OxtwPpiou 1940. To 1963 nrpe 10 Simdwpa tou Hiektpo-
Adyou Mnxavikot ano to EMIL T1 Sietia 1963—-1965 €xave
1 otpati@tikt) tou Onreia. Ano 1o 1968 pexpt 1o 1971 £kave
petantuytakeg onoudeg oto Tunua Mabnuatikov tou Ila-
VEMOTNUIOU TOU L1KAYOU, OMOU KAl EKTOVNOE 1] O10aK TOPIKT]
tou diatpifr) pe v emifieyn tou A. Zygmund.

Ao 10 1972 pEXPL 10 1983 EPYACTIKE WG EPEUVTTIG OTO
KIE Anuoxpitos.

Ano 10 1983 xar peta dietereoe kabnyning tou Mabnpatkou tunuatog tou
Tavemotnpiou Kpming.

To 1991 exAeytnke kabnynuig tou veoauotatou Havemotnuiou tng Kunpou, oto
onoio OU®G MAPEUELVE POVO KATA 1O aKadnuaiko £€10¢ 1991—1992.

Kata v Siapketa g akadnuaikng otadiodpopiag tou didale wg emokemtng
kabnymg oe dragopa maveniotuta e Faddiag xat t@v HIIA.

To xUpLo EPEUVIITIKO TOU £PYOU APOPA TNV KAAOIKT] ApUOVIKT] avaAuor kat 1diai-
TEPA 1A TPIY@VOUETPIKA TOAUGVUNA Kat v ouCuyT ouvaptnon.

To 1980 tou anoveptifnke to diebveg pabnuanxo Ppafeio «PRIX SALEM».

IMeBave oug 18 Touviou tou 1992 ot Madpit xata mv Sapkeia diebvoug ou-
vedpiou Appovikig Avaiuong.
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YNUEIOUA TOV EMUEATIOV

To 2002 oto Tunua Mabnuaukev tou Havemomuiou Aryaiou dobnke 1o pa-
fnua ITEX xar Postscript. Meta and ouvevvonon pe mv Xpuoavin Inyepidou
(adeper ou Tteiou Tnxwpidn) emieape va Smwooune otoug @ottieg yia e&aokon
MV avilypagr] I®V oNUEI®oe®y 0Tov Aneipootikd Aoyiopo tou Ytehtou IInxwpidn.
YUvepyaotnkav moAAOL QOITIIEG KAl YPUPTINKE TO PEYAAUTEPO PEPOS TOU KEIUEVOU.

Ao exeivo 1o onpeio €npene va yivouv dia@opa npay pata:

e va dopbwbel 0 x@dikag mou gixav ypayel ot QoITNieg 0 omoiog, ON®S Iav
@uotkoO, eixe moAra TEXvika Aafn,

e va oupminp®bouv doa koppatia dev eixav avilypaget,

® Va KATAOKEUAOTOUV Td OXTUATA OE TAEKTPOVIKT] LOPPT],

e va oxedwotel (TEXvika) n mapovoa £xdoon,

® Va KATAOKEUAOTEL 1] YPAPPATOOElpd Tou fa yproiponotovoape,
e va yivel avunapafort] Tou KEIPEVOU PE TO TPETIOTUTO.

Ta Suo tedeutaia anoteAovuoav Kal 10 SUCKOAOTEPO PEPOS TOU EYXEIPTIUATOG.

H avunapaforn €yive ypappn-ypaupr HE 10 TP@TOTUTIO KEIPEVO OM®S AUTO
epeavifetar oy mp@tn Xepoypaen £xdoorn ano tug Exdooelg Svyyoovny Emoxy.
IMooikeg addayeg dev eyivav. Eyivav opwmg addlayeg mou oxetiCoviar pe v
opfoypagia kat 10 ouviaktiko kabwg kat aAdayr 1@V TEPICOOTEPHV OUVIUTIOE@DY OE
MATPELS eKQPAOELS («y1a Tapadetypa» av yia «i.y.», KAL),

Eywav emiong pepikég (Aiyeg) emepfaoeig 010 pabnuankod mepiexOUevo tou
BiBriou. Tuykexppueva ooa (mpogavi}) Aafn eviomicape xatd v avunapafoln
pe 1o mpetotuno ta dopbooape. a mapaderypa, oto kepaiaio 7 o oplopdg 10U
MENEPACUEVOU OUVOAOU Oev Ttav 0wotos. To Mpwiotuno £ypage 01l €va 6UVOAO
£lval TEMEPAOUEVO AV EIVAL OE VA MPOG EVA KAL £ AVTIOTOIYId HE TO OUVOAO TV
puotk@v apiucv (Seg mMPETOTUTIO).

Otav o Ytehiog Iy wpidng otapdtnoe 1 SakuAoypagenor 1oV OTUEIGOEDY 10U,
speaviotnke oto Tunpa Mabnuaukev me Kpiing o npmtog iowg Unoloyiotng oty
EMAada nou epeye 1o mpoypappa TEX pe pepikty (adda oe wavonomuxo fabuod)
umootnEién yia ta eAAnvika. To unyavnua, eva vMms, ovopalotav Taimg xat ot
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> HMEIQMA TON ENIMEAHTON

xpnoteg epyalotav oe autd PEO® T@V Aeyousvev «dummy terminals». T'a ta ay-
yAika 1o TEX xpnotponolovoe 11g ypappatoosipeg tou Knuth adda yia ta ednvika
glye pla moAu Wiaitepn ypappatooelpd. To unyavnua, kat 1 eykataotaoctn tou TEX
TOU €iXg, 1tav og XP1on UEXPL To 1998, ondie kal anooupbrnke. Ye autd 1o pnya-
VU, e TV 10aitepn) EKEIVI] YPAPUATOOEIPA Yid Ta EAATVIKA, YPAPTKAY TOAAEQ
gpyaoieg (yia mapaderypa @oumie@v) Onwg Kai ONUEI@OELS and Toug SidAoKOVIES.
Eipaote oiyoupor nmg noAdoi ouvadeA@ol £€X0Uv akOpd EKTUN®OELS Ao tov Tala@.

T'a 1010p1KoUg AOYOUg AOIMOV amo@acioape T ONUEI®OELS Tou Ltedtou TInym-
PIdN Va TIg avanapayayoupe pe ekeiv ] ypappatoostpd. H ypappatoosipa auvtn
gxel xabei. Etol enpene va emavaoyediaotei ano v apy1 pe Paon eXTunmoelg and
1ov TdAdw mou eiyape kpatmmoetl. Extog Opmg amd v pepikt) unootnpién mou napei-
X€, ¢ nmpoobecape Sagopa Mpaypdta mou eAAEmav, ON®S TOVIOUEVA Ke@aAdia,
neoxe@alaia x.a.

Ot onueiwoeig tou Ytehou Tnxwpidn yprnotponombnkav yia apketd xpovia oto
Tunpa Mabnuatikov tou Iavemotnuiou Kpming, yia mv Sidaokaiia tou pabrpatog
10U Ameipostikot NAoyispot), xat pia oAdxkAnpn yevia anogoitv tou [avemotnuiou
Kpnng, eiyav pia mpotn enagr pe myv auotnpn Avilvsn, peoa and 1 oeAideg
AUT®V T@V ONUEIOOEDV.

Ynuepa Aomov napouvotaloupe autod 1o keipevo ommg vopiCoupe ot Ba 1o eiye
Tmapouotaoel ekeivog av (ouoe kal Pete@epe ta apyeia 1ou otov Tairw. Eimloupe
OTL €KTOG amo TV, 1O10TUTT i06G, amod0oT] TLUTNG 0TI PVTJUT] TOU, Ol OTJUEI®OEIS AUTES
OV VEQ, Kal 106G MO EAKUOTIKT] Hop@T] toug, Ha anotedecouv ouctactiko fornpa
Y1a T0U¢ VE®TEPOUS padnuatikoug.

Apioteidng Kovioyempyng

Avievne Tookoptng Kapidfaot, Xdapog 2006.



YNUEIOUA TV EMPEANIOV TNS TP®ING
exdoorng!

O Xrtehog Inxwpidng (1940-1992) nibe oto Havemomuio Kping to 1983.
Ymrp&e kabnymnuig tou Mabnuatikou tunpatog, oto onoio didacke kabe e€aunvo xat
anod €va dla@opetiko padnua.

TMa modAd and auvtd ta pabiuata (xat iSiaitepa yia ta pabipata me Avaruong)
eypavye OIOAKTIKES ONUEIMOELS, PUEPIKES ATO TIG ONMOIES YPTOLUOMOIOUVIAlL aKOUT a-
1o ailoug Sidaokovieg, aAldd ox1 ouotnuaukd. E aipeon anotelotv o1 «npoyeipeg
ONUEIDOEIS» TOU £ypaye o XLtehiog v avoién tou 1985 yia 1o pabnpa «Anesipo-
oukog Aoylouog I» xat kabiepobnkav ano toie wg eva ano ta Pacika Bonbruata
IOV TP@TOETO®V QPOLTI®V 1000 1ou Mabnpatikou Tunpatog, 600 xat 10U TUNPATOS
e Emotung v Ymoloyiotev tou Iavemotnpiou Kpning. Mdaiota, and 6co
yvepiCoupe, T1g id1Eg ONUEI®OELS Xpotponolouv kat oto Mabnpatukod Tunua tou
[Tavemotpiou Kunpou.

Ag tovicoupe, Oumg, edm OTL Kat 0 1810¢ 0 VTEAOQ TG ONUEIDOELS AUTES TIQ
@povTioe 1dtaitepa ano v apXt. M’ autd evvooUle OTL eival 01 HOVES OTUEIROELS
10U, yla 11§ onoisg OEANOE va aviikataotnoet 1o apyiko TOU XEPOYPAPO UE VA IO
£UTapouciacto keipevo (o idiog dev Hewpoloe 1a ypappata 1ou euavayveota Kat o
AVAYV@OTNG PIOPEL VA KPIVEL HOVOG TOU ANO PEPIKES AOKTOEIS OU, £K TV UOTEP®V,
npdobeoe o Ytediog oe xamola xegaiaia).

Eto1 apyioe va Saxtudloypagel POVOS TOU 1a XEIPOYPAQPd, aAAA 01 QUOKOAIES TTOU
OUVAVTIOE TOV avaykaoav, PETd 11§ 29 MPAOTES OEAIOES VA OTANATIOEL.

To undrowmo keipevo ypaginke ano 1 Navva Kupeln, unoyrgia gortjipia tote
10U Mafnpatukou Tunuatog, 1 onoia avieypaye He TOV @PAio YPAPIKO XAPAKTIPA
11G 1010} EIPES ONUELDOELS TOU LTEALOU.

TMapd v empedeia, OUwg, Kat v epoviida pe v omoia o Lieilog stoipale
11§ ONUEIDOELS TOU, OUDENOTE CUUPRVTIOE Va ekd®moel og PifAio kamoleg and auteg.
H anavinon t1ou otig npotponég ToAA®@V ocuvadeA@mv 1ou 1jtav naviote 1 e£ng: «Au-
1€¢ Oev elval oute Kav onNpelwoels. Eival mpoyeipeg onpeiwoeis. Eival ypappeveg
AvVayKAoTikd o€ TOAU HIKpO XPovikd Staotnua kat akoAoubolv umoYpemtika 10 me-
PIEXOUEVO KAl TOUG OTOYOUS, TOU TNV oty U1 autt] mpofiene o Odnyog Xnoudav pag.
Av xanote €@ 10V YPOVO Kal anogaociom va ypayw eva PifAio yia napadeiypa yia

1ExSboe1g Svyxoovn Emoyii, 1996
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Y HMEIQMA TON ENIMEAHTON THY. TIPQTHY. EKAOSHS

1ov Aneipootikd Aoyiopo, dev sipal xkablodou oiyoupog o1 Ba poraler xat moAU pe
TG T@PIVES UOU ONUEIDOEIS»

Avotuy®g, 11 (o dev £dmoe otov LTeAo v sukatpia autr). Mag Epstvav povo
Ol «IPOYEIPES OTUELDOELS» TOU.

Etot, otnv Huegpida mou Siopyavewos 10 Mabnuatko tunua tou Iavemotnpiou
Kprming, oug 7 Mdaiou 1993, otnv pvnun tou Xteiou, diatunmbnke anod moAloug 1
anoyn va ekdobouv oe Pifrio toulayiotov o1 onueimoelg tou Ansipootikou Aoyi-
opou.

‘O)ot oupe®vNoav yla pia 1etola €Kooot kat paiiota €dwoav otov Mavoin
Katoonpivakn apketeg mapatnproelg 1oug, yia kamoleg mapainyeig, afieyisg xat
OIEUKPIVIOEIG TTOU KATA TNV YVOUT] TOUG EMPENE VA PMOUV OTO KEIPEVO.

Me auto tov 1pono, oums, paleumkav (extog amd KAmoleg ouoiaotikeg drophc-
O€1G, TIOU ENPENE VA YIVOUV KAl TI§ MEPICCOTEPES ANO T1§ onoieg g yvapi(e 101 xat
0 Yted1og) and MV pia apketes akoua eneénynoels Kat AEMTONEPELES, Kal Ao TV
AAAn evag peyarog aptdpog aoknoe@v, TOU 1] EVO@UAT®OT] TOUS UECA OTO KEIPEVO
fa aAdale apketd 10 UQOG TOU CUYYPAQEQ.

Ta tov Aoywm autod anogacioape va ekdobel T@pa 10 MP@TOTUTIO KEIPEVO, aQOU
KAVAUE HOVO UEPIKEG anapaitnieg Siopbmoeig o autod, Pe TETOL0 TPOTO DOTE VA UNO-
pet va Siafaoctel kat tautdxpova va gaivovtal ta onpeia omou yivav ot oopbmoeig.
Ta SieukoAuvon tou avayveortn npoobecape mepieyopeva pe Pactn toug TTAOUG
tou keipevou. Etot, mapadivoupe 0T1ov KaAoOmpoaipeto avayvaotl ¢@TOYPAPIKT] e~
TaQOPA TOU MPEIOTUTOU KEIPEVOU, eAMCOVIAg Va Pag OUYX®PEOEL Yia 00eg AAAEQ
Sopbaoeig Sramotwoet du dev kavape. O id10g o Xtehiog efale mpatn AoKNoT 6TOU
QOLUIES TOU VA Tou Bpouv 600 yivetal neploodtepd o@aipata («Adbn», omwg edeye)
OTIG OTUEIDOELS TOU.

Mia tet01a £kd00T], Xwpi¢ 1d1aitepa mMoAAeg Petaforeg kat aAAolwoelg ToU apyi-
KOU KELPEVOU, aviamokpivetal kat o embupia tng adei@ng tou Xteiou, Xpuoaving
IInxwpidou, 1 onoia xat avéiafe va v npombnost. Ag suxnfoupe ou perlovuka
fa mapouoiaotel pia £xd001 PEATIOUEVT] KAl EMUEATUEVT], CUPQ@VA UE TIS TAPATT
PNOELS TV OUVASEAP®V TOU didaav auteg TIg OTUEIDOELS,.

Asexepfpiog 1995

Ot pabnreg tou Ytedou TInywpidn
Mavoing Katconpivakng kat Ytaupog Ianadomouiog
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EIxArQra

Yxonog tou pgpoug tou Amnsipootikou Aoyopou pe 1o onoio Oa acyoAnboupe ei-
vat 1 pEAETN OPIOUEVEOV PaciK®mV ISIOTI®V TV TPAYHATIK@OV OUVAPTIOE®V ULAG
mpaypatkng petafinng.

Ytoug meploootepous kAadoug 1@v Mabnuatikov apyiCoupe pe 11 peretn evog
Baoctkou ouvolou, Ta GTOIXELA TOU OMOIOU 1KaVOMoloUV kanoieg fepedicodelg oYEOELS,
11g onoieg dexOpaote aSi@patkd. X1 oUVEXELd TPOX@POUUE OT1 UEAETT] GUVAPTT]-
oew@v ot onoieg opifovial oe KATAAANAa UMOoUVOAa ToU Pactkol autoy GUVOAOU.
Y1ov Ansipootikd Aoyiopod 1o facikd ouvolo gival 1o oUvoro R 1wv npaypatkev
aptfpwv.

Y10 ONUEIO AUTO MPENEL VA KAVOUPE SUO TAPATNPTOELS :

(i) Totopikan avamtuén tou Aneipootikot Aoytopou, kafog Kat t@v TeplocotEp®v
AoV kAadwv tov Mabnuatkov, dev €yive pe auto tov tpomo. Av kat 1)
aiopatikt) pebodog ota Mabnuatika mp@TOEPPAVIOTIKE AMO TOUS KAAOOIKOUG
Xpovoug (kai tapgpeive oav pebodog ota Mabnuatika ouctacuxa povadik),n
«aC&iwpauxonoinon» tou Aneipooukot Aoylopou emtetybnke poAig 010 TEAOG
TOU MEPACUEVOU ALDVA.

(ii) Tooo 10 Baciko oUvoLo 60O KAl 0L KAUCES CUVAPTTOE@V TOU HEAETAUE OTOUS
Stagopoug kAadoug tov Mabnuatikov peXpl OTpeEPd, £XOUV AUECT] OXEOT
1000 pe aAdroug xAadoug 1wv Mabnuatikov 000 kxat pe AAAES EMOTTUES.
T1.x. ta mpota ixvn tou Amneipootikou Aoylopol oty kKAaooikr) snoxr fav
apeoa ouvdedepeva pe 1 Fewpetpia (prxog mepipepeiag, epfada kar dykot
YE@UETPIKGOV oxNuatev k.A.m.) H onpavukn avantuén nou yvepios o xhadog
HETd v Avayevvon unayopsUutKe o MOAU peydlo fabpo amod avaykeg
Puoikev Emomuev (Aotpovopia, Mnyavik,. . .).

Aev undapyet apeiforia ot o Aneipootikog Aoylopog anotedei eva and ta onpavii-
KOTEPA EMOTNUOVIKA EMTEUYHATA ToU avipmmou. Zekivaoviag ano diatohnukd amieg
Kal YeVIKA MapadekTeg apyeg, metuyaivel pia ouvleon mou mpokaiei Bavpaopo to-
00 y1d T AOYIKT EVOTNIA ¢ OO0 KAl Yia 10V TAOUTO TV anote Aeopatov me. Ot
E£QAPUOYES TOU Katl 1) aAANAenidpaot) pe aAAoug kAAdoug g EMOTUNG, OE OAOEVA
xat au€avouevo pubpuo, sivat avapifunieg kat avavikataotates.
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EIsArQra

Eivar anoAtitmg anapaitnio va Katavornoel o VEOEI0ayopUevog oto fBepa kat g
Suo auteg oyeig g Bempiag. H xabe pia, 6o onpavtikr kar evdiagepovoa kat va
givatl, povT) g od1MyElL €11 0 £va OPOPPO, AAAA l0MS AXPTOTO KOPUYOTEYVTUA, 1] OE
£Va anepavio 0acog amd AOYIKA 0®OTOUS, Kal 100 amOKPOUCTIKOUS, TUTOUS, TIOU 1|
povt onuacia toug Ba ival o1 ival «avaykaio Kako».

—Xiv —



KE®PAAAIO

O1 MIPATMATIKOI APIOMOI

1.1 H yeopetpiki] napactaom

Bewpoupe duo dragopetikd onueia O kat F, 10 E 8e&1a tou O, nave os pia subeia
X'X. Mnopotie va fewprooupe Toug Tpaypatikols apibpols oav ta onueia autrg
¢ subeiag. H Siaiobnukt) eikova nou €xoups oto puadod pag eivat va aviiotoryioou-
pe oe xabe onueio M me X' X v anodotaon tou M ano to O, av to M Ppioketat
8efia ano 10 O (Exnua 1.1) xat napoune 10 OF yia povada.

Yxnpua 1.1

'Etot, yia napadetyna, 1o M avuotoryei (mpooeyylotikd) otov apifpd 2,5 kat 1o
N otov —0,5.

1.2 ®uoikoi, aképaiol, pnroi apiBuoi

H pedémn wov mpaypatkov apipov apyifet ouvnbmg ue 7o svvolo N twv eusmuwy
aordpwv 1, 2, 3, 4, ... To abpoiopa kat 10 yivopuevo dUO QUOIK®V €ivdl TAVIOTE
evag @uotkog apifpog. Av otoug guotkoug emouvayoupe to 0 xat toug avrtifetoug
T0UG, MAIPVOUUE 70 6UVOA0 7 Twv akepaiwv agrduwy 0, +1, +2, ... To afpoopa, 1o
ywopevo kat (kata aviifeon mpog toug @uoikoug) 1 Stagopd SUo akepaimv eival
naviote evag akepaiog apifuog. Av otoug akepaioug emouvayoups kair oia 1a
kAdopata m/n, omou m, n akepatot kat n # 0, 10t naipvoune 7o svvolo Q Tuy



1. OT IPATMATIKOT API®OMOI

ontuy aprdpv. Ex1og tou abpoiopatog, Tou yivouevou Kat ¢ dlagopas t@pa Kat
10 mAiko (kata avtifeon mpog toug akepaioug) SUo pmiev q/r, omou r # 0, eival
naviote prrog aptfpog.

AMEQ YEDUETPIKES KATAOKEUES OTO EMMEDO OIVOUV 11 YEOUETPIKT] TAPACTACT)
10V pntov apifpcv. Yto Yxnua 1.2, yia napadetypa, PAETOUYE TNV KATACKEUT] TOU
pnrou 2/3 (onueio A).

1.3 Appntor apibuoi

HSn and v apyaidta avakaiuginkav mpaypatikoi apipoi ot onoiot dev sivat
pnroi. Ta napaderypa, 7o pnkos mns durywviov evos TeTpaywvov ue mAevod 1 dev evan
onTos aonIuos.

H 1o\ @paia anodein autou 1ou bemprpatog eival yvootr] and toug K Aaootkoug
XPOVoug kxat exet og €£1¢ ¢

Av ypayoupe 2 yia 1o prxog g diaymviou, tote Oa exoune (Iubayopeio feco-
pnua)

P =1"+1"=2.
Ag unobgcoupe Aowmov, yia va odnynboupe og atomno, 01 0 = sival pirog, onAadt
x = m/n onou m, n akgpaiot pe n # 0. Anhonoiwviag, av xpewaotei, 1 kKAaopa
m/n unopoupe akoun va unofecoupne ot «ot m kat n dev eivat xat ot duo Cuyoi».
Oa gyoupe Aomdv
2 =m?/n? 1 m? = 2n?
Kat emopevmg 0 m2, dpa kat o m, etvat {uyog, dnradn m = 2m; yia xamoto aképato
my. Tote Opwg
2n? = 4m? \n® = 2m?

Kat emopeEveg o n?, dpa kat o n, eivar Cuyog. Prdcape Aowmov oe Atomo Kat €101
OUUTEPAIVOUE OTL 0 & OEV £lval PrIog.

O moayuazikorl aprduor on omoion dev €ivar ONTOL AEYOVTAL GOONTOL.

To oUvoAo OA®V TV IPAYHATIK®V, POV Kdl appiiov, fa cupforifoupe ue
10 ypaupa R. Ano ta 6oa simape peYpl twpa yiverat gavepo Ot

Cc7C C
NGZGQGR
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1.4 ENA ASIOMATIKO SYSTHMA TIA TOYE TPATMATIKOYY APIOMOYY

Movo 1 oxgon Q # R Sev sivar tetpippevn. Eivar opwg apeon ouvensia g
TPONYOUUEVTS TPOTAOTG.

1.4 'Eva afi@pauxko oclotnua yia toug mpaypatkoug
ap1fpuoug

Evag 1pomog auotnprig el0aymyng t@v npaypatikov apipov fa nrav va Swooupe
eva afiopaukd xapaxmplopd v @uoikev apiuev (yia mapadeiypa, pe ta Ae-
youeva afiwpata tou Peano) xai, o ouveyewa, va dwooupe pia akpift) evvola
o1l OladOYIKES EMOUVAYEIS VEMV OTOIYEIMV TOU AVAPEPAYUE OTIS MPOTYOUUEVES
napaypagous. Oa pnopovcape, yia mapadelypa, va opicoUPE TOUG akepaioug oav
Satetaypeva Ceuyn guoikev (m,n) pali pe xatddinloug vopoug yia 00tmia,
npoobeot Kat TOAAATAACIAOUO AKEPUI@V.

Y10 puako pag guoka fa €xoupe TV avuotoixnon wu (m,n) UE 10V aKEPALO
m—mn kat enopeves Ba opiCape : (m,n) = (m',n') av xai povo av m+n' = n+m/’,
(m,n) + (m',n') = (m+m',n+n'), (mn)(m', n)=(mm +nn',mn +nm').

Aev fa akoloubrooupe autnv NV «katackeUAoTIKT» TOPEiA, Tapd 10 PEYAAO
evilagepov mou mapouolalel, aira Ja dewonsovue TovS MOAYUATIKOVS AQMINUOVS GV
&va un kevo 6Uvolo R ue 715 €£1 Ya0akTOGTIKES 1010TNTES:

(a) 7o R evar duaretaypévo suwpa.

(B) Kade un kevo kar goayuévo mpos ta mavw vrosvvolo tov R éxer avw mégas
(a&iwpa svvexews).

Ogeidoupe Pefata va enenytooupe toug Opoug mou spgavifovial otov mapamd-
V@ YAPAKINPIOUO TOV TPAYHATIKOV aptdpmv.

Duatetaypevo swpa. H 1&otma (a) exgpaler ouvortuxd ou o1 ouviifeig npageig
(mpoobeon, modranhaciaopog, unapén 0, 1, tmapén avubetou xar avuotpogou) xa-
B kar n oxgon Satafeng a < B eivar opiopéveg oto R kar £xouv Tg 11dTNIES
TOU MEPLPEVOUE. YTODETOUPE OTL 0 AVayv®OTNG €ival eE0IKEIOUEVOS PE AUTES TIG
1dotteg xat yi autd Sev g enavarapfavoupe ed@. (BAeme 7.1)

A&twpa svvéyeas. Tlpgnet va e€ny1ooulie TOUg OPOUS «@PAYUEVO TTPOG TA TAVE»
Kal «Qve TEPAC».

Eva vmosvvodo A Tov R Aéyetar ppayugvo mopos ta wavw, av vrdoxovy a € R wete
ya ke x € A vasxver, © < a. Kdde této10 a Aéyetar «dvw godyua» tov A.

Avw mégas 1 supremum evos moos Ta Tavw @oayuEvou svvolov A AEyetar €va avw
podypa o Tov A to omoio éxer Ty W0TnTa 1 o S 'y kdde avw podyua o' Tov A
(svpBolsuds: o = sup A).

Eivar gavepo om 7o avw mégas, av vmdoyer, ewar povadwo. [paypauxa av a, o
eival ave mepata evog ouvorou (A C R) tote a S o' xar @’ £ a dnhadn a = o'.

To a&iopa g ouveyxelag Aget, Ot yia kabe gpaypevo npog ta mavem Kat pn Kevo
UmooUvVoAo TV mpaypatikev A, to sup A unapxet (oto R). ‘Oneg Ba yiver gavepd
ano ta mapadeiypata mou akoAouBouv 1 diotnia autr dev 10YUEL AV avIlKATAOTT-
ooupe 10 R pe 10 Q.

Mapadeiypata: Efstaloupe ta cuvora

-3-



1. OT IPATMATIKOT API®OMOI

{0.1,3},
{z 2 <0}

{x € R:z > 02 <2},

{x €eR:z>02% <2},

E = {z € Z : x Suipeitat pe 10 3}

A
B
r
A

Ta A,B,T', A sivar gpaypéva mpog ta nave. I'a A, B, yia napadeiypa, o
apfpog 3 eivar eva gpayua wug (tetpippevo). Enong tetpiupevo eivar va Soupe
ousup A = 3.

Ta T xat A eivai emiong gpaypeva mpog ta nave. Eneidn npogaveog I' C A
apket va Seifoupe o1 10 A eival gpaypevo mpog ta mave (kar paiiota kabe ave
gpayua twou A sivar xat ave gpaypa tou I' yiati;) IoxupiCopar npaypan ou, yia
napadetypa, 10 2 sival aveo gpayupa tou A. Eote npaypauka z € A npénel va
Seifm otz < 2. Av dpwg 2 > 2, 1618 22 > 4 ka1 £101 anokAsieTal 10 T va aviKel
oto A, Sou 101e 22 < 2 < 4 < 22,

To afiopa mg ouvéxelag pag e€acgaiiCel ou unapyouv ta sup A(= 3), sup B,
supT’, sup A.

FEivai eukolo va doupe ou sup B = 0. Ilpaypauxka av z € B | 1018 z < 0 apa
10 0 eival ave @paypa tou B.

Av a gva d\)o ave gpaypa tou B, tdte anoxdeietat a < 0 (Siou tote a/2 < 0,
apa kat a/2 € B, xat fa enpene a/2 < a, onote (agov a < 0) kat 1/2 > 1, mou
QUOIKQ gival atono) . Yuvayoupe Aomov o1 0 < @ mou anodetkvUeL TOV 10YUPLOPUO
Hag .

Hapatnpnon 1.4.1 Ta napadsiypata A, B dsixvouv ot 7o sup evos suvolov umo-
o€t va aviker (nepintwon ouvorou A) 1 va uny aviker (nepintwon ouvorou B) 610
Yewoouevo 6UVoNO.

Eivatr gavepd ou T' # @ (yia napdderypa, 1 € T') dpa, and 1o afiopa g
OUVEYELAG, UTAPYEL £VAS MPAYUATIKOS aptbpuog x wote x = sup L.
Texvospos: 22 = 2 xatr x > 0.

O wyupopog deixvel ou umapyel (oto R) 1 «Beukr epaywviki pila wou 2»,
eve yvopiloupe ou dev unapyet oto Q.

Anoderfn. a v anddeiln apkei va deifoupe ot kat ot Sto umobeoelg 22 < 2
kat £2 > 2 odnyouv oe atono. Eivat mpogaveg ot z > 0.

Eotw mpdrta z2 < 2. Oa deifw ou undpyet e pe 0 < e < 1 dore z +¢ € T, 10
OMoi0 TPOPAVES aviiQackel pe 10 Ou 10 x eival 1o sup I' (xat apa ave @paypa tou
T). Apxei Aomov va Sadréfw 10 € @ote

(x+e) =2 +2x+e<2 ka1t 0<e<1,

Oniad)
e(2r+¢e)<2—-2" xa 0<e<1.

Apxkel, yia mapadetypa, va napm



1.4 ENA ASIOMATIKO SYSTHMA TIA TOYE MTPATMATIKOYY APIOMOYS

(min {a, b} onuaiver 1ov mo pikpo anod wug a,b av a # b, xatwovaava =b .
Avdadoya opiletar o max{a,b}).

a+b—|a—b| a+b+|a—b|
2 2 :

Aoxnon: min{a, b} = , max{a, b} =
paypat pe auth v emhoyt] 1ou € kat enedn unobéoape 22 < 2 Oa £xoupe
0<e<1xka

12— 22
2 < eg(2 1) < =
E($+E)_6($+)_22m+1

(22 +1) <2 -2

Eotw tmpa 22 > 2. Oa Seifw 10pa, yia va @racm TdAl oe atono, Ot UTAPYEL
e > 0 wote x — € eival ave @paypa tou I'. Apkei Aomov va Siare€oupe to e > 0
g0l wote z — ¢ > 0 xal (z — )2 > 2, Swou 10te yia kabe y € T Oa éxoupe
y? <2< (z—¢e)? dadny <z —e.

B¢dm Aomov va Ppw € > 0 mote 0 < € < 2 ka1 2 — 2ex + €2 > 2. Apkei, ya
Tapadetypa, va mapw € = % (yuati;).

Onwg xat omyv mepintwon I' 1o sup A unapyer xar pahota sup’ < sup A.
Av twpa y € A, to1e y? < 2 1 92 = 2. Yy mpwt mepimtwon y € T xat apa
y < supI xai o Sevtepn y = sup I, dnradn y < sup . Ka1 oug dvo nepimtawosig
Aowmov ouvayoupe ot to sup I eivat ave gpaypa tou A, enopevmg sup A < supT.
Telixa homdv sup T = sup A.

Ag efetacoupe €dog 10 otvoro E. Eivar Simobnuxka gavepd 6u 10 E dev
eivar gpaypevo npog ta nave. Ilpenet va to dsifoupe Pacilopevor ota aliopata
MPAYUATIK®V a kal b povo.

TMapatnpotpe kat apyag out E = {3k : k € Z}. Ag unobeooupe ou 10 E eivar
gpaypevo. Eneidn 1o E eivat npogavag pn xevo (yia napadetyua, 3 € E) fa unapyet
10 supE, eotw b = sup E. Tote opwg b — 1 < b xar apa Ha unapyel otoixeio tou
E nou eivar peyaiutepo ou b — 1, dnradn ba unapyer £ € Z wote 3k > b — 1.
Suvayoupe o 3(k+1) =3k +3>b—-143=0b+2>bxa 3(k+1) € E,
nou eival @uotka atono (yuati fprxape otoxeio tou E yviiowa peyadutepo ano o
supE).

IMapatipnon 1.4.2 Ta pn xeva otvoda A mou dev sival gpaypeva npog ta mda-
ve ypagoune supA = +oo (To oipforo +oc dafaletar «ouv aneipo». Oa 10
OUVAVTAUE OUYVA OTI] OUVEXELQ).

Oa Soupe twpa pta datebukda eavepr) kat TOAU oNuavTik WOIOTIA 1@V Tpay-
HATIKGOV.

Av € tuyaios YeTikds moaypatikds agrduds kar a €vas dANos TPayuatikos TOTE
VITAQXEL EVAS QUETKOS N, WETE NE > A

Yuvnmg ex@paloupe v 1810TIIa autr) AEYOVIAS «T0 O@UA TOV TPAYUATIK®@V R
eivar Aoxyndew dwreraypevo». H anodeién etval dpeon cuvenetla tou allopatog tng
OUVEYELAG KAl OUOLaoTIKA 11 d@woape 010 napanave napadetypa E. Mpaypauka, av
Sev unapyet i€to10 n € N, 1618 10 0Uvoro A = {ne : n € N} fa eivar gpaypevo npog
10 1ave kat (mpogavms) pn kevo. Oa Undpyel ENOUEVKS To sup A, €0t sup A = b.
Eneidn b — e < b, 8a unapyet eva otoixeio me,m € N | 1ou A wote b — & < me,
Smadn b < (m + 1)e. AXra (m + 1)e € A xa1 gracape og atono.

—5—



1. OT IPATMATIKOT API®OMOI

Iapatnpnon 1.4.3 Mnopei va Serytel 0Tt UTAPXOUV SIATETAYPUEVA OROUATA OTA OMOid
dev 1oxUel 1 1W0tta autt). Enopgéveg 1 10)U¢ ¢ 0Toug mpaypatikous aptfpoig
efaptatat ovolaotika ano 1o afiopa g ouveyeiag (Bhene 7.1).

Eivat 10topikd eviia@epov va onpei®ooue £0@ OTL 1] TAPANAV® TPOTAcT] ava-
eepetat pe Baupaotn cagrvela ano tov Apyiundn o1o £pyo tou «Terpayoviopog g
opfoywviou kovou tourg (mapafolric)» onou kat Stafienet, oe pia emoyn nou kabe
airo mapa Eexabapiopgvn Mrav 1 €vvold Tou Ipaypatikou aptbpou, v avaykn va
unobeoet v 1Siotna autn aiwpatkd. paget petall aldev

SYMBAINEI AE TONTMPOEIPHMENANON OENPHMATAN
EKALTON MHAENOZL HEZON TAN ANEY TOYTOY
TOY AHMMATOL AIMOCAEAEITMENONN MEMIETEYKE
NAI APKEI AE EX TAN OMOIAN TIETIN TOYTOIL A
NATMENON TON Yo AMON EKAIAOMENNN

(... moteletal 8¢ OU €KACTOV TV aveIEP® Bempnuatmv dev uotepel tov Bew-
PNUAT®V, Ta omoia anedeiyfnoav x@pig ) Porbeiav tou Anupatog toutou, pou ivat
de apketov, €av 1a ul gpol supebevia Bewpnuata €xouv tov autdov Pabpov ainbei-
ag, Onwg 1 aveiEp® avagepopeva. . . (E.X. Ytapam: Apxiundoug te1pay@vionog
napafolrrg).)

Telelwg avaioya Pe TOV OPIOUO TOV PPAYUEV@V TPOS TA TAVE OUVOAMV Kdl
Tou supremum opiCovial ta gpaypeEva Mpog ta kat® ouvoia kat 1o infimum (katw
nepag), 1o onoio oupPoriCoupe inf. Tho ouykexpipeva av A C R xar yia xafe
x € A, a < x, 101 10 a Aéystal katw @odyua tou A. To inf A sival éva xatm
@PAY A PEYAAUTEPO 1] 100 ano xabe addo katw gpayua. Av ypayoupe —A yia 1o
ouvohro {z : —z € A}, 10te eival wetpippevo va dovpe ou inf A = —sup(—A), ar’
onou ouvayoupe apeoa to fempnua (ox1 afiopal):

Oeopnpua 1.4.4 Kalde un kevo eoaypévo moos Ta KATw 6VUVONO EXEL KATW TEQAS.

1.5 Aoxnosig
1. Aeite ou yia kabe fetikod apibud m unapyer akpifeog pia Otk terpaywvikn
piCa tou, dnradt axpiPog vag Betikog apilpog m wote (v/m)? = m.

2. Eivat o apifuog 2 + /3 piog; Toa epédtnon yia tov apipo

() L (5 e

3. Aeifte ou pa xavn ouvlikn yua va woxvet n oxeon: la — bl < e yia a,b € R
xate > 0, eivar va unapyet ¢ € Rwote: l[a—z| < e/2xat |b—z| < /2. Eival
1 ouvbnkn aut avaykaia; Av vai 10te Ppeite 0Aa 1a z € R mou kavonoiouv
mv avaykaia ouvonkn.

4. Asgite ou petalu dUo wyai®v SlaQopeTiK@V TPAyUATIK@V aptdpov unapyet
£vag apprnros.



1.5 AYKHSEIZ

10.

11.

. Acifte ou kabe gpaypevo mpog 1a nave unoctvoio tou N eival TENEpacpevo.

Ioyver n ida ota yua 1 Z; yia 1w Q;

. Awote mapaderypa, avaioya pe ta mapadsiypata tng napaypagou 1.4, yia

KAT® @PAypata Kal pEAETNOTE 1d PE ToV 1010 Tpomo.

Tpaypateuteite my Unapén mg v/2 cav infimum evog katdAAmiou ouvorou
A.

Av A C R, A#0D, xat bécoupe —A = {z € R: —z € A}, tote inf A =
—sup(—A)

Aivetar A = {|]af|: -2 < a <5,—4 < § < 3}. Bpeite, av unapyouv ta
sup A, inf A xa1 e€etaote av avixouv 1 61 010 A.

Av ACR, A # () xat 10 A Sev sivar gpaypévo mpog 1a Tave, 101e opiloupe
10 sup A va eivat 1o otpforo +oc. Aeifie om: sup A = +oc av xar povo
av oyvet «yia xabe M € R unapyer z € A wote x > M». Awote avaroyo
oplopo yia 1o inf A = —o0.

Av 6edate va enexieivete 1ov optopod t@v sup A4, inf A oy nepimwon 4 = 0,
1t Ba mpoteivate; Tlapte yia dedopevo ou mpotaocelg tng popeng «Il; = Ily»
Bewpouvial ainbeig av nnpotaon I sivar Yeudrg, aveaptnra ano 1o av sivat
ainfng 1 oxt 1 Is.






KE®AANAIO

IIPATMATIKEY > YNAPTHXEIY

2.1 Mepika xprotpa vnocuvoia tou R

‘Oneg ava@epape oty £10aymyT], 10 kUplo peAnpa pag fa sivar va peletmiooupe
OUVAPTIOEIS OPIOUEVES TAVE OE UTOOUVOAQ TOV MPAYUATIKGV.

T'evikd, pe 10V OPO OUVAPTIOT], EVVOOUUE UIA AVTIOTOIXTOT PETAEU T®V OTOrYEl-
®v evog ouvorou A, 10 onoio Ba ovopaloupe medio optopou e ouvaptnong, xat
oTo1XElV £VOg oUVoAou B, 10 omoio Ha ovopaloupe nedio ip®v, ®@ote ot kabe otoi-
xeio a 1ou A va avtiotoiyel akpifpog €va ototyeio 1ou B. Yuyva Ypnoiponolove 1a
ypapuata f, g, h, ... yia ouvaptioeig xat ypagoupe f(a) yia to otorygio t1ou nediou
TP®@V nou avuotolyel oto a. Ilpv mpoymprooups oe napadeiypata, Ha e€etacoupe
pepika unoouvora tou R mou spgavifoviat ouvifmg oav media optopou. YXedov
naviote oautd to pabnua 1o medio upwv B Ba sivar 1o R (1€to1eq ouvaptiosig
AEyovial TaypaTIKES).

2.1a’ Awaoctipata

Ta nedia opiopoU TV Mpaypatikov ouvaptnoewov Ba sivar ocuvibmg dStaotnpata.
Me tov 6po autod evvooupe unoouvola tou R g poperg:

Yuvolo YtuBoro | Ovopaocia
{z:a<z<B} | (a,f) avoryto daotnua a;, 3
{z:a <z} (cr, 00) avoryto diaoctnua a, oo
{z:a>zx} (—o0,a) | avoryto daotua —oc,
R (—oc, 00) | Mpayuauxoi
{z:a<z< B} | [o,f] KA£1010 Saotnua a, 8
{z:a<x} [, oc) KAew010 Siaomua a, oc
{z:a>zx} (—oc,a] | kiewotd Siaomua —oo, @
{z:a<z>p} | (a,f]

{z:a>z< B} | [o,f)




2. [IPATMATIKES > YNAPTHSEIY

To npotedeutaio Sdotmua Aeyetar nuiavorto (1 nuikieioto) akpifeotepa avor-
XTO aplotepd kat kAswotd 0elia. Avaloyn ovopaoia €xel xat 10 teAeutaio Siaotnua.
Yta napanave ta a, f eival mpaypatikoi apifpoi pe a < §. Ta otpfora —oo, +00,
dtafalovial «eiov Amelpo» Kdl «oUV AMEPO» aAvIioTolYd.

2.1° Eowtepika onpeia.

Eva onueio z evog umoouvorou A tou R Agyetat eswrepikd onpeio 1ou A av unapyet
€ >0 wote 10 avoiy1o daotnua (z — &, x + €), mou Ba 10 ovopaloulie Kai e-meployT
tou x, va nepiexetat oo A: (z — e,z +¢e) C A

IMapatmpeiote 6Tt OAa ta onueid v daotuatodv s popeng (a, 4), (a, o)
(—oc,a) , (—oc,00) eival eomtepika onueia . Eotw yia mapadeiypa z € (a, §),
Smadn a < x < . Av ypayoupe € = min{z — o, f — z}, 101€ (x —e,x +¢) C
(o, B) (BAeme oxnua 2.1).

)

A & —
{t<z+e<z+pf—-2z=p3}
( PY \ \
\ 7 7

Yxnpa 2.1

Ta onueia 1wV UTOAOIT®V NACTUAT®V EivVal EMONS €0mIePiKd pe mbavn e€ai-
peon kanowa akpa. [a napaderypa a € [a, o0) ahdd onowadnnote e-neploxi} 1ou a,
(a —e,a+¢) pe e > 0, nepiexetl apibpous pikpdrepous 1ou a (yla napadetypa tov
a — 5 Kal enopEvas dev mepieyetat oto [a, oo] (oxfua 2.2).

A~
>
[ ]
~

o — € « o+ €

Yxnpa 2.2

Ye mapa TOAAEG MEPUTIMOELS 1] UEAETT Y1AS TPAY UATIKTIG OUVAPTIOTNS AMTAOUCTEU-
£101 01a E0MIEPIKA OTUEIA TOU TESIOU OPLIOUOU NG KAl TO YEYOVOS AUTO OIKALOAOYEL
MV £10AY®YT] AUTNS TS EVVOLAS,.
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2.2 [TAPAAEITMATA TIPATMATIKQON SYNAPTHYEON.

2.2 Tlapadeiypata mpayuauik®@v cUVAPTIOEDV.

2.2a’ Axoloufieg.

Av ma ouvaptnon a £xe1 nedio opiopou oug guokotig N, a : N — R | to1e Agystar

axolovdia. ¥y nepimtwon autr ypagoupe ouvifes a, avtl (a,),n = 1,2,... xa
nape yvia mv akoroubia {a,},n =1,2,... avt yua m ouvapon a : N — R. Oa
YPAQOULE EMONG A1, A2, . - . , Gy, . . . Yia TV akoroubia {a,},n=1,2,...

Hapadeiypata: a, = 1/n,n=1,2,... b, =n,n=1,2,...,¢, = (—1)",n =
1,2,....

2.28" TMoAluwvupikeg ouvapTtnoes.

Me tov 0po auto evvooupe @uoika ouvaptnoels f @ R — R mou opiCovial ano
TUTIOUG NS HOPQTIS :

f@)=ar+aiz+- -+ a,z",x €R

ONoU A, a1, (g, . . . , Ay €lVaAL SedopEVOL Tpaypatkoi apifpoi kar a,, 7# 0. O apilbpog
n Agyetat Pabpog g moAum®vuuikng ouvdaptnons. Av a; = ... = a, = 0, dniadn
av f(z) = ag,z € R 1 ouvaptnon Aeéyetar otabepd kat o Babpog g eivar 0 av
ag # 0 eve dev opiletar fabuog av ag = 0 (opiopevor ouyypageis opiCouv ot
nepint®on aut] oav Babpd 10 —o0). O1 toAu@VUNIKES cuvaptoelg npatou fabpol
Agyovial ouvifmg ypapuIKES.

2.2y' Pniég ouvaptosis.

Me 10v 6po autd evvooupe ouvaptroelg f @ A — R mou opiCovial and tUmoug tng
HOP@TIS

P(x) a+oiz+- 4 a,z”

Q(z) by +biz+-+bypam

fz) =

SnAadt) sivar mmAika Suo noAue@vipwv. To A ed@ eival 10 OUVOAO TOV TPAYUATIK@V
Z yia toug omoioug Q () # 0 xat unobgtoupe ot 1o ToAu®@vULO () Sev eival 1 otabepa
0. AnodsikviUetal 011 O0E auTl TV TEPIMI®OTN UTAPYOUV TO MOAU 1M TPAYPATIKOL
apifpoi z yia toug onoioug wyvet Q(z) = 0. O1 apibpoi autoi Aéyovial pileg tou
Q. H anodeifn sivar eUkoAn pe enayoyn o¢ npog 10 fabpo m twou Q. I'a m = 1,
SnAadt yia @ ypappikn, €xoupe akpifeg pia piCa. Eotw wwpa m > 1 xat a pa
piCa tou ). To unclowo g daipeong tou  pe © — a Ba £xer Pabpo < 1, dnradm
fa eivar pua otabepa xat emopeves Q(z) = (z — a)w(x) + ¢ yia xanoo TOAU@VUNO
m(x). Ocoviag & = a Prémoupe ou ¢ = 0 xai enopeveg Q(z) = (z — a)m(x).
To m(z) £xer Babuo m — 1 xar yia xabe piCa § wu Q pe B # « Ba exoupe
Q(B) =0= (8 — a)r(B), dnradn 7(B) = 0. Kavoviag mv enaymyiki) unobeon ou
10 7(x) £€xet 10 mohu m — 1 pileg ouvayoune ou 1o Q(z) €xel mpayuat 1o TOAU m
pies (ug pileg Tou T xaL v «).

Tapatnproeis:

-11-



2. [IPATMATIKES > YNAPTHSEIY

(i) Ynapyet éva oofapo hoyikod xkevd og ooa einape. H apyn g enayoyrg woxUet
euoika xai fa tn ypnowponomooupe ehevbepa xar ot ouveyela. Oa mpenst
op®e va Oeifoupe Ol eival ouveneld 1@V aSl@PATOV TOU TAPAdEYTNKAUE
(a xat B). Ynapyer eva akdoun cofapotepo kevo. Aev £oupe akOUn opioet
TO101 amo Toug Mpaypatikoug sivat ot Puoikoi. Ogroupe Pefata 10 oUVoOLo TV
duoikev va nepiexet toug 1,1 + 1(= 2),2 + 1(= 3),... xa1 povov autoug.
[Mpener Aomov va eivar eva ouvoro N mou ikavonoie:

(@) 1eN,
(B) avneNwwekain+1€eN.

Tetola 6pwe oUvora pumopei va undapyouv moArd (yia mapadstypa 1o id1o 1o
R, 10 Q.. ..) OpiCoupe Aowmodv 10 ouvoro t@v Puoikeov N va eivar 1 toun
OA®V 1@V UTOOUVOA@V T®V TPaypatik®@v mou ikavonolouv ug (ia') xar (if'),
pe aAAa Aoyia 1o N gival 1o «kpoteEPO» GUVOAO TPAYPUATIKAV TOU 1KAVOTOIEL

ug (ia') xan (if'), (yuati;).

(ii) Or pmigg ouvaptuioss f(z) = P(z)/Q(z) mou efetdoape, eivar edikeg ne-
PUTI®WOELS TV AEYOPEV®V alyebpiiv svvaptnsewv, dnhadt ouvaptioewv f
TTOU 1KAVONOLOUV TAUTOTIKA OTO MEDIO OPLOUOU TOUS pid TOAUGVUNLKT] e€lo@on
duo petafAntov:

ao(z) + a1 (2)f(2) + - + ar(@)(f(2))* =0

ONou ag, Ay, . ..,a;, TOANUGVUUIKES OUVAPTNOELS KAl 1] ap Oev €ival 1 ota-
Bepny ouvapmon 0. H pnn f = g yua napadeiypa kavomnowet v P(z) +

Q(z) f(z) =0.

BOa yvepicoue apyotepa kal aila onpavikd napadeiypata aAyefpikov ou-
vapmoeov, onwg yia napadetypa f(x) = /z,z > 0.

2.20' Tpryovoueipikég ouvaptroeig

Oeswpoupe duo kabetoug aloveg X'OX, Y'OY oo eninedo xat Bupopacte ou oe
kabe (Satetaypevo) Ceuyapt npaypaukev apipev (z,y) avuctoryel povooruavia
¢va onueio tou emnedou pe etunuevn ¢ kat (dniadin npoonuacpevn mpofoin otov
a€ova X'OX) xat tetaypevn (dnhadn npoonuacpevn npofolt otov a€ova Y'OY')
y.

Oewpoupe emiong pta nepi@epela pe kevipo 0 kat aktiva 1 Staypappevn pe gopa
avtifetn pe m @opd T®V dEIKI®V TOU POAOYIOU.

IMapampotpe xatr’ apxag ou yia xabe npaypatxo ¥ unapyet eva onueio M (z, y)
MAVE OV TEPIPEPELL DOTE TO TOE0 AM va eivar ¥ axtivia. duoika oe SAPOPETIKOUS
apifpoug 9, ¢, eivar Suvatdv va avuotoryei 1o ido onueio M. H ixavn xat avaykaia
ouvOnkn vyt autd eivat: « — ¢ = aképato moAAamAdolo tou 27».

—-12 -



2.2 [TAPAAEITMATA TIPATMATIKQON SYNAPTHYEON.

N

Yxnua 2.3

Ot ouvaptroeig sin (nuitovo), cos (ouvnuitovo) xat tan (egantopevn) opiCoviat
T@pa @S &Ng:

sind=y JER cosd=2 VER tand=2 deR—{(2k+1)" :keZ}
xr

T
2
Me Bdon toug 0plopous autoug PmopoUne eUKOAA va BPOUNE TIS YVMOTES OXEOELS
HETAEU T®V IPIYOVOUETIPIKOV AUT®V OUVAPTNOE®V. YTOOETOUE OTL 0 avayv®oTng

gival e0IKEIOPEVOS PUE AUTEG.
YrnevlupiCoupe povo v €€ng avicotnia nou Ba pag ypelaotei apyotepa.

sind] < |9] < [tand], |9 < 3

Apxkei va g€etacoupe my mepintoon 0 < 9 < F (yati;) kat va mapammpriooupe ot
(BAéne oxnua 2.3)

2sind = MM' < MM’ = 20

~13-



2. [IPATMATIKES > YNAPTHSEIY

Kat

1 1 1
519 = gppadov OAM < epfadov OAN = 3 AN = 3 tan ¢

(n eAeutaia 100TMIa MPOKUTTEL Gueca and my opotota v piyevev ONM xat
OAN.H AN egival QUOIKA 1) EQATITOUEVT] TNG TEPIPEPELAS 0TO A).

Mia a1 napatnpnon yia 11 iply@voUETPIKES ouvaptnoelg sin 1 kat cos 9 eivat
OTL eival meowdikes e mepiodo 27, SnAadt] IKAVOTOIOUV 1] OXE0T]

f@W+2r)=f9), IeR, f=sind1n f=cosd.

Av wwpa k eival evag guoikodg apilfog 1ote yia 1o sin (kar opola yia 1o cos) fa
£XOULE:

sin(z + k- 27) = sin(z + (k — 1)27) = - -- = sin(z + 27) = sin(z)

OnAadt) oxt povo to 27 aArd xat kabe moAramhaoio tou, 2k k € N, eivat mepiodog.
To 27 sivar pahota 1 mo pikprn Oeukn nepiodog. Ilpaypauka av 0 < a < 27
kat sin(¥ + a) = sin(¥) ya 6da wa ¢, 101e, naipvoviag ¥ = 0, €xouue sin(a) =
sin(0) = 0, dnradn (agol 0 < a < 27) a = 7. Haipvoviag wwpa ¥ = 7/2 £xoupe
sin(m 4+ m/2) = sin(r/2), dnhadi) -1=1 nou eivai atomo.

Hapatnpnon. H sicaymyn] 1ov 1ply@voUETpiK@V oUVAPTIOE@V TOU O@OAIE Ma-
PANAV®, EXEL TO «UELOVEKTIUA»,, OTL GTNPLYTIKE OTNY YE@UETPIKT] eNONTELA. Od £Npene
Aowmov, 1 va dikatoroyrooupe, pe faon ta ai@pata 1@V Ipaypatikov apibpov,
T YE@UETPIKA EMYEIPTIUATA TTOU YPTOLUONOINOAUE, 1] VA dMOOUPE AAAOUS OPLIOUOUS,
XWPIG AUTO TO UEIOVEKTNUA. LT OUVEXELA EMPENE VA ODOOUNE EMYEIPTUATA, TOU
neifouv OTL o1 VEOL OpIGHOL OONyOUV 0E GUVAPTIOEIS TOU £XOUV TV VE@UETPIKT)
gpunveia mou BEdoupe. Oa oxiaypagiooupe v teieutaia pehodo apyotepa (peta
MV £10AY®YT] TG EVVOLAS TOU OAOKATP@UATOR).

2.2¢' Ipoonpo (sgn) evog npaypatkoU apifpol

Y& MOAAEQ MEPIMIMOELS XPTOLUES OUVAPTIOELS divovTal «katd tufjpatar». ['a mapda-
detypa

1 x>0
fley=<0 z=0
-1 zz<0

H ouvéapinon auti cupforiletat ouviibeg pe sgn(z) xat €xel v ovopacia «tpdonpo
tou z». H amin oxgon

2 = sgn(a)|z|

dkaloAoyel autn v ovouaoid.

2.20t Axépaio pépog evog mpaypatikoy apifpod.

Eowwo = évag mpaypaukog apibpog.
Toyupiopog : Ynapyet akpifmg evag akepatog n wote n < ¢ < n + 1.

- 14 -



2.2 [TAPAAEITMATA TIPATMATIKQON SYNAPTHYEON.

Av motEyoupe T0oV 10YUPIOUO, TOTE UMOPOUUE VA OPICOUUE Hia GUVAPTNOT], 1]
onoia og xkabe T avuoTOIXEL AUTOV TOV AKEPALO M.

OvopaCoupe aut TV CUVAPTNOT «dKEPALO UEPOS TOU » Kat 11 oupfolriCoue
[z]. Exoupe Aowmov :

-1 -1<z<0
2] = 0 0<z<1
1 1<z<2
2 2<x<3

Tupvape 1wpa 610V 10XUPIoRO, O OMOI0g, 600 00O PavePOs Kat va givat diatcbnuika,
xpetaletar anodeién. Kat' apyag av unmpyav dU0 110101 akepaiot m kat n, 1O
n<zr<n+lxam<z<m+]lxkaemopevogn < m+1xaem < n+ 1,
dnradn m = n.

IMapampotpe wopa o unapyet guokos M wote M > |z| (Aoyw e Apypndeiag
Siataéng 1v mpaypaukev) dnad —M < z < M. Tlpogavag opms 1o = Ha fa
avrket og €va ano ta nuikiewota dwotpata [k, k+ 1), k= -M,...,.M — 1, nou
eival autd akpifmg mou Berape va Seioupe.

Me mv Borfeia g ouvaptnong [z] umopoupe elkora va Seifoupe pia moAU
ONUAVTIKT] IOOTIA IOV PNtV aplbpev:

Ilpotaon 2.2.1 Av a < b eivar dVo TuYaior TEAYUATIKOL, TOTE VTAQXEL ONTOS q WETE
a<q<hb.

H onuaoia tng npotaong eivar ot pag e€aogpairifer 6oo Bgdoupe kadn «mpooeyyi-
o1p T®V Mpaypatik®@v pe prnious. Ipaypatika, yia onotodnmote © € R xat e > 0
umapyel pntog ¢ oto domua (z — €, + €) ka1 emopgvas |z — q| < e. Puowka
Hla TET010 MPOCEYYIOT UMOPOUUE VA MAPOUUE HPE KATAAATAQ PEYAAO KOPMATL TN
«8exadikne» avamtuéng evog mpaypatikou z (yia napadeiypa 1,41 = % gival pia
P1TT] TPOCEYYIOT] TOU \/5) Ye enopev napaypago fa okiaypagnooupe v anodeiln
Mg duVatoTiag mMapactaong TV Tpaypatkev pe dekadikoug kat fa €xoupe €10t
pa aAAn, Swaiobnuika mo @uoloAoyikr, anodeiln yia v idotia 1@V priev Tou

avagepape. [oAt ouxva ot fifAioypagia 1 idiotra autr) ekgpaletatl kat g e€ng:

Ocdpnua 2.2.2 O gnroi aTOTEAOVY TUKVO UTO6UVONO TWV TQGYUATIKWY .

Anddeiln: Ano v Apyiundeia 1810ta 1@V IpAypatkev SEPOUPE OTl UMAPYEL
n € N wote n(b— a) > 2 xat enopeveg nb > na + 2 > [na] + 1 > na. T'pagoviag
:%,éxoupaa<q<b. O
E£ ioou anho sival va deifoupe o1t «ueta&t) dvo ontuw q1 < o VITAOXEL GOONTOS.
Hpaypatkd, ot apibpoi ¢ + v/2/n), n € N, sivar 6Aot apprrot (yiati;) kat psya-
(02{511)

Aoy® Apyundeiag 1di0tntag, 101e 0 Appniog a = ¢ + % IKAVOTOIEL TNV AvVioOTIId
g1 <a<qgs.

Autepot tou qp. Av Stareoupe 10 n €101 MotE N > , TO OMOI0 €ival duvaToV
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2. [IPATMATIKES > YNAPTHSEIY

2.2C' Xapakmpiotiki Yuvapinon

Av A C R, ovoualoupe yagaxtnoister, svvagrnen tou A (oupforionodg x4)
ouvaptnon:

1 reA

xalz) =< ... ...
0 z¢A

Xapaxnplotikeg ouvaptnoelg ouvaviape otov Aneipootko Aoyiopod. Etor my.
1 X0, onou Q 10 6Uvolo 1V pmiav, mou ovopdletat kat «ouvaptnor tou Dirichlet»
fa sivar apxeta ouy v nnyt avinapadely pat@v.

2.2n' T'pagiki) napactacn oUvapIioE®V.

Eow f: A= R, ACR, wma npaypatkt ouvapinot. To unocUvolo tou emnedou
pe ouvietaypeveg (z, f(z)), ¢ € A, Aéyewat yodenua me f. Puoka evvooupe
£0® OTL Ol OUVIETAYUEVES Taipvovial og mpog eva ophoywvio de€ioo1pogo cuotnua
KAPTEOIAV®V OUVIETAYUEV®V.

180U o1 ypagikeg napactdoelg (Tou eival 6POg CUV@OVULOG UE TO YPAQua) He-
PIK@V and TI§ OUVAPTIOEIS TOU OPIOAYE MO TAV®.

Y
flx)=2x+3
(0,3)
(=3/2,0)
9] / 0 x
Y
flr)=2%—22%2 —2+2

(0,2)

(—1,0) 0 (2,0)

0] (1,0) T
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2.2 [TAPAAEITMATA TIPATMATIKQON SYNAPTHYEON.

f(z) =sinz

0 \/ (71',0)\\/ ©2m,0) 2
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2. [IPATMATIKES > YNAPTHSEIY

)
[ f@) =tane
IENENE. y
¥ N AR . ,
Z Z Z Z f(@) = xo(z)
; ; ; ; 0

2.3 Aoxnoseig

1.

OewpoUpe 11 CUVAPTIOELS:
f@) =2 [a], z€R

P R ¥ PP R
g(z) = _ 1
] +1—z, [z]+35<z<[z]+1
Aeilte ou o1 f xar g sival neplodikeg kar Ppeite mv mepiodo toug. Acgilte
emiong ou 0 < g(z) < |sin(7z)| xa Ppeite ta z yia 1a onoia 16XUOUV 10OTIES.

Eoto €va pn kevo ouvolo npaypatikov apibpmv A mou £xe1 Hovo eo@mTepika

onueia (t€towa oUvola Aeyoviar avorytd). Eoww zg € A. Aeite ou unapyet
Staotnpua I mou mepiExel 10 xg kat mepiexetat oto A xat mou €yet v 1dota
: Tha xabe ardo dwaotmua J ; I, J ¢ A. Me &\ha Aoyia 10 I sival 10
«UEYAAUTEPO» avOLXTO OIACTIUA TOU MEPIEXEL TO T Kal MepiExetal oto A
(vréden: afimpa ouveyeiag). Amote mapadeiypata, av unapxouv, ota onoia
10 A Sev eivar diaotnua, omou 1o I exel ) popen (a, b), (—oo, a), (—oo, 00).

Me Baon tov oplopd 1oV QUOIKGV Tou dwoape oty napatrpnon (1) g ma-
paypagou 2.29" Seifaue v apyn g €Aelag enaywyng : «<Av A C N, 1 €
AAneA =>n+1 €A, 101eA=N»
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KE®AANAIO

>.YTKAIZH, YYNEXEIA

Towg 1 onuavtkotepn €vvola tou Aneipootikou Aoytopou ivat 1 evvota tou Ogiov.
Mrmopoupe va moupe Ot 0 Anelpootikog AoyIoHOg PEAETAEL eKEIVES TIG 1OOTNTES
TV IPAYUATIK®V OUVAPTNOE®V MOU EUUECA T) Apeca cuvosovial pe opla. Oa Sia-
Kpivoupe S1aQopeg MEPIMTIMOELS: Opla ouvaptioewv f(x) otav 10 x teivel o Evav
MPAypatko apibpo zg, otav 1o x 1eivel oto +00, O1av 10 T TEIVEL 0T0 —0Q, O-
pta akoroubiov k.An. Eivar Suvatdov va evomoinfolv auteg ol TEPIMIOOELS, OMKS
nag Sidaoket evag kAadog 1ov Mabnuatikeov mou ovopaletat 7omodoyia, alrd dev
kpivetal okomyo va emieyei autn 1 pebodog twpa.

3.1 Axoloublieg

3.1a’ Ydyxhion oe npaypatiko apibuod

Fotw a, pia akodoubia npaypatukev apibpcov. H Siaiobnukr sikova mou €xoups
010 UUAAO Hag, OTaV AEUE «T] @, OUYKAIVEL 0TOV aptBpo a» eival uotka, 0Tl ot TIHES
an Bpiokovial «000 BEAOUPE KOVIA» 010 @ «yld ApKeETd PUeyaia n».

Ag¢ mpoonabnooupe va peTa@pacoupie o Habnuatiko oplopo auteg TI§ ATALTTOELS.

«Qo0 BEAOUPE KOVTa» ONUAivel OTL 1] ANOAUTI] TLUT] TS dlaQopas a, — a yivetat
000 BEdoupe PIKpPT| «yia apketa peyaia n», dnhadt omolog kat va eivat o fetikog &,
«yla apketd peyada n», €Xoupe |a, — a| < €.

«[a apketd peyaila n» ONUAIVEL QUOIKA OTL yld KATMOLO QUOIKO apifud ng,
n > ng.

Kavoviag v ouvleon 1@v 6owv einaye, ravoupe 6tov Tapakdat® OpIopo, O
onoiog anodidetat ouviifwg oto Taido pabnuatnxko A. Cauchy (apyxég 19ou aiwva)

Opiondg 3.1.1 H akolovdia a, svykliver 6tov agduo a (svubolsuds: lim ay, 7
an, — a), av yw kave € > 0, vwdgxer UEIKOS Mg WETE 1 AVisOTNTA N > Ng Va
suvvendyetar |a, — al < €.



3. LYTKAIZH, SYNEXEIA

Mia Alyo «IOloTIKT» £K@PAOCT] TOU Xproiponotovoav ot pabnuatikoi maiiotepa
nav 1 €&nge:

«ay — a, av yia onotodnmote € > 0, ocodnmote wikpo, 1 dla@opa a,, — a UNopel
va yiver (UNApXouv n) kaz va pever (yia O a 1a n > ng), o€ anoAu) tpt), piKkpotepn
T0U €».

Milayav emiong yia «duvapel» ansipo kat «yiyveobar» ameipo kat AAAeg «@i-
A000Qiee», Yia TI§ OMoieg 1] GUUPOUAT] 0TOV VEOEIGAYOUEVO 0T0 BEpa eival pia xat
HOVO: Va TIS amopeVyer.

Iapadeiypata:

(i) an, = 1/n — 0. Hpaypatxa, ¢oww € > 0. Ynapxet uoikog ng oote nge > 1
(yuati;), emopeves kai ne > 1 yia Oha ta n > ng. Me adha Aoyia unapyet ng
wote 1/n =|1/n — 0| < € yia 6Aa 1a n > ng, nou anodetkvuel o1t 1/n — 0.

(ii) an = n. X nepimtwon aun) dev unapyetl a € R wote a, — a. lpaypatuxa
av UmmpyE TET010 a 1o, maipvoviag m.X. € = 1, fa unnpxe kar ng € N wote
|an, —a| < 1, enopéves a, = n < a+ 1, yia 6Aa ta n > ng, 10 onoio givat
atomo.

(iii) a, = (—=1)". Kai madt 8ev unmdpyel mpaypatikog a @ote a, — a. Aiaiobnuxa
autd eivar eavepd yiati ot Cuyol opot tng akoroubiag (asy,, n € N) eivar 1
kat ot povoi —1. Ag petagpacoupe o anddeiln autn v diawodnukr eikova.
Eoww a, — a xar ag napoupe ndhi e = 1. Oa unrpye 101 ng @OtE |a, —al < 1
yia oAa ta n > ng. Puoika unapyouv kar pova kat {uya n > ng. LUVENKG,
fa enpene va wyUouv ouyxpdves ot avicotnes: |1 —a| < Txat|—1—a| < 1
katemopeves 1+1=2> 1 —a|+|1+a| > |(1 —a) + (1 +a)| = 2, nou
QUOIKA €ival ATomo.

3.18° XiUyxhion oto o0

Yy mepimwon tou mapadeiypatog (i) ov opor g axkoloubiag pumopouv va Ee-
TEPACOUV, KAl VA UEIVOUV, Ol PUEYAAUTEPOL ATO OMOIOONIOTE MPAYUATIKO apifuo,
ooovdnmnote peyaro. Mpaypauxa, av M € R 16te ano mv Apyiundsia dataln tov
MPAYUATIK®V OUVAYOUNE apeoa Ot unapyet ng € N @wote ng > M xait apa n > M
ya 6ha 1a n > ng. Aépe oty mepimt@on aut) Ou 1) a, ouykAiver (pepikol ouy-
ypageiq Aeve anokhivel) oto +00. Avahoya opiCoupne m oUykion oto —oo (yua
napadetyua a, = (—n) = —o0). AxpiBeotepa:

Opiopdg 3.1.2 Mia akolovdia oy, svykAver 670 +00 (—o0) av yia kade M € R v-
TaQXEL PUEIOS agIUds ng WeTe > M (ay, < m) yia oha tan > ng. Svubolsuos:
lim a, = 400 (lima, = —00) 17 ap = +00 (@p = —0).

YuykAivouoeg Oa ovopaloupe T akoloubieg ToU GUYKAIVOUV 08 £va Tpaypatkod
apifud. Eadikotepa ot akoroubieg mou cuykiivouv oto 0 Aeyoviar undevikes. Fival
@avepo O «a, — @ av xai povo av 1 akoroubia a, — a sivar undevikip». Oa
Agpe anoxAivouoeg g akoloubieg mou dev cUyKAIVOUV 0UTE O TPpay Hatko aplbpo
oute 010 +0¢ oute 010 —00. Eival emiong gavepd and 1ov oplopd ot av alraoupe
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3.1 AKOAOY®IES

nenepacpevo mAN0og Opwv plag akoAoubiag TOTE 11 CUUTEPIPOPA NS @S TPOS TNV
ouykAon dev airalel. Me adda Aoyia: «Av unapyet ng € N @ote a, = 5, yia
kabe n > ng, 101e 1 @, ouykhivel (oe mpaypatko apibud, oo +oc, 010 —o0) av
Kat povo av 1o id10 10xUel yia ) G, ».

Mia addn amdn (kar moddn onuavtki) WSotna eivar 1 &g av a, — a ka
Bn — B, 101 @ = . Me adha Aoyia, 7o 0gio piag ouykAivouoag akoroubiag
eivar povadiko. (Puoka oplo piag ouykiivouoag akoroudiag ovopaletar o apiluog
lim a,,).

H anodeién sivat anir) adda o ouAAoylopog eivat TOAU XPTo1HOS KAl OTJHAVTIKOG.
Ag umoBeooupe Aomov ou a,, — a xat a, — [. I'a xabe ¢ > 0 unapyouv nq,ns
wote n > ng = |lap, —al < g, n > ny = |a, — | < e T xanoo howmov
n > max(ni,ny) fa exoune

o — B = |(an —a) = (an = B)| < |an —a| + |ap, = B] <e+e = 2e.

Agou 10 €, dpa xai 10 2, pnopei va sivar omooodnmote fetikdg apifpog to
amotedeopa pe aAra hoyia sivan: «O apifuog |a — §| eivar pixpotepog kabe Beukou
apipou». Av a # f 10te | — | > 0 xar pmopoupe va MAPOUPE T.X. € = @,
ondte ouvayoupe 2 < 1, mou @uolkd €ival atomo Kal ENOPEVRS o = 3.

Hapatfpnon 3.1.3 Tlpwv 1ov 190 ai@va ot pabnuatikoi pidayav yia betikeg moodtn-
16 HikpOTEPES KAbe aAAou Betikou apibpou kat tig edeyav ansipootd. MoAig dsifape,
ot 1et01eg fetikeg moootnieg dev vmdapyovv. T cofapt) aut) «ykag@a» eneoTpave e-
vag Iphavdog girocogog (B. Berkley), oe ypaupa tou npog «amoto pabnuatixo» mg
EMOXTS, ONMOU Alyo MOAU €leye: «Alapaptipopal yia 1§ KOUTAPAPES TTIOU YPAPETE»"
kat giye dikto! Metd and €va dUo aiwveg ot pabnuatikoi diopbwoav v Kataotaon
e@appoCoviag 1 AEYOUEVT] «eYIAOVTIKT]».

«Eyidovuxip Agyetal, iowg Alyo kopoideutikd, 1 pebodog mou axoroubrnoape
OTOV OPIOUO TOU OPIOU HE TO €.

Mia aAAn amAn Siotnta sivat 1 emovopalOPev) «0avIouttg»:

Mpédtaon 3.1.4 Av a, < B, < v, kar lim oy, = lim 7y, = a, 707¢ kaz lim §3,, = .

Anodelln: Eoww ¢ > 0. Oa unapyouv Quoikol ny, ng @oten > ny = |a, —al < ¢
Katn > ng = |y, —al < e. Avdomdv n > ng = max{ny, ny} 101€ |a, —a| < € xa
|7n — a| < €, emopeves kat max{|a, — a|, |v, —a|} < € (mowa eivar 1 ye@petpikmn
onpacia avtou Tou cUAAOYIopOU;).

Hapatnpoupe topa ot av a < 3, 1018 B, — a| < |y, — af xat av a > 3, 1018
|Brn — a| < |an — al. Ty onowadnnote Aowmov nepintwon |8, — a| < max{|a, —al,
|vn — |} xar enopeveg n > ng = |, — a| < e, Snradn B, — a. |

Oa xAgicoupe autn TV TAPAYPAPO PE SUO AKOUT OTJHAVTIKES IOIOTIIES, Ol OMOIEQ
gival emiong daiobnuka pavepeg, yia v anodeiln 1@v omoiwv fa xavouus ouoia-
otk xpnon tou ai@patog g ouveyetag. Tig divoups pe ) poper) dewprpatog.

Oempnua 3.1.5
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3. LYTKAIZH, SYNEXEIA

(i) Kde povirovn kar poayuévn axolovia svykAiver.
(i) Kade poaypévn axolovidia wegiexer wa svykAivovsa vrraxolovidia.

Ogseiloupe xat’ apyag va e€nynooupe toug opoug ou epgaviCovial otnv diatu-
ot Tou femprpatog.

Eoww a, pia akoroubdia.

Av apy1 > ap yia dha tan € N, 1018 1 @y Aeyetar avéovsa.
Av apy1 < a, via Oha ta n € N, 101€ 1 i, AyETCN QUVOUSBG.
Av apy1 > ap yia 0da ta n € N, 1018 11 oy Aeyetan yvijsia avéovsa.
Av ant1 < ap yia 0ha wa n € N, t0te 11 a, Agyetal yvijsia pivovsa.

Av 1 a, eivar (yviowa) at€ouoa 1 (yviowa) gbivouoa, tote Aeyetar (yvroua)
UOVOTOVT).

Mia axoloubia Aéyetar gpayuévn, av to ouvoro {a, : n € N} C R eivar
gpayuevo, dnradn unapxet M € R wote |a,| < M yia 6ha ta n.

Av and wug opoug piag akoroubiag agaipecoupe peptkous (TENEPACUEVOU T)
aneipou MATHOUS), UE TETOI0 TPOMO @WOTE va Jeivel maht pia akodoubia, tote v
akoloubia autrj ) Aepe unakoroubia tng a,,. 180U o akpifng oplopog:

Opiopog 3.1.6 'H axolovdia 3, ewar vmakolovdia TS qu, av UVIGOXEL WA YVI6I
avéovesa akolovdia euewuy ki < ky < -+ < ky < -+ UeTE By, = Q, Y0 OAG TG
n € N.

Aiyn okeymn deiyvel du «av pia akoroubia ouykhivet (1] ouykAivel oto +00 1) 010
—oc) tote x@be umaxkoroubia g ouykAivel 610 1810 Oplo» (Tpaypaukd €01® a, — A,
ay,, Wa unakohoubia g ay, xai e > 0. Ynapyel ng @ote n > ng = |a, —al < &
xat enedn ky > n (yati;) yia oha @ n, n > ng = |ag, —al < e€).

Anddeiin tou Osmpruatog:

(i) Mropoupe va unobecoupe ou n a, sivar atovoa (n anodeiln yia gbivouoeg
eivatl napopoia). To afimua mg ouvexelag nag e€aogariCer v Umapén ou
appou a = sup{a,, : n € N}. ToxupiCopal, Onms kat Quoika avapevetat,
ot a, — a. lpaypatika €otw € > 0, 101€ Ha unapyer ng OOTE Qupy > a0 — €
(a0 @ — € Ba 1tav ave @paypa pikpotepo tou «). Tha kabe n > ng,
eneldn 1 a, eival atovoa, Ba €xoupe a > ap > ap, > @ — € KAl ETOPEV®S
|a, — a| < €, nou anodelkvUeL TOV 10XUPLOUO pag.

(if) Ano mv umobeon ouvendyetar ou fa unapyet M € R wote - M < o, < M
yia 6la 1a n. Oswpo 10 ouvoro A t@v mpaypatikev apiuev pe mv e&ng
wiotna: «Av x € A, tote unapyouv ansipa n € N wote a, > x», dSnhadn
A={z € R: unapyouv anepa n pe a,, >}

IMpogaveg —M € Axarz € A = z < M, dnradn 1o A eival un xevo
Kat @payuevo mpog nave. Eote domov (afiopa ouveyelas) a = sup A. Oa
@1aém pia unakoroubia tng a,, TOU va GUYKAIVEL OTO .

Yo dwotnua (a — 1, a + 1) unapyouv oiyoupa aneipot opot g axoroubiag
nag (adwg o @ — 1 fa rav eva ave gpaypa wu A yati;). Eoww ay,
£vag 1€10105 0pog. Yo ddotua (a — %, a+ %) UTIAPYOUV EMOTNS AMELPOL TN
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3.1 AKOAOY®IES

axkoroubiag pag kat apa ciyoupa £vag, €01® 0 A, , HE ko > k1. XuvexiCoviag

€ TOV TPOMo auto, fpiokoupe ky < kg < -+ < ky, wote oy, € (a— %, a+ %),

p = 1,...,n, xat o idiog ourroyiopog pag efaoearifer mv unapén evog
kny1 > kp 0ote oy, € (a— n#“, a+ %H).'Exoupe Aomov a — % <ag, <

a+ %, p € N. H i3iotmta oavrouttg deiyvel 1wpa ou npaypatt 1 unakoioubia
_ , , , 1 1

By = ai, ouykldivel oto @, 80T o1 akoroubieg a — o K+ S.p € N,

ouykAivouv oto a (yati;).

3.1y Idwomnieg ouykhivouoadv akoloubimv

Eivar apxeta eukoro va deifel xaveig, ou amieg mpaleig mavew 0Toug OPOUS OUY-
KAvouo®mv akoloubiov od1yolv o1d avapevOPEVA AMOTEAECUATA OTd OPld TOUG.
Oa anodeifoupe evOSIKTIKA PEPIKES amd AUTES TS 1010TNTeg Kal Ha mapanepyoupe
ug unodrowmeg (mou Ba mpenetl va g PAenet Ndn cav poutiva 0 avayveotng) otg
AOKT|OELG.

Mpétaon 3.1.7 Av a, - akm B, = B, 1016 appy + By = Y > a+

Anéderln: llpaypau o € > 0. Ynapyouv ny, ny € N wote n > ng ouvenayestai
la, — a| < /2 xat n > ng ouvenayewat |3, — | < £/2 xat enopeveg av n >
max(ni, ns) 101

I = (a+B)| =[(an —a) + (Bn = B)| < |an —al + B — Bl <e/2+¢/2=c.
O
Mpoétaon 3.1.8 Av a, = a km B, = [, 1016 0y By = v — a - S.

Edw 1 anodeién eivat mo evdiagepovoa. ApyiCoupe pe eva amhod, aAAd onpuavuko,
ANupa.
Afjppa 3.1.9 Av o, — a, 1678 @,y EWaL QoAYUEV.

Anodderln: Tpaypauka, maipvoviag € = 1, unapyetl ng 1€1010 @OTE AV 1 > Ng va
gxoupe |a, — a| < 1 xat emopéveg av n > ng 10te |a,| < |a| + 1. Exoupe howmov
mpoeaves |y, | < max{|al + 1,|ai1l,...,|an,|} via dda 1a n € N, dnradn n ay,
€ival paypevn. O

Anoderln e Ipoétaong 3.1.8: Tupvape topa oty anodeén g a, 8, — «- 8. To
Exvaopa mou fa yproiponotnooupe eival toAu cuvniopévo. Eotm € > 0. Agou o1
Qi Bn ouyxhivouv Ba eival gpaypeveg, Snradn unapxouv My, Ms wote |a,| < My,
|Bn| < M3 yia 6da ta n € N. Oa £xoupe emiong (to te€xvaoua):

‘anﬁn - 0/6‘ |0‘an —apfB+a,B — 0/6‘ <

lanl|Bn — Bl + [Bllan — af <
M |Bn — B + |B]lan — a.

IN N
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3. LYTKAIZH, SYNEXEIA

Oa apxovoe Aomov va Ppolupe ng TEI00 ®OTE yia N > ng kabe mpoobeteog tou
Se&lou peroug g avicotntag va eivar pikpotepog tou €/2. Auto Oumg eivai oiyoupa
duvato, ylati unapyouv ni,ns € N wote n > ny €xoupe

€
|an—a|<2

181+ 1)’

n > ng kal ouvenag |8, — B| < €/(2M;), onote n > ng = max{ny, na} ouvenaye-

Tat
£ E
n - n - a a
M |Bn — Bl + 18llan a\<2-1-2w+1

m

<-4+ -==

N ™

O
Epémon: yiati mipape £/(2(|8] + 1)) xat ox1e/(2|8]) ;
H ek nepimtmon piag szadepds akoroubiag an,, Snradn a, = a yia 6Aa ta n,
OMOTE TEIPIPUEVA ¥y, — (v, PAG OIVEL T XPTOIUN 1010TNTd:

Mpétaon 3.1.10 Av 8, — B w0te v, = aff, — af.

(Seifte ) ox€on auni xat an’ eubeiag and tov opiopod).
Av (nooupe avaloyo femprpa yia to mnAiko mpEnel va eipacte Alyo mpooe-
KTiKol 0ToUg mapovopdotes. ITo ouykekpipeva:

Mpétaon 3.1.11 Av a,, = «, B, — B kar 8 # 0 107¢
(i) Ymagyerng € N wete n > ng = |Bn| > l;j >0
(ii) Av v, = 3= yuan > ng Kar Y, = omdrimote yia n < ng, T0TE Yy —> 5.

H vacdesn B # 0 eivar overasTirn (aAAuis dev éxer vonua 7o af B). O kdmws maga-
Eevos 0016U0S TNS Y, YIVETaL YIa TEXVIKOUS AOYyoUs uovo (Y ovue va amopiyouvue mny
weoimtwen, By, = 0 yw kawow n).

Anéddeiln: To (i) mpoximter aueca and tov opopo pe € = [B/2 > 0. Ta 10
(i) apxei va deifoupe ou n axoroudia d§, = 1/8, yua n > ng xar oudimote yia
n < ng, ouykAiiver oto 1/6 xat petd va e@appocoupe my 1810ttd yia 10 YIVOUEVO
ouykAvouoev akoroubiov. Eotw € > 0. Adyw tou (i) pumopoltpe va unobecoupe
|Bn| > 18]/2 yia n > ng, onodte Ha €xoupe

IR
B, B TBIE. <1

2
B>

2
Swou |8p] > |B]/2. Enedn 8, — B unapxer n, @ote n > ny = |8, — 8| < %E. Av
Aomodv n > max{ng,ny } 10t |6, — 1/6] < €. 0
Avaloyeg 1310111eg 10(UOUV, OE OPIOUEVES MEPITIMOELS, AKOUT KAl OTAV 1] Yid 1)
xat ot duo akoroubieg a,, B, ouykAivouv oto = +oc 1) oto —oo. ITio ouykekpipeva:

ap >+ & B,— 0 = ap + B, = +oc
an, > +00 & B, = +oc = ap + B, = +¢
a, = too & B, = B(#0) = a, — (sgnf)oc
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3.2 YYTKAISH KAT SYNEXEIA YYNAPTHYEQN.

@uotka: (sgnf)oo = { i_zco gz g z 8

ap >+ & B, = +oo = apfp = +oo

o, > -0 & fBn—B(#0) = a,bB, — (—sgnf)oo
a, > -0 & B, +o0 = a,fp &> —©

anp = —© & B, — —o0 = apfn > +0

oy — £00 = 1/a, = 0

Ot anodeiéeig eival avaroyeg (Aiyo mo gukoreg) ue auteg nou ndn dwoape. Edm
MPENEL VA KAVOUUE Pla onpuavtikT napatipnon: Dev avagpépaus Kaveva amoTteNesua
TOU va avTIsTOINEL 68 TEALEs TNS pooens 0o — oa, 0+ oc, 0/0, co/oo. Autd Sev sivar
tyaio® dev unapyouv aviiotoya anoteAéopata. Ag e€etacoupe yia napadetypa v
nepint@on oo — 0o. IoyupiCopar 61t unapyouv akoroubieg ay,, B, @ote @y — +00,
Bn — +00 eved N B, — (u, PTOPEL VA GUYKALVEL OE OMOLOBTNOTE MPAY HATIKO aptfud,
1] Va oUyKkALVEL 010 400, 1] Va OUYKAIVEL 0T0 —o0 1] KAt va anokAivet. [Ipaypatika

(i) apn=mn,Bp=n+X X € R Edo a, = +00, B = +00, eved B, — ap — A,

(ii) ap =n, B =n+ (—1)". Ed® 8, > n—1 = +o0, apa B, = +0oo, xat
EMONG @y — 400, eV By — ay, = (—1)™ Se ouykdiver

(iii) an =n, B, = 2n. Exoupe a, = +00, B, = +00, ev®d [, — @y = N — +00.
(iv) an = 2n, B3, = n.Exoupe a,, > +00, B, = +o0eve Bp—a, = —n — —o0.

Avadoya napadeiypata pnopoupe va dmoouiie xat yia tg nepinteooetg 0 - oo (1/n -
n—1,1.n? 5 400, L. (-n?%) = —o0, (7:1) - 2" — Bev ouykhiver), 3 kar 2.
O1 an)eg 1IB1OTIES MOU AVAPEPAPE OE AUTT TNV TAPAYPAPO €XOUV UEYAAT TIPA-

KTIKT) OT|Hacia, yiati og TOAAEG MEPIMIOOELS PAS ANAAAACOOUV AMo 1 OUYVA EMINOVT]

I ' — 2 '
«eyrovikip. [a mapadetypa 2”7,# — 0, dou

n—n2+1 2 1 1 1 1 1 1 1 1
n n n n n n n n n n

—(2:0)-04(~1)-0+0-(0-0)=0.

3.2 Ydyxlon xai oUVEYXELd OUVAPTT|OEDV.

INa va anoguyoupe enavainyeig fa xpnoiponolovpe tov 0po GUVAPTNOT avii Tou
OPOU TPAY PATIKT] OUVAPTNOT).

3.2a' 'Opia ocuvaptioe®v.

Yug akoroubieg e€etalape mou «1eivouv» o1 TIPES Ay, OTaV N — +00. ['ta 10 Aoyo
aAuUTO PAAIOTA YPAQOUUE Kapld @opd lim, s ay, avil lim a,. Xuv nepint@on teov
OUVAPTIOE®Y £X0UUE MEPLOOOTEPES MEPIMI@OELS. ITio ouykekpipeva ba pedetrooups
«opta» ouvaptosov f(x) dtav 10 x teivel oe €va mpaypatiko apifpd 1) oto foo.
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3. LYTKAIZH, SYNEXEIA

H Swobnukn eikova nou €xoupe oto puadod pag sivar guoika 1 €€ng: «H f(x)
ouykAiver atov aplfuo a, otav 1o T 1eivel 610 T, av 1 napactaot | f(z) — a| pnopei
va yivel 060 YENovue wikoen, agkel TO X va £ivar aoKETA KOVTA 6T0 Tg». Eival mOAU
€UKOAO, KATd avaioyia pe OTt Kavoupe yia Tig akoioufieg, va dwooupe eva akpif)
OPLOUO, EQ OO0V OUKS MPOTYOUUEV®S Eexabapicoupe yia mowa g ba pidape.

Ta va amokinost ouclaoTiko VONUa 1) EK@PacTt] «dpkel 10 T va gival apketa
KOVIA OT0 Tg», EIVAL QUOIOAOYIKO VA anattooupe 10 e&ng:

«8e rave d-megroxr, 6 > 0, Tov 1o, dnhadn e kade avoryto Sudetnua (ro —
3, Lo+ 8) TOoU T(, VITAYXOLY ENUETA TOV TENIOV OYIEUOV TNS 6VVAQTNENS oL eEETALOUUE
d1apopeTIKG a0 TO To». TEt01a onuEia Lo AEYOVIaL 6MuEln 6V66WEVENS TOU NESIOU
opLopoU.

Eto1 yia napaderypa 6da ta onpeia tov Slaotuatov nou femprjoape oty na-
paypago 2.1a’, kabmg kat ta dkpa 10Ug, €ival ONUEId CUCOMPEUOTS AUTOV T@V
Staotnuat®v. Tetowa daotnuatd, 1) TENEPACUEVES EVROEIS TETOIMV OLAOTIUAT®V,
fa eival, oxedov amokAeloTiKd, 1a Medid OPIOUOU T®V ouvaptnoewv mou fa pag
anacyoAfoouv g autd 1o padnua. Aivoups t®pa 10V aVAPEVOUEVO OPLOUO.

Opiopdg 3.2.1 Av 10 xg eivar snueio 6V66UWPEVENS TOU TENIOV 0I6UOV WIS GUVAQ-
mens f, t0te T0 dgw s f(x) oTav To T TEWeEr 6T0 T VTAPXEL Kai 160UTAL UE (X, AV
sxver 1o €€1s: ya kade € > 0 vmdgxer § > 0 wete yua kade x Tov mediov 0gispov TS
f, 0 < |z — zo| < I svvemdyerar om | f(z) — o] < €.

Yy TEPIMI®OT TOU TO OPlo UTAPXEL Kal wooutal pe « Ha xprnoipomoloupe 10
oupforiopo: limy ., f(2) = a1 f(z) = a, 2 — 0.

Teleiwg avaloya pe ou einape yia akoroudieg opioupe mote 10 Op1o eivar +oc
1 —oo. ITio ouykexpipeva:

Opiopog 3.2.2 Av 10 xg evar enueio sV66UWPEVENS TOV TENIOU 0QIEUOV UIAS 6U-
vagtnens f, 1ote Aépe 6w lim, ., f(x) = +oo(—00) av wyver 10 elijs: yua Kd-
9 M € R, vmdoyer 6 > 0, wete ya kade enueio Tov mediov ogisuov s f,
0<|z—mo| <d= f(x)>M(f(z) < M).

Mmopoupe axoun va opicoupe xat opla mg popeng limy, 1o f(z) xar
lim,_, _ f(z). Puoka ed& Ba enpene pe kanowa €vvola 1o +00 1) 10 —0C va eivai
«ONUELD OCUGO®PEUGCTIS» TOU MEDIOU OPIGPOU.

Oprondg 3.2.3 7o +0o (—00) Aéyerar snueio sveswpevsns evos suvorov A C R, av
kae duasTnua TS uoeens (o, +00) ((—oo, a)) TemExer enueta Tov A.

Yug ouvnbiopgveg mepimi@oelg nou Ba mapouotactouv oe auto 1o pabnua, ta nedia
oplopou Ba mepiexouv €va ohoxkAnpo dwaotnua g popers (a, +o00) ((—oo,a)),
onote 10 +0o(—00) fa eivar autdopata onueio cucompeuons. Alvoupe topa Tov
avtioToryo Oplopo:

Oprondg 3.2.4 Av 70 +00(—00) evar smueio 6V66WPEVENS TOU TENIOV 0QISHOV WIAS
svvdgTnens f, Tote, Aéue oTe o lim, 4 oo f(x) (lim,— oo f(x)) vrdoxer kar 1w500TMRL
ue a, av yu kade € > 0 vrdpyer M, wete yia ola Ta T w0V aviKovy 670 TENI0 0YIEUOV
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3.2 YYTKAISH KAT SYNEXEIA YYNAPTHYEQN.

wms f, x> Mz < M) = |f(z) — a| <e. Néue emiens om lim,_, 4 f(x) = +o0,
av yu kade M € R vmdoxer M' € R, wete yia kdde snueio & tov mediov 0p15p0V
wms f, x> M = f(x) > M. Aviloya opiovue 7a lim, o f(x) = —o0, kar
lim, , o f(z) = —o0.

Yle OPIOUEVES MEPITTMOELS 0L TIUES piag ouvaptong f(z) minoalouv evav apib-
1o a (110 +00 1 10 —00), dtav 1o & mAnotalel 1o xo pEvoviag mavia peyaiutepo
1] Tavia PIKPOTEPO TOU To. A£ue TOTE OTL UMAPXEL TO TAEVOWKO oo g f, dtav 1o
T TELVEL OT0 Tg, amo 0&&id 1) amo aIsTEQE AVTIOTOLYd. Y€ AUTEG TIG MEPIMIWOELS XPT|-
OLUOTOIOUE TOUS GUpBoAopoUg limm_m: f(z) f lim f(z),  — =3, 0 f(zF) xa

limm_ma f@)nlim f(z), x = 25, 1 f(zg ), aviiotorya.

Snuewwote ou t€tola opia dev opiCovial yia x — +oo 11z — —oc (av BEdete,
amo 11 QUOT) TOUG TETOLA OPLA Eival TAEUPIKA).

duoikd yia va prAape yia TASUPIKA Opld, TPENEL va 10XUEL KATL TAPATAVE ANO
10 va €ival 10 Tg ONUEI0 OUCO®PEUOTS TOU mediou optopou. o ouykekpipeva
yla va opicoulE 1O f(:n0+), fa mpenel yia xabe & > 0 va umapyouv onueia tou
nediou oplopou g f oto Siaotnua (zg, zo + 4) kat yia va opicoupe 10 f(zg ), fa
MPETEL VA UTAPXOUV OTUEid Tou Tediou oplopol oto diotnua (zq — 4, o). Etor, yia
napadetypa, dev €xel vonua va wdape yia to lim, _, .~ f(z) omv nepintwon mou to
nedio optopou g f eivatl éva didotua g popens (a, 3), eve xat apxag pmopet
va umapyet 1o lim,_,,+ f(z). 180U t@pa o akpifrig optopos.

Opionog 3.2.5 Av 1o medio opispov was svvaptnens [ éxer enueia se kade MdeTnua
s uogens (Lo, o +0), § > 0, kar av yw kade € > 0 vragxer 6 > 0 wete ya kdde x
70U MEdiov optepov TS f, 0 < & —xg < 6 = |f(x) — a| < &, 10T Népe om vdgxEL
70 0gw TS f(x), dTav To = Tewer 670 To amo Jelud kar wovTar ue a (SvpBolisuds:
f(zd) = ). Aviroya ogiCetar 7o f(25) = a xar7a f(z) = +o0, f(zg5) = +oo.

YNUEIOVOUPE OTL Td OPLa OUVAPTIOE®V av UTAPYOUV, ON®S Kal 0TIV TEPINT@OT)
1@V akoroubimv, eival povadika.

IMa va anoguyoupe enavainyeig poutivag fa unobetoupe ot 6mou epgaviCoviat
opld yua & — g, T0 Lo €1VAL ONUEI0 CUGO®PEUOTS T®V AVTIOTOIX 0V TESI®V OPIGUOU,
€010 KAl av Ogv T0 AvVAQEPOUE PIIA.

3.28' Idi6tnteg opiv

Av pa ouvapmon sivai otabepa, dnradn f(z) = ¢ yia 6la ta z tou nediou oplopol
mg, tote | f(z) —¢| = 0 yia 0ha 1a  xar enopevms (tetpippevo) lim, . f(z) = c.
Eniong tetpippevo eivar va deifoupe ou lim, ., f(z) = 2o av f(z) = =.

Aiyo mo Suokoro, adhd maAt epappoyT] pouTivag TOU Oplopoy, eival va Osifoupe
ouav 1 f(z) eivat nodvwvupi, f(z) = agtaiz+- - +a,x" e lim,_,,, f(z) =
f(x0). Ag 10 Beifoupe yia v f(z) = 22 — 22 + 1. Eotw € > 0. O¢roupe eva §
wote | f(z) — f(mo)| < € yia 0ha ta z pe 0 < |z — x| < 4. Exoune dpmg

) — o)l = Ja? — 20— a3+ 200
= |z — x|z + 20 — 2|
|z — zo|(|z] + |Z0| + 2)-

AN
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3. LYTKAIZH, SYNEXEIA

Av |z — x0] < 1, tdte |z| < |7o| + 1 ka1 enopeves, yia |z — x9| < 1, €xoupe
(2) = F(@o)] < |z — zo](2fzo] +3)
Apkei Aowmodv va Ppolpe 10 § €101 @ote, yua 0 < |z —xo| < J, va woxUeL N napanave
aviooua Xat ouyxpoves |z — xo|(2|ze| + 3) < £. Mnopouye Aomdv va mapoupe
6 = min{1,e/(2|xo + 3|)}, 10 onoio mpogaveg sivar peyaiitepo 10U UNSEVOS.

O ouAroyioog autog eival TUmKOS OV £QAPUOYT] TOU «EYIAOVIIKOU» OPLOPOU
10U opiou. Mepikd Opmg amid Kal AVAPEVOUEVA AMOTEAEOUATA Yid OPld PITOPOUV
ouyva va pag anairaouv ano autov. I8ou pepikd and auvtda:

Mpoétaon 3.2.6 Ac eivar f,g dvo suvvagriseis ogisueves 6’ éva stvolo A kar xg
éva enueio svssupevens tov A. Av ta limy,_,,, f(x),lim,_,,, g(x) vrdgyovv, 70-
Te vmagxovy kar ta o : lim,_,, (f(z) + g(x)), lim, . (f(z)g(z)) xar wovv-
Tar ue limg ., f(x) + limg_yz, g(2) ka2 (limy— ., f(2))(limg— ., g(2)) avrisTona.
Av emimhéov limy ., g(x) # 0, 7678 limy,_,, f(2)/g9(x) vrdoxer kar wovTar pe
limg 4, f(x)/hmm—mo 9(x)

Puoikd, pe pia (TEPIUPEVT]) ENAYWOYT], TO TAPATAVE ATOTEAEOUA EMEKTEIVETAL
o€ nenepaocpeva afpoiopata xal yivopeva ouvaptnoe®mv. Av mMoTEYouE Tpog OTLy-
UMV autr] TV Ipotaoct], ivat ToAU eUKoAo va deioupe OtT1, TO00 Yia TOAU@VULA 0G0
Kat yia pieg ouvaptioeis f(z), wyvet lim, ., f(2) = f(20) yia xabe onueio g
10U TEdIOU 0PIONOU TOUS. [SNUEIMOTE OTL OV TEPITTOOT IOV PII@V OUVAPTIOE®V Ol
piCeg Tou mapavopaotr) dsv meptdapfavovtat oto nedio optopou. Ot pileg auteg eivat
OU®S OTUELa CUCO®PEUOTIS TOU TedioU oplopoU (Yiati;) Kat apa kat apymyv £XeL vOr-

pa va e€etacoupe 1o limy, 4, % akoun ki av 1o g eivat pifa 1ou mapavopaot.

x
Tapanepnoupe ) PeAET) AUTIG TS TEPITI®ONG 0TS ACKTIOELS. ]

Ipaypatxd, xabe HovavUHo a, 2" eival yivOpevo g otabeprng ouvaptnong
Kal K OUVapTNoEwV 6wV Ue z, apa lim, ., axz™ = agzj.

TTapatnpoviag ot kabe moAumvupo eivar afpoiopa HOVEVUIU®V Kal XPToIHOo-
TOI®VTAG MAAL TNV MPOTYOUUEVT] TPOTACT], EXOUUE ApUeca 10 CNTOUUEVO Yia TOAU®-
vupa. Puoikd 1o aNOTEAECUA Y1a PIIES CUVAPTTOEIS E1VAL AUECO TOPLOUA TOU TEAEU-
taiou pepoug tou Pemprjpatog.

H anodeiln g npotaong eivar avaroyn pe v aviiotoryn yia akoioubieg. H
nepimworn f(z) + g(z) eival 11 mo eixoAn kat v napaleinouye.

Ag e€etaooupe 10 limy . (f(2)g(z)). Ipwta ag Seifoupe 10 eUkoro KAl o1
Haviiko Anupa:

Afppa 3.2.7 Av vrdoxer to limy ., f(x), 7076 vdoxovv § > 0 kar M € R, were
|7 (2)| < M ywa kdde x Tov mediov ogspot s f yia o omoio 165xver 0 < |z — x| < 4.

Anédeiln: Eow lim, ., f(2) = a xa ag napoupe € = 1 010V 0p1o1O T0U Opiou.
Oa unapxet 6 > 0 wote 0 < |z — zg| < § ouvenas |f(z) — a| < 1, yua xabe
x tou mediou opopoy, enopeves kat |f(z)| < |a| + 1. Apxei Aowmov va mapoupe
M =|a| + 1.

Topa 1o xAaowo exvaopd. Eoww ou lim, ., f(2) = o, lim,_,,, 9(x) = f xa
e > 0. Oghoupe eva d > 0 wote 0 < |z —x0| < d ouvenayewa |f(z)g(z) —af| < e.
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Exoune

[f(@)g(z) —aB] < |f(x)g(x) — ag(z)| + |ag(z) — af]
= l9@)lf(z) = af + |allg(=) = B].

Mol deifape ou unapxet §; > 0 wote 0 < |z — zg| < §; ouvenayewn |g(z)| <
|B]+1. Ynapyouv akdpa d2, 3 > 0 wote 0 < |z —xo| < o ouvsm'lyz—:tcu |f(z)—a| <
s ka0 < &z — x| < 03 ouvenayetat [g(z) — f] < 3 aH])
Av dowmov mapoune § = min{dy, ds, 3}, 10 onoio mpogavag eivar feukod, ba

£XOULE:

€
+ | | <e,
2(|8] + 1) (| \ +1)
TOU amodelk VUEL TOV 10X UPIOUO pAg. O
TMa v mepimwon tou mmAikou deiyvouue eva aAlo amho, aida emiong onpav-
KO, ANupa:

0 <[z —=o| <= |f(2)g(z) — bl < (B +1)5

Afppa 3.2.8 Av lim,_,,, g(x) = S # 0, 10te vrdoyer 6 > 0 wete yw kade x Tov
zediov ogispov s g, 0 < |z — zo| < & svvemdyetar |g(z)| > @ > 0.

H 1810uta autn eivar apeon ouvenewa tou opopou (mapte € = |§|/2, mou sivat
fetiko anod mv unobeon)).

lNa va anoguyoupe mepimAokeg poutivag, ag unofecoupe ot ot f kal g exouv
nedia OpIGUOU TOU MEPIEXOUV Uia MEPLOYT] TOU Zg. Mikpaivoviag av xpelaotel 10 §
10U TEAEUTAIOU AMOTEAEOUATOG, UMOPOUPE va unobecoupe out o1 f kar g opiCovial
oto Sidotnua (zg — 8,9 + ) xar |g(z)| > ‘;ﬂ yiazg —0 < x < x9 + 0.

Eotw € > 0. Exoupe

18 —g(z)| _ 2

b? 6‘|m9)<7ﬁ“”“

T — Zo| < 0. Ynapxet wpa 4, > 0 @ote

elB|?
0<Jr — o] < 81 = lg(w) - 4] < D20
Kal EMOUEV@S
0<| | < '{66}:>1 1<
r — g minyo, 01 —_— — = E.
g(x) B
Yuvayoupe ou limg_, 4, g(l—m) = %3 kat 1o (NTOUPEVO amoTEAECA MPOKUTIEL ATO TNV

AvVTIOTOLX T IOIOTIIA Y1a YIVOUEVO dUO OUVAPTIOE®V (EQAPUOOTE TV 0TI OUVAPTIOELS
fxat1/g).

Ag e€etaooupe T@pa yia Aiyo 1 oxeon petau unapfemg opiou kat unapfemg
TAEUPIK®OV OPI@V.

Eivar xat’ apxag tepippevo ou 7 vmapén tov limg,_,, f(z) (nemegaspévou
7 a;elgov) suvemdyeTar kar TNy Umagln Twy lim,,_, .+ f(@) ka lim, _, - flz). To
avTieToogo dev alnever, dnmg pmopel va det kaveig e€staloviag 1a mapakatm ma-
padeiypata.
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0 s@={7 270

Eivai tetpippevo va Sotvpe ou lim, g+ f(z) = lim,_,o- f(z) (= 0)

(ii)) f(z) = [z] , o € N Eiva eniong tepippevo va dolvpue, ou av zq € Z,
tote lim, _,+ flx) = o, lim,, _, - f(z) =20 — 1, evéd 10 limy 5, f(2) Sev

o

umapyet (yiati;).

0 <0

(i) f(x) = { sinl 2 >0
Eivar mpogaveg ou lim,_,o- f(z) =
0. H xatdotaon amo 0elid oumg ei- (0,1)
valr MOAU Yepotept. Aev Unapyel 1o
lim,_,o+ f(z). Atobnuxa, koteviag
ypagikn napdotaot), fAenoupe ou 1 f(x)
avili va minowalet evav apilbuod, otav
x — 01, mAnowaler padlov ohoKATpo 10
geubuypappo tpunua: z =0, -1 <y < 1. (0,-1)
Ag unoBecoupe Aomov, yia va gracoups
oe arono, ou f(0+) unapyet xat woutal Syiina 3.1
pe a. Oa unapyet 1te 6 > 0 @ote 0 < z < § ouvenayetat |f(z) — a| < 1/2.
TIoxupiCopar ou oto diaotnua (0,d) unapxouv z1,xs @wote 1/x1 = kr xar 1/z4 =
2km + 7 /2.

Tote f(x1) =0, f(z2) = 1 xat emopeves |0 —a| < 1/2, |1 — a| < 1/2 ondte

Kai

1 1
1=|0-a)—(1-a)|<0—al+[1-a|] < §+§:1
nou eival guoika atono. 'a va deioupe twpa v Umapén twv xi, Lo, ApKel va
Seioupe ou unapyer k € N wote 1/(kr) < § xa1 1/(2kn) + /2 < 4.
O tedeutdaiog 10xUPIOPOG eival oxedov tetpiuevos. Apkel yua napadeiypa va
napoupe k = [1/6] + 1.
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3.2 YYTKAISH KAT SYNEXEIA YYNAPTHYEQN.

3.2y" XYuveyeia ouvaptnoeav

H Staiofnuikn eixova g onuavtkg auvtng £vvolag anodidetal GuXva UE TV £K@pa-
OT]: 1] YPAQIKT] TApAoTacTt] TS OUVAPTNOTIS OeV €XEL «koyipata». Autd Sev mepiypdgel
MAVIOTE KAAQ TV KATAotaot. YIApxouv, yia Tapadelypd, Ouvaptnoslg Kaid opi-
OUEVEG, TTOU 1] YPAPIKT] TOUS Tapaotaoct] dev eival oAU diagwtiotikt). Ilapadsiy patog
XAptv, To TEAEUTALO TAPAdELY LA T1)S MPOTYOUUEVTS TAPAYPAPOU T] AKOUT] XEIPOTEPO
napadetypa, 1 ouvaptnon tou Dirichlet

f@=so={ o 158

H m\nons katavonsn tov akgiBovs 0016 U0V EWaL ETOUEVWS ATGQALTITT.

Kat apyag nouveyeia opiCetarl «tomka», dnradt opiCoupe Tt onpaivel suvaoTnsn
BUVEXTS 6€ £va 6MUEI0 Ty TOU TENOV opsuov Tns. 1lpooefte ou oe aviifeon pe o1
AEyape ota 0pila, 3@ AMAITOUYE TO Ty VA AVIKEL OTO MEdIO OPLOUOU.

OvopaCoupe katdomy pia ouvdaptnon ouveyl os €va unoouvoiro A tou mediou
OpPIOPOU T1)g, av gival ouveXTg os kabe onpueio tou A. 180U o axpifrg optopos.

Optonog 3.2.9 Av 70 xg aviker 670 medio ogisuov was svvaomens f, kar yu kade
e > 0 vragyer § > 0 wete yu kade x 670 mEdio ogispov TS f, | — 29| < 0 TOTE
|f(x) — f(x0)| < €, 7076 0 f Aéyerar svveyns 670 xg.

YUV TEPIMI®OT TOU TO o £IVAl KAl ONUEI0 CUCOKPEUOTS TOU TESIOU OPlIOUOU, pid
amAT] patid otoug OUo OPLOUOUS OPIOU KAl GUVEYELAS OIXVEL OTL:

Mpodtaon 3.2.10 H swvéxeta s f 670 To evar 1600Uvaun ue T 6XE6N

lim f(z) = f(zo),

Tr—To
onhadn ue Ty Ymapén tov im, ., f(x) kar v wotnzd Tou pe f(xq).

‘Oneg avagepape kai mpoNyoupsva, os autod 1o pabnpa ta nedia opiopou fa eival
SlaoTnuata 1) ENEPACUEVES EVMOELS OlAOTNUAT®V, ONoTe Kabe xg 010 nedio oplopou
fa eivat onpueio ouocompeuong, kKat emopeveg Ba woyvet 1 W0oduvapia twv dUO Opl-
op@v. Eidikotepa ta oupmepaopata g mPonNyounEVTS TAPAYPAPOU HaAS OdNyoUv
Apeca oT0 CUUTEPAC|A:

Mpdtaon 3.2.11 7a molvuvuvua kKar o1 ONTES 6UVAQTNGEIS VAL 6UVEXELS 6€ ONG Ta
6MUEN TOU TENIOU 00I6UOV TOUS.

Avaloya pe 1ov oplopd 1ov mAsupikov opi@v opioupe suvéyeia amo delid xai
6UVEXEIL QIO AQIGTEQA.

Opiondg 3.2.12 Av 70 xq avijker 670 medio ogispov was svvagtnsns [ ka yia kade
e > 0 vmdgxer & > 0 wete yw kdde snueio x Tov mediov opisuov, 0 < = — x9 < §
swverayetar | f(x) — f(z0)] < e (0 < 2y — 2 < § svvendyetar | f(z) — f(20)| < €),
107 1 [ AEyetar suvexns ano de&ud (apisTepd) 670 Xy .
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Eivat gavepo ot 1 tmapén tou f(zg) xat nwomna f(zd) = f(zy) ouvenayoviat
ouvexela anod defia xat 1 unapén wu f(z, ) xa nwoma f(z, ) = f(xo) ouvexea
ano apiotepd. Emiong av kabe Siaotnpa (zg, o + d),0 > 0, tépvet 10 nedio oplopou
Hag ouvaptnong f, tote n ouvexela and defia ouvenayetal v unapén tou f (mar)
xat mv wotnia f(zg) = f(x0). Avaroya 10xU0UV yia oUVEXELD amd aploTePA.

Eivat emiong gavepd ot pwa suvapmnen 6UvEXTS 6T0 Ty £war 6UVEXTS amo de&id
ka1 6UVEXTS a0 AQI6TEQA, Kl AVTIETOORA..

Y10 napaderypa (i) g nponyoUnevg unonapaypagou 1 f Sev eival ouveyTg
oute amo6 defia oute and apiotepa. Yto mapadeiypa (ii) eivar ouveyxng amo defia
KAl aouveyng and apiotepd. 1o mapadetypa (iii) eivar ouveyrig anod apiotepd xat
aouveyng amd defia.

Tapatnpnon 3.2.13 Aev mpenet va Ee@uyes v TPocoXT TOU AYVEOOTOU OTL OTOV
oplopd UG ouvEYElag anartnoape «|x — x| < § ouvemayetar .. .» kar oyt «0 <
|z — 2q| < & ouvenayetat. . .», TOU ANAITOUNE GTOV OPIGUO TOU OPIOU.

YrnevBupiloupe eniong Ot 10 Op1O £iYe VONUA POVO Y1a OTJUEIN CUCO®PEUOTIS TOU
nedioU OPIGUOU, EVE 1) CUVEXELA €YEL KAT apXTV VOTIA Yid OAd Ta OTEia ToU Nediou
optopou. H Stagopd eivar navimg «<emeavetaktp. Ipaypatika, ag dotpe t oupfaivet
otTa OTpeia Tou TedioU OPIGPOU TTOU JEV eival oTjpeia cuco@peuoTs. Av g £va 11010
onueto, tote Ba umapyet § > 0 @wote (zg — d,z9 + d) ) {nedio opopov}= {zg}
(yiati;). Enopgveg yia onowodnmote € > 0 1 ouvenayoyt |2 — x| < § ouvenayetat
|f(z) — f(zo)] < € Ba 1woxUel yia 6ra ta z tou mediou opopoy pe |z — xo| < &
(Smradi to xg povo). Me ddha Aoyia ota onpeia tou nediou oplopou mou dev eival
OTEI0 OUOO®PEUOTS, T ONOIA Yia MPOQAVEIS AOYOUS AEyovial uepovwusva, kabe
OUVAPTNOT) EiVAL AUTOPATA CUVEXTS.

Hapaderypa: H cuvaptnon

2?2 |z| >1

ra={o

(=1,0) (1,0)

pe medio opopou (—oc, —1) U {0} U (1, oc) eivar ouveyrg oto 29 = 0.

BOa K\elcoupe TV MAPAYPAPo autr SEIXVOVIAS OTL 01 TPIYWVOUETOIKES 6VVAQTT)-
seis ewvar suveyxels. Ot anodeielg Ba omnprybouv oug avicotnieg mou deifape omyv
umonapaypa@o 2.28' Pe YE@UETIPIKA EMYEIPT|HATA UOVO.

TIp1v npoymprnooupe eival okoOmpo va napepfaiiovpe £d@ pia amin, aAAd TOAU
XPTOLUT TPOTAOT):

Oewpnua 3.2.14 Av 1 svvagmnen f(x) ogiletar se éva Sustnua (o, B) kar evar
suvexns 670 Ty € (a,B), av n svvdgmen g ogiletar 6¢ €va Sdstnua (7,d) mwou
wegiExer T ewova Tov (o, B) uésw s f (dnhadn 1o svvodo {f(z) : a < x < })
ka1 av 1, g ewvar svvexns 610 enueio f(xq), 10T M 6VVYeTN S6VLVdgTNEn h = go f
(oowuds: (g o f)(z) = g(f(z)), < & < B) evar svvexiis 670 To.
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Andderln: H anodeiln sivar oxedov tetpiupévn. Eotw € > 0. Ynapyxer §; > 0
wote |y — f(zg)| < 8 ouvenayetar |g(y) — g(f(20))] < € Aoyw ¢ ouveyxelag
mg g oto f(mp). Aoyw wwpa g ouvéyelag g f oto g umapxet & < 0 @ote
|z—20| < & ouvenayetat | f(z)— f(zo)| < 61 xaremopeveg [z—xg| < 0 ouvenayetat
lg(f(x)) —g(f(z0))| = |h(z) — h(zo)| < &, mOU amodekvuel Vv cuvexela g h oto
Ig.- a

Yav egapuoy1 wou fempnuatog napatnpotpe ou cos z = sin(w/2 — ), Sniadi 1
ouvapon cos eivat oUvleon v ouvaptoev sin xat g TOAUGVUNIKTG /2 — .
Enopévemg av dsifoupe ) ouveyela g ouvdaptnong sin, a £youpe xat ) ouveysla
g Cos.

Ipétaon 3.2.15 H svvdptnen sin(z) ewvar svveyrs.

Anodeiln: Eoww zo € R. Hapampoupe ou

T — 2o
2

r — Xy
2

|sinz — sin 29| = 2 [sin < 2 [sin

xr + g
oS
2

Agi€ape oy unonapaypago 2.28' ou | sinf| < |6] yia |8 < 7/2. Enedn |sinf| < 1
naviote, 1 avisomnTa |sin @] < (6] wyver yia oha Ta moaypatid 6. Exoupe homov
NAviote

r — 2o

|sinz — sinzg| < 2 = |z — x|

Kl EMOPEVRG (§ = €)

|z — x| < € ouvendyewat | sinz — sinxg| < €

O
Yav pta sgappoyt) fa deifoupe 1 onuavik oxeon
lim B2 _ 4
z—0 X
Ot avicotmeg |sinz| < |z| < |tanz| = |sinz/cosz|, |2| < 7/2, yia z # 0

ypagoviat kat @g g&ng: |cosz| < (sinz)/z < 1,0 < |z| < 7/2. T'vepiloupe dpmg
ou lim,_,gcosxz = cos0 =1, apa av € > 0 undpyet § < 0 wote 0 < |z < § (xau
|z| < 7/2) ouvenayetar 1 —¢e < (sinz)/z < 1+ ¢ 1 [(sinz)/z — 1] < € nou
AMOSEIKVUEL TOV 10X UPLOUO pAg.

Iapatfpnon 3.2.16 H napanave anddei&n neptexet ovotaotikd kat v anodeién g
Wiotag «oaviouttg» yia ouvaptnoels: «Av f(z) < g(z) < h(z), 0 < |z — zo| <
xat lim, ., f(z) = lim,_,,, h(z) 101 10 lim,_,,, g(z) unapyet xai eivat 1o 810
pe 1o limg 0, f(2).

3.28' Idiotnieg ouvex®v ouvaprtnoeav. Eidn acuvexeidv.

INa va ano@Uyoupe MePIMAOKES poutivag Ya vrovétovue £¢’ &g, exT0s av ontad
avagepeTar To avrideto, 0T Ta wedia ewar MasTnpata. Mia ouvaptnon sivat cuveyTg
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oe eva k\ewotd Saomua [a, 8], av eivat ouvexng oto (a, 8), ouveyrg ano defid oto
a xar and apiotepa oto B. Avaroya Ba wyvouv yia Sraotiuata g popers (a, A] 1
o)

Or 18otteg yia abpoiopata, yivopevo kat mniiko opiov cuvemayovial Gpeocd
o1l 70 dpospa, To ywouevo Kai 7o IMAIKo V0 svvagTneewy f Kai g TOU £val 6VVEXELS
670 Tq, WAL GVVEXEIS 6TO To. STNV MEQUTTWEN, TOV MNAIKOU TPEMEL va vmotedel el
a éov 0t g(g) # 0.

Ag umofeocoupe o1 T0 xg EiVal £6WTEQIKO OTUEIO TOU MESIOU OPICUOU PLAS OU-
vapmong f. Autd onuaiver 6 unapyet & > 0 wote 10 daomua (g — 6,z + 9)
va mepiexetal oto nedio opopov. (Ba xavoupe ouxva autr myv unobeon otav pe-
AETAUE «TOMKA» Pl ouvaptnot. Xta ocuvnbopeva nedia opiopou 11 unobeon on-
paivel ou e€aipolpe Akpa otV TEPIMI®OT KAEIOTOV 1] THIKAEIOT®V OlACTIHAT®V.
H pelém ota dxpa, 6tav dev eivar emavainyn poutivag, fa yiveta yopota). H
ouvexela g f oto g onuaivel mv Unapén tou opiou lim, ., f(z) xat v 106-
mra lim, ., f(2) = f(20), MAadn f(zo+) = f(ro—) = f(x0). T1 onuaiver o
n f dev elvar ouvexiig oto xo; Xnuaiver 1 ou f(xzo+) = f(zo—) # f(zo) N ou
flxo+) # f(mo—) 1 OU TOVAdYIETOV EVa amd Ta TAEVQUA O OEV UTAQXEL. TNV
TPETT MEPIMTOT AEE OTL 010 ¢ mapouctaletal aosmun acuvexela g f otn Oeutepn
TEPIMIMOT] ACUVEYELAS, asuvEXew a £i0ovs (1 andnua ) xai oy 1pitn asvveyei 6
gidous (1 ovendn).

v mepinteot) acuvexelag a' eidoug Agpe emiong mdnua tn Sagopd f(xe+) —
f(zg—). Ta «oV¥ipata» ot ypagiki mapiotact] TOU avaQePAUE OV apyr TS
napaypagou napouotalovial oTig acUVEXELES ' £100UG.

Av a = f(zo—), B = f(zot) 10-
1e f—a = 4§ # 0, ondie, Srareyoviag
yia mapadeiypa € = ‘g—‘, fa exoune b
ou fa unapxer & > 0 @wote 10 ypa- /‘
onua g f va Ppioketatl navm amo 1
ypauyt (1) (oxnua 3.2) oto Siaotnua @
(zg, %0 + 0) xa1 KaT® and ) ypauprt !
(2) oto Sdomua (xg — 4, xq). Tpe-

MEL MAVI®S VA TOVIOTEL OTL Td MO OU- To— 0 To To+ 0
okoXa (xat ouxva mo evlagepovta)
npoPAnpata spgavifovial otnv Tepi- Exiua 3.2

TTOOT] T®V OUCIHOO®YV ACUVEYEI@DV.

Ano 1a napadeiypata g unonapaypagou 3.28° oto (i) €xoupe apoipn acuveyela,
oto (ii) acuveyewa a' eidoug xat oto (iii) ouoiwdn acuveyxela. Oa Swooupe t@pa Eva
AAAo Yapakinplopod g ouvexelag mou anodidetat o1o Neppavo pabnuatkod Heine
(rehog 190u aiwva). Ynobetoupe on pla ouvapmon f eival ouveyiig og éva onpeio
Zg Tou mediou optopou 6. Eotw z, pia akodoubia onpeiov tou mediou opiopoU pe
v otta £, — o xat € > 0. Ano ) ouvéyeia mg f €xoups ou unapyst § > 0
®ote |z — x| < 0 ouvenayewa | f(z) — f(zo)| < €. Ano m ox€on z, — T EXOUUE
ou unapyxet ng € N wote n > ng va ouvenaystai |z, — xo| < §. Zuvayoupe homov
ou n > ng ouvenayewat |f(z,) — f(zo)| < €, ue adia rova f(z,) — f(zo).
Exoupe €101 deiet 10 Y106 10U akoAoubou Oswpnuatog.
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Oeopnua 3.2.17 H svvdpnsn f ewar svvexns 670 To av kar uovo av yia kae akorov-
Yia x,, enuetwy Tov mEediov ogspoL TS [ uE Ty — Tq, 1 akolovdia f(r,) svykAiver
70 f (o)

I'a to undrowmo g anodeéng npenet va deifoupe o1 av 1 f Sev eival ouveyTng oto
xo TOTe unapyet akohoubia ., e x,, — xg wote n{f(x,)} dev ouyxhivet oto f(xg).
Yrnobetoupe Aomov ot i f dev eival ouvexng oto g, Onradn eivatr Aabog n npotaon:
«Ia kabe € > 0 unapyet 6 > 0 dote |2 — xo| < & ouvenayetat | f(x) — f(zo)| < €»
Auto onpaiver 6w Yrdoxer € > 0 wete yu kade § > 0 vrdoxer T pe |x — o) < 0 kKar

|f(z) = f(zo)| 2 &

Mapatipnon 3.2.18 Eva mpaypatka xkadod kpiinpto ot £xete kataiafel 1 yivetat
HEXPLS €8, eival va Pefaimbeite ot xatarafaivete (xai Sev anodeyeote ania) v
napanave mpotact. Av e oupfaivel auto, yupiote naht oug akoroudieg).

IMaipve wpa yia § Swdoyika ta 1/n, n € N. T xabe n fpiokw eva z, €
(xo — 1/n,20 + 1/n) xav | f(x,) — f(zo)| > €. H oxéon opwg o — 1/n < z, <
zg + 1/n ouvenayetar ou z, — zg (10ta cavioutg) kar 1 avicotma | f(z,) —
f(zo)| > € yia Oha wa n € N, xavet adivawn myv f(z,) — f(zo). Pracaue Aowmov
oto (nroupevo atomo.

Mapatnpnon 3.2.19

H Suvatourta emhoytig evog 2, and kabe Siaompa (g — 1/n,x9 + 1/n) pe my
wotma [ f(z,) — f(zo)| > €, €101 wote va oxnuatoctei wa akoroubia {z,}, om-
pifetar oe eva afiopa mg fempiag ouvorwv mou ovopaletar aliwpa emloyns. Ot
pabnuatikoi amodeyovtat yEVIKA T YPToT] autou ToU dSlopuatog, T0 Oonoio OUMS mPe-
TEL VA TOVIOTEl £XEL MPOKAAEOEL MOAAEG Kal evioveg oulminoelg oty padnuatik)
Kowotnta.

Yuvdualovtag tig 1d10TIIeg TOU £X0UPE Oeifel PEXPL T@pa BAETOUNE OTL O1 PNTES
6VVAQTNGEIS, Ol TPIYMVOUEIPIKES Kal 01 «6UVUETES> 6UVAOTNGEIS TOU UTOQOVUE Va
EXTNUATISOVUE UE AGUTES EVar 6LUVeXels. Fi1ol yia mapadety pa ol napakat®m ouvaptnosls
gival ouveyeig ota media oplopPoU TOUg:

tanz, z € R\{(k+1/2)r: ke Z}.

2¢ + 5

sin =———
x2 -1’

x # £1,

sin2x — cos x s s

3.3 Opiopeva Baoika Oemprpuata yia ouveyeig ouvap-
T1OEIG.

Ye autn v unonapaypago Ba Solupe duo xpnotpa, kat datohnuka gavepd Hewmpr)-

Hata yia ouvexeig ouvaptioeis. Onmg Ha yivel gavepd and tg anodeifeig, 1o kAeidi

apeoa 1 eppeoa ba eivar 10 afiopa g ouveyeiag.

ApxiCoupe pe pepixeg amieg 1d101eg akoroubwv, mou ba pag ypsiaotouv oty
anodeiln.
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Afjppa 3.3.1 Ava, s arkay <a, <d1ote vy <a<d.

Anodeiln: lpaypauka av a > § (xar napopoia av a < ), 10te a unnpye n ®ote

a—9
2

lan, —al <

KAl ENOUEVHS a — ap, < (a — §)/2, dnhadn a, > (a+J)/2 > § nmou eival @uotka
atorno. (Brene oxnua 3.3).

a—§
()
T
0% 4] an o

Yxnua 3.3

O
Afppa 3.3.2 Av a, — a 107¢ |a,| — |al.
Anddeiin: H 1Siotnta aut eival apeon ouvensia g avicotniag
lay| — lal| < a, —al.
O

180U t@pa 10 mp®mto ano ta fewprpata pag:
Oeapnua 3.3.3 Av 1 f evar svveyeis 670 K\esTo dudsTnua [a, b], ote:
(i) evar poayuévn s7o [a, b] kar

(i) vmagyer xg € [a,b] wete f(xo) = sup{f(z) : a < x < b}.

Anddeiin:

(i) Av n f dev eivar gpaypevn tote yua xabe M € R unapyet = € [a,b] wote
|f(x)] > M. Haipvoviag Sadoxika M = 1,2, ... fpiockoune pia akoroubia
ZTp, e @ < z, < B, wote |f(z,)| > n,n=1,2,... H z, sival gpaypev,
apa fa umapyetr unakoroubia g g, , k1 < ky < -+ < k,, < --- 1 omoia
OUYKAIVEL €0T® 010 Zy. Oa €xoune 10Te xg € [a, b] (yiat;). Enedn opwe 1 f
€lval OUVEXTIS OT0 Xg KAl T, — To Oa exoune f(zr,) = f(x0) ka1 emopevmg
|f(zr)] = |f(z0)]- Ano mv @dn pepid opwg 1 avicotma | f(zg, )| > kn
ouvenayetat npogaves ot | f(xg, )| = +0o xat gracape og dtomo.
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(ii) Aeifape ou 1 f eivar gpaypevn oto [a,b], dnradn ou 1o ouvoro {f(z) :

a < x < b} eivar gpaypévo (ka1 mpog T Mave Kat mpog ta kKatw). To
oUVOAO AUTO elval TPOYav®S Ut Kevo kat emopevas (aiopa ouvexelag) to
sup{f(z) : a < z < B} unapyet xal eival evag mpaypatikdg apilbog, 0tw
A. Tlpenet va deifoupe ot unapyet g € [a, b] wote f(zg) = A.
And tov oplopo tou sup ouvayoupe ou yia kabe n € N umapyel €va tou-
Aaxwotov x, € [a,b] wote A —1/n < f(x,) < A. H akohoubia z, €xet
unakoloubia zy, 1 onoia ouykAivel oe kanow g € [a,b] (yiati;) xar yia v
omoia woyUeL:

1

H 1810umta «oaviouttg» deiyxvel apeoa ou f(zy, ) — A. H opraxn aut oxeon

kabwg xat n ouvexela g f 010 g = limx,, €ouv @g cuvenela Ot

fxr,) = f(20), n— o0,

xat enopeves f(zg) = A, nou sivar axkpifog auto nou €npene va deifouie.

O

Tapatipnon 3.3.4 To (ii) Seiyvetl o n «peyiotn» tpn g ouvapmong f «mavetar
yia xamoio xg € [a, b]. Oa enaverboupe oto (imua autd apyotepa.

Iapatpnon 3.3.5 Agxavoupe pia pikprn avaiuvon tov unobeosmv tou Bewprpatog
yia va Pefaimboipe ot dev pmikav amia kat poOvo yla va KAvouv ouvatl] v
anodeién, adla yiat npaypauxd xperaloviav (auvtr tny avdlven va mposmadeite va
TNV KAveTe TAVTa 670 YEWENUATA TOV 6VVAVTATE ).

H svvéxew s f eivar asapairnTn OIS @AIVETAL ATO TO TAPASELY A

(0,1)

0, avx =0
f(x)—{ 1—lz|, av0<|z|<1.

(-1,0) (1,0)

Ed8é sup f(z) = 1 adha Sev unapyxer zg € [—1,1] pe f(zg) = 1. Aev unapyet
avtigaon pe 10 fewpnua 3.3.3 yiat 1 f dev eivat ouveyng oto 0.

To ou 10 medio oplopou eival ke dwsTnua Oev Pmopel va avitkataotadei
ne omotoudtmote €idoug Staotua. Av yia napaderypa fempnooupe v f () = x pe
0 <z <1,t01esup f(z) =1, eve yia kaveva zg € (0,1) dev £xoupe f(zo) =1
(nag Aeiner o xzg = 1!). (Egurnen: e mowo onueio g anodeéng ypnotponoudnke
ou 1o didotua givat kAeloto;)

H iia axpifog anodeiln on unapyetl z1, @ < 21 < 8, @ote f(z1) = inf{f(z) : a <

r < B},
MrnopoUpe akoutn va @racoupe oto ido cupnepaocpa egappoloviag 1o becwpnua
nou anodeifape oty ouvaptnon — f(x)(yati;).
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To deutepo Bewpnua pag exel 1o dvoua «Ogwonua s evdiduesns Tune Kat
Agyel Ou pa ouvaptnon f ouvexrg oe eva xKAeloTo diaotua [a, b] naipver xabe tpr
petal wov f(a) xat f(b). Axpifeotepa:

Oewpnua 3.3.6 Avn f ewarsvveyrsesto [a, bl kavav f(a) < f(b) karc € (f(a), f(b))
T0TE LIdEXEL T pE @ < To < b wete f(xg) = c. To 10w amoTéNesNa 16XVEL Kar av

fla) > f(b) kar f(a) > c > f(b).

H yempetpikn epunveia tou bewm-
pruatog sivar gavept]. Amia napatn-
poupe ou 1 subeia y = ¢ 1Epvel oe
KATOLO OTMUEID TO YPAPNUA TS OUVE-
xoug ouvaptnong f (oxnua 3.4 ).

H edix1) nepimtwon f(a) < 0, f(b) >
0,c = 0 eivar yvwortn cav Oceupn-
ua Twv Bolzano-Weierstrass (o Bol-
zano Trav Togxog pabnuatkog tou
190u aiwva. O Weierstrass fiav I'ep-

pavog pafnpauxog tou 19ou aiwva \/

Kat paiiota €vag ano 1oug OlaoTUoTe- o Lo B
poug. Pulotav yia v axpifela xat

avotnpota v pefodmv mou ypnot- Yxnua 3.4
HLOTOI0UOE ).

Mrmnopoupe va datun@ooupe 10 fempnua kat wg e&ng:

Oedpnua 3.3.7 (Bolzano-Weierstrass) ' Av n f eivar svveyiis 670 [a, b] kar av
f(a)- f(b) < 0 1ote n f éxer pia TovdaxisTov giCa zg 670 (a,b).

Yxnua 3.5

1Ye opropeva Pifhia to Becpnpua avagepetar oav fecmpnua Bolzano. Se adla oav fempnpa Bolzano-
Weierstrass avagepetar 10 fewpnpa: kade goayuévn akolovdia exer suykAivovsa vrakolovdia.
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Ta S0 fewprpata sivat otnv npaypatkotia woduvapa. [paypatka to fem-
pnua Bolzano-Weierstrass eivar eidik1) nepinteoon 1ou femprjpatog g evoiapeons
Tung xat 1o Becopnua evOiapeong TUNS MPOKUNITEL APECA AV £QAPUOCOUNE 10 Dem-
pnua 1@v  Bolzano-Weierstrass otnv ouveyrn ouvaptnon g(z) = f(z) — ¢, yia mv

onoia woyvet g(a) - g(b) = (f(a) —¢) - (f(b) — ¢) < 0.

Andderln: Apxei va efetdooupe v mepimwon f(a) < 0 < f(b) (yati;). H 18a mg
anodeiéng nou fa dwooupe sivar noAu amit): Onwg gaivetatl and 1o oxnua 21 pnopei
va Uapyouv MEPLOCOTEPA amd £va TETOWA . Ag «KUVIYTIOOULE» 10 «APIOTEPOTEPO»
(zo oto oxnua). Hwg pmopolpe va 10 Xapaxmpicoups; aniovotatd eivat 1o «mo
Hikpo» = pe v idiomia: «kafe x' apiotepd tou z kavomotel v avicoma f(z') <
0». Ta va petatpeyoupe autn v 10ea os anodeiln deiyvoupe ot

(i) To ouvoro A = {z € (a,b] : a < 2’ <z = f(z') < 0} eivar pun xevod kat
QPAYUEVO TPOG Td TAVE.

(ii) Av zg = sup A 101e a < 29 < bxar f(xo) = 0.

To ou 10 A sival gpaypevo mpog 1a mave eivar eavepo (1o b yia mapaderypa
gival éva ave @payua tou). To ou eivat un xkevo mpokuntet g e&ng: H ouveyxela
g f ot0 a ouvemayetat ot unapyel 6 > 0 wote a < z < a + § ouvenayesial
|f(x)—f(a)] < —f(a)/2 < 0. (Ilaptee = — f(a)/2 > 0 610V OPIGUO TG GUVEXELAS)
xat emopeves a < x < a+ d ouvenayetat f(z) < f(a)/2 < 0. Ora Aowmov 1a x 1ou
Swaotiuatog (a, a + J) avixouv oto A xat €101 10 A dev eivar kevo. And 1o afimpa
MG OUVEYELAS TMPA OUUNEPAIVOUNE OTL UTAPYEL T0 Lo = sup A kat eival mpopavms
yviola HeyaAuTtepo Tou a.

Ano 1 ouvéyela g f 0to B ouvayoupe, Onwmg Kal TPonyoupPEV®S, OTL UTAPYEL
0" >0wote b—4' < z < bouvenag f(x) > 0 ka enopeveg OAA ta z oto dactua
(b—4', b] eivar ave gpaypata tou A xat apa Eenepvouv 1o zq. Exoune Aowmov deiler
ot a < ro < b xat 8 pével mapa va deifoupe ou f(xg) = 0.

Ag unobeocoupe f(zg) # 0 yia va gracoupe oe atono. Av f(zg) > 0 tote ba
unapyet § > 0 wote av x € (zg — 0,9 + 0) N (a, B) ;101 f(x) > f(20/2) > 0
(ywati;). Emopgveg 1o 29 — §/2 yia mapadeiypa, fa eivar eva ave gpayua tou A
HIKPOTEPO TOU Zg, TOU gival @uotka atomo. Av f(xg) < 0 161e ba unmpye § > 0 @ote
av z € (xg — 0,9 + §) N (a,b), t01e f(x) < f(x0)/2 < 0. Emopéveg x¢ + §/2 yia
napadetypa fa avrket oto A mou eivar aduvaro. a

Oa ypnowonomooupe TOAAES Qopeg ta Bemprjpata autda om ouveyela. Edo Ha
APKEOTOUUE OE OUO EVIIAPEPOUOTES EPUPUOVES.

Oswpnua 3.3.8 Kalde molvuvuvuo meprrtov Baduov exer TOUNAXIETOV Wia TOGYUATIKT,
oiCa

Anddeln: Eowo f(z) = ag+ a1 -z + -+ 4+ ap - 2", a, # 0 xat n €vag povog
ouoikos. Dpagoune 1o f(x) o poper
QOn—1 Qg

Q, T ay, - T”

f(x):an-x"-<1+
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Onou
Ay «
g(a:)=1+n—]+~-~+ On_
QT Q- T

IMapampoipe ou 1 g opiletar ota daotiuata (—oo,0), (0, +0c) ka1 o1

zgrfoog(m) =1xa zkr}loog(m) =1
(yiati;). Ynapyouv dowmdv apibpot M > 0 xat N > 0 @ote & > M ouvenayestal
g(xz) > 0 xat x < —N ouvenayewat g(z) > 0. BEotw M’ > M xat N’ > N 6a
£XOULE:
FOMYY - F(=N") = a2 - (M) - (=N')" - g(M") - g(~N") < 0

St a? > 0,9(M') > 0,g(=N") > 0,(M")™ > 0,(=N)" < 0 agou 10 n eivat
povog aptfpog. To Bewpnpa twv Bolzano-Weierstrass pag e€aogalilet topa v
unapén wag piCag g f oto dwaotnua (—N'; M”). |

H Seitepn egappoyr sival 181k nepinteoorn evog fewpnuatog mou sival yveoto
w¢ Yewonua stadepov snueiov tov Banach (O S. Banach mav Molevog pabnuatikog
10U @' poou tou 200U alova):

Oewpnua 3.3.9 Av 7 f:]0,1] — [0, 1] evar svveyrs, tote vmdoyer xg € [0, 1] wete
flzo) = z0

(0,0) (1,0)

Yxnua 3.6

Andderln: T'ewpeipika npenet va Seifoupe Ot 10 ypagnua tng f tepvel m owa-
y®vio tou tetpayovou pe kopuges (0,0),(1,0),(1,1),(0,1), dnhadn o ypagnua
me g(z) = 2,0 <z < 1. Av f(0) = 01 f(1) = 1, 101 guoika dev ypealoua-
ote tinote aho. Ag unobecoupe homov ou f(0) > 0 xar f(1) < 1. H cuvapnon
h(z) = g(z) — f(z) wavonoei 101e 11g UnobEEI TOU Bewprinatog tng evdiapeong
Tpng. Yrapyet homov xg € (0,1) @ote g(xo) — f(xo) = 0, Snradn f(xg) = zo. O
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3.4 ASKHSEIS

3.4

10.

Aoxnoeig

. YupmAnpwote g anodeifelg otg napaypagoug 3.1y xat 3.20°

. Av n ouvapmon f(z),a < z < f, eivar ouvexrg kat av lim,_,3- f(z) =

lim,_, .+ f(z) = +oc, tote unapyet zo € (o, B), wote n upt f(xg) va eivat
10 ghdxioto g f oto (a, B).

. Av 1 f(x) eivar gpayuevn oto Saomua (zg — a, xo + ), > 0, dnrad

|f(z)| < M yakabe z pe |z—z0| < «, 101e nouvapmon g(z) = (z—zo) f(z)
€lval oUVEYXTS OTO Zg.

. Melewote 1a opra lim,—, »,, g(x) onou g(z) = P(z)/Q(z) wa pnin ouvaptnon

kat zg piCa tou mapovopaotr). Ida gpotnon yia ta opa otav x — +00 1
T — —00.

. Asite ou av a, — +00 101 1] @y EIVAL GPAYUEVT] TIPOS TA KAT®, ONAadT] 10

ouvoro {a, : n € N} eivar gpayuevo npog ta xaw. Tda gpwmon ya v
TEPITT®OT vy —> —00.

. Aivetar 11 akohoubia ag. Octoupe b, = sup{ax : k > n}. Aeife 6u w0

lim b,, unapyer 1y lim b,, = +oc. To opro auto oupfoiriCetar lim sup a,,. Opowa
opiCetat 1o liminf a,, xat anodeikvuetat 6t unapyet 1) sivat —oo. Aeifte 6u 1)
a, OUYKALVEL av kat povo av lim sup a,, = liminf a,,.

. Ta pa akoroubia a,, ypagoupe sup au,, inf a,, yia 1o sup,inf tou cuvolou

{a, : n € N}. Aeile ou sup(ay, + Bn) < sup ay, + sup By, inf(a, + 5,) >
inf o, + inf 3,,. Bpeite mapadsiypata, av umapyouv, ota omoia ot avioOTITeS
gival yvroleg.

. Xpnotponol@vtag t1ov € — § 0plopd Povo Osilte ou :

2

n*+n

. T 2
hm — = —.
r—2 ,772 —1 3

)

Bpeite, av unapyet, M € R wote: £ > M ouvenayetat

0 +4r + 7

> 106,
4 41

Av [an, Bnl,n = 1,2... ma akodoubia eyxifotiopevev kiewotdv diaotnua-
v, dnradn [ag, f1] D [as, fa] D ... D [an,Ba] D ..., 101
(a') H wopun N2, [an, Bn] Sev eivar xevi) xat padiota unapyouv ta lim a,,,

lim 3, ka1 wyUet

ﬁ [an, Bn] = [lim ey, lim 3,,].

n=1
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(B") Bpeite avaykaia xat wav ouviixn yia va etvat n wopt (Vo [, Bn]
HOVOGUVOAO.

11. Bpeite, av unapyet, 1o lim a,, av

(@) ap=vn+5—+/n
®) 2
an® + fn + vy p
= ", (8% 0.
n a'n? + B'n + 4 7
Eivai kahd Statunepevo to gpomua (B'); Av ox1 Siopbmote ) Satinwor
X0PIg va aAAA&eTe QUOIKA TNV OUGIA TOU EPATIUATOS,.

12. Mia ouveytig ouvaptnon f €xet mv idotma f(z) = f(—z) ya xabe = # 0.
Aeifte ou f(0) = 0.

13. Atverar n ouvapton f(z) = 20 — 727 4+ 82° + 22, » € R. Acifte ou 10
OUVOLO TV UV TS €IVAL PAYUEVO TPOG Ta Katw, dnradn inf{f(z) : z €
R} > —oco. Ynapyet 2o € R @wote f(zg) = inf A omou A = {f(x): z € R};

14. Tha nowa z eivar ouvexng 1 ouvaptnon [z]coswz; H idia ep@non yia
ouvaptnon [z] sin 7.
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KE®SAANAIO

ITAPATQI'OI

4.1 Baowkeg evvoieg

4.1a’ Opiopoi kat andd napadeiypata

Foww f pa ouvapmon kat zg £va eo@iepikd onueio tou mediou opopou tne. BOa
unapyet 1ote 0 > 0 @wote 10 2 + h va Ppioketat oo nedio opiopou g f yia |h| < 4.
H Swagopa f(zg + h) — f(xo) oupforiletat ouxva A f xat ovopaletat «av€nomny g
ouvapmorg, eve 10 h = (xg + h) — g oupforiletar Az ka1 ovopaletar «auénon»
g «avefaptug petafinuie» # oto xg. To mriko Af/Az ovopaletar «amhiko
auroev» kat 1o 6p1o tou yia Az — 0, av unapyet, napaymyog g f oto xq. Katr’
avaloyiav pe 0,1l einape yia opla ouvaptioe@v opi(oupe mOTe 1) Tapaymyog sivat
400 11 —oc kabwg kal mapay®youg and defia kar apiotepd. Ag GUYKEVIP@®OOUE
AUTES TIS TAPATTPTOELS OE EVAV OPLOUO:

Opiopog 4.1.1 (i) Av vrdgxer 7o dpto

lim f(xo +h) — f(z0)

h—0 h

707 1 f AéyeTar magaywyiswun 670 To kai To 0010 Tagdywyos s f 670 To (sUp-
Bohspos: f'(xo) 1 D f(xg) 7 % Kar, av 0gv vIAQXEL KIWIUVOS 6VYYUETS,
am)\a df /dz ).

|x:x0

(ii) Av vmdagyer o dgwo

Flzo +h) — f(xo) . flwo+h)— f(x
0 N 0 < lim 0 0> )

1i
0 h—0— h

h—0t

T0TE Mépe o f €xer mapdywyo amd Jefid (ageTeQd ), Kar TN svpBoNilovue ue

f'(@o+) (f'(wo-)) 7 DF f(z0) (D™ f(x0))-



4. TAPATQIOT

(iii) Sy mepintwsn mov Ta magamdvw dgwa ewar +oc 1, —oc Aéue 0Ti M f Exer
wagaywyo (1 magaywyo awo 0e&ud 1, Tagdywyo amo agisTeRd) +0oc 1 —00, (aA\d
0e Népe o f eivar magaywyisyn).

HMapatipnon 4.1.2 H napaymyog anod defia (apiotepa) opiCetar pe 1ov idio akpifog
TPOTO KAl O€ MEPITTMOELS TIOU TO Lo OEV E1VAL EOMTIEPIKO ONUEIO TOU MESIOU OPIGUOU.
I'a tov opiopuo6 anarteitar povo 1 f va eivat opiopevn o' €va Staotnua g Hopers
[Z‘g,ﬂ?o + (5) (f] (1’0 -4, Z‘g]), 6> 0.

Av 11 f eival tapaymyioipn oto xg 101

£(@) = F(wo) — F'(wo) (@ — w0)

I — 2o

-0,

yua z — zg, (yat;), dnradn yua xabe € > 0 vnapyet 6 > 0 @wote |z — zg| < I
ouvenayetat

f(x) = fzo) — f'(z0)(z — 20)| < |z — 0],

arm’ omou énetat 01 10 | — xp| < 0 ouvenayetat

[f(x) = f(zo)| < (If'(x0)] + &) |2 — 20].

Enopgves av 1 f eivar magaywyisyn 67o xq 10T€ givar kar svveyrs 670 xo (Ilpocoy:
napaywyiowun onuaiver ou 1 f'(zq) eivan nenepaopgvn, oxt +oo 1 —oo). Mpayua-
TIK@A, TAIPVOVTAE otV TApanave avicota € = 1, €xoupe yia tuyxaio ' > 0 ou
|f(z) — f(zo)] < &' yia 6)a ta x tou nediou oplopoU yia ta onoia

!
|z — z¢| < min (,5—,5>.
(o) +1

O1 yv@ot1eg mALOV 1I10TNTES T®V 0pPImV 1A EMTIPETOUV va Ppoune TUToug yid
napayeoyousg afpoiopatog, yivopevou kxar mmiikou ouvaptioewv (agou Seifoupe
Quotka mpata ot umapyouv). ‘Etot €xoupe:

(f +9)'(z0) f'(z0) + g'(w0)
(f-9)(x0) = f'(zo)g(zo) + f(z0)g'(x0)
<£>’(a:0) 9(@o) f'(z0) — g'(w0) f (20)

p - (9(@0))? - 9l@0) #0.

Ag anodeifoupe TOUG TUTOUG Yia 10 YIVOUEVO Kal 1o mmAiko. Puoika umobetoupe
OTL T0 T €IVaAl E0MTEPIKO OTUEIO TOU MESIOU OPIOPOU KAl T®V dUO oUvaptnoemv f
kat g. Iapampolpe eniong ou 1 ouvexewa g g oo T xat 1 ouvlikn g(zg) # 0
ouvenayetat Ot 1 g eival Siagopn tou pndevog oe pia neploxt) (zg — 9, xg+9), § > 0,
Kal enopeves opiCetal kaa touddyiotov ¢’ autn v neptoxT) to mniiko f/g.
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IMa 10 y1vouevo Xpnotponoloupe 10 KAAOIKO TEXVACUA:

f(wo + h)g(wo +h) — f(xo)g(wo) _  flwo+h)g(wo +h) — f(w0)g(x0 + h)
h h
+f(flco)g(llfo + h})b — f(20)g(x0)
_ g(m0+h)f($o+h;—f(mo)
+f(m0)g($0 + h})L — g(w0)

= g(zo)f'(z0) + f(20)g' (20),

yua b = 0 (otnv tedevtaia ogipd ex10g ano 10V OPIGUO NG NAPAYDOYOU XPTOLHONOL-
TOaE KAL TV OUVEYELA NG ¢ OTO Zp ).
Eyxoviag anodeiel 10v 1UN0 yia 10 yivopevo, apkei va deifoupe o1

() -t

yia va deioupe 1ov Uno tou mniikou. Exoupe:

l( 1 1 ) _ glwo+h) —g(xo) | 1
h\g( h 9(w0)g(zo + h)

, 1
MR TENS

zo+h)  g(x0)

yia h — 0, 6mou maAL XpNoLHONOMOa]IE 1 CUVEXELD TG ¢ OTO T KAl tnv umobeorn
9(zo) # 0.

Ag dwooupe t@pa pepika anida aiida onuavika mapadeiypata:

(i) f(z) = ¢ (o1abepa). Edod Af(xg) = 0 yia onowodimote zg apa Af/Ax =
0 — 0, dnradn f'(z¢) = 0.

(i) f(z) ==z, 2z € R: edo

fa+h) —f@@) w+h-2

h h
Snradn z' = 1.
(iii) f(z) =2",n e N:
(o +h)"—2f  h{(zo+h)" "+ (zo +h)"Pxo+ -+ ay '}
h N h
— a2l = nap !
xkabos h — 0, Snhadn (") = nz"'. (Anodeifte tov Mo autd kar pe

enaymyt) xpnotponoiwvtag m oxeon (fg)' = f'g + fg').
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(viii)

O wimog autog woyver kat yia n = 0 Siou tote 11 f eivar otabepa. loyuer emiong
kat yua n € Z xar n < 0. Ipaypaun, eoww f(z) = 27",n € Nz # 0. Oa
£YOUE:

) = () = =

w_n xr2n r2n

yia z # 0. Apa yia 6roug toug akepatoug n woyUet (z™) = nz™~! yia kabe x
oto nedio opiopou g 2™ (dnhadn 6ka ta x yia n > 0 xat ta z pe & # 0 yia
n < 0).

f@)=ao+ a1z + - + ayx™: yevika, av ¢ otabepd 10te
(cg)'(w0) = c'g(w0) + cg'(w0) = cg'(w0),
onote wetpippéva f/(z) = ay + 2asx + - - + na,x" L.

f(z) =sinz. Edo fa exoune

fl@+h) — f(z) sin(z +h) —sinz 2sin £ cos (z + %)
h h B h

sin% h
= o cos|r+ - ) —cosz,
2 2
2

otav h — 0. Yv tedeutaia og1pd YPIOLHONOINCAE TV GUVEXELA TOU GUVT|
utovou, my oxéon (sinz)/z — 1 yia z — 0, xaw t1ov wno yia opio ouvleng
ouvaptnong (yiati;). ‘Exoupe Aowmov ) Baoikn oxgon: (sinzx)' = cosx.

f(z) = cosz. Me tov 810 tpomno Ppiokoupe (cosz) = —sinz (fa Swooupe
xat pia dagopetikt) anodeién oe Aiyo).

f(z) =tanz, z # (k+ §)m, k € Z.

(tanz) = sinz )’ _ cos z(sinz)" — sin z(cos z)’
cosx (cosx)?
_ cos’z +sin’z
B cos? x
_ 1
- cos?x’

Snradn (tanz)' = 1/cos? x = 1 + tan? z.

f@) =]z] yiaz € R. Av 29 > 0, eneidn f(z) = z oto Sdomua (0, c0),
fa exoupe f'(r0) = ' |o=z, = 1 (V1ati;). Av zg < 0, enedn) f(z) = —x o0
Swaomua (—o0,0), fa exoupe f'(zg) = —1.

H nepimwon xg = 0 napouoialer meploootepo evdiagepov. Kat' apyag 0
|z| eivar ouveytig oto 0 (mdpe § = ) aila, onwg Ba Solue oe Ayo dev
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4.1 BASIKES ENNOIEY

elval napaywyiotun Sniadt) 1 TagaywyspoTnTa 6VVETAYETAL SVVEXEW, AANG TO
avtisTeoeo OeV €War YEVIKG 6W6TO.

Evdagepopaocte yia 10 6pio tou nmiikou

FO+h) = F(0) _|n]
h h’

owv h — 0. Mpogaveg limy_,g+ |h|/h = 1 xar limy,_,g- |h|/h = —1 xa
ENOUEV®G Jev unapyet 1o limy, g |h|/h, Snradi) 1 |z| Sev £xel mapaywyo oto
0. Acifape opwg o1 unapyouv ol whevowkes napaywoyor f'(04) xar f/(0-)
xat paiota f'(04+) =1, f'(0—) = —1.

A¢ Bewpriooupe topa pia ouvaptnorn mou opietal pe «SlaQopeTikous TUTOUG»
og dla@opeTika dlaotrpata

0 avx <0

f(z):{ :13/2, av x > 0.
H f(z) ovpminter pe ) otabepa ouvaptnon 0 yia z < 0, apa f'(z) = 0 yia
x < 0xatpe mv z2 yia z > 0, apa f'(z) = 2z yia z > 0. Ta # = 0 eiva
Kat apyag ouveyns, yiat
lim f(z) = lim 0=0=f(0) = lim 2® = lim f(=).

r—0— z—0— z—0t z—0+ "

H f eivar mapaywyioiun oto 0. Hpaypauka n f'(0+) unapyer xar oov-
tat mpo@aves pe v and 9efid mapaywyo me x2 yia z = 0. Enedn n zo,
—00 < x < o¢ £XEl Tapaymyo oto undev, Ba £xet kat ano de&ia napaymyod ion
ue (2%), _y = (22)z=0 = 2- 0 = 0. Opota 1 apiotept] TAPAywyos 610 UNdEV
Oa wooutal pe v mapaywyo g otabepdg undev oto pndev, dnradn pe undev
xat enopeveg f'(0) = 0. Bprkape Aomov:

0, 2<0

f'(“’):{ 2, z>0.

4.1 O xavovag g aluoidag

Oa deifouyie 1wpa eva TOAU onuavtikd Becopnua mou Ha pag emipeyel va napaywyi-
Coupe pe eukoria moAU nepiocotepes ouvaptioels. Tedeiog opuahiouka (Sexveov-
1ag mpog oty ut media oplopol, eo@TEPIKA onpela, kat aAdd mapopola) o kavovag
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Agyel ou yia ) ouvietn ouvaptnon h(z) = f(g(z)) exoupe h'(z) = f' (q(T))q’(T)
Kat agou mpog ottypunv exacape mv «auotnpotia» ag O®MOOUUE KAl Pl EUAOYO-
oavt (ada AavBaopevn) anodeiln. 'Exoune Aomov:

h(z) — h(zo) _ flg(x)) — f(9(20))

_ flg@) — flglxe) g(@) - glz0)
9(x) — g(a0) Tz

H g eivar ouvexng oto g(z) — g(zg) apa & — g yia & — Ty KAl ENOUEV@S, Yid
T — xg WOYUEL,

h(2) = h(zo) o Fe@) = flelae) | g(a) = glao)

T — T g(z)—a(zo)  g(x) — g(mo) z—ozo X — Xg
= f'(9(20))g' (z0).

An6 1a ToAAA «otpafa» MOU MEPIEYEL O MAPATAV® GUAAOYIOUOS 100G TO OUCLACTIKO
givat ou dev «doudever» av g(z) = g(xg) yia = «kovuva» oto zg. Oa dwooune
Tapaxkat® pPid o@otr anddsi&n.

ISoU mpmta pepikeg eQappoyes:

(1)

(cosa) = (sin(G —2)' = (coslG ) (G — o
= - cos(g — )= —sinz.
(ii)
(sin(2® cos m))’ = cos(2® cosz)(x® cos x)’

= cos(z” cosz) (32" cosz — 2° sin )
(iii) ((az +b)") = n(ax +b)" (ax +b) = an(az + b)" !, yia xabe n € N.

TIpoxwpape twpa ot datunwmot kat anodeiln 1ou kavova g aiuoidag.

Oempnua 4.1.3 (kavovag tng akuoidag) Av g eswregws snueio Tov TENIOV 001~
6p00 TS g kar Yo = g(xo) eswrEQWo SNuEio Tov mEdiov ogisuoV TS f Kar or maga-
ywyot g'(zo) , f'(yo) vrdoyxouv (kar eivar memepaspeves), tote n 6Vvletn sLVGETNEN
h(z) = f(g(x)) éxer magaywyo 670 xg kKar 16X VEL O TOTOG:

h'(zo) = f'(9(x0)) - 9'(x0)-

Anodeiln: H napaymyioipdnya g g 010 Iy OUVENAYETAL OTL 1] ¢ €ival OUVEXTS
010 To. Ynapyxet emiong §; > 0 @ote ta y pe |y — yo| < 01 va Ppioxoviar oto nedio
optopou g f, S0t 10 Yo = g(g) €ival e0MTEPIKO ONUEIO AUTOU TOU MESIOU OPIoPOU.
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Suvayoupe Aowmov ou unapyet 92 > 0 @ote, | — xo| < Jy ouvenaysta |g(z) —
g(mo)| < 61 xat enopEves yia |z — zo| < d> 1 h(z) = f(g(z)) opiletar.
Ogloupe va deifoupe o1t 1 dtagopd

fg(z)) — f(g(w0))

r — 2o

— f'(9(x0))g' (o)

1eivel 010 PUNdev yua £ — xg. H Stagopa autn ypagetat:

r — 2o T — X r — 2o
O Beltepog Opog teiverl oto PNdev dou

9(x) — g(xo)

- !
z — 2o g (o)

yia x — xg. Mevel Aomov va deifoupe 0T KAl 0 MP@TOG OPOS TEIVEL GTO UNOEV
SnAadt) ou

f(g(x)) = f(g(z0)) = f'(9(m0)) (9(x) — g(x0))

r — 2o

— 0,

yia £ = xq. Eoww Aowmdv € > 0. H mapaywyioipota g g oto o ouvenayestat ot
unapyet 9, > 0 @ote:

& — 20| < 8 = —”(“2 90| g ()] 41 = M.

H napaywyoipomra ms f oto yo = g(xo) ouvenaystar on undpyet d3 @ote:
ly — yo| < 3 ouvenayeta

- 1) < 5

f) = f(yo)
Y—%

apa xat:

1) = £o) = (v = 90) ' @o)l < 71y = wol

av |y — yo| < d3. H ouveyewa g g oo xo ouvenayetat ou unapyet 64 > 0 dote:
|z — x| < d4 ouvenayetar |g(z) — g(zo)| < 3. Otoviag 1opa 6 = min{d}, ds} xat
nepipalevoviag ta ooa eimape fa €xoupe 0 < |z — xo| < § ouvenaysta

f(9(x) = f(9(x0)) = f'(9(0)) (9(x) = g9(w0))| _ & |g(x) — g(z0)
T — Tg - M T — Tg
< %M
= g,
TOU anmodelkVUEL TOV 10X UPIOUO pAg,. O
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4.1y H mapayeyog @g cuvapinon

Av pa ouvaptnon f €xet mapaywoyo yia 6Aa ta £ 010 nedio oplopou 1ng, 10T 1
napaymyog auth Ba eivat pia vea ouvaptnon nou e€axkorouboupe va oupforiloupe
pe f'. Av i f' €xel napaywyo ) oupfohriCoupe pe f” (1 D> f 1 D2 f /dx?) x.0.x.
Iapadeiypata:

() f(z) = a*. Exoune f'(z) = 3%, f"(x) = 6z, f"(x) =6, D (2) = 0,...,
f(z) =0 yan > 4.

(ii) f(z) = sinz. Exoune

f'(z) = —sinz,
f"(x) = — cosm,
W (z) =sinz
Kal yevikotepa (TEIPIUPEVT] ENAy@YT))
FE+) (1) = cos i, fAR+2) () = —sina,
fUkRE3) () = —cosz, fURHY(z) =sinz, yia k=0,1,2,...

4.2 Puoikn KAl YE@UETPIKT] ONUACiA NG NAPAYDYOU

H sioaywyn g evvolag g napay®you £ywve tov 170 aiwva kar anodidetal atoug
Newton!, Fermat? xat Leibnitz? (avefdptuna o évag and tov arido). To xivipo
yia tov Newton 1tav 1 katackeut] pabnuatikol Hovielou yla v gpunvela 1@v
vouwv kivnong twv miavniev tou Kepler. Yto nepignuo €pyo tou «Principia»
fetel otnv mpaypatukotna Tig fACELS KAl MPOY®WPAEL OUAVTIKA 0TV avamtusn tou
Angipooukot Aoyiopou, onwg tov yvepiCoupe onuepa (av xar 1 avayveon) t@v
Principia BupiCer paddov ta «Xroxeia» tou Euxkeidn napa éva onuepivo xeipevo).
O Fermat odnynbnke oty €vvola g mapay@you otnv npoonafeia tou va opioet
MV €QANMTOUEVT] PIAS KAPTUATG, eve o Leibnitz odnyndnke exei and @ihoco@ikng
HOPQTS gpmtoels. Ano 1 Souleia Tou TEAEUTAioU pag EUEIVE OUOLACTIKA POVO O
oupfohopog df /dz, eve ot avakaluyeig twv Fermat xar Newton fewpotviar xai
otpepa fepshioders. Yug endopeveg duo mapaypagous a moupe duo Aoyia yia tg
ONUAVTIKES AUTES AVAKAAUVEILS.

4.2a' H mapaymyog otn Mnyaviki

IMa va pedetnooupe mv xivnorn evog UAIKOU onpeiou oto x@po ypagoupe x(t), y(t),
z(t) Y1t TIg GUVIETAYUEVES TOU, TIOU EIVAL QUOIKA OUVAPTIIOELS TOU XpOvou t. Agyo-
HAoTe OT1 0 XPOVOS MEPLYPAPETAL PE EVA TPAYHATIKO aptfud, o onoiog petafaiietat
oe ¢va diaomua [a, b]. Ag e€etaooupe yia anhotnia pdvo v xivnorn me npofoirig

T Awaonpog Ayyhog emotipovag tou 170u—18ou aidva.
2TaMhog pabnuatixog tou 170u—18ou aidva.
3Teppavog pabnuatikog kar gridoogog tou 170u—18ou atéva.
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4.2 DYXIKH KAT TEQMETPTKH SHMAXTA THY TIAPATQTOY

ToU onueiou otov afova =, 1), av Bglete, ag unobecoupe OTL onEio KIVEITAl TAV® OE
pia eubeia v onoia naipvoups oav afova 1@V .

To onueio Aowmov Eexivaet and v Béon x(a) xar graver oy beon z(b) oe
XpOvo b — a. Av 1 xivnon tou 1tav «opotopop@t» fa Aéyape ot 1) tayUtyia Tou sival
(z(b) — z(a))/(b — a). Ev yevel ouws auto dev oupfaivet xat yrU auto ovopaloupe
1o mnhixo (z(b) — z(a))/(b — a) «péon tayUtnuar. Puoika péon tayutnia fa £xoupe
yua xabe xpoviko diactmua (¢, ¢+ h), 1, yia va oUNQ@VTOOUNE pe TNV Tapadoor),
(t,t + At). Eivar guoiodoyiko, toukaxiotov yia wikpa At, va mpooeyyiloupe v
ayutta ) ouyun ¢ pe avu) v peon wayuuna (z(t + At) — x(t))/(At) xa va
OPLOOUNE @S TaYUTITA KATd T oty ut ¢ 1o Opto

. x(t+ At) — z(t)
1 - 7 7
m At ’

yia At — 0. Enedn o z(t) napiotavet 1 8€on tou xiviou, dnradn 1o Sidotnpa mou
Suvuoe pexpt m oty ¢, av unobecoupe ou z(a) = 0, pnopoUie va Toupe OtL: «7
(6Trymaia) TaxvTnTa ewvar 1 TAPdYwyos Tov SIAGTIUATOS WS TYOS TO YOOVO».

Ano 10 onueio autod kal mepa MOAAG and Ta amoteA£opata Tou ATNEIPOOTIKOU
Aoyiopol anoktouv pa «pnxavikip onuaocia (aAld xar aviiotpoga moArd ep@uil-
nata g Mnyavikig pag odnyouv og npotaceig tou Angipooukou Aoyiopou). Eiol
yia mapadeiypa, 1 SeUtepn mAPAy®YoS ToU SIAoTIHATOS @S MPOS TO XPOVOo €ivdal 1)
«ETTAYVVET.

Ag SoUpe pe mePloOOTEPT] AEMTO-

népela eva anho napadetypa (aguovi-
KOs Talavtwrs). Ynobetoupe ou eva
KIvito M x1veital opolopopea mave
OT1] MEPLPEPELA EVOG KUKAOU PE KEV-
Tpo TNV apy1 kat aktiva 1 xatd @o-
pa avtifetn pe 1M Qopd 1OV EIKI@V
10U @POAOYIOU Kal akOuUT| OTL ] XPO-
vikt) ouypun ¢ = 0 Bpioketar oto on- (0,0) p (1,0)
peio (1,0). EvSiagepdpaote yia v
xivnot g npoPoirg tou onueiou ma-
V@ otov afova TV T.
H undbeon ot 1 xivnon nave ot ne-
PLPEPELA EIVAL OUOLOUOPPT] ONUALVEL
ou 1 yovia 9(= 9(t)) eivat avaroyn
10U XpoOvou, dnradn ou ¥(t) = wt, o-
nou w pia otafepd mou ovopaletal ywviak taxutnta kat petpietal os rad/sec, otav
HETPAYUE TO XPOVO O OEUTEPOAENTA KAl 1] Y®Via 0g akiivid.

H 6eon g mpoPorng P otov afova towv x Ba divetat and tn ouvaptnon

Yyxnua 4.1

z(t) = cos¥(t) = coswt.
H tayituma xat 1 emtayuvorn Aomov wou P Ba sival
v(t) = 2'(t) = —wsin wt
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Kat
b(t) = 2" (t) = —w’ coswt.

TToAu ouyva spgaviCoviar ot Puoikt) TEPIMIOOELS ;

xivnong napopolag pe mv xivnon tou P. Av yia napa- %m\_.
derypa @aviactoupe €va UAko onueio palag 1 oy
axprn evog €Aatnpiou kal 10 AMOPAKPUVOUUE ATO 11| .
feon 1o0oppomiag kata tn dievbuvorn tou gdatnpiou kat m.
kata pnkog 1 tote, uno v npoiimdheon ot Pprokopacte
akopa oty «€haotik’ neplox1p (dnhadn dev yaiaoe 10 A=l
glatipro), 1o onueio fa xiveitar onwg 1o P (fa extedel
onmg Aépe «appovikn taiaviemon»). Ot vopor g Pu-
OIKT|g IOU pag odnyouv ¢’ auto 10 CUPNEpacya sival yvootoi. To ou fpioxopacte
OTIV €AAOTIKT] TEPLOXT] ONUAIVEL OTL 10Ul 0 vOpog tou Hooke dnhad), 1 Suvapun mou
aokeital oto onpeio pag fa kateubiverar mpog v apyn kat Oa sivar avaroyn tng
anopakpuvong: F = —kz, onou k sivar pia feukr) otabepa. Ag ypayouue Aomov
k = w?. H 84vaun opwg etvat ion pe mv pala eni myv emrayuvon (autog eivat €vag
and 1oug Paoikolg vopoug mou avakaiuye o Newton) xat emopéveg fa £xoupe
(naCa =1)
2" (t) = —wra(t).
Exoupe Aomodv pa €€iomon yia v ayveotn ouvaptnot Tou TEPEXEL EKTOS A0
M ouvaptnoT kat mapayoyous g (ed@ tn Seutepn). Mia t€towa efiowon Aeysta
oIk, KAl €va amod 1a kupta emtteUypdta tou Aneipootikot Aoylopou eivat ot
divel puebodoug yia v Avon t€toinv eflomoewv. Puoika Sev @ravel autn 1 e€iowor
yia va fpoupe tnv ayveotn ouvaptnot. ISou pia eusikn anodeiln: «Xnv idia e€iowon
fa @ravape av anopaxpuvape 1o onueio kata 1/2 , kar ox1 kata 1, ano 1w gon
woppomiag. [Ipogaveg opmg 1o1e £npene va Ppoupe SiaQopetiki] ouvaptnor, av
pun 1 aAdo Sidu de Ba ioyue 1 ouvbnkn x(0) = 1. AAAa xat av axoun sixape
mv ida apyikt anopakpuvon 1 kat ) ouyun ¢t = 0 Sivape pia apyikn tayutyia
oto KvNio pag (eaviacteite pia €lagpla «o@upla») mait omyv ida efiowon Ha
etavape. Eivar opmg mpogaveg kat mait ou Oa emnpene va Ppoupe Sa@opetik)
ouvapton, av pn 1 ailo 8 ba ioxue n ouvlikn z'(0) = 0». Ede edeiwvouv
Ou®S ol avuppnoelg yiati av dwooupe v apxikn amopakpuvon (z(0) = 1) xa
mv apyikt taxutma (z'(0) = 0) 10te 1 «@uotkT» Siaiohnon pag Aéyet 61 10 KIVIILO
gival «katadikaoPuevo» va akoAoubnost pia CUYKEKPLPEVT] KivoT. AlATUT®UEVO O
pabnpatxols 6POUg autd GTUAIVEL OTL VITAQXEL ia uovo svvagTns x(t) mov wavomoes
 eliswen x (t) = —w?x(t) ka1 Tis suvikes £(0) = 1 kar ' (0) = 0.

Mua tetoia ouvaptnon Pprikape omy apxi) g napaypagou: z(t) = coswt. «A-
nodeifape» Aomov ou 1 anopdkpuvorn x(t) otov appovikKo taAavimt pag sivat 1
x(t) = coswt, OmMoU 1 yoviakn Taxutia w eival 1 elpayevikt pia g «otabe-
pag tou ghatnpiouv» k. Balape tn Aen anodeifape os eioaymyika yiati 1 anodeién
pag otmpixtnke otn Puoikt] epneipia. Oa Soupe oUg ACKNOLl OTL 0 ATEIPOOTIKOG
Aoyiouog a pag dwoet oxetika evkoda ) padnuatikr anodsi&n nou Asinet.

Yxnupa 4.2

Iapatnpnon 4.2.1 Evag mpooey1ikog avayvmotng 0To ONUEIo autd MPENEL VA Pw-
moet: Kald, moteto ou apyotepa ba pag dwosig auotnpr] anodein, aAld kat to
duowko emyeipnua @aiveral atpaviaywo (Eva KIvito mou Eexivasl and SeSopevn
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feon (2(0) = 1) pe dedopevn taxutnia (2’ (0) = 0) kat oe kabe Beon nou Ha mepdoet
aokeital endve tou dedopévn duvapn (—w?x) Sev pmopei mapa va €xet mpodia-
yeypaupevn kivnon). Tt yivetat domdv, pmopoune va anodeifoupe pabnuatikeg
MPOTACELS e Quotka emyeipnuata; H anavinon sivar var €@’ doov 11 Puoikr] Be-
wpia (ed® Mnyavikn) g onoiag T0Ug VOUOUG XPNOLUOTOoUNE eival «kaAr». TTo
ouykexpipeva edm ompryfnkape oto vopo tou Newton (afimua yia ) Mnyavikr)
«Suvapn = (pala)-(emrayuvon)». O vopog autdg (ouotaotikd AOyw g auotnprig
anodeiéng nou Ha Swooupe apyotEPa) CUVETAYETAL TO «ATPAVIAYTO» QUOLKO EMYEL-
P TOU XPNOLUOTOLTOA|E.

4.3 H nmapay®yog @¢ KALOT EQANTOUEVTS

Af = flzo+h)— flzo)

o xo+h

Yxnua 4.3

Ag umobécoupe ou 1 ouvaption f eival oplopEVT 08 pia YEITOVIA TOU OTJUEIOU
Zo KAl OTL €IVl TAPAYWYIoIUT 010 Zg. Oswpotpe tn xopdny M N (BAene oxnua 26)
xat unofetoupe Ot 10 ONuEio N(wo + h, f(zo + h)) minotalet to M, dnradn 1o h
1eivet oto 0. Tlepipevoupe, yewuetpika, ot 1 eubeia maveo oty onoia Ppioketat 1)
xopdn Oa minotalet pia subeia mou eival QUOIOAOYIKO VA KAAECOUUE EQATTOUEVT] TOU
ypagnuatog g f oto (o, f(xo)). Mnopoupe Aowmov va oplocoupe v e@antopev
oto M va eivar pia subeia mou nepvaet ano 1o M xai £xe1 KAion 1o Oplo, av UNapyel,
1oV Khice®v 1@V Xopdwv M N otav h — 0. Oa Soupe Ou 1 TAPAY@YIOLPOTTA
ouvenayetat mv unapén autou tou opiou. Tpaypauka (BAeme oxnua) n xhion g
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M N eival Quoikd pia ouvaptnot tou h mou divetal anod tov TUTo:

f(zo+h) = f(zg)  (NA)

h (MA)

Ynapyet Aomdv 1o 6p1o v kAioewmv kat dev eivat timote aAAo napa 1 f'(zg) Sniadn
(Brene oxnua 26) tanw = f'(xo).

Tpagovias Af(wo, h) = f(z0 +h) — f(w0) xat df (v, h) = f'(z0)h Sipadi, 10
Af(zg,h) = AN eivar i «at€non nave oto ypagnua g f», eve 1o df (xg, h) = KA
gtvar 1 «avfnon nave oty sgamopevn f(zg) + (x — zg) f'(z0)». H yewpepiki
StaiobBnon pag Aeyet ou 1 dagopa A f(xg, h) — df (xg, h) = N K, dnhradi) to «Aabog»
nou fa xavape av avukabotovoape my f(z) pe mv f(zo) + (2 — x0) f'(z0) (=
e£lomon e@amTOpEVTS), YiveTal, akoun kal e OX€0T Ue 10 h, TOAU pIKpO, Otav
h — 0. A¢ Sotipe pe peyaittepn axpifeia u oupfaiver. Exoupe

f(@o +h) — f(zo) — f'(zo)h

f(zo +h) — f(zo) — f'(z0)h
h

NK = Af(.’l:(),h) - df(x(],h)
= h
h-q(zo,h)

a0+ 1)~ fa0)
xro + — To
q(wo, h) = b = f'(20).
H napayeyoipota mg f oto g onuaivel ot 1 ¢, ¢ ouvaptnot ou h, teivet
oto undev yia b — 0, dniadn oxt povo

Af(l’(], h) — df(il?o, h) — 0
aiia xai
Af(xo, h) — df (zo, h)
h
Suvieg n 1dotma exgpaletatl wg e€ng: To A f(zo, h) — df (zg, h) eival «aneipooto»
avetepng ta&ng anod 1o h, 1) akona: 7o Af(xzg, h) — df (xo, h) evar «uroo o» Tov h
(6vpBolisuos:

— 0, 6tavh — 0

Af(zo,h) — df (o, h) = o(h),

yia h — 0).
A¢ dawooupe 1oug akpifeig opopots: Kat' apyag ameios7o AEyetal plia ouvap-
mon f(z) pe mv idiotma f(xz) — 0, z = xg (axpifeotepa aneipootd yia & — xg).
To opforo «o» (0 mikpo) kabwg kai to «O» (O peyaro) ogeiroviar oto Meppavo
pabnuatko Landau (a” piod 20° aieva) kat opifoviat eg &ng:

Optonog 4.3.1 Av f, g U0 6vvaptiseis 0016 UEVES 6€ Jia TTEQIOXT, EVOS 6MUEIOV T
(avdloyor opispot dvoviar kar av o1 6VvagTNeels 0piovial 6€ MASTIUATA TNS UOOPTIS
(zo, 0 + h) 7 (¥o — h,20), ya h > 0), 707e

(i) f(z) =O(g(x)), ¢ = zg, av vaagyovv § > 0 kar M wete

o — o] < 3= |f(2)] < Mlg(a)].
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(ii) f(z) =o(g(x)), z = mq, av

yia T — xg.

(f(z) = O(g(x)), yia ¢ — =g, SwPaletar: n f eivar «O peyadro» mg g yua
z — xo xar 1 f(x) = o(g(x)), yia £ = xo, Stafalerat: n f eivat «o pikpo» g g
yia  — zg.)
Mapadeiypara:

(i) sinz = O(z), yia z — 0. Hpaypauxa |sinz| < |z| yia 6)a wa .

(ii) sin1 = O(1), yia x — 0. Hpaypauxd |sin(1/z)| < 1 yia 6ka ta z.

7 =

(iii) 2% = o(z), yia z — 0. llpaypauka z2/z = z — 0, yia z — 0.

(iv) 1—cosz = o(z), yia z — 0. lpaypauxka

3 T
1—cosz 1. 5,2 sing
— = —2s¢in" - = —

T T 2 5

T
in——=1-0=0,
sm2 ,

yua z — 0.

IMapatnpnon 4.3.2 Av ypavouue Az yia 10 h 10te 1 oxéon df (xo, h) = f'(xo) - h
yivetar f'(zo) = df (zo, h)/Ax. Ta w ouvapmon f(z) = x 6a €xoupe

df(zo,h) =1-h=h

yua oia ta h, Snhadn dz(zg, h) = Az. O napatnprioeig auteg odnyouv GTo «oUp-
BoAwouo tou Leibnitz» yia v napaywyo df /dz. Ag onueidooupe akoun ou to
df (g, h), t0 omoio yia dedOUEVO g, €ival amAd 1 ypApPIKT OPOYEVTIE OUVAPTIOT]
' (zg) - h, Aéyerar druapopmo g f. Aev fa empeivoupe TEPIGOOTEPO OT1] OUAVTIKT]
autr} £vvola yiati otig ouvaptioslg piag petafintig mou e€etaloupe dev mpoo@epet
TNote MEPIOOOTEPO ANO OTL 1) mapdymyos. Onmg fa pabete apyotepa 1 kataotaor
eival tedeing SiaQoPETIKT] Y1a OUVAPTTOEIS TEPICCOTEP®DV UETAPATII®V.

Kleivoupe autn v umonapaypa@o pe pia amin egappoyn. Ag Bswprjooupe
m ouvapmon f(z) = (1/4)x%. To ypagnua g eival pia napaBolrt] pe «€otia» 1o
onueio N(0,1) xar «Sieubetotoa» mv eubeia y = —1. Tewpepika opifetar g o
YEQUEIPIKOG TONOG T@V ONUEI®V TOU anexouv ano v eotia N xat ) dieubetovoa
y = —1. Tllpaypauka (BAene oxnua 4.4)

- 55—
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Yxnua 4.4

_ o (7Y T

- 4 2
22\ 2

- (“7)

= (MM')>.

Mia moAtU yveotr 1diotnta g napaforrg eivat o1t «1) EQANTOUEVT] TN OIXOTOUEL 1]
yovia nou oxnuatilet n napdAAiniog npog 1ov aova ocuppetpiag g xai 1 eubsia nou
OUVOEEL 10 ONuEio enag@ng pe v sotia». Ag v amodsioupe: npenel va dsioupe
(BAéne oxnua 27) ow y = 4§, dnhadn vy = « — [ kat eneidiy ¥ = 7/2 — a mpenetl va
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Seifoupe ou 2a — § = 7/2. 'Exoupe 6u®s:
tana = f'(z)

= (n ¥Aion g e@aNTONEVTS glval 1 Tapaymyog)

(5-1)

2tan«

tanfg =
Kal EMOUEVRG!

tan2a =

—_

_tan,B
= COt(_B)v

ar’ omou mpaypatkd eénetal 2a — = w/2. (Xwpig va 1o molvpe unobecape ot
ol yovieg @, 3,7, mav ofgieq, dnradi z > 0 xat 22/4 > 1. Agpeuviote kat Tig
UTIOAOLTIEG MEPITT@OELS,

4.4 Opiopeva PBaocika fswpruata yia mapay®@yiciyeg
ouUvapInoeig

O opopdg e TAPAy®you unayopeutnke ano avaykeg mg ['empetpiag xar g Mn-
xavikng xat o Ameipootikog Aoylopog, nou Paocifetal 6’ auty v €vvold, £dmoe
epaotia ofnon xat oug dvo autég emotues (kat oe dhdeg mordeg). O oplopdg
OU®ES AUTOS €1val olyoupa TETUXTUEVOS Kal yia evav aldo Aoyo: diver Aafrn yia
Snuioupyia piag miouoiotatng fewpiag mou anavidel e TOAAG QUOLOAOYIKA EPATT-
HATA Y1d T CUUNEPLPOPA T@V TPAY HATIKOV oUvaptnosmv. Aev unapyet ap@ifolia,
ou fa exave peyalo pepog amo 1 onpaocia ou o Aneipootkog Aoyiopodg x@pig g
£QUPUOYES TOU, adla eivarl emiong fefato ot Ba eixe n Oeon tou ot Mabnuatik)
Emotun akoun xat ympig auteg. JUp@omva e pia «petapadnpatki» apyn ot duo
auteg oyelg umopel va sivar arAAnievdetes: «Mia kaln pabnpatikr fewpia av dev
€xel mpoghbel ano snuavTikd epoINUATd AAA@V EMOTU@V TEPIEXEL TN dUVATOTIIA
VA EQAPUOOTEL AKOUT KAl PETA TN ONUIOUPYIA TNS».

Anod mv mapaypago autr) Ha apyioet va yivetat spgavig o mioutog g fempiag
TOU PEAETApE.

4.4da' Ta Bswprnuata tou Rolle xat g peong nung

FEoww f pia ouvapmon oplopevn oe eva kleisto diaotnua [a, 5] xat ouveyiig o’
auto. YnevBupiCoupe ou yia ta onpeia a, 8 1 ouvexela 1000UVAPEl PE CUVEYELA
ano defia kat apiotepa aviiotoryd. Ag unobecoupe akoun ou 1 f eival napaywyioiun
oto avoryto daotnua (a, B). (Ae pag evdageper 1 Unapén napayoymv, anod defia
kat aptotepa BePaia, owa a, f).
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Eivat gavepo yempepika ot av petaxiviooupe ) xopdn AB (BAene oxnua 4.5)
TapaAAnia mpog Tov €auto g, o€ Kamowa oty ut fa yiver egamtopevn tou ypa@r-

Yxnua 4.5

HATOG, 08 €va ONUEio g, a < g < . H x)ion mg epantopevng oto zg, OnAadt 1
f'(zo) Ba eivar ion pe mv xhion g xopdig, dnrad
(f(B) ~ f()
G- a)

Awoape AomoOV pia YEQUEIPIKA suloyo@avi] anddeién 1ou mapakdio onuaviikou
Becpnpatog.

Ocedpnua 4.4.1 (peong upng) Av n f sivar suvexns 670 kK ewto duistnua [a, ] Kay
wagaywyisyn 7o («, ), Tote vrdoyer To € (a, B) wete:

(8) — f(@)
B—a

) =1

o T . 3

Yxnua 4.6
Mia e101k1] Kat evOla@epoUca MePIMioot] tou fempruatog mpokUntel otav
fla) = f(B) = 0.
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H nepintwon aut eival yvwotr oav fempnua tou Rolle. O Rélle (Faihog pabnpa-
ukog ou 1700 awwva) anedeiée 1o fempnua povo yia noluevuua.

Oedpnua 4.4.2 (Rélle) Avsyvouy o mpoiimodesers Tov Yewgruaros Tns péens Tuns
kar emaAéov f(a) = f(B) = 0 wdre vmagxer zg € (o, B) wete f'(xg) = 0.

Mia amhn} mtapatnpnor Seixvel Ot 0TV Mpaypatkotia ta duo fe@pnuata sivat
woduvapa. Ipaypatka ag unobecoupe ot woyvel 10 fewpnua tou Rolle katl ag
Bewpniooupe 11 ouvaptnon

f(z) —g(z) = h(z),
onou
—(x -«

)
1] YPAUUIKT] OUVAPTNOT 1§ onoiag 1o ypagnua nepiexet 1 xopon AB. H h fa wavo-
notel g mpoimofeoelg tou Bemprnuatog tou Rolle yiati n g ival napay@yiown, apa
xat ouveyng oe 0ro 10 R xat f(a) = g(a), f(B8) = g(B). Ynapyet howmov zg € (a, ()
wote h'(xg) = 0, Snhadm

f(B) — f(a)
8 —a

Apxei Aomov va dsifoupe 10 Bempnua tou Rolle.

f(zo) = =0.

Anodeldn: Av 1 f eivan otabepr| oto [a, 8] Snradn f(z) = 0 yia xdbe z € [a, 5], to1e
f'(z) = 0 yia 6ha ta z xau 1o Becpnua eivar epiupévo. Ag unobecoupe Aomov ou
umapyet z, avaykaouka oto (a, ), wote f(z) # 0. Xapic BAaPn g yevikotag
unopoupe va unobecoupe f(z) > 0. Enedn n f eivat ouveyng unapyet zg € [a, ]
@OTE:
F(z0) = sup{ f(x) : = € [a, B},

Smadn f(zg) > f(z) yia xabe z oo [a, ]. Enedn undpxer  pe f(z) > 0, Ba
gxoupe f(z) > 0, enopéveg a < xg < B.Oa deifoune ou f'(x9) = 0 xar n anddeiln
fa £xel tede1®mOosL.

Enedn 7o € (a, B), unapyet n mapayoyos f'(xo) dpa xat ot f'(zg) xar f'(zy)

Kat paiiota
f'(zo) = f'(xg) = f'(zo)-

Exoupe opmg
v v f@) = f(zo)
f(xo)—ml_lgl;r T — 7o

f@)—f(

xat enedn) f(zg) > f(z) xa1 & > xg 10 MMAiIKO $—$010) fa eivar pixkpotepo 1) ico

10U PNdEVOQ V1A T > Xg. LUVAYOUUE OTL
f'(w0) = f'(57) <0.
Me te)eimg mapopolo 1pomo Ppiockoupe
F(xo) = f'(zg) 20

kat emopeves f'(zg) = 0 onwg énpene va deifouye. ]
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HMapatnpnon 4.4.3 H undbeon g napaywyioipotnag oto (a, §) eival guoika ana-
PALTTN yia va £XE1 VONUA TO oupngpacpa tou Bewpnuatog. H unobeon g ouveyesiag
010 [a, f] Ba pnopovoe xat’ apynv va avukatactafel wodUvapa pe ouveyela ota @
xat f povo (yuati;) xat eivar emiong anapaitntn. Auto to fAénoupe pe 1o anio na-
paderypa: f(z) =0yvia 0 <z < 1xar f(1) = 1. Ext6¢ ano 1 ouveyeta oto 1 0Aeg
ot aAeg mpoiimobeoeig emainfevovial aAdd 1o oupnepacpa eivat oiyoupa aduvarto.
Ipaypauka f'(z) = 0 yia xabe z € (0,1), eve

f() = f0) _
BT
(BAéne oxnua 4.7).
1
0 '1
Yxnua 4.7

Hapatnpnon 4.4.4 Ynapyouv dia@opeg Ypnolpes naparrayeg tou fempruatog g
peong uung. H nopen mou Seifape eivat yvmorn pe to dvoua tou Lagrange (Faihog
pabnpauxog tou 18ou aiwva). Av yia napaderypa fewpricoupe duo cuvaptioeig f
Kal g mou 1Kavomolouv kat ot Ouo tig umobeoelg tou fempnuatog e PEONS TIUTS TOTE
1 oUVapTNoT:

h(z) = (f(B) = fa)) - g(x) = (9(B) — 9()) - f(2)

fa wavomoiet ) oxeon h(a) = h(B) xar g unobeoeig 1ou Pewpruatos. Oa unapyet
Aowmov z € (o, ), wote:

(f(B) = f(a)) - ¢'(z0) = (9(B) — g(a)) - f'(z0)-

Av unobecoupe ou ot f' xat ¢' Sev €xouv xowvr piCa oto (a,B) kar akopa
9(B) — g(a) # 0, onote avaykaotuxa g'(zg) # 0 (yiati;), pnopoune va ypayoupe
TNV TApANAavem OXECT] UE T1] HOPPT)

£(8) = f(a) _ f'@0)

9(B) —g(a)  g'(x0)
Exoupe homov Seiet 10 emopevo fempnua g peong upmng tou Cauchy, 1o onoio fa
HAg YPELAOTEL apyoTepd.
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Oedpnua 4.4.5 Av oo f ka1 g wavomooty Tis vmoIEGEIS TOU YEWENUATOS TNS UESTS
TS kaw av emmAgov ov f' kaw g' Oev exovv kown gia 7o (a, B) kar g(B) — g(a) # 0,
T0TE VIagxer To € (o, B) weTE:

Oewpoupe autovornto ot o avayveotng fa €xet 1181 emyeipnost va det av 1) mpo-
timobeon ou i f' ka1 n g’ dev €xouv xorvt) pila sival anapaitnin. Av dev ta €yet
Katagepel ag Soxkipdoet T ouvaptiosls 22 kat z° oto Swotmpa [—1,1]. (Av Jev
EXEL KAV ETIYEWONGEL, TOTE I6WS TPEMEL Va EQVASKEQTEL av 1 ETIAOYT TOU Va 6TOVIGEEL
LAINUATIKG 1TAV 6WETT]. )

K)eivoupe autn v mapdypa@o pe pia moAU onpaviiki e@appoyt] 1ou fewpr)-

HATOS UEOTIS TLUTIS.

Oewpnua 4.4.6 Av uwa svvdptnen f ue medio opspov éva duistnua (o, B) éxet magd-
ywyo f'(x) i6m pe undév ywa éla ta x € (o, B) wote  f e sTadepd s70 (o, 3).

Anodeldn: Haipvoupe tuyaio zg € (o, 8) xar e€e1aloupe ) dagopa f(z) — f(zo)
yia z € (a, 8). Ynoberoupe xwpic BAaPn me yevikotunag ot 2o < . To Bewpnua
s péoTg TN pag Aeyet ou unapyet § € (2o, z) wote f(z)— f(20) = f'(§)(z—20),
Snmradn (agou f'(£) = 0) f(z) = f(xg), onoto kat va eivat 1o = € (a, 3).

Evag w0oduvapog 1pomog va ek@pacoupe 1o 1010 anoteAeopa sival va moups:
«av duo ouvaptioelg f xal g €xouv v ida mapaywyo oe eva dwaotnua, f'(z) =
g (z) yia a < x < f3, tote dagepouv kata pia otabepa o autd to Sidotnpa,
Smadn f(z) = g(x) + ¢ yia a < x < B». (Apkel va napatmprooupe Ot 1 undbeor
ouvenayetat (f —g)'(z) =0yuua <z < 8.)

4.4 Movotoveg Yuvaptioeig

3’ autr) v unonapaypago ta nedia opiopot Ha eivar maviote Saotnuarta. Ilo ouyke-
kptpeva fa fewpricoupe ouvaptoeig nou opiCovial o €va avoryto diaotnua [a, b].
Y1UQ MEPIOOOTEPES MEPIMIMOELS €1vVal OOUAELA pouTivag 1) €€£1a01 T®@V UTOAOT®OV
HOPP®V SlaoTUat®V kat fa v mapaleimouje.

M ouvapmon f : (a,b) = R Aeyetar avfouvoa (yvrowa atéouvoa) av z < y
ouvenayetat f(z) < f(y) via z,y € (a,b) (x < y ouvenayewn f(z) < f(y) yua
x,y € (a,b)) xat ebivouoa (yvrola gbivouoa) av & < y ouvenayetat f(z) > f(y)
ya z,y € (a,b) (x < y ouvenayetar f(z) > f(y) yia z,y € (a,b)). Movotovn
(yvrowa povotovr) Agystal pa ouvaptnon nou eivar auouoa 1) @bivouoa (yvrowa
avéouoa 1 yvriowa gbivouoa).

Iapadeiypata:

(i) H ouvapnon sinz sivar yvriowa av€ovoa oto (—7/2,7/2) xabwg xar oto
[-7/2,m/2].
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4. TAPATQIOT

(ii) H ouvapmmon ¥ (x) = max(z,0) sivar at€ouvoa oto R adrd oyt yvnoicog
atfouoa (Evag @rhog 1pomog va ypayoupe v zt eivaro 27 (z) = 1 |z| + =,
HavIEYTE Kal opiote v 27 ).

(iii) H ouvapmoen tanz eivar yvrola aufouoa oe kdfe Siaotnua g popeng
(k= 1)3. 2k +1)3).

(iv) H ouvapmon cos z sivar gbivouoa oto Saotnua (0, 7).
(v) H ouvaptnon —[z] eivat fivousa arra ox1 yvrowa oto R.

Mia povotovn ouvaptnon dev eivar unoxpewuka ouvexiis (napadetypa [z]). Ag Sou-
pe 1 eidoug acuvexeieg napouoialel. Oa mepiopiotoupe oe auouceq CUVAPTNOELS.
H pedem wov @hivouodv eival tedeimg avaroyn (av Beroupe paiiota umopoune
va avayayoupe 11 pia TePInT®@arn otnv aAAn napatnpeviag ot «1 f eival av€ouca
av xat povo av 1 — f eivar ghivouca»).

Foww domov f : (a,b) — R pa avouvoa ouvapmon xat a < xg < b. To
ouvoro {f(z) : a < x < xp} eival TPoEav®S U1 KEVO Kal @PAYUEVO TPOG Ta MA-
ve d10u yia napadetypa 1o f(zg) sival

O/ £va AV @PAaypd Tou. YTAPXEL AOmOV
1o sup{f(z) : a < & < zo}. Av ypa-

e Youpe 7y yla auto 1o sup toxuptllopacte
’ (kau mou eivar @avepd Stawobnuka) ou
O_/—G v = f(zg)- Hpaypauka, yia kabe € > 0

umapyet 1 < Ty @wote f(x1) > v —¢
(ad g 1o v — € Ba av ave @paypa u-

o Zo 3 KPOtEPO amod 1o supremum). Tote OUwg
fa exoupe ka1 f(z) > v — € yia xabe z
Yyfua 4.8 HEe £1 < . Ogtoviag Aomov § = xg — Iy

fa exoune 0 < 29— < 0 ouvenayst v —e < f(z) <y < v+ ¢, nou anodeikvuel
ouy = f(zo—). Tekeiws napodpowa deiyvoupe ou vy = inf{f(z) : zg <z < f} =
1),

H tmapén 1ov Sto mheupikav opiov f(zg) kat f(zy) Seiyver ot av 10 g dev
elval onpeio ouveyeiag Ba eivar acuvexela a' eidoug xar paiiota pe mndnUa

fzd) = f(zg) =inf{f(z) : 2 <20} —sup{f(2) : 2 < z0}.
Aq ouvovyiooupe autd ta anoteAéopata oe eva Bempnpa.

Oewpnua 4.4.7 Avn f evar avéovsa (edwovsa) s7o (a, b), T0Te av eivar asuvexns 6&
Kamoto xg, 1 asvvexew s Ya ewvar a gidovs. Emmhéov Ya éxovue: f(xg ) < fxg) <

@) (F(xg) > f(xo) > f(ag)).

Ag fewprooupe t@pa wa avfouca ouvaptnon f opopevn oto (a,b) xar ag
ypavyoupe: v = inf{f(z) : a < z < B}, § = sup{f(z) : a < z < }. Av
10 ouvoro {f(z) : a < z < B} Bev eivar gpaypévo mpog 1a katw (Mave) 10te
10 7 () onuaiver —oo(+00). Xnv onowadnmote nepintwon ot upeg g f(z), ya
a < x < [, Bploxovtat oto Saotnua [y, ] (o nepimtwon nou to vy 1 10 J 1) kat ta
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Suo eivar +oc 1) —00, 1018 ypagouue (—o0, d], [y, 00) 1 (—o0, 00). Ty mepinteon
nou 1 f eivar yvrowa at€ouca pnopoUpue va avukataotooupe to [y, 0] ne (y,0).
IMpaypavika, av yia napadetypa f(zg) = 7 yua xanoio xg € (a,b) 101 naipvoviag
yia napadetypa z1 = (a + x9)/2 fa exoupe f(xq1) < f(xo) = 7, dou 21 < zg, TOU
glval atormo.

Ag unobeooupe wopa ou n f ei-
vat oyt povo yvrota avfouoca aiia
kat ouvexng. loyuptCopaote om yia
xabe y € (,0) unapyer akpifog eva
z € (q, B) wote f(z) =y.
[paypauka, enedn y > v xar vy =
inf{f(z) : @ < x < S} 6a unapyet
x1 € (a,8) @ote f(z1) =1 < y
xat opota fa unapyel z2 € (a, §), a- ! |
Vaykaouka xe > 1, @ote f(ry) = , rT1 xg{

Q
Q\JA“““““““““““““

2 > y. To anotédeopa pag tpa ei-
val apeon ouvensila tou Bempnpuatog
NS eVOLAUEOTS TIUTS EQUPUOCUEVOU
Yxnua 4.9

ot ouveyn ouvaptnon f oto diaotnua
[.’I,‘l 5 .’1,‘2] .

Evag dAlog 1poémog va ek@pacoue 10 anotedeopa mou Pprkape sivat o e£ng:
«Av 1 f elvar yviola povotovn xat ouvextig oto (a,b), t0te £Xe1 avioTpogo g oto
(v,6), Shadi y = f(z) ouvendyera = = g(y) 1 9 (f(z)) =  xa £ (9(»)) = 9 10
ola ta z € (a,b) xary € (y,0)».

Toyvet xat xau napanave : «H g eivat yviioia at€ovoa kat ouvexrig oto (7, 6)».

Eoww v < y1 < y2 < 6. Ynapyouv x1, 22 @ote y1 = f(x1) ka1 y2 = f(z2) xat
Quoikd 71 < ma (adhwg Oa eixape y1 > y2) Smradn g(y1) < g(y2).

H g dowmodv eivar yvriowa at€ouoa oto (7, 4) ka1 enopevms, av Sev 1jtav ouvexTs,
oe &va onueio yo € (7,6),101e 1 lim, _, - g(y) < g(yo) N lim_, + 9(y) > 9(yo)-

Ag unobeooupe, xopis PraPn g yevikomuag, ou g(y, ) < g(yo). Oa exoune
wote: ¥ < y < yo ouvenayetat a < g(y) < g(y, ) < 9(yo) xat emopeves: v < y <
yo owvenavewar £ (9(y) < / (9(43)) < £ (9(s0)); Sriiadil ¥ < y < yo ovvemayerat
y < f (g(ya)) < Yo, TO ONOIO MPOPAV®S €lVAl ATOMO — MAPTE Yld TAPAdeELypa
y =73 (vo+f(9(v3)))-

Ag mpoywprnooupe €va Prjpa mapanépa kar ag e£€1A0OUPE YVTOIA POVOTOVES
Kal ouveyeiq ouvaptnoslg f mou eival mapaywyiolueg o eva onueio xq. loyxvel 1o
napakat® fewpnua:

Oewpnua 4.4.8 (i) Avn f evar yvisia povorovn kar svveyeis s7o (a,b) kar maga-
ywyiswn 670 To ue f'(xo) # 0, T0Te 1 AvTisTEOPN TNS § EWAL TAVTYWYISIUT, 6TO

-1

Yo = f(xo) war g'(yo) = (f'(z0))

(il) Av f'(zo) = 0, w07e, ¢'(yo) = +00 av n g evar avéovesa, kar g'(yo) = —o0 av
n g v p¥wovsa.

And8erln: Oa Seifoupe novo 1o (i). H anddeiln tou (ii) eivar mapouoia (doknon).
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IS0t kat’ apyag pia oAU ouvnhopevn xat Aavbaopevn anddeiln. Av ypayouus
y = f(z) to1e z = g(y) xar ypnowonoiwviag tov oupforiopd tou Leibnitz yia v
Tapaywyo:

dz 1
— =
dy o

Smadn ¢'(yo) = 1/ f'(x0) Puoka 1o Aabog Ppioketal o1o O XPNOILONOUOAUE TO
oupforo dz/dy oav mnhiko eve Sev eival mapa opio mAik@v. Aev gival Suokoro
navimg va dopbocoupe ta npaypata.

H tmap&n mge f'(zo) onuaiver:

f@) = o)

Tr — I

f'(x0),

yia x — xg.
Eneidn) f'(z¢) # 0 a €xoune emiong
T — X 1

F) — F(z0)  ['(z0)’

yia £ — xg. ['a xabe € > 0 Ha unapyet Aomov § > 0 wote g — 6 < & < Tg + &
OUVENAayetal

T — Tg 1
f(x) = f(zo)  f'(x0)
Yrnobetoupe xopig PAafn g yevikotntag, ou n f sival yviola avfouvoa. Ag ypa-
Youpe

< e.

y1=f<$0—g><f(960)=y0<f<$0+g) = Y2

xar = min{yo — y1,y2 — Yo}. ['a xabe y pe yo —n < y < yo + 1 ba exoupe
9(y) € (xo —38/2,20 +6/2), SNradly y = f(z) yia xamoo x (ouykekpiueva 1o
9(y)) oo (g — /2,20 + §/2). Exoune homov Ppet o

9) —9(y) _ -0
~ Yo f(@) = f(zo)

yla xamowo x pe |z — zp| < /2, xat enopEveg

|y —vol <n =

9(y) —g(yo)
Y — Yo f'(x0)

TOU CUUTATIP®VEL TNV anodstén. O

Y — ol <n= <e,

Mapddeiypa: f(z) = 2", yia n € Nz > 0. Eivar @avepo ou n z™ eivar yvijola
avéouoa, Gpa umapxet 1 aviotpoer g g, oto daotua (0, o0), Sion inf, g 2™ = 0
KAl SUP, 5o 2" = 00. Oa €xoupe douov g(y) = 2 av kar povo av z” =y, 0 <
y < oc. Qg ouvifwg ypagoupe y'/" avti g(x) xa y™/™ yia m otvlem ouvaptnon
(g(x))™, yiam € Z.
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Yxnua 4.10

To mponyoupevo anotédeopa pag divet mv napaywyo g g(z). Hpaypauka av
Tn — il .
" = g 101€:
1 1 1 1 nor 1 1

! _ _ _ — n = —m
g'(z) = 7@~ et npEyet Y oY

n—

Snradn o timog (™)' = nz™ ! 1oyUel xat yia exféteq g popeiic 1/n, yia n € N.

3
T 22
' x
VI = zt/?
...................... 13
:ICEB
Yynua 4.11

O avayvootng kaeital va GUPTATIP®OEL OPICUEVA «KEVA» OTO MAPATAVE Tapa-
derypa. Ta napaderypa, ypagoviag 9, g € Q, x > 0 unovoolpe o1 11 oUVAPTNOT)
opiCetar xara, dnradn av ¢ = m/n = m'/n', yia m,m’ € Z,xai n,n’ € N to1e
a (z'/™)™ xat (wl/”l)m, divouv v 1d1a ouvaptnon. Eniong av 1o n eival neptitd
tote 1 2'/™ opiletat yia Oda ta z xat £xel mapaymyo yia Ora ta z # (yuz =0
1 Tapaywyog eivat +oo av n > 1). Ta n = 1 guoikad 1 napdymyog unapyet yia
oia ta z. Eival emiong eukoio va deiytel o1t ot ouvifelg 1d10teg 1@V duvapemv
(x0t8 = 228 ()8 = 2% dmou ay, B prrot) 16xUoUV.

Ag Seifoupe yia napaderypa on 218 = 228, dmou unobetoupe 2 > 0, a
my/ny, B = ma/na, ue my,mo € Z, xat ny,no € N. Eneidn) n ouvapnon f(z) =
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4. TAPATQIOT

™" givar yviowa at€ouca apksi va Seifoupe om (zot8)mnz = (gogf)mane,
XPNOLUoNOIOVIAS 11§ YVMOTES IO10TITES TV JUVAUE®VY Yid akepaloug ekbeteg xat
tov optopo tou z?,q € Q, exoupe

ming+mong \ N1N2
(xoz+B)n1n2 — (minlng )

_ mina+man,
= X

min man
= pManz,manm

= @)

mq mo
T )nlnz (ZIJ ED) )nln2

(z
= ()M (mﬁ)m no
(x

axﬁ)nlng,

nou anodetkvuet ) oxéon 218 = zozh.

Mia yevikr) amAt] mapatnipnorn yia Iy aviiotpoen ¢ Hlag yvhold PovOTOvTS
ouvaptnong f sivat ou «ta ypaenuata v f kat g €ival GUPHETPIKA ¢ PO 1
Sixotopo» (twv ouvaptioewv x, ¥2, 22 @aivovial oto oxrua 34).

Kleivoupe tnv mapdypa@o pe €va amio kat onuavtko fecopnua:

Oedpnua 4.4.9 (i) Av 1 f ewva avéovsa (p¥ivovsa) kar magaywyisnn sto (a, )
7ote f'(x) >0 (f'(z) <O0yma<z<f).

(il) Av n f ewar magaywyisyn kar f'(z) > 0 (f'(xz) > 0) ywu a < z < 8, 7€ 1
I evar avéovsa (ywisia avéovea) sto (e, B). Avaloya isxvovy yia gdwovses
(yvisia plivovses) 6uvagpTisens.

Anodeiln:

(i) Avn f eivat at€ouoa tdte 1a mrixa Stagopev (f(z) — f(zo) /(z — o) eivar
maviote peyalutepa 1) ioa tou undevog kat emopevas f'(zg) > 0 yia kabe

To € (azﬂ)

(ii) 'Bow a < 1 < 22 < (. Egapuoloviag 10 fempnua tng peong uprg oto
[21.22] Exoupe f(22) — f(z1) = (22 — 1) f'(§) yia xanow & € (21,22)
xat enopeves (ze > x1, f'(§) > 0) f(z2) > f(z1). Av f'(§) > 0 101
f(x2) > f(21).

O
Mapadeiypata:

(i) Houvapmon f(x) = 2? etvar av€ouca oto didotnua (0, oc) kar ghivouoa oto

(—00,0). H mapaymyog g eivar 2z kai eivar npaypaukd peyaiuiept tou
uNdevog yia > 0, xat pikpotepn 1ou undevog yia x < 0.

(ii) H ouvapton f(z) = 23 eivar avouvoa ka1 pdhota yviowa oe 6ho 10 R,

napoho mou 1 mapaywyog g 222 pndevietal yia z = 0. (Eivat BéBaia > 0
yia OAa ta ).
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(iii) Ag fewpriooupe ) ouvapton

fz) =

2

0, avx <0
=, avax > 0.

H f(z) eivat at€ouvoa oto (—oc, oc) (Ox1 yviota) xat f'(z) > 0 yua —oo <
x < oo (Bheme mapadooeig 4.1a’)

4.4y O1 ouvaptnoeig a*, %, log

Eotww a > 0. To oupforo a”,n € N, opiletal gav 10 yIVOUEVO N TAPAYOVI®V 106V
e a kat 1o oupBoro a™/ ™, m € Z,n € N wg o (povadikoe) fetikog apibuog 4 yia
1ov omoio wyvel A" = a. Me 10ov 1pono auto opiletal Aomov 1 ouvaptnon a? yia
q € Q, xat 6nwg eidaye otV MPOTYOUUEVT] TAPAYPAPO IKAVOTOLEL TI§ AVAUEVOUEVES
1O10TITES T®@V OUVAUE®DV.

O£Aoulle TOPA VA «EMEKTEIVOULE» TOV TAPATAVE OPLOUO £T01 MOTE VA OPICOULE
na ouvapmon f(z), mou ba oupforiCoupe mait a* opiopevn yia ola a z € R xai
wote f(g) =a? av q € Q.

Autd guoika fa pnopovoe va yiver kata moAloug tpomnoug, BEtoviag yia napa-
Serypa f(z) = 0 yua appma z xar f(g) = a?, ¢ € Q, ahha dev eivar dOheg auteg
ot enektaoelg embupnieg. I'a napaderypa, Oedoupe 1 «enextaotn» mou Ha fpoltpe va
1KAvomolel Tig 1810T1Teg v duvapemv. Oa Solupe og Aiyo 0Tl autd UMOPOUPE VA TO
TETUYOUIE AV AMALTTOOUNE!

(i) n f va eival ouveyng kat
(ii) f(z) =a’ g€ Q.

Av umobéooue mpog ouypunv Ot unapyet etola f, T0Te 0 OPIOUOS TG CUVEXELAS
xata Heine pag Aeyer ou f(gn) — f(q), Snhadn a?» — f(q) ya xabe axoroubia
PM®V ¢, PE TV 1OI0TNIA ¢, —> q. Odnyoupaote Aomdv otov €£1¢ optopo:

Optopodg 4.4.10 Ava > 0, z € R kar g, — ¢, g, € Q, 707 0giCovue a* = lim a?~.
INa va eival «kadog» autog 0 Oplopos MPETEL

(i) Na unapyet 1o lima?, xat

(i) Av ¢, = x xa1 ¢, = 2, @, g}, € Q, tO01€ lim a? = lim aln.
Kat ot U0 auteg 18iotnteg pmopouv va derybouv eukora pe t forfeta g
Mpoétaon 4.4.11 Av a > 0 kar ¢, — 0 ue g, € Q, 7078 a9 — 1.

H nepintwon a = 1 sivar tetpippevn kat 1 nepintwon a < 1 avayetat sukoia
omv a > 1 (nwg;). Mnopoupe Aowmov va unobecoupe a > 1. Ilapatmpoupe ou 1
unobeon a > 1 ouvendyetat (tetpippevo) a? > a? otav q¢ > ¢' kAL eMOPEV®S

-1
(a\qnw) — g7l < gon < glanl,
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Apxei homov va Seifoupe ou al'l — 1. Tpagoupe |q,| = An/B, xai B, =
M, A, + T, (ahyopbuog g dwipeong) pe Ap, By, I, T, > 0xar 0 < Y, A,
KAl £XOUE: )
altnl = ™A < gy

Ottoupe Aomov al/Mn = 1 4+ ~,, Smady a = (1 +’yn)n", Yo > 0, xat apkei
va Seifoupe ot v, — 0. And tov wimo tou Siwvipou tou Newton £xoupe a =
(1+ 'yn)n" > 1+ 10,7y, onote xar 0 < 7, < %—1.

H oxéon B, = MnA, + T, 0 < T, < A, Siver apgowg T, = [B,/Ay] mou
ouyxAivetl oto aneipo, apa (a — 1)/, — 0 xar emopeves 7y, — 0.

Tupvape wopa ota (i), (ii). H ouyxhion mg gn, g, — , ouvenaysiar Ou 1 ¢n
glval gpaypevT kat enopevamg 1o lim a? eivai Siagopo tou pundevog (yiati;) xat €101

1
aln

!
lim =lima% %" =1,

ain
Smradi lim af = lim a% yia xabe ¢, pe ¢, — .

H napartrpnon aut) anodeikvuet 1o (ii) kar Seiyver ot yia va deifoupe 10 (i)
apkel va 1o Osi€oupe yia pia ouykekpipuevt akoioubia g, Ue ¢ — .

Awadeyoupe ma ¢, avouoa, onote 1 a?™ eivar at€ouoa kat (emedn yia napa-
Setypa a < al®lt1) gpaypévn, dpa ouykdivousa. Méver va Seifoupe o1t pmopou-
pe va dare€oupe v ¢, avfouvoa. Iaipvoupe eva pmio q; pe xz — 1 < ¢; < x, €va
pMd g2 > q1 pez —1/2 < g2 < z x.0.x. To yeyovog Ot o1 prjtol eivat mukvoi 6toug
MPAYPATIKOUG OEIXVEL OTL UMOPOUE VA OXNUATIOOUNE pia TeTola akodoubia, 1 omoia
ano tov 1pomo katackeuts g fa eivar av€ouoa (1 SexadikT) mapactactn ou x yia
napadetypa, divel dpeca pia etowa akohoubia).

Exoupe Aomodv twpa eva akpiPr] optopod tou oupforou a® kAl ot ouveEXEla
fa peletooupe g 1W0TNES ToU, Kabwg xal ahdeg ouvaptioes (z%,log, ) mou
ouvdeovtal pe v ouvaptnon a” mou ovopaletal ekderikn ue Basn a.

Mapatnpnon 4.4.12 O 1ponog mou akorouboupe yia va opicoupe v a® eival a-
vapgofrua moAu xovia ot Siaiobnukn eixdva mou €xoupe oto puaiod pag (av
Berape va Ppoupe 1o 27 = 2314159 §q 10 mpooeyyiCape pe 23, 231, 2314, 23,141
23,1415 1 93,14159 ) 'napd nig kamoteg teXvikeg Suokohieg mou mapouctalet. Oa Sa-
OOULE OTO EMOUEVO KEPAAALO EVAV «OIKOVOUIKOTEPO» TPOTO Oplopou pe 11 Porfeta
TOU OAOKATP®UATOS.

4.48 H exBeuxt) ouvapmon a®, a > 0

Ovdiodtieg a®t¥ = a%a¥, (a®)¥ = a®¥, a™% = 1/a®, (ab)® = a®b*, o > 0, 8 > 0,
z,y € R eivar apeoeg ouveneieg 1ou opiopou. [a mapaderypa,

(ab)* = lim(ab)™ = lim(a%b%) = (lim a ) (lim b%" ) = a®b*

Omou ¢, pla akoioubia pmev pe ¢, — .
Ava=1,a" =1 v ola ta z xat av a < 1 1018
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pe 1/a > 1. Ta va peletjooupe AOmOV GUVEXEL, TAPAYOYICLUOTIIA K.T. ., apkel
va e€etacoupe v nepimtwon a > 1.
Ynobetoupe homdv a > 1. Av 2 —y > 0 to1e unapyer akoroubia ¢, € Q, go € Q
UE ¢n > go > 0 yia 0)a 1a n, @ote ¢, — = — Y (yiat;) xar enopeveg
aI
— =a"""2>a" >1,
a¥y -
Snmhadh n a® eivar avfouoa av a > 1 (av a < 1 tdte 1 a® eivar gbivouoa).
Y10V MPONYOUREVO GUAAOYIOUO XpTolponotnoape v povotovia g a?, y € R.
ITou ypnotponondnke; Ileog anodeikvuestat;

Mpétaon 4.4.13 H a® ewar svveyrs 7o R.

An6derlin: Eowo 2y € R. lpener va deifoupe lim a®, x — zo dnhadn
lim(a® — ™) = lima™ (e " — 1) = a™° lim(a” " — 1) = 0,

yia £ — . Apkei Aomov va deifoupe ou lima® = 1,2 — 0 (Snradn n ouvexeia
yia z = 0 ouvendyetat ouveyela naviou!)

Suv apx1) g mapaypagou deifape ou g, — 0 ouvenaysia a?" — 1 (g, € Q).
'Exoupe enopéveg a'/" — 1. 'Foww wwpa € > 0. Oa unapyet ng € N wote 0 <
al/mo — 1 < & xat enedi N a® elvar atfovoa

1 1
O<z< —=0<d”"—-1<a™ —1<e.
No

Aeifape homov ou lima® = 1 yia ¢ — 01 xai, eneld a=% = 1/a?, fa €xoupe
emiong lima” =1 yia z — 07, dnradn lima” = 1, yia z — 0. O

Yxnua 4.12

Y10 oxnua 4.12 gaivoviar (oxnuatixka) ot nepimwosig a = 1/3,1/2,1,2, 3.

Mpotaon 4.4.14 H f(z) = a® evar magaywyisyn 670 R.

- 69 -



4. TAPATQIOT

Anodeirln: IMapatnpoupe xat’ apyag ou
a®th —q® ah —1
h N h

Enopévag, av unapyet 1o limy,_o(a® — 1)/h, Snhadi nmapaywyos g a® yia z = 0,
T0TE UTIAPYXEL 1) Tapaywyos yia onotodimote x kat wyvetl (a*)' = f'(0)a™, dniadn n
napaywyog g a® eivat 11 ida 1 a” noAdamdaciacpev eni pia otabepa!
Iapatnpotpe xat apydg ot
ah"-1 1-a" _pat—1
= =a

—-h  —hat h

kat a~ — 1, h = 0. Apkei emopévag va deifoupe ou 1o limy, o+ (a® —1)/h
UTAapYeEL.

Toxupillopaote axoun ou apkei va mapoupe h = 1/k, k = 1,2,..., dnhad
va deifoupe ot 1 akoioubia k(al/k — 1) ouykdiver. Ag anodeifoupe mpota tov
TEAEUTAIO 10 UPIOUO.

Ipagoupe yy, = k(a'/* — 1) onote Ba £xoupe

a = (1—{—%)1c
= 1+yk+@(%)2+'“
k(k—l)---(k—l+1)(yl)’
I k
k(k-1)---(k— (k-1 k
e
= 1+yk+%<1—%>yi+---

~—
_|_

-0
0055

H oxeon autn deixver ot 1y eivar gbivovoa. Tlpaypatuka av yia xanowo k
eixape yr < Yra1 101 Ba eiyape xai

1 1 E—1\ ,
a = l+yk+---+ﬁ<lg>---<lT>yk

1 1,
1 1 k-1
Bt Y O T S IV (5 T
+k!{< k+1> ( k+1>
1 1 k
1— (1o
+(k+1)![< k+1> ( k+1>
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mou sival guoika atono. H y; sivar Aomov @bivouca kat @paypevn mpog 1a Katw
(> 0) apa ouykAiver.

Ag Seifoupe topa, yia va ereidooupe myv anodeiln, ou (a® — 1)/h ouyxhivet
yia h — 07. Tpagoupe k = [1/h] xat éxoupe

1 1
a=1 -1 a"—-1 av -1

k h k41

Swuk<1l/h<k+1,1

(ke Darh 1) < af -1 k+1 (k(at - 1),

kE+1 h k
and omou evkora gnetat ot (@ — 1)/h ouykdivel, otav h — 0F. |
O ap1Buog e

H nponyoupevn anodeiln meptexel xat eva akOpa evOla@epoV OUUTEPACUA: 1] KO-

Aoubia (1 + %)k ouyxAivel. Ilpaypanka

(o) =g (g e v [(8) ()

KAl EMOPEV@S
1+ AN < (14 ! o
k k+1

Snradi 1 (1 + +)* eivat atouvoa. Eniong

k
1 1 1
14 = 14+14+—4+ .o 4 —
<+k> < Tl o

< tidirtggd
2 22 ok

1
L+1+1 - oo <3,

onote 1 akoroubia (1+ %)k g avfouoa kat gpaypevn ouykiiver. To lim (1 + %)k,
xabwg k — oo, oupPoriCetarl pe e xat 10oUTal MPOCEYYIOTIKA UE

2,718281828459045235360287 . ..

Evag aAAog xprotpog 1nog yia 1ov aptpo e mpokuTmiel ano v avicotnia

1+1k<1+1+1+ + o
k) =1 kK

Av Aomov ypayoupe

1 1
be =1 ot t o
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10te 1 b, Ba eivar avfouoa kar gpayuevn (ida anddeiln onwe mpiv) emopevag Ha
ouykAivel kai Ba €xoups:

<l 1 ! !
e < lim +ﬂ+”.+ﬁ .

Ano mv aAAn pepild yia onotodnnote Quoiko m, av k > m, fa €xoups:

1\* 11 1 1 m— 1
- > T T _ ). B —
<1+k> TR T +m![<1 k-) (1 % )}

Kat agnvovtag 1o k va Teivel oto aneipo,

>1424 2 Ly
exldt o+t — =bn

H SinAn avicomnta b, < e < lim by, yia 6Aa ta m Seiyvet 6t e = lim b,,. Yuykev-
TP@OVOUE Ta MAPATAV® ATOTEAECpata o eva Bempnpua:

Oeopnua 4.4.15 O akolovdies

1\* 1 1
ap = 1+E Kaz bkzl—l—ﬂ—k---—i—m

ewar avfovees, ay < by, @oayugves kar exovv to 1010 0010 ToU 6VUBONICETAL UE TO
yodupa e (~ 2,718281).

O apifuog autog eivarl pia and g onuaviikotepes otabepeg mou epgavifovia
ota Mabnpatka. Eival evdiagepov va Somooupe kat pia akoptn mapaotact] 1ou e,
aut] m @opa pe a ghivouca axoroubia. e = lim(1 + §)¥! xar n (1 + £)F+?
¢biver. H oyeon e = lim(1 + %)k“ eival oxedov nmpogavrg:

142 T 142 k 1+ ) Sen=
A = 2 2 e = €.

Ia va Seifoupe oun (14 )5 eivar ghivouoa, mpénet va Seifoupe:

141 k+1< 14— '
k k—1)

viak=1,2,3,..., 3adi (k+ D)1 (k— 1)k < k21 4 (k2 — 1)k (k + 1) < k2k+1

Yl
1 k2 o\" 1\
Tt () (14— .
+k<<k2l> <+k21>

H te)evtaia avicotia anodeikvuegtal wg e&ng:

k
1 1 k 1
1+ —— ) =l+4k——F - >l4-—>1+-
<+k2_1> th gt >t > 1+

~72-



4.4 OPIZMENA BASTKA ©EQPHMATA TTA TIAPATQTISIMES SYNAPTHSEIS

Eva apeco nopiopa sivat 1 tapakdto Xpnotun aviootnia:

1\ 1\ k1
1+ — 1+ — ,
(1+7) <e<(1+4)

yak=1,2,3,...

Mia wpaia egappoyn auvtig g avicotniag eivat 1 (e*)’ = e, Sniadn n e*
ooutat pe 1 mapaywyo ! Ipaypatuka €xoupe deier ou: (€)' = ce® omou
¢ =limk(e'/* —1). Ot avicoteg

1 k 1 k+1
<1+E> <€<(1+E>

Sivouv 1 < k(ex — 1) xat (k + 1)(6’“1? ~1) < B — 1 an’ émou cuvéayoupe:
limk(e'/* —1) > 1 xar limk(e'/* — 1) < 1, Snhadn lim k(e'/* —1) = 1.

H 1Siotnta avtr) pag odnyei va ypnotponoloupe ouvieg tv e xat ox1 ug a”,
a # e. Owav yua mapaderypa Aepe exbeuki) ouvapmon xmpig va avagepoupe faon,
fa evvooupe maviote v e”.

Yuyva eniong ot fifAioypagia Xproiponoloupe 11g AEYOUEVES UNEPPOAIKES OU-
VAPTIOELS Ol OMOIEG £XOUV IOIOTIIES MAPOUOIES UE AUTES TOV TPLYDVOUEIPIK@V OU-
vaptosov (otn fempia 1ov pyadikv ouvaptiosnv da pabete ou n oxeon aut
givar akoun mo otevr}). Ot ouvapuioslg auteg eivat:

e’ —e
e unepfolriko6 nuitovo: sinhx = — (N shz)
, , e’ +e "
e unepPforikod ouvnuitovo: cosh x = — (1 chz)
T _ pa
e unepPorikt) epantopev: tanhx = —— (1) thx).
pPoliki) egamtopev ez+e*z(” )

O1 unepforikeg ouvaptnoelg opiCoviatl yia 6da ta z € R. Idou o1 ypagikeg mapa-
O1a0g1g Kat PePIKES 10T toug (o1 anodeifelg eival andeg xar agrvovial 6tov
avayveor).

cosh? z — sinh?z = 1 sinh (—z) = —sinhz
cosh (—z) = coshz tanh 2z = sinh 2/ cosh x
sinh 2z = 2sinhz coshz  (sinhz)' = coshz
(coshz)" =sinhz (tanh z)’ = 1/(cosh z)?

K\eivoupe autn v mapaypago pe eva anoteAeopa Ayo Sla@opeTikou Xapakinpa.

O ap1Budg e eivar appmnrog.

Tpaypatika €0t ot 0 e eivat o prog m/n, m,n € N. H oxéon
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sinhz

1 coshx

Yxnua 4.13

Hag AEyel 1018

1 aKoun

1 1
0 < (2 -(14=+ -+~
n 1! n!

1 1 1
li
kEEo(n+1+(n+1)(n+2)+ +(n+1)---(n+k)>
= lim gz,

OMmou
1 - 1
n+1 (m+1)--(n+k)

Ik =

AnAadi o Betikog akepatog apibuog

m 1 1
= — 1= = —... = —
4 n(n ! 1! n!>

eivat to lim g.
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Iapatnpotpe dpmg ot

0<gr < LI S
’ 2 2.3 23 2k
= 14_1_}_1(1_}_14_...4_ 1>
2 6 8 2 2k—3
et 14_14_1(2_#) 1+1_|_1.2
2 6 8 2k—2 2 6 8
1
12

Omote 0 < A < 11/12 mou guoikd ivat aromno.

HMapatnpnon 4.4.16 Ioyuer xau moAu 1oxupotepo. O e Ox1 novo dev eivar pnuog,
dniadn dev eivar pila e€iowong g popere ax + b = 0 pe a, b aképaioug, arra
gival xat umepPatikog, OnAadt dev unapyet TOAU@VUNO onotoudrmote Pabpou ag +
a1z + - + a, ™ Pe aKEPAIOUg CUVIEAEOTES TOU va £)el oav pia pifa 1o e.

To onuaviiko autd Becmpnua anodeixinke 10 1872 and 1o T'aAdo pabnpatikod
Hermite xat Atyo apyotepa o I'eppavog pabnuatikog Lindemann, pe mapopoia
pebodo, £de1€e 10 1010 anotedeopa yia 1o 7. To 1edeutaio autd anoteAeopa eivat 1o
kAe1di yia va derytel ot «o kUkAog dev tetpaywviletal pe kavova kat Siafirn.

H Moyap1Bpuix1 ouvaptnon

Av a > 0 xa1 a # 1 161 1 ouvaptnon a® eivar yvroia povotovn (ati€ovoa av a > 1,
obivouoa av a < 1). Emiong

lim a® = 400, «xat lim a* =0
T—>00 r——00

av a > 1 kat
lim o =0, «xa lim a® =+
T—>00 T —r—00

ava < 1.
Or anodeiéeig eival eukoreg. [a mapadeypa,

a®>a" =1+ (a-1))" > 14 [2](a—1) - +o

owav x — +oo av a > 1.

Mia npogavrig mapaiiayt] tou Bewpripatog g evOLAPEOTS TIUTS PAS AEVEL TPA,
ou yua xafe y pe 0 < y < oo, unapyet akpifeg eéva z (Sot 1 a” eivar yvrowa
povotovt)) @ote a” = y. To z autd Aéyetar AoyapiBuog pe faon a tou y xai
oupBoriCetar log, y.

H ouvapmon log, z, £ > 0 eival Aomov 1 aviiotpogn e a® Tou ival GUVeEXTS
kat napayeyiotun. Eivat Aowmov xat nlog, x cuveyng kat napaywyiowun oto (0, +oc)
Kat yia v mapaywyo mg fa exoupe:
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(av 2 = a¥). To c eivat 10 limy_o(a® — 1)/h.
O 1316tteg g @ mou deifape oUVENAYOVIal AUEOA OTIS YVMOTES IOIOTIIES TV
Aoyapifuwv:

(i) log,(zy) = log, = + log, y, So1

alo8a v +log, v — log, = log, y Ty = al°8a (zy)

(ii) log,a =1,

(iii) log,1 =0,

)
)

(iv) limy_ oo log, x = 400 ava > 1,

(v) lim,_yo+ log, z = —oc av a > 1 (u yivetat av a < 1),
)

(vi) log, z¥ = ylog, =, Siom @198« T = (al°8a )V = gV,

Edika av a = e ypagoupe logz avti log, (1) xat Inz) xa1 ovopaCoupe autd 1o
Aoyapifuo @uoiko 1) Nenépeio (av a = 10 ovopaletar Sexadikog 1 Aoyapibuog tou
Briggs).

Yrnapyet pia moAUu anin oxeon petalu Aoyapibpwv g npog diagopeg faosig. Av
yia mapadetypa a > 0,5 > 0 101€: a = b'°8 @ ka1 enopéveg av log, = =y (z > 0)
to1e a¥ = x, Snhadn bY1°8» ¢ = . ondte log, = = (log, a)(log, ).

Ano ) oxéon a® = e%!°8¢ ynopoupe gukoha va Ppoupe pia aAAT pop@r g
otabepag ¢, mou epgaviletal oy napaywyo g a. Mpaypauka, fprxape (a*) =
ca®. Ano v an pepia (@) = (e”1°89) = log, (e*1°8%) = (loga)a® Smradn
c=loga.

Mrmopotpe domov 1opa va ypayouue (yia a > 0) (a*) = (loga)a®, (e*) = e*
yia —oo < & < +00,

11
~logax

1
(log, =)' kat  (logz)' = =

yua z > 0.
Xpnowpo eivar emiong va mapatnpriooupe ou (log|z|)’ = 1/z yia 6ha ta x # 0.
Ta z > 0 10 exoupe 1o1 deifet. Av x > 0 1018

(10g )" = (1og(~2))' =~ =

—T

H ypagixn napaotaon g log x| eaivetal oto oxnua 4.14.

H ouvapmon z%, 2 > 0,b € R

‘Exoupe 1101 opioet 1o oupporo z° kat prmopoupe va avayoupe t peATn g ouvap-
ong autig ot peret g log & napatnpeviag ot

:L‘b _ eblogm
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log |«

Yxnua 4.14

Shadn n 2° eivar ouvleon tov yvmotemv mhéov cuvaptiicewy e® xat blog x. Exoupe
yia mapadetypa ot yia b > 0 1 2 eivar avfouoa, teivel oto +oc yia £ — +00 Kat
oto undév via z — 01, Av b < 0 101e 11 2° eivar gbivouoa kat teivel oto 0 otav
T — 400, Ka1 010 +00 O1av & — 0.

H napaywyog g b eivar autr akpifog nou nepipevoupe, dnradn bz 1. Hpay-
pauka,

(:l?b)l _ (eblogm)l _ bl(eblogm) — bll‘b — ppb1
r r

Sradi yia onowodinote b € R wyver (z°)' = bz’~! yia 2 > 0.

O1 avTioTpo@eS TPLYDVOUETPIKES KAl Ol AVIIOTPOPeS UNEPBOAIKES OUVAPTIOELS

To600 o1 IPLYOVOUETPIKES O0O Kal ot UTEPPOAIKES CUVAPTIOEIS EIVAl YVIOLd LOVOTO-
VEG O£ KAMola dacTruata Kal ENOUEVMS EX0UV aVTIOTPOPES O AUTA.

(i) sinz, —7/2 < z < 7/2. ¥10 Sdotnua autd 1 sin z eivar yvrowa avouvoa, £xet
ENOUEV@E aviiotpogo, tnv onoia fa cupforiCoupe pe Arcsinz 1 (to€nu z). H
Arcsin z opiletal oto dtaotnua

~1,1] = {sin <_77T> sin (g)} ,

ouveyng oto [—1, 1] ka1 mapaywyiotpn oto (—1,1).

H ypagikt mapaotaon g Arcsin z, Onmg £XOUPE AVAQEPEL, TPOKUTTEL ATO T1]
YPUQIKT] TApActaoct) g Sin & PE KATOMIPIOPO @G MPOG 1] OLXOTOUO Y = .

Av zg € (—1,1) xa1 g = sinyg, yia —7/2 < yg < /2, 101e yvepiloupe

OTL:

1 1 1
(Arcsinz),_, = = =

TR (sing)l_,,  cosye /T — a2

S0t cosyo > 0 yua yg € (—7/2,7/2).
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Yxnua 4.15

Yo onpeio 1 nnapaywyog ano apiotepd g Arcsin x, Onwg avapevetat kat ye-
@UETPIKA, eival +oc. Ynv avamtuén mg fempiag yia povotoveg ouvaptnoelg
dev efetdoape TNV MEPIMTOOT MTAEUPIKOV Tapayoymv. Tooo ot diatuncmosig
000 Kat 01 anodei&elg eival TPOPaveig TAPAAAAYES NG MEPIMTOOTS EOMTEPIKOU
onueiou.

Aq Seifoupe domov an’ eubeiag ou (Aresinz)! - = +o0.

Fotw M > 0. Eneidn (sinz),_,, = coszo = 0, 6a umapxet § > 0 cote

T 5 < <7r:>sinx—1<1
- — T < = —_— <,
2 2 T— 3 M-

SnAad

Tl'

cosd <sinz<1=>—2-> M.
sinxz — 1

I'pagoviag sin ¢ = y, £Xoupe AOmov:

Arcsiny — 7

cosd<y<1l=
y—1

> M,

10 omoto Seixvet ot D~ Arcsin z|,—/» = +00. Opota Seiyvetat 6u n napa-
yoyog ano deia oto ¢ = —1 gival mait +oo.

IMapatipnon 4.4.17 'Eva @uololoyiko ep@inua sival ylati neplopioaye v
ouvapmon sinz oto daomua [—7/2,7/2] xar ox1 oe AAha dwotuata, ya

napadetypa, [7/2, 3w /2], onou nait n sin z eivat povorov.
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(i)

(iif)

Aev umdpyet xat apxnv Ka-

veig Adyog yiU auto. Xe xa-

fe Swaotnua g popeng [kr — Arcgsin
/2, kr + 7/2], yia k € Z,
N sinz sivar yvnola povoto-
v (at€ouca yia k Cuyd xar  Arcisin
¢bivouca yvia k povo) xai e- I
mopeves Ba €xel xal aviiotpo-  “Arc osin 1
on Arcgsin, yvriola povotovr, e SRR —
ouvexly oto (—1,1) pe upeg Arc_ysin i
ow [kr — /2, km + w/2] xau = ... SN SO
pe mapdywyo: (Arcysinz)’ = Arc_sin
(—1)’6\/11_7, yia z € (=1,1).

O napayoviag (—1)* Sikatodo-

yeitat ano v €€ng napatnpnon:

Yxnua 4.16

Arcopsinz = 2km + Arcgsinz = 2kw + arcsinx

xat
Arcopyisine = 2(k + 1)m — Arcgsinz = (2k + 1)7 — arcsin z.

XpnolponoloUe PEPIKES QOPES To oUPPoAo arcsinz yia va mapactrooups
HE TV «IAELOTIUT OUVAPTNOT» Tou o Kabe T avuiotoryel 1¢ AMEIPEg TIUES
Arcgsinz, yia k € Z. O axpifric opiojog kat 1 PeAET! 1oV TAEIOTIPOV GU-
vaptiosmv dev Oa pag aracyoirost £dm. O kAadog tov Mabnuatukev otov
OTOL0 PUOIOAOYIKA AVTKEL AuTh 1) YeAetn, eival 1 fempeia 1ov pryadikov ou-
vaptnoemv. Avagépoupe povaya ou ot ouvaptioelg Arcgsin z mou opicape
Agyovial xAadol g MAEIOTIUNG ouvaptnong arcsin z xkai 1 Arcesin  np@tetov
kAadog.

Avaloyeg mapatnprosig 10XU0UV KAl yid TS avIiioTpoges t®V cosx, tan T,
aiia Ba tig mapareiyoupe.

cosz, 0 < z < 7. Yo Sdotnua auto 1 cosz eivar yviowa @hivouca £xet
ENOPEV®G avTiotpogo v omoia Ba oupforiloupe pe Arccosz. Av 0 <z <7
e —m/2 < 7w/2 —x < 7/2 kary = cosz av xat povo av y = sin(w/2 — x).
Yuvayoupe ot Arccosz = 7/2 — Arcsin z xai enOpEV®S
\/%7 oav —1l<z<1
(Arccosz) =
—oc otav = —1 1 1 (mheupikn mapadyoyos).

tanz, —7/2 < x < 7/2. H Arctan opiletai 610 —oc < 2 < 00, eivar au€ouca
Kdl £XEL MAPAY@YO:

) = (1+tan?y) !

1 -1 in2 2
<Arctanx>'=( ) :<M

cos? y cos?y
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(iv)

(vi)

—Arccosz

.................................

Yxnua 4.17

onou z = tany dnhadn (Arctanz) = 1/(1+ 2?) yua —oc < z < o0.

lNa ug aviiopoges 1V U-
nepforik@v ouUVAPTIOE®V OeV
xpewalopaote véa oupfora—
pmopoupe va tg ekgpaloupe
pe 1 Ponbela g ouvaptnong
i i log. (To i&0 1w0xUel ka1 yia 1g
—r/2 : - /2 AVTIOTPOQPES  TPIYWVOUETPIKES
:' OUVAPTNOEIS, HE KATAAATAT

EMEKTAOT] NS OUVAPTNOTNS
i i logxz, yia upyadikad z, oOnwg
pag Siddaoxet 1 fewpia appmv
i 1OV UYadik®@V ouvVaptoeav).

coshz, z > 0. Z%())mg?d%irlrs]pa auto 1 cosh z sivar yvnola at€ouvoa, cosh() =
1, limg s 400 cOshz = 400, ka1l ENOPEV®E UTAPXEL 1] AVTIOTPOQT] TS ¢ OTO
Saomua [0,00). Av z > 0 ka1 coshy = z 101e (e¥ +€7Y)/2 = x, Snhadn
(e¥)? — 2z(e?) + 1 = 0, an’ 6nou €netal ou ¥ = z + Vo2 — 1 nhady
y =log(z + V2 — 1) (yiat anoxdeioape m piCa z — vVz? — 1;).

Bprixape Aomov ou n aviiotpoen tng cosh z, z > 0, eivan n log(z + 22 — 1).
Xpnowponoteitat naviwg ot Piproypagia, kat avaroyiav mpog v Arccos
xat 10 oupforo Arccosh. Tpagoupe dnradny Arccoshz = log(z + Va2 — 1)
yuaz > 1.

sinhz yia —0o < z < 00. Me tov 1810 1pémo axkpifwg Ppiokoupe o1 0
avtiotpo@n ouvaptnot, tou oupforiCoune Arcsinh, eivat nlog(z + vz2 + 1).

tanhz yia —oc < z < oo. IMapoépoia nait, 1 aviiotrpogn oupforiletar pe

Arctanh z ka1 eivar 1 % log 1f;

Eite pe 10 fempnua napay®yiong aviioipo@ou cUvAaptnong Kat anAeg 1otieg
1wV unepfolikamv ouvaptnoewv eite an’ eubeiag Ppiokoupe sukola T TAPAY@YOUS
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‘ sinhz Arctanhx

Arcsinhz “tanhz

. coshzx

Arccoshx

Yxnua 4.19

@V avIOTPOP®V UTEPBOAIK®YV OUVAPTIOEDV:

(Arccoshz)' = T ° > 1,
2
1
(Arcsinhz) = ——, —0 <z <
V14 22
(Arctanh )’ = -l<z<uz.

1— 22’

O1 ypa@ikeg napactaoelg 1@V aviopoP®V UTEPBOAIK®V GUVAPTNOE®Y QAIVOV-
tai oto oxnua 4.19.

4.4’ O1 oto1Xe1®Be1g CUVAPTIOELS

Ag avaokomnoou e TI§ CUVAPTNOELS TOU PEAETNOaE peXpl t@pa. Eival ta mtoAumvu-
114 Kat Ol PIIEG GUVAPTTOELS, Ol IPIY®VOUETPIKES KAl Ol aVIIOTPOPES TOUS, Ol uepPo-
AIKEQ KAl 01 AVTIOTPOPES TOUS, Ol OUVAPELS e Tpaypatiko ekfetn, ot exbetikeg kat ot
avuotpo@eg toug Aoyapifpikeg. Ot ouvaptnoelg auteg Aeyovial Basikes 6ToEMINES
6UVAPTNGELS KAl OUVAPTIOElS mou kKataokeualovial and auteg pE TG OTOLXEIWOEI
aryePpikeg mpadeig (Sev Ba Swooupe akpiPn oplopd) Aeyoviat otoryel@dels. Stov
enoOUeVo mivaka ouvoyiCoule Toug TUTOUG TTOU £XOUE PPel Yia TIg TAapay@yous TV
Bacik@V GTOIXEIOO@®V CUVAPTIOEDV. LE PEPIKES MEPITTIHOELS Ol oUVAPTNoEeLlS opilov-
101 KAl 0Ta AKPA TV SIAOTUATOV TOU ANOTEAOUV 10 nedio opiopou. I'a napadery pa
nz* av a > 0 pnopei va opiotei kat yia z = 0 (0% = 0) xar pahota av a > 0, to1e
UTapYeL 1 mapay®yog g amo 0g€id oto 0 kat woutat pue 0, av a > 1 xat pe 1 av
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4. TAPATQIOT

a=1(av 0 < a <11 napaymyog and defia oto 0 eivar +00. Oa agrooupe otov

AVAYV@OTN TV SIEPEUVION AUT®V TV MEPUTTMOEDV .

Yuvapmon f(z) [edio opiopou Iapaywyog
¢ (otabepd) -0 <z <00 0
2 on=12,... —oc < <00 na !
", n=-1,-2,... L0 na" !
2% a € R, z>0 az®!
a®,a >0, —00 <z <0 (loga)a®
e’ —xo<x<oo e’
log,z,a>0,a#1 x>0
log || z#0 1
sin(z) —o00 < <00 cos(z)
cos(z) —o00 < <00 — sin(z)
tan(z) —¢ <7 < oc, oty = 1+ tan®(z)
oA @k+1)I ke,
sinh(x) —o00 < <00 cosh(z)
cosh(z) —00 <z <0 sinh(z)
tanh(z) —o00 < <00 cosh]2(z) =1 — tanh*(z)
Arcsin(z) -l<z<1 11_902
Arccos(z) -1<z<1 - \/ﬁ
Arctan(z) —o00 < <00 1+]m2
Arcsinh(z) —o00 < <00 1}”2
Arccosh(z) r>1 ——
Arctanh(z) -1<z<1 e

H napaywylon 1ov o101XeimdmV oUVAPTIOE®V £ival Topd OOUAELd POUTIVAS.
Y1ov emOUEVO mvakd SIVOUPE HEPIKA mapadeiypdta, ta onoia fa pag ypeiaotovv

OTO EMOPUEVO KEPAAALO.

Yuvaptnon TTedio Opiopou Tlapaymyog
Var? +bx +c ax’ +bx+c>0 #\/%
log(z + Va2 + 12) —oc <z < o0 ﬁ
Arcsinh(1/z) r>1 —ﬁ
log | tan(%)| x € Rz #km, ke L
|z|® z#0 az|z|a?
Arcsin(2) |z| < a \/ﬁ
“2—2 (Arcsin(%) + (% Va® — z?)) |z| < a Va? —z?

TToAU ouxva cUVAVIAPE EMONS CUVAPTIOEIS TOU £X0UV MESIO OPIoPoU £va Ola-
OTNUA €KTOG AMO MEMEPACUEVO MATIHOE OTUEI®V TOU KAl CUUTITITOUV UE ULA OTOTYEI@IT
ouvaptnon oe kabe eva and ta unodiaotipata ota onoia ta onusia avtda yopiCouv
10 apyiko dwotnua. H ouvaptnon log |z| yia napaderypa sivar t€tolag popere. Xta
aKpa 1@V UNOSIAOTUAT®Y 1] CURIEPLIQOPA NG ouvaptong (av eival ouvexrg, av
£X€l TAPAY®YO, av eival ouvexTs ano d8efid 1) anod aplotepd) motkilet.
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4.4 OPIZMENA BASTKA ©EQPHMATA TTA TIAPATQTISIMES SYNAPTHSEIS

Avii va meprypayoupe eaviinuka
AUTEQ TIG TMEPIMIMOELS, TO OMOio eival a-
mAda Bepa poutivag, fa Swooupes eva tu- 1
mKO mapadetypa:
B
0 x2<0
flz)=< z2* >0 a>0,belR
b x=0
Sxnua 4.20

Mapampevtag ou lim,_,g- f(z) = 0 cupnepaivoupe ot av b # 0 1 ouvapon
Hag dev eivat ouveyTg and aplotepa apa oUTeE KAV OUVEYTS.

Av a # 0 to1e lim, o+ f(2z) = 0 xa1 enopeveg nakt oty nepinmt@on b = 0, 7
ouvaptnoT ival ouveyTg kat ano defia apa ouveyrng oto 0.

Av a = 0, 1ot lim, _, o+ 2° = 1 ka1 emopéveg 1 ouvaptnon Sev eival cuvexTg.
INa b =1 eivar ouveyng ano dedia.

Ag e€etaooupe twpa v Uunapén mtapaymywv and 0efia kat apiotepd oto 0. Av
b#010te D f(0) =4ocyiab>0xat D™ f(0) = —oco yia b < 0

F@=fO) b
z—0 T

uvb>01<mf%—>foo,m—>0’ av b < 0.

Av b =011 D™ f(0) =1 (tetpippévo). Av b =0 xar a # 0, 101

DY f(0) =az"! |,—o=0yuwaa>1

Kat
DY f(0) =4+ yuaa<1,

agou
@) = f0) _a

0 =2 5 400, = 0", yiwa < 1.
T — T

Blenoupe Aowmov ou yia b =0 «kata > 1, n f(z) eivar o1 povo ouveyng adra ka
napaymyiotun oto 0. Te@petpikd Enpene va 10 MEPIPEVOUPE AUTO, yidtl poOvo yid
a > 110 ypagnua g f(z), z > 0, epantetar tou dfova 1@v .

‘Ooo peyautepog yivetal o ekBENG a 1000 «KAAUTEPT» YIVETAL 1] CUUTEPLPOPA
g ouvaptnong oto 0. ( «kodhave» kalutepa ta duo xoppdaua g f.) Av ya
napadetypa a > 2 101€ Quoika a > 1 xat €101 £xoupe npom napayoyo f':

, . 0 z<0
@ ={ e 2350

SnAad)
f'(z) = ag(z), omou g(z) = { aOi1 z <0

T x>0

Enaidiia > 2, a — 1> 1, apa xar 1 g €xe1 napaywyo (xar oto 0) xar €tot xau 1 f
£Xel deUtepT MAPAY®YO.
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4. TAPATQIOT

H xatavonon g anAng autng 1exvikng pag emipenetl va opiCoupe ouvaptnoei
TOU 1KAVOTOLOUV OPLOUEVES MPodiayeypappeves ouvinkes. I8ou éva mapaderypa
£vOg tUmou mpoPAtnipatog mou epgavietal ouyva:

MpéBAnua: Bpeite pia ouvapinon f(z) —oo < x < oo, 1 omoia va givai otabepa
ion pe 1 yua z < 0, va woutat pe eva noAuowvupo Babpou 3 yia = > 0 xat va sivat
OU0 QOPES MAPAY@DYIOLUT.

Me tov 0po Suo @opeg mapaywyioun evvoolupne ou Befaia du unapyet n (kat
gtvat memepaopevn) 1 f"(z) yia 6da wa .

H xataoxeut) piag t€totag ouvaptnong f eivat sukodn. Av f(z) = ag + a1z +
axz? + asz®, x > 0, 1o1e Ha mpénel va 16XUOUV oL 100TNTES

F0) =1, f'(0) = £"(0) = 0 (yrati; )

SnAad)
ag = ].,a(] = 2a2 = O,

OMOTE 1] CUVAPTION
1 z <0
f(x)_{1+$3 1.207

yia napadetypa givar pia Avon tou npofAnpatog (Bpeite OAeg tig AUoelg tou mpofAt-
patog).

O1 ouvaptoelg ToU AVACKOMTOAUE O AUTH TNV TApAypago €ival QUOIKA amo
g mo ouvnbopeves. IIavimg MPENEL va TOVIOOUPE OTL MOAU OUXVA, AKOUT Kal
oe amha npoPAnuata, xpeialopaote kat GAAeg cUVAPTIOELS. XAPAKINPIOTIKO gival
10 TMAPAdELY A TOU AMAOU EKKPEUOUS, 1] UEAET TOU OMOIOU OONYEL 0TI AEYOUEVES
EANEITTIKES 6VVapTIEELS. ATOBEIKVUETAL OTL Ol CUVAPTT|OELS AUTES OEV EIVAL OTOLYELG-
Seig (1 anodeiln Sev eivar eukon xat Sev fa pag anacyoinoet). Oa emaverboupe
01O TMAPASELY A AUTO OTO EMOUEVO KEPAAALO.

Aoxrosig.

1 Ywnv mapaypago 4.2.1 ;; agnoape avanodeikto 1ov 1oyuptopo «Metalu 1ov
ouvaptioeav z(t) —oco < t < 00, ol omoieg €xouv B-mapaywyo povov 1 cos(kt)
kavonotel v efiowon z'' (t) + kz(t) = 0 xat ug ouvbirxes 2(0) = 1, 2'(0) = 0»

4.5 Aoxrosig

1. O 1oXUplopdg autdg eival oUVETELd EVOS YEVIKOU Dempnuatog 1mv dSla@opik@v
ef10moe®mV aAla Pmopeite va tov Oeifete kat Je 1a peoa mou olabetete tmpa.

(a') Tpayte z(t) = coskt + y(t) xar deifte xar ou n y(t) wavonoiei v
g€iowon y" (t) + k2y(t) = 0, —00 < t < oc, xat ug ouvlrxeg y(0) =
y'(0) =0.

(B") Aeifte ou n efiowon z”(t) + k*x(t) = 0, —co < t < 00, ouvenayeiat
Ot 1 BUVapTNOT (ar:’(t))2 + k2 (:Ir(t))2 etvat otabepa.

(y') Zuvduaote ta (a') xar (B') yia va oupminpooete v anodeién.

(&) Tioag Bupiletl ano v pnyxaviki to (B') epotnua;

—84 -



4.5 ASKHSEIS

=~

ot

(=)

(a') Av nouvaptnon f eivai ouveyrg oto [a, 8], tapaywyioipn oto (a, §) xat
unapyet 10 opro lim, ., f'(7) 1618 Undpyet xai 1 DT f(a) xat woovtal pe
10 OPLO AUTO.

(B') Aei&te ou n unobeon ou unapyet to lim, o+ f'(z) Sev pnopei va napa-
Anebel (Snradn Ppeite éva mapadetypa onou 11 D7 f(a) Sev umdpyet 1o
limx—>a+ fl(m))

(a') Mow eivar n ye@uetpikn onpaocia mg oxeong f'(zg) = +o00, xg eomte-
pk6 onpeio tou nediou optopou g f; Tda epminon yia 10 —oc.

(B) Kataoxeudote pia ouvaptnon f(z), a < x < § wote DT f(zy) = +o0,
D~ f(z9) = —o0 yia xamowo g € (a, B).

. Av f(z), g(z) eivar modvavupa, f(z) = (z — a)¥g(z), k € N, xat g(a) # 0
0te 10 k Aéyetar modamiota g pilag a tou f(z). Aeife ou wa pila
nodamiomrag k > 1 eivar wa pila tou 51 ().

. Agifte ou (f x g)*®) (z) = Zi:o A (x)g* > (x) omou fO(z) onuaiver f(x)

Kat ot ouvaptoels f xal g unotibetal mapaymyioipueg ToUAax10tov k QOpPES.

. Bowo f(z), a < z < oo, wa ouvapton xat A, B € R. H eubeia y = Az + B
Aéyetal acupm@tog, yia  — oo tou ypagruatog g f av lim, o {f(z) —

(Az+ B)} =0.

(a') Bpeite mv acUumtetn 10U ypa@ruatog piag av umapxet g f(z) =
V2 + 1,z > 0.

(B") Opiote kata avaloyiav acUUNTOTEG Y1a & — — 00 Kal SOOTE Tapadety pa.

(v) Tote n eubeia z = A 6a Aeyetar aotumem 10U ypa@nuatog plag f;
TIpoteivete evav optopo mou va cuvenayetat otz = 0 eivat acUPmI@T
mg f(z) = 1/z xa1 Bpeite 11q aoUunteteg g tan .

(&) Bpeite 11 Tapay®yous TV oUVAPTIOE@V:
eSinzm, z € R, (log$)(1°gz)2, >0, 2% x>0 ") 2>0.

(e) Aivetar ou n ouvapmon f eivar acuveyng oto = 0 xat 6u 1 ¢'(0) dev
UTAPYEL.
i. Eivat owotn 11 oxt n npotaon: «H f + g eival acuvexrg oto = 0»;
Av sival oot dwote anodelln, av 01 d@OTe avimapadely pa.
ii. Me g idieq mpoimobeoeig, idia gpwmon yia v npotaon: «H (fg)’
dev unapyet oto = O».
(ot') H f eivar mapaywyioun oto (0,00) kxat lim, o f'(z) = 0. Aseifte ou
lim, ,o{f(z+1)— f(zx—1)} =0.
(C') Bpeite nq egamtopéves e mapaforiic y = z2 + 1 mou mepvave amd
mv apx1 (0,0). Iov tepver wov afova v z 1 egantopevn g idag
kapmuAng oto onueio (1, 2);
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4. TAPATQIOT

()
(6)

(1B")

(13)

Eow ou ta (z,,0), (0,y,) eival ta onueia Top1g 1@V EQANTONEVAOV TG

y = 23 ota onpeia (n,n?), n € N. Bpeite 1a dpia lim z,,, lim y,,.

Aeite toug inoug tev mvakev (oedida 82).

Bpeite 10 peyadutepo diaotnua g pnopens (—a, a) pe v wiouna: «H
ouvapmon f(z) = (sinz)(cosz) €xet aviiotpoen oo (—a, a)». Bpeite
NV aviiotpoen g f Kat v napaymyo tng.

Yrnobetoupe ou ot ouvaptrioeis f1(x), ..., fu(x) £xouv napaydyous tou-
Adytotov n 1a€ng oe €va daotmua (o, ). Tpagoupe
fite) .. fu(2)
W(z) = : :

£ V@) L ()

(6mou gV @) onpaiver v A 1aéng napayeyo g g)- Aeite ou

file) o fala)
flle) . (@)

aw _ : :

R : :
Dy (@)
@ o )

Mapatpnon: H opiCouoa W (z) Aéyetat opiCovoa tou Wronski xat £yet
e@apuoyeg ot fempia 1wv dtagopikwv €100V .
Aoote mapadeiypata (U CUYKEKPIUEVO TUMO—OXL AMAG UE YPAPIKES
TAPACTAGELS) OTOLXEIMO@V OUVAPTIOE®V (MOAU@VUNA, IPIYOVOUETPIKES,
exfenkeg, ...) f, g, h, ¢ wote

ii. g(=1)=0,9(2) =1,4'(1) <O0.

iii. h(k) =0,k € Z, |h(z)| <1/2,2z € R, h(1/2) #0.

iv. ¢(0) =0, ¢(3) = 1, ¢'(1) = 0 xa1 1 ¢ eivar yvroa avouoa oto

[0, 3].

i. Bpeite, énou unapyouv, 11¢ TAPAY@YOUS T@V OUVAPTIOE®V:

[z —1 1
ii—l—l’ arccot 1 t i, log {‘r,anh_1 (tan g) } .

ii. Bpeite 11¢ ' Tapaymyoug 1oV oUVAPTIOE®DV:

e log z, e?® sin (3m + %) .

Acei&te toug tinoug:
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i. cosh(z + y) = coshz coshy + sinh z sinh y,
ii. sinh(2z) = 2sinhz cosh z,

iii. tanh(2z) = 2amr_
iv. (-%+ 2 sinh(4m))' = (sinh 2 cosh z)2.

(€') Av f(z) =(z—1)(x —2)(z — 3)(z —4), 101e 1 f'(x) exe1 akpifag Tpeig
Siaopetikeg mpaypatikes pilsg.
(1ot') Aeite ou nediowon e” = 14z exel akpifwg pia npaypatkr piCa. Houa;
(1C') Aci&te 10 Seutepo nepog tou Bewpripatog 4.4.8 (ogrida 63).
() Aivera 1
Bo= 14 g —
CRRCTIE GO
Acei&te o1 1 3, ouykAivel oe evav appmto aptfpo.
(0) 1. Asife ou n efiowon tanz = z exel anepeg pifeq ka1 paiota
axpifag pia oe kabe Staonua g popeng Iy = (kn—7n /2, kr+7/2)
vy k € 7.

ii. T'pagoupe ay yia tn pila oto daotua I, k = 1,2,.... Bpeite,
av unapyet, 10 lim(agi1 — ag) xai dwote YE@UETPIKT] pUNVELa TOU
AMOTEAEOUATOS 0AK,.

(x') Eva xivitdo M xwveitat ootayes and 1o A mpog o O pe tayuuna
1m/sec. H axtiva OA tou xUxdou eivar 1m. ¥ feon B Ppioketat
Ha @@tervi) mnyt kat (nreitat 1 tayuta g okiag N tou onusiou M
nave oty nepigepeia (deg oxnua 4.21).

A
N
/2
B
0
Yxnua 4.21

(xa') Aei&te 10 napakaiw xpriowo fewpnua: «Av 1 f eivar ouveyng kat po-
votovt og gva daotnua I, 10te 1 g1koOva peom g f omoloudnmote
dwaotnuatog j C I sival emiong eva diaotnua.
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KE®AANAIO

T0o OAOKAHPOMA RIEMANN

O anelpootikog AOy1opOg AEYETAL OUYVA «dlAQOPIKOS KAl OAOKATP®TIKOS AOYIOHOS».
O 6pog dtaopiot], yia ouvaptiostg piag PetafAning, ival Tautoonog Je 10V 0po
napaywyioipn (BAene mapaypago 4.2). H «ohoxApwon», Eva pepog mou tng onoiag
fa peletnooupe ot ouveyxela, SIKAlOAOYEL TOV 0pO OAOKATP®UKOS Aoyiopog. Ot
apyYES TS «OAOKATP@ONG» avayovial ot pebodo tng «e€aviAnong» mou xpnotpo-
moloUoav ol apyaiot yia tyv gupeot] Oyk®v kat epfadmv. Y10 £pyo yia mapadety pa
10U ApYundn «tetpay@viopos g mapafoine», ToU ava@epAape Kal IPOTyOUHEVd,
avamtuooovial pe favpaotn akpifeia ot facikeg EVVOIES TG OAOKATIP@OT.

Ytoug pabnpatikoug tng avayevvnorng, edikotepa oto Newton, ogeiloupe v
oUvdeon petall napaymyiong kat odokAnpwons. To dvoua tou peyaiou Iepuavou
nabnuatxou Riemann (peoa Sexatou evatou aiwva) unapyet otov titho, yiau u-
napyouv dagopeg Bewpieg oAokANpwong, kat auth mou 8a pag anaoyoAnost ogsirete
Baoika og autodv.

5.1 To npofAinua tou epfadots

5.1a’ H pebodog tng efaviinong

Qg epPfadov evog emmedou oxnuatog A fewpolupe 1ov apipod mou mpokUmtEl OTav
ouykpivoupe 1o A pe €va terpaymvo mieupag 1. Kat' apyag dnradn anodidoupe
enfadov 1 oe autd 1o tepaywvo (gite mepiEyet eite OX1 TIg MAEUPES TOU) Kal anode-
XOUAOTE OTL 1] £VOoT] SUO T MEPICCOTEP@V anA®V oxNuatev (opboycovia, tpiymva,
noAIy®va,. . . ) «ue £Eva eomtepika» eival 1o afpoopa v epfadov 1@v avuotoi-
xov oxnuatov. Etot odnyounpaote eukoia otov timo yia 10 epPfadov opboymviov
HE PITIES MAEUPES.

H nepintwon tuyaiou opboymviou avayetatl o° autnyv, av TPOCEYYIOOUYE TI§ TAEU-
PEG PE PNTOUS, Yid MAPASEIYUA UE HId MEMEPACUEVT] OeKADIKT] TAPACTAOT Toug. Me
£€va amio texvaoua Ppiokoupe emiong tov wno yia 1o epfadov piyovou (BAene
oxnua 5.1).



5. To QOAOKAHPOMA RTEMANN

1x1

EFE=4-2=8 | B 65
B1+ B2 = B,

E = %(31“1) + %(ﬁﬂ&) = %ﬁ"-

Yxnua 5.1

H nepintmon tou xUkAou sival tumkT g pebodou g e€aviinong. Ag eivat a 1
axktiva tou KUKAou, v, To UY0g KAl g, 1] TAEU-
PA KAVOVIKOU TOAUY®VOU pe 2™ MASUPES EYYE-
ypappévou otov kUkro. Onmg gaivetal ekora
ano to oxnua, av E sival 10 epfadov tou xu-
kAou 101€:

1 1
2”§vngn <E<2" (51}”9" + (a— vn)gn> .

H axoroubia %2”1)” On Elval mpogavmg auéouoa
(10 moAUy®@vo pe 2n + 1 mheupég Oa nepiexet ent
mAgov 2™ tpiywva g poper ABTA) gpaocoe-
1at ano 10 E.

Yxnua 5.2

Ano v aAAn pepla
1
0<E-— 52"117,,97,, <2Ma—vp)on = (@—vp) sy < (@ —vy) s

OTOU 8§, MEPIPETPOS TOU MOAUY®VOU KAl S MEPIPEPELA TOU KUKAOU. TIpogavmg Opwg
(¢ —v,) = 0, ondie
%vn (2"0n) = %vnsn — E,
yuan — oo. Mapampoviag i@pa o1t 10 vy, GUYKAIVEL 6TO @ KA1 10 Sy, 010 S (av BErete
€101 0piCOUNE TO UTKOG NG MEPLPEPELAG), PTAVOULE 010 oupnepacna F = as/2.
Puoka Ba Nrav pataio va emvoel kaveig kat anod pia pebodo yia kabe oxnua.
INa ta ouvnbopeva yempetpika oxnuata eukoia PAenst xaveig, ou fa apkovoe va
€xel pta yevikt pebodo yia va Ppioket epfada «katm» anod to ypagnua ptag fetikng
epaypevng ouvaptnong f. To epfadov tou apiotepa oxnpatog yia napadety pa sivat
dfporopa mevie epfademv oxNUATEV TETOAS HOPPNS. Me 1OV 0po «kd1® amd 1o
ypagnua piag fetikng f» evvooups 10 oUvoro

{(@,9) a<z<Bra0<y<f(o)}
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5.1 TO IPOBAHMA TOY EMBAAOY

W

Yxnua 5.3

To oupporo mou ba ypnotponowotpe yi' auto 1o spfadov Ba sivar f; f{t) dt xau
fa 1o ovopaloupe opiopevo orokinpeua g f oto diaomua [a, 5]. To otpforo
auto fa 1o oplooUPE PE TPOTO TOU va £XEL VOT|UA Kal yia OX1 avaykaotikda fetikeg
ouvaptroels. Aev fa opiletal Opwg yia 0Aeg 11§ ouvaptnoels. Exeiveg yia tig omoieg
opiCetat Ha Aeyoviar Riemann-olokAnpmoipeg.

Ipwv Eexavrooupe 1 yeviki fewpia Ba Swooupe axopn eva napaderypa. Io
OUYKEKPIUEVA, XPTOLUONOIOVTAS 1] ONUEPIVT] YAGOOA TV padnuatikeov, fa pedetrn-
ooUpE £va TPOBATA TOU anaoOANOE Tov ApY1undn ToV IpIToV ai@va mpiv v apyi
Mg XPIOTIaVIKTG XPOVOAOYToNG. Oa pakpuyopnooupe Alyo ¢ autod 10 mapadstypa
€ OKOTMO VA MPOETOLUACOUNPE KAAUTEPA TO £0AQOG V1A TNV YEVIKT] TEPITTOOT].

5.1 O Terpayoviopog tng napafoirg

Oedpnpua 5.1.1 (Apxuwndng) 7o eubadov Tov ywgiov OABT petald) mns magabors
f (z) = 22, 7ov déova Tuwv T ka1 s evdeias x = 1 1wovTar ue o 1/3 Tov euBador’ Tov
opYoywviov OABT .

Anddeiln: Ag ywpicoupe 1o Saompua [0,1] oe unodwotpata [zg, 1), [T1,22) ,

-y [Tn—1,®y,) maipvoviag ta onueia zg, 1, Lo, ..., Ty ®ote 0 = 29 < 1 < Ty <
o < mpoq < @, = 1 oe xabe Sromua [Tk, zpp1] w0xveL 27 < 2?2 < :U%H yia
T € [T),Tpr1] KAl €EMOPEVES TO aviiotoxo koppat tou epfadou mou (nrape Ha
eivar peyakitepo anod 1o epfadov tou opboywviou pe Baon [Tk, zp41] xar 0Yog 7
Kal PIKpotePo amo 1o epfadov tou opboywviou pe v idia facn kar UYog m}iH . Av
Aowmov ovopdooupe E 1o (nroupevo epfadov, a exoups:

n—1 n—1
Z (Tp_1 —xp) 25 <e < Z (Tr—1 — T) Thyy
k=0 k=0

Aq ypavoupe ¥, yia 1o apiotepd dbpotopa kar La yia 1o defid. To A avu-
otoryel otn Slapepion xog, 1, - - - , T, U [0, 1] nou Bewproaye.
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5. To QOAOKAHPOMA RTEMANN

To otivoho X 5 Omou A 1 «SlapEPIOT» TOU
[0, 1] eival mpo@avag p1n Kevo kal gpay-
HEVO TPOG Ta MAV®, yla Tapadelypa and
10 E, onote kai and 10 LA+ yia onotodr-
note A’. Ynapyet Aowmov 1o supremum
autou tou Otivb)mu. I'pagoupe:

/ 22 de = sup Iy,
Jo

. onou A Swapepion tou [0, 1] xar ovoua-
A Coupe 10 fo 22 dx «xatm Darboux olo-

0 Tk Tht1 1 K\pwpa» g 22 oto [0, 1]. (O Darboux
nav o I'addog ye@peipng 1ou dekatou

xnua 5.4 £Vatou aimva).

‘Opoua opiCoupe 10 «maveo Darboux odoxAnpepar»

1
/ z® dz = inf {ZA : A Suapépon tou [0, 1]}
0

1 a1
/ xQdngS/ 22 dx.
Jo 0

O¢loupe va deifoupe o1 fol 22dex = fol 22 dz. v mepinteon autl] YpA@oupE

fa £xoupe mpogaveg:

fol 22 dz yia mv xowvi autr Oa tpn kat a v ovopaloupe 1o Riemann ohokAtpeopa

mg 22 oto [0, 1]. Ag napatnpricoupie xat’ apxdag ot yia onowadninote Siapépion A,

1 71
2(A) S/ z? da S/ 22 de < X(A)
J0 70

KAl EMOPUEV@S
71 1
OS/ mgdmf/ z2dm§§Af§A.
Jo Jo

Av domdv yia onotodnmote € > 0 pmopotpe va fpoupe A cote Na — X, < € Oa
gxoupe tedei@oet. Autd op®g sival apketd sukoro. Iaipvoupe

n € N, xa1 exoupe

n—1 n—1
E+1 kK 1
A= —— )= k?
=A Z( n n>n2 n3§] ’
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F.2 OPIZMOS. KAT BASIKES TAIOTHTES TOY OAOKAHPOMATOS..

_ E+1 kN (E+1) 1 &
s(A =§:< n>(7_ 3§:k+1 3; k?,
_ =0

Kat STIOIISVGOQ

_ 1 1
SA-Sp=—n*=—
AT EAT B n
Apxet domov va napoupe n > 1/¢ yia va €xoupe La — U < €. m|

Av t@pa Bupnfoupe ou:

(dddote anddelén ue enaywoymn),

»_n(n+1)2n+1)
Zk ;

BAemoupe o1 £xoupe Oeilel

- LI
n3 6 n3< <n3 6

! 1+1 1+1 1<E'<1 1—+—1 1-|—1
3 n 2n n 3 n on )’

Or axo)oubieg apiotepa xat 8eia ouykhivouv oto 1/3 emopeveg 1/3 < F < 1/3,
Smadn E = 1/3, nou eival akpifog autd nou Bedape va Seifouie.

1 nn+1)(2n+1) n? 1 nn+1)2n+1)

OnAad

5.2 Opiopog kar Baocikeg 1810TNTES TOU OAOKATPGOUA-
10G.

5.2a° O opionog tou Darboux.

Exovtag yia odnyo to nponyounevo napadeiyua, fa opicoupe 1o orokAnpopa Rie-
mann, yla ¢paypEVES GUVAPTIOELS 0e eva kAgiotd daotmua [a, b] (Sev unobetoupe
10pa Ou o1 ouvaptioels eivat > 0.) Alvoupe Tp@ia HEPIKOUS OPLOUOUS,.

‘Eva nenepacpevo ouvoro A = {zg, 21, ..., T, } €010 ©OTE

a=z9g<x <---<x)Hp =Db
ovopaletar Srapepion tou [a, b]. ITAatog e Siapepiong A ovopaloupe tov apifuo
d(A) = max{z) — xo, T2 — T1,..., Ty — Tp_1}-

To oUvolo v Sapepioewv tou [a, b] Oa 1o oupPoriCoupe pe Dla, b] nanra DIJLA,
av Sev umapyet kivouvog ouyyuoems. Mia Stapgpion A’ Aéyetar exAemtuvon piag
Swapepong A, av A’ D A. Aépe axopa om ) A’ sivar Aemtotepn ano v A. Me adha
Aoyia nepvape and pia StapePon A og pla EKAENTUVOT G, av ¢ npocbecoupe
kat aAda Siapetika onueia.
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5. To QOAOKAHPOMA RTEMANN

IS0t pa amhn xat xprioipn 1diotta 1ov Sapepicemv: Av A, A’ Sto Siapepioeig
U [a,b] 10te 10 ouvoro A U A’ givan pa exhemtuvon kal v dvo. Kabe aidn
exAémtuvon kat tov duo neptexel v A U A’ H anddeiln eivatl tetpipupev.

Fow wpa f pa ouvapmon oplopevn oe eva krewoto daotnua [a, b] kat A =
{zo,21,...,2n} € Dla,b]. e xabe eva and ta dwotipata [z, 1], [21, 22],
[Tn—2,Zn-1], [Tn=1,2n] N [ €lval gpaypevn ka1 mpog 1a Mave Kal mpog 1a KATw.
OvopaCoupe my xar My aviiotorya 1o inf xai sup 1ov tpov mg o autd ta
Swaotnuata, oniadn opioupe

my = inf{f(z):z, <z <1},

My =sup{f(z) 1 2p <2z <2ap31},k=0,1,...,n - 1.

OpiCouye t@pa yia xabe dapepion A 10 xat® xat 10 nave abpoopa g f e t0Ug
TUTIOUG:

3
—

X(f.A) = Z(ﬂﬂk+1 — Tp)My,

§ mIﬁLl - mIc k

H avicoumua X(f,A) > f(i A) eivar mpogavtig. Ioxver xar kau napanave: Av
A, A" € Doe X(f,A) > X(f,A"). Apxei va 8€1EOU118 ou A’ O A cuvenayetat
S(£,A) < S(f, M) xa S(f, A) < S(f, A) Siom tore fa éxoupe

kol
o

S(f,A) <Z(f,AUA) <Z(f,AUA") <Z(f,A").

Meéver Aowmov va Seiloupe v tedevtaia unoypappiopévn npotaon. H oxgon A’ D
A onuaiver 6ut A’ €xel nepiooodiepa 1 ta ida Staipetika onueia pe v A. Apkei
Aowmov va e€gtacoupe v nepintwon mou 11 A’ €&l £va Tapanave Salpetiko onpeio.

Eow dowmdv ou A = {zg,z1,...,2,} xat A = {xo,..., Tk, Yk, Tha1,...,Tn},
Snhadn n A’ €xer mapanave 1o onueio Yy Pe T < Y < Tpy1. Av ypayoupe

mj, = inf{f(z):zx <z <y}

my = inf{f(z) 1 yr <z <@py}

M, = sup{f(z): 2k < < i}

M = sup{f(a) e <@ < mpsa ),

fa exoupe:
I(f,A") = Z(f,A) = my(yr — 1) + mp(Thr — yr) — mi(Th1 — T)

= (my —mp)(yx — ) + (my —mp)(Teg1 — i) >0,

3161 IpoPav®mS mk > my, xaw my > my, dSniadn X(f, A’) > X(f, A).

Evielax napdpota anodekvietar ot B(f, A') < T(f, A).

H yewustpikn onuaocia 1@v 60@v einape pexp1 1opd eival amAovotdtt], av oKe-
@roupe Kat mait 1o mpoPAnua tou spPadou katm and 1o ypagnua piag f > 0. To
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F.2 OPIZMOS. KAT BASIKES TAIOTHTES TOY OAOKAHPOMATOS..

Yy
g M z
r My A H M3 ¢
hi K
my
A ma
N ms =
A B
x

0 a = xo x1 T2 xr3 =

i(f} A) = (1‘1 — mo)Ml + (mg - xl)Mg + (.’L‘fg - I‘Q)Mq = Spﬁ(ABFAEZH@BA)
E(f,A) = (z1 — mo)my + (22 — x1)ma + (3 — 22)m3 = enf(AIKAMNEBA)

Yxnua 5.5

X(f,A) napiotavet 1o epfadov jiag eveor opfoyeviev mou «ipooeyyilet ano xa-
10> 10 (rrotipevo epfadov xat 1o X(f, A) Sivel aviiotoiyn ipocgyylon» ano nave
(Brene oxnua 50)

To ouvolo {Z(f,A) : A € D} eivar mpogaves pn KeEVO Kal gpAypEVo Tpog ta
nave, O1ot omotodnmote L (f, A) eivat eva ave @paypa tou. Ymapyel Aomov 1o
supremum autoU tou ouvorou (afimua ouvexelag). Oa 1o oupforifoupe pe fb fn

“a
fbf(m)dz ka1 fa 1o xadoupe kaTw Darboux olokAnowua s f 670 [a, b].
“a _

To ouvolo {E(f, A): A€ ﬁ} £lval MPoYavag U1 KEVO KAl @PAYHEVO TPOG

1a kG, don kabe X(f, A) yia mapddetypa eival €va katm @paypa tou. Yndpyet

Aomdv 1o infimum autot Tou cuvdrou. Oa 1o cupforifoupe pe fo n [ f(x)de
kat fa 1o xadoupe avw Darbouz olokAiowua s f 670 [a, b].

Ailvoupe topa Tov 0plopo 10U 0AokATp@muato¢ Riemann piag gpaypgvng ou-
VapInorng.

Opioudg 5.2.1 (Darboux) M goayuévn svvagtnsn f, opisuévn 6e €va KA£16TO
—b
duisTnua [a,b], Aéyetar Riemann olokAnoueyn s7o [a,b], av [ f = [ b f- H xown
] La
avrr Ty, Aéyetar Riemann ohoxAripwpa s f kar supBoXiCerar pe [ ab fif ab f(z)dz.

O oplopog mou dwoape kat 1 oulrnorn mou mponyninke Sivel oxedov ausoa pia

—-95-—



5. To QOAOKAHPOMA RTEMANN

Kavt) kat avaykaia ouvinkn yia mv Riemann oloxAnpeaoipotnia piag ouvaptnorng

7.

Oewpnua 5.2.2 M poayuévn svvaptnsn f opispevn 670 kAesTo dudsTnua [a, b] evar
Riemann olokAnouwswun av kar uovo av, ywu kade € > 0 vadoxer A € D([a, b]) wérow0
weTE

i(fA)_Z(f,A) < E.

Ané8e1ln: Ynobetoupe npota ou 1 f eivar Riemann oloxAnpmwoiun, onote

b —b

ra+5> [ 1= [ r>sran -2,

yua xanoieg dapepiosig A/, A" (yiati;). Av twpa A = A’ U A" givar a xowvr)
exAémtuvon tov A', A", 101e 1) 1€dEUTAla AVIoOTITA KAl O AVIGOTITES

(f,A") > E(£,4), B(f,A) <Z(f,4)

nou deifa e MPONYOUPEV®S GUVENAYOoVTal
3

2

£
a0

S(f,A) + g

> N(f.A)
dnhadn
i(fA) _Z(f,A) < E.

_Avtiotpoga, av umofecoupe ot yia kabe € > 0 unapyet A € D 1€1010 wote
S(f,A) — X(f,A) < g, 101 01 IPOPAVEIG AVIGOTTES

—b

yﬂMs/Us/gsi@A)

OUVENAyovIal

KAl EMOPEV@G

O

IIpwv mpoymprooupe, ag d@oOUYE £va TAPASELY HA ULag GPAYUEVTS OUVAPTIOTS TTOU
dev eivar Riemann oloxAnp@oipn.

H ouvaptnon tou Dirichlet nepropiopevn oto Staomua [0, 1], Sniadn nouvapmon

1 z pmog oo [0, 1]
0 zappmog oto [0, 1]

) = {

dev eival Riemann oloxAnp@otpn.
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5.3 O OPIZMOT TOY RIEMANN

Ipaypatxka, ya onoadinote Sapgpion A = {0 =xg < 21 < -+ < zp, = 1}
wu [0,1] My, = 1 xar my, = 0, Siou oe kabe Saotnua [z, Tr41] utapxouv xat prroi
xat appmnrot apifpoi. Yuvayoupe Aomov ott:

n—1

2(f,A)= Z(mk+] —25)-0=0

k=0
n—1
X(f.A) = Z(wkﬂ —ap)-1=0
k=0
—1
KAl EMOUEV®S f(l)f =0<1=[,f, dnhadin f Sev eivar ohoxAnpooyr.

5.3 O oprouog tou Riemann

Ag yupiooupe yia Alyo oto mpofinua tou epfadou. Ataiobnukd toudayiotov pmo-
poupe va mpoogyyiooupe 1o gufadov kat® and to ypagenua piag f > 0 oplous-
vng 010 [a,b], xopig va acxoinfolpe pe ta ¥ xai¥. Amia yia kafe Siapépion
A={{a=u1x <z <- - < xy =} naipvoupe pa wyaia emiroyn onuei@v
E={ly,...,én1}worexy <& < zpyr yiak=0,1,...,n—1xa oxnuatiCoupe

10 afpoopa
n—1

D FAE) = (wrpr — w) ().

k=0

IMepipevoupe tpa ot av 1o miatog d g dapeptons (unevBupiCoupe tov oplopd
tou d = max{z; — Zo,...,Ln — Tpn_1}) Eivel ot0 0, 101 10 Y (f, A, E) ba teivel

oto gpPadov mou (mape. Evag «edoyog» Aomov optopog yia 1o ff f Ba Mav:

B
/a F=1im 35,42

Auotuy®g 0 0plopdg autog dev €xer vonua Kal MPENel va Katadafoupe xaia
10 yuati. O Aoyog eival amhd Ot 8ev £XOUUE OPICEL EVVOIA OPIOU NG HOPPTIS
limg,0 > (f, A, E). Me doa exoupe net, povo av w »_(f, A, =) mav pia ouvapu-
on tou d Ha pmopotcape va uAnooupe yia to opto. AAAa o Y (f, A, E) kabe addro
Tapd TET01d CUVAPTIOT] Eival’ IPpAay patikd onmg £netal and 1ov oplopd tou, e€aptatat
ano m dapepon A, dnradn pia n — ada xg, x1, . . ., Ty TpAyUATIK@V apifpov xat
ano mv emroyn E = {&n, &1, .-, €1}, ONAadT akoun ma n — ada. Kat yia va
moupe OAN v ainfeia 1 kataotaon eivat akoun Xepotepn, yiati ta &g, &1, - -5 €1
efaprovial ano ta g, ..., T,, aeou mpenel zy < & < Tpp1. O pabnuauxol -
pualav fewpia mou kadimier autég ug nepimiwoets (fewpia SiktUmv, 1) oUykAion
Moore-Smith), adla Sev ypeialetar va @racoupe o autnv. Apket va Bupnfoupe
10V «€YIAOVIIKO» OPLOUO TOU 0PIoU Kdl, XPNOIUONOI®VTAS TOV 0dV HOVIEAO, VdA TE-
prypayoupe u Ba Bedape va eivar 1o «limg_o Y (f, A, Z)». To anotedeopa eivat o
EMOUEVOS OPLOUOG:
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5. To QOAOKAHPOMA RTEMANN

Opionog 5.3.1 (Riemann) M goayugvn svvagtnsn f oosuévn 670 k\esto dui-
stnua [a, 8], Aéyetar ohokdnowsn 6’ avtd, av vrdgyer evas agducs I wov Ja Tov
yoa@ouvue ff f xar Ya tov ovopdlouvue olokAowua s f s7o [, B, wete yua kdde
€ > 0 vmagpxer 6 > 0 pe Ty 1W00TnTa ya kade Nuapeosn:

A={a=z<a < <, = f}

ka1 ke emhoyn = = {&oy .. En—1}t ue xp < & < xprapek=0,1,....,n—1va
16xVer: IAatos(A) = d < § svvendyetar

Z(f,A,E)—/jf

O opondg 1ou Riemann umnpée o mpdtog 10Topikd akpifng oplopog 10U 0OAOKAT-
popatos. Oa Pacicoupe v avamtuén g bewpiag otov optopd 1ou Darboux, mou
glval evvolodoyika amhovotepog, kat fa avafaioupe yia apyotepa v anodeiln tng
woduvauias Twy dV0 06UV .

<Ee.

5.4 H oloxAnpemoipomia 1@V HOVOTOV®V KAl OUVE-
X®V OUVAPTIOEDV
To kpitnpio mou Swoape otnv TponyounevT napaypago fa pag fonbdrost va deifoupe

TV OAOKATP@OIUOTIIA TOOO 1@V UOVOTOV®OV 000 KAl TV OUVEX®V OUVAPTIOE®V.

5.4a’ Movotoveg ouvaptnoeig

Ag umobecoupe ou n f eivar at€ouoa oto [a, f]. Awakeyoune cav A ) Sapepion
TOU aVTIOTOLXEL O X@PLOUO 10U [a, ] oe n ioa tunpata dniadn,

A:{a,a—}—u,...,a—{—kﬂa,...,a—{—nﬂazﬂ}.
n n

n
Y mepintwon auth fa exoupe

i(:ﬂk+1 - mk)(Mk - mk)
k=0
= Z(l‘k_H —l'k)(f(l'k+1) _.f(xk))
k=0
~ B*O& n—1
= m Z(f(iﬂkﬂ)_f(xk))
k=0

S TORr)

i(faA) - Z(f: A)
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5.4 H OAOKAHPOSIMOTHTA TON MONOTONON KAT SYNEXON SYNAPTHSEQN

Eoww twpa € > 0. [penet va deifoupe o1t unapyel n @ote

8-«

n

(F(8) — f() <e.
duoikd autod sival Taviote SUVATO® APKEL VA TAPOUE

BB = 1)

€

5.48° XYuveyxeig ouvaptioeig

Ag unofeooupe tpa ou 1 f eivar ouveyrig oto [a, 8] kat e > 0. Tlpéner va fpoupe
A € D dote

n—1

S @rsr — 2 (My —my) < e
k=0

Enedn n f eivar ouveyrig, ba unapyouv &, &} 010 [zg, Tx41] @ote
My = (&), xavmy, = f(&,).
Ag xavoupe xat’ apyag mv unodfeon ot 1 f eivat Oxt povo ouvexng, aiida ou
£)E1 Kal Tapaymyo @paypevn oto (a, 3), dnradn ou vnapyet n f'(z) yia z € (a, )

xat |f'(z)] € M yia a < x < 8 yia xamnoto npaypatko M.
To Bempnua g HEOTS TIUNG OTNV MEPIMTI@OT AUTT] PHag AEyst OTt

My, —my, = f(&) — (&) = (& — &) (&),
omou &' xamotlog aptBpog petal twv &), kat &, xat EMOPEV®S
My, —my < [§ — M < |zppr — 2 |M < d(A)M,

omou d(A) 1o mhatog g A.
Av dowov napoupe pa A pe d(A) < e/ (M +1)(8 — ), wte

SUA) - S(HA) = 3 — ) (Mg — )
k=0
BCEREIP S
€
- Graorry T
< e

Av KaAOOKEQTOUUE TOV MAPATAV® OUAAOYIOUO, BAENOUNE O 1] TAPAYWYICIUO-
ma g f pag xpelaotke povo yia va deifoupe ou 1 f wkavonoiei pia ouvOnkn
Aiyo woxupdtepn anod m ouveyela oo [a, ]. Tho ouykexpipeva mv erg:
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5. To QOAOKAHPOMA RTEMANN

T kade € > 0 vragyer § > 0 weTe ya 6Aa Ta x1, To awo 10 MTENIO 016UV TNS f

|1 — 22| < d = |f(x1) — fz2)] < e

Mia ouvaptnorn mou tkavonolel 1 ouvinkn aut oto nedio oplopou g A€yetat
opoUopPa 6VveEXNS o autod. H oAokANpottot)id 10V cUVEX®V OUVAPTNOE@V Eival
1®PA AUECT] CUVETELA TOU MAPAKAT® oNpavtikou fempnuatog.

Oewpnua 5.4.1 Av 1 svvdptnsn [ evar suvexns 670 k\ewsTo ddstnua [, (], Tote
emar Kar OpoIopuo@a 6VVEXTS 6 avto, dnhadn yu kdvde € > 0 vmdoxer § > 0 pe v
Wwtnra: ya kade x,y € o, B] pe |x — y| < § émerar |f(z) — f(y)| < e.

Ye enopevo kegaiato a dwooupe v anodein tou Bempruatog autou kabmg
Kal OploPEVaA oXOAld TAVE OtV opoldopopen ouvexela. Iapatnpoupe navimg, Ot
1 €101KT] MEPIMT@OT] MouU anodeiape €ival apketn yla v napanepa avantuln tng
fewpiag. Mpaypatxd, eva amho mopiopa mg e181Kng autng nepint@ong eivar ot «Or
ONTES, OL TOLYWVOUETOIKES, Ot VTEQBONIKES, 01 ANOYamIukes, o1 eKVETIKES 6UVAQTIEELS
kadws kar svvovasuol ue anies mpaels 1 6UVIESEIS aUTWY €Al ONOKATOWGIUES 6€
kde KAe1670 SuisTnua [, B] mov megiéxeTar 670 MEGIO 0QIEPOV TOUSH.

IIpaypatxda ot ouvaptnoelg auteg £ival TAPAy@YIoIPes 010 MESIO OPIGUOU TOUG
Kal Ol MapAy®yol Toug eival ouvexeiq. Ye €va KAE10T0 Aomov Saotud auteg ol
MAPAY @Yol EIVAL PAYUEVES, ETOUEVHS £QAPUOLETAL TO AMOTEAECUA TOU anodsiape
Tapanave.

5.5 I316tnteg tou odokAnpempatog Riemann

Onwg xai oIy TEPINIOOT] TMV OPIOU@VY TG CUVEYELAS KAl TN TAapay®@you, 101 Kal
T®PA MPENEL VA ANOOEIEOUPE TOUAAYIOTOV TIG AMAEG 1O10TIIES TOU OAOKATIPOUATOS,
AUTEG TTOU «AVAUEVETAL» VA £XEL 1] Katvoupyla evvold mou opioape. H anodeiln sivat
1 avTapoBn yla €va TETUXNUEVO Oplouo, 1), av BEdete, 10 avaloyo 11§ TEPAPATIKTG
enaAnfevong piag fewpiag ot Puowkr). Tha va eipaote Opwg €AIKPIVEIG, TPEMEL
va MoUpE OU 08 apKETES MEPIMIMOELS 1] SoUAeld auth sival ayyageia (culroyiopol
POUTIVAG, MEPITT®OIOA0YIA, . . . ). XTIG MEPITTMOELS AUTEG EIVAL «AVAYKATIO KAKO».

Oa XPNOLHONOINCOUNE TOUS GUPPBOAGHOUS T@V TPONYOUUEVEV TAPAYPAP®OV Yid
ta A, My, myg, xopig va emavaiapfavoupe kabe gopd tov opiopo 1oug.

. . . B
(i) Av f(z) =c=omwbepayia a <z < f, 10t [ f=c(f — a).
Mpaypauka, omv nepintwon autr) exoupe My = my, = C KAl ETOPEVRS

n—I1

S(f,8) = 3 (@rs1 — zi)e = (8 — a)

k=0

n—1

S(f,48) =D (@1 —wp)e = ¢(f — )

k=0
onérekmi’zf =Tif =c(B - a)
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5.5 IATOTHTES TOY OAOKAHPQMATOY. RTEMANN

(ii) Av ou f xat f eivar ohoxAnpwoipeg oto [a, B8], 1ote xai 1 f + g eivar ohoxAr-

P@OLUT KAl 10XUEL:
B B B
/ (f+g)=/ f+/ g
[e]3 [e3 [e]3

Xpnowonowoupe ta myg, My ya to inf xai sup wg f + g owo [zg, Tra1],
w my, My yuo mv f xar o my, M} yia mv g avtiotoixa. Ia xabe z oto
[Tk, Th41] EXOUpE:

f(z) +g(z) < My + MY/

Snradn 1o Mj, + M} eivar mpogaveg ave gpaypa g f + g 010 [xg, Tpy1],
apa sivai peyautepo 1) ico ano to supremum g f + ¢ oto idio diaotnpua.
Yuvayoupe dowmov otw: My < M; + M, xai opoiog my, > mj, + my. Ilok-
Aamiaotaloviag autég tig aviooteg pe tov fetikd aptlpd (zrpy1 — xp) xat
npoabetoviag yia k = 0,1,...,n — 1, Ppiokoups:

> (mi, + mi) (@ — )

> mu(zhgr — 2x)

E(f+9,4) <E(f+g,4)

> Miy(wpg1 — )

< Z(Mllc + M) (Tps1 — 1)

= B(f,A)+X(g, Q).

E(f,8) +X(g,4)

IN

Onhadn
(E(f,A) +X(9,4)) <E(f+9,4) <

<I(f+9,A) < (B(f,A) +X(g.4)) .

Ané g tedeutaieg aviooTieg TPOKUNIEL APEGA OTL

Foww 1opa € > 0. And 10 xpiuipio odokAnpmoipdutag mou EEpoupe ouva-
youpe ou unapyxouv Ay, As 1€1010 ©OTE

0 < T(f, A1)~ Z(f A1) < 5
Kat

_ £

Av A = A1 U As 1 xowvt) exdentuvon tov Aq, Ay, 10T 01 AVICOTIIES AUTES
fa e€axoroubouv va wyvouv av Becoupe A oty Béon t@v Ay, Ag (yiati;).

TIpooBetoviag 11 aviootnieg ToU TPOKUNTOUV PPIOKOULE:
0 Si(f+gvA) _Z(f+gvA) <e
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TOU OUPQ®VA TAAL JE TO KPLUPL0 pag Osixvel ot 1 f + g sivat ook Anp@otpr.

/ab(f+g)—/abf+/abg-

Fotww £ > 0. Aeifape npiv Aiyeg ypappeg mv avicotna
I(f,A)+X(9,A) <X(f+9,4) <

b
s/ (f+9) <T(f +9.8) <T(fA) +5(g, A)

Mevetl va deifoupe o1

yia onowadnmote A € ([a, b]). Eneidn f: f =inf (£, A) Ba unapxet A; té1010
@OTE

b
S(f,Ar) < / f+ g yuati;

kal mapopota fa umapyet Ay 1ET010 ®OTE

_ b £
Y(g,A2) < / g+3-
a

O1 avicotnieg auteg Ba wyvouv xat yua mv xowvt) exAentuvon A 1ov Ay, Ay
onote fa €xyoupe

b b
i(f,A>+i(g,A></ f+/ P

Me 6poto ourdoyiopo Ppiokoups

b b
z<f,A)+z<g,A></ f+/ g—¢

(umopoupe va unofecoupe ou 1 ida Stapepion A epgaviferal xat otug dUo
aviootnieg ylati;)

Yuvdualovtag 6oa eimape mAPANAVE OUVAYOUUE:

/abf+/abg—s</ab(f+g)</abf+/abg+5,

apa, enedn 1o € eivar aubaipetog Betikog apiBpog

/ab(f+g)=/abf+/abg-

Mapatipnon: H anodein autr 6a mrav ouviopotepn av Ypnolponolovucape
10V oplopo tou Riemann, yiati avii yia aviootnieg fa ypnotponotovoape v
TPOPavT] 100T11a:

S(f+9,A2)=%(f,A,%)+%(g9,A,=).

Aev akoroubrnoape auty mv pebodo yiati dev €xoupe akoun anodeist v
1000UVANIA TOV OPIOU@V.

-102 -



5.5 IATOTHTES TOY OAOKAHPQMATOY. RTEMANN

(iii) Av f ohoxAnpwoiun oto [a, b] ka1 A npaypaukog apifpog, tote xar 1 Af eivar

OAOKATNP®OLUT KAl 10X UEL
b b
/ Af = /\/ I

H anodeiln eival mapopola kat a@rvetal otov avayvoot).

(iv) Av f, g odoxdnpworpeg oto [a, b] ka1 A, pu npaypauxoi apipoi, tote n Af + pug
gival OAOKAP@OoLUT Kat 10YUeL

/:(Af+ug)—/\/abf+u/abg-

Anéd3erln: Apeon ouveneia wov (ii) xar (iii). |

(v) Ava < ¢ < b, tdte 11 f eivat odoxhnpwotun oto [a, b] av xat povo av sivat
ohoxAnpwoiyn ota [a, ¢] kat [e, b]. Toyuet 1o1e

/abf—/acf+/cbf-

Anoddeldn: Ag unobecoupe ou n f eivar odoxAnpwoiun ot [a,c] xat [c,b].
Eoww eniong & > 0. Ynapyouv Aq € «([a, c]) xat Ay € ([, b]) 1€1010 w01

S(f.A0) < /Cf <S(f,A)

Kat
S(f, A1) = Z(f, A1) < g
b J—
E(f, A2) S/ f<I(f,Ay)
Kat
S(f,A2) = 2(f,As) < g.
TIpogavag, B
S(f,A) =3(f, A1) + 2(f, A)
Kat

Z(f’A) :Z(f7A1)+Z(f:A2)
av A = Ay UA;y € ([a,b]) 1 eveon tov Ay, As.

Yuvayouue Aomov ot
c b o
DTN R I ED AN
a c
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Kat

E(£,4) - Z(f,4) = (E(f, A1) - 2(f, A1) +

+@MAﬂ—&ﬁ&D<§+§:a

Exoupe emniong

b J—
ﬂﬂ&ﬁ/fSEMA%

—Qa

Yuvdualoviag tig peig tTeAeutaieg aviooties fpiokoupe:
b c b
IERVEST R
J 4 a c
b c b
[i=Le]+
J 4 a c
—b c b
IR

H aAAn xatevbuvon eivatl eukorotepn Kat a@rvetal otov avayveot). O

<B(f.A) - E(f,4) <e,

onote

[Tapopowa exoupe

Av adra€oupe v upn plag ohokAnpeotung oto diaotnua [a, b] ouvapmong f
oe £€va onpeio 10 orokAnpwpa dev arralel, Snradn av f(z) = g(x) yia dra
1a z € [a,b] ex10g lowg ano © = xg 10t

[ [

duoika 1o 1010 Ba 1wyver av adraoupe v tpn Mg f o€ £va NENEPACUEVO
mAnfog onueiwv (tetplupevn enaywyr).

Anéd8erln: Tapatnpolpe katapyag ou nh = f — g eival maviou 0 oto [a, b]
£K10¢ 10@¢ ano 10 xg. Apkel Aomov, Aoy g 1dotmag (iv) yia A = 1 xat
u = —1 va deifoupe ou fab h = 0. Av h(xzg) = 0 10 anotedeopa eivar
aueon ouveneia g wonag (i). Eotw dowmov h(zg) # 0 xar e > 0. Ag
napoupe pia Stapepton A pe mharog d(A) < £/(2|h(zg)]). To mohu dvo dpot
1@V abpoopdtev mou opiCouv ta L(h, A) xat X(h, A) fa sivar Sidgopot 10U
Undevog kat o kabevag ano autoug fa sivatl kat anoAuTn TN PKPOTEPOS TOU
d(A)|h(zg)| < /2.

Oa €xoupe Aomov
b —b
<A< [ hs [ neSha)<e

amo Omou Apueca €metat Ot 10 fa h unapyet xat wooutat pe 0. O
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(vil) Avm < f < M, a < qr < bxa f ohoxinp@oipn, 101e

b
m(b—a)g/ f<M(-—a).

Andderin: Ta xabe A exoupe

n—1 n—1

S(f,4A) = Z($k+1 —xp) My <M Z(Ikﬂ —x) = M(b—a).
k=0 k=0
n—1 n—1

S(f,A) =) (wpar — w)mg >m Y (w41 — 7) = m(b - a)
k=0 k=0

(viii) Av f(z) < g(z), a <z < bxa f, g ohoxAnpwoineg oto [a, b] tote
b b
/ f< / 9-

Anéderln: Apkei va Seifoupe ou f: h > 0 yua xabe oroxinpawowun h pe
h(z) > 0, a < z < b (nat;). Autd opwg sivar gavepd yiat 1 unobeon
h(x) > 0 ouvenayswat my, > 0, apa X(h, A) > 0 yia onotadnnote diapgpion
A. |

(ix)
/abf s/abu,

yua xabe f odoxAnpwoiun oto [a, b].
Anodeiln: H exgovnon mg 1douag avtig sivat Alyo «movnptp. Ag v
amodeifoupe xatapyag aPeA®e Kal PETA a¢ OOUUE TOU TV «NATIOAUE.

Exoune
—|f(@)] < flz) <[f(z)| viaa <z <D,

omote ot 1dotteg (ii) kar (viil) pag divouv

—/:fIS/abe/ablf,
/abf s/ﬂbu.

TTou v matnoape; Ma @uoikd €mpene katapyds va amodsi§oups Ott 1 odo-
kAnowswotna s f evvemdyetar Ty olokAngwsiotnra s | f|. Eutuxeg 1
anodein eivar eUkoAn kal agrvetal otov avayveotn. (unodeiln: H Siagopa
My, — my, yia mv |f] Sev Eenepvaet v avtiotoiyn dtagopa yia v f.) O

Oniadn
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(x) M yevikeuvon. To f; f(x)dz exa1 opotel povo oy nepimwon a < b. Oa
€lval Yp1olo vd 10 OPICOUPE Kat oTi¢ mepIm@oels a = b xat a < b. O oplopog
eivat o €€ng:

Oproudg 5.5.1 Ava=>brmn f ewar opisuevn 670 a Yérovue

/aaf:O.

Av a > bran f ewar ohokdnowswun s7o [b, a), 9érovue

[s==]

Ewar oAU VKOO va Jovue OTL ONES 01 1010TNTES TOV SEILAUE 16XVOVV KAl UE TNV
YEVIKEVUEVT, QUTT, EVvola ToU oNOKANouwparos. Jia magdderypa av a > b kar o
f. g evar ohoxAnousiues s7o [b, al, tote

/ab(f+g)=—/af+g [ /g—/f+/

H emalndevsn Twv vTONOWTWY 10T TWY APNVETAL 6TOV aVAyVIWETI,

5.5d' Ta Baocika Bemprpata yia to oloxkAfpapa.

Ta dvo bewpnuata mou Ha anodeifoupe o’ autn Vv napaypago eivair and ta orn-
pavtikotepa tou Aneipootikot Aoytopou, yia autd xat ovopaloviatr «OQepeiicdn
Ocwpruata». OQuotaotikad fa cuUVSECOUV TIg EVVOLES TAPAY®YION KAl OAOKATIP®OT].
H avaxkaiuyn toug anodidetat otoug Newton kat Leibniz. Eivar akpifog auta ta
femprjpata mou oprobetouv pia vea emoy1) yia tov Aneipootikd Aoyiopd Aiyo peta
mv Avayevvnon xat yia toAAoug v anapyij tou.

Ag Bewpricoupe pa ouvapmon f oroxAnpaotun oto diactmua [a, f]. Aev unobe-
toupe out f > 0, ad)a sival okOmo va £Xel 0 avVayv@OoTng autr] TV TEPITI®OT] 0TO
HUaAo6 Tou, yia va mapakoAoubel ) YE@UETPIKT] oNpacia 1000 1@V AMOTEAEOUAT@®V
000 Kal 1oV anodeiemv mou fa dwooupe.

Acifape (Sotma (v)) onav a < z < f 101€ 10 f; f umapyer. H yevixeuon
ToU SWOAPE PAALOTA OTO TEAOG TNG MPONYOUUEVTS TAPAYPAPOU UAS EMIPENEL vd
OplooUpE TO fogf f yia a <z < f. Yuunepaivoupe Aomov Ot 10 OAOKATp@UA fz f
opiCet pua ouvapmon, ag myv ypayoupe F(z), opiopevn oto diaotnua [«, ],

T
[5 vancacn
«

Ag pelemooune m ouvaptnon avti. H Swagopa F(x + h) — F(x) napiotaver ye-
ouetpika 1o opilovua daypappiopevo epfadov oto oxnua 5.6. To epfadov auto
MPOPAV®S £ival pikpoTePo ano 10 epfadov evog opfoymviou pe paon h xar uyog M,
onou M eva ave gpayua g |f|, xa |f(z)] < M, yia a < z < §, ka1 enopueveg
teivet 010 0 pe 10 h. To cuungpaopa Aowmodv ivat: av 1 f eivar oAokAnpaotun oto
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Q r x+h O

Yxnua 5.6

[, B] o1 1 ouvaptnon F(z) = f; f eivat ouvexng oo [a, f]. H akpific anodeién

eivat €€ioou amin. Exoupe:
zo+h T zo+h
[ R IV
@ @ To

|F(z + h) — F(z)| <M%=E.

Anodeiape Aomov, xau napanave anod 1 ouveyeia mg F, dniadn oyt uovo ou
N |F(z + h) — F(x)| eivar pikpn pe 1o |h| adda xar 6u woyver 11 oxeon

|F (20 + h) = F(zo)| < M[h|.

|F(ao + ) - Flao)| = < M]H

Kal EMOUEV@S

Ot paBnpatikoi Ypnolponolouv yia TETOIES CUVEYXEIS ouvapTnoelg tov 0po «Lip-
schitz ouveyeig», adda Se Ha enextabolpe o aut v evvola. Exoviag opumg topa
Oeilel OT1 UTAPYEL «TTEPIOOEUPA» OUVEYELAS OT0 Zg Ha e€etaooue PN®S UTApyet Kat
1 mapaywyog g F oto xg. H anavinon sivar apvnuxin xmpiq kanoia smnpoobetn
undfeon. Autd pnopouie va 1o katarafouiie apeomg e £va napadety pa. Oewpolpe
M oUvVaptno

f(T):{ 1, avzg<z<f

0, ava<z<axg.

H f eivar odoxAnpooipn oto [«, 8] (yat;) xa

e 0, ava <z < 29
F(‘E)‘/a f‘{ r—30, avag <z <f,
(yuati;). H yeouetpiki) epunveia 1ou napanave tnou eivat npogavils (BAgne oxnua
5.7).
O tnog nou Pprikape yia mv F(z) enainfever aueoms m ouveyewa meg F xat
Seixvel emiong ou n F' Sev undpxet oo zg (F'(zd) = 1, F'(zy) = 0). Av 6pes
T # xo 101

, ] 0, ava<Lz<m
F(m)—{ 1, avey<z<p,
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Yxnua 5.7

Smhadn yia & # xo 1 F' unapyer xar woutar pe f(x). To oupngpaoua auto sivai
yeviko kat ovopaletar mpuwro Jepenides Yewonua tov Ameostikot Noyispov.

Oedpnua 5.5.2 Av 1 f eivar ohoxAouwen 670 [, B] kar svvexns 670 g € [a, f]
tote 1 svvaptnen F(z) = f; [,y a <z < B, ewvar magaywyisyn 610 To Kai 1
wagaywyos s wovtar ue f(xo).

Puoika av g = a (g = ) evvoouue ouvexeld katl napayoylon ano defia (api-
otePa).

Anodeiln: Ha eletacoupe v nepimwon a < xy < f xa fa unobetoupe ou |h| <
min{f — xg,xo — a} ovtws wote o + h € (a, ). H nepimwon zg = anzg = S
eival avaloyn xat agnvetal otov avayveotn. Kaleital emong o avayvoorng va
napakoioubnost Oha ta frjpata g anddei&ng oto oxnua 5.8.

Yxnua 5.8
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O¢houpe va deifoune ou F'(xq) = f(xg) dnradn o

. F(xo+ h) — F(x0) _
g%< o+ 1) °fww)—0

Eotw npota h > 0. ©a exoupe:

F(m0+h)—F(m0) o
o —f(SUO)‘ =

TN N RE R CON
= (kL = peo)}|

Foww ¢ > 0. Eneidn n f umotebnxe ouveyng oto g Oa umapyet § > 0 wote
|h| < § ouvenayetat | f(x) — f(zo)| < e. Av dowmov |h| < 4§, t0te |f(z) — f(x0)| < e
yia g < x < xg + h, xa1 enopéveog 0 < h < § ouvenayetat

F(,T[)-l-h)—F(l’(])
h

zo+h
) <3 [ 1f = S0 < ghe =<,

zo

nou anodeikviet ot F' (zd) = f(w0). Opowa anodekvioupe ot F' (x5 ) = f(0) xat
enopevag F' (zg) = f(zo). (Awaioroynote dha ta fripata ug napanave anodeiéng.
ITov ypnoiponoinke 1 unobeon h > 0;) a

[Ip1v mpoymprooupe oe oXOAlA Kal EQAPUOYES Tou Hempnuatog autol ag mpoy®-
priooupe og £va nopiopa tou nou ovopaletal 8 Yepedudes Jewonua tov Ameiposi-
kov Noyispov.

Ag fewpricoupe maA pia ouvaptnon f oplopevn oto [, f] xat ouvexn yia xabe
z € [a,f]. BEow wwpa G wa ahdn ouvapmon pe nedio opiopou nait 1o [« [,
napaywyioiun oto («, ), ouvexig oto [a, ], xal €toia wote G'(z) = f(z), a <
x < . Mua erowa ouvaptnon fa ovopaletar agymn 1 adgisto odokAowua Tns f (mo
onavia A£ystal Kal avunapaymyos).

Aeifape ou 1 ouvapwmon F(z) = f; f elvat éva aopioto ohoxAnpopa g f.
Supnepaivoupe domov ou n F(z) — G(z) eivar otabepa oto (o, §) xat (agou eivai
ouvexTe) enopeveg otabepd xat oto [a, B]. Oa exoupe Aowmov F(z) — G(z) = ¢,
yiaa <z <B. Avz =010 F(a)= [ f=0dapac=—-G(a) onoe:

ﬂmzmmmwzﬁﬂ
Kat e1d1koteEpa

ﬂmzjﬂfzam—amy
Aceifape Aomodv to: ’

Oedpnpua 5.5.3 Av G eivar éva adoiso oloxAnowua s f, a < x < 3, 10te ff f=
G(B) — G(a).
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Suvifog 11 G opiletal o eva Sdomua (7,6) pe v < a < B < § xar eival
napaywyiolun o~ autod, onote 1) oUVEYELM otd a, B eival autoparr).

Yy napanave anodeiln Seifape ou av Gy (z) xar Ga(x) eival dvo adpota
ohoxAnpeuata g f 101e 10 G (x) — G (x) eival otabepd kat emopevmg av EEpoutie
£va aoploto OAOKATP®UA, Ta EEpoupe OAa.

T'a 10 aopioto ohokAnpmpa Ba yprotponotovpe 1o id10 cUPPOAO PE TO OPIOUEVO
ohoxAMpepa add xwpig opla odokApwong, (ta «, B oto ff Aeyovial 6pta oAoKAT-
PROTG, Tave Opto 1o B kat katm opio 1o a). Oa ypayoupe dnradn [ f 1 [ f(z)dx
yia kabe ouvaptnon g onoiag 1 napay®yos woutal pe f oto nedio opopou g f
(mou umotifetar 6u eivar eva Siaotnua).

O timog fff = G(B) — G(a) €xel emxpatnoet va ypagetal fff = G(2)|?,
Smhadt xpnotpomotoupe 1o oupforo G ()8 yia m Sgopa G(B) — G(a).

Me ta 60a €XOUPE TEL PEXPL TOPA, OUVAYOUUE OTL «O VIOAOYISUOS OQIEUEVWY
ONOKATQUUATWY avayeTal 6TNY £V0EET, AgYIKWY 6UVAQTIGEWY (A0QISTWY ONOKATOWNG-
7wy )». Auto Sev elvar maviote amhd axopn kAl av 1 mIpog OAOKATP®OT| cUvaptnor|
£lval OTOLXEIOONG. XTIC MEPIMIMOELS AUTES AV EVOLAPEPOUAOTE Yia v aptfpumuik)
TLUT] 1] V1A pid KAAT] TPOCEYYIOT EVOS OPIOUEVOU OAOKATIPOUATOS, XPTNOLHOTOLOUNE
dtagopeg pebodoug mou faciCoviatl 01OV 0plopod 10U ff f.

O nivakag 1@V mTapay@ymyv OPIOPEVEV OTOIXEINOMV OUVAPTIOE®Y TOU OWOAUE
OTO TPONYOUUEVO KEQPAAAL0 OLVEL O0XEDOV AUTOPATA EVA TVAKA AOPIOT®@V OAOKATIP®-
patwv. To ypappa ¢ a onuaivet, wg ouvnwg, pia otabepa. Ot timot 1oyUouv yia ta
x yia ta onoia ta defia pehn opiCoviar (kai €xouv, onmg EEpoule, 10TE TAPay®yo).

5.6 Baoikeg texvikeg oAokATpOONS

‘Onmg avapevoupe TOAAEG ISIOTIIES TS MAPAYDYIOTS UETAPEPOVTAL OF AVTIOTOUYEG
1O10TIIES Y1a TNV Aoplotn 0OAOKATPwoT). Oa ee1dooue PEPIKES AMO AUTES TTOU sival
101aitepa XProlPeg 0TOV UTOAOYIOUO A0PIoTOV, APa Kal OPLOUEVEYV OAOKATPOUAT@V.
Eto1, yia napddeypa, n yveot oxeon (aF + fG) = aF' + G a, B cwabepeg,
ouvenayetat moxéon [(af+ag)=a [ f+8[g.

Mapdderypa: Na twyaio nodvavupo f(z) = ag + a1z + - - - + apz™, £xoupe

ZE2 wn+1
f:c+a0x+a17+---+a

"n4+1

ITio eviagepovieg eival o1 Kavoveg OAOKATP®ONG TOU MPOEPYOVIAL AMO TOV TU-
o mapay®yiong ouvlheng ouvaptnong (kavovag g aiuoidag) kar and tov no
Tapayeylong yivopevou. Agyovial aviiotorya «0AOKATp®OT] pe avukataotaotp (1)
aday1) petafAntig) xar «OAOKATP®OT) KATd UEPT).

5.6a’ OloxAfp®on pe avukataoctaon

Av F(z) eivar éva adpoto ohokArpwua g f, oe éva Swotua a < z < S,
dnradn av F'(z) = f(z) yua z € (o, 8) xat g(y) yia v < y < § pia napay@yiotun
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" dx n#—-1,nezl

1
—dz =log|z| + ¢
T

% dx +¢, neR a#-1 +c, a>0
loga

cosxdr =sinz + ¢

=tanz + ¢

cos?z

= Arcsinz +c

/
/
[cirmere
/
[ =

V1 —m2

52 dr = Arctanz + ¢
T

= — Arccosz + (g + c)

sinhxzdr = coshz + ¢

/
/
/
PR—— =
[ e
/

/coshmdm =sinhxz +¢

1
/—de:tanhx-l-c
cosh” ¢

Iivaxao 5.1 Tlivakag aopiot@v 0AOKATp@UAT®V
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ouvaptnon pe v wionna g(y) € (o, 8) yia v < y < 4, tote 1 ouvbetn ouvaptnon
F(g(y)) opiCeranr xar n mapaywyog tng diverar and tov twno (kavovag aivoidag):

(Flaw) = F (sw)s' W) = 1(9w)g'w).

yuay < y < §. Me dhha Aoya nouvapmon F(g(y)) eivar €va adopioto oroxkAtpeona
me f(g(y))g'(y). Tpagoupe ouviPwg aut v 1Sidtna @g e&ng:

/f(g(y))g'(y)dy = /f(:r) dz.

Duoikd auto onuaivet OtL, £KT0g ano pia mpochetikt) otabepa, 1 cuvaptnon tou y mou
TMAPLOTAVEL TO APIOTEPA PEAOG MPOKUTIEL AMO T1] GUVAPTNOT TOU & MOU MAPIOTAVEL TO
8e&16 ngdog, av avukataotooupe 10 z pe g(y).

Mapatipnon 5.6.1 Poppaiicukda o napanave TUNOG MPOKUMTEL ATO TO OAOKATIP®-
pa [ f(z)dx av owm beon ou z Beooupe g(y) xat om Beon ou «Sagoptkot» dr
10 dg(y) = ¢'(y)dy. Puowa 10 dz o0 ohoxdnpopa [ f(z)dz eivar anheg oup-
Bolro, mou Ppioketar exel yia va pag BupiCer 10 Ay, = xp41 — z o0 afpoopa
> f(zr) (@41 — 1) toU opopot tou Riemann. O napanave timog Siver pia oAU
xpriotun pebodo oAoKATP®OTNG OTIG MEPITIMOEIS TOU TO OAOKATIPOUA TOU aplotepd
HEAOUG €ival EUKOAOTEPO OTOV UTOAOYIOUO.

Mapadeiypata
(i) [(2z + 3)® dz. ©ttoupe 22 + 3 = y Snhadi z = (y — 3)/2 xar €xoupe

1 1y 21 + 3)4
/(2$+3)3497=/y3—dy= %+C:7(T;3) +C.

(ii) [ cos® zdz. Ed®, onewg kat oe dAAeg NEPITIGOELS, SEV QUIVETAL AUECA 1) «Ka-
Ap avuikatdaotaon. Oa pmopolos Kaveig va dwoet Siaopoug kavoveg mou fa
KAAUTITAV apKeTES MEPIMI®OELS aAAd dsv Ba akoloubrooupe autn 11 taktk).
EE aMou o xapia mepintmon ol xkavoveg autol Oev MPOKEITAl va aviikata-
OTOOUV TNV gunelpia mou npospyetal pe v e€aoknon. Hapatnpoupe o1

cos® x = cos® zcosz = (1 — sin® z)(sin z)’
Enopeveg, Betoviag sinz = y:

3 103
. s
/(:os3xdw:/(1—yz)dy:c—l—y——‘%;S =c+sinz — nr

2 1
- d = ——
/.’L‘e T D)

(i)



5.6 BASIKES TEXNIKES OAOKAHPOXHY

[ = [e-ore-a

= /y*mdy

c+loglyl=c+loglz—a|, avm=-1
= y—m+1 (.’,E _a)(—m+1)
—m+1 -m+1

, avm # —1.

(v) [ 2rtBdp, A =2 — 46 = —4k? < 0.

24+yz+d

/ azr + B dr = /a(m-l-;’)+[3—°§’dm

x? 4 yr +6 B (@ +72)2 + 922

a/ 2(x+3)
- - dz
2 (T + %)2 + 452’7

ay dx
+( 2)/(m+%)2+%'

Yrnoloyiloupe yopiotd ta Suo ohokAnpdpata tou B pehoug ypagoviag k2 =
(46 —4*)/4 (= =6/4 > 0):

L = / 2(z + ) da :/((x+g)2+k2)’dm
G+ 2 ] TG R

_ dy _ 7\? 2
= /;7c+10g|y\7c+log (m+2) +k
= c+log|z® + vz +4|.

[ / dz _/' dz

2 = ($+%)2+#_ (z+ 2)2 + k2
1 / dzx 1 ($(z+3)) dz
R {Ee+ D+ k) {fe+ D+l

1 dy 1
7

1 +
= ¢+ —— Arctan 2

\/ 46 — 2 46 — 42
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5. To QOAOKAHPOMA RTEMANN

5.7 OlokAfpoon xata pepm

O winog (fg)' = f'g+ fg' odnyel apgowg otov Mapakat® IO TOU €ival yvmoTtog
0av «TUmog OAOKATP®ONG KATA UEPT:

[ 1@ @) ds = 1)gte) - [ F@g(o)

O twimog ypagetat ouxva o e€ng:

[ tda=sa~ [ ou.

Kal €€l MAPA MOAAES EQAPUOVES TOOO Yid UTOAOVIGUOUS OAOKATP@UAT®Y 000 Kdt
yia v e€aymyn feopnuik®@v anoteAeopat®v.

Mapadeiypata

(i) ff log  dz. Ynoloyi(m npota €va adpioto odokAnpopa e log 2 e ohok AT}
PWOT] KATA PEPT]:

/logxdx = /(x)'logxd:c:xlogw—/x(logm)'dm
1
= mlogm—/x—dwzmlogm—m+c
T
Exoupe w@pa:
2 9 4
/logmdm:(a:logm—w)|1=210g2—2+1=—1+log4:10gg.
1

IT10 oUXVa TPOY@PANE TAUTOXPOVA OTIV EUPECT] TOU OPIOUEVOU OAOKATIPOUA-
10G, O€ MEPIMTROOELS 0aV TV Tapanave, ypagoviag:

2 2 2 4
/ logzde = / (z) log x dx = xlog z|? —/ x—dx
1 1 1

x
= 2log2—1logl —(2—1)=—-1+1log4

= log-.
e
(ii)
/m2c0smdm = /J:Q(Sinm)'dm:ﬁsinmf /Qmsinmdm

= x2sinm+2mcosx—2/cosxdx

= z?sinz + 2z cosz — 2sinz + c.
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5.7 OAOKAHPOSH KATA MEPH

(az+53)

oto mapaderypa v (ogXida 113) xar €xoupe

/ (az + f) /

@ + 7z + o)

a

2

!

n =23, .... llpoxywpaue onwg

2(x+3)

(22 + vz + O)* v

dzx
(2 +yz + )1

-5/

YrnoAoyiloupe Ywpiotd ta SUo orokAnp@pata 1ou B peiloug

/ 2(x+ 3) "
(2% + vz + o)+
dy y

Sy —u+1
1 1

I

c+

g

(2? + vz + 0) dx
(2% + yx + 0)+

c—

p—1(x2+~yz+o)r1"

ok

k(2 da

L= ./{(w+%(;§+k2}“:./

_ kl_Q“/ dy _
(y> + 1~

Mag pevetl €101 va UTOAOYIOOUUE TO

z+7

)2

k2{(

KAl va avukataotooupe 1 y pe (z + v/2)/k. Oa fpoune €va wno yua to
ohokATpwpa auto, ag to kaiécoupe I, cuvaptijoet tou I,_1. Meta ano p—1

Bripata fa gracoupe oto I} = [ % 10 onoio £Epoupe va Tto UTOAOYICOUNE

(= Arctany + ¢). Exoupe Aomov:

;- / dy _/1+.1/2y2
e (T+y2) ) (Q+y?)r
dy y? 1 2y
— _ =7 - [ g—=
/(1+y2)#*1 /(1+y2)udy -1 Q/y(1+y2)udy
_ 1 (1+y) 9\ — i 9y
= Iu—]_i/ymdy_lufl §/y(1+y) (1+y7)'dy
= Lt g [ @) Yy
STV ' '
1 Y / dy }
- I _
Ty {<1+y2>u—1 (1 +y2)e
2 — 3 1 y
- £ .
=2 T =) (T2
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5. To QOAOKAHPOMA RTEMANN

Snrad Pprikape 1o I, ouvaptroet tou I,_q. v mpoteleutaia 100TNTa XP1-
OLUOTOUOAUE OAOKATIP®OT] KATA PEPT).

Iapatipnon 5.7.1 Ta oroxinpepata (iv) kat (v), oghida 113, xar (iii), oehida
115, Ba pag xpelaotouv OtV ENOUEVT] TAPAYPAPO YIA TNV OAOKATP®OTN] PII®V OU-
Vaptnioemv.

5.8 H oloxkAp®on 1@V pNIaV cUVAPTIOEDV.

Yy mapaypago autr) Ba deifoupe ot pe tig pebodoug mou avanti€ape pEYPL 1w-
pa UmopoUpe va oAokAmp@ooupe ouvaptioels g popers P(z)/Q(z), omou ta
P(z),Q(z) eivar toduwvupa xat 1o @ £Xel UV HOpQ@Ty:

Q(.’L‘) = (x—al)"l -'-(I—ak)nk(,IQ +’}/1.’L‘+51)m1"'($2 +’}/>\I+5)\)mx,
onou aq,...,0n € R, nl,...,m,\eNKalwz—éléi <0yual<p<A

Mapatnpnon 5.8.1 Yv mpaypatkormia kabe TOAUGOVUNO UMOPEL VA YPAPTEL S
Hia otabepd emi €va MOAUGVUUO TN Tapanave pop@rs. Auto eivar moplopa tou
Aeyopevou Bepehimdoug Bempripatog g «Adyefpag», oUp@ova pe To onoio «kabe
un otabepd MOAUGVUPO €XEL TOUAAXIOTOV pia v yevel puiyadikt) piCa». Ynv napa-
Tave SATUN®oT] T0 TOAUGVUUO UTOPEL va £XEL KAl UIyadikoug OUVIEAECTES. LIV
TEPIMI®OT] TOPA MOU TO TOAUGVULO £XEL TPAYLATIKOUS OUVTEAEOTES, TOTE 01 Kabapda
pryadikeg pileg tou gppaviCoviar ava (euyn ouCuyov pryadikev apipcov kat ta
Celiyn avta Snuioupyouv toug mapayovieg e popeis (22 + yx 4+ §)™. Aev fa
Mapouclacoupe 0@ autr v Bempia, St QuoloAoyika avikel oty Bempia 1ov
HIyadiK@v ouvaptioemy. %LToug UToAOYLopous to fempnua dev eivat xproipo, yia-
1t dev pag diver pebodo va Ppiokoupe pileg. To ot 1 anddeiln tou Bewprpatog,
napa to ovopa tou, xpealetar peoa tou Aneipoouxot Aoyiopou (1 Oswpia 1@V
HUIYadiK@V Oouvaptioe®V eival Katd KAnowa €vvola 1] NeK1act] 1ou ATEipootikou
Aoyop0U yia pyadikég ouvaptioelg), Pnopoupe va 1o SOUNE and TV MePInteor)
nmoAu@vupou Babuol 3 (yia moluevupa Babuou 1 xar 2 1o fewpnua sival yveootd
ano 1a Tvpvactaxa Mabnpauka).

Tlpaypatxka pe v Ponbeia tou bewprjpatog g evdiapeong tipng deifaue ot
xabe moducwvupo 3ou Babpot £xet pia toudayiotov piCa. Av Aomov

f(x) = ag + a1z + asx® + azz®, as # 0,
fa umapyet mpaypaukog p €totog wote f(p) = 0, xat emnopEvmg

F(2) = £(2) — £(p) = ar (0 — p) + az(a® — p?) + ag(a® — p°) =

Q. a
ag(x—p){x2+xp+p2+—2(m+p)+—1} =
as as

a a a
ag(m—p){:ﬂ2+ <p+—2>m+ <p2+—2p+ —1>}
as as as

Snmhadn mpaypau 1 f(z) €xel MV HOPET| MOU TEPIYPAYANE OTIV apyT] NS Tapaypa-
@ou. T'ia mv anodeifn naviwg yxprnotponotnoape to bewpnua g evOIAPEOT TIUT,
OnAadn eva Bewpnua mou kate€oxnv aviket otov Ameipootikd Aoyiopo.
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5.8 H OAOKAHPOSH TON PHTON Y YNAPTHSEQN.

H ngbodog ohoxAnpmong pniev cuvaptioemv P(z)/Q(z) pe napovopaou ¢
Mg popers mou neprypayape (fewpnuka SnAadt OA@V @V PNIOV GUVAPTIOE®V )
ompiCetatl oto napakatm Bewpnpua mou ovopaletar Oswonua avalvens 6e arld KAd-
6UaTA.

Oempnua 5.8.2 Av 7a Swvoua © — aq,...,T — qp ewar 0a@ogeTIKd avd 0Vo, Ta
Tonivopa 2+ 2461, . . ., 22+ YAz + 05 dapooeTikd av 8vo, on Suakoivovses fyz —44,
aovnrikesyra p = 1,. .. ) AKaainy, ..., Ng, M1, - . ., M) QUEIKOL AQMINUOL, TOTE VIAQXOVY
stadegés Ai, ... ATV AL, AR AL L AT AT T, L T dete

P(z) Af A

Qz) -0 (. —ay)m

1 ke
T — o (z — ag)™
iz + Al riMa+ AT
(22 + 1z + 61) (22 + mx + 6;)™
M+ A} iz + A

A Ay :
(22 + yaz + 0y) (22 + Az + 0))™

émov P, Q) moluvivupa wete o Baduds P va ewar yviewa ukootepos Tov Baduot tov Q
Kau

Q(x) = (z —a)™ - (x —agp)™ (2® + 12+ 61)™ - (2 + oz + 5y)™.

Tapatiipnon 5.8.3 Exteroviag v Swaipeon P(z) = 7(z)Q(z) + y(z), omou o
Babuog tou y(z) yvroa pixpdtepog tou Babuou tou Q(z), fAenoune ou
P(z) y(z)
=mr(z) +
o) " Q@)

Kat enopeveg 1 undbeon «o Pabpog P va eivar yvrowa pikpodtepog tou Pabpou tou
()» dev fAamiel ouolaoTIKA TNV YEVIKOTITA.

Anoderln: H 10éa g anodei&ng eivar moAu amin kat 6a pag Smoet xat v emmnpod-
oben minpogopia, ot o otabepeg Af, ..., AT eivar povoorpavia oplopeves.
Oa YpnolponolNooue ENAyyT @S npog Tov fabud ny +no +---+2mq +-- -+
2my = N tou Q. Ta N = 1 10 fewpnua sivat tepippevo. Ynobetoupe N > 1.
Av moteyoue xatapyag v avaiuorn os kAaopatd mou Aget 10 Bewpnpa, 101
1 Tapdotao

P(x) AV P(z) - A7 Qi(2)

Q@) woanm Q)
omou @1 () 1o mohu®@vVupo %, HETA TNV ex1EAe0T TV Tpafemv Ha mpenet va
TAPEL TNV HOPPT] 52((?) onou B, Q2 nohuevupa, Q2 (x) = % xat o fabpog tou B

glvar yvrola pikpotepog tou Babpou tou Qo (yrati;). To AT dowmov kabopilerat,
av auto eivat duvatov, anod v ouvinkn:
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5. To QOAOKAHPOMA RTEMANN

To molvuvvpo P(x) — AT Q1 () dungeitar ue x — oy, dnhadn
Plar) = A Q1 (an) = 0.

To ou mpaypatka n ouvhixn auty kabopiCer 10 AT' mpoxumiel and 10 Ou

Q1(a1) # 0 (yati;).

H i8ia oxéyn pag kabodnyei kat yia tov kabopiopo v I, AT Exoupe:

Px)  TMz+ A" Pl) -T2+ AT)Qi(2)
Qz) (2> +mz+d)™ Q(z) ’
onou Q1 (z) eival 10 moAuevupo %. Ta T, AT, xabopiCovial onmg

Kal IPoTNyouueva, av autd eival duvatov ano v ouvonkn:
To modvivupo P(z)— (LT 2+ AT ) Q1 (z) Sungeitar pe to Tomivopo £ +y15+81 .
Av ypavyoupe p1T + p2, (1 + g2 1a unoloma v dapecewv v P, (1 dia
10U 22 + vz + 61 N mapanave ouvikn 1oduvael e v
Yrapyer stadeoa B téT010 WETE :

TPz + A7) iz + g2) — (p17 + p2) = B(2® + 11z + 61)

Anhad:
a7 +0- A" — B =0,
eI + @ A" — 7B = p,
0- F;nl + quTl - (SlB = pP2.

INa va eival Aomdv Suvatog o kabopionog v I, AT npenet ) opiouca
1 8

¢ 0 -1
D=|q¢ ¢ - |= —51Q% +71092 — qu
0 ¢ —0

va givat # 0. Katapyag anoxieietal g1 = g2 = 0 yiati 101€ kat 10 NOAU@VUUO

Q:(z) = % fa enpene va Swapeital pe 2 + v,z + 41, 10 onoio Jev

oupBaiver. H anodeiln eivar eikohn alha oxt iereiog tetpippévn. (To 22 +y12+ 6y
eival avaywyo ( Sev ypagetal wg yivopevo nohuovipmv lou Babpov), Sivtt 42 —
4§, < 0, xa1 emopeves yia va Saipei 1o Q1 Oa mpener va Swapel Evav and toug
avaymyoug napayovieg 1ou. To tedeutaio opms dev pmopel va oupfet).

Fotw homodv go # 0. Oa €xoupe

2
D:—42{51 (ql> -MN <q1>+1},
a2 a2
kat enedn €€’ umobéoews 72 — 44 < 0 émetar D # 0.
P(z) +A

Agapoviag Aomov ano 1o o) £Va Opo NG HOPPTS (zonz)"‘ 1 (zg};‘:zw)m,

avayopaocte O JUia PII] oUvVAaptnon 52(—(?), onou 10 mohu@vupo B(x) £xer fabuo

HikpOTEPO anod tov fabuo tou toduwvinou Qo (z) xat o fabuog tou eheutaiou sivar
pikpotepog tou N. H enaymyikr) undfeon pag xat o1 napatnprioels auteg GUUTATP®-
vouv gUkoAa v anodei&. m|
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5.8 H OAOKAHPOSH TON PHTON Y YNAPTHSEQN.

IMapatipnon 5.8.4 Av pag smpenoviav 1 xpnon piyadikov apiucmv, 1 anddeiln
fa fitav onuavuka andovotepn (yat;).
Hapdderypa: | W)Q(Id%. ApyiCoupe pe v avaiuon

1 A B r Az + FE
2 2 = + 3+ = ‘
(z—=12(x+1)(224+1) z-1 (z-1) z+1 2241
H Baocikn pebodog mpoodioptopou twv cuviedeotwov A, B, T, A, E ouviotatat, agou
xavoupe 11§ mpageig oto B perog, 010 va e£10@OOUNE TOUG OUVIEAEOTES TV apib-
U@V Kal va AUGOUPE To oUCTIUA ToU TPokUNTtel. Ag epappocoupe v pebodo oto
napadelypa pag:

1 A B I Az+E

(mfl)g(m—{—l)(mQ—{—l)7m71+(m71)2+m+1+ z2+1

Az -+ D)2+ 1D)+Bz+ )22+ 1) +T(z- 1222+ 1)+ (Az+ E)(z + 1)(z — 1)?
(z —1D2(x+1)(z2 + 1) "

OMOTE MPEMEL
1= (A+T+A)2' +(B-2-A+E)2*+(B+2T -~ A—E)2*+(B—2I+A—~E)x+ (- A+B+T+E)
SnAadn

Y

A+T+A=0

B-2T-A-E=0

B+2l-A-E=0

B-2'+A—-E=0

—-A+B+T'+E=1
Atvoviag 1o ototnua Ppickoupe

3 1 1 1 1
A— g, B—Z, F—g: A—Z, E—Z-
Evag aArog 1pomog va Bpolje T0Ug GUVIEAEOTES, TOU AVTIOTOIYOUV OE TAPOVOUAOTES
g poptis (2 — )™k eival va toAAarAaciacoupe v 0X€0T Tou Sivel TV avaiuor
wu P(z)/Q(z) eni (z — ay)™ xat va Becoupe & = ay. Yto napaderypa pag, yia
napadetypa, moramhaotaloviag emi (2 — 1)2 xar 0¢toviag ¢ = 1 Bpiokoupe: B =
1

Ty = i. TToahamhacialoviag emi x + 1 kat Betoviag z = —1, Ppiokoupe
- 1 _ 1 _1
I= (—1-1)%((=1)2+1) — 42 = 8"
H o)loxAnpwon teopa tng ouvaptnong Ww avayetal 0ge yveota
oAokAnpuata.

/' dx
@ 1@+ )@ +1)

3/ dz +1/ dx +1/ dzx +l/m+ld
= —— - — RS — - — o
8) z—1 4) (=12 8/ z+1 4] 22+1

31 | 1] 1 1 11 |+1|+1/ dx +1/ 2z
g Bl dr—1 "8 8l i) @178 ) 21
11 1 1 1.,

—flog\a:—l\—Zﬁ—l—glog\m+1\+1Arctan(m)+§log|m + 1| +ec.
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5. To QOAOKAHPOMA RTEMANN

5.8d' OloxAnpdpata mou avayoviail oe 0AOKANp@OUATA PNIOV GU-
VapTIOEDV.

TToAAeg pop@eg OAOKANPOUATHV avAyovidal 0e OAOKATIP®OT] PIIOV CUVAPTIOE@V.
IMapouoialoupe PePIKES AMO AUTEG TIG MEPITTMOELS. Oa XPNOHOMOIOUNE T0 Ypappa
R yia pnieg ouvaptnoeig piag 1 nepioootepmv petafintov. Ta napaderypa R(zx, y)

fa onuaivel pla ouvapnon g Popens SE;Z; onou P, ) nodumvupa 1oV T, y.

(i) [ R(cos(x),sin(z))dz. H avukataotaon tan § =y, (z = 2 Arctan(y)), ava-
YEL Ta OAOKATP®UATA AUTA 0E OAOKATPGOUATA PV ouvaptinoe®v. [lpaypa-
TiKa, fa exouns:

_ 1y
-

_ %y
= T

2
(2 Arctany)' =

sin(x) RETTE

cos(x)

OMOTE TO OAOKATP@®UA YiveTal

% 25) e

T+y? 1+9y2) 1492

dNAadt) 1o ohokAnpepa pning ouvaptnone. H puebodog autn eivar apketd emi-
TOVT), Yid autd eMSIOKOUNE OUXVE, avaloya pe v popern e R va Bpoune
amAoUotePoOUs 1PONoUg 0AoKATP®OonG. Av yia mapadetypa n R(cos(z), sin(z))
gxel v popet cos(x) Ry (cos(x), sin(z)) xar otnv pmu) ouvaptnon Ry (z,y)
engaviCovial povo aptieg SUVANELS TOU 2, TOTE 1] aviikataotaon y = sin(x)
avayet o [ R(cos(z),sin(z))dz oe odoxhipepa puis ouvaptnong (yati;).

dz

Mapaderypa: [ TR Octoupe y = tan(z/2), omote sin(z) = % Kat
£XOULE:
dx 1+92
= Arct 'dy =
[ sot = [ i aretant)ay
1+y? 2 /dy
dy= | —=1lo +c.
o 11 , gyl

Av ka1 £d@ 10 0AOKATPOUA UTOAOYIOTIKE EUKOAQ, ag O®OOUNE Kal €va aAAo
TPONO UNOAOYIOUOU.

/sifffm) B / 2sin(gd)mcos(%) :/% ((:0521(%)> (tanl(%)> dz =

/(mni(%l))ldm = c-l-log‘tan (g)‘

tan ()

(ii) [ R(e")dz. H avuxataotaon e® = y avayet 10 orokipwpa oto [ R(y)%y.

YUV IEPIMI®@OT AUt avayovidal Kdl 1d OAOKATP@UATA PIIOV OUVAPTIOE@Y
1@V UNEPPOAMK®V OUVAPTTIOE®V.
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5.8 H OAOKAHPOSH TON PHTON Y YNAPTHSEQN.

Mapaderypa: fﬂlnh z)dz. Ottoupe y = ¥, onodte sinh(z) = ]5(1/ — ) xat

Yy
£xouue
1 d
/sinhg(a})—/—<y——> 9 _
4 v) ¥y
1 1 1 1 _ dy
—/<y2+—22>—dy:—{/ydy+/y 3dy2/—}:
4, Y Y 4 |, . J oy

1y  y?
i E A Y =
4{2—{—_2 oglyl| + ¢

171, 5, o, sinh(z) =
2 [2(6 e ") -2z| +¢ 5 +c

4

3=

1
(iii) [ R (a:7 (gfig) ") dz, n € N. H avukatactaon y = (gfi‘s) avayet 10
OAOKATIP®UA OE 0);010;7']9(;011(1 PTG Ouvdpn]or]q.

, ONOTE

Mapdderypa:

2ydy

./N%Z./m

(iv) [ R(z,vaz? + bz + ¢)dz. Ta ohoxAinpepata autd eivat 1 ediki] nepiniwon
n = 2 odoxinpepatev me popens [ R(z,/P(z))dz, énou P(z) éva mo-
Avwvupo Pabuou n. Tnv nepintwon n = 1 v €xoupe ouciaotika e€etaoet.
Hpaypauxa o [ R(z,vaz + b)dz avayetar oe ohokAip@pa piig ouvaptr-
ong va Becoupe y? = ax + b. Ag Souue Aemoyepeotepa yiati.

= 2Arctany + ¢ = 2 Arctan vz — 1 + c.

H avukataotaon y? = ax+b, Snradn z = 7’2—4) petatpener v R(z, vax + b)
ot pru ouvaptnon R ( ,y) Kat 1o O)xOK)xT]p(x)p(l J R(z,y) oo

2_p 2 _p\’ 2_p 2
. a a . a a

Hrav ouciaotukd yia v pemtpom] aut 1o yeyovog ot 1 y? = ax + b

£Xel pnm AUon g mpog T 1 T = R oo yla mapadetypa 1 avilkataotaot

y? = ax®+br+cdeveivain K(lIQ)x)xT])xT] Y1d TNV PETATPONT] TOU OAOKATIPOUATOS

[ R(z,Vaz? + bz + ¢)dz oe odoxipwpa pnuig ouvapmons. Hpaypauka fa

giyape
—b+/b? —4(c—y?)
2a ’

€r =

Onhadn
/R ax? + bz + c) dz

/}{(—biwﬁ2—4@—4ﬂ)y)(—bixﬁ2—4@—y%>ldy
2a ' 2a ’
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5. To QOAOKAHPOMA RTEMANN

OnAadty, v YEVEL OAOKATPOUA TAAL Y1) PITTS CUVAPTIOTS.

A unobecoupe xat apyag ou a > 0. Mia pikpr) addayt) oty napanave 18€a,
nmou ogeidetal otov peyaro EAPetd pabnpankd tou 18ou aiwva L. Euler, fa
nag Swoet myv embupn avukatactaon. Ostoupe az? +bx +c = (y++/azx)?.
Topa pnopoupe va fpoupe pnua 1o = ouvaptioet y (yiautd mpoobecape tov

opo azx):
c—y?

2/ay — b’

onOTE T0 OAOKATIPOUA PETATPENETAL G EETS!

R(z,vaz? +bx + c)dx
_/R =y’ ey c—v’ \',
- 2vay Y 2vay ) \2vjay ) Y

Av a < 0, o1 10 pI@VUNO az? + bz + ¢ Ba £xel Svo mpaypatikes piles p1, po,
(adM@g Ba frav < 0 yia 6ha ta z) xat fa €xoupe:

Tr=

alxr — pso
0z + bz + ¢ = aw — pr)(@ — pa) = <rp1>2(m_7ppl)'
. . 2 _ a(z—p2) . , , , ,
Av dowmov Becoupe y T—p2, 10TE UNOPOUUE VA AUCOUPE TAAL PITd @G
npog x xat fa €xyoupe T = % oToTE

/R am2+bm+c)

apy — p1y° aps — p1y° aps — p1y° ’
R i) ) ) () dy.
a—y a—y a—y

Mia Swagopetikn pebodog yia mv orokAnpmon Oa fav, pe petacynuati-
OpOUg avaloyoug He autols TOu XPNOHonooape oto napadeiypa (v) oe-
Ada 113, va avaxfoupe oe oroxinpepata me popeis [ R(z, Va2 + 1) dz 1
J R(z,vVa?> —1) 1 [ R(z, V1 — 2?).

To [ R(z,v/z~1) petapenetar oe oloxAipwpa pNug ouvapnong tou e”
pe v avukataotaon z = cosh(z) xat w [ R(z,v1 — 2?) dz petatpenetat
oe ohoxATpmua prIng ouvaptnong t@v sin(y), cos(y) pe MV avikalaotaon
x = sin(y).

THapadeiypata:

2 2

(a) H ouvapmon y = va? — 2?2, —a < z < a, TApIOTAVEL NUIMEPIPEPELA NE
aktiva a. To ook Anpopa ffn va? — z2 dx, naplotavel enopgvwg 10 epfadov
10U O1aYPAPPIOUEVOU TjHIKUKAIOU kat Ba mpenst va woutal pe %71’(12. Ag 1o

enanfetooupe. Ogtoupe = a - sin(z), —F <t < T xat €xoupe
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5.8 H OAOKAHPOSH TON PHTON Y YNAPTHSEQN.

Yxnua 5.9

us
2

a
/\/aQ—demz/ acostacostdt =
—a

us
2

us

2
a’ / cos? t dt,
-7

2
/ cos”dt:z.
J_ 2

kal pevet va deifoupe ot

Bl

[SIE]

H anodeiln sivar eukoAn:

bl 1 rz
/cos2tdt:§/ 2cos® tdt =

s s
2 2

%/%(1 + cos(2t)) dt = % (% — (g

N——
N——
_+_
o~
T

E]
@)
o)
w
A
[\
o~
=
=
N
o~
=
.
o~
I

T 1 [T T 1 .
§+§/7ﬂcos(y)dy— §+ Zsm(y)

-7
IMapatpnon: Aev mpenet va SNEQUYE 1S TPOOOXTS TOU avayvmoTn OTL XPT)-
olponomoaye duo Qopeg v e€ng 1d10TNIaA:

Av z = q(t),y < t < § evar magaywyisiyun 10Te

q(3) S
/ fz)de = / f(q(t))q'(t) dt».

()
Edo Pefata €xoups kavel, Ympig va to mouye, kat aileg unobeoelg, onmg 1)
oroxhnpwopotia wv f(z) xat f (q(t)) q'(t). Aev a Ya&oupe va Ppolpe g

akpifeiq mpoiimobeoeig, Ha unobecoupe amhda ot o1 ¢ kat f eival 1€101e¢ WOTE
va 10XUEL O TUTIOG aOPLOTIS OAOKATIPOOTS e aVTIKATAOTAOT]

/ f(@)de = / Fa®)dmd  (z=q®).
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5. To QOAOKAHPOMA RTEMANN

To apiotepd perog eivar pa ouvaptnon F(z) xat 1o 8e£16 wa ouvaptnon G(t)
wote F(q(t)) = G(t). Enopéveg

q(d) 5
/( ) f(z)de = F(q(8)) — F(a(v)) = G(6) = G(v) = / fla@®)d'(t) dt.

Av 1 ¢ sivar y1a napadsiypa auvfouvoa, tote £xoupe pia diatobnuxa Eexabapn
eikova: Otav to ¢ petafaidetar amo to y pexpt 10 d 10 & = ¢(t) petafariera,
auvfavopevo kat auto, anod ¢(y) €mg ¢(d). Av 1 ¢ dev eivat av€ouoa, yevikote-
pA POVOTOVT], TOTE 1] datcbnuikT) e1kOVa ivat mo moAUnAokn. Ag aviactoupe
10 f01 xdz. Tpagoviag ¢ = sint, 0 < ¢ < 7/2, eival @avepo kat avaiuuka

kat dtatobnuka, ot
1 w/2
(/ .’L‘d.’L‘:/ sin t cot t dt.
0 0

1 2
z 1 1
zdx = — | =--0=_
/0 2 |, 2 2
7I'/2 11 7r/2
/ sintcostdt = ——/ (sint)(2t)' d
0 22 Jo
1 [7 1
= Z/o mydy—z[ cosy}
1 1
.
fen- 0 =3)

MMaipvoviag wopa 2 = sint, 0 < t < 57/2 (o1 0 < t < 7/2), olpgwva e
10V Tapanave tuno Ha enpene nait va Ppoups:

1 5 /2
/ mdmz/ sintcostdt
0 0
w/2 5m/2
<—/ sintcostdt+/ sintcostdt).
0 w/2

Auto mpayuat @aivetal 6woto yiat f:;;ﬂ sintcostdt = 0 onwg @aivetat
AUECA amd £Va amMAO UTOAOYIOUO. Y11 VEVIKT] TMEPIMIMOT] TO IS)&SUTQIO oAo-
KATpopa Ba avuotoryolos oe €va OAOKATP@UA TS UOPPTIS f g'(t)dt, o-
nou g(v) = g(6) (napte g(t) = F(q(t)), onoe ¢'(t) = F’( (t)) ’(t) =
f(q(t))q’(t)). Eva 11010 Opwg oAokAnpwua sivat guotka 0, diott

)
/ g'(t) dt = g(6) — g(7) = 0.
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5.9 TO ATIAO EKKPEMEE

O [Vitia

Ottoupe = = sinh y onote 1+ 22 = cosh? y ka1 éyoupe

/\/1+m2dm = /coshycoshydy

Y4y 1
Y ot ans

1 2y 1 —2y Yy
Z’/e dy+1'/e dy+§+c

1
= 1 sinh(2y) + % +c

1 1
= 5T 1+m2+§log(m+ 1+m2)+c.

Me 10v petacynpatiopo tou Euler fa npoxwpovoape wg e€ng: 14+22 = (y+x)?
Shadi z = (1 —y?)/(2y), ondte

et =[5 (5 o

2y 2y

B /1+y21+y2d _ 1/'1+2y2+y4
B 2y 292 VT4 Y
1
= —1/(1/_3 +2y~ +y)dy
1(y? Yy’
= —1<_—2+210gy|—? +c

1 1 1 (V1+22—12)?
== Clog(V1+22—) -
8( —1+m27m)2 2og( +x x) 3 +c

omou oto tedeutaio Pripa avukatactoape 10 y pe V1 + 22 — .

ITot xavape Aabog; Anavinon: movdeva! Amiototata ot duo eK@QPACEIS TTOU
Bprxape Stagepouv petall toug katd wa otabepa (anodeilte 10).

5.9 To amlo eKKpeueg

Ta oroxinpwpata [ R(z,/p(z) dz pe p(z) nohuwvupo Babpolt peyaritepou tou
2, ev yevel dev gkgpalovial pe 11 fonbeia otoryeimdov ocuvaptioemv. Ot mept-
miwoelg Babpou 3 1 4 odnyouv ota Aeyopeva eddemuka orokAnpopata. H modd
eviiagepouoa Bewpia toug Ee@elyel amod 10U¢ OKOMOUS AUI®Y @V OTUEIDOERDV.
Eexivaet faoika and tov NopPnyo nabnuauxd N. Abel (apyr) 19ou aiwva).
YNUEIOVOUPE OTL TETOld OAOKATpOUata epgaviCovial akopn Kal o€ anid, Tou-
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5. To QOAOKAHPOMA RTEMANN

Adyotov ot SlaTun®oT], MPoPfANpata Onwg yia Tapadselypa 1 €UPeoT Tou Ut
Koug eAdemtikoUu tofou 1) 1) peEAET G Kivnong tou amAou ekkpspous. Ag e-

0

I(cos@ — cosfy)

Yxnua 5.10

Eetaooupe Aemtopepeotepa 10
anhéd exkpepeg. I'pagoupe g
yia mv emtayuvorn g fapu-
mag (~ 10m/sec?) xat fe-
®POULE TI§ OUVAELS TTOU TIPO-
gpyovtal and 1pifr], avriota-
on agpa k.Am). H Beon tou
exkpepoug kabopiletal ano
yovia 8 = (). Hepipevou-
L€, AMO TN QUOIKT] EMOMIEi,
ou 1 ouvaptnon 8 = 6(t) Ba
glval pla oUVEXTS MEPLOOIKT]

ouvaptnor, pe nepiodo T io1n pe 1o Ypovo nou ypetaletar 1 pala yia va emotpeyet
otnv apxikt g Beon, ebivouoa yia 0 < ¢ < T'/2 xar avéovoa yia T/2 <t < T.

Aq umobBéooupe Aomov ou Pplokdpacte oty apy g kiviorng, onote 1 6 eivat
ebivouoa. H apyn g Satnpnong g evepysiag oUVERAayetal ot

2 dt

2
lm (gd9> = mg(cos B(t) — cosby)?.

H pabnuaukrn epunveia tou ou 1 8 @biver otnv apyrn g xivnong fa sivar 1

undbeon ou df/dt < 0, ondte

s -
dt

(cos@ — cosby)

~|&

&

Onhad,

9 9
\/e (12sin221+2sin2 2")

de_ g .200 .
E_Q\/Z <sm E—sm

2 0
5 )

H unobeon ‘fo < 0 onuaiver 6u 1 6 = 4(t) avuopegetal kat yia my aviiopoer

g t = t(6) Ba exoups

ﬂ__zﬁ !
df 2 gsin%0 1—k2sin2g

yua —fp < 8 < 6, onou Becape k = 1/sin(fy/2). To t Aowmdv Ba eival eva aopioto
OAOKATIP®UA TG MAPATAVE OUVAPTIONS KAl ETOUEV®MS O TPOCGOIOPLIOUOS TOU avayeTal

OTIV €UPECT] OAOKATP@UATOV TN HOPPTIS

/ db
V1-— k2 sin20.

-126 -



5.10 OAOKAHPQSH ME TH BOHOEIA TOY YTOAOTISTH

Ta oloxkAnpouata autng Mg HOPPTS AEYOVIAL «EAAEMTIKA a' €id0Ug e T1 HOPQT)
tou Lagrange».
T'pagovtag sin 8 = gy, 10 mapanadve olokAnpoua petacynuatiCetal g €€ng:

/ df . / cos 6 df
. 1— k2sin%6 J cosf/1— k2sin?6

| 7=
VA=) (1 - k2y2)

Smradi eivar mpaypauxa e popers [ R(z, v/p(z)) dz, dnou 1o p eivar tohu@vupo
4ou Pabuou.

5.10 OloxAnpwon pe 1 Porjfeia tou unoloyioti)

O apumnuikog umoroyiopds evog oplopevou orokAnp@patog | f f(x)dx owav Si-
vovtat ot apifpol a, § xat n ouvaptnon f akopa kat otav OV unopoupe va fpoupe
pe 1 onfera oroxeimdov ouvaptioewv 1o yia 1o [ f(z) dz, Sieukohivetat noAu
pe mv Porjbela 1wv unoloyiotov. Auto frav yveoto ano ToAAd Xpovia xal £Xouv
avantuyfei pebodot yia va yiverar 600 10 duvatdv anodotkotepa autt] 1 SoUAELd.
Oa nmoupe Aiya Aoyla oto t€hog 10U kegaiaiou kat Ha pabete neploodtepa o adra
pabnuata. Ipog 10 1€A0g g dekastiag T0U 1970 APX10aV va YXPTolHONolouvIal Tpo-
ypappata umoAoyiot@v ta omoia Oev Oivouv HOvo aplfuntikeg Tipueg alida ekteAouv
Kal aoploteg OAOKANP®OELS 08 OAEQ TIG MEPITIMOEIS TOU AUTO g€ival duvatod va yi-
vel. Etol yia napaderyua, oheg or odoxAnpooeis nou pabape (pmiev ouvaptnoemv
R(x,+/az? + Bz +7),...) unopouv va yivouv pe 11 forfela 1@v unoloyiotev.
Auto dev mpenet va npokadei eknAnn, yiati eVvoloAoyiKa TOUAGY10TOV, Otav sival
yvwotn 1 fewpia 1 undlowmn epyacia sival SouAelda poutivag. Paivetar Opmg ot U-
mmpyav apketa mpoPfAnpata mou enpene va emAubouv peypt va yivel duvart 1 xpron
1@V UTOAOYIOT®YV Y1 auto TO OKOMO kKal autd dikaiodoyei 11 ypovikn kabuotépnon
0’ auto Tov TopEaq.

I8ou 1 evioln) xat 1 anavinon evog unoloylot) (amd 10 TPOypapua macsyma)
yld TOV UTOAOYLOUO TOU OAOKATIPOUATOS

/ rdx
(z —1)2(x 4+ 1)(z2 + 1)

avaloyou e autd mou eidape oty evouna 5.7. (H anavinon 8obnke oe hryotepo
amo 1sec!)

(cb) integrate(x/((x-1) 2% (x+1)*(x"2+1)) ,x) ;

log(x’+1) log(x+1) atan(x) log(x-1) 1
8 8 4 8 4x-4

(d5)
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5. To QOAOKAHPOMA RTEMANN

5.11 Tevikeupeva olokAnpeauata

To oloxAfpeopa Riemann opiotnke yia @paypeEveg ouvapinoels OplIoEVES O Eva
kAewo10 Sdomua [a, B]. Eivat moAU Xpioipo va €nekteivoule t1ov 0plopo kat yia
ouvaptnoelg (0X1 avaykaotkd @payuEves) oplopeves o AAANG Hop@Tis Staotruata.
Aivoupe Tp®Ta ToUg OXETIKOUS OPIGHOUS:

Opionog 5.11.1 (i) Av n f evar ohokAnouwswun se kade duastnua [y, 8], @ < v <
B war vmdgxer To Ogro lim,_, 4+ ff f 1018 Aéue Om1 vmdpxer TO YeEVIKEUUEVO
ONOKAT QWA f(er f ka1 1s0UTA1 pE TO MaAgamavw dpio.

(il) Av n f ewar odoxAnowewn ee kdde duisTnua ™S pooens [a,v], a < v <
B kar vrdoyer o dpo lim,_,5- f(;y f, 10T AEue OT1 VIAQXEL TO YEVIKEVUEVO

ONOKAToWA f£7 [ ka1 1s0UTAr pE TO MAYATAVW OPIO.

(i) Av vragyovv Ta f;+ f xar ff7 f yw kdmow v, a < v < B, 1016 Aépue om
vmdpyer To oNokATiowpa, || ,;Y+ f+ ff_ . (Evrora gaiveTar 6T av vardoxer 7o [ f;
TOTE VITAOXOVV Ta, fj o f f_ ka1 yu, onor0dnmote aAlo 6, a < § < 3, kar n Toun

TO0U ff; f evar avelaprnTn s emloyrs Tov v, a < v < f3.)

(iv) 7a oloxAnoupaza faoo, f;’i N foo, ff;o, f fooo opiovrar avaloya. Ja mapddery-
ua, To f;o f vmdoxer av 1 f ewar ohokAnouwsiun € kade dudeTnua TNS UOOENS

[o, M], M > a kar vrdgxer To g0 lim pr_, faM f, 7o omoio opiCeTar ws 1 TIuT
wov [ f.
Mia TeIpipPEVT TapatrnEnon OXETKA UE Td VEVIKEUPUEVA OAOKATP@UATA £1val OTtL
1 Unapén, yia mapadetypa tou ff f ouvenayetar kat v UNapén v ff+ f, ff f,
ff;f.Ava<'y<Bt(')re

onou 1o M eival eva ave gpaypa g |f| oto [a, ] (1o onoio unapyel Aoy g
ohoxAnpwoipomag g f oto [a, f]). Amo v avicoua aut) €netat dueoa Ot

lim, o [0 f = [ f, S0hadi [ f = [, f.

O1 eviia@epoUoeg EMOPEVME TEPITIMOELS £lVal EKEIveg oTlg onoieg 1 f dev eival
ohoxAnpeotun oto [a, F] (1 1o Staomua eivat g popers [a, , ), (—oc, 8], (a, oc),
(—oc, ). Auto pmopet va oupfet

(i) owav 1 f dev eivar opiopgvn oto @ 1 010 B 1) KAt ota SUo 1)
(if) otav 1 f Bev eival gpayuevn.
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5.11 T'ENIKEYMENA OAOKAHPOMATA

YNUEIOVOUPE aKOPA OTL T VEVIKEUPEVA OAOKATPOUATA OUVAVTIOVTAL TOAU OU-
XVa Kal €lval onuavikotatd 1000 o€ dild@opousg KAAdoUg tov padnuatikov 0oo xat
0E EQUPUOVES.

TIpwv mpoywptiooupe o epappoyes Ba dwooupe eva amAo aAld onpavikod kpi-
PO yia v Unapén YEVIKEUPEV®V OAOKATPOUAT®V. Oda 10 Slatun®@ooupe otV
MEPINT®WOT] SlaoUuatog g popers [, 00), addd woxUet pe ug npogaveiq arlayeg
KAl OTIG UTOAOUTEG TEPIMTMOELS,

Av |f(t)] < g(t), a <t < 00, Kar 10 f:og UTAQXEL, TOTE UTAQXEL KAl TO f;o 7,
e’ os0v  f etvar odorkAnouewn se kade duisTnua ™S pooens [a, M|, M > a.

Anodelln: Aciyvoupe mpwta OTL UTAPYEL TO faoo (f(t) + g(t)) dt. Tlpaypauxa, n
unobeon pag ouvenayetat o 0 < f(t) + g(t) < 2¢(t), apan (M) = f(ﬁw (f@) +
g(t)) dt eivar av€ouoa ouvaptnon tou M kat gpacogtal Ipog 1d AV ano 10 2 f(jo g
(ywati;). Yuvayoupe Aowmov ou undpyet 1o 0plo

lim (f(t) +g(t)) dt,

M — o0 a

SnAad 1o f:o (f+9). E€ unobeoeme opwg umapyet xat 1o limar_y o0 fé\/l g(t) dt, apa
fa unapyel xat 1o

IS (-/aM(f to- ./aM ~"> = jJim_ /aM I3

OnAadn Ba unapyet to f:o f. O

Agnvoupe otov avayvmotn va Satunoost Kal va anodeifel amieg 1diotmieg
IOV YEVIKEUPEV®OV OAOKATP@UATOV AVAAOYES PE AUTEG TOU Osifape yia ta amid

. . B B B

ohoxAnpopata (yia napaderypa [, f+ [ g= [, (f +g) xAn.).

Av dev unapyel kivduvog ouyyuosms Ba ypagoupe amia ff f avii yua fer fn
s

“ 1

Iapadeiypata: (a) fo +x2%dz. To oloxAnpeua eival YEVIKEUPEVO «oto O»,
yiati n z® 8ev opiCetat yia z = 0 (ex10g yia a € N, oupg@va e T0Ug 0ploHoUs Tou
SHoapE O AUTES TIG OTUEIDOEL).

Ava=—-1xaie > 01018

1
dx 1 1

— =logx | = —loge =log — = o0
e T € €
kafwg € — 0T. Apa 10 oroxifpopa Sev undapyel. (Ye 1E1018¢ MEPIMIMOEIS AE]E

EMONG: «T0 OAOKATP@UA AMOKALVEL 6TO 00.)
Ava#1xae >0, t0te

! 1 gat!
a+1_a+1




5. To QOAOKAHPOMA RTEMANN

KAl ENOUEVAG TO OAOKATPpUa unapyet kat woutal pe 1/(a + 1) av a > —1, eve
Sev umapyer (av Bedete, anoxhiverl oo 00) yia a < —1.

B) [ 2% dz. Ava=1xat M > 1 16te
M
d
/ %:logm iwzlogM—>oo
1 oA

xafwg M — oo dapa 1o floo ® dr dev unapyet.

Av a # 1, 101
M a+1
/ 2tdy = 2
1 a+1

Kal EMOPEVES 10 OAoKATp@pa unapyet kat woutat e —1/(a+ 1) av a < —1, eve
Sev undpyel (eivat oo ava > —1.

M ot 1
1_a+1 a+1

Hapatnpnon 5.11.2 Ta SUo autd mapadeiypata XpNolponolouvial TOAU ouxva oe
ouvOUAoUO e TO KPLTNPLo Tou anodsiape mponyoupeva. I'a napadetypa, 10

/ (s;nm)a: dr
;. T2 +1

unapyet. [paypatuka exoups, yia x > 1,

(sinz)x

<
z24+1 |~

x
3z

kat —2 < —1.

(y) To foof_ x® dzx dev unapyel yua xaveva a (yat;).

(8) 'Eva moAU onuavtikd olokAfpoua eivat 10 Aeyopevo «ohokApoua tou
Euler B' €idoug» 1 «"appa ouvaptnony, mou opietal yia 6Aa ta s > 0 wg €£1)g:

F(s)z/ t* et dt.
0

To oloxAfpopa eival yevikeupevo kat oto 0 Aoy Tou mapayovia 51,

Ilpenet va deiloupe v Unapén v fol 5 le t dt xat floo t*~le~tdt. Tha 10
mpoto mapatnpotpe ot [t te Tt < #5711 (yiati;) xat ypnotponototye 1o mapadety pa
(a). Ta 10 Setitepo mapatnpotpe ou t° et = (15 e /?)e"t/? xa fa Seifoupe
oe Myo ou n t5 e t/? gival gpaypévn oto [1,0c), Snrady umapxet M dote 0 <
t5=1e=t/2 < M yia t > 1. Me Baon 1o xputiptod jag apket Aomdv va deifoupie out
10 floo Me'/? dt unapyet. Autod opeg elval amho Siou:

N
=M (267]/2 — 267N/2) — 2Me /2,

/]N Me /2 dt = M (~2¢71/?) 1
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5.11 T'ENIKEYMENA OAOKAHPOMATA

Méver va Seifoupe ou 1 f(t) = t5Le /2 givar gpaypevn oto Sdompua [1, 00).
[Mapampoipe ou f(t) > 0 xat

PO =1 (6= 1) - 31)

H f'(t) eivar Aowmov un feukn) yua ¢ > 2(s — 1) onote 1 f(¢) eivar @bivovca yia
t > 2(s — 1). Ano mv &\n pepia i f(t) eivar ouveyng oto xhewoto diaotua
[1,2(s — 1)] xaw emopevamg eivar gpayuevn exel* ot |f(1)| < A, 1<t < 2(s—1).
Suvohikd dowmov Ba exoupe |f(t)| < A yia 0ha ta t pe t > 1, onwg akpif®s enpene
va deifoupse.

IMapatipnon 5.11.3 Y10 tedeutaio pepog g anodeilng ouotaoctuika deifaue o1 yia
omotodmote n € N e~ — 0 xabos n — oc (yiati;). Oa enavérboupe oe aut mv
TOAU ONUAVTIKT] OPLAKT] OXEOT).

Ag moupe pe mv sukapia tou mapadeiypatog duo AOyid napanave yid T ou-
vapmon I'(s), s > 0.
Exoune

o0
F(s):/ t* et dt
0
apa
o0
ra) = / e tdt = —e? |;°: 1.
0

(Awaiooyrote mANpws v mo nave ypapur). Oco mo ypriyopa yiver ktnua oag to

MEPIEXOUEVO AUTTS TS MAPAYPAPOU TOCO o ypryopa Ba pmopeite kal €o0eig, ywois

va kavete Aadn, va XpNOLLONOIEITE AUTOU TOU €180UG TI§ OUVTONEUOELS. )
Egappoloviag oAokATp®on Katd PeEPT), TAAL e OUVIOUEUOELS, EXOULE:

I'(s+1) = / tie ! dt:/ t5(—e ") dt
J0 J0

oo oo
+s / et dt
0 Jo

— tseft

= sI'(s)

(ka1 mah SikaiohoyTiote MATP®S TG GUVIOUEUOELS).

H «ouvaptmolaxrp autrjoxeon, I'(s+1) = sI'(s), Siver apgong I'(2) = 1-T'(1) =
1,I'(3) =2I'(2) =2,T(4) =3T(3) =3-2-1, ... xa yevika (tTe1piupevn enaywyrt)
I'(n+1) = n!, n € N. Me d)\ha Adya 1 T'(s) eival pia ouvaptnon 1 onoia yia
akepateg fetikeg tipég tou s oupmintel pe 1o (s — 1)L Autd povo tou Sev Agel
nmoAAd mpaypata av 1 I' dev €xet xar aideg kaieg 1diotnieg, yia mapadsiypa va
€lval OUVEXTS, VA £XEl TAPAY®OYOUS K. AT LTV TPAYUATIKOTIIA £XEL OAES AUTES TIG
1010ttes. Ag deifoupe yia mapadery pa Ot €ival oUveXT.

Eotw s > 0. Xpnotponoiwvtag 1o fempnua g HEONS TIUNG EXOUUE:

oo
/ (51 — P tem gt
0

o0
(s — so)/ t*~1(logt)et dt
0

I'(s) = T(so0)
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5. To QOAOKAHPOMA RTEMANN

Kal EMOPEV@S
D(s) — (so) < |5 — 50l ‘ [t g ],
0

onou £ eival evag apifuog, nou e€aptatat ev yevel ano 1o ¢, petal 1@v sg Kat s.
Taipvovtag |s—sg| < /2 xai mapatmpeviag Ot 1 t* gival povotovn ouvaptnorn
TOU @ OUVAYOUE OTL

(logt)tz*ole t < (logt)té e " < (logt)t2% le !
yia t > 0 (yiati;). Me tov i810 axpifeg tpomo mou Seifape mv unap&n tou ook Anpe-

patog [° 2 e~t dt yia a > 0, Setxvoupe xat my tnapgn tou [t~ (logt)e =t dt
(8ei&te 10). Pracape Aowmov oo cupnépacpa Ot 1 s — so| < $o/2 ouvenayetat

o<t (o (3)] o (2)

A(a) :/ e~ e (logt) dt.
0

H ouvéyela g ouvaptnong I' enetat eukola and v tedeutaia avicotnia.

Onou

Epéoinua Mavieyte (0x1 anodeite) nowa oxeon unapyer pewaéu [(a) xat A(a),
a > 0; Av 6gdete topa anodeilte autd mou pavieyates.

5.12 O opiopog tou log x pe 11 Bonbeia tou oroxAn-
POUATOS

Oa KAeicoupe auty TNV TAPAYPAPO HE PlA EVOLAQPEPOUCA EQAPUOYT], TOU OELYVEL

@S UNOPOUUE VA OPICOUUE VEES ouvaptnoslg pe 1 Ponbela tou oAokAnpopatog.

Mo ouykexpipeva fa Swooupe eva Setitepo oplopo g ouvaptnong log . O opiopog

autog dev eival datobnukd tOoo 1Kavomonukog 6o 1tav 0 OPIOUOS TOU OWOAUE
OTO TPONYOUUEVO Ke@aAatlo, fa eival Op®g amAoloTepog. ZeXIVA e ano TOV TUTO :

T dt
/ T:logm—loglzlogm,
;1 t

yia z > 0, mou 1181 yvepiCoupe. Ynobgtoupe ot dev £Xel 0p10TEl AKOUN 1) GUVAPTNOT)
log x, ondte XPNOLUOMOIOUYE TOV TAPATAVE TUTO yia oplopo, oniadn opifoupe:

/I dt
logx = —,
Jiot
ya z > 0.

O opopdg eivar «karoe» yati og kabe Siaomua [1,z] () [z, 1] av z < 1) n
ouvapmon 1/t eivar ouvexng (xar €xel @paypevn napdywyo, av dev fedete va
XPTOIHONOOETE 10 AvaANOOEIKTO akoun fempnua yia v oAokAnpolpotia tov
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.12 O oPIZMOE TOY lOg 2 ME TH BOHOEIA TOY OAOKAHPQMATOX

ouvex®v ouvaptioewv). H ouvapmon Aomov nou opicape eivar xai napay@yioiun
kat woyvetl (logz) = 1/x yia z > 0 6nwg QuUOIKA TEPIPEVALE.

Enedn n (log z)’ eival maviou Bevik, n ouvaptnon log z sivat av€ouvoa xat emno-
HEV®G £XEL aviiotpogo. Tnv avtiotpogo autr] oupforiloupe pe ¥ kat v ovoua-
Coupe exBetikn ouvapmnon. Mia amin napaiiayr) tou De@pnuatog yia v aviiotpor)
HOVOTOV®V ouvaptiosmv deixvel ou 1 e” opiletal oto daotnua (—oo, 00).

IIpaypauxa apkei va mapatnprooupe ot

lim logx = 400
z—+400
Kat

lim logz = —oo0.
z—0t

O1 300 autég oYE0EIS £ival OV TPAYUATIKOTITA 100OUVAPES, O1OTL (OAOKATP®OT] IeE
avTiKataotaot))

1

logl_/”mﬁ_/z () _/1 yzdy_/Zd_y
z )i t ) (i) S 2 Loy

Y

INa va deioupe ou logx — 400 xabwg x — 400 Bewpoune eva apibpo M > 0.
[pener va Ppolipe g ®wote 10 © > x¢ va ouvenayetat logz > M. [pagoupe
N = [M] + 1 xat naipvoupe zq = 22V*1! fa éxoupe, av z > g,

/22N+1 g /2 dt /22N+1 gt
logz > logxg = = 4.y -
J1 t J1 t Jo2N t

Ta onoodnnote opwe k = 1,2, .. ., 1 avukataotaon 2Py = ¢ Seiyver on

ok+1 2 ok 2

dt 2%d 1 1
/ —=/ ky>/—dy=—
2k t 1 2y 12 2

1 1 1 1
loge >—-+-+---+-—==2N=N>M
0gT>2+2+ +2 5 >

ToU anodeikvuel ou mpaypanka lim, 1 logz = 4oc.

Exovtag opiost 10 e pmopoupe topa yia tyaio a > 0, va opicoupe a® =
zlog o
e .

Kal EMOPEV@S

Puoikd o1 Tapanave «tayudakTUAOUPYIES» POVEG TOUS OEV E1VAL IKAVOTOUTIKES.
Oa npenel va deifoupe, Y@pig va xproiponoimooupe 1 fempia nou avantiéape oto
MPOTYOUUEVO KEQPAAALO, OTL Ol OUVAPTIOEIS TTOU OPloapE €XOUV TG 1O10TNTES TOU
TEPLPEVOUE. Lav TApadstypa ag Osifoupe Ot 1 ouvaptnon a®, onwg v opicape
1pa yia £ = 2 Sivel 10 yVeoTO pag tUno a?.

penet Aomov va Seioupie ot €298 = a2, Snhadn (and 10v oplopo g e oav
avtiotpogng tou log ) 2log a = log(a?), 1) axoua

[
1t 1 t
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5. To QOAOKAHPOMA RTEMANN

Ipaypatka €xoupe (0AoKANP®OT He aviikataotacn ay = t)

gt a7 dt [ dt [ ady ot
—= =+ == =+ —=2[ —
J1 t Jiot Ja 1 Ji ot J1 ay J1 ot

Iapatipnon 5.12.1 Xpnoiponouoaue v edeiong tetpippevn (yiat;) dioma

/jf(m) ds = /j F(y)dy.

TMa 1o Adyo autod paiiota otav ypagoupe 10 O)xOK)xf]p(x)}l(lff f e ) popen

/ﬂ " fle) de.

ovopaCoupe 10 = Poufr) petafAimn.

Teleiwg avaroya punopoupe pe 11 foreia 10U OAOKANP@UATOS VA OPIOOUNE Kat
TG IPLY@VOUETPIKES ouvaptnoels. I'ia mapadety pa, 1 8in & 0g pia «gikpr)» TEPLoy1] 1ou
0 pumopel va opiotel 6av 1 aviictpo@r e GUVAPTNOTNE TOU SIVETAL Ad TO OAOKATIPOUA

/ T dt

o V1-—1t2

ToU @uoIka Sev eivar tinote Ao mapa 1 ouvaptnon Arcsin z. (Bpeite pia t€toia «pi-

xp1p meprox1. Epyadoteite evupa* dev exoupe akoun 1dea yia ug idiotnieg tou sin x,

yia mapadetypa dev E€poupe ot 1 sin 2 eivat av€ouoa oto domua (—m/2,7/2).
Aev Ba aoyoAnfoupe mEPIOCOTEPO PUE AUTOV TOV TPOTO OPIOUOU T®V TPIY@VOLE-

IPIK@®V OUVAPTIOE@V. LNUEIOVOULE POVO, 0Tt auth 1 pebodog pag anaiidoost and

TOUG VE@UETPIKOUS OPIOUOUS TOU OOOAUE OTO KEQPAAALO0 2.

5.13 Aoxnoeig

1. Boww f wa ouveyrng ouvaptmon oto [a, 8] ne gpaypevn napaymyo oto (a, )
Smadn |f'(z)] £ M yia a < x < . O¢toupe:

an = 'B;a{f(a)+f<a+ﬁga>+f<a+2ﬁ_a>+---

n

...+f(a+(n1)6;a>}.

M3~ a)1

<
- 2

an—/jf
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5.13 ASKHEEIS

IMapatnpnon 5.13.1 To (8') Seiyver ou ox1 povo a,, — ff f adAa axopun ou
1 ouyxAon eivat apketd «ypryopny. [pooeie 1ov napayovia M oto B’ pgrog
Tou deiy Vel OTL av 1] TaPAY®YOg MAIPVEL TOAU PEYAAeg TIPS eival mbavov va
XPEIAOTOUUE «TMOAU PEYAAO» M Y1d VA MPOOEYYIOOUUE KAAA TO ff f pe 10 ay,.
Hepapanoteite pe m ouvapmon f(z) = sin’(kx), k € N, a = 0, 8 = «,
naipvoviag n = k yia va nsioteite. Ilepioootepa yia npoosyyiotikeg pebodoug
UTOAOYI0UOU OAOKATpopatov Ba pabete os aida pabnuata.

2. (@) Av n f(z) eivar ouvexig oto (—00,00) kar av unapxel 10 (YEVIKEU-
HEVO) OlokATp@ua ffooo |f(x)| dz tote undpyouv xar ta (yevikeupe-
va) ohoxAnpeuata ffooo f(z)cos (zy) dz xa ffooo f(z)sin (zy) dz yia
onowodrmote y € R. Ta odoxAnpeuata autd AEyovial HEIACYUATIOPOS
Fourier cuvnuitovou xat NUItovou g f aviiotolya kal £Xouv MOAAEG
EQUPUOYVES.

(B") Ymobeote emmheov ot 1 f eival Tapay@yiotun kat akopn 0t yia Kanoto
a>0,f(z) =0 yia |z] > a. Asifte 6u o petacynuauopoi Fourier
OUVTULTOVOU Kat Nuitdvou g f, 6av ouvaptnoelg tou y, teivouv oto 0
yia y — oo xabmg xat yua y — —oc.

3. Ipagouye I, = foﬁ/Q sin” zdx, n € N.
(@) Asi&e ou I, = "Tflln;g (umodeién: odoxApwon kata pepn).
(B') Xpnowonoigiote 10 (3a’) yia va Seifete ou:

I — 2n—1)2n—-3)---1x
T op(n—2)---2 2

2n(2n —2)---2
2n+1)@2n - 1)---3

12n+1 -

KAl EMOPEV@S

[2n(2n —2) ---2)? Ir,
2n+ D)[(2n —1)(2n —3)---3]2 Inp41’

yia xabe n € N.

(v') Eexivoviag and m oxéon: sin 2y < sin?"z < sin?" 'z xat 1o (3a’)
deilte ot
I 1
1 < 2n < 14—
2n+1 2n

Kal enopeves o, /Iopt1 — 1 xabog n — oo.

(8') Suunepavete 1ov emopevo tno tou Wallis (YxotoeCog pabnpankog tou

18ou awva)
s (2n —2)(2n —4)---2\°
“Jﬁ;<m<@nn@nmua>>‘
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5. To QOAOKAHPOMA RTEMANN

4. (a') E€etaCoviag 1o [;" 2 Sei€te ou [1+ 5 + -+ + — logn| < 1. Asife
akoun ou na, =1+ ]5 + -+ % — logn eivar gbivouoa.

(Ynodeiln: 10 opillovua Saypappiopevo eufadov oto oxnua 5.11 ei-

var uikpotepo and 1o kabeta Saypappiopévo). Ymapyer emopEveg

y 10 lim a,, 10 omoio oupPolile-

talt ouvifwg pe to ypapupa vy

(~ 0,5772156649 . ..) xa1 Aéye-

1at otabepa tou Euler. Epotn-

on: elval to 7y prrog 1 appr-

10¢; Aoxipdote av Bedete va a-

MAVINOEIE 6’ AUTY TV EPXTNOT

aila unv empeivete modu. Ka-

VEIg, PEXPL OTUEPA, OEV UMOPE-

oe va fper mv anavor (xat do-

1 n—1 n n+l T xipaoav moAloi xat xahoi pabr-
paukoi, o Euler yiua mapadety-
Yxnua 5.11
na).
(B) Suykpivovtag 1o log(n!) pe 1o f1"+]/2 log x dx 3eif1e o1 av
nl _,
oy = s e

101e Uunapyouv duo Betikeg otabepeg A, B mote A < a, < B. (Yn(’)BmEn:

n+1/2 _ (3/2, 05/2 n+1/2
f1 =Lt 3/2+"'+ n—1/2)
() Ioxver xau mapanave: lima, = +/27 (wnog wu Stirling). Ta v

anodein apkei va Seifete Ou 1 @y €1vaAl HOVOTOVT] KAL PETA VA XPTOTUO-
notoete 1ov twno tou Wallis yia va dsifete om

2

(8%
2 V/2m.
Qap

5. Oewpeiote pia Beuikn ouveyn ouvapmon f(z), a < B, xal 10 o1ePed MOU
Mapayetal pe MEPLOTPOPT] TOU YPa@ruatog e yupm ano tov afova Ox xata
yovia 27.

(a') Awote emyeprpata nou va xabotouv evloyogavi] tov tno:

v/ Y (f () da

yua tov oyko V' autou tou otepeot. (Aev (rape avotnpr) anodeén yat
Sev €xoune dwoet akpift] 0plouo 10U GYKOU EVOG OTEPEOU. )

(B') Egapuoote 1ov tino autod yia va Ppeite 10U¢ yv@otoug Wnoug tng ote-
PEOUETPIAG V1A TOUG OYKOUS OQAIPIKOU TUTJHATOS, KUAIVOPOU, K@GVOU,
KOAOUPOU K®VOU.
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Yxnua 5.12

6. Bpeite 10 epfadov tou xwpiou mou mepthapfavetar petalu tou aova v

x, tou ypagnuatog e f(z) =

4 Ko Mg £QANTOPEVTS TOU YPAQTIHATOS OTO

onueio (2,16).

7. Ma pafdog pe axpa 0 xat 1 €xet ypappiki nukvoua (= limy, o m(z, h)/h,
onou m(z, h) n naCa tou wnpatog [z, z + h]) A(z), 0 < 2 < 1. Ynobetoupe
ot 1 A eivat R-odoxAnpwoiun. H suvolikn paCa My 1) ponn) M 4 oG Tpog 10
onueio a kat 1 pom adpavetag Ms o g Mpog 10 a Sivovial ano Toug TUMouS:

(@)

8)
(Y)

M= fol A(z) dz.
M= fol(w — a)\(z) du.
Mo = fo] (x — a)?\(z) dz.

Aeilte ot ot My o, M 4 eivat kada opiopeveg, dnradn ot ot (z—a) ()
xal (z — a)?A(z) eivat R-ohokAnpaotpes. (Ynodeln: Seite yevikotepa
ot «f, g R-ohokAnpworpeg ouvenayetar fg R-oloxAnpwopuny. Ta myv
anddeén mapatnpeiote o1 fg = }I[(f +9)? — (f — 9)?] xat Seilte o
«f R-oloxinpooiun ouvenayetar f2 R-odokAnpaoipn». Av f > 0 n
tedeutaia mpotaoT) eivat UKo, av oxl, 10te unapxet M @wote f+M > 0
kat f2 = (f + M)%? — M? — 2M f. Tnqv anodei&n avti mv épaba and
¢va nahotepo ouppabn oag.)

Av A(z) > 0 xat M # 0 1o onpeio f = M; o/M Aéyera xévipo Bapoug
e pafSou. Aeifte du My g = Moo — 32 M.

Egappoote 1a mapanave yua A(z) = |z — 1/2| xa A(z) = sinwz.

8. Eoww f pa ouvexng ouvaptnon oto R. Aeifte ou :

e

Fa?) do = z/oa F(a?) da, /a 2f (e da = 0,

—Q —

w/ ™
/0 2f(cosnr:)dnr:: %/0 f(cosz)dx
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5. To QOAOKAHPOMA RTEMANN

Kat
km

f(cos® z)dx = k / f(cos? ) du,
Jo Jo

keZ,aeR

9. T'a nmowa tpn tou Betkot apilbpou a wyvet:

1;

1
lim

dt =
m—mm—sinm/o Vit a

10. Bpeite 10 0pio

xr
lim z e 2* / e?\/1 + t2 dt.
Jo

Tr—00

11. Bpeite 10 ohokAnpopa fO% sinz dz pe Baon tov opopod 1 v aocknon 1. (Y-
n6deién :
cos £ — cos(k + 3z)

in &
251n2

sinz + -+ +sinkx =

)

x#2kn, k €Z).
12. Asi&te ou
s . 4 2
OS/2 Slfﬂdt<z+—£.
0 f

Mrmopouv va avukatactafouv ot mapanave avicotnieg pe yvinoies; 7laoa-
wionsn: To aopoto odoxhnpeoua [ % dev umoAoyi(etal Pe OTOIYEINOLEIS
ouvaptnoelg. Mnv npoonabroste enopeveg va 1o Ppeite.

13. Av njouvapmon f €xel gpaypévn napaywoyo oto [a, 8], 1ote

B
lim (f(z) coskzx)dr = 0.

k—oo J,

14. Xpnowonowwviag 1g pehddoug mou avantiyfnkav o’ autd 10 kepaiato, Ppeite
1a OAOKATp®UATa:

_/(am+6)3dm '/(L.(kez)

azx + f)F’
[ vie | 7o
[ | 7=

/ tan? z dz / ‘dac
sinx
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5.13 ASKHEEIS

/,772 cosx dzx

/10g(3,1:) dz
[
/m\/mdx
/ e*\/a = fer dn

/3tanhm dx
. cosh? z

cosxdr

vV1+ sin? z

feote & = sin® t)

/ dz (
J z(l—x)
/m263z dx
/e‘” sinh z dz
/ dx
i+ 1

4

T
/7,774 1 dx

x2 dx
J Va—xz -1
z2dz

V4 + 92
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/ Arctanz dz

/mgeﬂc dx

e’ —1

d

/ et +1 v
/ dzx

sin®
/3'”6'” dx
/ T dx

cos? x2

/ dz
J zvx? -2
—dx
T

Inz

/ zdx
sin’ z

dx
z(z +1)2

/ 3z +5 i
2 4+ 22 + 2

/ r?+1 J
(22 — 42+ 5)2 v

dzx
J z—+Vz2 -1

/ymdm




5. To QOAOKAHPOMA RTEMANN

sin 3z dx
cosxT

1
/ ogcssxdm
sin” x

dx
/ (z +2)%(x + 3)?

zdx

V1—2x2 — g4
/ dz
J 2+ 3cos’zx
/cos(log x) dx
/|a:| dx
/ dzr

sin x sin 2x
/ zdz

cos? 3z

2.’1,‘

2_4zdm

/ z sin® z cos* z dz

/ ze® cosx dx

/ dx
(Vo oy
S5z dr
St

/ cost x dx

/ Arcsin vz dz

/ zdz
sinh? z

cos ax dr

Va2 +sin? az

/ sinh z cosh z dx

/\/eﬂc + 1dx

Y1a napandve olokAnpepata kabopiote ta Siactnuata ota onoia w0OYUOUV oL
wnot oag kabog kat g npoimobeosig yia tig mapapepoug mou epgavifovrat.
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KE®AANAIO

EPAPMOI'EY THY. ITAPATQI'TYXHY.
KAI THY OAOKAHPQXHY.

Y10 xepaiaio autod fa e€etacoupe PEPIKES XPTOLUES EQAPUOYES TOV OO®V £10a e
pexpt twpa. Ta bepata mou Ba e€etacoupe eival ovotaotika aveldptnta petaly Toug
Kal umopouv va otafactouv e onotadnnote os1pd.

6.1 Anpoodiopioteg popges—kavoveg tou de 1’ Hos-
pital

Ag umobBeooupe du ot ouvaptioelg f(x) kal g(z) eival napaywyiolpeg ota dia-
otuata (8, a), (a,v), ou ot g(z) ka1 g’'(z) eivar pn undevikeg yua z € (B, a) U
(a,y) xar axopn ou lim, . f(z) = lim,_,, g(z) = 0. Tuv nepintwon autn 1o
limy 4 f(z)/g(z), unopei va unapyet, ahdd Quoika dev Unopel va unoloyiotel pe

OV Kavovda
S tmfE) 0

g(x) — limg(z) 0
ToyUel dumg 10 mapakatm fe@pnua, yvewoto oav €vag ano 1toug kavoveg tou de
IHospital. (TaA)og pabnuatixdg tou 17°V aiwva).

lim

Oedpnua 6.1.1 Me 7ic mpotimodéseis mov avapépaue Tagamdvw, av VIGOXEL TO
li "(z)/g (x
lim f'(z)/g'(x)

T0TE VIdPYEL Kar To lim, o f(x)/g(x), Kar Ta §Vo dpw evar isa. To anotélesya 15X Ve
Ka1 6TV TEQUITWET] OV TA 00 EWaAL +00 17 —OQ.

Anodeiin: H 18¢a tng anddei&ng eivatl moAU amhi):

flz) _ fl2) =0 _ f(z) = fla) _ (f(z) = f(@))/(z—a)  f'(z)

g(z)  g(2) =0  g(@)—g(a)  (9(2) —g(a)(x—a) ~ g'(z)




6. EOPAPMOTEY. THY. TAPATQI'TYHY. KAT THY OAOKAHPQYHY

yia x apketd kovia oto a. Puoka xabe aido mapd anddeiln dwoape, aiia dev
givar Suokoro va Sopbaocoupe ta mpaypata. Hpwta and oda opiloupe f(a) =
g(a) = 0 xat €101 01 (vées) ouvaptioeis f kat g eival ouveyelg (yiati;) oto (3,7)
ka1 napayoyiotpes oto (B, a) U (a, ). Oa deifoupe ou:
x "(x
@ @)

li — = .
zﬁlrng g(z) z—at+ g'(x)

TTapopola Selyvoupe kat v 100TId IOV OpioV and APlOTEPU, EMOUEV®MS KAl TO
fempnua. Me v engxtaon 1ou nediou oplopoy @V f Kal g Tou KAvape, Pnopoupe

va ypayoupe:
@) _ f(2) - f(a)
g(x)  g(z) - g(a)

Kal va ggappdooupe to Bewpnua me peong uprg om popern wu Cauchy. (Exey&e

16 unobeoetg tou Bewpnuatog). Oa exoune: f(x)/g(z) = f'(€)/g'(£), yia xamouo &,
a < € <z, ano onou gival avepd O av UTAPYEL TO

lim ()

z—a+ g'(z) ’

fa unapyxet kat 1o lim, o4 f(2)/g(x) xat 1a Suo dpia Ba eivar ioa (cupminpwote Tig

Aemtopepeies). Av npoogfoupe v anodeiln (xat xavoupe g npogaveis adlayeg

ot npotimobeceig) frenoupe ou £xoupe emiong deife: «H Umapén tou opiou g

f'(z)/g'(z) and Se&ia (aprotepd) ouvenayetar v Unapén tou opiou g f(z)/g(x)

ano 8efia (aplotepd) xat v 100U 1OV SUO OPIEV». O
Avdadoya anotedgéopata woyUouv kat otav a = +oc 1 @ = —o0.

Oewpnua 6.1.2 Av oi f, g evar magaywyisiyes 670 (3, 00), av g(x) # Okar g'(x) # 0
670 (3,00), av limy s oo f(2) = limys 400 g(x) = 0 Kar av 70 dp10

lim f'(z)/g'(2)
T—>00
vIdgxEt, T0TE vIdexer kar o lim, o f(x)/g(x), Kar Ta 6Vo dowa ewar isa.

Anddeiln: Xwpig PAafn g yevikotqag umopoupe va umobecoupe S > 0. T'pa-
goviag wwpa fi(z) = f(1/z), g1(z) = g(1/z), 0 < z < 1/B, avayopaote oy
TPOTYOUNEVT] TEPIMTT®OT] opiou and 0edid pe a = 0. O

Mapadeiypata:
(i) limg_o (sinx)/z Exoupe (sinz)' /2’ = (cosz)/1 = 1, 2 — 0.
(ii) (logz)/(z — 1),z — 1. Exoune

(logz) 27!
oeT) _ Ty, o1
1) : , ya x

apa xat (logz)/(z — 1) = 1, yaz — 1.

-142 -



ATIPOSAIOPISTES. MOP®ES—KANONES TOY DE I HOSPITAL

(iii)

(iv)

22 sin(1/z)/sinz, z — 0. Exoupe

(z?sin(1/z))  2xsin(l/z) + 2?(—2 ) cos(1/x)
(sin )’ B cos T
. 1 1 1
= 2z Sm(l/m)cosm " ooss 8o

O 6pog 2z sin(1/x)/ cos(x)) teiver ot0 0 yia & — 0, eve 0 Opog

cos(1/x)
cosx
Sev ouykAiver (yiat;), dpa Sev umdpyet 1o lim, o(z? sin(1/z))/sinz. And
My AT peEPLd, 10 apyiko6 opto lim, (22 sin(1/x))/sin x, oiyoupa undapyet,
dott

2 . _ T . 1
(z°sin(1/x))/sinx = z (sinac) sin — — 0, ava =0

To mapadsiypa autod deixvel 011 Oev 10YUEL T0 «AVTIIOTPOPO» TOU KAVOVd,

SnAadn 1 unapén tou lim % dev ouvenaystal v unapén tou lim %

Eva cuvnbiopevo Aabog «apyapiov» eivatl va egpapuodlouve 1ov kavova kat o-

1av dev 1oyvel 1 npoinobeon: lim f(z) = lim g(z) = 0. Puoka 10 anoteeopa
T0UG OEV €ival, £V YEVEL, 0@OTO.

IMapaderypa: (z +5)/(z +1) = 5,2 - 0, eve (2 +5)' /(z+ 1) =1/1 -
1,z — 0.

TToAAeg @opeg o kavovag tou de "Hospital odnyei mait oe «anpoodiopiotn
HopQT| %», ailia sivat duvatov va tov Eavasgappocoupe, Oniadn va ee-
taooupe 10 Opro v mrikev 7 (x)/g"(z), f"(x)/g" (x) x.0.x. 180U €va
napadetypa:

1—
Locoss o
x
Exoupe
(1 —cosz) sinz (1 —cosxz)’ cosx . 1 0
= , = —, yaz
(22 20 ' (a2)" 9 gV :

Kal EMOUEVEG:

. 1—coszx . sinz . cosz 1
lim _ = lim = lim = -,
r—0 ,’L‘z r—0 Qm r—0 2 2

otav z — 0. Avaloyog xavovag 1o Ut xatl otav

lim f(z) = lim g(z) = *oc.

T—T0 r—x0

Ioyvouv eniong o1 napailayeg nou SlATUNOOAPE 0TI TAPATNPTOELS. AlaTuTG-
VOUUE KAl AMOJEIKVUOUYE TNV TUTIKT] TEPITT®OT).
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Oewpnua 6.1.3 Av f, g ewvar magaywyiswes, g'(z) < 0 670 duistnua (a, §),

lim f(z) = lim g(z) = +oo,

kar 7o limy,_, o+ f'(2)/¢'(x) vmaoxer, tote vmdgyer kar 7o lim,_,,+ f(z)/g(x) Kar
Ta dvo oga ewar isa. (Avdloya amotelésuata zsxvovv yu ogw ano agsTEQA, YIa

f( 3 ewar +00 1

au@imAevoa 6w, Y a = +0o0 1 a =
—00).

Anodeln: Eow € > 0 xar ag ypayouue A = lim f'(x)/¢'(x). Ynapyer v, ue
a<y<fB,aoreava <z <yiote f(z) >0, 9(x) >0xa

f'(x)
9'(z)
To Becwpnua g peong tpng wou Cauchy pag divet:

fl@)—fy) _ F'©
g(z) —g(v) 9§

ka1 oA 1@ = pe @ < ¢ < y1(< ), ONOU 10 71 €XEL EMAEYEL UE TETOLO TPOTO TOU
na <z < y(<v) va ouvenayewa f(z) > f(v) xat g(xz) > g(y) (autd eivar
olyoupa Suvatd, Sou f(z) — +oo kat g(z) — o0, z — a™).

H 18¢a g anodeiéng sivat twpa 1 e€nig: «Enedn f(z) — oo xat g(x) — oo, © —
o, 10 mpixo £(x)/g(x) ba sivar xovia oto (£(x) — £(1))/ (a(x) - 9(7)), Shad
oto f'(€)/g¢'(€) 1o onoio eivar kovia oo A, av 10 = eivar apketd kovid oto a». Ag
LETAOYNUATICOUUE Tepd TNV 10€a auti} og anodeiln.

Ta a < x < 7y, exoupe:

€
-Al <=
<2

yia xanoto € pe ¢ < € < 7,

e _ () fO) _ fle)1=f()/f(=z) i
g9'(€) (z)—g(y)  g(z) 1—g(y)/g(x)’
flz)  _ (f) 1*(1(7)/(1(7‘) _
g9() g’(f) - f/f(z)
_ -9(v)/9(z) f'(€ 1-9()/g9(x)
- 1—f M/ f@) <g' ) = f()/f(@)
- 9(v)/9(z) = f(0)/f(=z) €\ 1-9(0)/g9(z)
R T 1o v 17 R (g’(é) A) =)/ @)’
onodte, yia a < x < 7; €XOUNE
1 < s B3 RS €3
Zol R ey A

To de€ia perog autng g avicotniag OUYKAIVEL 610 £ Yl(l xr — aT, dpa umapyet Y2,
yia a < 3 < 1, ©0te yua @ < < ¥ va £XOULE

(=)

—A| <e,
g(z)
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(yiati;) mou oupmAnpevel v anodeién. |

O1 8Uo «anpoodiopiotes pop@eg» mou e€etaoape, 0/0 kar 0o/00, pag emipenovv
va Bpoupe opla kat oe AAAEQ MEPIMTIOOEIS Pe amAoug petacynpatiopous. Ot mo
OUVIOIOPEVES €ival oL TePMTIAOeLS TV popeov: 0 - 0o, 0o — oo, 00, 1. Me g
ouvnbiopeveg unobeoeig yia nedia oplopou ol HETACYNUATIOUOL AUTOL TEPLYPAQOVIAl
OUVONTIKA @S e&NS:

e 0-00. Av f(z) = 0, g(x) = oc 101 f(2)g(2) = %, TOU €ivat TG HopeTig
0

o
o 00 —oc. Av f(z) = oc, g(x) = 00, 10te f(z) — g(z) = (f(=) - 9(=)) (557 —

ﬁ), nou sivat g poperg 0 - oc.

e 00 Av f(z) = O xar f(z) > 0, g(x) = 0 1018 (f(x))9®) = e9(2)108(F(2)) yeuy
1 g(z)log f(z) eivar mg popers oc - 0.

e 1°. Av f(z) = 1 xa1 g(x) — oo, 1018 f(2)9(*) = e9(@)1oef(2) yq q
9(z)log f(z) eivar g poperg oc - 0.

Mapadeiypara:
(i) =%~ ", z — 00, a > 0. Edw £xoupe ) popet oc -0 1 av ypayoupe z%e~* =
x®/e”, oc/o0o. Exoune
(ma)/ ama—l

(em)l er

Ava <110t

Q
= -0, yiauz - o0
e ro—lex

apa z%/e” = 0,z — 0.
Av a > 1 ouveyiCoupe otg Seltepeg napaymyous x.o.x. Haipvoviag [a] + 1
napaymyoug av a € N kat a mapayoyoug av a € N, fpiokoupe

el T(yf[(x]fl

lim * = lim <a(a—1)...(a—[a])”7

r—o0 et r—0c er

>=0, av a € N

Kat
.oox® . 1

lim — = lim {a(a—1)...1— |} =0, ava € N.

r—o00 et —00 er
Ye oheg dnhadn ug nepimtwoeig % /e — 0 yia z — +oo. (Puokd 11 oxeon
autn oxvel kat yia a < 0, yopig va xpewaletal o kavovag tou de I'Hospital
yia mv anodeién ).
H onpavuxn opiaxn oxgon autou tou napadeiypatog skgpaletal ouvibog mg
e1g : «To e 1eivel 010 0o ypnyopotepa ano kabe Suvaun tou x».
Av ypayoupe e* = y dniadn z = logy, BAemoupe Ot 1 Mapanadve oplak
OYE0T] €lVal 1000UVA T UE TNV

1 [e%
M—)O, yia y — 00
Yy
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nou exgpaletal ouvifng wg e€ng: «Onoadnnote Suvapun tou log z teivel ato
00 MO Apyd amo 10 T»

(ii) 2%logz, = — 0, 3 > 0. ESc £xoupe m poper 0 - (—oo). Tpagoviag

log x
z=8’

2’ logz =

£YOULE

€T

(logz)' 1 1
(@B~ —BzF1 B

% =0, dtav z — 0.

6.2 Axpotata ouvaptoe®V

Optonog 6.2.1 Ay ua suvaptnsn f xer medio opisuov éva 6vvoro A C R kar vraoyer
xo € A pe my dwrnra f(x) < f(ze) (f(x) > f(20)) yia 6da ta x € A dnlad],
w f(z0) = sup{f(z) : 7 € A} (F(zo) = W{f(z) : # € A}), w6 n 7y, f(o)
Aéyetar uéyisto (eldyisto) s f 670 A kar svpBoliCetar pe max f (min f).

A¢ onuelmooupe Ot To PEYIOTO 1] TO EAAYIOTO UIAg CUVAPTIONG UMOPEL va eivat
Tun e f yia mepiocotepa ano eva onpeia tou nediou optopou tne. [a napadestypa
av f(z) = cosz,z € R 101e max f = 1 = cos(2kn) xar min f = —1 = cos(2k +
Dr, k=0,+£1,+2,...

Mia ouvapinon, akopd ki av €ivalr @pAaypev, UMOpPel va pnv £xel PEYIOTO 1)
ghayioro. I'a mapadetypa n

flz)=2, via0 <z < 1,

Sev exer peyioto, dwousup{f(z) : 0 <z <1} =1# f(z) yiaxdbe z pe 0 < z < 1.
Auto unopei va oupfel axopn xat av to nedio oplopou sival kAe1oto diaotnua. Ta

napadetypa 1
i) lz] 0<|z| <1
Tr) =
1 z=0

Sev gxe1 ehayioto oto xAeoto Sdomua [—1,1] Swwn inf{f(z) : 0 <z <1} =0 #
f(z) yia xabe z € [—1,1]. And mv adAn peprd exoupe det O av 10 NESiO OPIGUOU
elval xAetoto daotpua kat 1 f ouveyng tote 1 f €)Xl kal PEYIOTO Kal eAay1oto.

Ta axpdtata (Snhadn peyiota 1 ehayiota) yia ta onoia pidfioape ovoualoviat
akpifeotepa odkad mpog diAakplon ano ta tomkd ta omoia ovopaloviar wg e&ng: H
uun f(xo) mag ouvapmong f(x) Aéyetar rommd puéyisto uig f, av unapxet € > 0
€010 wote 1) nepoyT] (g — €, g + €) va nepiExetal o1o medio oplopoU g f ka
N upn e f(zo) va eivat odiko péytoto g f meploplopévng oto (xg — &, g + €)
dnradn f(z) < f(xg) yia xabe ¢ pe xg — e < & < xy + . Avadoya opiCetat 10
TOMKO EAAYIOTO.

Mapadeiypa: Ta ) ouvapmon f tou oxnuatog 6.1 o npeg f(z1), f(zz) eivar
tomka peywota, or upes f(za), f(rs) tomxa ehayota, n upn f(zg) ohxo (xa
1omko) eddyioto kat nuprn f(8) odiko (adra oxt tomkd) peyioto.

- 146 -



6.2 AKPOTATA SYNAPTHSEQN

I'a ouvaptioeig mou exouv mapa-
Yyoyo o €vd onueio xg, €ivar moAU
€UKOAO va PpoUupe pia avaykaia ouv-
frxn yia va gival n upn f(zg) tomko
peyioto (elayoro). Ipaypatka, 1o
T E€IVAL AVAYKAOTIKA £E0@TEPIKO OTf
neio tou nediou opopou g f (yati;)

Kat yla apketd pikpda h > 0, 6a £you-
ue

(f (o + 1) f(z0) <0 P —
Kat

1 ,
7 (f(wo = h) = f(20)) >0, Fxiwe 61
emopéveg DV f(xg) < 0 xat D™ f(zg) > 0. Av wopa undpyet 1 f'(xq), 1018

f'(z0) = DV f(z0) = D™ f(x0) = 0.

Y10 1810 oupTEpAopa PTavoupe kKat av unobgooupe Ot 10 xg €ivat BEom tomkou eha-
xiotou. T wagaywyisnes Aowrov svvagptisens f o undevisucs ms f'(xo) ewvar avaykaia
svvUnEn yia va evar 1o To YEEN TOMKOV AKQOTATOV.

IMapaderypa: H nmapaywyog g ouvaptnong cosz mou Bemproaue mponyoupeva
elvai 11 sin z, 1 onoia mpaypauka pndeviCetat oug Beoelg v akpotatwv (nou eivat
avaykaoukd kat 1omKa):

sin2km =sin(2k+ )7 =0, k € Z.

Ano v aAAn pepta 1 ouvOnxn autn dev sivatl pe xaveva tpomno ikav). [paypa-
ukd, n ouvaptnon f(z) = 23, z € R, éxet mapaywyo 3z2 n omoia undeviletar yia
z = 0. Hupn f(0) = 0 opwg dev eival tomkod akpotato Siot yia onoladinote me-
poxn (—¢,€), e > 0, exoupe f(z) > f(0) =0y 0 <z <exa f(z) < f(0)=0
kat —e < z < 0.

H yewpetpiki) onuaoia g avaykaiag ouvinkng mou Pprixaue onuaivet Ot av 1o
T €lval ONUEI0 aKPOTATOU Kal UTAPYEL 1] EQATTOUEVT] TOU YPAPTUATOS OTO Zg, TOTE
autn 1 egantopev fa eivar opilloviia. Autod guoika avapevotav kat diatobnuika.

v nepimtwon mou unapxet 1 deutepn napaywyos [ (zg) tote eivar elikoro va
Bpoupe ka1 kaveg ouvbnkeg yia va sival 1o zg 0€o1 tomkou peyiotou 1) eAayiotou.
ITio ouykekpipeva

Mpétaon 6.2.2 Av n f eivar magaywyisyn 6€ wa megoxn tov xg, av f'(xo) = 0 kar

av f"(x9) > 0 (f"(x0) < 0) 107€ 70 T( EIVAL V6T, TOMIKOV ENCXIETOV (UEYIETOV).

Anoderln: H anodeiln sivar moAu sikoAn. Ag umobecoupe yia mapadeiypa, ou
f"(xg) > 0. Aut6 onuaiver on

o F1@) = o)

T—To Tr — I

0
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23
Yxnua 6.2
Kal enopevmg unapyest & > 0 wote
! op
0<|mfm0\<5:>M>0 (yrati;)
r — 2o
SnAad)
O0<z—20<d= f'(x) > f(m0) =0
Kai

O0<zo—x<d= fl(z) < fl(mg) =0

To Becopnua g PN TUTS Twpd pag Sivet:
0<z—120<d= f(z) — f(z0) = (z —20) f'(&1), 0o <& <7,

0<zo—x<d= f(z)— f(z0) = (w0 — 2) f' (&), = <& <o,

kal emopeves f(zg) < f(z) yua |z — xo] < J, Snhadi} 1o z¢ eivar Beon tomkou

ghayiotou

Teleiwg mapopota deiyvoupe ou 1 ouvinxn f”(zg) < 0 elval ikav ouvbnxkn yia

va sivat 1o zg Heon tomkou peyiotou.

Iapadeiypata:

(i) AgBewpriooupe madt m f(z) = cosz, 2 € R. H f/(z) = — sinz pndeviletat

ota onpeia ry = kw, k € Z xai

—1, av k dpuiog

" _ — _ —
f'(x) = —cosmy coskm { 1, av k mepoe.

Yuunepaivoupe Aomov ou o1 Beoeig 2k, k € Z sivar Beosig tomkeov peyi-
owv kat o1 feoeg (2k + 1)7, k € Z, Beoeig tomkov elayiotwv. Puoika to
AMOTEAEC|UA AUTO Umopoucape va Ppoupe kat an’ eubeiag mapatnpmviag ot
—1<cosz <1 yia 6)a 1a x.
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(i)

f(z) = 23 H f'(x) = 322 undeviletar povo ya x = 0, 6mou dpes xat
n f"(xz) = 6z undeviCerar. H wavi) ouvBixkn mou dwoape dev diver Aomodv
Kaveva oupmepaopa. Ano v aAin pepta opwg f(z) < 0 yia z < 0, xat
f(@) > 0 yia z > 0, xa1 enopeveg 1 6eon & = 0 dev eivar Oeon oute
glayiotou, oUte PeYioTOU.

f(z) = 2% Kat maht f/(0) = f"(0) = 0, eve twpa 1 eon z = 0 sivat
nmpogaveg HEan Tomkou eAayiotou.

f(z) = —z*. Kat wopa f'(0) = f"(0) = 0, eve> n béon z = 0 eivar feon
TOMIKOU UEYIOTOU.

Oswpoupe ta onueia A(0,«), B(B,7), a, 8,7 > 0 xar (iape €va onpeio
M(z,0) pe 0 < z < v @ote 10 ufkog AM B va sivar ehayioto (oxijua 6.3).

H Aton tou mpofAnuatog au- B(v,5)
10U pag Oivel 10 OTUEIO TPO- A '
oMmoeng pag gotevig a- (0, a)
ktivag mou Eexivasl and 1o
A, avaxdatar otov d€ova
I®V T Kal mepvast ano 1o B
OUPP®VA UE pia apyn g o-
TMUKTS TOU €ival yV@oTtr e
10 ovopa Fermat.

Mia a1 ye@uetpikn xata- A
OKeUT SIVEL APEO®S T1] AUOT):

To M eivar n topn tou ao- YxMua 6.3

va v z kat g subeiag A'B, onou A’'(0, —a) 1o ouppepikod tou A
g mpog tov afova v z' (yuat;). Ano ta opow piyova A'OM xat
M BB' fa éxoupe topa

OM MB
OA' BB
Oniadn
r_ Y-z _ 7
B a+s
1
a+

A¢ Mooupe topa to mpofAinpa kat pe tg texvikeg mou pabape. To pnxog
AM B sivai guoikd, pia ouvaptnon tou z, 0 < x < 7, ag v OVOUAcouE
f(z). ©a exouye:

f@)=va2+a2+ /B +(y-2)?, 0<z<y,

OnotE
T y—x

T Veriar Bt -or

f'(z)
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Atvoviag wopa myv efiowon f/'(x) = 0, Snradn mv

x y—x

Volta® VB + (v —2)?

gxoupe 2282 = a?(y — )2, dnhadn Bz = a(y — x), ondte = = 13- Puowa
dev tedeiwoape. [penet va Seifoupe ot 1 0€omn autn eivar Beon edayiotou oto
(a, 7). Tlpogaveg

ay a

0< = < 7.
a+f a+ﬂ7 7

IMapampoupe t@pa 61 1 ouvexTg cuvaptnon f(x) naipvet oe xamowa Heon xq,
0 < zog < v mv ehaxwotn upt uR. Av 1 Beon autr Bpioxetat oto (0,7) tote
fa eivar ka1 8¢on tomkou ehayxiotou, apa fa npenet f'(xo) = 0. Eidape opcg
ou povo otn Beon x = ay/(a + B) wu (0,7) undeviCera 1 f'. Avayxaotuxa
Aowmdv Ba £xoupe omv mepimwon autr ou 1 Beon ay/(a + B) sivat 1 Beon
ohkou glayiotou. Mévet Aowmov va Seifoupe o1 oute 1 upty £(0), oute ) f ()
givat 1o edayioto g f oto [0,7].

Evag tponog va netiyoupe autod 1o o100, fa mrav va deioupe ou

10> 1 (2)

Kat

100> 1 (55)

(xavie 10!). Oa akoroubnooupe pa aiin pehodo.

H ouvexng ouvapmon f'(z) undeviletat povo oto ay/(a + B) oto Saotnua
[0,7] xat emiong

F0)=——=— <0, f(7)=——=—=>0,

/52 +72 /a2 +72
apa n f'(z) eivar apvnuxr yia 0 < z < ay/(a + §) xa feux yia
ay/la+ )<z <y

(yiati;). H ouvapmon dowmov f @bivet oo Sidomua [0, ay/(a + 8)] xat avéa-
veroto [ay/(a + B),7] onote npogavag 1 beon ay/ (a + B) eivar Beon ohikou
ghayiotou oto Saotnua (0, 7).
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6.3 H yeopetpiki) onuaocia g deUtepng NAPAYOYOU

Ag Bewpriooupe pia subeia mou
dev eival maparinin pe tov afo-
va 1ov y. Oa divetal and pia e-
Siowon e poperis y = Az + pu,
—00 < 1 < +0o. Ta onpeia tou
emmnedou Mou Ppiokovial «Iave»
ano v subeia autr opiCovtal @u-
oloyika oav ta omueia (z,y)

Y

¥z, A + )

yia ta onoia y > Az + p Snha-
&1 ta onueia (z,y) ya 1a onoia 1
TETAYUEVT] Y ElvVal pEYAAUTEPT a-
O TNV TETAYUEVT] TOU OTJUEIOU TNg
gufeiag pe v id1a TETUNUEVT).

Xmpiletal €101 10 eminedo og pia pe-
pr:

I={(z,y) 1y >z +p}
I={(z,y):y<Xx+u}
= {(z,y) :y = Az + p}.

Av (z,y) € I 1 (x,y) € I Ba Aepe av-
tiotorya ou 1 (r,y) PBpioketal mave 1)
Kat® ano v subeia y = Az + .

Ag Bewprooupe topa 1o ypagnua piag
ouvaptnong f oplougvng o’ €va didotn-
na (a, 8) xat ag unobecoupe ou 1 f &i-
val tapaywyiotun kat 6t xo € (a, 8). Je
autn mv napaypago fa e€etacoups v

T x

Yxnua 6.4

Ly—(Qzx+p)>0

OI: y — Az +p) =c¢

ILy— (Az+p) <0

Yxnfpa 6.5

feon tou ypagruatog g f ®¢ MPog TV EQANTOUEVT] 0T0 ONueio (X, Yo )-

Av undpyer 6 > 0 @wote 10 uNua tou ypaenuatos {(z, f(x)) : |z — xy| < I}
va Ppioketal v (kat®) and my egamtopévn oto To, y = f(xo) + f'(z0)(z — 30),
10te fa Aepe ou 1 f otpégel ta koika mpog ta nave (kat®) oto onueio zg. Av 10
unua tou ypagnuatog {(z, f(z)) : 0 < z — z¢ < §} PBpioketa nave (katw) xar 1o
{(z, f(2)): 0 < 2p — z < §} xaww (MAVE) ANO TNV £QATTOUEVT], TOTE TO Xo AEyETAL

onpeto xapmrg g f. (BAene oxtua 6.6)
Mapadeiypara:

(i) f(z) = 2%, 1o = 0. H xapmiAn otpégel 1a xoiha mpog 1a Tave (TETPLUPEVO).

(i) f(z) = 2?, 2o = 0. To xy eival onpeio kapmig

i) @ ={ § " T

H f eivar napaymyiown naviou pe

ra={g

—22 cos % + 423 sin

(tetpiupevo).

1‘020.

%, z#0
z=0
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T1 @ KolAa mpog 1a KAT®
Ty i OTUEIO KAPMTG
T3 : KolAd MPOG 1a MAV®

xr1 T2 T3

Yxnua 6.6

To zg = 0 Sev eival onueio kapmrng kat 1 f dev OIPEPEL 1d KOIAA OUTE TPOG
10 TAVe OUTE MPOS Ta KAT®.

Ipaypauxa f(0) = 0 apa n egamtopevn oto (0,0) eivar o aovag twv .
Emiong yia onowodnmote § > 0 n f naipver xai feukeg kar apviukeg 1peg oto
Siaotnpua (0,4), dnradn 1o ypaenua g £XEl ONUEld KAl TAVE KAl KAT® amod
mv ggantopevn (dwote v anodelén Tou 10X UPLOHOU autol).

Ag yupicoupe yia Aiyo ot yevikn nepimtmorn. Av oto g 1 f otpe@el 1a xoida mpog
10 mave 10te umapyet 6 > 0 wote

F(@) > F'(w0)(@ — m0) + F(0) yia |z — 0] < 0

Snrad:

g(z) = f(x) — f'(w0)(x — 20) — f(x0) >0 = g(m0) Yra |z — 20| < 4.

To va ope@el Aomov 1a koida mpog ta mave 1 f 010 Ty WodUVAUEL UE 10 va
gival 1o xo H€on tomkou elayiotou yia v g(x), YEYOVOG O £lval Kal YEDUETPIKA
pavepo (yiati;). Ag umobecoupe twpa Ot unapxetl deutepn napaywyos f(zg). Me
Qutd TOU EIMAuE OV TPOTYOUUEVT] Tapdypago kKai mapatnp@viag ou ¢'(xg) =
f'(zo)— f'(z0) = 0xar g" (zq) = f"(zq) ouvayoune: Ixavij cuvbixn yia va orpeget
n f ta xoida mpog ta mave eivat n f(zg) > 0 xat (mapodpoia) waviy ouvlnikn yia
va o1péQel ta kKoiha mpog ta xatw eival 1 f(xg) < 0.

Av 10 xg eival onueio xaumng tOTE 10 Lo Oev &ival Heon tomkou glayiotou,
oUte tomkou peyiotou g g. Eneidn wopa g'(zo) = f'(z0) — f'(20) = 0 Ba mpéner
avaykaoukd va gxoupe g"(xg) = f'"(x0) = 0 (yiati;), Snradn: Avaykaia ouvbixn
yua va givat 1 zg onueio xaumng eivar va wyvet f'(zg) = 0.

H ouvBixn aut dev eivar pe xaveva tpomno kav). [a napddeypa, n f(z) =z
Sev €xet onueio xapnng 10 2 = 0 (oTpEPeL MPOYAvV®S Ta KOIAA MPOG Ta TAV®), EVE
f"(0) = 0. Eva mo «aypio» napadetypa eivat to napadetypa (iii) otn oghida 151.

4

Hapatnpnon 6.3.1 Aemtopepeotepn e€€taon ouvink®v yia tomkd akpdtata Kat or-
peia xapnng anattei tov Aeyouevo tuno Taylor tov onoio fa e€etaooupe apyotepa.
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6.3a" H pebodog tou Newton yia m Avon eéiowoswv

H elpeon wv pillaov uiag eflowong f(z) = 0 Sev eivat, ev yevel, gUKoAT akoun
xat av 1 f €lval amin ouvaptnor, yia napadelypua TOAUGVUIO. YTAPYXOUV TOAAES
npooeyylotikeg pebodol yia 1o okomd autd amod tig omoisg Ba mepiypayoupe pia
YV®OoT pe 1o ovoua tou Newton.

Eoww f ma ouvapinon pe ouvexeiq mapay@youg mp@Ing kal Seutepns taéng
oe eva daompua (v,d) D [a,B] (Bréne oxnua 6.7). Ag Ymobeooupe axopa ou
fl(x) >0,a <z < Bxa fla) <0, y
f(B) > 0. TvopiCoupe 611 uTapyet a-
kpifog pia piCa o g f oto diaotnua
[a, B] (yrati;) xar oxondg pag eivar va
TNV MPOCEYYICOUIE.

H 13¢a g pebodou eivar amin. Zexi-
VAE amo £VaA ONUEI0 T «APKETA KOV-
1a» ot piCa g kat ovoualoupe xy TV «a 0
TETUTUEVT] TNG TOUTIS TS EQATTOUEVTS f I/ l

oto (z1, f(z1)) pe tov aova v . Y T2 x1PBd @
YuveyiCovtag pue autov 1ov tpomno Ppi-
okoupe pia akoroubia 1, Ta, T3, - - -,
1 onoia TouAayxiotov dwatchnuka mepipevoupe va ouykiiver otn (noupevn piCa o.
Ag anodeifoupe autov Tov 10XUPIOUO.

Ag &exabapiooupe np@Ta 10V OPO APKETAE KOVTA TOU XPTOLUONOUOAUE APATAVE.
Eoww M 1o peyioro g | f(z)| xar m 10 ghayioro g f'(z) oo [a, B]. Oa exoune
m > 0 (ywati;) xat fa unoBecoupe ou |21 — o] < lﬂ Oa douye 6T Ye autn Vv
npoumobeon 1 akodoubia zp ouykAivel kal paiiota aglcsm yornyooa ot piCa g.

Iapatmpoupe kat’ apyag ou

Yxnua 6.7

Try1 = 2 — fracf(z)f' (zr)

(yrati;) xat enopeveg ba unapyouv & € (0. k), &, € (Tr, &) @ote

S [ 1 F S (U
_ &) f'xn) = F1(&))
= -0 (1- 5y) = -0 (FEE ) -
_ _ PRV (9 _ o)
= (zx—0) |(7r — &) e /k):| (zx — 0) |:(mk &k) 1z (Tk):| ;
OMOTE "
eer = ol < boe = of (Jon — ol ).
H undbeon .
lz1 — ol < 5%

pag divel apeoa

1
T2 — 0] < §|$1 - 0l.
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M 1\’
lzg — 0| <lza —o|[|z2 —0l— | < (=] |21 — 0
m 2

KAl yevika (eUkoAn enaymyt))

1 k—1
n-d<(3) -

H te)deutaia oxeon deixvel 0T Mpaypatikd T — 0 Kal pailota 1o Aados xy — o
1eivet oto 0 mo ypryopa and 1 @hivouoa yE@UETPIKT] TPAOSO (%)k |z1 — o]. Zuv
MPAYUATIKOTITA 1] OUYKAON eival akopa tayutepn aida dev Ba empsivoupe oto
OnuEio auto.

Hapdderypa: Axkopa kar og TePIMI®OeIS TOU £xoupe aideg pebodoug yia tnv
emiAvon piag e€iowong, 1 pebodog tou Newton pnopei va anodetytei kaAuteptn.Ag
Aooupe yia mapadeypa myv f(z) = 22 — 2 = 0 oto daotnua [1,2] Snradi ag
npooeyyiooupe m V2. ApyiCoupe pe 1 = 2 kat £oupe

rK = 2
f(2) 2
9 —9_Z-15
’ '(2) 4
7(1,5) 9,95 -2 0,25 425
— 15— 1522 T2 5o 222 B2 g 4166,
BT T A T T 21y 7T T3 ’

AeSopévou on /2 = 1,4142 ... Prénoupe 6u pe dUo povo Pripata metiyape
npooLyyion moAlr kahutepn tou 1072,

6.38" Mia amir Sragopikn) eicwon.

H xatdotpmon xat 1 Avon dueogmiy e16weewy anotedel pia amo 11§ GNUAvIIKOTEPES
e@appoyeg 1ou Aneipootikot Aoyiopou. Mia t€toia €iomorn peAetoape Yue apket
Aemtopgpela 010 MPOPANpaA tou appovikou tadaviot. H cuotnpatikr) pedetn avtov
1wV eflowoemv Ba yivel oe aAAa pabrnpata. Ynv napaypago autr a nepropiotoupe
oe pta anAtn e€iomon mou epgaviCetat moAu ouyxva. H efiomon mou Ba eetdocoupe
eivat 1y’ = ky onou k £évag otabepdg mpaypatikog apifpog. Edm guotka yayvouye
yia pia ouvaptnon y = f(z) nonoia ikavonotei m oxgon y' = ky. Autopata Aomov,
neplopiCoupe 10 Ya&ipo petall napay@yicip@v cuvaptnoemy, Onote, CUPNQEVA UE
v avamtuén g fewpiag mou napouciacape o nedio oplopou toug Ba eivar avoryto
daotnua.

Eivat gavepd ou av ny = f(x) sivar Aon g eiowonig pag xat n ¢ - f(z), ¢
otafepa, givat emiong Avon. Ta doa einape yia v exbetikn ouvapinor pag odnyouv
apgows ot Aon y = ek (mpaypauka (eF7) = keb?) ka1 emopévmg ot ouvaptioeig
ce?® ¢ € R, sivar Aioeig g efiowong pag. Ioxupillopacte 6t Sev undpyouv aAle.
ITio ouyxekpipeva av wa ouvaptnon y = f(x) wavonoel v y' = ky oe xamnowo
Stiotnua (a, B) tote unapyet otabepa ¢ wote y' = cet® yua x € (a,B). (Edikoepa
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6.3 H TEQMETPIKH SHMASIA THY AEYTEPHS MTAPATQIOY

10 oUUNEPaca auto onuaivel ou onoladnnote Aot ¢’ éva Saotmua (a, 8) pnopei
va enextabel oe oAoKANPo 10 R (y1at;).

Ag Soupe katapyag nwg fa @racoue TeAEi®g YOPUAAIOTIKA OE AUTO TO GUUTE-
paopa.

Av f(z) = kf(x) e f'(z)/ f(x) = k Snhadn. log | f ()| = kz+c1, ¢1 otabepa
Sradi | f(x)| = e1e*® xat emopévag f(x) = cek® dmou 1dpa 1o ¢ pmopet va mépet
onotadnnote mpaypatiky upt (eve 1o e naipvel povo fetikeg Tipeg).

To xUpto epndd0 yia va PETACYNUATIOOUPE TOV TAPATAVE GUAAOYIOUO OF a-
nodeiln eivar ou dev Egpoupe & priori du f(z) # 0 xa €01 dev pmopoupe va
ypavoupe f'(z)/f(xz) = k. Avti va e€etacoupe Lexmpiota: nepimiwoeig (f(z) = 0,
f(z) # 0) expetadleuduaote 10 AVAPEVOUEVO T@PA OUNUTEPAONA Kal SEIYVOUNE OTL
«Av f!(x) = kf(z) a <z < B, 1616 1 f(2) - e7*® eivar eradeon 670 (a, B) Snladi
f(x) = ce " ¢ 6Ta9e00>.

H anodeiln eivat oxedov tepippev. Eyoupe:

(f(z)-e*)" = f'(z)-e ™ —ke ™ f(2)
ke % . f(x) — ke . f(x)
= 0,

k

a < x < [ ondte mpaypau 1 f(x) - e " orabepa oto (a, ).

"Eva poviedo nAnfuopmaxig e£ehng.

Agypayoupe f(t) yia tov mAnBucpo evog ouvolou opyaviou®v onou 1 petafin)
t mapiotavel xpovo. IMaporo mou n ouvapnon f mpenetl va maipvel POVO akeEpPAles
Tpeg oto Bempnuko poviedo nou ba dwooupe, Ha 11 Bewprooups pla mpaypatik
ouvaptnon yia v onoia paiiota fa umobecoupe ou £yl mapaymyo yia kabe ¢ € R.
Oa umobecoupe akodpa ot 1 1 Ypovikn ottyun 0 o mAnbuouodg eival yveotog, £0tw
a, dradn f(0) = a. H €€€hién tou minfuonou e€aptatal guoika amod tov apifpo tov
yevvnoeov kat tov aptfpo tov favatov nou cupfaivouv otov mAnfuopo. Mia—and
BroAoyikn anoyn—eudoyn napadoxT sivat ot 1 dia@opd 1ou aptfpol 1wV YEVVIoE®V
an6 v apiuo v favatev sival yua xabe ¢ avaroyn pe tov manbuopo f(¢). H
TapadoyT] autl] HETAPPAOUEVT] og padnuatikoug 6poug pag odnyei otnv efiomon:

omou k pia otafepa mou e€aptatal anod ta Podoyika Yapaxkinplotika tou mAnfuopou
kat tou mepifarioviog oto onoio avamntuoostatl. H ouvaptnon Aowmov f fa sivar Avon
10U TPOPATIpaATOS:

H f'(t) = kf(t) diver f(t) = ce*® ka1t n £(0) = a pag Aéyer ou: ¢ = a, dnhady
f(t) = aert.
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6.4 Aoxrosig

1.

YupnAnpmote v anodein tou deutepou Bewprjpatog
lim f(z) =lim g(z) = +0

e §6.1.

Av 1 f(z) eivar ouveyng oto (o, 8) xa1 av

lim f(z) = grg_ fl@)=4x

z—at
Seilte ou 1 f(x) £xer edayioto oo (a, B).

Bpeite evav apipo a, av unapyetl, ®@ote va unapyet 1o 6pto

. sin 2z o
lim + — ).
z—0 3 x2

Av unapyer 11 f"(z) oto (@, B) xar eivan Betikr) 101 1) GUVAPTNOT EIval KupT),

SnAad
fyz +0y) <~vf(z) +df(y)

yia oda ta z,y € (o, ) xat 7,6 ERue y> 0,6 >0xarvy+d=1. Tion
Haivel YE@PETPIKA 1 tapanave avieotnia; (Luykpivete 1o ypaenua g f oto

[z,y] pe v avtiotoryn xopdT| TOU Ypa@ruatog).

Mia padievepyog ouoia €xer nala m(t), omou t o xpovos. H unobeon ou n
ouoia eivar padievepyog onuaiver ou «xavel pala pe pubpd avaloyo mpog
m pala», dMadn m'(t) = —k? - m(t) yia xamowa otabepd k. Aeifte 61 «o
xpovog Nuilwrng» g ouoiag, OnAadt] o xpovog mou Xpetaletal yia va Peivel 1)

pion piCa, eival ave€apintog g apyikng palag mg.
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KE®AAAIO

Y YMIIAHPOMATA

I[ToAAd xat onpavuka Bepata g Bewpiag mapainednkav omv avamtuén mou ma-
POUCLACAPE PEXPL TOPA. XT0 KEQAAAo auto fa xavoupe pia oUVIouT €10ay®yT|
og pepika anod auvtda ta fepata. Onwg xat oto xkegdiaio 6 ta Bpata eivar yevika
ave€aptnta petalu toug xal umopouv va dtafactouv pe onoladnmote oelpd.

7.1 Ta afiopata tou datetaypévou ocodOpatog

IMa Aoyoug mAnpotntag Sivoupe TOV KATAAOYO TV ASIOUAT®V £VOS OIATETAYUEVOU
ompatos. To Bepa auto avantucoetar die€odika oto pabnua g Adyeppac.

Opionog 7.1.1 Eva un kevo svvolo ¥ Aeyetar MateTayuevo swua av 1wsxvovy Ta e£NS:

(1) T kdde Cevydor x,y € X vmdgxer akoBus £va 6To1XEW TOU, TOU 6VUBONICETAL
T + y Kar AéyeTar adpoispua Twv T, Yy, WETE yia ONG Ta T, Y,z € X Va EYOUUE:

(@) @+y) +z=2+(y+2).

(B') Yrmdoxer éva storyeio Tov X, mov svuboliCerar 0, wete:
z+0=04+2=12.

(V') Yrdoxer éva storxeio, mov svpbolileTar —x, wWeTE:

&) z+y=y+u=

(il) T kdde x,y € ¥ vmapxer akebus Eva sTorxeio TOV, MOV sUKBOMCETAL TY Kar
AEYETAL YIVOUEVO TWY T, Y, WETE YA ONQ TA T, Y, Z € 3 Va EYOUUE:

(@) (zy)z = z(y2).



7. SYMIIAHPQMATA

(B") Ymdoxer éva etorxeio Tov ¥ SragogeTiko amd to 0, mov svuboNiCetar 1,
weTE:
lr =21 ==x.

(Y) Jw kdde x € ¥ pe x # 0 vrdoyer éva storxeio Tov X, mov svpboliCetar

z~ b, weTe:

—1

zz =gt

z =1
(&) zy = yzx.
(€) z(y+2) = zy + zz.

(iii) Ymdgyer éva vostvolo P tov X, mov Aéyetar sUvolo Twv YeTuciv sTotyemwy
TO0U X, WETE:

(') Jw kade x € ¥ 15xVe1 akgBus wa ano Tis Toe1s 6xEces: ¢ € P, —x € P,
x=0.

(B) z,y € Psvvendystanx +y € P xaw xy € P.

‘Omnoiog sivar Aiyo e€oikeimpevog pe m ouyypovn Adyefpa fa avayvopioe om 1a
aliopara (i)a', (i), 1)y xapaxmpiCouv 1o ¥ oav opada g mpog v npoobeon kat
ta ()a', 1)B, 1)y, ()8 oav ABshavy opdda. Ta adiopata (i) kat (i) yapaxtnpiCouv
10 X oav owpa. H tpitn opdda 1@v afiopatev kabopilet ta Betika otoryeia xat
EMOUEV®G 1] d1dTaln, av opicoupe = < y av kat povoav y —x € P.

‘Oleg o1 YV@oteg 18101Meg 1@V mpafemv kal mg dataéng mpokUmiouv ano ta
napanave aiopata. T'a napadetypa, «zo 0 evar povadwo». Tpaypatika, av unnpye
otorxeio 0 wote 0'+z =2+ 0 =z yia 6la ta z € ¥, 1618 naipvoviag z = 0
fa eixape: 0' +0=0 xar 0'+0 = 0" (afiopa 1f') omote xar 0 = 0. Mia aAkn
tetpippeviidiota sivainl > 0, dnradn 1 — 0 = 1 € P. lpaypatika, ensidn 1 # 0
pevouv ot Suo neputioeig 1 € P —1€ P. Av (—=1) € Pwoie 1 = (—1)(-1) e P
nou eivar atomno (afiwpa 3). Xuvayoupe homov ou 1 € P.

Aoxnon
(i) Aeifte 6oeg xat onoieg 18101teg HeEdete T@V SIATEIAYVUEVOV O@UAT®V.
(ii) Ymapyet oopa pe 1 otoryeio; pe 2 otoixeia; pe 3 otoryeia;

Ta epwnon yia Siatetaypeva copatd.

‘Otav peretape éva afi@patkd ovotnua pag evolagepest va doupe av ta alim-
pata eival svpbiBasta, ONAad Ot OV MPOKUNIEL Kapia aviigaon and autd. Mag
eviiagepel emiong va doupe av ta aliopata sivar aveldotnra, dnAadt Ot kaveva
ano autd dev eival anoppola t®v unoroinwv. Eival mpogaveg 6t av unapyet eva
YV®OTO GUVOAO OTO OmoI0 1Kavonolouvidal OAa ta afi@pata ekT0¢ ano €va, TOTe 1O
afiopa autod sival ave€aptnro amo ta umoAoina.

Ac¢ gdey&oupe Ot 70 emipaxo aliwpa NS EVVEXEIAS EIVaL TEAYUATIKG aveEGOTNTO A0
Ta awpata Tov SaTeTayusvov swpatos. lpenel Aomov va Ppolpe eva Siatetayuevo
o®UA 0To omoio Jev Kavonoleital 1o afimpa g ouvexelas. Oewpolpe 10 GUVOAO
Q(x) 1ov pmev ouvaptioemv. Eival toAU eukoho va dolupe du pe tg ouvnbiopeveg
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npa€eig mpoobeons xar toddamiaciacpou 1o Q(z) eivar npaypatuka oopa. Opiloupe
oav feuika otoiyeia 1ou Q(x) exeiveg 1Q PNTEG OUVAPTIOELG

p(r) ap+ - +anz”

G@) Dot + b

an # 0, by, # 0, yla 11g onoieg 01 GUVIEAECTES @y KAl by, €ival opdonuot.
Aoxnon:

(i) Aeifte ou pe 1ov mapanave opopd to Q(z) yivetar datetaypevo omua
(mpener npwta va Seiete G 0 0PIONOG TV BEUKGV OTOIXEI®Y Elval «kahog»).

(if) Aeifte 6u ot0 Q(x) dev w0xvel 1 Apxiundeta Wdota (apa dev 10xUEeL Xat 10
afimpa g ouveyelag).

7.2 Ot topeg tou Dedekind

Oneg avagepape oto 1° xegadaio, 1dn anod mv apyaidoma eixav avakalugbei
ot appmrot apifpoi. Eixe yiver xatavonto ou ot prroi (toug onoioug fewpotpe ot
katadaPaivoupe kakd) agiivouv «amota kevar (yia mapadetypa to v/2) 1wv onoiwy
1 CUUTATIP®OT] SNUIOUPYEL TO GUVOAO TV TMPAYUATIK®V aplfp@v, 10 «ouveyeg»
onwg eheyav naiiotepa. Meypt 10 1€hog tou 190u aiwva, ano mieupag akpifelag,
1 KAAUTEPT] MATPOQOPIA TOU EIYAYUE TIAV O OPIOUOS TS 100TNTAS OUO MPAY HATIKOV
onwg divetar ota Ytorxeia tou Eukeidn kar anodidetar otov Eudofo (o opiopdg tou
Eudofou ouotaotikd gheye: £ = y av kar uovo av xabe prrog pikpotepog 1ou T sival
Kal PIKPOTEPOS ToU Y Kal kabe prtog Heyalutepog Tou & eival kat Peyaiutepos ).

Mia owotr] tonofetnon t@v mpayudt®yv £yve yia mp@tn @opd 10 1872 anod 1o
Teppavo Mabnuatuko R. Dedekind oe eva BifAiapaxt tou pe tov titho «Xuveyeia
xat appmnrot apifpoi». H €vvola tou mpaypatikou apifpou 1) 10 «OUveXES» T@V mpay-
HATIK®V UTTPYE QUOLKA 010 puaio tov avlponwmv kat 1 dtatinwmot akptfoug optopou
iowg mpenel va ouykpifei pe v avakaluyn xat diatinwot] evog Baotkou VOUOU TNg
duoikng (@aviaoteite v avakaiuyn tou Oalrn yia tov niextpiopo 1 tou Newton
yua v Baptma). Towg xau t€to10 va eixe o Dedekind oto puadod tou otav, oto
napanave Pifiiapaxi, Eypags:

... Ot mo noAdoi avlpwmnot Ba Bewprioouv autn v avakaiuyn kowotv-
gia. H avaxaiuymn autn ouviotatat oto €€11¢: Eidape otnv mponyoupev
napaypago ot kabe onueio p mg subeiag mapayetl Eva Sax@pLopo g
eubeiag oe duo pepn. ..

H xevipik 1d€a tou Dedekind mav va tautiost toug npaypatikoug aptbpoug pe
«T0UES» T@V pMi@V (Tig Aeyopeveg topeg tou Dedekind).

Optonog 7.2.1 Eva vrosvvolo A tov Q Aéyerar Tour) av:
i 0#4CQ

(ii) 2 € Army < x svvemayetar y € A
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(iii) 7o A dev éxer ueyisto storxeio (dnhadr dev vmdgxer xo € A wete g > T Yia
ohatax € A).

Aoxnon. Xpnolponoi®viag ToV opiopo T®@V MPAYUATIK@®V TOU d@OAUE OTO MP®TO
ke@alaio Oeilte o «av oe xabe mpaypatikd r avuotoixicoupe 10 ouvolo A, =
{y € Qy < z}to1e navuctoyia z = A, eivar 1 —1 xa1 eni anod 1oug mpay paukoug
010 OUVOLO OA®V TV TOU®V TV pNteavs. Ilowd sival 1 aviiotpo@r g «ouvaptnong»
d:x— Ay

To emopevo Pripa eivar va opicoupe mpaeig kat oxeon dataems 010 GUVOAO
T®V TOP®V Kat va Oeifoupe OTL IKavomolouvidl OAd ta aSi®@pata 1@V Tpay HaTiKov.
OpiCoupe yia napaderypa «1 topun A sivar pikpotepn 1) ion g B av A C B», «To
«afpoopa» A + B opifetmi wg {a + S : a € Axa § € B} .t

Av Bgdete, pmopeite va ouveyioste povol oag 1 fempia (Sev unapyet moubeva
ovuolaotikT duckoria) 1} va avatpe€ete ot fifAoypagia.

7.3 Axoloubieg Cauchy

lNa va gxeyoupe av pa akodroubia {a,} ouyxhivelr, olpgwva pe t0v oplopd
ToU S®OapE, MPENEL va Yvepi(OUNE T0 «umoym@io» 0pto g a (yla va efetaooupe
11§ anOAUTEG TIUES TV dAYOP@Y (i — ). L€ TOAAEG OUKG TMEPITTIMOELS €1TE eV
yv@pi(oue KAveva TET0I0  £1Te, 10®G, OEV EVOLAQEPOUAOTE Y1 TNV TIUT] TOU OPiou,
aAAda to povo mou pag svola@epst eivar av 1 akoroubia sivar ouykAivouoa 1) Ox1.
To napakdt® onuaviko fecopnua pag Sivel £va KpITplo vl auteg Tig MEPITTROOEIS,.

Oempnua 7.3.1 M avolovdia {a,} svykliver av kar uovo av eivar «Baswn» (1]
«Cauchy» ), dnhadn yw kade € > 0, vmdoyer ng wete yw ola ta n, m € N va wsyven:

n,m>ng = |ap— | <e
Onwg Brenoupe otov opiopo g faoikng akoloubiag dev unelogpyetar kaborou 1o
opo a g {ay, }.

Anddeiln: Ag unobeooupe mpmta ot 1 «,, ouykAivel kat ou «, — «. Tote, yia
kabe € > 0, unapxet ng pe v WOTA: n > ng ouvenaystal |a, — a| < £/2. Av
Aowmov n, m > ng 101!

lan — | = oy —a— (am — a)]

< ‘ | | |<€ 9 c
Oy — O+ Oy — @ -4+ - =
> n m 2 2

Smradn n {a, } eivar Baowk.

To avtiotpogo sival mo evdlagepov. Aeiyvoupe npwia ot «Kabe facikt) ako-
Aoubia eivar gpaypevy. Tpaypatikd, anod tov opiopod g facikig akoroudiag, pe
e = 1, Bpiokoupe €va ng € N @ote:

n>ng = |an| <apgi] + |an — angr1| < fapga] +1
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7.3 AKoAOYOIES CAUCHY

Yuvayoupe Aomodv ou yia oia ta n € N, fa exoups:
‘Oén| < |CM1‘ + |CM2‘ + -+ |Oén0+1| +1=M

Smradn n {a,} eivar gpaypevn.

I'vwpiCoupe t@pa ot fa unapyel pa unakoroubia {ay, } g {a,} n onoia fa
ouykAivel, €0tw Ol ap, — . IoxupiCopat out kar «oAoxAnpn 1 axoroubia {a,}
ouykAivel oto a». H anodeién tou woyupiopou eivai etkoAn. Eotw € > 0. Ynapyet
ng € N wote |a, — an| < &/2 yia Oda ta n,m € N ue n,m > ng. Ynapyet eniong
ny € N wote n > ny ouvenayewat |ay, — a| < /2. Av wpa n > max{ng,n; },
101 Ky, > N > ng KAl ENOPEVES:

3
2

e
\an—a\g\an—ak"\—i-\akn—a\<§+ =c

onwg akpifog npene va Oeioupe. |

Oedpnua 7.3.2 (Kpitipro Cauchy yua Utmap&n opiou cuvapinong) Estw f ua
6UVAQTNGN Kal Lo EVa 6NUELD 6VE6WOEVETS TOV TENIOV 0016u0U TS Detlte 011 pa wavr)
Kai avaykaia suvdnkn yu va vadoxel to limy ., f(2) ewar n eéns: yu kdde € > 0
vrdoxer § > 0 wete yia 6la Ta x, Yy Tov mEFIOU 0gispOV TNS f MOV WAL # Xo Va 16YVEL:

[z =m0l ly — x| <o = [f(z) = fly)| <e

Anoderln: H anodeiln agrnvetar mg aoxnor. O

H Si6tta tov npaypatikev akoroubiov mou deifape oto npoto bempnua autng
g mapaypagou, dnaadn ot kabe Paoikr) akoloubia mpaypaukev apiucov ouy-
kAiver, ovopaletar ouvifog mAnpodtnta tou R. Aepe akopa ot o R sivar «mArpng
xopog». Eival evdiagepov va ouykpivoupe, amd 1 okoma auty), 10 Q pe 1o R.
«To Q dev eival mATpNg X®@pog». Me autd QuUOIKa EVVOOUUE OTL UTAPYOUV BAoikeg
akoroubieg {a, } pe ap € Q, n=1,2,..., o1 onoieg dev ouykiivouv (ot0 Q).

Tloosé€re: Mia 1€toa akoroubia {a,} umopei guoika va fewpnbel xar oav
akoroubia oo R, agos Q C R, emopeveg ouykiiver (oto R), adla xadihota
pnopel va ouppet to oplo g va pnv aviket oto Q.

Aoxnon

(i) Awote eva napadeiypa pag faong akoroubiag {a,}, ne ap, € Q, n =
1,2,..., nou dev ouykAivel oo Q.

(ii) E&etdote mowa and ta unoouvora [0,1], (0,1), [0,00), (0,00) 10U R eivar
TATIPN Kat mola 01, agou MP®TA OATUTMOETE PE akpifela Tt onpaivel Ot eva

umoouvoAo tou R eival mATpeg.

(iii) Av A C R xai 10 A sivar mhnpeg, tdte xabe onueio oucompeuong tou A aviket
oo A.
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7. SYMIIAHPQMATA

7.4 H 3exadiki) napactact) 1@V NpayHatikav apitfueav

H Sikatordynon g ouvnbiopevng Sexadikng napactaong tov npaypatkmv faocile-
Tal KAt oUclaoTiko Tpomo o010 aiopa g ouveyetag. O 1pomog autdg Tapactactg
IOV MPAYUATIK@V £XEL EMKPATNOEL Yiati Tapouctdlel opaviika TAEOVEKTUATA OV
exteleon npalemv.

Eow z £évag feuxog npaypauxkog apilbuog. Tpagoupe xg = [z] ka1 yo = = — zp,
onodte Ba exoupe £ = x9 + Yo pe 0 < yp < 1.

Av ypayoupe 71 = [10y0], 1 = yo — 1071 [10y0], Oa €xoupe: x = xo + 1 /10 +
Y1, ne o1 aképaio 0 < x1 < 10 xa1 0 < y; < 1071, Evag amhog enaymyikos
ouldoyiopog deiyvel ot pmopoupe va Ppotpe pia akoroubia akepai®v xq, Ta,. ..
wote 0 <z <10, k=1,2,... ka1

T L
T = T — PP "
° 10 108 Uk

pe 0 < yp < 107%, yia 0da ta k € N.

‘Acknon Yupminpmote TV Tapanave anodelén kat Seifte emmigov ont z = [10% 2] —
10[10% 1]

Yuvifog ypagoupe xg, T1, ..., Tk avi Tg + 75 + -+ + o Kat kaholpe autd

tov apifud «dekadikn npooeyyion 1aéng 10~F tou 2». Eivar gavepd ou 1 akoloubia

I I Tk
Ag = zg, Ay = — Ay = —
0 = To, A1 ZE0+10, FAY? $0+10+ +10k
ouykAivel otov apifud .
Avtiotpoga, av pag dobei pia axoroubia Bg, B1, ..., Pn,- .. Onou By € NU {0}
xkat §; € {0,1,..., 9}, =1,2,... w01t n akohoubia

B Bk
ap=Pfo+ et
AT 10%
ouykAivel oe eva un apviuko apluo z. Tpogavég ap > 0 xar 1 {ax} eival
av€ouoa. Apxei homdv va Seifoupe ou n {ay} eivar gpaypevn mpog ta nave. T'a
tuyaio opwg k € N exoupe:

b1 Bk 9 9
— 2y PR 2o
Y bot ot T Shtg Tt
9 1 1
— Tl —
ot g+ g+ + g1
91— 105 9 1
= —_— T~ — ]-
Ba+101_% <Bo+10% Bo +

xat €10t 10 fy + 1 eivar eva gpaypa g {ag}. Eival evdagepov, kat xpriotpo oe
TOAAEQ MEPIMI@OELS, VA MAPATNPTCOUNE OTL 1] TAPACTAOT] autr OV sival Hovadiki).
Ynapyxouv dnAadt mpaypaukoi £ pe dUo Sia@opetikeg dekadike mapaotaoels. Hiot
yia mapadetypa €xoupe

1,000...=10,999...
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7-4 H AEKAAIKH TTAPASTAYH TON TIPATMATIKON APTOMON

[Ipaypauxa:
9 9 91— 1w 1
10 10 10 1-— 1]—0 107 '
otav 10 n teivel oto anspo. Ilepumtmoelg oav K1 auUtr €ival ouclaoTIKA Ol POVES,
6‘[]);(161"] av Qp,a102 ... = ﬂo,ﬂlﬂg ... 10TE f]
(1) ag = bg,a1 = bl,ag = bQ,... T'|

(ii) yua xamow k € {0,1,2,...}, a0 = bo, ..., a5—1 = bg—1,ax = b + 1, agy1 =

ak+2:"‘:0,bk+1:bk+2:---:9f'|
(iii) yia xamowo k € {0,1,2,3...}, ap = bg = -+, ag_1 = bp_1, bp = aps1,
brt1 =bpro = =0, ap41 = a2 = =09.

[paypauka, ag unofecoupe ou dev oupfaiver to i. Ovounaloupe k tov Mo pikpo

and toug apibpoug 0,1,2, ... yia 1ov omoio woxUetl ay # bg. Eoww ap > by. ©a
€Xoupe
ag Af41 A+ ag b 1
10F Tk T TRk 2 108 2 T0F T 1087
by, bri1 biin b 9 9
W‘i' 10k+1 +ooot 10k+n < W"’_ 10k+1 +o 10k+n —

_b_k+i I_L <£+L
~ 10~ T 10k 107 10k~ 10k

Kal EMOUEV@S

. ag A+n bk 1
A (wk o 1ok+n) = 0k T 10F 2
. by, biin
Znh_{I;O (W+"'+ TR+ ) -

Av undapyel ot kat eva n > 0 @ote ag4, > 0 101€ 1 apotepn) avicotna Ba eival
yviiowa (yuati;) kat av undpyet €0t kat eva n > 0 @wote byy, < 9 tote 11 8edia
avicomta fa eivat yviota (yati;). Kat oug Sto nepimiooeig xatainyoue oe atomno,
Smhadn av Sev woyuer 1 (i) mpenet va woyver 7 (ii) 1) 1 (iii).

Aoxnon:

(i) Av évag apifuog z > 0 £xe1 Sexadikn napactaot g Hop@rs Loz les ... Ty . . .
Kl Ty # 0 eve Tpypy = Tpyo = - = 01018 ¢ = 2oy ... Ty ... =
roly ... $n,19999 e

(ii) Av oupg@viicoupe va ypayouue OAeg Tig dexadikeg napactaoelg pe Yneia ioa
pe 0 pe 1g 108 TOUG Mapactaoelg mou tedeivouv og 9999 . . . 1o1e 1 Sexadik)
TAPACTAOT] EIVAL LOVOOT|UAVTT].
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(ili) Avg = zoz12 ... x1 ¢ € Q, ¢ > 0, 101€ Unapyouv k,n € N @0t T\, = T)
yua oda ta A > k. (Teroieg Sexadikég napaotaoeig Aeyoviar TePLOdIKES).
Avtiotpoga kafe tetota dexadikn napdotaot] wooutdl e €va pnro apifuo.

Yroden: Tha 10 avtiotpogo, apkel va mapammpriooupe ou o 10" — q =
(10™ — 1)q sivar axeépaiog. Ta 1o eubu ypagee ¢ = %, ne A, B € N xat
B = 25T, v,p € NU {0}, xat o T eivar mperog mpog to 10. To pikpo
Bempnua tou Fermat pag e€aogairiCer v unapén evog guoikou n wote o I’
va Saipei 1o 10" — 1. Autd eivar pia xakn semioyr) yia 10 n nou (rast 1
aokmnon.

7.5 To minbog 1wV mpaypatikev aplfpev

Xapaktnpiloupe oav TETEPAOUEVO £VA OUVOAO, OTAV UTOPOUUE VA UETPTIOOUUE UE
gva @uotko aplfpo 1o mAnbog v otorxeiov tou. Akpiféotepa Aspe ot 10 A eival
nenepaopevo otav unapyxet aptpog N € N kat pta 1—1 xat emi ouvaptnon @ pe nedio
oplopou 1o ouvodro {1,2,3, ..., N} xai nedio npeov 10 A. O opog 1 — 1 onpaiver ou
®(a) = (b) = a = b, dNradi] Siagopetika oToIXEId £XOUV SIAPOPETIKES EIKOVEG,
Kat 0 0pog em onuaivel ou kabe otoryeio 1ou A eival eikoOva evog OTOIXEIOU TOU
{1,2,3,...,N}.

Puoikd unapyouv unoouvora tou R mou Sev sival nenepacpeva yia napadetypa
1w N, Q, R, (S3wote anddeiln).

Metwal tov aneipov ouvorl®v @aivetal diawobnuka touddayiotov 6t Kamowa
gival «mo anelpa» ano aida. H akpifns kataraén wwv unoouvorev tou R (1) kat
YeVIKOTEPA, ONMOIVONIOTE CUVOL®V) avaloya pe 10 «mATH0¢» TV OTOIXEIOV TOug
£y1ve 010 1€A0g 10U 190U ai@va anod 1o eppavo pabnuatiko G. Cantor. O Cantor
yia TOoV OKOMO autod SNUIOUPYNOE T AEYOUEVT| UTEQTETEQasUEVT, AordunTiky otnv
onoia Alyo moAU €xave npafeig pe «ansipar». Ag oNUEI®OOUPE £d® OU yid APKETO
Staotnua moAroi pabnpaunkoi €frenav pe duomotia g epeuveg tou Cantor. Eva
onuaviiko anotélecpa anotedeopa o autn v kateufuvon Oa ocuCmiooups pe
ouvtopia ¢° autr TV Tapaypago.

Oedpnua 7.5.1 7o stvoro R twv mpayuatciv dev evar aprdunsipo, dniadn dev
vrapyer 1 — 1 kar emt svvaptnen amo 7o N 670 R.

H Siatimwon tou fempnuatog mepiExel kat 10v oplopd 10U agrdunsmov ouvoAou
(axpiBeotepa «aneipou apiuroipou» ).

T'evika Aepe ou Suo ouvora A, B sivatl isodvvaua 1) 61t £€X0UV 10V 1010 «TAN0IKO
apfpo» av umapyet pa 1 — 1 xar emni ouvaptnon ® and 10 A oto B. Apibproipa
Aowmov eivat ta unoouvoia tou R mou eival woduvana pe 1o N.

H&n an6 1o onpeio auto apyifouv ta mapadola. Fiot yia napadstypa 1o ouvoro
A wov Quyev guoikev, A = {2k, k € N} nou «enpene» va £xet Aiydtepa otoixeia
and 1o N, givar woduvapo pe 10 N. Apxei mpaypan va mapoupe @ : N — A pe
®(k) = 2k. Me Aiyo nepoodiepn npocoyrn pmopoupe va Seifoupe 01 10 ouvoro Q
TV PNIOV eival aplBpnoijo, eve «Enpene» va £Xel TEPLOCOTEPA oTolxeid and 1o N.
Me 10 R 1 xataotaon eivat Siagopeuxiy. Kat' apxag n ouvapmon @(z) = tan fx,
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7.6 H sYNEXEIA DARBOUX T'TA THN TTAPATQrO

®: (—1,1) = R, Seiyver ou 10 R eivar woduvapo pe 1o Saotnua (—1,1) xa 7
ouvaptnon ¥ : (=1,1) = (0,1) pe ¥(z) = $(z + 1) Seixver o 10 (—1,1) eivar
oo8uvapo pe 10 (0,1), (yiat;). Apkel domov va Seifoune ou 1o (0,1) dev eival
apiunotpo. H anddeiln Ha kaver ouoiaotikt xprion tou adiopatog tng ouvexetag (He
mv pop@t g dekadikng mapdotacng 1wV mpaypatk®v) kat fa faciletar oe £va
ouALoYIopO Tmou Aeyetal Nayuvio svAAoysuos Tov Cantor. O ouldoyiopog autog
XPNOLUONoLEiTal TOAU ouyva ota pafnpauka.

Ané8e1in: Ag unobecoupe on unnpyxe pia ouvapmmon ® 1 — 1 xat eni ano to N 610
R. Tpagoupe ) Sexadikn napaotaot) 1ov otorxeiov (1), ®(2),...,®(N),..., xa
yld va pnv £Youps mpofAnua pe 1o mota Sekadiki] Tapactaot] Taipvoupe SIAAEYOUNE
gkelvT mou 1edeiwvel oe 9999

ldots, o1 TEPIMTIMOEIG TOU UTAPYOUV dUO TETOLES TaPaoTdcsls. Eotm Aomov

ot ek adiKES TOUG TAPACTACELS,
Ta va gracouye og atono Ha fpoupe eva = € (0, 1) wote z # P(n) yia 6da 1a

n € N. Oswpoupe Aomov 1ov apipo = pe dexadikt) napaotaon 0, ay, as, - .., Gy, - - -,
OmoU 1a ag,as, ... opiCovial wg e&ne: ar = 5 av z¥ # 5 xat ap = 6 av z¥ = 5.
Eival oxedov tepiupevo va doupe ou npaypauka z € (0,1) kat ¢ # ®(n), ya
xabe n (Seilte 10). O

Mapatnpnon 7.5.2 Eva gpotnua, teleing uoloroyiko, nou anacyoinoe tov Can-
tor peta and auvtn v avakaiuyt, mav 1o €£ng: «Ynapy ouv anepa unocUvoid Tou
R ta omoia va unv sivat woduvaua oute pe to N ovte pe 10 R;» H unobeon ou Sev
UTIAPYOUV TETOL OUVOAA eival yv@otl oav vmodesn tov svvexovs. H anavinon mou
£dwoav ot pabnuatkoi (o eppavog K. Godel 1o 1939 kat o Apepikavog P. Cohen
10 1963) Bupiler Aiyo v Iubia». TTo ouykekpipeva £dei€av du pe ug ouvnbiope-
veg mapadoxEg mou Kavoupe ot fewpia ouvodl@v, dev mpokeltal va Ppolupe xapia
avtigaon eite anodeyToUpE, gite anoppiyoupe v unobeon tou ouveyous. Me adda
Aoyia, av ta afiopata ota omoia ownpilopacte oy Bewpia 1@V ouvor®V sival
svpbiBasta (Snhad dev odnyouv oe aviipdoelg), tote fa e§akodoubioouv va eivai
ouppifaocta, av npoobecoupe oav afiopa v unobeorn 1ou ouveyoug 1) TV APVNOT]
e,

7.6 H ouvexeia Darboux yia v mapayeoyo
Ag Bewpricoupe pia mapaywyiotpun ouvaptnon oplopev oe eva Siaotnua (a, b). Asv
unapyet a’ priori Adyog va €ivar ouveyrng 1 apaywyos piag TETolag ouvaptnorg.

Eva oAl evdiagepov Bewpnpua tou Darboux pag Aget OPwS OTL Ol ACUVEYEIES TS
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Mapay@you, av undpyouv, sival povo ouot@dels. Axpiféotepa 10 empnpua eival to
elne:

Oewpnua 7.6.1 Av n [ evar magaywyisn sto (a,b) kar av f'(¢) # f'(d), a <
c<d<b,kaav A evar évas agrduds uetalv Twv f'(c) xar f'(d), tote vmdgyer &,
c< & <d,uete f'(§) = A.

Me aMha Aoyia 1o Bewmpnua Ager ot 1 f' ikavomnoiel 1o cupnépaocpa tou Hewpt}-
patog mg peong uprg (t€toieg ouvaptioeig avagepovtal cag Darboux ouvexeig).
Aoxnon:

(i) Aeifte mv Siota yua ug acuvexeleg g f mou avagepape mo mave oav
noptopa tou fempnuatog.

(ii) Awote eva napadetypa piag napay@yiotpns f' pe asvveyn napdymyo oe éva
dwaotnua.

YVnodein:
(i) Ta xabe Saomua I = (a,b), deifte 61 11 oUVapTNOT

0 z & (a,b)

g1(z) = ’
" (1=l @-5D") ze@y)

gival tapay®yiotun os 0Ao 10 R.
(ii) Oeswpeiote 1pa pia ouvapor, agou deifete du UMApXel, He TAPAY@YO

g1, (z), mEIn:(%,%+;—3) n=23,...
f(z) =
0, z € (=1,1) - U, I,

(iii) H axohoubnote 1o ii pe v ouvaptnon

z?sin(l), z#0
0 z=0.

Andderln: Xwpic Prafn mg yevikounag pmopoupe va unmobeooupe f/'(c) < A <
f(d).

Jexvorsuos: Ynapxer n > 0 @ote n < d — ¢ xat av

g(m):w, c<z<d-n,

101€ g(c) < A < g(d —n).
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A¢ motéyoupe mpog ouyuty tov wyuplopd. H g eival mpogaveg ouveyTg, onote
10 Be@pnua g evdiapsong uprg, e€aceariler mv Unapén evog apiuov &, ¢ < € <

d — n, wote
9(6) = A Sradi w _A

To fempnua t@pa g péong 1png ouvenayetal v unapén evog &', € < & < € +n,
Gote F(€+n) — F(€) = F/(€) - n, dmradiy £/(€) = A, ome axpiBex enpene va
Seifoupse. O

Aoxnon:
e Acite tov 10UpIOpO.

e Acifte ou nouvlixn g'(z) > tou Bewpruatog 6.1.3 (oedida 144) pmopei va
avukataotabet pe v ¢'(z) # 0. Eetaote mv 1w0oduvapia 1@v SUo oplop®v.

7.7 Hicoduvapia t@v opiop®@v tou Darboux ka1 tou
Riemann yia 10 opiopevo oloxAnpeoua @payue-
VOV OUVAPTNOEDV

Oa deifoue otV MAPAypa@o auti} 10 ANOTEAECA TOU APTIOAE AVATOJEIKTO OV
evornta 5.2 Sniadn:

Oeopnua 7.7.1 O ogispot tov Riemann kar tov Darboux ywa 1o ogispevo oAokAn-
owpa gwai 1600 VVapor.

Anoderln: Ag unobeooupe mpwta ou 1 f eivar Riemann odoxAnpwoiun oto [a, b
kat €0t € > 0. Yndpyetl dtapepion

AZ{a=$0<$l<$2<"'<wn:b}a

TET01A WOTE

b 9
< =

f1<3

Saz- [

a

yia onotadnnote emAoyn = ouppifact) pe mv A.
Av mpog ouyur) unobecoupe o1 1 f eival ouveytg 10te a uUNApYouv EMAOYES

B =& G xa 2 = {6 ) wote my = f(&) xat My = f(§"),

kE=0,1,...,n =1 (yuat;), xat enopeveg

S(f,A) =3(F,0,5") Z(f,4) = =(f,A,=).
And 11 OYEO0EIS AUTES KAl TNV MPOTYOUUEVT] AVIOOTIIA £XOULE:

i(faA) _Z(fA) = Z(f7A7EI,) - Z(f7A7EI) =

E(fAE”)—/abf— <Z(f.,A-,E’)—/abf> <

- 167 -



7. SYMIIAHPQMATA

b

b
ﬂﬂ&fﬁf/f4—ﬂﬂA£U*/f‘<§+i<a

Ja

kavomnoteitat dnAadi to kpitpto yia v Darboux olokAnpwotpotna.
TMapatmpoupe akopa ou

lyzﬂﬁm=ZmA£ﬁij+l%2

> [1- > [1-2

Kal eVIEA®S Tapopola

HﬁAEU—Aw

[i<[1+5

Anod g dU0 auteg avicOTNTeg £XOUNE

b € b N b €
f-t<sts [ < [r+f
/L 4 —a a a 4
yia onotodnnote € > 0 kal ENOPEV®S
b —b b
[1=]-]r
J a a

Ta v yevikn nepimiwon (O0tav 7 f Sev eival xat avaykn ouvexns) napatnpoupe
ot umapyouv emioyeg =2, 2 «oyedov 1600 kadég» doo kat npwv. ITo cuykekpiueva

unapxouv ' = {&, ... &1 1 B =&, 6o} wote
! € " €
. _ &
mk>f(£k) 4(b_a)7 k<f( k)+4(b—a)
KAl EMOPEV®S
n—1
B(f,A) =Y my(wers —x) >
k=0
n—1 c n—1
> ) @ — ) — —a) > (@hgr — ) =
k=0 k=0
2(HAE) - 3
) 9= 4

Kat mapopoa
€

z(fa A) < E(.fa Aa E”) + Z
Ano 10 onueio autd xar petd 1 anoddeiln eivar ovowaotika 1 idia (cupmAnpoote mv).
H aAAn xatetBuvon, dnradn ou 1 Darboux olokAnpwoipdtya ouvenayetat

Riemann oloxAnpmotpotnta eivat mo evdiagepouvod.
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Fotwe > 0. Ynapyet topa pia Stapepion A dote L(f, A)—X(f, A) < 5. Hpenet

va Bpoupe eva § > 0 wote |X(f, A", Z) — I| < € yia oheg ug dapepiosig A’ pe
—b

mhatog d(A') < § xai Oheq 11g emAoyEg =, Onou @uoikd maipvoupe I = [:f = [ [

Ag unobecoupe mpog ouypn ot n A’ eivar exhemtuvon g A ( mou eival gv
yevn Aabog, yiati omoto kat va eivar 10 § unapyouve A’ pe d(A') < § nou dev
eivar exdentivoeig mg A) t0te 1 ouvexela eival eukoAn. Hpaypaukd o pia €toa
nepintworn fa eiyape:

E(f.A) <I(f,A) < X(f,AL5) <XE(f,A) <X(f,4)

Kat eniong

E(f,A) S T<E(f,A),
Smhad xat ot Sto apiBpoi I xart X(f, A, =Z) Bpiokovial oto Siaotnua
[Z(f. A).Z(f, )],
apa
(AL -1 <S(,A) - X(£,4) < 5 <.

Oa @ravaye otnv eUKOAT AUt Te-

pimtwon, av yia napadstypa npoobe- ¢ "

tape oty A’ doa onpeia g Asinouv .

yia va yivel ekientuvon mg A. Ta Ux Tp Ynt1
onpeta autd Ha givar 1o mohu n ( 6oa

1a Swaipetika onpeia mg A). Ag mou- Yyfua 7.1

peounA’eivain{a =yo <y1 < --- < ym = b}. Kabe 9opa nou npoohetoupe eva
Slatpetikd onueio €01 10 Ty, Yn < Tp < Yar1 (BAeme oxnua 7.1) w0 T(f, A, =)
petafaiietal xata

—(Wag1 —yFEN) + (@r — ) FE) + (ungr — =) F(E"),

omou &', £" 8o onueia 1ov Slaomuatev [yx, Tr), [Tk, Ya+1] avtiotorya. H petaforn
autn) Ba eival xat” anoAutn tpr pikpdtepn 1) ion anod

(lyrt1 — yal + [z =yl + lyrss — ) M < 3d(A") M,

onou M ¢éva ave gpaypa g | f(z)| oto [a, b] (Buunbeite 6t n f unotifetar gpayuevn
oto [a, b], apa xa1 11 | f| eivar gpaypevn), dnradn | f(z)| < M yia xabe = € [a, b].

H ouvohixn dowmov petaforr) tou X(f, A’ E) fa eivar xatd andiun) upn to
oAt 3nMd(A"). Av homov Srareé€oupe § = 557, 101 yia kabe Srapepion A’ pe
d(A") < ¢ Ba umapyetl pla exiémuvon A’ me A’ 1) onoia fa sival kat exhéntuvon
ms A @wote

e _¢t
2.-3nM 2’

omoteg xat va sivat ot emhoyeg E', E". Tha mv E(f, A", E") ouwg Seifaue ou

[S(f, A", E") = (£, A, Z)| < 3d(A")nM < 3nM -

|E(f= A//,E//) - I| <

N ™
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A6 1g dUo tedeutaieg aviooOTieg OUVAYOUNE OTL

IS(F,ALE) = I| < |S(F, A, Z) = S(F, A", 2")|+|S(f, A" E") — 1| < §+E —¢

xat €101 1 anodeiln sival mATpng. O

Aoxnon: Acifie 600 Mo MOAAEG 1010TTEG TOU OAOKATP®UAtog pnopeite faci(o-
pevol otov oplopo 1ou Riemann.

7.8 Opoidpopen cuveysia
Suv evotmua 5.3 (0g)ida 97) avagépape xwpic anodeiln 1o e&ne:

Oedpnua 7.8.1 Av wa suvagtnen f evar svvexns 6€ €va KAE6TO Kar poayuevo 6id-
sTnua [a,b], T0te evar ouopoPEa sVVEXTS 6€ aUTO.

To Bewpnua autd Mrav 1o kKAeldi omv anodeiln g Riemann oloxAnpmoipdtntag
TWV OUVEX®V OUVAPTIOEMDV.

Anodeiln: YnevhupiCoupe xat apyag ou 1 f Aéyetal opolopopea cuvexTg oto [a, b
av yu xabe € > 0 unapyet 6 > 0 wote yia O6ha 1a z,y mou avikouv oto [a,b] va
oY UEL

[z -yl <d=[f(z) - fly)| <e.

Ag unoBeooupe homov, yia va @racoupe o atomo, ou 1 f eivar ouvexng oto [a, b
aila dev eival opotopopea cuvexrns. Oa unapyet tote € > 0 wote yia kabe § > 0 va
unapyouv z,y € [a,b] pe mv douna |z —y| < d kar | f(z)— f(y)| > €. Awadéyoune
Sradoyika yia § toug aptbpoug %, k=1,2,..., onde Ppiokoupe zy, yx € [a,b] @ote:

1
|xk,_yk,|<EKal|f($k)_f(yk)‘Z€, k:172,

H axodoubia {z} } elvar gpaypevn, apa unapyet unakoroubia tng, nonoia ouyxAiver.
To opto g Ba eival avaykaotka onueio wu [a, b]. ToviCoupe du oto onueio autd
XPTOLUOTMOLEITAL OUCLaoTIKA 1) UTIOBEST] OTL T0 Medio OPICPOU eival KA£10TO ddotnua
(yuati;). H axodoubia {yy, } eivar pia unaxoroubia g {y, } 1 onoia eivar gpaypev.
Yrnapyet enopevmg unakoroubia g, £0to 1 {.Ukng } 1 omoia ouykiver og €va onueio
y € |a,B]. H {»Tkng }, oav unaxoroubia mg xy, , ba ouykdiver emiong oto z. Tha va
ano@Uyoupe Toug TOAAOUG Oeik1eg, YPAPOUNE T, = Tk, Yg = Yhn,0 = 1,2,...
Kal €XOUE:

|T97yg‘ < <

SN

1
kn,
(viati;) xau [ f(T,) — f(¥,)| > €, 0 € N.

H npem avicouma deixver ont 2 = lim 7, = limy, = y. H ouveyela ue f ota
onueia z,y ovvenayetat ou f(F,) — f(z) xar f(y,) — f(y) = f(x). Yuvayoupe
homov ou | f(F,) — f(T,)] = |f(x) — f(y)] = 0, nou mpogavwg avugaoket pe Tis
avioormies | f(Z,) — f(¥,)] > € xate > 0. O
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7.8a’

(1)

(i)

Yxoha kai aoknoeig

Av okegroupe Ayo v anodei&n Ba Soupe o 1 unobeon ot to nedio optopou
gival eva xhewoto diaotnua [a, f] xpnowponounke pe Sto 1pomoug:

(a') To [a, f] eival gpaypevo ouvolro (yia va unapyxouv unakoroubieg mou
ouyxAivouv) kat

(B') To opro onowacdinote ouykAivouoag akohoubiag onueiov tou [a, §] a-
vikel oto [a, ]. To tedevtaio eivar 10odUvapo pe 10 va moupe Ou ta
onuela ouoowpeuong tou [a, A] avikouv oto [a, ] (yiati;).

YrnootUvola énmg 1o R nou ixavonootv v (ii) undapxouv kat dAla ektog ano
KAetota Swaoujpata (ya mapadetypa to idio 1o R, 10 otvoro [0,1] U [5, 6], to
ouvolo [3,00),...). Ta oUvola autd Aeyovial kKA&wTd KAl Ta KAEIOTA OUVO-
Aa mou eivat emiong gpaypeva Aeyoviat svumayn. H teheutaia autn evvola
yevikevetal e TOAAOUS TPOMOUS Kat sivat ToAU xpriotun ota Mabnuatuka. To
Bempnua Aomodv mou deifape pnopel va yevikeutel kat @ £1Q:

Kabe ouveyrng ouvaptnon pe nedio oplopou £va cUPnayeg unocuvolo tou R
€lval OpoIOPOPPA CUVEXTS O AUTO.

Ta va pefaiwboipe ot 1 undheon g «oupnayeiag» dev unopei va napainedei
TMPOTELVOUE Td mapadely pata:

(a)
flz) = —, O<x<l1.

To (0,1] dev eivar xAewoto, diou 10 O €ival onueio GUCOEPEUOTIS TOU
aila dev avikel 6 auto. Eoww € > 0. Iapatnpeviag ot

1 1 1 1

x 2r 2z e
yia Oha wa z € (0,1] pe |z| = |22 — 2| < €/2, Seite ou n f dev eivar
OUOLOHOPPA CUVEXTS.
(B) f(z) = 2% —oc < z < 00. To (—00, 00) MpoYavmg SV eival gpaypeEvo.
Av 1 f eival ouveytig oto A C R xat € > 0, 101 yiua xabe 2 € A unapyet
d=04(z) >0 wote
ly —z| <é(z) = |f(y) — f(z)| <e.

Tpayape 6 = d(x), vyt ev yever 10 § €€aptatar and 10 z. O opiopog
NS OUOLOPOPPNS OUVEYXELAS OEV ONUAIVEL TIMOTE AAAO Tapd OTL PTOPOUUE Va
emAe€oupe 10 § avelaptnto tou z , dnAadt, yia dedopgvo € > 0, 10 1810 § yia
oha 1a z € A. Asifte 6u autd woduvapet pe ) ouvinkn: yia xabe € > 0,

inf {dg(z) : = € A} > 0 omou

So(a) =sup {6 > 0: |y — 2| <& = [f(y) ~ f(x)] < e},
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(iv) ®uoikd umapyouv CUVEXEIS OUVAPTIOEIG PE UT Cupmayt] media opiopou ot
onoieg eival opoldpopea ouveyeic. Amote nmapadeiypata pe nedia opiopou:
R, (—1,1), [0, c0).

7.9 O tinog tou Taylor.

Ynapyet pia ToAU anmAt oX€o1 PETal 1oV GUVIEAEOTOV (g, (A, . - . , (i EVOS TOAU®-
vipou f(z) = ag + a1z + - - + @™ xa1 v mapayoyov g f oto 0.
Ag napatnpricoupe xat apydag ou yia onowodnmote k € N, A € N éxoupne

(&) = k(k—1)--(k—=X+1DzF " av A<k
0, av A >k

Kal emopEvems ot mapaywyot ot Bgon 0 e ouvaptnong f(z) = =¥ Sivoviat and
oy el

k', avAl=k
M) = J
! (0){0, av A # k.

INa to nohvevupo f(x) = ag + arx + - - - + apz™ Ba €xoupe emouEvVKS

Klag, 0<k<n
0= 6™ LShS

oMoU yia Aoyoug opotopopgiag ypavape 0! = 1 xar £ (z) = f(z), Snhadi bewpri-
oape mv f(z) oav «rapaywyo taéng 0» tou gautou .
Mmopoupe Aowmdv va ypayoupe yia 1o nouevupo f(z) ow:

fz) = £(0) + +o+ ot

1! n!

RO LI IR ICI()

O wmnog autog Aeyetal winog tou Maclaurin (YxotoeCog pabnuatixog tou 18ou
aeova) yia my f.
Aev undpyet tinota 1o 1diaitepo yia v uun ¢ = 0. Av ypayouus

g(x)=flx+xz9) =ag+ar1(z+z0) + -+ an(z + 20)"

101 1] g €lval emiong eva noAu@vupo id1ou fabpou pe 1o f xat o winog tou Maclaurin
yia mv g yivetat:

! (n)
ot = g0) + LDy g O,
Snrad
’ (n)
Flt+ o) = flag) + L0y 4 S0



7.9 O Tynos Toy TAYLOR.

7 (ypagoviag z =t + )

I T (n) Zg
flz) = f(l’o)+f(1! )(m—mo)+---+fn—(!)(x—m0)”
= ; fk(wg)(m—mo)k.

k=0

O tedeutaiog tinog eivatl yvewotdg oav tinog tou Taylor (EyyieCog nabnpauxog
tou 180u atwva) yia mv f. Puocika o wnog tou Maclaurin eivar 1 1dix1) nepintwon
tou wmnou tou Taylor (yia zg = 0).

Ag Bewpriooupe t@pa pia ouvaptnon f yia v onoia unobetoupe ou eivat o-
popevn oe ma mepoyn (o — @, xg + @), @ > 0, evdg onueiou xg Kai Ot £xel
napaywyous kabe 1a&ng oto diaotnua autd. Aev PmopoUpe va Tepipevoupe ot ba
10 Uel yevika o tumnog tou Taylor

(n)
Fla) = Flao) +o 4 T gy

yia kanoio n € N. Tlpaypauxa 1o ' pelog eival TOAUGVUHO EVE® TO MPEOTO PTOPEL
va unv eivar. H ouvapon f(z) = e® yia napadeiypa, £xet napaymyoug xabe 1ang
aAra dev eivar toduevupo. Oco o@badpo@aviig xat va @aivetal autdg o 16 UPLoHOS
xperaletal anodeién. (Av unobecoupe yia mapadetypa ou 1 e* gival TOAU@VURO
Babuov n, 1018 Oa mpenet n n+ 1 1a&ng mapaywyog g va sivat tavtotika 0, 1o omoio
£lVal QUOIKA ATOTO).

Avti va gykatadeiyoupe v npoondabela va yevikeucoupe tov timo tou Taylor
Y1a TOAUGVURA PE aUuTd TOV TPOMOo, YIVOuaote Atyotepo anattnukoi kat e€etaloupe
HIT®OS 10 TOAUGVUUO

() (4
(-75*'770)‘*‘""*‘%(37*970)"

f'(x0)

f(zo) + ST

«pooeyyiler», TOUAAXIOTOV yia pikpd |& — Zo|, v f(x), dnhadn Yaxvoupe yia
«aha» ave gpayuata g napaotaotg | Ry, (z)|, onou Ry, (x) to Aeyouevo vadlouro,
SnAadt) n napaoctaot:

"(x (n) (g
Rota) = 1) (o) + L5200 ) 44 L8 ).

1! n!
Auto eivar mpaypatikda duvatd onwg deiyvel 10 enopevo Hempnua.

Oedpnua 7.9.1 Av 7 svvagtnen f eivar ogsugvn 6& pia TEQOYT, TOU Ty Kai EXEL
zapdywyo TAlns n 6LVeEXT, 670 KAewTO dudeTnua [To — 0,xo + 0], 0 > 0, kar vwdg-
x&r n wapgdaywyos taéns n + 1 670 (xg — 0,0 + ), 1676 VEAgXEL apiuds & = &(x),
Lo — 0 < &< xg+ 0, weTE

f' (o)
1!

) (24
(x —zg)+ ...+ fT(')(x —20)" + Ry (2),

f(z) = f(zo) +
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Ue
)

R,(z) = m(m — z0)" T

Me aAla Aoyia, pe 11g mpoiinofeosig nou avagepape, woyUet o tumog tou Taylor
pe umorowo R, (z) mou exel tn Aeyouevn poper tou Lagrange:

_ "9

Bal®) = 51 "

(z — zo)

IIpwv mpoympnooupe oty anodelln ag KaAvoupe dUo AMAES TAPATIPTOEIS;

TMapatnpnon 7.9.2 Ta n = 0 o wnog tou Taylor maipver tn popen

f(x) = f(zo) + f'(€)(z — 0),
OnAadt avayetat 610 yveooto pag fempnua g HEONS PTG,

Hapatipnon 7.9.3 Av unobecoupe emi mréov ou 1 f"1(z) eivar gpaypuévn oto
(mg — 6,0 + 6), dnhadn, | f*H (x)| < M, 1ot Oa €xoupe
M

R (2)] < mh‘ — ao|"H!

Ry(x) = O((z — z0)™*")

yia x — xg. H oxgon autn deixvel ou yia peyaha n 1 npoogyyion g f(z) pe 1o
TOAUGVUUO

f'(wo0)

f(zg) + 1

(2= wo) 4o+ 20 (4 gy
glval MOAU KaAn yia Z «kovid oto Zg».

HMapathpnon 7.9.4 To undorowmo R, (x) pnopei va ekgpaoctel xat pe AAAOUG Iponoug,
yla mapaSelypa va mapet 1 AEYOUEVT] OAOKATP@TIKT] LOPQT]

mmzfgﬁfﬂ“m#

Aoxnon Asifte tov eheutaio wino (Unodeiln: oAoKANP®OTE KATA PEPT) N POPES).

Ano8e1in tou Oewprijpatog 7.9.1: To unorowmo R, (z) divetar €€ opiopou anod tov
Tno:




7.9 O Tynos Toy TAYLOR.

Mrnopoupe va unofecoupe, yopig PAafn g yevikotntag, ot g < x. Osmpolpe
T®PA TN OUVAPTNOT)

! Io (n) To
a(t) =fm(mm+f;%tmw+~+iﬁ—%mw)
Rn(TO) — n+1
(z — mo)"H! (t =)
= Rn(t) - Rn(m) - m0)n+1a

—(f
(x — mo)"H! (
yia rg < t < z. And 1ov opiopo tou R, fAemoupe etikola ot

Ru(w0) = R, (20) = -+ = R () = 0
(e d\a Aoyia: 1o moluevupo f(z) — Ry(x) xat o n mpedeg mapdymyol tou

OUUTINTOUV OT0 Zg ME TNV [ Xal 1§ 1 MpeIeg apayoyous g aviiotora). Oa
£XOUE AOIMOV UETA AMO PEPIKES aMAEg Mpalelg:

g(x) = q(w0) = ¢'(w0) = -+ = ¢ (w0) = 0
n+1 n+1 Rn(w)
gt = R2+)(t)—(n+1)!m

| R, (x)

— ) () _ fnlm)
f (7‘) ( +1) (:L'—l’[))n+]

(Mo mpokuTteL 1) tedeutaia 100TIa;).
To npofAnua pag tepa eivar va deifoupe ou unapyet € € (g, ) @Ot

_

Ry(z) = I e

(z — xo

Smhadh ¢t () = 0.

Auto mpoxumiel eukoda pe dadoyikeg spappoyeg tou Bemprjpatog tou Rolle
(eXéy&re Oul 1oxUOUV Ol anattoupeveg npolmobeoelq):

And my q(z) = q(zg) = 0 gnetar ou vnapyet & € (zg, ) wote ¢' (&) = 0, ano
myv ¢'(20) = ¢'(&1) = 0 énerar 6u unapyet & € (0,&1) C (20, 2) wote ¢"(&) =0
x.0.x. Tehika howmov Ppioxoupe eva € = €,41 € (19, ) @ote

gt (¢) =0,

mou eival akpiPfeg auto mou Bedape va dsiloupe.
Mapadeiypara:
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(i) f(z) = e”, zo = 0. Hpogavex f*)(0) = e® = 1 yia xabe k € N, apa
2 n

xr x
=14+ 4+ 4+

1T r (@),

yia kabe & € R, omou R, (z) = (neTfl)!m”‘H yia xamoto & petalv 0 xat .
A¢ exupnooupe 10 unoromo R,. Exoupe:
m‘n-&-l
Ru()] < el 2
Ru(@)] < e
Av yia mapadsiypa z = 1, xat n = 5 1018
e 3 3 1

6! 720 240’
OnAad 1o abpotopa

LS S B B - R
17276 24 120 120 °

npooeyyilet 10 e pe oaipa pikpotepo ano 0,01.

Aev gival Suokoro va deifoupe ou yia 0da ta x € R, woyver R,(z) — 0,
kabmg n — 0o, dnhadn

) n!

n—oo

Mpaypauka, ag ypayoupe ng = 2[|z|] + 2 xa ag unobecoupe n > ng. Oa

£YOUE:
™ el (el )2 (1)
= €T -
(n+1)! = ng! \ 2]z ng! 2) 7

kat 1o de€1a peAog 1eivel oto Pndev yia n — oc. Pracape Aomov oto onpav-

e’ = lim (1+%+---+£)

KO TUTO

Tov onoio ypagoupe ouviifwe pe m popen e =1+ + ... + ”;—7: + -1

oo
x mn
€=
n:

n=0

kat ovopaCoupe 10 d0eia perog «osipa M aclaurin» g ouvaptnong e”.

(if) Znteital o umodoyionog pe npooeyyion 1/100 tou odokAnpopatog

1 =z _ 1
/ ¢ dx.
0 T
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Eivar pataio va mpoonabriooupe va Ppoupe eva adopioto oAoKATpopa g
(e — 1)/x ne mv Porneia otoryewdaov ouvaptioewv (anodeikvuetal ot Sev
UTApYEL TET010G TUNOG). Xpnotponol@viag ouws tov tumno tou Taylor €xoupe:

e’ —1 1 x oz x"
- = ;<1+F+§+”.+F+R"(m)_l>
n—1 R
= 1444 ”(m),
2! n! T

onote

1 1 1
| 1
/ ¢ dr = /1dm+—/ T+
0 T 0 2! Jo

1 1 ]Rn
cee 4 — x”*]dm-l-/ (m)dx
0 0

n!

1 1 'R, (x)
= 14—+ dz.
+2!-2+ +n!-n+,/0 x !

Apxei Aomov va diare€oupe 10 n ®OTE 10 fol R, (z)/z dx va eivar pixpodtepo
tou 1/100. Exoupe Seiel ou

‘7’“ ‘n+1

ez e
R,(z)] < < "t
[ Bn ()] < (n+1)! = (n+1)! ’

apa

an(ZE) e ! n _ e 3
/0 T S(n-l—l)!/owdw_(n+1)!(n+1)S(n+1)!(n+1)'

Apket homov va mapoupe n =4 (= = 2

1
515 5190 < m)
kaAutepn ano 1/100 Ba exoupe

1
T 1 1
/e dr~14 —+ —+
J0 2.

ONOTE € MPOCEYYIOT|

1
T 2 6-3 24-4

Aoxnon

(i) Bpeite 1ov wno tou Taylor yia g ouvaptioeig sinz kat cosz, ¢ € R, kat
deite O 10 UMOAOLTO TEIVEL GTO PNPOEV Yia OAA Ta .

(if) Ymoloyiote pe mpoogyyion 1/100 to ohokApeopa

1 .
sin t
/ sint .
0 t
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Mapatnpnon 7.9.5 O 0pog «Celpd» TOU XPNOIUONOUCANE OTO MPXTO TAPAdELy pa
opiletarl wg €&n¢: Av ay, eivar pia akoroubia, 1 3, pe

Bn:a1+"'+an
Agyetat oeipd kat oupforiletar pe

a1+a2+...+an+...

(o ]
E (o7
n=1

Ta B, Aeyoviar pepika abpoiopata tng ospdas. Av n 3, ouykAivel otov apifud
[ 101e Agpe OTL 1] 0s1pd ouyKALvel, 1) exel afpowopa tov apibpd [S. H Bewpia teov
OEP®V Elval €va anod 1a onpaviikotepa kegaiaia tou Aneipoouxou Aoylopou, xat
fa pedenPei pe Aemtopgpeia oe enopsva pabnpata.
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