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KEPAAAIO 1

To cbvoho TWV TEAYUATIXDV

APLIUV

1.1 Puowxoi, axéporotl xou pnrtol ool

H auotneni depehimwon tou ouvérou N = {1,2,3,...} twv guoxdyv aptdudy yivetu yéow
TV 0€lwudtewy Tou Peano. ‘Eyovtoc dedoyévo 1o N, umopolue va 8GCouUE auoTnen xo-
TAOXEUT) TOL GUVOAOU Z TwV axepaley aptiuy ot Tou cuvolou Q Twv enT®v aELiuoy.
OewpolUE OTL 0 AVAYVWOOTNG Elval EEOXEIWPEVOS UE TIC TEAEELS xou T BidTaln oTa GUVOAX
TWV QUOIXMY, TV IXEQUIWY XL TWV ENTWV aptiu®y. Oo xataypdouue oune Tic Bactxéc
WBLOTNTES TWV QUOIXAY, OXEEALWY XaL ENTOV aELIU®Y and TIC OToleg €movial OAEC Ol LWLOTY-
TEC TOV TEd&ewy xou tng didtadng. Apyilovtog and toug guoxolc aprduols, TNy ENOUEVT
cbvToun mapdypapo culntdue 500 Bacixéc apyég oL BeYOUUCTE YU auToUC.

1.1.1  Apy" Tou gshayloTou %ol dey” TNG ENAYWYNS

Apx" tov ehayictou. Kdle un kevé otvodo S puoikar apidudv éxel eAdyioto otoryeio.
Anladn, vrdpyer a € S ue tny ididtnta: a < b ya kdde b € S.

H opyn tou ehayiotou €yel wg cuvénelo Ty e€rg TeoTAoT: 8ev UTopolUe Vo ETAEEOU-
ue dmetpoug To TAYog guoixolg apriuole ol omoiol va @divouv yvnoiwe. Ilpdyupatt, av
UTOVEGOUPE OTL UTHPYEL Lol TETOLX ETUAOYY| PUOIXWY OELIUGY

Ny >MNg > >N > Npyg >0,

T61e and Ty apyh Tou elayiotou To civoro S = {n; : k € N} éyel ehdyioto orouyelo:
auT6 Bor ebvor TN OPPNE Ny, Yo xdmotov m € N. ‘Ouwe, nmt1 < Ny XU N1 € S, TO

orolo elvar droro.



2 - TO STNOAO TON IIPATMATIKON APIOMON

Mo 8eltepn cuveneta g apynic Tou eAayioTou elvon 1) apyh TNG ENXYWYNS:

Ocedpnua 1.1.1 (apyh e enaywyhc). Eotw A éva odvodo guoikdy apidudy pe g
€&ng 1016TnTes:

(i) O 1 avrjker oo A.
(ii) Ia kdOe k € A wyda duk+1 € A.
Téte, o A tavtiletar pe o oUvodo dAwy twv guotkdy apiucy: A = N.

Amnddeén. 'Eotw 6t 1o A elvor yvAoto unocivoro tou N. Téte, 10 S = N\ A (10 cuumhr-
pwua tou A) etvan évo un xevd urnocivoro tou N. And v apyr| Tou ehayictou, To S €xel
ehdytoto oTolyelo o onolo cuuBoiiCoupe ye m. Aol 1 € A, avayxacTtixd éyouue m > 1
onéte m—1 € N. Agol o m Aty 1o ehdyloto ototyeio tou S, éyoupe m —1 ¢ S, dnhadh

m—1¢€ A Ané my vnddeon (ii) ovunepaivoupe 6Tt
m=(m-1)+1¢€ A

‘Opong téte m ¢ S xaw xatahhZope oe dromo. Yuvende, A = N. O

Iapatnpnon. H apyr tou ehayiotou xou 1o Oewpnua 1.1.1 elvar Aoyixd 10od0voues TeoTtd-
oelg. Av deytolue TNV py | TS ETAYWY NS UTopolue Vo amodel&oupe Ty apy | Tou ehayic Tou
(doxnom).

‘Eotw 6t yoo xdde n € N éyouue wa npdtacn P(n) mou agopd tov @uoixd oprdud
n. H opyh tne enoywyhc pog emtpénel vor anodel€ouue 6t 1 P(n) woyler yia xdde n € N
eCooponilovtoc ot n P(1) wydel (auty elvon 1 Bdon tng enaywyns) xau 6tL oylel 1
ouvenoywyh P(k) = P(k+ 1) (awt6 eivon 10 emaywyikd pripa). Hapadelypota mpotdoemy
ToU amodEYUOVTOL UE TN «UEV000 NS LodnuoTixAc EmaywyNcy Yo CUVOVTAUE o€ OAN TN
Oidpxelar Tou LoduaToC.

Ocedpnua 1.1.2 (uédodog g enaywyhc). Eotw éu ya kdde n € N uag diverar pua
(naOnuatixny) mpéraon I(n) mov eéaprdrar and tov guoiké n. Av n II(1) aAndebea ka1 ya
kdOe k € N éyoupe

II(k) aAnOns = I(k + 1) aAndng ,

téte n II(n) aAndeder yia kde puoiksé n.

Anddeén. To obvoro A = {n € N : II(n) ohndic} wavornotel tic unodéoeic Tou Oewprita-
toc 1.1.1. Apa, A = N. Auté onpaiver 6t n II(n) adndeder yio xdde guoixd n. O



1.1 ®TRIKOI, AKEPATOI KAT PHTOI APIOMOI - 3

AZ{Cer va avapépoupe b0 mopalhayég Tou Ocwpruatog 1.1.2. H anddeiln toug aprivetan
ooy doxnom yio Tov ovary vao T (pundeite tnv mponyoluevn anddelln — yenoLLOToIG TE TNV

apyh Tou elaryioTou):

(i) Eow m € N xau éotw A éva oUvoho guotxy aptiucdy pe tg i iotntes: (o)
m € A xau (B) v xdde k > m mou avixer oto A éyoupe 6 k+ 1 € A. Tére,
AD{neN:n>2m}={m,m+1,...}.

(ii) Eotw A éva ohvolo guoxdy aptiudy pe tig e€hic dtnes: 1 € A xou onotedrinote
1,...,k € Aéyovue xu 6t k+1 € A. Tote, A=N.

Iood0vaua, éyovue ta e€ng:

(i) Eow I(n), n € N npotdoeig, dnou xdde P(n) eaptdtar and tov puowxd n. Av 1
II(m) odndever yia xdmoov m € N xaw av yio xdde k > m oy bel 1 cuvenaywy™

II(k) odndeter = II(k + 1) andele,
t61e 1 II(n) odndeder yio xdde guoxd n > m.

(ii) Eotww II(n), n € N npotdoeic, 6nou xdde P(n) eloptdton and tov guotxd n. Av n

II(1) ondeder xan av v xdde k € N woylet ) cuvenaywyn
o II(1),. .., II(k) akndedouy == II(k + 1) akndevet,
t61e 1 II(n) odndeder yioa xdde puoxd n.

IMopadeiypota 1.1.3. (o) EZetdote yio moée tpée tou guotxol aprduod n toylel 1
avicdTRTo 27 > nd.

Kdévovtoc doxpée Yo mewoteite 6t n 2% > nd woylel yio n = 1, dev woyle Yoo n =
2,3,...,9 xau (uddhov) oylet yia x&de n > 10.

Actyvouye ye enoywyr) 6t 1 2" > n3 1oylel v x&de n > 10: yio To EnAYOYIXG Briuo
urodétoupe 6L 1 2™ > m3 oy el Yo xdmoov m > 10. Tére,

27 > 2m®
xaL, yenoworolwvtog Ty m > 10 BAénovue ot

(m+1)? =m3 +3m? + 3m + 1 <m? +3m? + 3m? + m? = m® + ™m? < m® +m?

= 2m> < 2mtL,



4 - TO SYNOAO TON IIPATMATIKON APIOMON

(B) Na derydoiv ye enaywyr ol TautdTnTes

2 )
12+22+“_+n2:n(n+1)(2n—|—1)
6 )

14344+ 2n—1)=n%
(v) AeiZte 6t xdde olvoro S pe n otouyeio €yet axpBne 2" uTocUvola.
Oéloupe vo delouye Ye enaywyy) Tt i xdde n € N woylel n npdtaoy
II(n): Av 10 S éyet n otouyeio t6te 10 S €yl axpPie 2" uTocUvVoha.

Av n =1 t6t€ 10 S elvon yovocihvoro xou €xel axplBng 800 utocivola, To0 & xou to S.
Yuvenog, n (1) akndeder.
Trod¥étoupe 6t n II(k) akndeter. 'Eotww S = {x1,..., 2k, Try1} éva olvoro e (k+1)

ctouyeia. Ocwpolue T0 olvolo

T =S\{zg41} = {z1,..., 21}

To T éye k otowyela, onéte éxet 28 unocivoha. Tdpa, x&de utocivoro tou S Vu Tepiéyet
1) 0ev Vo meptéyet 10 p41. Ta utochvola Tou S oL BeV TEQIEYOUV TO T4 Elvon axplBme To
urooHvora tou T', dnhadi To Thidoc Toug etvan 28, Amd v 6N Theupd, x&de uToGUVOLO
TOU S TOU TEPLEYEL TO T41 TEOXVTTEL A0 XAMOL0 UTOGUYOAO Tou T’ pe TNV Tpoc¥rixr Tou
zp41 (avtiotpoga, xdde unocivoro touv T mpoxinTel and XdmMoW LTOGUVOAO TOL S ToU
TEPLEYEL TO Tpt1 UE TNV APAPEST TOU Tgy1). Anhadn, To mAYoc twv utocuvdrwy tou S
o Teptéyouy To Tpqq siva 2F (6o eivor o utocOvoha tou T). ‘Eneton 6Tt T0 GUVOAXG

mAdog Twv uTocLYOALY Tou S elval
ok 4ok — 9.9k — ok+1,

Anhodn, n II(k + 1) ahndedel.
Yuvenwg, n H(n) odndeder yioa xdde n € N.

1.1.2 Axgpauol aprdpol — dionpetdTnTR

‘Eotw a,b € Z. Aéye 610 a diaipei Tov b xoun ypdgpouye a | b, av utdpyet & € Z Hhote b = ax.
Ye auty) TV mepinTtwon Yo AéUe 6TL 0 a elvon darpétng Tou b 1) 6TL o b elvon moAAamAdoio Tou
a. Yoy ToEddErYud EQUPUOYTE TNG oy Tic Tou eAdyloTou Yo BOCoUUE auaTNer amodelln TG
«TUVTOTNTAC TNG Olakpeongy.

Ochpnpa 1.1.4 (tavtdétnra e dadpeone). Eotww a € N ke b € Z. Tére, vndpyovy
povaoikol q,r € Z wote

b=ag+r ka1 0<r<a.
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«I'ewpetpixn arédainy: "BEvog amhdg YEWUETENOC TEOTOC YL VAL GXEQPTOUAG TE TNV TAVTOTI
T TNg Olodpeong etvan o e€AC: pavTalouaoTe wa evdela Tdve GTNY onolo £YOUUE GNUELOEL
HE %x0UX(BEC TOUC axEpaioUC. LNUELWVOUUE UE TO OXOVPES XOUXIBES Tol TOANATAACLOL TOU a.
Awdoyixéc oxolpeg xouxideg €youv amoctaon oxplBng on ye a. Tote, éva and ta 5o

7
ouuPaivel:

(i) O axéparoc b mégtel Téve ot xdmota and aUTéC TS oX0VPES X0UXIdES, oTdTE 0 b Elvon

ToMomAdolo Tou a xot 1 = 0.

(i) O axéparoc b Ppioxeton avdpeoa oe 300 dladoynéc oxolpee xouxidee, dSnhadY| aviueoa
og 600 BLaboYXd TOMATAACLY TOU @, XUk 1) ATOCTAON T AVAPESH GTOV b XL To UeYo-
AOTEQEO TOMMATAGGLO TOU @ TOL Elvol ULxpOTERPO antd Tov b elvon €vag VeTndg axépolog

Tou Oev Eemepvdel Tov a — 1.

H avotner anddeiln nou da dwdoovue mopaxdtey Paciletan o auth v 10éa: Hewpolye To
o0VOhO S TV «AmoCTICEWVY b — as Tou b and T oxolpeg xouxideg mou PeloxovTal dplo TERd ToU.
E€aogailovye 6T elvan un xevo, dpa €yel edyioto otoiyelo b — ag. H xouxida ag eivon autr mou
Beloxetar apéone mpwv amd tov b, xaL 1 anéotacn r = b — ag neénel va elvon uixpodtepn and a.

Anéoeitn wov Oewpnpatos 1.1.4. Amodeixvioupe mpwta v Unoeérn aprdudy ¢,r € Z mou ixavo-
ooV to {ntolpevo. Optlovpe Z1 = {m € Z : m > 0} xou Yewpolye 0 chvoho

S={b—as:s€Z}NZ*

TWYV W1 opYNTIXGY oxepalwv TNS Hop®hc b—as. Aev eivon d0oxoho vo dolpe 6t to S elvon un xevéd:
awb>0,t6teb—a-0€S. Avb<0,t6teb—ab=(1—a)peZ™.

And v apy” tou ehayloTtou to S éyel ehdyloTto oTolyelo, To omolo cuyPolilovpe pe . And
Tov oplopd tou S €youvue 1 = 0 xon undpyel ¢ € Z hote b— ag = r. Mével va deilouue bt r < a.
Ac unodéoouvpe 6t r > a. Torte,

b—al¢g+1l)=b—ag—a=r—a>=0,

dnhadh, b —a(g+1) € S. Ouwc b—alg+1) =r—a <r, 10 onolo eivar dtomo ool o Aoy 10
eAdytoTo oToLyelo Tou S.
Téhog, anodeixviouye 0 povadXoTNTAL TV g o 1. A unotdécoupe dTu

b=aq +1r1 = agz + 12,

6mou 0 < 11,79 < a. Xoplc nepopiopd e yevixdtnrag urnodétoupe 6t r1 = 1o (ondte ¢1 < ga).
Tote,

r—r2=a(g — ).
Av 1 < g2, t6tE (g2 — 1) = a evd 11 — 2 < a (npooécte xotd pén Tic 11 < @ xou —7rg < 0.
‘Exoupe avtigoor, deo g1 = g2 xou 11 = 2. ]



6 - TO SYNOAO TON IIPATMATIKOQON APIOMON

Ynueiwon. Amd 1o Oewpnua 1.1.4 xdde axéponog b ypdpetar HOVOGHUAVTO OTT LOEPY
b= 2q+r yw xdnowv q € Z xow xdnowov r € {0,1}. Aépe 6t 0 b elvon dptiog av r = 0.
Av r =1, t6te Mye 611 0 b ebvan mepirtdg. Ioapatnerote 6t onotadAnote dOvoun Teplttol
axepaou elvol TEQITTOC UXEPALOG.

1.1.3 Pmnrol aprdpol

To clvoho Q twv pntdy apducy etvar 1o
@:{T: mEZ,nEN}.
n

Ouundeite 6L

m !/

m , / /
—_— = — ayv xal HOVO ay  mn =nm,
n n’

xal OTL oL TPdEelg + xou - opiCovton we e€ng:

m n mi mni +min m  mq mmq
n o n nny ’ n n nny
Téloc,
m mi ,
— < —  avxo povo av. min —mng € N.
n ni

Yuvidog Yo yenolonolobue Tor YRAUUTa p.g, 1 Yio pnTtolg aptiuoic.

m 7
s Omou o

Appo 1.1.5. KdOe pntos apiduds q ypdpetar oe <avdywyn popen» q =
Hovadikos Quolkos mou diaipel Téoo Tov m 600 kai Ttov n efvai o 1.

Anédeitn. Oewpolyue 1o chvoho
E(q) = {n € N: undpyerm € Z &ote ¢ = %} )

To E(q) eivan un xevé vnootvoro tou N (vl ¢ € Q), dpa éxel ehdyioto ototyelo, ag to nodye
mo

ng. Amé tov opioud tou E(q) undpyer mo € Z Gote g = L.

Ac vnodéooupe dtL undpyer guoixde d > 1 dote d | mg xou d | ng. Téte, undpyouvv my € Z
xar ny1 € N oote mg = dmy xow ng = dng > nq. Tote,

mo dm1 mi

no dnl ny ’

dnhadh ny € E(g). Auté elvon dromo, diét nq < ng. O

Ot Baowég 1B16TNTEG OV WKAVOTIOVY 1) TEOGUEST) Xou 0 ToANATAAGLAGcUOS 6To Q elvon
ol axdloudec.

(o) IdidTnTes Tng mpdoeong.

e Ilpooetoupiotixdtnios yio x8de p, g, € Q oyler (p+q) +r=p+ (g +7).
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o Avtetadetxdmnror Yoo xde p, g € Q woydel p+q = q + p.

e Trdpyel povadixo ctolyeio Tou Q, o 0, wote, yio xde g € Q,
qg+0=0+¢g=gq.

o T xde ¢ € Q undpyel povadixd ctovyelo tov Q, o —¢, Kote
¢+ (=¢)=(=9) +¢=0.

Aéue 6t 10 Q pe v meddn e mpdoveong eivon avtweTadeTin opddo. Aéue 6T 0 —q elvan
o avtidetog Tou q. H agaipeon oto Q opileton yéow tng mpdodeong xou tTou avtidétou, and
™y

p=gq=p+t(=q) (pgcQ).

(B) Iniétntes Tou moAAamAaoiaopo?.
o Ilpooetaupiouxdrnro: yio xde p, g, 7 € Q woyler (pg)r = p(gr).
o AvtetadetxdtnTor Yo xde p, g € Q woylel pg = gp.

e Trdpyel povodixd ctolyelo tou Q, o 1, hote, yia xdde g € Q,
q-1=1-9q=¢
1

o [ xdde ¢ € Q pe g # 0 undpyel povadixd ctolyelo Tou Q mou cuuPoriletan ue ¢,

WOoTE

O ¢! ebvar 0 avtiotpogos tou q # 0. H daipeon oo Q oplleton péow 10U TOAUTAACLACKO

X0l TOU OVTIOTEOPOL, ATd TNV

p
Pty ' (p,geQ, ¢#0).

(v) H empeponikny ibidtnta ouvdéer tov nolhamhootoopd pe v npdodeon: yio xdde
D, ¢, € Q, éyoupe
plg +7) = pq -+ pr.

Opiop6c 1.1.6 (odhua). Ocwpolpe éva un xevd oivoro X epodlacuévo ye d00 TPdEelc + xou -.
Aéyovtac 6tL n + elvon pd€n oto X evvoolpe 6T yia xdde Leuydpl &,y oTolyelwy Tou ¥ undpyet
axplBadg éva otolyelo Tou X mou cupPoiileton pe = + y xan Aéyeton «ddpolopay twv z,y. H npdén
nou oTtéhvel o Leuydpt (z,y) oto x + y Ayetou «npdadeony. Opolne, Aéyovtag 6tL 1 - elvon Tpdln
oto X evvoolue 6Tl yia xdle Leuvydpl z,y otouyelwy Tou X umdpyel axelBoe éva otolyeio Tou X
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Tou oLUBOALETU PE X - Y xou AEYETOL <YWVOUEVOY TwV Z,y. H mpdin mou otéhvel to Leuydpt (z,y)
OTO X - Y AEYETOU «TOANATAACLACUOCY .

Av 10 X €yl touldyloTtov 800 ototyela 0 # 1 dote oL TpdEelc + o - va €y ouv OAeC TIC BLOTNTES
Tou ypddoye mopandvew v to Q, tétE Mue dTL 1) TELdda (X, 4, ¢) elvon éva odua. Mnopolue vo
ddoouye mapdderypo oopatoc (3, +,+) oto onolo to 0 %o to 1 va elvon T péva otoiyela Tou X:
Yétouvpe ¥ = {0, 1} xau opiloupe npdadeon xar tolamiaclaoud oto X $étovtag

0+0=0, 0+1=1, 1+0=1, 1+1=0

pidoin
0-0=0, 0-1=0, 1-0=0, 1-1=1.

EXéyZte 6T pe avutée e mpdelc to {0, 1} wavonolel Ohec Tic IBOTATES TOU COMUTOC.

H tp8da (Q,+, ), ye Tic puotohoyixéc mpdielc tpdodeone xow norhaniactaouol, eivon Tumxd
Topddetypa oopatoc. Ta oivoha N xou Z tev QUotx®Y xot Twv axepodwy (UE TIC YVOOoTéEC TpdEelc)
dev xavornololy Ghec Tic WbTNTEC Tou ooyatoc: oto N dev opiletar o avtidetoc tou n (eniong,
oupgwvicaue 6t 0 ¢ N) xa oto Z dev opileton o avtiotpogog touv m # 0 (extdc edv m = 1 7
m=—1).

Ac¢ Bolpe Ayo mo npooextixd Tt didtadn oto Q. Autd to omnolo nailel onuavtind pdro

elvon 6TL €youue €va olvoho Jetikwr otolyeiwr, To GOVORO

Q*::{T:m,neN},

n

70 GUVOAO TWV PTGV M/ Tou TG00 0 apPIuUnTIis TOUC M GCO XAl O TAPOVOUATTIIS TOUG T

elvon puowol apriuol. To Qt €yel Tic &g WBLOTNTES:

o [N xde g € Q woyder axpiBng éva and ta axdrouda:
¢eQ", ¢=0, —¢€Q"

e Avp,geQt t6te p+qe QT xaw pg € QF.

To civoho QT opilel tn Bidteln oto Q we e€hc: Mpe 6t p < ¢ (16odhvopa, g > p) ov xou
wovo av ¢ —p € Q. Tpdyovroc p < ¢ (l0odlvaya, g = p) evvoolpe: elte p < ¢\ p = q.
Ano Tic WoTNTES TOL QT émovtau ot Baowég 1B1oTNTES TNE BLdTadNg:

o o xde p, g € Q woyler axpBne éva amd ta axdrouda:
p <gq, p=4q, pP=>4q.
e Avp<gxamwg<r, téte p<r.

o Avp < g tote v xde r woybet p+1r < g+ 7.
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e Avp <guxaur >0, téte pr < qr.

Opiopobc 1.1.7 (Swtetaypévo odua). Levixdrepo, éva odpe (2,4, ) Myeton diatetaypévo ov
uTdEYEL €va UTOGUVORO © Tou X, Tou AéyeTal To GUVOAO TwV JeTikdy otolyelwy Tou X, OoTe:

o T xdde z € X 1oy bel oaxpBag éva and ta axdrouta:

re®, =0 —xe06.

e Avx,y€c© e x+y € O xou xy € O.
To clvoro © opiler wo didtaén oto owpo ¥ we &g Mue 6Tt o < y (loodlvoda, y > &) ov %o
uévo av y —x € 0. Tpdgovtoc = < y (l0odlvaya, y > x) evvoolye: eite * < y = y. Anb tov
0pLoHO,
r €O avxuuévoav x> 0.

Ano Tic WBotNTEC Tou O €novian ol e€rc WLoTNTES TS SLdTadne <:

o [ xdle z,y € X woyder axpPidg éva and ta oxdhouda:
r<y, T=Y, T>Y.

e Avz<yxuwy<z 10t€ T < 2.

o Av x <y t6te Yoo xdVe 2 woylel x + 2 <y + 2.
o Avze <yxwuz>0,t6te 2 < Yz

e 1>0.

H anddelln autodv TV IoYUELOUOY AQHVETAL o AOXNOT Yo TOV AVAY VOO T,

Avanapdotaon twv pntov apiducy otny evlela. H 16€o 6L oL apripol uropolv va Yew-
endolv cav «anocTdoelcy 00NYel OE Wlal PUOLOAOYLXY| AVTICTOLYLOT TOUG UE Tl ONUElol Ylog
evdelag. Oswpolue Tuyoloa eudeia xou emAéyouue avdaipeto €var onuelo e, To omolo
ovoudloupe 0, xou éva dedtepo omnueio dedid Tou 0, To omolo ovoudloupe 1. To onueio 0
TaiCel To pORO TNE aPY NS TNG KUETENONC ATOCTACEWMYY EVE 1) ATOGTACY) Tou onuciov 1 and
T0 onueto 0 mpocdloptlel T «povdda uétenong anoctdoewvy. Ou axépotot apriuol uropodv
Topa va Totodetnioly mhve otny eudeio xotd TpoYavy| TEOTO.

Mrnopolue eriong va tonovetfcouue oty eudeio dhoug toug pntols apriuols.  Ag
YewpHoOUUE, YWl TERLOPLoUO NG YEVIXOTNTAC, Evay VeTid eNnTo aptdud q. Autdg yedpeTtal
otn popyr ¢ = 7, 6mou m,n € N. Av tomodeticoupe Tov % oty eudeio TOTE UnopoVUE Vo
xdvouye To (Bto xou yia Tov ¢. Autd yiveton wg e€ng: Yewpolye dedtepn eudela Tou mepvdeL
ond 10 0 xou wéve tne nadpvouue n oo Swdoynd eudiypoppo Twiuata we dxpa 17, .../,
Eexwvdvtag and 1o 0. Oewpolpe Ty eudeio tou evidver To n' e 1o 1 e TedTng eudeiog
X0l PEPVOUUE TOESAANAT Tpog awThHY amd To onueio 1. Auth téuvel To eudiypoupo Tufpa
1

01 e mpdtng eudelag 610 onuelo - (XAVEVAS TWY AVOAOYLGY Yiol oL Telywva).
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Eldaue howmdv 6tL xdde pntoc aprdudg avtiotoyel oe xdmowo onueio tng eudeiag. To
olateTaypévo owua Q Yo frav éva emapxéc clo T aprdumy av, avtiotpoga, xdle onucio
e eudeiog avtioTolyolvoe oe xdmolov eNnto aptiud. Autd duwe dev toylel. Ao to ITudo-
Yopewo Oedpenua, 1 utotelvovca evoc oploywviou Terywvou Ue xddetec Theupé urxoug 1

EYEL UWAXOC T TOU IXAVOTIOLEL TNV
?=1"+1"=2.

Av xde urxoc unopoloe va yetpeniel ye entéd apwdud, tote 10 prxog x Vo Empeme vo

avTioTolyel ot xdmolov enTo q.
Oedpnua 1.1.8. Aev vrdpyet g € Q dore ¢ = 2.

Arédaén. Trodétouue 6t undpyet ¢ € Q wote ¢? = 2. AvixadioTdvTog, av YpelaoTel,
TOV ¢ PE TOV —@, Ymopolue vo utotécoupe 6tL ¢ > 0. Tote, o ¢ ypdpetar oTn popyt
g =m/n, 6mov m,n € N xou 0 povadixde puotxds aprdude mou ebvor xovoe BlonpéTng Tewv
’ ’ 2 7. 7 2 2 / ’
m xou n ebvow 0 1. And v ¢ = 2 oupnepaivouue 6Tt m* = 2n°, dpa o m elvan dptiog (to
TETPGYWVO TEpLTTOU elvan Tepttdc). Autod onuaiver 6t m = 2k vy xdrowov k € N. Téte
2 2 7 ’ ’ / o ’ ’ ’ 7
n® = 2k, dpa 0 n elvon x aUTOC dpTiog. Autd elvon dtomo: o 2 eivon xowdg BlonpéTng TwV
m %o 7. ]

Trdpyouv hotndv «urxny» mou dev UeTElolVTAL Ue enTolg aptduols. Av ¥élouue éva
cLo TN dELIUMY TO OTtolo Vol ETAPXEL YL TN UETENOT) OTOLACONTOTE ATOCTAONG TV G TNV
evlela, TOTE TEEMEL VoL «<EMEXTEVOUPEY TO GUVORO TWV PNTOV oELiUY.

1.1.4 H apy® tnc ninpodtnTag

And 1 oTiyur mou o€ €va SLUTETAUYUEVO TP X €YOUNE 0plopévn T Budtoln <, UTopolUE
VO ULAGUE Y1a UTOGUVOAQ TOU X TTOU EVOL GV 1 XETG QRayUEVAL.

Optopdg 1.1.9 (dve @pdypa). Eotw ¥ éva dwatetaypévo oopa. Eva pn xevé utochvoro
A tou X AéyeTon

o drw gpaypévo, av LTdEyEL o € X ye TNV WLoTNTo: = < v xde x € A.
o Kdtw gpayuévo, av LTdEYEL ov € X Ue TNV WOLOTNTO: & = o Yl xde = € A.
® @payévo, av Vol Gve xaL XATW PEAYUEVO.

Kéde o € ¥ mou iavorotel tov mopandve oplopd Aéyeton dve @edyua (avtiototya, xdtw

pedryua) Tou A.
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IMapathenon 1.1.10. Eotww @ # A C ¥ xou €0tw a éva dve @edyua tou A, dnhody
r < a vy xdde x € A, Kdde otoiyelo ap tou X mou elvon peyokltepo 1 {oo tou ar efvan
enione dvew gedyuo tou A: av z € A t6te z < a < ay. Tehelwg avdhoya, av @ # A C X
xaL av « gbvon €vo x4t @edypa tou A, téte xdde otoryelo ap Tou X mou elvan wixpdTepo 1
{oo Tou a elvon entiong xdtw edyuo Tou A.

Opopog 1.1.11 (ehdyioto dvw gedypa). (o) Eotw A éva pn xevé dve gpayuévo umo-
oUVOAO TOL BlaTETAYPEVOLU oWpatog 2. Aéue 0Tl 0 a € X elvon eAdyioto dvw gpdypa Tou
A av

® T0 a elvol dvw Qedyua Tou A xou

o av aq elvon G0 dvw @edyua Tou A ToTe o < .

(B) Eotw A éva un xevé x4te gparyUévo UtocUVolo Tou Slatetaypévou oouatog X. Aéue

4 7z 4 4 4
oTL T0 o € X elvon uéyioto kdtw ppdyua tou A ov
7 e 4
e 7o o elvon x4t Ppdyua Tou A xou
o av a elvon dAAO xdTw Qedyua Tou A ToTE o > (.

IMopatAenon 1.1.12. To ehdytoto dve pedypo Tou A (av undpyet) eivor povadixd. And
TOV 0plopo ebval pavepd OTL av a, arp elvor U0 eENdyIo T dve Qedyuata Tov A tote a < o
xou o < @, Omhadh a = aq. Opolng, 10 Yéyloto xdtw @edyua tou A (av undpyet) eivar
HOVABLXO.

Yy nepintworn mou umdeyouy, Yo cuuBoiioupe To EAGYLOTO dve @edyua Tou A Ue
sup A (1o supremum tou A) xou 10 Y€YLoT0 X4t Pedypa tov A pe inf A (o infimum tou
A). To inf A, sup A ymopel vo aviixouy ¥ var unv aviixouy ato chvoho A.

Opiopog 1.1.13 (apynf tne mAinpdtoc). Adue 6Tl éva BloteToryuévo ouo X IXavoToLed
NV apyn TS mAnpoTnTag av
Kéde un xevé xou dve gpayuévo untocivoho A tou X €yetl ehdyloTo dvew Qedyua

a € X

‘Evo Swrtetarypévo oGpa X mou eavonotel TNy apy | TS TANeoTnTac AEyeton mANpws S1ate-
Taypéro owua.

H enduevn npdtaon delyvel 6T 0 (Q, +, -, <), ue ti¢ ouvidelc mpdéel xon ) cuvAdn
OLdtagn), BEV IXAVOTIOLEL TNV 0Py Y| TNS TANEOTNTAC.

IMpbtaon 1.1.14. To Q dev elvar mAnpws Oatetayuévo odua: vrndpyel un kevé dvew
ppaypévo vroovtrolo A tov Q o omoio Oev éxer eAdyioto dvw ppdyua.
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Andoedn. Oewpolye To clhvolo
A={zecQ: z>0xuz?<2}.

Hapatnpolue Tpota 6Tt 10 A eivon un xevé: éyoupe 1 € A (Bott 1 > 0 xou 12 =1 < 2).
XeNnowWomoldvTag To YEYOVOS 0Tl av x,y etvon Vetixol pntol 6T & < Yy av xoL UOvo av
22 < y? éyoupe v eEfc:

Hopotfenon: av yio xdmotov Yetixd pnrd y woyler y? > 2 161€ 0 y ebvor dve
pedyuo Tou A.

‘Eneton 611 10 A elvon dve gporyuévo: yia mapddetypa, o 2 elvar dve @edyua tou A ogol
2>0 %22 =4>2

Trodétouye 6T 10 A €xel eNdyLOTO v Pedypa, €0Tw a € Q, xou Yo xataAfioupe o
dromo. Agol Sev undpyel ENTOC TOU TO TETPAYWVO TOU VO IGOUTOL UE 2, ovaryXxaoTixd Yo
oy Ve plo amd Tic a? > 2 f a? < 2
(i) TroWétoupe 6Tt a® > 2. Ou Ppolpe 0 < £ < a dote (a —€)? > 2. Tére Vo éyouue
a—e < axo and TNV Topatienor, o a — € Yo elvar dve Qedyua Tou A, dtomo.

Emtoyn wov e: Zmtdue 0 < € < a xou
(a—e)? =a? —2ae + &2 > 2.

Agot €2 > 0, apxel va e€acpuhicovye TNV a? — 2ae > 2, n onola ebvon LGOBUVOUN UE TNV

a?—2
2a

e <

7 7 2— 7 4 4 ’ 7 4
Hopotnerote 6t 0 %2 ebven Detinde pnroc aprdpée. Av homdy emhéoupe

1 . a?—2
€= —-min« a, ,
2 2a

té1e éyoupe Peel pntéd € Tou avorotel Tic 0 < £ < a xan (a — €)% > 2.

(ii) YTrodétoupe 61t a® < 2. Oa Bpodue pné € > 0 dote (a +¢)? < 2. Téte Yo éyoupe
a+e>axua+e € A, dtono agol o a eivon dve @edypo Tou A.

Emloyn tov e: Zntdye € > 0 xou
(a46)? =a? + 2ae + 2 < 2.
Oo emhéoupe € < 1 ondte Hu oy et

a® +2ae +e* < a® +2ae +¢ =a* +<(2a + 1),
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Bt e? < e. Apxel homéy va e€acpaiiooupe Ty a®+¢(2a+1) < 2, 1 orola ebvor Ll6odGVoN
ME TNV
< 2 — a?
€ .
2a +1

2—a?
2a+1

[Mopatnerote 6TL 0 elvon YeTndg pntog apriude. Av Aowndv emiédouue

I 2 —a?
e=—-—mins 1, — 5,
2 20 +1

té1e éyoupe Peet pntd € > 0 tou avoroel Ty (a + €)% < 2.

Trodétovtac 6t to A éyel ehdyioTo dvew wpdyua Tov a € Q anoxdeloape tic a® < 2, a* =2
xou a® > 2. ‘Apa, 10 A dev éyel ehdyioto dve ppdypa (oo Q). O

[apatneroTe OTL To «EAIYIOTO dve Qedyuay Tou cuvorou A otny anddeln tne Ipdto-
onc 1.1.14 ebvon axpBwe to onueio e eudeiog to onolo Yo avTioTol0doE GTO UAX0S NG
unotelvouoog tou opdoywviou Tery®vou e xdletec Theupéc {oec e 1 (to omolo «heimery
and 1o Q).

1.2 TIlpaypatixol aprdwol — n cpyn TnNg TANREOTN TS
‘Ohn 1 Bouketd mou Yo xdvoupe oe oawtd 1o pdinua Boctleton oto e€ng Yedpnuo ENEXTACTC.

Ocwpnpa 1.2.1. To dwretayuévo odua (Q,+, -, <) emektelverar oe éva TArpwS Olate-
tayuévo odua (R, +, -, <).

To Oedpnuo 1.2.1 elvon moA) onpoavtixd: pag e€acporilel 6Tt UTdEYEL Evol TATPWS BlaTe-
torypévo ooua (R, +, -, <) 10 omolo teptéyel Toug ENTolE (CUVETHOS X0t TOUS AXEPOOUS Xall
Touc puoxolc). To R elvor to olvoho twv mpaypatikdy apidudy. O npdlelc + %o - 670
R enextelvouv tig avtiotolyeg npdielc oto Q, ixavonololy to allduata TNS TedcUeons, Ta
o LOUATO TOU TOAATAACLACUOD Xxou TNy emeptoTixy wotnta. H didtaln < oto R enextel-
vel TNy odtadn oto Q xou wavornotel tar aduwyata g ddtadng. Emmiéov, oto R oylel 1

apx1) s mnpéenuas.
Apyn Tng TANeoOTNTAS Yia TOoug Npayatixole aptdmols. Kdle un kevd, dvw
ppaypévo vroovrolo A tov R éyea eddyioto dvew gpdyua o € R.

Trdpyouv TepLoabTEQOL amtd €V TEOTOL UE TOUS OTIOIOUE UTOPOUUE VO XU TAOHEUAGOUUE
wo tétota eméxtaot. Ileprypdpouue €66 ev ouvtoplo Tnv xotaoxeur) tou Dedekind, n omola
Baoiletar oTic Aeyouevee Toués. Mia xohn) apyt| yia va teptypdouue ot TNy td€a lvon va
avtiototyloouue oe xde pntéd ¢ € Q To chvoro

a={peQ:p<gq}
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TWY PNTOVY T elvan uxedTepot and tov q. Iapatnerote 6Tt 0 ¢ tpocdiopileton TAYEwS and

T0 0UVOLO g PE TNV €E€NC EVvvola:

Av q1,q2 € Q ka1 q1 # g2 TOTE Oy F gy

[Mpdrypatt, ywelc meploplond NG YEVIXOTNTAS UTopoVUe va utodécoupe 0Tl g1 < g2. I'vwpl-

q1+q2
2

Coupe OTL UTdEYEL ENTOC T, TY. O T = , 0 omolog wavorotel Ty g1 < 1 < qo. Torte,

ATO TOV OPLOUO TWV CUVOAWY (g, XOL Qg EYOUUE
4
TE Qg oG T ¢ oy,

o’ 6ToL €meTan OTL (g, F Qg (Ylot TNV axpiBeta, oe auTH TNV TEpinTwOoT Exoupe OTL TO ag
elvar yvAolo uToo VoL TOL g, — EREYETE TO).

H Soncdntuin 10éa tou Dedekind etvan 611 av Yewprioouue éva onueio tng eudelog to
omolo Bev avTloToLyEl oe ENTO oELiud TOTE UTOPOVUE Vo 0p{COUUE XATOLO GUVOAO ENTWV TO
omnolo mpocdlopllel autd To onuelo. Tavtdypeova, To civoro autd Vo ebvar dve paryuévo
unocUVoAo Tou Q ahhd Bev Vo €yl EAdyLOTO dve pedyua oto Q.

‘Eva napddetypo pog divel To onuelo M 1o omolo avTloTolyel 6To urfxog Tne unoteivoucag
optoywviou Tery®vou ue xddeteg mAcupéc uixoug 1. Av dewpricouue 10 6UVOAO

a={peQ:p<O0}U{peQ:p>0xmup<?2}

TOTE TO (@ €lval TO GUVOAO OAWV TV ENTLYV Tou «PBploxovTon aplotepdy and to onucio M,
070 onolo Véloupe va avtioTolyicouye xdmolov (dyt pntd) aprdud. Touvtdypeova, n Ilpdtaon
1.1.14 Belyver 6L 10 «r ebvan dve pporyuevo uTtocivoho Tou Q xon Bev Eyel AIYLOTO GVe
ppdypa 670 Q. Ou uropolouye hotmdy v opicouue V2 autd oxpBHS T0 GUVORO XoL VoL ToU
avTioTtolyloouue To onuelo M.

Me auth ) Aoy, xdde ohvoho pntdyv autol Tou TUToL TEOocdlopilel €va onuelo NG
evleiag. Ko 1ol o ymopoloay va mpocdlopiotoly Oha Tar onuelor Tng eudeiog - ot e
TepinTwon mou xdmolo onueio avTicTolyel 6e xdmoloY eNTO ¢, AUTO TO GUVOLO OEV Elval dAAO
and 1o ay. To meoBinua elvon 6TL T onuelal OEV avTIGTOLYOLY axdua Oha o apLiole X
€yovTtag Hovo Toug enTolg 61N Btddeoy| Yog dev umopolue Vo YE®ECOUUE TO GUVOAO TWV
ENTWY oL elval IXEOTEROL ATt XJTL TOU OV €Y OLUE OploEL.

Aloucintixd, ol Bacixéc WLOTNTES Tou €xel «To 0OVOAO v TV ENTWV Tou Beioxovton
aptoTepd and éva onueio My elvon ol e€hc:

o aF I xuaFQ.
e Av p € o t61E UTdpyEL T > p €Tl WOTE T € v (To ar Bev Eyel UéYoTo aToLyElD).

e AvpeEaxur <pidter € a.
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e Avpcaxur¢atbrep<r.

e Avr ¢ axus>rtdeséa.

EXéyEte 6T ndle oy €xer Oheg autég Tig ooTNTES. Miat xohy) doxnor etvan enlong voeAéyEete
6Tl oy xdmoto UTocHVORo Tou Q €yel TIC TREIC TPMTES ANO TIG TUEATAVE LOLOTNTES TOTE EYEL
VALY OO TIXE X TS TEAELTAiEC BUO.

O Dedekind dewpnoe hotndv v xAdon OAwV TV UTOCGLVOAWY Tou Q Ta omola €youv
auTég TIC WLoTNTES. Avdueod toug elvon Oho Tor GUVoAa oy, ¢ € Q, T omolo Bploxovtan oe
éva Tpog €val avTioTolyla UE TOUg YVWoToUg pag entols. Tmdpyouv oung xu dhha TéTola
olvola, 6Twe To o Tou TapadelyuaTdC Yag, To onofo (eAiloupe 6Tt) Yo mpoodloplcouv dha

Ta uTOhotnar «onueta Tng eudelagy.

Opeiopde 1.2.2 (topéc Dedekind). "Eva vnoocivolo a tou Q Aéyeton Topr) ov txavomole

Ta e€Ng:
e a#J, a#Q.
e Avpea, r€Quxur <p,6€T E QL

o Avp € a, undpyel r € o wote p < 7

H tpitn 6iotnta pog Aéel 6TL pior Topy) a dev €yel péyloto otoryeto. H dedtepn €xel Tic

e€n¢ dueceg oUVETELEC TTOL Vol PAVOLY YENOWES:

e Avpeaxuré¢a, t6tep<r.

e Avrdaxur<s, 6t s ¢ a.

Ynueiwon. e OAn auTh TNV ToEdYEAPO YENOYWOTOOVUE Tor EAANVIXG YpduUoTa oy, 3,7y Yo
ToUéC (=peMhovTinole TparyHaTixols aptduols) xon To AaTvixd p, g, T, S yio pntolg optduole.
Opiopog 1.2.3 (mpoypatixol aprdyol). Opilovpe R = {a C Q : 1o « elvon Topn}. Autd
Yo elvor TEAXE TO GOVOAO TOV TEUYUATIXWY AELIUODY.

Hpénel topo vor oploouye mpdelc xou Sidtaln ot obvoro R e tétolov tpémo Hote ()
0 R vo yivelr mipwg Sotetorypévo adpo xou (B) to R va enexteivel pe guotohoyxd tpdmo

70 SlateTarypévo oopa Q.
[Tpwta opiCoupe ) ddtaln oto R. Av a, B elvon 800 Touég, ot opilouye Ot

a < <= 710 a elvau yviolo unocivoro Tou .

Aoxnon. Amodeilte 6TL av a, [ elvon Touée, toTE oy Vel axpBng plo amd Tic a < B, o = B,
B < a.

Efvar moh) onuovTind vor TapatneioouUe OTL, UE QUTOV TOV 0ploUd TNS BldTadng, omodeL-
xvoetan dpeca 6t 1o (R, <) wavorotel o a&iwpa tne mhnpdtntoc. Anlads:
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Av A elvar un kevé vrootrodo tou R kar vndpyer toun B € R dote o < B ya

kdOe o € A, téte t0 A éxer eddyioto dvew gpdyua.

Arndoeén. Opllouye v v évwon 6Awv twv atolyeinv Tou A. Anloudy,
v={¢€Q:3a € Apeqecal

Oa deiCoupe 6Tl v = sup A.
() To v eivon topn: Ipdtov, v # @: agol A # &, undpyer ag € A. Agob ag # 2,
umdipyet ¢ € . Tote, g € 7. Ipénel eniong va dei€oupe 6L v # Q: Trdpyel ¢ € Q ue
g ¢ B. Avae A, e a < B, dpa g ¢ a. Enopévoc, ¢ ¢ U{a: v € A} dnhodny g ¢ .
"Apa, T0 v wavorotel TNy TEOTN cLVIXN TOou OpIGUOY TNE TOUNC.

Io tn Bedtepn, éotw p € Y xan g € Q ue ¢ < p. Tmdpyer o« € A pe p € o xou g < p,
dpa g € a. Aol o C 7y, €meTton 6TL g € 7.

[ v teltn, éotw p € 7. Trdpyer v € A ye p € . Aol To v elvon Topr, undpyet
gc€apuep<gq. Tote,geyxmp<aq.
(B) To v etvan dve @pdypa tou A: Av a € A, t61e o« C 7y dmhadh v < 7.
(v) To ~ elvan t0 eldyloto dvew @pdyua tou A: Eotw 1 € R dve gedyua tou A. Téte
B1 = a vy xdde a € A, dnhady) B1 2 a yia xdde a € A, dnhodr

ﬁ12U{a:aeA}:fy,

onhadt B = . O

Yt ouvvéyewa opiloupe Tic mpdlelc oto R, Aev Yo umolue ot Te)VIXEC AETTOUEREIES, Ag
avopépoude duwe ta Booixd Priwarto:

(i) OpiCoupe wa npdén + (npdodeon) oto R we e&hc: av a, f € R, t61e
a+pf={p+q:pcaqef}

(ii) Aelyvouye 6tL 0 a+f elvon Tops, xou ebxola emakndetovye 6t a+f = B+a xou a+(5+7) =
(a+ B) + v vy xdde a, 8,7 € R.

(ili) Opiloupe 0* = {g € Q : ¢ < 0} xou delyvoupe étL t0 0* € R xan elvow 10 0LBETEPO GTOLYElD
e mpéoteong: a+0* = 0" + o = o v xdde a € R.

(iv) Av a € R, 10 —a opileton we e€ic:
—a={qeQ: vtdpyerr € Q, r>0pe —g—r¢a}l.

Agfgte 6t —a € R xaw av+ (—a) = (—a) + o = 0*.

‘Eneton 61t 1 mpd€n + oto R wavonotel ta adidyota e tpdodeore.
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(v) To clvoro © twv Yetixddv otoryeinv tTou R opileton téhpa pe uatohoyixd tpbno:
a€B = 0"<a
EléyEte 6t av a € R, 161 1oy el axpiBog pla ond g a € ©, o = 0, —a € O.
(vi) OpiCoupe pla Tpd&rn ToAATAAGIACcUOY, TEMTA Yiol o, € ©: Av a > 0% xau 8 > 0%, Hétoupe

af ={q€Q: undpyouvr € a,s € B,r>0,s>0upeq<rs}

(vil) Acelyvoupe 61t 0 aff givan Topf xou aff = Ba, a(By) = (af)y av a, 5, € O.
(viii) Opiloupe 1* ={g € Q: ¢ < 1}. Téte, al* =1*a = a v x8e o € O.
(ix) Av a € 0, o avtictpogoc a~! tou o oplleton and TNV

at={q€Q:qg<0%q>0xnvndpyerr € Q,r>1pe(qgr)~ ' ¢a}.

Actre étial € ® xu aa ! =ata=1"

(x) Oloxhnpdyvoupe tov oploid Tou ToMaThacLGHo0 YEToVTog
Oéﬁ = (_a)(_ﬁ)v v 0476 <0*

aﬂ = 7[(7606}’ v a < O*7ﬂ > 0"
af = —la(-8)], ava > 0%,8 < 0",

nol

a0* = 0" = 0".

Mmnopolue tipa vor Bolpe STl eavomolovvTal Ohot Tat a€LOUOTO TOU TOANATAAGLAGHO0, xadde
XOL 1] EMLPERIO TLXN LBLOTNTOL TOL TOANATAAGIAOUOD WS TPOS TNV TPOcVEDT).

Yuvoilovtac:
«To R ype Bdon v mapandvey xotaoxevy| elvon €va TAEWS SLATETOYHEVO TOUL. Y
Mével v Solpe pe ntotd évvota o R ermexteiver to Q. T xdde ¢ € Q opllovpe ¢* = {r € Q:
r < q}. Kéde ¢* elvou topn, dnhadh ¢* € R. Edxola delyvoupe 6t
e avp,q€Q, tote p*+¢* = (p+q)*.
o av p,q € Q, téte p*g* = (pg)*.
o av p,qg €Q, tote p* < ¢* av xou wdvo av p < gq.

Yovenae, 1 omewévion I : Q — R pe I(g) = ¢* Swtneel tic mpdlec e npdodeone xou tov
nolhamhaotaopo, xadoe xan T Sdtaln. Mropolue hotndy vo Bhénoupe o Q cov éva Slotetoryévo
urochpa tou R péow e tavtione Q «— QF (6nov Q* = {¢* : ¢ € Q} C R).
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IMapatrenon 1.2.4. Eldaue pio xatooxeur Tov teaypatixoy aptduny. o uropolot 86
VO AVNOLYOEL XAUVELG: otV UTLAEYEL XL SAAY), TELGTIXT| AAAG OUGLWOMS DLPORETIXT, ETEXTAOT
Tou Q o€ éva TAApWS BLUTETOYUEVO GWUAL, TOTE o UTOPOVGUUE Vo LAGHE Yiot 5UO SLopopeTINd.
R xou, mbavédtata, 600 dapopetixole Anelpootinols Aoyiopols. Mnopel duwe xavelg va
Oetel OTL UTEPYEL <UGVO Evay TAARKC BIATETOYUEVO oW (1) EMéXTaoT) uTopel va Yivel pe évay
ouctao Tixd T6To). Ao TAHpwe dotetaypéva oopoto eivan wdpopga. ‘Apa, omoladritote
8AAn xotaoxeur) Tov R (xou undpyouv tétolec) odnyel oto Blo anotéreoya.

Tdpa, YeNoWOoToLWVTIC TNV aey N TNE TANEOTNTAS, UTopolUe Vo delfouue 6Tt 1) e&iowon
2% = 2 éyeL Moon 670 GUVOLO TV TEOYUATIXGOY oYUV

IMeétaon 1.2.5. Trdpye povadinés detikds © € R dore 22 = 2.

Anéoeén. Oewpolue 10 GUVOLO
A={zeR: z>0xunz? <2}

Hopatneolpe Temta 6Tt T0 A elvon pn xevé: éyovue 1 € A (Bét 1> 0 xou 12 =1 < 2).
Xpnoyomouvtag To YEYovog OTL av z,y elvon Yetixol mporyuatxol apriuol téte = < ¥ av

xou wévo av 1?2 < y? éyoupe TNy eEAC

Hopotfenon: av yuo xdmotov YeTind mporypatind y toyer y? > 2 t61e o y ehvau
Gvey pedyuo Tou A.

‘Enetor 611 10 A elvon dve gporyuévo: yia mapddelypa, o 2 ebvar dvw @edyua tou A ogol
2>0 %22 =4>2

Ané tny opyn e TAnedTTag, 10 A €xel eldyioTo dve pedyua, éoTtw a € R. Tlpogo-
voe, a > 0. Oo dellouye 6T a? = 2 anoxhelovtac tic a? > 2 xou a? < 2 :
(1) TroVétoupe 6Tt a? > 2. Me 1o emyelpnua g anddene e Ipdtaone 1.1.14 Beloxouue
0<e<aot Roote (a—¢)? > 2. Téte, a—e < a xu ond v Hopathenon, o a — e
elvon dve @edryua Tou A, droto.
(ii) TroVétoupe 6t a? < 2. Me to emyelpnua tne anddeiine tne Hpdtaonc 1.1.14 Peloxoupe
e>00t0 R @ote (a+¢e)? <2. Todte, a+e>axu a+e € A, drono agod o a eivar dve

(pedryua Tou A.

Avoyxaotind, a? = 2. H povaddtnta efvon amhf: Ypnotuonoiote o YEYovoe 6Tl av T,y
7 ’ ’ ’ ’ ’ 2 2
ebvon Vetixol mporypotixol apriuol tote =y av xan uévo av x* = y*. O

Oplopog 1.2.6 (dpentot aprduol). H Ipdtoon 1.2.5 Seiyver 6t undpyer z € R, > 0
wote 22 = 2. Ané 1o Oedpnua 1.1.8, o z dev ebvon pntéc oprdpdc. Tuvemde, uTdpyouv
mparypotixol apriuol ot onoiot Bev elvan prrol. Autol ovoudlovton dppnror. To clvoro R\ Q

elvar 0 olvodo twr appnTwy.
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1.3 TIlpwteg cuvEReleg TNG ARYNS TNS TANEOTNTAG

e aquTH TNV TaEdyeapo, YENOWOTOIOVTIS To aflwua e TAnedtnTog, Yo arodeifoupe xd-
TOLEC BOOIXEC WOLOTNTES TOU GUVOAOU TV TREAYHATIXOY oplumy. Zexvdue and Ty Unapdn
HEYLOTOU XATw QEAYUATOC Yiot XEUE Un xeVo, xdTw @eayuévo utocUvolo tou R.

IMpoétaom 1.3.1. Kdle un kevé kdtw gpayuévo vrootvolo A tou R éxer puéyioto kdww
ppdyna.
Anédaén. 'Eotw A un xevo xdtw gpaypévo urochvoho tou R, Ocwpolue 10 cUvolo
B = {—z: 2z € A}. Houpotnpolye tpmta 6Tt 10 B elvan un xevo: umdpyet € A xou toTe
—x € B. Enlong, 10 B dvw @poyuévo: 1o A elvan xdte @gpayuévo xou av ewphoouye
TUYOV XATw Pedypa t Tou A unopolue elxola vo eEAéyEoude 6T 0 —t elvon dvew @pdryuo
tou B (e&nyrote Tic Aentopépetes). And 1o adimpa tng TAnedTNTIC UTEEYEL TO EAGYLOTO
Gvey @edypa s = sup B tou B. ‘Onwg mewy, agol o s elvon dvew @edypoa tou B, urnopolue
e0xoha vo 6eiloupe 6Tt 0 —s elvan x4t @edyuo Tou A. Av y > —s, 10t —y < 5. Agov
s =sup B, undpyel b € B tét010 dote —y < b. Tote, —b € A xan —b < y. Anhadn, o —s
elvo xdte edypo Tou A xou av y > —s TOTE 0 Y eV elvan xdTw @edyuo Tou A. Ereton 6Tt
—s = inf A. O

H enduevn npdtaom Sivel Evay TOAD YproWo <E—YopoxTNEIoNO» TOU supremum evog Un
%EVOU Ave Peayuévou utocuvorou tou R.
IMeétaon 1.3.2. Eotw A un kevé dvw gpaypévo vroovolo tov R kar éotw o € R.
Tote, a = sup A av ka1 uévo av wydovr ta €&ns:

() To a eivar dvew gpdyua tov A,

(B) T'a kdVe € > 0 vndpyer v € A dote x > a — €.
Arnddeén. Trodétoupe mpdto 6Tt av = sup A. Ao Tov oplod Tou supremum, IXoVOToLELTAL

0 (). Tt 10 (B), éotw e > 0. Av yua xdde v € A loyve no < a — ¢, 61€ 10 @ — € Yo

Aoy dved edypa Tou A. Ad Tov oplopd Tou supremum Vo ETPETE VoL €Y OUUE
a<a—e¢g, onady e <0,

10 omolo eivor dromo. Apa, Yo 0 TLYOY € > 0 undpyer € A (1o = eaptdon BéParor omd
TO €) TOL IXAVOTIOLEl TNV T > v — €.

Avtiotpoga, éotw a € R nou wavornoel to (o) xon (B). Edixdtepa, 1o A eivon dve
peaypévo. Ag vnodécoupe 6T o o dev elvon to supremum tou A. Téte, undpyel S < o
T0 omolo elvan dve gedyua Tou A. Oétoupe € = o — B > 0. Tore,

r<f=a—c¢

v xdde x € A. Auté épyetan oe avtigaon ue to (B). O
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1.3.1 Apyipndeia dLoTnTA

Mpdto poc Brua etvon va del€ouue 6Tt To N dev elvan dve gpaypévo urtocivoro tou R:

Ocwenua 1.3.3. To otvolo N twy puoikdy aprdudy dev elvar dvw ppayuévo vroodvolo
Tou R.

Arnddeln. Me anoywyh oe dtono. Tmodétoupe 6T 10 clhvoro N elvon dver @poryuévo.
And 1o w€lwpa tne mAnpdtoc o N €yel ehdyloto dve @edyua: éotw B = supN. Tote
B—1<p,dpao ff—10evetvon dve @edrypa Tou N. Mropolue Aowmdv va Beolue n € N
ue n > B —1. Enctu 61t n+ 1> §, drono agob n+1 € N xou o 8 elvon dvey gpdryuo Tou
N. |

Iood0vapol tpdmol Blatimwong tng Bag apy g etvon ol e€rg.

Oceopnua 1.3.4 (Apywhdeta BLoTNTH TV TEarypatndy). Eotw € kat a 6Vo mpayuatikol
aprduof pe € > 0. Yrmdpyern € N dote ne > a.

Arndéoaén. Ané to Oetdpnua 1.3.3 0 £ dev ebvan dve ppdrypa tou N. Yuverog, undpyetn € N

woten > 2. Agol e > 0, €neton 6TL nE > a. O
’ ’ v 7 1
Ocswpnpa 1.3.5. Eoww e > 0. Trndpyern € N dore 0 < - < e.

Anédein. And to Oetpnuo 1.3.3 o é oev etvon dvey @edrypa Tou N Yuverag, undpyet n € N

wote n > % Agol e > 0, énetan 6TL % <e. |

1.3.2 "Yropln axcpaiou pwépoug

Ocedpnua 1.3.6 (UnopZn axcpoiov Yépouc). Ia kdle x € R vrdpyer povadikds axépaios
m € Z e Tny 1016tnta
m<zxz<m+1.

[a v omédelen Yo ypelaotolue €vor Auua Tou Toeouctdlel aveldeTtnto evolapépoy
(onuedoTe 6TL oTNY omOBEEH TOU YENOWOTOLELTAL 1 0Py T} TN TANEOTNTAC).

Aqupa 1.3.7. KdOe un xevé xai dvew gpayuévo odvolo axepaiwr apiudy éxer puéyoto

oToryelo.

Arndoeln. ‘Eotw A éva un xevo xou dve geayuévo unocivoro tou Z. Amd 1o alwua g
TANeoTNTOC, UTdEyel To a = sup A € R. Qo 6etlouye 6T a € A: and Tov YupaxTnelousd Tou
supremum, vndpyet z € Awotea—1 <z <a. Ava ¢ A, té6te & < a. Autd onuaivel 6L 0
x Oev elvon dve @edryuo Tou A, ondte, e@oapuolovTag THAL TOV YapaXTNEIOWd Tou supremum,
Beloxouue y € A wotea—1<z <y <a Erctuoénd<y—z <1 Auto evou drono

OLOTL oL T xou Y elvon axépotot. a
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Anébdetn tov Ocwpnjpatos 1.3.6. To civoro A = {m € Z : m < z} eivon un xevé (and v
Apyndeto iotnTor — e€NyHoTE) xa dvew @poryuévo and 1o x. And to Afuua 1.3.7 1o A
€xel Yéyloto orotyelo: ag to movue mo. Agol mo + 1 ¢ A, éyoupe mo + 1 > x. ‘Apa,

mo < T <mg+ 1.
It ) povadixdtnta ag vnotécoupe Ot
m<zr<m+lxam <z<m+1

6mov m,my € Z. 'Eyovpe m < m1 + 1 dpo m < my, xaw my; < m + 1 dpa my; < m.
YUVETOC, M = M. g

Opiopde 1.3.8. O axéponoc m mou poc diver to mponyoluevo Yempenua (xou o onoiog
eCaptdton x&Ve Qopd amd Tov x) AEyetow aképaio puépog tou x, xou oLPoiileton pe [z].
Anhodn, o [z] mpoodopileton and Tic

] €Z xou [z] <z <[zx]+1.

T topdderype, [2.7] = 2, [-2.7] = —3.
1.3.3 TIuxvotnta TV eNITOY Xol TOV AEENTWY CTOUE TEAYRATIXN0VE o-
etdupolc

H Omapén tou axepaiou yépoug xon 1 ApyLlundelol LBIOTNTO TWV TEAYUATIXGY opLiumy Log
eCaopariCouv tnv mukvétnta Tou Q cto R: avdueoa oe onoloucdrinote 600 TEAYUATIXOUS
apriuole umopolue Vo Bpolue €vav pnTo.

Ocpnua 1.3.9. Av z,y € R ka1 x < y, tdte undpyer pntos q jie TNy 1016TNTA
r<q<y.

Anédein. ‘Eyovue y —x > 0 xon and tnv Apytundeta LoLoTnTa LTdEYEL PUoXoS 1 € N o te
n(y —x) > 1, dnhodn

nxr+1 < ny.
Tore,
nr < [nz]+1< ne+1<ny,
SMAadH 1
pe MLy

Agob o q= % elvon pntog, €youue To {ntoluevo. O



22 - TO SYNOAO TON ITPATMATIKOQON APIOMON

Ocwenua 1.3.10. O1 dppnror €ivar tukvol oto R: av x,y € R ka1 x < y, tdte vndpyer o
dppntos pexz < o < y.
Arédaén. Eyovue x <y, dpo x — V2 < y — /2. And 10 Ocdpnua 1.3.9, undpyet pnroc q
e

T—-V2<qg<y-—V2

‘Encton 6Tt 0 o := ¢ + /2 ebvan dppnroc (eEnyfote yrotl) xau

r<a=q+V2<y.

1.3.4 "Yropin n-ooctig pilac

To Swwvupixd avdrtuypa. o xdde n € N opllovye n! = 1-2---n (10 ywouevo
OOV TV PuoKY ard 1 e n). Tuppwvolpe 6n 0! = 1. Topatnedote é1 n!l = (n —1)n
v xdde n € N.

Av 0 < k < n oplloupe

<Z>_k n n(n—l)--'.(n—k—i—l)

[Mopatnenote 6T

v xdde n =0,1,2,....

AAppo 1.3.11 (tplywvo tou Pascal). Av 1 < k <n tdte

(1= (o)

Anédeién. Me Bdon Toug optopols Tou BWOUUE, UTOPOVUE VoL YEAPOUUE

<n k 1) * <Z— i) - k:!(r(zn—klz! IREC —(T)!(i)i B!

 (n=Dn—-k) (n—1)k
Ckln—k—-1D!n—k)  (k—1)k(n— k)
_ (n—=Dln—k) n (n—1)k

El(n — k)! kl(n — k)!
_(=Dln-k)+k _(n—1)n
El(n —k)! El(n — k)!
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onAadn To {nroluevo. 0

Yuupohiouds. Av ag,ai, ..., a, € R opilouue

n

Y ak=ag+ar+-+an
k=0

Hoapoatneriote otL T0 dpoloua ag + ai + - - - + ap propel lodivop Vo YpapTel we e€Ag:

n+1

n n
E ap = E Ay = E Ag—1.
k=0 m=0 s=1

H mpdtn wobdmta toyler vl old&aye (amhédc) 1o «bvopay tng petoBinthc ond k oe m.
H Settepn yiotl xdvope (amhede) v «ohhoryf petoAntricy s = m + 1.

ITpbtaom 1.3.12 (Siwvupd avdntuypa). Ia kdde a,b € R\ {0} kar yia kd9e n € N
10 Vel

Arnddedn. Me enaywyn: vy n = 1 n {nroduevn lodtnto yedpetol

_ (1 1,0 L\ 0.1
a+b—(0>ab +<1>ab,

G):1’a0250:17a1:awalzb.

1 omolo Loy el TopaTneNoTE OTL ((1))

Trodétouue 6T

xan Oetyvouue Ot
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[Mpdrypatt,

k=0 =0
_ - n n+l—kik g n n—mipm-+1
-3 <k> DY m) b
n n—1
_n+l n n+l—kik n n—mipm-+1 n+1
. +§<k> b+mzo(m>a b b
EEPRIES Z (Z) Qi Z (k; n 1) qn—(k=pk o pn+l
k=1 E=1 N
=a" 4 Z [(Z) + <k i 1)} a TR ot
k=1

Ané 1o Aupa 1.3.11 éyoupe (":1) = (1) + (") dpa

(a+ )" = a1 4 En: nt L kg Ll g:l n L\ kg
el per N

Autd ohoxhnpdvel To emorywyixd Briua xou Ty anddelln. O

Ocedpnua 1.3.13 (Onupén n—oothc pilac). Eotwp € R, p > 0 ka1 éotwn € N. Trdpyer

povaoikés x > 0 oto R dote 2" = p.

[O 2 cupPohileton e {/p 1 p'/™. Tpowavie poc evdlapépet ubvo 1 tepintwon n > 2.]

Arndden. Trodétouye mpwta 6Tl p > 1. Oewpolye 0 GOVOIO
A={yeR:y>0xuy" < p}

To A elvan un xevod: éyovpe 1 € A, Hoapotnpolue 6t xde Vetinds mporylotinos apidude o Ue
v WoTNTa @™ > p elvon dve @edyua Tou A: av y € A tote Yy < p < a” xa, agold y,a > 0,
ouunepaivoupe 6Tl y < a. ‘Eva tétolo dvew @pdypa tou A elvon o p: and ty p > 1 éneton Ot
p" > p.

Aol 1o A elvan un xevo xou Gve @porydévo, and to o€inuo TS TANESTNTS, Udpyel o = sup A.
Oa deifoupe 6T " = p.

(o) Eotw 6t 2" < p. Oa Ppodue € > 0 dote (z+¢)" < p, Inhadf = + ¢ € A (dromo, vyt o x
€yeL uroteVel dvw @pdyua Tou A).
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Av vrnodécouye and v apyh 61t 0 < € < 1, €youpe

n

(z4¢)" x”+z<) F—gnye
g(Z)W]-

Ou éyoupe howndy (z+¢€)" < p av emhé€ouye 0 < € < % Em\éyouue
k=1

k

g:lmm{ p—}
Zk 1( )xn k

O ¢ ebvan YeTinde mparypominds oprduds (Buom p—a™ > 0 xan Yo (1)a™F > 0) xu (z+€)™ < p.

<z +¢

(B) Eotww 6t 2™ > p. Oa Beolue 0 < ¢ < min{xz, 1} dote (x —e)™ > p (drono, vt 1ot 0 £ —¢€
Yot Aoy Gve pedryper Tou A pxpdtepo and 1o sup A).
T xdde 0 < e < 1 €youye

(w—e)" ="+ znj (Z) (~1)Fek =a" ¢ [Z (Z) x"—k(—nk—lek—l]

k=1

s e[S ()]

n n n
Y\ n—k k—1_k—1 Z N\ n—k_k—1 Z N\ n—k
k=1 k=1 k=1

Ou éyoupe howndy (z — €)™ > p av emhé€ouye 0 < € < % Em\éyouue
k=1 \k

OLOTL

g_lmin T, 1, i
2 D 1()xnk

O & etvon Yetinde mparypomixds apudude (vt a™ —p > 0 xan Yo, (7)™ F > 0) xou yia Tov Yetind
Tparypotind aptdud & — € woyder (x — &)™ > p.
Anoxdeloaye tic ™ < p xou ™ > p. Buvende, " = p. H povodixdtnra elvon amhi: napatnerote
ottav 0 < z1 < xg totE 2] < 2% Yo xdwe n € N,

Av 0 < p < 1 éyoupe % > 1 xau, and To mponyoLuevo Brua, umdpyel wovadixée x > 0 wote
" = %. Ocewpolye Tov L. Tére,

Téhog, av p = 1 Yewpolpe tov x = 1. O
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1.4 Amoluty TYY] — ENEXTETAUEVTY] evdelat — SLACTHRATA

1.4.1 Amnolutn T
Opiopog 1.4.1 (améhutn tur). o xdde a € R Yétoupe

a ov a=0,
|a| =

—a av a<0.

O |a| Myetou anddutn tyur) Tou a. OewpmdvTog Tov a ooy onueio e eudelag, oxepTéuacTe
™V andhutn Teh Tou cav Ty «amdotacny tou a and to 0. Hopatnprote 6t | — a| = |a|
xou |al = 0 v xdde a € R.

Ipétaon 1.4.2. I'a kdde a € R ka1 p > 0 1w0yve
la| < p  av kai pévoav  — p < a < p.
Anéoeién. Awxpivete nepintooeg: a = 0 xo a < 0. O
ITpbtaon 1.4.3 (tprywvixn avicdtna). Ia kdbe a,b € R,
la + b < [a| + [b].

Eriong,
[al = [ol| < la—b] xar []a] = b | < |a+b].

Anddeén. Anéd tny Ipbdroon 1.4.2 éyouvue —|a| < a < |a] xan —|b] < b < |b]. Buvendc,
—(lal + o) < a+b<Ja| +b].

Xenotpornowdvrag éh Ty Hpdtaon 1.4.2 cuunepaivoupe 6t |a + b| < |a| + |b].
[ tn Sedtepn aviooTnTa YEAPOUUE

la] = |(a = b) + b] < |a = b] + [b],
onote |al — |b| < |a — b|. Me tov (B0 tpémo Brénouye 6Tt
b = 1(b—a) +af < |b—a| +|af = |a = b] + |al,
Gpa [b] — |a| < Ja —b|. Agol
—la —=bl <laf = [b] < |a =],

n Ipbtoon 1.5.2 detyver 6t | |a| —|b] | < |a — bl
Avtixadiotdvtog tov b e tov —b oty teheutada aviodtnta, BAérnovue 6T | |al — [b] | <
la + b|. 0
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1.4.2 To enexTETALUEVO GUVOAO TV TEAYUATIXOV AElIUOY

Enextetvoupe 10 olvoro R towv mpaypatixdy aprducy e 600 oxduo otolyelo, To 400 %ot
10 —00. To olvolo R = RU {400, —o0} elvar 10 enextetauévo ovrodo twr mpayuatikdy

ap1Ouciv. Enextelvoupe 1 Sldtaln xou Tic TedEels oTo R wc e&ng:
(i) Opiloupe —oo < a xu a < 400 yio xdde a € R.

(i) T xdde a € R opiloupe

(i) Av a > 0 optloupe

a-(+00) = (+00) -a = +oo

(iv) Av a < 0 opilouye

(v) Eriong, opilouue

(+00) 4 (+00) = +00 (—00) + (—00) = —o0
(+00) - (+00) = +00 (—0) - (—0) = 400

pideis
(+00) - (—00) = (=00) - (+00) = —0.

(vi) Aev opilovton ot tapacTdoeLe
(+00) + (—0), (—00) + (+00),0 - (+00), (+00) -0, 0-(—00), (—00)-0

N
+o00 400 —00 —o0

400’ —o0’ 400’ —o0

Téhog, av éva un xev6 cbvoro A C R bev eivon dver ppayuévo oplCouue sup A = 400,

7, 7. 4 Z 7 .
eve av Oev elvon xdtw @eoyuévo oplloupe inf A = —oo.
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1.4.3 Awothpota

Opiopodg 1.4.4. Eotww a,b € R pe a < b. Opiloupe

={zeR:a<z<b}
={reR:a<z<b}
(a,b)] ={r €eR:a<xz<b}
[a,+00) ={r €eR:x >a}
(a,400)={z €eR:z > a}
(—o00,b] ={x e R:2z < b}
(—o0 {reR:z < b}

“@‘
~—
Il

Tao uToGUVOAA AUTA TOU GUVOAOU TWV TEAYUATIXWY optduny Aéyovto diaotnuata.
Y10 enbuevo Mupo Teptypdpoupe ta onpela Touv xAetotol dtac Thuatos [a, b].
Appo 1.4.5. Ava < b oto R tote
[a,b] ={(1 —t)a+tb: 0 <t <1}

Exbikérepa, ya kdde x € [a,b] éxouue

b—=x T —a
T = a

b.
b—a b—a

Anddaén. Edxoho ehéyyoue ott, yio xdde t € [0, 1] woyde
a<(1—ta+th=a+t(b—a) <D,
onhadh {(1 —t)a+tb: 0 <t <1} Ca,bl.
Avtiotpoga, xéde = € [a, b] ypdpeton ot popey

b—=x T —a
T = a

b.
b—a b—a

Mopotnpdvrag 6ttt := (x —a)/(b—a) € [0,1] xaw 1 —t = (b—x)/(b — a), PAémoupe bt
[a,b] C{(1—t)a+tb: 0 <t <1} O

To onueio (1 — t)a + tb tou [a, b] Myovia kuptol ourdvacuol wwv a xa b. To péoo

1 1 a+b
- 1—7> Zp— .
m ( 52t 30 =3

oL [a, b] eivon TO
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1.5 Baowég avicotnteg

Ye aut) TNV Topdypapo delyvouue Teelg Bacixég avicotnTeS: TNV avicotnTa Tou Bernoulli,
v aviootnta Cauchy-Schwarz xou tnv avicdtntar aprduntixol-yewmueteod uéoou. ‘Ahheg

Baowéc aviootnree epgavilovion otic Aoxioeis.

ITe6taocm 1.5.1 (aviodétnta Bernoulli). Ay o > —1 tdre
(I+2)">14+nx Yy kdden € N.

Andéoaén. I'on = 1 novicdtnra oylet og wootnra: 1+x = 1+z. Aclyvouue o emorywyind

Brioz
Trodétoupe 6t (1 + )" > 1+ nx. Agod 14+ > 0, éyovpe (1 4+ x)(1 + x)" >
(1+2)(1 4+ nz). Apa,

(I+2)"™ >0 +2)Q+nz)=1+n+Dz+nz>>1+(n+1z. O

Iapazrjpnon. Av x > 0, umopolue va deiloupe Ty avicotnta Tou Bernoulli ypnowwonouws-
VTOG TO OLOVUUIXO avamTuypa: Yio xdie n > 2 €youue

(I+z)" = Z (Z) 1" Rk =1 4 na + Z (Z)x”_k > 1+ nx,

k=0 k=2

’7 L n n n—k 1 ’ ’ ’
ol dhot oL tpocdetéor 670 Yo ()2 F etvon Vetixol. Ouolwe, av n = 3 ralpvouue v

LOYVEOTERT) AVICOTNTA

-1
1+2)">1+nz+ " xzzl—i—mc—i-w:r?.
( 2 2

ITpétaon 1.5.2 (avioétnta Cauchy-Schwarz). Av aq,...,a, kat by, ..., b, elvar mpay-

patiol apidjiol, tote
(arby + -+ anbp)? < (@ + -+ a2)(b2 + - +B2).

Arnddeén. Oo ddoouye 800 anodelec. H mpdtn Bacileton oty teyvixn tng kavovikomoi-
nons. OewEOLUE TEOTA L1, . . ., Ty XL Y1, - . ., Yp OL OTOIOL IXAVOTOLOVY T GUVIY|XT

Mo xdde k= 1,...,n €youue TN OTOLYEWWODN aVloOTNTA

1
(lz? + |ysl?) = 5(93% +y3).

N | —

\zryk| <
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YUVETAC,
Lo o Lo o
[Z1y1 + -+ Tnyal <[z + -+ |Zayn| < 5(331 Ty e+ 5(% +Yn)
1 1 1 1
= @it )ttt =55 =1
OewpoLUE TWPA TUYOVTES G, . .., ap XU by,..., b, 010 R. Mnopolue vo unodécouue 6Tt

T+ 4 aZ A 0% b + -+ b2 £ 0 (36T, b 1) oviodTITaL Loy UEL Yo TETEUUEVOUC
AG6YoUC — av, ylo Topdderyua, af + -+ a2 = 0 16t a; = -+ = a, = 0 xou éneton 6T
aiby +- -+ apb, = 0, dnhad 1600 TO APIGTERG 6GO %o TO BEELO UEAOC TNE AVICOTNTOG TOU
Véhoupe va del€ouye elvon (oo ue undev).

OpiCouyue

s=4/a?+ - -+a2 xou t=/b3+ - +b2.

Kotémy, 9€touue

b
xk:a—k el yk:—k, k=1,...,n.
s t
[Mopatnenote 6T
2 2 2 2
at+---+a bs +.---+b
55%"‘"'""«%%:%:1 e y%+...+yg:%:1_

(a1by + -+ - + anby)? = (tSfUlyl + ot tsTayn)® = 5 (@y1 + -+ Tayn)?
t?s? = (af +~--+a3)(b%+---+bi).

N

Aettepog tpémos. Mrnopolpe, dmewe mapandve, vo unodécoupe 6Tt a2 + -+ + a2 # 0.
OewPOVUE TO TELWVUNO

p(z) = (@12 +b1)* + - + (anx + by)*.

Hopotnehote 6t p(x) = 0 vy xdde € R (yio xdde = €youpe éva ddpolopo TETEayGVLY,

T0 0Tol0 Elval TEOPAVAS U KEVATIXG) Xt 6TL T0 P(z) elvat GVTOS TEUOVUUO: €Y OUUE
p(x) = (af + -+ ap)a® + 2(arby + -+ apbp)z + (b + - +b7) = ax® + 28z + .
H Sioxpivouca A = 432 — dary dev uropet va ebvor Yetnh, dpa B2 < ary. Anadi,
(a1by + -+ apbp)? < (a2 + -+ a2)(DF 4+ - + b2),

Omwe YENOE. O



1.5 BASIKES ANITSOTHTEY - 31

ITpbétaom 1.5.3 (avicdtnra aprduntixol-yewpetpxol yéoov). Av n € N kat ay, ..., ap
etvar Uetirol mpaypatirol aprduol, tote

a1 +az+tan
- 2 Yaraz -+ an.

Arnddaén. ©étoupe m = {/a1az---an xo opilovye by = 75, k = 1,...,n. Haupatnpolue
OTL oL by, elvon YeTixol mparypatixol aprduol ue yvouevo

ay an ayg - Gp
R
m m m

Enlong, n Intoluevn aviootnta nakpvel T Lopdh
by+ -+ by =
Apxel howndv va Bel€oupe v axdrouidn npdtao.

IMpbétaon 1.5.4. Avn € N kai by, ..., b, eivar Jetixol npaypatixol apidjiol pe ywiuevo
bi---b, =1, téte by +--- + b, > n.

Anédeién. Me enoywyn oc mpog o TAdog Twy by: av n = 1 toTe €youue Evay uévo aptiuo,
Tov by = 1. Yuvenog, n avicdTnTa etvon TETEWREVN: 1 > 1.

Trodétoupe 6Tt yior xdde m-ador VeV opLiUOY 1, . . . , Ty, UE YIVOUEVO T « - - Ty, = 1
oy Vel 1 aviooTnToL

L T 2 m,

xou detyvouue 6Tt av by, -+, byt ebvar (m 4 1) Yetixol mporypotixol aprdpol ye yvouevo
b1 s bm+1 =1 t6t¢e
by +-- +bpp1 =m+ L

Mrnopolue vo unotécouue 6Tl by < by < -+ < by Hopoatnpolue 6T, av by = by = -+ - =
bm+1 = 1 161€ N aviodTnTa Loy Vel ooy 1odTNTaL AV o)L, avoryxao Tixd €youpe by < 1 < bpyqq

(e&nyhote yiotl).
Oewpolue TNV M-3da VeTXUDV ALV

T :blbm+17 .%'2:172,..., xm:bm
Aol x1 -+ Tp = b1+ b1 = 1, and v enaywywr) unddeon Talpvouue
(b1bmg1) + b2+ -+ by =21+ + 25, =M.

Ouowg, oamd ™y by < 1 < byyqq émetan 6Tt (b1 — 1)(1 — b1) > 0 dnhadn by + b1 >
1 + bm+1b1. ’Apoc,

by + byt +bo 4 A by > 14 bibyst + by + -+ by > 14+ m.
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‘Eyouue hoimév amodellel 1o emaywyixd Bruo. a

Iapatipnon. Av ouv apuol a1, - ,a, v dhot (ool TéTtE N avicdTnT AELIUNTIXOD-
patnpnaon p ) ) P

YEWUETEXOU U€oou oy Vel wg wootnta. Av ol apwduol ag, -+, a, Oev elvar 6hol (oot, ToTE

n an6delln nou mponyRinxe Selyver 6tL n avicdTnTa ebvon yvroto (e€nyfote yatl). An-
Aod7: oY aVicOTNTA AELIUNTIXOU—YEWUETEWOV UEGOU Loy VEL LOOTNTU OV XL UOVOV oV

a; =---=ap.

1.6 Aoxnoeig

Epwthoeig xatavonong
EZetdote av ol napoxdte npotdoeilc eivan ahndeic B geudelc (outiohoyfote nhipwe v amdvino
60g).

(i) Eotw A pn xevé, dve gpoaypévo vrtocivoro tou R. T xdde x € A éyoupe = < sup A.

(ii) Eotww A un xevé, dve gpaypévo utootvoro tou R. O = € R eivon dves @pdypo tou A av xou

povo av sup A < x.
Av 10 A elvan un xevd xan dve gpayuévo utocivoro tou R tote sup A € A.

Av A elvan éva un xevo xou dve @payuévo utocivolo tou Z téte sup A € A.

)
)
(v) Ava=supAxue >0, tote undpyet z € Apyea—e <z < a.
) Ava=supAxue >0, téte undpyet x € Aye a—e < z < a.
) Av to A eivou pn xevéd xow sup A — inf A = 1 téte undpyouvy z,y € A dote x —y = 1.
)

T xéde z,y € R pye < y undpyouv dneol to mARdoc r € Q mou wavomooly TNy

r<r<y.

Enoywyn

1. Na dewydet pe enoyoyh 6t o aprdudc n® — n elvon tolhamhdoio tou 5 yio x&de n € N.

2. E€etdote yio moleg THéS Tou QuUOtxoL aptduold n 1oy douy oL TUPUXATL OVICOTNTES:
(i) 27 >n3, (i) 2" >n?, (i) 2" >n, (iv)n!>27,  (v) 2"l <n?

3. Eoctw a,b € R xou n € N. Anodeilte 6t
n—1
a—=b" =(a—-0) Z akpn—1=k,
k=0

Av 0 < a < b, anodeilte 6t
b — g™

S b—a

n—1

na <nb™ L
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4. Anodel&te e emaywyR ot yio xdde n = 1 woybouv ol avicdtnTeg

1 1 1
14+ —4—=4--+—=2>22/n+1-2
V2 V3 f
e 135 2m-1_ 1
2 4 6 2n \Bn+1

5. 'Eotww m > 1 guowdc apidudc. Amodellte ye emaywyn 6t yia xdde n > 1 woydel n tautdTnTa

Zkk+1 (htm—1) = (n+1)(n+2)--~(n+m).

m+1
6. Eotw a € R xau éotw n € N. Anodeilte 6T
() Ava > -1, t6te (1+a)” =2 1+ na.
B)Av0<a<l/n,t6te (14+a)" <1/(1—na).
(v) Av0<a<1,téte
1
1-— 1— < .
na < (1—a)” T

7. BEotw a € R. Anodeigte 6T
() Av —1<a <0, t6te (14+a)” < 1+na—|—"(" 1)

B) Ava>0, t6te (1+a)" > 1—|—na+”( D02 via xéde n € N.

a® vy xdde n € N.

8. (a) Av ay,...,a, > 0, anodeilte ot
(I4a1) - Q+ap)=1+a+ - +ay.
(B) Av0<ay,...,an <1, téte

1—(ay+ - +ap) (1—a1)-(1—an)

<
< 1—(ar+-+an)+ (ar1a2 + araz + - + an_1a,).

9. Arnodelgte 6T v xdde n € N ioybouv oL avicdtnteg

1 n 1 n+1 1 n+1 1 n+2
14— 1+ ——7 nou 1+ — 1+ — .
n n+1 n n+1

10. (o) Arodei&te tnv avioétnta Cauchy-Schwarz: av aq, ..., a, %o by, ..., by, eivor mporypotixol
apruol, tote
n
(S < (S (x0).
k=1 k=1
(B) Anodeilte v aviodtnta Tou Minkowski: av ay, ..., ap xou by, . .., by elvon mparypotixol aprduot,

T61E

N 1/2 " 1/2 N 1/2
(Z(ak +bk)2> < (Z ai) + (Z bi) :
k=1 k=1

k=1
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11. (Toutédtnra tou Lagrange) Av aq,...,an € R xou by,...,b, € R, t61€
n n n 2 1 n
(Z “i> (Z bi) - (Z akbk) =3 Z (axbj — a;bi)’.
k=1 k=1 k=1 kj=1

Xenowonowvtag tny tTawtdtnta tou Lagrange anodei€te tnv avicdétnta Cauchy-Schwarz.

12. (Avisdnta oprduntieol-yewuetpnol péoov) Av x1,...,z, > 0, téte

L1y Ty L | —m ] .

n
Iootnta woyder av xou pévo av &1 = T3 = -+ = Ty,
Enione, av 1,22, ...,y > 0, 161
n
n
T1To Ty 2 | 3 I
a oot E
13. 'Ectw ay,...,a, > 0. Anodellte 6T

11 1 )
(a1 +az+-+ap) | —+—+-+— ] =n"
a1 ag Ay,

14. Xpnowonoudvtag TNy aviootnta optduntixol-yemUeTeixol uécou anodel&te 6t yloxdde x > 0
xou yio xdde n € N,

w o ltz+a?+ad+. a2
" < .
2n+1

15. 'Eotww n € N xa aq, .. ., a, Yetxol npayyotixol aprduol tétool O6TE a1 -ag -+ - ap_1 - Gy = 1.
Arnodellte 6t
(1+a)(l+az) - (1+ay) =2"

16. Anodeilte 6t v xdde n € N,

Vnl=+V1-2---n< )

Supremum xot Infimum

17. Anodelte 6T ta mapaxdtw woytouy oto R:

() Av z < y+ e v xdde € > 0, téte = < y.

(B) Av e <y+e vy xdde € > 0, tote < y.

(v) Av |z —y| < e v xdde € > 0, té1e © = y.
B)Ava<z<bxuwa<y<b, tote |z —y|<b-—a.

18. Anodel&te 611 xdde un xevé xdtw geoyuévo utocivoro A tou R €xel uéyioto xdtw @pdypa.
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19. 'Ectw A un xevé untoctvoro tou R xou é0tw ag € A ye v BtotTnTo: Yo xdde a € A, a < ao.
Anodeite 6t a9 = sup A. Me dha Aoy, av 1o A éyel péyloto otouyelo, t6te awtd elvar To
supremum tou A.

20. Eoctw A, B 800 urn xevd xou gpaypéva utoclvora tou R. Av sup A = inf B, anodei&te 6Tt yla
xdde € > 0 undpyouv a € A xou b € B ote b—a <e.

21. (o) Eotw a,b € R pe a < b. Beeite to supremum xot to infimum tou cuvérou (a,b) NQ =
{r € Q:a <z <b}. AttlohoyHoTe TAHPWS THY ANAVINCT CUC.

(B) T xd&de z € R opilovue A, = {g € Q: ¢ < z}. Anodeilte 6T

=y <= A, = A,.

22. 'Eoww A, B un xevd @poyuéva utoctvora tou R ue A C B. Anodeilte 6t

inf B<inf A <supA < supB.

23. Eotww A, B un xevd, gpayuéva unoctvora tou R. Anobdeléte 1t 10 AU B elvan @poryuévo xou
sup(A U B) = max{sup A, sup B}, inf(A U B) = min{inf A, inf B}.

Mrnopolue vo tovue xdtt avdroyo yio to sup(A N B) ¥ to inf(A N B);

24. 'Eotww A, B un xevd vtocOvoha tou R. Anodei€te 6t sup A < inf B av xon udvo av yior xdde
a € A xou v xde b € B woylel a < b.

25. Eotww A, B un xevd, dve @poyuéva utocivola tou R ue v e€ig biotnto: yio xdde a € A
urndpyel b € B tote
a < b.

Anodei&te bt sup A < sup B.
26. No Beetolyv, av undpyouy, To max, min, sup ot inf Twv mapoxdtew cuVOAWY:

() A={r>0:0<22-1<2},B={2€Q:2>0,0<2?-1<2},C={0,1 1 1 1

99394
@B)D={zeR:x<0,2’+z-1<0}, E={1+(-1)":neN}, F={z€Q: (z—1)(z+2) <
0}.
(V) G={5+5:neN}U{T—8n:neN}.

27. Bpelte To supremum xot to infimum twv cuvorwy

—1)nHl 11
A—{1+(1)”+():n€N} : B—{+:n,meN}.
n 27L 37”

28. Anodeilte 6Tl to clvolo

A:{H)”m;m?n:l,z,...}

n-+m

elvon pporyuévo xou Peelte ta sup A xou inf A. E€etdote av 1o A €xel yéyioto 1) eldyioto otolyelo.



36 - TO SYNOAO TON IIPATMATIKOQON APIOMON

"AN\ec aoxroelg

29. Anodei&te 6T oL apripol v2 + /3 xou V2 + /3 + /5 ebvon dppnrot.

30. Anodei&te 6Tt av 0 puaxdg aptdpog 1 Bev elvor TETEEYWVO XATOLoL PuUGLXOL apLiUoD, TOTE O
/i elvon dppnroc.

31. 'BEotww A, B un xevd vrtocOvoha tou R. Trodétouue 6t

(o) vt xéde a € A xou v xdde b € B oyvel a < b, xou
(B) v x&de € > 0 undpyouv a € A xaw b € B ote b—a <e.

Arodel&te 6L sup A = inf B.

32. 'Botw A, B un xevd, dvw gpayuévo vntochvola tou R. Amodei&te éti sup A < sup B av xou
uovo av yia xdde a € A xou yio xdde € > 0 undpyet b € B dote a —e < b.

33. Eotww A, B un xevd vntoctvoha tou R mou ixavonotodv ta e€hc:

(o) v xéde a € A xou v xéde b € B oydel a < b.

(B) AuB =R.
Anodei&te 6t undpyel v € R tétolog tote elte A = (—00,7) xou B = [y, 4+00) | A = (—00, 7] xu
B = (v, +00).

34. Eow A C (0,400). Trodétoupe 6n inf A = 0 xou 61t 10 A Bev ebvan dvw gpoyuévo. Na
Beedoly, av undpyouv, To max, min, sup xot inf tou cuvéhou

B:{x:xeA}.
rz+1



KEPAAAIO 2

AXONOLVIEC TEAYUATIXMDV

APLIUV

2.1 Axolovidieg mpaAYUATIX®Y AQLIUOY

Opiopde 2.1.1. Axodovdia Méyeton xdde ouvdptnon a : N — R (ue nedio opiopol 1o ol-
VORO TWV QUOIXMY aptducdY xou THéS oToug Tparypatixole aptipole). Avti va cupfoiilouye
Tic pée e axohoudiog a e a(l),a(2), ..., ypdpouue

a1, a2,as, ...

xou AMépe 6Tl o aprduog a, elvoan 0 n-ootég dpog tng axoroudiog. H (B 1 oxohoudio

oupPohiletar pe {an}o2y, {antnen, (an), (a1, a2,as,...) yowplc autd va tpoxakel oy Lo,

IMoapodeiypota 2.1.2. (o) 'Eotw ¢ € R. H axoloudia a, = ¢, n = 1,2,... Aéyetou
otalepny akodovlia ye Ty c.

(B) an = n. Oumpdtot 6pol e (ay) ebvar: a1 =1, ag = 2, ag = 3.

(v) an = % Ou mpéytoL bpot e (an) ebvor: a1 =1, ag = 3, ag = 3.

(8) an = a™, émou a € R. O tpdrot bpol Tre (ay,) ebvou: ay = a, ag = a?, a3 = a’.

(€) a1 = 1 ot apt1 = V1I—+an, n=1,2,.... Auth n oxohoudia opileton avadpopurd:
av Yvwellovye ToV a, TOTE UTOPOUUE Vo UTONOYICOUUE TOV Gpt1 YENOWOTOUOVINS TNV
an+1 = V1 + a,. Acdopévou 6t éyel dodel o Tpdtoc Tne bpoc, 1 (ay,) etvor xohd optouévn
(xdvovtag n— 1 Bruato unopolue vo Bpolie tov ay,). Ot tpdtol 6pot tne (ay,) etvan: a; = 1,

as =2, a3 =V1+v2, a5 =\/1+vV1+V2.

(07) a1 =1, a2 = 1 %ot apg2 = ap + ant1, » = 1,2,.... Av yvopilovye touc a, xou
(p+1 TOTE UTOPOUUE VA UTONOYICOUUE TOV Gpy2 YPNOWOTOIWVTAS TNV avadpouiky) oxéon
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Ant2 = Gp + apy1. Acdopévou 6Tl €youv dolel ol mpdtol dVo bpot, N (ay) eivor xohd
optopévr (xdvovtag n — 2 Brgota unopolue vo Peolue tov ay). Ou mpdrtot dpot tne (ay)
evar: a1 =1, a0 =1,a3 =2, a4 = 3, as = 5, ag = 8.

Q) ap = % av n = 2k xou ap = % av n = 2k — 1. T Tov utoAoyYIoud TOL N—0G6TO0 GEOL
1

an, opxel va Yvopilovue av o 1 elvon deTlog 1) TEQITTOC: Yiol TUEABELY U, ag = % xou az = 5.

Opiopog 2.1.3. 'Eotow (an) xou (by) 800 axohoudieg mporypatixdy aptdudy.
(o) Aépe 6T (an) = (by) (o axohovdiec eivon ioeg) av a, = by, yia xde n € N. Anhady,

a1:b1, ag:bg, a3:b3,....

(B) To dipoioa, v dagopd, To ywdpero xou o TNAiko Twv axohovdidy (ay), (by) elvor ot
axohovdiec (apn + by), (an — by), (anbn) xau (an/by) avtiotorya (Yo TNV teheutoda TEémet
va x@voude Ty emnhéov unddeon ot by, # 0 yio xdde n € N).

Opiopdc 2.1.4 (cvvoho twv 6pwv). To clvolo twy dpwv tne axohoudiog (ay,) elvor To
A={a, :n e N}

Aev Yo mpénet va ouyyéel xavelc Ty axohovdia (a,) = (a1, asz, . ..) UE TO GUVORO TWYV TUUWY
me. T mapdderypa, to obvolo Ty e axorovdioc (—1)" = (1,—1,1,—1,...) eivar 0
diovoro {—1,1}. Hoapotnehote eniong 6t 600 dpopetinée axolovdie umopel vor €youv

10 (Blo UVoho TWOV (8o TE TapadElyUaTaL).

Oplopog 2.1.5 (tehixd turua). ‘Eotw (ay) wo axohouvdia mporypatindy oprduoy. Kdde
oxohoudior TNg wop@hc (Aman—1)o21 = (@m, Am+1, Gmt2, - ..) 610U m € N Aéyeton teAikd
turjpa e (ay). Do tapdderypa, ot oxohoudiec (5,6,7,...) xou (30,31,32,...) eivar TeAxd

TUARATOL TG Gy, = M.

2.2  XUyxAiom axohouvindy
Oewpolye tic oxohovdies (a,) xou (by) Ue n-ootols bpoug Toug
n=— b, = (—1)™.
a oo (—1)

T «peydhecy Twée tou n ol 6pol 1/n e (an) Beloxoviar (6ho xou o) «xovidy» 610
0. Anb v dhkn mheupd, ot dpot (—1)" tng (by) dev mAnoudlouv oe xdmotov TEoyaTnd
aprdud. Ou Aéyape 6Tt 1 oxohoudio (ay) ouyxhivel (éyer dpto to 0 xadde o n Teivel 6to
dmelpo) eved 1 (by) 8ev ouyxhivel. Me dhho Adyla, éhouue vor exppdooLUE UG TNEd TNV

TEOTOO):

«n (ap) oUYXAIVEL GTOV @ oV YL HEYAAES TIES TOU ML O Gy, EfVOL KOVTA OTOV a>.
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Autd mou TEENEL Vo xAvouUE CapES Efval TO VONUO TV PEACEWY <XOVTAY XL UEYOAES
Twégy. [o mopdderyya, av xdmolog Hewpel 6TL 1 amdotaon 1 lvor xavomoinTind uixey|, TOTe
N (an) éxer Ghoug toug Gpouc tne xovtd otov 1/2. Eniong, av xdmotog Yewpel 6 1 ppdon
«ueYdheS Tipécy omuaivel «opxeTéC UEYANES TWESY, TOTE 1 (by) €xEL apxeTolC bpouc xovVTd
otov 1 aAAd xou opxeTo0g 6p0UC XOoVTd aToV —1. BuUPmVoLUE Vo AEUe OTL:

«n (ap) ovyxhivel oTOV a av oE 0COBATOTE WxEY| TeployY) Tou a PBeloxovta
TEMXE GhoL oL 6poL TNS (an)».

H évvoia tne mepioxns evog mporypotinod aptduol a opileton auotned wg e€ng: yia xdde
e > 0 10 avowté ddotnua (a — €,a + €) Ue x€VTpo TOV a xou axtiva € elvor pLa TEELOYT
T0U @ (N e-mepioyn) Tou a). XENOWOTOLHVTUS TNV EVVOLX TNG E-TEPLOYHS XL TNV €VVOLAL TOU
TENXOU TUAHATOS ULog oxohoudiag, xoTah)YOUUE 6To eENC:

«n (ap) ovyxhivel 6Tov @ av xdie e-TeplOy 1| TOU a TEPLEYEL XETOLO TEMXS TURUOL
™me (an)».

Hoapotneodvtag 6tz € (a —€,a+¢€) ov xaw pévo av |z — a| < €, UTOPOVUUE VoL BOCOUUE TOV

e€hc auoTNEG 0pLOUO.

Opwopog 2.2.1 (6p0 axohrovdiac). Eotw (ay) pa axohoudio mpaypotixdy oprdumy.
Aépe 6L 1 (an) ovykAiver ooy Tpaypotixd aptdud a ov oylel To e€hg:

M xdde € > 0 umdpyer puowxde ng = no(e) e v WdTRTor av n € N xou
n > ng(e), t61t€ |a, —al < e.

Av n (apn) ovyxhiver otov a, ypdpouue lima, = a | lim a, = a ¥, o anhd, a, — a.
n—oo

IMapatrpnon 2.2.2. X1ov nopamdve oployod, o Seixtng ng eCoptdton xdde Qopd and To
. '0c0 bunc wixpd %t av eivar To €, unopolue va Beolue no(e) wote Ghot oL bpot a, Tou
EMOVTOL TOU Gy, VA BploX0VTOULKE-XOVTAY GTOV a. XXEQTETE TNV TEooTddeld ETAOYTC TOU
no(e) ooy éva en’ dmelpov mouy vidL pe évay avtinoho o onolog eTAEYEL OAOEVAL X0 UXEOTERO
e>0.

Tiot vo eZotxetedolye pe Tov optoud Yo amodelfouye 6L na, = L — 0evd b, = (—1)"
dev ouyxAiver (o€ xavévay mparypatind aptdud).
(@) H ap, = 2 ouyihiver 070 0: Oewpolye tuyoloa e-mepoyh (—¢,€) tou 0. And v
Apyuideto widtnta undpyel no(e) € N dote nio < e. O pwpdtepog TéTOLOC PUOLXOS
apriuog elvon o [%] + 1 (e€nynote yiotl), dpwe autd dev éyel Wiadtepn onuaocta. Tote, yia
xdde n = ng woyvel

1 1
— <0< —-—< —<e.
n no
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1 1 1
ng’ no+1’ no+27°"

UE TOV 0pLoWO, €YOulE a, — 0.

Anhodn, 1o tTeEMxd Tuiua ( ) e (ap) mepéyeton oto (—¢,¢€). Buupunva

(B) H by, = (—1)" dev ouyxhiver: Ag urnodéoouue 6tL undpyet a € R dote (—1)" — a.
Auaxpivouue 800 TEQITTOOELS:

(B1) Av a # 1 undpyel e-neptoyf Tou a wote 1 ¢ (a —e,a +¢). Ta mopdderypa,

— [1—=q|
-2

uTopoUUE Vo ETAEEOUUE € . AoV by, — a, undpyer tehxd TuRpa (b, b1, - . .) TOU

nepiéyetar 070 (a — €,a + €). Eldwdtepa, by, # 1 yio xdde n > m. Autd eivou drono: av
Yewprioouye dptio n > m téte b, = (—1)" = 1.

(B2) Av a # —1 undpyel e-neployt) Tou a wote —1 ¢ (a —¢€,a + €). T Topdderypa,

_ |1+44]
- 2

UTOEOUUE Vo ETLAEEOVUE € . AoV by, — a, undpyer tehxd TuRpe (b, b1, - . .) TOU

nepiéyetan 610 (a — €, a + ). Ewdwdtepa, by, # —1 yia xdde n > m. Auté eivon dromo: av
Yewprioovpe nepttéd n > m téte by, = (—1)" = —1.

Ocedpnua 2.2.3 (wovadixdtnta tou opiov). Av a, — a kai a, — b, téte a = b.

Arnddeén. Trnodétouye 6Tt a # b. Xwplc Teploplond g YeVIXOTNTIC, UTOPOVUUE Var UTo¥é-
coule 6Tt a < b. Av ndpoupe € = (b—a)/4, t61€ a +e < b—e. Anhodn,

(a—e,at+e)N(b—eb+e)=0a.

Aol a, — a, ynopolyue va Bpolue n1 € N dote v xdde n > ny va woylet |a, — al < €.
Ouolwg, agod a, — b, unopolue va Peoldue Ny € N wote yio xde n = ng vo oyLel
lan, —b| < e.

Oétovye ng = max{ni,na}. Tote, yioa x&e n = ngy oyLouv TauTdYEOVL OL
lap, —al <e xaw |a, —b| <e.
‘Ouwg to1e, Yo xdde n = ng €youue
an € (a—ce,a+e)N(b—eb+e),
To omoio eival dtoro. O

Ocedpnua 2.2.4 (xprthpto TapedBorc A xELTHELO LIOOGUYXAVOUGHY axohoLInY). Ocw-
poUle Tpel§ axolovdieS ay,, by, Yy, TOU 1KkavomoloVy ta akéAovia:

(o) an < by < vy yia kdOe n € N.
(B) ima,, =lim~, = ¢.

Tére, n (by,) ovykAiver kai limb,, = £.
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Andédeén. 'Eotw € > 0. Agol a, — £ xou 7y, — £, undpyouv guoixol aprduol ni,ng wote
lan, — | <eavn>=ny xu |y —L <eoavn>=n.
Ioo80vaya,
L—e<ap<lt+eavn>=2n xu L—e<vyy<l+eavn>ns.
Emiéyovpe ng = max{ni,na}. Av n > ng, t6te
b—e<ap,<b, <y <{l+e
Onhadh, av n = ng €youpe by, — €| < . Me Bdon tov opioud, by, — L. O

IMopatneroeig 2.2.5. (o) Befouwdeite 6t éyete xatardBer ) Swadacio anddei&ng: ov
Véhoupe va BelZoupe 6L t, — ¢, mpémet yio oudadpeto (Uixed) € > 0 — 1 anddelln Eextvdel ye
™V edon «€otw € > 0y — va Bpole puotxb ng (tov e€aptdton and To €) e TRV WtéTN T
n = ngle) = |t, —t| <e.

() Towc éxete AN Topatnehoet 61t oL tpwTor m dpot (m = 2,10 A xow 101°) dev ennpedlouv
TN oUyxhon 1 un poc oxohoudiag. Amodellte auotned To e&Ng:

1. 'Eotw m € N. H axoloudio (ay,) ouyxhiver av xar uévo av 1 axorovdia (by) = (amin—1)
ouyxhivel, xou pdhota limy, ay, = limy, apypn—1.

2. 'Eotww (ap) xa (by) 0o axohoudieg mou dagépouv ot tenepoaouévous to tAdog dpouc:
undpyer m € N &ote a, = by, v xdde n > m. Av n (a,) ouyxhiver otov a téte n (by)

CUYXAVEL XL qUTH GTOV a.

Opiopdg 2.2.6 (gpaypévn axohoudia). H axohoudio (ay,) Méyeton ppaypérn ov propolue
vo. Bpolue xdmotov M > 0 pe tnv 1810t

lan| < My xdde n € N.
Ocpnua 2.2.7. Kdle ovykAivovoa axolovlia efvar gpaypévn.

Anédeién. 'Eotww 6t a, — a € R. Tloalpvouye € = 1 > 0. Mnopolue va Bpodue ng € N
OoTE |an, —al < 1y xdde n > ng. Anhadi,

av n = ng, T67€ |ay| < lap, —al +|a] < 1+ ]al.

O¢toupe
M = max{|ai],...,|an,|, 1 + |a|}

xou €0X0ohaL ENEYYOLUE OTL |ay| < M vy xdde n € N (Suxplivete nepintwoeic: n < ng xau
n > ng). Apa, 1 (an) etvon gporypévn. O
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Oplopog 2.2.8 (axoloudieg mou teivouv oto dneipo). ‘Eotw (a,) wo axorovdia mpory-
HOTIXY optipY.

(o) Aépe 6T a, — 400 (n axoloudia teivet 610 +00) av yia xdde M > 0 (ocodrinote
peYdAo) undpyet puoxds ng = no(M) dote

av n = ng, TOTE a, > M.

(B) Aépe 6T a,, — —oo (1 axohoudia teiver oto —o0) av yia xde M > 0 (ocodrnote
HEYEAO) UTdpyEL puoxde ng = no(M) dote

av n = ng, TOTE an, < —M.

IMapatrpnon 2.2.9. Xpenowonolfooue T AEEN «TEVELY GTO £00: CUUPOVOVUUE TWS [ULoL
oxohoudio (an) ouykAiver ubvo av cuyxhiver oe xdmolov mporypatixd oprdud a (o omolog
Aéyeton xou 6p1o g (ay)). e hec tig dhheg tepintoelc Yo Aéyue 6Tt 1) oxohoudior amokAiver

Ketvouue authv tnv Hapdypago pe tnv oxpl31 Slatimwon Tng devnong Tou oplood Tou
oplou. Ouundeite oTu:

«n (ap) ouyxhivel 6oV a av x8Ve e-TELOY T TOU @ TEPIEYEL XYTOLO TEMXO TURAUOL
™me (an)».

Enopévee, 1 (an) 6ev ouykAiver otov a av undpyet teptoyh (a — e, a+¢) tou a 7 onofo dev
TEPLEYEL XAVEVA TEMXS TR TNS (ay). Toodlvopa,

«n (an) dev ouvyxhiver otov a av umdpyel € > 0 dote: xdde tehixd Turuo
(@ g1, --.) ™ (an) €xerl TOLNSYIOTOV évay Gpo Tou dev avixel oto (a —
g,a+¢€)».

Hopotnehote 6Tt av (G, Gm1, - - ) €bvan éva Tehxd T e (an) téte: 10 (Am, Am+, - - )
dev mepLéyeton 070 (a — €,a + €) av ot LOVO oV UTHPYEL 1 = M OOTE ay, ¢ (a —€,a + ¢€),
onhadt |a, — al > €. Kotohfyouue howndy otnv e€fc npdtaot:

«n (an) 8ev ouyxhivel otov a av undpyet € > 0 dote: yia xde m € N undpyet
n = m OoTE |a, —al = ex.

‘Acxnon 2.2.10. AciZte 6u n axohovdia (a,) dev cuyxAiveL 6TOV @ av xou POVO o
untdpyer € > 0 hote dnepol o Thfdog dpot e (a,) wavomowly TV |a, — al > €.

2.3 'AlvyefBpa twv oplwv

‘Ohec o1 aoinég 1BLOTNTES TwV 0plkV oxohoLTIGY amodevhoVTIL EUXOAA UE BEoT TOV OpIoUO.
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ITpbtaon 2.3.1. a, — a av kat pévo av a, —a — 0 av ka1 pévo av |a, — a| — 0.
Anédeién. Apxel va ypdipouue Toug Teeic optopole:

(i) "Eyouue an — a av yio xdde € > 0 undpyet ng € N dote yio xdde n > ng va oy el

lan, —a| < e.

(ii) "Eyovue an —a — 0 av v xdde € > 0 undpyet ng € N dote yio xdde n > ng vo
woyvel |(an —a) — 0] < e.

(iii) ‘Eyoupe |a, —a| — 0 av v xdde € > 0 undpyet ng € N ote v xdde n > ng va
oy Ve ’ |an, — al —O| <e.

Hopotnedvrac 61t lan — al = |(an — a) — 0] = | |an — a| — 0] yiat x8de n € N Brénovye 6t
oL TPELC TPOTAoElC Aéve axplBKc To (Blo Tpdryua. O

ITpo6taom 2.3.2. a, — 0 av ka1 uévo av |a,| — 0.
Anddeén. EWwr nepintwon e [pdtaong 2.3.1 (a = 0). O
ITpo6taom 2.3.3. Av a, — a ©te |a,| — |al.

Anéoeién. 'Ecotw e > 0. Agol a, — a, undpyel ng € N @ote yia xdde n > ng vo oy et
lan, — al < e. Téte, yio xdde n > ng éyouye

Han|—|aH < lap —al < e,
Amo TNV TELYWVIXT AVIGOTNTA Yiol TNV ATOAUTY TN, O
IMgbétaon 2.3.4. Av a, — a ka1 b, — b téte ay, + b, — a +b.

Arnddeén. 'Eotw € > 0. Agol a, — a, undpyet n1 € N dote yio xdde n > ng vo loylel
€
lan, —al < 7
Ouolwg, agol b, — b, utdpyel no € N @ote yio xde n > ng va oy Vel
€
|b, — 0| < 3

©¢étoupe ng = max{ni,na}. Tote, yia xdde n > ng éyouye Tautdypova |a, —al < /2 xou
|bp, — b < g/2. Apa, Yy x&de n > ng €yovue

|(an+bn)—(a—|—b)|:\(an—a)—i—(bn—b)\g]an—a\+]bn_b‘<§+g:a

Agol 1o € > 0 Yoy TUYOY, WTO Bely Vel OTL ay, + by, — a + b. O
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ITpoétaom 2.3.5. Eotw (ay) kat (by) 6Uo axokovlies. YTrodéroupe éri n (by) elvar ppay-
pévn ka1 6w an, — 0. Tote, anb, — 0.

Anddeén. H (by) eivan pporyuévn, dpo undpyer M > 0 wote |by| < M v xdde n € N.
‘Eotw e > 0. Ago a,, — 0, undpyet ng € N dote

€
lan| = |an — 0] < M
v xdde n = ng. ‘Enetou 6T, av n = ng to1e
€
lanbn| = |an||bn| < v M =c¢.
Agol 1o € > 0 Aoy TUYOY, WTO BelyVEL OTL apb, — 0. O

IMgbtaon 2.3.6. Av a, — a ka1t € R tote ta, — ta.

Andoeiln. Amd v a, — a éncton OTL @, —a — 0. Ocwpolye T oToepr| axohoudio
b, =t. An6 TV mponyolUEVT TEOTACT £YOUUE

ta, —ta = t(a, — a) = bp(an, —a) — 0.
Yuvenwg, ta, — ta. O
IMgétaon 2.3.7. Av a, — a ka1 b, — b, téte a,b, — ab.

Anédeién. T'pdgouue
anbp, — ab = a, (b, — b) + b(a, — a).

[Mopatnpotye o e€hc:

(i) H (an) ouyxhiver, dpa eivon gporyuévn. Agot b, —b — 0, n Ipdtoon 2.3.5 deiyvel 61t
an (b, —b) — 0.

(ii) AoV a, —a — 0, n Ipbtaon 2.3.6 deiyver 6t b(a, —a) — 0.
Tapea, n Hpdtaon 2.3.4 Selyver ot
ap(by —b) +b(a, —a) - 0+0=0.
Anhady|, apb, —ab — 0. O

k k

ITp6taom 2.3.8. Eoww k €N, k > 2. Av a, — a tote a,, — a”.

Anédeién. Me enaywyn g npog k. Av a, — a xou av yvwplloupe 6Tt a; — a'™, toTe

a;n-i-l m+1

=ap-a, —a-a"=a

an6 v [pdtacn 2.3.7. O
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IMTpoétaom 2.3.9. Eoww (ay) xat (by) axodovdies pe by, # 0 ya kdle n € N. Av ap, — a

ka1 b, — b #0, rétei—Z—)%.

Anédein. Apxel vo delovye 6T é — 1. Kowémy, egopuséloupe tnv Hpdtoon 2.3.7 yia T

(an) xou (b%)

Autd mou Héhouye va Yivel uxped yio UeYdAe TWég Tou 1 ebvan 1) tocHTNTAL

11 [b—bal
by b |ballb]

Ioxupopds. Trdpyer ny € N dote: yio xdde n > nq,

INot Ty amédelen autod Tou LoYUEIoUOY ETAEYOUUE € = @ > 0 xou, Aoyw g b, — b,

, , , b , , ,
Beloxoupe ny € N dote: av n = ny 16t by, — b| < % Tote, yio xdde n = ny oy Vel

Il = 1| < o~ 8] < 2.

4 7 4 Z 4 b 4
Ané v tedeutada aviobtTnTa éneton Ot [by | > % yio xdde n > ny.
O wyvplopodg €xel TNy e€AC CLUVETELL: AV 1 = Ny TOTE

11 _2b—b)

by b‘ S TP

Tdpa unopolue va del€ouye OTL é — 3. BEotw e > 0. Agob b, — b, undpyet ng € N wote

2
|b—by| < % v x&e n = ng. Emdéyoupe ng = max{ni,na}. Avn > ng, té1¢

M<€‘

<
P

o1
bn b

Me Bdon tov oploud, i — %. O
ITpétaomn 2.3.10. Eow k€ N, k> 2. Ava, > 0 ya kd0e n € N ka1 av a, — a, téte
Yay, — a.

Anéoein. Awaxpivouue 8o nepintdoEelS:

(@) an — 0: Eotw & > 0. Agol a,, — 0, epoppéloviac tov oplopd yio Tov Yetind aprdud e = *

Beloxouue ng € N wote: yia xdde n > ng Loyvet
k
0<a, <e®.

Tére, yio xée n = ng 1oy del

0< ¥a, < Vek =¢.
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Apa, ¥/a, — 0.
(B) an — a > 0: Ouundeite 6t av z,y > 0 t61€

|oF — | = o —y|(@* T+ 2P Py b ey T > e -yl

XenotwonoudvTag auTHY TNy avio6tNTa UE & = {/a, xa y = ¢/a BAénovye 6T

v _ | < lan—al
[ = Vol < o
Eotw ¢ > 0. Aol a, — 0, epopuéloviac tov oplopd yia tov Yetixd apdpé e = Vak—1 - ¢,

Beloxoupe ng € N dote: yio xdde n = ng woylel
k
lan, —al < Vak—1-e.

Téte, yio xéde n = ng 1oy bel

: |an — al
|\k/0/n— %‘ < W <e.

Yuvernde, ¥a, = a. O

IIgétaon 2.3.11. Av ay, < b, yia kd0e n € N ka1 av a,, = a, b, — b, téte a < b.

Andoeén. YTrodétoupe 6Tt a > b. Av Yéocouue € = “T_b t6TE UTdEYoLY Ny, Ny € N doTe:
yioe xdde n > ny oy Vel
a—b a—b a+b
lap, —al < — = a, >a— = ,
2 2
xan yioe xdde n = ng woyel
a—2b a—b a+b
|bn, — b| < = b, < b+ = :
2 2
©¢touue ng = max{n,na}. Tote, yio xdde n > ng éyouue
a+b
b, < < G,
T0 omolo elvat drtoTmo. a

IMgbtaon 2.3.12. Avm < ap, < M ya kd0e n € N ka1 av a,, = a, téte m < a < M.

Andoen. Oewpolue g otodepée axohovdiee b, = m, v, = M o epapuoélouvye TNV
TEONYOUUEVT TEOTACT). O
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2.4 Boaowd opia xou Bacixd xplthpia cOYXALONG

Ye auth TV Tapdypago Beloxouue Tor 6pLa XATOLWY GUYXEXPWEVLY axoAoudL)Y oL oTol-
e¢ epgavilovton Toh) ouyvd ot cuvéyela. Me tn Bordelo autdY TV «Baoxdvy opiwvy
amodevioupe 500 o) yerota xertipla cUYXALoNG axolouthay 6to 0 X 6To +00.

IMpbtaon 2.4.1. Av a > 1, téte n axolovlia x, = a" teiver oto +00.

Andédeaén. Aol a > 1, undpyer ¥ > 0 dote a = 1 + 9. And v avicétnta Bernoulli
Talpvouue
Tp=0+)">214+nd >nd

v xdde n € N.
‘Eoto topa M > 0. And v Apyhdeta diotnta, undpyet ng € N dote ng > M /9.
Tote, yio xdde n = ng €youue

Ty > N = net > M.
‘Ereton 6t 2, — +00. a
IMpétaon 2.4.2. Av 0 < a < 1, téte n axorovdia x, = a" ovykAiver oo 0.

Anddeén. Eyovpe 1 > 1, dporundpyet ¥ > 0 dote 1 = 1+9. And v avioétnta Bernoulli
Talpvoupe

i:(1+19)”>1+m9>m9

L,
onAad”
1
ny

v xdde n € N Ano tny % — 0 xou and 10 AEITARLO TV LOOCLUYXAVOUGKHY aXOAOUHLODY

0<a, <

éneton OTL T, — O. O
ITpétaoy 2.4.3. Av a > 0, tdre n akodovdia x, = {/a — 1.

Anédeén. (o) EZetdloupe mpdta v mepintwon a > 1. Téte, {/a > 1 yio xdde n € N.
Optloupe
U= Va—1=mx,—1.

Hapatneriote 6t ¥, > 0 yio xde n € N. Av dei€oupe 61t ¥, — 0, 16T €)0ULYKE TO
{nroduevo: x, =1+ 9, — 1.
Agol {/a =1+ vy, unopolye vo ypddouue

a=(14+9,)" > 1+nd, >nd,.
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"Eneton 6Tt

a
0< v, < —,
n

X0 ATO TO XPLTAPLO TWYV LOOCUYXAVOUCHY 0x0 oLy cuunepaivoule 6Tt ¥, — 0. Nuvenac,
T, =14+, — 1.

(B) Av0<a<11éte 2 >1. Anb 7o (o) éyoupe
1 1 1
L )
T, Ya \/;% 70

(Y) Téhog, av a = 1 t61€ 2, = /1 =1 y1o x80e n € N. Eivor thpa pavepd 6Ttz — 1. O

YUVEROC, Ty — 1.

ITpétaoy 2.4.4. H axodovdia x, = {/n — 1.
Andéoeén. Mipoluaote tny anddelln tng mponyoluevng mpotaons. Opllouue
Up=3Vn—1=uz,—1.

Mapatneriote 6t ¥, > 0 yio xdde n € N. Av dei€oupe 61t ¥, — 0, t6T€ €)0UKE TO
{nroduevo: x, =1 +9, — 1.
Aol /n =1+ 1, YeNoHOTOUOYTIS TO BIOVUUIXG AVATTUYHA, UTOpOUUE Va Ypdhouue

n(n — 1)02.

n—(1+0n)">1+m9n+<2>19i> —

"Ereton o611, yioo n > 2,
2
)
n—1
X0 O TO XPLTAPLO TWY LOOGUYXAVOUGHY oxoAouiwy cuunepatvouue 6TL ¥, — 0. Buvenag,
T, =1+1, — 1. O

0< Y, <

ITebtaom 2.4.5 (xpithiplo Tou Aéyov). Eotw (a,) akodovdia un undevikdv dpwv (a, #
0).

(@) Av ay >0 ya kdfe n € N ka1 25 — £ > 1, wée a, — +00.

() Av

an41
an

— ¢ < 1, tote a, — 0.

Arédaén. (o) Oétoupe e = 5 > 0. Agol el — f, undpyel ng € N dote: v xdde

n>n0a
an+1>€_6:£+1
an, 2
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[Mopatneote 6L ¥ := “Tl > 1. TéTE, angt1 > Yang, Gngt2 > V2ang, Ang+s > Fan,, xou

Yewwxd, ov n > ng oyvet (eEnyfote yat)

Qng n

9o

an > 9" ay, =

Agol lim 9" = +oo, éncton 6TL @y — +00.
n—oo

(B) ©¢toupe e = 155 > 0. Agoy il — £, undpyer ng € N dote: yia xdde n > no,
a (41
" = — =,
A, 2
HO‘PO‘TUPY']GTE ot p = HTl < L TéTEv |an0+1| < p|an0|a |ano+2| < p2|an0|v |an0+3‘ <

P3lang|, xon yevixd, av n > ng woyle (eEnyhote yiotl)

- |an|
lan| < p" n0|ano| = ng p"
Agot¥ lim p" =0, énetu 61t a,, — 0. O
n—oo
2 Qn, 7 7 /. 4 7
Mopatrhpnon 2.4.6. Av =7+ — 1 t61€ 70 xpitrpto dev divel oupnépaoya. To Topddety-
po, 2L — 1 xon n — 00, buwe %%1%% 1/n — 0.

Evtelde avdroya arodewvietar 1 axdroudn Hpdtaom.

ITpbtaom 2.4.7. (o) Eoww > 1 ka1 (a,) axodovdia Getikdv dpwv. Av any1 = pay ya

kdOe n, Tote a, — +0o.

(B) Eotw 0 < p < 1 ka1 (ap) akokovdia pe tny 1oiotnta |ant1| < play| yra kde n. Tore,
an — 0. O

ITpbtaom 2.4.8 (xputrpio e piloc). Eotw (ay) akolovdia pe un aprnuikols dpous.
() Av P/an, — p < 1 wote a, — 0.
B) Av /ay, — p > 1 tdte an — +00.

Arnddeén. (o) Oétouue € = % > 0. Aol {/a, — p, undpyel ng € N dote: yio xdie

TL}?’LO,
+1

\”/an<p+€:pT.

[Mopatnenote 6TL ¥ = %1 <1 xou
0<a, <9 vy xdde n > ng.

Aol 0 < ¥ < 1, éyoupe lim 9" = 0. And 10 %Il TV IGOCGLYXAVOUGHY 0XOAOUHLHY
n—oo
éneTon 6t a,, — O.



50 - AKOAOTOIES IIPATMATIKON APIOMON

(B) ©toupe € = pT_l > 0. Aol {/a, — p, utdpyet ng € N dote: yia xdde n > no,

1
{L/an>p—5:%.

Hopotnehote ot ¥ == %1 > 1 xau
an = 9" Yy xdde n > ng.
Agol ¥ > 1, éyouvye lim ¥" = 4o00. Encton 611 @, — 400. O
n—00

IMopathenon 2.4.9. Av {/a, — 1 161 10 %pLTrPL0 BeV divel cuunépaoya. o nopddery-
po, ¥/n — 1 xoun — 0o, 6uwe ¥/1/n— 1 xw 1/n — 0.

Evteldc avdhoya arodewvietar 1 e€ig [lpdtaon.

ITebtaom 2.4.10. Eoww (ay) akodoviia pe un apvnticols dpovs.
(o) Av uvndpyer 0 < p < 1 ddote Ya, < p ya kide n € N téte a,, — 0.
(B) Av vndpxer p > 1 dote {/a, > p ya kide n € N téte a,, — +00. O

2.5 X0YxAor povVOTOVLY AXOAOLILLY

2.5.1 X0yxAiorn povOTOVLY AXOAOLILGOYV

Opiopde 2.5.1 (povotoveg axoroudiec). ‘Eotw (a,) wo oxoloudio mporypatindv optd-
uov. Aéue ot n (ay) eivan

(i) avéovoa, av ant1 = ap v xdde n € N,
(i) glivovoa, av ant1 < an Yo xdde n € N.
(iii) yvnolws avéovoa, av ant1 > ay Yo xde n € N.
(iv) yvnoiws glivovoa, ov ant1 < ap yio xdde n € N.
Ye xadepio and g Topamdve TEpITTOOoELG Aéue 6Tl 1) (ay,) elvon povdovn.
IMopoatneroeig 2.5.2. (o) Edxola eréyyoupe ot av 1 (ay,) etvar adZovoa téTe
n<m=— Gp < Q.

Aci&te 10 pe enaywnyn: otadeponoliote T0 n xat OElETE OTL OV Ay K Ay TOTE Ay < Gy 1
Avtictoyo ouunépaoua oy Vel i GAoug Toug dAhoug TUTOUE HoVOTOVIaC.

(B) Kdde yvnoing adZouca axohouvdia eivon ad&ouoa xou xdde yvnoiwe pdivouca oaxoroudia
elvon @iivouoa.
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(v) Kdde ab&ouvoa axohovdia etvar xdte @paypévr, yia Topddelyyo oand Tov TphTo NS 6p0
a1. YUVEn®, Wo abZouoa axohoudia elvor @poryUEvn oy xal UOVO v lvol Gve QporyUévn.

Evtehdde avdhoya, xdde @divovca axorouvdio eivon dve @porypévn, yla Topddelypo and
TOV TEWTO TNE 0p0 a1. LUVETWS, Wlar gdivouca axohoudio etvar QporyUévn ov xoL Hovo av
elvon xdTe Qporyuévn.

H Sialoinorn unodewcviel oti av Lo oxoroudiar elvon LOVOTOVN X0 QEOYHEVY), TOTE TEETEL
va ouyxhiver. T mapdderyua, av 1 (ay) ebvon adEouoa xon dve Qeaypévr, TOTe oL 6poL TNG
CLUGGWEEVOVTAL OTO ENAYIOTO dvew Pedypo Tou cuvdrou A = {a, : n € N}. Ou dcdhoouye

o TNEY amodelln yu' autd:

Oedpnua 2.5.3 (cbyxhion povétovey axohoudiv). Kdle povétovn kar gppaypévn ako-
Aovlia ovyrdivel
Anddetn. Xople meptoptogd e yevixotntog unodétouye 6t 1 (ay) ebvon adlouoa. To
obvoho A = {ay, : n € N} elvou un xevé (yua mopdderypa, a; € A) xon dve @porypévo dtoT
N (an) ebvon (dve) @eoypévn. And to odiwyo g TANEOTNTOC, UTHEYEL TO ENEYIOTO Ve
pedyuo tou. Eotw a = sup A. Oa deiloupe 6Tl ay, — a.

‘Eotw e > 0. Agob a — e < a, 0 a — ¢ dev elvar dvew @pdyua tou A. Anhady, urdpyet
otowyeio Tou A mou elvon peyahitepo and tov a — . Me dhha Adya, undpyet ng € N wote

a—¢& < Qpgy-

Agot n ay, eivon adZovoa, Yo xdlde n = ng EYOVUE Gy, < Gy XL ETEWT 0 a ebvan dve @edryuo
Tou A, a, < a. Anhadn, av n = ng 16Te

a—e<Qp, Sapsa<a+e

‘Eneton 6t |ay, — al < € vy xdde n > ng. Aol 1o € > 0 frav tuy by, cuUTEPaivOUE OTL
ay — a. |

Me nopduolo tpomo amodetxviovTtal Ta eEAC:
(1) Av 1 (ap) eivor pdivouoa xou x&te paryuévn, ToTe a, — inf{a, : n € N}.
e 7 7 7. e Z 7 7.
(i) Av 1 (an) eivon adZouoa xou Sev elvon Gve Qeaypévr, TOTe Telvel oTo +-00.
s 7 7. 7. 4 4 7 7

(iii) Av 7 (an) ebvor @divovoo xou dev eivar xdtw @poypévn, ToTe Telvel 6To —00.

Ac Solue yio Topdderyua TV anddelln tou dedtepou woyvplopol: Eotw M > 0. Agol
(an) Bev elvon Gve @porypévn, o M dev elvon dve edryua tov cuvohou A = {a, : n € N}.
Yuvenoe, undpyet ng € N 0ote an, > M. Agol 1 (a,) eivon adZovoa, yia xdde n > ng
€youpe

Gn = Qo > M.

Aol o M > 0 Atay Tuy oY, a, — +00. O
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2.5.2 O apuipog e

Xenowornowvrog To Yempnua cLYXMoNE LovoTovwy axolouvdny o oplcouue tov apriuod e

xan Yo SopE TG pnopel xavels oyeTind edxola var eTTOYEL XUAEG TROCEYYIOES TOU.

IMpbtaon 2.5.4. H axodovdia ap, = (1 + %)n ovyKkAivel o€ kdmoloy mpaypatiké apipo
z 's o— 3 l n

mou avnikel oo (2,3). Opilovue e 1= nh_{go (1+ )"

Amndde&n. o delZouye 6Tl 1 (ay) elvan yvnolwg adiouoa xon dve PoyUEV.

(o) Oéhoupe va eréyEoupe OTL ay < apt1 Yo x8e n € N. Tlopatneolyue ot

1\" 1\ 1\" 2\" n +2
14+ — < |1+ <= n < nt nt
n n—+1 n n+1 n—+1
n+1< n(n+2)\"
n+2 (n+1)2

SN C .
n+2 (n+1)%2) °

— 1-

Ané v avicdtnta Bernoulli €youue

Apxel hoinov va ehéyEouue OTL
n 1

<
(n+1)2 n+2’

10 onolo oylel yio xdde n € N.

(B) Tt va dei€oupe 6Tl 1 (ay) ebvar dve gporyuévn yenoworoloue pa devtepn axohoudia,
my b, = (1+ %)HH. Hapoatnenote otL ay, < by yia xdde n € N.
H (by,) eivar yvnoiwe @divovoa: yio vor det€oupe 6t by, > byyq yio xdde n € N mopatn-

poluE OTL

1 n+1 1 n+2 7’L+1 n+1 7’L+2 n+1n+2
1+ — > 1+ <= >
n n+1 n n+1 n+1
n—|—2< (n+1)2 i
n+1 n(n +2)

1 1 n+1
= 1+—< |14+ ——== .
+n+1 ( +n(n+2))

Ané tny avicdtnta Bernoulli €youye

1\ n+1
1+ ———r >1+ —F—0.
n(n +2) n(n +2)
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Apxel howndv va ehéyEoupe OTL
n+1 1

>
nn+2) n+1

70 omolo woylel Yl xdde n € N.

‘Eneton 61 a, < by, < by v x80e n € No Anhody), a, < (1 + 1)2 =4 yia xéde n € N.
Erniong, n @divouco axohoudio (by) eivan xdtw @poypévn: by, > an > a1 = 2 yio xdide
n € N.

Ané 10 Yedpnua ovyxhone povotovwy oxohouthddv, ot (an) xou (by) ocuyxiwouyv. Eyouv

. , ;o , . 1 , ,
udhiota To {610 bpto: agol by = ay, - (1 + 5), CGUUTEQUUVOUNE OTL

1
lim b, = lim a, - lim <1 + ) = lim a,.

n—oo n—oo n—oo n n—o0

Ovoudloupe e 10 oo 6plo TV (an) xa (by). Eyoupe Aon el 6t 2 < e < 4. T va
TpooeyYlooude TNV Ty Tou 0plou xUAUTERA, TUEATNEOVUE OTL, YLol TORADELYUO, oV 1L = 5
TOTE a5 < a, < e < by < by, xoL GUVETKC,

6\° 6\°
2.48832 = <5) <e< <5> — 2.985984.

Anhady, 2 < e < 3. O

2.5.3 ApxM TV %POTICULEVOY SLACTNUATLY

Mo onpoavtin epapuoyn tou Ocwpruatog 2.5.3 ebvar 1 <oy TV XBOTIOUEVKY BLaG TNUS-

TWVY»:

Ocdpnpa 2.5.5. FEoww [ar,bi] 2 -+ D [an,by] 2 [ant1,bpt1] 2 -+ pua gOivovoa

axolovlia kA€ot daotnudtwy. Tote,

o0

() [an, bn] # 2.

n=1

Av emmAéor by, — an, — 0, Tdte 0 0roro (o [an, by] Tepiéyer akpipds évav mpaypatics

apud (eivar povooivolo).
Anddetn. And ty [an, by] D [ant1,bpt1] éneton 6T
(079 g An+1 g bn+1 g bn

v xdde n € N. Xuvenoe, 1 (ap) ebvon adZouoa xou 1 (by,) ebvor @divouvoo.
A6 v [an, by] C [a1,b1] BAénouue 6t

algangbngbl
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v xée n € N. Yuvende, n (an) eivon dver @poryuévn and tov by xou 1 (by) ebvar xdtw
(PEUYUEVT ATO TOV aj.

Ané 1o Yewpnuo cOYHAONE LOVOTOVWY axOAoLLGY, UTdpyouy a,b € R wote
an — a o by — b.

Agot a, < b, v xdde n € N, n Ipotaon 2.3.11 delyver 61t a < b. Erniong, n povotovio
v (ap), (by) diver

ap<a xu b<b,

yio xédde n € N, dnhad
[a,b] € ﬂ [an, bn],
n=1

6mou oupgpuvolue 6t [a,b] = {a} = {b} av a = b. Edixdtepa,

ﬂ [am bn] 7é a.
n=1
Loy ber ydhoTa 6TL
[a,0] = (7 [an, bn].

Il
—

n

N

Hedrypatt, av @ € (72 [an, by] T61€ ay <
limy, by, = b. Anhadh, x € [a, b].

by, v xdde n € N, doo a = lim, a, < x <

Télog, av vnotécovue 6TL by, — ay, — 0, €youue
b—a=limb, —lima, = lim(b, — a,) = 0.
n n n

Anhady, a = b. Apo 10 oOvoho (o2 [an, bn] Tepiéyer axpiBie évay mparyuotixd opLduo:
Tov a(=b). O

IMapathenon 2.5.6. H unddeon 6t 1o aifwtiouéva dlacthuata tou Ocwpruatog 2.5.5
elvon kAewotd oev unopel vo topokerpiel. o mopdderypa, YewpRoTe Tor avoLxTd dloc THUATA

(an,bn) = (0,2). Eyouue

(0,1) 2 (0;) DD <oi> > <oni1> 5.

Aol)-o

n=1

OUWS

1

Aloe, Yo umhipye © > 0 mou Yo xavorolotoe v < oy xdde n € N. Autod ebvau

aduvato, AoyYw TN Apytundetac WBtoTnToC.
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2.5.4 Avadpopixég axolovdisg

Kietvouue auvtiv tnv Hopdypapo e éva mopdderypa avadpouxhc axorovdiog. H teyvixd
TIOL YENOWOTOLOVUE Yiol TN UEAETN TNG SlYXMONG ovadpouixey axorouthay Bactleton ouy v

670 Vewpnua GUYUAONG LOVOTOVKY OXOAOUILOY.

IMTopdderypa 2.5.7. Oewpolue v axorovdia (a,) mou éyel Te®TO dpo Tov a; = 1 xou
avorotel TV avadpouixt] oyéon any1 = V1+an, yia n > 1. Ou deilovue 6t 1 (ay)

ouYxAlvel oTov apLiud 1+T\/5

Andde&n. Anéd tov tpéno opopol e (a,) elvon goavepd Gt Ghot ot bpol e efvan Yetixol
(BeiZte to auoTNEd e emorywyN).
Ac unotécouye 6Tt €youpe xaTaPépel Vo OEEOVUE OTL a, — a yia xdmotov a € R. Tore,

ant1 —a xu V1+a, = vV1+a.

Aol ant1 = 1+ ap, and T LoVIBIXOTNTA TOL 0pl0U 0 @ TEETEL VAL IxavoTolel TNV e&iowan
a=+1+a, dhadf a® —a—1=0. Zuvenoe,

14+v5 1-5
2 4= 7

‘Ouwe, 0 bpto ¢ (a,), v UTdpyeL, ebven un apvnTixd. Apa, a = 14

15

Mével va del€oupe v Umapin tou oplou. Tlapatnpolue 6t az = 2 > 1 = a;. M
W0€a etvan Aotmoy var et&ouue Ot elvan abouoa xou dve eoyuévr. Tote, and to Yedpnua

oUYXMONG LOVOTOVWY X0k, 1 (ay) cuyXAver (xat To dpto Tng elvon o %)

(o) Agiyvoupe pe enorywyh 0Tt apt1 = ap Yo xdde n € N. Eyouue 01 eréyEet 6Tt ag > aj.

Trovétovtag OTL amy1 = Gy, TaipVOLUE

Am42 = \/1 + amy1 = \/1 + am = am+1,

OnAadn €youue Gellel To emayYWSd Briua.
(B) Téhoc, detyvoupe pe emorywynh 6Tt N (an) elvon dve gporyuévn. At Tn oTiyps| Tou €youpe
deiel ot M (ay,) ebvan ablouoa, Vo émpene va umopolue va detloupe OTL xdde TparypoTinds

1+72\/5 elvan v @pdrypa e (ap). T

aprduog UEYOAUTEROS 1) {00 amd To «uTodhPlo HELOY
TOEABELY UL, UTOPOUUE EUXOAA VoL BoUuE OTL ayn < 2 yio xdde n € N. Eyouvye a1 =1 < 2

xoacxvam<2'c(')‘tsam+1:\/1—|—am<\/1+2:\/§<2. a

2.6 Yroaxoloudisg

Opiowdg 2.6.1. 'Eotw (ap) pa axohoudio mparypotixay aptiuoy. H axoloudia (by)
Aéyetar vmaxodovdia e (ay) av undpyel yvnolne ad&ouoo axoloudior PUOKKDY aELIUGY
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k1 <ko<- - <kp<kpy1 <--- ote
by, = ar, Yw xdde n € N.

Me dhha Moy, ot dpot g (by) €van oL Gy, Glyy - - - 5 Ak, s - - -, OTIOU K1 < kg < -+ < Ky, <
kny1 < ---. Tevind, wo axohouvdia éyet moléc (ouvidwe dmetpes to TARDOC) BlopopeTinég
vTaxoloudiec.

IMTopadeiypata 2.6.2. Eotw (a,) uo oxohoudio mporyuatixdy oorduy.

(o) H uroxohoudior (ag,) twv «detiwy dpwvy e (an) €xet bpouc Toug
ag,aq4,06, .. ..

E36, Ky = 2n.

(B) H unoxohoudio (ag,—1) TwV «TEPITTOV 6pwvy NS (ay) €xel bpoug Toug
ai,asz,as, . ...

E36, kn = 2n — 1.

(v) H vraxohoudia (a,2) tne (an) €xer dpouc toug
ai, a4, ag, . ...

E36, ky, = n?.
(8) Kdde tehind tuAua (Gm, Gmt1, Gme2, - --) TS (an) ebvor utaxorovdio tne (ay). ES®,
kn=m+n—1.

IMTopatAenon 2.6.3. 'Eotw (k,) wa yvnolog adZouca axohouvdia Quotxdy aptduoy.
Tote, ky = n v xédde n € N.

Anédeitn. Me enoywyr: agod o ki elvon guoixde aprduodg, eivon gavepd ot ky > 1. TNa
10 emoywyxd Prua utoVétoupe 6Tt kp, = m. Aol 1 (ky) eivan yvnoiwe adZouca, €youue
Emt1 > km, o kpy1 > m. AgoO ov Ky xow m etvon guowol apriuol, énston Ot
km41 = m+1 (Buundeite 6t avdpeoo atov m xou 6tov m+ 1 8ev undpyet dhhog puotxdc).

a

H enduevn npdtaot delyver Ot av i oxohoudior cuyxAlvel o Tparypotind opidud ToTe
Oheg ot umaxoroudieg tTng ebvan cuyrhivouceg xaw cuyxhivouy GTov (Blo TpaypATIXG aELIUO.

ITebtaocm 2.6.4. Av a, — a téte ya kdde vnaxodovldia (a, ) tns (ay) wyle ay, — a.
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Arnddeén. Eotww € > 0. Apol a, — a, undpyet ng = no(e) € N pe v e&hc BLotnas
[ xdde m > ng woyle |am — al < e.

And v Hopothpnon 2.6.3 yio xdde n = ng €youpe ky, = n > ng. Oétoviag howndy m = ky,
O TNV TEONYOLUUEVY OYEDT), TOPVOUUE:

T x&de n > ng woylet |ag, —al < e.

Autd amodewviel 6Tl ag, — a: Yyl To TLYOV € > 0 Berxope ng € N wote 6hol oL bpol

kg s Uhing 115 - - - TG (Ak,, ) YO avixouy 070 (a —€,a + €). O

IMapatrhenon 2.6.5. H nponyoluevn npdtao eivon mohl yenowun av déhouyue va det&oupe
ot pa axohoudior (a,) Bev cuyxhiver oe xavévay Tpaypotind aptdud. Apxel vo Bpolue dVo
uraxohovdieg Tng (an) oL omoleg va €youv OLAPOPETIXAL OpLOL.

Do mopdderypa, ac Yewphoovue v (a,) = (—1)". Téte, az, = (—1)*" =1 — 1 %o
agn1 = (—1)?""1 = -1 —1.

Ac vrnodéoovpe Ott a, — a. Ot (az,) xou (agp—1) eivon uraxorowdiec e (an), TEéne
Aoy va oy Ve agn, — a XoL agp—1 — a. A6 TN povadwdtnta tou oplou tne (ag)
nodpvoupe @ = 1 xou and TN povadixdtnte Tou oplou e (agn—1) maipvoupe a = —1.
Anhadn, 1 = —1. KotodhZope oe drono, dpo 1 (ay) Sev ouyxhivel.

To enduevo Yewpnua mailel TOAD 0LCLIGTIXO POAO GTT GUVEYELX TOU UoUAUATOC.

Ochpnpa 2.6.6 (Bolzano-Weierstrass). Kdle gpayuévn akolovdia éxer touddyiotov pia

unaxodovlia mov ouykAiver o€ mpaypatiké aprduo.

Andden. Oo ypnolomoicouUe TNV apy Y| TV xBwTopévey daotnudtoy. ‘Eote (ay) wo
pearyuévn axohovdia mporypatxdy oprdumy. Tote, undpyer xhelotéd ddotnua [by, c1] oto
oTolo avVxouV GAOL OL GEOL y,.

Xwpiloupe to [b1, 1] ot B0 ddoynd Swao ANt TOU €Y0LY TO (Bl PrAXOC %: T
[bl, bl%} xal [bl%, 01} . Kdmoo and autd ta 800 dlacthgata TepEyel dnelpoug To TAfog
bpouc e (an). Halpvovtac cav [be, c2] autd 1o unodidotnua Tou [by, ¢1] €youue dellet To
e€ne.

Trdpyet xhewot6 ddotnua [be, c2] C [br, c1] To omolo mepiéyet dmewpoug bpoug

™me (an) HolL éXEL pn’xog
Cco — by = L L
2 2 2 .

Yuveyilouvpe pe tov Blo tpémo: yweilovye o [ba, ca] oe 0o Bladoyd Sl ThuoT

co—bo ba+-co }
2

pfxoug =572 Ta [bg,

%ol [Z’Q%, CQ:|. Agob 1o [ba, c2] mepLéyeL dmepouc bpoug g
(an), ®dmolo and autd Ta 0VO Blac THUNTA TEPLEYEL dnelpouc To TAYog bpouc e (an).
Mafpvovtog cav [bs, c3] autd To LTOBLEoTNUA TOU [ba, C2] €xouue Beilel To €.
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Trdpyer xhewotd Sdotnua [bs, c3] C [be, 2] to onolo mepiéyel dmepouc Gpoug
e (an) xou éyer uinog
ca—by ca—bh

Gobh=T T =

Suveytlovtag e tov (Blo 1pémo opioupe axoroudia ([bm, CmDmEN XAELCTWY OO TNUG-
TWV TV IxavoTolel To e€NG:

(i) T xdde m € N woyler [byt1, Cmt1] C [bm, Cm)-
(ii) T xdde m € N woylel ¢y — by = (c1 — b1)/2m L.
(iii) T xdde m € N undpyouv drepot dpotl e (ay) 670 by, Cm).

Xpnowonowdvtag Ty teltn cuviixn, unopolue va Bpolue vraxohovdia (ay,,) e (an)
pe v widtnta: v xdde m € N woyler ak,, € [bm, ¢m). pdypatt, undpyet k1 € N dote
ag, € [bi,c1] — v v oxpifeta, 6hot oL bpot e (a,) Beloxovton oto [by, c1]. Todpa, apold
10 [b2, c2] mEPLEYEL dmElpoug Gpouc TS (ay), xdmotog and autolc Exel delxtn peyahitepo
ond k1. Anhodn, undpyet ko > ki GoTe ay, € (b2, c2]. Me tov (80 tpbdT0, av €youv optoTel
ki < - < ky, GotE ag, € [bs,cs] Yo xde s =1,...,m, unopolue vo Beolue kmy1 > Kk,
OOTE A,y € [brn1s Cmt1] (BLOTL TO [bpt1, Cmg1] TEQE Y EL dMElROUE GpOUC NS (ay,)). Etot,
opiletan wa vraxorovdia (ag,,) ™e (an) mou xavornoel To {nToduevo.

Oa deifouye 6T N (ag,,) ouyxAiver. A v opyh TV XBLTIOPEVLY Slao Tnudtwy (xou
Noyw e (ii)) umdpyer povadixdc a € R o omolog avixer oe dha Tt ¥AeloTé Bos THUATOL
(b, cm]. Ouundeite 6t

lim b, =a= lim c¢,.
m—00 m—0o0

Agot by, < ay

m

< e Yo x3E M, TO XELTARLO TV LGOGLYXAVOUCKY oaxoAoudev Belyvel

ot ay,, — a. a

2.7 Boaowéc axolouvdiec

O oploude g Pootxnic axoloudiag €xet ooy agetnela Ty &g nopatrenon: ag utovécouue
ot ay, — a. Téte, oL bpot e (ay,) elvon TEMXE «<xOVTAY 6710 a, dpo efvar TENXE X0l <PETAUED
Toug xovtdy. Lo vo ex@pdooude auoTNEE AUTH TNV ToEATAENOT, oS YEWENCOUUE TUY OV
e > 0. Trdpyer ng = no(e) € N dote yu xdde n > ng va woylel |a, —a| < 5. Tote, v
xdde n,m = ng €Youpe

e €
]an—am]<|an—a]+]a—am\<§+§:6.
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Oplopog 2.7.1. Muwx axohovdia (ay) AMyetow Baoikn axodovdia (¥ axodovdia Cauchy) ov
yio xdde € > 0 undpyet ng = no(e) € N dore:

av m,n = ng(e), T0t€  |an —am| < €.

IMopatAenon 2.7.2. Av n (ay) eivar Baowxr oxoloudio, t6te yioo xdde € > 0 undpyel
no =np(e) € N dote

av n = ng(e), 0t |an, — anti| < e.

To avtiotpogo dev woylel: av, and xdmolov deixtn xou mépa, dladoyxol dpol elval xovtd,
OEV EmeTon avaryxaoTixd 0Tl 1) axohoudior etvon Boaoxr|. o mopdderypa, Yewprote TNy

1 1
an=1+—++—.

V2 vn
Tore,

Upt1 — Ap| = ———= — 0

oTaY N — 00, OUWC

1 1 n N4

Ay —Qp|= —F——=+ "+ —F—=2 —— =% — +0

20 nl vn+1 \V2n V2n V2
6tav n — 00, an’ 6mou BAénouue 6t 1 (an) Sev elvon Boowxr oxoloudio. Ilpdypott, av 1
(an) Hrav Boowr oxoloudio, Yo énpene (epoapudloviac Tov oplopd pe € = 1) yio yeydha
n,m = 2n vo .oy Vel

NG
V2

lagn — an| <1 Snhodn <1,
70 onolo odnyel oe dtomo.

Yxomnde pog etvon vo del&ovye OTL Wiar axohoudiar TEoyUATIXGY aptdumy eival cuyxAivouca
oy xou povo av etvan Baowr| axohoudio. H amddelln yiveton oe tplo Briwata.

IMpétaon 2.7.3. KdUe Paoikn axolovlia elvar ppaypévn.

Anddeén. 'Eoto (a,) Baowr axohoudio. Idpte ¢ = 1 > 0 610V oploud: undpyet ng € N
OOTE |an — am| < 1 v xde n,m = ng. Ewbwdtepa, |an — any| < 1 yia x&de n > ng.
Anhody,

lan| < 14 |an,| Y xdde n > ny.

©étoupe M = max{|ai|,...,|angls 1 + |any|} xou edxoho enahndedovpe bt
lan| < M

v xdde n € N. O
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ITpétaom 2.7.4. Ay pua Baoikn axolovlia (a,) éxer ovykAivovoa vrakodovdia, téte n
(an) ovykAiver
Arnddedn. YTmodétoupe 6t 1 (ay) ebvor Baowry axoloudia xou 6Tt 1 umoxohovdio (ay, )
ouyxAivel 6T0 a € R. Ou deloupe 6Tt ay, — a.
‘Eotw e > 0. Ago0 ay,, — a, uvndpyet n1 € N @dote: v xdde n = nq,

€

la, —a| < 7

Aol n (ay) ebvon Baowxh axolouvdia, vrdpyet no € N dote: yio xdde n,m > no

£
lan — am| < 7

©étouye ng = max{ni,na2}. 'Eotw n = ng. Tote k, = n > ng > nq, dpu

€
lag, —al < 7
Enlong kn,n = ng = na, dea
€
lak, — an| < 3
"Eneton 61t
e €
lan — a| < lan — ag, | + |ag, —al < 54-5 =c.
Anhadn, |a, — al < e v xdde n > ng. Avtd onuaiver 6T a, — a. O

Ocedpnua 2.7.5. Ma axodovlia (ay) ouykAiver av ka1 uévo av elvar Paoixrj axodoviia.

Andoeén. H plo xateduvorn anodelytnxe otny elcoywyr) QUTAS TNG Topoypdpou: oy UTo-
Véoouye 6Tl an — a xon av Yewprioouye Tuydy € > 0, undpyet ng = no(e) € N dote yia
x&de n = ng vaoylel [a, — al < §. Téte, yio xdde n,m > ng éyoupe

e €
]an—am]<|an—a]+|a—am\<§+§:5.

Apa, 1 (an) elvon Baowr| oaxoloudio.
T v avtiotpogn xatebduvon: éotw (an) Paowh axohovdia. Arnd v Ilpbdtaon 2.7.3,

n (ap) etvou gporyuévn. And to VYedpnuo Bolzano-Weierstrass, n (an) €yet ouyxiivouoo

unoxohoudio. Téhog, and tny Ipdraon 2.7.4 énetan 6t 1 (ay,) cuyxhiver. O

Auto 10 xpitiplo olyxhiong elvon Tohd yenowo. ITodhéc gopéc Véhoupe vo eCocpahi-
coupe TN UToEEN oplou yio pLor oxohovdior ywelc vo pag eviiapépet 1 Tiur Tou oplou. Apxel
va 6et&oupe 6TL 1) axohoudior tvan Boaoiny), BnAad” OTL oL GpoL TNG Efval «XOVTA» Yio UEYSAOUG
delnteg, x4 mou dev amoutel vor povTéouue ex TwV TEoTépwY ToLd ebvar To dpto. AvtideTa,
YL vor SoUAEPOUNE PE TOV 0ploud Tou oplou, Teémel Y\on va E€pouue Told ebvan To uToriPLo
bpto (ouyxpivete Toug 800 oplopolc: «a, — ay» xau «(ay,) Booixr axohouvdiay.)
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2.8 Aoxrvocig
A’ Opdda
1. E&etdote av oL napaxdto mpotdoels eivon ohndeic X Peudelc (outiohoyfiote TAfpwe Ty andvinot
60<).
(o) Kdde pporyuévn axohoudio ouyxhivet.
(B) Kdéde ouyrrivouoa axorovdia eivon pporyuév.

(v) Av (ay) eivon piar oxohoudior axepaiev aprdudyv, T6te 1 (a,) cuyxAiver av xou uévo av eivon
Telxd otadepn).

(8) Tmdpyer yvnolwe @iivouso oxoloudior GuodY aELdUMY.
(e) Kde ouyxhivouoo axoroudio dppntwy aptdudv cuyxhivel oe dppnto aptdud.
o1) Kdlde mpaypoatinde aptdudg eivon bplo xdmotag axohoudiog dopntwy aptdumy.
pary pLol e een prop
Q) Av (an) elvou pa axoroudio Yetndv npoypatindy aptdumy, téte a, — 0 av xou pévo ov
a% — +o00.
(n) Eoto (an) ad&ovoa axohoudio. Av 1 (a,) dev eivon dve gporyuévn, téte a, — +00.
(%) Av 1 (Jan|) ovyxhiver téte xou 1 (ay,) ouyxAiver.

Av a, > 0 xou m (an) dev eivon dve @paypévr, TOTE a, — +00.

Av 7 (ay,) cuyxhivel xou anpo = an Y x80e n € N, t6te 1 (ay,) elvoar otadepn.

2. Eoww (an) axohovdia Jetinddv nporypatixdy aprducdv. Av a, — a > 0 anodeilte 6t /a, — 1.
T\ yropeite va melte av a, — 0;

3. 'Eoww (a,) axohouvdia mporypatixay opudy ye lim a, = 2. Ocwpolye ta clvoha
n—0o0

Ay = {neN:aqa, <2001}
Ay = {neN:aqa, >2.003}
As; = {neN:a, <198}
Ay = {neN:1.99997 < a, < 2.0001}
As = {neN:q, <2}
T xdde j =1,...,5 e€etdote av (o) to A; elvon nenepaouévo, (B) to N\ A; elvou nenepooyévo.

4. Arnodelgte yue tov oploud ot
n?—n
an == 27 % 1-
n +n

5. Eoto (a,) oxohovda nporypotiedy aptdudv. Av lim a, = a > 0, anodeilte 61t a, > 0 teElxd.
n—roo
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2 n
6. I'o molég Tée Tou = € R cuyxhiver 1 axohoudio (%) ;

7. To xadewd and tig nopoxdte axohovdieg e€etdote av ouyxhivel, xau av vou, Beeite o dpid Tng:

3" 2n—1 1\"
anzma 6n:3n+27 Yn =N — n2_n7 6n:<1+712)
N n® . 1 sin n
en = (V10 -1)", Cn:67a nn:n231n($)a Up = "
2" . n! 1\" n?
n — P n — - 5 n — 1 a5 P n = 5 9 . _ . 1
w nn v ntvn Vi P ( +2n> 7 3nz2+n+1
37 . nl : 3
= n , ¢, = sin(n )
n" vn
8. (o) Eotw a1, as,...,ar > 0. Anodellte 6t
by == {/al +a} + - +a} — max{a1,az,...,ax}

(B) Troroyiote to bpLo Tng oxoroudag

1
Tp=— /1" +27 + ..+ nn.
n

_ Ina]

9. Eotw a € R. Eetdote av ouyxhivel 1 axolovdio o, = 5= xou, av v, Beeite to 6plo tne.

1+na
(14a)™

10. 'Eotww o > 0. Anodetgte 6T n axohovdio b, =
me.

elvon pdvouoa xou mpocdlopicte To bplo

11. 'Eotww (ay), (bs) oxoloudiec mporypatixdyv aptdudy. Trodétovye 6t lim a, = a > 0 xo
n— oo
by, — 4o0.
(o) Anodei&te 6n undpyouy 6 > 0 xou ny € N dote: v x&de n > ng wybel a, > 6.

(B) Amodeilte 6t anb, — +oo.

12. Anobdeilte 6n 1 axohovdia y, = n%_l + niz + -+ + 5 ouyxhiver o TporyaTIXG oprdu.

Yrdébeitn: Eietdote npmrta av 1) (Y, ) elvor povétovn,.

13. Oétovpe ag = V6 o, v xéde n=1,2,..., apnp1 = V6 + an.
E&etdote we mpog ) obyxhon v oaxohoudiol (an)p.

14. OpiCoupe wo axoroudtia (ay,) pe ap =1 xou

2a, +1
an+1:an7+1, n € N.
n

Eetdote av cuyxhivel.

15. Eoto (a,) wo axoroudio. Anodeilte btt an, — a av xou uévo av ot vraxoroudiee (azy) xou
(agk—1) ovyxhivouv 610 a.
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16. Eoto (a,) wo axoroudio. Yrodétouuye 6t ou unoxohoudies (agy), (agk—1) xou (ask) cLYXA-

vouv. Arnodellte 6tu
() lim agr = lm agg—1 = lim agy.
k—o0 k—o0 k—o0

(B) H (ay) ouyxhiver.

B’ Opdda
17. T xodepid and Tic mopaxdtey axorovdieg e€etdote av ouyxhivel, xau av vou, Beeite o 6pLd
e

5" +n "

an:6n 5 /8n: 7""77 ’Yn:({l/ﬁ_l)n
-n
1 1 1

2 2

Op =1 (\/1+n—\/1+n+1>, Enzﬁcos(n)
n? n" (n!)22n

)\n: -1 nia n = " 19n:7

( )n2+1 a n! (2n)!

18. E&etdote we mpog 1 oUYXAoN T mapaxdte axohovdiec:
1 1 1

= + b ——
VnZ+1 Vn2+2 Vvn?2+n
1422433+ 4+ n"

by =
nn
_ v
T T 1) (2n)!
1 1 1
On

IR S 7R I T

19. 'Eotw A yn xevé xat dvew geayuévo urtocivoro tou R. Av a = sup A, anodeléte 611 undpyel
axohoudio (a,) otoiyeiwy tou A ye lim a, = a.
n—oo
Av, emmiéov, to sup A dev eivan ototyelo tou A, anodellte dtL 1 mopamdve axoloudio uropel

vo emheYel o Te va elvan yrnoiwg avéovoa.

20. Eotww (a,) axohoudia ye a, — a. Optloupe wa devtepn axohoudio (b,) Yétovtag

a1+...+an
7’”‘ .

b, =
Anodeléte 6T b, — a.

21. 'Eotw (a,) oxohoudia Yetinddv bpwv pe a, — a > 0. Anodellte 6Tt

by = 4———5 S a xu = ara, —a.

8]
oy
3 ‘
3
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22, Eotww (ay) oxohovdia pe lim (ant1 — an) = a. Anodeilte ot
n—oo

Qp,
— — Q.
n

23. 'Ectw (a,) adlovca axorova pe tny oo

a1+...+an
——— —a
n

b, =
Arnodei&te 6t a, — a.

24. Arnodei&te 6t av a, > 0 xou lim =a, t61e lim a, = a.

Gn+t1
n—oo an n—00

25. Ilpoodloplote o dplat TV axoAoVdLV:
(2n)1 /"
ay, =
(n!)?
1
Bn=—[(n+1)(n+2) - (n+n)]""
2(3\7 (47 (na1)"
1\2 3 n
26. Trnoloylote o bplot TV TAUEAXATE AXONOVTLEOV:

1 n—1 2 n 1 n
Qn = 1+7’L—1 y b, = 1"’% , Cp = l_ﬁ

1/n

Tn

pde

27. Eotw (ay), (bn) 800 axoloudicc mpaypotxdv aprdudv pe by, # 0 v xéde n € N xou

lim %= =1.

n—oo ’n

(o) Av, emniéoy, 1) (by) eivon @poryuévr, anodellte 6t lim (a, — b,) = 0.
n—oo

(B) Adote napddetyua axorouhdy yio Tic onole lim §2 = 1 alld dev woyler lim (a, —by,) = 0.
n—oo 9n n—oo

28. XpnowomouwvTag ThV avicoTnTo
EERRDE B B |
n+1l n+2 2n = 2
delZte 6 N axohoudia a, = 145+ -+ L dev elvau Baoveh axoroudio. Suumepdvare 611 a, — +0o0.
29. Eotw 0 < ¢t < 1 xon axohovda (ay,) yio v onolo toyvet

|nt1 — an| < ptlan — an—1], n>2.

Anodei&te 6u n (ap) eivon Baouxr axohoudio.
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an+an—1
2

30. Opllovpe a1 = a, az = b x4 apy1 = , n > 2. EZetdote av 1 (ay) elvou Baowxr

axohovia.

IV Opdda

31. Amobei&te 6Tt xdde mpayuatinde aprdudc eivon dpto yvnoiwe adEoucac axoroudiag entedv
apriudy, xadog enlone xou 6plo yvnolwe adéovoag axoloudiac depntwy aptdudy.

32. Anodeillte 6t av (ay,) ebvon o axohoudio Vetinddv mpaypotinddy oprdudy pe a, — a > 0, téte

inf{a, : n € N} > 0.

33. Anodeite 6t av (ay,) elvon por axoroudio YeTuxdv npoypotiedy optducdy pe a, — 0, téte T0
ovoho A = {a, : n € N} éyeL uéyioto otouyeio.

2
34. Opiloupe piar axoroudio (o) pe a1 = 0 %ot apiq = gzni;, n=123,.... Anodellte

ot
(o) H (ary,) ebvon adZovoo.

B) an — 1.

35. Oewpolue v axoroudio (o) mou opiletoan and T oy = 3 KoL QApp1 = %, n=12....

Arnodeilte 6t 1 (o) ouyxhivel xou utohoyiote 10 bplo Tne.

36. Eotww a > 0. Oewpolye tuydv x1 > 0 o yia xdde n € N opillouue

1 a
$n+1:§ zn+; .
n

Anodei€te 61 n (2,,), TOLRdYIOoTOV Omd ToV delTEPO bpo NG xou méEa, elvon @divovoo xo xdTw
pporypévn and tov y/a. Beelte o lim .
n—oo

37. 'Boww 0 < a1 < by. Opiloupe avadpouixd d0o axohouvdiec Vétovtog

n bTL
Ont+1 =V Grby, % by = %.

(o) Anodeilte 61 n (ap) eivar abovoa xau 1 (by,) @divousa.

(B) Anodeilte 6t o (ay,), (brn) cuyxhivouv xou €xouv To (Blo dpto.

38. EmAéyoupe 1 = a, To = b xou Vétouye

Tn 2T,
Tn+2 = ? + 3+1 .

Anodeilte 6u n (z,) ouyxhivel xou Bpeite 10 6pi6 tne. [Tmédeiln: OewphoTe ™Y Yn = Tpy1 — Tp
xou Peeite avadpoud tomo yiot v (Yn).]
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39. Eotw (a,) axoloudio mpaypotixdy optducv ye v wbotnta: v xdde k& € N 1o odvolo

Ar ={n eN: |a,| < k} elvou nenepaopévo. Anodelite 61 lim -1 = 0.
n—oo 4n

40. Oewpolye Yvwotd 6t lim (1 + %)” = e. Anodel&te 611, v xde pntd apriud ¢, woylel:
n—oo

n
lim (1—|—g) =e?.
n

n—oo

41. (Afppa tou Stoltz) Eotw (an) oxorovda mporypatixdy apdudy xo éotw (by,) yvnolog
abZovoa oxohoudio mpayuatixey aptiumy ye lim b, = +o0o. Anodellte 611 av
n—0o0

. Gnp41 — An
lim dntl "9 _
n—oo b7L+1 - bn
o6mou A € R A = 400, t61¢
. Qn
lim — = A
n—r00 n
42. Opiloupe axorovdia (an) pe 0 < a1 < 1 xot apt1 = an(l —ay), n=1,2,.... Anodeite 6Tt

lim na, =1.
n—o0



KEPAAAIO 3

DIELPEC TEAYUATIXWY ALY

3.1 X0yxAiom oeipdc

Opiopde 3.1.1. 'Eotw (ak) po oxohoudio mpaypotixdy aptduoy. Oewpole Ty oxo-
houdia

Sp =ai + -+ ap.

Anhad,
s1=ai, Sz2=a1+taz, S$3=a1+az+tas,
[e.°]
[eprypapxd, YenotonoloUUe 10 GUUBORO > aj YLl Vo SNAMCOUPE TNV «Tpdlechy Uag vo
k=1
o0
TPocECOUYE TOUC a1, g, . . . UE «TN OELEd TTOL Yag €xouv doVely. Oa Mue dTin > aj eivan
k=1
n
n oepd Ye bpoug a. To ddpolopa s, = ) ay €lvar 10 N-00T6 pepikd dfpoioa e oelpds
k=1
o0 e8]
ag xou 1 (sp) €bvaw ) akoovdia twr pepikdy adpowopdtwy tne oelpds Y aj.
k=1 k=1

Av 1 (s,) ouyxhivel oe xdmolov nporypatind aprdud s, TOTE YpaPOoUUE
[e.e]
S:a1+a2+-..+an+... ’f] S:Zak
k=1

xou Mue 6TL M oglpd ouykAivel (010 s), To Oe bpto s = lim s, eivon to dfpoiopa tne oelpde.
n—0o0

o0 o0
Av s, — 400 R av s, = —00, TOTE YPAPOLPE Y. ar = +00 i > ap = —00 X AEYE
k=1 k=1
o0
6L N oepd Y ay, atokAiver 0To +00 1§ 0T0 —00 AVTIoTOLYA.
k=1

[&.°]
Av 1 (s) Bev ouyxhiver oe mparypatnd aprdud, téte Mue 6Tl N oepd Y ay amokAivet.
k=1
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Hocpoc‘cnp'r']csng 3.1.2. (o) IHohhéc gopéc eZetdlouue TN GUYXNON CEROY TNS HOPPNS

Z ax N Z ag 6mou m > 2. Xe auth) TNy tepintwon $€Toue Sp41 = ap+ar + -+ ap 1
k=0 k=m

Sp—m+1 = Gm + Qi1 + -+ ay (Yron = m) avtiotoya, xou e€etdloupe T obyXMoT TG
oaxohovdiog (Sp).
(B) Amd toug oplopole mou Bwoope elvar pavepd OTL Yia var eEETEoOVUE T1 oYXAon 1 o-
TOXNOT pag oelpde, omhog e€etdloupe ) olyxAion ¥ amdxion ylog axohoudiog (Tng axo-
houdiog (sp,) TV pepody oadpolopdtwy TS oepds). O n-06tde buwe 6pog g axorouvdiag
(sn) elvan éva «ddpotoua pe ohoévo auZavouevo Pixosy, To onoto aduvatolue (cuvidng) va
Yedpouye oe XhEWGTH Lop@n. LUVET®S, 1) €0pECT) TOU Oplou § = nl;rgo Sp, (6Toy auté uTdpyEL)
elvon TOAD oLy Va avEpixTn. Xxomdg pog elvon AOLmoOV vor avamTOEOUUE XATOLa XELTHELAL ToL
omolol vor pog EMTEETOLY (TOUNSYLOTOV) Vo TOUPE av 1) (S,) oLUYXAIVEL 68 Tpary ot aptdud
1) Oyt

Ipwv mpoywerioouue ot mopadetyuata, Yo SoUUE Aol AmAEC TEOTAGELS Tou Vot yENoL-
pomololue eheVlepa G TN CUVEYELDL.

Av éyouye 600 oelpég i ay , f by, UTOPOVUE VoL GY NUATICOUNE TO YRAUUUIXO GUVOLACUO

k=1 k=1

oo
touc Y (Aag + pby), 6mou A\, p € R.
k=1

o0 o8]
ITeétaom 3.1.3. Av > ap=s ka1 Y, by =t, téte
k=1 k=1

(3.1.1) Z Aay, + pby) —/\s+ut:)\2ak+u2bk.
k=1 _

n

Andden. Av s, = Z ag, tn = Z br, xou up = Y (Aag + pby) eivon to n-00Td pepd
k=1 k=1 k=1

adpoloyoto TwV OElRMY, TOTE Uy = ASp, + ptn. AUTO TEOXUTTEL EUXOAX OO TIC LOLOTNTES

e TEOcVEONC %ot TOU TOANATAAGLICUOD, Aol €xouUe adpoloUaTa UE TENEPUCUEVOUS TO
madoc opouc. Ouwe, s, — s xau t, — t, doot up, — As + pt. And Tov oplopd tou
adpolopatoc oepdc éneton 1 (3.1.1). O

ITpotaom 3.1.4. (o) Av anadetipoupe menepaoévo TAnos <apxikadyy dpwy uias oepds,
Oev emnpedletar n oUykhion 1) andkAior) Tns.

(B) Av aA\déoupe memepacuévous to mAfos dpous iag oeipds, dev ennpedletar n oUykAion
1 artokAion) Tns.

[e.°]
Anddaén. (o) Oewpolye ) oepd Y ak. Me ) @pdon «anakeipouye Toug apytxois bpoug
k=1
o0
a1,a, ..., 0n—1» EVWOOUUE 6TL VewpolUe TNV xowvolpylo oewd » . ag. Av cupfolicouvye

k=m
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ME Sp %oty TO M-00TA Uepd odpolopata TV 0U0 GERMY AVTIOTOYKS, TOTE YLo xdie

n = m €YOUUE
(312) Sn:a1+a2+"'+am—1+am+"'+an:a1+"'+am—l+tn—m+l'

Apat 1 (85,) ouyxhiver av xou LOVOV oV M (tr—m41) OUYXALvEL, ShadY| av xou wbvov av 1 (ty,)
ouyxhivel.. Enlong, av s, = s xau t,, = ¢, 101€ s = a1 +as + -+ - + apm—1 + t. Anhad,

0 00
(3.1.3) Zak:al—i—---—l—am_l—l— Zak.
k=1 k=m

(B) ©ewpolpe t oewd > ap. AMGLovye memepaouévouc To TARYoC dpouc tne (ag).
k=1

Ocwpolpe dnAadh wa véa oepd Y by mou duwe éxel v e&hc Widtntor undpyer m € N

k=1
wote ap = by v xde k = m. Av anokeidouye Toug TpdTouc m— 1 6poug Twv dLo GERKY,
o0
mpoxVnTeL 1) (Bt oetpd Y ag. Todpo, epapudlovye to (o). O
k=m
o0
IMedétaom 3.1.5. (o) Av > ap = s, téte an — 0.
k=1
&)
(B) Av n oeipd > ap ouvykdive, téte ya kdbe € > 0 vndpyer N = N(e) € N dote: ya
k=1
ki n > N,
[e.e]
Z ap| < €.
k=n+1

n
Andéoeaén. (o) Av s, = Y ag, TOTE Sp —> S XA Sp—1 — S. Apa,
k=1

ap = Sp — Sp_1 —s—s=0.

YNV TeayPaTIXOTTA, dUTO TOU XEVoulE €0 elval va Yewpricoude wia debTepn axoloudio
(tn) n omola opiletar we e€hc: divoupe audaipetn Twh otov £ — Yyl nopdderypa, t1 = 0 —
xou vl xqle n > 2 Vétoupe ty, = sp—1. Tote, t, — s (doxnomn) xou yio xdde n > 2 €youye
ap = S$p —tp, = s — s =0 (eZnyhote Ty TEOT W0dTNTA).

‘Evac dhhog tpomog Yoo var anodel&oupe 6Tl a, — 0 elvon ye tov oplopd. ‘Eotw € > 0.
Agol s, — s, undpyer ny € N dote |s, — s| < % yia xqe n = ny. Oétouue ng = ny + 1.
Tote, vy xdde n > ng éyovue n = nyp xauw n — 1 = ny. Buvendg, |s — sp| < § %o
|s — sp—1| < §, an’ émou éneton oTL

e g
‘an’:|5n—8n_1|<|Sn—8|+|3—5n_1|<§+§:€

v x&de n > ng. Me Bdon tov opoud, a, — 0.
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(B) Av kz—:1 ap = s, 16t€ and v (3.1.3) éyouue

o0
Bn = Z ap=8—5, =0

k=n+1

xadwg To n — 00. And ToV oploud Tou oplou axohoudiag, yio xdde € > 0 undpyer N =
N(e) € N dote: yuxdde n > N, |5,] < e. O

Ynueiwon. To pépoc () e Mpdtaone 3.1.5 ypnowonoleiton ooy kpitripio andkAiong:

Av n oxohovdia (ag) dev ouyxhivel 6to 0 TOTE 1) GEWRE Y aj AVOryXoo TIXE ATOXALVEL.
k=1

IMapadeliypota
() H yewpetpixn oepd e Moyo = € R elvon 1) oelpd

(3.1.4) i zk.
k=0

Anhad ap =2 k=0,1,2,.... Avz =1 16t€ 5, =n+1, evdd av x # 1 éyouue

xn+1 -1

3.1.5 sp=1+z+2>+ - +2"=
1
m_

Auaxpivouue 800 TEQITTOOELS:

(1) Av x| = 17167¢ |ag| = |2|F > 1, Snhodh ag, 4 0. Aré tny Hpdtaon 3.1.5 (o) Brémovye
6TL M ogpd (3.1.4) amoxAivel.

(ii) Av [z| <1 téte 2" — 0, ondte 1 (3.1.5) Belyver 61t s, — . AnhadH,

> 1
Zxk: —

k=0

(B) TnAecokomkés oepés. YTmoétouue dtL 1 axohoudia (ay) txavorolel Ty
ay, = by, — b1

o0
v xdde k € N, 6mou (by) wa dAAn axohouvdio. Tote, 1 oepd Y ap cuyxhiver av xat pbvov
k=1

av 1 oxohoudio (by) ouyxhiver. Tlpdyportt, €youvue
Sp=a1+ - +an = (br —bz) + (ba = b3) + - + (bp — bp1) = b1 — by,

ondte by, — b av xan wévov av s, — by — b.
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o]
Yov napddetrypa Vewpolye ) oetpd Y | k(kl-s-l)‘ Torte,
k=1

1 1 1 b b
ar = —— — — — —— — _
k k(kf+1) k k+1 k k+1,

o6mou by = % "Apa,

T I I
Sp — a1 ap — 9 9 3

(=)
_|_ - —
n n+1

Anhad,
|
D Rl -

k=1

&)

Oewpnpa 3.1.6 (xpitipo Cauchy). H oepd > ar ovykdiver av ki pudvo av wyver o €€ig:
k=1

yia kd0e € > 0 vndpxet N = N(e) € N dote: av N < m < n tdte

n

> w

k=m+1

= lamy1 + - +an| <e.

Anédeitn. Av s, = a1 +ax+---+ay, elvon 10 n-0016 pepind ddpoloua Tng oelpdS, N oELEd cLYXALVEL
oV xou HOVOY av 1 (8,) ouyxhivel. Anhodn, av xar uévov av 1 (s,) elvou Boowr axohoudio. Auté
Suwe ebvan (amd tov oplopd g Baoixic axohouding) oodivauo pe to e€fg: Yo xdde € > 0 undpye
N = N(e) € N tdote vy xdde N < m < n,

lams1 4+ +an| = (a1 4+ +an) — (a1 4+ an)| = [sn —sm| <e. O

3.2 Xepég pe pn apvnTixols 6poug

Ye auth) TNV Tapdyea@o culnNTaUue T oUYXALON 1) AMOXALOT GELEWY UE U dEVNTIXOUS 6POUS.
H Boow napotienon etvar 6t av v v axorovdia (ag) éyouvpe ap = 0 yio xdde k € N,
61 1 oxohovdia (sp,) TV pepXdY adpotoudtev elvar adovoa: medyupatt, Y xdde n € N

€Y OUUE
Spt1 —Sn=(a1+ -+ an+ant1) — (a1 + -+ an) = apt1 = 0.
o0
Ochpnpa 3.2.1. Eotw (a) akolovdia pe ap > 0 ya kdle k € N. H oepd ) ag
k=1

ouykAiver av kar pévov av n akodovdia (s,) twv pepikdy afpowopdrwy elvar dvow gpaypérn.

Av n (sp) Oev elvar dvew gpayuévn, tote Y, ap = +00.
k=1
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Anddeén. H (sp) evan adZouoa oxohoudio. Av eivon dve @poyuévn t6te cuyxhivel o
TEAYHOTIXG oprdUd, dpor 1 oelpd cuyXAivel. Av 1 (sp) Bev elvon dve Qpayuévn TOTE, apol
elvon abZouoa, €youue s, — +o00. O

arokAivel oto —+00:

(18
=

ITpbtaom 3.2.2 (appovixd oepd). H apovixh oeipd

k=1
ST
y = .
k=1
Andoedn. Apywd Yo del€ouye e emorywyr| OTL
(3.2.1) Son =14 g yioe x&e n € N.

T n = 1 1 aviobtro oy let og obtTo: s = 1+ 3. Trodétoupe 6tL 7 (3.2.1) woyle yio
xdmolo guowo n. Tote,

+ ! + ! + !
M+l 242 2n+1-

Son+1 = S9n
[MopatneioTe 6TL 0 Sont1 —s2n elvon Eva ddpotoua 2™ To TARYOC apriucy xaL 6Tl 0 UixEdTEROS
and autolg lvon o QH% YUVETOC,

1 n 1 n+1
:32"4’*21‘1‘54‘*:14— .

Sont1 = Son + 27 -

Apa, 1 (3.2.1) wyder yio Tov guoxd n + 1.
'Eote tohpa M > 0. Trdpyet guowdc ny tétolog Hote 1+ %5 > M. Oétouue ng = 2.
Tote, yio xde n > ng €youue

ni
3n25n0252n1>1+7>M.

Autéd amodewviel 6T s, — +oo. O

IMapatrpnon 3.2.3. To nopdderypo TN dpUoVIXAC OELRdS dely Vel OTL To avTioTEOYOo TN
potaone 3.1.5 (a) Sev woylet. Av ap — 0 tétE dev elvon amapaitnTo 0wotd OTL 1 OERd
o0

> ap ouyxAiveL
k=1

3.2.1 Xeipég pe @iivovieg N apvnTixolg 6poug

o0

ITolhéc popéc ouvavtdue oelpéc Y ag TV omoiwy ot bpot ag eiivouy Tpog 10 0: agt1 < ag
k=1

v xdde k € N xauw a, — 0. 'Eva xpitripto olyxAiong mou e@apudleton ouyvd o TETOLEG

TEQLTTAOOELS (VAL TO KPITP10 CUUTUKVWOTS.
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ITpbtaom 3.2.4 (xpitrpto ouunixvwong - Cauchy). Eotw (ay) pa ¢divovoa akolovdia
o0 o0

peag >0 karay — 0. Hoepd Y ay ovyrAivel av kai uévo av n oeipd . 2F aqe auyrdiver.
k=1 k=0

Anédein. YTnodétovye mpwta OTL N § 2k aqr ouydiver. Téte, 1 axohoudia TV PEPIKMY
adpoloUdTwY =
tn = a1 + 2as + 4dag + -+ + 2"agn

elvor Gve gporyuévn. Eotw M éva dve gpdypo tne (t,). Oa detloupe 6t o M eivor dve
QYU Yior T uepd ardpolopota TG ioj ar. Eotw sy, = a1 + -+ + ap. O aprduoc m
Beloxetan avdueca oe 600 BLABOYIXES BUkV&LELQ Tou 2: utdpyer n € N dote 2" < m < 2"
Téte, yenowonowdvtoag Ty unddeon étu 1 (ak) ebvon @iivouoa, éyouue

sm=a1+ (ag +a3)+ (as+as+as+ar)+---+ (agn-1 + -+ -+ azn_1)

+ (agn + -+ +am)
=a1+ (a2 +a3) + (aa +as +ag +a7) + -+ (agn-1 + -+ +agn_1)

+ (agn + -+ + am + - + agnri_q)

ay + 2a9 + dag + - -+ 2" Lagn-1 + 2"agn

<
<M.

(o]
Aol n > ap éyel un apynTxols 6pouc xon 1 axohoudio TV YEPIXWY adpoloUdTnY TNS
k=1
[e.°]
elvon dvey poryuévn, 1o Oedpnuo 3.2.1 Selyvel 6tL N D ag cuyxhiver.
k=1
[&.°]
Avtiotpogo: vnodétoupe 6TL N Y ap ouyxhivel, BNAAdY OTL 1 (Spm) bvor dve Qparyévn:
k=1
undpyer M € R dote s, < M yio xdde m € N. Téte, yia to tuydv pepwxd ddpoloua (ty,)

(e8]
e oeipdc Y 2K agk éyoupe
k=1

tn, = a1 +2as +4aq4 + --- +2"%asn
< 2a1 +2a2 + 2(az + aq) + - -+ 2(agn-1,1 + -+ - + aan)
:232n < 2M.

o0
Aol 1 (t,) eivan dves pporypévn, To Ocdprua 3.2.1 deiyver 6t n Y. 2Kagr ocupdiver. O
k=0
o0
Mopdderypa 3.2.5 (p-oepéc). H oepd > 7, émou p > 0. Eyoupe ap = 5. Agod

k=1
p >0, 1 (ag) @divel tpoc 10 0. Oewpolye TNV

];02 - :kzzo2 oy :Z(Q;Tl) .

k=0
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H teheutola oeipd elvan yewuetp| oglpd Ye AoYo ), = 2},%1 Edoue ott ouyxhiver av

Tp = QP% < 1, onAadr) av p > 1 xou amoxhivel av x, = 2,,%1 > 1, onhaor| av p < 1.

o0
Ané 10 xputplo ouumdxvwong, 1 oewd Y ,%p ouyxAlvel av p > 1 xou amoxAlvel 6to
k=1
+ooav 0 <p< 1.

3.2.2 O apwiuocg e

"Eyouue oploel tov aprdud e »g 10 6plo g Yynolng ad&oucos xon dve QEoyYUEVNS IXOAOU-

Hoc ay, = (1 + %)n xodC To N —> 00.

ITpbtaom 3.2.6. O apiuds e ikavonorel Tny
o0
1
e = Z E
k=0

Anédein. Ouunieite 6T 0! = 1. T'pdgoupe s, v T0 N-00T6 Yepnd dbpolopa TN GELRAS

670 06816 pélog:
_1q 1 1 1

A6 10 BLwVLUIXG OVETTUYU, EYOUUE

Y s (M (ML (ML
n) 1/n 2/ n? n/)nn
.._|_
2

nl nn-1)1 nn—1)---(n—k+1) 1
S T R (L =
+1!n+ 2l n? k! nk
nin—1)- 11
Tt n! nn
1 1 1 1 1 n—1
1t (1= —(1-= 1-
() ) ()
1 1 1
Sl gtg ot
S,
(3.2.2) ap < Sp.

‘Eotw n € N. O nponyoluevog unoloylouodg delyvel 6t av k > n tote

PRI AU S T VOO [ O ot
k) 2 k n! k k
11 1 1 1 n—1
> — 4+ (122 e R I I )
/1+1V%m<1 k>+ +n!KF k) (1 2 )]
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Kpoatwvtag 1o n otadepd xan agrivovtog to k — oo, BAémouue 6T

— 1 1+1k>1+1+1+ + 1o
A el [ B TR nl o

Aol 1 adZouvoa oxolovdia (sy,) etvon dve Qparyuévn ond tov e, éneton 6Tt 1 (sy,) oUYXAIVEL
xou lim s, <e. And tny & mhevpd, 1 (3.2.2) delyver 6 e = lim oy, < lim s,. Apo,
n—oo n—oo n—oo

— 1
omwg oyvplleton 1 TpdTAOT. O
XeNoWoToLdVTaS AUt TNV avamapdotao Tou e, Yo delloupe ot ebvar dppntog aprdudc.
IMeétaon 3.2.7. O e eivar dppnros.

Anédeién. Yrodétouye 6Tt 0 e etvon pntoc. Tote, undpyouv m,n € N wote

m =1
k=0
Arpadt,
m 1 1 1 1
2. LU SR L 0 N SR )
(8:2:3) " <+1!+ +n!>+<(n+l)!+ CEDI )

ITolhamhaotdlovtag to dvo uén e (3.2.3) pe n!, unopolue va ypddouyue

1 1
0<A=n! m— 1+—4+---4+ =
n 1! n!

1 1 1

Tt x0T ey e T

[Mopatnerote 611, amd OV TEOTO OPLGUOL TOU, O

e KL R
n 1! n!

elvan puowdg apriude. ‘Opwe, yio xdie s € N €youue
1 1 1

ntl )t T r (e

N

Ftota

AN
WIN Wi N
+ +
== ol = O =
(]2
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Apa,
1 1 1 11
n+1l (n+1)(n+2) (n+1)---(n+s) 12
‘Eneton 61t 0 @uoxog aprduog A ixavornolel Ty
11
0<A< —
12
xa €Y0UPE XAToANEeL OE dToTOo. a
3.3 Tevixd xpitripla
3.3.1 Amndéiutm cOyxAiom oeipdg
[e.°] o0
Optopde 3.3.1. Aéue 6tinoepd Y | ap ovykAivel antoditws av 1 oepd Y . |ag| ouyxhivel.
k=1 k=1
[e.°]
Aépe 6L ) oepd > ap ouyxhiver utd ovrinkn av cuyxhivel ahhd Bev cuYXAVEL AmOADTOC.
k=1

H endpevn npdtaon delyver 6Tt 1 andhutn obyxhon ebvar oyvpdtepn and Ty (amiy)

cUYXNOT.
o0 o0

ITpétaom 3.3.2. Av noepd ) ar ovykAiver atodUtws, téte n oeipd Y ay ovykAivel
k=1 k=1

Amndden. Ou detZoupe 6Tt xavoroteiton To xprtrpto Cauchy (Oedpnua 3.1.6). Eotw e > 0.

Aol n oepd Y |ak| ouyxhiver, undpyer N € N dote: yia xdde N <m < n,
k=1

n

2: lag| < e.

k=m+1
Tote, v xdde N < m < n éyouue

n

>

k=m+1

n

< ) ml<e

k=m+1

o0
Apa, ) oepd Y ay wavorotel o xpithplo Cauchy. And to Oedpnua 3.1.6, cuyxiver. O
k=1

IMopadeiypoto
0 k—1

(o) H oepd > (722 ouyxhivel. MnopoUye va ehéy&oupe Tt GUYXAIVEL ATOADTWC: €YOUUE
k=1
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[e.°]
xou 1 teheutade oetpd ouyrivel (efvan e wopprc > & e p =2 > 1).
k=1

S~ (=DF!
(B) H oeipd Y “—5— 0ev cuyxhivel amohiteg, opol
k=1

(-1t
k

x| =

>

k=1

00
k=1

(apuovixr oelpd). Mnropolyue uwe va delfouue 6Tt 1) oelpd oLYXAVEL U cUVOTXY. Otw-
poUUE TEWTA TO UeEIXd ddpoloua

2m k—1
-1
=3 D
k=1
1 1+1 1+ N 1 1
N 2 3 4 2m—1 2m
_ ! + ! + ! + 4 !
- 1-2 3-4 5-6 (2m —1)2m’

"Erctot 6Tt

Som+2 = Som + ( > S2m,

2m +1)(2m + 2)
dnhadt, N umoxohoudia (s2pm) etvon yynolwe adouoa. Iapatnpolue eniong 6t N (s2m) elvo
GVe) PEUYUEVT), APOL

331) 11 1
. . S —_— + —_— + —_— + .. + —_—_—
mer 3t g (2m —1)%’

xou o 8e€Ld péhog tne (3.3.1) ppdooeton amd to (2m — 1)-00T6 Yepind dbpoloua TS OELRdS
&)

1 ’ ’ ’ ’ ’. ’ 7
kz 7z 1 omolo ouyxdiver. Apa, n umoxoloudia (s2,) CUYXAVEL GE XATOLOV TEAYUATIXG
=1
oprduod s. Tote,

1
So9m—1=82m +=——>5+0=s.
2m

Aol ov uroxohoudiec (S2m,) %ot (S2m—1) TOV GETIWV XU TWV TEPLTTWY 6pwY NS (Sm)
OUYXAIVOUV GTOV S, CUUTIERAUVOUUE OTL S; — S.

3.3.2 Kputrpia ocOYxpeLong

o0 o0

Ochpnpa 3.3.3 (xpithpto olyxplong). Ocwpoliie Tis oeipés Y - ay kar Y, by, émov b, > 0
k=1 k=1

yia kdOe k € N. TroOérouue ot vrdpyer M > 0 dote

lak| < M - by,

(&) (&)
yia kdOe k € N ka1 éu ) oepd ) by, ovykdiver. Téte, n oepd Y ap, ovykAiver anoddtews.
k=1 k=1
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n n
Anddaén. ©étovye s, = Y |ag| xau t, = > by. Anb tnv unddeon énetan 6Tt
k=1 k=1

Sy <M -t,

v xdde n € N Aol n oepd Y by, ouyxhivel, 1 axoloudio (t,) etvon dves pparypévn. Apa,
k=1

o0
N (spn) ebvan %t auth dve geaypévn. Eretan 6t n Y |ak| ouyxhiver. O
k=1
o0 o0
Oehpnpa 3.3.4 (oploxd xpitiplo oUyxplong). Ocwpolie TS oeapés Y aj kai br,
k=1 k=1

omov by, > 0 ya kdle k € N. TrmoOérovue énr

lim 2% —¢eRr

k—oo Of
o0 o0
ka1 6t n oeipd Y, by, ovykAivel. Tote, n oepd Y, aj ovykAiver atoAditws.
k=1 k=1

Anéoaén. H axohoudio <Z—:) ouYXAlvel, dpa elvon pporyuévn. Ankadr, undeyer M > 0

OOTE
ag
k<M
b,
v xde k € N. Tote, umopolue va egapudcouue 10 Octpnuo 3.3.3. O

Ocedpnua 3.3.5 (100d0vaun cuuneplpopd). Ocwpolue TS oepés | ay kar y, by, dmov
k=1 k=1
ak, by, > 0 ya kdOe k € N. Tnobérovue én

lim £ — ¢ > 0.

k—o0 bk
o0 o0
Téte, n oepd Y, by ovykAiver av kar pudévo av n oeipd Y ap ovykAivel
k=1 k=1

Anédeén. Avn Y po by ouyxhiver, TOTE 1 > poy ag ouyxAivel and to Oedpnua 3.3.4.

, A 4 o 2. s QA A
. AvtioTpoga, og urodécoupe 6T N Yo7 ar ouyxhivel. Agol §E — £ > 0, éyoupe
== 2. Evedhdooovtag Toug pdhoug twv (ay) xo (bg), BAémouye 6T n S50 by ouyxhivel,

yenowonolnvtog Eavd To Oewpnua 3.3.5. O

IMapadelypota

o0 .
o) E€etaloupe tn olyxhion tne oelpdc S““‘(;“), orou z € R. THopatneoVue 4Tt
ME N nm P & PATNEOVU
k=1

sin(kx)
L2

1

\]{2‘
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oo o0 .
Agoln Y 7 cuyxhiver, cuunepaivoupe (omé To xprthpto chYxploNC) 6TL T OEEd > Sm,g” 2)

k=1 k=1
oLYXAVEL ATOADTGC.

o0
(B) EZetdlouye tn obyxhion tne oetpds m. Hopotnpolye 6t av a = m
k=1

xou by, = k%, TOTE

ag k* + k3
— =05 — L
b, k*4+k2+3
Agoi 7 Z 73 OUYXAIVEL, TO 0pLaxd %pLThpLo olyXplomg Oely Vel OTL 1) Z k4+k2+3 CUYXALVEL.

(v) Téhog, eZetdlouye T obYXNOT NG OELRAC E k;;g ‘Onwg 670 MpoNyolUEvo Topd-

OELY AL, otV VEWPNOOUUE TIC axohoudieg by, = kkfé xou ay = %, TOTE
a k% +2
L R N}
b, kZ+k

Ané 1o Oewpnua 3.3.5 éneton 6TL N Y 152112 éyer TV (Blor cUUTEPLPOPS UE TRV > T, dNhadH
k=1

amoxAivel.

3.3.3 Kputrpro Aoyou xou xpitnelo pilac

Ocehpnua 3.3.6 (xpithpto Aoyou - D’ Alembert). Eotw ) ap pua oepd pe un undevi-
k=1

koUS Gpoug.

() Av lim
k—00

Ap+1
a

<1, tote n Z ay, ovykAiver anoAvTws.

(B) Av lim

Ak+1
k—oo | %k

> 1, wéte n Z ay anokAivel.
k=1

Ak+1
ag

Anédeaén. (o) Trodétoupe 6Tt lim

k—o0

undpyer N € N dote: | = k“ <z vl xde k= N. Anhod),

=(<1.Eocwaz>0ul <z <1 Tote,

lant1| < zlan|,  |anie| < zlanii| < 2Plan] o

Emaywywnd delyvouue 6t

_ an
|ak| < mk N’CLN’ - | N‘ '.%'k
YLd( xdde k = N.

o0 o0
Yuyxpivoupe Tic oepéc > ax| xon > 2k, Eyouue
k=N k=N

lag| < M - zF
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o0
yia xdde k > N, 6mov M = lexl g oepd > ok ouyrdiver, didTL mpodpyeton and TV
k=N

Yewuetph| oelpd Y. aF (ue amohoiph Tev TpGOTWY dpwy Tg) xou 0 < z < 1. Apa, 1
k=0

[e.°] [e.9]
> lag| ovyxhiver. ‘Eneton 6t n > |ag| ouyxdiver xt outh.
=N k=1

(B) Agol klggo a’;—:l > 1, undpyer N € N dote a;;:1 > 1y xdde k > N. Anhoady,
lak| = |ag—1] = - = |an| >0
00
v xdde k > N. Tére, a, 4 0 xou, and v Ipbdtaon 3.1.5 (o), kgl ajp, AmoXAiveL. 0
Ynueiwon. Av klin;o a(’;—zl =1, mpénel vor e€eTdo0ouPE OGS TN CUYXALON 1 ATOXAGT] TNG
;:31 ay. Topatneriote ot ki::l,lﬂ amoxAlivel xou a;;:1 = kiﬂ — 1, eved 1 ki; k% GUYXALVEL
xou azzl = (kfl)g —1
IMopddetypa
E&etdlouye ) oUyxAion Tng oelpde ki % ‘Eyouue
=0
a k! 1
o | =G EeT 0t

"Apa, 1 oepd cuyxhivel.

Ocedpnpa 3.3.7 (xpitiplo pilac - Cauchy). Eotw k§1 ay pia o€lpd Tpayuatikay apropudy.
(o) Av klgrolo Y/]ax| < 1, téve n oepd ovyrhiver anoAU;wg,

(B) Av kl;rgo {/ag| > 1, téve n oapd aroriver.

Anddeaén (o) Emiéyoupe x > 0 ye tnv 8tétnta klim Vak| <z < 1. Téte, undpyer N € N
—00
oote {/]ak| < x vy xdde k > N. Ioodvopa,

lag| < 2
oo o0
v xdde k = n. Suyxpivoupe tic ospée Y ag| x> 2k Agol x < 1, 1 dedtepn oeipd
k=N k=N

&) o0
ouyxhivet. Apon Y. |ag| ouyxiver. ‘Eneton 6t 1 Y ap cuyxiver anohitece.
k=N k=1

(B) Agol klim Vag| > 1, vndpyer N € N dote ¥/|ag| > 1 vy xdde k > N. Anhody,
— 00

o0
lag| > 1 tehixd. Apot ag, /4 0 xou m Y aj amoxAivel. a
k=1
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Ynuetwon. Av klim Vak| = 1, npéner va eetdooupe ahhde ) obyxAon B andxhion
— 00

o0 [e.e] oo
me Y oap. None > 4, > ]?12 éxyoupe V/|ag| — 1. H npdtn anoxhivel eve 1 dedtepn
k=1 k=1 k=1

oUYXAVEL.

IMopadeiypota

|z]

oo
(o) E€etdloupe tn olyxhion tne oepde | %, 6mou = € R. 'Eyoupe {/|ak| = T |].
k=1

Av |z| < 1, t67¢ klim Vlag] = |x| < 1 xou n oepd ouyxhiver anohdtwe. Av |z > 1,
—00
TOTE klim Vak| = || > 1 xou n oepd anoxiivel. Av |z] = 1, 1o xpthplo pilac dev dive
—00
= 1
ouunépacya. o 2 = 1 mafpvouye Ty opuovixy oelpd Y & 1 onola amoxhivel. Tz = —1
k=1
S (=)
TalpVOUPE TNV «EVAAAGGo0oUsH CElRdy Y > 1 omola cuYxAivel. ‘Apa, 1 oelpd cuyxhivel
k=1

av xou povo av —1 <z < 1.

o0
(B) E€etdlouye ) olyxhion tne oepds Y ’%, 6mou = € R. "Eyouvye ¥/|ag| = é; — 22,
k=1
Apa, klim Ylar] = 22 Av |z| > 1 1 oepd amoxhiver. Av |z| < 1 1 oepd ouyxhivel
— 00
amolUTtwe. Av |z] = 1 1o xpithpto pilac dev divel oupnépoopa. Xtny mepintwon & = £1 7
o0
oelpd maipver T popgh Y k%, ONAad” cuyxAlvel. ‘Apa, 1) OELRE GUYXAIVEL ATOAITOC OTOY
k=1

|z| < 1.

3.3.4 To xpitvjero tou Dirichlet

To xpitfplo tou Dirichlet eZaopaiiler (ueptxéc popéc) 0 oUYXALON UlaC OELRdS 1 otola dev
oLYXAVEL amohlTwe (ouyxhivel utd cuvdrxn).

AAppo 3.3.8 (&dpowon xotd pépn - Abel). Eotw (ag) xai (bg) 600 axodovdies. Opilovue
Sp==a1+ -+ ap, sSo =0. [la kdle 1 < m < n, wyvea n wotnta

n—1

Z apby = Z Sk(bk — bk+1) + Spbp — Sym—1bm.
k=m

k=m
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Andoaén. T'pdpouue

Z arby = Z Sk — Sk—1)bk

k=m
= Z ES Z Sk—1by
k=m
n—1
ED S SR
k=m k=m—1
n—1
= Z Sk(bk - bk+1) + Snbp — Sm—_1bm,
k=m
mou ebvar To {ntolyevo. O

Oecvpenua 3.3.9 (xpitheo Dirichlet). Eoww (a) kar (by) 6Vo akodovlies ue ts e&ris
1010TNTEG:
(o) H (by) éxa Oetikots dpous kar gdiver npos o 0.
(B) H axodrovlia twv pepikdv afpoiopdtwv s, = a1 + -+ + an s (ai) eivar ppayuévn:
undpyer M > 0 wote

lsn| < M

&)
yia kd0e n € N. Tdte, n oeipd Y apby ovykAiver.
k=1

Andoedn. O yenowonojcouue 1o xpitrpto Tou Cauchy. 'Eotw € > 0. Xpnowonouwdvrag
v unédeon (), Beloxouvue N € N wote

m>b]\[ bN+1>bN+Q>“'>O.
‘Av N <m <n, t61€
1
Sk(bk — bk+1) + Snbn - Sm—lbm

m

n

ol

i
D)

|skl[bk = brta| + [snllbn] + |sm—1[[bm|

M

o

?3

1
<M ) (bg —brt1) + Mby + Mby,
k

19
_ oMb, < M-
m < 2Monr

m

= E&.

oo
Ané o xputrplo tou Cauchy, n oepd Y agby cuyxhiver. O
k=1
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ITépopa 3.3.10 (xpithpto Leibniz). Eotw (by) ¢divovoa axodovdia téroa dote by, — 0.
Téte, n oeipd e evaldaooduerva TpéonuUa

(—1)" "oy,
=1

OovyKAivel

Anédatn. Egopudlovpe 10 xpitfipo Dirichlet yio tyv (bg) xou tv ap = (—1)F71. Ta
uepd adpolopata tne ((—1)71) eiven gporypéva, ool s, = 0 av o n eivor dpTioc o

sp =1 av o n elvon mepittog. ‘Apal, 1) oELEd CUYXALVEL. O
. X (—1)kt . . ,
[ mapdderypa, n oelpd Y 54— (eve 8ev cuyxAivel amohiTLg).

k=1
3.4 *Aexadixr TopdoTAOT TEAYUATIXGY AptdU®dV

Yxomée yog o auth Ty Tapdypago etvar va Set€ouue 6Tl xdde mporypoatixde aprdudg Exel Sexadinr
napdoTacy): etvan dnhady| dpoloua oelpdc TG pop@ric
> Q. al ag
§W:&0+T0+Tcﬁ+""
6mov ag € Z xou ag, € {0,1,...,9} vy x&de k > 1.
Iopatneriote dtL xde oepd autrc g Hopghc ouyxiiver xau opilel évay mpaypatixd oprdud
ag aj

T = Tor - Hpdypaty, 1 yeouetewd oepd ) ﬁ ouyxhivel xou emewdh) 0 < {5 < % yio xdde
k=0 k=0
o0
k> 1,noepd ) 1 cuyxhivel oOUpLVA Ue TO XEITHPLO GUYXELONC OELRGMY.
k=0

Adppo 3.4.1. Av N 21 kara, € {0,1,...,9} ya kd0e¢ k > N, tdte
> Q. 1
0< 2 qoF ST

H apiotepny aviodtnra wxver oav 1w06tnta av kar uovov av ay = 0 ya kdle k > N, evdd n debad

aviootnta 10y Vel oav 106tNTa av kar uovov av ar =9 ya kde k > N.

Anéoein. ‘Eyouue

k=N k=N
oo
Av ar =0y xdde k > N, t61¢ > 105 = 0. Avtlotpoga, av a,, > 1 vy xdnowov m > N, t6te
k=N
= a a = a 1 =0
k m k
I . e
k k k
o 1 1™ 4= 10 om = 4= 10
k#m k#m
1
=—>0
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And v dAAN Thevpd,

i
2
>~
Il
=2

AvtioTpoga, av a,, < 8 yia xdnotov m > N, téte

8 =9 9 1 =9
< — — = — —
T ZV 10k~ 10m™ 10m+,;v 10k

ktm ktm

1 n 1
10m  10N-1
1

RETRE

%L AUTO ONOXANEOVEL TNV AndeLET] Tou AMjUpATOC.

Afppoa 3.4.2. Eotw n un apyntikés aképaog kai éotw N = 0. Yrdpyouvv aképaiot pg, p1, - -

TéT0101 HOTE:
(i) pr €{0,1,...,9} ya 0 < k< N —1,

(ii) py = 0 kar
n=10"py + 10N py_y + -+ 10p1 + po.

Anédaén. Awupdvtag Swdoyixd pe 10 naipvouye

n =10g1 +py, o6mou 0<py <9 >0
q1 =10g2 +p1, omou 0<p1 <9 xu ¢ =0
q2 = 10(]3 + po, 6mouv 0 < P < 9 = 0

gn-1=10py +pNn-1, Omou O0<py—_1 <9 xu gy = 0.
Enaywywd, éyovye:

n = 10g; + po = 10%ga + 10p; + po = 10°g3 + 10%ps + 10p; +po = - -
=10y + 10" 'py_1 + 10p1 + po.

O

-Pn
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Oétovtoc py = gn €youpe 1o {nToluevo. a

Xenowponoldvtog to Vo mporyolueve Auuota Yo dei&ouue 6Tt xdde mparyuatinds opiduog Exel
Bexadxn TapdoTao.

Oezopnpa 3.4.3. (o) Kdde mpayuatikés apiduds © > 0 ypdpetar oav dfpowoua «dexadikiis

oe€lpdey:
oo

ak ai az
PEX T t  T
émov ag € NU {0} ka1 ap € {0,1,...,9} yia kdOe k > 1. Tdte, Aéue én o x éyer tn Sexadikr
TapdoTaon T = ap.G102a3 - - - .
(B) Ot apiipof Tns popenis © = 15 émovm € N kar N > 0 éxouvr axpifics 6Vo dexadikés tapaotd-
oe:

T = ag.a1as - an9999--- = ag.a1as---an—1(an + 1)000 - - -
‘Olot o1 dAdor un aprvnuikol mpayuatikol aprduol éxovy povadikny bexadixy mapdotaon.
Andbeén. (o) Eotw z > 0. Trdpyet un apynuxde axéponoc ag, 10 oxépoto Y€pos Tou T, HOTE:
ag < x<ag—+1.

Xwpilovue 1o ddotnua [ag, ap + 1) oe 10 (oo unodias ThHuorTor uixoug 1—10. O z avixel oc éva amd
autd. Apa, undpyet a1 € {0,1,...,9} dote

+ B <r<an+
a — <z
°7 10 BURRET)

Xopiloupe 0 véo auté didotnua (tou éyer whxoc 15) oe 10 {oa unodiacThuora ufxous 15z. O @

avixel oe éva and autd, dpo urdpyet az € {0,1,...,9} dote
a1 as a1 as + 1
— — K < —
0TI Tz ST T g
Yuveyilovtoc enaymyixd, yio xdde k > 1 Ppioxouvye ai, € {0,1,...,9} dote
al ag a1 ap + 1
— . — K < — e )
a0+10+ +10k\$ a0+10+ + 10k
&)
A6 TNV xaTooXEVT, To uepxd adpolopata s, TS OEIRAS D ik 1 omola SnuoupYEiTaL, LXavoToLoOY
k=0
my s, <& < Sy + 10%. Apa,
1
0 < x Sp < W
‘Emeton 61t 5, — , SnAady
oo
T=2 10
k=0

(B) Ac unodéocouue 6L xdmotog & = 0 €xel ToUNdYIoTOY B0 DUPOPETINES DEXAUDUESC TLoPUC TAOELC.
Anhadi,
T = ap.a1ag - -+ = bo.b1b2 R
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6mou ag,bgp € NU {0}, ap,br € {0,1,...,9} yia xéde k > 1, xou undpyer m = 0 pe tnv WBioétnta
G, 7 b
‘Ectw N > 0 0 ehdylotog m Yo T0V OT0I0 Gy, 7 by,. Anhady,

apg = bo, ay = b1, ey AN—1 = bN—17 anN 75 bN.
Xwplc meplopiopd e yevixdtntag unovétoupe 6t ay < by. And v
= a b
k k
Z 10 Z 10k
k=N k=N

xon and to Afupa 3.4.1 énetan 6TL

/!
|
o

Apa, bhec oL aviootntes elvan lodtnteg. Anhady,

beaNzl

Ol - -
Q. 1 bk
Ané to Afppa 3.4.1,
by = an+1,
ar = 9, avk>N+1,
bp = 0, avk>N+1.

Apa, av 0 = €xel neplocdTEpES amd pin dexadnéc moapaoTdoels, TOTE ExEl axpBe BV TaPUC TAOELS,
Tic axdlouvdec:

T =ag.a1ay---any999--- = ag.a1as - --aN,l(aN + 1) 00---

Téte, o x wwobTon Ye

a a an— a 1
r=ao+ 5+ 105 T ToN le();
~10¥ag + 10N tay + -+ 10an_1 +ay + 1
B 10N
o m
10N

v xdnowovg m € N xoaw N > 0.
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m
10N>

Avtiotpoga, éotw 6T & =

yedpoupe

6mou m € N xou NV > 0. And to Arjuua 3.4.2 ynopolue va

m =10"py + 10V py_1 + -+ 10p1 + po,

6mov py € NU {0} xou pr, € {0,1,...,9} yia 0 < k < N — 1. Av p,, ebvan 0 tpdtog pn undevixde
6po¢ g axohoudlac po, 1, ..., PN—1,DN, TOTE

10¥pN + -+ 4+ 10™p,,

10N
_ PN-1 . Pm
=pnN + 10 + +10N_m
=pN-PN-1" Ppm000- - =pN.pNy_1--(Pm — 1) 99---.
Autéd ohoxhnpavel Ty anddeln tou (). O

3.5 Avuvoapooelpég

Opeiopde 3.5.1. 'Eoto (ar) wo axohoudia mporypatixdv aprduny. H oepd

o

E apxh

k=0
AEYETOUL OUvajoo€lpd UE CUVTEAECTES Q.

O z elvon wia mapduetpog and to R. To mpdBinua mou Yo culnticouye €86 elvon: Yot
dodeioa oxoloudio cuvtereoT®v (ay) va Beedolv ol Tyée Tou & Yl Tic onoleg N avtioTowym
duvapooeled cuyxhivel. T xdde tétolo o Mue 6TL 1) durvapooepd ovykAiver oto x.

00
Mpétaon 3.5.2. Eotw > apz® ja duvapocepd jie ourteleotés ay.
k=0
(o) Av n duvrapooepd ovykdiver oto y # 0 ka1 av |x| < |y|, tdte n duvapooeipd ouykAiver

aroAUtws 0to .

(B) Av n durauooepd anokAiver oo y kar av |x| > |y|, tdre n duvapooepd arokAiver oo .

Anédain. (o) Agol n Y ary® ouyxhiver, éxoupe ary® — 0. Apa, undpyer N € N dote
k=0

lagy®| <1 vy xdde k > N,

‘Eotw z € R pe |z| < |y|. T xdde k > N éyouue

K K
|arz®| = |ary®|- ‘x <z
Yy Yy
/ ’ & T k ’ / T , / ’ ’
H vewpetpwd oeipd IE:N o1 oupaiver, ot |7 < 1. A6 t0 xpurfiplo ohyxplong éneto

TO GUUTEQOCUOL.
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(B) Av n Suvapooeipd cuvéxhive 6Tto x, and to (o) Yo cuVEXAVE omoAUTKE G6To Y, dtonto. O

o]

Eotw Y apz® wo duvopoosipd pe ouvieheotée ay,. Me Béon v Tlpbtaon 3.5.2 pnopolue
k=0

vo. Bel€oupe OTL To GUVOAO TwV oNueiwy oTa omola GUYXAiveL 1) BuvopocELRd Efval «OUCLAG TL-

%3y €va QAo TN CUPPETPIXO WS Tpog To 0 (1, evdeyopévnc, 1o {0} B to R). Autd gaiveton
o e&nc: oplloupe

R := sup{|z| : n Suvopooeipd cuyxhivel oo x}.

To civolo 6710 8e€Ld péhog elvan un xevo, agol 1 duvauoaceipd cuyxhiver ato 0. H Ipdtaon
3.5.2 Belyver 6Tt av |z| < R t6TE 1 Buvopooelpd ouyxhivel oamolbtwe oto z. pdyportt, and

oV 0plopd Tou R umdpyel y pue R > |y| > || dote n duvapooeipd va suyxhivel 6T0 y, onoTte
epopuoleton 1 Ipdtaon 3.5.2 (a) 610 . And tov optoud tou R elvan pavepd o6t av [z > R
TOTE 1) BUVOOCELRS amoXAivEL 6To . Apa, 1 BUVAUOGELRd cLYXAVEL ot Xdle © € (—R, R)
xou amoxhivel oe x&e = pe |x| > R.

To Swbotnua (—R, R) ovopdleton didotnua ovykiiong tne duvapooetpds. H oulAtnon
oL x3vope Setyvel 6Tl To oUvodo oUykAI0NS TNS BUVOHOGELRAS, ONAADY| TO GUVORO OALY TWV
onuelwy ota omola ouyxhivel, tpoxtntel and to (—R, R) pe v npoodiun (lowc) tou R
7 Tou —R A tov £R. Yty neplntwon mouv R = 400, 1 duvouooespd cuyxhivel o xde
r € R. ¥ty nepintwon mouv R = 0, 1 Suvauooelpd cuyxAivel uévo oto onueio = = 0.

To npdPAnua elvar Aotmoy thpa 10 €€ng: TOC UTOEOVUE Vo TEOGOI0PICOVUE TNV aktTiva
oUyKAIOTS WA BUVOHOCELRAS CUVIPTACEL TwV CUVTEAECT®Y TNg. Mo andvtnor pog Otvel
10 xpLThplo TNe Ellag yior TN GUYXAOT CELROY.

(&)
Oecdpnpa 3.5.3. FEotw Y. apz® pa Suapoceapd jie owrteleatés ay. Yrodérouue du
k=0
, . & _ , 1 , (1 1
undpyer to kli)ngo Vlak| = a ka1 Oérovpe R = 5 pe ) ovppaon 6u 5 = +o0 ka1 5 = 0.

(a) Av z € (—R, R) n duvapooeipd ovykiiver anoddtws oo x.
(B) Av z ¢ [—R, R] n duvapooeipd arokAivel oo .

Arndoeén. Egopudlovue 1o xpithiplo tne eiloc yio T obyxiion oepwy. Eetdlovue ydvo
v nepintwon 0 < a < +oo (o tepintwoelc a = 0 xaw a = +00 agivovian ooy doxnon).

() Av |z| < R t61e

]

lim {/|agz®| = |2| im {/|ag| = |z]a = = < 1.
k—o0 k—o0 R

oo
Ané o xputrpo e ptloc, n Y apzk oLYXAVEL ATOADTLC.
k=0

(B) Av |z| > R t61e
|z

1.
R>

lim {/|agzk| =
k—o0



3.6 ASKHSEIT - &9

o0
Ané o xputhpo e ptloc, n Y apz® omoxhiver. O
k=0

IMapatrpnon 3.5.4. To Oewpnua 3.5.3 6eV YAC EMUTEENEL VO GUUTERAVOUUE OHECWE TIG
ouuPaivel ota «dxpo £R tou dothuatog obyxhiongy. ‘Onwe detyvouv To endueva mapa-
OElypoTa, UTOREL 1) BUVAULOGELRA VoL GUYXAIVEL OE €Va, OE XOVEVAL 1) Xt 6T 600 dxEa.

o0
L. Tty > oF eréyyoupe 61t R = 1. T o = £1 éyoupe Tic oelpée
k=0

o0 o
Z 1% o Z(—l)’C
k=0 k=0

ol omolec amoxAivouy.
o0
2. Twmy ) ﬁ ehéyyoupe 6Tt R = 1. T o = £1 €youye Tic oeipég
k=0
o0 oo
1 (="
DGEE G
— (k+1) — (k+1)
ol omolec oLYXAVOUV.

o0
3. T tny kzo k"”—_:_gl ehéyyouue 6Tt R = 1. T & = £1 €youye Tic oelpéc

o [e.e]
1 (=1)*
Sl S
—k+1 —k+1
H mpdytn amoxhivel, eved 1 8edtepn cuyXALveL.
Avtiotolyo onotéleopo TEOXOTTEL OV YENOWOTOLACOUUE TO XPLTHRLO TOU AOYOU GTN|
Yéomn tou xpitnpelou tng elloc.
o0
Ocdpnua 3.5.5. Fotw > apz® pa dwapooepd pe owvteleotés ay # 0. Trodéroupe
k=0

k41
ag

7 7 . ’ 1
ot vndpyet To lim = a ka1 Yéroupe R = .
k—o0

(a) Av z € (=R, R) n duvapooeipd ovykAiver aroditws oto .
(B) Av x ¢ [—R, R] n duvapooeipd arokAivel 0o .

Anédein. E@oapuodote 10 xpLthpto Tou AGYou Yo TN GUYXALCT| GELROV. O

3.6 Aoxvoelg
A’ Opddo

1. Eoww (ar) wo axoloudio npaypotixdy oprducdy. EZetdote av ol mapoxdtw npotdoelc eivar
aindeic A Peudeic (wtiohoyhote Thipwe TV andvinon cog).
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() Av ap — 0 téte N axorovdiol s, = a1 + - - - + ap, elvon Qpaypévn.

(B) Av n oxohoudio s, = ay + - - - + ap, elvon porypévn ToTE 1N CELRE kzl aj oLYXAVEL.

o0
(v) Av |ag| — 0, t6te 1 oepd Y ap cuyxhivel anohiTwe.
k=1

&) (o)
(8) Avrnoepd > |ak| ouyxhivel, Téte 1 oepd D ap ouyxhivel.
k=1 k=1

[ee]
(€) Avar > 0 vy xdde k € N xow av 0 < a;—:l < 1 vy %8 k € N, téte 1 oepd kgl ag

ouyxAiveL.

&)
(01) Avar >0y xdde k € N xow ov lim a(’;—:l =1, téte 1 oepd Y. aj amoxiivel.
k—o0 k=1

o0

(©) Av ai > 0y xdde k € N xou av ;*1 — 400, TOTE N 1 OEPS D af ATOXAIVEL.
k=1
(n) Av ap — 0, t6te n oepd Y. (—1)*ax ouydive.
k=1

o0 oo}
() Avar >0 vy xdde k € N xow av 1 oepd D> ar ouyxhivel, T61e 1 oelpd D, (/a cuyxhiveL.
k=1 k=1

(1) Avnoepd Z ar GLUYXAVEL, TOTE 1) GELRd Z a? ouyxahbvel.
k=1 k=1

() Av ap > 0 vy xéVe k € N xou av 1 oeipd Z aj, oLYXAVEL, TOTE 1) OELPd Z a? ouyxhivel.
k=1 k=1

2:4-6---(2k)
k!

e}
2. E&etdote av ouyxhivel 1 oepd Y oUYXALVEL.

k=1
3. Efetdote yix moéc Twée Tou p ouyxhiver 1 oepd Yoo k(1 + k?)P.
4. AciEre 6T

X gk qk S -
(@) zmz% B YT =3 ()Y SHE=

oo
5. Troloyilote To &dpolopa tne oelpds > m
k=1

6. Egapudote o xpitriplor Adyou xow piloc otig axdhouteg oelpéc:

o0

(@) Skt @) Y 5 <>2% () 3 koot

k=1 k=

0
© SHet  E9 T % O T ket o) L




3.6 AXKHSEI® - 91

Av vy xdmoteg Tég Tou € R xovéva amd awtd tor 800 xprthiplar dev Bivel andvtnor, egetdoTte

oUyxhon | andxhion Tng oeledc Pe dAko TedTo.

(oo}
7. EZetdote av ouyxhivel 1| anoxhivel 1) oelpd Y ap OTIC TOROXETL TEPLTTMOELS:
n=1

(@ ar=vVE+t1-vVE (B)an=vIth—k
(¥) ap = LEEYE (5) q) = (VE - 1)

8. E&etdote av cuyxhivouv 1| amoxhivouv ol celpéc

= k+Vk Sl > cos? k = k!
Yogmo 2 WE-D, Y — o5
k=1 k=1 k=1 k=1

9. Eetdote we npog T cUYXAoN Tig mapaxdte oepés. ‘Omou epgpaviCovtal ol napduetpol p, g, x €
R vo Bpedolv oL tyée toug yia Ti omoleg oL avTioTolyeS OElpEC UYXAVOULV.

) 1:1 a+H™ @ kipkkp O<p) 0 ég g (0<a<p)
O Xt @ e 0<a<py (o9 5 2
=l k=1 k=1

B’ Opdda

10. E€etdote av ouyxhivel 1) amoxAivel xadeula and Tic Topoxdte GELpEC:
@ S 4 BT S e
) Tt @R S (09 DR, %, seR

[ele] [e') k Joe) k
@ >rs ﬁ ) () 2= 21751’ (0) 2ok 375'

11. Opilouye pior axoroudio (ar) we e€fc: av o k eivar teTpdywvo @uoxol apripol Vétouue

ay = % xan av o k dev elvon TeTpdywvo @ualxol aptiuol Yétouue ay = k% E&etdote av ouyxhivel

(o]
noepd > ag.
k=1

12. 'Ectw {ax} ¢divouoa axohoudia nov cuyxhiver oto 0. Opiloupe

s = Z (—l)k_lak.

k=1

Agigte 611 0 < (—1)"(s — 8) < G-
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&)

13. Eocww (ai) @divovoo oxoroudior detxmdv aprdudv. Aellte bt av 1 Y. ap ouyxhivel t6te
k=1

kap — 0.

o0
14. Eotw 6t ar > 0y xdde k € N. Avn > ap ouyxhiver, deilte 6t o
k=1

0 0 S 2
DD D e Dk e
k> ) 1L 42
k=1 pis el
ouyxiivouv erione.
o0
15. Tnodétoupe 6T ag > 0 yo xdde k € N xou &1L 7y oepd Y ay, ovyxhiver. Aeilte 61 n oepd
k=1

118

Vi1 ovyxhiver. Aci€te 6, av 1 {ag} ebvon gdivousa, téte woybel xou to avtioTpogo.

k=1
o0
16. Trodétoupe 6t ag = 0 yio xdde k € N xou 61L n oeipd Y ap ovyxhiver. Aellte 61 1 oepd
k=1
o0
ag 7.
k21 Y oUYXAbveL.

17. Eotw (ak), (bg) 800 oaxoloudieg mporypatixdv aprdudv. Aelfte 6T av oL Oelpés Y oo | af xou
S22 b2 ouyxhivouy, TéTE 1 oelpd Y re  arbr oUYXAIVEL aTON)TK
k=1 "k OVY ) N OBLRA 2 =1 GkDK OVY G-

18. Eoto (aj) pot axohovdia mparypotiney opiducv. AelEte 61 av 1 oepd Y oo | ai ouyxhivel
xou av p > 1/2, téte 1 0Bl Doy T ouyxhivel amoAlTeC.

19. Ilpocdiopicte Tic TIWES TV a, b, ¢ yia T omoleg cuyxhivel 1 oelpd
>
; -,
—k (Ink)e
20. Ilpoodloplote Ti¢ TWéES TWV a, b, ¢ > 0 yia Tic omoleg ouyxAlvel 1 oeld
oo
1 1
Z k% sin (kb) cos (l&) .
k=1

21. 'Eotw (ay) oxohoudia YeTixdY mpaylatixdy aptduoy e klim ar > 1. Aeléte 61l 1) oelpd
—00

=1

Z kak

k=1
ouyxAiveL.

22. 'Ectw (a,) oxohovdlo 1o R. Trodétovye 6Tt [ant1 — an| < -5 vt xdde n € N. Aeilte 6m
N (an) ouyxhivel.
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23. Eotw (ak), (br) 800 axoroudiec mpaypatixdv opdudv. Aellte dti: av n oepd Y oo ax
ouyxhiver xan av 1 (by) elvon povdtovn xou gparyuévn, T6te N oEld Y oo | arby cuYxAiveL.

24. 'Eoto (ai), (bi) 800 oxohoudiec. Av 1 > 77 | ar ouyxhiver xou 1 > e [br — br1| ouyxiiver,
delEte 6T N > pey axby ouyxiveL.

25. Eow (ar)k=0 peoryuévn axohoudo Trodétouue 6t 1 D pey ak omoxhivel. AcelEte 6t q
axtiva oUyrhione R tne Suvapooelpds Y e axz” 1ooltan pe 1.

26. Eotw (akr)k=0 oxohouda mpaypatixdy opududy. Trodétoupe 6TL n Y ey ar cLyxhivel uné
, , , , ’ , oo k ,
ouvirixn. Aei&te 6t 1 axtiva olyxhiong R tne duvopooelpds Y, apz” wobta pe 1.

IV Opdda

27. Trodétoupe ot ax = 0 yio xdde k € N xou 611 1) oepd > ay, omoxhiver. Aeite 6
k=1

o0 a B
;(1+a1)(1+a2)m(1+ak) =1

&)

28. 'Eotw (ak) pdivouca axorouvdia Yetixddv aprdpcdv pe ar — 0. Acite dti: avn Y ay anoxhivel
k=1

t6TE

= 1
Zmin {ak, k} = 4-o00.
k=1

o
29. Trodétouye 6Tt a > 0 yia xdde k € N xou 61t D ay omoxhiver. ©étoupe s, = a1 + ag +

=1
cee 4 Ay -
(o]
(@) Aei€re 6Tum Y - amoxhivel.
k=1
(B) Aci&te 6: yio 1 < m < m,
Am+1 (079 Sm
bop 1o
Sm+1 Sn Sn
o0
xou oupmepdvate 6TL N Y ¢E amoxhivel.
1 1 =
(v) AelEte 6t 9 < - — 5- XOL CUUTEPSVATE 6TL T ) Z—i" oLYxhiveL.
" " " k=1

(&) o0
30. Trodétouue 6Tt ar > 0 v xdde k € N xou 1L 1 D ag ouyxhivel. Oétouvue 1, = > ay.
k=1 k=n
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(o) Aeilte 6t yio 1l <m < n,

a ¢ r
moy gy it

T'm T'n T'm

o0
xou oupmepdvate 6TL N Yo T amoxhivel.
k=1

&)
(B) Aci&te 6t \;r <2 (\/fn — /Tni1) %0UL CUUTEPSVATE 6TL T \;% oUYXALVEL.
" k=1""

o0
31. Ectww (ax) oxohoudio mpaypotixdv aptduody. Aellte 6t av 1 oepd Y ap omoxhiver TOTE xou
k=1

oo}
n oewd Y. kayj omoxhivel.
k=1

&)
32. 'Eotww (ai) axohoudia 9etixddv nporypoatindy aptducdv. Aellte ot ov n oelpd Y ap ouyxiive,
k=1
00 k

oTE XU D oap
k=1

OLYXALVEL.
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DIVVEYELA KO OPLA CUVAPTHOEWY

4.1 3uvoptroelg

‘Eotw X xou Y 600 un xevd cOvora. Me tov 6po ouvvdptnon amé to X oto Y evvoolye
W avTiotoiyion mov otédvel xdde otolyeio & Tou X ot €val xou povadxd oTolyelo y Tou Y.
Mrnopolue va xwdixomoljooude TNy Thnpogopia OTL To T amelkoviletal oTo Y YENOWOTOLN-
vtog to datetarypévo Ledyoc (o, y): to mpwto otoyeio x tou Levyoug eivar oto X xou 0
0evTERO elvon To GToyelo Tou Y oTo omnolo avtistolyilouue o . Odnyoluacte £ToL GTOV

eZhc oplouo:

Opiopodg 4.1.1. 'Eotw X xou Y 800 un xevd cOvola. Oempole TO XUpTECLAVO YIVOUEVO
Twv X xa Y:

XxY={(z,y): xeX,yeY}.

Yuvdptnon f and 1o X o710 Y Aéyetan xdide unocivoro f tou X X Y 1o onolo xavorolel

Ta e€Ng:

(i) T xéde x € X undpyer y € Y dote (x,y) € f. H ouvdixn auth neprypdyet to
yeyovog ot amoutolue kdle x € X vo anewovileton og xdmowo y € Y.

(i) Av (z,y1) € f xu (z,y2) € f, 161 y1 = y2. H cuvdrinn avth neprypdgpe to yeyovoe
oL amoutolue xde x € X va €yel povoonuavta oploévn exova y € Y.

Fedgovtag f: X — Y evvoolue 6t f elvon wat cuvdptnon amd to X oto Y. Yuugwvolue
enlone va ypdpoupe y = f(z) v Ty emcdva tou x Yéow tne f. Anhad, y = f(z) <=
(z,y) € f.
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‘Eotww f: X =Y woa ouvdptnon. Aéue ot 1o X elvou to medio opiopot tne f xou 10 Y
elvon 0 oUroro agibews tne f. To odvolo tjudv (1 eikéra) tne f ebvan To alvolo

f(X)={yeY :vndpyerz € X vote f(x) =y} = {f(z) : 2 € X}.

IMopadeiypata 4.1.2. (o) Eotw ¢ € R. H ouvdpmon f : R = R pe f(z) = ¢ ya
xdde x € R Myetouw otalepny ovvdptnon. To cOvoro Twwy tng f elvon to wovocivoro
F(X) = {c}.
(B) H ouvocp‘mon f:R = Rye f(z) = 2. To obvoro tpdv e f eivar to olvoho
f(X) =
(y) H ouvdptnon f : R — R pe f(x) = 22 To olvoro Ty e f ebvor 10 olvoro
f(X) = [0, +00).
(6) H ouvdpmon f: R —-Ruye f(z) =1lave € Qxu f(z) =0 avx ¢ Q. To olvoro
Ty e f ebvan to obvoro f(X) = {0,1}.
(e) H ouvdptnon f : R — R ye f(z) = % av x # 0 pntdc o onolog ypdpeton TN LopPY
T = g émou p € Z, g € N, MKA(p,q) =1, xau f(z) =0avz ¢ Q 4z =0. To clvoro
oy e f ebvan to obvoro f(X) = {0} U{l/n:n e N}
Opiopdeg 4.1.3. Eotw f : X — Y woa ouwvdptnon. H f Ayetow enf av f(X) =Y,
Onhadh av yio xde y € Y undpyer z € X dote f(z) =
H ocuvdptnon f Aéyeton I-1 av ameixoviCel dlapopetixd oTtotyela Tou X o€ SLopopeTind
ototyeio tou Y. Anhodr, av yia xde z1,x2 € X pe x1 # x9 éyouue f(z1) # f(xa).
Iood0vopa, yio voo enéyEouue 6Tt 1 f elvan 1-1 mpémer var Set€ouye OtTL av x1, 2 € X xou
f(z1) = f(x2), t61€ 21 = 2.
Optopoée 4.1.4 (cOvdeon ouvapthicenv). Eotw f: X = Y xu g : W — Z dbo
ouvopthoec. Trodétoupe 6t f(X) C W, dnhadn, n exdva e f nepiéyeton oto nedio
optopol e g. Tote, av x € X éyoupe f(x) € W xou opileton 1 exdva g(f(x)) tou f(x)
péow e g. Mropolue hoimdv va opicouue wia cuvdptnon go f : X — Z, 9étovtag

(go @) =g(f(x))  (ze€X)
H ouvdptnon g o f ebvar i otvleon tne g pe v f.

Oplopdg 4.1.5 (exdva xou avtiotpogn exéva). Eotw f: X — Y wa cuvdptnon.

(o) T xdde A C X, 1 eixdra tou A yéow tng f elvon to clvoho

f(A)={y €Y : vndpyerz € A dote f(z) =y} ={f(z) :z € A}.

(B) I xde B C Y, n avtiotpogn eikéva tou B yéow tne f elvan 1o obvolo

fYB)={zreX: f(z) e B}
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IMeétaon 4.1.6. Eoww f: X — Y pua ovvdptnon. Ioydovr ta €€ng:
(1) Av A1 g A2 g X, TdTE f(Al) Q f(AQ)
(ii) Av A1, Ay € X, wdre f(A1U Az) = f(A1) U f(A2).

(iii) Av A1, A2 C X, tére f(A1 N A2) C f(A1) N f(A2). O eykraouds pmopel va eivar
yvnoiws. Ioyver duws ndvta wotnta av n f eivar 1-1.

(iv) Av By C By CY téte f~1(By) C f~1(B2).

(v) Av By, By CY, téte f~1(B1UBs) = f~1(By) U f~1(Bo).
(vi) Av B1,By C Y, téte f~HB1NBy) = f~1(B1) N f~1(By).
(vii) Av BCY tére f~H (Y \B) = X\ f~1(B).

(viii) Av A C X tére A C f71(f(A)). O eyrraods umopei va etvar yvicios. loxver dwg

ndvta wotnta av n f evar 1-1.
(ix) Av B CY tdte f(f~H(B)) C B. O eykdeouds unopei va etvar yviioiog. Ioyde duwg
ndvza wétnta av n f elvar eml.
Optowoée 4.1.7 (avtiotpogn ouvdptnon). ‘Ecotww f: X — Y wo 1-1 cuvdptnorn. Mno-
povue va Yewprooupe ) ouvdptnon f coav cuvdptnon and 10 X oto f(X) (n f naipver
Téc oto olvoro f(X)). H f: X — f(X) eivon 1-1 xon eni. uvendde, vy xdde y € f(X)

utdpyet © € X dote f(z) = y, xu autéd 10 x € X elvoar povadixd agol n f elvon 1-1.
Mropotye hownéy va oploouye pio ouvdptnon f1: f(X) = X, wc e8hc:

f(y) =z, 6mou x elvan o wovadixé = € X yia 10 onolo f(x) = y.

Me dha Aoy,
Fy) =2 f(z) =y

H £~ etvor xald opiopévn ouvdptnon and o f(X) oto X, n avtiotpogn owvdptnon tne
f
Ipétaon 4.1.8. Fowo f : X — Y qua 1-1 owdptnon. O1 f~Lof: X — X xa
foft:f(X)— f(X) opilovrar kaAd ka1 ukavomowlr Tig:

(@) (f~to f)(x) =2 ya kdOe v € X.

(8) (fo f=)(Y) =y ya ide y € f(X).

Optowode 4.1.9 (npdieic xou didtaln). ‘Eotw A éva un xevé obvoro xa éoto f: A — R
xar g @ A — R 8o ouvapthoelg pe nedlo tipwy to R. Torte,



98 - X TNEXEIA KAI OPIA LYNAPTHIEQN

(i) H ouvdptnon f +¢g : A = R opiletan w¢ e€hc: (f + g)(x) = f(z) + g(x) v xdde
x € A.

(ii) H ouvdptnon f-g: A — R opiletan we e€ic: (f-g)(z) = f(x)-g(x) v xdde x € A.
(ili) Do xdde t € R opileton n ouvdpmon tf : A — Rye (tf)(z) = tf(z) yioxdde x € A.

(iv) Av g(x) # 0 vy xdde x € A, tdte opileton n 5 A — Rpe (5) (x) = % yio xdde
x € A.

Aépe otL f < g av f(z) < g(z) yo xdde x € A.

Oplopdeg 4.1.10 (povétovee ouvopthoec). Eotw A éva un kevé vrootvolo tou R kai
éotw f: A— R a ovvdptnon. Aéue ou:

(i) H f etvar avéovoa av ya kde x,y € A pe x < y wyve f(x) < f(y).
(ii) H f evar yvnoiws abéovoa av yia kdle z,y € A ue v < y wyve f(z) < f(y).
(iii) H f evar pOivovoa av yia kdOe z,y € A pe v < y wyve f(z) = f(y).
(iv) H f eivar yynoiws ¢divovoa av yua kdde x,y € A ue x < y wxve f(x) > f(y).
(v) H f elvar povérorn av eivar atéovoa 1 pOivovoa.
(vi)
Opiopdg 4.1.11 (ppayuévn ouvdptnon). Eotw A éva un kevd odvolo kai éotw f + A —

H f elvai yvnoiwg povétovn av eltvar yvnoiws atéovoa 1 yvnoiws eivovoa.

R pna ovvdptnon. Aéue ot
(i) H f evar dvew gpaypévn av vrdpyet M € R dote ya kdle x € A vawyve f(x) < M.
(ii) H f elvar kdtw gpayuévn av vrdpxerm € R dote yia kdde x € A va wyiea f(x) = m.

(iii) H f etvar ppayuévn av elvar dvew kar kdtw ppayuévn. loodUvaua, av vrdpyer M > 0
dote ya kdbe v € A va wyve |f(x)] < M.

Oplopog 4.1.12 (dptia-nepitth ouvdptnon). Mia owvdptnon g : R — R Aéyetar dpmia
av g(—x) = g(x) ya ki v € R ka1 nepreerj av g(—z) = —g(z) ya kdde z € R. Ta
tapdderyua, n gi(z) = x% ka1 n go(z) = |7| etvar dpries ovvaptiioes, n gs(z) = = ka1 n

ga(x) = 23 elvar meprrTés ouvaptiioer.

Opiopog 4.1.13 (neptodinfy ouvdptnon). M ovvdptnon f: R — R Aéyetar meprodir
(1€ mepiodo a) av vrdpyer a # 0 oto R dote f(x + a) = f(x) ya xide x € R. Ia
rapdderyua, n owvdptnon f(x) = x — [z] elvar nepodikn pe nepiodo 1. Hapatnpriote dui: av
n f etvar meprodikn pe mepiodo a # 0, tote, ya kdle k € 7\ {0}, o ka eivar eniong mepiodos
s J.
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4.1.1 KAACELE TRAYUATIX®Y CUVALTACEWY

1. Axolovidiec. Kdde ocuvdptnon f : N = R nou éyel nedio oplopol to chvoro N
TWY PUOIXGY oPLIUGY AéyeTton oxoloudior (aUToC fray SAAMOTE 0 0pIOUOS TOU BWOOUUE GTO
Kegpdhao 2).

2. IMTohvwvuuixéc cuvaptroels. Tlolvdrupuo Ayeton xde cuvdptnon p : R — R
mou ebvan 1 undevixn 1 opiletan and TONO NG HoPPHC

p(z) = apz"™ + ap_ 12"+ arz + ag

omov n € NU {0} xau agp,a1,...,a, € Rye a, # 0. O un apvntixde axépaog n elvar o
Badés tou torvwvipov. Av n = 0 xa ag = 0, T61e p = 0 xou 0 Bordude Tou p dev oplleTou.
Av n =1 16t 10 p(z) = a1z + ag Méyeton ypaupukr) ovvdpnon.

3. Prntéc ouvapthoeic. Pt Aéyetu xdie cuvdptnon f : X — R mou opileton and
TUTO NG HOoPPTG

(r)  apa™ + Ap_ 12" 4 -+ ayr 4 ag
q(x)  bpa™ 4 by x™ + -+ by + by

6mou p, g mohudvupa xau by, # 0. To medio opopod tne f eivar 1o obvodo X = {z €
R : g(z) # 0}. IHopatnerote 6t 10 mhRdoc twv pildv evéc Tohuwviuou q(z) = bya™ +
byp_12™ Y 4 - 4 byw + by, by, # 0, ebvor o TOAD (G0 ue m: OelTe TO UE EMAYWYT
¢ Teog Tov Badud, YeNoOTOLOVTAS TNY Topathenoy ott av p ctvar yio piCo Tou g toTe
q(z) = (x — p)q1(z) 6mou qq ebvor ToOhLUGdVLPO Barduod m — 1.

4. ANyeBewxég ocuvaptroels. AAyefpixr) Méyetu xde ouvdptnon f : X — R nou
wavorolel e&lowon Tne Yopprc

po(x) + p1 (@) f(2) + - + pr(@) [f(2)]* =0

yioo xdde x € X, 6mou po,pi, ..., Pk TOANOVLUUXES cuvapThoels xou pr 7# 0. Tlopa-
merote 6Tl xdde enth ouvdptnon eivar akyeBei: N f = p/q wavornowel v eZlowon
p(z) — q(z)f(x) = 0 o710 nedlo opopol X = {z € R : ¢g(z) # 0}. Yndpyouv aryeBet-
%€¢ CUVOPTNOELS TIou DEV €lvan pNTeES: TO amAo0GTERO, (ow¢, Tapdderyua elvar 1 cuvdpTnom
f(z) = \/z, e medio opiopol t0 X = [0, +00), 1 onola wavorowet ™y x — 1+ [f(z)]? =0
(umopeite vo e€nyfoete yiotl dev elvon pnth ouvdpTnon;).

4.1.2 Tewywvopetpixég OCLUVAETAOELS

Y& oauTh) TN UVTOUN TUEAYEUPO BIVOUNE KTROXATUEXTIXO 0pLoOY Xou UTEVIUICOUUE XdToLeg
Baonéc TAUTOTNTES XA AVIOOTNTES YLOL TIC TELYWVOUETPIXES cLVaRTHOELS sin (nuitovo), cos
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(ouvnuitovo), tan (eqamtopévn) xau cot (cuvegamtouévn). O opoude avtdc otneileton
O TN YEWUETELXN ETOTTELN X0 UEXETES amd TG EDAOYEC TUPADOYES TTOU GLWTNEA XEVOUUE BEV
XONOTTOVTOL OUTH TN OTLYUH 6 Tal AELOPOTO TV TRAYHATIXOY optdUmy (Yior TopddeLy o,
dev €youle oploel TNV €vvola Tou PAxous TOZou).

Anéb to Abxeo Yupdpaote 6Tt av Yewpooupe dvo xddetouc dlovee X'OX xa Y'OY
oto eninedo tote, oe xdle Swtetaypévo Levyoc (t,s) meaypoTixdy aptdudy avtioTotyel
povadxd onueto M = M(t,s) tou emnédou ye teTunuévn t xou tetoryuévn s (owtée ebvan
oL mpoonuacuéves npoforéc tou M otoug dvo dZoves). To onueio O €yel cuvtetoryuéveg
(0,0). Bewpolue xixho e xévipo O xou axtiva 1, o onolog téuvel toug 800 doveg oTa
onueta A = (-1,0), A= (1,0), B=(0,1) xu B' = (0, —1).

Kévoupe v napadoyn 61t o xdlde mpaypotind oprdud x avtictolyel Eva onueio autol
TOL XUXAOU 0 €ENG: aY GUPBOAIGOUNE UE T TO UIGO TOL UHXOUS TNG TEPLPERELIS TOU XUXAOU,
otov = 0 avtiotoiyel 0 A, otov & = 7/2 avtiotoiyel 0 B, otov £ = T avToTotyEl
10 A’ o yevxd, yio S00UEVO T UETPAUE TdVe TNV TEPLPERELR ToU xUXhou T6&o AM Tou
éyel uhixog oo pe |z| Eexnvaivtag amd 1o A xar axolovdwvtog xatebuvon avtidetn tpog
QUTAY TV BEXTOY Tou pohoylol av x > 0 1 xatedduvor (Bla Teog auTAY TWV BEXTOV Tou

pohoytol av x < 0. Av 1o onuelo M = M(t,s) avuotoiyel otov z, optllouue

sinzx CcosS T

cosx =t, sinz = s, tanx = , —.
Ccos T sinx

O 800 teleutaior aprduol opillovtar av x ¢ {2k + )7/2: k € Z} ho ¢ {kn: k € Z}
avtiotorya. Iapatnernote 6Tt To (Blo onuelo M avticToyel otoug apriuoic o,y € R av xau
Hovo av o x — ¥y elvar ax€pato TOAATAACLO Tou 27.

Me Bdon autév TOV TEOXATUEXTIXO OpIoUO, Xal YenotdoroiwvTag to IIudaydpeio Oc-
opnua, uropolue va Seiloupe OAeC TIC YVOOTEC OYECEC AVAUESH OTIC TELYWVOUETEIXES

ouvopthoels (Ltodétouye 6Tt Elvan YVOOTEC GTOV AvVoy VOGO TN):

ITpotaom 4.1.14. I'a kdle x € R 1woyvovy o1
|sinz| <1, |cosz| <1 Kal sinz + cos’z = 1

Kai

. U s .
S 5—1‘ = COos T, COS §—$ = Ssmuax.

O1 owvaptrioes sin : R — [—1, 1] ka1 cos : R — [—1, 1] elvar meprodikés, e eddyion mepiodo
2m. H sin elvar mepirtn) ovvdptnon, evad n cos elvar dptia.

Ilp6taon 4.1.15. Av 0 <x < 3, téte

sin x

sinz <z < tanx := .
CcosS T
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Eretar 6ni, ya kdle x € (—m/2,7/2) wyxdovr o1 aviodtnteg
|sinz| < |z] < |tanz|

ka1 6t1 ya kdle x € R wyve n

|sinz| < |z|.

ITebtaocm 4.1.16 (cuvnuitovo xou nuitovo adpolopatoc xou dapopds). Ta kdde a,b € R
10YU0UY 01 TAUTOTITES

cos(a —b) = cosa cosb+sina sinb
cos(a+b) = cosa cosb—sina sinb
sin(a+b) = sina cosb+ cosa sinb
sin(a —b) = sina cosb— cosa sinb.

ITpbtaom 4.1.17 (cuvnuitovo xou nuitovo tou 2a). Ta kdle a € R 1oy Uovr o1 tavtérnTeg

cos(2a) = cos’a—sin?a=2cos’a—1=1—2sin’a

sin(2a) = 2sina cosa.

ITpobtaom 4.1.18 (petaoynuatiopds adpolopoatog ot yvépevo). Ta kdde z,y € R w0y U-
OUY 01 TAUTOTNTES

x T —
sinx +siny = 2sin *y cos 5 y
. . . Ty rT+y
sinx —siny = 2sin cos >
x x —
cost +cosy = 2cos ;y cos — Y
LTty . y—x
coOsT —cosy = 2sin sin 7

4.1.3 Ex9estixr cuvdeinonm

‘Eotw a évag Yetinde mpaypotindg aprdudc. Mropolue va oploouye tov a® otav o x etvor
eNTog, axohovdwvtog To e€Xg amAd BruoTos
() Av z € N, 9étoupe a” =a-a---a (x Qopéc).

(B) Av x = 0, ¥éouue a® = 1.

1
a*(L‘
Me Bdon autolc Toug oplogolg EAEYYOUNE EbXONd OTL:

(v) Avz € Z xan z < 0, 9étoupe a® =

1
aac—f—y — aac . ay7 (a:v)y — aa:y’ a—x — —, (ab)x — axb;v
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vy xde z,y € Z xot a, b > 0.

(v) Av z = 1/n yio xémowov n € N, 9étouue a'/™ = {/a (éyouue anodeifer Ty UnopEn xou
10 povoohiuavto Yetixic n-oothc pilac yia xde Yetind nporypatind oprdud).

(e) Av x =m/n 6mov m € Z xou n € N elvon tuydv pntoc, Vétoupe

a® = (al/”)m .

, . / —m _mi
EOxoha ehéyyoupe dtLav 2 = = = ny  TOTE

() = e

Anhad”h, o a® oplletar xat 1oy Vouy oL
) P X
T+y T y T\Y Ty —T 1 x T1T
a®™¥ =a"-aY, (a®)Y =a™, a’t=—, (ab)® = a"b

vio xde z,y € Q xou a,b > 0.

e auTH) TNV ToEdYEAUPo OiVOUUE Ul GUVTOUT TEQLYQPUPT] TOU «PUGLONOYIXOV» TEOTOU
optopol TNg exdeTixrc ouvdETnoNng a”: EMEXTEIVOUUE TOV OPIOUO YLl BEENTOUC EXVETES .
O oplopdc tou a”, x ¢ Q Yo Bactotel oto axdhovdo My

Afppa 4.1.19. FEoww a > 0 kat (gn) axodovdia pntdv apifucv pe g, — 0. Tote,
a®™ — 1.

Andéoeln. Av a =1 dev €youye timota va del€ouye. H mepintwon 0 < a < 1 avdyeton oTtny
a>1.
Trodétoupe howmdy 6t a > 1. Edxola Prénovpe 6t av ¢,¢ € Q xaw g < ¢ t6te
/
a? <a?.

‘Eotw e > 0. Ané tc ¥/a — 1 xou m%/a — 1 BAémouye 6TL undpyet k € N tote

1
l-e<—=aV* <o’ = Ya<i+e.
Va ve
Agol g, — 0, epopudlovtac Tov oplopd tou oplou pe € = 1/k > 0, Bploxoupe ng € N
wote: yi xdde n > ng woyler —1/k < ¢, < 1/k. Térte, yenowonowdvtag ) povotovia tne
al, q € Q, malpvoupe Tto e€nc: Yo xdde n = ng,

1/k

l—e<a VF<qim <g'/F <1+e.

Anhadh, yo xdde n = ng woylel |a? — 1| < e. 'Enetan 611 af* — 1. 0
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H 16éa yag yior vor emextelvouye Tov optogd tou a yio depnto x eivon 1 e€rg: o pntol
aprduol ebvor muxvol oo R, emouévwe av pag dwoouvy ¢ Q undpyouv (torlés) axohoudieg
eNTOY ¢p — . O Beifouue 6Tl Yo xdmota amd auTéS To limy, a?" undpyel xou Ya oploouye

a® = lim a?.
n

INo v gbvon xahdc 0 optopode, o TeENeL oy Tdpoude Wwiar G oxohoudio pnTwy apLiuoy
. /
ql, —  va undpyet to lim,, a? xou v oyVeL N

. / .
lim a? = lim a?".
n n

Avuté Va detyver 6Tt ) 1y a® mou oploaye eivan aveldptnTn and tTny emhoyn Tne axoloudlog
eNTOY ¢ — T.

Oevpnpa 4.1.20. Eotw z € R kat gy, q), € Q pe lim, ¢, = lim,, ¢, = z. Ava > 1,

z
Téte
. . / .
(i) wa limy, a? ka1 lim, a? vrdpyour.
. . / .
(ii) lim, a? = lim,, a?.

Anéoein. Oswpolue wa adZovoa axorovdia pntwyv r, — . ‘Eotw g pntéc ye ¢ > .
Tote a'™ < af, onhadt) n a’™ ebvan dve @paypévn. Erniong, and v r, < rpqq €netan Ot
a™ < a"tt, dnhady| (a”") elvor av€ouoa. LUVETAOC, 1) a’™ cuyxAlveL.

Hodpvouye tdpa ontotadnnote and e (gn), (¢,). Eyovue g, — r — © — 2 = 0, ondte
T0 Afjupa 3.4.1 detyvel 6Tt af» "™ — 1. Torte,

a?l" = a7 g™ — lima'™.
n

Ouolwcg,
/ .
a’ — lima™.
n

, 1. . ’ . , . .. ,
Ago0 limy, a® = lim,, a9 = lim,, a™, nofpvouye ta (i) xou (ii) TowtdypoVaL O

‘Eyouue hownov oploel tov a® yio xdde x € R. Xtn ocuvéyelo, meémel vo amodel&ouue
Srodoyxd tor e€hc (oL amodellelc etvon o xah| doxnomn méve ot olyxiion axohovhoy).

IMpoétaon 4.1.21. Eoww a,b > 0 ka1 x,y € R. Tore,
1
a*tV=a"-a¥, (a*)¥=a"¥, a=—, (ab)"=a"b".
afC

Ipétaon 4.1.22. Foww a > 0. Hx — a” eivar yvnoiwg atéovoa av a > 1 ka1 yvnoiwg
plivovoa av 0 < a < 1.
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4.2 Xvuveyelc cuvapTtioelg

Opiopodg 4.2.1. 'Eotww A éva un xevd unochvoro tou R, éotw f 1 A — R xou éotw
xo € A. Aépe 6T ) f ebvan ovvexns oto zg av: yuo xdde € > 0 undpyet § > 0 dote:

av z € A x|z — xz9] <6, tote | f(x) — f(z0)| < €.
Aéue 6t f elvow ouvexrs oto A av elvon cuveyhc oc xdlde zg € A.

IMTopatneroeig 4.2.2. (o) To dodév e > 0 xodopiler wa nepoy (f(zo) — &, f(zo) +¢)
e Twic f(zo). Autéd mou Intdye eivar va unopoVue va Bpolue wa teptoyf (zo — d, o +0)
TOU g WOTE kdle x € A TOL AVAXEL OE QUTAHY TNV TEPLOYT TOU T VO AMEXOVI(ETL GTO
(f(zo) —€, f(zo) +€). Anhadh, votoyver f((xg— 0,20+ ) NA) C (f(xo) —¢, f(zo) +¢).
Av 7o mapandve toyvel yio xde € > 0, T6te AMue 6TL ) f ebvan cuveyric oTo Xo.

(B) Amd tov oploud eivor pavepd 6Tt e€etdloupe TN cuVEyELW UOVo oo orueia Tou TEediou
oplouol g f.

IMTopadeiypota 4.2.3. (o) f: R —= R ye f(z) = ¢ yua xdde € R. Oua deiouye 6t
n f ebvan ouveyric oe xde g € R. 'Eotw € > 0. Zntdue 6 > 0 wote: av x € R xa
|z — o] < 6, tote | f(x) — f(z0)] < e. Opwg, yio xdde x € R éyouue

|f(x) = f(xo)] =lc—c|=0<e.
Anhadh, uropovue vo emthé€oupe omotodnmote § > 0 (yio mopddetyua, ¢ = 100).

B) f: R=Rupe f(xr) = x yio xdde z € R. Ou deilouye 6t 1 f elvon ouveyhc oe
x&e zg € R. Eotw ¢ > 0. Zntdpe 6 > 0 dote: av z € R xau |z — zg| < J, 161

|f(z) — f(z0)] < e. Agol

[z —wol <6 = [f(x) = fwo)| = |z — x| < =e.

f(z) = f(zo)| = |z — xo|, apxel va emhéZoupe § = €. Tére,

[apatnerote 611, oc auTd 10 TAUEAdeLYpA, To § eCopTdTton amd To € ahhd dev e&opTdrtan and

TO Tg.

(v) f: R—=>Rupe f(z) = 22% — 1 yio x89e z € R. Oa deifouye 61 1 f elven ouveyhc
oe xdde zg € R. Eotww € > 0. Zntdue § > 0 dote: av z € R xou |z — xg| < 6, 161

[f(x) = f(zo)| <e.

Hapatnenote ott, v xde = € R,
|f(@) = flzo)| = (227 = 1) = (22§ — V)| = |20 — 2a| = 2| + wo| - |2 — wo].

Zntdpe howmdy 6 > 0 wote: av |z — zo| < 0, tétE 2|z + 20 - [T — 20| < €. Acdopévou bt
€Lels Yo xGvoupe TNV ETMAOYT ToU 0§, UTopolUe Vo UTOYECOUUE amd TNV dpyT) 6Tl To & Va
ebvan uixpdtepo and 1. Tote, av [ — xo| < 0 Yo éyouye |z — zo| < 1, xou cuvende,

|z + 20| < |z — 20 + 220| < T — 20| + 2|20| < 1 4 2|20
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Av, emmiéoy, § < 5

m, to7€, Yo xde z € R pe |z — xo| < § Yo éyoupe

|[f (@) = f@o)| = 2w + wo] - |2 — ol < 2(2[wo| + 1) [ — wo| < 2(2fxo| +1)d <e.

Anhady), ov emhé€oupe

€
1) in<1l, ————
0< <m1n{,2(2|$0‘+1)},

€Y OLUE
[z =zl <6 = [f(x) = flzo)] <e.
[Mopatnerote 611 t0 § oy emAé€ope eaptdton amd 10 S0VEV € AN xou and To onueio zg

oo omoio e&etdloupe TN cuvEyEL TNg f.

4.2.1 H d&pvnon Touv oplopoL

‘Eotww f: A= Rxaéoww zg € A. Trnodétouye dtu 1 f dev elvon cuveyric ato xo. Me Bdon
TN oL{ATNOY TOU E€YIVE UETE TOV OPLOUO TNG CUVEYELS, oUTO ONUoivEL OTL UTIHPYEL XATOLO
€ ue v €rg Wt av Yewproouue onolodnnote § > 0 xou Ty avtioTolyn meployt
(xo— 0,0+ 9) TOU X0, TOHTE dEV WoyVEL f((xo— 0, xz0+0)NA) C (f(xo)—¢, f(xo)+¢). Me
GMhot Aoy, umdipyet xdmolo = € A 1o onolo avixel 6o (g — 6, Lo + 0) AL Sev xavoTotel
my |f(z) — f(zo)| < e. Ioodivapa,

T %dde § > 0 vndpye © € A pe |z — x| < 0 xou |f(x) — f(xo)| = €.

Kotokfiyoupe Aowndy 1o e€rig:

H f:A— R el acuveyhic 610 9 € A av xou povo av umdpyel € > 0 woTe:
v xdde 0 > 0 vndpyer x € A pe |x — x| < d xou | f(x) — f(zo)| > €.

Me Aoy, o Aéyope 6TL 1 f Elvon aGUVEYHC GTO T( AV KOGOBHTOTE XOVTY GTO T UTARYEL
x € A dote oL twée f(z) xou f(zg) vo améyouy opxeTdy.

1, zeQ
0, z¢Q

oe xde o € R. EmAéyoupe € = % > 0 xou Vo det€ovye 6TL: yia xde 6 > 0 undpyer € R

IMopdderypa 4.2.4. H ouvdptnon tou Dirichlet, f(z) = { elvon aoLVEY TG

ue [z — 20| < 8 odd | f(z) — flzo)| > 5. Tpdypatt, av o zg ebvon prTée, mapatneolye 6Tt

oto (zg — d,x0 + 0) unopolue va Beolue dppnto a. And tov oplopd e f €youue

| —

[f(@) = f(zo)| = |01 =12> 2.

~ N

Av o zg ebvan dppnrog, Topatneolue 6Tt 6To (29 — 6, Lo + J) pnopolue va Peolue pNto .

Ané tov opioud e f €youpe

N =

[f(@) = fzo)| =[1 -0 =1 >
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4.2.2 Apyn tng petopopds

‘Eotw f: A—= Rxuéow xg € A. H apxn) tng petagopds diver €voy yapaxtnelold tne
oLVEYEC TNS f 6T0 Tg Y€K aXOAOUTLDY.

Ocdpnua 4.2.5 (apyf e petagopds). H f : A — R elvar owvexris oto z9 € A av
Kkar uévo av: yw kde axolovldia (xy,) onueiwv tov A ue x, — xo, n axodovdia (f(xy,))

ouykAivar ato f(xg).

Andoen. Trodétoupe mpwta ot 1 f elvan ouveyhic 610 z9. 'Eotw z, € A ye x, — 0.
Oa deifouye 6t f(xn) — f(z0): Eotw e > 0. Aol 1 f elvaw ouveyhc 6T0 T, UTdEYEL
d>0dote: avz € A x|z — 9| <0, t6t€ |f(x) — f20)] < € (TS Elvor oxpde o
optopde e ouvéyetag e f oTo ).

‘Eyoupe vrnodéoel 6Tt x, — 9. ‘Apa, YU autd 10 & > 0 unopolue va Peodue ng € N
OoTe: av n = ng TOTE |z, — Tl < & (autdg elvor axpBde 0 oplopdc TS oLYXAONS TNG
(zn) o070 T0).

LuvdudlovTog To TUEOTEvVe EYOUNE: oV 1 2> ng, TOTE |Ty, — To| < § dpa

[f(@n) = f(zo)| <e.

Agol 1o € > 0 frav tuyoy, f(z,) — f(xo).

[ v avtiotpogn xatedduvon Yo Soulédouue ye anaywyr oc dtoro. Trnovdétouue Ot
yior xdde axorovdior (xy,) onuelwy tov A pe x, — o, n axohovdia (f(z,)) cuyxiiver 6to
f(zo). TmoVétouye eniong 6t n f Bev elvan cuveyhc 610 xo xou Vo xatahnZoupe e dToTo.

Agol n f dev elvon cuveyric 010 X, UTdEYEL Xdmoto € > 0 pe TNy e&¥g WBLoTNTAL!

(¥) T xdde 6 > 0 undpyer € A to onolo wavornotel Ty |z — zg| < § AN

[f(z) = f(xo)| = .

Xpnowonooue tnv (x) dadoywd pe § = 1,4,..., 1 .

1/n > 0 xaw and v (x) Beloxovye x, € A ye |z, — xo| < 1/n xou |f(zn) — f(zo)| > €.
Ané 1o xpitriplo mapeuPolnc elvon govepd OTL T, — Tp Xou OmO TNV LTOYEST TOU XAVUUE

o xdde n € N éyouue

npénel 1 oxohoudio (f(xy,)) va ouyxdivet 6to f(xg). Autd dunc etvon adlvoto agol | f(xy,)—
f(zo)|] = € v xdde n € N. O

IMapathenon 4.2.6. H apyr| tng yetagopds uropet vo yenotuonomiel pe 500 SlopopeTi-
%00¢ TPOTOUC.

(i) vy vo 8el&oupe 6t 1 f elvon cuveyfc oo xo apxel vo dellouye OTL <z — 9 =

f(zn) = f(x0)».
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(ii) vyio va Bet€oupe 6t 1 f Bev elvon cuveyric 610 g apxel vo Bpolue pla axohouvdia x, —
zo (ot0 A) wote lim, f(x,) # f(xo). Hohd ouyvd, eZaopaurilovue v aouvéyela
e f oto xo Peloxovtag dYo axohovdiec x, — zo xa Y, — zo (o610 A) WotE
limy, f(x,) # limy, f(yn). Av n f Atav ovveyhc 610 o, Vo énpene ta d0o dpla Vo
ebvan (oo pe f (o), dpo xon petadl toug (oo

1, reQ
0, z¢Q

elvon acuveync oe xde 9 € R. Oua ddoouue par dedtepn amodelln), YENOHIOTOWWVTOG

ATAG mapdberypa. ‘Eyoupe Sev 6t 1 ouvdptnon tou Dirichlet, f(z) =

TV oEYY| TNS METAQORAC. ATd TNV TUXVOTNTO TV PNTOY XL TWV AEENTWY, UTOPOVUE Vo
Beolue oxohoudio (¢n) ety aprdumy e ¢, — o xat oxohoudio (ay,) cpphTwY aptdUny Ye
an — xg. Ouwe, f(gn) =1 — 1 xou f(ay,) =0 — 0. And v nponyolUeyn Topathenon
ouumepaivouue OTL 1 f Bev elvon cuveyhc 6TO Tp.

4.2.3 uvéyeia xol TEAEELS RETAEY CLUVARTHOEWY

To Yedpenuo tou axoloudel divel T oyéon Tne cuvEyeLag Pe Tic cuvidel alyeBpxéc TpdEelg
avdueoa o cuvapthoelc. H amddelly| tou elvan dueor), av yenotlonolicouue TNV ey TnNg

METOPORAS O GLYOLAOUS UE TIC AVTICTOLYES WOLOTNTES Yol Tal OPLOL AXOAOV LY.

Ocvpnua 4.2.7. Eotww f,g: A — R ka1 éotw g € A. TrmoOérovue ot o1 f,g elvar
owvexels oto xg. Tote,

(i) O1 f+ g ka1 f - g elvar ouvexels oo xo.

(ii) Av emmAéor g(x) # 0 ya kdOe x € A, téte n 5 optletar oto A ka1 eivar ouveyns oo

Zo.

Anéoeadn. H onddelln Ohwv TwV LoyUploUoy eivon omAf: Yo Topdderypa, yior Vo OelEouue
ot 1 g elvon oLVEY T 0T0 Zg, SOUPWVAL UE TNV dEYT) TNE UETAPOpRdS, apxel va delloupe OTL,

yioe xde axohoudio () onueiwy tou A mouv cuyxhivel 610 T, N axorovdia ((5) (l’n))

OUYXAIVEL GTO (5) (x0). Ané v undeon, ot f xou g eivon cuveyeic oo xp. And Ty apyN

e ueTtagopds éyouue éyoupe f(zyn) — f(xo) xou g(x,) — g(zo). Agol g(zy) # 0 v
x&9e n € N xou g(zg) # 0, éyoupe

(13- (o

g9(zn)  g(o)

H an6deiln g ouvéyelog Twv f+g xan f-g 0T0 Tg APAVETOL WS AOXNON VLol TOV AVOLY VWG TT).
g
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ITpbtaom 4.2.8 (cUvieon cuvey v cuvaptioewy). Eotw f: A - Rkaréotwg : B — R

ovo ouvaptioes ue f(A) C B. Av n f elvar ouvexns oto xg kai 1 g €ivar owvexng oto

f(xo), tdre ngo f: A — R elvar ovvexnis oo xp.

Arnddeaén. 'Eotw (z,) axohovdia onuelwv tou A ye x, — 9. Agol 1 f elvar cuveyhc 610

xg, 1 opyh TNe Letaopds detyvel otu f(xzy,) — f(xo). Aol 1 g eivar cuveyhc oto f(xo) €

B, yw xdde axohoudia (y,) onueionv tov B ue yn, — f(zo) éxovue g(yn) — g(f(x0)).
‘Ouwc, f(zn) € B xou f(x,) — f(xo). Xuvende,

9(f(zn)) = g(f (20))-

It xdde axolovdia () onuelowy tou A pe x, — o Oelloye 6Tt

(g0 f)@n) = g(f(zn)) = 9(f(20)) = (g © f)(x0)-

And v apyn g petagopds, 1 g o f elvar cuveyric oTo Tp. O

4.2.4 3SUVEXELX TWV TRIYWVOUETEPIXMOY CLVARTACEMY Xl TNG EXVETIXNC
ouvdeTnong

H otadeph ouvdptnon f(z) = ¢ (¢ € R) xou n toutotind ouvdpetnon g(x) = x elvon cuveyeic
cto R. 'Eneton 6Tt ol TohuwvupxéS cuvapThoelg elvon cuveyelc oto R xou 611 xdde pnth
GLUVdETNOT Elvon GLVEYHC OE OAal Tar oNueial Tou Tedlou oploUo) TNG.

Aclyvoule TR TN CUVEYELN TWV TELYWVOUETEIXWY CUVAPTACE®Y Xal TNE EXVETIXNNG GU-
VAETNOTG.
ITpbtaom 4.2.9. O1 ovvaptrjoer sin, cos : R — [—1, 1] eivar ouveyels.

Anéoeén. 'Ectw zo € R. T xdde x € R €youpe

. . . T —Xo T+ Zp . T —X0
|sinz — sinxg| = 2 [sin |eos —5 < 2 [sin 5
Ano tny Hpodtoon 4.1.15 €youpe
. X — X0 T — X
sin <
2 2
YUVETOC,
. . r — o
|sinz — sinzg| < 2 5 = |z — xo].

Topa, elvor ebxolo vor olue 6Tt 1 sin elvon cuveyfc oto z (Tdpte § = € xaw enahndedoTte
7 L ’ / ’ ’ m
Tov 0ploud TN ouvéyetac). H cos v cuveyhc wg ovvleon g ouveyolg T+ § — T UE
Ny sin. Avegdptnta and autd, Unopelte Vo S®OETE anddelln EEXVMOVTAC ontd TNV TAUTOHTNTA
To—x . T+ X0
sin
2 2
xol ypnotoroldvtag Ty |sint| < |t|. O

COST — COS Ty = 2sin
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ITpbétaon 4.2.10. Eoww a > 0. H owdptnon fo : R — (0,400) pe fo(x) = a® evar
oUVeXIS.

Andde&n. Mnopolye vo vnodéoouue 6Tt a > 1 (av a = 1 n f, elvon otadepr) xo av
Z 1
0 <a<1éyovue f, = m)
Acetyvouue mpdto 0Tl 1) fo elvar ouveyfic oto 0: éotw € > 0. And ¢ {a — 1 xa

%\/a — 1 BAénovpe ot undpyel ng € N dote

1 —1/n 1/n

l—e<——=a """ <a/™ = "Ya<1+e.

n{)/&
Emiéyoupe § = 1/ng > 0. Agol 1 fq elvon yvnoione adlovoa, v xdde z € R pe |z < 0
€Y OUUE

l—e<a /™ <a® <a'/™ < 1+e,

ONnAadt
|fa(z) — fa(0)] = |a® — 1] < e.

Aetyvoupe topa TN cLvéyel TG fq 0To TUXOY o € R yenowonowwvTag Ty opyh TG
petagopds. Eotw (x,) oto R pe z, — x0. And T ouvéyelo tne f, oto 0 ouunepaivouye
6t folwp — x0) = a® %0 — 0 = 1. Tére,

fa(@n) = a®™ =a™ - a™ ™" = a™ -1 = fo(zo).
H (z,,) Arav tuyoloo, dea 1 f, elvon ouveyhc 610 Zo. O
Y10 enopevo Kegdhoo Yo yonotlomoticouue xou Tn GUVEYELN TNS CLVAETNONG @ — a”:

ITpbétaon 4.2.11. Eow x € R. H ovvdptnon g, : (0,+00) — (0,+00) pe gz(a) = a”

efvar ouvexng.

Amnddeitn. Mnopolue vo urtodécoupe 6t & > 0 (av z = 0 1 g, ebvon otadepr) xou av z < 0

4 1
EYOVYE gy = gfx>'
Acelyvouue mpmTa 6TL 1) g, ebvon cuveyric oto 1: undpyer m € N wote |z] < m. 'E-

m

ot (ap) oto (0,+00) pe a, — 1. Tote, a} — 1 xaw a;™ — 1. And uc towtdnreg

2min{z,y} =z +y — | — y| xo 2max{x,y} = v+ y + |r — y| Prénovye 61

ty :=min{a,’,a,™} -1 xou s, :=max{a,, a,”} — 1.

x
n

T
n

—m

< ay

[Mopatnerote ot av a, = 1 w0t @, < aj < a) evod av a, < 1 0t€ a) < a
‘Encton 6ttt < afy < sy, @01 omd 10 %pULthiplo napeuolric cuunepaivouye 6Tt gz (ayn) = ai; —
1 = g.(1). Agol 1 (ay) Ytav Tuyoloa, 1 oEYH TNG UETOPORAS Sely Vel 6TL 1 g, lvor UVEYTHC

oto 1.
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Aclyvouue Tdpa Tr CLVEYELL TNG gz OTO TUYXOV ag > 0 YENOWOTOWWVTAS TNV dpyT
e petagopds. ‘Eotw (ap) oto (0,400) pe an, — ag. And n ouvéyelr g g, oto 1
ouunepaivoupe 6T gz (an/ag) = al /af — 17 = 1. Tére,

ga(an) = ag, = ag(an/ao)” — ai - 1 = gz(ao)-

H (ay) frov tuyoloa, dpo 1 g, ivor cuveyhc oo ap. O

4.2.5 3Xuvéyeia xoll TOTLXY] CUTERLPORA

Ao tov oploud TN cLVEYELNG Elvol PUVERG OTL 1) CUUTERLYPORA. UL CLUVEETNONG [ «UoXELEy
and To xg Oev ennpeedlel TN CLVEYEW 1) Un TN f OTO Xo.

IMpbtaon 4.2.12. Eoww f: A = R ka1 éotw xg € A. TnobOérouue 6t vndpyer p > 0
bote o mepopoués s f oto AN (xg — p,xo + p) va elvar ouvdptnon ouvexns 0To Ty.

Tote, n f eivar ovvexns oo xp.

Andda&n. Me tov bpo «reproptopde e fr evwoolye t ouvdptnon f : AN (xo—p, zo+p) —
R pe f(z) = f(z). )

‘Eotww ¢ > 0. Agob 1 f elvan cuveyrc 610 xg, undpyet 61 > 0 wote ya xdde = €
(AN (x0 — p,z0 +p)) We |z — x0| < & vowoyver | fz) — f(zo)| < e.

©¢touge 0 = min{p, d1}. Téte, éyouye 6 > 0 xou av & € AN (zg — I, 20 + 0) éxouye
Toawtéypova € AN (xg — p, o + p) xou |z — x| < § < 1. Apa,

|f(z) = f(zo)| = | F(2) = fl@o)] <e.
Anhady, n f elvon cuveyhc oo . O

H enépevn Ipdtoon detyver 6t av pa cuvdpetnon f : A — R elvon cuveyhic oto xg € A,
TOTE elval «TOTUXA PEAYHEVNY, ONhadY| peoryuévn oe i Tteployy| Tou xg. Ilopoatnerote ot
wo cLVEY YIS cLVdETNON f Bev elvon amapalTnTa PEAYUEVN OE OAOXANEO TO TEDID 0PLOUOY TTC.
Amhd mopadetypota pog divouv oL cuvaptioe f(z) = 22 (z € R) xou g(z) = L (z € (0,1)).

T

ITpotaomn 4.2.13. FEoww f: A = R ka1 éotw g € A. Tnobérovue énin f elvar ovveynis
oto xg. Téte, uropotue va Ppolue d > 0 ka1 M > 0 dote ya kdle v € AN (xg— 6,20+ 6)
va wxve |f(x)| < M.

Arndoeln. Egapuolovye tov optogd tng ouvéyelog e f oto xg e € = 1 > 0. Trdpyel
0 >0 wote: av oz € Axa |z — x| <9, 16t |f(z) — f(zo)| < 1. Anhadh, yio xdde
x € AN (xg— 0,20 + 0) éyouye

[f (@) < |f (@) = fwo)| + |f(wo)| <1+ [f(20)]-
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‘Encton to {nroduevo, ue M =1+ |f(xo)]|. O

H teleutaio napathenon eivon 6tL av wa cuvdptnon f: A — R elvan cuveyric oto 2 € A
xou av f(zo) # 0, tote n f Sotneel 0 Tpdonuo tou f(xg) oc pa oAdxhnen (evOeyouéven
Uxen) TEPLOYT TOUL Zp.

IMpobtaom 4.2.14. FEoww f: A = R kai éotw xg € A. Tnobérouue éti n f elvar ouvexng
oto xp ka1 6 f(xg) # 0.

(i) Av f(zg) > 0, tdte vndpyer 6 > 0 dote f(x) > 0 ya kde v € AN (xg — I, 20 + 0).
(il) Av f(zo) <0, tdre vndpyer 6 > 0 dote f(x) < 0 ya kdle x € AN (xg — 0,20 + 0).

Anddetn. Trodétouue mpddta 6t f(z) > 0. Agol 1 f elvou cuveync oTto xo, av Yewpr-
f(zo)

COUYE TOV € = 5 > 0 undipyet 0 > 0 wote: av x € A xou [z — 20| < 0 ToTE
7))l < 220 — T o pa)  plag) = i) > ) 5 0

Anhodn, f(x) > 0y xdde x € AN (zg — d, 20+ 9).

Trodétoupe thpa 6Tt f(zp) < 0. Aol 1 f elvon cUVEYTC 0TO T, oV VEWPHOOLUE TOV

€= —@ > 0 undpyet 6 > 0 wote: av z € A xa |z — x| < J t61
x x .
1£(@) — Fo)l < -T2 — @) — plan) < L0 — oy < 0O g
Anhadh, f(xz) <0y xdde z € AN (xg — I, 20 + 0). 0

4.3 Boaowd dewpfpata yia cuveyeic cuvapTHoELg

Ye autrv TV mapdyeapo Yo anodelEouue 800 Veuehddr xou SloucUnTNd avoevoueva Yew-
PAHOLTA VLol GUVEYEIC CUVOPTNOELS TIOU Efval OPLOUEVES OE €va XAELOTO BIdoTNUo: To Yedpnua
evoldueone TAc xan To Yewpnua Unapdng YEyiotng xou ehdylotne Twnc. H anddeln toug
omoutel OUCLAOTIXNY YEYOT) TOU aELOUATOS TNG TANEOTNTOC.

4.3.1 To Yeswpnua EAAYLCTNG XU LEYLOTNG TLUNAS

To npdhto Poowxd Yedpnuo pog héet 6tLav f : [a,b] — R elvan pa cuveyric ouvdptnon, t6te
1 f ebvon dvey Qporypévn xon %At QearyUEVT), ot UAALG T TlPVEL UEYIO TN Xou EAGYLO TN T,
Ochpnpa 4.3.1. Eoww f : [a,b] — R owexris owvdptnon. Trdpxovr m, M € R dote:
yia kde x € [a,b],

m < f(z) < M.

AnAadn, n f elvar dvo kar kdtw gpayuérn.
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Andoedn. Bewpolue 0 chvoho
A={y€la,b]: n f v dve @poryuévn oo [a,yl}.

Ioxupiouds 1. To A elvon un xevo xou Gved PpayUévo.

Anédeién. Eivou cagéc ot o b ebvan dve @edyua yio to A. Ta va 8el€oupe 6TL o A elvan
Un xeVO, OxEPTONAOTE we eEAC: agoL 1 f elvar cuveyhc oto a, and tny Ilpdtaon 4.2.13
undpyouv M € R xou 0 < 0 < b—a dote f(z) < M vy xdde © € [a,a+ §). Av hoindv
a<y<a-+d, t0tE

v xdle x pe a < x < y woydel f(r) < M,

0 onolo onuaiver 6Tty € A. Yuvende, (a,a+ ) C A (1o A elvou un xevo). O
Ao 1o odlwpa Tne TAnedTNTAG LUTdEyEL 0 = sup A.

Ioxupioués 2. £ =b.

Anédein. Ac vrmoYéoouue 6L & < b. Agol n f eivan cuveyrc oto £, Yenowonounviag
v Ipéraon 4.2.13 Beloxovpe 0 < 01 < min{b — &,& — a} xou M; > 0 wote yo xdde
x € (& — 61,6+ 01) va éyouue f(x) < My. Tdpa, oto ddotnue (€ — d1,&] pnopolue vo
Beolue y1 € A and tov yopoxtneiond tou supremum. Agol y; € A, uvndpyer My > 0
oote f(r) < My vy xde z € [a,y1]. Tote, f(z) < M = max{M;, Ma} v xdde
x € [a,&+ d1). Auté eivon drono: av emhéZouvye Yo € (§,€ + 01) 1ot Y2 € A (enyrote
yiotl) xon yo > & = sup A.

Mnopolpe tépa vo deiouue ot 1 f elvon dve @poryuévn oto [a,b]. Aol n f eivou
ocuveyhc oto b, yenowonowwvtag Eava tnyv Hpotaon 4.2.13 Beioxouye 0 < d2 < b — a xou
M3 > 0 wote yo xde = € (b — d2,b] vo éyovue f(z) < Ms. 3to ddotnua (b — d2,b]
umopolue va Bpole y3 € A and tov yopuxtneloud tou supremum. Aol y3 € A, undpyel
My > 0 dote f(x) < My vy xédde x € [a,ys]. Téte, f(x) < M := max{Ms, My} v
x&e x € [a,b].

Me tov b0 tpdTo delyvouue dtL 1 f elvon xdtw pparyuévn (¥, av Véhete, Yewphiote Ty
—f1 yvwpilete #0n bt eivan dvey pporyuévn). O

Kdvovtog éva axdua Brua, delyvouue 6t xde ouveyfic ouvdptnon f : [a, b] — R noipver
LYo TN xou EAGylo TN TWh o7To [a, b]:

Ocedpnua 4.3.2. Eotww [ : [a,b] — R ouveyris ouvdptnon. Trdpxouvr yi,y2 € [a,b]
Gove f(y1) < F(2) < f(3) ya wibe € [a, 1]

Anédein. Amd 1o Oewpnua 4.3.1 1 f elbvan dvey @paypévn. Xuvenoe, To cOvolo

A={f(z):x€ab]}
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ebvan dve gpaypévo. ‘Eotww p = sup A. Oélouye va Betloupe OTL undpyeL Y2 € [a,b] pe
f(y2) = p.

TroOétoupe 61 n f dev maipver péyotn tun oto [a,b]. Téte, f(x) < p v xdde
x € [a,b]. Buvendc, uropolue va opicoupe g : [a,b] — R ye

H g eivon ouveyhc oo [a,b], ondte eivon ppaypévn: undpyer M > 0 dote g(xz) < M ywo
x&le = € [a,b]. Autd odnyel oe drono we e€Xc: and Tov oplopd Tou supremum, yla xdde
n € N unopolye vo Bpolue otoyelo tou A oto (p — 1/n, p). Anhady, undpyel x, € [a, b

Ylot To oTolo
1
P= < flzn) <p.

Tote,
1
MZzg(zn) = ——F— >n
" P f(xn)
Anhady), To N elvon dver ppoyyévo and tov M, dtomo.
Me tov (B0 tpdno detyvoupe 6t n f nadpvel edytotn T (1, av Vélete, Jewphote Ty

—f1 yvwpilete #0n 611 todpver uéyioTn Tun). -

IMapatrhenon 4.3.3. Mnopolue va amodei&oupe to Tponyolueva dUo Hewphuota Yenot-
pomolvtog To Yewpenua Bolzano-Weiertstrass.

‘Eotww f: [a,b] = R ouveyhc. Aclyvoupe mpdta otL undpyer M > 0 wote |f(x)| < M
Y xde x € [a,b], ye anoywyh o€ drono. Av autd Bev oy e, unopolue va Beolue T, €
[a,b] wote |f(xn)| > n, n=1,2,.... H (z,) éye utoxoroudio (g, ) Odote x, — xo €
[a,b]. Aol 1 f eivar cuveyhc 610 T, and Ty dpyh NS Letagopdc éxoupe f(zk,) — f(zo),
dpat

()] = 1f (o).
Opwc, |f(xg,)| > kn = n. Apa, |f(xr,)| = +00, T0 onolo eivon droro.

Topea, yvopilovue 6TL 1 f elvon pporyuévr, dpo

M :=sup{f(x): x € [a,b]} < c0.

Téte, unopolue va Bpolue z, € [a,b] dote f(z,) — M (yewwxd, av s = sup(A) t6te
utdpyet oxohovdio (a,) oto A dote a, — s). H (x,) éxer vroxohovdia (xg,) dote
Tk, — Zo € [a,b]. Aol f(z,) = M, éxouvpe f(xg,) — M. Anbd tnv apyh T HeTapopdc,

fxo) = lim f(zy,) = M.

Autéd anodewxvier 6t 1 f madpvel péyiotn Ty (oo o).
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4.3.2 To Yewpnuo EVOLIUESTS TUNS

Ac unodéoouye 6Tt wa ouveyric ouvdptnon f @ [a,b] — R naipvel etepbonues Twéc ota
dxpar Tou [a,b]. Tote, autd mou mepuével xovelc amd ™y ypopixh mapdotoon e f etvan
ot Yy xdmowo onuelo € € (a,b) Yo woyder f(§) = 0 (n xoaundhn y = f(z) da turoel
Tov oplévtio dova). Ou ddoouue Teelg anodeilelc. ‘Oheg ypnolwomoloty ouclas TXd To
a&iwpa e mAnedtnTag. Kadeulo and autée «otoyeleny oe «dlagpopetint| pilo tng e€lowong

f(z) =0».

Ocedpnua 4.3.4. Eoto [ : [a,b] = R ouvexns owdptnon. Yrodérouue éu f(a) < 0
ka1 f(b) > 0. Tére, vndpyer & € (a,b) doze f(€) = 0.
IlpdsTn anédetn. Ou npootodicoupe va «Bpoluey T wixpdtepn Aon tne eZiowone f(z) =
0 oto (a,b). Wdyvouue dnhadn v xdmowo € € (a,b) v 1o onolo f(§) = 0 xau f(xz) < 0
v xde z pe a < x < €.

H 8¢ etvon 6Tt awtd to € mpénet vo elvat To supremum tou 6UVOAoU GAwV Ty Y € (a, b)

TIOU IXOVOTIOLOVUY TO €€NC:
v xde x pe a <z <y wyde f(z) <O0.

Ogiloupe hotndyv

A={y € (a,b]: a<z<y= f(x) <0}
Ioxvpiopds 1. To A etvor un xevo xou vey QRoyUEVO.
Arndoeén. Eivon cagéc 6t o b etvan dve gedypa yioe to A. T var 8ei€oupe 6t 10 A ebvan
un xevé, oxeptouacte wg e€hc: 1 f elvon ouveyhc oto a xau f(a) < 0. And v Ilpbdtaon
undpyel 0 < 0 < b—a hote n f va tolpvel apvntinéc Twés oo [a, bjN(a—7, a+d) = [a, a+9).
Avowmdév a <y <a+9, tote

v xdle xpe a <z <y wyde f(z) <0,

10 omolo onuaiver 61ty € A. ‘Apa, (a,a+0) C A (1o A eivan un xevd). O
Ané 1o aliwpa tne mhnpdntac undpyet o £ = sup A. Eniong, a < £ 86t (a,a+6) C A.
Ioxupiouds 2. T tov § = sup A woybouv oL a < & < bxa f(§) =0.

Amnédaln. Actyvouue mpodta 6t § < b Eyouue f(b) > 0 xou 1 f elvow ouveyrc oo b.
Xenowonowdvrog v Hpdtaon Beloxoue 0 < 61 < b — a dote yo xdde z € (b — 01,0
va éyoupe f(xz) > 0. Téte, o b — §y eivon dver ppdypo Tou A. Hpdypatt, av y € A t6te
f(z) <0y xdde x € [a,y) xow agod f(xz) > 0 oto (b—d1,b] éyouvue y < b— ;. Luvende,

a<a+d<ELDb—01<b.

Ewwodtepa, a < € < b.
Méver va detloupe 6t f(§) = 0. Oa anoxeicoupe T evdeydueva f(§) < 0xo f(§) > 0.
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(i) Eow 6t f(€) < 0. And tn ovvéyewa tne f oto &, undpyet 0 < dy < min{é—a,b—¢}
wote f(x) < 0 oto (§ — 62,€ + 2) (e€nyrote ywtl). Ouwg tote, f(z) < 0 ot0
[a, &+ 02) (vl undpyety € A e y > £ — 2, ondte f(x) < 0 o070 [a,y) U(§—d2, &+
d2) = [a,& + 02)). Enopévwe, £+ 02 € A. Auté eivan dtono agol £ = sup A.

(ii) Eotw 6t f(§) > 0. Térte, undpyer 0 < d3 < min{é — a,b — &} dote f(z) > 0 oto
(& —03,£+03). Avndpovpe y € Apey > & — I3 xow z ye y > z > £ — 03, TOT€E

ye A= f(z) <0

EVD

z€ (£ —03,+03) = f(2) >0

OnAad1 0dNyoLUAcTE OE dTOTO. O

Me tnv anédeiln tou dedTepoL Loy UEIOHOU OROXANPMVETAL XU 1) AmOBELEN Tou VeEWEHUUTOC.
g

Aevltepn anddeén. Oao mpoonadficouue va «Bpoluey TN UeyollTeRn AUom Tng ediowong
f(z) = 0 oto (a,b). Wayvouye dnhadh yio xdrowo € € (a,b) v o onolo f(§) = 0 xou
f(z) > 0y xdde x e € < x < b.

H 15¢a ebvan 611 autd 10 € Mpémel va elvol To supremum Tou GUVOAOU
A={yelab]: fly) <O}

Ioxupiouds 1. To A elvon un xevo xou Gved Qearyuévo.

Anéoaién. Eivaw cagéc 6Tt o b elvon dver @edypa v o A, To A elvon un xevéd: agod
f(a) <0, éyouue a € A. O
Anéd 1o adlwpa tng ThneotnTag undpyet o § = sup A. Ernlong, a < £ Ipdyyott, otny
Tponyoluevn anddelln eldope 6t undpyet 0 < § < b—a wote (a,a+6) C A.

Ioxupiouds 2. T tov € = sup A woybouv ot a < & < bxau f(§) =0.

Anddean. Aciyvouue mpdta 6t & < b Eyouvue f(b) > 0 xou n f elvon ouveyrc oo b.
Xenowonowdvrog v Hedtaon Beloxovye 0 < 61 < b — a dote v xdde = € (b — 01, b
va éyoupe f(x) > 0. Téte, o b — §y elvon dve gpdypo tou A. Ipdyuatt, av y € A t6te
f(y) <0, dpay € [a,b—d1]. Encton b1

E=supA<b—46, <b

Méver va 6ei&oupe 611 f(§) = 0. Ou detloupe ot f(£) < 0 xau f(§) = 0 ypnowonodvTag
TV ey TS HETAPORAC.
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(i) Agol & = sup A, undpyer axoroudio (x,) onueiov tou A pe x, — &£ 'Eyouue
flzn) < 0 xawn f ebvar ouveync oo . Ao Ty opyh TNS UETHPORAS TodpVOUUE

f(€) =limy, f(z,) < 0.

(ii) Agol & < b, undpyet yvnolwe @divouoa axorovdia (y,) oto (&,b] ye ypn — £ (Yo
TOEABELY UL, 1) Yp, = §+%). [ xdde n € N éyouvpe vy, ¢ A, xou ouvende, f(yn) > 0.
Ané v apyn tne petagopde madpvoupe f(€) = lim, f(yn) = 0. O

Me v anddeiln tou 8eUTEPOL oY URLOUOD OAOXANROVETOL X0 1) AODEIEN TOU VeWEHUTOS.
d

Tpttn anédeaén. Ipoonodolue vo tpooeyyicouue uio pilo g TG f <OMOUBHTOTEY aVAUESL
ot a xat b, pe dradoyéc dryotopnoelc Tou [a, b]. H mapén tne pilac Vo eZacpahiotel and
NV 0pYY) TV XPOTIOPEV®Y SLIC TNUATOY XoL TNV dpyT) TNG HETAPORAS.

Y10 mpwto Prua, Otyotopolue To [a,b] Yewpdvtoc To péco tou “TH’. Av cupfel va
éyoupe f (“T*'b) = 0, 9étoupe £ = ‘%H’ xou €youpe f(§) = 0. AN, umdpyouv d0o
evdeyoueva. Eite f(“T‘H’)
a+b

Vétoupe a1 = %57 xou by = b. Xe xde mepintwon, éyouvue f(ar) < 0 xa f(b1) > 0.

> 0 ondte Yétovye a1 = a xou by = aTH’, 7, f(aT*'b) < 0, ondte

Topatnerote eniong 6t a < ay < by < b xou 61t 0 wixog tou [ay, by] ebvar ico pe 252,
Enavohopfévouye ) dwdicacia oto [ar,bi]. Av f (%) = 0, ¥étouue & = %
xou €youvpe f(€) = 0. A, Bploxoupe ag, by mou xavomowoly T a1 < az < be < by,
fla1) <0, f(b1) >0 xou by —az = Z’Q_—Q“.
Yuveyilovtog emaywyixd, eite Peloxouye € € [a,b] pe f(§) = 0 A opiloupe axorouvdieg
(an) xou (by) o7o [a,b] ye Tic e€rc WiLoTNTES:

(i)a<ar<as < <ap<apt1 <bprr <by < <by < by <bywxde neN.

(ii) f(an) <0< f(by) v xdde n € N.

(ili) by — an = %% v x&9e n € N.

H axohovdia (ay,) mou xataoxevdoope etvon adZovoo xou dve geaypévn xou 1 (by,) ebvou

pdivovoa xon xdtw Qeoyuévn. ‘Apa, cuyxhivouv. And ty b, —a, = b{—n“ — 0, émeTon OTL

lim a, = lim b, =&

n—oo n—o0
Y xdmoto § € [a,b]. Aol f(an) < 0 xau f(by) > 0, and ) cuvéyeto e f xou and v
apY Y| TNS UETOPORAS Talpvouue

F(€) = Tim f(an) <O lim f(by) = F(£),

n—oo

onhadm, f(§) =0. O
Yav néptopa talpvouue To Uedpnpa evdidpeons Tiungs:
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Oevpnpa 4.3.5. Eoww f : [a,b] = R ovveyrjs owvdptnon. Av f(a) < f(b) ka1 f(a) <
p < f(b)), vore vndpyer € € (a,b) dove f(§) = p. Onowa, av f(b) < f(a) ka1 f(b) < p <
f(a)), tére vndpyer & € (a,b) doote f(&) = p.

Anddaln. Ocewpolpe v g(z) = f(x) — p. H g elvoar ouveyrc oo [a,b] xou gla) =
—0,

fla) —p <0, gb) = f(b) —p>0. And t0 Oedpnua 4.3.4 undpyet £ € (a,b) pe g(§)
S f(€) = p.
[ v 80N mepintwon, yenowonoiote ) cuvey ouvdptnon h(z) = p — f(z). O

Opiopoég 4.3.6 (Sudotnua). ‘Eva vnocivoro I tou R Méyeta Sidotnua av yio xdde
z,y € I ye x < y ohdxhnpo to evdiypopuo tuhua [z, y] nepéyeton oo 1.
Me dAhot AoyLo, BLacTAUNTA VUL TOL AVOLXTA, XAELGTA 1) MULVOLXTE DLUC THUOTA Kol OL

aVOXTES 1) xAeloTEG MuLeveiee.

Ocpnua 4.3.7. Eotw I éva sidotnua oto R ka1 éotw f: I — R oweyng ouvvdptnon.
Tére, n ewcéva f(I) s f etvar Sidotnua.

Anddeén. Eotww u,v € f(I) pe u < v xaw éotw u < w < v. Trdpyouv z,y € I wote
f(z) = uxu f(y) = v. Xwplc neploplopd e yevixdtnrag unopolue vo utovécovye dTL
x <y. Apol 1o I eivon Sdotnua, éxoupe [, y] C I xaun f: [z,y] — R elvow ouveyhc oto
[z,y]. Aol f(x) =u < w < v = f(y), utdpye. z € (z,y) bote f(z) = w. Agol z € I,
ovunepaivoupe 6L w = f(2) € f(I). And tov oplopd Tou SwoTAuatog éneton 6t o f(1)
elvon dudo TN O

ITépwopa 4.3.8. Eoww f : [a,b] = R owvexris ouvvdptnon. Yrdpyouwr m < M oto R
Gote f(la,b]) = [m, M].

Anédaén. H f eivar ouveyrc xau opileton 010 xhetotd ddotnua [a,b]. Luvenae, 1 f
nodpvel eENGytoTn T m o xou péyotn Twh M oo [a,b]. Anhadh, m, M € f([a,b]) xo
f(la,b]) C [m, M]. And o nponyoluevo Yewpnua, to f([a,b]) eivon Sidotnua xou Teptéyel
o m, M. Apa, f([a,b]) D [m, M]. Enetu 6t f([a,b]) = [m, M]. O

4.3.3 TIMapadeiypota

H ouvéyear tne f oAk xou 1 unddeon 6L to medlo oplouol elvar xAelotd ddoTnua etvor
anapaiTnTEC o Ta TEOMYOVUEVY VeEwpruaToL.
1—lz|, x#0

oto [—1,1]. H f 8ev naipvel
0, T =

(o) Oewpolue ) ouvdptnon f(x) =

péyotn T oto [—1,1]. ‘Eyouue 1 = sup{f(z) : x € [-1,1]}, ahkd o 1 Bev eivon Ty g
f: mapotneriote 6t 0 < f(z) < 1y xdde = € [—1,1]. H f eivou aouveyhic oto onueio 0.
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1, o0<z<1
1, l<z<?
oA Sev undpyet hoon tne f(z) =0 oo [0,2]. H f eivan aouveyric oto onueio 1.

(B) ©ewpolue ) ouvdptnon f(x) = . Tére, f(0) <0 xou f(2) >0,

(v) Oewpolye v f(x) =1/ oto (0,1]. H f elvoan cuveyic oo (0, 1], odAd dev eivon dve
peoyuevn. To nedlo oplouol tng f Oev efvar kAewotd didoTnua.

(8) Oewpolye v f(z) = = oo (0,1). H f eivan cuveyhc xan gporyuévn oo (0,1), ahhd
oev malpvel péylotn oute eAdytotn ). To medlo oplouol tne f Oev efvar kAeioTéd MrdoTnua.

4.3.4 Egpappoveég twv Bacixwy Jewpnudtwy

To Yedpnua eviidueons TAC yenotwomoleiton cuyvd Yoo TNy anddelln tne Umopéng pllag
xdmowg e€iowong. To mpdto yog mopddetypa etvar 1 «Onopén n-oothc pllacy mou elyaue

e€aopahioel Ye ypnon Tou allOPATOS TS TANEOTNTAS.

Ocpnua 4.3.9. FEotw n > 2 ka1 éotw p évag Jetikds mpaypatikos apiuds. Trdpyer
povadikds § > 0 woze £ = p.

Anédaén. 'Eotww p > 0. Oewpolye ) ouveyh ouvdptnon f : [0, +00) = R pe f(x) = 2™
Mpddtar Yo Sei&oupe 6T undpyet b > 0 dote f(b) > p. Awoxpivoupe Tpelc TeptnTOoEL:

(i) Avp <1, tote f(1)=1"=1> p.
(ii) Av p> 1, téte f(p) = p" > p.
(iii) Avp=1,téte f(2)=2">2>1.

AefZope 6t undpyet b > 0 wote f(0) =0 < p < f(b). And to Vedpnuo evdidueons The,
undpyet £ € (0,b) wote f(§) = p, Onhadh " = p.

H povadidtnta ebvan amAf: €youue 8el 6Tt av a,b > 0 161 @ = b" av xau uévo av
a=0b. Av ooy €youvpe £ = p = &5 v xdmotoug &1, & > 0, to1e £ = &o. ]

Ocwpenua 4.3.10. Kdle molvdvupo meprrtov faliol éxer touddyiotov pia mpayuatikn
pida.
Anédaén. Eotw P(1) = apa™+am—12™ 4., . +a1z+ag, 670U @y # 0 xon m TepltToc.

Iedgovpe P(z) = ama™ + -+ + a1x + ag = apmz™ (1 + A(z)) dmou

1™ 4 a4 ag
oy T™ '

Az) =

[Mopatneote 6TL av
lam—1] + -+ |a1| + |ao|

|am|

|z| > 2 +1
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<éte |zl <z v ndde k=01, ....m — 1, xou GUVETAC
Y M M ) M b

\am_l\xmfl + -+ \allx + ’ag‘
|am | []™
< lom—] 2™ - A Jan| 2™ + ao 2™
|am| |z]™
_ Jam—i| £+ aa| + ao]
- |am| |z|

|Az)] <

<

N | —

Apar, untdpyet M > 0 dote av || > M t61e
1 1
1+A(:U)>1—|A(a:)\>l—§:§>0.

Anhodn, av |z] = M t6te on P(x) xou ama™ éyouv 1o B0 npbonuo. ‘Enetu 61 o
P(—=M)P(M) etvor ogbonpoc pe tov a2,(—M)™M™ = a2 M?™(—1)™, Snhodi| apvntixdc.
Ané 1o Yewpnua evdidueone tuhc undpyet £ € (—M, M) wote P(§) = 0. O

Ocedpnpa 4.3.11 (Yendpnua otodepol onueiov). Eotw f : [0,1] — [0,1] ovrexns ouv-
viptnon. Yrdpye xo € [0, 1] dote f(xp) = xo.

Andde&n. ©éhovye va deifouye 6Tt 1 xoumOAn y = f(x) téuver v Saydvio y = x. Apxel
va 8et&oupe 6L 1 ouveyhic ouvdptnon h(z) = f(x) — x undevileton xdnou oo [0, 1].
Av f(0) =01 f(1) =1 éyoupe to Lnrodyuevo v zg = 0 § g = 1 avtictouya.
Trovétoupe howmdv ot f(0) > 0 xau f(1) < 1. Téte, h(0) = f(0) > 0 xa (1) =
f(1) =1 < 0. Ané 1o Yedpnuo evdidueone twre, undpyet 2o € (0,1) dote h(xzg) = 0
Anhady, f(xo) = zo. O

4.4 'Oplo cuvdptnong
4.4.1 Xmueic CUCCWEEVONG KO UEROVOUEVA CNEIR

Opiopog 4.4.1. 'Ectw A éva un xevo vnocivoro tou R xou éotw 9 € R. Aéye 61t o
xo elvon onueio ovoodpevong tou A av yia xdde § > 0 unopolue va Bpolue © € A doTe
0 < |z — 20| < (wwodlvapa: = € (xg — 0,0 + 0) xou x # xp).

Anhady), o zg elvar onuelo cucowpeuong Tou A av 0GOBATOTE XOVTE GTOV T UTOPOVUE
va. Bpolue otouyeia Tou A BlaopeTixd amd Tov xg. IHapatnerhote 611 dev amoutolue and Tov
xo va elvan oTotyelo tou A.

IMopadeiypata 4.4.2. (o) Av A = [a,b], té1€ 0 x( eivan onpeio cuoompevong Tou A av
xou povo av xg € [a,b]. Av A = (a,b], t61e xdde onueio tou A eivar onpeio cvochpeuomc
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Tou A, xou uTdpyel dAho éva onueio cucohpeuong Tou A, To a, To omolo BEV AVAXEL GTO
cUVoho.

(B) Av A=1[0,1] U {2}, t61e 2 € A ad\& 0 2 Bev elvan ornpeio cuoodpevong Tou A.

(v) To N={1,2,3,...} Sev éyeL xavéva onueio cucohpeuone.

(3) Av A ={1,3,%,...}, t61€ 0 0 civor T0 povadixé onueto cucompeuong Tou A (xou dev
avixer oo A).

Opiopdg 4.4.3. Eoww A éva un kevé vroovrodo tov R ka1 éotw xg € A. Aéue o1 o
xo €lvar pepovwuévo onuelo tov A av dev eivar onueio ovoowpevons tou A, onkadn, av
undpyxel TepLoyT] Tov g 1 omola dev mepiéyel dAa onpela tou A extds and to xg (10odvraua,
av vrdpyer 6 > 0 dote AN (xg — d, 20 + ) = {z0}).

H enduevn mpdtaon bivel ypriowoug yopaxtnelopols Tou onueiov cucoWEEVaTS.

ITpbtaon 4.4.4. Eoww A éva un kevé vnoovrolo tov R kai éotw xg € R. Ta e€ng efvar

1wodUvapa:
(i) To xg €lvar onueio ovoodpevons tov A.
(ii) Ta kdOe § > 0 vrdpyovr drepa to mArdog onueia tov A oo (xg — d,x0 + ).

e V4 /7 4 7 4 / z /7
(iii) Ymdpyer akodovdia (xy,) dagopetindy avd 6o, kKar OlaQopeTIKAY ané to xo, oNHelwy
tou A, n omola ovykAiver oto xg.

Anddaén. (i)=(ii) Eow § > 0. Aol 10 xg eivon onueio ocucopevone tou A, oto
(xo — 9,20 + 6) punopolye va Bpolue onueio Tou A dtagopetid and to xg. Ac unodécouue
oTL auTd Tor onpeto ebvan TeETepacuéva To TARVOC, TA Y1, - - ., Ym. Kdmolo amd autd, ag molue
10 Y; Yo xdmowov 1 < j < m, ebvar 0 TANCECTERO TpOG TO Xo. Oftouue &1 = |zo — y;l.
Téte, 61 > 0 (Bé1 y; # o) xou oty nepoyt (xg — 01,20 + 1) dev undpyer onueio Tou
A Bpopetixd and 10 xo (e&nyhote yiotl). Autd eivon dromo, BTl To zg elvon onueio

cucohpeuong Tou A.

(ii)=(iii) Ané v unddeon, oo (xg — 1,20 + 1) undpyouv dnepa o TARYoC ornueia Tou
A. Mnopolye howndv va Bpolue z1 € A ye x1 # xo xau |z — x| < 1.

Ouolwe, oo (zo — %,xo + %) umdpyouv dnelpa o TARdog onuela Tou A. Mropolue
Aowndv vo Bpolue T2 € A pe xg # X, 1 xou [T — o] < %

Yuveyiloupe ye tov Blo Tpdmo: €0Tw OTL €youue Bpel 1, T2, ..., Tp—1 € A SlaopeTind
avé 800 (xou BlapopeTind amd To ) GoTE |z — 0| < § Y xdde k=1,2,...,n—1. T7o
(zo — %, To + %) umdeyouv dretpa o TAYog onuela Tou A. Mnopolue Aowmdv va Bpolue
Ty € A PE Ty, # T0, X1, ..., Tn_1 XU [Ty — To| < %

H oxoloudio (2,,), mou oplleton ye autdv T0V TOTO0, GUYXAIVEL GTO Z( XoL EYEL ORPOUC
Tou avrxouv 6To A, eivon BlaopeTixol avd 800 xat SlopopeTixol and Tov Tg.
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(iii)=(i) Tro¥étouue oTL Undpyel axohovdia (2,) BLaPOPETXOY avd dU0 oNuelwy Tou A,
1 omoio cuyxhiver 6to zp. ‘Eotw § > 0. YTndpyet ng € N dote |z, — xo| < § yio xdde
n = ng. Aol ot bpot e (z5,) ebvar Srapopetixol avd 800, xdmotog and autole (Yo TNV
oxpifela, dmelpol to TARY0C) elvon SlopopeTinde and o xo o avixer 6to (g — 0, To + 0).
Agol 1o § > 0 Arav Tuy6V, T0 x( elvar onueio cucowpeuong Tou A. O

4.4.2 Oplopdg Tov oplov

Opiopde 4.4.5 (6p10 ouvdptnong). ‘Eotow f: A — R xou éotw x¢ éva onueio cuoo-
ceuone tou A. Aéue 6tL to dpro e f xodidg To = Telvel 6To X UTHEYEL xou LoOUTOL UE
e R av:

Mo xdde € > 0 undpyer 6 > 0 dote: av z € A xou 0 < |z — zg| < 0, T61
[f(x) —f] <e.

Av évac tétoog apiude £ undpyel, téte eivan povadixde (Seilte to) xau ypdpouue ¢ =
limy sz, f(z) ¥ f(z) = £ xadde z — xo.

Oplopodg 4.4.6. 'Eoto f: A —= R xo éotw xg éva onuelo cucompeuone tou A.

(o) Aépe 6tLn f teivel 010 +00 xadde T0 T — X0 AV

Mo xdde M > 0 undpyer § > 0 dote: av z € A xu 0 < |z — xg| < § 61
f(z) > M.

Ye auth v nepintwon, yedgoupe limg_, f(x) = +00.

(B) Aéue 6tun f telver 010 —00 ¥addC TO0 T — X AV:

I xdde M > 0 undpyer § > 0 dote: av o € A xou 0 < |x — x| < 0 t61
flz) < —M.

Ye auth v mepintoon, yedgoupe limy . f(x) = —o0.

IMapatrpnon 4.4.7. Ilopatneriote 6Tl unopolue vo eEetdcouue TV OTaEdn 1 U Tou
oplou ¢ f 1 A = R oe xde onuelo cucowpeuong xg Tou A. To x¢ unopel vo avixel 1 va
unv avixet oto A: apxel va utdpyouy x € A 0codHToTE X0VTd 610 . Emnlong, oxdua xu
av T0 T avixel oo medio oplopol e f, n T f(x) dev emnpedler Ty Umopdn ¥ un Tou

limy s, f(z) obte xou TV T ToL opiou (av aUTd LTdEYEL).

IMopadeiypoata 4.4.8. (o) lim,_3 2% = 9.

2, ovaz #0

. To lim, 0 f(z) undpyet xau eivon (oo
2, avzx=0

(B) Eot f:R — Ryue f(z) = {
pe 0, eved f(0) = 2.
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(v) Eoto f:(0,400) = R ye f(z) = 1. Tére, limg—o f(z) = +00. Av dewpfiooupe v
g:R\ {0} = R ue g(z) = 1, t61¢ 10 bp10 lim, 0 g() Bev undipyet.

=1

Mrnogeite vor anodeiZete Ghouc autolc Toug oy Uptolole Ye Bdon Tov oploud (doxnon).
Mrnogeite eniong vo YpnoWonooETE TNV oYY TS HETAPORAS, TNV onola Yo culnthcouue
TOEUXATL, WO TE VoL vy VelTe oTar avTio ToLy o Optar oXOROUTLY.

(8) Eotww f:[0,1] = R pe f(x) = 0 av z dppnroc f « = 0, xou f(z) = % av z =5 pe
p,q € N xoaw MKA(p, q) = 1. Térte, yio xdde zg € [0, 1] to bpto lim,_,, f(x) undpyer xou
tooUTon ye 0.

Ipdypott, éotw zo € [0,1] xou éotw € > 0. Oétoupe M = M(e) = [L] xou A(e) =
{y € 10,1] : y # zo v f(y) = €}. Av o y avixet oo A(e) t61€ elvan pntoc o omolog
YEUPETAL O TN HOpYY| Y = g omou p,g € N, p < gxou f(y) = % > . To mhfdog aut®y TV
aprduy etvon 10 ok (6o e to TARYog Ty Leuyaptdy (p, ¢) puowy aptdudy 6mov ¢ < M
xou p < q. Enopévac, dev Eenepvdel tov M (M +1)/2. Anhady, 1o A(e) eivan nenepoouévo
obvolo. Mnopolue howndv vo ypdpoupe A(e) = {y1,...,Ym} 6mou m = m(e) € N.

O apipdc 6 = min{|zg — y1l,. .., |xo — ym|} ebvar yvriowr Yetxdc. Eow x € [0,1]
pe 0 < |z — x| < 9. Tote, © ¢ A(e), dpo 0 < f(z) < e. Aol 10 € > 0 Aoy TuYdY,
ouunepatvoupe 6t limg_y ., f(z) = 0.

Opiopdeg 4.4.9 (mhevpwd dpta). Eotw f: A — R xo éotw xg onuelo ocuocodpeuong
ou A dote v xdde 6 > 0 vo undpyouy otowyeia tou A ot (z9 — 0, 20) (évar TéT00 T

Méyeton onueio cuoohpeuone tou A and aplotepd). Aéue bt

(i) lim, , - f(z) = £ € R (o £ eivon T0 mAeupind pto g f xodde To = Telvel
0

0T0 Ty Amb oploTERd) av: Yo xdve € > 0 undpyel 6 > 0 wote av x € A xou

xg—0 < x <z t01E | f(X) — | <€l

Tehelwe avdroya, €0Tw T onuelo cucowpeuone Tou A MoTe Yo xdde & > 0 vo undpyouv
ototyeio Tou A ot0 (20,20 + §) (éva TéTol0 T Méyetan onuelo cvochpeuone tou A and

0e€1d). Aéue ot

(ii) 111[11:6_)335r f(z) =L €R (o £ elvar t0 mheupxd bpo e f xodde To x telvet
0T0 T and 6e€id) av: yio xdde € > 0 undpyer 6 > 0 wote av x € A xou
xo <z <xp+ 06 ToT€E | f(T) — L] <€l

Aghvoupe we doxnon yior TOV ovory Vo TN Vo WOEL dUCTNEOUS 0pLoUoUE Yia Tar axdAouda
lim, f(z) = o0, lim, f(z) = —o0, lim, f(z) = 400 xou lim, o+ fz) =

—0Q.

A Tov 0ploUd TWV TAEURIXOVY 0plwy ETETOL SUECA 1) axdhouln TEOTAUOT.
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ITpbtaon 4.4.10. Fotw f: A — R a ovvdptnon kar éotw xo € R onueio ovoodpev-
ons tov A ané apiotepd ka1 and dekid. Tére to limg sy, f(x) vndpyer av ka1 pudvov av ta
oo mAevpikd dpa hmx—mg f(z) xa hmx%g f(z) vrdpyovr kar elvar ioa. O

Oplopodg 4.4.11. Eotww A éva un xevo unooctvoho tou R. Aéue dtL to +o0 elvon onuelo
cuaonpeuong Tou A av yio xdde M > 0 pmopolue vo Peolue € A dote x > M. Edxoha
eAEYyouUE 6Tl awT6 cuUBaiver av xau wévo av utdpyet axohoudia (z,) oto A pe x, — +o00.

Avtiotoya, Aue 6T To —o0 ebvan onueio cuoowpevong Tou A av vy xdde M > 0
unopolue va Bpovue & € A dote x < —M. EOxola eréyyouue 6Tt oautd cuyfalvel av xou
uévo av urndpyel oxohoudio (xy,) oto A ye x, — —o0.

Opiopog 4.4.12. Eotw f: A — R xou é0tw 6TL T0 +00 €lvor oNUEl0 GUGGHEEUCTC TOL
A.

(o) Aéue 6tL 10 Gplo e f xadde To & Telvel oTo 400 undpyel xou ool Ye £ € R av:
T xdde e > 0 undpyer M > 0 dote: av e € Axoawx > M, t6te | f(x) — 4] < €.

Av évag tétolog apiude £ undpyel, téte ebvan povadixde (Sellte to) xau ypdgouue £ =
lim, 100 f(2).

(B) Aéue ot n f teivel 0T0 400 xS TO T — 400 av:
Do xdde My > 0 undpyet Ma > 0 dote: av e € Axoux > My téte f(x) > M.

Ye authv Ty Tepintwon, ypdgouye limy, 4 f(x) = +o0.

(v) Aépe 6T n f telver 610 —00 xadidg 0 T — 400 av:

T xdde My > 0 undpyer My > 0 dote: av z € A xou & > My t6te f(z) <
—M;.

Ye authy TV Tepintwon, yedgpouye limy, sy f(x) = —o0.
Tehelog avdroya, av f : A — R xo av 1o —oo elvon onuelo cucchpeuone tou A,
umopolue va oplooupe xoepio and tic npotdoeic limy,— oo f(z) = £, lim, o f(z) = 400

xou limy o f(z) = —0c0.

4.4.3 Apyn TN RETAPOPAS YLXL TO OpLO

‘Eotww f: A — Rxuéotw zg € R éva onuelo cusonpeuone tou A. H apxr) tng petagpopds
olver évav yopoxtnelopd tng Umapdng tou oplou tne f xodoe to x telvel oTo o YEow
oXOAOUILODVY.

Ochpnua 4.4.13 (apy)| e yetagopds yia 1o 6po). Eotw f: A — R ka1 éotw xg éva
onueio ovoodpevons tov A. Tére, limg_yq, f(z) = € av ka1 pévo av: ya kdle axorovdia
() onueiwr tou A e x, # v ka1 x, — xg, n akodovdia (f(xy)) ovykiiver oo L.
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Arnddaén. YTrodétoupe mpdta Ot limy sy, f(x) = £ Eotw x, € A pe x, # x0 xou
Ty — To. Ou dellouye 6L f(x,) — £ Eotww e > 0. Agol lim,_,,, f(x) = £, undpyel
d>0dote: avae € Axu 0 < |z—x| <J, tote |f(x) — ¢ <e.

‘Eyovpe vnotéoel 6tL x,, # xo X Ty, — xo. Apa, YU autd 10 § > 0 pnopolue va Bpolue
no € N dote: av n > ng té1e 0 < |z, — 20| < 0.

Yuvdudlovtag To Topomdve Exoupe: av n = ng, T6te 0 < |z, — xo| < dpa
|f(xn) - £| <E.

Aol 1o € > 0 fray Tuyoy, f(a,) — L.

[o v avtiotpogn xateduvor Yo Soulédouye ue anaywyr| o dtono. Tnovétoupe Ot
yioe x&e axohovdia (x,) onueiwv tov A e z, # xo xou Ty, — To, N oxohoudio (f(xy))
ouyxhivel 610 £. Trodétouye enione ot dev oyler 1 limg_y 4, f(x) = £ xou Yo xorohAEouvue
o€ dToto.

Aol Sev woyler 1 limg_y,, f(2) = £, undpyet xdmow € > 0 ye v e&hc WidTnTo:

(x) T xdde 6 > 0 undpyer © € A to onolo wavornoel ty 0 < |z — x| <
NG | f(x) — €| > e.

Xpnowonototue TNy (x) dedoywd pe § = 1,4,..., 2 ..

Mo xdde n € N éyoupue
1/n > 0 xo and v () Beloxovpe z, € A pe 0 < |z, — zo] < 1/n % |f(zy) — 4] > €.
‘Eyouue z, # o xau and 10 xpithplo mopeuBohic eivon qovepd 6Tl x, — . And TNV
undteon mou xdvope meénel 1 axohoudia (f(x,)) vo ocuyxhivel oto L. Autd duwc ebvan

aduvoto ol | f(ay,) —¢| = € yio xdde n € N. O

IMopatnerioeig 4.4.14. (o) H apyd e petagopdc urnopel va yenowonomdel pe d0o
OLAPOPETIXOUE TPOTOUC.

(1) v va detloupe 6Tt limysy, f(z) = £ apxel va delloupe 6Tl «xy # To XU T, —
xo = f(xn) = O».

(ii) vy vo det€oupe 6L dev oyder N limg g, f(x) = € apxel va Ppolue wa axohouvdia
Ty — xo (070 A), UE Ty F# T0, WoTe limy, f(xy) # L. Mohh cuyvd, e€acpoiloupe
%4t 1oy LEoTERD, OTL BeV UTtdpyet To lim, ., f(x), Beloxovtac 800 axoloudiec z), —
xo %o yp, — o (010 A), YE Tp, Yn F# X0, GoTe limy, f(xy,) # lim, f(yn). Av unhpye
0 limy 4, f(2), Yo émpene o 00 bpta vau ebvon petalll Toug (oo

(B) Mnopolue va dtundooupe xon vor amodelfouue avtioTolyes Loppéc e apyhc Tne
HETOPORAS Yial TOUC UTOAOLTOUC TUTOUS 0piwV 1} TAELEXGY 0pltwV ToU GULNTHCUE.

To Yedprnuo tou oxohovdet divel Tn oyéon Tou oplou ue Tig cuvAdelg ahyeBpéc Tpdlelg
aviueoo o cuvapthoelg. H amddellr) Tou elvan dueot), av YeNOoWOTOACOUUE TNV 0eY T TNG
UETOPORAS GE GUVOLAOUO UE TIC AVTIGTOLYES WLOTNTES Ylal Ta Lol AXOAOUTLOV.
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Ocpnua 4.4.15. Eotw f,g: A — R ka1 éotw xog onpeio ovoodpevons tov A. Yro-
Oéroupe onr vndpyouvr ta limg_sz, f(x) = £ ka1 limg_,,, g(x) = m. Tdre,

(1) limg sz (f(z) + g(x)) =+ m ka1 limgy_yq, (f(z)g(z)) = £ - m.

(il) Av emmAéor g(z) # 0 ya kdle x € A ka1 limg_yq, g(z) = m # 0, téte n g opiletar

oto A karlimg_,, % = %.

Andoadn. H anddeiln OAwv TV IoYURIoUOY, UE amAf ¥eHon TG apyNS TG UETUPORAS,
QAUPTIVETOL (OC AOXNCT] YLA TOV OVOLY VWG TT). 0
ITpbtaom 4.4.16. Eoww A éva un kevé vnoouvvodro tou R, éotw xo € R onueio ovoow-
pevans tou A kar f : X — R. Trolérouue én o dpio limy_z, f(x) vndpyer kar eivar ivo
pel. Eoww g: B — R e f(A) C B kil € B. Av n g eivar ovvexris oo ¢, téte to dpio
limg 4, (g0 f)(z) vrdpyer ka1 wodtar ue g(¥f).

Anddeén. 'Eotww (x,) oxoloudio onuelwv tou A ye x, # xo xu z, — xo. A@ol
limy, s, f(z) = €, n apyf e petapopds Belyver 6t f(x,) — L. Agol n g eivar cuve-
Yfc oto £ € B, yio xdde axohoudia (y,) onueiov tov B ue y, — £ éxovue g(yn) — g(£).

‘Opwe, f(xn) € B xo f(x,) — €. Yuvende,

9(f(xn)) — g(£).

T x&de oxohoudio (xy,) onueiwy Tou A pe z, # T xou T, — T Oeilope 6T

(90 f)(@n) = g(f(zn)) = g(0).

Ané v apyn tne eTagopdc, ouunepaivoupe 6Tt limy ., (g o f)(z) = g(£). O

4.4.4 Avo Baocuxd mapadeiypoto

ITpotaom 4.4.17 (Baowxd 6plo).

. sinxzx
lim =1.
z—0 X

Arnddatn. H ouvdptnon z — 2L ey gt 010 R\ {0}. Apxel howmdy va Bel€ouye
(e€nyhote ytl) 6T

. sinw

lim =1
z—0t X

jus

Ané tnv Hpétaon 4.1.15 éyoupe sinz < z < tanz ovo (0,%). Suvenoc,

sinz
cosy < — <1
T

s

oo (0,%). Agol n cos ebvan ouveytic, éyouue xli%h cosz = cos0 = 1. And 1o xpitiiplo

TapeUBolrc énetan To {ntoluevo. O
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IMpétaoy 4.4.18. Ta dpwe lim sin 1 xar lim cos 1 Sev vndpyour.
z—0 z z—0 z

Andéoedn. Ano v apy| Tng ueTapopdc, apxel va Beolue 800 axohovdieg x, — 0, v, — 0

(e Zp,yn # 0) OoTE limsinﬁ # limsin y% Oewpolye T oxohovdiec T, = = xou

Yn = ﬁ (n € N). Edxoho ehéyyouvpe 6t limy, z, = 0 = lim,, yp,. ‘O,
2

1

sin — =sin(mn) =0 — 0
xn
e
1 . s
sin — = sin (27m+ 7) =1—-1.

Yn 2

Teheloe avdhoya, yropeite va dellete 6TL TO 6pLO hH(l) cos% OEV UTGEYEL. O
Tr—r

4.4.5 Xyéom oplou xou CLVEYELXG

Ye authv TNV Tapdypago Yo GUVBECOLUE TNV EVVOLX TOU 0plou UE TNV EVVOoLd TNG CUVEYELIS.
[MopatneoTe 611 1 cuvéyela eréyyeton oe xdde onueio Tou Tedlou OpIGHOL ULag CUVEETNOTC,
€yel Mooy vonuo vo EEETACOUUE TEMTA TN CUVEYELN GTO HELOVWUEVR onueio Tou Tediou
oplopol. ‘Omwe delyvel n enduevn npdtaot, xde ocuvdptnon elvar cuveyng oe dha auTd ToL
onuela.

ITpotaomn 4.4.19. Eotww f: A = R ka1 éotw xg éva pepovouévo onueio tov A. Tore,

n f elvar ouvvexns oto xp.

Anddaén. Agol 1o xg elvon pepovwuévo ornueio tou A, undpyet 6 > 0 dote AN (g —
0,20+ 06) = {xo}. Anhadh, av x € A x|z — x| < 0, 61 = = 2. Ou deifoupe dTL «auTh
70 & BoUAEVEL YLl OAL TOL €.

‘Eotw e >0. Avz € A x|z — 29| < 0, 16TE T = X, XU GUVETHC,

|f(x) — f(wo)| = | f(w0) — f(wo)| =0 <&,

Befuape § > 0 dote yio xde z € A pe |z — xg| < § vowoyler |f(x) — f(xo)] < e. Me
Bdon Tov opioud Tng cuvéyelag, 1 f elval cuveyric oTo . O

Av 10 29 € A elvan xou onuelo cuaohpevong tou A, tdTE 1 oyéomn oplou xaL CUVEYELS

olvetan amd TNV EMOUEVT TEOTACT).

ITpbtaon 4.4.20. Eoww f: A = R ka1 éotw xg € A onueio ovoowpevong tov A. Torte,

n f elvai ouvvexris oto xp av ka1 uévo av limy ., f(x) = f(zo).

Andoeén. Trnodétouue mpwta 6Tl 1 f ebvan cuveyhic oto xp. 'Eotw ¢ > 0. Trdpye 6 > 0
vote: av z € A xou |x — xo| < 9, t6te |f(z) — f(20)] < . Eldixdtepa, av x € A xou
0 < |z —xo| <9, éxouvpe |f(x) — f(zo)] < e. Apa, limy—ys, f(z) = f(0).
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Avtiotpoga, ag unodécouye 6t limy e, f(x) = f(20). Eotww e > 0. Trdpyet 6 > 0
vote: ava € Axon 0 < |z—xo| < 9, téte | f(x)— f(x0)| < e. MopatneRote b1, yiox = o,
gyoule oltwe 1 SAwe |f(x) — f(zo)| = 0 < e. Apa, yio xde = € A pe |x — x| < 0,
eyouue |f(z) — f(xo)] < e. Eneton 6t n f ebvon ouveyhic oto . O

IMopatAenon 4.4.21 (eidn aovvéyelag). Ag egetdoouue o TEOCEXTIXG TL oNualvel T
gedon: «n f Oev elvar cuveyng OTO To», OTMOL T elvon onueio 6To TEdlo oplOUOU TNG
f+A—= R Avayxactixd, 1o zg do elvow onuelo cucoweevong tou A xau vnodétouue
6T elvon onpeio ovoompeuonc Tou A 1660 and aploTepd 6oo xat and delid (SiepeuvioTe TL
umopel va cupBel otic undhotnee TeptnToE). Trdpyouy Tpio evdeydueva:

(i) Tomhevpird opla tne f xodde & — 2 UTEEYOUY Xou hmx—mg flz)=1= hmx—mé{ f(x),
opwe N T e f oto xg dev elvon o £ dnhadn, f(zo) # L. Tote Mpe ot oo X
nopovotdletar dpotn aouvéyela (V) «emouotddney acuvéyewn). H f ouunepupépetan
dptoTa YOpw amd To g, AhAA 1) T TNG OTO T Evor «AVUIUCUEVT)».

(i) Ta mievewd pla tne f xodidg & — xg UTdEYoUV 0ANG elvor SlapopeTixd:

lim f(z) # lim+ f(z).

I‘)ﬁo x%xo

Téte Mye 6T 610 9 Tapouctdleton «oouvéyeta o eldoucy () dhpa). H Swpopd
hmx—>x0+ f(z) — hmx_mg f(z) etvon to «dhpoay tne f oTo xo.

(i) To limg_ys, f(z) Bev undpyel (Yo mopdderypa, xdmolo and to mhevpxd dpta e f
xoadoe x — o Oev undpyet). Tote, Mue 61 oto xp mapovotdleton acuvéyela
eldouc (1 «ouoLHONG ACUVEYELRY.)

IMTopathApnon 4.4.22 (acuvéyelec Lovotovey ouvaptioewy). Eotw I éva didotnuo xou
¢otw f: 1 — R po povéotovn ocuvdptnon. Tote ta mheupd dpta Tne f undpyouy oe xdie
xo € 1. Yuvenoe, av 1 f elvon acuveyfic o€ xdmoto xg € I, 6t Yo nopouotdletl dhua 6To

Z(-

Anédeién. Tnodétouue 6Tl 1 f elvon ad&ouoa xou 6Tl g elvon Eva ecwTtepd onueio Tou I.
Opiloupe
A (o) ={f(z) :z €I, x <xp}.

To A~ (xg) elvon un %xevé xou dve @poryuévo amd to f(xg). Xuvende, opileton o £~ =
sup A™(zo). Amd tov opoud tou supremum éyovue £ < f(zg). Ou deifoupe Ot
limx_mg flz)=1¢".

‘Eotw e > 0. Agol o £7 —e dev elvon dved ppdrypa Tou ouvéhouv A~ (), utdpyer © < xg
oto I pe f(x) > 0~ —e. ©étoupe 0 = xg — x. Tote, vy xdde y € (xg — 0, z0) Eyouue
y €I (86t o I eivan didoTnua) xou

—e< floo—0) < fly) <L <L +e,
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oot n f elvan av€ovoa. Anhadh, av y € (zg — d,xp), toTE

[fly) = 7] <e.

Autod amodewviel 6t lim, ., — f(xz) = €7 < f(xo), xou ue tov Blo tpdmO Belyvoupe OTL
0
UTdpyEL TO limx%zg f(x) =07 > f(z0), 6mov

" =inf ({f(z) €I, x> x0}).

Av to 800 mheupixd bptar Sapépouy, TOTE Exoupe aoLvEyeta of eidoug (dhua), Eve av eivat

loa, tote f(20) = limxﬁ%_ f(z) = limxﬁwa- f(z), onbte n f elvan cuveyhc oToO Zo.

4.5 Xuvéyeia avilioTEOPNg CUVARTNONS

‘Eotw I évadidotnua oto R. Eexivdye and tnyv nopatipnon 6t o 1-1 cuvdpetnon f : I — R
dev elvon unoypewTiXd povdtovn. Idpte yio tapdderypa Ty f 1 (0,2) — R mou optletan and
4—z, O<x<l1
my f(x) = 2, r=1 . H f elvon 1-1, dpoc etvar @divouoa oto (0,1) xau
rz—1, 1<z <2
abZovoa oo (1,2).
To Yewpnua mou axohovlel delyvel 6TL av po ourexns cuvdptnon f : 1 — R elvan éva

Tpog éva, TOTE ebvar YVnolwg povotovn.

Ocwenua 4.5.1. FEoww f: I — R oweynis ka1 1-1 ovvdptnon. Tére, n f eivar yrnoing

avéovoa 1) yvnoiws edivovoa oto 1.

Andoen. Oo xdvouue TNy anddelln oe telo Brjuota.

Brua 1. Av a,b,c € I ye a < b < ¢, t6te: 1 f(a) < f(b) < f(c)  f(a) > f(b) > f(c).
Amndde&n. Agol n f etvan 1-1, ov f(a), f(b) xou f(c) etvou Swapopetixol avd dvo. Mropolue
var utodéooupe 6t f(a) < f(b) (dhde, Yewpolye v —f). Ou deiloupe 6Tt f(a) <
f(b) < f(c), amoxhelovtag Tic nepintioeic f(c) < f(a) xu f(a) < f(c) < f(b).

(i) Av f(c) < f(a) < f(b) t61€ and 10 Yedpnuo evdiducong Twhc undpyet = € (b, c) ue
f(z) = f(a), To onolo eivon dromo, agol a < x xaw 1 f eivou 1-1.

(i) Av f(a) < f(c) < f(b) té1e and o Vedpnuo evdidueons T undpyet y € (a,b) ue
f(y) = f(e), To onolo eivan eniong dromo, agol y < ¢ xou 1 f etvon 1-1.

Brua 2. Av a,b,e,d € T pea < b < c <d, tote: § fla) < f(b) < f(c) < f(d) 7
fla) > f(b) > f(c) > f(d).
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Anddeitn. Mmopolue va unodécoupe 6t f(a) < f(b). Egapudlovtac to Brpo 1 yio tnv
TpUd a, b, ¢ PAémouvpe 6t f(a) < f(b) < f(c). Egapudlovroac Eovd to Bruo 1 yior v
Tpudda b, ¢, d BAénovye otL f(b) < f(e) < f(d). Anhady,

fla) < f(b) < f(e) < f(d).

Eexwvavtog and v unéeon ot f(a) > f(b), delyvouyue pe tov Blo tpdmo 6Tt
fla) > f(b) > f(c) > f(d).

Bijua 3. Etodeponotolue 800 onuela a < b oto I. Mnopolue vo unodécouye ot f(a) <
f(b). Oa deiloupe 6t 1 f elvon ywnolwe adouoa, deiyvovtog 6Tt av x,y € I xou z < ¥,
tote f(z) < f(y).

Avz=axuy=0>, téte f(z) = f(a) < f(b) = f(y). AN\de, avdhoyo pe tn Sidtodn
WY T,y oTNY TETEEdY a, b, x,y, to BAua 2 (f 1o BAua 1 av z = a f y = b) deiyver 6T n
(Bt Bidran Vo toyler v g ewxdves f(x), f(y) oy tetpdda f(a), f(b), f(x), f(y). T
mopddetyua, av & < a < b <y tote f(x) < f(a) < f(b) < f(y), dpa f(x) < f(y). Av
a<wz=b<yxbre fa) < f(z) = f(b) < fly), dpa f(z) < f(y)- o

Aev givor d0oxolo v teptypdiper xavels Ty edva f(1) plog ouveyoic xou 1-1 cuvdptn-
onc f : I — R. Ac unodéooupe yio napdderypa 6t to I elvon éva xhelo 16 Sidotnua [a, b] xou
ot f ebvan yvnolwe adZouoa (and to Ochdpnua 4.5.1 1 f elvon yvnolwe povéotovn). Torte,
N exéva e f ebvon 1o xhewotéd ddotnua [f(a), f(b)]. Av to I eivon Sidotnua avoixtd oe
xdmoto Y xat ot 500 amd Tar dxpa ToL (1 BLdo TN PE dxpo xdmoto and To £00), TOTE, HTKC
eldape, n exdva f(I) e f elvon xdmoto ddotnua. Opiloupe v avtiotpogn cuvdptnon
7L f(I) = I ocelhc avy € f(I), undpyet povadind = € I Gote f(x) = y. Oétouye
f~Hy) = z. Anhodn,

Ty == fl2) =y
Hopatnehote 6T £ éyer v (Bl povotovio pe Ty f. T mopdderypa, oc utodécoupe ot
n f ebvon yvnotwe avZouca. Eotw y1,y2 € f(I) ye y1 < ya. Av frav f~Hy1) = f1(y2),
Tote Vo elyope

FUHw) = F(f 7 (e), Smpodh g1 = go.

Auté ebvau dromo, dea fHy1) < 1 (y2).
Oa del€oupe 6Tl 1 avtioTpoyn cuveyole xat 1-1 cuvdptnong elvon eniong cuveyrc.

Oevpnpa 4.5.2. Eotw f : I — R ouveyris ka1 1-1 ouvdptnon. Téve, n f~1: f(I) - R
elval ouvexrg.

Arnddetn. Mmopolue vo urnodécouye 6t ) f elvon yvnolog adZovoa. Eotw yo € f(I).
Trodétoupe 6Tt 10 Yo Oev elvan dxpo tou f(I) (o dhheq MEQITTWOELS EAEYYOVTOL GUOLAL).
Téte, yo = f(xo) yio xdmoo eowtepind ornueio tou I.
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‘Eotw € > 0. Mnopolye vo unodécoupe 6t g — €, 20 + € € I (00twg 1 MBS, Yio va
ehéy&ouye TN cuVEYELd Lag eVBLapEpoLY Ta uxpd € > 0). O€houpe va Bpoldue § > 0 hote

ly =0l <& xou y € f(I) = [ (y) — ol <e.

Tty emhoyn tou 0 Sovkevouue o e€fc: ool f(xg —e) < yo = f(zo) < f(zo + €),
undpyouv 01,02 > 0 wote f(xg —e) = yo — I xou f(zo +€) = yo + 2. Emdéyouue
6= min{51,52} > 0.

Av ly —yo| <9, t61€ f(zo0 —€) <y < f(zo+¢). And 10 edpnua evdidueons tunig,
undpyel x € I dote f(z) =y. To x elvon povadixd yiotl n f ebvon 1-1, xou

ro—e<x<x9+E€

vl n f71 ebvon yvnotoc atgovoa. Apa, [F71(y) — FH(yo)| = |z — 0| < . Anhad¥, 7
1 ebvon ouveyhc o0 Yo. O

4.5.1 Aoyapuduixr cuvdeinon

‘Eotw a € (0,+00), a # 1. Eyouue opioer tnv exdetinfy ouvdptnon fo : R — (0,400)
ve fo(z) = a® xou dei€ape 6t ebvon yvnoing adfouoo av a > 1 xa yvnolwe gdivovoo av
0<a<l

Hopotnerote 6t 1 fq eivon ent tou (0,400). Ag Bolue yio mapddetyua TV TEpinTwoN
a > 1: éotw y > 0. Dvwpellovue 611 1 axoloudia a™ — 400 xau 1 oxohovdia a™" — 0.
Yuvernoe, undpyel ng € N wote

a " <y <a.

H f, ebvar ouveyric, ondte, epopudlovtag to Yedpnuo eviidueons Twhc oto [—ng, nol Bel-
oxoupe x € (—ng,ng) Bote fo(r) =a® =y.

Opileton howmdv 1 avtictpown cuvdptnon fi ! : (0,400) — R xo 10 Oehprua 4.5.2
debyvel 6t n £ L ebvon ouveyfc. Oa ouyPorilovpe Ty £ ! ue log, (Aoyapiduxri cuvdptnon
ue Bdon a).

Evteldc avdhoya anodexvietoan 6t av 0 < a < 1 t61€ 1 fo ebvou ent tou (0, +00).
Oplleton hotmdv xan wék 1) log, = f, 1 070 (0, +00).

YupBohiouds. LugewvoUue va Yed@ouue exp Yot TV fe (tnv exdetinf ouvdptnon pe Bdon
Tov €) xou In yio v log, (tnv hoyoprduxr cuvdptnon ue Bdon tov e). Hopatnerote ot

v xdde a > 0,

(i) a® = exp(xloga) = e*lo8a,

(ii) log,(z) = ML oy a # 1.

T Ina?
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Xenoworowbvtog v Boaoixd Wibtnra a* Y = a®a? e exdetinfic cuvdpTnone, eréyEte otu:
ava# 1 xux,y >0, t6t€

log, (zy) = log,(x) + log,(y).

H povotovia xou 1 ouuneptpopd 1wy cuvapTthoewy = — a” xou  — log, () ota «dxpay Tou
Tedlou OpIOUOY TOUC TEPLYPAPOVTOL amtd TNV ENOUEVN TpdTaoT (1 anddeldn tne elvar o amhr
doxnon).

ITpotaom 4.5.3 (Lovotovia xou cUUTERLPOEE GTa dxpa).
(i) Av 0 < a <1, tdte na® eivar yvnoiws divovoa ka

lim a® = +o00 Kai lim a® = 0.
T——00 T—r—400

(ii) Av a > 1, tdte n a® elvar yvnoiws avéovoa kai

lim a®* =0 Kai lim a® = +o0.
T—>—00 T—+400

(i) Av 0 <a <1, téte nlog,(z) elvar yvnoiws divovoa ka

xlir& log,(z) = +00 Kal IETOO log,(z) = —o0.

(iv) Ava > 1, téte nlog,(z) elvar yrnoiws abéovoa kai

xlﬂéh log,(xz) = —o0 Kai a:ll}—iI—loo log,(x) = +o0.

4.6 Opolopopyr CUVEYELL

ITpwv BcdcoUPE TOV OPIGUO TNG OUOLOUOPYPNC GUVEYELNS, Vo EEETACOVUE TO TEOGEXTIXE BLO
OTAGL TORABELYUATOL GUVEY Y GUVIRTHOEMV.

(o) Bewpolye ) ouvdptnon f(z) = x, x € R. I'vopilloupe 6t 1 f elvan ouveyric oo
R, xdt mou ebxoha emPBeBatdVOUUE AUGTNEA YENOWOTOLOVTIS TOV OPIOUO TNG CUVEYELNS:

‘Eotw 29 € R ot éotw € > 0. Zntdue 6 > 0 dote
|z — x| <6 = |f(x) — fzo)| <&, Ohadh |z —x0| <e.

H emoyy| tou d eivon mpogavic: apxel vo ndpouue § = . Toapatnerote dtL 10 6 mou Berixaue
eCopTdrTan H6vo amd To € mou BOUNXE XA Oyt amd To cuYXEXELEVO onueio xg. H cuvdptnon
f uetafBdiieton pe tov «idlo puludy o ohdxAneo To medlo oplopol g av x,y € R xou
|z =yl <e, tote |f(x) = fy)] <e.
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(B) Oewpolpe téhpa ) cuvdptnon g(z) = 2%, z € R. Ebvor méh yvwoté 6t 1 g ebvou
ouveyfic oto R (ool g = f - f). Av dehfoouue va 1o emBefouddcoupe ye tov ephoviind
optopo, Yewpolue o € R xow € > 0, xou {ntdpe § > 0 ye v wdTNTAL

|z — x| <0 = |2? —a}| < e.

‘Evog tpémog yio vor emAéEouue xatdhhnho d ebvar 0 e€Xg. Luppwvolue and Ty apyn Ot
Yo mdpouue 0 < d < 1, ondte

0% —aj| = | —wo| - |z + ol < (2] + |zo]) - | — o

< (2lzol + 1)|z — wo]-

Av howndv emié€ouye
0 = min {1, 5} ,
2|xo| + 1

|z — 20| <6 = |22 — 23| < (2]zo| +1)0 < &.

t6te

"Apa, m g ebvan cuveyhc oto zg. lopatnerhote duwe 6Tt 0 § Tou emhéEope dev eEopTdan
HOVO a6 TO € TOUL pag 60UNXE, AR Xou amd TO ONUED Tg OTO OTOl0 EAEYYOUUE TNV CUVEYELL
¢ 9. H emhoyt| mou xdvaye delyvel 6L 6o mo yoxeid Beloxeton to z¢ and to 0, téco mo
Uxed meénel var emAEEOUNE TO J.

Oa unopovoe Béfonar var TEL XaVeElG 6Tt (BKG LTdEYEL XUAUTEPOS TEOTOS ETMAOYTC TOU 6,
axoua xou oveldpTnTog and 1o onueio xg. Ag umodéocouue 6TL undpyel & > 0 “oTe: av
z,y € Rxou |y — a| < § 16t [y? — 22| < e. Agod yia xdde € R éyouye |z + % —z| =
g < 0, mpeémel, yio xde x € R va woydel 1

5 2
<$+2> — 2% <e.

Ewwotepa, v xdde > 0 npénet va oy lel 1)
52 0\
5:c<5x+zz <:1:+2> —r? <e

‘Ouwe t6te, Yo xde x > 0 Yo elyopue

<€
r < .
0

Auté etvan dromo: to R Yo oy dve @poryuévo.

To mopadelypoto Tou douue detyvouy plar «TapdhetPry HoC GTOV 0PIOUS TNG CUVEYELOC.
‘Evoc mo mpooextixde oploudc Yo ftay o e€hc:
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H f:A— Relva ouveyhc oto 29 € A av yio xdde € > 0 vndpyet (e, zg) > 0
vote: av x € A xou |z — x| < 0, 6t |f(2) — f20)| < €.

O oupPolopde 0(g, zg) Vo €deryve dTL T0 0 e€oipTdTon TG0 amd TO € G0 Xt ond TO oNUElo
xo. Ot ouvaptioec (6nwe N f(x) = &) Tou Pac ETTEETOUY VoL ETAEYOUPE TO 0 aveldpTnTo
and 10 xg AEYOVTOL OUOIGUOPPA TUVEXELS:

Oplowdg 4.6.1. 'Eotw f : A — R wa cuvdptnon. Aéue 6t n f elvon opoiduoppa ovvexns
oto A av yio xdde € > 0 urnopolye vo Ppolue 6 = d(e) > 0 dote

av z,y€A xu |z—y|l<d tote|f(z) - fly)] <e.

IMapadeiypota

() H f(z) = x elvon opoldyopga cuveyrc oto R.

(B) H g(z) = 2% dev elvor opotbpoppe cuveyfc oo R.

(Y) Oewpolpe ) ouvdptnon g(z) = 22 tou (B), TEpLOPLOUEV GPWC GTO XAELGTO BLUCTIUY
[—M, M], érou M > 0. Téte, yo xdde x,y € [—M, M] éyouue

l9(y) — g(@)| = |y* — 2| =|w+yl |y — 2| <2M - |y — .
Aivetan € > 0. Av emré€oupe 0(e) = 557 ToTE Yo xdde @,y € [M, M] pe |z —y| < 6
€youpe

9(y) —g(x)| <2M - |y — | <2Mé =e.

Anhodn, n g ebvan opotduoppo cuveyhc oto [—M, M].
To napdderypa (Y) odnyel otov e€¥c oplopd.
Oplopodg 4.6.2. Fotww f: A — R po ouvdptnon. Aéue ot n f elvon Lipschitz ovvexnis
av umdpyet M > 0 wote: v xdde z,y € A

() = F(y)l < Mz —y].
IMpbtaon 4.6.3. KdUe Lipschitz ouvexns ourdptnon eivai opoidjopgpa ouvexns.

Anééeén. 'Eotww f: A—Rxouw M >0

0 doe |f(2) — f(y)] < Mz — y| yioxde a,y € A.
Av pag ddoovy € > 0, emhéyouue 6 = 1.

7

Téte, yio xde x,y € A pe |z —y| < § éyovpe
lf(x) = fy)| < M|z —y| < Mé =e.

‘Eneton 611 1 f elvon opotdgoppa cuveyrc ato A. O

Ané ) oulrtnon Tou teonyinxE Tou OpLOUOY TNE OUOLOUOEPNG CUVEYELNS, Eival AoYIXd
VoL TEQLUEVOUUE OTL OL OUOLOUOPPA CUVEYELC cUVOETATELS elvor cuveyelc. Autd amodexvieTal
HE oA} cUYXELoTN TV BUO OpIoUMY:
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IMegbtaon 4.6.4. Av n f: A —= R eivar opoiduoppa ovvexns, tote eivar ovvexns.

Andoaén. Ipdypati: é0tw o € A xaw € > 0. Ao Tov 0ploUd TNE OUOLOUORYNS CUVEYELIS,
undpyet § > 0 dote av 2,y € A xou |z —y| < 6 tote |f(z) — f(y)| < e.

Enéyoupe autéd 10 §. Av z € A x|z — xo| < 6, t6te |f(x) — f(xo)| < € (ndpte
y = x0). AgoL 0 € > 0 Aray Tuydy, 1 f elvor cuveyhic oo . O

4.6.1 XoapaxTNEloKOs TNG OOLOLORYPYG CUVEYELAG UECK AXOAOLTLLYV

Ouundeite Tov yapaxtnelopd e cuvéyelag péow oxohovthov: av f 1 A = R, t6te 0 f
elvan cuveyfic 610 T9 € A av xou u6évo av yia xdde axohovdia (xy,) Ue x, € A xo z, — o,

woyler f(xn) = f(zo).
O avtioToyog yoeaxTNELOUOS TNC OHOLOUORPNE CUVEYELNS EYEL kS EENG:

Ocdpnua 4.6.5. Eotw f: A — R ua ovvdptnon. H f elvar opodpoppa ovvexns oo
A av ka1 uovo av yua kdle Levydpr akodovbiov (y,), (yn) 0t0 A e xp — yn — 0 1006l

f(@n) = f(yn) = 0.

Amnddeén. Trnodétoupe mpwta 6T 1 f elvon opoldpoppa cuveyhc oto A. 'Ectw (x4,), (yn)
800 oxohoudiec oto A ye xy — Y, — 0. Oa deilouvye 6Tt f(zy) — f(yn) — 0:
‘Ecotw € > 0. And tov oployd Tng ogolopopgns cLVEYELas, utdpyet 6 > 0 KhoTe

avz,y € Axa |z —y| <d ot |f(x)— fy)| <e.

Aol xy, — 1y, — 0, undpyet np(d) € N dote: av n > ng T6T€ |2, — Y| < d. Eotw n > ny.
Tote, |xn — yn| < d xou Ty, yn € A, ondte

|f(zn) — flyn)| <e.

Agol 1o £ > 0 Aty tuydy, cuunepaivoupe 6t f(x,) — f(yn) — 0.
Avtiotpoga: ag unotdécouue 6T

AV Ty Yn € A xot Ty —ynp, — 0 618 f(20) — f(Yn) — 0.

Oa deilouue oTL 1 f elvon opolduoppa cuveync oto A. ‘Eotw ot dev ebvar. Tote, undpyel
e > 0 ye v e&rc oA

[ xéde 6 > 0 undpyouy x5, ys € A e x5 —ys| < 0 A& | f(xs) — f(ys)| = €.

1 1

Emiéyovtog dwodoyixd 6 =1, 5,...,

s+ -+, Pploxoupe Cevydpla 2y, yn € A GoTe

1 7
[T — yn| < n & [ f(zn) = flyn)| = €.
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Ocwpolpe Ti¢ axohoudies (xy,), (Yn). Ao THY XATAGKEUT EYOVUE Ty — Yy — 0, 0AAG oo TV
|f(zn) = f(yn)| = € yia xdde n € N BAénoupe 6Tt dev unopel v toyler 1 f(an) — f(yn) — 0
(e&nyhote yatl). Autéd elvan dromo, dpo 1 f elvon opotduoppa cuveyhc oto A. O

IMapadeliypota
() Oewpotye T cuvdptnon f(z) = L 670 (0,1]. H f eivor cuveyhc ahrd dev eivor opotd-

X
noppa ouveyfc. T var to Sovye, apxel va Bpolue dYo axoloudies (xy,), (yn) oto (0,1] Tou
VoL LXAVOTIOOUY TV Ty, — Y, — 0 0AAS VoL unv txavomololy Ty xi — yi — 0.
HMaipvouye p, = % XOL Yy = % Toéte, xp, yn € (0,1] xou

oG

f(xn)_f(yn):E—yfn:n—?rl:—n—)—oo.
(B) Oewpotye T ouvdptnon g(z) = 22 oto R. Opilouue 7, = n+ L xu y, = n. Tére,

1
xn—yn:g—ﬂ)

aAAG

1)\?2 1
9(zn) — 9(yn) = (n+n> —n2:2+ﬁ—>2750.

Apa, 1 g dev elvan opolouopgpa cuveyrc oto R.

(v) OpiCoupe f(z) = cos(z?), z € R. H f elvon ouveyhc oto R xau |f(z)] < 1y xdde
x € R, Anhady), n f evon emmiéov gpaypévn. ‘Oune 1 f Sev elvon opolouoppo cUVEYHC:
yioe var To eite, Yewpnote Tic oxohoutdieg

Tn=+(n+ D1 xu y,=+nm.

Tote,

R - (n+ )7 —nm _ T
e Y = =l e -y =i

aAAG
|f(zn) — f(yn)| = | cos((n+ 1)7) — cos(nm)| = 2

v xde n € N. And 1o Ochpnua 4.6.5 éncton 1o cuumépacya. Y ndoyouy Aowndy peayuéveg
ouveyelc GUVAPTAGELS TOL BeV Elval OUOLOULOEYO CUVEYELS (oYEDIAOTE TN YEUPIXY| TaUEEoTAO
e cos(x?) yia va defte To Moyo: yio peydda z, i f aveBoiver and Ty Twh —1 oty Ty 1
xou xatePalvel amd Ty T 1 oty Twr —1 6ho xou mo yeryopd - 0 pududg UeTABoANE TG
yiveton TOAD peydrog).
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4.6.2 Xvuveyelc oLVOETAOELE OE XAELCOTA BLAC THAAT

Edope 6t 1 ouvdptnon g(x) = x? dev ebvor opotbpoppa cuveyfic 6o I = R adhd ebvou
opoLopoppa cuveyhic o xdle ddotnuo e wopphc I = [—M, M|, M > 0 (ocodrinote
peydro xt av eivon to M). Autd mou oyler yevxd elvon 6Tt xdde cuveyrc cuvdptnon
f :]a,b] = R eivon ogolduopgpa cuveyhc:

Ocedpnua 4.6.6. Eotw [ : [a,b] — R ouvexris ovvdptnon. Téte, n [ elvar opoiduoppa
ouvexris oo |a, b].

Anédein. Ac vnodécouue otL 1 f Bev elvon opotdpoppa cuveyhc. Tote, untopolue va Bpolue
e > 0 xou 800 axohovdiec (xy,), (Yn) 070 [a,b] pe Ty — yn — 0 x| f(xn) — f(yn)| = € Yot
xdde n € N.

Aol a < Ty, yn < byaxdde n € N, o (z5,) xou (yy,) eivon ppoypévec axohovdiec. And
10 Oetpnuo Bolzano-Weierstrass, undpyel uroxohoudio (x, ) tne (z,) 1 onolo cuyxAivel
oe xdmowo x € R. Agol a < g, < by xdde n, cvunepaivouue 6Tt a < = < b. Anhady,

xp, — x € [a,b].
[Mopatneniote 6L &, — Yk, — 0, dpo
Yk, = Tk, — (Tg, —Yk,) > —0=x.
And n ouvéyeln g f oTo = émeton OTL

fl@r,) = fx)  xo f(yr,) = f(2).

Arpodi,
fxr,) — flyp,) = x —2 =0.

Auté eivon dromo, agol |f(zk,) — f(yk, )| = € v xdde n € N. "Apa, n f elvar ogotduoppo
ouveyhc oo [a, b). O

IMopathenon 4.6.7. To yeyovic 6t n f fitav oplopévn oto kAewotd didotnua [a,b] yen-
owonojdnxe ue dVo teomoug. Ilpwrtov, unopéoaue va Beolue cuyxhivouoeg unaxoloudieg
v (), (Yn) (Vedpnua Bolzano-Weierstrass). Aeltepov, unopolooue vor Tolue 4Tl To
x0Wb 6plo T AUTMV TV UTaxolouhoy eCaxoloudel va Beloxeton oto nedio opiouot [a, b
e f. Xenowonotfoope dnhadr to eEnc:

ava <z, <bxaz, =z, t6tea < z<Db

To endpevo Vebpnuo amodeixvieL OTL Ol OUOLOUOPPA GUVEYELS GUVORTNOELS €YOUV TNV

e€hc «xoh) WdTNTay: aneixovilouy Pooixéc axoloudicg oe Baoixéc axohovdiec. Autd dev
1

oy Vel Yl OAEC TIC ouveyelc ouvopThoes: Jewpriote Ty f(z) = % ot (0,1]. Haz, =

ebvan Baow axorovdia oo (0, 1], dpwc n f(x,) = n dev elvon Baowxr| axoroudio.
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Ocvpnua 4.6.8. Eow f : A = R opoiduoppa ovvexris ovvdptnon kar éotw (Ty,)
Paoikn axokovlia oto A. Téte, n (f(xy)) elvar Baoikny axodoviia.

Anddeén. 'Eotww ¢ > 0. Trdpyer § > 0 dote: av 2,y € A x|z —y| < 0 6t
|f(z) — f(y)| <e. H (x,) eivon Baowr| oxoloudia, dpa urdpyet ng(d) wote

av m,n = ng(d), TOTE |TH — Tpy| < 0.

‘Opwg toTe,
[f(zn) — flzm)] <e.
Berpope ng € N pe v di6tnto

avm,n = ng(d) téte |f(zn) — flam)| <e.

Aol 1o € > 0 Arav tuydy, 1 (f(zn)) etvon Paower oxoroudio. m]

Edaue 611 xdde ouveyrc ouvdptnon f oplouévn o xAEWGTO BLAC TN EVOL OUOLOUOPQA
ouveyfic. Oua egetdoouye to e&fc epdtnua: Eotw f: (a,b) — R ouveyhc ouvdetnon. Ilag
umopolpe v eEréyEoupe av 1 f elval ouotbuoppo cuveyhc ato (a, b);

Ocedpnua 4.6.9. Eoww f : (a,b) — R ouvexnis owdptnon. H f elvar opoduoppa
ouvexnis oo (a,b) av kai pdévo av vrdpyowr ta zligl+ f(z) ka1 xligl— f(z).

Anddeaén. YTrodétovye mpdhta 4Tl UTEEYOLV Ta xliff# f(z) %o wlig{ f(z). Opiloupe yio
«eméxtaony g e f oto [a,b], Vétovtac: g(a) = mliff# f(x), g(b) = zligl* f(x) xou g(x) =
f(z) av z € (a,b).

H g eivar ouveyric oo xhewoté didotnua [a,b] (eZnyhote yiatl), dpa opolduoppa cuve-
Y. Oa det€oupe 6L n f ebvon %t ouTh ouotéuoppa cuveyhc oo (a,b). 'Eotw e > 0. Agob
1 g ebvon ogotbuoppo cuveyic, utdpyet § > 0 dote: av z,y € [a,b] xa [z —y| < § tote
l9(z) —g(y)| <e.

Ocwpolye z,y € (a,b) pe |z —y| < 4. Tote, and tov optoud e g €youue

[f (@) = f(y)l = lg(z) —g(y)| <e.

Avtiotpoga, uvnodétoupe 6L 1 f elvon opotdpoppo cuveyhc oto (a,b) xou detyvoupe 6Tt
undpyel o lim, .+ f(x) (n OnoeZn Tou dAlou mAeupxol oplou amodetxvietal Ye Tov (Blo
TP6TO).

Ou del€oupe bt av (zy,) elvor axoloudia oo (a,b) pe x, — a, Tote N (f(zy)) cuyxhivel.
Auté elvou dueco and to Oedpnua : 1 (x,) ouyxhivel, doo 1 (zy,) ebvon Baowr| axoroulia,
Goa n (f(xn)) eivon Boowr) axorovdia, dpo 1 (f(xn)) cuyxhiver oe xdmolov mporydaTnd
aptdud L.
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Eniong, 1o 6po tne (f(zy)) etvar aveldptnto and ty emhoyh e (z,): €otw (yn) wa

8N axorowdio oo (a,b) pe Yy, — a. Tote, p — Yy — 0. And 10 Bedpnuo 4.6.5,

f(@n) = f(yn) = 0.

Eépoupe 1Hom OTL nl;rgo f(zyn) = ¢, dpa

flyn) = f(@n) = (f(xn) = fyn)) = £+ 0 =L

Ané v apyn tne yetapopds (Y o dplo cuvdptnong) éncton 6Tt lim f(z) = L. O

z—at

4.7 Aoxnoeig

A’ Opddo

1. E&etdote av oL mapaxdto mpotdoeic elvan odndelc B Peudeic (awtiohoyfiote mifpwe Ty andvinot

coc)

Avrn f: R — R eivon ouveyhc oto zg xau f(xg) = 1, t6é1€ undpyet § > 0 wote: v xdde
z € (zo — 0,20 + ) woyler f(z) > 2.

Hf:N—Ruye f(z) = 1 e ouveyhc.

H ouvdptnon f: R — R mou opiletar and tic: f(x) =0oav e € Nxow f(z) =1avaz ¢ N,
elvon cuveyhic oTo g av xou uévo av zo ¢ N.

Trdpyer f: R — R mou ebvan aouveyfic oo ompelo 0,1, 3,..., L, xou cuveyric oe 6hat Tt
dhhor onueio.
Trdpyer f: R — R mou ebvon acuveyfic oo onuelor 1,4, L. %on ouveyrc oe éha tat

dhhor onueio.
Trdpyel ouvdptnon f : R — R nou elvon ouveynfc oto 0 xou acuveyic oe dha tar dhha onuela.
Avn f:R — R elvaw ouveyric oe xdde dppnro x, t61e elvan cuveyrc oe xdle .

Av 7 f elvon ouveyrc oto (a,b) xou f(g) = 0 v xdde pntéd ¢ € (a,b), téte f(z) = 0 v
xdde = € (a,b).

Av f (%) = (—1)" vy x&de n € N, t61e 1 f elvon acuveyhic oo onueio 0.

Avr f: R — R elvor cuveydc xou f(0) = —f(1) téte undpyet o € [0, 1] dote f(z) = 0.
Avy f:(a,b) — R elvon ouveytc, t6te 1 f Todpvel péyiotn xon ehdylotn T oo (a,b).
Av 7 f elvou ouveyhic oto [a,b] t6te 1 f elvon ppaypévn oo [a, b].

. o , . 1
Av alclg%) g(x) =0 téte %1_% g(x)sin= = 0.

x



4.7 AYKHSEIT - 139

2. Eowwn €N.
(o) Aci&te 6T n ouvdptnon

f<x)=[:c]+[x+ﬂ+~-+[x+ ]—[na?]

elvon mepLodixt| pe meplodo 1/n. Anhadi, f(z+ 1) = f(z) v xdde = € R.

(B) Troroyiote v wph f(x) bdtav 0 < z < 1/n.

(v) AelZte v tautdnTa

v xqde z € R o xdde n € N.

3. Eotw [ : X — R ouvdptnon. Trodétoupe 6t undpyet M > 0 dote |f(z)— f(y)| < M- |z —y|,
v xdde z € X xou y € X. Aeléte 61t 1 f elvon cuveyrc.
4. Eotw f: R — R ouvdptnon pe | f(z)| < |z] yio xdde = € R.

(o) Aci&te 6u n f eivon cuveyhc oo 0.

(B) Adote mopdderyua plac tétotag f mou va givon acuveyfc ot xdde x # 0.

5. Eotw f : R — R ouveyfic ouvdptnon xa éotw a; € R, Opiloupe ant1 = flan) v
n=1,2,.... Ava, = a€R 16t f(a) =a.
6. 'Eoww f,g: R = R ouveyelc ouvaptioec. Aceite ot

() Av f(z) =0 v xdde z € Q, t6te f(y) =0 v xdde y € R.

B) Av f(z) = g(z) v xdde z € Q, téte f(y)

= g(y) vy xdde y € R.
(v) Av f(z) < g(x) vy xdde 2 € Q, t61e f(y) < g(y) v x&de y € R.

7. 'Eotw a, 8,7 > 0xou A < p < v. Aeilte 1 n e&lowon

«
ﬂ+7

=0
T—A x—pu xT—U

€xeL Tovhdytotov pia pila oe xadéva and ta Sroo Aot (A, 1) xou (u, v).

8. Xpnoiwomoldvtog Tov oplopd tou oplou, delte 6Tl

V1 e
lim e Y1 xa  lim ﬁ(vw—l—a—\/@:g, a€R.

z—0 T z—400

9. E&etdote av undpyouv to mopoxdtey Gplal Xat, oV VoL, UTOAOYIOTE To.

(@ limZ=8 (@) lm[z], (v) lim (z—[z]).

z—2 T T—To T—x(
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T oV enTtoc

10. Eow f: R — R ue f(z) = { . Aceléte 6T lirr%) f(z) = 0 %ou 6T av
T—r

—T  av T dpenTog
xo 7 0 téte dev undpyel o lim f(x).
Tr—T0o

11. E&etdote av elvar ouveyeic ol axdhouteg cuvapthoeic:

sinx
£ oava #0

0 av e =0

(a)f:R%Rusf(xF{

zFsind avax #£0
x

B) fr:[-1,0] > R pe fk(x){ (k=0,1,2,...)

0 avze =0
1 ..
(v) f:R%Rusf(ﬂf)—{ ¢

12. Eow f,g9: R — R 8o cuvapthoeic. Trodétoupe 6t undpyovy ta lim f(z), lim g(x).
T—T0 T—To

() Acilte 6t av f(x) < g(x) v xéde z € R, t6te lim f(z) < lim g(z).
T—To T—To

(B) AwnoTte éva mopdderypo 6mou f(x) < g(x) v xdde x € Reved lim f(z) = lim g(z).

Tr—x0 Tr—x0

13. BEoww X CR, f,g: X = R 0o cuvaptioceig xou €6tw 9 € R éva onueio cucowpeuong tou
X. Trodétoupe ot Omdpyer § > 0 wote 1 f va ebvan @porypévn oto (zg — 0,20 + 0) N X xou 6T
li_}rn g(z) = 0. Acigte 6t llm f(@)g(x) = 0.

T—To T—To

14. Eow f : [a,b] — [a,b] cuveyrc ouvdptnon. Na dewydel 61 undpyer x € [a,b] pe f(x) = .

15. Eoto f : (0,1) — R cuveyfc ouvdptnon pe tnv e&fc Wibtnro: f(z) = 22 yio xdde pnrod
x € (0,1). Na Beedel to f(g) Artiohoyrote TMpwe TV andvtnoy| cog.

16. Eoto f :[0,2] = R ouveyhc ouvdptnon pe f(0) = f(2). Aeilte ét vndpyer z € [0,1] pe
flz+1) = f(2).

17. Trodétouvue 6 m f eivou ouveyfic oto [0,1] xu f(0) = f(1). Eotw n € N. Acigte 6t
undpyer x € 0,1 — 1] dote f(z) = f(z+ 1).

18. Eotw f : [a,b] — R ouveyhc ouvdptnon xou 1,2 € [a,b]. Aellte bt yia xdde ¢ € [0,1]
undpyel y; € [a,b] dote

flye) = tf (1) + (1 =) f(22).

19. Eow f : [a,b] = R ovveyhic ouvdptnom, xa &1,%2,...,T, € [a,b]. Aellte 6Tt undpyel
y € [a,b] dote

f($1)+f($2)+"'+f(33n).

n

fly) =

B’ Opdda
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20. Acilte btunouwvdptnon f R —-Ryue f(z) = { 133 v ; g elvan ouveyhc povo ota
x av x

onueta —1,0, 1.

21. Eow f : [a,b] = R ovveyfc ouvdptnon pe v e&fic Wbt v x&de = € [a,b] woydel
|f(z)] = 1. Aei&te 6t n f eivon otodepn.

22. 'Eoto f,g : [a,b] = R ouveyelc ouvaptioeic mou avorootv v f2(z) = ¢%(x) o xdde
x € [a,b]. Trodétouue enione ot f(x) # 0 vy xdde = € [a,b]. Aele btig=fHhg=—f o0
[a, b].

23. Eow f:[0,1] = R ouveyhc ouvdptnon pe v Wbt f(z) € Q vy xdde x € [0, 1]. Aci&e
o6t n f etvou otadepr| cuvdptnom.

24. 'Ecto [ : [a,b] — R ovveyhc ouvdptnon pe f(x) > 0 yio xdde = € [a,b]. Acléte 6n undpyet
€ >0 oote f(z) = € vy xdde x € [a,b].

Ioy Vel T0 CUUTEPUGUO OV AVTIXATAC THOOLYE TO Sdo TN [a, b] e to ddotnua (a, b);

25. Eow f,g : [a,b] = R ouvveyelc ouvaptioeic mou avorowoly v f(z) > g(z) vy xdde
x € [a,b]. AelEte 6t undpyel p > 0 dote f(z) > g(z) + p v xdde z € [a, b].

26. Eotw [ : [a,b] — R ouveyfic oe xéde onuelo tou [a,b]. Trnodétouue 6Tt vy xdde = € [a, b]
urdpyer y € [a,b] dote |f(y)| < 31f(2)]. Aelite bt undpyer o € [a,b] dote f(zg) = 0.

27. Eotww f,g: [a,b] — R ouveyeic cuvaptioeic pe f(z) < g(z) v xéde = € [a,b]. Acilte 61
max(f) < max(g).

28. 'Eotw f,g : [a,b] — [c,d] ouveyelc xou el cuvapthcec. Acilte dtL undpyet € € [a,b] dote

f(&) = g(&).

29. Acifte 6TL av a,b > 0 to1e

lim e [b] = é ol lim E [E] =0.

z—0t a | T

Tu yivetow étav z — 07

30. Eow f:R = Ruye f(z) =1oavz € {2:neN} xu 0 alde. EZetdote av undpyel 0
lim f(x).

z—0
31. 'Eotww f : R = R nepiodur} ouvdptnorn e nepiodo T > 0. Trodétouue étL umdpyel 1o
251_1 f(z) =beR. Acigte 6n 1 f elvo otadepn.

32. Eotww P(x) = anx™ + -+ + a1 + ag TOANGVURO UE TNV WDIOTNTA agay, < 0. Aceilte 6T 1
eiowon P(x) = 0 éyet et nporypartind pilo.
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33. Eow f: R = R ouveyrc xau giivouca cuvdptnon. Aci€te 6tL 1 f €xel povadind otadepod
onuelo: LTdEYEL axEBOC EVag TEAYUATIXOG dpldUdS To YLot TOV onolo

f(zo) = x0.

34. Eow f: R — R ouveyhc ouvdptnon ue f(z) > 0 yio xdde € R xou

lim f(z)= lim f(z)=0.

T——00 Tr——+00

AefZte 6t n f nadpvel péyiotn Tk undpyet y € R dote f(y) > f(x) v xdde z € R.

35. (o) Eotw ¢ : [0,+00) = R cuveyhc ouvdptnor. Av g(z) # 0 v xdde z > 0 deléte 6ung

drotnpel mpdonuo: A g(x) > 0 v xéde x > 0 ¥ g(z) < 0 yio xdde = > 0.

(B) Eotww f :[0,+00) — [0,+00) cuveyhc ouvdptnon. Av f(z) # = vy xdde x > 0, deilte 6T
lim f(z) = +oo.

r— 400
36. Trnodétouye 6t n f : [a, +00) — R eivon ouveyhc xou 6t

AelZte 6t 0 f molpver ehdytotn T, dnhadh 6tL undpyel 2o € [a, +00) ue f(z) = f(xo) yio xdde
x € [a, +00).

37. Eow f: R — R ovveyfc ouvdptnon. Av lim f(z) = a xu lim f(z) = «, téte 0 f
T——00

Tr—+o0

Talpvel PEYLoTn 1) EAGYLO TN TW).

38. Eotww f: R — R ouveyhic ouvdptnon ue EIP f(z) = —o0 xou ET f(z) = +oo. Acilte
6t f(R) = R.

39. Eow f: (o, 8) = R ouvdptnon yvnoiwe adZovoa xa cuveyhc. Aellte 6Tt

Fl(@.)) = (Jim f@). lim f(z).

z—at

40. Eoctww a € [0,7]. Opiloupe axolovdia pe a; = a xou ap41 = sin(ay,). Aci&te 6t a, — 0.

41. 'Eow f : [0,1] — R ouveyfic ouvdptnon. Trodétouvue bt umdpyouvv x, € [0,1] dote
f(xn) — 0. Téte, undpyet zo € [0, 1] dote f(zg) = 0.

42. Eotww f,g: I — R opoiduopga cuveyelc ouvapthioeic. Aetgte 6Tt
(o) m f + g elvou opotduopga cuveyhc oto I.

B) n f - g dev eivon avayxaotid opodpoppa cuveyhc oto I, av duwe ov f,g unotedolv xou
peoyuéveg tote M f - g elvon ogoldpoppa cuveyc oo 1.
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43. Eotww f : R = R cuveyXc ouvdptnon pe tnv €A widtnta: yio xdde € > 0 undpyer M =
M(e) > 0 dote av |z| = M téte |f(z)] < e. Aeilte 6 f elvon ogoiduopgpa cuveytc.

44. Eow a € R xou f @ [a,+00) = R ouveyhc ouvdptnon ue v eZhc WBidtnta: undpyel to
E{I‘_l f(z) nou ebvan mporypotinde aprdude. Aeilte 6t n f elvon opolduoppa cuveytc.

45. Botww f : R — R opoldpoppa cuveync cuvdptnon. Acite 6T undpyouv A, B > 0 dote
|f(z)| < Alz| 4+ B v xdde z € R.

46. Eow n € N, n > 1. Xpnowonowvtag v nponyoluevy Acxnor dellte 611 1 cuvdptnon
f(z) =2, z € R Sev elvon opolbuopga cuveyhc.

47. (o) 'Eotww f:]0,4+00) = R ouveyfic ouvdptnon. Trodétoupe édu vrdpyet a > 0 dote 1 f va
elvan opotbuoppo cuveyfic 610 [a, +00). Aellte T 1 f elvan opoibuoppa cuveyhc oo [0, +00).

(B) Aeite 6u n f(z) = /z elvon opolbpopga cuveyhic oo [0, 4+00).

48. Eetdote av ol mopaxdtw cuvopTAoELS eivol ouoldpoppa cUVeEYELS.

(@) f:R—=Ruye f(x) =3z + 1.

(B) f:[2,+00) = Rye f(z) = 1.

(v) f:(0,7] = Rye f(z) = Lsin’x

(3) f:(0,00) = Rpe f(z) =sinl

(€) f:(0,00) = R pe f(z) =asini
(01) f:(0,00) = R pe f(z) = =52

@) f:(1,00) = Rye f(z) = <)

(n) f:R—=Rye f(z) = =g

(9) f:R—Rye f(2) = 5

(V) f:[-2,0] = Rpe f(z) = =57
() f:R—=>Ruye f(z) =zsinz.
(1B) f:[0,400) = R e f(x) = <22,
I’ Oudda

49. Acite 6t av f: R = R elvaw wor ouvexris ouvdptnon e f(1) = «, n onola wavonowel tnv
flz+y) = f(z)+ fy) v xdde z,y € R, t61e:

(@) f(
B) f(L) =2 yoxddem=1,2,....
(r) S(

n) = na yw xdde n € N.

x) = ax v xde x € R.
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50. Mekethiote w¢ Tpog TN ouvéyela T ouvdptnon f: [0,1] — R pe

f2) = 0 wvzé¢Q h =0
= awva==~2 pqgeN MKA(pq) =1

Q=

51. Eotw f: R — R. Trnodétouue 6t 1 f eivon ouveyrc oto 0 xon 6t f(z/2) = f(x) v xdde
z € R. Aetlte 6u n f elvow otadepn.

52. Eotww f: R — R ouveyric ouvdptnom ue f(5r) = 0 vy xdde m € Z xa n € N. Acilte 6t
f(z) =0y xéde = € R.

53. Eoto [ : R — R ouveyhc ouvdptnon pe v wistna f(z) = f(z + %) v xdde z € R xon
xdde n € N. Aeléte 6t n f elvon otadepn.

54. Eoto f : [a,b] = R cuveyhc ouvdptnon. Opllovue A = {x € [a,b] : f(z) =0}. Av A # 0,
Ociéte 6T sup A € A xou inf A € A.

55. Eotww f: R — R ocuveyhc nepodix cuvdptnom ue nepiodo T > 0: dnhadh, f(x +T) = f(x)
Yo x&0e @ € R. Acifte 6t undpyer © € R dote f(z) = f(z +v/2).

56. Eotw f: [0, +00) — R cuveyfic ouvdptnon. Trodétouue 1t undpyouv a < b xou oxoloudeg
(1), (yn) 070 [0, 4+00) PE Ty — +00, Yp, — +00 o f(2,) — a, f(yn) = b. Acilte dn: yio xdide
¢ € (a,b) vndpyeL oxohovdia () 610 [0,400) Y 25, — +00 xou f(2) — c.

57. Eotww f:(a,b) = R xou o € (a,b). Acilte 6t n f elvon cuveyhic 010 o av xou HOVo av yia
x&de povdrorn oaxohovdia (z,) onuelowv tou (a,b) ye x, — xo woydel f(z,) = f(zo).

( ) f ( ) v — f( TL) ]V Olwg (PSLVOUOOC O(KO>\OU19LO(
n—oo
( "L) H’e t'r’L 7 07 TOTE hm f(l‘) = 1

z—at
(B) wot6 f Adog; Eotww f: (a,4+00) = R. Av li_>m f(a+1)=Ln6te lim+ f(z)=1L.
n o0 T—ra
59. 'Eotww f : [a,b] — R yvnoloe adfovoa cuvdptnon. Trodétoupe 6t i f elvon cuveyhc oe
xdmowo g € (a,b). Aeilte bt 10 f(x0) elvon onueio cusompeuone tou f([a,b]).

60. Ectw [ : R — R ouveyfic ouvdptnon e Ty Widtnta | f(z) — f(y)| = |z —y| v xdde 2,y € R.
Acei&te 6T n f elvon enl.

61. Eow f,g : [0,1] — [0,1] ouveyeic ouvapthoec. YTrnodétoupe 6t n f elvon adZouoo xou
gof = fog Acllte 6u oo f xou g €youv xowd otodepd ornuelo: umdpyer y € [0,1] dote
fy) =y xu g(y) =y. [Trdben: Zépovue 6T undpyet 1 € [0,1] pe g(z1) = x1. Av woydel xou
n f(z1) = z1, éyoupe tehewdoet. Av oy, Yewprote tnv axohoudio T, 41 = f(2y,), dellte 6T elvou
povotovr xan 6Tl Ghot oL 6pot g ebvan otadepd onpeio Tng g. To 6pld Tng Vo elvon xowd cTotepd
onuelo twv f xou g (ytl;).]

62. Ectww f:[a,b] = R pe my e&hc btnror yio xdde xg € [a, b] undpye to lim f(x). Tére,
r—rxo
f etvan pparypévn.
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ITapdywyog

5.1 Oplopodg TN ToEAY DYoL

Opewopde 5.1.1. 'Eotww f: (a,b) = R wa ouvdptnon xou éotw zo € (a,b). Aéue 6t n f
elvou mapaywyliown 6To T oV UTEEYEL TO OPLO

f’(xo) = lim M‘

T—T0 T — X0

To 6po f'(xg) (av undpyel) Aéyetu napdywyos e f oto xp. Oftovtac h = x — x
BAémouye 6TL, LloOBVUVAQ,

o) = i

fzo +h) = f(xo)
h

av To teheutaio dplo uTdpyeEL.

Ynueiwon. Av f : I — R émou I Sdotnua xou av 10 g € I elvon apiotepd 1 6edld

dxpo tou I, t61e opilovue v mopdywyo f'(xo) (av undpyel) péow Tou Thevptxol oplou
lim,, v %ﬁém) 7 lim,, N %ﬂ)xo) avtioTotyo.

IMopodeiypota 5.1.2. (o) 'Eotww f: R — Rye f(z) = ¢ yio xdde x € R. H f eivou
noparywylown oe xdde zg € R xou f'(zg) = 0. Hpdyport,

flwo+h)— f(zo) c—c
L = =0—0

xordoe to h — 0.
(B) Eoto f:R = R ype f(z) =z yiaxdde € R. H f elvon noporywylown oe xdde 9 € R
xou f'(zo) = 1. Hpdypor,

fl@o+h)—flwo) xo+h—m R

_ _ 1
h h B
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xodoe to h — 0.
(v) Eow f: R — Rye f(z) = |z| yio xde z € R. H f Sev eivan napaywyiown oo 0
(%o ebvon mapoarywylown oe xdde zg # 0). pdyuatt,

i LSO P P 1=1,
h—07+ h h—0+ h h—0+ b h—o0+t
EVO
lim M: lim u: lim — = lim (—1) = —1
h—0~ h h—0- h h—0— h h—0~
Agot ta 500 Theupd Gpla elvon SlapopeTixd, To limy g M OEV LUTIHEYEL.

() Eoto f: R — R ue f(z) = 2?2 yiu xdde * € R. H f eivor nopaywylown os xdde
zo € R xaw f'(z0) = 2xo. Hpdypart,

f(xo+h) = f(zo) _ (zo+h)* —af _ 2woh + A
- —

= 3 h :2$0+h—)2l‘0

xordoe to h — 0.
(e) Eotww f: R — R ye f(z) = sinz yia xdde € R. H f ebvar napoyoyiown oe xdde
zo € R xou f'(x0) = coszg. pdyuart,

f(@o+h) — f(wo) _ sin(wg+h)—sinzg 1 h <x0 n Z) s cosz

= = — . 2sin — cos
2

h h h

xodde o h — 0, ool limy,_y Sin,g%g) = 1 xou limp,_q cos(zg+ h/2) = cos zp. Me avéhroyo

Tp6TO0 pmopolue va deiloupe 6t N g 1 R — R pe g(x) = cosx elvou mopaywylown o xdide

xo € R xan ¢'(xp) = — sin xo.

(07) Eow f : R—>R pe f(z) =

2
S
{ z v eel . H f ebvou mopaywylown oto 0O:

0 av 2¢Q

TOEATNEOVUE OTL

£(h) = f(0) {h v heQ

h 0 av h¢Q
‘Eneton 6t limy,_y M = 0. Anady, f/(0) = 0. HopatneRote ot 1 f elvon aouveyfic
oe xdde xg # 0 (xau eivon cuveyhc oo 0).
3 > 0
Q) Eow f: R — R ype f(x) = $2 o . H f el mapaywylown oe xdie

z‘ av x <0
zo € R. T 7o onueio 0, Yewpolue o

£(h) — £(0) {h2 av h>0

h - h av h<O

‘Eneton 611 10 dpt0 limy_ M untdpyel xou ebvan ioo pe 0. Aniady, f/(0) = 0. Edxoha

enéyyoupe 6L /() = 323 av 29 > 0 xu f/(xg) = 20 v 9 < 0.
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Oecwpenua 5.1.3. Eow f: (a,b) = R kai éotw x¢ € (a,b). Av n f elvar napaywyioun
oTo T, ToTe N f €elvar ourexns oo xg.

Andéoaén. T x # zo yedpouue

F@) = flao) = LD o,
Agot
lim @) = f(zo) _ (o) »xu  lim (z —x0) =0,
T—To T — o T—T0

ovunepaivoupe 6t limy_y, (f(z) — f(x0)) = 0, xou ovvenae, limg_,, f(x) = f(z0). Autd
amodetxvieL OTL 1) f €lvon CUVEYHAC OTO Zg. O

IMapatrpnon 5.1.4. To avtictpogo dev woylel: av 1 f elvon cUVEYHC GTO T(, TOTE BEV
elvon amapadtnTor Taparywyiown oto zg. o topdderypa, 1 f(z) = |x| eivon ouveyhc oto 0
oANG Bev elvan mapaywyiown oto 0.

5.2 Kavoveg napaywyiong

Xpnowomoudviag T avTtloTolyeg WIOTNTES TwV 0plwy, utopolue va anodelouue Toug Ba-
OLXOUC «XAVOVES TURAYWYIONCY OE oyéan Ue Tig GAYEPpixéc mpdlelg ueTal GUVAPTHCEMY.

Ocedhpnpa 5.2.1. Eow f,g: (a,b) = R 6Vo cwvaptrjoes ka1 éotw xo € (a,b). Ymodé-
Toupe ot o1 f, g elvar mapaywyioues oto xo. Tote:

() H f + g elvar napaywyionun oo zo kat (f + g)' (o) = f'(x0) + ¢'(z0).

(B) Ia kdPe t € R, nt- f elvar mapaywyioun oo xo ka1 (t- f) (xo) =t - f'(x0).

(v) H f - g elvar mapaywyioun oo xo kar (f - g)' (zo) = f'(x0)g(zo) + f(x0)g'(z0)-

(8) Av g(x) # 0 ya kdOe x € (a,b), tdre n 5 elval mapaywyloun oo o Kai

(f)’ () — 1 @0)g(x0) = f(w0)g'(w0)
a) (9(x0))? |

Amnddetn. Ac dolue yua mopdderypo Ty amddeln tou (y): Ypedpouue

(f-9)(xo+h) = (f - g)(z0)
h

- h)g(fﬂo + h})L — 9(xo)

f(xo +h) — f(z0)
h

+9(z0)

v h # 0 (xovtd oo 0).

(zo+h)—g(z0)
h

"Eyouye limy_q £ M

= f'(x0). Enlone, n
[ elvon moparywylown, dpo xar cuveyhc, 610 xp. Luvenoe, limp o f(zo + h) = f(xo).

= ¢'(z0) »ou limy,_0
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Agrvovtag 10 h — 0, xaL yenowonowvTag Tic Pacixéc WOTNTES TwV 0piewv, Talpvouue To
{ntoduevo.
[o to (3) apxel va delfouye 6T N 1/g elvon mopaywyiown 610 zg xar €Yel TopdYKYO
0

fon ue —ﬁéﬁ)z (xou va eqapudooupe o (y)). Hopatnehote bt

1 Vo b oy (9@0) —g(zo+h) 1
ilzg% h (g(xo +h) g(a:o)> N fIL—>0 ( h g(wo + h)Q(CUO))
1

(20)?’

6ToL Ypnoonotiooue To Yeyovoe ot limy_yo g(zo + h) = g(zo), mou oylelr hoyw g

= —9'(z0) -

)

CUVEYELIC TNS g OTO . O

‘Ayecec ouvéneleg Tou TpoNyoLUEVOL Yewpruatog eivar ot e€Nc:
(i) Kdie nohuwvuuxr cuvdptnon eivor naparywyiown oe xdie zg € R. Ilio cuyxexpiéva,
av p(x) = ama™ + apm_12™ 1+ -+ a12 + ag, ToTE

2

P () = mapz™ 4 (m — Dagm_12™ 2 + - + ay.

(ii) Kdde pntr ouvdptnon ebvan mopaywyiown oe xdde onueio tou nediou oplopol tne.

5.2.1 Kavovag tng ahuvoidog

ITpbtaom 5.2.2 (napatipnon touv Kopadeodwer). Eotw f : (a,b) = R ka1 éotw zo €
(a,b). H f elvar mapaywyioun oto xo av ka1 puévov av vrdpyer ovvdptnon ¢ : (a,b) — R
moU €lval ouvexris 0to xo Kai ikavonoel tny p(x) = %ﬁémo) yia kde x € (a,b)\{xo}.
Tére, f'(x0) = ¢(x0).

Amnddeén. Trodétouue mpwta 6T 1 f elvon mopaywyiown oto zg. Opllouye ¢ : (a,b) — R
¢ €€ng:

f(@)=f(xo)
flay=f oo D DT
(o) av z=2x9
H ¢ elvar ouveyrc oto zo: mpdypat,

lim o(z) = lim &) = (@)

T—T0 T—T0 €T — ,’L‘O

= f'(z0) = ¢(x0).

Avtiotpoga, unodétouye 6Tt undpyet ¢ : (a,b) — R énwc oty Ilpbdtaon. Agold n ¢ eivan
ouveyfic 070 Xg, Exoupe limy ) @(x) = @(x0). Anhady, undpyet To

lim (@) = f(wo) = lim p(x) = ¢(xp).

T—TQ r — X0 T—T0

Aré6 tov oplopd e mapaydyou, 1 f efvon taparywylown oto xo xou f'(z0) = p(x0). O
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Oevpnua 5.2.3 (xavovac tne alvcidac). Eotw f : (a,b) = (¢,d) ka1 g : (¢,d) - R
ovo owvaptioes. Av n f elvar napaywyioun oto xg € (a,b) ka1 n g elvar mapaywyioun
oto f(xp), tote n g o f elvar mapaywyioun oo xy kai

(g0 f)(z0) = ¢'(f(0)) - f'(x0)-
Anédeién. ©éhoupe va detlouue 6TL TO HpLo

i IU@) = 9(f(20)

T—TQ r — X

untdpyel xou etvon (6o pe g'(f(xo)) - f/(z0). Oétouue yo = f(xo) € (¢, d) xou Vewpolye
cLVdETNO
9(y)~9(yo)
Y :(c,d) >R émov Y(y) = z,/l—yo av Y # Yo
g (yO) av Yy = Yo

H v elvon cuveyric oT0 Yo, O16TL 1) g ebvan Toparywylown 6To Yo.
‘Eotww x € (a,b)\{zo}. Av f(x) # f(z0), 61

9(f(z)) — g(f(fﬂo))j

YO = ) = Fao)
dpar Eyoupe
. ) oS low) _ ) )= So)

Av v to z woyler f(x) = f(xo) totE N (%) e€oxohoudel va toylel (to dVo uéhn undevilo-

vton). Anhady, 1 () woylel vy xdde x € (a,b)\{zo}.
f(z)—f(xo)

[opatnpolye 6Tt t0 6pto limy_s pE—

untdpyet xou wovton e f'(x). Enfong,
n f elvau ouveyhic oto xp xou M P eivan cuveyhc 610 Yo = f(xo), dpa  ovvieoy| Toug
Yo f eivan ouveyhc oTto Tp. XUVETADS, 10 Gpto limg ., Y (f(x)) Undpyer xou wwoUTon Ue
Y(yo) = ¢'(yo) = ¢'(f(x0)). Emotpépovtac otnv (*) xa madpvovtog 1o dpto xadoe to

x — X, PAémovyE OTL

19U @) — g (w0)

T—TQ r — X

= 1(f(x0)) - f'(w0) = ¢'(f(0)) - f'(z0),

onAadn To {ntoduevo. O

5.2.2 TITapdywyog avricTpoyng cuvdetnons.

Oecwpnua 5.2.4. Eoww f: (a,b) = R pua 1—1 ka1 ovvexris ouvvdptnon. Trodérovue ot
n f etvar tapaywyionqun ovo xg € (a,b) ka1 éu f'(xo) # 0. Tére, n f~1 efvar mapaywyioun
oto f(xo) Kxa1




150 - ITIAPATQIOE

Andoeiln. Amod to mponyoluevo xegpdiono yvweilouue 6TL 1 f elvon yvnolwg uovotovn xau
YWPIG TEPLOPLOUS TNG YEVXOTNTOC UTopolUE Vo utovdécoupe 6Tl 1) f elvon yvnoing adZousca.
H f'(z0) urdpyet, dnradh

T—TQ T — X0
Emmiéov éyoupe urtotécer ot f/(xq) # 0, dpa
T — X 1

lim =

wszo f(x) — f(ro)  f/(x0)

‘Eotw e > 0. Mnopolue va Bpodue § > 0 dote [z9—6, 20+60] C (a,b) xwav 0 < |[z—x0| < 0

T61€

T — X0 1
o Fa) = faw)  Flan)| <
O¢touye

y1 = f(xg—0) xu yo=f(xog+9).
Téte, 10 (y1,y2) ebvon éva avolytéd Sdotnua mou meptéyet 1o f(zg), dpo undpyet 0p > 0
woTte
(f(xo) — 61, f(z0) +01) € (y1,92) = (f (w0 — 5) , f (z0 + ).
‘Eotw y mou wavornoel v 0 < |y — f(xo)| < 01. Tote, y = f(x) vy xdmowo z € (a,b) ye
0 < |z —zo| < 4. Apa,

S ) -
y

(f@o) _ w—x
(o) f@) — f(wo)’

f
f
omno6te 1 (*) dlver

1 y) = 71 (f (o)) 1

— <e.

y — f(o) f'(xo)

Agou 10 € > 0 Yoy LYY, EMETOL OTL

1 y) = (f@o)) 1

lim = .
y—f(@0) y — f(wo) f'(wo)
Anadh, n 1 ebvon mopoywyiown oto f(xo) xon (f71 (f(20)) = f’(lxo)' O

Magatrenon 5.2.5. Av f'(zo) = 0 t6te 1 (f71) (yo) dev undpyer. Alhde, and Tov
xavévo, TN ohuotdac 1 Topdywyoc Tne ovvdeone f1 o f oTo xg Yo umhpyE, xon Vo elyope

(f o ) (wo) = (f 1) (f(w0)) - f'(20) = 0.

‘Opog, (f~Lo f)(@) =, dpu (f~1o f)(x) = 1, ondte 0dnyoluusTe o€ drormo.
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5.2.3 TITapdywyol avedtepng TAENG

Opiopoe 5.2.6. 'Eotw f: (a,b) = R nopaywyiown oe xdde = € (a,b). H napdywyos
ouvdptnon tne f elvar 1 ouvdptnon f': (a,b) = R pe x — f/'(x). Av n ouvdptnon f’ eiva
nopaywylown oto (a,b), T6te N nopdywyoc ouvdptnon tne [’ opiletan oo (a,b), AMéyetan
dettepn mapdywyoc e f, xau cuuBolileton e f”.

Enayoywd, av éyet opiotel n n-ooth mapdywyoc ™ & (a,b) — R tng f xau ebvou
ooy wylown ouvdptnom oo (a, b), Téte 1 tapdywyoc tne f™), opileta 670 (a, b), Méyeton
7 (n 4 1)-1dénc nopdywyoc tne f oo (a,b) xu cupBorileton e 1),

Mo cuvdptnom mou €yel Topdywyo TEENS n AEyeTo N Popéc Topaywylowr. Mo cuvde-
mon f : (a,b) — R Myeton angpidpiota napaywyiown oo onueio zo € (a,b) av 1 £ (zq)
umdipyet Yo xdde n € N.

IMopdderypa 5.2.7. Kdde nohuwvuuxt cuvdpetnon p(z) = amz™ + - - -+ a1z + ag ebvo

amepLoploTa Tapaywylown oe xdde onueio zg € R. Ot cuvteAeotéc TOU TOALKGVOUOL D

«unohoytlovtary and TiC

~ p®(0)
TR

Qg k:O,l,...,m.
H anddeiln yiveton pe dtadoyinés mapaywyloelg xal UTOAOYIoUO NG p(k) (0). Av k > m,
t6te 1 p*) ebvon pndeviletoun oe xde xg € R.

5.3 ITopdywyog exdetixng xou Aoyaplduixrs cuveeTnong

Ye auth ) oUvtopn mapdypapo amodexvioude OTL 1 exleTn) ocuvdptnon exp(z) = e*

elvol ooy wYloWn. XN CUVEYELN, YENOULOTOWVTAS TO YEVIXO UOC ATOTENECUA VLo TNV T
edywyo avtioteopne cuvdpetnone, Peloxouue Ty Tapdywyo g Aoyoprduxic cuvdpetnong
In. Ot t0moL Yol TIC TRy MYOUS TwV UTOAOLTLY EXVETIXWY Xl AOYoRLIULXWY CUVIRTHOEWY

TEOXUTTOUV UE ATAT| EPUPUOYY| TOU XOVOVA TN oAUGIOAC.

T

ITpétaom 5.3.1. H exOecuikr) ovvdptnon exp : R — (0,400) pe exp(z) = e¥ evar

rapaywyion kai
exp/(x) = exp(x)

ya kdOe x € R.

Anédein. Aclyvouyue mpwta 6Tt

t—0 ¢

Eexwvdue amd 800 avicdTnTeg Tou cuvavtiooue oTic Aoxnoelg Tou Kegohalou 1: ava > —1

1
—na

t6te (1 +a)" > 1+ na (ovioétnra Bernoulli) xaw ov 0 < a < 1/n téte (1 +a)" < 1
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(Bet€te v pe enaywyn wc mpoc n). ‘Eotw s pntéc aprdudc oto (0,1). Mnopolue va

q
Yedouue a = p/q, émou p < q guowol apripol. TI'vwpeilouye 6Tt e > (1 + %) , OTOTE
YENOWOTOLOVTS TNV TEMOTN aVicOTNTA BAETOUNE 6Tt

1\ 1\?
e5><1+) :(1+> >1+2 =14
q q q

Enione, agol 1/¢ < 1/p, and v debtepn aviodtnta PAénoupe 6Tt

kq 1-p/qg 1-s
v xdde k € N, doo

/q k
1\ *]” 1\ 1
s— | lim (14— —1im (1+—) < .
€ LE&(Jrkq)] kglgo<+kq> 1—s

Me ddhat AoyLa,

1
1—s

(*) l+s<e* <

v xdde s € (0,1) N Q. "Eotw thpa t € (0,1). Oewpdviac axohoudia (s,) oto (0,1) NQ
UE Sy — T, XU YENOWOTOLOVTS TNV opY Y| TN METAPORAS YId TIC TEEL CUVAPTNAOELS GTNV
(%), ouvunepaivoupe 6Tt
1
l+t<e < —
+ e T

yio xéde t € (0,1). Ioodlvoua, urnopolue v yedouue

t _
e 1_1<

0< ;
¢ 1—t

xou apAvovtoc to t — 0T mafpvoupe

1
:e_u %11:1,
u

OTIOU YENOWOTOLCUUE TO TEOTYOUUEVO OPLO X0 TT) CUVEYELX TN EXVETIXTC OUVEETNONE GTO
0.
‘Eotw topa € R: €youue

x4+t T

—e eTel — e et —1
t t t

e
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xodoe To t — 07, dpa 1 exp elvon mapaywylown oto  xou (exp)’(z) = exp(z). O

Yo nponyolpevo Kegpdhowo eidope étu nexp : R — (0, 400) eivon ouvdptnon yvnoiong
av&ouoa xou ent. Mnopolue Aowndv va oplooupe Ty avticTeopr Tne, N onolo cupBohileto
pe In. Anhody, In : (0, 4+00) = R xou Iny = = av xaw uévo av e = y.

IMpétaom 5.3.2. H doyapidjuxry ovvdptnon In : (0,4+00) = R efvar napaywyioun kar
1
In'(y) = =
W)=

ya kdde y > 0.

Anddeén. Eidaue ot n exp eivar naporywylown xou exp’(x) = exp(x) # 0 yiu xdde z € R.
‘Encton 61 1 In elvon noparywyiown oto (0, +00) %o

1 1
1 / = =
w(y) exp/(z) exp(z)’
6mov exp(x) = y. Me & Moyia, In'(y) = i yio xdde y € (0, +00). O

5.4 AvtiocTpo@eg TEIYWVOUETPIXES CUVAETHOELS

(o) T6Z0 MuitévVOL

H ouvdptnon sin : R — [—1, 1] elvou neploduxt, pe ehdyiot Yetixr| nepiodo (on e 2m. O
TEPLOPLOpOS TS oTo [—m/2, /2] elvon pia yvnoing ad&ouoo cuVAETNoT UE GUVONO TWHDV TO
[—1,1]. Mropoiye Aoimdv vo oploouue Ty avtioTpogn e, 1 ontola Aéyeton t6E0 nuITéVOU
xat ouuBolleton pe arcsin.

Anhadn, arcsin : [—1,1] — [—7/2,7/2] xou arcsiny = x av xaw yévo av x € [—7/2, /2]
oL sinz = y.

Hopoatnemviag 6Tt 1 sin ebvon Ttapoywyiown oto [—m/2, 7/2] xou sin’(z) = cosx # 0 av
x € (—m/2,7m/2), cuunepaivouue 6Tt 1) arcsin eivon tapaywyiown oto (—1,1) xou

1 1

arcsin’ (y) = =
resin’(y) sin’(z)  cosz’

2

6mov x € (—m/2,7/2) xou sinz = y. Xpnowonowdvrac tny sin®z + cos?z = 1 %ot 70

yeyovog 6t cos T > 0, BAémouye OTL

cosx =V 1—sin?z = V1—12

SrkodH
arcsin’(y) = ———— y € (—1,1).
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(B) T6&o ocuvnuitdévou

H ouvdptnon cos : R — [—1, 1] elvor eptodixn, ye edytotn detinn neplodo ion pe 2m. O
neptoptolde tne oo [0, 7] ebvan puat yvnoing giivouso cuvdptnon pe oivolo tdky to [—1, 1.
MrnopoUue Aowndv va oploouue TNV avtioTpogy| Tne, 1 onola Aéyetal T6E0 CUVNULTOVOU XAl

ouuPoMleton e arccos.

Anhodn, arccos : [—1,1] — [0,7] xou arccosy = x av xa pévo av = € [0,7] xou
cosz = y.
Hopatnpdvrag 6t 1 cos ebvan tapoywylown oto [0, 7] xu cos’(x) = —sinz # 0 av

x € (0,7), ouvunepaivoupe 6Tt 1 arccos elvon Topaywyiown oto (—1,1) %o

arccos’ (y) ! !
I = = —
Y cos/ () sinx’

6mov = € (0,7) xou cosz = y. Xpnowonowdvioc tny sin?z + cos?z = 1 xou 10 yeyovéc

ot sinz > 0, Brénouye 6T

sinx:\/l—cos%::\/l—yg,

St
arccos'(y) = ————= ye(—1,1).

(v) To&o epantopévrng

H ouvdptnon tan : (—m/2,7/2) — R eivon yvnolnwg adZovoo xou eni. Mropolue hoindy
va. oplooupe TNV avtiotpoy| tng, 1 onola Aéyeton 60 epantouévne xan cuUPolileton Ue
arctan.

Anhody, arctan : R — (—m/2,7/2) xou arctany = x av xou yévo av x € (—m/2,7/2)
xou tanzx = y.

Mopotnpmvtag 6Tt 1) tan ebvor topoywyiown oto (—m/2,7/2) xou tan’(z) = 1/ cos® z =
1+tan?z # 0 av @ € (—7/2,7/2), oupnepaivoupe 6Tt 1) arctan ebvor Tapaywylown oto R
xou

/ 1 1
arctan’(y) = tan'(z) 1+ tan’z’

7 r 7
onou tanx = y. 'Enetot ot

1

iy VER

arctan’(y)

5.5 Kplowwa onueio

Yxonde pag otic endueveg Hoporypdpoug etvar va amodet€ouyue ta xOpta Yewprjdoto Tou Ato-
popxol Aoyiopol xat va Solpe Tws e@apuélovion 6T UEAETN cLVOPTACEWY Tou optlovtal
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o€ xdmowo St I tng mporypotixrg evdelag. Oa Eextvioouue e xdmota mapadely ot
mou Belyvouv 6Tl 1 yovotovia 1 1 OTaEdn XATOLU TOTXOU AXEOTATOL ULIC TAUEUYWYIoUNG
ouVdETNoTNE Blvouv Xxdmoleg TANEoopies Yo TNV apdywyo. To povadxd epyoheio mou Vo
YENOWOTOLCOUUE EIVOL O 0PLOUOC TNG OO WY OL.
AAppa 5.5.1. Eoto f: (a,b) = R napaywyionun ovvdptnon. Av n f eivar abéovoa oo
(a,b) téte f'(x) = 0 ya kiOe x € (a,b).
Arnddeaén. 'Eotww x € (a,b). Trdpyet 6 > 0 dote (x—9,2+9) C (a,b). Av howndv |h| < 0
t61e 1 f opiletan o0 = + h.

Aqgoi n f elvan mapaywylown oto x, €youue

o) — i LEED I@) ) - @),

h—0+ h h—0— h

‘Eotw 0 < h < J. Agol n f eivar ab&ovoa oto (a,b) éxoupe f(x + h) > f(z). Suvenoc,

@AW @) s ) — i O 1)

h h—0+ h 0.

WV

[apatneriote 6T dellaue 10 {NToduevo Ywelc Vo XOITdEouUe TL YIVETOL Yiot pVNTIXES THES

(z+h)—f(2)
h

oL h (eNéy&te buwe 6T av —0 < h < 0 tétE 1 ¥Aion ! elvon ToAL un apvnTix,

on6Te 0dNyYoLUAcTE GTO (Blo cuUTEpUOUA). O

IMopathApnon 5.5.2. Av unodécouye 6T 1 nopaywyiown ouvdetnon f : (a,b) — R
elvan yvnoiwg avéovoa, dev unopolue va toyuploTolue 6Tl 1 f’ elvon yrnoiws Jetikrj oto
(a,b). T mopdderype, 1 f : R — R pe f(z) = 23 ebva yvnoloc adfouou oo R, bunc
f(x) = 322, dpa undpyer onpeio 6o onolo N mopdywyoc undeviletan: f/(0) = 0. To Afpua

5.5.1 pag e€acaniler puoxd ot f' > 0 navto) oo R.

IMopathenon 5.5.3. To aviiotpogo epdnuo datundvetar we e&hc: av f/(z) = 0y
x&e = € (a,b) téte eivon owotd 6L N f elvar adEovoa 610 (a,b); H andvinon eivon «vawy,
ot ebvon pior amd Tig Poonés ouvéneleg Tou Yewpriuatog puéone tuic (BAéne §5.6). Xenot-
HOTOLWVTOG HOVO TOV OPIOUO TNG TRy YOU, UTopolue vo detlouue xdtt Toh) acdevéotepo:

AAppo 5.5.4. Eotw f: (a,b) — R. YTrodérovue éu n f eivar napaywyionun oo xy €
(a,b) ka1 f'(xg) > 0. Tdre, vndpyer & > 0 dote (xg — 6,20+ 0) C (a,b) ka1

() f(z) > f(xo) yra kdOe x € (2, z0 + 9).

B) f(z) < f(xo) ya kdOe x € (g — 0, ).

@)=te) _ g1

Anédeén. 'Eyouue urodéoel ot lim xg) > 0. Egopuélovtag tov € — §

T—x0 T—To
oplopd Tou oplou YE € = @ > 0, Bploxoupe § > 0 dote: av 0 < |z — xg| < § totE
x € (a,b) xou
f(x) — f(zo) (o)

> fl(zg) — e = 170 S g,
- fi(z0) —€ 5
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"Eneton 6t

(o) T x&e x € (20,20 + 6) €xovue

1) = fao) > T (0 ) > 06w 1) > 1)
(B) T x&de x € (zg — 9, z0) €xouye
1)~ fw) < T80 ) <060 f@) < flao). O
Hopotnehote ot ta (o) xou (B) Sev Selyvouv dtu 1 f elvan abouoa o (xg, 29 + ) 1 610
(x() — (5, JZQ). O

Oplopdg 5.5.5. 'Eotw f: 1 = R xo éotw xg € 1. Aéye 6T 0 f €yel tomkd péyoto
670 T av UTdpyel § > 0 woTe:
av z € I xou | — x0| < 0 té1E f(20) = f(2).
Ouolwe, Aépe otL 1 f €yel Tomikd eAddyioto 6T0 xo av LTdEyeL 0 > 0 WoTe:
av z € I xou |z — 20| < 0 té1E f(20) < f(2).
Av 1 f éyel Tomxd €Yo To 1 TOTXO EAGYLOTO GTO T TOTE AUe OTL 1| f €YEL TOomKG akpdTato

cto onuelo xg.

Auté mou yperaothxope yioo T amddelln tou Afupatoc 5.5.1 Arav 1 Unopin e f(x) (o
0plopdS TNS TPy WYOL) Xat TO YEYOVOS 6Tt (AGyw povotoviag) 1 eAdytotn Twh e f oto
[z, 2+ §) frav 1 f(z). Enavahoufdvovtac howndy 1o (8o ouctaotixd entyeipnua tolpvouue
v axéhoudn Ipbtaon (Fermat).

Ochpnua 5.5.6 (Fermat). Eoww f : [a,b] = R. Trnolérovue du n f éya tomkd

akpdtato o€ kdmow g € (a,b) kar dn n f elvar tapaywyioun oo xg. Tdte,
!/
f(xo) = 0.

Anédein. Xwplc meploplopd tne yevixdtntog unotétoupe otl ) f €xel Toxd YEYLOTO GTO
xg. Trdpyet d > 0 dote (zg—3d,x0+0) C (a,b) xu f(zo+h) < f(xo) yiaxdde h € (—6,0).
Av 0 <h<dtote
f(zo+h) — f(zo) 0, doa lim f(zo+h) — f(z0)
h h—0+ h
Yuvernaoe, f/(xg) < 0.
Av =6 < h <0 tote

h) — h) —
f(onr})L f($0)>0’ oo hl_i)I(I)lf(x0+})L f(ﬂﬁo))o.

Yuveroc, f'(zg) = 0.
Anéb g 800 aviodtnteg éneton 6 f(zg) = 0. O

N

<0.
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Oplopdg 5.5.7. 'Eotw f: I — R. 'Eva cowtepind onuelo xg tou I Aéyetan kpioijio
onueio yia Ty f av f'(xo) = 0.

IMapdderypa 5.5.8. Ta xplowa onuela plag ouvdetnong lvor ToAD yeriowo 6Tay VéEAoLUE
va Bpolue T uéytot 1 v ehdyotn tuh tne. ‘Eotw f : [a,b] — R ouveyhc ouvdptnon.
Dvopiloupe 6t n f nadpver péytotn wuh max(f) o edytotn wuhd min(f) oto [a,b]. Av
xg € [a,b] xou f(xo) = max(f) A f(xo) = min(f), t61te avaryxootind cupfaiver xdrowo and

TOL TTOEOXATE:
(i) o = a Yy zp = b (dxpo ToU Blac THUTOC).
(ii) zo € (a,b) xou f'(zg) = 0 (xplowo onueio).
(iii) xo € (a,b) xou n f dev elvon napaywyiown oto xo.

Aegdouévou oOTL, oty TEdln, To TARYoC TV onueiny Tou avixouV OE QUTEC TIC <TEELG
OUGOESY elvol OYETIXA UXQEO, UTOPOVUUE UE UTAG UTOAOYLOUS %ot GUYXELOY) UEQLXMY TULWV
NG CLVAETNONG VO AMAVTACOUUE GTO EPWTNHAL.

Hapdderypa: No Beedet n uéyiotn Tk tne ouvdptnone f(z) = 23 — 2 o710 [-1,2].

H f ebvor mopayoyiown oto (—1,2), pe nopdywyo f'(z) = 322 — 1. Ta onuelo o7a onola
undevileton 1 ToEdywyog von To T = —% U Lo = % o omofor avijxouv oto (—1,2).
"Apa, ta onuela ota omolo unopel var todpvel uéylotn ¥ ehdyto Ty Ty 1 f elvan tar dxpor Tou
OLo THUOTOS o Tor 6Lo xplotua onpeio:

, I3 = 2.

J}():—l, xr1 = — ; T2 =

4
8-

O avtioToyeg Tiuég ebvon:

f(=1) =0, f<—1/¢§>=3j§, f(l/ﬁ>=—33§,

Yuyxplvovtag autée Tic téooeplc Twée PAénoupe 6t max(f) = f(2) = 6 o min(f) =

F(1/V3) = =2/(3V3). =

F(2) = 6.

5.6 Ocwpnuo Méong Tiwurng

‘Eoto f : [a,b] = R ouveyhc ouvdptnon. Trodétouye ot 1 f elvan mopaywylown oto (a, b):
Onhadt, yio xdde x € (a, b) optletan xahd 1 epantopévn Tou yeapruatoc tne f oto (z, f(z)).
Oewpovye v eudela (¢) mou mepvder and o onueta A = (a, f(a)) xu B = (b, f(b)). Av
T METAXIVCOUPE TOEEAANACL TROC TOV EQUTO TNG, XAmola and TG TapdAANAeS Yo EQimTETON
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oo Yedynua e f oe xdmowo onuelo (xg, f(x0)), o € (a,b). H xhion tng epantopévne Yo
TEETEL v tlooUTon Ue TNV xAion tne evdeiog (£). Anhady,

)-
: f() = fla)
S o) = b—a
Y10 mpdTo pépog auTrhg TS Topaypdpou divouue oo Tney| anddelln auTod TOU oY LELEUO
(Oeddpnua Méone Twnhc). Anodewxviouue mpdta pia el Tepintwon: to Yempnua Tou

Rolle.

Ochpnua 5.6.1 (Rolle). Eoww f : [a,b] = R. Trodérouue éu n f eivar ouvexris oo
[a,b] ka1 mapaywyioun oto (a,b). Tmobérouue emmAéor du f(a) = f(b). Tdre, vndpye
zo € (a,b) dote

f/(x()) = 0.

Anébeitn. EZetdloupe mpdhta v mepintwon mou 1 f elvon otadeph oto [a,b], dnhadr
f(x) = f(a) = f(b) vy xd9e z € [a,b]. Toéte, f'(z) = 0 v xdde = € (a,b) xou
OTOLOONTOTE amd AUTd ToL & PTopel Vo Taflel To POAO Tou .

‘Eotw Aownév 6t n f dev eivon otodeph oto [a,b]. Toéte, undpyer 1 € (a,b) dote
f(z1) # f(a) xa yoplc teptoptopd e yevixdtnroag propolpe vo vnodéooupe ot f(xg) >
f(a). H f elvou ouveyric oo [a,b], dea nadpver uéytotn tuh: undpyet zg € [a, b] wote

f(xo) = max{f(z) : x € [a,b]} > f(21) > [f(a).

Ewwétepa, zo # a,b. Anhadn, 10 x¢ Peloxeton oto avowxtéd ddotnua (a,b). H f éyel
(olxd) péyloto oo xg xou ebvan Topaywylown oto xo. And to Oehdpnuo 5.5.6 (Fermat)
ouunepoivoupe 6t f'(xg) = 0. O

To Yewpnua péong ThAc elvon dueon cuvéneta Tou Yewpruatog tou Rolle.
Ocedpnua 5.6.2 (Jewpnua yéone twhc). Eotw f : [a,b] = R ouvexnis oto [a,b] kai
rapaywyioun oo (a,b). Tére, vrdpyel xg € (a,b) dote

iy 4(0) = f(a)
Anédein. O avaydoiue oto Oewpenua tou Rolle wg e€fc. Oewpolye tn Yoo cuvde-

wmon h: [a,b] = R nov nodpver Tic diec tpée pe v f ota onuelo a xou b. Anhoady,
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H g eivar cuveyhic oo [a,b], napaywyiown oto (a,b) xou and tov tpémo emhoyhc e h
€Y OLUE

g(a) = fla) =h(a) =0 xu g
Yougwva ye to Yewpenua tou Rolle, undpyel xg €

f(b) — f(a)
b—a

—~

b) = £(b) — h(b) = 0.
a,b) vote ¢'(xp) = 0. Opoc,

—~

g'(z) = f(z) -
oto (a,b). Apa, T0 T avoroLel To {nroluevo. O

IMopathenon 5.6.3. H unddeon 6t n f eivon ovveyhc oto kAaotd ddotnua [a, b
xenotwonotfdnxe oty amddelln xou elvon amopaitnTn. OcwpenoTe, YLl TOUEAdELYU, TNV
f:00,1] > Ruye f(z) =z av0 << 1xu f(1) =0. H f elva nopayoyiown (&

ea, ouveyhc) oo (0,1) xa éyoupe f(0) = f(1) = 0. ‘Ouwc dev undpyer « € (0,1) Tou vo

fA)-f(0)
1-0

elvon 070 onueio 1: 1 f eivon acuveyhc oto 1, dnhady dev eivar cuveyric oto [0, 1].

wavornotel v f/(z) = =0, agol f'(z) =1 vy xdde = € (0,1). To npdPinua
M ToA) onupavTixy egopuoyn Tou dewphuatog uéong tung etvan 1 e€ig.
Ocwpenua 5.6.4. Eoww f: (a,b) = R napaywyioun ovvdptnon.

(i) Av f'(z) = 0 ya kdOe z € (a,b)

téte n f elvar avéovoa oto (a,b).

(ii) Av f'(x) > 0 ya kdOe x € (a,b)

téte n f elvar yvnoiws avéovoa oo (a,b).
(iv) Av f'(z) <0 ya kde x € (a,b)
(v) Av f'(x) =0 ya kdOe x € (a,b)

(ili) Av f'(x) <0 ya kdOe x € (a,b), téte n f elvar pOivovoa oo (a,b).
, tote n f elvar yvnoiws plivovoa oo (a,b).

téte n f eivar otalepny oo (a,b).

Andédedn. Oa deifoupe évay amd TOUC TEHOTOUC TECCERIC LOYUPLOUOUS: UTOVETOUUE OTL
f'(xz) =0 o670 (a,b), xu Yo deloupe 6Tt av a < z <y < b tote f(z) < f(y). Oewpolye
Tov meploplopd e f oto [z,y]. H f ebvan ouveyrc oo [z, y] xaw nopaywylown oto (z,y),
onéte epappdloviog to Vempnua uéone tunc Beloxouye € € (x,y) mou xavornoLel Tny

y—z
Agol f'(§) =2 0 xay —x > 0, éyovpe f(y) — f(z) = 0. Anhadd, f(z) < f(y).
o tov teleutaio woyuptoud mapatneriote 6t av f/ = 0 oto (a,b) téte [/ > 0 xa
[/ <0070 (a,b). Apa, 1 f elvon Towtdypova adZouoa xar gdivouca: av z < y oto (a,b)
t6te f(x) < f(y) xu f(z) = f(y), dnhadn f(x) = f(y). 'Encton 6w n f ebvon otodepry. O

Mo ropohhory ) (xan yevixevon) tou Yewpriuotog Méone Twrc elvan to Yedpnuo péong
Tiurc Tou Cauchy:
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Oehpnpa 5.6.5 (Jedpnuo uéone Twhc tou Cauchy). Eotw f,g : [a,b] = R, ouveyels
oo [a,b] ka1 tapaywyioipes oo (a,b). Tore, vndpye xo € (a,b) dote

(%) [£(b) = f(a)] ¢ (z0) = [9(b) — g(a)] f'(x0).

Ynueiwon: Tlopotneriote mpwta 6Tl T0 Yemdpnuo uéone Tng elvor X TEpinTWON Tou
Yewprpatoc tou Véhoupe va deifoupe: av g(x) = x tote ¢'(z) = 1 %o 1 (%) madpver
mop
[f(0) = f(@)] - 1= (b—a) f(2).

H UnopEn xdmotou xg € (a,b) 1o onolo wavornowel autiv Ty odtnta elvar axplB®S 0 Loy -
PLopOS TOoL VEWPHUATOS UESTS THUYS.

Ouunieite Tdpa T WX TNE anodelEng Tou Yewpruotog Yéone Twhc. Egapudooue 1o
Yewenuo Tou Rolle yio tn cuvdptnon

IoodUvaya (TOMNATAAGIEO TE TNY TEOTYOUUEVT oUVEETNOT UE b—a) Vol uTopoUCaE Vo €Y OUUE
TdpEL TNV

[f (@) = f(a)] (b= a) = [f(b) = fa)] (x — a).
O Yewpnooude AOIMOV CLVAETNCT AVTICTOLY N UE AUTHY, <OVTIXAIOTWOVIAC TNV T UE TNV

g(z)».
Anébetn. Oewpolue tn ouvdptnon h: [a,b] — R pe
W) = [f(x) = f(a)] (9(b) = g(a)) = [f(b) = f(a)] (9(x) = g(a)).

H h elvoaw ouveyhic 610 [a, b] xou mopaywyiown oto (a,b) (vt o f xou g €youv Tic Bieg
Wt6tnTee). Eoxoha enéyyouue 6Tt

h(a) = 0 = h(b).

Mrnopoiue hotmdy va epopudooupe to Yedpnuo tou Rolle: undpyel zg € (a,b) dote b (xp) =
0. Agod
W (wo) = f'(z0) (9(b) — g(a)) — ¢'(x0) (£(b) = f(a)),

TodpVOUUE TNV (). O

ITopatrenon 5.6.6. To evdupépov onuelo oty (*) ebvon 6L oL tapdywyol f/(xo) xou
g'(z0) «unohoyilovtou oto Blo onueio» xo.

IToA cuyvé, to Yewpnua péone Twhc tou Cauchy datundveTton we e€ng.
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ITépwopa 5.6.7. Eotw f,g : [a,b] — R, owvexels oo [a,b] ka1 tapaywyioes oo (a,b).

TroOérouue emmAéor ot
() o1 f" ka1 g' bev éxour ko pila ovo (a,b).
() 9(b) = g(a) # 0.

Téve vrdpyer xg € (a,b) dote

Anédeaén. Anéd to Yedpnuo péone twhc tou Cauchy, undpyet o € (a,b) dote
(f(0) = f(a))g (x0) = (9(b) — g(a)) [ (x0)-

Hopatnpotue 6Tt ¢'(x0) # 0: av elyape ¢'(z0) = 0, téte Yo Arav (g(b) — g(a))f'(z0) =0
xot, opoV and Ty unddeot| pac g(b) — g(a) # 0, Yo énpene va €youvpe f(z9) = 0. Anhadh
ot f" o g’ Yo ety xowd| pllo. Mropolue hotndy va dtoupécoude ta dUo PéAN Tne lodTnToC
we (g(b) — g(a))g'(zo) xou va ndpoupe to Lnrolpevo. O

5.7 Amnpoodibpioteg LopYEg

To Yedpnua péong twng tou Cauchy yenowonoleitor oty amOdEEN TOV «XAVOVWY TOU
L’ Hospital» v épta tng popgpnc % 1 o Tumxd mopadetypata tne xatdotaong mou Yo
oL{NTHACOLUE OE aUTH TNV TaEdyeapo elvon Tor e€AC: VEAOUPE Vol EEETAGOUNE oV UTIHPYEL TO
6pl0
x

lim L

v=wo g(x)
omou f, g ebvon 800 cuvapTAoels Tapaywylowes 8edld xou aploTERd and To T, Ye g(x) # 0
oV T XOVTE GTO T XU T 7 To XOU

lim f(z)= lim g(z) =0

T—rT0 T—rT0

S

lim f(z) = lim g(x) = +o0.

T—T0 T—T0

Tote Nye 6TL €YoLUE ampoodioplotn Hopen) 8 (h 2 avtictoya) oo .

Ou xavovee tou "'Hospital pag emitpénouv cuyvd vo Bpodue tétola dpta (o untdpyouy)
pe Tt BoRdela TV mapaydYwy Twv f xou g. Tumxd Yewdpnua autod tou eidoug elvar To
e&ne.
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Ocdhpenpa 5.7.1. Eotw f,g : (a,z9) U (x0,b) = R mapaywyioues ovvaptiioes pe g
€&ng 1016TNTES:

(o) g(x) # 0 ka1 ¢’ (x) # 0 ya kdOe x € (a,z9) U (x0,b).

(B) Jim f(z) = lim g(z)=0.

T—T0
7 . f’(x) _ 7 ’ . M
Av vndpyer to xhj;l() 7@ = ¢ € R, tote vndpyer to xlirgo (z) K@

lim f(z) =/¢= lim f'(z)

oo glx) | e g(2)

Anddaén. Opiloupe tic f xou g 610 xo Vétovtag f(zo) = g(xo) = 0. Apov

lim f(z)= lim g(z) =0,
T—T0

T—T0

ot f xou g yivovton tipa cuveyeic oo (a,b). O delfoupe 6Tt

lim M =/{= lim f(z)

-y g(x) B z—ag g(x)

‘Eyouyue
f@) _ f@) — fo)
g9(@)  g(x) —g(xo)
v xdde & € (x0,b). O f/, ¢ Sev éxouv xown pila oto (20, ) yrotl 1 g’ Sev undeviletan

moudevd. Ernlone g(x) # 0, dnhadn g(z) — g(xo) # 0. Egapudlovtoac howndv to Yebdpnuo
péone tuic tou Cauchy pnopolue v xde x € (z9,b) vo Bpolue &, € (zo,x) Gote

flz) _ f'(&)

g9(z)  g'(&)
(z) _

'Eotw topa 6Tt limy_q, 7@ = £ xon éotw € > 0. Mnopolue va Bpolue 6 > 0 @ote: av

~

To <y < xp+ 9 T6TE

f'(y)
-/l <e.

J' ()

YuvoudlovTag T Tapandvew oyéoelg PAEToude 6Tl av To < T < g + 0 TOTE
!
g() 9 (&)
(ywoti zp < & <z < 9+ ). Apa,
!
i L) L)
z—ma' g(x x—m:a' g (x)
/ : { bl T flx) _

Me avdhoyo tpbdmO delyvouue 6Tt hmx%xg 9@ = L. O

7 / / 7 7
O avtiotowyog xavdvoe dtay zg = +o0o elvar 0 e€hc.
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Oevpnua 5.7.2. Eow f,g : (a,+00) = R mapaywyioes ouvaptrioes pe ug &g
1010TNTES:
() g(x) # 0 ka1 ¢'(x) # 0 ya kdOe x > a.

(B) Jtim f(z)= lim g(z)=0.

, o L@ —— im 12
Av vrdpyer to Jm oy = ¢ € R wdte vndpyer o Jam gy ka
/
lim @zﬁz 1m f(x)
z—+oo g(x) z—+o0 g'()

Anddaén. OpiCovue f1,91: (0 1) — R ye

‘a

Eyoupe xlir& filzx) = IETOO f(x) =0 %o wli}I(I)lJr g1(z) = mgglwg(x) = 0 (ywei;). Enlong,
g1 # 0 xou gf #0070 (0,1/a). Téhoc,
fi(z)

lim = lim = lim .
a—0+ gi(x)  z—0t g (%) z—+oo ¢'(x)

"Apa, epopudleton To Oewpnua 5.7.1 yia Tic f1, g1 xou €youue
/ /
A@ L f@ S

lim = = .
a—0t g1(x)  a—0t gj(x) @t ¢'(2)

Agot
. f($) T fl(ﬂf)
xEr—&I-loo m N xggﬁ— g1 (1:) ’

éneton To {NTOluEVO. 0

Trdpyouv apreTEC aXOUA TEPLTTMOELS ATEOCOLOPLO TWY LORPOY Yo TIC OTOLES UTOPOVUE
VoL OLUTUTICOUKE XATIAANAO «xavova Tou I'Hospitaly. Aev Yo dwoouue dikeg amodeilele,

aC BOUUE OUOS TN BLATUTWOT EVOC XAVOVAL Y1 ATPOCOLOPLG TN LORYT .

Ochpnpa 5.7.3. Eotw f,g: (a,b) = R napaywyioies ouvaptioes pe ts eris 10iétn-

TEQ!

(o) g(z) # 0 ka1 ¢'(z) # 0 ya kdOe z € (a,b).
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(B) lim f(z)= lim g(x)= +oo.

z—at z—at
, B ) ; / m 1@)
Av vndpyer to gclgzl+ 7 = { € R, tdte undpyer wo :plg(rll+ o) K

@) @)

z—a™t g(ilf) z—at g’(x)

5.8 Tewpetpixn onpacio Tng BEVTERYNSG TAEAY WYOU

ESaye 6Tt 0 undeviopdg tne maparydyou oe éva onuelo T Bev €lvor oV cuvIXn YioL TNV
OTopEn Tomxon axpdTaTou 610 To. H ouvdptnon f(x) = a3 dev éyer axpbrato 6o 19 = 0,
opoc f'(zo) = 0. Kowtdlovtac tn deltepn nopdywmyo oto onueia pndeviogol tne npdhdtng
TOEAYYOU UTORPOVUE TOMAES (POPES VoL GUUTERAVOUPE oV €val xplotuo onuelo eivar ovtng
onueio axpodTaTovL.

Ocedpnua 5.8.1. Eotwo f : (a,b) - R napaywyioiun owvdptnon ka éotw xo € (a,b)
e f'(xo) = 0.

(o) Av vndpyer n f"(xo) xar f"(zo) > 0, téte éxoupe tomkd ekdyioto oo .

(B) Av vndpxer n f"(x0) xar f"(zo) < 0, téTe éxoupe Tomkd Héyioto oTo xg.

Ynueiwon: Av f"(zg) = 0 4 av dev undpyer 1 f"(z0), t6te mpéner vo eetdooupe T
oupPaivel ye dAlo TpoTO.

Arnddein. Oa deifoupe pévo 1o (o). ‘Eyouue
’ o /
fa)~ fay) @)

0 < f"(zg) = lim
T—T0 T — X T—T0 X — X

Enopévae, unopolue va Beodue § > 0 woTe:
(i) Av g <z < x0+ 0, to1E f'(2) > 0.
(i) Avzo—0d <z < o t6%€ f'(x) <O.

‘Eotww y € (xg — 6, x0 + 9).

(i) Avao <y < zo+9, 161 egappdlovtac to Yedpnua péone Tuic oo [zg, y] Beloxouue
x € (x0,y) WoTE

fly) = f(@) = f'(@)(y — x0) > 0.

(i) Avzo—0d <y < xg, to1E eappolovtag To Yedpnuo péong Tnc oo [y, zo] Beloxovye
x € (y,10) WoTE

f(y) = flz) = f'(x)(y — x0) > 0.

Anhodn, f(y) < fzo) yia xdde y € (xg — 6,20 + 6). Apa, 1 f €xel Tomxd ehdyioto 670
xo. O
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5.8.1 Kuptég xau xolheg cuvapTfoelg

Oewpole pa Topaywyiown cuvdptnon f @ (a,b) = R. Av zg € (a,b), n «ciowon g
eqanTtopévney Tou ypaphuotog e f oto (zg, f(xo)) ebvon 1

y = f(xo) + f'(w0)(x — 20).

Aépe bt f elvon kyptrj oo (a,b) av yia xéde xg € (a,b) éyxouue

(*) f(x) = fxo) + f'(zo)(x — x0)

v xdde x € (a,b). Anhadh, av to yedonua {(z, f(z)) : a < x < b} PBploxeton Tévw
and v epantopévn. Aéue 6t n f ebvan yvnoiws kupt oo (a,b) av yo xdde = # x¢ 1
aviooTnTa oty (%) ebvon yvroto.

Aépe 6t f elvon koidn oo (a,b) av yio xdde xg € (a,b) éxouue

() f(x) < f(xo) + f'(wo) (2 — o)

v xée = € (a,b). Anhadh, av 1o yedynua {(z, f(x)) : a < x < b} Bploxeton xdtw
and v egontouévn. Aéue 6t n f eivan yrnoiwg koikn oto (a,b) av v xdde x # xo N
oavlo6TNTOL 6TV (k%) Elvon YVAoLaL.

Téhog, MNue 6t 1 f éyer onueio kaumis oto onuelo xo € (a,b) av undpyel 6 > 0 dote N
[ vagbvan yvnoloe xvpth oto (29 — 6, x0) xou yvnoine xolkn 610 (o, 2o + 0)  yvnolng
x0lAn oo (29 — d, zg) o ywnolwe xupth oo (zg, xo + 0).

Ocedpnpa 5.8.2. Eotw f : (a,b) — R napaywyioun ovvdptnon.

(a) Av n f etvar (yvnoiwg) adéovoa oo (a,b), téte n f eivar (yvnoing) kvt oo (a,b).
(B) Av n f' etvar (yvnoiwg) gdivovoa oo (a,b), téte n f elvar (yvnoing) koikn oo (a,b).

Arnddeaén. ‘Eotw zg € (a,b) xa éotw z € (a,b). Trodétovye mpwta 6Tt = > z9. And 10
Yedpnua yéong Twhc, utdpyel & € (xo, z) ye TV WLoTNT

f@) = f(zo) = (z = 20) f'(&)-
Aol g < & éxoupe f(&) = f(xo), xou agod x — z9 > 0 BAénovye 6t
f(@) = f(xo) = (z = 20) f'(&) = (x — x0) f'(20)-

Trodétovpe tdpa 6Tt < z9. And 10 Yedpnua péone Twhc, utdpyet &, € (x, o) Ue TNV

WOLOTNTA

f(x) = f(zo) = (x — 20) f'(€x)-
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Aol & < xg éyouvpe /(&) < f'(z0), xou agol x — zg < 0 Brénoupe 6Tt
f(x) = f(z0) = (x —20) f'(&) = (z — w0) f' (o).

Ye x&de mepintwon, wylel n (). ExéyEte ot av 1 f/ urotedel yvnolwe adZovsa oo (a, b)
t6TE TodpVoULPE YVAoLa ovioOTT oTNY ().

(B) Me tov {dio tpbro. O

H Seltepn napdywyog (av undpyet) unopel va pog dooer TAnpogopia yia to av 1 f ebvan
%xVETH 1) xOlAN.

Ocedpnua 5.8.3. Eotw f : (a,b) — R Vo gpopés napaywyionun ovvdptnon.

(a) Av f"(x) > 0 ya kdOe x € (a,b), téte n f elvar yvnoiws kyptrj oo (a,b).

(B) Av f"(z) < 0 ya kdOe x € (a,b), téte n f elvar yvnoiws koikn oo (a,b).

Anédeitn. (o) Agou f”" > 0 ovo (a,b), n f" elvar ywnolwe adZovoa oto (a,b). And to
Oedpnua 5.8.2 énetar to {ntolyevo.

(B) Me Tov (o tpdmO. O

Téhog, divoupe pio avaryxato cuvinixn yia va ebvan To zg onueio xaunhc e f.

Ocecwpenua 5.8.4. Eow f : (a,b) = R 6o popés mapaywyioun ovvdptnon kar €0tw
xg € (a,b). Av n f éxer onueio kaunig oo g, tdére f"(zg) = 0.

Anédeitn. Oewpolue ) ouvdptnon g(z) = f(x) — f(zo) — f'(zo)(x — zo). H g dev €xer
o6 PEYIOTO N ENdYIoTO 610 o: €xoude g(zg) = 0 xou g > 0 apioTtepd ToL Zo, g < 0
0e€id Tou Tp — 1) TO AVTICTEOYO.

Eniong, ¢'(x0) = 0 xaw " (x0) = f"(x0). Av Arav ¢"(zo) > 0 A ¢"(z0) < 0 t6t€ and T0
Oewpnua 5.9.1 1 g Yo elye axpdtato oto xg, dromo. Apa, f"(xo) = 0. m]

Inueiwon. H ouvdnn tou Oewphpatoc 5.8.4 dev ebvor xavh. H f(z) = 2 dev éyel onuelo
xapmhc 010 19 = 0. Eivar ywnolwe xupth oto R. ‘Opwc f”(z) = 1222, dpo f”(0) = 0.

Iapdderypa. Mehethiote 0 ouvdptnon f: R — R ye

1
H f etvou mopaywylown oto R, ye
2z
fiz) = -
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‘Apa, 1 f elvon yvnolwg adZovco oto (—o0, 0) xar yvnoiwe gdivousa oo (0, +00). Tlaipver
uéytotn twn oto 0: f(0) = 1, xou lilil f(z) = 0. H debrtepn nopdywyoc tne f optleton
T— 00

TavToU xou elvon (on ye

2(3z* — 1

f//(SC) — ( £ )
(12 + 1)3

Aea, " >0 ot (—oo,—%) %ol (%,oo), evey f” <0 oto (—%,%) ‘Eneton 6t 1

f €yer onuelo xounrc ota i% xan ebvon: yvnolwe xupth ota | —00, —%) xou (%,oo),

yvnoiwe xolin cto (—%, %) Autég oL mAnpogoplieg elvon apxeTég yior Vo GYEBLICOUUE

COPXETY TUOTAY TN Yeopix)| TopdoTach Tne f.

5.8.2 AocVuntwIeg
1. Eotw f: (a,+00) — R.
(o) Aépe 6tLn evdela y = B ebvan oprldvnia aountwtn e f 610 400 av

lim f(z)=p.

T——+00
Hopsderype: 7 f : (1, +00) = R pe f(z) = L5 éyer opildvia aciumtot my y = 1.
(B) Aépe 6t nevdela y = ax + B (a # 0) eivon mAdya aourntwtn e f oto +00 av

lim (f(z) - (ax + 8)) = 0.

Tr——+00

[Mopatnenote 6T N f €xel To TOND plor TAGYL AGUUTTOTN 6TO +00 XU OTL av § = ax + f3
elvan 1) aolumtwTy g f TéTE N *AoM g o uoloyileTon amd TNV

a= lim 7f(:n)
r—+oco X

xou 1 otodepd B umoloyiletan and TNy

= lim (f(x)— ax).

r—r—+00

Avtiotpoga, Yy vo 5olue av 1 f €yel TAdyLo aoOUTTOTN 610 +00, eEETALOVUE TEWTA oV

flz)

undpyel o lim Av autd T0 6plo UTdpEyEL xan av ebvar SlapopeTixd and To 0, TOo

T—r+00
oupPoiiloupe pe a xan e€etdlouye av LTEPYEL TO xgrfoo(f(m) —ax). Av xa avtd To 6plo

— a¢ To movue B — undpyet, ToTe N Y = ax + B elvon 1 TAdya aolunTwT TS f 0T0 +00.
Mopdderypo: 1 f 2 (1,400) = R e f(x) = % €yl TAGYLOL AOUUTTOTN OTO +00 TNV

y =z + 2. pdypat,
lim @ = lim

r—+o00 I T——+00 [,(,‘2 — T

2
-1
?rr-1_
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xou
lim (f(z) —x)= lim 2w 1

r—+00 z—+oo ¢ — 1

=2

2. Me avdhoyo tpoémo opiCouue — xau Peloxouye — tnv opllovtiar 1) TAdYL ACOUTTWTY WG
ouvdptnone f : (—oo,a) - R ot0 —00 (av undpyet).

3. Téhog, Mpe b f : (a,o)U(xo,b) — R éxer (apiotepn ¥ 8e€Ld) xotaxdpupn acOUTTOTN

GTO T AV
lim f(x)=+00 A lim f(x)=+o0
T—=T) x%xar
avtiotorya. T napdderypa, n f(z) = % €yEL aploTERT| o Oed aolUTTLTN 6To 0 TNV
evdelo z = 0, agol lim 1 = —o00 xau 11 1= tc.
z—0~ —0t

5.9 Aoxvocig
A’ Opdda
1. E&etdote av oL nopaxdte mpotdoels eivan ohndeic B Yeudelc (cutiohoyfote mAfpwe Ty andvinot
c0C).
(o) Av m f eivon maparyoyiown oto (a,b), t6te 1 f elvon ouveyfic oto (a,b).
(B) Av 7 f eivon mopaywyiown oto xg = 0 xou av f(0) = f/(0) =0, t61e li_>m nf(1/n) =0.
n o0

(v) Av n f ebvan napoywylown oto [a,b] o maipver ) péyiotn Twwh e oto Tp = a, TOTE
f'(a) = 0.

(i) Av f'(z) 2 0 vy xdde x € [0,00) xou f(0) =0, téte f(x) = 0 yiot x&de z € [0, 00).

(8) Av n f elvoaw 800 gopéc napaywyiown oo [0,2] xau f(0) = f(1) = f(2) = 0, t6te LndpPYEL
zo € (0,2) dote f(xo) = 0.

(e) Eotww f:(a,b) = Rxau éotw zp € (a,b). Av n f elvon cuveyrc oto x¢, napaywylown oe
xéde x € (a,b) \ {zo} »on av undpyel To le fl(x) =L eR, téte f'(xg) = L.

T o
ot) Avn f: R — R elvau tapaywyiown oto 0, téte undpyet § > 0 dote 1 f va elvar cuveyhc
n P #n ex n xm

oto (—96,0).

Q) Av elvou Tapaywylown oto g € R xou f/(xg) > 0, té1e URdpyel § > 0 dote 1 f va ebven
n < U 24 n
ywnoiwe abovoa oo (g — 0, ¢ + 0).

2. E&etdote av o cuvapthoeic f, g, h eivan topaywyiowes oto 0.
() f) =z avz ¢ Qxu f(z) =0ovazeQ.

B) gz)=00avz¢Qxung(x)=12%avzeQ.

(v) h(z) =sinz av 2 ¢ Q xow h(z) =z av z € Q.
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3. E&etdote av ol cuvapthcels f, g, h elvon napaywyiowes oto R, Av elbvar, e€etdote av 1 nopd-
ywybde toug elvon cuveyric oto R.

(@) f(z) =sin (L) av z # 0, xou f(0) = 0.
(B) g(z) =xsin (2) av z # 0, xou g(0) = 0.
(v) h(z) = 2?sin (L) av 2 # 0, xau h(0) = 0.

x

4. AclZte 61 n ouvdptnon f: R = R e f(z) = 922 qv 2 # 0 xou f(0) = 1 ebvon naporyeryiown
oe xde zo € R. EZetdote av n f': R — R elvon ouveyhic ouvdptnon.

5. Bpeite (av undpyouv) to onpelo ota onola etvon aporywyiown n ouvdetnon f: (0,1) — R pe

f($)={

6. Adote napdderypa cuvdptnone f : (0,1) = R n onola:

, =5 pqeN, MKA(p,q) =1

Q= O

(o) ebvon suveyhc oto (0, 1) ahhd dev eivon tapaywylown oto onuelo xo =

3= NI

(B) elvon ouveyfic oto (0,1) ahhd dev eivan Topaywyiown ota onuela z, = =, n > 2.

7. Adote napdderypo cuvdptnong f : R — R ye g e€ng biotntee:

() f(=1) =0, f(2) =1 xau f'(1) > 0.

(B) f(=1) =0, f(2) = 1 xau f'(1) <O.

(v) f(0)=0, f(3) =1, f'(1) =0 xou 1 f elvon yvnolwe ad&ouca oto [0, 3].

(®) f(m) =0xo f'(m) = (—1)™ v x&de m € Z, |f(z)| < 3 v x&de z € R.

8. Eotww f,g: R — R xa éotw zp € R. Trnodétouye ot f(xg) =0, n f elvon naparywyiown oto
xo %o 1 g elvan cuveYNg oTo To. Acel&te OTL 1 cUVdPTNON YWduevo f - g eivan Tapaywylown oToT.

9. T xodepio and Tic mapaxdtw cuvopthoelc Beelte TN PEYLOTN xou TNV EAGYLOTN T TNE 010
BLAC TNUOL TOU UTLOBELXVOETOL.

(@) f(z) =2%—2% -8z + 1070 [-2,2].
B) f(z) =2+ 2+ 1070 [-1,1].
(v) f(z) =23 — 3z 670 [-1,2].

10. Aci&te 6t n e€iowon:

(o) 4ax® + 3bx? + 2cx = a + b + ¢ éyel TouhdyioTov pla pila oo (0,1).
(B) 62* — 7Tz + 1 = 0 éyeL T0 TOAD dlo Tporypatinéc pllec.

(v) 23 4+ 922 + 33z — 8 = 0 éyer oxpiPde plo mporyportin| ptlo.

11. Eotww a1 < -+ < ap 010 R xou éotw f(z) = (x —a1) - (x — an). Acilte 6t 1) e&iowon
f(x) = 0 éyer axpiBdde n — 1 Noelc.
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12. Eyedldote T YPuUPIXEC TUPUC TACELS TWV CUVUPTHOEWY

2
W=ty f@=rt f@=o f@) =1

Yewpnvtog ooy tedlo oplopol Toug To Yeyohldtepo utoahvoro Tou R 6to onolo pnopody va opis ToHY.

13. Aivovtor mpaypatixol apripol a1 < ag < - -+ < a,. No Peedel 1 ehdylotn Tiud Tne cuvdptnong
n

fl@) =3 (v —ap)*.

14. 'Eotww a > 0. Aclgte 6T n uéylotn T g ouvdeTnong

1 1

T) = +
/(@) 1+z]  1+]z—a

elvon {om ye ﬁ—g
15. YTrodétoupe 6Tl oL cuvaptioes f xou g ebvan tapaywyiowes oto [a,b] xou 6t f(a) = g(a) o
f(b) = g(b). Aci&te 6t undpyel ToLAdyIGTOV €Vval onpeio x oTo (a,b) Yo To onolo ot epanTOUEVES

TWY YRUPIXWY Tapao Tdoewy twv f xou g oto (z, f()) xou (z, g(z)) eivon napddiniec ¥ tawtilovron.

16. Afvovtau 0o mopaywylowes cuvapthoces f,g : (a,b) = R dote f(x)g'(x) — f'(z)g(z) # 0
yioe xéde = € (a,b). Acei&te 6t avdyeoa ot 800 pilec e f(z) = 0 Bploxeton wat pilo e g(z) =0,
xalL avTlo TRoYA.

B’ Oudda
17. Eoto f: [a,b] = R, cuveyhc o710 [a,b], topaywylown oto (a,b), pe f(a) = f(b). Acite bt
untdpyouv x1 # x2 € (a,b) dote f'(x1) + f'(x2) = 0.

18. Eotow f: (0,400) — R nopaywylown, pe BI_{I f(x) =0. Acige 6

lim (f(x+1)— f(z))=0.

Tr—r—+00

19. Eovwo f : (1,400) = R naparyeyiown cuvdptnon pe tv ot | f/(z)] < 1 yioxdde z > 1.
Aceléte 6m EIE [f(z+ vz) — f(z)] = 0.

20. 'Eotw f, g 800 cuvaptioeic cuveyeic oto [0, al xa napaywyiowee oto (0,a). Trodétoupe 6T
f(0) =g(0) =0 xou f'(z) >0, ¢’(z) >0 o0 (0,a).
f(=)

x

(o) Av 1 f/ elvon ab€ouoa oo (0,a), deilte ot 7 ebvou av€ovoa oo (0,a).

(B) Avn ;—: ebvon avZovoa oto (0,a), dellte bt N g elvon avZovoa oto (0,a).

21. (o) AeiZte 6n yio xdde = € R woydet e® > 1+ .
(B) Aci&te 6u v xdde z > 0 woyder

1
1——<logx<z—1.
T
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22. Acf€te 6t v xde > 0 xou yio x8de n € N 1oy Vet
lnxgn(%—l) < Yz lna.

Yuprepdvore ot limy, oo n (Y2 — 1) = Inzx yo x> 0.
23. (o) Aci&te 6t v xdde = € R woyel

lim nln (1—|— E) =ux.
n

n—o0

(B) Aci&te 6u vy xdde z € R woyde
lim (1 + E) =e”.
n— oo n

24. Mekethote 1N ouvdpTNoN
_Inz

flz) = —

T

o710 (0,+00) xou oyedidote ) ypopixh e napdotoon. Ilowde elvan yeyolitepog, o €™ # o m°%

25. AclZte 6L oL ouvopthoeic In xou exp ixavomololy ta e€fg: (o) yio xdde s > 0,

xT

lim — =+o00
r—+oo IS

xou (jB)
lim nz _ 0
r—+oco S e

Anhadi, 1 exp avZdvel 610 00 Toytepa and onoladRnote (Leydhn) SOvoun Tou &, evéd 1) In awddvel
6710 +00 Bpadltepa and onoudhnote (uxpen) dOvoun tou .

26. Eotwo f: R — R nopaywyiown cuvdptnon pe v Wotna f/(z) = cf (x) v xéde = € R,
6mou ¢ wa otadepd. Acilte ot undpyel a € R dote f(z) = ae® yia xdde x € R.

27. 'Ectww f : [a,b] = R ovveytc, napoywylown oo (a,b), dote f(a) = f(b) = 0. Aeléte 6
v xdde A € R, n ouvdptnom gx : [a,b] — R pe

ga(z) := f'(z) + Af (@)
éyeL wa pilo oo ddotnua (a,b).

28. Eotw a,b € Ryca < bxauéoto f: (a,b) = R napaywyiown cuvdptnon dote lim, - f(z) =
+oo. Aeigte bt undpyet € € (a,b) dote f/(&) > f(&). [Yrédeén: Oewpfote tny e f(x).]

29. AceiZte 6T yio xdde z € (0, %) woyle

. x
sinx > —.
™
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30. (o) 'Ectww f: R — R do gopéc napaywylown cuvdptnon. Trodétoupe 6u f(0) = f/(0) =0
xou f(z) 4+ f(z) = 0 yio xdde = € R. Aeilte 61 f(z) = 0 yia xéde x € R. [Trébaén: Oewpfiote
my g =f2+(f)?]

(B) Eow f: R — R Vo gopéc mopaywylown cuvdptnon. YTrodétoupe 6t f(0) =1, f/(0) =0
xou f(x) + f(z) =0 v xd¥e € R. Aeilte 61t f(z) = cosz v xdde z € R.

31. () Acilte 6T 1 eiowon tanz = z éyel axpPide pio Aor oe xéde Sidotnua T Lop@hc
I = (kr — 2 kn + 3).

(B) Eotw ag n Mon e mopandve eiowone oto ddotnua Iy, k € N. Beeite, av undpyet, 1o dplo
limy o0 (ak4+1 — ax) xaw dOOTE YEWUETEXY EpUNVELia.

IV Opdda

32. Aivovta mpaypatixol apripol a1 < ag < -+ < ap. No Bpedel 1 eldyiot Ty g ouvdptnong
g(@) = 2 |r — axl.
k=1

33. Eotw n € N xau éotw f(z) = (22 — 1)". AciEte 6n 1 e&icwon ) (x) = 0 éyer axpiBde n
drapopeTinéc hoels, dhec 610 didotnua (—1,1).

T

34. Na Beedolv dhot oL a > 1 yio Toug onoloug 1 avicotTnTa ¢ < a” wylel yioa xdde = > 1.

35. Ecww f : [0,1] = R cuveyfic ouvdptnom pe f(0) = 0. Trodétoupe 61 n f elvon napoywyiown
oo (0,1) xou 0 < f'(z) < 2f(z) v xdde z € (0,1). Aeléte 6T n f elvon otadepr| xou ion pe 0
oo [0,1].

36. Eotww f: R — R nopaywyiown cuvdptnon. Trodétoupe 6t f'(z) > f(x) yio xdde x € R
xou f(0) = 0. Aceite 6t f(x) > 0 v xdde « > 0.

37. Eotww a > 0. Acigte 6t 1 ellowon ae® = 1+ x + 22 /2 éye oxpire plo mporypartied pilo.
38. Eotww [ : (0,+00) — R nopaywylown ouvdptnon. Trodétoupe 6t 1 f/ elvan @paypévn.

im L@ _g
r—+oo %

Acg{&te 6T vy xdde a > 1,

39. Eow f : (a,b) — R nopaywylowrn cuvdptnor ue linlr)l f(z) = +oo. Acite 6T av undpye
b~

to lim f'(x) téte ebvan (oo pe +oo.
z—b—

40. Eotww f : (0,400) = R nopaywylown ouvdpetnon ue lirf f(x) =L € R. Aci&te 6t av
Tr—r+00

’ ] ! ’ ’. ’
uTdpyEL TO zgrfoof (x) téte ebvou ioo pe 0.



KEPAAAIO O

Oewpenua Taylor

6.1 Ocswenuo Taylor

Optopoéeg 6.1.1. Eow f : [a,b] = R xou éotww zg € [a,b]. Tmodétoupe étL 0 f ebvou
n opéc mapaywyiown oto xg. To moAudvuuo Taylor tdénc n tne f oto zg elvon To
mohuovuuo Ty, ¢ : R — R nou oplleton w¢ e€rig:

" fk)
T gea) = 3 T (g,
k=0
ONAao,
e (n) r
T, f.20(x) = f(20) + f'(20) (2 — 0) + f (2 0) (x—x0)> + -+ fn(!())(x — 20)".

To undérowro Taylor tdénc n e f oto xg eivon 1 ouvdptnon Ry, 54, ¢ [a,b] = R mou
optleton wg e€ng:

Rn,f,xo (.%') - f(.%') - Tn,f,xo (37)

‘Otav g = 0, cuvndiouue va ovoudlouvue ta Ty, o xou Ry, ro moAuovupo MacLaurin xou

unoroino MacLaurin tne f avtictouya.
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IMopatienon 6.1.2. Iupaywyilovtag 1o T}, f 5, BAénovye ot

n (k)
Topa(@) = 3L (o ¥, o T g (o) = £(20),

" g(k)
Ty f o (T) = Z S (o) (x —20)"!, dpo T} ;o (o) = f(20),

— (k—1)!
"R (g B )

g () = 2 _( 2(;? (2 —20)*™%, dpa T 54 (x0) = f"(20),
k=2 '

n (k)
7 (@0 = 3 L) i, s T, (a0) = £,

nyf@O

Anhady), To mtohuwvupo Taylor éd&ng n tng f 010 T avoTolel Tic

T(k) (1‘0) :f(k)(x())a k:O717"'an

'fL,f,iEO

xan efvor To povadixd Tohuwvupo Baduold To moh) (Gou pe m mou €yEl AUTH TNV WBLOTNTA

(egnyfote yuoti).

IMopathenon 6.1.3. Eow f : [a,b] = R xu éotw x¢ € [a,b]. Trodétouye bt n f

elvar n — 1 gopéc topaywylown oo [a,b] xou n popéc mapaywyiown oto xp. Hapatnpriote

ot :
n (k
/ _ ¥ (o) k—1
n,f,xo(x) (k— 1)|(x_w0)
k=1
e )
Tl (st (o
Tt g @) = 3 L0 (g g

Oétovtoc k = s+ 1 o auTh TNV LoOTNTA GUUTERAVOUPE OTL
/ —
Tn,f,mo - Tn—l,f’,$0~
‘Eneton 61t
/ j—
n,f,xo Rn—l,f’,x(y

ITeétaocm 6.1.4. Eoww f : [a,b] = R ka1 éotw zg € [a,b]. Ymobérouue du n f evar
n — 1 gopés napaywyioun ozo [a,b] kar n popés mapaywyioun ozo xg. Tote,

11m Rn7f7960 (x)

=0.
T—T0 (.CL‘ — 1‘0)"
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Anédeién. Me enoyomyn oc npoc n. T n =1 éyouye

Ry jay(x) = f(x) — f(x0) — f'(x0)(x — 20),

Risao(®) _ F@) = f@o) oy g

T — X0 T — X0

oty T — 0, Amd TOV 0PLOUO TNG TAPAYWYOU GTo oNueio .

Trodétouue 6TL N mEdTAON WoYVEL Yot . = M %ou Yl X&) GUVAETNOT TOU LXAVOTOLEL
¢ unotéoec. ‘Eotw f @ [a,b] = R, m gopéc napaywyiown oto [a,b] xou m + 1 @opéc
Tapaywyiown oto xg. Tote,

Jm Ry g () = Jim (2 — @)™ =0
pidei’ ,
lim Rm—i—l,f,a;o (:C) T Rm,f’,:vo (1") -0
w580 [(z — 2oy 1] #m (m+ 1)@ — a0)"

and v emaywyw unddeon yio Ty f. Egopudloviac tov xavéva I'Hospital ohoxhnpee-
VOUUE TO ETOYWYLXO Briua. O

14 7 / / /7 7/ /
Afppa 6.1.5. Eotw p molvdvupo Badpot to moAl ioov e n to omoio 1ikavomolel Tny

(6.1.1) TG

=0.
a—zo (x — 20)"
Téte, p = 0.

Anédedn. Me enaywyr og npog n. o To enarywyixd Briua topatneolue meohTo 6Tt

plao) = lim p(a) = tim 20 (o _yn g,

T—T0 T (m — xo)”

Yuvenae, p(zo) = 0. Apa,
p(x) = (z — zo)p1(2),

7 7, 7 ’o7 4 4
omou p1 ToAudVLUO Badpod To ToAL {ou ye n — 1 1o onolo ixavonotel TNV

TR 1C.) B S 4 C) B
a—wo (x — x9)" 1 a—mo (z — z)”
Av unodécoupe otL ) Hpdtaon woylel yio tov n — 1, t61te p1 = 0 dpa p = 0. O.

H ITpétaon 6.1.4 xou to Afjuua 6.1.5 amodeixviouy Tov e€ng YopaxTNelons TOLU TORUGW-
vouou Taylor T5, ¢ 40:
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Oehpnpa 6.1.6. Eoww f : [a,b] = R ka1 éotw zg € [a,b]. Ymobérouue éu n f eivar
n—1 popés tapaywyionun ozo [a,b] ke n popés tapaywyioun oo xy. Tdte, To ToAvdYUNO
Taylor tdééng n wng f oo xg elvar o povadiké mroAvwrvpo T Babuol to moAd ioov e n to

omolo 1kavonolel Ty

(6.1.2) lim L&) = T@)

T—T0 ({L‘ — $0)n

= 0.

Anéoaén. HIpbroon 6.1.4 Selyvel 6t 10 T, 5 4 wavoroiel Ty (6.1.2). Tt tn povadixdtnta
apxel vo tapatnenoete 6TL av 800 moluwvupa 11, Th Boduol to oAl (oou ye n ixavorotody
v (6.1.2), t61€ T0 TOALGVUYO p = T1 — Ts wavornowel ty (6.1.1). Anéd to Afjupo 6.1.5
ouunepaivoupe ot 11 = Th. O

IMapathenon 6.1.7. To Oedprnuo 6.1.6 pog diver évav éuueco teomo Yo va Peloxouue
T0 molvwvupo Taylor td&nc n plag cuvdptnong f oe xdnolo onueio xg. Apxel va Bpolue
évol ToALGVLPO Barduol to Tohd {oou pe n to onolo xavorotel Ty (6.1.2).

(i) H ouvdptnon f(z) = = ebvou dnepec gopée mopaywyiown oto (—1,1) xou éyouye det

ot
1
17=1+:U+x2+-'-+x"+--- yioe xde |z| < 1.
-z

Oa BeiCoupe oL, Yio xde n,
Tn7f,o($) = Tn(l') =14+x+---+2"

[Topatnpolue ot

1 1— .’L’n+1 .’L’n+1
_T - _ -
/(@) n() 1—2 l1—2 1—2
Apa,
lim M — lim —% — 0,
z—0 xm z—01—x

xat to {ntoluevo mpoxVnTEL amd To Ocwpnua 6.1.6.
(ii) H ouvdptnon f(x) = H% elvan dmelpec popéc Topaywyiown oto R xaw éyoupe det 61t

1
1+ 22

=1—a2?+2t+ (=) + -y wdde |z] < 1.
Ou detéoupe 6TL, Yoo xdie n,
Ton 1.0(x) = Tons1.p0(x) = Ton(x) =1 —2® + 2t — - 4+ (=1)"z™".

[Topatnpolue ot

1 1— (_1)n+1x2n+2 (_1)n+1m2n+2

T 14 a2 1+ 22 1+ 22
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‘Apa,
f(@) = Ton() _ (=D
T

%ol (TPoQavHe)
_ _1\n+1,.2
lim L8 = Pnl®) o ED 27

z—0 2n z—0 14 22

ondte 10 {Nroduevo npoxdnTeL and To Oswpenua 6.1.6.

To Oetpnua Taylor divel ebypnotec exppdosic yia To utodrowno Taylor Ry, ¢4, t4Enc n

woc ouvdptnong f o xdmolo onuelo xo.

Ochpnua 6.1.8 (Ocwpenua Taylor). Eotw f : [a,b] — R pa ouvvdptnon n + 1 gopés
napaywyioun oo [a,b] ka éotw g € [a,b]. Tdte, ya kdle x € [a, b,

(i) Mopgr Cauchy tou unodoimou Taylor: Yrdpyer & peta&d wwv xg kar x dote

FrIE)

n!

B, 00 (2) = (z = &)™ (z — o).

(ii) Mopyr Lagrange tou unoloinov Taylor: Trdpyer & petaéd twv xg ka1 x bote

(n+1)
f 1 (5)(1,_1,0)7%&-1.

Bongro (@) = T00))

Anddean. Xtadeponoolye 10 x € [a,b] xou opilouye ¢ : [a,b] — R pe

" fk)
olt) = Bogo(e) = f(2) - 3 D -yt
k=0

Hapaywyillovtag we mpog t BAénoupe ot

5> (Mm—wk— AUl —t>’“_1>

o0 = =f0-3 | oo
(n+1)
_ _f :L‘ (t) (x_t)n7

agol To peoaio ddpoioua etvan Tnheoxomixd. Iopatneriote enlong ot

90(550) = Rn,f,xo (13) ol 90($) = Rn,f,x(:E) =0.

(i) N tn popyty Cauchy tou unolotnou epapudlovpe to Oedpnua Méone Twrc Y Ty ¢
07O BLACTNUA UE dxpa & xou xo: T Tdpyet & petadd TV To XaL T WO TE

Ry w0 (1) = @(20) — () = &' (&) (w0 — ).
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Ané vy
(n+1)
¢'(€) = ! — (©) (z — &)™
éneton OTL -
R fa0 () = fn,(g)@ —&)"(x — x).

(ii) T ) popen Lagrange tou vnohoimou epapudlovpe o Ocwpnua Méone Twrc tou

n+1

Cauchy y tnv ¢ xou yo v g(t) = (z — t) 070 SdoTnua YE dxpa = xou To: Yndpyet

& PETAED TWV To XL T OCTE

R fao(®)  p(zo) —p(z)  ¢'()
(x — o)™t g(wo) —g(z) (&)

"Eneton 6t

(n+1)
_%(gj el
—(n+1)(z —&"

Rn,fﬂfo (;U) = (x — T

Yy enouevn Hoapdypago Vo yenoiworoiicouue o Ocwpnua Taylor yio vo Bpouue to

AVATTUYUO O BUVOHOGELRE TV PACIXOY UTERBAUTIXWY CUVIRTHOEMY.

6.2 Avuvapooeipéc xou avantoypata Taylor

6.2.1 H ex9etixf cuvdptnon f(z) =e”

Topatneotyue 6t fF)(2) = e yio xdde x € R xou k = 0,1,2,.... Ediérepa, f*F)(0) =1
vio x&e k > 0. Xuvenocg,

n
iL'k 2 "

X
k=0 ) )

‘Eotw x # 0. Xenowonowsvtog tny yoper Lagrange tou unoloinou naipvouue
eE

n+1
(n+1)!z

Rn(x) = Rn,f,O(x) =

yio xdmoto € peta€d twv 0 xou z. o vo extyicouye o undroino dloxplvoupe 800 TEQITTH-

oElC.

e Avz > 0 téte
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oAvx<0,ré‘c€§<0xoueg<1,écpoc

es |x|”+1
R = g :
[Fen () (n+1)!|x’ (n+1)!
Ye xdde mepintwon,
|z\| ‘n—l—l
el
R < ——
()] (n+1)!

‘Ecotw z # 0. Egapuélovtog 1o xpitriplo tou Adyou vl Ty axolovdio a, =

BArémouye OTL
Wt _ 27l
an, n—+2
dpa
lim |R,(z)| = 0.
n—o0

YUVETKE,

v xdde xz € R.

6.2.2 H ouvdetnon f(zr) =cosx

e|x|‘x|n+l

(n+1)!

Mopatneotue 61t fCR) () = (=1)F cosx xon fCFHD)(2) = (=1)Fsinz yio %8s 2 € R xou

k=0,1,2,.... Edwdtepa, F@R)(0) = (=1)% xou fCFHD(0) = 0. Suvende,

n (—1)kx2k xQ JZ4 (—1)”172”
T?’L ::Tn = -  =1-— —_— .. P
20(@) = Tonf0() gﬁ (2k)! o Tl T e
‘Eotw z # 0. Xprowonowvtag tny poppt Lagrange tou unohoimou nolpvouue
. _ SO gnn

yioo xdnowo § petol twv 0 xan z. T vo extiuriooupe To UTOAOLTO TUEATNEOUUE OTL

| £GP HD(€)] < 1 (sbvon xdmoto nuitovo 1 suvruitovo), doa

" |20+
<4
Fon (@) S 70 131
Eqgopuélovtag To xpLtfipto Tou AOYou yio Ty axohoudia a, 1= % BArémouye OTL

nh_>rr010 | Ron ()| = 0.
YUVENOC,

. o (_1)kx2k
cosz = lim Ty, (z) = —
i Tt =3 10

v xdde x € R.
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6.2.3 H ovuvdpetnon f(zr) =sinz

Mopatneotyue 6t fCR) () = (—1)Fsine xou fCR+1)(2) = (—=1)F cosz yio xd0e 2 € R xou
k=0,1,2,.... Edudérepa, fER(0) =0 xa fEHD(0) = (—1)*. Suvendc,

n
(_1)kx2k+1 x3 x5 (_1)nx2n+1
2n1(2) = Tont1,70(2) kzo @k+1l T3 MRS
‘Eotw z # 0. Xpnowwonowwvtag Ty yoppr Lagrange tou uroloinou nofpvouue
_ _ fOE) anaa
Ront1(2) := Roptr,p0(z) = o’

yioo xdmoto € petald twv 0 xou x. T vor exTuNooUUE TO UTOAOLTO TOEATNEOVUE OTL
| £ 2 (€)] < 1 (ebvor xdmoto nuitovo f ouvnuitovo), deo

|x‘2n+2

< —.
Ronia (0] < gy

2n+2
Egapudlovtag to xpitripto Tou Adyou Yo Ty oxohovdia a, := (|§L+2

i |Rop ()] = 0.

Brémouye 6T

YUVETAXC,
o0 1)kg2k+1

sinx = nhm Tony1(x ZO 2k 1)

vio xde x € R.

6.2.4 H ouvdptnon f(z) =In(l+=x), z € (—1,1]

(=D (k=1)!
(14x)k
£(0) =0 %o f(k)(O) (=D)F 1k — 1)! yia xdde k > 1. Suvende,

i (_1)k—1xk B $2 x3 (_1)n—1$n
k B 2 3 n '

Mopatneotue 6t fF)(z) = yioo xde @ > —1 xu k = 1,2,.... EWlddtepa,

Tn(x> = n,f,O(x) =
k=1

Xenowonowyvtag 1o Yewpenuo Taylor umopolue vo ehéylouue 6Tt av —1 < x < 1 16te
Jim [ Ry (2)] = 0.

YUVETOC,
(e 9]
o _ (_1>k71$k
In(l+z)= nh_)noloTn(:r) = ; e
v xdde x € (—1,1] (oeipd Mercator).
Ewwodtepa, yoo x = 1 nafpvouyue tov tUno tou Leibniz
2 (—1)kt 1 1 1 (-1t

12: 7:1—7 —_—— — DY —_— LRI
T 3Tyt
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6.3 X2UVOPTNOELC TAPAC TACLUES OE BUVALOCELPA

Opwopog 6.3.1. Aépe 6tL wo ouvdptnon f : (=R, R) — R elvou nopactdown oe duva-
Hooelpd pe xévtpo to 0 av undpyet oxohoutia (ak)7e, TEAYHATXGY aptdudy HoTe

f@) =3 ot
k=0

v xdde x € (—R, R).

To Yewpnua mou axohouvlel delyvel dTL av wia cuVAETNOT elval TUEAC TAGLUY) GE BUVOUO-
oewpd 610 (—R, R), tote elvon dmelpeg popéc mapaywyiown xo ol mapdywyol tne unohoyi-
CovTon PE TopayOYLOT TV OpwY TNS duVoHOoELRds. Avdloya, utohoy(letar To OhOXATPLUL

e o€ xde unodidotnua tou (—R, R).

Oedenua 6.3.2 (Yedpnua napaydytone duvapooepdv). Eotw > o7 g anz™ ua duva-
pooepd mou ovykAiver oto (—R, R) ywa kdroov R > 0. Oewpolue tn owvdptnon f :
(—R,R) — R pe

f(z) = Z apz®.
k=0

Téte, n f elvar drepes popés tapaywyioun: ya kdde k > 0 kar yia kdOe |x| < R wyvel
) (z) = Z n(n—1)---(n—k+1)a,z"*.
n==k
Eriong,
F™(0)
n!
Andoeaén. Aeiyvoupe mpwta 6tL, yio xdde x € (—R, R),

ap = , n=0,1,2,....

(6.3.1) f'(z) = Z na,z" 1.
n=1
Aol |z| < R, undpyet 6 > 0 wote ||+ < R. 'Enetu (e€nyhote yiot) ot
> Jan|(Jz] + 6)" < +oo.

n=0

‘Eotww 0 < [t| < d. Hopatnperote 61

~ (n n—k 4k — (n n—kk—2
<k>m t Z (k)a: t
k=2 k=2

2~ (n koo 1 n —kgk
< = n—ig 0° < = n=ES
SAWE 52 ()

|(z+t)" — 2" —na" 't = =2
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YUVETAC,

flo+0) =) an|

= (x4t —a” —na"
Z n t
n=1

i

< 52 2 lanl(al + )"
n=0

[Tofpvovtag to 6pto xadae to t — 0, Brénouye 6T

SNCEDES (GRS
n=1

t—0 t

10 omolo anodexviel Ty (6.3.1).

Xenowomotivrog To xpithpto pllag BAénouyue 6Tt 1) SUVOPOCERY Y oo na,z™ ! éyel v
dror oetivar oOyrAong pe Ty Y00 ana” (e&nyfote i), Egopudlovtoag hotmdy tov (Blo
ouhoyopd v Ty f ot Véon e f, Brénoupe 6t

o

f(z) = Z n(n — 1)apz" 2,

n=2

Yuveyllovtag ye Tov (810 TPOTO, amodevUoLUE OTL 1) f elvan dmelpeg Popé mopaywylown
xou 6Tt Y xdde k > 0 xon vy xde |x| < R oylet

(6.3.2) F®)(z) = i n(n—1)---(n—k+ Dapz" "
n=~k

©étovtac = 0 oty (2) PAénoupe 6Tt
7R (0) = klay,

yia xde k > 0 (napotneiote dtu: av Yécoupe = = 0 oo 6e€Ld péhoc tng (6.3.2), té1e bhol
oL 6pol tou adpolopatoc undeviCovton, extéc and exelivov Tou avtiotolyel otny Tuh n =k
xou wwovton pe k(k —1)---2-1-apa® = klag). O

ITépiopa 6.3.3 (Vewpnuo povodixoétntac). Eotw (ak), (by) axodovdies npaypatikdy a-
p1oucy ue tnr e€ng 1tnta: vrdpyer R > 0 dote

oo o0
S it = 3
k=0 k=0

yia ki x € (—R, R). Tore,

ap = b yia kdibe k =0,1,2,....



6.4 ASKHSEIT - 183

Arndden. And to Oedpnua 6.3.2, yio T ouvdptnon f 1 (—R,R) — R pe

= Z aka:k = Z bka:k
k=0 k=0
€Y OUUE
FR(0) = klag, = klby,

v x&e k > 0. Xuvendeg, ag = by vy x&de k = 0. a

6.4 Aoxvoelg
A’ Opdda
1. Eow p(z) = ag+a1x+- - -+ anz™ nohuodvupo Badpod n xo éotw a € R. Aeilte dtL undpyouv
bo,bl,"' ,bn € R dote
p(x) =bg+bi(z—a)+- +by(z—a)” yxddex € R.

Aceiéte 6T
™ (a)
Ko

bk: k:(),l,...,n

2. Tpddte xodéva and o mopaxdte mohudvupa otn wopdh by + bi(z —3) + -+ - + by (z — 3)™

pi(z) =2 —4x -9, po(x) = 2* — 122 4 442 + 22 + 1, p3(z) = a°.

3. TN xdde pio amd T Topaxdte cuvapthoele, va Peedel To tohudvuuo Taylor 15, f q mOU LTODEL-

®VOETUL.
(Ts,50) : f(x)=exp(sinz)
(T2n+1,1,0) flz) =142
(Tn,g0) = fla)=(1+a)""
(Tu,t,0) f@)y=2>+23+x
(To.r0) : fla)=2"+2°+2
(T5.1.1) fla)y=a"+2°+u

4. Eown =1 xu f,g9: (a,b) = R ouvaptioeic n gopéc mopaywyiowes oto g € (a,b) dote
flwo) = f'(wo) = -+ = f""V(x0) = 0, glx0) = g'(wo) = -+ = g" "V (wo) = 0 xeu g™ (wo) # 0.
Aelte 6T

iy 20 _ £

5. Eotw n > 2 xau f: (a,b) = R ocuvdptnon n gopéc nopaywyiown cto zo € (a,b) dote
fxo) = fl(wo) = = fOD(20) = 0 xou £ () #0. AclEte b1
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(a) Av o n ebvon dptiog xau (™) (20) > 0, o1 1 f éxEL ToMNS ENdYIGTO GTO Tg.
(B) Av o n eivor dptiog xau £ (20) < 0, tH1E 1 f éxEL TOMING YéYIOTO OTO 0.

(v) Av o n eivar neprttdc, T6tE 1) f dev €xel Tomxd Péyioto 00TE ToTUX ENIYIGTO GTO Xg, AAAE TO
xo ebvon onpelo xounic yia v f.

6. Av f(z) = Inz, x > 0, Bpelte v mAncéotepn evdela xou TRV TAncéoteen napafol| oo
Yedonua tne f oto onueio (e, 1).
7. Beeite to nohudvuuo Taylor T), ro Yo T ouvdptnon f : R — R mou opileton w¢ e€hc: f(0) =0

pdeis

f(x):efl/ﬁ, x #0.

8. Eotww f : R — R dnepec gopéc napaywylown ocuvdptnon. Trnodétoupe 6t f” = f xou
f(0) =1, f'(0) = £"(0) = 0.
() Eotw R > 0. Aci&te 6t undpyer M = M(R) > 0 dote: v xdde © € [—R, R] xou v xdde
k=0,1,2,...,

f® (@) < M.

(B) Beeite to mohudvupo Taylor Tsy, 0 xou, YENOWOTOOVTIC TO () X0U OTOOVOATOTE TUTO UTO-

fla)=>"

k=0

hoimou, deilte 6t
23k

(3k)!

v xqde z € R.

9. Bpeite mpooeyylotied] Ty, e opdhua wxpdtepo Tou 1075, yio xadévay amd Touc aprdpoie

1
sinl, sin2, sin ok e, e2.
10. (o) Aci&e 611
T 1
— = arctan — + arctan —
1 2t 3
ol
™ 1 1
— = 4arctan — — arctan —

4 5 239
(B) Aeigte 6m m = 3.14159 - - (ue dMo Adyw, Beeite mpooeyyioTed, T yiot Tov oprdud T Ue
opdhpa uixpdtepo Tou 1076).

B’ Opdda
11. Eotw f : [0,1] — R dVo gopéc napaywyiown cuvdetnon we f(0) = f(1) = 0. Trnodétouue
ot |f"(z)] < M vy xdde x € (0,1). Aeidre o |f/(x)] < M/2 v xdde = € [0,1].

12. Eotw f: R — R dbo gopéc nopaywyiown ouvdptnon. Av M = sup{|f¥ (z)| : = € R},
k=0,1,2, dei&te 6Tt
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13. Eoww f : R — R ouvdptnon yio tv omola undpyer 1 f”(0). Xpnowonoudvtag xatdAhnho
nohvovugo Taylor tne f, deiéte 6

£10) — 1oy O+ FCD) = 20(0)

t—0 t2
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OAoxAnewpa Riemann

7.1 O opwopdéc Tov Darboux

Y auTAV TNV Toedyedpo 6iVOUUE TOV 0pIoU6 ToU OAOXANewUaToS Riemann yia goayuéves
ouvapThoelc Tou opllovtal o éva xAeloTo BidoTnue. T por poryuévn ouvdetnon f :
[a,b] — R pe un opvnmxéc twée, Yo Véhape to ohoxhfpwpa vo Sivet o eufaddv tou ywelou
TOL TEPWAE(ETOL AVAPET GTO YRAPNUO TNG CLVAETNONS, Tov 0plloVTIo dZova ¥y = 0 xou Tig
XoTaXOPUPES eulelec & = a xou = = b.

Opiopde 7.1.1. (o) 'Eotw [a, b] éva xheioté didotnua. Awuéeion tou [a, b] Yo Mue xdde
TENEPACUEVO UTTOGVUVOAO

P={xy,x1,...,2,}

Tou [a, b] ye o = a xou x,, = b. O uno¥éToupe TdvVTa 6T T T, € P glvon SateToryéva o
eghc:
a=x0<x] < - <Tp < Ty <---<xTyp=>.

O ypdpouue

P={a=xy<x1 < <my =0}
yioe var Tovicoupe authv axpBeg T ddtaln. Hapatnerote dti and Tov opiouod, xdie dlopué-
pton P tou [a, b] meptéyel Touhdytotov do onuelo: 1o a xou 1o b (ot dxpa Tou [a, b)).

(B) Kde drapépion P = {a =z < 1 < -+ < ,, = b} yowpilet 10 [a,b] oe n unodacth-
potet [k, Zr11], £ =0,1,...,n — 1. Ovoudloupe mAdtoc tne dpéplone P 1o peyahitepo
oo TOL AU VTGV TV UTOBLIC THUETWY. Anhadr, To TAdTog Tng dlouéplong looltal Ue

| P|| :== max{x1 — zo, T2 — T1,...,%n — Tp_1}.
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Hopotnehote 6Tl Bev amaUTOVUE Vo LOOmEYOLY Ta &) (Tor 1 uTodlao TAUATA BeV €youv ama-
eaitnTa To (Blo pHxog).
(v) H Swopépion Py Myetou exAéntuvon tne P av P C Py, Snhoady| av 1 P tpoxntel and tny
P pe v npootixn xdnowwy (nenepacuévey 1o mAfdoc) onuelwy. Xe authv Ty neplntwmon
Aéue emiong otL 1 Pp elvon Aemtdtepn and v P.
(8) 'Ectww Py, Py 800 Swepioeic tou [a, b]. H xowr exAéntuvon twv Py, Py eivou 1 Stapépton
P = Py UP,. Edxoho Brénovue 6t 1 P ebvon dopéplon tou [a,b] o 6t ov P eivon
o dtopépton hemtdtepn T660 ond v Pi boo xaw and v Py t6te P' D P (dnhadh, n
P = P} U P eivar 1 pixpotepn duvaty| Stopépton tou [a, b] mou exdentiver tautdypova Tnv
Py xou v P).

Oewpolpe thpa o geayuévn ouvdptnon f @ [a,b] — R xou wo Swopépton P = {a =
rg < x1 < -+ < xp = b} t0U [a,b]. H P dopepilel 10 [a,b] oto vnodotiuata [zg, 1],
[z1, 22, ..oy [Ty Tt1], - - oy [Tn—1, @p). T xdde k=0,1,...,n — 1 opiloupe Touc Tporyua-
o0 apriuoic

mg(f, P) = my =inf{f(z) : z < x < 11}
xou
My (f, P) = My =sup{f(z) : v < & < 41}

‘O)ot avtol ot aprdpol opilovtor xahd: 1 f eivon @porypévn oo [a, b], dpo elvon gpaypévn oe
x&e unodidotnua [Tk, Tg+1]. [ xdde k, o olvoho {f(x) : xp < & < Tpg1} elvon un xevd
xan pparypévo utocUvolo Tou R, dpa €yel supremum o infimum.

[ x&de drapéplon P tou [a, b] opllouye tipo t0 dve xon 0 xdte dbpotopa tne f we
Teog TV P ue Tov e€r¢ Tpomo:

n—1

U(f,P) = My(wr1 — )

k=0

elvon 10 dvw dpotoua tns f we mpog P, xau

n—1
L(f,P) =) mi(wrs1 — zk)
k=0

elvon 10 xdatw dpotoua tne f we mpog P.
Ané Tic 800 mponyolueves oyéoelg Prénouue OTL yia xdde dlapépton P ioylel
L(f,P)<U(f,P)
apol my < My xou 1 —xp > 0, k = 0,1,...,n — 1. Xe oyéon ue 10 <cuPadovy

7 4 Z 4 e 4
TOU TPOOTIWOUUE VoL 0p{COUPE, TRETEL VO OXEPTOUAOTE TO Xdtw dWpotoua L(f, P) cav ywo
)4 7 V4 Ié e )4 z 7
mpooéyyion and kdtw xou to dve ddpotopa U(f, P) ooy wa tpooéyyion and ndrvo.

7 7 7. 4 4 7
Oa delouye OTL toyVEL Uiot TOAD TLO oY LET) AVloOTHTAL
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ITeétaocm 7.1.2. Eotw f : [a,b] = R gpayuérn ovwdptnon ka éotw Py, Py 60 diajie-
ploeig tov [a, b]. Tdre,
L(fvpl) < U(f7P2)

H onédeln e Ipdtaong 7.1.2 Yo PBaciotel oo €€ Afuua.

AAppo 7.1.3. Eotw P = {a =20 < 21 < - < o) < Tpy1 < -+ < T, = b} ka1
xp <y < Tpy1 Y kdrowo k=0,1,....n—1. AvPP=PU{y}={a=a0<21 <+ <
Tp <Y< Ty < -+ < xy = b}, toTE

Anhady, ue v mpocdixn evog onueiov y otnv Swowépton P, to dve ddpolopa e f «ui-
XEOUVELY €V TO XATw ddpoloua TNG f <UEYARWVEL.

Anédeién tov Anuuazos 7.1.3. ©étouye
mg) =inf{f(x):z, <z <y}

ol

m](f) =inf{f(z) :y <x < Tpq1}-
Toéte, my, < m,(:) oL my < mgf) (doxnon: av A C B téte inf B < inf A). T'pdgoupe

L(f, Py) = [mo(z1 — x0) + -+ m\ (y — 2x) + m\D (@pi1 — ) + -

+ mp—1(zn — Tp-1)]

> [mo(z1 — 20) + -+ + mk(y — k) + mg(Trp1 —y) + -+

+ mp—1(Tn — Tp-1)]

= [mo(x1 —x0) + -+ + mg(Thpr — k) + -+ Mp—1 (20 — Tp—1)]
= L(f,P).

‘Opowa detyvoupe 61 U(f, P1) < U(f, P). O

Anéoein tng Ipéraons 7.1.2. ©cwpolye TNy xown exiéntuvon P = PiUP, twv Py xou Ps.
H P npoxintel and v Pp pe dtadoyiny) mpootixn nenepaouéveny to tAfdoc onuelwyv. Av
epopudoouye to Afupa 7.1.3 nenepacuéves to TAdoc popéc, naipvouue L( f, P1) < L(f, P).

‘Opota Brénovue 6t U(f, P) < U(f, P2). Anb v dhkn mhevpd, L(f, P) < U(f,P).

Y uvdualovTag To TOEATEVE, €YOUUE
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OewpoLye Tpa To uTocUvola Tou R

A(f) = {L(f, P) : P Swopépton Tou [a, b]}

pdels

B(f) = {U(f, Q) : Q dwépton tou [a, b]}

Ané v Hpbraon 7.1.2 éyouvpe: v xdde a € A(f) xou xéde b € B(f) woydet a < b
(e€nyfote ywtl). Apa, sup A(f) < inf B(f) (doxnom). Av Aowndv opicoupe cav xdtw
oloxArpwua tne f oo [a,b] to

b
/ f(z)dx = sup {L(f, P) : P Swopépion tou [a, b]}

xou ooy dve oloxArewua e f oto [a,b] to

b
/ f(z)dr = inf {U(f, Q) : Q dopépton Tou [a, b]},

€youue o
b b
/ flx)dx < / f(z)dx.

Opiopog 7.1.4. M pparyuévn ouvdptnon f : [a, b] — R Aéyeton Riemann oloxAnecowun

/abf(x)d:v == /abf(x)dx.

O aptdude I (n xowvh Tun touv ®8Te ot ToL dvew ohoxAneouatos e f oo [a,b]) AMéyeta

04V

oloxAfpwua Riemann tne f oo [a, b] xou cupfBohiletar pe

[ww o [

7.2 To xputriplo ohoxAnpwoinotntag tou Riemann

O oploudc TOL CAOXANPOUATOE TTOL BOCAUE GTNY TEOTNYOVUEVT TORdYpa(po elivon BUGYENOTOC:
0eV elvo €OXONO VO TOV YENOLLOTOLACEL XOUVELS Yol VoL OEL OV Lt (PEOYUEVT GLVdETNOT Efvan
ohoxAnpaotun 1) oyt Yuvidwe, ¥eNoylorololUe To axOhouto XELITHELO OAOXANPKOCLOTNTUS.

Ocedpnua 7.2.1 (xprthpo tou Riemann). Eotw f : [a,b] — R gpayuérn ovvdptnon.
H f eivar Riemann odokAnpwoiun av kair pévo av ya kdde € > 0 unopolue va Ppolue
dauépion P: tou [a,b] dote

U(f,Pe) _L(fva-:) <e.
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Andéoaén. Trodétouue mpodta 6T 1 f elvon Riemann oloxhnpdoiun. Aniody,

/: f(x)dz = /abf(x)dx - /:f(x)d:c.

‘Eotw € > 0. And t0ov oplopd t0U %8t ohoxhneduatoc o¢ supremum tou A(f) xou ond
TOV £-yopaxTnelold Tou supremum, undpyet Swpépton Pr = Pi(e) tou [a,b] dote

b €
/ f(z)dz < L(f, P1)+ 3

Ouolwe, and Tov oplopd Tou dve ohoxhnpmuatoc, utdpyet dauéplon Py = Pa(e) tou [a, b]
OOTE
— _
[ f@de > s -5,

Ocwpolue v xowt exkéntuvon P. = P U P,. Téte, and tny [lpdtaon 7.1.2 €youue

U(f.P) = S <UL P - 5

< /abf(x)d:c - /abf(:v)dx

<L(f,P)+ << L(f,P€)+§,

€
2
art’ 6mou EneTal OTL

OgU(f,PE)—L(f,P€)<E.

Avtiotpoga: unodétouvye 6t yia xdde € > 0 undpyet dapépton P tou [a, b] wote
U(f,P:) < L(f,P:) +e.

Tote, yio xdde € > 0 €youye

b

b
/f(a:)da:éU(f,PE)<L(f,P5)—|—6</f(:c)dq:-i-e.

Enedr) to € > 0 Atav Tuydv, €ncton OTL

A@wa<LUuMa

xan ol 1 avtioTpogn avicdTnTa oy Vel tdvTa, N f clvar Riemann ohoxinpdoiun. O

To xptthpo tou Riemann Siatundyveton toodivapa we e€hc (e€nyhoTe yiortl).
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Ocehpnpa 7.2.2 (xpitheo tou Riemann). Eoto f : [a,b] = R gpaypérn owdptnon. H
[ evar Riemann odokAnpdoiun av kai pévo av vrdpyer axoovdia { P, : n € N} dupepioewy

wov [a, b] dote

nh_{go (U(f7 Py) — L(f, Pn)) = 0.
Hopadeiyuata. Oo yenoyomoljooupe o xpitheto Tou Riemann yio va e€etdoouye av ol
T AT cuvopThoel; eivan Riemann oloxAnpdouues:
(o) H ouvdptnon f: [0,1] — R pe f(z) = 2% T xdde n € N Yewpolye 0 dowépion Py,

Tou [0, 1] o€ n (oo uTodlas THUaT prxoug 1/n:

1 2 1
Pn:{0<<<---<" <”:1}.
n n

n n

2

H ouvdptnon f(x) = x* eivon adZouoa oo [0, 1], enopévec

w.r = 10500 () et (50)

1 12 22 (n—1)2
=0+ 5+F5+ -+ —5—
n n n n

124224+ (n—1)2  (n—1)n(2n—1)

n3 6n3
oS4l 111
B 6n2 T3 2n @ 6n2
e
U(f,Pn>:f<)+f<>+...+f()
n;/n n/n n/ n
1 12+22+ +n2
T n\n2 n2? n2
B n3 - 613
om?+3n+1 1 1 1
_Adntl L 11
6n2 3 2n  6n2
"Encton 411

And to Oedpnuo 7.2.2 cuunepaivouye 6tL 1 f elvar Riemann oloxAnpdowun. Mropolue
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udhiotar vou Bpolue Ty T Tou ohoxAnpouatoc. o xdlde n € N,

1 1 1
—— — 4+ —==L(fP
1 1 s
g/ a:de:/ xde:/ 22 dx
J0 0 0
< U(f, Pa)
IR
3 2n 6n?
Aqgot
1 1 n 1 o 1 1+ 1 n 1 . 1
3 o Ten2 3 M 379, T2 U3
éneton OTL )
1 ) 1
- <K der < —.
3 /Ow TS3
Anhad,

1
1
/ 22dr = —.
0 3

(B) H ouvdptnonu : [0, 1] — R ye u(z) = /z. Mnopeite va ypnotponotfioete tnv axohoudio
Oloueplioewy TOL TEONYOUUEVOU ToRAdElYATOS Yo Vor OetEeTe OTL IxavoToLeiTon TO XELTHPL0
Tou Riemann.
Y70 (810 CUUTEPAUOUO XATUATYOUUE OV YPNOWOTOLCOUUE Wil OLapopeTXr) axoloudio
oloepioewy. T xdie n € N Yewpolye tn Siouépion
122 n—12% n?
Pn:{0<n2<n2<-~-<( n2) < 3= }

H u eivon ab€ovoa oo [0, 1], emopévec

k((k+1)2 k2
vy =3 (M
k=0
Nl 1
~—k+1/(k+1)? k2
SO Sy (G
k=0
"Eneton 6TL

Ulu, P,) — L(u, P,) :n_l <k+1 B k> ((k+1)2 B k2>

n n n2 n2

S (k+1)2 K2
02 n?
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Ané to Oewpenuo 7.2.2 cuurnepaivoupe 6Tl 1) u eivor Riemann ohoxAnpwouur. Agrivouue ooy
doxnor vo deléete Ot

2
lim L(u, P,) = lim Ul(u, P,)

n—o00 n— 00 _'5’
H ocuyxexpiévn emhoyt Sloeploemy Tou xavope €xel To TASOVEXTNUL OTL uTope(te dxola
va yedupete tor L(u, Pp) o U(u, Pp,) oe xhetoth poper. And tny teheutaio lodtnta émetan
ot

1
2
/ Vz dr = =.(4.2.18)
0 3
(v) H ouvdptnon tou Dirichlet g : [0,1] — R ye

1 av x ontdc
g(z) = { 0 e
av T deenTog

dev ebvar Riemann ohoxdnpown. Eotw P={0=2¢p <z < -+ < 2 < Tpp1 < -++ <
xy, = 1} tuyoloa dpéplon tou [0, 1]. Trohoyiloupe 0 x4t xou T0 dvew ddpolopa Tne
g o¢ mpog v P. T xdde k = 0,1,...,n — 1 undpyouv pntdc g xou deenTog oy, GTO
(g, Tp41). Aol g(qr) =1, glag) = 0 xu 0 < g(x) < 1 070 [Tk, Tht1], oLUREPAiVOLYE
ot myg = 0 xow My = 1. Yuvendg,

n—1 n—1
L(g, P) = m(wrsr —ax) = D0+ (Tpy1 — 2p) =
k=0 k=0
o
n—1 n—1
U(g, P) = >  My(wpsr —x) = » 1+ (wpp1 —z3) = 1.
k=0 k=0

Aqgol 1 P Hrov tuyoloa dwpépeton tou [0, 1], todpvouue

"Apa, 1 g dev eivon Riemann oloxhnpdowun.
(6) H ouvdptnon h: [0,1] — R pe

h(z) = { T oV T g?még
0 avx dpenrog

dev ebvar Riemann ohoxdnpown. Eotw P={0=2¢p <21 < -+ <2 < Tpp1 < -+- <
xy = 1} Tuyoloa dlapéplon tou [0, 1]. T xdde k = 0,1,...,n—1 undpyet dppntog oy 610
(@, Tht1). Aol h(ag) =0 xu 0 < h(z) < 1 070 [, Ty1], ovunEpaivouye 6Tt My, = 0.
YUVETOC,

L(h,P) =0.
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Enlong, uvndpyet entoc qx > (xp+k41)/2 070 (Tk, Thoy 1), dpot My = h(qr) > (zrp+xr+1)/2.
‘Eneton 611

L +x 1!
U(h,P)> Y = (s — ) = 5 ) (ek41 — af)
k=0 k=0
w2 -2 1
—Imom 2,

Agot

U(h, P)— L(h, P) > %

yio xéde Sopépton P tou [0, 1], To xerthpto Tou Riemann 8ev ixavornoeiton (ndpte € = 1/3).
Apa, n h Sev eivor Riemann oloxAnpwoun.

(e) H ouvdptnon w : [0,1] — R ye

{0 wvr¢QAhAz=0

% av = %, p,q €N, MKA(p,q) =1

w(z) =

elvor Riemann ohoxinpdown. EOxolo ehéyyoupe 6t L(w, P) = 0 yio x80e Swpépion P
Tou [0, 1].

‘Eotw ¢ > 0. Iopatnpolue 6t 10 olvoro A = {x € [0,1] : w(x) > €} elvou meme-
paopévo. [Hpdypott, ov w(z) > € t61€¢ * = p/q xou w(z) = 1/q > € dnhadr ¢ < 1/e.
Ou pnrof tou [0, 1] mou ypdpoviar oy avayYo XAACUUTO UE TUPOVOUACTH TO TOAD (60 UE
[1/€] elvon menepaopévol 1o TAHRBoC (€va dve @edypa yior To TAfdog Toug ebvat o oprdude
142+ -4 [1/e] — e&nyhote yoxd)].

‘Eotw 21 < 29 < -+ < 2y Wa apldunon tov ctoyelwv tou A. Mnopolue va Ppolue
&éva vnodlao TAuata [ai, bi] tou [0, 1] mou €youv uixn b — a; < /N xar wavonooly To
e€fc a1 >0, a; < 2z <bjavi <N xway < 2y < by (mopatneriote 6t av e < 1 161
zn = 1 ondte npénet vo emhéZoupe by = 1). Av Jewpfooupe tn douéplon

P5:{0<a1<b1<a2<b2<~--<aN<bN<1},
€Y OLUE

Ulw,P.)<e- (a1 —0)+1-(by—a1)+e-(ag—0b1)+---+1-(bn—1 —an—1)
+e-(ay—by-1)+1-(by —an)+e-(1—0by)

<€'(a1+(a2—b1)+'--+(aN—bN—1)+(1—bN)>

N
+) (b — a;)
=1

< 2e.
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Io to Tuydv € > 0 Perixope dtopépton P tou [0, 1] ye v Wbidtnta
U(w, P.) — L(w, P:) < 2e.

Ané 10 Oewpnua 7.2.1, n w eivow Riemann oloxhnpdaoun.

7.3 AvVo xAdoeig Riemann oAoxAnpwolpuwy CLUVUETHOEWY

Xpnowonowvtag to xeithiplo Tou Riemann Yo dei€oupe 6TL o1 povotoveg xan oL cuveyels

ouvopthoec f : [a,b] — R eivor Riemann oloxAnpwotyeg.

Ocedpnua 7.3.1. KdOe povérovn ouvvdptnon f : [a,b] — R elvar Riemann oAokAnpdor-
M-

Anédein. Xwplc meploptopd tne yevixdtntog unovétoupe 6t 1 f ebvan abouca. H f elvan
TPOPavAOS peaypévn: Yo xdde x € [a, b] €youue

fa) < fx) < f(b)-
Apa, €yel vonua vo e€etdooupe TNy UTapdn OAOXANEOUATOS Yo ThY f.
‘Eotw e > 0. Ou Bpolye n € N apxetd pueydho WoTE yior T OlaUépLor

b— 2(b — b—
Pn:{a,a—i— a,a—i— ( a),...,a—l—n(a):b}
n n n

oL [a, b] oe n (oo unodluo TAUNTA Vo Loy Ve
U(f, Pn) = L(f, Pa) <e.

O¢touye

xk:a+k(b_a), k=0,1,...,n.
n

Tote, agol 1 f elvon ad&ovoa €youue

n—1 n—1
U P) = 3 Mot —a1) = 3 Flansr) —2
k=0 k=0
=22 (@) o Fan)),
EVO
— = b—a
L(f, Po) =Y mi(wpyr —xx) = Y f(an) -

k=0 k=0
b—a

= (f(zo) + -+ f(zn-1))-

n
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Apa,
U(f,Py) — L(f, Py) = [ (@n) = f(@o)lb —a) _ [F(0) — Sl —a)

n n
70 omoio yivetan uxpdTERO amd To € > 0 mou pag 6UTNXE, dpXEL TO 1 VoL EIVOL AEXETA UEYTAO.

Ané 1o Oewpnua 7.2.1, n f eivon Riemann ohoxAnpwouun. O
Oedpnua 7.3.2. Kdle owvexris ovvdptnon f : [a,b] — R eivar Riemann oAokAnpdoiun.

Anédeaén. Eotwwe > 0. H f eivau cuveyfic 010 xhetoté Sidotnua [a, b], dpa etvor opotdpoppa
ouveyrc. Mmopolue hoimdv va Bpolue 6 > 0 pe tnv e€ig Lot T

Av z,y € [a,b] xau |z —y| <6, w6t | f(x) — f(y)| < 35
Mmopolue eniong va Bpolue n € N dote

b—a

n

< 9.

XwpiCouye to [a,b] oe n unodiac ThoTo Tou Wiou YAxoug bfTa. Ocwpolyue dONAADY TN Olo-

ueptom
b— 2(b— b—
Pn:{a,a—i— a,a—i— ( a),...,a—i—n(a):b}.
n n n
Opiloupe
k(b —
T =a+ ( a)’ k=0,1,...,n.
n
‘Eotw k=0,1,...,n—1. H f elvon cuveyric oo xhetotd didotnua [Tk, Tr+1], Spa maipver

HEYIoTn xou eENdyo T TN oe oawtd. Tdpyouv Snhadh vy, i € [Tk, Th41] GOTE
My = f(yi) x = f(yg)-
Emniéov, 1o ufxoc tou [xg, Ty1] ebvon (0o pe IFT“ < 6, doa
i, — il <o.
Ané tny emoyt| Tou § Tolpvouue

My —mi = (k) = Fi) = [Fh) = F] < 7=

-
"Encton 61t

n—1

U(f, Pn) = L(f, Pn) = i(Mk — my)(Tp+1 — )

k=0
n—1 c
< b o a(xk+1 - xk)
k=0
£
- a( a)=¢

Ané 1o Oewpnua 7.2.1, n f eivor Riemann oloxAnpdowun. O
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7.4 IduoTtNTEC TOL OAoxAnpwpatoc Riemann

Ye autrv TNV Tapdyedpo amodeVUOUPE Vo TNES UERIXES amd TIC o Baotxég WOLOTNTES TOU
ohoxAnpouatoc Riemann. Ot anodelleic Twv unololnmy elvol plor xahy doxnon mou Yo cog

Boniroet va eoixewwdeite e Tic Blaueploelc, To dve xou xdte oadpolouato XAT.

Ocevpnua 7.4.1. Av f(z) = ¢ yua kdle x € [a,b], TéTe

/abf(x)dx = c(b - a).

Anddeén. 'Eow P = {a =20 < 1 < --- < zp = b} wa Swépion tou [a,b]. T xdde
kE=0,1,...,n =1 éouvue my = M} = c. "Apa,

n—1
L(f,P) = ZC Tpy1 — ox) = c(b—a).
k=0

/abf(x)d:l: =cb—a)= /abf(a:)d:n
/abf(x)dx:c(b—a). 0

Ocevpnua 7.4.2. Eow f,g : [a,b] = R olokAnpdoues ouvaptrioes. Téte, n f + g

"Enctan 6711

Apa,

efvar odokAnpwoiun kai

/ab[f(w) + g(z)]dz = /abf(x)da: + /abg(x)dm.

Anédeén. Eoww P = {a =29 < 21 < --- < zp, = b} déplon tou [a,b]. Do xdde
kE=0,1,...,n—1 opiCoupe

my, = inf{g(z) : z

Sz <
M, = sup{f(z) : o < x < 2pp1}
<z <
M} =sup{g(x) : 2, <z <

Do xdde @ € [xg, xp1] Egovpe my, +mi < f(x) + g(x). Apo,

!/ "
my, + my, < my.
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Opolonc, v x80e @ € [z, Tp11] Exovue M + M} > f(z) + g(z). Apa,
M, + M > M.
‘Encton 61t
L(f,P)+ L(g,P) < L(f +9,P) <U(f +9,P) <U(f,P) + U(g, P).
‘Eotww e > 0. Trndpyovv dpeploec Py, Py tou [a,b] dote
b
£
U(f,P1)— 5 < / f(z)de < L(f, P1) + =
xou )
€
Ulg. P~ 5 < [ gla)de < Lig.P) + 5
Av Yewpriooupe TV xowy toug exiéntuvon P = Py U Py éyouue
U(f,P)+U(g, P) —e<U(f, P1) +Ulg, P) — ¢
/ f(z)dx +/ g(x)dx
<L(f, P1) + L(g, ) + ¢
L(f, P) + L(g, P) + &
YuvdudlovTag PE TIC TEONYOVUUEVES oVIoOTNTEC BAETOUUE OTL
b b
[Gro@a-c<viigr-c< [ s@ars [
>
SL(f+g,P)+e< / (f +9)(z)dx + e.
Agol 10 € > 0 Htay TUYOY,
b
[ o< [ swas [ o< [+ o
a e
‘Ouoc,
b b
[ G+ a@ar< [+ g
Ja_ a
Apa,
b b b b
[ Gra@ae= [ s@izs [ g@de= [7+ 9@
‘Eneton to Oepnua. O
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Ochpnpa 7.4.3. Eotw f : [a,b] = R oloxAnpdoun ka1 éotw t € R. Téte, ntf eivar
olokAnpdoun oo [a,b] kai

/a () () = ¢ /  f)de.

Anddaén. Ac unodécoupe tpwta 6ttt > 0. Eotw P ={a =29 < 21 < -+ < &, = b}
dopépton tou [a,b]. Av v k=0,1,...,n — 1 opicouye

my = inf{(tf)(x) : zp < x < zpa1}, M =sup{(tf)(z) : zp < x < R4}
e
my, = inf{f(z) : 2 <z < 2ps1}, Mj =sup{f(z): 2 <z < Tps1},

elvon Qoavepd oTL
my = tmj, xon My = tMj.
Apa,
L(tf, P) = tL(f.P) xau U(tf,P) = tU(f,P).

"Enctan 4711

/a 1) w)de = 1 / oo / (e = 1 / ' f@)da.

Aol 1 f elvon ohoxAnpmaoun, €youpe

/abf(l‘)da: = /abf(x)dx.

‘Eneton 6t 1 tf etvon Riemann ohoxhnpwour, xau

b(t fx)dz =1t ’ f(z)dz.
/ /

Av t < 0, n uévn odhayh oto mponyoluevo emyeipnua elvon 6t thpo my = tM; xou
M}, = tmj,. Buumhnedote Ty andde&n uévor oag.

Téhog, av t = 0 €éyoupe tf = 0. Apa,

/abtf—o—o-/abf. O

And 1o Oswpruato 7.4.2 xon 7.4.3 TEoxONTEL JUECA 1 CYEAUUUXOTNTA TOU OAOXANROUO-

TOCY.
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Oehpnpa 7.4.4 (ypouuxdtnra tou ohoxhneduatog). Av f,g : [a,b] — R evar 600
olokAnpdoues ovvaptrioes kai t, s € R, tdte n tf + sg elvar ohokAnpddoun oo [a,b] kai

/ab(tf + sg)(x)dz = t/ab f(z)dx + s/abg(x)d:v. O

Ocevpnua 7.4.5. Eoto f : [a,b] = R gpayuérn ovvdptnon ka éotw ¢ € (a,b). H f

efvar odokAnpdoun oo [a,b] av ka1 uévo av elvar okokAnpdoun ota |a, c] kai [c,b]. Tére,

/abf(x)dx:/:f(a:)der/cbf(x)d:c

Anddetn. Trodétouue mpwta 6Tt 1 f elvar ohoxknpwotun ot [a, ¢| xou [¢,b]. 'Eotw e > 0.
Trdpyouv dwepioeic Py tou [a, ] xau Pa tou [, b] hote

10 Vel

L(f, P1) < / flz U(f, P1) »ou U(f,Pl)—L(f,P1)<%
pideiR
LR < [ e SUGLR) o U0 P) ~ LGP < 5

To oOvolo P. = Py U Py eivon dtapépton tou [a, b] xou toybouv ol

L(f, P.) = LU Py) + L(f. Pa) s U, P2) = U(£, P + U (L)
Ané Tic mopomdve oyéoelg Talpvouue
U(f, P1) = L(f, 1)) + (U(f, P2) = L(f, P))

—i—i—e
5 =€

—~

U(f,PE)—L(f,PE):

<

| ™

Agol 10 € > 0 Aoy Tuydy, N f elvar ohoxhnewoiun oo [a,b] (xpithelo tou Riemann).
Emmiéov, yio tnv P €youue

L(f,P.) /f U(f, P.)

xaL, amd TIC TEOTNYOUUEVES OYECELS,

/f dx+/f U(f, Px).
/abf(:v)da:— </acf(x)d:c+/cbf(x)da:> ‘ <U(f,P.) — L(f, P.) <,

Emopévwce,
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xat aol to € > 0 Yoy Tuy oY,

(Lbfugdr_LLCfcwdx+llbf¢@dm

Avtiotpoga: unodétouvye 6t 1 f elvon ohoxhnewotun oo [a, b] xou Yewpolue € > 0. Trdp-
e dopépion P tou [a, b] wote

U(f,P)—L(f,P) <Eé.
Av ¢ ¢ P Hétoupe P’ = P U {c}, ondte mdh €youye
U(f,P) = L(f, P') SU(f,P) = L(f, P) < <.

Mrnogpotue Aotndy va unodécouye 6t ¢ € P. Opilloupe Pi = PN Ja,c] xau P, = PN e, bl.
O Py, P, eivon Suaepioeic twv [a, ¢] xou [, b] avtioTowya, xou

L(f, P) = L(f, P1) + L(f, P») , U(f, P) = U(f, 1) + U(f, P2).
Agot
U(f, Pr) = L(f, 1)) + (U(f, P2) = L(f, P2)) = U(f, P) = L(f, P) <,

éneton OTL

U(f,P1)—L(f,P1) <e xuU(f,P) — L(f, P) < e.

Agol 1o € > 0 Atay TUYO6V, TO xputhelo Tou Riemann Setyvelr L 1 f elvon ohoxhnpdouun

ot [a, ] xou [e,b]. Tdpo, and 10 TEHOTO Pépog TNe amddelEne taipvouue TNV LodTNTa

l%mm:lV@m+ZU@m.m

Ocedpnua 7.4.6. Eoto [ : [a,b] — R odokAnpdoun ovvdptnon. Trodérovue du
m < f(x) < M ya kdOe x € [a,b]. Tére,
b
m(b—a) < (x)dx < M(b—a).

Ynuetwon. O aprduoc
1 b
b—a J,

f(z)dz
elvaw 1 uéon wwn e f oo [a,bl.

Anddaén. Apxel va dmotdoete 6T v xdde dioapépion P tou [a, b] woylet
m(b—a) < L(f,P)<U(f,P) < M(b—a)

(to omofo givar TON) €Ux0NO). O
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IIépwopa 7.4.7. (o) Eoto f : [a,b] — R olokAnpdoun ovvdptnon. Trodérovue du
f(z) =0 ya kdOe z € [a,b]. Tére,

b
/ f(x)dx > 0.

(B) Eoww f,g : [a,b] = R odoxAnpdoipes ovvaptrioes. Ymodétouue du f(x) = g(x) ya

kdOe x € [a,b]. Tdre,
b b
/ f(x)dx 2/ g(z)dx.

Andoeén. (o) Eqapudlovpe o Oewprnua 7.4.6: uropolue va ndpoupe m = 0.

(B) H f — g eivan ohoxnpiroyun ouvdptnon xau (f — g)(z) = 0 v xdde = € [a,b]. E-
papuolouvpe to (o) Yoo TV f — g XL YpNOWOTOLOUUE TN YEUUUXOTNTO TOU ONOXANPOUATOS.
a

Ocehpnua 7.4.8. Eoww f : [a,b] — [m, M] odokAnpdoun owvdptnon kar éotw ¢ :
[m, M] — R owvexris ovvdptnon. Tote, n po f: [a,b] = R elvar odokAnpdoiun.

Anddeén. Eotww € > 0. Ou Bpolue dopépton P tou [a,b] ye tnv WBomta U(p o f, P) —
L(po f,P) <e. To {nroluevo énetan amd 10 xpitriplo tou Riemann.

H ¢ eivar ouveyfic oto [m, M|, dpa eivor pporypévn: undpyer A > 0 dote |[p(€)] < A yo
x&de & € [m, M]. Eniong, n ¢ eivon opotdpoppa cuveyhc: av Véoovue €1 = ¢/(2A+b—a) >
0, undpyet 0 < § < g1 WoTe, Yy xqe &, n € [m, M| ye [ —n| < § wydel |p(§) —e(n)| < e1.

Egopuodlovtag to xpitiiplo Tou Riemann yia tnv ohoxhnpewoudn cuvdptnor f, Beloxouue
dwoepton P ={a =20 <21 < -+ <2 < Tpy1 < -+ < xp = b} ©oTE

n—1
U(f,P) = L(f,P) = Y _(My(f) = mi(f)) (wrs1 = 28) < 0%,
k=0
Opiloupe
I={0<k<n—1: M(f)—mp(f) <}
J={0<k<n—1: Mi(f) —mi(f) > 0}

[Mopatnpotue ta e€hc:
(i) Av k € I, t6te vy xdde z, 2" € [zk, vp1] Exovpe |f(z) — f(2")] < Mi(f) —mi(f) < 6.
Modpvovtoc & = f(x) xou n = f(a'), éxoupe &,n € [m, M] xou |§ —n] < §. Apa,

[(po f)(x) = (po £l =1[p) =) < e
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AoV ta z, 2" Arav Tuybévte 010 [Tk, Tkt 1], oupnepaivouue 6t My(po f) —my(po f) < &1
(e&nyhote yiatl). Encton bt

Z(Mk(SO of)—mi(po f))(Try1 —xk) < €Z($k+1 —xp) < (b—a)er.

kel kel

(ii) Mo to J €youpe
0> (wrar — ) < Y (Mi(f) = me( ) (@1 — 2x) < 6%,

keJ keJ

Z(xk_H — xk) < <er.
keJ

Erione,
(w0 f)@) = (po f@) <o f)(@)]+(wo f)a)] <24
v xde x, 2’ € [xg, xp11], S Mi(po f) —mi(po f) < 24 yia xédde k € J. 'Encton 6
> (Mi(po f) —mp(o f))(@rpr — x) <24 (whyr — 2x) < 24er.
keJ keJ
Yuvdudlovtac Tor TapaTdve CUUTERAVOUPE OTL

n—1

U(po f,P) = L(wo f,P) =Y (My(po f) — mp(po f))(wrr1 — 1)

k=0
— Z(Mk(gp o f) —mi(po f))(@kt1 — k)

kel

+ > (Mi(po f) —mi(po ) (zh1 — k)

keJ
< (b—a)e1 +24e; ==.
Autd ohoxhnpddvel TNV anddeEn). O

Xenowornowvtog 10 Oewpnua 7.4.8 umopolue va eAEYEouUe eUXONA TNV ONOXATPM-
OWOTNTA BLOPOPWY CUVIRTHCEMY TIOU TEOXUTTOUV Ao TNV GUVUECT| ULoG OAOXANROOIUNG
oLVEETNONG f UE XATIAANAES GUVEYEIS CUVORTHOELS.

Ocdpnpa 7.4.9. Eotwo f,g : [a,b] = R olokAnpdoues ovvaptrjoes. Tore,
(o) n |f| eivar odokAnpdorun ka

‘/abf(:c)d:z

(B) n f? etvar oloxAnpdsorun.
() n fg etvar odoxkAnpddorun.

b
< / |f ()| dz.(4.4.49)
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Anddetn. Ta (o) xou (B) ebvon dueoeg cuvéneieg Tou Oewpratog 7.4.8. T to () yeddte

(f+9)?%—(f—9)?
4

f9=
xou yenoteonotfiote 1o (B) oe cuvduaoud pe To Yeyovoc 6t ou f + g, f — g eivar ohoxAT-
POCLUES. O

M olufacn. Q¢ twpa oploaye to f;f(:n)dm uévo oty mepintwon a < b (Souleoye
0T0 ¥AeloTd ddotnua [a,b]). T mpoxtinolc Adyoug emexteivoupe Tov Oplopd ot GTNY
neplntwon a = b wg e&xc:

(a) v @ = b, Bétovpe [ f =0 (v xdde f).
(B) ava >bxoun f:[b,a] = R elvoar ohoxhnpmotun, opillouue

/ab f(x)dx = — /baf(x)dx.

7.5 O opwopdc Tou Riemann

O opLopdc Tou dOoaPE Yo TNV OAOXANEOOILOTHTO plac Qeaypévne ouvdptnone f : [a,b] — R
ogetheton otov Darboux. O mpdhtog auotnedc oplopds g oAoXANewooTNTaS dOUNXE and
Tov Riemann xou elvon o €€rc:

Opiwopoe 7.5.1. Eotww f: [a,b] = R gpaypévn ouvdptnon. Aéue 6t n f elvoan odoxAn-
pdoiun oto [a,b] av undpyel évag mporyuatixds aprdude I(f) ye v e€hc Wbt

Mo xdde € > 0 pmopovye vo Beotue 6 > 0 wote: av P={a =2 <21 < --- <
xy = b} eivou dropéplon Ttou [a,b] e mhdroc ||P|| < 6 xou av & € [Tk, Tht],

=0,1,...,n — 1 ebvar TuyoLOA ETAOYY ONUEIWY ATO TOL UTOBLIGC THUATOL TOU
optler n P, t61¢
n—1
D F&) (@ra — ) — I(f)] <e.
k=0

Ye auth v nepintwon Mue 6t o I(f) elvon to (R)-ohoxhfpwpo e f oo [a, b].

Yuppohiouds. Buvidwe yedgouue = yia Ty emthoy T onuetwy {€o, &1, - -+, Enm1 } xou Y (f, P,E)

yia To ddpoloua
n—1

> FER) (@ — k).

k=0
Hopatneriote 6Tt Topa T0 = «UTELGEPYETLY 0T0 cudohoud Y (f, P,E) apol yia Ty (B
Sopépton P umopolue va €youpe Todéc dtagopetixéc emhoyéc = = {€o,&1,. .., &n—1} UE
&k € [k, Tt
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H Boocwr| 0éa tlow and tov opoud elvan 6T

b
/ f(z)dz = an(f, P,2)

7 e 7 4 4 7 4
6tay To TAdTog TNg P telvel oTo unoév xon o &g emAéyovtal audaipeTa 0 Tal UTOBLOG THUATO
Tou op{lel 1 P. Eneidy| dev €youue cuvavTroel TETOL0U EIB0UC <OpLoY W TOPA, XATAPEDYOUUE

4 4
OTOV <EPLAOVTIXG OPLOUOY .

Yxomdg auThg TNS mapayedpou elvon 1 amddeEln TNE Iooduvauiog Twy U0 0pLOUWY Oho-

HANEWOWLOTNTOG:

Ocedpnua 7.5.2. Eotw f : [a,b] = R gpayuévn ovwdptnon. H f elvar odokAnpdoin
katd Darbouz av ka1 puovo av elvar odokAnpawoun xatd Riemann.

Amnddeén. Trnodétoupe mpdto 6T 1) f elvon ohoxhnpdowun xotd Riemann. Ipdgouye I(f)
Yior T0 OAOXATIpOUA TN f Ue Tov opiloud Tou Riemann.

‘Ectww € > 0. Mnopotye va Bpolue pio dtopépton P = {a =29 < 21 < -+ < zp, = b}
(ue apxeTd uxpd Thdtoc) wote Yo xdle emhoyy| onuelwy = = {€o, &1, ..., &n—1} HE & €
[Tk, Trt1] Vo Loy Vel

é;f@meJ—xw—Iu><j.
T xdde k= 0,1,...,n — 1 yropodue va Bpodue &, & € [z, Tpp1] GoTe
> 6~ g e Me< SE) + o

Aga,

Lwiv>§?«@uﬂrww—i>nﬁ—§
- -

U(f,P) < 3 FE) @ren —an) + 7 < 1(H) + .
‘Encton 61t -

U(f,P)—L(f,P) <g,

onhadn 1 f etvor ohoxAnpwowun xatd Darboux. Eriong,
€ b ot €
1) -5 < [J@ie < [ fwe <10+,

7 /7 4
xat aou to € > 0 Aoy TuydYy,
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b
/ f(@)dz = I(f).

Avtictpoga: unodétouye OTL 1 f elvon ohoxAnpwoiun pe tov oplopd tou Darboux. ‘Eotw

Arhad,

e > 0. Tndpyet dpépton P = {a =z < 21 < --- < p = b} toU [a,b] dote

U(f,P)—L(f,P)<Z.

H f ebvar gporypévn, dnhadh undpyer M > 0 dote |f(x)] < M yw xdde x € [a,b]. Emlé-

youue
€

6nM

‘Eotww P’ Swpépion tou [a,b] pe mhdroc ||P|| < 6, n onola eivon xau exAéntuvon tne P

0= > 0.

Tote, yio xdde emhoyh Z onueiny and ta vnodias thuata tov opiler n P’ éyoupe

b
| #tayia - i < L(f,P) < L(/, P) < S (/. P,2)
U(f, P / Flad + &

Arphad,

e ’ fa)dr

Zntdpe vo detZoupe to (Bto mpdyua yio Tuyoloa Swpépton Py pe mhdtog uxpdtepo omd § (1

<&
3"

Suoxohia etvon 6Tt plar Tétota Sapépton Sev Exel xavéva Adyo va eivon exhéntuvon tne P).

‘Eotw P = {a =y < y1 < -+ < ym = b} wo tétowa Swpéplon tou [a,b]. Oa
«mpooéoouuey otny P évo-éva dAa tar onuela o tng P to ool dev avrxouv oty Py
(awtd ebvon o TOAD o — 1).

Ac¢ molye ot éva tétolo xy, Pploxeton avdusoa ota dradoywd onuelo ¥ < Y41 NG
Pi. ©ewpotpe v Py = Pp U {21} xu tuyovoa emhoyh EN = {&,&1,. .., &n 1} ue
& € i yi41), 1=0,1,...,m—1. Emiéyouyue 800 onueia & € [y, x| xu &' € (g, yi+1] v
VewpolUe TNV ETAOYT ONUElWY 2@ = {&, &, .., 6 16,8, .. &m—1} mou avtioToLyEl
otnv Pa. Eyouue

‘ S PLED) =D (P, E@)\ = | £(&) (W1 — ) — F(E) (@ —m)

— F(&) (g1 — )|
< 3M max |y —yif < 3M¢
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Avtixadiotéhvrag T doopévn (Pr, Z1) ue 6ho xon hentérepec doepioeic (Py, Z)) mou
TeoXOTTOVY PE TNV Teoc¥rxn onuelwy g P, uetd and n 1o oAl BrAuata @TAvVOUUE OE Lo

Sroépton Py xou wo emhoyh onuelov 20 ye tic efhc Buotnrec:
(o) Py ebvon xowr| exhéntuvon twv P xou Pp, xou €xel TAdtog xpdtepo amnd 6.

(B) ool n Py eivon exhéntuvon tne P, éyouue

b
‘Z (f, P, E) —/ f(x)dz

(v) apol xdvope to TOAD n Brpata Yo vou Tdcouue oty Py xon agol o xdde Bruo to

<E
5

’ 7 ’7 € 2
adpoloyata amelyov 10 TOAD 5, €youue

=01 =(0 £ _¢

Anhadh, yioo Ty tuyoloa dowéplon Py mhdtouc < & xau v v tuyovoa emhoyr Z1)

onueiwy and 1o unodlac Tt TNS P, €youue

‘E:LH~ /V"dx biﬁﬂf“ =Y (£, EO)
b
} > (f, R, 29 / flz)d

<§+§:

‘Eneton 6L 1 f elvon ohoxhnewotun pe tov optowd tou Riemann, xadde xan 6t ou I(f) xau
[P f(x)da eiva icoL. 0
a

7.6 To Yewpnpa pnéong touv OroxAnpwtixoL Aoyiopmol

‘Eoto f: [a,b] — R wa Riemann oloxhnpmoiun cuvdptnon. Xto nponyoluevo Kegpdhao

oploaye T péon tiun
1 b
= |

e f oo [a,b]. Av 7 f unotedel cuveync, Tote uTdpyet € € [a,b] ye v WO T

b
= bia/ f(x)dx

O oyuptopdg auTog elvor GUEST) CUVETELY TOU EMC YEVIXOTEROU VEWENUOTOC.
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Oehpnpa 7.6.1 (Yedpnua péone tiwhc Tou ohoxAnewntixol Aoyiouol). Eotw f : [a,b] —
R owveyris ourdptnon kai éotw g : [a,b] = R odokAnpdoiun ovvdptnon pe un aprntkés
uués. Yndpye & € la,b] dote

[t =19 [ g

Amndde&n. Ou f xou g eivon ohoxhnpwotuee, doa 1 f - g lvon ohoxAnpdowun oo [a,b]. H f
elvon ouveyric oo [a, b], dpa Tadpver eEdylotn xou péyiotn . ‘Eotw

m=min{f(z): a <z <b} xu M =max{f(z): a <z <b}.
Aqgob 1 g malpvel un apvnTixég TS, £Youue
mg(x) < f(z)g(z) < Mg(z)

v xdde x € [a, b]. Luvenang,
b b b
m/ g(x)dxé/ f(x)g(x)dng/ g(z)dx.

Agol g > 0070 [a, b], éxoupe f:g(a:)dx > 0. Awoxplvoule 800 TEPITTOOELS: oV fabg(x)dac =
0, téte and v fab f(x)g(xz)dz = 0. Apa, n Inroduevn oyéon woylel ya kdbe & € [a, b].
Trovétovye hotndy 6Tl ffg(:r)dac > 0. Tore,

_ Jo H@)g(a)de

m < > < M.
fa g(x)dz
Aol 1 f elvan ouveytc, To Oewpnuo Evdidueone Twndg Selyvel 6t undpyet € € [a,b] wote
_ J, J@)g(a)de
f&) ===F—7".
fa g(z)dz
‘Eneton t0 cupnépacya. |

IIépwopa 7.6.2. Eotw f : [a,b] — R ouvvexns ovvdptnon. Yrdpye & € [a,b] dote

b
[ t@de = 10 a.
Andden. Apeon ovvénelo tou Oewpruatoc 7.6.1, av Yewphooupe v g : [a,b] — R ye
g(x) =1y xdde z € [a,b]. O

Y1y endpevn napdypapo Yo Seiouue (Zavd) to Ibpiopa 7.6.2, auth T @opd oo dueo
CUVETELXL TOU TpedToL Yepelmwdous Yewpripatoc tou Anepoctixol Aoyiouoo.
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7.7 Ta YepeAwdn Yewprjpuata Tou Ancitpootixod Aoyiowol

Optopoée 7.7.1 (abdploto ohoxhpwua). ‘Eotw f: [a,b] — R ohoxhknpdowun cuvdetnon.
Eidope 6t 1 f elvor ohoxhnpdyown oo [a, x| yio xdde x € [a,b]. To adpoto odokArpwua
g f elvou n ouvdptnon F : [a,b] — R mou opileton and tnv

Flz) = / F(t)dt.

Xenowonoivtoag To yeyovog 6Tl xde Riemann ohoxhnpdaoiun cuvdpetnon elvon ppory-
pévn, Vo 6et€oupe 6Tt T0 AOPIGTO OAOUAHPWUA ULAS OAOXANEWOUINE CUVEETNOTNC Vol TEVTOTE

GUVEYTHC CLVAETNOT).

Ocedpnua 7.7.2. Eotw f : [a,b] = R odoxAnpdoiun owvdptnon. To adpioto oAokAn-
popa F tng f efvar ovvexns ouvdptnon oo [a, b].

Anédeién. Agol n f elvan ohoxinpwowr, eivon €€ oplopol @eoryuévn. Anioadr, umdpyet
M >0 oote |f(z)] < M v xdde x € [a, b].

‘Eotww z < y o710 [a,b]. Tére,

|F(z) — F(y)| = ‘/ayf(t)dt —~ /j f(t)dt‘ -

Yy
/ f(t)dt‘
</yﬂmﬁ<ﬂﬂx—y

‘Apa, n F' eivan Lipschitz cuveyfc (ue otodepd M). O

Mnogpolue va Bel&oupe %dTL Loy uEdTEROD: GTo onuela cuvéyeoc e f, n F elvon moporywyi-
o).
Ocedpnua 7.7.3. Eoto f: [a,b] = R odoxAnpdoun ovvdptnon. Av n f elvar ouvexnis

010 g € [a,b], téte n F elvar napaywyionun oto xo Ka
F'(x0) = f(z0).

Anddaén. Trnodétoupe 6Tt a < xop < b (o1 dlo mepintdioec g = a H xg = b eréyyovian

opota, e 0 olpPoon mov xdvape oty apyh tou Kegahaiov). ©étoupe 61 = min{xg —

a,b—xo}. Av |h| < 61, toTE
xo+h zo
(/ f@ﬁ—/‘fwﬁ>—ﬂm>

(A?Mf@ﬁ—L?MﬂmMQ
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‘Eotww e > 0. H f elvoaw cuveyhc oo zg, dpo undpyet 0 < § < 61 wote av |x — x| < § t61

[f () = f(zo)| <e.

‘Eotw 0 < |h| < 0.
() Av0 < h <9, t6t€

R0t DF@ gy |1 [ 110~ s
< :“h F(8) = Fao)at
< ;L/I:ﬁhedt: he =&
(6) Av —8 < h <0, wote
F(zo + f}LL) —Fz) Fz0)| = ‘“1” /::h[f(t) — f(wo)]dt
< +h £(t) ~ fao)dt
< |}1l| x::h edt = I;L! (he=e.
Eretan 6t oy PO+ = Flao)
h—0 h
Srhad” F'(z0) = f(o). -

"Apeon cuvénew eivor to mpadTo Deprehichdes ecdpnua tov Areipootikod Aoyiopol.

Oedpnua 7.7.4 (npdro Yepehndec Jedpnua tou Anepootinod Aoyiopod). Av n f -
[a,b] — R eivar ovrexris, téte to adpioto odokAripowua F tng f elvar napaywyionn ovvdp-
Tnon kai

yia kde x € [a,b].

IMépwopa 7.7.5. Eotw f : [a,b] = R owexris ouvvdptnon. Yrdpye € € [a, b] dote

b
/ f(@)dz = F()(b— a).

Andoeén. Egapudlovye to Yewpenuo u€ong THng Tou dlapoptxol AoYIoUol Yia T CUVEETNoT
F(x)= [T f(t)dt o0 [a,b]. 0
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Ac unodéooupe toHpa 6Tt f : [a, b] = R eivou pio ouveyfic ouvdptnon. M tapoywyiown
ouwvdptnon G : [a,b] — R Aéyeton mopdyouoa tne [ (f avurapdywyoc tne f) av G'(z) =
f(x) v xdde = € [a,b]. Lopgpwva ye to Oedpnua 7.7.4, n cuvdptnon

Flz) = / " e

elvon mopdyovoo tne f. Av G elvan i dAn topdyovoa e f, tote G'(z) — F'(x) =
f(z) — f(x) =0 vy xédde x € [a,b], dpo n G — F eivar otodepry oto [a, b] (anhf cuvénewa
oL Yewpruatog péone Thc). Anhady, undpyet ¢ € R wote

G(z)— F(zr)=c

v xde = € [a,b]. Agol F(a) = 0, nalpvouye ¢ = G(a). Anhodn,

| 1= @) - 6ta)
1) AAALDG
G(z) = G(a) + /w f(t)dt
v xde = € [a,b]. 'Eyouye hoindyv deilet to e€nc:
Ochpnpua 7.7.6. Eotw f : [a,b] — R ouveyris ouvdptnon kai éotw F(z) = [T f(t)dt

0 adpioto odokAnpwua s f. Av G : [a,b] = R eivar pua napdyovoa s f, toze

Glz) = F(z) + G(a) = / " F)dt + Gla)

yia kdOe x € [a,b]. Eibikérepa,

b
/ f(z)dx = G(b) — G(a). |

Ynueiwon: Aev elivor o0ot6 6T Yo xdlde napaywyiown ouvdetnon G : [a, b] — R woylel

loOTNTA
b
G(b) — G(a) :/ G'(z)dz.

IMa mapdderypa, av Yewproouvpe ) ouvdptnon G @ [0,1] = R pe G(0) = 0 xu G(z) =
2?sin 25 oav 0 < & < 1, t61e 1 G elvan maparywylown 6o [0, 1] ahd 1 G' dev etvon gporypévn
ouvdpTnon (eAéyETe T0) OTOTE BEV UTOPOUUE VO UAGUE YLOL TO OAOXAHEWHOL f; G

Av 6pwcn G : [a,b] — R eivon napaywyiown xou n G’ eivon ohoxdnpdown oo [a, b], téte

N wwotnTo Loy Vel Autd elvon To 0eltepo Jepehiddes Jecopnua tov Arepootiko Aoyiouo.
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Ochpnua 7.7.7 (Scitepo Vepehwdes Yedpnuo tou Anepostixol Aoyiopol). Eotw G :
[a,b] = R rapaywyioiun owdptnon. Av n G’ efvar odokAnpdoun oo [a,b] téte

b
/ G'(z)dz = G(b) — G(a).

Anddeén. Eotww P = {a =29 < 21 < -+ < xp, = b} wa dwpéplon tou [a,b]. E-
gapuolovtoc to Oedpnua Méone Twhc o610 |2k, zpr1], K = 0,1,...,n — 1, Bpioxouye
&k € (T, Thy1) pE THY WDOIOTHTO

G(zk1) — Glak) = G' (&) (@pr1 — zp).
Av, vy xdde 0 < k < n — 1, oploouye

my = inf{G'(z) : 2p <2 < wpy1} xow My =sup{G'(z) : 2p < < Tp11 ),

TOTE
my < G' (&) < My,
dpa
n—1
L(G/7P) < ZG,(é.k)(karl - $k) < U(lep)
k=0
Anhad,

i
L

L(G', P) < ) (G(apt1) — Glap)) = G(b) — G(a) <U(G, P).
0

B
Il

Aol 1 P frav tuyoloo xou 1) G givar ohoxdnpdowun 610 [a, b], taipvoviac supremum ¢
Tpog P otny aptotepy| aviootnta xou infimum w¢ npog P 610 6e€16 uéhog tng mponyoluevng

OVIGOTNTOG, CUUTERAVOUUE OTL

b b
/ & (2)dz < G(b) — Gla) < / & (2)da,

mou ebvar to {ntolyevo. O

7.8 MeéJodol ohoxAjpwong

Ta YewpruaTo aUTAS TNG TUEXYEAPOU KTEPLYRAPOLYY BUO YEYOWES UEVOB0UE OAOXATIPWOTG:
TNV ONOXAPWOT XATd PPN XU TNV ONOXAAPWOT| UE AVTIXATUC TUOT).

YuuPBorioude. Av F : [a,b] — R, 161€ ouupwvolUe va Ypdpouue

[F(2)]% = F(z) |, := F(b) — F(a).

a
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Oehpnpa 7.8.1 (ohoxhipwon xatd uéen). Eotw f,g: [a,b] = R mapaywyioqes ovvap-
toes. Av or f' ka1 g’ efvar odokAnpdoiues, tote

/ 19 = o) / f'g.
/ab f(x)g (x)dx = [f(z)g(z)]} — /ab F(@)g(x)dz

Anédeién. H f - g etvon moporywylown xo

Erdikérepa,

(f-9)(x) = f(2)g' () + f()g(x)

o710 [a,b]. Ané v unddeon, ol cuvapthoe f¢, f'g etvon ohoxdnpdowee, dpa xou 1 (f - g)’
elvon ohoxAnpnaown. Ané o deltepo Vepehwdeg Yempnua Tou Anelpoctixod Aoylouoy, yia
x&e x € [a,b] éyouue

/fg+/fg—/ (f9) = (f9)(@) — (f9)(a).

O Bebtepog 1oyvploude mpoxintel av Yécovue x = b. O

Mo eapuoyy) eivan 1o «debtepo Yemdpnuo P€ong TWNS ToU OAOXANEWTIXOD AOYIGUOVY.

IT6pwopa 7.8.2. Eotw f, g : [a,b] — R. Yrodérouue énin f eivar owvexris oo [a, b ka

n g €lvai povdtorn kar ouvexws Tapaywyionun oo |a,b]. Téte, vndpyer & € [a,b] dote

b 13 b
x)g(zx)dx = g(a x)dx b x)dx
Lf(M) m>qu +M)£fﬁ

Anddaln. Oewpolye 10 adpoto ohoxhpwua F(z) = [ f(t)dt tnc f oo [a,b]. Téte, o
{ntobuevo madpver Ty e€rc wopyt: undpyel £ € |a, b] OOTE

b
/zﬂmmmngwWwawxmw—F@»

H g ebvar ouveyde noporywyloyr, deo UTopolUe Vo EQUOUOCOUUE OANOXAEWOT) XUTA UERT
670 aploTeRd péhoc. ‘Eyouue

b b
/FuM@m—F@wmwwmm—/memm

b
=F@¢@—/F@w@mu
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agol F(a) = 0. Egapuélovye to dedpnua uéong twnc tou Oloxhnpwntixod Aoylopol:
1 g ebvor yovétovn, dpo 1 g Swtneel npdonuo oto [a,b]. H F eivon ouveyhc xou 1 ¢
oloxAnptoun, dea undpyel & € [a, b] Gote

b b
/ F(z)g (z)dz = F(S)/ g (x)dz = F(§)(g(b) — g(a)).

Avuxahotdvtag oty (5.3.8) talpvoupe

b
/ F'(z)g(z) = F(b)g(b) — F(§)(9(b) — g(a)) = g(a)F () + g(b)(F(b) — F(£)),
onAad”| to {ntoduevo. O

Ocedpnua 7.8.3 (npwto Yewpnua avuxatdotaonc). Eotw ¢ : [a,b] = R mapaywyion
owvdptnon. Trodérouue 6u n ¢ eivar odokAnpdoun. Av I = p([a,b]) kar f : I — R elvar

Mia ouvexns ouvvdptnorn, Tote

b o(b)
| s wa= [ sas
a v(a)

Anddaén. H ¢ eivon ovveyhc, dpa 10 I = ¢([a,b]) civor xhewotéd ddotnua. H f eivan
ouveyic oo I, doa ebvan ohoxhnpwoudn oto I. OpiCouue F': I — R pe

(mapatnerioTe 6T 10 @(a) dev elvon amapoitnta dxpo tou I, dnhadh 1 F Sev elvon amopaitnta
10 a6pLeT0 OAOXAAEwHo TG f 6to I). Agol 1 f elvou cuveyhc oto I, To mpihTo YeuehddeS
Yedpnua tov Anelpootinot Aoyiopol Seiyver 6t n F' eivon napaywyiown oto I xa F' = f.
‘Eneton ot

b b
/ flo()e'(t) dt = / F'(p(t))g' (t) dt.

[Topatnpotue ot

(Flop) ¢ =(Foyp).
H (F' o p) - ¢ elvar ohoxhnpdown oo [a,b], dea n (F o @) elvon ohoxhnemotun oto [a, b].
Ao 7o deltepo Vepehwdeg Yewpnua Tou Aelpootinol Aoyiopol maipvouue

b b b
/(fow)-sO’:/(F’ow)-¢’=/(Focp)’:(FO@)(b)—(FO¢)(a)-
Agot
©(b) w(a) w(b)
Fo b) — (Fo a) = — = ,
(Fop)t) - (Foa)= [ f/pf

(a) p(a)
Tadpvoupe to {nroduevo. O
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Oehpnpa 7.8.4 (deltepo Vedpnuo avixatdotoonc). Eotw ¢ : [a,b] — R owexds
tapaywyionun owvdptnon, pe ' (x) # 0 yia kdOe z € [a,b]. Av I =1([a,b]) ka f: ] - R
elvar pa ouvexns ouvvdptnon, tote

b p(b)
/ F(t)) dt = / () (1) (5) ds.
a P(a)

Anédeién. H ¢ ebvar suveyic xou dev undevileton oto [a, b, dpo eivar tovtod Yetixd A navtod
apvnTixf oto [a, b]. Luvenne, n ¢ elvon yvnoling povétovn oo [a,b]. Av, ywplc teptoptopd
TN YEWXOTNTAC, UToUECOUUE OTL 1) 9 elvan Yvnolwg adiovoa tote oplleton 1 avticTpopn
owdptnon ¥t 1 I — R g ¢ oo I = ¥([a,b]) = [tb(a),(b)]. Egoppélouue 0 mp®o
Yedpnua avixatdotaone y tyy f - (1) (rapotnerote (1) ebvor ouveyhc oo

I). 'Eyoupe
¥ (b) b
[ ey = [y euw
¥(a) a
b
= [(Fow) [y ol
b
— [(ow - ouy
ab
— [ fou.
Auté anodewxviel To {ntoluevo. O

7.9 Tevixevpéva OAOXATEOUATA

Ye authy TNV ToedyYEeaPo ENEXTEVOUUE TOV OPIGUO TOU OAOXANPOUATOS YLl CUVAETACELS TOU
Oev elvon ppayuéves 1) elvol OploPEVEC OE BLOC TAUATO TTOLU BEV Elvol XAELCTE XL QEOyUEVAL.

Oo aprECTOVUE OE XATOIES BUCIXEC XL YPNOUWES TEPLTTMOOELS.

1. YTrobétoupe 61t b € R A b = +oo xu f : [a,b) = R elvon it ouvdptnon nou eivor
ohoxhnpmotun xatd Riemann oe xdde Sidotnua tne poppic [a,x], étou a < x < b. Av

UTdPYEL TO

im [ f(t)dt

z—=b~ Jq

xou etvon mporypatixde oprdude, Tote Aépe otL 1 f elvon ohoxhnpdoun oo [a, b) xou opilouvue

/bf(t) dt= tim [ f(t)dt.

z—b~ Jq
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Av 10 «6ploy elvar £00 TOHTE AépE OTL TO fab f(t) dt amoxhiver oo £oo. Evtehde avéloya
opiletar T0 yeVXEUPEVO OhoxAfpwua wac ouvdptnone f ¢ (a,b] — R (6mov a € R 7
a = —00) Tou elvar ohoxhnpnhon oto [z, b] Y x&le a < = < b, va elvon To

b b
/ Fye = tim [ s as

iﬂ—)ll
av to tereutaio Gplo UTAEYEL.

Topabdetyuata
(o) Oewpolye tn ouvdptnon f : [1,00) = R ye f(z) = . Do xdde 2 > 1 éyoupe

1 1 1
[ hae et
1 t t x

/ f(t)dt = lim f( )dt = lim <1 - 1) =1.
1 T—00 T—00 €T
(B) Oewpolye T ouvdptnon f: [1,00) = R pe f(z) = L. T xdde x > 1 éyoupe

YLUVETOC,

1
/ Zdtzlnt\x: Inz—Inl=Inx.
1

YUVEROC,

/OO f(t)dt = lim f( )dt = lim Inz = +o0.
1

T—00 T—00

(v) ©ewpolpe tn ouvdptnon f: (0,1] = R pe f(z) = Inz. Hopatnehote bt 1 f dev eivou
pporyuévn: liI(IJIJr Inz = —oo0. T xéde = € (0,1) éyouye
T—

1
/ Intdt=tlnt —t|l= -1 —zlnz + .
X

YUVENOC,

1
/ dt = lim / f(t)dt = lim+(—1—xlnx+x):—1.
0

r—0t z—0

(8) Oewpolpe ™ ouvdptnon f : [0,1) — R pe f(x) = \/11_7 Mopotnehote 6t 1 f dev
elvon pporyuévn:  lim \/117 = +o00. [ xdde z € (0,1) éyoupe
z—1- -

L 1
dt = =21 -1t [|§=2—-2v1 —x.
/o 11 o T

YUVETKE,

/1f(t)dt: lim xf(t)dt: lim (2 —-2v1—x)=2.
0

z—1= Jo T—1"
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(€) Bewpolye tn ouvdptnon f: [0,00) — R e f(x) =sinz. T xdde > 0 éyouye
/ sintdt = —cost |j= cosz — 1.
0

Agol o dpo lim (cosz — 1) Bev undpyel, 10 Yevixeuuévo ohoxhpwua [ sint dt Sev
T—00

Talpvel xdmotar Ty,

2. Troétouue 611 b € RA b= +ooxmwa € RHa=—o0. Eow f:(a,b) = R ua
ouvdpTnon mou elvor ohoxAnewotun xotd Riemann oe xde xhewotéd didotnua [z, y], 6Tou
a <z <y <b Oewpolue tyodv c € (a,b) xau e&etdloupe oy LTEEYOLY TOL YEVIXEUUEVOL

/acf(t) dt /be(t) dt.

Av undpyouv xou tor 500, TOHTE AEUE OTL TO YEVIXELUEVO OAOXATPGUL ff f(t) dt undpyer xou

/abf(t)dt:/acf(t)dtJr/cbf(t)dt.

apatneriote OTL, 08 AUTAY TNV TERITTWOT, 1 TN Tou adpoloyatog 6to Belld péhog Bev

ONOXATPOUTAL

elvon (00 pe

eZoptdton and v emthoyf tou ¢ oto (a,b) (eZnyAote yiotl). LUVETNC, TO YEVIXEUUEVO
ohoxAfpwuo oplletal xaAd Ye auTOV Tov TeOTo. AV xdmoto and ta 600 YEVIXEUPEVA ONOXAT-
ewuara [ f(t) dt xou fcb f(t) dt dev éyer Tyh, t6tE Mye 6L T0 f: f(t) dt dev oplletoun (dev
€yEL TIR). LTIC MEPITTWOELS TOU XMoo omd ToL 800 1 ot Tt 800 YEVIXEUUEVO ONOXATPOUOTOL
anoxhivouy 610 00 WoyLouy Ta cUVAYN Yo TIC LopYES a + oo.

Hopadetyuato
() Oewpolye T ouvdptnon f: R — Rye f(z) = 5. Eyouue
R ) Tt L 1n(a:2 +1) B
/0 f(t)dt = xlgglo CZ dt = IIEEOT = 400.

‘Opota,
0
/ f(t)dt = —cc.

Suvernag, to [T f(t) dt dev oplleta: €youpe anpoodiopiotn wopgt| (4+00) 4 (—o0).

1 ’
241"

(B) Oewpolye ) ouvdptnon f: R = R ye f(z) = Eyouue

[e.9] x

1

/ f(t)dt = lim 5 dt = lim arctanz = m/2.
0 z—00 J te + T—00

‘Opota,
0
/ f(t)dt =m/2.
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YVVETOC,

< ] S| < 1 Toow
—dt= | ———dt —— at="4T
/_Oot2+1 /_Oot2+1 +/0 211 SR

7.9.1 To xplTHplo TOL OAOXATEWUATOG

‘Eotw f : [a,00) = RT un apvnmixh ouvdptnon, n onola elvon ohoxhnpdowun oe xde

Sidotnua [a, x], 6Tou & > a. e authAv Ty TepinTwon, N cuvdpTNoN

F(z):= /xf(t) dt

ebvor avZovoa 6o (a, +00). LUvende, o

o0 x
/ Fydi= tim [ f(t)dt
a T—00 a

uTdpyer av xou uévo av 1 F efvan dve gparyuévn. Awpopetind, [ f(t) dt = +oo.

Avtiotoyo anotéheopa elyaye del ylor TNV GUYRAIOT) GEIRMY > oo | Gk PE WNFOPVNTIXOUS
bpouc. M tétota oetpd ouYXAVEL oy o u6vo av 1) oxohoudia (sy,) TwV pepix@y adpotoud-
TV NS ebvan dver ppaypévn. ApopeTind, amoxAivel 6To +00.

To enduevo Yedpnua divel Eva xptthplo GOYXAONGC Yia OEWES IOV YRAPOVTUL GTT) LOPYT
Y poy f(k), 6mou f:[1,+00) — R efvon pa pdivouoo un-apvntixh ouvdetnom.

Ocedpnpa 7.9.1. Eotw f: [1,400) = R @livovoa ovvdptnon pe un aprnuxés tués.
Ocwpote tny axolovdia (a) pe ap = f(k), k = 1,2,.... Tdre, n oapd un apvnrikdv
Spwv Y_p2 | a ouykAivel av ka1 uévo av to yevikeuuévo ohokAfpwpa [1° f(t) dt vrdpyer.

Andéoedn. Amod to yeyovog 6t n f ebvan @divouca mpoximntel dueca 6Tl 1) f €lvon ohoxAn-
pwotun ot x&de ddotnua [k, k + 1] xou

k+1
o =1+ < [ < ) =

v x&9e k € N. Av unodécoupe dt 1 oepd > o a ouyxhiver, téte yia xdde x > 1
€youue
[z] [z]

/I Ft)dt < /Mﬂf(t) dt = Z/kH Ftyde <Y ax < iak-
1 h 1 k = =

k=1 k=1 k=1

"Enecton 6Tt T0

/ T di= tim [ f)ar
1

T—00 1
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urdpyel. Avtiotpoga, av to [ f(t) dt umdpyer, Yo xéde n € N éyouye

n—1

k+1
snzf(1)+f(2)+---+f(n)<f(1)+2/k £(t) dt

k=1
1w+ [ rwa< s+ [T iwar

Aot 1 oxoroudio (sy,) TV uePIXOY adpOloUATLY TS Y peq @k Ebvat dve @paryUévr, 1 oelpd
ouYXAlveL. 0.

Hopodetyuata

() H oe1pd 372, 71 omoxhivel diot

o 1 T q Inx
/ ——dt = lim ——dt = lim / e (In(Inz) — In(In2)) = 4o0.
2 L

tint T—00 o tint =00 f1p9 Y T—00

(B) H oepd > 72, k(le)g ouyxAivel BLoTL

@] ! e g 1 1 1
/ dt=lim [ ——dt=1lim [ == lim - —)=—.
9 t(lnt)? z—o0 [5 t(Int)? x>0 fl,0 y2  z—oo\In2 Inz In2

7.10 Aoxnoeig
A" Opdda
1. Eoto f : [a,b] — R. EZetdote av ol topaxdte mpotdoeig ebvon odndeic ¥ Peudeic (wtiohoyfote
TAAPWC TNV andvTNoY| ooc).

() Av 7 f eivor Riemann ohoxhnpdoun, téte 1 f elvan Qporypévn.
Av 7 f eivar Riemann ohoxhnpddoiun, t6te nodpvel pEYlot Tiun.
Av 7 f elvou ppaypévn, tote elvon Riemann ohoxinpdoiun.

)

)

) Av 7 |f] eivar Riemann ohoxhnpdowur, téte 1 f eivow Riemann ohoxinpdoiun.

) Av 1 f eivar Riemann ohoxdnpdowr, tote undpyet ¢ € [a, b] dote f(c)(b—a) = f: f(z)dx.
)

Av v f eivan gpaypévn xau av L(f, P) = U(f, P) vy x&de dopépion P tou [a,b], t6te 1 f
elvon otodepy).

(©) Av n f eivon gporyuévn xou av vridpyet dwpépion P dote L(f, P) = U(f, P), téte 1 f elvou
Riemann ohoxhnpewaoun.

(n) Av 7 f eivor Riemann ohoxinpdoun xou av f(z) = 0 vy xdde z € [a,b] N Q, té1e

/: f(z)dz =0.
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2. Bow f : [0,1] = R gpaypévn cuvdptnon pe ty Widtnta: yioe xdde 0 < b < 1 1 f elvou
ohoxhnpwotun oto didotnua [b, 1]. AeiZte étu 1 f elvon ohoxhnpidoun oo [0,1].

3. Anodelite 6 n ouvdptnon f 1 [-1,1] — R ye f(z) = sinl av o # 0 o f(0) = 2 ebvon
ONOXATPOOCIUY).

4. Eotww ¢ : [a,b] — R gpayuévn cuvdptnorn. Trodétoupe ot 1 g elvon cuveyhc mavtod, extdc
and éva onuelo g € (a,b). Acilte 6T 1 g elvor ohoxhnpdoiun.

5. Xpnowonouvtag To xpithiplo Tou Riemann anodelgte dtL oL mopoxdtw cuvaptioelg elval olo-
XANPAOCIIES:

(@) £:00,1] = R pe f(z) = 2.
B) f:[0,7/2] = R ye f(z) =sinz.

6. EZetdote av ol nopoxdte cuvaptioelc eivon ohoxinpdoiec oto [0,2] xou urnohoyiote To olo-
x\hpwpa Toug (ay utdpyEt):

(@) f(x) =+ [a].

B) f(z) =1avz =1 naxdmowy k € N, xau f(z) =0 ahhac.

7. Eotw f:[a,b] = R ouveyhc ouvdptnon pe f(z) = 0 vy xdde x € [a,b]. Acilte 6

b
/ flz)dz =0
av xou wévo av f(x) = 0 v xdde = € [a, b].

8. Eocww f,g: [a,b] = R ouveyeic cuvapticeic kote

/ab fx)de = /abg(x)da:.

Aci&te 6L undpyel zg € [a,b] dote f(zo) = g(xo).

9. Eow f : [a,b] — R ovveyfic ouvdptnon pe tnv widtnto: vl x8de ouvey ocuvdptnom g :
[a,b] = R woyde

b
/ f(@)g(x)dz = 0.

AeiZte 6t f(z) =0 vy xdde z € [a, b].

10. 'Eotw f : [a,b] — R ouveyhc ouvdptnon ue v Wbbtnto:  yioo xdde ouveyr; ouvdptnon
g : [a,b] = R nou wavornotel tv g(a) = g(b) = 0, wyde

b
/ f(@)g(x)dz = 0.

Aeigte 6t f(z) = 0 v xdde z € [a, b].
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11. Eoto f, g : [a,b] = R ohoxhnpdotpec ouvapthoeic. Aceilte tnv ovicétnta Cauchy-Schwarz:

b 2 b b
( / f(x)g(a:)dx> < ( / f2<x>dx>-< / 92<x>dx>.

12. Eotow f:[0,1] — R ohoxinpdown cuvdptnor. Acite ot

( / 1 f(w)dfv)2 <[ P a)de.

Ioydel 1o B0 av avixataoticoupe 1o [0, 1] pe tuydv didotnua [a, b);

13. Eow f:[0,1] = R ohoxdnpdown cuvdptnon. Aceilte bt 1 oxoroudio
1~ (k
et ()
k=1
ouyxAivel 6To fol f(z)dz. [Trébaén: Xenowonoiote tov oplopd tou Riemann.

14. Aci&te 6T

g YIHV24 v

n—o00 n\/ﬁ

2
==

15. 'Ecto f : [a,b] = R ohoxhnpdoun cuvdptnon. Aciéte 6t undpyet s € [a, b] dote

/ F(t)dt = /sbf(t)dt.

MrnopoUpe ntévTo vor eTAEYOUPE €va TETolo § 610 avoxtd ddotnua (a, b);

16. Eoww f:[0,1] = R oloxhnpdoiun xou YeTinf) cuvdptnom WoTe fol f(z)dz = 1. Aei&te 6m
v xdde n € N urdpyet Swpépion {0 =tg < t; < -+ < t, =1} dote ftt:'“ f(z)de = 2 v xdide
k=0,1,...,n—1.

17. Eow f:[0,1] — R ouveyhc ouvdptnon. Aeilte bt undpyet s € [0,1] dote

" e)atds = 1)
/Of(x)xdx— 5

18. Trodétouue 6t 7 f: [0,1] — R elvon cuveyhic xou bt

/Ox F(t)dt = /: Ft)dt

v xédde x € [0,1]. Aci€te étL f(2) = 0 vy x&de z € [0, 1].
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19. 'Ecto f,h: [0,+00) — [0,400). Trodétoupe dT 1 h elvar cuveyfic xaw 1 f eivon nopaywyiown.
OpiCouye

f(x)
Flz) = /0 h(t)dt.
AclZte 6t F'(x) = h(f(x)) - f'(x).

20. Eotww f: R = R ouveyne xaw éotw § > 0. Opilouue

x4+
o) = [ rwar

=

AceiZte 61 1 g elvon maparywyiown xo Peelte v ¢'.

21. Eoww g,h: R — R napaywyiowes ouvapthoes. Opilovue

g(x)
G(z) = / t2dt.
h(z)

AeiZte 6t n G elvon napaywyiown oto R xou Beelte my G-
22. Eoww f:[1,+00) = R ouveyhc ouvdptnon. Opilouue
F(z) = / f (g) dt.
1 t
Beeite v F'.
B’ Opdda

23. Eotw f : [0,1] — R ocuveyhc ouvdptnorn. Opillouue pia axoroudia (a,) ¥étovtoc a, =
fol fz™)dz. AciEre 6w a, — f(0).

24. Aci€te 6n n axolovdio v, =1+ % + % 44 % — fln %da: ouyxAiveL.
25. Ectw f: [0,1] — R Lipschitz cuveyfc cuvdptnon wote

[f(x) = f(y)| < Mz —y|

v xdde x,y € [0,1]. Aeiéte 6u
1 n
1 k M
de — — — )| <=
e () <
yio xde n € N,
26. Ectw f : [a,b] — R ouveyhc ouvdptnon pe v e&fic idtnta: undpyet M > 0 dote

mm<M/ﬁmmt
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v x&dde x € [a,b]. Acilte 6t f(z) = 0 vy xdde z € [a, b].

27. 'Ectww a € R. Aci&te 6t dev undpyet Yetind ouveyhic ouvdptnon f: [0,1] — R dote

1 1 1
dx = dzx = 2 dr = a.
/0 flx)dx =1, /0 zf(x)dx =a xo /0 z*f(x)dr =a

28. Eotw» f : [a,b] — R ouveyhc, un dpvnuxd cuvdptnon. Oétoupe M = max{f(x) : x € [a,b]}.
b 1/n
o = ( / [f(w)]"dar>

29. 'Eotw f : [a,b] = R ohoxhnpdoyn ocuvdptnon. Exonde authc e doxnong ebvan vo det€oupe

Aci&te otL 1 oxohovdia

ouyxAbvel, xon limy, o0 vy, = M.

ot f éyel moANG onpela cuvéyelac.
(o) Trdpyel dropépton P tou [a,b] wote U(f, P) — L(f, P) < b— a (e&nyfote yiotl). Acite 6t
urdpyovy a1 < by o710 [a,b] Bdote by —ag < 1 xo

sup{f(z) :a1 <z < b1} —inf{f(z) :a1 <z < b} < 1.

(B) Enorywywd oplote aBwtiouévo Slao THUAT [an, bn] € (@n—1,bn—1) pe pfixog wixpdtepo and 1/n

WoTE 1
sup{f(z) :ap, <z < by} —inf{f(x) :a, <x < by} < -

(v) H toph autdv tov xButiopévey dotnudtoy teptéyel oxpBoe éva onuelo. Acilte 6t n f
elvan ouveyrc oe auTo.

(8) Tedpa Bei&te ot M f éxel dmewpa onuelo cuvéyelog oto [a,b] (Sev ypetdleton mepioadtepn Sou-
Aed!).

30. Eotww f : [a,b] = R ohoxhnpdown (dyt avayxaotixd cuveyhc) cuvdptnon ue f(z) > 0 vy
xdde = € [a,b]. Acilte 6T

/a " Ho)de > 0.

31. Eotww f:]0,a] — R ouveyfic. Aeilte 611, yio xdde = € [0, al,

Om Flu) (@ — w)du = /O ’ ( /0 ’ f(t)dt) du.

32. Eotw a,b € R ye a < bxa [ : [a,b] = R ouveydde nopaywyiown cuvdptnon. Av P = {a =
xo < x1 < -+ < T, = b} elvon dropéplon Tou [a, b], delEte 6T

n—1 b
Z|f($k+1)—f($k)| < / |f/ (z)] da.
k=0 a
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33. 'Ectww f : [0,4+00) — [0, +00) yvnolne adlouca, cuveyme tapaywyiown cuvdptnon pe f(0) =
0. Aci&te 6711, v xdde = > 0,

T f(@)
/ f(t)dt+/ Nt dt = xf (x).
0 0

34. Eow f :[0,1] — R ouveyde napaywylown cuvdptnon ue f(0) = 0. Aci€te ot v xdde

o< ([ 1rora)

35. Eotw f : [0,+00) = R cuveyfic ouvdptnon pe f(z) # 0 v xdde = > 0, n onola ixavoroted

_2/f

v xdde x > 0. Aclte 6t f(x) = x yio xdde z >

z € [0, 1] wybet
1/2

my

36. Ectw f: [a,b] — R ocuveyde nopaywylowr cuvdptnon. Asilte 6T

b b
lim f(@)cos(nx)dr =0 xou  lim f(z)sin(nz)dz = 0.

n—roo a n—roo a

37. E&etdote w¢ mpog N olyxhion Tic axoloudieg
an = / sin(nx)dz xou b, = / | sin(nz)|dx.
0 0

38. Eotw f :[0,+00) — R ouveyde mopaywyiown ouvdetnon. Aelfte éu undpyouv ouveyelc,
avgovoee xou Yetinée ouvapthoelc g, h : [0, +00) = R dote f =g — h.

I" Oudda

39. Eow f :[0,1] = R pe f(0) = 0. Tmnodétouue 6t n f éxel ouvveyh) mopdywyo xa 6Tt
0< f'(z) €1 ywxdde z € [0,1]. Aeléte 6m

[v@rar< ([ s )

40. Eotw f:]0,a] = R ouvdptnomn ye cuveyn napdynyo xou f(0) = 0. Aei&te bt

/\f (1)) dt < /\f )2t

41. Eotww fo : [0,00) = R ouveyfic ouvdptnon. T xéde k = 1,2,... opiCovue fi : [0,00) = R

ue
) = /0 feoa(t) dt

2
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Acigte 6T

fk(l') = ﬁ /Ow f(t)(ac — t)kildt.

42. Eotw f : [0,00) = (0,00) opotdpoppa cuveyic cuvdptnor. Trodétoupe 4Tl T0 YEVIXELUEVO
ohoxMpwpa [° f (@) do ebvan nenepaopévo. Aelite 6u lim f(z) = 0.
T—>00

43. Eotw f : [a,b] = R e f(a) = f(b) = 0. YTrodétoupe 6t n f’ elvon ouveyhc xaw 6T
f:[f(x)de = 1. Me ohoxMipwor xoatd napdyovies dellte ot

b
[ at@y@)de =3,

X0, YPNOLLOTOLDOVTOS TO Topandvw, del&te 6Tl

44. 'Eoto f,g : [a,b] = R ohoxhnpwoipec ouvopthoec. Acilte 61l

1

3/ [ | ) = r@)aw - a(@) dy] da

=(b—-a) /ab f(@)g(z)dx — (/ab f(z) dx) (/abg(m) dx) .

Av ou f xou g eivon aO€0VOES, YENOLUOTOLOVTAS TO TopTdve Jel&te 6Tl

</ab f(z) da:) (/abg(x) da:) <(b—a) /abf(x)g(x) de.

45. Eoto f:[1,00) — R ouvdptnon ue ouveyn napdywyo. Aeilte éti, yia xdde k € N,

k+1 k+1
f(k):/k f(x)d:v—/k (k+1—2)f (z)dx.

46. (o) Eotwo f:]0,1] — R ouveyfic ouvdptnomn. Acilte ot
1
lim 2" f(z)dx = 0.

n—oo 0

(B) Eotww f:]0,1] — R ouvdptnon pe ouveyn nopdywyo. Aeite Tt

lim n/ol 2" f(x) do = f(1).

n—oo
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47. (a) Eotww f : [a,b] — R ouvdptnon pe ocuvey napdywyo. Asilte ot

1/vn
lim nf(x)e” " dx = f(0).

n—oo 0
(B) Eotwo f : [a,b] = R cuvdptnon ue ouveyr| topdywyo. Aellte 6t
1
lim nf(z)e” " dx = f(0).

n—oo 0






KEPAAAIO &

Teyvixeg ohoxANpwoNg

Ye autd 1o Kegdhato meplypdpoupe, ywels Wbialtepn auotneotnta, Tic Paoixés uetddoug
UTOAOYLOPOU OhOXANpwUdT®Y. Alveton wiar cuvdptnoT f xou Véhouvue va Bpolue plor avTima-
pdywyo tne f, dnhadh wa ouvdptnon F ue v wiotna F/ = f. Tére,

/f(x)dm =F(z)+c.

8.1 OloxAjpwoT E AVIIXATAC TAOT

8.1.1 Ilivaxoac OTOLYELWSNY ONOXANPOUATHY

Kdde tinoc napoydytone F'(x) = f(x) pog diver évav tono ohoxhfpwong: n F elvon ovtimo-
pdywyog tng f. Mnopolue €tol va dnutovpyicouue Evay Tivoxa Baoiuy OAOXANEWUATOY,

AVTIO TEEPOVTAS TOUG TUTOUS ORIy WYLOTS TWV O BuciX®Y CUVAPTACEWY:

u $a+1 1
/x da::a+1, a# -1, /xdx:1n|x\+c

/exdx:ex—i—c, /sinxdm:—cosm—i—c

. 1
cosrdx =sinz + ¢, 5—dr =tanz +c
cos?x

dx = arcsinx + ¢

1 1
dr = —cotx + c, /
/sin2:v N

1
dxr = arctanx + c.
14 22
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8.1.2 Ymohoyiwopog tou [ f(p(z))¢'(z)dx

H avtatdotoon u = ¢(x), du = ¢'(z) dz pac divet

[ He@e@ds = [ fwdn  u=pa),
Av 10 ohoxMpwpa de&id utoroyiletar evxoldtepa, VéTovTag 6ToL u TNy @(x) urtohoyilouvye
TO OMOXAPWUAL VLG TERAL.
IMapadelypota

(o) Tt Tov umohoyiopd Tou

/ arctan x
———dx
1+ 22

Z — 4 S d$ 4
Vetoupe u = arctanz. Téte, du = {75 xou avary6pacTe 670
2
u
udu = — +c.
2
‘Enctan 611
arctan x (arctan z)?
Tz W=t
1+x 2
(B) It Tov unohoyloud Tou
sinz
tanz dx = dx
cos T
Vétouue u = coszx. Toéte, du = —sinz dx xou avayOUAGTE GTO

1
—/du:—ln\u|+c.
u

‘Eneton 61t
/tanxdw = —In|cosz| +c.

(v) Tt tov unoloyloud tou

cos;(}x/:f) da

£ — 4 _ dzx ’
’BSTOU[J.S u = \/5 TOTE, du = m Ol AVAYOUAO TE O TO

/QCosudu: 2sinu + c.

"Eneton 61t

cos(/7)

—V dr = 2sin(y/x) + c.
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8.1.3 Tewywvopetpixd OAOXANPOURATA

OloxAnpmuota Tou TEPLEYOLY BUVAUELS 1) YIVOUEVA TELY WYOUETEIXMOY CUVAPTACEWY UTOPOUY

var avorydoly o€ amAhoOGTERN OV Y ENOULOTOLACOUUE TIG BUCIXES TELYWVOUETEIXES TAUTOTNTES:

sin2x+6082x:1, 1+tan’z = 5
cos? x
1 2
1 +cot’x = 5 (308233:M
sin” x 2
1—cos?2
sin?z = y, sin2x = 2sinx cosx
St sin b — cos(a — b)x ; cos(a + b)a:’ Sin g cos b — sin(a + b)x —;— sin(a — b)x
b —-b
08 4 o8 b — cos(a + b)x —;— cos(a )x
IMapadeiypoto
(o) Tt Tov uTOhoYIOUS TOU
/ cos? z dx
YETOWOTOLUPE TNV Cos? T = W: €youue
1 2 1 1 in 2
/coszxdx:/dl—c;sxdx: 2/dx+2/cos2xdx:;+ s1n4 ° +c.

Me tov (8l0 TpéTo Pnopolue va uthoyicoupe to [ cost z dz, ypnowonoidvTag Ty

4 2+4_4+2+8

4 <1+cos2:c>2 1  cos2r cos’2r 1 cos2x 1+cosdx
cos r = — ) = + .

(B) It Tov umohoyLoub TOU

/sin5xdac = /Sin4x sinx dx = /(1 —cos’ z)?sinx dzx

elvon TpoTWOTERT 1) avTiXaTdoToo U = cos x. Tote, du = —sinx dr xou avoryOUAcTE GTO
2u3 u®
212
- [(1l=-v)du=—-u+———-—+c
Ja- A
‘Ercto 6T
.5 2cos’x  cos®x
sin® x dx = —cosx + 3 -5 + c.

Trv Bl uédodo UmopolUE Vol YENOWOTOLACOUKE Yid OTOLOONTOTE OAOXAPWUA TNS LOPPTS

/ cos xsin” x dx
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av €vag amd Toug EXVETEC M, 1 elvol TEPLTTOC Xou 0 dhhog dpTiog. [ mopdderyya, oav m = 3

xan n = 4, ypdpouue
/0053 zsint z dx = /(1 —sin? ) sin® z cos z dz
X0, UE TNV AVTIXUTACTACY U = Sin &, AVUYOUACTE GTO ATAG OAOXATRWUA

/(1 — u?)u'du.

(v) Avo yefotua ohoxinpduato eivor o

/tan2 T dr xou/cot2 T dr.
[No o mpwto Yedpouue

1
/tan2xdx:/<cosz —1) da::/[(tanaj)/—l]da::tanx—x—i—c,
T

X0, OUOLYL, YLl TO BEVTERPO YRAUPOUUE

1
/cothdac:/< — —1) d:nz/[(—cotx)'—l]d:n:—Cota:—$+c.
sin® x

8.1.4 Yroloyiwopédc tou [ f(z)dr pe v avtixatdotoon & = ¢(t)

H avtixatdotoon = ¢(t), de = ¢/ (t) dt — 6nov ¢ avtisteéduyun cuvdptnon — woc divel

[ t@do= [ setnea

Av 10 ohoxdpwpa Se€id unoloyiletor euxorGTepa, Vétoviac bmou t TNy~ L(x) unoloyi-
Coupe T0 OAOXAAROUOL 0pLG TERG.
IMapadelypoto: TELYWVOUETEIXES AVILXATAC TACELS

(o) e ohoxhnpduato Tou TepEyouy Ty Va? — x? ¥étoupe x = asint. Téte,
Va2 —x?2 =acost xu dr = acostdt.

[Mo mopdderypa, yio Tov UTohoYloud Tou

/ dx
22v/9 — 22’

av écouye © = 3sint, t61e do = 3costdt xou V9 — 22 = 3 cost, xau avaybpaoTe 6T0

/ 3costdt 1 / dt 1 b+
————————=— [ —5— = ——cCo c.
9sin®¢(3cost) 9 ) sin?t 9
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Tote, amd Ty

ot cost 1 —sin?t V9—22
CO pry prd pry
sint sint x

Tadpvoupe
/ dx _ V9-a?
22v/9 — 22 9z

+c.

(B) Xe ohoxhnpduata ov TepEyouy v Va? — a? Yétouvue x = a/ cost. Torte,

asint
Va2 —a?2 =atant xau dr = —— dt.

cos?t

[Mo mopdderypa, Yoo Tov utohoyloud Tou

/¢ﬁ—4
————da,

av Vécouue & =

cost’ cos? t cost

/ 2tant 2tant
2/ cost cost

O TO
dt = 2/tan2tdt— 2tant — 2t + c.

7 \/ 2_ 7
Aol t = arctan ¥ 4 TOLEVOLUE

V2 — 4 Va2 —4
/xdx:\/x2—4—2arctanx2+c.
x

(v) Xe ohoxinpmporta tou neptéyouy Ty Va? + a? ¥étovue © = atant. Tore,

a a
Vaii+a2=— xu dr = dt

cost cos2t

[N mopdiderypa, Yo ToV UTOAOYIOUG TOU

Va2 +1
T

av Yéoouue x = tant, t6te dv = ﬁ dt xou Va2 +1= ﬁ, X0l AVAYOUGTE GTO

/ 1 1 1 gt / cost gt 2 L
= | —/—dt=——++c.
costtantt cos? t sin*t 3sin’t

’ _ 3 7 . _ _ xT I 7
Agob t = arctan x, PAémouye 6T sint = tantcost = Voo TeAxd modpvoupe

+c.

Va2 41 (22 +1)%/2
T =TT

323

thte do = 28108 gt = 2t gy 5y /22 — 4 = 2tant, xou avoryOUAGTE
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8.2 OloxAipwor xaTd (e

O tinog g ohoxhfpwong xotd péer etvan:

[ 1@ (@) dz = s@)g(a) - [ £ia)gta)da.
xou tpoxVntel dueca ond v (fg) = fg'+ fg, av ohoxdnpdoouye to dlo pérn Tne. Luyvd,
elvon eUXOANOTERO Vo LTOAOYIGOUPE TO OAOXApwUd GTO 6e€L6 PENOC.

IMopadeiypota

(o) Dot Tov umohoyiopd tou [ zlog z dx ypdgpouue

1 2] 1 2] 2
/$10g$d$:2/($2)/10g$d1‘: v ;)gx—z/xdx:”r 8T T ..

() T Tov uTohoyioud tou [ @ cos d ypdpouue
/:ccosa:d:c = /x(sina:)’dx = zsinz — /sina:dx = xsinx + cosz + c.

(v) T tov unohoyioud tou [ e*sinz dx ypdgpouyue
I:/exsinxdx = /(e“)’sinxdmzexsinx—/excosa:da:
= e'sinx — /(e””)’ coszdr = e sinx — e” cosx + /ex(cos r)'dx
= ex(sina:—cosa:)—/exsinxdx:em(sinx—cos:c)—I.

"Enctan 6711

o
. e*(sinw — cosx
/exsmmdx: ( 5 )—l-c.

, .2 , , .2 1—cos(2z)
(8) Twx tov unohoyioud tou [ xsin® x dx yenowonohviog Ty TauTdTTa sin® & = —5-==

Ypdpoupe
2
/xsin2mdaz = /;dm - /xcosé 7) dz.

INo 10 8eUTEPD OAOXUATIPOUA, YENOWOTOOUUE TNV OVTIXATAGTUCT, U = 22 X0l OAOXAPWOT)

xotd pépn omwe oto (B).

(g) T Tov unohoyioud tou [ log(z + /) dx yedpouue

/1og(:z:+\/5) dz = /(x)’log(er\/E) dz = xlog(x+\/5)—/ xfﬁ <1+ 2\15) dz.

Katémy, egopuélovye Ty avtixotdotaon u = /.
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8.3 OloxAjpwor pNT®Y CUVALTACEWY

Ye auth TNV Tapdypapo mepLypdpoupe Wia uédodo e TNy onola unopel xavelg vo utohoyioel
TO AOPLOTO OAOXAPWUA OTIOLUCONTOTE PNTHC CUVAETNOTG

an®™ + ap_12" 4+ 4 a1 + ag
Cq(r) b A+ by b+ b

H mpdhtn nopatrienon eivon 6t unopodue mévta va utodétouue 6Tt n < m. Av o Podudec n
oL apriunT p(x) elvon yeyahitepoc 1 (oo and tov Bodud m tou napovopaoty ¢(x), Téte
Sroupolpe to p(z) pe 1o g(x): undpyouv Tohuwvuua T(x) xou v(z) wote o Padude Tov v(x)
vo efvan xpdTEROC amd m xou

Tote,

) tol) o)
&= ~ "t

Yuvende, yio Tov unohoylopd tou [ f(xz) dx uropolue Téhpa Vo UTONOYICOUUE Y0ploTd TO
J m(z) dx (amhéd ohoxdfpwpa TohwVLUXAC cuVEETNoNC) o To [ % dx (pnt ouvdptnon
pe Ty tpdodetn widtnta 6Tt deg(v) < deg(q)).

Trodétouye howmdv o1 ouvéyewa 6t f = p/q xou deg(p) < deg(q). Mnopolue enione
vo. uto¥écoupe 6Tl ap, = by, = 1. XpnowonoloVye thpa To YEYOVOS OTL Xdde TOAUDYULUO
avohDETAL OE YIVOUEVO Tp®TOR&OULY xou deutepofdiuiwy dpwv. To ¢(z) = 2™ + -+ +

biz + by Yedpeton 01N LopRT
q(@) = (z—01)™ - (2 — o)™ (2% + fra + )™ - (27 + Bz + )™

Ovai,..., oy ebvon ou mporypartixée pilec tou g(x) (xan 75 ebvan 1 tohhamhotnta tne pilac o)
eV oL bpoL 12 + Bz + 75 ebvor T ywéueva (z — z;)(z — Z;) 6mou 2z; oL wryadée pilec Tou
q(z) (xou s; etvar n mohhamhotnta e eiloc z;). Iapatmerote dtL xdde dpog e popphc
22+ Biz+; éyer apvnmind Sloxpivouca. Eniong, ot k, s = 0xouri+- - +rp+2s1+- - +28, =
m (o Badude Tou ¢(x)).

Ipdgouye v f(x) ot popen

" 4 ap_ 12"+ arx + ag
(=) (2 —ag)™* (22 + Brz +71)* - (22 + Bz + )

fz) =
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XU TNV «oVAADOUUE OE amAd ¥Adouatoy: UTdeyouy cuviekeotéc Ay, By, 'y ote

A Aqp Aty
f(x) = x_a1+($_0[1)2+"‘+m
A A A
I k2 R kr1

r—ar (r—o) (x — ag)"*
Bz + T Biox + T2 . Bigyx + Ty

22+ Pix+y (22 + B+ m)? (22 + Bz + 71)%
B +T1; Bpx 4+ T . Bis,x + Iy,

ot .
22+ Bir+y (22 + B+ y)? (2% + Bz + v)%

H ebpeon twv cuvteheotov yivetar wg e€ig: toAamhactdloupe ta 800 Yéhn Tng LooTnTag
e to ¢(x) (napatneRote Tt I6OUTOL UE TO EAAYIOTO XOWVG TOAMATAEGLO TWY TUPOVOUIT THV
Tou Oedlol péhouc). Ilpoxintel Té1e W LWodTNTA TOALWYOULY. EZiodhvovtog touc cuvte-
AecTég Toug, Talpvoule éva cUoTNUN M EELOMOENY UE M ayVKOoToug: Toug Ajr, . .. ,Ajrj,
Bit,...,Bis;, Tin, ..., Tis, j=1,... )k, i=1,...,L

MeTd and autd To Priud, YeNOWOTOWOVTNS TNV YRUUUXOTNTO TOU ONOXATPOUATOC, OV
YOUAOTE GTOV UTOAOYIGUO ONOXANPOUATWY TV €E7C BLO LopQPOYV:
(o) ONoxAnpopata TN wopphs [ ﬁdw. Autd vroroyilovtan dueco: av k > 2
TTE

1 1
e e e RS

xou ov k =1 té1e

1
/ de=In|z —a| +c.
rT—a

(B) OroxAnpopata tng popphs [ ngi;fwkd% 6moU 10 T2 + bx + v éyEL dpvnTIXH

otaxpivouca. pdgovroc Bx +1' = g(Zx +b)+ (I - %), AVUYOUACTE GTO ONOXATPOUATOL

2r +b 1
——d — dz.(6.3.
/(ZL‘2—|—bSL‘+’7)k v /(x2+bx+7)k z.(6.3.8)

To mp&ro umohoyiletor ue v avtatdotaon y = o2 + bz + v (e€nyfote ywtl). T

10 deVTEPO, Ypdpouye TpdTa 2 + br + v = (z + %)2 + 474_112 XL UE TNV AVTIXUTAC TAUOT)

x + g = 4g_b2y avarybpoote (EnyHoTe yiotl) oToV UTONOYLOUG ONOXANPOUATWY TNS

Hopgphc X
L= | —— .
g /(y2+1)’“dy

O vrmohoyioude tou I}, Bacileton oty avadeouixr oyéon

1y 2% — 1
Ty = — Ii.
N N (S N
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Io Ty amodelln yenotwonolotue ohoxhripwaon xotd uéern. Ipdpouue

dx 1 Y y?
ILi=[| ———F = ! dy = +2k/d
k /wwﬂw /@Nf+nky W+ 1 P
2
Y y +1-—-1
= 2 _yop | - -
TS k/(y2+1)’“+1 W

- Y 1 1
—-@u4w+%/@u4w@—%/@quuw

= S + 2kI, — 2k1j 4.

(y2 + 1)k

‘Eneton 1o {nrovpevo. I'vwpetlouye ot

1
I = dy = arct
1 /y2+1 y = arctany + ¢,

GE0l, YENOWOTOLOVTIS TNV aVIdEOUXT] OYEaT), UTopoUUE dtadoyixd va Bpolue ta Ia, I3, . . ..
IMapadeiypota

(o) Tt TOV UTOAOYLOPO TOU OAOXANPOUATOS

372 4+ 6 372 4+ 6
Bl S dx,
3+ a2 — 2z z(x —1)(x +2)

Cnrdpe a, b, c € R wote

322 +6 a b c
=t —.
zx—1)(z+2) x x—1 x+2
I'pdpoupe
322 +6 _alz = 1) (x4 2) + bw(x +2) + cx(r — 1)
r(z—1)(x+2) z(x—1)(z+2)

(a+b+c)x?+ (a+2b—c)z —2a
x(r —1)(z+2) ’

%ot AOVOUUE TO GUCTNUA
a+b+c=3, a+2b—c=0, —2a = 6.
H Xoon etvon: @ = =3, b= 3 xau ¢ = 3. Yuvenag,

/ 3246, / dz
z(x—1)(z+2) N x4+ 2

= —3ln\x]+31n w—1]+31n\$+2\+c

da;
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(B) It ToV UTOAOYLOPO TOU OAOXANEWUATOS

/5a;2+12a:+1 /5x2+12w+1
of T oAer T L og "
3+ 322 — 4 (x—1)(x+2)2
(ntdpe a,b,c € R dote

52+ 122+ 1 a b c

(z—-1D(z+2)?2 =x-1 +x—|—2+ (x4 2)%
pdepoupe

5z + 12241 alw+2)?+b(z—1)(z+2) +clz—1)
(z—1)(z+2)2 (x —1)(xz+2)?
(a+0b)2®+ (4a+ b+ c)x + (4a — 2b — ¢)

(x —1)(z +2)2 ’

xaL AOVOUUE TO GUCTNUA
a+b=25, da+b+c=12, 4da—2b—c=1.
H Noon etvon: @ = 2, b= 3 xan ¢ = 1. Yuvenoe,
522+ 12z + 1 dx dx dx
de = 2 3
/<x—1><x+2>2 r= 2] T /x+z+/<x+2>2

1
= 2ln|x—1|+3ln|$+2|—?+c.
x

(v) T Tov uOROYIOUS TOL OAOXANEWUATOC

dx,

/ r+1 d / Tz +1

€Tr =
x® —axt 4223 — 222 4+ — 1 (x —1)(x2 +1)2
Untdpe a, b, c,d,e € R dote

T+ 1 _a +baz+c+ dr +e
(x—1)@2+1)2 -1 2241 (2241)2

Kotalfyoupe otnv
r+1=a(@®+ 1)+ (bx+c)(z—1)(2z®+ 1)+ (dz +e)(z — 1)
%L AOVOUUE TO GUCTNUA,

a+b=0, —-b+c=0, 2a+b—c+d=0, —-b+c—d+e=1, a—c—e=1.
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H Non eivo: a =1/2, b= —1/2, c=—1/2, d= —1 xou e = 0. Xuvenwg,

/ rz+1 d
25—t + 2% 22t -1

1 dz 1 z+1 x

2/1‘—1 2/x2+1 o /(x2+1)2 o

1 [ dz 1 2z 1 da 1 [ (22 41)
= - Ry M S SRR

2) x—-1 4] 2241 2) 22+1 2 ) (22+1)?

1 1 1 1 1
= 51n\x—1|—Zln|x2+1]—§arctana:+§x2+1

+c.

8.4 Kdanoleg YpNOLUES AVTIXATAC TACELS

8.4.1 Prntéc cuVARTNOELS TWV COST Xou sinw

INo Tov UTOAOYIOUO OAOXANEWUATWY TN LORPPNS
/R(cos x,sinx) dr

6mou R(u,v) eivar mNAixo ToAUGVOUOY YE UETHBANTES U XL U, CUYVE YPNOWLOTOLOUUE TNV
OV TLXATAC TAOT)

u = tan —.
2
[Mopatnenote 6TL

2

cos” 5 — sin?

2

T _ 2z _
2_1 tan® 5 1—wu
z z

2 2

cosx = = =
cos? £ + sin? 1 + tan? 1+ u?
o 0 tap 2 )
x x x x an £ U
sinz = 2sin = cos = = 2tan = cos? = = 2 _— .
2 2 2 2 l4+tan®3 1+w?
, 1+tan® & ,
Enione, % = —L; = 52, dnhodt
2du
der = ——.
1+ u?

‘Etot, avayouacte 6to ohoxhpwua

1—u? 2u 2
R , du.
/ <1—|—u2 1+u2>1+u2 “

1-u? 2u
1+u2’ 1+u?
10 Teheutolo ohoxAfpwua utohoyiletar ye TN uédodo mou meptypdous oTNV TEONYOLUEVT

TIP3 POUPO.

Aedopévou 6Tl 1 ouvdptnon F(u) = R( ) 1+2u2 elvon enTr cuvdptnon Tou wu,
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IMapadelypoto.

(o) Tt TOV UTOAOYLOPO TOU OAOXANEMUATOS
1+ s
/ +sinz o
1—coszx
2

du, cost = 132 xou sinx =

Vétouue u = tan 5. Aol dr = VALY UG TE OTO

2u
1+ T4u? T+u2’

(1 +u)?
/u2(1+u2) -

7 7 4 4 e
T0 onolo unoloyileTon U aVIAUCT OE OTAd XAACUATOL.

ohOXATpLUA

(o) Tt TOV UTOAOYLOPS TOU OAOXANEMUATOS

/w.dm
1+sinz

Vétoupe u = tan 3. Agol dr = u2 du xon sinx = 1+u2, AVOLYOUACTE GTO ONOXATIPOUOL
1 2 1
/2 arctanu 3 5 du = 4/arctan u——5du
I+ 1+u (1+u)
1 /
= 4/arctanu <— ) du
1+u
arctan u

du.

1
= +4/(1+u2)(1+u)

To teheutaio ohoxAfpwua utoloyileton e avdAUoT o amhd XAdoUoTAL.

8.4.2 OloxAnpopata aAAYEREIXOY CLUVARTACEMY ELWOLXNS LOPYPNS

[Teprypdipoupe €86 XAMOIEC AVTIXATAC TACELS TTOU Y PTOYLOTIOLOUVTOL YO TOV UTOAOYIOUO O-

AOXANPOUATWY TNG LOPPYIC

/R V1= 22) da, /R(a:, Va2 — 1) da, /R(:c, Va2 +1)dz,

6mov R(u,v) elvon TnAixo ToAueVOU®Y Y peTaBAnTé u xat v.
(o) Tt t0 ohoxhfpwpa [ R(x, V1 — 22) dz, xdvoupe mpdta v ahhayh Yetafintic © =
sint. Agol V1 — x2 = cost xou dz = cost dt, avoryOUACTE GTO ONOXNARWUNL

/ R(sint, cost) costdt,

10 omolo uTOAOYILETaL UE TNV AVTIXATACTUOY TG TEONYOVUEVNGE UTOTORAYed@ou (et ou-

V3ETNoT TV cost xat sint).
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() Tt to ohoxhfpwpa [ Rz, vVa? — 1) dz, pior éa efvor vat ypnoylonotAcoupe Ty odhoy

petofintic © = —=. Téte, VaZ—1 =

cost”

sint
cos?t

1 sint)\ sint
R(—, - 20 gt = Ri(cost,sint) dt
sint’ cost ) cos?t

v xdmota pnth ouvdptnon Ri(u,v), to omolo vroloy(leto UE TNV OVTIXATACTAUCT TNG

sint

ot Yo der =

dt. Avoyéupoacte €tol 610
ohoXApwua

TEONYOVUEVNG UToTopay pdpou (pnty) cuvdetnon twv cost xou sint).

Etvor 6pwe mpoTddtepo var Yenoonolicoupe Ty eENg ahAaryy| HETOBANTAS:
u=uz+Va? -1

Tote,

2u 2u 2u?

Avaryopocte €101 6TO pNTO OAOXAHPWUL

R u2+1’u2—1 u2—1du
2u 2u 2u?

70 onolo unoloyileTon Ye AVIAUGCT| OE ATAd XAAOUATOL.

() T to ohoxhfpwypa [ Rz, vVa? + 1) dz, po déa efvor var ypnoylonoticoupe v odhoy Y

uetofintic ¢ = —cott. Téte, Va2 — 1 = -1 xau do = siTthdt' Avayoupaote étol oTo

sint

t 1 1
/R —C.OS - — dt:/Rl(cost,sint)dt
sint sint/ sin“t

Yoo xdmotar pnth ouvdpetnon Ri(u,v), to onolo unoloyiletor UE TNV AVTIXATACTOON TNG

OhOXA LU

TEONYOVUEVNG UToTopay pdpou (pnt cuvdetnon twv cost xou sint).

Efvau 6uwe mpotiudtepo va yenowwonotioouue TNy eEAC aAAay T LETABANTAC:
u=z+ Va2 +1.
Tote,

2_q 2 1 2 1
c="2 , \/x2—1:u+ , da::u+ du.
2u 2u 2u?

Avaryouaote €10l 6T0 PNTO OAOXATPOUY

/R u2—17u2+1 u2+1du
2u 2u 2u?

7 7 4 4 4
T0 onolo unoloyileton Ye aVIAUGCT| OE amAd XAACUATOL.

IMopadeiypota
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(o) Tt TOV UTOAOYLOPO TOU OAOXANEWUATOS

/\/ﬁd%

2

Vétouue 22 — 1 = (z — u)?. Toodlvopa, T = “22:;1 Tote, do = “227:21 du xou T —u = 155 ,
OTOTE AVALYOUACTE GTOV UTOAOYIOUO TOU
2 2
—(u?—1
/ i )
4u3
(B) Tt Tov UTOAOYLOPO TOU OAOXANEMUATOS
/ 1
——dx
zva? +1
Vétoupe u =z + Va2 + 1. Tére,
2 2 2
u—1 u”+1 u”+1
= 2-1= dx = du.
’ 2u v 2u T T2 M

Avaryouoacte €101 6TO OhOXAPLUA

2
/u2_1du

10 omnolo unooy(leTton Ye avdhuoT oe amAd XAACUATA.

8.5 Aoxnoeig
A’ Opdda
1. Troloylote to axdroudo OhOXANEMUOTA:
2z 222+ 2+ 1 322 +3zx+1
———dx, ————dx, dx.
2?2+ 2x + 2 (x+3)(z—1)2 23+ 222 +2x+1

2. Trohoyiote tar axdrovdo ohoxAnpduaTa:

/ dx / dx / dx / dx
A1 itz oviE o1’ e
3. Troloyiote ta axdloudor ohoxAnedpoTa:

dx
/cos3wdm, /congcsin3xd:v, /tamQacdﬂc7 /7, /\/tanxdx.

cost
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4. Xpnotwomoldvtog ohoxAfpwon xatd yéer, dellte 6t yio xdle n € N,

/ dx _ 1 x n 2n —1 / dz
(x2 4+ 1)+l 2n (22 + 1)m 2n (2 4+ 1)
5. Tnohoylote ta axdAovdor OhoXANEOUATOL
x? 1
5 d ——d logzd
e R e e R R

/a:cos:cd:v, /e"”sinzdx, /xsin%sdm

r+4

Jrsrvae, [ [t

/ T /cos3xd / dx
——dx T —_— .
1+sinz sinz (22 + 22 +2)2

6. Trnoloylote Tor OhOXANPOUATA
. 1
/sm(log x)dr , / log(1 — ) dz.
NG
7. Tnohoylote T ONOXANEOUOTA
x arctan ze®
— d — d.
/(1+w2>2 o /(Hm)? !
8. Trnoloylote Tor ohoxhnpdpoTaL
e* log(tan )
—d ————dx.
/1—1—62“5 T / costz ¥
9. Trohoyiote o OAOXANEOUATO

Tz T tan®z
3 dl’ y le’
o Cos‘x _x COS°T

5
/xlog<\/1+x2) dr / ztan® z dz.
0 0

Bl

L ENS

10. Trohoyiote tar axdrovdo euPadd:

(o) Tou ywplou ov PploxeTon 0TO TEMTO TETUPTNUOPLO XAl PRECCETA oIS TIS YPUPIXES TUPAS TAOELS
Ty ouvaptioewy f(x) = /x, g(x) =  — 2 xou ond Tov x-8ova.
(B) Touv ywplou mov @pdooeton and TS YPUPIXES TUPUOTACELS TWY cLVaPTHoEwY f(x) = cosT xou

s 5#}.

g(x) = sinz oto Sdotnua [F, °F
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B’ Opdda

11. Troloylote o OhoXANEOPATY

/1+sinxd / 1 d / T d / 1 d
— —dz T ———dzx ——dzx
1—cosz '’ sinx (14+22)2 7 V1 — 22
1 x
iz, tanzde, | ————dx, | 22— 1da.
/(1+$2)2 T /xarcanx i /\/m x / x o

12. Trohoyiote T0 OAOXATpLUA
/ T rsinx
——dx.
o l+cos?z

13. Troloylote T0 oAoxArpwUd

NE

sinx

— Y dx
/0 sinx + cosx

14. Yrohoyicte T0 OAOXATpUA

Skl

/ log(1 + tan x) dz.
0

15. Aci€te 6Tl T0 YEVIXEUUEVO OROXATPWUY
(o)
/ xPdx
0

16. Troloylote o axdAoudor YEVIXEUUEVO OAOXATIOMUATOL

[e%s) R 1 d.T/' 1
rxe T dr, / —_— / log x dx .
/0 1 V1 —a? 0

17. Acite 6T, yia xdde n € N,
o0
/ e z"dxr = n!
0

oev elvan menepaouévo yio xavéva p € R.

18. Bpeite ta dpua

3

2
- r 1 *
lim x?’e_*G/ etzdt, lim —/ et sint dt.
0 0

Tz— 400 z—0+ 14
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