Aocxhoeig vio To pddnpo «Avdivon I xouw Egoppoyécy

Kegdhowo 3: Xeipéc npayrhatixoy aptdpmody

A’ Oudda
1. 'Eoww (ar) wo axohovdio npoypatxody aprducdv. EEetdote av ol napaxdtw npotdoelc elvan aindeic 1
evdeilc (auttohoyfote Thpwe TNV andvinon cog).

() Av ar — 0 t61€ 1 axohoudia s, = a1 + -+ + an elvor @porypévn.

OO
(B) Av n oxohovdio sp = a1 + -+ - + an elvon Qporyuévn toTE N cEPd Y ar cuyxAivel.
k=1

o0
(v) Av |ax| — 0, t61€ 1 oElpd > ar cLYXAIVEL amOAITWC.
k=1

o0 o0
() Av noepd Y |ak| cuyxhivel, téte 1 oelpd Y. ar cuyxhivel.
k=1 k=1

Ok
a

() Avar >0y xdde k € N xow av 0 <

oo
:1 <1y xédde k € N, té1e 1 oepd > ar ouyxhivel
k=1

oo
(o1) Avag >0 vy xdde k € N xow av lim % =1, t61€ 1 oelpd Y ai amoxhivel.
k—oo k=1

e}
(@) Av ar > 0y xdde k € N xou av a(’;% — 400, T6TE N N CELPd kzl ak omoxhiveL.

(n) Av ag — 0, té1e 1 oepd S (—1)*ar cuyxhiver.
k=1

o0 o0
(9) Av ar > 0y xd9e k € N xou av 1 ce1pd Y ar cuyxhivel, Téte 1 oepd >, (/ar cuyxhivel.
k=1 k=1

o0 o0
(1) Av noepd > ar ouyxiivel, T6te 1) oelpd ai ouYXAvEL.
k=1 k=1

o0 oo
(1) Av ax > 0 yia x89e k € N xon av 1 oetpd > ar ouyxhivel, 16t 1 oelpd > a3 cuyxhivel.
k=1 k=1

1 < 7.
n OEV Elvall

Trdbetn. () Ados. H oxohoudiat ar = § — 0, duwe n axohouda sp = 14 5 + -+ +
ppayuévn (telver 670 +00).

(B) AdBos. Av dewphicovue tnv oxoroudia ar = (—1)F71, téte éyouue sn = 1 av o n elvar TepITTOC XOU
sn = 0 av o n elvou dptiog. Anhady, n axolovdila s, = a1 + -+ + an evan pporypévr. ‘Ouwe, 1 oepd

S (=1)*1 anoxhiver, Bu6t ax, A 0.
k=1
(o=} o0
(Y) AdBos. Oewphiote Ty ar = 3. Téte, |ar| = £ = 0xoun > |ax| = Y. + omoxhivel 670 +00, dnhadH
k=1 k=1

oo
N Y. ar dev ocuyxhivel amohiToe.
k=1

(8) Xwotd. Anodeifaye (otn Yewplar) 6Tt av pior oelpd cuYXAvEL amoADTwE TOHTE GUYHALVEL.

(e) Ados. Oewpfiote TV ar = 1. Téte, ar > 0 vy xdde k € N xau % = 25 <1y xdde k € N.
o0
Ouwe, 1 oeipd kzli amoxAivel.



, , 1 , . s ARyl 7 K2
(ot) Adbog. Oewpriote v ax = 1z. Tote, ax > 0 v xdde k € N xou khﬁrr;o = kl;rr;o Tz = L

oo
‘Ouwg, N oepd Y. 7 ovyxhiver.
k=1

Q) Ywotd. Av % — +00, undpyer N € N dote GZ% > 1y %xdde k> N. Agol 1 (ax) éxer Yetinolc

6poug, ovurepaivouue 61l 0 < ay < ant1 < -+ < ag < -+, IhadA ar A 0. Tuverde, n oewpd Y. ak
k=1
amoxh{veL.
, , (—nk _, ) . = k X1 ,
(n) AdBog. Av dewprooupe ™y ax = >, té1€ ar — 0. ‘Opwg, N oepd Y (—1)"ar = > 1 amoxhivel.

k=1 k=1

L

(9) AdBog. Ocwphiote Ty ar = 77. Téte, ar > 0 yio xdde k € N xow 1 oeipd Y 75 ouyxhiver. ‘Ouwe, 1
k=1

o0 oo
oewpd Y. \/ak = Y 3 omoxhiveL.
k=1 k=1

OO OO o0
(1) AdBog. Ané 1o xputfipio tou Dirichlet, n oceipd kzl % ouyxhivel. ‘Ouwe, n oepd kzl al = /;1%

amoxAivel.
AdBog. XOpgpova pe to xprthpo Dirichlet, 1 cepd > ar = > (713;_1 ouyxiivel. ‘Ouwe, N oelpd
k =1

=1

e} o=}
> ask—1 = Y 7 omoxhivel (CUUTEPLPEPETOL GAY TNV dpOVIXT| OELRd — eENYHATTE YiaTl).
k=1 k=1

o0
() Xwotd. Aol n > ar cuyxhiver, éxouue ar — 0. Apa, undpyer m € N dote: vy xdde k > m,
k=1

o0
0 < ar < 1. Téte, yio %89 k > m éyovpe 0 < ai < ax. Amd 10 xpithplo olyxplone, M oeipd > af
k=1

cUYXAVEL.
2. E&etdote av cuyxhivel v oepd > 2'4'6,;7‘!‘(2]“) oUYXALVEL.
k=1
Trdédeiln. Oétovpe ap = % Téte, ar > 0 xou
4.6 !
Qi1 _[2°4-6-- QKRR _2%+2_,
ak [2:4-6---(2k)](k+ 1)! E+1
o 2046 (2k
And 1o xpitiplo tou Aéyou, 1 oeld Y % ATOXALVEL.
k=1
Evalhoxtind, tapatnehote 6t ar = 27, dpa dev 1oydel ax, — 0.
3. EZetdote yia molée Tipéc Tou p ouyxhivel 1 oetpd Yoo k(1 + k7)P.
YrédeiEn. Hapatnpolue 6T kl;ngo % = kILrI;O (1+ k%)p =1>0. A 10 oplaxd xpithpio cUYXpLONG,
n oepd S k(1 + k%)P cuyxhiver av xon uévo av 1 oepd > m ouyxhivel. Autd oupPaiver ov xou
k=1 k=1

uévo av —(2p + 1) > 1, dnhadA av xou pévo av p < —1.

4. Aceiéte 6t

=) X 5k ak S —
() kZ_:l @k 1)1(2k+1) = B X=E-=3 WX EEYE = 1.




1 py
551+ Hopatnpolue ot

TrébeiEn. (o) Oétovpe by =

I 2
2k—1 2k+1  (2k—1)(2k+1)

b — brt1 =

‘Eyouvye by =1 xauw by — 0. Apa,

n n

2

1 1 1
; @k -k +1) 24 (k- DRk +1) 301 = bnt1) =

,_.
N =

(B) TvopiCoupe 6Tt av 0 < < 1, téte

SuveETHC,

PSS\ 13 /2 1, 3
) +Z<§> o timap et Ty

k=1

kz 6k Z (
=1

(v) Tedgoupe

duoTL

5. Troloyicte T0 &bpoiopa tne oelpde > m
k=1

Trédeitn. Iopatnpeodue 6T
1 (k+2)—k 1 1

k(k+ 1) (k+2) 2k(k+0)(k+2) 2k(k+1) 20k+D(k+2)

Xenowonowdvtag Ty axohoudio by = m — 0, ouunepalvoupe OTL

n

~ 1 1
Z —_—— = Z(bk —bkt1) =b1 —bpy1 = b1 = -
—k(k+1)(k+2) — 4

6. Egapuoote ta xpithiplar Adyou xau pllac otig axdhoudeg oelpés:

(a) ki:ojl Kt (B) ::oo %c (Y) ki:ojl ii ©) kizojo Kt
(E) kijo %xk (GT) ki; Qng (C) kijo %xk (7]) 121 kl:!zk

Av yio xdmoteg Tiwéc tou & € R xavéva and autd ta Vo xpithplo dev divel andvinor, eZetdote T olyxAon
1N andxhion Tne oelpdc Ye dhho TeoéTO.

YrédeiEn. E€etdlovue pepixéc and autéc:
(o) E*zF: Me 1o xprtipio tou Aéyou. Av x # 0, éyouye
k=1

(k =+ 1)k+l|x|k+l

k
1
ML =(k+1) (1 + —) |x| = +oo.

k



Yuvende, 1 oepd anoxiiver. H oeipd ouyxiiver uovo av z = 0.

Y10 (Blo cuunépacua Yo XATIARYATE oV YEeNoihonooloate To Xplitheto tne pllag: mapatnehoTe Ot
¥/ kF x|k = k|z| = +o00 av z # 0.

o0 .
®) ’;—’: Me 1o xpithiplo tou Adyou. Av z # 0, éyouue

k=0
|z /(k+ 1) |
S

—0<1.

Suvende, 1 oepd ouyxhivel atohltwe. H oeipd ouyxiver yia xéide x € R.

(o1) > 2Z§k: Me to xpitriplo tou Adyou. Av z # 0, éyouue
k=1
2k+1|x|k+1/(k, + 1)2 B 2‘1.' k‘2
2k|$|k/k2 -

Suvenmg, N oelpd cuyxhivel arohltwe av x| < 1/2 xou anoxhivel av |z| > 1/2. Efetdlouue tn olyxhion

(=n*

OO e}
Xwplotd oTic mepintooee = +£1/2. THopotnpmvtag Ot oL celpée Y xou Y 7z ouyxhivouy,
k=1 k=1

k2
?. ’ 3 ’ 7. ’ - -
cuUPTEPAVOUUE TEAXE OTL 1) OELPd cLYXALVEL av xou uévo av |z] < 1/2.
oo
7. EZetdote av cuyxhivel ¥ anoxAivel ) oelpd Y ap OTIC TopaxdTe TEPLRTOOELS:
n=1

(@) ar=VE+1—-vVEk @) ar=vVI+EZ—k
() ap = YE=E - (5) a = (V- 1),
Yrébeitn. (o) Avar =vVk+1— Vk, w6t spn =a1+-4an =vn+1—1— +oo, dpar 1) oELpd amoXAiveL.
. _ T L 1 e Gu G — K 1 b S 1
(B) Exoupe ar = V1+k? —k WeETCITE Hogatnpodpe 6T /3 W ETEIT — 5 > 0. Agol n k;1 %

o0
anoxMvel, 1 oelpd Y ajr omoxAlvel and To optaxd xpLthiplo cUYXELOTC.
k=1

VEFI-VE _
k

o0
1 ’ s a 1 ’ 1 ’
= A Hopotnpolue 6t — 2~ — 1 > 0. Aol n 1;:1 7373 OUYxAlvel,

() "Exouye ax = Ve

o0
N oepd Y. ar cuyxAivel and To oplaxd xpitPLo GUYXELONG.
k=1

(3) Xpnowwonotolpe 10 xpithpio e pllac: éyovue #ar = vk —1— 0 < 1, dpa n oepd ouyxhiveL.

8. E&etdote av ouyxiivouv ¥ anoxiivouv ot celpég

= k+Vk S, >, cos’k = k!
3L = DDA LED D Bh - B2

k=1 k=1

Trédetn. (o) > S TAUEATNEOVUE OTL

ar KB +EVE 1
e -1 a2 "

o0 o0
Agol 1 Y 5 ouyxhiver, 1 oelpd Y ax ouyxhiver amb To oplaxd xprthplo cOYXEIoTC.
k=1 k=1



B) S (Vk—1): ¥évovue ¥ = Vk —1 2 0. Tére, k= (1 +95)". Tapatnpoipe b, yia x&de k > 3,

k=1
(1+

‘Apa, Uk > 1 yio %89 k = 3. Agol 7

k
) <e<3<k= (14"

| =

o0
1 omoxhivel, 1 oelpd > Vg omoxhivel xu ot

8

k=1 k=1

= cos2k, , ’ 1 ’ s 1 ’ ’ &, ’ ,
(v) > = moapatneolpe 6Tt fax| < 13- A@ol n 3 15 ouyxhivel, M oepd Y ax cuyxhivel and 1o

k=1 k=1 k=1
xpLthplo oUYXpeLoNG.
®) > :—,L XeNOoLLOTOLOVUE To XpiThHEto Adyou. 'Eyouue

k=1

k+1)k* k" 1 1
s _ (E+1) = = - =<1,

ar  klI(E+ DR (E+ 1)k (1+ %)’@ e
dpat 1 oELEd GUYXALVEL.

9. E&etdote w¢ mpoc ) oUyxAlon Tic napoxdte oeipéc. ‘Onou eugavilovian ol nopduetpol p, g, € R va
Beedolv ol Tég Toug Yol TIC OToleC Ol AVTIoTOLYES GELRES GUYXALVOUVY.

OO

@X+H" @R 0<n) ()L e 0<a<n)

o0 o0 _ k
0) 5L (0 S iy (0<g<p)  (o%) 5 2
k=1k "k k=1 k=1
S 1 1
© X+ (J~ o)
o] 2
TYrédeaén. (o) > (1+ %)7k : yenowomololue to xpithiplo tne pllac. Eyovpe &ar = (1+ %)7k —1<
k=1

1, dpot n oelpd cLUYXAIVEL.

®) kX: pFEP: yenowomotolpe o xpithplo Tou Aéyou. ‘Exoupe
=1

Gk+1 (k+1)F
A
il 2

o0

dpo 1 oepd cuyxhivel av 0 < p < 1 xou anoxhivel av p > 1. Tha p = 1 nafpvouye ) oepd > k, 1 onola
k=1

anoxhivel (k £ 0 étav k — ool).

(v) kZ_:Q gt Vewpolue tnv by = 1/kP. Agol q < p, éxoupe ‘;—: = m — 1> 0. And 7o oproaxd

o0
xprThplo GOYXELONG, 1) CELEd WS GUYXAIVEL av xou W6Vo ov I Y 7 ouyxhiver, dnhadr ov xon uévo av p > 1
k=1

(xou 0 < g < p).

(d) 192:21 kl%%: Yewpolye v by = 1/k. "Exouue Z—: =k = #

— 1> 0. And 10 opland xpithplo

kol

o0
olYxpLoNG, 1 oepd amoxhivel (Bubt n > 1 omoxhiver).
k=1

(&) > pkiqk: Yewpolpe v by = 1/p". Agol 0 < q < p, éyouye ‘;—Z = w = 1>0 (BuéT

1
k=1 1—(a/p
(p/q)" — 0 agoV 0 < p/q < 1). And 10 opLaxd xplthplo cUYXELONG, 1 CELRE LaS CUYXAIVEL v xou HOVO oV

oo
ny. pik cuyxAivel, Snhadh av xon wévo av p > 1 (xon 0 < ¢ < p).
k=1



>, — k 7, 7 - >, ’. =, 7. 3

(o7) X2 2+(2k1) : mapotneodpe 6T 0 < ax < 4. A Z S5 ouYxMver, Y ax ouyxhiver amé o
k=1 k=1 k=1

xpLThplo oUyYXeLong.

S 1 1. b
@) kz::l kP (W - k+1)’ TPATNPOVUE OTL

P VETT-VE W
VEVETT VR IR+ V)

o=}
Oewpolye v by = k’;fz X0l TUPAUTNEOVUE OTL a: — % > 0. An 10 oploxd xpLthplo cUYXEIONS, N D, ak
k=1

GUYXAIVEL oV XaL HOVO v T Z m ouyxhivel. Anhodh, av 2 —p > 1, to onolo woylet av p < 3.
k=1

B’ Opdda

10. E&etdote av ouyxiivel § anoxhiver xadeplo and Tic mopoxdte oetpés:

;10

kN2 _
() 30, e () 3 122,3,7 () ey e
oo —_ k—1 Ccos x
@) T bE @ X S, (00 X, 5, zeR

@ S5 s ) EE () o,

Trédeitn. (a) Kprthpo Aoyou.
(B) Keuthipio Aéyovu.

(v) Tw & > 0 gpxetd yeydho, éxoupe e > xt. ‘Apa, undpyet ko tétoloc dote: v x&de k > ko,

1
P> (VR =k = e f<ﬁ
‘Enecton 611 n oepd ouyxhivel, and to xplthplo olyxplone.
(8) Kpitfpio LoodBOVOUNG CUUTERLPOPYS: CUUTERLPERETIL GOV TNV D pe £, ONAadY amoxhliver.
(e) Kpithpro Leibniz.
(07) Tuyxhivel and to xpLthplo clYxplong: TopatneRoTeE 6Tt

cos(kx)
L2

1
\k2~

(2) Tuyrdiver amd o xpithplo cbYxplong: ToapatneRoTe 6Tt

L1
2k +k T2k
(n)-(9) Kerthplo Aoyou.
11. OpiZouye wa oxohoudia (ax) ¢ e&hc: av o k elvan TeTpdywvo Quoixol apuod 9étoupe ar = 3 xau

o0
av 0 k dev elvan TeTpdywvo Qualxol aplduol YEtovue ay = k% E&etdote av cuyxhivel n celpd Y ak.
k=1



Trédeitn. H oepd €xer Yetixole dpouc. Apxel va dellete 6Tt 1 axohoudio Twv uepxdv adpotoudtmy elvar
dves ppayuévn. Iapatnphote 6tL yio xdde m € N €youue

S SR SR
k=1 k=1 k<m?2
k#s2
m 77L2
1 1
< D Etds
k=1 k=1
=1
< 2y = =M< +oo

k=1

Avn €N, t6te sp < 52 < M. Anhad¥, 1 (sn) elvan dve @porypévn.

12. 'Eotw {ar} @divovca axohoudio nou cuyxhivel oto 0. Oplloupe

s = Z (—1)" ' ay.

k=1
Aclfte 61 0 < (—=1)"(s — sn) < Gny1.
Trddatn. Tedpovye (—1)*(s — 5,) = (=)™ 3 (=1)*tax = 3 (=1)""*las. Toapatnefote b
k=n+1 k=n+1
yia xdwe m € N,
n+2m
Z (_1)n+k71ak = (an+1 - an+2) + -+ (an+2mfl - an+2m) 2 07
k=n+1
dpat
n+2m
(~D)"(s=sa) = lim > (=1)""*la, > 0.
k=n+1
Enlonge,
n+2m+1
Z (=)™ Yay = ang1 — (@ns2 — @nes) — - — (Gnt2m — Gntomt1) < Gngi,
k=n+1
dpat
n+2m+1
(_1)71(8 - Sn) = lim Z (_1)n+k_lan g An+1-.
m—r o0
k=n+1

o0
13. 'Eotw (ar) ¢¥vovoa axorouvda detxdv aprducdv. Aellte oti: av 1 > ar cuyxiivel t6te kar — 0.
k=1

o0

Yrédeitn. Eotww € > 0. Agod 1 Y ar ouyxhivel, N (sp) elvon axoloudia Cauchy. Apa, undpyel no € N
k=1

DOTE: AV N > M = ng TOTE

€

7

EWlwodtepa, av n = 2ng, nodpvovtag m = ng xou Ypnoulorowdvios v unddeon 6t i (an) elvon pdivouoa,

Am+41 + -+ an = |5n _5m| <

éyouue
€
2

nan

>an0+1+---+an>(n7no)an27,



BlotL n —np = 5. Anhadrh, av n > 2ng éxouue na, < €. ‘Eneta 6t lim (nan) = 0.
n—oo

o0
14. 'Eotw 6t ar > 0 vy xé%e k € N. Av i > ar cuyxhive, dellte 6Tl ol

k=1
(e @) oo oo 2
k> ) 2
1+4+a 1+a
k=1 =1 L ak it

ouyxAivouv eriong.

Trédetn. (o) Aol n Y. ar ocuyxhivel, éxouue ar — 0. Apa, undpyer m € N dote: vy xdde k > m
k=1

o0
0 < ar < 1. Tére, yio x40 k = m éyovpe 0 < ai < ar. Amd 10 xpithplo olyxplone, M oepd > af
k=1

cuYxAivel.

(B) Mopatnehiote 6Tt 0 < < ap v xdde k € N. And 1o xpithplo olyxplong, 1 oelpd .
k=1

A
14ay 14+ay

cuyxhiveL.

2
(v) HMopatnehote 6t 0 < 1_7_’;2 < aj yw x4 k € N.
k

o0
15. Trodétouue 6t ar = 0 v xdde k € N xou 6T n oepd Y, ar ouyxhiver. Ae{lte 6T n oepd
k=1

&, 7. 7 7 7. ’. ’ 7. ’
> Vararg1 ouyxhiver. Aeigte 611, av n {ar} ebvon @divousa, téte oydel xau o avtioTpogo.
k=1

Trédadn. Mapatnpiote 6t 0 < (/akar+1 < "+ TR v xdde k€ N xoun e@oappdoTe To xpLthiplo olyxpl-
one.

Me tnv urddeon 6t n (ax) ebvar gpdivouoa, tapatneriote 6t 0 < art1 < /ararr1 Yo xdde k € N xou
EPapUboTE TO XpLThAPLO oOYXELONC.

o0 o0
16. YTrodétoupe 6Tt ar > 0 yio xéde k € N xou 611 1 oelpd 1;1 ar ouyxhivel. Aetlte 6t n oelpd kZ: @

cuyxAivel.

Yrédeitn. And tnv avicodtnta Cauchy-Schwarz, yio xdde n € N éyouue

n \/7 n 1/2 n 1 1/2
2%
E T g ( E ak) ( E ]€2> < MlMQ,
k=1 k=1 k=1
6mou

M, = Zak<+oo oo Mo = ZkQ +00.
k=1 —

17. 'Eoto (ax), (bi) 800 axohoudiee mporypotindy aprdudy. AeiEte 6Tt av oL oelpée Y pey ai xot e br

oLYXAIVOUY, TOTE 1) OERd Y po | arbr cuYXAivel amohiTeg.

Yrédeitn. Mnogeite va ypnowwonooete v avicdétnta Cauchy-Schwarz 6mwe oy uroden Yoo Ty
nponyoLueEVn doxnom. Evelhaxtixd, nopatnerote 6T, yio %8s k € N woylel |arbe| < 2ai + $b7. Apa,
v xdde n € N éyouvye



Aty unédeon, oL oelpéc > opo, Ak XU Y ey b CUYXRAIVOUY, dpa éxouy Yeayuéva pepxd adpoiopaTa.
Anhody, undeyet M > 0 tétolog Gote

1 — 1«

2 2
f§ f§ B M
2k:1ak+2k:1 *

yio xdde n € N. Téte, to yepid adpolopota e > oo ; |arbe| elvan s autd pporyuéva and tov M, deo 7
¢ oo ’.
oepd Yoo |arbr| cuyxhivel.

18. 'Eotw (ax) ot axohoudio mpaypotindyv aprdpdv. AclEte 6T av 1 oelpd Y oo, aj oUYXAiveL xoL oy

ag

p>1/2, t6te N oepd Yo | TE cUYXAIVEL ATOAITOC.

YrédeiEn. Hapatnerote b1t yio xéde k € N woybel !Z—’H < iai + %k%p Apa, v xdde n € N €youpe
n

ag

>\
k=1

Amé v unddeon, oL Oelpéc D pe, AR XOL Yoo, w25 ouyxhivouv (1 deltepn doT 2p > 1), dpa éyouv

1 n
< 3 ai +
k=1 k=1

ppayuéva yepxd adpolopata. Aniady), undeyer M > 0 tétolog wote
ITem 5 11
B) kz ak + 2 kz 2 <M
=1 =1

v x&de n € N. Toéte, ta pepind adpoloyata tne Y pe |Z—’g’ elvon L auTd @poryuéve and tov M, dpo
oepd S o0 |5k | ouyahivel
e k=1 | %P Y .

19. Ilpocdiopiote tic TS TV a, b, ¢ yia Tic onoleg cuyxAivel N oelpd

>
£ kb (nk)e

ok ’
B m)e Eyouvue

b c
CCkJrli kj 1n/<:
o _“(k+1> (1n(k+1)> -

‘Apa, n oelpd cuyxhiver yia xdde b, c av |a| < 1 xau amoxiiver yia xdde b, c av |a| > 1.

YrédeiEn. Egopudlovpue 10 xplthplo Tou AGYoU Yio TNV Tk =

EZetdloupe ywplotd Tic nepintdoec a = 1 xow a = —1:
(i) Av a =1 éyouvye ™ ocelpd
> m
kb(Ink)e”

k=2
XpeNoWoTo)dVTaS TO XpLThplo cLUTUXVKOTNG Jellte 6Tl cuyxhlvel yia xdle ¢ av b > 1, anoxAlver yia x&le

cavb <1, eved oty neplntwon mov a = b =1 1 oepd ouyxiver av ¢ > 1.

(i) Av a = —1 éyouye 1N oepd

S

= kb(Ink)e
Xenotwonowdvtag 1o xpithplo Leibniz 8ei€te 6ti: ouyxhiver yia xdde ¢ av b > 0 xou amoxiver yio xdde ¢
av b < 0.
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20. Ilpoodioplote Tic TWWES TwV a, b, c > 0 yia Tig onoleg cuyxAlvel 1 oelpd
- 1 1

Zka sin (ﬁ) cos (F) .

k=1

Trdédeiln. Oétoupe

" 1 1
xr = k" sin w Ccos e
ol 1 L
yr = k° 7 = =
IMogatneodue étt Tk, yr > 0 xou
1
sin (75 1
Th (lkb)cos (—) —1
Yk W ke

nabpvovtag unodn pag o factxd dplo lim+ St — 1y lim+ cost = 1. Apa, noepd > oo | k% sin (%) cos (7=
t—0 t—
SLYXAIVEL AV xou UGVO AV 1) GELRS Y e, kl’%a ouyxAlvel. Anhoady, yio dhec Tic TEW8deC (a, b, €) pe a,b,c > 0

xou b—a > 1.

21. 'Eotww (ar) oxohoudio JeTindv npoypatixdy aptdudy pe klim ar > 1. Acl&te 6t n oepd
— 00

E -
k k
k=1
oy ){)\i\)sl.

Tréden. Oewpolye a € R tétoov ote 1 < a < s := klim ak. Egapuélovtac tov opioud tou oplou
— 00
axohovdiog ue € = s —a > 0, Beloxoupe ko tétolov wote ax > a Yy xdde k > ko.
Yuvenae, yia xdde k > ko €youue
1 1
0< ]{WTI@ < E'

O a v oradepde (Sev eoptdran amd to k) xou peyohitepoc and 1, dpo n oelpd Y577, & ouyxhivel.
And 1o xpithpo olUyxplong, N oelpd Z;?iko k%k ouyxhivel, dpow xou 1 oEWRS > oo k%k GLYXAVEL.

22. 'Ectw (an) oxohouda 7o R. Trodétouue 6Tt [ani1 — an| < 25 yia xdde n € N. Aeilte 611 (an)

ouyxhiveL.

TrdbeiEn. O deifoupe 6L 1 (an) elvan Paoih oxohoudio. ‘Eotw e > 0. Agod 1 oeipd > pe | 77 ouYXAveL,
n oxohouda s, = 3 p_, 1%2 TOV YEELXWY apoloudtwy TNe ouYXAivel, dpo etvon Baowxh. Tuvende, undpyet
no € N pe v e€ng WwiotnTar vy xde n > m = no,

Téte, and Ty unddeon, yia x&le n > m = no €xovue
n—1 n—1 1

< E lak+1 — ar| < E ﬁ<5'
k=m k=m

Avuté anodexviel 6t n (arn) ebvon Poaoixy, dea cuyxAiver.

n—1

Z (ak+1 — ax)

k=m

Jan — au| =

23. 'Eotw (ax), (br) 300 axohoudiec mporypotinmy oprduny. Aeilte dt: ov 1 oeipd > oo, ar cuyxhivel
xou av 7 (bx) elvan povétovn xou @poryuévr, TOTE 1) oEWRd Y po ; arbr cuyxAivel.

)
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TrébeiEn. Mnopolue vo urodécouvue 6t 1 (b) elvon @Oivovoa xou xdtw Qpoypévn, dea cuyxAivel oe
xénowov b € R. Téte, n (b — b) elvar gdivouca pe bpro 10 0 xou 1 $p = a1 + -+ + an elvon @porypévn
BLOTL N Y pe ar ouyxAivel, ondte egappdleton o xpLthplo Tou Dirichlet xou éxoupe 6tin Y oo, ar (b —b)
ouyxhiver. Enlong, n oeipd Y ro | arb ouyxhiver otov b 77 | ak. Apa, 1

Zakbk = Z[ak(bk — b) + akb]
k=1 k=1

ouYXhivel xt auTy, oToV

Zak(bk — b) + bZak
k=1 k=1

24. 'Ectw (ax), (bx) d0o axohovdiec. Av n Y 12| ar cuyxhivel xou n Y pey |br — bry1| ouyxhivel, delgte
OTL N Y poy Grbr oUYXAVEL

YrédeiEn. Miolpacte tnv anddelln tou xpitneiou Dirichlet, dniadh Yo ypnowwonolficouue to xpLthplo
tou Cauchy xou &dpoiomn xatd pépn. H s, = a1 + - - + an ovyxhiver, dpa undpyer M > 0 bote |sn| < M
v x8de n. Eotw e > 0. Xpnowonowdvtag tny unddeon 6t 1 Y oo |be — brs1| ouyxhiver, Beloxouue
N; € N dote: v xdde n > m > Ny,

n—1
£
b, —b —.

"Eneton 6Tt )
€
‘bm - bn‘ < k; ‘bk - bk+1‘ < m

yioo x&de n > m = Ni, dpo n (byn) elvon Baowxd, dpot by, — b € R. Mnopolue téte va Bpolue Na tétolo
Oote by — b < 357 Y xdde k > Na. Téhog, agol 1 (sn) cuyxhivel elvon Baoun, dpo unopodue va Bpolue
N3 tét010 Gote [b[sn — sm| < £ i xéde n,m > Ns.

O¢tovge N = max{Ni, N2, N3}. Av N < m < n, t61¢

n n—1

Z akbk - Z sk(bk - bk+1) + Snbn - sm—lbm
kE=m k=m
n—1

> sk(be = bri1) + Sn(bn — b) = Sm—1(bm — b) + b(sn — sm)

k=m

n—1
<Y Iskllbe = brsr] + [snllbn — B + [sm—1]lbm — bl + [bl|5n — $m]
k=m
n—1
<M |bg = biya| + Mlby — b| + M]by, — b + [bl|sn — s
k=m
+S4
4

< +

O x| m
| m
SO

o0
And to xpitipro tou Cauchy, 7 oepd Y arbr cuyxhivel.

k=1
25. 'Botw (ar)rkxo0 @payuévn oxohoutha. Trodétoupe Ot 1 Y oo ) ar omoxhivel. Aeilte 6t 1 oxtiva
ovyxhong R tne duvapooeipds S50 arr® wwotton e 1.
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Trédeién. H duvapooeipd anoxhiver yia x = 1, dpa R < 1. Egopudélovtog to xpithplo e pllac Brénoupe

Viarzk] = {/lak| x| — |z|

St 1 (ak) etvon gpaypévn, dpo ¥/]ak| — 1 (e€nyfote yiotl). Apa, 1 duvopooeipd cuyxhivel yio xéde z

’
OTL

pe |z] < 1, to omnolo anodewxviel 6t R > 1.
Suvdudlovtag g R < 1 xow R > 1 €youue to {nroduevo.

26. 'Eoto (ak)kzo axohoudio tporyuatixdy apidudy. Trodétove bt n > 72 o ar ouyxhivel und cuvdixm.
AciZte bt wctiva ovyxhone R tne duvapooeipds S opo ) arx” woodton pe 1.

Trédeién. H duvapooelpd cuyxiiver yioo @ = 1, dpa R > 1. Ac¢ uno¥éoouvue 6t R > 1. Téte, agod yia
w&e |z| < R 7 duvopooepd Y o |arz®| ouyadiver, talpvovtac @ = 1 BAémoupe 6t N oepd Y, |a]
ouyxAiver, Snhad” 1 oelpd > ro | ar cuyxhiver amolbTwe. Autd eivon droro, deo R = 1.

I Oudda

o=}
27. Trodétouue 6Tt ar = 0 v xéde k € N xou 6tL 1y oelpd Y ap amoxhiver. Aeilte bt
k=1

(S} o )
;(1+a1)(1+a2)..,(1+ak) =1

Trédeiln. Av bop =1 xou
1

(I+a)(l4+az2) - (14 axr)

b =

v k € N, dei&te 6T
ak

(1+a1)(1+a2)...(1+ak) =br_1 — bi

vy x&e k € N, dpa
n ar

=byp—b,=1-—b,.
T+a)(l+as) - 1+ar) °

=
IMopotnedvtog 6T
I+a)(d4a2) --(14+an) >ar+ -+ an = 400

deilte 6T
n

ag
=1-b, 1.
§(1+a1)(1+a2)-~(1+ak) -

o0
28. 'Ecto (ar) @divouca axohoudio detindv aptdudyv pe ar — 0. Aellte 6t av n Y. ax anoxhivel tote
k=1

Zmln {ak, %} = +o0.
k=1

Trdbetn. YTrodétouye 6T n oepd Y. min {ax, 1 } cuyxhiver. Agod 1 (ax) @diver tpoc 10 0, To (Bio 1oy lel
k=1

yioe Ty (min{a, 1}) (e€nyhote yial). Ané o xpithiplo ouumixvwons, 1 oepd

oo 1 oo
3" 2" min {an, 27} = min {2‘“a2k, 1}
k=1 k=1
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ouyxAiivel. EWdixdtepa, min {2ka2k7 1} — 0, dpa Tehxd éxoupe min {Zkan7 1} = 2k ay (eEnyhote yuotl).

o0
‘Eneton 6t 1 oepd > 27ame ouyxhiver. Xpnowomoudvtoc Eavd o xpithplo GUUTUXYOONS, auTh T
k=1

o0 e}
Qopd YyioL TN OEPG Y ak, BAEmouue OTL M Y ar cuyxhivel. Auté eivon dtono and v unddeom.
k=1 k=1

o0
29. Trodétoupe 6Tt ar > 0 v xde k € N xou 611 Y ax anoxhivel. Oétoupe sp = a1 + a2 + -+ + an.

k=1
o0
(@) Ael&te 6tin Y- g% omoxhivel.
k=1 'k
(B) Aci&te 6 yiol < m < n,
a a s
Gmtl 85 Om
Sm+1 Sn Sn
oo
%Ol CUUTEREVOTE OTL T Z—: amoxA{veL.
k=1
1 1 —
(v) Aelgre 6t 9 < —— — - xou ovunepdvate 6TL Y > B ouyxAivel
n " " k=1 "k
oo
Yrédetn. (o) Eotww é61un Yy, li’;k‘ ouyxhiver. Tote,
k=1 '
ak 1 ak
-0 = =1- =1 =1+ar—1.
1+ ax 1+ ax 1+ ax
Suvende, undpyet m € N dote: 14ar < g vy x&de k > m. 'Eneton 611 0 < ax < % li’;k vy xéde k > m.

oo
Ané to xpithplo olyxplone, n Y ar cuyxhivel, dtomo.
k=1

(B) Hapatneriote 6Tl N (Sn) ebvon ad&ouca. Apa, av 1 < m < n €youue

Gm+1 Am+1 Gn _ Gmir ot dn

a
4o+ 2 > I
Sm41 Sn Sn Sn Sn

Sn ZSm _{_ Sm
Sn Sn

o0
Ac uvnodéooupe bt Y Z—: ouyxhiver. Ané 1o xpitfiplo Cauchy, Yy € = 2 > 0, unopolue vo Bpolue
k=1

ng € N dote: av n > m = ng toTe

Am+1 an 1
SmA41 Sn 2
dnhodt
pofm Lo e L
Sn 2 Sn 2
o0
Stadeponoiote m = mo xou apioTe 0 n — 00. Agol 1 Y. ap amoxhivel, €youue s, — oo. Apa,
k=1
lim 2m =0, to onolo odnyel oe dromo.
n—oo N
(v) Hoapatnerote ot
an Sn — Sn—1 < Sn — Sn—1 1 1
= = < = - =
5% 83 SnSn—1 Sn—1 Sn

o0
7. 7 ’ ’ G/ik ’
Av t, elvar 10 n-00616 Pepxd dlpoloua TN kzl o ToTE

a a an 1 1 1 1 1 2
tn:—§+—§+---+—2<—+(———)+~~~+< ——)s—.
S Sh S1 S1

S2 Sn—1 Sn
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o0
H (t5) ebvon dves gporypévn, dpan - 25 ouyxhiver.
k=1"k

o0 o0
30. Trodétouue 6Tt ar > 0 yia xd%e k € N xou 611 1 D, ar ouyxhivel. ©étovue r, = Y, ak.
k=1 k=n

(o) Aeite 6t yio 1 <m <,
S L 2
Tm n 7/."774

o0
X0l CUUTEREVOTE OTL 1 D ‘:—: aAOXALVEL.
k=1

(B) Acire 6m = <2 (VT — \/Tnt1) %ou ouumepdvate 6L 1 kzl e OUYXAveL.

Trédeitn. Apol 1 > ar ouyxhivel, éyoupe T, — 0. Hoapatnehote enione ot 1 (1) elvon @divousa.
k=1

(2) Av1<m<n,

am an am an Am + + an
S pp St S S
T'm Tn Tm Tm T'm
Tm Tn+1 Tn+1 Tn
= 1 21— —
Tm Tm T'm

Ac¢ unotdéoouvye bt 1 Z Guyx)\wa Ané 1o xpitiplo Cauchy undpyel no € N wote: v xdde n > m >

no,

T'n Am Qn 1
1T fmy O 2

Tm Tm Tn 2

Stadeponoldvtoac m = ng xot APRVOVTIS TO N — 00 XATAANETE o€ dToTo.

(B) Hopatnerote 6Tt

— Tn+1 Qn Qn
VTn — A/Tn > .
e r+,ﬁrn+1 NN RN oy

"Apa, yio xde n € N,

n

e STV VI VT V) S 2

o0
‘Eneton 61t 0 Y, A= cuyxhivel
k=1 "k

e}
31. 'Ecto (ar) axohouvda mporypotixdy optdudy. Aellte ot av n oepd > ax amoxhivel TOTE xou 1) 6elpd

o0
> kar amoxhivel.
k=1

o0
YrédeiEn. Oétovue by = kar. Téte, Yéhovye va deloupe 6T av 1 oLl Z f amoxAlvel TOTE xou M
- =
oepd Y b amoxhivel.
k=1

HMopatnefioTe 6TLav 1 Y by cuyxhivel, TéTe €xeL pporyuéva pepixd adpoiopota. Agol n 4+ @diver tpoc
k=1

o0
7o 0, To xpithplo Dirichlet delyvel 6tu n Z Tk oLYXAVEL, TO onolo elvon dToTo.
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k=1

o0
32. 'Ecto (ar) oxohoudio Yetindv mpaypatixdv aptdumy. Aceilte ot av n oepd > ar cuyxhivel, tote
ke

o0
xoun Y aftt ouyiver
k=1

kK
Yrodatn. Tpdgpoupe af ' = —2—

F+1
A

1
(o) Av ag, > 1/2F t6te af T > 1/2. Suvendc,

(B) Av ar < 1/2FF! <6t

e udde nepintwon,
k

T 1
a,i” 1<2ak+2—k.

xou Staxplvouye S0 MEPLTTHOOELS:

OO OO
Ouwe, n S ar cuyxhiver, dpan S (2a5+27") cuyxhiver. To {ntolpevo énctor and 10 %pLThplo GlYXpLoNC.
k=1 k=1



