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dvoikol ApBuoi

Opilovpe Tovg PLGIKOHG apBpovG:
N=1{0,1,2,3,...}

[d10tnTec:
@ Avo mpdEeic opilovtan Kot eival KAEIGTEC GTOVE PLGTKOVS aP1OOVE: N Tpdsbeon Kot o
TOALATANGLO.0 LOG.

o Kdmoleg popéc, n apaipeon kot 1 dwaipeom opilovrar aAdd Oyt Tavto:

3-2=1,2-3¢N,6:3=2,5:2¢N.

e Eivat apiBuoi 6mov yia kabe Evav Eyovpe tov endpevd tov. Ovolactikd opifoviat amd v
pdén +1 Eexvavrtog and to 0.
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A6 T0V 0pIG O TOVGS, 01 PUGIKOL aP1OpOL £Y0VV KATOLES, O TEYVIKES, WO10TNTEG:
Q (Apyn g Koing Audtagng) Kabe vtosivoro tov N €xet éva eldyioto otoryeio.
@ (Apyn ™mc Mabnuatikic Erayoync) Eotm P(n) eivar pio mpdtaon mov e&optdran amd Evav
QLoKO apOud n. Yrobétovue ot
@ T kdmotov euokd apBpd n, 1 P(k) aknbevet.
® T kdBe n > k, avn P(n) oAnbedet, tote kaun P(n + 1) oAnbedet.

Tote n P(n) woydet yio kébe n > k.
Ot tapamdve 18010tNTeg eivar 1oodvuvapes. Etvor moAd ypnoyeg 1010tnteg 6t1g omodeielg mov
e€opTAOVTOL 0O PUGIKOVS 0P1OLOVS 1] TOV AVAYOVTOL GE PLGTKOVS aP1OLOVC.
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[Mopaoctatikd:

YmoBétovpe 6t Exovpe pia dmelpn oKaAo Kot

! EEpovpe VO TTPAyuaTaL:
= Q@ Mrnopovue va aveBovue 610 TPMOTO
= OKOAOTATL.
=
/ @ Edv pmopécovpe va ptdcovpe g Eva

OKAAOTATL, TOTE LWITOPOVUE VO, AVEROVE
GTO EMOLEVO.

S

AT’ avTEG TIG OVO TPOTAGELS CLUTEPAIVOLLE OTL
UTOPOVLE VO PTACOVUE GE KAOE GKOAOTATL TNG
OKAOAOG.
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Me GALov tpdmo:

YmoBétovpe 6t xovpe pia dmelpn GLALOYY

amd viopvo ko EEpovie SLO TPAYLLATOL:
000

©Q YmoBétovpe OTL TEPTEL TO TPAOTO VIOULVO.

@ Edv néoel kamoto viouvo 10te 0o mécel
KOl TO ETOUEVO.
AT’ avTEG TIG OVO TPOTAGELS CLUTEPAIVOLLE OTL
Ola Ta vropvo Bo mEcovy.
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The Simple Idea Behind Mathematical Induction

Sl\ S S3 S4 Ss Sg| Sk | Brs| PSis2| Biss| Sk

Statements are lined up like dominoes.

Ay
7,\
9 | 52 Sg S Sg Sg| Sk | Brsa| [Sks2] Biss| Sk

(1) Suppose the first statement falls (i.e. is proved true);

Sk+2|  1Sk+3| Sk

(2) Suppose the k** falling always causes the (k + 1) to fall;
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[Tapadeiypota Eraymync-1

(1) Mo opdda n mepatmv Tpdketal vo potpdoet Evav Oncovpd, amd xpucd, £101 doTe Kb
nepat Ba mapel Eva ico pepidlo. Opmg ot Telpatéc 0ev elvar avtikelnevikol, Kot KAOe melpatng
EXeL TNV 01K TOL AITOYN TOL T €ival TO % oV Onoavpov. Na dDGETE Lo GTPATNYIKN HOPUGLAS
0V ONGaVPOYV.

Oa ypnooromacovpe enaywyn oto n. ['a n = 1 10 amotéAeocpa eivon mpopavég. Ymobétoope ot
Eyovpe po u€Bodo va popactodv k — 1 wepatéc tov Onocavpo. Topa vroBETovue ot Eyovue o
opddo and k-melpatéc.

[Taipvoope éva koppdrtt tov Oncavpov Kot to Balovpe 6g Evay Kovovpylo cmpd. Xvveyilovue
LTV TV oladikacio LEYPLS OTOL £vag TEPATNS ONADGEL OTL 0VTO €lval To dikato pepidlo Tov
Oncavpov Y’ avtdv. Orvrdioutol k — 1 melpatég mMoTELOVY OTL AVTO TO PEPISLO deV Elval dikailo
YU avtovg, dtapopeTikd Ba iyav emA£EEL TOV Kauvovpylo cmpd vopitepa.

A6 TV Ltd0eoT TG EMAYW®YNG, Ol LITOAOLTOL TEPATEG kK — 1 popovv TdPA va, LOPEGOLY TOV
vdA0ITO ONGavPO.
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(2) Agi&te OTL pUmOPOVUE VO, LTTOOLAIPECOVE KAOE TETPAYWOVO GE N TETPAY®VA, Yo KABe n > 6.
2’ auThVv TV TTEPImTOON Bol YPNCLOTOMGOVUE EVa ETAY®YIKO emyeipnua Alyo dtapopetikd. H
TPMOTN TOPATHPNOT EIVOL OTL OV LITOPECOVLLE VO KOTAGKEVAGOLLLE EVa TETPAY®VO S e n — 3
VIOTETPAY®VA, TOTE UTOPOVLE VO KOATOUGKEVAGOVLE EVO, TETPAYDVO LE N VTOTETPAYOVAL:

S|1
213

S —

Tote av &yovpe 6 VTOTETPAYWVO, UTOPOVIE VO KOTAGKEVAGOVLE VITOOONPEGELS e 6,9 , 12, 15

.. .DTOTETPAY®UO. AV £YOVUE 7 VTOTETPAY®VA, LTOPOVLE VO KOTOAGKEVAGOVLE VITOSIUPECELS Y10 7,
10,13, 16 ..., kow ov £govue 8 VTOTETPAYWVA, UTOPOVLE VO, KATUGKEVAGOVUE VITOOLUPESELS Y 8,
11,14, 17 ...vmotetpdymva.

Apa mpémel Vo VTOSPEGOVE £vaL TETPAYOVO G€ 6, 7 Kot 8 TETPAymva Kot TOTE UTOPOVLE VO
VTOOIAPEGOVUE KADE TETPAYWVO GE OTOL0ONTOTE OPLOUO VITOTETPAYDVOV.
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[ avtd to voteTpdymva £xovpe
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(3) 'Eva. ATM unydvnpuo €xel povo vopiopota tov €5 kot képpata tov €2. Agite 6t 10

v o uropel vo 0GEL 0TO100NTTOTE OKEPUL0 TOGO, LEYOALTEPO TV €3, Tov (nTnoet.

‘Eoto n glvol 10 OG0 Yo avaAnyn. Oa ddcovpe TV andoeltn pe eraymyn. o n = 4 gival edkolo
va dovpe 0Tt glval 2 + 2. Todpa vroBétovpe Tt UToPovUE Vo, KAVOLUE avAANY™ TO Toch TV €k.
®a deitovue 6TL pmopove va mhpovpe €k + 1.
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Oa SKPIVOVLE TEPIMTOCELC:

@ Av 010 TOGO k LITAPYOLY dVO digvPa, TOTE TA, APOLPOVUE Kol TO VTIKOOIGTOOUE [E Eva
TEVTAELPO

@ Avvumdpyet £vo TEVTAELPO, TOTE TO OPALPOVLE KOl TO ovTiKabiotovue pe Tpia digvpa.

@ Avvumdpyovv éva TEVTAELPO Kal Eva dlEVPO, TO APALPOVLE KOl T avTIKAOIGTOOUE e TEGTEPX
dievpa.

Y€ KG0e mepintwon pnopovpe vo Kdvoope avdinyn €k + 1.
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To mpoPAnua £xetl Kon pio GAAN d1apopeTikn AVor. O ovue va Tdpovpe €n.
@ Av to n givon dpTioc, TOTE UTOPOVLE VO TO TAPOLUE LOVO UE digvpal.

@ An to n givon mep1ttdg TOTE, EMEWN TO N — 5 €lval APTIOG, UTOPOVLE VO TO TTAPOVUE G EVOL
TEVTAELPO Kol TOL LITOAOUTO, digVPAL.
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(4) Atvovta tpia idwo vopiopata, 0vo omd tao omoia eival yvhiota kot £vo TAacto. To TAactd
vooua Cuyilet o moAd amd ta AL, Xpnoomoldvag po Luyoaptd pdévo pa eopd, va Bpeite 1o
TAQGTO VOLUGHLAL.

O mapoaxdto mivakag divel v andvinon:

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aexepfpiov 2024 13/332



[Tio dvokoro mTpOPANUa: Afvovtol Evvid OO0 VOUUGHOTO £TGL MGTE OKTM 07T’ ALTA ivot OO0l Koil
10 AALO TAaoTo, Tov Luyilel mepiocotepo. Na Bpeite o mAaotd vousua pe dvo {uyicuata.Me v
TOPOKATO PETPNON, avAyoLpEe TO TPOPANLa va Bpodie o€ pia LETpnomn 10 TAAGTO VOULGLLA.

MMM MK
3D, A
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Ed®d mapatpodpue éva potipo:
Q@ Edv dev xavoupe xopio p€Tpnon, 10te propove va Bpodue 1o TAAGTO Amd Uil GUAAOYT EVOC
vouiopatog, yuti yvopilovpe 6t vapyetl Eva mAacTo.
© Edv kbvoope pio p€tpnon, t0te LropovE va Bpovpe TO0 TAAGTO 0O 1o, GUAAOYT TPLOV
VOUIGLAT®V.
@ Edv xdvoope 6vo petpnoels, 1ote Urtopove va, Bpodpe To TAAGTO amd ol GUAAOYY EVVIA
VOUIGLAT®V.

Mapompovpe 611 30 = 1,31 = 3,32 = 9.

15/332
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Na dei&ete 6tT1 pe n petpnioeig umopove vo Bpovue to TAacTd omd (o GVAAOYN 3" VOUGUAT®YV.

Oa amodeifovpue TV Tpdtaon pe podnuotikn eraywyn. H tpodtacn woyvetl yio n = 0, 6mwe 1on
mopatnpnoape. YrofEtovpe 0Tt ) TPOTAOT) IGYVEL Y10 K.

[To ovykekppéva, vmoBétovpe OTL pe N = k PETPNOELG UTOPOVLE VO BPOVUE TO TAAGTO VOLUGHLOL
omd po cuAAOYY 3X vopopdtov. Oa dsifovpe Ty mpdTaon yio n = k + 1.
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Xopilovpe Tnv cvAkoyn Tov 351 vopoudtov oe tpeig opddec tov 3X vopopdtov. Tig opddeg
avtég TIG ovopdlovpe A, B katl C. TomoBetovue ta vouiopota tov A kot B otnv (uyaptd. Tote
SLOKPIVOLLLE TPELG TEPIMTMCELS:

Q@ H A eivan Bapvtepn, ondte 10 TAGTO Ppioketor oty A.
@ H B eivan Papotepn, ondte 10 TAaoto Ppicketor oty B.

@ OI Axw B éyovv 10 1610 Bdépoc. Tote T0 mhaoto eivar oy C.
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Ye kGBe mepinTon To ThooTd Ppicketal oe wio cvAloyn 3K vopopdrmy. Amd Ty vobson G
EMAYOYNC, UE k LeTPNGELS UmopoVLE va Bpovue To TAAGTO.
Me v apyikn HETPNoT, GLVOMKA KAVOUE kK 4+ 1 HETPNOELS, AmMOOEIKVOOVTOS TNV TPOTACT).
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(5) Olha ta avtoxivnta £xovv 10 1010 Ypdpa (Bpeite To AaOOC).

Oa ypNnooTomcovpe LoNuatikn etaymyn. I'ia n = 1 tpogavdg woyvel. Yrobétovpe o€ KaOe
ovAAhoyn k avtokviTeV, OAN TO. dvToKivnTa £X0VV TO 1010 YPOLLAL.

Oa deiEovpe 011 o€ KdBe cvALoyN k + 1 awtoKIvVTOV, OAC TOL VTOKIVITA £XOVV TO 1010 YPDLLAL.
[Maipvoope pa cuAdoyn k + 1 avtokvitov. Amo v videon ta TpdTa k avTokiviTa £X0VV TO
1010 ypdua Ko o TeEAevTAio k avtoKiviTa £X0VV TO 1010 YPDOLULAL.

Apa 0ha Ta avTokiviTa £rovv TO 1010 YpOUA.
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[Tapadeiypoata Enaymync-2

(1) Na dei&ete 6T
1424---+n=—°-+——-n>1.

[Ipota 0 EAEyyovpe epmelpkd:

2.3
142 = 3=—
+ 2
3.4
4.5 , ,
1+24+3+4 = 10= 5 (Ayia TeTpdkrug)
5.6
1+2+3+4+5 = 15:7
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EAéyyovpe 011 1 oyéon woydet yio n = 1:

1.2
l=—=1
2

YmoBétovpe 6t n oxéon woydet yio n = m > 1. Anladr| vrobétovpe OtL

m(m—|—1)‘

1424+ -+ m= 5

Ba dei&ovpe 0TL N oYéon woyveL Y n = m + 1. AnAhadn Ba dei&ovpe 611

1424 +m+(m+1) = <m+1)2(m+2>.

AmAd ypnoomotodue tnv vedleon:

m(m+1)+m+1: m(m+1)+2(m+1) _ (m—l—l)(m—|—2)-

2 2 2

(14+24+---+m)+(m+1) =
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H napanave eicwon puropel va deytel yopig v ypnon s Mabnuotikhg Etaywyng, moAd amid.
H pébodog avt emvonbnke and tov Gauss 6tov ftav padntg onuotikov. To tpdfAnua wov
éBare 0 dGoKaA0g 6TOVG HoNTES TOLG MTaY 01 LaBnTég va Bpovv To dBpoiciia
1+2+---4100.
O ddaokarog mapatrpnoe 0tL 0 Gauss teleimoe moAv ypryopa. O Gauss wapatipnoe 0Tl
1+100=2+99=34+98=--- =50+ 51 = 101.

Ko Eyovpe 50 tétowa Cevydpra. Apa to dBpotsua gival

101.50 = 5050.
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Oa PaprOCOVE TO TOPATAVE TIO GLOTNUATIKA. Ectm
Sh=14+2+---+n.

I'paeovpe 10 S e dvo TPOTOLG Kol TPOGHETOLLLE

So = 1+42+4---+n
S = n+(n—-1)+---+1

n(n+1)
25, = (n+ )+ (+1)+-+(n+1)=n(n+1)= 5 =—5—
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Ot apBpoti S, ovopdlovrot Tprymvikol yloti pmopovv va Kotavepunfovv oe Tpiywvo:
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Xvveyilovtag vty oporoyia, opilovpe Tovg TETPAY®VIKOVS aplOove, M¢ aplfUovs Tov UITopovLV
Vo, avoropactadovy GE TETPAY®VOL:

Rt
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[Mapatnpodpue 61t o1 apBuoi avtoi sivan tédeln TeTpdyva akepoimv:
1,4,9,16, 25, 36,49, 64,81, 100, 121, 144, 169, . . .
@étovpe Q, = n? Yo Tov N-06To TETPaymvo aptdud. Ilapatnpodue

Quit— Qn=(n+12 - = +2n+1—F=2n+1.
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HEKIVALLE LLE TO EMOUEVO GYYLLOL:

AA&&&&
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[Tapatnpodpe 01U

@ O cvvolkdg aplOudC TV TPYGOVOV sivar n?.

Q O op1Ouds TV TPASIVOV TPIYOVOV Elval
1,3,6,10,15,21

oniadn S,.

@ O apBuds Tov dompov TprydVeV givot
0,1,3,6,10

onrodn Sp—1.
Apa S, + Sp_1 = n.
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Oa amodeifovpe TV TOPATAVE GYECT:

Sn+5S-1 = n(n2—|— D + (n—21)n _ n(”—l-l)‘;(n— 1)n

P +n+n—n 2n? 5

2 2
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Eniong vrdpyovv mevtdywvor apiBpuoi:

o’.’o

0% ©0:.°% o

o 00°% 0T e
0% %6 %000

106 500 12000 220000

LLE YEVIKT] @OPLOVAL,
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Ko e€dymvol

LLE YEVIKT] @OPLOVALL:

H,=2n*—n
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I'evikd, pmopovpe va 0picovpLe s- YOVIKOUG 0plBovg av Lopovv va avamapactafodyv oe Eva
KavoviKéd s-ymvo. O TOTOC Y10 ToV N-06T0 T€T010 apBpd diverad:

(s—2)n*> — (s—4)n n(n—1)

P(s,n) = :(5—2)T+n.

T'aon=3:
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(2) Na dei&ete 0611

124922 4.4 p%2 = ,n>1.

[Ipota 0 EAEyyoLUE EPmEPIKAL:

2.3.
12 4 22 = 5=—35
6
A7
12 4 22 + 32 = 14:—36
4.5.9
12422432442 — 3():T
5.6.11
P4+ 22437447+ 5 = 55 = ——
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EAéyyovpe 611 1 oyéon woydet yioo n = 1:

1.2.
1= 123 =1.
6

Yro0étovpe 6t1 M 6yéom woyvel yio n = m > 1. Aniadn vroBétovpe Ot

1)(2m+ 1
12492 4.y = UM é( m+1)
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Oa dei&ovpe 0TL N oyéon woyvel Yo n = m + 1. Anhaon Ba deiovpe ot1
s (M+1)(m+2)2(m+1)+1)  (m+1)(m+2)(2m+3)

P+22 4+ +m’ + (m+1) - ;

Am\d ypnoyomolovpe v vedoeon:

(12+22+ - +m*) + (m+1)? = m(m+125(2m+1) +(m+1)?

m(m+1)(2m+1) + 6(m+ 1)2
6

(m+1)[m2m+1) 4+ 6(m+1)]
6

(m+1)(2m* 4+ m+6m +6)
6

(m+1)(2m* 4+ 7m + 6)
6
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[Tapatnpodpe 6TL
(m+2)2m+3) =2m* +3m+4m+6 = 2m* + 7Tm + 6.
Xvvoyilovtag

2 _ (m+1)(m+2)(2m+ 3)

12+22 4+ +m*+ (m+1) ;
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[Mopaoctatikd:

't avtd avtoi o1 apBpoi ovoudlovral TeTpdymvol Tupapocldeis aplfpol.
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(3) Na deiete 06T

2 12
1s+23+...+n32%:(

n(n+1)
2

EAéyyovpe 011 1 oyéon woydet yio n = 1:

1_1.22_1
===

Yro0étovpe 6tL M 6yéom woyvel yio n = m > 1. Aniadn vroBétovpe Ot

m?(m+1)?

P+22 4+ 4 m’ = ]
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Oa dei&ovpe 0TL N oyéon woyvel Yo n = m + 1. Anhaon Ba deiovpe ot1

3 _ (m+ 1)2(m—|—2)2.

B+ 4+ 4m+(m+1) ]

Amhd ypnoyomolovpe v veddeon:

2 12
(13+23+---+m3)+(m+1)3 — er(erl)?’
m*(m+1)% +4(m+1)3
4

(m+1)%2[m? +4(m + 1)]
4

(m+1)%(m? + 4m + 4)
4

(m+1)%(m+2)?
4
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XPpNGYOTOL0VLE TO SIOVLHO TOV Nebtwva:
(m+22=m*+22.m+2>=m* +4m+ 4.

O vtohoumeg 160TNTES £Vl GUVETELD TOV TPAOTOV TOPOSELYLOTOG
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l'eopetpikd:
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(4) Na. dei&ete 011 0 apBpds TV dStorymviov evog kKuptol n-ydvou givar n(n — 3)/2, yuo n > 4.
AWry@viog ivol To ev0VYPApLUO TUNO TOV GUVOEEL L0 KOPLOT] HE LU0 UN-YELTOVIKT] KOPLON.

‘Eva oynuo (Lo meptoyn) 6to eminedo 1 6Tov Ydpo ovoudleTor KupTé ov 1o EOVYPALLO TUALLO,
TTOL GLVOEEL HVO OMUEIN TOV TEPIEYETOL GTO GYY|LLOL.
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Kdémow oynuota

To pdta mévie eivan KPTA KoL To, GAAL TEGTEPX OV Elvat
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Kot o mapactaticd:

Zrparog [Ipacidng (Ilavemotuo Aryaiov) ApBpoi kot Zynpato



[TpdTa va dovue Kamolo Tapadeiypara.

44

77

20

104

Xtparog [poo

(ITavemotpio Atyaiov) ApOpoi ko X

9 Aekepfpiov

20




EAéyyovpe 0t oxéon woyvel Yo n = 4. Tote, £xovpue dvo doydviovg. AAAG ko 4(4 — 3)/2 = 2
Kol 1) TPOTOGN LGYVEL.

Ytparog Ipaciong (Iavemotipuio Aryaiov)
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YmoBétovpe 6t M oyxéomn woydel yioo n = k > 4, dniadn vrobétovpe 6Tt £va KuPTd k~ydvo Exet
k(k — 3)/2 daydviovg. Oa dei&ovpe 0Tt £va kuptd (k+ 1)-ydvo €xel (k+ 1) (k— 2)/2 daydviovg.

B

P 2
~_ .
Pk-lx‘
)
R B P3 - sl
E P,
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Otav tpocHBicovpe po akdun Kopuen o€ Eva kuptd k-ymdvo, o1 d10yDVIOL TOV ELYOUE TPV

nopapévouy. And tnv vobeon Exovpe oM k(k — 3) /2 durydviovc.

Emiong, £ovpe T1g d1ydVIovs amd v Kopuen Pkr1 TG OAESG TIC KOPLPES, EKTOSTMV YELTOVIKMV,

P ko Pk, dnhod) emmdéov (k — 2)-daydviovs. Emiong, to evboypoppo tunipe tov cuvdéet to Py

ne to Py, mov Ntav mAevpd, Tdpa givor dtoydviog. Apa 0 aplOndc TV d1aydviov GuVOAK elvat:
2 2 2

k(k2—3) k94 1— k ;3k+k—1: k —3k;—2k—2 _ k —2k—2 _ (k—|—1)2(k—2)-
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(5) Asiéte 6tun®> > 2n+1,n > 3.

[Tapatnpodpe 6TL N apiotep| TAEVPA eivar EKOETIKN WG TPOG TO N KL 1] SEELN YPOLLUIKT. X€ YEVIKEG
YPOUUES, EKOETIKEC GLVOPTNCELS EIVAL LEYOAVTEPES TOV YPUUUIKADV, Y10, REYAAES TIUES TOL N.
[Mapatnpodpue 6Tt nvdOeon n > 3 givon amapaitn:

n=0: 0<1.
n=1:1<3.
n=2:4<5.
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ELéyyovpe 0ti 1 oyéon woyvetyon = 3,32 =9 > 7 =23+ 1.
Yrobétovpe 6Tt 1oy0et Yoo n = k. Anhadn k2 > 2k + 1, dmov k > 3.
Ou. dei&ovpe 611 (k+1)2 > 2(k+ 1) + 1 = 2k + 3. Eexwvépe avaldoviag v aptotepn TAevpd

NG GYEOMG:
(k+1)2 =k +2k+1>2k+1+2k+1=2(k+1)+2k>2(k+1) +1,

yorti 2k > 6 > 1.
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(6) Na deiéete 011
n”? <2" n>4.

— I

2’ auThV TV TEPIMTOON, TAPATNPOVUE OTL 1) aploTEPN TAEVPA eivan SOLVAUELS TOL N evd M 0e&1d
TAgLPA givar SOvaun kdmolov otafepod apBpov. Kat maAl, yia peydieg Suvauels, n oplotepn
TAELPA yiveTal pikpoTePN amd TV 0e€1d:

n=0:0<1.
n=1:1<2.
n=2:4=4.
n=3:9>8.
n=4:16 = 16.
n=>5:25<32

I'V avtd Eexvhpe amd to n > 4.
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EAéyyovpe 011 1 oyéon woyvetl Yo n = 4, ywori ) oyxéon Eekvael and o 4:
4* = 16 = 2.

YmoBétovpe 0T 1 oyéon woydel yla n = k > 4. Anhadn vrodétovpe otL k2 < 2K,
Ou. dei&ovpe O6TL M oéon oyveL yia n = k + 1. Anhadi o deifovue 6t (k4 1)2 < 2K+ Ondre

2kt =929k > 22 = I2 + 12 > K +2k+1 = (k+1)%

[Mapatnpnote Ot ¥PNGILOTOUCALE TO TPONYOVUEVO TOPAIELY O GTO TETAPTO PrpoL.
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(7) Agiére 6t (2n)!(n+ 1) > 4"(n))? yuu n > 1.

(YmevOopiCoope 6Tin! = 1.2.. ... n).

H oyéon avtn elval mo moAdvTAoKN. ATAA, TO TOPAYOYIKE LEYOADVOVY TOAD YPIYOPU GE GYECT LE
T1G OLVALELC.

n=0:1=1.

n=1:22=4.1.

n=2:41.3=1.2343="72>4%(2!)% = 16.4 = 64.

I'a n = 3, og cvykpivovpe 1o 6.4 = 1.2.3.4.5.6.4 kar 10 43.(3!)% = 4.4.4.1.2.3.1.2.3 ywpic mv
YPNON VITOALOYIGTMV:

1234584 ~ 444.123.1.23.

KOl TEMKA 1] 0p1oTEPT] TAELPA Efvor pLeyadlvTepn TS 0€ENC.
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EAéyyovpe 6TL M oyéon woydet yia n = 2, 41.3 = 72 > 42.(2!)? = 64.

YroBétovpe 6t 1oydeL yra n = k, (2k)!(k+ 1) > 4%(k!)2.

Oa deifovpe 6Tt 1oYvEL Y1 N = k 4+ 1 dnhady (2k + 2)!(k+ 2) > 45T ((k+ 1)!)2. Zekvape omd
TNV 0PIETEPT] TAELPA TNE GYEOTC TPOCTAOOVLE VO TV UETACYNULATIGOVUE DOTE VL
YPNGLOTOGOVE TNV LIOHEST NG EMAYWYNG:

(2k+2)!1(k+2) = (2K)!(2k+ 1)(2k+ 2)(k+2) = (2k)!(2k+ 1)2(k+ 1)(k+ 2)
Epapuolovrtoc tmv vroBeon e emoymyne,
(2k+ 2)!(k+2) > 2(2k + 1) (k + 2)4%(k!)?

['a va ohokAnpmdcovpe TNV amoddeEn, apkel va deiovpe 0TL To 0&l LEPOG TNG TAPATAV® GYECTG
elvarl pueyaAvtepo tov 6e&100 HEPOLG TNG APYIKNG OYECTG

2(2k + 1) (k+ 2)4K(Kk)? > 4k ((k+ 1)1)?
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Apa

2(2k 4+ 1) (k + 2)45(K? > 4kt ((k4+ 11?2 = 4.45(KD2 (k+1)? & (2k+1)(k+2) > 2(k+1)?
& 2Kk + 4k + k+2 > 2k2 + 4k + 2 < 5k > 4k.

H tedevtaio oyéon mpopavag ioyvetl yo k > 2.
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(8) Na dei&ete 6L n! > 3", n > 7.

H 1éa ko mdAr eivar Ot1, yevikd, ta mtapoyoviikd ivor peyolvtepa amd Tig SLVAUELS 6TafEPOD
ap1Bpov yuti ota wapayovtikd tollorilactdlovpe pe aptfpovg mTov avEavouy eV GTIC OLVAUELG
molomAactalovpe pe Evav otabepd aplouo.

Apyka eAEYYOLUE KATOEC TIUEC:

n=0:1=1, n=1:1<3, n=2:2<9 n=3:123=6<333=27.
n=4:1234=24<3333=81, n=5: 1.234.5=120<3.3.3.3.3 = 243.
n==6:1234.56="720<3.33333=729 n=7:1.2.3.4.5.6.7= 5040 > 2187.An6 d®
KoL TEPA, 1 avicoHTNTO OlaTnpeiton Yot 6to endUevo Prina, ToAAATAAGIALOVILE TNV OPIGTEPT
TAELPA pe Evav aplOuo peyaAuTepo Tov 3 Ko TV de1d emi 3.

Ytparog Ipaciong (Iavemotipuio Aryaiov) ApBpoi kot Zynporo
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EAéyyovpe 011 1 oyéon woyveL Yoo n = 7, KATL TOL TO KAVOUE NON:
7! =1.2.3.4..5.6.7 = 5040 > 2187 = 3".

Ynobétovpe 6t n oxéon woxdet yioo n = m > 7, dnhadn m! > 3. Oa dei&ovpe 611 N oxéon oyvEL
Yo n = m+ 1. Anhadn Oa deifovpe 611 (m + 1)! > 3M+L,
Ymoloyilovpe

(m+1D!'=(m+1).m > (m+1)3" > 3.3 = 3m*!

KL 00TO yroti m > 7 ko gropéveog m+ 1 > 3.
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(9) Mropei va Seyytet 611 (2 4 /3)" umopei vo ypagtei o¢ a, + byv/3, an, by € N. Na deifete 611
oyoveL a — 3b? = 1.

Avt 1 oyéon Pyaivel ovclaeTiKd oo TV AvATTLEN TS 0EEIAC TAELPAS, KAVOVTAG OAOVS TOVG
TOMOMAAGIOGHOVE Kat xpiotpomotdvag 6t (v/3)? = 3.

Kot o ag k@vovpe Kamo1ovg vToAoYiopovs Yo va, 00VUE TG SOVAEVEL 1] SLOOIKOGTN:

n=0: 2+V3)0=1=2a3=1,by=0=12+02=1.

n=1: 2+V3)!'=2+V3=a=2,bj=1=22-312=1.

n=2: (24+v3)2=22422/3+(V3)?2=44+4/3+3=7+4/3=
a="Tb =4=7"-342=49-3.16 = 1.

n=3: (2+3)3=234+322V/3+32.(v3)2+(V3)3=8+12v/3+3.23+3V/3 =
26 + 15v/3 = a3 = 26, by = 15 = 262 — 3.15% = 676 — 3.225 = 1.

[Tapatnpovpue OTL (\/5)3 = \/§(\/§)2 = 3/3.
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Mmopovpe Vo KAVOLLLE TOVE DTOAOYICHOVS SLOPOPETIKA Y1oL h = 3:

24+v3)? = (2+v3)22+V3) =(T+4/3)(2+V3)
= 144+ 7V3+8V3+4.3=26+15V3.

OTMG TOPATAV.
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EAéyyovpe 011 1 oyéon woyvet yio n = 0. X autv Vv ntepintoon ag = 1, by = 0. Onote
ai — 33 =12 -3.0% =1,
omote woyvel. YrnoBétovpe 0T n 6yéon woyvel i n = m > 1. Aniadn vroBétovpe 6Tt
(24 V3)™ = ap + bnV3, a4 —3b: =1.

Oa deiEovpe 6TL  oxéon wydet Yo n = m + 1. Anhadh Ba deiovpe 6t a2, — 3b%, ;= 1.
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XPNOOTOI0VUE TNV VTTOOEGN:

2+V3)™ = (24+V3)(2+V3)" = (24 V3)(am + bmV/3)
= 2am+ 2bmV3 + amV/3 + 3bp,
= (2am + 3bm) + (am + 2bm)V/3.

Apo, am+1 = 2am + 3bm Ko b1 = am + 2by. TOTE

= 422 + 12amby, + 902, — 3(a2, + 4ambm + 4b2,)
= 4a% + 12amb, + b2, — 332, — 12amb, — 1202,

= a2, —3b, =1
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(10) (Avicotto tov Bernoulli) Agi€te 6t (1 + x)" > 14+ nxyuen > 1 ko x > —1.

Av gléyEovpe TV oo Yol KATOLEG TIUEC TOL X:

x=—1:02>1— n, mov wyvet yuo k6O n > 1.

x=0:1">1.

x=1:2"> 1+ n, mov woydet yio kB n > 1, ywoti n apiotepn mievpa givon exBetikn Kou 1 6e&1d
YPOLLHIKTY.

x=2:3" > 1+ 2n, mov woyder yio. ka0 n > 1, yiati | apiotepn mAevpd sivon ekBetikn ko 1 6e&id
YPOLLUIKT, OTIMC KO TTPLV.
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Topa eAEYYoLUE OC TPOC TIC TILES TOV N:

n=1:1+ x> 1+ x, tpopavéc.

n=2:(1+x)? = 1425+ x> > 14-2%, npogavéc yrati x> > 0, y1o kée x.
n=3:(1+x)3=143x+3x% + x> > 14-3x% o vo Sovpe 611 16)0eL, Tpémet va. Seifovpe OTL

0<3%+x*=x3+x)

To x2 > 0 ko 3 + x > Oyatix> —-1=3+x>3-1=2>0.
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EAéyyovpue 0t M oxéon woyveryio n =1, 1 + x = 1 4+ x. YrnoB€tovpe 6T1 | oxéom oyveL yio n = Kk,
Snhadn (14 x)K > 1 + kx, y10 x > —1. Oa Seifovpe (1 + x) 1 > 14 (k+1)x.

I+ =1 +x)(1+x)> 1+ k)1 +x) =14 kx+x+ k> 1+ (k+1)x

A\ g
~”

amd v vdheon

Kt avto ywoti kx> 0.
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Etvou o evolagpépovsa avicotnta. ['a mapddstypa:

1\" 1
°<1+—> >1+n—-=2.
n n

1 n 1 1 2 1
o(l—l— ) >1+4 n. nt n__zant
n+1

n—|—1_n—|—1+n—|—1_ n+1"
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(11) Agi&re 611 £va cuvoAO pe n otoyeia £xel 2" VTOGHVOAQ.

Kot o ag k@vovpe kamota mapadsiyporo:

n = 0: To chvolo pe kavéva otoryeio eivar 1o kevd ) kat éxet éva vTooHYOLO, TOV £0VTO TOV.

n = 1: To ochvodo &yl éva otoryeio S = {a} kot £xet dvo vrosHvoro, To () kar To {a}.
n = 2: To ohvodlo &yet dvo ototyeia S = {a, b} kot £xet to €€\ vITOGHVOALL:

0,{a},{b},{a, b} =S.
n = 3: To ohvolo et dvo ototyeia S = {a, b, c} ko éxel ta &ng vmooHvora:
0,{a},{b},{c},{a, b}, {a,c},{b,c},{a, b, c} =S
n = 4: To ohvolo &yet dvo ortoryeio S = {a, b, ¢, d} kot éxet Ta e€Ng vrocvvora:

0.{a},{b},{c}. {d},{a, b}, {a c}. {a d},{b,c},{b d} {c d},
{a, b, c},{a, b,d},{a,c d},{b,c d},{a,b,c d} =S.
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[Tapatnpodpue kamwolo potifo otV ToPaTdve KOTUGKELT):
e Ilavta sppaviCovrot o () kot To cvvoro S.
@ To vroouvoia evog cuvOAODL glvar EmioTg Kot LITOGHVOAN KAOE VTTEPGVVOLOL TOV.

@ Mmopovpe Vo KOTAGKEVAGOVLE TO VTOGVVOAN EVOC GLVOLOVL TTpochHiTovtag oTotyeia ota
VTOGVVOAQ VTTOGVVOAMV TOV.

o [Tapatnpodpue 611 0 ap1Buog VTOGVVOL®Y e€apTdTon LOVO amd TOV aPlOUd TOV GTOLEIMY Kot
o1 amd TNV VO™ TOVC.
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EAéyyovpe 011 1 oxéon woyder yiu n = 0. X* autiv TV TEPITTMOT TO GOHVOAO Eival KEVO Kot £YEL
€va, VTOGVLVOAO, TOV €0VTO. Apa 1 oyéon oyvel. ' Eotm dti 1 mpodTaon 1oyvet yia éva 6OVOAo ue k
otoyeio. Anhadn éva TéToto cvvolo £xet 2K voosvvora. Oa deifovpe 6Tt va GHVOAO e k + 1-
otoeio, S = {x1, ... Xkr1} €XEL 2k+1 yrocHvola.

And v vrdbeon, To cHvVoro {x1, . .. Xk} éxet 2K vosHvora. T kade éva om’ awTd To!
VTTOGUVOAL, UTOPOVLLE VO KOTAGKEVAGOVLE VO OKOUN LE TNV TPOGHEST TOV Xk 11 G 0VTO. Apa
éyovpe axopn 2% vrosHvora. Tvvorikd Aowmdv Eyovpe 2K + 2k = 2.2k = 2K 1 yrocvvolra.

Oa dcovpe po OeHTEPN ATOOEIET ALTOVD TOL TOPUOELYUATOS YPNCULOTOIOVTOS TO AIDVULLO TOL
Nevtova.
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12) T n > 3, va dei&ete OTL VIAPYOLY N PLGIKOT, OAOL SLUPOPETIKOL, £TCL DGTE

1 1 1
—F =+ 4+ —=1
a1 as n
I'a n = 3, &ovpue
1+1+1_1
2 3 6
3_|_2+1_3+2+1_1
23 23 6 6 6 6 )

YmoBétovpe 6t mpodTOoN WoyvEL Yoo n = k, dnAadn vtapyovv k pucikoi, OAOL S10POPETIKOL, £TGL
WoTE

1 1 1

—+ =+ +—=1

. a2 dk

Oa oeifovpe 0T 1oYVEL Yoo h = k, dnAad vtdpyovv k 4+ 1 @uciKoi, OAOL S10POPETIKOL, £TCL MOTE
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Eekwvape pe v vmodeon, dniadn vdpyovv k puotkoi, OA01 SPOPETIKOL, £TGL MOTE

[Mapatnpodpue
o Enedn a; # aj = 2a; # 2aj, | # J.
e Emiong, emedn a; # 1, 2a; # 2, yio OAa Tt .
Apa &xovpue ekppdoetl to 1 wg dBpotocua k 4+ 1 Khaoudtwv pe apdunt 1.
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(13) Na Bpebei o Tomog Y10 to dfpotspua
Sp=2+5+---+3n-1)
Ko vou arodety0el ypnoILOTOIOVTOS LOOMUATIKY] ETOYOYT.

Ymoloyilovpe 10 dBpotopa Yo KATOES TIUEG TOV N:
n:1:51:2.

n=2:5%=2+5="T.
n=35=2+5+8=15.
n=4:5=24+5+8+ 11 = 26.

n=>55 =2+5+8+11+ 14 = 40.
n=65%=2+5+8+11414+ 17 = 57.
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o cuykpivovpe to dfpotopa pe to dfpotopo 1 + 2 + - - - + n. "Etor vroBétovpe 611 0 6pog n/2 Oa.

Bpioketor oto S,. Etot vroAoyilovpe 1o 2/n.Sy,:

2 2 2 2 2 2

151 : 252 7, 353 0, 454 3, 555 6, 656 9
2 1
ESnZBn—}_liSn:%.
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Oa amodeifovpe Tov TOTO YPNGYLOTOIDOVTAG pHodNpatikn enaymyn. o n = 1
1(3.14+1)
5 .
YmroBétovpe Ot 1oyvet yio n = k, dnAadn vroBitovpe Ot
k(3k+ 1)
5 .
®&hovpe va oeiovpe v e&icwon yio n = k+ 1, omiaon

(k+D)Bk+1)+1 _ (k+ 1)Bk+3+1) _ (k+1)(3k+4)

2 2 2

S$1=2=

Sk =

Sk+1 =

[Tapatnpodpe 0Tt
(k+1)(3k+4) = 3Kk> + 4k +3k+4 =3Kk> + Tk+ 4

Apa apkel vo dei&ovpe OTL
3K+ Tk+4
5 :

Sk+1 =
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Ymoloyilovpe, ypnoipomotovpe v veddeon:

k(3k+ 1)
2

Skr1 = Sk+Bk+1)+1) =S+ (Bk+2) = + 3k+2

k(B3k+1)+2(3k+2) 3k*+k+6k+4 3k +Tk+4
2 B 2 B 2

OAOKANPOVOVTAG TNV AmOdelN.

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aexepfpiov 2024 74/332




(14) Na Bpebei o TOmOC Y10 To dBpoicHQ

P,=124+23+---+n(n+1)

Ko vou arrodety0el ypnoILOTOIOVTOG LOONUATIKY] ETOYOYT.

Ymoloyilovpe 10 dBpotopa Yo KATOES TIUES TOV Nn:

n=1:
n=2:
n=23:

n=4:
n=>5:
n=06:

Py =2.
P, =246 =28.
P3=246-+12 = 20.

P, =2+6+ 12+ 20 = 40.
Ps =2+ 64 12 + 20 + 30 = 70.
P, =246-+12+20+ 30+ 42 = 112.

p n(n+ 1)(n+2).
3
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0. cuyKpivovpe T0 GOpotcpo pe 10 aOpotoua 12 + 22 4 - - - 4 n?.'Etot vmobétovpe 6Tl 0 Opog
n(n+ 1)/6 Ba Bpioketor oto Sp,. 'Etot vmoroyiCovpe to 6/n(n + 1).Pp:

6 6 6 6 6 6
2P =6, =Py =8, — Py =10, —P; =12, —P5 = 14, —Pg = 16.
12 ' 23T 3a T as T 560 6T 0
6 Pn:2n+4:>Pn:n(n—|—1)(2n—|—4):n(n—i—l)(n+2).
n(n+1) 6 3
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Oa amodeifovpe Tov TOHTO YpNoomoldVTaS padnuatikn eraywyn. o n =1

1.2.
P 12122
3

YmoBétovpe Ot 1oyvet yio n = k, dnAadn vroBétovpe Ot

p, _ Kk 1;(k+ 2)

®&hovpue va deiEovpe v e&icwon yio n = k+ 1, omiaon

(k+ 1)(k+2)(k+3)
3

Pis1 =
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Ymoloyilovpe, ypnoipomotodpe v vrddeon:

k(k+1)(k+2)

Pisr = P+ (k+1)(k+2) = + (k+ 1) (k+2)
Kk + 1)(k+2) +3(k+ 1)(k+2) _ (k+ 1)(k+2)(k+3)
3 3

OAOKANPOVOVTAG TNV ATOOEEN.
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(15) Na deitete 011
1+1+1+ + ! <1 >1
p— p— j— PR —_— n .
2 4 8 2n T

dvowd woydetyioo n = 1 (1/2 < 1). Yrobérovpe 6t toyvet yio n = k:

1 1 1 1
e Ol

<1
2 4 8 2k 7

Kol B€Aovpe va dei&ovpe Ot oyveL yio n = k + 1, dnAadn

1 1 1 1
R T I

1.
2 4 8 2k <

+ 2k—i—1

AV xpnooTocovpE TNV VTOHEGN AUESH EXYOVLLE

1 1 1 1 1 1 1
§+Z+g+"'+? +W< +W

oL 0ev odnyel movbeva. I't’ avtd OBa ypnoworomacovpe dAAN pnebodo.
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Apykd, kdvooue Kamoleg Tpaes:

1 1 1 1 1 1
IR T T T 3
1
2

Kol 1) avicoTnTa 1oyvEL amd TV LIODEST.

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aexepfpiov 2024 80/332



(16) E&etdote av woydeL o TOTOC:

YmoBétovpe 6t n oyxéon woyvel yuoo n = k, OnAadn:
1 1\?
=—(k+=)] .
D 2( +2>
i=1
Oa oeiEovpe v oyéomn yio n = k+ 1, oniadn
k+1 2 2
1 1 1 3 1 3 9 1 9
= — - - ) =2 (KRH2kE4+2 ) =2 (KP+3k+= ).
;/ 2(k+1+2> +2<k+2> 2< +2kg 7 ) =5 (K +3k+ ]

KOl TEMKA
ki/— 1 4K2+12k+9 4K+ 12k+9
=5 = )

4 8

i=1
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XpNooTolovE TNV VTOBeoN:

k+1 k

1 1\?
; ;,++ 2<+2)++

Kavouue tic mpd&eg:

1 1\? 1 1 1 K+k 1
§<k+§> +k+1_§<k2+2.k.§+1>+k+1— 5 Tg Tkt

4k +4k 1 8k+8 4K +12k+9

8 +8+ 8 8

OAOKANPOVOVTAG TNV amddeln.

BPEITE TO AAGOX
Agev woyvertyia n = 1:
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To Awwvopo Tov Nevtova

"Hom ypnowomnomcape tov dtwvopo tov Nevtova yio n = 2, 3. To didvopo pog divel 1o
avantuypo tov (a+ b)" og mpog TIg duvapes Tov a Kot tov b. Edikdtepa ioyvet

s=0

Ot ovvteheotéc C7 divouv Tmv aptBpd TV ETAOYOV S OVTIKEWLEVOV OO 110l GUAAOYN N
AVTIKEWEVOV, YOpPig emavdBeon kot yopic va Hac EVOLaQEPEL 1] GEPA TOVG,.

Oa 1o £€eTAGOVUE AVTO TO AVOALTIKA. EEKIVALE LLE Lo GLAAOYT N avTikeWevav. Exoovue n
EMAOYEG Y100 TO TPMTO AVTIKEIHEVO, N — 1 EMAOYEG Y100 TO devTEPO KO N — S+ 1yl to S
avtikeipevo. M’ avtdv tov tpdmo emhéCape s avtikeipeva aALd pe dedopuévn Gelpd.

H epdtnon topa givor pe tdsovg TpoOmOVE popovpe va datdaéovpe s aviikeipevo. Kot mét
YPNOLOTOLOVUE TOV 1010 TpOTO. 'l TO TPADTO E£YOVLE S EMAOYEC, Y10 TO OeVTEPO S — 1 EMAOYEC,
Kot TEMKE yio o TeEdevtaio 1 emAoyn. Ankadn xovpe s(s — 1) ... 1 = sl emdoyéc.
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Apa teEMKA Egovue

nn-1)...(n—s+1) __ nal (”) _ o,

s! (n—s)!s

Kamoteg Baocikég 1010t tég Toug givan:
Q ( =1= (). Kiavto ywati veépyet povo €vag tponog va emrégovpe 0 1 n avrikeipevo and
L0 GUAAOYN N OVTIKELUEV®V.
Q@ (7 = (7_.. Avtd woydet yrati 1 EMAOYT S OVTIKELEVOV IGOOVVOLEL [LE TNV ETAOYN TOV
VILOAOITMOV N — S AVTIKEWUEVOV.
Q@ (7 = (7_, = n. Enedn) vdpyovv n dapopetikol Tpomot va. emAEEOVE Eval avTIKEiLEVO ATd
L0 GUAAOYN N OVTIKELUEVOV.
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Ot 6vvTEAEDTEG TOL O1VOLOL divovtorl amd to Tpiywvo Tov Pascal:

(a+ b)t: 1 1

(a+ b)?: 1 2 1

(a+ b)3: 1 3 3 1

(a+ b)*: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)°: 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1

Ka0e ypapun apyilet kon teheriwvet pe to 1. Ot 6pot g YpoUUng dnUovpyovval ard tnv
TPONYOLUEVT] TPOGHETOVTAC OLO dLdOYIKOVS Opovs. 'ETot £yovpe

(a+ b)° = a% +6a°b + 15a*b* 4 202°b° + 152%b* + 6ab® + 1.
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1 2 10 10 5 1
1 6 15 20 15 & 1
1 i 21 3% 3B 21 7T 1
1 B 2B 56 T0 56 28 8 1
+ 9 36 B84 126 126 84 38 9 1
1 10 1
MakeAGIF.com
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210 Tpiymvo tov Pascal

(a+b)t: 1 1

(a+ b)?: 1 2 1

(a+ b)3: 1 3 3 1

(a+ b)?t: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)°: 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1

@ Ot koxkwvol apiBuoi etval ot tprywvikoi apBuoi.

@ To dOpoicua 6Vo SLBOYIKAOV TPLYOVIKAOV 0plOUdV elval TETPAY®VO.
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H endpevn givon pa ypnoun oyéon HeTaED TOV SIOVOHIKAOV GUVIEAEGTMV:
n+1 n n
("5)=(2)+ ()
s s—1 s
Kavovpe tic mpd&eg:

<¥1>+<D = m—s+%m—nf*mj;m:(mﬁﬁyqy<mi+1+§>

n! stn—s+1 n! n+1
(n—9)(s—1!'s(n—s+1) (n—s)!(s—1)!'s(n—s+1)

:(Aﬁf3§20tv
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210 Tpiymvo tov Pascal, avtd onpaivel 6t éva ototyeio (ektoc Tov 1) ivon to ABpotspa Twv dSvo
EMAVO SLLYOVIOV OpOV:

(a+b)t: 1 1

(a+ b)?: 1 2 1

(a+ b)3: 1 3 3 1

(a+ b)*: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)%: 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1
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Awwvopo tov Nevtova

IMa kaBe a ko b 1oyvel

Oa ddoovpe po amdoelln pe podnpatikn eraymyn. o n = 1 tpogavdg woyvel. Yrobétovpe 0Tt

1oYVEL Yo N = k, dNAaoM
k
k
b k _ k—sbs
(ar b =3 () )

s=0
Oa deiovpe 0TLWIOYOEL YL N = k+ 1,

k+1
(a+ b)kH! = Z <k+ 1) Sktl=sps

S
s=0
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Kavovpue tic mpd&eg:

(a+ b)kt! = (a+ b)(a+ b)*K = (a+ b) i (ﬁ) a<=sps — i (ﬁ) gkstlps o i (’;) Jhespst]
=0

s=0 s=0
k K k+1 K
_ Z ( >ak—s—i—1bs + Z ( 1) ak—(s—l) b(s—l)—H
S S —
s=0 s=1

omov avtikabiotovue, 6to dgvTEPO ABpOoIcUa, TO S UE TO S — 1.

k (k) k+1 B
. k_5+1 S k—5+1 S
= E a b> + g ( )a b
S g s—1

s=0

k k
k k
k+1 E : k—s+1 bS E : k—s+1 b° bk—H
. g (s)a g <s—1>a

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aexepfpiov 2024 91/332




2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aexepfpiov 2024 92/332



[Tapadeiyuoto

(1) No avomtoéete to aOpotopa (2a — 1)4.
Tovg cvvtelesTtég ToVg Taipvovpe amd to Tpiywvo Tov Pascal:

(2a—1)* = (2a)*+4(2a)3(—1)+6(2a)%(—1)2+4(2a) (—1)3+(—1)* = 16a* —32a3+24a°—8a+1.
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(2) No amhonomoete to Opotopo (1 — v/2)5.

Tovg cvvteleotég Toug Taipvovpe amd to Tpiywvo Tov Pascal:

(1 vay

1—5v2+10(v2)? — 10(v2)* + 5(v/2)* — (v2)°
1 —5v2+ 20— 20v2 + 20 — 4v/2 = 41 — 29v/2

Noa BounBovue:
V2P = (VO)V2=2v3
VD = (V2RA(V2)?=22=14
V2P = (VRP(VDAVI =22,v2 = 4.2
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(3) No amodeilete ot

210 01wvoupo tov Nevtova BEtovpe a = b = 1 kot £yovpe

=) () -(0)
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[Mapatnpovpe 6t t0 C7 glvon 0 apBpog v VITOGLVOAWV e S GTotKElD EVOG GLVOLOL N GTOLYEIDYV,
ywti £va VTOGVLVOAO S GTotKEl®V fvan 1 EmMAOYT s GTOLYEI®V A Pl GUAAOYT N GTOYEL®V, YOPIC
VoL EVOLOPEPOLOGTE Y1 TNV GEPE. Apa 0 TOPOTAV® TOTOS oG OTVEL TOV GUVOAMKO aplOUd T®V
VTOGLVOAWV EVOG GLVOAOL N GTOLEIMV, OTTMG det&aple TPV PE ETAywYN.
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(4) No amodei&ete Ot

(-0 ()

(n xoTdAnéEn TV abpoloudtov E0PTATAL OO TO OV 0 N ivorl TEPITTOC 1 APTIOG).

(0-()+-

210 01wvoupo tov Nevtova Bétovpe a = 1, b = —1 ka1 Eyovpe

=6 - () () - ()= () ()
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(5) Na deiete 0Tt

Eexvape amd pa Booucn 16omra (1 4 x)2" = (1 4+ x)"(1 + x)" ko1 epopprdlovpe 10 SIGVOLO TOV

' (V)= (£09) (20

s=0
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Avt 1 e€lomon 1oyt Yo KBe x. Apa Ol GUVTEAECTEG TV AVTIGTOTYWV OLVAUEMY GTIG dVO
mAevpég eivar icot. EEgtdlovpe toug cuvtelestég Tou x".
v de€18 mhevpd To X" 0 £yovpe ¢ XX, xx 1, ... x"X". Apal

() =)@ +0) (nf e () o)

AMG yvopilovpe 0TL

)=(
(1) 2";<>-

5=

Enopévmg
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Kot oto tpiywvo tov Pascal

(a+b)t: 1 1

(a+ b)?: 1 2 1

(a+ b)3: 1 3 3 1

(a+ b)*: 1 4 6 4 1

(a+ b)°: 1 5 10 10 5 1

(a+ b)5: 1 6 15 20 15 6 1
(a+b)7: 1 7 21 35 35 21 7 1

To pmAe etvon To AOPOIGHO TV KOKKIVOV TETPAYDVOV.
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(6) Na deiéete o011

is(?) — n2" L,

Awgpopilovpe 10 TapakdT® SidVLROo ToL NevTmva:

n

(1+x)":2<’57>><5 = (14" = Z(”)xs

s=0 s=0

= n(l+x)"! = Zn:sc)xs—l

(7))
|
i

Ymv mopanave eEliocwon Bétovpe x = 1:

n2n1 = zn:sC) — is(?)

s=1
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Ot tapamdve eEl6DGEIS Ltopovv vo amodeyfobv e podnuatikn eroymyn av kot 1 andoeln etvat
710 TOAVTTAOKT). ['evikd 1’ avtdv 1oV TpOTO HImopovpe va amodeifove ToOAAEG GYEGELS LETAED TMOV
GLUVTEAEGTOV TOV O1OVOU®V TOL Nebtmval.

Mmropovpue va dnpiovpyncovpe EI0MGELS amd TO SdVLUO TOL NeVTOVO ETALYOVTOS OIAPOPES
TIUEG Y10 TO @ KOl TO b.
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(a+ b)t: 1 1 11 =11

(a+ b)?2: 1 2 1 112 =121

(a+ b)3: 1 3 3 1 113 = 1331
(a+ b)*: 1 4 6 4 1 114 = 14641
(a+ b)°: 1 5 10 10 5 1 115 = 161051
(a+ b)b: 1 6 15 20 15 6 1 116 = 1771561
(a+b)7: 1 7 21 35 35 21 7 1| 117 = 19487171

Ta tpoto yneio eaivovron dueca. I'ia ta vrdéAowta, Ta TposHETov e ava dVO av £YovE dEKAOEC:
n=>5:15+10+ 10+ 51 = 161051.
n==6:16+ 154 20 4 1561 = 1771561.

Av10 elvon cuvEmELo TOV .
n
11"=(10+1)" = 10°.
w17 =3 (")

s=0
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Axépaior ApiBuoi

To chvoro TV akepaimv opileTor g
Z=A{0,+£1,+2,...} ={--—2,-1,0,1,2,...}.

AnAodT| €ival 1o GOVOAO TV PLGIKAOV apOUGV pall e TOVG apvnTikovg ToVs. Xto Z opilovpe
Tpd0eoT Kot TOAAATAAGIOGO, EMEKTEIVOVTAG TOV OPICUO QIO TOVG PLGIKOVG.

Eniong kot ) agaipeon eivon kAelot Tpa&n 6Toug akEPAIONS, KATL TOL OEV 1GYVEL Y10 TOVG
@LG1KOVS ap1BuovS. Ouwmg, dev eival KAEIGTO ®¢ TPOG TNV d1aipeoT), OTwG Kaveig e0koAa umopel va,
det (2/3 dev givan aképarog). o v dwipeon woyvet:

AlyopBuoc Awaipeong

‘Ecto a, b € Z, b # 0. Tote vadpyovv povadikd q (TnAiko) kat r (LTOAOITO) £T61 MOTE

a=bg+r, 0<r<|b|.

Agv Ba ddsovpe TV amddelln mov givar cuvéneia g Kaing Atdtaéng tov ouotkadv aptiumy.
Eivon n KAooikn dwaipeon tov axepaiov.
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[Tapadeiyuoto

(1) No epapuooete tov AAyopBuo Awaipeong yia a = 354, b = 17.

AmAG epappdlovpe TV YVOoTH dtoipeon:

354 |17
34 |20
14

Apa 354 = 17.20 + 14.
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(2) Na gpapuocete tov AAyopiBuo Awaipeong yuo a = 423, b = —19.
Epapuodlovpe v yvootn dwaipeon otovg Betikods aptdpovg:

42319

38 (22

43
38

5)

Apu 423 =19.22 + 5 = (—19)(—22) + 5.
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(3) Na epapuooete Tov AAyopBuo Alaipeong yio a = —5476, b = 25.
Epappolovpe v yvootn diaipeon otovg Oetikois apBuoie:

5476/ 25
50 219
AT
25
226
295

1

Apa 5476 = 25.219 + 1 = —5476 = —25.219 — 1 = 25(—219) — 1. TIpéner dpwg T0 VIEOAOUTO
va, elvon Betikd. Emopévag

—5476 = 25(—219) + (24 — 25) = 25(—219) — 25 + 24 = 25(—220) + 24.

Apa g = —220, r = 24.
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(4) No epapuooete Tov AAyopBuo Awaipeong yio a = —23457, b = 37.
Epappolovpe v yvootn diaipeon otovg Oetikois apBuoie:

923457 | 37
£22 633
125
111
147
111

36

Apa 23457 = 37.633 4+ 36 = —23457 = —37.633 — 36 = 37(—633) — 36. Onwg ka1 Tp1v, TPETEL
OU®G 0 vIOAouTo va eivan Betikd. Emopévamg

—23457 = 37(—633) + (1 — 37) = 37(—633) — 37+ 1 = 37(—634) + 1.
Apag= —634, r=1.
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(5) Na epapuooete tov AAyopBpo Awaipeong yio a = —32478, b = —41.
Epappolovpe v yvootn diaipeon otovg Oetikois apBuoie:

32478| 41
287 |792
377
369
88 |
82

6

Apa 32478 = 41.792 + 6 = —32478 = —41.792 — 6 = (—41).792 — 6. Oneg kot Tpwv, TPEnel
OU®G 0 vIOAouTo va eivan Betikd. Emopévamg

—32478 = (—41).792 + (35 — 41) = (—41).793 + 35.

Apa g =793, r=35.
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H évvola g dtoupetotrog eivar facikn oy Bewpia Tov axepainv:

Q@ lwa,beZ, b+# 0,10 bdpei 1o a, b/a av vrapyel k € Z étor dote a = kb. To b
ovopdleton ko Tapdyovtag 1 dStopEng Tov a.

© 'Evog Oetikdg axépatog p ovoudletor Tpdtog ov o1 povotl Oetikol dropéteg tov givar o 1 ko
10 p.

Ta molloamAdcio Tov 2 ovopdaloviot apTiot Kot ov dgv givor ToALamAdoto Tov 2 ovopdlovon
TEPLTTOL.
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IowotnTeg AvonpeToTnTog
Q@ +1/a ywwkdbe a € Z.
Q a/+1 = a=+l.
@ +a/a, yio kébe a # 0.
Q a/b= ta/+th.
@ Av b/a, t6te b/na, yion € Z:

b/a= a= kb= na= (nk)b=- b/na.

@ Av b/aj ko b/ay 1ot b/a;+a2:0a 10 dei&ovpe Yo to GOpoiopa. H anddeén yio tnv
dtpopa glvart dpota:

b/31 = a1 = klb,kl € 7

bjay = ay = kob, ky € 7 } = ata=kbt kb= (k+k)b= b/a+a.

@ O b/aav kot pdévo av 1o VLOAOLTO NG dlaipeomg Tov a da b giva 0.
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H televtaio mapatnpnon endyetl To axdiovbo:
@ To ywdpuevo 6vo dadoyIk®Y akepaimv ivar dtonpetd o 2 (Dvoikd o £vag eivat APTIOS Kol O
GAAOG TTEPITTOC).
@ To yvouevo tpidv dadoyk®v axepainv eivat dtopetd ol 3.
@ To ywvopevo 1e66dpmv dradoyk®mv axepainv ival dtoupetd o 4.
@ ['evikd, 10 yvopevo n 61000 KOV apBUdV ival dtoupetd da n.

['a vo To dovpe, éotw a+ i, i =0,1,...n— 1, n dundoyoi apBpoi. Ectm 6t 0 vrdiouro tng
dwaipeoncg tov a o n givon r (0 < r < n). Anhaodn, a = nqg + r. lapatnpovue ot

at+i=nqg+r+i
Tote, yio kamoto i, r+ i = n. Anhadn i = n— r > 0. '’ avTd 10 GLYKEKPIUEVO |,

at+i=ng+n=n(g+1)=n/a+i
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Movadwn Iapayovronoinon Axepoiwv
‘Eotw a € Z — {0}. Tote

Q Yrdpyel évag TpdTOg TOPAYOVTIOG TOL a.

@ Av évog mpdtog p/ab tdte dranpei M} tov a i) Tov b 1 Kot Tovg dbo.

Q@ a=+tpips...ps OOV p; elvol TPAOTOG KO TO YIVOUEVO E1val LOVOOTKO EKTOC OO TNV GEPE
TOV TOPUYOVTOV
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@ Av évag apbudc b/ xy 10te dev givon amapaitmto o b/x M b/y. ' napdderypo 6/4.3 aAld
613K 614.

@ XNV mopayovtonoinon tov a € Z cuvifwg GUAAEYOLUE TOVG {010VG TPMTOVS Kol YPAPOLLLE

a==+pi'p?...pZ=.
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H povadwotra g avdAlvong e TpdToug Kot 1 1010tnta (2) T Tapomdve Tpdtacnc, Log oivel
éva kprrmpto dtupetdtroc. Eoto

a=pi...pY, b=gqi'...q.
elval n avdivon og yivopevo npatov. Tote
b/a < yuwkabe 1 < i< wondpyerl < j < vétormote gi=pj, s;i<r;

Av1d onuaivel 0Tt 01 TPAOTOL TAPAYOVTEG TOV b €ivon TOPEyOVTES TOL a Ko 1) SUVAUT TOVG 6TO b
elvan pikpdtepn 1 ion pe v avtiotoyn dvvoun 61o a.
[Mao tapdderypa

a=3%527511.13%217.29, b=15.73.13.29

10T€ b/ a ko

a=35%7011.13%17.29 = kb = (3%.5.73.11.13.17)(5.7%.13.29)
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Yndpyovv dmepot TpmToL. )

Eviideiong: 'Eotm 6t vrdpyovv menepacuévol tpaotol p;, = 1,...s. ' Eoto N=p;...ps+ 1. Tote
o N mpéner va €xet Evav TpdTo Tapdyovta pi. AAAG

pi/ N

= pi/N—p1...ps = pi/l
p,-/p1...ps} pi/N—p1...ps= pi/

KoL TO TEAEVTAIO Elvatl dTomo. Apa VITEPYOVV ATEIPOL TPMTOL.
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Yrapyovv ToALEG elkacieg Tave otoug Tpdtove. H Bacikdtepn eivon 1 eikacio tov Riemann wov
dtvel TANpoopieg Yoo TNV KOTAVOUY| TOV TPOTOV aptBudv. Xuvnwg, ot eiKacieg UTAEKOVY TV
TOALATAQGIOGTIKY PUGT] TOV TPOTOV e TPocshetikég 1010t tec. ['o mapadetypa, 1 elKacia Tov
Goldbach pwrtdet av kédbe aptiog umopel va ypagtel cov afpoicua dvo TEPITTOV TPOTOV. O
AVOPEPOVLE KL TNV EIKOGIA TV diOLH®V TpdT®V: AVo TpdTol ovopdlovtol didvpot av 1 dtopopd
toug eivan ion pe 2. H ewcacio potd av vrdpyovv dreipot didvuotl TpmTot.

H axolovBio tov tpdTtov aplBuoy Eekvaet pe:

2,3,5,7,11,13,17,19, 23,29, 31, 37,41, 43, 47, 53, 59, 61, 71,73, 79, 83, 89, 97, . ..

O peyaAdtepoc mpdToC sivar o 236,279,841

—1 pne 41,024, 320 ynoeia. H Tiun tov givon
881694327503833265553939100378117358971207354509066041067156376412422630694
756841441725990347723283108837509739959776874... . ..

napareirovpe 41,024, 080 ynoeia

... 852806517931459412567957568284228288124096

109707961148305849346
766085764170715060409404509622104665555076706219486871551
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Mua péBodog yio va Bpodpe OA0VE TOVS TPDOTOVS, UIKPOTEPOLS EVOS aplOLOD N, YPTGLLOTOIOVLE TO

Kookwvo tov EpatocHévn:
@ EeKvaue dypAeovTag To TOAAATAAGIN TOV 2 (OAOVG TOVS APTIOVG).

@ XNV ovvéyela dypAPoLvLE TO TOAAOTAAGLO TOV 3.
@ Xvuveyilovpe i autdv TOV TPOMTO, SLOYPAPOLVLE TO TOAAONTAGGIO TOV OKEPOIOV TTOL OEV EXEL

nom Swypoget.

ApOpoi ko Zyfpora 9 Aekepfpiov 2024 119/332
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Kdoxkivo tov EpatocOévn

2
11 12
21 22
3l 32
41 42
3l 52
61 62
71 72
81 82
a1 92
101 102
111 112

13

23

=K

43

53

63

Ta

83

93

103

113

4 5 &
14 15 16
24 25 26
34 35 36
44 45 46
54 55 56
64 B85 60
74 75 T6
84 85 &6
94 95 96

104 105 106
114 115 116

7 8
17 18
27 28
' 38
47 48
a7 58
67 68
77 78
a7 a8
87 98B
107 108
117 118

g 10
19 20
29 30
3940
49 50
58 &0
68 70
79 8O
90
99 100
109 110
119 120

Prime numbers
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Ioyver o Tpdtaon mwov Ponbdel oto kO6cKvo Tov EpatocBivn:
Kabe axéparog n, mov dev eivar Tpdtog, £l Evov TpdTo dtoupétn p < /n:

I'vopilovpe 0TL 0 n €yl Evov TpdTo droupétn p. Av p < \/n, TEAEIOGOLE.
Av p > /nxap/n. Apon= kp, k € Z:

n=kp> kyn= (v/n)?> kyn= v/n> k.
‘Eoto tdpa g €vag mpmdtog dtoanpétng tov k. Tote g < k ko teMkd

Vn>k>q=q<+/n
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Ag eéetdoovpe Tov n = 211. To 211 Oa éxet évay mpdTo dtonpétn p < V211 < 15 (152 = 225).
O tportot apBuol pkpodtepot tov 15 givar: 2, 3, 5, 7, 11, 13. Mropovue va eAéyEovpe Ot KovEVag
am’ oTovg dgv dtoupei o 211.

Apa o 211 givon mpmTOoC.

Ytparog Ipaciong (Iavemotipuio Aryaiov) ApBpoi kot Zynporo

9 Aekepfpiov 2024 122/332



To 2020 dev givor TpdTOC Yati eivor dptiog kot emopévmg dtopeiton o1 2. 'Exovpe v avdivon
o€ mpdTOVG Mapdyovteg 2020 = 22.5.101.

Ag e€etdicovpe Aoumdv tov n = 2021. Iapatnpodpe 61t /2021 < 45 k1 avtd yati 452 = 2025.
E&etdlovpe Aoutdv tovg mpadtovg pikpdtepovg tov 45: 2, 3,5, 7,11, 13,17, 19, 23, 29, 31, 37, 41,
43.

2, 3, 5 gvkola propovue va. 0oHe 0Tt dgv Olapovv 1o 2021.

2021 = 7.288+-5, 2021 = 11.83+8, 2021 = 13.155+6, 2021 = 17.118+15, 2021 = 19.106+7
2021 = 23.87 + 20, 2021 = 29.69 + 20, 2021 = 31.65 + 6, 2021 = 37.54 + 23, 2021 =

41.49 4+ 12, 2021 = 43.47 Apa 43/2021 kon 2021 = 43.47 givar n avéAvon g TpOTOVG
mopdyovteg tov 2021.
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Ewaociec 2tovg Ipdtovg

Oa SlTLTOCOVLE KATOES (KO AAVTEC) EIKAGIEG GTOVE TPDTOVG:

o (Ewoaocia tov Goldback) KéBe dptiog axépatog n > 2 givar to dBpoicpa 6vo TpdT®V.
ATodeiyfnie yio. 6AovG Tovg aplpove pkpdtepoug Tov 4.1017.

o (ITeprrt Ewoaocia tov Goldback) Kabe mepirtdg axépatog n > 5 givar to aBpoispa tpiaov
TPOTOV.
Apxkei vo omodetyOel yio. 6hovg Toug optdpong peyodvtepovg tov 1043000,

e KabBe aptiog apBuog eivar n d1apopd Vo TPAOTWV.

@ Ymdpyovv dmelpot didvpol TpdTot (mov dapépovy Katd 2). I'a mapdostypo

(3,5), (5,7), (11,13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73), (101, 103),
(107,109), (137, 139), . ..

To peyadvtepo (edyog Sidvpmv Tpdtmv sivon 2996863034895 x 2129000041 116 388,342

yneia.
e Ymapyovv Gmelpot TpATOL TNG HOPPNS N + 1;
e Yrdpyel mdvta évag mpdrog petafd n? ko (n + 1)2;
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[Tapadeiyuoto

(1) Na Seikete 611 6/n% — n, yiok60e n € N.

Xpnopomotovpe pabnuoatikny exoyoyn. Lo n = 0 wydet yuari 6/0. Yrobétovpe 6Tt 1oyvet yia

n = k, dnhadn 611 6/k> — k. Oa deiéovpe 6116/ (k+ 1)3 — (k+1). And v vrdbeon k> — k = 6/,
l e 7.

Kévovpe tovg vroroyiopovg, epapudlovtoc to diwvouo tov Nevtova.

(k+1° —(k+1) =K+ 3K +3k+1—k—1= (k> — k) + 3k(k+1)

[Mapatmpodpe 6t av o k givor aptiog tote 10 k(k + 1) givan dptiog. Av o k givon teptTtdg, TOTE T0
k+ 1 givon dptiog ko o k(k+ 1) eivan dptiog. Xe kabe nepintmon k(k+ 1) = 2 givar dptiog. Apa

(k+1)% —(k+1)=60+32u=6({+p) = 6/(k+1)° — (k+1).
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Ba ddoovpe pol GAAN AVoN 610 TOPATAVE TPOPANUA. B0 EEETAGOVE TNV YEVIKY| TEPIMTTOON).
Epappolovpe tov AhydpiBuo Awaipeong 6to a ko n:

a=qgn+r, 0<r<n.

[Hapatnpodpe 011, yio m € N,

a" = (qn+ " = mo (’:) (gn)™°F = zm; <’;’> g = mz: (':) (qn)™5F + ™.

S

[0 <s<m—1,m—s> 0, xu emouévmg 6Aot 01 6pot ToV TPAOTOL 0fpoicuaTog £XOVV TO N
ooV TOPAYOVTOL:

a"=nQ+r"

Apa to vTOAOUTO NG Olaipeonc tov @™ da n glvor To 1010 pe To VTOAOUTO TG dtaipeong Tov r S
n.
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Tdpo 0o Seifovpe 6TL 6/n% — n ¥PNGILOTOIOVTOC TNV TAPATEVE® TAPATHPNGT.

Yrorlowmo dw6tovn | 0| 1 2 3 4 5

Yroromo dww6toun® | 0| 1]22=8~2[33=27~3|43=64~4|53=125~5

[apatnpodie 6Tt TO VIOAOWTO TNE S1aiPESTC TOV N KoL TV N> d1a 6 givon {Go. Apa TO VEOAOUTO TNC

Swaipeonc Tov n® — n S 6 sivan 0. Apo to 6 Sroupei To n® — n.
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(2) Aciéte 6119/5%" +3n — 1y n € N,

o n = 0 1oydet yrati 9/0. 'Ecto 6T 1) TpdTac oydst yio n = k, niadn 9/52% + 3k — 1. Oa
Seigovpe 611 9/52K+1) 4 3(k+ 1) — 1. Enedfy 9/5%F + 3k — 1,

52K + 3k — 1 =90 = 52K = 90 — 3k + 1.
Topa eEetalovpe v mpdTaon ywoo n = k + 1:

52k+2 4 3k+3—1 = 52524 3k+2=25(9¢ —3k+1)+3k+2
= 9(25() — 75k + 25 + 3k + 2
= 9(250) — 72k + 27 = 9(25¢ — 8k + 3).

Apa 9/52(H) 4 3(k+ 1) — 1 ohoxkAnpdvovag TV omddetén.
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(3) Aciéte 611 2304/7?" — 480 — 1y n € N.

T'o n = 0 1oydet yori 2304,/0. 'Eoto 611 mpdToon ioydet yia n = k, dniadh 2304 /72K — 48k — 1.

Oa deiovpe 611 2304 /72D — 48(k + 1) — 1. Emedny 2304/7%F — 48k — 1,
72— 48k — 1 = 23040 = 7°K = 2304¢ 4 48k + 1.
Topa eEetalovpe v mpdTaon ywoo n = k + 1:
72k+2 48k —48 —1 = T27?k — 48k — 49 = 49(2304¢ + 48k + 1) — 48k — 49
= 2304(490) + 2352k + 49 — 48k — 49
= 2304(49¢) — 2304k = 2304(49¢ — k).

Apa 2304 /721 _ 48(k + 1) — 1 ohoxkAnpdvovTag TV omddeIEn.
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(4) Aciére 611 17/3.52"TL + 23" g n € N,

T n = 0 égovpe 17/3.5 + 2."Ecto 611 M mpdTacn 1oxvel yio n = k, dnhadn 17/3.52k+1 4 23k+1
Ou. dei&ovpe 6t1 17/3.52K+3 4 23k+4 Eneidy 17/3.52k+1 4 23k+1,

3.520 1 o 93ktl — 17 = 93kt — 174 — 3 521,
Topa eEetdlovpe v mpdtaon ywo n = k+ 1:

3.52K3 g3kt — 3,52 52k+1 4 93 93kl — 7552k 4 8(17¢ — 3.5%K )
= 7552 4 17(80) — 2457 = 5LEMH 17(8¢) = 17(3.52K + 8¢)

Apa 17/3.52k+3 4 23k+4 o) oxhnpdvovtag Ty amddeln.
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(5) Agi&re 011 T0 dBpOIGHA TPIDOV O1AB0Y KOV KOP®V lval dtonpetod da 9.

Anhody mpémet vo, deifovpe 9/nm® + (n+1)2 + (n+2)3, ne N.Ta n=0,9/03 + 13 + 23.'Eoto
611 10 amotéheopa 1oydeL yio n = k, Snhady 9/k3 + (k+ 1)3 + (k+ 2)3. Oa deifovpe 611
9/(k+1)3 + (k+2)% + (k+ 3)3. And v vrd0eon,

KA (k+1)° 4+ (k+2)° =90 = (k+ 1) + (k+2)° = 90 — K.
Enopévmg

(k+12+ (k+22+ (k+3)2 = -k +(k+3)3=90— kK + K +9Kk* + 27Tk + 27
= 90+ 9Kk + 27k + 27 =9(0 + K* + 3k + 3).

Apo 9/(k+1)3 + (k+2)3 + (k+ 3)3 ohordnpdvovag T amddeén.

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aekepfpiov 2024 131/332




(6) Amoodei&te 6TL 0 ap1OUOG

elvan axépatog ywo kébe n € N.

Ia n=0, zg =0 € N. YrnoBétovue 011 zx € Z won Ba dgi&ovpe 6t 0

2(k+1)° N (k+1)*  2(k+1)°  7(k+1)
5 2 3 30

Avantdceove Evov TPOG EVOV TOVG OPOVG

Zk+1 = SV

2k+1)°  2(k° +5k* +10k® + 10k + 5k + 1 26> 2 2k 2
(k17 2K +5K+ i Tok+l) _ +g+(2k4+4k3+4k2+2k):?+5+5

5 5 5
ue s € Z.
(k+1)* K443 +6K+4k+1 K1 K1
- = — -+ QK3 2k = —+ -+t
5 5 2+2+( + 3k° + 2k) 5T+
ue t € Z.
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2(k+1)3  2(K+3kX+3k+1) 2K 2 2k3 2
3 3 =5 3tk =t oty
ue v e 7z
T(k+1) 7Tk 7
30 30 30
2uvovalovtag OAN TO TOPATAVO:
2k K+ 288 Tk 2 1 2 7 2 1 2 7
Zk—|—1:<?+E—?—%>+5+§—§—%+S+t+vzzk+g+§—§—%+wp

Omov z, € Z, amd v vndbeon ko w € Z. Eniong

Apa zxy1 =z + w e Z.
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Méyiotog Kowvog AtopEnc

‘Eotw a, b € Z. To d € N givar 0 Méyiotog Kowog Atapétng tov a kot b (copBorileton (a, b)) av
(1) To d givan Betikdg Kovdg dropéns T@v a Ko b, dniadn d/ a kau d/b.
(2) Av c givon kowvdg dlopétng Twv a ko b (¢/a xar ¢/ b), 1ote ¢/d.

H de0tepn cuvOnkn eivar 1codbvaun pe

(2°) Av c givan Betikog Kovdg dtoupétng tov a Kot b, téte ¢ < d.
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[Tapadeiyuoto

Ytparog Ipaciong (Iavemotipuio Aryaiov) ApBpoi kot Zynporo 9 Aekepfpiov 2024 135/332




[d10tteg Tov MK A.

b) = |b|, b € Z — {0}.

,b)=1,be Z — {0}.

b) = (a,—b) = (—a,b) = (—a,—b), a,b e Z — {0}.
ra,rb) = r(a, b), r€e N — {0}.

a-+ kb, b) = (a,b), k€ Z — {0}.
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Oa amodeifovpe TV TEAELTOLN 1O1OTNTOL!

‘BEoto d = (a,b) ko d = (a+ kb, b).

Téte d/axon d/b. Apa d/kb kon d/a + kb kat, and Tov opiopd, d/d'.

Oupoto, d'/a+ kbxor d'/b. Apo d /kbxar d'/a+ kb — kb, mov onpaiver 611 d /a. Apa d' /d.
"Exovpe d/d xar d/d, mov onpaivel 6t d = +d'. AAAG ko ot dvo apiBpoi givon Oetioi, emopévag

d=d.

H W6mra avty diver 01, av a = bq + r, to1€ (a, b) = (b, r).
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[oyver 6T: O M.K.A. dvo aptOuav gival 1o YIVOUEVO TV KOWVOV TPOTOV TOPAYOVI®V TOVG GTNV
LKPOTEPT dVVAU).

Ovo106TIKA TO TOPATAVE Eival GLVETELD TOL 0plopoV. Eotm d elivat o yivoueEVo TV KOOV
TPAOTOV TAPAYOVTOV TOV a Kot b oty pikpotepn dvvaur. Ectm

.5 S, Sr+1 N 51 tr trt1 t
a=pi ..., b=pl ey

Omov p1, . . . pr €lvar o1 Kool TpdToL ko m; = min{s;, t;}, 0 eEAdyloTOg EKOETNG KAOE KOVOD
npdTov. Oftovpe d = pi™t ... pI”
@ Tote 0 d drupel kat To a Kat 1o b.

@ Av 10 c d101pel To a ko to b, TOTE TO C €ival va, YIVOUEVO KATOLMV KOOV TPOTOV
TOPAYOVIOV Kot KAOE TpMTOC elval TNV dOVOUN UIKPATEPT KO OO TIG OVTIGTOTYES OVVAUELS
aLTOV TOV TPMTOL GTO. @ Kol b.
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Oa ddcovE TOPAdELYLLAT TIC TEAELTAIOG TOPUTI|PNONG:
o a=3".741112.173.232.37, b = 2°.31.52.7°.113.19.21

(a, b) = 3%.7%.112.

@ a=>52.73.17%2.232.41%2, b= 53.74.17.41

(a, b) = 5%.73.17.41.
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Alyop1Buoc tov Evhieion

To mapaxdtm Bedpnua divel Tov Tpdmo vroAoyicpuo tov M.K.A. dvo akepaiwmv.

AAyop1Buog tov Evkeion |

‘Eotw a, b € Z, b # 0. Epappolovpe tov AhyopiBuo Alaipeong:

a= bqg + r, 0<n<b>b
b=ng + r, 0<n<n
r = r2qs + rs, 0<rnn<n

rk = rk+19k+2 + 2, 0 < rpo < g

rn—2:rn—1qn+rn7 OSrn<rn—1
r'n—1 = nqn+1,

Tote (a, b) = r, (to TehgvTaio pun-pndevikd VLOAOLTO).
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[Tapatnpnoelg

Q H dswdwoacio kdrote otapotdet yarti Exovue pio akolovdio amd Oetikods axépalovg:

0<r<rmi1<---<r<hnb.

@ To Oewpnua woyvet yati, and t1g 1010t TEC Tov MLK.A.,
(aa b) - (b7 rl) — (rla I’2) == (rn—27rn—1) — (rn—la rn) =TIn

Yt rn/ rp—1.
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[Tpwv Eexvnoovpe Ta mapadeiypata, 0o ddoovue kot g GAAN ot Tov M.K.A.

Baowm [610mta tov M.K.A.
‘Eotw a, b € Z — {0}.
@ Eoto d = (a, b). Toéte vadpyovv s, t € Z étol dote d = as + bt.

Q@ O M.K.A. givan n pkpdtepn Betikn Ty TV Guvovacu®V as + bt, s, t € Z.

Avo aképatot a, b € Z — {0} ovopdlovton oyetikd tpotol av (a, b) = 1. To nopomdve
AmOTEAEGHLO, EIVOL IGYLPOTEPO Y10 TOVS CYETIKA TPDTOVS OKEPALOVG:

AnAadT| ot a, b dev £xovv KavEVAY KOVO SLoPETT KoL KOT  EMEKTACT OEV EXOVV KOVEVOY TPMOTO
KOO OlopET).

(12,35) =1, (18,49) =1, (21,65) = 1.
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[0 Tovg GYeTIKA TPDOTOVG OPOUOVS, EXYOVILE TO TOPOKATED OTTOTEAECLAL:
Avo aképatot a, b € Z — {0} givon oyetikd TpdTol av Kot pOVo av VITAPYOLVV S, t € 7 €101 MOTE
1 = as+ bt.

[Ipénel va amodeiEovpe VO TPOTAGELS:
@ Av (a,b) = 1, t6te vadpyovv s, t € Z étol dote as + bt = 1.
e Avumdpyovv s, t € Z étol ®ote as + bt = 1, tote (a, b) = 1.

Eivot mpopoavég 0Tt to de0tepo anotélespa dev woyvet av (a, b) = d > 1: Tote and v Baown
[610tto vITdpyovy s, t € Z £tol wote d = as + bt. Eniong, kd = a(ks) + b(kt), k € Z ko kd dev
etvar o MLK.A. av k > 1.
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Kot ot dvo wpotdoelc sivan amotédespa e Baokng [di0tntoc. ®a 0dcovpe o 0KOAN amddEEn
™G Oe0TEPNG TPATAOTC:

‘Eot® 0tL vdpyovv s, t € Z £€to1 wote as + bt = 1.'Eoto (a, b) = d. Tote

d/a d/as B
d/b }:> d/bt } = d/as+ bt=d/1=d=1
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[d10tTeg TV Zyxetikd Ipotov AptOuav

(1) Av ot a kot ¢ givor GYeTIKA TP®TOL KoL b/ ¢, TOTE 01 a Ko b lvor GYETIKA TPDTOL.

‘Exovpe (a, ¢) = 1. Apa vadpyovv s, t € Z, as + ct = 1.
Eniong b/ c, mov onpaivel 6t ¢ = bk, k € Z. Zovdvalovtog Tig dV0 oYEGELS EYOVUE:

as+ b(kt) =1=(a,b) = 1.
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(2) Eoto (a, b) = 1 xau a/ be, t01€ a/ c.

‘Exovpe (a, b) = 1. Apa vrdpyovv s, t € Z, as+ bt = 1.
[MoAamhacidlovpe v oxéon eni ¢, asc + btc = c. Topa

a/asc

5/ (bo)t } = a/asc+ bct = a/c,
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(3) Eoto (a,b) = 1, a/c, xau b/ c, tot€ ab/c.
‘Exyovoue c = ak = bl, k,l € 7.

Tote b/ bl = b/ak. And v mponyoduevn doknon, b/ k ywoti (a, b) = 1. Apa k = bm.
Zvvdvalovtog Tig oyéoels, ¢ = abm = ab/c.
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(4)'Eoto (a,b) = 1. Tote (a+ b,a— b) =112,
‘Eotw d = (a+ b,a— b). Tote

d/a+b N d/a+b+a—>b N d/2a
d/a—b d/a+b—a+b d/2b

[Tapatnpobpe 6TL T0 d dev pmopet va dtoupel cuYYPOVMS Kal TO a Kal T0 b, ylati elvol oyeTikd
npotol. Apa d/2, mov onpaiver = 1, 2.
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[Tapadeiyuoto

(1) Na. Bpebei o (6240, 12) ko vo ypaptel otnv popen 6240s + 12t.
[Mapotnpovpe 6t 6240 = 12.520. Apo. 12/6240 ko (6240, 12) = 12. Emopévac:

12 = 6240.0 + 12.1
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(2) No Bpebei 0 (345, 24) kon va ypaptel oty popeny 345s + 24t.
Epappolovue tov AhydpiBpo tov Evkieion:

345 =24.14+9
24=92+46
9=6.14+3
6=3.2

IMa 1o devTEPO PEPOG, dOVAEDOLLLE OTO TO TELOC TPOG TNV OPYN, AVIIKOOIGTOVTAGS TO VITOAOLTAL:

3 = 9-6=9—(24—92)=9—-24+92
— 0.3—24=(345—24.14).3 — 24 = 3.345 — 42.24 — 24
— 3.345 — 43.24.
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(3) Na Bpebei o (11247, 342) xar va ypagtel oty popen 11247s 4 342t.

Epappolovue tov AhydpiBpo tov Evkheion:

11247 = 342.32 4 303
342 = 303.1 + 39

303 = 39.7 + 30
39=30.14+9
30=9.3+3
9=33

["a T0 devTEPO PEPOG, dOVAEDOVUE Ad TO TEAOG TTPOG TNV APYT], AVTIKONGTMOVTOS TA DITOAOUTAL:

3 = 30-93=30-(39—-30).3=30-39.3+30.3

30.4 —39.3 = (303 — 39.7).4 — 39.3 = 303.4 — 39.28 — 39.3

303.4 — 39.31 = 303.4 — (342 — 303).31 = 303.4 — 342.31 + 303.31
303.35 — 342.31 = (11247 — 342.32).35 — 342.31

11247.35 — 342.1120 — 342.31

= 35.11247 — 1151.342

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aekepfpiov 2024

151/332




(4) No. Bpebei o (15347, 225) kar va ypagtel oty popen 15347s 4 225t.

Epappolovue tov AhydpiBpo tov Evkheion:

15347 = 225.68 + 47 = 225 = 47.4 4 37
47 =371+ 10

37T=103+7

10=71+43

7T=32+1

3=1.3

["a T0 devTEPO PEPOG, dOVAEDOVUE Ad TO TEAOG TTPOG TNV APYT], AVIIKONGTOVTOS TA VITOAOUTAL:

1 = 7-32=7—(10—-7).2=7—10.2+7.2

7.3-10.2 = (37 —10.3).3 —10.2 = 37.3 — 10.9 — 10.2

37.3 — 10.11 = 37.3 — (47 — 37).11 = 37.3 — 47.11 + 37.11 = 37.14 — 47.11

(225 — 47.4).14 — 47.11 = 225.14 — 47.56 — 47.11 = 225.14 — 47.67

— 225.14 — (15347 — 225.68).67 = 225.14 — 15237.67 + 225.4556 — 15347.67 + 225.4570
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(5) Eav p givar tpmrtog kot a € Z, t0te (a, p) = 11 p.

"Exovpe dvo mepntoels:
@ pfa. Tote (a,p) =1, yuri dev pmopodv va £xovv GAAOVG KOOV TaPAYOVTEG..

e p/a. Tote (a, p) = p.
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(6) Na Seikete 611 30/n° — n,yia n € N,

Mmropovpue va epappdsovpe arn’ vbeiog v podnpatikn eraymyn. Oa deiEovple T1g SVCKOALEC.
[Ipoavmg N mpdtacn woydet yio n = 0 ywri 30/0. YroBétovpe 01t ioydel yioo n = k, dniadn
30/k> — k. Avtd onpoivel 6t1 K — k= 30m, m € N. Oa npénet va deifovpe 6Tt 16YVEL Y10
n=k+1,Miady 61t 30/(k+1)° — (k+1).

Onwg kol 6TIC TPONYOVUEVES OIGKNGELS KAVOLLLE TIG TPAEELS:

(k+1)° —(k+1) = Kk +5k*+10k3> +10k®> +5k+1— k—1, (Awdvopo tov Nevtovo)
(k5 — k) + 5k* + 10k> + 10k* + 5k
= 30m+ 5k* + 10k* + 10k* + 5k

Anradn pénet va dei&ovpe OtL
30/5k* + 10k® + 10Kk* 4 5k < 6/Kk* + 2Kk> + 2K* + k

Av16 dev givar advvato aAld BEAEL TEpLIoCOTEPT AVAAVOT).
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[V av1d Ba ypnooromaoovpe pa AN pébodo. Iapatnpovue 6Tt
" —n=n(n*-1)=n(n)?-1)=n(n* -1)(n*+1)=n(n—1)(n+1)(n* +1)

Todpo 1o 2/n(n + 1) wg yvopevo dvo Sadoyikdv akepoinv Kot cuvendg 2/n° — .
Eniong 3/(n — 1)n(n + 1) og ywoépevo tpidv Stodoyikdv akepaiov, ondte 3/n° — n.
AN (2, 3) = 1, etvon oyetikd TpdTot, dpa 2.3/n° — n = 6/n° — n.
"Eyovpe 611 30 = 6.5 ko1 (5,6) = 1. Apa apxel va deiovpe 6t15/n° — n. Exovpe et dvo tpdmovg
Y10 VO, TO OTOOEIEOVLE:
e O mpmtog elvar pe emaywyn.

@ O devTepOg lvar pe TNV YpNOT LIOAOITTWV.

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aekepfpiov 2024 155/332



[pdra Oa Seiéovpe enaymyucd 6t15/n° — n, n € N. IIpopavag woyvet yia n = 0 (5/0).
Ymo0étovpe 6tiioyveL 1o n = k, Snhadn 5/k> — k. Avtd onuaivel 6t k> — k= 5m, m € N. @o,
npémer va Seifovpe OtLioydeL yioo n = k+ 1, dnhadn 6t 5/(k+1)° — (k+ 1).

Onm¢ Kol 6TIG TPONYOOUEVEG ACKNGELS KAVOVUE TIG TPAEELS:

(k+1)° —(k+1) = Kk +5k*+10k3> +10k®> +5k+1— k—1, (Awdvopo tov Nevtovo)
(K — k) + 5k* + 10k> + 10k* + 5k = 5m + 5(k* + 2Kk* + 2k* + k)
= 5(m+ k' +2k> + 2k* + k)

ov onpaiver 6115/ (k4 1)° — (k -+ 1), ohokAnpdvoviag Ty amddelén
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H devtepn pébodoc ypnoytonotet ta vwoOLOTAL.
Ynorouwo dwe Stoon | 0| 1 2 3 4

Yrorowmo S Stovn® | 0| 1| 2°=32~2]3°=343~3|4°=1024 ~4

[apatnpodpe 6Tt TO LIOAOWTO TS S1aiPESNC TOV N KoL TOL N° d1a 5 givan {Go. Apa T0 VIOAOUTO TNC
Staipeonc tov n° — n dwa 5 givar 0. Apa 0 5 Statpei 10 n° — n, OLOKAPOVOVTAC THV OmdSEEN.
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ELdyyioto Kowd [ToAamAdcio

To ehdyioto koo morlhamhacio £ = [a, b] dvo akepaimv givor o OeTikdg axépatog 161 dote
Q a/l, b/l, mhadn to ¢ givar TOAOTAGGLO KoL TOL a Kot ToV b.

@ Ava/mxar b/mtdte £/ m, dnhadn £ dwipei k6O kowd moAOTAAGIO T®V a Kot b.

2,3] =6, [6,8] =24, [12,6] = 12, [9,2] = 18.

2tparog [Mpaoidng (IMavemotio Aryaiov) ApOpoi ko Zyfpora 9 Aekepfpiov 2024 158/332




Ag vmoloyicovpe tov [12, 15]: Tpapovpe o toAlamAdoio Tov kabevog:
12,24, 36, 48,60, 72, 84,96, 108,120,132, . ..

15,30, 45,60, 75,90, 105, 120, 135 . . .

BAémovyie 611 10 60 givat To TpdTo TPMTO KOwvd morhamidcto. Apa [12, 15] = 60.
Eniong 1o endpevo kowd morlamhdcto givar to 120 war 60/120.
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Koty tpeig apbpovg [9, 15, 18]: I'pdeovpe to morhomhdoio Tov kKadevoc:
9,18,27,36,45,54,63,72,81,90,99, ...
15, 30,45, 60, 75,90, 105, 120, 135, 150, 165, 180 . . .

18,36, 54, 72, 90.

BAénovpe 61t to 60 givar 1o TpdTo TPMTO KOWd moAramhdoto. Apa [9, 15, 18] = 90.
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Onwg kat pe tov MLK.A., éyovpue v enduevn tpdtacn yia tov vtoAoyiopno tov E.K.I1.:

‘Eocto
a=py...prxil X, b=pl L plyrt Ly
Omov p1, . . . pr €lvan o1 Kool Tpdtol kar M; = max{s;, t;}, o peyahdtepog kb€t Kabe Kooy
TpdTov. Oétovpe £ = pi™ ... pMicHl xSyl Ly 10 yvOpevo KoWdV Kot pn-Kowhv
TOPAYOVIOV LE TOV LEYOALTEPO ek0ETN. TOTE
@ O / givon koo modhamhdoto Twv a kow to b (a/l, b/l)..

@ Av to m givar Kovd TOAAATAAG1O TV a Kal b, TOTE T0 M £YEL GOV TAPBEYOVTEG OAOVG TOVG
TPAOTOVS TOL ERPAVICOVTAL GTNV O1ACTACT) T®V a Kol b 6TV PEYAADTEPT] SVVOLT KOl GUVETMG

¢/m
Apa £ = [a, b].

H npdtaom oydet kot yio tenepacpévo tAndog apbumv.
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[Tapadeiyuoto

(1) No. Bpebzi o [24,42].

EeKIVALE e TNV AVAAVOT GE TPMOTOVG TOPAYOVTEG.

24 =233, 42 =12.3.7 = [24,42] = 23.3.7 = 168.

(2) Na Bpebei o [18, 28, 54].
EEKIWVAUE e TNV aVAAVOT GE TPMOTOVS TOPAYOVTEG.

18 =2.3%, 28 =227, 54 =2.3% = [18,28,54] = 22.3%3.7 = 756.
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M.K.A ko E.K.IT.

®a dei&ovpe Vv oyéon petac&v MKLA ko E.KUIT.

IMa dvo un-undevikoi axépatovg a Kat b 1oyvet,

[a, b] = b

Oa deiovpe OTL
a.b=[a, b|(a,b).

Mo GNUOVTIKY TTOpaTPNON TOV 1GYVEL Yo GAOVS TOLS aptBovg eivor:

max{r, s} + min{r,s} = r+s.
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‘Ecto
a=pl...prxXil xS, b=pl ...p?y:i:ll oy

["a Tov Kowvovg TpdTOVGS pj:

@ X10 ywvouevo a.b gppaviCovron pe ex0én s; + t;.

@ Xto0 ywouevo [a, b|(a, b) eppaviCovton pe exkdét max{s;, t;} + min{s;, t;}, mov and tnv

wopatpnon eival ico pe s; + t;.

Apa 01 KBETEG TOV KOOV TPAOTOV Eivart {cot.
To ywopevo tv un-kovov ekbetmv eppavifetat oto a.b kat o7o [a, b).

Apa 6Lot o1 Tp®TOL TOPAYoVTES TOV a.b gppavifovtar oo [a, b](a, b), e Tov id10 gkbETn. Tuvenmg
ot ovo ap1Buoi eivat icot.
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[Tapddetypa

Noa Bpeite tov M.K.A. ka1 10 E.K.I1. tov

a=22347311.17.19%, b=23.527°.11.13.19.
Ko va emaAnBevoete 6t a.b = [a, b|(a, b).
Ao v Bsopia Exovpe

[a, b] = 212.34.52.7°.11.13.17.192, (a,b) = 23.73.11.19.
[a, b](a, b) = (212.3%.52.7°.11.13.17.192)(23.73.11.19) = 215,34 5.78.112.13.17.193.

Kot yio 10 yvopevo

ab = (212.3%.73.11.17.19%)(23.5%.7°.11.13.19) = 21°.3*.52.7%.112.13.17.19°.
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