Aocxhoeig vio To pddnpo «Avdivon I xouw Egoppoyécy

Kegdhawo 6: Oewpnua Taylor

A’ Opddoa
1. Eotw p(z) = ao + a1z + -+ - + anz™ nohudvupo Poaduod n xou éotw a € R. Aci&te 6t undpyouv
bo, b1, -+ ,bn € R o7E
p(x) =bo+bi(x—a)+---+bo(z—a)” yioxddez € R.
Acel&te 6T

(k)
_ "W (a) _
by = SR kE=0,1,..

TrébeiEn. Me enoyoyh. T n = 1 prnopolue va ypddovue p(z) = ao + a1z = ao + a1a + a1(z — a) =
p(a) + a1(z — a) xou va Béooupe by = p(a), by = a1.

L

T to emaywyxd Bhpa tapatnehote ot p(z) —p(a) = (arz+- - +anz”™)—(a1a+- - -+ana”™) = (z—a)p1(z),
6mou p1 tohudvupo Paduot n— 1. To p1 ypdpeton 6t pop@n bi +be(z —a) + -+ +bp(x —a)" " (amd TV
enaywyxy utddeon) ondte p(x) = pla) + (x —a)p1(z) =bo +bi(z —a) + - + bp(z — a)”, pe bo = p(a).

Mopaywyllovtag Prérovye bt p(z) = 7, s(s — 1)+ (s — k + 1)bs(z — a)* ", onéte p™(a) =
[k(k—1)---1]bgx = k!bg.

2. Tpdpte xodévo and ta mopoxdte Tohudvuue ot wop@h b + bi(x — 3) + -+ + by (z — 3)™:

pi(z)=2" —4x -9, po(x) =a* —122° + 442 4 22 + 1, p3(z) = 2°.

3. T xdde plo and Tic mopoxdtew cuvapthoets, va Beedel to moluwvupo Taylor Ty, ¢, TOU LUTOBEXVOETAL.

(Ts,.0) f(z) = exp(sinz).
(Tan+t1.£.0) fl@)=(1+2")7"
(T, 1,0) fl@)y=Q1+=z)""
(T, 1,0) flx) =2 +2° + .
(Ts,f,0) fz) =2+ 2% + 2.
(Ts,5,1) flx) =2 +2° + .

4. Ecwwn > 1xu f,g: (a,b) = R cuvaptioeic n gopéc nopaywylowwes oto zo € (a,b) dote f(zo) =
[(wo) == fn- 1)(JCO) =0, g(zo) =¢'(xz0) == g<"71)(mo) =0 %o g(")(:co) #£0. AclEte 6T
f(@) _ f™ (o)

lim —+~ = .
sz g(x) g0 (wo)

(n) (n)
YrédeiEn. IMopotneriote 6t Th 2, (x) = fnisx‘))(x —x0)" %ot Ty g, (x) = QT(!”O)(I — x0)". Eriong,
lim Ry fzq(T) — lim Rn,g,2q (%)

- n =0. ZUVET{G’J
T—x0 (z—z0)™ z—x0 (z—z0)™ &

f<n><z0) Ry, f,a0 (@) n
f@) M=y AR )

li = .
xi)r{clo q 1’) T—x( f(n)(:co) + (n,f‘zo)("’;) g(") (330)
Z—20)"




5. Bow n > 2 xa f: (a,b) = R ouvdptnon n gopéc napaywylown oto zo € (a,b) dote f(ro) =
fxo) == f V(o) = 0 xou f(x0) # 0. Acifte 6t

(a) Av o n eivon dptioc xou f (x0) > 0, téte 1 f éyel Tomxd eENdyIoTO GO To.

(B) Av o n eivan dptiog xau f (0) < 0, t6te M f éxEL TomKd uéYioTo GTO To.

(Y) Av o n givon teptttoe, téTE 1) f Bev €xel Tomxd YEyioTo 00TE TOoTXG EAGYLOTO OTO To, WAAS TO o elvou
onuelo xaunhc v Ty f.

Yrédetn. Hoapotneriote 6t Tn, 5 o0 (x) = %

o @ p T (@) + Rugan(a) _ £ (o)

sz (T — xo)™  z—ao (z — zo)™ n!

(z — zo)"™, ouvende,

(@) Av ™ (z0) > 0, t6te 1 f *0VT& 670 To éxEL TO D10 TEGONUO pE TNV (T — T0)™ o Aol o 1 eivan
dptioc ouprepaivouue 6tL f(z) > 0 xovtd oo To. Aol f(xg) =0, 1 f éxel Tomxd ehdyloTo 670 Xg.

(B) Av f(™(xz0) <0, t61e 1 f x0vTd 670 T éyEL avtideto TpdoNUo omd TV (& — o)™ xou Aol o 1 elvou
dptiog oupnepaivouue 6Tt f(z) < 0 xovid 610 zo. Aol f(zo) =0, n f éxel Tomxd péyloTo oo To.

(Y) Trodétovye bt ) (z0) > 0. Aoulebovioc brwe oo (o) xau (B), xou YenoLonoLdvTac Ty urddeon
6t o m ebvan tepttTde, PAénovpe ot udpyet § > 0 wote f(z) < 0 oto (zo—0) xou f(z) > 0 o710 (z0, 20 +9).
Apa, n f Bev €yel Tomxd Yé€yloTo oUTE TOTXS ENSYIGTO GTO Zo.

To B0 axpiBdxe woyder yio Ty f”. Hopatnefiote Tpmta 6Tt n > 3 (elvon Teprttde o peyohiTepoc 1
{ooc tou 2). Oewpdvtac v g = [ Prénoupe dTL " (20) > 0 xau dhec ot TEONYOUUEVES ToRdYWYOL
e g undeviCovton oo To. ‘Apa, 1 g = f éxel SapopeTind mpdomuo o€ TEpLOYES apLoTERS Xou deELd Tou
2o, To onolo onualvel 6Tl To o elvan onuelo xaumnc yia Ty f.

6. Av f(z) =Inz, > 0, Beelte tnv thnoEctepn eudela xou Tnv TAnocLEc Tepn TapaBolY 61O YEdENUA TNG
f o7o onuelo (e, 1).

TYrdbedn. Zntdpe o0 Th,p.e(x) xou T f.e(z). Agod fle) =1, f'(e) = L xau f"(e) = — =5, ouunepaivouye
6T fe(z) =1+ =2 xuTofe(z) =2 — H(z— e)?.

7. Beelte to mohudvupo Taylor T, r0 yio T cuvdetnon f : R — R mou opileton we e€hc: f(0) = 0 xou
f(@) 26_1/12, z # 0.

Trébeitn. (o) Hopatnpriote 6t f'(z) = %6*1/12 Yo

x

(B) H deltepn mapdymyos tne f, oAl xou xdde nopdywyoc tne f ebvon tne popephc

™ (z) = Py (l> 671/12, z#0

x
6mov P, mohudvupo. Aellte To pe emaywyy.
(v) AciCte 6T limytoo P(y)e*y2 = 0 vy x8e nohudvupo P(y) xou, and to (B), cvunepdvote 6T

F®(0) =0 yia x89e k= 0,1,2,. ... Mpdyuo,

FHE(0) = lim 1p, (1) eV = lim yPu(y)e

z—0 T x y—Foo

%o 1 ouvdptnon y — yPr(y) elvon toluddvupo.



‘Ereton 6t T 50(x) =D 0, f( >(0> 2" =0 vy x49¢ = € R.
8. 'Eoto f: R — R dnepec popéc napaywyiown cuvdptnon. YTrodétouue ét f = f xa f(0) =
f1(0) = f"(0) =0.
(o) Eotww R > 0. Acite 6t vndpyer M = M(R) > 0 dote: vy xdde z € [—R, R] xou v xdde
k=0,1,2,...
11 ()] < M.

(B) Beeite to morudvupo Taylor Tsy, fo %o, YenoWonoldvTac To (o) %ol onolovdhrote tHno urohoinov,

e 11,'3k
= Z (3k)!

k=0

deléte 6T

v xde x € R.

" = f BAémoupe 6T, v xdde k= 0,1,2..., m ) elvau xdmora omd

Trédatn. (o) And tnv vnddeon ot f
e f, f, f”. Ou tpeic autéc ouvapthoeic elvon mapaywylowee, dpa cuveyelc. Luvende, av otadeponold-
coupe R > 0 t6te xadeplo and e f, f/, f" ebvon gporypévn oto [—R, R]. Anhadn, undpyer M = M(R) >0
oote |f(z)] < M, |f'(z)] < M xou |f"(z)] < M vy xd9e = € [—R, R]. Eneton 611, yia xdde x € [—R, R]
xou vyl xdde k=0,1,2,...,

|F* ()] < M.
() Eyovue fER(0) =1, FEFD(0) = 0 xau fC*+2(0) = 0 yia xdde k =0,1,2,.... Ao,

sote) =3 L0 = 3
" Ao
‘Ectw z € R. Ertadeponoodpe R > |z| xou dewpodye tnv otadepd M = M(R) ané to (o). Ioyde

f(3n+1)(§) x3n+1
(B3n+1)!

[Rsn,f0(2)| =

Yiot x4moto € petoEd twv 0 xou . Aol €] < |z| < R, éxoupe [fCTD(€)| < M. "Apa,

M n
‘Rgn,f70($)| < m|x|3 +1.

Me 7o xprthplo tou Aéyou Prénovpe otL 1 axohoudio Tou deiod péhoug cuyxhivel oto 0. Apa, Ran,f0(z) —

0 6ty n — 0o. 'Eneton 4tTL
oo

f(CC) = lim T3n fO Z

n—o0
0

{E

To z € R Atav tuydv, ondte €xovye to {ntoduevo.

9. Bpeite npooeyyiotun Tun, ue oedhpa wxpdtepo tou 1075, yia xadévay and touc aprdpoie

. . . 2
sinl, sin2, sin—, e, e°.

27

10. (a) Aeigte 6T

™ " 1+ " 1
— = arctan = + arctan —
2 3

4
e

= 4 arctan 1 — arctan i
N 5 239"

%\:1



(B) Acigte btv m = 3.14159 - - - (ue Ik Aoy, Ppeite TPOCEYYIOTXA TWH Yot TOV apldud T UE oPIAUa
wixpdTepo Tou 107°).

B’ Oudda

11. 'Eotww f :[0,1] = R d0o gopéc mapaywyiowrn cuvdptnomn pe f(0)

= f(1) = 0. YTroYérouue 6T
|7 (z)| < M v xéde = € (0,1). AclEte 6 |f'(z)| < M/2 v xdde z € [0, 1].

12. Eoto f: R — R d0o gopéc napaywyiown ouvdeton. Av My = sup{|f® (z)| : z € R}, k =0,1,2,
deiéte 6T

13. 'Eotww f: R — R ouvdptnom yia v onota undpyet 1 f/(0). Xenowwonotdvtoag xatdAAnho ToAUGYLLO
Taylor tne f, del&te 6T

f”(O) — lim f(t) + f(_t) — 2f(0)

t—0 12



