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The Fermi-Pasta-Ulam-Tsingou lattice

Consider a nonlinear lattice with the force law: [F = G(A+KA2)]

where A is the displacement between the masses, G is the spring
constant and x is the nonlinear coefficient.

- —m PWEA m PR m | --- Equilibrium
n-1 n n+1

ol -'— m —’ﬁm'— m —"'MF mp— === Nonequilibrium
s

Up.q Uy Uptq
—> —> —>

» Newton’s 2nd law: {ml'jn = _l,:n — Fn+1]
4

Force that particle i-1 exerts on particle |




Lattice dynamics - equations of motion
Newton’s 2nd law: mi =-F +F , }

Force law {nonlinear response] F =G(u,—-u._,)+x(u, — Un_l)2

—[G(Un B un_l) + K(Un - un—1)2]+ G [(un+1 - un) + K(un+1 - un)z]:>

—2U, +U, )+ KG[(Un+1—Un)2—(Un _un—l)z]

\ }
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Simplifying the difference between the two squares, we obtain:

mi. = G(u

n+1

{ mi, =G(u_,, —2u_+u,_,)+xG(u_,—2u +u )., —u. ) ]

\ } \ }
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Linear discrete wave equation Nonlinear correction




The continuous limit

As in the linear case, we seek for solutions of the nonlinear DDE:
mun — G( —2U + un 1)+KG( _2un +un—1)(un+1 _un—l)

with a width >> lattice spacing a — continuum approximation

n+1 n+1

We treat X,= na as a continuous variable, X, =na — X, so that:
u (t)=u(x,,t)=u(na,t) — u(x,t)
We can then expand the solution in a Taylor series, around X, as:

u.,(t)=u(n(a+l),t) =u(xta,t)

XXX XXXX (X’t)a4 +O(a‘5)

1 ;1 .1
~u(x,t)xu (x,t)a+=u_(x,t)a“+=u_(x,t)a’+—u
(D) 2u, (X t)a+Zu(x.t) ; (xt)a”+=7

Keeping O(a*) terms, the nonlinear term of the DDE is found as:
, a* a’
u. —2u,+U ,~a uXX+EuXXXX, u —u,1_1z2aux+§uXXX

n+1

( Upp — 2U + U, )(un+1 o un—l) = 28‘3uxuxx + O(aS)



The Boussinesq equation

We thus obtain, at O(a%), the following nonlinear dispersive PDE:

2
{ u, —cz[uXX +il—2uxxXX +2Kauxuxxj = O,] &;2 = Gazlm]

Using the transformation w=u,_ (where wis analogous to strain
in continuous mechanics) we differentiate wrt. to X and obtain:

y) A
W, —C{WXX +i‘—2wxxxX + Zm(wwx)xj =0

ww, = (1/2)(w?),

[th _C2£Wxx -I—%WXXXX -I-Ka(WZ)XXj = O]

Boussinesq equation
(derived by Joseph Boussinesq (1871) in the context of shallow water waves)
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Structure of the Boussinesq equation

We rewrite the Boussinesq equation in the general form:

2 . . 2 _
Ut — C Ugpy — QlUgppay — ﬂ{ﬂ j.L'.L' =0

In the FPUT lattice: ¢*=Ga’/m, a=c’a*/12, p =xac’

The Boussinesqg equation is a bidirectional model featuring both
dispersion and (quadratic) nonlinearity:

[ Uty — CQH‘JJ:}: — QlUpygr — .ﬁ{ﬂ‘?j¢¢ — D]
| | S S
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2nd-order wave equation dispersion nonlinearity

Dispersion relation: D(k,w) = —w? + ?k? —ak? =0

ak2\'/?
w = +ck (1 _ —2) + for right -or left-going waves
i




The long-wavelength approximation (l)

Dispersion relation: D(k,w) = —w? + ?k? —ak? =0

2 g 1/2
[ w = *ck (1 — %) + for right -or left-going waves }
i

We focus on right-going waves, and consider long waves
and weak dispersion, such that: ak?®/c* < 1.
Then, use the approximation:

(1— &JEGE/CE)UE ~ 1 — ak?/(2¢%)

and express the dispersion relation as:

i _EE
{mmck 2ck ]




The long-wavelength approximation (il)

x
Since the dispersion relation reads: w ~ ck — Q—IJ.E'
C

the phase 6 = kxz — wt of the plane wave u = ug exp(if)

0k — (el — 213) ¢t —lk(r — ak”
becomes: 0 = kx (ck zck)t_[k(l ct) + Qct]

In compliance with our assumption for long waves, we
now assume that the wavenumber K is of the order O(&P),
with0<e <KL landp>0.

The choice of p is not important as will be seen below, so
we can arbitrarily choose p = 1/2.




The slow (or “stretched”) variables
k,?.

Substituting k& — €'/2k in: 0 = k(z —ct) + C;—'t
c

we obtain:

This suggests the introduction of the slow variables:

[E — 2z —ct), T= Egﬁt}

Next, express the Boussinesq equation in terms of these slow
variables by using the chain rule:

Oy = €120, 8, = —€/?cO: + /0y



The asymptotic expansion

In terms of £ and T, the Boussinesq equation:

2 _ . 2 _
Ut — C Upy — CQlUgpgpgy — ﬁ{ﬂ :I.L'.L' =0

becomes: [EEUTT — 26 cusr — 2 ougese — €B(u)es = D]

As a final step, assume a perturbation expansion of u(x,t)

with respect to ¢ of the form:

[ w=¢elu; + e tus+.... ¢g>0

Substituting into the Boussinesq equation we obtain:

(. :
e (uy + eug + .. )pr — 265 e(uy + €ug + .. DeT
—Ta(uy +eus + ... )eeee — €975 (ui + 2eusug + .. )

£&

~

0
J




Balance between dispersion-nonlinearity

Here, g should not be chosen arbitrarily: to derive the KdV,
where dispersion and nonlinearity terms are of the same order
—a fact that gives rise to soliton solutions— the dispersion and

nonlinearity terms should also be of the same order.

T uy +euy + .. )pr — 26T e(uy 4+ eug + .. e
ST (ug + eug + .. )eee —' (ul + 2euruz +...) ¢ =0
\ J | }
\ !

dispersion terms nonlinearity terms

B Leading-order dispersion term: O(e*79)
| _ . L omri [ 2Tq=2q+1
B Leading-order nonlinearity term: O(¢<974)

[Hence: qg=1 ]




The KdV equation

For q = 1, the equation:

T Uy + €us + .. ) pr — 26T e(uqg + €us + . C)eT
—e*Ta(ug + eus + .. )eeee — €9 (ud + 2euqus + .. ')gg =0,

A 3 3 3 _
becomes: &£ |- 267CU . — € AUy — & ﬂ(%)gJ —%
J 7

e L
Thus, after an integration wrt. &, we obtain the KdV equation:

[ 2cuir + QU gee T 2_,-'3'11.1'11.15 =3 ]

To conclude, starting from the FPU lattice, we can derive
—in the continuum limit — the Boussinesq equation; then,
employing a multiscale expansion method, we can derive
the “far field” of Boussinesq equation, i.e., the KdV equation



Some additional comments (l)

¥ We have introduced the slow variables
[5 — EUE(JJ —ct), T = e3/2¢ ]

based on the form of the phase of plane waves in the
long-wavelength approximation.

@ This choice is consistent with the long-time behavior of the
solution of the linearized Boussinesq equation:

4 p
X-Ct

T EIDat

\_ J

F Thus, the proposed scales are the same along the
characteristics z = (x-ct)/t3 = const. of the solution as t—o



Some additional comments (ll)

F The Boussinesq equation is a bidirectional model, while the
KdV equation is a unidirectional one.

@ It can be shown that using the slow variables:

r

E=eP(x—ct), n=€e*x+ect), T= Eﬁﬁt:]

.

and the same asymptotic expansion as before,

[u =gU (&,n,1) +&°U,(E,m,1) +... ]
One can derive, to the leading-order in g, the equation:

[ﬂ-l — f{{f} 4 g{?}}] Superposition of a left- and a right-going wave

2cfr +afeee +26ffe =0
where: _.
_EEET T Xnnn T E-jgg’ﬁr =0

] two KdV equations!




