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IIpoioyog

Ol mopovoeG ONUEWDCELS €ivol KAT OVLGIOV TPOYEIPES ONUELMOELS YL TN OOACKOAIN TOV
podfuatog “Avaivon I kot Eeappoyés” tov Tunpatog Guoikng tov E6vikov kot Kamodiotpiokon
[Mavemomuiov AOnvav. Katd m cuyypaen tovg, £ytve mpoomdfeia va TapovslacTtody ot factkég
€vvoleg evOg E160ymY1KOD HLofNUaTOC 6ToV ATTEIPOGTIKO AOYIGHO KATA TN O1dpKela VO EEQUVOU.

Ovo100TIKG, 01 ONUEIOOELS TEPAaPavouy Ta Poctkd Kepdiowo evog TETOOV UaBNUOTOC:
OeueMmoT TOV TPAYUOTIKOV aplOi®V, akoAovBies, GEPES, CLUVEXELD CLUVOPTICEMVY, TAPAYWOYOL,
Oecopnua Taylor kot odokAnpoparta. ‘Exet yivelt mpoondbeta, 1 mapovciaon towv vvolmv va yivel
pe owotnpd oAAG TovTOYpOove amAd Tpomo, 66o avtd eivar dvvato. [poywpnuéva Bépata, Ta
omoia cuvnBwg ddokoviat e Eva pLabnua Arelpootikov Aoyiopov didpkelag dvo eEounvmv o
Tunpato Mabnpatikav, gite £xovv Tapainedei 1} kémola tapovotdlovtat pe PKpOTEPO YPAULOTO
Yl EKEIVOVG TOVG AVOYVAOOTES TOL £XOVV HEYOAVTEPO eVILOPEPOV. Ot TEAEVTOIOL UTOpOVV PePaimg
va cupfovievtovy v ektevn| BipAtoypagio, EAANvikn kot diebvr|, Tov vadpyel 6TO AVTIKEIHEVO.

310 T€A0G KAOE KEPAANIOV, VITAPYEL EVOL TUNLLOL LLE OLOKNGELS, O OTTO1EG EIVOIL OVTITPOCOTEVTIKES
AVTAOV TOV 01 POITNTEG TOL palfnpatog “Avaivon I kot Epappoyés” 8o cuvavticovy otic e£eTdoelg
670 TéA0G ToL e€aunvov. Ot aoKNGELS Eival AVTITPOSMTEVTIKES Kol dStafaducpévng duvokorag, Kot
oKomOG TOVG €ivail 01 POITNTEG VAL EKTOOEVOOVV GTO VO AVTEVEPYOVV TPOKELUEVOD Vo 00N yNHoHV
oTNn AOGN TOVG.

‘Exet yivelr mpoomdbeia ot onueldoelg vo eivarl amaiiaypéves amd AdOn. dvowd, yoo avtd
OV TLUYOV LIAPYOLV OTOKAEIGTIKG LIELOVLVOC Elval O GLYYPUPENS TOV CNUEIDGE®V Kot {NTd

TPOKATAPOMKE GUYYVOUN.



Kepairaro 1

Ipoaypotikoi ApiOuot

1.1 XdOvora

[Tpwv avagepbodue otovg apBuote, Ba mpémel va eENyNoovUE TL EVVOOLUE HE TNV £VvOla
obVoLo. ZVvolro givar pia opdda ototyeimv (TPOCHTMOV, AVTIKEWEVOVY, KAT) TOL YapoKkTnpiloviot

a6 pio kown widtra. [Hopadsiypoto cuvorlmv gival ta akdiovda:
1. ‘OAot ot dppeveg omnv EALGSa peta&o 18 ko 60 tdv.
2. Oha ta Bouvd ot I'm pe dYyog mave amd 2000 pétpa.
3. 'Olot o1 Betikol aképatot.
4. Ola ta 106mAELPO TPIYOVA GTO EMITEDO.

Oa Tpémel vo Tovicov e OTL €va GUVOAO opileTan e caenvela 6Tav 1) 11OTNTA OV YopaKTNPileEL Ta
otoryeio Tov glval £T61 SIOTVTOUEVT] DOTE VO LG ETLTPETEL VO, OTOPAGICOVLE OV VO GUYKEKPLUEVO
oToyElo aviKeL 1] Oyl 6TO GUVOAO.
‘Eva 6hvolo ovopdleton TEMEPUAGUEVO 1| ATEPO OV TEPLEYXEL TEMEPACUEVO 1| ATELPO TANOOG
ototyeimv avtiotoyoa. To [Tapadetypota 1 kot 2 givor menepacuéva GOvora eva ta 3 kot 4 dmelpa.
Eniong, n 1010 ta mov yopaxtnpilel ta otoryeio evOg GuVOAOL UTOPETL VoL KAVEL TO GUVOAO VL
unv mepiéyet otoryeio. ' Eva t€to10 chvoro (ywpig otoryeio) ovopdaletal kevo cuvoiro. [apadeiypata

KEVAOV GLVOA®V givar To akOAovBa:
1. Oka ta Bouva otn I'm pe Yyog méve and 10000 pétpa.
2. O)ot ot BeTikol aképoiot Tov Kavorotovy Ty e&lcmon 22 + 1 = 0.

To kevd chvoro copforileton pe (.



1.2 ®vowkoi aprOpot
To chvoro TV puoIKOV aplBu®V (1] BeTik®OV akepaimv) eivat To GOVOAO
N={1,23....}

Kot vl 0moADTOC AmaPOiTNTO MGTE VO WTOPEGOVLE VAL OEPEAMMGOVE LE VGTNPOTNTO TO GOVOAO
TOV aKEPUI®V Z Kot To GVVOLO TV prTev Q.

To cVUVOAO TV PLOIKMV TKOVOTOLEL TIC TPAEELS TNG TPOGHEGNC KOl TOV TOALUTANGLOGLOV (TO
dBpotopa Kot 10 YvopeEVo 600 PUOIKAOV aplBUdVY givar ELGKOG apBudS), dnAadn, av a, b etvar
evokot apBpoi, 1 copPforkd a, b € N, tote vVEGPYOLY PLGKOL apBuoi ¢, d, | cvpPorkd Jc, d €
N, éto1 dote

a+b=c, a-b=d.

Emiong, o @uowog apfuog 1 éxer v 101010l OTL, Y10 OTOLOONTOTE PLGIKO apPlOUd a, M

ocvpporkd Va € N,

Téhog, o1 puokoi apiBpol démovtan amd pio ddtaén, n omoia ekppdaletar pe ) Ponbewa TV

ocuuPorov < Kot >.

1.2.1  Apyn ™G smayoYNS

ApyM ¢ emayoyns Av yio uia pobnuotikn mpotacy P mwov eCoprdtar amd to pvoikd opiBuo n,
ovupfolixd P(n), woyver:

(i) P(1) alnbig (n mporaon eivor alndnig yian = 1).

(ii) Av P(n) ainbig, tote P(n + 1) alnOig (av n mporaon eivor aAnbig yia n, tote givor ainong
yon + 1).

Tote, n P(n) eivar aAnOig yio kdbe gooiko n.
H apyn g enaywyng eivor ypnoun og pédodog andderéng yia pio tpdtacn P(n) mov eEoptdton

amo £vo UOIKO n, pmopet de emiong va ypnotponomOei pe 11 e€Ng 6vo maporiaydc:

1. Avyuw pio podnpaticn tpdtoon P nov e€aptdtor amd 10 puokod apud n, coppforkd P(n),

1GYVEL:
(1) P(m) ainbnc.
(i) Av P(n) aAnBngywan > m, tote P(n + 1) oAnong.
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Tote, n P(n) givar oAnOng yio kGbe puowd n > m.

Enopévag, dev givar voypemtikd 1 odndesia g npdtacng P(n) va Eekivaet and to n = 1.

2. Avyuw pio pobnpatikn Tpotoon P mov e€aptdtor amd 1o puokod apdud n, copford P(n),

1GYVEL:

(1) P(1) aAnbng.
(i) Av P(1), P(2),..., P(n) aknOngc, tote P(n + 1) aAnbng.

Tote, n P(n) givor aAnBNg yia k6Os puoko n.
Enopévag, propovpe va vrobécovpe 6t mpotacn P(n) givor alndfg yio Odeg Tig Tinég g

TopapETPoL petald 1 kot n, TpokeWEVOL va amodeifovpe v aAndeta ey to n + 1.

EmumAéov, 01600 mponyodpeves mapoariayEg Tng apyns TS Emayyng 8o ropohcay vo GuVOLAGTOVV.

Hopaoerypa 1.1 (1) Aci&te pe emaymyn 01t Yo k6Oe n > 1,

= 1
P(n): k:1+2+---+n:@.
k=1
Kat’ apynv
1(1+1
P(1) : 1:%,

OTOTE 1 TOVTOTNTA pag WoyveEL Yo n = 1. AgvmoBésovpe Tpa 0Tt 1I6YVEL Yio TO PLGIKO aptOud n,
dniadn otin P(n) givar aknbng. Oa mpénet va amodeifovpe 6t 1oydet kot yio to n + 1, Sniadn
(n+1)(n+2)

Pn+1): 14+2+---4+(n+1)= 5 :

"Exovpe
1+24+---+(n+1) = 14+2+---4+n+(n+1)

= M+(n+1)

2
= (n+1)(5+1) = ("+1)2<"+2).

(2) v Acknon 5(i), 0éhovpe va Bpovpe to n Y10, o, omoia 27 > n?. Avtd wyder yian = 1,

dev woyvertyuu n = 2, 3,4, evod woydeL yio n > 5.



1.3 Axéparor aprOpot
¥10 6hVoLo T®V PUOIKOV aplBudv, N eicmon
a+x=0"b, abeN,

Movetar povo av a < b. Ilpoxeévov va propovpe va Bpovpe Avon kot 6tov a = b a > D,
Bo mpémel va emekTeEivOLE TO GUVOLO TV PLOIK®V. H enéktaoct Tov pog 0dnyel 6To GHVOAO TV
axKepaiov

7 ={0,4+1,£2,4+3,...}.

To ovvoro TV akepaimv Kavomotel Tig TPA&els ™ Tpdcheong Kot Tov TOALATANGIOGHOV,
OM®G Kot T0 GLVOAO TV PLGIKAOV. EmmAéov, o aképatog apBudc 0 éxet v WO™TA OTL, Yo
0TO10dNTTOTE AKEPOLO aPOUO a,

O+a=a+0=a,

eV, Yo KAOe aképato apOud a, vdpyel Evag aKépalog —a €161 MOTE

Eniong, ot axépatot apiBuoi diémovror amod pia didtacn, n onoia ekepaletol pe  Pondela tov
cLUPOADV < Kot >.
"Evog aképatog aptBpog a ovopdletor dptiog av pmopet vo ypopel otn popen a = 2b, b € 7Z,

Kot Teplrtdg av pnopet va ypagel oga = 2b+ 1, b € Z.

1.4 Pnroi aprOpoi
Av a, b glvar axéporot apBpoi pe b # 0, 1 e&lcmon
br =a

€xel AOoM 610 GUVOAD T®V akepaimv povo otav o b dapel akpipmg tov a. Tlpokepévou va
UIopovLLE va Bpove T Aon e£lo®GE®V ALTOV TOV THTTOV Kol GTNV TEPIMTMOOT TOL 0 b dev drapel

akpPag Tov a, Bo Tpémel va emekteivove TO GHVOLO TV OKEPOLOY GTO GUVOAO TV PNTOV
m
Q:{—:mEZ,nEN}.
n

Na Qupmcovpe 0Tt
my ma ,
— = — v Kot HOVO Vv myng = Many,
ny n2



my - Mg Ming + Mang mp My MMy

Y )

ni no ning ny N ning

ma mo , ,
— > — oV KOl UOVO OV mMyNg > MoNy < Ming — mang > 0, ONAad ming — mon; € N.
ny U]

Eniong, xatavontd givor 1o axoiovbo Afppa, to onoio mapatifetor ywpic anddeiln.

Afppe 1.1 Kabe pneds apiuds q pmopet vo ypagel oty Aeyouevn “avdywyn puopen” q = =, omov

o1 M Kai N 0101podVTaL Hovo omo tov 1.

Hopaodstypa 1.2 Ioyvel 611
P e X 42 21 7

1
37 24 12 4

2
6

Yuvenmg, ot pnroi 3 Kot 1 glval o1 ovay®YeS LOPPES TOV PNTOV 5 Ko o aVTIGTOTYOL.

Evtovtoic, 10 cUVoAO0 TV pnTdv eV £lval EMUPKES TPOKEILEVOL VO AOGOVLE TNV OTOL0ONTOTE
eElowon. Av, yuo Tapadetypa, £(OVUE EVa TETPAYOVO UE TAELPEG HOVASIOiOL UNKOVG Kol BEAOVLE

VO VTOAOYIGOVLE TO UKOG TNG dayViov Tov x, avTd gival 1 Avomn g e&icmong
22 =2,

'Hon and v enoyn tov Apyoiov EAAvov ntav yvootd 0Tt to ukog ¢ dtaywviov dev pmopel

va mopactadet oamd Eva pntd aplduod, onwg deiyvel to enduevo Bedpnua.

Ocdpnua 1.2 Aev vordpyer q € Q éror dore ¢* = 2.

a
b
oe avéyoyn popen, Sniadn ta a kot b dev £xovv Koo Tapdyovta ekt Tov 1, 1ot dote ¢ = 2.

Amodein. H amddeién yiveron pe €1g dtomo amaywyr. YrobEtovpe 0Tt vadpyel pntog ¢ =

Omnodrte, )
dniaodm
a’ =207

2 2

Epdécov 1o 2 dapel 10 a”, €metal OTL T0 a” &ivon GPTIOG, KOl EMOUEVOC TO a €lvol GPTIOg

(utioroynote 10). I'pdpovtag a = 2¢, pe ¢ € Z, n mopandve egicmon yivetat

4c? = 20?

b2 = 202,



Ondrte, 10 2 Sronpei 1o b2, 161 10 b? Kot emopévag To b eivon aptiog. AAAG TOTE T a kou b, dvtog Ko
T dVO APTIOL, €YoV KOO Tapdyovta To 2, To omoio avtifaivel otnv vedBeot| pag 0Tt Ta a ko b
dev &yovv kowvd apayovia £ktog Tov 1. (Evag dAhog tpdmog Yo va EKQPAGOVILE TO TPOTYOVUEVO
elvar 011, pe Bdon v voOBECT HaG, KATAATYOVLE GE ATOTO). 0

ZVVETMG, TO GLVOLO TOV PNTOV TALPOLGLALEL “KeVE” Ta omoia Tpémetl va KoAveBovv. Ola avtd
Ta “KEVA” amoTeEAODV £vaL GOVOAO Un pPNTOV aplBudv, ot omoiot givarl yvmaotol wg dppnrot apduoi
Kot Tov pali pe 10 6HVoro Twv pnTtdv oynuatilovy To GUVOAO TOV TPAYUATIKOV aplOudv. Evag
omd TOVS GppNTOVG apldpods sivat 1 Oetikn Ao ¢ e&icwong 22 = 2, dnhadi o /2, étol, Tpwv
delbovpe pe avoPd TPOTO TWG CLUTANPAOVETAL TO GUVOLO TOV PNTAOV MGTE VA LG dMGEL TO
GOVOAO TOV TpaypoTiK@Y, Bo Tpocmadfcovpe vo dei&ovpe Tmg 0 /2 Tomobeteitonl petald Tmv
pNTOV.

2TV TPooTABELd Lo VT, TOPOTPOVUE, omd T0 Osopnua 1.2, 1t o1 BeTikol pnrol apBuoi
yopilovtar o€ 600 opadES. e VTOVS TOV TO TETPAYWVO TOVG Elval IKPOTEPO TOV 2 KOl GE OVTOVG
OV TO TETPAY®VO TOVG givor peyaAdtepo tov 2. Ag ovopdoovpe Tig 600 avtég opadeg L ko R

avtiototya. Etvon edkoAo va avtidnebodpe to akorovba:
(1) ThakdéBe l € L xarr € R, woydetl < r.

(i) Xto L dev vmdpyel otoryeio mov va givarl peyolvtepo amd OAa to. Ao otorygio Tov Kot

avtiotolya 6to R 0V vdpyel oToLyElo TOL Vo lval TO PIKPOTEPO TOV GLVOAOV.

To Topamdve yivovtal kaAdTepa KaTovoNnTd av Ypaywoupe dtadoykovg avéovteg aptpotg |

oV TpoceyYilovy Tov /2 0md apioTepd Tov,
1, 1.4, 1.41, 1.414, 1.4142, ...,

koD kat Stadoytkovg eoivoveg aptdpods r mov Tposeyyilovy Tov /2 amd deE1d Tov, ot omoiot

TPOKLTTOVY VKOAM oV TpocBécovpe 1 610 TEAELTAIO YNEio TOV Tapomdve aplOumy I,
2, 1.5, 1.42, 1.415, 1.4143, .. ..

Topa, yivetar evkola eoavepd 0Tl av pog 600et Evag pntog aplduodg a Tov omoiov To TETPAYMVO
etvot LKpOTEPO TOV 2, TOTE TPOYWPAOVTOG OPKETA otV opdda 1, 1.4, 1.41, 1.414, ..., Oa fpovpue
KGO0V ToV £ivat pHeyaAbtepog Tov a. Avtictorya, av pag dobel Evag pntdc aptdpog a tov onoiov to
TETPAYOVO £lval LEYAADTEPO TOL 2, TOTE TPOYWPOVTAG APKETH TNV opdoda 2, 1.5, 1.42, 1.415, .. .,
Ba Bpovpe kdmotov Tov eivan pikpdtePOG ToV a. 'ETot, av £xovue To cHVOLO TV BETIKGOV pNTOV, O
1M pNTog V2 eivar avtdg mov Tovg Yopilel oTig dvo opddes L kar R. Avth sivon 1) 1880 TV TopdY

Dedekind, emopévac o /2 givon pia tétota Topy.

10



1.5 ®payuéva ovvora aprOpov

O avoyvoomg €xel aviiAngbet 0Tt To 6hvolo TV mpayuatikeov aplduov R, to omoio Oa
TOPOVGIAGOVUE GTNV ETMOUEVT] TOPAYPOPO, TPOEPYETAL OO TV TANPOGT TOV GLVOAOV TV PNTMOV
Q pe tovg appnrove. ‘Etot, Ba Bswpnoovpe 1o chvoro ovTNG TNG TOPAYPEPOV VTOGVLVOAN
TOV GLUVOAOL TOV TPAYHATIKAOV, av kol Oo propovoav va BewpnBolv emiong vrochvola evog
YEVIKOTEPOL GLVOAOL HE O1OTNTEC OVAAOYEC HE OVTEC oL B doVUE OTL €€l TO GUVOAD T®V

TPAYLOTIKOV.

Opwopog 1.1 Eorw A éva un kevé vmoohvolo tov covéiov twv mpayuotikady, 1 couforika ) #
ACR.

(o) To A ovouadleroun avew ppoyuévo av vrapyer a € R téroio dote v < a yia kabe v € A. X¢

OUTHY TNV TEPITTWON TO A OVOUALETOL GV PPAayue. Tov A.

(B) To A ovoualerar karw ppayuévo av vrapyel a € R tétoio wote x > a yio kabe x € A. Xe

OUTHY TNV TEPITTWON TO A OVOUALETOL KATW QPOyUa TOD A.

(v) To A ovoualeror ppayusvo av eivai Gvw Kot KOTw QPayuUevo.

Hapaderypa 1.3 Oswpodpe ta akdAovda VTOGVVOAN TOV GUVOAOL TOV TPAYLATIKMOV:

1. ‘Olot ot puoikoi ap1Bpol wov eivar pukpodTepot Tov 1000. To chHvoro avtd elvar menepacuévo

pe ave epdypa to 999 kat kTt epdypa o 1.

2. Olot ot puoikoi apdpoi mov etvar peyarvtepotl Tov 1000 ko givon téAela teTpdywva. To
oLVoro avtd eivarl dmepo, oNhadn €xel dmepa To TANB0¢ oToryeio, Kot dev glvarl v
Qpoyprévo aAla elval katw epaypévo. (ITowd eivar éva kbtm epdypa tov;)

3. To chvoro

1 2 3 n

23 4 U n+1

To cbHvoro 1owré glval Amepo Kot epoyuévo, dNAadN Ave Kot KAT® QPayUEVo, LE KATM

., neN.

QpPAyLd TO ok EVOD £va Ave epayua gival to 1.
4. Ohot o1 pnrot apBpoi x €tot wote 1 < z < 3. To ohvoro avtd givor dmelpo Kot ppayUévo.

5. Ohot ot mpaypatwkot apBuoi x étor wote 1 < & < 3. To obvoro avtd givor dmelpo Kot

opoaypévo. (ITowd etvon n dtapopd Tov amd to cvvoro Tov Iapadeiypatoc 4;)
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HMopotipnon 1.1 Av ) # A C R kot a v (avtictorye KGto) epdyuo tov A, tote K6be a; € R
ue a; > a (ovtiotoyo a; < a) eivon eniong aveo (avtiotoya KAT®) epdypa tov A Kot 1oydet
r < a < a; (avtiotorya a; < a < x) yu ke z € A.'Etot, av 0 povo Tov pog evolopépet givarn
av 10 cOvVoAo A givat ave (avtiotoyo KATm) epayuévo, TOTE To aq gival eEicov “KaAd” e to a. Av

oumg Béhovpe peyalotepn “axpifela”, T0TE XPElOUAGTE TOV EMOUEVO OPIGUO.
Opwopog 1.2 Eorw A évo un kevo vmooivoio ToD GOVOLOD TWV TPAYUOTIKDV.
(o) Aéue ot 10 a € R eivar eddyioro ava ppdyua tov A av:

e To a eivar avw ppayuo tov A.

e Ava; € R eivar éva aAlo dve ppdyua tov A, 1ot a < ay.
(B) Aéue oni o a € R eivar uéyroro karw ppayuo. tov A av:

o To a eivar katw ppayuo tov A.

o Avay € R givou éva aAlo katw ppayuo tov A, tote a; < a.

2NV TEPITTWON TOV LIGPYOVY, TO EAGYIOTO Gvw @payuo tov A ovoudletar supremum tov A ko
ovufoliCetar ue sup A kai to uéyioto karw ppayuo. tov A ovoualetar infimum tov A kot ovuforilerar
e inf A, Av to sup A avijket oto A ovoualetor maximum xar ovufolilerar ue max A, evad av o inf A

aviikel oto A ovoudletar minimum xoi ovpforieror e min A.

Mapatipnon 1.2 Avto sup A vrapyet, tote givar povadiko. [pdyuartt, av a, a; elvar 500 eAdyiota
Gvo epdypota tov A, tote, TPpoPavaS, a < aq Kot a; < a, omote a = a;. I'ta Tov 1610 AdY0, av to

inf A vapyel, 10te givar povadiko.

Mopaderypa 1.4 Ocwpodpe Ta 0kdAOVH VTOGVVOAL TOL GUVOAOL TMOV TPOYUUTIKMV:

1. ‘Olot o1 puoikoi apBuoi mov givar pkpdtepot Tov 1000. To svvoro avtd £xel supremum TO

999 ko infimum 7o 1.

2. To cbvoro
n

Y n + 1’ ctt
To oOvoro avtd et infimum to 1/2 kot supremum to 1. [apotnpriote 6t 6mo0 a < 1
n

3
71,... nGN

[GVRI )

1
2’

nhpete, pmopeite va Ppeite évan > 1, £to1 dote 1 > a.

n

3. Okot o1 pnroi apBuoi x étor dote 1 < = < 3. To ocbvoro awTo €xel supremum T0 3 Kot

infimum to 1.

12



4. 'OLot ot mpaypotwkot apfpol z étor wote 1 < x < 3. To ohvoro avtd £xetl supremum 0 3

Kot infimum 7o 1.

5. To cbvoro
A={re€Q:2>0xma? <2}

etval epaypévo (dve kot Katw). To kdtom epdyua eival 1o 0, evd €va ave epdyua ivat to
2. O avoyvdotng umopel, oxetikd evkoia, va neicel tov eavtd tov ot inf A = 0. Avrifeta,

omarteiton apkety Tpoomadeln GoTe Vo amodetydel 6Tt sup A = /2.

1.6 IIpoaypoatikoi aprOpoi

Ouuilovpe 611, 6TOG avapépbnke ot [Hopdypapo 1.4, T0 GHVOAO TOV PNTOV TOPOVGLALEL
“kevd” ta omola mpémel va KaAveBovv. Ola avtd ta “kevd” oynuatilovv éva véo chHVOAOo un
pnTov op1Bumv, o1 omoiot eivan yvmatol og dppntot aptBpoi kot wov pali Pe To GHVOAD TV PNTOV
OOTELOVY TO GHVOAO TOV TPayLOTIK@Y optBpdv. Evog omd tovg dppntovg aptdpong sivar o v/2.

To MMapdderypa 1.4.5 mapovcialet Waitepo eVOAPEPOV, 0POV Y10, TO GHVOAO
A={r€Q:2>0xma’ <2}

éyoope A C Q adhd sup A = /2 10 omoio dev aviket oto Q. Daiveton Aowdy vo vadpyet pia
ox£0M aVAPEGH GTNV TAPMOGCT] TOV GLVOAOL TOV PNTOV KOl GTO SUpremum KAmolwyv VITOGVVOA®Y
TOV. ZVYKEKPIUEVA, TOL “KEVA” LE T OTTOT0 TPETEL VoL TANP®OEL TO GVVOLO TV pNITOV Eivor suprema
VITOGVVOL®Y TOV 7OV dev givar pntoi apdpoi. Mia tétola mepintwon gival to cbvoro A, 6mov
supA = V2, evd 10 V2 givar évog amd Toug GppnTove aptdpodc pe Tovg omoiovg TPEMEL Vo
TnpwOel 10 cHvoro twv pntdv. H dwdwasio tng mAnpmong eivar arapaitntr, dote 10 GHVOLO
TOV TPUYLATIKOV GTO OTOI0 KUTAATYOVLLE VO IKOVOTTOLEL TNV apyn TNG TANPOTNTOC, TV 0ol dEV

KOVOTIOLEL TO GUVOAO T®V PNTOV.

Apyn ™S TANPOTNTES YO TOVG TPAYRATIKOVS aplOpovg Av A eivor éva un kevo kai Gve
ppoyuévo vroabdvolo tov R, tote 1o A éyer supremum oto R.

Ynrdpyovv d1dpopotl TpOTOoL Ue TOVG OmOIoVE Umopel va Yivel 11 TAP®GN TOV GLVOAOL T®V
PNTOV OGTE VO KATOANEOVUE GTO GUVOAO TV TPAYUATIKAOV. 'Evag KAacoudg tpdmog eivar pia
Kotackevh 1) omoia otnpiletan otig Topég tov Dedekind. Tar pio omd Tic TOpEC, TO /2, 1) KATAGKELN
ot TEPLYPAPNKE, e amAd Aoy, otnyv [apdypaeo 1.4. To chHvoro OA®V OVTOV TOV TOUMV, TOL

TEPLEYEL TOVG PNTOVS KOl TOVG GPPNTOVG aP1OUOVE, EIVOL TO GUVOAD TOV TPUYLATIKOV.
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"Eto1, 10 60voAo TV Tpaypatik®v propel vo optobel og e€1g
R = {a : a givan pia topn tov pntov}.

[Tpopavmg, kébe tétota Topn elvan gite €vag pntdc N €vag dppnrog apduog. Eropévac, To chvoro
TOV TPAYUATIKOV £VOL DVTEPGVVOAO TOL GLVOAOL TMOV PNTMV KOl TOLV GLVOAOL TOV APPNTOV, EVAD
1N GLVEVOGT TOV dVO TEAELTOIOV GUVOAWMV oG OIVEL TO TPAOTO.

To chvoAo TV Tpaypatik®V wavonolel v mpdén g npdcbeonc, dniadn, av a,b sivor
npoypatikoi apBpot, tote vapyel Tpaypatikodg aplBpds ¢ étol dote a + b = c. EmmAéov,

npdcsbeon wavomolel To akoAova aSidpoto:
(Ry) T xéBe a, b, c € R 1oy0et

(a+b)+c=a+ (b+c) (mpocerarpiotikdTnTo 6TV TPOSHEST).

(Ry) T kéBe a, b € R 1oyvet

a+b=>b+a (avtyetofetikdtnta oty Tpdcheon).

(R3) Ymdpyetr otorgeio tov R, 10 0, ét01 dote Yo KGOe a € R va 1oy0et

a+0=04+a=a (dmap&n undevikod croryeiov).

(Ry) T kabe a € R, vrdpyer otoyeio tov R, 10 omoio cupPorileton pe —a wor ovopdleton

avtiBETOC TOL a, £TG1 MGTE VAL 1oYVEL

a+(—a)=(—a)+a=0 (dnapén avtiBétov ororyeiov).

Av a, b € R, tote | apaipeon tov a kot b opiletar pécw g Tpdcheong Tov a e Tov avtifeto Tov
b,
a—b=a+(-D).

To cUVOAO TV TPAYUOTIKOV 1KAVOTOLEL TNV TPAEN ToL ToAAATAAGIOCoHOD, ONAadn, ov a, b
etvan mpaypotkot apiBpot, tote vdpyel mpaypoTkds aptBudc ¢ €161 dote a - b = c. EmmAéov, o

TOAAOTAQGLOGLOG IKOVOTIOLEL TaL akOAovOa a&idpaTo:
(R5) T xéBe a, b, c € R 1oy0et

(a-b)-c=a-(b-c) (TPOCETMPIOTIKOTNTO GTOV TOALATAAGIAGHO).

14



(Rg) T k6B a, b € R 1oyvet

a-b=">b-a (aviyetofetkdTnTo 6GTOV TOAATAAGIAGUO).

(R7) Ymdpyetr otorgeio tov R, 10 1, ét01 dote Yo kGBe a € R va ioydet
a-1=1-a=a (dnapé&n TOAATAACIACTIKNG HOVADAG).

(Rg) T x40 @ € R, a # 0, vwdpyer otoryeio Tov R, 10 omoio cvuPoliletar pe a=t ko

OVOUALETOL OVTIGTPOPOG TOV a, £TGL MOTE VO IGYVEL

a-at=ata=1 (Onapén avtioTpdPOVL).

Ava,b e R, b +# 0, td1e 1 daipeon TV a kot b opiletan HEG® TOL TOAAATANGIAGHOD TOV @ LE TOV
avTicGTPOPO TOV b,

g:a'bil.

EminpocBeta, o molhamiaciacudg cuvoéetal pe v tpodcheon £Tol doTe
(Rg) T k&0 a, b, c € R 1oy0et

a-(b+c) = a-b+a-c (empeploTiKOTNTA OG TPOG TNV TPOGHEST| KOl TOV TOAAATAUGIAGLO).

EminAéov, oto R vmapyer pia oxéon dwtaéemg, < N >, n omoia kavomotlel ta axdAovOa

aSioporo:

(Ry0) T xébe a, b € R woyvet axpiPog Eva and o akoiovbo
a<bfna=bn a>b (apynpryotopiog).

(R11) TwxdBe a,b,c e R,ava < bxorb < ¢, 1018 0 < ¢ (petofatikdmra).

(Ry) T xdBe a,b,c e R,ava < b,téte a+c < b+ c.

(Ry3) Taxdbe a,b,c e R,ava < bxowc > 0,101 0-c < b - C.

Hapatipnon 1.3 (o) To undevikd otoryeio omnv mpdcbeom eivar povadwod. Ipdypatt, Eotw oL

vapyel € R tétolo dote yia kébe a € R va woydet a + © = a. Tote, amd v vidbeon,

O0+x=0.

15



Eniong, and 10 a&iopa Rs, émeton 6Tt
r+0=ux.

AAG, LOyo Tov agiopotog Re, éxovpe

(B) To avtiBeto otoryeio otV Tpodcheomn eivar povadwko. Ipdypartt, £6tm 0Tt Yo kdmowo a € R,
vrapyovv b, ¢ € R, éto1 dote vaoyvet a+ b = a+ c = 0. Tote, &yovpe, dadoykd, and to aliopoa

R3, v vwobeon, ta a&iopata Ry kot Re, Eavd tnv vndbeon kot to a&iopa R,
c=c+0=c+(a+b)=(c+a)+b=(a+c)+b=0+b=0b.

(v) Evtehog avtictoyyo pmopovpe vo amodeicovpe 0Tl 1 TOALOTANGIOGTIKY] LOVAdQ Kol TO
OVTIGTPOPO GTOLYXEIO OTOV TOALUTANGLUGHO elvar povadikd (eAéyEte mTmg).

(0) Xpnowomowwvrag ta aftopata Ry — Rg, pmopel va amoderyBovv d1dgopeg 1010TNTEG TV
TPOYUATIKOV aplOdv, OTmg 1 110TNTA TNG d10ypaeng oTnV TpOcHeon 1 GTOV TOALUTAAGIOGUO.

To R pe ta aSiopoata Ry — Ry amotekel, onwg Aéyetar otnv AlyeBpa, pio avTleTadeTiKn
oudoa g mpog TV Tpdcbeon, evd 10 R pe 1o aliopoata Ry — Ry amotedel pio avripetadetikn
oudda g Tpog Tov moAlamAactacud. Topa, to R pe ta aéiopata Ry — Ry amoterel éva copa
G TPOGS TNV TPOGHEST Kol TOV TOAALUTAAGLAGHO. AV TpocsOiécovpe kat ta atopata Ryg — Ry3 t0
oOM0 OVOUALETOL ATETAYUEVO, EVD OV TPOOTEDEL K 1 apyn TN TANPOTNTOS TO SO OVOUALETOL
TANpog dwtetaypévo. ‘Etot, 1o (R, +, -, <) givan mipwg datetaypévo oopa, evd to (Q, +, -, <)
elval amhd S10TETAYUEVO GO0

Ymépyovv pHepikég QUECES GUVETELES TNG OPYNS TNG TANPOTNTAS GTO GUVOLO TOV TPLYLOTIKDV.
H npod givon 6t n e€icmon

2 =2,

N omoio dev umopel va Awbeil 6To0 GUVOAD TV PNTMOV, £YEL AVCT] GTO GHVOLO TMV TPOYUOTIKMV.

Mpoétaon 1.3 Yrdpyer uovadikds Oetikdc x € R éror dote x° = 2.

Amdoeiln. Oewpovpe T0 GHVOLO
A={zeR:z>0kxuz’ <2}

Kot apynv, to A givar pn xevo, agov mepiéxet 1o 1. EmmAéov, av x, y eivar Ogtikoi mpaypoatikoi apibpol, ioyvetl ot
22 < y? av kar povo av = < y (BAéne Acknon 9). Topa, epdcov, yio k6de © € A, éyovue 22 < 2 < 22, énetar 61
T < 2, GVVERMG, TO 2 givat dvm epdypa tov A. Apa, to A givar un kevo kat Gve epaypévo Kat, GOUPOVA LE TNV 0Py
g TAnpoTTaG, VITdpyeL o sup A = s > 0.

Egdcov 1 € A, 0o 1oyder s > 1. Oa Seifovpe 611 52 = 2, amokieiovtag Ti¢ mepmtmoelg s2 > 2 xon 52 < 2,
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2
Yrobétovpe, kat” apyiv, 6t s2 > 2. Tote, Y1 Tov aploud s; = 521‘2 = % (s + %) > 0 &yovue

S

5  st42s224+22 - (s2)? + 25252 + (s%)2 (s> +s%)? 45t 9
= = = =s
! 452 452 452 452 ’

omote, Aoym ¢ Aoknong 9, s1 < s. EmmAéov,

1 2 22 1 22 1 22
2 _ 2 _ 2 _ 2
s1 <5 + 25—+ 2) <s + 4+ 2) <8+s 4+ 2)

1 2 92 1 2\ 2
= 2+ (s -2+ 5 ) =24 (s-=) >2
—I—4(s 83+52) +4<S s) -7

emOpEVC, Yo kG0s z € A woydet 22

< 2 < 52, ovvenmg, Myo g Acknong 9, x < s1, dnAadh To 51 efvon v
epaypa Tov A, evd, dmmg dei&ape Tponyoupévag, s1 < § = sup A, 1o onoio givar dromo.

2

"Eoto thpa 611 5% < 2. Tote, yia 1oV optdud s3 = 1 = > 0 éyovpe
El 2
4 4 4
2 2
Sg = 7 > > = 3 =95,
Avalieg E+E 5 4
omdte, AMOym TG Aoknong 9, se > s. Emmiéov,
9 4 4 < 4 9
53 = 7= 255974
1 s 1 s 2
(G+3)° 2+(-3)
EMOUEVAIG, S2 € A KoL So > s = sup A, 10 omoio givau dromo.
Apa, TEMKG, 52 = 2. O

H endpevn cuvémeio g apyng e TANPOTNTOSC 6TO GUVOAO TOV TPOAYLATIKAOV Eival 1 vopén

peyiotov Kdt® EPayratog yio KaOe un kevo, KAt epaypévo vroohvoro tov R.
Mpoétaon 1.4 Kdbe un xevo, kartw ppayuévo vmoovvoio A tov R éyer uéyioto karw ppdyua.

Anooerln. 'Eoto y éva katom epdypo tov A. Tote y < a yw kabe a € A, ondte, —a < —y
Yo kK4Oe a € A. Apa 1o —y givar dve epaypa tov covorov —A = {—a : a € A}. Enopévag,
GOUO®OVO LE TNV apyT| TG TANPOTNTAS, VITAPYEL TO supremum toL — A kot éoto sup (—A) = s. Oa

deikovpe 0t T0 t = —5 €lvan o infimum tov A. [Ipdyuartt:

(1) Epocov —a < sy kdbe a € A, éneton 011t = —s < a ywo kébe a € A, Guven®dg To t eivor

KOT® eparypo tov A.

(i) Av t; eivon kdto epayuo tov A, dnhadn t; < a Yo kil a € A, 1618 —a < —t1 yuo kaOe

a € A. Ondte, 10 —t; glvan Gvo epaypa Tov — A, cuvendg, s < —ty, dpaty < —s=t. [

To endpevo amotérecpo pmopel va ypnoporombel kot ®g optopds Yo To supremum 1 To

infimum &vo¢ Guvorov.
Mpotaon 1.5 Eorw A éva un xkevo vmoadvolo tov R.
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(a) Eotw a évo avo gppdyua tov A. Tote a = sup A av ka1 uovo av yio kébe ¢ > 0 vaapyer v € A

étol wote x > a — &

() Eorw a éva karw ppdypo tov A. Tote a = inf A av ka1 uovo av yra xkabe ¢ > 0 vaapyer v € A

étor wote x < a + €.

Anooerln. () Eotw, kat’ apyfv, 0t a = sup A kot kdmowo & > 0. Av yuo kabe z € A woydel 6Tt

r < a— g, 101e 10 a — ¢ glvar avo epaypa tov A. Ondte Oo Tpémet
supA=a<a—¢g Miadq ¢ <0,

10 omoto givan dromo. 'Etot, yuo to tuyaio € > 0, pmopovpe va Bpodie TovAdyiotov éva € A, 10
omoio BéPara eEapthror amod To &, £T61 OGTE T > a — €.

Avtiotpoga. Kat™ apynv, epdécov 1o a givar ave epayua tov A, sup A < a. 'Eocto tdpa 6T
sup A = b < a. Enléyovpe e = a — b > 0 ko dedopévov 01t 10 b givar dvo epdarypo tov A xovpe
ot1, Yo Kabe x € A,

r<b=a-—e¢,

70 omoio avtifaivel otV vIdbeon pog 6tLy e = a — b > 0 vdpyer z € A étoLwote x > a — &.
Yvvenag, sup A = a.
(B) H amddeién elvar evredmg avdrloyn kot apnvetal o¢ doknon (BAéne Aoknon 15). U
YVVETELQ TOL TTPONYOVHEVOL €lval TO akOAOVOO amoTELES O YVMOOTO MG Oemdpno ApyUndovs-
Evdoéov.

Ipoétaon 1.6 [ia kdbe x,y € R, ue x > 0, omapyer n € N téroio wote nx > y.

Anéoeiln. Eoto ot oydet ne < y yo k4bs n € N. Tote 1o odvoro A = {nz : n € N} givon
U1 KEVO Kot Ave poyUévo, omdte, COLPMOVO LLE TV apyn TNG TANPOTNTOS, LITAPYEL TO supremum
0V A kot éotm sup A = s. Aedopévov o6t x > 0, Eyovpe s — x < s kot cOpE®va pe tnv [pdtoon
1.5(a) vrapyet ng € N étor dote ngr > s — x, dNAadn s < (ng + 1)z, 10 onoio avtifaivel 6to 6T
70 $ €lvan supremum, ondTE Ko Gved epdypa, Tov A. U

H endpevn mpotaon agopd tv dmapén Tov aKEPOIOV UEPOVG EVOS TPOYUOTIKOD aplOpov Kot
YPNoonolel otV amddel] g to Oedpnua Apyymdovc-Evddéov. Eekvape pe éva Aqppa to

0mo10 £1val GNUOVTIKO 0’ EAVTOV.

Afqppa 1.7 FEorw A éva un kevo vmoadvolo tov Z. Av to A eivou avw gpayuévo, tote 10 A Eyel

UEyLaTo aroiyeio.
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Arddeiln. Epdcov 10 A eivar un kevod kot ave epoypévo, GOLPMVE LEe TNV apyf TG TANPOTNTAS, VTAPXEL TO
supremum tov A kot £6tm sup A = a € R. Oa deifovpe 0tra € A. Ano myv [Ipdtaon 1.5(a), pee = 1, vndpyerx € A
étormotea — 1 <z < a. Ava € A, tote 0o npénel x < a. Ly Tepintoon aut 1o = dev givarl aveo epaype tov A
Ko, A omd tnv [pdtaon 1.5(a), pmopovpe va Bpovpe y € A€ot dotea — 1 < z < y < a. And Vv mponyoduevn

avicotta €neton 0110 < y — x < a + 1 — a = 1, 10 omoio givat dtomo, apov ot x, y givat kot ot dvo axépaiot. [

Mpétaon 1.8 [ia kabe x € R vaapyer oxpifag évag aprBuog a € Z étor wote a < x < a + 1.

Arébdeiln. Ano 1o Oedpnpa Apyynidove-Evdoéov (Ilpdtaon 1.6), 10 chvoro A = {2z € Z : z < x} givaw un
kevo (PAéne Aoknon 20) ko, emmAéov, Gvo epayuévo ard to z. Amd to Afupa 1.7, 1o A éyet péyioto ototyeio, £6T®
a. Tote, a € Zxora < x,evd a+ 1 ¢ A, omote a + 1 > z. Lvvendg, pmopolue va Bpodue a € Z TETO0 OOTE
a<z<a-+l.

Av 1dpa vroBécovpe OTL VILAPYEL Kot GALO €va a € Z €totdote a; <z < ap + 1,101 a0 < x < a1 + 1, ondte
a < ap+ 1, mhadn a < ay. Katd tov 610 1pémo, a3 < x < a + 1, omdte a; < a + 1, dnAadn a; < a. Apa, TeEMKd,

a = a1, TO OTO10 AMOGEIKVVEL TN LOVASIKOTITO TOV . (Il

Opropdg 1.3 O axépaiog a mwov pog 0ivel n TponyovUEVH TPOTOTH OVOUGLETAL AKEPALO UEPOS TOD X

ka1 ovufolrileror e ).
Zovenag woydet [z] < x < [z] + 1.
Mapaderypa 1.5 To toug Tpaypatikovs aptfpong 2.4 kot —4.7 Eyovpe
[2.4] =2, [-4.7]=-5.
Ta 000 mponyodueva amotedéspata pag fonbodv dote va amodeiovpe ta d0o endEVa.
Mpétaon 1.9 Avzx,y € R, ue x <y, 1te vadpyer ¢ € Q éror wore v < q < y.

Anéoeiln. Epocov y — x > 0, and v lpdtaon 1.6 vrapyet n € N térowo dote n(y — x) > 1,

oniadn nz + 1 < ny. Etot épovpe, and v [podtaon 1.8,
nr < [nz]+1<nzx+1<ny,

OTOTE,

[nz] +1
r< T <y,
n

[nx] +1

Kot 0étoviag g = naipvovpe to {nroduevo. 0

Mpoétaon 1.10 Av z,y € R, ue x < y, 101¢ vEAPYEL P CPPNTOS ET0L WOTE & < P < Y.
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Anéderén. Epocov = < y, woydet kar z — 2 < y — /2. Topa, omd v Ipdtacn 1.9, vedpyet

q € Q étor dote

T—V2<qg<y—2,

onAadn
r<gq-+ V2 < 1.

Aedopévon 6110 p = q + /2 sivar dppntog émetar To {NTOvLEVO. U
Adym TV 600 TEAEVTOLOV TPOTACE®Y, AELE OTL O1 prTol Ko ot dpprrot apifpol givar wokvol

GTO GUVOAO TWV TPOYLOTIKOV.

1.7 Amoivtn TIU1 Kol OLOOTI|HOTO TPAYRATIKAOV aplOpov

1.7.1 Amérvtn Tipn Tpoypatikov aptdpov

Opropdg 1.4 [ia kabe a € R opilovue

a ava >0,
ja| =

—a oava<0.

To |a| ovouddetar amdivtn ) Tov a, Evad TOIAES POPES AVaPEPETAL Kol WS UETPO TOD .

A6 oV opropd amoppéet Ot |al > 0y kdBe a € R. Avapépovpe 6T GLUVEXEW HEPIKEG

Baocucég 1010t TEC TNG AMOAVTOV TUNG.
Mpétaon 1.11 (o) [io kobe a € R ka1 b > 0 10yder

la| <b avkaruévoav —b < a <b.

(B) lo kabe a,b € R ioyde
(i) la+0b| < la|+ [b] (tpryovicy avicdmra).

(i) ||a| — b]| < |a —b| ka1 ||a| — |b]| < |a+b] (Tpry@viKh ovicdTTA TPOG TOL KATW).

Amodeiln. (o) Awxpivovpe tig teputdocelg a > 0 kot a < 0 (GuUTANpOGTE TNV ATOdEEN).

(B) (1) Ao tov opiopd Exovpe
—Ja] < a < o] xar — b <b< b,
omoTE, TPOcHETOVTOG KOTA HEAN,
—(lal +0]) < a+b <lal + 0],
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Kot AMdy® Tov (o) Taipvovpe to {nTovuevo.

(i1) ‘Exovpe, pe m Pondeia tov (i),
lal = la —b+0b[ < fa—0b[+[b], Snhadn |a] —[b] < [a—0].
Avaroya,
b = [b—a+al <[b—a[+]a] =|a—b+]a], dnhod —|a—b] <la|—|b].
Omndre, o1 dVo avicotnteg pali divouv
—la =0 < a| —|b] < la —b],

Kot AMy® Tov (o) Taipvovpe to {nTovuevo.
[Na ) 0evtepn avicoTTO, apkel va Bécovpe oe avtn mov poOAG amodeifape 6mov b 10 —b,

dedopévov ot | — b| = |b|. O

1.7.2 H évvowo Tov angipov

To —oo Ko 10 +00 opilovratl og e&ng
—00 < a Kot a < +o0o Yo kabe a € R.

YOVETMG, TO. —00 Kol +00 &ival avtd mov Ppiokovtal TEPa omd T0 GUVOAO TOV TPAYLATIKMV
aplOumv, aplotepd kot 0e&ld avtiototya, Kot BEPata Kaveéva amd Ta dV0 OV AVKEL GTO GUVOAO
TOV TPOYUATIKOV.

O pdéelg PeTaED TV —o0 Kol 400, €ITE e TOVG TPAYUATIKOVS aptBpovg 1 petald tovg,

yivovtol cOpeova pe T akdAovbeg cupuPacelc:

(o) T a € R opilovpe

(B) Ava > 0 opifoupe

e &

(y) Ava < 0 opilovue



(0) Emiong, opifoupe

Agv opilovtal o1 TapacTdoelg

(—00) + (400), (+00) + (=0), 0+ (=), (—o0) -0, 0 (+00), (+00) -0,

-0 —o0 400 +o0
-0’ 400’ —o0’ 400’

Emiong, av éva cbvoro A dev eivan dve @poyuévo opilovue sup A = +oo, evd av 1o A dev

gtvo kéto epaypévo opilovpe inf A = —oo.

1.7.3 Awotipote TpoypaTiK®Ov aplopoy
Opwopdg 1.5 Eotw a,b € R, ue a < b. Opilovue
(a,b) ={r € R:a < x < b},
(a,b] ={zr € R:a < x < b},
[a,0) ={zr €R:a <z <b},
[a,b] = {zr € R:a <z < b},
(a,00) ={x € R: x> a},
la,00) ={z € R:z > a},
(—o0,a) ={z € R:z <a},

(—o0,a] ={zr eR:z <a}.

1.8 Aoxnoeg

1. Ymoloyiote ta aBpoicpata

Zn:% Ko zn:(Zk —1).
k=1 k=1
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2. AgiEre 611

3. Ymoloyiote Ta aBpoicuarta

Z(?k)Q Ko i(% — 1)

k=1 k=1

4. Aci&re 011

n

> (2k+1)2" = A+ (B+Cn)2",
k=0
omov A, B ka1 C givor 6tafepég mov dev eE0pTmdVTAL o TO 1 KO TPETEL VAL TPOGOI0PIGTOVV.
5. E&etdote yia motég Tipég tov n 1oybeL kKaBe pio omd TG avicOTNTES
(1) 2" >n? (i) 2" >n? (dd) 2" >0t (i) 2" <n! (v) 2" <l

Kol AmodEIETE TIG.

6. (o) Aeigte 6T

n n n+1
() ()= () ke

, n\ n!
T\ k) T Kn — k)

(B) (Awwvouikdc tomog.) Xpnowonolwvog 1o (a), dgiEte 0T, Yo a, b € R,

(a+b)" =a"+ <711> a" b+ (Z) a" b 4+ < " 1) ab" '+ b
n—

7. (Mepwd aBpotopa yempUeTpikng oelpdg pe Aoyo x.) AgiEte Ot

" xn—l—l_l

—_— v 1,
Zxk=1+x+---+x": z—1 TF
k=0 n-+1 avze = 1.

8. (Avicotnta tov Bernoulli.) Av z > —1, t0te

(1+2)" > 14 nx yoxabe n € N.

9. Avz > 0, 16t1¢

(I1+x)" > 1+nx—|—n(nTx2 yio k60e n € N.
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Av z,y eivar Oetikol mpaypatikoi ap1Opoi, Seiéte 611 2% < y? av kot uoévo ov r < y.
Agiéte 6TL 0 V2 + /3 givan Gppnrog.
AsgiEte 6T dev vmbpyel ¢ € Q £t dote ¢2 = 16, dnhadh o v/ 16 eivar Gppntog.

Agi&te 0tLav p,q,r, s € Q kot
PHVI=T+ Vs

tote elte p =7, ¢ = s M ¢ KA1 s givar Kat o1 SO TETPAYyVO pnTOV aplnmy.

Bpeite, av vtdpyovv, Ta max Kot min o€ ké0e pia and t1g nepurtdocelg tov [Hapadelypatog
1.4.

Bpeite, av vmdpyovv, to max, min, sup kot inf t@v TopakdT® GUVOAWOV:

() A={zeR:2>0xu0<z?—-1<2}

(i) B={reQ:2>0xm0<a®—1<2)}.

111 1

(111) C—{O,§,§,Z,...7ﬁ,...}.

(iv) D={reR:x<0kmz?+x—1<0}
1

) E:{EJr(—l)":neN}.

‘Eotm A éva pun kevd vmosivoro tov R kot a éva katm epayua tov A. Tote a = inf A av kot

povo av yw kébe € > 0 vdpyer x € A étor wote x < a + €.

‘Eotom A un kevd, ppayuévo vtosvvoro tov R étot wote inf A = sup A. Ti coumepaivere yua
0 A;

‘Ecto A, B un kevd, epaypéva vrosvvoro tov R pe A C B. Agi&te 611
inf B <infA <supA <supB.
‘Eoto A, B un kevd, ppayuéva vroovuvora tov R. Opilovpue A+B = {a+b:a € A, b € B}.

AgiEte 611
sup (A+ B) =sup A+ sup B.

Agi&te OTL 1) TOMOTAOGIOGTIKT LOVASQ KOl TO OVTIGTPOPO GTOLYEIO GTOV TOALATANGIAGIO

elvar povadikd.

‘Eoto x € R. Agi&te 6t1 10 6Ovoro A = {z € Z : z < x} eivar pn Kevo.
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22. Asgi&te 611 010 R 10y0et kGOBeva amd To TOPOKAT®:
(1) Ave <y +eykdbe e > 0, t0te v < .
(i) Avze <y+eyuwxdbe e > 0, 1018 ¢ < 9.
(iii) Av |z —y| < g y0kabe € > 0, 10T T = Y.

(iv) Ava <z <bxara <y <b, 1618 |[x — y| < b — a.
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Kepararo 2

AKoAov0isgg

2.1 Axolov0isc Tpaypotik@v aprOpov

Ynrdpyovv mpofAquata oto omoio pio mocodHtnTa £€optdTor amd Eva Puoiko apBud (1 dnwg
aAlowdg Aéyetan “elvar cuvéptnon tov”). Avtd pog odnyel oty évvola g akolovBiog mov

EUTEPLEXEL TNV £VVOLaL TNG S10KPLTOTNTOG TTOV OETEL TO GLYKEKPIUEVO TPOPANLLOL.

Opwopoc 2.1 Mia axolovbio mpayuotikov apiBudv givor upio ameikovion Omov kobe pvoikog

ap16uos n avTIeTOLYET OE EVOY TPOYUOTIKO OPLOUO G,.

O mpaypatikodg apOpog a, ovopaletor n-06tdc 6pog s akorovbiag avtc. H akoiovdio cupfoii-
Ceton pe (a,) M (an)n>1. YRApYEL eniong n nepintoon o mpdTog 0pog g akoAovdiog va ivat o ag,

omote M axorovbio ypagetal (ay,),>o-

Hapdaderypa 2.1 Ydapyovv dS1dpopot TpOmTOL [LE TOLG OTOIOVE UITOPOVLLE VOL OPICOVLE [tol akoAoLOia,

Om®G eaivetal amd to akOAovba TapadeiypaTa.

| 1 2 n
S T TR v R RERE €

1
2.0, =—,n=12,...
n
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6. ay = 1, apy1 = Va,+1, n = 1,2,.... Aépe 6T pia té€to100 axorovdio opiletan
avadPOLKE, ONAadN STvETOL 1) TIUY TOV TPATOV OPOV TNG Ko pio oYEoN avlpesa o Evov

VY00 OPO TNG KO TOV AUEGMG TPOTYOVUEVO.

2.2 Xiykion akorovOriov

Y& ToALA TpoPAnpata etvarl onuavTiKo va yvopilovpe ) cuureptpopd g akolovdiog Kabhg
T0 n aw&avetar ywpic 6plo, To omoio paNUATIKE EKPPALETOL AEYOVTOG OTL TO N TNYOIVEL GTO OO
Kot cupPoAileton pe n — 0o, dMNAAdN va dovue av ot Opot g akorovdiag gite (o) TAnclalovv
évav mpaypotikd apbpd M (B) minoialovv meEPIGGOTEPOLS OO £vay TPOYUATIKOVG 0ptOUovg M
(v) av&avovtar ympig 6pro 1 (8) pewwvovtar ympig 6pro. Ta mapadeiypato g Hapaypdeov 2.1
delyvouv OTL OTOLOINTTOTE ATTO TO TPOTYOVUEVA UITOPEL VO GLUPEL.

Etvat Aoycd 61t yuo va propécovpie va todpe 6Tt ot 6pot a,, pog akolovdiag cuykiivouv ce
Evav Tpaypotikd aptOpod a, Kabmg to n myaivel 6to 0o, 8o Tpémel va pmopovpe va Eacpaiicovpe
OTL OO TA @y, EKTOG OO £VOL TETEPACUEVO TANOOG VTAOV (GTNV apy1 TNG akoAovbiag), TAncidlovv
660 kovtd Bélovpe To a. AnAadr|, O T a,,, EKTOC OO EVa TEMEPACIEVO TANOOC avTdV, Vo, tval
o¢ o Teployn Tov a 660 pkpn Béhovue. ‘Evag tpomog yio va opicovpe avstnpd pio Teployn Tov
a gtvor Yo kdmowo € > 0 (660 pkpd kot av gival avtd) va Bempnoovpe To avolkTd SdoTnua
(a —€,a+ ¢) pe kévtpo a kot aktiva . To didotpa owtd givor pio TEPLOXN TOV G, YVOOTN KoL ©G
e-meployn tov a. Etot Aowmdv, o1 dpot a,, piag akorovbiog cuykiivouv mpog Tov mpoyatikd apopd
a, KoOMG TO 1 TYOAIVEL GTO 00, AV Y10 OAL TO @y, EKTOG OO EVOL TEMEPAGUEVO TANDOG QVTAOV, IGYVEL
o0t a, € (a —e,a + ¢€), 10 onoio givar 16odVVApO pe TV avicdTNT @ — € < a, < a + € 1
—e < a, —a<e¢, Mhodn |a, —al <e.

OLo avtd OV TEPIYPAYOLE UOG ETITPETEL VO OLOTVTTMCOVIE TOV OVGTIPO OPICUO TOVL Opiov

pog axolovdiog.

Opwopéc 2.2 Eotw (a,) pio axolovbio mpoyuotikdyv apifudv. Aéue ot n (a,) ovykliver otov

mpoyuotiko oplluo a av yia kale € > 0 vapyer pvoikog opifuoc N = N(g) éror dore
yia kdOe pooiko aptOué n ue n > N va woyvel |a, — a| < €.

Ipagpovue a, — a kobwogn — oo n lim a, = a.
n—oo

Hopatipnon 2.1 (a) And tov mponyovUevo oplopd ivor govepd OtL To € umopel va eivon
ocodnmote WKpo BELeL KAmotog kot and avtd 1o € e€aptdror o N. Oco mo pkpod eivan to €,
1660 Mo peydro eitvar o N, a@od ylo tKpOTEPO € VIAPYOLV TEPIGGOTEPQ A, TOV UEVOLV EKTOC

70V SotTpoTog (a — €, a + €).
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(B) To mponyovuevo deiyvel 0t dev givar onpovTikd 1o mOGo peydro sivar to N, dniadn mtdécot
“apywoi 0pot” g akohovdiog LEVOLY eKTOG TOV daothuatos (a — &,a + €). Avtd mov Tpémet
va gEacpaiicovpe etvar 0Tt Yo kébe € > 0, ocodnmote pkpd, éva memepaciévo TAN0og Opwv
(ad1dpopo OG0 peydAo) pével ektdg Tov daotAuatog (a — €,a + €), oAld 6hot ot vtdrourot
(Gmepot to TAN00G) Opot glvar EvTOg TOL JCTHUATOG aVToL. Me Bdon avtd ckepteite TIg €ENG

00 TEPUMTAGELS:

(i) O mpmrol m dpot pog akorovdiog (a,) dev mailovv kavéva poro, OTOLO Kol av givat To

m = 5,501 10°.'Etot lim a, = lim a,,_o4n, = lim a,,,p.

(i1) Av éyovpe 600 axorovdies (a,) kot (by,), Le SLPOPETIKOVS TOVG TPAOTOVS 1711 OPOVS, AL pE
a, = b, ywun > m, ko lim a, = a, t0te ko lim b,, = a. H anddei&n apnverar og doknon
n—00 n—00
(BAéme Aokmon 6).

() Av pio akorovbia (a,,) cvykAiver, o Opiopodg 2.2 dev pog divel kdmola TAnpoeopia yio o

o016 Oa givo To Opro ™G akoAovbiag.

Hapaderypa 2.2 (o) Osopodue v akorovdio a, = 1/n, n =1,2,.... Av yplyovpe avarlvTikd
T0VG HpOVG TG akolovdiog

1 1 1

1 11
3319 1000 10007

etvat Aoy1KO va oKeQTOVpE OTL 1] aKoAovBio cuykAivel oto 0 kabBdg n — oo. TIpoxeévon va
to amodsifovpe, Ba mpémet yia Tuyaio € > 0 (000OMTOTE LIKPO) VO LTOPOVUE VA BPOVUE PUCTKO

apOud N €to1 dote

v Ké0e puotkd apBud n pe n > N va oydel

1 1
——0‘:—<5, onradn ne > 1.
n n

Yoppova pe v Ilpotaon 1.6 (Oedpnua Apyipundovs-Evdoéov), pe x = ¢ > O kary = 1,
pmopove va Bpovpe Eva uokd apBpd N étor dote Ne > 1. Ondrte, yuo Kabe puokd apduod n
pen > N, woyderne > Ne > 1.
(B) ®swpovpe v axorovdio a, = (—1)", n = 1,2, .... AV ypAyovpe avoAVTIKA TOVG OPOLG
™G akoAovBiog
-1,1,-1,1-1,1,...,

avthappavopoote apécws 0t ag,, = 1, m = 1,2, ..., kot agy,—1 = —1, m = 1,2,..., ondre,
KOTG TETPIUUEVO TPOTIO, Ay — 1 KO A9y 1 — —1 KOBDG M — 00 (M (ag;,) Aéyetan vakoAovbia

TOV apTieV Kot N (a2m—1) VIAKOAOLOIO TOV TEPITTOV OPpOV TG Gy ). ZVVERMOS, N akolovdia (ay,)
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dev umopel va cuykAivel og €va (Lovadkd) Tpaypatikd aplpud. Ag SovpEe TMG UTOPOVUE VAL TO
amodeiovle.

‘Eoto 0110, — a x0bdgn — ooy kdmowo a € R. Tote yuo tuyaio € > 0 umopovpe va fpodpue
QVo1Ko apBud N €101 dote

Y10 kGO uowd apBud n pe n > N va oydetl |[(—1)" —a| < e.
Topa, yiaon = 2N > N &ovpue
(=1)*" —a|l =1 -d| <k,
onAadm
l—e<a<l+e.
Eniong, yoo n = 2N +1 > N €yovpe
(—D)*N* —a|=|—-1—al]=[14a| <&,
onAadn
—l—-e<a<—-1+c¢

Ot avicOTTEG OTIG OTOieg KaTaAnyove eivan acvpPifacteg petacy tovg. [a mapdaderypa, av e =
1, t61e mpéner 0 < a < 2 ko, towtodRpova, —2 < a < 0. Zvvendg, 1 axorovbia (a,) dev pumopei

va ovyKAivel o€ éva (pLovadikd) Tpaypatikd apud. Aéue 6tin (a,) omokAiver.

Av pio axorovBio cuykAivel tote 10 Op1o NG ivart povadiko.

Ozdpnpa 2.1 Ocwpodue pio akolovbio (ay). Av lim a, = a ku lim a,, = b kabodgn — oo,
n—oo n—o0

016 a = b.

Aréoeiln. Eotm 6t a # b. Oswpovpe € = |a — b|/2 > 0. Epocov lim a,, = a, pmopodue va
n—oo

Bpovue puokod apBud Ny €161 wote

a—2b
Yo kGO uokd apBpud n pe n > Ny va woydet |a, — al < & = | 5 |,
Kot epdéoov lim a, = b, pmopodpe va Bpodpe puokd aplud N, Tl dote
n—oo
. . . \ la — b
Y10 KGO LoKS apOud n pe n > Ny va oydet |a, — b < e = B

O¢tovpe N = max { Ny, Ny }. Tote, yuo kdBe puowd apBud n e n > N (omdte n > Np kot

n > Ny) &qovue

la —b] |a— 1D
_I_

la —b] =|a—a, + a, —b| < |a, —a| + |a, — b| < 5 5

= |a_b|7
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10 omoio gtvat dTomo. Apa, VITOXPEWTIKA a = b. U

Ag Bswpnoovpe Topa v akorovdia a, = n, n = 1,2, .. .. Elvar pavepd 011 kabmg n — oo,
dniadn to n avédvetal ympig 0pto, 1o 110 cvpPaivel kot pe Toug OPovg ™S akolovbiog. Xvvenmg,
N axolovbia eaiverol va Telvel 6TO0 +00. XTN GLVEXEL SOTVTTOVOVLE TOV QLGTNPO OPIGUO Y

TETOLEG AKOAOVOTEC.

Opwopdc 2.3 Eotw (a,) pio axolovbio mpayuatikadv apiQuav.
(@) Aéue 61 n (a,,) teivel oto +00 av ya kdbe E > 0 vmdpyer pvoikos opifuos N = N (E) étot
wote

o kabe poaiko apiBuo n ue n > N va oyder a, > E.

I'pdpovue a,, — +00 kabwgn — oo n lim a, = +o0.
n—oo
(B) Aéue ot i (ay,) teiver oro —oo av yro kdbe E > 0 vmdpyer pvoikos opifuog N = N (FE) étot
WoTe

yio kabe poaio apiBud n ue n > N vo oydeta, < —F.

I'papovue a, — —oo kabagn — con lim a, = —oo.
n—oo

Mopatipnon 2.2 (o) Am6 TOV TPONYOLUEVO Oplopd eivar govepd OtL 10 E pmopel va etvan
060dNTOTE PEYAAO BEAEL KAmo10G Kol 6Tl amd avTd 10 E e€aptdtarto V. Oco mo peydio sivarto F,
1660 1o peydro ivar to N, apov yio peyoidtepo F vrdpyovv nepiosdtepa a,, < E (avtictorya
a, > —FE), iladn meplocdtepa a, mOv PEVOLV €KTOG TOV dtaothpatog (F, 0o) (avtictoyo
<_007 —F ))

(B) Otav pia akorovdia (a,) cvykAivel g évav mpaypatikd apud a, to € otov Opiopd 2.2
etvan ocodnmoTe puKkpd. Avtictorya, 6tav 1 akorovdia teivel 6to 400, T0 F otov Opiopd 2.3 sivan
0GOONTOTE UEYAAO.

(y) Aépe 6T1 m axorovBia (a,) “teiver”, xor Oyt cvykAivel, 6to +o0, ywoti, TUTIKA, 0 OPOG
“ovykiivel” ypnoomoteiton povo dtav 1 akolovbia cuykiivel oe évav mpaypotkd apfud a. Xe

omoladNmote GAAN epintwon Aépe 0Tt 1 akolovdia amokAivet.

HMopaderypa 2.3 Ocwpodue v akorovdio a, = n, n = 1,2, .... Eivar oyeddv mpopavég to va
avtiinebovpe 6t 1 axorovbio teivel 610 +00 KabBdg n — oo. [Ipokepévov va to amodeiovple,
Ba wpémnet yuo toyaio £ > 0 (ocodmmote peydro) va pmopovpe va fpovpe évo puotkd apoud N
€101 O0TE

v KaBe oo apBuod n ue n > N vo oyxder n > F.

Soppova pe 1o Osopnuo Apyyumoovg-Evodcov (Ilpotaon 1.6), pex = 1 > O xkony = F,
umopove va Bpodpe va puowd aptud N étor wote N = N - 1 > E. Ondte, yia Kabe puoikd

aplOud n pen > N, woxdern > N > E.
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"Eva. ToAD ypno1Ho kpitiplo yuo T GVYKAON oG okolovbiog gival 1o Aeyduevo kpitiplo

TOPEUPOANG N KPLTHPLO 1GOGVLYKAMVOUCHV OKOAOVOLDV.
Ozdpnpa 2.2 Ocwpodue tpeig axolovbics (ay), (by) kau (c,) yia Tig omoieg 1oyvoVV:

(o) a, < b, <c,okaben € N.
(f) lim a, = lim ¢, = a.
n—oo n—oo

Tote kou lim b,, = a.
n—oo

Anodeiln. Eotw € > 0. Epoocov a,, — a xaic, — a kabdgn — 0o, vipyovv eucikoi aptfpol

Ni kou Ny éto1 dote yuo kaOe puoko apBud n pe n > Ny va oydet
la, —a| < e,

oniadm

a—e<a,<a-+eg,

Kot ylo kdBe puotkd aplBud n pe n > Ny va 1oydet
lcp, — al < g,

InAadn

a—e<c,<a-+e.

Oétooue N = max { Ny, Ny }. Tote, yo k4Oe puowd opOud n pe n > N (omdte n > N; ko
n > Ny) woydet
a—e<a,<b,<c,<a+e,

oniaon
b, — a|] < ¢,

T0 0TO10 ATOJEKVVEL OTL b, — a KaBdg n — oo. OJ

Hapatipnon 2.3 To Bedpnua woyvet av 1 cuvOKn (o) avtikatactadel and Tv:

() a, < b, < ¢, ywwkdbe n > m dmovm € N.
(ITog Ba. Eémpene va tpomomonOei 1 amddEEN TOL BE®PNUATOG TNV TEPIMTOOT ALTN;)
Hopdaocrypa 2.4 Ocwpodue v akorovbio b, = i?, n=1,2,.... Av ypayovue avorvtiKd Toug
O6povg ¢ akorovdiog !
1 1 1 1
9777771007 777100007 T 10000007
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etvar Aoywkd vo okeptrodpe OtL 1 akoAovBio cvykAiivel oto 0 kabbdg n — o0, Kol pdAoTo
“Tayvtepa’” amd v akoAovbia c, = —, n = 1,2, .. .. [Ipokepévov va 1o amodsiovpe, Oempovpe
n

Kot v akolovbia a, =0, n =1,2,..., onote,

1 1
O<—2§—yl(x1<d98 n € N,
n

n
EVOD
lim 0 = lim — =0,
n—oo n—oo N,

.1
OLVETMG, amd 10 Ocdpnua 2.2, énetar 0t lim — = 0.
n—oo ’I’L2

O emdpevog opopodg etvort oTROVTIKOG.

Opopdc 2.4 Mio axolovbia mpayuotikdy apiBuav (a,,) Aéyetor ppayuévy av umopodue vo. fpodue
atabepc M > 0 téroio wote

lan,| < M yokabe n € N.
ANEGO GUUTEPAGLLO TMV GUYKALVOLGMV aKOAOLOLDV givar T0 akOA0VO0 amoTEAEGHLAL.
Ozdpnpa 2.3 Av pia axolovbia (a,) eivar ovyklivovoa, Tote elvar ppayuévn.

Anooeiln. ' Eotm 6t a,, — a xabmdg n — o0o. Tote, yuo tuyaio € > 0 vapyel puoIKOS aptOpnoc

N ¢é1o1 ®ote yuo Kabe puowd apdud n pe n > N va woydet
la, —al <e.

ATO TV TPIy®VIKY avicOTnTa TPog To KAt TG [Ipdtaong 1.11(B)(ii) £xovue

la,| — la|] < |a, —al| <&,
S
la,| < |a| +¢ ywwdhata 7 > N.
Av 1dpa Bécovpe M = max {|aq], |az|, ..., |an]|, |a] + €}, 1ox0er 6TL

la,| < M ywkébe n € N. O

Mopatipnon 2.4 Emopévac, mpokeipévon va deifovpe Ot pia akorovbia (a,) eivar epoypévn,

apkel va to dei&ovpe Y100 GAOVS TOVG OPOVG EKTOG Amd Eva TEMEPASUEVO TANO0G AVTAOV.
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2.3 AlyeBpo Tov oplov

To emduevo amotéleoua, av Kol oxedOV TPOPAVES, eivar TOAD YPNOIUO TPOKEWEVOL V.

amodeiEOVE ONUAVTIKEG 1OLOTNTEG TOV OPi®V.

Mpotaon 2.4 Ocwpoiue uio axolovbio (a,). Tote o axélovlo eivar i6oddvoua:
(o) a, — a kobwngn — oo.
(p) a, —a — 0 xabasn — oo.
() |an — al = 0 kabaog n — oc.

Amooeiln. H anddeién ompiletonr oty TpocekTiKy] epoppoyn tov Opiopov 2.2 Kot oprveTot

¢ oknon. O

Mépwopa 2.5 Ocwpoiue pio akolovbio (ay,). loyder 6t a, — 0 av kar uévo av |a,| — 0 kabog

n — oo.
Amodeiln. Ewdun nepintwon g [pdtaong 2.4 pe a = 0. OJ
Ipotaon 2.6 Ocwpodue uio axolovbio (ay,). Av a, — a, 101€ |a,| — |a| kKabds n — .

Amooeiln. Epodoov a,, — a, yio kaBe € > 0 vmapyel puokdg apBuog N 1ot dote yio Kabe

QLoKo apOud n pe n > N va woydet
la, —a| < e.
Ao TV TPLy®VIKn avicotnTa Tpog To Katm ™G [Ipdtaonc 1.11(B)(i1) &xovpe
|lan| = lal] < |an —a <e,

onote |a,| — |a| kabdg n — oo. O
To endpeva amoteAéopato a@opovv akorovdiec mov mpokvmTovy amd adyePpikéc mpdelg

HETAED OKOAOVOLDV.

Mpotaon 2.7 Ocwpodue dvo axolovlieg (a,,) kou (by,). Av a,, — akar b, — b, 616 a,+b,, — a+b

KaBdi¢cn — oo.

Aroderén. Eotow € > 0. Epocov a,, — a kot b, — b, yia e’ = £/2 > 0 vdpyovv puoikoi

apBpoi Ny ko No €161 dote Yo kabe euokd apBud n pe n > Ny va 16Y0EL
, €
la, —al <&'= 2’
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Koty kaBe puowkd apBpd n pe n > Ny va woydet

£
by, — b <& =-.
by — bl <&'= =

@étooue N = max { Ny, Ny }. Tote, yio k4Oe puowd apOud n pe n > N (omdte n > Np ko
n > Ny) 1oy0et, omd v Tpryoviky ovicotnto ™ [pdtaong 1.11(B)(1),
€

9 ~ &

an + b = (@ + b)) = |(an = @) + (b = B)| < lan —al + b — b < = +
omotE a, + b, — a + b xabwgn — oc. [

Ipotaon 2.8 Ocwpodue 5o axolovbics (ay,) kar (by,). Av a,, — 0 xor n (by,) eivar ppoyuévy, tote

anb, — 0 kabwc n — oo.
Anéoeiln. Kat” apynv, epocov 1 (by,) eivor opaypévn, vrdapyer M > 0 £to1 dote
|b,| < M ywkébe n € N.

Topa, éotw € > 0. Epdoov a,, — 0,y e’ = /M > 0 vdpyet pooicds aptdpds N 1ol ®oTE Yo

Kkd0e puotko apBud n pe n > N va oydet

, €
]an] <g = M
Omndre, Yo k60e puowd aplBud n pe n > N oydel
€
|anbn| = |an||bn] < MM =g,
T0 OTO10 AMOJEKVVEL OTL ay,b, — 0 KabBdG n — oco. O

Mpétaocn 2.9 Ocwpoiue wa axolovbio (a,) kaic € R. Av a,, — a, 101€ ca,, — ca kabogn — 0.

Amooeiln. H andoeién ompiletan otig [potdoeig 2.4 ko 2.8 kol apnveton o¢ doknon (PAEne
Aocknon 12). O

Mpotaon 2.10 Ocwpoiue dvo axorovbies (ay,) kor (by,). Av a,, — a ka1 b, — b, tote a,b, — ab

kabwcn — oo.
Amooeiln. Topewva pe v lpdtaon 2.4, apxel va deiovpe 011 a,b, — ab — 0. Exyovpe
anb, — ab = a,b, — ab, + ab, — ab = (a,, — a)b, + a(b, — b).

Topa, epdoov a,, — a, and v I[potaon 2.4, a, — a — 0, evéd and 1o Oewdpnua 2.3, 1 (b,) o

ovykAivovoa akolovdia eivar ppaypévn. Ondte, ond v Ilpodtaon 2.8,
(an, —a)b, — 0.
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Eniong, epodocov b, — b, and v [Ipdtaon 2.4, b, — b — 0, ondte, and v [Ipdtaon 2.9,
a(b, —b) = a-0=0.
O1 0vo televtaieg oyéoets, Adyw g [IpodTaong 2.7, divovv
anb, —ab = (a, —a)b, + a(b, —b) = 0+ 0 =0 xabbdg n — 0. O
Mpotaon 2.11 Oswpoiue dvo axolovbics (ay,) kar (by,), ue b, # 0 yia kabe n € N. Av a,, — a kau

b, — b, ueb #0, TO’TE,‘%—) %Kocea')gn—ﬂxm

n

n 1 . ,
Amodeiln. Agdopévou 0Tt In _ ap - —, COUGOVO LE TNV TPONYOVUEVT TPOTAGT, OpKel val

b, by,
1 1 1 1
deiéovpe 0TL ™ — e onAadn, cvpewva pe v Ipodtaon 2.4, 6t T — 0."Eyovpe
I 1 b—-b,
b, b  bb,

Epocov b, — b, yuwe = [b|/2 > 0 vadpyet pvowdg opBuos N £tot dote Yo Kabe puotkd aptBud
n pen > N vo 1oY0&EL XPNOLLOTOUDVTAG TNV TPLYMVIKY ovicOTNTO TPOS To KAT® ™G [Ipdtaonc

LIL(B)Gi),

Il =10l < I~ < 2.
ant’ 6mov émetal, Adym g [Ipodtaong 1.11(a), 6t
1 2
o] Tl

1 1
omoteE, M akoiovdio 0 etvar ppaypévn. Katd cuvénela, n akolovbia " glvan emiong epoynévn

! 1 1 b-b,
Ko gpdoov b—b,, = —(b, —b) — 0, amd v [Ipodtaon 2.8, R — 0 xabmngn — oco.[d

Hoapaderypa 2.5 (o) loyvel 6T

lim (—2> —(=2)- Tim L = (=2)-0=0,

n—oo

1
dedopévov 6tt lim — = 0.

n—o0 M,
(B) Ioyver 6T
| 1 1
lim <”+ ) — lim (1+—> ~ lim 14 lim —=1+40=1,
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. o1
dedopévov 6tt lim 1 =1 kon lim — = 0.
n—o00 n—oo N,

() Ioyver 61

1 .1 .
. (A—Tn? (4T A lim o Hm (=T) gy ()
lim 42:hm n T | = L 1 21202—77
e \ M 42— lim 142 lim — e
n n— o0 n—oo 1
. . .1
dedopévov ot lim (—7) = =7, lim 1 =1k lim — =0.
n— 00 n—00 n—oo N

2.4 Movotoves axorov0Oisg
H povotovia pag akorovdiag elvon £éva otoryeio to omoio mailel onpoviikd poro ot cUYKAION
N amdKAMoN TNG.
Opwopog 2.5 Ocwpoiue pio axolovbio (ay,).
(a) H (ay,) Aéyetar adéovoa av a1 > a, yiokabe n € N.
(B) H (a,) Aéyetar yvyoicwg avéovoa av a,1 > a, yio kabe n € N.
(y) H (a,) Aéyetau pOivovoo av a,.1 < a, yia kdbe n € N.

(0) H (a,) Aéyerou yvnoiog pBivovoo av a, 1 < a, yia kdbe n € N,

2e mepintwon mov 1oyveEl Eva amd Ta (o) 1 (y), Aue ott n axolovlia (a,) eivar povotovy, eva av

1oyber éva amo to. (P) i (9), Aéue ot i (ay,) elvaa yvyoiwg povotovn.
Hapatipnon 2.5 (o) Eivow tpogavéc dt av n (a,) givor av&ovoa akohovbdia, tote 10y0EL
a, < a,, omotednNmote n < Mm.

Amodei&te 10 wg doknon pe enayoyn (PAéne Aoknon 13). Avtictotryo amoteAécUATO LTOPOVLE VO
GLVAYOVLE Y10l TIC TEPUTTAOCELG LLOG YVNOIWG avEovoas, pag ebivovoag 1 pog yvnoimg eoivovcog
axoAovBiog.

(B) Eivar emiong mpopavég 0Tt omowadnmote yvnoing avéovoa axorovbio sivar avcovoa.
Avrtictotya, omoladnmote yvnoing edivovoa akorlovbia sivatl gdivovasa.

(v) Etvan emiong mpoavég 6Tt pia avéovoa akorovbia sivon katw epaypévn. (ITowd eivon éva
Kato epayua;) Onote, Yo va eivor n akolovdio ppoayuévn (dvem Kot kATm) apkel va etvot Loévo avem
epayuév. Avtictorya, pio eivovoa axolovbia sivar dve @paypévn, Kot yuo va eivol epoypévn

apkel va gtvor LOvo KATm Qparypévn.
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Topa, av pio akorovdia eivor povotovn, avtikappavopacte 41t ovtd, amd Hovo Tov, dev gival
OPKETO Y10 VAL OmOPAGICOVE av 1 akoAovBio cuykAivel N amokAivel. Av emmAéov EEpovpe OTL 1
axoAlovBia etvor 1} dev etvan epaypévr, TOTE TOAVOTOTO LTOPOVLLE VO, ATTOPUGIGOVIE OV GLYKALVEL
N anokhivel. T mapdderypa, av pia akorovdia (a,) givar avéovca Kot Gve @paypévn, TOTE TO
oovoho A = {a, : n € N} givon pun kevd kat Gvo paypévo, cuvendg vdpyet o sup A. Eropévoc,
ot 6pot g (a, ) Ba minotélovy dlopkms o sup A, omdte QaiveTor Aoyikod 1 okolovdio va cuykAivet
o€ avtd. Avtifeta, av n akolovBia sivar avovca, aAAd dev givar Avm @paypévn, TOTE 01 OPOoL TNG
av&avovtat yopic 0pto, omdte paiveror Aoykd n akoAovdia va tetvel 6to +00. To enduevo Bedpnpa

divel cop1| omEvTnoN GE QVTA TO EPMTNLLOTAL.
Ozdpnpa 2.12 Ocwpoiue v akolovbio (a,,) ko1 éotw A = {a, : n € N}.
(@) Avn (ay,) eivor adovoa kot dve ppayiev, T0te a, — sup A kabdg n — oco.
(B) Avn (ay) eivor adéovoa ka1 dev givar Gvw Ppayuevy, T0te a, — +00 Kabng n — oo.
(y) Avn (a,) eivar pOivovoo kot kdtw ppayuévy, tote a, — inf A kabdg n — oo.
(0) Av n (a,) eivar pOivovoa kai dev eivar kKGTw PPAYUEVY, TOTE @y, — —00 KODHG N — 00,

Anéoeiln. (o) Kot’ apyfv, epdcov n akorovdia (a,) eivar Gve ppaypévn, to covoro A = {a,, :
n € N} givar un xevd (apod mepiéyet Ghovg tovg 6povg g akorovdiag) kat Gve epayuévo (amd
10 Gve Epayua ™G akolovdiag). Eropévac, and v Apyn g [IAnpoéttog vrdpyetl to eAdyioto
dvo epaypa Tov A kKot éoto sup A = a. Oa dei&ovpe 6tL a,, — a.

‘Ectw € > 0. Epécov a — € < a, 10 a — € dgv glvan avo @paypa tov A. Emopéveg, vedpyet
QLVOIKOG apOpdc N TéT010¢ MOTE

a—¢e<an

(BAéme xou ITpotaon 1.5(a)), dedopévou de Ot 1 akorovbia (a,) eivar av&ovoa Kot o a givatl vm

epayuna Tov cuvorov A €yovpe, Yia kaOe PLGIKO apOud n uen > N,
a—e<an<a,<a<a-+te.

Tuvenmg, yo kdbe n > N woyvel Ot |a, — a| < &, ondtE a,, — a = sup A.
(B) Eot® E > 0. Epdoov 1 axkorovbia (a,) dev eivar dve @payuévn, to E dev givol Gvo

epaypa tov cuvorov A. Emopévag, vrapyet puotkog aptuds N t€tolog dote

ay > F
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(outiodoynote 10), dedopévon de 0t 1 akodovbia (a,) givor avéovoa Epovpe, v KGbe PLOKO
aplOudé n uen > N,
a, > ay > F.

Tuvenmg, yio kabe n > N woyvet 6t a,, > E, ondte 1 (a,) teivel 610 +00.
(v)-(0) H amdde1én elvan evredmg avaroyn pe avt Tov (a)-(B) kot apnvetor og doknon (PAéne
Aocknon 14). 0J

Mapaderypa 2.6 Oélovpe va e£eTAGOVLE T GVYKAION TG akolovdiog

11 1
Uy =—+—+ -+

Kat’ apynv,

R I R
an _an — J— J— — J— J— P JE—
“ 12 (n+1)! 2 n!

onAadn
Qpy1 > G YW KOOE N € N,

emopévag, 1 (a,) givon (yvnoimg) avéovoa. Emmiéov,

0< 1+1+1+ —|—1<1+1—|—1+ +1
an — J— J— J— — < — J—
20 3l n! 2 22 2n—1
1
_2_n 1
= =2— <2
1 n—1
12 2
2

(PAéme Aoxnoeig 5(v) kar 6, Kepdhawo 1), ondte, n (a,) ival, emmpdobeta, dvo @paypévn,
OGULVENMG, Omd TO (01) TOVL TPOTYOLLEVOL BempnpaTog, eivatl cuykiivovca. Bo dovpEe OO Eivat To

Oplo avTg TG akoAovding oe EMOUEVO KEPAAALO.

2.5 Xnpovtikég axoiovdies Kot kpitipra cUYKAMGTS

Ot axorovBieg mov peretpe ot GLVEXELR ELEOVILOVTOL TTOAD GLYVA GTNV TPAEN KOl GUVETDG

ypnlovv Waitepnc pveiog.

Ipoétaon 2.13 Eoww a € R. Tote yio v axorovbio a, = a™, n = 1,2, ..., 1cyvovv ta axoiovbo.:
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(o) Ava > 1, w0t¢ a,, — 400 kabas n — oo.

(B) Ava =1, ©t¢ a,, — 1 kabwg n — oo.

(y) Av —1 < a < 1, ©01¢ a,, — 0 kaBws n — oo.

(0) Av a = —1, tote a,, — 1 y1o.n dptio kar a, — —1 y1a n weP1TTO KABWS N — 0.

() Ava < —1, 101€ @,, — +00 y1a N GPTIO KO Gy — — OO YIO. N TEPITTO KAODS N — 00.

Andoeily. (o) Epocov a > 1, vmdpyer x > 0 éto1r wote a = 1 + x. And v Acknon 6 Tov

Kepaiaiov 1 (avicotnta tov Bernoulli) £yovpe
a,=a"=(1+2)"> 14 nz yioxabe n € N.

‘Eotw E > 0. Tote, and 10 Oswpnua Apypundovs-Evdoéov (Ilpdtaon 1.6), pe y = F, umopodue

va Bpodpe éva puowkd apBud N tétoo wote Nx > E. Ondte, yion > N,
a,=0a">14+nx>14+ Nx >Nz > F,

ouven®g, N (a,,) teivel 6To 400 Kabbg N — oo.
(B) H anddeén etvor mpo@avig.
(v) Eoto, kot’ apynv, 0 < a < 1, omdte 1/a > 1 ko énwg oto (o), pue 1/a ot 6éon tov a,

vrdpyet x > 0 €101 wote — = 1 4+ o kat
a

1

—={1+2)">14+nx>nr yuwkabe n € N.
an

Onodrte,

1
0<a,=a"<— yuwkdabe n € N.
nx

Epocov = — 0, amd to Ocopnua 2.2 (kpiripro mopepPoing), Exetal 0Tt a,, — 0 Kabdg n — oco.

Ava n:x(), N andoeén elival TPOPOVNG.

‘Eoto topa —1 < a < 0. Téte 0 < b = —a < 1 xon 6mwg oetéape mponyovpévog b — 0
KaBdc n — 00. Amd avtd énetan 0Tt a” — 0 KaB®OG N — 00 Kol aPrveTal ¢ acknon (PAéne
Aocxknon 16(a)).

(0) H amddeiEn eivon wpopavi.

(e) Epooova < —1,t6te b = —a > 1 kot 0nwg deiéape oto (o) 1 akorovbia b teivel 610 +00

kabmg n — oo. To vrdAouto ¢ amddeEng apnvetan og doknon (PAéne Acknon 16(B)). 0

Mpotaon 2.14 Av a > 0, e 1 axorovbio a, = /a — 1 kabign — oo.
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Ardoerén. Eoto xat” apynv a > 1. Tote a,, = Va > 1. @étovpe a, = 1 + x,, z,, > 0, ondte
apket va dgiéovpe 0tL x,, — 0. Amd v Acknon 6 tov Kepaiaiov 1 (avicdmra tov Bernoulli)
&yovue

a=a'=(1+xz,)" > 14 nz, >nr, yaxibe n € N,

oTOTE,
0<z, < 4 v kéBe n € N,
n
L a 1 . . . DN . ,
Kot epdoov — = a— — 0, amd t0 Osopnua 2.2 (kprmpro mopepfoing), Emetan 01t z,, — 0 Kabg
n n

n — o0.

1
Avtopa 0 < a < 1, 16t — > 1, ondte, amd TNV TPOTYOVLEVT| TEPIMTMOO,

a
w
- —1,
a

1
— =1,
an

10 omoio oonyel oV

OLVETMG, OTw¢ otV amdoeén g Ipdtaong 2.11, a,, — 1 Kabdg n — oco.

INa a = 1, n anddeién ivor TpoPavis. OJ
Ipotaon 2.15 H axolovbia a, = Yn — 1 kabidcn — oo.

Ardderln. Aedopévov 611 a, = {/n > 1 (atoroyfote 10), Oétovpe a,, = 1 + x,, x, > 0, Ko

apket va dei&ovpe 611 z, — 0. Xpnoomoldvtag v avicotta, yio x > 0,

-1 -1
(1+2)" > 1+nx+n<n2 ):c2 > n(n2 )a:2 v kGbe n € N

(BAéme Aoknon 7, Kepdroato 1), Exovpe

n(n—1)

5 z2 yukéde n € N,

n=ay=(1+z,)" >

oTmoTE,
2

0<z, <
=7 n—1

Yo kabe n € N|

[ 2

Kol OGOV ] — 0 (ontoroynote 10), amd to Ocdpnua 2.2 (kprrnpro TopeUPoAng), EmeTo
n —_—

ot z, — 0 xabogn — oo. O
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n

1
Ipoétaon 2.16 H axolovbio a, = (1 + —) ovyKAivel kaOwsn — 00 g€ Evay TpayuoTiko opiOuo
n

uetocov 2 kou 3, 0 omoiog eivor yvwatog wg optfuos tov Euler ko ovufolileron ue e. Etor Aoimov

opilovue
1 n
lim (1 + —) =e. (2.1)
n—00 n
Eminléov, oyvet
. 1 1 1
Im (1+=+=+--+— | =e (2.2)
n—r00 1! 2! n!
Anéoerln. Kot apynv, epappolovtag to diovuutkd tomo g Acknong 6 tov Kepoalaiov 1, £xovpe
\" nn—1)1 nn-1)n-2)1 nn—1)---2 1 nn—1)---11
=1t —) =141+ L
“ ( + n) LR 21 n? + 3! n3 L (n—1)1 mnrl n! nn

1 1 1 1 2 1 1 2 n—2
=1+1 —(1-= —(1-=){1-— — 1 ==)(1==]-- 1=
g (3 5 0-0) 0D e [ 0-0) 0-3) - (-5
1 1 2 -1
B2 (-]
n! n n n
Topa, YPNOYLOTOIBVTOS TO TPOTYOVUEVO, TAIPVOVLE
1\ 1 1 1 1 2
=1+ —— =1+1 —(1-— —(1—-—(1-
it <+n—|—1> N +[2!( n—i—l)]—’_[?)!( n—|—1>< n—|—1>}
1 1 1 2
n+1 n+1
2

(

o (-7) (-7
(
(

2.3)

ot O B 0D 02 (-2 (25
+[(ni1)! 1_n—1i-1) (1_nil>"'<1_nil)]

SR —— ) p—_— [
=a, JE— - — — Ay,
(n+1)! n+1 n+1 n+1

dAadN any1 > ap Yo kde n € N, dpa, n (a,) givar yvnoiwg adEovoa.
k
Emméov, katd tov id1o tpdno dnmg mponyovpévac, xpnotponotdviag ottl — — < 1, k =1,2,...,n — 1, 61
n

2"~ < n!yio kéBe n € N, kaBdC Kol ToV THTO Yo To PePIkd GOPOIGHa YEMUETPIKNG oelpdc (PAéne Acknoelg 5(iv)
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ko 7, Kepdhato 1), éxovpe

(D) 30 () et () - ()
0002 (-5

1

< 1414442 Loy (14242 L)y 2oy Ly

S IHldgtgt S Sl (T g st ) = +1 =3 5y <3,
2

2.4)
dnhadn 2 = a1 < a, < 3ywkdbe n € N, dpa, n (a,) eivon epaypévn, Kot coppmva pe to Oedpnua 2.12(a) givon
ovykAivovsa og évav mpaypatikd apBud peta&y 2 kot 3.

Ipoxeévov va dei&ovpe to 6pto (2.2), kot apyfy, and v (2.4), &xovue

1—|—1n<1+1+1+1+ +1
n - 21 3! n!’

1 m
Ytabepomolovpe tdpa 1o n € N. Epdoov 1 akorovbia a,, = ( 1+ ) givat yvnoiog av&ovca Kot cLYKAMVEL GTo
m

e €£YOVLLE, Yuo Kabe m > n, Adym g (2.3),

(1) (L) S (D) (- 2) (1),
m m k:lk! m m m
onote,

"1 1 2 kE—1 "1 1 1 1 1
1 _ _ — ... - | = — = — — — PN — <
”mlinoo;k! (1 m) (1 m) (1 m) I TR TR

k=1
Enopévac,
Lol " e b 11 1
+'g < +-Ii+-§i+ii-+...+;i'_e7
kat, ad Vv (2.1) kot to Oedpnpo 2.2 (kprehplo Topeufoirng), Toipvovpue v (2.2). (|

A0 O ypNoILO KPLTHPLoL GUYKALOTG Elval To akoAovOa.

Mpotaon 2.17 (Kputijpio Adyov) Eorw (ay,) wa axolovbio ue a, > 0 yro kdbe n € N kou

. an+1
lim =

n—00  (y,

(o) Av p < 1, 10t¢ a,, — 0 kaBawgn — oo.

(p) Av p > 1, tote a,, = +00 Kabwg n — Q.

Qp41

Anooeiln. (o) Epdoov lim = pue0 < p < 1, pmopodpe va Bpovpe € > 0 této10 OoTE
n—oo

n

p<p+e=r <1 Taoovtod 1o &, propodpe va Bpodpe Eva euoikd apliud N £tot dote yio kdbe

QLOIKO apBud n pe n > N va 1oyDdEL

An+1 An41

__p‘<:67
Qn, n
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onAadm
Apg1 < Ty,
Omnodrte, yiun > N épovue

- an
0< ap <Tap1 <T2po < - <" Nay = T—NT".
, . . , . OGN . . ,
Epocov r < 1, and v Ilpdtaon 2.13(y), woydel ot T—Nr” — 0, omote, and 10 Osopnuo 2.2

(kprmpro mapepPfoing), Emetan 6t a,, — 0 kabdG n — oo.
An1

(B) Epoocov lim = p ue p > 1, pmopovpe va Bpodue € > 0 €100 doTEP > p—€ =1 >
n—oo

n
1. T awtd 10 €, pmopovpe va Ppovpe Eva euotkd apBud N €161 dote Yo Kabe puokd apiud n

pe n > N va oydel, avtictoya pe to (a),

An+1

L —p> g

Qn
OnAaodn

Qpi1 > Tay.
Omnodrte, yiun > N épovue

- an
Uy > Tpq > Top_g > - > 71" Nay = —r"

, . . , . QN s . . .
Epocov r > 1, and v [Ipdtaon 2.13(a), woydet 011 r_NTn — 400, an’ OTov £netal OTL a,, — +00

KaBmg n — oo (ATIOAOYNOTE TO). 0

Hapatipnon 2.6 To kpurplo AOYov dev pog emTPEMEL v amo@aviode yio T cOykAon 1
andkMon g akoAovdiog (a,) av p = 1 kot Oo TpneL var PN OYLOTOGOVLE KATO0 GAAO KPLTHPLO

(MOOTE VO ATOPOGIGOVLE OV 1) akoAovBia cuykAivel 1] amokAivel.
Mpotaon 2.18 (Kpitijpio pieg) Eotw (a,) wa axolovbio ue a, > 0 yia kae n € N kou
lim /a, = p.
Jim, /=
(o) Av p < 1, tot¢ a,, — 0 kabwgn — oo.
(p) Av p > 1, tote a,, = +00 Kobwg n — 0.

Amdoeily. (o) Epdoov lim /a, = p pe 0 < p < 1, umopovpue va Bpodpe € > 0 tétolo mwote
n—oo
p<p+e=r <1 Taoovtd 1o &, propodpe va Bpodpe Eva puoikd apliud N £tot dote yio kdbe

QLGS apBud n pe n > N va 1oydEL
Van — p < |3/an — p| <,
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onAadm
0<aq,<r".

Epdécov r < 1, and v [lpdtaon 2.13(y), woydet 6t r™ — 0, omdte, 0md 10 Ocompnuo 2.2 (kprtiplo
napePPorng), Enetan 0t a,, — 0 kabdg n — oo.

(B) Epdoov lim /a,, = ppep > 1, umopovpe va fpodpe e > 0 1€t010 dote p > p—e =1 > 1.
Mo avtd to €, ur;;):)ooi)us va Bpovpe Eva euokd aplBud N £€1o1 ®ote Yo kabe puokd aplOuod n pe

n > N va oydel, avtictoya pe to (o),
Van —p > —e,
oniaon
a, >1r".
Epocov r > 1, and v Ipdtaon 2.13(a), woydel 611 r* — +00, GLVEN®S, a,, — +00 KAOADS

n — 00. O

Hapatipnon 2.7 To kpumpilo pilog dev pog emrpémel vo. amopaviovpe yio T oOyKAIoN 1
andkMon g akoAovdiog (a,) av p = 1 kot Oo TPneL var PN OYLOTOGOVLE KATOL0 GAAO KPLTHPLO

(MOOTE VO AmOPOGIGOVLE OV 1) akoAovBia cuykAivel 1] amokAivel.

HMoapatipnon 2.8 Kanoieg yevikevoelg twv kprrnpiov Adyov kot pilag divoviar otig Acknoeig 18-
20.

n

Hoapdaderypa 2.7 (o) OEAovpie va EEETAGOLVLLE T GUYKAOT] TNG axoAovdiag a, = = 1,2,....
n!
Epappolovrog to kptmplo Adyov €yovpe 0Tt
2n+1
n ! 2
a“z(ntl) = —0<1,
Qp, 2_ n + 1
n!
(outioAoynote 10), cuveEnMC, amod v [lpodtaon 2.17(a), a,, — 0 KabdG n — oco.
(B) ®éhovpe va e&gtdoovpe T 6OYKAION TG akolovdiag a, = n=12 ...

ﬁa
Epappolovrag to kprmpio pifag Exovpe

4n 4 4
\|—w=—F——> —F=4>1,

nt ()t 1

ovvenwg, ard v [Ipotaon 2.18(B), a, — +00 Kabdg n — oco.
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2.6 Avadpopikéc akorovOieg

H Bsmpia tov avadpopikdv akoAovdudv elval apkeTd EKTEVIG KOl LEPIKEG POPEG TOADTAOKT),
oiyovpa de Oev pmopel vo. cvvoylotel oe pio mopdypapo. Ondte moapovoidalovpe omAd Eva

TOPAOELY LA

Mopaderypa 2.8 Oewpodue v akorovdia (a,) mov opiletorl pécw® TOL AVASPOUIKOD TOHTTOV

ni1 =+vVa,+1, n=1,2,...,
ap = 1.
O&hovpe va e£eTAGOLLLE TN GOYKAIGT TNG.

Kat’ apynv, a, > 0, n = 1,2, ... (utoroynote 10). EmmAéov, n axorovdia ivor avéovsa. H
omodelEn etvar pe emoyoyn. Hpdto o’ O, as = /1 + 1 = /2 > 1 = ay. Eniong, av a, > ap_1,
101€

an+1>a, 1+1 xor vVa,+1>+/a,_1+1,
dnrodn
Gp41 Z Qp,,

TO OTO10 OAOKANPMVEL TNV EMAYWYN.

Av yphyovupe HEPIKOVE TPDTOVS OPOLG TNG akoAoLOiag,

CL1:1, CLQZ\/é, CL3:\/\/§—|—1, CL4:~/ \/\/§+1+1,,

BAémovpe 6tL A0 cwTol 01 Opot givar Ave epayuévol ard to 2. Oa deifovpe 6T N (a,) givar Gve

epoypévn amod to 2. H anddeién eivar mo pe enaymyn. Epdcov a; = 1 < 2, éoto a,, < 2, ondte

an+1:\/an+1<\/2+1:\/§<2,

TO 0010 OAOKANPMOVEL TNV ETOYWYT.
Xovenmg, M (a,), and t0 Osdpnua 2.12(a), ®g avéovoa Kot avo epaypévn, eival cuykAivovoa

Kot éotm OtL lim a,, = a. Tote,
n—oo

ni1 — a koL vVa, +1—=+Va+1
(outoloynoTE 10), OTOTE, AOYM TNG LOVOIIKOTNTOS TOL 0piov,
a=+va+1,
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onAadm

a’—a—1=0,

N omoio 0o yel oTNV

+
=

2.7 Aoxnoegig

1.

‘Eoto (a,) pia akoiovdio £T61 OoTe:

1. a4, = ap4q YW KO 1 € N.

. a, = Gp4o Y0 K60 n € N.

Eivat 1 (a,,) otabepn;

. Adote mapaderypo akorovbiag (a,,) N omoia kavomotet ta e€NG:

1. 0<a, <lywxdden e N.

. . . 1
il. Agvvmapyern € N yw 10 onoio a,, = 3

1 ,
1. a, — 3 KaBmg n — oo.

‘Eoto (a,) pia akorovdio puowkdv apBudv. Ioydet 6t n (a,) givor cvykAivovoo av Kot

povo av and kamowo N € N kot mdveo 1 axorovbia etvor otabepn;

‘Eoto (a,) pio akolovbia tétoto dote a, > 0y kdbe n € N kot a,, — a kabdg n — oo.

Agiéte 0T \/a, — /a kabBmgn — 0.

E&etdote av kabepio amd Tig mopakdto akorovdieg cuykiivel ko av vou Bpeite to 6p1o g:

2n —3
a, = )
3n + 2
.. 2n — 3
i. a, = ———.
3n?2+2
2n? — 3
. a, = ———.
3n2+2

. om —3\?2
w. a, = .
3n+2
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10.

11.

12.

13.

14.

15.

16.

. Amodei&te pe Tov opiopd 6t 1 akorovbia a, =

V. a, =n—vn?—1.
vi. a, =vVn+1—+/n—1.

. sinn
vil. a, = .
n
sin (n?)
viii. a, = ——=

vn

. Av éyovpe dbo akohovbieg (a,,) kot (by,), pe SPOPETIKOVS TOVG TPATOVS T OPOVG, AALG 1

a, = b, yian > m, xor lim a, = a, tote ko1 lim b, = a.
n—o0 n—oo

n—1
2n+1

ovykAivel oto 1 kabBmg n — oo.

‘Eocto (a,) epaypévn akorovbia. Eivar 1 (a,) cvykiivovoa,

. 'Eoto (a,) pia akolovbia étor dote M (|a,|) va givan cvykhivovoa. Ioyvet 6t kou n (ay,)

elvat suykiivovca;

Ozmpodue v akorovdia (a,) yio v onoia woyvel 6Tt lim a,, = a > 0. Agi&te 611 a, > 0
n—oo

yw ohatan > N, N € N.

Oempovye Tig axorovdies (a,,) kot (b,) pe |by| < |an| yrokdbe n € N. Agi&te 6ttava, — 0

t6te ko b, — 0 xabdg n — oo.
Ozopodue pio akorovbia (a,) kot ¢ € R. Av a,, — a, T01€ ca,, — ca kabdgn — oo.
Av n akorovBia (a,,) eivar abéovoa, dei&te Ot

an < a,, omoteEONMOTE N < M.

Av yio v akolovbia (a,) oyder lim a, = a xu m € N, 16t lim a,_,, = a ko
n—o0 n—oo

lim a,., = a.

n—od

Oswpodue v akorovdia (a,) ko ot A = {a, : n € N}.
(o) Av 1 (a,) eivar @Bivovca kot kdtm epaypévn, T1ote a,, — inf A kabdg n — oo.
(B) Avn (a,) eivar pBivovca kot dev givor kKbtm @paypévn, Tote a,, — —oo Kabdgn — 0.

E&etdote av kabepio omd tig mapakdtm axorovdiec cvykAivel kot av vai Bpeite 1o 0pto TG:
1

i. a, =10+ —.
1. a +10n
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(-1

i. a, =100 + ——.

n
100

. a, = — —1)™.

iii. a n—l—( )

. 1+1+ +1

V. a,=—-—4+-+...+—.
2 4 n
1+2+...+n

V. a, = >

n

) n -+ 2 1
vi. a, = 1—— .
(4n )( Qn)

1
vii. @, = (—=1)" (1 + 2—).
n

n+ (—=1)"
vill. @, = {/ ———.
4n
. n+ (=1)"sinn
IX. a, = .
2n
n +sinn
X, Q= ————.
2n +cosn

17. Eotw a € Rxava, =a", b, =(—a)", n=1,2,....
(o) Agi&te 6TL @y — 0 av Ko povo av b, — 0 kabmg n — oo.

(B) Av a,, = +00o g€etdote T cvYKAoN 1 adkAion ™G akorovbiog b, KabBdG n — oco.

18. "Eoto (a,) pa akorovdio pe a, # 0 yo kadbe n € N ko

Ap+1
Qnp,

lim

n—oo

Av p < 1, t6t€ a,, — 0 xabogn — oo.
19. 'Eoto (a,) o axorovbio.

(o) AV |ani1| < plan] o xkdBe n € N, 6mov 0 < p < 1, t61€ a,, — 0 kabdgn — oo. To

OTOTEAEC LA 1OYVEL KOO Ko oV 1 VTdOeoN oG ikovormtoteitan yo kdbe n > m, m € N.

B) Ava; > 0 kot a1 > pa, ywo kdbe n € N, omov p > 1, 1618 a, — +00 KaBOG
n — o0. [log 8o propovoe va tporomomBel n vwdBeoT pog OoTE, YWPIG KAT™ OvVAyKNV

va wavonoteitot yio ka0e n € N, 10 anotéAesLo va GUVEYIGEL VAL IGYVEL,
20. 'Eoto (a,) o akorovdio pe a, > 0 yo kGbe n € N.

() Av /a, < pywkdbe n € N, 6mov 0 < p < 1, t6t€ a,, — 0 kabdG n — oo. To

ATOTELEC LA LOYVEL AKOLLOL KO oV 1] VEOBEST Lag tkavomoteitat yro kb n > m, m € N.
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B) Av a, > pywxében € N, 6mov p > 1, 1018 a,, — 400 Kabmdg n — oo. To

ATOTEAEG LA 1oYVEL KOO Ko o 1 VtdBeon pog ikovortoteiton yioa kb n > m, m € N.

21. E&etdote av kabepio amd 11g mapakdt akoiovdieg cuykAivel Kot av vou Bpeite 1o 0p1od g:

22. Ogwpodpe mv akorovbia (a,) mov opileTor HEG® TOL AVOSPOULKOV TOTOV

Ani1 =Vap,+2, n=1,2,...,

a; = 0.
E&etdote ) oOykhon g,

23. Ogopodpue v akorovbia (a,). Ot axorovbieg (ag,) Kot (agm,+1) €ivar yvootés cov
VaKoAovOieg TOV apTiOV Kol TV TEPITTOV OpoV ™G (ay,). Tote a, — a kabdg n — oo

oV KoL LOVO OV oy, —> @ KOL Aoyt — @ KOAODS m — 00.
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Kepdiawo 3

Amelpeg Xepéc

3.1 Xepéc mpaypoTiKOv aprtopav

Y& MoALG TtpoPAnpato amorteital vo aBpolotodv OAotl ot Gpot pog akoAovBiog Kot ovTo oG

odnyel otV €vvola g GEPAg.

Opwopdc 3.1 Aobsiong puag oxolovbiog mpoyuotikdv oplBuav (ay,), kdbe éxppaon e Lopens
ap+ag+ -y A

ovoualetor aeipa. O apifuog a,, €volr 0 n-0oToS OPOS TS OEIPAG.

‘Eva amoATmg guotoAoyikd epatnua eival mote ot dmepot 6pot g oelpdc abpoilovror og Evav

TPOYLOTIKO aptBpd. Avtd pag 0dnyet 6tov akdAovbo opioo.

Opwopdc 3.2 Aobsiong wag axolovbiog mpayuatikav apifudyv (a,), Gewpodue 10 n-00To HEePiKo
abpoiouo. ™S GEPAS
Sp,=ai; +as + -+ a,.

Av n axolovbia twv pepikdv abpoioudty (s,) ovyKAIVEL 6TOV TPAYUATIKS 0pLOUs S KOOHS N — 00,
Aéue ot 1 oelpa ovyKAivel oTo ABpolouo. s Kot YpopovuE

ar+as+---+a,+ Z%—S

2 avtibetn mepintwon, Aéue 0TI n OEIPC, OTOKAIVEL. LVYKEKPIUEVQ, av 1 (sn) teiver aw +00 1 010
—00, Aéue OT1 1] TEIPE OTOKAIVEL OTO 400 1 OTO —00 KAl YPAPOVUE Z an = +00 7 Z a, = —0Q,

n=1
avtiotoryo. Av i (s,) dev ovykAiver o€ évov mpoyuotid opthud, Aéue ot n oepa anozdzvez.
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Yuvenmg, N ovykAon 1 andkion pog oepdg kabopiletal and ) cVYKAMoN N amOKAGN NG

axolovbiog TV pepK®V afpoIcHATOV TNG.

Hoapatipnon 3.1 Ze nepintmon mov e&gtalovpe T GOYKAON TG GEPAC Z an, M Z Gpy M > 2,
n=0 n=m
TPOTOTOIOVE AVAAOY®G TO LEPTKO TNG GOPOIGLLAL.

Hapaderypa 3.1 H yeopetpikn oepd pe Aoyo x etvon 1) oelpd

o
E "
n=0

To pepikod dBpoicpa avTg TS GEPAG EXEL T LOPON

"t —1

— v 1,
Sp=14+xz+---+2" = z—1 T

n—+1 ovr =1

(BAéme Aoxnon 7, KepdAato 1). Topa, arnd v [Ipodtaon 2.13, n odykiion 1 amdkion g GEpis

e€optatal amd T cvyKAMoN N amdkAon TG akolovbiog z”, ondTe 16YHoLY Ta aKOAoLO:

() Av—1 <z < 1,101 2" — 0, GLVERDG S), — 7

oo . 1
%x T 1—z

(B) Avzx > 1, 1618 2" — 400, GLVENOG S, — +00 KABDS N — 00, ondTE N GEPA AmoKAiveL

KaBdg n — 0o, OmoTE
x

610 +00. Avtictoya, av x < —1, 1 oglpd eniong anokAivel (eEnynote pe mowd TpoMo).
(y) Avzx =1, tote s,, = 400 Kb n — 00, OndTE 1 GEPA OMOKAIVEL GTO +-00.
(0) Avz = —1, 101e | oEPA amokAivel (eEnynote e mold TpOTO).

2TV TEPIMTMOON TNG YEOUETPIKNG GEPAS LTOPOVUE VO OTOPAGIGOVUE YO, TN GVYKAION 1)
amOKAGoN TG XPNOYOTOUDVTOS TOV 0PIoHO, dNAAOT EAEYYOVTOG TOTE 1 aKOAOLOIO TV LEPIKDV
afpolopdtemv cuykAivel ] amokAivel. AVTd, SLGTVYMC, OEV EIVOL O KOVOVOG, Y1OTL GE TOAAEG CELPEC
dev pmopovpe vo Ppodue kKAeloTod TOHTO Yoo TNV akoiovdia (s,), GOTE Vo 0TOPAGIGOVUE OTN
ouvvéyela av ouyKAivel N} amokAivel. 'Etol avantdicoovpe kpitipla pe to omoio amopacilovpe av n
(Sn) ovYKAivEL 68 KOO0 TTporyatikd apBuod M amokhivel. Kat” apynv, Eexwvape pe kémoto ootk

OTOTEAEGLATO OYETIKA LE TN GVYKAION TOV GEPDV, TO, ool Oa pag elval xproLo 6T GUVEYELN.

Ipotaon 3.1 H odyxlion 1 amdriion piog oeipog oev eXNPealeTal amo Ty TpocOnkn, oarxdieiyn i

oAlayn evog memepaouéVon TANBovS apyik@y Opwmv.

51



Amodeiln. Apxel va mtapatnpricovue 6tt

o0 oo
E ap =a1 +ao+ ...+ a,, + E Q-
n=1 n=m-+1

Eivar mpoavéc, 6Tt av 1 oelpd 0e€1d cuykAivel 1] amokAivel, To 1010 1oyDEL Yo T GEPA aploTEPd,
kot avtiotpoa. Emiong, n obykiion 11 andxAion dev emnpedleton amd TV OVIIKATAGTACT] TMOV

Op®V ay, s, . . . , Ay, UE KATOLOLG AALOVG. O

Mpétaon 3.2 Av Z a, = S Kai Z b, =txou A\, € R, to1¢

n=1 n=1
Z(Aan + uby,) = )\Zan +qun = As + ut.
n=1 n=1 n=1

n n n
Amooeiln. Av s, = E ag, t, = E by, ko u,, = E (Aag + pby) givon o pepcd abpoicpoza
k=1 k=1 k=1
TOV TPIOV GEPDOV, EPOGOV T afpoicpoTH AVTA Eival TETEPAGUEVA, EIVOL EDKOAO VO dOVUE OTL

Up = ASp, + pity,.
o oo
Tdpa, dedouévov 0TL g a, = S Kol Z b, = t, woyoel 6tTL 5, — s ko t, — t KaBDOS n — oo.
n=1 n=1

Enopévmg, and v [Ipotaon 2.9 kor v [pdtaon 2.7, Egovue 6tL u,, — As + ut kabmg n — 0o,

oTmoTE Z()\an + pby) = As + put. O
n=1
MpoéTaon 3.3 Av Z an = 8, 101€ ., — 0 KaBwec n — oo.
n=1

Anooeiln. Eoto s, = E ay, T0 N-00T0 dOpolGpa TG GEPEG E a,. Tote, S, — SKOL S;,_1 —
n=1

k=1
s (BAéne Aoknon 14, Kepdhowo 2) kabmng n — co. Ondte,
Qp = Sp — Sp_1 — S — s =0 xobdg n — oo. O

To mponyobuevo amoTéAesa etvar £va EEQPETIKA XPNOULO EPYAAEID Y10 VO GOUTEPAVOVUE TNV

ATOKAION H10G GEPEG.

Kpvtipro tov n-06700 6pov Av 70 lim a, dev vadpyer 1 givor S1popo tov undevog, Tote N aeIpa.
n—o0

o0
E a,, OTOKAIVEL.

n=1
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Mopaoerypa 3.2 (o) H oepd Z Vv/n amokMvel ywri a,, = v/n — +oo xkabdg n — oo. (Iodg Oa
n=1
ATOOEIKVVATE TO OPLO OVTO;)

(B) H cepd z:(—l)’”rl amoxMver ywoti a, = (—1)""! amoxhiver kabdg n — oo (Bréme

n=1
Mopaderypa 2.2(B)).
= - - 1
(v) H cepd nz:; o™ _7: 7 amokAivel ywoti a,, = ™ _7: ] — —3 # 0 xabog n — oo.

HMoapatipnon 3.2 To avtictpoeo g [IpodTaong 3.3 dev oyvet, dnhadn av a,, — 0 kabngn — oo,
oo o 1

101€ M GEPA g a, Ogv glvar Kot’ avayknv cvykiivovoa (PAéme yia mapdostypo tn oepd E —
n

otV [Ipotaon 3.5 napokdto).

3.2  Xepég pe un apvnTikovg 0povg

To yopaKTNPIoTIKO HaG GEWPAS Z ay, PE U apVMTIKOVG OpovG elvar 6t a,, > 0 yiakdben € N.
n=1

2V mepintoon T, 1 akolovdio Tov pHepK®V afpotoudTov eivar avEovsa Kot ovtd 0dnyel 6To

aKOAoVOO amoTEAEG LA

Ozopnpao 3.4 Eorw Z ay, 1o, oelpa e a, > 0 yio kabe n € N.

n=1

(@) Av n axolovbio twv uepikdv abpoioudtwv (s,) ivor dvw ppayuévn, T0te N GEIPE Z G

n=1
OVYKALVEL.
(B) Av n axolovbio twv uepikdv abpoiouatwy (s, ) dev eivor Gvw Ppayuévy, Tote Z ay, = +00.
n=1

Andoein. Epooov a,, > 0 yia kdbe n € N, &yovpe
Spp1 = A1+ Az + -+ + Ay + Apy1 = Sy + Qg1 > Sy Y KEAOE N € N,
GLVERMG, M (s,) eivon av&ovoa akorovdia. Thpa:

(o) Avn (s,) givor Gve epaypévn, tote, and to Oedpnua 2.12(a), 1 (s,) givar cuykkivovoa,

OmOTE M GEPA E @y, GUYKALVEL

n=1

(B) Av, avtifeta, n (s,,) dev givar dve epayuévn, tote, amd 10 Oedpnua 2.12(B), n s, — +0o

Kabmg n — 0o, omoOTE Z a, = +00. O

n=1
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E&apetikng onpaociog otic epoapproyés etvat 1 akdAovdn cepd.

Mpoétaon 3.5 H oeipa

omov p € R eiva pia otabepa, ovyriiver av p > 1 kou omoxiiver yrap < 1.

Amoodeiln. Oo Eektvioovpe Pe TNV Tepintmon p = 1, Tov avTioTol el 6T oelpd
11 1 1 1 1

=1 1
L l4+ 4 o I D D D
;n totg Tttt st

N omoio elval yvoot| ®G “n approvikn celpd’” yiati ot dpot g Ppickovial 6€ “aproviky Tpdodo”.
Eocov givat oepd Oetikdv dpwv, ) akodovbia tmv pepikdv abpotopdtov g (s, ) sivar (yvnoing)

avéovoa. Oa deiovpe OtL 1 (s,,) dev eivar Gve payuévn. Kat” apyfv épovpe

Lol 1 11
3171t 1Ty
rror ot ottt 11
5 6 7 8 8 8 8 8 8 2
11 11 1 1 1 1
T TR T T T TS

Kot o0T® KabeEne. Emopévag, 1o aBpoicpa tov 6pwv og kabe pio amd TG 100y IKES OUAdES LE
2,4,8, ... 0povg eivan peyolvtepo tov 1/2. Av 1dpa tpochicovpe Kot Tovg dVo TPOTOLG HPOVG,
1 xon 1/2, @aiverar 611 10 GOpooUa TOV TPOTOV 2 + 2 + 4 + 8 + - -+ + 2771 = 27 dpev (Y1 10
dBpoopa, PAEne Aoknon 7, Kepdato 1), dniadn 1o son, lvar peyardtepo 1 ico tov 1 + %n

Oa detéovpe pe emaymyn 0T
1
Son > 14+ in v kébe n € N.

Kat’ apynv, yuu n = 1, n avicotnta 1oyvel og 16otta, So = 1+ % - 1."Ect® 6T1 1 avicOTN T 1GYVEL

Y Kémoo euowkd apBud n. ['a tov n + 1 éyovpe

[TUETUUUNIE SO SIS S
Son — — “ .. R “ ..
2 2 on T onf1 ! 49 on 4 on
PN S S
= Son Y
S TONEE R T o+l

1 1 1
> 82n+w+2n+1+"'+W:52"+2 2n+1:32"+_7

Kot oo TV vodeon

S +1—1+1( +1)
Son+1 Son 5 = 2TL 2— 2TL s
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TO OTO10 ATOJEIKVVEL TNV ETAYWYT.

Topa, é¢otw Toyaio M > 0. Tote, and 10 Ocvpnuo Apyymdovg-EvddEov, vdpyet puoikdg
apOuog ng té€totog wote 1 + %no > M. @étovpe ny = 2", Tote, yio ka0 puoKO apOud n pe
n > ni YOEL

Sp 2> Spy = S2n0 21+%n0>M,

omote, EpOGOV VT WYvEL Yo Tuyaio M, N (s,) dev givar Gvo epaypévn kot amd to Oedpnua

1
3.4(P) émetan 6T1 Z — = +o00.

Oa eEeTAGOLLLE TOPO TN GVYKAIOT TNG GEPAG Z —uep < 1. Av (sp ® )) etvarn akoAovbio Tov

LEPIKAV 0OPOIGLATOV TNG, EPOGOV 01 OPOL TNG GEPEG etvan BeTikol, 1 (s% )) etvar av&ovoa. Emiong,

v toxato M > 0, égovpe, o OAa Ta 1 > ng, WO TNV TPONYOVLEVT TTEpinTOO,

1 1 1 1 1
57(119) +—F o —>1 44— =35, > M,
1w o np 2 n
omoTE, M ( ) dev glvar avo epaypévn kot and 1o Osopnua 3.4(P) Emeton 6T Z = +o00.
n=1

Térog, Ba e&etdoovpe T cVYKMOT TG GEPEG Z — e p > 1. XpnNOGYOTOIOVLE TNV TEYVIKT

g mepimtons p = 1, dMAadn v opadomoinon rmv OpwV NG cepdc oe opadeg Tov 2,4, 8, .

OpwV, Kot TopaTpovuE OTL

LR SR S P SR
A T T
LR SRR SIS S SRS SO SO SRS SN
R A T T T TR TR TSk
1 1 1 1 1 1_8 1
gy T ey T e e T
Enopévag,
1 1 1 ] 1 1 1
§+§+"'+1—5p+"'< +2p—1+4p—1+8p—1+

1 1 \? 1\ > 1\"
= 1+2p_1+<2p_1) +(2p_1) +...:;<2p_1) :

1
H tehevtaia oepd sivon pio yeopetpikn| oepd pe Adyo o1 < 1, ondrte, amd to [Mapddetypa 3.1,

=~/ 1\ 1 ot
Z 2]3—1 o 1_ 1 o 2p—1 _ 1

n=0




YVVETMC, OV (sﬁlp )) elvar n axolovbia TV pepik®V aBpolcudtov TG GEPag Z — Hep > 1,
n

n=1

€QOCOV 01 Opot TG givor BeTucoi, N (s%p )) elvatl avéovoa Kot ETTAEOV

-1
S;p) < W vy ke n € N,

(p)

=1
mhadn n (sn’) elvon Gveo epaypévn, ondte, and o Osdpnua 3.4(a), N oepd E — kep > 1
n
n=1

OLYKALVEL. U

3.2.1 Kpwmjpuw odykhong

=1
[Tponyovpévme, HEAETNCOLE TN YEOUETPIKN GEPA Kol TN GEPA E — ©G TPOG TN GUYKAION
n
n=1

N amdéxMon tove. o GePEg Tov dev VKoLV GE Ui oo TIG OVO AVTEG KATYOopies, ypelalOHaoTE
KPUTPo. TPOKEWEVOD Vo OmOPacicovpe av gival cvykAiivovceg M amokAivovoes. To mpotTa
KPLTNPLoL, YVOOTE O KPITNPLO GUYKPIGNC, GLUVAYOLV T1 GUYKALICT 1) ATOKAIGT OGS GEPAS Ao TN

oVYKPIoN NG 1e pio GAAN Yo TV omoia €ivart YvwoTd av GUYKAIVEL 1] AmOKAIVEL.

Mpoétaon 3.6 (Kpitnpio aueons ovyrpiong) Eotw Z ay, o, oelpa. e a, > 0 yia kédben € N.

n=1

o0
(o) Av vmapyer M > 0 téroio wote a,, < Mb, yia kaOe n € N kou i oeipa, Z by, ovyriivel, t0te
n=1
o0
n oe1pa. Z Gy, OVYKAIVEL ETIONG.

n=1

(p) Av vrmapyer M > 0 téroio wote Ma,, > b, ue b, > 0, yia kabe n € N kou Z b, = +00,

n=1
o
107¢ Z a, = +0oQ.
n=1
oo
Anéoeiln. Eoto (s,) givor n akohovdio tev pepikdv abpolopudtov g oepdc Z a,. Kat’
n=1

apynv, N (Sn), ©G oEPE uN apyNTIKGY dpv, givar adEovoa.
(o) 'Eoto Z b, = t, 101€ 5, < Mty xabe n € N, ondte, n (s,,) eivar Gve epaypévn Kot
=1

and 10 Osdpn u_a 3.4(a) givon cvykAivovoa.

(B) Znv mepintwon avt, 1 (s,,) dev givar Gveo epaypévn, yati av fTav, Tote, omd to Osdpnpo

3.4(a), Z a, = s.Ondte, av (t,) eivar n axolovdio TV pEPIKDOV 0fPOIGUATOV TNG GELPAG Z by,

n=1 n=1
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10te t, < Ms ywa kGbe n € N, dnhadn n (¢,) eivar avéovoa kot Ave epaypévn, Kot, ThAL ard
[e.e]

10 Ocopnua 3.4(a), n oepd Z b, oLYKAiVEL, TO 0moi0 dev 1oYVEL. ZVVETDG, N (S,,) OV givar Gvem

n=1

epoypévn, onote, and o Osmpnpa 3.4(B), Z a, = +00. 0

n=1

o0 (e}
Mpoétaon 3.7 (Kpitnpio opraxns ooykpions) Eorw Z Gy KOl Z by, dvo oeipés ue a, > 0 ko

n=1 n=1

by, > 0 yia kabe n € N. Av
lim a—":p>0,

n—oo n

TOTE €1t KO 01 ODO OEIPES GUYKAIVOVY 1 KO 01 0DO OTOKAIVODV.

Amdoeiln. Epdoov 1 axorovbio (%) OLYKAlVEL, omd T0 Oedpnua 2.3, M (%) glvan

Qpayuévn, omAaaon vrapyet M > 0 tétolo dote

a, < Mb, ywakdbe n € N.

Av topa 1 cepd Z b, ovykMvey, 1ote, amd v [IpodTaon 3.6(a), kol 1 cepd Z Gy, CUYKMVEL

n=1 n=1
, . . a . .
Eniong, epdcov lim — = p > 0, énetar 611
n—oo by,
. b 1
lim = =>->0
n—oo an p

(BAéme TIpodTaon 2.11), omdte, avdAoya pe v mponyovpevn mepintmon, vrdpyet M > 0 t€to1o
WoTE

Ma,, > b, ywoxédbe n € N.

Av thpo 1 oepa Z b,, amokAivel, tote, amd v [Ipdtaon 3.6(B), ko n celpd Z ay, amokAivel.[]

n=1 n=1

Hopaderypa 3.3 (o) @Ehovpe va eetdoovpe T cOYKAMON TG GEPAG g + Agdopévov
—n’+ 2n+1
4 n Ié 4 4 Ié
oma, = —— > 0y kdBe n € N, avalntovpe po amrhovoTEPT GEPA Yo VO TN
n3+2n+1

ovykpivoope pe ™ {nroduevn. Iopatnpovue 6tt o1 dpot mov “kvprapyodv”’ ctov aplBunty Kot
o0
TOV TOPOVOLAGTH TG a, eivar o1 n kou n® avtictoya. Eropévme, Ocwpodue ) oepd E b, =

oo
>
n3

n=1 n

n=1

1 o

—. Agdopévov o1t
n2

hE

1

n < 1
nd+2n+1 " n?’
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o

1

wyvel 01t a, < b, ywkdbe n € N, kot dedopévov o0tL, and v [Ipdtaon 3.5, n cepd E —
n

n=1

ovykAivel, and v [lpdtaon 3.6(a), pue M = 1, ko 1 6epd. Z ovyKAivel emiong.

n3—|—2n+1

(B) ®éhovpe va e€etdoovpe T GUYKAION TNG CEPAG Z m Me 10 GKENMTIKO TOV TPMTOL
n

Topadelyratog (“kuplopyovvies” 6pot 6ToV aplunT Kol GTOV TAPUVOLOIGTY] TOV 1-0GTOV OPOL)
oo

2n
StAéyovpe T oepd Z — Yy voL TN GLYKpivovpe pe ) dobeica. Agdopévon otL — ] > (0 ko
n n
n=1
1
— > 0y ké0e n € N ko
n
2n
2
lim 7~ L_o
n—oo
n
a6 v Ilpdtaon 3.7, gite kot o1 dVo GePég GuYKAIvouv 1| Kot ot 0o amokAivovv. Epocov, and
v [Ipotaon 3.5, n (appovikn) cepd Z — glvatl amokAivovsa, To 1010 1GYVEL Kol Yo Tr GEPE
n
n=1
f=n?+1

Avo onpavtikd kprmpia ivat ta akdéAovda.

Ipoéraon 3.8 (Kpiripio Adyov 1 kpitipio tov d’ Alembert) Eorw Z ay, 1o oeipa ue a, > 0 yla
n=1
kale n € N ko
lim 2L

n—00

(o) Av p < 1, t0te 1 o€1Pa. Z Qy, CUYKAIVEL.

n=1

(B) Av p > 1, 10t¢ n oepa. Z Qy, OTOKAIVEL.

n=1

= pue0 < p < 1, pmopovpe va Bpodue € > 0 t€1010 OOTE
p<pte=r<lTwwavtdt0¢, oncog oV anddeEn g [Ipdtaong 2.17(a), pmopovpe va fpovue

éva euotko apliud N £tot dote Yo kébe puowd apBud n pe n > N va 1oydet

an <" Nay.
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YVVENAG,

[e.9]

o0 o0
an = a1+a2—|—-~-+aN_1+Zan<a1+a2+---+aN_1+ZT”_NaN
n=1 n=N n=N

= atay+-faytay y .

n=0

Epocov r < 1, n yeopetpkn oepd Z r" ovykiivel (PAéne [Hopdderypa 3.1), omdte, AOY®D TV

n=0

[Tpotdoewv 3.1 kan 3.6(a), KoL 1 oGP Z a,, oLYKAlvel emiong.
n=1

ntl _ p ue p > 1, pmopovpe va Bpodue € > 0 11010 OGTE p > p — € =

(B) Epocov lim
n— o0 n
r > 1. T avtd 10 £, OT®G otV amddeEn g [pdtaong 2.17(B), propode va fpovpe Eva puotkd

apBud N €to1 wote yuo kabe puowd apBud n pe n > N va 1oydet

an > 1" Nay.

YVVENAC,

o0 o0 0o
Zan = al+az+"'+aN—1+Zan>a1+a2+---+aN_1+Zr"_NaN
n=1 n=N n=N

= (11+CL2+"'+(1N_1+CLNZTn.

n=0

Epbdcov r > 1, n yeopetrpikn cepd Z r" amoxiivel (BAéne Tapddetypa 3.1), ondte, Ady® TV

n=0
oo

[Mpotdoewv 3.1 kot 3.6(B), T0 1010 Kdvel Ko 1) GEPa Z . OJ

n=1
Mopatipnon 3.3 To kpitiiplo AOYoL dev pHog eMTPENEL V. amo@avOodUE Yoo T COLYKAMON 1|
ATOKALON TNG GEPAS oV p = 1 Kot Ba TPEMEL vaL YPTCLUOTOGOVE KATO10 AALO KPLTHPLO DCTE VL

ATOPOGICOVLE OV 1) GEIPA GLYKAIVEL 1] OTOKALVEL.

Ipértaon 3.9 (Kpiwipio pitos i kpitigpio tov Cauchy) Eotw Z ay, pio oepd ue a, > 0 yia kabe

n=1

n € N ko

fim, /o= p

(o) Av p < 1, 10t 3 GeLpa. Z a,, OVYKAIVEL

n=1
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(p) Av p > 1, 10te 3 oepa Z .y, OTOKALIVEL

n=1
Andoeily. (o) Epdoov lim {/a, = p pe 0 < p < 1, umopovpe va Bpodpe € > 0 tétolo mote
n—oo
p < p+e=r < 1l.Twavtd 1o €, 0nmwg oty amddeén g [pdtaong 2.18(a), propovie va Bpovie

éva eLo1Ko aplud N €tol dote Yo kdbe uokd apBud n pe n > N va 1oy0el
a, <r".

YVVENAG,

Zan = a1+a2+---+aN_1+Zan<a1+a2+---+a1v_1+2r"
n=1 n=N n=N

= a1+a2+~--—|—aN_1—|—rNZr”.
n=0

Epbdcov r < 1, n yeouerpikn oeipd Z r" ovykhivel (PAére [Mopaderypa 3.1), omdte, AOY®D TOV

n=0
S

[Ipotdoewv 3.1 ko 3.6(a), Ko n oGP Z a,, GLYKAMveL emiong.

n=1

(B) Epooov lim Va,, = puep > 1, pmopovpue va Ppovpe e > 01éto0 dotep > p—e =1 > 1.
n—o0
INo awtd 10 £, OTOC oV amoddeEn g [TpoTaong 2.18(B), propodpe va Bpodpe Eva puoikd aplfuod

N ¢é101 ®ote yuo Kabe puoikd aplfud n pe n > N va 1oyvet

a, >1".
YVVENMG,
o0 o0 o0
Zan = a1+a2—|—---+aN_1+Zan>a1+a2—|—---—l—aN_1+Zr”
n=1 n=N n=N

= a1+a2—i—~-—|—aN_1—|—rNZr”_
n=0

Epbdcov r > 1, n yeopetrpikn oepd Z r" amoxiivel (BAéne Tapdderypa 3.1), ondte, Ady® TOV

n=0
[Ipotdoewv 3.1 kon 3.6(B), o 1010 Kével kol 1 GEPd Z . [
n=1

Hoapatipnon 3.4 To xpumpro pilog dev pag emrpénel vo amopovOovue yoo T cOykAon 1
ATOKALON TNG GEPAS oV p = 1 Kot B TPEMEL vaL YPTCLUOTOGOVE KATO10 GALO KPLTHPLO DCTE VL

anopacicovpe av 1 6ePd eivar cuykAivovsa 1 arokAivovsa.
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27(n!)?

2n)!

Mopaderypa 3.4 (o) Oérovpe va eEETACOVLE TN GUYKALOT) TNG GEPAS Z . Epapuodlovtag

T0 KPUTplo AGyov €xovpe

241((n + 1))?
Uny1 (2n +2)! B 2(n +1)*

2 1
= — = — <1 xaba —
an 2 ()2 n+1)(2nt2) 4 2~ eenTes

(2n)!

d

o0 277,
onote, and v [Ipotaon 3.8(a), n cepd Z (;n)'
n)!

(B) ®éAhovpe va e€etdoovpie TN GUYKALGT TNG GEPAG Z — - Epappolovtag 1o kprripro pilag
n

n=1

oLyKAiveL

n=1
S

gxovpe
2n 2 R 2
COEE

= 2
omote, omd v [pdtaon 3.9(B), n cepd g — OmoKA{veL.
n
n=1

=

=2>1 xabog n — oo,

Adyov éyovpe

ontl 4 5 1
Upyy  onii . 127145 12+5'2—n_>12+5-0 | cabie s
— — — = — — = n o
. 2" +5 2 945 2 T 21550 ° ’

omote, B mpémel va amoPacicovpe pe KAmTOOV GAAO TPOTO av 1 GEPAE GLYKAIVEL 1 QTTOKAIVEL.

(Mmopeite va okeQTEITE TAOC;)

3.3 Améivtn ovVyKMon oeipds - Xepéc pe 0eTikovg Kot

OGPV TIKOVS 0POVG

Opropdg 3.3 Aéue ot i oeipa, Z Ay, GOYKAIVEL ATOADTWS OV 1 GEIPO. Z |a,| ovyrliver.

Opropdg 3.4 Aéue ot n oeipa Z Gy, OVYKAIVEL DO OVVONKY OTAV GULYKAIVEL OALG OEV GVYKAIVEL
n=1
amoADTWCG.

H andAivtn oOykhion oepdg stvat Eva xpriolo epyaieio Yo va GUVAYOLLLE TN GUYKALCT] TNG.
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Mpoétaon 3.10 Av 5 oeipa Z Gy, OUYKAIVEL ATOADTWG, TOTE 1] GEPC, OVYKAIVEL.

n=1

Anddeién. Ko’ apyny,

—lan| < an <lan| ondte 0 < ay + |an| < 2|a,| yroxdde n € N.

Agdopévov 0T M oelpd Z @y, GUYKAIVEL AMOADTMOC, ONAadn N cepd Z |a,,| ovykhiver, Moyo g

n=1 n=1

IIpotaong 3.2, n ogipd. Z 2|a,| ovykiiver eniong. Emiong, ot ogipég Z(an + |an|) ko Z 2|ay,|
n=1 n=1 n=1

elvat 300 GEPES UN aPVNTIKOV Op®V, Kot AOY® TNG Tapamdve avicodtntag kot e [Ipdtaong 3.6(a),

€QOCOV GLYKAIvEL | 0e0TEPN Bl GLYKATvEL Ko ) TpdTN. TOpa

oo oo oo
Zan Z an—|—|an|—|an|)zz an + |an|) Z|an|
n=1 n=1 n=1

o0 o oo
onoTE 1 GEPA E (p, OC JOPOPH TOV GVYKALVOLCAOV GEIPDV E (an + |an|) ko E |a,|, elvo,

n=1 n=1

n=1
and v [Ipotaon 3.2, ko n 1010 cvuykiivovoa. L.

1
Mopdaderypa 3.5 (o) Ofhovpe v EETAGOVUE TN GVUYKAIOT TNG GEPAG Z(—l)”’l—Q. Epocov
n

n=1
oo
N ovTicToyyn GEPA ATOAVTMOV TYLDV E por ocopeova pe v [potaon 3.5, cvykiivey, and v
n=1

1
TPONYOVLEVT] TPOTOGN, 1] APYIKT CEPA E (—1)"’1—2 ovyKAivel emiong.
n
n=1

sinn

(B) ®éhovpe va getdioovpe T 6OYKAMGON TNG GEPAG Z . H avtictoyn cepd amoidtov

TILOV E 3 &ivau pia oeipd fetikdv Opwv. Epdcov

| sinn|
1

< — ywwkdBe n € N,
n n

= 1
Kol GEPA Z e Aoym g [pdTaonc 3.5, cvykhivet, To 1010 1oyveL, and v [IpodTaon 3.6(a), Ko
n= 1

] 1nn|

Yo TN GEPA Z

emiong cmyldu,vovcsa
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n+11
n

(y) ®élovpe va €EETAGOVUIE TN GVYKAIOT TNG OGEPAC Z(—l) . H avtioctoym ocepad

n=1
)

OTOADTOV TIU®V Z - glval M YVOOTH OPUOVIKY GEPA TOL OmOoKAivel 6T0 +00. Emouévac, N
TPOMNYOUUEVT np(')?;clsn dev umopel va epaplooTel ko Oo TPETEL VAL ATOPOUGIGOVLLE [LE KATOLOV GAAO
TPOTO AV 1) OPYIKN GEPE GLYKAIVEL 1] ATOKALVEL.

Kat™ apynv, npoxeipuévon va eEetdoovpe ) GUYKAION MOG GEPAG Zan pe Betikovg Ko
OPVNTIKOVG OPOVG, LTOPOVLLE VO YPNGLULOTON|GOVLLE YEVIKEVGELS ro;g/ Kputn p?cT)iz GpLEOT|G KO OPLOKNG
ovYKplong, Adyov kot pilac, Tov OVGIUCTIKA APOPOVV TN GEPA Z |a,,| (BAéme Aoknoeg 9-12, 1

n=1

amdoelEn TV onolmV, OTIG TEPIGGATEPEG MEPUTTAOGELS, ivar avaroyn tov Ilpotdoemy 3.6-3.9).

Xpnowo og 6epég pe BETIKOVG Kot apviTIkovg Opovg givat Kot To akdAovho kprrhpro.

n+1a

n

Mpoétaon 3.11 (Kpitnpio evorlaooouévav oeipav 1 kpreipio tov Leibniz) H oeipd, Z(—l)
n=1
ovyrAiver ov TAnpodvrar o1 axoiovbes npovmobéoeig:

(i) To a, eivor 0L Oetikd.
(ii) H (a,) eivor pOivovoa arxolovbia.

(iii) Ioyver ot a,, — 0 kabwgn — oo.
Amoderln. Av n = 2m givat GpTioG, TOTE TO PEPIKO AOPOICUA TV 12 TPDTOV OP®V UTOPEL VO, YPOPET
Som = (a1 —ag)+ (a3 —ag) + - + (a2m—1 — azm)

= a1 — (a2 —a3) — (a4 —a5) — -+ — (a2m—2 — A2m—1) — A2m-

H npdt w66t ta, Adyw tov (ii), deiyvel 6Tt so,, > 0 yio k@0 m € N. Emopévag, somt2 > Som Yo ke m € N,
dhadn n akolovdia (s2y,) eivor avéovoa. H dgitepn 106tta, Aoyo tov (1) kot (ii), deiyvel 01t s2,m < aq yio kGO
m € N, enopévog, N (sa2,,) givar ave epoaypévn. Apa, ard 1o Osdpnuo 2.12(a), 1 (s2,,) givar cuykdivovoo kot éotw
lim s9,, = s.
m—r0o0
Av topa n = 2m + 1 eivar meptttog, TOTE TO LEPIKO AOPOICUA TV N TPDOTMOV OPWV YPAPETOL

52m+1 = S2m + A2m+1,
Ko, Aoy Tov (iii) kot g Acknong 23 tov Kepataiov 2, mlgnoo aam+1 = 0, dpa
hm Som+1 = 111’1’1 Som —+ hm aAo2m+1 = S + O = S.
m—» 00 m—r oo m—r oo

Tehwch, lim sgp, = skar lim sg,,41 = s, Kot Ady® ™G Acknong 23 tov Kepoiaiov 2, lim s, = s, omote, 1
m—r o0 m—r 00 n—oo

o0
oepd. Z(—l)"“an GUYKAiveL. O
n=1
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= 1
Mopaderypa 3.6 () ®éhovue va e€etdoovpe T GOYKAON TG GEPAG Z(—l)”HT. Epocov
n

n=1

mAnpovvtal Kot ot Tpelg mpovmobéoelg g [Ipodtaong 3. 11 , | OEPA GUYKAIVEL.
n2

(B) ®éhovpe va E€TAGOLLE TN GVYKALON TG GEPAS Z ”“ on . Epdoov mAnpodvtar kot o

1pelg mpovmobéoelg g [Ipotaong 3.11 (dwote 161(mepn npocoxn oT1g Tpodmobéaelg (ii) ko (iii)),

1 6€1pa GLYKALVEL.

3.4 AokioeElg

1. Eoto (a,) o akohovdio Tpaypatikdv apldudv. EEetdote av ot mapakdto npotdosls ivar

aAnOeic N yevdeig (aToloynoTe TANPMS TV ATAVINGY GOG).

(1) Ava, — 0, 10t 1 akorovBia s, = a; + - - - + a,, etvor paypuévn.

oo
(ii) Av |a,| — 0, tote N OEPL Z ., GLYKAVEL ATOADTOG.

n=1

(iii) Av a, — 0, t61€ N OEPG Z(—l)”an GLYKAVEL

n=1

oo
(iv) Av a, > 0yw kédBe n € N ka1 oepd Z a, OLYKAIVEL, TOTE KO 1| GEPA Z Vany,
n=1 n=1

oLYKALvEL

oo oo
(v) Avn oegpa E a,, CLYKMVEL TOTE KOl 1| GEPEL E a? ovykMvel.

n=1 n=1
2. E&etdote av ouykAivouv 1 amokAivouy ot GEpEC:

1 1 1 1 1 1 1
(1)— +§+3—2+§+§+?+§+
(11)1+1+1—|—1+1+1—|—1+1—|—

2 8 32 16 128 64

3. (o) Aci&te 6TLav nlingo b, = btote Z(b” —bpy1) =by —b.

n=1

(B) Xpnowomnoidvtag o (o) dei&te 0TL

. 1 1
@ Z n—1)(2n+1) 2

(”Z et
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(y) Xpnowomoidvtog to (o) vmoAoyiote T0 GOpoIGHa TG GEPAG

[e.o]

X:Inrrl—l (n+2)

4. E&etdote av cuykAivouv 1 amokAivouy ot Gelpéc:
@) i(\/ﬁ —V/n).
n=1
(ii) i V14 n2—n.
n=1
(iii) i @

(iv) Z(% —1)"

(V) Z n+1n—i—1

5. E&etdote av cuykAiivouv 1 amokAivouv ot Ge1pEC:

G Phanil

2n3 — 1

(iv) Y (Vn—1).
Y_n(')881§n: Oétovpe 0, = {/n — 1, xou mapatnpodue OtL, Yoo kKGbe n > 3, wyvel
1 n
(1+—) <e<3<n=(1+06,"
n

, , . a ,
6. 'Eoto 6t1a, > 0y ka0e n € N. Agi&te 6T1 1 og1pd E —"2 oLyKAiveL
ot 1+ n2a,
o

7. 'Eoto 6t a, > 0y kdbe n € N. Avn cepd Z a,, oVYKAlvel, delte OTL 01 GEPEG

n=1

WS e
n=1
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.. > Qp
(i1) ; T a

e a2
(111) nz::l T+ a2

GLYKAIVOLV ETiomG.

8. E&etdote g mpog ) ovykMon Tig mopakdto cepés. Omov gppavilovior ot mapapeTpot
P, q € R va Bpebodv ot Tipég Toug £T61 DGTE 01 OVTIGTOLYES GEPES VO, GUYKATVOLV.

2

Lo "
) n; (1 + ﬁ> .
(ii) Zp”np (p>0).

n=1

=1
(iii) (0<q<p).

n=2 nr —nf
L e=24 (=1
B
n=1

oo
9. 'Eocto Z a, o oepd. Av vnapyelt M > 0 této10 ®ote |a,| < Mb, yokébe n € N ko n

n=1
o0 oo

cepad E b, ovyKAivel, T0TE 1 GEPA E @y, CLYKMVEL ATOAVTOG.
n=1 n=1

10. 'Eocto Z ay, KO Z b, 600 oepéc pe b, > 0 yuo kdbe n € N. Av
n=1

= n=1

lim & = p € R,

n—oo b,
oo oo
Kol M oepd g b, cvyKAivel, TOTE 1| oEPA g @y, GLYKMVEL ATOAVTMG,.
n=1 n=1

11. 'Eocto Z ap, (o oepa pe a, # 0y kabe n € N kot

n=1

Ap+1
Qn,

lim =

n—oo

(a) Av p < 1, 10t 1 oEpd Z @y, GUYKAIVEL OTOADTMG,.

n=1
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(B) Av p > 1, toéte m oepd Z Gy, OTOKALVEL.

n=1

, , . , . o | Ont+
YrooeiEn: And to Oplo WtopovUE VO GUUTEPAVOLLE OTL
n

miadn |a,| > |ap—1| > -+ > |an| > 0y kdBe n > N, ondte,  axorovbia (a,,) dev

> 1lywkdBen > N,

ovykAivel oto 0 Kabdg n — oo.

12. 'Eoto Z Gy, P10 GELPA KO

n=1
lim {/|a,| = p.
n—oo
o0
(a) Av p < 1, t0te 1 el Z @y, GUYKAIVEL OTOADTMG,.
n=1

(B) Av p > 1, toéte m cepd Z Gy, OTOKALVEL.
n=1

YnodeiEn: Amd 10 6plo pmopovpe va copmepdvovpe ot {/ |a,| > 1 yia kb n > N,
Mmiadn| |a,| > 1y kéBe n > N, ondte, n axorovdia (a,) dev cvykAivel oto 0 kabdg

n — o0.

13. E&etdote moEg amd TIC mapaKaT® GEWPES GVYKAIVOLY amoAdT®G, VITd GLVOT KN 1| amokAivovy.

()§:1+¢_

R 1\"
(ii) ;—1)"“ (E) :
(M)E:@4wnil.

n=2

oo

(iv) ;<—1>"““%

14. Egappdote ta kprmpo Aoyov Ko pilog otic akdAovbec oelpéa:

(1) in”x”
n=1
2 ongn
(i)
11 nz:l 3
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Kepdaiaro 4

2OVEYELS GUVAPTIOELS

4.1 Xvvapmioeis

H évvoia g cuvdptnong eival KopuPikn oty avaAvcn Kot YEVIKOTEPO, GTO LB LOTIKA.

Oprwopog 4.1 Eotw X, Y 0vo un keva ovovola. Lvvaptnon givar pio. omeixovion oxo to X oto Y,

éto1 wote o€ kabe v € X avuoroiyel éva povooiko y € Y.

Xpnowonotovpe to supPforiopd f: X — Y yia va dnldcovpe 6TL 1 f eivon pa cuvaptnon and
10 ohvoro X oto cvvoro Y. Emiong, ypnoponotodpe to cupforoud tov Euler y = f(z) yu va
dNAmdcovpe 6Tt cLVAPTNON f AVTIGTOKEL TOV TTPAYLATIKO aplOud & 6ToV Tpaypatikd apoud y M
aAAOLDG Y10 Vo dnAdoovpe Ot 1 TN TG cuvaptnong f oto x, dnAadn n f(z), eivon ion pe y. To
f(z) ovopdleton kat THmOG ™G cuvaptong f, yoti to f(x) deiyver mov amewoviteln f to z. To x
ovopdaleton aveEaptnn petofAnt, eved 1o y e€aptnuévn petafAnt aeov n tn tov, y = f(x),
eaptdror amd TNV TN TOV EYEL TO T.

Mopatinpnon 4.1 O opiopdg deiyvel 0TL dev umopel vo vapyet * € X o610 omoio vo unv
avtiotoryel kémowo y € Y. Emiong, dev umopet va vdpyer © € X 10 omoio vo avtictoryel o
Vo M meplocdtepa y € Y. Avtifeta, pmopet va vapyovv dvo 1 tepiocdtepa © € X T0 omoia va

avTIGTOYYOVV oTo do y € Y.

Opwopoc 4.2 Eorw wa ovvaptnon f: X — Y. To X ovoudleton medio opiouov g f, evo to

obvolo
f(X)={yeY : Yripyerx € X étor vore y = f(x)} = {f(z) :x € X}
ovouaetor abvoio tiuv i etove g f.
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Hapatipnon 4.2 O mponyodevog opiopds deiyvetl 6t o cuvaptnon f : X — Y dev €xet kat’
avayknv cbvoro tiudv 10 Y. O copporiopdc f : X — Y vmovoet 6t ot Tipég e f eivon “puéoa”

010 Y aALG 0ev KAADTTOVV VITOYPEMTIKA OAO TO Y.

Hoapdaderypa 4.1 (o) Av X C R kot ¢ € R givon pio otabepd, n cvovaptmon f : X — R, mov
opiletar péow tov tHmov f(x) = ¢, yermedio optopov o X = R kot cdhvoro tipdv to f(X) = {c}.
Mua této10 Guvaptnon ovopdletal otabepn cuvaptnon.

(B) Av X C R, novwvapmon f : X — R, mov opiletar péow tov tomov f(z) = z, £xel nedio
optopov to X = R kot ovvoro tiumv to f(X) = R.

(y) Av X C R, novvapmon f : X — R, mov opiletor péow tov tomov f(x) = 22 + 1, &t
nedio opopod 10 X = R kat ovvoro tipdv to f(X) = [1, 00).

(0) Av X C R, novvapmnon f : X — R, mov opiletor p€ow tov TOTOL

1 yiou0 <2 <1,
f(z) = ,
0 ywz<0nz >1,

éxel medio opopod 10 X = R kot obhvoro tudv o f(X) = {0,1}. Mo této10. cuvaptnon
Bo umopovoe va ypnoiponombei o Kdmoleg QaproyEG He TV aveEAPTNTN Kot TV EapTtnuévn
petafAnNT va £xouv (KATolo) CLYKEKPYLEVT] PUGIKT] GTLLOGTOL.
() Av X C R, novvapmon f : X — R, mov opileton péosm tov Tumov
1

f(w):m,

éxer nedio opiopov 1o X = R~ {0, 1} (A ~\ B cvpPolilet tn dtopopd twv cuvorov A kot B kot
etvat To chHvoro oL mePLEEL To TOoLKEln TOL A oL dev givar oTotyEln Tov B) Kot GOVOAO TIUDV
10 f(X) = (—00, —4] U (0, 00) (A U B cvpufoirilet v évoon tov cuvorov A kot B kat givot to
OUVOAO TTOL TTEPIEXEL OAQL TAL GTOLXELD TV SVO GLVOL®V).

(o1) Av X C R, novvapmon f : X — R, mov opiletar pécw tov tHmov

fz) =

1 yw x pntoc,
0 vz dppnrog,

éxermedio opiopod to X = R kot ovvoro tipdv 1o f(X) = {0, 1}. H cuvdptnon avti, yvooti og
ouvvaptnon tov Dirichlet, pai vetat va glvat KAT®G “a@voikn” Kot ¥pNoILoTotEital ToAAES POPEG
OTNV OVOAVCT] TPOKELUEVOD VO AMOPAGICOVUE TOGO gVpeia glval N KAACT TOV GUVAPTICEWDV Y10
TNV omoia 16y VEL Eva GUYKEKPIUEVO Bedpn L.

(©) Ag Bempricovpe T oyéon y? = z, 6oL KoTd Ta. GLYNON TO T TOPIGTAVEL THY aveEdpTnTn

petafint ko to y v egaptnuévn. Tote, kat’ apynv x > 0, evd o ka0e x > 0 aviiotoyodv
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800 y e 1o 1610 péyebog kon avtiBeto mpdonpo. Emopévag, n oxéon y?> = z dev opilel 1o y cov
GLVAPTNOT TOV 2.

(m) Eoto 011y eivoun Oeppokpacio ke ypovikn otiyun t o€ éva cvykekpiuévo tomo. Tote to y
givon cuvaptnon tov t, omdte £xeL vomua n Ekepaon y(t), Tapd o 6Tt dev uropove va xovpe THIO
YL T GLVAPTNON HoG (EKTOG I0MG Ao Lo YPOPIKT TOPACTOCT) TOL TOPLGTAVEL T Beppokpacio
OTOONTOTE YPOVIKN GTIYUY]) Kou Oa Tpémel va opicovpe Tig povadeg xpovov Kot Beprokpaciog

MOTE VO LTOPOVLE VOL OMCOVLE TO TEGIO OPIGHOV KOl TO GUVOAO TILADV TNG CLVAPTNONG LG,

Opwopoc 4.3 Eorw o oovaptnon f: X — Y. H f ovoudletor 1-1 (drofaletor Evo mpog éva) av
yia k0be x1, 19 € X pe 1 # xo 1oyver f(xy) # f(x2) i 10050vauo av yia kébe x1, 9 € X pe
f(z1) = f(xs) émeron 611 1 = 5.

H f ovoualerou emi av f(X) = Y 17 10000vauo yia kale y € Y vrdpyer x € X téro10 wore

y=f(z)

Hopatipnon 4.3 Ilpoaktikd, po cvvapmon eivar 1-1 av dev vmdpyovv dvo =z € X mov
avTIoTOlYoVV 610 1010 §y € Y. T'epetpikd, avtd onuaivel 61t av 6to opboydvio chotTue aEOVOV
X'0X ko Y'OY @épovpe pia evbeia mapdrinin pe tov d&ova X' O X, tote 1 evbeia avtn tépvel
™ YPOQIKN TopacTtacn TG f 1o ToAD o€ €va onueio. AvtioTotya, 11 cuvapTnom Elval el av dev

vrdpyety € Y mov va pnv stvon eikova evog xz € X.

Mapaderypa 4.2 (o) H ovvaptnon f: R — R, mov opileton péow tov thmov f(x) = z, givar 1-1
Kol 7.
(B) H ovvépmnon f : R — R, mov opiletar péow tov tomov f(x) = x? + 1, dev eivar 1-1 kan

dev glvan eml. Oa pmopovce va yivel emt;

Opwopoc 4.4 Eorw o oovapnon | @ X — Y ko pao aidn oovaptyon g : U — V éto1 wote
f(X) C U. Tore umopodue va opicovue o ovvaptnon go f = X — V uetomo (go f)(z) = g(f(x)),

n omoia ovoualetar ovvhson twv covoptioewy f kai g.

Moepatipnon 4.4 H cuvipmon g o f eivar koAdg opiopévn epdoov f(X) C U, dnhodn epdcov
v kéOe z € X 10 f(2) € U.

21 ovvéyeln, Bempode cuvaptnoelg pe medio opGHod £va VTOGHVOAD TMOV TPUYUOUTIKOV
aplOp®OV Kol TIWES 6T0 GUVOAD TV TpaypoTikdv. Eviodtolg, ot opiopol pog o propovcav va
enekTafovV 6€ GLVAPTNOELS LETAED GUVOAWV LE O1OTNTES AVAAOYES LE OVTEG TTOV £XEL TO GUVOAO
TOV TPOYUOTIK®OV. EEKIVALE IE TIG TPALELS Kot TN S1dTaln LETOED GUVAPTICE®MY, KATOTLY 0pilovue
11§ povotoveg (avéovoeg Kot eBivovseg) cuvaptnoelg Kot TEA0G TIG payréveg cuvaptioels. O

avayvaotng eivor eE0IKEWMUEVOS LE TIG EVVOLEG OVTES OO TIG akoAoLOieS.
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Opwopoc 4.5 Eotw A évo un kevo avvolo, A C Rxar f : A — Rkar g : A — R dvo ovvaptioeig.
(a) Hovviptnon [+ g : A — R opiletar uéow tov tmov (f + g)(z) = f(x) + g(x).
(B) Ava € R, novvaptnon a - f : A — R opiletaun uéow tov tomov (a - f)(z) = af(x).
(y) Hovvaptnon f - g: A — R opiletou uéow tov tomov (f - g)(x) = f(z)g(x).
(0) Av g(x) # 0 yra kabe x € A, n oovdptnon g : A — R opilerou péow tov tomov (—) (x) =

f(z)

g(x)
(¢) Adéucon f < goav f(x) < g(z) yia kabe x € A.

Opwopdc 4.6 Eotw A évo un kevo oovolo, A C R kot f: A — R a ovvdptnon.
(a) H f léyetan avéovoa av yio kle x1, 19 € A pe x1 < 9 1oyver ot f(xq) < f(xg).
(B) H f Aéyetou yvnoicws adéovoa av yia kabe x1,x9 € A ue 1 < xo 1oyvel ot f(x1) < f(z2).
(y) H f Aéyetou pOivovoa av yia kGle x1, 19 € A pe 11 < x9 1oyver ou f(x1) > f(xz).
(0) H f léyeror yvnoiwg pOivovao. av yio. kdbe x1, 9 € A ue v1 < o 1oyver 6u f(x1) > f(xe).

2e mepinmtwan mov 1oyveL Eva oo Ta (o) 1 () Aéue ot n avvaptnon f eivor povotovy, eva av 1oyvel

évo, amo ta (P) i (0) Aéue ot i f eivou yvnoiwg uovotovy.

Opwopoc 4.7 Eorw A évo un kevo ovvolo, A C Rrkor f: A — R o oovaptnon.
(a) H f Aéyetar dvew ppoyuévy av vmapyer M € R éto1 wote yia kdbe x € A vaoyver f(x) < M.
(B) H [ Léyetau kdrw ppoyuévy av vmapyer m € R étor wote yia kdbe x € A vaioyver f(x) > m.
(y) H f Aéyetar ppayuévn av eivar avm ko kKGTw gpoyuévy.

Hoapatipnon 4.5 Mmnopei gvkora vo amoderydel 0TL 0 160OVVAIOG OPITUOG TNG PPAYUEVTS, ONAOT|
Gvo Kot KATo epaypévne, cuvaptnong ival étivrdpyet M € R étot dote yia kdbe € A va oyvet
|f(@)] < M.

Opwopoc 4.8 Eorw A évo un kevo ovvolo, A C R kot f: A — R o oovdptnon.
(@) H f léyetau dptio av yia ke x € Aoyver f(—x) = f(z).
(B) H [ Aéyetou mepirtij ov yio kdlbe x € A woyder f(—x) = — f(x).
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Hapatipnon 4.6 ['copetpikd, pia cvvéptnon eivar aptio av 6to 0pHoymdvio cvoTHa 0ESVEV
X'0X xat Y'OY 1 ypa@ikn ¢ Topdotact ival GOUUETPIKY OG TPOG TOV KATOKOPLEO dEova
Y'OY. Avtictotya, 1 6GuvapTnon ivat TEPLTTH v 1) YPAPIKT TNG TOPACTOOT EIVOL CUUUETPIKT OC
TPOG TO KEVIPO T®V aEOVMV, ONANOT TOPaUEVEL avoAAoimT av Teptotpaeel Katd 180° yupw amnd

ovto.

4.1.1 AvticTpo@eg cLVUPTNOELS

H évvown g avtiotpopng cuvéptnong eivar ypnoiun yuoti, HeTald GAL®V, HOg ETITPETEL VO
opioovpe Kamoleg KAUGGIKEG GUVAPTNOCELS TNG AVAALGONG, OTWG Ol OVTICTPOPES TPLYOVOUETPIKES

OGLVOPTNOELG N | AOYOPOIKT) GLUVAPTNOT).

Opwopéc4.9 Eotw [ : X — Y wa ovvaptnon, n omoio eivou 1-1. H f : X — f(X) eivar 1-1
Kkau emti, exopévag, yia kabe y € f(X) vrdpyer évo povadiké x € X éror dote y = f(x). Loverd,

umopodue va. opicovue o oovéptnon [~ f(X) — X éror dote

fy) =2 avkoruévo av f(x) =vy.
H ! etvou kaldd oprouévy xor ovoudletar avtictpopn ovvéptnon g f.
To endpevo amotédeopa eivorl TpoPavec.

Mpotaon 4.1 Eotw f : X — Y a ovvéptnon, n omoio eivar 1-1. H f~Lo f : X — X xou g

fof™: f(X)— f(X) eivar kol opiouéves kar 1kavomoiotv:
(@) (f~'of)(x)=u1xypakdbex € X.
B (fo [ )y) =ynaribey € f(X).

Mapaderypa 4.3 Osopodue ™ cvvapmon f : R — R mov opiletor péow tov thmov f(x) =
222 — 1. Eivon gdkodo va dodue 6tin f givon 1-1 xon eni tov R. Enopévag, n avtictpoen g [+
umopei vo opiotel oto R ko wpokepévou vo. fpodue tov Tomo tg Advovpe Ty e&icoon y = 223 —1

¢ mpog x. 'Etot

_ _ y+1
fHR=R pe £ y) =
MdéMota, 0étovtag otn B€om ToVv ¥ TO X, TaipvovuE
1
ﬁWR%Rmf*@_3x;.

72



O Opiopdg 4.9 deiyver 6T av to onueio (z, f(x)) givonr ot ypaekn topdotoon g f, tote
10 onueio (f(x), z) etvon o ypagwh mapdotacn g 1. Av §ovue 1o (7, f(z)) (x otov dEova
X'OX ko f(z) otov G&ova Y'OY), 0 tpémog yia va. Bpovpe to (f(x), z) givar o axdrovbog: Kat’
apynv, eépvovpe v evbeio y = x. Tdpa, Tpokeévon va Bpodue to f(x) otov opildvtio dova
X'0X, Eexwvape and to onueio f(x) otov katakdpveo agova Y'OY kot mpoympape mopdiinio
ue tov X’OX uéypt va tunoovpe v evbeio y = x. Katdmw, mpoympdue mapdiinio pe tov
Y'OY péxpr va tumoovpe tov X'OX. To onueio topung g kabétov pe tov X'OX eivar 1o f(x).
Evteldg avdAioya propovpe va Bpovpe to onpeio x otov katakdpveo dova Y'OY (meprypdyte
™ Sadwkacia). Topa, and ta ica tpiymva £vBey kKot £vBev g evbelagy = x (pne kown Pdom eml g
gvbeiag), Swumotdvovpe 6t 10 onpeio (f(x), x) givor cuppetpkd Tov onueiov (z, f(z)) ®g Tpog
v ev0eio. TVVETMC, N YPAPIKH TAPAGTACT TNG AVTIGTPOPNGS Guvaptnong f 1 eivar ) coppetpikny

NG YPOPIKNG TapAcTaonG TG f oG Tpog v evubeia y = .

4.1.2 Koatnyopieg ouvoptioemv

Ymapyovv d1popeg Kot yopieg cuvaptioe®V. AVOQEPOVLE TIC IO OTUAVTIKEG.

(o) AkorovBieg Mo axorovbia (a,,) Tpaypatikdv apOudv givar e cvvaptnon f: N — R,
e medio opiopov To GHVOLO TV PLGIK®V apudv N, étot dote f(n) = a,.

(B) MMoivovopkég cvvaptioels 'Eva moivovopo givarl o cuvaptnon p : R — R, wov gite

p(z) = 01 &er popen
p(7) = apa™ + ap_12" "+ - 4 arw + ag,

omov n € NU {0} xat ag, ay, . ..,a, € R pe a, # 0. To n ovopdletor fabudg tov moAvmvipov.
Avn = 0,10 p(x) = ap givar 10 61a0EPO TOAOVVLO Ko 6TNV TEpinTmon mov p(z) = 0 o Babudg
oV p dev opiletar. Av n = 1, 10 p(z) = a1 + ag ovopdleton ypappkn cuvaptnon (N ypOoppKo
moAdvopo). ‘Eva molvwvopo p fabpov n €xel 1o moAd n dtopopetikég pileg (apov kdmoleg pileg
pmopel vo emavorappdvovtar). Avtd umopet va amoderydel pe enaymyn og mpog n, Aapfivovtag

VoY ot av p givon pia piCa tov p, 10te p(r) = (x — p)p1(x), 6TOL P €ivor £va TOAVOVLLO

BaBuov n — 1.
(v) Pntég svvaptioseig Pt ovopdletar po cuvaptnon f 1 A — R g popeng
p(z)
f )= —F-7,
) q(x)

omov p, ¢ molvdvopa pe g(x) # 0. Tedio optopov g f eivar to ohvoro A = {x € R : ¢(x) # 0}.
(0) Tpryovopetpukég cvvaptiosis O avoyvdotng ival EE0IKEIOUEVOS [LE TOVS TPLYOVOUETPL-

KOG aplBpovg, Nitovo sin, GLVNUITOVO oS, EPATTOUEVT] tan Kot cuvepanTopévn cot. Ot Tprywvo-
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petpkoi avtol aptBpoi pmopovv vo 0ptoTovV Yio £VOV OTO0ONTOTE TPAYLOTIKO apBUd x, ondTe
€XOVE TIG GLVOAPTNOELG SIn x, cOsx, tan x Kot cot .

Av Kot dgV LITOPOVUE VO, OOCOVLE AVGTNPO OPIGHO, B0 OpIGOVLLE TIC TPIYMVOUETPIKEG GLVOPTN-
GEIG YPNOOTOIDVTOG TOV TPIYMVOUETPIKO KVKAO. X100 opboymdvio cvotnua a&oveov X' OX kot
Y'OY, émov éva onpeio Tov emmédov Eyetl cuvtetaypéves (, s), Bempodpe Tov KOKAO OV TEPVAEL
and to onpeia (1,0), (0,1), (—1,0) kot (0, —1). Av 7 givar 10 piod ToV PHKOVG TG TEPUPEPELOG
avtob oL kbKhov, TotE T0 & = 0 avtictoyet oto (1,0), 10 2 = /2 ot0 (0,1) KL 10 £ = 7 670
(—1,0). T'evikd, éva onueio x givar to onueio g TepLpépetag pe punkog |x|, Eekvdvtog omd to
(1,0) ko TpoympdvTog avtifeta amd ™ Popd TV SEKT®V TOV ®PoAoYiov av = > 0 1 Katd ™
POpE TOV deKTOV ToV ®poroyiov av = < 0. Av Aowdv T0 onpeio = Exel cuvtetayuéveg (t, s), T0Te

sinx cosx

sinx =5, cosx =1, tanx = , cotr = ——.
cos sin x

H tanx opiletan yio x ¢ {km + 7/2 : k € Z} (dote va pnv pndeviletar o cos ) kot 1 cot
opitetnyw z ¢ {km : k € Z} (dote va unv undeviletar to sin z). To id10 onpeio (¢, s) pmopet
va avtiotolyel 6 000 TpaypoTikovg aplfuos 1 Kot xo Kot avtd cvpPaivel pdvo ov ot xq Kot To
SLLPEPOLV KATA EVaL AKEPOLO TOAAOTAAGLO TOL 27T,

"Evag dALog Tpomog Yia va opicovpe Tn cuvdptnon sin z givol pécm g oepdG

UG (—1)"x 2n+1 00 2+

Slnx—x—y—i-g—"'—l-w > 2n+

n

M t€tota oelpd ovopdletal SUVOLOGEIPA Ko, YPNCILOTOIMVTAG TO Kpttnplo Adyov (IIpdtaom

3.8), umopovpe va dei&ovpe 0TI N GEPE ALTH) GLYKAMVEL ATOAVT®S, 0OTOTE, CLUP®V pe TV [IpdTaon

2n+1
3.10, ovykhiver yuo kéBe x € R. IIpdypatt, av Bewpricovpe 1 cepd Z L, omotE a, =
— (2n+1)!
|$‘2n+1
m, TOTE
|1.|2n+3
ant1 (20 +3)! |z|? , .
= = — 0 kaBogn — o kéBe x € R.
an | [Pt (2n +2)(2n + 3) snTreed v
(2n 4+ 1)!

Emopévog, 1 sin x opiletan yuo ke = € R.

Avtictorya, n cuvaptnon cos x uropel va oplotel LECHO TNG CEPAG

72 ZE4 (_1)n 2n o n r2n
S T B S Al
cosx = 51 + 1 + 2n)! Z

n=0
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Xpnoiponotmvtag ThAl To Kpitnplo Adyov, pmopovpe va deiEovie, OTMG 6TV TEPIMTMOOT TNG Sin .,

OtL M ogpd avt cuyKAivel amolutwg Y kdbe x € R. Ilpdypatt, av Bswpricovpe  cepd
e |2n |2n

K , K
Z ——, omoTE Q) =

2 anr (e
|x|2n+2
a1 (2n+2)! 2] ’ |
B N — 0 xob — fe z € R.
n |x|2n <2n+ 1)(2n+2) KOU®me 7 o0 Yo KabE x
(2n)!

Emopévmg, 1 cos x opileton yia kébe z € R.
Onwg o dodpe apydTePa, 0L GEWPES e TIG omoieg opilovpe ta sin z kot cos x dgv gival Timota
dAAo mapd ol oepéc Taylor yu T1g dVO OWTEC GuvapTNoEl. Me avtd dg TOV TPOTO OPIGHOV,

UTOPOVUE VO BPOVUE TPOGEYYIOTIKA TIUEG TMOV SIN & KO COS T Y10L CUYKEKPIUEVT TIUN| TOV .

Moapaderypa 4.4 Oélovpe va vroroyicovple 1o sin 1. Xpnoiomoldvog m 6epd Tov sinz pe x =
1 &povpe
sin1:1—1—3+1—5—---z1—1—3+1—5:1—1+L:@%0.84167.
3! 5l 3! 5! 6 120 120

H akping tiun, 0mmg pmopet kavelg vo vroloyicel e Evav LTOAOYIGTH ToémnG, elvan sinl =
0.84147. ... Emopévag, n tiun 0.84167 eivor apketd kain mpoosyyion. BePaimg, av Béhovue
peyoArvTepN axpipela, YpNOILOTOIOVUE TEPICCOTEPOVG OPOVG TN GEPA.

Tdpa, pe m Pondewa 1oV OPIGUOV GTOV TPLYOVOUETPIKO KOKAO KOl YPNOLUOTOLOVTOS TO
[MvuBaydpeto OedpniLo, LTOPOVLE VO GUVAYOVUE LEPIKES GTOLYEIMOELS IOIOTNTEG TV TPLYMVOUETPL-

KOV GUVAPTICEDV.

IIpotaon 4.2 (o) Eorw x € R. Tote:

(i) |sinz| <1, |cosz| < 1.
(ii) sin®x + cos?x = 1.
(iii) sin (g — x) = Ccosx, COS (g — x) =sinx.
(iv) |sinz| < |z|.
(B) Avx € (—7/2,7/2), tote

|sinz| < |z| < |tanz|.

() (i) Orovvaptioeigsin : R — [—1,1] kou cos : R — [—1, 1] etvou meprodixé, pe eldyiomn

TEPiodo 2.
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(ii) H ovvaptnon sin givor mepiten, eV 1 cOVAPTHON COS EIVal GpTIaL.
Emiong woyvovv ot akdA0v0EG TPIYOVOUETPIKES TAVTOTNTES.
IMpétaon 4.3 Eotw a,b € R. Toze:
(i) sin(a + b) = sinacosb + sinbcosa.
(i) sin(a — b) = sinacosb — sinbcos a.
(iii) cos (a +b) = cosacosb — sinasinb.
(iv) cos(a —b) = cosacosb + sinasinb.
(v) sin(2a) = 2sinacosa.

(vi) cos (2a) = cos?a — sin’a = 2cos’a — 1 = 1 — 2sin’a.

b —b

(vii) sina+sinb:2sina;— cosa2 .
—b b

(viii) sina — sinb = 2sin cosa+ .

2 2

b —b

(ix) cosa+cosb:2cosa;— cosa2 .
. b . b—

(x) cosa—cosb:2sma; sin 20.

(2) AvtioTpo@eg TPLYOVORETPIKES GLVOAPTIGELS OL OVTIGTPOPES TPLYOVOUETPIKES GLUVOPTNGELS
TapovGldlovtor TOAD GLYVE GTIC EPAPUOYES, EMOUEVOCS VoL KOAO O avayvadoTng va TG Yvopilet.

(i) Too nutévov H ovvaptnon sin : R — [—1, 1] dev eivan 1-1. Av dpwg mepropicovpe to
nedio opiopov g oto [—m/2, /2], tote | cuvaptnon sin : [—7/2, /2] — [—1, 1] eivon 1-1 ko
eni, EMOUEVOG UTOPOVLLE VO OPIGOVLLE TNV AVTIGTPOPY| TNG, N oTtoia ovopdaletal TOEo NuTdvoL Kot
ovpBoiiletar pe arcsin. Aniadm, arcsin : [—1, 1] — [—7/2, 7/2] pe arcsin (y) = x av Kot Lovo av
sint =yywx € [—7/2,7/2].

(ii) To6co ovviuutévoo H covaptnon cos : R — [—1, 1] dev givon 1-1. Av dpwg neplopicovpue
10 medio opiopov g g oto [0, 7], Tote M cvvaptnon cos : [0, 7] — [—1, 1] sivon 1-1 kou exd,
EMOUEVOG UTOPOVLLE VO, OPIGOVUE TNV OVTIGTPOPT TNG, N 0moia ovopaletor TOEo cuVNTOVOL Kot
ovpBoAiiletar pe arccos. Aniadn, arccos : [—1,1] — [0, 7] pe arccos (y) = x av Kot povo av
cosz =yywzx € [0, 7]

(iii) Too epomrouévne H ocvvaptnon tan : (—7/2,7/2) — R givon 1-1 xon eni, emopévg

LITOPOVLLE VO OPIGOVLLE TNV AVTIGTPOPT) TNG, 1) 0TTOi0 OVOUALETOL TOED EQamTOpEVNG KOt GLUPBOAILETON
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ue arctan. AnAadn, arctan : R — (—n/2,7/2) pe arctan (y) = x av kot pdvo av tanz = y yo
x € (—7/2,7/2).

(iv) Too ovvepamrouévng H cuvaptnon cot : (0, 7) — R eivon 1-1 kou eni, enopévmg propovpue
va opicovpe TV avtioTpoer| TG, N omoia ovoudletat T0E0 cuvePOTTOUEVNG Kol GLpPoALETON pe
arccot. Ankadn, arccot : R — (0, 7) pe arccot (y) = x av ko poévo av cotz = y oz € (0, 7).

(o7) ExOeTui) ovvaptnon H exBetikn ocuvdptnon puropel va opiotel HEow g oEpag

x? n Ooxn
eXp(x)=1+x+§+-~+m+mzzm.
' ’ n=0

XPNOYOTOUDVTOG TO KPITHPLO AOYOV, UTOPOVLE VA OEIE0VE, OTIMG GTNV TEPIMTOON TOV Sin T Kol

COS z, OTL 1] GELPA AT GVYKALvEL amoAvTmg Yo kdbe x € R. [lpdypoatt, av Bewprcovpe t cepd

et 2"
> , OMOTE a,, = ~——, T0TE
— n! n!
|x|n+1
1)!
i1 _ (1 +n) _ Ll — 0 kabdgn — 0o ykade v € R.
an, || n+1

n!
Enopévag , n exp (z) opiletor yio kabe = € R.
XPNOOTOUDVTOS TOV TPONYOVLEVO OPIGHO UTOPOVLLE VAL OEIEOVUE TIG AKOAOVOEG 1010TNTES TNG

ekBeTIKNG GLVAPTNOTG.
Mpotaon 4.4 (o) exp (z1 + x2) = exp (z1) exp (z2) yia kGOe x1, 22 € R,

(B) exp(—z) =

na kabe v € R.

1
oxp (7)
(y) exp(x) > 0 yia kabe x € R.
(0) H ovviption exp () eivar yvyoicwg avéovoa oo R.
(¢) H ovvaptnon exp (z) eivar 1-1 oto R.
ot) To medio tuav ¢ ovvdptnong exp (x) eivar to avvolo (0, +00).
To medi ) / / olo (0

Amoodeiln. (o) H amodeién ompiletar 6to Oempnua toldamiactocpuov dvo cepav. Kat™ apyny,
£QOGOV 01 GEPES TTOV AVTIGTOLOUY 6TaL eXp (X71) Kot exp (22) oLYKAIVOLY amoADT®E, TO 1310 15y vEL
He N GEPE TOL TPOKLTTEL Ad TO YVOUEVO TOvG. EmmAéov, 0 mOALATANGIAGHOG TOV TPOTWV
LEPIKAV aOPOIGUATOV TOV GEPOV TOV AVTIGTOLYOVV 6T exp (1) Kot exp (x2) pag deiyvouv Ot

Toipvovpe To pepikd abpotopa yio T 6epd Tov avtiotoryel 6to exp (z1 + x2) (emPePordote to
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Y to TpdTO pepikd abpoicpata). H avolvtiky anddeiln Eepevyetl amd 10 6Komd TV TOPOVI®OV
ONUEIDGEDV KOl EMOUEVAOS TOPOAEITETOL.

(B) Av oto (@) Oécovpe T3 = —x ko x5 = x, Aappavovtag voyy otLexp (0) = 1, maipvooue
t0 {nrodpevo.

(y) T z > 0, 6hot o1 6pot TG GEPAS oV avTioTolyEl otV exp (z) eivar Oetikol, evd, yo

x < 0, éovpe exp () = ue —x > 0. Tz = 0, givon Tpopavég 6tLexp (0) = 1.

exp (—z)
(0)'Eoto x1, 25 € R pe 21 < 5. EQOcov x5 — 1 > 0, 6Ahot o1 6pot ¢ oe1pdig Tov avTicToryel

oV exp (z2 — x1) eivar Oetkot, emopévas exp (re — 1) > 1 ko, Aoyo tov (o) kot (B),
exp (72)

exp (xg — 1) = exp (wq) exp (—x1) = oxp (21) > 1, mhadn exp (x1) < exp (z9),

70 omoio amodetkvieL OTL M exp (z) givar yynoing adéovoa oto R.
(e)Eoto x1, 19 € Rpuexy # x9, 0mOTE, €lTE 1 < T2 M Ty < x1. TOTE, AOY® TOV (J), 0TV TPAOTN
nepintoon exp (1) < exp (x2), evd ot devtepn exp (r2) < exp (z1). Apa, o€ kGbe mepintwon,

exp (z1) # exp (z2).
(o1) H anddeién éneton and 1o (y) o cvvovaouo pe to [Hapddetypa 4.8 mo Kato. U

1 n
Topa, Oa deifovpe O6tLexp (z) = e”, 6mov e = lim | 1+ —) opiletar amd v (2.1) oty
n—oo n

[Mpdtaon 2.16. Kat™ apynv, amd v (2.2), £xovue

1 1
exp(1) =141+ +---+

2 w e

omote, epappdlovtag v [potaon 4.4(a), maipvovpe, Enaywyikd,
exp(n) = (exp(1))" =" yoxabe n € N.
Eniong, and v [Ipotaon 4.4(P), Exovpe
1 1

exp(—n) = =—=¢" yuwkdbe n € N.
exp(n) e

YVVETMG, 10YVEL

exp (m) = €™ ywkdbe m € Z.

Enopéveg, yia ¢ = T, m € Z, n € N, &ovue, epappolovtag eravenuuéveoc v Ipotaon
n
4.4(a),

o = (on(2)) o (2) o (Z) o () <o (Z 4 2

m
= exp(n-—) =exp(m) =e€",
n
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oTOoTE,

exp (q) = (e™)/" = ™" = ¢! yiakabe q € Q.

Amopével Topa v 0ove Twg opileTan n cuvaptnon e” Yo r dppnTto. ATO aVTE TOV £YOVUE
TEL 6TO TPMOTO KEPAAALO, AvVTILAUBOVOLACTE OTL pTtopoVpE va Ppodue pa axolovbia pntdv (r,)

Tn

étor wote lim r, = x. Etol, Ba pmopodoape va opicovue 1o € ocav 10 6pto lim e™. Avtd

EVTOLTO1G 8?\7(10:7116 nepimioko an’ 660 eavtaldpaote. Koat' apynv, Bo Enpene va a;ggfsiéovus ot
N akohovbia (e ) ovykhivel. Eniong, Oa énpene va deifovpe 011 0 oplopdg pog dev ennpedleton
and TV akolovbia mov emdéyovpe, dnradn av yio pio (omowadnmote) GAAN axorovbio pntdv (s,)
wyvel lim s, = z, t61e lim ™ = lim e®". Olo avtd Eepedyel amd 10 oKOnd TOV TAPOVI®V
on uew’a?ez)ov, EMOUEVMG, ch:pogﬁue ot ;Ixoom Gppnto 1o e” opiletar va onpaivel exp () Omwg ovTd
opioTnKe TO TAVO.

"Etot, teMikd, exp () = e” yo kdbe = € R.

Onwg Ba dodpe apydtepa,  oepd e Tig omoia opilovpe T exp (), Kot ELOUEVOS TNV €7, deV
elvan timota dALo mapd ot cepd Taylor yia v e”.

(©) H hoyoprOpiki ocvvaptnen Eeocov nexp (z) = e : R — (0,00) givon 1-1 kou emd,
UTOPOVUE VO OPIGOVUE TNV OVTIGTPOPT TNG, YVOOTH G AoyapiBuky cvvaptnon, In : (0,00) — R
étordote Iny = z av ko povo av e = yyuww x € R.

(m) 'evikn exBetikn} ovvaptnon Exoviag opicel ™ AoyaplOuikn cuvaptnon, UTopovue vo

opioovpe 1t yevikn ekBetikn cuvdptnon a”, a > 0, g e&ng

CL:E —_ exlna.

['o ™ yevikn ekBeTikn cuvaptnom 1yvoLvV 01 aKOAOLOESG 1010TNTES,.
Mpoétaon 4.5 (o) Eorw a,b > 0 ko z,y € R. Tote:
(i) a®Y = a*a¥.
(ii) (a®)¥ = a"™.
(iii) % = —.
a®

(iv) (ab)* = a®b".

(B) Eorw a > 0. H ovovdptnon a® : R — (0, 400) eivou yvyaiwg pbivovoa otav 0 < a < 1,

otalspn ka1 ion ue to 1 otov a = 1, kou yvnoiwgs advéovoa otav a > 1.

Amodeién. H amddei&n ot piletor 6TV TPOGEKTIKN EPOPUOYN TOV OPIGHOV TG a” KoL P VETOL

¢ doknon. U
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4.2 Opuo cvvapTNGE®MV

H évvola tov oplov g cvuvaptnong etvar ypriouyun oTiG GLVEXEIG GLVAPTIOELS OAAG Kot
vevikdtepa otnv Avaivor. O avoyvdotng mov eival E0IKEIMUEVOG LE TO OPLO oG akoAovBiag,

B0 KoTavonGEL EVKOAATEPQ TO OPLO LG GLVAPTNGTG.

Oprwopoc 4.10 Eotw A éva un kevo ovvoto, A C Rkor f : A — R wa oovaptnon. Aéue o1 to
f(x) eiver aro € 17 611 10 Op1o e f vmdpyer ko givar ioo ue L kKabig To T TEVEL 0T0 Ty AV Y10 KAbE

e > 0 vmapyer 6 = §(e) > 0 téroro dote
avr € Aue 0 < |x — x| < d ot | f(x) — L] < e.

I'pagovue f(x) —  kabig x — xo i lim f(z) = L.

T—T0

Hapatipnon 4.7 (o) And tov mponyoduevo opiopd etvor @avepd Ot 10 € pmopetl va glvan
0600MmoTE LKPO BEAEL KATO10G Kot amd ovtd To € e&aptdrtal To d. OG0 mo piKpd givat To €, dnAadn
660 mo Kovtd BElovpe 1o f(x) va TAnoidoet to ¢, TO0 o pKpd Oo Tpénet va givat To J, dnhadn
1060 o Kovtd Oa Tpénel 10 = va TANGLAGEL TO Zo. Noonpueimbel 0t10 < |z — 24| < § onpoaiver ot
To—0 <& < g+ 0Kz # xo, NAadN € (g — d, 20 + ) ~ {xo}. Avtictorya, | f(x) — 4] < ¢
onpaivelt 0Tl — e < f(x) <+ ¢, dnhadn f(z) € (( —e, 0 +¢).

(B) Amd 10 0 < |z — x¢| €lvor Tpoeavég OTL TO = dev pmopel va givat {60 pe To xg. OELovpE TO
x va 1efvel 610 xg, Ot T = p. (OVT®G N AAA®G, TOVOEVA GTOV OPIGUO OEV AVAPEPETAL OTL TO X
npémel va ivan kat” avayknv ototyeio tov A, kot av dev givar to f (o) dev opiletar, cuvenmg dev
UTOPEL & = X(.) ZVVETMG Etval adtapopo, Yio TV VTaPEN TOV 0piov xll)rgl f(z), avn f opilerar o0
o M oYL i

(y) Agdopévou 011, 0mwg simape oto (B), T0 2o dev givarl Kat’ avayknv otoyeio Tov A, Oa
vrdpéovv avayvooteg mov Bo avapoBoiv: o umopovce Yo KOTOo Ty Vo VIaApyeEl Eva (1
neplocotepa) 0 > 0 étot dote 1o ddotnua (o — 0, £+ 0) \ {xo } va punv nepiéyxet otoryeia tov A,
LLE amOTELECHLO VO, NV UTopel var epaprocTel 0 oplopdg Tov opiov; H amdvtnon etvot Kotapatikn,
OTOTE, TPOKELUEVOL Vo puropet va epappootel 0 Opiopog 4.10, mpovmotiBeton 6T1 TO 2 £lva TETO10
®ote Yo kGBe & > 0 (0c0dmoTe HKPS) Vo uTopovpe va, fpodpe x € A (Kot av vrapyst &va,
101 VIAPYOVV dmepa) £tol dote 0 < |xr — x| < I, Mhad & € (xg — 6,20 + 0) ~ {z0}.
‘Eva této10 7 ovopdletol onueio cveompevcems tov A. Oa TPENEL Vo TAPATNPNCOVUE OTL TOL
onpela GLGGMPEVGEMS EVOG GLVOAOL dEV AVIIKOLY KAT™ avyKnV 6to chvoro. ['ia mapddetypa, ov
A = (0,1), 161€ T0 6VvOAO TOV oMUEIOV GLOCOPEVGEMS ToV A givar To dtdotnua [0, 1], SnAadm

€KTOG amd To onpeia Tov idov Tov A onpein Guscmpevcemg givar kot To. 0, 1.

80



Topa, éva onpeio zy mov dgv eivar onpeio cvoc®Peoemg TOV A OVOUALETAL LEPOVMOUEVO
onpeio Tov A, dnAadn vdpyet § > 0 1ol dote T0 ddomua (g — 6,2 + ) Vo unv TEPEYEL
otoyeia tov A gktog T0V T). [0 TOPGdeypa, av A = (0,1) U {2}, td1e 10 2 givon pepovouévo
onueio tov A.

ZVVETMG, 0 OPIGUAC TOL OPioL dEV UTOPEL VOL EPAPLOGTEL OTAV TO X Elval LELOVOUEVO GNLUELD
tov A. Zto pepovopévo onpeio Bo emavélBovpe apydtepa OTOV HWANGOVUE YO TIC GUVEYEIS

GLVOPTNCELS.

Hoapaderypa 4.5 (o) Ocowpodue  ovvaptnon f : R — R mov opiletan péow tov tomov f(z) =
2?2 + 1. Me m Boffeia Tov opiopod pmopovpe va dsiéovpe o6t lin% f(x)=5.
T—>

Oa wpénet yo Toyaio € > 0 vo pmopodpe va Ppovpe d > 0 1€1010 OOTE
avz € Rue0 < |z — 2| < §tote |f(x) — 5] < e, hadn ‘x2—4} <e.
"Exovpe
|2* —4| =z —2llz+2|=|z - 2|z =2+ 4| < |z —2|(Jlx — 2| +4) < 5(5 +4).
Emopévag apket §(5 + 4) < &, dnhadn 6% + 46 — e < 0, an’ 6mov émetan 6t
—2-Vite<i<-2+Vite

Yvvendg, yio omoodnmote d pe 0 < & < /4 4 ¢ — 2, 0 opiopdg wkovonoteitat. [apatnpnote 6t
70 9 eEoptdTan omod To €.

(B) @ewpovpe ™ cvvapmon f : [—1, 1] — R mov opiletar pécm tov THTOL

ﬂw:{ﬁ+1wmfpmu\mh
0 vz = 0.

Me 1t Bonfeta Tov oplopov pmopovpe va deiéovpe OTL lirr(l) f(z) = 1. (ITow givor t0 6 > 0 mov
T—
npénel vo emAEEOLE Yia Tuyaio € > 0 dote va wavomoteitan 0 Opiopdg 4.10;) Iapatnpnore o1,

o€ avtibeon Ue 10 TPONYOOUEVO TOPASELY AL, lin% f(z) # £(0).
T—
Av 10 6p10 LG GLVAPTNONG VITAPYEL, TOTE EIVOL LOVAOTKO.

Ozdpnpa 4.6 Eorw A éva un kevé ovvolo, A C Rkor f : A — R o oovdptnon. Av lim f(x) =
T—T0

ko lim f(z) =m, téte { = m.
Tr—T0
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Aroderén. 'Eoto 0t f # m. Oewpodpe € = [{ — m|/2 > 0. Epoécov lim f(x) = ¢ pmopodue
Tr—x0

va Bpodpe éva d; > 0 étol dote

[ —
avr € Ape 0 < |z —xo| <y tote |f(2) — (| <e = | Qm\,
Kot epooov lim f(x) = m pmopodue va Bpodpue éva dy > 0 éto1 dote
T—T0
, |6 —m]|
avr € Ape 0 < |z — o] < b9 018 | f(2) — M <e=T5

@étovpe 0 = min {Jy, d2}. Tote, yio kGbe x € A pe 0 < |xr — x| < J (omdte 0 < |z — mo| < 4
Kot 0 < |z — o] < d2) €yovpe

|0 —m| |€—m|
< +

6=l = [0~ f(@) + () = m] < |F(x) 0 +1f (@) — m| < = :

= |t —m)|,
70 omoio givat GTomo. Apa, VITOYPEWTIKA £ = m. 0
Opwopoc 4.11 Eorw A éva un kevo ovvolo, A C Rrkou f: A — R wo oovaptnon.

() Aéue ot to f(x) teiver ot0 +00 Kabdg 0 T TElVEL 070 X AW Y10 kdbe E > 0 vmdpyer § =

d(E) > 0 téro10 oote
ave € Apue0 < |x — xo| < 0 wote f(x) > E.

TI'pdgpovue f(x) — +oo kabig x — x4 lim f(z) = +oo.

T—rT0

(P) Aéue om to f(x) teiver oo —o0 Kabdg T0 T TEIVEL 0TO T OV Y1 kAbe E > 0 vrdpyer 6 =

d(FE) > 0 téro10 dote
avr € Ape0 < |x — x| < d ot f(2) < —F.

I'pégpovue f(x) — —oo kabdg x — xo i lim f(x) = —o0.

r—xQ
Hoapatipnon 4.8 (a) Anod TO0V mponyovpevo opiopd eivar eavepd 6t 10 E pmopel va eivan
0c0dNTOTE PEYAAO BéAeL kdmolog Kot amd avtd to E e&oaptdror To 0. Oco mo peydro eivar to
E, dhadn 660 mo moid 0édovpe 1o f(z) va mAnotdlel to +oo 1) 10 — 00, TG0 o pKpo Ho Tpémnet
va givot To 4, dnAad T060 o KoVTa O TPETEL TO ' VO TANGLAGEL TO (.

(B) Otav 10 f(x) Teivel og évav mpaypatikd apBuod £, o € otov Opiopd 4.10 givar ocodfmote
ukpo. Avtiotorya, 6tav to f(z) 1eivel 6T0 +00 1) 6T0 —00, T0 E 6tov Opiopd 4.11 givar ocodnmote
HEYAAO.

(v) Ioybovv Kot €06 0VTE TOV AVOPEPALLE GTNV TPOTYOVLEVT TOPATH PG Y10 GNUEID GLGCOPEL-

0EMG Kot pepovopéva onpeio tov A.
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Hapaderypa 4.6 (o) Oswpovpe ) cvvapmon f : R\ {1} — R nov opiletan pécw tov tHmov
1
f(x) = TS Mze 1t Bondeia Tov opiopov umopovue vo. deifovpe ot lin} f(z) = +oc.
xr — T—

Oa pémet yo toyaio £ > 0 vo pmopovpe va Ppodue 6 > 0 tétolo mote

1
ave € R~ {1} pe |z — 1| < tote f(x) > E, 8nka8ﬁm>E

(ontoroynote yoti ypapovpe | — 1] < § avtitov 0 < |z — 1| < 0). 'Exovpe
1 1

woIe > 55

Emopévog apket 1/6% > E, dnhadf 62 — 1/E < 0, an’ émov £netan Ot
Ll

VE~ T VE
Yovende, yia omotodimote & pe 0 < & < 1/v/E, o optoudg ikavomotsitar. Mapatnpiote 61t 10 &
eCoptatar amd to F.

(B) ®ewpovpe ™ cvvapmon g : R~ {—1} — R mov opiletor péow tov tHnov g(r) =
_m, Me ) Ponfeta Tov opiopod prmopovpe va deifovpe OTL zl_i>r£11 g(x) = —oo. (TTowd givon
10 0 > 0 mov mpémel va emréovpe yio Toxaio F > 0 dote va tkovoroteital o Opiopog 4.11;)

Yndpyovv tepuntdoelg mov Ha Béhape va propodpe va povpe to lim f(x) axdpa ko av 1 f
dev opiletar oto (z9 — J, 29 + ) aAhd pdvo oto (g — 0, x9) M uévox;rag (20, 0 + ), OmOG Y10
TOPAdELY L. TO 9161_>H} f(z) kon to 91613% f(z) otav f : (0,1) — R. Avtd pog odnyei otnv évvola tmv

TAELPIKDOV OpilmV.
Opwopog 4.12 Eotw A éva un kevo ovvolo, A C R kou f : A — R wa ovvaptyon.

(a) Aéue ot to f(x) teiver oto L 1) ot1 10 Opiro ¢ [ vmdpyer kot eivar ioo pe £ kabag to T 1eivel

010 T a0 apioTEPa av Yo kabe € > 0 vrdpyer § = 0(e) > 0 téro10 dote
avr € Apexy— 0 < x < x w0t | f() — {] <€

I'pégovue f(x) — L kabos x — x4 # lim f(x) = L.

CE*}[L’O

(B) Aéue ot o f(x) weiver ato € 1j 611 10 OpLo g [ vmépyer kou eivar ivo ue  kabdg to x teivel

070 T and 0e€1d. av yia kdbe € > 0 vrdpyer 6 = () > 0 téroro dote
avr € Auexg < x < xo+ 010t | f(2) — ] < €.

Ipégpovue f(x) — { kabdg x — xf 1 lim f(x) = L.

.7?—>$O
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Evteddg avtiotoryo pmopovpe vo, opicovpe o TAEVPIKE OplaL Y10 GLVAPTHGELS TOV TEIVOLV GTO

+00 1§ T0 —o0, Nhadn ta opa lim f(x) = +oo, lim+ f(z) = +o0, lim f(z) = —oo ko
T—T( =T =T

lim+ f(z) = —o0, KOl EMOUEVOS AYNVETOL GTOV OVAYVAOTY).

$—>CCO

Eniong, ta mievpikd pia vwdpyovv Kot yio cuvapTnoels Tov opilovion aptotepd kot deEI8 (dNAOT
Y aplOpovg HIKPATEPOLS KOl LEYAADTEPOVS AVTIOTOLYO) TOL Zo. MdAoTa 1oyveEL TO aKkdAO0LOO,

OVOUEVOLEVO, OTTOTELEGLAL.
Mpétaon 4.7 Eotw A évo un xevo oovolo, A C Rkor f : A — R wa ovvdptnon. Tote to

lim f(x) vmépyer ov kar uévo ov ta. lim f(x) kou lim f(x) omépyovv kou eivaa ioa.
T—T0 $~>x8 :):~>:1:aL

Anoodeiln. H amdoeiln otnpiletor otV TPOCEKTIKY EPUPUOYT] TOV OPICUMY KOl OUPTVETOL (OC

doknon. 0

Mopaderypa 4.7 Ocwpodpue T cvvdptnon f : R — R wov opiletar péow tov TOTOL

f(x):{ 1—1 vz <0,

vz > 0.

Eivau gbkolo va dovpe pe ™ fondeta tov opiopov 6t lim f(z) = —1. @a mpémet yua Toyaio
z—0~

e > 0 vo pmopovpe va Bpodue 6 > 0 tétolo dote
avr € Rpue —d <z <010te|f(x) — (—1)] <e, mhadn | — 1 — (—1)| <&,

70 01010 1oYVEL YI0L 0TO10OMTTOTE §.
Avtictorya, propovpe va deifovpe 6Tt lim f(x) = 1.
z—0t

Epappoletor n mponyodevn mpodTacn Kot av oyt yioti;

Eniong, vrapyovv tepurtdoeig mov £lovpe vo fpovie to 0pto tov f(z) kabdg To = Teivel 6To

-+00 1 6T0 —00.
Opwopog 4.13 Eotw A éva un kevo ovvolo, A C R kou f: A — R wa ovvaptnon.

() Aéue 6T 1o f(x) teiver oro L 1 611 T0 Opio g [ vmbpyer kou eivar ivo ue U kabdg to x teiver

oto +00 av yo kabe € > 0 vrdpyer M = M (e) > 0 téroio dore
avr € Auex > M tote |f(x) — ] < e.

I'pégpovpe f(x) — { kabis x — +oon lim f(z) = L.

T—>+00
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(P) Aéue oti to f(x) teiver aro € 1 61 T0 Opio s f vwapyer kar eivai ioo e L kabig To T TEiveEl

oto —00 av yia kabe € > 0 vrdpyer M = M () > 0 téroro dote
ave € Apex < —M tote | f(x) — (] < e.

TI'pégpovue f(x) — { kabig x — —oco i lim f(z) = L.

T——00
Hapatipnon 4.9 Onwc ko otov Optopod 4.10, Ba vadpEovv avayvmoteg mov o avapmtnOovv:
Oa pumopovece va vapyet évo (1 mepiocdtepa) M > 0 €tol dote va punv vedpyovv = € A tétoln
wote x > M (avtictoyyo x < —M), pe amoTéEAEGHA VO UV Uopel vaL EQOPROGTEL 0 OPIGUAS TOV
opiov; H amdvinon eival xata@atikn, onote, TPOKEWEVOL vo, Uropel va epapproctel 0 Opiopdg
4.13, mpovmotifeton 6t Yo kéBe M > 0 (0c0dNTOTE PEYAAO) VO pmopovpe va Bpodue x € A (ko
av vhpyet Eva, TOTE LILAPYOLV Antelpa) Etol wote x > M (avtictoyyo x < —M). Xnv nepintmon

avTn 10 00 (avtictoya T0 —o0) ovopdletatl onpeio GuGGMPEVGEMS TOV A.

Evteddg avaroya pe toug Opiopovg 4.11 kon 4.13 umopovue va opicovue ta litﬁp f(z) =
T—r+00
+oo, lim f(x) = +oo, lir+n f(x) = —ocoxar lim f(z) = —o0, KOl EMOUEVOG 0P VETAL
Tr—r—00 T—>+00 T——00

GTOV OVOYVMOGTY.

Mopaderypa 4.8 Aeitte 6Tt lim e” = oo ko lim e” = 0.
r—+00 T—>—00

Oa mpénet o toyoio £ > 0 va Bpodue M > 0 tét010 OOTE
ave € Ruezxr > M tote e’ > E.
Topa, and tov opiopod tov e” (PAéne [apdypaeo 4.1.2(o1)), epdcov x > 0, Emeton 0T
e">14+x>1+ M.

Emopévog apxei 1 + M > E, dnhadn M > E — 1 (cvvenag Oa tpéner £ > 1, to omoio oydel,
a@oL to E elval apketd Heydro).
I To devTepo Opro Exovpe, and v [potaon 4.4(P),
1 1
lim ¢*= lim — = lim — =0.

T——00 z——oco 7% z—+oo0 ¥

Oa mpénel Aowmdv yia tvoyaio € > 0 va Bpovpe M > 0 tétolo dote
1

avz € Rpexr > Mote — <e.
e

Onwg oto mponyovpevo O6plo, amd tov optopd tov e” vz > 0 Enetan 0Tl
1 1 1

< < .
e 14z 1+M
Enopévog apket 1/(1 + M) < g, dmhadn M > (1 — €)/e (cvvenmg Oa npénet ¢ < 1, 10 omoio

LGYVEL, 0OV TO € lval apKETE pKpO).
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4.2.1 Apvnon Tov OPLGHOV

Ag vrobécovpe 6T dev woyvet 0t lim f(x) = £. Avtd onpoivel 6t vrdpyel kKmow & > 0
T—xQ
®ote Yo k6O 6 > 0 vo vrdapyovy = € A ta omoia givar oty mepoyn (o — d, xo +0) ~ {xo} 0ALG

dev woyveL ot | f(z) — | < e, dnhadn va vadpyet € > 0 £totl dhote Yo kabe 6 > 0
vavmhpyerx € Ape 0 < |z — x| < 6 adMG | f(z) — 4] > .

[Mpoktikd, Aépe 61t dev woyvel 61t lim f(x) = £ av 660 kovid éva = € A minoidoel 10 o, t0 f(x)
T—T0

ovveyilet va “Otatnpel o amdotaon” and to L.

Hapatipnon 4.10 Me avdroyo 1pdémo, 1 Gpvnon Tov opiopod pmopel va doutvrwbel yia kabéva

and Toug Opiopovg 4.11-4.13 kot apnveTol GTOV AVOYVOGCT.

Mapaderypa 4.9 Oswpovpe ) cvvipton f : R — R mov opiletar péow tov tHIOL

f(x):{ -1 vz <0,

1 ywozx>0.

Mo ™ cvvaptnon avt dev woyvet 6Tt lirr(l) f(z) =0ywtiywwe pe 0 < e < 1, onoodfmote § > 0
T—r

mapovpe, veapyovv € R pue —§ < z < 0 étorwote [f(x) =0/ =|—-1—-0]=1>ckmz € R

ne 0 < x < d érorwote |f(x) — 0| =1 —-0] =1 > e.

Avtictoyya, propobdue va deifovpe 611 dev 16ydeL liII(l) flz)=—-11 lin% f(z)=1.
z— z—

4.2.2  Apym ™s peTa@opdc kot drhyefpa tTov opicv

H apyn g HeTaQOpAS ETITPETEL VO YPNGLLOTOGOVUE Opla akOAOVOIDY Yio Vo, amodei&ovpie

opua cuvaptoenv. Ontmg Ba dove TN cLVEKELD EXEL TOAAES EPAPLOYES.

Ocopnpna 4.8 Eotw A éva un xevo ovvolo, A C Rxar f 1 A — R wa ovviaptnon. Tote
lim f(x) = ¢ av ko1 pévo av yia kébe axolovbia (x,) onueiowv tov A ue x,, # o kai x, — T
T—T0
woyver ou f(xy,) — { kabog n — oo.
Ardodeiln. Eotw kat’ apynv ot lim f(x) = (. Tote yio toyeio € > 0 vwdpyer 6 > 0 11010
Tr—TQ
WoTE

aver € Ape 0 < |z —zo| < dtote | f(x) — (| <e.

I' awtd 10 § > 0, OGOV ), # T KO T,, — T KOODG 1 — 00, vIdpyel puoKOg apOuog N Etot

wote ylo ke puotko apBud n pe n > N va oydet
av 0 < |z, —xo| < I t01€ |f(2,) — 4| <€,
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omoTE, Yot 10 apyiko € > 0 Bpnkape euokd apBud N €161 dote Yo Kabe puowd aplOud n pe
n > N vaoybet | f(z,) — {] < €, dnhodn nlgalo f(x,) = L.

Avtiotpopa. Ag vmobBécovpe 0Tl Yo kKOs axolovbia (x,) onueiowv tov A pe x, # o Kot
Ty — T KAODG n — 00, 1 axorovdia (f(x,)) ovykAivel oto £, 0ALG 611 dev 1oyder lim f(x) = L.

T—T0
Amd TV apynomn tov optopov, vadpyet € > 0 €161 dote Yo kabe 6 > 0

vavmapyetr € Ape0 < |z — xo| < 6 adka |f(z) — €] > €.

1 1
E@ocov o autd woyvetyro kabe 0 > 0, umopovpe vo ewpicouvpE, dtadoyikd, 6 = 1, 30T
n

KOLL Y10, 0VTO TO § €YOVE OTL

1
vrapyet x, € Ape 0 < |z, — x| <0 = — ahhd | f(z,) — £ > €.
n

1
Topa, oard v avicotnte 0 < |z, — xo| < —, XPNOWOTOIDOVTOG TO KPLTNPLO TOPEUPOAG OTIG
n
akohovbdieg (Bedpnua 2.2), Taipvovpe 0Tl ., # xo KL T, — T, EVO 1 ovicomta | f(x,) — | > €
deiyvel 6t n axorovbia (f(x,)) dev cvykhivel oto £ Kabdg n — 0o, T0 omoio avtiPaivel 6TV

vrdOeon pog. 0

Hapatipnon 4.11 (o) H apyn g petagopdg pumopel vo ypnoiponombei gite yio va amodetydel
ot xlirgo f(z) = 1y va dei&ovpe 0Tt dgv 1oyvEL OTL xli)rglo f(z) = L. Zmv tehevtaia nepintoon,
apkei va Bpodpe pio axorovbia (z,) onueiwv tov A pe x,, # o Kot x, — o GAAA Yo TV 0Toio
dev woyvel 6t f(z,) — £ xabdgn — oo.

(B) Mg avaroyo tpomO, 1 0py1| TNG LETAPOPAS Hmopel vo dtatvmmBet yia ta 6pra twv Optopmv

4.11-4.13 Kot opNVETAL GTOV AVAYVAGT).
H apyn ™g petapopds eivar modd yprion oty aAyeppo tmv opimv.

Mpétaon 4.9 Eotw A éva un kevo ovvolo, A C R kot f,g : A — R ddo ovvaptioers. Av

lim f(z) =Ko lim g(z) = m, tore:
T—T0 T—T0

@ lim (f() +g(x)) = (+m.

B) lim f(z)g(x) = lm.

T—T0

(y) Av g(z) # 0 pro kdbe v € A kaum # 0, ot lim M = £
2= g(x)  m

Amooderln. H amdoeiln etvan dpeon epappoyn g apyns e Letopopds kat tov [potdoewy 2.7,

2.10 ko 2.11 1o v GAhyePpo TV opimv oTig akoAovdies, Kot emopévmg apnvetatl og doknon. L
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4.3 2vveyelc ouvePTNOELS

H évvola ¢ ovvéyelag elval amd T Mo oNUAVTIKEG OTNV avAALGT KOl OTO HoONUoTIKE
YEVIKOTEPOQ, £XEL OE EPOPUOYN OTN BE@PNTIKY LEAETT TG TOPOYDYOV KOl TOV OAOKANPOUOTOG [LOG
oLVAPTNONG, e Ta omoia B aoyoAnBole Ge emoOUEVA KEPAALOL.

I'eopetpikd, n évvola g cvvéyelng pumopel va eKPpactel pe évav moAd amAid Tpomo: Mia
oLVAPTNOT Elval CLVEXNG AV TO YPAPNUA TG 0V TAPOLGLALEL dtakoméS, OnAadn av faiovue Eva
HOADPL 6T pia KKpn) TOV YPOPTUATOC LTOPOVLE VA, TO S1ATPEEOVILE YWPIC VO ONKMGOVUE GE KON
OTLYUN TO LOAVPL.

AlTUTOVOVLE TAOPA TOV OVCTNPO OPIGUO TNG GLVEXELNS XPNCUYLOTOUDVTIOS TOV OPIGUO TOV

opiov.

Opwopoc 4.14 Eotw A éva un kevo ovvoro, A C Rkar f : A — R wa ovvéptnon. H f ovoualeton

ovverng o€ éva. onpeio xo tov A avto lim f(z) vrdpyer kor lim f(x) = f(xg), onladn av yia kabe
T—T0 T—T0

e > 0 omdpyer 6 = 0(e) > 0 téro10 hote

avx € Ape|r — x| <6 10te | f(x) — fzo)| < €.
1o xg ovoualeroun onueio ovvéyetag e f.

Opwopoc 4.15 Eotw A éva un kevo aovoto, A C Rxar f : A — R wa oovaptnon. Aéue o n f

givar ovveyng oto A av gival ooveyns o kabe xy € A.

Hapatipnon 4.12 (o) Eivar eavepd 611 n cuvéyela g f o€ éva onueio xo ogv givor Gueon
cuvénela TG VTLOPENG TOV mlgg f(z) povo. Ba mpémet, emmhéov, To Hpro awtd va eivar ico pe f(xg).
YUVETMDG, 1| GUVEXELDL LLOG GD\(/)('Ip‘CT]GT]g umopet vo, eheyybet uévo ota onpeia Tov Tediov 0pioUOD
™mg.

(B) Onwg eummwbnke oty [apatpnon 4.7, Tpokeévou va epaprocTel 0 0piopdg TOL xlg;l f(z)
0o mpémel To p va glvar onueio cveompedoemc tov A. Ta onueio Tov A mov dev eivan c?]uaia
oveompevoews ovopalovtol, Onmg elmope, pepovopéva onueie. Agdopévov Ot Béhovpe va
eréyCovpe T cvvéyelo G f o OAa Ta onpEi TOL TEHIOV OPIGUOY TNG, VO EVOLAPEPOV EPATI LA
etvau T cupPaiver pe ta Toxdv pepovopéva onueio tov A. H amdvimon eivon 6tin f etvon cuveyng
o€ OAa T pepovopéva onpeio Tov Tediov opiopod . ['a va to amodeifovpe, ag vrobécove OTL
70 T £ivan pepovopévo onpeio tov A, dniadn vdpyetd > 0 £tot dote To dSidotnua (xg—0, xo+9)
va, pnv mepiéxel ototyeio tov A extdg tov . Emopévag, av r € A kot |x — xo| < 9§, 1618 = = 230
Tdpa, yio To omowdnnote ¢ > 0 pe 10 cvykekpyévo § > 0, epdoov av & € A kat |z — zo| < 0,

EMETOL OTL T = X, EYOVUE
|f(x) = f(zo)| = |f(x0) — f(x0)| =0 <,
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T0 OMOI0 OMOBEKVVEL OTL xlin; f(x) = f(zo). To amotéreopa avtd givar evolapipov, oAld oyt
T0GO GNUAVTIKO, OEGOUEVOL (’)1?1 dev gtvan VNG UEVES 01 GUVAPTICELG TTOV TO TEHIO OPLGHOV TOVG
TEPLEYEL LELOVMOUEVO OTULETDL.
(v) Ipokeévov n f va etvar cuveyng 6to xg amonteiTon xll)n; f(z) = f(xg), Snhadn amarteiton
0

N Ymapén tov aviotoiymv mievpikdv opiov lim f(x) ko 1irn+ f(x) ko, emmiéov, Oa mpémet
T T

lim f(z) = f(xo) = lim+ f(x). Av kémoro amd to Tponyovpeva dev 1oydeL, 1 f dev eivat cuveyg
T—=T) T

07O X, KO 1] AOVVEYXELD TNG Umopel va kaTatayel o€ Eva amd o axkdAovOa tpia £10m:

(i) Av lim f(x)=/(= lim+ f(z) alké € # f(xg), T0TE N AOVLVEXELD OVOUALETAL “EMOVOLOONG
=T T

acLvExeln” N “apolun acvvéyxela”, vl propet va apBei O¢tovtag f(xg) = /.

(i) Av lim f(z) =0 #/(" = lirn+ f(zx), tote N acvvéyeio ovopdaletat “acuvéyeia o’ gidovg”
T T

N “acvvéyelo dApotog”.

(ili) Avto lim f(x) f/kon to lirn+ f(x) dev vrapyet, T0TE N acLVEKELD OVORALETOL “aTVVEKELL
T—=T) T

B’ €ldovg” M “ovoidong acvveyela”.

(6) H dpynon tov opiopod 611 GLUVEYELD CLUVOPTNCEMY gival ovaAloyn pe TV dpvnomn Tov
oplopov ota 6pla cvvaptioewy. Etouévmg, wa covdpmon f : A — R dev glvan cvveyng oe

éva onueio o Tov A av vrdpyet e > 0 £€to1 dote Yo kéOe & > 0
va vmhpyet x € A pe | — zo| < 6 0dAG | f(x) — f(xo)] > €.

Mopaderypa 4.10 (o) Ocwpodpe ) cvvapton f : R — R nov opiletar péom tov tomov f(x) =
¢, omov ¢ € R givan pio otabepd. Me tn forbsia Tov opropov uropovpe va deiovpe 6TL M f eivon
ovveng o€ kébe g € R.

‘Eoto tuyaio zp € R ko, yuo avtd 10 2, £0tm tuyaio € > 0. [Ipémel va Bpodue 6 > 0 tétolo
WoTE

avz € R e |[x — xo| < d 1018 |f(2) — f(20)| = |c — | =0 <€,

70 0100 WYVEL Yo omotodnmote § > 0.

(B) ®swpovpe ™ cvvapmon f : R — R mov opileton péow tov tomov f(z) = z. Me
BonBeta Tov opiopod propovpe va, di&ovpe 0TI M f eivan cuveyng oe kébe zo € R.

‘Eoto toyaio zp € R ko, yio avtd 10 20, €610 TUYaio € > 0. [Ipénet va Ppodue & > 0 této10
woTE

avz € R e |z — xo| < 010t |f(2) — f(20)| = |2 — 20| < £

omoTE OPKEL VoL TAPOLE ) = €.
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(Y) O@copovpe ™ cuvaptnon f : R — R mov opileton péom tov tomov f(z) = x* — 3z + 1.
Me ) Borfeta Tov optopov pmopovpe va deiéovpe 6t n f etvarl cuveyng oe kabe o € R.

‘Ecto toyaio zp € R ko, yio avtd 10 20, £010 TuYaio € > 0. [Ipénet va Bpodue & > 0 tétoto
woTE

avr € Rpe |z — 20| < 01618 |f(7) — f(20)| = |2 — 33 — 2] + 320 < €.
"Exovpe
|22 — 3z — 22 + 32| = |(z — x0)(z + 20) — 3(x — w0)| = |7 — wo||z + 0 — 3|
= |z — xollx — 20 + 220 — 3|
<z —zo|(|Jz — xo| + |22 — 3|) < 0( + |20 — 3]),

emopévag apket 6(8 + |2z — 3|) < &, dnhadf 62 + |2z¢ — 3]0 — e < 0, an’ dmov émetan OTL

— |22 — 3| — /|20 — 3|2 + 4e e —|220 — 3| + /|20 — 3|2 + 4e
2 - 2 ‘

Tovendg, yio omotodfimote d pe 0 < § < (y/|2x9 — 3|2 + 4e—|2x0—3]) /2, 0 opLopds ikavomoteitad.

[Mopatmpnote 611 0 § €optdTol amod 1o €.

4.3.1 Apyn ™S HETAPOPAS KOl AAYERPE TOV GUVEYDV GUVIPTCEOV

H apyn g petapopdc kot 1 GAyeBpa TV GLVEXDY GUVAPTICEMV Elval AVAAOYES LE ALTO TTOV

16 vOVY GTA OPLO. GLVOPTHGEMV.

Ocopnpna 4.10 Eotw A éva un kevo oovoto, A C Rkor f : A — R o oovaptnon. H | eivou
ovvexhs ato onueio xy Tov A av ka1 pévo av ya kabe axolovbia (x,,) onueiwv tov A ue x,, — o

woyver on f(x,) — f(xg) Kabdg n — oo.
Anooeiln. H anddeién etvar avaioyn avtig tov Oswpnuatog 4.8 kot apnvetol wg doknon. [

Mpétaon 4.11 Eotw A éva un kevo avvoto, A C R kot f,g: A — R dbo cvovaptioeig. Avor f, g

elVaL OVVEYEIS 0TO ONUELD T TOV A, TOTE:
(o) H [ + g eivou ooveyng oto xy.
(p) H f - g eivar ovveyng oto xy.

(y) Av g(z) # 0 prokdbe x € A, w616 1 i elvol ovVEYNS aTO T().
g
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Amodeién. H amddeién elvar Gueom epappoyn g apyng tng HeTapopds kot tov [potdoewy 2.7,

2.10 ko 2.11 yu v dhyePpa v opiov otig axolovdies, Kot etopEvmg apnvetat og doknon. L

Mpoétaon 4.12 Eorw A, B 6vo un keva oovola, A,B C Rkt f : A - R, g : B — R dvo
ovvaptioeis pe f(A) C B. Av i f eivar ovveync ato onueio xy o0 A kai 11 g €Ivor GOVEYHS 0TO

onueio f(xo) tov B, téte n go [ : A — R eivar ovveyijg ato xy.

Anooeién. H amdoein ompiletor otnv apyn g petapopds. Epdcov n f eivan cuveyng oto
onpeio zp tov A, av Bewpncovpe pa axorovbia (x,) onuelwv Tov A étol dote x, — g, TOTE,
amd TV apyn TG HETAPOPac, émeton ot f(x,) — f(z0) Kabdgn — oo.

Todpa, dedopévov 6TLn g givan cuveyng oto onpeio f(xy) Tov B, av Oewpncovpe tv axorovdio
(f(z,)) tov B, ywo v omoia 6mwg eimape woyvel f(x,) — f(xg), ToOtE, AMd ™V apyn TG
petapopdg, éneton 0t g(f(x,)) — g(f(zo)) 1 w0oddvopa (g o f)(z,) — (g o f)(xo) KabdG
n — oo.

Emopévag, av (,,) eivon pa axorovdio onpeiov tov A étot dote x,, — o, 101€ (go f)(x,) —

(go f)(xo) kabBdgn — 0o, omdTE, TEAL IO TNV APYN TG HETOPOPAG, g © f givar cuveyng oto xo.[]

4.3.2 Xuvéyelo KAOGGIKMOV GUVUPTICE®V

O1 TOAMOVOIKES, PNTES, TPIYOVOUETPIKEG Kol EKOETIKEG CLUVOPTIGELS YPNCLLOTOLOVVTOL TTOAD
oLYVA GTNV TPAEY, OTTOTE EIVOL CIULAVTIKO VO EEETAGOVLE TN GUVEYELL TOVC. X EMOUEVT TOPAYPAPO,
Oo LEAETNGOVE TN GLVEXELD TOV AVTIGTPOPOV TPLYMVOUETPIKDOV GUVAPTICGEWDY, TNG AOYUPIOUKNG
OLVAPTNONG KoL TNG YEVIKNG EKOETIKNG GLVAPTNONG.

IMpotaon 4.13 Eorw n € N. H ovvdpmion f: R — R ue f(x) = a™ eivou ovveyns oto R.

Amodeicn. H amdoeiln etvar e emaymyr g mpog n.

INo n = 1, onwg deiéape oto IMapaderypa 4.10(B), n cuvaptnon f(z) = z eivor cuveyng oto
R.

Av 10pa vrobécovpe 6t cuvaptnon f(x) = ™ eivon cuveyfig oto R, toten f(z) = 2" =
2"z, O¢ YvopeVo 600 cuveEXdV GuVaPTHGE®V, gival, ard v [Ipotacn 4.11(B), emiong ocvuveyng oto
R, 10 omoio 0OAOKANPOVEL TNV ETAYOYT). 0
Ipétaon 4.14 Mia rolvwvouixn cvvaptnon p : R — R eivar ooveyns aro R.

Amooeiln. Epocov 1 p givol ToA®VOIIKT GUVAPTNOT EXEL TN LOPPT

p(z) = apx™ + ap_1 2"+ arx + ag,

omov n € NU {0} xat ag, ay, . ..,a, € R pe a, # 0, ondte, and v TponyoduUeVH TpdTAGT, TO

Mopaderypa 4.10(a) ko v Ipdtaon 4.11(a)-(B), n p eivan cuveyng oto R. 0
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Mpoétaon 4.15 Mia pnei ovvaptnon f: A — R eivar ovoveyng oro A.

Anooeiln. Epocov n f etvan pnm cuvdptnon £xel  Hopoen

omov p, g molvdvopa pe g(x) # 0, ondte, oamd v mponyovpevn tpdtaon kot v [pdtaon 4.11(y),

n f elvar cvveync oto A. O
Mpotaon 4.16 (o) O1 ovvoptioeig sin, cos : R — [—1, 1] eivar ovveyeic oto R.

(B) O1 ovvaptioeigtan : R\ {kr +7/2: k€ Z} - Rrarcot: R\ {kr: k € Z} — R eivau

OVVEYEIS OTO TEOLO OPITLOD TOVG.
Amoodeiln. (o) 'Eotw xg € R. Ta toyaio € > 0 8€hovpe va Bpodue & > 0 étol dote
avz € R pe [z — x| < § 161¢ |sinx — sinzg| < e.

"Exovpe, Aoyw tov [potdocsmv 4.3(viii) kon 4.2(1),(1v),

. T — X T+ Zy T+ Xg
2sin cos

2 2

T — Zo
2

=2

sin

|sinz —sinzy| =

r — Tg

< 2
- 2

1=z — x| <0,

omoTE, OPKEL VO TAPOVUE § = £. ZVVETMGC, 1| GLVAPTN O Sin givat cuveyng oto R.
[Na va omodei&ovpe T GUVEKELD TNG GLVAPTNONG COS, UPKEL VOL YPT|CLULOTOUGOVLLE TV TPLYMDVO-

LETPIKN TOVTOTNTO
To— T . T+ X

COST — COS Ty = 2sin 5 sin 5
(BAéme IIpdtaom 4.3(X)) Ko v TPOoY®PNGOLLE OTMG GTI GLVAPTNGN Sin.
(B) Epocov
sinx
tanr = —— yw v € R {kn+7/2: k€ Z}
cosx
Ko

cos T
cotr = —— vy x € R\ {km: k € Z},
sinx
1N GLVEYELN TOV tan Kol cot 6TO TESI0 0PIV TOVG £meton amd To (o) kot tnv [Ipdtaon 4.11(y). UJ

Mpotaon 4.17 H ovvaptnon exp (x) : R — (0,400) e exp (x) = e* eivar ovveyng oto R.
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Anooeiln. Eotw xg € R. I[Ipokepévov va dei&ovpie 0TL 1 Guvaptnon exp eivatl Guveyng 6To T,

Ba pémet yio Toyxaio € > 0 va Bpodue o > 0 étol dote

T

avz € R pe |x — zg| < § 101 | exp (z) — exp (x0)| = |e* — ™| < ¢,
dniaodn, Bétovtag r = xg + h,

av |h| < 0 tote |e™0 T — ™| < ¢

"Exovpe, Aoyw g [Ipodtaong 4.4(a) kou twv AeyBévtov onv [Hapdypago 4.1.2(o1),

’6x0+h_6x0| — |ectoeh_€x0|:6550|eh_1|
i I & hn
= 601+h+5+§+"'+m+"'—1‘
< e%o |h|+%+w+...+w+...
- 2! 3! n!
h| | |R? [R[" A"
— Zo|h 1 -1 -
e||(+21+3!+ T T e T
|| [ A"
< evolpl (1 oo
_e||(+2+22+ + 5 T

n=0 11— —
2

urd Vv TpoimdBeon Ot |h| < 2 (Oote va cuyKAivel N YEOUETPIKT GE1PA), omdte Ba Tpémet § < 2.

Emopévamg, apkei va emlé€ovpie § 1€1010 dOTE

20 2e
el—— <eg, Modn d < ——
2—9 2e%0 + ¢
(mapatnpnote 0TI 6TV TEPINTTOON QLT I < 2), £TGL BOTE
|eToth _e®0| < ¢
Y
T0 01010 ATOJEIKVVEL TO {NTOoVEVO. U

4.4 Boowd Ocmpnpuoto cuveE®OV GUVUPTHCEMY

H ovvéyea elvar oyvpn 1010tT0. HOG GLVAPTNONG Kot EMOUEVAOS dev amoTeAel €KmANEN

OTL Ol GLVEYEIG CLVOPTNOELS OTOAAUPAVOVY CTLOVTIKES WO10TNTES. AVTEG TOV OVOPEPOVLE CTNV
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TapAypaeo ovth, 1o Ocdpnuo Méyiomg kot EAdyiomc Tyung kot 1o ®sdpnpa Evoapéoov Tyung,
aPOPOVY GLVEXEIS CLVOPTNHGELS OPIGUEVEG GE Eval KAELOTO dtdotnua. Kot ta dvo Bsmprpata eivon
eEapeTikd onpavtikd ko, otoOntikd, ival Kotavontd kot avapevopeva. I'a v amdoelén toug
YPNOLUOTO0VUE TN UEBODO TNG d1y0TOUNONC, 1| OTOola Eivat £val 1oYVPO ATOSEIKTIKO EPYUAELD.

To 600 Tp®Ta OewpnpaTa AEVE OTL Lo GLVEYNG CLVAPTNOT OPICUEVT OE EVa KAEIGTO ST
Oy LOvo givorl dve Kot KAT® epayrév), 0ALL EMITAEOV TTOiPVEL LEYIGTT KOl EAGYLOTN TN, ONAOT

TO (VM KO TO KAT® PPAypo lval 00O TIUEG TNG GVVAPTNOTNC.

Ozopnpa 4.18 Eorw f : [a,b] — R wa ovvaptnon ovveyic ato didotnuo. [a,b). Tote [ eivau

ave Kol KAt ppoyuevy), onlaon vrapyoov m, M € R értor aote
m < f(z) < M ywkdbe x € [a,b].

Amooeiln. Oa deiovpe pe €1g dTomo amaywyn 0Tl 1 cuvaptnomn elval dveo epayuévn. Eviehag
avAAOY0, ATOJEIKVOETOL OTL EIVOL KO KATM QPayréEVN.
Ag vobécovpe 6T M f givan ovveyng oto [a, b] 0AAE to ovvoro TV ™G Yoz € [a, b] dev

elvar Gvo epaypévo.

Eekwvavtag pe to dwotpa I; = [ag,b] = a,b], B0 xatackevdoovpe po akoiovdio
dowompudtov I, = [ay,b,| étor dote 10 cOvVOro TV ™G f Yo z € [ay,,b,] dev givar v
ppaypévo.

Ao v voeon| pog, To cHVOAO TIHDV NG f dev elvar Ave epayuévo Yo x € 1.

b b
['a va Bpovue to dtotpa I, Bewpodpe 10 péco Gith ot tov /;. Av 10 cOVOAO

2 2
b
Tt 1} dev givan Gve @paypévo, tote emhéyovpe Iy = [ag, by =

a; + by
2

TWwovV ¢ f yia ¢ € {al,
l a; + by
a,

5 } glvat dve epayuévo and

} . Av avtifeTa T0 GUVOAO TIMAOV TG f Yid T € {al,

ayp + bl
2

ay + bl
2

Ppaypévo, ToTe 10 1810 10YVEL Y1 TO GHVOLO TV NG f Yo x € [1 = [aq, by], To omoio avtiBaivet

b
G145 , bl] .'E101, o€

uio otabepd My, TOTE LVIOYPEMTIKA TO GUVOAO TIUAV TG f Yoo & € ) bl} dev glvar dvo

QPayUEVO (Yot dLopOPETIKE, 0V TO GUVOAO TILAOV TNG f Yo © € , bl} etvau emiong avo

oV vdBeon| pag). X’ avtnyv v nepintwon emiéyovps lo = [ag, by| =

KGOg mepintwon, povpe Ppet Eva drdotnua Iy = [ag, by €101 dote

(i)a:algaQSbZSblzb.

bl—al_b—a

D b —
(1) by —ay 5 9

(iii) To ovvoro Tudv g f Yo x € I3 dev glvan dve epaypévo.
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a2—|—bg

OewpoVUE TOPA TO LEGO TOV OlaoTNHOTOG 15 Kot emavarlapdvoupe tn dwadikacio. Me

aVTOV TOV TPOTO Katookevalovpe o axorovbia dtuompudtov I, = [a,, b,] étol dote
(1) a = ay §a2§---Sangbn§-~§b2§b1:byuxK(§t98n€N.

b—a
2n71

(i) b, —a, = v kabe n € N.

(iii) To ovvoro Tudv ¢ f Y x € [, dev etvan dve epaypévo yio kabe n € N.

Epooov 1,1 C I,, n topn TV dtootnudtov 1, eivatl éva pn Kevd 6OVoA0, ETOUEVMG TEPIEYEL
TovAdylotov éva onueio c. Oa deiovue 0TL TEPE el akpiPmg Eva onueio. Eotm 6t n Toun tov
dwomudtov 1, mepiéyel, extdg and 1o ¢, kot £va devtepo onueio d pe ¢ < d. Tote, ta ¢ ko d

mePLEYOVTOL 6TO TVYaio ddotnua I, omiadn a, < ¢ < b, xora, < d < b, yio kébe n € N, ondte

h—
0<d—c<b,—a,= 2n_?.

b—a

Agdopévov ot — 0 kaBdg n — oo, énetan 6110 < d — ¢ < 0, <Nhadn d = c.

n—1

Twopa, T0 uo%aéu«') onpeio ¢ avikel 6o ddompa I; = [a, b] Kot VIEPYOLV TPELS TEPTTOGELS,
c=anc € (a,b)fc=>b Ave € (a,b), epdoov 1 [ eivan cuveyig 610 ¢, Yo TVYQio € > 0
umopodue va Ppodpe § > 0 étor dote yo x € [a,b] pe | — ¢| < § wyder ot | f(x) — f(c)| < e.
Avto onpaivel oty x € (c— 0, c+0) wydver ot f(x) < f(c) + &, <hadr| o cHvoro Tiumv g f
Yoz € (¢ —d,c+6) eivar Gvo epaypévo. Av emhéEovpe éva katdrinro (apketd peydro) n € N,
10 Stbotnua I, mepiéyetal oo drdotnua (¢ — d, ¢ + J), onodte T0 GVVOAO TGV ™G f Yy = € 1,
etvatl avo epayuévo, 1o omoio avtiaivel oto (iii). Me Tov 1010 TPOTO KOTAANYOVUE GE ATOTO OV
c=anc=>b.

Ag vrobécovpe topa 61l ¢ = a. Epodcov 1 f elvar cuveyng oto a, yia tuyaio € > 0 umopovpue
va Bpodue § > 0 €tol dote yww z € [a,b] pe |z — al < § woydet ot | f(z) — f(a)] < e. Avtd
onpaivel 0Tt yw z € [a,a + J) woyder 6t f(x) < f(a) + &, dhadf To cvvoro TV ™G f Yo
x € [a,a + 0) givar Gvo epaypévo. Av emhéEovpe Eva katdAnio (apketd peydro) n € N, 1o
ddotpa 1, mepiéyetol 6to o [a, a+ J), omdte T0 cOVOAO THdV TG f Yoz € I, givar dveo
epoayuévo, To omtoio avtiPaivel oto (iii).

Av 1é)hog vmoBécovpe 0TL ¢ = b, N amddEIEN eivarl EVIEADC VALY LE QVTHV TNG TEPITTOONG

¢ = a, noipvovtog (b — 0, b] avtitov [a,a + §). O

Ozdpnpa 4.19 Eorw f : [a,b] — R o ovvaptnon ovveyis oo didotnua [a,b). Tote n | moipver

uéyioty ko eAdyiotn Ty, onAoon vmdpyovy x1, xs € [a,b] étol dote
flz1) < f(x) < f(z2) yakébe x € [a,b].
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Amodeiln. Oa deiéovpe 0TI M cuvdpTnon Taipvel péytotn Tiun. EvieAdc avaioya amodeucvietat
OTL TaipveL Ko EAAYLOTN TIUN.

Amn6 1o @empnpa 4.18, 1 f givar dve paypévn, dntadn to cdvoro tipdv g f yo = € [a, b]
givon (un Kevo kat) ave epaypévo. Eropévog vdpyet to supremum tov ko éoto sup f([a, b]) = s.
Qua deifovpe pe €1g dromo anoywyf 0Tl VIApYEL T2 € [a, b] ol dote s = f(x3).

‘Eoto 6t ioydet f(z) < s yokdbe x € [a, b]. Opilovpe ) ovvaptnon g : [a,b] — R pe

1
9(@) = —%— @)
H g eivon ovveyng oo [a, b] kot eropévog givar Gvo epaypévn, SnAadn o cHVoro TGV TG g Yo
x € |a, b] glvan Gve epaypévo 1 addoidg vrapyel M > 0 étor wote g(z) < M ya kdbe x € [a, b].

Thpa, oamd v [potaon 1.5, yia orowodnnote n € N vdpyet =, € [a, b] o1 dote
1
s— =< flwn) <5,
n

onAadn
1
n<——-—=g(z,) <M yokdbe n €N,

s — f(zn)

70 omoio onuaivel 61t T0 GHVOAO TV PLGIKAOV apBpdy N etvar ppayuévo amd to M, mov BéPara
etvan dromo. 0

Ag vrobécovpe tdpa OTL Yo pua cuveyn cvvaptnon f : [a,b] — R woyvel 6t f(a) < 0 ko
f(b) > 0. Avtd mov o avayvdotng Ha mepifeve yio pio TETOW GUVAPTNON Eivat OTL TO YPAENUA TG
“koPer” Tov opilovtio GEova o KAmolo onpeio Tov dtaothpatos (a, b), dniadn vrapyel p € (a, b)

étolL wote f(p) = 0.

Ozdpnpa 4.20 Eorw f : [a,b] — R wa oovdptnon ovveyng oo [a,b]. Av f(a) < 0 xou f(b) > 0,
tote vrdpyel p € (a,b) étor wote f(p) = 0.

Amodeiln. Eekivovtog pe 1o ddotnua 11, 6o Kataokevdcove po okolovbio StuoTHaTOV
I,, = [ay,, b, étor dote f(ay,) < 0 ko f(by,) > 0.

Amnd v vdbeon pog, yia o Sidotmua I; = [ag, bi] = [a, b] wyvet 6t f(ar) = f(a) < 0 ko
f(b1) = f(b) > 0.

b b !
T va. Bpodpe o Sidotnua I, Bewpotyie to péco b = - ar + by

5 Tovll.Avf( 5 =

b b
0, tote p = a1—2|— L AwpopeTikd, vapyovv 600 evdeydueva. Av f e Bk

> 0, tote

a1 + by a; + by

2

enhéyoope Iy = |ag, by = {al, ] Av ovtifeto f( ) < 0, tote emréyoovue

ai + by
2

I, = [ag,bs] = [ ,b1 | . 'Eto1, og kGBe mepintoon, Exovpe Bpet Eva didotmuo Iy = [ag, bs)

£TO1 WOTE
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(i)a:algaggbnglzb.
bl——al__ b—a
2 2

(ifi) f(az) < 0 < f(bo).

(11) b2 — Q9 =

, , , Qg+ by
Oe®POVUE TOPO, TO LEGO

TOV J106TNUATOC [ Ko emavaiappdvovpe T dtodikacio. Me

aVTOV TOV TPOTO KatookeLalovpe o axorovbia Stuotmpdtov I, = [a,, b,] étol dote

NDa=a1<a<--<a,<b, <---<by<b =byaxdben € N.

b—a

gn—1
(iii) f(an) <0 < f(by) Yo kG0 n € N.

(1) b, —a, = v kabe n € N.

H axolovBia (a,) mov katackevdoape givar adéovco kot Gve epayuévn, eved n (b,) givar

@Oivovsa Kol KAT® QPOayHEVT, ETOUEVMG Katl Ot 000 GLYKATvouv. Agdouévov o€ ot b, — a, =
b—a

2n—1

— 0 xobdg n — o0, émetal 0Tl

lim a, = lim b, = p
n—oo n—oo

Y10 kGmowo p € [a, b]. Epdoov 1 f givan ovveyng oto p, amd v apyn g LETOPOPES, Exovpe Ot

f(p) = Tim f(an) <0< lim f(b,) = f(p).

n—oo n—oo

ovvenag, f(p) = 0. O

Mapatipnon 4.13 To Osdpnua wydel kKon oty Tepintwon wov f(a) > 0 ko f(b) < 0. Apkei va
Oewprocovpe ™ cvvaptnon —f ot 0éon ¢ f.

To emdpevo amotéreoua eivan yvwoto wg Osopnua Evolapésov Tiung.

Ozdpnpa 4.21 Eorw | : [a,b] — R wa oovdptnon ovveyic oto |a,bl. Av f(a) < £ < f(b), tote
vrdpyet ¢ € (a,b) a1 dote f(c) = &.

Améoeién. Opilovpe ™ cvuvapmon g : [a,b] — Rpueg(x) = f(x)—E& Epdoovn f eivar cvvexng
o710 [a, b] ko g givor ovveyng oto [a, b]. Emmhéov, g(a) = f(a) — & < O ko g(b) = f(b) —& > 0,
omoTE, amd TO TPONYOVuEVO Bedpnua, VIdpyet ¢ € (a,b) étor dote g(c) = 0, dnhadn f(c) = £.0

Mapatipnon 4.14 To Bedpnua woyvel Ko otnv mepintoon mov f(b) < & < f(a). Apkel va
Oewpnoovpe T cvvdptnon — f ot Béon g f.
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Mo onpovtikny epappoyn tov swpruatog 4.20 eivor to enOUEVO OMOTEAEGHA, YVOGTO ®G

Beopnpoa Tov otabepov onpeiov.

Ozopnpa 4.22 Eorw [ : [a,b] — |a,b] wa covépyon coveyiic ato [a, b]. Tote vrdpyer ¢ € |a, b]

éto1 wote f(c) = c.

Aréoeién. Kat” apynv, av f(a) = a f/kon f(b) = b, t0t€ £)0ovpe T0 {NTOvUEVO.

Av tdpa dgv 1oy0EL KavEva oo To, 300, TOTE, £pOcoV ot TIHéS g f givar oto didotnua [a, b],
vroypeTIKA, a < f(a) ko f(b) < b. Opilovpe ™ cvvapmon g : [a,b] — R pe g(z) = = — f(z).
Epocovn f eivar cuveyng oto [a, b] koun g givan cuveync oo [a, b]. Emumiéov, g(a) = a— f(a) < 0
kat g(b) = b — f(b) > 0, ondte, and to Oedpnua 4.20, vrdpyet ¢ € (a,b) £rot dote g(c) = 0,
miadn f(c) = c. O

4.5 Xvuvéyewo avtioTpoens cvvapTnong

EeKVALLE ONUELDOVOVTOG OTL, EVO o YvNoimg povatovn (av&ovsa 1 eBivovsa) cuvaptnon eivar

1-1 (BAéme Aoknon 1), to avtictpopo dev oyvet. ['a Tapddetypa, 1 cuvaptnon

r—1, —1<x<0,
flx)=1 0, x =0,
2—z, O0<zx<1

givan 1-1, yvnoing avéovoa oto [—1,0) kot yvnoing edivovoa oto (0, 1], enopévag, dev givar
YVNGLOG HOVOTOV GE OAO TO TTEHI0 OPIGLOV TG,

Evtobtolg, pmopodpue va amodeifovpe 6t av I givor éva ddotnua oto R ko f @ I — R
poe cuvaptnon, 1 omoia eival cuveyng kot 1-1 oto I, tote n f €ivon yvnoimg avéovoa 1 yvnoimg
eBivovca 610 1.

Onwg deiyvel to emduevo Bemdpnuo, 1 yviolo HOVOTOViOL LG GLVEXOVS GLVAPTNONG £ivat

amopaitntn TpoimdHecn OOTE Kot 1 OVTIGTPOPT] TNG GLVAPTNGN VO ElvaL GLVEYTC.

Ocopnpa 4.23 Eorw [ évo daotquo, I C R ko f: I — R o oovéptnon, n omoia eivor yvnoiwg
uovérovn (avéovoa. 1 pOivovoa) kar avveyiic oto I. Téten =1 : f(I) — R eivou yvyoiwg povérovn
(avéovaa 1 pOivovoa avtiotorya) ka1 ovveyrs oto f(I).

Arméderln. Kat” apyfiv, avy € f(I),t6te f~1(y) = x av xar pévo av f(x) = y.

Ag vmdBecovpe Topa 6t f eivan yvnoiong adéovoa. (Avn f eitvarl yvnoing eBivovsa, 1 andden eivar eviehdg
avéroyn.) Tote 1o 10 1oyvet ko yio v £~ L. Tpdypatt, 610 41,92 € f(I) pe yi < yo, Kot 0g vVIoBEcovpE OTL

S~ ) = [ Hy2). Tote, Moyo g vedbeong pag,

FOU ) = F(F 7 (y2), mhodh g1 > v,
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70 omoio givar dtomo.

pokewévov va deifovpe ) cvvéyewa g f1, kot apyiv napompodue 6tLov I = [a, b], T6t8, £doOV 1 f
gtvan yvnolog av&ovoa, f(I) = [f(a), f(b)]. Av, ard v dGAkn, to I givon avorktd og éva amd Ta 800 N kot oto §vo
axpa Tov, N £va amd To. 000 1 Kot Ta. SV0 AKpa ToL gival ta 00, TotE, Ady® Tov Bcmpnuatog Evowopéoov Tymg 4.21,
1o f(I) eivar kGmowo Sidotpa. Oa mpénel Aowmdv, Yo kb yo € f(I), va deifovpe Ot ylgrylo ) = o).
YnoBétovpe 61110 g givan ecotepikd onpeio tov f(I). (Av 1o yo givar kdmoro omd ta dxpa tov f(I), Tote 1 0mdderén
glvat avaioyn.)

Epbdoov 1 f eivan yvnoiog av&ovoa, cuvenmg 1-1, vrdpyet povodd g € I étor dote yo = f(x0). Oa npénel yo

toyaio € > 0 va Bpodue § > 0 étor dote
oy € f(I) pely — yol < dvaroxve |f 7 (y) — F (wo)| <e,
Snikaidrl, Sedopévov 611 £~ (yo) = f(f (o)) = 20,
vy € f(I) pe f(zo) — 6 <y < fzo) + S vaoypeizy —e < f 1 (y) < 2o +&.

To (nrodpevo, xg — e < f~1(y) < mo + &, emParrel va woydel f(zg — ) < y < f(xo + €), Nhadn Oa O&raue va
1oYVEL
flxo—¢) < fmo) =0 <y < f(zo)+d < f(zo+e),

10 omoio pog whei va emAaé&ovpe § = min{f(xo +¢) — f(zo), f(x0) — f(xo — )} > 0 (epdoov 1 f givon yvnoing

avéovoa). Topa, pdcov, omwg Seifape, n f 1 sivar yvnoing adéovsa, 1 Tponyoduevn Sty avicoTTa Sivel
2o —e < fTHy) < wo+e, Snhadh [f 7 (y) — fH(wo)| < e,

0 omoto givat To {nTodpevo. ]

Hapatipnon 4.15 Eedcov, 6nwg sinape vopitepa, av o cvvdptmon f : I — R etvon cuveyng
kot 1-1 010 1, 1616 1 f €lvaryvnoing povotovn oto 1, nvndbeon “yvnoing povétovn” oto Osmpnuo

4.23 pmopet va avtikotactodet omd to “1-17.

[Tapovoidlovpe TOPO TN GLVEYEWD TOV AVIIGTPOP®OV TPIYOVOUETPIKOV GLVOPTNOE®V, NG

AOYAPIOLIKNG GLUVAPTNONG KOl TNG YEVIKNG EKOETIKNG GLUVAPTNOTNC.

Mpotaon 4.24 (o) H ovvdptyon arcsin : [—1,1] — [—7/2,7/2] eivou yvyoicws adéovea kot
ovveyng oto [—1, 1].

(B) H ovvéptnon arccos : [—1,1] — [0, 7] eivou yvyoicwg pBivovea kar ovveyiic oto [—1, 1].
(y) H ovvaptnon arctan : R — (—7/2,7/2) eivar yvnoiowg avéovoa ko ovveyns ato R.

(B) H ovvéptnon arccot : R — (0, ) eivau yvioicwg pbivovoa kai ooveyne oto R.
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Arddeln. (a) H ouvéptmon sin : [—7/2,7/2] — [—1, 1] eivan yvnoing avéovoa. Tpdypuartt,
av z1, 2 € [0,7/2], amd TV TOpAGTACT TOV SiN T GTOV TPLYOVOUETPIKO KOKAO, 0oppéet Gpeca
ot sinzy < sinxe. Av todpa 1, x9 € [—7/2,0] pe 1 < 9, 1016 —x1, —22 € [0,7/2] KO —29 <
—I1, OTOTE, sin (—x2) < sin (—x1). Agdopévov tdpa 6TL N sin givor TEPLTT SLVAPTNOT, EYOVUE
—sinzy < —sinzy, ONAadn sinz; < sinxy. EmmAéov, and v IIpodtaom 4.16(a), n sin givor
cvveyng oto [—7/2,m/2], enopévac, and to Oedpnua 4.23 éneton 6TL 1| cLVAPTNHOT arcsin givat
yvmoing abvéovoa kot cuveyng oto [—1, 1].

(B)-(8) Avaroya, uropovpe va arodgifovpe 61t o1 cuvaptioelg cos : [0, 1] — [—1,1], cot :
(0,7) — R eivon yvnoing ebivovoeg koun tan : (—7/2,7/2) — R givon yvnoiog avéovoa, evo,
and v [Ipdtaon 4.16, 6Aeg elvarl cuveyeic oto medio opiopov Tovg. Emopévac, to (ntodpevo éneton

amnd 10 Osdpnua 4.23. O

Mpotaon 4.25 (o) H ovviptnon In : (0, +00) — R eivar yvioiog avlovoa kar ovveyng oto
(0, 400).

() Eorw a > 0. H ovovdptnon a* : R — (0, +00) eivar ovveync oto R.

Ardderén. (o) H ovvaptnon In givor n avtiotpoen g cvvaptnong exp (z) : R — (0, +00)
ue exp (r) = €*, n omoia, and tig Ipotdoeig 4.4(8) ko 4.17, givan yvnoing av&ovoa kot GuVEXNS
010 R, omote, and 10 Oedpnua 4.23, Eneton 6T N avtictpoen ¢ In givan yvnoing avéovoa kot
ovveyng oto (0, +00).

(B) H cuvéptnon a®, a > 0, opiletar g a® = €*"?, dnhadn etvon 1 chvOeon Tov cuvapThcEmv
g(x) = e* kot h(x) = xIna, or omoieg eivar cvveyeig oto R. Emopévamg, n cuvéyewa g a” oto R

éneton and v [pdtaon 4.12. O

4.6 Aocknocelg

1. 'Eotw A éva pun kevo ovvoro, A C Rxot f : A — R po ovvdptnon. Agi&te 6trav n f elvan

avotpd povotovn, tote N f givan 1-1.

2. Yrmoloyiote 10 medio optool Kot T0 GHVOLO TILAV T®V 0KOAOVO®OV GLUVOPTICEMV:

@) f(z)=2".
.. x?
(i) f(x) = .
2
(i) f(z) = for -

(iv) f(z) =sinx + z.
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(v) f(x) = cosz + 22

3. Xpnouomoimvtag tov opiopd tov opiov dei&te 0Tl

. Vit —y1l—x
Iim

z—0 €T

=1.

Ymoloyiote 611 GLVEYELD TO 1010 OPLO YWPIG TN YPNOT TOL OPIGLOV.

4. Ymoloyiote o akdAovBa Opta (€pOGOV VILEPYOLV):

. T2 =2x4+1
1) lim ——.
z—1 32 + 20 + 2
X2 —=3x+2
(i) alclamla:?’—3x2+2'
e . X3 —8
(111) gljl_)n”éx_z.

V) lim Va(VaT1-va),
NrEY

(v) lim .
z—0 €T

i) fim YETT
z—+00 \/T + T

.o ;. SINT
(vil) lim —.
x—0 2

e 1 1
(viii) lim z sin —.
x—0 x
. . 1
(ix) lim zsin-—.
r——+00 €T
xsinw

(X) xgllloo 1+ x2 )

5. Boto f : R — R wa cvvapmon cvveyng oto 0 ko f(0) = 1. Aei&re 611 pmopovpue va

Bpovpe 6 > 0 étor dote Yo k6be = € (=4, ) va 1oydet Ot = < f(z) < =

6. E&etdote g mpog TN cuvEYELn TIC 0KOAOLOES GUVAPTHGELS:

1
r?sin— Yz # 0,
T

(i) f:R—Rus f(z) =

0 vy x = 0.

1.1

— gin = 0,
(i) fRoRpuef(z) = 4 20y T@er?

0 vy = 0.
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7. Ymoloyiote Tig TWES TV a Kol b £T61 DGTE 01 TOPAKAT®O GLVAPTAGELS Va. eivol cuVE)EIS 6TO
R:

( 20 +1 yox <2,

() f:R=Rpef(z)=q ar—b yaz e (2,3),

\ 2 +2 oz > 3.

(31:+6a yoxr <1,

() f:R—=>Rpe f(zr) =< 2ax—b vz el 3,

[ 7 - 2b x> 3.

n

1
8. Eoto [ : A — R o ocovapton pue 0 € A. Av f < ) = (—=1)"yoexabe n € N, 16t 0 f
dev glvar ovveyng oto 0.

9. Eoto f : A — R o cuvapmon. Av vadpyet otabepd a > 0 tor dote |f(x1) — f(22)] <

alry — zo| yu kéOs 1, x5 € A, deibte 6T n f givon cvveyng oto A.

10. ‘Eoto f : R — R pa ovvapmon pe |f(z)| < |z] yo k4Oe € R. Aegi€te ot n f eivon

ovveyns oto 0.

I1. Eoto f : R — R po ovvdptnon ovveyng oto R. Ta dedopévo a; € R, opilovpe pa
akohovdio LEG® TOV OVASPOUIKOD TOTTOV Gy i1 = f(ay), n=1,2,.... Av lim a, = a, t01€

12. "Eoto f : R — R po ovvaptnon cvveyfig oto R. Av f(0) = — f(1), tote vmdpyer g € [0, 1]

étor wote f(zg) = 0.
13. Asgi&re 6t e&iowon 2 — 3x — sinx = 0 §get Tovhdyotov pia pila oto didotnua (0, 1).
14. 'Eoto o, 8,7 > 0 kou A < p < v. Agi&te 6111 e€lomon

a
TR )
r—\N T—pu x—V

éxel tovddyiotov pia pila og kGbe éva amd Ta draothpata (A, p) Kot (i, v).

15. '‘Eoto f : [0,2] — R pa ocvvaptnon ovveyng oto [0, 2] pe f(0) = f(2). Aci&re ot vmapyet
zg € [0,1] étor dote f(xg + 1) = f(xo).

16. '‘Eoto f : (a,b) — R ma cuvapton ovveyng oto (a, b). Exeln f péyom kot eldyiot tun

ot0 (a,b); Av vai, arodei&te 10. Av 0x1, dSDOTE TOPASELYILOL TETOLOG GLVAPTNOTG.
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17.

18.

19.

20.

‘Eoto f : [a,b] — R pa cvuvdptnon ocvveyng oto [a,b] pe f(x) > 0 yio kdbe = € [a, b].

Agi&te oL vmapyet m > 0 étor wote f(x) > m yu kébe x € [a, b].

‘BEoto f,g : [a,b] — R 800 cvvaptiocelg cvveyeic oto [a,b] pe f(z) > g(x) ya kabe

x € [a,b]. Aei&te 6L vapyer m > 0 étor wote f(z) > g(x) + m ywo kdbe x € [a, b).

‘Eoto a € [0, 7]. Opilovpe o oxolovbia pe a; = a Kot a,41 = sin(a,), n = 1,2,.. ..

Agi&re 6t lim a,, = 0.

n—oo

‘Eoto f : [a,b] — R wo cuvaptnon cuveyng oto [a, b] ko zq, Xa, . . ., 2, € [a, b]. Aei&te 6T

VIAPYEL T € [a, b] o1 DoTE

Fl@n) + f(@s) + o+ f(wn)

n

f(xo) =
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Kepdiarwo 5

Hapayoyor

5.1 IMopdyowyog pog covaptnong
Opwopog 5.1 Eorw I évo dwsotnua, I C Rk f : I — R wa oovaptnon kor xg € 1. H f
0VOUGLETOL TOPAY@YITIUN OTO T AV TO OPILO

lim f(xo+h) — f(xo)
h—0 h

vIdpyeL. ZTny mepintwon ovth, o dpio couPoliletor pe f'(xg) koa ovoualetor mapdywyos g f oro

OoNuELo xy.

Hapatipnon 5.1 To mapondve dpro, Bétovtag xg + h = x, maipvel T popoen

i @) = flao)
T—T( T — X

E@dcov vrdpyet, | f ovopdleton mapaymyioyn oto xy pe mopdywyo f/(xg).

Opwopoc 5.2 Eorw I éva owaotnua, I C R kot f: I — R o ovvdptnon. Aéue ot n f eivou

rapoywyiowun aro I av givar mopaywyioiun oc kabe xy € 1.

Hapaderypa 5.1 (o) Oswpovpe ) cvvapmon f : R — R mov opiletar péom tov tomov f(z) = ¢,
omov ¢ € R elvan pia otabepd. Me 1 Bonfeta Tov opiopov pumopovpe va dstéovpe 6t n f etvan
nopaywyiown og kabe xo € R ko f'(xy) = 0.
[pbrypart,
f(fﬂo—i-h)_f(x[]) li c—c¢

lim = lim
h—0 h h—0 h h—0h  h—0
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(B) ®ewpovpe ™ cvvapmon f : R — R mov opileton péow tov tomov f(z) = z. Me
Bonbela tov opiopod pmopovpe vo deiovpe 0TI M f givon mapaywyiown os kébe rop € R kot
f/(l'o) = 1.

[Ip&ypart,

lim Lot M) = flao) o woth—zo o b g
h—0 h h—0 h h—0h  h—0

(Y) ®copovpue ™ cuvaptnon f : R — R mov opileton péom tov tomov f(z) = x? — 3z + 1.

Me ) Bonfeta tov opiopod pmopovpe va deiCovpe 6t f etvor Tapaymyion og kébe o € R kot

f/(xo) = 2z¢ — 3.
Hpaypatt,

fim L0t M) = flwo) (ot 1) - 3o £ h) 41— a + 3w — L

h—0 h h—0 h
— lim $(2)+2$0h+h2—3x0—3h_x%+3$0
- h—0 h

. 2xoh+h*—3h

= jm n — lim (220 + h — 8) = 29— 3.

(8) Oswpodue ™ cvvaptmon f : R — R mov opiletar péow tov tomov f(x) = |x|. Aedopévov

ot
T avz > 0,
-]
—r avz <0,
éneton 0L f'(x9) = 1 y1o 29 > 0 (BAéme (B)) ko, avéroya, f'(zg) = —1 ywa g < 0. Tww zg = 0,
Exovpe
h) — h
tim LOED SO P i i 121
h—0t+ h h—0+ h h—0+ h h—0t
Ko ) ) )
0 — f(0 —
fim LOF = SO W 2P i cy = 1,
h—0- h—0- h  h=0- h h—0-
0+h)— f(0
omoTE, T0 }llin% JO+ li 1) dgv vdpyel, cuvendc, M f dev eivon mapaywyicyun oto zy = 0.
—

() ®swpovpe ) ovvdpton f : R — R mov opiletar péow tov tHMOL

f(x)—{ r avzx >0,

¢ avzx <0.
Koz’ apynyv, f/(xo) = 1y g > 0 (BAéme (B)) ko, avdroya pe 1o (v), f/(xg) = 220 100 2o < 0.
[Na x¢ = 0, éxovpe

lim f(O+h)— f(0) . h—=0 . h

h—0+ h—o+t h h—0+ h  h—0+t




Kot

_ 2 _
lim fO+h) = 0) = lim =0 = lim h=0,
h—0~ h—0~ h h—0~
. 0+h)— f(0
omoTE, TO }1L1n(1) fO+ 2 1) dgv vdpyel, cuveEndC, M f dev givan Tapaywyicyun oto zy = 0.
%

Ocopnpo 5.1 Eotw I éva owotnua, I C R kror f : I — R wa ooviptnon. Av n [ eivou

rapaywyiown oto Ty € I, tote n f eivar ooveyng oto xy.

Anooeiln. Epocov n f etvan mopaymyioun oto xg, omd v [Hapatipnon 5.1, éxovue
f(z) = f(@o)

Iim = f/(.’L'(]).
T—T0 T — Xg
Topa,
. . f(x) = f(xo)
1 — = lim —————=(z —
Jim (7(@) = J(w)) = Jim SO (0 )
= im LO @) G ) = Flae) 0 =0,
T—rT0 T — 1‘0 T—T0
oToTE,
lim f(z) = f(zo),
TO 07010 OTOJEIKVVEL OTL T f €IVl GLVEYNG OTO . 0

Mapatipnon 5.2 To avtictpopo dev woyvel, dnAadn av 1 f gival cuveyng oto xg, T0TE N f Oev
glva Kat’ avayknv mopoyoyioun oto xy. ['o mtapdderypa, n cvvdpmon f : R — R wov opileton

uéo® tov Tomov f () = |z| sivon cuveyng adld dev givar Tapaymyicun oto 0.

To amotélecua Tov Oewpruatog 5.1 pumopel vo amoTEAEGEL EPYUAELD Y10l VO GUVAYOVLLE T N

TOPAYOYIGIUOTNTO OGS GUVEAPTNONG.

Kprmpro pn mapayoyiowwoétntoeg Eotw I éva daotquo, I C R kot f: 1 — R wa oovéptnon.

Av y f oev eivar ovveyng oo xy € 1, tote i f dev eivou mapaywyiowun oo x.

Mapaderypa 5.2 H ocvvépton f : R — R mov opiletan péow tov tHmov

f(x):{l vz > 0,

-1 ywzxz <0,

dev givar cvveyng oto 0. Emopévac n f dev eivan mapaywyioun oto 0.
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5.2 Kavoves mopoydyions

Ot kavoveg TopaydyIoNg Eivot amapaitnTol Y10 TOV VITOAOYIGHO TMV TOPAYDY®Y TOAVTAOK®V

GUVOPTNCEMV.

Mpétaon 5.2 Eotw I éva owaotnua, I C R xar f,g : I — R dvo cvovaptioeig. Yrobérovue ot o1

f, g eivau mopoywyioyes oto xo € 1.
(a) H ovvéptnon f + g eivar mapaywyioun oto xg kar (f + g) (o) = f'(x0) + ¢’ (x0).
(B) Ta kébe a € R, n oovdptnon a - f eivar mapoaywyioyun oto xo ko (a - ) (xo) = af'(xo).
(v) Hovvapmon f - g eivar mopaywyioymn oto xo xai (f - g)'(z0) = f'(x0)g(xo) + f(20)g' (xo).

(0) Av g(x) # 0 y10. kdbe x € A, 1016 N GLVAPTHON = EIVOL TAPOYWYIoIUN OTO T KOl
g

Y oy = £(@0)g(z0) — f(x0)g'(z0)
(5) b

Anooeiln. Epocov ot f, g eivon mapaymyioiueg 6to g, £(OVUE

fxo +h) = f(x0)

. gt
fig = = )
- (zo + h) — g(@o)
. g(xo+h)—g(xo)
fig = )

Xpnowonrowwvtog topa v [Ipdtaon 4.9, pmwopovpe va Tpoy®pnocove oTny omdoeén Hog.

(o)) Eyovpe
9ot ) = (f+g)(0) _ S+ k) + gla+ h) = (f () + g(xo))
h—0 h h—0 h
~ im f(zo+h) — f(xo) + g(zo + h) — g(x0)
h—0 h
~ lim f(o + h})L mEACN lim glzo + hf)L — (@) _ () + ¢/ (o),

a6 to omoio émeton To {nTodEvo.

(B) "Exovpe
y (a-f)(wo+h)—(a-f)zo) .. af(xo+h)—af(z)
im —
h—0 h h—0 h
— CL}ILIE)I'(I) f( 0+hl1_f(l‘0) :le/(xO)a



and 10 omoio £metor 10 {NTOVLEVO.

(v) Exovpe

lim (f - 9)(zo+h) = (f-g)(x0) _ lim f(@o + h)g(xo + h) — f(xo)g(@o)

h—0 h h—0 h

i f(@o +h)g(zo + 1) — f(mo)g(zo + 1) + f(0)g(xo + 1) — f(0)g(20)
h—0 h

~ im (f(zo +h) = f(x0))g(xo + h) + f(x0)(g(x0 + h) — g(x0))
h—0 h

= tim PO Z I i g 1) 4 ) pim 20 = 9(20)

= f'(w0)g(z0) + f(w0)g'(20),

omov }llin% g(zo + h) = g(z) Myo® TG TOPAYOYIGIUOTNTAS KOl ETOUEVOS, and T0 Oesdpnua 5.1,
_)

TNG CLUVEYEWLS TNG g OTO L. LVUVETAGS, Taipvovupe To {nNToduevo.

1 1
() Kat’ apynv, epoécov — = f - —, eEetalovpe TNV TOPAYOYIGIUOTNTO TS GUVAPTNONG —.
g g
"Exovpe

1 1 1 . g(zo + h) — g(wo) 1

lim — — = —lim

h—0h \g(xo+h) g(xg) h—0 h g(x0)g(xo + h)

_ b g(zo + ) — g(wo) 1 _ g(@)

g(xo) h—0 h }111{{(1] g(wo + h) (9(x0))?’

dmov }llin(l) g(xo + h) = g(x0) MOY® TG TAPOY®YIGIOTNTOG KL EMOUEVMS, and T0 Oedpnua 5.1,
—

NG GLVEYEWS TNG g OTO To. Emopévag,
1Y g'(xo)
(Y-
g (9(0))

1
Topa, To {nroduevo Emetor amd TV aproyn Tov () oTo ywvouevo f - —. U

To axdAovbo amotéreopa eivol YvmoTo cav KOvOvas TG aAVGioas Kot apopd TOV LITOAOYICUO

NG TOPAYDYOL TNG GVVOEST|G OVO GLVOPTHCEMV.

Ocopnpae 5.3 Eotw I,J ovo un xeva oovola, I,J C Rwou f : I — R, g : J — R
ovo ovvaptioeis ue f(I) C J. Av n [ eivar mapoywyiown oro onqueio xo tov I ko1 1 g eivou
ropoywyioun oto onueio f(xg) tov J, wote n go f : I — R eivou mapaywyiown oto o kot

(g0 f)(x0) = g'(f(x0)) [ (0)-
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Amooeiln. Aedopévou Ot

(gof)x) = (go fllxo) _ g(f(x) = g(f(w0)) _ g(f(x)) = 9(f(x0)) f(x) = f(x0)

T —Xo T — o f(x) — f(xo) r—xz9

vrd v TpovimdBeon ot f(z) # f(x), TO

i (990@) = (g0 (o)

T—T0 T — X

VILAPYEL EPOCOV TOL

. 9(f(x)) — 9(f(x0)) . f(z) — f(zo)
AR @~ @) R
VIApYoLV. AVt PO 001 YEL GTO VO OpiCOVLE TN GLVEPTNON
9(y) — 9(f (o)) .
o) = Y — f(z0) avy # f(zo),
9'(f (o)) avy = f(xo).
Tote,
Q(f(x)a)c : !;Ef(il?o)) _ w(f(x))f(x; : £§$0)7

N omoia opiletar yio kGbe x € I \ {xo} ywti, akopa Kot av yio avtd to x wyvel f(z) = f(xo),

T 500 pédn pndevilovran. Topa, To lim f(z) = f(zo)
T—T0 T — Xy
f etvon mopaymyicun oto onueio zo. Emmiéov, n f og napaywyicun ivoar cuveyng oto xp Ko,

vrdpyet kot gtvan ioo pe f(xg), epdoov 1

gpOoOV 1 g givar Tapaywyion oto f(xg), n ¥ givar cuveyng oto f(xg), cuvenmgn odvbeon ¢ o f

gtvat cuveyng oto xo. Omdte, to lim ¢ ( f(z)) vdpyet ko givar ico pe ¥ (f(zo)) = ¢'(f(x0)). Apa
Tr—x0

i AHDZITED iy 7)) tim HDZIE0D ) ),
70 07010 OTTOdEIKVEL TO (NTOVUEVO. U

5.2.1 Ilopdaymyog g avtioTpoPns cvuvaptnong
To emdpevo amotéreopa Bo etvar ypNoO GTNV ETOUEVT TOPAYPOPO.

Ozopnpoe 5.4 Eorw [ évo digotnua, I C R kou f: I — R o ovvéptnon, n omoio. eivar yvnoiowg
Hovorovy kai ovveync ato 1. Av i [ eivar wapaywyioyn oto onueio vy € I ko f'(xg) # 0, wote 1

[~ f(I) — R eivou mapaywyiown oto f(xg) kot 1oydet

(fi )/(f(xO)) = f,<x0) :
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Arnoderln. Yndbetoope 6t f elvon yvnoing avéovoa. (Avn f eivar yvnoing phivovoa, n arddeln ivo viedmg
availoyn.) ®a mpénet va deifovpe 611 10

lim 1 (f(mo) + h) — fF~1(f(20))

h—0 h

vrdpyel kot gtvon ico pe 1/f(x). Tdpa, epocov f(xzg) + h € f(I), pnopovpe va Bpodue povadixd k = k(h) étol
dote f(xg) + h = f(xo + k), onodrte,

i L @) £ 1) = o) S o+ k) = (o)

h—0 h h—0 f(xo + k) — f(xo)

lim —fotk=zo o i
h—0 f(zo + k) — f(zo) h—=0 f(zo+ k) — f(z0)

Agdopévov ot f(x0) + h = f(xo + k), &xovpue 611 f~1(f(20) + h) = 20 + k, emopévag, k = f~1(f(xo) + h) —
F71(f(z0)). Epdoov, amd 1o @chdpnpuo 4.23, pe Baon tig vrodéceig pag,  f 1 eivar suveyng oto f(z0), naipvovue

lim k = lim (f " (f(zo) + h) — f 1 (f(z0)) = O,

h—0 h—0
GUVETAG,
i @) 1) = (o)) _ k _ ! _ 1
h—0 h =0 f(xo+ k) — f(zo) lim flxo+k)— f(zo)  f'(m0)’
k—0 k
70 0T0{0 OTOJEKVDEL TO {NTOVUEVO. 0

Mapatipnon 5.3 Av f/(x9) = 0, tote n (f 1) (f(z0)) dev vrapyet. Av vanpye, omd Tov Kavovo,
g aAvcidog (Gewpnua 5.3), Ba elyape

(f o f) (o) = (F 1) (f (o)) f'(z0) = 0,

evod (1o f)(z) =z, omore, (f o f) (zo) = 1.

5.3 IMopdyoyor KAUGGIK®OV GUVAPTI|CEMV

OLTTOAOVOLUKES, PNTES, TPIYOVOUETPIKES, OVTIGTPOPES TPLYMVOUETPIKEG, EKOETIKEG KO Aoyapl-
Okég ocvvaptoelg KaBdG Kot 1 Yevikn eKOETIKY] GuVAPTNOT, €KTOC TOV OTL iVl CNUOVTIKEG
amd HUOVEC TOVG, TOAAEG POPEG AMOTEAOVV Kol LEPOC TOAVTAOKOTEP®V GLUVAPTICEMY, OTOTE Elval
OTLLOVTIKO VO VTOAOYIGOVLE TNV TOPEY®YS TOLG,.

() Movavopa (pe Betikd kot apvntikd ekfétn) H cuvapmon f : R — R mov opileton péow
o Tomov f(z) = 2™, n € N, eivan mapayoyicyun oto R kar f/(x) = na™ L,

H anddeién elvon pe emaywyn og mpog n.
lNon = 1,1 f(z) = z, donwg anodeiydnke oto (B) Tov TPONYOLLEVOL TOpAdELYILOTOS, Eivat

nopayeyiown oto R ko f/'(z) = 1.
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Av tdpa vrobécovpue 6t n f(z) = 2" eivon mapayoyicyn oto R kar f/(z) = na™ 1, t61e ya

mv f(z) = 2" = 2"z = g(z)h(x) &ovpe, amd v [Ipdracn 5.2(y),
f'(x) = ¢'(x)h(x) + g(z)h (z) = na" 1o+ 2"1 = (n + 1)2",

TO OTO10 OAOKANPMVEL TNV EMOY®YN KoL ATOSEIKVOEL TO (NTOVUEVO.
O 10mog TG mopaydyoLv eivarl avaroyog Otav o ekBETNG eivar apvnTiKOS. ZVYKEKPIUEVA, T

ovvapmon f : R\ 0 — R nov opilerar péow tov tomov f(z) = 27", n € N, givon nopayoyioyn

oto R ko f/(z) = —na—"" L,
1
‘Eyovpe f(z) =2 = — = ﬁ, ondte, amd TV omodelln g Ipdraong 5.2(8), £xovue
" glx
g’(a‘:) nl’n_l nmn—l .
fl(z) =~ = - = — =—nx ",
(g(z))? (z)? 2

(B) Holvovopikéc ovvaptioels Av Osmpnoovpe v ToAvovopkn covdptmon p : R — R pe
p(x) = apx™ + ap_12" 1 + -+ + a1 + ag, 6mov n € NU {0} xot ag, ay, ..., a, € Ruea, #0,
161¢, and v [Ipotaon 5.2(a)-(B), to (o) mponyovpévemg kot to Iapdderypa 5.1(a), suvdyovpue 6tL

n p etvor Tapayoyicyn oto R ko
P(z) =na, 2" '+ (n—Da,_12" >+ +ay.

() Pntéc svvaptieels Av Bempnoovpe ) pnti oovapmon f : A — R g popong f(x) =

M, omov p, ¢ molvdvopa pe g(z) # 0, tote, and v [Ipdtoon 5.2(8), émetan 6t n f givon

q(z)

nopayoyioun oto A Kot

(0) Tpryovopetpikég cvvaptiosis O vroloyiopdg TG TAPOYDYOL Yo TO NUITOVO KOt TO
ouvnpitovo yiveton LEC® TOL OPIGHOD, EVM Y10, TNV EQATTOUEVT KOL TI GUVEPOTTOUEVT) EQaPUOL0-
VTOG TOLG KOVOVEG TOPOYDYLIONG.

(i) Huitovo ka1 ovvnuitovo Ogopodue ™ ocvvaptmon sin : R — [—1,1], yio v omoia

umopodpe va deiovpe 611 eivar topaywyioun ot k6be x € R kau sin’ (z) = cos z.

[pbrypart,
2 sin h cos + h
J— :L‘ —
. sin(z+h) —sinx 2 2
lim = lim
h—0 h h—0 h
sin — h
= lim 2limcos<x+§):1-cosx:cosx,

h—0 h h—0

2
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, L, . sinh
YPNOLUOTOIDOVTAG TO YV®OSTO Opto lim —— = 1.
h—0 h

Evtehdg avdloya, pmopovpe va arodeifovpe 61t | ovvaptnon cos @ R — [—1,1] eivan
nopayeyiown oto R kat cos’ (x) = — sinz. H anddei&n apnveror og dGoknon.
(i) Epomtouévn kar ovvepomrouévy O@smpodue ) covapmon tan : R~ {kr+7/2: k € Z} —

, sinz . . : . . .
R. Epocov tanx = , omd v IIpotaom 5.2(9), Emeton 6111 tan givor mopaywyicyn oto nedio
cos T

OPIGHOV TNG Kot

tant () coszcosz —sinz(—sinz)  cos’x +sin’x 1
an’ (r) = = = :
cos?x cos? x cos?x

Evtehdg aviroya, propovpe va anodeifovpe 0tin ovvaptnoncot : R~ {kr : k € Z} - R

etvan Tapaywyioun 6to medio opiopov TG Kot

cot' (z) = —

H amodeién apnveror og doknon.

() AvtioTpoeg TpryovopeTpikés cvvaptiosls H mapdywmyog g kdbe cuvdptnong vmoroyi-
Cetan yoplotd.

(i) Toco nutévov Bewpovpue to TO&0 NTdvov arcsin : [—1,1] — [—7/2, 7/2] mov opileton
og arcsin (y) = = av kot povo av sinx = y ywo x € [—x/2,7/2]. Epdcov 1 cvvaptnon sin
elvar mapaywyiown oto [—m/2, m/2] koa sin’ (z) = cosx # 0y x € (—m/2,7/2), éneton 611N
cvvaptnon arcsin givon Tapayoyiown oto (—1, 1) ko

arcsin’ (y) = Lo 1
Y i (r)  cosz’

A&dopévo 6Tt sine = y kar z € (—m/2,7/2), XpNOWOTOIOVTOS TV TAvTOTHTO sin® x + cos? 2 =

, TToll T = —sin“x = — Y2, omote,
1, moipvoopue cos 1 — sin? 1 2 omote

. 1
arcsin’ (y) = ——, y € (—1,1).
1—y?
AAGlovtag petaAnTy| and y o€ x, EYOVUE
1
arcsin’ (z) = ———, v € (—1,1).
(ii) Todo ovvnuutovov Oempobpe o TOE0 cuvnutdovov arccos : [—1,1] — [0, 7] wov opiletan

o¢ arccos (y) = x av kot povo av cosz = y ywo. x € [0, 7]. Epdcov n cuvéptnon cos eivar
nopayoyiown oto [0, 7] kot cos’ (z) = —sinz # 0y € (0, 7), éngrat 6TL 1 GLVAPTNON arccos
givon mopayoyiown oto (—1,1) ko

arccos’ (y) = L1
Y= oy (r)  sina’




Agdopévov otLcosr = y konx € (0,7), OOTOLOVTAC TV TowTdTTo Sin’ = + cos?z = 1,
)

naipvovpe sinz = /1 — cos?z = /1 — y2, ondre,
arccos’ (y) = ————, ye(-11)

AAGlovtag petafAnT and y o€ x, EYOVLE
1
V1—a2?

(iii) Toco epamrouévne Osmpodue 10 100 gpamtopévng arctan : R — (—7/2,7/2) opileton

arccos’ (z) = — re(—1,1).

og arctan (y) = z av kot povo av tanx = y yw x € (—m/2,7/2). Epdcov 1 cvvaptnon tan givar

nopayoyiown oto (—m/2,7/2) ko tan’ (z) = o # 0ywzx € (—7/2,7/2), émeton 6TL 1
x
ovvdptnon arctan eivar mopaywyicyun oto R kon
1
tan’ (y) = = cos’ z.
arctan’ (y) an’ (2) cos” x

Aedopévov otitanz = y ko x € (—7/2, 7/2), YPNOILOTOIOVTAG TNV TonTOTTA Sin” 2 + cos? z =

1, moipvovpe cos? v =

(CLUTANPDOOTE TIC AETTOUEPELES), OTOTE,

1492
arctan’ (y) = , y €R.
AANalovtag petafAntn and y o€ x, EXOVUE
1
tan' (z) = —— e R.
arctan’ (x) T2 °
(iv) Too ovvepamrouévns Oewpovpe 1o 16E0 cuvepoamtopévng arccot : R — (0, ) opileton
og arccot (y) = x av kot povo av cotz = y ywe x € (0, 7). Epdcov 1 cuvaptnon cot givar
nopaywyioyn oo [0, 7] kat cot’ () = ———=— # 0y z € (0, 7), éneton 6TL M GVLVAPTNOT arccot
sin” x
elvar mopayoyioyn oto R ko
1
t (y) = = —sin’z.
arccot’ (y) ot (7] sin” z

Aedopévoy oticotr = y kou z € (0, 7), ypnoonoldvTag ™V TanTdTTa, sin® x + cos?x = 1,

naipvove sin’ z = (cCVUTANPOGTE TIC AETTOUEPELES), OTOTE,

1+ y?
arccot’ (y) = ! eR
y - 1 + y27 y .
AANalovtag petafAntn and y o€ x, EXOVE
1
t'(r)=———, R
arccot’ (z) T2 °
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(o1) ExOeTikiy ovvaptnon H cuvaptnon exp (z) : R — (0,400) pe exp (x) = €” eivan
nopayoyiown oto R kot exp’ () = e”.
Oa mtpémet va deiEovpe OTL
B) —
exp(eth) —exp()

}111—>0 h -

Epdoov, Moyw g [Ipdtaong 4.4(a),

exp (x+h) —exp () exp(x)exp(h) —exp(z) e"e" —e” el —1
h N h h h

apkel va dei&ovpe 0Tt

Evteddg avdroya pe v amddeién g [pdtaong 4.17, umopovpue va deiovpe 0T

eh_l_l < m‘f—%‘i‘ _i_ﬂ_'_
h = 20 " 3l (n+1)!
AUAS I
< =) o—1=
<2(3) e

urd Vv mpovmdbeon ot |h| < 2 (cuuminpdote Tig Aemtopépeteg). Topa, yo toyaio € > 0 Oa
npémel va. Ppodue 0 < § < 2 étor dote, av 0 < |h| < 4§, t01€

el —1
h

-1 < |h| < 0 <e
~ 2—|h 2—§ 7

2e
omote apkel vo emiéEovpe 6 < 7 (Topatnpnote OTL oIV TEPITT®ON VT § < 2) OOTE Vo

+e€
1oyvet To {nroduevo.

(©) AoyapOpiki svvapton H hoyapibpix cuvépton In : (0, 00) — R eivon ny avtiotpoen
™G ekBeTikng ocuvaptnong exp (z) = e® étol dote Iny = = av kot povo av e = yyuww x € R.
Eocov 1 exp givor mapaymyion oto R katexp’ (z) = e” # 0y z € R, éngtar 6t cuvaptnon
In givor Tapayoyiown oto (0, 00) Kot

11
1 / = — = — .
n'(y) = = V€ (0,00)

AANalovtag petafAntn and y o€ x, EXOVUE
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(M) T'evu] exBeTikn ovvaptnon ‘Eoto a > 0. H yevikn ekbetikn ovvdptmon a* @ R —
(0, +00) opiletar wg a® = e*"?, nhady eivan n cHvleon f o g Tov cuvaptioewy f(z) = e ko

g(x) = zIna. Enopévag, amd to @sdpnua 5.3, éneton o1
(@) = (fog)(x) = f'(g9(x))g () = e""*Ina = a” Ina.

(0) H svvapmon dovapn Eoto a € R. H ocvvaptnon 2 : (0,400) — (0,+00) opileton
g 1% = e nhadf eivar 1 ohvleon f o g Tov cuvapthiceov f(z) = e kot g(z) = alnz.

Enopévmg, and to Osopnua 5.3, Eéneton 0TL

(%) = (fog)(z) = f(g(x))d(x) = e*"a— = ax“i = aqx® L.

Hapdaderypa 5.3 (o) Av Bewpnoovpe m ocvvaptnon f @ R — R mov opiletal péow tov TOIOL
f(x) = sin(2?), 1618, and 10 Ocdpnua 5.3, epdcov N g(x) = sinz xou n hiz) = 2 givan

napaymyioues oto R, éneton 611 f = g o h elvarl mopaywyicyun oto R kot
f'(x) = ¢'(h(x))H (z) = cos (2%) - (22) = 2z cos (2?).

(B) Av Bewpnoovpe t cvvapmon f @ R — R mov opiletan péow tov tomov f(x) =
sin (cos (2?)), T0t€, amd 10 Oedpnpuoa 5.3, epdcovn g(x) = sinz,n hy(x) = cos x kaun hy(z) = 22

etvar mapayoyioes oto R, éneton 6tim f = g o (hy o hy) eivon Topayoyicun oto R kot
f'(@) = g ((h1ohg)(x))(hy o hs)'(z) = g'(h(ha(x))) R (ha(2)) Py ()

= cos (cos (2?)) - (= sin (2?)) - (22) = —2z sin (z?) cos (cos (2?))

5.4 Iopdayoyor avotepng tadéng

Opwopdg 5.3 Eotw I éva oidotnua, I C R kou f: 1 — R o ovvéptnon wapaywyioun oe kale
x € I. Hovvaptnon ' : I — Ruex — f'(x) Aéyetou mpcdtn mapdywyos 1 arla wopaywyog g f.

Av y [ eivou wapaywyiowun oo I, tote n wapdywyos e [’ eivar n oovaptnon [ 1 — R ue
= f"(z) = (f) (x) ka1 Aéyetar dedtepy mopdywyog e f.

Ermayoyixd, av éyer opiotei § n-ootij mopaywyoc f™ 1 — R, n € N, n > 1, ¢ f xau
eivar wapaywyioyn oto I, téte n mapdywyos e f™ eivor n oovaptnoy fO) T — Rusz —
fO (@) = (™) () xou Aéperon n (n + 1)-1déng mapdywyog e f.

Av pia coveptnon Exer Topaywyo n TALHS, TOTE AEYETOL N POPES TOPAYWYITIUY.

Mia ovveptnon | I — R Aéyetou amepiopiora mopoywyioun ce évo onueio vy € I ov y

™) (20) vdpyer yia kabe n € N.
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Mapdaderypa 5.4 Mo molvwvopikn covépthon p: R — R ue p(z) = a2 + a,_ 2™ 1 + -+ +
a1z + ag, 6mov n € NU {0} kot ag, ay, ..., a, € R pe a, # 0, elvon ameptopiota mopayoyioym

10 kG0e = € R. Moapatpriote 611 p™ (z) = 0 y1a dha tam > n + 1.

5.5 H onpoocio ¢ TOPOYOYOV

To endpeva Bewpnuata pag deiyvouv OTL oV EYOVUE KATOLES TANPOPOPIES Yo TNV TAPAYWYO
LLOG GLVAPTNONG LTOPOVLLE VO GUVAYOLLE TTOAAL YPT|CLULN GCOUTEPAGLATO Y10 TNV 1010 T CLVAPTY-

on. Eekwvape pe éva Oedpnua Tov oyeTileTon e TNV EVPECT LEYIGTOL 1} ELOYIGTOV HIOC GUVAPTNOTC.

Ozdpnpa 5.5 Eorw f : (a,b) — R wa ovvaptnon. Av n [ el uéyioro 1 eAdyiaro oto onueio

xo € (a,b) ka1 eivar mapaywyion oto , 1ote f'(xo) = 0.

Amddeiln. Ynobétovue, xat’ apynv, 0t f €xet péytoto oto onueio zo. Emopévac, yo h > 0,

flao + hf)L ~@0) o, enoptvanc, £ (zo) = Jlim. AR h})L — )

evo, Yo h < 0,

fwo + 1) = flxo)
h

Epocov n f elvau mapaywyioun 6to xg, £YOvuE

= 1
hi%lf h

>0, enopévos, f (xo)

0 < f(w0) = f'(wo) = fi(w0) <0,

omore, f'(xg) = 0.
Av n f éxel eldy1oto 01O onueio xg, 1N omOOEIEN Elval EVIEADS OVAAOYN KO GPNVETOL MG
doknon. U
Aivovpe TP TOV OPIGUO TOV TOTIKOD HEYIGTOV KOt TOV TOTIKOV EANYIGTOL (G GLVAPTNONG.

[Tapatnpnote ) dtopopd amd To PEYIGTO Kot TO EAAYLGTO TN CLVAPTNONG GE OAO TO TESIO OPIGLLOV

™me.
Opwopéc 5.4 Eotw f: (a,b) — R o ovvéptnon ko zo € (a,b).
(o) Aéue otin f Exer tomixo uéyioto oto xg ov vadpyer & > 0 étol wate
av x € (a,b) ue |r — x| < d wote f(x) < f(z0).
(B) Aéue omin | éyer tomikod eAdyioro oto xy av vrdpyel 6 > 0 étol dote
avz € (a,b) pe |x — xo| < d ote f(x) > f(x0).

116



Avy f éyetl tomiko uéyioto 1 TomIKO EAGYI0TO GTO T, TOTE AéUE OTL ] | EYEL TOTIKO OKPOTOTO OTO Xy).

Ozdpnpa 5.6 (Fermat) Eotw f : (a,b) — R wa oovdptnon. Av n f el tomiko uéyioro 1 tomixo

eAdyioto oto onueio xo € (a,b) ka1 eivou wopaywyioyn oto xg, 1ote f'(10) = 0.

Anéoeiln. Apkel vo mapovpe |h| < 6 ko va emovoldpoope v anddeEn tov OewpfoTog
5.5. OJ

MMopatipnon 5.4 To avtictpoo tov Tapandve Bewprpatog oev woyvetl. T'a Tapaderypa, yio
cuvapmon f : R — R nov opiletar péow tov tomov f(x) = 3 éyovue 6t f/(0) = 0, ald 1 f
dev €xetl Tomkd axpdtato 6to 0.
Oprwopég 5.5 Eotw [ évo owgotnuo, I C Rror f: I — R wa ovvaptyon. Evo eowtepixo onueio
xo tov 1 Aéyetau kpiowo onueio yro. v f av f'(xg) = 0.
Hopatipnon 5.5 Ta kpiowa onueio pag cvvdptnong eivar woAd YPNCIUE TPOKELUEVOL V.
Bpobue Ta onueion oto omoial N GVVAPTNON TaipVEL PEYIOTN Kol EAGYIOTN TIUN. AV Bemprcovpie
wa cvveyn oovapmon f : [a,b] — R, 10te yvopilovpe, and 1o Osdpnua 4.19, 6t n f naipvet
uéylot Kot MGy Lot T og dVo onpeia Tov [a, b]. Av Aowmdv zy € [a, b] eivan éva omd avtd To
onpeia ko f(xg) givor n Ty Tov peyiotov 1 Tov glayictov, TOTE AVOYKOGTIKA WoYVEL £va amd To
axoAov0aL:
(1) xo =anxg=0.
(il) zo € (a,b) xou f'(z9) = 0 (AOy® TOL O®PRATOS 5.5).
(iii) o € (a,b) koun f dev eivar Tapaywyicun 6o xg.
Agdopévou 0Tt 10 TAM00G TV ONUEIOV T( TOL AVAKOLY GE Uio OO TIG TOPATAVE® KT YOPIES
etvat, cuvnB®G, TEPLOPIGUEVO, UTOPOVLLE UE EVaV AmAd EAEYYO KOl TOV VTOAOYIGUO Aly®V TIUdV
™G GLVAPTNONG VO BPOVLE TN UEYIGTT KOL TNV EAAYLOTN TN TNG.
Hapaderypa 5.5 Av Bswpnoovpe m ovvépmon f : [0,2] — R mov opileton péow tov tHmOL
f(z) = 23 — 3z + 1, t6te f'(z) = 32® — 3, n onola pundeviletoni oto v = —1 oo v = 1.
Emopévamg, ta onueia ota onoia  f maipver péytotn ko erdyiotn T Bo avalnmOovv peta&d
TOV onueiov
=0, r=1xu =2

(ropatmpnote 61t —1 ¢ [0, 2]). Ot tipég g f ota onpeio avtd sivon

fO) =1, f(1) = =1 xm f(2) =3,

GUVENMG, N LEYIoT T ™G f oto ddotpa [0, 2] eivanto f(2) = 3 ko eddyotn to f(1) = —1.
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To emopeva 600 Bewprpota eivar amd Ta ALV xproia 61o Alapopikd Aoyiopd, oAAE Ko 6TIg
EQOPUOYEC.

Ozdpnpa 5.7 (Oehpnua tov Rolle) Eorw f : [a,b] — R o ovvépnon. Av y f elvau ovveyiic oto
la, b], mapaywyiown oto (a,b) ke f(a) = f(b), téte vEépyer xo € (a,b) étor dote f'(xg) = 0.

Anéoeiln. Epocov 1 f eivar cvveyng oto kAewoto didotnpa [a, b], and to @sdpnua 4.19, n f
noipvel péytot ko gEAdyloTn T og dvo onueio tov [a, b], and ta onoin it £va ToLAG GTOV
aVAKEL 6TO OVOIKTO dtdotnpa (a, b) N ko ta 300 givar Ta axpaio onpeio a kot b.

Yy mepintoon mov 1 f waipvel péytotn T og kémoo onueio ry € (a,b), toTE, NG TO
Osdpnua 5.5, émeton 6t f/(x0) = 0.

Avrtiotoya, av n f maipvel ehdylom T og kdmowo onueio g € (a,b), tote, MM omd TO
Oedpnuo 5.5, émeton 6t f/ () = 0.

Téhog, av 1 f maipvel T HEYIOTN Kot TNV EAGYIOTN TN TNG 6T akpaio onueia a Kot b, TOTE,
dedopévov ot f(a) = f(b), n f eivar otabepny ovvaptnon (awtoroyfote yloti), nhadn f(z) =
f(a) = f(b) yia kébe = € [a, b], ondte, Onws dei&ape og mponyovpevo mapdaderyua, /() = 0 yo
KGOe x € [a,b]. O

Mapatipnon 5.6 To Oedpnua tov Rolle Aéet ot vrdpyel TovAdyoTOV €va 7o € (a, b) £T01 DoTE
1 €QaATTOUEVT 6T YPAPIKN Tapdotaon TG f 6to onueio (o, f(xo)) eivor mapdAinin pe tov GEova
X'0X.

Ozdpnpa 5.8 (Ospnua Méong Tyujg) Eotw f - [a,b] — R wa oovdptnon. Av n f eivor ooveyiig
oto |a, b] kau wapaywyioywn oto (a,b), Tote vIdpyer xo € (a, b) étor wote

7(0) = fla)

f(wo) = b—a

Anooeiln. H anddeién etvan epappoyn tov Oswpnpotog tov Rolle.
@empovpe T cvvaptnon g : [a,b] — R pe

b) —
o) = fa) - 0T,y
Kat’ apynv, n g eivar cuveyng oto [a, b], mapayoyicun oto (a, b) kot enumhéov
b) —
ofa) = f(a) - PO oy~ ga),

o) = 1)~ LTy~ g,

mradn g(a) = g(b). Ondte, and 1o Oedpnpa tov Rolle, vadpyet xy € (a,b) ot dote ¢’ (xo) = 0,

Snhady f(z0) = w O
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f(b) = f(a)
b

—a
to onpeia (a, f(a)) xou (b, f(b)) Tov emmédov, evd f'(zg) eivan n Khion g epamtopévng 7' o

Hoapatipnon 5.7 Eivar yvootd o1t glvan n KAion g evbeiog L mov mepvael and
YPaQIKN Tapdotaon g f oto onueio (xg, f(zo)). To O@edpnuo Méong Tyuhg Aéet 61t 01 V0 avTég

KMoelg etvan iogg, To omolo yemwpetpkd Aéet 6tin 1" eivor TapdAinin tpog v L.

Ozdpnpa 5.9 (Tevikeouévo Ochpnua Méong Tyuis tov Cauchy) Eotw f,g : [a,b] — R ddo
ovvoptioels. Av ot f, g eivau ovveyeic oo [a, b] kan mapoywyioes oo (a, b), tote vdpyer xo € (a,b)

101 wote

f(xo)  f(b) — fla)
—g(a)

Amooeiln. H andoeidn ivon mapdpota avtg tov Oswpnuatog Méong Tyung pe epappoyr tov
Oecwpnuartog tov Rolle.
@empovpe T cvvaptnon h : [a,b] — R pe

hx) = (f(z) = f(a))(g(b) — g(a)) = (f(b) = f(a))(g(z) — g(a)).
Kat” apyfiv, n h givar cuveyng oto [a, b], napayoyioyn oto (a, b) kot emmhéov
h(a) =0 = h(b),

omote, and 10 Oempnua tov Rolle, vedpyer zg € (a, b) Etordote b (o) = 0, Inhadn| f'(x0)(g(b) —
g(a)) — (f(b) — f(a))d' (xo) = 0, and 10 omoio amoppéet To {nTovpEVO. O

Hapatipnon 5.8 INapatmpnote 611 10 Ocdpnua Méong Tiung eivar £101kN mepintwon tov Levi-
Kevpévov Osopnpatog Méong Tiung tov Cauchy pe g(z) = x, ondte ¢'(x) = 1.

Mépwopa 5.10 Eotw f : (a,b) — R o ovvaptnon. Avy f'(x) = 0 yia ke x € (a,b), tote n f

ivau oralepiy oovaptnon oto (a, b).

Aroderln. Oswpovpe to onpeio z1,x2 € (a,b) pe x1 # xo Kol YOPIG mEPLOPIGUO TNG
YeVIKOTNTOG, VItobETovpe OTL 21 < xo. TOTE, M f €ivor cuveyng oto (71, T2] KOl TOPAY@YIGUN

oto (x1, T3), omdte, 0md 10 Oedpnuo Méong Twng, vadpyet zg € (1, x2) £T61 OOTE

f’(xo) _ f(x2) — f(l"l)'

To — X7

Epocov f'(xg) = 0, émeton 6t f(22) = f(x1), hadn n tpn mg f og 300 onowadnmote onueio

10V SrotpoTog (a, b) eivan ) idia, omdte, N f eivar otabepn cvvaptnon oto (a, b). O
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Mapdaderypa 5.6 'Eoto f : R — R yia v omoia wydet | f(z1) — f(22)] < (21 — 22)? Y10 k60e
x1, To € R. @éhovpe va dei€ovpe 6Tin f eivar otabepn.
Amo ™V avicoTNTa TG VTOOEoNC EYOVLLE

fle+h) - f(x)
h

h2

h

(x +h—x)?
h

- |h|7

Kot €papproloviog Tov OpiGHo TOL 0piov TaipvoLvLE

) — [ ()

h—0 h

=0,

miadr f'(z) = 0 yo k@Oe = € R, ondte, and t0 TPONyoLpEVO TTOPIGHa, N f givol otabepn

ocvvdptnon oto R.

Mopwopa 5.11 Eotw f, g : (a,b) = R dvo ovvaptioeis. Av f'(x) = ¢'(x) yro kdbe = € (a,b), tote

f = g + ¢ yra kamoio. otabepa ¢ € R.

Ardderén. Av Bempioovpe ™ ovovapmon f —g : (a,b) — R, éxovpe, and v [podtaon 5.2(a)-
B), (f —9)'(x) = f'(z) — ¢ () = 010 kdBe z € (a,b) xat, epapuolovtog To TPONYOVUEVO
TOPIoUA Y10 QLT TN GVVAPTNON, Taipvovue f — g = ¢, Aadn f = g + ¢ Yo kdmowa otadepd
ceR. 0

To endpeva dVo amoteléopata eival GNUAVTIKE Yo TV TEPULTEP® CLUTEPLPOPA TNG CLVAPTI-

ong kat atnpilovror eniong oto Oepnpa Méong Tunc.
Mpotaon 5.12 Eorw f : (a,b) — R wa ovvéptnon zapoywyioyun oo (a,b).
(@) Av f'(z) > 0y kdbe x € (a,b), ote 5 f eivar avéovoa oto (a, b).
(B) Av f'(x) > 0 pa kébe x € (a,b), wote n f eivar yvyoiwg avéovoa oto (a,b).
(y) Av f'(x) < 0yia kébe x € (a,b), ot n [ eivon phivovoa. oo (a,b).
(0) Av f'(z) < 0 yia kdle x € (a,b), tote n [ eivau yvnoiwg pbivovoa. oo (a, b).

Aréoeiln. (o) Eoto a < z1 < x9 < b. Tote 1 f givon cuveyng oto [, xa] Ko mapaywyioyn
oto (71, ), omdte, amd t0 Oesdpnua Méong Tiung, vredpyet rg € (71, x2) €161 OOTE

f(za) — f(z1)

To —T1

f'(@o) = , omhadn f(x2) — f(z1) = f'(20) (22 — 21).

Agdopévov Ot amd v vdbeon pog, f/(xg) > 0 ko xo — x> 0, émeton 6t f(xo) — f(x1) >0,
miadn) f(x1) < f(xg). Zoverndg, av xq, xe € (a,b) pe ry < xa, 1018 f(21) < f(22), 016 TO OMOiO
éneton 6t f eivar avéovoa oto (a, b).

(B)-(8) H amddeén etvon avédoyn pe avth Tov (o) Kot apiVveTal g AoKno. OJ
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Mpétaon 5.13 Eotw f : (a,b) — R o ovviptnon mopaywyiown oo (a,b) kai éotw ot yia

kamoio xo € (a,b) woyver f'(xo) = 0 eved vdpyer n f"(xo).
(@) Av f"(xo) > 0, 018 11 [ )61 TOMIKG EAdY10TO GTO X1
(B) Av f"(x¢) < 0, 1018 N [ Ex61 TOTIKS UEYITTO OTO T
Arodern. (o) Exovpe, Moyw g vrndbeong pog f/'(zo) = 0,
/(@)

0 < f"(z0) = lim J@) = F(xo) = lim ——~.

T—TQ xTr — IO rx—x0 L — J,‘O

"Etot, umopovpe va Bpovpe d > 0 dote
av z € (a,b) pe g <x < x9+06 01 f'(2) >0

Kot

av z € (a,b) pe xg —d <z < xy 1018 f'(2) <O.

Topa, av g < x < 9 + 6, N [ glvor suveyng oto [xg, x| Kot Topayoyiown oto (xg, ), 0ToTE,

and to @edpnuo Méong Twung, vrdpyet 1 € (2o, ) €161 OOTE

f(@) = fzo) = f'(x1)(x — 20) >0, Mhadn f(xo) < f(2),

EVO, av g — 0 < = < xg, 1 f glvor cuveyNg 010 [, 0] Ko TOapaywyiown oto (x, ), omdte, 0md

10 Ocdpnua Méong Tng, vdpyet o € (x, o) €101 doTE

f(wo) = fa) = f(w2) (2o — x) <0, dnhadn f(zo) < f(2),

ovven®g, f(zo) < f(x) Yo ke x € (xg — §, 20 + J). Apan f €xel TOMKO ELGYLOTO GTO X.

(B) H amddeién elvar avaioyn pe avtiv Tov (o) Kot apnVeToL ™G GOKNOT). 0

Hapotipnon 5.9 Avn f”(xg) devondpyern f”(z) = 0, tdte N PO YOLUEVN TTPOTOAOT dEV 0dNYET
0€ KOTO10 CLUTEPAGLLAL Y10l TO TL GVUPAEVEL 6TO X Ko Oa Tpémet va 10 eEETAGOVE [IE KATO10V AAAO

TPOTO.

5.6 KvupTtég Kol KOIAES GUVAPTNGELS

Mo mAnpogopia, mov divel akpiPESTEPT EKOVO Y10 TN LOPPN TOL EYEL L0 GLVAPTN O, Elval
TO av 1 cuvdptnon eivar Kupt 1} KoiAn. To televtaio pmopet vo oprotel pe dtdpopovg TpOTOLG.
Teopetpcd, wa ovovapmon f : (a,b) — R ovoudletonr kvpty oto (a,b), av yio kGO

x1,T2 € (a,b), 0 guBOYpappo tuNpo mov gvodvel ta onueia (z1, f(z1)) ko (ze, f(z2)) TOL
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emmESOL ivol TAVD omd T Ypapikn Tapdotoacn g f, evon f ovopdletat koiAn av 1o v80YpopLLLo
Tunpo avapeca oto onpeia (z1, f(xy)) kot (22, f(22)) eivarl KT amd TN YPAPIKN THG TOPAGTOOT).
Evalhoxtikd, n f ovopdletor kupt oto (a, b), av yiokabe zg € (a, b), n epantopévn mg f oto
onpeio (o, f(xg)) Tov gMIEESOL givar kaT® omd T Ypaeikn mapdotacn g f, eved 1 f ovopdleta
KOiAN av 1 epamtopévn g f oto (zo, f(xo)) eivor TAVEO omd T YPAPIKN THG TAPACTACT), LE TNV
eEaipeon kat 611G 600 TEPITTOGELS TOV onueiov emapng (zo, f (o))
Avn f eivon mapayoyiown oto (a, b) koar xy € (a,b), n e&lowon TG EQATTOUEVNG GTN YPOPIKT|

napdotaon g f oto onueio (xo, f(zo)) eivan

y = f(xo) + ['(z0)(x — o).

Ondte, pe BAon ovTd IOV OVOPEPANE TPONYOLUEVMS, Aéue OTLn f givan Kupth oto (a, b) av yia
Toyaio 7o € (a,b) wyveL

f(@) > f(xo) + f'(wo)(x — o)
1o kG0e x € (a,b) pe © # 0. Avtiotoa, Aéue 6Tt m f eivan koiAn oto (a,b) av yo Tvyaio
xo € (a,b) woydet

f(@) < f(@o) + f'(wo) (2 — wo)
Yo kG0e = € (a,b) pe x # xo. Todpa, vrobétovpe 6L f/ eivar yvnoimg avéovoa oto (a,b), xy €
(a,b) xar xz € (a,b), kon 010, YOPIc TEPLOPIOUO TG YEVIKOTNTAG, o < . H f givon cuveymg oto
[0, ] Kou Tapaywyiown oto (xg, ), ondte, amd 10 Oshdpnua Méong Tyung, vrapyel x1 € (xo, )

£TO1 WOTE

f(x) = f(xo) = fl(x1)(x — o) > f'(wo)(x — 20), MAad f(x) > f(o) + f'(20)(x — 20),

gpooov 1 f' eivar yvnoimg avéovoa oto (a,b) kar x; > xg. Avtictorya, av 1 f’ eivar yvnoimg

pBivovoa oto (a, b), kaTaAnyovue Ot

f@) < f(zo) + (o) (z — o).

Emopévmg, o yemuetpikdg opiopdc odnyet otov akdAovbo opioud: Av n f elvar mopoayoyicyun
oto (a,b), n f ovopdleton kvpth oto (a,b) av n f" eivar yvnoing avéovoa oto (a,b), evd n f
ovopagetat koidn oto (a, b) avn f’ eivar yvnoing edivovsa oto (a, b). O tekevtaiog avtdg opitopds

pag odnyet 6to akOAoVHO amOTEAEGLAL.
Ozodpnpa 5.14 Eortw f : (a,b) — R wa oovdptnon dvo popéc mapoywyiown oto (a,b).

(@) Av f"(x) > 0 yia kGOe x € (a,b), ote 5 [ eivou koptif o0 (a, b).
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B) Av f"(x) < 0 pa kébe x € (a,b), wote n f eivar koidn oto (a,b).

Aréoeiln. (o) Epoocov () > 0yuwkdbe x € (a,b), and v Ipdtaon 5.12, 1 f’ givor yvnoing
avéovoa 6710 (a, b), omdte, amd ta Aeybévia mponyovpévag, n f eivar kKupth oto (a, b).

(B) H amddeién elvar avdioyn pe avtiv 1oL (o)) Kot apniveToL ®G ACKNOT). 0

Opwopog 5.6 Eva onueio xo tov daotiuatog (a, b) oto omoio arldler n koptotyra g f, onladn n

f amo kopt yiverou koidn i o avtiotpogo, ovoudletar onueio koumns g f.

Mapaderypa 5.7 Osopodue ™ cvvapmon f : R — R mov opiletor péom tov thmov f(x) =

o H f elvan mapoaywyiown oto R pe
x

2x

f(z) = NEESE

Enopévag, n f eivan yvnoimg avéovca oto (—oo, 0) kot yvnoing edivovoa oto (0, o). EmmAiéov,
naipvel péytotn T oto 0, f(0) = 1, evd IEI-POO f(z) = 0k xgglwf(x) = 0. Eziong, n f éyel
devtepn mapdywyo oto R pe 2 1)
@) = Q(S);CJF EN

Enopévog,  f"(z) > 0y z € (—oo, —1/v/3) gz € (1/v3,00) xoun f/(z) < O yo z €
(—1/4/3,1//3), nhadn 1 f eivor kupth 610 (—00, —1/4/3) xaw 010 (1/4/3, 00) evd givar koikn
ot0 (—1/+/3,1/+/3). Hopatnpiote eniong 61t f(0) = —2 < 0, omdte, omd ™V Hpdtoon 5.13(B),
emPePardvoope 6tL M f maipvel péytot Tiun oto 0. Me dhec avtég Tic TAnpopopies, umwopodpe va

oxeO1AGOLLE e OPKETA PeYOAN axpifeta T Ypagik| Tapdotacn g f.

5.7 AmpocoloproTeS HopPES

Yrapyouv mepintdcelg mov OEAovE Vo VTTOAOYIGOVLE TO OPLO

omov f, g givar 300 GUVOPTNGELG TAPUYWOYIGIUES GE LI TTEPLOYN TOV Tg, g(z) # 0y x KovTd 670
o KOl T # T, KO EMTAEOV
lim f(z) = lim g(z) =0

T—T0 T—T0

lim f(z) = lim g(z) = +oo.

T—T0 T—T0
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0, +oo , —00

211G 600 QVTEC TEPMTMOGELS AELLE OTL EXOVLLE OTPOGOIOPIOTN LOPON — 0 n T N ——. Térowov gidovg
00 —00

opla voroyilovrat, epdsov vTapyovv, e T Pondeta Tov Kavova tov L’ Hospital, ypnoiponoumvtaog

TIG TOPAYDYOVG TOV f, g.

Ozdpnpa 5.15 (Kavovag tov L’Héspital) Eorw f,g : (a, ) U (z9,b) — R ddo ovvaptioerg

ropoywyioyes oto (a, xo)U(zo,b), g(z) # 0kar ¢'(x) # Oyiax € (a, x9)U(zo,b), kor lim f(x) =
T—T0

/
lim g(x) = 0. Av 7o lim /') vmapyel, Tote kot to lim /()
T—T0 T—T0 g( ) T—=x0 g( )
)

S CO T C
A gla) e gl

DITOPYEL KO

Amooeiln. H anddeién ompiletar oto N'evikevpévo Oesmpnua Méong Tyung tov Cauchy.

Kat' apyfv opiCovpe f(z9) = g(xg) = 0 (adhélovtag v avaykn tig Twég tov f(xg) ko
g(xg)), omote, apod lim f(z) = lim g(z) = 0, ot f, g yivovtol cuveyeig 610 T¢ KoL ETOUEVMS
og 6ho 10 (a,b). G)sof;(i’(;us éva xg x(oxo, b). Agdopévov o6tL ot f, g eivar ovveyeis 610 [x0, 2] Ko
nopayoyiowes oto (xg, ), and to Fevikevpévo Osmdpnua Méong Tyung tov Cauchy propoipe va

Bpovue ¢, € (xg, ) €01 dhote

_ / !
g(z) —g(xo)  ¢'(ca) g(r)  g'(ca)
e i) \ , , , o
Topo, £otm 6T lim = (@) = {, ondte, yuo. toyaio € > 0 propovue va podpe § > 0 étol dote
T—T0 g €T
!
av zy < y < xg+ 0 T0TE f/(y) —E’ <
9 (y)

‘Etol, yia xg < & < xg + 9, dedopévou Ot g < ¢, < T, MAadN, g < ¢, < & < To + 0, EMETOL OTL

/
f@) 4 | | ..
g9(z) 9'(cz)
, - fl@) , o ) , .
EMOUEVAG, hm+ M = (. Oewprvtag Tdpa éva x € (a,xg) Oelyvovpe, He avaioyo Tpomo, Ot
x%xo
lim m =/, dpa, TeEMKA,
Ty g(l')
/

lim M =/(= lim M,

T—T0 x) T—T0 g’(:p)
TO 07010 ATOdEIKVOEL TO {NTOVUEVO. 0

Hapatipnon 5.10 Yndpyovv moALEG AmPOcIOPIGTES LOPPEG TOV UTOPOVV VO AVTILETMOTIGTOVV

ue Tov kovova tov L'Hospital, o omoiog et (kat) Tig akdlovbeg popeés:
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/
() Av lim f(z) = lim g(x) = 400 kot lim J'w) = /, 161¢ ko lim J(@) = { (10 +00
T—TQ T—T0 T—T0 g/(m) T—T0 g(x)
umopel va avtikataotadel oamd to —oo).
/
(B) Av lim f(z) = lim g(z) = 0 kot lim f/(:v) =/, 161€ ko lim fa) _ ((tox — xg
x—ma' m—)xé’ :p—ma' g (-T) a:—mgL g(.T)
pmopet va avtikataoctadel and 10 r — ).
/
(y) Av lim f(z) = lim g(z) = 0 ko lim @) = 400, to1€ KO lim f@) = 400 (10 0
T—T0 T—T0 T—T0 g’(x) T—0 g(x)
pmopet va avtikatoctadet and To —oo).
/
(®) Av lim f(x) = lim g(x) = 0 kot lim f/(x) =/, t0te Ko lim m =/(tox —
Tr——+00 Tr——+00 Tr——+00 g (,j(;) r——+00 g(gj)
~+o00 pnopet va avtikataotadel and 10 x — —o0).
/
(¢) Av lim f(x) = lim g(xr) = 0 kot lim f/(x) = +o00, tote ko lim f@) = +00
Tr——400 T—r—+00 Tr——+00 g (3;‘) Tr——400 g(x)

(to x — +o0 f/xor 10 +00 pmopet va avtikataotadel and 10 r — —oo N/kal T0 —o0

avtioToya).

H andoeitn tov ntepmtdcemny avtodv givarl avdioyn pe avtiv tov Osopriuatog 5.15. Idwaitepn

TPOocoyN XPEWLETAL 1] ATOOEIE TG TEPIMTMOONC:
i@ _,

!
f'(z) =/, tote kar lim —=

Av lim f(z) = lim g(z) = +ooku lim “rs rtoo g(z)

T—>+00

O xavéovag tov L Hospital givor xprio1pog kat yio Tov VToA0YIGHO ampoGOlopicTOV LOPPOV GE

opla. akohovdidV, pe TV EQOPLOYT TNG akOAOVONG TPOTOCTG.

Mpotaon 5.16 Eorw ng € N, f: [ng,00) = R wa oovdptnon kou (a,) e axolovbio étor dote

a, = f(n) yran >ng. Av lim f(x) = ¢, tét¢ kou lim a, = /.
T——+00 n—o0

Amdoeiln. Epodcov lirf f(z) = £ yutogaio e > 0 pmopodue va fpovpe M > 0 étol dote
T—r+00
avx > M tote |[f(x) — (| < e.

Amo o Ipétaon 1.6 (Gedpnua Apyyundovs-EvddEov) pumopovue va Bpovue ny € N €101 dote
ny > M. @étovpe N = max {ng, n1}. Tote, yio k60g uowod apOud n pe n > N, ondte n > ng
Kot n > ny > M, woydet

jan — ] = [f(n) =] <&

TO 07010 AmOdEIKVOEL TO {NTOVUEVO. O

|
Mopaderypa 5.8 No vroroyiotei to lim ﬂ.
n—oo M
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|
‘Eoto f: [1,00) = Rpe f(z) = —.Ava, = ﬂ, 10t€ a,, = f(n). Exovpe
T n

| 1 1
lim f(z) = fim ™%~ fim 2T m Lo
T——+00 rx—+oco I r——+00 1 x——+oco I

, . Inn
omote, lim — = 0.
n—oo N

5.8 Aoxknosig

1. Amoodei&te 6TL M cvvApTNON
P?4x+1, z>1,
fz) =
dor — 1, r <1
elvar ouveyng oto onueio r = 1, oAAd dev eivan mapaywyicyun oto x = 1. E&etdote av

VILAPYOLV Ol TAEVPIKEG TOPAymyol TG f oto onueio x = 1.

2. Yrmoloyiote TIC TOpaydyovg TV akolovbmv cuvaptoewv, Bempodvtag wg medio opiopov

TOVG TO HEYOAVTEPO VTTOGVUVOAO TOL R 610 0TOi0 HITOPOVV VAL OPIGTOVV:

() f(z)=(2* + 22+ 1)L

(i) f(x) = (x‘i 1) .

1

(iii) f(z) = R
(iv) f(x) = sin (z) cos (z?).
) f(z)

(vi) f(z) = sin® (2% + 2 + 1).

(vii) f(z) = cos <x + x211>'

cos (sin (z2)).

(viii) f(x) :tan( ! )

241

3. Ymoloyiote v mapdywyo u'(z), 6tav u(y) = ko y(z) = (22 +1)2

y+1

4. (o) Ymoroyiote TV mopdywyo n taéng, n > 1, g ovvaptnong f(z) = z™.
1
2+ 1

(B) Ymoloyiote v mapdywyo 4ng taéng g cvvaptnong f(z) =
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5. E&etdote av kaOe pia and tig axkdAovbeg cuvaptnoelg elvar mapaywyion oto R kat, y

aLTEG TOL givar, eEETAOTE OV M TOPAYWYOS TOVG givatl cuveyns oto R:

. 1
) f(x) = sin (E) avz # 0,

0 ovz =0.
(1

(i) f(z) = Z sin (E) avz # 0,

0 ovzx = 0.
2 (L

(i) f(z) = x” sin (a;) avz # 0,
0 avz = 0.
sinx

) () = ez
1 avz = 0.

6. 'Eoto wo ouvépmon f : R — R. Avn f eivan mapaywyion oto 0 kan f(0) = f/(0) = 0,

1
degi€te 6t lim nf | — | = 0.
n

n—oo
7. "Eoto wo cvvaptnon f : [0, 2] — R 800 popéc mapaymyiown oto [0,2]. Av f(0) = f(1) =

f(2) =0, dei&re oTLVRAPYEL T € (0,2) €O dote f(zg) = 0.

8. 'Eoto wo cuvapmnon f : R — R. Avn f eivon mapaywyiown oto 0, e&gtdote av vrapyst

d > 0 étor dote 1 f va givan cuveyng oto dtdotnpo (—J, d).

Ne)

. 'Eoto f,g : R — R &%0 ovvaptioeig kar g € R. Yrmobétovpe 6t f(xg) = 0, n f
elvar mopayoyioyn 610 xp Kot 11 g CLVEYNG OTO To. Agi&te 611 1 cvvdptnon f - g elvan

TOPAYOYICIUN GTO T .

10. 'Eoto f, g : [a,b] — R 800 cvvaptioeis mapoymyiciues oto [a, b] ko emmhéov f(a) = g(a)
kot f(b) = g(b). Aei&re 611 vEGpyel ToLVAGYIGTOV Eva onpeio zp € (a,b) Yo To omoio ot
EQAMTOUEVEG TOV YPAPIKDV TOPUCTAGE®V TOV [ Kot g oTo onpeia (o, f (o)) ko (2o, g(xo))

avtiotoya givarl TapdAinieg | Tavtilovral.

11. Ymoloyiote T péylotn Kot tnv eAdIoT TIUN Yo KAOe pio amd T akdAov0eg cuvapTioELg

07O OVTioTOUYO d1doTnOL:

() f(z) =212z + 1 ot0 [-3, 3].

(i) f(z)=2*+2z+ 1ot [-1,1].
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(iii) f(z) = 22° — 52® — 10z o10 [—1, 2].
12. (@) Asiére 6tun ekicwon f(x) = 423 + 3z + 2 = 0 éyel axpiPog pia wpoypatiky pito.
(B) Asiére 6T ekicoon f(z) = 4zt — 22 + 1 = 0 dev &g mpaypatikég pilec.
(Y) Aciére 6min eiowon f(x) = 223 — 322 — 122+ 1 = 0 et axpiBidg TPEIG TPOYUOTIKEG
piCec.

13. Z11g axdlovbeg cuvaptioelg Bewpnote w¢ meESIo 0plIoUoD TOVG TO UEYOADTEPO VITOGHVOLO

0V R 6710 0moio UmopovV Vo 0ptoToHV Kot GYESIAGTE T YPAPIKY| TOVG TOPAGTACT:

() f(z) =23 -3z +1.

i) () = .
2
(i) f(2) = 5.

(iv) f(z) = x —sinuz.

(v) f(x) = 2%+ cosu.

14. @gwpolue TNV ToAV®VLIIKT cuvaptnon p : R — R, mov éyett popen p(x) = (x —p1)(x —
p2)(x—pn),uen €N, p1,pa,....pn € Rxarpy < pg < -+ < py,. Aci&te 0T 1 e&iowon
P (x) =0 éxer axpPig n — 1 pilec.

15. Avn e€icwon a,z" + ap_12" 4+ -+ ayx = 0,6movn €N, ay,...,a, € Rxora, #0,

et pio pita p, Setére 6T e&lowon na,z" ! + (n — 1)a,_ 12" % + -+ + a3 = 0 &1 o

pillarpe 0 < r < p.

16. Ocwpovpue ™V TolvwVVLIKH cvuvaptnon p 1 R — R, mov &gt m popen p(x) = w2+ +
ar +b,uen € N, a,b € R kot a > 0. Agi&re 6T n e&lowon p(z) = 0 dev pmopel va £yet
dv0 mpaypatikég piles.

17. (a) Adote nopaderypo cvvaptnons f : (0,2) — R étol dote 1 f va givor cuveyng oto

(0,2) aAAG va pnv givon Tapayoyicn oto onueio o = 1.

(b) Adote mapaderypa covaptong f : R — R étor doten f(—1) = 0, f(2) = 1 ko

(1) > 0.
18. Ymoloyiote ta axdOAovOa dpia:
2
-1
(i) lim =~
z—0
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X

(i) lim ———.
z—=0 SINZT + COS T
. 3r —5
(111) xgrinoo 202 —r + 2’
(iv) tim 31
z—0 €T
(v) lim 2%
z—0 tanx
|
S 1 .
0 2ol 473 — 7 — 3
1 s
(vii) lim S

e—m/2 1 + cos (2z)
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Kepdaiarwo 6

Ocopnua Taylor

6.1 Ozopnpa Taylor

To molvwvopo Taylor givat Widttepa ¥PMGILO YL TV TPOCEYYIOT] TOAVTAOK®Y GLUVOPTHGEMV

LLE TOAVADOVOULAL.

Opwopéc 6.1 Eotw f : [a,b] — R wa ovovdptnon, xy € [a,b] kou éotw ot n f eivar n popég

ropaywyioyn oto o, dniadi oi wapdywyor f'(xo), ' (x0), . .., f™ (z0) vadpyovy. To molvdvouo

f" (o) S (o)

5 (x—x0)2+~~+ n‘

T.(fizo;x) = f(xo) + f'(20)(z — 20) +

(l’ — ZL’Q)”

n
-3t k:(!%) (z = w0)"
k=0

ovoualetor rolvavouo Taylor fobuod n e f oro x.

2y mepintwaon mov xy = 0, o molvwvouo Taylor ovoudleron molvawvouo Maclaurin.

Hapatipnon 6.1 Av 1 cvvaptnon f givar éva moivdvopo Babuov n, Tote pmopel va ypopet o1

HopeN
f(x)=ao+ai(z —x0) + -+ an(x — )",

TF:
B ) (z0)

T
enopévas, T, (f, xo; ) = f(x), iadn to moAvdvopo Taylor Babuod n g f oto x4 givan 1 id1a

ag k::O,l,...,n,

n f. H anddeién apnvetal og doknon.

Atvovpe tdpa 10 Osmpnua tov Taylor, TOV 0VGLACTIKA AVAPEPETAL GTO VTOAOITO TG TPOGEY-

Y1oMG TNG GLVEAPTNONG L TO ToAvmvupo Taylor.
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Ozdpnpa 6.1 (Taylor) Eotw f : [a,b] — R wa ovvépnon n + 1 popés mapaywyioyun oto |a, b

ka1 éotw 011 T € [a,bl. Av T, (f, xo; x) elvau to molvddvouo Taylor fabuod n g [ oto xo ko ue

ovufolicovue to volowmo tacews n e f oo g, TOTE:

(n+1)
(@) R.(f, xo;2) = fTﬁ(:c — )" (x — ), yra kamoro & uetald xy kot x, Evar T0 LTOAOLTO
Taylor otn wopen Cauchy.
F(E) 1
(B) R.(f,xo;x) = m(m —x0)", y1a kémoro € petald xo ko x, eivor o vroloimo Taylor
oty nopen Lagrange.

Anéoeiln. (o) Zrobeponolodue 1o x € [a, b] kot opifovpe ™ cvvapton ¢ : [a,b] — R pe

FW() K
o (x —t)".

$(t) = Ro(f. t;2) = f(z) = Tu(f.t;2) = f(z) = >

H ¢(t) eivan mapaywyion g mpog t oto [a, b] ko

I e (= (]
- PO -0+ 10 - e 1 o -1
RS

Epappolovrog topa 1o Ocovpnua Méong Tung (Oedpnua 5.8) 6t cuvdptnon ¢ 6To SIGTNIa LE

GKpo x Kot T, LTopovUE va fpovpe KOmoto £ HETAED & Kot Ty £T0L OOTE

d(x0) — ¢() = ¢ (§) (w0 — ).

Agdopévov ot
Qb(l‘o) = Rn(fa Lo, [E), ¢($) = Rn(fa {L‘;JZ) = 07

Kot
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maipvovpe

(n+1)
Rulfzoe) = e~ (e — o)

(B) ' va amodei&ovpie Tov TOTO T0L VoAoimov Taylor otn popen Lagrange spappolovpe to
I'evikevpévo Oempnua Méong Tymg tov Cauchy (Osopnua 5.9). Oswpoiue T GLVAPTNON @ TOL
(@) ko T cvvaptnon g(t) = (x — t)" ™! oto SidoTnua pe Grpo T Kol Tg, Kot pTopodue va Bpovue
Kamoo & petald T Ko g £T61 OOTE

d(x0) — d(z)  ¢'(€)
g(xo) —g(x)  g'(&)’

oniadn
Fr(E) n
(x —xo)"*t  —(n+ 1z -’
am’ 0oL £metor T0 (NTOVUEVO. 0

Am6 10 Ocdpnuo tov Taylor eivor cagég ott

f(l’) = Tn(f: Zo; I) + Rn(f7 Zo; .Z‘)

"Etot, ov pio cuvapmon f sivan omeplopiota mopoyoyicm, dniady veapystn £ ya k6be n =

0,1,2,..., 010 medi0 OPIGHOY TNG KOl EMTAEOV
lim |R,(f,zo;2)| =0,
n—oo

totE

f(flf) — lim Tn(f, 950;$) _ nlggoi f(k)('LCO) ([E _ xo)k _ i f(n)(x()) ([E N xo)n’
k=0 ’

n=0

apoV 10 T, (f, xo;x) eivar to pepkd GOpoiopa g oepds. Avt eivor n ogpd Taylor yo ™

cvvapmon f(z). Zmv nepintoon mov zo = 0, n oepd Taylor ovopdletor oelpd Maclaurin.

6.2 IloiAvavopo kor oepd Taylor Yo KAAGOIKES GUVAPTIGELS

(o) H suvaptnon nuitovo Av f(z) = sinz, t0te
f'(x) =cosz, f"(x)=—sinz, f"(z)=—cosz, fH(x)=sinz,
Snhadn f@)(x) = (—=1)"sinz kon fC"+) (1) = (—=1)"cosz y k6Be v € Rkoun = 0,1,2, ...,
enopévag, f@(0) = 0 xar fE+D(0) = (-1)"yian =0,1,2, .. ., ondre,

3 5 (_1)nx2n+1 n (_1)kx2k+1
(s 030) =2 = g4 g = T ) kzzo 2k + 1)1
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Avt6 etvan To toivdvopo Maclaurin Bafpov 2n + 1yt cuvaptnon sin x.

Tdpa, To vidrowmo Taylor otn popen Lagrange, vrobétovtag 6t z # 0, elvan

(=)™ sing o4y

Ry, ,0; = )
2, 052) = 5 N e
ywo Kamowo € peta&vy 0 kot x, ondrte,
| sin¢| 2n+2 ]2
R 0;2)| = —— |2 < ———.
Epappolovrag topa to kpurnpo Aoyov (Ilpodtaon 2.17) omv axorovbio a, =
maipvovpe
|$|2n+4
ant1 (20 +4)! |2 ,
= = — 0 ko0 —
an | |22 (2n + 3)(2n + 4) Kams T 00,
(2n + 2)!
’x|2n+2
onrodn m — 0 KB n — 00, GLVETMG,
nlL)ngo |R2n+1(f7 Oa ._'L')| = 07
OTOTE,
) ) o0 (_1)nx2n+1
= lim Ty, ,0;2) = —_ .
sinz = lim Toni1(f,0;2) Z; (2n + 1)
Av1r| givon n oglpd Maclaurin ywo T cuvéptnon sin z.
(B) H ovvaptnon cuvvnuitovo Av f(x) = cosx, t01e
f'(x) = —sinz, f"(z)=—cosxz, f"(x)=sinz, f¥(z)=cosz,

|x|2n+2

(2n +2)

dnhadn f@V(z) = (—1)" cosz kou f ) (z) = (—1)"* ! sinz yuaxdbex € Rxaun =0,1,2, ...,

enopévag, f@(0) = (—=1)" kar fF*D(0) = 0yian =0,1,2, ..., ondre,
x2 .T4 (_1)711.271 n (—1>k172k

Tonlf,002) = 1— 2 T
onlf:05) STRRAT HCTSY Z;

Av10 glvan o molvdvopo Maclaurin fabpov 2n yia ) GuvapTnon oS .

Topoa, to vrdrowro Taylor ot popen Lagrange, vrobétovrag 1L & # 0, glvan

(_1)71“ sin ¢ 2n+1

Ron(f,0;2) = :
anlf: 05) (2n +1)! v
v Kamowo € peta&vy 0 ko x, ondrte,
[sing| o [
Ron(f,0;2)] = ———Jz|*" ™ < =
[Ban(F,0:0)) = e <
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|I|2n+1

T 0 xabé
@n 1)l KPS

Me avéroyo tpdmo Onw¢ oTn cLVAPTNOT sin UrTopovue va dei&ovpe OTL
n — 00, GLVENMG,
lim |Ry,(f,0;z)| =0,
n—oo
oTmoTE,
(_1)71,1,271
(

n=0
Avtn glvon ) oepd Maclaurin yio ™) cuvdptnon cos z.
(7) H ek@etki ovvaptmon Av f(z) = e, 161 f™(z) = € Y10 k60 v € R kou n =
0,1,2,..., emropévac, f(”)(O) =1lywn=0,1,2,..., ondre,

2 n ":L,k

z x

Av16 givor To moAvmvopo Maclaurin BaBpod n yo T cvvaptnon e*.

Tdpa, To vidrowmo Taylor ot popoen Lagrange, vrobétovtag 6t = # 0, glvan

65 xn—i—l
(n+1)! ’

Rn(f; Oa I) =

vy kamowo € peta&y 0 kot z. o x > 0, epodcov, and v [pdtacn 4.4(0), n €* ivarl yvnoing

avéovoa kan 0 < & < x,

et _ et pntl 6\:z:||l.|n+1

GrD" Srll @t

|Rn(f,0;x)| =

Av, avtifeta, z < 0, 1018 7 < £ < 0, omote ¢ < €° = 1, cuvendg,

|R (f O[L‘)| — 65 |Z)’J|n+1 < |;L”TL+1 _ e—x|x’n+1 _ €|m||x‘n+1'
o (1) (n+D! " (n+DL (n4 1)
Apa, Yo x 7é 0, éXOl)ug
!RAﬁmeSTFIBT
|| . |n+1
Epappolovrog topa to kprmmpio Adyov (Ilpodtaon 2.17) omv akorovbia a, = %’
Taipvovpe
el || +2
1 (n+2)! |z ’
an @\x||x|n+l ) — 0 xaBongn — oo,
(n+1)!
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€|m| |x|n+1

OnAadn m — 0 xaBdc n — 0o, cvvendg,
lim |R,(f,0;z)| =0,
n—oo
oTmoTE,
xr __ : . _ xn

Avtn glvon 1) oelpd Maclaurin yio ™) cuvdptnon e”.

(8) H AoyapOki suvaptnon Av f(z) = In(1 + z), = € (—1, 1], to1e

1 1 2 6
/ _ " _ " _ (4) — _
@)= IO =~ 70 = g S0 = g
—1)"Ln — 1)
dnhadn ) (z) = ( 21 _i_(;l)n ) v k@Oe © > —1koun = 1,2,. .., emopévec, f(0) = 0 ko
fO0) = (=) Yn—1)yian=1,2,..., onote,
2 3 (_1>n—1xn n (_1)k—1xk
T(f,0i0) =0 — — 4 = — gL N T
(f,0;2) =@ 2 + 3 * n — k

Av16 givar To Tolvdvopo Maclaurin Babpod n yo ™ cuvépmon In (1 + z).
Todpa, o vedrowro Taylor otn popen Lagrange, yio —1 < o < 1 pe x # 0, givan

GV
(I + gt

v kémowo & petald O ko z. Nz > 0, epdoov 0 < € < x < 1, émeton OTL < 1, omodte,

1
T+

n+1 n+1

Gr DA+ “ )

|Rn(f,0;2)| =

n+1

(n+1)

Agdopévov 6t — 0 kaBadg n — oo (artiohoynote ylati), Taipvovple

lim |R,(f,0;x)| = 0.
n—oo

Avrtictotya, o vdérowmo Taylor ot poper| Cauchy, yio —1 < x < 1 pe z # 0, elvan

(=n"
1+

v Kamoto € petald 0 ko z. o x < 0, epdoov —1 < < € < 0, éneton 6110 < &€ —x < £+ 1,

Ru(f,0;2) = (z —&)",

oTOTE,

L e Cea g

N N (R NS
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oo (E=2\" |zl , : o
Agdougvov 0Tt — 0 koBwc n — oo (artioloynoTe Yi0Tl), TOipVoLLE
i (gJrl £t 1 S ( YNOTE Y10Ti), TaLipvoup
lim |R,(f,0;x)] = 0.
n—oo
Apa, tehkd, yioo —1 < x < 1 pe x # 0, 1o)ydel
lim |R,(f,0;z)| =0,
n—oo

oTmoTE,
n 1 "

In(1+2x)= lim T,,(f,0;z) = Z

n—00
n=1

Avt givon n ogpd Maclaurin ywo t cvuvaptnon In (1 + z).

6.3 Aocxiocseig

1. Amodei&re v [opatipnon 6.1.

2. Tpayrte kaOg £vo, and to ToAvdvopo v2 — 5z + 8, 23 + 7r + 1, 2t k2% — 323 + 22 — 2 + 2
o popef ap + a (z — 2) + az(x — 2)? + - - - + ay(x — 2)™, 6oL 1 0 Pabudg TOL doBEVTOG

TOAVMOVOLLOV.

3. Ymoloyiote to moivmvopo Taylor T),(f, 0; z) yio kabe pio and t1g axdlovbeg cuvaptnoels:

Q) ()= 1
i) f(0) = 1

4. Yrnoloyiote to moivmvopa Taylor T3(f,0; ), Tu(f, 0; x) xau T5(f, 0; ) yua ™ cvvaptnon
fle)y=a*+2*+ 22+ o+ 1.

5. TIpooeyyiote Tic Tipéc sin 1, sin 2, el kon €? pe oedipo pucpdtepo Tov 1077,

6. Eoton > 1xo f,g : (a,b) — R 800 cuvaptioelg n popég Tapaymyiciues 6to onueio

Ty € (a,b), étor dote f(zo) = f(xg) = --- = fP V() =0, g(xg) = ¢'(w0) = --- =
gV (20) = 0 xan g™ (1) # 0. Aeiéte 611

L @) )
e g(z) g (z0)

7. Ectwon > 2«xo f : (a,b) — R wa cuvaptnon n gopég napaymyicyn oto onueio xg €
(a,b), o1 dote f(z0) = f(x0) = - = fFP D (x0) = 0 xon f™)(20) # 0. Aseite 61
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(i) Av o n ivan dptiog kon f™(z9) > 0, T6TE M f £xEL TOMIKO EAGLYIOTO GTO .

(ii) Av o n eivor dptiog kan £ (xq) < 0, T6TE M f €YEL TOMIKO LEYIGTO GTO .
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Kepdaiaro 7

OlokAnpopata

7.1 Opiopdg 10V OLOKANPOROTOS

To ohokAnpdpaTa ¥p1GLLOTOI00VTOL EVPVTATA oTo MadnuaTikd aAld ko otic Eeapuoouéveg
Emompuec.

Av Kot 0 0plopdg TOV OAOKANPOUOTOS €ivarl PAALOV TEPITAOKOG, GTNV TTPOYUATIKOTNTO TO
OAOKANp®UA TUTOTOLEL oL amAn, dtaoOntTikny évvola, avut Tov eufadov. Av Bempncovpe o
ouvvapmon f : [a,b] — R epayuévn oto [a,b] kot yia v omoia woydel f(z) > 0 yur kdbe
x € [a,b], T0TE TO OMOKAPOLO TNG CLVAPTNONG, EPOCOV DILAPYEL KL EIVOL EVOG TPOYHOTIKOG
apOpdc, vroroyilet to epPadd KdT® amd T YpaPIKy tapdotacr s f, Tdveo and tov opildvtio
a&ova X'OX kot avapeoa otigkbfetegr = a karz = b. Av kot apyikd 1 16€a TV T0 OLOKAN PO
va. VToAoYilel ufadd PN apvNTIKOV GLUVOPTHGEMY, 0 OPIGUOS TOL Bo dMCOVUE KOADTTEL Kot
TEPIMTMOGELG GLVOUPTNCEMV TOL TOUPVOLV BETIKESG KOl APVNTIKES TILES.

H 18¢a y1o tov vroloyiopd tov epfadov A cuvictatat 6Ty TPoGEYYIoT| TOV Ao dVO “Ye®UETPL-
K&~ aBpoiopota, amotelodpeva and eufadd opboywviov: ‘Eva kdto dBpowcpa s, 1o omoio

nepléyetal 6to A, kot éva dve dBpotopa S, to omoio mepiéyel to A. Etot
s<Axu A<ZS.

[Tpoxeévov OA0 To TPONYOVUEVA VO UTOVV G€ €va padnuatikd mhaictlo, ypelaldHacTte Tovg

aKOA0VO0VG OPIGHOVG.

Opwopég 7.1 Eotw a < b. Mia dwopépion P tov diactiuorog |a, bl eivou éva merepaouévo abvolo

oNUELwY To, X1, . . ., T, T00 [a, b] étor dote

a=x9g <11 <-+-<x =0
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Hapotipnon 7.1 Xe kabe dwapépion P tov daothpatog [a, b] mov emdéyovps, ta onueio givol
dteTaypéva Kot av&ovoa Téén, Le To TpdTo va givor Tévtao To a kot 1o teAevtaio 1o b. Emumiéov,

T onueia TG Stapépiong dev gival, KAT avAayKnV, 100TEYOVTOL.

Opwopég 7.2 Eotw | : [a,b] — R wa ovvaptnon gpayuévy oto [a,b] ko P = {xg,x1,..., 2.}

wia drouépion tov [a, b]. Eotw, yia 1o toyaio vrodidotnue [x;_1,x;], i =1,2,...,n,

=inf{f(x): z;1 < x < 24},
=sup{f(z): z;i-1 <z < 2}

To kdrw dbporoua e f yo v P ovufolrilerar ue L(f, P) ka1 opileror wg

Emzzle

eva 10 ave dbpoiouo g f yio v P ovufolileror e U(f, P) kou opilerar wg

ZM — T 1

To kdT® Kot T0 Ave AOPOICL AVTIGTOLXOVV 6T S KOl .S aVTIGTOLY0 TOV AVALPEPOLLE TTPOTYOLUEVOC.
Kata pio évvola avtimpoconedovv ta epfadd twv opfoymviov mov Bpickovrol KAT® Kol Tave

avtioTorya omd T YpoPIKn TopdotacT g f.

Hapotipnon 7.2 (o) H f amorteiton va givar gpaypévn oto [a, b] yuo va opifovron ta m; ko M;.
(B) Ta tov opopd twv m; kot M; ypnowonowobpe inf kot sup (avti Tov min Kot max)

avtiotoya, ywatin f dev £yl vrotebel cuveng.
Kat™ apynv, v pio onotodfirote dtopépion P tov dtaotipatog [a, b], epdoov m; < M;, ondrte,
mi(v; — wi-1) < Mi(ws —xi1), 1=1,2,...,n,

gxovpe
L(f, P) < U(f, P).

[Mop’™ 6Aa avTd, 16YVEL KATL TTOAD TTLO YEVIKO, TO OTTOI0 YEWUETPIKA YiveTOL EDKOAN KOTAVONTO.

Afqupe 7.1 Av P koi Q) givor 6o diouepioeis tov daotiuatog [a, b] kai n Q mepiéyer v P, dniodn

oAa ta onueio e P avixovv oty Q, tote



Amodeiln. Ag Bewpnoovpe, KoT apynv, TV 0K TEPITTO®ON TOL 1 dapéPon () mePEyeL Eva

puévo mapomdve onpeio and v P, dnAaon

P=A{xg,x1,. .., Tp_1,Thy---, T},
Q={x0, 21, ., Tp_1,U, Tk .., Tn},
omov
a=xg<T1 < - <ppg<u<z<---<x,=0>
‘Ecto
my = inf{f(z) : v <z < u},
my =inf{f(z) :u <z < g}
Torte,
n
L(f,P) =Y mi(x; — zi1),
i=1
k-1 n
L(f,Q) = Zmz(% — 1) +my(u — 1) +my(zy, —u) + Z mi(z; — i)
i=1 i=k+1

Enopévag, yio va amodeifovpe 6t L(f, P) < L(f, Q) 0o mpénel va deiéovpe 0t
my(zr — 2p—1) < my(u — zp_1) + my(x, — ).

Topa, to cvvoro {f(z) : 11 < x < xp} mepEyel OA Ta. 6TOLYKEID TOV GUVOAOL { f(X) @ T)p1 <
r < u} ko {owg Ko KGmow (kpOTEPQ GTOYKEIN, GUVETMS TO HEYIGTO KAT® PPAYLO TOV TPATOV

oLVOAOV elvar puKpOTEPO 1 160 OO TO PEYIGTO KAT® PPAYLO TOV SEVTEPOV GLVOALOL, dNANOTN
m < mﬁg.

Opoimg,
my < mj.
Enopévag,
mi(u— xp_1) + mi(xr —u) > my(u—xp_1) + mi(zp — u)
mg(u — xp_1 + T — u) = me(Tr — Tp_1)-

AT mOdEIKVVEL GTNV E01KT TEPITTOGT TOL 1| () TEPIEXEL EVOL LOVO TTALPOTAvV® onpeio amd v P,
ot L(f, P) < L(f, Q). Evtehdg avtiotoryo, 6€ auTiv TV €181KN Tepintmon, umopel vo amoderydei

onU(f, P) > U(f,Q) kou aprvetarl g AOKNGT GTOV OVOyvVAGT.
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Av topan dwpépion Q) mepi€yet, eKTog omd ta onpeia g P, Kot kdmowo emmAéov onpeio, T0TE
Eexwvape pe mv P kot TpocBétovtag éva onpeio kdbe popd GTavovpe TEAKA oty () HECH NG
axolovbiog Twv dapepicewv

P=P,P,....P,=0Q,

étor wote n Py mepigxer Oha ta onueia g P ko akpipag éva mopomdve. Onote, dnwg

amodei&ape TPONYOLUEVMG
Ko

U(f,P)=U(f,P) >2U(f, P2) >--- > U(f, Pn) = U(f,Q). O

Ozdpnpa 7.2 Av P ko1 Py givou dbo diauepioels tov diaotiporog [a,b] ko f 2 |a,b] — R eiva

Lo GVVAPTNON PPayIEVH oTo [a, b], ToTE
L(fapl) < U(f,Pg)

Anooeiln. H anddeién ompiletonr oto mponyovuevo Aupa. Oempovpe t dwapépion P mov
nepEyel OAa Ta otoyeia Twv Py ko P, onhadn P = P U Ps. Tote, dedopévov 6tLm P mepiéyet
TG P xou Py, éxoope L(f, P1) < L(f, P) xaw U(f, P») > U(f, P), onote

L(f, ) < L(f, P) SU(f, P) < U(f, Pa). -

To amotéleopo tov mponyovpevoy Bempnuotog Aéel Ot €var omolodnmote Gve Gdhpoicua
U(f, P") eivor v @pdypa yio 6l ta kGt abpoicpata. Epdcov to oovoro { L(f, P) : P dwauépion

0V [a, b]} givan Gvo epaypévo ard o U(f, P') €xel supremum Ko LGAGTO,
sup{L(f, P) : P dwpépion tov [a,b]} < U(f, P") yw ka0 Swapépion P’ tov [a, b],

omorte, to sup{ L( f, P)} etvau kdte @pdypa yio to 60voro drhav tov dve adposudtov {U(f, P) :

P Swapépron tov [a, b]}. Zvvendg,
sup{L(f, P)} <inf{U(f, P)}.
[Tpopavag, v kaOe dwapépion P’ tov [a, b] 1oydet
L(f, P") < sup{L(f, P)} <inf{U(f, P)} < U(f, P'),

evd pmopet va ovupei eite sup{L(f, P)} = inf{U(f, P)}  sup{L(f, P)} < inf{U(f,P)}. To

tehevtaio kabopilel av n cuvaptnon f eivar oAokAnpaoiun 1 OxL.
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Opwopéc 7.3 Eotw [ : [a,b] — R wa ovvéptnon gpayuévn oto [a,b]. H [ eivar oloxinpadoiun

katd Riemann oto [a, b] av
sup{L(f, P) : P dwopépion tov [a, b]} = inf{U(f, P) : P dopépion tov [a, b]}.

2 aQUTHV TV TEPITTWOT, 0 KOIVOS avTog aplduos ovoualetar olokinpwua e | kor oopforileton

pe L f i [ f(x)de.

Hapatipnen 7.3 To cvpuforo [ Aéyeton cOpBoro ohokAipmong Kot o apytcd Eva ETUNKVCUE-
VO s amo T ATvikn AEEN “sum” Tov onuaivel “aBpotopa’”. Ta a Ko b Adyovton KAT® Kot dve Opla

NG OAOKANP®OTG.
Avn f elvar ohokAnpdciun, soupova pe tov Opiopud 7.3,

b
L(f,P) < / f(z)dx < U(f, P) yw xd0e dwpépion P tov [a, b].

MéMota, T0 ff f(z)dz givon 0 povadikdg apBudg mov &yet avtiv TV W10TNTO. AVTA TOL S8V oG

Aéel 0 oplopdg giva:
(a) TMog va amogacicovpe av pio GuvapTnon ivat oOAoKANpOGLU 1} OxL.
(B) Nwg Bpickovpe T0 OAOKANPOLO TNV TEPITTOGT TOV 1] GLVAPTNGON EIVAL OAOKANPDOGIUN.

Hapaderypa 7.1 'Eoto f : [a,b] — R n ovvaptnon mov opileton péow tov tomov f(x) = ¢, 6mov

¢ € R eivon pio otabepd. Av P = {xg, x1, ..., 2, } eivar o Swapépion tov [a, b], tote

m;=M;=c, 1=12,...,n,

oToTE,
L(f,P) = z:m,(mZ —xi1) = c(x; —xi_q) = CZ(% xi_1) =c(b—a)
i=1 i=1 i=1
Kol
U(f, P) == Z Mz(l’z — xi_l) == C(Ii - xi—l) == CZ(IZ — 'ri—l) = C(b — CL).
i=1 i=1 i=1
Apa,
sup{L(f, P)} = inf{U(f, P)} = c(b — a),
oniaon

/abf(x)dm - /abcdx = ¢(b—a).

[Mapatmpnote 611, OT®G eival avapevopevo, To oOAoKANpoua ival To uPaddv evoc opboywviov.
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To mponyovuevo mapdderypo etvor pion amd TG AMyeg TEPIMTOGELS OOV, LE TN YPNON TOV
OPIGHOV, OYl LOVO UTOPOVE VO GUUTEPAVOLUE OTL 1] GLVAPTNOT EIVOL OAOKANPMOGIUN OAAL Kot
va VtoAoyicovpe 10 oOAOKANpOUA ™G ‘Eva moAd ypfoipuo Kpitiplo 0OAOKANpOGIHOTNTAG, GTNV

TEPIMTMOOT TOL 0 OPIGUOG dev Umopel va pag Bondnoet, etvar to akdAovbo.

Ozdpnpa 7.3 (Kpitijpio oloxinpwaoiudtytag tov Riemann) Eotw [ : [a,b] — R wa ovvéptnon
ppoyuévy oto |a, b]. Tote, n f eivar odoxinpaoiun kata Riemann oto |a,b] av ka1 uévo av yia kébe

e > 0 vmapyer pua diapépion P tov [a, b] étor dote
U(f,P) _L<f7P> <Eé.

Armdodeln. AgvmoBécovpe kat’ apynv 0ttm f eivar ohokAnpdown koté Riemann oo [a, b].

Tote, cvppwva pe Tov Opiopd 7.3,
sup{L(f, ")} = inf{U(f, P')}.

‘Eoto toyaio € > 0. And v Ipdtaon 1.5, yia 10 &' = £/2 > 0, vmdpyetl Swpépion Py tov [a, b]

TETOL0L OOTE
sup{L(f, P')} — &' < L(f, Py), smhadii sup{L(f, P')} — L(f, P\) < &' = 2/2
Kot dopépion Ps tov [a, b] tétow dote
U(f, o) <inf{U(f, P} +¢', madfy U(f, ) —inf{U(f, P")} <&’ =¢/2.
[Tpocbétovtag katd LEAN TIG dVO TEAELTAIES AVIGOTNTES TAIPVOLLLE
U(f, Py) — inf{U(f, P')} + sup{L(f. P')} — L(f, P) < £/2 +¢/2,

onAadm
U(f7p2)_L(f7P1) <e.

Av topa P glvar n dwopépion mov mepiéyet g P ko P, dnhadn P = P U P, 1618, Ady® TOV
Aqupotog 7.1,

Kot

[IpocBétovtag Katd péAN Tic 600 TeEAevTaiES OVIGOTNTEG TALiPVOLLLE
U(f,P) —L(f,P) S U(f7P2) _L<f7P1) <g,
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T0 01010 ATOSEIKVVEL TO {NTOVEVO.

Avtictpoga, éotm 6Tt Yo KaOe € > 0 vdpyet pa dopépion P tov [a, b] étol dote
U(f,P) —L<f,P> <Eé.
Agdopévov 0t

L<f7 P) < Sup{L(f> Pl>}7 Sn;‘asﬁ - Sup{L(fa P/)} < _L(f7 P)

inf{U(f, P")} < U(f, P),

TPocOETovTag KOTd HEAN TIG OV0 TEAELTAIEG AVIGOTNTEG TOUPVOLLLE
ll’lf{U(f, P,)} - Sup{L<f7 Pl)} < U(f7 P) - L(fa P) <E.

Enopévmg, yio kabe € > 0,

inf{U(f, P')} — sup{L(f, P")} <&,

and 1o onoio émetan 6t inf{U(f, P')} = sup{L(f, P")} (PAéne Aoxnon 22(iii), KepdAawo 1),
omote, cOpEva e Tov Opiopd 7.3, 1 f eivar ohokAnpdoiun katd Riemann oo [a, b). U

To mponyovuevo amotédespa, OTmG Bo SoVUE OTIG EMOUEVES TTAPOYPAPOVS, XPNOUYLOTOLEITOL
gvpOTOTA TPOKEEVOL VA omodeiEovpe onpovtikd Oempntikd aroteAéopata. Eviovtolg, ypnoiyto-

TOLEITOL EMIONG TPOKELUEVOL VO OEIEOVIE TNV OAOKANPOGILOTNTO CUYKEKPIUEVMV GUVAPTNCEWMV.

Hapaderypa 7.2 (o) Eoto f : [0,0] — R 1 ovvaptnon mov opileton péow tov tomov f(x) = x.

Av P, = {xg, z1, ..., x,} eivarn dopépion tov [0, b] pe woanéyova onueia,
b 2b —1)b b
IOZO, Ty = —, (L’QZ—,...,ZEZ‘_lz(Z ),I'i:Z—,...,l'n:b,
n n n n
gyovpe, 6To VYO0 VIOdoTNUA [7;-1, %], i = 1,2,...,n,
m; = xi_1, M;=x;.
Enopévag,
= = " (i—1)bb
L(f, P.) = i(Ti — Xi—1) = i—1(%; — xi1) = —
(f, P,) ;m(m’ Ti 1) ;x (i — i) ; —
b o P~ B (n—1 — 117
o N e N
n? n? n? 2 n 2



Kot

- " bbb
U(fapn) = ZMz — Ti— 1 Zmz Ty — T4i— 1 EE
i=1 1=1
P Van+l) nt+10?
1= — = —.
n2 4 - n2 2 n 2

1=

Omorte,
n+18 n—10* 201> b?
P,)—L(f P, = — — —_— = —— = —

Emopévog, emiéyovtag and v Osopnua Apyundovg-Evdoéov (Ilpdtaon 1.6) 1o n €161 ote

ne > b2, dnhadn
b2
— <&,
n

émetol, omd To KPUMplo oAokAnpwoipudrag tov Riemann, 61t 1 f eivar ohokAnpooiun xotd

Riemann oo [0, b], dnkadn to fo x)dx vrapyel. Topa

b
A = LR < (L)) = [ e = (U )} < UG P = "
0
oniaon , ,
n—1 b n+10
n / fl@ 2’

KoL, 000UEVOL OTL

n—10¥ V? n+1b6 b
5 5 1 - 5—);1((190)@;71—)00
n

/Obf(a:)dx = —

Kévovtog akdpa meptocoTEPOVE VTOAOYIGLOVG, UTOPOVUE Vo Oei&ovpie OTL

b b2 a2
/a f(l')dﬂ? = 5 — E

Onwg PAEmovpe, 1 amddeEn ™G OAOKANPOGIUOTNTOS LN GLVAPTNONG, XPNOULOTOLOVING TO

£meTal OTL

KpUTNplo oAokANpocotnTag tov Riemann, etvon pio enimovn dtadikacion akOUo Kot Yo oamAEg
cuvapticelg onwc N f(z) = z. [ mo mepimhokeg cuvaptioelg, omogn f(z) = 22, ot Suokolieg
etvat aKkoOpa PLeyaADTEPES.

(B) Eoto f : [0, 2] — R 1 cvuvaptmon nov opiletat pécm tov tHmov

f(x)z{ 0 avx #1,

1 aovze =1.
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Av P = {xg,x1,...,2,} eivon pia Suapépion tov [0,2] pe zj1 < 1 < zj, 1 < j < n, éovpe
m; =M, =0y0i=1,2...,n, %7, xauu m; =0, M;=1.

Enopévag,

Kot

ZMZ i — Li—1 +M( —213'31 ZMz( —T;— 1)—5(7]'—1’]',1.

i=1 i=j+1
Omorte,
U(f,P) _L(f7P) =Tj —Tj-1-

ZUVERMG, TPOKEWEVOL, Yo Toyaio € > 0, va woydel U(f, P) — L(f, P) < € apkei vo dtodéEovpe
wa dwapépion P étoroote -1 < 1 <z, 1 < j <n,koz; —x;_1 < . XV nepintmon avt,
Ao TO KPITNPLO OAOKANPOSIHOTNTOG TOL Riemann, 1 f givatl odokAnpaoun katd Riemann oto

[0, 2], dnAadn To fo x)dx vrapyel. Todpa

— L(f.P) < sup{L(f. P')} = / f(@)dr = inf{U(f,P') < U(f,P) = 2; — 1,1 < <.

oniadn
2
0< / f(z)dz < e yuwkdbe e > 0,
0

/ ) =

(BAéme Aokmon 22(iii), Kepdrato 1). Apa, 1 0GLVEXELD TNG CLVAPTNONG LOG 6TO onueio © = 1 dgv

oTmoTE,

v eumodilet va givar ohokAnpdoun kotd Riemann oto [0, 2].

7.2 KAG0oE€IS OLOKANPOGINOV GUVIEPTICEOV

Ta tehevtoio TopadelyLoTa TG TPONYOVUEVNC TOPAYPAPOL LOG oprjvoLV af€Pa1ovg Yo To av
1 GLVEYELD LG GUVAPTNONG GLVOEETAL KAT  OVAYKTV LE TNV OAOKANpcnotnTd TS, EmimAéov, Oa
NTav evolapEPOV Vo YVOPILapE oV GUYKEKPIUEVES KAGCELS GUVAPTHOE®MY, OTMG Y10 TOPASELYLLO,
Ol LOVOTOVEG GUVOPTNGELS, gival olokinpdoiueg 1 oyt To endueva dvo Bewpnpato amavtodv

aKpPIP®OG AVTA TO EPMOTHUATO.
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Ozopnpa 7.4 Eorw f : [a,b] — R wa ovvdptnon povérovn oto [a,b]. Tote, n [ eiva

olokAnpddoiun kard Riemann oto [a, b).

Arddeiln. Kat’ apynv, vmobétovpe 6Tt n f givar avéovoa oto [a,b]. Ty nepintwon avt
gxovpe
fla) < f(x) < f(b) naxdbe x € [a,b],

emopévag 1 f €xel péyloto ko erdytoto, dniadn givarl epayuévn oto [a, b], omote Exel vonua va
gEetdoovpe v oAokAnpoodmtd g Eniong, av f(a) = f(b), toten f givon otabepn kot dnmg
deilape og mponyoduevo mopaderypo orokinpmoipn. Etot vrobétovpe ot f(a) < f(b).

"‘Eoto toyaio € > 0. Oewpodpe ta n + 1 woanéyovra onpueio

Ti=a-+1 , 1=0,1,...,n,

n

ONAadn 0Ho omoladnToTE H1ad0YIKA onueio z; 1 Kol x; amEXouV EVO Tg = a Ko x, = b,
Kot Taipvovpe ™ dwapépion P, = {xg, x1, ..., x, }. Tote, 670 TUYOHO VIOSWOTNMA. [T 1, T4], © =

1,2,...,n, &ovue

Enopévac,

n

DU ) = Yo = ) = 3 S = T ) + flan) o )]

Ko

U<f7pn)_L(f7Pn>:

b—a 1 (b= alf®) ~ f@)]

Emopévog, emiéyovtag amd to Osdpnua Apyrumdovs-Evodcov (IIpdtaor 1.6) to n éto1 dote

(b—a)[f(b) = f(a)]

n

<, mhadn ne > (b—a)[f(b) — f(a)],

€meTol, amd TO KPLTPLo OAOKANpOSOTN TS ToV Riemann (Bedpnpa 7.3), 6tin f elvar ohokAnpdoyn
Kotd Riemann o710 [a, b].
H anddeién givon eviehmdg avtictoyn oty nepintmon nov N f givar ebivovoa 1o [a, b] ko

QPNVETOL ®G AOK™OM). 0
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Ozdpnpa 7.5 Eorw | : [a,b] — R a cvvéptnon ovveyiic oto [a, b]. Tote, n f eivon oloxinpadoiun

katd Riemann oo [a, b].

Ardderln. Kat’ apynv, n f, og cvveyng oto kAE0To didotnua [a, b], eivar paypévn oto [a, bl
omoTe £xel vONUa va eE€TAGOVLE TNV OAOKANP®OGIUOTNTA TNG.
‘Eoto toyaio ¢ > 0. H f, og cuveyfg oto khetotd didotpa [a, b], eivor opotdpopea cuveyng

, € , . ,
oto [a, b], ondte, Yo &’ = Y > 0 vrapyet 0 > 0 €161 dote
—a

3

av z,z’ € [a,b] pe |x — 2| < 1018 | f(x) — f(a)]| < &' = r—

Agdopévov 6tLt0 § = 6(¢') = 0(e) efaptaror pdvo amd To £ Ko Oyt kot amd To onueio , 2,
emhéyovpe, Kot avto givarto Kpiowo, pa dapépton P = {zg, x1, . .., T, } 161010 O0TE T; — ;1 <
5, 1 =1,2,...,n. H f, og ovuveyng o kGbe didotnpa [z;_1,x;], i = 1,2,...,n, £l péytotn Ko

gldyiotn T, SNAadH VILapXovV U, v; € [x; 1, ;] €101 doTe

m; = f(vi), M;= f(w).

Epdcov
lu; —v| <@y —xmq <9,
Enetan 0TL
M;—mi = fu) = f(v) < 7—.
Topa,
n n n

U(fv P) - L(f> P) = ZMz(ﬂfz - fl?z'—l) - Zmz(iﬂz - ﬂfi—l) = Z(Mz - mz)(ﬂfz - -732'—1)

£ S £

< Zb_a(xi—xi_l):b_aZ(:Bi—a:i_l):b_a(b—a)zs,

=1 i=1

omoTE, OO TO KPLTNPLo OAOKANPOSIHOTNTOS ToL Riemann (Oedpnua 7.3), 1 f elvar ohokAnpociun

Katd Riemann 67o [a, b]. O

7.3  I010TNTES TOV OAOKANPOGIN®V GUVUPTHGEMY

To amoteAéopato avTHG TNG TOPAYPAPOL Elval 1010iTEPA ONUOVTIKE, HETAED GAA®V, Yo TOV

TPOKTIKO VTOAOYIGUO OAOKANPOUAT®V.
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Mpotaon 7.6 Eorw [ : [a,b] — R wa ovvéptnon gpoyuévy oto [a,b] ko1 ¢ € [a,b]. H [ eivaa
olokAnpcdoiun kazd. Riemann oo |a, b] av ko1 povo av i f eivar odokinpwoiun karé Riemann oto

la, c] ka1 a70 [c, b]. ZTnv mepinrwon avtij 1oyvel

/abf(m)dx - /acf(x)dx+/cbf(x)d:p

Améderln. Ynobétovpe kat’ apyfiv 6tin cuvdptnon f eivor ohokAnpdoun oto Staotiuata [a, ¢] ko [e, b]. Tote,
a7to TO KPLTHPLO0 OAOKANPOGIUOTNTOG TOV Riemann (Oedpnpa 7.3), o toyaio € > 0, vedpyovv pio dtapépion Py kot
pio dwapépion P €101 ®OTE va 1o)Hovy

€ €
U(f,P) = LS. Py) < 5 wat U(f, Po) = L(J, P2) < 5.
Bewpovpe ™ dapépion P = Py U Ps, yia TNV 0moio, Tpo@avag 153000V

L(f, P) = L(f, P1) + L(f, P2) xou U(f,P) =U(f, 1) + U(f, P2),

omote, TPOGHETOVTAS KATE LEAT TIG TPONYOVLEVES OVIGOTNTES, TAIPVOLLLE

U(f, P) = L(f,P) <e,

10 onoio anodewviel OTL T f givar odokAnpdowun oto [a, bl.

EmumAiéov,
c b
L(f, P1) g/ F@)dz < U(f, Py) xar L(f, Py) g/ F@)dz < U(f, Py),
oToTE,
c b
LULP) + L P) < [ @)+ [ fo)de <UL P + UGS P,
onhadn

/f der/f )iz < U(f, P) o L(f,P /f \dz < U(f, P).

Amd Vv tedevtaia Toipvouyle

x)dz — (/acf(x)dx + /be(x)dx>

b
amo v onoia, Adym tng Acknong 22(iii) tov KepaAaiov 1, émetar 611 / flx)dx = / x)dx + / f(x)dx.

<U(f,P)— L(f, P) < e yuaxdbe e > 0,

Ag vroBécovpe tdpo 6TL M cvvaptnon f eivar odokdnpdown oto ddotnua [a,b]. Tote, amd t0 KpLTiplo

oAOKANpwodTHTaG ToL Riemann, yo Toyaio € > 0, vdpyet pia dtapépion P €161 doTE

U(fap)iL(f7P)<€

Av ¢ ¢ P, 161¢ Bswpodue ) dwopépion P = P U {c}, onore,

U(f,P") = L(f,P") <U(f,P) - L(f,P) <e

Suvendg, propodue va vrobicovpe 6t ¢ € P (ywti Stupopetikd naipvovpe otn 6éon g P v P = P U {c}).

Ozopovpe tdpo Tt drapépion P tov dtootipatog [a, ¢] mov nepiéyet ekeiva ta onueio ng Stapépiong P mov Egkvave
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070 @ K0l TEAEIOVOLY 670 ¢, Kot 1 dapépion Pa ov diaetipatog [¢, b] mov mepiéyet exeiva ta onpeia g Stapépiong

P mov Egxvave oto ¢ kot tedetdvouy oto b. Kat” apynv elvat tpopavég ot

L(f,P)=L(f,P)+ L(f, P2) xaa U(f,P)=U(f,P1) +U(f, P),
oToTE,
U(f, Pr) = L(f, P) + U(f, P2) = L(f, P2) = U(f, P) = L(f,P) < ¢
GUVETMG,
U(f, 1) = L(f, P1) <e xa U(f, P,) = L(f, 2) <¢,
amd To omoio £meton 6Tin cuvapTnon f eivor ohokknpdoiun ota Sotnpata [a, ¢ kot [¢, b]. Tdpa, Onwg oty amddeién

b c b
tngdMngKutsﬁevvcsngnaipvouus/ f(x)da::/ f(x)da:+/ f(x)dx. O

Mpotaon 7.7 Eotw f,g : [a,b] — R dvo cvvaptiioeic olokAnpdowues kard. Riemann oo |a, b).

Tote, n f + g etvou oloxdnpaoiun katé Riemann oto [a, b] ko

/ "+ g) ) = / e 1 / ' gla)ia.

Arédeiln. Eoro P = {xg, 1, ..., Ty} plo toxaio Swpépion tov dtaotipartog [a, b]. Eoto
m; = inf{(f + g)(z) : ;-1 <z <z},
m} = inf{f(z) : i1 <z <z},
mf =inf{g(x) : x;o1 <z < x;},
Kat
M; =sup{(f + g)(x) : #i1 < @ < 2},
M} = sup{f(x): zi1 < 1w <2},
M!" =sup{g(z) : z;i—1 <z < x;}.
Agv givat dV6KoLo Vo, SoVLLE OTL
m, +my <m; xoo M; <M+ M, i=1,2,...,n
(BAéme Aokmon 3), emopévag,
L(f,P)+ L(g,P) < L(f + 9, P) <U(f + 9, P) <U(f,P) + U(g, P).

Epboov ot f, g eivor ohokAnpdoiueg katd Riemann o710 [a, b], amo to kpiriplo olokAnpooipdtnag tov Riemann

(@sdpnpa 7.3), yuw Toyaio € > 0 vdpyovv dapepicels Pr, P Tov [a, b] €101 dhote

U(fvpl)_L(faPI) <

)

N N M

U(g,PQ)fL(g,P2)< .
Av thpa Bewpnoovpe ) dwapépion P = P U Py éovpie, and Ty TponyoOUEVT] TPUTAN OVIGOTNTA,

< U(f,P1)—L(f7P1)+U(97P2)—L(97P2)<%4‘%:8,
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T0 onoio arodewviel OtL T f + g eivor ohokAnpdoiun katd Riemann o7o [a, b]. Emmiéov,

b
L(f.P)+ L(g.P) < L(f + 9.P) < / (f + 9)(@)dz < U(f + 9. P) < U(f. P) + Ulg, P),

EVO KOl
L(f, P)+ L(g, P /f dm+/ x)dx < U(f,P)+Ul(g, P),

and TG omoieg Taipvovpe

N

/ab(f +g)(z)dx — (/ab fx)dz + /abg(x)dm

U(f,P)—L(f,P)—‘rU(g,P)—L(g,P) <

b b b
(f +9)(x)dz — (/ f(m)dx+/ g(m)dm)

and v onoia, Adym g Acknong 22(iii) Tov Kepoaiov 1, éneton ot f:( f+9)(z)de = f: f(z)dx+ [ ; g(x)dx. O

Do ™
DO ™
IA

IN

dnrodn

< g yw kéBe e > 0.

Mpotaon 7.8 Eotw f : [a,b] — R wa ovvaptnon oloxlnpodoiun kezd Riemann oto [a,b] ko

¢ € R uia otabepa. Tote, n cf eivour oloxkAnpdoyun kotd Riemann oo |a, b] kou

[enwar=e [ s

Ardderln. Yrobétovpe ko’ apynv 6t ¢ > 0. Eoto P = {zg,x1,...,2,} po Stpépion tov

[a, b]. Opilovpe, 610 TVYOiO VROSWOTNN [ 1, 24], 1 = 1,2,...,n

= inf{(cf)(z) : v;1 < x < 23},
M; = sup{(cf)(z) : w1 < @ < 33},

Ko
=inf{f(x) : x; 1 < x < 24},

= sup{f(:v) Ti—1 < S 1’1}

Agv glvail 00GKOAO va dovpE OTL
m; = cm; ko M; =cM,, i=1,2,....n
(BAéme Aoknon 4(1)), emopévag,

L(cf,P)=cL(f,P) xaw U(cf,P) =cU(f,P),

151



ort’ Omov £metat OTL

sup{L(cf, P)} = esup{L(f, P)} xou inf{U(cf, P)} = cinf{U(f, P)}

(PAéme Aoxnon 4(ii)). Eeoocov n f givar ohokAnpdoun katd Riemann oo [a, b], cbupmva pe tov

Opioud 7.3, \
m@@ﬂhjﬁmw=MWMML
oTOoTE,

m@@fﬁwmﬂﬁfnmjf@ﬂzmmwm»aﬂW¢mh

mhadn n cf eivar ohokAnpodoiun kotd Riemann oto [a, b] kot

b b
/ (cf)(z)dx = c/ f(z)dz.
YnobBétovpe tdpa 6t ¢ < 0. Znv mepintwon avtn, avtd mov aArdlet sivar 61t
m; =cM! xou M; =cm), i=1,2,....n

(Bréme Aoknon 4(iil)), eved 1 vtolon amddEEn Tpoywpbiel OnmG otV mepintmon ¢ > 0 Ko
QPNVETOL OG ACKTOT).

Térog, av ¢ = 0, 10T, TPOPAVAOG,

O

/ab(Cf)(x)d:)s - /abo f(z)dr =0 = O/abf(x)d:)s = C/abf(x)daj.

Mpotaon 7.9 Eorw f : [a,b] — R wa ovvéptnon olokinpdown kotd Riemann oto |a,b]. Av
m < f(z) < M yo kdbe x € [a,b], 16te

m(b— a) §/ f(z)dz < M(b—a).

Anéoeiln. Eotw P = {xg, z1, ..., x,} o dwapépion tov [a, b]. Tote, 610 Tuyaio vrodidotnua

[zi_1,2], i =1,2,...,n, éovue
m < m; xar M; < M,

o’ Omov £meTon OTL

n

m(b—a) < Zmz(al:Z — ;1) Kot Z M;(x; —zi—) < M(b—a)

i=1
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(amodei&te T1g OVO AVIGOTNTES), dNAOdN
m(b—a) < L(f,P) xou U(f,P) < M(b—a).
Enopévag, epdcov 1 f givar olokinpdoiun katd Riemann oo [a, b],
m(b—a) < L(f, P) < sup{L(f, P)} = /bf(fﬂ)dw =inf{U(f, )} <U(f,P) < M(b— a),
TO 07010 QTOSEIKVEL TO (NTOVUEVO. 0

Mpotaon 7.10 (o) Eotw f : [a,b] — R wa ovvéptnon olokinpdown kard Riemann oto |a, b).
Av f(x) > 0 yia kabe x € [a, b, tote

/a b f(x)dz > 0.

(B) Eotw f, g : a,b] — R dvo covapticeig olokAnpdoiues katd Riemann oto [a,b]. Av f(x) >

/abf(x)dx > /abg(x)d:c.

Amooeiln. (o) Epappuolovpe v mponyoduevn tpodtoon pe m = 0.

g(x) yia kGle x € |a,b|, tote

(B) Epooov ot f, g eivar ohokAnpmoipes kotd Riemann oto [a, b], and g Ipotdoeg 7.7 ko
7.8, 10 id10 wyvel pe v f — g. Emmpooheta, dedopévov ot (f — g)(z) = f(z) — g(z) > 0y

KGO = € [a, b] ka1 AapPdvovtag voyw To (o), Exovpe

/ (f — 9@y = [ [7() = gla)lde > 0

dnradn, Loym tov Ipotdoewy 7.7 kot 7.8,

/abf(x)dx _ /abg(x)dx >0,

amd 1o omoio £meton 1o {NTOvLEVO. 0
To emduevo Bedpnua Exel apketég epapuoyéc. H amddelén tov ypnoionotel to kpriplo
oAoxkAnpooipndTrag Tov Riemann (@sopnua 7.3), aAdd sivorl mepimlokn Kot extevic. 'Etot v

TOPOAEITOVHE KOl EGTIALOVUE GTIG EPOPLOYES TOL BemPNLOTOC.

Ozopnpa 7.11 Eotw f : [a,b] — [m, M] o ovvéptnon olokinpdown katé Riemann oo |a, b
ka1 ¢ : [m, M| — R wa ovvéptnon ovveyic ato [m, M. Tote, 5 oovdptnon ¢o f : [a,b] — R eivau

olokAnpcdoiun kard Riemann oto [a, b).
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Mpotaon 7.12 Eorw [ : [a,b] — R wa cvvdptnon olokinpdoyn katé Riemann oto [a, b). Tore,

n | f| eivou odoxAnpdowun xkord Riemann oo |a, b kou

/ab f(z)dz

Aroderén. Epappdlovpe to mponyoduevo Bempnua pe ¢(x) = |x| optopévn oto medio Tipndv

< [ 11wy

g ovvaptnong f. Emmiéov,
—|f(@)] < f(x) < |f(2)] yaxade € a1,

omote, and v [Ipotaon 7.10(B) ko v [IpodTaon 7.8, éxovpue

/ab(_|f(x)|)d$ < /ab f(z)dz < /ab |f(2)|dz,

- [l < [ s < [,

/a ’ Ha)de

Mpotaon 7.13 Eorw f, g : [a,b] — R ddo ovvaptioeis olokinpdoiues kard Riemann oto |a, b).

oniaodm

GLVETMG,

< [ -

Tote, n f% ko i fg efvar olokinpdoueg katd Riemann oo |a, ).

Anéderln. T va dei€ovpe 6tin f? eivar ohokAnpdoiun katé Riemann 6to [a, b] epapuolovpe
10 Ocdpnua 7.11 pe ¢(x) = z* opiopévn oto medio TdV g cuvapong f.
H oloxAnpoocipudmra g fg ivol cuvErElo TG YPOPNS

(f+9)°—(f—9)?

fg= 1 ,

kot tov [potdoemv 7.7 kot 7.8 Kot TG OLOKANPOGIHOTNTAG TOL TETPUYMDVOV LG OMOKANPDOGIUNG

oLVAPTNONG (CLUTANPDOCTE TIC AETTOUEPELEG). 0

7.4 Ogpel®on 0cOPMUATE TOV OAOKANPOTIKOD AOYIGHOD

To Beopriuoata avTiG TG TOPAYPAPOV, eKTOG TNG MEYAANS Bewpntikng a&log Tovg, £xovv
KLPLAPYO POLO GTOV TPAKTIKO VITOAOYIGUO oAoKANpoudTeV. O gnduevog optopds eivorl amoAdTg

ATOPOATNTOG Y10 TN S0THTOGCT) QVTOV TOV BE@PNUATOV.
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Opwopéc 7.4 Eotw [ : [a,b] — R wa ovvéptnon olokinpioy katé Riemann oto [a,b]. H
ovvdptnon F : [a,b] — R mov opilerar wg

Flz) = / F(t)dt
eV KOG OpLoéEVH Kor 0voualetol aopioto oroxinpwuo g f.
21 ovvéyetn eEetdlovpe TIC WOTNTES TOV 0OPIGTOV OAOKATPMOUATOC.

Ozopnpa 7.14 Eorw f : [a,b] — R wa ovvépnon oroxinpwoiun kazé Riemann oto [a, b]. Tote,
11 oLVapTHoN adpiato oloxiipawuo F e [ eivou ovveyig oto [a, b].

Aréoeiln. Epocov 1 f eivar oloxkknpdoun katd Riemann oto [a,b], n f eivon €€ opiopod

Ppoyuévn oto [a, b], dnradn vidpyer M > 0 étol dote
|f(z)] < M ykdbe z € [a,b].

‘Eoto tuyoio xg € [a, b]. lIpokepévon va dei&ovpe 6t 1 F givan cuveyfc 6to g Oo Tpémet, yua

toyaio € > 0, va Bpovpe 6 > 0 étol dote

av x € [a,b] pe |x — xo| < 0 1018 |F(2) — F(20)| < €.

"Exovpe
/ f)dt|, zo<z<z9+0,
P - Fal = | [ s [ oa| =4
‘ ‘ / f@)dt|, zo—0 <z <z
/ |f(t)|dt, xo <z < x40, /Mdt, o < T < o+ 0,
S X0 xo

xo - o
/ lf@)|dt, zo—0 <z <z / Mdt, zp—0<x <z

M(x — xg), xo <z <x0+9,
— = M|x — x| < M,
M(zg—x), xo—0 <z <m

\
g

ondte apkel Mo < e, dnhadn emiéyovpe § < IR
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Hapatipnon 7.4 Iapoatmpnote 611 1 cuVAPTNOT AOPLETO OAOKAN PO F' G f kavorotel
|F(z) — F(x0)| < M|z — x0| Y10 kdmowo M > 0.

Aépe 6tin F wovomotet pa ouvOnkn Lipschitz pe otabepd M > 0.
Tevikd, Aépe 6Tt o suvapton f : [a, b] — R wavomnotel po cuvOfkn Lipschitz oto [a, b] pe

otafepd M > 0 av woyvet
|f(z1) = f(x2)] < M|z1 — x2] 0 k40 21, 22 € [a, b].
[popavag, av n f wavorotel po cuvOnkn Lipschitz oto [a, b], tote 1 f givar cuveyng oto [a, b].

Ozdpnpa 7.15 (Tlpdro Ocuciicrdes Ocapnuo. tov Arepootikod Aoyiouod) Eotw f : [a,b] — R
uia oovaptnon olokAnpaooyun kotd Riemann oto [a,b]. Av n f eivau ovveync oto xy € [a,b], ote 1

ovvaptnon aopioto oroxipwue F e [ eivar mapaywyiowun oto xy kou
F'(zo) = f(z0)

Arnooeiln. Epdoov 1 f elvar cuveyng oto zp, Lmopovue, ywo toyxaio € > 0, va Bpodue § > 0
£T01 O0TE

avt € [a,b] pe [t — x| < d 1018 |f(t) — f(20)| < €.

Oélovpe va deiEovpe OTL

lim Fla) = Flao) = f(zo), miadn lim Fla) = Flzo) f(zo)| = 0.
T—T0 T — Xo T—T0 Tr — X
"Exovpe
P E) g - LHODZLSOR
([o ft)dt — f(wo)(x — o) Sy St — [ f(o)dt
) To < T, , Ty < x,
iy T — X _ T — X
— [Z f(t)dt + f(xo)(zo — ) - L2 ft)de — [7° f(wo)dt
y L < T - , T <X
\ T —Zo T — X
([ (F(t) = f(xo))dt
, o<,
_ r — X9
LU0 = fao)dt
\ To— T ) 05
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oTOoTE,

[ (f(t) = f(xo))dt‘
F(z) — F(xo) Feo)| = e , To < T,
o LG = fwohdd]

oy 1£(E) = f(xo)ldt

, Xp < T,
T — Tg
<
Zo
Jo £ () = f(wo)ldt
, T < Xp.
To— X

[oipvovtog € (xg — 0,20 + 6) ~ {z0}, epdoov g < t < z Nz <t < x9, EneTon OTL E €

(xg — §, 20 + §), oUVERDG,

xT
edt el —x
F(a) - F(x) 2w [ wes
z) — F(x — Zo — Zo
pra— — flzo)| < u = ( ) =e.
edt elxg—x
fx_’ T < 1 — < ux
To— T To— X

Enopévag, yuo toxaio € > 0 mov eiyope emAéget, pe to § > 0 mov eiyape Ppet, av = € [a,b] pe

0 < |z — xo| < & 10y0eL 6T

F(x)—-F
P = P@o) _ ) < e,
T — Zo
70 0moio amodetkviet 6tin F givon mapaywyioyn oto xg ko F'(xg) = f(xo). O

Apeon cuvémeio Tov TponyovpevoL Bempratog eivar to akdAovBo Bemdpnua.

Ozdpnpa 7.16 Eotw f : [a,b] — R wa ovvaptnon ovveyis oto [a, b). Tote, n ovvaptnon adpiaro
olorklipwua F ¢ f eivar mapaywyiowun oto [a, b] kot

F'(x) = f(z) yw kabe z € [a,b].

To mponyovpevo Bedpnua €xel ddpopa mapenduevo. Mo dpeon cvvémeld Tov gival To

aKOAoVOO amoTELEG LA

Mépwopa 7.17 Eotw | : [a,b] — R wa ovvéptnon ooveyns oo [a, b]. Tote, vrdpyer £ € (a,b) étot

wote

b
L/f@ﬂfzﬂ@@-&)
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Anédeidn. Epappdlovpe 1o Oedpnua Méong Tufig ot cuvépmon F(z) = [ f(t)dt oto
la, b]. Epocovn f eivor cuveyng oto [a, b, Emetor 6tin F eivar mopoyyiciun Kot ETopEVOS GUVEYNS

o710 [a, b], kon dedopévov otL F(a) = 0, vrapyel & € (a,b) étol dote

| #a)dz = FO) = Fla) = FI€)(6— @) = £(©)(b - a). O

Mo ToAD onUavTiKY cuvETELD TOL Oeprjpatog 7.16, yio TOV TPOKTIKO VITOAOYICUO OAOKAN PO UG-

TV, glval 1o akdAovbo Bempnuo.

Ozdpnpa 7.18 Eotw f : [a,b] — R a oovidptnon ovveyns ato [a,bl. Av G : [a,b] — R eivai o

ovvaptnon érol dote G'(x) = f(x) yia kabe x € [a,b], Tote

/b f(x)dx = G(b) — G(a).
Amooerln. Oewpoe T GUVAPTNOT AOPLoTO OAOKANP®UA F' g f Yoo TNV omoia 1oyveL
F'(z) = f(z) = G'(z), dnhadn F'(z) = G'(z) o kdbe z € [a,b],
omote, and 1o [1opopa 5.11, Enetan 6Tt
F(z) = G(x) + ¢ yw kénow otobepd ¢ € R.

Agdopévov ot

moipvovpe
c=—G(a),
GLVETMG,
b
/ f@)dz = F(b) = G(b) + ¢ = G(b) — G(a). 0
Mo cvvapton Gy v omoia woydelt G'(x) = f(z) yw kébs x € [a,b] ovoudleton

napdyovoa ¢ f. Emopuévmg, n ocvuvaptnon adpioto orokAnpopa F e f etvon pia mapdyovoa
™G f. ZUVENTMOGC, TPOKEUEVOD VO VITOAOYIGOVLLE TO f: f(z)dz apkei va Bpodpe o mapdyovoa g

f. Emiong onuavtiko kot xpiotio omd TpakTIkng TAELVPAS eival To akdAovbo Oempnua.

Ozdpnpa 7.19 (devtepo Osuchicrdes Osipnua tov Aneipootikod Aoyouod) Eotw G : [a,b] — R

uia oovaptnon ropaywyioyn ozo [a,bl. Av n G’ eivou oloxinpdoun katd Riemann oo |a, bl, téte
b
/ G'(z)dx = G(b) — G(a).

158



Arddeiln. Osopodue o toyoio dapépion P = {zg, x1,. .., 2T, } 1OV [a, b]. Epappodlovtag to
Osdpnpo Méong Tyung oto Toyaio vroddotnua [z;—1, z;], i = 1,2,...,n, unropodue vo Ppovpe

& € (zi_1, ;) 101 OoTE

G(2;) — G(zi1) = G'(&)(wi — @im1).

Av TOpa
m; = inf{G'(x) : ;-1 < x < x;},
M; = sup{G'(z) : z;_1 <z < x;},
T01€
m; < G'(&) < M;,
EMOUEVOG,

n n

L(G,, P) = Zmz(xz — l‘i—l) S Z G,(&)(Iz — l’i—l) S Z MZ(ZL’Z — xi—l) = U(G,, P)

i=1 i=1

YVVETMC,
L(G',P) < [G(x:) — G(z;1)] < U(G, P),
=1
oniaon
L(G',P) < G(b) — G(a) S U(G, P),
OTOTE,

sup{L(C', P)} < G(b) — Gla) < inf{U(C, P)}.

Agdopévov ot G’ givan ohokAnpmoiun katd Riemann oo [a, b], rovpe
b

sup{L(G', P)} = / G (w)dz = inf{U(C, P)),

oTOoTE, , ,
/ G'(z)dx < G(b) — G(a) < / G'(r)dz,

am’ Omov £metor T0 (NTOVUEVO. 0

7.5 Zroryeumosic néBoooL 0AOKANPMONS

7.5.1 Ilivokog Baoik®v 0AOKANPORATOV

Onog avapiphnke 6Ty TPONYOOHEVN TAPEYPUPO, TPOKELLEVOV VO VTOAOYIGOVLE TO [ ; f(z)dx

apkel va fpovpe pa Tapdyovoa g f, onhadn pa cuvaptnon G yio v omoia woyvel G'(x) =
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f(z) i xébe = € [a, b]. Ztn cvvéyeia divovpe évav Tivoka ootk OAOKANPOUET®V, YPNGLOTTOL-
MOVTOG TOLG OVTIGTOLYOVS TUTOVG TAPAYMOYIoNS Pacikdv cuvaptioemy. 'Etol, 1 cuvaptnon mov
Bpioketor 010 016 PELOG KABe TOTOL OAOKANPMONG Elval Lo TAPAYOLGO TG GLVAPTNONG TOL

Bpioketol 610 ap1oTEPO PEALOG KAT® OO TO OAOKANPWLLAL.

anrl
‘dr = —— R —1
/xx a+1,a€,a7é ,
—dz = In|x|,

edx =€

cosxdr = sinx,

dxr = tanz,

/:
/
/sm_
/
e

cos? z

/ dxr = —cotux,
sin® z

dx = arcsin x,

=

1 _
a2 dxr = arctan x.

Oa mpénel kat’ apynV va avaeepBet 0TL 0 VTOAOYICUOG TOV OAOKANPOLOTOG UG GUVAPTNONG

dev gtvar pa oA dtadtkacio. Yapyovv oAOKANpGUOTE TOV ivol TOAD SVGKOAM 1), GE KOTOIES
TEPIMTAOGELG, GYEOOGV adVvATOV v LITOAOYIGTOVV. Eviovtolg, vrdpyovv dtdpopes nébodot pe
YPNOT TO®V OTOIMV, GE GLVOVACUO LE T TPONYOLUEVA PACTKA OAOKANPOUOTO, LTOPEL KATO10G VO
VTOAOYIGEL OPKETO TOADTAOKA OAOKANp®UaTo. Ot 0 KAUGGIKES oo ovTéG TIG pebodovg elval m

OAOKANPMOT KOTA LEPT KL 1] OLOKAT|POGT] LE OVTIKATAGTOON).

7.5.2 OloxkMpmwon Katd pépn

Ozdpnpa 7.20 (Oloxripwon kotd uépn) Eorw f,g : [a,b] — R ddo cvvaptijoeic mapaywyioes

oto [a,bl. Av o1 f' kou ¢’ eivou odokAnpdowueg kotd Riemann oto [a, b), Tote

/a F(2)g (@)dz = f(b)g(b) — / e



Ardodeiln. H cuvaptnon fg givor Tapayoyiown oto [a, b] kot

(f9)'(z) = ['(x)g(x) + f(z)g'(x).

Agdopévov otL ot f'g kon fg' elvon ohokAnpdouyteg katd Riemann 610 [a, b], To 010 1oydet Yo
mv (fg)'. Ondte, amd tig Ipotdoeg 7.7 xor 7.8 kot 10 Agvtepo Oepehddeg Oemdpnua Tov
Amelpootikod Aoyiopod (Oedpnua 7.19), éxovpue

b
/ f(2)g (x)de = / (F9) () — F(@)g())dz

- / (fg) (x)dz — / F(@)g(@)dz = F(b)g(b) — F(a)g(a) - / f(@)g(a)dz

T0 01010 ATOOEIKVVEL TO {NTOoVEVO. 0

Mopaderypa 7.3 (o) fo retdr = fo Ydr =1-e' —0-e —fO x)etdr = e—fol e’dr =
e—(el—e)=e—e+1=1.

(B) fog rsinxdr = fog z(—cosz)dr = =% cos 5 +0cos0— fo —cosz)dr = fo coszdr =

sing—sin():l—O:l.

() [[Inzde = [[1-Inzde = [[(z) Inzde = elne —1In1 — [[a(lnz)dr = e — [[aidr =
e— [[dr=e—(e—1)=e—e+1=1.

©®) [ 22dy = [Inz-Ldz = [[Inz(nz)de = (Ine)’—(In1)?— [{(Inz) Inzde = 1— [ 22dx,

oTOTE,
“Inx
— dx

“Inzx 1

(e) [ e*sinzdr = [(e”) sinzdr = " s1nx—fe (sinz)'dr = e*sinz— [ e® cosxdr = e sinz—

oniaon

[(e*) coszdr = e*sinx — e“cosx + [ e“(cosx) dx = e*(sinz — cosz) — [ e*sinzdz,
oToTE,

2 / e”sinzdr = e*(sinz — cos x),

oniaon

oy
. e*(sinz — cos x)
e’ sinzdr = 5 .
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7.5.3 OLoKMp®OGT IE GVTIKATAGTOGT)

Ozdpnpa 7.21 (Oloxdipwon ue aviikardoroon) Eotw g : [a,b] — R wa cvvéptnon nopaywyioyun
oto |a, b, evad n g’ eivon olokAnpdoyu) kotd Riemann oo [a, bl. Av n oovdptnon f : g([a,b]) — R

eivar ovveyns ato ¢([a, b]), tote

g(b)

b
/ PN @s = [

g(a

Amodeiln. Oa eEetdoovpe yoplotd To kébe £va amd ta dvo PéAN g 16dTTaG ToL BEAOLUE VO

amodeitovpe. Kat’ apynv, av F' elvar pua topdyovsa g f, tote £ovpe yia 1o de€16 pérog

g9(b)
| stwdu = Flg(®) - Flgta))
g(a)
Topa, Yo avtiv TV Topdyovcsa F g f 1oydel, and 10 Osopnua 5.3,
(Fog)(z) = (Fog)(x) g'(x) = (fog)(x) ¢(z) naxdbex € [a,b],

dntadn n F o g givon po mapdryovoa g (f o g) - ¢, omdte Exovpe
b b
| Ha@ig @iz = [(fo g a)ds = (Fog)t) - (Fog)@

g(b)
= Flo®) - Floa) = [ fludu =
g9(a)
To pripato e peBdd0V OAOKANP®ONG e aVTIKATAGTACT £X0VV MG €ENG:

(1) @étovpe u = g(z), omdte du = ¢'(x)dx. 10 T€AOG OWTAG NG AVTIKATAGTOONG, O
TPEMEL 1 GLVAPTNON GTO OAOKANPOUO VAL Elvol ©G TPOG u Kot v unv epgavifetor (ko)
T0 . XNV TEPITTOON OV TO OAOKANPOUA €ilvar opiopévo, Ba mpémel va aAlaCovpe Kot
0 Opa. TG ohokANpwong and a kot b og g(a) ko g(b) avtictoya kot va kdvovpe Toydv

aVOYKO{EG TPOTMOTOGELG 6TO TPokOITOV OAoKApopa. T mapdderypa, av gla) > g(b),
g9(a)

(6)
T01E /9 flu)du = — f(u)du.
g(a)

g(b)

(2) Bpiokovpe po Topdyovsa yio T GUVEPTOT GTO OAOKANPMUO MG TPOG .

(3) Eg@dcov 1o odokinpopa givor adpioto, avtikadiotodpe Eava 1o u pe 1o g(z).

Mopaoerypa 7.4 (o) No vmoAoyiotel T0 OAOKAN PO / sin* z cos zd.
0
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Oétovpe u = sinx, ondte du = cos xdx, Kol Toipvovue

Z sin T 1 5 5
1 0 1

/QSil’l4J}COSIdJ::/ 2u4du:/ wldy = — — — = 2.
0 0 5} 5} 5

sin 0
fud

4
(B) No vroloyiotel o oOAoKANpOLLOL / tan zdz.
0
Kat’ apynv &ovpe

L ™ . us .
4 4 smx 4 —sinx
tan xdx = doe = — dzx.
0 o COSx o COSx

®étovpe u = cos x, ondte du = — sin zdx, Kol TOAPVOVLE
T T \/ﬁ
I s ] 71 11 2 In2
/ tanxdx:—/ —du:—/ —du = —duzlnl_lnﬁz__
0 cos0 U 1 U g u 2 2
c 1

dzx.

(v) Na vroroyiotel To oAoKApOLLOL /
9 Tlnz

Oétovpe u = Inz, ondte du = —dx, Ko TOipvovLE
x

e 1 Ine 1 1 1
dx = —du = —du=In1—-1In(In2) = —In(In2).
2 I I

rlnx ho U no U

dz.

1
(6) No vtoAoyiotel T0 OAOKANpOUQ /
0 1 + ZZ'2

d
@étovpe u = 1 + 22, ondte du = 2xdx, dnhadn xdr = 7u, Kol ToipvoLvLE

1 W2 dw 1 (21 1 In?2
/ v de:/ ——“:—/ Sdu=-(In2 —In1) = ==,

1 d
224+ 2z + 2 v

(¢) Na vroloyiotel To OAOKAN pOLLOL /
Kat’ apynv &povpe

1 1 1
[ oot | o= [ e
x? 42z + 2 (x2+2x4+1)+1 (r+1)24+1

O¢tovpe u = x + 1, ondte du = dx, Ko Taipvovpe

1 1
J it = [ e = artanu = arcan (e 4 1),

1 —
(o1) No vmoAoylotel T0 OAOKAN POLLOL / T dz
ex

xT
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d d
O¢tovpe u = €, onote du = e*dx, MNAad dxr = & —u, Kol ToipVOLLE
er U

1—e” 1 —udu 1—u
dr = — = | ———du.
1+e® l+uu u(l+ u)

1—u 1 2

u(l+u) w 1+u

/1_edx = /(l— 2 )du:/ldu—Q/ 1 du
14 e® U 1+4+wu U 14w

= Inu—2In(l+u)=Ine"—2In(l1+¢e")=1In [(1—;?61)2}

Agdopévov Ot

Exovpe

(amonteiton pio 0£0TEPN AVTIKATAGTOOT) Y10 VAL OTAGOVLE GTO TEAOG).

7.6 T'evikevpéva 0OALOKANPONOATO

[evikevpéva 0AoKANPOUATO OVOUALOVLE QVTA TOL EITE 1) CLVAPTNOT KAT® OO TO OLOKANPOLLOL
dev gtvan epoarypévn M 10 1G0T OAOKANP®OTG 0eV givarl @paypévo. Ztn cuvéyeln e£etdlovpe TIC
d00 TTO CNUOVTIKEG TEPITTMGELS YEVIKEDUEVMV OMOKANPOUATOV.

1.'Eoto [ : [a,b) > Rpueb € Rq l; = 400 ka1 M f elvar ohokAnpdoyn kotd Riemann oto

la, z] yio kéOe a < z < b. Avto lim f(t)dt vrapyer ko givon Tpaypotikdg opdpoc, Aépe ot

z—=b~" J,

n f givon ohokAnpdoyn katd Riemann o7o [a, b) kat

/bf(t)dt: T

z—=b~ J,

Av 10 0p10 amokhivel 6To +00, Aépe OTL TO fab f(t)dt amoxAiver oto £00.
Evtehdg avéroya, av f : (a,b] - Ruea € Rfja = —oo ko n f givar ohokAnpdoun katd

Riemann o7o [z, b] yio kd0e a < x < b, T0t€

/abf(t)dt ~ lim /:f(t)dt,

r—a™t

€POGOV TO OP10 LITAPYEL KOl EIVOL TPAYLLATIKOG aPtOUOC.

Hapaderypa 7.5 (o) Oswpovpe ™ ovvaptnon f : [1,+00) — R mov opiletor péow tov tHmov

f(z) = . Oélovpe va eEgTAoOVUE T GLUTEPIPOPE TOV f1+°° f(z)dz.
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H f givor ohokAnpdoyn katd Riemann oto [1, z] yio kdfe 1 < & < 00 Kot
1
/ —dt =Inz —Inl =Inzx.
1t

Agdopévov ot

1
lim —dt = lim Inz = 400,
z—+oo Jy t z—+00
gnetan 0TL
+oo
(x)dx = 00,
1
ONAad” TO OAOKANPOUO OTOKAIVEL GTO +00.
1
(B) ®ewpovpe ™ cvvapmon f : [1,+00) — R mov opileton péow tov tomov f(z) = ol
Oélovpe vo eEETAGOVUE T CLUTEPIPOPE TOV f1+°° f(x)dx.
H f eivor ohokAnpdown katd Riemann oto [1, z] yuo kdfe 1 < 2 < 400 Ko
1 1 1 1
—dt=——+-=1——
/1 12 x + 1 x
Agdopévov 0Tt
lim —dt = lim (1 — —) =1,
z—+o0 fq T—+00 X
gnetan 0Tl
+00
flz)de =1
1
, . ) . . 1
() Oswpodue ) cvvapton f : (1,2] — R mov opiletar péow tov tomov f(x) = W
x —_—

Oéhovpe va EETAGOLLE T CLUTEPIPOPA TOV ff f(x)dx.

H f eivor ohokAnpdoyn katd Riemann oto [z, 2] yo kdbe 1 < & < 2 kon

2
1 1 1 1
— _dt=— = —1
/I(t—l)2 2—1+x—1 x—1

(aoteiton pio. oVTIKATAGTAOT] Y10 VO QTACOVILE OTO AmOTEAESHA). Agdopuévou OTL

2
1 1
li ——dt=1i —-1) =
eotr J, 12" T O (x—l ) oo
£meton 0Tl )
/ f(z)dzr = +o0,
1

ONAaod” T0 OAOKANPOO OTOKAIVEL GTO +00.
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2.'Eoto [ : (a,b) > Rpuea € RMa=—ocokxamb € RMb=+oo ko f eivar ohokAnpmdoun
Katd Riemann 670 [z1, Z2] Yo K6Oe @ < 1 < o < b. Iaipvovpe tuyaio ¢ € (a, b) kon e&etdlovpe
ta [0 f(x)dr ko fcb f(z)dz obdppova pe autd Tov avaépape Tponyovpéveg oto 1. Av kot to

00 OVTA OAOKANPMUATO VITAPYOVY Kot Elval Tparypatikol apldpoi, Aéue 0Tt To fab f(z)dz vrapyer

/abf(q:)dx _ /acf(a:)da:Jr /be(:c)d:c.

[Mopatmpnote 611 dev £xel onpacio Tod gival to c.

Kot

Mopaderypa 7.6 Oewpodue ™ cvvapmon f : R — R mov opiletor péow tov tomov f(z) =

T O&lovpe vo EETAGOVE TI CLUTEPIPOPE TOVL f_JroZo f(x)dx.
x

[Maipvovtog ¢ = 0, eEetdlovpe Tar oOAOKANpOLLATO fwo f(t)dt xon fox f(t)dt. "Exovpe, Bétovtag

d
w =12+ 1, onbte du = 2tdt, Snhadn tdt = 7“

0 0%2+1 x2+1
' ldu 1 1 1 1 |
dt = “a_ Sdu=—In(z?+1)+-Inl=—>In(z2+1
/mt2+1 /$2+1u2 2/1 gu=—gh@+1)+5ln y @ +1),

GLVETMG,

\)

, 0 ¢ , 1,
lim dt= lim |—=In(z°+1)| = —oc.

z——oco [ t2+1 T——00

Eniong, maipvoope dueca

Ty 1
dt = =In(z*+1
/0t2—|—1 5@+ 1),

oToTE,

Tt 1
:cgrlloo/o t2+1dt_xll>l—?oo_ln($ +1) = +o0.

Enopévog, 1o [ j;o f(z)dz givarn ampocdiopiot popen (—oo)+ (+00), cuven®S To OAOKAp®LLOL

dev LVILAPYEL.

7.7 Aokioceg

1. 'Eoto [ : [a,b] — R wa cvvaptnon epayuévn oto [a,b]. Av L(f, P) = U(f, P) ywo. xG0e

dapépion P tov dwwotnpatog [a, bl, tote 1 f eivor otabepn.

2. 'Boto [ : [a,b] — R ma ocvvaptnon epayuévn oto [a,b]. Av vrdapyet dwapépion P tov
dootpotog [a,b] étor wote L(f, P) = U(f, P), tote n f eivor ohokAnpdown kotd

Riemann o710 [a, b).
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3. Mg 10 cvpPorcud g [Ipdtaong 7.7 deiEte otu:

m; +m; <m; xkou M; < M+ M i=1,2,...,n.

4. Me 1o cupporioud g I[podtaong 7.8 dei&te Ot

(1) Ave > 0,t6te m; = cm, koo M; =cM], i=1,2,...,n.
(if) Ave > 0,t6tesup{L(cf, P)} = csup{L(f, P)} xou inf{U(cf, P)} = cinf{U(f, P)}.
(iii) Ave < 0,t0te m; = cM] xou M; =cem),, i=1,2,...,n.

(iv) Ave < 0,totesup{L(cf, P)} = cinf{U(f, P)} xon inf{U(cf, P)} = csup{L(f,P)},
10 omoio givatl amapaitnto Yo TNV OAOKANp®oN TS amddeEng g [Ipdtaong 7.8 dtav

c < 0.
5. Eoto f : [a,b] — R mov opiletar pécw tov tHmov

_J 0, z#(at+)/2,
ﬂx)_{ 1, z=(a+b)/2.

Agi&te 6nun f givon ohokAnpdowun katé Riemann oto [a, b] ko / ’ f(z)dz = 0.
6. Bpeite v olokAnpdoiun cvovaptnon g : [0,b] — R étot dote:
@) /x tg(t)dt = x + 2°.
0
(ii) /12 tg(t)dt = x + 2*.
0
7. 'Eoto f : [0,00) = R po cuvéptnon cvveynic oto [0, 00). Opilovpe
F(x) = /x xf(t)dt.
0
Ynoloyiote tnv F'.

8. Eoto f : [1,00) — R o cuvaptnon cvveyng oto [1, 00). Opilovpe

F(z) = /1 f (%) dt.

Ynoloyiote v F'.
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10.

I1.

12.

13.

14.

‘BEoto f,g : [0,00) — [0,00) &b0 cvvaptioelg pe v f va givor cuveyng kot m g

napayoyiown oto [0, 00). Opilovpe

9(z)
Fla) = /0 ()t

Agitte ot F'(x) = f(g(2))g ().

‘Eoto f : [a,b] — R ma cvvaptmon cvveyng oto [a, b], yio tmv onoio woyvet

T b
/ f(t)dt —/ f(t)dt yoxabe z € [a,b].

Agi&re 0t f(x) = 0 yo kO x € [a, b].

‘Eoto f : [a,b] — R o cuvdptnon cvveyhg oto [a,b] pe f(x) > 0y kGbe = € [a, b].

Agi&te 0TL

/a  Ha)de = 0

av Kot povo av f(z) = 0y kébe x € [a, b].

'Eoto f,g : [a,b] — R 800 cuvaptioeig cvveyeis oo [a, b] étol dote

/abf(x)dx _ /abg(ac)dac.

Asgi&re oTLvmapyet zp € [a, b] étor dote f(xo) = g(xo).

‘Eoto f : [a,b] — R o ovvaptnon cvveyng oto [a, b]. Av yua k6bs cvveyn cvvaptnon

g : [a,b] = Royver ot
b
| t@tards o

deikte 0t f(x) = 0 Yo k4B = € [a, b).

Ymoloyiote Ta akdAovOO OLOKANpOUOTOL:
1
6)) / r?e’dx.
0
w/2
(i1) / z? sin zdx.
0
(1i1) / xInzdx.
(iv) /cos (Inx)dx.
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15. Ymoloyiote ta akdAovBa olokAnpdpaTa:
1
(1) / e”sin (e
0
! 2
(i1) / xe U dx
0
ew
d
(111) / TG P x

(iv) /m(l — 2%)?du.

16. YmoAoyiote to akoOAovba oAoKANpOUOTOL:

2z
h [ — g
M /x2—|—2x+2 o

. x
i |
(iii) / In (cos z) tan zdx.

In lnx
w [2
nr
17. Ymoloyiote ta akdAovBa olokAnpdpaTa:
6) / sin® zdz.
(i1) / cos® zdz.
(iif) / sin® x

(iv) / sec x tan xdx, 6mov sec r =

1
cosx’

18. YmoAoyiote ta akoOlovba oAoKANpOpOTOL:

x 2z 3z
(i)/de_
2 +2x+2

()/

2 1
(iif) /:L‘ + x—l—
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19. Ymoloyiote ta akdAovBa olokAnpdpaTa:
(1) / sin® x cos® zdz.
(i1) / tan® zdzx.
x —|— 2
T + 2
d
() / r+1)(z?2+x+1) g

20. Ymohoyiote o axOAovba oAoKANpOOTOL:

0 [ .

S x

1
il —d
) / P
(111) / x arctan xdzx.

(iv) / ;dx
VacEST

21. Ymohoyiote ta axOAoLO YEVIKELUEVO OAOKANPOLLOTOL:

(1) / ze ™ dx
0
1

(i1) / In zdzx.
0

22. Asgi&te pe emaymyn ot

/ e *dr=n! yia n=0,1,2,....
0
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