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Decoherence, entanglement, and information in the electron double-slit
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This paper considers a theoretical model of the double-slit experiment with electrons whose paths
are monitored. This monitoring, inspired by a recent text by Maudlin, is performed by the Coulomb
scattering of the electron by a proton. A simple quantum mechanical calculation is presented,
inspired in part by a recent experimental demonstration of this famous thought experiment. The
results illustrate the relationship between entanglement and the loss of coherence in the
interference pattern. The tradeoff between the visibility of interference and the information gained
by measurement is also explored. This calculation can provide advanced undergraduates insight
into decoherence, entanglement, and quantum information. © 2025 Published under an exclusive license by

American Association of Physics Teachers.
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I. INTRODUCTION

The double-slit experiment is the classic thought experiment
in quantum mechanics. Famously, Feynman characterized this
“experiment with the two holes” as containing “all of the mys-
tery of quantum mechanics.”! Modern realizations of this
experiment have demonstrated single-electron detection” and in
situ control of the slits.” These complement the ever expanding
range of diffraction experiments with single neutrons,*” atoms,”
and molecules,”® which have demonstrated matter wave inter-
ference at ever larger scales.

The quantum mystery (or at least one such mystery) arises
when one considers how a single particle is able to exhibit inter-
ference. This seems to require the particle to pass through both
slits at once. Consider the arrangement shown in Fig. 1, where
an electron passes through a double-slit (at = 0). Should one
ensure that the particle passes through slit 1 (by closing slit 2),
the probability distribution for measuring the particle at some
later time and at some distance x is given by [/, (x)|*, where
W, (x) is the wave function for the particle at time ¢ (note that,
for simplicity, the dependence of the wave function on the dis-
tance z has been suppressed”). Similarly, for a particle sure to
pass through slit 2 with a corresponding wave function ¥, (x),
the probability distribution is given by [y, (x)|>. However,
should both slits be open and the particle described by the
(unnormalized) superposition ¥/(x) = ¥, (x) + ,(x), the result-
ing probability distribution is not

Pion(x) = [y (1) + [ (x) %, (1)

corresponding to the particle passing through slit 1 or slit 2,
but rather

Prana2(x) = [y (x) + Yo (x), (2)

which exhibits a classic interference pattern (shown at the
far right in Fig. 1). And yet, when the slits are monitored, the
interference is destroyed, and the probability distribution
“collapses” from Padz(X) to Pion (x). This transition from a
quantum superposition to a classical probability is, indeed, a
persistent mystery.

Explaining this mystery has a long and distinguished his-
tory. In an early round of the Bohr—Einstein debates,'®
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Einstein devised a challenge to quantum theory by introduc-
ing a movable screen with a slit that would allow one to mea-
sure the path of a passing particle. For a double-slit
experiment, this would allow one to deduce through which
slit the particle passes. In response, Bohr argued,'' using
Heisenberg’s uncertainty principle—applied to both the par-
ticle and the screen—that such a measurement would intro-
duce some uncertainty in the positions of the interference
fringes. This uncertainty excludes observation of a clear
interference pattern. This is in accord with the principle of
complementarity, here for wave—particle duality: A measure-
ment of the particle’s path is complementary to the observa-
tion of its wave interference.

A somewhat quantitative account of this loss of interfer-
ence was supplied in the text by Bohm.'? He argued that the
interaction of the particle with a macroscopic apparatus that
monitors its position will modify the particle’s wave function
by

Y(x) = Yy (X)€" + i (x)e 2, ©)

where the phases ¢; and ¢, are effectively random varia-
bles."? Thus, while the probability distribution for any indi-
vidual outcome will be given by

Py(x) = [, (0) + Yo ()
+ e YT () + PP (), @

the total probability will be a statistical average over the ran-
dom phase ¢ = ¢, — ¢,. This process is known as dephas-
ing and is a simple form of decoherence (i.e., the loss of
coherence).'® The resulting probability distribution is

(Py()) = 11 () + [ ()
HV[YT Y () + 3 (0v (v)] )

where the fringe visibility V = (e~?) < 1 is taken to be real.
For complete dephasing, V — 0 and (P, (x)) — Pio(x).

An even more quantitative account was developed by
Wootters and Zurek.'> Central to Bohr’s response to Einstein
(and important for later rounds of their debate) was the need
to consider the quantum interaction between the particle and
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the screen. Wootters and Zurek supplied just such an account
of this interaction, appropriate for the double-slit experiment
with photons, by treating the screen as a quantum harmonic
oscillator and modeling the interaction by an exchange of
momentum between the passing photon and the movable
screen. The resulting probability distribution agrees with Eq.
(5) with a visibility that depends on this exchange of momen-
tum (a similar calculation, for a neutron interferometer, can
be found in Ref. 16). They also established an entropy
inequality to quantify the wave—particle duality of the pho-
ton, in terms of how much information one can obtain about
the particle’s position (the so-called “which-way” informa-
tion) while maintaining a finite visibility for the interference
fringes. Subsequent work has extended this duality to more
general interferometric settings,'’ 2 and this remains a topic
of great interest.”'>* An introduction to quantitative wave—
particle duality was given by Qureshi.”

Wootters and Zurek further argued that the loss of interfer-
ence is due to the entanglement between the particle and the
screen. This is a more general source of decoherence than
dephasing,26 and entanglement-induced decoherence is now
considered to be the process by which quantum probabilities
become effectively classical.””*® For the double-slit experi-
ment, the monitoring of the particle’s position by some
detector” leads to states of the form

1 1
ﬁ|%>|dl> +ﬁ|w2>|d2>a (6)

where I have used Dirac notation and introduced the detector
states |d;) and |da2). As will be explained below, when the
detector states become orthogonal, the interference pattern
goes to zero. In fact, the visibility V = (d,|d») corresponds
to the off-diagonal elements of the particle’s density matrix,
whose decay is traditionally associated with decoherence.
This decay can be due to uncontrolled interaction and subse-
quent entanglement of the system with the environment,
which acts as a detector. A pedagogical treatment of
environment-induced decoherence for the double-slit with
monitoring can be found in Sec. 2.6 of the text by
Schlosshauer.'® A more detailed calculation of
measurement-induced decoherence for the double-slit was
given by Kincaid et al.*® For both cases, when there is only
partial entanglement between the system and the detector,
the resulting probability distribution exhibits the same partial
interference seen in Eq. (5). For both environment- and
measurement-induced decoherence maximal entanglement,
corresponding to perfect monitoring of the particle, yields
V=0.

In this paper, I provide a quantitative account of another
form of the double-slit experiment with monitoring, appro-
priate for electrons, that was recently described by
Maudlin.>® This model, illustrated in Fig. 1, involves an
interaction between the electron and another charged parti-
cle, such as a proton. Much like the Bohr—Einstein scenario,
momentum is transferred between the passing electron and
the proton. Much like the Wootters—Zurek analysis, it is the
entanglement between the electron and the proton that leads
to the loss of coherence. However, the interaction here is
simply the Coulomb force between the proton and the elec-
tron. Maudlin presented this model to provide a simple and
(at least qualitatively') visualizable example of decoher-
ence. This particular form of entanglement-induced decoher-
ence is not purely theoretical, having been observed in the
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Fig. 1. Schematic of the double-slit experiment with monitoring. An electron
(in blue) travels to the right (z direction) with velocity v. Its wave function,
as a function of position x (perpendicular to its velocity) is initially a super-
position of states localized about slits 1 and 2; the slits are separated by a
distance d. Between the slits sits a proton (in red), which interacts with the
electron for times between —7/2 and t/2. Depending on the momentum
exchanged between the electron and the proton (vertical arrows), the proba-
bility, when observed at a distance z = D = vT from the slits (on the right)
will exhibit an interference pattern ranging from full (blue, solid) to zero
(gray, dashed) coherence, corresponding to the probability distributions
Pranaa(¥) = [/, (x) + Yo (1) and Prona(x) = oy ()[* + [ (x)|*, respec-
tively (note that, for simplicity, the dependence of the wave function on z
has been suppressed). The single-slit probability distributions |y, (x)|* and
Wz(x)\z are modeled by spreading Gaussian wave packets and are indicated
for times 7 = 7/2 (blue, left) and = T = D /v (black, right).

photoionization of H,, in which the two protons acted as the
slits and one electron (excited at lower energy) acted as the
environment for the other (higher energy) electron.®” This
paper aims to provide a simplified -calculation of
entanglement-induced decoherence of the double-slit experi-
ment with electrons that could reasonably be included in an
undergraduate course in quantum mechanics.

In addition to this calculation, I provide a detailed accounting
of the information that can be gained about the position of the
electron by measurements on the proton, and how this informa-
tion depends on the type of measurements performed and the
degree of entanglement. This provides a simple physical exam-
ple to illustrate a number of important topics from the field of
quantum information.”>** Altogether, this paper provides a
pedagogical framework for studying decoherence, entangle-
ment, and information in this classic experiment.

This paper is organized as follows. The basic model is pre-
sented in Sec. II, in which the exchange of momentum
between the electron by the proton is treated in a semiclassi-
cal manner. Using Gaussian wave functions for the electron
and the proton, the fringe visibility V' is calculated and the
relevant parameters are estimated. Since these wave func-
tions are Gaussian, the time evolution for the interference
pattern can be calculated exactly. The pattern is explored in
Sec. III using the experimental parameters of Bach e al?
The entanglement between the electron and the proton occur-
ring in this model, as a function of the visibility V), is calcu-
lated in Sec. IV. The relationship between the visibility of
the interference pattern and information that can be gained
about the electron’s position is explored in Sec. V, using the
measurement methods discussed by Maudlin,30 Wootters
and Zurek,15 and Qureshi.25 Finally, I conclude in Sec. VI
with a discussion of the possible use of this model to discuss
the fundamentals of decoherence, entanglement, and
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information. Explicit details for the calculation of the inter-
ference pattern and the information gains are found in the
Appendices.

II. COULOMB SCATTERING MODEL

The basic setup for the double-slit experiment with moni-
toring is shown in Fig. 1. The two slits are separated by dis-
tance d (along the x-direction), and the electron passes
through them (along the z-direction) with (mean) velocity v.
Following Maudlin,30 I introduce a small chamber between
the two slits, in which sits a proton. The proton is free to
move toward one or the other slit but is otherwise contained
in the chamber. As the electron passes through slit 1 or slit 2,
the Coulomb force on the proton will cause it to move “up”
or “down.” This section develops a quantum mechanical
model of this interaction. An initial wave function for the
electron and proton, each restricted to one spatial dimension
(along the x-direction, see Ref. 9) is specified and a simple
model is used to calculate the effect of the interaction on this
wave function (a more detailed calculation is discussed in
Appendix A). The resulting interference pattern is found by
propagating this wave function from the slits to the screen
and will be presented in Sec. III.

The initial wave function for the electron, just before
interacting with the proton, is chosen to be the superposition

o) = 591 (0) + (), ™)

V2 V2

where each wave function is of Gaussian form, i.e.,

1 (x—d/2)?)
U (x) = (n52)71/4 exp _E% (8)
and
_ )
Va(x) = (16%) " exp —%% : ©

This choice allows for an exact calculation of the time-
evolution of the interference pattern. Note that I have
neglected the overlap between V), (x) and ,(x) in the nor-
malization for ,(x), assuming that ¢ < d; the proper nor-
malization will be given in Sec. IIl. The proton’s wave
function is also taken to be Gaussian

1x2

0,00 = (e exp( 1), (10

where X denotes the position of the proton. The total wave
function going into the double-slit is thus

Wi (6,X) = \i@wxw,,m + \/%wwp(xy (11

When the electron passes through the double-slit, it is
scattered by the Coulomb interaction with the proton. A sim-
ple model of this interaction uses the momentum exchange
found from by the classical force between the electron and
the proton. Specifically, for an electron passing through slit

36 Am. J. Phys., Vol. 93, No. 1, January 2025

1, the Coulomb force on the electron (along the x-direction,
see Fig. 1) is calculated as

e? d/2
F(t) = — . 12
== e [ P (Utﬂ 32 (12)

Here I have set z =uvr and used the average value of

lx — X| = d/2, assuming that the uncertainty (\/&* + A?) is
much less than d. The scattering of the electron and the pro-
ton will involve the total impulse

2 o2
P= JIF(t)Idt = Jmes 412 J_”zm
e (4 (vt/d)
= dre (Ud) 1+ (v‘c/d)z
62
i ) "

where I have introduced the interaction time t and used the
approximation 7 > d/v (the momentum reaches 99.5% of
its final value for T = 10d/v); note that the impulse along the
z-direction equals zero. This semiclassical model is appropri-
ate provided the scattering is small (P < mv) and the inter-
action time is small compared to the characteristic spreading
time (7 < md* /), so that there is little spreading of the elec-
tron’s wave packet during its interaction with the proton.
This will be checked below in Sec. III. This result for
P/(mv) agrees with the small-angle approximation of the
Rutherford scattering angle with impact parameter d/2.

Having determined the exchange of momentum, the total
wave function going out of the double-slit is given by the
following:

1 iPx/h ll
Woulx,X) = 51 (e ™y (X)e !

1 . .

+%w2(x)e+lﬂx/hwp(x)e zPX/h. (14)

Here the components of the wave function have been multi-
plied by the appropriate momentum shifts e™/F¥/e=PX/1
where P is the momentum calculated in Eq. (13). The proba-
bility distribution for the electron can be calculated by inte-
grating the absolute square of this wave function over the
position of the proton as

P.(x) = J | o (x, X)[dX. (15)

—00

At this point, it is interesting to compare Eq. (14) to the
wave function of Eq. (3) for Bohm’s dephasing argument. The
momentum exchange has changed the electron states ¥/, (x)
— Yy (x)e P/ and yr, (x) — Y, (x)et /M while also impart-
ing the phases ¢, = PX/li and ¢, = —PX/hi. Due to the
uncertainty in the proton’s position, these phases are effectively
random, and thus the visibility can be calculated as

e_isz/hhpp(X)lde — €_P2A2/m.

V= (i) = JOO

—00

(16)
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As discussed above, the reduction in visibility is a measure
of decoherence.

It is also interesting to re-express the proton wave func-
tions ,(X)e*"X/" in momentum space by their Fourier
transform. These can be written as

(k) = /*A 2 exp [—;Az(k — P/h)z] 17)
and
Do) — - VAN 1> 2
2 (k) = PA 2 exp _EA (k+P/n)"|, (18)

with normalization [ |®|*dk = [ |®,|*dk = 1. These two
states correspond to the proton moving “up” and “down,”
respectively, with average momentum *P. However, these
states are not orthogonal. Their overlap is precisely the visi-
bility of Eq. (16), i.e.,

—+00 -
V= J D (k) Dy (k)dk = e 772/ (19)

—00

From this perspective, the visibility is associated with how
“close” the states @ (k) and @, (k) are to each other. This, in
turn, is associated with how correlated the proton is with the
position of the electron. This will be discussed further in Sec. IV.

ITII. INTERFERENCE PATTERN

The interference pattern is found by solving the time-
dependent Schrodinger equation for W(x, X, 7), given the ini-
tial condition W(x,X, ¢ = 0) = Wou (x,X). This can be found
analytically by using the time evolution of free Gaussian
wave packets (here in an entangled superposition), and is
detailed in Appendix A. The resulting probability distribu-
tion is given by

—+00
Po(x,1) = J | (x, X, 1)]*dX

—00

_ N_2 A/TC |:e—A(X+U[)f_d/2>2 i e—A(x—b‘oHd/Z)z
2
oyl +a2-wn] Cos(an/A)} , (20)
where
A B (32 N <m5/t>2
5+ (hifm)* N\ B )
e < 4 )
=P/m=oh/(md) ~ —( —
vo = P/m = ah/(md) Amey \mvd)’

_ PNR PN d?
V=e " —e e

A (mfmP+st
21 d(ht/m) +2P5*/n md]t’

2y

Here I have introduced the wave packet spreading factor A,
the recoil velocity vy, the fringe spacing A, and the dimen-
sionless interaction parameter

2
o=Pd/h~

. 22
meghv (22)
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The approximations for A and A are for times larger than the
characteristic spreading time (f > md* /1). Finally, the nor-
malization constant is given by

N (L e PP o )™

which is approximately 1 for 0 < d.

To illustrate how this model could, in principle, corre-
spond to a physical experiment, I consider interference pat-
terns corresponding to those observed by Bach er al.® This
should not be considered as an accurate model of their exper-
iment, but rather as a pedagogical tool to introduce the basic
ideas of decoherence to undergraduates in the context of an
elegant realization of a classic thought experiment.
Identifying more realistic decoherence models for actual
electron interference experiments is a topic of great
interest.>>°

To estimate o, we need the velocity of electrons. Bach
et al. used 600eV electrons, corresponding to a velocity
v = 1.45 x 10" m/s, which when substituted into Eq. (22)
yields o = 0.6. Note that faster electrons would scatter less
with smaller values of «. Conversely, slower electrons would
have correspondingly larger values. For the remaining
parameters, the double-slit had a slit separation of d
= 272nm and was observed at a distance D = 240 mm, cor-
responding to a propagation time T = D/v = 16.5ns. The
experimental results (Fig. S2 in the supplementary informa-
tion to Ref. 3) are reproduced by using a width parameter for
the initial Gaussian (for the electron) of ¢ = 20nm. Note
that 7 is much larger than the characteristic spreading time
mo* /h =3.45ps. The resulting interference pattern, with
Y = 0.8, appropriate for the experiment of Bach er al.? is
shown in Fig. 2(a).

Returning to the model of Sec. II, we now consider the
momentum exchange between the electron and proton. First,
an interaction timescale T = 10d/v ~ 190fs is indeed much
smaller than the characteristic spreading time mo* /h
= 3.45ps. Second, the recoil velocity of the electron vy
A~ 260m/s is much smaller than v. This recoil leads to a
small change of the overall interference pattern, as vgT
~ 4.3 um is small compared to A ~ 44 ym. Finally, the visi-
bility depends on o = 0.6, d, and the width parameter A for
the proton. The experimental visibility of VV ~ 0.8 thus corre-
sponds to A &~ 210nm. This value of A, being of the same
order as d, is surely unrealistic, and violates the assumptions
of the Coulomb scattering model.*® Nevertheless, it is some-
what remarkable is that this simple model of a single-particle
environment for the electron produces any reasonable results
at all!

As noted above, the parameter o could be modified by
changing the velocity of the electrons entering the double-
slit. This will change both the recoil velocity and the visibil-
ity in Eq. (21). Examples of such patterns, using the full
expression for the probability distribution, are shown in Figs.
2(b) and 2(c). Larger values of o, corresponding to larger
scattering, leads to smaller visibility ) and reduced
coherence.

IV. ENTANGLEMENT

As mentioned in Sec. I, the loss of coherence is associated
with the entanglement between the proton and the electron.
In this section, I will make this relationship quantitative. The
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Fig. 2. Interference pattern for electron double-slit experiment with monitoring. Probability distribution (in arbitrary units) at time r = 16.5ns as a function of
position x for (a) interaction parameter o = 0.6, recoil velocity vy = 0.26 um/ns, and visibility ¥V = 0.8, (b) interaction parameter & = 1.2, recoil velocity
vp = 0.52 um/ns, and visibility ¥V = 0.42, and (c) interaction parameter o = 1.8, recoil velocity vp = 0.78 um/ns, and visibility V = 0.14. Other parameters

include the slit width d = 272 nm and the initial electron width 6 = 20 nm.

total wave function for the electron and the proton in
Eq. (14) has the form

1 1
V2 V2
with electron states |/,) and |y,) and proton states |®) and
|@,), with (Y,|¥,) =0 when o< d. When (®;|®,)

=V # 1, this is an entangled state. Roughly speaking, this
state can be interpreted as

V)| P1) +—=Y2)|D2), 24)

V2

1
+——|“electroninslit2”)|*“proton moving down”).

V2

“electron insslit 1””)|“proton moving up”)

(25)

The standard way to characterize the entanglement of
such a state is to consider the reduced density matrix of the
electron p.*' This object provides the quantum statistical
description of the electron. For the entangled state of
Eq. (24), the density matrix takes the form

1

—~

p = 5 (@) ) (0| + 3 (@) )
1

2
+ 5 (D2|D1) [1) (Yo +5(‘1’1@2) o) (Ul (26)

| —

Treating |y, ) and |\},) as the (approximately orthogonal) basis
vectors in a two-dimensional space, this has the matrix form

P=a\y 1)

The entanglement of this state is quantified by the von
Neumann entropy42 of p

S(p) = —Tr(plogyp), (28)

where the logarithm of p is evaluated in the basis in which p
is diagonal, i.e., the basis formed by the eigenvectors of p. In
this basis,

1 1+V 0 29)
pdlagfz 0 11—y .

Thus,

38 Am. J. Phys., Vol. 93, No. 1, January 2025

11
S('D)_HZ(E—'_E )7 (30)

where I have introduced the binary entropy function

H,(x) = —xlog,x — (1 — x)log,(1 — x). 31

The function H;(p) is the Shannon entropy,43 in bits, for a
binary discrete random variable with probabilities p and
1 — p. This entropy characterizes the uncertainty associated
with the random variable. When the variable is maximally
uncertain, p = 1/2, and the Shannon entropy H,(1/2) = 1.
Conversely, when p =0 or p = 1, there is no uncertainty,
and Hz(O) = Hz(l) =0.

The von Neumann entropy has a similar role, characteriz-
ing the minimal uncertainty associated with possible mea-
surements made on p. This uncertainty, in terms of the
Shannon entropy, is minimized for measurements performed
in the basis in which p is diagonal. The diagonal entries,
which are the eigenvalues of p, are the probabilities for the
minimum uncertainty measurement. Then, Eq. (30) shows
that the von Neumann entropy S(p) equals the Shannon
entropy for these probabilities.

The eigenvalues for the density matrix of Eq. (27), when
YV =1 are 1 and 0. In terms of the quantum state of Eq. (24),
when V = 1 the state is not entangled, and it is certain that
the state of the electron is (|/,) + [,))/v/2, which happens
to be the eigenvector of p with eigenvalue equal to 1. Thus,
there is no uncertainty, and one obtains S(p) = H,(1) = 0.

When V = 0, the eigenvalues of p are both 1/2, for which
S(p) = H,(1/2) = 1. Here the state of the electron is maxi-
mally correlated with the state of the proton. Thus, consider-
ing the electron on its own, its state is maximally uncertain,
being either |{/,) or |,), each occurring with probability of
1/2. This corresponds to the maximal possible uncertainty,
and the entropy takes its maximal value. Given that this is a
binary set of possibilities, this corresponds to 1bit of
information.

V. INFORMATION GAIN

The use of information and entropy to characterize the
relationship between entanglement and the visibility of the
interference pattern was introduced by Wootters and Zurek '
and recently discussed by Kincaid et al.” the latter using a
quantity known as the quantum mutual information. This
quantity arises in the field of quantum information,>=*
which explores the ways in which quantum states can
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encode, transmit, and manipulate various types of
information.

Here I consider the classical information one can obtain
about which path the electron takes through the double-slit—
the “which-way” information. The relevant question is how
much which-way information can be obtained from the pro-
ton about the potential path of the electron. That is, we wish
to determine which of the two possibilities (whether the elec-
tron passes through slit 1 or 2) has occurred, given some
measurement of the proton. Similar to the calculation of Eq.
(26), the reduced density matrix for the proton alone is

1 1
Pproton = §|q)l><q)l| +§‘(D2><(D2|7 (32)

and yet we know that p; = |®)(®,| and p, = |D,)(®D,| are
correlated with the two states of the electron. Thus, one
might try to determine through which slit the electron has
passed by performing a measurement on the proton to distin-
guish between p; and p,. However, the fact that these proton
states are not orthogonal means that this determination can-
not be done exactly and will involve some uncertainty.

The initial uncertainty can be quantified in terms of the
entropy and is simply H,(1/2) = 1 bit, since there is no way
to predict the state of the electron. The final uncertainty, after
some measurement on the proton, will be given by H»(p),
where p is the (post-measurement) probability for the path of
the electron (e.g., for passing through slit 1). The information
gained from the measurement is the reduction in our uncer-
tainty, or

Igain =1 —Hz(P)~ (33)

In general, this information will depend on both the type of
measurement performed and the particular outcome of that
measurement. To account for the latter, one should in fact
average I4,, over the different outcomes. This average corre-
sponds to the classical mutual information** between the
states of the electron and the measurements of the proton. In
this section, I will discuss the various answers to the question
of how much information can be gained; full calculations are
presented in Appendix B, and the relationship with the quan-
tum mutual information is discussed in Appendix C.

I will consider four different measurement scenarios. The
first is a direct measurement of the momentum, in the spirit
of the original Bohr—Einstein debate. This involves a

Which—Way Information
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Fig. 3. Information gain (in bits) as a function of visibility V for various
measurement methods (see the text). From top to bottom: the upper bound
I,N (black), the information gain from an optimal measurement Iy (blue),
the average information gain from a momentum measurement /gg (green),
the average information gain from unambiguous state discrimination /g
(red), and the information gain from a binary (“up” or “down”) momentum
measurement /y; (black dashed).
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continuous range of outcomes, and thus our average involves
an integration over all possible vales of momentum. The sec-
ond, suggested by Maudlin, is to measure the deflection the
proton up or down. This provides a simpler binary outcome
(“up” or “down”), at the cost of ignoring some information.
The third case, whose value of /g, was first obtained by
Wootters and Zurek,'” corresponds to the optimal discrimi-
nation of non-orthogonal states |®;) and |®,). As a fourth
case, I consider the unambiguous state discrimination proto-
col recently discussed by Qureshi.” Finally, these are all
limited by the Holevo bound on the accessible information,*’
which in this case 1is precisely given by the von
Neumann entropy calculated in Sec. III. The main results are
summarized in Fig. 3—for all of the measurement methods,
larger gains of information are associated with smaller
visibility.

A. Full momentum measurement

A momentum measurement is, in fact, the method
originally discussed by Bohr and Einstein'' and analyzed in
Ref. 15. This measurement yields a continuous set of out-
comes. For large positive momentum, one can be fairly cer-
tain that the electron has passed through slit 1 (and similarly
for negative momentum and slit 2). For values of the
momentum near zero, however, one will remain uncertain.

Using the momentum-space wave function for the proton,
outcome k occurs with probability density

1 1
Plk) =51 @1(0) + 5| @a(K)[*, (34)
where @, (k) and ®,(k) are given by Eqs. (17) and (18).
Given this outcome, the conditional probability for the elec-
tron to pass through slit 1 is found by using Bayes’ rule:

plk) = 3010 /P(K) (35)

This is gives a post-measurement entropy H(p(k)) that
depends on the measurement outcome k. The average gain of
information is

Ip =1 — Jm PUOH (p(k))dk. 36)

—00
B. Binary momentum measurement

Maudlin’s presentation® outfits the system with a detector
that will register if the proton moves up or down. These
occur with probabilities

o 1

pCu) = | PRk =3,
0

0
p(“down”) = J P(k)dk = 37

Given the outcome “up,” the conditional probability for the
electron to pass through slit 1 is found using Bayes’ rule:

—+00
p(1[<up™) :J D, (k)|*dk. (38)
0
Similarly,
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0
p(2]“down”) = J D, (k)|*dk. (39)

These probabilities turn out to be identical, and the integral
can be evaluated in terms of the error function as

1 J*O@ gy, ] J
— e U =——=
\/E —Up \/E —00

1 2 [ >
= (1+-=| eva
2( +\/EJ0€ u)

= % [1 + erf(up)], (40)

Uy 5
e “du

where I have set uy = PA/A. Since these conditional proba-
bilities are equal, the information gain does not depend on
the measurement outcome. One thus finds, using the fact that
Y = ¢, that the information gain is

h=1-H(1+erf(v/=InV)). (41)

C. Minimume-error state discrimination

To obtain the maximum information gain, for general V),
one must use the measurement that best distinguishes
between |®;) and |®,); this is known as minimum-error state
discrimination.*® The optimal measurement (originally due
to Helstrom) uses the basis vectors |e;) and |e;) chosen so
that

|®@;) = cos(68/2)]er) + sin(6/2)]ez),
|@,) = sin(0/2)e;) + cos(0/2)]er), (42)

where (@ |D,) = sin0 = V.

Outcomes |e;) and |e;) both occur with total probability
1/2. The conditional probability for the electron to pass
through slit 1 given outcome |e;) (or slit 2 given outcome
le2)) is given by Bayes’ rule:

p = [(er]®1)* = |(ea]®,)

(1 +cos )
(1 +V1 - vz). (43)

Once again, as these conditional probabilities are equal, the
information gain does not depend on the measurement out-
come. The information gained is thus

Iwzzl—HzGJrl\/l—Vz). (44)

2 2

N = | =

This result was first obtained by Wootters and Zurek,15 who
proved that /g, < Iwz. The general quantum information
problem, involving what is called the accessible informa-
tion,”” was analyzed in Refs. 47 and 48.

D. Unambiguous state discrimination

Another measurement method, known as unambiguous
. .. . 3 .
state  discrimination,>**® was recently discussed by
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Qureshi.?® This method uses an interaction with an auxiliary
system designed so that a measurement of that system indi-
cates whether the determination of the electron’s position
will be successful.

For a successful determination, which occurs with proba-
bility 1 — ), one obtains a result with certainty, so that
p = 1. For an unsuccessful determination, however, one
remains ignorant of the electron’s position, so that p = 1/2.
The average gain of information is thus

Ip=1—[(1=V)Hy(1)+ VH,(1/2)] =1 = V.  (45)

E. Holevo bound

The Holevo theorem™®**” bounds the accessible informa-
tion associated with the density matrix of Eq. (32) by

1 1
Igaiﬂ < S(pproton) - ES(pl) - ES(pZ)v (46)

where § (pj) is the von Neumann entropy of p;. However
(and shown in Appendix B), p; and p, are both pure states
(with eigenvalues 0 and 1), and thus have zero entropy, while
the density matrix pp.,, has the same eigenvalues
as those calculated in Sec. IV. Thus, the right-hand-side of
Eq. (46) reduces to the von Neumann entropy calculated in
Eq. (30):

1 1
I\ —H2<§+§ ) 47

F. Comparison of information gained

The information gain for these different scenarios is plot-
ted as a function of the visibility V in Fig. 3, where I have
numerically integrated Eq. (36). As can be seen, the amount
of information gained depends on the measurement and is
ultimately bounded by the measure of entanglement, satisfy-
ing the inequalities

v <Ip < Igg < Iwz <IN (48)

Note, however, that it is not possible to attain /,N using just
one measurement when 0 < V < 1,*° thus one generally has
I gain S IWZ-

VI. CONCLUSION

In this paper, I have explored the decoherence model for
the double-slit experiment introduced by Maudlin.*® This
simple model shows that decoherence does not require sig-
nificant calculations or a complicated model of the environ-
ment—even a single photon (or proton) is sufficient to
destroy the interference pattern for the electron. It also high-
lights the role of entanglement in decoherence mechanisms.
The quantitative analysis presented here is suitable for an
undergraduate course in quantum mechanics, requiring only
Gaussian wave packets and integrals. Thus, it could be a use-
ful starting point for students to learn about
decoherence.'*?"-%8

The presentation here could also be used to introduce
ideas from quantum information theory,33’34 such as the
Shannon and von Neumann entropies, the mutual

Frederick W. Strauch 40

65:€2:80 920z Auenigad Gz



information, and the Holevo bound. In particular, the discus-
sion of the different measurement scenarios in Sec. V (and in
Appendix B) resulting in the different information curves
in Fig. 3 provides a simple yet sufficiently rich example
to introduce these topics. Furthermore, comparison of the
results presented here with the work of Kincaid et al®
and Qureshi®®> would give students a common
starting point to explore a broad set of ideas in quantum
information.

At a fundamental level, one may worry that the semi-
classical model of momentum exchange between the elec-
tron and the proton given here is too simple. This can be
improved upon by using a more involved (yet still one-
dimensional) approach described in Appendix A, which
preserves the Gaussian form of the wave function
(albeit with a more complicated time-evolution). One
could possibly extend this through numerical simulations,
or by extending the one-dimensional treatment to a fully
three-dimensional quantum calculation using
scattering theory.’® These exercises are left for ambitious
readers.

Regardless of the context or application, it is surprising
to see just how much information about the mystery of
quantum mechanics can be gained by analyzing the
double-slit experiment—the “experiment with the two
holes.”
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APPENDIX A: INTERFERENCE PATTERN
CALCULATIONS

The interference pattern in Sec. III requires one to find the
time-dependent wave function W(x,X,7), given the initial
condition W(x,X,t =0) = Wou(x,X) using Eq. (14). This
can be performed by using the classic result for a Gaussian
wave packet®! starting with width , initial position xo, and
initial momentum py:

lﬁG(X, Z‘;)“‘071)0)

— 1/ 0 exp _l(X—XO —Pof/m)2
8% + ilit/m 2 8 tint/m

pit
+ipox/h — iﬁ . (A1)

To use this result, observe that for the wave functions of
Egs. (8)—(10)
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¥y (x)e P =y (x,0;+d/2, —P),
Yo (x)e P = (x,0; —d /2, +P),
W (X)e P = (X, 0,0, =P), (A2)

where @G(X, t;x0,po) has the same form as Eq. (Al) with
0 — A and m — M. Using this result, the total wave function
at time 7 is

Wngpi%wdnmmmfwa@mq+m

+%w6<x, b —d)2, +P(X.1:0,~P),

(A3)

where the normalization factor can be calculated at time
t = 0 (and will remain constant in time) as

N = (1 " e—(d/z)z/ézeszéz/hzeszAz/hz)_1/2. (A4)

Note also that the visibility ) can also be calculated at time
t = 0 (and will also remain constant in time).

A more challenging calculation (but still restricted to one
spatial dimension) would involve going beyond a simple
momentum exchange and treating the interaction as an
impulsive Coulomb interaction

©r1/2
Wou (x, X) = exp <— %J V(x, X, t)dt) Wi (x,X), (A5
—1/2
where
2
1
VX, 1) = — 46 . (A6)
TTEQ (X _ x)2 + (Ul‘)2

Assuming that |x — X| & d/2, one can then expand V(x, X, t)
as a Taylor series (in (x — X)* — d?/4) to find

e? (x —X)?

v@xozwﬁmkmwﬂﬂ+@&ry

(AT)

where V() does not depend on x or X. Thus, up to an overall
phase,

Wou(x,X) & e 0 (1, X), (A8)
where
2 [7? dt
a= 8meph J

*ﬂpﬂ+mﬂm

_@ (8 (wd)
"~ 8neoh (vdz) 1+ (v/d)?

I o/d? (A9)
T reguhid? ’

The subsequent time-evolution can be calculated exactly by
a patient application of Gaussian integrals. The results are
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largely similar to that described above, albeit with some dif-
ferent coefficients in the resulting interference pattern. For
example, the visibility is given by

V = o PN /(B +42 8N ). (A10)

APPENDIX B: CLASSICAL MUTUAL
INFORMATION CALCULATIONS

In this Appendix I provide full calculations for the results
of Sec. V, using notation and terminology from quantum
information theory. 3334 What 1 called Lgain 1s actually the
classical mutual information between two random variables.
The first, denoted by X, corresponds to the events “electron
in slit 1” (x = 1) and “electron in slit 2” (x = 2), each occur-
ring with probability p.—; = p,—» = 1/2. The second,
denoted by Y, corresponds to the measurement outcomes and
associated probabilities when the proton is subject to one of
the measurements described in Sec. V. The mutual informa-
tion between X and Y is quantified by

I(X:Y)=H(X)+H(Y)

-H (X ) Y)? (B 1)
where the quantities H(X),H(Y), and H(X,Y) are the
Shannon entropies for the random variables X, Y, and their
combination (X,Y). Given the joint probability distribution
Pxy for (X,Y), the total Shannon entropy is

= =D Pxylogapyy. (B2)

Xy

H(X,Y)

The marginal probability distributions for X and Y are
Px = pr,ya Py = pr,ya (B3)
y X

in terms of which

H(X) == plogop,, H(Y) = -3 pylogyp,.

(B4)

As information theory is not traditionally covered in the
undergraduate physics curriculum, I will provide detailed
calculations of these quantities for each of the measurement
methods discussed in Sec. V. The Holevo bound on the
mutual information will also be calculated.

Note that in Sec. VI calculated the mutual information in
the alternative form

I(X:Y)=HX)—-HX|Y), (BS)
where the conditional entropy is

H(X|Y) = Zpy x|y =)

::"EE:PxP-Xb’logzquY) (B6)
X,y

with the conditional probabilities
P(x|)’> = px,y/py- B7)

One can show that H(X|Y) = H(X,Y) — H(Y).
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1. Calculation of I'zg

For a full momentum measurement, there is a continuous
set of measurement outcomes, with P, (k) taking the place of
D«y- The joint probabilities are given by Eqgs. (17), (18), and
(34) as

Pi(k) = =2 Aexp [—Az(k — P/h)z] )

2
Py (k) = %n_l/zA exp|~A%(k + P/1)]. (BS)

The marginal probabilities are

per = | k=3,
mﬂzj pa(k)dk =
P(k) = Pi(k) + P2 (k). (B9)

Using these probabilities, the entropies are H(X) = 1,
HY)= —J P(k)log, P(k)dk, (B10)
and

HX,Y) = — JOO [Py (K) logy Py (k) + P (k) logy P (k)]dk

—00

(B11)

Given these entropies, the mutual information 7(X :Y)
equals the expression for /g in Eq. (36).
2. Calculation of Iy

For the binary momentum measurement of Maudlin,*®
there are two outcomes, corresponding to “proton moving
up” (y ="up”) and “proton moving down” (y =“down”).
The joint probabilities, using Eq. (BS), are

Plup = J: Pl (k)dk = % [1 =+ erf(uo)],
0 1
P1.down = J_ Pl (k) Z [1 - erf(uo)]

P2up = J: Pz(k)dk = % [l — Crf(bto)],

0 1
P2.down = J P (k)dk =1 [1+ erf(up)], (B12)

where uy = PA/h. The marginal probabilities are

1
Px=1 = Plup +pl,d0wn = 5
1
2

)

)

Px=2 = P2,up +p2,d0wn =
. (B13)
Pup = Plup + P2up = 3
1
Pdown = P1,down T P2,down = E .
The resulting entropies are H(X) = H(Y) = 1 and
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HX,)Y)=1+H, (%—F%el‘f(uo)). (B14)

The mutual information for this measurement is
1 1
I(XY): 1 —H2 5-"561{(140) 5 (BIS)

which agrees with the expression for I in Eq. (41).

3. Calculation of Iz

For the optimal state discrimination approach,***° the

measurement outcomes are {|e;),|e2)}, in terms of which
with the states {|®;), |®,)} are related by Eq. (42). The joint

probabilities p,, = 1 |(e,|®,)|” are found to be
1, 1
Pr1= P22 =75 €08 (0/2) = Z(l + cos6),
1 1
P12 =P =5 sin(0/2) :Z(l — cos 0). (B16)

The marginal probabilities are calculated as

1
DPx=1 = P11 + P12 = 5
1
Dx=2 = P21 + D22 = 5
1
DPy=1 = P11 + P21 = 5
1
Dy= 2—P12+P22—§ B17)
Thus, H(X) =H(Y) = 1, and
1 1
H(X,)Y) = 75(1 + cos 0) log, Z(l + cos0)
1(1 0)1 1(1 0)
3 cos 0) log, | cos
=14+H 1-l—lcos(9 (B18)
B 272

Using cos = V1 — sin”0 = v/ 1 — V2, the mutual informa-

tion evaluates to

I(X : Y)1W21H2<; ; 1v2>. (B19)

4. Calculation of I,

For the unambiguous state discrimination approach,*>344¢
there are actually three measurement outcomes. The two suc-
cessful outcomes are labelled by y = 1 and y = 2, while the
third outcome y = 3 corresponds to failure. The nonzero
joint probabilities p. , are found to be

Y-y,

P11 =p22 = 5
1
2

P13 =p23 =z V. (B20)

The marginal probabilities are
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1
Px=1 = P11t P12 +P13 =

57
1
Px=2 = P21+ P22+ P23 = 5
1
Py=1=Pp11+p21 = 5(1 -V),
1
Py=2 =Pi2+prr = 5(1 -V),
Py=3 = P13 +pr3=V. (B21)

Using these probabilities, the entropies are

H(X) =
()=( V) +Hy(1-V),
HX,Y) =1+ Hy(1-V), (B22)

and thus the mutual information is

I(X:Y)=Ip=1-V. (B23)

5. Calculation of the Holevo bound

Finally, the expression for the Holevo bound,

1 1
55(01) =55(p2). (B24)

I(X : Y) < S(pproton) - 2

involves the von Neumann entropies of the density matrices

pr = |@1)(®4],
o = [0:) s,
1 1
Pproton :E +§p2 (B25)

These matrices can be expressed in terms of the basis states
le1) and |e,) using Eq. (42), which yields

1/ 1+cosO sin 0
p1—§< sin 0 1—cos(9> (B26)
1/1—cos0 sin 0
P2—§< sin 0 1—|—c050)’ (B27)
and
1 1 sin 0
Pproton = D) ( sin O 1 > (B28)

The corresponding eigenvalues are {1,0}, {1,0}, and
1(1%sin0). Using sin 0 = V, we obtain

S(py) = H(1) =0,

S(py) = H(1) =0,

1
S(Pproton) = (2 +5 V) (B29)
so that
1
1(X:Y)§H<2+2V> (B30)
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APPENDIX C: QUANTUM MUTUAL INFORMATION

This classical mutual information analysis is appropriate
if the electron has, in fact, been measured to be in one of
the states |i,) or |i,), and not allowed to interfere. This
would be the case if the electron was coupled to both a per-
fect detector (with orthogonal states |d;) and |d;)) and the
proton (with nonorthogonal states |®;) and |®;)). The
appropriate quantum state for this electron—proton—detector
system is

)| ®1)ldr) + )|D2)|dz). (C1H)

1 1
Ehh 7§|‘P2

The classical mutual information is then associated with how
much information one can gain about the electron by mea-
suring the proton. The corresponding quantum mutual infor-

mation®’ is

Iquantum =S (pelectron) +S (pproton) ) (pelec-prol) ’ (C2)

where the right-hand-side of this equation involves the von
Neumann entropies of the density matrices

Petson = 5 W)Wl + 5 12} (),
Pirton = 5 D) (1] + 3 [3) (0, ()
and
Petegrs = 5 1) 01| 101} (@]
B AIAEY SICH] ()

Note that pge.on differs from the density matrix in Sec. IV
because of the orthogonality of the detector states. Since
S(peleclron) = S(pelecfprot) =1, we have that
Tquantum = S (ppmton) = [,N, which coincides with the Holevo
bound.

Note: This paper is part of the special issue celebrating the International
Year of Quantum Science and Technology.
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